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Abstract

Chapter II describes my doctoral work on the problem of optimally stopping the exponential of a
Brownian bridge which was posed by Ernst and Shepp in their paper [42] and was motivated by
bond selling with non-negative prices. We show how to obtain an optimal stopping rule for this

problem and we prove regularity of the value function and of the optimal boundary.

Chapter I1I describes my doctoral work on problems of singular control with discretionary stopping.
We develop a rigorous probabilistic study for this class of problems which leads to the dynamic

programming principle.

Chapter IV describes my doctoral work on some decompositions of measures and processes. In
particular, we study a decomposition of measures introduced by Dellacherie from which we show
how to obtain well-known decompositions of measures and processes and which we extend to vector

measures.
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Frequently Used Notation

I. General Notation
Let a,b€ R, d €N, v = (21,29,...,24) € R and y = (y1,¥2,...,vq) € R

e :— means “is defined to be”.

a Vb := max{a,b}.

a A'b:= min{a, b}.
e [a]" := max{a,0}.
e [a]” := max{—a,0}.

|| := (Z?:l 22)'/2 denotes the Euclidean norm.

(x,y) == Zle x;y; denotes the inner product.

II. Sets and spaces

Let d,n € N, Q be a general set and E be a Polish space.

e Ry :=10,00).

e A°:=Q\ A denotes the complement of A C .

e B denotes the topological closure of B C F.

e 0B denotes the boundary of B C E.

e B(E) denotes the Borel o-algebra on E.

e M(R? R™) denotes the collection of the d x n-dimensional real matrices.

e C(E;R?) denotes the space of continuous functions defined on E with values in R%.

e C12(A) denotes the space of real-valued functions whose first time derivative and second
spatial derivative exist and are continuous on a set A C E.

I11. Probability and random variables

Let X : Q — FE be a random variable defined on a probability space (2, F,P) and with values in
a Polish space F.

e Lp(X) is the law of X, i.e., the probability measure Po X ~! on (E, B(E)). When no confusion
may arise, we will simply denote Lp(X) by L£(X).
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Chapter 1

Introduction

This thesis is the result of four years of study and research as a PhD candidate in the Department
of Mathematics at Imperial College London, under the supervision of Dr. Pietro Siorpaes and
Dr. Tiziano De Angelis. It is divided into three chapters which describe three independent projects.
Chapter IT and III concern problems of stochastic optimal control and optimal stopping, whereas
Chapter IV involves decompositions of measures and processes. In what follows I provide some

background notions, motivation and results of the three projects.

I.1 Optimal stopping for the exponential of a Brownian

bridge

In a problem of optimal stopping an agent aims to stop a process at a specific time in order to opti-
mise his/her expected payoff. Mathematically, this is formulated by choosing an optimal stopping
time within a specific class to optimise the expectation of a stopped process. These problems arise
from various applications, for instance, in statistics, mathematical finance and engineering. One of
the first examples appeared in Wald’s sequential analysis [84] for a method of statistical inference
where the number of observations needed for an experiment is not determined in advance. A great
contribution to the optimal stopping theory was provided by Snell [83] who formulated a general
optimal stopping problem for discrete-time stochastic processes and characterised the solution by
means of the smallest supermatingale (the so called “Snell’s envelope”) dominating the reward se-
quence. Another key feature of optimal stopping problems is their connection to free-boundary
problems (as we will see in Chapter IT), which was first highlighted in a paper by Mikhalevich [71].
The general theory of optimal stopping was then developed and extended to continuous time, with
several contributions especially in the 1960’s and 1970’s. In our work we will mostly refer to the
more recent books by Peskir & Shiryaev [79] and by Karatzas & Shreve [65, Appendix D], who
provide a comprehensive general theory.

Problems of optimal stopping have found several natural applications in mathematical finance.
The most famous example is perhaps the pricing of an American option which is equivalent to
solving an optimal stopping problem (see, e.g., [55]). This optimal stopping approach has another
interesting feature as the optimal stopping time of the problem is the optimal exercise time of the

option and it is proved to be the first time that the stock hits a the so-called optimal boundary.

11



CHAPTER I. INTRODUCTION

Mathematically, this boundary can be characterised as the unique continuous solution to a family

of integral equations.

Another interesting optimal stopping problem from the mathematical finance perspective is the
optimal stopping of a Brownian bridge. Historically, in mathematical finance, Brownian bridges
have been used to model bonds as their pinning feature reflects the face value of a bond. Thus,
previous works by Shepp [82] on the optimal stopping of a Brownian bridge were applied by Boyce
[22] in 1970 to study optimal selling times for bonds. It was then shown in more recent years
that Brownian bridges are not only suitable to model bonds but also stocks when the so called
“stock pinning” effect arises. As highlighted in a paper by Avellaneda & Lipkin [5], this is a
phenomenon that has been empirically observed in equity options markets: when the number of
outstanding contracts corresponding to a particular strike is unusually large, several stock prices
close to maturity tend to end up (and thus pin) at the strike price. However, adopting a Brownian
bridge to model a bond or stock price has the unrealistic disadvantage that the price could become
negative. To overcome this unpleasant feature, Ernst and Shepp [42] posed the problem of solving
the optimal stopping for the exponential of a Brownian bridge, where they also highlighted its
difficult analytical tractability. Motivated by this challenge, we decided to study this problem

which is presented in details in Chapter II.

We begin by proving continuity of the value function and showing that our problem admits an opti-
mal stopping boundary which we aim to study. For time-homogeneous optimal stopping problems
it can be relatively easy to characterise the optimal boundary but this is usually very challenging
for time-inhomogeneous problems. For this reason, there are only a few examples of fully-solved
time-inhomogeneous optimal stopping problems. One of these examples is the optimal stopping of
a Brownian bridge which has been studied by several authors using different methods. The first
results are due to Dvoretzky [38] and Shepp [82] and were later extended by Ekstréom and Wan-
ntorp [41]. They were able to show the explicit form of the optimal boundary by applying a change
of measure in order to formulate an auxiliary equivalent stopping problem for a time-homogeneous
diffusion. However, these techniques are not applicable to the problem we study in Chapter IT due
to the exponential nature of the gain function. Hence, to prove the monotonicity of the optimal
boundary - which is central in the analysis of the problem - we develop novel techniques based
on the pathwise properties of the Brownian bridge. We believe that this method could be applied
to more general time-inhomogeneous optimal stopping problem and this extension is in our future
plans of research. By proving the monotonicity of the optimal boundary, we are able to obtain
C'-regularity for the value function and to characterise the optimal boundary as a unique contin-
uous solution to a specific family of Volterra integral equations. We then solve numerically these

integral equations and obtain an approximation of the optimal boundary.

1.2 Singular stochastic control with discretionary stopping

In stochastic optimal control problems, an agent aims to optimise his/her expected payoff over a
class of stochastic processes called the controls. These controls can affect the underlying dynamics
in different ways. In classical stochastic control problems, the controls acts on the drift and
diffusion coefficients of the underlying stochastic differential equation. These problems have several
applications especially in mathematical finance: the most famous example is perhaps the Merton
problem [70] where an investor chooses how much of his/her wealth to consume and much to

allocate between a stock and a risk-free asset as to maximise his/her expected utility. In singular
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CHAPTER I. INTRODUCTION

stochastic control problems, the controls are characterised by being of “singular” nature (i.e., in
general not absolutely continuous with respect to the Lebesgue measure as a function of time) and
by acting additively on the underlying dynamics. To exercise a control the optimiser pays a cost
which is proportional to the total variation of the control and represents the cost of fuel used to

activate the control or a transaction cost in mathematical finance.

In a stochastic control problem, if the agent can also choose when to end the optimisation we
then refer to stochastic control with discretionary stopping. Problems of singular control with
discretionary stopping naturally arise from at least two applications: target tracking problems in
engineering and consumption/investment problems with transaction cost in mathematical finance.
In target tracking problems, the aim of the optimiser is to arrive as close as possible to a fixed
target by paying a cost proportional to the fuel used, and decide to stop when the target is
sufficiently close. Specific examples of these problems have been studied in, e.g., [54] and [18].
Consumption/investment problems involving transaction cost are a more realistic version of the
Merton problem, where the investor pays a cost proportional to the amount transacted. In a
famous paper by Davis and Norman [26] it was shown that optimal strategies in these problems
are of singular nature. In this context, the stopping decision variable acts as an early exit from

the investment or the exercise time of an American option held in the portfolio.

A classic result in stochastic control theory is the dynamic programming principle which was first
formulated by Bellman [11]. Loosely speaking, this result guarantees that a control which is optimal
at an initial time ¢ € [0, 7] will still be optimal after following the optimisation up to a future time
u € [t,T] and then re-staring with the same control from there. This is very intuitive in several
situations: for instance, say we want to go from a point A to a point B and we delineate the
optimal path which passes through a point C; once we have reached point C it will still be optimal
to follow the same path, otherwise this would contradict the optimality of the initial path. As one
can expect, the dynamic programming principle turns out to be a powerful tool to study optimal
strategies. Despite its simplicity, a mathematical proof is very technical, in particular when the
problem has no intrinsic Markovian structure. For this reason, rigorous proofs have often been

omitted and thus the dynamic programming principle has often been used naively.

Whilst investigating a problem of singular control with discretionary stopping, we realised no rig-
orous proof of the dynamic programming principle was available for this specific class of problems.
Hence, we have developed a detailed probabilistic study of singular control with discretionary stop-
ping problems which leads to a rigorous proof of the dynamic programming principle for this class,
and which we present in Chapter III. In particular, we extend the work by Haussmann and Suo
[52], who obtain the dynamic programming principle for singular control problems, by additionally
including in the framework: (i) discretionary stopping, (ii) a terminal gain function, (iii) an exit
time from a fixed domain. In fact, Bouchard and Touzi [21] established (a weak version of) the
dynamic programming principle for some general stochastic control problems which can fit different
framework. However, given the generality of their work, they need to set some abstract assump-
tions (e.g., on the class of admissible controls) which an interested reader should verify every time
before applying their result. Moreover, fitting a specific control problem in their general framework
may not always be straightforward. Thus, our aim here is to provide a self-contained probabilistic
study of singular control with discretionary stopping problems which leads to a detailed proof of
their dynamic programming principle: in this way anyone who is working on a specific problem of
singular control with discretionary stopping could directly apply our results. Since our framework

is in general non-Markovian, another purpose of our work is to rigorously show how to use the
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CHAPTER I. INTRODUCTION

technical concept of regular conditional probabilities which provides a pseudo-Markovian structure
essential to obtain the dynamic programming principle. To this extent, we follow closely the anal-
ysis by Fabbri, Gozzi & Swiech [43] who establish the dynamic programming principle for classical
control problems in infinite dimension. Thus, our work seems extendable to include also classical
controls and is designed to feel the gap between the literature of dynamic programming principle
established (and sometimes used naively) for specific control problems (e.g., for Markovian control
problems) and some rather abstract works such as [21] and [19]. In addition, we also provide an
optimal stopping rule for our problem. However, at the moment we are only able to show the
optimality of the stopping time under some strong technical assumptions which are not easy to

prove and thus we aim to extend our result under some milder assumptions.

I.3 On a remarkable decomposition of measures by Del-

lacherie

In measure theory and stochastic analysis, decompositions have been built in order to characterise
measures and processes and simplify their study. The different parts constituting a decomposition
satisfy specific properties and are, in some mathematical sense, orthogonal to each other. Since
most of these decompositions were built in distinct frameworks, they reveal different concepts of
orthogonality.

Whilst studying the connections between some of these decompositions and trying to interpret them
in a more unifying framework, we discovered a surprisingly interesting decomposition of measures
introduced by Dellacherie [34, Ch. II, Sec. 2, Th. T14]: given a o-finite measure p :  — [0, o0] on
a measurable space (2, F) and a sub-family G C F closed under countable unions, there exists a

set G, € G and a unique decomposition

1= pg + g, (L3.1)

where 1(G%,) = 0 and pg (G) = 0 for every G € G.

In accordance with Dellacherie, who states decomposition (I.3.1) deserves to be classical (“mérit-
erait d’étre classique”), we decided to study this decomposition more into details and we report our
results in Chapter V. Despite the simplicity of its statement, the proof in Dellacherie’s book was
initially not clear to us and relies on several non-obvious properties of the order between measures
with no specific mention. We thus begin our study by proposing a simple original proof based only
on the concept of essential supremum. We then show why this decomposition is remarkably power-
ful: we obtain several well-known decompositions of measures (e.g., the Lebesgue decomposition)

and some new potentially interesting decompositions as a simple application of (I.3.1).

Our contribution is also to vastly extend the range of applicability of Dellacherie’s decomposition
by establishing a version of the theorem for vector measures. As a consequence, we show how
this extension can be applied to signed measures to derive the Jordan decomposition and to the
stochastic integral to obtain a decomposition of semimartingales due to Bichteler [15, Theorem
4.4.5]. Finally, we also study some regularity properties of the decomposition with respect to the
order and with respect to the topology.

Our work enhances the strength of this decomposition which deserves to be better known by the

14



CHAPTER I. INTRODUCTION

mathematical community. We also believe further (well-known or new) decompositions of measures
and processes could be obtained as corollaries of this decomposition and we are currently working

in this direction.

15



Chapter 11

Optimal stopping for the exponential

of a Brownian bridge

In this chapter I present my doctoral research on the optimal stopping for the exponential of a
Brownian bridge, where we study the problem of stopping a Brownian bridge in order to maximise

the expected value of an exponential gain function.

II.1 Introduction

Problems of optimal stopping involving the Brownian bridge have a long history, dating back to the
early days of modern optimal stopping theory. The first results were obtained by Dvoretzky [3§]
and Shepp [82]. Both authors considered stopping of a Brownian bridge to maximise its expected
value. Dvoretzky proved existence of an optimal stopping time and Shepp provided an explicit
solution in terms of the first time the Brownian bridge (pinned at zero at time T = 1) exceeds a
boundary of the form ¢ — av/1 —t, for t € [0,1] and a suitable a > 0.

Few years later, Follmer [45] extended the study to the case of a Brownian bridge whose pinning
point is random with normal distribution. He showed that the optimal stopping time is the first
time the process crosses a time-dependent boundary and the stopping set may lie either above or

below the boundary, depending on the variance of the pinning point’s distribution.

More recently, Ekstrom and Wanntorp [41] studied optimal stopping of a Brownian bridge via the
solution of associated free boundary problems. They recovered results by Shepp and extended the
analysis by finding explicit solutions to some examples with more general gain functions than the

linear case.

Optimal stopping of a Brownian bridge with random pinning point or random pinning time were
also studied in [40] and [48], respectively. In [40], the authors consider more general versions of
the problem addressed in [45] and, among their results, they give general sufficient conditions for
optimal stopping rules in the form of a hitting time to a one-sided stopping region. In [48], the
author provides sufficient conditions for a one-sided stopping set and is able to solve the problem
in closed form for some choices of the pinning time’s distribution.

16



CHAPTER II. OPTIMAL STOPPING FOR EXPONENTIAL OF BROWNIAN BRIDGE

Problems of optimal stopping for Brownian bridge have attracted significant attention from the
mathematical finance community because of their application to trading. Already in 1970, Boyce
[22] proposed applications of Shepp’s results to bond trading. In that context, the pinning effect
of the Brownian bridge captures the well-known pull-to-par mechanism of bonds. Several other
applications to finance have appeared in recent years, motivated by phenomena of stock pinning
(see, e.g., [5] and [58]). Explicit results for some problems of optimal double stopping of a Brownian

bridge, also inspired by finance, were obtained in [9].

In our paper we study a problem that was posed by Ernst and Shepp in [42, Section 3|. In
particular, we are interested in finding the optimal stopping rule that maximises the expected
value of the exponential of a Brownian bridge which is constrained to be equal to zero at time
T = 1. Besides the pure mathematical interest, this problem is better suited to model bond/stock
trading situations than its predecessors with linear gain function. Indeed, the exponential structure
avoids the unpleasant feature of negative asset prices, whilst retaining the pinning effect discussed
above. Questions concerning stopping the exponential of a Brownian bridge were also considered
in [69] in a model inspired by financial applications. In fact, in [69] authors consider a more general
model than ours and allow a random pinning point. However, the complexity of the model is such

that their analysis is carried out mostly from a numerical point of view.

In this work, we prove that the optimal stopping time for our problem is the first time the Brownian
bridge exceeds a time-dependent optimal boundary ¢ — b(¢), which is non-negative, continuous
and non-increasing on [0, 1]. The boundary is uniquely characterised as the continuous solution to
a family of integral equations of Volterra type, which can be computed numerically (see Section
I1.7). The full analysis that we perform relies on four equivalent formulations of the problem (see
(I1.2.7), (I1.2.14), (I1.2.16) and (I1.4.4)), which are of interest in their own right, and offer different

points of view on the problem.

Our study reveals interesting features of the value function v. Indeed, we can prove that v is
continuously differentiable on [0,1) x R, both with respect to time and space, with second order
spatial derivative which is continuous up to the optimal boundary (regularity which goes beyond
the standard smooth-fit condition in optimal stopping). Notice, however, that the value function

is not continuous at {1} x (—o0,0), due to the pinning behaviour of the Brownian bridge as t — 1.

We extend the existing literature in several directions. The non-linear structure of the exponential
gain function does not allow to use scaling properties that are central in all the papers where explicit
solutions were obtained (see, e.g., [82], [41], [9], [48]). For this reason we must deal directly with a
stopping problem for a time-inhomogeneous diffusion. Optimal boundaries for such problems are
hard to come by in the literature and, in order to prove monotonicity of the boundary (which is
the key to the subsequent analysis), we have developed a method based on pathwise properties of
the Brownian bridge and martingale theory (see Theorem I1.5.1). The task is challenging because
there is no obvious comparison principle for sample paths of Brownian bridges X* and X t'e
starting from a point z € R at different times ¢ # ¢’. Hence, our approach could be used in other

optimal stopping problems involving time-inhomogeneous diffusions.

It is worth noticing that, in Section 5 of [40], authors also obtain a characterisation of the optimal
boundary via integral equations. However, in that case a time-change of the Brownian bridge and

linearity of the gain function are used to infer monotonicity of the boundary.

The chapter is organised as follows. In Section II.2 we provide some background notions on

the Brownian bridge and we formulate the stopping problem. In Section II.3 we prove some
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CHAPTER II. OPTIMAL STOPPING FOR EXPONENTIAL OF BROWNIAN BRIDGE

initial regularity of the value function, in particular its continuity. In Section II.4 we show the
existence of an optimal boundary. In Section II.5 we prove that the boundary is monotonic non-
increasing, continuous and bounded on [0, 1] and find its limit at time ¢ = 1. In Section I1.6 we
find C'-regularity for the value function. In Section I1.7 we derive the family of integral equations
that uniquely characterise the optimal boundary. In Section I1.8 we solve the integral equation
numerically using a Picard’s iteration scheme and we provide plots of the optimal boundary and
of the value function. We also illustrate numerically the convergence of the algorithm for the

boundary and the dependence of the boundary on the pinning time of the Brownian bridge.

11.2 Problem formulation

Let (2, F, (Ft)t>0,P) be a complete filtered probability space, where (F;);>o is the filtration gener-
ated by a Brownian motion W := (W;);>¢ and augmented with P-null sets. For (¢,z) € [0,1) X R,
we denote by X := (X,)sep,1) @ Brownian bridge starting from X; = 2 and pinning at zero at time
T =1, i.e., such that X; = 0. This is described by the stochastic differential equation (SDE)

Xs
dX, = 7 ‘Sds +dWs, s €[t 1), (I1.2.1)

In order to keep track of the initial conditions, we sometimes denote X by X%*. The unique strong
solution to the SDE (I1.2.1) is given by

Xt = (1—5)( ° +/ts dW"), s e[t (11.2.2)

1—¢ 1—u

The expression in (I1.2.2) allows to identify (in law) the process X with the process Z := (Zs)se[t,1]

given by
1-s 1-s
ZS = 1_ tx + ﬁWS,t, s € [t, 1} (1123)
That is, we have
£(X) = E(Z). (I1.2.4)

Analogously, we will sometimes denote Z by Z%*. Using this identity in law between X and Z,

along with well-known distributional properties of the Brownian motion, we obtain

E { sup exf} <el”lE [esl] < 400, (I1.2.5)

t<s<1

where S1 := supg<,<1 Ws. The random variable S; will be used several times in what follows and

we denote
c = E[esl} and ¢y := ]E[Slesl}, (I1.2.6)

which are both finite.

18



CHAPTER II. OPTIMAL STOPPING FOR EXPONENTIAL OF BROWNIAN BRIDGE

Our objective is to study the optimal stopping problem

(t,z) = sup ]E{exfff}, Y (t,z) € [0,1] x R, (11.2.7)
0<7T<1—t
where 7 is a random time such that ¢ + 7 is a (F)s>¢-stopping time (in what follows we simply

say that 7 is a (F,)s>¢-stopping time, as no confusion shall arise).

Remark I1.2.1. There is no loss of generality in our choice of a pinning time T =1 and a pinning
point o = 0. We could equivalently choose a generic pinning time T >t > 0 and a generic pinning

point a € R and consider the dynamics

X —
dx, = -~ sads +dw,,  seltT). (I1.2.8)
Then, the analysis of the problem would remain valid up to obvious tweaks.

Since YV := X

is continuous, non-negative and the integrability condition (I1.2.5) holds, we can
rely upon standard optimal stopping theory to give some initial results (see, e.g., [65, Appendix
D]). In particular, we split the state space [0,1] X R into a continuation region C and a stopping

region D, respectively given by

C:={(t,z) €0,1]] x R: v(t,z) > e*}, (I1.2.9)
D :={(t,x) € [0,1] xR : v(t,z) = "}. (I1.2.10)

Then, for every (¢,2) € [0,1] x R, the smallest optimal stopping time for problem (I1.2.7) is given
by (see, e.g., [65, Thm. D.12, Appendix D])

™ =inf{s € (0,1 —1]: (t +s,X,,) € D}, P-as., (I1.2.11)

ie.,

o(t,z) =E [eXffr*] (11.2.12)

We will sometimes denote 7* by 7", to keep track of the initial condition of the time-space process
(t, X).

Moreover, standard theory of the Snell envelope also guarantees (see, e.g., [65, Thm. D.9, Appendix
DJ) that the process V' := (Vi):e[o,1] defined by V; := v(t, X;) is a right-continuous, non-negative,
P-supermartingale and that the stopped process V* := (Viar+)e0,1] is a right-continuous, non-
negative, P-martingale.

Remark I1.2.2. Notice that here we have preferred to skip the technical details concerning the Snell
envelope in order to focus on the subsequent analysis of the problem. In fact, by [65, Thm. D.12,
Appendiz D], the optimal stopping time 7* is of the form

™ =inf{s € [t,1] : V? = X}, (11.2.13)
where VO is the Snell envelope for our problem. However, in the next section we will show (only
by using the existence of an optimal stopping time but not its nature) that (t,z) — v(t,x) is

continuous. Under this condition, our definition (11.2.11) of 7 is guaranteed to be optimal by,
e.g., [79, Corollary 2.9].
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To conclude this section, we show two further formulations of problem (I1.2.7) that will become
useful in our analysis. The former is provided by the equality in law (I1.2.4), which yields

u(t,x) = 0<s1£7t]E[eZl‘fT], Y (t,z) € [0,1] x R. (I1.2.14)

The second formulation, instead, uses ideas originally contained in the proof of [57, Lemma 3.9].
In particular, for any fixed ¢ € [0,1] and any (Fs)s>;-stopping time 7 € [0,1 — t], we can define an
(Fe)o<s<1 stopping time @ € [0,1] such that 7 =: §(1 — ) and F, := s(1—t)- In addition to this,
notice that

LWy, s> 0) = L(VI—tW,, s > 0). (I1.2.15)
Therefore, problem (I1.2.14) and, hence, problem (I1.2.7) can be rewritten as

v(t,z) = sup E [exp ((1 -0+ (1-0)(1- t)W9>:| . (I1.2.16)
0<0<1
This last formulation of the problem has the advantage that the domain of admissible stopping

times 0 is independent of the initial time ¢.

Remark I1.2.3. We have skipped an intermediate technical step to pass from (11.2.14) to (I1.2.16).
In fact, for every (Fs)-stopping time 7 € [0,1 — t] P-a.s., we can define a (ﬁs)—stopping time
p € [0,1] P-a.s. such that 7 = p(1 —t). Then, by (11.2.14), we would obtain that

v(t,z) = sup E {exp ((1 —p)x+ me(l_t))} , (I1.2.17)

0<p<1
where p are (f's)-stoppmg times. Since (]:'s) 1s generated by the process W, = s(1—t) then a
(ﬁs)-stopping time p can be equivalently represented as a measurable map of the process 144 (for a
technical discussion see later Lemma I11.4.3). The same measurable map evaluated in the process
W, == V1 —tW, gives rise to a (Fs)-stopping time 6 € [0,1] P-a.s. which maintains the equality
in law because of (I1.2.15). Hence,

v(t,x) = sup E [eXp ((1 —p)z+ mwp(lft)ﬂ

0<p<1
— sup E {exp ((1 — )z + /(1 —0)1— t)Wgﬂ , (I1.2.18)
0<0<1

where 0 are (Fy)-stopping times, which leads to (11.2.16).

To conclude this section we make one last remark. Since, as discussed, our optimisation problem
is independent of change of processes that are equal in law, we will not distinguish between the

integral form of (I1.2.1), i.e.,

s Xt,x
t,x t+u
Xits = — /0 mdu + Wips =W, s€[0,1—1], (I1.2.19)
and
Xt =a— /S %du + W, sel0,1—1]. (11.2.20)
° o 1= (t+u)
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I1.3 Imitial regularity of the value function

In this section we show some properties of the value function, including its continuity.
It follows immediately from (I1.2.5) that the value function is non-negative and uniformly bounded
on compact sets. In particular, we have

0<w(t,z) <ecel® V(t,z)e[0,1] xR, (I1.3.1)

where ¢; > 0 is given by (I1.2.6).

In the following two propositions we prove some regularity for the maps x — v(t, x) and t — v(¢, x),

which will, in particular, yield the continuity of the value function (¢, z) — v(¢, x).

Proposition I1.3.1. The map x +— v(t,z) is convex and non-decreasing. Moreover, for any
compact set K C R there exists L > 0 such that

sup |v(t,y) —v(t,z)| < Lgly — x|, Vaz,y€ K. (I1.3.2)
te[0,1]

Proof. Convexity of z +— v(t,x) follows from linearity of z — Z%® (see (11.2.3)), convexity of the
map x — e® and the well-known inequality sup(a + b) < supa + sup b.

Monotonicity can be easily deduced by, e.g., the explicit dependence of (I1.2.16) on x € R. As for
the Lipschitz continuity (I1.3.2), the claim is trivial for ¢ = 1 since v(1,2) = e®. For the remaining
cases, fix t € [0,1) and let us fix z,y € R with y > x (the arguments are symmetric for = > y).
For simplicity, we denote the optimal stopping time 7;°, by 7. Then, we obtain

0 <o(t,y) —v(t,x)

t,y t,x
S E[o%Hn o]

(o () o (5550 o )
< | (5o (S ) [ ey
<E {esl} VI (y — 1), (11.3.3)

where the first inequality follows from monotonicity of = — v(¢,x); the second inequality follows
from the fact that 7, is sub-optimal for v(t, x); the third inequality follows from |e?—e®| < e?V®|a—b|.

Hence, the claim follows with Ly := ¢; max,cx e”. O

Next, we show that the value function is locally Lipschitz in time on [0,1) x R. However, it fails
to be continuous at {1} x (—o0,0).

Proposition I1.3.2. For every T < 1 and every 0 < t; < to < T, we have

626‘:5'

VT

[u(tz,x) —v(ty, 2)| < (t2—t1), VzeR, (IL3.4)
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with ca > 0 as in (11.2.6). Moreover,

limw(t,z) = €, Yo >0, (I1.3.5)

t—1

liminfu(t,z) > 1 > €®, Va <O0. (I1.3.6)
t—1

Proof. For the proof of (I1.3.4) we will refer to the problem formulation in (I1.2.16). Fix 0 < #; <
to <T <1 and let 0 := 0f, ,
admissible and sub-optimal for v(¢1, ), we have

be the optimal stopping time for v(ts,x). Then, given that 05 is

v(ta, ) — v(t1, )

< E[e(l—éz)m (emmg B e\/m%z)]
< ol [oV TP T Wi | (VI 01 - VI o)

to — 11

T

where in the last inequality we have also used that |Ws,| < supg<s<; Ws + supg<g<i(—Ws) and
L(W) = L(—W). Now, setting 6, := 0} , we notice that #; is admissible and sub-optimal for the

t1,x

< e‘z‘E[Slesl} (IL3.7)

problem with value v(ts,x). Then, arguments as above give

ta — 11

v(tz, 2) —v(ti, x) > _elxlE{Slesl} VI=T

(11.3.8)

which, combined with (I1.3.7), implies (I1.3.4).

Finally, we show (I1.3.5) and (II.3.6). Notice first that v(1,z) = ¢* and v(t,x) > e® for ¢t € [0, 1).
Let z > 0, then by (I1.2.14) we have e” < v(t,z) < ”E [¢'~*] which implies (I.3.5) by dominated
convergence and using that S;_; — 0ast — 1. If z < 0, instead, the sub-optimal strategy 7 = 1—t
gives v(t,z) > 1. Hence, liminf;,; v(t,z) > 1 > e* = v(1,2) as in (I1.3.6). O

As a consequence of Proposition I1.3.1 and Proposition 11.3.2, we obtain that the value function
(t,z) — v(t,x) is continuous on [0,1) x R. Moreover, notice that C = C N [0,1) x R and thus C
is an open set. Combining this fact with the martingale property (in C) of the value function, we

obtain the following classical result in optimal stopping theory.

Proposition I1.3.3. We have that v € C12(C) and it satisfies the free-boundary problem
1 T
v(t,x) = e”, (t,x) € OC, (I1.3.10)

where Oy, 0, and Oy, denote the time derivative, the first spatial derivative and the second spatial

derivative, respectively.

Proof. AsC is an open set then 9C C D. Thus, the boundary condition (I1.3.10) is trivially satisfied
and so we now prove that also (I1.3.9) holds.

