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ABSTRACT

A brief derivation of the guasi-geostrophic potential wvorticity
equation, that is to say the governing equation, is given for a
zonal flow of barcclinic fluid including weak internal dissipative
effects. This leads to an oxrdinary differential equation for
'linearised normal mode disturbances of the fourth order. 'In the
limiting case when internal viscous and diffusive effects are
ignored this equation is of the second order and for a linear,
vertical shear velocity profile is the confluent hypergecmetric
equation.

A set of boundary conditions which are standard for baroclinic
flow models is chosen. When the flow is entirely free of dissipative
effects the dispersion relation thus formed recovers the models of
Chafney (1947), Eady (1949) and Green (1960} in appropriate limits.
The number and behaviour of the zeros of this dispersion relation
and the implied linear stability of the model are discussed with
an attempted minimum of recourse to numerical methods.

Amplitude equations implied by weakly nonlinear stability
theory are derived for some specific examples taken from the Eady
model, with attention to matching these equations in the different
asymptotic regimes which are involved by the inclusion of viscous
effects through Ekman layers on the horizontal top and bottom
boundaries alone. As has been noted elsewhere in the literature one
of these amplitude equations, in common with an existing analogous
result for the two-layer model of baroclinic instability, is similar
to the Lorenz set but now has one member of the set in a form which
is repeated an infinite number of times. The effect of truncation
of the repeated modes on linear and nonlinear stability for some
exact equilibrium solutions of this infinite set, which correspond
to the three fixed point solutions of the Lorenz set, is studied by
analytical and asymptotic methods. The type of the second
bifurcation of the equations implied by nenlinear theory is classified
fqr the specific case of the coefficients appropriate to the two-layer

model of baroclinic instability.



INTRODUCTION

The motivation for the study of baroclinic flow is, in the
first instance, geophysical. It is an observed feature of the
atmospheres surrounding most rotating planets that within the regions
cf mid-latitude an atmosphere divides itself into belts which are to
a close approximation azimuthal about the axis of planetary rotation.
Within each belt the flow is more or less unidirectional but is
characterised by the presence of large scale cyclones and anti-
cyclones, that is, regions of low and high pressure, together with
variations of smaller length scale which are of a generally more
turbulent nature. For the Earth this type of flow may be considered
to describe the westerly winds in the temperate latitudes of the
northern hemisphere which carry with them often violent and uﬁpredictable
weather systems and are typified by regions of high and low pressure of
the order of 1000 km across. The circulation of the oceans, although
bounded by the cbntinents, also shows large scale streaming in a
statistical sense with a superimposed more random fine scale structure.

If the increased inscolation of the atmosphere and oceans with
approach to the equator'ig to be of importance in determining the
pattern of such a flow then the fluid density must be a function of
both the local pressure and temperature, the fluid is then said to be
karoclinic. The effect of planetary rotation upon the momentum
balance of the fluid away from the hydrostatic state of rest acts as
so as to tilt surfaces of constant fluid density away from their
hydrostatic orientation of coincidence with the potential surfaces of
the gravitational field so that they tilt downwards to the North with
an aggregation of cold fluid at low altitudes there and of warmer fluid
at higher altitudes nearer to the Eguator. A steady westerly azimuthal
flow or wind is concomitant with this so that a baroclinic flow may
then exist on a background density gradient which is not in a state of
minimum potential energy.

It is not difficult to envisage that this basic flow pattern may
be unstable with the development of wave-like pressure disturbances
develeping upon the basic flow and releasing the available potential
energy as kinetic energy, the whole being driven by the effects of
rotation and differential heating. This phenomenon, of baroclinic

instability, thus comes under the purview of the theory of hydrodynamic

A



stability but the salient point which distinguishes it from the
classical problems of the subject, the stability of parallel flows,
Benard convection and Taylor vortex flow is that the important or
'real' examples of barcoclinic flow are observed, as are the atmosphere
and oceans, to be permanently in a fluctuating or unstable state. The
basic, disturbance free state of steady flow is hypothetical inasmuch
as an understanding of the circulation of the atmospheres and oceans
described by the above simple physical mechanism depends upon the
conjecture of a 'suitable' basid flow from a class of possible basic
flows, the study of its evolution in the unstable state and the
correlation of the results of this theoretical evolution with atmos-
pheric data.

‘In this way the problem of barcoclinic instability may be regarded
as one of inversion which is familiar in the geophysical sciehces,
inthis example we may ask - given the data of an observed unstable
atmosphere, to what initial or basic state does the observed unstable
state correspond?

The more specific questions to be discussed here concern a basic
state of unidirectional, zonal, westerly (that is West to East} flow
which is prescribed to be in a state of linear vertical shear. This
is the type of flow assumed in the criginative work of Charney (1947)
and Eady (1949); Charney's model is of a semi-infinite atmosphere
incorporating the effects of variation of planetary vorticity with
latitude and finite wvertical scale height for the density stratification
of the basic state, where both of these latter two features are sufficient
for an instability to occur; Eady's model is of an atmosphere without
any of these features but which may be rendered unstable by the
-adoption of finite vertical extent or of an upper boundary to the
troposphere above which lies an infinitely stable stratosphere. As
regards the relevance of this velocity profile there is much evidence
in the literaturc to suggest that the length scales and hehaviour
predicted by theory are of a reasonahle fit with ohserved phenowmena.
However, the stability of the zonal fleow of Eady's model to non-zonal
North-South perturbations of the basic velocity profile which vanish
on the north and south edges of a zonal belt has been studied by McIntyre
{1970). TFor this rcason no check will be made here on the values of
length scales and other physical parameters predicted by theory but

I hope that such an inquiry would be entirely possilble,

-
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To this end, the first chapter contains a brief derivation of
fhe governing equation and boundary conditions for a general formulation
of the problem from the Navier-Stokes equations. This includes the
effects of a small internal molecular viscosity and diffusivity which
lead, in the second chapter, to an ordinary differential equation
for linearised normal mode disturbances identifiable with the Orr-
Sommerfeld equation for the stability of parallel flows in that it is of
fourth order with polynomial'coefficients and no finite singularities,
In all other respects this model incorporates the contrasting features
of the models of Charney and Eady, that is; an atmosphere of finite
vertical extent with finite vertical scale height for the density
stratification in the basic state and where the latitudinal variation
of the Earth's vorticity is approximated by the linear idealisation
of the 8—plane effect.

The consequence of these additional terms is briefly discussed
in an attempt to align the case within the extensive theory of the
Orr-Sommerfeld equation, they are then dropped so that the governing
differential equation is of second order. The analysis still includes
the effect of viscous Ekman layers which control the flow in a way
different from that of an internal viscosity by modifying the top
and bottom boundary conditions for an entirely inviscid problem in the
way originally proposed by Barcilon (1964). In the completely inviscid
limit the model is a hybrid of the Charney and Eady models similar to
that considered by Green (1960) and Garcia and Norscini (1969) but
which includes a finite vertical scale height for the density stratifi-
' cation, it may be considered as a matching problem between the limiting
cases of Charney and Eady.

After forming the appropriate dispersion relation it is found
that, within the confines of linear theory, the p-plane effect has a
destabilising influence on the Eady limit and that finite height has a
slightly stabilising influence on the Charney limit. The parameter
space associated with the stability problem is three dimensional in
the completely inviscid case and it is regrettable that the most
convenient choice of coordinates with which to explore the behaviour
in the complex plane of the roots of the dispersion relation determining
the flow stability detracts from an intuitive grasp of the physical
mechanisms at play. Throughout most of parameter space the morphology
of the zeros in the complex plane bears more resemblance to that of

the Charney than of the Eady limit. It will transpire that the Eady
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limit is singular in a particular sense to be defined.

In the third and subsequent chapters the nonlinear theory of
unstable flow is applied to some specific problems posed for the Eady
model with the inclusion of viscous effects made manifest by Ekman
layers at the top and bottom boundaries as described in the afore-
mentioned way. Results in this field already exist, notably those
of Drazin (1970 and 1972) and are paralleled by those for the simpler
and more widely studied two-layer model of baroclinic instability where
the basic density and velocity profiles are step functions, which was
originally due to Phillips (1954} and has been extended to the
nonlinear.regime in particular by Pedlosky (1970 et.seq.). The
parameter space associlated with linear instability of this model is
again three dimensional with Cartesian coordinates corresponding to
downstream wavenumber, thermal Rossby or Burger number and a“viscosity
parameter.

The third chapter containé an initial description of the surface
of linear neutral stability in the chosen parameter space and then
continues with the derivation of an equation for the weakly nconlinear
evolution of a packet of linearly unstable waves when the viscosity
parameter is of order one asymptotically as the supercriticality of
the Burger number tends to zero at a stationary point of the neutral
surface. That is, where the flow involves the interaction of a
principal unstable mode with a small continucus spectrum of unstable
side band perturbations with respect to the downstream wavenumber.

The problem is a slight extension of part of Drazin's 1972 article.

In the fourth chapter a scheme is developed to match the viscous
and completely inviscid weakly nonlinear evolution equations in the
viscous and completely inviscid limits. This requires a scheme where
the viscosity parameter is linked to the supercriticality as the latter
tends to zero and on the application of accepted boundary. conditions
for the problem leads to an amplitude equation which may be expressed
either as a single integrodifferential cquaticen or as an infinite
set of coupled, first order, nonlinear ordinary differential equations.
Some attention has been made in this particular problem to reveal the
peculiarities of the system leading to the amplitude equation and in
establishing the matching of its coefficients with the existing results

in the appropriate limits.
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It is seen that the amplitude equations for the Eady model are
of exactly the same form as those derived under similar circumstances
by Pedlosky for the two-layer model, the only difference being the
obvious one of differing coefficients arising from the distinct
physical properties of the models.

The fifth and sixth chapters together with the notes in
appendices C and E expound some of the properties of the amplitude
equation of chapter four. The most important point to mention here
is that the nonlinear theory predicts finite amplitude wave trains
which are asymptotically steady and stable towards the viscous regime
but singly periodic or wvacillatory in the completely inviscid limit
and that the matching amplitude equation is similar to the Lorenz
set "as proposed in the theory of Benard convection {Lorenz 1963).

The Lorenz set and the chaotic solutions it exhibits have been the
subject for much research in more recent years, the set has since
been found in branches of physics other than that of fluid mechanics
where the random behaviour of its solutions in phase space may be
equated with the more or less random fluctuations of turbulent flow
in nature.

The techniques used in the work presented here do not delve far
into the abstract mathematical theory of dynamical systems and are,

I hope, generally accessible since the form of the matching amplitude
equation seems to beg for analytic enquiry on account of:

(1) the sensitive depeﬁdence upon initial conditions of
dynamical systems, such as the Lorenz set, which possess strange
attractors. |

{ii) the complicated topology of the attracting structures of
such systems.

{(iii) the status of the amplitude equation as a system with
infinitely many degrees of freedom.

Now the first two traits for the Lorenz set have been found by
largely numerical investigations from many sources. At their inception
Lorenz recognised these properties in his equations and was aware of
both the difficulties of discrete representation and numerical
integration by computer and also of the consequent need to perform
integrations with the continued uprating of machine resolution.

A short gquantitative study of the representational errors which may be
involved in applying computational methods to dynamical systems has

been made by Levy (1982). It is the third feature alone which requires
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further care to be taken since any computation will necessarily
involve truncation and thus misrepresentation of the amplitude
equation itself. Pedlosky and Frenzen (1980) have integrated

this form of amplitude equation numerically and, again aware of the
nature of the approximations involved, found a very complicated
bifurcation sequence of period doubklings and chaotic solutions which
are at times sensitive to machine resolution.

The seventh chapter combines the novel features of the third and
fourﬁh in its consideration of a parameter regime where the nonlinear
evolution equation incorporates the interaction of a packet of
linearly unstable waves centred on a principal wave number at a
stationary point of the neutral surface and the type of nonlinearity
which is of conseguence in the matching amplitude equation of
chapter four. :

Some effort has been made to ensurxe that variables are assigned
separate and appropriate symbols. The second requirement is at
variance with the first so that duplication may occur hetween chapters
but the use of suffices and introduction of each quantity with its

corresponding symbol as it occurs is made within the text.
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CHAPTER ONE
THE MODEL, GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

Consider a set of spherical polar coordinates (r,8,$) with
origin ¥ = 0 at the centre of a solid sphere of radius ror both
rotating with constant angular velocity §} about the axis defined by
latitude 6 = %-so that the direction of rotation is in the sense of
increasing longitudinal angle ¢. The equations of motion for a fluid
of density p, at pressure p, with velocity components u, in the zonal
or West to East direction, v_ in the meridional or South to North

direction and w, in the vertical or radial direction at time t, are

j%‘-!-@»g;-& +c9:’~ + “6(9,(%_@5694- %ﬁf

"*Cr-sé

representing the -condition of mass continuity and

o £ — tuvp Ban® 2R 2By + 2R cos®clp = - L / .éf" + 5‘3‘
- Iy ~ @.&ﬂ'@ a(p Cn
(2)
4_:_5 +\:‘::i‘ 4—&,.-&3—«6 -;-Q..Qs:..@u..: "_]_, ézﬁ + 'C;i
A-&,. I s Cxs 0 PN 2

- - fzii (4)

where
iq = 63 - U é + Y é - ey é (5)
dé* 54* i los © 2 a 28 ér..
(F¢ . F. , F_)-is the body force per unit mass due to viscous effects
* *

in the fluid and g is the gravitational acceleration.
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The reference frame may be transformed to a local set of
longitude (x,), latitude (y;) and height (z,) coordinates centred on

a latitude 60 at the surface of the sphere by the transformation

J+

2

mle-ca) => As = ‘B%j. )

i

Y — . A
% * o
r‘-

n
Q_»
M

Motions of the fluid imposed by the model are ascribed horizontal
length and velocity scales L and U with a height scale D which is
small compared to the radius of the sphere so that the effective
gravitational acceleraticn is constant. By geometrical considerations
the vertical velocity scale is %?—and if the flow is subject to
nonlinear effects then it develops on a time scale %‘.

Pressure and density scalings now determine more precisely the

class of motions under inquiry. If the fluid velocity scale is small

compared to the scale of Corioclis effects then the Rossby number

Ra = Ld' =, ]
2R Lsad, <

and to leading order in an asymptotic expansion of the dependent

0
equilibrium, i.e., no motion

variables of (1}-(4) in R. as R, O the state is one of hydrostatic

4= O and éﬁs = - ﬁsc‘?)j {7)

' Y
where p_(z) and p_(z) are the O(l) terms in the expansions of the
pressure and density fields. The fields at the next order may he
sought as a perturbaticon on the ambient order one state wherein the
tangential pressure gradient balances Coriolis acceleration and the
vertical pressure gradient balances the effective buoyancy per unit

mass,implying scalings

e = FSCE) +~ 2R d L s;QcCsCE‘> f’C"‘sJ>E;£>
(8)
and

fu = Csée>( |+ %5_2%‘:1‘:@« 6(65\7,2,4)> (9)
J
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Undexr the assumptions of these scalings the governing equations

(1)-(4), using (6)-(9) are

E"g%ﬁ +%‘[Suu_uuh®j§_us@© + SUwc®

Tl (go s, O
= -8 ‘.;.E ! " ['_q*a. (10)
S Om ,*hﬁzpt {:aﬂJZLism.éQo
Q (‘d“" + é Eg\n.r + uz&.“@j -+ (,LCLQ
o {JE Y . so.. O
= -l ‘:—Sz —'— -+ p@,
6 '*'ert‘ e+ Q.SZLQ O, (11}
({4.9 >gESZJJ—Q§L(u.+U) guﬁa-s'@ g
Iy P Qo
==L 2ler) -0 S Lee
e CSQQCLS..(QQ
| (12)

> -Lvko

ﬁofﬁ + CIJ-.Q,I:C) {-—é; gz((st-o +=2__r%¢.r -r-_% \T =

+ To casB, A._c_:. ; - O

fa cos® Jac

{(13)

in non-dimensional form where
Ro-= EE_EE%_EME‘ is the Rossby number,a ratio of the relative vorticity

' to the planetary vorticity.

2

(20 sin'BO) 1

F = 3 is the ratio of the rotational kinetic energy to
g gravitational potential energy across the flow.

§ = % is the aspect ratio of the length scales, so

5= 1.8(L)=

o
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The dimensicnless parameterjg’defined by

(14)

BedRecason - D (aszs;.e>/

o o=,

is introduced, representing the northward gradient of Coriolis acceler-
ation at @ = 8, The ratio of the horizontal gradient of relative or
fluid vorticity to the gradient of planetary vorticity associated with

the geometry's sphericity is typically

d p=d Qo- To QEAAQQ

The class of motions is now restricted by choosing tan 80 = 0(1}
L ‘ <o < .
and = O(Ro) as RO -+ 0 so the meridional vorticity gradients of (15)

balange in the flow fields at O(RO). In taking the limit R. » O,

O
termed the geostrophic limit, the dependent wariables u,v,w,p,p are

assumed to have asymptotic expansions of the form

L'-:‘—LO-O—'QQLL'-O-IQQZUz-P--.. (16)

etc., and the trigonometric functions in (10)-(13) when replaced by
their Taylor series about the central latitude 8 = BO are represented
asymptotically with respect to the parameter éE-= O(RO). If the
dimensionless parameters § and F are also linked to the Rossby number
in the 1limit then substitution in (10)-(13) implies the geostrophic

relations

u°=ﬂ§? (17)
= Opa

" i (18)

lo = “g’s ;,é,(ﬁ‘ﬁ) (19)

I
O

L C 5
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at leading order. Consequently the horizontal divergence of horizontal

velocity vanishes so that the continuity result {20) may be integrated
to give

p« = function of %,y and t alone.
s O ¥

In a flow containing a rigid boundary of maximum slope O(RO) with
respect to the horizontal then,for all =z

e = O

(21)
:"—7 e = gé‘__r".pgozhr [ TR

2 (22)

At first order,O(RO),the governing equations are

g“é- +u¢% +ld¢.c}}g‘. -9 =vs ('_.-%?65\7 C‘?égo

Voot bo Op. Fan 23
...5'{_ _f;ﬁeg_ Qo_f 4

e 2@(’1\. Eo
g_‘i + uaéda -+ .J,,Aqb - |

=7y '”"(ZL&>\7‘°“°

.:-53&1»-%4. (24)
Y Rl

for horizontal momentum where fo

= 20 sin 0 d
sin 8, an

r

S 4 M - L u,b&..Qs-p(— b8, u + L I
S 3 LR J T

T > & JE(CSJ'>= O(25)

for continuity where it has been assumed that the influence of internal

friction may first be of importance at this order and that § = oll),
F = o(l) as RO -+ 0,

Formation of the equation for the vertical
component of vorticity

go:é__da—éu.,: X +§l /% (26)
S },\—7 B, %f>
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| il | ar cpromeialia. Gl
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gy el gpedl W&f &R A
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from (23) and (24) imply, using {17}, (18) and (25)

L (SeB) = £ D (o) w2905 L
4t J' " &5%'°¢ ) +2.9 . Q.Ucﬂéo>”)

d
3 ] ] '
—_— = e 4 — —_— 1 t+h 3 T 1
where It e uO " vo Ny is e appropriate advective time

A
derivative and k is a unit vector parallel to the z axis.

Viscous effects in a Newtonian fluid are defined by,

—

p _ 2, > (28)
= (2 19(2. )) u.

Using the above scalings and expansions,if 6 = o(l), since w, = 0

Fae 2

Uy 98 {29)
2 —
Botle  RLD 332 ac*ddo Pb
v
on writing v = il 5 = 0(1), {(27) becomes
RofOD
2
cﬂ N .-5 oéS:
(S B) (Csw> ’ 32 (30)
using the geostrophic relations (17) and (18).
If 6 = 0(1) then (29) becomes
2 2
é:_ = > u, Lo N VAN (31)
2.l > D
>exdho 2endlo |
where
2 2 g?
VAR g A
S2 J (31}

and the analysis preceding (27) carries through inasmuch as (30) becomes

%(i‘%> " % 2 () + > FS (2)
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but the reader is referred to Pedlosky ('79. p.327 et seq.) for the
difficulty in drawing this analogy with the momentum equations (23)
and (24). Equation (32) is formally the same as the vorticity
equation which would have been derived in the case of a model with a
flat or Cartesian geometry where Coriolis - effects vary linearly in
the meridional or y direction (termed the B-plane approximation)

with the exception that the restriction § = o(l) is then no longer
necessary, § = 0(1) is allowed at every stage in the analysis leading
to (32) and without loss of generality § may be set equal to 1.

Since the dynamics for the wvertical components of vorticity, CO,
differs only in the representation of viscous effects and the spherical
6 = 0o{l) case can be obtained from the Cartesian § = 0{l) case by
omitting the horizontal derivatives in VG' henceforth (32) will be

the form of the vorticity equation used and § set equal to 1 and V6
replaced by V.

To remove the geostrophic degeneracy of the problem posed by (32)
the leading order wvertical velocity, Wy is related to the leading
order horizontal wvelocity (uo,vo) by the thermodynamics of the system
and the geostrophic relations (17)-(20). Suppose that a fluid property
which is advected with the flow, 0,(x,t} say, is conserved but for

weak diffusive effects so that the scaling of the 6, field is given by

@_‘ = @s(a><{+Q°FGC'§,.@))

(33)

"in accordance with the pressure and density scalings (8) and (9) where

@C?&,Q) = @°+'Qa e, +-Q:9,.+.- .- (34)

and suppose that the static stratified O(l) state of the flow is in

equilibrium so that

Q: (@‘5(?) = O (35)
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If the effects of diffusion are weak so that O, is nearly conserved
with the movement of a fluid element local thermodynamic considerations

(Batchelor, p.31 et seq.) suggest the law

%aﬁ%* = K <Zf =" '
CGQ* (36)

for an isotropic fluid in the absence of heating with diffusive
constant k,. WNon-dimensionalising, using the above scalings when

= 0{1), (36) becomes

dte o . L & | ki (P 238 24
8 I-‘@_., P Ji( E.~ & o2 3§> (37)

at leading order provided the stratification parameter

_ L e
S JapEN ': . (38)

is 0(1). The first term on the right hand side of (32) representing
the small vertical stretching of a vortex filament may be evaluated
in terms of the perturbation OO and ambient stratification Os(z) using

Pe
the geostrophic relations and independence of < in x and vy.

1D o) -
e (E) = £l 9 (ava) 2e Rl (o0

- %;(E’s g(%‘&)) (39)

When OO may be related to the geostrophic stream function, (32)

D
and (39) together define the evolution of the flow at O(RO) gn
differential form but such a relation depends upon choice of an equation
of state.

| For a liquid in which the effects of compressibility are not

appreciable the equation of state may be represented simply by

= for (1-x(TomTa)) (40)
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where po* and TO* are constant density and temperature reference
values, o, is the coefficient of thermal expansion and T, is the
temperature. The first law of thermodynamics in the absence of
heating reduces to (36) where O, = -p,(x,t) is the density field, x,
is the coefficient of thermal diffusivity and the geostrophic

relation (19) reduces to

(’a =" ’}f" (41)

or’

provided that

-és %%s = OCF) = oC1t) ' (42)
in which case (38) is satisfied, i.e. S is 0(1). These scalings are
believed to be in agreement with the observed state of the Océans
except near the pynocline, a thin layer of large density gradients
at a depth of approximately 700 m. Equations (32) and (39), using

- {41) and (42) beéome

BES-Brr a4 BY = 2 (49F) 0TS s

Ky

where g = oL is assumed to be 0O(1).

For a perfect gas the equation of state and definition of potential

temperature, 06, ;
— -+
Pu= P RS , O, = Ia (%) (44)

imply that if in the basic state §, = es(z) a*qA

“L-°%§; = CDCF:> = c:(l>
95 2 (45)

then S is 0(1) and

BV f

A = 1.
oy S;} i {46} .

i
L
r
I~
g
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Using (8) and (9}, (44) implies

Q..\Q = Lp;(a) Q.C () + ’Z;SL/S - Kobp (47)

+ O(R2F

and suggests the s¢aling

Q=0 (2) (| +RFOY (48)
with O = ©,+L.08, +....

In agreement with (46) let

LL.GQSCE) = g% LL;fg(é) - au.eg(é>
then .
!
QQ = -—C° -+ a.— (es;s,)> Po
and from the dynamic expressions (7) and (19)

S, = & - Por L 25

oz Os Iz
so that S, = éf? (49)
o7

to leading order. The appropriate form of the first law of thermo-

dynamics in the absence of heéting is

d&. _ GRo, I T
dés P (50)

where the term on the right hand side represents the departure from
the adiabatic state. If the departure from adiabatic equilibrium is
small however, local considerations suggest that the flux of potential
temperature is related linearly with its spatial gradieﬁt and in the

case of an isotropic fluid this leads to the approximate equation

do,

2
A&,
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so that with 0*'= B, (32) and (39) using (49) become

e 5By L 2(e R <4 (6 T) T

which is the form of the quasi-geostrophic potential vorticity equation

to be used here.

For a region bounded by the latitude circles y = £ %— the

inviscid boundary condition is

é’ib_—_o,ony=il (52)
2

O

Takihg the zonal average of (23) and using (17) there follows the

additional condition that

S Po - O ony =+ %- (53)

where the overbar denotes the zonal average which in terms of the

local frame defined by (6) is
C 5 = -L_j/ Jli
-2 ¥
—l

Equation (53) is also the form of the boundary condition for the
Cartesian model of flow inside a rigid rectangular channel of infinite
extent in the x direction if a downstream condition of periodicity or
boundedness of perturbation energy is imposed.

In the case of a rigid boundary at z = O the flow is dominated
locally by the balance of viscous forces with Coriolis forces and

pressure gradient in an Ekman layer of thickness

- EYD
Zv*

2
fOD

where Ev== is the Ekman number and v, is the kinematic viscosity

of laminar flow or an effective turbulent viscosity of non-laminar

flow within the layer. It can be shown (Pedlosky 1, 86.6) that
stratification of the basic state does not modify the pumping or suction
influence of the boundary layer upon the main core of the flow in the

limit E,, + O provided



E¢=c<gs’> as R > 0.
S O
Matching Wy in (37) with the normal velocity at the edge of the
Ekman layer which is proportional to the normal component of vorticity

there implies, since F = o(l) and S = 0(1)

ﬁ(,‘%> - _.g%é(é :“%) +K(72(‘33B20) (54)
' en 2= O,

in the absence of boundary topography.
.An upper boundary condition corresponding to confinement of the
flow beneath a rigid flat 1id at non-dimensional height z = h (so that

z = hL = D) will be assumed, thus

»

é(éo> = + Sé-ué(é’kb + N > -+ KUZ(%@:)

dé¢ Bza. 2R, \ 32 ;‘Q- e (55)

\r G, B = ﬂk-
In oceanic models the influence of a prescribed wind driven stress may
be included, modifying the right hand side. For the atmosphere, the
lid is most realistically removed and then a radiation condition is
imposed in the limit z = =, An atmosphere with different stratification
and velocity profiles in the lower level or troposphere and higher
level or stratosphere may be modelled (e.g. Charney'47). The overall
effect of increasing the static stability of the stratosphere is to
confine disturbances on the O(RO) geostrophic flow to the lower levels'
of the troposphere (Green, 60) and from this point of view (55) is the
boundary condition imposed at the tropopause, 2z = h, below a strato-
sphere of infinite static stability (S =+ «).
Now consider a éteady state of the O(RO) geostrophic flow which

is purely zonal. Writing

Po = QP(J,;) (56)
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from {17} and {(41l) or (49) the zonal wind relationship

- é_?., for the atmosphere
Se o
e = J (57)
e - d for the oceans.
éﬁo

connects the vertical shear of the velocity profile to meridional
gradients of available potential energy in the basic flow. Note that
the longitude or x independen‘ce implies that any function ¥(y,z) is
automatically a solution of (51)-(53}) if the diffusive terms on the
right hand side of (51) may be neglected or vanish and is a solution

of (54) and (55) provided

2R, e

v

The stability of this basic, steady, near hydrostatic, zonal

ser | ézt;/ - o
z:Q)L

flow to disturbances which may be of the same order of magnitude as
the basic flow but which are still subject to the conditions of the
geostreophic limit may be described by a disturbance stream function

$(x,t). Putting
e = ‘I‘CJ,1> -+ C}‘g(".!—,é‘> (58)

in (51)-{(55) the problem for ¢(x,t) is

(S7~2)e=2 3" « Jy®s) o

= _-o It §l+%:>¢+g£ gsv‘%%>

(gr%%)?;”%'%% " ‘7"{7’(@%9 (60)

}_—~_5§_J£ > é‘t’) K 9> O
2k, S"‘Jé:f ¢ P

o 2= O



f23’

=D cem g xd (61)
See myTed

62
—_— = O |, e ==z (62)
it VA
where
@) - L e )
- + s
7= ("% ¢+ La(ed
is the potential vorticity of the disturbance field,
l] I? + éﬁff + A (fg% cég;>
J R Se
is the potential vorticity of the basic zonal flow and J is the

- x'y
Jacobian operator

JLoeasy = A8 _34 38
VAR VS V!

Since the wvertical coordinate appears explicitly in differential form
alone, the interval in z may bhe shifted in the case of a pair of rigid

. h h .
boundaries to [- 5 54 so that the appropriate top and bottom boundary

conditions may be written as

( a*“‘&>? %”' g (¢, )
{63)

= 2= g%f "';?;:) qb + MV’Z(§> c....._a:.t-%

The aim of the type of stability analysis applied in the following
sections is to establish sufficient conditions for the instability of
a basic wvelocity profile which is a linear vertical shear. Since
the governing equations and boundary conditions for the geostrophic
stream function are Galilean invariant, transformation to a frame

moving with constant velocity, equal to the average of the basic steady
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flow over a meridional plane for example, leaves the mathematical

problem unchanged. Hence writing
d, = AE

or equivalently
C}:—AE
J (64)

where A is the non-dimensional shear parameter, the problem for the

disturbance stream function ¢ lj%)
(542 )2 +f3§ + Juy (b
= 2T g:‘ %> é(% (65)

with boundary conditions

g:og ::t-f . é— = O o = = £
. 2 )
v %7%1 V™72 (66) , (67)

(SE.,A? >é¢s A.)as T, (qﬂ%é) s ,i

(T

The class of permissible basic, steady, geostrophic flows is
" large as is evident from the note preceding equation (58) and

furthermore the choice of a member which is representatiﬁe in geophysical
application may only be established a posteriori if the dynamics of
the interaction between the basic steady flow and the disturbances
which may develop upon it are nonlinear. Time or space averages of
an observed state of unsteady flow where the unsteadiness is caused by
fluctuations which give rise to fluxes releasing potential energy
steored in the basic state as kinetic energy in the observed state
include the non-zexo averaged values of these fluxes, the fluctuation
free or basic state may however correspond to a state of vanishing
flux as indeed is the case here {(see e.g. Charney-Drazin '6l). Hence
the averaging of an observed state of the atmosphere for example does

not reveal a basic state for the model upon which the observed
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fluctuations may have arisen through instability. The choice of a
basic velocity profile which is a linear shear in the vertical
coordinate follows the precedent established in the early work by
Charney ('47) and Eady ('49) that the wave patterns implied by
linear stability analysis are of a scale and type which is typically

consistent with atmospheric data.
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CHAPTER 2

TOWARDS A UNIFIED VIEW OF THE LINEAR STABILITY PROPERTIES OF BAROCLINIC
FLOWS WITH SIMPLE LINEAR VERTICAL SHEAR PROFILES IN THE PRESENCE OF THE
R-PLANE EFFECT

For the velocity profile uo(z) a normal mode analysis of the
linearised governing equation.(1.59) and boundary conditions (1.60-1.62)

gives a fourth order differential equation

(- )( D2 sct-2 )t . (ﬁs+?f,, - Dua)
3 s

_ | (1)
« it (yr @) (3@ e5) F - se (D1 G DY

L5 = O

where D = 4 ’ -l— = - L EE-S- and both h_ and § are assumed to be
dz hS ps 9z s
constant, for the z-~dependent component of a Fourier type mode

representation of the disturbance stream function ¢

¢ = (2 si. 1Y C-L&(-n_‘.f:io“r).a.u cg.vuqo.gi)
(2)

where \]/ = U+_’% € EO, 1] (3)

This satisfies the sidewall boundary conditions where £ = mn
{m=1,2,....) where X and ¢ may be interpreted as real downstream and
spanwise wavenumbers and ¢ = c. + ici is a complex phase speed. A mode
for which Im(c) is positive is termed unstable, for Im(c) < 0 is stable
and for Im(c) = O is neutrally stable.

