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Abstract

The three-dimensional implementation of the Quasi-Steady-Quasi-Homogeneous-
(QSQH) theory of scale interaction in near-wall turbulence has been integrated into
an online software tool. This tool takes the wall friction distribution of a given flow
as input and generates a set of velocity snapshots that exhibit statistics consistent
with those predicted by QSQH theory, while simultaneously having the statistical
characteristics of the large-scale component of the input wall friction field. Con-
sequently, this tool facilitates straightforward calculation of QSQH predictions for
various flow statistics without requiring any derivations. The application of this
tool was demonstrated in a number of examples involving plane channel and circu-
lar pipe flows in the range of the friction Reynolds numbers from 1000 to 6000. These
examples encompass investigations into the relative error associated with Taylor ex-
pansions in the amplitude of large-scale motions, the validity of the so-called “QSQH
hypotheses per se”, compliance of the large-scale motions with the QSQH theory,
variations in Reynolds shear across different Reynolds numbers, and QSQH predic-
tions of two-point correlations at distinct wall-parallel locations. It also included
a study of the feasibility of employing the QSQH model for predicting changes in
velocity statistics across flows characterized by varying geometry (channel and pipe)
and Reynolds numbers. The examined statistics include mean velocity profiles, tur-
bulence intensity profiles, Reynolds shear stress, skewness and flatness measures for
velocity fluctuations, and two-point correlation coefficients. A modification of the
QSQH theory was proposed to address mass and momentum transport within the
mathematical framework of the theory, in particular to ensure the conservation of
mass for large-scale velocity components, as well as the conservation of mean lon-

gitudinal momentum up to second-order terms in the Taylor expansions of stress
terms defined by the QSQH theory.
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Chapter 1

Introduction

1.1 Motivation

To introduce the motivation for this thesis, it is essential to briefly review the histor-
ical development of QSQH theory. The foundational work on QSQH theory began
over a decade ago ( , ). This research was inspired by an
empirical prediction model for near-wall turbulence ( , ), which was
based on observations that large-scale motions in the outer layer exert a superposi-
tion and modulation effect on near-wall turbulence. This empirical model success-
fully reconstructs the near-wall velocity signal using low-pass filtered velocity signals
from the outer layer and two empirical coefficients that account for large-scale super-
position and modulation effects. A comprehensive review of this model can be found
in section 2.1. In ( : ), a fundamental theoretical framework
for QSQH theory was established, focusing on describing large-scale superposition
and modulation while investigating the universality of near-wall turbulence. This
is achieved by replacing conventional viscous scaling variables with large-scale vari-
ables at the wall during flow non-dimensionalization. The early work demonstrated
that superposition and modulation could be approximately described using this al-
ternative scaling method; subsequently, ( , ) was so
motivated to further develop this theoretical framework and formally introduced
QSQH theory as a means to describe both near-wall superposition and modulation,

as well as predict near-wall turbulence. While the early version of QSQH theory



specifically addresses superposition and modulation for streamwise velocity, it re-
fines the classical universality hypotheses by positing that near-wall turbulence is in
equilibrium with the large-scale component of wall friction rather than mean wall
friction. Consequently, QSQH theory assumes that variations in near-wall turbu-
lence are primarily driven by changes in large-scale motions and their associated
modulation. The initial version of the QSQH theory was found to be sufficient for
predicting one-point statistics up to the second moment of streamwise velocity in
turbulent channel flow ( , : , :

, ). Extensive studies were conducted on the selection of the large-scale
filter employed in the theory, aiming to enhance predictive accuracy. However, re-
lated research ( , , ) during that period revealed
that QSQH theory exhibited quite poor predictions regarding the second moment of
spanwise velocity in channel flow. This issue prompted a refinement of the QSQH
theory ( , ), wherein the direction of the large-scale component
of wall friction was incorporated into the framework, with hopes of improving pre-
dictions for spanwise velocity statistics. One of the motivations of this thesis is
to examine whether the refinement enables the QSQH theory to accurately predict
the spanwise velocity statistics, and how the refinement affects the prediction on
streamwise velocity statistics.

Although the QSQH theory possesses a comprehensive theoretical framework,
much of the prior work necessitates significant effort to derive the Taylor expansions
of the second moments of velocities as stipulated by the theory in order to compute
their values. For any further investigations into the statistics predicted by QSQH
theory, deriving these Taylor expansions will become increasingly cumbersome as the
order of moments increases. It is also important to note that previous studies have
only derived Taylor expansions up to second order, resulting in higher-order terms
being neglected. These higher-order terms could become more significant as the
Reynolds number increases; therefore, employing a second-order Taylor expansion
risks the predictions by QSQH theory to be inaccurate. Therefore, at this stage,
it is essential to develop a model that incorporates QSQH theory and facilitates
straightforward and precise calculations of flow statistics.

The development of QSQH theory was initially driven by the potential to "ex-

trapolate" flow statistics from low-Reynolds-number cases to high-Reynolds-number



scenarios. The objective is to predict changes in the flow statistics between two
different Reynolds numbers using QSQH theory. If the second moment for the
low-Reynolds-number case is known, it becomes possible to determine that for the
high-Reynolds-number case. Numerous attempts at extrapolation are documented
in ( , ), demonstrating that this method is particularly effective for stream-
wise velocity when both cases are channel flow. Now an interesting and intuitive
question is whether such effective extrapolation still holds, if two cases are of differ-
ent types of flow of different Reynolds numbers.

Last but not least, the QSQH theory does not necessarily provide the “cor-
rect” momentum transport and energy distribution for the predicted flow statistics,
as observed in Direct Numerical Simulations (DNS) that are derived from solving
the Navier-Stokes equations. The author posits that this limitation of the theory
accounts for most of the discrepancies between its predictions and DNS results,
particularly concerning the second moments of velocity. This is significant because
second moments are predominantly influenced by turbulence energy distribution.
To enforce mass and momentum conservation in the QSQH theory, a refinement or
modification to the current version of QSQH theory is essential, which is anticipated

to substantially improve the accuracy of its predictions.

1.2 The structure of this thesis

There are seven chapters including this current chapter. Their contents are briefly

summed up and explained below.

o Chapter 2: this chapter reviews the relevant literature that has supported and
informed this study. Given that the QSQH theory aims to describe near-wall
modulation, a brief history of universality and scale interactions in near-wall
turbulence is presented. Omne of the objectives of this study is to generate
synthetic velocity fields using the QSQH synthetic turbulence model. As a
novel approach in synthetic turbulence modelling, attention is also given to
providing an overview of other developed synthetic turbulence models. Since
the framework for QSQH theory was proposed over a decade ago, an updated
introduction is included to facilitate understanding of both QSQH theory and



the mechanisms underlying the QSQH synthetic turbulence model.

Chapter 3: this chapter offers a comprehensive overview of the novel numerical
implementation of the QSQH synthetic turbulence model. The numerical im-
plementation has been developed into a software tool that incorporates both
the QSQH synthetic turbulence model and a database of a universal velocity
field. Technical issues are explicitly addressed and discussed, particularly in

relation to the applications presented in this study.

Chapter 4: this chapter is composed of two main sections that present the
application of the software tool for a plane channel flow exclusively, and in
cross-flow scenarios involving both plane channel flow and pipe flow. The
section dedicated to channel-exclusive analysis focuses on predicting velocity
statistics using the software tool, including, for the first time, the two-point
correlation coefficients of velocity fluctuations in wall-parallel directions for
plane channel flow at Reynolds numbers of Re, = 5200 and 1000. In contrast,
the cross-flow section emphasises predictions regarding changes in velocity
statistics between pipe flows at different Reynolds numbers, as well as changes
from plane channel flow to pipe flow (referred to as extrapolation from one

flow regime to another in subsequent discussions).

Chapter 5: this chapter introduces two novel modifications to the current
version of QSQH theory, aimed at addressing the deficiencies in mass and
momentum transport inherent within its framework. The original QSQH the-
ory stipulates that the large-scale component of wall-normal velocity is zero,
which effectively violates mass conservation principles. In this work, we re-
derive the large-scale component of wall-normal velocity and obtain a new
expression that ensures the mass conservation. By employing Taylor expan-
sions of parameters within QSQH theory and substituting them into the mean
momentum equation in the streamwise direction, we establish a non-trivial
constraint for the universal velocity field and the large-scale filter utilized in
the QSQH synthetic turbulence model. The objective of these modifications
is to enhance the applicability of the QSQH synthetic turbulence model for

turbulence prediction.



o Chapter 6 (Discussion) : this chapter contains a discussion examining the
limitations of the QSQH theory and the QSQH synthetic turbulence model,
along with suggestions for potential approaches to enhance the QSQH theory.

o Chapter 7 (Conclusions): this chapter provides a concise overview of the entire

study, while also summarizing the results and issues encountered in this study.

1.3 Database utilised in this research

The QSQH synthetic turbulence model and the software tool developed in the
present study are dependent on availability of a quality Direct Numerical Simula-
tion (DNS) database of near-wall turbulence flow. Further study using the synthetic
model and the tool also need even more DNS data. Brief data on the DNS databases
for plane channel flow and pipe flow used in this study are presented in Table 1.1.
This information will be referenced in subsequent chapters in appropriate forms
to facilitate comprehension of the content. It is useful to note that the pipe flow
database utilized in this study contains only snapshots taken at the radial position

closest to the wall.

1.4 Contribution of the author

The QSQH synthetic turbulence model and its software implementation are en-
tirely founded on the mathematical framework of QSQH theory, as derived by
Prof. Chernyshenko. Nearly all formulations presented in Section 2.3 have been
adapted from previous studies ( , : ,

: , : , ). In addition to the founda-
tional aspects of QSQH theory, my contributions can be delineated as follows: I
independently undertook the task of implementing QSQH theory into a functional
model; developed the numerical method for this model; and computed the output
synthetic velocity field. Furthermore, I conducted all data processing and analysis
autonomously. In the rest of the section, the term "my results" will refer specifically

to outcomes generated using the QSQH synthetic turbulence model. In highlights,

bt



Domain

Type Re, L,xL,xL, Snapshots Source
(L./R for pipe)
Channel 1000 8mhx2hx3mh 10 (
, 2015)
Channel 5200 8mhx2hx3mh 3 (
, 2015)
Pipe 1140 15 101 (
, 2021)
Pipe 3000 15 31 (
, 2021)
Pipe 6000 15 3 (

Table 1.1: The DNS database used in this study. For plane channel flow, h is the

half channel height and Re, = “; for pipe flow, R is the pipe radius and Re, = %£

v

B

o For the first time, I implemented a three-dimensional version of QSQH theory.
I generated the universal velocity field using an available DNS database of

near-wall turbulence.;

« [ investigated the application of QSQH theory and the QSQH model in pipe
flow. I also investigated the feasibility of the QSQH model in extrapolating

velocity statistics from channel flow to pipe flow;

o [ investigated the prediction of higher-order moments of velocity fluctuations,

and two-point correlation in wall-parallel directions, by using the QSQH model.

o I published the software tool of the QSQH model on Github as an open-source
project. An up-to-date package is provided including user manual, codes and

test samples;

o My results demonstrated that the QSQH synthetic model is a far more appro-
priate choice for studying and implementing QSQH theory in near-wall turbu-

lence than the utilization of Taylor expansions in early studies (
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), especially for high Reynolds numbers (Re, £ 5000);

o My results demonstrated that the QSQH model provides accurate predictions
of the changes in velocity statistics including: mean velocity profile; turbulence
intensities; Reynolds shear stress; two-point correlations, between the flows of
high Reynolds numbers (Re, Z 3000);

o [ proposed a new version of QSQH theory, in fulfilment of the partial mass and

momentum conservation in the mathematical framework of QSQH theory.

Within the duration of my Ph.D., the QSQH synthetic turbulence model and
its accompanying software tool have been presented to the academic community
on several occasions: at interdisciplinary-Turbulence-initiative in 2023; during the
UKFN SIG session on “Flow Instability, Modelling, and Control” in 2024; and at
ICTAM 2024. T am also submitting two papers related to the content of this thesis
to “Physical Review Fluids” and “Theoretical and Computational Fluid Dynamics”,
respectively.

The content presented in this thesis does not encompass all of my efforts ded-
icated to this study. At the outset of my PhD study, Prof. Chernyshenko sug-
gested to generate a universal velocity field based on our own produced velocity
field rather than relying on existing DNS databases. A work package was devised to
create a plane channel flow within the near-wall region that would be independent
of Reynolds number, utilizing the available kinematic turbulence model; however,
this endeavour proved unsuccessful due to its complexity and resulted in an unrea-
sonable expenditure of time without yielding meaningful outcomes. Following the
cessation of this work package, I shifted my focus towards exploring other numerical
models capable of generating Reynolds number-independent near-wall turbulence
(see Section 3.1 for more details).

Due to time constraints, [ am unable to compile materials and present an analysis
regarding the application of the QSQH software tool on DNS for plane channel flow
concerning minimum flow units provided by Mr Le Yin from Ecole Centrale Lille.
In the near-wall turbulence of his DNS, large-scale motions—defined by our Fourier

cut-offs of A\f = 2000r and A} = 2507—exhibit higher magnitudes compared to
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those observed in conventional channel flows as reported by ( , ).
This particular scenario may be more suitable for applying the QSQH synthetic
model, as the influence of large-scale effects prescribed by QSQH theory is likely to

be more pronounced.



Chapter 2

Literature Review

2.1 Universality and scale interactions in near-

wall turbulence

Classical universality hypothesis of near-wall turbulence states that if the flow pa-
rameters are made non-dimensional using the so-called wall units, that is, units
based on the mean friction at the wall, density and kinematic viscosity, the near-
wall flow statistics are independent of the Reynolds number Re and the large-scale
geometry of the flow provided that Re is sufficiently large. This idea can be traced
to the seminal work of Ludwig Prandtl ( , ), in which he stated: “These
fundamental assumptions can be so expressed ...that the processes in proximity
of a wall are not dependent upon the distance of the opposite wall” (cited by the
English translation ( : )). The literature related to this hypothesis and
its relation to the topic of this thesis is so large that covering it all is almost impossi-
ble. Instead, the reader is referred to the thematic issue ( ,

) and a review ( : ). Here we will only signpost the outline of
the topic.

The classical universality hypothesis proved to be extremely productive but also
controversial. Even in the simplest case of the mean velocity profile, the statement
of its universality, as formulated in many textbooks (see, for example, ( , ),
continues to be questioned and defended ( , ). In practice, the univer-

sality hypothesis has been widely used in industrial applications and commercial



CFD codes in the form of the law of the wall. While the foundations of the classi-
cal universality hypothesis stemmed largely from dimensional considerations, more
recent progress in understanding near-wall turbulence provided other arguments in
its favour. For example, the numerical study ( , ) indicated
that the existence of the autonomous cycle of near-wall turbulence, which extracts
energy from the mean flow and forms a clear peak in the energy spectrum of the
flow in the near-wall region, does not require a contribution from the fluctuations
of the outer flow. Overall, the validity of the classical universal hypothesis, at least

as a good and useful approximation, is beyond any doubt.

On the other hand, there is evidence contradicting the classical universality hy-
pothesis. In high-Re turbulent near-wall flows, two peaks in the turbulent kinetic
energy profile are observed (for example, see the review ( , )). The
first peak is located in the buffer layer between 10 and 20 wall units from the wall,
while the distance from the wall to the second, outer, peak, if measured in wall
units, varies with Re. The outer peak is caused by turbulent motions with the
length scales that are significantly larger than those causing the inner peak. It has
been long known that the large-scale motions affect the near-wall flow, and more
and more confirmations were accumulating. In experiments ( , ) it
was observed that the mean period of bursts in the buffer layer scales with outer
variables. This led to the conclusion that the turbulence dynamics involve a cou-
pling between outer and near-wall structures. Measurements of velocity correlations
across the boundary layer indicated a link between large-scale structures in its outer
part and the bursts in the buffer layer ( , ). Exper-
imental investigation ( , ) revealed that large-scale motions
impose slow variations on the wall shear stress in the turbulent boundary layer.
Later, in ( , ), coupling between large and small-
scale motions in shear flows was observed in experiments. The experiment in tur-
bulent boundary layer ( ) showed that sweeps and ejections
of the bursts are associated with large and small-scale structures respectively. Ex-
periments at very high Reynolds number in the atmospheric boundary layer showed
that even close to the wall, due to the influence of large-scale motions, the maximum
value of the root mean square streamwise velocity, if expressed in wall units, grows

as a logarithm of the Reynolds number ( , ). Further
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numerical and experimental studies, such as ( , ;

, ), also revealed the emergence of very large-scale structures in the outer
layer as Re increases, and showed that they impose energetic footprint on the near-
wall region. Recent study ( , ) reported that that as Re, increases, the
near-wall streamwise turbulence intensity grows due to the spectral contribution of
log-layer motions (e.g., self-similar attached eddies), whose energy spans scales from
the logarithmic region down to the near-wall region. The near-wall self-sustaining
mechanism does play a key role in turbulence production, but the near-wall char-
acteristics are not isolated due to the intrusion of the energy from outer large-scale
structures and log-layer structures. In ( , ), in addition
to finding the existence of outer large-scale structures at high Re, the large-scale
amplitude modulation effect on the near-wall small-scale fluctuations was observed.
Frequency modulation was also found ( , ). Analo-
gous effects of large-scale modulation were also observed in experiments for spanwise
and wall-normal velocity ( : ).

These experimental and numerical observations were also expressed in the form
of empirical formulae relating the near-wall and large-scale motions. The first and
most well-known such formula was based on a decomposition of the flow velocity
into small and large scales. It allowed for predicting the near-wall statistics of
the turbulent flow on the basis of outer large-scale measurements ( ,

; , ; , ). Other empirical models include the
model ( , ), in which the scaling is done by local large-
scale-modified friction velocity, and the effect of distortions due to large-scale sweeps
and ejections is included in addition to the large-scale superposition and modulation.

This modified model was used to successfully reconstruct the near-wall statistics at

a single Re, of a turbulent channel flow ( ) ). Further
refinement of the model ( , : , ) was proposed
in ( , ), in which the large-scale motions were defined as the result of

the spectral linear stochastic estimation rather than of the application of a Fourier
cut-off filter to the flow velocity.

In general, all the models, including the model corresponding to the QSQH
theory ( : ; , ; ,

) considered in this thesis, share the innovative feature of the model of (
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, ; , ): they have the form of a relationship expressing
the turbulent velocity field in terms of the large-scale component of this field and
of another, ‘universal’, velocity field, the statistics of which are assumed to be inde-
pendent of the large-scale motions and often also assumed to be independent of the
Reynolds number and the large-scale flow geometry. This allows one to derive, at
least in principle, any statistics of the turbulent velocity field if the comprehensive
data on the statistics of the large-scale motions and the statistics of the universal
velocity field are given. The models differ by the formulae expressing the model, the
definitions of the large-scale motions, and the sources of the universal velocity field.
The formulae might be purely empirical , or based on some theories . Large-scale
motions are often defined using various forms of a Fourier cut-off filter, however,
the aforementioned model ( , ) uses stochastic estimation, empirical
mode decomposition ( , ) was used in the model of (

, ), and a neural network auto-encoder was used in (

, ). The universal field can be obtained from a suitable direct numer-
ical simulation results and the main formula, as for example it will be the case in
the present work, however, it might also be considered to be the flow field of a flow
that is expected not to possess any large scale motions. For example, in ( ,

; , ) the minimal turbulent flow unit was generated in the absence
of outer motions.  Another possible candidate for the universal velocity field is
described in ( , ; , ), where the study claims
its numerical simulation successfully captures the dynamics of small-scale near-wall

turbulence in a small domain.

2.2 Synthetic turbulence model

The QSQH model developed in the study described in this thesis is fundamentally
a synthetic turbulence model. The concept of synthetic turbulence modelling dates
back to the 1960s. During that time, the Smagorinsky model was introduced in
( , ), which brought forth the concept of using subgrid-scale vis-
cosity to represent unresolved turbulence. In 1998, the synthetic eddy method was
proposed ( , ). This method aimed to replicate the energy cascade

of turbulence by embedding small-scale eddies within a mean flow field. The ap-
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plication of the random Fourier modes method has been prominent in kinematic
turbulence simulations. For instance, a number of researchers ( , ;

, : , : , ) utilized
this approach to generate synthetic turbulence by adding random Fourier modes
to the mean flow field. This method offers control over turbulence characteristics,
including intensity and length scales. It is worth noting that kinematic turbulence
simulations often find use in the study of turbulent particle dispersion. The coher-
ent vortex simulation was introduced in ( ) ), which aims
to generate coherent vortex structures by superimposing the synthetic streamwise
vortex onto a mean flow field. As described below, the QSQH synthetic model we
developed uses a large database of 'universal’ velocity field, which makes it a special

case of synthetic turbulence models.

2.3 What is QSQH theory

2.3.1 Preliminaries

The general flow setup pertinent to the QSQH theory, see Fig. 2.1, is that of a
wall-bounded turbulent flow, such as, for example flows in a plane channel, pipe,
or a boundary layer. Such flows are typically subdivided into an outer layer and a
near-wall region consisting of the buffer and viscous layers, with a logarithmic layer
being the common, or overlap, part of the outer and near-wall regions.

The overarching presumption of the QSQH theory and other related theories is
that in a turbulent flow any field variable can be decomposed into a sum of a large-
scale and small-scale parts: f(t,x,y,2) = fr(t,x,y,2)+ fs(t, z,y, z), where ¢ is time,
and x,y, 2z are streamwise, wall-normal and spanwise coordinates respectively. It is
assumed that the large-scale part can be obtained from the total field by applying an
operator, usually called a large-scale filter. It will be denoted L, so that f, = L f.
In this thesis the subscripts L and S will always denote the large-scale and small-
scale components respectively. Usually, although not always, the mean field (f),
where the angular bracket represents ensemble average, is assumed to be included
into the large-scale part, so that (fs) = 0. This is assumed in the present study.