Let (t,z) € C. Since C is an open set, there exists an open rectangle R := (t1,t2) X (z1,z2) such
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that (¢t,z) € R CC. Let yR := OR \ {t1} x (x1,22) and let us define the boundary problem

(00 + 300 — 1502 ) £(t,2) =0, (t,x) € R (I13.11)

ft,z) =v(t, z), (t,z) € HR. (I1.3.12)

The general theory for parabolic partial differential equations (see, e.g., [46, Ch. 6, Sec. 3|) guar-
antees the existence and uniqueness of a solution f € C*2(R) N C(R) to the problem (I1.3.11)-
(I1.3.12). Then, let M := f(s, X;) and o :=inf{s > ¢ : (s, X5) € yR}. By applying Ito’s lemma,

we obtain that (Msao)sef,1) is @ bounded martingale. Thus, by the optional sampling theorem

and using f(o, X,) = v(o, X,), we have
f(t,z) = My = E[M,] =E[v(o, X,)] = v(t, ), (I1.3.13)

where the last equality follows from the fact that o < 7* and that v(s AT7*, Xsa,+) i a martingale.
Since (t,z) € C was arbitrary, we obtain that v € C1?(C) and it satisfies (I1.3.9). O

For future reference, we also denote by A the second order differential operator associated with X.
That is, for every f € C%2(R?),

(Af)(t,x) = %@mf(t,:c) - 1%

20, f(t, ). (I1.3.14)

II.4 Existence of an optimal boundary

In this section we derive the existence of an optimal stopping boundary for our problem.

To this purpose, it is convenient to perform a change of measure in our problem formulation (I1.2.7).

In particular, using the integral form of (I.2.1) (upon setting B, := Wi, — W}), we have

xr T Xt’IS
]E [exp(Xf_’i_T)] = ]E lexp (x + BT — \/0 ﬁ d8>]

=e"E |exp (B — lT) exp /T 1 ﬁ ds
T2 o \2 1—(t+s)
- T (1 Xpf
=e"E - - T 11.4.1
¢ eXp(/O (2 ) ¥ (I4.1)
where _
dp 1
— = B, — - 1-— 11.4.2
a7 exp ( B 25) , s €0, t], ( )

defines a new equivalent probability measure P on (€, F) and the associated expected value E.
Under ]f”, we have

t,x

X N
dXoT = (1 T )ds+dWs, s e t,1], (11.4.3)

— S

with Xf ¥ =z, and with W, =W, —t defining a P-Brownian motion by Girsanov’s theorem.
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Thus, by (IT.4.1), we obtain the equivalent stopping problem

~ . T 4 1 Xzfs
o(t,x) := OSsTlgi_tE lexp </o (2 - 1—(t—+-s)>d5>] ) (I1.4.4)

where v(t,x) = e*0(t, ). Consequently, we also have that
C={(t,z)€[0,1] xR: o(t,z) > 1}. (I1.4.5)

Moreover, since V is a P-supermartingale and V* is a P-martingale then, as a consequence of

Girsanov theorem, the process V := (‘Zﬁ)te[o,l] defined as

Vi :=exp (/Ot (; — 1):9) ds) o(t, Xy) (I1.4.6)

is a P-supermartingale and V* := (f/t/\T*)te[oﬂ is a P-martingale, with 7* as in (I1.2.11).

In this formulation the set C is expressed in terms of the value function #(¢,z) only and not
explicitly in terms of the exponential function e*. This allows us to prove the existence of an

optimal boundary for our problem.

Proposition I1.4.1. There exists a function b : [0,1] — Ry U {400} such that

C={(t,x) €[0,1) xR: = < b(t)}. (IL4.7)

Proof. By the pathwise uniqueness of the Brownian bridge (I1.2.2), it is clear that for any x < '
we have, P-a.s. (hence, also P-a.s.)
XbT < XBY v et1). (11.4.8)

Using such comparison principle and (I1.4.4), it is easy to show that x +— o(¢, ) is non-increasing.
It follows, in particular, that if (¢,x) € D, then (¢,2’) € D for all 2’ > x. Then, setting b(1) := 0,
we define

b(t) :==sup{z € R: o(t,z) > 1} (1I1.4.9)
=sup{z € R: v(t,z) >e"}, t€][0,1),

and (I1.4.7) holds by continuity of the value function. For future reference, notice that (11.4.9) and
(I1.3.5)—(I1.3.6) give also b(1) = 0.

It remains to show that b(t) > 0 for all ¢t € [0,1]. By selecting the stopping rule 7 = 1 — ¢, we
obtain v(t,z) > 1 > e® for every z < 0 and every ¢ € [0,1). Hence,

[0,1) x (—00,0) C C, (I1.4.10)

and the claim follows. O

As a straightforward consequence of this proposition and of (IT.2.11), we have that

T, =inf{s€0,1—1: X;% >bt+s)}, P-as. (I1.4.11)
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II.5 Regularity of the optimal boundary

In this section we show that the optimal boundary is monotonic, continuous and bounded. We will
then use these properties to derive smoothness of the value function across the optimal boundary,

in the next section.

We first show a simple preliminary result. Let

Q:={(t,x) e[0,)xR:ax<i(1—1t)}, (I1.5.1)
R:={(t,z) €e[0,)xR:x=1(1—-1¢)}. (11.5.2)

Fix (t,z) € Q, and notice that

6:= inf |(t,x)— (s,y)| > 0. 11.5.3
Lint(ta) = (s.0) (115.)

Then, let Bs := {(s,y) € [0,1) x R : |[(t,z) — (s,y)| < 6/2} and 75 := inf{s >t : X1 & Bs} A 1.
By continuity of X, we have that 75 > ¢, P-a.s. Hence, by Dynkin’s formula, we obtain

Xt Ts t,x 1 )(t’38
E [e Ts } ="+ E [/ eXa‘ ( — 5 ) d8:| > e”, (1154)
p 2 1-—s

Thus, if we start inside Q then stopping immediately is suboptimal (we would rather wait at least
until 75) and so Q C C.

The next result, concerning monotonicity of the optimal boundary, is crucial for the subsequent
analysis of the stopping set and of the value function. Monotonicity of optimal boundaries is
relatively easy to establish in optimal stopping problems when the underlying diffusion is time-
homogeneous and the gain function is independent of time. In our case, the latter condition holds
but our diffusion is time-dependent, hence new ideas are needed in the proof of the theorem below.
We also remark that, while in some stopping problems of a Brownian bridge (see, e.g., [41]) it is
possible to rely upon a time-change in order to formulate an auxiliary equivalent stopping problem
for a time-homogeneous diffusion (see [77]), this is not the case here, due to the exponential nature

of the gain function.

Theorem I1.5.1. The optimal boundary t — b(t) is non-increasing on [0, 1].

Proof. Tt is sufficient to show that, for every fixed x € R, the map ¢ — v(t, z) is non-increasing on
[0,1). Indeed, the latter implies monotonicity of the boundary on [0, 1] by definition (I1.4.9) and
using that b(¢) > 0 for all ¢ € [0,1) and b(1) = 0.

Recalling (I11.3.9) and using convexity of x — v(t,x), we obtain
d(t,z) < %_taxv(t,m), V(t,z) € C. (IL5.5)
In particular, we have
d(t,r) <0, Y (t,2)€[0,1) x (—o0,0], (11.5.6)

since [0,1) X (—00,0] € Q C C (see (I.5.1)) and since d,v > 0 in C (by Proposition I1.3.1).

Notice that if (¢,2) € D\ OC then v(t,z) = e® and dv(t,z) = 0. Since t — v(t, z) is continuous on
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[0,1) (by Proposition I1.3.2), it only remains to prove that d;v(t,z) < 0 for (¢,2) € C with « > 0.
To show this, we proceed in two steps.

Step 1. (Property of ¢t — X*%%). Consider (¢,z) € C with z > 0 and 0 < e <t < 1, for some € > 0.
For s € [0,1 — ], we denote

Vi o= Xy - X (IL5.7)

Since (t,x) is fixed, we simplify the notation and set Yy, := Y15, for s € [0,1 — ¢]. Next, for
some small § > 0, let 5 := (1 —t — &) > 0 and ps := t5 A 7°, where

=1 =inf{u € [0,1—1¢ : X;%, <0} (IL.5.8)

Then, by (I1.2.20), for an arbitrary s € [0,1 — ¢] we have, P-a.s.
SApPs th'v SApPs Xt*EJU
Yg — _ t+u d / t—e+u d
t+sAps /o 1—(t+u) ut 0 1—(t—e+u) “

SApPs {_:Xf,zu Y’te )
B _/o ((1— (t—a+u)+)(1_(t+u)) Tz (tf5+u)> du. (IL.5.9)

Since Y¢ is a continuous process of bounded variation then its local time is identically zero. More-

over Y7 = 0 and thus, from Tanaka’s formula, we obtain

SApPs
[this/\p{;]-i_ = /0 1{Yf+u20}de+u < 0, (11510)

where the final inequality follows from (I1.5.9), upon observing that Xf_:u >0 for all u < ps. Then,

Yiisnps < 0 forall s € [0,1 —¢t]. Furthermore, letting § — 0, we obtain by continuity of paths
X708 o= XpE >0, Vse[0,1—t], Pas. (IL.5.11)

Hence, the process X% hits zero before the process X'=5% does.

Step 2. (Opv(t,x) < 0). Fix (¢t,x) € C with £ > 0. Using the same notation as in Step 1 above,
let o := 7/, A7{,. By the (super)martingale property of the value function, noticing that 7* is

optimal for v(¢, z) and sub-optimal for v(t — ¢, z), we have

v(t,z) —ou(t —e,x)
<E ['U(t + o, X:fa) - U(t —€+o, Xtt:sefcf)]
t—e,x

< E [l{T*STO}ﬂ{T*<1—t} (exp(XffT*) - exp(Xt_H_T*))]
+E [Lizi—s (eXP(Xf’x) - eXP(Xf:Z’x))]

+E |:1{TO<T*}Q{TO<1,t} (U(f + 7'07 O) — U(f —ec+ 7’07 XZ:;fTO))} . (11.5.12)

Recalling (I1.5.11), on the event {7* < 79} N {r* < 1 —t} we have X;_2". > X/ and on

the event {o = 1 — t} we have that X\ 5% > X!"*. Moreover, & ~ v(t, =) is non-decreasing (by

Proposition I1.3.1). Thus, combining these facts with (II.5.12), we obtain

v(t,x) —v(t—e,z) <E [1{TD<T*}Q{TO<1,t} (v(t +7%0) —v(t —e+7°, 0))] <0, (I1.5.13)
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where the final inequality uses (I1.5.6) and the fact that 70 < 1 —¢.

Finally, dividing both sides of (I1.5.13) by € and letting ¢ — 0, we obtain d;v(¢,x) < 0 as needed.
O

By standard arguments in optimal stopping theory, monotonicity of the boundary leads to its

right-continuity (or left-continuity). In our case we have a simple corollary.

Corollary I1.5.2. The optimal boundary t — b(t) is right-continuous, whenever finite.

Proof. Let t € [0,1) be such that b(t) < +oo. Consider a sequence (t,)nen such that ¢, | t as
n — oo. By monotonicity of ¢ — b(t) (see Theorem II.5.1) and (I1.4.7), we have that b(t,) < oo
and (t,,b(t,)) € D for every n € N. Since D is a closed set and (¢, b(t,)) — (¢,b(t+)), then also
(t,b(t+)) € D (the right-limit b(t+) exists by monotonicity). Hence, b(t+) > b(t) (see (I1.4.7)).
However, by monotonicity b(t) > b(t+), which leads to b(t) = b(t+). O

We can now show that the optimal boundary is continuous and bounded on [0, 1].

Proposition I1.5.3. The optimal boundary t — b(t) is continuous on [0, 1] and we have

sup b(t) < +o0. (I1.5.14)
te0,1]

The proof of Proposition I1.5.3 relies upon four lemmas. First we state and prove those lemmas

and then we prove the proposition.

Lemma I1.5.4. For everyt € [0,1), we have DN ([t,1) X R) # @.

Proof. Suppose by contradiction that this is not true and there exists ¢ € [0,1) such that D N
(t;1) x R) = @. Then 7 , =1 ¢, P-as. for all (¢,z) € [t,1) x R, which implies v(#,z) = 1.
This, however, contradicts the optimality of 7;; , since immediate stopping gives v(t',z) > e* > 1
for every > 0 and ' € [t,1). O

Notice that the Corollary 11.5.2 and Lemma I1.5.4 imply that for every ¢; € [0,1) there exists
ta € (t1,1) such that b(t2) < 4+o00. This fact will be used in the next lemma.

Lemma I1.5.5. The boundary satisfies b(t) < +o0o for every t € (0,1].

Proof. By contradiction, let us assume that there is ¢ € (0,1) such that b(¢) = +oo. Then, by
Lemma I1.5.4 and Corollary I1.5.2, we can find ¢’ € (¢,1) such that 0 < b(t') =: by < +oo0 and
(t,t') xR CC. Let og := inf{s € [0,1 —t) : X/{*, < bo} A(t' —t), then recalling iy as in (IL4.11),
we immediately see that P(7;, > 0o) = 1. Using the martingale property of the value function

(see (I1.4.6)), we obtain
70 1 X:f ~ t,x
o </o (5 =t )t om i)
oo 1 Xffé ) ~
lio,<ti_py € ——— _d t+00,b
{oo<t/—t} XP(/O <2 1—(t+s) 8 U( 0o 0)

1{0. :t’ft} exp /t - <1 — XZfS)ds -1 5 (11515)
0 0 2 1—(t+s)
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where we have used continuity of paths and the fact that on {og = t'—t} it must be X > b(t') = by,
P-a.s.

: ¢
Moreover, since X', > by for s < 0¢, we have

] ) o 11 bo ]
t,2) <E|1cr_ S0 Vs #(t+00,b
U( IZ’)_ |: {oo<t t}exp </0 (2 1—(t+8)> S) U( g0 0):|

Vet XEE Vb
gy - s T g
{oo=t t}eXp</0 (2 1—(t+3)) 8

+E

bo
~ 1—(¢t
S E 1{0’0<t/—t} (1(_—';0—0)> 600/2‘| - C1
t'—t t,z
_ 1 X5 Vb
+E |1y —p_pr € / - — H)ds
{(Jt t} XP(Q <2 1_(t+5)

< ee'?Plog <t —t) +E : (I1.5.16)

. /t/t 17 Xttfs\/bo d
UL QT 1—re)

where in the second inequality we have used (I1.3.1) and o(¢,x) = e~ %v(¢,z). Now, notice that

P(og <t/ —t) < IED( inf X107 < bo) (11.5.17)
se(t,t’

so that the first term on the right-hand side of (I1.5.16) goes to zero as © — oco. Similarly, given

that lim, . X/} = 400, P-a.s. for every s € [0,# — ], the second term goes to zero as well by

the reverse Fatou’s lemma. Then, recalling that ¥ > 1, we reach the contradiction

limsup o(t, z) < 0. (I1.5.18)
r—+00
It follows that b(t) < +oo for all t € (0, 1] since by definition b(1) = 0. O

Lemma I1.5.6. We have b(0) < +oo0.

Proof. Consider an auxiliary problem where the Brownian bridge is pinned at time 1+ h, for some
h > 0, and the time horizon of the optimisation is 1 + h. That is, let us set

v"(t,x):= sup E {eXtﬁff} , (I1.5.19)
0<r<1+h—t

where X is a Brownian bridge (I1.2.2) pinned at time 1 + h.

By the same argument as in Section 11.2, it follows that £(X"*) = £(Z"*), where

A 1+h—s 1+h—s
zZbT = s t, 1+ hl. 11.5.2
! 1+h—tx+‘/1+h—tW‘ t, SE[t,1+h] (I1.5.20)

o (t,x) = sup E[eszf] (I1.5.21)
0<r<l+h—t

Thus,

and, since L(Z5%, s € [t,1]) = E(Zzizw7 s € [t,1]) (compare (I1.2.14) with (I1.5.21)), we also have
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that

v(t,z) ="t +h,z), V(t,z)€[0,1] xR, (11.5.22)

By the same arguments as for the original problem, we obtain that there exists a non-decreasing,
right-continuous optimal boundary ¢ + b (t) such that

Ch = {(t,x) €[0,14+h] xR: v"(t,z) > e} = {(t,x) €[0,14+h) x R: z < b"(t)}. (I1.5.23)
Moreover, since the gain function e” does not depend on time, using (11.5.22) we obtain
b(t) =b"(t+h), Vte[0,1]. (I1.5.24)

In particular, b(0) = b"(h) and b"(h) < +oo by applying the result in Lemma I1.5.5 to the auxiliary
problem. O

Using ideas as in [28], we can also prove left-continuity of the optimal boundary.

Lemma I1.5.7. The optimal boundary t — b(t) is left-continuous.

Proof. We first prove that the boundary is left-continuous for every ¢ € (0,1) and then that its left
limit at ¢ = 1 is zero, that is b(1—) = 0 = b(1).

Suppose, by contradiction, that there exists to € (0,1) such that b(tg—) > b(tp) and consider an
interval [z1, z2] C (b(tg), b(to—)). By monotonicity of ¢ — b(t), we have that [0,to) X [x1,z2] C C.
Now, pick an arbitrary, non-negative smooth function ¢ with compact support [z7,z3]. Since
(11.3.9) holds in [0,tg) X [21,x2], then for every t < t, we have

0= /m [Owv(t,y) + Av(t, y)]e(y)dy

1
Z2 Z2

< [ ateiy = [ et e (115.25)
T 1

where for the inequality we have used ;v < 0 (see proof of Proposition I1.5.1) and in the final

equality we have applied integration by parts and used the adjoint operator

1d%p 1 d

(A*p)(t,y) : (W) +—— (v ). (I1.5.26)

T 2dy?
Taking limits as ¢ 1 o and using dominated convergence theorem, we obtain

T2 xr2

0 < lim qmmuwwmwz/ o(to, 1) (") (to, y)dy

tTto z1 o1
2 T 1 y
— / ey(.A*SO)(thy)dy = / eV (2 _ 1_t0> Qp(y)dy, (11.5.27)
1 T

where we have used that v(tg,y) = ¥ for y € [z1,x2] and integration by parts in the final equality.

Recalling that a1 > b(tg) > 1_2t°, then (I1.5.27) leads to a contradiction because the right-hand

side of the expression is strictly negative.
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In order to prove that b(1—) = b(1) = 0, we need a slight modification of the argument above. In
particular, suppose by contradiction that b(1—) > 0 and consider an interval [z1, 23] C (0,b(1-)).
Then, replacing ¢ in (I1.5.25) with @(t,z) := (1 — t)¢(x), and using the same arguments with

to = 1 we reach a contradiction, i.e.,

. T v - o d i)
0< lﬁ%{l/ v(t, y) (A"3)(t, y)dy =/ ey@(y~w(y))dy = —/ e’yo(y)dy <0.  (I15.28)

O
We are now able to prove Proposition 11.5.3.

Proof of Proposition I11.5.3. The proof of (I1.5.14) follows immediately from Lemma II.5.5 and
Lemma I1.5.6. Right-continuity of the boundary follows from Corollary 11.5.2 and (II.5.14), whereas
left-continuity follows from Lemma I1.5.7. Thus, the optimal boundary is bounded and continuous
on [0,1]. O

I1.6 Further regularity of the value function

In this section we show further regularity for the value function. In particular, we prove that the
value function is smooth, i.e., v € C*([0,1) xR) (see Theorem I1.6.4) and that the second derivative

Oz is continuous but for a jump across the optimal boundary (see Corollary 11.6.5).

In order to obtain these results, we first show that the optimal stopping time is continuous with
respect to the starting point, i.e., that the map (¢, x) +— 7", is continuous. The monotonicity of the
optimal boundary is essential to obtain this result, which we prove by following similar arguments

as in [29, Section 5|.

For (t,z) € [0,1] x R, we define
T . =inf{s > 0: X0 > b(t+5)}A(1—1). (I1.6.1)

Then, we have the following results.

Lemma I1.6.1. For every (t,z) € [0,1] x R, we have 7/, =0 and 7y, = 7/, P-a.s.

Proof. We first prove that ’Ttlyb(t) =0, P-a.s. If t = 1, this is obvious by definition (I1.6.1). If ¢ < 1,
we equivalently prove that for every € > 0 there exists t. € [t,t+¢) such that Xttg’b(t) > b(te), P-a.s.
Let us fix w € @\ N, where P(N) = 0 and the law of iterated logarithm holds for W on Q \ N.
Let (hn)nen be a sequence such that h, | 0 and (without loss of generality) h,, < 1 —t for every

n € N. The law of iterated logarithm (see, e.g., [6, Theorem 3.2]) implies that, for every ¢ € (0, 1),

Wisn, — Wi > (1 —6)\/2hy log(log(1/h,)), (I1.6.2)
for n sufficiently large. By (I1.2.1), we have that

£,b(t)

t+hn,
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Then, by (I1.6.2), we obtain

t,b(t Hrhe X bE)
X0 > b(t) — / S ds (- 8)v/2hy log(log(1/hy)). (11.6.4)
t

By defining M := max,e 144,](Xs/(1 — 5)) and by monotonicity of ¢ +— b(t), we have that

XD > 0(t + ) — Mhy, + (1~ 8)3/2h, log(log(1/hy)), (11.6.5)

Finally, we can choose n sufficiently large such that

— 0)v/2hy, log(log(1/hy)) — Mh, >0 and h, <, (I1.6.6)

£,b(t)

so that X, > b(t.) with t. =t 4 h,, € [t,t + ¢), which is our desired result.

We now prove that 7/ , = 7., P-a.s. Let us assume that (¢,z) € [0,1] x R with 2 < b(t), otherwise
the claim is trivial. Since (¢,z) € [0, 1] x R is fixed, we simply denote 7/, and 7/, by 7* and 7/,

respectively. Clearly, we have that 7/ > 7*, P-a.s. Hence, we need to prove that 7 < 7%, P-a.s.

Let 0 < s1 < s <1 -1t and define Z;, 5, := sup,, <4<, (Xttfs —b(t + s)). We now want to show
that

P(Z,, ., = 0) = 0. (1L.6.7)
To this purpose, let 7y := inf{s € [s1,1 —¢] : Xttfs = b(t + s)} and notice that
P(Zs, 5, =0) =P(Zs, 5, = 0,71 € [51,82)) + P(Zs, 5, = 0,71 = 52), (11.6.8)

since on the event {Z;, 5, = 0} it must happen that 7 € [s1, s2].

For the first term on the right-hand side of expression (I1.6.8), we have that

P(Zs, .5 = 0,71 € [51,52)) = P(Zs, 0, = 0,71 € [51,52), thsl < b(t+ s1))
= P(Zy,ir, V Zryso = 0,71 € [51,52), X[{,, < b(t +51))
=P(Zr, 5, = 0,71 € [51,82), X125, < b(t+s1))
<P(Zy, .5, = 0,71 € [51,52))
o, (11.6.9)

where in the second equality we have used the continuity of s — X% and of s — b(s) and in the

last equality we have used that 7/ ) = =0, P-a.s.

For the second term on the right-hand side of (I1.6.8), we simply have that
P(Zs, 5, = 0,71 = s2) < P(Xt+52 =b(t+s2)) =0, (11.6.10)

as XtthQ is a continuous random variable. This completes the proof of (I1.6.7).

Finally, if 7% € [sy, s2], then Zg, 5, > X117 — b(t + %) = 0, and so

P(1* € [s1,82]) = P(7™ € [s1,82], Zs, 5, > 0)

*

Il
< =

(T € [51’52}7251752 > 0)

(77 € [s1,82], 7" € [51,82]), (I11.6.11)
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where in the second equality we used what we have proved in (I1.6.7).
Therefore, for every si,s2 € Q such that s; < so, we have that

P(s; <75 < 59,7 > 59) =0, (11.6.12)

which leads to our desired result, i.e., 7/ < 7*, P-a.s. and the proof is complete. O

As a consequence of Lemma I1.6.1, we deduce
7. =inf{s €[0,1—1]: (t+s X,7) €int(D)}, P-as., (11.6.13)

where int(D) = D\ JC is the interior of the stopping set. In particular, since 7;°, = 0, P-a.s. for
every (t,z) € dC, by its definition (I1.2.11), this implies 7; , = 0, P-a.s. for every (¢,z) € 0C. This
means that the boundary 0C is regular for the interior of the stopping set in the sense of diffusions

(see, e.g., [33]).
Lemma I1.6.1 then leads to the continuity of the optimal stopping time.

Proposition I1.6.2. The function (t,x) — 7/, is continuous, P-a.s., on [0,1] x R.

Proof. Let (¢t,2) € [0,1] x R and {(tn,Zn)}nen C [0,1] x R such that (t,,z,) — (t,z) as n — oc.
If t = 1, the claim is easy as 7/, =0, P-a.s. and |7 , —7/,| <1—t, = 0asn— oo, P-as.

For ¢ < 1, we will show that lim, o 7/ , = 74, by first showing that limsup,,_, . 7/ ., <7/,
and then showing that liminf, . 77 , > 7/,. We consider w € (2 fixed but we do not specify it

every time for the sake of simplicity.

To prove the first inequality, we have that either X}\", < b(t + s) for every s € [0,1 —t) or there
exists s € [0,1 — t) such that X;2", > b(t + s). In the former case, we obtain that T, =1—tand
S0

limsupr, ., <limsup(l—t,)=1-t=71/,. (I1.6.14)

» T
n—oo n—oo

In the latter case, by Lemma I1.6.1, there exists s’ € [0,1 — ¢) such that Xttfs, > b(t + ). Then,

continuity of (t,z) — X;°, and t > b(t + s') yields Xtt:fsrt > b(t, + §') for n sufficiently large.

Hence, 7/ , < s’ and so limsup, 7/ , < s'. Since s’ €[0,1 ) such that Xttfs, > b(t +s') was

arbitrary, we obtain that limsup,, 7/ , <7 .. Therefore, by Lemma II.6.1, we have that

. * 1 /
limsup7r, , =limsupr, .
n—oo n—oo

< Tt/,m = thm, (I1.6.15)

and the first inequality is proved.

To show the second inequality, first assume that = > b(t). Then, 7/, = 0 and so

(11.6.16)

. . * __x
hnrgloréf Tp an 2 0= Tf -

If @ < b(t), then let s € [0,1 — t) be such that X;2", < b(t + u) for every u € [0,s]. By continuity
of u s b(t +u) and u — X[7",, we have that

ix[lof ](b(t +u) - Xpt,) =0 > 0. (I1.6.17)
ue|0,s
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Then, by continuity of x — Xffu uniformly in u € [0, s], we obtain

1)
inf (b(t — X7y > - I1.6.18
Jnf (b(t ) — Xp7) > 5 (IL.6.18)
for n sufficiently large. Furthermore, continuity of ¢ — b(t + u) and ¢ — Xf_fu implies
inf (b(t, 4+ u) — X['r) > 0 >0 (1I1.6.19)
u€(0,s] " bntul =y ’ o

for n large enough. Hence, 7/ , > s and so liminf, 77 , > s. Since s € [0,1 — ) such that

Xffu < b(t + u) for every u € [0, s] was arbitrary, we have that

liminf 7, . > 7/, (11.6.20)
n—oo nytn k)

which concludes the proof. O
Now we can use the continuity of the optimal stopping time and some related ideas from [33] to
establish C! regularity of the value function.

First, we give a lemma concerning the spatial derivative of the value function.

Lemma I1.6.3. For every (t,z) € ([0,1] x R) \ 9C, we have

1—t—7% gto
azv(twr) =E #GZ"*T* . (11621)

Consequently, it also holds
Ov(t,z) < w(t, ), v (t,z) € ([0,1] x R) \ OC. (11.6.22)

Proof. Recall that v(t,z) = e” on D and so d,v(t,r) = e” on D\ dC. Since 7, = 0 for every
(t,z) € D, then (11.6.21) holds on D\ OC. We now want to show that (I1.6.21) holds also for every
(t,z) € C.

Fix (t,z) € C and take € > 0. Recall problem formulation (II.2.14) with the explicit expression for
Z (see (I1.2.3)). Since 7* is admissible but sub-optimal for the problem with value v(t,z + ¢), we
have

v(t,x) —v(t,x +¢e) <E [exp(Ztth*) - exp(foTtE)]

=F {(1 — exp (H_T5>) exp(Ztth*)] : (11.6.23)

1-t¢

Hence, by dominated convergence theorem and recalling that v € C*2(C) (by Proposition 11.3.3),
we obtain

O,v(t, ) = lim

e—0 IS

v(t,x +¢) —v(t,x) SE [1t7*

- eXp(foT*)} : (11.6.24)

By the same arguments, we also have that

v(t,z) —v(t,x —e) <E [(1 —exp (—1_115__;5» eXp(ZZ“fT*)] , (11.6.25)
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which implies

tx) — vtz — 1—t—7*
Duo(t, ) = lim vt ) :( T8 g ﬁexp(z,ff,r*) , (I1.6.26)

Combining (I1.6.24) and (I1.6.26), we obtain that (I1.6.21) holds also on C.
Now, the inequality in (I1.6.22) follows easily by comparison of (I1.6.21) and (I1.2.14). O

Theorem I1.6.4. We have v € C1([0,1) x R).

Proof. We know, from Proposition 11.3.3, that d,v and 0;v exist and are continuous in C. Moreover,
v(t,x) = e on D implies O, v(t,x) = e® and dyw(t,z) = 0 for (¢,2) € D\ OC. Then, it remains to

prove that 0,v and Oyv are continuous across the boundary 9C. We do this in two steps.

Step 1. (Continuity of 0,v). Fix (fo,x9) € OC with o < 1 and recall (I1.6.21). Then, for any
sequence (t,, Tn)n>1 C C converging to (to, o) as n — 0o, we can use the dominated convergence
theorem, continuity of paths and Proposition I1.6.2 to obtain

"
1—-t, — T

~exp (Zimfn )| =e™. (11.6.27)

lim 9,v(tn,x,) =E | lim b

n— 00 n— 00 1— tn

Step 2. (Continuity of dyv). Let (t,x) € C and 0 < £ < 1 —¢. Then, repeating arguments as those
used in (I1.3.7) and recalling that ¢t — v(t, ) is non-increasing on [0,1) (see proof of Proposition

I1.5.1), we obtain

0>ov(t+e,x)—v(tx)

>E {e(pew (e,/(ke*)(ktﬂ)we* _ ew/(ke*)(kt)wg*)}

> (VIi—t—-Vi—t—e)ellE [|W9* el Wor ‘} , (I1.6.28)

* . fO*
where 0% := 07

is the optimal stopping time for v(¢,z) (see (I1.2.16)).
Dividing all terms above by ¢ and letting ¢ — 0, we obtain

1
2v/1—t

The inequalities in (I1.6.29) hold if we replace (¢, ) by (tn,x,) and 6* by 6% = 05 where the

n T Vin,xn?

0> dw(t,x) > —

elelE [|W9* elW"*q . (I1.6.29)

sequence (t,,Tn)n>1 C C converges to (tg, o) € IC as n — oo.

