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A B S T R A C T 

A b r i e f d e r i v a t i o n of the q u a s i - g e o s t r o p h i c p o t e n t i a l v o r t i c i t y 

e q u a t i o n , that is to say the g o v e r n i n g e q u a t i o n , is given for a 

zonal flow of b a r o c l i n i c fluid including w e a k i n t e r n a l d i s s i p a t i v e 

e f f e c t s . This leads to an o r d i n a r y d i f f e r e n t i a l e q u a t i o n for 

linearised n o r m a l m o d e d i s t u r b a n c e s of the fourth o r d e r . In the 

limiting case when i n t e r n a l v i s c o u s and d i f f u s i v e effects are 

ignored this e q u a t i o n is of the second o r d e r and for a l i n e a r , 

v e r t i c a l shear v e l o c i t y p r o f i l e is the c o n f l u e n t h y p e r g e o m e t r i c 

e q u a t i o n . 

A set of b o u n d a r y c o n d i t i o n s w h i c h are standard for b a r o c l i n i c 

flow m o d e l s is c h o s e n . When the flow is entirely free of d i s s i p a t i v e 

e f f e c t s the d i s p e r s i o n relation thus formed r e c o v e r s the m o d e l s of 

C h a r n e y (1947), E a d y (1949) a n d G r e e n (1960) in a p p r o p r i a t e l i m i t s . 

The n u m b e r and b e h a v i o u r of the zeros of this d i s p e r s i o n rela'tion 

and the implied l i n e a r stability of the m o d e l are d i s c u s s e d w i t h 

an attempted m i n i m u m of recourse to n u m e r i c a l m e t h o d s . 

A m p l i t u d e e q u a t i o n s implied b y w e a k l y n o n l i n e a r stability 

theory are d e r i v e d for some s p e c i f i c e x a m p l e s taken from the E a d y 

m o d e l , w i t h a t t e n t i o n to m a t c h i n g these e q u a t i o n s in the d i f f e r e n t 

a s y m p t o t i c regimes w h i c h are i n v o l v e d b y the i n c l u s i o n of v i s c o u s 

e f f e c t s through E k m a n layers on the h o r i z o n t a l top and b o t t o m 

b o u n d a r i e s a l o n e . A s has b e e n n o t e d e l s e w h e r e in the literature one 

of these a m p l i t u d e e q u a t i o n s , in common w i t h an e x i s t i n g a n a l o g o u s 

r e s u l t for the t w o - l a y e r m o d e l of b a r o c l i n i c i n s t a b i l i t y , is similar 

to the Lorenz set b u t n o w has one m e m b e r of the set in a form w h i c h 

is repeated an infinite n u m b e r of t i m e s . The e f f e c t of t r u n c a t i o n 

of the repeated m o d e s on linear and n o n l i n e a r stability for some 

e x a c t e q u i l i b r i u m s o l u t i o n s of this infinite set, w h i c h c o r r e s p o n d 

to the three fixed p o i n t solutions of the L o r e n z s e t , is studied b y 

a n a l y t i c a l and a s y m p t o t i c m e t h o d s . The type of the second 

b i f u r c a t i o n of the e q u a t i o n s implied by n o n l i n e a r theory is c l a s s i f i e d 

for the specific case of the c o e f f i c i e n t s a p p r o p r i a t e to the t w o - l a y e r 

m o d e l of b a r o c l i n i c i n s t a b i l i t y . 
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INTRODUCTION 

T h e m o t i v a t i o n for the study of b a r o c l i n i c flow i s , in the 

first i n s t a n c e , g e o p h y s i c a l . It is an o b s e r v e d feature of the 

a t m o s p h e r e s s u r r o u n d i n g m o s t r o t a t i n g p l a n e t s t h a t w i t h i n the regions 

of m i d - l a t i t u d e an a t m o s p h e r e d i v i d e s itself into b e l t s w h i c h are to 

a close a p p r o x i m a t i o n a z i m u t h a l a b o u t the axis of p l a n e t a r y r o t a t i o n . 

W i t h i n each b e l t the flow is m o r e or less u n i d i r e c t i o n a l b u t is 

c h a r a c t e r i s e d b y the p r e s e n c e of large scale c y c l o n e s and anti-

c y c l o n e s , t h a t i s , r e g i o n s of low and h i g h p r e s s u r e , t o g e t h e r w i t h 

v a r i a t i o n s of smaller length scale w h i c h are of a g e n e r a l l y m o r e 

t u r b u l e n t n a t u r e . F o r the E a r t h this type of flow m a y b e c o n s i d e r e d 

to d e s c r i b e the w e s t e r l y w i n d s in the t e m p e r a t e l a t i t u d e s of the 

n o r t h e r n h e m i s p h e r e w h i c h c a r r y w i t h them o f t e n v i o l e n t and u n p r e d i c t a b l e 

w e a t h e r systems and are t y p i f i e d by regions of high and low p r e s s u r e of 

the o r d e r of 1000 km a c r o s s . The c i r c u l a t i o n of the o c e a n s , a l t h o u g h 

b o u n d e d by the c o n t i n e n t s , also shows large scale streaming in a 

s t a t i s t i c a l sense w i t h a s u p e r i m p o s e d m o r e r a n d o m fine scale s t r u c t u r e . 

If the increased i n s o l a t i o n of the a t m o s p h e r e and o c e a n s w i t h 

a p p r o a c h to the e q u a t o r is to b e of importance in d e t e r m i n i n g the 

p a t t e r n of such a flow then the fluid d e n s i t y m u s t be a function of 

b o t h the local p r e s s u r e and t e m p e r a t u r e , the fluid is then said to be 

b a r o c l i n i c . The e f f e c t of p l a n e t a r y rotation upon the m o m e n t u m 

b a l a n c e of the fluid away from the h y d r o s t a t i c state of rest acts as 

so as to tilt surfaces of c o n s t a n t fluid d e n s i t y away from t h e i r 

h y d r o s t a t i c o r i e n t a t i o n of c o i n c i d e n c e w i t h the p o t e n t i a l surfaces of 

the g r a v i t a t i o n a l field so t h a t they t i l t d o w n w a r d s to the N o r t h w i t h 

an aggregation of c o l d fluid at low a l t i t u d e s there and of w a r m e r fluid 

at h i g h e r a l t i t u d e s n e a r e r to the E q u a t o r . A steady w e s t e r l y a z i m u t h a l 

flow or w i n d is c o n c o m i t a n t w i t h this so that a b a r o c l i n i c flow m a y 

then exist on a b a c k g r o u n d density g r a d i e n t w h i c h is n o t in a state of 

m i n i m u m p o t e n t i a l e n e r g y . 

It is n o t d i f f i c u l t to e n v i s a g e that this basic flow p a t t e r n m a y 

be u n s t a b l e w i t h the d e v e l o p m e n t of w a v e - l i k e p r e s s u r e d i s t u r b a n c e s 

d e v e l o p i n g upon the b a s i c flow and r e l e a s i n g the a v a i l a b l e p o t e n t i a l 

energy as k i n e t i c e n e r g y , the w h o l e b e i n g d r i v e n by the e f f e c t s of 

rotation and d i f f e r e n t i a l h e a t i n g . This p h e n o m e n o n , of b a r o c l i n i c 

i n s t a b i l i t y , thus c o m e s u n d e r the p u r v i e w of the theory of h y d r o d y n a m i c 



stability b u t the s a l i e n t p o i n t w h i c h d i s t i n g u i s h e s it from the 

c l a s s i c a l p r o b l e m s of the s u b j e c t , the stability of p a r a l l e l f l o w s , 

Benard c o n v e c t i o n and T a y l o r v o r t e x flow is that the i m p o r t a n t or 

'real' e x a m p l e s of b a r o c l i n i c flow are o b s e r v e d , as are the a t m o s p h e r e 

and o c e a n s , to be p e r m a n e n t l y in a fluctuating o r u n s t a b l e s t a t e . The 

b a s i c , d i s t u r b a n c e free state of steady flow is h y p o t h e t i c a l inasmuch 

as an u n d e r s t a n d i n g o f the c i r c u l a t i o n of the a t m o s p h e r e s and o c e a n s 

d e s c r i b e d by the above simple p h y s i c a l m e c h a n i s m d e p e n d s upon the 

conjecture of a 'suitable' b a s i c flow from a c l a s s of p o s s i b l e b a s i c 

f l o w s , the study of its e v o l u t i o n in the u n s t a b l e state and the 

c o r r e l a t i o n of the r e s u l t s of this t h e o r e t i c a l e v o l u t i o n w i t h atmos-

p h e r i c d a t a . 

In this w a y the p r o b l e m of b a r o c l i n i c i n s t a b i l i t y m a y be r e g a r d e d 

as one of i n v e r s i o n w h i c h is f a m i l i a r in the g e o p h y s i c a l s c i e n c e s , 

in this e x a m p l e w e m a y ask - g i v e n the data of an o b s e r v e d u n s t a b l e 

a t m o s p h e r e , to w h a t i n i t i a l o r b a s i c state d o e s the o b s e r v e d u n s t a b l e 

state c o r r e s p o n d ? 

The m o r e s p e c i f i c q u e s t i o n s to b e d i s c u s s e d h e r e c o n c e r n a b a s i c 

state of u n i d i r e c t i o n a l , z o n a l , w e s t e r l y (that is W e s t to East) flow 

w h i c h is p r e s c r i b e d to be in a state of linear v e r t i c a l s h e a r . T h i s 

is the type of flow a s s u m e d in the o r i g i n a t i v e work of C h a r n e y (1947) 

and E a d y (1949); C h a r n e y ' s m o d e l is of a s e m i - i n f i n i t e a t m o s p h e r e 

i n c o r p o r a t i n g the e f f e c t s of v a r i a t i o n of p l a n e t a r y v o r t i c i t y w i t h 

latitude and finite v e r t i c a l scale h e i g h t for the d e n s i t y s t r a t i f i c a t i o n 

of t h e basic s t a t e , w h e r e both of these latter two features are s u f f i c i e n t 

for an instability to occur; E a d y ' s m o d e l is of an a t m o s p h e r e w i t h o u t 

any of these features b u t w h i c h m a y be rendered u n s t a b l e b y the 

a d o p t i o n of finite v e r t i c a l e x t e n t or of an u p p e r b o u n d a r y to the 

t r o p o s p h e r e above w h i c h lies an infinitely stable s t r a t o s p h e r e . As 

regards the r e l e v a n c e of this v e l o c i t y p r o f i l e there is m u c h e v i d e n c e 

in the literature to suggest that the length scales and b e h a v i o u r 

p r e d i c t e d by theory are of a r e a s o n a b l e fit with o b s e r v e d p h e n o m e n a . 

H o w e v e r , the stability of the zonal flow of E a d y ' s m o d e l to n o n - z o n a l 

N o r t h - S o u t h p e r t u r b a t i o n s of the b a s i c v e l o c i t y p r o f i l e w h i c h vanish 

on the north and south edges of a zonal b e l t has been studied by Mclntyre 

(1970). For this reason no check w i l l be made here on the v a l u e s of 

length scales and o t h e r p h y s i c a l p a r a m e t e r s p r e d i c t e d by theory b u t 

I hope t h a t such an inquiry w o u l d b e entirely p o s s i b l e . 



To this e n d , the first c h a p t e r c o n t a i n s a b r i e f d e r i v a t i o n of 

the g o v e r n i n g e q u a t i o n and b o u n d a r y c o n d i t i o n s for a g e n e r a l f o r m u l a tion 

of the p r o b l e m from the N a v i e r - S t o k e s e q u a t i o n s . T h i s includes the 

effects of a s m a l l i n t e r n a l m o l e c u l a r v i s c o s i t y and d i f f u s i v i t y w h i c h 

lead, in the second c h a p t e r , to an o r d i n a r y d i f f e r e n t i a l e q u a t i o n 

for l i n e a r i s e d n o r m a l m o d e d i s t u r b a n c e s i d e n t i f i a b l e w i t h the Orr-

S o m m e r f e l d e q u a t i o n for the s t a b i l i t y o f p a r a l l e l flows in that it is of 

fourth order w i t h p o l y n o m i a l ' c o e f f i c i e n t s and no finite s i n g u l a r i t i e s . 

In a l l o t h e r r e s p e c t s this m o d e l i n c o r p o r a t e s the c o n t r a s t i n g features 

of the m o d e l s of C h a r n e y and E a d y , that is; an a t m o s p h e r e of finite 

v e r t i c a l e x t e n t w i t h finite v e r t i c a l scale h e i g h t for the d e n s i t y 

s t r a t i f i c a t i o n in the b a s i c state a n d w h e r e t h e l a t i t u d i n a l v a r i a t i o n 

of the E a r t h ' s v o r t i c i t y is a p p r o x i m a t e d b y the l i n e a r i d e a l i s a t i o n 

of the B-plane e f f e c t . 

The c o n s e q u e n c e of these a d d i t i o n a l terms is b r i e f l y d i s c u s s e d 

in an a t t e m p t to align the case w i t h i n the e x t e n s i v e t h e o r y of the 

O r r - S o m m e r f e l d e q u a t i o n , t h e y are then d r o p p e d so t h a t the g o v e r n i n g 

d i f f e r e n t i a l e q u a t i o n is of second o r d e r . The a n a l y s i s still i n c l u d e s 

the e f f e c t of v i s c o u s E k m a n layers w h i c h c o n t r o l the flow in a w a y 

d i f f e r e n t from t h a t of an i n t e r n a l v i s c o s i t y by m o d i f y i n g the top 

and b o t t o m b o u n d a r y c o n d i t i o n s for an e n t i r e l y i n v i s c i d p r o b l e m in the 

w a y o r i g i n a l l y p r o p o s e d by B a r c i l o n (1964). In the c o m p l e t e l y inviscid 

l i m i t the m o d e l is a h y b r i d o f the Charney and E a d y m o d e l s similar to 

t h a t c o n s i d e r e d b y Green (1960) a n d Garcia and N o r s c i n i (1969) b u t 

w h i c h includes a finite v e r t i c a l scale h e i g h t for the d e n s i t y stratifi-

c a t i o n , it m a y be c o n s i d e r e d as a m a t c h i n g p r o b l e m b e t w e e n the limiting 

cases of C h a r n e y and E a d y . 

A f t e r forming the a p p r o p r i a t e d i s p e r s i o n r e l a t i o n it is found 

t h a t , within the c o n f i n e s of l i n e a r t h e o r y , the (3-plane effect has a 

d e s t a b i l i s i n g influence on the E a d y l i m i t and t h a t finite h e i g h t has a 

slightly s t a b i l i s i n g influence on the C h a r n e y l i m i t . The p a r a m e t e r 

space a s s o c i a t e d with the stability p r o b l e m is three d i m e n s i o n a l in 

the c o m p l e t e l y inviscid case and i t is r e g r e t t a b l e t h a t the m o s t 

c o n v e n i e n t c h o i c e of c o o r d i n a t e s with w h i c h to e x p l o r e the b e h a v i o u r 

in the c o m p l e x p l a n e of the r o o t s of the d i s p e r s i o n relation d e t e r m i n i n g 

the flow s t a b i l i t y d e t r a c t s from an intuitive grasp of the p h y s i c a l 

m e c h a n i s m s a t p l a y . T h r o u g h o u t m o s t of p a r a m e t e r space the m o r p h o l o g y 

of the zeros in the c o m p l e x p l a n e b e a r s m o r e r e s e m b l a n c e to t h a t of 

the Charney than of the Eady l i m i t . It w i l l t r a n s p i r e t h a t the E a d y 



limit is singular in a p a r t i c u l a r sense to b e d e f i n e d . 

In the t h i r d and s u b s e q u e n t c h a p t e r s the n o n l i n e a r t h e o r y of 

unstable flow is a p p l i e d to some specific p r o b l e m s p o s e d for the E a d y 

m o d e l w i t h the inclusion o f v i s c o u s e f f e c t s m a d e m a n i f e s t b y E k m a n 

layers at the top and b o t t o m b o u n d a r i e s as d e s c r i b e d in the afore-

m e n t i o n e d w a y . Results in this field a l r e a d y e x i s t , n o t a b l y those 

of D r a z i n (1970 and 1972) and are p a r a l l e l e d b y those for the s i m p l e r 

and m o r e w i d e l y studied t w o - l a y e r m o d e l of b a r o c l i n i c instability^ w h e r e 

the basic d e n s i t y and v e l o c i t y p r o f i l e s are step functions, w h i c h w a s 

o r i g i n a l l y due to P h i l l i p s (1954) and has b e e n e x t e n d e d to the 

n o n l i n e a r regime in p a r t i c u l a r by P e d l o s k y (1970 e t . s e q . ) . The 

p a r a m e t e r space associated w i t h l i n e a r i n s t a b i l i t y of this m o d e l is 

again three d i m e n s i o n a l w i t h C a r t e s i a n c o o r d i n a t e s c o r r e s p o n d i n g to 

d o w n s t r e a m w a v e n u m b e r , t h e r m a l R o s s b y o r B u r g e r n u m b e r and a ' v i s c o s i t y 

p a r a m e t e r . 

The third c h a p t e r c o n t a i n s an i n i t i a l d e s c r i p t i o n of the surface 

of linear n e u t r a l s t a b i l i t y in the chosen p a r a m e t e r space and then 

c o n t i n u e s w i t h the d e r i v a t i o n of an equation for the w e a k l y n o n l i n e a r 

e v o l u t i o n of a p a c k e t of linearly u n s t a b l e w a v e s when the v i s c o s i t y 

p a r a m e t e r is of o r d e r one a s y m p t o t i c a l l y as the s u p e r c r i t i c a l i t y of 

the B u r g e r n u m b e r t e n d s to zero at a stationary p o i n t of the n e u t r a l 

s u r f a c e . That i s , w h e r e the flow involves the interaction of a 

p r i n c i p a l u n s t a b l e m o d e w i t h a small c o n t i n u o u s spectrum of u n s t a b l e 

side b a n d p e r t u r b a t i o n s w i t h r e s p e c t to the d o w n s t r e a m w a v e n u m b e r . 

The p r o b l e m is a slight e x t e n s i o n of p a r t of D r a z i n ' s 1972 a r t i c l e . 

In the fourth c h a p t e r a scheme is d e v e l o p e d to m a t c h the v i s c o u s 

and c o m p l e t e l y inviscid w e a k l y n o n l i n e a r e v o l u t i o n e q u a t i o n s in the 

viscous and c o m p l e t e l y inviscid l i m i t s . T h i s r e q u i r e s a scheme w h e r e 

the v i s c o s i t y p a r a m e t e r is linked to the s u p e r c r i t i c a l i t y as the latter 

tends to zero and on the a p p l i c a t i o n of a c c e p t e d boundary, c o n d i t i o n s 

for the p r o b l e m leads to an a m p l i t u d e equation w h i c h m a y be e x p r e s s e d 

either as a single i n t e g r o d i f f e r e n t i a l equation or as an infinite 

set of c o u p l e d , first o r d e r , n o n l i n e a r o r d i n a r y d i f f e r e n t i a l e q u a t i o n s . 

Some attention has been made in this p a r t i c u l a r p r o b l e m to reveal the 

p e c u l i a r i t i e s of the system leading to the a m p l i t u d e equation and in 

establishing the m a t c h i n g of its c o e f f i c i e n t s w i t h the existing r e s u l t s 

in the a p p r o p r i a t e l i m i t s . 



It is seen t h a t the amplitude e q u a t i o n s for the E a d y m o d e l are 

of e x a c t l y the same form as those d e r i v e d u n d e r similar c i r c u m s t a n c e s 

b y P e d l o s k y for the t w o - l a y e r m o d e l , the o n l y d i f f e r e n c e b e i n g the 

o b v i o u s one o f d i f f e r i n g c o e f f i c i e n t s a r i s i n g from the d i s t i n c t 

p h y s i c a l p r o p e r t i e s of the m o d e l s . 

T h e fifth and sixth c h a p t e r s t o g e t h e r w i t h the notes in 

a p p e n d i c e s C and E e x p o u n d some of the p r o p e r t i e s of the a m p l i t u d e 

equation of c h a p t e r f o u r . The m o s t i m p o r t a n t p o i n t to m e n t i o n here 

is that the n o n l i n e a r theory p r e d i c t s finite a m p l i t u d e w a v e trains 

w h i c h are a s y m p t o t i c a l l y steady and stable t o w a r d s the v i s c o u s regime 

but singly p e r i o d i c o r v a c i l l a t o r y in the c o m p l e t e l y i n v i s c i d limit 

and t h a t the m a t c h i n g a m p l i t u d e equation is similar to the Lorenz 

set -as p r o p o s e d in the t h e o r y of B e n a r d c o n v e c t i o n (Lorenz 1 9 6 3 ) . 

The Lorenz set a n d the c h a o t i c solutions it e x h i b i t s h a v e b e e n the 

subject for m u c h r e s e a r c h in m o r e r e c e n t y e a r s , the set h a s since 

b e e n found in b r a n c h e s of p h y s i c s o t h e r than t h a t of fluid m e c h a n i c s 

w h e r e the r a n d o m b e h a v i o u r of its s o l u t i o n s in p h a s e space m a y be 

e q u a t e d w i t h the m o r e o r less random f l u c t u a t i o n s of t u r b u l e n t flow 

in n a t u r e . 

T h e t e c h n i q u e s u s e d in the w o r k p r e s e n t e d h e r e do n o t d e l v e far 

into the a b s t r a c t m a t h e m a t i c a l theory of d y n a m i c a l systems and a r e , 

I h o p e , g e n e r a l l y a c c e s s i b l e since the form of the m a t c h i n g a m p l i t u d e 

equation seems to b e g for a n a l y t i c enquiry on a c c o u n t of: 

(i) the sensitive d e p e n d e n c e upon initial c o n d i t i o n s of 

d y n a m i c a l s y s t e m s , such as the Lorenz s e t , w h i c h p o s s e s s strange 

a t t r a c t o r s . 

(ii) the c o m p l i c a t e d t o p o l o g y of the a t t r a c t i n g structures of 

such s y s t e m s . 

(iii) the status o f the a m p l i t u d e e q u a t i o n as a system w i t h 

infinitely m a n y d e g r e e s of f r e e d o m . 

N o w the first t w o traits for the Lorenz set have been found b y 

largely n u m e r i c a l i n v e s t i g a t i o n s from m a n y s o u r c e s . A t t h e i r inception 

L o r e n z recognised these p r o p e r t i e s in h i s e q u a t i o n s and w a s aware of 

both the d i f f i c u l t i e s of d i s c r e t e r e p r e s e n t a t i o n and n u m e r i c a l 

integration by c o m p u t e r and also of the c o n s e q u e n t need to p e r f o r m 

i n t e g r a t i o n s w i t h the c o n t i n u e d u p r a t i n g of m a c h i n e r e s o l u t i o n . 

A short q u a n t i t a t i v e study of the r e p r e s e n t a t i o n a l e r r o r s w h i c h m a y b e 

involved in a p p l y i n g c o m p u t a t i o n a l m e t h o d s to d y n a m i c a l systems has 

b e e n m a d e by L e v y (1982). It is the third feature alone w h i c h requires 



further care to be taken since any c o m p u t a t i o n w i l l n e c e s s a r i l y 

involve t r u n c a t i o n a n d thus m i s r e p r e s e n t a t i o n of the a m p l i t u d e 

equation i t s e l f . P e d l o s k y and F r e n z e n (1980) h a v e i n t e g r a t e d 

this form of a m p l i t u d e e q u a t i o n n u m e r i c a l l y a n d , again a w a r e of the 

n a t u r e of the a p p r o x i m a t i o n s i n v o l v e d , found a v e r y c o m p l i c a t e d 

b i f u r c a t i o n sequence of p e r i o d d o u b l i n g s and c h a o t i c s o l u t i o n s w h i c h 

are a t times sensitive to m a c h i n e r e s o l u t i o n . 

T h e seventh c h a p t e r c o m b i n e s the n o v e l features of the third and 

fourth in its c o n s i d e r a t i o n of a p a r a m e t e r r e g i m e w h e r e the n o n l i n e a r 

evolution equation i n c o r p o r a t e s the interaction of a p a c k e t of 

linearly u n s t a b l e w a v e s c e n t r e d on a p r i n c i p a l w a v e n u m b e r at a 

stationary p o i n t of the n e u t r a l surface and the type of n o n l i n e a r i t y 

w h i c h is of c o n s e q u e n c e in the m a t c h i n g a m p l i t u d e e q u a t i o n of 

c h a p t e r f o u r . 

Some e f f o r t has been m a d e to ensure t h a t v a r i a b l e s are a s s i g n e d 

separate and a p p r o p r i a t e s y m b o l s . T h e second r e q u i r e m e n t is a t 

variance w i t h the first so t h a t d u p l i c a t i o n m a y o c c u r b e t w e e n c h a p t e r s 

b u t the use of suffices a n d i n t r o d u c t i o n o f each q u a n t i t y w i t h its 

c o r r e s p o n d i n g symbol as i t o c c u r s is m a d e w i t h i n the t e x t . 
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C H A P T E R ONE 

THE M O D E L , G O V E R N I N G E Q U A T I O N S A N D B O U N D A R Y C O N D I T I O N S 

C o n s i d e r a set o f s p h e r i c a l p o l a r c o o r d i n a t e s (r,0,(f)) w i t h 

o r i g i n r = 0 a t the c e n t r e of a solid sphere of radius r , b o t h 

r o t a t i n g w i t h c o n s t a n t a n g u l a r v e l o c i t y a b o u t the axis d e f i n e d b y 

7T , . 
latitude 0 = ~ so t h a t the d i r e c t i o n o f r o t a t i o n is in t h e sense o f 

i n c r e a s i n g l o n g i t u d i n a l a n g l e The e q u a t i o n s o f m o t i o n for a fluid 

of d e n s i t y a t p r e s s u r e p ^ w i t h v e l o c i t y c o m p o n e n t s u ^ in the z o n a l 

or W e s t to E a s t d i r e c t i o n , v ^ in the m e r i d i o n a l or South to N o r t h 

d i r e c t i o n and w ^ in the v e r t i c a l o r r a d i a l d i r e c t i o n a t time t^ are 

J-rO^So + I ! A v ? - O 

L r * Si ) ( 1 ) 

r e p r e s e n t i n g the -condition of m a s s c o n t i n u i t y and 

bjr _ -f-JJlc^&u^ - - I X* + 

(2) 

^ * Z l i s — <3> 
C * 

r* C" * C 

w h e r e 

c* (4) 

i - 4 A ±t S + <J* k (5) 
Sf> r* S Arv 

(F, , F , F )-is the b o d y force p e r u n i t m a s s due t o v i s c o u s e f f e c t s 0 * r * 

in the fluid and g is the g r a v i t a t i o n a l a c c e l e r a t i o n . 



i t 

The r e f e r e n c e frame m a y b e t r a n s f o r m e d to a local set of 

longitude (x^) , latitude (y^) a n d h e i g h t (z^.) c o o r d i n a t e s c e n t r e d on 

a latitude 0 Q a t the surface o f the sphere b y the t r a n s f o r m a t i o n 

* * = c^O^ cf> = c ^ <S 0 ^ 

C/* = ^ =$> = ( 6 ) 

\r = 

M o t i o n s of the fluid i m p o s e d b y the m o d e l are a s c r i b e d h o r i z o n t a l 

length and v e l o c i t y scales L a n d U w i t h a h e i g h t scale D w h i c h is 

s m a l l c o m p a r e d to the radius o f the sphere so t h a t the e f f e c t i v e 

g r a v i t a t i o n a l a c c e l e r a t i o n is c o n s t a n t . By g e o m e t r i c a l c o n s i d e r a t i o n s 
UD 

the v e r t i c a l v e l o c i t y scale is — and if t h e flow is s u b j e c t to 

L 

n o n l i n e a r e f f e c t s then it d e v e l o p s on a t i m e scale — . 

P r e s s u r e and d e n s i t y s c a l i n g s n o w d e t e r m i n e m o r e p r e c i s e l y the 

class of m o t i o n s u n d e r i n q u i r y . If the fluid v e l o c i t y scale is s m a l l 

c o m p a r e d to the scale of C o r i o l i s e f f e c t s t h e n the R o s s b y n u m b e r 

& I 
J2SZ o 

and to leading o r d e r in an a s y m p t o t i c e x p a n s i o n of the d e p e n d e n t 

v a r i a b l e s of (i)-(4) in R Q as R Q + 0 the state is one of h y d r o s t a t i c 

e q u i l i b r i u m , i . e . , no m o t i o n 

a - O a n d A/5 = - / < 6 ? ) (7) 

w h e r e P g (
z ) and P g (

z ) are the 0(1) t e r m s in the e x p a n s i o n s of the 

p r e s s u r e a n d d e n s i t y f i e l d s . The fields at the n e x t o r d e r m a y be 

sought as a p e r t u r b a t i o n on the a m b i e n t order one state w h e r e i n the 

t a n g e n t i a l p r e s s u r e g r a d i e n t b a l a n c e s C o r i o l i s a c c e l e r a t i o n and the 

v e r t i c a l p r e s s u r e g r a d i e n t b a l a n c e s the e f f e c t i v e b u o y a n c y p e r u n i t 

m a s s , i m p l y i n g scalings 

and 

( 8 ) 

(9) 



- / 2 -

U n d e r the a s s u m p t i o n s o f t h e s e scalings the g o v e r n i n g e q u a t i o n s 

(1)- (4), u s i n g (6)-(9) are 

\J S i M . L. <£> 4. £cJ Ctyc <S 

(11) 

^ \ r- (10) 

^ f <L 4- L C^VU- ^ f- CV^© 

= - S ^ P — L + 

o - - ^ ^ X 
C ( 25: r* ) 

i* ( Ar /V dy 

(12) 

f e* 

= o 

(13) 

in n o n - d i m e n s i o n a l form w h e r e 

R ^ = — — „ -•• is the R o s s b v n u m b e r , a r a t i o of the r e l a t i v e v o r t i c i t y 
0 20 sin 9 q L 

to the p l a n e t a r y v o r t i c i t y . 

(20 sin 0 Q )
2 L 2 

F = is the r a t i o of the r o t a t i o n a l k i n e t i c energy t o 
g D 

g r a v i t a t i o n a l p o t e n t i a l energy a c r o s s the f l o w . 

6 = — is the a s p e c t r a t i o of the length s c a l e s , so 
L 

* = i M O * 



T h e d i m e n s i o n l e s s p a r a m e t e r ^ d e f i n e d b y 

Cos 
1
 (14) 

is i n t r o d u c e d , r e p r e s e n t i n g the n o r t h w a r d g r a d i e n t o f C o r i o l i s a c c e l e r -

a t i o n a t 6 = 0 Q . T h e r a t i o o f t h e h o r i z o n t a l g r a d i e n t o f r e l a t i v e o r 

f l u i d v o r t i c i t y to the g r a d i e n t o f p l a n e t a r y v o r t i c i t y a s s o c i a t e d w i t h 

the g e o m e t r y ' s s p h e r i c i t y is t y p i c a l l y 

j L = ^ A 

L 
(15) 

The c l a s s o f m o t i o n s is n o w r e s t r i c t e d b y c h o o s i n g t a n 0 Q = 0 ( 1 ) 

a n d = 0 (R q ) a s R q + 0 SO t h e m e r i d i o n a l v o r t i c i t y g r a d i e n t s o f (15) 

b a l a n c e in t h e f l o w f i e l d s a t 0 ( R Q ) . In t a k i n g the l i m i t RQ 0 , 

t e r m e d t h e g e o s t r o p h i c l i m i t , t h e d e p e n d e n t v a r i a b l e s u , v , w , p , p a r e 

a s s u m e d t o h a v e a s y m p t o t i c e x p a n s i o n s o f the f o r m 

e t c . , a n d the t r i g o n o m e t r i c f u n c t i o n s in (10)-(13) w h e n r e p l a c e d b y 

t h e i r T a y l o r s e r i e s a b o u t the c e n t r a l l a t i t u d e 0 = 0 Q a r e r e p r e s e n t e d 

a s y m p t o t i c a l l y w i t h r e s p e c t t o the p a r a m e t e r = °( Rq)• if t h e 

d i m e n s i o n l e s s p a r a m e t e r s 6 a n d F a r e a l s o l i n k e d t o the R o s s b y n u m b e r 

i n t h e l i m i t t h e n s u b s t i t u t i o n in (10)-(13) i m p l i e s t h e g e o s t r o p h i c 

r e l a t i o n s 

vA. = 

(17) 

(18) 

I C & P - ) (19) 

(S / J Z S j (20) 



a t leading o r d e r . C o n s e q u e n t l y the h o r i z o n t a l d i v e r g e n c e of h o r i z o n t a l 

v e l o c i t y v a n i s h e s so t h a t the c o n t i n u i t y r e s u l t (20) m a y be i n t e g r a t e d 

to give 

p cr = f u n c t i o n of x,y and t a l o n e , 
s 0 1 

In a flow c o n t a i n i n g a r i g i d b o u n d a r y o f m a x i m u m slope °( Rq) w i t h 

r e s p e c t to the h o r i z o n t a l t h e n f f o r a l l z 

cj-* = O 

Q , i?
2 

I S zr ^ t J - , + ^ cJl •*• . . 

(21) 

(22) 

(23) 

A t first order, 0 (R^), the g o v e r n i n g e q u a t i o n s are 

5 E 5 * • X ^ • / v / 

+ + v id 
<3̂ : 3 T K<+K>N 

\T v r (24) 
- - * As 

<5 

for h o r i z o n t a l m o m e n t u m w h e r e = 2f2 sin 0 and 
0 0 

b + A/, - L iL.<£>0 + L y J . ^ \ = 0(25) 

for c o n t i n u i t y w h e r e it has been a s s u m e d that the influence of i n t e r n a l 

friction m a y first be of i m p o r t a n c e at this o r d e r and t h a t <5 = o ( l ) , 

F = o ( l ) as R q ->• 0 . F o r m a t i o n of the e q u a t i o n for the v e r t i c a l 

c o m p o n e n t o f v o r t i c i t y 

£ = < k - . L . = (26) 



< U L U . J L ^ . x . < 4 

i _ JLSl - A 
- . ( l i u i ^ * ( L i : * U -

^ j I L 4 
^ J ( L - J K L i ( w ^ J b * t 4 . 



from (23) and (24) i m p l y , u s i n g (17), (18) and (25) 

(27) 

d O 8 3 a . 3 . 
w h e r e — = — + u_ t— + v — is the a p p r o p r i a t e a d v e c t i v e time 

d t 9t 0 3x O dy 
A 

d e r i v a t i v e and k is a u n i t v e c t o r p a r a l l e l to the z a x i s . 

V i s c o u s e f f e c t s in a N e w t o n i a n fluid a r e d e f i n e d b y , 

£+ - ( 2 8 ) 

J=p v. 3 /* 
U s i n g the above s c a l i n g s and e x p a n s i o n s , i f 6 = 0 ( 1 ) , since w Q = O 

F • * r 
— / - ^ o v , - -Uf (29) 

V* 
on w r i t i n g V = — = 0(1) , (27) b e c o m e s 

R o f o D 

- 5 ? <
3 o ) 

using the g e o s t r o p h i c r e l a t i o n s (17) and (18). 

If 6 = 0(1) t h e n (29) b e c o m e s 

w h e r e 

% = £ + W £ * \ 
^ ( 3 1 ) 

a n d the a n a l y s i s p r e c e d i n g (27) c a r r i e s through inasmuch as (30) b e c o m e s 

(32) 
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b u t the r e a d e r is r e f e r r e d t o P e d l o s k y ('79. p . 3 2 7 et seq.) for t h e 

d i f f i c u l t y in d r a w i n g t h i s a n a l o g y w i t h the m o m e n t u m e q u a t i o n s (23) 

and (24). E q u a t i o n (32) is f o r m a l l y the same as the v o r t i c i t y 

e q u a t i o n w h i c h w o u l d h a v e b e e n d e r i v e d in the case o f a m o d e l w i t h a 

f l a t or C a r t e s i a n g e o m e t r y w h e r e C o r i o l i s e f f e c t s v a r y l i n e a r l y in 

t h e m e r i d i o n a l or y d i r e c t i o n (termed the 8 - p l a n e a p p r o x i m a t i o n ) 

w i t h the e x c e p t i o n t h a t the r e s t r i c t i o n 6 = o(l) is t h e n n o l o n g e r 

n e c e s s a r y , 6 = 0(1) is a l l o w e d a t e v e r y s t a g e in the a n a l y s i s l e a d i n g 

to (32) a n d w i t h o u t loss o f g e n e r a l i t y 6 m a y be s e t e q u a l to 1 . 

Since the d y n a m i c s f o r the v e r t i c a l c o m p o n e n t ! o f v o r t i c i t y , 

differs o n l y in the r e p r e s e n t a t i o n of v i s c o u s e f f e c t s and the s p h e r i c a l 

6 = o ( l ) c a s e can b e o b t a i n e d from the C a r t e s i a n 6 = 0 ( 1 ) c a s e b y 

o m i t t i n g the h o r i z o n t a l d e r i v a t i v e s in V g , h e n c e f o r t h (32) w i l l be 

t h e form o f the v o r t i c i t y e q u a t i o n u s e d a n d 6 s e t e q u a l t o 1 and Vg 

r e p l a c e d b y V . 

T o r e m o v e the g e o s t r o p h i c d e g e n e r a c y of the p r o b l e m p o s e d b y (32) 

the l e a d i n g o r d e r v e r t i c a l v e l o c i t y , w ^ , is r e l a t e d t o t h e l e a d i n g 

o r d e r h o r i z o n t a l v e l o c i t y ( u q ' v
0 ^ t h e r m o d y n a m i c s o f the s y s t e m 

and the g e o s t r o p h i c r e l a t i o n s (17)-(20). S u p p o s e t h a t a fluid p r o p e r t y 

w h i c h is a d v e c t e d w i t h the f l o w , (x^t) s a y , is c o n s e r v e d b u t f o r 

w e a k d i f f u s i v e e f f e c t s so t h a t the s c a l i n g o f the 0^ f i e l d is g i v e n b y 

in a c c o r d a n c e w i t h the p r e s s u r e and d e n s i t y s c a l i n g s (8) a n d (9) w h e r e 

a n d s u p p o s e t h a t the s t a t i c s t r a t i f i e d 0(1) state of the flow is in 

e q u i l i b r i u m so t h a t 

(33) 

(34) 

<£>s 6 ? ) = o 
(35) 
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If the e f f e c t s of d i f f u s i o n are w e a k so t h a t 0^ is n e a r l y c o n s e r v e d 

w i t h the m o v e m e n t o f a fluid e l e m e n t l o c a l t h e r m o d y n a m i c c o n s i d e r a t i o n s 

(Batchelor, p . 3 1 e t seq.) s u g g e s t the law 

M *
 ( 3 6 ) 

f o r an i s o t r o p i c fluid in the a b s e n c e o f h e a t i n g w i t h d i f f u s i v e 

c o n s t a n t k * . N o n - d i m e n s i o n a l i s i n g , u s i n g the above scalings w h e n 

6 = 0 ( 1 ) , (36) b e c o m e s 

• M P ^ s ^ d.L v ' 

a t leading o r d e r p r o v i d e d the s t r a t i f i c a t i o n p a r a m e t e r 

" pea, "57 < 3 8> 

is 0 ( 1 ) . The first t e r m on the r i g h t h a n d side of (32) r e p r e s e n t i n g 

the s m a l l v e r t i c a l s t r e t c h i n g o f a v o r t e x f i l a m e n t m a y be e v a l u a t e d 

in t e r m s o f the p e r t u r b a t i o n 0 a n d a m b i e n t s t r a t i f i c a t i o n 0 (z) u s i n g 
0 P S

 S 

the g e o s t r o p h i c r e l a t i o n s and i n d e p e n d e n c e of in x and y . 

JL 

- i a " " 

W h e n 0 Q m a y be r e l a t e d to the g e o s t r o p h i c s t r e a m f u n c t i o n , p ^ , (32) 

and (39) t o g e t h e r define the e v o l u t i o n of the flow at 0 ( R Q ) in 

d i f f e r e n t i a l form b u t such a r e l a t i o n d e p e n d s upon choice of an e q u a t i o n 

of s t a t e . 

For a liquid in w h i c h the e f f e c t s o f c o m p r e s s i b i l i t y are not 

a p p r e c i a b l e the e q u a t i o n o f state m a y be r e p r e s e n t e d simply b y 

C Cti- o ) (40) 
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w h e r e p and T are c o n s t a n t d e n s i t y and t e m p e r a t u r e r e f e r e n c e 

v a l u e s , a^ is the c o e f f i c i e n t o f t h e r m a l e x p a n s i o n and T ^ is t h e 

t e m p e r a t u r e . The first law o f t h e r m o d y n a m i c s in the a b s e n c e of 

h e a t i n g r e d u c e s to (36) w h e r e 0^ = -p*(sc,t) is the d e n s i t y f i e l d , k^ 

is the c o e f f i c i e n t o f t h e r m a l d i f f u s i v i t y and the g e o s t r o p h i c 

r e l a t i o n (19) r e d u c e s to 

(4D 
o a ' 

p r o v i d e d t h a t 

1 \>s = O C £ > r: o C l ) (42) 

Cs <5i 

in w h i c h case (38) is s a t i s f i e d , i . e . S is 0 ( 1 ) . T h e s e s c a l i n g s are 

b e l i e v e d t o be in a g r e e m e n t w i t h the o b s e r v e d state of the O c e a n s 

except n e a r the pyiiocline, a thin layer of large d e n s i t y g r a d i e n t s 

a t a d e p t h of a p p r o x i m a t e l y 700 m . E q u a t i o n s (32) and (39), u s i n g 

(41) and (42) b e c o m e 

(43) 

K* 
w h e r e k = ~ is a s s u m e d to b e 0 ( 1 ) . 

U L 

F o r a p e r f e c t gas the e q u a t i o n of state and d e f i n i t i o n o f p o t e n t i a l 

t e m p e r a t u r e , 0* ; 

p- - & y = t ; 

imply that if in the basic state 6 = 0 (z) ^ . j l 

(44) 

-L.^Q = o CF) = <dC() 
£>S S i (45) 

then S is 0(1) and 

** s js £ (46)-
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u s i n g (8) a n d (9), (44) implies 

Lg>+ = J- I L f i t * ) - +±L[li}e _ 
4 ^ f / f * S v 

then 

< D 0 = 

(47) 

and s u g g e s t s the staling 

I (48) 

w
ith Q) ^ + + 

In a g r e e m e n t w i t h (46) let 

L o s U ) = i / L f l C J - L 

and from the d y n a m i c e x p r e s s i o n s (7) and (19) 

so t h a t ^ - (49) 

t o leading o r d e r . The a p p r o p r i a t e form of the f i r s t law o f t h e r m o -

d y n a m i c s in the absence of h e a t i n g is 

Q p* ( 5 0 ) 

w h e r e the t e r m on the r i g h t hand side r e p r e s e n t s the d e p a r t u r e f r o m 

the a d i a b a t i c s t a t e . If the d e p a r t u r e from a d i a b a t i c e q u i l i b r i u m is 

s m a l l h o w e v e r , l o c a l c o n s i d e r a t i o n s suggest t h a t the flux of p o t e n t i a l 

t e m p e r a t u r e is r e l a t e d linearly w i t h its s p a t i a l g r a d i e n t and in the 

case of an i s o t r o p i c fluid this leads to the a p p r o x i m a t e e q u a t i o n 
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so t h a t w i t h 0 = 6 (32) and (39) u s i n g (49) b e c o m e 

(32) 

w h i c h is the form o f the q u a s i - g e o s t r o p h i c p o t e n t i a l v o r t i c i t y e q u a t i o n 

to b e u s e d h e r e . 

F o r a region b o u n d e d b y -the l a t i t u d e c i r c l e s y = ± — the 

i n v i s c i d b o u n d a r y c o n d i t i o n is 

ffe - O . on y = ± \ (52) 
2 

T a k i n g the z o n a l a v e r a g e of (23) and u s i n g (17) t h e r e follows the 

a d d i t i o n a l c o n d i t i o n that 

- O ; on y = ± j (53) 

w h e r e t h e ' o v e r b a r d e n o t e s the z o n a l a v e r a g e w h i c h in t e r m s o f the 

local frame d e f i n e d b y (6) is 

c > h 4. - l / c > A oo 

E q u a t i o n (53) is also the f o r m o f the b o u n d a r y c o n d i t i o n for the 

C a r t e s i a n m o d e l of flow i n s i d e a r i g i d r e c t a n g u l a r c h a n n e l o f i n f i n i t e 

e x t e n t in the x d i r e c t i o n if a d o w n s t r e a m c o n d i t i o n of p e r i o d i c i t y o r 

b o u n d e d n e s s o f p e r t u r b a t i o n energy is i m p o s e d . 

In the case of a r i g i d b o u n d a r y at z = 0 t h e f l o w is d o m i n a t e d 

locally b y the b a l a n c e of v i s c o u s f o r c e s w i t h C o r i o l i s forces and 

p r e s s u r e g r a d i e n t in an E k m a n layer o f t h i c k n e s s 

K - X )
4 T? 

w h e r e E = — is the E k m a n n u m b e r and V. is the k i n e m a t i c v i s c o s i t y 

V f ° 

o f l a m i n a r flow o r an e f f e c t i v e t u r b u l e n t v i s c o s i t y o f n o n - l a m i n a r 

flow w i t h i n the l a y e r . It can be shown (Pedlosky 1 , §6.6) t h a t 

s t r a t i f i c a t i o n of the basic state does n o t m o d i f y the p u m p i n g or s u c t i o n 

i n f l u e n c e o f the b o u n d a r y layer u p o n the m a i n core of the flow in the 

limit E v -h o p r o v i d e d 
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- <=> £ £s> ) as R 0 . 
5 o 

M a t c h i n g w ^ in (37) w i t h the n o r m a l v e l o c i t y at the edge o f the 

E k m a n layer w h i c h is p r o p o r t i o n a l t o the n o r m a l c o m p o n e n t o f v o r t i c i t y 

there i m p l i e s , since F = o(l) and S = 0(1) 

z = o . 

in the a b s e n c e o f b o u n d a r y t o p o g r a p h y . 

