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ABSTRACT

The entrainment and kinetic-energy methods for the
calculation of turbulent hydrodynamic boundary.layers are
discussed in detail. The main concern is with the aux-
iliary relations used by the two methods. Most of the
previous proposals.for these relations are shown to be
deficient in accuracy of prediction, range of applicabili-
ty and, often, ease of use. New empirical formulae, free
from the drawbacks of earlier proposals, are recommended;
and predictions of boundary-layer development are present-
ed to demonstrate the adequacy of the new relations.

A critical discussion of the predictions leads to the
conclusion that, where poor results are obtained, the most
likely cause is a lack of two-dimensionality of the mean
flow. However, some discrepancies are attributed to
failure to comply with other restrictions by which the
calculation methods are bound.

An important outcome of the above work is a table
which gives details of many of the experimental data re-
ported in the literature.

The influence of augmenting artificially the level
of turbulence intensity within a boundary layer is inves-
tigated experimentally. The most significant effect is
found to be upon the peak shear stress, which is con-
siderably increased by quite modest increases in the

intensity.
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CHAPTER 1

INTRODUCTION

1.1 Historical background

The subject of the turbulent boundary layer is one
about which there exists an already extensive and still
rapidly-growing literature. This alone is testimony
both to its importance and to its complexity. But, if
additional evidence is regquired as to the importance of
the problem, it is necessary only to mention a few of
the multitude of situations where an accurate method is
required for the calculation of the development of tur-
bulent boundary layers. It is necessary in the estima-
tion of aircraft drag, for the design of rocket motors,
combustion chambers and heat exchangers, and of diffusers,
pumps and compressors. Indeed, the limiting performance
of almost all turbomachinery is governed by stall -
the separation of boundary layers.

The fundamental difficulty of turbulent shear flows
is attributable to the fact that when the Navier-Stokes
equations of fluid motion are time-averaged in order to
make them tractable, six Reynolds stresses appear as.
additional unknowns. No universally-valid expressions
are yet known for relating these to the mean velocity

distribution, the turbulent kinetic energy, etc.
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Therefore, in contrast with laminar flows, no physically
exact solutions of the boundary-layer equations are
possible. In order to proceed at all, empirical informa-
tion is necessary; but the complexity of the flow, and
the difficulty of measuring turbulence quantities, such
as the Reynolds stresses, has long been an insurmount -
able barrier to establishing empirical laws valid for
more than a limited range of situations.

For laminar flows, the numerical solution of any
general problem has always been possible in principle,
but it is only the advent of large high-speed computers
which has made this a practicable possibility. Even so,
approximate integral methods for the solution of laminar
boundary-layer problems are still being developed (e.g.

Curle, 1967). Similarly for turbulent boundary layers,
the formidable problem of mathematically exact computa-
tion is shunned, and integral, or profile, techniques
have been developed as a means for simplifying the pro-
blem. The main advantage of such methods is that they
maximise the information obtainable from a given number
of differential equations; the reason being that when
selecting the profile family, guidance usually is taken
from, and so implicitly knowledge is incérporated of,

the general experimental behaviour.



The integral methods used in turbulent-boundary-layer
calculations can take two typical forms, distinguished by
"the choice of dependent variables. They are: (1) The
explicit method, which employs explicit formulae for the
drag coefficient, and other quantities, in terms of the
dependent variables of the nmaturally-occurring differ-
ential equations. The majority of available integral
procedures are of this type; examples are those of
Truckenbrodt (1952), Head (1958) and Walz (1965). They
have the advantage that their very nature can ensure
agreement of the auxiliary relations with experiment.

On the other hand, the previously-existing explicit pro-
cedures are of limited applicability and generally in-
capable of extension. Also, as Thompson (1964) con-
vincingly showed in his critical review of explicit
methods developed prior to 1963, in all cases bar one
(Head's method) they are decidedly unreliable. (2) The

parametic-profile method, in which the auxiliary quanti-

ties are expressed in terms of certain parameters. The
latter are usually quantities which appear in the formu-
lae used to describe the velocity profile; they are used
+as the dependent variables of the differential equations.
The methods of Spalding (1964a), Patankar and Spalding
(1965) and Lewkowicz and Horlock (1966) are parametric

ones. This type of method has the advantage of poten-



tially greater flexibility, but at the expense of mathe-
matical simplicity and computational convenience. Also,
a parametric-profile method generally brings some loss of
freedom, to adjust constants etc. to fit experimental
findings, so far as the auxiliary relations are concerned,
In the original version of his 'Unified Theory',
Spalding (1964a) drew attention to the desirability of
a single calculation procedure, applicablé both to
'conventional' boundary layers, where the velocity in-
creases monotonically from zero at the wall to its main-
stream value, and also to the so-called wall jet - the
flow downstream of an injection slot, for which the pro-
files of velocity can exhibit a maximum. No previously-
existing explicit method is so applicable; and examina-
tion, for example, of the considerable German literature
on the subject of turbulent-boundary-laver calculation
reveals that almost all of the recent work carried out
in Germany has been founded on a structure emanating
from the work of Ludwieg and Tillmann (1949) and entirely
unsuitable for extension to jet-like boundary-layer flows
(the reasons are elaborated in section 3 of CHAPTER 4).
The major part of this thesis records the writer's
contributions to both a parametric-profile method and
to an explicit method of turbulent boundary-layer cal-

culation. The profile method is that of Spalding's
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original 'Unified Theory'; 1t employs as an auxiliary re-
lation an entrainment law, and is similar to the method

of Head (1958), though of wider range of applicability.

The other method examined is that based upon the equation
for the comnservation of mean-flow kinetic energy. This
has been developed along two distinct lines, one resulting
in the parametric-profile procedure of Patankar and Spalding
(1965), and the other in the explicit procedure of Escudier
and Nicoll (1966b). A special feature of the present
writér's kinetic-energy method is that the basic struc-
tures of the empirical relations on which it relies were
suggested by consideration of a parametric profile. This
new explicit method appears to be the first which is con-
tinuously applicable to the wide range of flows with sep-
arating boundary layers at one extreme, and wall jets in

still surroundings at the other.

1.2 The purposes of the present study

The broad outlines of the theoretical part of the
present study have been indicated in section 1.1; they
may be stated more precisely as follows: (1) To survey
the available experimental data on turbulent boundary
layers for information about the wall shear stress and
the profiles of velocity (thicknesses, shape factors,

etc.) and shear stress. (2) To use the information
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collected so as to establish empirically the auxiliary re-
lations necessary to two integral procedures for the cal-
culation of turbulent boundary layers: the entrainment
method and the kinetic-energy method. (3) To apply the
calculation methods so established to the prediction of
the development of particular boundary layers, the informa-
tion of (1) being used as data for comparison. |

In addition to the above, experiments were to be
carried out to provide further experimental information,
particular attention being paid to the effect, on the down-
stream development of a boundary layer, of altering
(increasing) the upstream level of turbulence intensity

(turbulent kinetic energy) within the layer.

Restrictions

The present research has been confined to flows sub-
ject to the following restrictions: (1) The density and
viscosity of the fluid are uniform throughout the stream,
and when any fluid is injected into the boundary layer
it has the same composition and fluid properties as that
of the primary flow. (2) The wall on which the boundary
layer is developing is smooth, plane and impermeable. (3)
Gravitational, centrifugal and other body forces are ne-
gligible. (4) The mean flow is steady and two-dimen-
sional in character (this means that the mean-velocity

and shear-stress profiles depend upon only two space vari-
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ables; consideration may thus be given to converging and
diverging flows). (5) Outside the shear layer is a
mainstream of effectively unlimited extent and mnegligible

turbulence intensity.

1.3 Outline of the thesis

The main body of this thesis is divided into seven
chapters, of which this INTRODUCTION is the first,

The second chapter introduces the-partial differential
equations which govern turbulent-boundary-layer development.
Integral forms of these equations are also presented,
initially in dimensional form, and then in non-dimensional
'working' form. Finally, outlines are given of the en-
trainment and kinetic-energy methods of calculation to be
discussed in subsequent chapters.

CHAPTER 3 is devoted to the entrainment method.

First, the proposals of Spalding's 'Unified Thebry' are
outlined. This is followed by a critical examination of
the velocity-profile assumption. Then, theoretical and
experimental information about the entrainment law is dis-
cussed and a recommendation for this law is made,

Finally, a review is given of the advantages and disadvan-

tages of the entrainment method.
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CHAPTER 4 describes the writer's work on the kinetic-
energy method. If‘opens with a comparison of the method
with the entrainment procedure of the previous chapter.
Then, the three auxiliary relations necessary to the explicit
kinetic-energy method are discussed individually in detail.
As in CHAPTER 3, new recommendations for the auxiliary re-
lations are made, and these are compared where possible
with previous recommendations.

In CHAPTER 5 the results are presented of calculations
off the development of particular boundary layers carried
out using the new calculation proquures. These results
are compared with the calculations reported in Thompson's
review paper, Finally, reasons are discussed for the
discrepancies between calculation and experiment which
occur in some circumstances.

In CHAPTER 6, the experimental investigation of the
writer into boundary layers with augmented upstream turbu-
lence intensity is presented. The experimental apparatus and
the methods of measurement and data analysis. are described.
The results of the experiments are then discussed. This
is followed by a re-examination of the empirical relations
of the kinetic-energy calculation procedure, and by the
application of this method in an attempt to predict the
development of the somewhat unusual- boundary layers des-

cribed.
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Finally, in CHAPTER 7, the achievements of CHAPTERS
3, 4, 5 and 6 are summarised and re-appraised. Suggestions
are made for future theoretical and experimental work,

Several TABLES are included, after the list of REFERENCES
and the nomenclature section. The first of these gives
details of all the experimental data collected from the
literature by the writer; and the others summarise recom-
mendations which have been made for the various auxiliary
relations. Also imncluded are three APPENDICES, one of
which is concermned with the analysis of the electrical sig-
nals obtained from a hot-wire anemometer, and in particular
with a new procedure developed by the writer which retains

its validity even for highly turbulent flows.
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CHAPTER 2

MATHEMATICAL THEORY

2.1 Introductory remarks

In the present chapter, the equations are presented
on which are based the calculation procedures to be dis-
cussed in CHAPTERS 3 and k.

First, the time-averaged Navier-Stokes equations,
which describe two-dimensional turbulent shear flow, are
stated together with the restrictions and conditions par-
ticular to the present study.

This section is followed by an outline of the deri-
vation of the integral equations. These are ordinary
differential equations derived by formal integration of
the partial differential equations of continuity and x-
momentum after multiplication of the latter by weighting
functions. There is no limit to the number of integral
equations which may be so derived, although it is im-
practicable in an explicit calculation method to consider
more than two or three such equations because of the
difficulty of including in the auxiliary functions more
than that number of arguments. Parametric-profile methods
are better suited to the employment of a larger number
of equations, although in many circumstances no more than

two are necessary, since only one or two integral quan-
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tities are needed to défine quite closely the velocity
profile (Thompson, 1964).

The choice of integral equations to be used is largely
arbitrary, although it has become traditional (though not
necessary) always to include the integral momentum-deficit
equation. The reason is the obvious physical signifi-
cance of this equation, and the fact that it contains omne
of the quantities of greatest interest - the wall shear
stress. Indeed, this and the other two integral equa-
tions discussed in the present thesis alone share the
distinction that they may be derived, in an altermnative
manner to formal mathematical manipulation of the partial
differential equations, by consideration of the fluxXes
through a control volume of physically meaningful quan-
tities: those of mass, momentum and mean kinetic energy.

The integral momentum-deficit equation, when com- |
bined with the integral mass-conservation equation, forms
the basis of 'the entrainment method' discussed in
CHAPTER 3. In 'the kinetic-energy method' of CHAPTER 4,
the second equation is the integral mean kinetic-energy-
deficit equation.

A fourth integral conservation equation presented
is that for the turbulent kinetic enefgy; it is given

primarily to illustrate a point of nomenclature.
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The specific forms of the equations which are used

here were suggested by Spalding.

2.2 Partial differential equations of motion and

turbulence

The equations of motion to be considered are those
governing the mean-steady, two-dimensional, laterally
converging or diverging, turbulent flow of an incompres-
sible fluid over an impermeable surface of megligible
curvature. They may be written as:

mass-conservation, or continuity:

9 (wu) 3 (wv)

x-momentum:

~ 05 -8 _ _19F, 18t _ du’

u 3= + v - = o Bx + 5 3y 3% (2.2-2),
y-momentum:

TOv 53 _ _108p _ Buv' av'® i

u == +v 3y = 5 Jy 3% @ﬁ) (2.2-3),

(the viscous terms have been omitted except in so far as
they contribute to the total shear stress). u and v
are the components of velocity in the co-ordinate direc-
tions x and y, x being measured along the wall, and y
normal to, and outward from, it; p is the static pres-

sure; and P and V are the fluid density and molecular
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kinematic viscosaity, respectively. Overbars indicate
temporal mean quantities, and primes fluctuating compo-
nets (i.e. u = u + u', etc.). T here denotes the total

(laminar-plus-turbulent) shear stress,

i.e. %- = V= - u'v' (2.2-4),

although the viscous (Newtonian) shear stress is negli-

gible compared with the turbulent (Reynolds) shear stress

(-u'v'), except in the immediate vicinity of the wall
(viscous sub-layer) and, possibly, in the outermost
regions of the boundary layer.

The quantity w, appearing in the continuity equation
(2.2-1), may be regarded as the width separating imagin-
ary '"streamplanes'" which are normal to the surface.

Thus dw/dx measures the extent to which the mean flow
converges or diverges (W depends only upon x for two-
dimensional flows). Other writers (e.g, Kehl, 1943 and
Bradshaw and Ferriss, 1965) account for this effect by

referring x to the virtual origin of the convergence, X

= = : (2.2-5).
o

Terms involving W in the integral equations aré in-
cluded in the present section for two reasons. Firstly,

as a reminder that converging/diverging flows come under
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the heading of two-dimensional flows (although this
appellation, so far és boundary layers are concerned,
usually implies that W is assumed constant). The second
QeaSOn is the important omne that the W terms do not appear
in the shape-factor equations given in section 2.3, so
that it becomes apparent that the subsequent use of these
equations neither involves the assumption that W is con-
stant nor requires the specification of dw/dx.

The boundary conditions to which (2.2-1), (2.2-2)

and (2.2-3) are subject are as follows:

y = 0: E = -W—/- =u' = v' = 0; p = pS; T = T = H(aa/ay)s,

«
Il

Yo u.= Ugi V = Vgi P = pgi T o= 0.

It is usual to assume further that the mainstream turbu-
lence ihfensities are negligibly small.

The subscript S denotes conditions at the surface,
and G those in the mainstream. The symﬁol Ya denotes
the (arbitrarily-sbecified) outer limit of the boundary
layer - the 'boundary-layer thickness'.

Use of the mainstream boundary conditions permits
the relationship between the mainstream velocity, s
and pressure, pG,_to be deduced from (2.2-2):

du dpG

1
uG——: —'b-a;c— (2.2—6),

i.e. the Bernoulli equation. Thus the x-momentum equa-
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tion (2.2-2) may be written as

+ V.QE = u U 0% dut”
h G dx

1 1 4§ ,—
+ T " p ‘K(p—pa)— e (2.2-7).

72

u

@

If the 'boundary-layer approximation' is invoked,
the last two terms on the right-hand side of (2.2-7) may
be discarded as.negligible. In certain situations, how-
ever, such as the important one of a ;urbulent boundary
layer near separation, the validity of the approximation
has been questioned by a number of writers (e.g. Newman,
1951; Ross, 1953; Trezek and Robertson, 1965; and
Moses, 1964). The writer has followed the approach
adopted by a number of these authors in attempts to in-
clude the effects of these additional terms in calcula-
tion procedures. It is assumed that the cross-flow
static-pressure gradieht is due to high turbulence in-
tensity alone, so that the y-momentum equation (2.2-3)

reduces to

0 = - L0p _0v - (2.2-8),
p oYy .

which may be integrated to give

Pg - P = pv'? (2.2-9).

Then (2.2-7) may be written as

duG

el

— 0 — 0 _
Wik PV y Y ax

=8

lﬂ a_ 12 _31° -
+ 3 3y + ax(v u'”) (2.2-10).

The merit of this procedure is that it allows at least a



qualitative estimate to be made of the importance and
direction of influence of the normal-pressure gradient.
However, it is observed experimentally (e.g. see
Newman, 1951 and Schubauer and Klebanoff, 1951) that
near separation the thickness of a boundary layer in-
creases very rapidly, so that the magnitude of v is un-
likely to be negligible compared with that of u, and
the boundary-layer approximation ceases to be valid.
Neither is (2.2.10) then valid, and further progress
requires either.consideration of both the x- and y-

momentum equations or, possibly, information to relate

(p - pG) and u'? to the other quantities appearing in
(2.2-7).

Finally, in this section, a fourth differential

20

equation is introduced; it is that for the conservation

of mean turbulent kinetic energy. This equation,
which may be derived from the Navier-Stokes equations

(see e.g. Hinze, 1959 and Rotta, 1962), may be written

as
SOE LT OE | e 8, Gy 080, BT
w53 f Vay < u'vt 3=+ (v u'®) 3% ay(kv + =5 )
2 .
+ v a_ (k + v'®) - ¢ , (2.2-11)
dy*= :

wherein k is the turbulent kinetic energy,

i.e. k- = 2(u'® + v'® 4 w'?®) (2.2-12)
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w' being the fluctuating velocity in a plane parallel with
the surface and normal to the x-y plane. The terms on
the left-hand side of (2.2-11) represent the advection

(or convection) of k with the flow, and those on the other
side of the equation, respectively, the production (by
shear and normal stresses), turbulent diffusion, viscous
diffusion and viscous dissipation (g) of k.

The present writer will not be concerned with the
employment in a calculation method of the turbulent
kinetic-energy equation, but merely with the implications
of an integral equation which can be derived from it (see
section 2.3). However, three new procedures for the
numerical solution of the turbulent-boundary-layer equa-
tions, proposed by Glushko (1965), Bradshaw, Ferris and
Atwell (1967) and Patankar and Spalding (1967), do con-
sider this as a third equation to be solved simultaneous-

ly with the continuity and x-momentum equations.

2.3 Integral equations

The first integral equation to be derived is that

known as the integral mass-conservation equation. It
is obtained from (2.2-1) by direct integration in the

y-direction,from the wall to the outer edge of the boun-

dary layer; there results
T (w{-ya_ dy) il (2.3-1)
@ax .Y T Ve ' Y ax -3-1J.
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The right-hand side of this equation represents the total
rate of entrainment into the boundary layer of mass from
the irrotational fluid of the mainstream. (2.3-1) may be

written as
Ya

i
ch

}_d_.J"' -
T ax (w . u dy) =

(2.3-2),

°|

where —ﬁa is the entrainment rate per unit area, defined
by

dyG

—h! - _— -
md p( Va * Yq d@x ) (2.3-3).

The integral mass-conservation equation, and the idea of
entrainment, seem first to have been introduced into
turbulent-boundary-layer theory by Head (1958).

The next equatiog to be considered is von Karman's

integral momentum-deficit equation. It is obtained by

integrating the x-momentum equation (2.2-7) across the
boundary layer, after eliminating the normal-velocity
component v by use of the continuity equation (2.2-1).

The final result is the equation

Ya Ya
1 d —_ —_ d oy
sl Teewa] G et - wney
(o] o)
Y
duG G _ TS
* I fo (uG—u)dy = 5 (2.3—4)?

which will be referred to for brevity as the momentum

equation.
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The third integral equation is that for the mean-

kinetic-energy deficit. It is obtained in a similar

manner to the momentum equation (2.3-4) after multiplica-

tion of the x-momentum equation (2.2-7) by the weighting

function u. The resulting equation is
Ya Ya
1d I a 1 2 _3?)dy! o 12 _q'?
® dax [w u z(ug"-u ;- Jro ugx (viT-uTdy
Ya _
= I :E--Q-P'- dy (2.3_5)1
o P 0¥

which will be referred to for brevity as the kinetic-
energy equation. This equation appears first to have
been employed by Wieghardt (1945).

The final integral equation to be given here is one

which can be deduced from the turbulent-kinetic-energy

equation. The result in this case is
Ya Ya
14d_ f a I 12_y12) ou
5 9% (w u k dy) - (v u'<) A% ¢
o o
Ya _ Ya
- I oy Qv dy + f edy = O (2.3-6).
o ‘ Oy o

The integral equations (2.3-2), (2.3-4), (2.3-5) and

(2.3-6) will now be expressed in dimensionless form, in

accordance with the practice of Spalding and others;

the following definitions are used:



Variables:

Integrals:

Reynolds numhbers:

Shape factors:

Drag coefficient:

12

32

Ss

il

m

lik

i}

i

(n=1,2,3)

I s (3z/0%)dE

o

ugye/v

TS/(puGe)
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(2-3_7)’
(2.3-8),

(2.3-9).

(2.3-10),

(2.3-11).

(2.3-12),
(2.3-13),
(2.3-14),
(2.3-15),
(2.3-16),

(2.3-17)..

(2.3-18),

- (2.3~-19),

(2.3-20).

(2.3-21)

( a more commonly-used symbol for the local drag coeffic-

ient is cf/2; s

S

is used here to preserve consistency

in the notation and to simplify the writing of many of



25

the equations).

Pressure-gradient parameter:

92 = de(lnaﬁg/de (2.3-22).

Dimensionless entrainment rate;:

m. = &&/(puG) (2.3-23).

It may be helpful to note that the Reynolds numbers

R R, and R, are those based upon 0

1 T2 3

thickness, 0

10 the displacement

X the momentum-deficit thickness, and 63,

the mean-kinetic-energy-deficit thickness, respectively.
Also, H, is the shape factor introduced by Head (1958)

[= (yG-él)/ézj, and H12 and H32 are the conventional
shape factors usually defined by the ratios 61/62 and
53/62, respectively,

The above definitions, when inserted into the four

integral equations, give:

Mass-~-conservation:

dRm d(ln w)
5 * Ry —ap— - -mg (2.3-24),
xX xX

Momentum:
dR, d(1n w) 1 a Ja

o —— e . — 12 _441° =
a5~ + Ro e + (1+H12)F2 + = 9% . (v u'")dy = Sq

X X u o

(2.3-25),
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Kinetic-energy:

Yo —
dR, d(1ln w) 2 u 9 -
+ R, ——=— + 2H__F_ + f —_—— (v'®=u'”)
de 3 de 3272 uGz o Ya 0x
= 2s (2.3-26),
Turbulent-kinetic-energy:
T - L] vemtecy - — [ G &g
8 = N . 3y + EJ y - e v'T-u . ox y
G G
e
+L— S ] WEay)  (2.3-27).
a3 dx
qu o

The quantity s is called here 'the shear-work inte-
gral', because its integrand represents the amount of
shear work done per unit volume. Some writers, however,
(e.g. Truckenbrodt, 1951 and Spalding, 1965a) have
chosen to call it 'the dissipation integral' because,
as (2.3-27) shows, s is approximately equal to the in-
tegral of total viscous dissipation (the first term on
the right-hand side of (2.3-27)) in many situations.

The condition to be satisfied is that the last term in
the equation, which represents the net advection of tur- -
bulent kinetic energy with the flow, is negligible (in -
laminar flow it is zero). Thus s is likely to be

little different from the dissipation integral in flows
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for which the history is unimportant (no transport of
turbulent kinetic energy from upstream).

It may be noted, in passing, that the overbar in s
may be regarded as denoting that this quantity repre-
sents the total (dimensionless) shear stress, s, averaged
over the boundary layer with respect to mean velocity.

Two important equations which can be obtained from
the first three integral equations, (2.3-24) to (2.3-26),

are the shape-factor equations. The mass-conservation

and momentum equations may be combined to yield

1
R2 -aﬁ; = —mGl - HlsS + (H12+1)H1F2
Ya
Hy d | 2 2
- oo H ) - 1] —
= ax | (u'®-v'?)dy (2.3-28),
u. o

and the momentum and kinetic-energy equations to give

dH32 _
R2 dRX = 25 - HBZSS + (H12-1)H32F2
Ya Ya
H —
r ‘
224 ! (u'?-v'®)dy + 2 ! . 0. (u'®-v'®)ay
2 dx ! J u,. 0x
uG o uG o G

(2.3-29).

A significant feature of these shape-factor equations
is that they show that convergence (or divergence) has
no direct influence on shape-factor growth. Such in-
fluence as there is comes about indirectly through the

Reynolds number R2, which must either be specified or
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calculated simultaneously from the momentum equation.

2.4 Methods for the solution of the integral equations

The calculation methods which are considered in the
present study rest upon two important assumptions.
The first was mentioned in section 2.1; it is that two
integral properties provide an adequate description of
the mean velocity profile. The other 1is perhaps
more important, and has certainly been the subject of
controversy 1in recent years. It is that the distribu-
tion of shear stresé through a turbulent bOundaryAlayer
is determined uniquely by the local velocity profile.
This implies the existence of local equilibrium between
the dissipation and production of turbulent kinetic
energy, and the negligibility of the advection and
diffusion of this energy. Thus the quantity s is
assumed to be a function of R2 and H32 alone. The
papers of Bradshaw and Ferriss (1965), Felsch (1965)
and Goldberg (1966) have been concerned specifically
with the.validity of such an assumption; and all
three conclude that the shear stress must depend not
only upon the local velocity profile, but.also upon
the upstream history of the flow.

The assumption is an over-simplification, there-

fore. Its adoption is not necessary because of an



inability to handle mathematically the complications of
equations incorporating 'history effects', but rather
that there is little information about these additional
influences; and this may be taken as an indication
that in most circumstances they are relatively unimporé
tant.

The calculation methods considered in CHAPTERS 3

and 4 are as follows:

(1) CHAPTER 3: The entrainment method, which requires
the simultaneous integration of the mass-conservation
and momentum equations. An explicit approach would

s, and -m. be related, by explicit

require that H1 S

2’ G

formulae, to Rm’ R, and, perhaps also, I This is

o0°
the procedure adopted by Head (1958). An alternative,

2

adopted by Spalding (1964a) and followed here, is to

relate H and s, to R and R_ through formulae derived
12 S m 2

from a parametric velocity profile (formulae which are

therefore unlikely to be explicit). Still required,

however, is an equation to connect -mq with known

quantities. The establishment of a suitable entrain-

ment law, and examination of an appropriate velocity

profile, are the primary purposes of CHAPTER 3.

29

(2) CHAPTER 4: The kinetic-energy method. Here again

both explicit and parametric-profile methods are

possible. In the latter case H32 and SS would be re-
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lated to R2 and R3 through profile-derived formulae;

and the shear-work integral would also have to be related
to these quantities. The procedure of Patankar and
Spalding (1965), for example, is to evaluate s using a
velocity profile and assuming a (known) universal dis-
tribution to exist for the Prandtl mixing length.- In
the present thesis, the alternative procedure is followed,
explicit formulae being given for the relationships

19+ Sg and 's and R, and R,. It is with these
relationships that CHAPTER 4 is concerned.

between H
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CHAPTER 3

THE ENTRAINMENT METHOD

3.1 Introduction

Spalding's Unified Theory

The original form of the 'Unified Theory' (Spalding,
1964a) contained a general theoretical framework for
the prediction of friction, heat transfer and mass trans-
fer in turbulent boundary layers. The procedure for
calculating the development of the hydrodynamic boundary
layer required integration of the mass-conservation and
momentum equations; the auxiliary functions employed
were:

(1) A two-parameter velocity profile having two com-
ponents; one accounting for the effects of momentum
transfer to the wall, and the other for interactions
with the mainstream and departures from the wall profile,
(2) A formula which relates to the profile and flow.
parameters the rate of mass-entrainment into the boundary
layer from the mainstream.

Neither of the two elements of the Unified Theory
was new; two-part velocity profiles were first suggest-
ed by Rotta (1950) and popularised by Coles (1956);
and the idea of entrainment was introduced into boundary-

layer theory by Head (1958). The novelty of the
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Unified Theory was two-fold; first it combined the
appealing physical simplicity of the entrainment hypo-
thesis with the flexibility of two-parameter velocity
profiles, and secondly it considered, apparently for the,a
first time within a single theoretical framework, boun-

dary layers both with and without velocity maxima.

Aims of CHAPTER 3

The purposes of the present chapter are:
(1) To examine the velocity-profile assumption made by
Spalding, in respect of its ability to represent mea-
sured profiles, and also of its implications so far as

~ Hl) are

the drag law and shape-factor relation (H12

concerned.
(2) To collect together and examine the available ex-
perimental data for information about entrainment rates
and relevant velocity-profile parameters; to compare
with this information the entrainment laws of both Head
(1958) and Spalding (1964a, b, 1965a); and to recommend,
if necessary and possible, an improved entrainment law.
In CHAPTER 5, the results will be presented and
discussed of calculations of boundary-layer development
performed using the best available entrainment law to-

gether with Spalding's velocity profile.
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3.2 The mean-velocity-profile assumption

Introductory remarks

Two main possibilities are open when choosing the .
form of mean-velocity profile to be adopted, the choice
depending largely upon the number of parameters to be.
employed. If great flexibility is required, many para-
meters must‘bg used. It is then difficult, and usually
unnecessary, to specify the velocity profile in such a
way that the parameters and components of the profile
have physical significance. Thus the polynomial pro-

file might be chosen:

b.
z = Z aig 1 (3.2-1),

wherein it is likely that the a, will be the paramgters
and dependent variables of the integration, and bi
chosenAintegers or fractions.

When only a few parameters are employed, it is
provident to select profiles guided by, and so implicitly \
incorporating some knowledge of, the general experimental
behaviour. The profile model chosen here, that recom-
mended by Spalding (1964a), is an analytical represen-
tation of the form found by Coles (1956) adequately to

systematise a large amount of éxperimental data.
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Coles wrote

wt o= oeeyty o 2 e (3.2-2),
1
where at = u/('!:s/p)2 (3.2-3),
1
and y+ = y(TS/P)z/V (3.2-4).

1 is a profile parameter and % a univérsal constant (von
Karman's) . The functions f{y') and gf(Z} are supposed
universal, the former being known as the 'law of the
wall' and the latter, after Coles, as the 'law of the

wake'.

The 'log-plus-cos' velocity profile

In the fully-turbulent region near an impermeable
wall, the velocity profile for an incompressible boundary
layer may be shown by dimensional analysis to take the

universal form (the law of the wall)

Wt o= ety = L ey (3.2-5),
or at = -% 1n (v") + ¢ (3.2-6),

where %X, E and C are universal constants for smooth
walls (E and C otherwise vary with wall roughness).
A fairly wide range of values has been proposed for’

these, there being uncertainty because % is a measure

of the slope of the velocity profile in a region where



'35

the profile itself is diflicult to measure with high
accuracy because of large velocity gradients and high
turbulence intensity. In addition, it is necessary to
know the value of Tq before a measured profile can be

. + +
cast in terms of u and y .

The values adopted here are those recommended by

Spalding (1964b),
A = O.!_{l, E = 7.7, (C = Z1,98)n

Coles (1956) determined the form of the wake law
by examination of many experimental velocity profiles.
His recommendation was expressed by means of a table
cf mumbers; these define a curve nearly symmetrically
sigmoidal, and well-represented by the formula adopted
by Spalding (196%4a), and also by Hinze (1959), McDonald

and Stoddart (1965) and Cormish (1960),

i.e. gke) = [1 - cos(mE)1/2 ' (3.2-7).

If the above expressions for the laws of the wall
and wake are substituted into (3.2-2), the formula for

the complete mean profile may be written
1 + I .
u = In(Ey') + = [1—cos(n§)] (3.2-8),

or, in the alternative form of Spalding,

2 = 2, [1+1n(£) /'] + (1-z)[1-cos(nz)1/2  (3.2-9),
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where the profile parameters Zp and £' are defined by

1
2

’el

Il
-
o]
=
s}

) (3.2-10),

L'/ n (3.2-11),

1
n

and. ZE S

The unrealistic behaviour of the profile recomﬁenda—
tion for very small distances from the wall is of little
importance so far as the evaluation of integral quanti-
ties is concerned.

The profile parameter z_, is a very important quantity

B

in the present work; it may be interpreted as the ratio
of the law-of-the-wall velocity at the outer edge of the

boundary layer to the mainstream velocity, u Thus

G"
(1-zE) is a measure of the relative magnitude of the

wake componént. zZp also serves the useful purpose

of distinguishing between conventional boundary layers
and those for which the velocity profiles exhibit a
maximum. In the former case, the value of zp may vary
from zero (for a separating flow) to about unity (for an
accelerated boundary layer); the zero-pressure-gradient

flat-plate boundary layer has a value of z_ close to

E

0.9. Boundary layers for which the dimensionless mean

velocity, z, may somewhere exceed unity are characterised
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The formulation of Spalding is preferable here to
that of Coles because the profile is adequately character-
ised by only one of the two parameters: [£' varies slowly
with x for any particular boundary, rarely falling out-
s1de the range 8 to 12. Values of both zj and £',
determined from the experimental data of many authors,
are listed in TABLE 1,

The velocity profile given by (3.2-9) is referred
to as the 'log-plus-cos profile'.

Somé further experimental justification for sep-
arating a turbulent boundary layer into two regions,
one dominated by the wall and the other behaving as a
free-shear zomne, has come recently from Uzkan and
Reynolds (1967). These authors considered separately
the two influences of the presence of a wall on turbu-
lent shear flow; its direct effect of inhibiting the
turbulent fluctuations in its vicinity, and its in-
direct action of assisting in the maintenance of mean
velocity gradients which generate new turbulence. In
the usual Reynolds-number range, their experiments
suggested that the inhibiting effects would be confined

to the inner 5 or 10% of the boundary layer.

Direct comparison of the log-plus-cos profile with

experiment

It is not possible to state what velocity-profile
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expression gives the closest agreement with experiment,
for there is no 1imit to the shapes of profiles which may
actually be generated. However, in order to show how
well reality can be described by (3.2-9), a few diagrams |
are presented here. In figure 3.1 are shown six sets

of experimental profiles, compared with the best-fitting

curves aécording to (3.2-9). The criterion for the best
fit was that the values of zZgp and £' selected should be
those which minimize*the square deviation, R, defined
by

R = z [Z‘Yi4 - Zi]2 '
i

where z; is the measured velocity ratio at Vi and
z{yi) the value given by (3.2-9) at the same point.

In figure 3.1(a) are shown four profiles measured
by Smith and Walker (1959) in boundary layers developing
along a smooth flat plate under =zero pressure gradient.
There is some evidence of a small, but apparently
systematic, deviation from the measured profile in the
region of £ = 0.3. However, values of the shape factor
H12 calculated from the fitted profiles differ by only
about 4% from the reported experimental ones.

Similar remarks to the .above can be made about

the comparison with the profiles of Bradshaw and

Ferriss (1965), run 2, shown in figure 3.1(b). These

*The computer program to perform the fitting procedure was
written and developed by W.B. Nicoll.
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data were obtained for a wosundary layer in zero pressure
gradient recovering from the effects of an adverse pres-
sure gradient upstream; +this explains the relatively

~ 0.67.

large wake component at station 1 where zZp
Although the plotted curves give the impression that the
profile expression fits these data less well than those
of Smith and Walker, in this case the greatest difference
between the reported experimental and comﬁuted values of
le is less than 3%.

The profiles of Schubauer and Klebanoff (1951),
shown in figure 3.1(c), were obtained for a boundary layer
subjected to an adverse pressure gradient which eventually
caused the layer to separate from the wall, a 1little
beyond station 16, Here again the profiles appear to be
well-fitted by the theoretical expression, although for
the two downstream profiles shown the fitted profile
is clearly inadequate near the wall. The profile at
station ¥ has a large wake component, the value of Zp
in this case being about 0.29, and in this inétance the
shape factor calculated from the fitted profile is about
2.38, compared with the value 2.30 computed from the
experimental profile.

The final set of profiles, for zp < 1, was reported

by Stratford (1959) for a boundary layer having contin-

unously-zero wall shear. In this case the least-squares-



fitting procedure was not used, since zp should be iden-
tically equal to zero, so that the profile expression

reduces to the pure wake form
z = [1 - COS(na)]/Z.

This expression, it may be observed from figure 3.1(d),
is not a good representation of Stratford's data. For
zZp = 0, the assumed profile expression gives the unique
result H , = L4, whereas Stratford's experiments give
values ranging from about 1.8 to 2.6. Indeed, the log-
plus-cos profile completely fails to accord with the
theoretical zero-wall-shear profile, for which the velo-
city near the wall is proportional to the square foot

of the distance from the wall.

The measurements shown in figures 3.1(e) and 3.1(f)
were obtained by Nicoll (1965) for boundary-layer flows
exhibiting velocity maxima; these are characterised
by zZp > 1, For all these data, the assumed profile
deviates from the measurements in the same way, being
too low near the edge of the layer and too high in the
middle. Also, the magnitude of the theoretical maxi-
mum is roughly correct, but the point at which it is
predicted to occur is always further from the wall than
measured. The deviations are seen to increase in

magnitude as z_ increases,that is as the wake (or, more

E

Lo
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appropriately here, jet) component becomes increasingly
dominant . In fact; Jayatillaka (1966) showed that for
the limiting case of a wall jet in stagnant surroundings
(ZE = ®), the linear wake'funbtion proposed by Rotta
(1950) gives a better fit to the data than doés the log-
plus-cos formula. But this is not the case in general,
as the data on the accuracy of the drag laws implicit
in velocity-profile expressions, given in TABLE 5, shows.
Coles (1956) also found that it was not possible
te find satisTactory values of the profile parameters
to make his recommendation fit a profile, measured by
Klebanoff and Diehl (1952), downstream of a point of
boundary—layer re-attachment. There were also shown to
be definite indications, in experiments performed by
Wieghardt (1944), of changes in both the shape and the
amplitude of the wake component in flow at constant
pressure when the level of free-stream turbulence was
varied. In-latef work, Coles (1962) showed that an
external turbulence level of about 2% would halve the
normal magnitude of the wake component, and one of
L.5% would reduce it to =zero. However, no further
work, either qualitative or quantitative, appears>to have
been done on this subject.

Finally, it should be noted that difficulties are

encountered in attempts to apply a two-parameter calcu-
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lation procedure to the flow just downstream of an injec-
tion slot (parallel with the wall). The reason is that
the velocity profiles there always exhibit a dent, as

a result of the existence of boundary layvers on either
side of the lip of the slot, and cannot be fitted by

a profile such as that given here. The consequence

of this is that predictions of such flows are generally
forced to begin ten or more slot-heights downstream of

the slot.

Drag law implicit in the log-plus-cos profile

Implicit in any velocity profile of the wall-plus-
wake type, (3.2-2), is a drag law. That this is so

may be seen from Spalding's form of such profiles, of

which the log-plus-cos is an example. Thus, if values
are given for the profile parameters zg and £',
(3.2-11) gives sg from
- 1) 2 -
sg = (nzp/e') (3.2-12).

This may be related to a thickness Reynolds number and

a shape factor, for example R, and H via the ex-

2 12°
pressions given in CHAPTER 2,
R, = (11-12)RG (2.3-15),
and Hi, = (1-1)/(1,-1,) (2.3-19),
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a
and also R. = exp(ﬁ')/(Essz)

(from the definition of £', 3.2-10). The integral quan-

tities 11 and I_ may be evaluated using the profile

2

expression (the formulae deducible for these from the
log-plus-cos profile are -given in APPENDIX 1).

Probably the best known drag law for Zp < 1 is the

empirical one proposed by Ludwieg and Tillmann (1949),

-0.678 Hyp , -0.268
2

s = 0.123 . 10 (3.2-13).

S

(It should be noted, however, that the Ludwieg-Tillmann

formula is inapplicable to flows where z_, > 1, because

E

then R2 < 0. This point is discussed more extensively

in section 3 of CHAPTER 4.) It is with this formula
that the drag law implicit in the log-plus-cos profile
is compared in figure 3.2. The trends of both drag
laws are similar, in respect of the variation with both

Reynolds number and shape factor. The values of Sq

obtained for the log-plus-cos drag law are generally
lower than those given by the Ludwieg-Tillmann formula,

except for the behaviour for the lower values of H12

at very high Reynolds numbers, the deviations increasing

with H This is in accordance with reality, since

12°

the Ludwieg-Tillmann law predicts that Sg will not fall

to zero until H becomes infinite, whereas' the implicit

12

law gives H , = 4 for the separation condition, a value
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much closer to that of about 2.7 indicated by experiment.
The 1og—p1us—éos drag law is compared directly with
experimental data for both zg < 1 and zp > 1 in figure
3.3. The agreement is evidently fairly satisfactory
over the whole of the very wide range of values of Sg
examined: the rms deviation from all the data (includ-
ing those for z, = @) is only 14%, which compares well
with the lowest value 6f 11% so far achieved by any
drag law, and also with the value of 19% obtained for
the Ludwieg-Tillmann drag law (in its range of applica-
tion). Comparisons with other drag laws, both implicit

and explicit, are made in TABLE 5; and a discussion of

drag laws in general is given in section 3 of CHAPTER 4.

Shape-factor relationship, H12 ~ H1

The entrainment method, it will be remembered, re-
quires the integration of the momentum equation (2.3-25)
and theushape—factor equation (2.3-28). It is there-
fore necessary to be able to relate the shape factor
H to the dependent variables of these equations, R

12
and H,. In the explicit procedure of Head (1958) this

2

relationship was empirical, being a fit to the data of
Newman (1951) and Schubauer and Klebanoff (1951). In
the present method it is, like the drag law, implicit

in the profile assumption. Curves representing the
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relationship (for z_, < 1) are shown in figure 3.4 where

E
they are compared with Head's recommendation and with
experimental data collected by the writer.

Head's neglect of the Reynolds-number influence on
the H1 ~ H12 relation is seen to be fairly well supported
by the implications of the log-plus-cos profile, and the
agreement with Head's recommendation is evidently satis-
factory. The experimental data, however, are very widely
scattered, with H1 generally gfeater for any given value
of H12 than is indicated by the theoretical curves.
Undoubtedly much of the scatter may be attributed to
uncertainties in the experimental values of Ya (selected
by 'eye} from the measured velocity profiles). The
direction of the discrepancy is a little surprising,
since it seems more likely that Ya would be underesti-
mated than overestimated, although the values of
H, (= (yG-él)/62] are indicating the opposite tendency.

In view of the uncertainties in the data, and the
agreement with Head's proposal, which can be regarded
as an independent interpretation of the data, it seems
reasonable to accept the implications of ‘the log-plus-"

cos profile as an acceptable representation of the re-

and H,_ .

lationship between H12 1
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Concluding remarks about the logéplus—cos velocity

profile

(1) Spalding's log-plus-cos velocity-profile expression
has been shown to be an.adequaterepresentation of measured
mean~velocity profiles for a wide range of conditions,
although deviations become increasingly significant when

Z. is either very large or small.

E

(2) The drag law implicit in the profile expression is
an appreciable improvement over the widely-used (for

zp < 1) Ludwieg-Tillmammn formula, both in respect of

accuracy of prediction, particularly at high values of

the shape factor H and range of applicability.

12’
(3) The relationship implied by the profile between

the shape factors H1 and H12,and the Reynolds number R2,

is in good agreement with Head's proposal and the ex-

perimental data for z_ < 1, although the latter show

E

a very marked degree of scatter.

3.3 The entrainment law

The hypotheses of Head and Spalding

The entrainment hypotheses of both Head (1958) and
Spalding (1964a) are similar in concept. Head sugéest—
ed that the rate at which the irrotatiomal fluid outside
a boundary layer is entrained into it (-ma) is deﬁen—

dent only upon the boundary-layer thickness, the velo-
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city outside the boundary layer, and the distribution

Ues
of velocity in the outer regions of the layer. The
length-scale (YG_61) was .chosen as the measure of boun-
dary-layer thickness*, and the shape-factor H1 to

characterise the shape of the velocity profile. Dimen-

sional analysis then led to the functional form

-m, = —ma/(puG) = T3 (3.3-1).

The dependence of -m. upon H1 was obtained by Head from

G
an analysis of a limited amount of experimental data -
those of Newman (1951) and Schubauer and Klebanoff
(1951). Difficulty was experience by Head in selecting
the best-fitting curve due to the wide spread exhibited
by the data.

Each of Spalding's several proposals (1964a, b,

1965a) for an entrainment law assumes the same function-

al dependence:

cme = -in/(puy) = fhag) (3.3-2).

That is, the entrainment rate, -m"

G is proportional to

the mainstream mass flux, puG, and otherwise dependent
only upon the velocity difference across the wake com-
pdnent of the velocity profile. Indeed, Spalding
(1965a) suggested that the entrainment rate might be

proportional to this velocity difference,

*Strictly speaking, Head chose y. rather than yg,
¥ .995 being the value of y for which z = 0.995. The
differences between the two quantities are unimportant.
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i.e. -m, = constant. Il-zEl (3.3-3),

which is clearly plausible in the light of knowledge
about free turbulent flows. The implication of (3.3-3)
that -mg falls to zero when Zn approaches unity is cer-
tainly in accord with reality, for this is the case of a
boundary layer in which the mean velocity profile is
logarithmic over the whole boundary layer. This condi-
tion is closely satisfied by the accelerated similar
boundary layer which has constant thickness Reynolds

numbers (R etc.) and is thus non-entraining.

G? Rz?
It will be shown below that the general run of experimen-

tal data also lends support to an entrainment law with

the simple linear form of (3.3-3).

Determination of entrainment rates from experimental data

The immediately obvious way to determine entrain-
ment rates is from measured velocity profiles. The
information required is the variation of Rm with Rx’

since, from (2.3-24):

- — *
m. = dRm/de .

To deduce Rm from experimental profiles it is mnecessary
first to know the boundary-layer thickness, Yai and it
is evidently desirable to use a consistent procedure for

deferminlng this somewhat arbitrarily-defined quantity.

*The w-term has not been included in this equation. It
was in any case nominally zero in all the experiments for
which data were examined.
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One such procedure is to fit to the measured points an
assumed profile, such as the log-plus-cos formula,

(3.2-9), which will yield not only yg» but also R . 2zp
and any other profile quantities of interest. Alter-

natively, integral properties of experimental profiles,

such as R, and H

2 1g+ can be matched with those given by

the adopted profile, and the profile parameters deter-
mined in this way.

These two methods of data analysis are complementary
and, if the profile assumption is a good representation
of measured profiles (as the log-plus-cos profile has
been shown to be), any differences which arise in @he
final results should be small. However, it is important
to note at this stage that two essentially inaccurate
processes are involved in the determination of -m:
‘the specification of Y and the differentiation (per-

formed graphically) of quantities derived from experi-

mental data.

Analysis of the data for =z < 1

All the information for values of zZgp less than
unity has been extracted by the writer from published
experimental data. The measured velocity profiles were

often available only in the form of small-scale graphs,

and their retrieval difficult, inaccurate and time-
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consuming. For these reasons, the profile parameters
here were calculated from the published values of R2 and

H these being the most commonly-reported properties of

i2?

measured profiles.

Analysis of the data for =z, > 1*

In this case two different procedures were adopted.

Full details of the data of Nicoll (1965) were avail-
able; it was therefore possible to apply the least-
squares method (see p.38) to fit the log-plus-cos formula
to his measured profiles. The available information
about the other data for Zp > 1 was less detailed, so

the profile parameters were determined from the most
frequently-reported experimental quantities in these
cases: z and y%, where z is the ratio to Us of the
maximum velocity in the boundary layer and y% is the
value of y (further from the wall) at which z = (zm+1)/2.

y1 is a quantity well-defined experimentally, in con-
2

trast with Y (where z = zm) which is not.

Comparison of Head's recommendation with experimental

data for =z < 1

Head (1958) gave his recommendation for the entrain-

ment law in graphical form; it is shown in figure 3.5

*The data for zp > 1 were analysed by W.B. Nicoll. -
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plotted in the way in which it was preseuted, i.e.
-m, Vs H1, Also plotted are points and curves deduced
from experimental data. Head's curve clearly has the
correct trend, except for the behaviour where H1 becomes

large (zE ~ 1), when the data and theoretical knowledge

show ~m. 7 0, whereas Head's curve levels off at —md30.01.

Comparison of Spalding's recommendations with experimental

data

Spalding's first proposal (1964a) was

zp < 1 ~m = 0.1023 (1-zE)(1+ %zE)
(3.3.4).
zp > 1 m = 0.09 (zp-1)(1+ %ZE)/(HZE)

The basic structure of these formulae (which are seen to
include 1 - zp as a factor) was arrived at by consideration
of information relating to free mixing layers, The comn-
stants were determined, somewhat indirectly, from agalyses
/

of the equilibrium zero pressure-gradient boundary layer,
and of the spread and velocity-decay information available
for boundary layers with velocity maxima.

In an annotated version of the paper last cited,
Spalding (1964b) noted that equations (3.3-4) considerably
over—-estimate entrainment rates, and that these relations

are unjustifiably elaborate. A direct study of experi-

mental data revealed that greater support is given to the
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simpler eXpressions

N
A
-
1
=
U

0.06 (1—zE)
(3-3_5)0

N
\%
-
|
=
1l

0.03 (zE—l)

These relations, of course, are in the linear form of
(3.3-3).

Spalding's final recommendation (1965a) was based
upon further examination of experimental data, which were

found to be better fitted by

ZE < 1 —mG = 0.06 - O.OSZE
(3'3—6)0
> - = . - .
Zp 1 mG 0 03zE 0.02
Curves representing (3.3-4) to (3.3-6), for z_ < 1,

E
have been plotted in figure 3.6, in the form of -mg VS Zp;

points and curves deduced from experimental data are also

shown. The data confirm that Spalding's first proposal
does indeed considerably overestimate -m. over most of
the range of Zn values. The second and third recommenda-

tions are in far better accord with the data, although
the former relation is in fact better than the latter so
far as the bulk of these are concerned.

For z_ > 1, the data* again show that Spalding's

E
first proposal overestimates ~mg although the deviations
*Details of these are not available to the writer. They

were shown, however, by W.B. Nicoll in the paper by
Escudier and Nicoll (1966a).
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are not great. The differences between the second and
third recommendations are small, and both are in good
agreement with the data, although these show wide scatter,

particularly for zZp > 10.