Now we aim at letting n — co. Notice that Proposition I1.6.2 and the definition of § in (I1.2.16)
imply

. Tt* x
= lim —/=" =0, P-as. (11.6.30)

3
tn,Tn

lim 6
n—oo

Thus, using the dominated convergence theorem, we obtain

0> lim Ow(ty,zn) >

1
n—00 _72\/]_—t0

el*lE [ lim |We- elw“’qu =0. (11.6.31)
n—o00 n
O

Theorem I1.6.4 has a simple corollary which shows the regularity of 0,,v. In particular, 0,,v is

34



CHAPTER II. OPTIMAL STOPPING FOR EXPONENTIAL OF BROWNIAN BRIDGE

continuous but for a jump across the optimal boundary.

Corollary I1.6.5. The second derivative 0,,v is continuous on ([0,1] x R) \ 9C. Moreover, for
every (to, xo) € OC with ty < 1 and any sequence (t,,Tn)n>1 C C converging to (to, xo) as n — oo,

we have

2
B Oyt (t, ) = o0 o0 > 0, (IL.6.32)

n—00 1—+t

Proof. Since v(t,xz) = €* in D, then Oy,v(t,x) = €® in D\ IC which is continuous. Moreover, by
Proposition 11.3.3, ,,v € C(C) and so d,,v is continuous on ([0,1] x R) \ 9C.

To show (I1.6.32), it is sufficient to take limits in (I1.3.9), that is

21’0
1—1

e, (11.6.33)

n—oo n— oo

n

lim 0p,v(ty, z,) = lim 2 <3tv(tn,xn) + 1x"t8mv(tn,xn)> =
where we used Theorem I1.6.4 in the last equality. The inequality in (I1.6.32) follows from the fact

that @ C C (see (IL.5.1)). O

I1.7 Integral equations for the optimal boundary

In this section we show how the regularity of the value function proved in the previous section
allows us to derive a family of integral equations that characterise the optimal boundary. This

follows well-known steps (see, e.g., [79]) which we replicate below.

Theorem I1.7.1. For all (t,x) € [0,1) x R, the value function has the following representation

1-t Xt,m Xttfg 1
/0 X (T8 = 2 ) L a4 | (IL.7.1)

Moreover, the optimal boundary t — b(t) is the unique continuous solution of the following family

of nonlinear integral equations: for everyt € [0,1],

1—t t,b(t)
X Xivs 1
/0 o (1—15—3_2 x5 (IL72)

with b(1) =0 and b(t) > (1 —1t)/2.

et =1 +E

Proof. In view of Theorem II1.6.4 and Corollary I1.6.5, we can find a mollifying sequence (vy,)n>0 C
C*([0,1) x R) for v such that (see, e.g., [47, Section 7.2])

(Un, OpUn, Opv) — (v, 0pv, Opv) (I1.7.3)
as n — 0o, uniformly on compact sets, and

lim Oppv,(t, ) = Oppv(t,x), V(¢ z) ¢ OC. (I1.7.4)

n—oo

Let ¢ > 0 and let (K,,)m>0 be a sequence of compact sets increasing to [0,1—¢] xR. For ¢t < 1—e,
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define
T = inf{s > 0: (t+ 5, X,5) & K} A (1—t—e). (I1.7.5)

By an application of It6’s formula to v,, and noticing that P(X}\", = b(t+s)) = 0 for s € [0,1 — 1),
we obtain

vp(t,z) =K [vn(t + T, Xttfm/)
7/ (8tvn(t+s,Xffs)+Avn(t+s,Xffs)>1{th Svers)ds |- (I1.7.6)
0 t+s

Now, since (t + 8, Xi1s)s<r,, lives in a compact set, letting n — oo, applying the dominated
convergence theorem and using (I1.7.3)-(I1.7.4), we obtain

v(t,z) =E [v(t + Ty X0 )
_ /0 (&v(t + s, Xttfs) + Av(t + s, Xffs)) Lixes #b(t+s)}d8:|

t+s

=E

e [ XDT 1
t,x X, t+s =
Ot + T, Xyr ) + /0 et (1 —i_s 2) 1{Xt*m‘>b(t+s)}d5‘| ) (IL7.7)

t+s

where in the second equality we have used (I1.3.9) and the fact that v(t,z) = e® in D.

Notice that 7, =+ 1 —¢ — & as m — oo and the integrand on the right-hand side of (I1.7.7) is
non-negative. Recalling (I1.3.1) and letting m — oo, we can apply the dominated convergence
theorem and the monotone convergence theorem (for the integral term) in order to obtain

1—t—e t,x
T t,x X ’ s 1
’U(t,,I) = ]E |"U(1 — 6’Xf7—6) + /O eXt+s (1_;"—_8 —_ 2> 1{X:f§>b(t+s)}d8] . (1178)
By the same arguments, letting ¢ — 0 we obtain (I1.7.1), i.e.,

. D ¢ |
v(laXl’_H/O e ke (1_t_82>1{x:f5>b<t+s>}d5

=t e (XD 1
/0 o (1—15—5_2>1{Xffs>b(t+8)}d8 : 1L.7.9)

where in the second line we have used that, for ¢, < 1,

v(t,z) =E

—1+E

1< liminf o(tn,2,) < limsup o(tn,2,) < limsup e B[] =1,  (1L7.10)
(tn,xn)—(1,0) (tn,zn)—(1,0) (tn,x0)—>(1,0)

which follows from problem formulation (I1.2.14) with 7,; := 7 . and from Proposition I1.6.2.

Now the integral equation (II.7.2) is obtained by setting (¢, z) = (¢,b(¢)) in (I1.7.1). Uniqueness of
the solution to such equation follows a standard proof in four steps that was originally developed
in [78]. We repeat these steps here.

Suppose there exists another continuous function ¢ : [0,1] — Ry with ¢(1) = 0 and such that, for
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every t € [0, 1], it holds ¢(¢t) > (1 —t)/2 and

1—t t,c(t)
t) _ xp® ( Xews ™ 1
e = 1+IE /0 ettt T 9 l{X:fS(t)>c(t+s)}dS . (11711)

Then, define the function

vi(t,x) :=1+E

L=t e [ XDT 1
/0 o (m_z)l{xt‘ﬁ»c(tm}ds : (I1.7.12)

i.e., the analogue of (IL.7.1) but replacing b(-) therein with ¢(-). Since ¢ — ¢(t) is assumed con-
tinuous and the Brownian bridge admits a continuous transition density, it is not hard to show
that (¢, ) — v°(¢, x) is continuous on [0, 1) X R (see next section for more accurate computations).
Moreover, it is clear that v°(1,z) = 1 for every 2 € R and, by (IL.7.11), v°(t, c(t)) = e*® for every
t € [0,1]. By the Markov property, it is not difficult to show that

. S e (XS 1
iz Xl [ w2 .
s o(t+ s, X0) + /0 et (1 — 2) 1{Xtt_':u>b(t+u)}du’ (I1.7.13)
s xtoy s [Todin (N LY d 1.7.14
st s X+ et Ty T 3 M serny A (IL7.14)

are {Fiys-martingales for every (t,z) € [0,1) x R and, moreover, that they are continuous for
s €[0,1 —t). Then, for fixed (¢,z) € [0,1] x R, let us denote

0. :=inf{s € [0,1 — ] : X}, < c(t +s)}, (I1.7.15)
op = inf{s € [0,1 — ] : X;", < b(t + s)}, (I1.7.16)
o= inf{s € [0,1 —t] : X;i%, > c(t + 5)}, (IL.7.17)
= inf{s € [0,1 —¢] : X[;*, > b(t + s)}. (I1.7.18)

We can now show the four steps of the proof.

Step 1. Here, we prove that v°(t,z) = e for every x > c¢(t) and ¢t € [0,1]. This was already
observed for & = ¢(t), thus let © > ¢(¢). By the martingale property (I1.7.14) and the optional

Oc toa th 1
)(t7 u & —_ = t.x
/0 o (1 E— 2)1{Xx+u>c<t+u)}d“]
Oc t,x Xt’a: 1
/ I AT P
oc t,x
/ Xi 7Xt+u - 1 du
0 1— t—u 2
e t,x
0 1—t—u 2

=, (11.7.19)

sampling theorem, we have

ve(t,x) = E [v°(t + 00, X}, )] +E

-E {eX:fffc] +E

=e"—-E

+E

where in the second equality we have also used that v¢(t+0., X1, ) = eXt+oc as Xy, = c(t+0.)

by continuity of s — X and s — ¢(s); in the third equality we have used Dynkin’s formula.
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Step 2. Here, we show that v(t,x) > v°(¢,z) for every (t,z) € [0,1] x R. For > ¢(t), by Step 1,
we have v¢(t, z) = e* <wv(t,z). For x < ¢(t), by the martingale property (I1.7.14) and the optional

Te t,x )(t’z 1
Xy [ Cttw 2 .
/0 o <l—t—u 2)1{Xt;u>c<t+u>}d“1

<o(t, ), (I1.7.20)

sampling theorem, we obtain

vo(t,x) =E [v°(t + 7o, Xttf,rc)] +E

t,x
=K |:eXt+fc}

where the second equality follows from the definition (I1.7.17) and the fact that v¢(t + 7., X¢4r,) =
eXttre

Step 3. Here, we prove that b(t) > c(t) for every ¢t € [0,1]. Let t € [0,1] and = > b(t) A ¢(t). By
the martingale property (I1.7.14) and the optional sampling theorem, we have

t,x 7 xhe X:fu 1
E [v°(t + ov, X[,,)] = v(t,2) — E /O e ( Tt 2)1{X:&>c<t+u>}du

LA ¢ 1
/0 o Hu(l_t_u_2)1{X;,+wu>c(t+u)}du, (IL7.21)

where in the second equality we have used Step 1. Similarly, by the martingale property (I11.7.13)

=e"—E

and the optional sampling theorem, we obtain

% e [ XPT 1
Xy [ thw  Z ‘o
/0 et (1 Ea— 2) 1{Xt"+”u>b(t+u)}du‘|

o e X[F
/ i <1tt+u _ ;>du1 . (I1.7.22)
o —t—u

Hence, by comparing (I1.7.21) and (I1.7.22) and using Step 2, we obtain

E [U(t + Ub,Xfob)] =v(t,z) — E

=e"—E

E

9b Xt,m Xf_’,'_xu 1
A e G (I1.7.23)

Since Xiqqy > b(t+u) > 1/2(1 —t —u) for every u € [0, 04), by continuity of ¢t — b(¢) and t — c(t),

we then obtain that b(t) > ¢(t) (otherwise we would reach a contradiction).

Step 4. Here, we show that b(t) < c¢(t) for every ¢t € [0,1] and thus, by Step 3, we conclude
that b(t) = c(t) for every t € [0,1]. By contradiction, let ¢ € [0,1] such that b(t) > c(t) and let
x € (c(t),b(t)). Then, by the martingale property (I1.7.14) and the optional sampling theorem, we

T e [ XDE 1
xie [ _Aebe L
/0 e (1tu 2)1{Xtru>c<t+u>}d“]
T e [ XDF 1
X, t+u
/0 e (m_2>1{x:fu>c<t+u>}d“]7 (IL.7.24)

where the second equality follows from Step 1 and Step 3. Similarly, by the martingale property

have

vo(t,x) =FE [vc(t + T, Xffn)] +E

—E {exffw] +E
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(I1.7.13) and the optional sampling theorem, we have

Tb t,a Xt’w 1
Xifw [ tdkw 2 N
/0 o (1 Er— 2)1{Xfru>b<t+u>}d“]

—F [eXEffb} : (11.7.25)

o(t,z) =E[v(t+m, X5 )] +E

where the second equality follows by definition (I1.7.18). By combining (II.7.24) and (IL.7.25) and
using Step 2, we then obtain

E

To Xt,m Xffu 1
. O\ T o T 2 ey de] <0 (11.7.26)

which, by continuity of ¢ — b(t) and t — ¢(t), leads to a contradiction.

Finally, notice that it is shown in [31] that continuity of the boundaries can be relaxed to right /left-
continuity. O

II1.8 Numerical results

In this section we conduct a numerical analysis of the non-linear Volterra integral equation (11.7.2)
which characterises the optimal boundary. First, we describe a Picard scheme that we apply to
find a numerical solution to equation (I1.7.2). We learned this numerical algorithm for integral

equations from [35].

Notice that equation (I1.7.2) can be rewritten as

1-t oo 1
O — 1 +/ (/ e (=t = S )plt.b(), t + s,y)dy> ds, (IL.8.1)
0 b )

(t+s 1—t—s 2

where p(t,x,t + s,y) = %P(Xffs < y) is the transition density of the Brownian bridge.

Let I := {0 :=1ty < t1 < ... < t,, := 1} be an equispaced partition of [0, 1] with mesh h = 1/n.
The algorithm is initialised by setting b(°®) (t;):=0forall j =0,1,...,n. Now, let b(k)(tj) denote,
for 7 =0,1,...,n, the values of the boundary obtained after the k-th iteration. Then, the values
for the (k + 1)-th iteration are computed, for all j =0,...,n, as

) 1—t, o] 1
eb(kﬂ)(tf):l—i—/ (/ ey<L—§>p(tj,b(k) (tj),tj—i—s,y)dy) ds. (11.8.2)
0 b

® (t4s) “Lti—s

In particular, the inner integral with respect to dy can be computed explicitly. Indeed, noticing

that
(y - ﬂ(I,t, 5))2>
2a(t, s) ’

1

p tax7t+8a = €xXp <_
( v) 2rralt, s)

(11.8.3)
with a(t,s) == s(1 =t —s)/(1 —t) and B(x,t,s) := z(1 —t —s)/(1 — t), we can now substitute

this expression inside the integral. Then, tedious but straightforward algebra allows to reduce

the exponent of e¥p(t;, b(k)(tj),tj—f—s, y) to an exact square plus a term independent of y. Thus,
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properties of the Gaussian distribution give

I(ty, b (t;), t;+5,08) (¢, + s))

— o0 w(_ ¥y 1 £ob® (1) 1 d
. ~/b(k)(tj+s)e <1—tj—8 2)]7( 72 (J)’ ]+3ay) Yy
® 10 [C(Eg,8) B2 1
_ o <t],>[\/ﬂ2?e = (190 - & (1- 2 a,.0)] . (L84

where @ is the cumulative density function of a standard normal distribution, and

(26F) (t)+5) (1 —s—t;)
2(1—t;) ’

s ®) (.45
e e = G o= e O e S

bR () +s
1—t;

Y (ty,5):= ) (t;,s) = (I1.8.5)

The integral with respect to the time variable (i.e., the one in ds) is then computed by a standard
quadrature method. Hence, (I1.8.2) reduces to

n—1-—j
) =11 n ST I(t,0® (1), + mho+ 2 0@ (8 + mb o+ 1), (11.8.7)

m=0

where each b(k)(tj + mh + %) is computed by interpolation and we use the convention Z;::o =0
for j = n. Finally,

n—1—j
b* D (t5) = log (1 +h Y It b8 (), b5+ mh+ 200 (¢ + mh + g))> : (I1.8.8)

m=0

The algorithm stops when the numerical error ey := max;_g,__, [b%*)(¢;) — b*~1(¢;)| fulfils the
tolerance condition e < €, for some € > 0. A numerical approximation of the optimal boundary
is presented in Figure II.1.

While a rigorous proof of the convergence of the scheme seems difficult and falls outside the scope
of this work, in Figure I1.2 we show that the numerical error e; converges to zero as the number
of iterations increases. Moreover, the convergence is monotone, which results in a good stability
of the scheme.

Finally, in Figure I1.3 we plot the value function as a surface in the (¢, z)-plane using (I1.7.1). It
is interesting to observe that, as predicted by the theory, the value function exhibits a jump at
{1} X (=00,0).

Remark I1.8.1. As noted in Remark I1.2.1, we could consider a Brownian bridge with a generic
pinning time T > t and our analysis would not be affected (except obvious adjustments). However,
it may be interesting to observe that as T — oo the Brownian bridge converges (in law) to a
Brownian motion W. Thus, we also expect that the stopping problem (I11.2.7) converges to the
problem of stopping the exponential of a Brownian motion over an infinite time horizon. Since
t — exp(x + Wy) is a submartingale, the optimal stopping rule is to never stop. This heuristics
1s confirmed by Figure I1./ where we observe numerically that the continuation set expands as T

increases and, in the limit as T — +o00, the stopping set disappears.

Remark I1.8.2. Traditionally, integral equations as in (I1.7.2) are solved by discretisation of the
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Figure II.1: A sample path of a Brownian bridge X starting at Xy = 0.3 and pinned at X; = 0.
The Brownian bridge hits the optimal boundary at 7* &~ 0.3. The boundary divides the state space
into the continuation region C (in light blue) and the stopping region D (in red). The tolerance of
the algorithm is set to £ = 107 and the equispaced time step is h = 1073.
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Figure I1.2: The trajectory of the error e for the 16 iterations of the algorithm when ¢ = 1073.

integral with respect to time and a backward procedure, starting from the terminal time (see, e.g.,
[79, Ch. VII, Sec. 27, pp. 432-433] for details in the case of the Asian option or [79, Ch. VIII,
Sec. 30, p. 475] for another example; this method has been developed in the seminal paper [67] and
later extended). To the best of our knowledge, a rigorous proof of convergence for this “traditional”

numerical scheme is not available.

At each time step, the scheme must find the root of a highly non-linear algebraic equation, making
the procedure slower than the Picard scheme that we implement, which requires no root finding (see

Figure I1.5 for a comparison).

Another possibility is to use finite-difference methods to solve directly the free boundary problem in
(I1.3.9)—(I1.3.10). The finite difference method, however, requires discretisation of both time and
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Figure I1.3: The value function surface v(¢,z) plotted on a grid of points (¢,x) € [0,1] x [—1,1]
with discretization step h = 1072.
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Figure 11.4: Boundary functions with starting point ¢ = 0 and increasing pinning times T = 1,

T =5 and T = 10 (plotted in red, blue and black, respectively, with increasing line thickness).

Notice that every boundary lies above the corresponding line z = %(T —t) (represented by the

dashed lines with the same colour and same thickness), which generalises the line R from (I1.5.2).

space (whereas we only discretise time) which leads to discretisation errors both in time and space
and generally to a slower convergence. Moreover, in our case the coefficient associated to the first

order partial derivative O,v is discontinuous at t = 1, which causes additional difficulties.

Remark I1.8.3. After we solved numerically equation (11.7.2) and we were able to plot the bound-
ary function as in Figure 1.1, we began to investigate whether a suitable fit for the boundary could be
found. It is known that in the stopping problem with linear payoff E[X ] and pinning time T = 1, the
optimal boundary can be found explicitly and it takes the form b(t) = B\/1 —t (see [S2]). Motivated
by this result, we considered candidate boundaries of the form br(t) = Ar(1 — exp(BrvT —t)),
where T is the pinning time of the Brownian bridge, and Ar and Bt are parameters to be deter-

mined.
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T T T
Picard scheme
— — Traditional scheme

:
Z

0.8 -

0.2

Figure I1.5: The solution of the optimal boundary found via Picard scheme (continuous red line)
and via traditional method (dashed blue line). The time step is h = 5 - 1073 and the tolerance
is € = 107°. The Picard scheme stops after 0.1 seconds and 36 iterations, the traditional method
stops after 2.9 seconds.

Using the ‘curve fitting toolbox’ in Matlab to fit our ansatz to the boundaries obtained from the inte-
gral equations, we obtain an excellent fit for T = 1,5,10. The quality of the fit slightly deteriorates
for larger T’s (e.g., for T = 20). Results are illustrated in Figure 11.6. While these tests suggest
that our problem might be amenable to an explicit solution, the question is more complex than in
the linear payoff case (and its extensions in [/1]) and remains open. The key difficulties are that
(i) we must determine two parameters rather than one and (i) we do not have a good guess for the
value function that would allow us to transform the free-boundary problem (11.3.9)-(11.3.10) into a
solvable ordinary differential equation. Indeed, in the linear case one uses the identity in law

L(XE", s €[t,1]) = L(Z7, s €[0,00)), (11.8.9)

with Z% := (x + /T —tW,)/(1 + s), and obtains

T+ 1-tW.
Ult,z) .= sup E[X""]=supE |l V-""77 :\/1—tU<0,L). 11.8.10
()= s BLX(E] =swp |5V 20 A=) s

With the exponential payoff, the same identity does not provide any useful insight.

A different approach based on finding parameters for which the guessed boundary br(t) solves the

integral equation (I1.7.2) seems even harder.

I1.9 Conclusions

In this chapter we have studied the problem of optimally stopping the exponential of a Brownian
bridge, which was posed by Ernst and Shepp in [42] and was motivated by financial applications.
We have first shown the existence of an optimal boundary and proved its regularity, in particular
its monotonicity. By means of this result, we have been able to show C'-regularity of the value

function and to characterise the optimal boundary as the unique continuous solution to a family of
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Figure I1.6: Boundary functions (continuous lines) and the corresponding fitted curves (dashed
lines) of the form by (t) = Ar(1l — exp(BrvT —t)) for the pinning times 7' = 1,5,10,20. The
values of the parameters are, respectively, A; = —2.09, B; = 0.4; As = —1.85, Bs = 0.43;
A10 = 7186, BlO = 0.44 and A20 = 72.27, BQO =0.39.

integral equations. We have solved these integral equations numerically to obtain an approximation

of the optimal boundary and we have carried some numerical analysis of the algorithm.

Our work is one of the very few fully-solved time-inhomogeneous optimal stopping problems. As
expected, the time-inhomogeneous feature of the problem leads to mathematical challenges, in
particular when proving the monotonicity of the optimal boundary which is essential for the sub-
sequent analysis of the problem. To obtain this result, we have thus developed novel techniques
based on pathwise properties of the Brownian bridge. We believe this method could be extended
to more general time-inhomogeneous optimal stopping problems and our aim is now to study this
extension. This would provide a new approach in the study of the monotonicity of the boundary

for a class of time-inhomogeneous optimal stopping problems.
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Chapter 111

Singular stochastic control with

discretionary stopping

In this chapter I present my doctoral research on singular stochastic control with discretionary
stopping. The main result of this work is the detailed derivation of the dynamic programming
principle for this class of problems. We also show, under some technical assumptions, how to

obtain an optimal stopping rule for these problems.

IT11.1 Introduction

In stochastic optimal control theory, singular control problems are characterised by two main
features. Firstly, the controls are of “singular” nature, i.e., they are, in general, not absolutely
continuous with respect to the Lebesgue measure as a function of time. Secondly, the controls act
additively on the underlying stochastic dynamics. The optimiser pays a cost which is proportional
to the total variation of the control and represents, for instance, the cost of fuel used to activate

the control or a transaction cost in mathematical finance.

In a stochastic control problem, if the controller can also choose when to end the optimisation,
we then refer to stochastic control with discretionary stopping. The main result of this work
is to provide a rigorous proof of the dynamic programming principle for singular control with

discretionary stopping problems.

The dynamic programming principle, which was formulated by Bellman in [11], is a classical result
in control theory. Although simple and intuitive in its statement, a rigorous proof is very technical.
For this reason, it was studied in various articles and textbooks where it was established for different
control problems and by different methods. Among several extended works on this topic, we cite,
e.g., [68], [74], [17], [44], [85] and [43]. The dynamic programming principle has been obtained also
for general stochastic control problems that can include multiple settings. In [21] a weak dynamic
programming principle is derived, under some abstract assumptions, for general control problems.
The same result is obtained in [19] for problems with state constraints. The purpose of [25] is
to provide a rigorous technical proof of a pseudo-Markov property (which leads to the dynamic

programming principle) for general control problems with continuous underlying diffusion.
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One of the first examples of singular control problems dates back to [8]. Since the 1980’s a wide liter-
ature has been developed for these problems, starting with the works [12], [60] and [61] where some
specific one-dimensional singular control problems were studied. For general multi-dimensional sin-
gular control problems, [51]-[52] proved the existence of optimal controls and derived a version of
the dynamic programming principle. In [4] the dynamic programming principle was also obtained
for multi-dimensional singular control problems under state constraints. In contrast with [51] and
[52] where the cost considered is strictly positive, in [24] the dynamic programming principle was
established for a one-dimensional singular control problem with null cost. An equivalence between
singular control problems and optimal stopping problems was established in [63]-[64]. Since then
several authors have obtained a similar result for different versions of singular control problems.
Among various work, we cite, e.g., [7], [16], [2], [49] and [30].

Problems of singular stochastic control with discretionary stopping arise in two main applications.
The first one is target tracking problems where the optimiser’s goal is to arrive as close as possible to
a target by using fuel, and decide to stop when the target is sufficiently close. Some specific target
problems were studied in [62] and [18]. The second application is in mathematical finance. It was
shown in [26] that trading strategies in consumption/investment problems including transaction
cost are of singular nature. In this context, the stopping decision variable acts as an early exit
from the investment or the exercise time of an American option held in the portfolio. Several
versions of singular control with discretionary stopping problems have been studied. In [27] the
authors solve a singular control with discretionary stopping problem with quadratic cost functions,
in infinite horizon and whose underlying diffusion is a controlled Brownian motion. A version of the
same problem with finite-fuel controls is studied in [62]. In [72] the author applies a penalisation
method to solve a problem of singular control with discretionary stopping in infinite horizon and
whose underlying diffusion is a controlled geometric Brownian motion. Penalisation techniques are
also used in [87] to obtain the dynamic programming principle for a more general singular control
problem. Partial differential equations methods are applied in [23] to solve the problem in finite

horizon, with quadratic costs and underlying controlled Brownian motion.

Problems of combined control and stopping have been studied also in the context of classical (i.e.,
non-singular) controls. In [65] the authors consider infinite horizon and apply martingale methods
to derive the dynamic programming principle and obtain optimal solutions. Similar results are
found also in finite horizon in [3], where backward stochastic differential equations methods are

applied.

The purpose of this work is to develop a detailed technical study of general singular stochastic
control with discretionary stopping problems in finite horizon. Then main result of our study is
the proof of the dynamic programming principle for this class of problems. As highlighted in [25],
the essential tool to prove this result is provided by the concept of regular conditional probability.
To this extent, we follow closely the analysis of [43, Chapter 2| where the dynamic programming
principle is obtained, by means of regular conditional probabilities, for classical stochastic control
problems. For the generality of our setting in the context of singular control problems, our work
mostly compares with [52]. Although we do not consider classical controls as in [52], the novelty

of our work is to additionally include

(i) discretionary stopping,
(ii) a terminal cost/gain function,

(iii) an exit time from a fixed domain.
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We also differ from [18], as we aim to provide the dynamic programming principle specifically
for general problems of singular controls with discretionary stopping, whereas it does not seem
straightforward to adapt their results to our setting. Notice also that, however we follow a similar
approach, the work in [25] does not apply directly to our problem as their underlying diffusion is

continuous.

In addition to the dynamic programming principle, we also provide, under some technical as-
sumptions, an optimal stopping strategy for our problem. The main technical assumption for this
second result can be viewed as the uniform (left-)continuity assumption with respect to the class

of non-linear expectations considered in [10].

The chapter is organised as follows. In Section III.2 we introduce some notation and terminology
that will be used throughout the chapter. In Section II1.3 we formulate the control problem. In
Section I11.4 we show that our problem is independent on the underlying reference probability
system, result which will be a key to prove the dynamic programming principle. In Section I11.5
we introduce the notion of regular conditional probabilities and some related results which will set
the framework for the dynamic programming principle. In Section II1.6 we define the value process
which will lead to an easier proof of the dynamic programming principle and will also be used to
derive the optimal stopping rule. In Section II1.7 we prove the dynamic programming principle.
In Section II1.8 we provide an optimal stopping rule for our problem. In Section II1.9 we prove
the regularity of the value function which is necessary to obtain the previous results. Finally, in

Section II1.10 we show some miscellaneous results.

III.2 Notation and terminology

In this section we list some notation and terminology that will be used throughout this chapter.

e T > 0 is the time horizon and d,d’ € N are fixed dimensions.

e For t € [0,T], a reference probability system starting at time ¢ is a 5-tuple
Vi= (Q7 ]:a Pa {]:;}se[t,T]a W)> (11121)

where (Q, F,P) is a complete probability space; W := (W )ep, 7] is a d’-dimensional Brow-
nian motion on (Q, F,P) starting at time ¢, i.e., P(W; = 0) = 1; FLO := o(W, : u € [t,s])

and F! is the augmentation of F* with the P-null sets. Without loss of generality, we as-

sume that W has everywhere continuous paths. We denote by V; the collection of reference

probability systems starting at time ¢.

e We say that a reference probability system v € V; is standard if there exists a o-algebra F°
such that .7-';’0 C FO C F, where F is the completion of FO with the P-null sets and (Q, ]_-0)

is a standard measurable space, i.e., it is Borel isomorphic to (N, B(N)).

e For t € [0, T, the canonical reference probability system (starting at time ¢) is the 5-tuple
V= (O, L P B sepe ), W, (I11.2.2)

where Q* := {w € C([t,T|;R?) : w(t) = 0}; P* is the Wiener measure on (€2*, B(*)) that
makes the process W (w) := w(s) for (s,w) € [¢t,T] x Q* a Brownian motion starting at time
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t; F* is the completion of B(Q*) with the P*-null sets; BYY := o(W : u € [t,s]) and B! is
the augmentation of BL? with the P*-null sets.

e For a fixed v € V; and u € [t,T], we denote by A¥ the class of admissible singular controls,
i.e., the collection of processes { = ({s)se[t, 1) such that
(i) ¢ is R%-valued and {F!}-adapted.
(i) & is left-continuous and of bounded variation P-a.s.
(iii) & = 0 for every s € [t, u], P-a.s.
(iv) E[JE[?] < oc.

