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Abstract

We consider several related topics in the bifurcation theory of random dynamical systems:
synchronisation by noise, noise-induced chaos, qualitative changes of finite-time behaviour
and stability of systems surviving in a bounded domain.

Firstly, we study the dynamics of a two-dimensional ordinary differential equation ex-
hibiting a Hopf bifurcation subject to additive white noise. Depending on the determin-
istic Hopf bifurcation parameter and a phase-amplitude coupling parameter called shear,
three dynamical phases can be identified: a random attractor with uniform synchronisa-
tion of trajectories, a random attractor with non-uniform synchronisation of trajectories
and a random attractor without synchronisation of trajectories. We prove the existence of
the first two phases which both exhibit a random equilibrium with negative top Lyapunov
exponent but differ in terms of finite-time and uniform stability properties. We provide
numerical results in support of the existence of the third phase which is characterised
by a so-called random strange attractor with positive top Lyapunov exponent implying
chaotic behaviour.

Secondly, we reduce the model of the Hopf bifurcation to its linear components and
study the dynamics of a stochastically driven limit cycle on the cylinder. In this case,
we can prove the existence of a bifurcation from an attractive random equilibrium to a
random strange attractor, indicated by a change of sign of the top Lyapunov exponent. By
establishing the existence of a random strange attractor for a model with white noise, we
extend results by Qiudong Wang and Lai-Sang Young on periodically kicked limit cycles
to the stochastic context. Furthermore, we discuss a characterisation of the invariant
measures associated with the random strange attractor and deduce positive measure-
theoretic entropy for the random system.

Finally, we study the bifurcation behaviour of unbounded noise systems in bounded
domains, exhibiting the local character of random bifurcations which are usually hidden in
the global analysis. The systems are analysed by being conditioned to trajectories which
do not hit the boundary of the domain for asymptotically long times. The notion of a
stationary distribution is replaced by the concept of a quasi-stationary distribution and
the average limiting behaviour can be described by a so-called quasi-ergodic distribution.
Based on the well-explored stochastic analysis of such distributions, we develop a dynami-
cal stability theory for stochastic differential equations within this context. Most notably,



we define conditioned average Lyapunov exponents and demonstrate that they measure
the typical stability behaviour of surviving trajectories. We analyse typical examples of
random bifurcation theory within this environment, in particular the Hopf bifurcation
with additive noise, with reference to whom we also study (numerically) a spectrum of

conditioned Lyapunov exponents. Furthermore, we discuss relations to dynamical systems
with holes.
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Chapter 1

Introduction

Random dynamical systems are systems whose evolution in time is governed by dynamical
laws exhibiting randomness. This means that the paths of the system follow a certain
probability distribution. Many physical systems in, for example, climate science, neuro-
science, finance or quantum mechanics are modelled as dynamical systems with noise, in
particular as stochastic (partial) differential equations, and can be understood as random
dynamical systems.

Very often the mathematical analysis focusses on the statistics of trajectories for differ-
ent noise realisations (see e.g. [79] for an overview), and does not consider the dynamical
aspects of the system. In contrast, the theory of random dynamical systems as coined by
the works of Ludwig Arnold and his co-workers in the 1980s and 1990s and manifested in
Arnold’s book Random Dynamical Systems [2] compares trajectories with different initial
conditions but driven by the same noise. A random dynamical system in this sense con-
sists of a model of the time-dependent noise formalised as a a dynamical system 6 on the
probability space, and a model of the dynamics on the state space formalised as a cocycle
@ over 6.

A central question associated with this point of view concerns the asymptotic be-
haviour of typical trajectories. As trajectories of random dynamical systems depend on
the noise realisation, one does not a priori expect any convergent behaviour of individual
trajectories to a fixed attractor. An alternative view point that circumvents this problem
and often yields convergence is to consider, for a fixed noise realisation in the past, the
flow of a set of initial conditions from time ¢t = —7T to a fixed endpoint in time, say t = 0,
and then take the (pullback) limit 7" — oo. If trajectories of initial conditions converge
under this procedure to some set, then this set is called a random pullback attractor, or

simply random attractor.

12
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Bifurcations in random dynamical systems

The nature of such a random attractor is an important topic of this thesis since its prop-
erties express the typical asymptotic behaviour of the system. In many situations there
is a spectrum of exponential asymptotic growth rates, the Lyapunov exponents. If the
sum of the Lyapunov exponents is negative, we can speak of a dissipative system and we
usually encounter a random attractor in such a situation. The sign of the largest (or top)
Lyapunov exponent, A1, determines if two nearby trajectories converge or separate from
each other. By that, the sign of A\; also provides information about the random attractor.
If A1 is negative, we typically observe the convergence of trajectories, a phenomenon la-
belled synchronisation. Synchronisation is associated with the random attractor being an
attractive random equilibrium, i.e. for each noise realisation the random attractor is sim-
ply a point. In forward time, the attractive random equilibrium constitutes a trajectory
attracting all other trajectories.

Positivity of A; implies sensitivity of initial conditions and is thereby associated with
chaotic behaviour. The sensitivity of initial conditions means that any two trajectories
starting arbitrarily close to each other will separate at a certain point of time. In other
words, even the smallest error in the initial conditions leads to a considerably large error in
the future. An attractor which exhibits such chaotic behaviour is often called strange due
to its fractal-like shape (cf. e.g. [70, 90]). Random strange attractors have recently raised
increased interest in the applied community, in particular in climate science. For example,
Checkroun et al. [26] have studied numerically the random attractors of a stochastically
forced Lorenz model and a stochastic model for the El Nino-Southern oscillation, detecting
chaotic behaviour.

We illustrate the scenarios of synchronisation and chaos with reference to the main
example from chapter 3. We consider the two-dimensional stochastic differential equation

dz = (az — By — (ax — by)(z* + y?)) dt + o AW},

1.0.1
dy = (ay + Br — (bx + ay) (2 + y*)) dt + o dW?, ( )

where o > 0 represents the strength of the noise, @ € R is a parameter equal to the
real part of eigenvalues of the linearisation of the vector field at (0,0), b € R represents
shear strength (amplitude-phase coupling parameter when writing the deterministic part
of (1.0.1) in polar coordinates), a > 0, 8 € R, and W}, W? denote independent one-
dimensional Brownian motions.

In the absence of noise (o = 0), the stochastic differential equation (1.0.1) is a normal
form for the supercritical Hopf bifurcation: when o < 0 the system has a globally at-
tracting equilibrium at (z,y) = (0,0) which is exponentially stable until @ = 0 and, when
a > 0, the system has a limit cycle at {(z,y) € R? : 2? + y?> = a/a} which is globally
attracting on R?\ {0}.
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In the presence of noise (o # 0), statistical information about the (one point) dynamics
of (1.0.1) can be described by the Fokker—Planck equation for the Markov process and
its stationary density. In this case, the stationary density can be calculated analytically,

yielding

2v/2a 20(2% + y?) — a(z? + y?)?
€xp 5 . (1.0.2)
7o erfe(—a/v2a0?) 20
We note in particular that this density does not depend on the shear parameter b.
We observe a clear relation between the stationary measures in the presence of noise
(¢ > 0) and the attractors in the deterministic limit: the stationary density is maximal

on attractors of the deterministic limit dynamics and (locally) minimal on its repellers,

>

see Figure 1.1.

<>

(a) a <0 (b) a>0
(¢) a <0 (d) a>0

Figure 1.1:  Shape of the stationary density of (1.0.1) with noise and corresponding phase portraits of
the deterministic limit. The qualitative features only depend on the sign of the linear stability parameter
a. Figures (a) and (b) present the shapes of the stationary densities in the presence of noise. (a) is
characterised by a unique mazimum at the origin and (b) by a local minimum at the origin surrounded
by a circle of maxima when o > 0. Figures (¢) and (d) show phase portraits in the deterministic limit
o = 0 displaying an attracting equilibrium if « < 0 and an attracting limit cycle if o > 0, precisely where
stationary densities have their mazima.

From Figure 1.1, it is natural to propose that the stochastic differential equation
(1.0.1) has a bifurcation at o = 0, represented by the qualitative change of the shape of
the stationary density. Such kind of bifurcation is called a phenomenological bifurcation,
cf. [2].

In this work, we consider the system (1.0.1) with noise from a random dynamical
systems point of view: with a canonical model for the noise, (1.0.1) can be represented as
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a dynamical system that is driven by a random signal.

The underlying Markov process only models probabilistically a single time-series.
Therefore, the stationary density (1.0.2) provides certain statistics about the dynamics of
(1.0.1), but cannot capture many relevant dynamical properties, such as a comparison of
the trajectories of nearby initial conditions (with the same noise).

We compare trajectories by investigating the pullback dynamics of (1.0.1). Figure 1.2
provides some numerical examples.! We observe the two different behaviours described
above: either all initial conditions converge to a fixed point, see (a)—(d), or all initial
conditions converge to a rather complicated object, see (e)—(h). The former is indicative
of synchronisation while the latter points to a random strange attractor.

0.5 0.5

0.5 0.
0.5 0.5 N
A -1

- 1.5 1.5
-1 0.5 o 0.5 1 -1 -0.5 0 0.5 1 -1.5 -1 0.5 o 0.5 1 1.5 1.5 -1 0.5 0 0.5 1 1.5

x x x x

(a)a=-1,0=1,T=5 (b)) a=-1,0=1,T=50 (¢c)a=1,b=1,T=5 (da=1,b=1,T =50

1

1
1 1
0.5 /:% 0.5 P
e
5
> 0 / > 0 >0 / 1
\ ; 2
0.5 \ 0.5 \ o
4 . g
1.5 5
45 4 05 0 05 1 15 45 4 05 0 05 1 1.5 2 B [} 1 2
X X x X

(e)a=-1,b=20T=5 (f) a=—1,b=20,T=50 (g)a=1b=8T=5 (h)a=1b=8T =50

Figure 1.2: Pullback dynamics of (1.0.1) with 0 = 8 = a = 1 for initial conditions chosen in approxi-
mation of the stationary density. In (a)—(d), in the presence of small shear, we observe synchronisation,
i.e. pullback convergence of all trajectories to a single point, irrespective of the linear stability at the origin.
In (e)—(h), in the presence of sufficiently large shear, there is no synchronisation but pullback convergence
to a more complicated object (random strange attractor), again irrespective of the linear stability at the
origin.

Each of these two scenarios, i.e. of negative and positive top Lyapunov exponent Ay,
corresponds with a specific invariant random measure supported on the random attrac-
tor. In case of synchronisation, the random measure is a random Dirac measure con-
centrating all mass on the random equilibrium. In case of a random strange attractor
the measures usually have a density on a subset of positive dimension, characterising the
non-synchronising behaviour. In the present work, this property is called SRB-property,
named after Sinai, Ruelle and Bowen, in accordance with, for example, [70, 78, 89].

Synchronisation and chaos are the two typical phenomena encountered in random

IThe simulations in this thesis are based on an explicit Euler-Maruyama integration of the stochastic differen-
tial equation (1.0.1), usually with time step size 10™3. When we compute Lyapunov exponents, we use an explicit
second-order Runge—Kutta method for integrating the variational equation.
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dynamical systems. Figure 1.2 already illustrates a central topic of this thesis: the bi-
furcation, i.e. parameter-dependent change, from one to the other. In general, the term
bifurcation denotes a change of qualitative behaviour of a system depending on one or
multiple parameters, often measured as a loss of topological equivalence at the bifurcation
point. Our main tool to discover bifurcations will be the determination or estimation of
the top Lyapunov exponent indicating the dominating asymptotic stability behaviour.
This will help to understand the nature of the invariant random measure supported on
the associated random attractor for relevant examples as model (1.0.1).

There is an increased interest in such bifurcation phenomena from an applied point
of view. Specific laser dynamics constitute an important example for such bifurcations.
Wieczorek [90] has conducted numerical bifurcation studies for stochastically forced laser
models exploring transitions from synchronisation to chaos. He has also shown similar
phenomena for coupled lasers with his co-workers in [18, 17]. In the context of oceanog-
raphy, stochastic Hopf bifurcation has been discussed in [36].

Beyond such applications there is a genuine mathematical interest and motivation for
studying the stability of random systems. In dissipative as well as conservative systems,
proving chaotic behaviour has turned out to be a very challenging and rarely resolved
problem. The classical example for this problem is the standard map, an area-preserving
mapping of the two-torus which is characterised by expansion on large regions of the state
space and small islands of contraction. Positivity of the first Lyapunov exponent has not
been shown analytically, even if these critical regions of contraction tend to zero, and the
difficulties have been quantified in [40]. Lai-Sang Young and her co-workers have shown
recently in [19] that adding a tiny bit of noise to the system allows for averaging arguments
over a stationary measure of the induced Markov chain. As long as the stationary measure
allocates just a small amount of mass to the regions of contraction, the existence of a
positive Lyapunov exponent can be shown. This turns out to hold true for a large class
of maps, also in dissipative systems.

In this work, we will prove a similar result for a random dynamical system induced by
a stochastic differential equation. The result lines up with the research program suggested
in [92]: Young expressed the hope that if the geometry of a random map or stochastic flow
suggests a positive Lyapunov exponent, then this is actually the case. The underlying
philosophy is that a system with expansions on a large enough portion of its phase space
can overcome tendencies to form sinks as long as the randomness is strong enough. The

present thesis will add evidence for this conjecture.

Historical context

In addition to Arnold’s approach to random dynamical systems, there are two other
closely related schools whose work will be discussed and used in this thesis. Firstly, it
was discovered around 1980 by Baxendale, Bismut, Elworthy, Kunita and others (see e.g.
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[7, 16, 41, 63]) that solutions of stochastic differential equations are not solely stochastic
processes but also give rise to a flow of diffeomorphisms. The geometrical properties
of such stochastic flows, in particular on manifolds, were then further investigated by
Baxendale [8, 9], Baxendale and Stroock [14], Caverhill [22], Caverhill and Elworthy [23],
Elworthy [42, 43, 44] and others (see references therein). Le Jan [66] and Baxendale
[10] have written seminal papers on the nature of invariant measures for stochastic flows.
Baxendale’s approach concerning the two-point motion will be particularly helpful to
decide whether the invariant random measure is a Dirac measure or not.

The second school has studied the smooth ergodic theory or Pesin’s theory of random
diffeomorphisms. Kifer [60] defines the notion of measure-theoretic or metric entropy for
random transformations and shows Ruelle’s inequality which says that the sum of the
positive Lyapunov exponents bounds metric entropy from above. Ledrappier & Young
[70] show Pesin’s entropy formula, i.e. they turn Ruelle’s inequality into an equality for
absolutely continuous stationary measures. Furthermore, they show the SRB-property of
the sample measures using techniques from the deterministic case [67, 68]. In addition to
that, they prove a dimension formula [69] for the sample measures of random transforma-
tions. A good overview with some generalisations has been given in Liu’s and Quiang’s
book on the smooth ergodic theory of random dynamical systems [74]. We will consider
more recent generalisations in chapter 5.