The present writer's recommendation for the —maﬁzE)

function

The data shown in figure 3.6, although showing con-
siderable scatter, certainly lend support to the suggestion

made carlier that -m. should be proportional to 1-gz the

G
constant of proportionality being about 0.075 (25% higher

E’

than that for Spalding's second proposal). Thus the
writer's recommendation, which is used in CHAPTER 5 in the

prediction of a number of particular boundary layers, is

z < 1 -m. = 0.075(1-zE) (3.3-7),

For Zg > 1, Spalding's final proposal is as good a

fit to the data as any, and may thus be recommended,

i.e. -mg = o.o3zE_o.02 (3.3-8),

Supporting evidence for the recommended entrainment law

(1) The procedure outlined above for the determination

of entrainment rates is not the only one which may be used.
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Another has been demonstrated by Spalding (1965b) in the
form of an interesting theorem. The result of this is

the identity

. _ 0t/0 ’
SV Eu/_a}é . (3.3-9),
or -my = - (3s/82) ' (3.3-10).

That is, -m. is equal to minus the slope of the s~z curve

G
at the outer edge of a shear layer. This result is the

more interesting when it is realised that the area enclosed

by this curve and the co-ordinate axes is simply the quan-

tity s, the counterpart of -m. so far as the kinetic-

energy method of calculation is concerned. = Another note-
worthy feature of (3.3-10) is that it removes the arbitra-

riness until now attached to the quantity -m although

G,
the difficulties involved in measuring accurately the
shear stress present other problems.

The data of several authors have been analysed using

(3.3-10); the results for zp < 1 are shown in figure

3.7, and for zy > 1 in figure 3.8, where they are plotted

in the form —-m

g VS 2 for comparison with the recommenda-

E
tion made above, (3.3-8). Again there is a great deal
of scatter in both graphs, although the more recent, and

probably more reliable, data are in good agreement with

(3.3-8). The earlier data give ~m; values which are
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generally too low; and, although these may well be in
error, in the case of Schubauer and Klebanoff (1951) the
error suggested by Coles (1956) is such as to raise rather
than to lower the values found for -m;.

Typical plots of s vs z are shown in figure 4.8, where

they are given to illustrate the method of determining s.

(2) The arbitrariness in -m. is also removed to some‘ex—
tent when consideration is paid to those flows where the
. shape of the velocity profilé changes slole with x; that
is, to similar or equilibrium boundary layers. - And, it

may be noted that, if the assumption that -m_, depends only

G
upon the local velocity profile were correct, then an en-
trainment law derived for equilibrium flows would be gen-
erally valid.

The shape-factor (Hl) equation (2.3-38), with the

cross-flow pressure-gradient terms omitted, may be written

deﬂl/de = -mG~HlsS + (1+H12)H1F2

~ 0, since the profilé shape is changing but slowly.

This equation may be rearranged to give -m, as

-m = -m = Hlss[1+B(1+1/H12)] (3.3-21),

SRS S

where B is the pressure-gradient parameter defined by

Clauser (1954) as a constant for a given equilibrium flow:
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B = (61/rs)dpG/dx = -H12F2/ss (3.3-22),

Also, for equilibrium boundary layers, it may be shown that
B is a unique function of the shape factor, G, of the

velocity-defect profile, (u.-u)/u_. G is related to H12

G T
and Sg by |
1
= -z _
G = (1-1/H )sg (3.3-23).
An empirical formula for the G~B relationship (for zE<1),
given by Nash (1965), is
1
G = 6.1 (B+1.81)% - 1.7 (3.3-24),

(3.3-21), (3.3-23) and (3.3-24), together with the
log-plus-cos profile formula, have been used to determine

the curves in figure 3.9 of -m. plotted vs z with £' as

G E’

parameter. These clearly show the same trends as the
data for equilibrium flows, which are also plotted, and
confirm that £' has a relatively small influence on the
-m. relation. In the vicinity of zj = 0.8, however, the
equilibrium curves predict more than twice as much en-
trainment as (3.3-7), and are in better agreement with
the data in that region. This perhaps indicates why
Spalding (1965a) was led to propose the relation (for

zp < 1)

-m, = 0.06 - O.O5ZE
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which gives values for -m, more in keeping with the flat-

G
plate boundary-layer data.

Arguments of the entrainment function in addition to z_

The hypothesis of Spalding (1964a) that -m,. depends

G

upon z_. alone has been adopted in the present work also.

E

It is certain, however, that other quantities will also

influence -m although their effects are likely to be

G’
of secondary importance. Examples of quantities which

" might be expected to enter the -m.-function are £', which

G
would contribute essentially a Reynolds~number influence,
amjdzE/de, which would account for the upstream history
of the flow.

However, -mq is a particularly difficult quantity

to determine with accuracy from experimental data, so

that a plot of -m. vs =z

Q B’ for example, shows a considerable

degree of scatter. Consequently, it is impossible to

determine from the data the dependence of -m. on any

G
quantity which might exert an influence secondary to that
of Zp- It is possible, however, that calculations of
boundary-layer development carried out using the recom-

mended entrainment law, may indicate the need to include

other arguments in the entrainment function.
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Concluding remarks about the entrainment law

(1) =z, is a preferable quantity to H, as the argument of

E 1

the entrainment function, because a linear relationship .
between -mq and Zp is both theoretically plausible and

also fairly well supported by the data analysed.

(2) Entrainment rates determined in three different ways
are in reasonably good agreement with each other, although
there is a very high degree of scatter in the data, mainly

due to the arbitrariness associated with —mG,

(3) The best recommendation that can at present be made

for the entrainment law is

N
A
I
|
=
Il

O.O75(1-zE)

z, > 1 -m,. = 0.03'zE - 0.02.

(4) Because the rate of entrainment is experimentally

ill-defined, the dependence of -m. on quantities other

G

than Zps Say, is impossible to determine.

(5) The adequacy of the recommended entrainment relation
remains to be judged by its ability to allow accurate
prediction of boundary-layer development; this will be

examined in CHAPTER 5.
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3.4 Advantages and disadvantages of the entrainment method

It is appropriate in this concluding section of CHAPTER
3 to list the advantages 'and disadvantages of the entrain-
ment method as a prediction procedure.

The entrainment method possesses four innate advantages
over other methods of calculation: (1) Any integral equa-
tion derived from the continuity equation (2.2-1), an ex-
ample being the mass-conservation equation (2.3—2&) used
in the entrainment method, is formally exact for two-
dimensional flow. Those based upon the momentum equation
introduce the boundary-layer approximations and the asso-
ciated assumption that u' and v' are negligible when com-
pared with u. (2) The phenomenon of entrainment is asso-
ciated primarily with events occurring at the outer edge
of a shear layer, and so mass transfer and surface rough-
ness may be expected to have little direct influence on
entrainment. (3) Only knowledge about the mean-velocity
profile is essential to the determination of entrainment
rates. Thus there is a very large pool from which to
draw information about entrainment. (4) There is the
simplicity of the idea of entrainment itself; a great
aid to guessing about a suitable form for the entrainment

function.
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In addition to the above, there is the very real ad-
vantage that it has been shown by Thompson (1964) that,
of previously-existing explicit calculation procedures,
Head's entrainment method is the only one to give uniformly-
{acceptable predictions of boundary-layer development.

It remains to be seen, however, whether the present im-
plicit entrainment procedure gives results as good aé‘
Head's.

In spite of the very definite advantages listed above,
the entrainment method suffers from several serious draw-
backs: (1) The arbitrariness of the bounday-layer
thickness, Yoo which influences not only the entrainment
rate itself, but also the shape factor H1. Even if
sufficient information were available to allow —m. to be
determined from shear-stress measurements, say, using
(3.3-10), the uncertainties in the shape-factor relation
would remain. The data for this at present available
have been found to be subject to an almost intolerable
degree of scatter, attributable essentially to the ar-
bitrariness of Y- (2) There is the inevitable desire
to extend the entrainment function to situations in
which density variations are important. There is little
experimental information about the effects of such vari-
ations, and apparently no theoretical clue even as to

the direction of such influences. (3) There are flow
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situations where the concept of entrainment is totally
inapplicable. These are duct flows, such as occur in
pipes and channels, where the boundary layers on opposite
walls have joined up; vyet the wake componenf of the vel-
ocity profile may well be large, and will certainly be

varying until fully-developed conditions are reached.
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CHAPTER 4

THE KINETIC -~ ENERGY METHOD

4L,1 Introduction

Comparison with the entrainment method

The previous chapter closed with a list of the advan-
tages and disadvantages o¢if the entrainment method. The
disadvantages indicated are serious impediments to pro-
gress, and one at least (inapplicability to certain con-
fined flows) is an irremediable defect. It is as well,
therefore, to be sure from the outset that the kinetic-
energy method is free from these and other innate draw-
backs.

So far as this method is concerned, it may be said
that: (1) the arbitrariness of the position of the
outer boundary of the flow does not arise at all. The
counterparts here of -m, and H, are the shear-work inte-

G 1

gral, E, and H respectively; and the integrands of

32’
the various integrals associated with these quantities
vanish outside the boundary layer. (2) There is no
reason to suppose that the Eﬁfunctipn for confined flow$
is fundamentally different from that for external flows,
for s is as much dependent on events near the wall as

those far removed from it. (3) Spalding (1965a) has

proposed a reasonable hypothesis concerning the way in
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which density variations influence the s-function. Thus
the kinetic-energy method is apparently free from the
inherent disadvantages of the entrainment method.

There are, however, some disadvantages of this method
which contrast directly with the advantages of the entrain-
ment method: (1) Because s is dependent upon events
throughout the boundary laver, the g-function is likely
to have a more complex form than the ~m. function.
Associated with this is the expectation that mass transfer
and wall roughness will exert appreciable influence on the
s-function.* (2) Shear-stress data from which to obtain
information about s are scarce and of doubtful accuracy.
In principle, of course, s could be determined from the
kinetic-energy equation (2.3-26); but this involves
differentiation of experimentally-determined quantities,
and is of unreliable accuracy. (3) The reliability
of predictions of boundary-layer development using pre-
viously-existing kinetic-energy methods was shown by
Thompson (1964) to be far from acceptable, even though
probably the most widely known and used calculation pro-
cedure is a kinetic-energy method - that of Truckenbrodt

(1952).

*Information about roughness effects may be found in the
thesis of Jayatillaka (1966) and those of mass transfer
in that of Baker (1967).
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This unreliability is somewhat surprising, particu-
larly when compared with the success of Head's (1958)
entrainment method which contains far more inherent arbi-
trariness and uncertainty. The most likely exPianation
is that the disadvantages of the kinetic-energy method
itself led to basically unsound early proposals being
made for the s-function (the unacceptable features of
these was demonstrated by Spalding (1965a); they are
discussed below). Nevertheless, none of the drawbacks
associated with the kinetic-energy method are irremediable;
and the likelihood is that ultimately it will be prefer-
able to use it rather than the entrainment method. The
main requirement is the provision of an acceptable s-
function, applicable in as wide a range of situations

as the -m. function of CHAPTER 3.

G

Spalding's review of the kinetic-energy method

The paper by Spalding (1965a) throws light onto the
reasons for the poor predictions of previously-existing
kinetic-energy methods. This pointed out that probably
the greatest single deficiency of the s-functions pro-
posed by Rotta (1950) and Rubert and Persh (1951), for
example, is their implication that s falls to zero for
a separating boundary layer. That this is in conflict

with reality is shown both by experiment and by simple
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theoretical considerations (see section 4.4, below).
Truckenbrodt's (1952) proposal, too,is found to be an un-
reliable description of the behaviour of ;, since it in-
dicates a dependence only upon R2, and even this is such
that s falls in an adverse pressure gradient.

The other main drawback of these early ‘s-functions
is their limited range of applicability: none is valid
when méss transfer is present, when there are density var-
iations or when the velocity profile exhibits a maximum.
Much the same criticism may be made of the more recent
proposals of Meuller, Korst and Chow (1964), Felsh (1965),
Walz (1965) and Goldberg (1966). Support for the point
regarding inapplicability when R2 < 0 is given by the
list of relations given in TABLE 6, which in the majority
of cases contain a term like R2_1/6 - the inheritance
from Ludwieg and Tillmann (1949) mentioned in CHAPTER 1
(p.8).

Thus Spalding's paper demonstrated the lack of an
accéptable s-function. The information given by
Spalding about E, and guidance as to a suitable functional

form, provides the basis for the recommendation given

in section 4.4, below.

Other auxiliary relations required

The equations upon which the kinetic-energy method
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is based are those describing the variation of the momentum-
thickness Reynolds number, Rz,(2.3—25), and the shape-

factor H (2.3-29). Thus, in addition to a relationship

32’
connecting s with these quantities, formulae are required

to relate to them the local drag coefficient, s and the

S0
shape-factor H12.
Every procedure so far proposed for the calculation
of turbulent boundary-layer development makes use of an
equation for the conservation of momentum. A knowledge
of the way in which skin friction (drag) is influenced by
the thickness, velocity profile and other properties of
the layer is thus essential. The consequence 1is that
many previous writers have made recommendations for a drag
law, although all explicit drag laws have been limited in
application either to flows without velocity maxima or
to those with velocity maxima but with zero mainstream
velocity. Also, as the relations lised in TABLE 3 show,
their formulation generally precludes extension to the
whole range of boundary-layer flows - agéin due to the
way 1in which the Reynolds-number influence was introduced:
Generally-valid drag laws are implicit in all for-
mulae for the velocity profile which have the wall-plus-
wake form discussed in CHAPTER 3, though their proposers

usually were concerned only with conventional boundary

layers (R2 > 0). But such drag laws lack computational
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convenience if R2 and H are the dependent variables in

32
use., Indeed S5palding (1965c) indicated that in some
regions the determination of unequivocal values of the
profile parameters is not possible. Furthermore, the
wide validity of the profile-based drag laws is not always
matched by their accuracy in fitting the experimental
data. Thus there is a need for a generally-valid,
accurate, explicit drag law with R2 and H32 aé variables.

Similar remarks to the above méy be made about the

and R_. The limitations

relationship between H12, H32 5

of previous recommendations are the same, as are the
drawbacks of profile-based relations. Again, therefore,

a new explicit relatiomship is called for.

Aims of CHAPTER &4

In the light of the preceding paragraphs, the pur-

poses of the present chapter may be stated as being:

(1) To examine the available theoretical and experimental
information about s and relevant velocity-profile para-
meters; and to recommend an explicit s-function appli-
cable to separating boundary layers at one extreme, and

wall jets in still surroudings at the other.

(2) To recommend an explicit drag law covering the same

range of flow situations as the s-function.
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(3) To recommend an explicit shape-factor relationship,

again as widely-valid as the ‘s-function.

In CHAPTER 5, the results will be presented and dis-
cussed of calculations of boundary-layer development per-
formed using the recommended s-function, drag law and

shape-factor relation.

4.2 The shape-factor relation

Insensitivity to Reynolds-number variation

Curves representing the variation of H12 with H32
implied by the log-plus-cos velocity profile are shown
in figure 4.1. The parameter on the curves is £' rather

than R2, because the latter must change sign near H equal

12
to unity, whereas the values of £' fall within very narrow
limits (values are listed in TABLE 1). Also plotted are
points representing data* taken from the experiments, for
positive values of R2, of Bradshaw and Ferriss (1965),
Clauser (1954), Fage and Falkner (1930), Herring and
Norbury (1967), Klebanoff (1955), Moses (1964), Newman
(1951), Schubauer and Klebanoff (1951) and Schubauer and
Spangenberg (1960). The data for negative values of R,

are those of Erian and Eskinazi (1964), Kruka and Eskinazi

(1964) and Nicoll (1965). All the data are listed in

*In every case values of Hyo, Hgo and R, were computed by
the writer from the reported velocity profiles using the
same integration procedure - Simpson's rule generalised
for integration with unevenly-spaced pivotal points.
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TABLE 1.

Three observations may be made about figure 4,o1:
(1) The theoretical curves shown fit most of the experi-
mental data extremely well. The sole exception is the
set of data reported by Erian and Eskinazi, which lies
considerably below the general run of data. The dis-
crepancy here is almost certainly attributable to there
being but scanty information in this case about the velo-
city distributions between the wall and the velocity maxi-
mum. (2) The curves for £' equal to 8 and 12 are vir-
tually indistinguisable, except in the region of H12=1,
These two observations indicate that the inclusion of a
Reynolds-number influence is superfluous to the shape-
factor relation. (3) There are gaps in the theoretical

curves in the vicinity of H 1. Although there are

12 ~

no experimental data available in this region, these gaps
must be a true reflection of reality, since it is here

that all the boundary-layer deficit thicknesses (61, 62,

S5, etc.) change sign and so are generally close to zero.

3

Since they do not all pass through zero at the éame point*,

*The proof of this (suggested by S.V. Patankar) is as
follows. The definitions of 61, O, and &, show that

YG 2 YG 3
61-52 EIO (1—E/uG)2dy and 28 —63 Ejo (E/uG)(l—E/uG)edy.

2

The integrands of both integrals are always positive (in
the absence of negative velocities); so 61 is positive
and 63 negative when 05 equals zero.



70

infinite and zero values of the shape factors occur,

resulting in gaps in the H12 ~ H32

curves.
The other (dashed) curve in figure 4.1 also repre-
sents the implications of a velocity profile; it is dis-

cussed below (p.77).

The new recommendatic . {or the shape-facior relation

As was stated above, both the theoretical curves

and the experimental data shown in figure 4.1 clearly
a unique relationship
support the proposal that there exist%,between the shape

factors H12 and H32 (a contrast may be drawn with the

scant support for a unique relationship between H12 and

H1, the shape factor of the entrainment method - see

section 3.2).

It is found that the following empirical relations

fit the data as well as any

) 2 ‘
H32 = 1.431 - 0.0971/H,, + 0.775/H12 (h.2-1),
3 4
(10° < R, < 8x10%, 1.25 < Hy, < 2.8)
and H32 = 0.82 + 1.10/H12 , (h.2-2).

(4x10° < -R, < 6x10°, 0.06 < H,, < 0.85)

2 2
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The former equation fits the available data with an rms
deviation of only 1.03%.

Also of interest is the limiting case of the wall
jet in still surroundings, for which H falls to zero and

12

becomes infinite; but the product H1 remains

H32 2.H32
finite and non-zero, as may be seen from the definitiomns

of these quantities. For this situation, (4.1-2) implies

H 1.10,

12-H32 =
a value which has been substantiated by the experiments
reported by Jayatillaka (1966) and Baker (1967) for the
radial wall jet, the former with wall roughness and the
latter with mass transfer.

The discussion earlier indicated why gaps in the

H data are unavoidable near H = 1. However, a

12732 12
continuous relationship is convenient in a calculation

procedure, so the following interpolation formula is re-

commended

H.. = 2.67 - 0.66 Hi

32 2

(Lh.2-3),

(0.85 < H < 1.25)

12

Little error will be engendered by its use because the
shape factors which appear in the integral equations are
always multiplied by R2, which is small in the region in

question.
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The complete recommendation for the shape-factor
relation, represented by (4.2-1) to (4.2-3), is shown in
figure 4.2 together with the data on which it is based.
Inset to a larger scale are the data and recommendation
for R2 > 0. Although the data in this region show more

scatter than do those for R2 < 0, no evidence of a sys-

tematic trend with Reynolds number was discernible.

Previous recommendations for the shape-factor relation

The recommendations of a number of authors for an
explicit shape-factor relation for R2 > 0 are listed in
TABLE 2, So far as is known to the writer, no previous
explicit recommendations have been made for R2 < 0,

Complementary to the explicit formulae are the
relationships implicit in velocity-profile recommendations.
The only writers, other than Spalding (1965a), to have
made specific use of a two-parameter profile to generate
shape-factor relations are Rotta (1951) and Truckenbrodt
(1952), who made use of the wall-plus-wake profile with
a linear wake function. Although these authors did not
recognise the wider implications of their recommendations,
so far as flows with velocity maxima are concerned, the
log-plus-linear profile was found by Jayatillaka (1966)
and Baker (1967) to be a better representation than the

log-plus-cos formula of their radial wall-jet data.



73

The more recent explicit relations fit the data as

well as the new recommendation, except where H12 falls

below about 1.5, when H12 is generally underestimated by
them. The profile-based relations fit the data quite

well for both R2 > 0 and R, < 0, except in the regions near

2

the gap and where H12 exceeds about 2.

Conclusions

The recommended shape-factor relation appears to
pPossess overall superiority to previous recommendations
in respect of: range of applicability, accuracy of pre-
diction and computational convenience.

Much of this work on the shape—féctor relation may

be found in the paper of Nicoll and Escudier (1966).

4.3 The drag law

Introduction

The influence on the local drag coefficient, for

Sg»
zero-pressure-gradient boundary layers, of the momentum-
thickness Reynolds number, R2, was recognised long ago
by Prandtl (1921), Squire and Young (1938), Falkner
(1943) and others. The experimental investigation of
Ludwieg and Tillmann (1949), on boundary layers develop-
ing in streams with adverse and favourable pressure gra-

dients, showed that, at a given value of R the value

21
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of Sg could vary widely. Ludwieg and Tillmann found that
the variation could be correlated with the shape factor

H and, as has already been noted, they recommended

12}
the formula

-0.678H12 -0.268

sg = 0.123 X 10 R, (4.3-1).

Although many later authors have proposed other rela-
tions, (4.3-1) is still widely used for the calculation
of Sg for turbulent boundary layers. The reason, perhaps,
is that the majority of authors have retained the Ludwieg-
Tillmann form, but their modifications have by no means
always improved the accuracy. These points are illus-
trated by TABLES 3 and 4.

The Ludwieg-Tillmann recommendation is a fairly
satisfactory correlation formula in the limited range of
conditions studied by its originators, but is seriously
deficient as a drag law for general use. One obvious
shortcoming, to which allusion has already been made, is

its dinapplicability to flows where R, is negative.

2
Another is the implication that Sg does not fall to zero
until H12 is infinite, whereas it is well know that the
shape factor for boundary-layer separation is around 2.7.
This section of the present chapter is based upon

the papers by Escudier and Nicoll (1965) and Escudier,

Nicoll and Spalding (1966); in the latter paper a new
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formula, free from the shortcomings of (4.3-1), was pro-
posed for the calculation of drag. Its form was chosen

so that it could be applied to the whole range of turbu-
lent boundary layers. Empirical constants were chosen
systematically, so as to reduce to a minimum the discre-
pancies between the formula and data taken from the experi-
ments of many authors. Like all previous proposals,
however, 1t was assumed that s_. depends at most upon two

S

locally-measurable properties.

Choice of arguments of the new drag law

The arguments of the s_ -function are takemn to be R2

S

and szi rather than the more usual combination of R2

and H - The reasons are: (1) The drag law can then
be used immediately in the kinetic-energy calculation pro-

cedure, (2) is less sensitive to density varia-

H32
tions across the boundary layer than is H12*_ In any

case, the results reported in section 4.2 show that a

*That this is so may be seen from the way in which the
density enters the fuller definitions of Hj5 and H32
appropriate to the non-uniform-density case: ’

Y _ Yo — _
H - j (1- =22 )4y f _Pu (4 U gy
12 o Peta o Pa'a Ug
g e ® s T
and H,. = j (1- Yyay j (1- % )ay.
32 o Palg ué Palg Ya
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close relation exists between H32 and le for uniform-

density boundary layers; So it 1is easSy to replace H

32

by H12 if this is desired.

Establishment of a suitable form for the drag law

(consideration of wall-plus-wake velocity profiles)

An appropriate way of introducing H into the drag

32

law, and of accommodating both positive and negative

values of R is indicated by considering the drag law

2’
implied by the general wall-plus-wake velocity-profile

relation. In the previous chapter, it was shown that

this drag law could be written

sq = (%zE/E')2 (4.3-2).

Consideration is given to the much Simplified form of
the velocity profile, which results when the first term
of the profile expression (3.2-9) is given at all y its
value at the edge of the boundary layer, and the wake
function g¢E) is taken as linear. Then the profile

relation becomes

z = ( + (1—§)€ (4.3-3),

wherein Zg has been replaced by { to emphasize the fact
that (4.3-3) is but a crude representation of real pro-

files. It is, nevertheless, the simplest formula for

the velocity profile which imitates the qualitative fea-
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tures of real profiles, including both jet-like and re-
versed flows, if ( is suitably chosen.
The dashed curve shown in figure 4.1 represents the

variation of H,, with H,, implied by (4.3-3),

2 3

i.e. H32 = 1.125/H12 + 0.75 + 0.125H12 (&k.3-4).

Though this equation does not fit the data quite as well

as either the shape-factor relation recommended in the
previous section or that implicit in the log-plus-cos
profile, it does predict the main trends remarkably well.
Also its form is very close to that of (4.2-2) (particularly
when H_ > 0).

12
From (4.3-3) it may be deduced that

H,, - 2H0” (4.3-5)

32 T 2(1+20) : !

and R,/R. = (1-0)(1+20)/6 (4.3-6).
Since H experimentally is a well-defined quantity, it

32

is convenient to regard (4.3-5) as defining the new para-

meter (; (4.3-5) may be solved to give ( explicitly in

terms of H32, thus
2 ra 2 2
¢ = §H32-1+L§H32(§H32—1)] (4£.3-7)

(only the positive square root being physiéally of in-
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terest for forward flows, where H32 exceeds 1.5). In

a similar way, (4.3-6) may be taken as the definition of

the boundary-layer-thickness Reynolds number, R an

G,

otherwise somewhat arbitrary quantity.

From the above it is evident that Sg will be given

approximately by

sq = (nC/e")= (4.3-8)
6ER Sq
with £' = 1n [(1 Q)(1+2€) (4.3-9).

This, of course, is very nearly in the required form:

S

g = f@Rz,HBZJ.

Generalisation of the drag formula

Since (4.3-3) does not describe real velocity pro-
files very precisely, (4.3-8) cannot be expected to give
"accurate predictions of drag unless modifications are
made, such as by the addition of extra terms and the
adjustment of constants.

Before examining what modifications are necessary,

it is observed that the presence of s, within the argu-

S
ment of the logarithm £' does not accord with the re-
quirement of explicitness. SinceAss varies in practice
from zero to infinity, its influence on £' can hardly be
ignored. Instead it is removed to a less influential

place by substitution for s_, from the right-hand side

S
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of (4.3-8); +there results

e
S = (4‘.3-10)o
S 6ER2KQ

1n {(1-g)(1+2g)z'

It is now recalled that for all the turbulent boundary
layers for which data have been collected, the values of
£' lie between 8 and 12. It therefore seems permissible
to replace the whole of the argument of the logarithm by
the expression CRZQ/[(l-C)(1+2Q], C being a constant to
be determined empirically.

To allow further flexibility in fitting the avail-
able data, the numerator of (4.3-10) will be replaced by

a function of {. Thus the form of the drag law adopted is

£6C3
sg - = (4.3-11),

CR.C
[1n {(1-Q)?1+2Q)}]2

where the constant C and the function f£{} are to be
determined by fitting to experimental data. The symbol
£ will be used to denote the modified form of the logar-

ithmic function appearing in the denominator of (4.3-11).

Limiting form of the drag law for wall jets

For the wall jet in still surroundings, u. is zero

and so Sgs ¢ etc. are infinite. However, integral pro-



80

perties which remain finite for g equal to zero may be

introduced as follows

yG/ym ‘
u 1 .
X j (;;) a(L- ) (i = 1,2,3) (&.3-12),

o

3
il

where Y is the position of the maximum velocity, u -

Then for this limiting case (4.3~11) transforms to

16( 3)2 lim [f‘C4]

e

og = (4.3-13),
Ny 2
[1n(§_ n, Rmax)]

where

Q
I}

S Tg/ (pu_?) (k.3-14)

and R
- max

umym/v (4.3-15).

Most experimental data for wall Jjets are expreésed in the
literature as GS‘Rmax;; the data of Myers, Eustis and
Schauer (1961) and Bradshaw and Gee (1962) are listed in
TABLE 1.

Examination of the velocity profiles of Sigalla
(1958) and Myers et>al.‘indicates that the values of the

N's are approximately constant; they have the values*

Ny, = k.91 and Ny = Lk,o2.

*These values were obtained by W.B. Nicoll.
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Concluding remarks about the form of the drag law

The following remarks are made to establish necessary
conditions if the adoption of (4.3-11) as the form of the
drag law is not to conflict with established knowledge:
(1) When ( becomes very large, as in wall jets, (4.3-13)
shows that the argument of the logarithm £ remains
finite. (2) Another feature at large (, which again
may be seen from (4.3-13), is that f{(} must increase in
proportion to (°. (3) At the other extreme, when (
becomes small, s, also becomes small. If the value of

S

( for zero shear stress is taken as zero (as would be
the case if (4.3-10) were exact), then (4.3-5) shows that

the zero-drag wvalue of H is 1.5, This is close to

32

that found in practice - the shape-factor relation

(4.2-1) shows the corresponding value of H to be 2,71.

12

(4) In the intermediate region, where R, and R, pass

3
through zero, it is noted that for the argument of £

to remain finite and positive, it is necessary again to
violate the rule given in section 4.1 by making R, and

1-( change sign together. (4.3-5) shows that H must

32
then equal 2, and so R2 = R3 = 0, It will be shown in
the following section that this also imposes restric-

tions on the form of the s-function, if this is to be

compatible with the drag law.
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The experimental data examined

The data, and their sources, which are used in es-
tablishing constants in the drag law are listed in TABLE
1.* Some important features of the data should be mnoted:
(1) In few cases were direct measurements of drag avail-
able: the bulk of the data were obtained by the writer
using the method of Clauser (1954), with the values
W = 0.41 and E = 7.7 as the log-law constants. The re-
sultant values of sg are generally consistent both with
each other and also with values obtained, for similar
flow conditions, by more direct measurement. (2) Many
of the more direct measurements themselves rely upon the
existence of a universal distribution of velocity near
the wall. (3) The data display considerable scatter;
the measurements of individual workers often show irre-
gular varijiations in the streamwise direction of from 5
to 10%. This can only be attributed to experimental

uncertainty.

Determination of the constant C

The logarithmic term £ of the drag-law equation
(k.3-11) was obtained as an approximation to the term
£' which appears in the profile-based drag formula

(4k.3-2) (see also 3.2-10). The value of C which gives

*Most of the data for R2 < O were collected by W.B.Nicoll.
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maximum accuracy to this approximation is found to be
3.389. Two observations may be made: (1) The in-
accuracy in {£' due to uncertainties in RG are small,
because dL' /L' = (1/2‘)BRG/R , and of course the value
of £' is usually close to 10. (2) Although the agree-
ment between the two logarithmic quantities is very good,
there are indications of a systematic tendency for £ to
exceed £' by about 2% when £' ~ 11, and to fall short by
about the same amount when £' ~ 9. The deviations
are small, however, compared with the scatter in the

drag data themselves,.so no further adjustments to £ have

been made.

Determination of the function f{(J}

The drag law which has finally been adopted can be

arranged as

= g6C™) (4.3-16)

Inf{cr,C/0(1-C) (1+20) 1}
s [ C ]
where g4( ')} now replaces f{()} as the function to be
determined. C—l has been chosen aé the argument of
gt )} because this allows all the data, including those for
wall jets, to be presented compactly (there are no data
for ( precisely equal to zero).
The limiting form of (4.3-16), when ( becomes infinite,

can be written
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T] 2.
[—— ln( 3C 2 R = g0} (4.3-17).

max

Since C,-n2 and nB are now known, the left-hand
sides of both (4.3-16) and (4.3-17) can be evaluated for
each experimental condition. The values are plotted
against (' in figuvrz L.3.

Over most of the range of C_l, the data are adequate-
ly represented by a quadratic in C-l. However, the
ordinates for C_l equal to zero have a mean which is
appreciably higher than that for small, but non-zero,
¢, This requires that the g-function must possess
much greater curvature in this region than is possible
with a simple quadratic. A suitable form for f{(!

consistent with both these observations, is

g = Cy + C 071 4C, 073G/ (14C,C7h) (4.3-18).

(o)

The values of the constants Ci’ which reduce to a

minimum the mean-square deviation between Sg calculated

from (4.3-11) and experimental values, are found to be

C, = 0.243, C, = 0.0376, C, = 0.00106, 03 = 0.0914

and Cl}_. = 650

The final result

The recommended drag law is
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=2
0.243%+0.0376¢-0.00106+ 2:22L4E~

Sg = (4.3-19)

3.389R_ ¢
[1n{(1—C)(;32g)}J2

1
- 2 2 2 2
where C = ?1*132—1 + [§H32(§H32—1):l (4.3-7).

For the limiting case of the wall jet, (4.3-19)

reduces to

=2
oy = 0.398/[1n(7.62Rmax)] (4.3-20).

The implications of (4.3-19) for sg as a function of

the shape factors H12 and H are shown graphically in

32’

figure L.h. The dependence on H,, was determined with

12

the aid of the H, relation given by (4.2-1) to

2~H32
(hk.2-3). The parameters on the curves are R, and
Rz/(l—g). The former is both conventional and satis-
factory for flows without velocity maxima; it is, how-.b
ever, less convenient for the range of flows considered
here, where the values encountered in practice fange from
about 10° down to minus infinity. The parameter R2/(1-€)

is more satisfactory; it takes on values in the rela-

tively restricted range 10° to 10° (approximately).
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Comparison with experiment

One measure of the capacity of an empirical relation
to correlate experimental data is the rms deviation, R,
between the predicted and experimental values. The de-

viations for the recommended drag law are

8 x 10* > R, > 7 x s
1.9 > H32 > 1.5 153 data points R = 11.0%
2.9 > H, > 1.2
2 x 10° >-R, > & x 10°
12.5 > H32 > 2,3 4y data points R = 12.9%
0.8 > H,, > 0.09
-R, = L4t data points R = 8.0%
Overall 241 data points R = 10.9%.

Probably the irreducible experimental scatter has
an rms deviation little less than 10%.

The range of finite s_ values encompassed by the

S

data is shown in figure 4.5, in which the drag predicted

from R2 and H is plotted against experimental drag.

32

Boundary-layer separation

For the extreme case of a separating boundary layer,
for which Sg is by definition zero, the present recom-

mendation implies

¢ = 0.02k, Hy, = 1.501 and H,, = 2.707.
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These values of H and H12 are consistent with those ob-

32

served in practice.

The wall jet in still surroundings

The comparison of prediction with experiment for the

limiting case of the wall jet is shown in figure 4.6;

the ordinate is og L= TS/(pume)] and the abscissa

R o (= umym/v). Both the limiting form of the present
drag-law recommendation (4.3-20) and previous proposals
are shown., The former agrees well with the experimental

data.

Comparison with previous recommendations

Previously-recommended drag laws may be classified
as either explicit or implicit. For those in the first
category, which include the present recommendation, Sg
is expressed explicitly in terms of experimentally well-

defined properties of the velocity profile, such as R2

‘and H or H

12 32° The explicit drag laws examined are

summarised in TABLE 3. The implicit drag laws con-
sidered here were all derived from a velocity-profile
assumption, some being modified to obtain more satis-
faétory agreement with experiment.

With the exception of that of Nash (1965), all the

implicit laws can be expressed as
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G = G4Ln) (k.3-21)

where G is the shape factor of the velocity-defect pro-

file introduced in CHAPTER 3,

1
_ _ -2
G = (1 1/H12)ss ,

and Il is Coles' wake parameter, also introduced in CHAPTER
3. Nash's drag law can be expressed as a relation be-

tween G and K, where the latter is defined as
-3
K = (sg /1) 1In(ER,H ,) (k.3-22).

The implicit drag laws are summarised in TABLE 4.

The rms deviations between the new drag law and
experimental data are compared in TABLE 5 with those of
previous recommendations. Values of Sg were computed
from the recommended formulae as nearly as possible in
the way proposed by their originators - usually from R2
and H12. Values of H32 are unavalilable for the data of
Ludwieg and Tillmann (1949) and Moses (1964); because
they are needed as inputs to the present law and that
of Walz (1965), the necessary values were computed using
(4.2-1) from the reported values of H .

Two observations may be made: (1) For each of the
three types of flow (R2 >0, R, < 0 and R, = -©), the
present recommendation correlates the experimental data

with the lowest rms deviation. (2) For R2 > 0 and

R2 = -®, the new law represents a substantial improve-
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ment over previous explicit recommendations.

Conclusions

The drag law represented by (4.3-18) appears to be
superior to previously-recommended formulae in respect
of: accuracy of prediction and range of applicability,
and also, in many cases, convenience of computation.

However, its limitations must be remembered. These
include: (1) Many of the data which the formula has
been adjusted to fit were deduced using Clauser's method
from measured velocity profiles, a procedure which may
introduce systematic errors. (2) The data in any case
are limited in number, accuracy and range of conditions.,
(3) The formula is limited to uniform-property boundary

layers.

4.4 The shear-work-integral relation

Introduction

It was mentioned in section 4.1 that Spalding's
(1965a) review of the kinetic-energy method revealed that
previous proposals for the shear-work-integral, E, rela-
tiqn are inadequate for two main reasons: (1) Their
implication that s falls to zero for a separating boun-
dary layer. (2) Their inapplicability to boundary

layers with velocity maxima. Spalding showed further
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that an s-relation free from these drawbacks could be de-
duced from the simple linear velocity profile (used in
the previous section in establishing a form for the drag
law) and a generalized form of Clauser's (1954) constant
eddy-viscosity hypothesis. In more recent work a ramp-
function distribution of the Prandtl mixing length has
superseded the Clauser hypothesis; it is, for example,
the main empirical dinput to the current version of the
general, finite-difference calculation procedure of
Patankar and Spalding (1967). A brief discussion of
this mixing-length distribution is given below, after
which it is shown that Spalding's s-relation is consis-
tent with a ramp-function mixing-length profile. The
basic form of this s-relation is modified to comply with
the drag-law requirement that R2 and R3 both pass through
zero at the same point; and constants in the relation

are adjusted to fit the available experimental data.

The Prandtl mixing-length distribution

Most theories so far developed for turbulent flows
have made use of either an eddy-viscosity or mixing-
length hypothesis. For boundary layers, the assumption
of a constant eddy viscosity in the region away from the
wall was popularised by Clauser (1954), who proposed the

relation
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Verp = t/(du/dy) = 0.018 ugd, (4.4-1).

Although Clauser, and also later authors such as Libby,
Baronti and Napolitano (1964), Mellor and Gibson (1966)
and Mellor (1966), have shown this to be an acceptable
hypothesis for the calculation of boundary layers without
velocity maxima, it is unsuitable for general use; for
flows with velocity maxima it implies a negative effec-

in

tive viscosity. An alternative formulation for Veff

terms of the Prandtl mixing length is free from this de-
fect,
The dimensionless Prandtl mixing length is defined

by
s = t/(pu.”) = 1A®|0z/3E|02/0E (4.4-2),

where A = £/yG, and £ is the mixing length. In the
outer region of the boundary layer, a reasonable assump-
tion consistent with the available data, is that A has

a uniform value of about 0.075,

i.e. A= AG ~ 0.075.

The constant mixing length is a well-known empirical
feature of free-turbulent flows. The main influence

-of the presence of a wall is to reduce the mixing length;
it is found that the experimental data support a linear

variation of A with E,

i.e. A = MUE
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where % is the von Karman constant, the value of which was
taken earlier as 0.41. This linear distribution, of
course, is consistent with the existence of a logarithmic
velocity profile in the fully-turbulent, uniform shear
stress, wall region.

Experimental information in support of the ramp-func-
tion mixing-length distribution was collected by Escudier
(1965); figure 4.7 shows representative data extracted
from his survey. When assessing the degree of similarity
between the curves shown, it is helpful to remember:

(1) Shear stress is proportional to the square of mixing
length; so the k@g} representation tends to minimise the
differences in the shear-stress-velocity relation. (2)
Where Z lies between 0.8 and 1.0, although X\ rises rapid-
ly (to an infinite value as ¥ —» 1.0) and the differences
between profiles may be great, the velocity gradients are
small; consequently the shear stresses are small and
errors in A of slight importance. (3) Values of A rest
on the determination of Y and the slope of the velocity
profile; the inevitable experimental error then intro-
duces a large scatter into the A{E} curves. In this
respect, therefore, this method of presentation magni-
fies the differences between boundary layers.

Mixing-length distributions were also deduced from

the wall-jet data of Schwarz and Cosart (1961), Bradshaw



93

and Gee (19€2), Mathieu (1961) and Mathieu and Tailland
(1963). It was again found that A was fairly uniform
over the outer region of the boundary layer, although
the value was greater than before, at about 0.1.

It can hardly be doubted that A depends upon other
variables additiomnal to £. So far, however, no equation
has been found which links the mixing-length function to
other arguments; mnor is it known to what extent the
function is influenced by the presence of non-uniform
density. Therefore, for the time being, it seems appro-
priate to adopt generally the ramp-function proposal of

Escudier (1965),

0.41

E L A /0 o A o= HE, n
G (4. 4-3).

0.075

£ S A/ A= AL, A

Other authors who have examined the mixing-length
hypothesis in relation to boundary-layer theory include

Szablewski (1951), Philip (1959) and Shigemitsu (1962).

Establishment of a suitable form for the s-relation

The quantity s was defined in CHAPTER 2 as
1
| s(ez/08)az (L. b-h),

o

]
]

In the immediate vicinity of the wall, the dimensionless
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shear stress, s, is not sensibly different from its wall

value, s so that (4.4-4) may be expanded as

S‘,
1

S = sgzg + | s(32/3)0F (k.4-5),
€s

where z_. is the velocity ratio at the edge of the constant

S
shear-stress region, and ES its thickness. The adoption

of the linear velocity profile of section 4.3,

2 = ¢ + (1-g)€1
in which the physical thickness of the constant-stress
region has been reduced to nothing, leads to the identi-

fication of =z

S with { and of ES with zero. The evalua-

tion of the integral in (4.4-5) using this profile to-
gether with the mixing-length formula (4.4-3) leads to
the result

s = Csg + A Pl1-2a./(30] |1-¢]® (4.4-6),

or s = Csg + 0.00494 |1-C|® (4.4-7),

when the recommended values of % and AG are inserted.
The corresponding result deduced by Spalding (1965a)
from the constant eddy-viscosity hypothesis, together

again with the straight-line velocity profile, is
s = (sg + (0.018/2) [1-¢|? (4.4-8),

Clearly, the only difference between (4.4-7) and (4.4-8)

is in the value of the constant multiplying |1—Cls.
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However, it 1is umlikely, in view of the crudeness of the
assumptions involved in their derivations, that either
(4.4-7) or (4.4-8) will fit experimental data well.

But, the form of the ‘s-relation so derived may serve well
enough if constants are adjusted to fit the data; thus

the relation is taken as
s = (sg + cl1-¢|™ (h.%-9),

where C and n are now regarded as empirical constants.
However, as will be shown below, theoretical réquirements
put an upper limit of 3 on the values of n for (<P,
Also, the requirement that R, and R, pass through zero

2 3

at the same point necessitates modification of the CSS
term.

Two important, and correct, implications of (4.4-9)
are: (1) That for the flat-plate, zero-pressure-gradient
boundary layer, where ( is .of the order of unity, s and
sg are approximately equal. That this must be so is
shown by the plot of s vs z for the data of Klebanoff
(1955) shown in figure 4,8. (2) When ( becomes very

small, as separation is approached, s increases with

decrease in (.

Theoretical requirements of the ‘s-relation for C gl

Examination of the logarithm, £, which appears in

the denominator of the drag-law expression of Escudier,
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Nicoll and Spalding (1966), (4.3-19), reveals that R2/(1—g)

mast remain finite and non-zero as R0 if absurd pre-

2
dictions are to be avoided. For this to be so, it is
clear that
1im ¢ = 1 (4.4-10)
Ré—VO
(and hence, incidentally, H32~>2)
and also lim (dR,/d() = finite (A b-11).
Ré—>0

That these results impose restrictions on the ;—relation,
and in fact necessitate modification of (4.4-9), may be
shown as follows.

In the immediate vicinity of the region under dis-
cussion, Rl’ R2 and R3 are negligibly small, so the
momentum and shape-factor equations reduce to

dRz/de

|
n

1l
N
n

and deH32/de ~ HBZSS'
Ir H32 is substituted for by (, through the use of

(4.3-4), and R_eliminated, there results

dR R dH
—_—2 - 2 32 (h.h-12).
dc¢ ZS/sS—H32 ac

Thus, for (4.4-11) to be satisfied
lim (Eyss) = 1 (4.4h-13),

C—»1
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Application of 1'Hopital's rule to (4.4-12) reveals

further

dH dR d°H
lim 32 -ZE + R ———33]
il ¢ d 2 da¢?
lim (dR,/d() = — 5 .
Co1 | 1im [2 g—g-(-s—) - dgz
C-w Ss
So that 1lim [d(s/sg)/d¢] = 1im (dH,,/d() = 2 (4. h-1l),
el God 3 3

A modified form of the s-relation (4.4-9) which satis-

fies both (4.4-13) and (4.4-14) is

= %(2€+1)S.S + Cll—g'n (4.h-15).

This is the final form of the s-relation, although C and
n are constants which remain to be determined by fitting

the experimental data for s.

Limiting form of the s-relation for wall jets ((==)

The integral guantities Ny and n3 which were intro-
duced in the previous section (p.80) allow the definition

of s, (2.3-11) to be transformed, for (»®, to

1

= N, 2 0 (u/u_)
s 3 2 m _
¢® > % 'ﬂ3) fo ou 2 0% Tl (4:8-16).

m

Since the right-hand side of this equation remains finite
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e ) . a
for (=<, s must vary in proportion to (° when ( becomes

very large. Thus n=+3 if the second term of (4.4-15) is

to contribute to s when (=,

Experimental information about s

Experimental information about s comes from two main
sources: (1) Measurements of shear stress made using
hot-wire eqgulipment. (2) Measurements of successive
velocity profiles, values of s being determined by way
of either the kinetic-energy equation (2.3-26) or the
shape-factor equation (2.3-29), However, both methods
are of doubtful reliability.

F'ew extensive experimental studies have been reported
of the shear-stress distributions in turbulent boundary
layers, because accurate hot-wire measurements are diffi-
cult to make in gemeral, and particularly difficult in
highly-~turbulent flows such as occur in severe adverse
pressure gradients (some of the reasons for the uncer-
tainties are given in APPENDIX 3). TIn TABLE 1, details
are given of all the data available to the writer. In
addition to the data listed there, measurements have been
reported by Townsend (1956), Mueller, Korst and Chow
(1964) and Kruka and Eskinazi (1964); but it has not
been possible to obtain sufficiently detailed information

about these to allow their inclusion here.*

*Also, the data of Goldberg (1966) and Spangenberg,
Rowland and Mease (1967) became available too recently
to be included here.
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Figure 4.8 contains, on the left-hand side, graphs
of the velocity and shear-stress profiles for three
typical situations: (a) shows the data of Klebanoff
(1955) for a zero-pressure-gradient boundary layer;

(b) shows the data of Bradshaw and Ferriss (1965), run 1,
for a boundary layer in adverse pressure gradient; and
(c) represents the situation some 38 slot-heights down-
stream of a slot from which fluid was injected into a
boundary layer at a velocity, u. considerably in excess
of that of the mainstream. The data shown are those

of Erian and Eskinazi (1964). On the right-hand side
of figure 4.8 are shown corresponding plots of shear
stress versus velocity: the shaded areas on the s~z
plane represent the values of\g.

The data listed in the column in TABLE 1 headed

seq pertain to equilibrium boundary layers. The values

of s given there were obtained from the shape-factor

(HBZ) equation (2.3-29) which, for equilibrium flows,

becomes
2s - Hypsg + 11132(1{12-1)1?2 ~ O (4.h-17),
since H32 is slowly-varying in such cases. This may
be re-arranged to give geq as
_ _ ﬁ
s = s . 0= %H3255[1+B(1~1/H12)] (4.4-18),

where B is the pressure-gradient parameter defined by
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i.e, B = —H12F2/SS.

Of course, errors are engendered by the assumption that
dH32/dRX is negligible and that (4.4-18) can be used to
caiculate s from velocity profiles measured for equili-
brium boundary layers. That the errors are probably
small in most cases, however, is evident from the adja-
cent figures in the s-column of TABLE 1 (where available).
These are values of s determined from either hot-wire
measurements or from shear stresses computed from the
measured velocity profiles by an exact equilibrium-
boundary-layer analysis.

Data of especial interest, perhaps, are those de-
duced from the velocity-profile measurements of Stratford
(1955) for the limiting case of an equilibrium boundary
layer with continuously zero wall shear stress, so that

{4.4-17) reduces further to

- _1 -
Seq = 2H32(H12 1)F

5 (4.4-19).

It will be seen shortly that the information about s
obtained in this way from Stratford's data are quite
consistent with the rest of the available data.

(4.4-19) is important t@o in a more fundamental way:
1t provides decisive proof that S is non-zero for a

separating boundary layer.
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The available shear-stress measurements for boundary
layers with velocity maxima (but non-zero uG)’are limited
to those reported by Erian and Eskinazi (1964). These
cover the limited range of values 1.5 < ( < 2.5, and are
of doubtful value in view of the remarks made earlier
about the velocity profiles for these experiments (p.69):
the absence of information about the flow near the wall is
clearly indicated by the curves in figure 4.8(c). s-data
covering a wider range have been obtained, by the writer,
using the kinetic-energy equation (2.3-26), with the w-
term omitted, from the velocity-profile data reported by
Nicoil (1965). The s-values so obtained are again

listed in TABLE 1.

Determination of the constants C and n in the s-relation

It was found when fitting (4.4-15) to experimental
data that best éverall agreement was realised when C and
n were given a different pair of values for { < 1 and
C >"1. The continuous nature of the s-relation is

still retained, although the slope is discontinuous at

A least-squares-fitting procedure applied to

(4.4-15) and the data for { < 1 led to the values 0.00565
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and 2.715 for C and n, respectively, so that the s-rela-

tion is

¢ < 1: s = %(2g+1)ss + 0.00565(1-g)2‘715 (4,45-20).

The data for { < 1 are plotted in figure 4.9, on logérith—
mic scales in the form s - %(2§+1)ss versus (1-(). Also
plotted is a straight line representing (4.4-20). The
open circles represent data obtained from hot-wire mea-
surement s; the data for equilibrium boundary layers,
obtained using (4.4-18), are denoted by solid symbols,
those tagged representing information deduced from

Stratford's experiments.