,An u p p e r b o u n d a r y c o n d i t i o n c o r r e s p o n d i n g to c o n f i n e m e n t o f the 

flow b e n e a t h a rigid flat lid a t n o n - d i m e n s i o n a l h e i g h t z = h (so t h a t 

z ^ = h L = D) w i l l be a s s u m e d , thus 

In o c e a n i c m o d e l s the i n f l u e n c e of a p r e s c r i b e d w i n d d r i v e n stress m a y 

b e i n c l u d e d , m o d i f y i n g the r i g h t h a n d s i d e . F o r the a t m o s p h e r e , the 

lid is m o s t r e a l i s t i c a l l y r e m o v e d a n d then a r a d i a t i o n c o n d i t i o n is 

i m p o s e d in the limit z 0 0. A n a t m o s p h e r e w i t h d i f f e r e n t s t r a t i f i c a t i o n 

and v e l o c i t y p r o f i l e s in the lower l e v e l or t r o p o s p h e r e and h i g h e r 

level or s t r a t o s p h e r e m a y be m o d e l l e d (e.g. C h a r n e y ' 4 7 ) . The o v e r a l l 

e f f e c t o f i n c r e a s i n g the static s t a b i l i t y o f the s t r a t o s p h e r e is to 

confine d i s t u r b a n c e s o n the 0 ( R Q ) g e o s t r o p h i c flow to the l o w e r l e v e l s 

o f the t r o p o s p h e r e (Green, 60) and f r o m this p o i n t of v i e w (55) is t h e 

b o u n d a r y c o n d i t i o n imposed at the t r o p o p a u s e , z = h , b e l o w a strato-

sphere of i n f i n i t e static s t a b i l i t y (S 00) . 

N o w consider a steady state o f the 0 ( R Q ) g e o s t r o p h i c flow w h i c h 

is p u r e l y z o n a l . W r i t i n g 

p6 r f ^ O <56> 
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f r o m (17) and (41) or (49) the z o n a l w i n d r e l a t i o n s h i p 

f o r the o c e a n s . 

for the a t m o s p h e r e 

(57) 

c o n n e c t s the v e r t i c a l shear o f the v e l o c i t y p r o f i l e to m e r i d i o n a l 

g r a d i e n t s of a v a i l a b l e p o t e n t i a l e n e r g y in the b a s i c f l o w . N o t e t h a t 

the longitude o f x i n d e p e n d e n c e i m p l i e s that any f u n c t i o n ¥(y,z) is 

a u t o m a t i c a l l y a s o l u t i o n of (51)-(53) if the d i f f u s i v e t e r m s o n the 

r i g h t h a n d side o f (51) m a y be n e g l e c t e d o r v a n i s h and is a s o l u t i o n 

of (54) and (55) p r o v i d e d 

The s t a b i l i t y o f this b a s i c , s t e a d y , n e a r h y d r o s t a t i c , z o n a l 

flow to d i s t u r b a n c e s w h i c h m a y be of the same o r d e r of m a g n i t u d e as 

the b a s i c flow b u t w h i c h are s t i l l s u b j e c t to the c o n d i t i o n s o f the 

g e o s t r o p h i c l i m i t m a y be d e s c r i b e d b y a d i s t u r b a n c e stream f u n c t i o n 

<J>(x,t). P u t t i n g 

SsJ-. 

(58) 

in (51)-(55) the p r o b l e m for <f>(x,t) is 

(60) 

ok. 2 = O . 
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w i t h a similar c o n d i t i o n on z = h , and 

(61) 

- ^ - * / <62> 
V <2. 

w h e r e 

¥ 
is the p o t e n t i a l v o r t i c i t y o f the d i s t u r b a n c e f i e l d , 

T r B + + j A / a 

is the p o t e n t i a l v o r t i c i t y of the b a s i c z o n a l flow and J X ; y is the 

J a c o b i a n o p e r a t o r 

>7 *\7 ^ ^ 

Since the v e r t i c a l c o o r d i n a t e a p p e a r s e x p l i c i t l y in d i f f e r e n t i a l f o r m 

a l o n e , the i n t e r v a l in z m a y b e s h i f t e d in the case o f a p a i r o f rigid 

b o u n d a r i e s to [- ^ , -j] so t h a t the a p p r o p r i a t e t o p and b o t t o m b o u n d a r y 

c o n d i t i o n s m a y be w r i t t e n as 

(63) 

T h e a i m of the t y p e of s t a b i l i t y a n a l y s i s a p p l i e d in the f o l l o w i n g 

sections is to e s t a b l i s h s u f f i c i e n t c o n d i t i o n s for the i n s t a b i l i t y o f 

a b a s i c v e l o c i t y p r o f i l e w h i c h is a l i n e a r v e r t i c a l s h e a r . Since 

the g o v e r n i n g equations and b o u n d a r y c o n d i t i o n s for the g e o s t r o p h i c 

stream f u n c t i o n are G a l i l e a n i n v a r i a n t , t r a n s f o r m a t i o n to a frame 

m o v i n g w i t h c o n s t a n t v e l o c i t y , e q u a l t o the average of the b a s i c s t e a d y 



flow o v e r a m e r i d i o n a l p l a n e for e x a m p l e , l e a v e s the m a t h e m a t i c a l 

p r o b l e m u n c h a n g e d . H e n c e w r i t i n g 

= A? 

o r e q u i v a l e n t l y 

<J = - A * * 

" (64) 

w h e r e A is the n o n - d i m e n s i o n a l shear p a r a m e t e r , the p r o b l e m for the 

d i s t u r b a n c e stream function <f> ip . / . 

= -o<7 

w i t h b o u n d a r y c o n d i t i o n s 

( 6 5 ) 

- O Ma cy r ± 4 * r O «9u. ^f z: ± d. 
v * > v i (66), (67) 

C 
3. 

(68) 

The c l a s s o f p e r m i s s i b l e b a s i c , s t e a d y , g e o s t r o p h i c flows is 

large a s is e v i d e n t from the note p r e c e d i n g e q u a t i o n (58) and 

f u r t h e r m o r e the choice o f a m e m b e r w h i c h is r e p r e s e n t a t i v e in g e o p h y s i c a l 

a p p l i c a t i o n m a y o n l y be e s t a b l i s h e d a p o s t e r i o r i if the d y n a m i c s of 

the i n t e r a c t i o n b e t w e e n the b a s i c s t e a d y flow and the d i s t u r b a n c e s 

w h i c h m a y d e v e l o p upon it are n o n l i n e a r . T i m e o r space a v e r a g e s o f 

an o b s e r v e d state of u n s t e a d y flow w h e r e the u n s t e a d i n e s s is caused b y 

f l u c t u a t i o n s w h i c h give rise to fluxes r e l e a s i n g p o t e n t i a l energy 

stored in the basic state as k i n e t i c energy in the o b s e r v e d state 

include the n o n - z e r o a v e r a g e d v a l u e s o f these f l u x e s , the f l u c t u a t i o n 

free o r b a s i c state m a y h o w e v e r c o r r e s p o n d to a state of v a n i s h i n g 

flux as indeed is the case h e r e (see e . g . C h a r n e y - D r a z i n '61). H e n c e 

the a v e r a g i n g o f an o b s e r v e d state of the a t m o s p h e r e for example d o e s 

n o t r e v e a l a basic state for the m o d e l upon w h i c h the o b s e r v e d 



f l u c t u a t i o n s m a y h a v e arisen t h r o u g h i n s t a b i l i t y . The c h o i c e o f a 

b a s i c v e l o c i t y p r o f i l e w h i c h is a l i n e a r shear in the v e r t i c a l 

c o o r d i n a t e follows the p r e c e d e n t e s t a b l i s h e d in the e a r l y w o r k b y 

C h a r n e y ('47) and E a d y ('49) t h a t the w a v e p a t t e r n s i m p l i e d b y 

linear s t a b i l i t y a n a l y s i s are of a scale a n d type w h i c h is t y p i c a l l y 

c o n s i s t e n t w i t h a t m o s p h e r i c d a t a . 



C H A P T E R 2 

T O W A R D S A U N I F I E D V I E W O F T H E L I N E A R S T A B I L I T Y P R O P E R T I E S O F B A R O C L I N I C 

F L O W S W I T H SIMPLE L I N E A R V E R T I C A L S H E A R P R O F I L E S IN THE P R E S E N C E O F THE 

3-PLANE E F F E C T 

F o r the v e l o c i t y p r o f i l e u Q ( z ) a n o r m a l m o d e a n a l y s i s o f the 

l i n e a r i s e d g o v e r n i n g e q u a t i o n - ( 1 . 5 9 ) and b o u n d a r y c o n d i t i o n s (1.60-1.62) 

g i v e s a fourth o r d e r d i f f e r e n t i a l e q u a t i o n 

f u - c t f v ^ - s c f r u * ) - ! . y t + CGS*^ - y 
As L s 

(1) 

+ tx ( y * * * > ) t t - 4 * . t>+ 
ft . K A / 

= o 

w h e r e D = t— , ~ = - — and b o t h h and S are a s s u m e d to be 
dz h ' ps 9z s 

s 

c o n s t a n t , for the z - d e p e n d e n t c o m p o n e n t o f a F o u r i e r type m o d e 

r e p r e s e n t a t i o n of the d i s t u r b a n c e s t r e a m function (f> 

<f> = ftOs^iY ( - ^ ^ L ^ M 0 

V V (2) 

w h e r e V = € r ^ fj o ) 

T h i s s a t i s f i e s the s i d e w a l l b o u n d a r y c o n d i t i o n s w h e r e Z = mm 

(m = 1,2,....) w h e r e k a n d Z m a y b e i n t e r p r e t e d as r e a l d o w n s t r e a m and 

spanwise w a v e n u m b e r s a n d c = c + ic^ is a c o m p l e x p h a s e s p e e d . A m o d e 

for w h i c h Im(c) is p o s i t i v e is t e r m e d u n s t a b l e , for Im(c) < 0 is stable 

and for Im(c) = 0 is n e u t r a l l y s t a b l e . 

In the m o d e l due to C h a r n e y (47) t h e flow is a s s u m e d to be free 

from the d i f f u s i v e e f f e c t s o f k i n e m a t i c v i s c o s i t y and t h e r m a l d i f f u s i o n 

so t h a t (1) is then o f s e c o n d o r d e r . F u r t h e r , for a l i n e a r shear p r o f i l e 

u Q = A z , ip m u s t s a t i s f y 

V i s i s / 
(4) 
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E a d y ' s m o d e l ('49) is d e r i v e d u n d e r the f u r t h e r s i m p l i f y i n g a s s u m p t i o n s 

t h a t 3 = = 0 . N o t e t h a t the m e r i d i o n a l g r a d i e n t o f the p o t e n t i a l 
h 
S 

v o r t i c i t y in the b a s i c , u n d i s t u r b e d state u Q ( z ) is,from (1.17) a n d (1.63) 

^ 5L9 S 
(5) 

so t h a t for a l i n e a r v e l o c i t y p r o f i l e w i t h D u Q > 0 , c o r r e s p o n d i n g to a 

w e s t e r l y w i n d , this a m b i e n t v o r t i c i t y g r a d i e n t does not v a n i s h u n l e s s 

b o t h 3 and v a n i s h as in E a d y ' s c a s e , 
h 
s 

E q u a t i o n (1) b e c o m e s the O r r S o m m e r f e l d e q u a t i o n for the l i n e a r 

s t a b i l i t y o f p a r a l l e l flow w h e n v = k a n d k is r e p l a c e d b y the i n v e r s e 

of the R e y n o l d ' s n u m b e r , 3 a n d are set to zero and S is u n i t y . The 
h s 

e x t e n s i v e t h e o r y o f a s y m p t o t i c s o l u t i o n s o f this e q u a t i o n for large 

Reynolds n u m b e r o r s m a l l & in the p r e s e n t c o n t e x t as d i s c u s s e d b y L i n 

('45), d e v e l o p e d b y W a s o w ('48) a n d o t h e r s a n d r e v i e w e d b y Reid ('65) 

m a y u s e f u l l y b e e m p l o y e d in the c o n s i d e r a t i o n o f (1) and the 'reduced' 

second o r d e r e q u a t i o n (4). T o this end c o n s i d e r the l e a d i n g o r d e r 

a p p r o x i m a t i o n as k -»• 0 to the t w o o f the four s o l u t i o n s o f (1) w h i c h 

are g i v e n b y (4). P u t t i n g 

I* 
T t e ) = O - 4 ) • F C i - S . ) (6) 

A A 
w h e r e z m a y c o n v e n i e n t l y be t h o u g h t of as c o m p l e x , in (4) i m p l i e s 

2 2 2 

w h e r e = k + £ so that for the e x p o n e n t h of (6) to b e n e g a t i v e 

and the function F to be chosen such t h a t the c o e f f i c i e n t of zF is z e r o 



and the c h a n g e o f v a r i a b l e s 

4-&.1 
(8) 

implies 

(9) 

w h e r e the p a r a m e t e r a is g i v e n b y 

^ t i t r ^ r f 

E q u a t i o n (9) is the c o n f l u e n t h y p e r g e o m e t r i c e q u a t i o n w i t h o n e free 

c 

p a r a m e t e r , p o s s e s s i n g a r e g u l a r s i n g u l a r p o i n t at £ = 0 (or z = —) and 

an i r r e g u l a r s i n g u l a r p o i n t o f rank o n e a t £ = 0 0. The p a r a m e t e r a is 

c o n s t r a i n e d to a G (-°°,1] so t h a t the t w o p o w e r series 

= S i (id 

a n d 

r o - ) ( . 

+ ^ r & z ^ j ) c r y ( W ^ ) -

r&^OUl 

-<L (12) 



form a f u n d a m e n t a l p a i r for s o l u t i o n s to (9). The n o t a t i o n o f the 

p o w e r series and t h a t a d o p t e d for c o n f l u e n t h y p e r g e o m e t r i c f u n c t i o n s 

follows A b r a m o w i t z a n d S t e g u n 

P o w e r series s o l u t i o n s o f (4) could h a v e b e e n f o u n d , f o l l o w i n g 

T o l l m i e n ('29) b y the m e t h o d of F r o e b e n i u s . In t h a t c o n t e x t the K u m m e r 

f u n c t i o n M ( a , 2 , £ ) is a s s o c i a t e d w i t h a m o d e w h i c h is r e g u l a r e v e r y w h e r e 

in the finite p a r t o f the c o m p l e x z p l a n e , i . e . , for w h i c h t h e s i n g u l a r i t y 

c 

a t z = ^ is r e m o v a b l e , w h i l s t the o t h e r solution h a s a l o g a r i t h m i c 

s i n g u l a r i t y o f the t y p e 

w h i c h is a s s o c i a t e d w i t h the p r e s e n c e o f a c r i t i c a l layer in the m o d e 

c 

a t the c r i t i c a l p o i n t o r steering l e v e l . A t this s i n g u l a r p o i n t the 

second s o l u t i o n is n o t d i f f e r e n t i a b l e and in t h i s e x a m p l e the v e r t i c a l 

p o t e n t i a l t e m p e r a t u r e g r a d i e n t 

= (14) 

has a s i m p l e p o l e . T h e s e p o w e r series s o l u t i o n s , w h i c h are e q u i v a l e n t l y 

l i n e a r c o m b i n a t i o n s o f (11) and (12) u n d e r the t r a n s f o r m a t i o n s (6) and 

(8), m a y b e w r i t t e n 

(15) 

i ft)0*? 
(16) 

The fourth o r d e r e q u a t i o n (1) has no s i n g u l a r i t i e s in the finite p a r t 

o f the z - p l a n e and for this reason at least the second one of these 

two f u n c t i o n s does not p r o v i d e an a s y m p t o t i c e s t i m a t e o f any s o l u t i o n o f 

(1) w h i c h is u n i f o r m l y v a l i d in a n e i g h b o u r h o o d o f the c r i t i c a l p o i n t 

as k 0 . The l i m i t i n g case w h e n a = 1 is d i s t i n c t in this r e s p e c t 

and as e q u a t i o n (10) shows it c o r r e s p o n d s to 

4- _ L - o 

A 



t h e r e b y i n c l u d i n g E a d y ' s m o d e l . The solutions (11) a n d (12) a r e then 

J l h O ^ ^ S ) = - J (12a) 

J 
a n d t h e e i g e n f u n c t i o n s i|;(z) o f (2) are then 

Jt* A Q ^ ^ f * 5 ( 1 7 ) 

w h i c h r e d u c e to the f a m i l i a r h y p e r b o l i c f u n c t i o n s 

> (18) 

for the specific case o f E a d y ' s m o d e l . 

T h e r e are t w o c o n t e n d i n g t h e o r i e s for the local a n a l y s i s o f the 

c r i t i c a l l a y e r s t r u c t u r e p r e s e n t in the l i n e a r i s e d n o r m a l m o d e 

formulation given b y e q u a t i o n (4). T h e m o r e e s t a b l i s h e d o f t h e s e u s e s 

the d i f f u s i v e t e r m s o f the l i n e a r i s e d t h e o r y , i . e . , the h i g h e r o r d e r 

d e r i v a t i v e s o f w h i c h are m u l t i p l i e d b y k o r v in (1), to r e m o v e a t 

l e a s t some o f the s i n g u l a r p a r t o f the e i g e n f u n c t i o n s in a n e i g h b o u r h o o d 

of the s i n g u l a r i t y w h i c h has an a s y m p t o t i c t h i c k n e s s t e n d i n g to z e r o 

as k -»• 0 w h i l e the e f f e c t s o f n o n l i n e a r i t y m a y be n e g l e c t e d . The 

m o r e recent t h e o r y o f B e n n e y and B e r g e r o n ('79) e t c . a s s u m e s that the 

linear t h e o r y o f e q u a t i o n (1) is no l o n g e r a p p l i c a b l e w i t h i n a 

n e i g h b o u r h o o d of the c r i t i c a l l a y e r and the d y n a m i c s are d e t e r m i n e d 

locally b y a b a l a n c e b e t w e e n n o n l i n e a r t e r m s in the g o v e r n i n g e q u a t i o n 

and l i n e a r advective t e r m s . The first a p p r o a c h w i l l be f o l l o w e d h e r e 

a n d in p a r t i c u l a r some a t t e n t i o n w i l l be p a i d to the c o n s i s t e n c y o f 

the t h e o r y w h e n the c r i t i c a l l a y e r is c l o s e to a rigid b o u n d a r y in 

w h i c h case p h y s i c a l c o n s i d e r a t i o n s s u g g e s t t h a t the flow w i l l b e 

d o m i n a t e d b y d i f f u s i v e e f f e c t s . 
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A n a l y s i s o f the C r i t i c a l L a y e r 

T h e m e t h o d relies u p o n u s i n g the a s y m p t o t i c s o l u t i o n s (11) a n d (12), 

o r e q u i v a l e n t l y (15) a n d (16), o f e q u a t i o n (1) w i t h i n t h e region o f 

t h e i r u n i f o r m i t y and t r e a t i n g the r e m a i n i n g d o m a i n s w h i c h in o u r case 
Q 

is the n e i g h b o u r h o o d o f the single c r i t i c a l p o i n t z = ^ b y the m e t h o d 

of m a t c h e d a s y m p t o t i c e x p a n s i o n s . 

W a s o w ('48) h a s i n v e s t i g a t e d a s y m p t o t i c r e p r e s e n t a t i o n s w h i c h are 
1/2 

p o w e r series in the a s y m p t o t i c v a r i a b l e (-r-) to t h e s o l u t i o n s o f an 
K 

e q u a t i o n o f t h e form of (1) in the l i m i t k -*• 0 , the r e s u l t s are v a l i d 

in a d o m a i n D o f the z - p l a n e w h i c h in the p r e s e n t c o n t e x t o f a m o n o t o n i c 

w i n d p r o f i l e u Q ( z ) w h i c h m a y h a v e at m o s t one c r i t i c a l p o i n t is 

T) - : ^ ^ ^ ^ ' * ^ ^ (19) 

T h e s e results include: 

(A) T h e r e exists a p a i r o f s o l u t i o n s of (1) w h i c h to l e a d i n g 

o r d e r as k o are the W . K . B . type solutions 

C . c ^ W ^ (at) (20) 

W i t h r e f e r e n c e to figure (1) , ip. 
(0) 

d o m i n a n t e l s e w h e r e , ip̂  

see Reid ( 1 6 5 ) . 

(0) 
is r e c e s s i v e in t h e s e c t o r S.^ and 

is r e c e s s i v e in and d o m i n a n t e l s e w h e r e ; 

9 — r e= 4 
C- — 

A 

z 

s i £ 
2 -

Figure 1. 
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A n i m p r o v e d solution for w h i c h the d o m a i n of u n i f o r m i t y i n c l u d e s the 

c r i t i c a l p o i n t m a y be w r i t t e n in t e r m s o f A i r y f u n c t i o n s , an a c c o u n t 

a p p e a r s in the same article b y R e i d . If K is small then the e f f e c t s 

o f t h e r m a l d i f f u s i o n m a y b e e x p e c t e d to be c o n f i n e d to the n e i g h b o u r h o o d 

o f the c r i t i c a l p o i n t and p o s s i b l y the p o i n t s z = a s s o c i a t e d w i t h 

the t o p and b o t t o m r i g i d b o u n d a r i e s , the e x p o n e n t i a l b e h a v i o u r o f t h i s 

t y p e o f s o l u t i o n can n o t m a t c h the b o u n d a r y c o n d i t i o n s (1.63) u n l e s s 

e x c e p t i o n a l l y the c r i t i c a l p o i n t is close t o a b o u n d a r y p o i n t in w h i c h 

case one o f ^ ^ a n d ip̂  ̂  m a y b e i n c l u d e d . 

(B) T h e r e e x i s t s a solution o f (1) w h i c h to leading o r d e r in k 

is r e p r e s e n t e d b y (11), o r e q u i v a l e n t l y (15), and t h i s is a u n i f o r m l y 

v a l i d a p p r o x i m a t i o n t h r o u g h o u t D . 

(C) T h e r e exists a solution o f (1) w h i c h to leading o r d e r in tc 

is r e p r e s e n t e d b y (12), o r e q u i v a l e n t l y (16), a n d t h i s is a u n i f o r m l y 

v a l i d a p p r o x i m a t i o n in D \ S ^ . In the s e c t o r S^ the solution d i v e r g e s 

like the p a i r (20). 

i k 
The results also imply t h a t the h i g h e r o r d e r t e r m s are 0 (—) . 

h 
N o t e t h a t the b o u n d a r y p o i n t s z = ±— are w i t h i n D p r o v i d e d 

c 
T o i n v e s t i g a t e the n e i g h b o u r h o o d o f the c r i t i c a l p o i n t — 

(21) 

f o l l o w i n g T o l l m i e n ('29, '47) a n d H o l s t e i n ('60) the 'inner r e g i o n ' of 

the a s y m p t o t i c p r o b l e m is d e f i n e d b y the t r a n s f o r m a t i o n 

U a ) 
(22) 

t h e n the b o u n d a r y p o i n t s z = ±— be c o m e 
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in the Z - p l a n e . F o r a n e u t r a l l y stable m o d e , cj = 0 , t h e s e p o i n t s 

are on the line 

= zr o r -
I 6 (24) 

and v a l u e s o f Z c o r r e s p o n d i n g to a m o d e w i t h c o m p l e x p h a s e s p e e d , 

c. / 0 , are such that 
l 

(25) 

w i t h suitable c h o i c e o f b r a n c h e s . If t h e c r i t i c a l p o i n t , at Z = 0 , is 
c h h 

such .that — 6 (- —, 2") the c r i t i c a l layer is inside the flow r e g i o n 

a n d the b o u n d a r y p o i n t s (23) are a w a y f r o m Z = 0 p r o v i d e d 

U ' k - ' & t e ) * ! * ° (26) 

i . e . this choice o f i n n e r region i m p l i e s t h a t e of e q u a t i o n (21) is 

k 1/3 

. The s c h e m e o f the a n t i - S t o k e s lines o f figure (1) a n d the 

b o u n d a r y p o i n t s are s k e t c h e d in figure (2) for the n e u t r a l c a s e , 

c. = 0 , w h e r e the sectors S . c o r r e s p o n d to the sectors S . o f figure (1) 

/ 
/ 

Figure 2. 
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and the a n t i - S t o k e s lines are the s t r a i g h t lines C . d i v i d i n g t h e s e 

h h 3 

s e c t o r s . T h e r e a l i n t e r v a l z e [- —] t r a n s f o r m s to a s t r a i g h t 

line shown d o t t e d t h r o u g h Z = 0 c o n t a i n e d in S ^ U S ^ . F o r 0 

the line is s h i f t e d d o w n w a r d s w i t h c o n s t a n t g r a d i e n t and is c o n t a i n e d 

in S ^ U S 2 b u t f o r stable w a v e s , c ^ < 0 , and the line is s h i f t e d 

u p w a r d s w i t h c o n s t a n t g r a d i e n t t h e r e b y i n t e r s e c t i n g the sector S ^ . 

If the c r i t i c a l p o i n t , Z = 0 , is such that 

- A o r £r > A (27) 

A A A 3 

t h e n the c r i t i c a l l a y e r is o u t s i d e the region o f the flow so t h a t the 

h h 

image o f t h e r e a l i n t e r v a l z 6 [- -j] in the Z - p l a n e does n o t c r o s s 

the c r i t i c a l p o i n t as c^ c h a n g e s s i g n . 

U n d e r the t r a n s f o r m a t i o n (22) the e q u a t i o n for the i n n e r r e g i o n 

o r n e i g h b o u r h o o d o f the c r i t i c a l p o i n t is 

S * (28) 

l< * Ts 
d - o 

w h e r e D = — 
dZ 

A s s u m i n g an a s y m p t o t i c e x p a n s i o n forOC(*;Z) w h i c h h a s the form 

%(&; 2 ) = + + o w ) 

AS <3 

(29) 

implies the sequence of p r o b l e m s 

0>*-7!) V t P = ( ( + £ ( f + i t ) Ci>z-B) 

(30) 

e t c . (31) 



The four s o l u t i o n s o f (30) m a y be e x p r e s s e d as 

t r = * 2 i 

r t ' - . j W a u ^ A Z t - ' W i s / i s 

(32) 

£ 

w h e r e A i is A i r y ' s f u n c t i o n and in the n o t a t i o n of f i g u r e (2) °° 

1 f 4 

d e n o t e s the e n d p o i n t o f a p a t h o f i n t e g r a t i o n w h i c h t e n d s to the 

p o i n t at i n f i n i t y in the s e c t o r S ^ o r S 2 r e s p e c t i v e l y . A s y m p t o t i c 

e s t i m a t e s o f x^ ̂  show that t h e y are r e c e s s i v e in the 

sectors S ^ and S 2 r e s p e c t i v e l y and d o m i n a n t e l s e w h e r e , i.e; 

^ i ^ z - i ^ C * ^ * ) - ( 3 3 ) 

3,4 jl V - y - J 

as |z| 0 0 f o r |ph(Z) | < it in the c a s e of a n d - ^r- < p h ( Z ) < 

*" (o) 

in the case of X4 • T h i s t y p e o f e x p o n e n t i a l b e h a v i o u r as |z| ->- 00 

c a n n o t b e m a t c h e d w i t h the e i g e n f u n c t i o n s (11) a n d (12) o f e q u a t i o n (4) 
Q 

a s z -*• ^ , since it d o e s in fact m a t c h w i t h t h e p a i r (20) , a n d so 

t h e s e two s o l u t i o n s w h i c h are c a l l e d 'viscous s o l u t i o n s ' in the t h e o r y 

of p a r a l l e l flows m a y be d i s c a r d e d . Of the t w o r e m a i n i n g s o l u t i o n s 

X 2
( 0 ) m a t c h e s the l e a d i n g o r d e r (0(1)) t e r m of the s i n g u l a r o u t e r 

s o l u t i o n (16) (c.f. (12)) and x ^ ^ m a t c h e s the l e a d i n g o r d e r (0(z - ) 

t e r m o f the r e g u l a r o u t e r s o l u t i o n (15) (c.f. (11)). 

A t the n e x t o r d e r (31) h a s a s o l u t i o n 

ft> . . . - (34) 
= t e w ) 

w h i c h is f o r c e d b y X-^ ̂  and this solution m a t c h e s the second term in 

the series (15) o r the second t e r m in the r e g u l a r p a r t of the series (16), 

the o t h e r solution w h i c h is f o r c e d b y x ^ ^ is a p a r t i c u l a r i n t e g r a l 

of t h e e q u a t i o n 

0 - 2 ) ^ = / (35) 
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w h i c h m u s t b e h a v e like Z In Z as |z| 0 0 in the sectors S 1 and S 2 

o f the Z p l a n e c o n t a i n i n g the b o u n d a r y p o i n t s Z + to m a t c h the first 

t e r m in the s i n g u l a r p a r t of t h e series (16). T h e s o l u t i o n m a y b e 

w r i t t e n f o l l o w i n g Reid ('65) in the form 

^ s f 42 / + z L z + A? 

where 

B (36) 

/ a s 

o 3 £ z > = J 2 t t ^ f h & J AiCZ^) - / Jte, 

and Q3(Z) = \ + 0 (-—) for |z|
 00

 in S 1 u S 2 

Z 

M a t c h i n g (36) to (16) i m p l i e s 

(37) 

T h i s f o r m u l a t i o n o f t h e i n n e r p r o b l e m i m p l i e s t h a t the r e g u l a r 

solution o f (4) m a y be u s e d as a u n i f o r m l y v a l i d a s y m p t o t i c solution 

of (1) for a l l c w h e r e a s the s i n g u l a r solution o f (4) m a y be u s e d 

p r o v i d e d c is such that the image in the Z - p l a n e o f t h e r e a l i n t e r v a l 

h h 
z e [- 2", lies in the domain S^ U S 2 of the Z-plane. Returning to 

the z - p l a n e o f figure (1) t h i s i m p l i e s the fact long e s t a b l i s h e d in 

the t h e o r y o f p a r a l l e l flow i n s t a b i l i t y that for all c the i n t e r v a l 

h h 

z g [- - , "2] o f the p h y s i c a l d o m a i n of the flow m u s t b e c o n t i n u o u s l y 

d i s t o r t e d when u s e d as a p a t h o f i n t e g r a t i o n so t h a t i t p a s s e s b e n e a t h 
Q 

t h e s i n g u l a r p o i n t z = ^ in the z - p l a n e . F u r t h e r , the l e a d i n g o r d e r 

s i n g u l a r i t y (13) m a y be removed if the "corrected" e i g e n f u n c t i o n 

Jl! 

(38) 



- 3 7 -

(provided z 6 S ^ u S ^ o f figure (1)) is u s e d to r e p l a c e the f u n c t i o n 

i|>2 o f (16) w h e r e the t e r m s in the first 0 symbol arise o u t of the 

sequence o f u n m a t c h e d t e r m s o f the i n n e r p r o b l e m and the s e c o n d f r o m 

the h i g h e r o r d e r t e r m s o f the o u t e r p r o b l e m . T h e r e m a i n i n g s i n g u l a r i t y 

is n o w as w e a k a s 

L A/> L
 ( 3 9 ) 

K 2/3 

and t h e i n n e r p r o b l e m m u s t b e p u r s u e d a t least to o r d e r (j^-) t o 

remove i t . N o t i c e t h a t the v e r t i c a l p o t e n t i a l t e m p e r a t u r e g r a d i e n t (14) 

is n o w l o g a r i t h m i c a l l y d i v e r g e n t at the c r i t i c a l p o i n t and f u r t h e r t h a t 

b y v i r t u e of the simple inviscid s i d e w a l l b o u n d a r y c o n d i t i o n the 

p e r t u r b a t i o n s t r e a m f u n c t i o n $ of e q u a t i o n (2) t o g e t h e r w i t h its first 

d e r i v a t i v e in z v a n i s h e s on the s i d e w a l l s but its h i g h e r o r d e r d e r i v a t i v e s 

are s i n g u l a r at the c r i t i c a l p o i n t . 

D i s p e r s i o n R e l a t i o n for L i n e a r i s e d D i s t u r b a n c e s 

The b o u n d a r y c o n d i t i o n s (1.63) h a v e been d e r i v e d u n d e r the 

h 

a s s u m p t i o n t h a t in the n e i g h b o u r h o o d o f the b o u n d a r y p o i n t s z = t — 

the flow is m o d i f i e d a t l e a d i n g o r d e r b y v i s c o u s e f f e c t s alone c o n f i n e d 

to an a s y m p t o t i c a l l y thin l a y e r w h i c h enable n o - s l i p b o u n d a r y c o n d i t i o n s 

to b e a p p l i e d on the b o u n d a r i e s and t h e c o n d i t i o n s (1.63) at t h e i r 

i n n e r m o s t e d g e s . T h e s e v i s c o u s b o u n d a r y layers m a y have t h e s t r u c t u r e 

o f an E k m a n layer o n a rigid surface p r o v i d e d o n l y t h a t , as in the case 

o f a h o m o g e n e o u s i n c o m p r e s s i b l e f l u i d , the p r e s s u r e in the l a y e r is 

i n d e p e n d e n t o f the b o u n d a r y l a y e r c o o r d i n a t e 

B = 2 
^ _L (40) 

As stated p r e v i o u s l y the effect o f s t r a t i f i c a t i o n does n o t m o d i f y the 

structure p r o v i d e d 

(41) 

H o w e v e r as is i n d i c a t e d in the p r e v i o u s section the flow o f a real fluid 

in the n e i g h b o u r h o o d o f the c r i t i c a l p o i n t is m o d i f i e d in a region o f 

t h i c k n e s s 

I 

C f i Y ( 4 2 ) 



b y the effects of t h e r m a l d i f f u s i v i t y . If the c r i t i c a l l a y e r , the 

p o s i t i o n of w h i c h in relation to the flow is d e t e r m i n e d b y the a p p l i c a t i o n 

o f suitable top and b o t t o m b o u n d a r y c o n d i t i o n s , o v e r l a p s a viscous 

b o u n d a r y layer then inevitably the effects o f t h e r m a l d i f f u s i o n w i l l 

m o d i f y the b o u n d a r y l a y e r structure. (An analogous p r o b l e m for the 

stability o f p a r a l l e l flow has been studied b y Smith ('79) u s i n g a 

triple d e c k analysis). W h e n this s i t u a t i o n , i.e; 

arises the m o d e l is i n c o n s i s t e n t as the p r e m i s e that the v i s c o u s 

b o u n d a r y l a y e r is an E k m a n layer across w h i c h the p r e s s u r e is constant 

contradicts the evidence t h a t the c r i t i c a l layer in a r e a l fluid is 

c h a r a c t e r i s e d by significant v e r t i c a l p r e s s u r e g r a d i e n t s . 

W h e n (43) is n o t satisfied the b o u n d a r y and c r i t i c a l layers are 

e f f e c t i v e l y separate so t h a t the e i g e n f u n c t i o n s (15) and (38) d e s c r i b i n g 

the flow o u t s i d e the b o u n d a r y layers reduce to (15) and (16) w h e r e the 

tc 1/3 
effects o f the c o r r e c t i o n at o r d e r t o the s i n g u l a r solution 

(16) m a y safely be neglected at the edge of t h e , now d i s t a n t , E k m a n 

tc 

layers w i t h an error w h i c h is o f o r d e r . To the same o r d e r o f 

approximation the b o u n d a r y condition (1.63) at the o u t e r edge of the 

Ekman layers is 

(43) 

(44) 

. h 
on z = ± - . 

Equation (44) m a y be expressed in terms of IJJ(Z) as 

i K3.B.J 

(45) 

and using (6) a n d (8), e q u i v a l e n t l y 

(46) 
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w h e r e the t r a n s f o r m e d b o u n d a r y p o i n t s are 

s c - D . - K i + i X & ^ y - s 

tti) = zd-tiCis'*^*"* 

T h e n p u t t i n g 

CtC f ) = + S . i L U y 2 y S ) 

(47) 

(48) 

w h e r e A , B 6 (C and b o t h M ( a , 2 , £ ) a n d u ( a , 2 , £ ) are a p a i r of l i n e a r l y 

i n d e p e n d e n t c o n f l u e n t h y p e r g e o m e t r i c functions,, the b o u n d a r y c o n d i t i o n s 

b e c o m e 

A £ s ^ r t ' G s Z . s ^ - o + i - H o S t t i + y Z y s ) ^ 

= o 

and 

(50) 

= O 

w h e r e a d a s h d e n o t e s , e . g . ; 

ocr 5 + 

and 

•S. » ^ W )
4

- j f c e C o ,51, 

A , ' 



1 2 2 
and ol O , — as a Sh + 0 , 0 0 r e s p e c t i v e l y ; 

0 2 w s 2 

p o = / S g * - 7 T I —7=T° ( 5 2 ) 

Af t . 

The p a r a m e t e r a < 1 is g i v e n b y e q u a t i o n (10) and 

t » 

(53) 

- = > 0 

The p e r m i s s i b l e n o r m a l m o d e s are then g i v e n b y the d e t e r m i n e n t a l 

c o n d i t i o n t h a t (49) and (50) a l l o w n o n - t r i v i a l s o l u t i o n s o f the 

form (48), i . e . ; 

t= e > 
(54) 

and the n o t a t i o n has b e e n a b b r e v i a t e d b y w r i t i n g M* - a Q M ( a , 2 , s ) for 

In p r i n c i p l e , f o r given v a l u e s of t h e real p a r a m e t e r s ( a , a Q , a , y Q ) , 

i . e . ; for a fixed p o i n t in the r e a l f o u r d i m e n s i o n a l p a r a m e t e r space 

( a , a o , a r V Q ) , the location o f the roots o f the d i s p e r s i o n r e l a t i o n (54) 

in the c o m p l e x s - p l a n e d e t e r m i n e s the n u m b e r and s t a b i l i t y o f the linear 

n o r m a l m o d e s o l u t i o n s . T o choose a s u i t a b l e function u ( a , 2 , s ) from the 

f u n d a m e n t a l p a i r (11) and (12) it is d e s i r a b l e to r e n d e r it r e a l a l o n g 

the p o s i t i v e real a x i s , hence 

ro—> 
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r o - * ) 
(55) 

w h i c h , u s i n g K u m m e r ' s t r a n s f o r m a t i o n , h a s the p o w e r series r e p r e s e n t a t i o n 

A > 2 , 5 > = 
ro-

(56) 

w h e r e ip d e n o t e s the l o g a r i t h m i c d e r i v a t i v e of the g a m m a f u n c t i o n . 

I m m e d i a t e l y , since M ( a , 2 , s ) is real o n the r e a l a x i s , the c o m p l e x 

roots of (54) o c c u r in c o n j u g a t e p a i r s u n l e s s y Q is n o n - z e r o . 

By i n s p e c t i o n , the function D ( a , 2 , a Q , a , y o ; s ) h a s no p o l e s in 

t h e finite p a r t o f the s - p l a n e b u t h a s jL b r a n c h points at s w h i c h 

a r i s e from the logarithm in (56) w h e n a < 1 . T h e c h o i c e 

p l c s } <= £>tt > tt) 

(57) 

p i (*+<*) <£ C - n ^ r r ) 

i m p l i e s b r a n c h e s o f the l o g a r i t h m s l n ( s ) , ln(s+a) w h i c h are c o n s i s t e n t 

w i t h two b r a n c h cuts from s = 0 and s = - a to i n f i n i t y along the 

n e g a t i v e real s a x i s . Rewriting u ( a , 2 , s ) u s i n g (12) and (55) as 

r o - O 

-4- -e. 
< x ** . (58) 

+ 1 . / > 

s u b s t i t u t i o n in (54) shows that D ( a , a o , a , y o ? s ) is a c o n t i n u o u s function 

o f s across the line Re(s) < - a , i . e . ; the b r a n c h cuts there m a y be 

r e m o v e d and if 

6 C > (59) 
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t h e n D is an a n a l y t i c f u n c t i o n of s in the cut p l a n e o f f i g u r e (4) 

and an a n a l y t i c f u n c t i o n o f the r e a l p a r a m e t e r s for a l l s 

except at the b r a n c h p o i n t s s = 0 , s = -a, in this cut p l a n e . N o t e 

that e q u a t i o n (56) shows that since _ —r- has a s i m p l e zero at a = 1 

i (1—a; 
the b r a n c h cut and b r a n c h p o i n t s m a y be r e m o v e d in the . l i m i t a -»• 1 

so t h a t D is then a n a l y t i c t h r o u g h o u t the s - p l a n e . 

The n u m b e r o f roots o f DCa^.a^/afT-iQ/S) in the s - p l a n e 

T h e p r i n c i p l e o f t h e a r g u m e n t m a y b e a p p l i e d to any d o m a i n Rp 

in the s - p l a n e w h e r e D(s) is d i f f e r e n t i a b l e e x c e p t for a finite n u m b e r 

of p o l e s and t h e n 

M u l t i p l i c i t y o f roots o f D(s) - M u l t i p l i c i t y o f p o l e s o f D(s) w i t h i n Rp 

_ _1_ C c h a n g e o f p h a s e of D(s) as s t r a v e r s e s 

^ SRp in the p o s i t i v e s e n s e . ^ 



w h e r e D ( s ) stands as an a b b r e v i a t i o n for D (a,2, a Q , a, y Q , s ) . H e n c e 

if R ^ is t a k e n to b e t h e d o u b l y c o n n e c t e d d o m a i n b o u n d e d b y a l a r g e 

c i r c l e , C ^ , o f radius R c e n t r e s = 0 a n d a closed c u r v e C 2 s u r r o u n d i n g Z 

in the s - p l a n e as s k e t c h e d in figure (4) t h e n the a b s e n c e of p o l e s 

o f D (s) i m p l i e s t h a t the limit as R 0 0 and C 2 £ g i v e s the n u m b e r 

of roots o f D(s) in the finite p a r t o f the s - p l a n e , e x c e p t o n Z. 

O n C ^ t h e l i m i t m a y be e v a l u a t e d u s i n g t h e k n o w n a s y m p t o t i c 

r e p r e s e n t a t i o n s o f c o n f l u e n t h y p e r g e o m e t r i c f u n c t i o n s . F o r this p u r p o s e 

it i s c o n v e n i e n t to use the f u n c t i o n U ( a , 2 , s ) w h i c h is r e l a t e d t o the 

f u n d a m e n t a l p a i r (11) and (12) v i a the c o n n e c t i o n f o r m u l a 

t i ( ^ c ^ ) = rcc.) R ^ y ^ l 5 l L c ^ ) (6o) 

w h e r e the b r a n c h is d e t e r m i n e d b y p h ( - s ) = -ir w h e n p h ( s ) = 0 and b y 

c o n t i n u i t y e l s e w h e r e . S u b s t i t u t i n g for u and M in (54) u s i n g (57) and (60) 

g i v e s 

£ J-Ca'-^C^ZyS^+LroS dU&s)^ 

_ ( 6 1 ) 

( j X ' - ^ d G f Z ) ^ ) ) - (*+<* ) Li 

The a s y m p t o t i c r e p r e s e n t a t i o n of U ( a , 2 , s ) 

' ^ (62) 



• | 3 TT 3 7T 
as |s | 0 0 for p h ( s ) 6 (- — , — ) is d e r i v e d from the M e l l i n B a r n e s 

i n t e g r a l r e p r e s e n t a t i o n of U ( a , c , z ) , see for e x a m p l e E r d e l y i et a l . , 

H i g h e r T r a n s c e n d e n t a l F u n c t i o n s , C h a p t e r 6 . H e n c e the f i r s t term in 

curly b r a c k e t s o f (61) b e c o m e s 

^ o Cs*) (63) 

3 77 3 77 

as s ->• 0 0 for p h ( s ) G (- — ) and since p h ( s + a ) p h ( s ) as s » 

for finite a the t h i r d term in c u r l y b r a c k e t s o f (61) b e c o m e s 

as s 0 0 for p h ( s + a ) e (- —•) w i t h finite a . U s i n g (62) 

77 5 77 

as s °° for p h ( s ) 6 (- —, — ) , so t h a t in this sector of the s - p l a n e 

t h e fourth term in c u r l y b r a c k e t s o f (61) is 

-tTTtfL -f-S <X / - . \ f66) 
^ s / I ^ o < r s - l > ; 

77 5 77 

S i m i l a r l y , for f i n i t e a as s 0 0 for p h ( s + a ) e ( - —, — ) , the second 

term is 

T o evaluate D(s) a s y m p t o t i c a l l y as s -*• °° wit h the c h o i c e of b r a n c h e s 

(57) it remains to find a s y m p t o t i c r e p r e s e n t a t i o n s o f the second and 

fourth terms in the c u r l y b r a c k e t s o f (61) w h i c h are v a l i d t h r o u g h o u t 
77 

the s e c t o r ph(s) 6 [-it,- —) . F r o m the a n a l y t i c c o n t i n u a t i o n o f U ( a , 2 , z ) 

in the z - p l a n e 

UL = d ^ z , O - A r i . rfX^,*) (68) 

r c - > ) 
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tt 
w i t h (60) a n d the i d e n t i t y T ( z ) . <l-z) = 

sin 7TZ 

/ Y w W O ' ( 6 9 ) 

a , * - 1 ® ) 

2iri 
A c h a n g e of v a r i a b l e s , z = se , t h e n g i v e s 

and t h u s 

a > ) s a s a, ̂  ) 

(70) 

o . -t"nr«x (71) 

so t h a t (62) g i v e s the r e q u i r e d a s y m p t o t i c r e p r e s e n t a t i o n o f 

s — iiT 
e U ( 2 - a , 2 , e s) v a l i d in the sector 

3tt tt 
i.e.; in the s e c t o r p h ( s ) 6 (- — , —) . T h e first t e r m o n the r i g h t 

h a n d side of (70) is 

- ifrA. 5 
wXL S ' ' (72) 

w h i c h is f o r m a l l y the same a s (65) e x c e p t that (72) is v a l i d for a 

d i f f e r e n t range of p h ( s ) . Since t h e second term on the r i g h t hand 

side of (71) is a m u l t i p l e of U ( a , 2 , s ) its c o n t r i b u t i o n to D(s) is 

seen to v a n i s h i d e n t i c a l l y from (61). T h u s the a s y m p t o t i c r e p r e s e n t a t i o n s 

(66) and (67) m a y be u s e d throi 

e v a l u a t i n g D(s) a s y m p t o t i c a l l y , 

(66) and (67) m a y be u s e d t h r o u g h o u t the sector p h s e (- in 



E q u a t i o n s (61), (63) , (64), (66) and (67) imply 

rcz-*0 C 

— L (73) 

ocS Oft 

and the change in p h a s e of D(s) as s m o v e s a n t i c l o c k w i s e o n c e a r o u n d 

i 6 

C is given b y p u t t i n g s = Re and l e t t i n g 0 increase t h r o u g h the 

i n t e r v a l [-ir,-iT) . In the limit R 0 0 the c o n t r i b u t i o n is 

4tt V -a > 0 , a Q e (0, j] , V y Q . 