Then one can introduce the large-scale component of wall friction 7" and define the
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Figure 2.1:  Flow setup and the scheme of the experiments of ( , ;

Y ) ? )'

large-scale friction velocity as the square root of the magnitude of 77" divided by the
density, uy, = 1/71/p° (presuming 77 > 0). Here, the diamond superscript indicates

dimensional quantities. Note that 77 is a wall-parallel vector and that both 71" and

<

(O

vary in time and in wall-parallel directions, so that uy, = ug (t°,2° 2°). The
flow variables will be non-dimensionalised using the average of uy, :

(w0, w) = (w7, 0%, w®) [(ug, ),

ey =2 [, (2,0,2) = (2,97, 200 (WS, )00, ¢ = 190 V200 (2.1)
Here, v° is the kinematic viscosity of the fluid, and the angular brackets denote
averaging. It is noteworthy that there exists an event in near-wall turbulence where
the streamwise velocity becomes negative, a phenomenon referred to as backflow in
( , ). In channel flow at Re, = 1000, the occurrence of backflows is
reported to be 0.06%, and these events are observed up to approximately y+ &~ 8.5.
Consequently, the assumption of 77 > 0 is not entirely accurate. However, backflow
occurrences are exceedingly rare for the range of Re, investigated in this study. The
values of 7, calculated from snapshots of pipe flow up to Re, = 6000 and channel
flow up to Re, = 5200 remain positive. Therefore, in practical terms, the assumption

of 77 > 0 holds true within the context of this study.
The well-known dynamic velocity is u? = 4/(7°) /p°. From the definitions and
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properties just stated above, it follows that u? = \/ | (15 cos @) |/p° = /] <u§% cos 9> l,
where 6 is the angle between 7, and the mean flow direction. Therefore, in the non-

dimensional units (2.1),

Uy = /| (T cos @) | =/ <uZL cos ¢9> |. (2.2)

The variables in the well-known wall units are given by

T + o+

X ot oyt ) = (v, 2)u,, tT =t (ut,ot wh) = (u,v,w)/u.. (2.3)

If the large-scale component of the wall friction does not fluctuate, that is, if it
is equal to the mean wall friction, the non-dimensional units (2.1) coincide with
the classical wall units. In units (2.1), the formulae of the QSQH theory are more
compact. At moderate values of the Reynolds number, v, = u,;, — 1 and 0 are
quite small, so that the wall units and the units (2.1) are very close. For this
reason, they are often used interchangeably, as well as their one-dimensional version,
corresponding to the case of § = 0, as for example (2.8) in ( , ).
In general, however, caution is needed when both the wall units and the QSQH

units (2.1) are used together (see the appendix A for more detail).

2.3.2 DMotivation

In general, the flow velocity expressed in wall units depends not only on time and

coordinates but also on the Reynolds number Re and the geometry of the flow:
ut =ut(tt,x", Re).

Using wall units, the classical idea of universality ( , , ) can be
expressed as a statement that in the logarithmic layer and below it near the wall
as the Reynolds number tends to infinity, the Reynolds number and other outer

parameters disappear from the set of the arguments, so that one can write
ut =ttt xT). (2.4)
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Whether it is a pipe, channel, or a boundary layer, near the wall the classical
idea of universality expects that at sufficiently high Re the statistics of the velocity
expressed in wall units are virtually the same.

Obviously, such a statement is not valid in the outer region, where there are large-
scale motions with properties that are not universal in wall units. The influence of
large-scale motions on the near-wall flow was first quantified in a compact form of

the now widely known empirical relation ( , ; , )
u't = alyugy, + (1+ By ugy)u (17, x7), (2.5)

where ‘OL’ stands for ‘outer large-scale’. As shown in Fig. 2.1, the large scale velocity
fluctuation

o o
ugy, = ugL(t",x ", Re)

is the velocity fluctuation measured in the logarithmic layer at y and large-scale
filtered. The large-scale filter in the experiment was a Fourier low pass cut-off
filter in time domain. The experiments showed that u* and ug; were statistically
independent provided a suitable choice of the functions a(y™) and S(y™). This has
strong implications. Since the large scale velocity ugy, is affected by the outer layer,
statistics of ug;, (again, if measured in wall units) are not universal, that is they can
depend on Re and the large-scale geometry of the flow boundaries. Then from (2.5)
it follows that the statistics of u™ cannot be universal, contrary to (2.4).

The magnitude of this deviation from the classical universality depends on the
magnitude of fluctuations of the large-scale velocity. For the large-scale filter of
Fourier cut-off of fix value in viscous unit, as Re increases, the magnitude increases,
too. It is now understood also that it is this increase that is responsible for the
increase in the magnitude of total fluctuations. There is very extensive literature on
this subject, with ( , : , ) being recent and relevant.
Numerous observations suggest that increase in the magnitude of fluctuations is
proportional to the logarithm of Re, which implies that as Re — oo, this magnitude
increases indefinitely. Whether this is true or not in the limit ( ;

; , ; , ), this amplitude is not entirely negligible at the
values of Re of practical interest. The reason for this is discussed in subsection 2.3.5.

Since the assumption of universality is quite useful, but turns out to be invalid,
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Figure 2.2: Comparison of the superposition coefficient o obtained by direct numer-
ical simulation of a flow in a plane channel at Re, = 2000 and the QSQH formula
(2.7), after ( : ).

it is desirable to refine it. The QSQH theory is such a refinement. It describes a

simple mechanism by which large-scale motions affect the near-wall turbulence.

An interest in a deeper consideration of the theory can be motivated by the fol-
lowing example of the results this theory provides. By definition as given in (

, ), the ‘superposition’ coefficient «v in (2.5) is

aly) = (ur (Y)uL (%))

) 2.6
(w3 (%)) 20

where prime denotes fluctuations and the angular brackets denote ensemble aver-
aging. Under an additional assumption that the magnitude of the large-scale fluc-

tuations is small, the QSQH theory gives (

, 2016):

Y I

Uly) + y‘fTZ(y)

Ul(yo) + yo%(yo)

a(y) ~ (2.7)
where U(y) is the mean velocity profile. Figure 2.2 shows that the QSQH prediction
is accurate. The relation between the average of the product of velocity fluctuations
and the mean velocity provided by (2.6) and (2.7) is reminiscent of the well-known

unsolved turbulence closure problem of expressing Reynolds stresses in terms of
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Figure 2.3: Large-scale velocity at two time instances, illustrating the concept of
quasi-steady behaviour. The large-scale component of the wall friction 71, and the
large-scale component of the velocity ur, can depend on time. The scale of y-axis,
about 80 wall units, indicates the wall distance where the concept is of primary
interest.

the mean velocity. Even approximate results of this nature are rare. Of course
(see section 2.3.6), as like any other theory, the QSQH theory has a domain of
applicability, the boundaries of which are still being refined.

It should be noted that (2.2) is an estimation under the assumption of small large-
scale fluctuation, which is increasingly inaccurate as the Re, of the flow increases.
The coincidence between the DNS and QSQH result presented in Fig. 2.2 for Re, =
2000, effectively confirms the validity of the assumption for such Reynolds number.

Later in Section 2.3.6, the deteriorating validity of this assumption will be discussed.

2.3.3 The main idea of QSQH theory

The quasi-steady theory was first introduced in ( , ) and
further developed in ( , ) for treating only the longitu-
dinal velocity component. In this section, the more general version accounting for
all velocity components, introduced in ( , ), is briefly described.
To discuss how the large-scale motions affect the small-scale motions, one has
first to define what large scale motions are. We will return to this question in

subsection 2.3.4. For now we will assume that such definition is available. Figure 2.3
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Mean flow To

Figure 2.4: The coordinate system: x is in the direction of the mean flow, xy is in
the direction of the large-scale component of the wall friction, y and yy are in the
wall-normal direction, z and zy are in the wall plane and perpendicular to  and =z,
respectively. The angle of the large-scale wall friction is 6.

shows conceptually the flow at two time instants. The thick line is the large-scale
component of the wall friction. Above it, the large scale component of velocity is
shown. Both vary with time. Note that both the direction and the magnitude of
the wall friction vary. Now suppose that instead there were two flows with different
mean wall friction, 7 = 71,(t1) = const in one flow and 7 = 71,(t2) = const in the
other flow, and that both these flows satisfied the classical universality hypothesis.
Then the difference in the mean wall friction direction suggests introducing a new
coordinate system, and the difference in the magnitude of the mean wall friction
suggests re-scaling the variables, making everything expressed in the standard wall
units. After rescaling, from the classic universality hypothesis it would follow that

the statistics of these two flows would be the same.

The idea of the QSQH theory is that this is exactly what we should do at
every time instant and at every position on the wall, because while the large-scale
component of the wall friction varies with time and wall-parallel directions, the
rate of this variation is much smaller than the rate of the variation of the small-
scale turbulence. Then we replace the mean friction in the classical universality
theory with the large-scale component of the wall friction, 7. Basically, the QSQH
theory amounts to the statement that near the wall turbulence and the large scale

component of the wall friction remain in equilibrium.

To express the QHQS theory mathematically, one can introduce variables similar
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to variables in wall units:

Ue(t,xe,ye,ze) = UTL?NL(E,.%,ZNJ,/%), 2.8
Ue(t,fﬂe,ye,ze) = UTL@(%@JJ,%), (29)
w@(taxeayé’aZ@a) *UTLQFJ(E,.%,@, 2)7 (2 10)
where
t= tuiL, T =2xgUr;, UY="YoUr,, and2Zz=zpu, (2.11)

is analogous to the independent variables in wall units in the classical universality
assumption. Note that (ug, vy, wy), u,, and (t,xe,yy, 2z¢) are non-dimensional pa-
rameters which are scaled following the formulas of (2.1).  The local coordinate
system xy, 19, x9 used here is shown in Fig. 2.4, where the coordinate system z, vy, z
is aligned with the mean flow direction. The flow variables in these coordinate

systems are related by the formulae:
xg =xcosl —zsinh, yy=1vy, 2z9=xsinf+ zcosb, (2.12)

u=ugcost +wysinf, v=wvy, w = —uysind—+ wycosb, (2.13)

where 6 is the angle between the direction of the mean wall friction and the large-

scale wall friction.

The QSQH theory assumes that rather than the statistics of the variables in wall
units: uwt (T, 2ty 2T, ot (T 2Ty, 2T) and wt(ET, 2Ty, 27T), it is the statis-
tics of u(t, %,7, 2), 9(t, ¥, 7, 2) and w(1, T, §, 2) that are universal, that is independent

of the large-scale motions, outer flow geometry, and the Reynolds number.

From the physical viewpoint, this means that the large-scale structures affect the
near-wall turbulence only through the proxy of the large-scale component of the wall
friction, 71, and in the following way. First, the entire near-wall turbulence structure
turns to align with the direction of 7. Second, the magnitude of the velocity varies in
proportion to the magnitude of 7,: in Fig. 2.3 the magnitude of uy, at t = ¢, is greater
than the magnitude of uy, at ¢ = 5. In the empirical model (2.5), this amplitude
modulation effect is represented by the term (1+3(y)ugy )u*(t*, 2+, y*, 7). Third,

as it can be seen from (2.11), the time and spatial scales also are modulated, with
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time scale modulated in proportion to 1/ qu, and x, y and z modulated in proportion
to 1/u,,. In Fig. 2.3, the modulation of the wall-normal scale can be noticed by
the height of the velocity profile at ¢ = t; being smaller than the height of the
velocity profile at t = t5. Note that the frequency (that is time-scale) and x,y, 2-
scale modulation effects are not present in (2.5). On the other hand, the term
u'T = a(yT)ug;, in (2.5), usually interpreted as the superposition of large scale
motions onto the near-wall turbulence, has no counterpart in the QSQH theory,
(2.8-2.13). We will return to this later in subsection 2.3.5, noting now only that, as
it turns out, the QSQH theory does predict (2.5) and even provides expression (2.7)
for a(y) in terms of the mean velocity profile of the flow, thus giving an alternative

interpretation of the physical meaning of the term with « in (2.5).

2.3.4 Large scale motions

The precise definition of large-scale motions can be given by defining a large-scale
filter. A large-scale filter is an operator, which we have already denoted £, and
which maps any field f(¢,x) into its large-scale component fr(t,x), so that f; =
L f. However, the precise definition of large-scale motions of real flows is elusive.
Fortunately, in order to do theoretical derivations within the QSQH theory, the
precise definition is not necessary: it is sufficient to postulate the required properties

of the large-scale filter ( , ). These properties are:

1) linearity: for any constants a and b and functions f(¢,x) and g(¢,x)
Llaf +bg)=aLlf+bLyg, (2.14)
2) invariance of averages: the averaged variables are large-scale,

L(f)y={f), (2.15)

3) projection property: the large-scale filter does not change an already large-

scale-filtered function,

LLf=LF (2.16)

21



4) commuting with averaging,

(Lf)=L([), (2.17)

5) scale-separation property: applying the large-scale filter to any function of ¢, x,
and other arguments that are large-scale-filtered variables is equivalent to averaging

with the large-scale arguments held constant:

E f(t7 X, Lgl) ce. 7£gn> - <f(ta X, 517 sy gn))&:ﬁgl,.,,,gnzﬁgn (218)

for any functions f(¢,x, &, ..., &,) and g;(t,x), i = 1,...,n. The fifth property means
that the characteristic dimensions and times of the large scales are much larger than
that of small scales.
Given (2.8-2.18), a large variety of useful relationships can be derived rigorously.
Numerous examples can be found in ( , ; ,
; , ; , ). In cases when such a relationship
involves a large-scale-filtered quantity, one needs to define the filter itself. If such
a filter does not satisfy any of the above properties, the results of the theory have
to be considered as approximate. An example of this situation is given by (2.6)
and (2.7), where (2.6) involves the large-scale velocity u} (y). This is why (2.7) is
approximate.
Remarkably, some of the relationships derived by the theory do not involve large-
scale quantities. To use them, knowledge of the large-scale filter is not required.
However, their validity still depends on the existence of such a filter, and, of course,

on the validity of the QSQH universality hypothesis itself. Formulae (3.15) and

(3.16) and Fig. 3 in ( : ) give an example of such a case.

2.3.5 Taylor expansions in the magnitude of large-scale fluc-

tuations and the superposition of large-scale motions
For the values of the Reynolds number achievable in direct numerical simulations,
the amplitude of fluctuation of large-scale motions turns out to be small. While

it is observed to grow with the Reynolds number, this growth is not fast. Hence,

it makes sense to simplify the expressions obtained with the theory by expanding
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them into Taylor series in powers of parameters characterizing the magnitude of the

large-scale motions.

The Taylor expansions proved to be useful because the simplified formulae often
reveal nontrivial physics. For example, the precise QSQH formula for the mean

velocity, derived in ( , ), is

Uy) = (ur, U(yus,) cos0), (2.19)
and the expression for the large-scale x-component of the velocity is
uy = uTLINJ(yuTL)cos 0, (2.20)

where U(y) is the mean of @(f,#,7,%). The fluctuation of u,, is u/

= U, — L

Assuming that v, < 1 and § < 1, expanding (2.20) into a power series, and

keeping only the first-order term gives the formula for the fluctuation of the large-

T, <0<y>+ dz;>)+....

scale velocity

Substituting this into (2.6) gives the remarkable formula (2.7). Moreover, a com-
parison with (2.5) shows that up to the higher-order terms of the expansion in

the magnitude of the fluctuation of the large-scale wall friction the ‘superposition’

term a(y")ugy, is equal to ul, <U (y) + yd%( )> Notice now that in this formula
u’TLZNJ (y) originates from the amplitude modulation effect described by (2.8) and

(2.11), while ! ym originates from the y-scale modulation. Thus, while the
TI, dy

term a(y*)ugy, in (2.5) appears to describe superposition, its true physical mean-

ing is that of amplitude and scale modulation masqueraded by small amplitude of

large-scale fluctuations and also by rewriting (2.8) in terms of fluctuations.

As it has already been mentioned, at the values of the Reynolds numbers cur-
rently achievable in numerical simulations the magnitude of large-scale fluctuations
is not so large. If this is true, why cannot these fluctuations be neglected? In fact,
often they can, but not always. It turns out that in some of the formulae the coeffi-
cients of the Taylor expansions are large. For example, consider the question of the
with

variation of the root mean square of the longitudinal velocity fluctuation, u?__,
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Re. The Taylor expansion of the QSQH theory results gives (

, 2021)

that for any two sufficiently large values Re; and Res of the Reynolds number

, dyU \*
Re=Re> N <uT2L> Re:R€1> <gy> *

In this formula the terms replaced with dots are indeed small and can be neglected

() — i (Rer) = (i)

at moderate Re apart maybe the close vicinity of the wall. The exact value of

< 2 > < 2 >
u — (U
TL/ |Re=Res TL

depends on the choice of the filter, but the assumptions

Re=Req
of the theory imply that this dependence is weak ( , ). For
Re. > = 5200 and Re,; = 2000 it was estimated that <qu> oo <qu> o er
e=Iteg e=rey

0.0026 ( , ). This is, indeed, quite small. However, at y™ = 40,

>
(%) ~ 290. This gives u? (Rey) — u? ,(Re;) =~ 0.75, which is about 12% of

the u2__ ~ 6 value at this distance from the wall. This is not so small (and is in a
reasonable agreement with the value obtained from direct numerical simulations).

A similar situation arises in some other formulae.

2.3.6 Accuracy of QSQH theory

The QSQH theory is approximate. First, in the same way as the classical universality
hypothesis, it assumes that Re is sufficiently large. Any application will, however,
be at a possibly large but finite Reynolds number. Second, it assumes separation of
scales: the large-scale motions are expected to have characteristic dimensions that
are much larger than the characteristic dimensions of small scales. However, if, for
example, a Fourier cut-off filter is used as the large-scale filter, the wavelengths of the
Fourier modes just above the threshold, although counted as large-scales, are never
much larger than the wavelengths of the modes just below the threshold. Third, at
the values of Re currently attainable in numerical simulations and many experiments
the magnitude of the large-scale motions is often small. Hence, the effects described
by the QSQH theory compete with other physical effects. Fourth, when the Taylor
expansion in the amplitude of the large-scale fluctuations is performed, dropping
higher-order terms causes error. While this error is not the error of the theory per
se, it is sometimes interpreted as such. Fifth, similarly, neglecting the fluctuation

of the direction of the large-scale wall friction also causes an error which can be
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misinterpreted as the error of the QSQH hypothesis itself.

Comparisons between the predictions of the QSQH theory and direct numeri-
cal simulations or experiments often require the knowledge of the large-scale com-
ponent of the wall friction, and such data are rarely available. The (necessary
incomplete) list of papers with comparisons or containing data that allow compar-

isons is (

). Overall, as it can be expected, the QSQH theory performs better for higher
Re and smaller distances to the wall. The closest agreement between the QSQH the-
ory prediction and the actual data so far observed is probably in the superposition
coefficient in Fig. 2.2. So far, the largest, up to an order of magnitude, discrepancy
was observed for the Reynolds-number dependence of the Reynolds stress, see Fig. 6
in ( ) ). The reason for that large discrepancy is that for Re, be-
tween 2000 and 5200 as in ( , ), the effect of the pressure gradient
on the Reynolds stress turns out to be much greater than the effect of large-scale
motions.
The nature of the discrepancies and the limits of applicability of the QSQH hy-
pothesis are further addressed in section 4.1 on the basis of the new results obtained

in the present work, and in the discussion of Chapter 6.
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Chapter 3

A tool based on QSQH theory

3.1 The general idea of the QSQH synthetic tur-
bulence model and an attempt to construct

an analytic universal field

The QSQH theory employs a representation of the turbulent flow field characterized
by a ‘universal’ velocity field, alongside the magnitude (denoted as u,, ) and direc-
tion (represented by ) of the large-scale component of wall friction (2.8-2.13). It is
assumed that the statistical properties of this universal velocity field are consistent
across all high-Reynolds-number flows, while those for w,, and # may vary. It is log-
ical to pursue the development of a kinematic model for the universal velocity field,
subsequently utilizing it to model actual flows through equations (2.8-2.13). Initial
attempts in this direction were conducted by undergraduate students under the su-
pervision of Prof. Chernyshenko (Yue, ; , ), with an emphasis on
creating a tool capable of verifying results derived from complex QSQH calculations
pertaining to a velocity field that fully adheres to QSQH theoretical assumptions.
For this purpose, even very simple random velocity fields proved sufficient. In the
present study, we aimed to use such a model for making predictions about real flows.

This endeavour necessitates that the universal field possesses realistic characteristics.

In the initial phase of this study, we attempted to utilize the previously devel-

oped kinematic turbulence model ( , ) to characterize the
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universal velocity field. This task proved to be both challenging and time-consuming,
primarily due to the fact that the properties of this field were not sufficiently aligned
with real fluid flows. Additionally, developing a code capable of executing it effi-
ciently presented significant difficulties. Ultimately, our findings indicated that an
alternative approach, which is described below, offers a considerably more efficient

solution.

3.2 QSQH software tools

In the study described in this thesis two ‘QSQH’ software tools were developed. The
first tool, publicly available at ( , ), is an implementation of the QSQH
synthetic turbulence model, described below. It allows the user to easily obtain
statistics of the flow as they would be predicted by the QSQH theory, provided that
the user has enough data on the wall friction in that flow to contain the statistics of
the large-scale component of the wall friction. The second tool is a set of in-house
codes that are needed for generating universal velocity field used by the first tool.
Users are not required to utilize the second tool; however, it offers the autonomy to
explore the universal velocity field as defined by QSQH theory.

The flow for which the QSQH prediction of statistics is desired and for which
the necessary data on the shear stress distribution at the wall are available will be
referred to as the target flow. A comprehensive set of QSQH-predicted statistics will
be represented by the output of the model, which will be a database of snapshots
of a synthetic velocity field such that in it the near-wall modulation due to large-
scale motions is described by the QSQH theory presented in Section 2.3. Once the
database is available, the desired statistics can be calculated by usual methods.

We will describe now the processes and formulae of the QSQH synthetic model.

3.2.1 Outline

The QSQH synthetic model comprises two main components: a database of the
universal velocity field and a code for generating the QSQH synthetic velocity field.
The current implementation is not time-resolved, even though an extension to a

time-resolved case would be straightforward. The universal velocity field database
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consists of N instantaneous snapshots of (u(z,7, 2),0(Z,7, ), w(Z, Y, 2)) on a grid

in a rectangular box:

2
0<y< Ly, (3.1)
—L,/2

The values of N, Ly, Z/y, L, and the parameters of the grid are specific for each

version of the universal flow database.