Although the data shown in figure 4.9 are generally
consistent, clearly there is considerable scatter, For
values of { mear unity, in particular, this was to be
expected because both ordinate and abscissa quantities
become small in this region, and uncertainties about the
values of { affect both but in opposite directions.,

Also, in most cases, neither s nor s_. is known very pre-

S
cisely, so there may well be significant errors in the
difference between s and %(2€+1)SS.
However, before dismissing the spread in the data

as due to experimental scatter alone, it was considered

worthwhile examining the data for consistent trends in
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A the spread.  Except in tne procedure of Goldberg (1966),

a brief diécussion of which is given below, so far as

the writer is aware the only parameter other than velocity—
profile shape factors and Reynolds numbers (or, what is
eséentially tﬁe same thing, SS) to have received atten-
tion is a pressure-gradient parameter, such as F2, This
‘was included in the correlation of Rubert and Persh (1951)
and, implicitly, in that of Felsch (1965). In figure
4.10, therefore, the data of figure 4.9 have been re-
plotted with symbols chosen to represent various F2 ranges.
No consistent trend across the band of points is discern- -
ible, although, of course, the higher F2—values are
associated with the lower ( (higher H12) data.

For the time being at least, therefore, the spread
in the data must be regarded as the result of experimental
uncertainty, and (4.4-20) is thus taken as the s-relation
for C < 1.

The data are compared directly with this equation in
figure 4.11. The parameter on the curves is £, the log-
arithmic function appearing in the drag law. Clearly,
most of the data are contained within the space between

the curves for £ = 8 and 12.

(b) C>1

Comparison of (4.4-16) with the limiting form of

(4.4-15) for ( = @ (with n = 3) allows values of C toﬁbe
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obtained for this case. Three sets of data are available:
those of Mathieu (1961) and Bradshaw and Gee (1962) obtain-
ed using hot-wire equipment, and those of Schwarz and
Cosart (1961), for which shear stresses were calculated
from measured velocity profiles. Values for the integral
Flfx/(pume)a(E/ug/aajdg for these cases were given by
S;alding (1965c); they are 0.0128, 0.0155 and 0.013%4,
respectively. Thus from (4.4-16), with the values of No

and ﬂB given on p. 80, there is obtained

=/¢® = 0.0099 (Mathieu)
0.0119 (Bradshaw and Gee)

0.0103 (Schwarz and Cosart).

The differences between these values is probably of the
same order as the experimental uncertainty involved, so

it is reasonable to take the mean as representative,
i.e. s/ = 0.011.
The limiting form of (4.4-15) for this case is
—~,3  _ 2 2
s/C = BSS/C + C,
and that of the drag law (4.3-18)

s./C® = 0.334/6° =a 0.0033 (since £ ~ 10).

S

Thus, finally, there is obtained

C ~ 0.011 - 0.002 =~ 0.01,
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so that for flows with { >> 1 it is expected that the s-

relation will be little different from

S - -31-(2g+1)ss + 0.01(C-1)° (4.h-21).

If the coefficient of ((-1)° in (4.4-6) is equated
with the value 0.01 given above, and the value 0.41 retain-
ed for %, it is found that hG = 0.11. This is evidently
much greater than the value 0.075 adopted earlier (p.91),
but is remarkably close to the value deduced by Escudier
(1965) from the data for ( = ®,

The data for 1 < < @« are shown Plotted in figure
4.12, those of Erian and Eskinazi (1964) being denoted by
open circles to distinguish them from the data of Nicoll
(1965), which are represented by solid circles. Also
shown is a straight line representing (4.4-21). Perhaps
surprisingly, this fits as well as any the data for
¢ > 2, which show remarkably little scatter in view of
their method of derivation. For ( near unity, however,
there is again the not unexpected scatter: the remarks
made earlier (p.102) apply equally here. In addition,
and also noted earlier (p.69), there are uncertainties
about the data of Erian and Eskinazi which lie mainly in
this region.

Again, therefore, the scatter will be disregarded,

and (4.4-21) retained as the s-relation for all ( > 1.
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Thus the complete final recommendation is

0.00565(1—@)2'715, C < 1| (4.4-20)
s = -%(2Q+1)ss +

0.01(C-1)2, © > > 1| (4.k-21).

Supporting evidence for the recommended s-relation

(1) In the previous chapter it was shown that for equi-
librium boundary layers an entrainment law could be con-
structed, for ( < 1, with the aid of Nash's (1965) G ~ B
relationship, using the degenerate form of the shape-
factor equation (3.3-21) for H, = constant. In a simi-
lar way the curves plotted in figure 4.13 were obtained

from the shape-factor equation (4.4-18) with H = constant,

32
together with the shape-factor relation and drag law
given earlier, (4.2-1) and (4.3-19), and also again Nash's
relation.

These curves clearly fit the experimental data quite

well, and resemble closely those shown in figure 4,11,

with the exception of the levelling-out near { = O,

(2) Spalding (1965c) showed that s can be related explicit-

ly to the dimensionless entrainment rate, gL through the

expression
s = Hoplomg (H -1)/(2H)) + s 1/(H 5+1) (4.4-22),

where H, is Head's shape factor, defined by (2.3-18).
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This result may be obtained by combining the degenerate
forms of the two shape-factor equations (3.3-21) and
(4.4-18), which are applicable to equilibrium boundary
layers, with the elimination of the pressure-gradient
parameter 8. Spalding's derivation, perhaps, was some-
what more general in that the result was deduced from the
complete shapeffactor equations, (2.3-28) and (2.3-29),
with the assumption that s, -mg and sy are not directly
influenced by the pressure gradient.

If the variation of s is to be determined from

(4.4-22), it is necessary to relate -m. and H, to the

G 1
other profile parameters. The relations adopted here
are those proposed in CHAPTER 3 - the entrainment law

given by (3.3-7) and (3.3-8) and the log-plus-cos profile
for the shape-factor relation. Curves deduced for

C < 1 are shown in figure 4.14 and for ( > 1 in figure
4,15. For ( < 1, the curves again closely resemble
those of figure 4.11; and the fit to the data iS'alsd
good. For ( > 1, the agreement with the data is also
most satisfactory.

The reason for good agreement, both here and pre-
viously, when equilibrium-boundary-layer relations were
being considered, may be regarded as an indication of an
overall consistency in the data and data analysis, and

also in the implications and trends of the various rela-
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tions recommended. Thus there is good reason to suppose
that the new E—relation, unlike those considered in
Thompson's (1964) review, will lead to predictions of
boundary-layer development of an accuracy on a par with

that of Head's (1958) entrainment method.

Previous recommendations for the s-relation

All previous recommendations for an s-relation are
limited to { < 1; and most are explicit in character.
The exceptions are those of Rotta (1950), which was based
upon the log-plus-linear velocity profile and what appears
to be essentially an equilibrium-boundary-layer analysis,
and Goldberg (1966). Goldberg's is a kinetic-energy
method, but differs from all others, including that of
the present thesis, in that it attempts to allow for the
effects of the upstream history of the boundary layer by
the use of a differential equation for s (to be solved

simultaneously with those for momentum and kinetic energy):

K(seq~s),

R,ds/dR_
where Eeq is the value of s for an equilibrium boundary
layer and XK is a constant. Goldberg did not appear to
be aware that an expression for Eeq could be arrived at
through the shape-factor (H32) equation (4,4-18) itselr,

as demonstrated on p.99, but géve instead an empirical
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correlation, relatinglgeq to R2 and F which reduces to

27
Truckenbrodt's (1952) s-relation for zero-pressure-gradient

boundary layers.

As has already been mentioned, the main reasons for
re-examining the kinetic-energy method,and for recommend-
ing a new g—relatiOn, are the theoretical inadequacy and
limited applicability of previous proposals, For the
sake of completeness; and for reference purposes, these
are listed in TABLE 6, although they are put to no further
use in the present work. 'In view of the paucity of, and
uncertainty in, the available experimental data, it has
not been considered worthwhile making comparisons between
the abilities of the various proposals to fit the data,
as was done in the case of the drag law in section 4.3.
The most notable feature of many of these empirical s-
relations is their extreme complexity, which stems basic-
ally from a lack of theoretical guidance in their deri-

"vation.

Concluding remarks

(1) The recommended s-relation is
0.00565(1-g)2‘715, C < 1 (4.4-20)
= %(2€+1)SS +

0.01(¢-1)%, > (> 1 (4.h-21),

(2) The degree to which these formulae correlate experi-

mental data is probably as good as can be expected in view



of the paucity and poor quality of the available data.

(3) The new relation is superior to previously-recommended
formulae in respect of: range of applicability and, in

most cases, theoretical propriety.

(4) There is good agreement between values of s given by
the recommended formulae and those deduced from the entrain-
ment law recommended in CHAPTER 3 and from an equilibrium-

boundary-layer analysis incorporating Nash's relation.

(5) The adequacy of the recommended relation remains to
be Jjudged by its ability to allow accurate prediction‘of
boundary-layer development when used in conjunction with
the shape-~factor relation and drag law given in sections
4.2 and 4.3. This will be examined in the chapter which

follows.,
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CHAPTER 5

CALCULATIONS OF BOUNDARY - LAYER DEVELOPMENT

5.1 Introductory remarks

In this chapter the calculation methods developed in
CHAPTERS 3 and 4 are applied to the prediction of the
development of particular boundary layers which have been
reported in the literature. The main intention is to test
the auxiliary relations which have been recommended, and
to compare the relative abilities of the entrainment and
kinetic-energy methods to give accurate predictions.

Inevitably there will be some failures, so that an
additional task is to examine critically the calculations
presented, and also the data with which they are compared,
to see why the failures occur, and if possible to suggest
means for remedying the defects.

Consideration here is restricted for the most part
to conventional boundary layers, for which the velocity
profiles do not exhibit a maximum, Calculations for’
negative values of R2 have beeﬁ carried out using the
same computer programs as those used here. The resuits
have been reported in the papers by Escudier and Nicoll
(1966a, b).

Ail the integrations of differential equations were
performed numerically on the University of London Atlas

computer using the Runge-Kutta method. The steplengfh
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generally used was one twentieth of the distance between
measuring stations for the first three stations, and one
tenth of that distance for the remainder. The use of
smaller steps was found to make no difference to the re-

sults except for those calculations where R_ changed

2

sign, when (in the region of R2 = 0) much fiher spacing
was necessary. The time taken for a typical calculation

was 3 seéonds on the Atlas computer.

5.2 Experimental inputs required

(1) Initial conditions: 1In all cases, the initial con-
ditions required were taken as, or computed from, the
experimentally-determined values of R2 and H12* at the

furthest upstream x-station for which data were available.

(2) External pressure gradient and x-Reynolds number:

Values of Rx’ the independent variable, were calculated
in each case from the measured variation of u. with x
using the trapezoidal rule. The pressure gradient,
d(1in uG)/de, at each x-station was calculated from the
slope of a parabola fitted to the value of u. at that

station and those adjacent to it (values at the end

points were obtained by extrapolation).

*Wherever possible, the values of Ry and H,, used were
those re-calculated by the writer from the measured velo-
city profiles; otherwise, the reported values were used.
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(3) Convergence/divergence: In no case was explicit
allowance made for the W-terms appearing in the mass-con-
servation, momentum and kinetic-energy equations. However,
in those calculations where only one of the shape-factor
equations, (2.3-28) and (2.3-29), was integrated, implicit
allowance was made’by adopting the experimentally-deter-

mined variation of R2.

5.3 Application of the entrainment method: change of

dependent varjiables

Before presenting and discussing the results of cal-

culations of R, and H some explanation of the method of

2 127
application of the entrainment procedure is appropriate.
In a parametric-profile calculation procedure, such
as the entrainment method, it is convenient to use as
the dependent variables of the differential equations the

profile parameters (z_ and £', in the present case) rather

E
than the naturally-occurring variables (H, and R,). The
reason is that the values of the profile parameters must
in any case be known at each stage of the calculation to
permit the evaluation of otﬁer quantities, such as H12,

-m. etc. But the determination of z_ and £' from

s G E

S,
H1 and R2 is not straightforward and (in terms of com~
puter time) is very time consuming, because iterative

techniques are usually required. Indeed with other var-

iables, or more than two variables, the task may become
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prohibitive. Where only two or three parameters are
involved, it is a simple matter to write the differential
equations with the profile parameters themselves as the
dependent variables, but with more parameters matrix-
inversion techniques are necessary (see Spalding, 1966).

The differential equations to be solved in the case
of the entrainment method are the momentum equation
(2.3-25) and the shape-factor (Hl) equation (2.3-28),
The equations which result when these are transformed to

differential equations with z_, and #' as the dependent

E
variables are set out in APPENDIX 1.

The kinetic-energy method, of course, is explicit in

terms of R_. and H

5 32" although there would be no difficulty

in working with ( and £, say, as the dependent variables

if desired,

5.4 Check on mean-flow two-dimensionality

Consideration has been limited in this thesis to
nominally two-dimensional flows with no convergence or
divergence, Lack of two-dimensionality in such flows,
however, is one of the main causes to which the failure
of prediction procedures is sometimes attributed. A
check on the momentum balance has been made, therefore,
for all the boundary layers to which the calculation
procedures have been applied. The method adopted was

to integrate the two-dimensional momentum equation
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(2.3-25) with the W- and normal-stress terms omitted.

required were taken as those de-

The values of H12 and F2

termined experimentally. But, in order that a single,
consistent procedure could be adopted, experimental values
of Sg were not used, even where available; instead,
values were calculated from the drag law proposed in
CHAPTER 4, (4.3-19). It is unlikely that this procedure
led to any appreciable error in the results, as (4.3-19)
is the best-available representation of experimentally-
determined drag.

The full curves in figure 5.1 represent the varia-
tions with Rx of R2 calculated as described above, and
the points the experimental values of R2. In most cases

the computed (two-dimensional) values of R, agree well

2
with the experimental ones - the short vertical line drawn
through the last experimental point in each case indicates
110% of that value of R,. A notable point is that,

where reported, the majority of runs in a series of ex-
periments performed in the same wind tunnel tend to be
either accurately two-dimensional or very badly non two-
dimensional. The experiments of Klebanoff and Diehl,
excepting run 2, Moses, with the exception of runs 4 and
6, and Schubauer and Spangenberg fall into the first

category; and those of Ludwieg and Tillman, excepting

runs 1 and 2, into the second. This latter result is
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perhaps surprising in view of the prominence in the liter-
ature of the experimental work of these authors, Other
particularly notable failures, in respect of poor agree-
ment between calculated two-dimensional wvalues of R2
and experiment, are those for the flows reported by Brebner
. and Bagley, run 1, von Doenhoff and Tetervin, runs 1 and
4, Newman, run 2, and Schubauer and Klebanoff. The major-
ity of these experiments, it should be noted, refer to '
flows in strong adverse pressure gradients. It should
be taken into account, however, that in some cases the
~lack of two-dimensionality may be merely local: compari-
sons should be made between the slopes of the curves and
of the experimental data. In the case of Klebanoff and
Diehl, run 2, for example, the near-constant difference
downstream is due to a very great discrepancy upstfeam.
Unfortunately, there is no way of telling, without
further information, whether the departures of the curves
from the experimental points indicate a true lack of
two-dimensionality, brought about by stress-terms like
a(ﬁ“?*)/az, or merely planwise convergence or divergence
of the mean flow, the effects of which could be included
if information about the W-term were available. Brad-
shaw and Ferriss (1965) maintain that the latter is gen-
erally the case, and that true secondary flows are indeed

absent (however, in a private communication, Bradshaw
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concedes that in the case of the experiments reported re-
cently by Spangenberg, Rowland and Mease (1967) real second-
ary flows may be occurring). In addition there is uncer-
tainty about the importance of the cross-flow pressure
gradient, brought out by streamline curvature and the
normal stresses, although it is unlikely that this becomes
important until the value of le exceeds about two.

Little more can be said than to observe that the most
common form of discrepancy is the failure of dRz/de to
grow sufficiently rapidly towards the end of a run where,

in adverse pressure gradient, s, is usually falling quite

S
rapidly. This can be interpreted as indicating flow con-
vergence, due to the growth of sidewall boundary layers,
and/or to the increasing importance of the cross-flow
pressure gradient.

The dashed and chain-dotted curves shown in figure
5.1 represent the results of calculations of R2 carried

out using the entrainment and kinetic-energy methods.

They will be discussed below.

5.5 Calculations of momentum-thickness Reynolds number,

L

The dashed curves shown in figure 5.1 represent val-
ues of Rz calculated using the entrainment method, with

simultaneous solution ofthe mass-~conservation and momentum
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equations. In general the resulis are satisfactory, and
follow closely the trends of the full curves which were
discussed in section 5..4. The dashed curves generally
lie a few per cent lower than the full ones, resulting

in appreciably better agreement with experiment in, for
example, the cases of lerring and Norbury, run 2, Ludwieg
and Tillmann, run C, and Moses, runs 1 and 2. In the
case of Klebanoff and Diehl, run 2, the agreement is also
improved, although here the dashed curve lies above the
full one.

The chain-dotted curves in figure 5.1 represent the
results of calculations performed using the kihetic—
energy method, with simultaneous solution of the momentum
and kinetic-energy equations. The results again are
little different from those represented by the full curves,
although again too there are small differences which in
some instances lead to better agreement with the data, as
in the case of Gault, run 2, and all seven of the Klebanoff
and Diehl boundary layers.

In general, the kinetic-energy method leads to slight-
ly better agreement with experiment than does the entrain-
ment method, although the differences between the two
sets of calculations are quite small. Little more can
be added to the discussion until after the shape-factor

calculations have been presented.
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5.6 Calculations of shape factor H ,

In most calculation procedures, including those con-
sidered in the present thesis, the main aim is accurate

calculation of the shape factor H12 (although H for

32’

example, would do equally well). For once this is

achieved, together with values of R the other quantities

57
of interest, principally Sgy are known too.

The dashed curves in figure 5.2 represent the results
of caléulations of le performed using the entrainment
method, and the full curves those obtained for the kinetic-~
ener gy method. The poihts plotted again represent the
experimental data.

The following observations may be made: (1) There
is a definite correlation between the achievement of
satisfactory agreement here and the existence of accurate
two-dimensionality, as indicated by the full curves of
figure 5.1. (2) In all cases both calculation methods
give similar results, although values of H12 for the
entrainment method are generally a few per cent higher
than those for the kinetic-energy method, and usually
(for that reason) in better agreement with the data,

There are several exceptions to this last point, however,
the most notable, perhaps, being Moses' run 3, where

the kinetic-energy method gives excellent agreement with

the data (and where, incidentally, the best agreement
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between two-dimensional and experimental R, was found).

2
However, in no case does one method succeed where the other
has failed badly. (3) It is interesting to note that

the wide differences (in some cases) between the calcu-
lated and experimental values of H12 are not reflected in

the Rz—calculations of figure 5.1. The reason for this

is that if le is too small then s, will be too large, and

S
vice versa, and, as the momentum equationshows, the effects

tend to be self-cancelling:

dR,/dR_ = s + (1+H12)(-F2) )

since —F2 is positive for adverse pressure gradient.
A question which must arise,Abut to which there is no
immediate answer, is why are the results for the entrain-
ment method generally in better agreement with the data
than those for the kinetic-energy method? This is certain-
ly a surprising feature of the results, although the
differences are not great, in view of the uncertainties
associated with the former method. Both the drag law and
shape-factor relation used in the kinetic-energy method
correlate the available data appreciably better than the
corresponding relations for the entrainment method.
Also, although the data on which both the -m. - and s-rela-
tions are based show considerable scatter, the doubts
associated withvValues of -m., and with the -maézEJ corre-

G

lation are certainly greater.
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For flows with velocity maxima, both methods give
rise to satisfactory agreement with the data of Kruka and
Eskinazi (1964) and Nicoll (1965).  The results of addi-
tional calculations performed using only the kinetic-
energy method compare well with the data of Whitelaw
(1966), but less well with those of Erian and Eskinazi
(1964), The discrepancies in the latter case may again
be associated with the uncertainties in the data them-
selves (see p. 69). The differences between the results
of the two calculation methods are slight, and the devia-
tions from the data appreciably less than for R2 > 0.

Calculations have also been carried out for the
experiments of Wieghardt (1943) and Whitelaw (1966) in
which R2 qhanged from negative to positive. Tt will be
remémbered that it was necessary to modify the basic form
of the_;}relation, deduced in CHAPTER 4 from simple
theoretical considerations, to ensure that calculation
could proceed without difficulty through the point where
R2 becomes zero. The results of these calculations,
carried out by the writer, are shown in the paper by
Escudier, Nicoll, Spalding and Whitelaw (1967), where
values of R1 and R2 are given rather than the more usual
combination of R, and H , (5 R /R,) because the latter
guantity loses its usual significance in the region where
R, and R2 change sign. Although the predicted wvalues

1
of both R, and R, are generally too high (probably indi-
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cating lack of mean-flow two-dimensionality), the calcu-
lations convincingly demonstrate the adequacy of the
measures taken to ensure that the zero-R2 point could be
traversed,

Another question to be answered is how does the
accuracy of the calculations presented in figures 5.1 and
5.2 compare with those of other available calculation
procedures? A review of these calculation methods, and
the application of them to the data considered here,; is
neither appropriate nor possible in the present thesis.
However, previous writers, principal among them Thompson
(1964), have made such reviews and have demonstrated which
are the most accurate procedures available.

Thompson showed the results of shape-factor calcula-
tions carried out using the methods of Head (1958),
Maskell (1951), Rubert and Persh (1951), Spence (1952,
1956) and Truckenbrodt (1952), Comparisons were made
with the data of Clauser, runs 1 and 2, von Doenhoff and
Tetervin, runs 1, 2 and 3, Newman, run 2, Schubauer and
Klebanoff, Schubauer and Spangenberg, runs C, D and E,
Schmidbauer (1936) (for a boundary layer on a convex
wall) and also with a considerable amount of zero-pressure-
gradient data. Thompson showed quite convincingly that
Head's method is superior to the other procedures con-

sidered.
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In all the cases shown by Thompson, Head's method

gives rise to values of H larger than does either of

12
the procedures considered here. The consequence is that
in the cases of the experiments of von Doenhoff and
Tetervin, Newman and Schubauer and Klebanoff, the results
of Head's method are in better agreement with the data
than those of the present entrainment method. However,
for the experiments of Clauser, Schubauer and Spangenberg
and for the zero-pressure gradient data, both new methods
represent a significant improvement over Head's. It is
unfortunate that Thompson was unable to make comparisons
with the experiments of Moses, for it is almost certain
that for these data Head's method would give values of

H larger than those measured, and so in poorer agree-

12
ment than the results of the new methods.

Some justification for this claim is to be found in
the work of Goldberg (1966) who carried out calculations
with the methods of von Doenhoff and Tetervin (1943),
Escudier and Spalding (1966), Head, Moses (1964), Rubert
and Persh, Schuh (1955) and Spence (1960). The results
of these calculations were compared with Goldberg's own
data, obtained in an experimental set-up similar to that
of Moses for boundary layers in adverse pressure grad-

ients, including cases where recovery in zero pressure

gradient was allowed (similar to Moses' runs 5 and 6). -
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5.6 Calculations of shape factor sz

In most calculation procedures, including those con-
sidered in the present thesis, the main aim 1s accurate

(although H for

calculation of the shape factor H 30

12
example, would do equally well). For once this is
achieved, together with values of R2, the other guantilies

of interest, principally s are known too.

S’

The dashed curves in figure 5,2 represent the results
of calculations of le performed using the entrainment
method, and the full curves those obtained for the kin2iic-
energy method. The points plotted again represent {he
experimental data.

The following observations may be made: (i1} Thaore
is a definite correlation between the achievement of
satisfactory agreement here and the existence of accuyains
two-dimensionality, as indicated by the full curves of
figure 5.1. (2) In all cases both calculation method.
give similar results, although values of le for the
entrainment method are generally a few per cent higher
than those for the kinetic-energy method, and ususily
(for that reasen) in better agreement with the dart..
There are several exceptions to this last point ., houever
the most notable, perhaps, being Moses' run 3, whear«

the kinetic-energy methed gives excellent agreement wiib

the data (and where, incidentally, the best agreemertt



124

Goldberg's conclusion was that, of the prediction methods
he considered, that of Escudier and Spalding gave best
agreement with his data, although in most cases Goldberg's
own method (discussed briefly on p.108), tailored to fit
his own data, gave better agreement still. However,
application of this method, by the present writer, reveals
that this characteristic is not retained in gemneral cir-
cumstances. The method of Escudier and Spalding referred
to was an early version of the kinetic-energy method of
CHAPTER 4; it gives results little different from the
new procedure. |

Carmichael and Pustintsev (1966) have also demonstra-
ted the adequacy of the empirical relations recommended
by Escudier and Spalding in leading to satisfactory pre-~
dictions of the performance of conical diffusers.

In view of the above paragraphs, it seems safe to
conclude that the results of calculations performed using
the entrainment method of CHAPTER 3 and the kinetic-energy
method of CHAPTER 4 are at least as accurate as other
available procedures. The major advantage of both
methods is their far wider range of applicability than
earlier methods.

Although the new procedures give satisfactory results
in many cases, the causes of failure in other, apparently

similar, situations remains to be explained. The dis-
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cussion in the section which follows is intended to throw

some light on this,

5.7 Discussion of the reasons for discrepancies between

calculation and experiment

The causes of the inconsistencies and discrepancies
which exist between some of the calculations and experi-
ment should be sought systematically. It is suggested
that an examination of the causes of error might conven-

iently be carried out under the following headings:

(1) Inaccuracy of measurements

(a) static pressure
(b) mean velocity

(c) local shear stress
(d) wall shear stress

(2) 1Inaccurate processing of data

(a) idintegral velocity-profile quantities
(b) shear-work integral
(c) pressure gradient

(3) Inadequacy of presumed empirical inputs

(a) shape-factor relations
(b) drag law
(¢) entrainment relation

(d) shear-work-integral relation
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(4) PFailure of experimental situations to conform with

conditions presumed in theory

(a) turbulent flow

(b) steady mean flow

(¢c) uniform fluid properties
(d) +two-dimensional mean flow
(e) boundary-layer flow

(£f) plane walls

Some of these points will be discussed below and,
although no attempt can be made to present an exhaustive
examination of the causes of error, detailed discussion
will be given where appropriate. For obvious reasons,
however, much of the discussion must be largely specula-

tive,

(1) TInaccuracy of measurements

Although doubt from this source should diminish with
increase in the number of experiments considered, it is
not at all unlikely that some generally-used méasurement
techniques are subject to systematic errors.. For
example, most reported velocity profiles are measured
using flattened pitot tubes, for which the effects of
turbulence intensity, pitch, velocity gradient, viscosity
etc. are uncertain and, for the most part, ignored.

Also, the questionable assumption is often made that
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the static pressure at a given x-station is everywhere
equal to the value indicated by a wall tapping.

The use of a hot-wire anemometer for mean-velocity
measurement removes some of these uncertainties, but
introduces others. Some discussion of the use of this
instrument is given in CHAPTER 6 and APPENDIX 3, with
particular reference to the writer's own experimental
work on highly-turbulent flows (discussed in CHAPTER 6).

As was mentioned in CHAPTER 4, few extensive experi-
mental investigations of the shear stress in turbulent
boundary layers have been reported, and the serious doubts
associated with some of those which have been reported
have also been mentioned already. Some of the reasons
for these doubts are given later, in the discussion of
hot-wire anemometry referred to in the previous paragraph.

Direct methods for the determination of wall shear
stress, such as the use of a floating element, are not
well established because of the practical difficulties
involved. However, the values yielded by various in-
direct devices, such as Stanton or Preston tubes, a heated
element, or the use of a Clauser plot, are generally in
good agreement with each other, as was demonstrated by
Goldberg (1966). Therefore it is usually assumed that

the values so obtained are of acceptable accuracy.
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The underlying difficulty, of course, is that for
most of the measurements made in turbulent flows there
are no true standards of comparison or accuracy, so that
the only possible checks on precision are provided by
self-consistency of the data: for example, agreement
between the wall shear stress and the extrapolation of
the shear-stress profile to the wall; the balance of
the conservation equations; the lack of scatter; etc.
Generally, however, it is impossible for any person other
than the experimenter himself to guess even the direction
of measurement inaccuracies (particularly when most

writers give so few details of their measurements).

(2) Inaccurate processing of data

Many of the remarks made above are of equal rele-
vance here. However, little doubt usually attaches to

the evaluation of R1, R, and R and less still to their

2 3?
although as Thompson (1964) has

ratios, H12 and H32,
shown, and as the writer himself has found, appreciably
different values of H12, say, are sometimes calculated
from the same velocity profile by different workers.
Such errors as arise in the evaluation of s are
likely to be due to the scatter resulting from inaccu-
racies in the determination of the shear stress itself,

and also to the absence of data for small values of =z

(see the plots of s versus z in figure 4.8),
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As with any quantity which requires the differentia-
tion of experimental data, errors in the evaluation éf
d(1n uG)/de may be appreciable, particularly where pres-
sure differences across the layer are ignored. Part of
the uncertainty could be removed if mainstream vélocities
or pressures between profile-measuring stations were re-

ported.

(3) Inadequacy of presumed empirical inputs

CHAPTERS 3 and 4 were concerned largely with discus-
sion of the empirical inputs for the entrainment and
kinetic-energy calculation procedures, so only a few gen-
eral points will be made here. First of all, of course,
the adequacy of any empirical relation depends upon the
accuracy of the data upon which it is based, upon the
flexibility and theoretical propriety of the correlation
form, and upon the degree of correlation achieved.
Associated with this, in the case of the -m - and s-rela-
tions, is the assumption of local equilibrium referred
to earlier, in CHAPTER 2 p.28, which underlies the present
work and also most other calcuiation schemes. As hés
already been mentioned (p.108) the only explicit calcu-
lation mefhod to attempt to include the effects of up-
stream history is that of Goldberg (1966), and this gives

results generally inferior to those of the present methods.
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Nevertheless, it is reasonable to suppose that a theory
employing an equation requiring an initial condition for
dle/de, say, can be made to give better agreement with

experiment than any local-equilibrium theory.

(4) PFailure of experimental situations to conform with

conditions presumed in theéry

Although it is here that the causes of the discre-
pancies between calculation and experiment probably lie,
a number of the points raised under this heading as likely
sources of error can be ruled out immediately. These
include the conditions thét the flow should be turbulent,
steady in the mean and have uniform fluid properties.

Even so, it should be noted that Whitelaw (1966) attribu-
ted the lack of balance between dRz/de and sg (for F2=O)
to secular changes in his slot velocity.

Another condition certainly satisfied in the majority
of cases is that . the wall should be plane. In the case
of some aerofoil experiments, however,”this may not be
so, as there may be significant curvature in the x-y
plane. Thompson (1965) has shown that calculations for
the experiments of von Doenhoff and Tetervin, Schmidbauer
and Schubauer and Klebanoff, all for boundary layers on
convex walls,can be improved significantly if empirical

allowance is made for the effect of curvature in these
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cases (the direction of influence is the same in all
cases). Mellor (1966) and Bradshaw (1967) also suggest
ways in which to allow for the influence of curvature;
and, as Bradshaw remarks, the effect is on the behaviour
of the turbulence, and hence the empirical relations,
not the equations (to the boundary-layer approximation,
at least).

The experiments of Moses (and also, incidentally, of
Goldberg) were performed on boundary layers developing
along a circular cylinder (axisymmetric flow), so that
here again curvature effects were involved, though now
it is probably only the equations which require modifi-
cation. The present writer did not include such modifi-
cations, although it is fairly easy to do so. The a

posteriori justification for this is the acceptable

accurécy (in most instances) of the calculations in these
cases.,

In section 5.3, in the discussion of the calcula-
tions carried out to check mean-flow two-dimensionality,
it was pointed out that lack of agreement between calcu-
lation and experiment could be due to planwise conver-
gence or divergence of the mean flow, and/or to the non-
negligibility of the cross-flow pressure gradient, that
is to the invalidity of the boundary-layer approximation.

The same remarks apply to the calculations of shape-
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factor development. However, as was indicated in CHAPTER
2 (p.27) no terms involving W appear in the shape-factor
equations, (2.3-28) and (2.3-29), so that calculations

of H12 based upon either of these equations, with R2 taken
from experiment, would include implicit allowance for the
effects of convergence or divergence. Such calculations
have been carried out by the writer for both the entrain-
ment and the kinetic-energy methods. The values of H12
obtained in both cases are slightly higher than those in
figure 5.2, although in general the results were scarcely
different from the earlier calculations.

The influence of the cross-flow pressure gradient is
less easy to ascertain although, again as suggested in
CHAPTER 2 (p.19), attempts in the past have been made to
estimate its importance by assuming it to arise through
high turbulence intensity alone. Calculations based
upon this assumption, together with a simple hypothesis
to relate the normal stresses to known quantities (details
of the analysis are given in APPENDIX 2), have been
carried out by the writer,-again for both calculation
procedures. In the case of the kinetic-energy method,
the values of H12 so obtained were again slightly in-
creased in most instances, although again too the differ-
ences were too slight to result in any significant im-

provement in the comparisons with experimental data.
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The effect on the entrainment-method calculations was much
greater, presumably because only the momentum equation

is affected (see p.59). Again H was generally increased,

12
resulting in most cases in poorer agreement with the data.
From the results of these two sets of calculations*
it may be concluded that lack of agreement with experimen-
tal data is not due to the influence of planwise conver-
gence or divergence. Neither is it likely that the cause
is the neglect of the cross-flow pressure gradient, al-
though this is less certain because of the assumptions
necessary before this can be estimated.
Finally there is the possibility that the discrepan-
cies are caused by a true lack of two-dimensionality.
Some evidence for the plausibility of this is the apparent-
ly random manner in which boundary layers are affected by
the factor(s) causing the discrepancies, For example,
the results of calculations on two apparently similar
boundary layers (i.e. having similar shape-factor distri-
butions) may be quite different: boundary layers where
this is seen to be so are those of von Doenhoff and Teter-
vin, runs 2 and 3, and Newman, run 2; Schuabuer and

Klebanoff and Schubauer and Spangenberg, run E; and

*The results are not shown in the present thesis, but
those for the kinetic-energy method are givem in the paper
by Escudier and Nicoll (1966b).
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Moses, run 4, and Schubauer and Spangenberg,runs B and D.
In the first two cases it is possible that the reason may
be the neglect of curvature effects mentioned earlier.
Another possible explanation is fhe invalidity of the
local-equilibrium assumption, although this seems most
unlikely.

A further point in favour of this being the cause
is that it seems reasonable to assume that the dominant
influence on the degree to which the flow is, or is not,
two-dimensional is the geometry of the set-up, i.e. the
tunnel aspect ratio, plate length, width and inclination,
etc. Consistent with this is the observation in section
5.4, p.115, that good agreement between calculation and
experiment is obtained for most of the flows in the
series of experiments reported by Schubauer and Spangen-
ber and by Moses (to these can probably be added the
seriés of Goldberg), whereas, in contfast, poor results
have been obtained for most of the layers reported by

von Doenhoff and Tetervin and Ludwieg and Tillmann.

5.8 Concluding remarks

(1) Calculations performed using both the parametric-
profile entrainment method of CHAPTER 3 and the explicit
kinetic-energy method of CHAPTER 4 lead to values of R2

in good agreement with those given by the two-dimensional
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momentum equation evaluated using experimental data.

(2) In the majority of cases, values of H , calculated
using the methods mentioned above agree well with experi-
mental values; and the results for the entrainment method

are slightly better than those of the kinetic-energy

method.

(3) The predictions of H12 are usually in poor agreement
with the data in cases where there is an indicated lack

of two-dimensionality of the mean flow.

(L) The results of calculations for R, < 0, although
not shown here, are generally in better agreement with the

data than those for R2 > 0.

(5) The causes for the discrepancies between calculation
and experiment are uncertain, but they are probably

due to true lack of two-dimensionality (rather than con-
vergence or divergence) although in some cases the ne-

glected effects of wall curvature may be of significance.

(6) The inclusion in calculation procedures of the effects
of the upstream history of the flow should lead to im-
proved results, although in general application the one
attempt, by Goldberg (1966), to do so (in an explicit

method) does not.
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CHAPTER 6

THE EXPERIMENTAL INVESTIGATION

6.1 Introduction

The calculation procedures discussed in CHAPTERS 3
to 5 rest upon the assumption that the shear stress within
a turbulent boundary layer is determined uniquely by the
local mean-velocity profile. Therefore, in the calcula-
tions the only trace of the upstream history of a boundary
layer is in the initial velocity profile. A number of
authors, among them Bradshaw and Ferriss (1965) and
Goldberg (1966), have suggested that further account of
upstream conditions should be taken. The reason is that
it is only for specially contrived 'equilibrium' flows
that the assumption of a unique relationship between the
shear-stress and velocity profiles is satisfied exactly.
In more general situations, the shear-stress profile
develops less rapidly than that of the mean velocity.

In the experiments of the present writer, which are
reported below, violent changes in the shear-stress and
velocity profiles of a boundary layer were brought about
by the injection of air (in the y-direction) into the
boundary layer. Such a highly perturbed boundary layer
is far from equilibrium, and provides, therefore, a

severe test of the recommended auxiliary relations and
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calculation procedures.

Previous investigators, who have reported boundary
layers which develop from an initially perturbed state,
include Klebanoff and Diehl (1952), Moses (1964) and
Bradshaw and Ferriss (1965). However, the accuracy of
the predictions, shown in figure 5.2, of the develop-
ment of these flows (downstream of the perturbation)
is not noticeably poorer than for those of near-equili-
brium boundary layers. Also, the quantities R2"“12’
H32, ss and g, where available for these 'recovering'
flows, were found in CHAPTER 4 to be governed by the
same relations as the data for other situations.

One of the reasons why such good predictions were
obtained, for the boundary layers mentioned above, may
be that the initial perturbations were not particularly
severe. Also, all these flows developed éubsequently in
zero pressure gradient, whereas those of the present
writer were subjected to a severe adverse pressure gra-
dient.

The data, on which were based the correlation for-
mulae reqommended in CHAPTER 4, were obtained from ex-
periments in conditions far less extreme (closer to
equilibrium) than those of the present writer's exper-

ments, Consequently, as mentioned above, the new data

will provide an exacting test of the recommended formulae,
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and also of the calculation procedure of CHAPTER 4. The
extent of the agreement, between the writer's data and
the predictions of the recommendations, may be taken as

" an indication of the general efficacy of the latter.

6.2 Experimental apparatus

Wind tunmnel

The experiments reported below were carried out in
the 12in x 18in x 36in working section of a closed-circuit
wind tunnel. The tumnnel is powered by two English
Electric induction motors:‘ one of S5h.p, for airspeeds
up to about 50ft/s in the unoccupied working section,
and the other of 120h.p, for speeds up to 240ft/s. Fine
speed control was achieved by running the S5h.p motor
close to its maximum speed.

A heat exchanger built into the tunnel‘circuit per-
mitted the air temperature to be stabilised within tO.SOC.

The working section of the wind tunnel, and its main
dimensions, are shown in figure 6.1. For practical
reasons, the cross section of the working section was
reduced to 8in x 12in; the overall contraction ratio
then was just over 9:1, and the free-stream turbulence
intensity between 0.5 and 1.0%. The reduced flow area
raised the maXximum velocity available with the 5h.p motor

to about 80ft/s.
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The test plate itself is a %in thick sheet of perspex
(plexiglass), 12in wide, with 1in dia. holes along its
centre-line at 21/41n intervals. Into these holes were
inserted plugs which carried static-pressure tappings
and which could be removed to allow a probe to be inserted
into the boundary layer. The x-stations along the test
plate, at which measurements were made, are indicated in
figure 6.1 by the numbers 1 to 9. The first station is
2,6in downstream of the trailing edge of the blowing
region; and subsequent stations are separated by 21/4in
intervals.

The 'step' near the end of the test plate is simply
a metal sheet set normally to and across the plate.

This step provides an adverse pressure grédient which
cannot fail to cause the boundary layer to separate from
the wall, The perforated sheet above the test plate
was installed to allow the pressure distrigution to be
adjusted, by altering the inclination of the sheet and/or
covering some of the perforations with adhesive tape.

Two blowing sections, each 1in wide, were used in
the experiments. One blowing strip was 1/8in thick
Porosint grade E (porous sintered bronze with a porosity
of 37% (quoted by Harrison, 1960)), and the other per-
forated steel sheet with 0.026in dia. holes set 0.052in

apart (23% open area). A 3/32in thick strip of Porosint
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grade E was set behind the perforated strip to increase
the pressure drop and create a uniform distribution of
flow through the perforated material.

The fan used to blow air through the injection region,
via a plenum chamber set behind the plate, has an avail-
able pressure head of about 8in of water. This head

corresponds with a maximum injection velocity, v through

S,
the porous strip of about 7ft/s.

Instrumentation

For the reader's convenience, the items of instru-

mentation are given in the form of a list.

1. o - 5000 mercury-in-glass thermometer; used to mea-
sure tunnel-air temperature.

2. TEM NPL-tye 36 tube (25in range) manometer, with
paraffin (specific gravity 0.787) as working fluid; wused
to measure static and total (pitot-tube) pressures.

3. 0.01in dia. tappings in removable plugs inserted in
test-plate holes; used to measure wall static pressure.
4, Disc probe, 3/811’1. dia. and 0.1in thick; used to
measure mainstream static pressure.

5. Pifottubes, manufactured from stainless steel hypo-
dermic tubing: (a) 0.043in dia.; used to measure main-

stream total head,
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(b) 0.064in dia.; wused as a Preston tube.
(c) 0.06k4in dia., with tip flattened to give
opening 0.0043in high and walls thinned
to givé tip height of 0.0096in; used to
measure total~head profiles.
6. DISA 55A01 constant-temperature hot-wire anemometer,
with 55A25 miniature single-wire probe (wire normal to
probe axis); wused to measured longitudinal mean velocity
and turbulence intensity.
7. Two DISA 55A01 anemometers, 55A06 random-signal in-
dicator and correlator, and 55A32 cross-wire probe; used
to measure Reynolds stresses.
8. 1.097in dia. orifice in plate set in 2in dia. de-
livery pipe; used to measured injection-air flow rates,
according to procedure laid down in BS 1042 (1951).
9. Single sloping-tube manometer, with paraffin as
working fluid; used to measure pressure drop across
orifice plate.
10. Vertical U-tube manometer, with water as working
fluid; wused to measure pressure upstream of orifice
plate.
11. Probe-traversing mechanism with sliding block, upon

which probes were mounted, driven by O - 1in micrometer,
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Hot-wire calibration

The calibration law adopted was that of Collis and
Williams (1959) (see APPENDIX 3); it may be written as

E° = A + B uNOJJ':5 .

where E is the voltage drop across the wire and Uy the
velocity mnormal to the wire. For constant-temperature
operation, A and B are constants (to be determined by
calibration).

Wires werecalibrated at the beginning and end of
each test rum, because appreciable changes in the values
of A and B occurred during some tests.,. The values of
the constants at any stage of a run were obtained by
linear interpolation in time. Clearly, a quick method
of determining A and B was essential, so calibratioms
were carried out at the x-station where measurements
were to be made, and the minimum information necessary
was used: two values of Uy and the corresponding values
of E. These values of u were those in the mainstream
for the tunnel run at its lowest possible speed and at

the working speed.

Test conditions

The velocity u, at statiom 1 (see figure 6.1) for
the experiments reported below was about 80ft/s. At

the start of every test the speed was adjusted to give
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a Reynolds number per unit length, ul/V, of 5x10°/ft.

A series of three experiments was carried out; the
first for zero blowing, and the other two for air injec-
tion through the porous and perforated strips. The

average injection velocity, in the tests with blow-

Vg
ing was 5.6ft/s; this rate corresponds to an injection

ratio, VS/u of about 0.07,

1’
For each experiment, measurements were made of the

wall shear stress and of the profiles of the mean velo-

city and Reynolds stresses at stations 1, 3, 5, 7, 8 and.

9 (see figure 6.1). In a few cases, measurements of

some quantities were made at stations 2, 4 and 6.

6.3 Methods of measurement and data analysis

Mainstream velocity, u.
\= 3

Values of u. were measured with a single-hot-wire
probe, and subsequently confirmed by the results obtained
from a pitot tube and a disc static-pressure probe.
Initial measurements of the mainstream static pressure,
Pg determined with the disc probe, were found to be in
error, apparently due to flow along the probe stem.
Therefore, the probe was modified to eliminate this flow

in the confirmatory experiments.

Distance from wall, vy

Traverses were always started at the wall position.
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Wall contact for both the pitot and single-hot-wire probes
was determined by bringing the probes up against the test
plate, and then adjusting the micrometer screw by 0.0005in
intervals until a gap between the tube tip, or wire-
support prongs, was just visible. A change in the mano-
meter or anemometer reading confirmed the contact position

so determined.

Local mean velocity, U

Mean velocities were calculated from the differences
between the local total head, indicated by the flattened
pitot tube, and the static pressure, ;. The latter was
assumed to vary through the boundary layer according to

the relation
Pg - P = (pS - pG)EB (6.3-1),

which is an approximation to the static-pressure profiles

of Bradshaw and Galea (1967). was taken as the pres-

Pg

sure indicated by a wall tapping. was obtained from

Pa
the local value of g and the mainstream total head in-
dicated by a pitot tube.

The pitot-tube-displacement correction of MacMillan
(1956) was applied to the mean-velocity profiles, although
the effects of this correction are negligible except in

the region very close to the wall. There is a lack of

general agreement as to the effects on the pitot tube of
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viscosity, high-turbulence intensity, etc. (see Dean, 1963
and Hinze, 1959). Consequently no adjustments for these

effects have been made.

_T-_'L
Longitudinal turbulence intensity, (u'”?)?

.Over extensive regions of turbulent boundary layers
in strong adverse pressure gradienté, the values of the
rms turbulence intensity o [E(:TE)%] are very large; but
the conventional method for the analysis of the electrical
signals obtained from a hot-wire anemometer loses its
validity for high intensities. Consequently, a re-
examination was made of the method, and a new procedure
recommended ; this study and its results are reported
in APPENDIX 3. Turbulence-intensity and mean-velocity
data presented below have been calculated from hot-wire

signals by the new method.

Other turbulence guantities: v'g, w'§ and -u'v'

Also considered in APPENDIX 3 are the methods of
analysis for signals obtained from the hot-wire anemome-
ters and from the random-signal correlator used with
a cross-wire probe. The conclusion reached is that
the conventional procedure leads, for highly-turbulent
flow, to results which are considerably in error, parti-

cularly for the Reynolds shear stress, -u'v'. However,
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the new method cannot be used, in general, to separate

Y 2 2 -

v from ¥, u'v' from @.v, etc. Consequently, the little
information given below about'v' and ~u'v' was obtained by

the conventional method of analysis.

6.4 Presentation and discussion of results

Tabulated details of the experimental data presented

below are given in TABLE 7.

Mainstream velocity

The mainstream-velocity variation, uGQXJ, is shown
in figure 6,2; the normalising velocity, u, s is the

value of u. at station 1. It may be seen that blowing

has no direct effect on the variation of u although

G?
the differences near the step may be attributable to the

influence of blowing on the displacement thickness.

Longitudinal turbulence intensity

~ -_— 1 o
Profiles of u'/u1 [E(u'z)g/ulj are shown in figure
6.3* for each of the three experiments.

For no blowing, the data in figure 6.3(a) show that:

1. The profiles for stations 1 and 5 are little differ-

2. The peak intensity moves away from the wall with

*Some points near the wall, and also some complete pro-
files, have been omitted from this figure in the interests
of visual clarity.
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increase in x.

3. The increase in peak intensity is only about 20%, and
the final value of Gﬂ only about O.12u1, even though the
flow at station 9 was actually within the separated-flow
region near the step.

Results similar to the above, shown in figure 6.3(b),
were obtained for the porous strip. The only signifi-
cant difference is in the profile at station 1, which
is slightly fuller than that for zero blowing (shown
dashed) and has a peak away from the wall. The profiles
in figure 6.3(c) show that the effect of fluid injection
through the perforated strip was more severe than for
the porous strip, and closer to that intended. The ini-
tial profile is markedly different from that for no blow-
ing (again shown dashed): the peak is. about 40% higher
than before, and again away from the wall,. Another
difference is the decay in peak intensity, between tﬁe
blowing region and station 5, before the rise as separa-
tion was approached.

Profiles of U'/U are shown in figure 6.L4. These
profiles give little more information than those of

T'/u, plotted in figure 6.3, except to show the true levels

1
of turbulence intensity involved, and to re-emphasize

the relative effects of blowing through the porous and

perforated strips. The spatial-average values of G‘/E
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at station 1 are 0.0582, 0.0666 and 0.151, for no blowing,
for the porous strip and for the perforated strip, res-

pectively.

Mean-velocity profiles

In figure 6.5 are shown mean-velocity profiles deter-
mined with the flattened pitot tube. The profiles are
plotted in the form Eyua versus log(uGy/V) to permit the

determination of the local drag coefficient, by com-

Sgs
parison of the logarithmic portion of each profile with
a 'standard' log-law profile (Clauser's (1954) method).
The log-law constants adopted are those consistent with
Patel's (1965) Preston-tube calibration: # = 0.419 and
E = 9.79. These values are slightly different from
those used earlier in this thesis (0.41 and 7.7), but
the differences have little effect on the values of Sq
obtained.

The logarithmic region is exceptionally well defined
in most instances, including that for the profile just
downstream of the perforated strip, where the indicated
values of Gﬁ/ﬁ, for uGy/V < 2x10%, varied from 0.88 to
0.56. Also, the hump in the profile near uGy/v = 10°
appears to diminish as Sg falls. Nevertheless, uncer-

tainties must attach themselves to mean-velocity measure-

ments when the indicated turbulence intensities are as



high as those found in the present experiments.

The profiles for station 9 in figures 6.5(a) and 6.5
(c) show a region of mean-flow reversal near the wall
(y < 0.25in). However, it should be noted that a forward-
facing pitot tube does not measure accurately the total
head in a reversed flow, but rather something close to
the static pressure. The profile at station 9 in figure
6.5(b) alsoshows anomalous behaviour near the wall. But,
here again, the velocities determined are unlikely to be
of high precision because of the very small values involved

(less than 6ft/s for y < 0.5in).

Total-pressure profiles

In a flow where there is a rapid pressure rise, the
shear forces in the outer part of the boundary layer are
small compared with the inertia forces or the pressure
gradient. It is easily shown, as follows, that in such
a flow the total pressure, P, will remain constant along
a streamline, and that this conservation of total pressure
can be used as a convenient check on two-dimensionality.