The work in hand will discuss approaches from these schools whenever they seem
relevant for the bifurcation theory of random dynamical systems. Earlier attempts to
develop such a theory beyond simple one-dimensional examples (see [2, Chapter 9.3])
have mainly been led by Ludwig Arnold and co-workers [2, 5, 84, 85]. Referring to
work by Baxendale (see e.g. [11]), they coined the notions of the earlier mentioned
phenomenological (or ”P”) bifurcations and dynamical (or "D”) bifurcations for random
dynamical systems induced by stochastic differential equations.

A P-Bifurcation describes a change in the shape of the stationary distribution associ-
ated with the stochastic process. Since the stationary distribution is solely a measure of
the average behaviour of one typical trajectory, this kind of bifurcation is associated with
the one-point motion. From a dynamical point of view, we are interested in the behaviour
of multiple trajectories for the same noise realisation, described by the two-point motion.
This leads to the concept of a D-Bifurcation which takes place when a new invariant
measure v bifurcates from an already given one, u, indicated by the change of sign of one
Lyapunov exponent with respect to pu.

The definition of a D-bifurcation was motivated within the context of the Duffing—van
der Pol oscillator with multiplicative white noise, being considered as the main toy ex-
ample for a stochastic Hopf bifurcation. Few rigorous results have been obtained for such
examples and most studies have only led to conjectures based on numerical observations
[57]. Our work among others [1, 21, 39, 65, 93] suggests that the two concepts of P- and
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D-bifurcation do not capture the intricacies of bifurcations in random dynamical systems.
This will become apparent in the following.

Main results

We recall model (1.0.1). The choice of additive noise is motivated by the idea that the
driving noise is an external perturbation of the system of arbitrary intensity. Furthermore,
the system can be seen as a two-dimensional extension of the pitchfork bifurcation with
additive noise as discussed by Crauel and Flandoli [32]. They showed that the random
attractor is a random equilibrium for all parameter values, as opposed to the splitting into
several equilibria at the deterministic bifurcation point, and claimed that the bifurcation
is ”destroyed” by additive noise. We will see how this point of view translates into the
setting of the Hopf bifurcation scenario, but can also be challenged similarly to [21].

Recall that the real parameter b in model (1.0.1) induces shear: if b # 0, the phase
velocity depends on the radius. The stability properties of the stochastic system (1.0.1)
for small noise limits and small shear have already been studied in [35] as an example
of a non-Hamiltonian system perturbed by noise. The authors also conjectured asymp-
totic instabilities represented by a positive top Lyapunov exponent based on numerical
investigations (see also [90]). They didn’t prove implications for the associated random
dynamical system in terms of its random attractor and invariant measure. The main topic
of Chapter 3 is to prove rigorous statements about these random objects for model (1.0.1)
and add new insights for the conjecture on the positive Lyapunov exponent.

In the first part of Chapter 3 we show the following assertions, expressed in detail in
Theorem 3.1.1, Theorem 3.1.2 and Theorem 3.1.3.

Theorem A. The stochastic differential equation (1.0.1) induces a random dynamical
system and possesses a random attractor for all choices of parameters which is a random
equilibrium if the top Lyapunov exponent A1 is negative. In this case, we have synchroni-
sation of almost all trajectories from all initial points.

Fizing all other parameters, there is a k > 0 such that for |b| < k the top Lyapunov

exponent is negative and synchronisation occurs.

Summarising, we show that for small enough shear the Hopf bifurcation is destroyed
in the sense of Crauel and Flandoli since synchronisation happens for all values of the
bifurcation parameter o.

In the second part of Chapter 3, we address a differentiation between two types of
synchronisation that may arise. Synchronisation may be uniform, so that trajectories are
guaranteed to approximate each other bounded by upper estimates that are independent
of the noise realisation, or non-uniform, when such uniform upper estimates do not exist.
In the latter case, the time it takes for two trajectories to converge up to a certain given
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margin is bounded for any fixed noise realisation, but assessed over all noise realisations
these bounds have no maximum.

It turns out that the uniformity of the synchronisation is related to the distribution
of finite-time Lyapunov exponents, reflecting the average derivatives along trajectories
for finite time. The (unique) top Lyapunov exponent of an attractor is associated with
the limit of the distribution of finite-time Lyapunov exponents as the time over which
derivatives are averaged goes to infinity. Importantly, while this distribution converges
to a Dirac measure concentrated in the top Lyapunov exponent, the support of this
distribution typically converges to a wider range. If this range is contained entirely within
the negative real axis, synchronisation is uniform. But it may also happen that the top
Lyapunov is negative while the limit of the support of finite-time Lyapunov exponents
extends into the positive half line, which results in non-uniform synchronisation. In
Figure 1.3, these scenarios are illustrated with numerical computations. It is natural to
find an interface with non-uniform synchronisation in the phase diagram between uniform
synchronisation regions and regions without synchronisation. For a schematic sketch of
the corresponding phase diagram regions for (1.0.1), see Figure 1.4.

Theorem 3.1.6 fixes small shear and formalises the transition from uniform to non-
uniform synchronisation in dependence on the linear stability parameter o while Theo-
rem 3.1.7 fixes a and shows the occurrence of unbounded positive finite-time Lyapunov
exponents for sufficiently large shear. We summarise these results in the following theo-

rem:

Theorem B. Assume that |b| < a and o € Ry U B.(0) for some ¢ > 0. Then there exists
a random equilibrium for the random dynamical system induced by (1.0.1) and

(i) the random equilibrium changes from being globally uniformly attractive to being not

even locally uniformly attractive at o = 0,
(11) at o = 0 we observe the appearance of positive finite-time Lyapunov exponents,

(11i) the dichotomy spectrum ¥ of the linearisation around the random equilibrium is
Y =[—00,q],

which tmplies loss of hyperbolicity at the bifurcation point o = 0.

If we fit « € R and o > 0, then for any b > 2a > 0 the system exhibits arbitrarily large
finite-time Lyapunov exponents with positive probability for all initial points.

The bifurcation in the random equilibrium at o = 0 is an example of the philosophy
expressed in [21] which contradicts the conception that additive noise ”destroys” the
pitchfork bifurcation [32].
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Figure 1.3: Distribution of finite-time (T > 0) Lyapunov exponents of (3.0.1) with a = = o =
1, a« € {-1,1}, T € {2,5,10} and b € {1,3,8}, illustrating the type of distributions in phases (I)
uniform synchronisation (a), (c); (II) non-uniform synchronisation (b), (d), (e); and (III) absence of
synchronisation (f).
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~ (111)

b

Figure 1.4: For a, 8,0 fized, we partition the (b, &)-parameter space associated with (3.0.1) schematically
into three parts with different stability behaviour. Region (I) represents uniform synchronisation, only
possible for non-positive a and smallb. In region (II), we observe non-uniform synchronisation, i.e. finite-
time instabilities occur, but the asymptotic behaviour is exponentially stable for almost all trajectories.
(The border between (1) and (II) is described in Theorem B.) Region (III) exhibits a positive top Lyapunov
exponent and the absence of synchronisation since the shear is large enough for locally unstable behaviour
to prevail (cf. Conjecture 3.1.5).

The existence of arbitrarily large positive finite-time Lyapunov exponents is the first
analytical contribution to the problem of shear-induced chaos (a term coined by Lin &
Young [73]) for model (1.0.1). Most rigorous results on Lyapunov exponents (and random
dynamical systems) are obtained for one-dimensional SDEs, in which case the analysis of
Lyapunov exponents is significantly simplified due to the fact that all derivatives commute.
In general it is very difficult to obtain lower bounds for the top Lyapunov exponent in
multiple dimensions due to the subadditivity property of matrices, cf. [92]. Therefore,
the analytical proof of positive Lyapunov exponents for noisy systems has been achieved
only in certain special cases such as for equilibria [53], in simple time-discrete models as in
[72] or under special circumstances that allow for the use of stochastic averaging [12, 13].
In Conjecture 3.1.5 we suspect a positive top Lyapunov exponent for large enough shear
levels for any given value of o which would imply the existence of a random strange
attractor. Figure 1.2 shows the shape of such an attractor as obtained in a numerical
simulation. Based on numerical evidence, we conjecture this scenario also for negative a,
which is remarkable in view of the literature usually associating shear-induced chaos with
perturbed limit cycles and not equilibria.

In the third part of Chapter 3 we report about approaches to prove the conjecture
hoping that this might inspire new attempts to tackle this difficult problem. The last
part of the chapter discusses numerical results for other Hopf bifurcation systems with
additive noise discussed in the literature [3, 84, 85], mainly concerning synchronisation by
noise as there is nothing like a shear force present in the models. Note that model (1.0.1)
is exemplary in the following sense: firstly, it discusses the typical phenomenon of random
systems to exhibit a transition between synchronisation and chaos. Secondly, the normal
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form is locally equivalent to that of a generic deterministic Hopf bifurcation and, hence, at
least for small noise, we can expect other examples of Hopf bifurcation to feature similar
behaviour.

The main technical challenge we address in Chapter 4 is to establish the existence of a
positive top Lyapunov exponent and associated random strange attractor which remains
a conjecture for model (1.0.1). We consider the following model of a stochastically driven
limit cycle

dy = —aydt +of(9) o dW},

1.0.3
dd = (1+by)dt ( )

where (y,9) € R x S are cylindrical amplitude-phase coordinates, and W, denotes one-
dimensional Brownian motion entering the equation as noise of Stratonovich type. In the
absence of noise (¢ = 0), the ODE (1.0.3) has a globally attracting limit cycle at y = 0 if
a > 0. In the presence of noise (o # 0), the amplitude is driven by phase-dependent noise.
This corresponds with model (1.0.1) written in polar coordinates where the noise is also
no longer solely additive. The real parameter b induces shear: if b # 0, the phase velocity
% depends on the amplitude y. The stable limit cycle turns into a random attractor if
o # 0.

With a particular choice of the amplitude-phase coupling f we obtain the following
bifurcation result summarising Theorem 4.0.1 and Corollary 4.0.2. We show at the end
of Chapter 4 that the result stays robust under perturbations of f that smoothen this
function. As long as b,o # 0, the amplitude variable y can be rescaled so that the shear
parameter becomes equal to 1 and the effective noise-amplitude becomes ob. Hence, the
result below also holds with the roles of ¢ and b interchanged.

Theorem C. Consider the SDE (1.0.3), where f : S' ~ [0,1) — R is continuous and

piecewise linear with constant absolute value of the derivative almost everywhere. Then
a3/2

there is 0 < ¢ ~ 0.2823 such that for all & > 0 and b # 0 the number og(a, b) = preTie 0
o

is the unique value of o where the top Lyapunov exponent \i(c,b,o) of (1.0.3) changes
its sign. In more detail, we have

<0 if0<o<og(a,b),
A1 (e, b, o) =0 ifo=o0(a,b),
>0 if o> o¢(a,b).

If 0 < 0 < og(a,b), the random point attractor of (1.0.3) is an attracting random equi-
librium. If o > o¢(a,b) the random point attractor of the system is a random strange

attractor.

The behaviour of A\j(«a, b, o) and o¢(c, b) is illustrated in Figure 4.1 and Figure 4.4.
Theorem C confirms numerical results by Lin & Young [73] for a very similar model.
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The mechanism whereby a combination of shear and noise causes stretching and folding,
leading to a positive Lyapunov exponent, is usually referred to as shear-induced chaos,
as already mentioned in the context of model (1.0.1). Wang & Young [88, 89] and Ott &
Stenlund [78] have demonstrated analytically the validity of this mechanism in the case of
periodically kicked limit cycles, including probabilistic characterizations of the dynamics.
An analytical proof of shear-induced chaos in the stochastic setting, as presented in this
chapter, had remained an open problem. We will see that the choice of f is crucial to
establish rigorous lower bounds on the top Lyapunov exponent \;.

Similarly to Figure 1.2, Figure 4.3 displays a random strange attractor for model (1.0.3)
when the parameters are chosen such that A; > 0. In one-dimensional SDEs, negative Lya-
punov exponents and attractive random equilibria prevail [32]. Random strange attractors
can only arise in dimension two and higher and up to now, relatively little research has
been devoted to such attractors. In contrast, the existence of attractive random equilibria
has been studied well, also in higher dimensions [10, 48, 66, 76, 77].

Chapter 5 gives a more detailed description of random strange attractors. First we
show that the sample measures are not supported on a singleton if Ay > 0. We fol-
low work by Baxendale and Stroock [14, 10] extending their results to the non-compact
case. Furthermore, we introduce metric entropy for random diffeomorphisms, follow-
ing [60, 74, 15], and link these discrete-time systems with random dynamical systems
generated by stochastic differential equations via the time-one maps. As a direct con-
sequence of [15, Theorem 9.1] we can show Pesin’s formula, i.e. the equality of metric
entropy and the sum of positive Lyapunov exponents, for systems derived from stochas-
tic differential equations also on non-compact state space and deduce that the random
dynamical system induced by model (1.0.3) has positive entropy for large enough shear
or noise respectively, i.e. if Ay > 0. The same would hold true for model (1.0.1), once
positive Lyapunov exponents can be established. The following statement summarises
Theorem 5.2.9 and Corollary 5.2.10.

Theorem D. Let (6, ) be a random dynamical system induced by a stochastic differen-
tial equation with sufficiently smooth coefficients and an absolutely continuous stationary

probability measure p satisfying the mild integrability condition

/Rd(ln(|x| + 1) p(dz) < 00

Then the discrete time random dynamical system Xt associated with (0,p) satisfies

Pesin’s formula

o () = [ SNl mila)olde),

where h, (X") denotes the metric entropy, \; the positive Lyapunov exponents and m;

its multiplicities.
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As a consequence, if Xt denotes the discrete-time random dynamical system induced
by model (1.0.3) and o > o¢(a, b), then h, (X1) > 0.

Chapter 5 also contains a short treatise on SRB measures for random systems. The
invariant sample measures are called SRB measures if they are absolutely continuous with
respect to the Riemannian measure on fibres of unstable manifolds. Hence, if the sample
measures can be shown to be SRB measures, they are supported on non-singular subsets
of the closures of unstable manifolds, potentially even on the whole set. This gives a
strong characterisation of strange attractors. In [70] the SRB property is shown for
sample measures of discrete-time systems and systems induced by stochastic differential
equations on compact manifolds, in case the stationary measure is absolutely continuous.
It is beyond the scope of this work to show the results for the non-compact case as there
are too many technical intricacies to be considered. We have to be content with the
intuition that if the maps/flows and their derivatives satisfy uniform bounds, the results
are applicable to the non-compact case.

Note that most of the work presented in Chapter 5 is not original. Nevertheless, we
consider it relevant to embed the results of Chapters 3 and 4 into the context of smooth
ergodic theory in order to give a more thorough description of random strange attractors.
In addition to that, we see it as a contribution to linking the Arnold school and the school
represented by Kifer, Ledrappier and Young.