A t this stage the e f f e c t o f v i s c o s i t y is c o m p l e t e l y r e m o v e d from 

the p r o b l e m b y setting y Q = 0 , t h u s the roots of D in the s - p l a n e o c c u r 

in c o m p l e x c o n j u g a t e p a i r s and D ( a , 2 , a Q , a , 0 , s ) is a b b r e v i a t e d t o 

D ( a , 2 , a 0 , a , s ) o r D . 

T o evaluate the c h a n g e in p h a s e o f D a r o u n d the c o n t o u r C 2 n o t e 

t h a t on the b r a n c h cut i . 

D C * , > s ) = s 

= s'ts+^f ((H- «•*-)) 

-Cti 2, s«,)). 
x i Z L ( r i ' - ^ r t a ^ * * ) ) ( H ' - ^ H u , 2 > s > ) 

rc 7 

w h e r e the first term is r e a l , the second t e r m is p u r e l y i m a g i n a r y 

a r i s i n g from the l o g a r i t h m i c s i n g u l a r i t y in u(a,2,s) and the u p p e r 

c h o i c e of sign is t a k e n on the u p p e r side o f Z w h e r e p h ( s ) = tt . 

A s s + -a 

2 , - . , ( t i ' - e . H C ^ S , - * ) ) + o O ) (75) 
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and as s + 0 

j s ) = - J * i C l i ' - o C + H U 2 * ) ) + * C ) (76) 

b o t h q u a n t i t i e s are r e a l in the l i m i t . A w a y from the b r a n c h p o i n t s 

and on the c o n t o u r C 2 o f figure (4), Im(D) 0 u n l e s s t h e r e e x i s t s s e Z 

such that 

E i t h e r H ot* H ( <*• > 2 > s+<* ) s O (77a) 

( 7 8 a ) 

In the c a s e o f (77a), for such an s , 

(L 0>)= ( * '-".ft*. 2> 0 ) - (77b) 
w h e r e a s in the case o f (78a) 

r - s (78b) 

N o w c o n s i d e r t h e p a i r o f f u n c t i o n s 

(79) 

(80) 

F i r s t of a l l , t h e i r W r o n s k i a n , found b y m a n i p u l a t i n g the c o n f l u e n t 

h y p e r g e o m e t r i c e q u a t i o n and the W r o n s k i a n o f the f u n d a m e n t a l p a i r (11) 

and (12) is g i v e n b y 

C J ( p ^ ) a Ptk'-QP' 

3 - C I - (81) 
rc-z-Os 



w h i c h is n o n - z e r o e x c e p t at 

5 = 

C (- «*) 
(82) 

a n d from t h e p o w e r s e r i e s s o l u t i o n s (11) and (56) as s 0 

(83) 

S - J T C ' + ) 
s 

(84) 

H e n c e t h e r o o t s o f P ( a , 2 , a Q ; s ) a n d Q ( a , 2 , a Q ; s ) i n any c o n n e c t e d i n t e r v a l 

o f t h e r e a l l i n e n o t c o n t a i n i n g the p o i n t s = s Q a r e s i m p l e a n d i n t e r -

l a c e d , i . e . ; t h e o p e n i n t e r v a l b e t w e e n t w o c o n s e c u t i v e r o o t s o f P o r Q 

c o n t a i n s e x a c t l y o n e s i m p l e r o o t o f Q o r P r e s p e c t i v e l y . F u r t h e r 

w h e n a > 2a , i f e i t h e r P o r Q h a s a s i m p l e r o o t o n t h e r e a l l i n e t o 

t h e r i g h t o f s = 0 , Q h a s t h e s m a l l e s t p o s i t i v e r o o t and t h e r e m a i n i n g 

r o o t s o f P a n d Q a r e i n t e r l a c e d o n s 6 (0,»). W h e n a < 2 a Q , i f e i t h e r 

P o r Q h a s a s i m p l e r o o t in t h e i n t e r v a l (°*sq) a g a i n Q h a s t h e 

s m a l l e s t p o s i t i v e r o o t a n d t h e r e m a i n i n g r o o t s o f P a n d Q are s i m p l e 

and i n t e r l a c e d o n t h i s i n t e r v a l ; s u p p o s i n g n o w t h a t e i t h e r P o r Q m a y 

h a v e a r o o t in t h e i n t e r v a l ( s
Q r

c o ) a n d t h a t n e i t h e r f u n c t i o n v a n i s h e s 

at s . t h e n the f u n c t i o n w h i c h h a s the s m a l l e s t r o o t on (s .») is 0 0 
t h a t o n e w h i c h h a s t h e l a r g e s t r o o t o n ( 0 , s Q ) . 

T h e p o i n t s
0 (

a
0 r c i ) m a y b e c o n s i d e r e d in f u r t h e r d e t a i l e i t h e r b y 

u s i n g t h e W r o n s k i a n (81) o r b y t h e c h a n g e o f v a r i a b l e s 

w h e r e <f> (s) s a t i s f i e s the c o n f l u e n t h y p e r g e o m e t r i c e q u a t i o n a n d i/i (s) 

s a t i s f i e s t h e s e c o n d o r d e r d i f f e r e n t i a l e q u a t i o n 

(85) 

=. o 

(86) 
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Applying the m e t h o d o f Froebenius to the regular singular p o i n t 

1 3 

s = s Q , the exponents there are - — and — implying that either P and Q 

are both non-zero there o r one of them has a twice repeated r o o t . 

Whilst the exponents at s Q diffe r b y an integer there is (obviously) 

no logarithmic branch p o i n t at s = s Q . 

Consider P(a,2,cx o;s) alone and note that P is 

= tt'-CotiC 

analytic (differentiable and free from singularity) for all a and a Q 

in the finite p a r t of the s-plane and thus as a and a Q v a r y t h r o u g h o u t 

their p a r a m e t e r ranges the number and position of its roots on the 

real .axis vary either by 

(i) Roots appearing o r disappearing through the singular p o i n t 

at s = 00 

o r (ii) A twice repeated root appearing or disappearing through the 

singular point s"= s Q for a Q > 0 . F o r t u n a t e l y , if and only if a Q = 0 

sl 
(87) 

is a (regular) confluent hypergeometric function, its real roots are all 

s i m p l e , m a y be shown to form a Sturmian chain and t h e i r loci in the 

(a,s) half-plane 

a. S 6 » ) 

m a y be sketched as in figure (5). (See T r i c o m i , 1 , §3.5 and page 141 in 

p a r t i c u l a r ) . In the case a Q = 0 , and when a = -n (n = 1,2 ), 

P(-n,2,0;s) is a constant factor m u l t i p l i e d by a generalised Laguerre 

2 
polynomial L ^ degree n - 1 , the orthogonality of this class o f 

2 "* s 

functions with respect to the weight function s e on the real line 

implies that the n - 1 roots o f P(-n,2,0;s) are simple and distributed 

on s e (0,°°) . C l e a r l y , when = 0,P vanishes identically in the s - p l a n e . 

Similarly M(a,2,s) is related to L n * ( s ) when a = - h (h = 0 , 1 , 2 , . . . . ) , 

all of its n roots are simple, a/hl distributed on (0,°°) and distinct 
2 

from those of its derivative L , (s). Hence when a_ > 0 
n-1 0 
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Figure 5 . C o n t o u r s P(a,2,0;s) = 0 for real s (solid l i n e s ) , the 

c o n t o u r s Q(a,2,0;s) = 0 for r e a l s are shown d o t t e d . P(a,2,0;0) < 0 

for a < 0? Q (a, 2 ,0; s) ^ - 1 > 0 as s + 0 + ; d e t e r m i n i n g sqn (P) , 
1 (2. —a) s 

s <3 n (Q) t h r o u g h o u t the p l a n e . 



(88) 

h a s at l e a s t (n-1) simple roots o n s e (0,°°) b u t since P ( - n , 2 , c ^ ; s ) 

is a p o l y n o m i a l o f d e g r e e n w i t h r e a l c o e f f i c i e n t s it has a t o t a l o f 

n r o o t s , all o n the r e a l a x i s , n-2 o f w h i c h m u s t b e s i m p l e . W h e n 

n = 0 , P ( - n , 2 , a Q ; s ) = - a Q . 

W i t h r e f e r e n c e to (i.) a b o v e , the a s y m p t o t i c r e p r e s e n t a t i o n of 

P ( a , 2 , a Q ; s ) is 

= - s ^ S * * / ( / - a t * ) * 0 6 f ' ) ) (89) 

r(<) 
cTTOL -Ok 

— - e s 

ouS I* I 

The f i r s t t e r m is d o m i n a n t as s 0 0 and r e c e s s i v e as s its sign 

is i n d e p e n d e n t o f a b u t since h a s simple z e r o s at a = -n (n = 0 , 1 , . . . . ) 
0 I (a) 

t h i s t e r m c h a n g e s sign as a p a s s e s t h r o u g h a = - n . C o n s e q u e n t l y , 

f o r all a Q , a simple root o f P a p p e a r s or d i s a p p e a r s at s = if a n d 

o n l y if a = -n (n = 0 , 1 , . . . . ) and w i t h r e f e r e n c e t o f i g u r e s (5) to (7) 

the lines a = -n are t h e r e f o r e a s y m p t o t e s to the c o n t o u r s 

P ( a , 2 , a Q ; s ) = 0 as s 0 0, V a Q 6 . The second t e r m is d o m i n a n t 

as s - 0 0 and r e c e s s i v e as s 0 0 e x c e p t w h e n a = -n (n = 0 , 1 , . . . . ) 

w h e n it is d o m i n a n t e v e r y w h e r e a n d P is a p o l y n o m i a l , its sign is 

i n d e p e n d e n t o f a for a in a n e i g h b o u r h o o d of a = - n , h o w e v e r in t h e 

l i m i t a Q 0 + the sign o f t h i s t e r m c h a n g e s as s 0 0 w h e n a < 0 and 

as s - 0 0 w h e n a > 0 . Hence the c o n t o u r s P ( a , 2 , a ^ ; s ) = 0 a s y m p t o t e 

to the lines a = ~ n ( n = 0 , 1 , . . . . ) f r o m above in the (a,s) p l a n e as 

s ->• 0 0 for 01^ > 0 . T h i s implies t h a t there m u s t e x i s t a v a l u e 

a Q 6 (-n,-n+l) (n = 1,2,....) of a , for all a Q , at w h i c h P ( a Q , 2 , a 0 , s ) 

h a s a twice r e p e a t e d root at s = s 0 ( a Q , a 0 ) . A s p e c i a l consideration, 

of M ( l , 2 , s ) as g i v e n in (11a) shows t h a t for a Q > 0 

s 
_ (90) 
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Figure 6 . C o n t o u r s P ( a , 2 , a Q ; s ) = 0 for a t y p i c a l v a l u e of 

a 6 ( 0 f % ) , s r e a l . The contours Q ( a , 2 , a ;s) are shown d o t t e d . 



Figure 7 . C o n t o u r s P(a,2,%?s) = 0 with c o n t o u r s Q ( a , 2 , % ? s ) shown 

d o t t e d . 



h a v i n g one r o o t w h i c h m o v e s along (-°°,0) as a_ v a r i e s in (0, w h i c h 

° 1 2 

is to the left o f s (ou,l) and b o t h r o o t s ^ - — to lea d i n g o r d e r as 
0 0 o ^ 

a 0 * 
The c o n t o u r s P ( a , 2 , a n ; s ) are s k e t c h e d in f i g u r e s (6) and (7) for 

1 1 
a t y p i c a l v a l u e of a Q 6 (0, —) and a Q = — r e s p e c t i v e l y . A l t h o u g h some 

n u m e r i c a l i n t e g r a t i o n w a s u s e d in d e r i v i n g q u a n t i t a t i v e d e t a i l t h e 

q u a l i t a t i v e form of the sketches f o l l o w s f r o m the p r e c e d i n g d i s c u s s i o n , 

N o t i c e t h a t the s i n g u l a r p o i n t s of (86) c o i n c i d e at s = 0 w h e n 

a = 2a , the p o w e r series solution (11) i m p l i e s 

P = ^ +j- _ s t- (91) 

<*S O 

so t h a t P ( 2 a Q , 2 , a o ; 0 ) = 0 V a Q a n d the g r a d i e n t in the (a,s) p l a n e of 

the c o n t o u r t h o u g h (2a Q,0) is 

_ ^ 0 - c V . ) 
3 

so t h a t the c o n t o u r h a s a simple i n t e r s e c t i o n w i t h the line 

s = s Q ( a 0 , a ) . The c o n t o u r s o f Q ( a , 2 , a Q ; s ) are also shown d o t t e d in 

in f i g u r e s (5) to (7). T h e i r l o c a t i o n m a y b e i n f e r r e d from the 

a s y m p t o t i c s o f u ( a , 2 , s ) as s 0 0, the p o w e r series solution (84) a t 

s = 0 w h i c h g i v e s Q a p o l e of o r d e r two for all a Q a n d a <_ 1 and the 

i n t e r l a c i n g o f its roots w i t h those o f P on (0,°°) . W i t h the c h o i c e 

of b r a n c h e s (57), the negativ e r e a l axis is a b r a n c h cut for 

Q ( a , 2 , a Q ; s ) w h e n a < 1 , w h e n a = 1 

(92) 

p o s s e s s i n g o n e simple root at s = 6 [1,2]. 

N o w return to c o n s i d e r the locus°of D ( a , 2 , a o , a ; s ) in the c o m p l e x 

D - p l a n e a s s m o v e s clockwise a r o u n d the b r a n c h cut c o n t o u r C 2 - W h e n 

a = 1 the d i s a p p e a r a n c e o f the b r a n c h c u t , SL, i m p l i e s from (71) t h a t 

for a Q 6 (0, and a > 0 t h e r e are a l w a y s two r o o t s of t h e d i s p e r s i o n 

r e l a t i o n in the finite p a r t of t h e s - p l a n e , this l i m i t m a y f o r m a l l y be 



- s r -

r e c o v e r e d t h r o u g h o u t the a n a l y s i s o f t h i s c h a p t e r and w i l l b e 

c o n s i d e r e d in some d e t a i l l a t e r . F o r a < 1 , as s m o v e s a l o n g the 

u p p e r side o f the b r a n c h cut (ph(s) = it) from s = - a to s = 0 , D m o v e s 

o f f the r e a l axis at a p o i n t g i v e n b y (75) and into the c o m p l e x D - p l a n e 

w i t h an i m a g i n a r y p a r t given b y (74). If and o n l y if t h e r e is a p o i n t 

s G H w h e r e e i t h e r (77a) o r (78a) is s a t i s f i e d t h e n Im(D) = 0 t h e r e 

and t h e sign o f Re(D) is g i v e n b y (77b) o r (78b) r e s p e c t i v e l y . A s 

s 0 , D t e n d s to a p o i n t o n the r e a l axis g i v e n b y (76). The l o c u s 

o f D as s c o n t i n u e s to d e s c r i b e the l o w e r side o f the b r a n c h cut 

(ph(s) = -tt) is simply the r e f l e c t i o n in the r e a l D axis o f the locus 

for the u p p e r s i d e , si*xe.D (s) = D ( s ) . S p e c i f i c a l l y , w i t h r e f e r e n c e to 

figure (6), on the u p p e r side o f the b r a n c h cut 

(A) F o r a < 2 a Q ; D ( a , 2 , a Q , a , - a ) < 0 a n d 

Sgn (Im (D)) = Sgn (^-TT^-r). 3^ (P (a, 2 , s+a)) . w h e n Im(D) = 0 , 
l(l-a) 

S g n ( R e ( D ) ) = - S g n ( Q ( a , 2 , s + a ) ) . A t s = 0, Sgn(D(0)) = - S g n ( P ( a , 2 , a Q , a ) ) . 

If the r e a l r o o t s o f P ( a , 2 > a Q ; s ) are a r r a n g e d in a s c e n d i n g o r d e r 

A A 

5 * * 

then f o r a f i x e d v a l u e o f a , a < s^ i m p l i e s that the locus o f D is a 

c l o s e d curve e n c i r c l i n g D = 0 o n c e in t h e p o s i t i v e (anticlockwise) 
A A 

sense; s^ < a < S2 i m p l i e s that the l o c u s o f D e n c i r c l e s the o r i g i n 

t w i c e in the p o s i t i v e s e n s e , e t c . I f , h o w e v e r , f o r some a G (-n,-n+l) 

,a^;s) has n+1 r o o t s , t h a t o n e of t h e c o n t o u r s P ( a , 2 , a ^ ; s ) = 0 

w h i c h s t r a v e r s e s last as it m o v e s along C 2 o n the u p p e r side o f the 

b r a n c h cut is crossed t w i c e and the locus o f D in the D - p l a n e e n c i r c l e s 

the o r i g i n n t i m e s in the p o s i t i v e s e n s e , i.e.; for a = - 1 + t h e loci 

are sketched b e l o w . 

«Poc oL c 



(B) F o r 2 a Q < a < 1; Sgn(D(-a)) = Sgn ( P ( a , 2 , a o , - a ) ) , 

Sgn(Im(D)) = - S g n ( P ( a , 2 , a Q , s ) ) . W h e n Im(D) = O , 

S g n ( R e ( D ) ) = - S g n ( R e Q ( a , 2 , a Q ; s ) ) . A t s = 0 , D ( O ) < 0 . 
A *s 

Since P ( a , 2 , s ) has o n l y one n e g a t i v e r e a l root s^ < 0 , a > - s i m p l i e s 

t h a t the locus o f D(s) is a closed c u r v e n o t e n c i r c l i n g .the o r i g i n , 

w h e r e a s a < -s i m p l i e s t h a t the locus o f D is a c l o s e d curve 

e n c i r c l i n g the o r i g i n o n c e in t h e n e g a t i v e or c l o c k w i s e s e n s e . T h e 

loci are t y p i c a l l y as sketched b e l o w 
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Figure 8. The number of roots of D(a,2,a^,a;s) for a point in the 

(a,a) plane for a typical value of a Q 6 (0,h)• The curves are 

[p(a,2,a Q;a) = 0 : a > o} (J {P(a,2,a Q;-a) = 0 : a > o} 



A p p l y i n g t h i s type o f a l g o r i t h m the n u m b e r o f r o o t s o f the 

d i s p e r s i o n r e l a t i o n m a y b e found a n d t h e r e s u l t s are s u m m a r i s e d in 

figure (8) w h i c h shows a p l a n e , a Q = c o n s t a n t , c r o s s - s e c t i o n o f t h e 

t h r e e d i m e n s i o n a l p a r a m e t e r space ( a , a , a Q ) . 

T h e M o r p h o l o g y o f the r o o t s o f D (a, 2 , a Q , a; s) in the s - p l a n e close 

to the b r a n c h p o i n t s . 

E q u a t i o n (71) shows that the c h a n g e in p h a s e o f D as s e n c i r c l e s 

the p o i n t at i n f i n i t y is -4it for all a £ 1 , a q G (0, -j) and a > 0 , 

this suggests t h a t no r o o t s e n t e r o r leave the s - p l a n e at i n f i n i t y 

t h r o u g h o u t p a r a m e t e r s p a c e . F u r t h e r , for a < 1 t h e r e are no r o o t s o n 

the b r a n c h cut Z = (-a,0) since 

F o r a < 2 a Q ; Im(D) ^ 0 on Z u n l e s s t h e r e exists s 6 Z such t h a t 

P ( a , 2 , a Q ; s + a ) = 0 w h e n 

2 2 
Re(D) = s (s+a) P ( a , 2 , a Q ; s ) . Q ( a , 2 , a 0 ? s + a ) 

w h i c h from the c u r v e s (P,Q) = 0 o f f i g u r e (6) does n o t v a n i s h as 

P ( a , 2 , a Q ; s ) < 0 for s 6 Z and P ( a , 2 , a Q ; s + a ) c a n n o t v a n i s h s i m u l t a n e o u s l y 

w i t h Q ( a , 2 , a Q ; s + a ) . 

For 1 < a < 2 a Q ; Im(D) ^ 0 o n £ u n l e s s t h e r e e x i s t s s e Z such 

t h a t P ( a , 2 , a Q ; s ) = 0 w h e n 

F r o m figure (6) P(a,2,a Q;s+ot) m a y n o t v a n i s h o n N o w from the 

i n t e g r a l r e p r e s e n t a t i o n 

it 7t 

w h i c h is v a l i d w h e n Re (a) > 0 , -it < c|> < it, - — < <}> + p h ( s ) < — and 

the c o n t o u r o f i n t e g r a t i o n is a r a y from the o r i g i n , e q u a t i o n (51) i m p l i e s 

o&Jl 



If p h ( s ) = it, o n the u p p e r side o f the b r a n c h c u t , <f> m a y be set 

e q u a l to zero a n d the r i g h t hand side is p o s i t i v e d e f i n i t e for all 

such s and t h e n Re(D) < 0 along this p a t h in the s - p l a n e . By t a k i n g 

the c o m p l e x c o n j u g a t e o f the d i s p e r s i o n r e l a t i o n there are no r o o t s 

on 

H e n c e , w h e n the n u m b e r of roots o f D ( a , 2 , a Q , a ; s ) c h a n g e s it m u s t 

do so t h r o u g h the a p p e a r a n c e o r d i s a p p e a r a n c e o f r o o t s t h r o u g h the b r a n c h 

p o i n t s s = s = 0 . E q u a t i o n s (71) a n d (72) c o n f i r m t h a t 

5 = -erf <•» O- r^rcA: > J J L 
=£> o , > (95) 

a n d 

o£<<=>> = ^ , J L A ir oOO 

ol C (96) 

so t h a t on the 'critical c u r v e s 1 / the c u r v e s of f i g u r e (8) w h i c h 

s e p a r a t e n e i g h b o u r i n g p a r a m e t e r r e g i o n s a c c o r d i n g to the n u m b e r o f 

roots o f D/ s = 0 is a r o o t o n all curves except the t o p left c u r v e , 

UTq/ w h e r e s = -a is a r o o t . F o r a p o i n t ( a , a , a Q ) m o v i n g w i t h i n a 

region b o u n d e d by 'critical s u r f a c e s ' w h i c h are the g e n e r a l i s a t i o n in 

( a , a , a Q ) p a r a m e t e r space o f the c r i t i c a l curves o f figure (8) the 

a n a l y t i c i t y p r o p e r t i e s o f D ( a , 2 , a Q , a ; s ) i m p l y t h a t its r o o t s m o v e 

c o n t i n u o u s l y in the s - p l a n e a w a y from the b r a n c h c u t , b r a n c h p o i n t s 

and the p o i n t at i n f i n i t y . 

U s i n g the p o w e r series s o l u t i o n s (11) and (58) the p o w e r series 

r e p r e s e n t a t i o n o f D ( a , 2 , a 0 , a + 6 a , y Q ; s ) a b o u t s = 0 is g i v e n in a p p e n d i x A . 

Since D is analytic, in the c u t s - p l a n e w i t h r e s p e c t t o a , a Q and a t h e 

q u a l i t a t i v e w a y in w h i c h the r o o t s ' o f D m a y p a s s t h r o u g h the b r a n c h 

p o i n t s = 0 , for e x a m p l e , as a p o i n t ( a , a Q , a ) t r a c e s a p a t h in p a r a m e t e r 

space crossing a c r i t i c a l surface (96) is g i v e n b y setting the series 

of a p p e n d i x A to zero and then e s t i m a t i n g the p a t h o f the r o o t 

a s y m p t o t i c a l l y as a c r i t i c a l s u r f a c e is a p p r o a c h e d . F u r t h e r , f o r a 

g i v e n p o i n t (a,a,a Q) on a c r i t i c a l s u r f a c e the p a t h o f the r o o t t h r o u g h 

s = O in the s - p l a n e m u s t be a c o n t i n u o u s f u n c t i o n o f the d i r e c t i o n of 

the p a t h t h r o u g h the p o i n t (a,a,cx o) f n p a r a m e t e r s p a c e , so for s i m p l i c i t y 

c o n s i d e r a t i o n m a y be c o n f i n e d m o s t l y to p a t h s 



a = c o n s t a n t , a = c o n s t a n t , a v a r i a b l e , 

c r o s s i n g the c r i t i c a l s u r f a c e s . 

C o n s i d e r f i r s t the case o f (96) w h e n a l s o ( a , a , a Q ) is such t h a t 

P ' ) * ° (97) 

t h e n the r e l e v a n t series is (A2) of a p p e n d i x A w h i c h shows t h a t s = 0 

is a simple root o f D . T o first o r d e r in 6a as 6a -»• 0 

S - = - £ * OS) 

so t h a t for small 6a i n c r e a s i n g t h r o u g h z e r o , c o r r e s p o n d i n g to a p o i n t 

i n p a r a m e t e r space m o v i n g f r o m left to r i g h t a c r o s s any c r i t i c a l c u r v e 

o f f i g u r e (8) a p a r t from the r o o t m o v e s t h r o u g h t h e branch" p o i n t 

from r i g h t to left along the r e a l s - a x i s . H o w e v e r , since t h e r e are 

no roots o n the b r a n c h c u t , for 6a > 0 t h e series m u s t b e e x a m i n e d a t 

h i g h e r o r d e r . A t the next o r d e r the t h i r d and sixth t e r m s o f (A2) 

b a l a n c e implying 

5 = - S a t +• 
(99) 

= -S* + Co-J^rto-J)^ fa)* + 

J i P ' C z ^ , ^ , * ) 

w h i c h is still real and n e g a t i v e for 0 < 6a « 1 . The lowest o r d e r 

i m a g i n a r y p a r t o f s , e ^ s a y , is g i v e n b y b a l a n c i n g the t h i r d w i t h tl 

t e n t h (lowest o r d e r l o g a r i t h m i c ) t e r m o f (A2), i . e . ; 

3 

(100) 

t h e n for 6a > 0 

5 = - S o t 0 

«3L5 O 



w h e r e the bracketed series are r e a l , whereas for 6a < 0 the root is 

given t o the same o r d e r by (98). Referring to figure (6) there are 

two cases to consider? along the u p w a r d sloping p a r t s o f the n e u t r a l 

curves for a < 2 a Q 

= - (102) 

J L A ^ p L s - Cpl(c)) 

in (101), in this case a root moves along the real s-axis dividing 

into two complex conjugate roots w i t h negative real p a r t 0(6a) and 

imaginary p a r t 0((6a)^) as it passes through the branch point; aloi 

the downward sloping parts o f the neutral curves for a < 2a 0 

(103) 

w h i c h is contradictory w i t h the choice of branch ph(s) 6 [-tt/tt) • 

A s a p o i n t in p a r a m e t e r space m o v e s from left to right across such a 

curve in figure (6) a r o o t moves along the real s - a x i s , p a s s e s through 

the branch p o i n t singularity and disappears off the cut s-plane at s = 

S r O 

(TO ^ 

s= o 

m 

Figure (9a) the arrows are in the direction of 5a increasing for the 

situation o f equation (102). Figure (9b), similarly for equation (103) 



The w a y in which roots appear onto the cut s-plane through s = 0 

differs according as 

e( § S 0 !) - - (104) 

The u p p e r inequality corresponds to figure (9a) and from (53) describes 

a neutral m o d e with p h a s e speed slightly retrograde with respect to 

the b a s i c flow speed at the lower b o u n d a r y / c a t c h i n g up with it and 

then changing to a p a i r o f m o d e s , one slightly linearly stable and 

one slightly linearly u n s t a b l e , having equal phase speeds in advance 

of the b o u n d a r y p h a s e speed. For the lower inequality a new normal 

m o d e appears with neutral stability and slightly retrograde phase 

s p e e d . 

On the critical curves where 

(105) 

P ' C & M - , * ) - ^ 

equation (A2) shows that s = 0 is a twice repeated root o f D . As 6a 

increases through zero the p a t h in p a r a m e t e r space is tangent to a 

critical surface so that the t o t a l number o f zeros is u n c h a n g e d . To 

first o r d e r as 6a 0 the sixth and eighth terms of (A2) balance to give 

£ = So C**,*) 

L A P O , 2 / 5 0 ; S ? ) = 

r / 1 * • 11 t*-3*) \ 
5 = S « ( l ± € - J / > V • S / 

(106) 

> 

>*»]<*) / 

where the right hand expression is evaluated at ( a , a , a o ) . At such a 

critical p o i n t 

;*»'><*) = ^ J ^ P (107) 
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so a p a i r o f c o n j u g a t e roots m o v e a l p n g curves w h i c h c r o s s at s = 0 . 

To find the w a y in w h i c h a root a p p e a r s a t s = 0 w h e n (105) is 

s a t i s f i e d the e x p a n s i o n o f D ( a , 2 , a Q , a ; s ) m u s t b e r e - a d d r e s s e d . 

C o n s i d e r a a n d a fixed w i t h a v a r y i n g a b o u t the v a l u e s (a,a,a Q) of 

(105), u s i n g the p o w e r series (11) and (58) and the a n a l y t i c i t y o f 

P ( a , 2 , a Q ; s ) and Q ( a , 2 , a Q ; s ) w i t h r e s p e c t to a , the r e l e v a n t e q u a t i o n 

is (A4) a n d 

5 " = ^ - ^ V + 

0 S So--5? O 

e v a l u a t e d at (a,a,a ). A t the c r i t i c a l p o i n t s o f (105) t h e d e r i v a t i v e 

3P . 
is o f the same sign as Q and P" so t h a t as 6 a i n c r e a s e s t h r o u g h 

zero a p a i r o f c o m p l e x c o n j u g a t e roots a p p r o a c h the o r i g i n in the 

s - p l a n e along the i m a g i n a r y axis and m o v e off along the r e a l axis b u t 

again the l o g a r i t h m i c t e r m s in t h e e x p a n s i o n imply t h a t for 6a < 0 

a n e w r o o t is p r o d u c e d . E q u a t i o n (108) g i v e s the p o s i t i v e r e a l r o o t 

and n e g a t i v e real p a r t o f a p a i r o f c o m p l e x c o n j u g a t e r o o t s w h o s e 

i m a g i n a r y p a r t s 

PCi-o) I r d - o y ^ j ^ ? ^ ) -
(109) 

e v a l u a t e d at ( a , a 0 P a 0 ) are found b y b a l a n c i n g the f i r s t , t h i r d and 

fourth t e r m s o f (A4). 
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F i g u r e (10). A r r o w s in d i r e c t i o n o f i n c r e a s i n g 6a for a p a t h in 

p a r a m e t e r space t a n g e n t i a l t o the c r i t i c a l surface of (105), on the 

l e f t . A r r o w s in d i r e c t i o n o f d e c r e a s i n g 6a for a p a t h i n t e r s e c t i n g 

the surface of (105), on the r i g h t . 

If 2a < a < 1 then from e q u a t i o n (95) , s -a is a simple r o o t . 
j 

T h e one root o f D w h i c h o c c u r s for v a l u e s o f a left o f t h e c r i t i c a l 

curve of f i g u r e (8) m u s t b e r e a l , i m m e d i a t e l y i m p l y i n g t h a t t h i s 

region of p a r a m e t e r space c o r r e s p o n d s to a n e u t r a l l y s t a b l e f l o w 

w h i c h supports o n e n e u t r a l m o d e o f p h a s e speed g r e a t e r than t h e u p p e r 

b o u n d a r y b a s i c flow s p e e d , m o v i n g a l o n g the n e g a t i v e r e a l s axis f r o m 

the left t o w a r d s s = - a , as the c r i t i c a l curve is a p p r o a c h e d . To 

e s t i m a t e its e v o l u t i o n as the c u r v e is c r o s s e d , a g a i n c o n s i d e r (a,a,a^) 

fixed and s a t i s f y i n g (95). U s i n g the symmetry p r o p e r t y 

to e v a l u a t e the r o o t in a n e i g h b o u r h o o d o f s = -a from the series (Al) 

w h i c h a p p l i e s to a r o o t in the n e i g h b o u r h o o d o f s = 0 , s o m e care is 

n e e d e d to t e m p o r a r i l y r e i n t e r p r e t the b r a n c h e s o f p h ( s ) and p h ( s + a ) , 

since for the e x i s t i n g choice o f (57) the function Q ( a , 2 , a Q ; s ) h a s a 

b r a n c h cut along the n e g a t i v e r e a l s - a x i s n u l l i f y i n g the p r o c e d u r e of 

T a y l o r e x p a n s i o n u p o n w h i c h a p p e n d i x A r e l i e s . S u i t a b l y r e i n t e r p r e t i n g 

p h ( s ) and u s i n g (A2) 



e v a l u a t e d at (£,5,5^) . N o t e t h a t the a p p a r e n t a m b i g u i t y o f the 

term Q ( a , 2 , a Q ; - a ) i n t h i s e q u a t i o n is r e m o v e d since from (55) 

^ = ±"TT P C + y b ^ s ) ( 1 1 2 ) 

a s p h ( s ) ±tt w h i c h v a n i s h e s w h e n (a,a Q,s) = ( a , a Q , - a ) and the r e a l 

p a r t o f Q ( a , 2 , a Q ; s ) is c o n t i n u o u s across the b r a n c h c u t t h e r e . F r o m 

figure (6) 

>*,<*<,)-«)) = + I ( H 3 ) 

on the c r i t i c a l curve of figure (8), so for 6a > 0 the i m a g i n a r y 

p a r t s o f the p a i r o f c o m p l e x c o n j u g a t e roots w h o s e r e a l p a r t is g i v e n 

b y (111) is f o u n d t o b e 

±7r etc***,*»;-«) . ( k * ) 4 " ( 1 1 4 ) 

4-ro-*^ P'C <±,-2 
a n d c o m p a r i n g (111) a n d (114) w i t h (99) a n d (101) r e v e a l s that t h e 

b e h a v i o u r o f the roots in the s - p l a n e is s i m i l a r in b o t h c a s e s . 

T h e M o r p h o l o g y of the roots of D ( a , 2 s ) a n d linear s t a b i l i t y . 

H a v i n g e n u m e r a t e d the roots o f D in the s - p l a n e t h r o u g h o u t 

p a r a m e t e r space and e s t i m a t e d t h e i r b e h a v i o u r a s y m p t o t i c a l l y in the 

n e i g h b o u r h o o d o f t h e singular p o i n t s s = 0 , - a , 0 0 o v e r small r e g i o n s 

of the space in the n e i g h b o u r h o o d of the c r i t i c a l s u r f a c e s , t h e s t a b i l i t y 

o f the flow is d e t e r m i n e d b y c o n s i d e r i n g the l o c a t i o n o f . t h e r e m a i n i n g 

r o o t s in t h e s e r e g i o n s and the location of the roots at p o i n t s of 

p a r a m e t e r space a w a y from the c r i t i c a l s u r f a c e s . In the c a s e = 0 

the o c c u r r e n c e of the r o o t s of D in c o m p l e x c o n j u g a t e p a i r s i m p l i e s t h a t 

the flow m a y be a t m o s t n e u t r a l l y stable and then the n u m b e r and n a t u r e 

o f the real roots of D t o g e t h e r w i t h the i n f o r m a t i o n of the p r e c e d i n g 

section d e t e r m i n e s t h e t y p e of l i n e a r s t a b i l i t y o f t h i s i n v i s c i d f l o w . 

T h e function D ( a , 2 , a ^ , a ; s ) w a s e v a l u a t e d n u m e r i c a l l y b y f i r s t 

summing the a p p r o p r i a t e r e a l and i m a g i n a r y p a r t s of u(a,2,s) a n d M ( a , 2 , s ) 

t o g e t h e r w i t h t h e i r d e r i v a t i v e s in s from the p o w e r series (11) a n d (56) 

in a n e i g h b o u r h o o d o f s = 0 for some chosen v a l u e of a < 1 , then 



i n t e g r a t i n g the c o n f l u e n t h y p e r g e o m e t r i c e q u a t i o n a l o n g t h e r e a l line 

u s i n g a simple f o r w a r d step p a c k a g e for s o l v i n g d i f f e r e n t i a l e q u a t i o n s 

b a s e d on the A d a m s B a s h f o r t h m e t h o d w h i c h o u t p u t s the v a l u e s of 

P ( a , 2 , a Q ? s ) a n d Q ( a , 2 , a 0 ? s ) for some a Q S at each s t e p . A t each 

s t e p , f o r s u f f i c i e n t l y l a r g e |s|, these v a l u e s are c o m p a r e d w i t h s u i t a b l e 

a s y m p t o t i c e s t i m a t e s s i n c e , as m a y b e seen from the a s y m p t o t i c b e h a v i o u r 

o f t h e f u n c t i o n s leading t o e q u a t i o n (73), it is n e c e s s a r y f o r a c c u r a t e 

e v a l u a t i o n o f D for large |s| to choose the c o m p o n e n t f u n c t i o n s 

u ( a , 2 , s ) of Q ( a , 2 , a Q , s ) so t h a t Q b e h a v e s a l g e b r a i c a l l y f o r large |s| 

w h e n a / 0 , - 1 , - 2 , . . . i.e.? from (51) a n d (56), to c o m p u t e 

for n o n i n t e g e r v a l u e s o f a and t h e n for i n t e g e r v a l u e s o f a to c o m p u t e 

and 

a n d 

& C S) = ox' — )) 

P C ^ ^ O I S ) * 5> - « e 

w h e n Q b e h a v e s e x p o n e n t i a l l y b u t n o w P b e h a v e s a l g e b r a i c a l l y . Some of 

the r e s u l t i n g i n f o r m a t i o n w a s u s e d in s k e t c h i n g the c u r v e s o f f i g u r e s 

(5) to (8). A f t e r a d j u s t i n g the step length o f i n t e g r a t i o n and c h o o s i n g 

suitable t o l e r a n c e s for the r o u t i n e b a s e d on i n i t i a l e s t i m a t e s o f the 

real r o o t s o f D , t h e f u n c t i o n s P ( a , 2 , a Q ; s ) a n d Q ( a , 2 , a Q J s ) w e r e s t o r e d 

and t h e n the roots o f D on t h e r e a l axis estimated for some p o s i t i v e 

v a l u e of a . The p r o g r a m m e semed to g i v e o v e r a l l a c c u r a c y in e v a l u a t i n g 

D of a b o u t six figures and w a s run in single p r e c i s i o n o n l y . 

It w o u l d b e a f a l l a c y t o claim t h a t n u m e r i c a l s e a r c h i n g o f the 

(a,a,a Q) p a r a m e t e r space c o n s t i t u t e s p r o o f of the l i n e a r s t a b i l i t y of 

t h e f l o w , the m o s t that can be c l a i m e d in t h a t r e s p e c t is t h a t it is 

c e r t a i n l y u n s t a b l e i m m e d i a t e l y b e l o w and to the r i g h t o f t h o s e p a r t s of 

the n e u t r a l curves of figure (8) w i t h u p w a r d s slope and is n e u t r a l l y 

stable w h e n D has o n l y one r o o t . 



It is i n s t r u c t i v e to r e v i e w the l i m i t i n g p r o b l e m formed b y 

letting a 0 0 w h i c h from (53) is e q u i v a l e n t to r e m o v i n g the u p p e r 

b o u n d a r y at z = — of f t o i n f i n i t y i n w h i c h case from (54) w i t h y = 0 
^ u 

u s i n g the c o n n e c t i o n formula (60) t o g e t h e r w i t h the a s y m p t o t i c r e s u l t s 

(62) and (65) 

7 Lrr«_ / / / —irr 

(115) 

h e n c e a s a 0 0 for f i n i t e s the e i g e n v a l u e p r o b l e m r e d u c e s t o 

P ^ ^ ^ ^ s ) = ^ ( J i C ^ y s S ) - O (116) 

T h i s is f o m a l l y t h e same a s the d i s p e r s i o n r e l a t i o n for C h a r n e y ' s 

C 4 7 ) m o d e l w h e r e there is no u p p e r b o u n d a r y c o n f i n i n g the v e r t i c a l 

e x t e n t o f t h e flow and the u p p e r b o u n d a r y c o n d i t i o n is r e p l a c e d b y 

a p p l y i n g the r a d i a t i o n c o n d i t i o n t h a t p e r t u r b a t i o n s to the b a s i c 

z o n a l f l o w v a n i s h as z 0 0. T h i s p r o b l e m has been d i s c u s s e d b y B u r g e r 

('62) a n d e l a b o r a t e d b y M i l e s (64,a,b,c), the roots o f (116) w e r e 

e n u m e r a t e d b y B u r g e r and the limiting case of large a in figure (8) 

c o n c u r s w i t h that r e s u l t . W h i l s t f o r large b u t finite a in the v e r t i c a l l y 

c o n f i n e d p r o b l e m o f D ( a , 2 a ; s ) a simple r o o t a p p e a r s at s = 0 as a 

c r o s s e s the c r i t i c a l surfaces w h i c h a s y m p t o t e t o a = " n (n = 0 , 1 , . . . . ) 

for all a Q as a in the l i m i t i n g c a s e of (116) s = 0 is a t w i c e 

r e p e a t e d r o o t w h e n a = -n (n = 0 , 1 , . . . . ) and r o o t s a p p e a r t h r o u g h the 

(single) b r a n c h p o i n t in a m a n n e r q u a l i t a t i v e l y similar to t h a t o f t h e 

p r e s e n t p r o b l e m w h e n a = a s d e s c r i b e d b y figure (10) a n d 

e q u a t i o n s (108), (109). N o t e t h a t in B u r g e r ('62) the linear s t a b i l i t y 

p r o b l e m is solved as it is p u r p o r t e d l y shown t h a t for ~n < a < - n + l (116) 

h a s n simple roots on the p o s i t i v e s a x i s , t h i s r e s u l t is c o n f i r m e d b y 

n u m e r i c a l integration b u t I b e l i e v e t h a t it r e m a i n s to b e p r o v e d t h a t 

UL - 0to Li (<X> ^ O \J ot \ 



e i t h e r b y c o n n e c t i n g the p o w e r series s o l u t i o n s o f (86) a b o u t the 

s i n g u l a r p o i n t s = s
0 ( c ^ / a ) t o t h o s e a t t h e s i n g u l a r p o i n t at s = 0 

o r b y a m e t h o d o f b o u n d i n g t h e r e a l r o o t s o f the d i f f e r e n t i a l e q u a t i o n 

to the left o f . 

H o w e v e r , the n u m e r i c a l r e s u l t s f o u n d suggest t h a t the s t a b i l i t y 

o f t h e flow is c o n s i s t e n t w i t h those o f B u r g e r and M i l e s for C h a r n e y ' s 

m o d e l and w i t h those o f G a r c i a and N o r s c i n i ('70), as far a s the 

c o m p u t a t i o n h e r e is o f r e a l roots a l o n e , for the m o d e l r e c o v e r e d w h e n 

a Q = i . e . ; w h e n the v e r t i c a l scale h e i g h t o f the a m b i e n t d e n s i t y 

s t r a t i f i c a t i o n is i n f i n i t e . The r e s u l t s m a y be s u m m a r i s e d b y . s t a t i n g 

(i) D has at m o s t t w o c o m p l e x c o n j u g a t e r o o t s 

(ii) The r e m a i n i n g roots o f D lie o n the r e a l i n t e r v a l s e [0,co) 

e x c e p t w h e n D h a s o n l y o n e r o o t , w h e n a > 2 a Q a n d the r o o t is o n (-<»,- a] . 

(iii) The r e a l roots o f D are simple e x c e p t w h e n the p a i r of c o m p l e x 

roots m o v e onto the r e a l a x i s to c o a l e s c e in a twice r e p e a t e d r o o t 

n e a r s = 0 . 