A stream function, {, is defined by

It

%i = wu and (LA -0V (6.4-1).
y ox

Then the momentum equation, (2.2-2), may be writiten in

the von Mises form as follows
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—aTI' 'a}?, — a7
pu =— + == = wu —
x |y ox | G

(the normal-stress term has been omitted),

a__ 1.2 = gl:_) = _9_’5 -
or ax(p + zpu°) = 5% = WU 3% (6.4-2).

Thus, when the stress gradient is negligible, (6.4-2) in-
tegrates to give
; + %pag ~ P&y,
i.e. the total pressure is constant along a constant-{
line.
In figure 6.6, total pressures, made non-dimensional
with respect to PG’ are plotted against the quantity Y.

Y is defined by

vy = j T dy (6.4-3)

o
and given the dimension of length by division by u, -
Clearly, any lack of two-dimensionality (W not constant)
results in Y not being proportional to |, and hence in
variations from a single curve of the data in figure 6.6
for regions where the stress gradient is negligible.

The data shown in figure 6.6(a), for no blowing,
suggest that the conditioﬂ of two-dimensionality is
well satisfied from station 5 onwards. The drop in total

pressure upstream, where the static-pressure gradient was
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not severe, is consistent with the negative stress gradients
which exist in the outer region of a boundary layer.

For the two blowing cases, shown in figure 6.6(b) and
(c), the data collapse on to a single curve only for
stations 7, 8 and 9. Upstream of station 7, the drop in
total pressure may again be attributed to the non-negli-
gibility of the stress gradients, which were almost cer-
tainly increased by the action of blowing. An interest-
ing feature of these two figures is that the unique curves
to which the downstream profiles eventually collapse are
almost identical with each other, but appreciably lower
than the corresponding curve for no blowing. This differ-
ence also can be attributed to the increased importance
of the upstream (negative) stress gradients in the two

blowing experiments.

Shape-factor (H12) distribution

Values of H determined from velocity profiles

12°
measured with both the pitot tube and the hot-wire ane-
mometer, are plotted against distance along the test plate
in figure 6.7. |

The following observations may be made:
1. For wvalues of le up to about 2, there is generally
good agreement between the two sets of data. For larger

values of H1 for which the turbulence intensities are

21
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much greater, the differences become appreciable. The

hot Wire generally leads to the higher values.

2. The shape factors at station 1 for blowing are evi-
dently higher than for no blowing; and the highest values

are for the perforated strip.

3. There is an initial drop in H12 downstream of the
perforated strip, over the same region as the decay in
turbulence intensity noted earlier. But differences be-

tween the three sets of data remain all the way along

the test plate.

L. The values of H12 at station 9 are undoubtedly lower

than they should be, because of the measurement errors in

the negative velocities observed to occur near the wall.

Wall shear stress
—

Values of s

g Were determined both by Clauser's

(1954) method (from the mean-velocity profiles) and from
Preston-tube readings with the calibration recommended
by Patel (1965). The results are plotted against dis-
tance along the test plate in figure 6.8.

The following observations may be made:
1. The agreement between the results of the two methods
of determination of Sq is very good; +this agreement was
to be expected because both procedures are based upon

similar assumptions about the universality of the velocity



distribution near the wall.

2. The effect of blowing through the porous strip is

nearly to halve the value of s, at station 1; and for

S
the perforated strip Sg is reduced almost to zero.

3. Downstream of the perforated strip there is a much
greater 'recovery' in Sg than downstream of the porous

strip.

h. The values of SS are consistent with those of the

shape factor H12 (demonstrated quantitatively below).
5, The separation point in each of the three experiments

occurs about two step-heights upstream of the step.

Some comment is appropriate at this point on the

possible artificiality of values of s, obtaimned by the

S
Clauser method*. This artificiality is the result of
the possibility that # and E are not universal constants,
but may be altered, for example, by increasing the tur-
bulence intensity of a flow. From the expression for

the law-of-the-wall velocity distribution, (3.2-5), which

may be written as

1
2

2 = (sgd/0) [inlugy/v)+in(Bris 2/x]D)],

*Similar remarks apply to other methods which rely upon
the universality of the velocity distributionnear a wall
(e.g. Preston tube).
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it is easily seen that the only quantities which can be
determined, from the logarithmic region of a mean-velocity
profile, are SS%/K and Exn.

In principle, the value of EX provides the only true
test of the 'normality' of the measured velocity distri-
bution near a wall. However, the small inaccuracies
present even in the most precise mean-velocity measure-
ments in a turbulent flow, and the strong dependence
(through an exponential function) of E# on the slope of
the velocity profile, precludes the test from being a re-
liable one. For example, the values of E# indicated by
the measurements shown in figure 6.5(a), for no blowing,
vary from 1 to 16, compared with the normal value of 4.1.

Nevertheless, if values of sg are to be determined
by the Clauser method, the values of # and E must be
known. Consequently, even for the present writer's
blowing experiments, the normal values have been assumed,
although it is realised that their use may give rise to

artificial values of SS'

Reynolds-stress profiles

Profiles of the dimensionless total shear stress, s
(~ —u'v‘/uGE), at station 1 are shown in figure 6.9,
For no blowing the maximum value of s is about 0.0020,

for the porous strip 0.0046, and for the perforated strip



0.00%40. The profiles of tﬂ/ue, also plotted in figure
6.9, show trends similar to those of the correspondiug
shear-stress profiles.

The profiles plotted in figure 6.4 show that the val-
ues of G“/E at the points of maximum shear stress are 0.12,
0.14 and 0.34 for, respectively, no blowing, the porous
strip and the perforated strip. Therefore, it seems
implausible that the shear stress in the second blowing
case was really lower than in the first. It is more
likely that the indicated drop is attributable to the in-
validity of the method of analysis for highly-turbulent
flows (see APPENDIX 3).

The magnitude of the increase in peak shear stress
for the porous strip is an important result. The pro-

~
files of Gﬁ/ua and v'/u in figure 6.9(b), suggest that

G,
2

the rise in —u'v'/uGl

is largely due to the increase in

g‘/ua. This suggestion is supported by the fact ihat
e N s e d

the correlation coefficient, -u'v'/u'v', for no blowing

is only a little smaller than that for the porous-strip

- L - -
data. However, since u' is the largest comntributor

to the turbulent kinetic energy, k, it is clear that the

increase in -u'v' is not related to a similarly great

increase in k: -u'v'/k is not constant.
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6.5 Comparisons of data with recommended empirical

relations

Shape-factor relation: le ~ H32

Values of le and H deduced both from the data

32°
of the pitot tube and from those of the hot-wire anemo-
meter, are plotted in figure 6.10. The numbers adjacent
to some of the points indicate the x-stations to which

the data refer. The curve shown represents the empirical

relation (4.2-1).

The following observations may be made:

1. Both the pitot-tube and the hot-wire data, for le <

2.5, are in satisfactory agreement with the curve.

2. The data at stations 1, 2 and 3 downstream of the
rerforated strip show appreciable deviations from the
curve. The deviations are perhaps due to measurement
errors caused by the very high turbulence intensities

in these cases. However, it is not improbable that the
discrepancy results from the unusual way in which the

profile was formed.

3. The discrepancies for the data at station 9 may be
attributed to measurement inaccuracies, associated both
with the negative velocities near the wall and with the
high turbulence intensities at station 9. It is inter-

esting to note that at station 9 the hot-wire data lie
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closer to the empirical curve than do the pitot-tube data,
although it is unlikely that either instrument indicates

the correct velocity in reversed flow.

Drag law

In figure 6.11, experimental values of s_. are plotted

S
against values calculated from the formula recommended
in CHAPTER 4, (4.3-19). The experimental values corres-
pond to the smooth curve drawn through the Clauser-plot
and Preston-tube data of figure 6.7. The solid symbols
and the

designate values of s_ computed from R2 and H

S 327

open ones values obtained from R2 and I-I12 with the aid
of the shape-factor relation, (4.2-1). The numbers

against some of the points again designate x-stations.

The following observations may be made:

1. For the most part, the difference between calculation
and experiment is less than 10%. It is possible, of
course, that the agreement is artificially introduced,
because the bulk of the data on which (4.3-19) was based
were obtained by the Clauser method. The discussion on

pP. 153 relates to this point.

2. The discrepancies between calculation and experiment,

greatest when s_ is small, are reduced when s, is cal-

S S

culated from R2 and H12, rather than by the more direct

method from R2 and H32.
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Shear-work-integral (s) relation

The table below shows comparisons between values of

g, computed from the shear-stress profiles at station 1

oo

shown in figure 6.9, and values obtained from the corre-

lation formula recommended in CHAPTER 4, (4.4-20).

Experiment (4.4-20)

No blowing 0.0015 0.0014
Porous strip 0.0027 0.0015
Perforated strip 0.0022 0.0025

The following conclusions are drawn from the com-

parisons:

1. The agreement for no blowing is within the experi-

mental uncertainty.

2. The discrepancy for the porous strip indicates that
the increase in shear stress in this situation was far
larger than expected and the correlation formula is

clearly inadequate in this case.

3. The direction of the discrepancy for the perforated
strip adds confirmation to the conclusion, drawn on

pP.155, that the measurements here are seriously in error.

The lack of reliable information about the shear

stress, and so s, for the downstream stations leaves an
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unfortunate gap in this section. However, some further
conclusions about the adequacy of the s-relation are drawn

from the shape-factor calculations, discussed below.

6.6 Predicted values of R2 and H12

Bz-calculations

The results are shown in figure 6.12(a) of calcula-
tions carried out to check the two-dimensionality of the
mean flow for the three experiments reported. The closed
symbols represent data obtained with the pitot tube, and
the open ones the hot-wire data. The calculations were
performed in a manner similar to that for the calculations

F

discussed in CHAPTER 5. Experimental values ofiHiz, 5

and Sg were used to evaluate the right-hand side of the
momentﬁm equation (2.3-25); and the wW- and cross-flow
pressure-gradient terms were omitted. The full curves
represent calculations in which the pressure gradient
was evaluated from the pressure distribution along the
wall, pSLXJ; and the dashed curves were determined with
pﬁéxJ.

The following observations may be made:

1. The use of Pg rather than P in some of the calcu-
lations more than compensates for the omission of the

cross-flow pressure-gradient term.
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2. The calculations based upon pg are in better agreement
with the data than those which use Pg - Even so, the full
curves (ps) still fall somewhat below the data for the
farthest~-downstream stations; and it should be remembered
that the 'true' curve must lie somewhere in between the

S and G curves.

3. For no blowing, the agreement between the calculations
and experiment 1is at least as good as for many previously-
reported comparable situations (see figure 5,1). And

even in the two blowing cases, the discrepancies are only
of the same order as the experimental uncertainty (indi-
cated by the differences between the hot-wire and pitot-

tube data).

k. The agreement between the calculated and experimental
distributions of R2 adds confirmation to the conclusion
drawn from the total-pressure profiles, plotted in figure

6.6, that the flows reported here were quite accurately

two-dimensional.

Shape-factor (H12) calculations

Predictions of H12 are compared with experiment in

figure 6.12(b)*. As in figure 6.12(a), the closed symbols

*It should be noted that the calculations were terminated
once the value of sg had fallen to zero, i.e. Hyps to about
2.71. Also, it has not been considered realistic to pre-
sent data downstream of station 8 (it will be recalled that
some of the data at station 9 were found to indicate re-
versed flow).
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represent the pitot-tube data and the open ones the hot-
wire data; again, too, the full curves are based upon Pg
and the dashed ones upon PG - The calculations were carried
out with the kinetic-energy method of CHAPTER 4.

The following conclusions are drawn from the calcula-

tions:

1. The values of H12 based upon pg are significantly
higher than those based upon Pg s and generally in better

agreement with the experimental data.

2. For the two blowing cases, thé fall in H12 just down-
stream of the blowing section is predicted to occur either
not at all or much too slowly. That this failure can be
attributed directly to the fact that the theoretical
values of s (obtained from 4.4-20) are too small can be
seen from the shape—factbr equation, (2.3-29):

deH32/de = 2s

- H32SS + (H12—1)H32F2

(normal-stress term omitted). This equation shows that
if the value of s is too small, so too will be that of
H32, and hence (from the shape-factor relation, 4.2-1)

the value of H12 will be too big.

3. The data downstream of the perforated strip are of
particularly uncertain precision, because of the high tur-
bulence intensities encountered. However, additional

calculations started at station 3 downstream of the per-
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forated strip are evidently in better agreement with the

remaining data.

L. In the region where H is decreasing, the calcula-

12
tions have suggested that the theoretical values of s are
too small. The discrepancies far downstream, where H12
is increasing, suggest that there smaller values would

be appropriate. The conclusion might be drawn from these
two observations that s should depend upon dH12/de.
However, it is quickly seen from the shape-factor equation

that a dependence upon F_, amounts to the same thing as

2
a dependence upon dle/de. It was shown in CHAPTER 4
(p.103) that the available data for s lend no support

to the proposition that F_, should be one of the arguments

2
of the s-function.
6.7 Concluding remarks
1. Injection of air through a perforated strip increases

the average level of turbulence intensity in the boundary
layer by almost ten times the amount achieved by blowing

at the same rate through porous material.

2. The changes in R2, H12, H32 and Sq brought about by
blowing are appreciable, but these quantities are still
quite well correlated by the formulae recommended in

CHAPTER 4. The greatest discrepéncies arise when the

turbulence intensity is so great as to give rise to serious
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doubt about the measurements themselves,.

3. In all three experiments, the turbulence intensity,
u'/u, was for the most part too high (> 30%) to permit

the evaluation of -u'v' and vt2 from hot-wire measurements.

L. Just downstream of the porous strip, an increase in
~

the value of u'/u of only about 20% over the value for

no blowing was associated with more than a 100% increase

in -u'v'.

5. Indirect evidence, deduced from calculations of H12
performed with the kinetic-energy method of CHAPTER 4,
suggests thatthevalue of s (and hence those of -u‘v‘/uGE)

was greatly increased by blowing through the perforated

strip.

6. The results of the shape-factor calculations were
more satisfactory when the pressure gradient was evaluated
from Pg rather than Pg- This observation suggests that
in the present experiments the cross-flow preésure gra-
dient is not negligible so far as the shape-factor

calculations are concerned.
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CHAPTER 7

CONCLUSTIONS

7.1 Principal results of the present study

The aims of this study, which were set out in section

1.2, have in the main been achieved, specifically:

1. The survey of experimental data on turbulent boundary
layers has yielded the collection of data listed in TABLE

1.

2. Previous recommendations for the auxiliary relations
used in the entrainment and kinetic-energy calculation
procedures were discussed in detail in CHAPTERS 3 and 4,
respectively. It was concluded that for the most part
these recommendations are limited in range of applicabil-
ity, incapable of extension to situations other than those
for which they were devised, and of poor accuracy of pre-
diction. Where necessary, new empirical recommendations
were given which are free from the drawbacks of the ear-
lier proposals. The new and old recommendations for the
auxiliary relations used in the kinetic-energy method

are summarised in TABLES 2, 3, 4 and 6.

3. Both the entrainment and kinetic-energy calculation
procedures, with the recommended auxiliary relations,

have been used to calculate the development of a large
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number of boundary layers. The results of these two sets
of calculations, which were reported in CHAPTER 5, were
little different. This finding contrasts with the be-
haviour of previously-existing calculation methods, re-
ported by Thompson (1964), for which the results varied

widely.

L. In general, the accuracy of the predictions of H12
obtained with the new methods is as high as for the best
of the earlier procedures, though the latter are of much
more limited applicability. It was concluded in CHAPTER
5 that where poor predictions are obtained, usually in
severe adverse pressure gradients, the cause is probably

a lack of two-dimensionality of the mean flow. In some
cases, however, some of the restrictions laid down in
CHAPTER 1 are not well satisfied; this too may have con-

tributed to the discrepancies observed.

5. The experimental investigation, reported in CHAPTER

6, revealed that the total shear stress in a boundary

layer is considerably increased by quite modest increases

iﬂ the turbulence intensity. This conclusion was support-
ed by the results of shape-factor calculations performed
with the kinetic-energy method. Unfortunately, however,
the turbulence intensities encountered in the experiments
were too great in most regions to permit the direct mea-

surement of the shear stress.
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Except in the immediate vicinity of the perforated
strip, the experimental data were well correlated by the

shape-factor relation and drag law recommended in CHAPTER

L.

7.2 Re-appraisal of the present study, and suggestions

for further work

The two calculation methods which have been discussed
in detail in this thesis are of wider validity than any
previously~-recommended procedure. Also, the auxiliary
relations used in the two methods, and particularly the
kinetic-energy method, are more accurate in both their
qualitative and quantitative predictions than earlier pro-
posals. The kinetic-energy method can be recommended
for use where the requirement is for a quick and accurate
calculation procedure. This method also has the advan-
tage of being easy to understand and use.

Nevertheless, the disadvantage of any integral pro-
cedure is that it is limited to types of flow for which
experimental data are available. Interpolation is
possible, but extrapolation generally uncertain. Exten-
sion to situations where mass-transfer surface-roughness
or variable-property effects are important is also im-
possible, and progress requires more and more experimental

data. The writer comnsiders, therefore, that future
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theoretical work must be aimed at providing a more funda-
mental link between the profiles of shear stress, velocity,
turbulent kinetic energy, etc., than, say, an s-relation.

The mathematical difficulties involved in the solu-
tion of the partial differential conservation equations
for mass, momentum and turbulent kinetic energy have been
overcome to a large extent by Patankar and Spalding (1967).
Also, an acceptable shear-stress hypothesis may not be
too difficult to provide, for Patankar and Spalding have
shown that the simple ramp-function mixing-length propo-
sal of Escudier (1965) leads to quite accurate predictions
of many of the features of turbulent flows. And there
is little doubt that the Kolmogorov (1942) - Prandtl (1945)
turbulent-kinetic-energy hypothesis will lead to even
better predictions.

The predictions of the methods discussed in the pre-
sent thesis méy be regarded as setting the standards of
accuracy which more fundamental procedures must equal
and eventually surpass. New procedures must also, of
course, predict correctly the relationships between Rz,

H s s, etc.; the recommendations of CHAPTER 4

127 Hggr Sgs

provide the means for checking these predictions.
The paucity of extensive experimental investigations
of the shear stress in turbulent boundary layers was men-

tioned in CHAPTER 4; and even some of the measurements
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which have been reported are of uncertain reliability.
Far more information about the shear stress is undoubtedly
required, particularly for boundary layers in extreme

adverse pressure gradients and also for those with abnor-

mally high turbulence intensities.
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NOMENCLATURE A .
Equation
. of first
Symbol Meaning appear ance
aj s bi constants and/or parameters in poly-
nomial mean-velocity profile 3.2-1
A, B constants in hot-wire-response equa-
tion A.3-1
C universal constant (roughness depen-
dent) in law-of-wall velocity distri-
bution (intercept for 1ln(y*) = 0) 3.2-6
C empirical constant in logarithmic
function in denominator of new drag
law 4.3-11
C empirical constant in new s-relation 4,4-9
Ci empirical constants in g#Q_I; func-
tion of new drag law 4.3-18
E universal constant (roughness depen-
dent) in law-of-wall velocity distri-
bution [= exp(nC)] 3.2-5
E instantaneous voltage drop across
hot wire . A.3-1
) i SRR | function of ...
F2 pressure-gradient parameter 2.3-22
G shape factor of mean-velocity-defect
profile 3.3-23
H1 shape factor of mean-velocity profile
defined by Head (1958) 2.3-18
H12 shape factor of mean-velocity profile 2,3-19
H32 shape factor of mean-velocity profile 2.3-20
In integral function of mean-velocity
profile 2,3-10
k instantaneous turbulent kinetic

energy 2.2-11



function appearing in Nash's (1965)

drag law

constant of proportionality in
Goldberg's (1966) differential equa-

tion for

S

logarithmic function in denominator
of new drag law

Prandtl mixing length

logarithmic function (parameter)
appearing in Spalding's (1964a) form
of wall-plus-wake mean-velocity-
profile expression

rate of entrainment into boundary

layer from mainstream

dimensionless value of ma

exponent of |1—§| in new s-relation

exponent of uy in hot-wire-response

equation

instantaneous local static pressure

instantaneous local total (dynamic-
plus-static) pressure

rms deviation

Reynolds

Reynolds

number

number

based

based

within boundary layer

Reynolds
Reynolds
Reynolds
Reynolds

Reynolds

number

number

number

number

number

based

based

based

based

based

upon

upon

upon

upon

upon

upon

upon

u. and Y

G

flow rate

u and
m ym
u. and x

u,. and

u,. and
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L,3-22

2.3-12

2.3-13
4.3-13
2.3-17
2.3-14
2.3-15
2.3-16



S dimensionless value of 7T

S local skin-friction (wall-drag)

coefficient (conventional symbol cf/2)

wl

shear-work integral

u, v, w instantaneous velocity components in
three coordinate directions, x, y, 2z

-u'v', -v'w', -w'u' Reynolds shear stresses

u'?, v'2, w'® Reynolds normal stresses
(turbulence intensities)

uq mainstream velocity

u. maximum value of u in boundary layer

u instantaneous (total) velocity nor-

N .
mal to hot wire

u. friction velocity

at dimensionless value of u

Vg local normal velocity at wall (of
fluid injected into boundary layer)

Wy difference between u and v

Wo sum of u and v

x distance measured along wall in
mainstream direction

X, virtual origin of converging or di-
verging boundary layer

y distance measured normal to and out-
ward from wall

Ve height of slot for tangential injec-
tion of fluid 4

Ya thickness of boundary layer: value
of y for which u = uc

y dimensionless value of y
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2.2-2
2.2-6

4,3-12

A.3-1

2.3-1

3.2~-2



eff

dimensionless value of u

183

2.3-7

distance measured normal to xX-y plane -

Spalding's (1964a) mean-velocity-
profile wake parameter

angle which principal axis of tur-
bulent stress tensor makes with
direction of mean flow

Clauser's (1954) pressure-gradient
parameter

displacement thickness of boundary
layer

momentum-deficit thickness of
boundary layer

mean-kinetic-energy-deficit thick-
ness of boundary layer

dissipation rate of mean turbulent
kinetic energy

shape factor defined in terms of
H1 or H32

integral function of mean-velocity
profile in wall jet

von Kdrmédn's mixing-length constant
(slope of log-law velocity distri-
bution)

dimensionless value of Prandtl
mixing length

value of A in central and outer
regions of boundary layer

molecular dynamic viscosity of
boundary-layer fluid

molecular kinematic viscosity of
boundary-layer fluid

effective (total) kinematic vis-
cosity of fluid in turbulent flow

3.3-21

3.3-22

2.2-11

A.2-6, 4.3-3

4,3-12



Subscripts

eq

G

m, max

sepn

o=

1,2

Overbars,

dimensionless value of y 2.3-8
Coles' (1954) mean-velocity profile

wake parameter 3.2-2
density of boundary-layer fluid 2.,2-1
local skin-friction (wall-drag)

coefficient for wall jet 4,.3-13
total (viscous-plus-turbulent)

shear stress 2.2-2
stream function 6.4-1
function defined by {/w 6.4-3
distance between adjacent stream-

planes normal to wall 2.2-1

Condition pertained to

equilibrium boundary layer

edge of boundary layer

maximum value of u in boundary layer
wall

edge of constant-stress layer near wall
separating boundary layer

position in boundary layer, farthest from
wall, where u = (um+uG)/2

wires 1 and 2 in a crossed-wire hot-wire
probe

etc.,

straight overbar (e.g.'ﬁ) temporal mean value )

curly overbar

prime

Jof a time-
Jvarying
Jgquantity
(e.g. E') fluctuating component)

s
(e.g. E') rms value



Author (s) Date| x(ft)| u (£t/8)| R, Hi, | Hyp c 1035S £ | zg 10%S 103§;q Comments
Bradshaw 1966| 1.92 | 143 9.17,311.%51{1.735/0.582{1.12 | 10.04{0.820 ‘ 1.27 |1) Equilibrium
3.92 129 1.48,11.38611.759/0.625(1.055{10.42{0.824 1.16 flow, B=0.9.
5.42 123 1.83,4]1.389§1.753{0.610{1.015} 10.70/0.830 1.13 |2) sg from
6.92 | 119 2.17,4(1.397{1.747/0.605/0.94 |10.75/0.803|1.04 | 1.04 Preston tube.
» 3) s from hot
wires.
k) v=1.6x10"%
fta/s.
Bradshaw 1965| 1.92 145 1.50,4{1.65311.64310.418]0.725] 9.97/0.655 1.798]1) Equilibrium
and 3.92 | 121 2,62,411.591]1.664{0.458]0.66 ]10.33}0.648 1.669 flow, B=5.k,
Ferriss 1 5.2 1 112 3.22,4{1.556{1.675/0.478{0.625] 10.43[0.636 1.530|2) sg from
6.92 | 105 <79,4]1.56411.671/0.470{0.615]10.45}0.632{1.516] 1.517 Preston tube.
3) s from hot
wires.
b) v=1.6x10"%
ft2/s.
Bradshaw 1965/ 3.92 114 2,46 ,511.572{1.669;0.467/0.675/10.55,0.6681.497 1) Boundary
and 4. h2 112 2.67,%11.557{1.674{0.476{0.695]10.6010.682{1.392 layer re-
Ferriss 2 : 4.92 110 2.77,%11.52211.68610.49710.745110.7010.713 {1.349 covering
5.42 110 2.80,4{1.471]1.705|0.531]0.835|10.70]0.754|1.221 from Bx~5.4
5.92 110 2.78,4)1.42611.724{0.56%|0.89 }10.84(0.789(1.189 to B=D.
6.92 | 110 2.86,411.37711.747]0.603 |0.9% |10.96/0.820(1.128 2) sg from
7.92 110 2.92,411.3431.764/0.631{0.96 |11.04|0.835(1.110 Preston tube.
: 3) s from hot
wires.
k) v=1.6x10"*
£t2/s.

¢gT

TABLE 1. Summary of experimental data for uniform-property turbulent boundary lavyers.




Author (s) Date|x(£t) |u (ft/s) R, Hy, H32 ¢ 1035S £ Zg 10%s 1035eq Comments
Brebner 1956 1.57°| 105 9.23,2{1.873 1) Boundary
and 1.99 | 101 1.69,3]1.429 layer on
Bagley 1 2.2k5 97.2 |2.15,3|1.371 symmetrical
2.381 95.1 |2.48,311.338 wing RAE 101,
2.50| 96.8 |3.38,3}1.220 0°incidence.
2) v=1.56x10"*
£t%/s,
Brebner 1956| 0.75 | 125 1.18,311.321 1) 4.09°
and 1.00 | 120 1.76,3|1.351 incidence.
Bagley 2 1.57 { 110 2.94,3|1.584 2) v=1,56x10"%
1.99 | 103 3.91,3]1.498 , ft3/s.
2.25| 98.3 |%4.68,3]11.536
2.38 95,8 5.14,311.566
2.50 93.4 6.85,311.594
Brebner 1956 0.75 | 134 2.78,3|1.424 1) 8.18°
and 1.00 1 127 3.57,3(1.459 incidence.
Bagley 3 1.57 | 113 4,75,311.615 2) v=1.56x10"*
1.9 | 105 5.76,311.661 ft3/s.
2.25 9¢.4 7.85,3]1.725
2.38 | 96.9 18.65,3[1.979
2.50{ 95.2 1.10,4(1.923
Clauser 1 1954 6.92 | 32.5 |6.13,3{1.565{1.712/0.543]1.06 9.531 0.757 1.378 | 1) Equilibrium
. 111.0 29.1 [9.08,3[1.526[1.692/ 0.508/0.935| 9.79|0.730 1.310 flow, Pa1.8.
12.8 28.0 9.82,311.512[1.703] 0.527| 0. 94 9.82]0.735 1.307 | 2) sg from
18.6 25,2 1.20,411.479{1.713] 0.545/0.96 }{10.03|0.758 1.312 Clauser plot.
23.8 23.6 1.52,411.434{1.729/0.572| 0.985 |(10.35| 0.793 -~ 11.370 | 3) v=1.58x10~*
26.9 22.5 1.64,411.46211.715] 0.54810.93 [10.36]|0.782 1.360 ft2/s.
29.7 21.8 1.69,411.44511.721{0.558;0.95 |10.48|0.786 1.361
32.3 21,2 1,86 ,411.440(1,723]0.562]0.92 |{10.46]0.775 1.352
Clauser 2 1954, 7.50 26.1 8.26,311.768[1.635/G6.403]/0.63 9.25{0.577 1.557 1) Equilibrium
9.00 24.8 1.00,411.800{1.608{ 0.350{0.57 9.361 s.546 1.649 flow, B=B.
11.0 23.5 1.15,4|1.818{1.607]0.348|/0.54 | $.57{0.538 1.662 | 2) sq frem
12.7 22.8 |1.37,4/1.820{1.611]{0.356{0.53 | ©.69{0.543 1.672 Clauser
16.2 21.3 |1.82,4{1.768[1.626/0.386/0.51 | 2.93|0.548 1.867 plot.
19.2 20.2 2.03,4(1.969(1.635/ 0.403] .50 [10.08{0.549 2.315 | 3) v=1.58x107%
23.9 18.9 |2.67,4{1.846|1.640 0.41%/0.47 |10.31] 0,545 2.699 ft?/s.
26.7 18.1 |3.11,4]1.858[1.636;0.4%5{0.42 10.41/0.520 3.425

ogr




Author(s) Date| x/L uG/U R2 H12‘ sz C 1035S £ Z5 10%s 1035eq Comments
von Doenhoff|{1943[0.075] 1.510 7.65,211.808 1) Boundary
and 0.15 1.508 1.04,311.599 layer on
Tetervin 1 0.25 1. 442 1.33,3( 1.551 aerofoil
0.35 i.392 1.86,3| 1.572 NACA 65(216)-
0.%45 1.308 2.34,3]1.641 222 (approx.),
0.55 | 1.180 | 3.42,3|1.985 8.1%ncidence.
0.60 | 1.131 | L.27,3]2.593 2) UL/v=9,2x10°
von Doenhoffi i94310.673] 1.5%0 2.40,301.65% i 1) 8. .
and Q.15 1.523 2,077,431 1.862 | 2) UL .
Tetervin 2 0.25 1,66 3.68,3: 1.51¢
0.358 i.419 4.55,3| 1.489
0.45 1.360 5.45,3]1.514
0.55 1,212 7.97,3|1.872
0.60 1,141 1.27,51 2,583
ven Doenheff 19431 0,078) 1.616 2,541,843
an G.15 | 1.528 | z.a1,3] t.67L ;
Tetervin 3 .25 1.482 L0031 10070
.35 1,428 5.58,311.5822
0. L5 1,340 5.33.53]1.371
0.55 1,174 pa.2h, k2,177 g
von Doenhoff|1643|0.2 1,518 | 2.5k,3]1.970 !
axd 0.3 1.478 2.38,3211.365 ;
Tetervin 4 0.k 1.408 3.36,3|1.225 !
0.5 1.364 3.88,311.326
C.6 1.323 L.60,3]1.399
0.7 1.212 5.83,3|1.541
0.8 1.118 7.95,311.902
x(ft) uG(ft/S)
Fage and 1630{1.33 95.2 1.06,3|1.401|1.782]0.6612.21 |8.5%|0.980 1) Boundary
Falkner, and 2.24 layer on
Fage 1 1638}1.67 %1.6 1.59,3(1.395]1.772|0.644(1.92 13.69{0.929 Joukowsii
2.025 aerofoil.
2.00 | 88.6 2.08,3|1.40%4}1.760|0.624(1.73 }8.8310.855 2) sg from
1.89 Clauser plot;
2.34 85.3 2.39,3|1.385{1.765|0.634|1.67 |8.95|0.892 alternate
i.94 values from ~]




Author(s) |[Date X(ft)’l-lG(ft/S) R2 H12 332 C 10355 A Zp 10°%s 1035eq Comments
Fage and 1930 2.67 81.6 2.97,311.397|1.754{0.618{1.52 |9.00| 0.856 Stanton sur-
Falkner, A 1.475 face tubes.
and Fage 1|1938| 3.16 76.4 3.96,311.445(1.73210.577{1.30 |9.11} 0.801 3) v=1.59x107%
(cont.) 1.40 ' ft®/s.
Fage and [1930]{ 1.67 68.7 1.02,3|1.442{1.765/0.633|2.14 [8.37| 0.946 1) sg from
Falkner, » 2.16 Clauser plot;
and Fage 2|1938| 2.00 66.5 1.49,311.409{1.766{0.634{1.90 {8.56] 0.909 alternate
2.11 values from
2.34 63.9 1.77,311.810{1.760{0.6241.80 (8.65| 0.896 Stanton sur-
: 2.07 face tubes.
2.67 61.2 2.23,311.429(1.749]0.606 |1.64 (B.71 0.860 2) v=1.74x107*
1.54 | ] ft?/s.
3.16 57.1 2.91,3{1.4771.73310.579(1.38 |8.79/0.797
1.345
Gault 1 1949} 3.0 196 2.64,3{1.386 1) Boundary layer
3.5 190 3.86,3(1.373 on aerofoil
k.0 184 5.16,31.357 NACA 63-009,
L.25 181 5.95,31.382 0° incidence.
&.5 175 6.39,3(1.361 ' 2) v1.6x107%
k.75 172 6.89,311.373 . ft?/s.
Gault 2 1949 1.5 - 230 5.18,3|1.439 1) 4° incidence.
2.0 227 6.51,3(1.439 2) va1.6x107*
2.5 216 7.59,311.463 ft2/s.
3.0 209 |9.93,3|1.439
3.5 199 1.21,4 |1.446
h.0 193 1.36,4(1.473
4.25 188 1.48,4(1.472
k.5 182 1.63,4(1.482
.75 178 1.70,4%|1.476
Gault 3 1949} 1.5 242 7.04,3]1.426 1) 6° incidence.
2.0 233 8.53,3(1.400 2) wi1.6x107%
2.5 224 1.06,41.436 ft2/s.
3.0 214 1.27,4 1. 40448
3.5 203 1.49,411.478
k.o 195 1.74,4]|1.505
L, 25 190 1.90,4|1.523
4.5 183 1.97,4]1.516
k.75 178 2.16,41.524
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Author Date |x(ft)|ulft/s)| Ry Hi, | Hyp ¢ (10%sg| £' | zp |10 10%s Comment s

18. Gault &4 1949 | 1.5 254 19.92,311.426 1) 8.5° incidence.

2.0 24h 1.26,411.406 2) vasl,6x107*
2.5 231 1.56,4] 1,446 ft2/s.

3.0 220 1,78,k 1.472

3.5 214 2.16,4]1.481

4,0 195 2.40,411.583

L 25 190 2.64,411.607

L.s 183 2.86,411.600

k.75 178 2.96,411.595

1%. Herring 19631 2 84.6 13.58,3]1.294 {1.824610.728(1.795(9.6310.991]1,%8511.468 [1) Equilibrium
and 3 90.5 13.75,311.290 1.7% flow, Ba-~0.35.
Neorbury 1 L 97.1 13.97,311.288 1.76 2) sg from

5 10k L,29,3|1,287 1,775 Clauser plot

3) vx1.7x10 *
ft?/s.

20, Herring 1963 3 101 3.79,3011.254|1.848 ]0.76211.875{5.82{1.02911.54 |1.46211) Equilibrium
and 4 115 3.59,3|1.250 1.91 flow, Bx-0.53.
Norbury 2 2) sg from

Cilauser plot.
3} varl.7x10°F
ft2/s. ;
i
21, Xlebanoff 1955 {10.5 50 7.25,311.314 |1.78810.670 |1. 41 19.97 {0.906]1.23511.251 (1) Fully-developsd !
zero pressure- |
gradient boun-
dary layer.

2) sS. from extra-
polated s~¢
profile.

3) s from hot-wires.

4) v=1.69x10-* )
ft?/s.

22. Klebanoff 1952 7.5 108 L. 37,311.46 1) Zero pressure-
and 8.5 5.45,311.45 gradient, .
Diehl 1 9.5 6.36,3]1.45 natural transi-

10.5 7.17,371.52 : tion.

2) v=1.65x10"%

ft2/s.
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Author (s) |Date|x(ft) lu (ft/s) R, | Hyp | Hyp | € 1035s A z2g 10°s 1035eq Comment s
Klebanoff 1952 L.17 108 1.43,3/1.87 1) Zero pressure-
and L, 67 2.64,311.66 gradient, re-
Diehl 2 ' 5.17 2.97,3|11.55 covering from
6.0 4,18,3|1.48 ' 0.04 in. rod
7.5 4.67,3]1.42 disturbance.
10.5 7-73,3]1.52 2) v=1.65x10"*
ft2/s.
Klebanoff 1952} L.17 108 5.39,3] 2.95 1) Zero pressure-
and 4,25 5.99,3[1.98 gradient, re-
Diehl 3 L.67 4.35,3]1.57 covering from
5.17 5.10,3} 1.455 0.25 in. rod
6.0 6.12,3!1.405 disturbance.
7-5 7.77:3{1.395 2) v=1.65x107*%
8.5 8.98,311.40 ft3/s.
9.5 1.03,411.35
10.5 1.13,4]1.38
Klebanoff 1952} 2.0 43 2.86,3{1.51 1) Zero-pressure
and 3.5 3.41,3] 1.45 gradient, re-
Diehl 4 4.5 3.60,3|1.48 covering from
‘ 6.5 4.53,3] 1.445 mesh-screen
10.5 6.06,3|1.42 disturbance.
2) v=1.65x10"*
ft2/s.
Klebanoff 1952 2.08 35 2.64,311,.72 ' 1) Zero pressure-
and 2.5 2.82,3/1.59 gradient, re-
Diehl 5 3.0 2.95,3[1.525 : covering from
4,0 3.21,3|1.445 sandpaper -
5.0 3.53,3] 1. 445 strip
5.5 3.64,311.46 - disturbance.
6.5 4.09,3{1.45 2) v=1.65x10"*
7.5 b.41,311.415 ft¥/s.
8.5 L.66,3|1.415
9.5 4.92,311.395
10.5 5.20,3]1.42
Klebanoff 1952} 2.08 55 4.05,311.77 1) Zero pressure-
and 2.5 4.32,311.58 . gradient, re-
"Diehl 6 3.0 L.54,3]1.46 covering from
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Author(s) [Date|x(ft) |u, (ft/s)] R, Hip | Hyp C 1035S £ z, 10°s 1035eq Coumment s
Klebanoff 1952 4.0 55 5.16,3|1.46 sandpaper -
and 5.0 5.52,311.42 strap
Diehl 6 5.5 5.43,311.45 disturbance.
{cont.) 6.5 6.19,3|1.445 2) v=1.65x107%
7.5 6.51,3]1.38 ft2/s.
8.5 7.06,3/1.385
9.5 7.42,3(1.37
10.5 7.82,3]11.405
Klebanoff 1952 2.08 108 7.99,3i1.78 1) Zero pressure-~
and 2.5 8.38,3/1.53 gradient, re-
fiiehl 7 3.0 8.72,3]1.48 covering from
4,0 9.39,3|1.485 sandpaper-
5.0 1.06,411.415 strip
5.5 1.03,4i1.405 disturbance.
6.5 1.18,4{1.415 2) v=1.65x107*
7.5 1.22,411.39 ft?/s.
8.5 1.31,411.375
9.5 1.40,411.375
10.5 1.49,41.35
. Ludwieg 1949| 2.59 111 6.25,311.334 1.440 1) Moderate ad-
and 4,21 107 8.94,3]1.364 1.303 verse pres-
Tillmann A 5.85 101 1.23,4|1.383 1.122 sure gradient.
7.50| 93.9 1.54,4(1.412 1.024 2) sg from
9.14| 89.0 1.92,4]1.447 0.936 heated
10.3 85.5 2.20,4(1.475 0.864 element.
10.9 | 84.6 2. 44,4 ]1.483 0.812 3) w~1.64x107*
11.6 81.6 2.65,2[1.511 0.784]| ft3/s.
12.3 80.4 2,.86,411.536 0.773
12.9 79.0 3.18,4|1.561 0.692
13.6 77-5 3.50,4(1.589 0.650
14.2 75.9 3.84,411.615 0.605
Ludwieg 1949 | 2.59 108 5.50,3/1.330 1.529 1) High adverse
and L.21 102 8.10,3(1.367 1.274 pressure
Tillmann B 5.85{ 94.6 1.15,4(1.443 1.122 gradient.
7.50| 89.0 1.48,411.442 1.018 2) sg from
9.14) 81.0 2.03,411.527 0.829 heated ele-
10.3 77.0 2.37,4]1.598 0.718 ment.
10.9 75.2 2.78,4]1.640 0.610
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Author(s) Date u, (£t/s) R, H o, 32 10%sg | £'| zg |107s |10 eq Comments

30. Ludwieg 19491 11.6 73.7 3.25,4{1.721 0.538 3) va1.61x107*
and 12.3 72.6 3.70,411.792 0.488 £t3/s.
Tillmann B 12.9 72.6 b.76,4(2.038 Q0.376
(cont.)

31. Ludwieg 1949 2.59 37.8 1.04,311.330 2.352 1) Favourable pres-
and 4,21 L, 0 1.36,3[1.276 2,237 sure gradient.
Tillmann C 5.85 51.3 1.64,3]11.281 2.134 2) sg from heated

7.50| 58.3 2.07,3(1.279 2,016 element.
9.14 66.4 2.53,311.295 1.849 3) va1.66x107%
10.3 72.5 | 2.86,3]1.289 1.815 £t3/s.

10.9 75.2 2.99,311.283 1.772

11.6 77.9 3.18,311.278 1.747

12.3 8§2.5 3.24,311.266 1.789

12.9 84.7 |3.76,3]1.292 1.722

13.6 86.7 3.97,3({1.287 1.697

14,2 90.3 4.08,3(1.283 1.656

32. Ludwieg 1949 0.62 204 4.06,311.396 1) Moderate ad-
and 1.61 194 6.51,3|1.361 verse pressure
Tilimann 1 2.59 187 9.31,3|1.345 gradient.

3.58 181 1.15,4(1.352 2) va1.66x107%
k.73 174 1.41,5|1.370 ft2/s.
5.71 166 1.73,4(1. okt

6.54 160 1.97,411.398

7.52 154 2.23,411.406

8.50 146 2.66,411.441

9.50 138 3.18,4{1.502

10.5 131 3.80,411.538

11.5 126 L. 46,411.590

12.4 122 5.11,4(1.627

13.4 120 5.72,k11.647

14,4 119 6.05,411.630

33. Ludwieg 1949| 2.59 158 7.35,3({1.328 1) Slight ad-
and 3.58 156 1.09,411.328 verse pressure
Tillmann 2 4L.73 151 1.16,4{1.350 gradient.

5.71| 14k 1.45,411.423 2) vv1.58x107*
6.54 138 1.68,41.406 £t3/s.

7.52 136 1.91,411.407

8.50 131 2.12,411.4501
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Author(s) |Date |x(ft) uG(ft/s) R2 H12 32 10 2! 10°s |10 Comments
33. Ludwieg 1949 9.50 127 2.43,4{1.433"
. and 10.5 123 2.33,4{1.470
Tillmann 2 11.5 120 3.36,4[1.469
(cont.) 12.4 117 3.43,411.448
13.4 115 3.72,411.442
14,4 112 3.76,4|1.430
34. Ludwieg 1949 2.59 182 8.15,311.308 1) High adverse
and 3.58 178 1.01,411.343 pressure
Tillmann 3 L.73 172 1.20,411.349 gradient.
5.71 167 1.46,411.330 2) v=1.63x107*
6.54 161 1.70,411.347 ft2/s.
7.52 155 2.00,41{1.349
8.50 148 2.34,41.377
9.50 141 2.92,4(1.386
10.5 133 3.52,411.485
11.5 127 L.,22,411.560
12.4 123 5.18,4{1.632
13.4 121 6.66,411.753
144 118 7.12,411.819
15.4 117 7.66,411.820
35. Ludwieg 1949 1.61 95.9 3.72,3(1.351 1) High adverse
and 2.59 94.5 4.92,3(1.339 pressure
Tillmann & 3.58 92.5 6.00,3{1.350 gradient.
L.73 89.9 {7.%1,3|1.371 2) va~1.59x107*
5.71 88.0 9.42,3(1.408 ft2/s.
6.54 85.0 1.08,401.417
7.52 82.4 1.26,4 11,444
8.50 79.54 1.40,41.456
9.50 75.8 1.70,411.501
10.5 71.9 2.05,4(1.552
11.5 68.9 2.50,4{1.593
12.4 67.6 3.34,401.693
13.4 67.2 k,10,4§1.959
144 65.6 L.61,412.010
15.4 65.0 5.17,412.012
36. Moses 1 1964 0 100 7.80,211.38 1) Axisymmetric
0.17 99.8 1.41 flow along
0.33 99.6 9.33,211.365 cylinder,
0.67 99.2 1.29,3 high adverse
1.00 98.8 1.54,3|1.40 pressure
1.33 98. 1.94,311.36 gradient.
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Author (s) |Date|x(ft)|u,(ft/s) R, Hy, _H32 C 10355 £ zZg 10%3 1035eq Comment s
36. Moses 1. 19641 1.67 97.3 2.15,3]1.40 2) Vz%.6X1O 4
{cont.) 2.00 94,3 2.52,301.41 ft?/s.

2.33 87.2 3.31,3[1.475
2.67 73.2 6.75,3/1.85

37. Moses 2 1964| O 100 7.80,211.38 2.42 1) Severe adverse
0.17 98.2 9.20,2 2.29 pressure
0.33 96.1 gradient
0.42 94,8 1.33,311.41 2.075 2) sg from Clauser
0.50 93.6 plot.
0.67 91.0 1.75,3({ 1.405 1.915 3) 5 from hot
0.83 88.8 wires.
0.92{ 87.2 |2.09,3|1.435/1.749]0.6061.75 {8.59]0.876} 1.78 L) va1l.6x107%
1.00 86.5 ft2/s
1.17 83.2 2.53,3| 1.425 1.585
1.33 80.8
1.42 79.0 3.16,3] 1.46 1.38
1.50 78.2
1.67 74.3 3.67,3/1.58 {1.691{0.503/1.195
1.83 71.4
1.92 69.9 4.82,311.675 0.85
2.00 68.4
2,17 64,8 5.58,3]1.885 0.53
2.33 61.2
2.50| 60.0 6.43,3|2.425 0.185
2.67 59.8
2,83 58.1
3.00 58.0

38. Moses 3 1964| © 100 7.80,211.380 1) Severe adverse
0.17 93.0 pressure
0.25 89.5 1.26,3|1.43 gradient.
0.33 84,8 2) va1.6x10-%
0.50| 78.8 2.05,3/1.51 ft?/s.
0.67 72.5
0.83 66.9 3.30,3|1.70
1.00 62.0 ‘
1.17 58.7 5.19,3|2.15
1.33 56.8
1,50 55.1
1.67 53.5

761




Author(s) Date|x(ft)m,(£t/s) R, Hi, | Hyy ¢ 1035S £ z, |10%s 103§;q Comments
‘Moses 3 1964( 1.83] 52.0
{cont.) 2.00 51.0
2.171 49.2
2.33 49.2
2.500 47.3
2.67 45.6
2.83 44.7
3.00 44.7
Moses & 1964 0 102 o 7.80,2 1.285; 1) Severe adverse
2 92, 1.21,3311.430 pre e
4 84.9 1.55,3(1.505 grasi:ﬁt-
6 76.2 2,08,311.64 2) Va1.,6%107%
12 g;.g 5.04,3(2.135 £t /s.
12 64:0
Moses 5 1964{ 0 100 8.84,2(1.36 1) Initially
0.17] 93.0 1.35,311.435 severe adverse
0.33 83.6 1.96,3(1.475 ‘ pressure
0.50| 74.1 ]2.80,3[1.65 ‘ gradient,
0.67f 67.2 3.53,3{2.10 followed by
g.gg 2?.3 5.46,3 12,145 near-zero
. . gradient.
1.2% gg.g 5.93,31{2.16 2) Vw%.6X10—4
. . Cft .
1.29] 58.7 6.18,311.805 /s
1.33 59.8
1.50, 59.6 6.29,311.587
1.67 59.2
1.714 59.2 6.50,3 ]1.465
1.83] 59.5
1.96] 59.6 6.66,3(1.40
2.001 59.6
2.171 59.5 6.88,3(1.39
2.331 60.0
2.42 59.8 6.90,3 |1.35
2.50| 59.6
2.671 60.0 6.87,3|1.35
2.83] 58.7
2.92] 58.5 7.00,3
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Author(s) Date| x{(ft) uG(ft/s) R2 , le .H32 C 1035S £ Zp 10°s {10 eq Comment s
LO. Moses 5 1964| 3.00{ . 58.3
(cont.) 3.17 54.0
41, Moses 6 1964 O 100 8.84,211.36 1) Initially
0.17 95.3 1.39,3(1.37 moderate
0.33 88.8 adverse pres-
0.50 83.0 sure gradient
0.67 76.8 2.90,3(1.55 followed by
0.83 74.0 3.58,3|1.525 near-zero
1.00 72.9 gradient.
1.04) 72.9 2) vx1.6Xx107%
1.17 72.9 3.87,3 {1.51 ft3/s.
©1.29 72.9
1.33 72.9 L.01,3(1.43
1.50 72.9
1.67 72.9 4.21,311.413
1.71 72.6
1.83 72.5 4.35,311.368
2.00 72.6
2.17| 72.6 |4.44,31]1.33
2.33 73.0
2.42 72.9
2,52 72.9
2.67 71.5
2.83 69.3
42, Newman 1 1951| 4.76 33.0 8.96,312.204| 1.544 [0.203 |0.2258.83/0.322]|3.85 1) Symmetrical
: rear-
stalling
aerofoil,
severe adverse
pressure
gradient.
2) sg from
Clauser plot.
3) s from hot
wires.
k) v=1.56x10""
ft?/s.
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Author (s) Date| x(ft) uG(ft/s) R2 H12 _ H32 C 10 Sg A zp 107 s 110 Comments

43, Newman 2 1951| 2.01 152 5.59,3/1.689(1.653{0.437{0.75 9.15/0.634)1.28 1) Seve-e

2.76 134 9.15,311.666|1.645|0.422/0.70 9.58]0.612{ 1.45 adverse

3.51 120 1.36,411.6871.628{0.39010.485 | 9.63]0.517{ 1.67 pressure

4,02 112 1.71,4|1.861{1.595|0.323{0.375] 9.73]0.459} 1.92 gradient.