" In the model due to Charney (47) the flow is assumed to be free
from the diffusive effects of kinematic viscosity and thermal diffusion
so that (1) is then of second order. Further, for a linear shear profile
u, =Az, y must satisfy

((AE_C>(Dz_sca=m>-9> «BSe A >+ -0 W
i Ly
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Eady's model ('49) is derived under the further simplifying assumptions

1
hS

vorticity in the basie, undisturbed state uo(z) is, from (1.17) and (1.63)

that B = = O. HNote that the meridional gradient of the potential

== B - D, )
>y s., s

so that for a linear velocity profile with Du_ > 0, corresponding to a

westerly wind, this ambient vorticity gradieng does not vanish unless
both B and ﬁL-vanish as in Eady's case.

Equatign (1) becomes the Orr Sommerfeld equation for the linear
stability of parallel flow when v = k and Kk is replaced by the inverse
of the Reynold's number, B and ﬁL are set to zero and S is unity. The
extensive theory of asymptotic s8lutions of this equation for'large
Reynolds number or small & in the present context as discussed by Lin
{'45), developed by Wasow ('48) and others and reviewed by Reid ('65)
may usefully be employed in the consideration of (1) and the 'reduced'
second order equation (4). To this end consider the leading order
approximation as kK + O to the two of the four sclutions of (1) which

are given by (4). Putting

~—

La
Feay = (E-%)-e_ p(z-ﬁ_) (6)

where z may conveniently be thought of as complex, in (4) implies

(Me-SF" v (@A (g She-) F
-+ CQE/\+[$S e _nig)()\a_(_)) ,C' = O

L7

where awz = k2 + 22 so that for the exponent h of (6) to be negative

and the function F to be chosen such that the coefficient of zF is zero
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then. Ezj;—J(Z'Z: .m:g) < o (7

and the change of variables

A (8)

implies

?é” + (2-—‘_!7) G,’ -al = O (9)

where the parameter a is given by

~ A
azl-r a...zﬂ r= Bs*l‘, R =2 O | (20)
4wt )t
QA(ML;- ug)

Equation (9) is the confluent hypergeometric equation with one free
parameter, possessing a regular singular point at £ = 0 (or z = %)‘ and
an irreqular singular point of rank one at £ = », The parameter a is

constrained to a € (-=,11 so that the two power series

w25y . = & g
H( ,3-,?5 %'_ E;d.. J_-r ‘ (11)

and
Sd(aa 27y o1 { Hey2,55 0 (7 )
r((-:;)

-+ .e_g% !"(_’I-Q-»i)(.g'ui‘)‘j (‘f—(-?—n-o\—/')- ‘f‘('*\,)-"f'(-?-c\-l))
® r(::-.:.)@u).'d-!

s §

+ e (12)

re-=%%
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form a fundamental pair for solutions to (9). The notation of the
power series and that adopted for confluent hypergeometric functions
follows Abramowitz and Stegun (}ESﬂQQGQQ

Power series solutions of (4) could have been found, following
Tollmien ('29) by the method of Froebenius. 1In that context the Kummer
function M(a,2,£) is assoclated with a mode which is regular everywhere
in the finite part of the complex z plane, i.e., for which the singularity
at z = E-is removable, whilst the other solution has a logarithmic

v

singularity of the type

(z-5) &l=-5) a

which is associated with the presence of a critical layer in the mode
at the critical point or steering levells\ . At this singular point the
second solution is not differentiable and in this example the wvertical

potential temperature gradient

2. b (14)
Y Sz
has a simple pole. These power series solutions, which are eguivalently
linear combinations of (1ll1l) and (12) under the transformations (&) and

{(8), may be written

-+
il

2. 3
- z - S oL
(3"7‘"(5-(%>C%> *G"S_::BAS(Z" %> (Z_fo (15)

+ ...

2z
fas | (SS-(E-LXE- ) D o+

— (/_SXS‘LT!L;)L{; Q*(E-f’() | (16)

The fourth order equation (1) has no singularities in the finite part
of thé z=-plane and for this reason at least the second one of these

two functions does not provide an asymptotic estimate of any solution of
(1} which is uniformly valid in a neighbourhocd of the critical point

as kK + 0, The limiting case when a = 1 is distinct in this respect

and as equation {10) shows it corresponds to

s . 1. - A
AT T °

S
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thereby including Eady's model. The solutions (11) and (12) are then

H(1,2,5) =(:efs;—_‘>

(11a)
-t s
-e_g(-a (“2)"- 5> = = {12a)
and the eigenfunctions YP{z) of (2) are then
= 4 2 L
6 ol G raisfe | 26 o (L =35 Ya -

which reduce to the familiar hyperbelic functions
J L
2
A ars)e SIFATLE (18)

for the specific—case of Eady's model.

There are two contending theories for the local analysis of the
critical layer structure present in the linearised normal mode
formulation given by equation (4). The more established of these uses
the diffusive terms of the linearised theory, i.e., the higher order
derivatives of ¢ which are multiplied by Kk or v in (1), to remove at
least some of the singular part of the eigenfunctions in a neighbourhood
of the singularity which has an asymptotic thickness tending to zero
as K »+ 0 while the effects of nonlinearity may be neglected. The
more recent theory of Benney and Bergeron ('73) etc., assumes that the
linear theory of equation (1) is no longer applicable within a
neighbourhocod of the critical layer and the dynamics are determined
.locally by a balance between nonlinear terms in the governing equation
and linear advective terms. The first approach will be followed here
and in particular some attention will be paid to the consistency of
the theory when the critical layer is close to a rigid boundary in
which case physical considerations suggest that the flow will be

deminated by diffusive effects.



Analysis of the Critical Layer

The method relies upon using the asymptotic solutions (11) and (12},
or egquivalently (15) and (16), of equation (1) within the region of
their uniformity and treating the remaining domains which in our case
is the neighbourhood of the single critical pqint z = i-by the method
of matched asymptotic expansions.

Wasow {'48) has investigated asymptotic representations which are
power series in the asymptotic variable (%5)1/2 to the solutions of an
equation of the form of (1) ih the limit k =+ ©, the resulté are valid

in a domain D of the z—pléne which in the present context of a monotonic

wind profile uo(z) which may have at most one critical point is

17: ga: o¢esfa—i\§ (19)

These results include: -
{(a) There exists a pair of solutions of (1) which to leading

order as Kk *+ O are the W.K.B. type solutions

AANE 3
T (%’D (2“7‘&)

(&) -1 : (20)
- E._c>‘f : o( 4 '1)
o = (-5 "= + (G
With reference to figure (1), wB(O) is recessive in the sector S1 and
dominant elsewhere, ¢4(O) is recessive in 52 and dominant elsewhere;

see Reid {'65).

\.\\ S‘s -

e
*H

N
]

H
I’l -
Nis
>
m 3
]
NI

E—Pﬂau-t.

Figure 1.
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An improved solution for which the domain of uniformity includes the
critical point may be written in terms of Airy functions, an account
appears in the same article by Reid. If k is small then the effects

of thermal diffusion may be expected to be confined to the neighbourhood
of the critical point and possibly the points z = ig-associated with

the top and bottom rigid'boundaries, the exponential behaviour of this
type of solution can not match the boundary conditions (1.63) unless
exceptionally the critical point is close to a boundary point in which

case one of w3(0) and w4(0)

may be included.
(B} There exists a solution of (1) which to leading order in
is represented by (11), or equivalently (15}, and this is a uniformly

valid approximation throughout D.

(C) There exists a solution of (1) which to leading order in «
is represented by (12), or equivalently (16), and this is a uniformly
valid approximation in D \.83. In the sector S, the solution diverges

like the pair (20).

The results also imply that the higher order terms are O(th.

Note that the boundary points z = i%-are within D provided -

[25- 51 >«

(21)
=3
A
following Tollmien ('29, '47) and Holstein ('60) the 'inner region' of

To investigate the neighbourheod of the critical point

the asymptotic problem is defined by the transformation

Yz) = X (e; 2) e 2:(_*—_%) 5 e:(_K_ )% (22)

L5

. h
then the boundary points z = ia-become

Z, = (:t_ﬂ; —__c_> (M)Z‘chf (23)
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in the Z~plane. For a neutrally stable mode, c; = 0, these points

are on the line

2) - Y
pL(2 r i (24)

and values of Z corresponding to a mode with complex phase speed,

cy # 0, are such that

deZ) = ér + &;:'( < > (2%)

with suitable choice of branches. If the critical peint, at 2 = 0, is

¢
=

h h - Ca s s .
such .that T € (- 5 5) the critical layer is inside the flow region

and the boundary points (23) are away from 2 =0 provided

sl 3
(&%%-‘ao '< Y XX‘%)SI # O (26)

i.e. this choice of inner region implies that £ of equation (21) is

(Jiél/3. The scheme of the anti-Stokes lines of figure (1) and the

kA

boundary points are sketched in figure (2} for the neutral case,

C.

1

= 0, where the sectors Sj correspond to the sectors Sj of figure (1)

Figure 2.
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and the anti-Stokes lines are the straight lines Cj dividing these

\ h .
sectors. The real interval z € [- h =] transforms to a straight

5
line shown dotted through Z = O contaiied in SltJ $,. For cia- o

the line is shifted downwards with constant gradient and is contained
in SltJ 52 but for stable waves, ci'< 0, and the line is shifted
upwards with constant gradient thereby intersecting the sector S3.

If the critical point, Z = O, is such that

I3

Cre-b or 53:>_Q (27)
A 2 A2

then the critical layer is outside the region of the flow so that the
image of the real interval z € [~ %, gﬂ in the Z-plane does not cross
the ¢ritical point as ¢y changes sign.

Under the transformation (22) the equation for the inner region

-

or neighbourhood of the critical point is
2 2 Jo
2(V- b5~ Q)X (F e e

— (V- el )V 4l 5 ) K 5 (F-<iD)X
' $ = O

{28)

a
where D = az

Assuming an asymptotic expansion for ¥(e;Z) which has the form

Klez) = XD » o(-g )@ 06,
‘ as & O

implies the sequence of problems

CDZ- 2>Dz7({°) = O (30)
22y = (104 (8 Y Grad)X?

etc. ' (31)
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The four sclutions of (30) may be expressed as

W{?D:z é:Ez Fxf» =

(32)

© @ 2 S ® 24w
'Xa),__/ 412/ Acz) 4z Xc, =j dz [ Ai(ze3) 42

where Ai is Airy's function and in the notation of figure (2) % 5
. !

denotes the end point of a path of integration which tends to the

- point at infinity in the sector Sl or 52 respectively. Asymptotic
. o} ‘ . .

estimates of X3(0) and x4( ) show that they are recessive in the

sectors Sl and 82 respectively and dominant elsewhere, i.é;

©®
X

a dn
3,4 o2

=75 ;g_gg' | RNEED
- (7 42%)

|
108

5
as |Z[ > =, for Iph(Z)I < 1 1in the case of X3(O) and - =" < ph(Z) < us

in the case of X4(O)- This type of exponential behaviOUJ?as ]Z| > o ’
.cannot be matched with the eigenfunctions (11) and (12) of equation (4)
as z > i-, since it does in fact match with the pair {20), and so
these two solutions which are called 'viscous solutions' in the theory
of parallel flows may be discarded. Of the two remaining solutions

X {0)

2 matches the leading order (0(1)) term of the singular outer
solution (16) (c.f. (12)) and xl(o) matches the leading order {0z - ;a)
term of the regular outer solution (15) (c.f. (11)).

At the next order {31) has a solution

'X?: - eZ"( | - t\,(‘x Ls)") (34)

()

which is forced by Xy and this solution matches the second term in
the series (15) or the second term in the regular part of the series (16),
(0)

the other solution which is forced by Xy is a particular integral

of the equation

(bz_ 2) 7)27(:) = | (35)
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which must behave like 2 ln Z as |2]| + « in the sectors S, and 8,
of 'the 2 plane containing the boundary points Z_, to match the first
term in the sinqular part of the series (16). The soclution may be

written following Reid ('65) in the form

7((') f JJE/ {Qs(_E) _Lg 4z + 2.4»2 + AE 4 (36)

‘where e %2 .
o * ] 2.T 2
Ry (=)= res {AL(2>fAiCE¢ Y42 - Ai(Ze "){ Acz) dz
wl ob

1 1 .

and Qa(z) =g+ O(_Z) for |z| + = in S,wv S,
A

Matching (36) to (16} implies .

AL 5 B-o . (37)

Thig formulétion of the inner problem implies that the regular
solution of {(4) may be used as a uniformly valid asymptotic soluticn
of (1) for all ¢ whereas the singular solution of {4) may be used
provided c is such that the image in the Z-plane of the real interval
z € [- 2 2] lies in the domain SlLJ 52 of the Z-plane. Returning to
the z-plane of figure (1) this implies the fact long established in
the theory of parallel flow instability that for all ¢ the interval
z € [~ %u %ﬂ of the physical domain of the flow must be continuously
-distorted when used as a path of integration so that it passes beneath
the singular point z = %gin the z-plane. Further, the leading order
singularity {(13) may be removed if the "corrected" eigenfunction

fe = |+ (RS-(FgXE- ) ). %Y ...
02!

rss+ ’ )(H (2-£3] Lu(z-$) + (j%{ ’X“’(z))

+ O((;ﬁ)a o &)

(38)
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(provided z € SlL) 82 of figure (1}) is used to replace the function

wz of (16) where the terms in the first O symbol arise out of the
sequence of unmatched terms of the inner problem and the second from
the higher order terms of the ocuter problem. The remaining singularity

is now as weak as

b4

-5y L(=-5)

A {39)

. x,2/3

and the inner problem must be pursued at least to order (Ex- to
remove it. Notice that the vertical potential temperature gradient (14)
is now logarithmically divergent at the critical point and further that
by virtue of the simple inviscid sidewall boundary condition the
perturbation stream function ¢ of eguation (2) together with its first

derivative in z wvanishes on the sidewalls but its higher order derivatives

are singular at the critical point.

Dispersion Relation for Linearised Disturbances

The boundary conditions (1.63) have been derived under the

assumption that in the neighbourhood of the boundary points z =i:%

the flow is modified at leading order by viscous effects alone confined
to an asymptotically thin layer which enable no-~slip boundary conditions
to be applied on the boundaries and the conditions (1.63) at their
innermost edges. These viscous boundary layers may have the structure
of an Ekman layer on a rigid surface provided only that, as in the case
of a homogeneous incompressible fluid, the pressure in the layer is

independent of the boundary layer coordinate

2 = E/E--zl- (40)

As stated previously the effect of stratification does not modify the

structure provided

£ < o(%) whoe

However as is indicated in the previous section the flow of a real fluid
in the neighbourhood of the critical point is modified in a region of
thickness
3
.5_)
42
(;u (2
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by the effects of thermal diffusivity. 1If the critical layer, the
position of which in relation to the flow is determined by the application
of suitable top and bottom boundary conditions, overlaps a viscous
boundary layer then inevitably the effects of thermal diffusion will
modify the boundary layer structure. (An analogous problem for the
stablllty of parallel flow has been studied by Smith ('79) u51ng a

trlple deck analysis), When this situation, i.e;

[£2-%1 = ='CEH) » = (1) “

arises the model is inconsistent as the premise that the wviscous
boundary layer is an Ekman layer across which the pressure is constant
contradicts the evidence that the critical layer in a real fluid is
charécterised by significant vertical pressure gradients.

When (43) is not satisfied the boundary and critical layers are
effectively separate so that the eigenfunctions (15) and (38) describing
the flow outside the boundary layers reduce to (15) and {16) where the
1/3

effects of the correction at order ( ) to the singular solution
{16) may safely be neglected‘at the edge of the, now distant, Ekman
layers with an error which is of order (ﬁ%). To the same order of

approximation the boundary condition (1.63) at the outer edge of the

Ekman layers is

(3702 )2f - A3 - 3s (s2l)/ &, %><;6 (a4)

' onz =% — .
. 2

EQuation (44) may be expressed in terms of y(z) as

3 2-¢ ‘z- - = :'QE Sé_vé el - (45)
blle-)F(2) - LEAH) r(m> 2 )

and using (6) .and (8), equivalently

& 4 o
g &5 .’.’.Cd;*-‘g)i ) (46)

= il 35)( g +.£>§i;
a Ak 2R, 2(#1u+q,§>z' A
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where the transformed boundary points are

S-8)= -2(teg) (G reis) s s

(47)

Then putting

GlsY = AN(-,2,8) + B.ula,2,%) (48)

where A, B € € and both M(a,2,t) and ula,2,f) are a pair of linearly
independent confluent hypergeometric functions, the boundary conditions

become

A gsz(}{’(Q,Z.$>—o<°H(q.,Z,;>) +iMoS H(q)2,5)§

+ Bg 2 (Llaz,sd ..u.oe.LCq.,Z,s)> + .'.rlosu.cq;Z,s); (49)

= O

and

A .{(S-ut)z (H’(-,Z,SN)_o(ol,'f(n,z,s+u>> —c’.rtofs-f-“)r‘((q 32)5-'--:); .

{50)

+ B g(gﬂ)a(q'(q_‘ZJ-ru) —a%u(q)zjs-o-d))— L‘-lo(S-!-U-)u.(nsZ,s-o—d);
= O '
where a dash denotes, e.g.;
H'(‘L>Q>5*°‘> = (j!iud(“’zs‘*)
= S+
and
NS 1
Q‘d -
S = (40; > 2L e Lo, 4] (51)

:Z(:éii:_-r ¢:|5;1>é



-0~

1 2
and o, -0, 3 as a, Sh52 + 0,® respectively;

f"‘é:ié S_%i) BRNCTE
oL Ko

The parameter a < 1 is given by equation (10) and

s=-2 (ﬁ;*dﬁg)z (f—z*-j-)

{53)

1
_ ! 2 \2 .
o = 24 4__9\:-'-:!..,5) S o

The permissible normal modes are then given by the determinental

condition that (49) and ({50) allow non-trivial solutions of the

form (48), i.e.:
D (a,2y00 545 po3s) =

( 5% ( a '-f %, 31 (a,ﬂ, s)) +LMeS I‘f(q,Z,g))((su)zCu’- AT (a,z,sm)) b Cs-o-ol)u (a,Z,s-m)>

S—

\\
(Sl(u_'__ s (o 2,8 5)4- Lo Su(a,2555>((54-t52(ﬂ'-og Nla,2, 50}~ M oCM)H[n,Z,w)/.
= O (54)

and the notation has been abbreviated by writing M' - aOM(a,2,5) for

C‘@%H(ﬁaas"‘-> — olg H(“szs"*’))

= g

In principle, for given values of the real parameters (a,ao,a,uo),

i.e.; for a fixed point in the real four dimensional parameter space
(a,ao,u,uo), the location of the roots of the dispersion relation (54)
in the complex s-plane determines the number and stability of the linear

normal mode solutions. To choose a suitable function uf{a.2,s) from the
fundamental pair (11) and (12} it is desirable to render it real aleng

the positive real axis, hence
s -
QCQ>2,$> = -2 (1(2-“;-’2," TI-$> + LT H(ﬂ,Z,s)
r.(fhcx>




b~

u.(«.,l'ﬁs) = sﬁd(ﬂ-a 2 - —e ) + LT H(«, ,s)
~li-a)

(55)

which, using Kummer's transformation, has the power series representaticn

.,,(q 2,5) = <5 ¢ =L S Maa)( 5y Lus + $(2-as))-H155)-Has))
’ i) OFCZ-n)(-H)’\’,( v v ‘/>

' S

where § denotes the logarithmic derivative of the gamma function.

(56)

Immediately, since M{a,2,s) is real on the real axis, the complex
roots of (54) occur in conjugate pairs unless N is non-zero.

By inspection, the function D(a,2,ao,a,u0:s) has ne peoles in
the finite part of the s-plane but has 2 branch points at s =6« which

arise from the logarithm in (56) when a < 1. The choice

pl(sd € [-m,m)

(57)

Pﬂ. (s+x) € [-T )

implies branches of the logarithms 1ln(s), ln{s+a) which are consistent
with two branch cuts from s = 0 and s = -a to infinity along the

negative real s axis. Rewriting u(a,2,s} using (12) and (55) as

q(q 2,8 ) = ! r{(":zs‘i)éms
rd- )

+e® 0 L 2' [(2-a%) (f(2aei)-H14i) - €(247) e
< FC"-Q> r(2ﬁ>{,ff)‘! \/ \[ v )

! !

- =t

r@-) &%

substitution in (54} shows that D(a,ao,a;uo:s) is a continuous function

of s across the line Re(s) < -¢, i.e.; the branch cuts there may be

4 . g {59)
= -t & S e Cb‘;

removed and 1f



then D is an analytic function of s in the cut plane of figure (4)

and an analytic function of the real parameters {(a,o ,a,uo) for all s

o}
except at the branch points s = 0, s = -a, in this cut plane. Note
that equation (56) shows that since FTi%ET has a simple zero at a = 1
the branch cut and branch points may be removed in theflimit a1

so that D is then analytic throughout the s-plane.

S- Pﬂ.ou-.e_

Ziﬂk)

" Figure 4.

The number of roots of D(a,2,0 ,a,U ,S) in the s-plane

The principle of the argument may be applied to any domain RD
in the s-plane where D(s) is-differentiable except for a finite number

of poles and then

Multiplicity of roots of D{s) - Multiplicity of pcles of D(s) within RD

_ A1 g’ change of phase of D{s) as s traverses
2m BRD in the positive sense. ;
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where D(s) stands as an abbreviation for D(a,2,aO,a,uo,s). Hence
if Ry is taken to be the doubly connected domain bounded by a large
circle, Cl' of radius R centre s = 0 and a closed curve C2 surrounding £
in the s-plane as sketched in figure (4) then the absence of poles
of D(s) implies that the limit as R+ = and Cy > 2 gives the number
of roots of D(s) in the finite part of the s-plane, except on .

On Cl the limit may be evaluated using the known asymptotic
representations of confluent yypergeometric functions. For this purpose
it is convenient to use the functidn Ula,2,s) which is related to the

fundamental pair (11) and (12) wvia the connection formula

Hlaneys) = LD ™ Uluers o TOLTE0 U (emmye, 3 (600

e —_

rlesd G

where the branch is determined by ph{-s) = -7 when ph{(s) = 0 and by
continuity elsewhere. Substituting for u and M in (54) using (57) and (60)

gives
- e,
T-a) t><‘52)“35“)3*°59> =

g s2(u L-f‘,t.QC-ﬂ,s))* Lot d(u,?,;);

» g(jw)z( cc’*“dc:-..,z,.;‘”cuu)))'- dg-eﬁad(-'z-g,z,;m(sm))>
- f'-rlo (SH) - Bt LQ(Q-A‘ 2,-:.— "'."CSH)) ;

(61}

i

g(;«-; (c{f_%d(q,Z,sm»_ o (s+at) Ulay2,5me) ;

% g st (é‘-su'cz"‘\z;; E.l; >),— oL, -zs LL(-Q"Q) 2’*-.;_!7 s ) )
+ Mo s.es d;(-i’-a, 2,4‘""5) 3

The asymptotic representation of U(a,2,s)

L((n,&s) = s (l - o C;n) + C)C-s"z>> (62)



- bty

37 3w, . .
as |s| + « for ph(s) & (- = '—EE) is derived from the Mellin Barnes

integral representation of Ul(a,c,z), see for example Erdelyi et al.,

Higher Transcendental Functions, Chapter 6. Hence the first term in

curly brackets of (61) becomes

- (&™) (d‘, - alaeCa-D-1]eipe , ©Cs?) (©2)
s

as s + « for phis) € (- _§_21_r’ %T-T') and since ph(s+a) =+ ph(s) as s + o

for finite o the third term in curly brackets of (61l) becomes

S
3Tt 37 . .. . ’
as s + @ for ph(s+o} € (- = -5—) with finite g. Using (62)

- -iTMa +85 a2 -2

.e_sd—c.i—a..’a,-e. S)= & s (( -+ (:'_-.-L“_Z) -+ OCS )
s {65)

T 5T . .

as s + « for ph(s) € {- 3 -2—) : 5o that in this sector of the s-plane

the fourth term in curly brackets of (6l) is

alTta. + §

- SCL( "__ K+ Cg..-.?_)-a-i‘.to - O(s-:>> {66)
s

5
 Similarly, for finite a as s + « for ph(s+ta)e(- %, —211-) , the second

term is

~iTra. + S+ &

< s (l—ef,, + (a-2)-ipo +ast (l~ete) + QCS'Z)> (67)
P _

To evaluate D(s) asymptotically as s + « with the choice of branches
{57) it remains to find asymptotic representations of the second and
fourth terms in the curly brackets of (61) which are valid throughout
the sector ph(s) € [-7,- Xy . From the analytic continuation of Ula,2,z})

2
in the z-plane

u(a,zja-ejzﬂ-> = Ulas2,2) -2t H(a,233> (68)
)
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with (60) and the identity T(z}). {1-z) = ———
: sin =

a (“ {—Qﬂg = 2:..11‘@. (_d (q :2 '.-'_'-)
- l'_ae_:-“h ot u (Q_Q Q -t
M- €9

. 271 .
A change of variables, z = se l, then gives

Ula,2,5) = U (w2 2, 2%

(70}
..;ZWL-L&““ SC11£2—A ;Z_Qf"
r(ﬁ',)r(a)
and thus
. - -?c.‘m
.gsd(-’)-"d-,z,-e_ 1'; = -2 Sdm-q)Q -e.
., =tTWa 71
N TTJO .
FCf-c->rC2-°-> -

so that (62) gives the required asymptotic representation of

_'11' .
esU(2—a,2,e * s} valid in the sector

g,,ak(,_a’f,) e (-3, ?_g)?h g plls) eC—:"_»Z_rr, 3_2n->§

T m ' . .
Iy, The first term on the right

i.e.; in the sector ph(s) € (- >3

hand side of (70) is

—Ta. ¢ a-2

-3 I ([ + Cc.-l>(o.-2> + OCs-z)) (72)
S

which is formally the same as (65) except that (72) is valid for a
different range of ph(s). Since the second term on the right hand
side of (71) is a multiple of U(a,2,s) its contribution to D({s) is

seen to vanish identically from (61). Thus the asymptotic representations
(66) and (67) may be used throughout the sector phs € (- ;g— %;) in

evaluating D{s) asymptotically.



YA
Equations (61), (63), (64), (66) and (67) imply

DC&,Q,-(,>M,,4°;S>= —.iff’i olon—oQ)(-c,ai')
/ r(2-a)
+.e°‘[_'-a<,0-oe,)@+!-a)+a-.3=la—¢r=_7

= [otolt-ooYali-0d ot (a -2 +a-Tve *‘:["J
< : (73)

‘ + OG-:) g as S oo

and the change in phase of D(s) as s moves anticlockwise once around

Cl is given by putting s = Rele and letting 6 increase through the

“interval [-7,m}. In the limit R + = the contribution is

4m ¥ ¢ >0, © .

o € (0, %], Vi |
At this stage the effect of viscosity is completely removed from
the problem by setting uo = 0, thus the roots of D in the s-plane occur
in complex conjugate pairs and D(a,Z,ao,a,O,s) is abbreviated to
D(a,2,a0,a,s) or D.
To evaluate the change in phase of D around the contour C

that on the branch cut £.

2 note

D C‘\az)“a 3ot 5$> = .Sz(S-f-u)z{("u%ff(o,z,s»(u’—«gu (n, Z,s--a))
- (r(i.u,_.,rf('.,z, sfu)) (...J_Vuau (a,?,s))?

= 5‘ (S-f-“-bz g(HL ol N(ﬂ,2,5>><u_!_d°“(q)2, ;“>>
- (H Ly,.r{(o,z, s.ﬂg)> ze_(u "%“-(';Z,s 74)

- s=(5ﬂ> (H'—Nor{(asz)f*“» (r{’..dof'{(u,z,S)>
rCi-a)

where the first term is real, the second term is purely imaginary
arising from the logarithmic singularity in u(a,2,s) and the upper
choice of sign is taken on the upper side of 2 where ph(s)= T .

As s + -

-

D(q,?,do,uss> =_"_‘i__>(d"('-o(¢#{(a>:2,—ot)) -+ o(l) (75)
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and as s + 0

D(q,:?,dc,uss>=-_9,{i \ (RLM.H(AsQ#)) + °Cf§ (76)

M-

both quantities are real in the limit. Away from the branch points
and on the contour C2 of figure (4), Im(D) # O unless there exists s € %

such that

Either M- daH(q,Z, s.'.ot) =0 _ (77a)

or N wa Blay2,5) = (782)

In the case of (77a), for such an s,

Q.n. (D) = si(s-*d)z (HLdol‘P(o, 2, 5))(“ . ol el (;.,2, s-.-u)) ('77b)

whereas in the case of (78a)
LoD = — s (s+af (ML atstl(s 2 s'wt)). Bo(il-aeulay2,8))  (780)

Now consider the pair of functions

P("Sj‘) o § 5).—? H"" e H(a,:?,s) (79)
A(as2yo;s) = w'— oo loy2)s) (80)

First of all, their Wronskian, found by manipulating the confluent
hypergeometric equation and the Wronskian of the fundamental pair (11)

and (12) is given by

(PR = P~ ap’

s
== (2t -a _«o(l-uo>s> (81)
[(2-a)s

I



/a_?/

which is non-zero except at

So(“owL) « I'Q (82)

S = edeta-a
ﬂ"o(l- “")

and from the power series solutions (l1) and (56) as s + O

P(a,ﬁ,ao;s> = & - oly + O(S) {83)
o
Qla, 2,058 ) = ! . (14 on)) (84)
f"'(.’!-«;}s

Hence the roots of P(a,Z,ao:s} and Q(a,Z,aO:s) in any connected interval
of the real line not containing the point s = SO are simple and inter-
laced, i.e.; the open interval between two consecutive roots of P or Q
contains exactly one simple root of § or P respectively. Further
when a > 2uo, if either P or Q has a Simple root on the real line to
the right of s = 0, ©Q has the smallest positive root and the remaining
roots of P and Q are interlaced on s € (0,»). When a < 2a0, if either
P or Q has a simple root in the interval (O,so) again ¢ has the
smallest positive root and the remaining roots of P and Q are simple
and interlaced on this intexrval; supposing now that either P or Q may
have a root in the interval (so,m) and that neither function wvanishes
at Sqy then the functicon which has the smallest root on (so,m) is
that one which has the largest roct on (O,so).