In essence, the code takes the skin friction of the target flow in the form of
the wall friction components 7,7 (™, 2%) and 77 (2™, 27) as an input, from which it
generates a set of pairs (u,, ;,0;), @ = 1,...,1, where I is the required number of
velocity snapshots in the output database. It then allocates to each pair a snapshot
of the universal velocity field, (4;,0;,w;), randomly selected from the universal flow
database. Then [ snapshots of QSQH synthetic velocity field are generated using
(2.8 -2.13) rewritten as:

u:r(% Y Yi 5 % ) = u:f“[ul(a: Y,z )COSQi—{—

@z(i'7 @a 2) sin 0%]7

wi (x5, y, 25 = ul [, 7, ) sin 0,4

2

ﬂ}z(fi‘7 ZN/a 2) COS Hz]a

xf = (Tcos; + Zsinb;) /ul

7

y = g/ TL,Z7 (33>

+
(=Tsind; + Zcos ;) /ul ;.

These snapshots are the output of the code. Several technical issues are resolved in

the particular ways described below.
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3.2.2 Selecting representative values of the large-scale com-

ponent of wall friction

The large scale filter £ applied to the input field to obtain u,, and 6 must be the
same as the large-scale filter used for generating the universal velocity field. To
ensure this, the input required by the code is the unfiltered skin friction (7,7, 7;")

rather than its large-scale component, and the filtering is done inside the synthetic

model code, giving
TLa(a", 7)) = Lof(a*, oY),

(3.4)
TZZ(xJF, 2Py =Lrf(xt,2T).
Then, u,, and ¢ can be obtained from the formulae
+
-
T = \/TZ'; + TZ';, ujL =\/1f, 0= —tan! Ti’z. (3.5)
L.x

For this procedure to be fully consistent, the physical domain size represented by
each input snapshot must be sufficiently large for the application of the large-scale
filter to be meaningful. For example, when L is a Fourier cut-off filter in the wall-
parallel directions (z and z), the domain dimensions in these directions (i.e., the
total span of the grid in ™ and z* coordinates) should exceed the filter’s cut-off
lengths. This ensures that the Fourier transform, applied to a single snapshot over

its x-z plane, can resolve scales larger than the cut-off. The input is assumed to

+
J

k=1,..., K, so that the total number of grid points per snapshot is J x K, with

consist of S snapshots on a uniform grid with points at xf and 2, j = 1,...,J,

J not necessarily equal to K.

To generate a representative set of (u.,,0) pairs, the spatial sampling of these
fields must account for their slow variation in the x and z directions. Specifically,
sampling locations should be spaced sufficiently far apart in the physical domain
to ensure that each pair (u,,,0) captures distinct values, avoiding redundancy from
correlated or overly similar measurements. This spacing ensures coverage of the full
parameter space spanned by u., and 0, even with their gradual spatial evolution.
Also, while this may not be always the case, it might well happen that the input
snapshots would be generated in a single numerical calculation and would correspond

to consecutive time instants. In this case, the same reasoning applies to the sequence
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of the snapshots. Without the use of interpolation, the points on the grid and the
snapshots from which u,, and 6 are taken can be selected to be as close as possible
to a uniform distribution in the following way. Given the number of such points in
x and z directions to be P and @) respectively, and R to be the number of snapshots

to be used from the set of all snapshots of the wall friction, we take

jp=[15+J-Dp-1)/(P-1)], p=1,...,P,
kg=15+(K-1)(¢-1)/(Q@-1)], ¢=1,...,0Q,
s, =[15+(S—1)(r—-1)/(R-1), r=1,...,R,

where [.] denotes an integer part. Then the values of u,, and 6 at the input grid

points (x;;, Z,;:) from the snapshots with numbers s, are selected to constitute a set
of (ur, i, 6;):

Urp iy = UTL(ST,I’;:,Z];:), 0@ = 0(*97"737;':722;)7
p=1,...P, ¢g=1,...Q, r=1,...R, (3.6)
J=pt Pla—1)+ PQ(r— 1)

where u, (s,2],yf) and 0(s, z], y;7) are u, and 6 in the snapshot number s. The
size of the resulting set of (u,, ;,0;) will be I = P x @ x R.

3.2.3 Resolving rotation of the universal field samples

The snapshots of the output QSQH velocity field that are generated by the tool fit

a rectangular box of fixed dimensions

—Lf/2<at <L/2,
+ +
—LT/2 <2t <L}t)/2,

aligned with the directions of z and z axis, that is aligned to the mean flow. How-
ever, the images of the box (3.1) of the snapshots of the universal velocity field are
stretched and rotated, see (3.3), when the synthetic field is produced. The resulting
situation is illustrated in Fig. 3.1a). The stretching factor 1/uf ; and the rotation

angle 60; are different for different snapshots. All the output snapshots share the
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Figure 3.1: a) the output snapshot (solid) and the image of the universal snapshot
(dashed); b) two contours of the probability of the data point in the output snapshots
to be inside the image of the universal flow snapshot.

same grid, and the values of the velocity at the grid points are obtained by interpo-
lation from the image of the universal flow field snapshot. Unless the length, width,
and height of the output snapshots are noticeably smaller than the dimensions of
the universal flow snapshot, some of the grid points on the periphery of the output
snapshot will occasionally be outside the image of the universal flow snapshot. It
would be possible to perform an extrapolation to obtain the missing values. How-
ever, extrapolation is not a reliable procedure, and the resulting errors would be
hard to control. For this reason, in such cases, no extrapolation is done. Instead,
NaN (the standard shorthand for ‘Not a number’) is written to the output snapshot
instead of a numerical value. When statistics are calculated by averaging over all
snapshots in the output database, the terms containing NaNs have to be removed.
The resulting average is then conditional on |u,, | and |#]| being small enough for
the points involved in the calculation of the particular statistics to be inside the
image of the universal flow snapshot. Alongside the output database, the output of
the software tool includes data on the number of cases NaN was recorded for each
point. This allows one to judge how strongly the statistics involving each point were
affected by the condition that averaging is done only over snapshots with |u,, | and
|6| small enough for the point to be inside the image of the universal flow snapshot.

One can then use only the points at which there are no NaNs, or estimate, however
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approximately, the error caused by dropping out NaN values.

How significant this phenomenon is depends on the particular universal velocity
database, the size of the output box, and on the magnitude of the fluctuation of
the large-scale component of the wall friction in the model input. As an example,
figure 3.1b) shows the contour plot of the probability of a numerical value being
obtained at a data point on the x-z plane. In this case, the universal velocity field
was generated from the turbulent channel flow at Re, = 5200, and the input wall
friction was taken from the same flow. The output box dimensions were LI = 204,
Ly = 10 and L} = 120. Figure 3.1b) refers to the grid points in the layer at
yT = 0.711 from the wall. This value is relatively small compared to L; = 10,
and for this reason, in none of the output snapshots this layer was above the upper
bound of any image of the universal box.

The two contours shown in Fig. 3.1b) correspond to the probability levels 0.9 and
1. Inside the contour of level of 1 the data had numerical values in all the output
snapshots. Moving outside the level of 1, the number of occurrences of NaNs rises
up to 10% at the contour level 0.9, which is covering most of the data points of the
output snapshots. Figure 3.1 indicates the rarity of NaN in the output snapshots,
thereby leading to the conclusion that in this particular case, the stretching and
rotation of the grid have a negligible effect on the calculation of the statistics of the
output snapshots, due to the rare occurrences of NaN corresponding to the typically

small values of v and 62,

3.2.4 Selecting parameters for generating output snapshots

Before generating the output database, one needs to choose the dimensions of the
large-scale subgrid ny and mj, and the number of the input snapshots to be used
s, which then determines the number of the output snapshots N.

Since the amplitude of fluctuation of large scale is small in the range of Re of
the currently available and realistic for the near future direct numerical simulations,
one can simply take L} = L, Ly = Ly, and L} = L,. Smaller dimensions can be
used to save computational time and storage space, but larger values would require
extrapolation, see section 3.2.3.

Generating the output database will require matching each of I pairs (u,, ;,6;)

32



with a snapshot of the universal velocity. To satisfy the QSQH requirement of the
statistical independence of the large-scale motions and the universal velocity, one
can select the universal field snapshots randomly with equal probability from the N
snapshots of the universal flow database. This might lead to a repeated use of the
same universal flow snapshots, in particular if I > N. This, however, is acceptable
as far as the universal flow database is large enough to provide a comprehensive
statistical representation of the universal velocity field.

However, selecting P, ) and R, that is the number of points in x and z directions
and the number of input snapshots used (3.6), involves a nontrivial trade-off between
the accuracy of the statistics to be eventually calculated using the output database
and the computation time and storage space required.

The approach described below was used in the examples given later. It is antic-
ipated that the aspect ratio of the input snapshots closely aligns with that of the
large-scale motions. The input snapshot set contains a sufficient number of samples
to ensure that the wall friction data is statistically representative. ~ We opted to
establish a representative subset of snapshots and grid points, maintaining an equal
number of points in both spatial and temporal dimensions, denoted as P = () = R,
which serves as the initial condition for our computations. The accuracy of the
statistics under consideration can be monitored by incrementally calculating the
database over several steps with increasing values of I. At each step, we compute
the desired statistics and observe their variations from one step to another. To re-
duce computational resources, it is desirable to reuse the result obtained in previous

steps. This can be achieved by taking
P=Q=R=2"" for 2" < (J K,S),

where b is the step number. As b increases, 27! might exceed J, K or S. Then one

can take
P =J, for 2"1 > J,

Q=K, for2""' > K,
R=S, for 271 > §.
This procedure was used in the examples given in the present paper.

In a frequent case when the statistics of interest involve only the velocity values
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at the same x and z, significant savings of computational time can be made. In this

case, the QSQH software we developed generates the 1D synthetic velocity field as

uf (y) = uf, ;[0:(y) cos O; 4 w;(7) sin 6],
i (yih) = uf, 0:(B), (3.7)

w; (y;") = ul [—1:(7) sin 6; 4+ w;(y) cos 6],

+

TL,i'

where y;" = §/u The universal velocity field used in (3.7) is 1D, meaning that
the database of 1D (1;, ¥;, w;) consists of the instantaneous velocity snapshots in
terms of ¢ only. Therefore, the output velocity field is also in terms of y™ only. The
generation of the 1D synthetic velocity field follows exactly the procedures in section

3.2.2 and 3.2.4, without considering the deformation and rotation of the box.

3.3 Generation of the universal velocity field (the

second QSQH tool)

This section outlines the process of selecting a large-scale filter and generating the
universal velocity field database. The universal velocity field databases are created
using the second QSQH tool developed in the present study. For understanding the
application of the first QSQH software this subsection is not absolutely necessary.
One can skip this subsection and proceed directly to Chapter 4.

In outline, the universal field can be obtained by selecting a suitable database of a
high-Reynolds-number fluid flow, referred below as the base flow, and re-engineering
the universal field under the assumption that the base flow satisfies the QSQH theory.
This process requires a large-scale filter to be defined.

Both the choice of the large-scale filter and the resulting universal velocity field
thus obtained depend on the base flow. The description below is general, while the
specific examples were obtained using the data for plane channel flows at Re, = 5200
and Re, = 1000 available at ( ). The corresponding direct numerical
calculations are described in ( , ). The case of Re, = 5200 was
used as the base flow in all sections apart from Section 4.1.2, where two base flows

and, correspondingly, two universal fields are considered.
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3.3.1 Large-scale filter

A large-scale filter provides a precise definition of large-scale motions. Various fil-
ters were used, see for example ( , : , :

, , ) and the discussion of large-scale filters and methods of
obtaining the universal velocity field in Section 2.1. For users of the QSQH syn-
thetic model software tool the large-scale filter implemented in the model is largely
transparent, since neither the input nor the main output of it refer explicitly to
the large-scale filter used in the generation of the universal velocity field. However,

knowledge of it is useful in interpreting the results.

The specific filter used to generate the universal velocity field, with which the
results in Chapter 4 were obtained, is a Fourier cut-off filter. Fourier cut-off fil-
ters are commonly used for scale decomposition of wall-bounded turbulence, see
for example ( , , ), which implemented a cut-off filter in time

domain transformed into the streamwise cut-off using the Taylor hypothesis (see

section 7.1.2 in ( , )), or the QSQH study on streamwise veloc-
ity component in turbulent channel flow ( , ), which
used cut-offs in wall-parallel directions and time, or ( , ), in which

a Fourier cut-off filter was used to separate the scales in the results of large-eddy
simulations (LES) at Re, = 8200. In the latter, it was found that the cut-off in
span-wise direction is effective in separating the small and large scales, and the
slowly-varying structures captured by the cut-off in temporal direction have negligi-
ble contribution to the near-wall modulation. This result coincides with the finding
of negligible influence of the temporal scale decomposition on the QSQH predictions

made in ( , ).

Before describing how the cut-off lengths A} and Al have been selected for the
use in the current implementation of the QSQH synthetic model, we will briefly dis-
cuss a possible alternative approach. One can attempt simply to choose A and A\,
that will give the best agreement for the QSQH theory predictions. For example,
in ( , ), the differences in the second moments of the wall-parallel
velocity fluctuations between Re, = 1000 and 5200, Au?, (y) = u?,,.|re,=5200 —

2 2 _ 2 2
U’T‘m8|R67':1000 and A"LU (y) = wrmsyReng)zoo — w,,ms\ReT:mog, were ﬁtted by the

rms

simplified QSQH predictions Au?,  (y) ~ A{u?) (M)Q and Aw?  (y) ~ AT,

rms TI, dy rms
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Cut-offs/method Adu?) A(6?)

TL

Fitting 0.004897 0.002817
A =10007, Af = 1257 0.004377 0.002411
AP =2000m, AT = 2507 0.004338 0.001860
AF =20007, AF = 5007 0.004290 0.001679

Table 3.1: Increment in (v ) and (6%) from Re, = 1000 to 5200 by fitting and scale
decomposition.

with A, ) = (ur, ) Re,=5200 (17, ) Re,—1000 ¥4 A(0%) = (0%) pe,=s5200 = (0) e, =100
used as the fitting parameters. The fitted values from ( , ) and the

values calculated for a few combinations of A and A} are presented in Table 3.1. Tt
can be seen that the fitted values are higher than the actual values for all three pairs
of Fourier cut-offs. Notably, the choice of the Fourier cut-offs does not significantly
affect A(qu>, which is what is implied by the QSQH theory (see (

, ) for an extensive discussion of this issue). However, it is different for
A(6?). This might be a reflection of the difference in the energy spectra of the
streamwise and spanwise velocities of the turbulent channel flow. In any case, ad-
justing the cut-offs cannot significantly change A(qu>, which would be needed to
fit the direct numerical simulation data. This might be an inherent disadvantage of
the Fourier cut-off filter to be used with the QSQH theory, and other filters might

turn out to be better for this purpose.

In the present work, the cut-offs will be selected using the same procedure as
in ( , : , ). A Fourier cut-off filter with
any thresholds satisfies the first four properties of the large-scale filter (2.14-2.17)
required by the QSQH theory. However, satisfying the property of scale separation
(2.18) is challenging because of the continuity of the spectrum of scales of turbulence.
The logic of the QSQH theory implies that small scales are much smaller than
the large scales and that the theory applies in a near-wall layer which is thin as
compared to the wall-parallel dimensions of the large-scale motions. This leads to
the understanding that the correlation between the large-scale velocity at a point

very close to the wall and the large scale velocity just outside this layer should
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be close to 1. This also follows from the QSQH formula (2.20), although it was
obtained with additional assumption of the amplitude of the large-scale fluctuations
being small. At the same time, a similar correlation between the small scales should
be close to zero, as otherwise the small-scale motions would protrude outside the

near-wall layer.

Quantitatively, this can be measured by the correlation coefficients

RuL,ouL(y:) — <uL(+02)u/L(y:)> - ’
V0 (G ))?)

Py 47) = WAL
0% (s )?)

B4 = LSOO

+) —

)
Rws,ows (yo ) - )
Js(0))) ()

where y is the point just outside the layer of interest. The optimal filter would then
and R

the cut-offs at the same time. Moreover, as we intend to use the synthetic model to

be the one maximising R, ,,, and R, ,», and minimising 12 over

us,0us ws,0ws

study the variation with Re, we would like this to be done with the correlations for
at least two values of Re covering the range of interest in the Reynolds number. This
amounts to a multi-objective optimisation problem with eight objectives, which is
well beyond what is feasible. Note that in ( , : ,

) the Pareto fronts were in two dimensions only. Instead, we just made a few
trials, choosing y = 100, that is just to include the viscous and buffer layers in the

analysis.

Five pairs of the Fourier cut-offs were tested for the turbulent channel flow at
Re,. = 1000.The resulting correlation coefficients are presented in Table 3.2. The
pair of lowest thresholds, A\ = 10007, A} = 1257, coincides with the thresholds used
in ( : ) without the inclusion of a temporal threshold.
As the thresholds are increased, the values of large-scale correlation coefficients tend

toward unity, because fewer intermediate scales are included in the large scales.
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A A Rup gur Rugous Ry gy Rug gus
10007 1257 0.780 0.017 0.355 —0.038
16007 1257 0.855 0.036 0.453 —0.036
16007 2007 0.885 0.061 0.552 —0.036
20007 2507 0.913 0.087 0.630 —0.032
20007 5007 0.927 0.135 0.653 —0.025

Table 3.2: Large and small-scale correlation coefficients of the wall-parallel velocities
of the turbulent channel flow at Re, = 1000, with y; = 100.

)‘;:i_ )‘j RuL,ouL Rus,ous RwL,owL Rws,ows
20007 2507 0.951 0.091 0.812 —0.022
20007 5007 0.965 0.137 0.865 —0.012

Table 3.3: Large and small-scale correlation coefficients of the wall-parallel velocities
of the turbulent channel flow ( : ) at Re, = 5200, with y- = 100.

Conversely, this leads to an opposite effect on the small scales, with more inter-
mediate scales becoming a part of the small scales and consequently resulting in
undesirably larger small-scale correlation coefficients. Two pairs of Fourier cut-offs
were also tested for the turbulent channel flow at Re, = 5200 provided in (

, ), and the corresponding correlation coefficients are presented in
Table 3.3. By comparing the correlation coefficients in both tables, the Fourier
cut-off of A} = 20007, \] = 2507 is selected for the large-scale filter to be used in

the following. This choice yields Ry, o, > 0.9 and R < 0.1. The large-scale

us,ous
correlation coefficients of both wall-parallel velocities, when filtered with the same
Fourier cut-offs, exhibit higher values for flows with higher Reynolds numbers, as
demonstrated in Table 3.2 and 3.3. This behaviour is attributed to the shifting of the
large-scale energy peak away from the small-scale energy peak in both streamwise
and spanwise wave modes within the Fourier space as the Reynolds number increases
for turbulent channel flow as shown, for example, in ( , ). However,

it is important to note that the energy spectra of the two velocity components differ

from each other. In particular, the large-scale correlation of the spanwise velocity is
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Figure 3.2: The base flow boxes. The magnitude and direction of the large-scale
component of the wall friction velocity u,, and 6 are presented.

smaller than that of the streamwise velocity when the same Fourier cut-off is applied
to the same flow. This observation suggests that, in contrast to the streamwise ve-
locity, the large-scale component of spanwise velocity does not exhibit a sufficiently
strong correlation between the wall and an outer position, such as at yi = 100.
Furthermore, this finding implies a limited accuracy in predicting spanwise velocity
statistics using the QSQH tool, which will be discussed in Section 4.1 and 4.2.

3.3.2 Universal velocity field
The outline

The universal velocity field is generated from a base flow. In the base flow the near-
wall turbulence should be statistically homogeneous in streamwise and spanwise
directions and time.

The universal velocity field will be represented by a set of velocity snapshots

(U, Up, Wy),n =1,..., N in a rectangular box:
~L,/2<#<L,/2, 0<y<L, —L./2<2<L./2

This set of snapshots will constitute the universal database. To obtain the velocity
distribution of each of these snapshots we will allocate to each snapshot a rectan-
gular box in the base flow (see Fig. 3.2), with the bottom face centred at the point

(x},,0,z5 ) and a pair (uf ,,0,) equal to the values of u,, and € at the points

c,n? 2 ~en TL,m? 7N
+ )
(xc,rw 07 Zc,n .
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Lj,n) = (ZN—J% zy’ Zz)/u+

The size of these corresponding boxes is (L), L} Lo

z,n “ymn
The boxes are turned by 6, to align them with the direction of the large-scale
component of the wall friction. As the result, the coordinates in the base flow
are related to the coordinates in the universal flow snapshot similarly to (3.8) but

centered at (Zen, 2en):

at = (Tcosby, + Zsinby,) /ul , + Ten,

y+ = g/u;;,n’ (38)

2t = (=Zsinb, + Zcosby,) /ul , + zen-

The universal velocity in the snapshot is then given by the QSQH relation (3.3)
rearranged as

) = (u* cosb, —wFsinb,)/ul

*/ut (3.9)

TL,M?

<
3
—

IS
Nadl

IS

7 =V
,Z) = (uTsinb, + w* cosb,)/u;

Y
wn(w7 TL,n?

Nedi

where (u™,v",w") is the base flow velocity at the point (x*,y™, 2T) given by (3.8).
If the base flow grid is uniform in the wall-parallel directions, as is often the case,

it is convenient to choose (x},, zI ) to coincide with certain grid points of the base

flow data. In the special case of u) , = 1 and 6, = 0 the box dimensions are
equal: (L, Ly, LT,) = (Ly, Ly, L.). Tt is natural to use this to define the grid in

the universal flow snapshots boxes by simply copying the grid in the base flow box.
Then the same grid is used in all the universal flow snapshots.

ot wh) by

n» - n?