Here, £* denote the positive and negative parts of the Jordan decomposition & = £+ — £,

P-a.s. with 5
_€x¢

IS 5o Pas, (IT1.2.3)

where ¢ denotes the total variation of £. Notice that &+ satisfy the same properties as € and

are non-decreasing.

e For a fixed v € Vy, £ € AY and u € [t, T, we define

Av e ={C€ A} : (s =&, Vs € [t,ul,P-as.}. (I11.2.4)

e For a fixed v € V; and u € [t,T], we denote by 7" the class of admissible stopping times
(greater than u), i.e., the collection of {F¢}-stopping times such that v <7 < T, P-a.s.

e For a fixed v € V; and u € [t,T], we denote by & the collection of processes 7 = (1s)seft, 1]
such that

(i) n is {F!}-adapted.
(ii) n is left-continuous and non-decreasing P-a.s.
(i) ns € {0,1} for every s € [t,T] and ns = 0 for every s € [t, u], P-a.s.

e For 7 € T/, a Borel-measurable function h : [t,T] — R? with h = (h',h2%,... h?) and
€= (¢4 €2,... ¢4 € A, we use the notation

d B B
h(s),d&s) = hlsd;, 111.2.5
/M<<>5> Z/{) (s)de (I11.2.5)

where every term of the sum on the right-hand side is a Lebesgue-Stieltjes integral.

e For afixed v € V;, we denote by Pg, the o-algebra of { F£:?}-predictable sets, i.e., the o-algebra
on [t,T] x Q generated by the sets of the form (s,u] x A with t < s <u < T and A € F.°,
and {t} x A with A € F, -0 Notice that, by the left-continuity of the filtration generated by
a Brownian motion, we have F° = F10 for every s € [t,T]. A process Y : [t,T] x Q@ — R?
that is Pq/B(R?)-measurable is called {F!C}-predictable.
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I11.3 Problem formulation

Let t € [0,T], v € V; and let £ := (&)sep,1) € A} be an admissible control. The controlled state
process for our problem follows the stochastic differential equation (SDE)

dXs = p(s, Xs)ds + (s, Xs)dWs + d&s, s € [t,T1, (IT1.3.1)
X, =z € R4,

where g : [t,T] x R — R%, o : [t,T] x R — M(R%,R?). We assume that the SDE (I11.3.1) admits
a unique (up to indistinguishability) {F!}-adapted solution which is P-a.s. left-continuous with
finite right limits. This holds, for instance, under the standard conditions of sub-linear growth
and Lipschitz continuity for the coefficients 1 and o, which we discuss in Section I11.9. We denote
such a solution by X*¢" to highlight the dependence on the fixed system v € V; and the fixed
admissible control £ € AY. When no confusion shall arise, we may denote the solution by X“*,
X&Y X¢€ or simply X depending on the circumstances. Similarly, we denote by p® ¢ the first exit
time of the process X**¢* from a domain O € B(RY), i.e., pb®&? :=inf{s >t : XL®&V ¢ O} AT.
When no confusion shall arise, we may denote p*&* by p&¥, p¢ or simply p.

For every (1,€) € T;¥ x AY, the gain functional for our problem is defined as

3

TApP
Rar) =8| [ fexfas - [ feo.aen
t [t,7ApE)
_~/[t R §)<C—(S)?d£s_> +gl(pf7X§E)1{p5§‘r} + 92(7—7 X—?—)]‘{p§>‘r} ) (11132)
TAp

where f : [t,T] x R? — R is the running gain; g; : [t,7] x R? — R is the terminal gain when p¢
occurs before 7; gy : [t,T] x R? — R is the terminal gain when p¢ occurs after 7; cy : [t,T] — R?
is the running costs that have to be paid when activating the control £. In our formulation, we
consider the two separate costs ¢y in order to allow for a (possible) different cost to be paid when
activating the control ¢ in the two opposite directions é*. For the sake of generality, ¢ take
value in R? so that negative cost may be allowed. We assume that the functions (s,y) — f(s,v),

s+ cx(8), (s,9) — g1(s,y) and (s,y) — g2(s,y) are Borel-measurable.

The objective is to maximise the gain functional J,(7,§) over (7,§) € T, x A}. To accomplish
this goal, we define two formulations of the problem. The problem in the strong formulation is
defined for fixed ¢t € [0,7] and v € V; as

vy (z) == sup  J{ (1,8, xEeRL (II1.3.3)
(T.E)eTY X AY

The problem in the weak formulation is defined as

v(t,x) := sup sup JV(7,6) = sup v/ (x), (t,z) € [0,T] x R%. (I11.3.4)
vEV: (T,8)ETY XAY VeV,

As it will be shown, the two formulations are in fact identical but this dual approach is essential in
order to prove the dynamic programming principle. Throughout this work, we also assume that the
function (s,y) > v(s,y) is Borel-measurable and that |v(t,z)| < oo for every (¢,z) € [0,T] x R4,

Remark II1.3.1. We adopt the same notation and terminology as in [43, Section 2.1]. The term

49



CHAPTER III. SINGULAR CONTROL WITH DISCRETIONARY STOPPING

“weak” in the weak formulation (111.3.4) refers to the fact that the reference probability system can
vary together with the controls. The different notation for t € [0,T) in the two formulations of
the problem is chosen to highlight that in the strong formulation if t changes also the fized system

v € V; has to change accordingly, whereas in the weak formulation t can vary freely with x.

II1.4 Independence of the reference probability system

In this section we show that the problem is independent of the choice of the reference probability
system v € V; and thus that the strong formulation (I11.3.3) and the weak formulation (I11.3.4)
coincide, i.e., for every (¢,z) € [0,T] x R? and v € V},

vy (x) = v(t,x). (I11.4.1)

To obtain this result, we follow closely the analysis as in [43, Chapter 2|, where the result is
obtained in the case of classical controls and no stopping, and we adapt their arguments to our
setting. Notice that, as stated in [43, Remark 2.15], all the conditions imposed on the class of
admissible controls that go beyond measurability (for instance, left-continuity, bounded variation
and the integrability condition in our case) may lead to further complications and need to be

treated in a specific way. Therefore, our study requires different technical lemmas.

In this section, we fix a starting time ¢ € [0, T]. We now show that in our optimisation the stopping
time can equivalently be replaced by a further singular control. Fix v € V;, let 7 € 7, and define
ni = L{gsry for s € [t,T]. Then, n™ € & (recall the definition in Section IT1.2). On the other
hand, let € & then 77 :=inf{s >t :n, = 1} AT € T}”. Moreover, notice that 7,y = 1>}
Thus, for every (7,&) € T” x AY, we have that

P
T2 (7€) E[ / 1y f(5, XE)ds — / 1(cry (es (5), dET)
t [t,p)
/[t | 1{s<'r} <C, (s)7d£;> +gl(pa Xﬁ)l{pgf} +92(7_’ Xﬁ)l{p>7—}
P
P
=FE 1—n7 X5d
[/ (1 ) (s, XE)ds
- / (1= 172 ) ea (s), dEF) — / (1= 17, ) (e (s), 45 )
[t,p)

[t.p)

+g1<pvxs><1—n;>+/

[t.p)

= IV, (n", ). (I11.4.2)

ga(s,xﬁ)dn:}

Similarly, for every (n,&) € & x AY, we have that

If o (n,§) = J{ (77, €). (111.4.3)
Thus,
v(x) = sup I (n,€), zeR%

(m§) ey X AY

We now introduce a series of lemmas which will lead us to the desired result (II1.4.1).

The next lemma and the subsequent corollary show how to generate, from two admissible controls
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¢ and 7 that are {F!}-adapted, two new admissible controls £€° and 1° that are {F%%}-predictable
and indistinguishable from £ and 7, respectively. This is a key result for the whole analysis of the

problem.

Lemma I11.4.1. Let v = (Q,F,P,{FL},W) € V; and v be an R¢-valued, {F'}-adapted pro-
cess which is P-a.s. left-continuous. Then, there exists an {F'O}-predictable process v° which is

indistinguishable from ~y.

Proof. Let 29 C Q be such that P(2) = 1 and s — 7, (w) is left-continuous for every w € Q. Let
n € N and let {t?}?_, be the corresponding dyadic partition of [t,T], i.e., t =t +i(T —t)/2". By

defining, for n € N, the sequence of processes

Y=Ly (s Z Yo Liepar, 1 (5), s € [t,T), (I1L.4.4)

we obtain that 77 (w) — vs(w) for every (s,w) € [t,T] x Qp as n — co. By applying [59, Lemma
1.25] to every Ve that is f'tn measurable, we obtain 'ytn that is ]-' " O_measurable and such that
P(yn = %n) = 1. Namely, for every n € N, 4 =0,1,...,2" there exists (U C Q with P(Q™) =1
such that for every w € Q™" we have vyn (w) = fn (w ) Let  := Qo N (N, :Q™7), then P(Q) = 1
and for every w € Q we have Yir (w) = ’y?? (w) forl every n € N, ¢ = 0,1,...,2". By defining, for

n € N, the new sequence of processes

2" —1

A0 =1 (s Z%d(t mi(s), s €[t T], (ITL.4.5)

we obtain that %" is {F£0}-predictable and 72" (w) = 4 (w) for every (s,w) € [t,T] x €, n € N.
Let
7Y :=liminf 42", s € [t,T). (I11.4.6)

n—roo

Then, ~° is {F!°}-predictable and if w €  we have

V() = hmlnf’y "w) = hrgmf’yé (W) =7s(w), Vselt,T], (I11.4.7)
i.e., ! and v are indistinguishable. O

Corollary I11.4.2. Let v = (Q, F,P,{F.},W) € V4, £ € AY and n € E/. Then, there exist two
{FLOY -predictable process €0 € AY and n° € E that are, respectively, indistinguishable from & and
7.

Proof. Applying Lemma I11.4.1 to £ and n we obtain £° and 7" that are {F%°}-predictable. By
indistinguishability, it immediately follows that £ € AY and n° € &. O

Now consider the canonical reference probability system v* € V; (see (II1.2.2)). Since * with the
usual supremum norm is a Polish space, then (Q*, B(2*)) is a standard measurable space (see, e.g.,
[76, Ch. V, Th. 2.2]) and so v* is a standard reference probability system (as in Section III.2).

With the next lemma, we show that, since the filtration {F:°} is generated by the Brownian
motion W, an {F%%}-predictable process v can be viewed as a function « : [t,T] x Q* — R? of
time and the path of W.
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Lemma I11.4.3. Let v = (Q,F,P,{F!},W) € V; and v be an R¥-valued, {F' }-predictable
process. There exists a Po- /B(RY)-measurable function o : [t,T] x Q* — R? such that

vs(w) = a(s, W.(w)), (s,w) € [t,T] x Q. (I11.4.8)
Proof. Define 5 : [t,T] x Q — [t,T] x Q* by B(s,w) := (s, W.(w)) and consider the sets of the form

By = (t1,t2] x {w e Q" : W] (w) € B}, (I11.4.9)
By = {t} x {w e Q" : W;(w) € B}, (I11.4.10)

where t < s <t; <ty <T and B € B(R?). Notice that 371(By) = A; and f~!(By) = Ay where

Ap = (t1,ts] X {w € Q: Wy(w) € B}, (II1.4.11)
Ay = {t} x {w € Q: W,(w) € B}. (I11.4.12)

Since the sets of the form B; and Bs generate Pq« and the sets of the form A; and A, generate Pgq,
we obtain that Pg = 871(Pq-). Moreover, since by assumption 7 is Pg /B(R?)-measurable (i.e., it
is B-measurable), we obtain that there exists a Pq- /B(RY)-measurable function a : [t, 7] x Q* — R4
such that v = a o 8 (see, e.g, [59, Lemma 1.13]) and so we reach the thesis (II1.4.8). See Figure
IT1.1 for a visualisation of this result. O

([th] X 977?9) (Rde(Rd))

([t, T] x QF, PQ*)

Figure II1.1: The existence of a Pq-/B(R%)-measurable function « : [t,T] x Q* — R such that
v = ao f as in the proof of Lemma II1.4.3.

The next lemma shows how the map « : [t,T] x Q* — R? in (I11.4.8) can be applied to switch from
controls that are admissible with respect to a reference probability system v to controls that have
the same joint law and are admissible with respect to a different reference probability system D.

AFI W) eV, and let € € AV, n € EF

Lemma IT1.4.4. Let v = (Q, F,P,{F}, W), = (O, F,
€ &7 that are {F10}-adapted and such that

be {FLOY-predictable. Then, there exist £ € A? and 7j

Lp(E5, 0, W) = Ls(EX, 7, ). (IIL.4.13)
Proof. Notice that in the decomposition & = ¢+ — ¢~ the processes £+ clearly preserve the mea-

surability of ¢ and thus ¢+ are {F%°}-predictable. Since ¢* and n are {F“C}-predictable, by
Lemma [11.4.3, there exist two Pg-/B(R%)-measurable functions aéi ST x QF — RY and a
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Po- /B(R)-measurable function oy, : [t,T] x &* — R such that

F(w) =ag (s, W.(w)), (s,w)€[t,T]xQ, (I11.4.14)
ay(s,W.(w)), (s,w)e[t,T]x Q. (I11.4.15)

=
n
—
&
~
I

The same argument as in the proof of Lemma II1.4.3 shows that the map (s,&) — (s, W.(©)) is
P/ Pa+-measurable. Thus, by defining

E(@) = af (s, W.(@), (s,@) €[t,T] x (I11.4.16)
c=ay(s,W.(@)), (s,@)€t,T]xQ, (I11.4.17)

we obtain, by composition, that £+ and 7j are {F£-0}-predictable. Let D := {t,,},, C [t, T] be dense
and countable such that ¢t =: tg < t; < ... <t, <...<T. Then, for every k,n,m € N, we have
that

=P(t <&, .68 =68 ), (I11.4.18)
where in the second equality we have used that Lp(W) = L5(W). Namely, for every k,n,m € N
there exists %" C Q with P(Q%™) = 1 such that for every w € Q%" we have étin (w) < éiM (w)
and étim (w) = ftjfn_(w). Now let Q := Ny pn.m©5", then P(Q) = 1 and for every w € € we have
£F(w) < EF(w) and EF(w) = £F (w) for every r,s,u € D with s < u. Thus, we define

£F ifseD

F+ . «

§ =1 lim & ifset,T]\D. (I11.4.19)
tneTD "
tnTs

Since ££ are { F1:0}-predictable, then £ are { F1:0}-predictable (and so { F40}-adapted). Moreover,
by construction, éi is P-a.s. left-continuous, non-decreasing and éti =0, P-a.s. Hence, §~ = §~+ 757
is P-a.s. left-continuous, of bounded variation and ét =0, P-a.s. To obtain that é € A?, we are
only left to show that E[|€£]?] < oo where E denotes the expectation under the measure P. This
will follow when we prove (I11.4.13) as £ € AY. With a very similar construction as for £, we can
build 77 € £ such that 7 is {F5°}-adapted.

Thus, we now need to show that the equality in law (II1.4.13) holds. This is equivalent to show
that the corresponding finite-dimensional distributions are the same (see, e.g., [59, Proposition
2.2]). First, let {sp}?_; C D witht <s; <...<s, <T, N=(2d+d +1)n and A € B(RY),
then

P((&55 551 Wi )it € A) = P((ag (51, W), g (1, W2), W )=y € A)
= I@((a?(sk, W),ozn(sk, W),Wsk)zzl S A)
= B((&5 Mo Wer)ie € A)
=P((£X s, Wi oy € A), (I11.4.20)
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where the second equality follows from Lp(W) = L(WW); the third equality follows from (II1.4.16)-
(IT1.4.17); the fourth equality follows from (I11.4.19). Now we want to prove that (II1.4.20) still
holds for every {s;}7_, C [t,T] with ¢t < s; <... < s, <T (not only on D) and every A € B(RY).

Let Y;, := (fi,nsk,WSk), Y, = (fiﬁsMWSk) forevery k =1,...,nand Y := (Y,,,...,Ys,),

Sk

Y := (Ya,...,Ys,). Then showing (I11.4.20) is equivalent to showing that the characteristic

functions of Y and Y are the same, i.e.,
E[e“%”} = E[e“*ﬂ}, vAeRY (I11.4.21)

For every k = 1,...,n let {Si}j C D be such that si 1 sk as j T oo, then for every A € RV, we
obtain

B[ 0] 2B i o OO0

Jj—oo
= tim B[]
Jj—o0
= Jim B[]
j—o0
- INE[eiO"Y)}, (111.4.22)

where we have used that the function y — e**¥ is continuous and bounded, that the processes
are left-continuous and we have applied the dominated convergence theorem and (II1.4.20) (which
holds for {s1}; € D).

Thus, it follows that (III.4.20) holds also for every {sx}3_; C [¢,T] and so

Le(E5,n, W) = L(E5, 7, W), (I11.4.23)

and the proof is complete. O

Let us now consider the framework of Lemma I11.4.4. As the process X" depends only on ¢ and
on W and p is the first exit time of X&* from O, it is reasonable to assume that, under some
conditions, Lp(¢F, 1, W) = E@(f},ﬁ, W) yields

Lp(&F,m, X&¥, p5") = La(€5,7, X&7, p&7). (IT1.4.24)

In our analysis, we assume that (I11.4.24) holds and in Proposition II1.10.1 we will show that, for

instance, sub-linear growth and Lipschitz continuity of p and o are sufficient to obtain this result.
We are now ready to prove the independence of the reference probability system (II1.4.1).

Proposition I11.4.5. Let v = (Q, F,P,{F}, W), = (Q, F,P,{F!}, W) € V. For every (1,€) €
T x AY there exists (7,€) € T x AV such that

TV o(1,6) = JV L (7,6), VaeR™ (111.4.25)

Consequently, for every (t,z) € [0,T] x R? and v € V;, we obtain
vy (x) = v(t,x). (I11.4.26)
Proof. Let (7,€) € TV x A{ and, as in (I11.4.2), let n, = n] := 1{,., be such that n € &
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and Jy(7,§) = I (n,§) for every x € R?. By applying Corollary 111.4.2 to both ¢ € AY and
n € £/, we obtain that there exist two {F!?}-predictable controls £€° € AY and n° € & that are
indistinguishable from ¢ and 7, respectively. By applying Lemma I11.4.4 to both ¢ € AY and
n° € £V, we obtain that there exist £ € A7 and 7 € £ such that

Lp(E5, 0, W) = Lp(F, 0" W) = Lp(EF, 7, W). (I11.4.27)
Thus, by (I11.4.24), we have that that
Lo(EF, 7, XOmEw, phaibor) = fo(E% 77, X1o67 phaid&?) - g e RY, (I11.4.28)

This implies that I}, (n,§) = ng(ﬁ,é) for every x € RY. Moreover, as in (I11.4.3), let 7 = 77 :=
inf{s >t: 4, =1} AT € T for which I} (7}, &) = J7,(7,€). Thus,

TV (1,8) = I} o (0,€) = I}, (7,€) = J7 (7€), VazeR™ (11.4.29)
and result (II1.4.25) is proved. This also implies that

T (7,6) = JLL(7,€) <vl(x), V(1,6 €Ty x A (I11.4.30)

Hence,
vy (x) = sup TV (1,6) < (z). (111.4.31)
(TOETE xAY
Symmetrically, we obtain v”(x) < v¥(x) and so we have that v?(x) = v¥(z) for every v, 7 € V;.

Finally, let v € V; and € > 0. By definition (II1.3.4), there exists v* € V; such that

v(t,x) <oV (z) + e (111.4.32)
Furthermore, from what we have just proved, we obtain that v?" (z) = v (z) and thus

v(t,z) <) (x)+e. (111.4.33)

By letting e — 0, we have that v(¢,z) < vy (x). By definition (II1.3.4), the opposite inequality is

trivial and so v(t,x) = vy (x). O

Unless specified otherwise, in the following sections we shall fix a starting point (¢,2) € [0, T] x R?
and without loss of generality - in view of Proposition I11.4.5 - a standard reference probability
system v = (Q, F,P, {FL},W) € V.

ITI.5 Regular conditional probabilities

In this section, after recalling the definition of regular conditional probability (and some related
results), we show how this tool allow us to construct reference probability systems starting at future
times u € [t,T] that preserve the history of the problem up to time u (see Proposition II1.5.4).
This is an essential result in order to obtain the dynamic programming principle for our problem.

Let (2, F,P) be a probability space and G C F be a sub o-algebra. A function p: Q x F — [0, 1]

is a regular conditional probability (given G) if
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(i) for every w € Q, the function P, := p(w,-) is a probability measure on (9, F);
(ii) for every A € F, the function p(-, A) is G-measurable;

(iii) for every A € F, we have P,,(A) = EF[14|G](w) =: P(A|G) for P-a.e. w.
It thus follows that, if X € L*(Q, F,P), then

EF[X|G)(w) = EF[X] := [ X(w)dP, (), P-ae. w. (ITL.5.1)
Q
This can be easily shown by a standard procedure, i.e., noticing that (II1.5.1) holds trivially for
simple random variables (by (iii) above), thus it also holds for non-negative random variables (by
monotone convergence theorem) and finally for X = [X]* — [X]~ € LY(Q, F,P) (by linearity).

If (2, F,P) is a probability space, (2, F) is a standard measurable space and G C F is a sub o-
algebra, then there exists a regular conditional probability p : Q x F — [0, 1] which is P-a.s. unique.
Namely, if p’ : Q x F — [0, 1] is another regular conditional probability then there exists N € G
with P(N) = 0 such that if w € Q\ N then p(w, A) = p'(w, A) for every A € F. Moreover, if I is
a Polish space and v : Q — I" is G/B(T") measurable then

P,({w € Q:7W) =~vw)}) =1, P-ae w, (I11.5.2)
ie., v is Py-a.s. equal to the constant v(w) for P-a.e. w. For a proof of these results see, e.g.,

Theorem 3.1, Theorem 3.2 and the subsequent Corollary of Chapter I in [53].

Let v = (Q,F,P,{F!},W) € V; be the fixed standard reference probability system. Recall that
F is the completion of F? with the P-null sets and that (Q, F°) is a standard measurable space.
Moreover, it is not difficult to show that the completion F of a o-algebra F° is determined by

F={AUN;:Ac F° N, C N e F°P(N)=0}. (I11.5.3)

In the following discussion we fix v € [t,T] and the subsequent notation. We denote by P, the
regular conditional probability given F20, which satisfies P, (A) = P(A|F.Y)(w) for every A € F

u

for P-a.e. w, and by F,, the completion of F° with the P,-null sets. Thus,
Fo={AUN;: A€ F° N, C N € F*,P,(N) = 0}. (I11.5.4)

We define W2 := W, — W, for s € [u,T], F&0 := o(W" : r € [u,s]) and we denote by F** the
augmentation of F*° with the P -null sets. For the sake of simplicity, we also denote by E the

expectation with respect to P and by E,, the expectation with respect to P,,.

In this framework, we have the following results.

Lemma IT1.5.1. Let Q4 € F be such that P(Qq) = 1 then, for P-a.e. w, we have that Q1 € F,
and P, (1) = 1. Conversely, let ' € F° be such that P, () =1 for P-a.e. w, then P(QY) = 1.

Proof. Since Q; € F, then Q; = Qy U Ny where Q5 € F? and Ny C N € F° with P(N) = 0.
Therefore,
1 =P(Q) = E[E[1q,|F:%(w)] = E[P,(Q2)], (IT1.5.5)

and so P, () = 1 for P-a.e. w. Similarly, we obtain P,(N) = 0 for P-a.e. w and thus N; € F,
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for P-a.e. w. Hence, Q; € F, and P, (1) = 1 for P-a.e. w. The fact that P(Q") = 1 follows in the
same way as in (IT11.5.5). O

Lemma II1.5.2. Let Y : Q — R? be such that Y € L'(Q, F,P) then, for P-a.e. w, we have that
Y € LY, F,,P,) and E,[Y] = E[Y|F](w).

Proof. Since Y € L'(Q, F,P) (in particular, it is F-measurable), then (see, e.g., [59, Lemma 1.25])
there exists Y° € LY(Q, F°,P) such that Y = Y, P-a.s. Thus, by Lemma II1.5.1, we also have
that Y = Y°, P,-a.s. for P-a.e. w. Namely, for P-a.e. w, the set N :={Y #Y°} € F,, P,(N)=0
and Y = YO]_Q\N +Y1y. It is immediate to see that YO].Q\N is F,,-measurable for P-a.e. w. Now
let B € B(RY) such that 0 € B, then

(Yiny) ' (B)={w € Q\ N : Y (W)1y(W) € BU{w € N:Y(W)1n(w') € B}
=(Q\N)U{w' e N:Y(W)IyW') € B} € F,, P-ae. w. (I11.5.6)

Similarly, if B € B(R?) is such that 0 ¢ B, then
(Yiy) Y (B)={w € N:Y(W)1ny(W') € B} € F,,, P-ae. w. (I11.5.7)

Therefore, Y is F,-measurable for P-a.e. w. Furthermore, for P-a.e. w, we have that E,[|Y]] =
E[|Y||FL%)(w) < oo and so Y € LY(Q, F,,Py). Finally, if A € F then A = A; UN; with 4; € F.°
and P(N;) = 0. Thus,

E[E[Y|FL011 4] = BIE[Y|F:0114,0n, ] = E[E[Y|FLO14,] = E[Y14,] = E[Y14]. (I11.5.8)
Hence, E[Y|F!] = E[Y|F.'] = E[Y?|FL0], P-a.s. and so, for P-a.e. w, we have

E[Y|F)(w) = E[Y°|FLO(w) = | YO (W)dPu(w') = | YV (w)dP, (W) = E,[Y], (I11.5.9)

Q Q
where we have used property (II1.5.1), and the fact that Y is F,-measurable and Y = Y, P_-
a.s. for P-a.e. w. O

In the upcoming Proposition I11.5.4 we show how to generate, from the standard reference prob-
ability system v € V; starting at time ¢ € [0, T], new reference probability systems v, starting at
time u € [t,T] such that v, € V, for P-a.e. w. Analogously, from the admissible controls £ € AY
and 7 € £/, we can generate the admissible controls £€%% € A% and %% € £% for P-a.e. w. The
probability measure of the systems v,, € V,, is the regular conditional probability P,, = P(-|F%%)(w)
which preserves the history of the problem up to time u and is thus the key to obtain the dynamic

programming principle. The proof of Proposition I11.5.4 is supported by the following lemma.

Lemma II1.5.3. For P-a.e. w, we have that F2° C F*% for every s € [u,T]. In particular, F**

is the augmentation of FO with the Py,-null sets.

Proof. Let D := {t,}nen be a dense subset of [¢t,T]. As W has continuous paths, we have that
FbO =g(W, : 7€ DNIt,s]). To show that, for P-a.e. w, we have FL0 C F&¥ for every s € [u, T,

we proceed in two steps.

Step 1. Let n,m €N, B € B(Rd/), S$m € DN [u,T] and t,, € DN [t, sy,]. Here, we show that there
exists Q. C Q such that P(Q,, ,) = 1 and for every w € §,,,, we have Wtzl(B) € Fgh@. This
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implies that F10 C Fie.

Sm

If ¢, < u, by property (IIL.5.2), we obtain that W; = W; (w), P,-a.s. for P-a.e. w. Thus, for

P-a.e. w, we have N, := {w' € Q: W, (w') # W;, (w)} € F® and P,,(N,) = 0. Hence, for P-a.e. w,
W (B)={w € Q\ N, : W, (w') € BU{w' € N, : W, () € B}

={w e€Q\N,: W, (w) e Bfu{w € N, : W, (') € B}. (I11.5.10)

Therefore, for P-a.e. w,

(i) if Wy, (w) B then W '(B) C N, = W, '(B) € F“¥;

Sm

(i) if W, (w) € B then Q\ N,, € W, '(B), i.e., (W '(B))¢ C N,, = W, '(B) € Fuv.

Sm

If u < t,, < 8, again by property (II1.5.2), we have N, := {w’ € Q: W, (') # W, (w)} € F° and
P,(N,) = 0 for P-a.e. w. Then, for P-a.e. w,

W, Y(B) ={w € Q\ N, : W, (W) € Byu{w € N, : W, (u) € B}

" ={w' €Q\N,: Wti(w’) + Wy (w') € Bfu{w' € N, : Wy, (w') € B}
={ € Q\ N, : W (W) € (B-Wy(w)}U{w € N, : Wy, (w') € B}.  (IIL5.11)

Since {w' € Q\ N, : W (w') € (B — Wy(w))} € F¢ and {w' € N, : Wy, (') € B} € N, with
P, (N,,) = 0 for P-a.e. w, we still obtain that W, ' (B) € F1v.

Step 2. Let Q= Ny nen@m.n. Thus, P(Q) = 1 and for every w € Q we have that W1 (B) € Fu
for every s € DN [u,T], r € DN [t,s] and B € B(RY). Therefore, for P-a.e. w, we obtain

FO=o(W,:reDnlts]) CF, VseDN[u,T). (IT1.5.12)
If s € [u, 7]\ D, then by left-continuity of {F°}, we have

FL = o(Upepnie FLY) € 1%, Ve, (1513

Thus, we have shown that, for P-a.e. w, we have that F:0 C F%¥ for every s € [u,T]. Finally,
since F0 := g(WY : r € [u, s]) C FLO, then, for P-a.e. w, we obtain that F%* is the augmentation
of F1:0 by the P,,-null sets. O

Proposition II1.5.4. Let £ € A} and n € &E. Then, for P-a.e. w, we have that
Vi 1= (0, Fo Pu {FL“} W) €V, 0" e A, P e g, (IIL5.14)

where €2 and n° are the {F-0}-adapted controls from Corollary I11./.2 and £%* and n°* are defined
for s € [u,T] as £9% := €0 — €0 nOu .= nd —nb.

Proof. We first want to prove that v,, € V), for P-a.e. w. By construction, (Q, F,,,P,,) is a complete
probability space. Thus, we just need to show that, for P-a.e. w, the process W" is a Brownian
motion on (2, F,,P,) such that P,(W* = 0) = 1. Obviously, W = 0 and W* has continuous
paths. Thus, showing that, for P-a.e. w, the process W™ is a Brownian motion on (Q, F,,,P,) it is
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equivalent to showing that, for P-a.e. w, we have (see, e.g., [73, Proposition 1.2.7])
N u u 2 /
E, [e! W =W | Fuw] = 67%(577“), u<r<s<T, ycR?. (IT1.5.15)

Since, for P-a.e. w, F** is the augmentation of F>° with the P,-null sets (see Lemma I11.5.3), we

obtain (with an argument as in the proof of Lemma II1.5.2) that, for P-a.e. w,
B, [e! W =W | Fiw] = B, [/ WS WD | FLO w<r<s<T, yeR?. (I11.5.16)
Thus, to prove (I11.5.15) we need to show that, for P-a.e. w, we have that
Ew[e_#(s_r)lA] =B, [ef®WEWi1,], u<r<s<T, yeRY, Ae FO. (I11.5.17)

Now let 7 € [u,T] N Q, D := [t,r] N Q and (Bg)ren be a countable generator of B(R?). Since
W is continuous, we have that F/0 = ¢(G) where G = {W_!(By), ¢ € D, k € N} is a countable
generator. Let 7(G) be the m-system generated by G, then 7(G) is a countable 7-system generating
FEO. Thus, for s € (r,T]NQ, y € Q% and A € 7(G), we have

2
_ 1yl

E,le™ 2 (S_T)].A] =E, E[e“y’WS—Wr)‘]:ﬂlA]

E E[ei(%W;‘_W:f)lAL]_—’:H

= E[B[e 1,4 ) 7 )
E

W[V, Pae. w, (I11.5.18)

where in the first line we have used that W is a Brownian motion on (2, F,P), in the third line we
have used the regular conditional probability property (II1.5.1) and in the fourth line we have used
tower property. Since r,s and y were taken in countable sets and 7(G) is a countable m-system
generating F2, then, for P-a.e. w, we have that (see, e.g., [6, Theorem 1.1])

| 2

E, e (61 ,] = E [ef0 W Wi ), (I11.5.19)

for every r € [u, T)NQ, s € (r, T)NQ, y € Q% and A € F19. Now let r € [u,T], s € (r,T], y € RY
and (7p)nen C [u, T)NQ, ($p)neny € (1, T) N Q and (yn)nen C Q% such that r, — 7, s, — s and
Yn — y as n — oo. Then, for P-a.e. w, we have

_\y|2 (s—'r) . _\yn\Q (s _r )
E,le” > 14] = lim E,[e” 2 7)1 ,]
n—oo

= lim E,[e!WnWa =W 4]
n—o00

=E, [ei(y7W§‘—WﬁL>1A]’

Vu<r<s<T, yecRY Ae FLO (I11.5.20)

where in the first and in the third equality we have used the dominated convergence theorem and
in the second equality we have used (II1.5.19). Thus, (II1.5.17) holds which in turns implies our
desired result (I11.5.15).