The point s_(0_,a) may be considered in further detail either by

0 0
using the Wronskian {81} or by the change of wvariables

43'" °’°q£(‘> - <% 5—‘§ ($~S°C«.,,n)>é ‘{'(s) (85)

where ¢(s) satisfies the confluent hypergeometric equation and W¥(s)

satisfies the second order differential egquation

, . | .
s5*(s- s.;)z '“l'"(s) + s ) gs(s-sa)[-foés-'l) (s-5.5"+ C1-2:,5( S+§') -3]

= A (U299 52 5(@+ 125D + 35, ) (=203 5 a- c.-o«.);,)..»;,);

= O

(86)
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Applying the method of Froebenius to the regular singular point
S = Sy the exponents there are - %—and %—implying that either P and Q
are both non-zero there or one of them has a twice repeated root.
Whilst the exponents at S5 differ by an integer there is (obviously)
no logarithmic branch point at s = So

Consider P(a,2,a0;s) alone and note that P is

p(ﬂjai"’o;§> = H"'dore(ﬂi:?)5>

analytic (differentiable and free from singularity) £for all a and %,

in the finite part of the s-plane and thus as a and @, vary throughout
their parameter ranges the number and position of its roots on the

real .axis vary either by

{i) Roots appearing or disappearing through the singular point
at s = @
or (ii) A twice repeated root appearing or disappearing through the

singular peoint s'= Sqy for ay > 0. PFortunately, if and only if ud =0

: P(n,Q) O)s> = H'&,?,s): % H(ﬂ'r,)s,S) (87)

is a (regular) confluent hypergeometric function, its real roots are all
simple, may be shown to form a Sturmian chain and their loci in the

(a,s) half-plane

aé' : SGC‘*’”B

may be sketched as in figure (5). (See Tricomi, 1, §3.5 and page 141 in
particular). In the case ey = 0, and when a = -n (h = 1,2,....),
P{(-n,2,0;s) is a constant factor multiplied by a generalised Laguerre
polynomial Li_l(s) of degree n-1, the orthogonality of this class of
functions with respect to the weight function sze_s on the real line
implies that the n-1 roots of P{-n, 2,0;s) are simple and distributed
on s € (0,»). Clearly, when h"= O, P vanishes identically in the s-plane.
Similarly M{a,2,s) is related to Lnl(s) when a = -n (hh=0,1,2,....),
all of its n roots are simple, are distributed on (0,~) and distinct

from those of its derivative Li_ (s). Hence when o >0

1
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Figure 5. Contours P(a,2,0;s) = 0 for real s (solid lines), the

contours Q{a,2,0;s) = O for real s are shown dotted. P(a,2,0;0) <O

1 > 0 as 5 + O+; determining sgn (P),

sgn (Q} throughout the plane.
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p(-n,Q,uoss>= H‘-dor((-“:zjs)

{88)

has at least {n-1) simple roots on s € (0,%} but since P(mn,z,qa;s)

is a polynomial of degree n with real coefficients it has a total of

n roots, all on the real axis, n-2 of which must be simple. When

n =20, P(—n,Z,GD;s) = -e..
With reference to (i) above, the asymptotic representation of

P(a,Z,GO;s) is

p(n,a,u°5s> = -sta-z ((f—do)-.- OCs")) ' (89)
ré)
Ta ~o.
~ 2 5 (eto+a(lreli-ad)+ols™
F(:z-a)( * g (leaei) v 0ls))

The first term is dominant as s + «® and recessive as s + -=, its sign

is independent of ao but since FE;) has simple zeros at a=-n {n =0,1,....)
this term changes sign as a passes through a = -n. Consequently,

for all uo, a simple root of P appears or disappears at s = +e if and

only if a=—-n {(h = 0,1,....) and with reference to figures (5) to (7)

the lines a = -n are therefore asymptotes to the contours

P(a,2,uo;s) =0 as g + «, Vao € [O,%i. The second term is dominant

as s *+ -» and recessive as s > «© except when a =-n {(n = 0,1,....)

when it is dominant everywhere and P is a polynomial, its sign is
independent of a for a in a neighbourhood of a = ~n: however in the
limit ao + O+ the sign of this term changes as s + @ when a < 0 and
as s * - when a > 0. Hence the contours P(a,2,a0;s) = 0 asymptote
to the lines a =t (0 = 0,1,....) from above in the (a,s) plane as
s + = for oy > 0. This implies that there must exist a value

an € (-n,~n+l) (n =1,2,....) of a, for all o ., at which P(a0,2,a ;5)

o 0

has a twice repeated root at s = so(ao,ao). A special consideration

of M(1,2,s5) as given in (1lla) shows that for o > 0

PCF,Q,«.,,'S) = se - Cf+u°s>(-es-l)

4

(20)

s
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I Se 5, (ay%a)

Figure &. Contours P(a,z,ao;s) = 0 for a typical value of

&g € (0,%), s real. The contours Q(a,2,u0;s) are shown dotted.



«-{3’

Figure 7. Contours Pl(a,2,%:8) = 0 with contours 0(a,2,%:s) shown

dotted.
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having one root which moves alohg {(-=,0) as a. varies in (O, %J which

0

1 .
is to the left of so(uo,l) and both roots n, - ~— to leading order as
%o

ao + 0.

The contours P(a,2,ao;s) are sketched in figures (6) and (7) for
a typical value of ao e {o, %0 and ao = %-respectively. Although some
numerical integration was used in deriving gquantitative detail the
qualitative form of the sketches follows from the preceding discussion.
Notice that the singular points of (86) coincide at s = O when

a = 2uo, the power series solution (11) implies

[ =]

Lip

P(a,a>d¢3‘) = 3-— of, + (ﬂ-_g_'-d.,)S-f-O(S‘) (91)

ag €50

-

so that P(2uo}2,a0;0) = 0 Yo, and the gradient in the (a,s) plane of
the contour though (2a0,0) is

- Q‘_‘fb C!"‘O’¢> |
3

so that the contour has a simple intersection with the line

5 = so(ao,a). The contours of Q(a,2,a0;s) are also shown dotted in
in figures (5) to (7). Their location may be inferred from the
asymptotics of u(a,2,s) as s + =, the power series solution (84) at
s = 0 which gives Q a pole of order two for all ao and a < 1 and the
interlacing of its roots with those of P on (0,®). With the choice
of branches (57), the negative real axis is a branch cut for

Q(a,2,ao;s) when a < 1, when a =1

s (92)
1,0, 0055 = = ( (- sCiosts )
g®
. . 1
possessing one simple root at s = 1-a € [1,2].
Now return to consider the locus of D(a,2,ao,a;s) in the complex

D-plane as s moves clockwise around the branch cut contour C When

9"
a = 1 the disappearance of the branch cut, %, implies from (71) that

for ao e (o, %ﬂ and oo > O there are always two roots of the dispersion

relation in the finite part of‘the's—plane, this limit may formally be
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recovered throughout the analysis of this chapter and will be
considered in some detail later. For a < 1, as s moves along the
upper side of the branch cut {ph(s) = 7n) from s = -o to 5 = 0, D moves
off the real axis at a peint given by (75) and into the complex D-plane
with an imaginary part given by (74). If and only if there is a point
5 € L where either (77a) or (78a) is satisfied then Im(D) = O there
and the sign of Re(D) is given by (77b) or (78b) respectively. Aas

s + 0, D tends to a point on Fhe real axis given by (76). The locus
of D as s continues to describe the lower side of the branch cut
{(ph(s) = -7) is simply the reflection in the real D axis of the locus
for the upper side, SeeD(s) = D(S). Specifically, with reference to

figure (6), on the upper side of the branch cut

(A) For a < 2a0; D(a,2,u0,a,—u) < O and
Sgn(Im(D)) = Sgn (—1,-(—1%5—)-).Sgn (P{a,2,sta)). When Im(D) = O,
Sgn(Re (D)) = -Sgn(Q(a,2,s+1)). At s = 0,Sgn(D(0)) = -Sgn(p(a,z,ao,a)).'

If the real roots of P(a,2}ao;s) are arranged in ascending order

el

A
S <5 < ...

.

then for a fixed value of a, a < s implies that the locus of D is a

1
closed curve encircling D = O once in the positive (anticlockwise)

sense; §. <a < 32 implies that the locus of D encircles the origin

twice inlthe positive sense, etc. If, however, for some a € (-n,-n+l)
P(a,2,ao;s) has ntl roots, that one of the contours P(a,2,ao;s) =0
which s traverses last as it moves along C2 on the upper side of the
branch cut is crossed twice and the locus of D in the D-plane encircles
the origin n times in the positive sense, i.e.; for a = —1+ the loci

are sketched below.

bcﬂov;@,) 2. 05)

A
For o6 < s,




vy A .
o0 Ra (D)
A A
S <o S,
CDMD >
D) LCh)
A -
o> S,

(B} For 2aOJ< a <1l; sgn(D(-a)) = Sgn(P(a,Z,aO,—a)),
Sgn(Im (D)) = —Sgn(P(a,Z,aO,s)). When Im{D} = O,
Sgn(Re (D)) = ~Sgn(ReQ(a,2,aO;s)). at s = 0, D(O) < O.

-~ ~

Since P{a,2,s) has only one negative real root s, <0, o> —sl implies
that the locus of D(s) is a closed curve not encircling the origin,
whereas o < —§1 implies that the locus of D is a closed curve
encircling the origin once in the negative or clockwise sense. The

loci are typically as sketched below

Do)

O iy
Deey . icm

oL > -5,

Dé:i)
Do) 0.




,-57.-

Figure 8. The number of roots of D(a,2,ao,a;s) for a point in the

{(a,a) plane for a typical value of qo € (0,%). The curves are

‘[P(a,2,a0;a) =0: o >0} U {P(a,2,a0;-a) =0 : a > O}
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Bpplying this type of algorithm the number of roots of the
dispersion relation may be found and the results are summarised in
figure (8) which shows a plane, o, = constant, cross~section of the

three dimensional parameter space (a,a,uo).

The Morphology of the roots of D(a,z,ao,a;s) in the s-plane close

to the branch points.

Equation (71} shows that the change in phase of D as s encircles

the point at infinity is -47 for all a <1, o, € (O, %ﬂ and a > O,

0
this suggests that no roots enter or leave the s-plane at infinity
throughout parameter space. Further, for a < 1 there are no roots on

the branch cut £ = (-¢,0) since:-

For a < 2u0; Im({D) # O on % unless there exists s € % such that

P(a,2,a0;s+u) = O when
' 2 2
Re (D} = s (s+u) P(a,z,ao;s).Q(a,2,a0;5+a)

which from the curves (P,D) = O of figure (6) does not vanish as
'P(a,z,ao;s) < 0 for s € £ and P(a,2,ao;s+a) cannot vanish simultaneously
with Q(a,2,a ;s+a).

For 1 < a < ZaO; Im({D) # 0 on § unless there exists s € § such
that P(a,2,ao;s) = 0 when

Q—e a(‘*52>"o;°‘-55>=“5?($+d§- p(ﬂ,?,ﬂcsg-pd).ﬁ.c(H-'-HOGLCQ,ng)B

From figure (6) P(a,2,ao;s+d) may not vanish on %. Now from the

integral representation
abafé
- a-l t=
Ula2)=l | LY B e
)
o

i T
which is valid when Re(a} > 0, -m < ¢ < 7w, - 3-< ¢ + phis) < 3 and

the contour of integration is a ray from the origin, equation (51) implies

i
e @le2inis)s R [ =650 1) 44
r¢21m> (94)
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If ph(s) = 7, on the upper side of the branch cut, ¢ may be set
eqgqual to zero and the right hand side is positive definite for all
such s and then Re(D) < 0 along this path in the s-plane. By taking
the complex conjugate of the dispersion relation there are no roots
on L.
Hence, when the number of roots of D(a,2,ao,u:s) chaﬁges it must
do so through the appearance or disappearance of roots through the branch

points s = =, s = O. Equations (71) and (72) confirm that

S= wol @3 a.hao‘é'cs-b P(n,g,-!u;-ol)= O _,'__,.0_,0.. éu- ASO

D o> Qe (95)

and

s=O {s'a.roaé’é.-—.b P(ﬂ,?g%§“5=o » q_»d..c.o. @.r ot DO

=5 a <l (96)

so that on the 'critical curves'r the curves of figure (8) which
separate neighbouring parameter regions according toc the number of
roots of D, s = 0 is a root on all curves except the top left curve,
Sb, where s = -a is a root. For a point (a,a,ao) moving within a
region bounded by 'critical surfaces' which are the generalisation in
(a,a,ao) parameter space of the critical curves of figure (8) the
analyticity properties of D(a,2,ao,a;s) imply that its roots move
continuously in the s-plane away from the branch cut, branch points
and the point at infinity.

Using the power series solutions (11) and (58) the power series

representation of D(a,2,a ,u+6a,uo;s) about s = 0 is given in appendix A.

0
Since D is analytic in the cut s-~plane with respect to a, o, and ¢ the
gualitative way in which the roots of D may pass through the branch

point s = 0, for example, as a point (a,o_,0) traces a path in parameter

space crossing a critical surface (96) gs given by setting the series
of appendix A to zero and then estimating the path of the root
asymptotically as a critical surface is approached. Further, for a
given point (;,&,&O) on a critical surface the path of the root through
s = 0O in the s-plane must be a continuous function of the direction of

the path through the point (a,a,ao) in parameter space, so for simplicity

consideration may be confined mostly to paths



~do

a = constant, @ = constant, o variable,

crossing the critical surfaces.

Consider first the case of (96) when also (5,&,&0) is such that
, L™ Lo
P (z,2,5,:3)# o (97)

then the relevant series is (A2) of appendix A which shows that s = 0O

is a simple root of D. To first order in Soa as éao + O

S= - Sx (98)

so that for small du¢ increasing through zero, corresponding to a point
in pérameter space moving from left to right across any critical curve
of figure (8) apart from.So, the root moves through the branch point
from right to left along the real s-axis. However, since there are

no roots on the branch cut, for Sa > O the series must be examined at

higher order. At the next order the third and sixth terms of (A2)
balance implying

= -gbl + &,
(99}

= -Sd + CQ—QJQ)F(Q-'L)Q(&,Q,QS,&) (Sb(}z -+ o(&ﬂt>
apr'(=,2,5,,x)

which is still real and negative for O < da << 1. The lowest order
imaginary part of s, €; say, is given by balancing the third with the

tenth (lowest order leogarithmic) term of (A2), i.e.;

:ru CS) R r(a-n>(a —adolg >é’_(&(31 (J.Q_(SB (100)
' - o r(l—o.\

. then for 6a > O
s=-5« (I +OC&5>

+ 4
c ¢ (a-2a Y (a->Y A 5,2,8,3 ) plesd B . (14 ocs;.)()lon
G- (x,2%,,5)

as got—; O



where the bracketed series are real, whereas for da < O the root is
given to the same order by (98). Referring to figure (6} there are

two cases to consider; along the upward sloping parts of the neutral

curves for a < Zao

%«(QCa,Q,ﬁp,aﬁ

- %* (P(a,.?,'.‘r“g)> (102)

"

Sl Lh.po-h %..(]»ﬂ (s)) ' 5\7“ (;J-(:))

in (101), in this case a root moves along the real s-axis dividing
into two complex conjugate roots with negative real part 0(Sw) and
imaginary part 0((6&)4) as it passes through the branch point; along

the downward sloping parts of the neutral curves for a < 2&0

Sm (@(2,2,5,53) ) = S (P(=,25,58))

(103)

;,_qu:.:j ' S (705 = - S (plesy)

which is contradictory with the choice of branch ph(s) € [-4,7).
As a point in parameter space moves from left to right across such a
curve in figure (6} a root moves along the real s-axis, passes through

the branch point singularity and disappears off the cut s-plane at s = O.

QQ(SB

(1%)

Figure (9a) the arrows are in the direction of So increasing for the

situation of equation (102). Figure (9b}, similarly for equaticon (1C3}.
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The way in which roots appear onto the cut s-plane through s =0

differs according as

:2 § S (:o >a> = Qsa'a (104)
Fo (1-%)

The upper inequality corresponds to figure (9a) and from (53) describes

a neutral mode with phase speed slightly retrograde with respect to
the basic flow speed at the lower boundary,catching up with it and
then changing to a pair of modes, one slightly linearly stable and
one slightly linearly uhstable, having equal phase speeds in advance
of the boundary phase speed. For the lower inequality a new normal
mode appears with neutral stability and slightly retrograde phase
speed.

On the critical curves where

o = S°C§0,3‘.>
(105)
iwlid cose PCz, 2505 ) = P'(2,2,55%) = ©
equation (A2} shows that s = O is a twice repeated root of D. As do
increéses through zero the path in parameter space is tangent to a
critical surface so that the total number of zeros is unchanged. To

first order as da -+ O the sixth and eighth terms of (A2) balance to give

-

s= S« ( [ + t..jl G-e> C“f“’é) Q<°>2>°’-5°‘>l ) (106}
R CL RS + o (Sx)

({ - F(Qm><a-2-$) Q(q,Q,d.,‘u>
P"Cdaza"‘o;d)

as & &

where the right hand expression is evaluated at (5,&,&0). At such a

critical point

%u’ Q<‘$2)°'¢;°‘> = S\-T“' P"C“!Z;ﬁ’%.\“b (107)
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S0 a pair of conjugate roots move along curves which cross at s = O.
To find the way in which a root appears at s = O when (105) is
satisfied the expansion of D(a,2,ao,a;s) must be re-addressed.
Consider ub and o fixed with a varying about the values (3,&,&0) of
(105}, using the power series (11) and (58) and the analyticity of
P(a,2,ao;s) and Q(a,2,ao;s) with respect to a, the relevant equation

is {(ad) and

.

p .
Sz =2 g:-'cr};k5 + c:CSL;)
r(a-ﬂ-> la -2-’.) Q(o‘z,da ;a) - P "(a ,?,d.')w)

n

{108)

as&as o
evaluated at (Z,&,&o). At the critical points of (105) the de;ivative
%5 is of the same sign as @ and P" so that as §a increases through
zero a pailr of complex conjugate roots approach the origin in the
s-plaﬁe along the imaginary axis and move off along the real axis but
again the logarithmic terms in the expansion imply that for fa < O

a new root is produced. Equation {(108) gives the positive real root
and negative real part of a pair of complex conjugate roots whose

imaginary parts

Pl

=+ TFRQ-&>(&-204°> g ASaN
2% Nli-a)

(2-a)(a -2, a2em) - 2 el
(2-a)(a-202) Q(a 2,050) - P"(a,2 . ) 109)

evaluated at (a,aO

fourth terms of (ad).

,ao) are found by balancing the first, third and



A3

é:(; )

f ! ]

1
Figure {10). Arrows in direction of increasing doa for a path in
parameter space tangential to the critical surface of (105), on the
left. BArxrows in direction of decreasing §a for a path intersecting

the surface of {(105), on the right.

If 2ao < a < 1 then from equation (95), s % -0 is a simple root.
The one root of D which occcurs for wvalues of queft of the critieal
curve of figure {(8) must be real, immediately implying that this
region of parameter space corresponds to a neutrally stable flow
which supports one neutral mode of phase speed greater than the upper
boundary basic flow speed, moving along the negative real s axis from
the left towards s = -0, as the critical curve is approached. To

estimate its evolution as the curve is c¢rossed, again consider (a,a,uo)

fixed and satisfying (95). Using the symmetry property

DCQ,Q)«O,d5~d+S>:~b(n,2’d°);¢js> (110)

to evaluate the root in a neighbourhood of s = ~a from the series (Al)
which applies to a root in the neighbourhood of s = O,some care is
needed to temporarily reinterpret the branches of ph(s) and ph(s+a},

since for the existing choice of (57) the function Q{a,2,x_?s) has a

0
branch cut along the negative real s-axis nullifying the procedure of
Taylor expansion upon which appendix A relies. Suitably reinterpreting

ph(s) and using (AZ2)

= - ot +Ex - (n-ﬂd.>rCQ-m>Q(o,2,¢°')—a(\ @)t

QP'C.HQ’% 3“’")
+-o<£ﬂ?> dscgJJDC)

(111)
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evaluated at (5,&,&0). Note that the apparent ambiguity of the

term Q(5,2,ao;-&)in this equation is removed since from (55)

‘\7"" (Q(“szi"‘os 5)> = 7 /)(“)Q'dbis)
I"Cr-a.)

as ph(s) » #r which vanishes when (a,aO,s) = (5,&0.—&) and the real

part of Q(a,2,ao;s) is continuous across the branch cut there. From

(112)

figure (6)
5\'7“(&(%2,%;-95): %*CP’("Z\"G?'“)) =+ (113)

on the critical curve:so of figure {8), so for Sa > O the imaginary
parts of the pair of complex conjugate roots whose real part is given
by (111) is found to be

+ = (-2 (ra-D) Qla, 2,202 .(gd>4' (114)
4FCl—q.> pICa,'Q,do"-ot)

and comparing (111} and {114) with (99) and (10l1) reveals that the

behaviour of the roots in the s-plane is similar in both cases.

The Morphology of the roots of D(g12,aoja;s) and linear stability.

Having enumerated the roots of D in the s-plane throughout
parameter space and estimated their behaviour asymptotically in the
neighbourhood of the singular points s = 0, -a, ® over small regions
of the space in the neighbourhood of the critical surfaces, the stability
of the flow is determined by considering the location of the remaining
roots in these regions and the location of the roots at points of
parameter space away from the critical surfaces. In the case By = 0
the occurrence of the roots of D in complex conjugate pairs implies that
the flow may be at most neutrally stable and then the number and nature
of the real roots of D together with the information of the preceding
section determines the type of linear stability of this inviscid flow.

The function D(a,2,a_,0;s) was evaluated numerically by first

o}
summing the appropriate real and imaginary parts of u(a,2,s) and M{a,2,s)
together with their derivatives in s from the power series (11) and (56}

in a neighbourhood of s = O for some chosen value of a < 1, then
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integrating the confluent hypergeometric eguation along the real line
using a simple forward step package for solving differential equations
based on the Adams Bashforth method which outpuﬁs the wvalues of
P(a,z,ao;s) and Q(a,Z,GO;s) for some ao e (0,%1 at each step. At each |
step, for sufficiently large |s|, these values are compared with suitable
asymptotic estimates since, as may be seen from the asymptotic behaviour
of the functions leading to equation (73), it is necessary for accurate
evaluation of D for large |s|'to choose the component functions

ula,2,s) of Q(a,z,ao,s) so that © behaves algebraically for large |5|
when a # 0, -1,-2,... i.e.; from (51) and (56), to compute

Qla,2,058) = =T sinTa (U-'(MZ,O- oty U («,2,s>>r
'r(l—n.).rﬁ.ﬂ—a)

p(q\3>u€°,‘5> = H‘(q,2,5>—-olor{(n,2,s>

for noninteger values of a and then for integer values of a to compute

and

@) (a,?,dy‘;) L,LtCﬂ)2,$>-—c<Ou_(e..,2)S>

1

and

M'(asZ55) — o M(as2;s)

tf

P (432)"05 5>
when Q behaves exponentially but now P behaves algebraically. Some of
the resulting information was used in sketching the curves of figures
(5) to (8). Aafter adjusting the step length of integration and choosing
suitable tolerances.for the routine based on initial estimates of the

real roots of D, the functions P(a,2,a_;s) and Q(a,2,u_is) were stored

and then the roots of D on the real axgs estimated forosome positive
value of g. The programme semed to give overall accuracy in evaluating
D of about six fiqures and was run in single precision only.

It would be a fallacy to claim that numerical searching of the
(a,a,ao) parameter space constitutes proof of the linear stability of
the flow, the most that can be claimed in that respect is that it is
certainly unstable immediately below and to the right of those parts of

the neutral curves of figure (8) with upwards slope and is neutrally

stable when D has only one root,
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It is instructive to review the limiting problem formed by
letting ¢ + @ which from (53) is equivalent to removing the upper

2
using the conpection formula (60) together with the asymptotic results

(62} and (65)

h s ss . . .
boundary at z = - off to infinity in which case from (54) with Hy = o]

2 LTUA

D(a 325 0p 4ot} s) = 5;((51-& )-—e_ {(U..’- doa(q,2,5¥(._s“&>l_ “oé*du (Q_“)Z)-:-ESM)»
Jea

— (U woUla,2, ,H>> EW-uee U (2a,2,<"F)

(115)

hence as o -+ « for finite s the eigenvalue problem reduces to

-

“:(1,2,%55)5 sz(d'_,‘ou_(q,z,s» = O (116)

This is formally the same as the dispersion relation for Charney's

('47) model where there is no upper boundary confining the vertical

extent of the flow and the upper boundary condition is replaced by
applying the radiation condition that perturbations to the basic

zonal flow vanish as z -+ ®. This problem has been discussed by Burger
(‘62)1and elaborated by Miles (64,a,b,¢), the roots of ({116) were
enumerated by Burger and the limiting case of large o in figure (8)
concurs with that result. Whilst for large but finite @ in the vertically

confined problem of D(a,2,ao,a;s) a simple rcoot appears at s = 0 as a

crosses the critical surfaces which asymptote toa = 0 (h = 0,1,....)
for all ao as o <+ «, in the limiting case of (116) s = 0 is a twice
repeated root when a = -n (n = 0,1,....) and roots appear through the

{single) branch point in a manner gualitatively similar to that of the
present problem when d = so(&o,é) as described by figure (10) and
egquations (108), (109). Note that in Burger ('62) the linear stability
problem is solved as it is purportedly shown that for - < a <=-n+l (118)
has n simple roots on the positive s axis, this result is confirmed by

numerical integration but I believe that it remains to be proved that

_(L/_ xod(“>2)’°@°'“>> % O Va e |

¥ e (1953, €13



either by connecting the power series solutions of (86) about the
singular point s = so(qjya) to those at the singular point at s = O
or by a method of bounding the real roots of the differential equation
to the left of so(qa,a).

" However, the numerical results found suggest that the stability
of thé flow is consistent with those of Burger and Miles for Charney's
model and with those of Garcia and Norscini (*70), as far as the
computation here is of real roots alone, for the model recovered when

¢

4y = %y i.e.; when the vertical scale height of the ambient density

stratification is infinite. The results may be summarised by.stating
(i) D has at most two complex conjugate roots
(ii) The remaining rocots of D lie on the real interval s € [0,«)
except whén D has only one root,when a » 2a0 and the root is on (-w,-qgl.
{iii) The real roots of D are simple except when the pair of complex
roots move onto the real axis to coalesce in a twice repeated root

near s = 0.

Referring to figure (8), each time that part of é critical surface
which is formed from the parts of the critical curves of figure (8)
with upward slope is approached there will be another surface, which
computation shows to be close to this part of the critical surface, on
which the conjugate roots in the s-plane meet at a point s* on (0, )
which is closer to s = 0 than any other real rooct of D. Approaching
the critical surface, one of these roots moves off to the right on (0,)
remaining distinct from any real roots which are already there and the
other root is that one which passes through the branch point s = O as
in figure (%a).

- The numerical results suggest that s*(ao,a) decreases monctonically
towards s = 0 as the plane ¢ = so(ao,a) in parameter space is approached
from the plane o = 0, recalling equations {105) to (109) and figure
(10}, s*{a,a) = O when ¢ = sotao,a). Crossing the critical surfaces at
points for which g > sO(ao,a) and a < 2a0 nc more repeated roots were
found and for such a region where -n < a < -n+l (n = 0,1,2,....), D
possessed either N or n+l simple roots on the positive real s axis, the

“change occurring as in figure (%b) when the surface is crossed. The
remaining tweo roots are therefore complex implying that the flow is

unstable at all points on the critical surfaces where ¢ > so(u ra@),

8]
this result is supported by the more detailed numerical solutions of Garcia

and Norscini for the single critical curve which asymptotes to a = 0O
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Figure 11. The flow is linearly neutrally stable in the closure of

the hatched regions for a < 1 in the (a,x) plane for a typical value
of uo € {0,%). For m < so(a,ao) the instability is strong on the left

hand boundary of each hatched region and is weak on the right hand

boundary.
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from a = O+ when ab = %-as a > o,

Figure (11) shows a plane cross-section of the parameter space
GO = constant for a typical value of ao e (o, %0 and on the basis of
the above results the flow is neutrally stable in the open part of
the hatched regions and marginally stable on the boundaries of these
regions for a <1, o > 0. In the limiting case of Charney's model,
which is on the plane o = ®, the flow is marginally stable on the lines
aO e [o, %ﬂ,a =-n (n=0,1,.,..) and unstable elsewhere. With the
terminclogy of Miles ('64a) the onset of instability across the surface

:% and across the critical surfaces for o < so(a (a) is called a weak

o
instability, the growth rate being O((Ga}4), whereas the onset of
instability across the remaining surfaces where the flow is again
marginally stable is called strong since the growth rate there will

2 tq s
/ ) and the flow changes its stability through the

typically be O((Ga)l
more familiar mechanism for inviscid flows of the coalescence of real
roots of the dispersion relation to form a complex conjugate pair at
a point of the s-plane where the dispersion relation is analytic.
Returning to (47) and (49), the parameter regimes of figures (B) and (11}

may be divided by the plane a = 200. Since

a = | <= %g-l-_’_ = o

(117)
a 2 lu, & LS < o
| A
O<es€d &5 té.[o,mj

when a < 2ao the regime is applicable to flow of a westerly wind with
some value of ﬁL-z_O, as both B > O and S > O by the requirements of
the model as digcussed in chapter one. When a > 2a0 the regime pertains

to flow of an easterly wind (A < 0) where

o>3E5 5 -1
A - ﬂ‘s (118)



i d

since there is no a priori restriction imposed on the sign of direction
of the basic flow by the model. On.the plane a = 2ao for a <1, B
must vanish so that an f-plane model with finite vertical scale height
of the ambient density stratification is recovered and figure (11)
suggests that this type of flow is always linearly unstable when g > O.
The line a = 2ao = 1 corresponds to the exceptional case of Eady's
model which relies upon the f-plane approximation with the further
simplification that ﬁL = 0. Since a = 1 the branch cut in the s-plane
may be removed and it%is then’ necessary to reconsider the roots of the
dispersion relation, since also o =_%~equation {20} shows that the
negative root of P(l,2,ao;s) which behaves like ~ éL as o) 0 is now
at s = 0 confirming that D has two roots in the s—p?ane for all o > O
in Eady's limit.

The limiting procedure of recovering the dispersion relation of

Eady's model is regular in the limit a + 1, @, > 5 as is suggested
by the asymptotic analysis of the behaviour of the rcoots in a neighbour-
hood of the branch points on recalling that the imaginary part of s

there is multiplied by the factor which has a simple zero at

1
T{1-a)
a = 1. The need to reconsider the stability of the flow when a =1

for all ao e [0, %J arises because the absence of the influence of the
branch points and branch cut in the s-plane implies that the flow changes
its overall stability as two roots of the dispersion relation change

from a complex conjugate pair to a real pair through the appearance of

a double root on the real axis which may prima facie lie on the interval
(=ax,0) of the branch cut. This difficulty may be highlighted by the
following example:- consider a point (5,&+6a,&0) which is on the critical
surface.jD of figure (11) for some fixed value of'&O e {o, %0 when

a4 is just less than unity and 8o = O,soc that the point is close to

E = (l,&,&o) where § is such that

P(l,.?,;,;_a> = O

As 8n increases through zero a simple root splits into two and the flow
changes its stability there but as a * 1 the growth rate in this part
of the unstable regime tends to zero uniformly in uo. In the limiting
case of the neighbouring point 2 in parameter space there is no branch
point in the s-plane, the perturbed root passes through s = -0 as 6o
increases through zero until at some 0(1l) wvalue of §g it coalesces

with a real root, which was not present in the cut plane for a < 1,
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appearing along the real s-axis from the right and only then will
the stability change.
when a = 1,using (90) and (102) in (54) with u, = 0, the

dispersion relation becomes the gquadratic in s,

s‘z-(,,(t—ozo)O—-:) +s<«°C(-do)ot+(l- o))(l—--c.“)

\ ol {119)
- ((l-*-%)(f—-e&) + ot > = O
From the relations (53)
S= —ot -t C {120}
2 A
and written in terms of the complex variable f% (119) becomes
2
£> -l.b(l—ala)otz-dcr_l -fe (t—Q%)uﬂg
Al 4 AL 4-
: (121)
"(ﬁoCI—&o)&zﬁ&&‘ + ﬂ&‘ -~ 2 - & a,iz&(> = O
¢ ¢ 4 ¢ 4 <«
which reduces to
z L2 (122)
f>-4g ﬂg:%;_ﬂngﬂg—l>
L) &) ¢ \& qi& 4
when a, = %'which is the dispersion relation for Eady's ('49) model
and in the notation of Drazin ('70)
3 %
2 .
T ‘Mis; Q. s cardghh* as 0\== G’SJQj)ﬂ“
4 2 2

The stability criterion for general o is then neutral stability or

instability according as

(ue(f—%)d-gﬂ«é_¢-><decf‘do)°‘ ﬂ;—; ‘ l) :Z O

(123)
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respectively, the left hand side for %3 e {0, %ﬂ has two non-negative

++ N s . .
real roots oF and a4  for which the stability is marginal

-
A 4 o = ot (1-aa) (124)

-
d++ ﬁ _o_L+ - ’ 125,
4 ool l- °‘d> .