4,51 104 2.15,411.902{1.581]0.293{0.31 9.80]0.421} 2.22 2) sg from

L,76 101 2.42,4{2.133|1.551{0.221{0.175{ 9.71}0.313{ 3.06 Clauser

4.93 100 2.72,412.397|1.522{0.137|0.05 9.17/0.160{ 3.09 plot.

. : 3) s from hot
wires.

L) v=1.56x10""
ft2/s.

44, Sandborn 1955 O 54 2.68,3{1.413(1.775|0.649]1.60 9.25{0.902| 1.50 1) Moderate
and 0.25 ) 1.53 adverse
Slogar 1.35 52 3.69,3(1.264]1.843]{0.759]1.40 9.55{0.870]| 1.45 pressure

1.62 ' 1.78 gradient.

2.84 48 6.14,311.39311.765{0.633{1.15 9.80{0.809| 1.37 2) sg from

3.09 1.24 Clauser

4,32 43 8.01,3/1.620{1.670(0.469{0.70 9.52|0.614{ 1,17 plot;

4.55 0.72 alternate
values (at
x=0.25 ft.
etc.) from
heated
Element.

3) s from hot
wires.

4) v=1.7h4x107*
ft3/s.

L5, Schubauer 1951|17.5 160 1.80,411.297(1.799/0.688}1.18 {11.22]/0.939|1.12 1) Boundary
and 18.0 159 1.86,4(11.307|1.79610.683 layer
Klebanoff: 18.5 157 2,00,4(1,318|1.790|0.674]|1.05 [|10.92|0.864(1.06 on aero-

' : 19.0 154 2.21,4|1.338(1.778|0.654 foil-shaped
19.5 151 2.27,411.33911.778|0.654{0.98 {10.93}0.843|1.07 shaped wall,
20.0 148 2.43,4(1.40311.772]0.64410.95 [10.99]/0.825[1.26 severe ad-
20.5 144 2.70,411.393(1.75010.608(0.815 [10.80/0.754(1.03 verse pres-
21.0 141 2.87,41.42771.7360.584{0.75 (10.81{0.723|1.29 sure
21.5 138 3.11,411.86411.718(0.553/0.70 {10.88[0.704] 1.50 gradient.
22.0 134 3.56,4(1.509|1.704(0.52910.61 {10.88|0.65411.37
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Author(s)  |Date|=x(ft) uG(ft/s) Ry | Hyp | Hyy ¢ |10°sg| £ Zp 10%%S 1035eq Comment s
Schubauer 1951} 22.5 | 130 £.18,411.570]1.672/0.472|0.59 |10.84/0.641) 1,22 2) sg from
and 23.0 127 £,41,411.608|1.66710.46310.48 |10.93]|0.584|1.35 Clauser plot.
Klebanoff 23.5 123 L.52,41.66611.647|0.42610.43 {10.95/0.555/1.50 3) s from hot
(cont.) oLk.0 120 5.39,4{1.835|1.606{0.346]0.29 |10.74]|0.446]1.75 wires.

24,5 116 5.78,411.976(1.585{06.301{0.225]10,66!0.390 4) we1.6x107%

25.0 114 6.78,4|2.301|1.530/0.163{0.1C }10.34]0.252|2.47 ft2/s.

25.4 113 7.09,4(2.365{1.523/0.140/0.092{10.32{0.242(2.30

25.8 112 7.64 412,.839(1.500{0. 0.047{10.20{0.170
Schubauer 1960} -0.83 83.9 2.81,3]1.25511.840]0.754}11.70 9.20{0.926 1) Moderate ad-
and 0 8z2.0 3.53,3]1.28511.816{0.716}1.58 9.39{0.910 verse pres-
Spangenberg 0.83 81.1 | 4.22,3(1.288|1.810/0.706{1.54 9.4710.906 sure gradient

; A ’ 1.67 78.9 5.72,3/1.302{1.800{0.690{1.38 |10.00{0.906 2) s« from

| 2.5 75.1 7.31,3]1.439{1.739{0.589]1.15 9.91/0.820 cfauser plot.

; 3.33 70.7 8.71,3]1.511]1.702{0.52610.96 5.88]0.747 3) v=1.65x10"%

; L.17 64.6 1.16,4]1.665]1.652{0.435{0.645] 9.85{0.608 ft%/s.
Schubauer 18606] 0O 8z.¢ L .08,3(1.358]1.78L]0.664}11.56 9.38]0.904 1) High adverse
and 1.67, 79.5 |5.47,3(1.328|1.797[0.685{1.37 | 9.61|0.867 pressure
Spangenberg 3.33 74,5 7.84,311.39511.75410.61411.23 ]10.02{0.859 gradient.

B 5.00 67.6 1.15,4]1.489{1.710{0.539{0.94 9.99|0.748 2) sg from
6.67 61.1 1.57,411.64011.653|0.437}0.67 9.95;0.629| Clauser plot.
8.33] 54.9 2.02,4:1.813[1.60610.346]0.44 5.89{0.506 3) v=1.59x10 %
10.0 50.6 2.92,412.070|1.536{0.179/0.205| 9.85|0.344 ft3/s.
Schubauer 1960 O 82.0 3.16,3({1.29711.833{0.743|1.64 9.2810.917 1) Severe
and 1.67 80.5 5.15,311.259(1.82410.728{1.45 9.96]0.926 adverse pres-
Spangenberg 3.33 78.0 6.80,311.290{1.802{0.693|1.34 [10.00|0.893 sure gra-
c 5.0 69.8 1.05,411.385{1.790/0.674{1.08 [10.19|0.816 dient.
6.67 66.0 1.24,411.48311.731|0.576 2) s from
8.33 61.5 1.60,411.566{1.679|0.485!0.76 {10.08]0.678 cfauser plot.
10.0 56.9 1.95,4{1.700]1.634]0.401{0.55 9.98|0.571 3) v=1.68x10""%
11.7 52.8 2.23,4(1.74611.620/0.37410.525110.10| 0.565 ft®/s.
13.3 48.8 2.70,4011.84511.599(0.331]0.42 }10.16]0.508
15.0 48.3 3.24,412,.001(1.618]0.37010.42 [10.48|0.524
16.7 45.3 4,32,412.61611.519|0.129
. Schubauer 1960} O 82.0 3.04,311.241(1.858(0.782(1.66 9.30{0.925 1) High adverse
and 2.5 70.1 6.83,311.491[1.713/0.545(1.09 9.53|0.767 pressure
Spangenberg 5.0 58.6 1.47,411.776]1.619]|0.372(0.52 9.8410.547 gradient.
D 7.5 50.3 2.00,411.873}1.581(0.293(0.353 9.69!0. 442 2) sg from
9.58 Ls.7 2.79,4|2.191|1.526|0.148}0.18 9.7110.318 Clauser plot.
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Author(s)  |Date|x{ft)|u (ft/s); R, | H,, | Hy, ¢ |10%°sg| £ |z |10°% 10%s Comment s
Schubauer 1960 © 82.0 2.94,311.22711.867]0.797] 1.69 9.5110.953 1) Severe ad-
and 2.5 79.1 5.31,3(1.365({1.774]0.647] 1,45 9.7910.910 verse pres-
Spangenberg 5.0 75.1 8.28,3|1.3671.76410.631} 1.27 [10.04[0.874 sure
E 8.33 74,1 1.34,401.44111.725/0.565}1.00 [10.10]0.779 gradient.
11.7 59.2 1.66,4)1,54811.683]0.492{0.80 |10.16 |0.701 2) sg from
13.3 55.0 2.01,4/1.578|1.675/0.478{0.69 [10.32|0.662 Clauser plot
15.0 57.5 2.80,411.739{1.627/0.388{0.44 [{10.40]0.532 3) v=1.69x107%
15.8 50.3 |3.59,4{1.928{1.593{0.319/0.23 |10.44{0.386 £t?/s.
16.7 4.0 3.82,412.36411.533{0.172/0.125110.55 [0.288
Schubauer 1960 O 82.0 2.99,3{1.243|1.860/0.786{1.68 9.4310.943 1) High adverse
and . 4,17 77.1 7.35,311.3621.772{0.644] 1.32 |10.07 |0.892 pressure
Spangenberg 10.0 67.1 1.31,4 1.422(1.733/0.579/1.05 |[10.12(0.800 gradient.
F 13.3 63.4 1.76,4{1.43111.731{0.576/0.94 [10.600.794 2) sg from
15.8 55.3 1.47,411.529(1.694} 0.512| 0.64 [10.62(0.656 Clauser plot.
17.5 52.3 3.68 &]1.814(1.605/0.375/0.31 {10.51{0.452 3) v=1.62x10"%
18.3 49 1 4.53,412.085(1.557/0.237/0.15 {10.3210.309 ft*/s.
Schult z- 19401 1.64 63.6 1.77,3]t.429 : 1) Zero-
Grunow 3.28 3.01,311.378 pressure
L.,02 1.650 gradient.
4,21 1.636 2) sg from
4,83 1.581 floating
4,92 4,08,3/1.361 element.
5.42 . 1.563 3) v=1.54%x10"%
5.81 1.538 ft3/s.
7.85 1.448
8.20 6.06,311.308
8.79 1.448
9.00 1.442
9.32 1.435
9.42 1.402
10.5 7.31,3{1.300
10.8 1.371
12.0 1.361
12.8 8.46,311.299
13.0 1.352
14,4 1.312
16.6 1.273
17.4 1.08,411.285
18. 1.259
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Author(s) Date|x(ft){u.(ft/s R, Hi, | Hyy ¢ 10355 A zp [107s |107s Comments
53, Stratford 5 |1959]|2.935 55.0 2.13,3|1.428{1.802{0.693 1) High adverse
: 2.96 52.1 2.54,3/1.522|1.748]0.605 pressure
3.00 Lg.9 2.99,311.668|1.699|0.521 gradient.
3.48 bh. 1 4.4%1,311.873/1.6080.350 1.12 |2) sg for x>3ft
k.05 k2.0 5.05,3/1.798{1.617|0.368 1.23 nominally zero
5.26 37.1 | 6.58,311.759[1.624}0.382 1.7% |3) v=1.61x107*
6.16 34.1 | 8.53,3|1.820|1.604]|0.342 2.62 ft2/s.
54, Stratford 6 ]1959]2.935 55.0 2.09,3|1.427|1.80410.696 1) Severe ad-
2.96 51.5 2.47,311.541|1.750/0.608 verse pres-
3.00 4o, 1 3.03,3/1.787|1.677]0.482 sure gradient.
13.47 42,6 | 4.70,3{2.303|1.541{0.195 3.08 |2} sg for x>3ft
L.0o6 39.4 6.24,3(2.327[1.528{0.157 3.76 nominally zero
5.28 33.7 9.66,3[2.558|1.500{0. 5.52 3) v=1.61x10"*
6.19 31.0 1.20,4(2.529{1.512|0.098 6.24 ft?/s.
55. Erian and 1964(0.42 58.8 1-1.74,4/0.458[2.992|2.407]12.9 9.76|2.70{50.1 1) val.6x107%
Eskinazi 0.58 65.0 |-1.75,4]/0.529j2.748(2.066| 8.43| 9.86|2.21]26.2 ft?/s.
0.67 69.2 {-1.45,4/0.571{2.59211.851| 7.00| 9.83(|2.01(18.4 2) y.=0.131 in.
0.75 72.4 |-1.28.,410.568|2.527{1.757| 6.00| 9.80(1.85}15.1 ¢
0.83 77.2 |-1.14,4|0.589|2.436/1.634| 5.00] 9.89|1.71(10.9
0.92 77.3 |-1.15,4/0.601{2.410[{1.598]| &4.76]| 9.97/1.68 | 9.80
1.04 80.0 |-1.04,4|0.618/2.343|1.498| 4.15| 9.93!1.56 | 7.47
1.17 79.8 |-1.04,4}0.635]2.313{1.460] 3.89| 9.90|1.51| 6.70
1.25 77.9 |-1.09,4|0.645(2.311{1.455| 3.91]10.02]1.53| 6.61
1.42 72.5 }|-1.27,410.666(2.318|1.465] 4.13}10.30(1.62| 7.07
1.58 68.4 |~-1.37,4]0.674{2.325}1.475| &4.17(10.31(1.62| 7.02
1.75 64.9 |-1.44,4]10.680{2.329}1.474} 4.18|10.26(1.62] 7.02
56. Kruka and 196410.50 60.0 |-2.66,4/0.492{3.058]|2.494]14.8 1) sg from
Eskinazi 1 1.08 57.7 |-2.54,4/0.595/2.690]1.986| 7.80 flattened
1.50 58.3 |-2.55,4/0.626]|2.566|1.813| 6.18 Preston tube.
2.08 57.9 -2.41,410.688|2.545(1.643] L.85 2) y.=0.131 in.
3.00 58.0 |-2.14,4|0.74112.339]11.493] 3.78 ¢
57. Kruka and 196410.50 19.7 |-1.30,5]0.19916.267|6.822| 102
Eskinazi 2 1.50 20.8 [|-1.11,5]0.32214.236|4.094|34.1
2.08 21.8 |-1.04,5/0.375(3.768|3.461]23.2
3.00 23.6 |-8.37,5(0.453(3.265{2.777|14.2
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Author(s) Date| x{(£ft) uG(f’c/'s) R2 | Hl?., H32 C 10358 A 2y 10°% 10aseq Comments
Eruka and 19541 0.50 17.8 -5.73,510.098[12.18 |14.73 | 507
Egkinazi 3 " 1.08 15,7 -5.55,510,131f 9.312(10.89 | 275
1.50 16.5 ~5.44,5/0.1561 8.177] 9.377 205
2.08 11.4 {-8.52,5%{0.4121{10.10 111.95 | 290
3.00 7:25 | -1433,6]0.096|12.51 [15,16 | 500
Nicoll 1 1965 0.18] 49.8 | -7.32,4{0.283] 4.659] 4.67 | 45 9.82{5.08|566 1) sg from
o 0.35 hg. 4 -7.00,4]0.326] 4.205| 4£.07 36 10,151 4.701 374 Clauser
0.53 48.9 -6.:95,4;0.362] 3.873] 3.60 32 10,291 4,49, 253 plot.
0.71 L84 -6.80,410.396] 3.633] 3.29 26 10,521 4,14 182 2) s from
0.89| 48.0 |-6,90,4{0.422] 3,446 3.03 22. . 110.5813,83] 145 kinetic-
1.33 46.8 ~6.69,410,470] 3.1821 2.67 17.5(10.64]3.43( 123 energy
1.78] 49.1 {-5.65,40.532] 2.905| 2.28 : equation,
' v o : : 3) v=1.6x107%.
in
Nicoll 2 1965| 0.18 78.2 -3.80,410.414] 3.429) 3.01 18,5110.56|3.50(120
1 0.36 78.2 ~3.64,4/0.459] 3.196| 2.68 | 14.5{10.41({3.06! 81.0
0.53 78.1 ~3.35,4]0,5081 2.991] 2.%40 13.5110.29]2.51{ 53.4
0.71 78.1 ~3.28,4l0.550| 2.839{ 2.20 | 11,5{10.31|2.70] 35.3
0.897 78.0 -3+37 4| 0.580| 2,736 2.05} 10.0.10.45]2.55] 25.1
1.33] 77.9 |-3.11,4/0.639] 2.568{ 1,92 '8.0]10.58}2,31] 24,5
1.78] 78.0 |-2.70,%[0.691| 2.444] 1,64 | - 6.5]10.30]{2.02
Nicoll 3 1965| 0.27 12.1 ~3:48,510.087[13.49 {i16.5
0,36 11,2 ~3,75,510.090|13.25 {16.2
0.53] 9.2t | -4,456,5]0,086|13.77 {16.9
0.71|  8.25 }-4.95,5/0.087{13.57 |16.6
0.89 5:15 | -8,15,5/0.060[19.24 [24.2
I - . . Y ; g
Nicoll &  11965| 0.18| 32.2 {-1,21,5/0.194| 6.442] 7.17 | 105 10.12(8.00}1920
: S 0.36]| -31.6 ~-1.19,5]0.225] 5.706} 6.20 | 85 10.41|7.40(1430
0.53! .31.8 |-1,15,5|0.261] 5,055} 5.22 | 68 10.4116.6211090
0.71 31.2 -1.15,5{0.285] &4.717} 4,85 58 10.5216.181 806
.89 30.6 ~1.1%,510.306| &.454 4,49 50 10,61{5,79| 590
1.33 29,0 -1.19,5{0.340] 4,086 3.99 38 {10.78i5.12} 374
1.787 32.5. | -8.50,4}0.420{ 3.454] 3.04 o
Nicoll § 19651 0,18 23.8 -5.10,310.546] 2.8251 2.17 15.01 8. 2.581 s51.4
‘ - 0. 36 23.8 St 7 . 3196160 2,803 1,865 11,7 8.7112.301 30.1




Author (s) Date |x(£t)|ug(ft/s)| R, Hi, | Hyp C 10%] &' 2 10°% 103§éq Comment s
Nicoll 5 19651 0.53 23.8 -4,22,310.677|2.457 | 1.69 9.5{9.01|2.14]15.8
(cont.) 0.71, 23.7 |[-4.58,3{0.707{2.396| 1.58 | 8.5{9.2112.07| 7.45
0.89 23.9 -4.22,3(0.736{2.334| 1.495] 7.3/9.18]1.91] 3.75
1.33 24.0 -14,20,310.7891 2,244} 1.395| 5.7 6.9
1.78 2k .1 -3.63,3{0.810|2.205{ 1.30
. Nicoll 7 1965 0.18 4i.5 -1,.52,410.460]3.168| 2.64 |18 9.71|3.18]92.0
0.36 41,5 -1.40,410.515}2.943{ 2.335|14.5]9.83|2.89|55.1
0.53 b1.4 -1.33,%{0.57112.752| 2.06 |12 9.57/2.56]36.1
0.71 41,5 -1.37,4]0.602{2.652 | 1.94 |10 9,69,2.36{28.8
0.89 41,4 -1.20,4|0.644{2.549 | 1.79 9 9.89]2,.29/28.0
1.33 Lo.4 -1,12,410.701}2.419} 1.60 7 9.9412.03!24.0
1.78 40.5 ~-1.12,4]0.738|2.344 | 1.59
. Nicoll 8 1965| 0.18 32.2 -2.62,410.352(3.922] 3.68 |35 9.31|4.25|335
0.36] 30.1 |-2.35,4|0.409)3.515{ 3.12 |27 |9.42|3.77]187
0.53 29.9 -2.44 410.454{3.259 | 2.76 |22 9.5513.45| 102
0.71 30.3 -2.25,410,.498|3.055 | 2.50 |18 9.6213.14{60.5
0.89 30.2 -2.26,4/0.531{2.920| 2.33 |15 9.72/2,90148.9
1.33 30.0 -2.12,410.585{2,.726 | 2.04 |11 9.87]2.52(66.3
1.78 29.7 -1.95,4(0.638{2.576 | 1.83
Nicoll 9 1965 0.18 20.9 ~4.,14,410.26115.005| 5.13
0.36 20.6 ~4,26,410.30214.481 | 4.42
0.53 20.3 -4,18,410.341{4,074 | 3.88
0.71 20.1 -4.04,410.372]3.795 | 3.50
0.89 19.8 -4,20,410.394{3.638 | 3.28
1.33 19.0 -4.18,410,43713.364 | 2.91
1.78 21.6 -2.99,410.528{2.932 | 2.32
Nicoll 10 1965 0.18 7.47 {-1.43,5{0.09911.87 |14.3
. v { 0.36 7.12 1-1.42,5{0.120{0.13 [12.0
0.53 6.76 |-1.47,5{0.134(9.153 [10.7
0.71 6.37 1-1.56,5{0.141{8.708 |10.1
0.89 5095 -1~6875 00143 8'606 9-95
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Author (s)|Date | R 10°g | Author (s) |Date | R 10°%g

max S max S

| Myers, 1961 | 11500 | 2.91 | Bradshaw [1962 2980 | 3.67

| Schauer 13300 | 2.98 | and 3520 | 3.57

| and 14800 | 2.62 | Gee 4600 | 3.45

! Eustis 15100 | 2.97 5050 | 3.34
16000 | 2.97 5850 | 3.27

' 18600 | 2.58 6220 | 3.11

; 17600 | 2.70 6870 | 3.14

; 19000 | 2.60 7145 | 3,13

; 18700 | 3.08 7328 | 3.10

f 20600 | 2.66 7499 | 3.12

' 3760 | 3.70 8166 | 3.08
3600 | 3.90 7621 1 2.91
6050 | 3.61 9722 | 3.05
6420 | 3.49 11040 | 2,92
7900 | 3.82 12390 ! 2.84
8900 | 3.64 12850 | 2.84
10300 | 3.66 13090 | 2.83

! 10700 | 3.55 13800 § 2.78

: 11700 i 3.36

' 13900 | 3.33

; 15800 | 3.24

1 17500 | 3.13

; 19700 | 2.95

i 20400 | 3.09

] 23400 | 3.10

1 25000 | 2.82

TABLE 1 (continued):

Drag data for wall jets (R2




Author(s) Date Relation Comments
Wieghardt 1945 . /3 Derived
Rubert and 1931 u _12 . directly from
Persh 7 32 ng - 1/3 power-law
Walz 1960 velocity profile
. 1.269 H
Wieghardt 1945 H 12
2 H - 0.
3 12 379 Modifications of
power-law
1.273 H12 l relation
Fernholz 1962 H32 i = 5.37 + 5.4
12
Fernholz 19614 CHy, 1+ 1.48(2 - H32) + 104(2 - H Empirical
: 1.295 II10 Modification of
Goldberg .;966 H32 00,36 _powerTLaW
, 12 relation
Nicoll and 1966 H = 1.431 - 0.0971/H,. + 0.775/H° Empirical
: 32 12 12
Escudier
TABLE 2: Summary

density

of explicit shape-factor relations (H12~H

turbulent boundary layers (R2 > 0)

) for uniform-
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Author(s) Date "Relation Restrictions
Ludwieg and 1949 s. = 0.123 R.-0'265 10_0'678“12
.o S 2
Tillmann -
- 2 4 -0.268
Ross 1953 sg = 0.0245[1- §(H12-1)+o.043(H12-1} ]Rg
- -1.818,,2.04 -0.1155
Ur am 1960 sg = 0.0075[1og, [ (8.05H , )] R,
B ‘. -1.818,71.705 _ -0.268
Fernholz 1964 sg = 0.029Llog10(8.05H12 )] R2
- Conventional
-3.23 -0.268 boundary
Mueller, Korst 1964 s. = 0.394H R -
and_Chow S 12 e layers (R2 0)
Walz 1965 | sg = (0.0566 Hy, - 0.0842)g,~0-268
= 1.705 -0.268
Felsch 1965 S = 0.029{0.93-1.95 log . (H, )] R,
. S 10°712 2
Escudier, Nicoll 1966 sg = [0.243 ¢® + 0.0376 ¢ - 0.00106 + 0.0914 C2/(1 + 65/()]1/4°
and Spalding i
£ = 1n[3.389 R,(/{(1-0) (1420)}]
_ -0.25
Glauert 1956 oy = 0.0225 Rmax
-0.25 Wall jets
Sigalla 1958 o, = 0.02825 R % (R, = - =)
-0.182
Bradshaw and Gee 1962 o = 0.01575 R___
E
TABLE 3: Summary of explicit drag laws for uniform-densitv turbulent boundary layers T




Author(s) Date Expression for G Comments
Rotta (1) 1950 2 + 371 + &E0°/3 Based upon linear wake profile: w = 2F.
' (1 + I)n Expression for K modified to fit data of Schultz-
Grunow (1940) and of Ludwieg and Tillmann (1949).
n = O.Z.‘:O, E = 8‘-00.
Rotta (2) 1953 As for Rotta (1) Expression for Sg modified to:
0.919 -2
[8{10310(R2)} -0.1 + K + 5.75 1og10(H12] .
Coles 1956 2 + 3.2H; 1,522 [1° Tabulated wake profile deduced from a wide survey
(1 + O)n of experimental boundary-layer velocity profiles.
“ = 0.1, E = 7.77 (values given by Coles, 1962).
Cornish 1960 11,1 + 18.350+ 8.93 1% ‘Sinusoidal wake profile: w =[(1~coswg) ]. Third
(1 +T)n component added to velocity profile - tabulated
' ‘outer wall function'. # = 0.%412, E = 10.
Moses - 1964 2 + 3,168+ 1.0448 @ Double-power wake profile: w = 6° - 4r°.
{1 + 10 )% ' » = 0.40, E = 7.69.
» 3
Spalding 1964 2t 36172% ): 1.5 1 Sinusoidal wake profile. # = O.4k1, E = 7.7.
Nash 1965 kK = 3a 4 2100 5, K£{G) relation obtained by correlation of experi-
2 G2 + 200 mental data of Schultz-Grunow (1940}, Ludwieg
and Tillmann (1949), Clauser (1954) and Bradshaw
(see Bradshaw and Ferriss, 1965). » = 0.40,
E = 8.00.
Log-wall plus - 2 + 30 + 403%/3 Unmodified form of Rotta's (1950, 1953) drag
linear-wake - (1+ M )x laws., % = 0.41, E = 7.7.
(S
C
TABLE 4&: oA

Summary of implicit drag laws for uniform-density turbulent boundary layers
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Root-mean-square deviations
(per cent)
Author(s) Date Type ;
R2>0 OZRz—mg RZ:—oo Overall
Ludwieg and
Tillmann 1949 Explicit] 19.2
Ross 1953 " 19.7
Ur am 1960 " 19.4
Fernholz 1964 " 15.0
Mueller ,Korst
, and Chow 1964 " 15.8
| Walz 1965 " | 20.6
! Felsch 1965 " i 14.5 §
- . B .
Glauert 1956 " 29.1 ?
Sigalla 1958 " 13.2
Bradshaw
and Gee 1962 " 9.6
Rotta (1) 1950 Implicit| 24.1 20.2 l
Rotta (2) 1953 " 21.4
Coles 1956 i 15.4 15.9
Cornish 1960 " 13.7 16.4 ]
Moses 1964 " 12.4 15.7 16.8 | 13.9
Spalding 1964 " 13.8 15.8 14.0 | 14,2
Nash 1965 " 15.4 ;
"log-wall :
plus linear- - " 18.5 30.1 9.5 | 20.0
. wake" :
Escudier, % ?
Nicoll and 1966 Explicit| 11.0 12.9 8.0 | 10.9 |
Spalding e !
Note: Blank areas in the table may be taken as indicating

regions of inapplicability of the drag law under
consideration.

TABLE 5: Comparison of drag law of Escudier, Nicoll

and Spalding (1966) with previous recommendations.




Author(s) Date Relation Comments
Rubert and 1951 | 5 = 2{H12(3H12-1)ss+2a.10-0'678H12], Empirical
Persh
0.535
a = {0.0246(H,,-1)-F,[1672(H ,-1.25) -35.15] x
Cx [H,,(3H,,-0.9)-0.1]}
Rotta 1952 | s = ss(1+a SS%)’ a = -5.55 + 1,57 + 1.84TF
Truckenbrodt 1952 s = 0.0056 R2-1/6 Approximation to Rotta's
relation
Schuh 1954 s = a-bF,, a = aéHiz}, b = béH12} a, b empirical.
- 1 -1/6
Mueller, Korst | 1964 s = 0.01355{[1+9.4(H, -1.2)]%-11R Based upon data for re-
12 2 !
and Chow . attaching boundary layers.
- 4,81 -0.2317H35+0. 2644 Based upon Clauser's (1954)
Walz 1965 | s = [0.00481+o.0822(ﬁ32-1.5) IR, data for equilibrium
boundary layers.
Felsch 1965 s = ss[{1+(1+1/H12)5}deHBZ/dR2+{1+(1—1/H12)8}H32] (1) Expression for s is a
re-arranged form of shape-
factor eguation (2.3-29).
(2) Empirical correlation
for deG/dR = £{G,83.
2
Tani 1966 | 5 = a-bF,, a = s_[1.476-0.465H,, +0.504(H, -1)3/H, ] Approximation to Rotta's
2 S 12 12 12 .
relation.
_ _ _ _4)2
b = (H, 1)[1.790 0.675H, ,+0.742(H,,~1) /lej
Il
TABLE 6: &

Summary of shear-work-integral relations for uniferm-density turbulent boundarv laye

IS




Author(s) Date Relation Comments
Goldberg 1966 des/de = 0.009(Seq - s5) (1} Seq = empirical s-
relation for equilibrium
- 7 3 2. -1/6 boundary layers.
— -9 - -
Seq = 0-0056(1-2.5x107 F, 7~ 107F )R, (2) Allows for 'history'
effects.
Escudier and 1966 s = 0,547 sg + 1073 (2.107H10 - 2.286) Empirical.
Spalding =
= 2.715
Escudier and 1966 0.00565(1-C) , (<1
Nicoll _ 1
s = 5-(2g.;.1)ss + Discussed in CHAPTER 4.
0.01(g—1)3 , € > 1

TABLE 6

(continued)

603




Station 1

2 5

YCTH) /UG YO | Tsue Y CEN) e YOTH) U/ue
€.24, -3 0,327 6.24, -3 0.308 6,24, =3 §g.76p0 6,24, -3 0,471
7.24, =3 0.338 7.24, =3 0.314 7.24, 3 0.277 7.24, -3 0,187
.24, =3 0.3098 9.24, =3 0.354 8,24, «3 0,290 9.24, -3 0.205%
.22, -2 0,475 1.2, -2 0.437 .02, -2 0.316 .22, -2 0,262
1,52, -p 0.503 1,82, -2 0.478 1,32, -2 0.379 1.2, -2 0.295
1,02, -2 0.523 1,92, «2 0,512 1.62, -2 0,424 2.2, -2 0.309
2,42, =2 0.546 2,42, -2 0.525 1,92, -2 0.443 2.72, -2 0.32¢
3,12, =2 0.565 S.02, -¢ 0.541 2,32, =2 0,461 5,82, -2 0.337
4.02, -2 0.587 S.82, ~2? 0,565 2,92, -2 0.477 4.52, -2 0.347
5.32, P 0.608 4,82, -2 0.579 S.72, -2 0.493 6.02, -2 0.374
6.2, -2 0.633 6,12, =2 0.600 4,72, -2 0.512 8,02, -2 0.389¢
8-32: "2 0.652 7-62; "'2 0.()12 6-02; "’2 0.527 1-10: "1 U 419
.08, -1 0,682 9.62, -2 0.637 8,02, -2 0,545 1,45, <1 0.440
1.33, -1 0.707 1.21, -1 | C.oeU 1.00, -1 0.572 2,05, -1 0.48%
1,88, -1 0,730 1.51, -1 0.680 1.25, «1 0.593 2.70, ~1 0.518
1.88, =1 0.750 l.01, -1 0.707 1,65, 1 0.616 3,45, 1 0.559
2,28, -1 0.781 2,41, =1 0.738 .05, -1 0.644 4,00, -1 0.591
2,66, -1 0.804 S.01, -1 0.766 2.45, =1 0.672 5.20, -1 0.6414
3,18, -1 0.827 S.61, -1 0.799 3.05, =1 0,702 6.20, ~1 0.683
$.68, -1 0.84¢ 4,21, -1 0.825 $.75, -1 0,740 7.20, -1 0.706
4.46, ~1 | 0,871 4,81, =1 | 0,849 4,55, «1 0.764 8,70, ~1 | 0.762
4.68, -1 0,895 5,46, =1 0.876 5.45, -1 | 0.816 .70, ~1 0.806
5.18, -1 0.008 5,96, =1 0.890 6.25, =1 0.840 1.n7, =0 0.842
5.68, -1 0.922 6,71, -1 0.913 7.25, -1 0.871 .17, +0 0.875
.16, -1 0.942 7.71, =1 0.947 8.25, ~1 0.901 1.27, +0 N.894
6.(’)8} '*1‘ 0,95? 8.71: "1 0.965 9.25; --1 0'9\)5. 1'5'37} 7»!«0 0.()2?
/.68, =1 0,973 9.7, -1 (0,080 1.03%, =0 0.9506 1.47, +0 0.940
8.68, -1 0.986 1,07, +0 0.991 1,43, «0 0,070 1,57, +0 0.960
9.68, =1 0.992 1,47, +0 0.994 1,23, +0 0.98% 1.727, +0 0.084
1,07, =0 0,90% 1,27, +0 | 0,999 1.33, »0 0.995 1.97, =0 0.993
1,147, +0 0.997" 1,37, +0 il.001 L0463, +0 U.999 2,17, +0 0.996
1-27; +0 0.909 1:-471 +0 3.00? 1:5&1 '140 j..ﬂ()j 2.3./; n‘fn 1.[’00
1,37, «0 1.000 1,67, +0 1.000 1,78, =0 1,002

1.88, +0 1,002
2.“8; ‘*‘0, 1.0”0

TABLE 7(a) Mean-velocity profiles of present writer:

measurcd with ﬁitdt tube

(1) No blowing

oTg



] Station 8 9

YUINY G/u6G A YD) L/UG
6-24: Aal® 0.102 6.24; "3 ’0.089
7.24, -3 0.116 7.24, =3 |=0.,008
9.24, -3 0.134 9.24, =3 |=0.406
1.22, -2 0,340 1,22, -2 |-0,055
1.62; "2 0.1 ¢ 1.62) "2 -0.098
2.42, -2 0,174 2.12, =2 |~-0.068
3.02, -2 0.195 2,72, =2 |[-0.068
4.,n2, -2 0.199 3.42, ~2 |-0.055
5.52, -2 0.221 5.22, -2 }|=-0.055
7.02, -2 t.r24 6.72, -2 }-0.054
9.02, -2 0.247 8.72, -2 (-0.036
1.20, -1 U.2a8 1.27, -1 {-0.0907
1.50, -1 0.274 1.77, -1 |~0.078
1.900, -1 | 0.2¢c0 2.77, -1 0.112
2.40, -1 0.328 $.77, -1 0.07.0
3,20, -1 0,372 4,77, -1 U.144
4.20, -1 0,436 5.97, ~1 0.234
5.20, -1 | 0.475 6,77, -1 | 0.253
6,70, -1 0.539 8.77, -1 0.342
8.20, -1 | 0.613 1.08, +0 | 0,432
9.20, -1 0.644 1.28, =0 0.507
l.02, «0 0.677 1,38, +0 0.568
.07, +0 0.7n2 1.48, w0 0.621
1.17: *0 0-746 1-78) @ 0.7?1
1.22, 0 0.753 1,93, «0 0.779
1,32, +0 0.794 2,08, +0 0.8%9
1-37, + 0 0.823 2-2\: +9 0.893
1.47, «0 | 0.850 2.38, +0 | 0,927
1.57, «0 0.877 2.58, +0 0.966
1,47, +0 0.905 3.08, +0 1.0090
1.77, 0 0.924
1-87:v+0 0.947
1-97ﬁ/*0 0.964
2-07: +0 0.973
2.%7, +0 0.981
2,27, +0 0.989
2.37, +0 0.993
2,47, +0 0.997
2-57, *0 1.000
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TABIL _7(a) (1) (Cont.)




Station 1

b

YCIN) /UG YOIN) t7ue YOIND U716 YOIN) C/7UG
6.24, -3 0.256 6,24, -3 0.250 6,24, =3 0.226 6,24, -3 0.232
7.24, -3 0.267 7.24, =3 0.264 7,24, =3 0.240 7,24, -3 0.242
8,24, -3 0.277 9.24, -3 0,298 8.24, ~3 0,253 9.24, -3 D.272
L,62, -2 0.305 1,22, -2 0.354 1,02, -2 0.276 1,22, -2 0.32%
1.32, -2 0.343 1.62, -2 0.401 1,32, -2 0.313 1,72, w2 0.370
1-72: "2 0._380' 2.12: ”2 0.4?0 1.72: "'2 0.346 2-423 "’2 0.387
2,22, -2 0.402 2,72, -2 0.428 2,22, -2 1 0,378 $.32, -2 | 0.417
2,82, =2 | 0,417 3,62, -2 | 0.452 2.82, -2 | 0.397 4,42, -2 | 0,433
3-52; ”2 0.426 4.82; "2 0¢4f\8 3-52)""2 0.413 5072) »"2 0.449
4,32, -2 0.441 6.32, -2 0.487 - 4.32, =2 0.426 7.32, ~2 0.459
5.22, -2 | 0,453 8,22, -2 | 0.503 5.22, ~2 | 0.435 9.02, -2 | 0.478
6.22, -2 0.464 1.12, -1 0.535 6.22, =2 | 0.445 1,10, -1 0.493
7.42, -2 | 0,480 1.2, -1 0.569 7.32, -2 | 0,454 l.49, -1 0.506
8.72, -2 0,494 2.02, -1 0.612 8.82, r2. | 0.466 1,80, ~1 0.534
l.02. -1 | 0.516 2,52, ~1:| 0,654 1.08, =1 | 0,480 2.40, -1 | 0.568
1,22, «1 0.537 S.02, -1 0.699 1.33, =1 0.500 $.20, -1 0.616
147, -1 | 0.564 3,52, -1 | 0,740 1.63, =1 0.520 4,00, »il 0.659
1.77, -1 0.596 4,02, -1 | 0.773 2,03, =11 0.548 4.80, -1 | 0,705
2,27, -1 0.653 4,52, »1 0.807 2.53, =1 | 0,582 5:70, »1 0.760
2.77, =1 0.705 5,02, -1 0.830 3.13, -1 0,630 6.50, -1 0.795
3.47, -1 | 0.770 5.52, =1 | 0.853 3.83, ~1 | 0.682 7.30, ~1. | 0,827
4.27, -1 | 0,822 6,02, -1 | 0.868 4,53, w1 0.728 8.10, ~1 0.866
5.47, =1 0.860 6,72, =1 0.888 5.33, »1 0.776 8.90, -1 0.896
5.87, -1 0.891 7.72, -1 0.917 6.43, =1 0.819 9,70, -1 0.909
6,77, -1 0,927 8,72, -1 0.942 6,93, =1 | 0.846, 1.05, +0 0.938
7,27, -1 0H.951 9,72, -1 0.961 7.83, =1 0.885 1,13, 0 0.952
.77, -1 0.974 1.07, «+0 0.976 8.83, -1 0.913 1,21, «¢ 0.963
.77, =1 | 0.987 1.17, +0 0.987 9.83, «1 | 0.933 1,30, «+0 0.974
1.08, 0 | 0,996 1.27, +0 | 0.993 l.08, 0 | 0.95% 1.41, +0 | 0.986
1,48, +0 | 1.001 1.37, «0 | 0.996 1,18, +0 | 0.967 1.52, «0 0.991
1.28, «0 | 1.004 1,47, +0 | 0.999 1.28, «0 | 0.981 1.62, +0 | 0.995
1.38, +0 | 1.005 1.57, +0 | 1.000 1.38, =0 0.986 1.77, «0 0.997
1.58, »0 | 1.003 1.48, 0 | v,092 1.97, «0 | 1.000

1.78, +0 | 1.000 1.58, «0 | 0.993

1,78, «0 0.996

l.98, +0 1.000

TABLE 7(a) (2) Porous étfip

o
o



Station 5

YOINY T/u6 YOIND Ursue YOINY /UG YT G/UG ASEH G/UG
6.24, «3 | 0,196 | 6.24, «3 | 0.185 | 6.24, -3 0.170 | 6,24, «3 | 0.429 6,24, 3 0.081
7,24, =3 | 0,206 | 7.24, -3 | 0.188 | 7.24, <3 0.i87 | 7.24, -3 | 0.109 | 7.24, -3 | 0.08%
8,24, -3 0.218 9,24, -3 0.195 8.24, =3 0.187 l.92, -2 0.135 9.24, =3 0.081
9.24, -3 0.22¢9 1,22, -2 0.214 9.24, -3 0.187 2,92, P 0.440 1,22, -2 0.081
l.g2, -2 0.250 1,72, -2 0.259 1,12, =2 0.194 3.02, -2 0.156 1,72, -2 0.090
1.42, -2 0.279 2.42, -2 0.288 1,42, -2 0.202 4,602, -2 0.156 2.72, -2 0.090
1-82} "2 0.299 ‘3.32; "2 0.318 1-92) -"2 0.216 5.92: "'2 0.156 3.721 ';2 0.081
2,32, ~2 | 0.327 | 4.42, -2 | 0.334 | 2.62, =2 0.233 | 7.42, -2 | 0.165 | 5.22, ~2 | 0.081
2,92, -2 0.355 5.72, =2 | 0.353 5.52, »2.| 0.236 8,92, -2 0.461 6.72, -2 0.081
5.62, ~2 | 0.367 | 7,22, -2 | 0.362 | 4.62, =2 0.254 [ 1.09, -1 | 0.179 | 8.92, -2 | 0,070
4.52, =2 | 0.38L | 9.22, -2 | 0.385 2.02, -2 | 0,263 | 1,34, ~1 | 0.183 | 1.07, =1 | 0.070
5.62, =2 0.397 | 1,27, -1 0.335 | 7.42, w2 0.274 | 1,59, ~1 | 0.183 | 1.37, «1 | 0.058
7.02, =2 0.409 1.77, -1 0.426 9,42, . -2 0.285 | 1,9, -1 0.183 1,77, =1 0.071
8,22, =2 | 0.414 | 2,275, -1 | 0.450 1.24, =1 | 0.292 | 2,49, -1 | 0.211 2,27, -1. | 0.05¢
70720 n2 | 0,429 | 3.37, o0 | 0,488 | L.64, «1 | 0.310 | 2.59, -1 | 0 218 | 2.97, o1 0.07¢2
Lea7, r1 | 0,439 | 4,47, 21 | 0.544 | 2.14, -1 0.328 | 3.09, »1 | 0.232 | 3.27, ~1 | 0.073
1.47, =11 0,453 | 5,67, -1 | 0.507 | 2.84, -1 0.353 [ $.59, ~1 | 0,254 | 3.77, -1 | 0.047
1087: "‘1 0-474 7:171 ""j 0.659 30741 "'1 0.387 4029’ "‘1 0.264 4-77: "1 0.095
2-37: "1 0.499 8-67; "'1 0.7?6 4'74’ "1 0.4?3 5-09: "1 0.297 |5’77: "'1 0.138
2,87, -1 | 0,520 L.o02, #0 | 0,801 | 5.84, -1 | 0,465 .09, »L | 0.343 | 6.77, <1 | 0.180
S.87, -1 | 0.558 | 1,147, w0 D.860 7.44, 1 | 0,519 | 7.59, 1 | 0.387 | 7.77, -1 0.229
4.37, 1. | 0.596 1,32, +0 0.907 | B8.64, -1 0.575 | 9.59, -1 0.469 B.77, -1 0.244
5.37, »1 0.658 1.47, +0 0.945 | 1.81, =0 0.649 | .16, 0 0.554 9.77, -1 0.279
6,37, ~1 0.692 1.62, «0 0.970 1.46, +0 | 0.708 | 1.36, «0 | 0.636 l.n8, «0 0.328
7037, 1 1 0,756 | 1.77, 40 | 0,982 | 1.31, w0 | 0.782 1.56, +0 | 0.729 | 1.18, +0 | 0.362
8,37, «1 1 0.702 | 1,02, 40 | 0.991 | 1.46, «0 | 0.830 1.66, +0 0.784 | 1.28, +0 | 0.401
9.37, ~1 [ 0.838 | 2,07, «0 | 0.905 | 1.1, 0 | 0.891 | 1.76, «0°| 0.816 | 1.38, +0 | 0.422
1-“4: +0 0.877 2-221_,'{*0 1.000'__ ____-1{;76J +0 0.936 1.86, a0 0.862 21048: +0 0.467
1.44, +0 0.911 1.91, «0 0.966 | .96, «0 0.881 | 1.58, 0 0.521
1,24, +0 | 0.928 2.06, +0 | 0.977 | 2,06, +0 | 0.923 | 1.73, +0 | 0.570
1.34, 40 | 0.954 2,21, +0 | 0,988 | 2,16, 0 | 0.935 | 1.88, 40 | 0,632
1,44, «0 | 0.969 2,86, «0 | 0.993 | 2,26, 0 | 0,958 | 2.03, «0 | 0.682
1.9, «0 | 0.980 2,851, «0 | 0.996 | 2.36, »0 | 0.969 | 2.18, +0 | 0.752
1.74, «0 | 0.991 2.61, »0 | 1.000 | 2,46, «0 | 0.978 | 2.33, 0 | 0.820
1.89, »0 | 0.995 2.56, +0 | 0.985 [ 2.48, +0 | 0,851
2,64, «0 | 0.008 2,66, »0 | 0.991 | 2.63, «0 | 0,907

2.49, +0 | 1.p000 | 2,76, «0 | 0.993 | 2.78, B { .0.,939
2.86, 0 0.995 2.98, +0 0.969
2,06, «0 | 0,998 | $.18, +0 | 0.988
TABLE 7(a) (2) (Cont.) .06, +0 1..000 | S.38, +0 0.996

' » 1 3.58, «0 { 1.000_1

ela




Station 1 2 3 4
Y{INY /UG LY GZUG ™ F 7 YOI /U6 YCIN) U/UG
6,24, =3 | 0.075 5,24, -3 | 0,132 6.24, =3 | 0.172 6.24, -3 | 0.180
7.24, % | 0.075 7.24, =3 | 0.147 7.24, »3 | 0.175 7.24, <3 | 0.180
1.22) "2 U.DQ3 8.24) "3 0.1‘35 8-24; ”3 0.178 90240 "3 0.201
1,92, 2 0.00¢ 1,00, «2 0.4168 1.02, -2 0.493 1,22, -2 0.238
2,92, -2 0.103 1,32, -2 0.1904 1.42, -2 0.227 1.72, -2 0.277
4.42, -2 | 0.116 1.72, ~2 | 0.205 2,02, =2 | 0,276 2,42, -2 | 0.299
6,42, -2 0.432 2,22, ~2 0.215 2.2, -2 0.300 3,32, ~2 0.321
9.42, -2} 0.163 d.0e, -2 0.234 4.02, -2 0.311 4.52, -2 | 0,344
1,44, -4 0.222 5.22, =2 | G.252 °.652, =2 | 0,325 6,02, -2 0,355
2.04, -1 | 0.310 8.22, -2 1 0,273 7.52, «2 | 0,340 8,02, -2 | 0.365
2,64, -1 U.414 1,52, -1 0.304 1.05, -1 0.35% 1.07, ~1 0.37¢9
S.14, -1 D.5n7 2,02, ~1 0,366 1.50, -1 0,384 1.42, -1 0,394
$.54, -1 | 0.572 2,72, -1 | 0.436 2.00, -1 | 0.412 1,92, 1 | 0.417
3,04, -1 0.646 3,42, =1 0.518 2,60, -1 0.451 2,62, =1 | 0.456
.24, -1 | 0.6588 402, -1 | 0,580 $.30, =1 | 0,502 $.52, -1 | 0.499
4.54, -1 | 0.728 Y067, -1 | 0.654 4,00, =1 | 0,554 4,32, ~1 | 0.544
de4, -1 | 0,773 5.22, =3 | 0,718 4.70, -1 | 0.614 5.02, =1 | 0.589
5.4, -1 1 0,700 >.82, ~1 | 0.772 5.40, ~1 | 0.668 5.72, =1 | 0.630
5.49, =1 | 0.820 6.52, »1 | 0.836 6.140, -1 | 0.717 6,52, -1 | 0,681
Pe74, =1 | D.830 7.42, -1 | 0.860 6.80, ~1 | 0,772 7.32, ~1 | 0,736
6,14, ~1 | 0.861 7.72, -1 0.885 /.50, ~1 | 0.822 8.02, =1} 0.774
6.64, =1 | 0.879 8,42, »1 | 0,917 B.30, -1 | 0,864 .72, w1 0.822
7.24, -1 | 0,001 9.22, <1 | 0,941 9,40, -1 | 0.900 9.42, =1 | 0.848
‘8-n4: "‘1 0.932 1c02) 4‘0 0.9(‘2 ,9c€10, "1 0-930 100:]‘ "5‘0 0.881
B.84, =i 0.9563 1,44, =0 0.983 1.07, +0 0.950 1.08, +0 | 0.915
9.64, ~1 0.977 1.27, +0 0.990 1,46, 0| 0.970 1,45, +«0 | 0,937
1,05, »0 | 0.988 1.41, «0 | ©,908 1,25, +0 | 0.979 1.23, #0 .| 0,954
1.145, +0 0.996 .56, =0 l.o000 1.34, +0 0.987 1,31, =0 0.974
1.26, «0 | 0.90g 1,43, »0 | 0,991 1.39, +0 | 0,980
1,37, «0 | 1.001 : 1.83, 0 | 0,996 1.47, +0 | 0,987
1.63, «0 D.997 1.57, =0 0.992
1.93, +0 | 0.998 1.67, +0 | 0,997
1-38; %0 1.000 1-’77: () 0.998
10(".‘.",7 ) 1.000

TABLE 7(a) (3) Perforated strip




Station 5

YCOIND U/UG YOIND U/uG | YOINDY UZUG | YOIN usuG YOINY u/us
6.24, »3 | 0,469 | 6.24, -3 | 0.157 | 6.24, -3 | 0.426 | 6.24, 3 | 0.107 | 6.24, -3 | 0.0a7
7.24, =3 1 0,172 | 7.24, =3 | 0,140 | 7,24, ~3 | 0.126 | 7.24, -3 | 0.407 | 8.24, 3 0.079
8.24, -3 | 0,476 | 8.24, ~3 | 0.153 | 9.24, -3 | 0.432 | 1.22, -2 | 0,420 | 1.32, -2 | 0.0&0
9.24, -3 | 0,186 | L.02, =2 | 0,161 [ 1,22, -2 | 0,446 | 1.72, -2 | 0,120 | 2.32, -2 | 0.069
.42, ~2 | 0,108 | 1.32, ~2 | 0.187 | 1,82, =2 | 0,156 | 2.72, =2 | 0.126 | 3.82, ~2 | 0.057
i.42, -2 | 0,230 | 1.82, -2 | 0.204 | 2,82, »2 | 0.188 | 4.22, =2 | 0.132 | 6.82, -2 | 0.018
1,02, -2 0.268 2.62, -2 0.231 4,82, -2 0.205 6,22, -2 0.432 1.13, -1 0.059
2,72, =2 0.296 3.72, =2 0.270 8.32, ~2 0.225 i.02, -1 0.148 1,73, -1 |-0.032
3.82, =2 | 0.308 | 5.02, -2 | 0.274 | 1.33, -1 | 0.p48 .62, -1 | 0.167 | 2,43, -1 |-0.04g
5.12, -2 0.327 7.02, =2 0.291 | 2,13, =1 0.272 2,42, =1 0.176 3.23, =1 |-0.025
7042, =2 | 0.349 | 1.00, =1 | 0.310 | 3.23, -1 | 0.200 | 3.42, «1 | 0.%06 | 4.13, -1 0.035
LTeod, =1 | 0,359 | 1,45, -4 | 0.326 | 4,53, -1 | 0.365 | 4.72, -1 | 0.244 | 5.43, =1 | 0.005
1651: "'1 0.389 2.”5: Hi O.SR? 16.13: "1 0.41.5 ‘6722: "1 0.292 60239 ""1 0-131
2.24, =1 | 0.421 | 2.95, =1 | 0.385 | 7.63, «1 | 0.472 | 7.72, »1 | 0.338 | 7.23, -1 0.440
2,01, =1 0.448 4.05, »1 0.424 9.13, ot 0.541 9,72, =1 0.413 7| 8.73, el 0.180
3,81, »1 | 0.486 | 5.65, =1 | 0.493 | 1,06, «0 | 0.60% | L+47, +0 | 0.483 | 1,02, «0 | 0.237
4.p1, -1 0.540 7,45, -1 0.550 .21, =0 0.668 1,37, »0 0.565 1,47, +0 0.300
2,81, ~1 | 0.587 | B.65, -1 | 0.625 | 4.%6, «0 | 0.735 | 257, 0 | 0,650 | 1,32, &0 | 0.345
6.81, -1 0.634 l.n2, 0.600 &-51: 40 0.801 1'771 «0 0.720 1.47, «0 - 0.3¢9
7.81, 1 0.691 1.47, #0 0,770 L.64, #0 0.834 1.07, +0 0.g10 1.62, +0 0.445
8.81, ~1 0.742 1.32, «p 0.847 1,96, 0 0.889 2,47, 0 0.889 1.77, =+0 0.4098
9.84, =1 | 0.795% 1.47, «0 0.900 | 1.01, «0 0.934 2,87, »0 0.937 1.7, 0 0.582
1.68, =0 0.843 1,62, »0 | 0.943 | 2,06, «0 0.967 2.87, &0 0.971 2,47, «0 | 0.647
1,48, »0 0.884 1097, «0 0.97¢0 2,24, 0 0.978 2,97, »0 0.987 2,37, «0 0.735
1e28, «0 | 0.918 | 1.97, «0 | 0.990 | 2,36, +0 | 0.985 | 2.97, «0 | 0.904 | 2,57, 0 | 0.813
1.38, =0 0.949 | 2,17, «0 0.995 | 2,86, «0 0.988 | ©.17, «0 | 1,000 ] 2.77, =0 0.882
1.48, «0 | 0.968 | 2.37, «0 | 2.000 | 2.9¢, »0 | 0.993 - 2,97, »0 | 0.928
1.58, «0 | 0.982 5.06, «0 | 1,000 3$.47, %0 0.962
1068: =0 0.987 v 3037: 0 0.977
1.78, +0 | 0.993 3.57, «0 | 0.984
1.88, «0 | 0,996 3,77, +0 | 0.989
1.08, +0 0.998 $.97, 0 0.994
2.08, «0 | 1.000 4,17, «0 § 1,000

TABLE 7(a) (3) (Cont.)m




Test Stn. u.ﬁ/u.1 R, H., H32 ¢ 10?55(0) 10° s (P) £ 25 16°5 Comments
No Blowing 1 {1,0001{4.28,3|1.3671.775(0.648 | 1.44 1,441 9.9810.908 {1.54 1) Width of blowing
3 10.957(5.00,3{1.389{1.759(0.623 ] 1.37 1.332 10.10{0.887 , section = 1 in;
5 }10,90216.17,311.455(1.727{0.570 ] 1.12 1.091 10.16{0.807 station 1 21/8 in
7 10.82819.55,311.644{1.663]0.456 | 0.62 0.630 9.8910.588 downstream of
8 10.79011.16,4]1.9841.595{0.322 | 0.27 0.272 9.51{0.373 blowing section;
9 |0.764{1.17,413.331]1.553]|0.227 | <O <0 - - distance between
adjacent x-stations
Porous 1{1.000(5.20,3}1.577{1.691{0.507 | 0.88 0.806 9.88]0.687|2.66 = 21/4 in,
Strip 2 10.979(6.03,3[1.517{1.712|0.542 | 0.94 0.857 9.7810.705 _
3 10.955!7.37,311.578(1.68910.503 | 0.81 0.851 (10.18(0.729 2) u,/v = 5x10° /ft.
4 10.929|7.68,301.57411.68410.494 | 0.85 0.806 9.92{0.683
5 10.9009.17,3{1.672[1.653[{0.437 | 0.69 0.700 10.02{0.643 3) v /uG ~ 0.075 for
6 |0.87011.04,411.760{1.627}10.387 | 0.57 0.598 9.78(0.551 porous and per-
7 10.848111.24,412.01311.57110.271 | 0.35 0.346 9.70{0.433 forated strips.
8 |0.818{1.41,4|2.423]1.525{0.145] 0.14 0.146 9.5210.279
9 10.800(1.55,4|3.210|1.495 0.025 0.031 9.01{0.118 k) sg(C) from Clauser
' plot; sg(P) from
Perforated 1{1.000{5.66,3|2.49311.578{0.287 | 0.090 0.130 9.10}0.228 {2.15 Preston tube.
Strip 2 10.981{6.88,3(2.071(1.586]0.303 | 0.33 0.361 9.46{0.417
3 10.953|7.96,3]11.882]1.605{0.343 | 0.49 0.517 9.67/0.511 5) £' and zp from
4 10.9268.97,3{1.835[1.607|0.348 | 0.54 0.824 9.73{0.54k smoothed sg (see
5 10.89711.01,411,84411.60410.341 1 0.50 0.524 9.92{0.533 figure 6.8).
6 10.870{1.17,411.975(1.575/0.279 | 0.39 0.400 9.7510.466 .
7 10.84311.36,412.1711.552{0.223 | 0.24 0.226 9.9610.395
8 10.818}1.54,412.57611.507{0.072 | 0.12 0.182 9.78{0.286
9 |0.814(1.62,413.618}1.517{0.118 <0 0.044 8.68{0,114

912

TABLE 7(b): Experimental data of present writer (velocity-profile data from pitot-tube measurements).