Finally, it remains to prove that %% € A% and n%* € €% for P-a.e. w. Since, for P-a.e. w,
we have FLO C Fu for every s € [u,T] (see Lemma II1.5.3), it follows that £%* and n®" are
{F®“}-adapted for P-a.e. w. Since £ is left-continuous and of bounded variation P-a.s., then, by
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Lemma I11.5.1, €% is left-continuous and of bounded variation P,-a.s. for P-a.e. w. Moreover,
E[E, [l&z" 1)) < E[E[ler™ + 160 | 7] (@)] <4E[ler™ ] < oo, (IIL5.21)

where the first inequality follows from Lemma IT1.5.2 and the Jordan decomposition (I11.2.3); the
last inequality follows from the fact that ¢ and ¢ are indistinguishable and that ¢ € AY. Thus,
E,[|€2" %] < oo for P-ae. w. Trivially, 2% := 0 and thus %% € A% for P-a.e. w. Similar

0,u

properties follow analogously for n%% and so also %% € E% for P-a.e. w, which completes the

proof. O

To conclude this section we introduce two more lemmas that will be used to obtain the dynamic
programming principle. The next lemma is an enhanced version of Lemma I11.4.4 that, applied to
the particular reference probability systems v, (as in (II1.5.14)), yields a stronger result. Namely,
given a reference probability system v € V, and two predictable controls &, n admissible on the
system 7, we can obtain two controls §~, 7] that are admissible on every system v, for P-a.e. w
and that maintain the equality in law. In particular, notice that §~ and 7 do not depend on any
fixed w. This follows from the fact that W* is a Brownian motion on ({2, F,,,P,) for P-a.e. w (see
Proposition 111.5.4). In the rest of the discussion, when we fix a measure P we denote by E the

corresponding expectation.

Lemma IIL5.5. Let v = (Q,F,P,{F*},W) € V, and £ € A%, n € EY be {F* }-predictable.
For P-a.e. w, let v, be defined as in (I11.5.14). Then, there exist two controls € and 7 that are
{FuO}-adapted and such that

Ee A, fGe&% and Lp, (E5,75,W") =Lp(EF,n, W), P-ae. w. (I11.5.22)

Moreover, the set Q) C Q where §~ is left-continuous, of bounded variation and {;:u =0 (and similarly
for i) belongs to FO and P, () =1 for P-a.e. w.

Proof. Fix wg € Q such that, by Proposition 111.5.4, v, = (Q, Fuy, Puwg, {FL0}, WY) € V,. By
applying Lemma I11.4.4 between the systems ,v,, € V, with the {F%C}-predictable controls
¢ e A%, n € E we obtain that there exist £ € A, and 7 € £,° that are {F*“°}-adapted and
such that Lp,, (éﬂa 7, W% = Lp(¢*,1,W). By Proposition 111.5.4, we immediately have that since
¢ and 7j are {Fu»9}-adapted then they are also { F*}-adapted for P-a.e. w. We now need to prove
that (I11.5.22) holds for P-a.e. w (not only for the fixed wy) and that Q € FO with P, (Q) = 1
for P-a.e. w. This follows from the construction of 5 and 77 in Lemma II1.4.4. Indeed, recall that
E:=¢F — ¢ and

£+ ifseD

= N

£ = lin}jfti if se[t,T]\ D. (I11.5.23)
n€ n
tnTs

where D := {t,}, C [u,T] is dense and countable and = are {F}-predictable. Recall also that
we define QF" = {éi < éiM,fAfn = étim_}7 Q = Mm@ such that P, (Q) = 1 and £ is
left-continuous, of bounded variation and éu =0 on (. Thus, since fi are {F*"}-adapted and
]:;f’o - .7:?0 C FoO (by definition of reference probability system), we obtain that an" S ]:;’0 aivay
and so also Q € FO. Furthermore, since W* is a Brownian motion on (Q, F,,Py,) for P-ae. w
(see Proposition T11.5.4), it is clear from (IT1.4.18) (with P substituted by P, and W substituted

by W*) that P, (QF") = 1 for every k,n,m € N and for P-a.e. w and thus that P, (Q) = 1 for
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P-a.e. w. Hence, we obtain that £ is Py-a.s. left-continuous, of bounded variation and &, = 0,
P,-a.s. for P-a.e. w. In the same manner we also have that 7 € £/~ for P-a.e. w. Again, since
W is a Brownian motion on (Q, F,,P,) for P-a.e. w, by an argument as in (II1.4.20) and then
(I11.4.22), we obtain that Lp_ (£F,7, W*) = Lp(¢*, 7, W) for P-a.e. w. This also implies that

E.[|€52] = E[|6E]]] < 00, P-ae. w, (I11.5.24)

and so € € Ave for P-a.e. w, which concludes the proof. O

In the last lemma, we show that the stochastic integral with respect to the underlying probability P
is indistinguishable from the stochastic integral with respect to the regular conditional probability
P, for P-a.e. w. Here, for a square integrable process H, we denote by

P
H, AW (I11.5.25)

[u,s]

the stochastic integral of H against W* when constructed with respect to the probability P and,

similarly, by
Py,

H,dW" (I11.5.26)

[u,s]
the stochastic integral of H against W* when constructed with respect to the regular conditional

probability P,,.

Lemma I11.5.6. Let H be an {F!}-adapted process such that

/ Hidr < oo, s€[u,T], P-as. (1IL.5.27)
Then,
P Po,
Pw< H, dW!" = H,dW/", Vs € [u,T]>, P-a.e. w. (I11.5.28)
[u,s] [u,s]

Proof. This proof follows the same arguments as in [25, Lemma 11].

Notice that since the stochastic integrals in (IT1.5.28) are continuous, it is sufficient to prove that

they are a modification of each other. Namely we want to prove that, for every s € [u, T], we have

P P.,
Pw< H.dW} = HTdW;‘> =1, P-ae. w, (I11.5.29)
[

u,s) [u,s]

By a standard localisation procedure, we can assume that

E{ / Hfdr] < o0, (I11.5.30)
u

and so to prove our desired result (I11.5.29) we want to show that

‘|

Notice that in (I11.5.31) since |f[]z o H,.dW!|? € L}(Q, F,P) then, by Lemma I11.5.2, we also have
| fin) Hrd W22 € LY(Q, Foy, Pyy) for P-ave. w.

P Py,
H.dW" — H,dW"

[u,s] [u,s]

2
] =0, P-ae w. (I11.5.31)
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Let (H™), ey be a sequence of approximating simple processes, i.e.,

lim E{ / |H, Hﬁ")zdr} =0. (I11.5.32)

n—oo

Then, by Lemma I11.5.2, we also have that

lim E[Ew {/ |H, —H7E”>|2drH = lim E{E{/ |H, — H™|2dr fg] (w)}
n—oo u n—oo u
= lim E[/ \H, —H§”>|2dr]
n—roo u
=0. (I11.5.33)
Therefore, by Markov’s inequality, we obtain that
E., [/ |H, — Hﬁ””dr} 50, (I11.5.34)

where 55 denotes the limit in probability. Thus, up to a subsequence which we still denote by
(H™),en, we have that

lim E, U |H, —H§">|2dr] =0, Pae w (I11.5.35)
u

n—oo

Moreover, we have that

2

P 2
lim E{Ew[ (H™ — H,)dw* H = lim E|E H / (H™ — H,)dw f;} (w)}
n—00 [u,s] n—o0 [u,s]
= lim E ’ / (H™ — H,)dw! }
n—oo [us
= lim E / HT(")—HT|2dr]
n—roo LJu
-0, (I11.5.36)

where in the first equality we have used Lemma II1.5.2, in the third equality we have used Ito’s
isometry with respect to the probability P, and in the fourth equality we have used (II1.5.32).
Thus, again by using Markov’s inequality and up to a new subsequence which we still denote by
(H™),cn, we obtain that

P 2
lim Ew[ (H™ — H,)dw* } =0, P-ae w. (I11.5.37)
n o0 [u,s}
Now notice that
P P P P,
H,dw* — H,dW!* = H™awy — H™Maw®
[u,s] [u,s] [u,s] [u,s]
P,
(H™ — H.)dW}
[u5]
P

(H™ — H,)dW*, (I11.5.38)
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where the difference of the first two integrals on the right-hand side is equal to zero as stochastic

]

P
[ (H

integrals of simple processes are defined pathwise. Hence, for P-a.e. w,
2
“| B

+21Ew[

P P
Haw* — [ H.dw®

[u,s] [u,s]

Py,
[~ wawy

[u,s]

2] (111.5.39)

By Ito’s isometry with respect to the regular conditional probability P, and (II1.5.35), we have
that

lim E, [

n— oo

2 s
} = lim ]Ew[/ |H ™ —HT|2dr]
n—oo w

=0, Pae w. (111.5.40)

P
[~ mawy
[

u,s)

Thus, by letting n 1 oo in (I11.5.39) and using also (II1.5.37), we obtain the desired result (I11.5.31).
O

II1.6 Value process

In this section, for a fixed initial control & € AY, we introduce the concept of value process V¢ for

our problem. Then, we show that, for every u € [t,T], we have
VE=o(u, X5), P-as., (ITL.6.1)

i.e., that the value process is a modification of the value function composed with the state process
(see Proposition I11.6.1). The duality between the strong and the weak formulations (I11.3.3)-
(IT1.3.4) (together with Proposition I11.4.5) and the regular conditional probabilities play a key
role for the proof of (II1.6.1). By explicitly connecting the value process to the value function, this
result leads to a smoother proof of the dynamic programming principle which will be presented in

the next section.

Let u € [t, 7] and £ € A} and recall the definition of A} . in Section II1.2. The value process is

defined as

V= esssup  E[Y(u,7,(, X 0% e50| il (I11.6.2)
(T,Q)ETY xAY . N

tﬂﬁ;C,V7

where, as usual, X¢ := X5%¢¥ and p¢ :=p and

TAP

F(s, X0)ds — / (e (), d¢)

[w.mp)

V(wre Xop) = [

u

- /[ )<C_(S),dC:> +gl(pa Xp)l{pgr} +92(7_v XT)]-{p>T}' (11163)
u, TAp

When ( € Azf is fixed and no confusion may arise, we will simply denote Y (u,7,(, X¢,p%) by
Y (u,7,(). Notice that

Jo(1,¢) =B[Y (t,7,¢, X%, p%)]. (I11.6.4)
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Also, notice that on {p® > u} we have p¢ > u for ¢ € Al ¢ and so

pSi=inf{s >t: XS ¢ O} =inf{s >u: XS ¢ O}, P-as. on {p®>u}. (I11.6.5)

In the same way as for the equivalence between 7 € 7, and n € & in (II1.4.2), for the value

process the optimisation over 7 € 7 is equivalent to the optimisation over n € £. Hence,

VE=esssup E[Z(u,n, ¢, X p) 1 pesuy | FL] (I11.6.6)
(n,Q)EEY XA, -

where
p

Z(U,T],C,X, p) ::/ (1 - ns)f(S’XS)ds

u

- / (1= nep){es (5).dCH) - / (1= ) e—(5).dC)
[u,p)

[u.p)
+g1(p, Xp)(1 —mp) + /[ )gg(s,Xs)dns. (I11.6.7)
u,p
Notice that
Iy, (0,Q) =E[Z(t,n,¢, X, )], (I1L.6.8)

and that, in the same way as in (II1.4.2), if n € £/ and 77 :=inf{s > u:ns = 1} AT then
Z(u,n,¢, X, p) =Y (u,7",¢, X, p). (I11.6.9)

Proposition IT11.6.1. Let u € [t,T] and & € AY. Assume that for every v € V), the function
y— J ,(7,€) is continuous uniformly in (7,€) € T x AL Then, on {p* > u}, we have

Ve =w(u,X8), P-as. (I11.6.10)

Remark II1.6.2. In the following proof we will often use the expression P-a.e. w to indicate - as
it is well known - that a certain property T'; holds on a set Q; C Q with P(Q;) = 1. Notice that the
sets Q; C Q will, in general, depend on the property I'; and so they will, in general, be different.
However, we will always consider a finite number n € N of properties I'y,T'a, ..., Ty, and so we will
be able to generate a set ' := NP1 C Q with P(QY) = 1 where all the properties I'1,Ta, ..., T,
hold.

Proof. Recall that X¢ denotes X»%¢¥. For P-a.e. w, let v, = (Q, Fo,, Py, {FL*}, W4) € V, be as
in (II1.5.14). We prove the equality in (II1.6.10) by proving the two inequalities.

Part 1. Here we show that VS < v(u, X§), P-a.s. on {p* > u}. Let (n,{) € &Y x A, ¢ and set
X¢ = xt®¢v, By Corollary I11.4.2, let ¢° be the { F%:°}-adapted control which is indistinguishable
from (. Thus, also X¢" = xt@i¢® v and X are indistinguishable. By Lemma II1.4.1, let X° be
the {F!9}-adapted process which is indistinguishable from X ¢’ (and so also indistinguishable from
X¢). Thus, we also have p¢ = p° := inf{s > u : X0 ¢ O}, P-as. on {p* > u}. Moreover, let
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¢Ou = (% — (Y for s € [u, T]. Then, P-a.s., for every s € [u,T] we have
X0 =x¢
=X+ [l X [t XEaw, 4 ¢

=X+ / w(r, X2)dr + / o(r, X2)dw " + ¢ov. (I11.6.11)

Since X? is F.%-measurable then, by property (I11.5.2), X0 = X?(w), P,-a.s. for P-a.e. w. Thus,

by Lemma II1.5.1, we obtain that, P,-a.s. for P-a.e. w, for every s € [u, T]

S S

X0 = x%w) +/ w(r, X0)dr +/ o(r, X2)dw + 0. (111.6.12)
Also notice that the stochastic integral in (II1.6.12) is constructed with respect to the probabil-
ity P, but by Lemma II1.5.6 it is P,-indistinguishable, for P-a.e. w, from the stochastic integral
constructed with respect to the regular conditional probability P,,. Therefore, the process X°
satisfies the same SDE as the process X¢ := XwXu@)i¢® v on v,, for P-a.e. w. Furthermore, X°
is {F10}-adapted and so {F**}-adapted for P-a.e. w (see Lemma I11.5.3). Thus, by uniqueness
(up to indistinguishibility) of the SDE (I11.3.1), we obtain that

P (X! =X Vse[u,T]) =1, P-ae w. (111.6.13)
As a consequence, for P-a.e. w, we also have that

P =p? i=inf{s>u: XY¢ 0}, P,as. (111.6.14)

By Corollary 111.4.2, let n° € £ be the {FtY}-adapted control which is indistinguishable from
n € Y. By Proposition I11.5.4, we have that 70 = %% € €%~ and (®" € A% for P-a.e. w. Hence,

for P-a.e. w, we obtain

E[Z(u, m, C:X(:vpc)l{pézu}“Fi] ((.d)

E[Z(u,n°,¢"" X0, p°)1pe 50y | Fo] ()
E[Z(u,n°,¢%", X, p°) | FL](w)1{pe 50y (w)

By [Z(u,n°, ¢ X, p*)] 1 pesuy (w)

Loy (17 ) ey (@)

(U, X (W)L (pe 50y (W), (I11.6.15)

IA

where the third equality follows from Lemma IT1.5.2 and equalities (IT1.6.13)-(111.6.14), and the
inequality follows from the fact that v, € V,, (n°,(%%) € E¥» x A%~ and Proposition 111.4.5. Thus,
for every (1, () € & x Ay ., we have

E[Z(u,n, ¢ X, p9) L pesuy | FL] < v(u, XT), P-as. on {p* > u}. (I11.6.16)
and by taking the essential supremum over (1,() € &, x Ay ., we obtain
VE <w(u, X0) = v(u, X$) = v(u, X8), P-as. on {p° > u}, (I11.6.17)

and the first inequality is proved.
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Part 2. Here we show that V& > v(u,X§), P-as. on {p¢ > u}. Let ¢ > 0 and v =
(Q, F,P,{F*},W) € V. Since y — J7 (7,£) is uniformly continuous on compact sets uniformly
in (7,€) € 7.7 x A”, we can choose d; > 0 such that if y,z € B(0,1) := {x € R? : || < 1} and
ly — z| < 61, then

|J5,y(77—7€) - Jg,z(%7£)‘ + |U(u7y) - U(U’v Z)' <g, v (?ag) € 7;1,17 X 'AZ (111618)

Since R? is separable, we can choose a partition {B}},en of B(0,1) into countable disjoint Borel
sets with diameter diam(B}) < d; for every n € N, where diam(B) := sup{|z — y| : z,y € B}.
Similarly, we can choose 5 > 0 such that if y,z € B(0,2) and |y — z| < d2, then

iy (7.6) = T (70| + [v(u,y) — v(u,2)| <e, V(7,€) € Ty x AL (IT1.6.19)

Thus, we can also choose a partition {B2},,cy of B(0,2)\ B(0,1) into countable disjoint Borel sets
with diam(B2) < &, for every n € N. By iterating this argument, we can find a partition { By, }nen
of R into countable disjoint Borel sets such that for every B,, and every y,z € B,,, we obtain

iy (7.6) = T (RO + [v(u,y) —v(u, 2)| <e, ¥ (7,6) € Ty x AL (I11.6.20)

Let n,m € N and z,, € B,,. By Proposition I11.4.5, there exist (7™ £™™) € T,V x A” such that

T e (T E) > 0(u, ) — 1/m. (I11.6.21)

U, Ty

Since m € N is fixed, in the following we simply denote 7™ and £™" by 7" and £", respectively.

By the equivalence (I11.4.2) between 7 and 7, for every n € N there exists n™ € £ such that
U n ¢n\ _ o n ¢n d
S (78" =1 ,(n",€"), YyeR (111.6.22)
The main idea for this second part of the proof is to build a pair of controls (x,() € &/ x Al e

which is §-optimal with § := 2 + 1/m. We proceed as follows.

Let O, = {X¢ € B,} € F! and notice that, since {B,}nen is a partition of R {O,}nen
is a partition of 2. We now want to construct, for every k € N, a specific pair of controls
(x*,¢F) € v x Al ¢ that agrees with (9", ") on Oy for every n < k. We apply the following
argument for every n € N. Let n™% € &7 and ¢™° € A” be the {F*°}-predictable controls
from Corollary II1.4.2, which are indistinguishable from 7™ and £", respectively. By applying
Lemma I11.5.5 to 1™° and €™°, we obtain 7" and " that are {F*°}-adapted and such that
(7", €") € €Y x A% and

Ly, (7,65, W) = Le(n™°,70F, W), P-ae w. (I11.6.23)
Since the pair (n™°,£™Y) is indistinguishable from the pair (7™, £™), we also obtain that
L, (7™, €M WY = Le(n™, €W, W), P-ae. w, (I11.6.24)
and thus, by (I11.4.24), for every y € R? we have

[']P’w (ﬁn’gmi’Xu,y;én,uw’pu,%é"ﬂ/w) — E@(nn,fn’i,Xu’y;ﬁn’ﬁ,pu’y;gn’ﬁ), P-ae. w. (111.6.25)
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Moreover, still by Lemma I11.5.5, the set Q" where " is left-continuous, of bounded variation and
£ = 0 belongs to FO and P,,(Q2") = 1 for P-a.e. w. Therefore, by Lemma I11.5.1, we also have
P(Q") = 1. Hence, Q := N, Q" € F°, P(Q) = 1 and on Q every £ is left-continuous, of bounded
variation and such that ég = 0. Analogously, the same argument holds for 7. Moreover, let
Uy := Uﬁlen for k£ € N and notice that Uy 1 Q as k — oco. Thus, for every k € N, by defining

k
Xs = [Zﬁ?low} Lir)(s) + 1uglm(s), s €[t T], (I11.6.26)
n=1
k
C?i = 58 |:Z €n = + g:l: 10 + f 1UC 1[u,T](S)a s € [t?T}? (111627)
n=1
¢Fi= (bt - ¢h, (I11.6.28)

we obtain that (y*,¢¥) € £/ x Al ¢ In particular, to show that E[|C§i|2] < 00, notice that
cn, cn,
Efl¢r |2] ]E[ |2|ft](w)]

[|5 | 1

| ;}:ﬂ ] < oo, (111.6.29)

where the second equality follows from Lemma II1.5.2, the third equality follows from (I11.6.24)
and the inequality follows from the fact that £" € AY. Also, notice that P-a.s. left-continuity at
time v is guaranteed by the fact that ¢¥ = &, and x* = 0, P-a.s.

We now fix n, k € N with n < k. The next step is to show that
P,((F=¢én 46, Vseu,T) =1, P-ae weO,. (I11.6.30)

Notice that O,, C {¢¥ = 7 +¢,, Vs € [u, T]}. Thus, if we prove that P, (0,) = 1 for P-a.e. w € O,,
then (I11.6.30) follows. This is easy to show as, by Lemma IT1.5.2, we have

P, (0,) = Eu[1o,] = E[lo, |Fi](w) = 1o, (w) = 1, P-ae. w € O,. (I11.6.31)

Now, let X* := Xtoi¢" v and, by Lemma I11.4.1, let X*° be the {F!?}-predictable process that
is indistinguishable from X*. Moreover, for P-a.e. w such that v, € V, (as in (II1.5.14)), let
X = XXy @) v Next, we want to prove that

P, (XF0 = X¥" Vs [u,T]) =1, P-ae weO,. (111.6.32)
We have, P-a.s. for every s € [u,T],

k0 _ vk
Xs *Xs
s

:ij—&—/ ,u(r,Xf)dr—F/ O'(’I",Xf)dWr—FCf—dj

u
S

= XF0 ¢ / p(r, XEOYdr + / o(r, XFO)aw + ¢k — ¢k (I11.6.33)

u

Since Xk:0 is F!O-measurable, by property (II1.5.2), we have that X*0 = X*0(w), P, -a.s. for
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P-a.e. w. Thus, by Lemma I11.5.1 and (II1.6.30), we obtain that P,-a.s. for P-a.e. w € O,, and for
every s € [u, T

S S

Xk = XkO(w) 4 / u(r, X0 dr + / o(r, XFO) AW 4 £, (I11.6.34)

u u

where, by means of Lemma II1.5.6, the stochastic integral is intended as constructed with respect
to the probability P,,. Therefore, for P-a.e. w € O,,, the process X0 satisfies the same SDE as the
process X“™ on v,. Furthermore, X*? is {F%%}-adapted and so {F**}-adapted for P-a.e. w (see
Lemma II1.5.3). Thus, by uniqueness (up to indistinguishibility) of the SDE (II1.3.1), equation
(I11.6.32) holds true.

Accordingly, we denote pck by p*. Notice that pF = p*¥ := inf{s > u : X*° ¢ O} P-as. on
{p® > u} and that (I11.6.32) also implies that, for P-a.e. w € O,

P = inf{s > u: X" ¢ O} = pF0 P-as. (I11.6.35)
Moreover, from the definition of X** and from (II1.6.25), we obtain

I &) (", &") =1 Xk(](w)(n &) = ZX"O( (7", &), P-ae. w. (I11.6.36)

Since (x*,¢*) € & x A7, for P-a.e. w, we have that

Vug(w) Z]E[ (u X Ck kap )1{p5>u}|f} ]-Uk,( )
+E[Z(u,x*, ", X5, p")1 pes iy | Fi] (w)Lue (w). (I11.6.37)

For the first term on the right-hand side of (I11.6.37), for P-a.e. w, we obtain

S L

:ZE[Z(U7Xka<k7Xk’O Nlo, |[Fil(@)1pes 0y (w)

= ZE[Z(uaﬁnv£n7Xk7o |-Ft:| 10 ﬁ{p5>u}( )
= Z ]Ew [Z(u7’r~]n7gn7Xw’na pw’n)} ]'Onﬂ{pfzu} (w)

—ZI X0 (4 77 f )10 ﬁ{p§>u}( )

k
= IZ’XE(M)(nnvfn)lOnﬁ{p52u} (w)v (111638)

n=1

where the equality on the third line follows from the construction of x* and ¢* (see (I11.6.26)-
(IT1.6.28)); the equality on the fourth line follows from Lemma I11.5.2 and equations (IT1.6.32) and
(I11.6.35); and the equality on the last line follows from (I11.6.36). Thus, for P-a.e. w € {p* > u},
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equation (I11.6.37) reads as

M=

Vi(w) >

ID’XS(M) (nna gn)lon (w)

u

n=1

+E[Z(u, 7, X5, 04| FL] (w)1ue (w), (I11.6.39)

where 7] 1= 1(,, 7] = x* on Ui and we have also used that ¢k =¢on Uy, and so X+ = X¢ and
p* = p® on Uf. Also notice that 77 := inf{s > u : 7, = 1} AT = u and so, by (I11.6.9),

Z(ua URS ng pg)l{/ﬁZu} = Y(ua 7_777 £, Xgﬂ pg)l{pgzu}
= g1(p%, Xﬁs)l{pé:u} + g2 (u, X5) 1 ey (I11.6.40)

Furthermore, for every k € N and for every w € €2, we have

zijlfg,xg(wm", E)10,() = 32 Tl xs (7" €)10, ()
>3 (V2. (€ — &) 10, ()
> ; (v 20) = 1/m = 2) 10, (w)
> 3 (o0 X50) - 1m - 2)10, )

= (U(u, X (w)) —1/m — 25) 1y, (w), (II1.6.41)

where in the equality on the first line we have used (II1.6.22), in the inequalities on the second and
fourth lines we have used (I11.6.20) and in the inequality on the third line we have used (II1.6.21).

Combining (I11.6.39), (I11.6.40) and (II1.6.41), we then obtain, P-a.s. on {p¢ > u},
1743 2<v(u, X)) —1/m — 25) 1y,
(91065 XE iy + 920, X)L ey ) L. (II1.6.42)
Letting & — o0, as Uy, 1 §2 and Uf | &, we obtain
VE > w(u, X§) —1/m — 2, P-as. on {p* > u}, (I11.6.43)

Letting m — oo and e — 0 in (IT1.6.43), we reach the second inequality and the theorem is
proved. O
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II1.7 Dynamic programming principle

In this section we prove that the dynamic programming principle holds for our general problem of
singular control with discretionary stopping (see Corollary I11.7.3), i.e., for u € [¢t, T,

u/\r/\pg
)= sp B [ fexe - [ e
t [t uATApPE)

(T,6)ETY x AY

o AR RO Sy R AT oA T
[t uATAPE)
+92(7_; X$)1{7<u/\p5} +v(uaAXS)]-{7'/\p52u} : (11171)

To obtain this result we make explicit use of the link between the value function and the value
process (see Proposition I111.6.1). However, notice that, under the same assumptions of Proposition
I11.6.1, this result could have been directly proved for our value function by means of Proposition
I11.4.5 and the notion of regular conditional probability.

We first introduce a lemma which will be used in the proof of the dynamic programming principle.

Lemma IIL.7.1. Let u € [t,T] and § € AY. The collection of random variables
{E[Y (u, 7, Q)| Fo] = (1.0) € T x A ¢} (I11.7.2)

is closed under pairwise mazimisation. Namely, for every (t1,¢) € TV x A ¢ and (12,¢?) €
Td % Aj ¢ there exists (7,0) € TY x Ay ¢ such that

E[Y (u,7,)|FL] =E[Y (u, 7", ()| FL] VE[Y (u, 7%, (*)|FL]. (I11.7.3)

Proof. Let (t1,¢Y) € TV x Al ¢ and (12,(%) e TV x Al ¢ Set

A= {E[Y (O] 2 B[Y (u,7%, ()| 7] } € 7L, (I1L.7.4)
and define
T .= 7_1].A —+ TQ]_A(;’ (11175)
=GP+ P e, s 1T, (IT1.7.6)
C=C" = (I1L.7.7)

Then, notice that (7,{) € TV x A ¢ and that

E[Y (u,7,{)|FL] =E[Y (u,7", (") FL]1a + E[Y (u, 7%, )| FL] 1 ac
=E[Y(u, 7", ¢Y|FL] VE[Y (u, 72, ¢P)| Fi], (1I1.7.8)

which proves the desired result. O

Notice that for £ € AY, we have, by definition (I11.6.2), that Vtg = v(t,x). Thus, we shall simply
denote Vf by V;.

Theorem III.7.2 (Dynamic programming principle). Let (t,z) € [0,7] x RY, u € [t,T] and
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v=(Q,F,P{FL},W) € V,. Assume that, for every & € AY, we have
E[gl(pg,Xﬁg)l{pg=u} + gg(u, Xg)l{p5>u}] > —00. (11179)

Then,

u/\7'/\p5
Vi swp E[ [ sexgas- [ (e.ae
t [t uATAPE)

(T,6)ETY x AY

- /[t wATApE) <C—(8)7 d€;> + a1 (pEa ‘Xﬁs)l{p5 <tIn{pé<u}
+ 92(7, X)L cunpey + Vis l{TA,,szu}} : (II1.7.10)

Proof. We prove the equality in (II1.7.10) by proving the two inequalities.

Part 1. (inequality <). Let (1,£) € T}V x AY. Then,
u/\T/\pE
Ty o (1,€) = E[/ f(s, X8)ds
t

[ e - [ e
[t uATApPE) [t uATAPE)

+ 9 (p€7 Xf,é)l{pggT}l{‘r/\p§<u} + 92(7—’ Xf)l{p5>‘r}1{7'/\p5<u}:|

TAPS
+E{</ ’ f(s,Xf)ds

[ e - [ e
[u,7Ap%) [u,7Ap%)

+ gl(péngf)l{pgﬁT} + gg(T, Xﬁ)l{pg>7}> 1{7/\p5>u}:| . (111.7.11)

Let 0 := ul{; <y} + T1{;>y) and notice that o € 77 and 0 = 7 on {7 > u}. Hence, for the second

expectation in (II1.7.11), we have

:[( [ e, XE)ds - [ @[ e

+ 91 (pf’ Xﬁs)l{pfgr} + 92(7—7 Xﬁ)l{p5>‘r}) 1{7'/\p52u}:|

=F [E [Y(u, o, f)l{pszu} ]'—ﬂ ]-{T/\pEZu}]

< E[Vf 1 {mgzu}}, (111.7.12)

where the last inequality follows from the fact that (0,£) € 7 x A} .. Therefore, from (II1.7.11)
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and (II1.7.12), we obtain

'u,/\‘r/\p‘E
T O R O
' t [t unTApPE)
[ e )+l X e rop e
[t uATAPE)
t 92 (T7 X£)1{7<u/\p5} + qul{q—/\pE Zu}:| . (IH713)
Thus, by taking the supremum over (7,§) € 7,¥ x A%, we have
Vi = v(t,x)

u/\T/\p5
< sup E[ [ rextas= [ feo.agh)
t [t uATApE)

() eTy x Ay

- /[t WATApE) <C—(8)7 dfs_> + g1 (pEa ng)l{pg <tIn{pé<u}
+92(7, XE) 1 (rcunpey + Vi 1{7Ap52u}} : (I11.7.14)

and the first inequality is proved.