1l - + +4 -+ - . 'y
As GO -+ 3 i o" + 0" and o -+ 45" where s is the positive root of the

transcendental eguation
sﬂs = | (126)

+ .
and as uo > Of; at and o * both equal éL-to leading order so that in
the limit @, = 0 from (123) the flow isoneutrally stable for all
positive, finite values of o. Equations (124) and (125) imply
+ ++ -
ﬂ;_: . ﬂg_z_ . (127)

q_ bL++
+

.. . ++ ’
and hence for all positive finite ¢ and « , i.e.; for all LN e (o, %ﬂ

{128)

+
and the flow has a non-vanishing interval of instability o € (o ,o ).

Returning to the question raised in the example above, equation
. N
(20) gives the wvalue d of o at the point £ of figure (11) as the root

of the eguation

(?-°$°1><4:i-f> = ol

oLy = 4—54-2 _M(éﬁ.g.. ')2
Gty
¢

(129)
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Inverting equation (124)

e.z,,=_z(f- (r-ié ))

(130)
. . ~ + 1 PN +
and it may be verified that o < o for all ) € (0, 5] and a= o =0
if and only if ab = %-. Further the roots of (119) in the s-plane are

+

n
S, = - =Qey, 4 (C%Cl o) ot = Ao )(%C!—o@)a ﬂ.x— { ))

-
o2, Q“ocl-
.‘2%({_%) ( &2: )Z (131)

where the discriminant term on the right hand side for ao e (o, %ﬂ is

] + . .
monotone decreasing for o € (0,0 ) and monotone increasing for

+ .
o-e (o +,w). Equations (130) and (131) imply that when a = o

r

5_ = -0 is a root of the disperson relation and the other root for
1, .
all ao e (o, 2] is
oo (=000,

from (82). The discussion leading to figure (6) shows that

et = Solote, 1) = ©
so the root s, is on the interval (-«,0) associated with the branch cut
£ when a < 1 and will disappear off the cut s-plane through the cut

unless a = 1. 8Since the discriminpant term of (131)

land {-2“6 + c(d) = -1 56(%)') +c(oc§ (133)
&b‘oc‘—do> ez
as oD O

< - _| + o(1)
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and has the monotone behaviour in a stated above, the root s, is a

‘ . + ]
decreasing function of o on the interval o € [0,a ] for given % and
-'u
seel 2 +§("’°>‘> so] € [-eo; 0] (135)
. , . . ' +
‘while s_ is an increasing function of o € [0,a ],

s e[ saleast) 5 —§++ &Cu,,t)] (136)
-

) - ++ .
which crosses s = -0 when ¢ = a. For o € (a+,a ) the flow is
unstable, as the roots in the s-plane form a complex conjugate pair

with real part

cot & Relsi)=z o+ &C"‘%') < O (137)
2 3

++ ' . .
For ¢ > o the roots are real and distinct and from (134}

I

S_,_ = -1 +oCl> u--.:i $+G(-nc,,0_]

o,
° as o —D oo (138)

S. = -+l +e0)

| = oto as o =) oD

the root s+ always has its real part in the interval (—d,O] and when
the flow is neutrally stable represents a neutral mode with phase

~ speed equal to that of the basic flow at some height. In contrast,
the root s_ is on (~=,-a} for a < & and then has its real part in the

-
interval & = (~a,0) for all o > a."

The effect of Hy-on the roots of D(algjao,azlo;s) in the
neighbourhood of s = 0, Bo = 0.

In an initial attempt to include the parameter uo,associated with
the viscously contrxolled Ekman layers on the top and bottom boundaries,
consider the influence of g upon the neighbourhood of s = 0 in the s-plane
which, as a branch point, has been shown to be a centre of marginal
stability of the flow when Hg = O and a < 1. Note that the limiting
case of Eady's model for Hg # O has been investigated thoroughly by
Drazin ('72) and later by Moroz ('8l), attention here is confined to

1
a<l, o G(O,E].

(0]



~76 -

‘Setting 8o = O in equation (Al) of appendix A it follows
immediately that for uo #0, a <1; s =0 is not a root of (54),since
1

for all o > 0, o, € (o, aﬂ

39)

D(a,?,uta,a)ra°35>.-. - ({%«;ﬁ; )(QLZP(Q,Z,uo;a)_ ;r‘oaré(e,z,u)()

-f-O(S) as SO D

and P(a,2,ao;a) may not vanish simultanéously with M(a,2,a) from the
property of confluent hypergeometric functions that they do not have
repeated real roots.

To estimate the way in which the neutral normal mode associated
with the root s = 0 is perturbed for small'uO equation (Al) with
e = O may be used to give an asymptotic value as MorS + 0. Suppose
first of all that s = 0O is a simple roct when Mg = 0. Then (d,a,aol

is such that
)
P(Q,Q)d;:‘g): (= I p(g).?)uoju)# o

and the first and fourth terms of (Al) balance implying

= LMo H(ay2,) + oC‘u:> {140)

ol p'(‘BQ)"oi‘*) as Mo =

for the same point (a,a,ao). If (a,a,ao) changes as uo increases from
zero then (140} is modified by terms of first oxder in the change of
these parameters and their contributien in (140) is real at this order,
so that,in this instance,the generalisation to a path in parameter
space which does not intersect the plane By = C normally is straightforward
inasmuch as the imaginary part of the perturbed root and thus the type
of stability are unchanged by the direction of the path at a simple
intersection.
From the discussion leading teo figure (6} it may be shown that on

the critical curves for which P(a,Z,aO:a) = 0 that

S M2« Fu Q (02,503)
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Hence at points on the critical surfaces where the flow is weakly

marginally stable
Spn M(w2a) = - o P'(ay2,5050)

and the influence of the viscous terms for small 4 _ is to stabilise

the mode with root s = 0. Conversely at the remaining points of the
critical surfaces for a < 2ao‘where a > so(ao,a), P'(a,2,ao:a) changes
its sign implying that the influence of viscosity on the mode with

root s = O is destabilising but as pointed out pfeviously the numerical
investigations show that the flow is already unstable in this region

when uo = 0,

If s = 0 1s a double root when uo = 0 so that (a,a,uo) satisfies
equation (105);again using (Al) with Sa = O for fixed (a,a,ao) a5|x0
increases,the root is given at leading order by balancing the first

(O(uo)) term with part of the seventh and ninth (0(52)) terms and

"-f'jfﬂt{(a":"‘) = o-ls2 p"éhz)"o}"‘) “(a-zdo)- Q(‘ﬂ:?)"a}“)g
(2> RI(2-D o}

(141)

For all such points in parameter space,a < 2u0 and from figure (6) it may
be verified that

g\r& H\Cnﬁs-@ = %* Q("’?%&es‘lb = %-A p"("az)“o;“’>

there, Hence the double root for By = O splits into a pair of roots

L
s = (f dpe [ Ha,2,0)] : /)2; 41%E¢"~ 4;-%%7
o | P2, 50) + Qoo ) G OloR e ;9]

(142)

with phase difference w,which are not complex ocnjugates, the first

choice corresponds to an unstable and the second to a stable mode.

Again this last result holds for all values of (a,a,uo,uo) in a neigh-
bourhoed of the critical wvalues (a,a,uO,O) when My # 0 so that the overall

effect of asymptotically small viscous terms is not stabilising in this

case.



CHAPTER 3

WEAKLY NONLINEAR EVCOLUTION OF A LINEARLY UNSTABLE WAVE PACKET FOR
EADY'S MODEL WHEN THE SQUARE ROOT OF THE EKMAN NUMBER DIVIDED BY THE
ROSSBY NUMBER IS ORDER ONE WITH RESPECT TO THE SUPERCRITICALITY

The relative simplicity of the dynamics in the case of Eady's

model leads to a removal of some of the analytical difficulties of
1
.
5

(Aa-a)(bz—-‘is) +ed = o (1)

the previous chapter. Egquation (2.4} with B = = O becomes

governing the vertical structure of linearised quasi-geostrophic
normal mode perturbations to a basic linear vertical shear flow

(uo = Az) on an f-plane (B = 0) with constant density stratification

in the unperturbed state (ﬁL = 0). It may be shown that the singular
solutions of (1} form a conginuous spectrum of modes with potential
vorticity which is singular, like a Dirac delta function, at the
steering level %-which is uniformly distributed on the real line.
However as {1.63) shows the meridional gradient of the potential
vorticity of the basic state vanishes in Eady's model and as a
consequence the spectrum of singular sclutions are found to be neutrally
Stable (Pedlosky {1964)) and will therefore be diéregarded in the
context of nonlinear evolutién of disturbances in the sligbtly unstable
state. The two regular solutions of (1) are the hyperbolic functions

of (2.18)

Lh = &C¢u5éa> S +2_= ‘0"‘ C‘"ﬂsie> (2).(3)

’

On substituting a linear combination in the normal mode representation

for the perturbation stream function, c.f. (2.2)

(G (- .
¢= AQ-Q( LQL{ <Q=0-C¢..x'5"lt> +Qtﬂ~(¢u5't>) (4)‘

+ complex conjugate.
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where an asterisk denotes complex conjugation, @ and R are complex
constants and £ = mv {m = 1,2,..,..) by virtue of (1.67), the remaining

linearised boundary conditions (2.44) may be written

0

BA(sebs - L ~2:lse L. /st\a?
seds s> - s (51.9.,) s Q

- :.Q (& + ué dz L
.O_E_S, ﬂs (i%o) u‘o‘-S LQiCScQs-‘QS) \ R

(5)
. 4

where = a, 52._0\ (6)

| 2 : -

which in the notation of chapter 2 is %-when s O. Defining

5
| SE,E ) o2 | '
- t1° : [ 2Ev Sy {7)
AR,

&

as before, (5) permits nontrivial solutions provided both

(8)
Q - ‘%\—E'ﬂ‘.s -J-t'.rlo

< P

. and the dispersion relation

’ T

2 {(3)

4.@;(_5) . 2s (x) o1+ ) - (p2 sy G-di)edanr))
T A A

& = O

is satisfied. This compares with equation ({2.122), the dispersion
relation for the Eady model in the inviscid limit, when Mg > O with

the other parameters fixed. The loci of the roots of the dispersion

relation are sketched in figure (1)

Pated

e -ploa

Figure (1)
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Notice that since ¢ = O when the flow is marginally stable (Im(c) = ©)
the principle of the exchange of stabilities holds in the sense of
Drazin and Reid (1981}, that instability occurs as an eigenvalue passes
through the origin. In the terminology of Gibbon and McGuinness (1981)
the inviscid problem (uo = Q) 1is dispersively unstab;e, everywhere
below the neutral surface in parameter space the system supports
neutrally stable, dispersive travelling waves and above the surface
each unstable mode is accompanied by a stable mode since the roots of
the dispersion relation occur in complex conjugate pairs,whereas the
viscous problem (uo > 0) is termed dissipatively unstable as everywhere
below the neutral surface dispersive waves may exist but are stable or
temporally decaying, the roots of the dispersion relation no longer .
occur in conjugate pairs and the flow is marginally stable when any
root crosses the axis Im{c)= 0 in the c¢-plane.

Equation- (9) determines the neutral surface by the condition

G(Q,S,r>5 ‘Ag‘ﬂd\s + (S-&ss (sﬂg-s -\3 = O

(10)

where

Mo = .gj @49 a1l ang S: 4 (12)
2R, R 12 (824
is frequently referred to as the Burger or thermal Rossby number.
If the spanwise wavenumber, %, and the aspect ratio of the channel, h,
are considered as given then (10) together with {11) and (12) detergines
a relation between the two parameters k and S and the grouping %%%— .
To enable comparison of this analysis of Eafy's model with that of ©

Drazin {1970 and 1972) consider the grouping

£
Sest I = flo = R M : {13)
24 R, 4
so that y is the only parameter dependent on the viscous effects of
the Ekman layers and let it wvary independently of S in real three
dimensional (k,S,u) parameter space. In Drazin's work $ does not
appear in equation (11) because of the different choice of non-

dimensionalisation for time. Solving (9) implieé
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G s (14)

% A (. LI"".G 4,@.-‘5) i,j(_r&(h 435511»- s (r*ozﬂis + @‘&‘}5&‘"5)))

so that everywhere on the neutral surface

ey _ _:ARL i
b annd3) Af

- oAb (23002 s B3(ete-de) Gl s-0)
2 pro (2 22)( 1+ 83s) +9)

which confirms that everywhere on the neutral surface the group velocity

of the marginally stable mode vanishes, provided Uy > 0.

From the computationally assisted sketch of the neutral surface
in figure (2) it may be seen that the surface has a single minimum,

(km,Sm,um), in (k,S,U) space at which km,Sm,um are non-zero and

53__@, _ e _ (16)
Bl % _=°

where the suffix denotes evaluation at the minimum or critical point
Explicitly ‘

G;Lfc> = ra:;mkﬁh.-k (s;;-ﬁasu>(s_ﬁdsu~— l> = O

(17

o
2k 0 pe.. Hs B2 G‘.f e la-the ) o (cds- !))(18)

ik

S%( a0 D ‘4:;1- ﬁzg“ (*:_LAQ_—IB - s‘u(rs“-‘d.sub = O (19

L

Equations (18) and (19) imply k = £, then on solving (17) and (19)

for s equation (12) gives S for given £ and h. Either (17) or (19)

then gives the root for UO and thus u from (13).
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Consider now an attempt to follow the evolution of a packet of
waves of the form {(4) which are slightly unstable in the context of
linear theory by examination of an asymptotically small perturbation
about the critical point (km,Sm,um) at the nose of the ﬁeutral surface,
i.e.; consider the point (km,sm,u) in the unstable regime of parameter

space defined by

O <« lt 1l =e (20)
P e :
where the supercriticality is a (small) asymptotic parameter. 1In

order to find an ésymptotic solution of the governing equation, which

is now (1.65) with v = ¢ = 0, p. = constant and B = 0,

(3 +Azf§“>(éi+§®.‘f~éi)>q> +é(__e5_ )(4:{, (3 +SE2) ¢y =0

(21)
. v

and boundary conditions

CIS“: ¢;]t = O ew \{"Qs‘ (22), (23)

Geehed NG - A0S +3 (dAd) = 2 1 A(A2LY) ¢ (24)
21;§I> 4‘ au 8 =2 A

: 2
which include the Jacobian nonlinearities for the disturbance stream

function ¢,notice first that the linear growth rate of a mode is

Ruleclte) = AL QZ.ODds. =, (25)
s (et

to first order, and that the locally parabolic cross-section of the
neutral surface with the plane S = Sm implies that the floz is unstable
for a band of x-wavenumbers centred on k = km of width O(e®). Hence
the amplitude of a packet of unstable modes varies on a slow spatial

scale

M-

“
"
m
)

(26)
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and on a slow temporal scale

T-e#

(27)

Since the finite spanwise extent of the flow quantises the spanwise
=

wavenumber, %, no slow scale e’y will be introduced. The quadratic

nonlinearity of the governing eguations and boundary conditions

suggests that the weakly nonlinear evolution of the packet amplitude
A(X,z) (28)

of equation (4) is determined by a cubic nonlinearity in its governing

1.
equation so that the wave amplitude is 0(g”). The perturbation

stream function is therefore assumed to have an asymptotic expansion
of the form

qs(*-JsE;g,K,t) = e"f 4)0 + c.qS' +e€ Cé_-t—. (29)

and the scalings in £ are justified a posteriori when the amplitude
equation for A has been found. Re-casting equations (21) and (24)
in a form suitable for finding the solution (29) via an iterated

sequence of linear problems the multiple scaling transformations

‘bt - eét
A,( — é.,._-o-eé;%

yield, using (20),

Aed b = -d(d.(d) -eig/leb,‘usus./laéixcb
Xaeyop)
O A ) (438 3 i)
é(‘lﬂv) AC\A,J>

- egét K..é + 3¢, Azé&xﬁcﬁ S @ (45 5 d)
X V (30)
+ OCe'IdD) .,_,?S“.—)Cq(,”_é)g

where (31)

Ko = 8%+ S. (;;“s\;)



-5~

and

L¢

b2, P -2 e (32+38) ¢

"

;\LJ_C%,\T)C Cb, éz‘b) +%r‘u\ (’-' ("+er“‘3_,)(é:+%z>¢>(32)

i} eigé,‘qb-aéfg ¢ - Mﬁ{{f‘f’ 90 ) e (e &, ‘ﬁ)?

cef 124 2epn eap ) 393

+ O(ed 455 auz:.-r.-g

Fa

Using the expansion (29) the resulting linear problems at successive

orders are:

0(e?)

Aed Kl @, =

Qf)c,‘_ = Clb‘, g =© m‘/:t‘:))hwhere a bar denotes averaging

éng -E Cb = -%E*@A«* (éhs*%b}) Qﬁo

which is the linear problem with the soluticn {(4) and {8), i.e.;
Lé-n
c& = ACK,’E>-€ s;ﬂ‘f(&(”zi.:;) ""_%J_i dus Sﬁ‘(a".f3>> (33)
L -y

+ complex conjugate.

0(e)

As 3 K. cﬁ--é(qé,,umé Jed .4, - 2548 b,
o)

Since the solution at the previous order satisfies Km¢0 = 0 the right

hand side reduces to

K. dDW_ = QS;Q A# -t‘ i\/(cd.(:?&j) +_-.% (-75*.& >

+ complex conjugate. (34)
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using thelsolution for ¢0. The top and bottom boundary conditions are

Léu = - (éxqso"aéia d’o)"‘ %fi‘f*u

h
+-’.é<¢o)¢éa) Onz=i'2_'
A.-){-,J)
which reduces to

L = A,,_.rf: e 4y g(s_sis -cﬂ.s;.) % Lo, cﬂs..ﬁ; + Ce.

(3%}

+ .Q,auQ.,* Ax -e 17 { r_;i-: cis...j ~c.c.

-+ :2SL*§bQ.’iA| Mow
AL G- ﬂs...)

on z = +

(N }=2

with the sidewall boundary conditions

qg' . 4’0, PN ‘Z’-.Jﬁo on Y = 0,1 (36), (37)
[

Hence the solutiocn for b contains

(1) A term indepgndent of the downstream coordinate, x, forced
by the last term of (35) arising from the lowest order nonlinear
effect. This part of the =zolution, ¢f(x,y,z,1) say, satisfies (34)
and (36) automatically, to ensure that it also satisfies (37) the y
derivatives of ¢§ must wanish identically on the sidewalls Y = 0O,1.
The equation determining this part of the solution will be found at

3/2)

{(ii) A 'resonant term' forced by the right hand side of (34).

the next order, o(e

Prima facie there are three groups of two terms with this resonance
expressed by the x, v or z coordinates in each respective group. The
first group is dismissed on physical grounds since it corresponds to

a train of divergently oscillating waves in the upstream-downstream
direction, the second group is disregarded since it does not satisfy the
sidewall boundary condition (37) for the discrete wavenumbers -

£=mr m=1,....).
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The solution is sought by putting
~ LQ‘QL
Cé = ;é (U,z.) 74,-,:) < + complex conjugate

ol
+ & (gre%,7) (38)

where

% CJ,E,’L,r> = A,,_ <o i‘f K&eu@,) sﬂ.{-?_sfz) + (8,,:4- A.)cd(z._c_‘z_z))(a,g)

and Ai' Bi are complex constants with A, and B, representing the

1 1
. homogeneous part of the solution. On substitution of (38) and (39)

into .(34) the 'resonant part' of the solution gives

A, - -:KLQ.L R

3 o - :‘icu-. A o (40)
& Snn Su."

Equation {(35) then determines the homogeneous part of the solution

for ¢l via

L 2;’ = A,., so B g(s.‘sﬂ.s_;casz.‘) * LMo, cd-&./? |

(41) -
-+~ J%¢&L£b“lAy.‘;~ibf E, Ouusﬁ‘s“* - ¢ cﬂnSu‘
S~ le;~ * on z =.% %

On substitution of (39) using the explicit relations (4Q) and the
equation (17) which defines the neutral surface, the boundary condition

(@208, e, I:Q.g (cr%ﬂ, - (su- id-s...) It >
= (820 pd s Qs (pSrsla- Ax))(“)
and
(Q.}*Q‘ﬂkn t"o.; ﬂﬁg‘“ C ir..u A, - <s“-1:4.s_) @, )
- - (Q_}_Qt) r:“ &s“ _ (]2: " dzs“ (s..rig_: '(53)
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The two equations are equivalent or one is redundant as may be seen
by comparing their left hand sides and their right hand sides with
{18) which holds at the critical peoint (km,Sm,um) . Since neither
right hand side of (42) and (43) vanishes we may chcose Al = 0 in an
attempt to minimise the subsequent algebra. Then after some

simplification using (19)

B, = & s ﬁisu (s..*éq‘sm-r)
(G2 02) p, (:_-Jisu),

. whence ._Q;u L?’(E sﬂ(-?sua- _f__,_%“— 2 J(Q&a ))

(44)

4, IRy W B

ol S S, s,

+f3' A,‘ o Q"“ .d_\/ s_d._ (.Qs“ > + complex conjugate

(45)

o)

Aa.é,}{.\ Cé_': —Xé;v)(éq.,!(_ﬁ *ﬁv)(‘#-) Kod) - Azd K &

SaShe b —aSl S (4.,84)

ey

- (d,ady) - Ar:( é, - 3S. Aeé e o
é(&:J) (46)

From the equations for the scheme at O(E%) and O(e)

l("* ¢a'ﬂ.
“-'-"'Q ‘(u Célt == &S:u céo-n.-.ofc

{r

O

x
Now the solution at 0(g°) satisfies

M“‘ (éa

and if the constant of integration at the next order also vanishes, then

F(... QS, = - QS:M éoqu: | (47}



so the right hand side at this order simplifies to

((m. d’z.,,t == 25& 1 ALY, - S“* 404_.,:_,‘, (48)

The condition (36) is sufficient for the terms

Ao (Kid +2S. 'qﬁowﬁ»‘ - ¢ (K4, NQS,,_CE#% (49)

on the right hand side of (46) to vanish everywhere but the solution
$lelkmx has been constructed so that

Ku< qﬂgt-e_':&“d;- c.-c.) t Qs;éi’__ qgo =0

whenée the terms of line (49) become

o he (Kl g, - (K ¢,°‘>J

Since ¢§ is independent of x, the second of these terms leads to a
contribution to the sclution for ¢2 which is proportional to x¢bx and

becomes unbounded far upstream and downstream as |x| - = unless

J

So the problem for ¢§ is

(fé&? +-Si“-%§ ><iiﬂ =0

with ol ' (51)
‘4%:f =0 « Y=ol

and from (35) using (6) and (13)

b = 2 R3LIAN L 20y on 2 - el
q S A3 (s - s

which in consideration of {(51) may be integrated to give

bt o w Al (as20 1Y oaash
' 2
' SLu.j\d\S ( S~ ﬂlsl~>

and then the Fourier sine series

oo

GAQQY—’ = - éf.ﬁ»

2iey S (I\ljﬂ)'r‘-‘T
i7° )

‘{e:GD,f]

(52)
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where

oy, = _ =20%
T o o)

‘teads to the solution
oty 4
Chd = 4‘53 !A‘Z Z"ﬁ-HS‘.‘*Gj”}'# sa_(%ﬂ)ﬂg:% (53)
3 © 4
S.AL _(s..*-&,iﬁ 5%*5“5:1

With the solution at O(g) now adequately determined the remaining

3/

; . 2, ., . X
information for the problem at Ofe ) is contained in the boundary

conditions

cé_x=_45'$m~/=o,| '>‘ aglqc = O""'\(zc;’}

(54)

and
. - L
: quz - (qu 2 ma> + 7{ qﬁﬁtz 76&;\,},)((‘5” C(>r2>
+ L 3 (b)) e d (b d,) (55)
A o) Axgd %,M (53,423 & __H“(,;;_,,};MA

A partial differential eguation for the amplitude function A(X,T)
including the lowest order nonlinear interaction of the linearly
unstable packet with the basic zonal flow is found by applying the
secularity condition imposed by the linear adjoint homogenecus conditions
formed from (22) to (24). The operator K. is self-adjoint and likewise the

homogenecus boundary conditions (22) and (23), however (24) leads to
P LA * Ar ‘> * h
L q‘) E'<¢M‘E¢‘_a>+g§ru( ""b on z = i3
L = O

where + denotes the adjoint of an operator and * denotes the adjoint
function. Then direct comparison of the adjoint problem with the

L
problem at O(e”) shows that the adjoint sclution is given by the map

X+ =x: ¢+ d*, i.e.;



(56)

¢ = s...ﬂ‘/(i(o?s&) -_L%_ sd(.:&:)

The secularity condition is then, following Drazin (1972}, most simply

evaluated by integrating the result

fbk b .<+¢2 54

where D, = {{x,y,2) : 0 <x <

ds = &

=

' ' }, successively

4

™
g

| A

=
1

(NTieg

| A
5

| A

(1=

. m
by parts to give

j . Ko Db L

i SV )

+ C ézx ‘é,_z" Cb: 43;,-.._132 .ﬂ-..%
| -4 -

o 'i 2wl L_ 2.

. (cs,‘q&: 6,3 4l = O
. J Ty

where all other boundary terms vanish by the imposed periodicity in x.

Further integrations by parts then give the final form

L L
] ¢ L4 ,0,%112 i é:.L@:aMAJ
| = O

L

]fzfg by qS} j Jﬂcda (57)

of the condition which may be evaluated from (4B} and (55) using the
lower order soclutions for ¢O and ¢1 together with the adjoint solution

$* to give the cubicly nonlinear partial differential equation

A - azA,_x = o A_ adAIAC (58)
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The necessary algebra is long-winded and has been omitted, the

results are:-

e Moz 00 E 2
su ( LLiL D

which is the (scaled) growth rate (25) of linear theory. The form of

(59)

the coefficient an which appears from the secularity condition is

ay = - SLAL bl (o ths - p )
16k o531 8% Y B30 0?) (- sl

(st s ) - G02p7 (Re.01 85 + (B2 ) o)
(0 (cs“ms_-uis.. (sclle ) o p2 (o 3lhs 3 3

s ths,
+9¢3(Q.}+ ‘> S..;&s‘,“ (s.._- &a;% ) -2 Qf (Qf:— Qz)s._,.&zs“(sm 445.: f)
Sun= B Sus

Cabtide (o the 1o s - 43
(s_-Me )

but using the relations {17-19) defining the minimum point on the

neutral surface it may be shown that

oy = 4 3_1-&5]
ol QQ‘

oA

(60)

_ 3/\5.“ . \/I“i (§&(1+&%“)+8445.~.>
£5.92 po L (183 { w82 (s, 8% Y168 )

which may be checked to be real and positive more readily, again the

details have been omitted. Finally
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The 'Landau constant®' of equation (57) is the salient feature of this
type of weakly nonlinear stability analysis. The Parseval formula

associated with the Fourier sine series (52) is
o 2
z a‘z‘-br = 3
P J

which together with equation (17) defining the neutral surfacé may be

used to rewrite (61) as

o 05 Fatbe e Gonli 08\ o (framsth dfeihst - )
S Mo £3¢1, €Q’~;JG..;— Qg-s... )

Allowing for the factor S;l which is introduced by the different time
scaling, this is the Landau constant of brazin (1972) for the amplitude
of a single unstable mode at a point away from the nose (km,S ,um) of
the neutral surface when y is O(l) and fixed and the supercriticality

is taken with respect to the Burger number S (or R in Drazin's notation).
The terms in the eipansion scheme which give rise to v are the first
two Jacobian terms in equation (55) alone; there are no ndnlinear terms
on the right hand side of (48) by virtue of the way in which the lower
order solutions ¢O and ¢1 have been constructed, the slow scale Jacobian
term in (55) does not contribute to the final result and similarly the

third term in (57) does not contribute since on the sidewalls, from
{54) and (45)

ol
C#21= - 43")‘-

which is independent of x.
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That a, and y are both real is a consequence of the validity of
~the principle of exchange of stabilities which holds at all points of
the neutral surface (Newell 1%74). Since the neutral surface is locally
concave at the minimum point it then folldws that a, is positive and Y
has been computed as positive at all points of the neutral surface

which correspond to integer values of k by Drazin (Drazin 1972)., Assuming
that ¥ is positive at the minimum point, equation (58} is typical of

a class describing viscous instabilities which includes the important
cases of Taylor-vortex flow and Bénard convection.. A ptoperty of

this eguation has been found by Eckhaus (1965) and elaborated and
clarified by Stuart and DiPrima {1978), namely that (58) possesses a

set of steady solutions

A A g X
= Mo 7 - (63)
where {Aol : = %o amcﬁ Ep = o~ a.L:'o.z (64)

e

corresponding to the 0(e”) bandwidth of wavenumbers which are unstable

in linear theory. Further, perturbations of the form

A = Ao.o_imox + B(K,r>

to the equilibrium solution (63} are linearly stable provided that
L
the wavenumber km + ezmo of the flow disturbance represented by the

solution satisfies the inequality

.01.‘- Q“ 4 < Q-r-&u

< C w,
13 {3
when k+ and k_ are the limiting wavenumbers for which the points
(k+,sm,pm+g) and (k_,Sm,um+E) are on the neutral surface.
The eguation (58} has been studied numerically by wvarious authors
and a summary of some results has been given in the review by Newell
(1974) which suggests that when a;r a, and vy are positive the solution

at large times is

A- . f-—LY

everywhere for a variety of initial conditions.
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CHAPTER 4

WEAKLY NONLINEAR EVOLUTION OF A SINGLE LINEARLY UNSTABLE WAVE FOR
EADY'S MODEL WHEN THE SQUARE ROOT OF THE EKMAN NUMBER DIVIDED BY THE
ROSSBY NUMBER IS OF THE ORDER OF THE SQUARE RQOT OF THE SUPERCRITICALITY

A large proportion of the problems concerning the form of slightly
unstable baroclinic flow which have appeared in the literature consider
the evolution of a single wave, assoclated with one particular wave-
number in the downstream or x-direction. BApart from the simplicity of
the dynamics imposed by such a constraint the motivation for its use

~comes from the keenly observed results of experiments with a
différentially heated rotating annulus where the finite azimuthal
extent of the apparatus quantises the permissible downstream wavenumbers
in the case of an ordered laminar disturbance to the basic flow.

(There are several reviews of experiments using fundamentally similar
apparatus, see e.g.; Buzyna, Pfeffer and Kung 1978 or Hide and Mason,
1975.) 1In a given experiment or at a given point in parameter space

in the slightly unstable state the apparatus typically selects a single
downstream wavenumber, k, which is 0{l) with respect to the small
groupings of the Rossby number ete. . Note that there are alsc regimes
in parameter space close to the neutral surface {which for a continuous
spectrum of k is given by equation .(3.10) and sketched in figure (3.2))
where a finite number of waves of different wavenumber (k,L) are
linearly unstable. A problem involving the weakly nonlinear inter-
action of two such linearly unstable waves of equal total wavenumber

"with the basic flow has been studied in the inviscid limit ©of the Eady
model by Drazin (Drazin 1970) who later {(Drazin 1972) considered a
similar problem for two unstable waves with equal spanwise wavenumber,
%, in the viscous case of the Eady model when UO = 0(1) as the
supercriticality tends to zero.

There now follows discussion of the weakly nonlinear evolution of
such a single wave (where k and £‘are 0(1l)) when the supercriticality
is taken with respect to the Burger number (S) for given values of
the viscosity parameter y.