The universal flow snapshots are populated with the values of (u
determining (27, y™, 27) for each universal snapshot grid point using (3.8) and then
calculating (u,}, v, w) using (3.9). Due to the deformation and rotation of the base

n’ -'n?’

flow boxes when uf,  # 1 and/or 6, # 0, the points in the base flow corresponding
to the grid points in the universal flow snapshots might not coincide with any grid
point of the base flow. Then cubic spline interpolation is used to determine the
sampled velocity field (u}, v, w).

To complete the definition of the procedure, the centers of the base flow boxes

and the box dimensions need to be selected. This involves a trade-off between several
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requirements.

Selection of the centers of the boxes

The number of universal velocity snapshots should be large enough to be statistically
representative. For a base flow database of a fixed size, increasing the number of the
boxes inevitably reduces the distance between them. However, it is desirable that
the elements of these sets are uncorrelated, so that the velocity fields of (@, v, W,)
were statistically independent. These contradictory requirements are satisfied in the

following way.

Let the wall-parallel coordinates of the grid points of the base flow be denoted
(x)f,2),m=1,...,M,l=1,..., L, with the grid spacing Az} and Az} . From
these points we select a subset of uniformly spaced points, which we denote (:Bjnp, zfq' ),

p=1,...,P,q=1,...,Q,. These points will be the centres of the boxes of velocity

: : + - ot _ ot + _
data (see figure 3.2). The grid spacings Az, . = i, . — 2, and Azg, . =
z;; L zfq‘ in x and z directions, respectively, are chosen to provide a reasonable

compromise between the correlations of the neighbouring velocity snapshots in both
x and z directions, which is desired to be small, on the one hand and the number of
the resulting snapshots, which is desired to be large, on the other hand. To this end,
we calculate the two-point correlation coefficients of the velocity fluctuation w'* of

the base flow,

Rty - W Ut £ Aty )
(W (ot =) |

R (AZ+) — <ul(x+7y3—72+)ul<x+aya_7z+ —|—AZ+)>
o (u*(z*, 95, 27))

Here, 1, is the coordinate of the base flow grid layer nearest to the wall, and the

base flow is assumed to be statistically homogeneous in the wall-parallel directions.
Then Az and Az are selected so that R, ,(Azl ) and R, (Az o)

sample sample sample sample
are reasonably small, while the subgrid dimensions P, = [M/(Az, 0/ AT, )] and

Qu = [L/(Azg pie/ Aziase)], Where [] denotes the integer part, are reasonably large.

41



With Az, Azt Py, and @, determined, (z}, , ') are defined by taking

sample’ sample’

Azl
my,=1+(p—1)——2 p=1,..., P, (3.10)
P Axa_ase
AZ:E; ple
Slsample 1O 311
A a=1...0 (3.11)

base

l,=1+(¢—-1)

Thereby, the grid points where (uf ,0,) are sampled are (x:;p, zf; ), p=1,..., P,
qg=1,...,0Q, for each snapshot of the base flow. The order in which (mf{lp, zfq') are
allocated to be the centers (z7,,27,) does not matter. If there is more than one
snapshots of the base flow, the described procedure is repeated for each snapshot,
thus increasing the number of the snapshots of the universal velocity field N =
P, x Qu x S, where S is the number of snapshots of the base flow. (Note the

similarity of P, and @, with P and @ introduced in Section 3.2.4.)

Selection of the box size

Equations (3.9) imply that (u] , ) is approximately constant and equal to (v, ,,,0y)
inside each box, which effectively sets a limit to the dimensions of the box, since in
reality the large-scale motions are varying, albeit slowly, in x and z directions (

, ; , ). On the other hand, it is desirable to have
the universal flow box dimensions to be large in order to be able to obtain a broader
range of two-point statistics from the model.

The degree of typical inhomogeneity of the large-scale motions in the vicinity of
the wall can be measured by the two-point correlation coefficients of u/_of the base

flow in the wall-parallel directions:

(u, (a7, (& + Ax))
Ru’ A:L”+ — L L
(80 2 @) (2 (ot + Axt))
(ur, (z")ur, (27 + AzT))
Ru’ AZ+ _ L L
w87 VO )5 (2 + AzF))

Since all the universal velocity snapshots have the same dimensions, it makes sense
to assign values to L, and L., instead of choosing values for L}, and L7, for each

box. Accordingly, we select these dimensions to be as large as possible such that
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Ry, (L./2) and R, . (L.) are sufficiently close to 1.

The actual values of AZgample, AZsample and L, and L, depend on the base flow
and the desired or acceptable size of the universal flow database. Specific choices
for universal databases used in the following parts of the paper are described in

subsection 3.3.1.

One-dimensional universal velocity field

By 1D universal velocity field we understand the very special, yet important case
when the universal velocity snapshots contain only one wall-normal grid line. This
means setting £ = z = 0 in (3.8) and (3.9). In this scenario, it is not possible
to calculate multi-point correlations unless all the points involved differ only by
their wall-normal coordinates. However, this is acceptable often enough to justify
giving this case a special treatment. In this specific case, it is convenient and
computationally inexpensive to use all local velocity profiles at all grid points in
x and z directions of the base flow instead of following the sampling procedures.
Effectively, n = 1,..., N and N is equal to the total number of grid points in a
single wall-parallel grid layer of the base flow.

The currently available universal velocity field databases

The current version of the software implementation of the QSQH model is available
at ( , ). It gives a choice between two universal velocity fields, 1D and

3D. Both fields were generated from the base flow of a single snapshot taken from

turbulent channel flow of Re, = 5200 ( : ). The details of the
selection of the distances between the centres of the base flow boxes Az, . and

Azt

sample» the universal flow grid, and the universal flow snapshot size (L., I}y, L.)

for the 3D case are described below.

The two-point correlation coefficients of u'* of the base flow in # and z directions

are presented in Figure 3.3. We chose A:L‘;mple = 1270 and Az:ample = 640, as shown
by the dash-dotted lines in the figure. This choice yields Ry o (AzF,, ) ~ 0.105 and

Rz,u(AZs—;mple) ~ 0.025. which are small enough for the sampled velocity snapshots
to be approximately independent of each other.

The wall-parallel grid spacing of the universal velocity snapshots was chosen to
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Figure 3.3: The two-points wall-parallel correlation coefficients of «/" in the turbu-
lent channel flow at Re, = 5200.

be AT = 12 and AZ = 6. This is slightly less than the grid spacing of the base
flow Az, =12.7 and Az = 6.4, just to compensate for possible shrinking and
stretching of the base flow grid when it is mapped to the universal flow grid.

The dimensions of the universal velocity snapshots L, and L, were chosen on
the basis of the two-point correlation coefficients of u’TL+ of the base flow in « and
z directions, shown in Figure 3.4. The values L, = 204 and L, = 120 correspond to
Azt =102 and Az* = 60 shown with the dashed lines in Figure 3.4. This choice
yields Ry, (Az™) ~ 0.999 and R, (Az") ~ 0.980, which values are large enough

L
to satisfy the requirement that uf remains close to wf . within each box. The

wall-normal grid of the universal velocity field was reproduced from the wall-normal
grid of the base flow, and f/y = 100.

The 1D database contains about 3.1 million universal velocity instances, and
3D database contains 7931 universal velocity snapshots. For the 3D version the

maximum value of u} , is 1.255, which yields the maximum possible box size as

L,,~ 254 and L,,, ~ 150. Even if this largest box was turned by 90° (in fact for
this particular box the maximum turning angle among the boxes is 0.9°), it would
still be in the region of high correlations, as can be seen from Figure 3.4.

Figure 3.5 shows the probability density functions for v and v} , and ¢ and
0n. The sampled (u; . On) are indeed statistically representative of the large-scale

component of the wall friction of the base flow. This figure also shows that extreme
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Figure 3.4: The two-points correlation coefficients of u,, of the turbulent channel
flow of Re, = 5200 in wall-parallel directions.

cases where the box suffers from substantial deformation and rotation are rare.
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Figure 3.5: Probability density functions of (ul ,.6,) (solid line) and (u! ,6)

TL,m) U TL'

(dashed line) of the base flow of turbulent channel flow at Re, = 5200.
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Chapter 4

Applications of the QSQH

software tool

4.1 Plane channel flow

In the examples given in this section the synthetic velocity fields for different target
flows are generated using different versions of the universal velocity fields. For
reference all these cases are summarised in Table 4.1, where LM5200 and LM1000
denote the turbulent channel flow at Re, = 5200 and 1000 calculated by Lee and
Moser ( : ).

Subsection 4.1.5 investigates the Re-dependence of the universal velocity fields

and thus does not use synthetic velocity fields.

4.1.1 Accuracy of Taylor expansion in the amplitude of the

fluctuation of the large-scale wall friction

While the formulae obtained using the QSQH theory are often short and neat, as
seen in (2.19), they are not easy to use because they often require knowledge of the
statistics of the universal velocity field, such as U (%) in (2.19). In contrast, using the
Taylor expansions in the amplitude of the fluctuation of the large-scale wall friction,
as described in Section 2.3.5, meaningful results can sometimes be obtained without
any knowledge of the universal field apart from the assumption that a universal field

exists.
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Dimension Subsection Base flow Target flow

4.1.1 LM5200 LM5200

LM1000

D 419 LM5200 LM5200
LM1000 LM1000

4.1.3 LM5200 LM5200

LM1000

3D 4.1.4 LM5200 LM5200
LM1000

Table 4.1: The cases of generating different synthetic velocity fields in the subsec-
tions of section 4.1. The large-scale filter is a Fourier cut-off filter with A\, = 20007
and \, = 2507, which gives <u2L> = 0.007348, (62) = 0.002874 at Re, = 5200, and

(u7, ) = 0.003010, (6%) = 0.000983 at Re, = 1000,

An example of this is given by the formula (2.7) for the superposition coefficient.
Results obtained with Taylor expansions are also useful as they often reveal the
underlying physics of various scale interactions, such as explaining why the root
mean square of the fluctuations of the streamwise and spanwise velocities is much
more sensitive to changes in Re than other Reynolds stress components and mean
velocity ( : ). However, using Taylor expansions has disadvantages
too. When QSQH predictions obtained with Taylor expansions are compared with
real observations, attributing the discrepancy is challenging. First, derivations of
the Taylor expansions are often cumbersome. Second, there is a truncation error.
The QSQH synthetic model resolves these issues. Since the synthetic flow database
provided by the model satisfies the QSQH theory exactly, the difference between
the statistics of this database and the Taylor expansion prediction is caused only
by truncation. Reducing the amplitude of large scales will reduce this difference
unless there was a derivation error, thus allowing for the detection of the error. The
difference between the statistics of the synthetic model database and the real data

is due to the approximate nature of the QSQH theory itself.

We will investigate the truncation errors using the example of the mean velocity

profile and second-order moments of velocities. The Taylor expansions of the QSQH
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formulae

- 1 o - W2y d ,dU
T ) d oAU 4.1
Uly) =Uly) =300 W+ =gy g, + (4.1)
~ o\ 2
N _ 5 dyU 1 d?y*a?
2 2 2 2 2 2 rms

2 _ ~9 0 (772 | ~2 -9 <U/72 ) d2y2€u3m5

wrms(y) - wrms(y) + <9 > (U + Uppps — wrms) + 2L dy2 +.o (43)

were extensively used in (

) ) ) )
). Here, @.ns and W,,s are the root mean squares of the fluctuations of the

corresponding components of the universal velocity, and u,, is the fluctuation of

/

TL> = 0. Note that the universal flow statistics in these

Uy, , 0 that u,, = 1+u,_, <u
formulas are independent of Re,, while the large-scale related parameters (qu> and
(%) increase as Re. increases. The expansions were derived assuming |u/, | < 1 and
|0] < 1. In what follows, we will often use relative errors, which we define for any

approximate quantity, for example gapp, as

gapp —4g
€ = —
! 91

9

where ¢ is the exact value of this quantity. In this subsection, the values considered

as exact are the statistics of the QSQH synthetic field, while the approximate values

2

“ms 15 N0t considered in this

2
rms

are given by (4.1-4.3). It is important to note that v
study, as the current version of QSQH theory predicts an incorrect value for v
. In ( , ), QSQH theory stipulates that the large-scale component
of wall-normal velocity is zero (i.e., v7 ,,,, = 0), which implies that any prediction

of v . by QSQH theory can be anticipated to be erroneous even prior to calcula-
2

tion. Consequently, results pertaining to v7,,,

will not be addressed in this study.
Nevertheless, a proposed approach to address this issue is presented in Sections 5.1
and 5.2.

Figure 4.1 shows the relative errors of (4.1-4.3) as compared to the mean velocity
profile and second moments of wall-parallel velocity fluctuations of the synthetic
velocity fields for Re, = 1000 and 5200. The absolute values of the relative errors
are all below 0.01, indicating that at these Reynolds numbers, the accuracy of the

Taylor expansions is good compared to the accuracy of the QSQH theory itself
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Figure 4.1: Relative errors of the Taylor expansions for mean velocity and second
moments of wall-parallel velocity fluctuations of the synthetic velocity field, Re, =
1000 (solid) and 5200 (dashed).

(see the following sections). Notably, the absolute values of the relative errors at
higher Re, are higher. This is to be expected since the amplitude of fluctuations of
large-scale motions increases with Re. It can also be noticed that the shape of the
error curve at both values of Re, is similar. This suggests that for each quantity
there might be only one specific higher-order term of the expansion that is largely
responsible for the observed truncation error, or that (qu> and (6?) increase with

their ratios remaining approximately constant as Re, increases.

4.1.2 Statistical independence of large-scale friction velocity

and universal velocity field

The QSQH theory postulates statistical independence of the large-scale related pa-
rameters (u,,,0) and the velocity field (@, ?,w) defined by (2.8-2.13). This part
of the QSQH universality hypothesis is referred to as the QSQH hypothesis per
se, to distinguish it from the second hypothesis: that the statistical properties of
(@, v, w) defined by (2.8-2.13) are the same for flows at different but sufficiently large
Re and different large-scale geometries, such as a plane channel or pipe (

, ). This is the reason for calling (@, ¥, @) universal. For real flows,
the accuracy of the QSQH hypothesis per se depends on the quality of the scale de-

composition by the large-scale filter and is never perfect. The synthetic model field,
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however, satisfies this hypothesis exactly, because the instances of (u,,,#) from the
input wall-friction field and the instances of the universal velocity field (@, v, w) are
randomly paired in the model. This allows an interesting way of verifying to what
extent the base flow, that is, the flow that was used to generate the universal veloc-
ity field, satisfies this hypothesis. To do this, the synthetic model can be applied to
the base flow itself. If the pairing of the instances of (u.,,#) and (@, 0, w) happened
to be exactly as they were paired in the base flow, the synthetic model database
statistics would coincide with the statistics of the base flow. Such occurrence is,
however, extremely unlikely. In synthetic model the pairing is mixed randomly, or
‘scrambled’. As a result, the difference in these statistics indicates the deviation of
the base flow from satisfying the QSQH hypothesis per se. Once a synthetic model
is available, this approach is much easier than comparing the conditional statistics
of the base flow conditioned on (u.,,#), as it was done (without taking 6 into ac-
count, and in a variety of ways) in many works, exemplified by ( , ;

; : )-

Total velocity field

To investigate this further, the turbulent channel flows at Re, = 1000 and 5200 were
treated as the base flows, and the corresponding universal fields were generated using
the same large-scale filter. Then the QSQH software tool generated the synthetic
flows for each case. The relative errors of the mean velocity profile and the second
moments of wall-parallel velocity fluctuations of the synthetic field as compared
to the DNS data are presented in Fig. 4.2. If the QSQH hypothesis is valid, the
flow statistics calculated from the DNS data and the synthetic velocity field should
coincide. As the figure shows, for U they coincide. The negligible error of the
mean velocity profile for the flows at both values of Re, was expected. As the
Taylor expansions of the QSQH formula for mean velocity in magnitude show, both
with the variation of the direction of large scale wall friction neglected (

: ) and accounted for ( ) ), the mean profile is
not sensitive to large-scale motions, because apart from U(), all the terms in (4.1)

are negligible in the range of Re considered here.
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Figure 4.2: Relative errors of mean velocity profile and second moments of wall-
parallel velocity fluctuations (u?), (w?) of the synthetic velocity field as compared
to the DNS velocity field at Re, = 1000 (solid line) and 5200 (dashed line).

A similar statement is not true for expansions (4.2,4.3), which contain non-
negligible terms (u/? ) (%)2 and (02)0° ( : ;

). As Fig. 4.2 shows, the relative errors in the second moments have a constant
and low level close to the wall, approximately for y© < 10, and then increase as
one moves away from the wall. This trend indicates that the proposed statistical
independence is effectively achieved close to the wall but deteriorates with increas-
ing distance from the wall. The relative errors also demonstrate a dependence on
Re. The error of the streamwise component decreases as Re, increases. This is ex-
pected since the QSQH hypothesis is anticipated to become increasingly accurate for
near-wall turbulence with higher Re, attributed to a more prominent outer energy
peak centred farther away from the inner peak, and consequently a more reliable
definition of large and small scales, and to better applicability of the universality
hypothesis at larger Re for the same reasons as for the classical universality

(2016); (2021).

In contrast, the relative error of the spanwise component demonstrates opposite
behavior. This error tends to grow with increasing Re, suggesting that further
investigation is required. In the following section, it is shown that the spanwise
velocity is simultaneously affected by large and small-scale components, and the

agreement of these two components with the QSQH theory responds differently
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Figure 4.3: Relative errors of second moments of wall-parallel large-scale components
of velocity fluctuations (u?) , (w?) of the synthetic QSQH velocity field as compared
to the DNS velocity field at Re, = 1000 (solid line) and 5200 (dashed line).

with respect to Re.

Overall, for this range of Re, in the channel flow, the QSQH hypothesis of the
proposed statistical independence appears to be accurate near the wall, approxi-
mately below y* ~ 20 for the streamwise component and y* ~ 10 for the spanwise
component. However, the relative error grows with the distance from the wall,

reaching approximately 10% at y™ ~ 70 — 80.

Large-scale motions

The QSQH software generates the synthetic velocity field in boxes of dimensions too
small for calculating the large-scale component. However, the large-scale component
of the synthetic field can be calculated using the formulae given by the QSQH theory
itself ( , ):

U = wu, U(yu, cos 6,
() LUlyus,) (4.4

wr(y) = —ur, U(yty, ) sinb.

Figure 4.3 presents the relative errors of the second moments of the wall-parallel
large-scale velocity fluctuations. As can be seen, the relative errors of fluctuations

of both wall-parallel large-scale velocity components decrease as Re, is increases.
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This trend suggests that the statistical characteristics of the large-scale motions
increasingly align with the QSQH hypothesis as Re, increases. This observation is
consistent with the behaviour of the large-scale correlation coefficients presented in
Tables 3.2 and 3.3, which shows that the large-scale correlations are greater for the
flow with higher Re,. Note that the large-scale motions referred to in Tables 3.2
and 3.3 and in Figure 4.3 were defined using the same large-scale filter.

Markedly, the behaviour of the relative errors of streamwise and spanwise velocity
components is quite different. The relative errors of the streamwise component are
nearly zero even at lower Re,, whereas the magnitude of the relative errors of the
spanwise component is greater and reaches about 50% even at Re, = 5200. This
discrepancy suggests that the large-scale spanwise motions comply far less with the
QSQH hypothesis compared to the streamwise motions at the same Re, and defined
with the same large-scale filter. This observation also agrees with Tables 3.2 and 3.3,
which show that the large-scale correlation of the spanwise velocity is smaller than

that of the streamwise velocity.

Small-scale motions

The small-scale component of the synthetic velocity field can be calculated using

the formulae

us = Ur, (@ (yu,, ) cos + @' (yu,, ) sinf),

ws = u,, (W' (yu,, ) cos O + @' (yu,, ) sin 6)

obtainable by subtracting the large-scale component given by (4.4) from the total
synthetic field given by (2.8-2.13). Here, @ = @ — U and @' = w. Figure 4.4 shows
the relative errors of the second moments of the wall-parallel small-scale velocity
fluctuations. The relative errors are close to zero at the wall and increase with
distance from the wall. These errors are noticeably smaller than the relative errors
of the large-scale component. Interestingly, in contrast to large scales the relative
errors of the small-scale statistics for both streamwise and spanwise velocity are
greater at the larger Re,.. This observation matches the behaviour of the small-scale
correlation coefficients, which, as shown in Tables 3.2 and 3.3, increase as Re, is

increased, if the same large-scale filter is used for different Re,.
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Figure 4.4: Relative errors in small-scale components of second moments of wall-
parallel velocity fluctuation (u2) , (wZ) between DNS field and synthetic QSQH field
at Re, = 1000 (solid line) and 5200 (dashed line) respectively. Note the difference
in ordinate scale with Fig. 4.3.

For the large-scale filter and the DNS field that we used, the ratio of the magni-
tude of the second moment of the small-scale streamwise velocity component to the
magnitude of the second moment of the large-scale streamwise velocity component
is about 1.2. For the spanwise velocity, this ratio can reach approximately 14. Con-
sequently, as far as the moments of the total velocity (that is the sum of small- and
large-scale components) are concerned, as Re, changes, the change in large scales
predominantly outweighs the change in small scales of the streamwise velocity. Con-

versely, for the spanwise velocity component the opposite trend is observed.

4.1.3 Reynolds stress dependence on the Reynolds number

The QSQH theory predicts that the Reynolds stress can be expressed as (see (3.8)

in ( , 2021))

(W) =Tr+ — TR+ ..., (4.5)

where 7p = (@'?') is the Reynolds shear stress in the universal velocity field, and
the truncated expansion is in the amplitude of the fluctuation of large-scale wall

friction. Then the difference between the Reynolds stress at the same y in any two
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Figure 4.5: The difference of the Reynolds shear stress at Re, = 1000 and 5200.
QSQH results were calculated using the synthetic model.

flows is ((3.13) in ( : )

A(un) 227, A(GR)

1,0 _
A <u v >|y:c0nst - 2 dy2 2

TR+ ..., (4.6)

TL

where A<u'2 > and A (6?) are the differences of the values of <qu> and (6%) in
these flows. If the comparison is made between the values at the same y* then

(see Appendix A ) the difference is

A ) a7, A (02 (02)\ d7
;7 . TL Y TR ~ 2 TR
A <u v >‘y+:const - 2 dy2 B 2 TR~ <<UTL> - 2 ) dy t.. (47)
In ( : ), (4.6) was compared with the results of direct numerical

simulations of a plain channel flow at different Reynolds numbers, with the values
of the Reynolds stress taken at the same y*. However, using (4.7) would lead to the
same conclusion. The data in the Fig. 4.5 of the present paper are different in several
respects but the most obvious conclusion is the same: the direct numerical simulation
result and the QSQH prediction are very different. The primary reason for this is
the effect of the pressure gradient, which for the Reynolds shear stress at these

conditions is much greater than the effect of large-scale motions ( ,

).
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The pressure effect can be quantified by the contribution of the mean pressure
gradient to the total stress, y*d (p*) /det = —y™/Re,, which also gives the estimate

of the contribution to the difference between the two flows:

d{p") 1

TA——FL =yt A— 4.