A possible objection to stochastic bifurcation theory working with unbounded white
noise models concerns the local nature of the deterministic bifurcations considered, as
opposed to the global nature of the noise which explores the whole state space. The
stochastic models of Hopf bifurcation and attracting limit cycles in Chapters 3 and 4
exhibit local asymptotic stability for certain parameter regimes due to global stability
properties. This fact can obscure bifurcation behaviour still present in the stochastic case,
as we show in Theorem B. To make this issue even clearer, consider the one-dimensional

pitchfork example with additive white noise
dXt:fa(Xt)dt+Uth, X0:$€R,

where a € R, 0 > 0 and the drift is the derivative of a potential

1
fa(ﬂf) = _axva(x) y with Va(,flj) = —%xQ + Z:LA .



CHAPTER 1. INTRODUCTION 25

Potential V" Potential V"

(a) a =—1 (b)) a=1

Figure 1.5: Graphs of the potential V,,(x) = —%xz + ix‘l fora=—-1and o = 1.

We depict the potential for « = —1 and o« = 1 in Figure 1.5. Observe that the
bifurcation at a = 0 implies the appearance of a local instability around the origin whereas
the potential stays globally stable outside a neighbourhood of 0. Without noise, the
bifurcation entails a change of the attractor from {0} for a < 0 to [—+v/«, /] for a > 0.
As already mentioned above, the bifurcation is ”destroyed” in the presence of noise in the
sense that the random attractor is a random equilibrium for all ¢ > 0, € R [32]. The
white noise lets the system explore the whole state space and the global stability leads to
a negative Lyapunov exponent

)\—/—Vo’é’pa,g(x) dzx
R

for all parameter values, where p, ,(x) denotes the density of the stationary distribution.
Also in this case, a random bifurcation takes place at o = 0 if we consider the di-
chotomy spectrum ¥ which accounts for local instabilities. According to [21] it is given
by
Y =[-00,a] forallaeR.

However, the dichotomy spectrum still contains a measure of global stability by covering
R, and, in general, it is not as directly interpretable as the sign of a Lyapunov exponent.
The question is what kind of analysis can most accurately describe a local stochastic
bifurcation, in particular if the system does not exhibit global stability outside a critical
neighbourhood. If we leave the setting of a normal form, such a problem naturally arises,
as can be seen in Figure 1.6: the potential V, still induces a bifurcation at o = 0 but the

system is globally unstable outside a neighbourhood of the origin.
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Figure 1.6: Graphs of the potential V,(x) = —2q? 4 Iat — %xﬁ for a = —0.1 and o = 0.5.

Our approach to tackle this issue is to embed stochastic bifurcation theory into the
context of Markov processes that induce a random dynamical system evolving in a domain
with forbidden states constituting a trap. The process is said to be killed when it hits
the trap and it is assumed that this happens almost surely at a finite hitting time 7". In
Chapter 6, we investigate the behaviour of the process before being killed, asking what
happens when one conditions the process to survive for asymptotically long times.

Potential \d’(t Potential Vn
1.2 T - 0.2 -
017
>e >s 0
-0.1
-0.2 -
2 1 0 1 2
X X
(a) a =—0.1 (b) a«=0.5

Figure 1.7: Graphs of the potential Va(x) = —%xQ + ix‘* — %xG for a=—0.1 and a = 0.5, supplemented
by red lines at x = —1.5,1.5 demarcating a stable area of the state space.

In Figure 1.7 one can see exactly the same graphs of V., as in Figure 1.6, now supple-
mented by two red lines at x = —1.5,1.5. These lines indicate the boundary of a domain
within which the system behaves similarly to the normal form and the global instability
can be disregarded. By making such a boundary a forbidden state, we can restrict the
analysis to trajectories surviving within a neighbourhood of the origin which is relevant
for the bifurcation behaviour.

The topic of conditioned processes goes back to the pioneering work by Yaglom in
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1947 [91] but in recent years new ideas have been developed (see [28, 75] for excellent
overviews). Due to the loss of mass by absorption at the boundary, the existence of
a stationary distribution is impossible and, therefore, stationarity is replaced by quasi-
stationarity. A quasi-stationary distribution preserves mass along the process conditioned
on survival. Analogously, ergodicity is a problematic concept in this context. Nonetheless,
given a unique quasi-stationary distribution for a Markov process (X;):>o on a state space
E, one can derive the existence of a quasi-ergodic distribution m, characterised by

tlgcr}loEw (%/Otf(Xs)dsT>t> :/Efdm

for all measurable and bounded observables f and initial points z. Using recent work on

this topic by Villemonais, Champagnat, He and others [25, 24, 50], we are able to show

the following statement for systems induced by stochastic differential equations
dX, = f(Xy)dt+odW,, Xo=2x € F, (1.0.4)

where f is continuously differentiable and £ C R? is a bounded domain:

Theorem E. Let (0, ) be the random dynamical system with absorption at the boundary
corresponding to the Markov process (Xi)i>o solving equation (1.0.4). If the generator
for the projective bundle of (X;)i>0 and its derivative process is hypoelliptic, then for all
v € R\ {0} and x € E the conditioned expectation of the finite—time Lyapunov exponents
converges to the same real number X, i.e.
X = lim lEx |:h’l HD30(|7|57 |ix)v”
v

t—oo t

T>t}.

We call X the conditioned average Lyapunov exponent.

The proof (see Proposition 6.2.3) relies on the fact that the finite-time Lyapunov
exponents can be expressed as the time averages of a functional. These time averages
conditioned on survival converge to an integral with respect to the quasi-ergodic distri-
bution.

Furthermore, we can show that A\, which at first sight only gives the limit of expected
values, has the strongest possible dynamical meaning for the setting with killing at the
boundary, where convergence almost surely is not feasible: we prove convergence in prob-
ability of the finite-time Lyapunov exponents

Theorem F. Let \,(t,-,x) denote the finite-time Lyapunov exponents associated with
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equation (1.0.4). Then for all € > 0 we have

lim P, (])\v(t, LT)— AN >e€
t—o0

T>t>=0

uniformly over all v € E, v € S™. This means that the finite-time Lyapunov exponents

of the surviving trajectories converge to its assemble average in probability.

In short, the number X is a measure of typical asymptotic stability /instability of the
surviving trajectories. In Section 6.6 we deploy the change of sign of A as an indicator
for a stochastic bifurcation in the pitchfork and the Hopf example. We further discuss
the possibility of a Lyapunov spectrum for systems with killing and conduct numerical
experiments that indicate its existence. However, a proof seems out of reach.

Moreover, Chapter 6 contains the proof of the following local synchronisation theorem
(see Theorem 6.3.1) which characterises the situation of a negative conditioned average
Lyapunov exponent .

Theorem G. If A < 0 there is exponentially fast local synchronisation of trajectories in
discrete time with arbitrarily high probability, i.e. for all0 < p < 1 and . € (\,0) there
18 an oy such that

1 _
lim P, (5 (. - 2) — p(n,- )| < A for ally € B, ()

n—oo

T>n)>1—p

This is another indication of the dynamical relevance of .

We further define the dichotomy spectrum for the situation with killing at the bound-
ary and show that it consists of a finite number n € {1,...,d} of closed intervals (Theo-
rem 6.5.8), where d is the dimension of the space. In addition to that, we prove a classical
relation to the spectrum of finite-time Lyapunov exponents (Theorem 6.5.9). We also
determine the dichotomy spectrum for the pitchfork problem with killing.

Relating quasi-stationary and quasi-ergodic measures to invariant random measures
of the killed random dynamical system turns out to be difficult. Leaving out the past
of the system allows for a correspondence with conditionally invariant measures of the
associated open system on the skew-product space (Propositions 6.4.2 and 6.4.4), but
anything beyond that result remains to be explored.

Structure of the thesis

To summarise, this work consists of three major parts. In Chapter 3, we discuss a model of
Hopf bifurcation with shear and additive noise and prove synchronisation of all trajectories
for small enough shear. We detect bifurcation behaviour in terms of uniform and finite-
time stability and show that for large enough shear arbitrarily large finite-time instabilities

occur. It remains a conjecture to show positive Lyapunov exponents for that problem.
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In Chapter 4, we define a model of a stochastically driven limit cycle for which we are
able to show analytically the existence of positive Lyapunov exponents. By that we
establish one of the first examples for proving a transition from synchronisation to chaos
in dissipative stochastic systems, a behaviour that is expected to be typical for stochastic
bifurcations. In Chapter 6, we develop a theory of measuring asymptotic stability for
random dynamical systems conditioned on survival in a bounded domain. The motivation
is to explore the local bifurcation behaviour, that can be obscured by unbounded noise,
also for the stochastic case.

Chapter 5 mainly summarises known ergodic theory to describe chaotic attractors seen
in Chapter 4 and conjectured in Chapter 3. We start with Chapter 2, which introduces
random dynamical systems and important concepts such as random attractors, invariant

measures and multiplicative ergodic theory.



Chapter 2

Random dynamical systems

We work in the framework of random dynamical systems. A continuous-time random
dynamical system on a topological state space X consists of

(i) a model of the noise on a probability space (2, F,P), formalised as a measurable
flow (0;)ier of P-preserving transformations 6, : 2 — €,

(ii) a model of the dynamics on X perturbed by noise formalised as a cocycle ¢ over 6.

In technical detail, the definition of a random dynamical system is given as follows [2,
Definition 1.1.2].

Definition 2.0.1 (Random dynamical system). Let (2, F,P) be a probability space and
X be a topological space. A random dynamical system (RDS) is a pair of mappings (6, ¢).

e The (B(R) ® F, F)-measurable mapping 6 : R x Q — Q, (t,w) — 6w, is a metric
dynamical system, i.e.
(i) 6p =id and 0;,, = 6, 0 0, for t, s € R,
(ii)) P(A) = P(0;A) for all A € F and t € R.

e The (B(R)®F®@B(X), B(X))-measurable mapping ¢ : RxQx X — X, (t,w,x) —
o(t,w, ), is a cocycle over 0, i.e.

o(0,w) =1id and @(t+s,w,-) = p(t, 0w, o(s,w,-)) forallw e Qandt,seR.

The random dynamical system (6, ¢) is called continuous if (¢, z) — p(t,w, x) is continu-
ous for every w € ). We still speak of a random dynamical system, if its cocycle is only
defined in forward time, i.e. if the mapping ¢ is only defined on Rj x Q x X. We will
make it noticeable whenever this is the case.

In the following, the metric dynamical system (6;);cr is often even ergodic, i.e. any
A € F with ;A = A for all t € R satisfies P(A) € {0,1}. Note that we define @ in

30
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two-sided time whereas ¢ can be restricted to one-sided time. This is motivated by the
fact that a large part of this thesis will deal with random dynamical systems generated
by stochastic differential equations, in particular in Chapters 3 and 4. However, we
will restrict 6 to one-sided time, considering the system as a one-sided random dynamical
system, for special problems in Chapter 6, and in Chapter 5 where we additionally consider
random systems in discrete time.

Further, note that the trajectories of the RDS might explode in finite time. In this
case one can consider it as a local random dynamical system (as opposed to the global
random dynamical system from Definition 2.0.1) being defined only for times bounded by
some random explosion times 7~ (w, x) and 71 (w, ). We will consider local RDS in more
detail in the context of Chapter 6.

Throughout this thesis, we will investigate random dynamical systems induced by
stochastic differential equations. Hence, we are interested in random dynamical systems
adapted to a suitable filtration and of white noise type. Following [48], we make the
following definition:

Definition 2.0.2 (White noise RDS). Let (6, ¢) be a random dynamical system over a
probability space (€2, F,P) on a topological space X where ¢ is defined in forward time.
Let (F!)_so<s<t<oo be a family of sub-o-algebras of F such that

(i) FpcFlforal s<t<u<w,

)
(ii) F! is independent from F7 for all s <t < wu <,
(iii) 0, Y(F!) = Fir for all s <t,r € R,

)

(iv) o(t,-, x) is Fi-measurable for all t > 0 and = € X.

Furthermore we denote by F* __ the smallest sigma-algebra containing all Ff, s < ¢, and
by F7° the smallest sigma-algebra containing all F*, t < u. Then (0, @) is called a white
noise (filtered) random dynamical system.

Consider a stochastic differential equation (SDE)
dX; = f(Xy)dt + g(Xy)dW,, Xo € Rd7 (2.0.1)

where (W;) denotes some r-dimensional standard Brownian motion, the drift f : R? — R?
is a locally Lipschitz continuous vector field and the diffusion coefficient ¢ : R — R*7
a Lipschitz continuous matrix-valued map. If in addition f satisfies a bounded growth
condition, as for example a one-sided Lipschitz condition, then by [37] there is a white noise
random dynamical system (6, ) associated to the diffusion process solving (2.0.1). The
probabilistic setting is as follows: We set 2 = Cy(R,R"), i.e. the space of all continuous
functions w : R — R” satisfying that w(0) = 0 € R". If we endow Q with the compact
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open topology given by the complete metric

o0

D=3 1w — & ~ ~
ﬁ(wvw) - 2n 1 _|_ ||(U _ &\)an ||(’u CUH \Stél?l ||£U( ) CU( )H

we can set F = B(€), the Borel-sigma algebra on (€2, k). There exists a probability mea-
sure P on (Q, F) called Wiener measure such that the r processes (W}'), ..., (W/) defined
by (WH(w),...,W[(w))T := w(t) for w € Q are independent one-dimensional Brownian
motions. Furthermore, we define the sub-c-algebra F! as the o-algebra generated by

w(u) —w(v) for s <v < wu < t. The ergodic metric dynamical system (6;):cg on (2, F,P)
is given by the shift maps

0;: Q= Q, (Qw)(s) =w(s+t) —w(t).

Indeed, these maps form an ergodic flow preserving the probability P, see e.g. [2].
In chapter 3, we are not able to work with a one-sided Lipschitz condition. Instead, we
will use a transformation into a random differential equation to show that the respective

stochastic differential equation induces a random dynamical system.

2.1 Invariant measures

Let (0, ¢) be a random dynamical system with the cocycle ¢ being defined on one-or two-
sided time T € {R{,R}. Then the system generates a skew product flow, i.e. a family of
maps (O)ier from 2 x X to itself such that for allt € T and w € Q,z € X

Ow,z) = (w, p(t,w, )) .

The notion of an invariant measure for the random dynamical system is given via the
invariance with respect to the skew product flow, see e.g. [2, Definition 1.4.1]. We denote
by T the push forward of a measure p by a map T, i.e. Tu(-) = p(T71(+)).

Definition 2.1.1 (Invariant measure). A probability measure p on 2 x X is invariant

for the random dynamical system (6, o) if
(i) O =pforallt e T,

(ii) the marginal of p on Q is P, i.e. u can be factorised uniquely into p(dw,dz) =
e, (dz)P(dw) where w +— p,, is a random measure (or disintegration or sample mea-
sure) on X, i.e. u, is a probability measure on X for P-a.a. w € Q and w +— p,(B)
is measurable for all B € B(X).