Recall the equation of the neutral surface is

C—v(g,g)rBE H}ﬂﬂ.s + (s-d‘s>(sﬂxs-ls = O (1)

hilhi rh,: rA. stﬂz
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When uo = 0, the inviscid criterion for linear instability is
O<cS<S, = G
ﬂ%ﬁﬂﬂ.‘)

{2)
wlee g50 & 7 s,d.s‘,:f

which is recovered in a regular manner from (1) as L -+ 0, For

I > O the neutral surface has two branches of intersection with the
planes k = cdnstant {see figure (3.2)), along the lower branch from (1)
for given O(1l) k and £ where the 6 suffix denotes evaluation on the

neutral surface for p > O and the o suffix likewise for p = 0

5,:'\— 3&"( 2+d">1 + O(,-L‘*)
4

aJ’* S D
-=> S'gﬁ- lntz (Q"-v- ® " o(rl")
. Az -Q?.
and S6 -+ 0.
Along the upper branch
2
Sp ~ So _Po o+ O(r‘) (3)
5 (s2-1)
aft{4> )]
= s“'go“ago Mo +C)O-i) (4)

which recovers the case of (2) in the limit u - O. Consideration here
will be confined to the case of the upper branch. Throughout the
remaining chapters it will be convenient to compare the behaviour of
the Fady model with viscous effects at the top and bottom boundaries
included to the 2-layer model of Phillip's ('54) which has been studied
with the inclusion of viscous effects in the main part by Pedlosky

(a series of references is included). A salient feature contrasting
the two models arises because for the 2-layer model the basic flow and
undisturbed dénsity are independent of the vertical coordinate, z,
within each layer. This independence implies that the normal mode
representation of the perturbation field is also independent of z and

on neglecting the effects of thermal diffusion and molecular viscosity
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in the interior flow (especially in the neighbourhood of the interface
between different lavers) equation {(1.59) may be integrated in z
using the boundary conditicn (1.60) and a similar condition on the top
boundary to give a pair of equations in x, v and t, one for each of
the two layers, expressing conservation of potential vorticity. The
inclusion of the B-plane effect in the layer models does not change
this situation inasmuch as the normal modes are still independent of =z
but now £ appears in the dispersion relation explicitly in such a way
that the inviscid limit (p b) of the neutral surface is not the
neutral curve of the inviscid problem (4 = 0) unless B = 0, i.e.; the
position of the neutral surface is destabilised in the inviscid limit
when B # O. This point was first made by Holopainen (1961) and has
been considered in detail by Gibbon and McGuinness (1981) where it is
shown that the neutral curve in the inviscid case is recovered in the
invigeid limit if both the wviscosity parameter and the B—plané effect
are'initially assumed to be of the same order of magnitude as the
square root of the supercriticality. However, the content of
chapter 2 shows that in the continuously sheared model (and when
ﬁL-= 0 as in Eady's case) the vertical structure of the perturbation
f3eld has an implicit dependence on B and the dispersion relation as yet
defies analysls except in the inviscid case (uo = 0). In essence, the
generalisation of the theory to include the B-plane effect in the
2-layer model does not appear to have an obvious counterpart in the
continuously sheared and stratified models.

A further difficulty which in the context of the 2-layer mocdel
was first pointed out by Pedlosky (1971) concerns
the behaviour of the linear growth rate with respect to the supercriticality °

over different regimes of u. HNow

S: Gs® => S- gg = 9_%‘ ($’§5> *+ O(CS-SS)IB
L% t2) ss (5)
as (s-55Y-> O

when k, £ and h are fixed. Then perturbing S from a point (k,sﬁ,u)

on the neutral surface

G, S, = (e s (5B« B2 (s 1)) (s-55)

+ O ((s-S;Y‘) (6)
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and from (3.14)

C= _/_LL_..____ -':Ho("

44.255 | + ©ls-s8)
o Y (1 + otsssd )

(7) 4
Lro <'+d;‘58><{+ O(s- $>>(! - 4& (F‘*‘ + S5 (s;-&sss-n- ds;(:;-d’l‘.sa—l>)@-$5)>
+ © (G- )

so that if Yo is 0(1) as (S_SG) =+ Q.

= LAL& (,\lo -1‘-35(55 &5534-&38(55&;5-!) (S;—

A poCH’ﬂ e ©

-+ OC6>
where Sg=5 = € << 1 is the supercriticality, this will be referred to

as the 0(1l) viscous case. If My = o(e®) as ¢ + 0, then from (2)

5"55' = 5-%, t O(r:)
= s.—s‘-,— = $-5, * o<&>

so that from (7)

Qc.-— *LALLE( Cs YA

(=)
aS'.,

which will be referred to as the inviscid case. MNow, the limit that

u + 0 with all other quantities fixed in (8) is incompatible with (9).

Inspection of (7) shows that there is an intermediate region where
L
u = 0(e?) as £ -+ 0 and there

Ql = liﬂaaf' 2
¢ = LB2 0 _ip (1 A
, 4%&55 g F g)

i"-r*oC“&%A(r-(ia&; (o lom-tss) o s Corlhisnr)) <F‘=’-‘))l

+ Ole) 10)
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b4
so that the growth rate in this regime is proportional to e~.

From (10}, the inviscid growth rate {9) is recovered when uo > 0
with (S_SG) fixed and the inviscid limit of the ©(l) viscous case
given by (8) is recovered when (5_56) : O with Ho fixed, the regime
where u = 0(e?) will be termed the 0(e”) viscous case.

To investigate the weakly nonlinear dynamics of an unstable
wave in the O(e%) viscous case put

S-S =re

vel (11)

Me
T = ti.ﬁ

where v is a dimensionless variable representing the influence of the
Ekman boundary layers which is strictly 0O(1l) with respect to the
supercriticality €, and T is the slow time scale of evolution implied

by the linear growth rate (10). Since k and g are O(1)

S-S

= So" Ss +SE --g
= éQS;t?} . S;_”S +_<3<}*4)
<2 (s3-1)

=/28 < +11e +OC¢’)
sils2-1) (12)

= (ev 2t 1) e + OC)
where

s = 25
2 (s2-1)

(13)

Now assume an expansion of the form

( 2 E:'e:> = z ( t‘) + & q# + eg 45 e .
m\-]’ s <) = & 047,3, A 2

(1)
for the disturbance stream function which will lead to a cubic
nonlinearity for the amplitude function, A(r). Note that this expansion
is asymptotic (with respect to € as e = 0) and may also be convergent
{for ¢ > 0) as has been shown to be true for a similar problem of

unstable flow between differentially rotating cylinders by Kirchglssner
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and Sorger (1969). A suitable form of the governing equations and

boundary conditions (1.66) to (1.69) for the iteration sequence of

linear problems at successive powers of e is

Aed b= -2 (@1d) - etd i, ¢

+(¢-{‘* l)eAe Y (A}J)j) 4 | (15)
. C"'”’ :!:l) A (¢ (334 «y)cﬁ)
o)
+ O(‘:;d’)

_ 2 2
where KO = 322 + So(ax +BY )

L‘o‘# qu.- ' )

2 (b, :
/\ .“,\Pd),.\-r € Cbr

I

—velz duLS,(s,} 53) $»o0@d) 9

ouw® = = 1~

| :L
¢_& = O . \(= O, ) (17)
Eibt'= o o~ Y= o, | (18)

where the overbar denotes averaging with respect to x as defined in

equation (1.53).
The expansion (14) yields the problems at successive order:-

X
O(e”)

o

g’Il
B
"
0
;
~L
0

JE : (19)

r\
o
oo~
]
o
?
N
1"
22
R~



which has the solution to the linear invisecid problem of Drazin 1970,

in the present notation

e pa sifhay ]
= (A7 NT) el L (252 )

(20)

where A = A(T) is the complex wave amplitude function and
.Q:rl_\ ,r=’32)":' )' So&%zlp Se? © (21)

ole)

Aié... Mo CIB, ="-é- cho:‘eod’oB = ‘):-l‘(edjo
éc—u,JB
which, since the solution at previocus order satisfies KO¢0 =0 reduces

to the homogeneous equation

AE éot "Zoq?g =

(22)

and -_

‘35.-.._: @Jc =0 Y=ol (23), (24)

with

ho ¢| éc“h‘] ((éﬂéoh) + L ¢6¢_a

2l
_ &ag " =l
Mk *
which, using (20), becomes '
Lo¢, = i';)ﬁo (A ka) suﬂj SQSO
AL 4
+ QQ (A&Lﬂ) §MQT Jso (25)

+ complex conjugate onz = ¢
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Note that the nonlinear term vanishes in this boundary condition,

this is typical of the small O(s%) viscous case but not of the 0(1)

viscous case, c¢.f. equation (3.35). A seclution may be written

. a :
C{), = &« St Se (A-P_L ‘“‘) w0 o Q.2
Abd (s21y ( L )

+ VS (A ekaq‘) s;.._ﬂ\f’ ;&(2&,&)

(26)
(1) |

+ complex conjugate of these terms

+ fly,z,T)

where the as yet arbitrary function f(y,z,T) is taken to be real

without loss of generality and is specified by a secularity condition

at next order. The function f{y,z,T) automatically satisfies the

governing equation (22) and boundary condition (23).

/«%{é‘ = -'Jé C 6.,RL 3 M éi C 1) ML‘£E
Ko b, o ¢\ Kod) ot ¢ )
- %{ oq&. + Ca-az:t IS /(Eél(é:*'%)cﬁa

Again the nonlinear terms vanish on using the solutions (20) and {26)

at previous orders if
(27)
Koé(;’,!)t> = O

“and the eguation reduces to

A= A,JJOQBL =-Ae & (o~ & I>CQ1+-Q1) LQ& .Q‘/,,Q(Zs'oa)

+ complex conjugate {28}
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with

—

¢2¢u_ = (t)zdz = O G‘L\{'-'- O,‘ (29) , (30)

The top and bottom boundary conditions are

= __ (‘#E> ) + L ()
Lo g2 (s S SLES

+ __ b on -2 M«S; (D2« 5\7‘> Cﬁ.

;255 aui&=:t£;

2

and reduce to

. Y AN S
Lo ‘}’),_ = 4‘«‘-53 A -‘:Q s-'..b'cﬂ. s°+21-¢$o A - s;*i‘f(sﬁcﬁ.soq-ca.s,)
y R YA s_}-r) AL (21

+ & gv _:41 ﬂ‘/sﬂs +=Q A-e S;‘i\/"&‘o 4\72:

(gg_,B (31)
_T.Q..Q ;'Qﬂs' ,d. - F ¢§ Qﬂ?’
2 A trdely <t by

el catyal - &0l MQM({A?) awﬂm
A0 (2) Alsz) “’qv
The x independence of the last four terms of this boundary cendition
leads to a secular or growing term in ¢2 which is proporticonal to
xe;kx unless they vanish identically. Constructing the solution ¢1

of the problem at previous order so that Ko¢l = 0 implies the boundary

value broblem
2 S;éb;> L -
Lvrto du-Y=o)‘

LIE ?'iiéiékg; = - d— z o~ Qﬂ4 A ™~
i L\-U ALl(sb_, g(AI /l [A] gsu..ﬁﬂl

(32)

en T = r‘i
2
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which specifieé thelsolution ¢1' however a specific solution will be
postponed until later. The role of f(y,z,T) as an x independent
contribution to the perturbation stream function ¢ at order ¢ leads

to its interpretation as a mean field (or x independent) correction

to the stream function in the basic state. This is consistent with

a sustained finite amplitude wave of amplitude A= O(E%) drawing upon the
available potential energy in the undisturbed state and depleting it

at 0(e) by an amount which is'proportional to the wave energy

A2 = 0(e). The boundary condition (32) then simplifies to

LQQL,, = Gisl A = :J.Ye.as +§2.-a;,, A.g smH<s°cis°+cdso)
: Azﬁﬂz(s&d M Cso f)

el A bl o At (L
6;3_1) :R- <’ )

+ complex conjugate on z = * . {33)

The secularity condition imposed by the adjoint linear homogeneous

system at 0(53/2) is obtained as in chapter 3 by integrating the
identity L
2r iz
o t s Eﬁ
¢21{¢¢_& A‘A\r 2 = O
o-_'-g.
= 2

where + and * denote adjoint operators and functions. Tn the present

context the linear problem is that of the inviscid case and is self

adjoint so that

AL
- \
(“E* = £ gui (&(2%35 + complex conjugate. (34)



and further, since So.:d\ @o)= 1,
4)*
e |
2= &

thenrepeated integration by parts and final use of the boundary

f
11 e
N
)

condition (29) leads to the 51mpler relation

%ﬁi[; d) ,.(cf;L «ﬁ-!{.{ﬁa + f..‘,.é.cé] c(L\/
c"i'g—,: © -1 (35)

compared with (3.57). Using the explicit forms of ¢*, KO¢2x and LO@Z
in equations (34), (28) and (33) the condition implies

Ao+ Az A = NEL ) A

25 8% (36)
+ A.Qz*;gsf-') A ) Sw-dd (4\7&'% é\-])aﬂicﬁ = O

where the coefficient of A in the third, linear term has been simplified
using (13) and the integrand in the nonlinear term has been simplified
by exploiting the fact that f(y,z,T) is an odd function of both y and z,
as can be inferred from (32).

On setting A = h = 1 equations (32) and (36) méy be shown to be
equivalent to the pair derived for the same problem by Brindley and
Moroz (1980) where these two parameters'were not included in the
analysis.

The boundary value problem for f(y,z,t), the function appearing in
the integral term in (36) which represents the leading order nonlinear
interaction of an unstable wave with the basic flow, may be considered
responsible for the pecularities of the pair (32) and (36) constituting
the amplitude equation. A solution to (32) may be written in terms
of an eigenfunction expansion (or by Fourier's method) giving a series
representation with uniform convergence in y and z to the solution,
which by simple rescaling of one of the coordinate axes is seen to be

a solution of Laplace's equation. So formally, setting
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g(j’%f) = % %-Cr) cos CQJH)"«‘(-A(%ﬂ)ngéz (37)

the series trivially defines a solution of the governing equation and
sidewall boundary condition. Substitution in the top and bottom

boundary conditions implies.

@ oo ABL (etynSil B enadestl L B

‘ng g ) g ‘ {/a) g \/ —_
ozl <<A,>... AMGA) . e
A(2a GeomsHl. L+ DeSH

where {a2j+l} are the Fourier coefficients of sin 24Y for Y € [0,1], i.e.:

(38)

(39)

.Y = - % s c,,sCQJH)n?’

where a.v T a? -Q
(50"

J: é)'&"" . ) Q: l"f_; r= ’)?)--'

The integral of the last term in equation (36), may now be expressed

as a sum, changing the order of summation and integration by the uniform

convergence of the sum with respect to ¥, in the form.

20 S R/ (S Lgongl - dguseiL
.L Juo J - Q‘*ﬁ)zﬂz _ QZ

The coefficients of the linearised amplitude equation, which

(40)

reduces to the linear part of (36) alone, may easily be seen to recover
the growth rates implied by equations (8) and (9) in the appropriate

limits, i.e.; putting

14
A:-&
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in the linearised version of (36) gives

(ﬁc;)z-r- QAHZL(&?*\B (QCL3 - Azﬁzﬂ\l(s:_b_ = O
252 A

{41}

Keeping the supercriticality, e, fixed and taking the limit v > O the

roots of (41} are

1
2
&q - =+ A&L 6&2-13
2 25,
which is the scaled growth rate in the inviscid case given by (9).
To find the wviscous limit of (41) formally let v + « then to leading

order the roots are

Qc;_ = Afhi S (sf-\s
' GS, (s2e) v

and

ch; Y INEID)
sk

(]

The first root agrees with the inviscid limit, uo + 0, of the growth
rate in the 0(1l) viscous case given by equation (8) and the second

root corresponds to a rapidly decaying mode of oscillation of the linear
problem and originates from the other stable root of the dispersion
relation in the slightly supercritical state.

In fact, to find the viscous limit of the fully nonliner amplitude

equations (36) and (38) put

4
2

ék = e gxr“ _ (42)

L
where Th = g’r is a slower time scale than T which is appropriate
. % . % .
since in the 0(g¢’) viscous case the linear growth rate is O(e?), which
is the time scale of T whereas in the O(l) viscous case the linear

growth rate is 0(e), which is the slower time scale of Tn' Next put
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* which is the defining relation for v of equation (12) and keep L

to be order one as e tends to zero. Formally, eguation (38) becomes

Btz = sl . D3+t | (43)
'{L(Sg"") ((‘,fé)nsaﬁ

i
Q)ZSQCJJ-&%S:*L

independently of initial conditions and on substitution in (36) using

(40) the limit implies
A= MbsdGzad . A |
é'scs (9§+‘I> rlo “a

BV N (S S ) BL
ﬁAL(S}H) © (Qq-i)-nSoéQ) (CJ+,E)2“1_Q2)2.

This is the same as the amplitude eguation in section 3 of Drazin (1972),

which describes the evolution of a single wave in the O(1) wviscous
case, evaluated in the limit;when UO {or X there) tends to zero, i.e.;
the viscous limit of the 0(e”®) nonlinear viscous problem matches the
inviscid limit of the 0(l) nonlinear viscoias preblem. In comparing
(44) with the version in Drazin's work note that:

{i) a factor of 4 appearing in the nonlinear term is attributable
to the amplitude function A being complex.

{ii) the parameter A is absent there.

(iii) the differing factors of SO {or BO in Drazin's notation)
occur through the differing choice of non-dimensionalising the time.

The invisecid 1limit in the nonlinear case is cobtained more simply
by taking the limit that v tends to zero in (36) and (38). The first

order derivative vanishes in (36) and (38) integrates formally to give

Biled= 224 “uper (A Aol

- 2

Ab(2) (ynsid J;g%)wsjl. |

(45)



so that in the limit
N oo oAy A
S, A )1- L
_ MG . .
s 3 (1) A (a1

(46)

w“ =’
where A(0) is the initial wave amplitude at time t = 0. This is the
same as the amplitude equation in §5 of Drazin (1970) with the same
provisos (1) to (iii) above and an additional apparent difference in
the form of the sum in the final term. The apparent discrepancy is
caused by a different choice of eigenfunctions for the solution to the
boundary problem for f(y,z,T} at O(eg) (compare equations (27), (32)
and (37) here with the equations (37), (42) and (43) of that work.},
however since the function £(y,z,T) is the solution of an elliﬁtic
partial differential equation and the boundary conditions here reduce
in the limit v + O to those of the.inviscid problem the sclution is
unigue and the two representations must be equivalent,

Returning to the problem at hand, if the integral in (36) is
replaced by the sum {40) then the resulting equation together with (38)

constitutes the amplitude eqﬁation in the form of an infinite set of

coupled differential equations

A+4¢5Al-oﬂ‘&+A.§ﬁ'B' = O
J""\f\/

(47)

B+ vay B J (Gary + ~3GA) s

where the coefficlents are

¢.| = AQLC?:H) . - AZQZ‘OJ'(;‘,-O 2’ = Qi
sz ’ X

(49)

Ay = _AQM (45w 520. .44(\;;5% A

. a2l asie
AL(-:.} ) (\,%)wg*a QGJJ +1)ngil

LY. ]
-(_4.!—>°"
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The preceding investigation of the inviscid and 0O{l) viscous limits

J‘.‘-’ Obl). ..

of the amplitude equations shows that the set of equations (38) may be

integrated over T giving in each instance solutions where
Bj(t) = a function of § x a function of T

Notice in passing that the form of the functions differs in both

limits; in the inviscid case the reduced form of the amplitude equations
contains an explicit dependence upon the initial condition A(O), the
functions of j alsc differ implyving that the spatial structure of the
order € zonal flow correction f(y,z,T) différs in both limits. However,
the curious peoint leading to the iﬁfinity of equations (47} and (48) is
that a separable'form of the.coefficients‘{Bj} with respect to j and T
in the Fourier representation (37) for the solution of the boundary value
problem (32) occurs if and only if the represented solution, fi(y,z,T1),
is separable in space and time - in which case the integral term in (36)
or the sum- term in (47) has the temporal behaviocur of f(y,z,f). In

the instance when the'{Bj} or flv,z,T) are not separable the same
integral or sum term is more anfractuous, possessing the temporal
behaviour of some rearrangement of the Fourier representation of
f(y,z,T) where the form of the coefficients {Bj}, {tilj} and {§j}

of (47) and (48) derive from the spatial dependence of f{y.,z,T).

‘ Some cross-referencing shows that the boundary value problem for
f{y,z,t) in the O(e%) viscous case differs from the problems for
fly,z,T) in the inviscid and 0(1} viscous cases only insofar as the
top and bottom houndary conditions in the O(s%) viscous case are
formed from the sum of the two boundary conditions in the inviscid and
0(1l) viscous cases. The resulting equation (48) for {Bj(T)} may

formally be integrated over T and reveals

. A ¢ cw By (E-5) . w&s ‘ +3s
Bt = d [ = N ) 4 (A s
3 v/ I
- O (50)
-+ ﬁ% <<§>“L C>J-C
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then an integration by parts gives

P 2 o 1 =VARnT ‘ -e-._ﬁ)é,\l-t
B¢ =<\}’<IM ATV L B

' ¢ 2 - v& (zog)
- -.a(ész\)-é‘r) Al e s

(51)

A similar problem exists in the 2-layer model where the viscosity

parameter

5
(Ekman number)

{Rossby number)

is proportional to the sgquare root of the supercriticality, which is
lnow taken with respect to the internal Froude number, aﬁd leads to a
form of amplitude eguation which is similar to (32) and {(36) - the
differences being .in the form of the coefficients and the aforementioned
independence of fhe flow quantities with respect to z in each layer -
first found by Pedleosky (1971). These equations match the inviscid
and € = 0(l) viscous problems of the 2-layer model in the appropriate
limits and both of these limiting forms of the amplitude equations have
the same form as the analogous equations (44) and (46) for Eady's model
but of course with different coefficients. Further, with the approxi-

mation fully stated, the sidewall boundary condition (30) which implies

é&“C‘JsE,C> = O o, \(: 63 ! (52)
was relaxed in Pedlosky 1971 ,so that a separable solution for the

boundary value problem for £{y,z,1} (or ¢ {v,T) in the different

1,2
notation) exists and in the present context of Eady's model this is

L(J’E’:> = @C‘c) ‘:LQ'QY id.-'mgai?:
where

R . JARLSEH: A 1S3 R
sy

{53)

el sl () 0G4
MNGE0S2
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and the resulting amplitude equation is (36) with (53) which may be
cast in the form of (47) with a single equation of type (48) or as a
set of three coupled first order differential equations.

Later, Smith (Smith (1977)) re-examined the amplitude equations
of Pedlosky (1971} for the 2-layer model by sclving the appropriate
prcblem for the zonal correction by Fourier's method and derived an
infinite set of differential ecuations with exactly the same form as
equations (47) and (48) where the (different) coefficients are'algebraic
functions of j. In the same article it is shown that relaxation of the
sidewall boundary ccondition EYT = 0 leads to a gquantitatively different
system of energy conversions with a non-zero energy flux at the sidewall
boundaries.

Now, the change of variables defined by

Z\ = S;)< 3 Tz T ) (g' = p 2,
v - N
3

where
- A
~» Bz =a>' c-':.'*lg +=BQL
- N s NNy

implies (48) may be written

Z o+ Q“ Z = 4“ )47{h+-¥<k7’
J\!JEIC )

where the variable Y is introduced so that

-

K=o CX—Y)
and the defining relations
z 2 2
Qe o L

are taken. Then (47) implies
oD

Yy Hx-x% 2]

where the further relations

| 6_: R aNPX y £ = o+~ oL
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are taken. This transformation of the equations, first pointed out
by Dr. J.D. Gibbon, shows that the amplitude equations (47) and (48)
may be written equivalently as the infinite set of coupled first

order equations

e

-cr CK—"{) - . (54)

‘

~
i

"’('7,‘5(%%' (55)

2'.- = —a- 2 J- (X\/*-r)(*?’) ‘ |
J o F jrehe (56)

where in terms of the underlying physical parameters

N Y (Y S | '}

b - ?
= 257 a2t

l __3@LQ+§)H$§Q.
G:é)ﬂ'sgi-d.‘.
((G+2y=-0D*

(57)

= (o msit dgamsie 4= ANy

= |+ &z(%z-t>

2S,

The same sequence of transformations applied to (47) with (53) transforms
the simplified set of amplitude equations with the sidewall boundary

condition (52} relaxed to the set

X = —a(¥-) 5

1t

Y = fX-N-E (58)

=z = .4= +§_‘(K‘r"+)<.7’> (59)
a
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which is formally the same as the set (54) to (56) with a single 2
component and in terms of the underlying physical parameters

g,p,w,8 and r are as defined in (57) but now

005 A (eshy ¢ e/ %csa}z@ (60)

Equations (57) to (5%) are the now famous Lorenz set. Their
relevance to fluid mechanical systems was found by Lorenz (1963) who
applied the principle to Fourier expanding the convection eguations
of Saltzman (1962) which describe Bénard convection between free top and
bottom boundaries, and thentruncating the expansions at an arbitrary
numbér of components, there taken to be three. The equivalence of
the amplitude equations for the baroclinic models in the three
dimensional form of (36) and {53) with the Lorenz set was first given
by Gibbon and McGuinness (1980), the generalisation of the transformation
te the amplitude_equations (47) and (4B) giving the infinite system
of Lorenz type equations (54) to {56) first appeared in Brindley
and Moroz 1980.

As was mentioned at the beginning of this chapter, the two layer
model may be generalised to include the P-plane effect. The effect
of this generalisation which corresponds physically to the inclusion
of a dispersive mechanism for a wave like disturbance in the viscous
problems appears in the mathematical problem for the amplitude equations
through the linear terms in A of (38)Ialone and renders these coefficients
complex. The resulting form of the coefficients for the small viscosity
problem with the relaxed form of sidewall boundary conditions has been
derived by Gibbon and McGuinness (1981} leading to a set of Lorenz
equations after transformation with complex coefficients appearing in
some of the linear terms. The full problem in this case, retaining
the sidewall boundary conditiens,has been performed by Pedlosky (1982)

- and after transformation leads to an infinite set of Loren z equations

with complex coefficients in the form

s - e (XY (s1)
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»

\/=r><_q7’-><52- (62)
g=

. = L . (63)
z= -4z ;‘3‘(’ (xy +»<‘~()

where r = rl+1r2 and a = l-ie with rl,rz,e € R.

4

The coefficients expressed in terms of the underlying pﬁysical parameters

are given in Appendix B for both the infinite and singlé Z component
cases.
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CHAPTER 5

LINEAR  STABILITY ANALYSIS OF THE EQUILIBRIUM SOLUTIONS OF THE
AMPLITUDE EQUATIONS OF CHAPTER FOUR AND THE EFFECT OF MODE TRUNCATION
IN THE INFINITE CASE.

The content of this chapter appeared in‘part in a short paper
entitled 'A étudy of the effect of mode truncation on an exact periodic
solution of an infinite set of Lorenz equations' which was written
jointly with Dr. J.D. Gibbeon and Dr. A.C. Fowler. I have chosen to
represent it in order to elucidate some steps in the algebra and when
appropriate to pay more attention to the applicability of the results
in the context of baroclinic flow but hope to recapture the spirit of
the more general problem under enguiry.

The set of equations (4.61) to (4.63) comprise an infinite set of
coupled, first order, nonlinear differential equations. On the face
of it the complexity of such a system and the way in which the infinity
appears as a repetition of the eguation (4.63) renders it a suitable
candidate for numerical integration, however the full set may be seen
to have two types of exact equilibrium solutions and the motivation of
our study was to congsider what information concerning these could be
extracted by analytical and asymptotic methods so that some check could
be made on the validity of a numerical study. The particular point of
concern is that any numerical model of the infinite set involves the
usual approximations of discrete representation in the intégration of
the dependent variables but more specifically the replacement of the
infinite set by a finitelor truncated set. The method of truncating
equation (4.63) after some value of j and including a finite number of
medes in {Zj} can be open to question if the inclusion of higher modes
produces a radically different behaviour in the bifurcation sequence.

For such an infinite set of equations in general only numerical
integration of the higher dimensional sets of equations in which more
modes have been included will determine whether convergence to a
particular set of transitions has occurred. This type of integration
has been performed for the.specific case of (4.61) to (4.63) in the
form of (4.47) with (4.48) where the coefficients are for the two laver
model of baroclinic instability by Pedlosky and Frenzen (198l) when
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the B-plane effect is excluded and the coefficients are therefore real
(an example of what will be referred to as the real set) and by

Pedlosky (1981 preprint) when the B-plane effect is included to give
complex coefficients (and an example of what will be referred to as

the complex set). To summarise the findings in these two cases;

a parameter setting was chosen and then on the results of initial
numerical‘integretion the number of modes which were included was
adjusted until it was numerically apparent that convergence to a
particular phase portrait had occurred before resetting the parameters;
in most cases approximately twelve modes were reported to have been
adequate and in some instances up to thirty modes were included; in

the real case the phase portraits as the viscosity parameter is increased
showed a sequence of successive period doublings of limit cycle
solutions, which may be related to the periodic solutions of the inviscid
problem, then a regime of chaotic solutions containing 'islands' where
the solutions may equilibrate to a steady state and finally a regime
where all solutions ultimately become steady; in the complex case it

was found that as the B effect is increased in relation to the other
parameters that the 'chactic behaviour gives way, through a sequence of
.period halvings, to regular‘steady waves.' -

The case of a single Z-component as in equations (4.57) to (4.59)
has been studied much more extensively since Lorenz original paper {196 ).
there he showed that the steady solution X = ¥ = Z = O is linearly
unstable whenever r > 1, which is true of all of the baroclinic models
considered so far when in the slightly unstable state (o >.O).

Further, detailed numerical evidence was given in the real case of a
surface (the Lorenz attractor) in three dimensional phase space in the
viecinity of the pair of non-zero fixed points of the system which is
attracting when these fixed points are unstable, i.e.; when g > b+l

for a value of

P & (a~pﬂq-3>
(-G - 1)

It is interesting to note that whilst the Lorenz attractor is thought

(1)

of as an example of a strange attractor, to the best of my knowledge
it has not been shown either way to satisfy the definition given by
Smale (1967) that it is of the type satisfying Axiom A, which may

loosely be interpreted as implying that it is not easily encempassed by
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the existing mathematical theories. It is thought that this axiom

may preclude the type of attractors needed in the modelling of turbulence,
see Zeeman (1980). Fowler et al. (1981) studied the complex case for

a single z-component both analytically and numerically, in contrast to
the previous situation the complex single g-component equations do not
show the same transition to chaos when o> b+l as r, = Re{r) is increased.

1 .
Instead, the origin undergoes a supercritical Hopf bifurcation when

>0 = |+ (9—*""1)('3—'5"':.\ (2)

)

to a limit cycle which is intimately related to the non-zero fixed

points of the real case. This limit cycle is stable for all values of
g =‘Re(r) when 0 <b+l but bifurcates (subcritically) to a 2-torus when
0 > b+l at some higher value of r, which it is possible but long-winded

to evaluate and which recovers the real case, (1), as e and r. tend to

2
zero, i.e.; in the limit in which the real version of the eguations is
recovered from the complex case. For intermediate values of e and r,
no further bifurcations hawve been found numerically but in the limit
that e and r, tend to zero the torus undergoes a sequence of period
doublings until a regime where the solutions appear to be chaotic is
reached. The overall conclusion cof Fowler et al. was that complexification .
of the coefficients turns non-zero fixed points into limit cycles, limit
cycles inte tori and suppresses the regime cofresponding to chaotic
solutions into a very small region of parameter space.