YA =Y A (4.8)
which is shown as the pressure effect in Fig. 6 in ( : ) and Fig. 4.5
here. One of the conclusions in ( , ) was that even though the

effect of large-scale motions increases with Re, while the effect of pressure gradient
tends to zero as Re, — oo, in the range of the Reynolds numbers considered, the
QSQH theory cannot be used for estimating the dependence of the Reynolds stress
on the Reynolds number.

It can be observed, however, that near the wall, roughly for y* < 20, the pres-
sure contribution and the contribution of the large-scale motions as described by
the QSQH theory are comparable. Moreover, at these distances from the wall, both
effects are small. Then one can expect that these two effects are additive. Verifying
this requires overcoming certain difficulties. First, purely technical, is the choice
between doing comparisons for fixed values of y or for fixed values of y*, that is,
using (4.6) or (4.7), with both choices requiring conversions between different units.
Second, unlike many other quantities, while the Taylor expansion up to the quadratic
terms in the amplitude of the fluctuations of the large-scale component of the wall
friction (4.6) does not contain terms with large coefficients (see Section 2.3.5), the
higher order terms can contain such terms. This can affect the results but is diffi-
cult to explore. The synthetic model developed in the present study resolves this
difficulty since the predictions obtained with it do not involve the Taylor expansion
and because it gives the predictions of the QSQH theory already in wall units, so
no conversion is required for comparisons.

Figure 4.5 presents the changes in the Reynolds shear stress between Re, = 1000
and Re, = 5200 calculated from the direct numerical calculations dataset (

, ), by the QSQH prediction made using the synthetic model, the change
due to the pressure gradient as described by (4.8), and the sum of the last two effects.
The inset shows more detail and allows us to conclude that the the contributions

of the QSQH effect and the pressure gradient are indeed approximately additive.
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Figure 4.6: Streamwise velocity two-point correlation coefficients at Re, = 5200:
DNS (solid) and QSQH synthetic model (dashed).
This is important as a similar situation might occur in other cases, and thus opens

a route for extending the domain of applicability of the QSQH theory.

4.1.4 'Two-point correlations

The QSQH synthetic model software can generate three-dimensional synthetic veloc-
ity fields. This section provides a simple example of its use. The three-dimensional
synthetic velocity fields considered here were generated using the universal velocity
field that was produced from the turbulent channel flow of Re, = 5200 and then

used to calculate the two-point correlation coefficients

Azt — (W () (xt + Az™))
R ( ) \/<ulz(x+) (u®(z+ + Ag;+)>7 (19)
Ry (Axt) = (W' (z™)w' (zF + Azx™)) | '
Vi’ (@h) (w” (@t + Axt))
Ly (WEDU( + AT
R..(AzT) \/<u’2(z+)> (W2 (z+ + AZ+)>7 (4.10)
Ron(A2t) = (W (zHw'(zF + Az1)) '
V(@) W=+ + Az1)

at y* = 0.711, that is very close to the wall.
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Figure 4.7: Spanwise velocity two-point correlation coefficients at Re, = 5200: DNS
(solid) and QSQH synthetic model (dashed).

Figs. 4.6 and 4.7 correspond to Re, = 5200. In this case the synthetic model is
applied to the base flow itself, so that Figs. 4.6 and 4.7 just show to what extent the
base flow satisfies the QSQH hypothesis per se (see Section 4.1.2) as far as two-point

correlations are concerned.

For Re, = 5200, the minimum value of R,.(Az") is positive, contrary to the often
reported behaviour (see ( : ), ( , ) and
( : )) at lower Re,. The lowest point of R,.(Az") should correspond
to the near-wall streak spacing 2Az" ~ 100 but is slightly larger. The positive value
at the minimum is due to the existence of strong large-scale motions, which also cause
the minimum of R,.(Az™) to shift to a larger value of Az™ for higher Re. (

: ).

It is interesting to check what the streak spacing defined as twice the value of
Az™ at the minimum of R,.(Az*1) would be in the case if there were no fluctuations
of the large-scale motions. This is the same as the streak spacing in the universal
velocity field. The QSQH software tool allows to easily obtain the database of the
universal velocity simply by providing a constant wall shear as the input. Figure 4.8
shows the two-point correlations of the universal velocity field. Indeed, the minimum

of R,.(AzT) is negative.

Figures 4.9 and 4.10 are for Re, = 1000. These figures compare the true pre-
dictions, since the QSQH results are obtained based on limited information on the

flow of Re, = 1000, that is, the statistics of the large-scale component of the wall

29



Figure 4.8: Streamwise velocity two-point correlation coefficients: DNS at Re, =
5200 (solid) and universal velocity of the QSQH synthetic model (dash-dotted).

friction only. The universal velocity field used in this case is also generated from
the channel flow of Re, = 5200. Overall, the variation of two-point correlations
with Re, is not large, but comparing the plots for in Figs. 4.6 and 4.9 and one can
still observe that the QSQH prediction of R,,.(Az") does agree with the explanation

of the change given in ( , ).

4.1.5 Reynolds number universality

The results in this section do not require the publicly available synthetic model
software tool and do not, therefore, give an example of its use. These results were
obtained using our in-house generator of the universal field and are included here to
be used in the discussion that follows.

As already described in section 4.1.2, the QSQH theory has two hypotheses. The
first hypothesis, the QSQH hypothesis per se, was already tested in that section.
The second, the universality hypothesis, states that the statistical properties of
(@, v, w) defined by (2.8-2.13) in near-wall region are the same in flows with different
geometries and Reynolds numbers, provided that Re, is sufficiently large and the
wall is sufficiently close. To inspect this, in Fig. 4.11 we plot the root mean square of
the fluctuations of the streamwise and spanwise velocities for Re, = 1000 and 5200.

The difference between the curves corresponding to different Re, characterises the
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Figure 4.9: Streamwise velocity two-point correlation coefficients at Re, = 1000:
DNS (solid) and QSQH synthetic model (dashed).
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Figure 4.10: Spanwise velocity two-point correlation coefficients at Re, = 1000:
DNS (solid) and QSQH synthetic model (dashed).

magnitude of the deviation from the QSQH universality assumption. In line with
other observations, the deviation grows with the distance to the wall, and is greater

for the spanwise velocity than for the longitudinal velocity.

4.2 Pipe flow

We have presented the results of applying the QSQH synthetic turbulence model
exclusively to plane channel flow at Reynolds numbers Re, = 5200 and 1000, focus-
ing on the predictions of velocity statistics. However, as we review studies related
to QSQH theory in (Zhang and Chernyshenko, 2016; Zhang, 2019; Chernyshenko,
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Figure 4.11: Wall-parallel stress profiles of the universal velocity fields generated
from Re, = 1000 and 5200.

), one of the key questions is whether the QSQH theory can accurately predict
changes in velocity statistics between two different Reynolds numbers. With knowl-
edge of the velocity statistics at a lower Reynolds number, an accurate prediction of
changes in these statistics naturally leads to precise predictions for higher Reynolds
numbers. By comparing QSQH predictions with DNS results regarding changes in
velocity statistics, we can elucidate how large-scale effects as prescribed by QSQH
theory contribute to change in velocity statistics as the Reynolds number changes.
Given that only two Reynolds numbers are available for application in plane channel
flow, as discussed in section 4.1, it becomes pointless to predict changes in velocity
statistics using the QSQH model. This limitation arises because QSQH predictions
exhibit poor accuracy for channel flow at Re, = 1000, meanwhile it is impossible to
present a clear Reynolds number dependency of changing velocity statistics.

For this reason, this section presents the differences in flow velocity statistics be-
tween flows at multiple Reynolds numbers for both plane channel flow and pipe flow.
Part of these statistics are for the turbulent pipe flows direct numerical simulations
for Re, = 1140, 3000 and 6000 conducted by ( : ). The cross-flow
differences between the turbulent pipe and channel flow are also calculated, where
the channel flow statistics are obtained from the DNS of the turbulent channel flow
at Re, = 5200 provided by ( : ), available at ( )). Note

that the DNS pipe and channel flows are presented in cylindrical and Cartesian
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coordinate systems respectively. In this study, for simplicity the properties of the
pipe flow are interpreted as in the Cartesian coordinate system: the longitudinal,
radial and azimuthal directions are denoted z, y and z respectively, the correspond-
ing velocity components are denoted u, v and w, which will be referred to as the
stream-wise, wall-normal and span-wise velocity components. Time is denoted ¢, if

used in this context.

The QSQH model generates the synthetic turbulent velocity field corresponding
to the given set of wall friction snapshots. These snapshots can be obtained from
DNS of a pipe flow or a channel flow, and for different Reynolds numbers. Then
the statistics of the flows obtained from these DNS could be compared with the
statistics of the fields obtained from the QSQH model. However, within the range
of the Reynolds numbers for which DNS data are available, the differences of many
such statistics are small. Hence, as we have often done in other sections, we will
compare the differences in various statistics between flows obtained by DNS and by

QSQH model. This provides much more stringent and more informative tests.

The snapshots of the wall friction 7(¢,x, z) required as an input to the QSQH
model were obtained from the DNS pipe and channel flow calculation (

, ) and ( , ), provided by the authors of these works
as sets of temporal snapshots. There were enough snapshots for all 7(¢,z, z) sets
to be statistically representative of the large-scale component of wall friction of the
corresponding flows flows. The QSQH model itself is publicly available at ( ,

).

The DNS results and the QSQH predictions are compared for different cases
as shown in Table 4.3. The turbulent pipe flows at Re, = 1140, 3000 and 6000
are tagged P1140, P3000 and P6000 respectively. The turbulent channel flows at
Re, = 1000 Re, = 5200 are tagged C1000 and C5200. Since all the values of Re,
considered differ, the statistics can be identified by the values of Re,. Then the
difference in the velocity statistics, for example, mean velocities U, between two

cases is calculated as
AU = [U]3% = () fero — (U) Res - (4.11)

The comparison cases will be referred to by a four-symbols code, with two first
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Flow Re, (ur) (62)

1140 0.004097 0.001243
Pipe 3000 0.006178 0.002232
6000 0.007694 0.002894
1000 0.003010 0.000978

Channel
5200 0.007348 0.002874

Table 4.2: The flows for which the DNS statistics and the wall friction are taken,
and their corresponding large-scale wall friction statistics <qu) and (6?) , with the
Fourier cut-off of A} = 20007 and \] = 2507 as the large-scale filter.

symbols corresponding to the first flow and the rest to the second flow. The letters
encode ‘channel” with ‘C” and ‘pipe’ with ‘P’, and the digits are the first digit of the
Reynolds number of the corresponding flow. For example, if in (4.11) Re,; = 1140,
corresponding therefore to the pipe flow P1140, and Re,, = 5200, corresponding
therefore to the channel flow C5200, then AU would be the value for the case P1C5.

The two parameters A(qu> and A(#?) presented in Table 4.3 are the measures
of the difference in the strength of the large-scale motions between two flows. They
are calculated from the 7(t, z, z) sets by the QSQH model as the “byproducts” of
the generation of the synthetic field. The QSQH model applies the same large-scale

filter £ to the 7 sets: 7, = L7, and calculates u,, and 0 as

UTL(t7'r’ Z) Y, TL/:O

O(t,x,z) = tan~! TL2/TL

where p is the density of the flow, 71, and 77, are the stream-wise and span-wise
components of instantaneous wall friction. The angular bracket stands for averaging
over t, x and z directions in this context.

The comparisons in this section aim to address these three key points:
1. The accuracy of the QSQH predictions made for the pipe flow,

2. The accuracy of the QSQH extrapolation of turbulence statistics from channel

to pipe,
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Case Re,, Re. Alur) A(6?) DNS QSQH
C1C5 C1000 C5200  0.004338  0.001896  —— N/A
P1P6 P1140 P6000  0.003603 0.001651  —o— N/A
P1P3 P1140 P3000  0.002081  0.000989 ~——  -----
P3P6 P3000 P6000  0.001522  0.000662 ~——F  -----
P1C5 P1140 C5200  0.003251  0.001631  ——  -o---
P3C5 P3000 C5200  0.001170  0.000642 ~ ——  -----
P6C5 P6000 C5200  —0.000346 —0.000020 — -----

Table 4.3: The cases for the changes in statistics changes pairs of flows. P1140,
P3000 and P6000 stands for the pipe flows at Re, = 1140, 3000 and 6000 re-
spectively; C1000 and C5200 stand for the channel flow at Re, = 1000 and 5200.
Al ) = [(ul Vger? and A(6?) = [(0%)]572. In Cases C1C5 and P1P6, only DNS

TL Reﬂl °
statistics are presented. DNS results and QSQH predictions are compared in the rest

of the cases where their plots, where applicable, differentiate into solid and dashed
lines.

3. The Reynolds-number-dependency of the QSQH predictions and extrapola-

tions.

The QSQH predictions regarding changes in velocity statistics are derived from
the synthetic velocity field output generated by the QSQH synthetic model for the
corresponding Reynolds numbers, as indicated in Table 4.3. The QSQH synthetic
turbulence model utilizes a built-in universal velocity field provided by the QSQH
software tool, which is produced from plane channel flow at Re, = 5200. The
changes in velocity statistics are calculated using the formula defined in (4.11). For

instance, the change in mean velocity profile for Case P1P3 is calculated as follows:

AU = U500 = (U)pipe, rer=3000 — (U)pipe, Re,=1140-

This formula is also applied to Cases P1C5, P3C5, and P6C5, where the changes in
velocity statistics from channel flow to pipe flow are examined. In these instances,
the QSQH predictions are also calculated utilizing both the QSQH model and built-
in universal velocity field.

The QSQH prediction regarding the change in velocity statistics from one flow

to another can be interpreted as QSQH-enabled extrapolation of the statistics of
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the first flow to the second flow. For instance, utilizing known statistics obtained
from DNS of a flow characterized by Re;;, the accurate QSQH predictions of the
difference in these statistics between Re.; and Re,s will yield precise statistical
representations for the flow at Re;». In this study, in order to distinguish and
remark the cross-flow cases (P1C5, P3C5 and P6C5) from other cases, the QSQH
predictions regarding the changes from channel to pipe for these three cases are

referred to as the extrapolation from channel to pipe.

4.2.1 Mean velocity profiles

The mean velocity profile of wall-bounded turbulent flow is dependent on the Reynolds
number and the geometry of the flow. In this subsection, the differences in the mean
velocity profile at two Reynolds numbers are calculated, and comparisons are made
between the DNS results and QSQH predictions to reveal the quality of QSQH pre-
diction and the large-scale effects contributing to the change in the mean velocity
profile. Note that since the values of AU™ are generally small as compared to the
values of UT, AU™ is a very sensitive quantity, so that the subtle differences between

the channel and pipe flow can be captured and be pronounced in the plots.
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Figure 4.12: The DNS results of the change in the mean velocity profile of the pipe
flows between two Reynolds number for Case C1C5 (C5200-C1000, squares) and
Case P1P6 (P6000-P1140, circles).

The differences in the mean velocity profile of the DNS of a pipe and chan-
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nels flows for similar Re., ARe, = 5200 — 1000 = 4200 (channel) and ARe, =
6000 — 1140 = 4860 (pipe) are plotted up to y* = 100 in Fig. 4.12. The plots of
AU (y*) of Case C1C5 (channel) and Case P1P6 (pipe) have a similar shape but
differ in magnitude even very close to the wall. One effect contributing to AU (y™)
is the extension of the logarithmic region in the mean velocity profile as the Reynolds
number increases. However, the studied region in this case is of a limited range and
very close to the wall. Hence, the Reynolds number effect on the size of the log layer
will have negligible contribution to AUT(0 < y™ < 100). Another Reynolds number
related effect is the large-scale motions whose strength is increased as the outer-layer
large-scale peak is more pronounced in the energy spectra at higher Reynolds num-
ber. The outer-layer large-scale motions affect the near-wall turbulence all the way
to the wall. One can quantify the strength of the large-scale motions by calculating
(u? ) and (6%) at the wall, as shown in Table 4.2. As Table 4.3 indicates, the change
in the strength of the large-scale motions in Case C1C5 is larger than that in Case
P1P6, and they differ by about 17% in A(u? ) and 13% in A(f®). Note that the
values of A(u ) and A(6?) here are used as indicators of the contribution of the
change in the strength of large-scale motions to any velocity statistics, when the
full-volume turbulent pipe flow database is unavailable. Now, the plots of AU (y™)
of Case C1CH and Case P1P6 do not match the behaviour of the large-scale indi-
cators in two respects. First, if the change in the large-scale motions was the main
cause of AUT, Case C1C5 was supposed to have a larger AUt than Case P1P6
since Case C1C5 has larger A(u?? ) and A(#?), whereas Fig. 4.12 shows that AU"
in Case C1C5 is smaller than that in Case P1P6. Second, AU™ in Case P1P6 is
significantly larger in comparison with Case C1C5: they differ by about 14 times
at their largest difference, implying the existence of another effect influencing AU™
in these flows. One crucial difference between the channel and pipe flow is their
geometry. Pipe flow experiences complex physical effects imposed by the curved
wall, whereas such effects are absent in a plane channel flow. Since these effects are
not explicitly presented or quantified in the present work, they will be referred to

n

as the “geometry effects of pipe flow" in general. Therefore, the geometry effects
of pipe flow contribute to AUT(y*) in addition to the relatively weaker large-scale
contribution, yielding the large difference between Cases C1C5 and P1P6 seen in

Fig. 4.12. Note that these are observations of the actual (DNS) flows, not their
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QSQH models.
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Figure 4.13: The DNS results (solid lines) and QSQH predictions (dashed lines) of

the change in the mean velocity profile between the pipe flows of different Reynolds
numbers for Case P1P3 (P3000 - P1140, black) and Case P3P6 (P600 - P3000, blue).

The changes in the mean velocity profile AUT of Cases P1P3 and P3P6 are
plotted up to y© = 100 in Fig. 4.13. As it was seen from Fig. 4.12, the DNS
result for AUT in case P1P6 (that is for ARe, = P6000 — P1140) shows mostly
the geometry effects of pipe flow on this quantity. A similar observation can be
made from the plots of AUT in Case P1P3 (ARe, = P3000 — P1140) shown in
Fig. 4.13, where for y™ > 20 the magnitude of AU in Case P3P6 can be seen to
be about ten times less than that of Case P1P3. The QSQH predictions for Cases
P1P3 and P3P6 in Fig. 4.13 show the AU between the QSQH synthetic velocity
fields for the pipe flows at two Reynolds numbers. These synthetic velocity fields are
generated by the QSQH synthetic model, which is based on the QSQH theory. Since
this theory describes the quasi-steady effect of modulation of near-wall turbulence
by the large-scale motions ( , : ,

: , ), the differences between the two synthetic velocity fields
are caused by the difference in the strength of large-scale motions. The truncated

Taylor expansions of the QSQH prediction of the mean velocity profile derived from
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the QSQH theory ( , : , ) gives that

d ,dU 1

o' 2A<92)0(y) + ..., (4.12)

AU(y) = SAW)
where U is the mean velocity profile of the universal velocity field. Hence, (4.12),
that is effectively the QSQH theory, implies that the change in the mean velocity
profile is due to the change in the strength of large-scale motion. If the values of the
large-scale parameters A(u?2 ) and A(6?) of Cases P1P3 and P3P6 given in Table 4.3
are substituted into (4.12), it gives that the QSQH prediction of AU of Case P1P3
is higher in magnitude than that in Case P3P6. This is also observed for the small
differences between the QSQH predictions of Cases P1P3 and P3P6 in Fig. 4.13.

In Case P1P3, a substantial, about 10 times, deviation of the QSQH prediction
from the DNS result is observed, which can be explained by the difference that the
DNS result of AU mainly attributes to the geometry effect of pipe flow, whereas the
QSQH prediction amounts to the large-scale effect prescribed by the QSQH theory.
Remarkably, in Case P3P6, the QSQH prediction has a significant improvement that
its plot, although not closely coinciding with the plot of DNS result in the figure,
has the magnitude of the same order as the DNS result.

Overall, Figs. 4.12-4.13 suggest that in the pipe flow at relatively low Reynolds
numbers the geometry effects have greater contribution to AU than the large-scale
effects described by the QSQH theory: this is shown by Case P1P3. However, for the
pipe flow at higher Reynolds number, such as Case P3P6, the large-scale effects be-
come predominant in the contributions to AU, which effectively enables the QSQH
synthetic model to have improving accurate prediction of AU for higher Reynolds
numbers. It was theoretically predicted in ( , ; ,

) and observed in Section 4.1 of this thesis that the QSQH theory becomes
increasingly accurate as the Reynolds number of plane channel flow increases. It
should be noted that the QSQH synthetic model uses a universal velocity field that
is generated from a plane channel flow. Then it is used for the QSQH prediction
as shown in (4.12). Therefore, the hypothesis that the the universal velocity field is
the same for flows with different geometry becomes more accurate as the Reynolds
number increases. This is demonstrated in the application of QSQH model to a

pipe flow while the universal velocity field was generated from the plane channel
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near-wall turbulence.
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Figure 4.14: The DNS results (solid lines) and QSQH predictions (dashed lines) of
the change in the mean velocity profile between three pipe flows and one channel

flow of different Reynolds numbers for Case P1C5 (C5200 - P1140, orange), Case
P3C5 (C5200 - P3000, purple), and Case P6C5 (C5200 - P6000, green).