R e f e r r i n g to f i g u r e (8), each time t h a t p a r t o f a c r i t i c a l surface 

w h i c h is f o r m e d from the p a r t s o f the c r i t i c a l c u r v e s o f figure (8) 

w i t h u p w a r d slope is a p p r o a c h e d there w i l l be a n o t h e r s u r f a c e , w h i c h 

c o m p u t a t i o n shows to be close to t h i s p a r t o f the c r i t i c a l s u r f a c e , o n 

w h i c h t h e c o n j u g a t e roots in the s - p l a n e m e e t at a p o i n t s* o n (0,a>) 

w h i c h is c l o s e r t o s = 0 t h a n any o t h e r r e a l r o o t o f D . A p p r o a c h i n g 

t h e c r i t i c a l s u r f a c e , o n e o f t h e s e roots m o v e s o f f to t h e r i g h t o n (0,<») 

r e m a i n i n g d i s t i n c t from a n y real roots w h i c h are a l r e a d y t h e r e a n d the 

o t h e r r o o t is t h a t one w h i c h p a s s e s t h r o u g h t h e b r a n c h p o i n t s = 0 a s 

in figure (9a). 

T h e n u m e r i c a l r e s u l t s suggest that s * ( a Q , a ) d e c r e a s e s m o n o t o n i c a l l y 

t o w a r d s s = 0 as the p l a n e a = s Q ( a 0 , a ) in p a r a m e t e r space is a p p r o a c h e d 

from the p l a n e a = 0 , r e c a l l i n g e q u a t i o n s (105) t o (109) and f i g u r e 

(10), s*(a,a) = 0 w h e n a = s
0 ( a • C r o s s i n g the c r i t i c a l surfaces at 

p o i n t s for w h i c h a > s Q ( a 0 » a ) a n d a < 2 a Q no m o r e r e p e a t e d r o o t s w e r e 

f o u n d and for such a r e g i o n w h e r e -n < a < - n + 1 (n = 0 , 1 , 2 , . . . . ) , D 

p o s s e s s e d e i t h e r n o r n + 1 simple roots o n the p o s i t i v e r e a l s a x i s , the 

c h a n g e o c c u r r i n g as in figure (9b) w h e n the surface is c r o s s e d . The 

r e m a i n i n g t w o r o o t s are t h e r e f o r e c o m p l e x i m p l y i n g that the flow is 

u n s t a b l e at a l l p o i n t s o n the c r i t i c a l surfaces w h e r e a > s Q ( a Q r a ) r 

this r e s u l t is supported b y the m o r e d e t a i l e d n u m e r i c a l s o l u t i o n s o f G a r c i a 

and N o r s c i n i for the single c r i t i c a l curve w h i c h a s y m p t o t e s to a = 0 



Figure 1 1 . The flow is linearly n e u t r a l l y stable in the c l o s u r e of 

the h a t c h e d regions for a < 1 in the (a,a) p l a n e for a t y p i c a l v a l u e 

of a 8 (0,^)• For a < s 0 ( a , a Q ) the instability is strong on the left 

h a n d b o u n d a r y of each h a t c h e d region and is weak on the r i g h t h a n d 

b o u n d a r y . 



-

+ 1 
from a = 0 w h e n a = — as a 

U k 

F i g u r e (11) shows a p l a n e c r o s s - s e c t i o n of the p a r a m e t e r space 

cxq = c o n s t a n t for a t y p i c a l v a l u e of a Q 6 (O, ĵ-) and o n the b a s i s o f 

t h e a b o v e results the f l o w is n e u t r a l l y stable in t h e o p e n p a r t of 

t h e h a t c h e d r e g i o n s and m a r g i n a l l y stable on the b o u n d a r i e s o f t h e s e 

r e g i o n s for a < 1 , a > 0 . In the l i m i t i n g case of C h a r n e y ' s m o d e l , 

w h i c h is o n the p l a n e a = t h e f l o w is m a r g i n a l l y stable on the l i n e s 

a Q 6 [0, | ] , a » - n ( n = 0 , 1 , . , . . ) and u n s t a b l e e l s e w h e r e . W i t h the 

t e r m i n o l o g y o f M i l e s ('64a) the o n s e t o f i n s t a b i l i t y a c r o s s the s u r f a c e 

a n d a c r o s s the c r i t i c a l s u r f a c e s for a < s Q ( a 0 , a ) is c a l l e d a w e a k 

i n s t a b i l i t y , the g r o w t h r a t e b e i n g 0 ( ( 6 a ) ), w h e r e a s the o n s e t o f 

i n s t a b i l i t y across the r e m a i n i n g s u r f a c e s w h e r e the f l o w is again 

m a r g i n a l l y stable is called strong since the g r o w t h rate t h e r e w i l l 
1/2 

t y p i c a l l y be 0((Sa) ) and the flow c h a n g e s its s t a b i l i t y t h r o u g h the 

m o r e f a m i l i a r m e c h a n i s m for i n v i s c i d flows o f the c o a l e s c e n c e o f r e a l 

roots o f the d i s p e r s i o n relation to form a c o m p l e x c o n j u g a t e p a i r at 

a p o i n t o f the s - p l a n e w h e r e the d i s p e r s i o n r e l a t i o n is a n a l y t i c . 

R e t u r n i n g to (47) and (49), t h e p a r a m e t e r r e g i m e s of f i g u r e s (8) a n d (11) 

m a y b e d i v i d e d b y the p l a n e a = 2 a Q . Since 

- ^ i ( g ' > o 
7\ l s 

(117) 

<*- $ o 

C> 1 < f = > ^ 6 [ > , 

w h e n a < 2 a ^ the regime is a p p l i c a b l e to flow o f a w e s t e r l y w i n d w i t h 

some v a l u e of >_ 0 , as b o t h 8 >_ 0 and S > 0 b y the r e q u i r e m e n t s o f 
s 

t h e m o d e l as d i s c u s s e d in c h a p t e r o n e . W h e n a > 2 a Q t h e regime p e r t a i n s 

t o flow o f an e a s t e r l y w i n d (A < 0) w h e r e 

o > ( | 5 > -± 
A (118) 
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since t h e r e is no a p r i o r i r e s t r i c t i o n i m p o s e d on the sign o f d i r e c t i o n 

o f the b a s i c flow b y the m o d e l . O n . t h e p l a n e a = 2 a Q for a < 1 , $ 

m u s t v a n i s h so t h a t an f - p l a n e m o d e l w i t h f i n i t e v e r t i c a l s c a l e h e i g h t 

of the a m b i e n t d e n s i t y s t r a t i f i c a t i o n is recovered and f i g u r e (11) 

s u g g e s t s t h a t t h i s type o f f l o w is a l w a y s l i n e a r l y u n s t a b l e w h e n a > 0 . 

T h e line a = 2 a Q = 1 c o r r e s p o n d s to the e x c e p t i o n a l c a s e o f E a d y ' s 

m o d e l w h i c h r e l i e s u p o n the f - p l a n e a p p r o x i m a t i o n w i t h the f u r t h e r 

s i m p l i f i c a t i o n t h a t ~ = 0 . Since a = 1 the b r a n c h c u t in t h e s - p l a n e 

s < 
m a y b e r e m o v e d and it is t h e n n e c e s s a r y to r e c o n s i d e r t h e r o o t s of t h e 

d i s p e r s i o n r e l a t i o n , since a l s o a = e q u a t i o n (90) shows t h a t the 

1 
n e g a t i v e root o f P ( l , 2 , a o ; s ) w h i c h b e h a v e s like - — as a Q + 0 is n o w 

at s = 0 c o n f i r m i n g t h a t D has t w o roots in the s - p ? a n e for a l l a > 0 

in E a d y ' s l i m i t . 

The l i m i t i n g p r o c e d u r e o f r e c o v e r i n g the d i s p e r s i o n r e l a t i o n o f 

E a d y ' s m o d e l is r e g u l a r in the limit a 1 , a Q -»- as is s u g g e s t e d 

b y the a s y m p t o t i c a n a l y s i s o f t h e b e h a v i o u r o f the roots in a n e i g h b o u r -

h o o d of the b r a n c h p o i n t s o n r e c a l l i n g t h a t the i m a g i n a r y p a r t o f s 

t h e r e is m u l t i p l i e d b y the f a c t o r • ^ ^ w h i c h has a s i m p l e z e r o a t 

a = 1 . T h e n e e d to r e c o n s i d e r the s t a b i l i t y of the flow w h e n a = 1 

for all a
0
 e "I") arises b e c a u s e the a b s e n c e o f the i n f l u e n c e o f the 

b r a n c h p o i n t s and b r a n c h c u t in the s - p l a n e i m p l i e s t h a t the f l o w c h a n g e s 

i t s o v e r a l l s t a b i l i t y as t w o r o o t s o f t h e d i s p e r s i o n r e l a t i o n c h a n g e 

from a c o m p l e x c o n j u g a t e p a i r to a r e a l p a i r t h r o u g h t h e a p p e a r a n c e o f 

a d o u b l e root o n the r e a l axis w h i c h m a y p r i m a facie lie on t h e i n t e r v a l 

(-a,0) of the b r a n c h c u t . T h i s d i f f i c u l t y m a y b e h i g h l i g h t e d b y the 

f o l l o w i n g e x a m p l e : - c o n s i d e r a p o i n t (a,a+6a,oL) w h i c h is on the c r i t i c a l 
~ 1 

surface °f figur e (11) for some fixed v a l u e o f a Q 0 (0, —) w h e n 

a is just less than u n i t y and 6a = 0 , s o t h a t t h e p o i n t is c l o s e t o 

£ = (l,a,a 0) w h e r e a is such that 

P( i , : ? , : ? . . = o 
A s 6a i n c r e a s e s t h r o u g h zero a simple r o o t splits into two and the f l o w 

c h a n g e s its s t a b i l i t y t h e r e b u t as a 1 the g r o w t h rate in t h i s p a r t 

of the u n s t a b l e r e g i m e t e n d s to zero u n i f o r m l y in a Q . in the l i m i t i n g 
A 

case o f the n e i g h b o u r i n g p o i n t £ in p a r a m e t e r space t h e r e is no b r a n c h 

p o i n t in the s - p l a n e , t h e p e r t u r b e d r o o t p a s s e s t h r o u g h s = -a as 6a 

i n c r e a s e s t h r o u g h zero u n t i l at some 0 ( 1 ) v a l u e o f 6a it c o a l e s c e s 

w i t h a r e a l r o o t , w h i c h w a s n o t p r e s e n t in the c u t p l a n e for a < 1 , 



-72 

a p p e a r i n g along t h e r e a l s - a x i s from the right a n d o n l y t h e n w i l l 

the s t a b i l i t y c h a n g e . 

W h e n a = 1 , u s i n g (90) a n d (102) in (54) w i t h y Q = 0 , t h e 

d i s p e r s i o n r e l a t i o n b e c o m e s t h e q u a d r a t i c in s , 

- + = o 

F r o m the r e l a t i o n s (53) 

£ = ~ C- (120) 
A t 

c 
and w r i t t e n in t e r m s o f the c o m p l e x v a r i a b l e (119) b e c o m e s 

- / ^ O - v ^ ^ A s J + A s ! - * - 2£ A 2 

V 4- 4 4 - 4 -

w h i c h r e d u c e s to 

A L ) ' % ) ^ 

(119) 

(121) 

(122) 

w h e n a = w h i c h is the d i s p e r s i o n r e l a t i o n for E a d y ' s ('49) m o d e l 
u « 

a n d in the n o t a t i o n o f D r a z i n ('70) 

4- J . L J l 

The stability c r i t e r i o n for g e n e r a l a Q is then n e u t r a l s t a b i l i t y o r 

i n s t a b i l i t y a c c o r d i n g as 

* 1 \ g o 
V 4- ^ 4- . ' (123) 
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r e s p e c t i v e l y , the left h a n d side for a 6 (0, ĵ-] h a s t w o n o n - n e g a t i v e 
+ + + 

real r o o t s a a n d a f o r w h i c h the s t a b i l i t y is m a r g i n a l 

J_ ML ^ <X*Ct-dLo) (124) 
4 

-7 - — 7 : \ (125) 

1 - + + + + -+ - . 
A s otQ — ; a 0 and a 4s w h e r e s is the p o s i t i v e r o o t o f the 

t r a n s c e n d e n t a l e q u a t i o n 

= I (126) ZGLS 

+ + ++ 1 
a n d as a ^ 0 ; a a n d a b o t h e q u a l ~ t o l e a d i n g o r d e r so t h a t in 

the l i m i t a Q = 0 from (123) the flow is°neutrally stable for all 

p o s i t i v e , finite v a l u e s o f a . E q u a t i o n s (124) and (125) i m p l y 

+ /A ++ * 
o£ . &L ol - oC (127) 
4 4 

+ ++ 1 
and h e n c e for a l l p o s i t i v e finite a a n d a , i.e.; for a l l a Q 8 (0, —] 

+ 
oL cJ. 

(128) 

+ ++ 
and the flow h a s a n o n - v a n i s h i n g i n t e r v a l o f i n s t a b i l i t y a e (a ,a ). 

R e t u r n i n g to the q u e s t i o n r a i s e d in the e x a m p l e a b o v e , e q u a t i o n 
A * 

(90) g i v e s the v a l u e a of a at the p o i n t Z of figure (11) a s the r o o t 

o f the e q u a t i o n 

l ) = c* 

o r 

^ 4 
(129) 

4 
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Inverting equation (124) 

= 1 ( i - J ( ( - j L Aop) ) 
ZL V 4 / (130) 

A + 1 A + 
and it m a y be v e r i f i e d t h a t a a for all a h G (0, —] and a = a = 0 

1 
if and only if a = — . Fu r t h e r the roots of (119) in the s-plane are u « 

- dr (iaf - ( ) 
^ : — — ^ 

w h e r e the discriminant term on the right hand side for a 6 (0, is 

+ 
m o n o t o n e decreasing for a 6 (0,a ) and m o n o t o n e increasing f o r 

a 6 (a++,°°) . Equations (130) and (131) imply that w h e n a = a , 

s = -a is a r o o t o f the disperson relation and the o t h e r root for 

all a Q 6 (0, is 

) = ^ & (132) 

from (82). T h e discussion leading to figure (6) shows that 

_ o< C C^y o 

so the root s, is on the interval (-a,0) associated w i t h the b r a n c h cut 
"T* 

£ w h e n a < 1 and w i l l disappear off the cut s-plane t h r o u g h the cut 

unless a = 1 . Since the discriminant term of (131) 

^ i l 0 - " * + <=>(*) = - i l ) (133) 

a s O 

_ I o ) 
(134) 

a s c* —> c o 
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a n d h a s t h e m o n o t o n e b e h a v i o u r in a stated a b o v e , the r o o t s is a 
"f* 

d e c r e a s i n g f u n c t i o n o f a o n the i n t e r v a l a G [0,a ] for g i v e n c^ a n d 

5. €:[ -if+S.ClmtO , O ] CL [~«> (135) 

w h i l e s is an i n c r e a s i n g f u n c t i o n o f a G [0,a +] , 

5 * » ( « - > < ) J ( 1 3 6 ) 

a. 3: 
a + ++ 

w h i c h c r o s s e s s = - a w h e n a = a . F o r a 6 (a ,a ) t h e f l o w is 

u n s t a b l e , as the roots in the s - p l a n e form a c o m p l e x c o n j u g a t e p a i r 

w i t h r e a l p a r t 

(137) 

++ 
F o r ol > a t h e roots are r e a l a n d d i s t i n c t and from (134) 

^ - J_ ± o C l ) o C > c ] 
0 , 0 A S (138) 

• 0 ) = - <* f- —I—. +• * 

the root s + a l w a y s h a s its r e a l p a r t in the i n t e r v a l (-a,0] and w h e n 

the flow is n e u t r a l l y stable r e p r e s e n t s a n e u t r a l m o d e w i t h p h a s e 

speed equal to that of the b a s i c flow at some h e i g h t . In c o n t r a s t , 
A 

the root s_ is o n (-°°,-a) for a < a and then has its r e a l p a r t in the 
A 

i n t e r v a l £ = (-a,0) for all a > a . 

T h e e f f e c t o f y Q on the roots o f D ( a , 2 , a o , a r y Q ; s ) in the 

n e i g h b o u r h o o d o f s = 0 , y Q = 0 . 

In an i n i t i a l a t t e m p t to i n c l u d e the p a r a m e t e r y Q , a s s o c i a t e d w i t h 

the v i s c o u s l y c o n t r o l l e d E k m a n layers o n the t o p and b o t t o m b o u n d a r i e s , 

c o n s i d e r the i n f l u e n c e of y Q u p o n the n e i g h b o u r h o o d o f s = 0 in the s - p l a n e 

w h i c h , a s a b r a n c h p o i n t , h a s b e e n shown to b e a centre of m a r g i n a l 

s t a b i l i t y o f the flow w h e n y Q = 0 and a < 1 . N o t e t h a t the limiting 

case of E a d y ' s m o d e l for y Q / 0 h a s been i n v e s t i g a t e d t h o r o u g h l y b y 

D r a z i n C 7 2 ) and l a t e r b y M o r o z ('81), a t t e n t i o n here is c o n f i n e d to 

a < 1 , a Q 6 (0, . 



S e t t i n g 6a = O in e q u a t i o n (Al) of a p p e n d i x A it f o l l o w s 

i m m e d i a t e l y t h a t for y ^ 0 , a <_ 1; s = 0 is n o t a r o o t o f (54), since 

1 
for a l l a > 0 , a Q e [0, —] 

rti-^) 

OsS S -9 O 

a n d P ( a , 2 , a Q ; a ) m a y n o t v a n i s h s i m u l t a n e o u s l y w i t h M ( a , 2 , a ) from the 

p r o p e r t y o f c o n f l u e n t h y p e r g e o m e t r i c f u n c t i o n s t h a t t h e y do n o t h a v e 

repeated r e a l r o o t s . 

T o estimate t h e w a y in w h i c h t h e n e u t r a l n o r m a l m o d e a s s o c i a t e d 

w i t h the root s = 0 is p e r t u r b e d for small y Q e q u a t i o n (Al) w i t h 

6a = 0 m a y be u s e d to g i v e a n a s y m p t o t i c v a l u e as VQ^s 0 . S u p p o s e 

f i r s t o f a l l t h a t s = 0 is a s i m p l e r o o t w h e n y Q = 0 . T h e n (a',a,a Q) 

is such t h a t 

a n d the first and fourth t e r m s o f (Al) b a l a n c e i m p l y i n g 

gas Ape + o C ^ e ) (140) 

for the same p o i n t ( a , a , a Q ) . If ( a , a , a Q ) c h a n g e s as y Q i n c r e a s e s from 

zero then (140) is m o d i f i e d b y t e r m s o f f i r s t o r d e r in the c h a n g e o f 

t h e s e p a r a m e t e r s and t h e i r c o n t r i b u t i o n in (140) is r e a l at this o r d e r , 

so t h a t , i n t h i s instance, the g e n e r a l i s a t i o n to a p a t h in p a r a m e t e r 

space w h i c h d o e s n o t i n t e r s e c t the p l a n e y Q = 0 n o r m a l l y is s t r a i g h t f o r w a r d 

i n a s m u c h as the i m a g i n a r y p a r t o f t h e p e r t u r b e d r o o t a n d t h u s the t y p e 

o f s t a b i l i t y are u n c h a n g e d b y the d i r e c t i o n o f the p a t h at a simple 

i n t e r s e c t i o n . 

F r o m the d i s c u s s i o n leading to figure (6) it m a y b e shown that o n 

t h e c r i t i c a l c u r v e s for w h i c h P ( a , 2 , a Q ; a ) = 0 t h a t 



Hence a t points o n the critical surfaces where the flow is w e a k l y 

m a r g i n a l l y stable 

H A , 2 , * ) = - S p P'(*>a->»»i«) 

a n d the influence of the viscous terms for small V Q is. to stabilise 

the m o d e with root s = 0 . Conversely at the remaining p o i n t s o f the 

critical surfaces for a < 2 a Q w h e r e a > s Q ( a 0 , a ) , P
1 ( a , 2 , a 0 } a ) changes 

its sign implying that the influence o f viscosity on the m o d e w i t h 

root s = 0 is destabilising but as pointed o u t previously the numerical 

investigations show t h a t the flow is already unstable in this region 

when y Q = 0 . 

If s = 0 is a double root when y Q = 0 so t h a t (a,a,a o) satisfies 

0 equation (105)j again using (Al) with 6a = 0 for fixed (a,a,a Q) a s p 

increases^the root is given at leading order by balancing the first 

2 
(0(y Q)) term with p a r t o f the seventh and ninth (0(s )) terms and 

_ ( - fas*). i 

C zi 
(141) 

F o r all such points in p a r a m e t e r space,a < 2 a Q and from figure (6) it m a y 

be v e r i f i e d that 

t h e r e . Hence the double root for y Q = 0 splits into a p a i r o f roots 

JL 

' j . or ^ 

(142) 

with phase difference tt,which are not complex ocnjugatesj the first 

choice corresponds to an unstable and the second to a stable m o d e . 

Again this last result holds for all values o f (a,a,aq'Vq) a
 neigh-

bourhood o f the critical v a l u e s (a,a,a 0fO) when y Q / 0 so t h a t the o v e r a l l 

effect o f asymptotically small viscous terms is not stabilising in this 

c a s e . 



C H A P T E R 3 

W E A K L Y N O N L I N E A R E V O L U T I O N OF A L I N E A R L Y U N S T A B L E W A V E P A C K E T F O R 

E A D Y 1 S M O D E L W H E N THE SQUARE ROOT OF THE EKMAN N U M B E R D I V I D E D BY T H E 

ROSSBY N U M B E R IS O R D E R ONE W I T H R E S P E C T T O THE S U P E R C R I T I C A L I T Y 

T h e r e l a t i v e s i m p l i c i t y o f the d y n a m i c s in the c a s e o f E a d y ' s 

m o d e l l e a d s to a r e m o v a l of some of the a n a l y t i c a l d i f f i c u l t i e s of 

the p r e v i o u s c h a p t e r . E q u a t i o n (2.4) w i t h 3 = = 0 b e c o m e s 
s 

( T U - O C ^ - ^ s ) = o < » 

g o v e r n i n g the v e r t i c a l structure o f linearised q u a s i - g e o s t r o p h i c 

n o r m a l m o d e p e r t u r b a t i o n s to a b a s i c linear v e r t i c a l shear flow 

( u = Az) on an f - p l a n e ( 3 = 0 ) w i t h c o n s t a n t d e n s i t y s t r a t i f i c a t i o n 
0 1 

in the u n p e r t u r b e d state (— = 0 ) . It m a y b e shown t h a t the s i n g u l a r 

s o l u t i o n s o f (1) form a c o n t i n u o u s spectrum of m o d e s w i t h p o t e n t i a l 

v o r t i c i t y w h i c h is s i n g u l a r , like a D i r a c delta f u n c t i o n , a t the 

• c 

s t e e r i n g l e v e l w h i c h is u n i f o r m l y d i s t r i b u t e d on the r e a l l i n e . 

H o w e v e r as (1.63) shows the m e r i d i o n a l g r a d i e n t of the p o t e n t i a l 

v o r t i c i t y o f t h e b a s i c state v a n i s h e s in E a d y ' s m o d e l and as a 

c o n s e q u e n c e the spectrum of s i n g u l a r solutions are found to b e n e u t r a l l y 

stable (Pedlosky (1964)) and w i l l t h e r e f o r e b e d i s r e g a r d e d in the 

c o n t e x t o f n o n l i n e a r e v o l u t i o n of d i s t u r b a n c e s in the slightly u n s t a b l e 

s t a t e . The t w o r e g u l a r solutions of (1) are the h y p e r b o l i c f u n c t i o n s 

of (2.18) 

+ = A A C^g**) (2,, o) 

On s u b s t i t u t i n g a l i n e a r c o m b i n a t i o n in the n o r m a l m o d e r e p r e s e n t a t i o n 

for the p e r t u r b a t i o n s t r e a m f u n c t i o n , c . f . (2.2) 

+ c o m p l e x c o n j u g a t e . 
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w h e r e an a s t e r i s k d e n o t e s complex c o n j u g a t i o n , Q and R are c o m p l e x 

c o n s t a n t s and £ = nvrr (m = 1,2,....) b y v i r t u e of (1.67), the r e m a i n i n g 

l i n e a r i s e d b o u n d a r y c o n d i t i o n s (2.44) m a y b e w r i t t e n 

L 

- ^ A s + f ^ ^ & s i<kJLCsJLs-&) / R / 
V I ^ / / \ / 

o 

(5) 

w h e r e = A 

J2. 
w h i c h in the n o t a t i o n of c h a p t e r 2 is j w h e n = 0 . D e f i n i n g 

( j u L ) ̂  
as b e f o r e , (5) p e r m i t s n o n t r i v i a l s o l u t i o n s p r o v i d e d b o t h 

(6) 

(7) 

= ^ (L* 

31 
S-

and the d i s p e r s i o n r e l a t i o n 

(8) 

4 (9) 

is s a t i s f i e d . T h i s c o m p a r e s w i t h e q u a t i o n (2.122), the d i s p e r s i o n 

relation for the E a d y m o d e l in the inviscid l i m i t , w h e n y Q 0 w i t h 

the o t h e r p a r a m e t e r s f i x e d . The loci of the roots o f the d i s p e r s i o n 

relation are s k e t c h e d in figure (1) 

F i g u r e (1) 



N o t i c e t h a t since c = 0 w h e n the flow is m a r g i n a l l y stable (Im(c) = O) 

the p r i n c i p l e o f the e x c h a n g e o f s t a b i l i t i e s h o l d s in the sense of 

D r a z i n and Reid (1981), that i n s t a b i l i t y o c c u r s as an e i g e n v a l u e p a s s e s 

t h r o u g h the o r i g i n . In the t e r m i n o l o g y o f G i b b o n and M c G u i n n e s s (1981) 

the i n v i s c i d p r o b l e m (y Q = 0) is d i s p e r s i v e l y u n s t a b l e , e v e r y w h e r e 

b e l o w the n e u t r a l surface in p a r a m e t e r space the system s u p p o r t s 

n e u t r a l l y s t a b l e , d i s p e r s i v e t r a v e l l i n g w a v e s and above t h e s u r f a c e 

e a c h u n s t a b l e m o d e is a c c o m p a n i e d b y a stable m o d e since t h e r o o t s o f 

the d i s p e r s i o n r e l a t i o n o c c u r in complex c o n j u g a t e p a i r s , w h e r e a s the 

v i s c o u s p r o b l e m (y Q > 0) is t e r m e d d i s s i p a t i v e l y u n s t a b l e as e v e r y w h e r e 

b e l o w the n e u t r a l surface d i s p e r s i v e w a v e s m a y exist b u t are stable o r 

t e m p o r a l l y d e c a y i n g , the r o o t s of the d i s p e r s i o n r e l a t i o n no l o n g e r 

o c c u r in c o n j u g a t e p a i r s and the flow is m a r g i n a l l y stable w h e n any 

root c r o s s e s the axis Im(c)= 0 in the c - p l a n e . 

Equation* (9) d e t e r m i n e s the n e u t r a l surface b y the c o n d i t i o n 

(10) 

w h e r e 

( I D and < f = (12) 

o U A o A 

is f r e q u e n t l y r e f e r r e d to as the B u r g e r o r t h e r m a l R o s s b y n u m b e r . 

If the spanwise w a v e n u m b e r , and the a s p e c t ratio o f the c h a n n e l , h , 

are c o n s i d e r e d as given then (10) t o g e t h e r w i t h (11) and (12) d e t e r m i n e s 
C P 2 

a r e l a t i o n b e t w e e n the t w o p a r a m e t e r s k and S and the g r o u p i n g . 
2 A R Q 

T o enable c o m p a r i s o n of this a n a l y s i s of'Early's m o d e l w i t h t h a t of 

D r a z i n (1970 a n d 1972) c o n s i d e r the g r o u p i n g 

= r ^ = f , U 3 ) 

j - I J ? . 4 

so that y is the o n l y p a r a m e t e r d e p e n d e n t on the v i s c o u s e f f e c t s o f 

the E k m a n layers and let it v a r y i n d e p e n d e n t l y o f S in r e a l t h r e e 

d i m e n s i o n a l (k,S,y) p a r a m e t e r s p a c e . In D r a z i n 1 s w o r k S does not 

a p p e a r in e q u a t i o n (11) b e c a u s e o f the d i f f e r e n t c h o i c e o f non-

d i m e n s i o n a l i s a t i o n for t i m e . S o l v i n g (9) implies 
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c = _ L _ Z c^G ( r i d s + 

so t h a t everywhere o n the n e u t r a l surface 

M = - M . ^ 

^ M 

= - LAL (avidVL&ils frg+fr-AMvak-i))) 

w h i c h confirms that e v e r y w h e r e on the n e u t r a l surface the g r o u p v e l o c i t y 

of the m a r g i n a l l y stable m o d e v a n i s h e s , p r o v i d e d y Q > 0 . 

F r o m the c o m p u t a t i o n a l l y a s s i s t e d sketch o f the n e u t r a l surface 

in figure (2) it m a y be seen t h a t the s u r f a c e h a s a single m i n i m u m , 

(k ,S ,y ), in (k,S,y) space at w h i c h k ,S ,y are n o n - z e r o and 
m m m m m m 

^ L i s L 

w h e r e the suffix d e n o t e s e v a l u a t i o n at the m i n i m u m o r c r i t i c a l point, 

E x p l i c i t l y 

4 L» ° => +• - <) - o (17) 

M b " * 

= o 

- ^ -> f t - 1) * s - C ^ - A s J ) = o a s ) 

E q u a t i o n s (18) a n d (19) imply k = Z, then on solving (17) and (19) 

for s e q u a t i o n (12) g i v e s S for g i v e n £ and h . E i t h e r (17) o r (19) 

t h e n g i v e s the root for y Q and thus y from (13). 



C o n s i d e r n o w an a t t e m p t to follow the e v o l u t i o n o f a p a c k e t o f 

w a v e s o f the form (4) w h i c h are slightly u n s t a b l e in the c o n t e x t of 

linear t h e o r y b y e x a m i n a t i o n o f an a s y m p t o t i c a l l y small p e r t u r b a t i o n 

a b o u t the c r i t i c a l p o i n t (k ,S ,y ) at the n o s e o f the n e u t r a l s u r f a c e , 
m m m 

i.e.; c o n s i d e r the p o i n t (k ,S ,y) in the u n s t a b l e r e g i m e o f p a r a m e t e r 
m m 

space d e f i n e d b y 

O <± J - - J - = ^ (20) 

w h e r e the s u p e r c r i t i c a l i t y is a (small) a s y m p t o t i c p a r a m e t e r . In 

o r d e r to find an a s y m p t o t i c solution of the g o v e r n i n g e q u a t i o n , w h i c h 

is n o w (1.65) w i t h v = k = 0 , P s = c o n s t a n t and 3 = 0 , 

and b o u n d a r y c o n d i t i o n s 

= - ° ^ 1 (22) , (23) 

+ A . ( 4 A 4 ) = A 4 (24) 

w h i c h include the J a c o b i a n n o n l i n e a r i t i e s for the d i s t u r b a n c e s t r e a m 

function <{),notice f i r s t that the linear g r o w t h r a t e of a m o d e is 

to f i r s t o r d e r , and t h a t the locally p a r a b o l i c c r o s s - s e c t i o n o f t h e 

n e u t r a l surface w i t h the p l a n e S = S implies that the flow is u n s t a b l e 
t 

for a b a n d o f x - w a v e n u m b e r s c e n t r e d on k = k ^ of w i d t h 0 ( e 2 ) . H e n c e 

the a m p l i t u d e of a p a c k e t o f u n s t a b l e m o d e s v a r i e s o n a slow s p a t i a l 

scale 

. J. 
(26) 



a n d o n a slow t e m p o r a l scale 

(27) 

Since the f i n i t e spanwise e x t e n t of the flow q u a n t i s e s the s p a n w i s e 

h 
w a v e n u m b e r , H , no slow scale e y w i l l be i n t r o d u c e d . T h e q u a d r a t i c 

n o n l i n e a r i t y o f the g o v e r n i n g e q u a t i o n s and b o u n d a r y c o n d i t i o n s 

suggests that t h e w e a k l y n o n l i n e a r e v o l u t i o n o f the p a c k e t a m p l i t u d e 

A O ^ r ) (28) 

of e q u a t i o n (4) is d e t e r m i n e d b y a cubic n o n l i n e a r i t y in its g o v e r n i n g 

e q u a t i o n so that the w a v e a m p l i t u d e is 0(E ). The p e r t u r b a t i o n 

stream f u n c t i o n is t h e r e f o r e a s s u m e d t o have an a s y m p t o t i c e x p a n s i o n 

of the form 

(29) 

and the scalings in e are j u s t i f i e d a p o s t e r i o r i w h e n the a m p l i t u d e 

e q u a t i o n for A h a s b e e n f o u n d . R e - c a s t i n g e q u a t i o n s (21) a n d (24) 

in a form suitable for finding the s o l u t i o n (29) via an i t e r a t e d 

sequence of linear p r o b l e m s the m u l t i p l e scaling t r a n s f o r m a t i o n s 

X £ X 

X X 
y i e l d , using (20), 

_ € C \ tc4 + 3SL.A* * A (4> K 4 ) 

L , ^ (30) 

a&j) / 
where w f (31) 



a n d 

+ £ 

•h 4b 2- - ±rL 
2L 

U s i n g the e x p a n s i o n (29) the r e s u l t i n g l i n e a r p r o b l e m s at s u c c e s s i v e 

o r d e r s are: 

0(e*) 

A * 4>0 = O 

C ^ ^ - - ^ o w V s C ^ w h e r e a b a r d e n o t e s a v e r a g i n g 

v/ h 
on z = x = + — 

2 
e 

w h i c h is the linear p r o b l e m w i t h the solution (4) and (8), i . e . ; 

iit 
° M I .0. a. ,'m. - / I / t , \ 

(33) 6 jl / 

+ c o m p l e x c o n j u g a t e . 

0 ( e ) 

Since t h e solution a t the p r e v i o u s o r d e r satisfies Km(|>0 = 0 t h e right 

hand side r e d u c e s to 

C 4u = asX K -/HaV U ) si c3^)) 

+ c o m p l e x c o n j u g a t e . (34) 
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u s i n g the solution f o r <{>0. The t o p a n d b o t t o m b o u n d a r y c o n d i t i o n s are 

+ ± A (4>o> z = ± | . 

A 

w h i c h reduces to 

0 ( 3 5 ) 

A l C s ^ ^ J ) h 
o n z = ± — . 

w i t h the sidewall b o u n d a r y c o n d i t i o n s 

Ck - O ' c f c - a o n Y = 0 , l (36),(37) 

H e n c e the solution for c o n t a i n s 

(i) A t e r m i n d e p e n d e n t of the d o w n s t r e a m c o o r d i n a t e , x , f o r c e d 

b y the last term o f (35) arising from the lowest o r d e r n o n l i n e a r 

e f f e c t . T h i s p a r t of t h e s o l u t i o n , ^ ( X , y , z , t ) s a y , s a t i s f i e s (34) 

and (36) a u t o m a t i c a l l y , to ensure t h a t it also s a t i s f i e s (37) the y 

. . ot 
d e r i v a t i v e s o f <J>̂  m u s t v a n i s h i d e n t i c a l l y on the s i d e w a l l s Y = 0 , 1 . 

T h e equation d e t e r m i n i n g t h i s p a r t of the solution w i l l be f o u n d a t 

3/2 

the next o r d e r , 0 ( e ). 

(ii) A 'resonant t e r m 1 forced b y the r i g h t hand side of (34). 

Prima facie t h e r e a r e t h r e e g r o u p s o f two t e r m s w i t h this r e s o n a n c e 

expressed b y the x , y o r z c o o r d i n a t e s in each r e s p e c t i v e g r o u p . T h e 

first g r o u p is d i s m i s s e d on p h y s i c a l g r o u n d s since it c o r r e s p o n d s to 

a train of d i v e r g e n t l y o s c i l l a t i n g w a v e s in the u p s t r e a m - d o w n s t r e a m 

d i r e c t i o n , the second g r o u p is d i s r e g a r d e d since it d o e s n o t s a t i s f y t h e 

s i d e w a l l b o u n d a r y c o n d i t i o n (37) for the d i s c r e t e w a v e n u m b e r s 

£ = imr (m = 1 , . . . . ) . 



The solution is sought b y p u t t i n g 

4.-4.C 
y>2ry>T:) us. + complex conjugate 

OS) 

w h e r e 

and A ^ , B ^ a r e c o m p l e x c o n s t a n t s w i t h A ^ a n d B ^ r e p r e s e n t i n g the 

h o m o g e n e o u s p a r t o f the s o l u t i o n . On s u b s t i t u t i o n o f (38) a n d (39) 

into .(34) the 'resonant p a r t ' o f the solution g i v e s 

A e = - c i L C ^ . = A 0 (40) 

c2 sl-As^ 
E q u a t i o n (35) t h e n d e t e r m i n e s the h o m o g e n e o u s p a r t o f the s o l u t i o n 

for <f>̂  v i a 

l 4, - K ± j> 

( 5 L - A l ^ 

(41) 

St 
- t h 

on z = ± — 2 

On s u b s t i t u t i o n of (39) u s i n g the e x p l i c i t r e l a t i o n s (40) a n d the 

equation (17) w h i c h d e f i n e s the n e u t r a l s u r f a c e , t h e b o u n d a r y c o n d i t i o n 

implies 

(42) 

and 

^ ^ ( ^ - B , ) 

t (4 



The t w o e q u a t i o n s are e q u i v a l e n t o r o n e is r e d u n d a n t as m a y b e seen 

b y c o m p a r i n g t h e i r left h a n d sides and t h e i r r i g h t hand sides w i t h 

(18) w h i c h h o l d s a t the c r i t i c a l p o i n t (k ,S , y ). Since n e i t h e r 
m m m 

r i g h t h a n d side of (42) and (43) v a n i s h e s w e m a y c h o o s e A 1 = 0 in an 

a t t e m p t to m i n i m i s e the s u b s e q u e n t a l g e b r a . T h e n after some 

s i m p l i f i c a t i o n u s i n g (19) 

8, = i s . ^ ( s L . d L . - l ) 

v„ . , <44> 

whence 

-ilk-SLl l y A ( ^ ) 

+ B t A ^ X s l f i k * * ) + c o m P l e x conjugate 
F ( 4 5 ) 

o < e
3 / 2 > 

A J A M ) c 4 , y t L A ) 

A) 

- A . ( A > t s ~ A ) - A A - A -
S f c y ) ' (46) 

F r o m the e q u a t i o n s for the scheme a t 0(e ) a n d 0(e) 

% 
N o w the s o l u t i o n at 0(e ) s a t i s f i e s 

^ A = ° 
a n d if the c o n s t a n t o f i n t e g r a t i o n a t the n e x t o r d e r also v a n i s h e s , t h e n 

= (47) 



so the r i g h t hand side a t t h i s o r d e r s i m p l i f i e s to 

C = - ^ - («) 
The c o n d i t i o n (36) is s u f f i c i e n t for the t e r m s 

o n the right hand side o f (46) to v a n i s h e v e r y w h e r e b u t the s o l u t i o n 

(j^e1^111* has been c o n s t r u c t e d so t h a t 

c<L. 

w h e n c e the t e r m s o f line (49) b e c o m e 

o( 

,a • 
S i n c e is i n d e p e n d e n t o f x , the second o f t h e s e t e r m s l e a d s to a 

c o n t r i b u t i o n to the solution for 42 w h i c h i s p r o p o r t i o n a l t o a n & 

b e c o m e s u n b o u n d e d f a r u p s t r e a m and d o w n s t r e a m as |x| ->• 00 u n l e s s 

X 4 > " = o (50) 

VJ 
ct 

So t h e p r o b l e m for <J>̂  is 

w i t h (51) 

= O 4 = q> I 

and from (35) u s i n g (6) and (13) 

4 > f S ^ S t l H t A l V a ^ o n z = ± | , 
V ~ 

w h i c h in c o n s i d e r a t i o n o f (51) m a y b e integrated to g i v e 

<4* - ^ 4 j | A r 

X 1 U a ^ Z Z T I Z ) 

on z = 1 = + — 

and t h e n the F o u r i e r sine series 

00 
^ t l - I = - ^ ^ ty'M (52, 



Ao -

where 

= - O A * .. a , 
Zj +I — — / ~ 

leads to the solution 

4,"I = Afy'Vc* (53> 

W i t h the solution at 0(e) now adequately determined the remaining 

3/2 
information for the p r o b l e m at 0(e ) is contained in the b o u n d a r y 

conditions 

(54) 

and 

A 644e) * ' A (44 ) (55) 

A partial differential equation for the amplitude function A(X,x) 

including the lowest o r d e r nonlinear interaction of the linearly 

unstable p a c k e t with the b a s i c zonal flow is found by applying the 

secularity condition imposed by the linear adjoint homogeneous conditions 

formed from (22) to (24). The operator K m is self-adjoint and likewise the 

homogeneous boundary conditions (22) and (23), however (24) leads to 

4 = o 

where f denotes the adjoint of an operator and * denotes the adjoint 

function. Then direct comparison of the adjoint problem with the 

problem at 0 ( e 2 ) shows that the adjoint solution is given by the m a p 

x -x: <f> ->• <f>*, i.e.; 



-4! 

v ^^r? ^ - j r / (56) 

+ c .c. 

The s e c u l a r i t y c o n d i t i o n is t h e n , f o l l o w i n g D r a z i n (1972), m o s t simply 

e v a l u a t e d b y integrating the r e s u l t 

+ 

\ 
i O ^ * A 

2ir h 
w h e r e D ^ = {(x,y,z) : 0 £ x £ — , - — £ y £ —, - - £ z £ — },su c c e s s i v e l y 

m 
b y p a r t s to g i v e 

J 4 1 . i c ^ l i y J U 

2* 

© - 1 
a. 

J - U v -i 
= <D 

w h e r e a l l o t h e r b o u n d a r y t e r m s v a n i s h b y the i m p o s e d p e r i o d i c i t y in x, 

F u r t h e r i n t e g r a t i o n s b y p a r t s then g i v e the final form 

g i L 

J € t-41 JUL 
V O -i *rB.L 

of the c o n d i t i o n w h i c h m a y be e v a l u a t e d from (48) a n d (55) u s i n g the 

l o w e r o r d e r solutions for <f>Q a n d <f>̂  t o g e t h e r w i t h t h e a d j o i n t s o l u t i o n 

<f>* to give the c u b i c l y n o n l i n e a r p a r t i a l d i f f e r e n t i a l e q u a t i o n 

4 - = A - 4-iAtA[z (58) 



T h e n e c e s s a r y a l g e b r a i s l o n g - w i n d e d a n d h a s b e e n o m i t t e d , t h e 

r e s u l t s a r e : -

(59) 

su. ( 

w h i c h is the (scaled) g r o w t h r a t e (25) of l i n e a r t h e o r y . T h e f o r m o f 

the c o e f f i c i e n t a 2 w h i c h a p p e a r s f r o m t h e s e c u l a r i t y c o n d i t i o n i s 

( s L - i U . + S . A 1 . ) - O C ^ C u t l ^ ) + flLi* * » ) J i s « ) 

_ a ft * 5 i j U . ( A ^ - 1 ^ V - ) 

b u t u s i n g t h e r e l a t i o n s (17-19) d e f i n i n g t h e m i n i m u m p o i n t o n t h e 

n e u t r a l s u r f a c e it m a y b e s h o w n t h a t 

a ^ L 

(60) 

w h i c h m a y b e c h e c k e d t o b e r e a l a n d p o s i t i v e m o r e r e a d i l y , a g a i n t h e 

d e t a i l s h a v e b e e n o m i t t e d . F i n a l l y 
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(61) 

The 'Landau c o n s t a n t ' o f equation (57) is the salient feature of t h i s 

t y p e of w e a k l y n o n l i n e a r s t a b i l i t y a n a l y s i s . The P a r s e v a l f o r m u l a 

a s s o c i a t e d with the F o u r i e r sine series (52) is 

w h i c h t o g e t h e r w i t h e q u a t i o n (17) d e f i n i n g the n e u t r a l s u r f a c e m a y b e 

u s e d to r e w r i t e (61) a s 

5 

A l l o w i n g for the f a c t o r S ^ w h i c h is introduced b y the d i f f e r e n t t i m e 

s c a l i n g , this is the L a n d a u c o n s t a n t of D r a z i n (1972) for the a m p l i t u d e 

of a single u n s t a b l e m o d e at a p o i n t a w a y from the nose (k ,S , y ) of 
' m y m 

t h e n e u t r a l surface w h e n y is 0(1) and fixed and the s u p e r c r i t i c a l i t y 

is t a k e n w i t h r e s p e c t to the B u r g e r n u m b e r S (or 8 in D r a z i n ' s n o t a t i o n ) . 

The t e r m s in the e x p a n s i o n scheme w h i c h give rise t o y are the f i r s t 

two J a c o b i a n t e r m s in equation (55) a l o n e ; there are no n o n l i n e a r t e r m s 

on the right h a n d side o f (48) b y v i r t u e o f the w a y in w h i c h the lower 

o r d e r solutions <f>0 a n d $ h a v e b e e n c o n s t r u c t e d , the slow scale J a c o b i a n 

term in (55) does n o t c o n t r i b u t e t o the final r e s u l t and s i m i l a r l y the 

t h i r d t e r m in (57) does n o t c o n t r i b u t e since on the s i d e w a l l s , from 

3 

- 1 

(54) and (45) 

w h i c h is i n d e p e n d e n t o f x . 