Now return to the set (4.61) to (4.63) retaining general {yj}
and {bj}.

we
]

~e (X - (3)

<
I

{
-4z §'(x‘{"+><*‘/§ (=)

K e -xZE
le

z_.NJ’
1
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where r = rl+ir2, a=1l-ie; o, Yﬂ' bj >0 (j =1,9; e, Iyr Ty ea:;
x,yed ; Zj e "Z without loss of generality. These equations have
the fixed point solution X = Y = Zj = 0, Unless

e+ = O (6)

there are no other fixed points. Notice that (6) is the condition under
which the complex equations with e and ¥, non-zero may be transformed
by a phase rotation into the eguations in real form, without loss of
generality it is therefore possible to assume that whenever e or r,

_is non-zero that e + r, # 0, A study of the linear stability of the
origin shows that the stability matrix occurs in block diagonal form

and the characteristic equation is

. oy

-.-ﬂ_' ()\+(l\j><(z\+a>(r\+a_§-a-r> = O (7
Js\ :

with roots

A=_% | (8)

.,'?,: g‘(" +ad2[Corad + G (l'-o.)]é; (9)

i

A

The value of ry called re! at which the origin becomes unstable is

found by setting Re(A) = 0 which from (9) implies

[+ (€+’z>(-¢-°"1> | (10)

Gr+l5a

which is identical to (2) for the single component complex case and now

i

14

w = -]..L Cf\) = - (-e+rz_> (11)
fi=he (a+4) '
Hence in the real case when e = r, = O or when e + r2 = 0 then w = 0 and

Tye = 1 which is the result found by Lorenz for his real equations.
Since in the real case w = Im(A) = 0 the bifurcation is certainly not
of the Hopf type. However in the complex case, with the inclusion of

any number of Z components, there exists the exact limit cycle solution
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. | - Lu&
¥zhe R Yoo a—+i.w)A-e. (12)

where (13)

is the 'amplitude' of the limit cycle, a function of Ty, {Yj} and {bj},
and' w and r,. are given exactly by the equations (10) and (11} of linear
theory. UNotice first of all that this is only a valid solution if

the sum in (13) converges, sc that if bj n jB and #j n jG as j » o

then the requirement G < B - 1 must be satisfied. Secondly, the
transition from the origin to the limit cycle solution (when it exists)

is a supercritical Hopf bifurcation as (13) shows since

| Al x(r.-ng)%' | (14)

Thirdly, when e = r, = O or e + r, = 0O then w = Q, rlc = 1 and the
solution (12) becomes a continuum of fixed points replacing the two
fixed points of the set of real equations studied by Lorenz because
the complex nature of X and Y, even when the coefficients are real,
allows these two points to be rotated to form a closed curve of Fixed
points. In this case the solution may usefully belthought of as a
limit cycle of zero frequency. 7

In the general complex case, W # O énd the fortunate occurrence
-of the exact limit cycle solution {12) with (13) enables the investigation
of its stability by transformation to a reference frame rotating with
the angular freguency w, i.e.; put

. r'.mQ‘ ,
X = e , \/zjk.e ) 2J = agj(‘j=l,....> (15)

The equations in the transformed frame are
[ ]

xy = -—(a—-ﬂ-i—u)-x_k +a-Jg (16)

jR = Fncé - (a+ia )\7& - Ay d% ERJ (17)

éﬂ': ..% a‘z} ':é;i (”‘;\7& .,_,L&]:) (18)
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Apart from the origin, which is unstable when r, > rlc' the fixed

points of (16} to (18) are at

. c
°¢R=A a‘jg-‘- l+£.>'q ;?2°=UL"A( (19)
= E
)
where A is the amplitude of equation (13) which may now be assumed to

be real since a change in phase of a complex value of A is eguivalent

to writing
wt + wt + constant

in the exponentiai terms of equations  (15) which leaves the set (16)
-to (18) unchanged, thereby establishing the phase invariance of the

complex set (3) to (5) under

P

Y 5 \f —> ¥ N \{Jlé¢)

Perturbing about this solution the characteristic equation for

its linear stability is

D-Q-% -—aks-\ o (] O | D e e e e D -
P th o o lap--oo.. A

o e\ e el S

'?Zflo v
M 0
1o
A
9"!%}
}-I/
iy
|
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|
,1
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fln B
Z.
w
O
Do
e
- - Nr)_
.
a-
b
!
=,
L

(20)
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 where - ‘
. -1
L:.o.-p—'u..& l\l: |+ i y P: r—Az(gCS‘Q‘);-_I‘-}-Lr {21)
= b] - L= - \]-| V L} kA
o
and A is the {(complex) eigenvalue and from (10) and (11)
LN = P (22)

The determinant (20) may be evaluated by subtracting the second column
from the fourth, subtracting the conjugate of the first column from

the third and using induction to give

O = x E ,\[ (A-ro--p |>2-|. {‘] + A2<I\+Qo-><(\+c+l>2i (23)
Tl )
V

where . - 2:..1- -

1:

provided the sum .converges, notice in passing the similarity of this

(24)

sum to a sum of Laplace transforms, viz.

I

%_d‘d_ Z ({ ..(d +z\).4: J_Q‘ s
VAR W | A )

5 ag L

a point which will be returned to later. Three facts may be deduced

immediately from (23). Pirstly the A = O root derives from the phase
invariance of the equations which gives rise to the limit cycle.
Secondly, no positive real roots in X exist since each term in {23) is
pos:.tlve definite when X > O. Thirdly no further zero roots occur
since & —l ig finite and positive. Hence, if the limit cycle is to
become ungtable it must be through a complex conjugate pair of roots
crossing the imaginary axis from left to right.

Taking real and imaginary parts of (23) after putting A = #iQ
where Q € !R implies that

DR <P (209
0. S - q (29)
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where
R = %_‘5&4_1 , S= Zﬁ + (30)
| TR i a:fisz‘
and

D: (206,-*[)..‘52‘51 + * (Zs t>z

Pz -9 (Ree oriSea? R - DR 1) (RE Dol )

(31)
Q= Q..Qz(o-+i)<3a-+—l> + [2;(6_*')_&13[@_’_01*_?}_5?_1]
or alternatively
Po [ (-0(terSe &) - (3es1)g¥] a2

Q = U+ [ Gerdlor))- gt IR+ 2ol e r1) 7]

Now Az,ﬂz, R, S énd D are always positive, hence for a simultaneous
solution of (28) and (29) to exist P and Q are necessarily positive.
From the equation (32) for P this condition is not satisfied if

¢ < 1, then no roots 92 > 0 of {28) and (29) exist and the limit cycle
is always stable for r. > r. . When ¢ > 1, which is true of the

1l 1lc

2-layer and EFady models where o is fixed and equal to 2 and s, == 1.4

o]
respectively, the condition that P must be positive puts certain bounds

on 1. There are two cases to consider, when

o< iz < @+ (e=1) (3)
. (1;&-+-‘>

there are no bounds cn 227, but when

£> e s o "
(3¥r+l>

then any root of (28) and (29) must satisfy

Jéa - 12(3a-+!) — <o+t>z (35)
| (-
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The condition that Q must be positive yields no further information.
Consider now solving (28) and (29) simultaneously for Qz and Az.
Since Az is proportional to ry from equation (13) consider the solutions
for 92 in temms of large or small A2 with these limits being equivalent
to large and small values of Tye In the context of Benard convection
r; is the Prandtl number and here from equation (4.57) r; increases as
the viscosity parameter decreases with the other parameters fixed.
Without resorting to the specific forms of {Y } and {bj} the series R

and S cannot be summed but formally consider solutlons in Q of each

equation separately as functions of Az calling them

a“) . (36)

For there to exist an instability for the limit cycle there must be a
coincident solution of both equations, i.e.; there exists one or more
values of Az such that QR2 = ﬂsz. Tt may be checked that for all values
of q,QRZ(O) > QS%(O)‘and so a sufficient condition for instability

is that

2(Az) > QRz(Az) as A2 > ® (37)

and if this condition is satisfied then the curves of (36) must intersect

an odd number of times. From (28) to (32) A2 + ® ag Qz =+ w and in

this limit

De 2% . 0@
Pz 6-08% o(R*)
Q= ¥+ (R
and so egqguations (28) and (29) imply that in this limit
R R(R2UD) ~ o]
A S(RaaD) ~ |

(38)
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Any sufficient condition for instability will ultimately rest upon
how the sums R and S behave in the limit 92 + = but first note that
any finite truncation of the sums, assuming that they are then partial

. . th .
sums including the N term, gilves

R =

3%2-%5 dagq + o(R )

z
os S =D o (39)

H

~ ' -
3 g et

S

and then the sufficient condition for instability (37) is

o > <%%T {jdﬁ + { (40)
-.i g

When a single Z component i1s taken in {3) to (5) then (40) reduces to

¢ > b+l, a result already obtained by Lorenz for his equations,

For the infinite set of equations it is necessary to deduce how
the sums R and S behave as functions of 1, In any finite truncation
R and S behave like 9_2 for large &8 and thus for large r

1
necessarily behave like thig for an infinite number of modes. In

but may not
particular if R and S do not have the same leading order asymptot{c
beha#iour for large £ in the infinite case then the stability criterion
{40) may be radically changed if it exists at all. In order to study
the asymptotic behaviour qf R and S for an infinite number of modes

two cases which separately include the cases of the 2-layer and Eady

models are considered to illustrate this point.

(i) by bounded as j > =. If {y} and'{bj} are such that Iy b, and
.Eyj converge, suppose that |bj| < B then

L ! 2 '
22 w2 W

and since Yj’ bj > 0 for all j

w> S b » TR Z8% L o/ R .
>.?:c}d\’>szf2 'z&ttﬂv ><l+ = so
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implying
- .
Q = Z &;IQ‘ + ac-?_l) as Q-—b% {43)
and similarly

oD .

S= 24  +e@ es > (a4)
R |
so that the stability criterion (37) becomes (40) with the partial
sums replaced by the convergent infinite sums. Hence, for this case,
there is no qualitative difference between truncation at large N and
the infinite system a propos the stability of the limit cycle.

‘The coefficients for the two layer model are in this present

categoxy:

d:i () = EEREN Q‘ 3 ’:nj (45)
(GrayTn ) (g4 )itead)

= syl !._._‘z_ hpd.h
QJ (o)) = Q*Q ) (46)

1= O

iy - 2k ==
&G

and it is possible to evaluate the appropriate sums R and S by manipulation

of Fourier series, a calculation which was first performed by Smith

(1977), i.e.; put

(..\52:: 2‘\-&_1 c.-d..e.re H&G:

(47)
L4
(=
o an 2
Q'— i&g = Jq__‘i{:j__ = (-(——ri-_t..)-a? zu:r" :Z Q_%‘z _
bt 22 T35 50ert)

= <:{_\2) . J% {{ (%tu“*) | (48)

= (4% A2 (( - 4—%5-\ @“’BI‘
(apfs ez) (1 (apvai) 2




-127 -

where the locus cf p in the complex u plane as Q varies on [0,]

is given by
' 2 \%* _ z
) =
and, explicitly, on inverting (47)

pro= st g ( (msz‘)‘ﬁz)% * ((4&‘)%—Q)z>

Y] }
ACQ&) : (49)
b 4 1 " 3
poo= X (GustY2)E ((4sR2)
o\ L
206
Smith's ca;culations were appropriate.to the real case when e =r, = w =0

2
and the limit cycle is a continuum of fixed points. In passing notice

that in a truncated study of this case

o ‘
}2 ~ 1l Z A'Q' + o (R z) as X oo
- &l J‘El d \!
N 4 . ‘
and Z ijj =0fa ') as a = =, but in the infinite case:
1 ‘

R g 24 + oD o

-3 . . .
and now L ijj = 0fa ") as a + © ,on manipulation of some Fourler*

series. Thus writing

N
Ry = Z 44 __
7 QJH.Q‘

then ‘ (505

wow 4 (Ryy & & & (R)

Aoop aDes Row e Romw ANoe

(ii) bj unbounded with b, ~ ¢.j and ¢ constant. 1In order for the
limit cycle to exist %ijj—l must converge and thus necessarily Yj n j-P
with p > 0 as jJ =+ », BAny finite truncation of the sums R and S again
behaves like 9_2 for large 2 and an integral estimate may be applied to
the tail of each series in the infinite case, For given {small)

a; 18513553, > 0, there exists a value of N which is independent of

such that for all j > N

*See Appendix D.



[—a < b
< 8 < lree (51)
J C.\' J
-2 < .ij_‘, < | + 2%
J 9J v
Each sum is formed from a series of monotonic decreasing positive

terms and so, e.q.

\I—Q’\I ,Q! < 2 ‘J‘k‘t :}Q, - (52)
N

where N is sufficiently large that the integrand is an integrable
function of j when j is a continucus variable and then the integrals

may be estimated using (51) and

o ‘ oo
£+ a o -p+!
Jel ({*5‘)((' 3) <2 a¢_< 2 f ("'rj-')(’*j"')
2.2 N“dj?-&lz e 2 z z
S R A R R
J ~ N
Putting j+ = j-al, j_= j+a2 and then relabelling the new variables
as j, there exists agrag > O such that these integrals may be
approximated
&b
o "F""
(l—_y)%<£d@ < \7'"! (!+af,) (54)
‘T*& J S R
_a-l+l+n.z J

, ~1 '
Now setting z = j in IN(a,Q)

\J (55)
a(e hsa‘)
R

there follows the reduction formula

T ey = _ 1 - 27 (a2 R
CAAN NN & ¢ ; e

. _ 4.»-@7!
and

(57

7,008 = LR (I+e); I(0,R)= T u@)
L AR

as &*5"5
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Hence, if p > 2 then R,S = O(s{z) éé S -3e8 and sc again truncation
does not alter the stability criterion which is (40) with the partial
sums replaced by the {convergent) infinite sums. The coefficients of
the Eady model given by equations (4.49) fall into this category
since p = 4 and truncation is thus established as a procedure which
will not materially affect the stability criterion.

If O <p < 2 however then the partial sums of R and S do not
cdnverge uniformly with respeﬁt to o and for example when:

P =2 R = O('a'—;l%) o._go_g_: O(R?) o5 R e

)
ondl _ (58)
P=l) Q: OC&-) a...ad. S = O(%) a.s&‘?%

In both of these cases, using (38), for fixed o > 1
o 2 > 0@ as 2%+ =

and so no instability may occur as A2 and thus-rl tends to infinity
in contrast with the finite or truncated case for which the criterion

' {40) always exists. Notice that for O < p < 2 we should expect the
criterion to alter since either or both of the partial sums of (40)
cease to converge.

There still remains the possibility mentioned previously of multiple
interseétions of the QRZ and Qsz curves of (36). For a final instability
(stability) of the limit cycle solution there would be an odd ({even)
number of intersections of the curves which would produce intervals or
windows of instability along the ry axis. Some numerical checking with
the coefficients of both the 2-layer and Eady models has shown no evidence
of this phenomenon, there is always a single intersection of the curves
for some values of ry when the exact criterion ((40) with N = =) is used
(Although the sums R and § for the coefficients of the Eady model do
not seem to be summable in closed form.)} and this result is in agreement
with the study by Smith (1977) for the linear stability of the non-zero
fixed points in the case of real coefficients with real wvariables for the
2-layer model. This suggests that there is the familiar 1-1 correspondence

between the bifurcation parameter r. and the real part of the eigenvalue A

1
associated with instability.
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As stated our conclusions confirm by analytical methods that mode
truncation is a qualitatively valid procedure in the neighbourhood of
the instability of the limit cycle or continuum of fixed points for the
baroclinic models. Manley and Treve (1981) and Tréve (198l) applying
a method of Foias and Prodi (1967) have shown that a lower bound on thé
number of modes in a Fourier expansion is needed in Bénard convection in
corder to correctly predict the critical Rayleigh number for the onset
of convection in a quantitative study. We are unable to predict anything
about the behaviour at other bifurcation points such as possible '
transitions from periodic or guasi-periodic solutions to chaos because
our analysis is local ~ studying the behaviour of the trajectories in
phase space in the vicinity of the continuum of fixed points (in the
real case) or the limit cycle (in the complex case) when the viscosity
parameter (y or r in Pedlosky's notation for the 2-layer mode{) is of
the same order as the square root of the super-criticality (e or A) as
this solution becomes unstable with the steady decrease of the viscosity
parameter. ©Now this equilibrium solution is the small viscosity limit
of the steady soiutions of the amplitude equation formed when the
viscosity parameter is order one with respect to the supercriticality
(K = 0(1})), this may be seen by inspection of (4.47) and (4.48)} or
equivalently (4.36) and (4.38) then comparison with (4.44) but recall
that (4.44) is the inviscid limit of the u = 0(l) viscous problem for
which the full coefficients in the required form are equations (34}
and (35) of Drazin 1972 . The position of the equilibrium solution in
the small wviscosity U = O(E%) problem in phase space is independent of
the value of the viscosity parameter Vv, this follows by inspection of
{(4.47) and (4.48) and then {4.49), hence this solution exists for
all v {and in fact u 2_0(8%), with continucus deformation) but is not
related to the centre of the dnoidal periodic sclutions of the inviscid
problem given by (4.46) as the latter are explicitly dependent on the
initial condition A{D). In the ¥ = 0(l) viscous problems,since the
coefficients of the amplitude equation in the barecclinic models are real
and the equation is first order the amplitude function may be taken to
be real without loss of generality and its steady, fixed point solutions
are globally asymptotically stable.

The inviscid limit of the small viscosity u = O(E%) problem which
is clearly recoverable from the equations (4.47} and (4.48) by letting v
tend to zero to form (4.46) is not recoverable as easily after the

transformation leading to (4.54) to (4.56) is applied, see the explicit
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forms of the parameters which are connected through the transformation

by (4.57). A different approach to the problem of examining the
transitions before chaos has been taken by Pedlosky (1971 and 1972)

and Smith (1977) although at that fime the equivalence of the amplitude
equations with a set of Lorenz type equations‘had not been established.
The inviscid amplitude eguation (4.46) has solutions which are all
periodic and may be expressed in terms of Jacobian elliptic functions.
When the sidewall boundary coﬁdition is relaxed so that the amplitude
equations are (Blo) to (Bl3) for the r = O(A%) small viscosity problem
Pedlosky (1972) has considered the existence and stability of the

limit cycle solutions for the 2~layer model with Wfﬁg is an

asymgtotically small parameter. Smith later re-examined the infinite

set of equations (Bl) to (B3) for the 2-layer model using the same
techniqgue and gave some numerical results in Smith and Reilly (1977).

Both of these analyses are applicable when the amplitude function A({T)

is assumed real and the results are in qualitative agreement. The
inviscid solutions are of two types which are referred to as the § < O
and & > 0 periodic solutions when the wave amplitude is assumed to be real,
the £ < 0 solutions correspond to a solution of (4.46) which is a dnoidal
elliptic function and for which A(1) is always one-signed whilst the £ > 0
solutions correspond to a solution which is a cnoidal elliptic function
for which A(T) changes sign twice during a period, the two types are
separated by a single € = O soclution of the form A = AO sech(mor)

which is non-periodic and where AO and wo depend on the physical parameters
{k, a,r m). The two-timing technique applied to the r = 0(A°) small
viscosity equations when Tﬁ%g- is small shows that there are limit cycle
solutions which arise from both types of inviscid periodic solution,

the € < O limit cycle exists only when the fixed point solutions are
stable and it is then unstable, the £ > 0O limit cycle always exists and

is stable. If A{1) is cohplex then, in general, the changing of sign

in the & » O inviscid solution does not occur, a note to this effect
appears in Appendix C. The saquence of different limit cycles found in the
numerical investigation of Pedlosky and Frenzen (19B0) as a result of
period doublings with the increase of the viscosity parameter where

the amplitude function is assumed to be real are thought to be related to
the fundamental limit cycle solutions arising from the inviscid problem,

A similar concept of reversible (inviscid) solutions pertaining to the

irregular loopings of the trajectories about the fixed points in the case

of the real Lorenz set is exploited in a short paper by Haken and Wunderliin
(1977).
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CHAPTER 6

WEARKLY NONLINEAR STABILITY ANALYSIS FOR THE EXACT PERIODIC LIMIT
CYCLE SOLUTION OF THE COMPLEX LORENZ EQUATTIONS

In pursuance of the linear stability calculation for the limit
cycle solution of the infinite set of complex Lorenz type equations

(5.3) to (5.5) of the previous chapter

-c-CNi*\f> (1)
r=7r o+l
Y = .r-)(-a.‘/ )\(2 2\} a=l-ie (2)
g

= : . ) * * [ = -
ZE N G Ot e @

X .
1l

consider the weakly nonlinear analysics and its consequent determination
of the direction of the bifurcation. The abstract theory for forming
the differential eqguations governing the local state of bifurcation .
of a limit cycle solution of a set of first order differential
eguations which are rotationally invariant and where the limit cycle
is described by an exactly sinusoidal oscillation has been given fully
in 53 of Fowler, Gibbon and McGuinness (1981). The aim of the present
study is to perform the calculation outlined in that reference for
equations (1) to (3), i.e.; for the case of an infinite set of Z
components where the ccefficients {yj} and {bj} have the nécessary
convergence properties, HNote that at every stage of the calculation the
finité or truncated set of equations formed by truncating (3) after
some value of j > 1 and for which no convergence criteria need be imposed
may be recovered by the obvious trpncation in each step of the calculation
as was the case for the linear stability calculation of chapter 5.

In the case of the 2-layer model of baroclinic instability (for
which the appropriate equations (1) to (3) are given by (B6) to (B9)
of appendix B) where the infinite sums inveolving the coefficients {Yj}
and {b } may be expressed in closed form in terms of the underlying
phy51cal parameters the type of bifurcation may be compared for a glven
parameter setting with and without the relaxed form of sidewall boundary

condition.
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First of all, the set (1) to (3) may be transformed to a frame
rotating with the frequency, w, of the limit cycle by setting

LIJ“ Lh!'l
K= nty e \/ ge y Ejzag jeheo (4)

2p =
J o9
and then rescaling by the limit cycle amplitude A of equation (4.13)
by setting

at.k:A"'— N JR::AJ ) ERJ-Z,AIZE' J:',--- (5)

In the new, rotating frame the equations become

L = -Ca— +.‘.u>«_ -+ a—J

';!..*- -Co--t.u)-x. -+ 6'\7*

Y= roe-(atia —-x(Al Ez- (6)
J (asio)y J

St ;-*—,:‘— a-iu > - 22
j = ( )\7 Ty ' J
E.J = -%'EJ +§'_\’—‘I(m\7i+x\7)

where * denotes complex conjugate and

a=l-ite | w= o—(_~e_+r,_? , = r,,_-f-fA! Zi (7)

(a--f-!) | ﬂ_,\’

so that ®w is the frequency of the limit cycle given by equation (5.11).

For convenience set T = t. If (6) is re-written formally as

-L(”—’“jr‘> (8

where @ denotes a bifurcation parameter then rotational symmetry is

established by noting that

‘—Q-;L(%>r>=_k(@-zsr5 )
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when the rotation matrix R is

-

'Eg(£;3 = N3

1 3 1
1 1c say, with rlc > rlc

for which the limit cycle may be linearly unstable. In the new frame

Recall that there may exist a value of r., r

the limit cycle corresponds to the fixed point

2%0-:-_<‘5 l>0J,k5*,%’L)-.. ) (11)

and if the supercriticality is defined by

L=, £e (e&l) , (12)

implying
2 t 2
lA’ = fie~Niet €
hioid .
=%
! v

then the slow time scale of evolution of perturbations to the limit

(13)

cycle is
T = & e (14)
and an expansion in terms of ¢ for the position vector of the solution

in the new frame may be sought in the form

& 0y 2@
AT R+ ER e M 4 - s (15)

Substitution of the weakly perturbed state in (é) now yields the familiar
sequence of linear problems at successive powers of the expansion

parameter €.



At first order, 0(l), the equations have the continuum of fixed

point solutions corresponding to the underlying limit ecycle solution
)
® = _@CCf)(t)) %o (16)

where the phase function, ¢, expresses the permissible slow time scale
drift of a trajectory élong the direction of the limit cycle in the
slightly supercritical state., |
At O(e):
(1)

The equation for x may be written in the notation of (8) as
0]
(%—'2@)*: = 2 (17)

where

D&U = éijj(gdtﬁ)&c‘)r&) = _A_(: ('ﬁ,r-)

and explicitly | o
Defoel 0 = 0 o o
o - 0 o :o“----- o- -
! i ' t
_ =fle"fie o = o o e feefics - | (18)
P o -t o =5 =
O p* (&) - ‘I-—"?:—fm -Q_L?-_ —“.:-f.t._,_i{..
—_ e =] 2 L JTFS
GNE® Gl gty *
kbt M = QL:'LI 13
2 2 2 2 s
) } l \\\ O
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Absorbing the part of the solution for 5(1) which is proportional

=R i i i [_é '
to u, g:(a).go, where u, is the right eigenvector of ?L with

eigenvalue zerc, i.e.; the solution to

Q}-gor— &L,j(‘gfé)-z&m) e = @ \J(b,r\

and which exists by virtue of the fact that the underlying limit cycle
may have its phase perturbed but still be arbitrarily stable, by
letting ¢ depend on € so that '

C(M"ﬁé) = Blrdr e e .- (19)

the solution of (17) with (18) may be written

~o24

n - + +oR& » - ‘
® = ACT) Uy 2+ Acr) We (20)

where A(tT) now denotes the complex amplitude of the disturbance to

the limit cycle solution. On substitution the solution (20) may be

expressed as

0]
>,

L2t ¥ P} 3
Aﬂﬁf)cgnlq_ + A.(r> Uy, =

t

: YT o

m’f(') = Al u&z-v_ge * A'('r) u,,: o
(21)
A ' Y - . -
j = A) Uy r A tn, <

. | L5 » x -iQf

. ;-_&Q» -’ n —t._&«&
2\] = A a.xJ.,c,""“ e M u&rq.g

Then u, is such that

-— (crAJ+-t527)uﬂh *'G'kas = (:)

"_(;*J’EFCSZ>CK21 +.a~¢g¥q = O

(22
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Ef‘%ﬁ% o
P*u%— (L*ﬁ:&)u_,,q - (“-c""‘-t— )_;L¢Zm' ag,. = O
= s .

2 (J.Jz' 'f" - Ll._n +-Q_ &Qq

(Q +,_¢52>u_,,_ + Gv\-#(l\] - :ficqs - ) O

The determinental condition for a non-trivial solution, u, # 0,

to exist is simply that Q must satisfy the characteristic equation

(5.23) of the linear stability problem which may be written in the form

¢ .SZ( (2 an + L 4N L 1R )

+ r't.'-rtt- (c-ClJ'HJ )+L&)(a(l\!+d}+ Le 1—:2...52) Z'I)L’.S—{ -

Qz% ¢ (23)

(23)

and then a solution of (22), using (23) to eliminate the appearance of

the sums R and S (as defined by equation (4.48)) is

%

g Cald*-ﬁ- L*-f- PR ) .Q_Ld:

ty, = < Cai\‘ + L +£&>¥-e_—‘-¢
{24)

t.l..sz3 = (al\ldbi&)(okl*-#- L*-o-E&) -QLé

tng, (al\.‘ﬁ-i&)( o-t)\} « L +tSZ> -.e_.—‘.—4I>

o (otim® e Yo tren®) ¢ Ll "2:R). 1 Yaeg
. 28 R

‘ - . . o d‘
’=> 2&.&“ = -—E-.Q Cch-f-L-H.&)(a‘J A +£-S?> . "2.’%‘”
S A ———— ey
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Note. {i) The value of Q is found by solving the characteristic
equation for linear stability (23) and that a truncation including the
Nth % component is recovered from the above by setting Y, = 0 for all
n > N+1 in (23) and (24) so that LY is then a vector of dimension N+4.
For any given {Yj} and {bj} the value of Q computed by (23) varies
with N.

(ii)} The first four comppnents of EQ vary on the slow time scale T
and the remaining components are associated with the components Zj of

the stable manifold Z_.J =0, j > 1, for the fixed point solution x = Q.

at o(ez) :

The problem for 5‘2), noting that

NIy L )

is

(2&;— Eﬁ:)2§$>: — Lq%:4ac¢

~idh

- i h e

T
on J
zﬁt,
0)
. * -i [ b (|) (26)
e I fnl o ) 2OF

ST
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Using the relations (24), that part of the right hand side which may

be seen to be proportional to ez::'Qt gives a particular solution for
5(2) which is proportional‘to eZiQt, however since D_A has an eigenvalue
equal to zero that part of the right hand side which varies on the slow
time scale alone is secular. In general, the secularity condition
which must be imposed upon a term in the right hand side of (26) which
is proportional to gl('r)eim-' or to go('r) i.e.; imposed in finding a
solution x to the equation

(; —é)-& = Co 4+ C {LSZQ: {27)

—_\

. : . . . -2, . .
which is valid for times £ = QO(e ) is given by

Y,.,= O (28) v

where | (g*)TE:‘ o {30)
and (g*)T g; = Ry, (31)

or equivalently where Y and v, are the left eigenvalues of d

with eigenvalues O and il respectively. Explicitly (31) becomes

- O - {29)

o

L

- (GA+I&>\J.1| Pd.ls T l\‘* .-Ld:‘z d -4 U-‘u.

b=
(NS R)dny +Pun + N Gy = O
-l 5

a-d& - (L-l-c‘.&) d_a_s + 2 < Z é*_q‘ . - O
' w =
Vo, - (L ""E&B‘-‘qu +:71—'_ % QL_,* ., = O (32)
—ig
_(Q“_q+:'.‘sz>d&“ —- (d_ns-p_ -+ "’J!q'e- e

"’%
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Zgain the determinental condition which ensures that a non-trivial
solution, ¥ # O, exists is (23) and when this latter result is used

to replace the sums R and S8 a solution of (32) is

(ond®s (%t R (e L 42 N*) s

bc
H

Col\-‘-f L+C-52><Chf*‘\‘“) L* + EJZI\J> -a_':é
(33)

(a(ldrl\") +E-.2>( a-l\r*-l- L-*-t- C‘-Q) -e_-.Ld’
Jag = (a‘(l\]fl\."') ,.C..R) (al\!-b Ld—i&) - ‘¢

Jg) = - (.«;J, e ) (amﬂu*) +z.32)(ocw'>+ L+ L“-rnz&\ J
_?‘i' M\’ d_‘_q-e- 152

=> 3 d;_('u&_ = 2:Q Col\]+(.+€&>(al~]*+ L*-l- c.&) wz 5y
n=g w

On returning to (32) and taking the limit © -+ O a solution of (30) is

given by
- » —ig
Jol = Lo N db:_ =- L <
e -
dos'.: o 3 dbf(‘ - —are (34)

Jpa= O w=58,....

Substituting the form of the solution at previous order given by

(21) in (26) the t independent vector, go('r), of (27) is

SOCI) = - iqgt‘e;aqﬁ
-id, o

LI\.{@ .n_Lé ( -’::.>|AI (‘-‘.:z,z'-ka“ +'*azzz'-kt )
< %,

_‘_]Jié_g__ ('r_-r,L 'Al (tl.h Zua“-p-u:’zs-.%“

S

\(
d’ » e b ] -
'g 'A‘ (U-m'*az-_s*'-“t %3 +u-‘:_“k-3’!q.""'u‘!1 u\’lq,

]
1
" | (35)



Hence, from the secularity condition (28), the phase function ¢(T)
must satisfy

(&(:JH\I") - L+L*> C#

)lAlJ (ZL Lams® qu ") )z

¢ = BIA?
with B = t(2a£>z

= o

which implies
(37)

where q = 2w-e. Notice that the choice of a normalisation fo;_gﬂ'
in the solution (24) which leads to (37) from ({36} implies the

normalisation for A(T) in (20).