The marginal of y on the probability space is demanded to be P since we assume the

model of the noise to be fixed. Note that the invariance of p is equivalent to the invariance
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of the random measure w — p,, on the state space X in the sense that
o(t,w, )y = Ho,, P-as. forallteT. (2.1.1)

For white noise random dynamical systems (6, ¢), in particular random dynamical systems
induced by a stochastic differential equation, there is a one-to-one correspondence between
certain invariant random measures and stationary measures of the associated stochastic
process, first observed in [30]. In more detail, we can define a Markov semigroup (F;)¢>o
by setting

Puf(2) = E(f(¢(t, )

for all measurable and bounded functions f : X — R. If w > p,, is a F°__-measurable
invariant random measure in the sense of (2.1.1), also called Markov measure, then

) =Bl (] = [ nlP()
turns out to be an invariant measure for the Markov semigroup (P;):>¢, often also called
stationary measure for the associated process. If p is an invariant measure for the Markov
semigroup, then

Ho = lim 90<t7 G,tw, )p
t—o0

exists P-a.s. and is an F°_ -measurable invariant random measure.
We observe similarly to [10] that, in the situation of u and p corresponding in the way

described above,
Bl ()F57] = Elpw ()] = p() ,
and, hence,
Elp()[F5°] = (P x p)(-) .

Therefore the probability measure P x p is invariant for (0;);>0 on (2x X, F5° xB(X)). In
words, the product measure with marginals [P and p is invariant for the random dynamical
system restricted to one-sided path space. We will discuss a similar relation for quasi-

stationary and quasi-ergodic measures in Chapter 6.

2.2 Random attractors

Let (0, ¢) be a white noise random dynamical system on a metric space (X,d). We give
the definition of a random attractor of (6, ¢) with respect to tempered sets.
A random variable R : 2 — R is called tempered if

1
lim — In" R(f,w) =0 for almost all w €
t—+oo |t|
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see also [2, p. 164]. A set D € F ® B(X) is called tempered if there exists a tempered
random variable R such that

D(w) C Bpr(.)(0) for almost all w € 2,

where D(w) = {z € X : (w,x) € D}. D is called compact if D(w) C X is compact
for almost all w € ). Denote by D the set of all compact tempered sets D € F ®
B(X). We now define the notion of a random attractor with respect to D, see also [61,
Definition 14.3].

Definition 2.2.1 (Random attractor). A set A € D is called a random attractor (with
respect to D) if the following two properties are satisfied.

(i) A is g-invariant, i.e.

o(t,w)A(w) = A(fw) for all ¢ > 0 and almost all w € Q.

(ii) For all D € D, we have
tlim dist (¢(t,0_4w)D(0_w), A(w)) =0 for almost all w € Q,
—00

where dist(E, F') := sup,p infyer d(z, y).

The set A is called a weak random attractor if it satisfies the latter property with almost
sure convergence replaced by convergence in probability. We call A a (weak) random
point attractor if it satisfies the properties above with tempered random sets D replaced
by single points y € X in (ii). A (weak) random point attractor is said to be minimal if

it is contained in each (weak) random point attractor.

Remark 2.2.2. Note that we require that the random attractor is measurable with
respect to F @ B(X), in contrast to a weaker statement normally used in the literature
(see also [33, Remark 4]).

Remark 2.2.3. Property (ii) is sometimes demanded only for compact subsets B C X
as for example in [48]. Note that any random attractor according to our definition is a
random attractor according to this weaker definition.

The existence of random attractors is proved via so-called absorbing sets. A set B € D
is called an absorbing set if for almost all w € €2 and any D € D, there exists a T' > 0
such that
o(t,0_w)D(0_yw) C B(w) forall t>T.

A proof of the following theorem can be found in [49, Theorem 3.5].
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Theorem 2.2.4 (Existence of random attractors). Suppose that (0,¢) is a continuous
random dynamical system with an absorbing set B. Then there exists a unique random

attractor A, given by

Furthermore, w +— A(w) is measurable with respect to F°_, i.e. the past of the system.

o op)

Remark 2.2.5. Naturally, random attractors are related to invariant probability mea-
sures of a random dynamical system (6, ). It follows directly from [31, Proposition 4.5]
that, if the fibres of a random attractor A, i.e. w — A(w), are measurable with respect to
FO__, there is an invariant measure u for (0, ) such that w +— p,, is measurable with re-
spect to F°_, i.e. is a Markov measure, and satisfies ,,(A(w)) = 1 for almost all w € Q.
In particular, if there exists a unique invariant probability measure p for the Markov
semi-group (F;)i>o, then the invariant Markov measure, supported on A, is unique by
the one-to-one correspondence explained above. Additionally, if the Markov semi-group

is strongly mixing, i.e.
Pf(z) =% / f(y)p(dy) for all continuous and bounded f: X — R and z € X,
X

then the set A € F x B(X), given by A(w) = supp pu, C A(w) for almost all w € €, is a
minimal weak random point attractor according to [48, Proposition 2.20].

2.3 Spectral theories of random dynamical systems

Lyapunov exponents

Fundamental for stochastic bifurcation theory is Oseledets’ Multiplicative Ergodic The-
orem, which implies the existence of Lyapunov exponents describing stability properties
of a differentiable random dynamical system.

The random dynamical system (6, ) is called C* if o(t,w,-) € C* for all t € T
and w € Q, where again T € {R,Rj}. Let’s assume that X is a smooth d-dimensional
manifold and that (0, ¢) is C'. The linearisation or derivative Do(t,w, z) of ¢(t,w,-) at
r € X is a linear map from the tangent space T}, to the tangent space T, ). If X = R¢,
the linearisation is simply the Jacobian d x d matrix

dp(t,w, x)

Do(t,w,z) = e

Differentiating the equation

Sp(t + 87 w? x) = gp(t7 95w7 (p(‘S? w? ':E))
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on both sides and applying the chain rule to the right hand side yields
Do(t + s,w,z) = Dp(t, Osw, p(s,w, z))Dp(s,w, x) = Dp(t, Os(w, z))Dp(s,w, x),

i.e. the cocycle property of Dy with respect to the skew product flow (©;)ser.

Let us now assume that the random dynamical system possesses an invariant mea-
sure p. In case X = R? this implies that (©,Dyp) is a (potentially one-sided) random
dynamical system with linear cocycle Dy over the metric dynamical system (2 x X, F ®
B(X),(©¢)ier), see e.g. [2, Proposition 4.2.1]. Generally, we have that Dy is a linear
bundle random dynamical system on the tangent bundle T'X (see [2, Definition 1.9.3,
Proposition 4.25]).

In large parts of this work, we will be concerned with a stochastic differential equation

in Stratonovich form

AX; = fo(X,)dt + i £i(X,) o dW7 (2.3.1)

where Wtj are independent real valued Brownian motions, fy is a C! vector field and
fi,---, fm are C? vector fields satisfying bounded growth conditions, as e.g. (global)
Lipschitz continuity, in all derivatives to guarantee the existence of a (global) random
dynamical system for ¢ and Dy. We write the equation in Stratonovich form when
differentiation is concerned as the classical rules of calculus are preserved. If X = R
we can apply the conversion formula to the It6 integral (see Appendix A.1) to obtain the
situation of (2.0.1).

According to [6], the derivative Do(t,w, z) applied to an initial condition vy € T, X =
R? solves uniquely the variational equation

dv =Dfo(p(t,w,z))vdt + Zij(<p(t,w, oNvodW/, v(0)=vyeT,X. (23.2)
j=1
In case the derivative can be written as a matrix, as for example for X = R?, the Jacobian
Do(t,w, ) satisfies Liouville’s equation

t
det Do(t,w, x) = exp </ trace D fo(p(s,w,x))ds
0

+ Zm: /t trace Df;(p(s,w,z)) o dWSJ) (2.3.3)
j=1"0

We summarise the different versions of the Multiplicative Ergodic Theorem for differen-
tiable random dynamical systems in one-sided and two-sided time in the following theorem
[2, Theorem 3.4.1, Theorem 3.4.11, Theorem 4.2.6], containing all the properties we will

need in the following.



CHAPTER 2. RANDOM DYNAMICAL SYSTEMS 37

Theorem 2.3.1 (Multiplicative Ergodic Theorem). (a) Suppose the C'-random dynam-
ical system (0, p), where  is defined in forward time, has an ergodic invariant measure

v and satisfies the integrability condition

sup In" [|Dy(t, w, )| € L*(v).
0<t<1

Then there exist a ©-invariant set A C Q x X with v(A) =1, a number 1 < p <d
and real numbers \; > --- > \,, the Lyapunov exponents with respect to v, such that
for all0 #£v € T,X R4 and (w,z) € A

AMw, x,v) = tlg]c[)lo % In ||Do(t,w, z)v|| € {Ap, ..., A1}
Furthermore, the tangent space T,X = R admits a filtration
R = Vi(w,z) 2 Va(w,z) 2 -+ 2 Vp(w, ) 2 Vo (w, ) = {0},
for all (w,z) € A such that
AMw,z,v) =X <= veVi(wx)\Vigr(w,z) forallie{l,...,p}.

In case the derivative can be written as a matriz, we have for all (w,z) € A
hm —lndet Do(t,w, ) Zd i (2.3.4)

where d; is the multiplicity of the Lyapunov exponent \; and Y &, d; = d.

(b) If the cocycle ¢ is defined in two-sided time and satisfies the above integrability con-
dition also in backwards time, there exists the Oseledets splitting

R = Fy(w,2) @ --- ® E,(w, 7)

of the tangent space into random subspaces F;(w,x), the Oseledets spaces, for all

(w,x) € A. These have the following properties for all (w,x) € A:

(i) The Oseledets spaces are invariant under the derivative flow, i.e. for all t € R

Do(t,w,z)Ei(w,z) = FE;j(04(w, x)),
(it)

1
tligﬁn gln||D<p(t,w,x)v|| =\ <= veFE(w,x)\{0} foralie{l,... p},
—zo0



CHAPTER 2. RANDOM DYNAMICAL SYSTEMS 38

(i1i) The dimension equals the multiplicity of the associated Lyapunov exponent, i.e.

The Furstenberg—Khasminskii formula

The standard method for deriving an explicit formula of the largest Lyapunov exponent
A1 is given by the Furstenberg-Khasminskii formula which will play a crucial role in
Chapters 4 and 6, and also partly in Chapter 3. We give a short introduction based on
[53]. For more detailed discussions we refer to [2, 4].

Consider the linear Stratonovich equation

dY; = ApY,dt + Y AV, odW/, Yy=veR?, (2.3.5)
j=1
where Ay, ..., A, € R4 and W1, ... W™ are independent Wiener processes in two-sided

time. For keeping things simple, we let Ao, ..., A,, € R%9 not depend on an underlying
random system. Thus, equation (2.3.5) induces a linear cocycle ® over the family of shifts
(0¢)ter on the Wiener space €2, as opposed to the previous section where the probability
space was €2 x X for some manifold X and the skew product flow (©,);er replaced (0;)icr.
We will see in the course of this work that the calculations below are still applicable in
such situations.

We introduce the change of variables r, = [|Y|| and s; = Y;/ry, so that s, lies on the

unit sphere S%~!. The stochastic differential equation in polar coordinates is given by

ds; = (Aos — (s¢, Agse)se) dt + Z(Ajst — (8¢, Ajsy)st) o thj ,
j=1
and

dry = (84, Aosy)r dt + Z<St’ Ajsyre o thj>

j=1

Since Stratonovich integration obeys the classical chain rule we can write

t m t
Ty = To€Xp (/ (87, Ags)dT + § / (87, Ajs;) 0 de) .
0 =10

Using the Ito-Stratonovich conversion we obtain

t m mo
Ty = Toexp </ [hA()(ST) + Z ka,(s-)|dr + Z/ (sr, Ajsr) dWﬁ) , (2.3.6)
0 oy = o
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where

ha(s) = (s, As) ,
ka(s) = %((A 4 A%)s, As) — (s, As)?.

It is well known that the Ito integrals in (2.3.6) are of order (v/t) for large t. Hence, we
can conclude that

1 I -
n Inr, = Z/ [hAO(sT) + Z ka,(s7)| dr+ O 172y, (2.3.7)
0 =

We define
ga(s) = As — (s, As)s for A € R™? s ¢ S,

and denote by £(ga,,---,9a,,)(s) the Lie algebra generated by these vector fields at s.
We impose the classical Hormander condition on the hypoellpticity of these vector fields

driving the dynamics of s;:
dim £(gay,---,94,)(s) =d—1 forall s € S**. (2.3.8)

Note that the objects in Theorem 2.3.1 only depend on w € € in our situation. According
to [52], condition 2.3.8 guarantees that the distribution of the Oseledets space E;(w) in
Theorem 2.3.1 (b) possesses a smooth density for any i € {1,...,p}. Therefore any
initial point v € R?\ {0} has almost surely a non-vanishing component in E;(w) (and
v € Vi(w) \ Va(w) almost surely in the situation of Theorem 2.3.1 (a)), and, hence,

1
A1 = lim —Inr; almost surely.
t—o0 t

The hypoellipticity condition (2.3.8) further implies irreducibility of the Markov semi-
group induced by (s;);>0 on S, and since the unit sphere is a compact manifold, we
can conclude that (s;);>p possesses a unique stationary probability measure with smooth
density p. The density p solves the stationary Fokker-Planck equation

where

1 m
L=ga+ 2 Zg?“j
=1

is the generator of (s;);>o in Hormander notation and £* is the formal adjoint of £. By
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Birkhoft’s Ergodic Theorem we observe that

t—oo t t—00

1 1 [ -
lim —Inr; = lim - [hAO(sT) + Z /{:Aj(sT)] dr
0

— /Sdl [hAo(S) +ZkAj(S)] p(s)ds.

The Furstenberg—Khasminskii formula for the top Lyapunov exponent is therefore given
by

A = /S [hAo(s) + ZkAj(s)] p(s)ds. (2.3.9)

The dichotomy spectrum

In Chapters 3 and 6 we will discuss properties of the dichotomy spectrum for the lineari-
sation of a random dynamical system. The dichotomy spectrum will turn out to capture
aspects of uniform and finite-time stability which cannot be covered by the Lyapunov
spectrum.

Similarly to the previous sections, consider a linear random dynamical system (6, ¢)
on state space R?, i.e. p(t,w, ) is a linear map for all t € R and w € . In this situation,
there exists a matrix valued function ® : R x Q — R¥? such that ®(t,w)v = p(t,w,v)
for all t € R,w € Q,v € R In the following we will simply write (6, ®) for such a linear
RDS. An invariant projector of a linear random dynamical system (6, ®) is a measurable
function P : Q — R with

P(w) = P(w)* and P(A,w)®(t,w) = ®(t,w)P(w) forall t € R and w € .

Definition 2.3.2 (Exponential dichotomy). Let (6, ®) be a linear random dynamical
system and let v € R and P, : Q — R%*? be an invariant projector of (6, ®). Then (6, ®)
is said to admit an exponential dichotomy with growth rate v € R, constants a > 0 and
K > 1 and projector P, if for almost all w € €2, one has

|®(t, w) Py (w)|| < Kel'™®" forall >0,
|®(,w)(Id =P, (w))|| < K forall + <0.