The differences in the mean velocity profiles AU T between the plane channel flow
and pipe flow are presented in Fig. 4.14. For all three cases the DNS results exhibit
similar behaviour as a function of y, with the curve rising up and down to reach
two peaks and a valley. The general shape of the curves is, however, quite different
from the plots of AU obtained for flows of the same geometry but for different Re.,
shown in Fig. 4.12. This difference reflects the contribution of geometric variations
between channel and pipe flow to AU (y™). For Case P1C5, with Re, = 1140 for
pipe flow, the plot of AUT predominantly stays in the negative region. The flow
(5200 has higher Reynolds number and expanded logarithmic layer as compared to
P1140, and the mean velocity profile of C5200 also expand and has slightly smaller
value than that of C1000 for y™ < 100 ( , : , :

, ). As the value of Re, for pipe flow increases from 1140 to 3000
and 6000, we observe an elevation in the plot of AU from the negative region to
positive region. This is due to the fact that the logarithmic layer of pipe flow also
expands, resulting in a decrease in the mean velocity profile under y* = 100 as the
Reynolds number increases ( ) ).

For all three cases, the QSQH predictions of AU (y™) present a relatively simple
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behaviour that the plot initially increases, reaching a peak, then gradually decreases
or reaches to an approximately constant value. The QSQH predictions generally
follow the trend observed in the DNS results but with significant deviations, partic-
ularly in the magnitude of AUT beyond y™ = 10. The dashed lines fail to capture
the near-wall peaks and valleys as shown in the DNS results. This is because the
QSQH theory oversimplifies the differences between channel and pipe flow, reduc-
ing them down to just the modulation effect due to large-scale motions, meaning
that it fails to account for the significant contribution of geometry differences to
AU (y*) across the flows. As the Reynolds number increases, there appears to be
an improvement in accuracy for the QSQH prediction up to y* = 10, with the plot
of the QSQH prediction almost coinciding with the DNS result for Case P6C5. This
observation suggests that as Reynolds number increases, large-scale effects become
more pronounced for AU but have not yet become predominant within our current

range of Reynolds numbers considered in this study.

4.2.2 Turbulence intensity profiles

From Fig. 4.12, we have observed that within the same type of flow, for roughly the
same Reynolds number difference, AU (y") is different for the channel and pipe
flow, implying the contribution due to the significant geometry difference between
channel and pipe. In this section, at first the same investigation is done for the
difference in the turbulence intensity profiles Aut’ . and Aw?’  between channel and
pipe flow, using the DNS data, as shown in Fig. 4.15. The figure indicates that the
turbulence intensities, both in the longitudinal and azimuthal directions, increase
with Re,, which is expected as higher Reynolds numbers typically lead to more
vigorous turbulence. Unlike the substantially different AU (y") for channel and
pipe, the changes in the turbulence intensities for these two flows have a relatively
decent coincidence, implying that the geometric effect does not have significant

impact on Au’’ . and Aw?. .. However, it is interesting to note that, despite of the

rms rms*

A Re., for the channel and pipe flow being approximately the same, we have observed

that the Aw;;fw for these two cases coincide with each other, while the Aufgis for

the pipe is higher, especially at y* & 15. This observation implies that when the

Reynolds number increases, the pipe flow tends to distribute more energy to the
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Figure 4.15: The DNS results of the change in the turbulence intensity profiles for
Case C1C5 (C5200 - C1000, square) and Case P1P6 (P6000 - P1140, circle), for:
(a) streamwise/longitudinal velocity; (b) spanwise/azimuthal velocity.

stream-wise velocity than the channel flow, due to many potential reasons, a major

one being the different energy distribution due to different flow geometry ( ,
; , 2013).

In Fig. 4.16, the QSQH predictions regarding changes in turbulence intensities

of pipe flow between two Reynolds numbers are compared with the corresponding

DNS results. The change in longitudinal turbulence intensity Aw!’. for Case P1P3,

rms

where ARe, = 3000 — 1140, reveals a substantial deviation between the QSQH pre-
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Figure 4.16: The DNS results (solid lines) and QSQH predictions (dashed lines)
of the change in the turbulence intensities for Case P1P3 (P3000 - P1140, black)
and Case P3P6 (P6000 - P3000, blue), for: a. longitudinal velocity; b. azimuthal
velocity.

diction and DNS results, as illustrated in Fig. 4.16a. Notably, it is evident that
the QSQH prediction fails to quantitatively replicate the DNS result plot. This
indicates that it does not adequately capture the changes in energy distribution,
particularly concerning longitudinal velocity, in pipe flow for such a difference in
Re,. Figure 4.16a also presents Auﬁs for Case P3P6, where ARe, = 6000 — 3000.

In this case an improvement is observed in the QSQH prediction. As we increase the

Reynolds numbers from Case P1P3, both quantitatively and qualitatively, the plot
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representing QSQH predictions approaches that of the DNS results. This observa-
tion leads to an intuitive conclusion: the QSQH prediction of Au’, becomes more
accurate at higher Reynolds numbers. This enhancement is likely due to improved
predictions of energy distribution by the QSQH theory. The observed improvement
can be attributed to two main factors: a less pronounced geometric effect and an
enhanced large-scale effect. At lower Reynolds numbers, the turbulence intensity
of pipe flow is significantly influenced by its geometry; for instance, the curvature
of the pipe affects the development of secondary flow, which in turn contributes to
turbulence intensity ( , ). Meanwhile, at such low Reynolds numbers
in pipe flow, the outer-layer large-scale energy peak has yet to emerge ( ,

), resulting in a weak presence of large-scale motions. As the Reynolds number
increases, it has been observed that geometric effects diminish ( , ). In
contrast, numerous studies have reported an intensification of large-scale motions as
indicated by works such as ( , : ,

: , : , ) and others over recent
years. Notably, very large-scale streamwise elongated motions dominate energy dis-
tribution and momentum transport in channel flows at high Reynolds numbers.
These large-scale motions also modulate near-wall dynamics and contribute to the
dependence of near-wall turbulence intensity on Reynolds number ( ,

). Therefore, the observed improvement in the accuracy of QSQH predictions
for Auﬁs presented in Fig. 4.16a essentially indicates that large-scale effects prevail

over geometric influences regarding momentum transport and energy distribution

as the Reynolds number increases within pipe flow.

In Fig. 4.16b the differences in the azimuthal turbulence intensity Aw’. for

rms

Cases P1P3 and P3P6 are presented. In contrast to the observations made for

Aut?

rms?

there is no distinctive qualitative or quantitative improvement on the QSQH
prediction of Au;ﬁs as the Reynolds number of the pipe flow increases. First, recall

the negligible difference of Awﬁs between the channel and pipe flow as shown by
Fig. 4.15b. It reveals the relatively weakly pronounced geometric effect in the az-
imuthal turbulence intensity of the pipe flow. Therefore, the deviations of the QSQH
predictions from the DNS results as shown in Fig. 4.16b should not be attributed to
the geometric effect either. Interestingly, these deviations have the similar magni-

tude in percentage as compared to the DNS results, implying that these deviations
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are due to one or multiple certain physical mechanisms which the QSQH theory is
incapable of describing. A major one of the potential missed physics by the QSQH
theory is increased turbulence anisotropy of pipe flow. With increasing Reynolds
number, the turbulent kinetic energy is more efficiently redistributed across all ve-
locity components, including the azimuthal component. This redistribution process
enhances the variance of the azimuthal velocity because more energy is transferred
into this direction from the other velocity components, especially in regions away

from the pipe centre.

One of the main motivations for this study, as well as for QSQH theory, is to
"extrapolate" flow statistics from one flow to another. The attempts of extrapolat-
ing the turbulence intensity from channel to pipe flow are presented in Fig. 4.17, as
the QSQH predictions of the changes in the turbulence intensities from channel to
pipe flow. Figure 4.17 presents a comparison of the variations in streamwise (longi-

+2

+ . and spanwise (azimuthal) turbulence intensity

tudinal) turbulence intensity Au
Awﬁs between channel and pipe flows at different Reynolds numbers. The DNS
results depicted in Fig. 4.17a indicate that, with the exception of the orange curve,
the differences in Aujnis are most pronounced at lower values of y*, diminishing as
yt

disparity between channel flow at Re, = 5200 and pipe flow at Re, = 1140 is more

increases. The orange curve exhibits the largest difference, indicating that the

significant than those observed at higher Reynolds numbers; this can be attributed
primarily to their substantial difference in Reynolds number. There exists varying
degrees of agreement between the DNS results and QSQH predictions across all com-
parisons; however, discrepancies are particularly evident in the peak region around
yT a 20 to 40. This observation implies that while the QSQH model endeavours
to capture overall trends and near-wall modulation effects; it has limitations when
extrapolating precise turbulence characteristics related to flow geometry within spe-
cific regions. However, the accuracy of extrapolation using the QSQH model exhibits
both quantitative and qualitative improvements as the Reynolds number of the pipe
flow increases. This indicates that at higher Reynolds numbers, the turbulence char-
acteristics of channel and pipe flows become increasingly similar. In other words,
the differences between channel and pipe flow significantly contribute to the QSQH
effect, while other influences such as geometric effects diminish. In Fig. 4.17b, it

. 2 : .
is observed that the overall values of Aw are lower in comparison to stream-
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Figure 4.17: The DNS results (solid lines) and QSQH predictions (dashed lines)
of the change in the turbulence intensity profiles for Case P1C5 (C5200 - P1140,
orange), Case P3C5 (C5200 - P3000, purple) and Case P6C5 (C5200 - P6000, green),
for: a. longitudinal velocity; b. azimuthal velocity.

wise intensities. This is typical behaviour since the streamwise component tends to
dominate turbulence intensities in wall-bounded flows. Again, the largest deviation
between DNS results and QSQH predictions occurs for the orange curve (pipe flow
at Re, = 1140). The green and purple curves demonstrate progressively smaller
deviations as Reynolds number increases. It is particularly noteworthy that for the
green curve (pipe flow at Re,. = 6000), the DNS results exhibit a peak at y™ = 10,
tapering off to zero towards the outer region of y. In contrast, the QSQH predic-
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tions remain approximately zero across the range of y presented here. This serves as
further evidence that as the Reynolds number increases, the QSQH effect dominates
over other potential influences, except in regions very close to the wall, when extrap-
olating from channel flows to pipe flows. The studies by ( , )
and ( , ) provide comprehensive discussions on near-wall
turbulence and emphasise the significance of capturing large-scale motions in both
channel and pipe flows. Their findings corroborate our observations, indicating that
large-scale motions are crucial in near-wall turbulence dynamics and that differences
between flow geometries diminish as Reynolds number increases. Both figures illus-
trate that as Reynolds number rises, turbulent characteristics in channel and pipe
flows converge more closely. This suggests that at very high Reynolds numbers,
specific flow geometry (channel versus pipe) may exert a diminished influence on
turbulence characteristics, thereby enhancing the reliability of extrapolation using

the QSQH model from high-Reynolds-number channels to pipe flows.

4.2.3 Reynolds shear stress

As we observed and reveal in Fig. 4.5, the change in the Reynolds shear stress of plane
channel flow as predict by the QSQH model and the change in pressure gradient
effect are additive. Their sum is equal to the change in the Reynolds shear stress
calculated from DNS. This indicates that the magnitude of A7™ predicted by the
QSQH model is effectively equivalent to Afgj. Consequently, in this subsection,
we compare the change in viscous stress for pipe flow calculated from DNS with
the change in Reynolds shear stress predicted by the QSQH model to validate our
earlier findings.

Figure 4.18 illustrates the comparison of variations in the viscous stress term
dU™*
dy™
the Reynolds stress (dashed lines) derived from the QSQH model. These variations

(solid lines), as calculated using Direct Numerical Simulation (DNS), alongside

are presented for pipe flows at different Reynolds numbers. The black lines denote
the difference between pipe flows at Re, = 1140 and 3000, while the blue lines
indicate the difference between pipe flows at Re, = 3000 and 6000. The viscous
stress term, which represents the contribution of viscosity to momentum transfer, is

v’ between

most pronounced near the wall. For the black solid line representing A "
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Figure 4.18: The DNS results (solid lines) of the change in the viscous stress, and

QSQH predictions (dashed lines) of the change in the Reynolds stress for P3000 -
P1140 (black) and P6000 - P3000 (blue).

Re,; = 1140 and 3000, there exists a sharp negative peak around y* =~ 10. This
observation indicates that the viscous stress decreases significantly in this region
as the Reynolds number increases from 1140 to 3000. Such behaviour suggests
stronger velocity gradients near the wall at lower Reynolds numbers, which dissipate
as the Reynolds number rises. Beyond y™ ~ 20, changes in viscous stress become
less significant, indicating that viscous effects predominantly influence the near-wall

au

+
region. In contrast to the black solid line, the blue solid line for Ady—Jr between
Re, = 3000 and 6000 exhibits much smaller values. This trend signifies that as
the Reynolds number increases, viscous effects progressively diminish in importance

while turbulent momentum transfer begins to dominate.

The Reynolds stress, represented by the dashed lines, is computed using the
QSQH model, which estimates the difference in the turbulent momentum flux re-
sulting from large-scale effects only. The black dashed line illustrating the QSQH
prediction of A7r between Re, = 1140 and 3000 remains close to zero in the near-
wall region. This indicates that the change in Reynolds stress is relatively small
between these two Reynolds numbers within this region, as viscous forces remain
significant at these values. In contrast, in the outer region (y* > 20), there is a
positive increase in Reynolds stress that gradually rises with increasing Reynolds

number. This suggests that turbulent fluctuations become more pronounced as the
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Reynolds number increases. The blue dashed line for the QSQH prediction of A7y
between Re, = 3000 and 6000 exhibits a more marked increase in Reynolds stress
within the outer regions of flow (y* > 20). This implies that as the Reynolds number
escalates from 3000 to 6000, turbulent momentum transfer becomes increasingly sig-
nificant, consistent with an enhanced dominance of large-scale turbulent structures
at higher Reynolds numbers. It should be noted that plots of QSQH predictions ex-
hibit fluctuations beyond y™ & 20, highlighting potential averaging errors associated

with calculating highly sensitive flow statistics.

AU +
dy*

in low-Reynolds-number cases where the large-scale effects are anticipated to be

The QSQH prediction, represented by the dashed lines, underestimates

weak. As the Reynolds number increases, a significant improvement in the accu-
racy of the QSQH prediction is observed, particularly in regions close to the wall
(y™ < 20). This observation corroborates earlier findings from channel flow depicted

in Fig. 4.5, indicating that the QSQH prediction of A7g for one type of flow be-

+
tween two different Reynolds numbers essentially yields the viscous term A(fily]Jr.
Furthermore, it suggests that the QSQH model can effectively capture non-linear

behaviour regarding changes in Reynolds stress near the wall (y* < 20), even within
other wall-bounded turbulence scenarios, provided that sufficiently high Reynolds
numbers are maintained.

Figure 4.19 illustrates the comparison of variations in the viscous stress term
du+
dy™
(dashed lines) obtained through the QSQH model.

Jr
The orange solid line representing A(fl(y] + for ARe, = ('5200 — P6000 illustrates

the most pronounced variations in viscous stress. The sharp negative peak observed

(solid lines), as derived from DNS, with the extrapolated Reynolds stress

around y™ = 10 signifies significant differences in the near-wall region, reflecting
stronger near-wall viscous effects in the lower Reynolds number pipe flow compared
to channel flow. As the Reynolds number increases (as indicated by the purple and
green solid lines), the magnitude of changes in viscous stress diminishes, suggesting
that viscous effects become less prominent with increasing Reynolds numbers, par-
ticularly when comparing channel flow to pipe flow at Re, = 6000 (green solid line).
Beyond y* =~ 20, discrepancies in viscous stress gradually decrease or smooth out,
indicating that these effects are predominantly confined to the near-wall region and

lose significance further from the wall.
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Figure 4.19: The DNS results (solid lines) of the change in the viscous stress, and

QSQH predictions (dashed lines) of the change in the Reynolds stress for C5200 -
P1140 (orange), C5200 - P3000 (purple) and C5200 - P6000 (green).

In this figure, differences in the viscous term between channel and pipe flows
exhibit drastic behaviour close to the wall, contrasting sharply with cases of similar

types of flow presented in Fig. 4.18. Generally speaking, while QSQH predictions
AU +

dy™’
qualitatively. Furthermore, as Reynolds numbers increase, there is no improvement

can provide a trend for they fail to capture its complex behaviour even

in the accuracy of extrapolating QSQH predictions from channel flows to pipe flows.

4.2.4 Skewness and flatness

Figure 4.20a illustrates the variation in the skewness of longitudinal velocity fluc-
tuations, denoted as AS(u'), across pipe flows at different Reynolds numbers. The
skewness of these velocity fluctuations serves as an indicator of the asymmetry within
the velocity distribution, which is closely associated with the occurrence of inter-
mittent turbulent structures in the flow. In this figure, solid lines depict results
obtained from DNS, whereas dashed lines represent predictions computed by the
QSQH.

In the near-wall region (y* < 10), the black solid line (DNS for P3000 — P1140)
indicates a positive change. This observation suggests that at the higher Reynolds

number (Re, = 3000), the flow exhibits more asymmetric velocity fluctuations near
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Figure 4.20: The DNS results (solid lines) and QSQH predictions (dashed lines) of
the change in the, a. skewness; b. flatness, of the longitudinal velocity fluctuations
between the pipe flows of different Reynolds numbers for P3000 - P1140 (black),
and P6000 - P3000 (blue).

the wall, likely dominated by intermittent events such as ejections and sweeps. These
turbulent structures lead to deviations in the velocity distribution from Gaussian
behavior, resulting in increased skewness. Conversely, the blue solid line (DNS for
P6000 — P3000) demonstrates a smaller change in skewness within the near-wall
region and reveals a pronounced valley similar to that observed for the black line.
This indicates that the near-wall behavior of skewness is less sensitive to Reynolds

number at elevated values. Consequently, it can be inferred that as Reynolds num-
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ber increases, velocity fluctuations become more homogeneous. In the outer region
(y* > 10), the black solid line exhibits a more pronounced peak in skewness at
approximately y* & 40. This observation indicates that the variation in skew-
ness remains significant in the outer region between P1140 and P3000, likely at-
tributable to large-scale turbulent structures influencing the velocity distribution.
At lower Reynolds numbers, these structures may exhibit reduced symmetry and
increased intermittency, resulting in more negative skewness within the outer re-
gion, as reported by ( , ). The blue solid line indicates a smaller yet
still discernible increase in skewness within the outer region. In general, the skew-
ness of longitudinal velocity fluctuations in pipe flow tends to increase with rising
Reynolds numbers, which aligns with findings from another direct numerical simula-
tion (DNS) study on pipe flow ( , ). The QSQH predictions for both
cases (represented by dashed lines) underestimate the changes in skewness observed
in both the near-wall and outer regions, particularly evident for the black dashed
line corresponding to lower Reynolds numbers. However, it is noteworthy that the
QSQH prediction qualitatively captures the behavior of DNS results, especially for
the blue dashed line at higher Reynolds numbers. This observation suggests an
enhanced contribution of large-scale effects to the skewness of longitudinal veloc-
ity fluctuations in pipe flow as Reynolds numbers increase. Nevertheless, there is
no significant quantitative improvement in the accuracy of QSQH predictions for

AS(u') as Reynolds number increases.

Figure 4.20b illustrates the variation in flatness of longitudinal velocity fluctua-
tions between two sets of turbulent pipe flows at different Reynolds numbers. Flat-
ness serves as a measure of the "tailedness' of a distribution, indicating the occur-
rence of extreme velocity fluctuations. The black solid line (DNS for P3000—P1140)
reveals a positive change in flatness near the wall (y* < 10), suggesting that flatness
increases with an elevation in Reynolds number. This observation implies that ex-
treme events become more frequent or pronounced close to the wall as the Reynolds
number rises. Conversely, the blue solid line (DNS for P6000 — P3000) indicates a
smaller increase in flatness near the wall. This finding suggests that when transi-
tioning from a Reynolds number of 3000 to 6000, flatness is less influenced, implying
that extreme velocity fluctuations in the near-wall region exhibit reduced sensitivity

to further increases in Reynolds number at higher values. The QSQH predictions
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(dashed lines) underestimate changes in flatness near the wall for both cases. This
indicates that the model fails to fully capture the increasing influence of intermit-
tent and burst-like events close to the wall as Reynolds number escalates. within
the outer region, the QSQH model performs better by aligning with trends showing
decreasing flatness for lower Reynolds numbers. However, it still underestimates
magnitude changes compared to DNS for higher Reynolds numbers. This suggests
that although QSQH captures large-scale turbulence trends adequately, it falls short
of addressing nuances associated with extreme events and their variations with re-
spect to Reynolds number.

The extrapolations of skewness and flatness of longitudinal (streamwise) velocity
fluctuations from channel flow to pipe flow, as derived from the QSQH model, are
presented in Fig. 4.21. The comparisons between the DNS results and the QSQH
predictions generally indicate that the QSQH model is unable to accurately extrap-
olate the skewness and flatness of longitudinal (streamwise) velocity fluctuations
from channel flow to pipe flow. Combining observations from both Figs. 4.20 and
4.21, it becomes evident that the accuracy of QSQH predictions regarding changes
in skewness and flatness is inadequate, with no significant improvement in accuracy
observed as Reynolds numbers increase. This finding suggests that the skewness and
flatness of longitudinal (streamwise) velocity are not predominantly influenced by

large-scale effects as proposed by QSQH theory, even at higher Reynolds numbers.

4.2.5 Two-point correlation coefficients

The changes in the two-point correlation coefficients of longitudinal (streamwise)
velocity fluctuations in wall-parallel directions are discussed in this section. It is
important to note that these correlation coefficients are calculated at radial (wall-
normal) positions closest to the wall; however, these positions differ for flows with
varying Reynolds numbers. The specified positions are as follows: y™ = 0.0711
for C5200; y* = 0.0263 for P6000; y*+ = 0.0255 for P3000; and y* = 0.0250 for
P1140. Consequently, the changes in the two-point correlation coefficients cannot
be rigorously assessed at a fixed radial (wall-normal) position. Therefore, the figures
presented in this section emphasize qualitative comparisons rather than quantitative

assessments between DNS results and QSQH predictions.
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Figure 4.21: The DNS results (solid lines) and QSQH predictions (dashed lines) of
the change in the, a. skewness; b. flatness, of the longitudinal (streamwise) velocity
fluctuations between three pipe flows and one channel flow of different Reynolds
numbers for C5200 - P1140 (orange), C5200 - P3000 (purple), and C5200 - P6000

(green).