There now exists a particular solution of (26) which,expressed as

25 2 + 2:&& - -ond
x :gofA, + a A(t)-e. Q, AC")
and substituted in (26) suggests the simpler expression
ze ¢ * x-S
«(_1) = ao'(A’ ey, ACC> + o, A )<
% 254 * el A/
-;GD: a,, (AI* +ayy A(z).o_ + ay A (De
' (38)
. ‘ 2:R4 x & —amt
J@) = ey li\l?‘ + gy zn:)-z + &g, A )=

L] 3 2z 2(5?.& + M2 --:k&t'
@ oy TAL® « aqu(_g.S-e_ + a, A e
@ 2 * g2 -84
z

.
H

at:j"'[Alz+at['**A (x)-e dﬁt{“"A ) e

el
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The algebraic steps leading to soclutions for 3, and a, are given in
appendix D, ‘

Recall that constant solutions in x, arising from the zero
eigenvalue of Eﬁr and which are therefore proportional to Uy have
been incorporat;a'into ¢ by the assumption of equation (19). Similarly
a solution in x proportional to Eﬂeigt, which corresponds to the eigen-
frequency 9 of instability of E& ; may be incorporated into A({T)

if it is assumed that A({T) depends on € so that

A(t:,e) = A,(‘C) + &.A,(t) e : (39)

The problems for ¢j, Aj with j > 1 are neglected.

‘At 0(83):
The problem for 5}3) is -
> )
(éb_ ﬁ) _):: - écm‘

. ~ ¢
_ ACJO)" r.'i""?c. <'&>'-,;—h_ ® + o(:) ; EJ-U)

J
a% b e

J 4} {40)

T
Y o O @

587 4G o
é:, *f(aJ -e-'x.Ji +—u.J + \7

where the scolutions at O{e) and O(ez) of (21) and (38) may be used to

evaluate the right hand side and, in addition, the result that

oy = gcqg). Q& (41)
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where gn‘is the right eigenvector of gi.(z;u) and is independent of ¢
and thus T {see §3 of Fowler et al. (1981})). Hence

ét Yo < Cbt @fttt)) Q&.
= CP,—_ g'(‘?)-_@ab).t_in
= & L) ay

{42}

anqi ﬁﬁuS
S eq = (tdun -t vy i magr-itrong, ©, .. )

The right hand side of (40) may thus be seen to contain terms which
. . 3i0 *iQ
are proportional to both e it and e * t, the latter terms alone are

secular and are given by

(’bﬁ - __>_.g>'5(3>=

"‘\t‘%ﬂ."illd%‘klr
- "A'cfl.nz‘ + ‘-A(tcuaa
["At“-ts = ;-A(#r.“-aa, * :be: s, /]

25

-t \(, 5 * 2 = s » b

-(EQE)C&';“:’ +ﬂ\a,_§na\j +%|§u_‘\j +o,_‘§'u.:_'.>AlA\ ]
"

["Ac Uze +"-A4>t g $-°‘-_L¢‘5Z““h A
%

"—lt’.—l‘- 2_'**“1- *-60-- =

(g5 ) o g Foye Ay WAL
N

A ) (omaty o+ :

padmt (L..t,\i,,.q_ +__'j (d.n'aes + O, S Ry Qey Oy B,y

+ua, o * * 2
Uey Oz 4 dgya,, + Ungoe; + Uy, o.-u_>A(Al/

t ]
: N (43)
!




The secularity condition to be imposed is {(29), that the right hand

side contracted with Vo vanishes, The amplitude equation for A(Tr) is

- A,C ( Vg, u_,.| + "'.n,_“&,_"' d’3u~’3+ -J_,z

qu&q‘-r % \L‘J u_g\i )

- t'_ﬁ A l A\z (‘-‘1,“&, o, W, + 'J-IS“-'-; = a,, ';"-1('- )

{ 2 ok ot o

Ll ’-l;—r;f. A'A\ (\lasl-\a'zs-ﬁo‘j -+ ‘-‘asu'-.:; Zn-t' +".?.3qotzu '

é:jﬁ/ ( . . / ) ‘b
TR gt F oy

be on

a0y
* . * %%
- \.l__;;:s Ag, {u_.tj + \{,4 '—l.x,_%ﬂo‘ - u_lq.u,,.sz:v -+ U&q-n:‘ Z:..

v s"\"

2 e '
* “* o
+ A-‘;Al ?‘ dJ d'R'J'l“r (M, d°3 + An, Qe + o, Clas + Qx, dp3

_ » . "
+u-h(t,qn| ‘f'u:.l!s a2 +u-&3qo‘ + U\gq_ d.zz>

an .
s = Yp. id -
s J Vpeeo + 4
.!?5 _zq_-.o_
% +
= %L
! . {44)
J = O
when r = ¢, ' # 52, which because of equation (37) may be written in

lc
the form

Ao - 2% A 2% AIAL® (45)

where kl and k2 are complex coefficients which may be seen to be

independent of T and the upper choice of sign is taken in the supercritical

s e, i.e.; whenr, > r
tate, e.; R le
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Changing the dependent wvariable by putting
A; 5
= .2 (46)

implies

7 = =+ (2;(4,);-— + QE(Qz)f‘a L (47)

which has the solution

ihg‘lfﬁnsz

2
r () = t'EL(Q.> Ko
) | - -Q-e. C-dlz> 1< A_IQQ‘(Q'}C -

+
wheré K GIR. is a constant of integration, then

| ©c :-..{],.,_(Q,) .,.]__(Qt) '_z (49)

and from equation (37}

| ¢ =R (50)

Hence the bifurcation is of the subcritical or supercritical type
according as Re{kz) is positive or negative.
In the subcritical case the perturbation to the limit cycle

. 1 . . . s X
solution, 5( ), is singular in general at the finite time

rs = Lo (( Re@)Y")
2 Ru(h)

and then the above analysis does not predict the solutions of equations

(1) to (3) except when r, < r, ' with Re(kl) > O and the limit cycle

1 lc
solution is thenlinearly stable exhibiting the threshold type of

ingtability where the threshold is

A 5 = Rec®) (51)

— et

Re ()

If the bifurcation is of the supercritical type the solution Af{r)

is bounded for all T . and for all initial conditions with

rln.. QQCQ'> a5 T-D ob (52}

Caa.(?gtl>




Now the position vector (15) in the rotating frame is

- . iod
> = _g(d)(t)). a, + € (A(:c) e (cf:c'c))-aa+ ﬁ;:?-lw> +. B3

formed from equations (16) and (21). Recalling the result of equation

(41) this may be more usefully expressed as

x = @(C{:(t)). [4_-.°+ € CA(:) Q&-rf&£+ Sin u—-dn“r-)] + 0(69(54)

then

- () 48D 2SR
e @ 6&(Q|> -Z). >, +e @D)’éd -;(7 Q‘_(-Q'J ‘-%;
Re(-5) 08y X

4 osicder B+ OGS T (55)

So that in the rotating frame the solution tends to precess steadily
around the limit cycle ag T -+ © with asymptotic frequency on the

t scale

C—'.z 6 &KQ.)
P (-%.)

and has a superimposed small amplitude osecillation given by equations

(56)

(47) and (48) of size proportional to e = J (rl-rlc') which varies on
the fast time scale, t, with frequency  modified by a slow drift on
the slow time scale, T, hence the solutions are doubly periodic. In
the fixed frame the solution is obtained from (4) and (5) under the

rotation matrix R, l.e.;

X = g,(m‘l).i\ e (57)

where A is the constant scaling matrix implied by eguation (5). Since

R is a rotation matrix

g(wi). g(dxz)) = @ (st fq'scr.-s) (58)

~ g((c.n-e"&@@).@
- éL(}QJ
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then from equation (55) the solutions in the fixed frame are again

doubly periodic although now the precession of the solution around

the limit cycle is on the fast time scale so that it is not separated

as easily from the component frequency of the perturbation away from

the limit cycle. The two frequencies may be incommensurate in general.
Explicitly, in the rotating frame, x, the first component of the

position vector x is given by

¢ ' U(Rbs ©C))
V-3 qS&(/ [+ 6arcc>g<‘=‘€d‘+l.‘+i&)-o_( "
(59)
+ (N L*—c&)-e,_“&k-be(d); )

+ oCa:‘)

showing the two periods through the. precessional drift ¢ (t1) about the
limit cycle and the instability of the limit cycle through ﬂt'+ g{t)
where {1 is the eigenfrequency of linear instability and 8{1) is the
correction to the eigenfrequency in finite amplitude. The (j+4)th

component of x is zj, given by

Ej = jl_ + erdle) Qp_ (o™ +aR) (e lrirn®Y « Lit ™ 2082 )
b _ . (RLrOCE) (60)
! " —ij— -2 + ()
ﬂ5+ijl

Asymptotically as T -+ = , from {52}, each z component of the solution

J: lyevo

exhibits the single period associated with the linear eigenfrequency of
the limit cycle instability but again slightly corrected in finite
amplitude. The absence of ¢ {T) in this case arises from the form of

the rotation matrix (10) or equivalently from the orientation of the
rotation associated with the limit cyele, which is in the x-y hyperplane.

In the fixed frame the solptions become

US4+ &)

L
>< = -f}c.,- fie ® 3 + e«r(:)((«dﬂ L‘-ﬁ&)_@_

S \ _
iR i Can".f L*— E.Q) .o:'t.(&@-o-é(t))) )

+ O C&2>

f._(uﬂ‘+<$€c>> | (61)
( f
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2\] ] ‘:é‘;:fr‘ =) _d.J + ert Qe ( (e ie DR R (oo L1132:9)
1 r%ﬂ L' . . -
{ J « & (2L +ote))
QT\'T&-Q ) + 0@'5(62)
d L . i '

g b
For the coefficients of the two layer model 6f baroclinic instability
in both the infinite and single Z component cases as given by equations
{B9) and (B13) of appendix B, contours of Re(kz) are sketched in the
real (k, —r2) planes of figures (1) and (2) with some of the more
involved steps in the algebra appearing in appendix D. Figure (2)
with the coefficients of (Bl3) is appropriate to the case of a single Z
component found by relaxation of the sidewall boundary condition (4.52)
and not by truncation of the infinite set given by (B9) after the first
component. The contours are surprisingly élose in both instances with
their differences being most pronounced for the smaller values of k or
longer waves. I am at a loss for a physical interpretation of this
detail.
The simple computer programmes used in these sketches also confirmed

that the sufficient criterion for limit cycle instability

e > Z:‘ d;l‘o}\i + ’ (63)

= ¢
vy

of (5.40) is also necessary in both cases, i.e.; for all k such that
(63) is not satisfied there does not exist a real root, {1, of the
characteristic eguation (23) for the 1ineér instability of this solution.
Hence there is a long wave cut-off effect (for some value of k = kS 5ay,
which is given by (63) as mm¥3 in the single component case and
approximately m7m¥2.82 in the infinite case) beyond which the limit cycle

solution is always linearly stable when it exists (for r., > rlc) which

1
!5 in accord with the findings of Pedlosky (1971) and Smith (1977)

for the case of real coefficients recovered as r, + 0. Now for all
(negativé) values of Yo Re(kz) tends to infinity through positive values
as k + ks+ so that the bifurcation is subcritical in thislpart of the
(k,rz) plane, it is also subcritical for all positive k when |r2| is
sufficiently small and this result agrees with the bifurcation in the

real case, r, = 0, as studied by McLaughlin and Martin (1975), However,
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throughout most of the (k,—rz) plane Re(k2) is negative and so the

bifurcation is supercritical there,occurring at some sufficiently large

value of rl.

With referenge to the numerical integrations of the complex Lorenz
equations with‘a single Z~component described in section 4 of Fowler,
Gibbon and McGuinness (198%), figure (3) shows the curve r. ' as a
function of r, when e = 3r2,-c =2, y=1and b =0.8 (oxm=1,

k = mv¥5 in relations B1l3) witp the computed values of @ and Re(kz) to
the left and right along the curve; c.f. Fowler et al., figure 3.

This confirms their conjecture that when r, = 1, implying rlc' = 255,67,
the phase portraits of figures (4} to (6) of that paper are showing a
subcritical bifurcation to or from the limit cycle solution in the
subcritical (r1 <r

') and supercritical states (r1 >r c') and thus

figures (5) and (6)l$hich are relevant to the supercritiial state do
indicate the presence of a second, stable, doubly periodic motion

which may be similar in form to but not described by that given here

in equations (59) to (62). It seems that for this particular parameter
setting Re(k2) is positive at all points along the curve of figure (3)
but for a smaller value of b the bifurcation is supercritical for

sufficiently large |r2|.
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CHAPTER 7

WEAKLY NONLINEAR EVOLUTION OF A PACKET OF LONG WAVES FOR EADY'S
MODEL WHEN THE SQUARE ROOT OF THE EKMAN NUMBER DIVIDED BY THE ROSSBY
NUMBER IS OF THE ORDER OF THE SUPERCRITICALITY

The motivation for the study of the following problem is to
establish an amplitude equation which, like that of chapter four,
contains both a first and a second order derivative of the amplitude
with respect to time in the linear terms and where the mean field
correction obeys. a partial diéferential equation similar to (4.32)
but which is appropriate for the evolution of a packet of linearly
uhstable waves. The analogous problem for the 2-layer model excluding
the B-plane effect has been studied by Pedlosky (1981) for the cases
of both free and forced wave packets where the ordering of the parameters
is essentially the saﬁe, i.e.; where in the different notation
r = E%/e = 0(A) as A - O and the supercriticality is taken wifh respect
to the internal rotational Froude number, F.

It has been established in chapter three that the phase speed, c,

of a normal mode disturbance
b= AP B w1y (ad(as) « Rt (zp))

+ complex conjugate (1)

to the basic linear shear profile u, = Az of Eady's model is

O

C= A_L__ ~ Mo (l+-ﬂzs) :eJ(érkf(l-rdes)z"‘ 4&5 (t‘: dﬂ (s-dsysﬂs")))

Gslts (2)

in the present notation where

Ha: S&ES" QI-FQI a...cﬂ S= ,452 {3),(4)
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‘so that the surface of neutral stability is given by equation (3.10)

C—;(Q,S—,%#)Epl}is + (S—‘EJ.SS(SAJ.S-—IB = O (5)

where parameter space is now chosen to have independent coordinates
k,_S and EE/RO as opposed to the previous choice in chapters three
and four of k, S and y.

The stability criterion for the inviscid problem is, from

equation(SL instability if and only if
O e v 5, (6)

where Sg > © is such that So th Sy = 1. Solving {5) iteratively for

small L along the upper branch of the neutral surface by applying

Newton's method implies .a critical value of s, Sgr given by

S = S4- ggj z(ﬁﬁd‘)z. A + Of pot (7)
N QA»Q.:.) G* < (s2-1) ( )

The critical value of the Burger number, S, which is chosen as the

bifurcation parameter is, from (4)

) 4 _d 2
Ss - G _ 3= _E‘i_"z . 'O(Hf) (8}
22(0500)  AUEE-EH(ERLD\ R
where
2
S -GS
43(03% 0%)
is the critical value of the Burger number for the inviscid problemn.

Differentiating (8) with respect to k yields the unigue valuye of
k for given E, /RO along the upper branch

' L i '
b, - 202 Y EN . o e
jLz -A(534> AL> : Rs

(9}




_./:;5‘.-

where SG is maximised, taking the value
Sey = &5 - bogo ( g%zdz) J) (10)
242 4 Glen
(202 A I YA i
+ ol®))

Defining the supercriticality, € << 1, by

Sen- S = e

n
( S- S;ﬁ1> + O (ffs Sen) ,)

implies

- (s—s&.ﬂ) =
.;2SgM
from equatlgn (4), hence Tavlor expanding (2) about the critical point
} the linear growth rate is the imaginary part of

Oy rS gy io
-t S::Qz ( '+€d-7=o) &.u’)
| (1)

G - AL
4-% Lo 924 ’?o
+ LSP___QZC 4l e{_&_—.\'é | = BN s(sa-Hsi) _Q»fe )%

X4 2 — 1,2

24
So, now omitting the

is of order €

which is of order € when E_“/R

suffix M, set
(12)



where the upper choice of sign is appropriate to the supercritical or

linearly unstable state,then equations (8) to (10} imply that
S=§°—(3-\"a¢-l)e +OC¢§.) (13)

where ’c\; = 4—5;2 f -+ 8&342
/\ﬁfﬂf@ 1&?(53_,)
and both o and v are strictly order one with respect to £ as & > Q.
In the supercritical state there is a spectrum of linearly unstable
downstream wavenumbers with bandwidth determined by the locally parabolic
shape of the neutral surface to be of order E%, centred on the critical
wavenumber kM'of equation (9) which is also of order E%. Since both
the component wavenumbers of a packet of unstable waves and the packet
modulation occur on the same slow scale the disturbance field depends
on the downstream coordinate x through the slow spatial scale
K= . ' (14)
alone. The reader is asked to compare the scalings of equations (12)
to (14) with the scalings appropriate for the evolution of a single wave
along the upper branch as given in chapter four hy equations (4,11) and
(4.12).
Adopting an expansion for the disturbance stream function, ¢ ,

of the form
c#(“)j’ T )7:5&) = eé ¢0(\"\7‘E‘r> +6¢, CK,J,&,E>+..-(15)

a suitable expression of the governing equation and boundary conditions,
which are (1.66) to (1.69) with B = v = ¥k = 0, for the iteration sequence

L
] » 2 .
of linear problems at successive powers of € is

Azd (S48 ¢ = -2 (6, 84pae) - 4GP
v
- o&/l:_gé,g (Se&¢ —(3\'3'*')%;4’)
+ o(eic& ,e(ﬁ2> (16)



with dded, .= O o Y= O, Coan,us

and

(19)
_.QE-Se%gé -.-..qg _
I _ &E'—':f:_d_-
; A

+ o(eid)

The linear problem at leading order is now

Aaéx(SoéJ?-“_-\;) ¢° = O (20)

subject to the boundary conditions

éﬁ qgo = a;oJr: = O on ¥ = 0,1 (21}, (22)
(é,‘—?. :E>¢O= o onz =%

|

(23)

which has the solution

q'so = A(‘A,t) s(...'i\/ A(Q%E') (24)

of the linear inviscid problem of Drazin (1970) with k set to zero where

l= rv PR S A (25)

and A(X,T) is the wave amplitude function which, in the absence of a
fast spatial scale, x, may be assumed to be real without loss of

generality. The boundary condition (22) imposes the constraint

QA d¥ = & (26)
ot

— b

which for an incipient wave may be integrated over T to give
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jm AC%,;-) dr - o

At O(e):

Aed (S +A 2) ¢ . ;(;s )<¢.,<s 2., )
- d (S48 4,

(5e-25a) b =

Since the solution at previous order satisfies

(S8 &)

the governing equation {28) for ¢l is homogeneous

Ao (37 +57) & =

and the boundary conditions are

Cf)ty_ = %ljt = O on Y = 0,1 .

with

A&

on z2 =+
2

from (24).

(27)

(28)

(29)

(30)

(31}, (32)

(é,-_zé\‘;, > C’>' = :L-Qs.. AL Smi\( sf.So o \JL gA S-..-ch.s'o

(33)
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Hence the solution is

45, = B, ) sa I J‘F_}E) + ()(\7,5,-;) (34)

satisfying (30) and (31) automatically and where P(y,z,T) may be
assumed to be real without loss of generality being determined as the
result of a secularity conditdon to be imposed at the next order. The

boundary condition (33) implies that the function B(X,T) is such that

5 Bl — s (2heasLEALAY 69
AL (s2-1) |

then {32) requires

j@u,aix =0 and L0 Yol e

/2

At O(E3 ):

e d (S.37+38) ¢, = = ¢ fEF- D) - k($50)4,

J
- 2 (,(S3 A ) Az LS )Y
g&qg A5 A A ) A2 (S46 og,)@

The nenlinear terms of the rxight hand side vanish on using the sclutions

(24) and (34) at previous orders if

(S., c\j{ + é'&) P(\?,a,r> = O (37)

and the eguation reduces to

| Med(S.85+82) d, < Ae (S NA . L(a3s ')¥A>ﬂﬂ°‘l@‘t)

(38)



The top and bottom boundary conditions are

- 9 = .._ A o,é% —é... .)él'! 'y “"-_éz
(-2 ¢, = o aﬁ 4) -+ Mg@ d.)+ 134,

A z
. and may be seen to reduce to |

5-28.06 = sl oty (3.048)-248,)
AL

2 2% sl s B 43S %t sls, B
AL

(39)

- - ;-1 ‘d-o n ¥ .
+/’\—c N ds, l i }\.EE s. -Hsd.so G!HA%
+7\L@t/-z=¢?o :F:SSOGTL=¢LZ

with the boundary conditions

—

Cﬁzx = ¢=\Tc = O o ‘(: o, I, (40) , (41)

Now the X independent part of the right hand side of (39) leads to

the inclusion of secular terms in the solution for ¢ unless it vanishes
identically, hence for a solution representing a smooth packet of
unstable waves for which [A] + O as [xl + =, averaging the right hand

side of (39) and using the results (34} leads to

- 55 - » £-5L~ ——-.on z =t % '
Re s ssAR, =t OMQ

and so the boundary value problem for P{y,z,t) is

(S; éjz'-r 521> P = Q

pd,_-:o on Y = Q,1

Re 7 3SARy <22l (A(R) 3 LEAL A) sty
AL)Z(S}') o=zl (42)
ol
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The boundary condition (39) then simplifies to

(5-23%0) b, = /%14 s 207 (0. (ABY - 2(48,- AR))

+.L Aese 5 ] ‘7 . s
1 A Hcio{;iué P20 A lide )

gz

120 R et ds o RB5SBaly Lo
1L
B =2 g‘
Z. .

The secularity condition to be imposed by the adjoint linear

homogeneous problem is obtained by integrating the identity

2 4

a 2

G (S ‘Af)f P Y N (44)
|| o sy e o,

TR N
2

2
twice by parts, where %+ and * denote adjoint operators and functions.

As was found to be the case in chapter four the linear problem is

effectively inviscid and self-~adjoint so that
ah
¢ = s by d 252 (45)

Then, making use of the boundary condition (40) together with the
property of ¢* that

% “ ‘
CFI:z o_m\(=o,-|. and d)azé : onz:ilzl

2
(44) becomes
i = :
|| sy s
g '15“ : . 4{ | (46)
[ [ Y -0

rd

[ V] .

N1~
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From (38), (43), (45) and the property of P(y,z,7r) that it is an
odd function of both y and z, which may be inferred from (42), the

secularity condition (46) implies

- ( S A, L3255 l)Au)‘% + Gso BB,

2
AL - o

+Q$S;ﬂ-2@‘ + 4—A / (PE._Q / Q‘{J\/
sod

€=

N(}-

On differentiation with respect to X and using the relation (35)

between A and B the evolution equation for A(X,r} is found to be

A + 388G A, (5 RSAL) A

;256 ¢ls;
+Qu}> (So ') (gAxmﬂr- *Qz(ﬁv*,)A"" )
(47)
Agg:-*) A# / Si b/(\ra )“LCL\{

where P(y,z,T) is the solution to the boundary value problem (42).

The role of the function P(y,z,t), which is of consequence in
the dynamics at finite amplitude, is analogous to that of the function
f}y,z,T) of chapter four, so that it may be interpreted physically as
‘the correction at order £ to the X independent, mean field stream
function caused by depletion of the available potential energy of the
basic flow by what is now the downstream average of the energy of a
wave packet disturbance. The boundary value problem determining this

correction may be solved by Fourier's method, setting

o 4
. z
P( a-.'_»):: S D (c) cos@d+:)w75ﬂ«(3J+l)ﬂgz (48)
J’ 4 \j:o \]
thereby satisfying the governing equation and boundary conditions on
the sidewalls autométically. The top and bottom boundary conditions _

. . 2
then determine the evolution of the coefficients {D:.| (t)} in terms of A",

the downstream average of A2,
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D) + ‘E‘ riyosih AGprsil. @)

=l an.,  (E)SICALR)
szt Gimstl L0l

(49)

where Ay - Q.Q
(G5t

are the Pourier cosine coefficients of sin 28Y for ¥ € [0,1] per

\,‘:ﬁO,!,_----

equations (4.39). The integral appearing in the nonlinear texm of
equation (47) may now be replaced by an infinite sum, changing the
order of summation and integration by appealing to the uniform
convergence of the sum in eguation (48) with respect to both vy and z.

The term is

24" g D(r ((, DT LGS - )t > |
1&' jse Q+éf%2-Qa
so that the amplitude equation may be written as

L)

(3,0)

M 3

A!'C +-:5 é. AT, +$2¢1A + A-_.’A,w# + éq AH— Ar-*ﬁ
| \l

8

with

D\it + és = & (A +5 3(A )) (51)
i

where, in terms of the underlying physical parameters,

Oy ly--

ac PSALGHY  ays @3SALY
D2 Gt

= QBYS2-0 &y (AR (3 ) 2(5341)
323 32g7
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Qg‘j = Qf G~dv SEL &{1 +-,E>w§j.a.. j= Oalyees -

ai = glifln?ﬂ& . {
A G3) (o a5 ) (o pestl Lyt )

B AL‘P(S:-") G z)"‘gbé-dxﬁd\( z)ﬂ&‘?ﬂ.. sd,(l-rz)-ngﬁ_d\ (52)
Sa (J....:.)z"z i

and in the linearly unstable state, all of these coefficients are

real and positive.

Comparison of the evolution equation (50) and (51) for the current
problem with the amplitude equation of chapter four for the case of a
single wave in the form of equations (4.47) and (4.48B) suggests a

Fourier decomposition of the wave packet amplitude function A({¥,T). Put

A(\(,t > = Z (Ak(t)-e.um(-r- A_ﬁ (t -:.-Q?l> {53)
ke S '

implying

Eeoy = A = 25 (A ®
be S

where the sum is taken over all discrete, order one values of k in a
chosen spectrum, &, of A(X,T) being either finite or infinite as
desired. In the continucus case the sum may be replaced by a Fourier
"integral. Equaticns (50) and (51) then become the set of ordinary

differential equations for the Fourier components {Ak}

Pie +3 & M - (e - 806 3% M L I0Z B D 0fo0
. ) J"a .

Jt+f-‘.1é.%>\, %(S\E +$§E) zQ)l,... (55)

where E) = &2 ZS’ fAklz (586)
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Under a transformation similar to that leading to equations (4.54)

to (4.56} for each component Ak' viz,

» T T
£
where
i.:”d' G:':B:;- . 2
jn Ty, ss3E L 4 KK

equation (55) becomes

Z 5 Zs 4 = Canl o)) jTon

by cloice of the defining relations

82:55; N ¢:_€ (-.:\) Sz=5_§z>
= s

and introduction of the dependent variables {Yk} defined by
L]
7‘1_ = e (¥4~ )

Then (54) becomes

To=r ¥ - Y e % F

 where : 7 “
'€=3A.-u a-u.cd P Q?%_Qas_gzaz
{3@3

and so each Fourier component of the spectrum S is such that

Yy = - Chg=Ya) (57)

. o
T et - ¥ 2 2
J°°

[

=2 = ._Q,. 2 & Z‘ » -
¢ fo te S CR 7" ) 59

RN T
J S
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This set of equations compares in form with the Lorenz type equations
(4.54) to (4.56), the symbols have been duplicated for clarity and
represent different quantities in the two analogous problems, but note
that the nonlinearity of equation (59) now involves the sum over all
components of the Fourier spectrum S. lThis feature arises in the case
of an unstable wave packet since, as mentioned previcusly, the mean
field correction, P{y,z,T), to the basic_ﬁ}owlis now a function of the
downstream average of the total energy (Az) of the packet which is the
sum of the energies of its individual spectral members. Some numerical
integrations of the set of equations (57) to (59) have been performed
by Brindley and Moroz (unpublished) for the coefficients of a multi-
layer model of baroclinic instability.

lNow return to the amplitude equation in the form of equations (54)
to (56). Linearising the equations to consider the initial evolution
of the {Ak} for an incipient wave in the supercritical state gives the

single equation

Aktt +53 $| Aht - Qz (4) Ak = O (60)

where jCQ) = &= Sy &2-. ‘-Ef_é_z and Qg DO {61)

ﬂgz
Then it is easy to see by comparison with the form of the amplitude
equations for the 2-layer model as derived by Pedlosky (see Pedlosky,
1981, equations {2.33) and (2.34)) that the analytical conclusions of
section 3 of that paper, concerning the evolution of free waves in the
absence of any source of potential vorticity in the hasic flow, are also
valid for Eady's model. A little algebra establishes these results;

the linear growth rate of each component, Ak, is

(@ &Y + 4&?\7&)) 2

(R) = -38 .4
2 ol
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for consideration of the unstable state, so that for the temporal

growth of this component necessarily

j(ﬂz) > O i.e. So- 300 38, 5 o
!kz
and the unique value of k which maximises g(k), with all other

parameters fixed, is : .
‘@ ("\J é}- (63)

and g(kl) = max g(k) = A4 - 2(!(A2A3)2 there so that the growth of

. s k.. .
any incipient disturbance requires

’ 4
54_2:', CO,_QB>2>O)OI'_ equivalently, JSe _@1;_. . (64)
2( &80

The curve g(k) ldcally reproduces the gecmetry of the cross-section of

the neutral surface (5) in the (k,S) plane and is sketched in figure (1}.

J(k) A

£
6¢|“' 23 (AIQD. |

Y
hxv

Qa &

Figure (1)

However from (62), the unique value of k which maximises the linear
growth rate under the necessary condition for instability (64) is the

value

4
b, = /% > (65)

LY
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which maximises kzg(k). It is straightforward to verify that

]
(J(Q.,_)b/ u’(Q,) since (—'13 é\_'vl. - ‘i‘: 20 (66)
At
_ 3
with equality if and only if

How (4085) = ©
k)

in which case ki‘= k2 and the interval of unstable values of k shrinks
to the single wavenumber k, which is then linearly neutrally stable.

When the inequalities (66} are strict the spectrum S may admit
more than one linearly unstable member and the linearly most unstable
of these, the one which will dominate all others in the initial

P

development of a wave packet disturbance, is k2. Note that

b, > &,

so that this wave component has a shorter downstream wavelength than

the wave component associated with kl.

Now consider the possibility of evolution to an asymptotically
steady state, Then from (54} and (55) in the steady state where the

component Ak assumes the wvalue As(k)

A, ( 4(@) - 28

'Y
t_.

ZA) .o

J

&L

which implies that either A_(k) = 0, or

= AR = 7(@) | (67)
ke S A2 '[}“
2F. éEf et By

Je Oy

where the sum over j may be seen to converge from (52). Hence from
figure (1), since there are only two values of k which correspond to

a given value of EAsz, at most two components Ak may coexist if a steady
state is attained. The unigue value of k which maximises EASZ, and

thus from equation (53} which maximises Az, in the steady state is the

value k1 whiqh maximises g(k). This last result is the analogy of
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Pedlosky's result for the 2-layer model that the steaay state of
largest Az consists of a single wave which is longer than the wave of
maximum linear growth rate. MQEpOVer it may be suggested that this
single -steady wave of largest A2 is the only steady solution of the
amplitude equation which is linearly stable to perturbations throughout
the spectrum S. Consider the linear stability of a steady state

invelving the two distinct wavenumbers Ky and Kor then in this state

A:CK,) + Af(lﬁ) = 9 (""l)

and A, =0 ¥k # Ky rKye

so that if the state is perturbed by setting

-AK, = As(g,) + Oy
xltl, = /ls‘(ﬂi> + Sy,

Ap = aa VR 3 K, o i,

then the linear stability of the background disturbances‘{ak : k # Kl;Kz}

. is given by
;'k +3AD, Ay - QZQ_Q (\T(Q) -\7(&)) = O (68)

and so only those components of the disturbance for which g(k) > g(Kl)
.will be unstable. The same equation (68) also determines the linear
stabilit§ of'{ak} when the steady state consists of the single
wavenumber kl' now as it is this wvalue of k which maximises g{k) the
background disturbances are then all linearly stable or descaying. If it

may be shown that for any disturbance

AC.KZ = o2 hAAt ci#: O.(-_? igAE‘(r’) = constant)

bt
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then it may be inferred that this is the only linearly stable, steady
solution of the equations in finite amplitude.