Part 2. (inequality >). Let (1,€) € TV x AY. Since, by Lemma I11.7.1, the family {E[Y (u, o, ¢)| F] :
(0,¢) € T x A}, ¢} is upward directed then there exists a sequence (7", (")nen C 7y % Ay, ¢ such
that (see, e.g., [79, Lemma 1.3])

lim E[Y (u, 7", ¢(")|Fi]1pesuy = Vi, P-as., (I11.7.15)

n— oo

where the sequence (E[Y (u,7",(™)|F!])nen in non-decreasing P-a.s. Also, notice that, without
loss of generality, we can assume that (71, (1) := (u, ). Now, for every n € N, let 0" := Tlircuy +
T" 17>y € TV and set p" = p¢" and X™ := X¢". Thus, for every n € N, we obtain

Vi > E[Y(t,0",(")]
:E[/W " f(s,X5)ds

-/ (er(s).ae?) - | (e (),dE7)
[t,uno™Ap™) [t,uno™Ap™)

+g1(p", XSn)l{pngo-n}l{o.n/\pn<u} + g2(o™, Xg.n)l{pn>o-n}1{o-n/\pn<u}:|

n

+E{</U " f(s, X)ds

@A [ e @A)

[u,c™Ap™)

+ g1(p", Xg")l{p"/ga"} + g2(0o™, Xg.ln)]_{pn>o-n}> 1{a-n/\pn2u}:| . (I11.7.16)

By definition of ¢”, notice that u A ¢™ = u A 7 and that {o™ > u} = {7 > u} (and so {o" <
u} = {7 < u}). Moreover, we have that u A p" = u A p¢, p" = p¢ on {p" < u} and that
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{p" <u} = {p* < u} (and so also {p" > u} = {p® > u}). Hence,

{p" <o n{o" Ap" <u}=({p" <"} U{p" =0"})N{p" <u}
={p" <" ANupU({p" =0"}N{p" <u})
={p°* <" AulU{p" ="} N {p" <u}n{o" <u})
={p* <TAupU{p" ="} N {p* <u}n{r <u})
={r* <m3n{p® <u)U({p* =7} N {p° <u})
={* <uyn({p* <riu{p® =1}
={p* <u}n{p* <7}, (I11.7.17)

and
{p">o"In{o" Apt <uy={o" <unp"}={o" <unp’}={r <unp‘}. (I11.7.18)

Thus, for the first expectation in (II1.7.16), we have

E{/tum Ap™ F(s XE)ds /[t,u/\gn/\pn)<c+(8)7d§:> —/ (c—(s),d&;)

t,uNc™ ANp™
P

+ gl(pn,XSn)]_{ano-n}l{o.n,/\pn<u} + 92(0n7Xg.n)].{pn>o-n}1{0-'n,/\p’n,<u}:|

—x[ [ I s xS ds - o e = [ e (o.060)

[ty unTApPS)
+91(0%, X5 e <rynipeca) + 92(T, X£)1{7<M,,s}] . (I11.7.19)
Moreover,
{o"Ap" >u} ={o" >uln{p" >u} ={r >uyn{p* >u} = {rAp*>u}, (I11.7.20)

and so, for the second expectation in (IT1.7.16) recalling that o™ = 7™ on {7 > u}, we have

s[([7 e [ e - [ e

0™ Ap)
+ g1(p",Xgn)1{pn§(,n} + g2(0'n,XgLn)1{pn>an}> 1{Un,/\pn>u}:|

— IE[IE {Y(U,T”,g")

fﬂ 1{mpszu}] : (I11.7.21)

Thus, by using (I11.7.19) and (II1.7.21), equation (II1.7.16) reads as

u/\’r/\p5
13 _ +\ -
vzl [T fexgas /[ et /[ et

+g1(p%, Xﬁ&)l{png}ﬁ{pg <u} T 92(T, X§)1{7'<u/\p§}:|

—i—IEJ[IE[Y(u,T",C")

fﬂ l{mpszu}} . (I11.7.22)

Letting n — oo, applying the monotone convergence theorem (which is justified by hypothesis
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(II1.7.9)) and using (II1.7.15), we obtain

u/\T/\p5
£ _ +\ -
sz[ / F(s, X)ds /[ PERCEY / (c_(s), dET)

[t uATApE)

+ 9 (pfa Xﬁﬁ)l{p5 <rIn{pé<u} + 92 (Ta X$)1{7—<u/\p5} + Vufl{q—/\pEZU}:| . (111723)

Therefore, by taking the supremum over (7,€) € T, x AY, we reach the second inequality

u/\T/\p5
Vi> swp E[ [ sextas= [ eo.agh)
(1,8)eT x AY t [t uATAPE)

- /[t u/\T/\pﬁ)<c_(S)’d€S_> + 9 (pEaXEE)l{pégr}ﬂ{p5<u}
+ g2(T, X£)1{7<uAp£} + Vfl{mpszu}} ) (I11.7.24)

and the theorem is proved. O

Corollary II1.7.3. Let (t,x) € [0,T] x RY, u € [t,T] and v = (Q, F, P, {FL},W) € V;. Under the
assumptions of Proposition I11.6.1 and of Theorem I11.7.2, we obtain that

u/\'r/\pE
oto) = sup E[ [ fexas- [ fe.agh)
t [ty uATAPE)

(O eTy X AY

—/[mA Aps)<07(8),d€§> + 91005 X)L (e <ot <u)

+ 92 (1, X)L cunpey + 0(u, X)L ppesuy |- (I11.7.25)

Proof. Simply use (I11.7.10) and the fact that, by Proposition 111.6.1, V& = v(u, X§), P-a.s. on
{p® > u}. O

Remark IT1.7.4. Notice that the dynamic programming principle for the value function (I111.7.25)
could have been proved directly by means of the regular conditional probabilities with a very similar
method as in the proof of Proposition I11.6.1. However, our approach leads to a much smoother
proof of the dynamic programming principle which does not require the same technicalities as in
the proof of Proposition I11.6.1.

Remark IIL.7.5. Notice that, for the controls & € AY, the condition E[|€£]?] < oo has not
been explicitly used in any of the previous proofs. Therefore, our study could have been developed
without assuming that the class of admissible controls Ay satisfies this integrability condition and
the same results would follow. In particular, notice that the existence and uniqueness (up to
indistinguishibility) of the SDE (I111.3.1) is guaranteed by, e.g., [36, Theorem 1] without assuming
this condition. However, we preferred this approach as the integrability assumption will be essential

to provide some regularity properties for the value function in Section II1.9.

74



CHAPTER III. SINGULAR CONTROL WITH DISCRETIONARY STOPPING

II1.8 An optimal stopping rule

In this section we provide an optimal stopping rule for our problem when the terminal payoff is

symmetric, i.e., g := g1 = g2. Namely, we show that

ot ) = sup Jy,(1%,€), (IT1.8.1)
§eAY
where
78 = 1inf{s >t : v(s, X$) = g(s, X$)}. (I11.8.2)

Notice that this is, indeed, the optimal stopping rule we would expect from the standard theory of
optimal stopping. However, we are able to show this result only under some technical assumptions
which we will discuss in this section.

Since the standard reference probability system v € V), is fixed, in this section we avoid any explicit

reference to v for the sake of simplicity. For instance, we simply denote A} by A;.

To obtain (IT1.8.1), we make explicit use of the formulation of the problem with respect to contin-

uous controls and Lipschitz controls. Thus, we define the value function for continuous controls
’Uc(tvi) = sup Jt,m(Tv g)? (11183)
(1,£) €T x A§

where AY := {£ € A; : £ is continuous P-a.s.}. Moreover, for n € N, we define the value function
for n2-Lipschitz controls

vp(t, ) = sup Jt,z(Ta €, (I11.8.4)
(1,6)€Te x A}

where A7 := {¢ € A, : € is n?-Lipschitz P-a.s.}.

In this section we make the following standing assumptions.

Assumption III.8.1.

(A) g1(s,y) = ga(s,y) =: g(s,y) for every (s,y) € [t,T] x RY and (s,y) — g(s,y) is continuous.

(B) For every n € N, there exists " € A} such that

v (t, ) = sup Jy . (1,€"). (I11.8.5)
T€T:
(C) It either holds

E[ sup |Y(t,s,£")|} <oo and Y(t,-,&") >0, (I11.8.6)

s€(t,T]

or there exists € > 0 such that
]E{ sup |Y(t,s,§_")1+5] < 00. (I11.8.7)

sEt,T]

Remark II1.8.2. Notice that when we restrict the optimisation to n?-Lipschitz controls, the sin-
gular control problem turns into a classical control problem. Indeed, if € € A}, then it admits a

derivative o almost everywhere, i.e., & = fts aydr for s € [t,T]. Thus,
XS=X2 =z Jr/ i(r, X2, o )dr +/ o(r, X&) dW,, (I11.8.8)
t t

(0]
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where f(r,y,a) := u(r,y) + a. Moreover, for 7 € Ty,
Jt,m(Ta 5) = jt,ac(Ta a) =K |:/ f(Sana as)ds + g(Ta Xg) ’ (11189)
t

where f(s,y,a) = f(s,y) — (ci(s),[a]") — (c_(s),[a]™), and we have assumed that © = R for
simplicity. Hence,

vp(t, ) = sup  Jy o (T, ), (111.8.10)
(T,0) €T X An

where A™ is the collection of progressively measurable processes o such that || < n?. The existence
of optimal controls for these problems have been proved by different methods (see, e.g., [66, Theorem
9/, [10, Theorem 5.2] and [3, Theorem 8.2]). Therefore, we remark that although the proof of
Assumption II1.8.1 (B) goes beyond the scope of this work, it may be obtained.

We now fix n € N. In what follows, when no confusion may arise, we denote the process
{Y(t,5,6")}sem) by Y™ and analogously the process X¢" by X™. Consequently, we also de-
note p¢" by p". Notice that since " is n?-Lipschitz P-a.s., then X" is continuous P-a.s. Thus,

under Assumption II1.8.1, we have that

—n

B UNp _ B
o= [ e xnas- [ (ero.ae)
t [t,unp™)
- /[t (e, 4E) 4 g AT K, we LT, (IL.8.11)
Y UNP™

and so also the process Y is continuous P-a.s.

We now introduce the stopping problem corresponding to the optimal control £" € A7, i.e.,

Ul =esssupE[Y|FL], weltT], (111.8.12)
TET,

and we denote by S™ the corresponding Snell Envelope (see, e.g., [65, Appendix D]). Recall that
Ji2(1,8) =E[Y (¢, 7,§)] and thus, by (II1.8.5) and (II1.8.12), we obtain

v (t, ) = Wl (I11.8.13)

We then present a lemma which is inspired by [65, Theorem D.12] and provides an optimal stopping
rule for problem (IT1.8.12).

Lemma II11.8.3. Let u € [t,T]. Under Assumption II1.8.1, we have that

v — B[V

Ft], P-as., (I11.8.14)

where

ol =inf{s >u:S"=Y"}. (I11.8.15)
Proof. In order to simplify the notation, since n € N is fixed, in this proof we avoid any explicit
reference to n. Thus, for instance, we simply denote Y™ by Y, ™ by U, et cetera.

If (IT1.8.6) holds, then result (IT1.8.14) follows directly from [65, Theorem D.12] (and [65, Theo-
rem D.7]) as the process Y is non-negative, continuous and verifies the integrability condition in
(I11.8.6).
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If instead (I11.8.7) holds then Y is not necessarily non-negative. Thus, define

Hi= inf Yo and M= E[H|F!Y, s¢€lt.T). (111.8.16)
sElt,

Notice that, by (II1.8.7), H € L'(Q, F,P) and so M is a uniformly integrable, continuous (as {F!}
is both left-continuous and right-continuous) martingale. Then, also define Y := Y — M and the

new related stopping problem

W, = esssup [}77|}'5], u € [t,T). (I11.8.17)
TETy

Notice that Y is non-negative and continuous. Moreover,

E[ sup }Nfsq §E{ sup |}75|} —I—IE[ sup |MS|}7 (I11.8.18)
s€[t,T) set,T] s€[t,T]

By using Jensen’s inequality and Doob’s maximal inequality, we have

1+e %ﬁ
E[ sup |MS|] <E[( sup |MS|) }
s€(t,T] s€(t,T]
1

< CE]E _|MT|1+5:| 1+e

1

— CE]E _|H|1+5:| +e

1

_ 1+4+e¢
< C.E| sup |Ys|1+5] < 0. (I11.8.19)
L s€ft,T]

Thus, E[supgep 7 |Y,|] < co. Hence, Y satisfies the hypotheses of [65, Theorem D.12] and so
U, =E[Y5,|FL], P-as., (I11.8.20)

where 6, := inf{s > u: S, = f’s} and S is the Snell Envelope of Y. Now notice, that since M is a

continuous martingale, by the optional sampling theorem, we have that
¥, =1V, M, and E[Y; |F.|=E[V,|F.] - M, Pas. (I11.8.21)
Therefore, from (I11.8.20) and (II1.8.21), we obtain
U, =E[Y;, |Fl], P-as. (111.8.22)

To conclude, we only need to show that &, = &, P-a.s. To obtain this result, we prove that S —Y
is indistinguishable from S — Y. Recall that S is a right-continuous modification of ¥ and S is
a right-continuous modification of . Since both ¥ and Y are continuous, it is sufficient to show
that S — Y is a modification S — Y. For every s € [t,T], we have that

S, —Y,=V, Y, =0, - M, — (Y- M,)=V,-Y,=5,-Y, Pas, (I11.8.23)
and the proof is complete. O

Let us denote 7} as in (II1.8.15) simply by ¢ and notice that, by (II1.8.13) and (II1.8.14), we
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obtain
vy (t, @) = E[Y2H], (I11.8.24)

g
ie., (o7, &") € T, x A7 is optimal for v, (¢, z).

Now, for u € [t,T] and ¢ € A}, we define the value process in the context of Lipschitz controls,
ie.,
VEr = esssup  E[Y(u,7,O)1pesay | o], (I11.8.25)
(T,C)G'TuX.AZé -

where A7 ;1= {Ce A} : (, =&, Vs € [t,u],P-a.s.}. Moreover, we define

US = esssup E[Y (u, 7, &)1 e 50 | Fi] (I11.8.26)
TET, -

which represents the value process V5" if it were optimal to stick with the control ¢ € A? also on
[u, T]. In particular, notice that V5" > US, P-a.s.

By applying the same simplification as above, we denote yEtn by V" and Us" by U™. In the
following, also recall that Vf’” = v, (t,x) for every £ € A} and so we simply denote Vf’” by
V/*. Furthermore, notice that all the results proved in the previous sections for left-continuous
controls hold, by similar arguments, for n2-Lipschitz controls. In particular, Proposition I1I.6.1
and Theorem I11.7.2 hold also when optimising over n2-Lipschitz controls. We now prove a lemma,
which is a direct consequence of the dynamic programming principle (Theorem I11.7.2). This shows
that the optimal control " € A7 for the (n2-Lipschitz version of the) problem starting at the initial
time ¢ is still optimal for the (n?-Lipschitz version of the) problem starting at any time u € [t,T7,
ie, VP =Ur, P-as.

Lemma ITI1.8.4. Let u € [t,T] and assume that P(G™ > w) > 0. Then, under the hypotheses of
Theorem I11.7.2 and Assumption I11.8.1, we have that

V=0 P-as. (111.8.27)

Proof. Notice that if P(p" > u) = 0 then, by definitions (I11.8.25) and (I11.8.26), V* = U" = 0,

u

P-a.s. Therefore, let P(p"™ > u) > 0 and by contradiction assume that

P(V," > U]) > 0. (I11.8.28)

Since V;* = v, (t,x) and, by (I11.8.24), v,(t,z) = E[YZ] then also V;* = E[Y2

7], i.e., the pair
(6™, £™) is optimal for V;*. Thus, by following the same steps as in the proof of Theorem I11.7.2
with the general (7,&) substituted by the optimal (5",£™), the dynamic programming principle

(II1.7.10) reads as

UAGTAR™
n __ v o cn,+\ Fn,—
e[ s [ g [ e (o,0)

tuAG NPT
p

+ g(&n /\ ﬁn, X;ln/\pn)l{gn/\ﬁn <u} + Vunl{nn/\pnzu}:| . (111829)
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Since P(6" > u) > 0, P(p" > u) > 0 and P(V,* > U) > 0, we obtain

uNG" Ap"™ B B B
vese| [0 fsanas- | (es().08) - [ (e—(5),dEr)
t [t,una™Ap™) [t,unG™Ap™)

+ g(a’n /\ ﬁn, Xg"/\ﬁ")l{a'"/\ﬁ"<u} + U,L’:L]_{a-n/\ﬁn>u}:| . (1118.30)

Moreover, by choosing 7 =" Vu € T, in (I111.8.26), we have that

_ g Ap _ B
U2 gnruy > B [( / F(s, X7)ds / (4 (s), dEM)
u [u, 6™ Ap™)

(68T 4 40 A Kapg)  Liongr
[t.57 Ap™)

" Ap B 3
5| [ peanes- [ (e (5), dEnF)
UAGTAPT [unG™ Ap™, 5™ Np™)

-/ fe-(s), 42
[unG™Ap™, 5™ Np™)

+ (6" AP, X2 npn ) Liomnpn>u}

]

J-"E} . (I11.8.31)

Thus, from (I11.8.30) and (II1.8.31), we obtain

=N A =n

g Np _ —
V> ]E{/ f(s, X™)ds —/ (cp(s),der™)
¢ [t,5"AF™)

[ e g+ glom g X:;nApn)]
[t,5m Ap™)

—E[72]
=V, (111.8.32)
which leads to a contradiction O

We now prove a lemma which provides an optimal stopping rule for the problem with n2-Lipschitz
controls.

Lemma II1.8.5. Assume that the function (s,y) — v,(s,y) is continuous on [t,T] x RY. Under
the hypotheses of Proposition I11.6.1 and of Theorem II1.7.2 and under Assumption I[I1.8.1, we
have that

vp(t,x) = sup Jy . (157, €), (I11.8.33)
EEAD
where
78" = inf{s >t : v, (s, X5) = g(s, X$)}. (I11.8.34)

Proof. Tt is immediate to see that v, (¢,2) > SUPge An iz (787, €) as 78" € Ty for every € € AP
Thus, we only need to prove the opposite inequality, which we first show under the assumption
that P(¢™ > u) > 0 for every u € [t,T.
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Let u € [t,T]. For T € T, we have

uAp”
cny v _ L, cn,—
verg)= [ s [ eag - [ a8

n

TAP _

FO" X + [ s, Xds - [ (s (5),dE)
[unpm TA™)

uApn

S PR RO O RV <A rpy (111.5.35)
[unp™,TAP™)

Furthermore,

—n

[ sxnas- | (e4(s), dEN)

ApT [unp™,TAp™)

o (BT 0 K iy

TAP" B B
_ ( / F(s, X7)ds / (e4 (), dEm)
u [w,7Ap™)
- /[ (e, 827) +g<mﬁ”,X¢Apn>)1{pn>u}
u, TAP"

=Y (u, 7, ") L{pn sy (I11.8.36)

Therefore,

uAp”
T cny v _ cn,+\ _ FMn,—
viere) = [ oS- [ fe@ag - [ e (.08

[t,unp™)

Thus, from definitions (I11.8.12) and (I11.8.26) and by (II1.8.37), we obtain

uAp™
n __ n _ cn,+\ M, —
R A e R CICR i By DRy

[t,unp™)

+ g(ﬁn7 X;}n)l{ﬁngu} + Ugl{ﬁ">u}7 P—a.s. (111.8.38)

Recall that S™ is the Snell Envelope of Y™ and so it is a right-continuous modification of ¥”.
Moreover, by Lemma I11.8.4, we have that U" = V", P-a.s. and so we obtain
Sr =g

= f(s, X{)ds —  {ew(s),dgg ") - (c—(s),d&5™)
/tuAp /[tﬂmp") /

[t;unp™)
=+ g(ﬁn7 Xg")l{ﬁ"gu} + Vun]'{ﬁ">u}
uAp” _ B B
— [ rexnas - [ e - [ e (o))
¢ [t,unp™) [t,unp™)

Jrg(ﬁ”,Xgn)l{ﬁngu} + vn(u,XZ)l{ﬁn>u}, P-a.s., (I11.8.39)

where the last equality follows from the version of Proposition I11.6.1 for n2-Lipschitz controls.
Since both the left-hand side and the right-hand side of (II1.8.39) are right-continuous as a function
of u € [t,T], they are indistinguishable. Hence, from (I11.8.37) and (II1.8.39), the stopping time
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" in (II1.8.15) reads as

o = inf{s ESE Un(sv ‘?)1{6">s} = Y(Sasagn)l{ﬁ">s}}
=inf {s > t:v,(s, XD)Lpnssy = g(s, X1 pnssy |
=inf {s > t:v,(s, X]") = g(s, X") or s > p"}

=7"Ap", P-as, (II1.8.40)

where we have denoted 78" (defined as in (I11.8.34)) simply by 7. Then, from (II1.8.24), we
have

= sup Ji (75", €), (IT1.8.41)

where the third equality follows from the definition of Y™ (see (I11.8.11)) and the inequality follows
from the fact that &” € AP, Thus, (I11.8.33) is proved when P(¢™ > u) > 0 for every u € [t, T).

If there exists @ € [t,T] such that P(6" > @) =0, i.e., P(6" < @) = 1 then let

T:=inf{s >t :P(G" < s) =1} € [t,q]. (111.8.42)

Therefore 6™ < T, P-a.s. and either

PG"<T)=1 = P@E">s)>0, VseltT), (I11.8.43)

or

P(a"=T)>0 = PGE">s)>0, VseltT), (I11.8.44)

In the former case, we apply the same procedure as above restricted to the interval [t T) and we
obtain that

" =inf{s € [t,T) : va(s, X) = g(s, X)} A "
=7"Ap", P-as. (I11.8.45)

In the latter case, we apply the same procedure as above restricted to the interval [t,f] and we
obtain that

o" =inf{s € [t,T] : vn(s, X)) = g(s, X"} A p"
=7"ANp", P-as. (II1.8.46)

In both cases, we reach the thesis (II11.8.33) by proceeding as in (II1.8.41). O

In order to obtain (II.8.1), we prove one last lemma. We show that if the value functions for
the n2-Lipschitz controls converge to the value function for continuous controls, then the optimal

stopping times for n2-Lipschitz controls converge to the analogous stopping time for continuous
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controls.

Lemma II1.8.6. Assume that the functions (s,y) — v°(s,y) and (s,y) — v,(s,y) are continuous
on [t,T] x R¢ for every n € N and that

lim wv,(t,z) = v°(t,z), V(t,z)€[0,T] x R% (I11.8.47)

n—00

Moreover, assume that Assumption II11.8.1 (A) holds. Let £ € A$, then

lim 78" = 79¢ P-a.s., (I11.8.48)

n—oo

where 78" is defined as in (111.8.34) and

75 = inf{s >t : v°(s, X§) = g(s, X5)}. (I11.8.49)

Proof. Notice that since v, < v,41 for every n € N, then (TE’")neN is non-decreasing P-a.s. and
thus it admits a limit P-a.s. We denote this limit by 7°°. Since v,, < v¢ for every n € N, then
76n < 78¢ Poas. for every n € N and so also 76 < 78¢ P-a.s. We now want to show the
opposite inequality. Fix w € Q. If 78¢(w) = ¢, then we have nothing to prove. Thus, assume that
78¢(w) > t and consider any u € [t, 7¢¢(w)). By continuity of v¢, g and X¢, we have that

inf (UC(S, X€) — g(s. Xg)) (w) > 0. (I11.8.50)
selt,u

Since (vn)nen is non-decreasing, v, — v° pointwise (by hypothesis (I11.8.47)) and both (v,)nen
and v° are continuous then, by Dini’s theorem on uniform convergence, we have that v, — v°

uniformly on compact sets. Therefore, for n sufficiently large, we obtain

inf (Un(S,XE) — g(s,XE)) (w) > 0. (II1.8.51)

s€E[t,u)

Thus, 78" (w) > u. Since u € [t,75°(w)) was arbitrary we obtain that for every ¢ > 0 there exists
ne € N such that 78" (w) > 78¢(w) — ¢ for every n > n.. Letting n — oo and then ¢ — 0, we
obtain the desired result. O

We can now prove the optimal stopping rule (IT1.8.1).

Theorem IIL.8.7 (Optimal stopping rule). Assume that the functions (s,y) — v°(s,y) and
(5,9) = vn(s,y) are continuous on [t,T] x R? for every n € N and that

lim v, (t,z) = v(t,x), V(t,z)€[0,T] xR (I11.8.52)
n—oo
Moreover, assume that
lim sup Ji (757, &) < sup lim J; (757, €), (I11.8.53)
n—oo EG'AfC §€_A<t: n—oo

where 6™ is defined as in (111.8.34). Under the hypotheses of Proposition I11.6.1 and of Theorem
I11.7.2 and under Assumption II1.8.1, we have that

o(t, ) = sup Jy.(7%,6), (I11.8.54)
EEA,
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where
78 =inf{s > t:v(s, X%) = g(s, X5)}. (IT1.8.55)

Remark IT1.8.8. Assumption (I111.8.53) is, in general, hard to prove. This is a delicate technical
issue that have already been discussed in various papers (see, e.g., [10] and [39]). It can be inter-
preted as a sort of monotone/dominated convergence theorem for non-linear expectations. Indeed,
the supremum over the controls can be viewed as a non-linear expectation €. To justify (I11.8.53)
in [10], the authors assume that the process Y is “€-uniformly left-continuus” (see, Definition 2.3
and Theorem 2.1 in [10]). However, this hypothesis cannot be easily verified in our case because

the optimisation domain A¢ is not uniformly bounded.

Proof. It is immediate to see that v(t,z) > supgc 4, Ji2(75,€) as ¢ € T; for every & € A;. Thus,

we only need to prove the opposite inequality.

We first show that
ve(t,x) < sup Ji . (19¢,€), (I11.8.56)
ECAS
where 75¢ is defined as in (I11.8.49). Notice that since v, < v® < v for every n € N then, by
hypothesis (II1.8.52), we obtain v,, — v¢ = v. Thus, for every £ > 0 there exists n. > 0 such that
ve(t,z) — e < v, (t, x) for every n > n.. Then, by Lemma II1.8.5, we obtain

vé(t,x) —e < sup Jm(TE’n,f) < sup Jt,g;(TE’",{), Vn > n,. (I11.8.57)
LAY EeAS

Letting n — oo, using assumption (I11.8.53), the dominated convergence theorem and Lemma
I11.8.6, we have that

vé(t,x) — e < sup Jp (75, €). (I11.8.58)
EEA]

Finally, letting ¢ — 0, we obtain the first desired result (IT1.8.56).

To conclude the proof, we need to show that (IT1.8.54) holds. As v® = v, we have

o(t,z) = v°(t, ) < sup Jy . (15, €). (I11.8.59)
EA;
Now define
A= {(t,x) € [0,T] x R : v(t,x) — g(t,z) = 0}, (IT1.8.60)
and
A= {(t,x) € [t,T] x RY: v°(t, ) — g(t,z) = 0}. (I11.8.61)

Again, since v = v, then A = A® and so, for every £ € Af,
8¢ =inf{s > t: (s, X5) € A} =inf{s >t:(s5,X$) € A} =7°, P-as. (I11.8.62)
Hence, from (I11.8.59), we obtain

v(t,x) < sup Jt,m(’rgag) < sup Jt,z(T§7£)7 (111863)
EEAS £e Ay

and the proof is complete. O
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ITI1.9 Regularity of the value function

In this section we show some regularity properties of the value function. In particular, we prove
that, under some assumptions, the value function satisfies the hypotheses required for the results

of the previous sections.

Recall that, by definition, in our optimisation problem (II1.3.3)-(II1.3.4) the underlying reference
probability system v € V; depends on the initial time ¢ € [0,7]. The first result of this section
shows that we can fix a common reference probability system vy that is suitable for every initial
time ¢ € [0,7]. To prove this, let vy := (0, F,P,{F;}icjo,r), W) € Vo be a standard reference
probability system starting at time 0, e.g., the canonical reference probability system. Thus, W is
a Brownian motion starting at time 0 and F; is the P-augmentation of 7P := (W5 : s € [0,1]).
Then, for every (¢,z) € [0,T] x R, we define

vo(t,x) :== sup 1o (1,6). (I11.9.1)
(T.€)ET, 0 x A0

Proposition II1.9.1. For every (t,z) € [0,T] x R?, we have v(t,x) = vo(t, x).

Proof. Let (t,z) € [0,T] x R* and define v; := (Q, F, P, {FL}sep, 1), W), where Wt := W, — W,
for every s € [t,T] and F! is the P-augmentation of 20 := o(W} : r € [t,s]). Then, v, € V; and

S

so, by Proposition I11.4.5, we have

v(t,x) = sup J{(T, ). (I11.9.2)
(TOET XA

It is immediate to see that v(t,x) < wvo(t,z) as F. C F, for every s € [t,T]. To show the
opposite inequality, we proceed as in the proof of Proposition I11.6.1 by using the regular conditional
probabilities. Let (7,£) € T,”° x A;° and, by the same argument as in (II1.4.2), let € £,° such
that J{9(,&) = I/5(n,€). By Corollary I11.4.2, let 1° and &° be the {F{}-adapted controls
indistinguishable from n and &, respectively. Moreover, let X := X ti€ and, by Lemma II1.4.1,
let X° be the {F}}-adapted process which is indistinguishable from X toie’ 0 and let p° be its

corresponding exit time from the domain O. By Proposition I11.5.4, we have that
= (Q, Fu, P, {F Y sepp . WH €V, 00 €&y, L eAl, Pae w, (I11.9.3)

where P, = P(-|F)(w) is the regular conditional probability given F{ and Fi¢ is the P,-
augmentation of F0. Finally, for P-a.e. w, let X¢ := Xtei€’ e and p¥ its corresponding exit

time from the domain O. Then, by an argument as in (IT1.6.15), we obtain that

Jio(T,8) = 15 (n,€)

=E[Z(t,n,¢, X, p)]
E[E[Z(t,n" % X°, p")| 7] (w)]
E[E., [Z(t,n°,€", X*, p*)]]
E[
E[

174 (n°, €9)]

v,a:]

IN

= o(t, z), (111.9.4)
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where the inequality follows from (II1.9.3) and Proposition I11.4.5. Taking the supremum over
(1,6) € T,”° x A° in (I11.9.4), we obtain that vo(t,z) < v(t,z) and the theorem is proved. O

While the formulation of the value function as in v(¢, x) is tailored to obtain the dynamic program-
ming principle, the formulation as in vy (¢, ) is more suitable to prove regularity properties, e.g.,
the continuity of the value function. Indeed, by introducing vg(t,z) we remove the dependence
of the underlying reference probability system on the initial time ¢. Thus, in what follows we
refer to the formulation vy (t, z) fixing the common probability system v and avoiding any explicit

reference to it. For instance, we denote A7° by A; also in accordance with the previous section.