Figure 4.22 shows the change in two-point correlation coefficients of the longi-
tudinal velocity fluctuations in the z direction (longitudinal) and the z direction
(azimuthal) for turbulent pipe flow, as calculated from DNS (solid lines) and the
QSQH synthetic velocity field (dashed lines) at different Reynolds numbers.

In Fig. 4.22a, the black solid line represents the DNS results for the change in two-

point correlation in the streamwise direction between the pipe flows at Re, = 3000
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Figure 4.22: The DNS results (solid lines) and QSQH predictions (dashed lines) of
the change in the changes in two-point correlation coefficients of the longitudinal
velocity fluctuations in (a) z (longitudinal) direction; (b) z (azimuthal) directions,
between the pipe flows of different Reynolds numbers: P3000 - P1140 (black), and
P6000 - P3000 (blue).

and 1140. It shows an initial negative change in correlation for separations around
Azt = 50, followed by a positive change for larger separations (Az™ > 100). This
suggests that at smaller scales, the velocity fluctuations are less correlated at the
higher Reynolds number, but at larger scales, the correlation increases. The blue
solid line shows the change in correlation between Re, = 6000 and 3000. The initial

negative change at small separations is more pronounced, followed by a significant
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positive change in correlation at larger separations (Axz™* > 100). This indicates that
as the Reynolds number increases, the coherence of large-scale turbulent structures
in the streamwise direction becomes more pronounced. The QSQH predictions gen-
erally follow the trend of the DNS results but underpredicts the magnitude of the
changes in correlation, particularly at larger separations. This suggests that while
the QSQH model captures the general effect of large-scale motions on near-wall tur-
bulence, it may not fully represent the long-range coherence of these structures at
higher Reynolds numbers. The plots of the QSQH predictions for AR, (Az™) pre-
sented in Fig. 4.22a exhibit a marked change beyond Azt ~ 170. This observation
highlights a significant averaging error arising from an insufficient number of sam-
ples in the longitudinal direction of the QSQH synthetic velocity field, as discussed
and evaluated in section 3.2.

In the azimuthal direction, as shown in Fig. 4.22b, the black solid line shows
a positive change in correlation for separations around Az = 40, indicating that
the velocity fluctuations in the azimuthal direction become more correlated as the
Reynolds number increases from Re, = 3000 and 1140. This suggests an increase
in coherence of turbulent structures in the azimuthal direction at higher Reynolds
numbers. The blue solid line shows a smaller but still positive change in correlation
between Re, = 6000 and 3000, particularly for separations around Azt ~ 40. This
implies that the increase in coherence of azimuthal structures diminishes slightly
at higher Reynolds numbers but still remains positive. In contrast to the perfor-
mance of the QSQH predictions in longitudinal direction, substantial improvement
is observed for the QSQH prediction of AR, (AzT) for the case of P6000 - P3000,
indicating that the QSQH model is able to accurately predict the R, (AzT) for pipe
flow of high enough Reynolds number. This essentially suggests that the 3D QSQH
model is able to capture the correct streaks spacing, at very near-wall position, for
the same type of wall-bounded turbulence as the Reynolds number increases.

Figure 4.23 shows the changes in two-point correlation coefficients of longitudinal
(streamwise) velocity fluctuations in both the = (longitudinal /streamwise) direction
and the z (azimuthal/spanwise) direction, calculated from DNS and the QSQH
synthetic velocity field.

In Fig. 4.23a, the solid lines (DNS) representing AR, (Az™) exhibit a consistent

behaviour, showing an initial negative change in correlation for separations up to
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Figure 4.23: The DNS results (solid lines) and QSQH predictions (dashed lines) of
the change in the changes in two-point correlation coefficients of the longitudinal
velocity fluctuations in, a. x (longitudinal) direction; b. z (azimuthal) directions,
between three pipe flows and one channel flow of different Reynolds numbers: C5200

- P1140 (orange), C5200 - P3000 (purple), and C5200 - P6000 (green).

Azt =~ 100, followed by a rapid increase in correlation beyond this point. As the
Reynolds number of the pipe flow increases to Re, = 6000, the green solid line
demonstrates minimal change in correlation, with almost no variation at small sep-
arations and only a slight positive increase at larger separations. This observation
suggests that at higher Reynolds numbers, pipe and channel flows become more sim-

ilar regarding the coherence of streamwise velocity fluctuations. The QSQH predic-
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tions indicate a generally increasing trend towards larger separation distances. The
plots illustrating the predicted change in correlation from channel to pipe reveals a
descending pattern as the Reynolds numbers of both flows becomes similar, suggest-
ing that their large-scale motions are becoming comparable. It is important to note
that the rapid increase observed in QSQH predictions beyond Azt ~ 180 can be
attributed to an insufficient number of samples averaged for separations greater than
this value. The changes in correlation between channel and pipe due to large-scale
effects as prescribed by QSQH theory fail to capture any features present in DNS
results. This indicates that the QSQH model is unable to accurately extrapolate
AR,(Ax™), even at high Reynolds numbers.

Similarly, Fig. 4.23b illustrates that the solid lines (DNS) for AR, (Az"1) ex-
hibit a behaviour of shifting to lower values as the Reynolds number of the pipe
flow increases. The solid lines demonstrate a pronounced negative change in cor-
relation for small separations (Az™ < 40), followed by a positive change at larger
separations. This observation indicates that azimuthal velocity fluctuations are less
correlated in pipe flow compared to channel flow. In line with the QSQH predic-
tion of AR, (Ax™), the QSQH predictions for AR, (Az"1), depicted by dashed lines,
also show a descending trend with increasing Reynolds numbers from channel to
pipe flows. A notable increase in the magnitude of AR, (Az") is observed beyond
Azt =~ 90, attributed to an insufficient number of samples averaged for separations
greater than this value. The QSQH prediction fails to capture the valley presented in
DNS results at Az™ ~ 20. However, all three cases indicate that QSQH predictions
tend to align with the DNS results beyond Azt & 50, following a decreasing trend.
This suggests that certain qualitative accuracy in extrapolating AR, (AzT) using
the QSQH model can be achieved beyond this separation distance if the output
synthetic velocity field generated by QSQH model is sufficiently large in the ra-
dial (spanwise) direction, thereby mitigating strongly pronounced averaging errors

towards the large separation distances, as illustrated in Fig. 4.23b.

4.2.6 Quality of QSQH predictions

The entire section 4.2 highlights the changes in velocity statistics between two dis-

tinct flows; however, the magnitudes of certain properties are notably small. This
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may lead to skepticism regarding the quality of the QSQH predictions when com-
pared to the actual profiles of these properties. To address this concern, we have
included the actual profiles—obtained directly from the channel flow database (

, ) and pipe flow database ( , )—in the appendix
for reference.

Properties such as the mean velocity profile exhibit almost negligible changes
with variations in Reynolds number and flow geometry, as illustrated in Fig. C.1.
This observation indicates that determining Au™ is likely to be less critical for accu-
rately predicting the mean velocity profile of the flows considered in this study. In
contrast, other statistics presented in Fig. C.2, C.4, and C.5 demonstrate relatively
significant changes with respect to Reynolds number, thereby making predictions of
changes in these statistics meaningful.

One noteworthy special case is the QSQH prediction of A7t. As previously
demonstrated and discussed in section 4.1.3, it is effectively equivalent to the term
ACCZZL: of the DNS result. In terms of predicting ACCZZL;_L through the QSQH pre-
dict?iJon of AT, a relatively accurate prediction has beeyn achieved, as illustrated by
Case P6P3 in Fig. 4.18. The value of ACCZlU: is of the order of 1072 for the range
0 < y* < 100, which is substantially smallery than the value of Reynolds stress profile

as shown in Fig. C.3. This observation may suggest that the QSQH prediction of
au”’
dy™
in accounting for the notable non-linear behavior observed in actual values of AT™
du*
dy™

+
effect y*A@ yields the actual A7". Furthermore, as the Reynolds number of the

dy™
+
flow increases, the contribution of pressure gradient effect y*A%

ally diminishes. As a result, A7" become more subtle and increasingly correlated

+
with A%. For these reasons, the QSQH prediction of A7" remains essential.

ATT lacks significance; however, it should be noted that A plays a crucial role

near the wall, as depicted in Fig. 4.5. Also the sum of A and pressure gradient

to ArT gradu-
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Chapter 5

A new version of the QSQH theory

The comparisons for the QSQH theory predictions for the plane channel and pipe
flows made in the earlier works and in the previous sections draw a mixed overall
picture. A number of the predictions are quite accurate, other are quite poor, and
many are accurate only not too far away from the wall. In previous works and
in the present study a few specific cases of poor QSQH theory performance were
traced to a variety of reasons: not sufficiently high Reynolds numbers, competition
with other, stronger, effects, not-quasi-steady behaviour of the large-scale motions
even at a moderate distance to the wall, and the geometric differences in the wall
shape among them. While each such case is of independent interest, it remains very
specific and does not show the bigger picture. It appears that so far no studies on the
QSQH theory or in fact any other theory of near-wall scale interaction addressed the
question of how well such a theory agrees with the most fundamental laws of classical
mechanics, namely, mass and momentum conservation. This section provides a look
into this question for the QSQH theory.

Note that the wall-normal velocity statistics predicted by the QSQH model are
scarcely addressed in the present study. This is because the QSQH theory gives a
zero large-scale component of the wall-normal velocity ( , ), mak-
ing such attempts unlikely to proceed. Zero large-scale wall-normal component of
velocity also inevitably compromises mass conservation within the synthetic velocity
field generated by QSQH.

In this chapter, we propose a novel approach aimed at ensuring both mass con-

servation for large-scale velocity and the mean momentum conservation within the
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framework of QSQH theory.

5.1 Mass Conservation

A definitive answer to the question of whether mass conservation holds for the
synthetic velocity field generated by the QSQH model is in the negative. The large-
scale components of velocities in the x and z directions are defined as (4.4), which

we reproduce here for convenience:

up(t,z,y,2) = Uy, U(yu,, ) cosb,

wi(t,z,y,2) = —uTLU(yuTL) sin 6,

where u,, = u,, (t,z,2) and 0 = 6(t,z, z) are functions of time and wall-parallel
coordinates x and z. The large-scale component of the wall-normal velocity is de-
termined to be zero through application of a large-scale filter, utilizing properties
outlined in equations (2.14) and (2.18):

0L, = L(t7, 5(ytir,)) = tr, (8) = 0.

In reality, one cannot expect that the depends of u,, and 6 on x and z is such that

ou ow
the large-scale components yield L2t —at any t, z, and z, thus indicating

that the original version of the QS%QSH the%iy does not adhere to mass conservation.

The large-scale component of the wall-normal velocity as prescribed by the QSQH
theory is evidently unrealistic. However, a modification can be introduced to vy, in
order to address this flaw by assuming that mass conservation holds for the large-
scale components of the velocities. The mass conservation equation in the QSQH

units can then be written as follows:

auL aUL 8wL

= . . 1
ox dy 0z 0 (5:1)

Equation (5.1) allows to calculate vy

o Y 8UL 8wL
UL——/O <8x + 5’z>dy’ (5.2)
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however, this approach is not straightforward to implement numerically, as it re-
quires the functions uy(z,y, z) and wy(x,y, z), which are challenging to generate for
the QSQH model. The 1D QSQH model can produce the individual instances of
ur, and wy in terms of y only, while the 3D QSQH model can generate these two
fields but with very limited size in the x and z directions. Simplifying numerical
computation of (5.2) can be achieved by using formulas for u; and w;, prescribed
by (4.4), which give that

aUL ~ ~/ aUTL ~ . 89

ax - [U + yuTLU (yuTL):| 8LC COS (9 - U(yuTL>uTL Slne%a
owy, . ~ ou,, . - o0
5, =~ {U +yu,, U (yuTL)} e sinf — U(yu,, )u,, cos 05,

and hence from (5.1)

v, 1= ~ ou,, . ou,,
By {UeruTLU (yuTL)} ( P sin ¢ 5 8 (9) +

- 20 . 00
U(yur, s, (cos 95 + sin 0%) :

Integration by parts gives
y ~ ~ / ~
/0 U+yu., U (yu,,)dy = —yU.

Using the streamfunction of the universal velocity profile, W () = J& U(7)d(7),

one gets

v, = —yU(yur, ) (855 cos ) — 8;? sin 9) + U (yu,,) <§z sin 6 + gz cos 9) . (5.3)

This expression for vy, avoids the use of functions u; and wy, instead incorporating
y, U, 0, u,, , and 6. None of these requires the use of the QSQH model. Therefore,

(5.3) is much more computationally efficient than (5.2).

Introducing a modification of (5.3) to the large-scale component of the wall-

normal velocity in the original QSQH theory yields:

v =U;, U+ g,
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which is a new form of the wall-normal velocity prescribed by the modified QSQH
theory. The synthetic velocity field based on this modification is expected to satisfy

mass conservation of large-scale components of the near-wall turbulence.

5.2 Momentum Conservation

The mean momentum equation in the stream-wise direction for turbulent plane
channel flow can be expressed in wall units as:
dUu+ 1

- +:1 +
dy+ TR +y R@T’

(5.4)
where the Reynolds shear stress is defined as 74 = (u/v/)". DNS solutions satisfy
(5.4) because DNS solves the equations governing the flow. However, the validity
of momentum conservation in the QSQH synthetic velocity field is not immediately
evident.

As the matter of fact, while the QSQH theory describes near-wall modulation
caused by large-scale motions it does not, as shown explicitly by the QSQH for-
mulae, involve the pressure gradient. This is justified by the assumption that the
Reynolds number is sufficiently large for the pressure gradient effect to be negligible,
in particular as compared to viscous stress and Reynolds stress in (5.4).

To simplify the expansions of the formulae in the subsequent investigation and
to maintain consistency with previous QSQH studies, the momentum equation in
wall units (5.4) can be rewritten in QSQH units. As follows from (2.2-2.3), in QSQH

units The friction velocity is

Uy = ‘(uiL cos 0y, (5.5)
and one has U
Ur=—, 1t = %, Yyt = yu,. (5.6)
Uy u2
Hence in the QSQH units (5.4) is
au 9 5 1
— — TR =Uu; — . 5.7
R 5.7
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Due to the assumption of large Re,, the term yuiR%T will be neglected in what
follows. Further analysis can be made by substituting the QSQH expressions in (5.7)
and expanding it into a Taylor series assuming that the amplitude of the fluctuations
of large-scale motion is small, that is assuming that v, =wu,, —1 <1 and 0 < 1.
(It is also possible to find the Taylor expansion (5.4), that is of the momentum
conservation written in wall units, which in some cases would be more appropriate,
as discussed in the Appendix A, but using QSQH units is more convenient here.)
From (5.5) it follows that

uT=¢‘<(1+u’m)2(1—922+--~)>‘:1+ <U§L> —<T>+m. (5.8)

wt =1+ (u.) - <02> + <UT2L> - <%i<9 ) + <916> e (5.9)

Derivations of the Taylor expansions of the flow statistics of QSQH synthetic velocity

field have been presented in previous works ( , : ,
; , ), and will not be repeated here. The Taylor expansion of
the mean velocity given by the QSQH theory is:
- W) d ,dU  (6?) -
Uly) =U Lyt — LU 5.10

(y) =Uly) +— o) a2 (y)+---, (5.10)
where U (y) represents the mean velocity profile of universal velocity field. The
viscous stress, which is the first derivative of (5.10), can be expressed as:

U dU N (ur ) d® ,dU (8% dU

av _ du 4 LdU  (W)du 5.11
dy dy 2 dy2y dy 2 dy + ( )

The Taylor expansion of the Reynolds stress is given by

2
i us ) d? o, 0%)
_ < 2L>dy2y27_R_ <2>7-R_|_ S (512)

where Tg(y) represents the Reynolds stress of the universal velocity field. By sub-

stituting (5.9), (5.11) and (5.12) into (5.7), the momentum equation can be written

as
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.. (5.13)

The terms with coefficients higher than (qu> and (0?) are dropped out here. In
order for (5.13) to be valid in all cases, the terms with the of the same order on both

sides should be equal. Hence, considering the terms of the leading order gives
— —Tp=1. (5.14)

Assuming that this is satisfied then the equation of (5.13) becomes valid. Therefore,
(5.14) is the essential condition that is required for the QSQH theory to align with
the momentum conservation equation.

Although the analysis of Taylor expansions yields a seemingly straightforward
conclusion regarding the condition of a QSQH synthetic velocity field in which
the momentum conservation holds, comparing the theoretical condition with ac-
tual properties of the QSQH results provides further insight. Figure 5.1 depicts the
viscous stress and Reynolds stress of two universal velocity fields generated from

the DNS dataset of plane channel flow at Re, = 1000 and 5200 respectively. It also
dU

examines the condition G~ TR= 1 in both universal velocity fields. Both figures
in Fig. 5.1 indicate that the condition % —Tr = 1 is only approximately valid below

y™ = 10 for both universal velocity fields.

For y > 20 the curves for % — T are almost straight and have a negative slope,
similar to what could be expected as an effect of the pressure gradient described by
the last, neglected later, term in (5.7). However, the observed discrepancy cannot be
attributed to neglecting the pressure gradient. First, it increases as Re, increases.
Second, the slopes in Fig. 5.1 are roughly —0.0015 for Re, = 1000 and —0.002 for
Re, = 5200, while the slopes of the pressure gradient effect can be estimated as
-1/ Re. to be approximately —0.001 for for Re, = 1000 and —0.0002 for Re, = 5200.
The difference is 1.5 times for Re, = 1000 and it increases to about 10 times Re, =
5200. It is therefore more likely that the significant deviations of % — 7 from 1, as
shown in Fig.5.1 is due to the deviation of the large-scale motions from quasi-steady

behaviour, already discovered in section 4.1.2. The increase in the discrepancy as
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Figure 5.1: The viscous stress d—g Reynolds stress 7 and ¢ —y — 7 of two universal

velocity fields generated from plane channel flow of: (a) Re, = 1000; (b) Re, = 5200.

Re, increases then naturally follows from the increase in the amplitude of the large-
scale motions with Re.

The observations made in Fig. 5.1 imply that the universal velocity field inherits
certain traces of the large-scale motions from the channel flow from which it is
generated.

Furthermore, it is noteworthy to highlight that the condition 4 T, U _%pr = 1renders
the choice of large-scale filter employed in the QSQH model non-trivial. The essence

of (5.13) indicates that momentum conservation within the output synthetic velocity
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field at sufficiently high Reynolds numbers is solely dependent on the condition
% —7r = 1. To satisfy this condition, manipulation to the large-scale filter utilized
for generating the universal velocity field are crucial to eliminate the traces of large-
scale motions, as illustrated in Fig. 5.1. The same filter is consistently utilized in the
QSQH model to process the input data. The current QSQH synthetic turbulence
model employs Fourier cut-offs in both the stream-wise and span-wise directions of
the flow. Although it is possible to achieve accurate predictions of flow statistics by
adjusting these cut-offs, as demonstrated in Table 3.2 and 3.3, along with extensive
studies conducted by ( , : , :
, ), Fourier cut-offs do not necessarily satisfy the condition % —Tr=1.
Further research is necessary to explore whether this condition can be met by using
more advanced large-scale filters while maintaining the accuracy of predictions made
by the QSQH model.
Overall, ensuring the validity of momentum conservation for the QSQH theory
proves to be a challenging task. However, further study is needed to investigate
whether the proposed modification to the wall-normal velocity as outlined in (5.3)

would alter the conditions for momentum conservation for the QSQH theory.
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Chapter 6
Discussions

Since the QSQH synthetic model software tool simplifies significantly the use of the
QSQH theory, it is appropriate to discuss its application here. As the Reynolds
number tends to infinity, the QSQH theory becomes more accurate for several rea-
sons. First, the amplitudes of the competing effects, such as for example the effect
of the pressure gradient, tend to zero. Second, the amplitude of the fluctuations of
large-scale motions grows. Third, the separation of scales, or at least the ratio of the
characteristic dimensions of the bulk of the large-scale motions to the characteristic
dimensions of small-scale motions, also increases. The majority of the comparisons
of the predictions of the theory made so far were in the range of Re, ~ 1000-5000,
and the results are mixed. In practical applications Re, can reach the values of
the order of 10, that is about 100 times greater. To understand if for such much
higher Re, the accuracy of the QSQH predictions can improve significantly one can
attempt to evaluate the effect of Re, on the above three causes of the accuracy
improvement.

The effect of the pressure gradient is proportional to y*/Re, (see (4.8)), while the
effect of large-scale motions only grows with Re,. As we observed in section 4.1.3,
for Re, ~ 1000-5000 these two effects might be comparable in the near-wall region
up to y* &~ 20. Hence, increasing Re, by a factor of 10, thus bringing it into the
middle of the practical application range, will reduce the QSQH error caused by the
first reason to an order of 10%, with further reduction to the order of 1% for the
largest Re encountered in practice.

The effect of large-scale motions is of the order of <u’TL2> and (0?), for some
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quantities of interest multiplied by relatively large but constant coefficients (see, for
example, (4.1-4.3) and Section 3.1 in ( , )). The values of <u’TL2>
and (6?) depend on the large-scale filter, but according to the QSQH theory and
in agreement with observations the increase in the amplitude of the fluctuations
in near-wall flows largely results from an increase in the amplitude of the large-
scale component. In the range of current observations, the root mean square of
the fluctuations of wall friction is given by an empirical formula 77 . ~ 0.298 +
0.0181n Re, ( , ). This gives Ty ms = 0.422, 0.452 and 0.493
for Re, = 1000, 5200, and 5 - 10* respectively. Since at Re, = 10® the amplitude of
the large-scale component is quite small, at the largest side of the practical range at
Re, = 5-10% it can be estimated as 0.493 —0.422 = 0.072, that about 0.072/0.493 =
15%. That is the effects described by the QSQH theory will be noticeable but not

dominant.