" Station 1 2 3

YOINS T/UG (Y veING U/sus /0 YOIND G/UG Ut /U
1,00, ~4 0.119 3.11, -1 1.00, ~4 0.077 3.92, ~1 1.00, =-4 0.108 2.72, -1
1.00, -3 0.158 3.26, -1 1,00, »3 0-120 4.25, -1 1.00, -3 0.127 3-[’3’ -1
3-'003 "3 0.2\35 3-19J "’3. '31001 "3 0.238 3'62) "1 3-00: "3 0.?_07 3'22’ "'1
6.00, =3 0.340 2.79, ~1 6,00, =3 0.381 4.06, -1 6.00, =3 0.315 2.87, -1
1.00, =2 | 0.427 | 2.32, ~1 1,40, =2 | 0.468 | 3.44, -1 1.00, =2 | 0.412 | 2.35, -1
1.50, 2 04491' 1.95, ~1 1.900, ~2 0.512 1.83, "fi 1.50, -2 0.464 2.07, -1
2,10, -2 | 0,518 | 1.77, -1 2,90, ~2 | 0,572 | 1.52, -1 2,40, »2 | 0.408 | 1.86, -
2.80, -2 0.561 | 1.61, ~1 4,20, =2 0.593 | 1.44, -1 2,90, =2 0.533 | 1.69, -1
3,60, =2 | 0.587 | 1.51, =1 5.70, =2 | 0.622 | 1.34, -% 3.90, =2 | 0.566 | 1.56, -1
4,50, =2 | 0.602 | 1.44, -1 7.50, =2 | 0.660 | 1.26, -1 5.40, -2 | 0.%00 | 1.45, -1
5.60, -2 | 0,618 | 1.39, -1 9.50, =2 | 0,683 | 1.22, -1 6,90, =2 | 0.620 | 1.38, -1
6,00, -2 | 0,639 | 1.34, -1 1,25, =1 | 0.715 | 1.45, -1 8,90, «2 0.641 | 1.33, -1
8-40: ’1?. 0.651 10323 "1 1.75: "11 00757 1.107} hﬂ- 1-19’ "‘1 0.673 1-273 '_'1
l.04, -1 0,679 | 1.26, -1 2,45, =1 | 0.809 | 9.69, -2 1.69, ~1 | 0.695 | 1.20, -4
1.34, -1 | 0.708 1.21, -1 3,835, =1 | 0.836 .51, -2 2.09, =1 0.724 | 1.14, =1
1.74, -1 0.738 1.15, ~1 4,45, =1 0.89% 7.00, =2 2,69, =1 0.765 1.08, -1
2,34, =1 0.781 1.02, ~1 5,75, =1 0D.929 | .44, -2 3,39, -1 0.788 9.73, =2
S.04, -1 0.832° | 9.18, -2 7.25, =1 0.958 | 3.94, -2 4,49, -1 0.832 | 8.97, -2
3,94, =1 | 0.865 | 7.7, -2 8,95, =1 | 0,979 | R.44, -2 5,09, -1 | 0.857 | 8.05, -2
4,04, w1 | 0.907 | 6,93, =2 1,41, +0 0.989 | 1.20, -2 6.09, r% 0.897 7.05, -2
6,04, =1 0.93% | 5.78, =2 1.34, «0 1.000 7.27, -3 7.19, =1 0.923 6.02, =2
7.44, -1 0.9714 | 4.23, =2 .53, «0 1.000 | 4.50, -1 8.39, =1 0.965 4,63, =2
8,54, -1 0.985 | 2.89, =2 9.69, =1 | 0.979 3.25, =2
9,54, =1 | 0.993 | 1.77, =2 1,12, *0 | 0,993 | 1.89, -2
1.40, 0 | 0.992 | 1.17, -2 1,27, 0 | 0.993 | 1.27, =2
1,25, %0 1.000 7.79, =3 1,42, +0 1.000 g.21, =3
1,40, 40 1.000 5.52, -3 1,87, *0 1.000 5.82, =&
TABLE 7(c) Mean-velocity and turbulence-intensity profiles of present writer; measured

with single hotl wire
(1) No blowing
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Station &

6
Y{IM) U/UG u' /0 YOINY U/us Ut /0 YOINS U/UG /0

1'00: °4 0-084 4051) 51 1000; '4 0.172 1023:"1 1-00; -4 00043 4037) ”1
1-00: "3 0.105 4-61; "'1 1-00’ "3 0.075 30280 "1 1.(]01 "3 0,055 5-17: -1
3.00: -3 0‘167 4!38)'"1 2-00; "3' 0.096 4-15’ "1 3-00: *3 0.122 5-355 -1
6.00, ~3 0,254 3.71, ~1 4.00, -3 0.169 4.19, =1 6.00, =3 0.208 4.54, ~1
1,40, 2 0.333. ] 3.09, -1 7.00, =3 0.2409 3.72, =1 .90, =2 0,326 3.32, -1
1!90: ”2 0.442' 2-21;'"1 1-10: *2 0,324 3'08"“1 1-80J'ﬁ2 0.354 3-01) ”1
2,90, =2. | 0.502 1.79, ~1 1.60, =2 0.396 2.63, -1 2.70, =2 0.412 2.56, -1
4,40, 2 0.562 | 1.59, -1 2.20, =2 0.435 2.27, =1 3.00, ~2 | 0,439 2.21, -1
6.40, =2 0,598 1.46, -1 2,00, =2 0,472 2.10, ~1 5,30, =2 | 0.463 2.06, -1
8090: "2 01620 1.40, -1 3-80’ -2 0.487 1'97’ =1 6090) -2 05494 1-92) =1
1.29, -1 | 0,682 | 1.27, -1 4,90, =2 | 0.512 | 1.84, -1 8,70, =2 | 0,513 | 1.87, -1
1'89: “1' Dq706 1-18;'“1 6-20: "2' 0.543 1-70) 61 1oi7a "1 U,F53 1-72:'?1
2-69‘ "1 0-774 1-06; ~1. 7-401 =2 0(565 1065p -1 1»57: “l 0.575 10689 -1
3.79, =1 | 0,800 9.36, ~2 8,00, =2 | 0.576 | 1.6%, =1 2,17, »1 | 0.618 | 1.52, -1
5.00, =1 0,864 7.85, ~2 1.09, »1 0.59¢ 1.55, -1 2,07, =1 0.671 1.37, -4
6.59, w1 0,922 6.27, =9 1.39, ~1 0.628 1.48, =1 3.97, =1 0,736 1.23, -1
8,29, =1 0.962 4.78, -2 1.84, -1 | 0,652 1.39, =1 5.47, -1 0.787 1.07, -1
1.02, %0 0.993 2.75, =2 2,34, -1} 0,702 1.29, =1 6.67, »1 | 0,832 9.01, =2
1-211 *0 0;994- 1-55: "2 2c94:"1 0g735 1-21: “1 8067: "l 01926 6'86& 52
1.41, +0 0.996 Beb6,s ri 3,64, -1 0,755 1.15, =1 1.07, +0 0.936 4.89, -2
.61, =0 0.997 5:77, =3 4,54, =1 0.782 1.04, =1 1.27, »0 0.966 3.02; =B
1.81, +0 0.999 | 4.64, =i 5.54, =1 0.832 9,37, =2 L.47, w0 0.987 1.74, -2
1'88: w0 1.000 4'44) = 6-74’ el 0.868 8.21, =2 1'67) 0 0;998 9'701 73
8.04, »1 0.906 | 7.16, -2 L.87, =0 0.998 | 6.71, -3
9.54, ~1 | 0,944 | 5.73, =2 2,07, »0 | 0.999 | B.¢g6, -3
1,43, «0 | 0.984 | 3.99, =2 _2.22, +0 | 1.000 | 4.75, .3

1-33:-+0 0.992 2'321 =2

, 1.3, 0 | 0.992 | 1.28, =2

- 1,93, +0 1.000 7.86, =3

1-88: «0 1.000 5079’ ~3

2.08, +0 1.000 5.46, =3

TABLE 7(c) (1) (Cont.)

o1e




Station 7 8 9
YOINY /UG utsu YOINY U/7UG utsU VOINY /UG 07 /0
1'001 4 0.094 4.85’ ~1 1-00: ~4 0.053 1-54} -1 1.00, -4 0.013 4.89, -1
i.p0, -3 0.102 5.17, =1 1,00, =3 0.034 3.22, -1 .00, -3 0.011 6.0%, -1
$.00, -3 0.145 | 5.12, -1 $.00, =3 0.033 | €.26, =1 2,00, =3 | 0.012 | 7.72, -1
6.00, =3 0.187 | 4.75, =1 6.00, =3 0.052 | 7.39, -1 4,00, =3 0,017 | 8.93, -1
1.00, =2 | 0.231 | 4.21, -1 1.00, =2 | 0.084 | 7.41, -1 7.00, =3 | 0.027 | 9.30, -1
150, =2 0.254 | 3.87, -1 1,50, -2 0.124 | 6.99, -1 1.20, ~2 0.044 8.56, -1
2,10, -2 0.298 3.48, =1 2,10, =2 0.342 6.67, =1 2,00, =2 0,052 8.36, -1
2,80, =2 0.318 3.23, -1 2,80, -2 0.164 6.265 =1 3.20, -2 D.068 7.85, =1
$.70, -2 0.336 3.07, -1 5.60, -2 0.177 6.15, -1 4,00, =2 0.078 7.71, =1
4,70, -2 0.370 2.84, =1 4.50, =2 0.189 5.94, -1 7.80, =2 0.088 7.52, -1
6.00, ~2 0.386 2.69, -1 5.50, -2 0.202 5.72, =1 1.00, ~1 | 0.09¢ 7.27, ~1
7.50, =2 | 0,390 | 2.65, -1 6,60, =2 | 0.215 | 5.51, =1 1,40, =1 | 0,411 | 7.18, -1
2.30, -2 0.406 2.5%, -1 7.00, =2 0.230 5.37, =1 1.90, «1 0.42% 7.01, -1
L.42, <1 | 0.428 | 2.49, =1 9.40, =2 | 0.245 | .20, -1 2.50, ~1 | 0,436 | 6.78, -1
1.37, =1 | 0.450 | 2.41, =1 1.14, «1 | 0.259 | 4.93, -1 $.20, -1 0.482 | 6.39, ~1
1'72; =1 0.473 2030) -1 1-441 1 0.274 4061} -1 4.10, wl 0.216 6.01, -1,
2,97, =1 0.%02 2.15, -1 .84, =1 0,292 4.54, =1 5,20, =1 0.273 5,43, -1
2,72, -1 | 0.547 | 2.03, -1 2.34, =1 | 0.316 | 4.26, -1 6,70, =1 | 0.315 | 4.94, -1
5,37, =1 0.584 1.82, =1 3.04, =1 0.346 3.96, -1 8.70, =1 0,410 .95, -1
4,07, =1 D.611 1.76, -1 $.84, 1 0.407 $.38, -1 Le07, =0 0.523 2.88, -1
4097) -1 0.663 1.856, =1 4084: ”_1 0.475 2:.79, =1 1.27, ) 0.661 2.18, -1
6.07, ~1 0.718 1.38, -1 6.34, 1 0.551 | 2.31, =1 1.47, +0 0.736 1.56, -1
7.37, -1 0.776 | 1.21, -1 7.84, =1 0.625 | 1.03, =1 .67, +0 0.777 | 1.27, 1
8.67, -1 0.83%9 1.07s -1 9.84, ~1 0.698 1.1, =1 1.87, »0 0.865 9.29, -
.04, »0 0.851 | 9.35, -2 1,48, #0 0.779 | 1.2%, -1 2.n7, +0 0.911 6.98, =2
1,19, =0 0.894 | 7.89, =2 1,38, #0 0.B829 9.93, =2 2.27, 0 0.939 4.46, =2
1,24, +0 0.923 6.66, =2 1.63, +0 0.904 7.40, =2 2,47, =0 0.96¢ 2.37y -2
1.49, +0 0.961 | 5.08, =2 1,88, +0 0.951 | 4.54, =2 2,67, 0 0.989 | 1.33, -2
Le64, #0 | 0,977 | 3.56, =2 2.08, #0 | 0.975 | 2.92, =2 2,07, +0 | 1,000 | 8.86, -3
1,79, #0 0.984 2.22, =2 2,28, *0 0.992 1.84, =2 3.08, +0 1.000 | 6.92,
1.04, +0 | 4,000 | 1.53, -2 2,48, »0 | 0.992 | 1.02, -2
2.09, +0 1.000 1.04, =2 2,68, =0 0.992 7.87, -3
2,24, +0 1.000 7:¢79, =3 2,88, »0 1.000 | 7.01, -3
2.39, +06 } 1.000 | 7.23, -3 |
TABLE 7(c) (1) (Cont.) }[_\:




Station 1

2 3
YOINY U/u6 /U Y CIN} True 0'/0 YOINS Usug Ui/t
1en0, =4 | 0,067 | 3.47, -1 1.00, -4 | 0.070 | 5.24, -1 i.00, -4 | 0.%200 | 3.95, -1
1-00; '3 0.080 3-840 "‘1 1;00:. "3 0.079 “5-14) ;’1 1000: "'3 0-127 3'97’ ~1
3,00, =3 0.132 3.93, -1 2.00, =3 {-0,007 4.97, =1 3,00, =3 0.173 3.88, -1
6.00, =3 | 0.201 | 3.59, -1 4,00, ~3 | 0,158 | 4.56, ~t 6,00, »3 | 0,246 | 3.34; -1
1.00, ~2 | 0.263 | 3.15, ~1 . 7.00, =3 | 0,250 | 3.60, =1 1.p0, =2 | 0,283 | 2.81, -1
1.50, -2 | 0,314 | 2.72, -1 1.40, =2 | 0,306 | 3.05, ~1 1.50, ~2 | 0,326 | 2.68, -1
2,40, =2 | 0,359 | 2.39, -1 1.60, -2 | 0.346 | 2.68, -1 2,40, =2 | 0.364 | 2.45, -1
2.90: "2 0.307 2018:’1 2;20: -2 0.370 2042}""1 2.80, "e 0.387 2.26, =1
3,00, =2 | 0.419 | 1.96, -1 3.00, =2 | 0,406 | 2.21, -1 $.60, =2 | 0,406 | 2.15, -1
5.40, -2 0.453 1.84, ~1 4,00, =2 0.439 2.06, -1 4.60, -2 0.427 .| 2.05, -1
6.90, «2 | 0,478 | 1.78, ~1 2,20, =2 | 0,456 | 1.97, -1 5.70, =2 | 0,440 | 2.01, -1
8.90, =2 | 0.500 1.70, -1 6.70, =2 0.474 1.89, -1 7:20, w2 0.457 | 1.95, -1
1,14, «1 | 0,539 | 1.64, -1 .70, »2 0.505 | 1.80, -1 8,70, =2 0.462 | 1.94, =1
l.44, ~1. |1 0,575 | 1.60, -1 1.42, =1 | 0.530 | 1.74, -i 1.07, »1- | 0.489 | 1.87, -1
l.84, =1 | 0.625 | 1.5%, -1 1.42, <1 | 0.564 | 3.66, ~1 1.37, =1 | 0,503 | 1.85, -1
2,34, =1 | 0,692 | 1.39, -1 1.82, ~1 | 0.598 | 1.87, -1 1,77, =1 0,542 | 2.80, -1
2,04, =1 |. 0,756 | 1.21, ~1 2,32, w1 | 0.646 | 1.44, -1 2,27, =1 | 0.593 | 1.73, =1
$.64, =1 | 0,810 | 1.04, -1 S.02, ~1 | 0,724 | 4.30, -1 2,87, =4 | 0.630 | 1.59, =1
4,44, w3, | 0.852 | 9.05, ~2 .92, -1 | 0,797 | 1.08, ~1 $.67, =1 | 0,691 | 1.42, -1
5.34, «1 | 0.904 | 7.76, =2 5.02, =1 | 0.841 | 8.75, -2 4067, =1 | 0.763 | 1.21, -t
60345 "1 0-942 6'901 "2 6‘32; "’1 0-895 6'971 "2 5087: "‘l 0.833 _9-58: '"2
7.44, Hl 0.973 53_8»8; ’*2 7»82) "1 0.942 5066l ”2 7027: "‘1 0.894 ‘7‘-52; "'*2
8-64) "1 0.997 4‘63} "2 9532: ”1: 0.981 4'22} ""2 8-87) ‘*1 0.929 5-79; ’2
1en1, +0 1,011 2.86, =2 1.09, 0 0.992 2.59, r2 1,04, 0 0.973 4,16, =7
1.24, »0 1.017 1.57, =2 1.24, 40 U.994 1.78, -2 1,24, 40 0.981 2.42, =2
1.41, »0 | 1.015 | 8.37, =3 1044, a0 | 0.996 | 9.49, =3 1.44, «0 0,989 | 1.39, =2
.61, «0 | 1.012 | 5.57, -3 1.64, «0 | 0,998 | 6.02, -3 1,64, 0 | 0.990 | 8.29, =3
1.86, «0 | 1.000 | 4.12, =3 1.84, «0 | 4.000 | 4.70, =3 1.84, 40 | 0,999 | 5.49, =3
' ~ 2,04, 0 1.000 4,54, =3
TABLE 7(c) (2) Porous strip
0o
A&

(@)




Station & 5 6

YOINS U/uc utsu YOING Uruc u'su YOIND T7uG /U
L.00, w41 0,051 | 5.26, -1 1.00, =4 | 0.069 | 5.20, -1 1.00, ~4 | 0,030 | 4.65, -1
1,00, =3 0.060 5.36, -1 1.00, «3 0.075 | 5.19, ~1 1.00, =3} 0.036 5.36, -1
g.n0, ~3 0.079 5.25, -1 2.n0, -3 0.098 5.05, =1 2.00, =3 0.048 5.84, -1
4.00, 3 | 0,126 | 4.97, -1 3,00, =3 | 0,118 | 5.02, =3 .00, =3 1 0,077 | 6.09, -1
7,06, ~3 0,176 | 4.42;, =4 5.00, =3 0.159 4068, =3 7.00, =3 0.132 5.46, -1
l.10, ~2 0.246 | 3.69, -1 8.00, =3 | 0,203 | 4.45, -1 1010, -2 | 0.185 | 4.81, -1
l.60, ~2 | 0.308 3.08, =1 1.3, =2 0.254 | 3.45, =1 1.60, =2 0.224 4,10, ~1
2.30, =2 | 0,344 | 2.74, -1 2.0, =2 0.306 | 3.03, ~1 2,20, -2 0.241 | 3.83, -1
5.20, -2 | 0.365 | 2.55, -1 2.90, ~2 | 0,327 | 2.78, -1 2,90, =2 | 0.269 | T.56, -1
4040, «2 | 0.392 | 2.37, ~1 4.00, =2 0.354 | 2.57, =1 3.80, =2 | 0.289 3.34, -1
5.80, =2 | 0,411 | 2.26, -1 5.30, »2 | 0,366 | 2.49, =1 5.00, =2 | 0,299 | 3.14, =1
7.50, «2 0.434 | 2.19, -1 6,80, =2 0.394 | 2.36, =1 650, «2 0.324 301, -1
.80, «~2 0.462 | 2.06, ~1 .50, =2 | 0.404 232, ~1 8,50, -2 0.336 2.92, -1
1‘14: =1 0.468 2004) ~1 | 1.04; -4 0.42{) 2-26) w1 1-151 e 0..367 2‘78: "'j
10:52; al 0.485 2002) ~1 f 1'25: e 0.44{’ 2.24) ';1 1‘603 -1 0-388 2’67’ '-1
1.52, 1 1 0,518 | 1.95, -1 | 1,48, -1 | 0,445 | 2.22, -1 2.40, =3 | 0,423 | 2.58, -1
1.82, -1 0,531 | 1.92, ~1 i 1.91, -1 0.460 2.16, -1 2,80y =1 0.450 2«48, -1
2,32, -1 0.554 | 1.86, ~1 T 1,06, -1 0.484 | 2.10, =1 3,70, =1 0.503 2.34, -1
.02, »1 | 0,602 | 1.76, =1 | 2.26, w1 | 0.4809 2.08, -1 4080, »L | 0.549 | 2.16, -1
3,92, «1 | 0,670 | 1.6%, <1 | 2,76, -1 | 0.524 | 2.04, = 6,10, ~L | 0,602 | 1.95, -1
5.02, w1 0.737 1.40, -1 ' 3,46, «1 | 0.555 i1.04, ~1 7,80, -1 0.678 1.70, -1
6,32, =1 0.829 143, -1 4 4,46, =1 0.615 1.8, =1 .20, -1 0.765 1.40, -1
7.682, =1 0.890 B.48, -2 ' 5.96, =1 0.690 | 4.54, ~1 1,07, =0 0.846 1.08, =1
9.52, «1 09938 5.79, =2 ! 7,66, «q 0.776 1.2%, ;‘1 1-27’ ) 0.911 7.45, -2
1.40, «0 0.964 4.34, =2 9.46, =1 0.887 §.89, =2 1.47, %0 0.949 4,68, -2
1,25, «0 D.983 3.19, -2 1-15, +{ 0.93g8 5.77, =2 1'67: ) 0.980 2.65, -2
1,40, «0 1.001 2.04, -2 , 1,40, »0 0.984 3.28, =2 1.87, =0 0,980 1.63, =2
1.55, «0 1.604 1.32, =2 ' 1.65, 0 0,993 1.68, =2 2,07, 0 0.990 1.14, =2
1.70, »0 0.098 0.41, =3 ! 1.0, +0-| 0.992 8,96, =3 2.27, +0 0.9969 7.83, -3
1.90, =0 1,000 6.32, =% [ 2.15, +0 1.000 6.19, =3 2.57, +0 | 1.000 5.94, -3
: 2.40, «0 1.000 4.97, =3

Table 7(c) (2) (Cont.)
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Station 7 8 9
YOING Urug v/t YCINY Urus 0t /U Y(INS Usuc U/l

i.00, -4 0.n2 6.55, -1 i.00, -4 0.013 | 4.97, =1 1.00, =4 0.001 1.08, *0
1.00, -3 0. < 6.0, 1 1.00, -3 0.013 | 5.93, -1 1.00, =3 0.00% 1.00, 0
2.00, -3 0. 0%7 et 2,00, =3 0.016 7.04, ~1 2,00, =3 0.004 1.00, =+0
4.00, =3 0.058 710, 4.00, =3 0.026 8.34, =1 3,00, =3 0.005 1.00, +0
7.00, =3 0.085 6.89, - 7.00, =3 0.036 8.40, <1 5.80, =3 0.007 1.08, =0
1.10: "2 U 117 6-35: - 1-100 “2 0.050 80059 i‘i 8-001 "3 0.011 1-0{’}1 +0
}'C‘Oa "2 G.M—SU 509(1 "‘L 1--‘.’)0: "2 U.D?ﬁ 7-66' "“1 1!20: "2. 0.015 1000’ "'0
2,20, =2 0.158 5.47, -1 2.40, -2 0.077 7.53, =1 1.80, »2 0.0621 9.81, -1
2.00, »2 D.168 5.5 . -1 3.20, =2 0.084 7.20, =1 2,70, =2 0.028 9.59, -1
S.80, -2 0.187 | 4.05, -3 4080, =2 0.102 | 6.98, -1 3.80, =2 0.036 9.16, =1
4090, ~2 | 0.206 | 4.63, -1 5.40, -2 | 0,110 | 6.71, =1 5.10, =2 | 0.044 | B.97, -1
6,30, »2 0.240 4,21, -1 6,60, -2 0.114 6.66, -1 6.60, =2 0.044 g.81, -1
7.90, -2 0.241 4.2t ~1 E.60, -2 0.121 662, ~1 8.60, -2 0.047 8.83, -1
9.00, =2 0.251 4,90, =i 1.46, =1 0.%.41 6.21, r1 .08, =1 | 0.053 8.59, -1
1.24, »1 0.260 .02, -L 1.56, -1 0,152 6.02, =1 1.33, »1° | 0.059 8.35, -1
1.54, -1 0.274 .8y i 2.06, -1 D.167 5.85, =1 1.63, -1 0.060 36, -1
104, «1 | 0.313 $.51, =1 2,66, ~1 0.390 5.62, =1 2,13, 1. 0.068 8.09, -1
2.44, w1 0.337 | 3.42, -1 3.46, -1 0.236 | S.00, =1 2,03, =1 0.082 7.89, -1
S.14, -1 0.361 3.25, =1 4.46, =1 | 0,244 4.78, -1 $.83, o1 | 0.115% 7.30, -1
4,04, =1 | 0.304 3.0%, =1 5.66, =1 0.292 4.26, -1 5.13, -1 | 0,124 7.38, =

5-3.4:- ~1 0.448 2-771 =1 7-16;""1 0.367 3-76! ~1 60631 w1 0.166 6-760 "1
6.44, i 0.517 2.43, =1 8.66,. -1 0.487 3.06, =1 8,63, «1 [ 0,229 6.07, -1
7.94, -1 0.571 2.25, 1 1.07, 0 0.505 2.77, »1 1.0, »0 0.275 5.48, -1
9.44, 1 0.639 1.906, =1 1.27, +0 0.607 2.28, =1 1.46, «0 0.326 «82, -1
1.09, +0 0.720 1.64, =1 1647, «0| 0,691 1.92, =1 1.31, =0 0.394 .25, =1
1.24, «0 0.780 1.35, -1 1.67, «0 | 0,796 1.49, =1 1.46, +0 0.466 3.74, -1
1.39, «0 0.843 1.07, ~1 1.87, 0 0.874 1.06, ~1 .61, +0 0,510 3.33, -1
1.54, +0 0.896 | 8.11, =2 2,07, +0 0.920 7.40, =2 1.76, «0 0.589 2.86, =1
1.69, +0 0.950 5.72, =2 2,27, »0 0.960 4074, =2 l.01, =0 0.705 €39, =1
1.84, =0 0.959 | 3.89, -2 2.47, +0 | 0.977 | 2.78, =2 2.11, +0 0.747 | 1.06, =1
2,04, +0 0.977 2.43, =2 2.67, »0 0.987 1.68, -2 2,31, »0 0.828 1.55, 1
2:24) "-'D 0-9R7 1'43l "? 2-87: '3’0 0.988 1029: ”2 2 6._ '?'0 0-933 b-£%4 "2
2,44, «~0 | 0.988 | 1.02, -2 $.07, %0 | 0,990 | 9.38, -~3 2,01, 40 0.978 | 4.40, =2
2064, w0 0.998 7.92, = 3.37, %0 1.000 7.79, =3 3,21, 0 0.998 2.00, =2
2.9, +0 i.000 | 6.44, -3 5,51, +0 i.000 .75, =3

TABLE 7(c) (2) (Cont.)




Station 1

. 3 5

YOING U/UG ur/0 YOIND U/sue /0 Y{IND U/u6 U /0
1'001 -4 0-013 5:641 "1 1:00; "‘4 0.035 7"02’ =1 1-00: "‘4 0.026 3095J -1
1.00, =3 0.012 6.30, =1 1.00, -3 0.046 7413, -1 1.00, -3 0.029 5.43, -1
S.00, -3 0.013 | 7.45, r1 2,00, =3 | 0.067 | 6.92, -1 2.00, =3 0.033 | 6.86, -1
6.00, «3 0.022 8.76, =1 4,np0, =3 0.101 6.42, -1 4,00, 3 0.070 6.93, -1
9-()0: "‘3 0.032 8:581 -4 7000; "3 0.141 5'711 ~1 7-“01 ""3 0.119 6-38: '"1
1.30, -2 0.040 8.32, ~1 1.30, =2 D.184 4.6, ~1 1,30, -2 0.193 5.00, -1
l.80, =2 0.049 8.15, -1 2,10, =2 0,225 4,25, -1 2,50, =2 0.250 4.14, -1
2.40, =2 0.064 7:.63, ~1 3,30, -2 0.262 3.69, -1 3,00, -2 0.310 3.51, -1
3,00, =2 0.073% 7.43, r4 5.10, =2 {1,290 3,44, ~1 5,50, =2 0.300 3.38, -1
3.80, =2 0.08D 7.28, =1 7.60, =2 0,317 3.25, -1 7,30, =2 0.334 3.22, -1
4.60, -2 0.090 7.08, ~1 1.1, =1 0.347 3.44, ~1 9.30, =2 0.336 3.18, -1
5.40, -2 0.402 6.86, -1 1.6, =1 | 0.366 3.06, -1 1.23, ~1 0.359 3.09, -1
.20, -2 0.108 6.78, -1 2.31, =1 0.424 2.89, -1 1,63, =1 0.389 2.02, -1
7.20, =2 0.3116 6.60, -1 3.4, -4 0.494 2.69, =1 2,23, =1 0,416 2.81, -1
8,20, -2 0.127 6.49, -1 A.91, =1 0.569 2.36, -1 3.n3, ~1 0,465 2.635, -1
9.20, =2 0.%41 6.25, =1 5.41, =1 | 0,659 1.04, =1 4,03, =1 0.507 2.52, -1
1.02, =1 ) 0.151 | 6.44, -1 6.91, 1| 0.806 [ 1.43, -1 5.23, ~1 0.5%564 | 2.30, -1
l.42, w1 0.455 | 6.04, -1 B.61, =1 | 0,909 | 9.00, -2 6,73, -1 0.659 | 1.96, -1
l.22, -1 0.474 | 5.80, -1 1.06, =0 0.965 | 5.0%, =2 B,A3, n1 | 0,757 | 1.62, -1
1.32, <1 | 0,490 | 5.53, -1 1.26, »0 | 0,085 | 2.58, -? 9.23, =1 | 0,764 | 1.52, -1
.47, -1 0.205 | 5.33, =1 1.6, #0 0.996 1.45, =2 Lo11, «0 0,800 1.006, -1
1,62, -1 0.234 5.0%1, -1 1.66, +0 0.9938 8.74, =3 .31, =0 0.933 6.63, -2
1.77, =1 0.254 4.72, -1 1,86, #0 1.000 6.2, =3 1,52, =0 0.989 3.21, -2
.02, =1} 0.27% 4.51, -1 1.72, =+0 0,999 1.70, -2
2,32, «1 | 0,308 | 4.16, -1 1,02, 0 | 1.00C 1.05, -2
2.32, =1 0.351 3.77, -1 2,08, «0 1.000 7.94, -3
2.62, -1 0.306 3.35, -1
3,02, =1 0.471 2.82, -1
3-521 ~1 0.575 2:25: -1
4,42, -1 0.680 1.76, =1
4,82, -1 0.767 1.36, ~1
5.62, -1 0.854 | 1.05, -1
6,52, =1 0.895 8.40, =2
7,82, »1 0.929 6.64, =2
8,62, ni 0.974 5.08, =2
i.ﬂl, w0 0.962 3.48, -2 )

. ) . 04, -
1.25: *g i;ggé i'27: :2 TABLE 7(c) (3) Perforated strip o
1,46, =0 1.000 7.29, =3 : g
1.61, <0 1,000 5.52, -3




. Station 7 8 9

YOUNS U/UG u' /o YOINS U/uG U /U Y(INS UsuG U/
1e00, =4 0.014 4.2L, -1 1.00, =4 0.001 1.00, +0 1.00, -4 0.010 3.47, -1
1.00, ~3 0.011 | 6.85, =1 1.00, -3 0,001  1.00, +0 1.00, =3 0.006 | 4.79, -1
2.00, ~3 0.011 8.14, -1 2,00, =3 0.001 1.00, =+0 2,00, =3 0.005 6.89, -1
3.00, =3 | 0,018 | 8.84, -1 4.00, =3 | 0.002 1.00, +9 4.00, =3 | 0.004 | 9.63, -1
5-['10, -3 0.029 9012} “1 7-60: "3 0.006 1'005 + 0 70001 w3 0-009 9'94) -1
B.00, =3 0.046 9.08, -1 1.20, -2 0.018  1.00, =+0 1.20, -2 0.021 9.71, -1
1.30, -2 0.069 | B.59, -1 2.70, -«2 0,034 9.89, ~1 2,00, =~2 0.037 9.02, -1
.40, ~2 | 0.098 | 7.93, -1 3.70, =2 | 0.040 9.70, -1 $.20, «2 | 0,050 | 8.44, -1
S.10, =2 | 0,12% | 7.47, -1 5.20, =2 | 0,055 9.25, ~1i 470, «2 | 0.058 | 8.28, -1
4,30, »2 | 0.433 | 7.13, -3, 7.20, =2 | 0,055 9.24, =i 6.70, «2 | 0,067 | 7.93, -1
5.80, -2 0.132 7.04, =1 9.70, -2 0.065 9.04, =1 .00, -2 6.076 7.62, -1
7:80, -2 | 0,174 | 6.42, -1 1.32, -1 ] 0.08% 8.48, =1 1.45, ~4 | 0,066 | 7.85, -1
1,08, =1 | 0,472 | 6.18, -1 .77, -1 | 0.086 8.54, ~1 1.80, <1 | 0.076 | 7.62, -1
1.38, -1 0.187 5.00, -1 2.37, =1 0.414. 8.10, ~1 2.00, =1 [.086 7.43, -1
1.83, ~1 | 0.224 | B5.42, ~1 3,17, =1 0.138  7.58, -1 2,70, »1 (.098 7.28, =1
2,43, -1 |.0.239 5,21, =1 4,47, «1 | 0.452 7.22, =1 $S.60, ni G.340 7.16, ~1
3.28, »1 | 0.299 | 4.58, =1 5.47, =1 | 0.202  6.37, -1 4,80, =1 0.124 | 7.04, -1
4,03, -1 | 0,343 | 4.09, -1 7.07, =1 0.263 5.68, -1 6.30, ~1 (.151 662, ~1
5,53, =4 | 0,390 3.56, -1 8.97, ~1 | 0,330 4,71, =1 8.30, =1 (.183 6,28, -1
7.43, =5 |'0.455 3.10, -1 1,43, #0 0.471 3.55, =1 1.08, ~0 t,258 5.55, ~1
9.23, =1 0.553 | 2.58, ~1 1,33, «0 0.538 3.04, =1 1.33, & (.373 4.60, -1
1.07, +0 0.643 2.2%, -1 1,83, »90 0.610 2.59, -1 1.63, +0 0.451 3.73, -1
1.27, +0 0.749 1.78, ~1 1.93, =0 0.733 2.0%, ~1 1,93, «0 0.543 2.98, -1
1.47, +0 0.797 1.46, -1 1.93, +0 0.812 1.89, -1 2.728, +0 0.687 2.21, -1
1'67’ +0 0-892 1'07' =1 2-131 *0 0.869 1'24.' ""1 2'583 *’0 0.85() 1-341 -1
1-87: w0 0;956 6,69, -2 2.33: 0 0.927 8-35: Y ‘5-181 + 0 0.969 4-54: -2
2407, «0 | 0.974 | 3.72, =2 2.8%, +0 | 0,979 5.06, -2 $.68, «0 | 0.989 | 1.42, =2
2.27, «0 | 0,983 | 2.01, ~2 2,73, #0 | 1.000 2.51, =2 4,18, «0 | 1.000 | 9.51, =3
2,47, b 0.982 1.24, =2 2,93, 40 1.000 1.66, =2
2,67, »0 0.991 9.18, =3 3,48, 0 1.000 1.07, -2
2,87, =0 1.001 | 7.46, =3
3,07, +0 1.000 6.46, -3

TABLE 7(c)

(3) (Cont.)

hee




225

Test Stn. uG/u1 R, H ., H32 C Comment s
No blowing 1 1.000}4.13,311.376[1.778]0.654 | 1) Width
2 0.98014.15,3}1.336]1.791]0.675| of blowing
3 0.957|5.04,3{1.383]1.770(0.640| section =
4 0.931|4.74,3(1.405}{1.764]0.631| 1in; sta-
5 0.902!5.83,311.46911.75110.609 tion 1
6 |0.868|6.51,3(1.489)1.724{0.564| 21/8in
7 0.82818.73,311.628}1.678]0.483 | downstream
8 0.790(1.10,4{1.9791.611|0.357 | of blowing
9 0.76411.25,412.658|1.5391/0.191{ section;
distance
Porous strip| 1 1.000|4.11,3(1.694|1.650/0.431 | between
2 0.979{5.51,3(1.560|1.706]0.533 | adjacent
3 0.955|6.75,3[1.580]1.696{0.514 | x-stations
4 0.929/6.85,3{1.649[1.668(0.466] = 21/4 in.
5 0.900i8.44 311.713(1.645{0.422
6 0.870(9.99,311.82411.61810.370] 2) uj/v=
7 0.841}1.18,412.05211.579|0.288 | 5x10°/ft.
8 0.818|1.36,412.535}1.530(|0.163
9 0.800}1.42,413.392|1.476 - 3) vs/uG
Perforated 1 1.000({5.17,3]2.715{1.569|0.265 50‘07
strip 3 10.953]7.46,311.964(1.593]0.318 f°g porous
5 10.897(9.47,3|1.876(1.601(0.336| 2™ )
- 10.843|1.26 4 |2.295]|1.553]|0.227 | Perforated
8 10.818!1.38,4{3.000{1.502]0.039 | StriPs:
9 0.8141.74,413.233|1.477 -

TABLE 7(4)

Experimental data of present writer:

velocity -

profile data from hot-wire measurements




No Blowing

Porous Strip

Perforéted Strip

Y(IN) | 10°s Y(IN) 10°s Y (IN) 10°s
0.13%7 1.937 0137 2.788 137 2,849
0.161 2.005 6.165 3.394 2156 2.942
6.186 1.886 0.190 4,081 24181 3.120
8.236 1.598 0.215 4,438 e206 3.867
6.286 1,562 f.240 4,663 231 3.807
8,336 1.389 6.265 4,446 256 3.872
9,386 1,250 6.290 4.274 ;0281 3.939
0.436 1.123 0.340 4.088 ©e306 3.711
6.486 0.955 0.390 $.159 ©e331 3.412
:0.536 0.857 0.440 2.197 2,356 3.259
0.586 0.715 0.490 1.513 4381 2.968
0.636 0.651 0.540 1.157 S 431 2.209
0.686 0.536 ‘0.590 0.996 4.481 1,611
0.736 0.337 0.690 u.818 SeB31 v.56%
‘0.786 0s279 0.790 0.599 S .581 0.758
0.836 0.242 0.890 - 0.424 G 631 0.569
0.886 0.179 1.040 0.233 C 681 0.523
6.93¢ 0.134 1.190 0.098 = 4781 0.463
0.986 0.104 $.341 0.051 - .BB1 0.243
1.086 0.062 1.490 0.019 J.9B1- n.205
1.286 0.026 £.791 6.002 1,482 0.063
1.387 0.011 1.332 n.u26

1.482 n.014

1,631 p.UD4

v 1.714 (1.002
TABLE 7(e) Shear-stress profiles of present writer at station 1

gccze
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APPENDIX 1. Differential equations for the entrainment

method

Complete expressions for dzv/dR and d£'/dR
, —X X

The definitions of H1 and R2 are

R, = (11-12)RG (2.3-15)
and H, = R /R, = Iﬂﬂll—lz) (2.3-18)
and, from the definitions of £' (3.2-10) and Zp (3.2-11),
RG may be written as

R, = & exp(f')/(E%zE) (A.1-1).

The integral quantities I1 and I_ can be evaluated by use

2

of the log-plus-cos velocity-profile expression (3.2-9) as

I, = o.5+(o.5-1/g')zE (A.1-2)
and I, = o.375+[0.25-(1+1)/£']zE
+[o.375+(1-1)/£'+2/£'2]zE2 (A.1-3),
o1
where I = J cos(ng)ln(a)dﬁ = -Siémwd/m = -0.589
[o]

(values of the Si-function are tabulated by Dwight, 1958).
Thus H1 and R2 can be written explicitly in terms of Zp

and £' alone, and it is seen that

dR2 aRZ dzE

- = +

de azE dRX

aR2 dz!

; (A.1-4)
04 dRX
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dH OH, K d=z oH, 42
1 1 E 1
and —= = + . (A.1-5).
de azE de ¥4 de
So that
aRz dH1 ) 6H1 dR2
I (16
x 2771 T T2
0L’ azE 0L azE
_ aRz dH1 . OH1 dR2
i VA i} azE de azE de (A.1-7).
dR_ aR2 6H1 i 6H1 aRz
0L’ azE 0L azE

The quantities 9H,/0£', 0H /0zy, 0R,/0&' and OR,/0zj

E,
can be evaluated from the expressions given at the begin-

ning of this appendix; and dR2/de and dHl/de are given

by (2.3-25) and (2.3-28).

Approximate expressions for dzm/de

Spalding (1964a) noted that £' is a slowly-varying
quantity, so that the neglect of d£’/de in (A.1-5)
seemed to be a justifiable means of obtaining a simpler
expression for dzE/de than (A.1-6),

dHl/de

i.e. dZE/dRX = m (A.1—8).
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It was this equation, together with the integral mass-
conservation equation (2.3-24), for which Escudier and
Nicoll (1966a) reported solutions. But, neither Spalding
nor Escudier and Nicoll actually checked that the neglect
of d,@'/dRX was entirely justified. Moreover, Patankar
and Wolfshtein (1966) report that a similar procedure
applied to a parametric-profile type of kinetic-energy
method in fact does give rise to appreciable inaccuracies
in the predictions. However, the writer has now carried
out extensive checks which show that the errors intro-
duced by this procedure into the entrainment method are
indeed negligible. Nevertheless, the simplification
brought about by the neglect of dﬁ'/de in equation
(A.1-6) is minimal, so that the solutions reported in
CHAPTER 5 are based upon the complete equations, (A.1-6)

and (A.1-7).
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APPENDIX 2: Estimation of the normal-stress terms

To be considered here are the integral momentum equa-
tion (2.3-25), with the w-term omitted, and the two shape-

factor equations (2.3-28) and (2.3-29),

dR, 1 g Y&
ice. S = sg - (H12+1)F2 + - EEI (u'®-v'?®)dy (2.3-25)
X 1 o]
G
. dHl Hl d YG 2 2
———— — - -— ———— ] 1
Ry g~ = -mg ~Hysgt(H ,+1)H T, > 3=l ¢ v'T)dx
X U.G
(2.3-28)
y
dH H G ——
32 = ™ . - T 32 L 12 12
R, 4R = 2s -H32ss + (le 1)H32F2 - = A% (u'"-v'®)dy
X u o
G
2 yao u d
+ = j E—EE(U'E—V'Q)dY (2.3-29).
uGE o G

The final (integral) terms of each of these equations

are those which require evaluation. For this to be possible,

it is evidently necessary to relate (u'®-v'?) to known

quantities. The assumption made here appears first to

have been used by Ross (1953a, b); it is based upon the

observation of Dryden (1947) that the angle, &, which the

principal axis of the turbulent stress tensor makes with

the direction of the mean flow is almost a constant,
-2u'v’

i.e. tan (20) = —————— = constant,
2

2
u'“-v'
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Ross took the value of the constant to be 0.74; more re-

cently Trezek and Robertson (1965) adopted a value of

unity. The latter is the value used here,
i.e. u'-v'® = -2u'v' =~ 2suG2 (A.2-1),

For the shear stress, the Prandil mixing-length hy-
pothesis discussed in CHAPTER 4 is again made use of.
But, the ramp-function mixing-length distribution adopted
earlier leads to algebra more tedious to work than is
warranted by either the crudity of the other assumptions
or the purpose of the analysis (which is to give an order-
of-magnitude estimate;, of the effect on the boundary-layer
calculations of CHAPTER 5, of including the cross-flow
pressure gradient). Therefore, the mixing-length assump-
tion ig simplified further to A = XG for all valuesAof

E. If the linear velocity profile (4.3-3) is also used,

the final expression for the normal-stress term becomes

[ u'®-vr® a 22 2 (1-0)%u,” ! (A.2-2),
L !