For the definition of the dichotomy spectrum, it is crucial for which growth rates a
linear random dynamical system (6, ®) admits an exponential dichotomy. We additionally
define that (0, ®) admits an exponential dichotomy with growth rate oo if there exists a
v € R such that (0, ®) admits an exponential dichotomy with growth rate v and projector
P, =1d. Analogously, (6, ®) admits an exponential dichotomy with growth rate —oo if
there exists a v € R such that (0, ®) admits an exponential dichotomy with growth rate
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~ and projector P, = 0. We write R := RU {—o00, 00}.

Definition 2.3.3 (Dichotomy spectrum [21]). Consider the linear random dynamical
system (0, ®). Then the dichotomy spectrum is defined by

Y= {fy € R : (0, ®) does not admit an exponential dichotomy with growth rate ’y} .

The corresponding resolvent set is defined by p := E\ >

We are now prepared to present our results on problems of stochastic bifurcation the-
ory. In the following chapter, we start with investigating Hopf bifurcations with additive

noise.



Chapter 3

Hopf bifurcation with additive noise

We consider the following stochastic differential equations on R? with purely external
noise of intensity o > 0,

dz = (ax — By — (az — by)(2? + y?))dt + odW}},

3.0.1
dy = (ay+ Br — (bo + ay)(z® + y?))dt + odW, (3.0.1)

where a > 0, a,3,b € R and W}!, W? denote independent one-dimensional Brownian
motions. Recall that in the absence of noise (¢ = 0), the ODE (3.0.1) is the normal form
of a supercritical Hopf bifurcation. This means that for o < 0 the system has a globally
attracting equilibrium at (z,y) = (0,0) which is exponentially stable for a < 0, and for
a > 0 the system has a limit cycle at {(z,y) € R? : 22 + y? = a/a}, globally attracting on
R?\ {0}. In the presence of noise (¢ # 0), the stable equilibrium or limit cycle respectively
turns into a random attractor whose existence is proven and whose nature is explored in
this chapter. Further recall that the real parameter b induces shear: if b # 0, the phase
velocity depends on the radius. We investigate the possibility of shear-induced chaos in
the noisy environment of this model.

In Theorem 3.1.1 we prove that the stochastic differential equation (3.0.1) induces a
random dynamical system and possesses a random attractor for all choices of parameters.
Using results from [48], we show in Theorem 3.1.2 that a negative top Lyapunov expo-
nent implies the random pullback attractor to be a random equilibrium and we prove
the exponentially fast synchronisation of almost all trajectories from all initial points.
Theorem 3.1.3 gives an explicit upper bound of shear intensity, depending on the other
parameters, for obtaining a negative top Lyapunov exponent, extending results in [35] to
global parameter space. In Conjecture 3.1.5 we suspect a positive top Lyapunov exponent
for large enough shear given any value of «, which would imply the existence of a random
strange attractor.

The second part of the chapter focuses on parameter-dependent changes of finite-time

and uniform attractivity, partially indicated by the dichotomy spectrum of the linearisa-

42
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tion along trajectories. Theorem 3.1.6 shows the existence of a bifurcation from uniform
synchronisation (phase (I) in Figure 1.4) to non-uniform synchronisation (phase (II) in
Figure 1.4) in the case of small shear. We prove that the random equilibrium changes
from being globally uniformly attractive to being not even locally uniformly attractive at
a = 0. Further, at a = 0, we observe the appearance of positive finite-time Lyapunov
exponents. This is associated with a loss of hyperbolicity in the dichotomy spectrum X
along the random equilibrium. The described bifurcation in the random equilibrium at
a = 0 shows that the synchronisation by noise does not entirely ”destroy” the bifurcation.

Theorem 3.1.7 shows the existence of unbounded positive finite-time Lyapunov ex-
ponents for sufficiently large shear and any value of a (phase (II) in Figure 1.4). As
explained in the Introduction, this is the first analytical contribution to the problem of
shear-induced chaos for model (3.0.1), while a proof of Conjecture 3.1.5 concerning phase
(IT1) in Figure 1.4 still seems out of reach. In Section 3.5 we report about two approaches
to prove the conjecture. The first tries to approximate the joint stationary distribution on
the projective bundle, comprising the original system variables and the linearised system
on the tangent space. Unfortunately we cannot find the right parameter scaling to find
an adequate approximation. The second approach uses a finite-element method and aims
for a computer-assisted proof. The missing ingredient is a rigorous argument for choosing
boundary conditions on a sufficiently large domain. Still, we hope that these ideas might
inspire new attempts to tackle this difficult problem.

Eventually, we discuss numerical investigations into other examples of stochastic Hopf
bifurcation, namely the Duffing van der Pol system with additive noise and the stochastic
Brusselator. These examples contain no shear forces and serve purely as further examples
of synchronisation by additive noise.

The remainder of this chapter is organized as follows. Section 3.1 introduces briefly
the technical framework and formulates the main results of this chapter. Section 3.2 is
dedicated to a detailed of proof of Theorem 3.1.1 showing the existence of a random
attractor for all parameters. In Section 3.3 we prove Theorems 3.1.2 and 3.1.3 and show
some statistical properties of the random equilibrium. Section 3.4 contains the proofs of
Theorems 3.1.6 and 3.1.7 showing various aspects of the random bifurcations in o and
b. In Section 3.5 we discuss possible paths for proving Conjecture 3.1.5. Conclusively,
Section 3.6 presents two further examples of synchronisation by noise in stochastic Hopf

bifurcation.

3.1 Statement of the main results

The stochastic differential equation (3.0.1) can be rewritten as
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where Z; = (x4, ;)" and W, = (W}, W2)T, and the function f : R? — R? is defined by

f(Z)::(Z‘ ;5>Z—(x2+y2)<z ;b>z.

To investigate sample path properties of the solutions of (3.0.1), it is convenient to work
with the canonical sample path space of Brownian motions. Let = Cy(R,R?) be the
space of all continuous functions w : R — R? satisfying that w(0) = 0. We endow  with
the compact open topology and denote by F = B(£2) the Borel o-algebra on ).

It is well known that there exits the so-called Wiener probability measure P on (€, F)
which ensures that the two process (W}!)ier and (W2)ier, defined by (W} (w), W2 (w))" =
w(t) for w € Q, are independent one-dimensional Brownian motions. We define the sub
o-algebra F,; as the o-algebra generated by w(u) — w(v) for s < v < u < t. For each
t € R, we define the shift map 6, : Q@ — Q by

(Ow)(s) =w(s+1t) —w(t) forall seR.

It is well known that (6;).cr is an ergodic flow preserving the probability measure P, see
e.g. [2]. Thus, (2, F,P, (0;)er) is an ergodic dynamical system.

3.1.1 Generation of a random dynamical system with a random attractor

Given w € €, an initial value Z € R? and T > 0, we say that a continuous function
o(-,w, Z) : [0, T] — R? solves the stochastic differential equation (3.0.1) if it satisfies the
integral equation

ot,w, Z) =7+ /tf(ap(s,w,Z))ds +ow(t) forall t €[0,T].
0

The first result in this chapter concerns global existence of solutions of (3.0.1) for almost
every sample path, implying that the solutions do not blow up in forward time. We show
that the solutions of (3.0.1) generate a random dynamical system (6, ), i.e. that the
(B(R{) @ F @ B(R?), B(R?))-measurable mapping ¢ : Rf x Q x R? — R? (t,w,r) —
@(t,w, ), is a cocycle over #, which means that ¢(0,w, ) = Id and

ot + s,w,1) = p(t, 0w, o(s,w,r)) forall we Q,xcR*andt, s>0.

In addition to the generation of a random dynamical system, the following theorem ad-

dresses also the existence of a random attractor.

Theorem 3.1.1 (Generation of a random dynamical system with a random attractor).
For the stochastic differential equation (3.0.1), there exists a 0-invariant F-measurable
set 2 C Q of full probability such that the following statements hold.
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(i) Forallw € Q and Z € R2, the stochastic differential equation (3.0.1) admits a unique

solution p(-,w, Z) such that ¢ forms a cocycle for a random dynamical system on

(ﬁa ‘F’ P) (Qt)tER) .

(ii) There exists a random attractor A € F @ B(R?) of the random dynamical system

(0,9) such that w — A(w) is measurable with respect to F°__, i.e. the past of the

[oops

system.

Since the difference of the spaces {2 and Q is a set of measure zero, we identify both
in the following.

3.1.2 Negativity of top Lyapunov exponent and synchronisation

The following results concern the asymptotic behaviour of trajectories, in particular their
stability properties. This will give information about the structure of the random attractor
A associated with the stochastic differential equation (3.0.1).

To analyse asymptotic stability, we study the linearisation ®(¢,w, Z) := D,p(t, w, Z).
A direct computation yields that ®(0,w, Z) = Id and

O(t,w,Z) =Df(p(t,w, 2))P(t,w, Z). (3.1.2)

It is easy to observe that ® is a linear cocycle over the skew product flow (@t)teRg on
Q) x R?, defined by
Ow, Z) = (O, p(t,w, Z)).

In fact, (©, ®) is a linear random dynamical system, where the ergodic dynamical system
(6¢)ecr is replaced by (Oy)icp+ (see Section 2.3). We obtain an ergodic probability mea-
sure for the skew product flow (@t)teRg by using the fact that there exists a one-to-one
correspondence between the stationary measure p for the Markov semigroup associated
to (3.1.1) and a certain invariant measure of (Oy)cp+-

In more detail, recall from (1.0.2) that the density of the unique stationary distribution

p reads as

20(2% + 1) — a(a? + y?)?
202

p(7,y) = Ky a,0 €Xp ( ) for all (z,y) € R?, (3.1.3)

where K, o, > 0 is the normalisation constant and is given by

2v2a
/o erfe (—\/2‘27> '

Recall from Chapter 2 that the stationary measure p gives rise to an invariant measure p

Ka,a,a =
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for (@t)teRg on Q x R? in the following sense: the push-forward limit
e := lim @(t,0_w)p
t—00

exists for almost all w € Q and is an F°__-measurable random measure, i.e. w > pu,,(B) is
FO_-measurable for any B € B(R?). This defines a Markov measure j on (2 x R*| F ®
B(R?)) via
u(C) = / 11, (C,) P(dw)  for all C € F ® B(R?),
Q

where C, :== {Z € R? : (w,Z) € C}. p is invariant under (©1)crs (see e.g. [30]).
Reversely, the stationary measure p is given by

p(B) = /Q/AW(B) P(dw) for all B € B(R?). (3.1.4)

The uniqueness of the stationary measure p with density p(z,y) implies that the invariant
measure g is ergodic. We will see in Proposition 3.3.1 that the linear system ® defined in
(3.1.2) satisfies the integrability condition

sup In* [ B(t,w, Z)|| € L(1)

0<t<1
Therefore, we can apply Oseledets’” Multiplicative Ergodic Theorem (see Theorem 2.3.1)
to obtain the Lyapunov spectrum of the linear random dynamical system (©,®). In
particular, the top Lyapunov exponent is given by

1
Atop 1= }E?ozln |®(t,w, Z)|| for p-almost all (w,Z) € Q x R?. (3.1.5)

The top Lyapunov exponent allows to characterise synchronisation for the random dy-
namical system generated by (3.0.1), which means that for all Z;, Z, € R?, we have

tlim lp(t,w, Z1) — @(t,w, Zs)|| =0 for almost all w € Q.
—00

Theorem 3.1.2 (Existence of random equilibrium and synchronisation of trajectories).
Suppose that Aop < 0. Then the random attractor A for the stochastic differential equa-
tion (3.0.1) is given by a random equilibrium, i.e. A(w) is a singleton for almost all
w € Q. In addition, the the stochastic differential equation (3.0.1) admits exponentially

ast synchronisation, i.e. for all Zy, Zy € R?, we have
f y 7 ) 7

1
limsup — In ||¢(t,w, Z1) — p(t,w, Zo)|| < 0  for almost all w € 2.

t—o00 t

We now aim to determine the region of parameters for which Ay, < 0. In [35],
analytical results are obtained that show that A, is negative in certain regions of the



CHAPTER 3. HOPF BIFURCATION WITH ADDITIVE NOISE 47

parameters space, in particular when shear is small. The following theorem extends this
result to a larger region in the parameter space.

Theorem 3.1.3 (Small shear implies synchronisation). For each a,a, 3,0, let

Ky 0,002 Ky 0002
K:=a 5 5+ 2.
a+ 1Ky 000° \ O+ 7Ky 00

Then the top Lyapunov exponent Aop s negative if |b] < k.

Remark 3.1.4. (i) Note that Ky, = 222, and Theorem 3.1.3 then implies that Arop, < 0
provided that |b] < v/3a and « is sufficiently small. This special case is considered in [35,
Proposition 4.1].

(ii) For fixed a and «, we have

. . 2V 2mao
lim 7TK(W,UJ2 = lim = 0.
o—00 o—00 o
erfc | ——2=
( V2ao? )

Therefore, by Theorem 3.1.3 we have Ay, < 0 provided that |b| < v/3a and the noise
intensity o is sufficiently large.

Numerical evidence from [35] and Figure 3.1 suggest that large shear leads to positive
top Lyapunov exponent. Unfortunately, we are not able to prove this analytically and
formulate this in the following conjecture. Section 3.5 discusses approaches to prove the
conjecture. We refer to Chapter 4 and [45] where positivity of the top Lyapunov exponent
is analytically established for a two-dimensional system that admits large shear.

Conjecture 3.1.5 (Large shear induces chaos). Consider the random dynamical system
induced by the stochastic differential equation (3.0.1), and fir a > 0 and B € R. Then
there exists a function C': R x Rt — R* such that if

b>C(a,0),

then the top Lyapunov exponent Ayop 15 positive.

The random attractor A is a random strange attractor in this situation, as illustrated
in Figure 1.2 (e)-(h). We discuss the characterisation of such a strange attractor in
Chapter 5 of this thesis: the sample measures p, are atomless almost surely, exhibit the

SRB-property and are associated with positive metric entropy.
3.1.3 Qualitative changes in the finite-time behaviour indicated by the di-
chotomy spectrum

The final two main results concern the qualitative changes in the finite-time behaviour. If
shear is small, then these changes occur at the deterministic Hopf bifurcation point a = 0,
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since the maximal finite-time Lyapunov exponents are equal to . If the shear is increased,
then there is a transition to unbounded maximal finite-time Lyapunov exponents. We
also link these phenomena to qualitative changes in the dichotomy spectrum [21], which
is introduced in Section 3.1.6.

Under the assumption of small shear, the following result describes a random bifurca-
tion that corresponds to the deterministic Hopf bifurcation. The notions of uniform and
finite-time attractivity are given precisely in Section 3.4.1.

Theorem 3.1.6 (Bifurcation for small shear). Consider the stochastic differential equa-
tion (3.0.1) with |b| < a. Then the random attractor A is given by an attracting random
equilitbrium for all o« < 0 and all a« > 0 in a neighbourhood of 0. We observe the following
bifurcation at o = 0:

(i) For a < 0, the random equilibrium is globally uniformly attractive, but for o > 0,

the random equilibrium is not even locally uniformly attractive.