T h a t a2 and y are b o t h r e a l is a c o n s e q u e n c e of the v a l i d i t y o f 

the p r i n c i p l e o f exchange o f s t a b i l i t i e s w h i c h h o l d s at a l l p o i n t s o f 

t h e n e u t r a l surface (Newell 1 9 7 4 ) . Since the n e u t r a l surface is l o c a l l y 

concave a t the m i n i m u m p o i n t it then follows t h a t a2 is p o s i t i v e a n d Y 

h a s b e e n c o m p u t e d as p o s i t i v e a t all p o i n t s of the n e u t r a l surface 

w h i c h c o r r e s p o n d to i n t e g e r v a l u e s o f k b y D r a z i n (Drazin 1 9 7 2 ) . A s s u m i n g 

t h a t Y is p o s i t i v e at the m i n i m u m p o i n t , equation (58) is t y p i c a l of 

a class d e s c r i b i n g v i s c o u s i n s t a b i l i t i e s w h i c h i n c l u d e s t h e i m p o r t a n t 

cases o f T a y l o r - v o r t e x flow a n d B d n a r d c o n v e c t i o n . A p r o p e r t y o f 

this equation has been found b y E c k h a u s (1965) and e l a b o r a t e d and 

c l a r i f i e d b y S t u a r t a n d D i P r i m a (1978), n a m e l y t h a t (58) p o s s e s s e s a 

set o f steady solutions 

A - A (63) 

w h e r e / A J * = c i = - X X ( 6 4 ) 

c o r r e s p o n d i n g to the 0 ( E 2 ) b a n d w i d t h o f w a v e n u m b e r s w h i c h are u n s t a b l e 

in l i n e a r t h e o r y . F u r t h e r , p e r t u r b a t i o n s o f the form 

A . - . 4 - * H U . / S C X , r > 

to the e q u i l i b r i u m solution (63) are l i n e a r l y stable p r o v i d e d t h a t 

k 
the w a v e n u m b e r k + e m_ o f the flow d i s t u r b a n c e r e p r e s e n t e d b y the 

m o 

solution satisfies the i n e q u a l i t y 

< < ft-1 

n j s 

w h e n k a n d k are the l i m i t i n g w a v e n u m b e r s for w h i c h the p o i n t s 
"T" "" 

(k.,S ,u +E) and (k ,S + E ) are on the n e u t r a l s u r f a c e . 
+ m m - m m 

The e q u a t i o n (58) has been studied n u m e r i c a l l y b y v a r i o u s a u t h o r s 

and a summary o f some r e s u l t s has b e e n given in the r e v i e w b y N e w e l l 

(1974) w h i c h s u g g e s t s that w h e n a ^ , a 2 and y are p o s i t i v e the solution 

at large t i m e s is 

everywhere for a v a r i e t y o f i n i t i a l c o n d i t i o n s . 



C H A P T E R 4 

W E A K L Y N O N L I N E A R E V O L U T I O N O F A SINGLE L I N E A R L Y U N S T A B L E W A V E F O R 

E A D Y ' S M O D E L W H E N THE SQUARE ROOT O F T H E E K M A N N U M B E R D I V I D E D BY THE 

ROSSBY N U M B E R IS O F THE O R D E R O F THE SQUARE R O O T O F THE S U P E R C R I T I C A L I T Y 

A large p r o p o r t i o n of t h e p r o b l e m s c o n c e r n i n g the f o r m o f s l i g h t l y 

u n s t a b l e b a r o c l i n i c flow w h i c h h a v e a p p e a r e d in the l i t e r a t u r e c o n s i d e r 

the e v o l u t i o n o f a single w a v e , a s s o c i a t e d w i t h o n e p a r t i c u l a r w a v e -

n u m b e r in the d o w n s t r e a m o r x - d i r e c t i o n . A p a r t from t h e s i m p l i c i t y of 

the d y n a m i c s imposed b y such a c o n s t r a i n t the m o t i v a t i o n f o r its u s e 

comes from the k e e n l y o b s e r v e d r e s u l t s of e x p e r i m e n t s w i t h a 

d i f f e r e n t i a l l y h e a t e d r o t a t i n g a n n u l u s w h e r e the finite a z i m u t h a l 

e x t e n t o f t h e a p p a r a t u s q u a n t i s e s the p e r m i s s i b l e d o w n s t r e a m w a v e n u m b e r s 

in the case o f an o r d e r e d laminar d i s t u r b a n c e to the b a s i c f l o w . 

(There a r e s e v e r a l reviews o f e x p e r i m e n t s u s i n g f u n d a m e n t a l l y s i m i l a r 

a p p a r a t u s , see e.g.; B u z y n a , P f e f f e r and K u n g 1978 or Hide a n d M a s o n , 

1975.) In a given e x p e r i m e n t o r at a g i v e n p o i n t in p a r a m e t e r space 

in the s l i g h t l y u n s t a b l e state the a p p a r a t u s t y p i c a l l y s e l e c t s a single 

d o w n s t r e a m w a v e n u m b e r , k , w h i c h is 0(1) w i t h r e s p e c t to the s m a l l 

g r o u p i n g s o f the Rossby n u m b e r e t c . . N o t e t h a t t h e r e a r e also r e g i m e s 

in p a r a m e t e r space close to the n e u t r a l surface (which for a c o n t i n u o u s 

spectrum o f k is given by e q u a t i o n (3.10) and s k e t c h e d in figure (3.2)) 

w h e r e a finite n u m b e r o f w a v e s o f d i f f e r e n t w a v e n u m b e r (k,£) are 

linearly u n s t a b l e . A p r o b l e m involving the w e a k l y n o n l i n e a r inter-

a c t i o n of t w o such l i n e a r l y u n s t a b l e w a v e s o f e q u a l t o t a l w a v e n u m b e r 

w i t h the b a s i c flow has b e e n studied in the inviscid limit of the E a d y 

m o d e l b y D r a z i n (Drazin 1970) who l a t e r (Drazin 1972) c o n s i d e r e d a 

s i m i l a r p r o b l e m for two u n s t a b l e w a v e s w i t h e q u a l s p a n w i s e w a v e n u m b e r , 

I , in the v i s c o u s case o f t h e E a d y m o d e l w h e n y Q = 0(1) a s the 

s u p e r c r i t i c a l i t y t e n d s to z e r o . 

T h e r e now follows d i s c u s s i o n of the w e a k l y n o n l i n e a r e v o l u t i o n of 

such a single w a v e (where k and I are 0(1)) w h e n the s u p e r c r i t i c a l i t y 

is t a k e n w i t h r e s p e c t to the B u r g e r n u m b e r (S) f o r given v a l u e s of 

the v i s c o s i t y p a r a m e t e r y . 

R e c a l l the equation of the n e u t r a l surface is 

r i b * * - o 

JL*±. /a 0 = fag* 

(i) 



W h e n y ^ = 0 , the i n v i s c i d c r i t e r i o n for l i n e a r i n s t a b i l i t y is 

w h i c h is r e c o v e r e d in a r e g u l a r m a n n e r from (1) as y Q 0 . F o r 

y > 0 the n e u t r a l surface h a s two b r a n c h e s o f i n t e r s e c t i o n w i t h the 

p l a n e s k = c o n s t a n t (see f i g u r e (3.2)), along the l o w e r b r a n c h f r o m (1) 

for given 0(1) k and SL w h e r e t h e 6 suffix d e n o t e s e v a l u a t i o n on the 

n e u t r a l surface for y > 0 a n d t h e o suffix likewise for y = 0 

A * 

and S . 0 . o 
A l o n g the u p p e r b r a n c h 

<sl* p C> 

s 

= > £ - £ - a s * p i + 6 < y ) 

s f ( G - l ) 

4Xf O 

(4) 

w h i c h recovers the c a s e o f (2) in the l i m i t y 0 . C o n s i d e r a t i o n here 

w i l l b e c o n f i n e d t o the case of the u p p e r b r a n c h . T h r o u g h o u t the 

remaining chapters it w i l l b e c o n v e n i e n t to compare the b e h a v i o u r o f 

the E a d y m o d e l w i t h v i s c o u s e f f e c t s at the t o p and b o t t o m b o u n d a r i e s 

i n c l u d e d to the 2 - l a y e r m o d e l of P h i l l i p ' s ('54) w h i c h h a s b e e n s t u d i e d 

w i t h the i n c l u s i o n o f v i s c o u s e f f e c t s in the m a i n p a r t b y P e d l o s k y 

(a series o f r e f e r e n c e s is i n c l u d e d ) . A salient feature c o n t r a s t i n g 

the t w o m o d e l s arises b e c a u s e for the 2 - l a y e r m o d e l the b a s i c flow and 

u n d i s t u r b e d d e n s i t y are i n d e p e n d e n t o f the v e r t i c a l c o o r d i n a t e , z , 

w i t h i n each l a y e r . T h i s i n d e p e n d e n c e implies that the n o r m a l m o d e 

r e p r e s e n t a t i o n o f the p e r t u r b a t i o n field is also i n d e p e n d e n t o f z and 

on n e g l e c t i n g the e f f e c t s o f t h e r m a l d i f f u s i o n and m o l e c u l a r v i s c o s i t y 
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in t h e i n t e r i o r flow (especially in the n e i g h b o u r h o o d o f the i n t e r f a c e 

b e t w e e n d i f f e r e n t layers) e q u a t i o n (1.59) m a y be i n t e g r a t e d in z 

u s i n g the b o u n d a r y c o n d i t i o n (1.60) a n d a s i m i l a r c o n d i t i o n on the t o p 

b o u n d a r y to give a p a i r o f e q u a t i o n s in x , y and t , one for each o f 

the t w o l a y e r s , e x p r e s s i n g c o n s e r v a t i o n of p o t e n t i a l v o r t i c i t y . The 

i n c l u s i o n of the B-plane effect in the layer m o d e l s does n o t change 

this s i t u a t i o n i n a s m u c h as the n o r m a l m o d e s are still i n d e p e n d e n t of z 

b u t n o w 3 a p p e a r s in the d i s p e r s i o n r e l a t i o n e x p l i c i t l y in such a w a y 

that the i n v i s c i d l i m i t (y 0) o f t h e n e u t r a l surface is n o t the 

n e u t r a l curve o f the i n v i s c i d p r o b l e m (y = 0) u n l e s s 3 = 0 , i.e.; the 

p o s i t i o n o f the n e u t r a l surface is d e s t a b i l i s e d in the i n v i s c i d l i m i t 

w h e n 3 ? 0 . T h i s p o i n t w a s first m a d e b y H o l o p a i n e n (1961) a n d h a s 

been c o n s i d e r e d in d e t a i l b y G i b b o n and M c G u i n n e s s (1981) w h e r e it is 

shown t h a t t h e n e u t r a l curve in the i n v i s c i d c a s e is r e c o v e r e d in t h e 

inviscid l i m i t if b o t h the v i s c o s i t y p a r a m e t e r and the 3-plane e f f e c t 

are i n i t i a l l y a s s u m e d to be of the s a m e . o r d e r o f m a g n i t u d e a s the 

square root o f the s u p e r c r i t i c a l i t y . H o w e v e r , t h e c o n t e n t of 

c h a p t e r 2 shows t h a t in the c o n t i n u o u s l y sheared m o d e l (and w h e n 

= 0 as in E a d y ' s case) the v e r t i c a l structure of the p e r t u r b a t i o n 

field has an i m p l i c i t d e p e n d e n c e on 3 and the d i s p e r s i o n r e l a t i o n a s y e t 

d e f i e s a n a l y s i s e x c e p t in the inviscid case (y Q = 0 ) . In e s s e n c e , the 

g e n e r a l i s a t i o n o f t h e t h e o r y to include the 3-plane effect in the 

2 - l a y e r m o d e l d o e s n o t appear to h a v e an o b v i o u s c o u n t e r p a r t in the 

c o n t i n u o u s l y s h e a r e d a n d s t r a t i f i e d m o d e l s . 

A f u r t h e r d i f f i c u l t y w h i c h in the c o n t e x t o f the 2 - l a y e r m o d e l 

w a s f i r s t p o i n t e d o u t b y P e d l o s k y (1971) c o n c e r n s 

the b e h a v i o u r o f the linear g r o w t h r a t e with r e s p e c t to the s u p e r c r i t i c a l i t y 

o v e r d i f f e r e n t r e g i m e s of y . N o w 

(5) 

( s ' - S r ) - ^ O 

when k , £ and h are f i x e d . T h e n p e r t u r b i n g S from a p o i n t (k,S^,y) 

on the n e u t r a l surface 

+ C>((s-u?) (6; 



and from (3.14) 

( 
/ ( 7 ) 

r + o ) 

so that if y Q is 0(1) as (s-s^) 0 . 

= ( ) ) (s'e-5) 

+ 0 < y ) ( 8 > 

where S^-S = e « 1 is the supercriticality, this w i l l b e referred to 

as the 0(1) v i s c o u s c a s e . If y = o(e ) as e 0 , then from (3) 

= * ) 

s - % = < r - s 6 f- O c<*) 

so that from (7) 

. j I /k / - , / ^ „ . v 
(9) fcc * i O l f t / s g d ^ ^ - S ) 4 + ^ 

. 2 V / 
J2. v a s ; 

which w i l l be referred to as the inviscid case. N o w , the limit t h a t 

y -v 0 w i t h all o t h e r quantities fixed in (8) is incompatible w i t h (9) 

Inspection of (7) shows that there is an intermediate region w h e r e 

, h, 
y = 0(e ) as e -»- 0 and there 

-f- O & r ) 
(10) 



% 
so t h a t the g r o w t h r a t e m this r e g i m e is p r o p o r t i o n a l to e . 

F r o m (10), the i n v i s c i d g r o w t h rate (9) is r e c o v e r e d w h e n y Q -v 0 

w i t h (s-sg) fixed a n d the i n v i s c i d limit o f the 0(1) v i s c o u s case 

g i v e n b y (8) is r e c o v e r e d w h e n ( s - s J 0 w i t h y f i x e d , the regime 
3- 0 

w h e r e y = 0 ( e 2 ) w i l l b e t e r m e d the 0 ( e 2 ) v i s c o u s c a s e . 
T o investigate t h e w e a k l y n o n l i n e a r d y n a m i c s o f an u n s t a b l e 

\ 
w a v e in the 0 ( e ) v i s c o u s case p u t 

= 

r = e l J t 

wherd v is a d i m e n s i o n l e s s v a r i a b l e r e p r e s e n t i n g the i n f l u e n c e o f the 

E k m a n b o u n d a r y layers w h i c h is strictly 0(1) w i t h r e s p e c t to t h e 

s u p e r c r i t i c a l i t y E , a n d T is t h e slow t i m e scale of e v o l u t i o n i m p l i e d 

b y the l i n e a r g r o w t h r a t e (10). S i n c e k and Z a r e 0(1) 

to-1) 

t i U 1 
U<?to-i> / (i2) 

= ( ± I ) t + 0 < j t * ) 

where 

Or S = 
(13) 

Now assume an expansion of the form 

for the d i s t u r b a n c e stream function w h i c h w i l l lead to a cubic 

n o n l i n e a r i t y for the a m p l i t u d e f u n c t i o n , A ( x ) . N o t e t h a t t h i s e x p a n s i o n 

is a s y m p t o t i c (with r e s p e c t to E as E 0) and m a y also be c o n v e r g e n t 

(for £ > 0) a s has b e e n shown to be t r u e for a s i m i l a r p r o b l e m of 

u n s t a b l e flow b e t w e e n d i f f e r e n t i a l l y rotating c y l i n d e r s b y K i r c h g S s s n e r 



-too 

a n d S o r g e r (1969). A suitab l e form o f the g o v e r n i n g e q u a t i o n s and 

b o u n d a r y c o n d i t i o n s (1.66) t o (1.69) for the i t e r a t i o n sequence o f 

l i n e a r p r o b l e m s at s u c c e s s i v e p o w e r s of e is 

J U ^ O = - A C 4 M ) -

(15) 

w h e r e K = 3 2 + S„(3 +3 2 ) 
0 z 0 x y 

(16) 

2. 

= (17) 

< ^ r = O V = O , I (18) 

w h e r e the o v e r b a r d e n o t e s a v e r a g i n g w i t h respect to x as d e f i n e d in 

equation (1.53). 

T h e expansion (14) y i e l d s the p r o b l e m s at successive o r d e r : -

k 
O(e-) 

(19) 

L * (f>a -

3 



(20) 

(21) 

w h i c h h a s the solution t o t h e l i n e a r i n v i s c i d p r o b l e m of D r a z i n 1 9 7 0 , 

in the p r e s e n t n o t a t i o n 

4 = C A i F A 

w h e r e A = A ( t ) is the c o m p l e x w a v e a m p l i t u d e function and 

k- r-TT , r = j SoiiSo- I > ° 

0(e) 

w h i c h , since the solution a t p r e v i o u s o r d e r s a t i s f i e s K ^ = 0 r e d u c e s 

to the h o m o g e n e o u s e q u a t i o n 

A* X c = ^ 

and 

w i t h 

t o J A- + JL 4> 
A A 

(22) 

(23), (24) 

• t o 

w h i c h , u s i n g (20), b e c o m e s 

MS 4. 
3 t 

<L04>, = ±2*, Ckd ) s u l i 
At 

± ^ a A ) i , 

+ c o m p l e x c o n j u g a t e o n z = ± — . 

(25) 



N o t e t h a t the n o n l i n e a r term v a n i s h e s in t h i s b o u n d a r y c o n d i t i o n , 

% 
t h i s is t y p i c a l o f the small 0 ( e ) v i s c o u s case b u t not of the 0 ( 

v i s c o u s c a s e , c . f . e q u a t i o n (3.35). A solution m a y be w r i t t e n 

4 , ( A - ^ ) ^ ^ V 

M i t e - . ) • x 

+ ( 2 6 ) 

te-o x 

+ c o m p l e x c o n j u g a t e of t h e s e t e r m s 

+ f(y,z,x) 

w h e r e the as y e t a r b i t r a r y f u n c t i o n f ( y , z , T ) is taken t o b e r e a l 

w i t h o u t loss o f g e n e r a l i t y and is specified b y a s e c u l a r i t y c o n d i t i o n 

at next o r d e r . The f u n c t i o n f(y,z,x) a u t o m a t i c a l l y s a t i s f i e s the 

g o v e r n i n g e q u a t i o n (22) and b o u n d a r y c o n d i t i o n (23). 

0 ( e 3 / 2 ) 

A g a i n the n o n l i n e a r t e r m s v a n i s h o n u s i n g the s o l u t i o n s (20) a n d (26) 

a t p r e v i o u s o r d e r s if 

(27) 

and the e q u a t i o n reduces to 

+ c o m p l e x conjugate (28) 



- /e>3 ^ 

w i t h 

^ = = ° — V - <2, \ (29), (30) 

The t o p a n d b o t t o m b o u n d a r y c o n d i t i o n s are 

a n d r e d u c e t o 

t o A - c 

+ / 1 
C s ? . , ) A ~ v * (31) 

A l 7 A W 

Al(<g-\) a^j^J* 

The x i n d e p e n d e n c e o f the last four t e r m s o f t h i s b o u n d a r y c o n d i t i o n 

leads to a s e c u l a r o r g r o w i n g term in fy^ w h i c h is p r o p o r t i o n a l to 

ikx 

xe- u n l e s s t h e y v a n i s h i d e n t i c a l l y . C o n s t r u c t i n g the s o l u t i o n 

of the p r o b l e m at p r e v i o u s o r d e r so t h a t = 0 i m p l i e s the b o u n d a r y 

v a l u e p r o b l e m 

- t - o 

Isr - O 4 O , f 

U t -oasm" ( = - (((AV) • . m i a h 

W A L H c > ) 
e = ± 

2. 



w h i c h specifies the solution cf>̂ , h o w e v e r a specific solution w i l l b e 

p o s t p o n e d u n t i l l a t e r . The role o f f(y,z,x) as an x i n d e p e n d e n t 

c o n t r i b u t i o n t o the p e r t u r b a t i o n stream f u n c t i o n cj> a t o r d e r e leads 

to its i n t e r p r e t a t i o n as a m e a n field (or x i n d e p e n d e n t ) c o r r e c t i o n 

to the stream f u n c t i o n in the b a s i c s t a t e . T h i s is c o n s i s t e n t w i t h 

% 
a s u s t a i n e d finite a m p l i t u d e w a v e of a m p l i t u d e A = 0 ( e ) d r a w i n g u p o n the 

a v a i l a b l e p o t e n t i a l e n e r g y in the u n d i s t u r b e d state a n d d e p l e t i n g it 

a t 0(e) b y an a m o u n t w h i c h i s ' p r o p o r t i o n a l to the w a v e e n e r g y 
A 2 
A = 0 ( e ) . The b o u n d a r y c o n d i t i o n (32) t h e n s i m p l i f i e s to 

= i ± i f L _ A + 2 i v S e A / s - J Y ^ J ^ + J k ) 

a ^ l h ^ - i ) al(g-i) 

A s < k * d ( L 

A v 

+ c o m p l e x c o n j u g a t e o n z = ± — . (33) 

T h e s e c u l a r i t y c o n d i t i o n i m p o s e d b y the a d j o i n t linear h o m o g e n e o u s 

3/2 
s y s t e m at 0 ( e ) is o b t a i n e d as in c h a p t e r 3 b y i n t e g r a t i n g the 

i d e n t i t y £ 

zr i £ 
k i l l , ,t i* j j a 

= O / / i X C ^ 
—i .l 

w h e r e + a n d * d e n o t e a d j o i n t o p e r a t o r s and f u n c t i o n s . In the p r e s e n t 

context the linear p r o b l e m is t h a t of the inviscid case and is self 

a d j o i n t so t h a t 

= + c o m p l e x c o n j u g a t e . (34) 



a n d f u r t h e r , since 

4 4 * ' Oct 

t h e n r e p e a t e d i n t e g r a t i o n b y p a r t s and f i n a l use o f the b o u n d a r y 

c o n d i t i o n (29) l e a d s t o the s i m p l e r r e l a t i o n 

jf € +JJ) 4^ Aj = o 
o jj 2. (35) 

z 

c o m p a r e d w i t h (3.57). U s i n g t h e e x p l i c i t forms o f cf>*, Kq<J> 2 x
 a n c ^ 

in e q u a t i o n s (34), (28) a n d (33) the c o n d i t i o n i m p l i e s 

A * - A f e i t e * . ) A + M f e j ) 4 

(36) 

\J O 2 " £ 

w h e r e the c o e f f i c i e n t o f A in the t h i r d , l i n e a r t e r m h a s b e e n s i m p l i f i e d 

u s i n g (13) a n d the i n t e g r a n d in the n o n l i n e a r t e r m h a s been s i m p l i f i e d 

b y e x p l o i t i n g the f a c t t h a t f ( y , z , x ) is an o d d f u n c t i o n of b o t h y a n d z , 

as can b e i n f e r r e d from (32). 

O n s e t t i n g A = h = 1 e q u a t i o n s (32) a n d (36) m a y be shown t o b e 

e q u i v a l e n t t o the p a i r d e r i v e d f o r the s a m e p r o b l e m b y B r i n d l e y and 

M o r o z (1980) w h e r e t h e s e t w o p a r a m e t e r s w e r e n o t i n c l u d e d in the 

a n a l y s i s . 

T h e b o u n d a r y v a l u e p r o b l e m for f ( y , z , x ) , t h e f u n c t i o n a p p e a r i n g in 

t h e i n t e g r a l term in (36) w h i c h r e p r e s e n t s the l e a d i n g o r d e r n o n l i n e a r 

i n t e r a c t i o n of an u n s t a b l e w a v e w i t h the b a s i c f l o w , m a y be c o n s i d e r e d 

r e s p o n s i b l e for the p e c u l a r i t i e s o f the p a i r (32) a n d (36) c o n s t i t u t i n g 

the a m p l i t u d e e q u a t i o n . A s o l u t i o n to (32) m a y be w r i t t e n in t e r m s 

o f an e i g e n f u n c t i o n e x p a n s i o n (or b y F o u r i e r ' s m e t h o d ) g i v i n g a s e r i e s 

r e p r e s e n t a t i o n w i t h u n i f o r m c o n v e r g e n c e in y and z t o the s o l u t i o n , 

w h i c h b y s i m p l e r e s c a l i n g o f one o f the c o o r d i n a t e a x e s is seen to b e 

a s o l u t i o n o f L a p l a c e ' s e q u a t i o n . So f o r m a l l y , s e t t i n g 
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| L ) S > r ) = C l J . M ^ ^ ^ W l ^ K j B (37) 

t h e series t r i v i a l l y d e f i n e s a solution of the g o v e r n i n g e q u a t i o n and 

s i d e w a l l b o u n d a r y c o n d i t i o n . S u b s t i t u t i o n in the top a n d b o t t o m 

b o u n d a r y c o n d i t i o n s i m p l i e s 

A ( k l ( j T T & l . i . ( j . = 

/(iai1) + ^ i M ^ A l * ) ) . y . , 

& 
(38) 

a l t e - i ) ( j ^ g l - m - i ^ l 

w h e r e { a
2 j + ; i ^ a r e F o u r i e r c o e f f i c i e n t s o f sin 2£Y for Y e [ 0 , 1 ] , i . e . ; 

do 
= - cers&j + l ) ^ ( 3 9 ) 

w h e r e 

j = 0.- rn ; r= • • • 
vj 

The integral o f the last t e r m in e q u a t i o n (36), m a y n o w be e x p r e s s e d 

as a s u m , c h a n g i n g the o r d e r o f s u m m a t i o n and i n t e g r a t i o n b y the u n i f o r m 

c o n v e r g e n c e of the sum w i t h r e s p e c t to Y , in the f o r m . 

j r 8 . c z \ / ( i ^ l a ^ g i - a c j + o ^ l 
. I j ^ ' l 2 2 (40) 

L V 
T h e c o e f f i c i e n t s o f the l i n e a r i s e d a m p l i t u d e e q u a t i o n , w h i c h 

reduces to the linear p a r t o f (36) a l o n e , m a y easily b e seen to r e c o v e r 

t h e g r o w t h r a t e s i m p l i e d b y e q u a t i o n s (8) and (9) in the a p p r o p r i a t e 

l i m i t s , i.e.; p u t t i n g 

tkq. ^ 
4 = 



in the l i n e a r i s e d v e r s i o n of (36) g i v e s 

K e e p i n g the s u p e r c r i t i c a l i t y , e, fixed and t a k i n g the l i m i t \> -v 0 the 

r o o t s o f (41) are 

^ = 4 A / ^ Y 
•a ( / 

w h i c h is the scaled g r o w t h r a t e in the inviscid case given b y (9). 

T o find the v i s c o u s l i m i t of (41) f o r m a l l y let v °° the n to l e a d i n g 

o r d e r the roots are 

The f i r s t root agrees w i t h t h e i n v i s c i d l i m i t , y Q 0 , o f t h e g r o w t h 

r a t e in the 0(1) v i s c o u s case g i v e n b y equation (8) and t h e second 

root c o r r e s p o n d s to a r a p i d l y d e c a y i n g m o d e o f o s c i l l a t i o n of the l i n e a r 

p r o b l e m and o r i g i n a t e s from the o t h e r stable root o f the d i s p e r s i o n 

relation in the slightly s u p e r c r i t i c a l s t a t e . 

In f a c t , t o find the v i s c o u s limit o f the fully n o n l i n e r a m p l i t u d e 

e q u a t i o n s (36) and (38) p u t 

a n d 

(42) 

h . 
w h e r e x = e x is a slower t i m e scale than x w h i c h is a p p r o p r i a t e 

n k % 
since in the 0(e ) v i s c o u s case the linear growth r a t e is 0 ( e ) , w h i c h 

is the t i m e scale o f x w h e r e a s in the 0(1) v i s c o u s case the linear 

growth rate is 0 ( e ) , w h i c h is the s l o w e r t i m e scale of x . N e x t p u t 



w h i c h is the defining r e l a t i o n for v of equation (12) and k e e p y Q 

t o b e o r d e r o n e a s e t e n d s to z e r o . F o r m a l l y , e q u a t i o n (38) b e c o m e s 

i n d e p e n d e n t l y o f i n i t i a l c o n d i t i o n s and o n s u b s t i t u t i o n in (36) u s i n g 

(40) t h e limit i m p l i e s 

4 = M Z U - i ) . I 

T h i s is the same a s the a m p l i t u d e e q u a t i o n in section 3 of D r a z i n (1972), 

w h i c h d e s c r i b e s the e v o l u t i o n o f a single w a v e in the 0(1) v i s c o u s 

c a s e , e v a l u a t e d in the limit w h e n y (or X there) t e n d s to z e r o , i.e.; 

the v i s c o u s l i m i t o f t h e 0 ( e ) n o n l i n e a r v i s c o u s p r o b l e m m a t c h e s the 

i n v i s c i d limit o f the 0 ( 1 ) n o n l i n e a r v i s c o u s p r o b l e m . In c o m p a r i n g 

(44) w i t h the v e r s i o n in D r a z i n 1 s w o r k note that: 

(i) a f a c t o r o f 4 a p p e a r i n g in the n o n l i n e a r term is a t t r i b u t a b l e 

t o the a m p l i t u d e f u n c t i o n A being c o m p l e x . 

(ii) the parameter A is absent there. 

(iii) the d i f f e r i n g f a c t o r s o f S Q (or in D r a z i n ' s n o t a t i o n ) 

o c c u r t h r o u g h the d i f f e r i n g choice of n o n - d i m e n s i o n a l i s i n g the t i m e . 

T h e i n v i s c i d limit in the n o n l i n e a r case is o b t a i n e d m o r e simply 

b y t a k i n g the limit that V tends to zero in (36) and (38). The first 

o r d e r d e r i v a t i v e v a n i s h e s in (36) and (38) i n t e g r a t e s f o r m a l l y to g i v e 

= (43) 
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so t h a t in the l i m i t 

A = A 

, «* / V jtLCfihSfL] . , z , 
- 4 J W . * £ ( ' fcfcff A ( i t f - l A t o f ) 

w h e r e A ( O ) is the i n i t i a l w a v e a m p l i t u d e a t t i m e t = 0 . T h i s is the 

same a s the a m p l i t u d e equation in §5 of Drazin (1970) w i t h the same 

p r o v i s o s (i) t o (iii) a b o v e a n d an a d d i t i o n a l a p p a r e n t d i f f e r e n c e in 

the form o f the sum in the f i n a l t e r m . T h e a p p a r e n t d i s c r e p a n c y is 

c a u s e d b y a d i f f e r e n t choice of e i g e n f u n c t i o n s for t h e s o l u t i o n t o t h e 

b o u n d a r y p r o b l e m for f(y,z,x) a t 0(e) (compare e q u a t i o n s (27), (32) 

a n d (37) h e r e w i t h the e q u a t i o n s (37), (42) and (43) o f t h a t w o r k . ) , 

h o w e v e r since the f u n c t i o n f(y,z,x) is the solution of an e l l i p t i c 

p a r t i a l d i f f e r e n t i a l e q u a t i o n and the b o u n d a r y c o n d i t i o n s h e r e r e d u c e 

in the l i m i t v 0 to t h o s e o f the i n v i s c i d p r o b l e m the s o l u t i o n is 

u n i q u e and the t w o r e p r e s e n t a t i o n s m u s t be e q u i v a l e n t . 

R e t u r n i n g to the p r o b l e m at h a n d , if the i n t e g r a l in (36) is 

r e p l a c e d b y the sum (40) t h e n the r e s u l t i n g e q u a t i o n t o g e t h e r w i t h (38) 

c o n s t i t u t e s t h e a m p l i t u d e e q u a t i o n in t h e form o f an i n f i n i t e set o f 

c o u p l e d d i f f e r e n t i a l e q u a t i o n s 

A J + A z P j B ; = o 
r ° v a 

bj + ^ z j -- ? ((lai*) 

w h e r e the c o e f f i c i e n t s are 

(49) 

= - A & l ( j ^ m ; 

i 
J a l f c - i ) a(>>i)*<a 

(47) 

(48) 
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T h e p r e c e d i n g i n v e s t i g a t i o n o f the inviscid and 0(1) v i s c o u s l i m i t s 

of the a m p l i t u d e e q u a t i o n s shows that t h e set o f e q u a t i o n s (38) m a y be 

i n t e g r a t e d o v e r t g i v i n g in each i n s t a n c e s o l u t i o n s w h e r e 

B . (t) = a f u n c t i o n of j x a function o f "C 
3 J 

N o t i c e in p a s s i n g t h a t the form o f the f u n c t i o n s d i f f e r s in b o t h 

limits; in t h e i n v i s c i d case the r e d u c e d form o f the a m p l i t u d e e q u a t i o n s 

c o n t a i n s an e x p l i c i t d e p e n d e n c e u p o n the i n i t i a l c o n d i t i o n A ( 0 ) , the 

f u n c t i o n s o f j also d i f f e r i m p l y i n g t h a t the s p a t i a l structure of the 

o r d e r e z o n a l flow c o r r e c t i o n f(y,z,x) d i f f e r s in b o t h l i m i t s . H o w e v e r , 

the c u r i o u s p o i n t leading to the i n f i n i t y o f e q u a t i o n s (47) and (48) is 

t h a t a s e p a r a b l e form o f the c o e f f i c i e n t s {B^} w i t h r e s p e c t t o j and T. 

in t h e F o u r i e r r e p r e s e n t a t i o n (37) for the solution of the b o u n d a r y v a l u e 

p r o b l e m (32) o c c u r s if a n d o n l y if the r e p r e s e n t e d s o l u t i o n , f ( y , z , x ) , 

is separable in space a n d t i m e - in w h i c h case the i n t e g r a l t e r m in (36) 

o r the sum t e r m in (47) has the t e m p o r a l b e h a v i o u r o f f ( y , z , x ) . In 

the instance w h e n t h e o r f(yrZ,x) are n o t separable the same 

i n t e g r a l or sum t e r m is m o r e a n f r a c t u o u s , p o s s e s s i n g the t e m p o r a l 

b e h a v i o u r of some r e a r r a n g e m e n t of the F o u r i e r r e p r e s e n t a t i o n of 

f(y,z,x) w h e r e the form o f the c o e f f i c i e n t s { 3 . } , { A , . } and {y.} 
3 lD 3 

of (47) a n d (48) d e r i v e from the spatial d e p e n d e n c e of f ( y , z , x ) . 

Some c r o s s - r e f e r e n c i n g shows that the b o u n d a r y v a l u e p r o b l e m for 

f(y,z,x) in the 0(e ) v i s c o u s case d i f f e r s from the p r o b l e m s for 

f(y,z,x) in the i n v i s c i d and 0(1) v i s c o u s cases o n l y i n s o f a r as the 

% 
t o p a n d b o t t o m b o u n d a r y c o n d i t i o n s in the 0(e ) v i s c o u s case are 

formed from the sum o f t h e two b o u n d a r y c o n d i t i o n s in the i n v i s c i d and 

0(1) v i s c o u s c a s e s . The resulting equation (48) for { 3 j ( t ) } m a y 

formally be i n t e g r a t e d o v e r x and reveals 
t 

I J s 

Js 

o k ( 5 0 ) 

+ (icov-*. 7 

V 
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t h e n a n i n t e g r a t i o n b y p a r t s g i v e s 

r 
- Ztz-S^ 

v ' (51) 

A s i m i l a r p r o b l e m e x i s t s in the 2 - l a y e r m o d e l w h e r e the v i s c o s i t y 

p a r a m e t e r 

% 
(Ekman n u m b e r ) 

r = 

(Rossby number) 

is p r o p o r t i o n a l to the square r o o t o f the s u p e r c r i t i c a l i t y , w h i c h is 

n o w t a k e n w i t h r e s p e c t to the i n t e r n a l F r o u d e n u m b e r , and leads to a 

form of a m p l i t u d e equation w h i c h is similar to (32) and (36) - t h e 

d i f f e r e n c e s b e i n g in the form o f the c o e f f i c i e n t s arid the a f o r e m e n t i o n e d 

i n d e p e n d e n c e o f the f l o w q u a n t i t i e s w i t h r e s p e c t to z in e a c h l a y e r -

first found b y P e d l o s k y (1971). T h e s e e q u a t i o n s m a t c h the i n v i s c i d 

and r = 0(1) v i s c o u s p r o b l e m s o f the 2 - l a y e r m o d e l in the a p p r o p r i a t e 

l i m i t s and b o t h o f t h e s e l i m i t i n g forms o f t h e a m p l i t u d e e q u a t i o n s h a v e 

the same form as the a n a l o g o u s e q u a t i o n s (44) and (46) f o r E a d y ' s m o d e l 

b u t o f course w i t h d i f f e r e n t c o e f f i c i e n t s . F u r t h e r , w i t h the a p p r o x i -

m a t i o n fully s t a t e d , the s i d e w a l l b o u n d a r y c o n d i t i o n (30) w h i c h i m p l i e s 

= O o ^ Y = : I (52) 

w a s r e l a x e d in P e d l o s k y 1971 , so t h a t a separable s o l u t i o n for the 

b o u n d a r y v a l u e p r o b l e m for f(y,z,x) (or $ (y,x) in t h e d i f f e r e n t 
1 , 2 

n o t a t i o n ) exists and in the p r e s e n t c o n t e x t o f E a d y ' s m o d e l t h i s is 

•i 
l u * , , ) . ' f t o t l s i i a ^ s i a-

w h e r e 

( I + ^ A M s ! i l A 1 . £ ( 5 3 ) 
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a n d the resulting a m p l i t u d e e q u a t i o n is (36) w i t h (53) w h i c h m a y b e 

c a s t in the form o f (47) w i t h a single equation of type (48) or as a 

set of t h r e e c o u p l e d first o r d e r d i f f e r e n t i a l e q u a t i o n s . 

L a t e r , S m i t h (Smith (1977)) r e - e x a m i n e d the a m p l i t u d e e q u a t i o n s 

o f P e d l o s k y (1971) for the 2 - l a y e r m o d e l b y solving the a p p r o p r i a t e 

p r o b l e m for the z o n a l c o r r e c t i o n b y F o u r i e r ' s m e t h o d and d e r i v e d an 

i n f i n i t e set o f d i f f e r e n t i a l e q u a t i o n s w i t h e x a c t l y the same form as 

e q u a t i o n s (47) a n d (48) w h e r e t h e (different) c o e f f i c i e n t s are a l g e b r a i c 

f u n c t i o n s o f j . In the same a r t i c l e it is shown t h a t r e l a x a t i o n of the 

s i d e w a l l b o u n d a r y c o n d i t i o n <j> = 0 leads to a q u a n t i t a t i v e l y d i f f e r e n t 

s y s t e m o f e n e r g y c o n v e r s i o n s w i t h a n o n - z e r o e n e r g y flux at the s i d e w a l l 

b o u n d a r i e s . 

.Now, the c h a n g e o f v a r i a b l e s d e f i n e d b y 

A = . I z c r r . 6 ; 

'i 
w h e r e 

c r < > x r ' V ' V V 
i m p l i e s (48) m a y be w r i t t e n 

w h e r e the v a r i a b l e Y is i n t r o d u c e d so t h a t 

a n d the d e f i n i n g r e l a t i o n s 

CO 

a r e t a k e n . T h e n (47) i m p l i e s 

w h e r e the further r e l a t i o n s 

y r = f . 

t 



are t a k e n . T h i s t r a n s f o r m a t i o n o f the e q u a t i o n s , first p o i n t e d o u t 

b y D r . J . D . G i b b o n , shows t h a t the a m p l i t u d e e q u a t i o n s (47) a n d (48) 

m a y b e w r i t t e n e q u i v a l e n t l y as the i n f i n i t e s e t o f c o u p l e d first 

o r d e r e q u a t i o n s 

(54) 

y - r-yt - y JE e . 
v ( 5 5 ) 

w h e r e in t e r m s o f t h e u n d e r l y i n g p h y s i c a l p a r a m e t e r s 

c > c ~ — > — ~ > 
^ <a» C 

r i + 1 ) 
< 5 7 > 

T h e same sequence o f t r a n s f o r m a t i o n s a p p l i e d to (47) w i t h (53) t r a n s f o r m s 

the s i m p l i f i e d set o f a m p l i t u d e e q u a t i o n s w i t h the s i d e w a l l b o u n d a r y 

c o n d i t i o n (52) r e l a x e d to the set 

yc. = - c r C V - V ) (57) 

y - r V : ^ V ( 5 8 ) 

H = ( K Y V X V ) ( 5 9 ) 
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w h i c h is f o r m a l l y the same a s the set (54) to (56) w i t h a s i n g l e Z 

c o m p o n e n t and in t e r m s o f t h e u n d e r l y i n g p h y s i c a l p a r a m e t e r s 

a,p,oo,6 and r a r e a s d e f i n e d in (57) b u t n o w 

( U i & L uLCtezl) , i , W ( \ - ^ ( 6 0 ) 

I J 

E q u a t i o n s (57) to (59) are the n o w famous Lorenz s e t . T h e i r 

r e l e v a n c e to fluid m e c h a n i c a l systems w a s found b y L o r e n z (1963) w h o 

a p p l i e d the p r i n c i p l e to F o u r i e r e x p a n d i n g the c o n v e c t i o n e q u a t i o n s 

o f S a l t z m a n (1962) w h i c h d e s c r i b e B e n a r d c o n v e c t i o n b e t w e e n free t o p a n d 

b o t t o m b o u n d a r i e s , and t h e n t r u n c a t i n g t h e e x p a n s i o n s a t an a r b i t r a r y 

n u m b e r o f c o m p o n e n t s , t h e r e taken to b e t h r e e . The e q u i v a l e n c e of 

t h e a m p l i t u d e e q u a t i o n s for the b a r o c l i n i c m o d e l s in the t h r e e 

d i m e n s i o n a l form o f (36) a n d (53) w i t h the Lorenz set w a s first g i v e n 

b y G i b b o n and M c G u i n n e s s (1980), the g e n e r a l i s a t i o n of the t r a n s f o r m a t i o n 

to the a m p l i t u d e , e q u a t i o n s (47) and (48) giving the i n f i n i t e system 

o f Lorenz t y p e e q u a t i o n s (54) t o (56) first appeared in B r i n d l e y 

and M o r o z 1 9 8 0 . 

A s w a s m e n t i o n e d a t the b e g i n n i n g of t h i s c h a p t e r , the two l a y e r 

m o d e l m a y b e g e n e r a l i s e d t o i n c l u d e t h e B-plane e f f e c t . T h e e f f e c t 

o f t h i s g e n e r a l i s a t i o n w h i c h c o r r e s p o n d s p h y s i c a l l y to t h e i n c l u s i o n 

of a d i s p e r s i v e m e c h a n i s m f o r a w a v e like d i s t u r b a n c e in t h e v i s c o u s 

p r o b l e m s appears in the m a t h e m a t i c a l p r o b l e m for the a m p l i t u d e e q u a t i o n s 

t h r o u g h the l i n e a r t e r m s in A of (38) a l o n e a n d r e n d e r s t h e s e c o e f f i c i e n t s 

c o m p l e x . The r e s u l t i n g form o f the c o e f f i c i e n t s for the s m a l l v i s c o s i t y 

p r o b l e m w i t h the r e l a x e d f o r m o f s i d e w a l l b o u n d a r y c o n d i t i o n s h a s b e e n 

d e r i v e d b y G i b b o n and M c G u i n n e s s (1981) l e a d i n g to a set o f L o r e n z 

e q u a t i o n s a f t e r t r a n s f o r m a t i o n w i t h c o m p l e x c o e f f i c i e n t s a p p e a r i n g in 

some o f the l i n e a r t e r m s . The full p r o b l e m in t h i s c a s e , r e t a i n i n g 

the s i d e w a l l b o u n d a r y c o n d i t i o n s , h a s b e e n p e r f o r m e d b y P e d l o s k y (1982) 

a n d a f t e r t r a n s f o r m a t i o n leads to an i n f i n i t e set o f L o r e n z e q u a t i o n s 

w i t h c o m p l e x c o e f f i c i e n t s in the form 

V L * - c r C * - V ) (61) 



Ob 
i ^ - c ^ i ^ ^ (62) 

J e o V 

w h e r e r = r ^ + i ^ and a = 1 - i e w i t h r ^ ^ ^ e 6 R . 

T h e c o e f f i c i e n t s e x p r e s s e d in t e r m s o f the u n d e r l y i n g p h y s i c a l p a r a m e t e r s 

are given in A p p e n d i x B for b o t h the i n f i n i t e a n d single Z c o m p o n e n t 

c a s e s . 
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C H A P T E R 5 

LINEAR- S T A B I L I T Y A N A L Y S I S O F T H E E Q U I L I B R I U M S O L U T I O N S OF T H E 

A M P L I T U D E E Q U A T I O N S O F C H A P T E R F O U R AND THE E F F E C T OF M O D E T R U N C A T I O N 

IN THE INFINITE C A S E . 

The c o n t e n t of t h i s c h a p t e r a p p e a r e d in p a r t in a short p a p e r 

entitled 'A study o f t h e e f f e c t of m o d e t r u n c a t i o n on an exact p e r i o d i c 

solution o f an i n f i n i t e set of L o r e n z e q u a t i o n s ' w h i c h w a s w r i t t e n 

j o i n t l y w i t h D r . J . D . G i b b o n and D r . A . C . F o w l e r . I have chosen to 

r e p r e s e n t it in o r d e r to e l u c i d a t e some steps in the algebra and w h e n 

a p p r o p r i a t e to p a y m o r e a t t e n t i o n to the a p p l i c a b i l i t y of the r e s u l t s 

in the c o n t e x t o f b a r o c l i n i c flow b u t h o p e to r e c a p t u r e the spirit of 

the m o r e g e n e r a l p r o b l e m u n d e r e n q u i r y . 