The paper by Pedlosky contains a wealth of detailed numerical
integrations of the evolution eguation as determined for the 2-layer
model aﬁd the reader is referred to §3 there for an account. Later
in the same article the evolution of a disturbance towards a steady
state is considered when either the supercriticality is time dependent
or the flow is forced by the inclusion of a source term of potential

vorticity within each layer and the results compared to the free case.



—17)-

CONCLUSION

In comparing the results of the model from which the dispersion
relation (2.54) of chapter two is derived with those of the existing
completely inviscid models of baroclinic instability, it should be
noted that the form of the second order différential‘equation
determining the eigenfunctiohs of normal mode disturbances is
decisive in détermining the morphology of the zexros of the dispersion
relation in the complex plane and thus of the stabkility of the flow.
The ﬁodel here adopts a linear shear velocity profile which is
singular at infinite height and this singularity cocincides with
thaé arising from the vanishing density of the fluid there sco that
the governing equation is the ceonfluent hypergeometric equation,
possessing a regular singularity at the wave steering level,

z = %ﬁ-, and an irregular singular point of rank one at z = =
occurring through a confluence of two regular singularities there.
When the upper boundary is at finite height the latter singularity
is outside the physical domain of the flow but, if we accept that
it is to some extent the singularities of the differential equation
which govern the behaviour of instability, this is seen to be of
no consegquence. _ 7

The way in which the flow may change stability occurs in one
of two main and usually distinct ways. 1In the first it becomes
‘unstable as the phase speed of two neutral modes coincides, this
is reminiscent of stability change in the Eady model but the phase
speed at marginal stability here is less than the basic flow speed
- at the lower boundary and not equal to the average flow speed
between the boundaries. 1In thé second, the flow becomes unstable
as the phase speed of a neutral mode apprcaches the speed of the
basic flow at the lower boundary, the mode then splits into a pair
of exponentially growing and decaying modes in a qualitatively
similar way to the passage to instability through neutral stability
for Charney's model (see Miles 1964a); although the latter is in fact
formed by the coincidence of the two main instances cited above in the
appropriate limit,as is explained in the text. "Throughout parameter
space there is at most one unstable mode. A further type of behaviocur

of the zeros found here which in no way affects the stability of the
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flow corresponds to the vanishing of a neutral mode as its phase
speed apprcoaches that of the basic flow at the lower boundary when
the flow is already linearly unstable.

This last property of the model is similar to that found by
Miles {1964c) for a different one. Miles noted that the singularity
of the linear shear velocity profile at infinite height is unphysical
for a semi-infinife atmosphe;e and devised a semi-infinite model with
a basic state in which the wvelocity is bounded at all heights and
only the density singularity remains at infinite height. fThe
governing second order differential equation for this model is the
hypergeometric equation, possessing three regular singular points
two of which are in the finite part of the complex plane. It is found
that the flow is linearly unstable throughout parameter space with
one unstable mode. The growing and ceonjugate decaying modes’remain
as such for all parameter values but neutral modes may appear or
disappear in the way described above and as sketched in figqure (2.9b).

No attempt’has been made to cbtain bounds for the growth rate
and phase speed of the non-neutral modes but it seems very likely that
these could be obtained by the methods needed for the proof of
Howard's semi-circle theorem (Howard 1961) and of Pedlosky's
extension to this (Pedlosky 1964).

Another endeavour might be to consider the application of
weakly nonlinear theory to the two cases of marginal instability of
this medel and to compare its results with the existing ones for the
two-layer and Eady models where the B-plane effect may and may not
be included respectively. A further problem which suggests itself
in chapter two would be to include the effects of viscosity through
Ekman layers upon the model and to carefully consider how the formulation
of this problem may need some further modification if the zeros of
the dispersion relation come close to the top and bottom boundary
points.

The R-plane effect, whilst showing a destabilising influence in
the linear regime, appears from the results of chapters five and six
to exert a stabilising or smocothing influence upon the dynamics at
finite amplitude. The inclusion of the B-plane effect for the amplitude
equation of chapter four in the case of the two-layer model does add
another parameter to the problem but this permits an approach to the

region in parameter space corresponding to chaotic solutions in a

different direction and seems to leave the problem as tractable.
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For the doubly-periodic solutions found after bifurcation
in chapter six there exists the problem of perturbing about a point
on the solid curves of figures (6.1) and (6.2) where the coefficient
Re(kz) vanishes which will require taking the iteration scheme to
higher orders. A sclution to this problem may possibly lead to some
further unravelling of the full bifurcation sequence,

In this context note that it is not an increase of the (initial)
bifurcation parameter, which is either the Burger or Froude number,
alone which is responsible for the development of new periods in the
stable solutions of the amplitude equaticn but rather the variaticn
of the effects of viscosity through the parameter r or v. Recall
that r and v are the strictly order one parts of the viscosity
parameter in its asymptotic linking with the supercriticality for
the slightly linearly unstable state. Thus the doubly-periodic
nature of the solutions to the amplitude equation which are found
when the exact singly-periodic limit cycle solution becomes unstable

with the increase of the bifurcation parameter r. occur in a slightly

1
dissimilar way to the development of a second period in Taylor vortex
flow with its transition through wavy Taylor vortex flow with

increasing Taylor number as described by Stuart (1971).
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APPENDIX A

From the power series solutions (11} and (35), substitution
in the definition (32) with g # 0 for phis) € (-w,7) and
ph(s+a) € (~7m,m yields
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APPENDIX B

' P
For the 2-layer model where r = O(A%), B =0(pA% and k = 0(1)

the amplitude equations for the wave amplitude A(T) is (4.47) with

(4.48), i.e.:

‘2\-+.\,Q|A—4A+ Aq%@]@\’ = O (B1)

(B2)

( (AR + »2 (AL )

8 4+ o .
JEOh

¥ \l

and o are complex functions of the underlying physical

where now -’51
parameters whlch, with the notation of Gibbon and McGuinness (1981)

(with r = |A|2r, g = |A| g, etc.), implies
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Then, under the transformation preceding equations (4.54) to (4.56), i.e.s
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4 ed

the amplitude equations for the transformed amplitude X as a function

(B5)

of the new time T are (4.61) to (4.63)
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When the sidewall boundary condition ¢, iyT = 0 is relaxed the amplitude
equation becomes
{B10)

.A.-f--aé.,/'.\-clA +BAB: O

= (A1) 4 o 1ALT (B11)

fé LY 4 NIy fg

with a single B component where the coefficients are the same as in

(B3) except that now
A
{B}-? {_§ .20{ s 06, = F-.._G‘.ﬁ"'_‘?_iad=‘ (B12)
Ga +-G- ﬂ1> G“Z'P‘L“E“:>

and under transformation the equations are (B6) to {B8) with a
single Z component and the same coefficients that appear in {(B9) except

that now
T , 43 = | (B13)

30
Ca.+-CLu3ﬂz> J
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With reference to the sets of 2-layer eguations mentioned at
the end of chapter 5, note that the 1limit B -+ 0 {(i.e.; recovering

the real sets of equations} is a regular limit in the above.



APPENDIX C

Consider the second order differential equation

A -choAe =G A G, ALAL®
Aed

which is formed from the amplitude equations (Bl) and (B2) in the

(Cl1)

limit r + 0, that is where the viscous effects of the Ekman layers

vanishes. The constants ko, k. and k2 are real and positive and may

1
be expressed in terms of the underlying physical parameters from

(B3). Recall that kl, as indicated by equation (4.46) of chapter
four, is a function of the initial condition A(O).
Under the transformation

1
o= gb‘z T

L AGg )X

.

. L
where B = ko,’kl2 > 0 is a measure (after non-dimensionalisation and
several scalings) of the B-plane effect. Now set
) o
'7( :I'“-A.L_

where r and § are real, then

F-réz-&-fgré = r- f‘3

and
Y] L
The second equation of this pair may bhe integrated to give

& = L+ B (c3)
o}

where h is a constant of integration identifiable with an angular

moementum, then on substitution the first eguation becomes
. 2 3
A A +("'Ea)r—r
;?3 4

which may be integrated to give

W2 42 z\ 2 % ‘ ‘
r +-%¥z - ( L‘é% )l‘ +'5E = 5? (c4)
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where € is a constant of integration identifiable with an energy
which in the limiting case 8 = 0, h = O denotes the same guantity
as_the symbol € of chapter five. All quantities appearing in
equations {C3) and (C4) are now real so that for a non-trivial

solution of {Cl) to exist

z 2 2 4 :
-4-1-("%>f fl.‘_‘ < € (C5)
[ '

Equation {C4) may be integrated to give the solution for r and §
expressed in terms of elliptic functions. Changing the variable to

u= r2 yields, for h # O,

—

* ., T
~ R 1 | Tdr
= Jo2 t
] J(2&u 2020 _%a)uz, S ) |

-

(-}
From (C5) the radicand is positive over the region of integration and

considered as a cubic in u it has one real negative root and two real

positive roots. "~ Call these a, b and ¢ with

¢>Q> S > e

the location of each root depends upon the initial conditions through
h and E and on the underlying physical parameters. Hence the radicand

'may be factorised to the form

(o.-u)(o-»—'-->(‘-'-—<->

and the path of integration is contained in the interval {b,aj. Hence

Q;_.c_ KZ.S«AZCJ kS (T'-';>: "‘)
LECF ) ) ) (e

(See for example, Byrd and Friedman (1953)), where k is the modulus of

the elliptic function sn such that

1(2 = °——o°‘

-
——

a - O
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The single pericd of r is then
- =2
p= 2] 2 K

where K(k} is the complete elliptic integral of the first kind and

hence Tp + © as b + ¢. From (C3) it may then be shown that

- = (ST 4+ &1, L% T ey !
©-0,: BT AT, LD (2 PTT (b, o5 0)
(Ao sd= 0)*T)

‘where T is an incomplete elliptic integral of the third kind.

.Now restrict consideration to the special case when h = 0. Then

l:2= g-’-('—@_z)rz..i‘_q ’ ‘
& o}
so that either r = A cn(m(T—To) sk} when ? > 0 and
szz(b-Kz) E
Qua1) & = 1-832
q..

(c8)
Lot Ll
A~ 2
or r=@8 cdp\(d(l_-—l-a), ) when

and B is not large enough to invalidate (C5), i.e.; R <2 and

(.;ZGZ(‘- F-(z) - 8

)

ot (2-4E) = (__gz (co)
N - 1
& 2

The limiting case where € =0, giving a separatrix solution of infinite

period, may be found as a limit of either (C8)} or {C9).
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The topology of these solutions in phase space may be determined
simply from equations (C3) and (C4).

Note that although the soluticns
of a second order differential equation for a complex wvariable are

generally in four dimensions the phase space is three dimensional

(6 is an 'ignorable coordinate') and a representative point may be
written as (f,r,u) by defining

<_€)=-5?

L = 5

The integral surxfaces, upon which the trajectories must lie, become

(C10)

(C11)
a :

When h = 0,.0 = E-is a constant and the trajectories in the
{(r,u) plane are as sketched in either fiqure (1) or figure (2}
according as B is either less than or not less than 2.

As B increases
from zero the two centres and trajectories of figure (1) are drawn

A

R\

The separatrix corresponds to the solution with
£ = 0; inside & < 0, outside & > 0.

9

Figure (1). B < 2.
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U
f

-
N

Figure (2}. B > 2. € > 0 for all solutions except the centre’

at the origin, for which £ = O.

towards the u axis until the region of solutions where £ < 0 vanishes
when f = 2 and the two centres coalesce to form a single centre at the
origin. The‘trajectories then persist as in figure (2} for al-l larger
values of B.

When h # 0,- for each value of E and h such that {(C5) is wvalid
over some interval of r the surfaces of {Cll) form a family of pairs
of cylinders with their axes parallel to the { axis. These cylinders
appear as pairs reflected in the plane r = 0 in much the same way
as the cross-sectional curves of figure (1) do when £< 0O there but
now the singular term of (Cll) precludes intersection of the integral
surfaces with the reflecting plane for all permissible values of € .
The surfaces of (Cl0} have no normal component parallel to the u axis,

B

asymptote to the planes §} = 5 and r = 0 and are reflected in but do not
intersect the plane r = 0. Hence the families of trajectories are
reflected in and do ncot intersect the plane r = 0. A single trajectory
for any set of values 8, h and € , which may be considered as typical
when h # 0, is sketched in the half plane r > O of figure (3}). 2as h

increases with & fixed the cylinders and their axes move away from

r = 0 and the other integral surfaces move away from r = O and
Q= % . as & increases with h fixed the cylinders and their axes

alone move, approaching r = O.



—~19| -

Figure (3). The solid closed curve is a typical trajectory and is
accompanied by a copy reflected in the plane r = 0. The dotted

lines show the corresponding ihtegral surfaces.

The physical interpretation of 6(T) as a slowly varying downstream
phase correction to a wave-like disturbance may be seen by considering
the linear sclutions to the nonlinear perturbation schemes of chapters
threé and four (Equations (3.33) and (4.20}). On the other hand,
its mathematical origin is found as the generalisation to a complex

amplitude function whose effect upon the coefficients in the ensuing
amplitude equation may be traced through the perturbation scheme.

In the limiting casé when f§ = 0, which is of direct relevance to the
amplitude equation for Eady's model since the B-plane effect there
gives an apparently different modification to the stability problem,
the case of a real amplitude function is recovered from the complex
generalisation in the limit h = 0 and thercoefficients kl ahd k2 are
unchanged in considering the complex case (see equation {(4.46), the
factor of 4 should be removed in considering the real case as a limit

‘ L. A
of the complex case by renormalising A to E-for complex A.)



This generalisation to the complex case for the inviscid amplitude
equation (Cl) can be seen to have the consequence that the position
vector of.a solution in phase space is a discontinuous function of
the initial condition, h, at h = 0, i.e.; when h = 0 all trajectories
are confined teo the plane R = g'and are as.in figures (1) and (2);
perturbation of h then distorts this integral surface in a way which
is not uniform in r as h + 0, with the uniformity failing at the
sinéulérity r = Q. The same type of behaviour persists at h = 0 when
B + O but in this case it is clear that the amplitude function of (Cl)

is not purely real.
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APPENDIX D

Substituting the solution at 0(e), (21) in the problem
0(52), (26), and using (27) the right hand side of (26) the

may be expressed as

G- U)o [ R a0
REtAR
{_.-_,J[SIAI’" ‘4
_(:;_t-f.f. )(,Aﬁ(u,,zuid -, Zoni)
Z,% . 2728 2 A,.z..z._&t*
s +

at-

result

uz | > 2284 “w a2 ~LRE "‘g *)

+ £ U\gl a9 + - -R' < J
* *
(lAl (o=, u“s"“”' gy * S, U, FOa bag)
1 1".2{:(“.!1 Uy, +Uy, iy )
" 4 t 3 (D1)
*2 -2 0k *
P RS Caalad, s ulod) )
= b
i
Using (38), the problem for as and 2, is given by
. | ‘ _L¢’
crﬁjaa' - S Ay = —c.{ng
i 2
"Paop + L“bs + r"",-f"‘ 'Q‘#Z‘e'

- J :

Z&n: o (D2)

d i = AJB-D. _r " v < o e )
= - [T LA T, X +u.!z wn

i none em G eyt ey

"’-"‘h:
Ay (S el b g3 ®) L0,
ol

-2
w=56,.

2

w=¢ Ao,

d_ L ~ - +
= Ga-4 (u::,uo_., + Oy Upy + Us Uy, + uR, Ung
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(a-l\j-er&)q" - o e, | = O

(c-l\l* +Qi&>an - A, = O

((_+2Z-.Q>=!23 - paz, + J",,-_’*-ﬁc_ ¢ 25: a

2 (D3)
= v ‘
b’ ) g
f = =f{fec=TNie\ [T
Vv *ar*zj* 'nl_; =
!
L3 ’ &® _.‘ ab
(L""Q‘."SZ>°‘zq. - pﬂ;z T+ "‘uf-ru. -P-quz"‘:'
3 $ 3 =
- ’ -
! d —_— r.(_"‘ (48 Z uao
- *2 kS J
=\
[ ' "‘--¢ ‘¢
(Q;A_q+2¢£>qz“ - J‘..,_q (d\] AP +uz.?_ +e a,z+e az¢)
Jl
= E}_‘:.“" C‘“;“-ﬂq_ + vy ""-”_3)
oL
e (- Db o+ 2iqp) . a, = ¢y -
Note:- (D2) is not invertible since t_ has an eigenvalue equal to

zero and so a, is determined only up to the inclusion of arbitrary
multiples of Y, which span the null space of E& . However, the
solution to the problem for x is constructed so that at nextforder,
0(e”}, the secularity condition which leads to the amplitude egquation
for A(T) annihilates ény vector in the null space of Eﬂ . Hence the
coefficients in the amplitﬁde equation are fully determined.

It is assumed that {(D3) is invertible. This is equivalent to
assuming that as the limit cycle becomes linearly unstable with the
associated eigenfrequency §t, that it does not simultaneously become
unstable with an eigenfrequency of 2! - a detail which may be verified
by solving.the characteristic'équation (5.23) or (6.23) in a particular

example.

Then from (D2) using the first and third equations

~ib  x i * »
Aan = d‘“_q (l\.‘-ﬂ\]“) (c\o'-& +o, -e_u;b )‘4' L, U,y + an, Ry

20,

("

* -
TR, Ung, FUg, anyg

n= 5, - n
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Hence from the second equation

- -]

a‘o,*epié'f'no' ¢: —-Q (°A+L>K - Q-c.uﬁ(u|?-u‘:+"\a‘ ’-lL
o (- r )W enI*) zﬁf )

*
(u-! '4.»3 + oy Uny
(A! 'Ll *
+ uR, Uz + U, BRg

where the .right hand side may be seen to be real by use of the secularity

conditioﬁ VoS = 0 leading to (6.37). In terms of the underlying

parameters of the linear problem

aa i b an e =_C 57_) ey 32 27)

_ AL ((ﬂrﬂ) +9 +&1)

Ay = —(&9:)6‘&“)2—3{&’) d..
l""_-f;L ) 4“-("
w=8,e-

which will suffice here.

For (D3}, using the first and second equations in the fifth

St iy )
Aoun = d“"l‘ : M'Lb\q_-[- u_nzu‘_hs + (a(h‘-f‘\-"‘)-o-gc‘_&)(ﬂz,‘i iqq-e. )
. Q(ﬂ).-q_-r;}i&) =
AT 5, .-
Then substitution in the third anci fourth equations implies
' ol
M(Q 52>a = .c.""'ic. er cc'--"lr. Ca-(:uﬂu )1"2 &) J_Z__‘L_
EZ 2 .28
- oo
»” (-\Jtz-e_ ‘é“ L‘J\,) Z Yo

at | \
—-Qé&érld -l—L 2: 8 Yw‘zt\nu‘ -f--& (U-h %Qd—uﬁz'-'shj) _12'0[ ) 3
2 'rhs i
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Deb(2:R) a,, =('J-’u ( AN N cl-
—Low 1e 1. -4 +, s ; _+
<Yy ‘ -';—Ut) & E z&

-2

/ ¢
-2 .Sl(crl\-!-r(.:rzl.&) oy Z-ua“ +e ( \ J_ ﬂb
e o ““t“*B) *2{\2>

G-

where

Dek(2:0) = 2: R ( (m-r.L) (amrm)-rz&)(acuw“)‘«(.u.*ausz)

d.
=3 “Z;r;‘;

+ 2 .SZ(o—AJ-fC.-f c&>(¢l\.‘ + L -er&) g

so that with this notation, the characteristic equation of linear

stability of the limit cycle is Det{iQ) = O. Then

a3 = N+ 2i®Da,, |, a,, = (on™ 2:R) gy

d =
and
Au = “-4 LR (.? A% (M+L+2;&5C¢JJ e e 2\(*-&.: S iy ‘-'-.13>
‘ +Q S M@.&)(
n -fic (,MN‘»:‘.&)Z%@,,& (¢U+L+2 S?) \
nz$ ... - J + iy e qs(cri\}f L-!-..'?-.JZ))

so that on substitution, in terms of the underlying parameters of the

linear stability problem

L d’ - V. -52 CaCM)-rQuR)Ca-M+L+c.R)(G-RJ} L‘f-&&)
D‘R) D‘ﬁ(‘z‘&> v (a—(AJ-HJ dalst +3g&XaCf\h~'3+ L+l:‘+4—i&)
LT gj . .

o 2 iR 2Pl Do R ( D2 b L u&)(ard L-rD-.R)

2y

Def2:R)
- tiniene 2__6&___ (e (w*)+2a&)(ocw")+ Lrl® GeR) )
2\ S+ "4, 2R : 5
! J’KJ i}
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k3

ann = 1 o Pl st on e eiR) § 2:R(anls LaeQY N+ 420
Dak(2:9)

zj;f ' fz&

: o4
-t (‘"u_"rlc_) 2- d" (d‘(‘\]*ﬁ-"‘)'f':l&xﬂ‘(”f"d’)-" L+L+4—u&>
The coefficient of A]Alzawhich appears on the left hand side of
(6.44) is

oD

p Clh
(’“ —qj((""s e T ~N 7 Uyt o )% N >

\J_&U. (u._!‘closf u%a_°3 -+ "\!q_%| -+ u.x:s Q°t )

whlch on substitution for va and ug yields

- /4 "‘ e =
(é&‘r > <d't3u“\ * d“q-'*-!z> % QV
' )L% '
+ C-Q(aoJfL-pi&) (a—ﬂ\ftr e R) (OCM*) +'3'-Q)<e_r(_fd-rnl*) + L+ Lt—?:&)
" (qa‘-e-—l-_¢+ o ‘Q.¢>

—_ B__._SZ(G'\-LF L+&)(¢r&!*+ L*'*-“-&)(u.&z{@— u_x‘-e—-i‘b >

<

The sigma sums appearihg in chapter 6 for the coefficients of the
2=layer model including a weak B-plane effect and weak diffusion.

The coefficients are given in (B9} of appendix B. The Fourier

cosine series of sin 2mnx,which is uniformly convergent on the closed
interval [O,l],is

S ST _3: Z Cos 2(\-,«"5 Y= (D4)

wod é (J+n£52-u;z




whence o

_ = O
J:a G_féj‘_r';,"

and from the Parseval formula associated with the series of (D4)

on =2

= '

ST , =z T\&

i=o (Gr Y= ) o
The even function |sh(ax}| for x € [-1,1] has the uniformly convergent

Fourier cosine expansion

, Sﬂhﬁhwuvl <;ﬂ~o.— \) éﬁ :&a.éi: Cos:{r\sg
A @y
- e (| +-chu> 425- Gss(:2 -‘)1TaL

AN ok -+¢%J~|>z 2

Whence

o

! _ o4
B -+J.z_—2ﬁ2.+&2
g

and on differentiation

P i
i

¢£§z— I = 1 (Jlﬁ&.e - QLSQlegE )
J=o((+ YW ra? Y o3 = 3.
<

Expressing each term of the required sums as a sum of terms

of the above yields

‘é{‘ = 2k { b 4. ;

(a2 v 620 ( (9,,+4...>-n) 2.

2 jt - Qzu;t_“?. A- (p5)
0T R % |

i (TS S | %l Su“ ﬁLq‘,-—l-d dl -stt_;_&lu,d
= VN (ﬁu +¢mw> g G’u*fkur ( N )
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2

] ] » 21-1 3 3
Then usging the transformation ifl = implies

1-u

S Glnm) - D E G,
J (ﬂod Cﬁuw-)"":‘sz> 2 A o_:; = &24- l.m..'Ll'v:e~

which concurs with (D5} in the limit © - O. Further, using the same

transformation and principle:

Z‘ :‘_Q_-rzfﬂzaua“z I_‘z(q}‘_ 4._3;-;2)
(Q + *'R) 2 ((o._,f.k)z-t-d.u}nz)

+ (d-u.?nz(f;Brx’-) 1—@..,ru)z(f-nl-3_ )) Q%Wz‘eé‘aiﬂ

M (@ur..)1+4..,.3nz>
~aswt(p -')(!-ﬂ(aip) )
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APPENDIX E

Consider the infinite complex Lorenz type equations

X2 oo (=) e1)

Fsnovwn,

7.’=PX-®Y‘X__Z.EJ ez - ke (E2)
v°e

4G o)

J:O,...
where Yj and bj are positive for all 3 = 0,1,.... and {bj} has a

positive lower bound. Formally performing the time integration of
(E3) ' implies

_ £
. O-Q'Q —_ cL&— ry

=) = Z (D.eV + d—..g_ad s(x‘/ XN s(s) cﬁs

J J v )

&

where, since each % component is a time dependent coefficient in the
Fourier expansion of the mean flow correction, Zj(O) = 0 for all j

for an incipient wave. The sum of (E2) may then be written as

o -8;ce- s) (Lﬂ:
S QL-IL AR ‘fﬁ!)cﬁc +22‘,(o§.-_
NASN a §=°

Assuming that it is permissible to interchange the order of summation
and integration and restricting to the case of an incipient wave

(the generalisation kack is straightforward) this becomes

+ .
| Wq ) ‘
&&_-0» - (V\“f +7¢"'/) GOs (E4)

":o
N o

o
Alternatively, eliminating ¥ by use of (El} and integrating once by

parts gives

s ikl -6 £
_L(xx(a.J_qu. - X (o)ZhLQ' )
N -] J

E (E5)

- 4. (k-9)
+ \/ e (l-f‘i)xx*(s)cﬂs
J=e Ao
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Recall that this is the sequence of steps leading to egquation (4.50)
of chapter four.
Now define the '‘delay kernel'. -G({t-s) by

G(Q—S) ‘l_ —Q (G 5)

{E&)
then the set (El) to (E3) may be written in the form-bf a single
integrodifferential equation for X (see Pedlosky 1971 for a similar

equation).

£

L v (orta)¥ colamr)¥ +% g(e_s)(i(lx\‘)+2alxlj@<g§7)
. O

wheré the lower limit of ihtegration is appropriate for initial
conditions applied at £ = O. Now the behaviour of a solution“to this
type of delay equation will depend upon the form of the delay kernel
G(t-s) and this in turn will depend upon the coefficients {y 1 and
{b.}. For the case of a single Z component G(t-s) is a decaylng
ex;onential function of its argument, this type of kernel is termed
a weak delay kernel in the literature and some results of the effect
of this and other types of kernel upon various forms of equation may
be found in Cushing 1977. In attempting to analyse the function

G{t-s) in the present case consider the related integral

- £-s
J(& s = ] d(») = bead 5cﬂ.«\ (ES)

Note: (i) If the infinite set of discrete modes {Zj(t)} are replaced
by the single function Z(n,t) where n is a continuous variable,
i.e.; in the hypothetical c¢ase where the!(El) to (E3) may.be modelled

by the set of -equations set

[ 3

Yoz o (X=F)

Ye rvoay-x | 26 4
EIR P TR TR i) ("™ )
“ e[n,_,,ab)
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then the appropriate integrodifferential equation is. (E7) with
G{t-s) replaced exactly by the related integral J{t-s) of (EB)
(for an incipient wave). '

{ii) In the discrete case it may be possitle to.relate the

functions G(t~s) and J(t-s) by use of the Euler McLaurin summation

formula, e.g.:

o ‘ ‘

ﬁ k“ = é(a)ﬂ-ﬂ :_f.g(-"')+_!.é'(-')-_,-&m(“‘)-l-.. . (E9)

AT o o} 2 720

-1
where it has been assumed that f{n) and all its derivatives tend to
zero as n tends to infinity. The validity of this result depends
upon the behaviour of f(n) as a function of a continuous variable and
reqdires that the function is analytic along the path of integraticn.
The 'boundary terms' forming the infinite series on the right’ hand
side of (E9} are each exponential functions of (t-s) in the present
context of (E6).
{(iii} If the variable of integration is changed in (E8) by setting

u = b(n), then formally

B ) por
7(!’) = d’(u) _4:(&) . e cdu.
Q[“‘-) &Q

which it may be possible to evaluate as a Laplace transform.

In attempting to remove the boundary terms of (E9) introduce a

set of modes {Z_j_l} and the coefficients {Y—j—l} and {b—jml}
{(j = 0,1,....) defined such that
I IR
. - . {E10)
Q".__J,', - Q‘J J- q[)
- »
Zﬁd-‘ -~ -Q—Jh' 2—'J | +&l (K\{ "_x\/ 5
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f further the initial conditions are chosen such that

EZ_J-'(CD> = 22&-(c>)

d': O,l,--

considering X and ¥ as functions of time, the introduced modes
are such that

a L&) = Z(&) j=obe ¥E

and these introduced modes

do not alter the system of equations (E1)
to (E3), but now
o6
= 28 = (z(e)...zz @)
i== -2.1'“'” - (E11)

= i 22: EZ (L&)
J'““
The sum of eguation (E2),

of limits, becomes

£

_¢&
Gz(}_s) (*A‘/‘L NI ¢0s Z Z (o)-e_
o 2 g

after a formal time 1ntegrat10n and swapping

where now

G(EsS- _2 QL~L_cl,oe—s)

(E12)
JJ"“""

Provided the integrand and all its derivatives with respect to n
vanish as n » #m

and further y{u) is such that the Euler McLaurin
summation formula may be applied

G:L(E'S> = 72(&-55 (E13)
where

o

~ S5 (8-5)
AT L] foe 4

" (E14)
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For the coefficients of the 2-layer model

&_ gﬁz‘*‘rﬂ—zé +z_2 o, Q._: -':L( +é)?n?'
(Q 32V Dt ;) J (Q*i)ﬁ"' @z)

so that ¥ (-n-1) Y(n) and b{-n-1} .= b{n) automatically but vy{(n}

as a function of a continuous wvariable has poles of order two at

1 . . )
n=z=®sm- 5 so that the Euler McLaurin summation formula may not be

applied. Undaunted by this, .write the related integral as
: o

' 2z ‘.%Q\.L"‘;ﬁ_.r:
_\721 (f’) N S (n+3) o (ardynts %..,)
2 2 - .
»(Q*'JJ—)‘ =Y (@S %f)

where the crossed integral sign is used as a reminder that without a

d.

suitable consideration of the singularities of the integrand {(E13)

will not be valid. The change of variables

s = .,-\4_-:1'-_ 2112 => 5&[0,[) éu- u&(“"":“’)
et S

implies that

‘ ;-2
JJ.L (p) = _glé_..,_, 5é<!-s) e ,_ds (E15)
Al (I __€s>?-

where

6.‘: a:“" zﬁz & (g:“)
d—-«nz'ﬁz

so that the integrand has a pole of orxrder two along the path of
. . 4 N .
integration € (0O, Eﬂ. Define a function Flp;p) by

{ ‘
i -2
P(f’[’) = __(1:&.: ds
s*(l-es)
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which defines an analytic functicon for all p in the complex plane

when |p| < 1. 1In fact,

P(C>F)=°2 é&(iﬂ)%,g-:)p) for Ip| <1

where‘¢l(a,B,Y;x;y) is a confluent hypergeometric function of two
variables showing the confluence through y (of p in the above formula),
the notation followed here is that of Erdélyi et al. 1953. but see
Humbert, 1921. Then |

{ -2sp
S . [ stlesdie | ds

e o (l-¢3)®

provided [pl < 1 so that F(p,p) converges and is differentiable.

(El6)

Comparison of (E15) with (El6) suggests that the delay kernel’
ng(t_s)’ may be related in this case to a continuation of %E in the

complex p plane. Note in passing.that

éﬁ? v o 1? =7 f{( i>:2,-;%’)
€ e

where M({a,c,z) is Kummer's function.

It may ke quite possible to suggest coefficients, {Yj} and {bj}.
in equations (El) to (E3) for which the above technigque is both
possible and easier to apply, giving a less complicated delay kernel.
With the supposition that there exists a delay kernel which may be
expréésed in terms of elementary functions, it would'then be possihle
to compare the effectiveness of different numerical integration
schemes on eguation (E7) and then to compare these results with
numerical integrations of a truncated version of equations {El) to
(E3). The coefficients for the Fady model contain hyperbkolic functions

and appear to be quite intractable in the above scheme.