(i1) Let ®(t,w) := Dp(t,w, A(w)) denote the linearised random dynamical system along
the random equilibrium for fived . Then the dichotomy spectrum ¥ of ® is given
by

Y =[—00,q],

1.e. hyperbolicity s lost at o = 0.

(i1i) For a < 0, the random equilibrium is finite-time attractive, whereas for a > 0, it is

not finite-time attractive.

The last rigorous result of the chapter concerns the impact of shear on finite-time
Lyapunov exponents. It implies a bifurcation of the spectrum of finite-time Lyapunov
exponents for some critical value of shear b* € [a, 2a].

Theorem 3.1.7 (Shear intensity as bifurcation parameter). Let a, b, o satisfy b > 2a > 0
and o # 0. Then for any z € R, the finite-time Lyapunov exponents of solutions starting
m z can be arbitrarily large and arbitrarily small with positive probability. More precisely,
there exists a T > 0 such that for all t € (0,T], we have

1 1
esssup sup —In ||Dp(t,w, 2)v|| =00 and essinf inf —In||De(t,w, z)v|| = —o0.
weQ [ufl=1 weQ fof=1 t

3.2 Generation of RDS and existence of a random attractor

We prove Theorem 3.1.1 in this section by following methods developed in [55, 56]. We
conjugate the SDE (3.0.1) to a random differential equation via a suitable transformation
using an Ornstein—Uhlenbeck process, so that we need to prove the existence of the random
dynamical system and its random attractor for the corresponding random differential
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equation. An advantage in working with random differential equations (in comparison
to stochastic differential equations) is that we can work with sample path estimates of
solutions.

For ¢ > 0, consider the stochastic differential equation
dZ = —cZdt + dW,, (3.2.1)

where Z € R%. Define the random variable Z* := ffoo e“*dW,. Then t — Z*(6w) solves
(3.2.1), i.e.

Z(0) = Z*(w) — ¢ /0 2 (0uw) ds + w(t). (3.2.2)

By replacing €2 with a measurable subset Q C Q of full probability that is invariant under
0, there exist two random variables K and « such that

1 Z*(0w) > < K (w) + k(w)In(1+ |¢]) forall teRandw e Q, (3.2.3)

sce [58]. We define the map 7 : Q x R? — R2 by T(w,Z) := Z + 0Z*(w). Under
the change of variable Z +— T(w,Z), the SDE (3.0.1) is transformed into the random
differential equation

Z =g(bw, 72), (3.2.4)
where g(w, Z) = f(T(w, Z)) + co Z*(w). We show later in Lemma 3.2.2 and the proof of
Theorem A that the solution W(t,w, Z) of this random differential equation,

t
U(tw, 7) = Z+/ 9(0s0, U(s,0, 7)) ds,
0
exists for all ¢ > 0 and forms a random dynamical system. The following lemma holds
using this fact.
Lemma 3.2.1. The following statements hold.

(i) The random dynamical system ¢ : RS X O x R? — R2, defined by
o(t,w, Z) =T (0w, U(t,w,T(w)'2)), (3.2.5)

is generated by the stochastic differential equation (3.0.1).

(i1) If the random dynamical system VU has a random attractor, then also the random

dynamical system ¢ has a random attractor.

Proof. (i) From (3.2.5) and the definition of T', we have

o(t,w, Z2) =V(t,w, Z — o Z*(w)) + o Z*(Ow)
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which together with the fact that W is a solution of (3.2.4) implies that
¢
o(t,w,Z) =27 —oZ*(w) +/ 90w, V(s,w, Z — 0 Z*(w)))ds + 0 Z* (6w)
0
t
=7 +/ (0w, T(O ) (s, w, Z)))ds + 0(Z*(Ow) — Z*(w)).
0
Thus, using (3.2.2), we obtain that
t
o(t,w, Z) =2 +/ g0, T(0sw) H(@(s,w, 2))) — ocZ*(B,w) ds + ow(t)
0

= Z—l—/otf(go(s,w, Z))ds + ow(t),

which completes the proof of this part.
(ii) This follows from the definition of a random attractor and the fact that the shifted
term in the transformation T'(w, Z), namely Z*(6,w), is tempered. O

We show that the Euclidean norm of the solutions of (3.2.4) is bounded by the growth

of the corresponding solutions of the scalar equation

{ = mlw) - VaC, (3.2.6)

where the stochastic process (7;)ier is chosen appropriately. Note that for each initial
value (g € R, the explicit solution of (3.2.6) is given by

C(t,w, Go) = eV, +/ eVel=)y (w)ds. (3.2.7)
0

Lemma 3.2.2. There exists a tempered stochastic processes (7V;)ier, i-e.

lim () =0 forall e>0 andw € Q, (3.2.8)

totoo  eclt]

such that for Z € R?, we have
10 (t,w, 2)II° < 2((t,w, 1Z]) (3.2.9)

which implies that the solution V(t,w, Z) exists for all t > 0.
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Proof. By replacing Z with (z,y)" and Z* with (2*,y*)7, we rewrite (3.2.4) as
a%:t _ (@ —ﬁ zy + or* (w) g x*(Gw)
Y Ye + oy (Ow) y*(Ow)
2
xy + ox*(Ow) a —b xy + ox*(Ow)
Y + oy*( ) b a Y + oy*(Ow)

Let ry := 5(27 + y7). Then a direct computation yields that

Tt = Ty + Ye U

= 2ar; + ox"(Ow)((a + )z + Py) — oy* (Ow) (Bry — (o + ¢)yi)
xy + ox*(Ow) ’
Y + oy (Ow)

Note that max{(a + ¢)z; + By, By — (a + )y} < /((a + ¢)? + 52)2r,. Thus,

(2ar; + ox* (Ow)(aze + by,) — oy* (Bw) (bxy — ayy)) .

2" (w)((a + c)ar + Byr) — y* (6iw) (B — (a0 + c)ye)
< V((a+e)? + B2)2r (|2* (00)] + y* (6)])
<2y/((a+ )2 + B2 | Z* (0w)]| - (3.2.10)

On the other hand, we have

zy + ox*( ))
yr + oy (Ow)

which together with the fact that |2*(6,w)z: + y*(Oiw)ye] < || Z*(Oww)]|v/27: implies that

a:t+aa: W)
yt+<73/ )

Consequently,

xy + ox*(Gw)
yr + oyt (Ow)

and from the fact that

2
= 2r, + UZHZ*(Qtw) H2 + 202" (Oyw)xy + 20y (Oiw)yy

2
—2r, — || ZF(0w) ||| < 20| Z*(0,w) || V27, .

2

3
ary > 2ar? — Z%aaHZ*(Htw)Hrf +ac?||Z*(Ow)||*re,  (3.2.11)

|27 (Grw) (azs + bye) — y* (0rw) (b — ayy)| < Va2 + 0| Z7(0w) ||V 2+,
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we derive that

2
‘U{L'* (Ow)(axy + byy) — oy* (Oyw) (b — ayt)|

xy + ox*(fw)
‘( Yt + oyt (Biw) )
< 240 V/a 1 P24 (0)|rf + 0?2 1 )1 2 (0) s
0t /2@ )| 2 (0) e

Using (3.2.10), (3.2.11), (3.2.12) and a comparison argument, we obtain that

(3.2.12)

1 .
§||\If(t,w,Z)||2 <((t,w,||Z||*) forall t>0and Z € R*\ {0},

where ¢ — ((t,w, || Z||?) = ¢ is the solution of the following scalar differential equation

3
2

G = a(w)E + b(w)G + (W) — 4al?

N

with initial condition (; = | Z||>. Here the functions ay, by, ¢; are defined by
ar(w) =20/ (a+ ¢)? + 2| 27 (Ow)]| + V253V a2 + b2 Z* (0,w) %,
bi(w) := 20 + 40*Va? + b2|| Z* (0w)||* — 2a0?|| Z* (6,w)])?,
c(w) = (23/2\/ a? + b%o + 25/2a0> |1 Z*(6w)]| -

From temperedness of Z*(6,w), all stochastic processes (a;)ier, (b¢)icr and (¢;)ier are also

tempered. Note that

Therefore,

3 Ja@)' | bw)? | Few)’

t_Mgg

at@)é + bt(w)ét +ci(w) - a@? < Ye(w) — \/5515 )

4*a 2a 44a3
where
1 ar(w)r  b(w)?  3e(w)?
Ye(w) =~ \ t(4) ) 2(3)
4 4%a 2a 44q
is tempered. Hence, using a comparison argument, the solution ¢ of (3.2.6) satisfies
(3.2.9), which finishes the proof of this lemma. O

Proof of Theorem 3.1.1. (i) According to [2], there exists a local random dynamical sys-
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tem generated by solutions of (3.2.4). Due to Lemma 3.2.2, the solution ¥(¢,w, Z) ex-
ists for all £ > 0. Hence, this proves the fact that we assumed to prove Lemma 3.2.1.
Lemma 3.2.1 (i) completes the proof of (i).

(ii) Let D € F ® B(R?) be tempered. Then there exists a tempered random variable
R:Q — RT such that D(w) C Bpr(w)(0). By Lemma 3.2.2, for all Z € D(0_,w), we have

0
W (t, 0_w, Z)||* < 2¢(t,0_yw, R(A_w)) < 26 VHR(O_yw) + 2/ eV (w)ds,
—t

where we use (3.2.7) to obtain the last inequality. Since (7;)er is tempered, the inte-
gral ff)oo eV (w)ds exists. On the other hand, since R is tempered, it follows that

limy oo e V*R(0_w) = 0. Define r(w) := \/1 +2[°_evasy(w)ds. Thus, for each
w E (AZ, there exists T > 0 such that

U(t,0_w, D(0_4w)) C Byy(0) forall t>1T.

This means that B,((0) is an absorbing set. Applying Theorem 2.2.4 completes the
proof. O]

3.3 Synchronisation

We prove in this section that the system (3.0.1) admits synchronisation if the top Lya-
punov exponent is negative (Theorem B), and we show that small shear implies negativity
of the top Lyapunov exponent and thus synchronisation (Theorem C). In addition, we
show that the system satisfies the integrability condition of the Multiplicative Ergodic
Theorem, and we prove that the sum of the two Lyapunov exponents is always negative.

3.3.1 Negativity of the sum of the Lyapunov exponents
Recall that ® : R x Q x R? — R?*? is the linear random dynamical system satisfying

®(0,w, Z) =id and

(1,0, 2) = Df(plt, 0, 2) (1, 7).

We show that & satisfies the integrability condition of Multiplicative Ergodic Theorem
with respect to the measure y and also show that the sum of the Lyapunov exponents of
® is always negative.

Proposition 3.3.1. The following statements hold.
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(i) Let AT : R* = R be defined by

A (Z) = max(Df(Z)r, 7). (3.3.1)

lI7[I=1

Then for almost all w € Q and all Z € R?, we have
t
|D(t,w, Z)|| < exp (/ A (p(s,w, Z)) ds) forall t >0, (3.3.2)
0

and the linear random dynamical system ® satisfies the integrability condition of the

Multiplicative Ergodic Theorem.

(i1) Let As; be the sum of the two Lyapunov exponents of the linear random dynamical
system ®. Then Ay, < 0 and the disintegrations of the Markov measure p are singular

with respect to the Lebesgue measure on R?.

Proof. (i) Let v € R*\ {0} be arbitrary. By definition of ®, we have

%H@(t,w, Z|* = 2<Df(cp(t, w, Z))®(t,w, Z)v, ®(t,w, Z)v>

_ y O(t,w, Z)v  P(t,w, Z)v o 210l
2 (Dot DD G ST i ) 1 20

< 20 (p(t,w, 2)) |0 (¢, w, Z)o||*.

This implies that

t
(¢, Z)0l < [Jo]* exp (2 / A+<¢<s,w,z>>ds) . (3:3.3)
0
Since v is arbitrary, (3.3.2) is proved. Using (3.3.2), we obtain that

sup In" || ®(t,w, 2)|| </ AT (o(s,w, Z))|ds,

0<t<1

which implies that
/ sup In* [|B(t,w, Z)|| p(dw, dZ) < / / N (s, w, Z))] ds p(dw, d2)
QxR2 0<t<1 QOxR2
/ / AT (o(s,w, 2))| p(dw,dZ) ds
QOxR2
- [ W @ptaz). (334
RQ

where in the last equality, we use the fact that the skew product flow O4(w,”Z) =
(Osw, p(s,w, Z)) preserves the probability measure p. By definition of AT and the ex-
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plicit form of D f given by

a —pf 3ax® + 2bxy + ay®  bx* + 2axy + 3by?
o= (4 ) ,

B« —3bx? — 2azy — by? ax?® — 2bxy + 3ay?
it follows that
XH(2)| < Ja + 6(lal + B +4?) Tor all Z = (z,)7 € B2,

Together with (3.3.4), this implies that

/ sup In" [|®(t, w, Z) || p(dw, dZ) < || +6(]a] + |b\)/ (2 + y*)p(a,y) de dy,
Q R2

xR2 0<¢<1

where p(z,y) is given as in (3.1.3). Thus, the linear random dynamical system & satisfies
the integrability condition of the Multiplicative Ergodic Theorem.

(i) Due to Ay = limy o % Indet ®(t,w, Z), the sum of the two Lyapunov exponents of
the linear random dynamical system generated by (3.1.2) reads as

As =20 — 4a//(x2 +y*)p(z,y) de dy.

Using the explicit formula for p(z,y) from (3.1.3), we obtain that

J S (@ 4 ) exp (2R g ay

f fexp <2a(x2+y2)—a(x2+y2)2) dz dy

202

)\22204—461

Applying the change of variables x = orsin ¢, y = orcos ¢ the previous integral yields
that
fooo 7"3 exp <2ar2;a02r4> dr

fooo T exp (2047”2—2a02r4) dr

A further change of variable r? — r gives that

Ay = 2a — dac?

o0 _ 2,.2
fo r exp <—2ar T ) dr

i o (2

Ay = 200 — dao?

which proves that Ay < 0 if @ < 0. We also show this for @ > 0 now. Using the change
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of variable y/a|o|r — Zag] 7 7, we obtain that

As

Il

|
DO

o

|
W
B
S
el
N

which shows that Ay, < 0 for @ > 0. As a consequence, using [66, Proposition 1] and [10,
Theorem 4.15], the disintegration of the Markov measure p is singular with respect to p
if Ay < 0. The fact that p is equivalent to the Lebesgue measure finishes the proof of this
proposition. O

3.3.2 Negative top Lyapunov exponent implies synchronisation

The aim of this subsection is to prove synchronisation of the random dynamical system
generated by (3.0.1) when its top Lyapunov exponent is negative. Our proof consists of
two ingredients. The first ingredient is a result from [48] that implies that the fibres of the
random attractor are singletons. The second ingredient is the stable manifolds theorem,
which we use to verify that this random attractor is also attractive in forward time.

We make use of the following sufficient conditions for the collapse of a random attractor
[48, Theorem 2.14].