In this section, we assume that the functions (s,y) — pu(s,y), (s,y) — o(s,y) are Borel-measurable
and that there exist L > 0, M > 0 such that for every y,z € R? and s € [t, T],

(s, y)| < M(1+ [yl), lo(s,y)| < M(1+[yl), (I11.9.5)
[u(s,y) —p(s,2)| < Lly =z, |o(s,y) —o(s,2)| < Lly — 2. (I11.9.6)

Under these conditions, the SDE (I11.3.1) admits a unique (up to indistinguishability) {F:}-
adapted solution which is P-a.s. left continuous with finite right limits. This follows by defining,
for s € [t,T], the Picard iterations

X! =z +&s,

S

xr ::ac—|—/ u(u,Xﬁ*l)du+/ o(u, X" HdW, + &, n>1, (I11.9.7)
t t

and applying the usual procedure (see, e.g., [6, Theorem 9.2]).

We now provide some standard estimates for the SDE (II1.3.1) that will be useful to prove the

subsequent results.

Proposition I11.9.2. There exists C1 = C1(M,T) > 0 such that, for every u € [t,T] and £ € Ay,

E[ sup |X§’$*5|2} <C; <1 + |z + E[ sup §S|2} >, (I11.9.8)

s€t,ul s€t,u]

]E[ sup |XD#E — x|2} <C; <(u —t)(1+|z*) + E{ sup |§S|2} > (I11.9.9)
sE[t,u] s€t,u]

Moreover, there exists Co = Cy(L, M, T) > 0 such that, for every (t1,x1) € [0,T] x R%, (t3,22) €
[tl,T] X Rd, fl € At1 and 52 € AtQ;

E[ sup |Xt171’11,§1_Xt27x2;§22:|
S S
s€[t2,T)

<Oy (1 + |.’1?1|2> (tz — 11+ |.”L'1 — $2|2 + E|: sup |fsl — €§|2:| ) . (111910)
s€[t2,T)

Proof. The proof follows from assumptions (I11.9.5)-(I11.9.6) by standard techniques for the esti-
mates of SDEs (see, e.g., Theorem 9.1 and Proposition 9.1 in [6]). O

Notice that if £ € A;, then

B| s 6| < 2(Bler?] +Eller) < . (11L9.11)
s€t,T]

85



CHAPTER III. SINGULAR CONTROL WITH DISCRETIONARY STOPPING

Remark II1.9.3. In this section, we consider no exit from the domain, i.e., we assume O = R¢

which implies p = T. Thus, for (1,€) € Ty X Ay, the gain functional reads as

Jx(1,6) = E{/; f(s,X$)ds —/[t )<c+(s),d§j> —/ (c_(s),de7) +g(r, X8|, (1119.12)

[t,7)

where, for the sake of simplicity, we have also assumed that g1 (T, -) = g2(T, ) and we have simply
denoted g5 by g. We make this choice because, in the general setting, it is challenging to prove the
continuity of the map (t,x) — pb®, which would be needed to obtain the regularity properties we
provide. However, this continuity can be obtained at least in some specific cases. For instance, if
O C R? is an open set, O denotes the closure of O and

p=inf{s >t: X, ¢ O}, (I11.9.13)

one can obtain this continuity by an argument as in, e.g., [29, Proposition 5.2]. In the dividend
problem [29], equality (I11.9.13) holds as in their setting O = (0,00), the controlled diffusion X
is a controlled Brownian motion with drift and the controls (the paid dividends) can only push X
down. Thus, when X hits 0 (and thus exits from O) it immediately exits from O = [0,00) by the
law of iterated logarithm, as the controller cannot push it up.
In this section we will make use of the following assumptions.
Assumption I11.9.4.
(A) There exist a € (0,1] and Ly, Ly > 0 such that
|f(t,x) — f(t,y)] < Lf|x7y|av tel0,T], =y eRda (I11.9.14)
|g(t,$) _g(tvy)| SLg|x—y|a7 te [OvT]a T,y eRd' (111915)

(B) There exist My, My, > 0 such that

|ft ) < Mp(1+|z)), te[0,T], zeR? (I11.9.16)
lg(t,x)] < My(1+|z]),  te[0,T), zeR% (I11.9.17)

(C) The exists M, > 0 such that

sup |cx(t)] < M.. (I11.9.18)
t€[0,T]

We now show that, under Assumption I11.9.4 (A), the gain functional satisfies the hypothesis of
Proposition I11.6.1.

Proposition 1I1.9.5. Under Assumption I11.9.) (A), for every compact set K C R? there exists
Ck > 0 such that, for every t € [0,T] and (1,€) € Ty x Ay, we have

|Jt,m(7_a 5) - Jt,y(7—7 §)| S CK|SC - y|a’ Vx,y € K (111919)
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Proof. Let t € [0,T], (1,€) € T; x Ay and z,y € K. We have

[Jea(7.€) = Jey (1. O] < E[ / [F(s, XE7) = f(s, X2¥)\ds + |g(r, XE7) = g(r, ng”}
t
s [ e e v
t

<2(LfTV LQ)E{ sup | XL — Xﬁvya}. (I11.9.20)
s€ft,T]

Then, by Jensen’s inequality and the estimate (II1.9.10), we have that

2
E[ sup |X§”” — Xﬁ’y|a} < E{ sup |X§“’ — Xﬁ’yﬂ
sE[t,T] sE[t,T]

<C7 (14 [zf) 2|z —y|*

a B
<03 <1 +max |x2> |z — y|®, (111.9.21)
faS
which completes the proof. O

As a corollary of Proposition I11.9.5, we also obtain that the function x — v(¢, ) is locally a-Holder

continuous uniformly in ¢ € [0, T).

Corollary I11.9.6. Under Assumption I11.9.) (A), for every compact set K C R? there exists
Ck > 0 such that, for everyt € [0,T], we have

lv(t,x) —v(t,y)| < Cklz —y|¥, Vz,yeK. (I11.9.22)

Proof. From (II1.9.19) there exists Cx > 0 such that, for every ¢t € [0,T], (7,€) € Ty x A; and
x,y € K, we have that

Jia(7,6) < Jiy(1,€) + Crlz — y|*, (111.9.23)
Jt’y(Tv §) < Jt,w(7'7 £+ CK|1' -yl (111.9.24)

Thus, taking the supremum over (7,&) € T; x Ay, we obtain

v(t,z) <wv(t,y) + Cklz —y|, (I11.9.25)
v(t,y) <v(t,z) + Cklz —y|, (I11.9.26)
which leads to the desired result. O

Notice that the regularity proved in (II1.9.22) for the value function v holds, a fortiori, for the value
function for continuous controls v¢. Thus, to obtain the continuity of (¢, z) — v°(¢,x) (required in

Theorem I11.8.7), we only need to prove that ¢ — v°(¢, ) is continuous for every z € R9.

Proposition I11.9.7. If Assumption II1.9.4 hold and the function t — g(t,x) is either continuous
or non-decreasing on [0, T| for every x € R?, then the function t v v°(t, ) is continuous on [0,T]

for every x € R?.
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Proof. Let 0 <t; <ty <T,z € R%and e > 0. Let (7°,£%) € Ty, x Af, be e-optimal for v(ts, z).
Then, 7° > t5 > t; and & = 0 for every s € [0,1]. Hence, (7°,£%) € Tz, x Af, and thus we have

W (b, @) — V5 (1, @) < € + oy 0 (75, 65) = T, (75, €. (I11.9.27)
Denoting X% ¢ by X for i = 1,2, we obtain

Jig.2(T5,6%) — Jiy a( [/ f(s,X32) ds—/ f(s, X1 } (111.9.28)

_E / 5),dest) — / dg“)} (I11.9.29)
[tz,‘l’s [thTE

_E / 5),des) / 5),des >} (I11.9.30)
tz,TE tl,Ts)

+E g(T ,X7e) — g(Tf,Xis)} (111.9.31)

For the term on the right-hand side of (I11.9.28), we have

E[ / " (s X2)ds - / : f(s,xbds}

< E[/T 5, 2) = J(s. XD +E[/ 5. X2

N

§LfTIE[ sup |X§X;|2:|2+Mf(t2t1)<1+E[ sup |X;|2} )

s€[t2,T) SsE[t1,t2]

< LTCE(1+|22)% (ta — 1) + My(ts — 1)

1
1 2
+ M;C? <1+|:1:|2+IE[ sup |§§|Q]> (ta — t1), (I111.9.32)

s€[t1,t2]

where we have used Assumption II1.9.4, Jensen’s inequality and the estimates (II1.9.8)-(IIL1.9.10).
Notice that the terms in (I11.9.29)-(111.9.30) are null as £ = 0 for every s € [t1,%s]. For the term
n (II1.9.31), we have

wlR

E[g(rs,ng) - Q(TE,XTle)} < LgE[ sup | X2 — Xsl‘z
s€[t2,T)
< LyC5 (1+ e (1 — )%, (111.9.33)
where we have used Assumption I11.9.4, Jensen’s inequality and the estimate (II1.9.10). Hence,

v (ta, ) —v(t1,2) < e+ Cr(L+|2) % (ta — t1) % + My (t2 — t2)

e (1+ |x|2+]E[ sup &5 Dz(t2 —t1), (I11.9.34)

s€E[t1,t2]
where él, éz > 0.

Now let (75,£°) € Ty, x Af, be e-optimal for v(t1,z). Define

7€ =TV ta, 56 i (fe * gtii)l[tg,T] (S)a s € [07 T]7 (111935)
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so that (75,£°) € Ty, X Af, where &= &5t — €5~ Hence,
Ve (tg, @) — v (1, ) > Jiy 0 (75,E5) — Jiy 2 (75,65) — . (I11.9.36)

Notice that dé* = d¢s% on [y, 7] and so also X*2:3¢° = X*2:° As above, we denote Xt
by X? for i = 1,2 and thus we have

i (75,65) = iy [/ f(s,X3) ds—/ f(s, XD } (I11.9.37)

_E / 5),dest) — / dg”)} (IT1.9.38)
[tz,‘l’s [th‘l’g

_E / 5),des) / 5),des >} (I11.9.39)
tz,TE tl,Ts)

+E g(T ,X2) —g(m5, XL )}. (I11.9.40)

For the term on the right-hand side of (I11.9.37), we have

—E[ / " (s, X2 - / . f(s,des]

<E H f(s,X2)ds — f(8, XD ds|1resg,y + f(s, X )ds 1{Ts<t2}}
to t1 ty
T to

<B| [ 165,32 = s xDlas| + | [ s 1Dl
to t1

o 1

2 2

gLfTE[ sup |X82—X81’2] —|—Mf(t2—t1)<1+]E{ sup |X;|Q] )
SsE€[ta,T) s€[t1,t2]

< LTCF (1+[a)3 (8 — 1) % + My(ts — 1)

+ M;C? (1 + |z|? +]E[ sup || D (ta — t1), (I11.9.41)

sE[t1,t2]

where we have used Assumption I11.9.4, Jensen’s inequality and the estimates (II1.9.8)-(IT1.9.10).
For the terms in (I11.9.38)-(II1.9.39), we obtain

E{ /[ | leslo).ag) - /[ el df?iﬁ

<E[ /[tﬁ)@i(s),dgg,g_/Wg)@i(s),dgg,i>’1{TEZt2}
o) [ st e
<E[[ el

< MCE[]gg — et } (I11.9.42)

[N
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where we have used Assumption I11.9.4 and Jensen’s inequality. For the term in (I11.9.40), we have

—E[g(7%, X2) — g(r*, X1.)]
—E[ (907", X2) = 97, X2) ) 1rezany + (9075, X2) = 9(t2,0)) Lo <ty
< E“Q(TE’ XL)—g(r%, X2) 1{7-62:&2}} + E“Q(TEa XL) - 9(7'6795)’1{7-5«2}}

+E [(g(fa z) — g(ta, z)) 1{Ts<t2}] (I11.9.43)

If t — g(t, ) is non-decreasing, then E[(g(7%,x) — g(t2,7))1{rc<4,3] < 0, otherwise,
~E[g(%, X2) - g(r°, X1

3 3
SLg]E[ sup ’X;—Xfﬁ] +LQE[ sup |X51—w’2]
s€[t2,T) s€[t1,t2]

—I—E[ sup |g(s,z) — g(tz,m)|]

s€[t1,t2]

< LGy (L+|z*) 2 (t2 — 1) + sup |g(s,2) — g(ta, )|
Se[t17t2]

+L90§((t2—t1)(1+|x|2)+151[ sup |g§|2]> : (I11.9.44)
sE[t1,t2]

where we have used Assumption II1.9.4, Jensen’s inequality and estimates (II1.9.9)-(II1.9.10).

Hence,

V9 (ta, ) — v°(t1, @) > —e + Cr(L+ |2]?) % (to — t1) T — My(ta — t1)

Nl

+C'2<1+|x|2+E[ sup |§§’2]> (ta — 1)

SE[t1,t2]
(el - ) e - ))

+ C'3<(t2 —t)(1+ |z)?) + IE[ sup y§§|2Dg

s€[t1,t2]

— sup |g(s,z) — g(t2,2)|, (111.9.45)

s€[t1,t2]

where C’l,ég,é'g < 0. Therefore, by letting t; — to (or equivalently to — 1) in (I11.9.34) and
(IT1.9.45), using the dominated convergence theorem and the continuity of ¢ — ff’i and t — g(¢,x),

we obtain that

(0 2) o ()] = (oauiv,Tim [0(02,2) — o5 (t,2)] <), 9
tlh_r}rg [v€(te, ) — v°(t1,x)| < e [equiv t}l_lgl |v€(te, ) — v°(t1,x)| < e (I11.9.46)
Since ¢ > 0 is arbitrary we reach our desired result. O

As a consequence of Corollary I11.9.6 and Proposition 111.9.7, we obtain that the value function
for continuous controls (¢, z) — v°(t,x) is continuous. Notice that, a fortiori, we also obtain that
the value functions for Lipschitz controls (¢, ) — v, (t,x) are continuous for every n € N. These

results are required in Theorem II1.8.7.

Corollary II1.9.8. The value function for continuous controls (t,x) — v°(t,x) and the value
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functions for n%-Lipschitz controls (t,z) v v, (t,x) are continuous on [0,T] x R¢ for every n € N.

In the last part of this section we show that also hypothesis (I11.8.52) holds, i.e., that the value
function for singular controls v can be approximated by the value functions for n2-Lipschitz controls
vy,. To obtain this result, we first introduce a lemma which shows how to build, for a fixed control
€ € Ay, a sequence of n2-Lipschitz controls (£"),en such that &" € AP and £ converges to &

pointwise. The construction of (™), ¢y is inspired by [32, Proposition 5.5].

Lemma IT1.9.9. For every £ € Ay, there exists a sequence (§™)nen such that §" € A} for every
n € N and, for every s € [t,T], we have

lim ¢ =¢&,, P-as. (111.9.47)
n—oo
Moreover, for every T € T¢, we obtain
T n
lim IE[ / |X¢ —X§|2ds] =0 (I11.9.48)
n—oo t
lim ]E[|X$" - Xﬁﬂ —0. (111.9.49)
n—oo

Proof. Let & € A;. To simplify the notation, let us assume that ¢ is P-a.s. non-decreasing. In the
general case, one can simply apply the following argument to £+ and £~ separately. Let n € N
and define

&= / ©"(s —r)d&., selt,T], (111.9.50)
[t,T)
where ¢"(s) := (ns) VOA 1 and £ := £ A n. For every r,s,u € [t,T], we have that
" (s —7) — " (u—r)| < n|s—ul, (I11.9.51)

and so we immediately obtain that £" is n2-Lipschitz. Moreover, for every s € [t, T, we have that
=& 11y, p(s)+n / (s — r)dé,. (111.9.52)
A [s=%.9)
Thus, £" € A7 and || < |&5], P-a.s. Also, for every s € [t,T], we obtain

€ — &l < Vs Ty () — &l + 1 — &, s ). (1119.53)
Letting n — oo and using the P-a.s. left-continuity of £, we obtain the first desired result (I11.9.47).

By using the assumptions (I11.9.5)-(II1.9.6) and standard techniques for the estimates of SDEs
(e.g., Holder’s inequality and Doob’s inequality), for every s € [t, T], we obtain

B[xS" - x5P] < cE| [ X8 - x$Pau+ I -6
t

_ / CE (18" — 8| au + OE[je7 ~ &.17], (I11.9.54)
t

for some constant C' > 0 and where we have used Fubini’s lemma in the equality. Since o (s) :=
E[|X¢" — X§|?] and "(s) := CE[|£7 —&,|?] are non-negative and bounded, we can apply Gronwall’s
lemma and have that

a(s) < B"(s)e’T. (IT1.9.55)
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By letting n — oo, using dominated convergence theorem and (IT1.9.47), we obtain that

lim E[|X§" - Xgﬂ =0, seltT). (I11.9.56)

n—oo

Consequently, by applying Fubini’s theorem and dominated convergence theorem, we also have
that

T T
lim E[/ x¢" —X§2ds} :/ lim E“Xﬁ" —X§|}ds —0, (111.9.57)
t t

n—oo n— oo

and (I11.9.48) is proved. Now let 7 € Ty, then in a similar way as in (I11.9.54) we obtain
n T n
E[|X$ - XEP] < CE[/ 1X§" X§|2ds} + C]E[m - §T|2]. (111.9.58)
¢

By letting n — oo, using (I11.9.57), (I11.9.47) and dominated convergence theorem, we obtain the
desired result (I11.9.49) and the theorem is proved. O

Proposition I11.9.10. Under Assumption I111.9.4 (A) and if s — c4(s) is continuous on [0,T],
we have that
lim v, (t,z) = v(t,x), V(t,2)€[0,T] xR (I11.9.59)

n—oo

Proof. Let (t,x) € [0, T]xR%. Clearly, we have v, (t, ) < v,11(t,7) < v(t,z) for every n € N and so
lim,, o0 v, (¢, 2) < v(¢, x). Thus, we need to prove the opposite inequality. To simplify the notation,
let us consider the case where the controls £ € A; are non-decreasing, i.e., £ = . Otherwise,
simply apply the following argument to £ and £~ separately. Let € > 0 and (7°,£°) € T; X A; be
e-optimal for v(t, ), i.e.,

Ji2(75,6%) > v(t, x) —e. (I11.9.60)

Since € > 0 is fixed, we simply denote (7¢,£%) by (7,€). For every n € N, let £&* € A} be the
n?-Lipschitz approximation of £ as in (I11.9.50). We now want to show that

lim Ji o (7, €") = Jua(r ). (I11.9.61)

For every n € N, we have
€)= Jua(r O < B[ [ 176, XE) = 105, X9

o8] [ enaen- [ J)<c<s>,d§s>]

+E[\g(7, X&) — g(r, Xﬁ)@ (I11.9.62)

Then, by using Assumption I11.9.4 (A) and Jensen’s inequality, we obtain

T g
[ia(ri€") = Jear ) < | [ 1X8" - x5P)

+EU/”) 5),d€D) /[t’T)<c(s),dgs>]

+ CgE[\Xg . X£|2] , (111.9.63)

where Cy,C, > 0. Now, let w € Q. If &r(w) = 0 then, by definition (I11.9.50) (and mono-
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tonicity), we obtain £"(w) = £(w) = 0. Also notice that, by definition (II1.9.50), if &r(w) > 0
then % (w) > 0 for every n € N. Thus, if £&7(w) > 0 then s — ((w) = & (w)/Ef(w) and
s (s(w) = &eq (W) /€r(w) are cumulative distribution functions on [t, T for every n € N. More-
over, by (I11.9.47), we obtain that (" — (s, P-a.s. for every s € [t,T| which is a continuity point
for . Therefore, since s — ¢(s) is continuous (and bounded), we have on {{r > 0}

lim [ (e(s),de") = lim € / (e(s), dC™)
n—oo [t,T) n—oo [t7T)
:g adCS
. /[ JOR™S
:/ (c(s),d&s), P-as. (I11.9.64)
[t,7)

Hence, letting n — oo in (I11.9.63) and using (I11.9.48), (I11.9.49), (I11.9.64) and the dominated

convergence theorem, we obtain

lim [T, (7,€") = Jia(7, )] = 0. (11.9.65)
Finally, we have that
lim v, (¢, z) > Um J;,(7,&") = Jpo(7,§) > v(t,x) — ¢, (I11.9.66)
n—oo n— o0
and letting ¢ — 0 we obtain our desired result. O

II1.10 Miscellaneous results

In this last section, we show some miscellaneous results. First, we show that under conditions
(I11.9.5)-(I11.9.6), the assumption (I11.4.24) holds.

Proposition I11.10.1. Let v = (Q, F,P,{F!},W), 0 = (Q, F,P,{F!},W) € V;. Let £ € AY,
ne&l, e AY andij € &) be such that Lp(¢X,n, W) = E]@(é .7, W). Then,
Lo(EF,0, X5, p) = La(EF,7, X5, p°7). (I1.10.1)

Proof. Let us denote X &7 and péf’ by X and p, respectively. We start by proving that

Le(E5,m, X) = Ls(E5, 7, X). (I11.10.2)
For s € [t, T], we define the Picard iterations
X) =z +&,
X! =+ / p(u, X2~ du + / o(u, X AW, + &, n>1, (II1.10.3)
t t
and similarly
X0 =z +¢,,

Xl=zx +/ p(u, X2 1 du +/ o(u, XV HAW, + &, n>1. (I11.10.4)
t t
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By standard arguments, exploiting the sub-linear growth (IT1.9.5) and the Lipschitz continuiuty
(I11.9.6) (see, e.g., [6, Theorem 9.2]), we obtain that

IP’( lim X" = X,, Vs € [t,T]) = IFD( lim X" = X,, Vs e [t,T]) =1 (I11.10.5)

n—oo n—oo

In order to obtain (IT1.10.2) we now prove, by induction, that
Lp(EE,n, W, X™) = La(EE,7,W,X™), Vn>0. (I11.10.6)

The case n = 0 follows immediately from the hypothesis Lp(¢+,n, W) = E]F,(gi, 7, W). Thus, let
us assume that for all k& < n we have that Lp(£*,n, W, X*) = L:na,(gi,ﬁ, W, X*). This also implies
that Lp(£F,n, W, Xk, u(-, X*)) = Eﬂs(éi, ﬂVNV,Xk,u(-,X.’“)) and so (see, e.g., [75, Theorem 8.3|)

o (€%, m, W, X%, / i, XE)du) = £5 (65,7, W, X, / p(u, K)du). (I11.10.7)
t t

Then, we also obtain that

ce(g*n WX, [ utu Xbdu o, X1)

t

zﬁ@(éiﬁ, V~V7)~(k,/ u(u,)zf)du,a(~7)~(,k)), (I11.10.8)

t

and so (see, e.g., [75, Theorem 8.6])

Lot W, [t xbdu, [ otu xbaw.)
t t

:ﬁfp(éi,@vf/,/ u(u,X’fj)du,/ a(u,X{j)qu). (I11.10.9)
t t

Hence, we have
Lo(€F,n, W, XM = L3(65, 7, W, XM, (I11.10.10)

which proves (II1.10.6). Thus, from (II1.10.5), (II1.10.6) and the same limit argument as in
(I11.4.22), it follows that
Lo(€5,m, X) = £3(EF,7, X), (ITL.10.11)

i.e., our first objective (II1.10.2).

Now let t < 81 < 83 < ... < s, <T, B e B(R"34D) and B € B([t,T]). To show the final thesis
(I11.4.24), we want to prove that

P((&, 15 Xs,)iy € B,p € B) =P((65, 75, Xs,)1-y € B.p € B). (I11.10.12)
To reach this result it is sufficient to show that, for every u € [t, T], we have

P((€5 s Xo )iy € By p = u) = P((E5 7, X )iy € By > ), (II1.10.13)
which is equivalent to

P((gianswxsz')?:l € B {X,4 €0,Vse [t,u)})
P((€,7s,, X, )iy € B, { Xy € O,V s € [t,u)}). (I11.10.14)
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This last equation holds by (II1.10.2). Thus, also (IT1.4.24) holds and the proof is completed. [

We now show that (IT1.8.7), which is essential to obtain the optimal stopping rule, holds under
Assumption I11.9.4 (B)-(C). Notice that the integrability condition in (IT1.8.6) is also implied by
(I11.8.7). In the following proposition we set the same framework of Section III.9.

Proposition II1.10.2. Let £ € A;. Under Assumption I11.9./ (B)-(C), we obtain that

]E[ sup |Y'(¢t, s,§)|2] < 0. (I11.10.15)
s€[t,T)

Proof. By Holder’s inequality, we have that

T
E| sup |Y<t,s7s>|2]<cm[ [ s xPas + /[ JRCAEIRY

s€t,T]

[ de@Rag)+ s o XOP]. o)
[t,T) s€[t,T)

Now notice that, by Assumption I11.9.4 (C), we obtain

d
ariey [ ag)
t,T) ; [t,T)
SMS(ZGHZ&”)
i=1 i=1

= M2VAIgF|+ ez 1] (I11.10.17)

/[t e g + /[ e Grag) < M(i /[

Thus, from Assumption I111.9.4 (B)-(C) and (II1.9.8), we obtain

E| sup |Y(t7s,§)|2] Sél(l—l—E{ sup |X§2} )

s€t,T] s€t,T]
+Ca(EflP]” +2[err])
< 00, (I11.10.18)
where C’l, Cy > 0 and we have also used Jensen’s inequality. O

I11.11 Conclusions

In this chapter we have developed a detailed probabilistic study of singular control with discre-
tionary stopping problems. After setting the framework and showing that our optimisation is
independent on the reference probability system, we have rigorously proved the dynamic program-
ming principle for this class of problems, which is the main result of our work. As the control
problem we study is in general non-Markovian, we need to rely upon the technical concept of regu-
lar conditional probabilities to provide a pseudo-Markov structure essential to obtain the dynamic
programming principle. In addition, we have provided an optimal stopping rule for this class of

problems under some strong technical assumptions.
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We have extended the work by Haussmann and Suo [52] by additionally including in the framework:
(i) discretionary stopping, (ii) terminal gain functions and (iii) an exit time from a fixed domain.
Our work is designed to directly provide the dynamic programming principle to a reader who is
working on a specific problem of singular control with discretionary stopping. As we follow closely
the analysis by Fabbri, Gozzi & Swiech [43], who obtain the dynamic programming principle for
classical control problems, our work seems extendable to include also classical controls. We also
aim to obtain the dynamic programming principle for the finite-fuel case and when considering
stopping times and not only deterministic times. Finally, we would like to extend the optimal

stopping rule by obtaining this result under milder assumptions.
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Chapter IV

On a remarkable decomposition of

measures by Dellacherie

In this chapter I present my doctoral research on some decompositions of measures and processes.
The core decomposition of this work was defined in [34, Ch. II, Sect. 2, Thm. T14]. We provide
an original proof for this decomposition, we study some of its properties and we show how several

well-known decompositions can be derived from it.

IV.1 Introduction

In mathematics, the concept of decomposition is often associated with a notion of orthogonality.
Namely, the different parts constituting a decomposition are, in some mathematical sense, orthog-
onal to each other. In measure theory and stochastic analysis, several decompositions of measures
and processes have been defined and studied. Since most of these decompositions have been built

in distinct frameworks, they reveal different concepts of orthogonality.

Whilst studying the connections between some of these decompositions, we discovered a decompo-
sition of measure that was unknown to us (and we believe to many others). This decomposition
was introduced by Dellacherie in [34, Ch. II, Sec. 2, Th. T14] and can be stated as follows: given
a o-finite measure p : Q — [0,00] on a measurable space (Q, F) and a sub-family G C F closed

under countable unions, there exists a set G, € G and a unique decomposition

M::ug""_ué7 (IV'l'l)

where p(GS) = 0 and g (G) = 0 for every G € G.

Although very simple in its statement, this decomposition turns out to be remarkably powerful
and, as stated by Dellacherie, deserves to be classical (“mériterait d’étre classique”). Indeed, as
we show in this chapter, several well-known decompositions of measures and processes can be
obtained as simple corollaries of Dellacherie’s decomposition (IV.1.1). This work aims to advertise
this decomposition and to improve it in several directions which we now outline. In Section IV.2
we propose a simple original proof of decomposition (IV.1.1), based on the concept of essential

supremum, and we outline some initial properties. In fact, Dellacherie’s proof in [34, Ch. II,
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Sect. 2, Thm. T14] was initially not clear to us and relies on several non-obvious properties of the
order between measures with no specific mention; we also show how well-known decompositions
(and some new potentially interesting decompositions) for (positive) measures can be obtained
as a simple corollary of (IV.1.1). In Section IV.3 we vastly extend the range of applicability of
Dellacherie’s decomposition by establishing a version of the theorem for vector measures. Thus,
we show how this extension can be applied to signed measures to derive the Jordan decomposition
and to the stochastic integral to obtain a decomposition of semimartingales due to Bichteler [15,
Theorem 4.4.5]. Finally, in Section IV.4 we study some regularity properties of the decomposition

with respect to the order and with respect to the topology.

IV.2 Dellacherie’s decomposition for positive measures

In this section we present the central theorem of this work (see Theorem I1V.2.1), introduced by
Dellacherie in [34, Ch. II, Sect. 2, Thm. T14], for which we propose a simple original proof based on
the notion of essential supremum. We also show how to easily derive well-known decompositions

of measures from it and we propose some potentially interesting applications.

Throughout the whole chapter, we consider a fixed measurable space (€2, F). We say that u is a
positive measure (or simply a measure) if it is a map u : F — [0, o] such that u(2) = 0 and which

is countably additive on F.

Theorem IV.2.1. Let u be a o-finite measure on (2, F) and G C F be closed under countable

unions. There exist a set G, € G and two measures g and ué such that

= pg + g, (IV.2.1)
where pug(GS) = 0 and pg(G) = 0 for every G € G. Moreover, the decomposition (IV.2.1) is

unique.