The result of evaluating the first of the two integrals
is then

Ya
f (u'?-v'?)dy = 2AG2(1-Q)[(1-Q)

dy y
G G ]
d +2(l—g)uG dx 2%id

u 2 dx
G
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The evaluation of the second integral proceeds as follows*,

Yo — , — — ) Yo o
1 u ' ' —~ ° T ' '
- BJO EE-EE(u ®_v'?)dy =~ — ax u(u'®-v'®)ay
G G
dy
= AGB(1-g)(1+g)[(1-g)dXG +
Yo s (1430) . dC
+301-0)~ 9% - T150) YG‘EEJ’

G

It is convenient to substitute for Yq in terms of 62 and (
through the relation derivable from the linear velocity

profile,

i.e. 62/yG = (1-¢)(1-2¢)/6 (4.3-6).

Then the two integral expressions may be written (after

some algebra) as follows

Ya !

—_— dR
1 4 ' ' _ (1-C) 2 3 ag
N EEIO(H fovi®)ay = 12kG2(1+2g)[deTF2_ (1-g)(1+2g)R2de
G i
\
and. (A.2-3)
1 yeﬁ ) 2 (1 g)(1+g)rdR2 2(1+C+C?) dac
29 _(yr?_y12)dy=61 - +2F R
u 7o usox Y G "(1+20) LR T 27 Tiey (g ar) 29R

(A.2-4),

*The additional assumption here is a convenience not a
necessity.
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When the kinetic-energy method is under comnsideration,
the equations to be solved are (2.3-25) and (2.3-29).
The equation derived in CHAPTER 4 may be used to relate

H32 with ¢ and also dg/de with dH32/de,

| 2
. ; _ 3(1+¢)
Le€Co H32 = ) 1+2€) (4-3—5)

d¢ (1+2¢)

and =

=2 dH
32
3¢(1+C) dR_ (A.2-5).

3
L

Then if (A.2-3) and (A.2-4) are used to replace the inte-
grals in (2.3-25) and (2.3-29), these two equations con-

stitute a soluble set with edither R2 and H or R2 and (

32
as dependent variables.

When the entrainment method is under consideration
the equations to be solved are (2.3-25) and (2.,3-28).
It is then provident to make use of an equation similar

to (4.3-5), also derived from the linear velocity profile,

to relate H1 with C,

_ 3(1+C)
i.e. H, = TImO(1:20) (A.2-6)
dH !
and so gg— = (1—Q)2(1+2C)2 1 ; (A.2-7).

dR 6C(2+C) dR_
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And, again, if (A.2-3) is used to replace therintegrals in
(2.3-25) and (2.3-28), the two equations constitute a
soluble set with, now, either R2 and H1 or R2 and { as
dependent variables.

The final equations in both cases are straightforward

to obtain, but quite complex in form, and so are not given

here.
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APPENDIX 3: Analysis of the electrical signals obtained

from a hot-wire anemometer

A.3.1 Introduction

Newman (1951), Sandborn and Slogar (1955), Hinze
(1959), Patel (1963) and others have presented methods for
the analysis of the electrical signals which are obtained
from a hot-wire anemometer. So far as the writer is
aware, all previous writers have presented similar analyses
valid only for turbulence in which the fluctuating compo-
nents u' and v' and w' are small compared with the mean
velocity u (rms values less than about 10% of u). Some
authors, however, have attempted to estimate the errors in-
voled in using the conventional method in the analysis of
signals for intensities up to about 20%. Nevertheless,
Newman, Schubauer and Klebanoff (1951), Spangenberg, Row-
land and Mease (1966) and others have used the analysis,
without correction, in the calculation of (indicated) in-
tensities up to 60 or 70%. In the writer's own experi-
ments, intensities of this order, and even greater, were
again involved. Consequently, it was decided to undertake
a re-examination of the method of analysis, to see if the
conventional assumptions are in fact necessary, and if not
to suggest an alterﬁative method of analysis, valid even
for the very high intensities which are encountered in

practice.
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A new procedure has evolved from the re-examination
and is set out below. The conventional method is also
outlined, to indicate where and why highly-restrictive

assumptions have in the past been made,

A.3.2 Features common to both analyses

The starting point of both the present and previous
analyses is the empirical law which governs the cooling of

a hot wire,
. 2 n
i.e. E = A + B ug (A.3-1)

E is the voltage drop across the wire, u, the velocity

N
normal to the wire, A and B are constants (determined by
calibration) which depend upon the wire resistance, geo-~
metry, temperature, etc. and n is a universal constant.
Various recommendations have been made for n, including

the best-known value of 0.5 (King, 1914) and that currently
in favour (Patel, Bradshaw and Johnson, 1963, etc.) of 0.45
(Collis and Williams, 1959). It is important to note

that although the validity of (A.3-1) has been established
only in steady flow, when used in the analysis of hot-wire
measurements for turbulent flows it is assumed to hold
instantaneously.

The other starting assumptions, which are again con-

ventional but not particularly restrictive, are that the
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constants A and B are known, from calibration in a steady
flow, and that n is known. It is also assumed that the
quantities measured are the mean (D.C.) voltage, E, and
the root-mean-square value,‘g', of the fluctuating compo-

nent of the instantaneous voltage, E,

i.e. E = E + E',
~ i . a
so E' = (E'®)2 - [(E-E)?]% (A.3-2).

The analyses presented here apply specifically to
wires operated at constant temperature. Similar analyses

could be given for constant-current operation.

A.3.3 Single wire with axis in z-direction (used to measure

1 and u'?)

Conventional method of analysis

ft - The vector diagram on
N _ the left shows the velocity
Y components in the x-y plane.
u u' It is only these components
% > which contribute to the
cooling velocity, Unrs for
a wire with its axis in the z-direction. From the diagram
it is seen that Uy is given by
u,” = (W +u)® + (v +v")? (A.3-3).
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Also, from (A.3-1), it is seen that

(A + BuNn)% s

E

It

_ _ _ _ . n 1
so E [A+B(u®+2u'u+u'®+v+2v'v+v'®) /2]2

(A.3-4).

If the value of n is taken as + and the binomial theorem

applied to (A.3-4) twice, it is found that

= ¢ L w?® Ty TRy
E = (A+Bu?) [1+'§('? b o—— 4 -3 )
—z2 —z —2 —3
u u
c? ,u'? u'v' v s ]
- 33(5 2 3) 0 (=)
(A.3-5),
wherein C is defined as
—_— 1
C = Bu?/(A+Bu®) (A.3-6)

(the value of C is usually close to 0.5 for the wires and

velocities encountered in the present work).

An expression for E° also can be deduced from (A.3-1)

and (A.3-3), again making use of the binomial theorem;

it is

- 1 ' e 1 2 Y
E® = (A+Bu2)[1+ g(—% u + zf + X) -3 2 Zs Y)
2 2 2 "

2 1 2 Ty V< ' 3

_c X Lo vl vy gl )] .
32 = - —3
u u

Now, from (A.3-2), E'®? is given by
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E'? E® - E°
= ' 2 - , 3
so E'? Bu [i + 2 = =+ 0(= )] (A.3-7).
16 (A+Bu?) ~u° u
Clearly, however, in the absence of further information,

(A.3-5) and (A.3-7) can only be used in general circumstances,

to determine u and u'® from E

assumptions are made:

either
C u'® ve v'®
1>> (-3 — + = + — -
u® u® u”
Cc®,u'? wv' v
32 — 2 —3 )
u” u
1 2@ Y~ 1 <7
and Y s> g W'v' v
T2 —3

when (A.3-5) reduces to

— 1 E
E = (A+Bu?)
and (A.3-7) to
E|2 - Bz.‘-—l - u‘2
16 (A+Bu2) w°
-] > 12 v ! v
or — > 2(X +¥X_ _ 34 Yy

—n —
u u u2

o~
and E', if the following

(A.3-8)

(A.3-9),

(A.3-10)

(A.3-11);

(A.3-12)
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>> g YV (A.3-13),

and

when (A.3-5) reduces to

, 2
Cy u ] | (A.3-14)

2 e

1
E = (A+BE%)2 [1 - %g (1+

and (A.3-7) again to (A.3-11). Also, of course, the

terms of order u’S/EB must be negligible.

However, (A.3;5) and (A.3-7) themselves are subject
to conditions even more restrictive than the above.
These stem from the necessity to use the binomial theorem
in their derivation, for this imposes the following limi-

tation on the terms in (A.3-4):
e > (2u'u + u'?) o+ (v o+ v)® (A.3-15),

Thus the validity of (A.3-5) and (A.3-7) is limited to
flows in which (A.3-15) is satisfied, so that even when

v and v' are negligible, the peak instantaneous intensity

is limited to about 40%* and the rms intensity to an appre-

ciably lower figure (probably less than 30%).

New method of analysis

The major flaw in the conventional method of analysis

*Since, if u° = 2u'u + u'?, u'/u = x V2 -1,
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stems from the necessity to make use of the binomial theorem.
The new procedure, which is outlined below, is considerably
simpler than the other analysis, primarily because it
partially avoids the need to use the binomial theorem,
and includes some allowance for terms usually neglected.
Although the new method suffers from limitations, they are
appreciably less restrictive than those indicated in the
previous section.

The first step in the new analysis is to write (A.3-1)
as

1
[(E® - A)/B] /n uy (A.3-16),

Then E'* is set equal to (E'?)2, E'° to (E'?)%, etc., and

E‘B, E‘E, etc. are neglected.* Application of these
g

assumptions is greatly simplified when it is realised that
they correspond exactly with the assumption that E'{t} has
the form of a square wave, for then

1 1

5, - [E +B§")2-A]n . [@-_QE'_B_)Q_-A]H} (A.3-17)

1

At —

— 2 - . . .
where E' = (E'7)E, A similar expression can be written

—

*It is easily shown as follows that in fact E' 2 (E'?)2,

etc. _Let E'® = E'® + f{t), where t = time; then E'*

(E'2)2 + £2, E'° = (E'2)® + 3E'%¢£® 4 £°, etc.; and for

any normal distribution £ - f = ... = 0.




2
Uy

for N it is

2

Now, for 'simple' turbulence where uy =

(A.3-17) is no more than an expression for u

one for u”

matter how great its value.

In general, of course, Uy is given by

2

UN =

— ]
i.e. w(1 + 2 %— +
u
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2

(A,3-18).

From this equation it is seen that

2 —2 u
= 1 4 -
uy u” ( +._2

and also, when u', v'

Li -+ %-V
u

are given by

U_N = u

Then u and u'?

Vv

2

u + 0(v'?/4®)

and. uNg - u° = uw

2 4 o(ur®/T®)

- [ BT, (E )

+ u’g, from which u'?® is easily

u=1u-+u',
and (A.3-18)

determined, no

(A.3-3),
+2 i,v)-
uE

(A.3-19)

(A53-2O)u
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However, when (A.3-15) is not satisfied, other assumptions

are necessary. For example, in boundary-layer situations

it is commonly found that u? >> ;2, and also u'® > v'z,

when both these latter quantities are large. Then, v2

may be neglected in comparison with ug, and (A.3-19) and

(A.30-20) may again be used to calculate u and u'?.

Comparison between results obtained from new and old

analyses

A comparison between values of Gﬂ/ﬁ obtained from the
conventional and new analyses is shown in the diagram
below. An additional comparison is made with results
obtained with a sinusoidal, rather than square, waveform
for E"{t3}. The figures used to plot the curves shown
are based upon the data obtained in the writer's experi-
ments with a single hot-wire probe.

The results show that for intensities up to about 20%,
the three analyses give results within 1% of each other.
For higher intensities, the conventional analysis gives
values considerably in excess of either of the new ones.
Also, the use of the sinusoidal waveform for E' makes no
significant difference to the results given by the new
analysis. Therefore it seems safe to assume that if it

were possible to use the true E'{t} variatioﬁ, the results
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" would be little different from those given by the square

wave,
1.4}
u'/u
1.2
conventional

‘ analysis i

1.0~ ==\~~~ — i

‘ 4

]

0.8 F :

|

0.6 F ;

' !

sine-wave E'}

0.4 \

1

f

0.2 |

|

t

A L’ A A A

60 0.2 0.4 0.6 0.8 1.0

Bl e

u'/u

(from square-wave E').

Calculations have also been carried out with a square
waveform for u', The results are insignificantly different

from those obtained with a square waveform for E', but

the equations to be solved cease to be explicit.
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A.3.4 Crossed wires in x-y plane, with wire axes at - 450

) —_—
(used to measure v'® and u'v')

Conventional method of analysis

by

L5°

wire 1 wire 2

The vector diagram above left

x
Az w' shows the velocity components
Yr
s in the x-y plane, and that on
a > uf" the immediate left those in
= the x~z plane. From these

it is seen that the component of the total instantaneous

velocity, Upo normal to wire 1, Uy s is given by
1
a1 ' V(v awt )3 —
uN2 = [(u+u ;—(v+v ) + (waw')*® (A.3-21),
2
and the corresponding expression for uy is
2
1! P S —
uN2 = [(u+u )t(viv') + (waw' )" (A.3-22).

2 V2

Then from (A.3-1) it is seen that

E, = {A1+B1(

E;;)%[l + 2u'u+u'®42v ' vev'F-2v'u-2u'v
2

N2 (u-v)?

~2u'v'+2w'? 3!

!
(T-v)? )

1
2

(A.3-23),



with a similar expression for E

2

(terms involving w are

zero in two-dimensional flow and have been dropped from

(A.3-23)).
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The binomial theorem must again be used to put (A.3-23)

into a practically-useful form.

The resulting expression

is
- — 1% C - —— C, — C, — —
— e e ¥ 2 2
E. = [A +B_ (2 V)21 (1+§1(1— 2 u + 3 X8 M 1ty u
1 1 1/\/—5 J L 2W2 Wg 4 Wg 2 W2
1 1 1 1
2 P —— C 2 3
u'” + v! 2u'v! 1 w! u' ]
A.3-
( — )+ zf-w + o(_113 ) (A.3-24)
1 1
_ ivi: , T u-v, 4
where c, = B1( )e / LA1+B1( )2
Vg J2 7
and Wy = 4 - v.
A similar expression can be deduced for 52.
(A.3-1) and (A.3-21) may also be combined, to give
= = 1 C —2 - = ¢, =2 C —=
AN 1 v u 1 u 1 v u
E_? = [A ELX-2][ -2 - 1
1 1+Bl(ﬁ ) ..1+ -4_(1 2 w 2 + 3 2 L 2+ 2 2)
1 1 Y1 w1
u'*yv' P Tavey €1 w'? 137
( = —— + Of ) |
w2 2 2 3 N
1 1

with, again,

a similar expression for E

2
2 -
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Then, the expressions for El and Elz can be combined

to give
—=1-C7% = 2 o2 T =
_ 1 ' 12 _ [
Eiz - [A1+B1(u V)z] 12 (_1_1_)2]:(11 +V 2u'v )(1_ 2_1_)
JE Wl wla u
u'®
+ 02 ] (A.3-25)
\J
1
énd the corresponding result for Eéz is
— = 17 C,° = 2 2 o o
= ! ! i 1] 1
12 [A +B (u+v)2] 2 (2_)2[(u +v'“4+2u'v ) (142%)
2 2 72 16 "w 2 =
2 2 A u
2
—
u'’
+ 0(= )] (A.3-26)
Yo

(A.3-25) and (A.3-26) may be combined to eliminate

u'? and v'? and give an equation for av'. u and v can
be determined from (A.3-24) and its counterpart for Eg,
provided that either the whole of the second square bracket
in (A.3-24) is taken as unity (the usual assumption) or

the w'? neglected, though the latter assumption is less-

easy to justify in general circumstances than the former.

To determine v'? a fifth equation is required; this
may be obtained in a similar way to (A.3-25) and (A.3-26)

by deducing an expression for the rms value of either
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(E.' + E.,') or (E,'" - E_."). The result in the latter case
1 2 1 2
is
1 1
— o oi2r .5 172
(E,'-E,")? = E1'2+E2'2-2[A1+B izl )2 | Ay+B (ti)ZJ
2

C1C2 —_ . w'? . 2
X 35 (~— —;) (———:;——) (A.3-27),

However, severe limitations have been placed on the
generality of all the expressions which have been deduced,
again because of the necessity to apply the binomial theorem

to (A.3-23). The condition to be satisfied is

1 > [(2u'a+u'2)+(2v';+v'2)—2(v’E+u';+u'v‘)+2w'?]/(EJ;)2

1> [(u'2+v'®i2wr?) 2u'v'i2(u'-v")u-2(u'-v')v]/(u-v)*?

The upper limit on the turbulence intensities for which
this is satisfied is less easy to specify than was the
case with (A.3-15). However, since u' and v' must gen-
erally be of opposite sign, when u' is positive all the
terms in the last condition-equation are positive and
additive, except for the last one which contains v and

is thws likely to be of lower order than the rest in any
case. Thus the likelihood is that the upper limit on the

turbulence intensities for which the derivation of the



above equations is valid is again of the order of 30%.

New method of analysis

A procedure similar to that outlined in sectiomn

2 2 .

and in

1 uNZ
E'® and E!°. As before 2 and

1 2 “N1 Uy

(A.3.3) above leads to expressions for Uy

terms of El’ E2,

are related to u, u'- etc. by (A.3-21) and (A.3-22),

<

2
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i.e. uN2 = F(WP+u'®ivavr®o2u vV -2u'v aw' ?) (A.3-28)
1

and. uN2 = F(uP+u'fvEivi®i2ud vV +2u'v 4w ®) (A.3-29).
2

From these two equations it is seen that

11N2 - uN2 = -2uv - 2u'v' (A.3-30)
1 2
and uN2 - uN2 = wriu'Fiviav®iow® (A.3-31).
1

2

When the turbulence intensities are small compared

with 72, as may be the case near the edge of a near-separ-

ting boundary layer, (A.3-28) and (A.3-29) can be used

2

to obtain u and v separately. When u'®, v , etc. are of

2

the same order, but small compared with u~, it is possible

to calculate u from (A.3-31). Also, when u v is small

compared with u'v', (A.3-30) can be used to calculate

u'v'.
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Unfortunately it is not the case, even for boundary
layers, that u v is small compared with u'v'. Consequently
the application of (A.3-30) to the present writer's results
led to values of -u v - u'v' which were negative over much
of the boundary layer. Although the new analysis gives
the same results as the conventional one for low-intensity

turbulence, in general it is impossible to separate‘a v from

u'v'. And the same is true of v'® and v-.
Similar analyses to the above can be carried out for

crossed wires, in the x-z plane, which are used in the mea-

surement of w'?, The analyses are subject to similar

limitations to those for wires in the x-y plane.

A.3.5 Concluding remarks

1. The conventional method of analysis loses its validity
for values of GQ/E greater than about 0.3 (30% turbulence).
The reason is that the conditions which permit the use of
the binomial theorem in the derivation of the analysis

are then violated.

2. The new analysis essentially results in a linearisation
of the output from the anemometer. This analytic linear-
isation has a twofold advantage over electronic linearisa-
tion: first of all it permits a direct comparison to the
made between the results of linearised and unlinearised
operation, and secondly it is infinitely cheaper than the

electronic method which is very expensive.
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3. For intensities up to 20% the new and conventional
analyses give results within 1% of each other. For higher
intensities the conventional analysis gives values of Gﬁ/ﬂ
considerably in excess of those given by the new method

(about 50% higher for u'/u = 0.9).

L. The use of a sinusoidal, rather than square, waveform
for E' makes no significant difference to the results given
by the new method. Consequently it is concluded that,

if it were possible to use the true E'{t) variation, the
results would be little different from those given by the

square wave,

5. For turbulence intensities greater than about 20%
there seems to be no way at present of measuring the tur-
bulent shear stress. The conventional analysis ceases

to be valid, and the new one cannot be used to separate

v from u'v'.

el

6. Whether the electrical signals obtained from an
anemometer correspond to the true magnitude of u, when u'
(instantaneously) exceeds u, depends upon the distance
over which the flow reversal occurs. This distance is
likely to be small compared with any characteristic probe
dimension, so if is probable that the signals do corres-

pond to Iul.
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Some of the proposalsmade by Spalding (1964 a) in his ‘ Unified theory of friction,
heat transfer, and mass transfer’ are examined. The two-component velocity-
profile family proposed by Spalding is compared with measured boundary-layer
and wall-jet velocity profiles and is shown to be adequate for lows with moderate
wake components. The drag law implicit in the velocity-profile family is shown
to be in good agreement with experimental data.

Recommendations are provided for entrainment functions for both boundary
layers and wall jets. -

Predictions of boundary-layer and wall-jet development, based on the recom-
mended entrainment functions, are presented and compared with experiment.
The predictions are in good agreement with experiment except in the vicinity of
separation.

1. Introduction 1.1. Spalding’s unified theory

A general theoretical framework has been developed by Spalding (1964 a) for the
prediction of friction, heat transfer and mass transfer in turbulent boundary
layers and wall jets. The calculation of the development of the hydrodynamic
boundary layert is based upon the ordinary differential equations for the integral
conservation of mass and momentum and employs two auxiliary functions.
These are:

(1) A two-parameter velocity profile having two components; one accounting
for the effects of mass and momentum transfer to the wall, and the other for
interactions with the mainstream.

(ii) A function which relates the rate of mass-entrainment by the boundary
layer from the mainstream to the profile and flow parameters.

The utility of the theory depends upon the range of flows for which adequate
auxiliary functions can be determined.

1.2. Object of the present paper

The present work has three main tasks. These are:
(i) To compare with experimental profiles the velocity profile proposed by
Spalding (1964 a).
1 Unless otherwise stated, the term ‘boundary layer’ may be taken to include wall-jet
flows.
22 Fluid Mech. 25
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(ii) To present the results of a survey of the experimental data which have been
analysed for information about entrainment and to recommend entrainment
functions for boundary layers and wall jets.

(iii) To compare with experiment the predictions of the ‘unified theory’, using
the entrainment functions determined in (ii) above.

1.3. Restrictions

The restrictions to which the flows considered in the the present paper are subject
are: (i) uniform fluid properties; (ii) hydrodynamically smooth wall; (iii) im-
permeable wall; (iv) two-dimensional flow.

2. Mathematical theory

The object of this section is to derive the equations used for the prediction of
boundary-layer development and toillustrate the role of the velocity-profile and
entrainment assumptions in the theoretical structure of the ‘unified theory’.

The first of the two differential equations to be used is that expressing the
integral conservation of mass in the boundary layer. This may be written as

d Va d
g (fo pudy) = —P”a'*‘Puad—?{f, (2.1)

where vg is the velocity at the outer edge of the boundary layer normal to the
surface, and y, is the boundary-layer thickness. The right-hand side of equation
(2.1) represents the total rate of entrainment of mass from the mainstream into
the boundary layer. Equation (2.1) can be re-written

d y . 7
y ( fo apudy) = — g, (2.2)

where the entrainment rate — g is defined as
—thg = — pug+ pugdyglde. (2.3)

The other differential equation used is the von Kérmén momentum integral
equation, s
2

dx

where d, is the momentum thickness of the boundary layer, H the ratio of the
displacement thickness &, to the momentum thickness and }¢; the local drag
coefficient, defined b

ey 1o = 7l(put), (25)

where 7 is the local shear stress at the wall.
We follow Spalding (1964¢) in defining the following non-dimensional
quantities:

O dug _

+(2+H)uG dx

3¢5 (2.4)

R,=|"%dy, R,= f“ﬂdx, (2.6), (2.7)
v oV

0
Ry = ugdy/v, = dey, (2.8), (2.9)

and — Mg = — T/ (p%g). (2.10)
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Equation (2.2) may then be re-written as

dR, /AR = —mg, (2.11)
and equation (2.4) as
dR, d(lnug)
de+(1 +H)R, 7 (2.12)

Equations (2.11) and (2.12) would constitute a soluble set if all the quantities
except R, could be expressed as functions of any two (independent) dependent
variables, either explicitly or implicitly through auxiliary relationships. We
again follow Spalding in obtaining the required relationships through velocity-
profile and entrainment assumptions.

The velocity profile is assumed to be a member of the two-parameter family

z = stf{y"}+ (1~2z) g{f}, (2.13)

where z = ufug, § = y/ye and y*+ = J/(t/p)y/v. The quantity 2z is a profile para-
meter and f and g are universal functions. The physical basis for this assumption
and specific forms for f and ¢ will be discussed in §3. The boundary condition
£ = 1:z = 1, together with the fact that g{£} is so normalized that g{1} = 1, yields

the local drag law st = zp/flys} = 2glfa (2.14)

For a wall jet, where zz > 1, the momentum-thickness Reynolds number R,
passes through zero and the shape factor H through infinity. For the purposes of
the numerical integration of equations (2.11) and (2.12), therefore, it is con-
venient to eliminate R, and H. To do this the quantities [, and I, are introduced,

defined by 1
: L Ef zdg, (2-15)
0
1
and Izzf 22dE. (2-16)
0
I 1-7
Then we have R, =R,(1-F}, H= , (2.17), (2.18)
I L-1,
and equation (2.12) may be written
ad (L (1-1 d(In ug) Il—Ig)
Ruge (1) = (77) R o+ (P7) (e 219

We can expand d(1,/1)/dR,, as

d (12) 1 (312 dey 0, dfg) I (3[1 dzg oI, dfg) 2.20)

dR, \L O2g AR, ¥qdR,) L\0:pdR, 3fgdR,

4
However, the quantity f; which appears in the drag law and, through the drag
law, in the expressions for I, and I, is found to be slowly varying, so the terms in
equation (2.20) containing dfs/dR, can be neglected. Equation (2.19) thus
becomes, after some re-arrangement,

dzg _ (1- L) R, d(Inug)/dR,—Lis+ (L, — L) (—mg)

= (2.21)

R, = .
dR,, (01y/0z 5 — L/ I 01, [0z g) s,

22-2
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With the exception of —mg, all the quantities appearing in equations (2.11)
and (2.21) may berelated to the main dependent variables R,, and zz. Thus, once
the entrainment function — mg has been determined, the development of hydro-
dynamic boundary layers may be predicted, all that is required being the
solution of two simultaneous, non-linear, ordinary differential equations.

3. Velocity profile
3.1. Previous recommendations

Coles (1956), after an extensive review of low-speed boundary-layer data, pro-
posed the velocity profile

wt = fy+ o g, (31.1)

~ where both f{y+} and g {£} are functions supposed common to all two-dimensional
turbulent boundary layers, II is a profile parameter and « a constant. The
function f{y+*} is termed ‘the law of the wall’ and, following Coles, g{£} ‘the law
of the wake’.

Experiment shows that the law of the wall has the form

Flyt) = SIn (By), (3.1.2)

where « and E are constants. Coles (1956) recommended the values
k =040, E = 17-691;

and later (1962) k=041, E =17768.

Chi (1962) found that boundary-layer drag data indicate
k=040, E =12.

Other authors (e.g. Clauser 1954; Spalding 1964a, 1965; etc.) have recommended
various other values for k and E. The present authors have followed Spalding

(1964 a) in using k=040, E = 6-542.

Coles (1956) expressed his recommendation for the law of the wake in tabular
form and, as was noted by Hinze (1959), this differs only slightly from

g{&} = $(1 —cosmé). (3.1.3)

Equation (3.1.3) is compared with Coles’ g{£} relation in figure 1.
Spalding (1964 a, 1965) used a slightly different profile parameter from Coles’ [T
and wrote equation (3.1.1) as

wt = In (By*) + (1—2) (1 — cos ) u, (3.1.4)

where the specific forms mentioned above have been utilized for the wall and
wake components. The profile parameter z;; can be interpreted physically as the
ratio of the law-of-the-wall velocity at the outer edge of the boundary layer to the
mainstream velocity. The quantity (1 —z5) is a measure of the relative magnitude
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of the wake-component of the velocity profile. Typical wall and wake com-
ponents and total velocity profiles are shown in figure 2 for z; < 1 and z;; > 1.
Coles (1956), in his determination of the law of the wake, examined only
‘conventional’ boundary-layer profiles where z; < 1, whereas Spalding (1964q)
assumed that the same g{£} function could be used for all boundary layers with
zg > 0,including wall-jet flows where z; > 1. One of the aims of the present work
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3
Froure 1. Comparison of z = 4(1—cos 7§) with Coles’s law of the wake.
——, Coles’s law of the wake; — — —, z = 1(1 —cos 7§).

is to examine velocity profiles covering the whole range of zj values to see if
Spalding’s assumption is justifiable. Coles himself noted that it was not possible
to find satisfactory values for the parameters II, u, ( = 4/(7/p)) and ygz such
that equation (3.1.1) would fit a profile, measured by Klebanoff & Diehl (1952),
downstream of a point of reattachment. Coles also remarked that experiments
performed by Wieghardt (1944) indicated that there is a definite change in the
shape, as well as in the amplitude, of the wake component in flow at constant
pressure when the level of free-stream turbulence is varied.

3.2. Drag law
As shown in §2, equation (3.1.1) implies a drag law. If we use the form for
f{y} given in equation (3.1.2), the drag law, equation (2.14), becomes
s = (kzg(l)?, (8.2.1)
where I =In(Byg) = In (ERgsh). (3.2.2)
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It is worth pointing out, perhaps, that the drag law represented by equation
(3.2.1) is independent of the specific form of the wake profile assumed.

The drag law deduced from the velocity profile adopted here is compared, in
figure 3, with the proposal of Ludwieg & Tillmann (1949) that

§ = 0-123 x 10-06BHR 0268 (3.2.3)
10
08 - Total velocity profile
0-6 1~
2 l—z,
04 = Wake component
- r
02 / Wall component
ZE
0 1 1 [ i | *
0 0-2 0-4 06 0-8 1-0
£
(a)
2 -
Y
Wall component T
g
1 Total velocity profile
z
0 1 o | 1 1 1
06 0-8 £ 1-0?
Wake component 1—zg
1k

(®)
Ficurr 2. Typical velocity profiles according to equation (3.2.4).
(2) Boundary-layer profile, zz < 1. (b) Wall-jet profile, zp > 1.

The present law clearly yields values for s which are lower than those given by
equation (3.2.3); in this connexion it is worth mentioning that Newman (1951)
showed the Ludwieg-Tillmann law to overestimate drag, particularly when
H is large.

The present drag law is compared directly with experimental data in figure 4.
There is considerable scatter, and it is seen that in many cases the wall shear
stress is underestimated. Nevertheless, equation (3.2.1) is an improvement on
the Ludwieg-Tillmann law for large H values and is the only available drag law
which has been recommended for both wall jets and boundary layers. It will be
retained, therefore, until a better law becomes available.
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Substitution of equation (3.2.1) into the definitions of #+ and y+ and sub-

stitution of the latter into equation (3.1.4) yields a form of the velocity profile
more convenient for later work, it is

2 =2g[1+ (In&/D]+ (1 —25) 11— cos 7). (3.2.4)

3.3. Comparison with experiment

Values of the profile parameters have been determined for a number of experi-
mental velocity profiles by the method of least-squares fitting. This procedure
gives the values of z;; and y, which minimize the square deviation R, defined by

R = 5[y~

z, being the experimental velocity ratio at y;, and z{y;} the value given by
equation (3.2.4) at y,. The measured and fitted profiles are shown in figures 5-11.
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08 - 2g=0910

06
L

04

02

0 ] | ] 1 1 1 1 1 i 1

0 02 04 06 08 10

£

Ficure 5. Comparison of equation (3.2.4) with experimental velocity profiles
Smith & Walker (1959) for flat-plate boundary layers.

In figure 5, four profiles measured by Smith & Walker (1959) in boundary
layers developing along a smooth, flat plate under zero pressure gradient are
shown. The fitted profiles are evidently fairly good representations of the
measured ones, although there is evidence of a small, but systematic, deviation
from the fitted profile in the region of £ = 0-3. Values of the shape factor H



Entrainment function in boundary layers and wall jets 345

calculated from the fitted profiles differ by up to 4%, from the reported experi-
mental values.

Similar remarks to those in the preceding paragraph can be made about the
profiles of Bradshaw & Ferriss (1965) shown in figure 6. These data were obtained
for a boundary layer recovering from the effects of an adverse pressure gradient—
hence the relatively large wake-component at x = 47in., where 2z~ 0-67.

. r_._0—0-0-0-'—“'
."‘" x=95in.
JE= 0863

® _.__..‘—.—.—. —

o )
x=7] in.
e 2p=0794
1]

-8 -9—0—0—0—

" r=50i
o X= 1n.
i 2z =0716

o

o—0—9 00

_e
’./"'. x=47 in.
e 2p=0673

F16ure 6. Comparison of equation (3.2.4) with experimental velocity profiles of Bradshaw
& Ferriss (1965) for a boundary layer recovering from the effects of an adverse pressure
gradient.

A purely cursory examination would indicate that equation (3.2.4) is a poorer
fit to these data than to those of Smith & Walker, yet in this case the maximum
difference between the reported experimental and computed values of H is less
than 39%,. Clearly, careful thought must be given to deciding what constitutes
‘a good fit’.

The profiles of Schubauer & Klebanoff (1951), shown in figure 7, were obtained
for a boundary layer subjected to an adverse pressure gradient which eventually
caused the layer to separate (a little beyond « = 25ft.) Here again the profiles
appear to be reasonably well-fitted by equation (3.2.4), although for the two
downstream profiles shown, the theoretical profile is inadequate near the wall.
The profile at # = 25 ft. has a large wake-component, the value of 25 being about
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0-29, and in this case the shape factor calculated from the fitted profile is about
2-38, compared with the reported experimental value of 1-99.

The final set of velocity profiles for z; < 1 are those of Stratford (1959),
obtained for a boundary layer reported as having zero wall shear. In this case
zz = 0 and equation (3.2.4) reduces to the pure wake form

z = 3(1 - cosmE).
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Fraure 7. Comparison of equation (3.2.4) with experimental velocity profiles of Schubauer
& Klebanoff (1951) for a boundary layer with an adverse pressure gradient.

Tt is seen, in figure 8, that this expression is a very poor representation of Strat-
ford’s data. Also, for z5 = 0, our profile gives the unique result I = 4, whereas
Stratford’s experiments gave values for H which varied from about 1-8 to 2-6.

All the cases considered above related to boundary layers with 1 > z5 > 0.
The remaining profiles, shown in figures 9-11, were obtained for boundary layers
where zg > 1, that is, for wall-jet flows. In all these cases the assumed profile
deviates from the measured one in the same way, being too low near the edge of
the layer and near the wall, and too high in the middle of the layer. The deviations
are seen to increase in magnitude as 2y increases, that is, as the wake component
becomes dominant. Also, the assumed profile gives roughly the correct value for
the velocity maximum, but this always occurs further from the wall than the
measured maximum.



Entrainment function in boundary layers and wall jets 347

0 = ol - *
10 '...”“""*ho‘c-o—o-:i/;y——-so {
=187
08}~ prorotseey xly=40
~o—s a—v—g —
£,=198
06 (ano“‘ "\.\.\H_Ji/yizjg‘.
2p=2'10
04 f'.“”"'\'\k.__ x/ye=20
L 00 g p—a—0— o
2,=232
0.2 - z 2 "‘ v e,
& *‘“‘\.\ xfy=10
1+ oo o —
2;=265
1 1 1 1 1 1 1 1
0 02 04 06 0-8 10 0 05 1:0 15
£ §
Fioure 8. Comparison of z = 4(1 —cos 7£) with Froure 9. Comparison of equation (3.2.4)
experimental velocity profiles of Stratford (1959) withexperimental wall-jet velocity profiles
for boundary layers with zero wall-shear stress. of Nicoll (1965).
'ﬂ"""' L) x/v=100
4 *.\L"‘*‘o.n-o b
£p=20
U— ~.‘ko\.\._. e x/y,= 75
Zp=22
?'"" S
e — x/y=50
- e =210
2=25 =50
Lt
4 T xly=40
- RO P 2r=199
2p=27 xfy=40
L] ———
f' e
~ =30
3t D -5 7e-199
Rp=a’ x/v.=30
) "-w.“..”"‘ ——
., xfy=20
1 T——e o— 25=191
2p=34 . x[y.=20
1 1 1 i
0 05 10 15 0 05 10 15
£ §
Ficure 10. Comparison of equation Ficure 11. Comparison of equation
.2.4) with experimental wall-jet .2.4) with experimental wall-je
(3.2.4) with i tal 11-j 3.2.4) with i tal 11-jet

velocity profiles of Nicoll (1965). velocity profiles of Nicoll (1965).



348 M. P. Escudier and W. B. Nicoll

Clearly, for both zz > 1 and zg < 1 there is a need for improvement in the
assumed velocity profile. The most obvious deficiency is probably the absence of
a term to account for the effects of pressure gradient; current work is aimed at
remedying this. For the time being, however, equation (3.2.4) will be retained as
the velocity-profile agsumption.

4. Entrainment function
4.1. Review of previous recommendations

The idea of using an entrainment function as the auxiliary equation in
turbulent-boundary-layer calculations came from Head (1960). Head’s entrain-
ment function may be written, formally, as

—mg = —mg{H,)}, (4.1.1)
where H, is a shape factor of the velocity profile, defined by
H, = (yg—901)[9, (4.1.2)

(in terms of I, and I,, H, = L,/(I; - I,)). Head made no recommendation for a
velocity-profile family and therefore required, in addition to his entrainment
function, a relation between the shape factors H and H, and also a drag law. The
H ~ Hjrelation was deduced from experimental data, and the drag law assumed
was that proposed by Ludwieg & Tillmann (1949). Head carried out calculations
on a number of boundary layers and, in spite of his entrainment law being based
upon only two sets of experimental data, those of Newman (1951) and Schubauer
& Klebanoff (1951), obtained fairly satisfactory agreement with experiment.
In all the cases considered, Head used the measured values of 8, in his calculations
of H instead of calculating simultaneously &, and H. Only in the case of the
experiment of Newman was there poor agreement between the predicted and
measured H values. This comparison was improved when 8, and H were simul-
taneously predicted.

Head’s entrainment law is shown in figure 12.

The only other author to make recommendations for the entrainment function
is Spalding (19644, b, 1965). Spalding’s first proposal (19644) was

zg <1 —mg = 01023(1—zg) (1+3zp), } (41.3)

zg > 1: —mg = 0-09(z—1) (1+1z25) /(1 +2).

The basic form for these relations was arrived at by consideration of information
relating to free mixing layers. The constants were determined from analyses of
the equilibrium flat-plate boundary layer and of the spread and velocity-decay
information available for wall jets.

In an annotated version of the paper cited above, Spalding (19645) noted that
equations- (4.1.3) considerably over-estimate entrainment rates and remarked
that these relations were over-elaborate. The following, simpler, relations were
then proposed

2 €1t —mg=006(1 —zE),} (4.1.4)

zg> 1t —mg=003zg—1).
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The entrainment function was modified further in a more recent paper,
Spalding (1965), to

zg<l: —mg=0-06— 0-052E,} (4.1.5)

zg > 11 —mg = 0-0325—0-02,
In figure 12 curves of —mg plotted against H,, are drawn representing the

proposals of Head (1960), of Spalding (1964 a, b, 1965) and of the present authors,
for the entrainment function for z; < 1.

0-08 -
0-07 =
Spalding (1964 a)
006 —mg=01023 (1—25) (1+15)
005 Spalding (1965)
B —mg =006 — 0052z
g
i 004
R2 = 5 X 103
003
Head (1960)
002 RS palding (19642)
— =006 (1—zp)
001 F Present work
— 6= 0075 (1—2g)
I 1 I 1 1 ]

Ficure 12. Comparison of various recommendations for the
entrainment function for z; < 1.

An entrainment law can be deduced from the hypothesis of Mellor & Gibson
(1963) that the effective kinematic viscosity in the wake region of a boundary
layer is equal to a constant times ug.d; (the value of the constant was taken

as 0-016). It is s <1 —mga 0:07(1—zg). (4.1.6)
This is not far different from Spalding’s proposal, equation (4.1.4).
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4.2. Determination of entrainment rates from experimental data

The basic information required in the determination of entrainment rates is the
variation of R,, with R, ,the value of —m being determined by differentiation
of R,, with respect to R,. To deduce R,, from experimental velocity-profile data,
it is necessary first to know the boundary-layer thickness y; and it is evidently
desirable to use a consistent method for determining this somewhat arbitrarily-
defined quantity. One such method is to adopt a velocity-profile family, such as
that represented by equation (3.2.4), and to determine the values of the profile-
parameters which give the best fit to the experimental profile. Alternatively,
properties of experimental velocity profiles, such as R, and H, can be matched
with those given by the adopted profile and the profile-parameters determined
in this way. With only a few exceptions, the data for wall jets (zz > 1) and
boundary layers (25 < 1) have been analysed by different methods. The reasons
for this are outlined below and the procedures then described.

One of the authors (W.B.N.) has been concerned exclusively with boundary
layers where zg > 1, and the other with flows for which zz < 1. In the latter case,
all the data examined were extracted from the literature, whereas many of the
wall-jet data were obtained (by W.B.N.) in the authors’ own laboratory.
Experimental data are almost invariably published in the form of small-scale
graphs and the retrieval of complete velocity-profile data is usually extremely
difficult and time consuming. For this reason it was felt that, so far as boundary
layers with 2z < 1 were concerned, best use could be made of the time available
by deducing the profile parameters from integral properties of the velocity
profiles. For wall jets, of course, most of the experimental data were at hand and,
in the main, actual profiles could be analysed.

Naturally, the methods of analysis are complementary and, if the theoretical
profile is a good representation of measured profiles, only small differences should
arise in the final results.

4.2.1. Analysis generally used for boundary-layer data where zg < 1

The velocity-profile expression assumed was that represented by equation
(3.2.4). This is a two-parameter profile, so the parameters 2z and ¥, and all
quantities associated with velocity profiles, such as R,,, Rg, H, s, etc., can be
deduced from any two independent properties of a measured profile, together
with the appropriate fluid properties (p and x) and the mainstream velocity u,.

The two quantities most commonly reported by boundary-layer experimenters
are the momentum thickness 8, and shape factor H. These were the quantities
from which most of the information concerning boundary layers was deduced.
A computer program was developed to perform the computations and data from
over five hundred profiles were analysed.

4.2.2. Analysis generally used for wall-jet data

The velocity profile adopted was again that represented by equation (3.2.1)
and the fitting procedure the least-squares method described in §3.3.



Entrainment function in boundary layers and wall jets 351

4.2.3. Analysis occastonally used for wall-jet data

When the detailed information required for the least-squares-fitting procedure
was not available, the profile parameters were determined from the reported
experimental values of zmax and Y3 where zmqax 1s defined as the ratio of the maxi-
mum velocity in the wall jet to the mainstream velocity, and y, is the value of
¥ at which z = 23 = }(2max+1).

It may be seen from figures 9 to 11 that the least-squares-fitting procedure
results in values for zmax and y; which agree well with the experimental values.
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F1ourg 13. Entrainment rates deduced from experimental data for z; < 1. @, Reynolds,
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Klebanoff & Diehl; A run 1, @ run 2, Clauser; {, Bradshaw & Ferriss; v [, Herring &
Norbury; @, Newman; ©, Schubauer & Klebanoff,

Fieure 14. Entrainment rates deduced from experimental data for zp < 1 plotted
against Head’s shape factor. Symbols as for figure 13.

4.3. Discussion of entrainment data

One of the attractive features of the entrainment function lies in the availability
of data from which information about it can be obtained. A complete survey of
velocity-profile data, of course, would be impossible, and in the present work
a certain amount of selection has been necessary. An attempt has been made to
include those data which are the most completely reported and, in the opinion
of the present authors, the most reliable.
Entrainment rates deduced from all the data considered for boundary layers
. with z; < 1 have been plotted against z;; and H, in figures 13 and 14 respectively.



352 M. P. Escudier and W. B. Nicoll

Although the plot of —mg against 2z shows considerable scatter, the bulk of the
data lends some support to an entrainment law of the form
—mg = const. (1 —zg). (4.3.1)

As was mentioned earlier, such a form was proposed by Spalding (19645), the
value for the constant being given as 0-06. The present investigation indicates
0-075 to be a better value, i.e.

—mg = 0-075(1 —zg). (4.3.2)
This result is close to that deducible from the work of Mellor & Gibson (1963) (see
§4.1) and is the present authors’ recommendation for z; < 1.

Unfortunately, however, the data obtained for flat-plate boundary layers are
irreconcilable with equation (4.3.2). The value of z appropriate to such boundary
layers is about 0-92 and the corresponding value of —m, according to equation
(4.3.2), is 0-006. The data of Klebanoff (1955), Reynolds, Kays & Kline (1958),
Schultz-Grunow (1940) and Smith & Walker (1959) indicate —mg & 0-011, a value
almost double that given above. The value of the constant in equation (4.3.1)
would have to be 0:1375 to give —mg = 0-011 for zz = 0-92, and this would
conflict with the data for zz < 0-92. This suggests that equation (4.3.1) may
not be the best form for an entrainment function and perhaps indicates why
Spalding (1965) was lead to propose the relation

—mg = 0:06—0-05z,
which gives —mg = 0-014 for zz = 0-92, a value more in keeping with the flat-
plate data. Even so, this equation considerably overestimates entrainment rates
for other boundary layers where z; & 0-9. It is not clear whether this apparent
discrepancy in the data is due to scatter, which results from the difficulty of
determining —mg, or to the effect of some parameter, other than zz which
influences the entrainment process.

The —mg ~ H; plot in figure 14 shows that the assumption made by Head
(1960), that —m could be taken as a function of H, alone, was quite a reasonable
one. Indeed the data so far examined show that the hypothesis of Spalding and
of the present authors, that —mg = —mg{z}, is only a little better than Head’s.

The entrainment data for z; > 1 are shown in figure 15. As for zz < 1, the
data display considerable scatter, again probably due to the method of deter-
mination of —m,, rather than to any real physical effect. This view is supported
by the comparisons of predicted with experimental wall-jet development given
in §5.

The straight line shown in figure 15 represents the equation

—mg = 0-03z5— 0-02, (4.3.3)
and is the present authors’ recommended entrainment relation for z5 > 1.

4.4. Entrainment function for equilibrium flows
For an equilibrium boundary layer, Spalding (1964¢) intimated that the
parameter zgisnearly constant. For such flows, therefore,dzz/dR  can be regarded
as negligible and equation (2.21) reduces to
d(lnwug)
dR.,

1-L)R, —Ls+ (I, —L)(—mg) = O. (4.4.1)
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We follow Clauser (1954, 1956) in defining a pressure-gradient parameter f:
_dydp __Ryd(nuy)

T ordx s dR, ’

which, as Clauser observed, should be constant for equilibrium flows. Equation
(4¢.4.1) may then be re-arranged as

(4.4.2)

—mqg = H s[1+4(1+1/H)], (4.4.3)

where H, = (ya—98)/6; = L/(L - L),
and H =6,/0, = (1-L)/(}— I).
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Ficure 15. Entrainment rates deduced from experimental data for zp > 1. <| A, Gart-
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Clauser also showed that an appropriate shape factor for equilibrium flows is ¢,

where ¢ = ( f :deg) / ( f :ng), (4.4.4)

and F = (ug—w)/u,, the velocity defect. (4.4.5)

For a particular value of £, the velocity-defect profiles are independent of
Reynolds number and therefore ¢ is constant. Thus, for equilibrium boundary
layers, there must be a unique relation between ' and f. An empirical relation
proposed by Nash (1965) for boundary layers with z; < 1is

G =6-1(8+1-81)}—1.7. (4.4.6)
The parameter @ is related to the more usual shape factor (H) as follows:
G = s}1-1/H), (4.4.7)

[or G =s3(1—2L+L)/(1-1)]
23 Fluid Mech. 25
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Equations (4.4.3), (4.4.6), (4.4.7) and the velocity-profile assumption have been
used to determine the curves of —mg against zg plotted in figure 16. These
curves again indicate that the effects of Reynolds number, measured through
the parameter I, are comparatively unimportant and that the hypothesis
— Mg = —mg{zg} is a reasonable one. The curves clearly show the same trends
as the experimental data and, perhaps, suggest that the data for flat-plate flows,
flows with zz — 0 and flows with zz ~ 1 will not be well represented by a single
straight line (see §4.3).
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Figurr 16. Comparison of theoretical entrainment rates for equilibrium
boundary layers with experimental data. Symbols as for figure 13.

An interesting result deducible from the equilibrium-boundary-layer analysis
is the value of —mg for 2z = 0. In this case, s = 0, # = c0 and Nash’s relation

gives GJpt = 61 (4.4.8)
(N.B. Mellor & Gibson (1963) gave G/f% — 5-9 for B — c0.) Thus, from equation

(4.4.6) Bs = [1)(6-1)3 (1 — 1/Hy?
and, from equation (4.4.3)

—mg = H(fs) (1 +1/H),
i.e. —mg = [H,J(6-1)2] (1 — 1/H)2 (1 + 1/H). (4.4.9)
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The assumed velocity profile then gives z = 0: H = 4, H, = 4, and equation
(4.4.9) —mg = 0-0756, This result is in excellent agreement with the value for
— g obtained by extrapolation of the experimental data to z; = 0.

2r
R
28
[~ Deduced from
o4 —me=0075 (1—z2g) Nash

20

-2 0 4 8 12 16 20 24 28 32

Fieure 17. Comparison of the ¢ ~ § relation of Nash (1965) with the relation deduced
from the entrainment function for z; < 1 and with experimental data for equilibrium
boundary layers. @, Favourable pressure gradient, Herring & Norbury; [, zero pressure
gradient, Klebanoff; O, adverse pressure gradient, Clauser; >, adverse pressure gradient,
Bradshaw & Ferriss.

The equilibrium analysis cannot, at present, be applied to wall-jet flows
because Nash’s ¢ ~ £ relation is not valid for such flows. It is of some interest,
however, to perform the inverse analysis and determine G ~ frelations from the
recommended entrainment functions for zz < 1 and 25 > 1. The results of this
analysis for z; < 1 are shown in figure 17 together with Nash’s relation and the
available experimental data. The curvesfor! = 8, 10 and 12 are indistinguishable,
and the differences between the curves deduced from —mg = 0-075(1 —25) and
Nash’s formula are slight. Although the available experimental data for equi-
librium boundary layers are sparse, it would seem that there is little to choose
between Nash’s formula and a @ ~ § relation deduced via the entrainment
function. Also, an entrainment function based upon a G ~ g relation is clearly
sensitive to the relation adopted.

For equilibrium wall jets, the @ ~ # relation implied by the entrainment law
—mg = 00325 — 0-02 is shown in figure 18. The practical limitations of experi-
mental apparatus limit accessible values of 7 to the vicinity of 10 and the spread

23-2
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with 7 is thus rather unrealistic (to change I by 10%, would require a change of
roughly 2509, in Rg). The experimental data of Patel & Newman (1961) are
shown in figure 18 and are consistent with the G ~ f relation deduced for 7 = 10.