T h e set o f e q u a t i o n s (4.61) to (4.63) c o m p r i s e an i n f i n i t e set of 

c o u p l e d , first o r d e r , n o n l i n e a r d i f f e r e n t i a l e q u a t i o n s . On the face 

of it the c o m p l e x i t y o f such a system and the w a y in w h i c h the i n f i n i t y 

a p p e a r s as a r e p e t i t i o n o f the e q u a t i o n (4.63) r e n d e r s it a s u i t a b l e 

c a n d i d a t e for n u m e r i c a l i n t e g r a t i o n , h o w e v e r the full set m a y b e seen 

to h a v e t w o t y p e s o f e x a c t e q u i l i b r i u m solutions and the m o t i v a t i o n of 

o u r study w a s to c o n s i d e r w h a t i n f o r m a t i o n c o n c e r n i n g t h e s e c o u l d b e 

e x t r a c t e d b y a n a l y t i c a l and a s y m p t o t i c m e t h o d s so t h a t some check c o u l d 

b e m a d e on the v a l i d i t y o f a n u m e r i c a l s t u d y . T h e p a r t i c u l a r p o i n t of 

c o n c e r n is t h a t any n u m e r i c a l m o d e l o f the i n f i n i t e set i n v o l v e s the 

u s u a l a p p r o x i m a t i o n s o f d i s c r e t e r e p r e s e n t a t i o n in the i n t e g r a t i o n of 

the d e p e n d e n t v a r i a b l e s b u t m o r e s p e c i f i c a l l y the r e p l a c e m e n t o f t h e 

i n f i n i t e set b y a f i n i t e o r t r u n c a t e d s e t . The m e t h o d of t r u n c a t i n g 

e q u a t i o n (4.63) a f t e r some v a l u e o f j and i n c l u d i n g a finite n u m b e r o f 

m o d e s in {Z^} can b e open to q u e s t i o n if the i n c l u s i o n of h i g h e r m o d e s 

p r o d u c e s a r a d i c a l l y d i f f e r e n t b e h a v i o u r in the b i f u r c a t i o n s e q u e n c e . 

F o r such an i n f i n i t e set of e q u a t i o n s in g e n e r a l o n l y n u m e r i c a l 

i n t e g r a t i o n o f the h i g h e r d i m e n s i o n a l sets o f e q u a t i o n s in w h i c h m o r e 

m o d e s have b e e n i n c l u d e d w i l l d e t e r m i n e w h e t h e r c o n v e r g e n c e t o a 

p a r t i c u l a r set o f t r a n s i t i o n s h a s o c c u r r e d . T h i s type of i n t e g r a t i o n 

h a s b e e n p e r f o r m e d for the specific case of (4.61) to (4.63) in the 

form o f (4.47) w i t h (4.48) w h e r e the c o e f f i c i e n t s are for t h e t w o l a y e r 

m o d e l o f b a r o c l i n i c i n s t a b i l i t y b y P e d l o s k y and F r e n z e n (1981) w h e n 



t h e 0-plane e f f e c t is e x c l u d e d a n d the c o e f f i c i e n t s are t h e r e f o r e r e a l 

(an e x a m p l e o f w h a t w i l l b e r e f e r r e d to a s the r e a l set) and b y 

P e d l o s k y (1981 p r e p r i n t ) w h e n the 0-plane effect is i n c l u d e d t o give 

c o m p l e x c o e f f i c i e n t s (and an e x a m p l e of w h a t w i l l be r e f e r r e d to as 

the c o m p l e x s e t ) . T o summarise the findings in these t w o c a s e s ; 

a p a r a m e t e r setting w a s chosen and t h e n on the r e s u l t s of i n i t i a l 

n u m e r i c a l i n t e g r a t i o n the n u m b e r o f m o d e s w h i c h w e r e i n c l u d e d w a s 

a d j u s t e d u n t i l it w a s n u m e r i c a l l y a p p a r e n t t h a t c o n v e r g e n c e to a 

p a r t i c u l a r p h a s e p o r t r a i t had o c c u r r e d b e f o r e r e s e t t i n g the p a r a m e t e r s ; 

in m o s t cases a p p r o x i m a t e l y t w e l v e m o d e s w e r e r e p o r t e d t o h a v e been 

a d e q u a t e and in some i n s t a n c e s u p to t h i r t y m o d e s w e r e i n c l u d e d ; in 

the real case the p h a s e p o r t r a i t s as the v i s c o s i t y p a r a m e t e r is i n c r e a s e d 

showed a sequence o f successive p e r i o d d o u b l i n g s of l i m i t cycle 

solutions, w h i c h m a y b e r e l a t e d to the p e r i o d i c s o l u t i o n s o f the inviscid 

p r o b l e m , t h e n a r e g i m e o f c h a o t i c solutions c o n t a i n i n g 'islands' w h e r e 

the s o l u t i o n s m a y e q u i l i b r a t e to a steady state and f i n a l l y a r e g i m e 

w h e r e a l l s o l u t i o n s u l t i m a t e l y b e c o m e steady; in the c o m p l e x case it 

w a s found t h a t as the 8 effect is i n c r e a s e d in r e l a t i o n to t h e o t h e r 

p a r a m e t e r s t h a t the 'chaotic b e h a v i o u r g i v e s way, t h r o u g h a s e q u e n c e o f 

p e r i o d h a l v i n g s , to r e g u l a r steady waves. 1 

The c a s e of a single Z - c o m p o n e n t as in e q u a t i o n s (4.57) to (4.59) 

h a s b e e n s t u d i e d m u c h m o r e e x t e n s i v e l y since Lorenz o r i g i n a l p a p e r (196 ), 

t h e r e he showed that the steady solution X = Y = Z = O i s l i n e a r l y 

u n s t a b l e w h e n e v e r r > 1 , w h i c h is t r u e o f all o f the b a r o c l i n i c m o d e l s 

c o n s i d e r e d so f a r w h e n in t h e s l i g h t l y u n s t a b l e state (a > 0 ) . 

F u r t h e r , d e t a i l e d n u m e r i c a l e v i d e n c e w a s g i v e n in the real case of a 

surface (the L o r e n z a t t r a c t o r ) in t h r e e d i m e n s i o n a l p h a s e space in the 

v i c i n i t y o f t h e p a i r o f n o n - z e r o fixed p o i n t s of the system w h i c h is 

a t t r a c t i n g w h e n t h e s e fixed p o i n t s are u n s t a b l e , i.e.; w h e n a > b + 1 

for a v a l u e of 

It is i n t e r e s t i n g to n o t e that w h i l s t the Lorenz a t t r a c t o r is t h o u g h t 

o f as an e x a m p l e o f a strange a t t r a c t o r , to the b e s t o f m y k n o w l e d g e 

it has not b e e n shown e i t h e r w a y to satisfy the d e f i n i t i o n given b y 

S m a l e (1967) t h a t it is o f t h e t y p e s a t i s f y i n g A x i o m A , w h i c h m a y 

r > 
(l) 

loosely be i n t e r p r e t e d as i m p l y i n g that it is not e a s i l y e n c o m p a s s e d b y 



t h e e x i s t i n g m a t h e m a t i c a l t h e o r i e s . It is t h o u g h t that t h i s a x i o m 

m a y p r e c l u d e the t y p e o f a t t r a c t o r s n e e d e d in the m o d e l l i n g o f t u r b u l e n c e , 

see Z e e m a n (1980). F o w l e r et a l . (1981) studied the c o m p l e x c a s e for 

a single z - c o m p o n e n t b o t h a n a l y t i c a l l y and n u m e r i c a l l y , in c o n t r a s t to 

the p r e v i o u s s i t u a t i o n the c o m p l e x single z - c o m p o n e n t e q u a t i o n s do n o t 

show the same t r a n s i t i o n to c h a o s w h e n o > b + 1 as r ^ = Re(r) is i n c r e a s e d . 

I n s t e a d , t h e o r i g i n u n d e r g o e s a s u p e r c r i t i c a l H o p f b i f u r c a t i o n w h e n 

n c - (2) 

to a l i m i t c y c l e w h i c h is i n t i m a t e l y r e l a t e d to the n o n - z e r o f i x e d 

p o i n t s of the r e a l c a s e . T h i s limit cycle is stable for all v a l u e s of 

r 1 = Re (r) w h e n cr<b+l b u t b i f u r c a t e s (subcritically) to a 2 - t o r u s w h e n 

a > b + 1 a t some h i g h e r v a l u e o f r^ w h i c h it is p o s s i b l e b u t l o n g - w i n d e d 

t o e v a l u a t e a n d w h i c h r e c o v e r s the r e a l c a s e , (1), as e and r 2 t e n d to 

z e r o , i . e . ; in the l i m i t in w h i c h the r e a l v e r s i o n of t h e e q u a t i o n s is 

r e c o v e r e d from the c o m p l e x c a s e . F o r i n t e r m e d i a t e v a l u e s o f e a n d r 2 

no f u r t h e r b i f u r c a t i o n s h a v e b e e n found n u m e r i c a l l y b u t in the l i m i t 

t h a t e a n d r 2 tend to zero the t o r u s u n d e r g o e s a s e q u e n c e of p e r i o d 

d o u b l i n g s u n t i l a r e g i m e w h e r e the s o l u t i o n s a p p e a r to b e c h a o t i c is 

r e a c h e d . The o v e r a l l c o n c l u s i o n o f F o w l e r et a l . w a s t h a t c o m p l e x i f i c a t i o n 

of the c o e f f i c i e n t s turns n o n - z e r o fixed p o i n t s into limit c y c l e s , l i m i t 

c y c l e s into tori and s u p p r e s s e s the r e g i m e c o r r e s p o n d i n g t o c h a o t i c 

s o l u t i o n s into a v e r y small r e g i o n o f p a r a m e t e r s p a c e . 

N o w r e t u r n to the set (4.61) to (4.63) r e t a i n i n g g e n e r a l (y^} 

and {bj}. 

X = — G c - y ) (3) 

V = r X Y - X £ 2 ; <4> 
J " V 

2 = 



w h e r e r = r n + i r _ , a = 1 - i e ; a, y. , b . > 0 (j = l,oo); e , r.. , r 9 6 <£. ; 
i z D J 

X , Y e { ; Zj e |k w i t h o u t loss of g e n e r a l i t y . T h e s e e q u a t i o n s h a v e 

the f i x e d p o i n t solution X = Y = Z^ = 0 . U n l e s s 

= O (6) 

t h e r e a r e no o t h e r fixed p o i n t s . N o t i c e t h a t (6) is the c o n d i t i o n u n d e r 

w h i c h the c o m p l e x e q u a t i o n s w i t h e a n d r 2 n o n - z e r o m a y b e t r a n s f o r m e d 

b y a p h a s e r o t a t i o n into the e q u a t i o n s in r e a l f o r m , w i t h o u t loss of 

g e n e r a l i t y it is t h e r e f o r e p o s s i b l e to a s s u m e t h a t w h e n e v e r e o r r 2 

is n o n - z e r o that e + r 2 / 0 . A study o f the l i n e a r s t a b i l i t y of the 

o r i g i n shows that the s t a b i l i t y m a t r i x o c c u r s in b l o c k d i a g o n a l form 

and the c h a r a c t e r i s t i c e q u a t i o n is 

T T = 0 (7) 

w i t h roots 

(8) 

(9) 

The v a l u e o f r n , called r, , at w h i c h the o r i g i n b e c o m e s u n s t a b l e is 1 l c 
found b y setting Re(A) = 0 w h i c h from (9) implies 

r i £ = I + (•g + Q C - g - ' - O (10) 

( r A 
w h i c h is i d e n t i c a l to (2) for the single c o m p o n e n t c o m p l e x case and n o w 

u> = c>) = or ( - e - f - n , ^ (11) 

Hence in the real case w h e n e = r 2 = 0 o r w h e n e + r 2 = 0 t h e n w = 0 and 

r ^ c = 1 w h i c h is the result found b y L o r e n z for h i s real e q u a t i o n s . 

Since in the real case w = Im(A) = 0 the b i f u r c a t i o n is c e r t a i n l y not 

o f the Hopf t y p e . H o w e v e r in the c o m p l e x c a s e , w i t h the i n c l u s i o n of 

any n u m b e r o f Z c o m p o n e n t s , there exists the e x a c t l i m i t cycle s o l u t i o n 



X = A . / " * " , - i - . A C 
ctoir 

(12) 

where (13) 

is the 'amplitude* of the limit c y c l e , a function of r.. , {y.} and {b.}, 
' 3 3 

and' 03 and r are given exactly by the equations (10) and (11) of linear 

t h e o r y . Notice first of all that this is only a valid solution if 

then the requirement G < B - 1 m u s t be satisfied. S e c o n d l y , the 

transition from the origin to the limit cycle solution (when it exists) 

is a supercritical Hopf bifurcation as (13) shows since 

T h i r d l y , when e = r 0 = 0 or e + r n = 0 then w = 0 , r. = 1 and the 
2 2 lc 

solution (12) becomes a continuum of fixed points replacing the two 

fixed points of the set of real equations studied by Lorenz b e c a u s e 

the complex nature of X and Y , even when the coefficients are r e a l , 

allows these two points to be rotated to form a closed curve of fixed 

p o i n t s . In this case the solution m a y usefully be thought of as a 

limit cycle of zero frequency. 

In the general complex c a s e , w / 0 and the fortunate occurrence 

of the exact limit cycle solution (12) with (13) enables the investigation 

of its stability by transformation to a reference frame rotating with 

the angular frequency w , i.e.; p u t 

B G 
the sum in (13) c o n v e r g e s , so that if b . ^ j and y. ^ j as j + » 

B 

(14) 

(15) 

The equations in the transformed frame are 

(16) 

(17) 

(18) 



- / 2 J -

A p a r t from t h e o r i g i n , w h i c h is u n s t a b l e w h e n r. > r . , the fixed 
l l c 

p o i n t s o f (16) t o (18) are a t 

ot, (19) 

w h e r e A is the a m p l i t u d e of e q u a t i o n (13) w h i c h m a y n o w b e a s s u m e d to 

be real since a c h a n g e in p h a s e of a complex v a l u e of A is e q u i v a l e n t 

to w r i t i n g 

wt tot + c o n s t a n t 

in the e x p o n e n t i a l t e r m s o f e q u a t i o n s (15) w h i c h leaves the set (16) 

to (18) u n c h a n g e d , t h e r e b y e s t a b l i s h i n g the p h a s e i n v a r i a n c e o f the 

complex set (3) t o (5) u n d e r 

*> Y 

P e r t u r b i n g about t h i s solution the c h a r a c t e r i s t i c e q u a t i o n for 

its linear s t a b i l i t y is 

er O o 

p - L - X c o L A - . . . . - . - A . . . 

o o <5- 1 O o 

o o P * - C - k L A — A - - -

2. 

i • 
• 

2. 

i 
i 

i S 
z 
1 
1 

i j 

2 
1 
1 

4 - A 

I % 1 \ o • 
• 

2 . 

i 

i 

^ 
i 

t 
1 

w 
2 . 

i 

1 
1 

t 
1 
c ' 

(20) 



w h e r e 

+ i J s , - A f j t = (21) 

and X is the (complex) eigenvalue and from (10) and (11) 

LN = P (22) 

The d e t e r m i n a n t (20) m a y b e e v a l u a t e d b y subtracting the second c o l u m n 

from the f o u r t h , s u b t r a c t i n g the c o n j u g a t e of the first c o l u m n from 

the t h i r d and u s i n g i n d u c t i o n to g i v e 

o = X C ( X ^ . t f + h + tfCMCA^+bJtji ) 

C > 
(23) 

w h e r e ^ - ~ ^ V (24) 

p r o v i d e d the s u m , c o n v e r g e s , n o t i c e in p a s s i n g the s i m i l a r i t y o f t h i s 

sum to a sum o f L a p l a c e t r a n s f o r m s , v i z . 

GO . 1 1 ^ ^ ik 

vj 

a p o i n t w h i c h w i l l be r e t u r n e d to l a t e r . T h r e e facts m a y be d e d u c e d 

i m m e d i a t e l y from (23). F i r s t l y the X = 0 root d e r i v e s from t h e p h a s e 

i n v a r i a n c e o f the e q u a t i o n s w h i c h g i v e s rise to the limit c y c l e . 

S e c o n d l y , no p o s i t i v e real r o o t s in X exist since each t e r m in (23) is 

p o s i t i v e d e f i n i t e when X > 0 . T h i r d l y no f u r t h e r z e r o r o o t s o c c u r 
Y i 

since Z p - is f i n i t e a n d p o s i t i v e . H e n c e , if the limit cycle is to 

b e c o m e u n l t a b l e it m u s t be t h r o u g h a c o m p l e x c o n j u g a t e p a i r of roots 

c r o s s i n g the i m a g i n a r y axis from left to r i g h t . 

T a k i n g r e a l and i m a g i n a r y p a r t s o f (23) a f t e r p u t t i n g X = ±i0 

w h e r e 0 G i m p l i e s that 

M 

i y . A*. S r Q (29) 



- ' 2 3 -

w h e r e 

a n d 
v 

(30) 

(31) 

or a l t e r n a t i v e l y 

P = . (32) 

2 2 
N o w A , R , S and D are a l w a y s p o s i t i v e , hence for a s i m u l t a n e o u s 

solution o f (28) and (29) to e x i s t P a n d Q are n e c e s s a r i l y p o s i t i v e . 

F r o m the e q u a t i o n (32) for P t h i s c o n d i t i o n is n o t s a t i s f i e d if 
2 

a £ 1 , then no r o o t s Q > 0 o f (28) a n d (29) e x i s t and the l i m i t c y c l e 
is a l w a y s stable for r , > r, . W h e n a > 1 , w h i c h is t r u e o f t h e 

1 l c 
2 - l a y e r and E a d y m o d e l s w h e r e a is fixed and e q u a l to 2 and s Q Sfcr 1.4 

r e s p e c t i v e l y , the c o n d i t i o n t h a t P m u s t b e p o s i t i v e p u t s c e r t a i n b o u n d s 

o n ft. T h e r e a r e two cases to c o n s i d e r , w h e n 

< ( < = r f - t y 6 r - (]) (3) 

C 3 - + 0 
t h e r e are no b o u n d s on , b u t when 

2. . 

^ > (©- + <) G > - 0 > O (34) 

t h e n any root of (28) and (29) m u s t satisfy 

^ > — C o + i f (35) 



The c o n d i t i o n t h a t Q m u s t b e p o s i t i v e y i e l d s no f u r t h e r i n f o r m a t i o n . 

2 2 
C o n s i d e r n o w solving (28) and (29) s i m u l t a n e o u s l y for ft and A . 

2 
Since A is p r o p o r t i o n a l t o r^ f r o m e q u a t i o n (13) c o n s i d e r the s o l u t i o n s 

2 . 2 
for ft in t e r m s o f large o r small A w i t h these l i m i t s b e i n g e q u i v a l e n t 

to large a n d small v a l u e s o f r.• In the c o n t e x t o f B e n a r d c o n v e c t i o n 

r^ is the P r a n d t l n u m b e r and here from equation (4.57) r^ i n c r e a s e s as 

the v i s c o s i t y p a r a m e t e r d e c r e a s e s w i t h the o t h e r p a r a m e t e r s f i x e d . 

W i t h o u t r e s o r t i n g to the specific forms o f {y.} and { b . } the series R 
3 3 2 

a n d S c a n n o t b e summed b u t f o r m a l l y c o n s i d e r s o l u t i o n s in ft o f each 
2 

e q u a t i o n s e p a r a t e l y as f u n c t i o n s o f A calling t h e m 

ftR
2(A2) and 0 s

2 ( A 2 ) . (36) 

F o r t h e r e to e x i s t an i n s t a b i l i t y for the limit cycle t h e r e m u s t b e a 

c o i n c i d e n t solution o f b o t h e q u a t i o n s , i.e.; t h e r e e x i s t s o n e o r m o r e 
2 2 2 

v a l u e s o f A such t h a t ft_. = ft_ . It m a y be c h e c k e d t h a t for a l l v a l u e s 
r s 

2 2 
of q,ft_ (0) > 0 . ( 0 ) a n d so a s u f f i c i e n t c o n d i t i o n f o r i n s t a b i l i t y 

R S 
is t h a t 

ft 2 (A 2) > ft 2 (A 2) as A 2 » (37) 
S R 

and if this c o n d i t i o n is s a t i s f i e d t h e n the c u r v e s o f (36) m u s t i n t e r s e c t 

2 2 

an o d d n u m b e r o f t i m e s . F r o m (28) t o (32) A 0 0 as ft 0 0 and in 

t h i s limit 

P= 0 a*. oca*) 

o = + ocstx) 

and so e q u a t i o n s (28) a n d (29) imply that in this l i m i t 

A2 ~ —i 
Az- S C S W ) - I 
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A n y s u f f i c i e n t c o n d i t i o n f o r i n s t a b i l i t y w i l l u l t i m a t e l y r e s t u p o n 

2 
h o w the sums R and S b e h a v e in the limit SI » b u t f i r s t n o t e t h a t 

any finite t r u n c a t i o n of t h e s u m s , a s s u m i n g that t h e y are t h e n p a r t i a l 

t h 
sums including the N t e r m , g i v e s 

S 1 4 i a 

-"> 0 0 (39) 

and t h e n the s u f f i c i e n t c o n d i t i o n for i n s t a b i l i t y (37) is 

> * h h + i (40) 

, *i 

W h e n a single Z c o m p o n e n t is t a k e n in (3) to (5) then (40) r e d u c e s to 

o > b + 1 , a r e s u l t a l r e a d y o b t a i n e d b y Lorenz for h i s e q u a t i o n s . 

For the infinite set o f e q u a t i o n s it is n e c e s s a r y t o d e d u c e h o w 
the sums R and S b e h a v e as f u n c t i o n s of SI. In any f i n i t e t r u n c a t i o n 

- 2 
R and S b e h a v e like SI for large SI a n d t h u s for large r^ b u t m a y n o t 

n e c e s s a r i l y b e h a v e like t h i s for an i n f i n i t e n u m b e r o f m o d e s . In 
i 

p a r t i c u l a r if R and S do n o t h a v e the same leading o r d e r a s y m p t o t i c 

b e h a v i o u r for large SI in the i n f i n i t e case t h e n the s t a b i l i t y c r i t e r i o n 

(40) m a y be r a d i c a l l y c h a n g e d if it exists at a l l . In o r d e r t o study 

the a s y m p t o t i c b e h a v i o u r o f R and S for an i n f i n i t e n u m b e r o f m o d e s 

two c a s e s w h i c h separately i n c l u d e the cases o f the 2 - l a y e r a n d E a d y 

m o d e l s are c o n s i d e r e d t o i l l u s t r a t e this p o i n t . 

(i) b . b o u n d e d as j 0 0. If {y.} and {b.} are such t h a t E y . b . and 
3 3 3 3 3 

Ey^ c o n v e r g e , suppose t h a t |b^| < B t h e n 

- k l > — ! — . > J L ( I + 8 2 \ ~ ' > o 

v 

(41) 

and since y . , b . > 0 for all j 
3 3 

v/ » vf / V 5 V ' Vl V (42) 

v/' 



i m p l y i n g 

i2- i r M ; + 
J ^ 7 (43) 

3 1 * 
and s i m i l a r l y 

aa 
s = <2* fc + (44) 

- i — . 4 

so that the s t a b i l i t y c r i t e r i o n (37) b e c o m e s (40) w i t h the p a r t i a l 

sums r e p l a c e d b y the c o n v e r g e n t i n f i n i t e s u m s . H e n c e , for this c a s e , 

t h e r e is no q u a l i t a t i v e d i f f e r e n c e b e t w e e n t r u n c a t i o n a t large N and 

the i n f i n i t e system a p r o p o s the s t a b i l i t y o f the limit c y c l e . 

'The c o e f f i c i e n t s for the t w o layer m o d e l are in t h i s p r e s e n t 

c a t e g o r y : 

a f t V V - O i i ) V 

y o = s ^ c j i i h 

aS 
4 

(45) 

(46) 

a n d it is p o s s i b l e t o e v a l u a t e the a p p r o p r i a t e sums R and S b y m a n i p u l a t i o n 

of F o u r i e r s e r i e s , a c a l c u l a t i o n w h i c h w a s first p e r f o r m e d b y S m i t h 

(1977), i.e.; p u t 

= cJLe-rc. M. £ (c r £ ( 4 7 ) 

4 
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w h e r e the locus o f y in the c o m p l e x y p l a n e a s ft v a r i e s o n [0,°°] 

is g i v e n b y 

( f * + r F = r S - rt 

a n d , e x p l i c i t l y , o n i n v e r t i n g (47) 

1 t ) 

S m i t h ' s c a l c u l a t i o n s w e r e a p p r o p r i a t e t o the r e a l case w h e n e = t^ = to 

and the l i m i t cycle is a c o n t i n u u m o f f i x e d p o i n t s . In p a s s i n g n o t i c e 

t h a t in a t r u n c a t e d study o f t h i s case 

oo & ~ j_ j.a- + 
J vj 

N -4 
a n d £ y . b . = 0(a ) a s a -> 0 0, b u t in the infinite c a s e 

1 3 3 

•S. j r ' ^ V 
00 

-3 
and n o w E y . b . = 0(a ) as a 0 0 , o n m a n i p u l a t i o n of some F o u r i e r 

1 ? 3 

s e r i e s . T h u s w r i t i n g 

^ = r ^ M j — 

v 
then (50) 

M: dk 4 nA ok (A ( & ) 

(ii) b . u n b o u n d e d w i t h b . ^ c.j and c c o n s t a n t . In o r d e r for the 
3 oo - i 3 

limit cycle to e x i s t ^Yj^j m u s t converge and t h u s n e c e s s a r i l y y_. a. j 

w i t h p > 0 a s j oo. A n y f i n i t e t r u n c a t i o n o f the sums R and S again 

- 2 

b e h a v e s like ft for large ft a n d an integral e s t i m a t e m a y be a p p l i e d t o 

the t a i l o f each series in the infinite c a s e . F o r given (small) 

> there e x i s t s a v a l u e of N w h i c h is i n d e p e n d e n t of ft 

such t h a t for all j > N 

*See A p p e n d i x D . 
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f - C 

J 

4 : 

J 

A; 

•f-

j 
(51) 

i - e j < s i . <. i + 2& 

j t r a 
E a c h sum is formed from a series o f m o n o t o n i c d e c r e a s i n g p o s i t i v e 

t e r m s and s o , e . g . 

oo Ob 

/J-m v 

oo 
^ J j l 

V 

/ 
u /0 

A 
V 

(52) 

•where N is s u f f i c i e n t l y large t h a t the integrand is an i n t e g r a b l e 

function o f j w h e n j is a c o n t i n u o u s v a r i a b l e a n d t h e n t h e i n t e g r a l s 

m a y be estimated u s i n g (51) and 

j i T w r J $ < £ i V 

i V J J J j ' O - . J . x * a i > 

Putting j + = j-a^, j = j+a 2 and then relabelling the new variables 

as j, there exists > 0 such that these integrals may be 

approximated 

O O 

+ \f A/-4, V 
\j 

N o w setting z = j * in I N(a,£2) = i j 
J ^ 

t h e r e f o l l o w s the r e d u c t i o n formula 

= A T - " $ 
st-

and 
*sr ex > 

(54) 

(55) 

(56) 

<1S (52) 



H e n c e , if p > 2 t h e n R,S = 0( ^ ) as . 5 2 a n d so a g a i n t r u n c a t i o n 

d o e s n o t a l t e r the s t a b i l i t y c r i t e r i o n w h i c h is (40) w i t h the p a r t i a l 

sums r e p l a c e d b y the (convergent) i n f i n i t e s u m s . T h e c o e f f i c i e n t s of 

the E a d y m o d e l g i v e n b y e q u a t i o n s (4.49) fall into this c a t e g o r y 

since p = 4 and t r u n c a t i o n is thus e s t a b l i s h e d as a p r o c e d u r e w h i c h 

w i l l not m a t e r i a l l y a f f e c t the s t a b i l i t y c r i t e r i o n . 

If 0 < p _< 2 h o w e v e r t h e n the p a r t i a l sums o f R and S do n o t 

converge u n i f o r m l y w i t h r e s p e p t to 0 and for example w h e n : 

p,2 } - i s " , oca."1) 

—A <58> 

' p . l j £ = o 6 » " ' ) ^ J l S = 

In b o t h of t h e s e c a s e s , u s i n g (38), for f i x e d a > 1 

ft,2 (A 2) > 0 2 (A 2) A s A 2 -h a, 
R S 

2 
and so no i n s t a b i l i t y m a y o c c u r as A and thus r ^ t e n d s to i n f i n i t y 

in c o n t r a s t w i t h t h e finite or t r u n c a t e d case for w h i c h the c r i t e r i o n 

(40) a l w a y s e x i s t s . N o t i c e that for 0 < p < 2 w e should e x p e c t the 

c r i t e r i o n to a l t e r since either o r b o t h of the p a r t i a l sums o f (40) 

cease to c o n v e r g e . 

T h e r e still r e m a i n s the p o s s i b i l i t y m e n t i o n e d p r e v i o u s l y o f m u l t i p l e 

2 2 
i n t e r s e c t i o n s of the 0 and 0 curves of (36). For a final i n s t a b i l i t y 

R S 

(stability) of the limit cycle solution there w o u l d be an o d d (even) 

number o f i n t e r s e c t i o n s o f the curves w h i c h w o u l d p r o d u c e i n t e r v a l s o r 

w i n d o w s of i n s t a b i l i t y a l o n g the r^ a x i s . Some n u m e r i c a l c h e c k i n g w i t h 

the c o e f f i c i e n t s o f b o t h the 2 - l a y e r a n d E a d y m o d e l s has shown no e v i d e n c e 

of t h i s p h e n o m e n o n , there is always a single i n t e r s e c t i o n of the c u r v e s 

for some v a l u e s o f r^ w h e n the e x a c t c r i t e r i o n ((40) w i t h N = «*>) is u s e d 

(Although the sums R and S for the c o e f f i c i e n t s of the E a d y m o d e l do 

n o t seem to b e summable in c l o s e d form.) a n d t h i s r e s u l t is in a g r e e m e n t 

w i t h the study b y Smith (1977) for the linear stability of the n o n - z e r o 

fixed p o i n t s in the case of real c o e f f i c i e n t s w i t h r e a l v a r i a b l e s for the 

2 - l a y e r m o d e l . T h i s suggests t h a t t h e r e is the familiar 1 - 1 c o r r e s p o n d e n c e 

b e t w e e n t h e b i f u r c a t i o n p a r a m e t e r r^ and the r e a l p a r t of the e i g e n v a l u e X 

a s s o c i a t e d w i t h i n s t a b i l i t y . 
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A s stated our c o n c l u s i o n s c o n f i r m b y a n a l y t i c a l m e t h o d s t h a t m o d e 

t r u n c a t i o n is a . q u a l i t a t i v e l y v a l i d p r o c e d u r e in the n e i g h b o u r h o o d of 

the i n s t a b i l i t y of the limit cycle o r c o n t i n u u m of fixed p o i n t s for the 

b a r o c l i n i c m o d e l s . M a n l e y a n d T r e v e (1981) and T r e v e (1981) a p p l y i n g 

a m e t h o d of F o i a s and P r o d i (1967) have shown that a l o w e r b o u n d on the 

n u m b e r of m o d e s in a F o u r i e r e x p a n s i o n is needed in B £ n a r d c o n v e c t i o n in 

o r d e r t o c o r r e c t l y p r e d i c t t h e c r i t i c a l R a y l e i g h n u m b e r f o r the o n s e t 

of c o n v e c t i o n in a q u a n t i t a t i v e s t u d y . We are u n a b l e to p r e d i c t a n y t h i n g 

about the b e h a v i o u r at o t h e r b i f u r c a t i o n p o i n t s such a s p o s s i b l e 

t r a n s i t i o n s from p e r i o d i c o r q u a s i - p e r i o d i c s o l u t i o n s to c h a o s b e c a u s e 

our analysis is local - studying the b e h a v i o u r of the t r a j e c t o r i e s in 

p h a s e space in the v i c i n i t y o f the c o n t i n u u m of fixed p o i n t s (in the 

real .case) or the limit cycle (in the complex case) w h e n the v i s c o s i t y 

p a r a m e t e r (y o r r in P e d l o s k y ' s notation for the 2 - l a y e r m o d e l ) is of 

the same o r d e r as the square root of the s u p e r - c r i t i c a l i t y (e o r A) as 

this solution b e c o m e s u n s t a b l e w i t h the steady d e c r e a s e of the v i s c o s i t y 

p a r a m e t e r . N o w this e q u i l i b r i u m solution is the small v i s c o s i t y l i m i t 

of the steady s o l u t i o n s of the a m p l i t u d e equation formed w h e n the 

v i s c o s i t y p a r a m e t e r is o r d e r one w i t h respect to the s u p e r c r i t i c a l i t y 

(y = 0(l)) f this may be seen by inspection of (4.47) and (4.48) or 

e q u i v a l e n t l y (4.36) and (4.38) t h e n c o m p a r i s o n w i t h (4.44) b u t r e c a l l 

t h a t (4.44) is t h e inviscid limit of the y = 0(1) v i s c o u s p r o b l e m for 

w h i c h t h e full c o e f f i c i e n t s in the r e q u i r e d form are e q u a t i o n s (34) 

and (35) of D r a z i n 1972 . T h e p o s i t i o n o f the e q u i l i b r i u m solution in 

h 
the small v i s c o s i t y y = 0(£ ) p r o b l e m in p h a s e space is i n d e p e n d e n t of 

the v a l u e of the v i s c o s i t y p a r a m e t e r v , t h i s f o l l o w s b y i n s p e c t i o n o f 

(4.47) and (4.48) and then (4.49), h e n c e this solution e x i s t s for 
i 

all v (and in fact y > _ 0 ( z ) , w i t h c o n t i n u o u s d e f o r m a t i o n ) b u t is n o t 

related to the centre o f the d n o i d a l p e r i o d i c solutions o f the i n v i s c i d 

p r o b l e m g i v e n b y (4.46) as the latter are e x p l i c i t l y d e p e n d e n t on t h e 

initial condition A ( 0 ) . In the y = 0(1) v i s c o u s p r o b l e m s , s i n c e the 

c o e f f i c i e n t s o f the a m p l i t u d e equation in the b a r o c l i n i c m o d e l s are r e a l 

and the e q u a t i o n is first o r d e r the a m p l i t u d e function m a y be t a k e n to 

be r e a l w i t h o u t loss of g e n e r a l i t y and its s t e a d y , fixed p o i n t s o l u t i o n s 

are g l o b a l l y a s y m p t o t i c a l l y s t a b l e . 
k 

The inviscid limit of t h e small v i s c o s i t y y = 0(e ) p r o b l e m w h i c h 

is c l e a r l y r e c o v e r a b l e from the e q u a t i o n s (4.47) and (4.48) b y l e t t i n g v 

tend to zero to form (4.46) is n o t r e c o v e r a b l e a s e a s i l y a f t e r the 

t r a n s f o r m a t i o n leading to (4.54) to (4.56) is a p p l i e d , see t h e e x p l i c i t 
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forms of t h e p a r a m e t e r s w h i c h are c o n n e c t e d t h r o u g h the t r a n s f o r m a t i o n 

b y (4.57). A d i f f e r e n t a p p r o a c h to the p r o b l e m o f e x a m i n i n g the 

t r a n s i t i o n s b e f o r e chaos has b e e n taken b y P e d l o s k y (1971 and 1972) 

and S m i t h (1977) a l t h o u g h a t t h a t t i m e the e q u i v a l e n c e of the a m p l i t u d e 

e q u a t i o n s w i t h a set of L o r e n z type equations h a d not b e e n e s t a b l i s h e d . 

The i n v i s c i d a m p l i t u d e e q u a t i o n (4.46) h a s s o l u t i o n s w h i c h are a l l 

p e r i o d i c and m a y b e e x p r e s s e d in t e r m s o f J a c o b i a n e l l i p t i c f u n c t i o n s . 

When the s i d e w a l l b o u n d a r y c o n d i t i o n is r e l a x e d so t h a t the a m p l i t u d e 

\ 
e q u a t i o n s are (BIO) to (B13) for the r = 0 ( A ) s m a l l v i s c o s i t y p r o b l e m 

P e d l o s k y (1972) has c o n s i d e r e d t h e e x i s t e n c e and s t a b i l i t y of the 

r 

limit cycle s o l u t i o n s for the 2 - l a y e r m o d e l w i t h -| ̂ "j ̂  is an 

a s y m p t o t i c a l l y small p a r a m e t e r . Smith later r e - e x a m i n e d the i n f i n i t e 

set o f e q u a t i o n s (Bl) t o (B3) for the 2 - l a y e r m o d e l u s i n g the same 

t e c h n i q u e a n d . g a v e some n u m e r i c a l results in S m i t h and R e i l l y (1977). 

Both o f t h e s e a n a l y s e s are a p p l i c a b l e w h e n the a m p l i t u d e f u n c t i o n A ( t ) 

is a s s u m e d r e a l and the r e s u l t s are in q u a l i t a t i v e a g r e e m e n t . T h e 

i n v i s c i d s o l u t i o n s are o f t w o types w h i c h are r e f e r r e d to as the £ < 0 

and £ > 0 p e r i o d i c solutions w h e n the w a v e a m p l i t u d e is a s s u m e d t o b e r e a l , 

the £ < 0 s o l u t i o n s c o r r e s p o n d to a solution o f (4.46) w h i c h is a d n o i d a l 

e l l i p t i c f u n c t i o n and for w h i c h A(t) is always o n e - s i g n e d w h i l s t the £ > 0 

s o l u t i o n s c o r r e s p o n d to a s o l u t i o n w h i c h is a c n o i d a l e l l i p t i c f u n c t i o n 

for w h i c h A ( t ) c h a n g e s sign t w i c e during a p e r i o d , the t w o t y p e s are 

separated b y a single £ = 0 solution of the form A = A Q sech(uj t ) 

w h i c h is n o n - p e r i o d i c and w h e r e A Q and u) d e p e n d on the p h y s i c a l p a r a m e t e r s 

(k, a , 
m ) . The two—timing t e c h n i q u e a p p l i e d to the r = 0(A ) small 

r 

v i s c o s i t y e q u a t i o n s w h e n j ̂  j % is small shows t h a t t h e r e are limit cycle 

solutions w h i c h arise from b o t h types of i n v i s c i d p e r i o d i c s o l u t i o n , 

the £ < 0 l i m i t cycle exists o n l y w h e n t h e f i x e d p o i n t s o l u t i o n s are 

stable and it is then u n s t a b l e , the £ > 0 limit cycle a l w a y s e x i s t s and 

is s t a b l e . If A ( x ) is c o m p l e x t h e n , in g e n e r a l , the c h a n g i n g of sign 

in the £ > 0 inviscid solution does n o t o c c u r , a n o t e to this e f f e c t 

a p p e a r s in A p p e n d i x C . The saquence of d i f f e r e n t limit c y c l e s found in the 

n u m e r i c a l i n v e s t i g a t i o n of P e d l o s k y and F r e n z e n (1980) as a r e s u l t of 

p e r i o d d o u b l i n g s w i t h the i n c r e a s e of t h e v i s c o s i t y p a r a m e t e r w h e r e 

the a m p l i t u d e function is a s s u m e d to b e r e a l are t h o u g h t to be related t o 

the f u n d a m e n t a l l i m i t cycle s o l u t i o n s arising f r o m the inviscid p r o b l e m . 

A s i m i l a r c o n c e p t o f r e v e r s i b l e (inviscid) s o l u t i o n s p e r t a i n i n g to the 

irregular l o o p i n g s of the t r a j e c t o r i e s about t h e fixed p o i n t s in the c a s e 

o f the r e a l Lorenz set is e x p l o i t e d in a short p a p e r b y Haken and W u n d e r l i n 

(1977). 
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C H A P T E R 6 

W E A K L Y N O N L I N E A R S T A B I L I T Y A N A L Y S I S F O R THE E X A C T P E R I O D I C L I M I T 

C Y C L E S O L U T I O N O F THE C O M P L E X L O R E N Z E Q U A T I O N S 

In p u r s u a n c e of the linear stability c a l c u l a t i o n for the limit 

cycle s o l u t i o n o f the i n f i n i t e set of complex L o r e n z t y p e e q u a t i o n s 

(5.3) t o (5.5) of the p r e v i o u s c h a p t e r 

C x - v ) (i) 

V = r X . c V . / l ; 2 ; L ( 2 ) 
r> V 

c o n s i d e r the w e a k l y n o n l i n e a r analysis and its c o n s e q u e n t d e t e r m i n a t i o n 

of the d i r e c t i o n o f the b i f u r c a t i o n . T h e a b s t r a c t theory for forming 

the d i f f e r e n t i a l e q u a t i o n s g o v e r n i n g the local state of b i f u r c a t i o n 

of a l i m i t cycle s o l u t i o n o f a set o f first o r d e r d i f f e r e n t i a l 

e q u a t i o n s w h i c h are r o t a t i o n a l l y i n v a r i a n t and w h e r e the l i m i t c y c l e 

is d e s c r i b e d b y an e x a c t l y s i n u s o i d a l o s c i l l a t i o n has b e e n g i v e n f u l l y 

in §3 o f F o w l e r , G i b b o n and M c G u i n n e s s (1981). The aim o f the p r e s e n t 

s t u d y is to p e r f o r m the c a l c u l a t i o n o u t l i n e d in that r e f e r e n c e for 

e q u a t i o n s (1) to (3), i.e.; f o r the c a s e o f an infinite set o f Z 

c o m p o n e n t s w h e r e the c o e f f i c i e n t s {y^} and (b^} have the n e c e s s a r y 

c o n v e r g e n c e p r o p e r t i e s . N o t e that at e v e r y stage o f the c a l c u l a t i o n the 

finite or t r u n c a t e d set o f e q u a t i o n s formed b y t r u n c a t i n g (3) a f t e r 

some v a l u e of j > 1 and for w h i c h no c o n v e r g e n c e c r i t e r i a need b e i m p o s e d 

m a y be r e c o v e r e d b y the o b v i o u s t r u n c a t i o n in each step o f the c a l c u l a t i o n 

as w a s the c a s e for the linear s t a b i l i t y c a l c u l a t i o n of c h a p t e r 5 . 

In the c a s e o f t h e 2 - l a y e r m o d e l o f b a r o c l i n i c i n s t a b i l i t y (for 

w h i c h the a p p r o p r i a t e e q u a t i o n s (1) to (3) are g i v e n b y (B6) to (B9) 

of a p p e n d i x B) w h e r e the i n f i n i t e sums involving the c o e f f i c i e n t s {y^} 

a n d {bj} m a y b e e x p r e s s e d in c l o s e d f o r m in t e r m s o f the u n d e r l y i n g 

p h y s i c a l p a r a m e t e r s the t y p e of b i f u r c a t i o n m a y b e c o m p a r e d for a g i v e n 

p a r a m e t e r setting w i t h and w i t h o u t the r e l a x e d form o f s i d e w a l l b o u n d a r y 

c o n d i t i o n . 
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F i r s t o f a l l , the set (1) to (3) m a y be t r a n s f o r m e d to a frame 

rotating w i t h the f r e q u e n c y , to, of the limit c y c l e b y s e t t i n g 

y/ t Lur/ 

t ^ j si'" 
(4) 

and then r e s c a l i n g b y the limit c y c l e a m p l i t u d e A of e q u a t i o n (4.13) 

b y setting 

aoc. , j = l 5 - " ( 5 ) 

In the n e w , r o t a t i n g frame the e q u a t i o n s b e c o m e 

O t - — — C ^ - f - <3~t-j 

• * / \ * * 

,2 
4 s roc- (+ cut) «-/ - oc/41 < ^ 2 : 
7 v • ^ 

r V - U - i Z I - Z l A V i l z : 
7 J ' V/ 

5 = - 4 H; +• £ X f * + - J m ) 
J vl vj 3 ( 7 7 

w h e r e * d e n o t e s c o m p l e x c o n j u g a t e a n d 

M-t s tj-3. y r - riC + (Al fEL 

(6) 

(7) 

so that 0) is the f r e q u e n c y o f the limit cycle g i v e n b y e q u a t i o n (5.11) 

For c o n v e n i e n c e set T = t . If (6) is r e - w r i t t e n f o r m a l l y as 

i = i X M (8) 

w h e r e y d e n o t e s a b i f u r c a t i o n p a r a m e t e r t h e n r o t a t i o n a l symmetry is 

e s t a b l i s h e d b y noting that 

( 9 > 



w h e n the r o t a t i o n m a t r i x R is 

- i£> 

-i.fi> 

N 
\ 

(10) 

R e c a l l t h a t there m a y e x i s t a v a l u e o f r„ , r, 1 s a y , w i t h r„ 1 > r„ 
1 l c l c l c 

for w h i c h the limit c y c l e m a y b e l i n e a r l y u n s t a b l e . In the n e w f r a m e 

t h e limit c y c l e c o r r e s p o n d s to the fixed p o i n t 

= ( h <> ^ , . . . ) 

a n d if the s u p e r c r i t i c a l i t y is d e f i n e d b y 

t 2. 

I ) 

(11) 

(12) 

i m p l y i n g 

A |2- t 2. 
lal = r,c-rltm±6 

(13) 

then the slow t i m e scale o f e v o l u t i o n o f p e r t u r b a t i o n s to the limit 

cycle is 

77 = €=. (14) 

and an e x p a n s i o n in t e r m s o f e for the p o s i t i o n v e c t o r o f the solution 

in the new frame m a y b e sought in the form 

<fe> to -z 
= 4- Ar-2: + fir (15) 

S u b s t i t u t i o n o f the w e a k l y p e r t u r b e d state in (6) n o w y i e l d s the f a m i l i a r 

sequence of linear p r o b l e m s at s u c c e s s i v e p o w e r s of t h e e x p a n s i o n 

p a r a m e t e r e . 