Theorem 3.3.2 (Collapse of the random attractor). We assume that a random dynamical
system (0, ) is

(i) asymptotically stable on a fired non-empty open set U C R?, in the sense that there

exists a sequence t, — 0o such that

P (w € Q: lim diam(p(t,,w,U)) = O) > 0.

n—oo
(ii) swift transitive, i.e. for all z,y € R? and r > 0, there exists a t > 0 such that

P(w € Q: ¢(t,w, B.(z)) C Ba(y)) > 0.

(iii) contracting on large sets, i.e. for all R > 0, there exist y € R* and t > 0 such that

P (w € Q: diam(p(t,w, Br(y))) <

|3

) >0.

Suppose further that (0,p) has a random attractor A with F°_ -measurable fibres. Then

A(w) is a singleton P-almost surely.
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We use this result for the following proposition.

Proposition 3.3.3. Suppose that the top Lyapunov exponent Aiop of the random dynam-
ical system generated by (3.0.1) is negative. Then the fibres of the random attractor are
singletons, given by a F°_ -measurable map A : Q — R2. Furthermore, the following
statements hold:

(1) A is a random equilibrium of p, i.e.

o(t,w, A(w)) = A(biw) for all t > 0 and almost all w € Q.

(i) The random equilibrium is distributed according to the stationary density (z,y) —

p(z,y), see (3.1.3). More precisely,

P{weQ:Aw)eC}) = /Cp(x,y) dzdy for all C € B(R?).

(111) The top Lyapunov exponent of the linearisation along the random equilibrium A,

£ =Df(ABw))E,
is equal to Aiop.

Proof. In the first part of the proof, we show that the random dynamical system ¢ gen-
erated by (3.0.1) fulfils the assumptions (i), (ii), and (iii) of Theorem 3.3.2. Note that
(i) follows from the negativity of the top Lyapunov exponent (see [48, Lemma 4.1 and
Corollary 4.4]), and swift transitivity holds for our system according to [48, Proposition
4.9]. Hence, it remains to show contraction on large sets for ¢. By definition of f, we
have that

(f(@) = f(),x —y) <(a—az(lz|*+ lyl*) llz =yl
+ b(@1y2 — th22) (2<$ —y,y) + ||z — y||2) .

Fix r > 0, and consider B,(z), where z = (R,0) for some R > 0 to be chosen large
enough. For any x,y € B,.(z), observe that

(@192 — y1z2){z — y,) < rllyllle — ylI* + |z — y|I*

and

(@192 — yaw2) [z — ylI* < 2llz — ylPllyllllz — vl -
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This implies that for all z,y € B,(2),

(f(@) = f),z =) < o —yl* (o — ag(lzl® + ly1*) + 26(rllyll +r* + 2[lyl7))
< Kllz =yl

for some K < 0 if R is big enough (due to the quadratic terms, K has negative sign).
This property is called monotonicity on large sets, which implies contraction on large sets
due to [48, Proposition 3.10].

We now prove the statements (i), (ii) and (iii) of the proposition.

(i) This follows immediately from the definition of a random attractor (see Section 2.2).

(ii) Note that w + A(w) is measurable with respect to F°_, and thus, p, = 04

oo}

defines a Markov measure. The invariance of p, follows directly from (i). Hence, {p, }wen
is the disintegration of the ergodic invariant measure p associated with the ergodic sta-
tionary measure p, and we obtain from (3.1.4) that for all C' € B(R?)

P({weQ: Aw) € C}) = / 1,(C) P(dw) = p(U) = /C p(z,y) dedy.

(iii) According to the Multiplicative Ergodic Theorem, the existence of the Lyapunov
spectrum holds for a set M C Q x R? of full y-measure. We observe that the set

D= J{(w, Aw))}

wef

has full y-measure, since

p(D) Z/Quw({A(w)}) P(dw) I/Q5A<w>({f1(w)}) P(dw) = 1.

Hence, u(M N D) = 1. Since the Oseledets space associated with the second Lyapunov

exponent has zero Lebesgue measure for any (w,z) € M N D, the claim follows. O
Finally, we prove Theorem 3.1.2.

Proof of Theorem 3.1.2. The existence of the attracting random equilibrium A : Q — R?
has been shown in Proposition 3.3.3. Define ¢ : R x Q x R? — R? by

Uit w,x) = p(t,w, A(w) + z) — ¢(t,w, A(w)).
Obviously, ¥ (t,w,0) = 0 and ¢ (t,w, z) is the solution of the random differential equation

£ =Df(A(Ow))E + R(t,w, &), (3.3.5)
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where
R(t,w,§) == f(A(6w) + &) — f(A(6w)) — Df(A(Ow))S -

Note that for R = 0, the top Lyapunov exponent of the homogeneous equation (3.3.5) is
negative. Using the stable manifold theorem [2, Theorems 7.5.5 and 7.5.16], there exists
r(w) > 0 such that for almost all w €  and = € B,(,)(0), one has

Atop Atop
tlim e 2 ot w, )| = tlim e 2 p(t,w,z+ A(w)) — A(Bw)| = 0. (3.3.6)
—00 —00
Choose and fix an arbitrary initial value x € R?, and define

V= {w € () : limsup @—&%tHgo(t,w,x) — A(Qw)|| = 0} :

t—o00

It remains to show that P(V') = 1. For each n € N, we define
Q, = {w € Q:p(t,0_w,2) € Byu)(Aw)) for all t > n}.

Note that (£2,)nen is an increasing sequence of measurable sets. By virtue of Proposi-
tion 3.3.3, the random equilibrium a is the random attractor of ¢, which implies that
limy, 00 P(€2,) = 1. From the definition of 2,,, we derive that ¢(n,0_,w,z) € By (A(w))
for all w € Q,,. Together with (3.3.6), this implies that for all w € ,,, one has

>‘top
0=limsupe™ 2 ‘ot w,(n, 0_nw,z)) — AOw)||

t—o00

Atop
=limsupe™ "2 ‘||p(t +n,0_pw,z) — A(Gw)]| .

t—o00

Consequently, 0_,9, C V, and thus, P(V) = 1, which finishes the proof. ]

3.3.3 Small shear implies synchronisation

We prove Theorem 3.1.3 in this subsection, which says that small shear implies negativity
of the top Lyapunov exponent. The main ingredient for the proof of Theorem 3.1.3 is the
inequality in Proposition 3.3.1(i).

We first need the following estimate on the function A* defined as in (3.3.1).

Lemma 3.3.4. For any Z = (z,y)" € R?, we have
M(Z) <a+ (Va®+ 1 —2a)(2” +y7),

and equality holds if and only if xy = 0.
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Proof. Using the following explicit form of D f(Z),

a—ay? — 3ax? — 2byr  —f3 — 2axy — bx* — 3by?
B — 2axy + by? + 3bx? o — ax?® — 3ay? + 2byx

we obtain for any r € R? with ||r|| = 1 that

(Df(z,y)r,r) = ri(a — ay® — 3az®) + rira(—B — 2azy) + rir2(8 — 2azy)
+73(a — az® — 3ay?) — 2byxrs + 2bywrs + riry(2bx* — 2by?)
= — a(:c2 + y2) + 2b(r1r2x2 — riray’ + (r% — r%)xy) —2a(rz + 7“23/)2 .

Since r? +7r3 = 1, it is possible to write that r; = sin ¢ and ry = cos ¢ for some ¢ € [0, 27).
Thus, a simple calculation yields that

( ) + (az® + bry — ay®) cos 2¢ + (bx* — 2axy — by?) sin 2¢
( )+ v/ (ax? + 2bzy — ay?)? + (ba? — 2axy — by?)?

= a —2a(2” + %) + /(a2 + b?) (22 — y?)? + 4b2a2y?
( )+

Va2 +b2(z* + %),

(Df(z,y)r,r) = a—2a z? + 2

which completes the proof. O]

Proof of Theorem 3.1.3. From inequality (3.3.2), we derive that

1 1/
Atop = limsup — In ||®(¢,w, s)|| < lim —/ A (o(s,w,z))ds.
oo T t—o0 0

Note that the skew product flow O4(w, Z) = (0sw, ¢(s,w, Z)) preserves the probability
measure i, and A\ is integrable. By using Birkhoff’s Ergodic Theorem, we obtain that

)\top S / )\+(x,y)p(x,y) dx dya
R2

where the density function p is as in (3.1.3). Thus, by virtue of Lemma 3.3.4, we arrive
at

Atop < @ + (Va2 + b — 2a) / (2% + y*)p(x,y) de dy.

R2
Inserting the explicit form of the density function p in the preceding inequality gives that

20(2% + 1) — a(2? + y?)?
202

Mop < a+(Va2 +2—2a)K | (2°+y®) exp (

R2

) dzdy, (3.3.7)

2v2a
/mo erfc (—a/\/ 2a02) .

with the normalization constant K = Using polar coordinates, we
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obtain that

K [ (0t tew (20‘“"2 ty) —alet W)) dx dy

R2 202
00 2 2 4
= 27TK/ (o — ar®)rexp (u) dr
0 202
= —mo’K .

This implies

222 + 12) — alz? + u2)2 2
/(m2+y2)exp<a(x +y) —ale +y)>dxdy:i+ﬂ7
R2

202 Ka a

which together with (3.3.7) implies that

K2
)\top<a—|—(\/a2+b2—2a) (%+7T 7 ) .

a

b2
Mop < —TK0? + (\/ 1+ o 1) (a+7Ko?). (3.3.8)

Note that by definition of K it is easy to see that o + mKo? > 0. Therefore, for all

|b| < Ky, we have
2
Mop < —TKo? + 1+ =2 —1)(a+nKo?) =0,
a

which completes the proof of this theorem. O

Consequently,

3.4 Random Hopf bifurcation

We analyse random bifurcations for the stochastic differential equation (3.0.1) in this
section, which captures qualitative changes in the the asymptotic as well as the finite-
time behaviour.

We first need the following preparatory proposition.

Proposition 3.4.1. Consider (3.0.1) such that |b| < ky. Then for anyy € R?, ¢ > 0 and
T >0, there exists a set E € FT__ with P(E) > 0 such that

o0

A(Osw) € B(y) forall s€[0,T] andw € E,

where {A(w)} is the unique random equilibrium for (3.0.1) from Proposition 3.3.3.

Proof. Let € > 0 and T' > 0. Since Q = (J,cge{w € © : A(w) € Bejs(w)}, there exists an
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x € R? such that
Ay ={w e : Aw) € B.ju(x)}

has positive measure. From [48, Proposition 3.10] we know that there exists ¢, > 0 such
that
By :={w €N : gy (w,2') € Bya(y) for all 2’ € B.u(z)}

has positive measure. Since 6 is measure preserving, the two sets

Ay =0, A0 ={we: A(0_4,w) € B€/4(:L“)},
B, :=0,,By = {w € Q1 (04w, 2') € Bopa(y) for all 2’ € B€/4(x)}

have positive measure. Due to the Markov property of the random dynamical system, we
observe that By and A; are independent, and hence, P(B; N A;) > 0. Thus, the set

EO = {(.U e A((JJ) € BE/Q(y>} D) Al N Bl

has positive measure and clearly lies in F°_ . Fix w € Ey. Similarly to the proof of [48,
Proposition 3.10], define

h(t) = — ) ol e (0,77,

where f denotes the vector field of the drift in (3.1.1). We write ¢(t, g, 2), t € [0,T], for
the solution of (3.1.1) with initial condition z and path g € C7 := {g € C([0,T],R?) :
g(0) = 0}. We can infer that (¢, h, A(w)) = A(w) for all t € [0,T]. Recall that the map
g+ (-, g, 2) is continuous from CJ to C([0,T],R?) with respect to the supremum norm
| - |lo- Hence, there is a § > 0 such that for all g € Cs := {g € CI : ||g— h| <}, we
have

lo(t, g, A(w)) — (t, h, A(w))|| <e/2 forall te|0,T].

Since the set B, := {w : w‘[o 7 € Cs} has positive measure and is independent of E,

the set £ = Ey N E, € FT__ has positive measure and satisfies
A(Ow) € B-(y) forall te€[0,T] andw € F,

by the above construction. O

3.4.1 Bifurcation for small shear

In this subsection, we consider the stochastic differential equation (3.0.1) with small
enough shear such there exists a random equilibrium for a close to zero. We prove in
Theorem 3.4.2 that the random equilibrium A : © — R? loses uniform attractivity at
the deterministic bifurcation point @ = 0. On the other hand, we will observe a loss
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of hyperbolicity at the bifurcation point in the dichotomy spectrum associated with the
random equilibrium. Moreover, we can show that A : Q — R? is finite-time attractive
before, but not after the bifurcation point, indicated by a transition from zero to positive
probability of positive finite-time Lyapunov exponents.

We call the random attractor A locally uniformly attractive if there exists a 6 > 0 such
that

tlgglo SUD, ey (0) €58 SUDeq [9(F, w, A(w) + 1) — A(Gw)]| = 0.
We call it globally uniformly attractive if the above holds for any o > 0.

Theorem 3.4.2. Consider the stochastic differential equation (3.0.1) such that there is
a unique attracting random equilibrium A : Q — R? (see Proposition 3.3.3 and Theo-
rem 3.1.3). Then for a < 0 and |b| < a, the random attractor A : Q — R? is globally

uniformly attractive. Furthermore, for all pairs of initial conditions U,V € R?, we have
lp(t,w, U) — o(t,w, V)| <e*||U=V| forall t >0.

For o > 0, the random attractor A : Q — R? is not even locally uniformly attractive.

Proof. Fix a < 0, and choose arbitrary U,V € R?, w € . Define

(xt> = o(t,w,U) and <£t> = o(t,w, V).
Yt Ye

From (3.0.1), we derive that

i -1\ [« —6 : — Ty B
dt \ ye — 4 a B Y — Y

Therefore,
2
1d Ty — Ty - d d R
5& (yt _ @5) - (xt xt) (xt xt) + (yt yt)a(iyt yt)
Ty — T R N
- H ( t t) R(Itvxhyt;yt))
where

R(ze, y¢, 21, 0t) = a (rt2 + ?t2 — (2 + yulhp) (re + ;’\t)) + (Y — Teye) (re — 1)

with r, := 27 +y? and 7, := Z7 + 7. To show global uniform attractivity, it is sufficient to
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establish that R(zy, ys, Ty, 7:) > 0. From the inequality (|zy|+ |uv])? < (22 +u?)(y? + v?),
we derive that

(@6 + yee) (e +70) |+ [T — Toye) (re — 71)|
< \/<xt§t + Z/t@\t)2 + (xt/y\t — E17\:53/t)2\/(7”t + ?t)2 + (7’,5 - "/”\15)2

=\/2r 7 (rf +77)

2 =2
<r;+r.