Proof. First, let us assume that p is a finite measure and let

S := p-esssup la. (Iv.2.2)
Geg

Then, there exists {G,}nen such that sup, 1g, = S, u-a.e. (see, e.g., [79, Lemma 1.3]). Thus,
setting G, := U,,G,, € G, we obtain

1g, =suplg, =5, p-ae. (Iv.2.3)
neN
Hence, if G € G then 1¢ < S = 1g,,, p-a.e., and so u(G N GY) = 0. Therefore, defining g(-) :=
u(-NG,) and pg == p(-N GY,) we obtain the desired result (IV.2.1).

If p is, more generally, o-finite then there exists f > 0 such that f € L'(u) (see, e.g., [81, Lemma
6.9]). Therefore, we can apply the same argument as above to the finite positive measure dv = fdu

and obtain the desired result.

To prove uniqueness, assume there exists CNY'H € g, fg, ﬁé such that p = fig —i—ﬂé, g (G’Z) =0 and
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[ig(G) = 0 for every G € G. Then, we must have

16 (F) + g (F) = jig(F) + fig (F), VFeF. (IV.2.4)

Let F' € F, by setting G = G, U éu € G, we obtain

— ig(F), (IV.2.5)

where in the second equality we have used (IV.2.4) and in the third equality we have also used
that ug (F N G) = iz (F N G) =0 as G € G. Consequently, we also obtain that pg (F) = jig (F)
for every F' € F. Hence, the decomposition is unique. O

Remark IV.2.2. The set G, € G is in general not unique. However, if Gi,Gi € G both satisfy
decomposition (IV.2.1), then it immediately follows that u(G), \ G2) = u(G% \ G},) = 0. Namely,

the set G, is unique up to p-null sets. In fact, G, is a representative of the equivalence class
G, :={GeG: u(GAG,) =0}, (Iv.2.6)

where f(GAG,) := u(G\ G,) + (G, \ G). Hence, l(FNG}) = w(FNG?2) for every G, G € G,
and F' € F, and so the measures g and ,ué- are well-defined. We will then call pg and ,ué-,
respectively, the G-diffuse part of i and the G-orthogonal part of .

Remark IV.2.3. As we expect by its construction using the concept of essential supremum, the
set G, is a maximum of G with respect to the p-a.e. order. Indeed, we have that (G \ G,) =
wW(GNGE) =0 for every G € G, ice., 1g < 1¢g
functions, this means that G C G, p-a.e.

w-a.e. By identifying the sets with their indicator

n’

Remark IV.2.4. Notice that if G is not closed under countable unions but admits a mazimum
G, € G, either with respect to the u-a.e. order or more importantly with respect to the pointwise
order (the order of inclusion of sets), then Dellacherie’s decomposition (IV.2.1) trivially holds by
setting pg(-) == p(- N Gy) and pg(-) = p(-N GY,). Notice also that for this variant of Theorem
IV.2.1, u: F — [0,00] does not need to be countably additive (as we do not need the concept of
essential supremum) but it suffices to be finitely additive.

We now illustrate some applications of Theorem IV.2.1. First, we show how to obtain two of the
most relevant decompositions of measures, the Lebesgue decomposition and the atomic/non-atomic

decomposition, as a simple and direct corollary of the theorem.

Recall that a measure p and a measure v are (mutually) singular if there exists A € F such that
u(A) = v(A°) = 0. A measure p is absolutely continuous with respect to a measure v if v(4) =0
implies u(A) =0 for A € F.

Corollary IV.2.5 (Lebesgue decomposition). Let p and v be two o-finite measures on (2, F).

There exist two measures pu*c, u® such that
po=p" (Iv.2.7)
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where p*c is absolutely continuous with respect to v, and u® and v are singular. Moreover, the

decomposition (IV.2.7) is unique.

Proof. Let G := {A € F : v(A) = 0}, which is closed under countable unions. Thus, Theorem
IV.2.1 applied to p and G provides the unique decomposition p = ungué where pg is concentrated
on a v-null set G, € G and every v-null set G € G is a /@-—null set. Hence, pu®° := /Lé‘ and p° 1= pug
satisfy the required decomposition (IV.2.7). O

Recall that a set A € F is an atom of a measure y if ;1(A) > 0 and for every B € F with B C A
either u(B) = 0 or p(B) = pu(A). We say that a measure p is (purely) atomic if every measurable

set of positive measure contains an atom and non-atomic if it gives null measure to every atom.

Corollary IV.2.6 (Atomic/non-atomic decomposition). Let p be a o-finite measure on (2, F).

There exist two measures uP*, u™* such that
po=pr + ", (IV.2.8)

where pP® is purely atomic and p™* is non-atomic. Moreover, the decomposition (IV.2.8) is unique.

Proof. Let G be the family of all the countable unions of atoms, which is trivially closed under
countable unions. Theorem IV.2.1 applied to p and G provides the unique decomposition pu =
g + /LJQ‘ where g is concentrated on a countable union of atoms G, € G and ué‘ gives null
measure to every atom. Hence, u?* := pug and p™* := ,ué- satisfy the required decomposition
(IV.2.8). O

One of the two key components of Theorem IV.2.1 is the the family G C F which only needs
to be closed under countable unions. We now show some possible choices of G that lead to the
corresponding Dellacherie decomposition of a measure p into its G-diffuse part pg and its G-
orthogonal part ,Lté‘. In particular, there are two main operations that provide suitable choices of

g.
1. Given a family H C F, then the family G := H containing all the countable unions of sets
in H is trivially closed under countable unions.
2. Given a collection {G;};cr of G; C F all closed under countable unions, then also G := N;G;
is closed under countable unions.
Among the potentially interesting applications of these operations, we mention the following ones.
(i) Let F be the Borel o-algebra of a topological space  and H C F be the family of closed
sets, then G := H is the family of the so called F, sets, i.e., countable unions of closed sets.

(ii) Let F be the Borel o-algebra of a topological space €2 and H C F be the family of nowhere
dense sets, then G := H? is the family of meagre sets (also called sets of first category; see,
e.g., [1, Section 3.11]).

(iii) Let {u;}ier be measures on (2, F) and G; be the family of p;-null sets, then G := N;G; is the
family of so called polar sets for the measures {y;}ics (see, e.g., the definition in [20, Section
1.1]).
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IV.3 Dellacherie’s decomposition for vector measures

In this section we show how Theorem IV.2.1 can be extended to vector measures and how this
extension allows to derive further well-known decompositions. We first introduce some definitions

and results about vector measures.

Let (V,]-]) be a Banach space. A vector measure is a set-function © : F — V such that (&) =0
and which is countably additive. Namely, for any sequence (A, ),en C F of pairwise disjoint sets

it holds
k

Jim |e(nL:J1 A,) =Y O(Ay)] =0. (IV.3.1)

n=1

For a vector measure © : F — V', we define two associated set functions. The (total) variation |©|
of O is defined as

|0|(A) := supz |©(4;)], AeF, (IV.3.2)

where the supremum is taken over all the finite partitions (A4;)7; of A.

The semi-variation ||©|| of © is defined as
1811(4) :=sup| Y iO(A)|, AeF, (Iv.3.3)
i=1

where the supremum is taken over all finite collections of real numbers «; such that |a;] < 1 and
all finite partitions (A4;)"; of A. In particular, we remark that for the semi-variation the following
properties hold (see, e.g., [37, Ch. 4, Sec. 10, Lem. 4])

(i) 0<10(4)] <|6]|(A) < < for every A € F.
(ii) ||©]|(B) < ||©]|(A) for every B C A with A, B € F.

It is now easy to see that the definition of semi-variation IV.3.3 and the properties (i) and (ii) yield

{AcF:||0||(A) =0} ={AcF:0(B)=0,YBCABEeF} (IV.3.4)

This naturally provides the correct definition of ©-null set for a vector measure © : F — V.
Namely, we say that A € F is ©-null set if ©(B) = 0 for every B C A, B € F. In this case, we

also say that © is concentrated on A°€.

The semi-variation also allows us to introduce the concept of control measure for a vector measure,
which generalises the concept of absolute continuity to vector measures and is essential in the
extension of Dellacherie’s decomposition theorem. We say that a (finite) positive measure 6 : F —

[0,00) is a control measure for a vector measure © : F — V if
{AeF:0(A) =0} C{AecF:|O]|(A) =0} (Iv.3.5)
By (IV.3.4), we thus have that if § : F — [0, 00) is a control measure for © : F — V then
{AeF:0(A)=0}C{AeF:0(B)=0,YBC A BeF} (Iv.3.6)
ie., if A € F is a O-null set, then it is also a ©-null set. Consequently, if 6 is concentrated on
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A € F, then also © is concentrated on A € F.

As proved in [37, Ch. 4, Sec. 10, Lem. 5], every vector measure admits a control measure. In fact,
it is shown that every vector measure © : F — V admits an equivalent measure 6 : F — [0, 00),
ie.,

{Aec F:.0(A) =0} = {A e F:|0]|(4) = 0}. (IV.3.7)

We are now ready to state and prove our extension of Theorem IV.2.1 to vector measures.

Theorem IV.3.1. Let © be a vector measure on (Q, F), G C F be closed under countable unions.

There exist a set Go € G and two vector measures Og and @é‘ such that
0 =06 + 64, (IV.3.8)

where Og is concentrated on Go € G and every G € G s @é—null. Moreover, the decomposition
(IV.3.8) is unique.

Proof. Let 6 be a control measure for ©. Since 6§ is a (o-finite) positive measure, we can apply
Theorem IV.2.1 to # and G and obtain Gy € G such that 0g(-) := 0(- N Gy) is concentrated on
Gp and Og == 0(GNGG) = 0 for every G € G. Let Gg := Go € G, Og(-) := O(- N Ge) and
05 () == ©(-NG). Since ||Og]|(-) = ||6]|(- N Geo) and 6 is a control measure for © then fg is
a control measure for ©g. As fg is concentrated on Gy = G, then also Og is concentrated on
Ge. Since 0 is a control measure for © and G N G§ = GN GG is a G-null set for every G € G,
then it is also a ©-null set, i.e., every G € G is a @é‘—null set. Hence, the desired properties for the
decomposition (IV.3.8) are proved.

To prove uniqueness of the decomposition, consider another set Gg € G and two vector measures
O¢ and (:)é- such that © = Og + C:)é, Qg is concentrated on Gg and every G € § is C:)é:—null.
Namely Og(F N GE) =0 and (:)é-(F NG) =0 for every F' € F and G € G. Hence,

Og(F) = ég(Fﬂ é@) + ég(Fﬂé%)
= @(F n é@) — éé(F N é@)
=0(FNGoe), (IV.3.9)

and so also (:)é(F) = O(FNGS). Finally, to show that Og(F) = Og(F) (and so 05 (F) = (:)é(F))
for every F' € F, set G = Go UGo € G and use that

Og(F) +©F(F) = Og(F) + ©5(F), VFe€F, (IV.3.10)

and an argument as in (IV.2.5). O
Remark IV.3.2. Notice that, similarly to Theorem IV.2.1, the set Gg is unique up to unions
with ©-null sets.

A straightforward example of vector measures is given by signed measures, i.e., real-valued (vector)
measures. It is possible to uniquely decompose a signed measure p into a difference of two singular
positive measures, i.e., u = p* — p~ where u* and p~ are two singular positive measures. This

decomposition is known as Jordan decomposition (see, e.g., [50, Ch. VI, Sec. 29)]).

We now show how to obtain the Jordan decomposition of a signed measure p as a simple corollary
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of Theorem IV.3.1. To this extent, we first need to state and prove a general lemma about signed
measures. We say that A € F is a positive set (for a signed measure ) if for every B € F such
that B C A we have u(B) > 0. Analogously, we say that A € F is a negative set if for every B € F
such that B C A we have u(B) < 0.

Lemma IV.3.3. Let i1 be a signed measure on (2, F) and A € F such that u(A) > 0. Then, there
exists A € F such that A C A, A is positive and u(A) > 0.

Proof. If Ais positive then A = A satisfies the desired result. Otherwise there exists B € F, B C A
such that u(B) < 0. Let n; € N be the smallest integer such that there exists By € F, B; C A
and p(B1) < —1/n;. Then, let A; := A\ By and notice that p(A;) = p(A) — p(B1) > p(A) > 0.
If A, is positive then A = A, satisfies the desired result. If not, continue inductively and at the
k-th step either Ap_1 := A\ Uf;llBi is positive (and then the proof is complete) or let ny € N
be the smallest integer such that there exists By € F, By C Ap_1 and u(Bg) < —1/ng. Notice
that ny > ng_; for every k. If we never stop, let A :== A\ U2, B;. Notice that, since (B;)en
are disjoint, we have again u(A) = p(A) — Yoo, u(B;) > p(A) > 0. We just need to prove that
A is positive. Suppose that, by contradiction, there exists N C A such that u(N) < 0. Since
0 < pu(A) < oo, from p(A) = p(A) + 32, u(B;) we obtain that the series > o, u(B;) converges.
Thus, lim; . p(B;) = 0 and so lim; 00 1/n; = 0. As p(N) < 0, we can find k € N such that
w(N) < —=1/(ng — 1). Since A C Aj_1, then also N C Ay_; and so u(N) < —1/(ny — 1) would
imply that the definition of ny is violated by nx — 1, and thus would lead to a contradiction. [

Corollary IV.3.4 (Jordan decomposition). Let p be a signed measure on (2, F). There exist two

positive singular measures u and p~ such that p = pu™ — p~ and the decomposition is unique.

Proof. Let G be the family of positive sets, which is closed under countable unions. Thus, Theorem
IV.3.1 provides a positive set G, € G and the unique decomposition p = pg + pug where pg(-) ==
u(-NG,) and pg(G) = p(G N Gf,) = 0 for every G € G. Hence, ug(A) > 0 for every A € F.
Moreover, ué(A) < 0 for every A € F. Indeed, assume by contradiction that there exists A € F
such that pg (A) > 0 then, by Lemma IV.3.3, there exists A € F such that A C A, A is positive
(i.e., A € G) and g (A) > 0 which is a contradiction. Thus, u* := pg and p~ := —pg form the

Jordan decomposition of p. O

Remark IV.3.5. Notice that the variation |u| of the signed measure p satisfies |p| = p* + p~
and that (G, GY,) form a Hahn decomposition of Q (see, e.g., [50, Ch. 6, Sec. 29]).

Another remarkable example of vector measure is the stochastic integral. We only report some
definitions and results on this topic (which is rather technical), as our aim here is simply to show
an application of Theorem IV.3.8 for the stochastic integral. We refer to, e.g., [86] and [13] for a

deeper study of the link between vector measures and stochastic integral.

Let T > 0 and (Q,F,{Fi}icpo,r),P) be a complete filtered probability space. We say that a
process X := (X¢)¢ejo,7] is an HP-semimartingale (1 < p < 00) if it admits a unique decomposition
X = M + A where M is a local martingale and A is a predictable finite variation process such that

T P
E{ sup |Mt|p} < o0, and ]EK/ |dAt> ] < 00. (Iv.3.11)
0

t€[0,T]

Let P be the predictable o-algebra on [0,7] x Q, then X is an HP-semimartingale if and only if
the stochastic integral Iy : P — LP defined by Ix(A) :=14- X := fOT 1,4 dX; is a vector measure
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(see, e.g., [86, Theorem 3.1]). Moreover, the finite positive measure defined on P by
Ox (dt x dw) := (d[M, M]t%(w) + |dA;(w)])dP(w) (Iv.3.12)

is a control measure for the vector measure I'x (see, e.g., [86, Theorem 3.4]). This argument can be
extended to semimartingales. Indeed, let X be a semimartingale on a complete filtered probability
space (2, F, {Ft}iepo, 1), Q) then (see, e.g., [80, Chapter 4, Theorem 34]) there exists an equivalent
measure P ~ Q such that X is an H>?-semimartinagale under P. Thus, fx as in (IV.3.12) is a

control measure for X = M + A, where X = M + A is the canonical decomposition of X under P.

We now show how to obtain one decomposition of processes that appears in [15, Theorem 4.4.5] as
an application of Theorem IV.3.1 to the stochastic integral. To do so, we first recall some notions.

For a stopping time 7, we denote by [r] its graph, i.e.,
[7] :=={(t,w) € [0,T] x Q: 7(w) = t}. (Iv.3.13)

We will say that a set J C Q x [0,77] is thin if J = U,[7,] for some stopping times (7, )nen; we
call such J a thin predictable set if J = U,[7,,] for some predictable stopping times (7, )nen, and
a thin totally inaccessible set if J = U, [r,] for some totally inaccessible stopping times (7,,)nen-
We will use that the set of jumps J := {AX # 0} of a cadlag adapted process X is a thin set (see,
e.g., [56, Proposition 1.32]). We will say that a cadlag process X has predictable jump times if
{AX # 0} is thin predictable, and that it has totally inaccessible jump times if {AX # 0} is thin

totally inaccessible.

Corollary IV.3.6 (Bichteler decomposition). Let X be a (cadlag) semimartingale. There exists
a thin predictable set P € P such that

X=Y+2, (IV.3.14)

whereY = 1p-Y and Z has totally inaccessible jump times. Moreover, the decomposition (IV.3.14)

18 UNIqUE.

Proof. Let G be the family of predictable thin sets, which is trivially closed under countable
unions. By applying Theorem 1V.3.1 to G and the vector measure © := Ix : P — LP, defined
by Ix(A) := 14 - X, we obtain a predictable thin set P := Gg € G. Let us set Y := 1p - X,
Z :=1pe-X. Since 1p1lp = 1p and the stochastic integral satisfies H - (K - X) = (HK) - X, we
have

Y=1p-X=(plp)- X =1p-(1p-X) =1p Y. (IV.3.15)

Moreover, Theorem IV.3.1 also gives that
0=03(G)=0(GNGE) =Ix(GNP°) =1gnp-- X, VG EQG. (IV.3.16)
Let 7 be a predictable stopping time then [7] € G and so
0=1fpnpe - X = (Arqlpe) - X =1 (Lpe - X) =11 - Z = AZ;. (IV.3.17)

Hence, if J is the set of jumps of Z, then J N [r] = @. Let J = U,[7,] for some stopping times
(Tn)nen, then
[Nl CJn[r]=9, VneN, (IV.3.18)
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S0 every T, is totally inaccessible, i.e., J is thin totally inaccessible and the properties of decom-
position (IV.3.14) are complete.

Let X =Y + Z be another such decomposition where ¥ = 1 B Y and P is a thin predictable set.
Then, P := PUP is also a thin predictable set and the semimartingale W =Y — Y=2-17
satisfies (i) W =1p - W and (ii) 15 - W = 0. Hence, W = 0 and the decomposition is unique. [J

Remark IV.3.7. Corallary IV.53.6 can then be applied to obtain further known decompositions.
Applying Corollary 1V.53.6 to a purely-discontinuous process of finite variation V = X, we obtain
two purely-discontinuous processes of finite variation VIP™ :=Y and V7% := Z, where VIP" has
predictable jump times and V7% has totally inaccessible jump times, i.e., the decomposition in [59,
Proposition 22.17]. Applying it to a continuous process of finite variation V. = X, gives Y = 0,
Z=V.

Analogously, applying Corollary IV.3.6 to a purely-discontinuous local martingale M = X gives two
purely-discontinuous local martingales MIP" :=Y and M7 .= Z, where MIP" has predictable jump
times and M7% has totally-inaccessible jump times. Applying it to a continuous local martingale
M =X givesY =0, Z = M. Thus, we have also obtained the decompositions in [1/, Theorem
7.9].

IV.4 Regularity properties for Dellacherie’s decomposition

In this section we show some regularity properties of Dellacherie’s decomposition for positive
measures. In particular, we study the dependence of the G-diffuse part pg and of the equivalence

class G, on 1 and on G. Notice that similar properties clearly follow for the G-orthogonal part ué.

Let M be the space of signed measures (i.e., real-valued measures) on (2, F) and My C M be
the subset of positive finite measures. We endow M with the setwise (partial) order > and with
the total variation norm |- |x defined, for p,v € M, as p = v if u(A4) > v(A) for every A € F
and |p|am = (). Tt is interesting to study both the order structure derived from > and the
topological structure derived from |- |a¢. It is shown in [1, Theorem 10.53] that (M, >) is a Riesz
space, i.e., an ordered vector space such that each pair of elements has a supremum and an infimum
(with respect to the order). It is also proved that any increasing (and bounded from above) net

{uitier € M admits a supremum V;eu® which satisfies

(Vierp')(A) = suII) pi(A), AcF. (Iv4.1)
i€

Let G C F be closed under countable unions. For the map p € M, — pg € M, we have the
following results.

Proposition IV.4.1. The map p > pg is

(i) increasing, i.e., if u,v € My satisfy p > v then ug = vg;
(ii) additive, i.e., if p,v € My then (n+v)g = ug + vg;

(#ii) positively-homogeneous, i.e., if u € My, a >0 then (ap)g = apg;
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(iv) continuous from below with respect to the order =, i.e., if {u'}ier € My is an increasing net
bounded from above then
(Vier 1) g = Vierng- (IV.4.2)

(v) Lipschitz continuous with constant K = 1 with respect to the norm | - |, i.e., if p,v € My
then |pg — vglm < [p—v|m.

Proof. Let u,v € My, a >0 and {u’}ic; € M, be an increasing net bounded from above. For
every measure p € M, by Theorem IV.2.1, let G, € G be such that pg(-) := p(- N G,) and
p(GNGG) =0 for every G € G.

We start by proving (i). Since u(G N Gf,) = 0 for every G € G then also u(G, N GY,) = 0. Hence,
for every F € F,

WFNG,)=pFNG,NG,)+p(FNG,NGY)
u(F NG, +u(G, NG

w(FNG,). (IV.4.3)

IN

Therefore, for every F' € F, we obtain
uG(F) = w(F1G,) > p(FNG,) = v(FNG,) = vg(F), (1V.4.4)

and (i) is proved.

We now prove (ii). By defining p := p+v € M, we aim to show that pg = ug + vg. By the same
argument as in (IV.4.3) applied to u and v, separately, notice that

w(FNG,) <p(FNG,) and v(FNG,) <v(FNG,), VFeF. (IV.4.5)
Since p = u, we also have that
0=p(G,NG) > pu(GuNGy) >0, (IV.4.6)

and so (G, N G5) = 0. By a similar argument as in (IV.4.3), this yields u(F'NG,) > p(FNG,)
for every F' € F. By the same argument applied to v, we also obtain v(FFNG,) > v(FNG,) for
every F' € F. These results combined with (IV.4.5) imply that

wFNG,) =wFNG,) and v(FNG,) =v(FNG,), VYFeF. (Iv.4.7)
Hence, for every F € F,
pg(F)=p(FNG,)+v(FNG,) =puF NG, +v(FNGY) = pg(F) +vg(F), (IV.4.8)

and (ii) is proved.

We now prove (iii). By defining p := ap € M, we aim to show that pg = aug. By the same
argument as in (IV.4.3) applied to p and p, separately, we obtain that u(FNG,) < u(FNG,) and
p(FNGL) < p(FNG,) for every F € F. Hence, for every F € F,

pg(F) = ap(FNG,) < ap(FNG,) = apg(F), (IV.4.9)
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and
po(F) = p(F N G,) = p(F N G,) = ap(F 1 G,) = apg(F). (1V.4.10)

Thus, pg = aug and (iii) is proved.

We now prove (iv). By defining p := V;eru?, we aim to show that pg = \/ig/ﬁg. Since p = u' for
every i € I then, by (i), pg = Mig for every i € I. Therefore, by definition of supremum, we obtain
the first inequality

pg = Vier - (IV.4.11)

To prove the opposite inequality, apply for every ¢ € I the same argument as in (IV.4.3) and obtain

pG(F) = pug(FNG) > p'(FNG,), VFEeF. (IV.4.12)

Hence, for every i € I,
Vierpg(F) > p'(FNG,), VFeF (IV.4.13)

By taking the supremum, we obtain

Vierpg(F) > sup p(FNG,) = (Vietn' ) (FNGp) = p(FNGy) =pg(F), YFeF, (IV4l4)
1€

where in the first equality we have used (IV.4.1). Thus, (iv) is proved.

We now prove (v). Let P(A) denote the finite partitions of A € F. By defining G := G, UG, € G,

we obtain

g — vglm = [ng —vg|(2) = sup Z| tg —vg)(Ai)|
{A}GP(Qzl

= swp S HANGY) —v(4NG,)
{Aq }67’(9);

— s AN G) - AN G)
{A}eP(Q) i

n

< sup Y |(u—v)(By)
{Bi}eP(G) i=1

= | = v[(G) < |1 —vlnm, (IV.4.15)
and the proof is complete. [

Let p € M. We now set the framework to study the order properties for the maps G
pg and G — G,, where G,, denotes the equivalence class (IV.2.6) outlined by the Dellacherie’s
decomposition of p with respect to G, i.e., the (u-a.e.) maximum sets in G. Notice that, for the
sake of simplicity, in the following we do not distinguish between the equivalence class G, and its

representative G, i.e., we identify G, as one of its representatives.

Let S :={G : G C F} be the class of subfamilies of 7 and define its subclass
G:= {g €S: (Gn)nGN c g = UnGNGn € g} (IV416)

of all subfamilies of F which are closed under countable unions. We endow S and G with the order

of inclusion of sets.
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Let G € S. Since the intersection of families closed under countable unions is closed under countable
unions, by taking the intersection of every ‘H € G such that G C H we obtain the smallest element
of G that contains G, which we denote by G?. Notice that G? can be, equivalently, defined as the

family of countable unions of sets in G and that
G={GeS:G=G"}. (IvV.4.17)

For an arbitrary family {G'};cr C G, its infimum A;e7G* and supremum V,¢;G* in G are given by

Nie1Gi = Nie1G' (IV.4.18)
VierGi = (UierGh)°. (IV.4.19)
Moreover, notice that
(uiggi)” = {UiesG; : J C I is countable, J # & and G; € gi}, (IV.4.20)
and so
Vie1Gi = {Uie Gy : J C I is countable, J # @ and G; € G'}. (Iv.4.21)
For instance, if G,H € G then
GVH={G,HGUH:GeG HEe™H} (IV.4.22)

We now show some order properties for the map G € G — G,,.

Proposition IV.4.2. The map G — G, is increasing, i.e., if G C H then G, C H,, p-a.e. and
it satisfies the following continuity from below: if {G'}ier € G, then there exists J C I countable
such that

(VierG")u = (ViesG")u = Vies G- (IV.4.23)

Proof. Monotonicity is straightforward: as H, is the maximum in H and G, € G C H, then also
G, CHy, p-ace.

To prove (IV.4.23) we first show (ViesG*), = UicsG}, for a countable set J. Namely, we want to
prove that U;e;G,, € ViesG" and that Uje;G,, is a maximum in V;e;G'. By (IV.4.21), it is easy
to see that Uie G, € ViesG'. Now let G € Vie;G". By (IV.4.21), we have that G' = Uje s, G; with
J1 C J and G; € G*. Since g; is the maximum in G, then G C UZ-GJQL, p-a.e. and so

(ViesG)u = Uies G- (IV.4.24)

To complete the proof, we now want to prove that there exists J C I countable such that
(\/iggi)# = Uiejgl’;. By (IV.4.21), let J C I be countable such that (viggi)# = UjesG; with
G; € G" and such that U;c ;G; is a maximum in V;c;G". Since UingL € V;erG*, by maximality of
U;e 7G5, we obtain UieJQL C Uje Gy, p-a.e. Since by the previous step UiEJQL is the maximum in
VicsG" and since U;c jG; € V;c5G", we then obtain that U;c jG; C Uing/Z“ p-a.e., which completes

the proof. O

For the map G € G — ug € M, we have the following results.

Proposition IV.4.3. The map G — g is
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(i) increasing, i.e., if G C H then pug =< pux;

(ii) continuous from below with respect to the order, i.e., if {G'}ier C G then
v gi = Vierlhgi- (IV.4.25)

Proof. To prove monotonicity, recall that pg(-) := pu(- N G,) and py () == p(-NH,) with G, € G
and H,, € H. Moreover, H,, is the maximum in H and so p(FNH) < p(FNH,) for every H € H
(in particular, for G, € G C H) and F' € F. Thus, also pug < py.

To prove (IV.4.25), we first show it holds for I = {1,2}. By the (just proved) monotonicity of
G — ug, we easily have that pgiygz > pgr Vpgz. To show that the equality holds, we need to show
that if v = pgr V pug> then v = pgiyge. Since (by Proposition IV.4.2) ugiyg:(-) := p(-N (G, UGA)),
then showing v = pg1yg> is equivalent to showing that v/(F) > u(F) for every F C GLUG2, F € F.
For the same reason, v = ug: V g2 = pgi, ¢ = 1,2, implies that v(F) > u(F) for every F C g;
and every F C G2, F € F. Now let F C G, UG}, F € F and notice that F = (FNG.)U(F\G,)
where F' N Q}L - g; and F \ gi C gi are disjoint. Hence,

V(F) = U(FNGL) + v(F\GL) > u(F N GL) + u(F \ GL) = u(F), (IV.4.26)

which shows pgiyge = pgr V pge.

To prove the general statement (IV.4.25), notice that again one inequality is easy by monotonicity.
Thus, we only need to show that if v = Verug: then v(F) > u(F) for every F C (Vie1G'),,
F € F. Notice that v = V,erug: implies that v(F) > u(F) for every F C g;, iel, FeF. By
Proposition IV.4.2, let J C I be countable and such that (V;c;G"), = UingZ and let (j,)nen be
an enumeration of J. Then, we can write an arbitrary F' C (V¢;G"), = Unengj, F' € F as the
countable union of disjoint sets F* C G/, n € N defined as

Fl:=Fng}, F'":=(Fngr+ )\ (Upo,GlF), neN. (IV.4.27)
Hence,
v(F) =Y v(F") 2> p(F") = u(F), (IV.4.28)
n=1 n=1
and the proof is complete. [

IV.5 Conclusions

In this chapter we have studied a decomposition of measures introduced by Dellacherie [34, Ch. II,
Sec. 2, Th. T14] for which we have first provided an original simpler proof. Although not well-
known, this decomposition is straightforward in its statement and remarkably powerful: indeed,
we have shown how to obtain several well-known (and some new potentially interesting) decom-
positions as simple corollaries of this decomposition. We have then proved an extension of this
decomposition to vector measures. By an application of this extension to signed measures we
have obtained the Jordan decomposition and by an application of this extension to the stochastic
integral we have obtained a decomposition of semimartingales due to Bichteler. Finally, we have

studied some regularity properties of this decomposition.
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Our work has enhanced the strength of this decomposition which deserves to be better known
and further studied. We also believe more (well-known or new) decompositions of measures and
processes could be obtained as simple applications and we are currently working in this direction.
For instance, recently we have been able to obtain the decomposition of a stopping time into its

accessible part and totally inaccessible part as a simple corollary of Dellacherie’s decomposition.
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