A t f i r s t o r d e r , 0 ( 1 ) , the e q u a t i o n s have the c o n t i n u u m o f fixed 

p o i n t s o l u t i o n s c o r r e s p o n d i n g to the u n d e r l y i n g limit c y c l e s o l u t i o n 

(16) 

w h e r e the p h a s e f u n c t i o n , <f>, e x p r e s s e s the p e r m i s s i b l e slow t i m e scale 

d r i f t of a t r a j e c t o r y along t h e d i r e c t i o n of the limit c y c l e in the 

slightly s u p e r c r i t i c a l state., 

A t 0(e) : 

The e q u a t i o n for x ^ m a y b e w r i t t e n in the n o t a t i o n o f (8) as 

(k - 4 ) ~ 0 - $ (17) 

w h e r e 

( ) L = U i = & U , f ) 
si 

a n d e x p l i c i t l y 

H. - -tV. 

- e r / J O cr O 

o o & 

P o -L O 

O P * O - L 

2 
i 
i 
i 

2 2 2 
« i i 
i t t 
1 l4> ' I 

i f I f t r t . • • • 
• i i i 

o 

o 

o - -

o - -
, ixf, i 

— r,c~r<e. ^ — nc-ri<.jL. -

^ -WL ^ ' _ T , i4 — -

* * 

o 
14 

O 
- i 

(18) 

7 



A b s o r b i n g t h e p a r t o f t h e s o l u t i o n f o r x ^ w h i c h is p r o p o r t i o n a l 

t o U Q = R ' ( a ) . X Q , w h e r e U Q is t h e r i g h t e i g e n v e c t o r o f I ^ w i t h 

e i g e n v a l u e z e r o , i . e . ; the s o l u t i o n t o 

a n d w h i c h e x i s t s b y v i r t u e o f t h e f a c t t h a t the u n d e r l y i n g l i m i t c y c l e 

m a y h a v e i t s p h a s e p e r t u r b e d b u t s t i l l b e a r b i t r a r i l y s t a b l e , b y 

l e t t i n g <f> d e p e n d o n e so t h a t 

+ fe 4>tCz) + • • • • (19) 

t h e s o l u t i o n o f (17) w i t h (18) m a y b e w r i t t e n 

0) A + +l&0: A* - ' 
= A c r ) u.^ -e. + A Cr) 

w h e r e A ( t ) n o w d e n o t e s the c o m p l e x a m p l i t u d e o f t h e d i s t u r b a n c e t o 

t h e l i m i t c y c l e s o l u t i o n . O n s u b s t i t u t i o n the s o l u t i o n (20) m a y b e 

e x p r e s s e d as 

(0 k . ifi* h* v * 
o c ^ ex* + A C r ) a^ 

A*, v * 
f- A C r ; oiA ( 

(») a / \ h*, v * 
y = A c t ; +- A t r ) 

j , v a* v * 

(0 >i v ^ i * v * 

(21) 

T h e n u ^ is s u c h t h a t 

- ^ o - i j - t 4- a- ~ o 

- (o+j^+csl)^ - O 

(22)' 
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3 ( i i / i . / 

< * * O 

a . ' * 

The d e t e r m i n e n t a l c o n d i t i o n for a n o n - t r i v i a l s o l u t i o n , u_ ^ 0 , 
' — f t — 

to exist is simply that ft m u s t s a t i s f y the c h a r a c t e r i s t i c e q u a t i o n 

(5.23) of the linear s t a b i l i t y p r o b l e m w h i c h m a y b e w r i t t e n in the form 

c j2 ( « - l l* +tsl) 

• ( 

t- , / X f r v W + < = 
— 5 T T T ^ v / l+isl < 

(23) / 

a n d then a solution o f (22), u s i n g (23) to eliminate the a p p e a r a n c e of 

the sums R a n d S (as d e f i n e d b y equation (4.48)) is 

= 

v —* 
CAjb — <=r +• L +• i S l 

(24) 

•<t> 
U * 3 

(X _ ( g r c / j h v ^ y o - o j - n q + l+ c-j-dcjj). 1 

A =• 

I 
0 4 J . 

^ ^ f a * = i s l ) . 
5 J 
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N o t e . (i) T h e v a l u e o f ft is found b y solving t h e c h a r a c t e r i s t i c 

e q u a t i o n for l i n e a r s t a b i l i t y (23) a n d t h a t a t r u n c a t i o n i n c l u d i n g the 

t h 

N Z c o m p o n e n t is r e c o v e r e d from the a b o v e b y setting Y n
 = 0 f°r a H 

n >_ N + l in (23) a n d (24) so that u ^ is then a v e c t o r o f d i m e n s i o n N + 4 . 

F o r any given {y^} and (b^} the v a l u e o f ft computed b y (23) v a r i e s 

w i t h N . 

(ii) The f i r s t f o u r c o m p o n e n t s o f u ^ v a r y o n the slow t i m e scale t 

and the r e m a i n i n g c o m p o n e n t s are a s s o c i a t e d w i t h the c o m p o n e n t s Z_. o f 

the stable m a n i f o l d Z_. = 0 , j >_ 1 , for the fixed p o i n t solution x = 0 . 

A t 0 ( e 2 ) : 

(2) 
The p r o b l e m for x , noting t h a t 

4 / = 4 q'(4>).^ (25) 

is 

4> 

i -<-4 

r,c 
OO 6) 

X . 2-; 
' 4 

0) 

o> ~ (01 

X , to J l ) ^ (0 v 
- JM ( -̂x. t X J ) 

(26) 

- J • / 0) * 0 ) * © W \ 



U s i n g the r e l a t i o n s (24), t h a t p a r t o f the r i g h t hand side w h i c h m a y 

2-5 ftt 

b e seen to b e p r o p o r t i o n a l to e g i v e s a p a r t i c u l a r s o l u t i o n for 

x / ^ w h i c h is p r o p o r t i o n a l to e^"*"^, h o w e v e r since ^ h a s an e i g e n v a l u e 

e q u a l to zero that p a r t of the r i g h t hand side w h i c h v a r i e s o n the slow 

t i m e scale alone is s e c u l a r . In g e n e r a l , the s e c u l a r i t y c o n d i t i o n 

is p r o p o r t i o n a l to c ^ f T j e 1 ^ " or to Cq(t) i.e.; imposed in f i n d i n g a 

w h i c h m u s t be i m p o s e d u p o n a term in the right hand side of (26) w h i c h 

is p r o p o r t i o n a l to ^ ( " O e 1 * 

s o l u t i o n x t o the e q u a t i o n 

(27) 

w h i c h is v a l i d for t i m e s t = 0 ( e ") is given b y 

- k^) -ZL - £ o + 

- 2 . . 

- ° (28) ^ - O ' (29) 

w h e r e ( f \ * ) * ^ (30) 

m t c = - j u 
and ( j " " (31) 

o r e q u i v a l e n t l y w h e r e v ^ and v ^ a r e the left e i g e n v a l u e s of 

w i t h e i g e n v a l u e s 0 and ifi r e s p e c t i v e l y . E x p l i c i t l y (31) b e c o m e s 

o^ - O -(cr^+isl)^ P o A j f K \ V ' ^ 4 
zl s 

JL 5" 

\ '<t> *** 

^ - C ^ t A ' ) ^ = o (32> 

V 
y] 



A g a i n the d e t e r m i n e n t a l c o n d i t i o n w h i c h ensures that a n o n - t r i v i a l 

s o l u t i o n , / 2. ' exists is (23) a n d w h e n this l a t t e r r e s u l t is u s e d 

t o r e p l a c e the sums R and S a s o l u t i o n o f (32) is 

= c ^ c ^ f - d * ) l + isl") ^ 

r - A c - ^ c \ ( o - ^ r t J * ) * u l*+2lsi). i 

(33) 

m j 

* * 

On 

r e t u r n i n g to (32) and t a k i n g the limit Q 0 a solution o f (30) is 

g i v e n b y 

/ . * = > v l ^ = - L -<L 

—l(f> — L <jb 
(34) 

Substituting the form of the solution at previous order given by 

(21) in (26) the t independent vector, c^(t), of (27) is 

i a] 4 ** Y / J ^ K . \ M I 2 («*, 

• V 
- c K T ^ + A I A l ^ c j ^ i ? ^ 

rV A I2"/ * * \ 

* 00 v 

(35) 



H e n c e , from the secularity c o n d i t i o n (28), the p h a s e f u n c t i o n <j>(x) 

m u s t s a t i s f y 

( c c ^ + ^ + u l * ) 4 

= jjl36, 

w h i c h i m p l i e s 

Z 

w i t h 

4 = £ i a v 
(37) 

/3 - t C 2 » S . j l ~ 

w h e r e q = 2o)-e. N o t i c e t h a t the c h o i c e of a n o r m a l i s a t i o n for u ^ 

in the s o l u t i o n (24) w h i c h leads to (37) from (36) i m p l i e s the 

n o r m a l i s a t i o n for A(x) in (20). 

There n o w exists a p a r t i c u l a r solution o f (26) w h i c h , e x p r e s s e d a s 

to A , * 4- A* - A * 2 

•2: s: ^ / A l 4- A C r ) ^ . 4- A Cr) 4L 

and s u b s t i t u t e d in (26) s u g g e s t s t h e simpler e x p r e s s i o n 

to a 2. a 7 * a * * 
= (Al A 4- A Cr) 

* A.* A2 * A*Z 

« = - ( A l ^ + C A ^ A W + ^ A 

(38) 

AJ - ^ 3 ^ -r z^f. 

J ® = + 4- a 

to A * a 2 v v a t * ** 



The a l g e b r a i c steps leading to s o l u t i o n s for a ^ and a ^ a r e g i v e n in 

a p p e n d i x D . 

R e c a l l t h a t c o n s t a n t s o l u t i o n s in x , a r i s i n g from the zero 

eigenvalue o f and w h i c h are t h e r e f o r e p r o p o r t i o n a l to u ^ , have 

b e e n i n c o r p o r a t e d into <{> b y t h e a s s u m p t i o n o f equation (19) . S i m i l a r l y 

iftt 

a s o l u t i o n m x_ p r o p o r t i o n a l to u ^ e , w h i c h c o r r e s p o n d s to the eigen-

f r e q u e n c y Q o f i n s t a b i l i t y o f , m a y be i n c o r p o r a t e d into A ( t ) 

if it is assumed that A(t) d e p e n d s o n e so that 

i\C?= 5 O = AeCr> + fe. . - • • (39) 

The p r o b l e m s for cf>_. r A^ w i t h j £ 1 a r e n e g l e c t e d . 

" A t 0 ( E 3 ) : 

T h e p r o b l e m for x 

— CtC 'VL. 

(3) 
is 

*(9 

(40) 

~ J 
t 

w h e r e the s o l u t i o n s at 0(e) and O(e^) of (21) a n d (38) m a y be u s e d to 

evaluate the right h a n d side a n d , in a d d i t i o n , the r e s u l t t h a t 

(41) 
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w h e r e is the right e i g e n v e c t o r o f ^ (x;y) a n d is i n d e p e n d e n t of <J> 

a n d t h u s t (see §3 of F o w l e r et a l . (1981)). Hence 

(42) 
= 4 £ ' c ° ) . £ c < t > ) . d * 

The right hand side o f (40) m a y thus b e seen to contain t e r m s w h i c h 

are p r o p o r t i o n a l to b o t h e and e , the l a t t e r t e r m s alone a r e 

secular a n d are given by 

' - A c " * , -

- A r ^ c A 4 

- A c 

> 

* 

+ 4- ^ ^ «. O ^ * ^ + Uo* 

t 
) A (AC 

(43) 



The s e c u l a r i t y c o n d i t i o n to be imposed is (29), that the r i g h t h a n d 

side c o n t r a c t e d w i t h v ^ v a n i s h e s . The a m p l i t u d e e q u a t i o n for A ( t ) is 

A t - ( •+- d + j U_ vL U. + vj . u. • ) 

A I A \ 2 _ ^ ^ ) 

\ AIAI2
 + 

a i a t . / - * * 

t 
*at: / l i - l i \ a 

v + / n 
** rl. \ I % ^ (44) 

2 
w h e n r = r. 1 ± s , w h i c h b e c a u s e of equation (37) m a y be w r i t t e n in l c 
the form 

Ar = ±4, A (45, 

w h e r e k ^ and k 2 are c o m p l e x c o e f f i c i e n t s w h i c h m a y be seen to b e 

i n d e p e n d e n t o f x and the u p p e r choice o f sign is t a k e n in the s u p e r c r i t i c a l 

s t a t e , i.e.; w h e n r. > r, '. 
1 l c 



C h a n g i n g the d e p e n d e n t v a r i a b l e b y p u t t i n g 

A - . r . (51) 

implies 

r r = * Q M r + L C k ) r S
 ( 4 7 ) 

w h i c h has the solution 

r L r ) = k 

1 - K * . * ^ ' * 

(48) 

• I . 

w h e r e K G IR. + is a c o n s t a n t o f i n t e g r a t i o n , t h e n 

< Q C < 4 9 ) 

and from e q u a t i o n (37) 

4 = /s ^ (50) 

H e n c e the b i f u r c a t i o n is o f t h e s u b c r i t i c a l o r s u p e r c r i t i c a l type 

a c c o r d i n g as R e ( k 2 ) is p o s i t i v e o r n e g a t i v e . 

In the s u b c r i t i c a l case the p e r t u r b a t i o n to the limit cycle 

s o l u t i o n , x ^ , is singular in g e n e r a l at the f i n i t e t i m e 

= l (0<. 

J 2 
and then the a b o v e a n a l y s i s d o e s n o t p r e d i c t the solutions o f e q u a t i o n s 

(1) to (3) e x c e p t w h e n r^ < w i t h Re(k^) > 0 and the limit cycle 

s o l u t i o n i s then l i n e a r l y stable exhibiting the t h r e s h o l d t y p e o f 

i n s t a b i l i t y w h e r e the t h r e s h o l d is 

I A . * / = (s i ) 

If the b i f u r c a t i o n is o f t h e s u p e r c r i t i c a l t y p e the s o l u t i o n A(t) 

is b o u n d e d for all t. and for all i n i t i a l c o n d i t i o n s w i t h 

<1S (52) 
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N o w the p o s i t i o n v e c t o r (15) in the r o t a t i n g frame is 

ls.jk 
^ = g ( 4 ^ ) ' + t ^aoc) s c ^ l ^ ) 

Aa/w. 
formed from equations (16) a n d (21). R e c a l l i n g the r e s u l t o f e q u a t i o n 

(41) t h i s m a y b e m o r e u s e f u l l y expressed as 

t h e n . . / t i W r , 

a ^ £ ( S M I • r . + J m \H f ^ t - K ) 

-h SL.Kk.cJ/cu- (55) 

So t h a t in the r o t a t i n g frame the s o l u t i o n tends to p r e c e s s s t e a d i l y 

around the limit c y c l e a s t °° w i t h a s y m p t o t i c f r e q u e n c y o n the 

t scale 

Z ) 
(56) 

/U-A.) 
a n d has a s u p e r i m p o s e d small a m p l i t u d e o s c i l l a t i o n g i v e n b y e q u a t i o n s 

(47) a n d (48) of size p r o p o r t i o n a l to e = J (r^-r 1 ) w h i c h v a r i e s o n 

the fast time s c a l e , t , w i t h f r e q u e n c y £2 m o d i f i e d b y a slow d r i f t o n 

the slow t i m e s c a l e , x , hence the solutions are d o u b l y p e r i o d i c . In 

the fixed frame the s o l u t i o n is o b t a i n e d from (4) and (5) u n d e r the 

r o t a t i o n m a t r i x R , i.e.; 

x = . * <57> 

w h e r e A_ is the c o n s t a n t scaling m a t r i x implied b y e q u a t i o n (5). Since 

R is a rotation m a t r i x 

g . £ 14***) * (58) 
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t h e n from e q u a t i o n (55) t h e solutions in the fixed frame are a g a i n 

d o u b l y p e r i o d i c a l t h o u g h n o w the p r e c e s s i o n o f the solution a r o u n d 

the limit cycle is o n the fast time scale so t h a t it is n o t s e p a r a t e d 

a s easily from the c o m p o n e n t f r e q u e n c y o f t h e p e r t u r b a t i o n a w a y from 

the l i m i t c y c l e . The two f r e q u e n c i e s m a y be i n c o m m e n s u r a t e in general, 

E x p l i c i t l y , in the rotating f r a m e , x , the first c o m p o n e n t o f the 

p o s i t i o n v e c t o r x is g i v e n b y 

• X . - I | + • feflTCC) £ + L 

(59) 

4- 0 6 ^ ) 

showing t h e t w o p e r i o d s t h r o u g h the. p r e c e s s i o n a l d r i f t 4> (x) a b o u t the 

l i m i t cycle a n d the i n s t a b i l i t y o f the limit cycle t h r o u g h ftt + 0(x) 

w h e r e ft is the e i g e n f r e q u e n c y o f l i n e a r i n s t a b i l i t y and 6(x) is the 

t h 

correction to the e i g e n f r e q u e n c y in finite a m p l i t u d e . The (j+4) 

c o m p o n e n t o f - x is z ̂  , g i v e n b y 

A - ^ V v <60> 
/ cf. \ 

ij+isl / j 
A s y m p t o t i c a l l y as x 0 0 , from (52) , each z c o m p o n e n t o f the solution 

e x h i b i t s the single p e r i o d a s s o c i a t e d w i t h the linear e i g e n f r e q u e n c y o f 

the limit c y c l e i n s t a b i l i t y b u t a g a i n slightly corrected in f i n i t e 

a m p l i t u d e . The a b s e n c e of <}>(x) in t h i s case a r i s e s from the form o f 

the r o t a t i o n m a t r i x (10) or e q u i v a l e n t l y from t h e o r i e n t a t i o n of the 

rotation a s s o c i a t e d w i t h the limit c y c l e , w h i c h is in the x - y h y p e r p l a n e . 

In the fixed frame t h e s o l u t i o n s b e c o m e 



-f- <s r C t > u l*2zsl) 

* <h V 

A ' r * ^ 
F o r the c o e f f i c i e n t s o f t h e t w o layer m o d e l of b a r o c l i n i c i n s t a b i l i t y 

in b o t h the i n f i n i t e a n d single Z c o m p o n e n t cases as g i v e n b y e q u a t i o n s 

(B9) a n d (B13) o f a p p e n d i x B , c o n t o u r s o f R e ( k 2 ) are s k e t c h e d in the 

real (k, - r 2 ) p l a n e s o f figures (1) and (2) w i t h some o f the m o r e 

i n v o l v e d steps in the a l g e b r a a p p e a r i n g in a p p e n d i x D . F i g u r e (2) 

w i t h the c o e f f i c i e n t s o f (B13) is a p p r o p r i a t e to the case of a single Z 

c o m p o n e n t found b y r e l a x a t i o n o f the s i d e w a l l b o u n d a r y c o n d i t i o n (4.52) 

a n d not b y t r u n c a t i o n o f the i n f i n i t e set given b y (B9) a f t e r t h e f i r s t 

c o m p o n e n t . The c o n t o u r s are s u r p r i s i n g l y close in b o t h i n s t a n c e s w i t h 

t h e i r d i f f e r e n c e s b e i n g m o s t p r o n o u n c e d for the smaller v a l u e s o f k or 

l o n g e r w a v e s . I am at a loss for a p h y s i c a l i n t e r p r e t a t i o n of t h i s 

d e t a i l . 

The simple c o m p u t e r p r o g r a m m e s u s e d in these sketches also c o n f i r m e d 

t h a t the s u f f i c i e n t c r i t e r i o n for limit cycle i n s t a b i l i t y 

< * • > + 1 ( 6 3 ) 

* * 

of (5.40) is also n e c e s s a r y in b o t h c a s e s , i.e.; for all k such that 

(63) is n o t satisfied t h e r e does n o t exist a r e a l r o o t , fi, o f the 

c h a r a c t e r i s t i c e q u a t i o n (23) for the linear i n s t a b i l i t y o f t h i s s o l u t i o n . 

H e n c e there is a long w a v e c u t - o f f e f f e c t (for some v a l u e of k = k g s a y , 

w h i c h is given b y (63) as miT/3 in the single c o m p o n e n t case and 

a p p r o x i m a t e l y mir v2 .82 in the infinite case) b e y o n d w h i c h the limit cycle 

solution is a l w a y s l i n e a r l y stable when it exists (for r^ > w h i c h 

is in accord w i t h the f i n d i n g s o f P e d l o s k y (1971) and S m i t h (1977) 

for the c a s e of r e a l c o e f f i c i e n t s r e c o v e r e d a s r 2 0 . N o w for a l l 

(negative) v a l u e s o f r 2 , R e ( k 2 ) t e n d s to i n f i n i t y t h r o u g h p o s i t i v e v a l u e s 

a s k + k + so t h a t the b i f u r c a t i o n is s u b c r i t i c a l in t h i s p a r t o f the 
s 

(k,r 2) p l a n e , it is also s u b c r i t i c a l for all p o s i t i v e k w h e n |r 2| is 

s u f f i c i e n t l y s m a l l and this r e s u l t agrees w i t h the b i f u r c a t i o n in the 

real c a s e , r 2 = 0 , as studied b y M c L a u g h l i n and M a r t i n (1975) . H o w e v e r , 
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t h r o u g h o u t m o s t o f the ( k , - ^ ) p l a n e Re ^ 2 ) is n e g a t i v e a n d so the 

b i f u r c a t i o n is s u p e r c r i t i c a l t h e r e , o c c u r r i n g a t some s u f f i c i e n t l y large 

v a l u e o f r ^ . 

W i t h r e f e r e n c e to t h e n u m e r i c a l i n t e g r a t i o n s o f the c o m p l e x L o r e n z 

e q u a t i o n s w i t h a single Z - c o m p o n e n t d e s c r i b e d in section 4 o f F o w l e r , 

G i b b o n and M c G u i n n e s s (198^) , figure (3) shows the curve r, 1 a s a 
l c 

f u n c t i o n o f ^ w h e n e = 3 ^ / 0 = 2 , y = 1 and b = 0 . 8 (or m = 1 , 

k = tt/5 in r e l a t i o n s B13) w i t h the c o m p u t e d v a l u e s of ft and Re ^ 2 ) to 

the left a n d right a l o n g the c u r v e ; c . f . F o w l e r et a l . , f i g u r e 3 . 

T h i s c o n f i r m s their c o n j e c t u r e t h a t w h e n = 1 , implying r ^ ' = 2 5 5 . 6 7 , 

the p h a s e p o r t r a i t s o f f i g u r e s (4) to (6) of t h a t p a p e r are showing a 

s u b c r i t i c a l b i f u r c a t i o n to o r from the limit c y c l e s o l u t i o n in t h e 

s u b c r i t i c a l (r^ < a n ^ s u p e r c r i t i c a l states (r^ > a n c ^ t h u s 

f i g u r e s (5) a n d (6) w h i c h are r e l e v a n t to the s u p e r c r i t i c a l state do 

i n d i c a t e the p r e s e n c e o f a s e c o n d , s t a b l e , d o u b l y p e r i o d i c m o t i o n 

w h i c h m a y b e similar in form to b u t n o t d e s c r i b e d b y t h a t g i v e n h e r e 

in e q u a t i o n s (59) to (62). It seems t h a t for t h i s p a r t i c u l a r p a r a m e t e r 

setting R e ^ 2 ) is p o s i t i v e a t all p o i n t s along the curve o f figure (3) 

b u t for a s m a l l e r v a l u e o f b t h e b i f u r c a t i o n is s u p e r c r i t i c a l for 

s u f f i c i e n t l y large | r 9 | . 
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CHAPTER 7 

W E A K L Y N O N L I N E A R E V O L U T I O N O F A P A C K E T O F L O N G W A V E S F O R E A D Y ' S 

M O D E L W H E N THE SQUARE ROOT O F THE E K M A N N U M B E R D I V I D E D BY THE R O S S B Y 

N U M B E R IS OF T H E O R D E R O F THE S U P E R C R I T I C A L I T Y 

The m o t i v a t i o n for t h e study o f the f o l l o w i n g p r o b l e m is to 

e s t a b l i s h an a m p l i t u d e equation w h i c h , l i k e t h a t o f c h a p t e r f o u r , 

c o n t a i n s b o t h a first and a second o r d e r d e r i v a t i v e o f the a m p l i t u d e 

w i t h r e s p e c t to t i m e in the l i n e a r t e r m s and w h e r e t h e m e a n field 

c o r r e c t i o n o b e y s a p a r t i a l d i f f e r e n t i a l equation similar to (4.32) 

b u t w h i c h is a p p r o p r i a t e f.or the e v o l u t i o n of a p a c k e t o f l i n e a r l y 

u n s t a b l e w a v e s . The a n a l o g o u s p r o b l e m for the 2 - l a y e r m o d e l e x c l u d i n g 

t h e 8-plane effect has been studied b y P e d l o s k y (1981) for the c a s e s 

of b o t h free a n d forced w a v e p a c k e t s w h e r e the o r d e r i n g o f the p a r a m e t e r s 

is e s s e n t i a l l y the s a m e , i.e.; w h e r e in the d i f f e r e n t n o t a t i o n 

k 
r = E / e = 0 ( A ) as A 0 a n d the s u p e r c r i t i c a l i t y is t a k e n w i t h r e s p e c t 

to the i n t e r n a l r o t a t i o n a l F r o u d e n u m b e r , F . 

It h a s b e e n e s t a b l i s h e d in c h a p t e r t h r e e t h a t the p h a s e s p e e d , c , 

o f a n o r m a l m o d e d i s t u r b a n c e 

+ c o m p l e x c o n j u g a t e (1) 

to the b a s i c l i n e a r shear p r o f i l e u Q = Az of E a d y ' s m o d e l is 

c=AL tisCrZ&s* (sA*y,th-,))) 

in the p r e s e n t n o t a t i o n w h e r e 

- J i (3),(4) 

A 
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so that the surface of n e u t r a l s t a b i l i t y is given b y equation (3.10) 

+ ( s - 4 . * ) & d . S - < ) = O (5) 

/?. 
w h e r e p a r a m e t e r space is n o w chosen to h a v e i n d e p e n d e n t c o o r d i n a t e s 

k 
k , S and E v /

R
0 as o p p o s e d t o the p r e v i o u s c h o i c e in c h a p t e r s t h r e e 

and four o f k , S and y . 

The s t a b i l i t y c r i t e r i o n for the inviscid p r o b l e m i s , from 

e q u a t i o n (5), i n s t a b i l i t y if a n d o n l y if 

O S < Se, (6) 

w h e r e s Q > 0 is such t h a t s Q t h s ^ = 1 . S o l v i n g (5) i t e r a t i v e l y for 

small y Q a l o n g the u p p e r b r a n c h o f the n e u t r a l surface b y a p p l y i n g 

N e w t o n ' s m e t h o d i m p l i e s a c r i t i c a l v a l u e o f s , s ^ , given b y 

J s E t U f c p f . I + o / V ) 

The c r i t i c a l v a l u e of the B u r g e r n u m b e r , S , w h i c h is chosen as the 

b i f u r c a t i o n p a r a m e t e r i s , from (4) 

A m f ) / 
w h e r e 

is the c r i t i c a l v a l u e o f the B u r g e r n u m b e r for the inviscid p r o b l e m . 

D i f f e r e n t i a t i n g (8) w i t h r e s p e c t to k y i e l d s the u n i q u e v a l u e of 

h 
k for g i v e n E ^ /R a l o n g the u p p e r b r a n c h 

K - a y / A . 0 / & 4 v ( 9 ) 

r W « M ) / / k /?. 



w h e r e S ^ is m a x i m i s e d , t a k i n g the v a l u e 

S £ t A = - / 1 4 v e j (10) 

D e f i n i n g the s u p e r c r i t i c a l i t y , e « 1 , b y 

- £ - ^ 

i m p l i e s 

3 S i s 

from e q u a t i o n (4), h e n c e T a y l o r e x p a n d i n g (2) a b o u t the c r i t i c a l p o i n t 

( k M , S ^ , —— ) the linear g r o w t h r a t e is the i m a g i n a r y p a r t of 

4 c , a l c - i s d * 0 + t l o / f e o i ) 

Z ^ Z i M v / ? o / 
(id 

4- c c Y e A ) / i - s a V ^ O 

.2 A (JJFY 

h 
w h i c h is o f o r d e r s w h e n E ^ /R is o f order e. S o , n o w o m i t t i n g the 

suffix M , set 

S f - £ - ± ^ 

zt := £ A (12) 

1 
^ - ^ £ 



w h e r e the u p p e r choice of sign is a p p r o p r i a t e to the s u p e r c r i t i c a l or 

l i n e a r l y u n s t a b l e s t a t e , t h e n e q u a t i o n s (8) to (10) imply that 

w h e r e £ - / ( 

(13) 

a n d b o t h a and v are strictly o r d e r one w i t h r e s p e c t to e as e ->- 0 . 

In the s u p e r c r i t i c a l state t h e r e is a spectrum o f linearly u n s t a b l e 

d o w n s t r e a m w a v e n u m b e r s w i t h b a n d w i d t h d e t e r m i n e d b y the locally p a r a b o l i c 

shape o f the n e u t r a l surface t o b e o f o r d e r e , c e n t r e d o n the c r i t i c a l 

h 
w a v e n u m b e r k 'of equation (9) w h i c h is a l s o o f o r d e r e . Since b o t h 

M 

the c o m p o n e n t w a v e n u m b e r s o f a p a c k e t of u n s t a b l e w a v e s and the p a c k e t 

m o d u l a t i o n o c c u r on the same slow scale the d i s t u r b a n c e field d e p e n d s 

on the d o w n s t r e a m coordinate x t h r o u g h the slow s p a t i a l scale 

. -1 
)s = (14) 

a l o n e . The reader is asked to c o m p a r e the scalings o f e q u a t i o n s (12) 

t o (14) w i t h the scalings a p p r o p r i a t e for the e v o l u t i o n o f a s i n g l e w a v e 

a l o n g the u p p e r b r a n c h as g i v e n in c h a p t e r four b y e q u a t i o n s (4.11) a n d 

(4.12). 

A d o p t i n g an e x p a n s i o n for the d i s t u r b a n c e stream f u n c t i o n , 4 r 

of the form 

- ^ (15) 

a suitable e x p r e s s i o n o f the g o v e r n i n g equation and b o u n d a r y c o n d i t i o n s , 

w h i c h are (1.66) t o (1.69) w i t h 8 = v = k = 0 , for the i t e r a t i o n sequence 

of linear p r o b l e m s a t s u c c e s s i v e p o w e r s of e is 

1 - C > G = * 4 > * < $ * ) (16) 



w i t h ^ 4 = - ^ V = A J (17), (18) 

(19) 

z 

The linear p r o b l e m at l e a d i n g o r d e r is n o w 

a z ^ c s ^ * ^ ) rt o (20) 

s u b j e c t to the b o u n d a r y conditions 

^ ( j ^ r Cf)^ = O on Y = 0 , 1 (21), (22) 

V/ 

o o n z = ± 2 
(23) 

w h i c h has the solution 

4 = A C * , r > (24) 

of the l i n e a r inviscid p r o b l e m o f D r a z i n (1970) w i t h k set to zero w h e r e 

r-lt <25> 

and A ( X , T ) is the w a v e a m p l i t u d e f u n c t i o n w h i c h , in the a b s e n c e of a 

fast spatial s c a l e , x , m a y be a s s u m e d to be real w i t h o u t loss o f 

g e n e r a l i t y . T h e b o u n d a r y c o n d i t i o n (22) imposes the c o n s t r a i n t 

^Ac**) = & <26> 

be 
— M» 

w h i c h for an i n c i p i e n t w a v e m a y be i n t e g r a t e d o v e r t to g i v e 



CO 

J ac*,*) = o 
(27) 

CO 

A t 0 ( E ) : 

A i K t ^ ^ i ) 4, -- - A <28, 

W i t h the b o u n d a r y c o n d i t i o n 

a i o 
(29) 

I ° n 2 = ± 2 

Since the solution at p r e v i o u s o r d e r satisfies 

the g o v e r n i n g e q u a t i o n (28) for ^ is h o m o g e n e o u s 

a n d the b o u n d a r y c o n d i t i o n s are 

y. - = ^ o n Y = 0 , 1 . (31), (32) 

J 

(30) 

w i t h 

M h 
o n z = ± 2 

(41) 

from (24). 



Hence the solution is 

(34) 

satisfying (30) and (31) automatically and where P(y,z,T) may be 

assumed to be real without loss of generality being determined as the 

result of a secularity condition to be imposed at the next order. The 

boundary condition (33) implies that the function B(X,t) is such that 

^ - s » teAr + S J X A l A ) ( 3 5 ) 

Alte- 0 
then (32) requires 

I B C * * r ) h e = c P ^ = o ( 3 6 > 

At 0 ( e 3 / 2 ) : 

The governing equation is 

a b x c ^ k a ? ) <b= - a ( < k ) - 4 

s&yj) V 

The nonlinear terms of the right hand side vanish on using the solutions 

(24) and (34) at previous orders if 

P C J ^ V ) = O ,37, 

and the equation reduces to 

(38) 



T h e top and b o t t o m b o u n d a r y c o n d i t i o n s are 

X V o n z = ± — 

and m a y be seen to r e d u c e to 

ak 

X T 

a J a U m j i - t l 

(39) 

x. 
i 
i 

w i t h the b o u n d a r y c o n d i t i o n s 

4*2.* * 4 a - * = ^ c , I . (40), (41) 

N o w the X i n d e p e n d e n t p a r t o f t h e r i g h t h a n d side o f (39) leads to 

t h e i n c l u s i o n o f s e c u l a r t e r m s in the solution for <p> u n l e s s it v a n i s h e s 

i d e n t i c a l l y , hence for a s o l u t i o n r e p r e s e n t i n g a smooth p a c k e t of 

u n s t a b l e w a v e s for w h i c h |a| 0 as |x| 0 0, a v e r a g i n g the r i g h t hand 

side of (39) and u s i n g the r e s u l t s (34) leads t o 

a T 

a n d so the b o u n d a r y v a l u e p r o b l e m for P ( y , z , x ) is 

= O o n Y = 0 , 1 

P T , * = - & L M A D + A*) 

^ ( A D V . ) = d v ? r (42) 



T h e b o u n d a r y c o n d i t i o n (39) then s i m p l i f i e s to 

( V 4> z = u s z o t i - H ) ) 

A l 

(43) 

£ 
z 

T h e s e c u l a r i t y c o n d i t i o n t o be i m p o s e d b y the a d j o i n t l i n e a r 

h o m o g e n e o u s p r o b l e m is o b t a i n e d b y i n t e g r a t i n g the i d e n t i t y 

j ' i 
a 2 + 
11 <k* i ^ . x y i ] u . o 

-j - JL 

t w i c e b y p a r t s , w h e r e f and * d e n o t e a d j o i n t o p e r a t o r s and functions. 

A s w a s found to be the c a s e in c h a p t e r f o u r the l i n e a r p r o b l e m is 

e f f e c t i v e l y inviscid and s e l f - a d j o i n t so t h a t 

(44) 

d>* = A 
T I 

(45) 

T h e n , m a k i n g use o f the b o u n d a r y c o n d i t i o n (40) t o g e t h e r w i t h the 

p r o p e r t y o f (J>* that 

=. O = O y \ and cffe = on z = ± -

(44) b e c o m e s 

t 1 

y -l i JL (46) 

- o 
vj 

_ i 
1 

JL 
z 
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F r o m (38), (43), (45) a n d t h e p r o p e r t y o f P ( y , z , t ) t h a t i t is an 

o d d f u n c t i o n o f b o t h y a n d z , w h i c h m a y b e i n f e r r e d f r o m (42), t h e 

s e c u l a r i t y c o n d i t i o n (46) i m p l i e s 

- ( S . A . „ I)A.)I * 4,. FI, 

* = o 

- a* e a 

saL 

O n d i f f e r e n t i a t i o n w i t h r e s p e c t t o X a n d u s i n g t h e r e l a t i o n (35) 

b e t w e e n A a n d B t h e e v o l u t i o n e q u a t i o n for A(X,t) is found t o b e 

+(ak 1) ( X + i ) 4 , , ) = 
3 | (47) 

- A ^ d l A* 1 ^ ( k - i ^ l 

w h e r e P ( y , z , T ) is the s o l u t i o n t o the b o u n d a r y v a l u e p r o b l e m (42). 

T h e r o l e o f t h e f u n c t i o n P ( y , z , f ) , w h i c h is o f c o n s e q u e n c e in 

t h e d y n a m i c s a t f i n i t e a m p l i t u d e , is a n a l o g o u s t o t h a t o f t h e f u n c t i o n 

f (y,z,T) o f c h a p t e r f o u r , so t h a t i t m a y b e i n t e r p r e t e d p h y s i c a l l y as 

t h e c o r r e c t i o n a t o r d e r e t o the X i n d e p e n d e n t , m e a n f i e l d * s t r e a m 

f u n c t i o n c a u s e d b y d e p l e t i o n o f the a v a i l a b l e p o t e n t i a l e n e r g y o f t h e 

b a s i c f l o w b y w h a t is n o w t h e d o w n s t r e a m a v e r a g e o f t h e e n e r g y o f a 

w a v e p a c k e t d i s t u r b a n c e . T h e b o u n d a r y v a l u e p r o b l e m d e t e r m i n i n g t h i s 

c o r r e c t i o n m a y b e s o l v e d b y F o u r i e r ' s m e t h o d , s e t t i n g 

= < 2 <.~s(0j+,)ir1 (48) 

t h e r e b y s a t i s f y i n g t h e g o v e r n i n g e q u a t i o n a n d b o u n d a r y c o n d i t i o n s o n 

the s i d e w a l l s a u t o m a t i c a l l y . T h e t o p a n d b o t t o m b o u n d a r y c o n d i t i o n s 

2 
t h e n d e t e r m i n e t h e e v o l u t i o n o f the c o e f f i c i e n t s (D . ( T ) } in t e r m s o f A 

2 3 
t h e d o w n s t r e a m a v e r a g e o f A ,. 
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i u ) 4- Q s A ^ i V ^ i M + A k & L . (). C r ) 
vl A ^ 

. a. A " ) 

(49) 

w h e r e - D d 

a r e the F o u r i e r c o s i n e c o e f f i c i e n t s o f sin 2£Y for Y e [0,1] p e r 

e q u a t i o n s (4.39). The i n t e g r a l a p p e a r i n g in the n o n l i n e a r t e r m o f 

e q u a t i o n (47) m a y n o w b e r e p l a c e d b y an infinite s u m , c h a n g i n g t h e 

o r d e r o f s u m m a t i o n a n d i n t e g r a t i o n b y a p p e a l i n g to the u n i f o r m 

c o n v e r g e n c e o f the sum in e q u a t i o n (48) w i t h r e s p e c t t o b o t h y and z . 

The term is 

< r , > fc > / ( r i ) i r & a a ( j - j - m f i w & l ' 

L J ' 6 J V ( j + i j % z U z 

so t h a t the a m p l i t u d e e q u a t i o n m a y b e w r i t t e n as 

oo y-
. ART A T + A 4- ^ A ^ 4 ^ K ^ & L F>, 

w i t h 

^ H- ̂  ©S. FY B J. (CA
2
)T + - S (A*) ) (51, 

< v > - -
w h e r e , in t e r m s o f the u n d e r l y i n g p h y s i c a l p a r a m e t e r s , 
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as; = oa L j . < v > -

i = . I 

S = auhs?-,). ( r i -
(52) 

and in the l i n e a r l y u n s t a b l e s t a t e , all of t h e s e c o e f f i c i e n t s are 

real and p o s i t i v e . 

"Comparison o f the e v o l u t i o n e q u a t i o n (50) a n d (51) for the c u r r e n t 

p r o b l e m w i t h the a m p l i t u d e e q u a t i o n of c h a p t e r four for the case o f a 

single w a v e in the form o f e q u a t i o n s (4.47) a n d (4.48) suggests a 

F o u r i e r d e c o m p o s i t i o n o f the w a v e p a c k e t a m p l i t u d e f u n c t i o n A ( X , t ) . P u t 

A C*>T > = ^ ^ AL C O X 4 * ) (53) 
A * ; ? 

i m P l y i n 9 E « > s A o = i aa(c)1 2 

fas' 

w h e r e the sum is t a k e n o v e r all d i s c r e t e , o r d e r one v a l u e s of k in a 

c h o s e n s p e c t r u m , of A ( X , F ) b e i n g either finite or i n f i n i t e as 

d e s i r e d . In the c o n t i n u o u s case the sum m a y b e r e p l a c e d b y a F o u r i e r 

i n t e g r a l . E q u a t i o n s (50) and (51) t h e n b e c o m e the set o f o r d i n a r y 

d i f f e r e n t i a l e q u a t i o n s for the F o u r i e r c o m p o n e n t s 

Ob A 

a ^ a , a^ - - - b 2 ^ ) 4 A • ajpj--of") 
= 0 

t>,r ; 0 , = 4 ( fc ) - = 0,1,... (55) 
4 4 \ l v/ 7 4 

w h e r e £ T C r ) = M * ( ̂  (56) 



U n d e r a t r a n s f o r m a t i o n similar to t h a t leading to e q u a t i o n s (4.54) 

to (4.56) for each c o m p o n e n t A ^ , v i z . 

w h e r e 

e q u a t i o n (55) b e c o m e s 

b y choice o f the d e f i n i n g r e l a t i o n s 

— 3-
3 a- C 

and i n t r o d u c t i o n .of the d e p e n d e n t v a r i a b l e s { Y ^ } d e f i n e d b y 

\ = O ^ - Y * . ) 

T h e n (54) b e c o m e s 

Y v i f ^ 

w h e r e 

^ S ^ - c r - J r s 

a n d so each F o u r i e r c o m p o n e n t of the spectrum S is such t h a t 

Y . = - o - C ^ - Y d t ) (57) 

Y i = r * k - i k - X * £ 
0 

CO \] 



T h i s set o f e q u a t i o n s c o m p a r e s in form w i t h the Lorenz t y p e e q u a t i o n s 

(4.54) t o (4.56), the symbols h a v e been d u p l i c a t e d for c l a r i t y and 

r e p r e s e n t d i f f e r e n t q u a n t i t i e s in the t w o a n a l o g o u s p r o b l e m s , b u t n o t e 

t h a t the n o n l i n e a r i t y o f equation (59) n o w involves the sum o v e r all 

c o m p o n e n t s o f the F o u r i e r spectrum S . T h i s feature a r i s e s in the c a s e 

o f an u n s t a b l e w a v e p a c k e t s i n c e , as m e n t i o n e d p r e v i o u s l y , the m e a n 

field c o r r e c t i o n , P ( y , z , x ) , to the b a s i c flow is now a function o f the 

2 
d o w n s t r e a m average o f the t o t a l energy (A ) o f the p a c k e t w h i c h is the 

sum o f the energies o f its i n d i v i d u a l spectral m e m b e r s . Some n u m e r i c a l 

i n t e g r a t i o n s o f the set o f e q u a t i o n s (57) to (59) h a v e b e e n p e r f o r m e d 

b y Brindley and M o r o z (unpublished) for the c o e f f i c i e n t s o f a m u l t i -

layer m o d e l o f b a r o c l i n i c i n s t a b i l i t y . 

N o w return to the a m p l i t u d e e q u a t i o n in the form o f e q u a t i o n s (54) 

t o (56). L i n e a r i s i n g the e q u a t i o n s to c o n s i d e r the i n i t i a l e v o l u t i o n 

of the { a ^ } for an i n c i p i e n t w a v e in the s u p e r c r i t i c a l state g i v e s the 

single e q u a t i o n 

K a + 5 A t a - A y * ) A k = O (60) 

w h e r e = - X C s ^ a n d > O (61) C k ) - Q f - ^ J ^ z a n d > o 

> 
T h e n it is easy to see b y c o m p a r i s o n w i t h the form o f the a m p l i t u d e 

e q u a t i o n s for the 2 - l a y e r m o d e l as d e r i v e d b y P e d l o s k y (see P e d l o s k y , 

1 9 8 1 , e q u a t i o n s (2.33) and (2.34)) t h a t the a n a l y t i c a l c o n c l u s i o n s of 

section 3 of t h a t p a p e r , c o n c e r n i n g the e v o l u t i o n o f free w a v e s in the 

a b s e n c e o f a n y source of p o t e n t i a l v o r t i c i t y in the basic f l o w , are also 

v a l i d for E a d y ' s m o d e l . A little a l g e b r a e s t a b l i s h e s t h e s e r e s u l t s ; 

the l i n e a r g r o w t h rate o f each c o m p o n e n t , A ^ , is 

(62) 
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for c o n s i d e r a t i o n o f the u n s t a b l e s t a t e , so t h a t for the t e m p o r a l 

g r o w t h o f t h i s c o m p o n e n t n e c e s s a r i l y 

1 (k) •> o i . e . 

A * 

a n d the u n i q u e v a l u e o f k w h i c h m a x i m i s e s g (k), w i t h all o t h e r 

p a r a m e t e r s f i x e d , is 

± 
(63) 

and g ( k 1 ) = m a x g(k) = A 4 - 2 3 ( A ^ ) t h e r e so t h a t the g r o w t h of 

a n y i n c i p i e n t d i s t u r b a n c e r e q u i r e s 

C ^ x ^ h ) > ^ o r e q u i v a l e n t ^ <> <1 (64) 

The curve g(k) l o c a l l y r e p r o d u c e s the g e o m e t r y o f the c r o s s - s e c t i o n o f 

t h e n e u t r a l surface (5) in the (k,S) p l a n e a n d is s k e t c h e d in f i g u r e (1) 

A . 