Separation of scales is the most complicated issue to estimate quantitatively. It
is also a question too large to discuss here in general. We will present here just one
idea, stemming from the observation in Section 4.1.2 (see Fig. 4.3). It turns out that
for the values of Re, considered the actual large-scale motions differ noticeably from
their QSQH model, and that difference is noticeably greater for the spanwise velocity
than for the streamwise velocity. It also diminishes as Re, increases. The physical
nature of this difference is reasonably easy to see. In the QSQH description the large-
scale velocity is just a stretched in wall-normal direction, turned by the angle 6, and
multiplied by wu,, universal mean profile (see (4.4)). It is, therefore, in equilibrium
with the local large-scale component of the wall friction. The actual large-scale
motions, however, have their own dynamics, which is not in such equilibrium in
general. Near the wall, however, it will be, and the deviation can be expected to be
of the order of magnitude of the ratio of the distance to the wall to the characteristic
vertical dimension of the large-scale motions. The characteristic vertical dimension
of the large-scale motions depends on the choice of the filter but also on the location
of the outer spectral peak. Let us estimate this dimension as the location of this
peak, which is also the middle of the log layer and the position of choice for the large-
scale probe of the experiments leading to the famous empirical formula of large-scale
modulation of near-wall small scales (see Fig. 2.1 and ( , :

)): yd = 3.9Re!/?. This gives y© ~ 123, 281, and

Y Y ?
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872 for Re, = 1000, 5200 and 5 - 10* respectively. This leads to the corresponding
estimates of the relative errors at, for example, y™ = 50 to be yf /40 ~ 41%, 15%,
and 6%. The first two of these estimates are in line with Fig. 4.3 for the spanwise
velocity case. The difference between the spanwise and streamwise velocity cases
might be due to the significant difference of the height of the streamwise velocity
and spanwise velocity large-scale structures, as described in ( , ).

Overall, all three estimates suggest that at the highest Re, encountered in prac-
tice the QSQH theory might produce results with accuracy sufficient to represnt
interest for practical application, but that at the values of Re, in the range of what
is achievable in direct numerical simulations in the near future the relative error can
be of order of 20%, apart from some special cases, when it might be much better or
worse. Since the universal velocity field used in the QSQH synthetic model has to
be obtained by processing the data obtained by direct numerical simulations, it will
inherit the deviation from the QSQH theory at the Re, of the simulations.

In view of the above, at the current state of the art the most likely application of
the QSQH synthetic model is to use it as a tool for verifying if an effect observed in
a particular flow can be attributed to quasi-steady-quasi-homogeneous modulation
of the near-wall turbulence by large-scale motions. This can be done simply by con-
structing the QSQH database of the flow by the QSQH tool and observing whether
the effect of interest can be seen in the flow constructed by the tool. The QSQH
theory has already revealed physical mechanisms of a number of observed effects,
but this required a considerable analytic work, which now will need to be done only
when the relevance of the QSQH mechanism has been confirmed.

Importantly, using the QSQH theory for revealing physical mechanisms requires
deep understanding of the foundations of this theory. One common and easy to
grasp way of describing the basis of the QSQH theory is to state that the theory
assumes that “the small-scale near-wall motions adapt to the large-scale fluctuations
of the wall shear stress” ( , ). This, however, can be misleading,
in that it might be seen as stating that the fluctuations of the large-scale wall
friction is the cause of the corresponding variations of the properties of the near-
wall turbulence, which is not true. In ( , ) the Navier-Stokes
equations were modified to suppress the fluctuation of the large-scale component of

the wall friction, and it was shown by direct numerical simulations that even in this
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case the large-scale motions still affect the near-wall flow. The essence of the QSQH
assumption is better to be stated along the lines of the statement of the classical
universality, which we cited in Prandtl’s formulation in the introduction. Namely,
one can state the essence of the QSQH theory is that the processes in proximity of
a wall can be so expressed that they will be not dependent upon the fluctuations
of the large-scale motions. In the classical universality hypothesis the universality
of near-wall turbulence is achieved by re-scaling the variable using the mean wall
friction, that is by using wall units. The QSQH universality is achieved by re-scaling
the variables using the large-scale wall friction. In neither case causality relationship
between the scaling parameter and the variations of the properties of the near-wall
turbulence is implied. The existence of such re-scaling is the main point, but the
choice of the re-scaling parameter is a matter of convenience. If, for example, one
would consider a flow in which the large-scale wall friction is exactly constant as
in ( , ), one could use for re-scaling the large-scale velocity at a
certain distance from the wall, as it was done in ( , ; ,
; , 2011).

It remains to discuss the possible ways of improving the QSQH theory. One
can try to find a large-scale filter better corresponding to the QSQH requirements.
For example, in ( , ), separating large and small scales
was done using a neural network, which learns the features of the large and small
structures in the flow. Thus obtained large-scale filter was then applied within the
context of the QSQH theory. While a number of comparisons with this filter were
in line with the QSQH theory, a discrepancy was observed specifically in the test
involving the length-scale modulation, where the spanwise streak spacing scaled with
and conditioned on the large-scale wall friction u,, and thus expected to be constant
according to the QSQH theory, was found to increase at the smallest values of u.,, .
The likely reason for this, however, is that ( , ) did not
account for fluctuations of the direction of the large-scale friction. When streaks
turn away from the mean flow direction without otherwise changing, their spanwise
wavelength increases, which might explain the discrepancy noticeable in Fig. 15b)
in ( , ).

Another simple suggestion for improving the QSQH theory stems from the in-

tuitive argument that the near-wall flow will react with a certain delay to changes

101



in the large-scale motions, while the current version of the QSQH theory does not
account for this. A time shift of the amplitude modulation is reported in (

, : , : , ). To take this
into account, the values of u,, and 6 in the QSQH theory can be simply taken with
an empirically determined time shift. This would be similar to the streamwise shift
of the outer signal in ( , : , : , ),
although there the benefits of the shift are attributed to the mean inclination angle

of the large-scale structures.

Yet another possibility to improve the QSQH theory would be to complement
it with a model of the large-scale motions. As observed in Sections 4.1.2 and 4.1.2,
the relative deviation of the QSQH predictions from the direct numerical simulation
results is significantly greater for large-scale motions then for the small-scale motions
(compare Figs. 4.3 and 4.4). One can make the QSQH prediction of the velocity
field using the existing QSQH theory, subtract from it the large-scale component as
it is predicted by the QSQH theory (which is given by the simple formulae (4.4))
and add instead the actual or independently modelled large-scale component, thus

obtaining a more accurate result.

Although a modification is proposed in section 5.1 to establish mass conservation
for the large-scale components of velocities within the mathematical framework of
QSQH theory, the issue of mass conservation for total velocities remains unresolved.
The primary challenge in achieving mass conservation for total velocities lies in
deriving a new expression for v that does not necessitate the pre-computation of the
other two velocities, u and w. This complexity becomes evident when formulating

the mass conservation equation for total velocities:

v(O0u Ow
v (Ou,, (icosh+wsinf)  Ou,, (—usinf + wcosf)
- ( o + - dy, (6.1)

where the velocity components of the universal velocity field: @ and w are functions

of (Z,7,2). Numerically, the computation of (6.1) is straightforward when utilizing
the QSQH synthetic turbulence model; however, this approach necessitates prior

knowledge of u and w, which are computed by the model. This requirement can
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lead to computational inefficiencies. To date, efforts to derive (6.1) have not achieved
the same level of neatness as demonstrated in (5.2).

All the figures of comparisons between the DNS results and the QSQH predic-
tions of changes in velocity statistics are compiled as a montage in Fig. 6.1. They
represent of a large variety of flow statistics, which would be hard to produce within
a reasonable time without the use of the QSQH synthetic model developed in this
study. But done and looked at together, they allow making certain observations.

First, a notable observation can be made regarding the plots associated with pipe
flow at Re, = 1140, represented by black and orange lines. The comparisons involv-
ing P1140 consistently reveal significant quantitative and qualitative discrepancies
between the DNS results and QSQH predictions. This suggests that in contrast with
the channel flow, a for pipe flows Re, = 1140 is too small for the flow to be even in
a remote way close to the behaviour described by the QSQH theory.

Second, the spread of the QSQH predictions (dashed curves)is typically smaller
than the spread of the DNS results over the same spread of the Reynolds numbers
and the flow types (distinguished by colours). This suggests that the large-scale filter
used in the present study might underestimate the magnitude of the fluctuations of
the large-scale motions.

Third, and related to the second, observation from Fig. 6.1 is that, for about a
half or even more velocity statistics, the QSQH predictions qualitatively capture the
behaviour of the DNS results.

As demonstrated in Section 4.2, the QSQH prediction regarding changes in ve-
locity statistics is contingent upon variations in the strength of large-scale motions
within the output synthetic velocity field. To quantify the changes in large-scale mo-
tions, two parameters are employed: A(qu> and A(6?). Consequently, to achieve
quantitatively accurate QSQH predictions, potential adjustments can be made to
the large-scale filter utilized in the QSQH model. This would allow for manipulations
to A(qu) and A(6?), thereby facilitating a closer alignment of QSQH predictions
with DNS results. Such a fitting-like method suggests that there may exist one or
multiple suitable large-scale filters for statistical predictions based on QSQH the-
ory. However, several intriguing questions regarding the selection of large-scale filter
warrant further investigation. First, the discrepancies between the DNS results and

QSQH predictions in Fig. 6.1 are less pronounced at higher Reynolds numbers, sug-
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Figure 6.1: A montage of the figures of comparisons between DNS results and
QSQH predictions presented in Section 4.2. The DNS results (solid lines) and QSQH
predictions (dashed lines) are compared for Case P1P3 (P3000 - P1140, black), Case
P3P6 (P6000 - P3000, blue), Case P1C5 (C5200 - P1140, orange), Case P3C5 (C5200
- P3000, purple), and Case P6C5 (C5200 - P6000, green).
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gesting that the large-scale filter employed in this study is appropriate for cases with
increasing Reynolds numbers. This observation raises an important question: Is the
choice of filter specific to Re,? Second, the concept of an energy plateau was dis-
cussed in earlier studies on QSQH theory ( , ; ,

), indicating that there exists a certain region within the energy spectra that
remains insensitive to changes in cut-off values. If the large-scale filter utilized in
the QSQH model falls within this insensitivity region of the input wall friction, then
manipulating this large-scale filter will not significantly affect A(qu) and A(6?). In
fact, such observations have already been documented in Table 3.1, where changing
the cut-offs of the large-scale yield minimal effects on A(qu>. In addition to ex-
ploring manipulations to the large-scale filter, theoretical investigations presented in
Section 5.2 reveal a non-trivial selection process for this filter necessary for ensuring
momentum conservation within the QSQH model. Collectively, these findings high-
light that further investigation into the large-scale filter used in the QSQH model is

necessary.
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Chapter 7
Conclusions

The main contribution of this study is the QSQH synthetic turbulence model, devel-
oped, implemented in a software tool, and made publicly available online at ( ,

). The tool consists of a MATLAB code and a database, which can be down-
loaded and run on the user’s computer. The input to the code is the wall friction
distribution of the ‘target’ flow of interest. The output is a database, which is a set
of snapshots of velocity fields such that:

a) the statistics of the large-scale component of the wall friction are the same as
those of the input wall friction field, and

b) all statistics are such as they would be in the target flow if the target flow
would satisfy the assumptions of the QSQH theory.

In effect, the tool allows to calculate easily and without any derivations the
QSQH prediction for a variety of flow statistics by calculating the desired statistics
of the output database.

The second major contribution is an analysis of a large set of comparisons of the
QSQH predictions for flow characteristics, and the more sensitive differences between
the same flow characteristics, for flows in plane channel and circular pipe at different
Reynolds numbers. These comparisons demonstrate the use of the QSQH synthetic
turbulence model and contribute to the development and verification of the QSQH
theory. In particular, the following was done in this part of the study.

We found that the relative error of Taylor expansions in the amplitude of the
large-scale motion for the QSQH prediction of the second moments of streamwise and

spanwise velocities increases with the Reynolds number. This increase is attributed
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to the growing amplitude of large-scale fluctuations with Re. It is conjectured that
the usefulness of Taylor expansions can deteriorate at higher Re and for flows in
which the amplitude of large-scale fluctuations is greater.

The “QSQH hypothesis per se”, which is the hypothesis of statistical indepen-
dence of the large-scale friction velocity and the universal velocity field, was tested in
a novel way, by comparing the actual velocity field with the velocity field generated
by the QSQH synthetic model. For Re, = 1000 and 5200, it has been found to be
accurate in and below the buffer layer, approximately for y* < 20 for the stream-
wise velocity component and y™ < 10 for the spanwise velocity component, and it
then becomes less accurate as the distance to the wall increases. The large-scale
motions were found to adhere better to the QSQH hypothesis for the higher Re..
The small-scale motions exhibited the opposite trend. At both values of Re, the
spanwise velocity shows less compliance with the QSQH hypothesis, which can now
be attributed to the behaviour of the large-scale components.

It was already known that as far as the Reynolds shear stress variation with Re,
is concerned, the contributions of the QSQH modulation and the pressure gradient
are comparable below y* &~ 20. We have now demonstrated that these effects are
approximately additive.

The 3D version of the QSQH synthetic model and tool allowed to obtain for the
first time the QSQH predictions of two-point correlations for the points at different
wall-parallel locations.

Using the current version of the QSQH synthetic turbulence model, which con-
tains the universal velocity field generated from turbulent channel flow at Re, =
5200, for the first time, we are able to examine the accuracy of the prediction of the
difference in the turbulence statistics between the pipe flows of different Reynolds
numbers, and of the extrapolation of the turbulence statistics from channel to pipe

flow.

1. The QSQH predictions regarding the changes in streamwise (longitudinal) ve-
locity statistics of near-wall turbulence, beyond those observed in plane chan-
nel flow—such as the pipe flow at varying Reynolds numbers—generally yield
results that are qualitatively accurate and quantitatively close to those ob-

tained from Direct Numerical Simulation (DNS). However, potential geometric
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effects inherent in different flow configurations, such as pipe flow, may con-
tribute to discrepancies between DNS results and QSQH predictions. Most
discrepancies—whether quantitative or qualitative—between the predictions
made by the QSQH model and DNS outcomes can be mitigated by increasing
the Reynolds number of the target flow.

2. Using the current version of the QSQH synthetic turbulence model to extrap-
olate velocity statistics from one flow type to another yields limited accuracy.
The QSQH theory is primarily constrained in its ability to capture only the
differences in large-scale effects between channel and pipe flows. While some
qualitative similarities can be observed in the extrapolations of turbulence in-
tensities, Reynolds shear stress, and higher-order moments when compared to
DNS results, it is important to note that the accuracy of these extrapolations
for both streamwise (longitudinal) and spanwise (azimuthal) velocity statistics

has been found to improve quantitatively with increasing Reynolds number.

3. This study, for the first time, investigates the performance of the QSQH theory
in predicting and extrapolating skewness and flatness in turbulence velocity.
The QSQH predictions and extrapolations regarding changes in the skewness
and flatness of streamwise (longitudinal) velocity fluctuations exhibit notably
poor accuracy; furthermore, increasing Reynolds numbers does not enhance
prediction outcomes. This finding indicates that the large-scale effects de-
scribed by the QSQH theory do not significantly influence high-order mo-
ments such as skewness and flatness of velocity fluctuations, even at elevated

Reynolds numbers.

The third distinctive contribution of this study is the analysis of the question of
mass and momentum conservation in the QSQH theory, resulting in a proposal of
modifying the theory to better fulfil the conservation laws. The main points of this

are:

1. The large-scale components of the synthetic turbulence velocity field do not
follow mass conservation because the current version of QSQH theory gives

that the large-scale component of the wall-normal velocity vy is zero. This
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issue is resolved by introducing the expression derived from the integral of the

wall-parallel large-scale velocity components u; and wy:

. - a0 o0
o 5, Sin 0) + U(yu,, ) ( sin @ + — cos «9) :

ox 0z
where ¥’ = . Importantly, this does not require pre-computation of uy and

wry,.

2. Conservation of mean longitudinal momentum in the QSQH theory can be
achieved, at least approximately, by substituting the parameters prescribed
by QSQH into the mean momentum equation along the streamwise (longitu-

dinal) direction. A non-trivial condition is identified that is necessary (but

not sufficient) to satisfy this equation: % — 7 = 1. This finding leads to

a significant consideration regarding the choice of large-scale filter utilised in
the QSQH model, suggesting that the five requirements for large-scale filtering
outlined in QSQH theory ( , ), which have been
accepted for over a decade, can be expanded to provide a more rigorous and
explicit definition of both large- and small-scale motions within this theoretical

framework.

The overarching conclusion is that the current version of the QSQH synthetic
turbulence model is suitable for predicting velocity statistics, such as mean velocity
profiles, turbulence intensities, and Reynolds shear stress in wall-bounded turbu-
lence. The majority of inaccuracies in the QSQH predictions can be attributed
to the insufficiently high Reynolds numbers present in the database utilized for
this study. There is considerable optimism that this model will achieve improved
accuracy when applied to target flows characterized by higher Reynolds numbers
than those examined herein. It is also noteworthy that as the Reynolds number
increases, second-order Taylor expansions or truncated versions of the QSQH for-
mulas become increasingly inaccurate. This arises from the enhanced strength of
large-scale motions, which renders neglected higher-order terms in these expansions
more significant. Consequently, the QSQH synthetic turbulence model emerges as a
uniquely accurate choice for applications involving high-Reynolds-number scenarios
within QSQH theory. On the other hand, by virtue of the simplicity of the applica-
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tion of the QSQH software tool, the QSQH theory becomes best suited for revealing

the physical mechanisms of scale interaction in near-wall turbulent flows.
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Appendix A

QSQH Taylor expansion of the
differences between cases with

wall distance fixed in wall units.

Taylor expansions of the QSQH formulae (see Section 2.3.5 and, for example, (4.1-
4.3)) usually have the form

F) = F) + (u ) gly) + (0%) h(y) + ..., (A1)

where f(.), §(.) and h(.) are certain universal, that is the same for all near-wall

2

flows, functions, while <u > and (6?) depend on the large-scale component of the

TL

wall friction, which in turn depends on the Reynolds number and the geometry of

the flow. Then the difference in f(y) in two different flows is given by

2

Af(y) = Auy, ) gly) + A0*) h(y) + .., (A.2)

where A <qu> and A (6?) are the differences in <qu> and (0?) in these flows. The
term with f(y) conveniently disappears, since it is the same in all flows. However,
since the results of direct numerical simulations or experiments are often represented
in wall units, the comparisons with the QSQH theory is convenient to do using wall
units, that is to take the difference between f in the two flows at the same values of

y* and not at the same values of y. In this case the term with f will not disappear.
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Moreover, the function f itself can also be expressed in wall units.

For convenience, we rewrite here parts of (2.2-2.3) as
Uy = /] <u3L cos«9> l, y=y"/u,.

We then introduce u! = u, — 1, which together with <qu> < 1 and (#?) < 1 gives
ul = <qu> /2 —(0%)/4 < 1.

y:{r: v :y+(1—u;+...):y+<1—<qu>/2+<92>/4>+...
T |<u§L cosQ>|

and therefore

Fo) = ) =i )+ = ) = () /2= 0%) /) L ) +

In many cases f(y) = u2f*(y") with a certain value of «, see for example (4.1-4.3)

in view of (2.3). Hence (A.1) becomes

~ o~ + df
A <92> (h(y*) + Zf(er) + yf(y+)> +.... (A4)
The quantitative difference between (A.2) and (A.4) often appears to be small,

121



probably due to the often happening dominance of a particular term in the expansion
(see Section 2.3.5). The simpler form of (A.2) can be more convenient when the
Taylor expansion is used to get insight into the physical mechanisms of the differences
between the flows. In general, however, a caution is needed when both the wall units

and the QSQH units (2.1) are used interchangeably.
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Appendix B

QSQH predictions vs DNS results
of the change in the wall-normal

turbulence intensity profile

0.1

0.08

. 0.06F
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Figure B.1: a. The DNS results (solid lines) and QSQH predictions (dashed lines) of
the change in the radial turbulence intensity for Case P1P3 (P3000 - P1140, black)
and Case P3P6 (P6000 - P3000, blue); b. The DNS results (solid lines) and QSQH
predictions (dashed lines) of the change in the radial turbulence intensity for Case
P1C5 (C5200 - P1140, orange), Case P3C5 (C5200 - P3000, purple) and Case P6C5
(C5200 - P6000, green).
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Appendix C

Profiles of channel and pipe flow

statistics

All the data presented in the following figures are obtained from the simulations

conducted by ( , 2015; , 2021).
20
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Figure C.1: Mean velocity profiles of C5200 (channel flow at Re, = 5200), P6000
(pipe flow at Re, = 6000), P3000 (pipe flow at Re,. = 3000), and P1140 (pipe flow
at Re, = 1140).
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Figure C.2: The intensity profiles of, a.streamwise velocity; b.spanwise velocity, of
C5200 (channel flow at Re, = 5200), P6000 (pipe flow at Re, = 6000), P3000 (pipe
flow at Re, = 3000), and P1140 (pipe flow at Re, = 1140).
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Figure C.3: The profiles of Reynolds stress of C5200 (channel flow at Re, = 5200),
P6000 (pipe flow at Re, = 6000), P3000 (pipe flow at Re, = 3000), and P1140 (pipe
flow at Re, = 1140).
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Figure C.4: The, a. skewness; b. flatness of streamwise velocity of C5200 (channel
flow at Re, = 5200), P6000 (pipe flow at Re, = 6000), P3000 (pipe flow at Re, =
3000), and P1140 (pipe flow at Re, = 1140).
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Figure C.5: The two-point correlation coefficients of streamwise velocity in,
a.streamwise direction; b.spanwise direction, of C5200 (channel flow at Re, = 5200),
P6000 (pipe flow at Re, = 6000), P3000 (pipe flow at Re, = 3000), and P1140 (pipe
flow at Re, = 1140).
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