B

Ficure 18. The G ~ f relation for equilibrium wall jets deduced from the entrainment
function for z; > 1. @, Patel & Newman.

4.5. Conclusions and recommendations regarding the entrainment function

The main obstacle in the determination of entrainment ratesis the difficulty of
specifying the boundary-layer thickness. To a certain extent this has been over-
come and some degree of consistency achieved by adopting a velocity-profile
family, the thickness and other profile-parameters being determined by ﬁttmg
this to the experimental profiles or quantities derived from the profiles.

Analysis of a large amount of data has indicated that the hypothesis

— Mg = —Me2x}

is a little better than that of Head (1960), —mqy = —mg{H,}, although there is
considerable scatter in both the —mg ~ 25 and —mg ~ H; plots. The difficulties
and inherent inaccuracies involved in the determination of —m; preclude the
inclusion of parameters other than zz in an entrainment function, although the
possible importance of other parameters (such as I, dzz/dR,, etc.) cannot be
ruled out.
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The following entrainment functions appear to fit the experimental data as
well as any; they will be used, for the time being at least, as auxiliary equations in
the prediction of boundary-layer flows.

02 <l —mg=0075(1 —zg),
1 <zg: —mg = 0-03z5—0-02,

These relations imply a discontinuity at z;; = 1, a result of fitting ‘best’ straight
lines to the data for zz < 1 and 25 > 1.

In the following section a brief examination will be made of the sensitivity of
the predictions to the entrainment function adopted.

For 2z < 1, an entrainment function deduced from the ¢ ~ £ relation of Nash
(1965) for equilibrium boundary layers is in qualitative agreement with the
recommendation made above for z5 < 1. It is shown, however, that the entrain-
ment function so derived is sensitive to small changes in the G' ~ g relation.

5. Comparison of the predictions of the present method with experi-

mental data 5.1. Methods of calculation

The general prediction procedure involves the simultaneous solution of the
differential equations derived in § 2 from the integral mass-conservation equation
and the momentum integral equation. The required input is the variation of ug,
with R, and two initial conditions. In the case of boundary layers with z5 < 1,
these initial conditions were taken as the values of R,, and 25 computed from the
reported measured value of R, and H at the starting-point. For wall jets the
initial values of z;; and R,,, were deduced from the measured velocity profile at the
starting-point using the least-squares-fitting method.

The quantities predicted were the values of R,, H and s. In addition, for wall-
jet flows the values of the more usual wall-jet variables #max/t and y,/y, were
computed with the aid of the assumed velocity profile, equation (3.2.4). As well
a8 this general procedure, calculations for flows with 2z < 1 have been carried
out using measured values of R, ag data, the integral mass-conservation equation
only being solved. Thompson (1964) came to the conclusion that experimental
values of R, provide the best basis for comparing the calculated with the
measured shape-factor development. This, it was argued, allows some account
to be taken of the three-dimensional character of most real flows. Whilst this may
be true, in completely new circumstances two-dimensional conditions have to be
assumed and the prediction of both R, and H is necessary.

For equilibrium flows an alternative method of calculation was also used. The
value of zz was taken as the mean of the values deduced from the experimental
values of R, and H. The prediction procedure again reduces to the integration of
a single differential equation. In this case, however, we have an analytical
expression for the entrainment law, equation (4.4.3),

—mg = Hys(1+f+ B[H).
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5.2. Discussion of predictions for flows with z5 < 1

In figures 19-26 are shown reported measured values of R, and H plotted against
R,. Also shown are experimental values of skin-friction coefficients s, the method
by which these were obtained being noted on the relevant graphs. On each of
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Frouvre 19. Comparison of predicted boundary-layer development with experimental data
of Schultz—Grunow (1940). Flat-plate boundary layer.

Fiaure 20. Comparison of predicted boundary-layer development with experimental
data of Klebanoff & Diehl (1952). Flat-plate boundary layer recovering from the effects
of an upstream disturbance, ugy = 35 ft./sec.

these figures there appears a number of lines; those drawn full were obtained by
the general prediction method (i.e. using as data only u4{R,} and initial condi-
tions). The chain-dashed lines on the H and s plots were computed using the
dashed lines drawn through the plotted R, values as data. The additional lines
appearing in the figures displaying data for equilibrium boundary layers were
obtained assuming a constant value for z;; as outlined in §5.1.

The following conclusions may be drawn from the comparisons:

(@) Inthe majority of the cases examined, agreement between the predictions
and the experimental data is fairly good. Failure to predict R, accurately,
however, leads to poor predictions of H and s.

(b) Predictions of H and s using measured R, values are generally better than
those obtained when R, is computed simultaneously with H. The only exception
to this generalization is the prediction of Clauser’s second equilibrium boundary
layer. The reason for the behaviour of this exceptional case is not yet known.
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(¢) The best predictions of the equilibrium boundary layers of Clauser are
obtained when the appropriate constant value of zy is assumed; this is hardly
surprising since zg and H are very strongly related to one another.
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Ficure 21. Comparison of predicted boundary-layer development with experimental data
of Bradshaw & Ferriss (1965). Boundary layer recovering from the effects of an adverse
pressure gradient.

Ficure 22. Comparison of predicted boundary-layer development with experimental data
of von Doenhoff & Tetervin (1943). Boundary layer on an aerofoil, NACA 65 (216) 222
(approx.), R = 3-64 x10% &« = 10-1°.

For the boundary layers of Schultz—Grunow (1940) and of von Doenhoff &
Tetervin (1943) additional predictions of H and s were made using an entrainment
equation differing from that recommended here. The equation used was that
recommended by Spalding (1965)

~mg = 0-06 — 0-052,

In the discussion in § 4.3 it was shown that this entrainment function is a better
fit to the experimental data for the flat-plate boundary layer than is equation
(4.3.2), the present recommendation. This view is supported by the graphs shown
in figure 19, where it is seen that the prediction of Schultz—Grunow’s boundary
layer is considerably improved using this equation.

Figure 22, however, indicates that Spalding’s entrainment equation leads to
poorer predictions in the case of the flow reported by von Doenhoff & Tetervin
than does the present authors’ recommendation.
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5.3. Discussion of predictions of flows with z5 > 1

Comparisons of measured with predicted wall-jet development are shown in
figures 27-36. The data shown were reported by Kruka & Eskinazi (1953)
and Nicoll (1965) and cover the following ranges of slot Reynolds numbers
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Figure 23. Comparison of predicted boundary-layer development with experimental
data of Newman (1951). Boundary layer on a symmetrical rear-stalling aerofoil. O, Drag
obtained by extrapolating measured shear-stress profiles to wall. , Drag obtained from
velocity profiles by Clauser’s method.

Ficore 24. Comparison of predicted boundary-layer development with experimental
data of Schubauer & Klebanoff (1951). Boundary layer on a convex wall with an adverse
pressure gradient. O, Drag obtained by extrapolating measured shear-stress profiles to
wall. <, Drag obtained from velocity profiles by Clauser’s method.

R.(= u.y./v) and velocity ratios (w,/ug, (),
3,000 < R, < 24,000,

155 < Upfug, o < 18.
In general the predictions follow the experimental results quite closely and it may

be concluded that the present method satisfactorily predicts wall-jet develop-
ment over the range of pressure gradients and velocity ratios examined.
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6. Conclusions 6.1. Velocity profiles

The velocity profile assumed in the present work, equation (3.2.4), appears to
fit experimental velocity profiles adequately for the range

05 <z <5 (approx.).

At lower zp the values of the shape factor, H, and the momentum thickness, &,,
deduced from the least-squares-fitted profile differ significantly from the experi-

10—R,

S

10 -\.a.-a.._...,_.o.“__, — O
° o ©

@0 @ ~ [

2 05k btained from velocity profiles by & 04 . ) T~
= Dcﬁiﬁs(ér’s lxrmllithogl VP v = 02 Drag obtained from velocity profiles by -

Clauser’s method
| ) 1 1 i 1 1 1 _1_
0 1 2 3 4 0 05 10 15 20 25
108 R, 10%R,
Ficure 25 FIGURE 26

Figure 25. Comparison of predicted boundary-layer development with experimental data
of Clauser (1954), pressure distribution 1. Equilibrium boundary layer with an adverse
pressure gradient, f &~ 1-8, zp & 0-77.

Froore 26. Comparison of predicted boundary-layer development with experimental
data of Clauser (1954), pressure distribution 2. Equilibrium boundary layer with an
adverse pressure gradient, # x 80,z = 0-53.

mental values. At higher 2z, the shape of the experimental profiles differs in a
consistent manner from that of the assumed profile. The values of H, d,, y; and
Umax Obtained from the least-squares-fitted profile agree closely with the experi-
mental values, although the value of ymax s0 obtained does not.

The drag law implicit in the assumed profile is an improvement over the
Ludwieg-Tillmann drag law at high values of the shape factor H and has the
advantage of being applicable to wall-jet flows.
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Ficure 27. Comparison of predicted wall-jet development with experimental data of
Kruka & Eskinazi (1963), run 1. u,/ug,, = 3:8, R, = 1-:07 x 10% @, Ry; O, H; B, U, /t,;
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Figure 28. Comparison of predicted wall-jet development with experimental data of
Kruka & Eskinazi (1963), run 2. u,fug, = 10, R, = 1:31 x 104, Symbols as for figure 27.
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Froure 29. Comparison of predicted wall-jot development with experimental data of
Kruka & Eskinazi (1963), run 3. u/ug , = 18, R, = 2:63 x 104, Symbols as for figure 27.

Freure 30. Comparison of predicted wall-jet development with experimental data of
Nicoll (1965), run 2. u fug o = 2:71, R = 237 x 10% Symbols as for figure 27.
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Freure 81. Comparison of predicted wall-jet development with experimental data of
Nicoll (1965), run 3. w,fuc,y = 132, R, = 2-31 x 10*. Symbols as for figure 27.

Freure 32. Comparison of predicted wall-jet development with experimental data of Nicoll
(1965), run 4. u.fug, = 6-22, R, = 2-28 x 10% Symbols as for figurc 27.
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Ficure 33. Comparison of predicted wall-jet development with experimental data of Nicoll
(1965), run 5. u,/ug o = 2:10, R, = 5:59 x 10°. Symbols as for figure 27.

Frcure 34. Comparison of predicted wall-jet development with experimental data of Nicoll
(1965), run 7. u,jug o = 2:43, R, = 1-14 x 10%. Symbols as for figure 27.
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6.2. Entrainment function

Dimensionless entrainment rates are shown to correlate reasonably well with
the parameter zz. The following formulae fit the data as well as any and are the
present authors’ recommendations

0<2g<l, —mg=0-075(1—z),

zg>1, —mg=00325—0-02.

The determination of entrainment requires both the specification of the outer
edge of the boundary layer (for the determination of the flow within the boundary
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Ficure 35. Comparison of predicted wall-jet development with experimental dataof Nicoll
(1965), run 9. usjug o = 481, R, = 1-14 x 10% Symbols as for figure 27.

Froure 36. Comparison of predicted wall-jet development with experimental data of Nicoll
(1965), run 10. w.fuc o = 12:9, R, = 1-12x 10% Symbols as for figure 27.

layer) and the differentiation of the flow so obtained. This gives rise to consider-
able scatter in the experimental entrainment rates and thus precludes the
determination of any weaker dependence of entrainment on quantities other
than zz.

6.3. Predictions

Predictions have been made, using the recommended entrainment functions,
of the shape factor H, momentum-thickness Reynolds number R, and drag
coefficient s, and also, in the case of wall-jet flows, of the half-thickness y; and
the velocity maximum #max. The boundary-layer predictions are in reasonable
agreement with experiment, except when separation conditions are approached.



Entrainment function in boundary layers and wall jets 365

Since the present form of the ‘unified theory’ applies only to two-dimensional
flows, this failure may be due to lack of two-dimensionality in the reported
separation experiments. Certainly the predictions based upon experimental
values of R, are in good agreement with experiment, even when separation
occurs. However, since the assumed velocity profile does not fit experimental
profiles near separation conditions, the authors reserve their opinion as to the
exact cause of the failure to predict separation.

The wall-jet predictions are good, both for zero pressure gradients and for
adverse pressure gradients.
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Decay of a Velocity Maximum in a
Turbulent Boundary Layer

M. P. Escudier, W. B. Nicoll, D. B. Spalding and J. H. Whitelaw

(Mechanical Engineering Department, Imperial College of Science and Technology)

Summary: The paper describes an “explicit” method of predicting the flow
properties of a turbulent boundary layer; particular attention is paid to the
region in which the growth of the layer is characterised by the decay of a
velocity maximum. The validity of the method is tested against the data of
Wieghardt and against new data of the present authors; it is shown to be
satisfactory. The integral flow properties predicted by the method are used,
together with a further assumption, to predict velocity profiles; these closely
resemble the measured ones.

1. Introduction
1.1. THE PROCESS UNDER CONSIDERATION

There are several practical circumstances in which the profile of velocity, in a
turbulent boundary layer, exhibits a maximum. This occurs, for example, down-
stream of a film-cooling slot, when the coolant air is injected at a velocity exceeding
that of the main stream (Fig. 1 illustrates the system in question; it is commonly
used for the protection of combustion-chamber walls from the action of a hot-gas
stream). Velocity maxima may also occur downstream of injection slots provided
for the energisation of boundary layer fluid, when this might otherwise separate
from the wall*.

Usually the ratio of the maximum velocity to that of the nearby main stream
falls towards unity with increase in the distance from the slot; and after it has
reached unity the velocity maximum disappears. It is this gradual modification
of the velocity profile, the disappearance of the maximum, that is considered in the
present paper. A method is provided for predicting the variation of major boundary
layer properties (momentum thickness, displacement thickness, drag coefficient)
which the disappearance process entails; the method is tested by comparison with
experimental data, some of which are new.

1.2. REASONS FOR INTEREST

The special feature of the maximum decay process is that, during its course, the
values of the momentum and displacement thicknesses change from negative to
positive. Most methods of predicting the development of turbulent boundary layers,

*Such flows are often called “wall jets with external flow”.

Received June 1966.
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Figure 1. Example of the process which is considered.

for example those of Truckenbrodt', Spence®, Head?, Thompson* and Walz’, are
valid only for the region of positive values of these thicknesses. Other methods of
prediction, for example those of Glauert® and Myers, Schauer and Eustis’, are valid
only for negative values,

It is true that some prediction methods exist which are capable of application
. not only to boundary layers with thicknesses of either sign, but also to those for
which the sign changes during the course of the development; methods with this
capability include those of Gartshore®, Harris®, Spalding” and Patankar and Spald-
ing". The last-named of these references however has disclosed the existence of a
special mathematical difficulty which assails methods relying on the momentum-
integral and kinetic-energy-integral equations; this difficulty, which is manifested as
a matrix singularity, at one time was a serious bar to progress.

At this point it is necessary to distinguish between what will be called “explicit”
and “parametric” methods. In methods of the first kind, explicit formulae are used
for the drag coefficient, and for other auxiliary quantities, in terms of the momentum
and kinetic-energy thicknesses, the quantities which are the dependent variables of
the differential equations. In methods of the second kind, both the boundary layer
thicknesses and the auxiliary quantities are expressed in terms, not of each other, but
of certain “parameters”; these are quantities which appear in formulae which
describe the velocity profile; they are used as the dependent variables of the inte-
gration.

The majority of methods using the momentum and kinetic-energy equations,
for example those of Truckenbrodt' and Walz®, are of the explicit type; the method
of Patankar and Spalding" is a parametric one. This method has the advantages
of greater flexibility and of reduced reliance on empirical inputs; unfortunately it
is this type which is prone to the matrix-singularity difficulty*, referred to, in the
region of the disappearance of velocity maxima. On the other hand, the previously
existing explicit methods are incapable of application in this region.

*This difficulty has been overcome (as described by Spalding!®), but by abandonment of the
kinetic-energy equation. It appears that this equation is particularly unsuited to appear in a
parametric method when velocity maxima are present.
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The authors and their colleagues are currently developing general methods of
calculating the flow and transport processes which take place in turbulent boundary
layers (Refs. 10-18); both parametric and explicit methods are in use. The purpose
of the present paper is to show that a general explicit calculation procedure exists
which provides satisfactory predictions of boundary layer development in the special
region described, that in which the momentum and displacement thicknesses change

sign.

1.3. OUTLINE OF THE PRESENT PAPER

The new calculation procedure is summarised briefly in Section 2, which
presents the basic differential equations and the empirically-based auxiliary rela-
tions necessary for their solution. A few notes are appended in explanation of the
less conventional features of the method.

In Section 3 are presented the results of some predictions of integral boundary
layer properties for situations, of the type in question, for which experimental data
have been reported, or for which new experiments have been carried out by the
authors. It is shown firstly that the integrations can be carried out successfully, and
secondly that the agreement between the predictions and the measurements is as
good as is customary in more conventional boundary layer circumstances.

Because explicit methods do not employ assumptions about the algebraic form
of the velocity profile (they import their empirical information in more direct ways),
such methods do not provide any prediction of velocity profiles which could be
compared with experiment. However, once the integral properties of the boundary
layer have been predicted by the explicit method, it is possible, by employing further
empirical information about the regularities which appear in velocity profiles, to
associate a velocity distribution with each station along the wall. A method of
doing this is explained in Section 4; it is applied to the particular cases in question.
The agreement between prediction and experiment is shown to be tolerably good.

Notation
A,n constants in equation (13)
¢;/2 local drag coefficient =75/ (pus®)
E constant associated with wall roughness
F, pressure gradient parameter=R.d (log. us)/dR,
H,, velocity profile shape factor=R,/R;
H, velocity profile shape factor=R;/R,
! logarithmic function in drag law (see equation (10))
I logarithmic function=1og, [Eusys+ (c;/2)/v]

R, Reynolds number based on u; and x= §(u/v) dx
0

R, Reynolds number based on i, and 8, =u:d, /v
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R: Reynolds number based on ug and 8;=ua8:/v

R; Reynolds number based on ug and 8;=ued;/v
g
s shear-work integral= § [7/(pusd] (Qu/dy) dy
0
u,us mean velocity in main-stream direction and main-stream velocity

respectively

x,y distance measured along wall in main-stream direction and normal
to wall respectively

¥. slot height
Yo boundary layer thickness
z non-dimensional velocity =u/ug
zp parameter in velocity profile model= v/ (¢;/2)I' [k

Ya
8, displacement thickness= §(1—u/ug)dy
[

Ya
8, momentum-deficit thickness= § () uc) (1 —ufug) dy

Ya
8; kinetic-energy-deficit thickness = § (wug) 1 —d2ludd) dy
k von Kdrmdn constant

2 4 .. 2
shape factor= ?-ng— 1+ A/(?Hszh - ngz)

4
£ dimensionless distance from wall=y/y.
p fluid density
7 total (laminar plus turbulent) shear stress
7s value of 7 at wall (y=0)
v molecular kinematic viscosity of fluid
Suffixes
G pertaining to main stream (y = ys)

S pertaining to wall (y =0)

2. Method of Prediction
2.1. THE INTEGRAL EQUATIONS

Beyond the immediate vicinity of the slot, say ten or more slot heights down-
stream, the experimental velocity profiles have been shown by Spalding® and by
Escudier and Nicoll® to be adequately described by two parameters. The choice
of parameters is to some extent arbitrary; in the present work the Reynolds numbers
R, and R, are used. These are defined by

Sally

R,= 11' )]
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and R;= 8’:” . @

where §; and 8; are the momentum and kinetic-energy thicknesses respectively, ug
is the main-stream velocity and » is the kinematic viscosity of the fluid.

With the usual boundary layer approximations, the equations describing the
development of R, and R;, i.e. the integral momentum and mean-kinetic-energy
equations, can be written® as

dR
de +(1+Hyp) Fo=c¢,/2 3)
dR _

and ﬁw: + 2H,Fy =25. @

Here R, is the Reynolds number based upon u; and on x, the distance measured
along the wall in the main-stream direction; it is defined as

R.=

CLny

(ue/v) dx; (5)

F.is a pressure gradient parameter defined by
F:=R,d (log. us)/dR.. ©)

The shape factors Hy, and H;, are defined respectively as the ratios &,/8, and 8;/8,,
where 8, is the displacement thickness; ¢;/2 is the local drag coefficient and 5 the
shear-work integral*. The latter quantity is defined by

]

s= $[7/(pud’)] (9u[0y) dy, ()

where 7 is the total (laminar plus turbulent) shear stress and y; the boundary layer
thickness,

2.2. THE AUXILIARY EQUATIONS

To solve equations (3) and (4), relationships are required between the three
quantities H,, ¢;/2 and 5 and the dependent variables R, and R,. The three rela-
tionships used in this paper are :

1431 097L 075

Ha “HE 28> H,= 125
R
6} Hy= 72 = { 2:674—0'66H, 1-25=H,,=0-85 (8)
082+ L10 ; 0-85 = Hy, > 0-06
le

*Frequently, this term is called the “dissipation integral”.
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0-24308%+ 0-03759¢ — 0-00106 + 0-0914¢%/(1+ 65/ {)

(ii) CI/2= E s (9)
- __3389R,L |,

where I=log, [ aT-D(+2D ] ; 10y

(i) 5= % (1+20)¢/2+ { 88(1)5(25_(;)3— o, é;} , an

where (=2 Ho-1+ |2 Hol Z Ha-1)] . (12)
3 3 3

These relationships possess certain novel features, of which it may be of interest
to indicate the origins.

() The empirical shape-factor relation, equation (8), is that recommended by
Nicoll and Escudier*. It should be noted that, in the range 1-25> H;, > 0-85,
this relation does not properly describe real velocity profiles; examination of the
inequality

0< f (1 —u/uc) dy=8,~8,
0

reveals that, for real profiles, H,, (=6,/8,) cannot take the value unity. However, the
error engendered by the use of this relation is negligible, since both (1+ Hy) F,
and HyF, are small in the region within which it is applied.

(i) The drag law, equation (9), was recommended by Escudier, Nicoll and
Spalding®; like equation (8) it is applicable to boundary layers both with and
without velocity maxima.

(iii) The s function given in equation (11) is that found by Escudier and Nicoll*®
to fit a large collection of experimental data. Its form was chosen as follows:
the expression given in equation (12) was obtained by assuming the velocity profile
tc be linear between y=0, u=u{ and y=yq u=u,. The additional assumption
that the Prandtl mixing length varies linearly near the wall, and is in a constant ratio
with y; over the outer region of the boundary layer, permitted an expression for the
shear-work integral to be deduced:

s={c;/2+constant X | 1—-¢ %

This equation was modified to ensure that R./(1—{) remained finite when R.=0;
this is necessary if the drag coefficient is to remain finite when R,=0, as must be
the case if reasonable predictions are to result.
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A suitably modified form of this equation is
5=} (14+20) ¢ /2+A4]1-¢]", 13)

provided n>1, and n—> 3 for { —> co. Values for the constants 4 and n were
obtained by fitting experimental data,

2.3. NUMERICAL CALCULATION PROCEDURE

With the aid of the auxiliary equations, the differential equations, (3) and (4),
can be integrated numerically on a digital computer by a standard (Runge-Kutta)
forward-integration technique. Initial values of R, and R, and the variation of ug
with x must, of course, be known. The integration will proceed smoothly except in
the immediate vicinity of {=1, where special care must be taken to ensure that
integration errors do not cause the logarithmic term (J) in the drag law to become
singular. Spalding has shown that this quantity varies slowly with R,; conse-
quently, we may treat it as constant in the small region | R, |<C5 (corresponding
with a change in R, of about 4 x 10°).

The solutions so obtained yield R,, R,, ¢;/2, Hy. etc. as functions of R,.

3. Comparison of Predicted and Measured Flow Properties

In this section, comparisons are presented between predicted hydrodynamic
properties, based on the method outlined in Section 2, and the measurements of
Wieghardt” and of the present authors. Wieghardt’s measurements were obtained
in a 1-4 m x 0-4 m test section, the slot geometry being as shown in Fig. 2(a). In
these measurements, the free-stream velocity was 12-2 m/s and the slot velocity
(based on measured mass flow rate through the slot) 17-7 m/s. The maximum
velocity at the slot was of the order of 22 m/s.

The measurements recorded by the present authors were obtained in the
18 in x 12 in test section of a wind tunnel designed to investigate wall jets. A detailed
description of this apparatus and of the experimental procedures is given by
Whitelaw®. Two sets of data, obtained in this apparatus, are reported in this paper;
the geometric configurations of the two slots used for these experiments are shown
in Figs. 2(b) and 2(¢). The main-stream velocities were approximately 88 ft/sec and
68 ft/sec respectively, and the mean slot velocities (obtained by integrating the
velocity profiles at the slot) 104 ft/sec and 82 ft/sec respectively. The maximum
velocities at the slot were approximately 120 ft/sec and 100 ft/sec respectively.

Values of the integral quantities R, and R, and of the drag coefficient (¢;/2),
measured by Wieghardt and by the present authors are shown plotted in Figs. 3(a),
3(b) and 3(c). Also shown in these figures are curves calculated by the procedure
outlined in Section 2. Values of R, and R, are shown, rather than of the more usual
combination of R, and H;; (=R,/R;), because the shape factor loses its usual
significance in the region where R; becomes small.

Experimental values of R, and R, were chosen for the initial conditions required
to start the integrations. In the case of Wieghardt, the values were those at the first
reported downstream position, i.e. at a distance of 38 slot heights downstream of
the slot. For the present measurements, initial conditions were taken at distances
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of 35 and 20 slot heights downstream of the slot, as may be seen from Figs. 2(b)
and 2(c). Velocity profiles were obtained for locations upstream of these starting
values but these possessed velocity minima, due to the lip of the slot having a finite
thickness, and were not well represented by two parameters.

Comparison of the experimental points and predicted curves of R, and R,
indicate that the predicted values tend to be high. The curves of ¢;/2 were obtained
using these predicted values of R, and R;: in spite of the discrepancies which exist
between measured and predicted shape factors, the calculated shear stress is mot
subject to large errors. In general, the calculated values of ¢;/2 tend to be higher
than measured values, the maximum discrepancy being of the order of 20 per cent.
Howeyver, there is a general tendency for this discrepancy to decrease as R, increases;
the discrepancy at the larger values of R, is of the order of 5 per cent. In the case
of the measurements of the present authors, the velocity profiles at low values of R,
were not of the universal form. Consequently, the discrepancies at low values of
R, may, in part, result from errors in the “experimental” values, which were derived
by Clauser’s method.

4. Velocity Profile Generation
41. PROFILE ASSUMPTION; IDENTIFICATION OF PROFILE PARAMETERS

The variables normally used to describe boundary layer flows with negative
momentum thickness (“wall jets”) are the maximum velocity u,, and the half-width
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i the distance from the wall where u=1 (u,,+ug). Values of these quantities
can be obtained from R: and R; if assumptions are made about the velocity profile.

Escudier and Nicoll® have demonstrated that experimental profiles are well
represented by the formula adopted by Spalding®:

z=2z; [1+10g (§)/1']+ (1 —zp) [1—cos (w§)}/2 . (14

In this equation, z is the non-dimensional velocity u/u; and ¢ the non-dimensional
distance y/yq; z» and I’ are profile parameters which are related to the boundary
layer thickness, yq, and the drag coefficient, ¢,/2, by the definitions:

= N (e[l [k (15)
and V= log, [Eucys v/ (c;/2)/v]. (16)

The constant E is associated with wall roughness, it has a value of about 7-7 for
smooth surfaces; k is the von Kdrmén constant, with value taken here as 0-41.

0 02 04 06 0B 10 12 T4

16

10 R, 108 Ry

Figure 3. Comparison of measured and predicted variations of Ry, Rz and c¢[2. Data of
‘ (a) Wieghardt1® (b) Present authors (¢) Present authors.
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(b) Present authors

(c) Present authors.

-

Thus if z, and I” are known, values of R, and R; may readily be obtained with
the aid of equation (14). The converse is also true, except in the region where z is
close to unity; there, it is either impossible to obtain values of z; and I’ from R, and
R;, or the values obtained are not unique. However, the constant 3-389 in the
expression for ', equation (10), was determined by Escudier, Nicoll and Spalding®
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to give agreement between values of / and of I’ deduced from experimental
data. Consequently, it is assumed that the two logarithmic functions are equal; thus

loge [Euay(; \/(C[/Z)/y] = loge [ 3'389R2€ ] )

(1-0@1+20

Thus, in the region of z; close to unity, / is obtained as just described, ¢;/2 is
obtained from the drag law, equation (9), and z; and y, are subsequently obtained
from equations (15) and (16).

42. COMPARISON BETWEEN MEASURED AND GENERATED PROFILES

The measured velocity profiles are compared with those predicted by the
procedure already outlined in Figs. 4(a), 4(b) and 4(c). Figure 4(a) presents the
data of Wieghardt, and Figs. 4(b) and 4(c) those of the present authors. As may
be seen, the predicted profiles closely resemble the measured ones; the maximum
discrepancy is equivalent to an error of about 5 ft/sec in velocity.

5. Conclusions

Application of the general calculation procedure outlined in Section 2 leads
to satisfactory predictions of the displacement- and momentum-thickness Reynolds
numbers and of the drag coefficient in the region where the former quantities change
sign.

The precautions taken to avoid singularities in the immediate vicinity of R,=0
appear to be adequate.

It is possible to use the predicted values of ¢,/2 and R, to generate realistic
velocity profiles, in the region under discussion, if a suitable two-parameter family
of profiles is assumed.
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HE methods proposed by Rotta,! Truckenbrodt,? Walz,?

and Spalding? for the prediction of two-dimensional
turbulent-boundary-layer flows involve the simultaneous
solution of the momentum and kinetic-energy integral equa-
tions. Basic to these methods are relationships between the
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pation integral. In the present note a recommendation is
made for the relation between the first three quantities for
boundary-layer and wall-jet flows.
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Fig. 2 Hy ~ H; relations deduced from theoretical
velocity profiles.

It is convenient to express the relation in terms of the
velocity-profile shape factors Hy; and Hy, these being defined

Hy==61/6, Hyp = 83/8,
where
© u @ Y u
n=[1-2a n= [ 21-24
1 0 " ) 2 0 e e Y
Y u?
aazfo el-dy

and where u is the velocity within the boundary layer in the
mainstream direction, ug is the value of « in the mainstream,
and y is the distance from the boundary. Previous recom-
mendations for an Hsy ~ Hi; relationship for boundary layers
have come from a number of authors, and those of Walz,?
Wieghardt,® and Fernholz®7 are shown in Fig, 1.

The present authors are not aware of any previous explicit
recommendation for an Hs ~ Hj, relation for wall jets.
The assumption of a velocity profile, however, implies such a
relation; Truckenbrodt,? for example, assumed the two-
component profile proposed by Rotta.! The Rotta-Trucken-
brodt relation is shown in Fig. 2, together with its extension
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Fig. 3 H; ~ H); data for wall jets and boundary layers.
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Fig. 4 Hs ~ H); data for boundary layers.

to wall-jet flows. Also shown is the relation evaluated
from the velocity-profile family adopted by Spalding.! The
discontinuities in the curves near Hy, equal to unity are due
to the singular behaviour of the shape factors when &, ap-
proaches zero. The precise behaviour in this region is sensi-
tive to the profile assumption; since both the profiles re-
ferred to are approximate, no significance should be attached
to those portions of the curves in Fig. 2 which are shown
dashed.

The experimental data of a large number of authors®~# have
been examined. In each case the values of &, 6 and &;
were computed from the measured velocity profiles using
the same integration procedure (Simpson’s rule generalized
for integration with unevenly spaced pivotal points). The
shape factors so determined are shown in Fig. 3. The data
for wall jets are well fitted by

1.10 3 —6 X 105 < R, € —4 X 108
H32 = 082 —

Hy 0.06 < Hy» < 0.85
where R, is the Reynolds number based upon é; and u#e.

The boundary-layer data, shown in larger scale in Fig. 4,
exhibit more scatter than do the wall-jet data. No consistent,
Reynolds-number or pressure-gradient effect was discernible
however. The following relation fits the data with a root-
mean-square deviation of only 1.03%,

108 £ R, £ 7.6 X 10¢
125 € Hp € 28

fo = 1agy 00971 07749 ;

JE4TS Hy,?

Figures 1 and 2 indicate that all previous recommenda-
tions, including those derived from velocity profiles, yield too
small values of Hy, at small H;. For large Hy,, the recom-
mendation of Walz® gives values of Hs: which are too large,
whereas that of Wieghardt® gives values that are too small;
the other recommendations are adequate in this region.

The absence of data for Hy; in the vicinity of unity does
not permit the question of the behaviour of the Hgp ~ H)»s re-
lation in that region to be answered. For computational
purposes, it is recommended that until more information is
available, a linear interpolation be used to bridge the gap

Hy = 2.674 — 0.660 H,, 0.85 £ Hiz £ 1.25
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SUMMAR Y

The recent experimental data of Bradshaw and Fcrris; are compared with
generalisations deduced from earlier cdata, in respect of the mixing-length
distribution and the dissipation integral; +the agreement is satisfactory.

Also presented is a preliminary theory of boundary-layer development,
employing an empirical formula for the relstion between the dissipation integral,
the drag coefficient snd the shape factor; the integral momentum and kinetic-
energy equations are solved numerically. he predictions of this theory are
comparesd, in respect of shape factor, with the experimcnts of Bradshaw and Ferriss
and theseof many other experimenters., The agreement is satisfactory except for
large adverse pressure gradient, where divergerces of both positive and negative
sign are observed; the reasons for these divergences are discussed.

1. Introduction

Bradshaw and Ferriss1 have recently published the results of a set of
particularly careful and detailed measurements on turbulent boundary layers in
adverse pressure gradients; specifically, they studied both: an equilibrium
boundary layer; and one in which the adverse pressure gradient fell from a positive
value upstream to zero downstream. As Bradshaw and Ferriss rightly remark, their
data can be used to test the generality of prediction procedures for turbulent
boundary layers; the test will be particularly significant for prediction
procedures which have been adjusted to fit data for boundary layers in which the
adverse pressure gradient increases in the streamwise direction.

The present authors are developing prediction procedures for turbulent
boundary layers, and have accordingly made use of the opportunity provided by
Ref. 1 ; the results of their study are contained in the present note; also
provided are comparisons of prediction and experiment for a large number of other
boundary layers. The latter comperisons are provided to give perspective to the
study of the data of Refs 1 .

The impression might be gained from the paper of Bradshaw and Ferriss
that the boundary lsyers which they heve studied differ greatly, from those
investigated by esrlier authors, in respect of the relations between the profiles
of shear stress and velocity profile, In the present note we therefore make some
comparisons which show that the similarities are at least as proncunced as the
differences; it cannot indeed be said with certeinty that the latter are not merely
the result of experimental scatter.

- em em em e e em ew ew ew ew em ew ew e e e e ew em = mm M em mm e emm Mm Mm ew e mm mm e m e e mm ew e b = e

*Replaces A.R.C.27 302



2. The Relation Between Shear Stress and Velocity

In order to demonstrate the common features of the Bradshaw-Ferriss
and other turbulent boundary layers, we make use, as a definition, of the
Prandtl?® mixing~length formula:

FA S —
ol &

, eer (1)

where € is the mixing length,
T is the shear stress,
p is the fluid density,

u is th

4]

(timc—mean) velocity in the mainstream direction, and

y 1s the distance normal to the woll.
With the aid of this formula, 4£(y) can obviously be evaluated from data for
T(y) and u(y).

We choose to represent the ¢(y) distributions resulting from our
evaluations in dimensionless form; both £ and y have been divided by the
y=value of the outer edge of the boundary layer, AT Thus:

A

e/7, e (2)

Iy - voo (3)

2

The values of y,., were determined by inspection of the reported velocity
profiles, with an estimated accuracy of £5%.

The resulting mixing-length distributions across the boundary layers
are shown in Fige1*, which has been extracted from a wider survey by Escudier”.
The curves rerresent the experimental data; the two straight lines, which are
repeated in each graph to provide a base of reference, represent the formulas
which have been used by the authors elsewhere as the foundation of a prediction
prooedure4.

OSE<SAM: N = ME , g
¢ oo (1)
XG/& <Ex< 1 : h1 = KG s )
where the values 0075 and O¢4 have been chosen for XG- and M respectively.

The data of Bradshaw and Ferriss appear in graphs (a) and (b) of
Figel; evidently the rE) profiles of these authors do not differ greatly
among themselves; and they are not radically different from those of the other
authors., Further data could have been taken from Ref. 3 +to support the same trends.

When assessing the degree of similarity between the curves, it is
helpful to remember:

(i) That the shear stress is proportional to the square of mixing lengthj
so the A(E) representation tends to minimise the differences in the
shear—stress~versus-velocity relation;

A list of all figures, with brief descriptions, is given on page 1.
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(ii) That where E lies between 08 and 1°0, although the mixing
length tends to rise rapidly and the differences between the profiles
may be great, the velocity gradients are small; consequently the shear
stresses are small and errors in X are of slight importance;

(iii) The values of X rest on determinations of the slope of the
velocity profile; the inevitable experimental error thus introduces
a large scatter in the X(E) curves. In this respect therefore the
method of plotting magnifies the differences betweer boundary layers.

Fig, 1 is the firct piece of evidence which we put forward for the
similarity between the Bradshaw-Ferriss boundary layers and those studied by
earlier authors.

3. The Dissipation Integral

Tgé method of boundary-layer prediction pioneered by Rotta5 and
Truckenbrodt™, based on the integral momentum and kinetic-ensrgy equations,
requires knowledge of the dissipation integral s, defined by:

- 1 & _ au
S5 = d: . cee
Palty f Ty Y  ©)
GG o
Here Pe and uG are respectively the density and velocity of the main stream.

The quantity § is sometimes represented symbolically by: (dz."' t, )/(pUa).

As has been shown elsewhere, the particular recoumcndations for the
5 function made in Refs. 5 and 6 are valid only in very restricted
circumstances; better ones can be based on the mixing—leﬁgth profile of
equation (4) and on suitable velocity-profile assumptions*. Here however
we drew attention to an empirical formula derived by the present authors from
a least-sguares analysis of shear-stress data, measured with hot-wire equipment
in a variety of boundary-layer situations by: Bradshaw and Fex:riss1 Klébanoff7,
Mosess, Newman?, Sandborn and Slogarl0, and Schubauer and Klébanoff11.

The formula is:
c
3 = 0547 (—zf- ) + 107® (2-107H - 2-286) , ces (6)

where c¢_. is the local drag coefficient, and H is the shape factor (displacement
thickness divided by momentum thickness).

Fig. 2 displays the data from which equation (6) was derived. The pldin
dots represent the data of refersnces 7 %o 11 ; the encircled dots represent
the data of Bradshaw and Ferrissl. Fige2 gives little reason for believing that
the latter data deviate radically from the former. The deviations that exist may
be systematic; but they are of the order of a few tens per cent.

Fig.2 is the second item of evidence for the similarity between the data
of reference 1 and thossof other workers.

Lo/
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Lo The Prediction of the Development of Turbulent Boundary Layers

The present authors have investigated, among other methods* of
predicting boundary-layer development on smooth impermeable walls when the
density is uniform, the implications of the following set of assumptionsi-

(i) The dissipation integral obeys equation (6);

(ii) The local drag coefficient is related to the Reynolds numbe
and the shape factor by the well-known Ludwieg-Tillmammrelation f12).

(iii) The shape factor H is related to the quantity H, , representing
the kinetic-energy thicknessz divided by the momentum thickness, by the
formulae recommended by Nicoll and Escudieri3, namely:

2°8 > H> 1°25 : Hy = 1°431 ~ 0°097/H+0-775/ , ver (7)
The data from which this formula was deduced are shown in Fig.3.

Predictions have been made, bty this means, for many of the
experiments which can be found in the literature. The differential equations
in question were integreted numerically, for the prescribed main-stream -
vel.ocity distribution, and the predicted values of momentum thickness, shape
factor, etc., were then compared with the reported values. The initial
conditions of the integration were the experimental values of momentum thickness
and shape factor; but otherwise no individual adjustments were made to improve
the agreement between prediction and experiment.

Some of the results of the comparison are displayed in Fig.lh, the
shape factor H Dbeing the boundary-layer property selected for consideration.
The abscissa is the length Reymolds number, Rx’ defined by:

[ Gogrehig) o= NG

where x 1is the distance slong the surface in the mainstream direction
and p, is the fluid viscosity. The individual diagrams are distinguished
by the names of the experimenters who reported the data; dots represent
experimental values while curves represent predictions.

Inspection of the diagrams, with particular reference to the degree
of agreement between prediction and experiment, seems to Jjustify the following
conclusionsi—

(i) Apert from a few failures, the extent of egreement is generally
satisfactory, at least when judged against the poor results reported in
Thompson's recent survey1@ of the predictive ability of earlier theories.

(1i) The predictiors for the two Bradshaw-Ferriss boundary layers are not
notably better or worse than those for other experiments. (Incidentally,

a complete feilure to predict the H-variation for the first u,—xX variation
reported in Ref. 1 , revealed that the reported wug; Values were in error;
the diagram marked "Bradshaw and Ferris 1" is based on corrected values,
subsequently confirmed by those authors.)

*For example, as was mentioned =zarlier, a procedure has heen developed which
is based on the mixing length formula @+)4.
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- The second Bradshaw-Ferriss experiment, for the "recovering"

boundary layer (H diminishing in the main~stream direction) is not the only
- one of its kind, as may be seen from Fig.d. For example, the experiments

of Klebanoff and Diehl!? are of this character; in their case the

disturbance was a roughness element, distributed or local, upstream of a

flat surface. Also two of the experiments of MosesS embody the recovery

from the effects of an adverse pressure gradient; our theory predicts

cne of them satisfactorily; but the computation for the other was stopped

when H attained the separation value of 3,

giii) Although there are some fairly successful predictions of separation
e+8e Moses 2, Schubauer and Spangenberg23 C, E and F), the failures are
more numerous; most of these are such that H rose more rapidly than
predicted.

(iv) On some cases, the disagreement between prediction and experiment
may perhaps be more probably ascribed to +the latter than the former. For
example,the downstream H-values of experiments 1 and 2 of Klebanoff and
Diehl seem implausibly high.

5e Discussion of Fig.h

The comperisons of theory with experiment in Fig.k do not, of course,
settle the question of whether it is possible to predict boundsry-layer
development with « theory which rests, as does the prescnt one, on the assumption
that the shear~stress profile is uniquely determined by the velocity profile;
for no attempt has so far been made systematically to seek the s and Cp functions
of H and Reynolds number which give the best predictions. ‘

That the 5 function must be chosen with care can be recognised by
writing the equation for dH/dx which follows from the momentum and kinetic-
“energy equations, namely:

5 & = %{25-%(f§>+rg (H-1)F2}, cee (9)

where 69 stands for the momentum thickness, dH/EIg is a negative quantity

varying scmewhat with H, and:

du
% ¢ «eo (10)

iy = = .
a G-HE_

Ncar separation, cp is of course smell and F, is negative, dH/dx is therefore
?roportional to the differerce between the dissipation integral and the quantity
= (H - 1)(—3;). Obviously, a 10% error in the § valus may easily change
dfl/dx from a positive to a negative value when the two terms have about the same
size, It is therefore not surprising, in view of the scatter displayed on Fig.2,
and of the unsophisticated nature of equation (6), that predictions are sometimes
in error when -F, is large. .

WVhen weighing this consideration, two points deserve particular
attention. The first is that the acrodynamicist's interest in separation lies
chiefly in preventing its occurrence; and engineering good nractice demands
that a safety factor should be iacorporated in a design. For this purpose, the
criterion is already gquite clear; the cuantity - , should never be allowed to
increase above (Say 0+002. The predictions of ¥, by the present authors are
fortunately quite accurate. ' .

The/
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The second point is that there are many possible influences on the
s function, the systematic exploration of which msy lead to improved methods
of prediction. Among these influences are: free-stream turbulence, the rate
of enlargement of the boundary-layer thickness, the rate of change of the
velocity profile, the convexity of the surface, and the local pressure
gradient itself. If these influences exist at a significant level, research
can disclose them; and, whether they require expression by algebraic eguations
or by differential ones, modern computing facilities are more than adequate
for their incorporation in the prediction procedure.

ba Conclusions

It is the opinion of the present authors that the experimental
results of Bradshaw and Ferriss! reveal a heartening similarity to exist between
their boundary layers and those reported elsewhere in the literature. The near
universality of the mixing-length distribution may form a valuable jumping=-off
point for theoretical studies.

The procedure outlined in Section 4 is fairly successful in predicting
the development of the boundary-layer shape factor; but it is clearly not
likely to be the optimum procedure, even among procedures of its own kind. The
exploration of the factors influencing the dissipation integral is one of the
most urgent topics of turbulent-bourdary-layer research.
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H Constant appearing in mixing-length distribution near the wall (&)
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Description of Figures

Figo 1. Experimental mixing-length profiles for various turbulent
boundary layers. A = 6/&C" E = y/yG‘; ¢ = Prandtl mixing length;

yG‘ = boundary=layer thickness.
(a) Bradshaw and Ferris1 1: Equilibrium boundary layer.

(b) Bradshaw and Ferriss® 2: Boundary layer recovering from adverse
pressure gradient.

(c) Klebanoff' i Flat-plate boundary layer.

(a) MosesB. Axisymmetric boundaery layer along a horizontal cylinder,
adverse pressure gradient.

9

(¢) Newman” 1: Boundary layer on rear-stalling serofoil.

(£) Newman9 2: Boundary layer on rear-stalling aerofoil.

Fig.2. - Experimental data for the dissipation integral s related to the
local drag coefficient °f and to the shape factor H, o
2

Fig.B, Experimental data for the relation between the shape factors H, and H.
Fig.h. Comparison of measured shape factors with the predictions (curves)
made by the method described in the text.

Bradshaw and Forrlss1 1: IEquilibrium boundary layer.

Bradéhaw and Ferriss1 2: Boundary layer recovering from adverse pressure
gradiente.

Brebner and Bagley16 1: Symmetrical wing RAE 101, « = 0°,
Brebner and Bagley16 2: Symmetrical wing RAE 101, a = 4+09°.
Brebner and Bagley16 3: Symmetrical wing RAE 101, o = 818°,
Clauser17 1: Equilibrium boundary layer, pressure distribution 1.
Clauser17 2: Equilibrium boundary layer, pressure distribution 2.
von Doenhoff and Tetervin © 1:  Aerofoil NACA 65 (216)

- 222 (approx.), R = 0°92 x 106 a = 8+1°,

von Doenhoff and Tetervin'® 2:  Aerofoil NACA 65 (216)

- 222 (approx.), R = 2¢67 x 105, a = 81°,

von Doenhoff and Tetervin1® 3: Aerofoil MACA 65 (216)

- 222 (approx.), R = 2+6} x 10, « = 10e1°,

von Doenhoff and Tetervinld 4: Aerofoil NACA nose-opening shape 13,
R =418 x 106, « = 919,

Fage19 1: Joukowski aerofoil, R

19

1-665 x 10°.
1e2,8 x 10°.

11

Fage © 2: Joukowski aerofoil, R

11

Gault/



20

Gault™ 1: Aerofoil NACA 63-009, o = 0°,

20

Gault™ 2: Aerofoil NACA 63-009, o = L4°,

20

Gault”™ 3: Aerofoil NACA 63-009, a = 6%,

Gaultzo L4t Aerofoil NACA 63-009, a = 8+5°,

Herring and Nofbu:y21:

Klebanoff and Diehl15 1:

Klebanoff and Dien1l? 2:

0*0O4 in. rod disturbance.

Klebanoff and Diehlld 3:

0*25 in. rod disturbance.

Klebanoff and Diehl1d 4:

rmesh~screen disturbance.

Klebanoff and Diehll? 5:

sandpaper—-strip disturbance, u

Klebanoff and Diehll? 6:

sandpaper-strip disturbance,

Klebanoff and Diehl15 7:

Equilibrium boundary layer, £ = = 0°35.

Flat-plate boundary layer, natural transition.

Flat-plate boundary layer recovering from

Flat-plate boundary layer recovering from

Flat-plate boundary layer recovering from

Flat—-plate boundary layer recovering from

e = 35 f4/s.
Flat-plate boundary layer recovering from
U = 55 £t/s.

Flat-plate boundary layer recovering from

sandpaper—strip disturbance, w, = 108 ft/s.
Ludwieg and Tillmann12A; Moderate adverse pressure gradient.
Ludwieg and Tillmann12B: High adverse pressure gradient.

Ludwieg and Tillmanrl2 C:

Favourable pressure gradient.

Ludwieg and Pillman’ (unpublished) : Adverse pressure gradient.

Ludwieg and Tillman2 (unpublished) : Adverse pressure gradient.

Luduieg and Tillman3 (unpublished) ¢ Adverse pressure gradient.

Ludwieg and Tillmanna (unpublished) : Adverse pressure gradient.

Moses8 1: Axisymmetric boundary layer-along horizontal cylinder,
adverse pressure gradient.

Mose38 2: Axisymmetric boundary 1ayer along horizontal cylinder,
adverse pressure gradient.

8
Moses™ 3: Axisymmetric boundary layer along horizontal cylinder,
adverse pressure gradient.

Mose58 4 Axisymmetric boundary layer along horizontal cylinder,
adverse pressure gradient,

Mose58 5: Axisymmetric boundary layer along horizontal cylinder,
adverse pressure gradient followed by near-zero favourable

pressure gradient.

Mosea/
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Moses8 6: Axisymmetric boundary layer along horizontal cylinler, adverse
pressure gradient followed by near-zero pressure gradient.

Newman9: Symmetrical rear-stalling aerofoil,
Sandborn and Slogar1o : Adverse pressure gradient.

Schubauer and Klebanoff11: Convex wall, adverse pressure gradient.

23

Schubauer and Spangenberg - A: Moderate adverse pressure gradient.

Schubauer and Spangenverg23 B: Adverse pressure gradient.

23

Schubauer and Spangenberg ~ C: Moderate adverse pressure gradient,

23

Schubauer and Spangenberg ~ D: Adverse pressure gradient.
Schubauer and Spangenberg23 E: Adverse pressure gradient.
Schubauer and Spangenberg23 F: Adverse pressure gradient.

Schultz-Grunow24: Flat-plate boundary layer.
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