F i g u r e (1) 

H o w e v e r from (62), the u n i q u e v a l u e of k w h i c h m a x i m i s e s the linear 

growth rate u n d e r the n e c e s s a r y c o n d i t i o n for i n s t a b i l i t y (64) is the 

v a l u e 

(65) 



2 
w h i c h m a x i m i s e s k g (k). I t is s t r a i g h t f o r w a r d to v e r i f y t h a t 

since < \ i - ^ (66) 

v y 
w i t h equality if a n d o n l y if 

& 
in w h i c h case k ^ = k 2 and the i n t e r v a l o f u n s t a b l e v a l u e s of k shrinks 

to the single w a v e n u m b e r k , w h i c h is then l i n e a r l y n e u t r a l l y s t a b l e . 

W h e n the i n e q u a l i t i e s (66) are strict the spectrum S m a y a d m i t 

m o r e than one l i n e a r l y u n s t a b l e m e m b e r and the l i n e a r l y m o s t u n s t a b l e 

o f t h e s e , the one w h i c h w i l l d o m i n a t e a l l o t h e r s in the i n i t i a l 

d e v e l o p m e n t o f a w a v e p a c k e t d i s t u r b a n c e , is k 2 . N o t e t h a t 

k > 

so that this w a v e c o m p o n e n t h a s a s h o r t e r d o w n s t r e a m w a v e l e n g t h than 

t h e w a v e c o m p o n e n t a s s o c i a t e d w i t h k ^ . 

N o w c o n s i d e r the p o s s i b i l i t y o f e v o l u t i o n to an a s y m p t o t i c a l l y 

steady s t a t e . T h e n f r o m (54) a n d (55) in the steady state w h e r e the 

c o m p o n e n t A, a s s u m e s the v a l u e A (k) 
K S 

OO ^ A. 
As / - S i . f Al 

V si < . k * g 
c 

w h i c h i m p l i e s that e i t h e r A g ( k ) = 0 , or 

a 3?. a i i 

(67) 

( lUi 

w h e r e the sum o v e r j m a y be seen t o c o n v e r g e from (52). Hence from 

figure (1), since t h e r e a r e o n l y two v a l u e s o f k w h i c h c o r r e s p o n d to 

2 
a given v a l u e o f EA , a t m o s t two c o m p o n e n t s A, m a y coexist if a steady 

S K 2 
state is a t t a i n e d . T h e u n i q u e v a l u e o f k w h i c h m a x i m i s e s EA , and 

2 S 
t h u s from equation (53) w h i c h m a x i m i s e s A , in the steady state is the 

v a l u e k ^ w h i c h m a x i m i s e s g ( k ) . T h i s last r e s u l t is the a n a l o g y o f 



161 -

Pedlosky's r e s u l t for the 2-layer m o d e l that the steady state of 

2 
largest A consists o f a single wave which is longer than the wave of 

maximum linear growth r a t e . M o r e o v e r it m a y be suggested t h a t this 
2 

single steady wave of largest A is the only steady solution of the 

amplitude equation which is linearly stable to perturbations throughout 

the spectrum S . C o n s i d e r the linear stability o f a steady state 

involving the two distinct wavenumbers and k 2 , then in this state 

. <*> ~ -A. 

and A k = 0 V k ^• < , k 2 . 

so that if the state is perturbed by setting 

A « x r A* («*.) 4-

Ak , ** Vft* 
K, <*r 

then the linear stability o f the background disturbances {a^ : k / k\^,k 2} 

is given b y 

3 A, ^ - (<JT(K)C«,) ) = O (68) 

and so only those components o f the disturbance for which g(k) > g(<^) 

w i l l be u n s t a b l e . The same equation (68) also determines the linear 

stability o f ( a k ) when the steady state consists o f the single 

wavenumber k ^ , now as it is this value of k which maximises g(k) the 

background disturbances are then all linearly stable or d e c a y i n g . If it 

m a y be shown that for any disturbance 

Mb 

X A
2
 = 2 / A A r <4*= O A > ^ = constant 

J V 

— CA» 
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then it may be inferred that this is the only linearly stable, steady 

solution of the equations in finite amplitude. 

The paper by Pedlosky contains a wealth of detailed numerical 

integrations of the evolution equation as determined for the 2-layer 

model and the reader is referred to §3 there for an account. Later 

in the same article the evolution of a disturbance towards a steady 

state is considered when either the supercriticality is time dependent 

or the flow is forced by the inclusion of a source term of potential 

vorticity within each layer and the results compared to the free case. 
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C O N C L U S I O N 

In c o m p a r i n g t h e results of the m o d e l from w h i c h the d i s p e r s i o n 

relation (2.54) of c h a p t e r two is d e r i v e d w i t h those of the e x i s t i n g 

c o m p l e t e l y inviscid m o d e l s of b a r o c l i n i c i n s t a b i l i t y , it should b e 

n o t e d that the form of the second o r d e r d i f f e r e n t i a l equation 

d e t e r m i n i n g t h e e i g e n f u n c t i o n s o f n o r m a l m o d e d i s t u r b a n c e s is 

d e c i s i v e in d e t e r m i n i n g the m o r p h o l o g y of the zeros of the d i s p e r s i o n 

relation in the c o m p l e x p l a n e and thus of the stability of the f l o w . 

The m o d e l h e r e adopts a linear shear v e l o c i t y p r o f i l e w h i c h is 

singular a t infinite h e i g h t and this singularity c o i n c i d e s w i t h 

that a r i s i n g from t h e v a n i s h i n g d e n s i t y of the fluid there so t h a t 

the g o v e r n i n g e q u a t i o n is the c o n f l u e n t h y p e r g e o m e t r i c e q u a t i o n , 

p o s s e s s i n g a regular s i n g u l a r i t y at the wave steering l e v e l , 
c r 

z = — f and an i r r e g u l a r s i n g u l a r p o i n t of rank one a t z = <» 
An 

o c c u r r i n g t h r o u g h a c o n f l u e n c e o f t w o regular s i n g u l a r i t i e s t h e r e . 

When the u p p e r b o u n d a r y is at finite h e i g h t the latter s i n g u l a r i t y 

is o u t s i d e the p h y s i c a l d o m a i n o f the flow b u t , if we a c c e p t that 

i t is to some e x t e n t the s i n g u l a r i t i e s of the d i f f e r e n t i a l equation 

w h i c h govern the b e h a v i o u r of i n s t a b i l i t y , this is seen to b e of 

no c o n s e q u e n c e . 

T h e w a y in w h i c h the flow m a y change stability o c c u r s in one 

of two main a n d u s u a l l y d i s t i n c t w a y s . In the first i t b e c o m e s 

unstable as t h e p h a s e speed of two n e u t r a l m o d e s c o i n c i d e s , this 

is r e m i n i s c e n t of stability change in the E a d y m o d e l b u t the phase 

speed at m a r g i n a l stability here is less than the b a s i c flow speed 

at the lower b o u n d a r y and n o t e q u a l to the average flow speed 

b e t w e e n the b o u n d a r i e s . In the s e c o n d , the flow b e c o m e s u n s t a b l e 

as the p h a s e speed o f a n e u t r a l m o d e a p p r o a c h e s the speed of the 

basic flow at the lower b o u n d a r y , the m o d e then splits into a p a i r 

of e x p o n e n t i a l l y g r o w i n g and d e c a y i n g m o d e s in a q u a l i t a t i v e l y 

similar w a y to the p a s s a g e to instability t h r o u g h n e u t r a l stability 

for C h a r n e y ' s m o d e l (see M i l e s 1964a); a l t h o u g h the latter is in fact 

formed b y the c o i n c i d e n c e of the t w o m a i n i n s t a n c e s cited above in the 

a p p r o p r i a t e limit, as is e x p l a i n e d in the t e x t . T h r o u g h o u t p a r a m e t e r 

space there is a t m o s t one u n s t a b l e m o d e . A further type of b e h a v i o u r 

of the zeros found h e r e w h i c h in no way a f f e c t s the stability of the 
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flow c o r r e s p o n d s to the v a n i s h i n g of a n e u t r a l m o d e as its p h a s e 

speed a p p r o a c h e s that o f the b a s i c flow a t the lower b o u n d a r y w h e n 

the flow is a l r e a d y linearly u n s t a b l e . 

T h i s l a s t p r o p e r t y of t h e m o d e l is similar to t h a t found b y 

Miles (1964c) for a d i f f e r e n t o n e . M i l e s n o t e d that the s i n g u l a r i t y 

of the linear shear v e l o c i t y p r o f i l e at infinite h e i g h t is u n p h y s i c a l 

for a s e m i - i n f i n i t e a t m o s p h e r e and d e v i s e d a s e m i - i n f i n i t e m o d e l w i t h 

a b a s i c state in w h i c h the v e l o c i t y is b o u n d e d a t all h e i g h t s and 

only t h e d e n s i t y s i n g u l a r i t y remains a t infinite h e i g h t . The 

g o v e r n i n g second o r d e r d i f f e r e n t i a l e q u a t i o n for this m o d e l is the 

h y p e r g e o m e t r i c e q u a t i o n , p o s s e s s i n g three r e g u l a r s i n g u l a r p o i n t s 

two o f w h i c h are in the finite p a r t of the c o m p l e x p l a n e . It is found 

t h a t the flow is linearly u n s t a b l e t h r o u g h o u t p a r a m e t e r space w i t h 

one u n s t a b l e m o d e . The g r o w i n g and c o n j u g a t e d e c a y i n g m o d e s remain 

as such for a l l p a r a m e t e r v a l u e s b u t n e u t r a l m o d e s m a y a p p e a r or 

d i s a p p e a r in the w a y d e s c r i b e d above and as sketched in figure (2.9b). 

N o a t t e m p t h a s b e e n m a d e to o b t a i n b o u n d s for the g r o w t h rate 

and p h a s e speed of the n o n - n e u t r a l m o d e s b u t it seems v e r y likely that 

these c o u l d be o b t a i n e d b y the m e t h o d s n e e d e d for the p r o o f of 

H o w a r d ' s semi-circle t h e o r e m (Howard 1961) and o f P e d l o s k y ' s 

extension to this (Pedlosky 1 9 6 4 ) . 

A n o t h e r e n d e a v o u r m i g h t b e to c o n s i d e r the a p p l i c a t i o n of 

w e a k l y n o n l i n e a r theory to the two cases of m a r g i n a l i n s t a b i l i t y of 

this m o d e l and to compare its results w i t h the existing o n e s for the 

t w o - l a y e r and E a d y m o d e l s w h e r e the (3-plane e f f e c t m a y a n d m a y n o t 

be included r e s p e c t i v e l y . A further p r o b l e m w h i c h suggests itself 

in c h a p t e r two w o u l d b e to include the e f f e c t s of v i s c o s i t y t h r o u g h 

Ekman layers upon the m o d e l and to c a r e f u l l y c o n s i d e r h o w the formulation 

of this p r o b l e m may n e e d some further m o d i f i c a t i o n if t h e z e r o s of 

the d i s p e r s i o n relation come close to the top and b o t t o m b o u n d a r y 

p o i n t s . 

The 8 - p l a n e e f f e c t , w h i l s t showing a d e s t a b i l i s i n g influence in 

the linear r e g i m e , a p p e a r s from the r e s u l t s of c h a p t e r s five and six 

to e x e r t a s t a b i l i s i n g o r s m o o t h i n g influence u p o n the d y n a m i c s a t 

finite a m p l i t u d e . T h e inclusion of the 8-plane e f f e c t for the a m p l i t u d e 

e q u a t i o n of c h a p t e r four in the case of the t w o - l a y e r m o d e l d o e s a d d 

a n o t h e r p a r a m e t e r to t h e p r o b l e m b u t t h i s p e r m i t s an a p p r o a c h to the 

region in p a r a m e t e r space c o r r e s p o n d i n g to c h a o t i c s o l u t i o n s in a 

d i f f e r e n t d i r e c t i o n and seems to leave the p r o b l e m as t r a c t a b l e . 



For the d o u b l y - p e r i o d i c s o l u t i o n s found after b i f u r c a t i o n 

in c h a p t e r six there exists the p r o b l e m of p e r t u r b i n g a b o u t a p o i n t 

on the solid c u r v e s of figures (6.1) and (6.2) w h e r e the c o e f f i c i e n t 

R e ( k 2 ) v a n i s h e s which w i l l require t a k i n g the iteration scheme to 

h i g h e r o r d e r s . A solution to this p r o b l e m m a y p o s s i b l y lead to some 

further u n r a v e l l i n g of the full b i f u r c a t i o n s e q u e n c e . 

In this c o n t e x t note that it is n o t an increase of the (initial) 

b i f u r c a t i o n p a r a m e t e r , w h i c h is e i t h e r the B u r g e r or F r o u d e n u m b e r , 

alone w h i c h is r e s p o n s i b l e for the d e v e l o p m e n t of n e w p e r i o d s in the 

stable s o l u t i o n s of the a m p l i t u d e e q u a t i o n b u t rather the v a r i a t i o n 

of the effects of v i s c o s i t y through the p a r a m e t e r r or v . R e c a l l 

that r and v are the strictly o r d e r one p a r t s o f the v i s c o s i t y 

p a r a m e t e r in its a s y m p t o t i c l i n k i n g w i t h the s u p e r c r i t i c a l i t y for 

the slightly linearly u n s t a b l e s t a t e . T h u s the d o u b l y - p e r i o d i c 

n a t u r e o f the solutions to the a m p l i t u d e e q u a t i o n w h i c h are found 

w h e n the e x a c t s i n g l y - p e r i o d i c l i m i t cycle solution b e c o m e s u n s t a b l e 

w i t h the increase of the b i f u r c a t i o n p a r a m e t e r r^ o c c u r in a slightly 

d i s s i m i l a r w a y to the d e v e l o p m e n t of a second p e r i o d in T a y l o r v o r t e x 

flow w i t h its t r a n s i t i o n t h r o u g h w a v y T a y l o r v o r t e x flow w i t h 

i n c r e a s i n g T a y l o r n u m b e r as d e s c r i b e d b y Stuart (1971) . 
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F r o m the p o w e r series s o l u t i o n s (11) and (35), s u b s t i t u t i o n 

e d e f i n i t i o n (32) v 

ph(s+a) G (—7T, TT) y i e l d s 

in the d e f i n i t i o n (32) w i t h ± 0 for ph(s) £ (-TT,TT) and 

r 0 - < 0 

/ ft*) _ ^ hu)) s ^ s 

r o - ) 

- / ^ P ^ - c ^ i ^ ^ c Q - f ^ v 

- ( f 0 ) - - * u 6 0 ) ^ s 2 " 

V 2. 
- ziP^+ZoLPUUPC^-it^tzH^*) + ) (s+Sk) 

^ r o — > 7 

- ) * a - fife) - ^ o ' < « ) f \ s x s + & . ) l s 



lSLjz^ = O 

r ( 2 - 2 ) 

- I ( j p ' u ) * : W W ) c s * 

z . r C i - 0 V - z r o - j ) a r f e ^ ) 

- i i ^ p " u ) pu) ) ( - M C ^ A m ) ^ 

/ V 3 3 2 . 1 ro-o.) / 

7 C A 2 ) 

+ 

^ ; s n c j L ^ U r o o ^ c i j v u ^ L - O 

C^O - U (oC > ) + / u if*o -f ^ c^o \ -

v r(i-«x> r t e - O ' 1 

- - o j (cyvgx) - > + tffc)) s 

^ s r / i - c ) / r ( i - a ) J 

_ ^ k ) tiu)) ) 

+ u + + ^ - f - - f r o \ 

- f l>nu)+s* H ' W ) ) ] A . . . . 



a i = > - -

4 t 3 - « 0 - 4 ( B ) - 4 t 3 > 

•iL&j*. 4 ( 0 ^ L - c v 

p u ) a ^ a * p u & * ) = 
5 - o( 

t ^ ^ L A j > J L l * , = r O ' f t * ) = ' P f o ) = O 
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A P P E N D I X B 

F o r the 2 - l a y e r m o d e l w h e r e r = 0 ( A 2 ) , 3 = 0 ( A 2 ) a n d k = 0(1) 

t h e a m p l i t u d e e q u a t i o n s f o r the w a v e a m p l i t u d e A(x) is (4.47) w i t h 

(4.48), i.e.; 

" " (i & - ^ 

(Bl) 
A A - * A • A M l J j . B j o 

a 

8. + - . 8: = i f ^ + ^ 1 ) (b2 

vi v/ V V ^ 7 j S o , i » . . • 

w h e r e now A^ a n a a are c o m p l e x f u n c t i o n s o f the u n d e r l y i n g p h y s i c a l 

p a r a m e t e r s w h i c h , w i t h the n o t a t i o n o f G i b b o n a n d M c G u i n n e s s (1981) 
i i 

(with r = | A | 2 r , 3 = | a | 2 3 , e t c . ) , i m p l i e s 

(B3) 

T h e n , under the t r a n s f o r m a t i o n p r e c e d i n g e q u a t i o n s (4.54) to (4.56), i 

A 

A = ^ T ^ r ( B 4 > 

w h e r e the last two r e l a t i o n s t h e r e are n o w r e p l a c e d b y 

- f r y •= i + J<Uc*> 
^ A 

^ ^ (B5) 

-e - rz - £ 
Ui 

&l _ 

the a m p l i t u d e e q u a t i o n s for the t r a n s f o r m e d a m p l i t u d e X as a f u n c t i o n 

o f t h e new time T a r e (4.61) to (4.63) 



, ccD \/ <X ~ | - «-• 

(B6) 

(B7) 

(B8) 

w h e r e , in t e r m s o f the u n d e r l y i n g p h y s i c a l p a r a m e t e r s 

= = ? ^ < i - F > -e = 
of f 

(B9) 

J 
; r o.t > •> 

(2) 

W h e n t h e s i d e w a l l b o u n d a r y c o n d i t i o n T = 0 is r e l a x e d t h e a m p l i t u d e 

e q u a t i o n b e c o m e s 

A + A, A - * A + / 3 A 8 = O (blo) 

+ & - (tAf 1") + - ^ I A I * ( b i d 

w i t h a single B c o m p o n e n t w h e r e the c o e f f i c i e n t s are the same as in 

(B3) except that n o w 

£ = . 2 A . L . V , = r . , < U 1 ( bi2) 

and u n d e r t r a n s f o r m a t i o n the e q u a t i o n s are (B6) t o (B8) w i t h a 

single Z c o m p o n e n t and the same c o e f f i c i e n t s that a p p e a r in (B9) except 

t h a t n o w 

a U D - - > I (B13) 



W i t h r e f e r e n c e to the sets o f 2 - l a y e r e q u a t i o n s m e n t i o n e d at 

the end o f c h a p t e r 5 , note t h a t the l i m i t 6 0 (i.e.; r e c o v e r i n g 

the r e a l sets o f e q u a t i o n s ) is a r e g u l a r limit in the a b o v e . 



A P P E N D I X C 

C o n s i d e r the second order d i f f e r e n t i a l e q u a t i o n 

A e e - i A 0 A e . M - M i A r ( c l ) 

A 

w h i c h is formed from the amplitude e q u a t i o n s (Bl) and (B2) in the 

l i m i t r 0 , t h a t is w h e r e the v i s c o u s e f f e c t s of the E k m a n layers 

v a n i s h e s . T h e c o n s t a n t s k Q , k ^ a n d are real and p o s i t i v e and m a y 

b e e x p r e s s e d in terms of the u n d e r l y i n g p h y s i c a l p a r a m e t e r s from 

(B3). Recall t h a t k ^ , as i n d i c a t e d b y equation (4.46) of c h a p t e r 

f o u r , is a function of the i n i t i a l c o n d i t i o n A ( 0 ) . 

U n d e r the t r a n s f o r m a t i o n 

i 
i 

(Cl) b e c o m e s 

- £ /3 X T = K - X l X l 2 " (C2) 

k 

w h e r e 8 = ^ o ^ i * > 0 is a m e a s u r e (after n o n - d i m e n s i o n a l i s a t i o n and 

s e v e r a l scalings) of the 3-plane. e f f e c t . Now set 

. L<S> 
v ~ r-e-

w h e r e r and 0 are r e a l , then 

y - r £> Z c & ~ r- r"* 

and 

r £ > x ^ r ^ ^ r = O 

The second equation of this p a i r may be i n t e g r a t e d to give 

r- z<k> - A + (C3) 

J Z 

where h is a c o n s t a n t of i n t e g r a t i o n i d e n t i f i a b l e w i t h an a n g u l a r 

m o m e n t u m , then on s u b s t i t u t i o n the first e q u a t i o n b e c o m e s 

w h i c h may be integrated to give 
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w h e r e 6 is a c o n s t a n t of i n t e g r a t i o n i d e n t i f i a b l e w i t h an e n e r g y 

w h i c h in the l i m i t i n g case 8 = 0 , h = 0 d e n o t e s the same q u a n t i t y 

a s . t h e symbol of c h a p t e r f i v e . A l l q u a n t i t i e s a p p e a r i n g in 

e q u a t i o n s (C3) and (C4) are now real so that for a n o n - t r i v i a l 

solution of (CI) to exist 

r * . 2. 

Equation (C4) m a y be i n t e g r a t e d to give the solution for r and 

expressed in terms of e l l i p t i c f u n c t i o n s . C h a n g i n g the v a r i a b l e to 

2 
u = r y i e l d s , for h / 0 , 

<x . 
' I o 

From (C5) the r a d i c a n d is p o s i t i v e o v e r the region of i n t e g r a t i o n and 

c o n s i d e r e d as a cubic in u it h a s one r e a l n e g a t i v e root and two real 

p o s i t i v e r o o t s . " C a l l these a , b and c w i t h 

> & > ^ > C 

the location of each r o o t d e p e n d s upon the initial c o n d i t i o n s t h r o u g h 

h and £ and on the u n d e r l y i n g p h y s i c a l p a r a m e t e r s . Hence the r a d i c a n d 

may be f a c t o r i s e d to the form 

and the path of integration is contained in the interval [b,a]. H e n c e 

r - ± 
(C6) 

(See for e x a m p l e , Byrd and F r i e d m a n (1953)), w h e r e K is the m o d u l u s of 

the e l l i p t i c function sn such that 



The single period of r is then 

T , - s J S " ; 

where K(k) is the complete elliptic integral of the first kind and 

hence T 00 as b c . From (C3) it may then be shown that 
P 

o - a . = £ T - u z a v - z - y T T C 4 > > ) , , 
a. c. be. ^ 

( J U * . ) 

where II is an incomplete elliptic integral of the third k i n d . 

.Now restrict consideration to the special case when h = 0 . Then 

a. 

so that either r = A cn(w(T-T ),k) when ? > 0 and 

6 2 * * - 1 ) « > = « 

^ - 1 
A * 

o r r r 6 <Lk 

(C8) 

when 

and 3 is not large enough to invalidate (C5) , i.e.; 3 < 2 and 

^ s y t - * * ) =- £ Cur 

j1 c a - f ) = ' - J * <c9) 

The limiting case where ^ = 0 , giving a separatrix solution of infinite 

p e r i o d , may be found as a limit of either (C8) or (C9). 
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The topology of these solutions in p h a s e space m a y be d e t e r m i n e d 

simply from e q u a t i o n s (C3) and (C4). N o t e t h a t although the s o l u t i o n s 

of a second o r d e r d i f f e r e n t i a l e q u a t i o n for a c o m p l e x v a r i a b l e are 

g e n e r a l l y in four d i m e n s i o n s the p h a s e space is three d i m e n s i o n a l 

(8 is an 'ignorable coordinate') a n d a r e p r e s e n t a t i v e p o i n t m a y b e 

w r i t t e n as (£I,r,u) by d e f i n i n g 

^ si 

u. r 

The i n t e g r a l s u r f a c e s , upon w h i c h the t r a j e c t o r i e s m u s t l i e , b e c o m e 

(CIO) 

CJL 
r7-

( c i l ) 

8 
When h = 0,-£I = — is a c o n s t a n t and the t r a j e c t o r i e s in the 

(r,u) p l a n e are as sketched in e i t h e r figure (1) o r figure (2) 

a c c o r d i n g as B is either less than or n o t less than 2 . A s 3 i n c r e a s e s 

from zero the two c e n t r e s and t r a j e c t o r i e s of figure (1) are drawn 

F i g u r e (1). 8 < 2 . The separatrix c o r r e s p o n d s to the solution w i t h 

£ = 0; inside £ < 0 , o u t s i d e £ > 0 . 



- wo-

Figure (2). 3 £ 2 . £ > 0 for all solutions e x c e p t the centre 

at the o r i g i n , for w h i c h £ = 0 . 

t o w a r d s the u axis u n t i l the region o f solutions w h e r e £ < 0 v a n i s h e s 

w h e n 3 = 2 a n d the two c e n t r e s c o a l e s c e to form a single centre at the 

o r i g i n . The t r a j e c t o r i e s then p e r s i s t as in figure (2) for all l a r g e r 

v a l u e s o f 3-

When h * 0,- for each value of £ and h such t h a t (C5) is v a l i d 

o v e r some interval of r the surfaces of (Cll) form a family of p a i r s 

of c y l i n d e r s w i t h their axes p a r a l l e l to the Q a x i s . These c y l i n d e r s 

a p p e a r as p a i r s reflected in the p l a n e r = 0 in much the same w a y 

as the c r o s s - s e c t i o n a l curves of figure (1) do w h e n £ < 0 there b u t 

now the singular term of (Cll) p r e c l u d e s i n t e r s e c t i o n of the i n t e g r a l 

surfaces w i t h the reflecting p l a n e for all p e r m i s s i b l e v a l u e s of £ . 

The surfaces of (CIO) have no n o r m a l c o m p o n e n t p a r a l l e l to the u a x i s , 
D 

asymptote to the p l a n e s Q = — and r = 0 and are reflected in b u t do n o t 

intersect the p l a n e r = 0 . Hence the families of t r a j e c t o r i e s are 

reflected in and do n o t i n t e r s e c t the plane r = 0 . A single t r a j e c t o r y 

for any set of values 3, h and £ , w h i c h m a y be c o n s i d e r e d as t y p i c a l 

w h e n h * 0 , is sketched in the h a l f p l a n e r > 0 of figure (3). As h 

i n c r e a s e s with £ fixed the c y l i n d e r s and t h e i r axes m o v e away from 

r = 0 a n d the o t h e r i n t e g r a l surfaces move away from r = 0 and 

0 = — . As £ increases w i t h h fixed the c y l i n d e r s and their axes 

alone m o v e , approaching r = 0 . 



Figure (3). T h e solid closed curve is a t y p i c a l t r a j e c t o r y and is 

a c c o m p a n i e d b y a copy reflected in the p l a n e r = 0 . T h e d o t t e d 

lines show the c o r r e s p o n d i n g i n t e g r a l s u r f a c e s . 

The p h y s i c a l i n t e r p r e t a t i o n of 0(T) as a slowly v a r y i n g d o w n s t r e a m 

phase correction to a w a v e - l i k e d i s t u r b a n c e may be seen b y c o n s i d e r i n g 

the linear solutions to the n o n l i n e a r p e r t u r b a t i o n schemes of c h a p t e r s 

three and four (Equations (3.33) and (4.20)). On the o t h e r h a n d , 

its m a t h e m a t i c a l o r i g i n is found as the g e n e r a l i s a t i o n to a c o m p l e x 

amplitude function w h o s e effect upon the c o e f f i c i e n t s in the ensuing 

amplitude equation m a y be traced t h r o u g h the p e r t u r b a t i o n s c h e m e . 

In the limiting case w h e n 8 = 0 , w h i c h is of d i r e c t relevance to the 

amplitude equation for E a d y ' s m o d e l since the B-plane e f f e c t there 

gives an a p p a r e n t l y d i f f e r e n t m o d i f i c a t i o n to the stability p r o b l e m , 

the case of a real a m p l i t u d e function is r e c o v e r e d from the c o m p l e x 

g e n e r a l i s a t i o n in the l i m i t h = 0 and the c o e f f i c i e n t s k and k„ are 
1 ^ 

unchanged in c o n s i d e r i n g the c o m p l e x case (see equation (4.46), the 

factor of 4 should b e removed in c o n s i d e r i n g the real case as a limit 

A 
of the c o m p l e x case b y r e n o r m a l i s i n g A to r for c o m p l e x A.) 



T h i s g e n e r a l i s a t i o n to the c o m p l e x case for the i n v i s c i d a m p l i t u d e 

equation (CI) can be seen to have t h e c o n s e q u e n c e that the p o s i t i o n 

v e c t o r of a solution in p h a s e space is a d i s c o n t i n u o u s function of 

the initial c o n d i t i o n , h , at h = 0 , i.e.; w h e n h = 0 all t r a j e c t o r i e s 

are confined to the p l a n e 0 = ^ and are as in figures (1) and (2); 

p e r t u r b a t i o n of h then d i s t o r t s this integral, surface in a w a y w h i c h 

is n o t uniform in r as h 0 , w i t h the u n i f o r m i t y failing at the 

singularity r = 0 . T h e same type of b e h a v i o u r p e r s i s t s at h = 0 w h e n 

3 + 0 b u t in this case it is c l e a r that the a m p l i t u d e function of (CI) 

is n o t p u r e l y r e a l . 



APPENDIX D 

Substituting the solution at 0 ( e ) , (21) in the p r o b l e m at 
2 

0 ( e ) , (26), a n d using (27) the right h a n d side o f (26) the result 

m a y be expressed as 

- i x J / S l A l V 4 

S" j 4* s/ 

m 

2 

cb ^ 
- f ^ i z h s - v + " a » ^ 

y -f- A a a * . + * • x / / j 
s" (y -

(* * * * \ 
-

A** / + * * * \ \ 
A C 4 1 ai + ^ ; J 

(Dl) 

i 

Using (38), the p r o b l e m for s ^ and a 2 is given b y 

4 

5 ^ 14 / + 
_<- aJ / 3 A - / R , / J T Y ^ " T X A + OIJ* 

- < L d + A -

ft ^u^^oj^ au^ ajf3 -4- U^Lts^ + u ^ c l j ^ ^ 



i . e . ; a ^ = -c and -O -O 

6 - l J * - <r = O 

c d * - = O 

(D3) 

^ ' w = - / r 1 < / - r i c 

oo 

s J 

= + U j > 3 / 

I ^ 
i.e.; (- ^ + 2i£2I_) • a 2 = —2 * 

N o t e : - (D2) is n o t i n v e r t i b l e since h a s an e i g e n v a l u e e q u a l to 

zero and so a^ is d e t e r m i n e d o n l y u p to the inclusion o f a r b i t r a r y 

m u l t i p l e s o f u w h i c h span the n u l l space of . H o w e v e r , the 

solution to the p r o b l e m for 3C is c o n s t r u c t e d so t h a t at next o r d e r , 
3 

0 ( e ), the s e c u l a r i t y c o n d i t i o n w h i c h leads to the a m p l i t u d e e q u a t i o n 

for A(t) a n n i h i l a t e s any v e c t o r in the n u l l space o f . Hence the 

c o e f f i c i e n t s in the a m p l i t u d e e q u a t i o n are fully d e t e r m i n e d . 

I t is a s s u m e d that (D3) is i n v e r t i b l e . T h i s is e q u i v a l e n t to 

a s s u m i n g that as the limit cycle b e c o m e s l i n e a r l y u n s t a b l e w i t h the 

a s s o c i a t e d e i g e n f r e q u e n c y £1, that it d o e s n o t s i m u l t a n e o u s l y b e c o m e 

u n s t a b l e w i t h an e i g e n f r e q u e n c y o f 2£I - a d e t a i l w h i c h m a y be v e r i f i e d 

b y solving the c h a r a c t e r i s t i c e q u a t i o n (5.23) o r (6.23) in a p a r t i c u l a r 

e x a m p l e . 

T h e n from (D2) u s i n g the f i r s t and t h i r d e q u a t i o n s 

* ld> \ * * 
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H e n c e from the second e q u a t i o n 

' 1 

* 

* * \ 
-f- u j ^ -+- y 

c o n d i t i o n v ^ . c ^ = 0 leading to (6.37). In t e r m s o f the u n d e r l y i n g 

w h e r e the right h a n d side m a y be seen to be r e a l b y u s e o f t h e s e c u l a r i t y 

c o n d i t i o n v ^ . c ^ = 0 leading to (( 

p a r a m e t e r s o f the l i n e a r p r o b l e m 

lcf> 

r J _ a ? 

^ H ' - i j jl 
"̂ lA - I ^ - 4 

lA. t . . . 

w h i c h w i l l suffice h e r e . 

F o r (D3), u s i n g the first a n d second e q u a t i o n s in the f i f t h 

- - 4 

T h e n s u b s t i t u t i o n in the t h i r d and f o u r t h e q u a t i o n s i m p l i e s 

U v t ^ i J V a 

x Cx j^ -e . - "jiu 



7>jtcs:&)> ^ « ) - ( a j-', a ( - o j ^ y a a ) . ± . j t l 

I f V C ? y 

w h e r e 

}>jc(2;sl) = l i s l ( / n j - ^ . a l+c+ 
/ \ ) » 

^ ^ A J * l 4 AJ 2 ) 

so that w i t h t h i s n o t a t i o n , the c h a r a c t e r i s t i c equation of linear 

s t a b i l i t y o f the limit cycle is Det(ift) = 0 . Then 

and 

- / 1 ( - ^ w v u ) \ 

so that 

on s u b s t i t u t i o n , in terms o f the u n d e r l y i n g p a r a m e t e r s o f the 

l i n e a r s t a b i l i t y p r o b l e m 

t\ r: . . -

A = CCr 
at -

bjtuiz) 

oO 



i z 
^jt&ijt) ( 

V 

2 
The c o e f f i c i e n t o f A |A I <which a p p e a r s o n t h e left h a n d side o f 

(6.44) is 

GO 

r f c 

w h i c h o n s u b s t i t u t i o n for v ^ a n d u ^ y i e l d s 

/ -z<f> i.4\ 

T h e sigma sums a p p e a r i n g in c h a p t e r 6 for the c o e f f i c i e n t s o f the 

2-layer m o d e l i n c l u d i n g a w e a k g-plane effect and weak d i f f u s i o n . 

T h e c o e f f i c i e n t s are g i v e n in (B9) of a p p e n d i x B . T h e F o u r i e r 

cosine series o f sin 2mux^which is u n i f o r m l y c o n v e r g e n t o n the c l o s e d 

interval [0,1], is 

S ^ ^ X T T o C = - ^ (D4) 

"M j e ® / . .v-2. -2. 



w h e n c e ^ 

- — ' — = O 

and f r o m the P a r s e v a l formula a s s o c i a t e d w i t h the series of (D4) 

^ i = J i f 

The even f u n c t i o n |sh(ax)| for x e [-1,1] has the u n i f o r m l y c o n v e r g e n t 

F o u r i e r cosine e x p a n s i o n 

/ " 6 0 

i = ( a c , - \ ) ( 2 + j v ^ 

0 0 

- 2<x C1 + A Cx. ) ^ CcyS tWTT'^C 
J o ? 

W h e n c e 

1 a-

and o n d i f f e r e n t i a t i o n 

Y Y ' = J . t 3 . i L * . _ < X S < J A \ 
+ o. 3 1 * 

E x p r e s s i n g each t e r m o f the r e q u i r e d sums as a sum o f t e r m s 

of the a b o v e y i e l d s 

I ^ X A A A l L ( ( - 4 ^ i U 

" = A L V 
- t 

(D5) 

J"*' "tj * 

2 J. 1 - ^ A L V + - ^ s J t W ) 
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. . 2 p 2 . . 
T h e n using the t r a n s f o r m a t i o n i£I = — impli e s 

l - v 

! =o " 

w h i c h c o n c u r s w i t h (D5) in t h e l i m i t £1 0 . F u r t h e r , u s i n g the same 

t r a n s f o r m a t i o n and principles 

J i _ = ( 

J " " ( 4 j • 1 A ) 4 3 

- 1 3 -

LU| " 
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A P P E N D I X E 

C o n s i d e r the infinite c o m p l e x L o r e n z type e q u a t i o n s 

j - o sl 

V * i * v ) 

r I - Utt. 

7 
) = O, • - . 

(El) 

(E2) 

(E3) 

w h e r e y . and b . are p o s i t i v e for all j = 0 , 1 , . . . . and (b_. } h a s a 

p o s i t i v e lower b o u n d . Formally p e r f o r m i n g the time i n t e g r a t i o n of 

(E3)'implies . 

i 

j j j v 
<D 

w h e r e , since each Z c o m p o n e n t is a time d e p e n d e n t c o e f f i c i e n t in the 

F o u r i e r e x p a n s i o n of the mean flow c o r r e c t i o n , Z^(0) = 0 for a l l j 

for an i n c i p i e n t w a v e . The sum of (E2) m a y then be w r i t t e n as 

© " C t y V y N V o i t + ^ S . t o © ' 

vo 
A s s u m i n g that it is p e r m i s s i b l e to interchange the o r d e r of summation 

and integration and r e s t r i c t i n g to the case of an i n c i p i e n t w a v e 

(the g e n e r a l i s a t i o n back is straightforward) this b e c o m e s 

52. . - ^ U i - s ; , ^ * . v A 
(E4) 

J 

0 0 . - b C ^ S * ) , * V A 

A l t e r n a t i v e l y , e l i m i n a t i n g Y by use of (El) and i n t e g r a t i n g once b y 

p a r t s gives 

4'-° v) \l 

(E5) 

I 



R e c a l l t h a t this is the sequence of steps leading to equation (4.50) 

of c h a p t e r f o u r . 

N o w define the 'delay k e r n e l ' • G ( t - s ) b y 

C z C & S ? = ^i-CL vJ (E6) 

then the set (El) to (E3) m a y be w r i t t e n in the form of a single 

i n t e g r o d i f f e r e n t i a l equation 'for X (see P e d l o s k y 1971 for a similar 

e q u a t i o n ) . 

£ 

= o 
w h e r e the lower limit of i n t e g r a t i o n is a p p r o p r i a t e for i n i t i a l 

c o n d i t i o n s a p p l i e d at t = 0 . Now the b e h a v i o u r of a solution'to this 

type of delay equation w i l l depend upon the form of the delay k e r n e l 

G(t-s) and this in turn w i l l depend upon the c o e f f i c i e n t s {y^} and 

{b_.}. For the case of a single Z c o m p o n e n t G(t-s) is a d e c a y i n g 

e x p o n e n t i a l function of its a r g u m e n t , this type of k e r n e l is t e r m e d 

a w e a k delay k e r n e l in the literature and some r e s u l t s of the e f f e c t 

of this and o t h e r t y p e s of k e r n e l u p o n v a r i o u s forms of equation m a y 

b e found in C u s h i n g 1 9 7 7 . In a t t e m p t i n g to analyse the function 

G(t-s) in the p r e s e n t case c o n s i d e r the r e l a t e d i n t e g r a l 

r v m«)c*:-*)a 

J t £ - s > = / J U (E8) 

V 
N o t e : (i) If the infinite set of d i s c r e t e m o d e s (Z.(t)} are r e p l a c e d 

D 
b y the single function Z(n,t) w h e r e n is a c o n t i n u o u s v a r i a b l e , 

i.e.; in the h y p o t h e t i c a l case w h e r e the.(El) to (E3) m a y . b e m o d e l l e d 

b y the set of equations 

Ob 

Y = . K ^ y - x I " e c o A . 

L 

z g . ) - - 2 c o + m*>6<-Y+ * V ) 

* 6 



then the a p p r o p r i a t e i n t e g r o d i f f e r e n t i a l e q u a t i o n is (E7) w i t h 

G(t-s) replaced exactly by the related integral J(t-s) of (E8) 

(for an i n c i p i e n t w a v e ) . 

(ii) In the discrete case it may be p o s s i b l e to relate the 

functions G(t-s) and J(t-s) b y use of the E u l e r M c L a u r i n summation 

f o r m u l a , e.g.: 

where it has been a s s u m e d that f(n) and all its d e r i v a t i v e s tend to 

zero as n tends to i n f i n i t y . The v a l i d i t y of this r e s u l t d e p e n d s 

upon the b e h a v i o u r of f(n) as a function of a c o n t i n u o u s v a r i a b l e and 

requires that the function is a n a l y t i c along the p a t h of i n t e g r a t i o n . 

The 'boundary t e r m s ' forming the infinite series on the r i g h t ' h a n d 

side of (E9) are each e x p o n e n t i a l functions of (t~s) in the p r e s e n t 

c o n t e x t of (E6). 

(iii) If the variable of i n t e g r a t i o n is c h a n g e d in (E8) by setting 

u = b ( n ) , then formally 

w h i c h it may be p o s s i b l e to evaluate as a Laplace t r a n s f o r m . 

In attempting to remove the b o u n d a r y terms of (E9) introduce a 

set of m o d e s {Z . ,} and the c o e f f i c i e n t s (y . .} and {b . ,} 
- 3 - 1 - 3 - 1 - 3 - I 

(j = 0,1,....) defined such that 

J (z 7zo 
(E9) 

(E10) 

« 

J . 
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If further t h e initial c o n d i t i o n s are chosen such that 

J 

c o n s i d e r i n g X and Y as functions of t i m e , the i n t r o d u c e d m o d e s 

are such that 

V v J 

and these i n t r o d u c e d m o d e s do n o t alter the system of e q u a t i o n s (El) 

to (E3), b u t now 

do 
_ 2 - C O = ± 2 . fetecu) 
= ° v 2 j - o v 7 '(Ell) 

- 1 
2 j = 4 i a ) 

The sum of e q u a t i o n (E2), a f t e r a formal time i n t e g r a t i o n and swapping 

of l i m i t s , b e c o m e s 

: - —wv 

where n o w 

(E12) 

Provided the integrand and all its d e r i v a t i v e s w i t h r e s p e c t to n 

vanish as n -v ±<» and further y(u) is such that the E u l e r M c L a u r i n 

summation formula m a y be a p p l i e d 

(E13) 

w h e r e 

oo 
. - A M ^ - s ) 

(E14) 



For the c o e f f i c i e n t s of the 2 - l a y e r m o d e l 

i . = a t & s j f i + i f l - a - , , 

so that y(-n-l) = y(n) and b ( - n - l ) .= b(n) a u t o m a t i c a l l y b u t y(n) 

as a function of a c o n t i n u o u s v a r i a b l e has p o l e s of o r d e r two at 

n = ± m - ^ so that the E u l e r M c L a u r i n summation formula m a y not be 

a p p l i e d . U n d a u n t e d b y t h i s , -write the related integral as 

" - z u t - i f - f - r, 

7 fr+if-cfe^ja ^ 

where the c r o s s e d i n t e g r a l sign is used as a r e m i n d e r that w i t h o u t a 

suitable c o n s i d e r a t i o n of the s i n g u l a r i t i e s of the integrand <E13) 

w i l l n o t be v a l i d . The c h a n g e of v a r i a b l e s 

implies that 
ZP 

it 
(E15) 

w h e r e 

- at + £ { ^ > 
t 

so that the i n t e g r a n d h a s a p o l e of o r d e r two along the p a t h of 

4 
integration £ (0, —) . D e f i n e a function F(p;p) b y 

= ( ± ± K 

J s *((-/>! 
I 

C 0 
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w h i c h d e f i n e s an analytic function for all p in the c o m p l e x p l a n e 

w h e n |p| < 1 . In f a c t , 

f o r | p | < l 

w h e r e (a,8,y;x;y) is a c o n f l u e n t h y p e r g e o m e t r i c function of two 

v a r i a b l e s showing the c o n f l u e n c e through y (or p in the above f o r m u l a ) , 

the notation followed h e r e is t h a t of E r d e l y i et a l . 1953 b u t see 

H u m b e r t , 1 9 2 1 . Then 

^ V 0 0 (E16) 

C - c O * 

p r o v i d e d |p| < 1 so t h a t F(p,p) c o n v e r g e s and is d i f f e r e n t i a b l e . 

C o m p a r i s o n of (E15) w i t h (E16) suggests t h a t the delay k e r n e l ' 

9F 
G 0 . ( t - s ) , m a y b e r e l a t e d m this c a s e to a c o n t i n u a t i o n of — in the 

dp 

c o m p l e x p p l a n e . Note in p a s s i n g t h a t 

^F + g P , v. HCIYIY-ap) 

h t t 
w h e r e M(a,c,z) is K u m m e r ' s f u n c t i o n . 

It may be q u i t e p o s s i b l e to suggest c o e f f i c i e n t s , {y^} and {b_.}, 

in equations (El) to (E3) for w h i c h the above technique is b o t h 

p o s s i b l e and e a s i e r to a p p l y , giving a less c o m p l i c a t e d d e l a y k e r n e l . 

W i t h the supposition t h a t there exists a delay k e r n e l w h i c h m a y b e 

expressed in terms of elementary f u n c t i o n s , it w o u l d then b e p o s s i b l e 

to compare the e f f e c t i v e n e s s of d i f f e r e n t n u m e r i c a l i n t e g r a t i o n 

schemes on equation (E7) and then to compare these r e s u l t s w i t h 

n u m e r i c a l integrations of a t r u n c a t e d v e r s i o n of e q u a t i o n s (El) to 

(E3). The c o e f f i c i e n t s for the Eady m o d e l contain h y p e r b o l i c functions 

and a p p e a r to be quite i n t r a c t a b l e in the above s c h e m e . 