Together with the fact that |b| < a, this implies that R(zy, vy, Z¢, 7:) > 0, which establishes
global uniform attractivity for a < 0.
We assume now that o > 0. Suppose to the contrary that there exists o > 0 such that

lim sup,¢ g, (g) €88 SUP,eqllP(t, w, A(w) + ) — A(w)|| = 0.

t—o00

This implies that there exists an N € N such that for all t > N, we have

SUD, ¢ B, (0) €58 sup,eqllo(t, w, A(w) + ) — A(Gw)|| < %1\/§

Due to Proposition 3.4.1, there exists a positive measure set Fy € F°__ such that A(w) €
B;/4(0) for all w € Ey. Let ¢(-,x0) denote the solution of the deterministic equation
(3.0.1) for o = 0 with initial condition x(0) = xy. Then there exists a 7" > N such that

l&(T, (£30,0))1 > 3/

and at the same time

16(T, (36,0)) — &(T, (=36,0)] > /% .

Recall from the proof of Proposition 3.4.1 that w — ¢(-,w, ) is continuous from C{ to
C([0,T], R?) with respect to the supremum norm. This implies that there exists an ¢ > 0
such that for all w € E. = {w € Q @ sup,co |w(t)]| < €} € Fg, we obtain

(T, (%157 0)) — (T, w, (%1(5, 0)] < }1

1 1 1
and  [|¢(T', (=79,0)) = ¢(T,w, (=76, 0)] < §

St

This implies that

||90(T7w7 (11157 O)) - 90(T7w7 (_i& 0))“ > %\/g-

Since E. and Ej are independent sets of positive measure, we get that P(E) > 0 where
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E = E. N Ey. However, for all w € E/, we conclude
sup |[p(t,w, A(w) + x) — A(fw)|
z€Bs(0)

> maxc { || p(t,w, (25,0)) = A@Bw)|] . [|io(t,w. (~15,0)) = AB)[[} > 1/2.

which contradicts our assumption. O

Theorem 3.4.3. Consider the stochastic differential equation (3.0.1) such that there ex-
ists a unique attracting random equilibrium A : Q — R? (see Proposition 3.3.3 and
Theorem 3.1.3). Let ®(t,w) := Dy(t,w, A(w)) denote the linearised random system along
the random equilibrium. Then for |b] < a and o € R small enough such that the random
equilibrium A : Q — R? exists, the dichotomy spectrum Y of ® is given by

Y =]—00,q].
Proof. Recall from Proposition 3.3.1 that we have
t
|IDp(t,w,x)|| < exp (/ )\+(<,0(5,w,:13))ds) )
0

Since Lemma 3.3.4 implies that A (z) < a — (a — [b])||z||*, we have

|®(t,w)|| < exp (/0 (@ —(a - \b!)HA(esw))Hz)dS) : (3.4.1)

Similarly, with A~ (z) := minj,j= (D f(x)r,r), we have

Dt} 2 oo | t A (ol )ds)

It is easy to see that A\™(x) > o — 4al|z||?, which implies

t
|(t, w)|| > exp </ (o — 4a||A(93w))||2)d3) : (3.4.2)
0
From (3.4.1) we can deduce immediately that for almost all w € Q, we have
|®(t,w)|| < el forall teR.

This implies that ¥ C (—o0, a].

We now show that (—oo,a] C 3. Choose v € (—00, a], and suppose to the contrary
that & admits an exponential dichotomy with growth rate v with an invariant projector
P, and constants K, e > 0 (see Section 2.3). We consider the following three cases (note

that the rank of the invariant projector does not depend on w, see [21]):
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(i) P, =1id. This means that for almost all w € €,
|®(t,w)|| < KeP™®" forall t>0.

Fix T > 0 such that e5°7 > K. According to Proposition 3.4.1, there exists a positive
measure set F such that for all w € E and s € [0, 7], we have A(fw) € BW(O).
We derive from (3.4.2) that for such w € E, we have

|B(T,w)| > €7@ 39) > Kel=aT |

This contradicts the assumption.

(ii) tk P, = 1. The argument is the same as in the previous case, since our estimates do
not depend on the tangent vector v, but hold for the norm ||®(¢,w)||.

(iii) P, = 0. This means that for almost all w € Q, we have
1 (y+e)t
|D(t,w)|| > ¢ 7 forall £ >0.

Together with (3.4.1), this implies that

o ¢
InK+ (a—e—7)t > / 1 A(6.0)|2ds
a— |b] 0

Choose some T > 1 and y € R? such that

mhK a—c—7vy
2
>4
Iyl maX{a_‘b,’ e }

Take 6 < ”—g” Then by Proposition 3.4.1, there exists a set £ € FT__ such that
A(fsw) € Bs(y) forall s €0, 7] andw € E.

This implies

K 2 ImK+(a—e—y)T
| 140w Pas > L > 2EEE T

which is a contradiction.
This finishes the proof of this theorem. m

We demonstrate now that the change of sign in the dichotomy spectrum is mirrored by
finite-time properties of the system. To see this, consider a compact time interval [0, 7]
and the corresponding finite-time top Lyapunov exponents associated with the attractive
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random equilibrium A : Q — R2, given by

1
M= sup —In||®(T,w)v|| forall we Q.
[[oll=1

From Proposition 3.3.3 (iii), we obviously have Ay, = limy_,e AT almost surely, where
Atop 18 the top Lyapunov exponent of (3.0.1).

Proposition 3.4.4. Consider the stochastic differential equation (3.0.1) with |b| < a and
a € R such that there exists a unique attractive random equilibrium A : Q — R2. The

following statements hold.

(i) For a < 0, we have \T* < o < 0 for all w € Q, which means that the random
attractor A : Q — R? is finite-time attractive.

(it) For o > 0, we have P(w € Q@ : AT > 0) > 0, which means that the random

attractor A : Q — R? is not finite-time attractive.

Proof. (i) Recall from (3.4.1) that
t
ot < exp ([ (0 @ BDIAG)I) ds)
which implies that
1 T
3 < [ (= @ plAGw)I?) ds < a <o.
0
(i) Recall from (3.4.2) that
t
| (¢, w)|| > exp </ (o — 4al|A(6,w))]]?) ds> :
0

Choose ¢ := /5. > 0. According to Proposition 3.4.1, there exists a set F € FT_ of
positive measure such that A(f,w) € B.(0) for all s € [0,7] and w € E. Then

1 [T 4
A > —/ (o — 4al|A(6w))[]?) ds > o — %20 forallwe E.
T J, 5 5
This shows the claim. O

Proof of Theorem 3.1.6. The claims follow from Theorem 3.4.2, Theorem 3.4.3 and Propo-
sition 3.4.4. ]

The proofs of Theorem 3.4.3 and Proposition 3.4.4 explain in detail how the change of
finite-time attractivity is connected to the loss of hyperbolicity in the dichotomy spectrum.
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Due to [21, Theorem 4.5], we obtain

1
lim esssup A™* = lim esssup sup — In ||®(T,w)v| =sup .
T—oo  4en T—oo weQ |v|=1
A similar statement holds for the infimum of the dichotomy spectrum. This means that the
finite-time Lyapunov exponents are, at least asymptotically, supported on the dichotomy
spectrum, and having positive values in the spectrum implies that, at least asymptotically,

we can observe positive finite-time Lyapunov exponents.

3.4.2 Shear intensity as bifurcation parameter

We now do not assume the existence of an attractive random equilibrium, and we aim at
proving Theorem 3.1.7 in this subsection. We first show a statement that corresponds to
Proposition 3.4.1 in this more general context.

Proposition 3.4.5. Let (0, ¢) be the random dynamical system generated by (3.0.1), and
let v,y € R?, € >0 and T > 0. Then for any to € (0,T], there exists a set E € F with
P(E) > 0 such that

o(s,w,x) € Be(y) for all s € [tg, T] and w € E.

Proof. Similarly as in the proof of [48, Proposition 3.10], fix to € (0,7] and define

t
P(t) ==z + t—(y —z) forall t €]0,t],
0

and .

ht) = % <¢(t) — —/0 f(¢(s))ds> for all te [0,T],
where f denotes the vector field of the drift in (3.0.1). As in the proof of Proposition 3.4.1,
we write (i, g, z) for the solution of (3.0.1) with initial condition 2 and path g € C7.
We can infer that ¢(t,h,z) = ¥(t) for all t € [0,ty], and in particular ¢(tg, h,z) = y.
Recall that the map g — ¢(-, g,2) is continuous from C7 to C([0, o], R?) with respect
to the supremum norm || - ||». This implies that there exists a § > 0 such that for all

g€ Cs:={beCT:|b—h| <b}, we have
lo(t, g,2) — (t, h,x)|| < 3e forall t € [0,1].

Hence, we have established that there is a positive measure set F; := {w € 0wl €
Cs} such that for all w € Ey, we have ¢(to,w, x) € B.a(y).

Similar to this argument, one can construct a set Fs of positive measure that is in-
dependent from E; (by the Markov property) such that for all w € E := E; N Ey, we
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have
o(t,w,x) € B.(y) forall t e [ty,T].

This finishes the proof of this proposition. O]

Proof of Theorem 3.1.7. For (w,z) € Q x R? and a € R, the linear random dynamical
system ¢ — ®(t, w, z) is solution of the variational equation

d
Eq)(t,w, 2) =Df(p(t,w,2))P(t,w, z), where ®(0,w,z) =1d .

Define s;(w, z,v) := % and observe that for v € R?\ {0},

d
12w, 2)ol” = 2(Df (p(t w, 2))(t, w, 2)v, B(t,w, 2)0)
= 2(Df(pi(w, 2))s:(w, 2,v), 5¢(w, 2,0)) || B, w, 2)v]|* .
Let > 0, and let 2’ = (w,w) € R? be such that =2¢(|2/||> = (b — 2a)w? > p and w > 1.

Note that

a —ay? — 3ax? — 2byr —f — 2axy — ba® — 3by?
B — 2axy + by? + 3bx? o — ax? — 3ay® + 2byx |

Df(z,y) = (
With 7 = (0,1), we get
(Df()7,7) = a+2(b— 2a)w® > o+ 2u.

Let

_wmind1 1b—2a vVb—2a 16— 2a
°= 16 bw ' 4da )

Then by Proposition 3.4.5, there is a positive measure set E; C €2 such that for all w € F;
o(t,w,2') € B.(2") forall t€[0,1].

This implies that the coefficients of D f(p(t,w, 2’)) are bounded uniformly in w € E; for
t € [0,1]. Because ® is continuous, there is a T' € (0, 1] such that

2T

B 5 d(t,w 5

— <6 forall te[0,7] and w € Ey
27l
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Note that we obtain for any r € R? with ||r|| =1

(Df(z,y)r,r) = ri(a — ay® — 3az®) + rira (=B — 2azy) + rir2(B — 2azy)
+ 73 (o — az® — 3ay?) — 2byxr? + 2bywrs + riry(2b2* — 2by?)
=a —a(x® +y?) + 2b(r1rex® — riroy® + yx(rs — r1)) — 2a(riw + roy)?.
This means that for all ¢ € (0,7] and w € E4, we have by the choice of € and § above that

(Df(prlw, 2))se(w, 2, 7), se(w, 2, 7))
> a —2a(w+¢)?* + 2b(w — €)*(1 — 20) — 2b5[(w + €)* — (w — ¢)?] — 2a(w + €)?
=a+ (b—2a)w? + ((b— 2a)w” — 4a(2we + £*) — 4bwe — §4b(w — €)* — 264bwe)
> o+ .

Hence, we get that for all w € E; and ¢t € (0, 7], the finite-time top Lyapunov exponent

of trajectories starting in 2’ satisfies

A sup %ln |D(t,w, 2" || > a+p.
flvfl=1
Since p > 0 was arbitrary, we obtain with positive probability arbitrarily large finite-time
Lyapunov exponents when starting in z’.
We now show that for any 2 € R? and ¢, € (0,7], the finite-time top Lyapunov
exponent \"# t € [ty,T], can be arbitrarily large for w from a set of positive measure.
By Proposition 3.4.5, there exists a set Fy € F with P(Ey) > 0 such that

o(s,w,z) € B:(2') forall s € [ty,T] and w € Ey,

where the values of ¢(t,w, z), t € [0, 1], stay close to the line between z and 2’ (see proof
of Proposition 3.4.5). Since ¢, can be chosen arbitrarily small and the solutions stay in a
compact set for ¢ € [0, ¢y, we obtain with similar arguments as before that with positive
probability there are arbitrarily large finite-time Lyapunov exponents.

Let p= < 0. Then by choosing z” = (w, —w), we obtain with similar arguments as
above that for some 7' € (0, 1]

1
”iﬁlfl n In [|®(t,w, 2")v|| <a+pu~ forall ¢t €[0,7] and w from a positive measure set.

By using Proposition 3.4.5 again, we can then deduce that with positive probability, there
are arbitrarily small finite-time Lyapunov exponents for any initial conditions. O
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3.5 Chaos via shear: approaches to proving the conjecture

Numerical simulations indicate that for fixed a, 5 and o, we obtain A; > 0 for large enough
shear intensity b. This is illustrated in Figure 3.1, where we have fixed a = f =0 =1
and numerically approximated the top Lyapunov exponent \; depending on o and b. The

findings support Conjecture 3.1.5.

0.z
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Figure 3.1: For fited a = 8 = o = 1 we approximate numerically the top Lyapunov exponent \i for
system (3.0.1) as a function of a« and b. The red curve highlights the border between regions with negative
and positive A1, corresponding to synchronisation or random strange attractor, respectively.

So far, we have made estimates on the first Lyapunov exponent \; but we have not
been able to find a positive lower bound for any parameter combination. This has only

been possible for finite-time Lyapunov exponents as recorded in Theorem 3.1.7.

3.5.1 Formula for the top Lyapunov exponent

An alternative approach to studying the top Lyapunov exponent is derived by Deville et
al. in [35], using polar coordinate transformations. We consider the polar coordinates

r=+/22+y3 ¢= arctan(%) :
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Applying It6’s rule to the stochastic differential equation (3.0.1) we obtain

2r
dp = (B + br?)dt + E(— sin ¢ AW, + cos ¢ dW}?). (3.5.1)
T

2
dr = (ar —ar® + U—) dt + o(cos ¢ AW, + sin ¢ dW}?),

This form illustrates the role of the parameter b inducing a shear force: if b > 0, the phase
velocity % depends on the amplitude r. Since Gaussian random vectors are invariant
under orthogonal transformations, we can define the independent Wiener processes

AW, = cos ¢ AW, + sin ¢ dW?,
AW, = —sin ¢ dW," + cos ¢ AW/,

Hence, the Markov process solving

dr = <ar —ar® + g—i) dt + odW,(1), (3.5.2)
de = [B + br?)dt + %dW¢(t) (3.5.3)

corresponds with (3.0.1) in terms of the Ito integral. However, the pathwise properties of
the two processes seen as random dynamical systems are different. In (3.5.1), the radial
components of the trajectories depend on ¢ which appears in the diffusion term. This is
not the case in (3.5.2). The distinction is often not made clear in the literature. However,
for the sake of the following computations the usage of equations (3.5.2) and (3.5.3) is
justified as we will be only interested in the stationary distribution and the moments of
the process. The same holds for the variational equation associated with system (3.0.1)
written in polar coordinates p and 6. Setting yo = arccos(ﬁ), it reads

dp = pla — 2a(a® + y) + VaZ T P(a% — ) sin(20 — o)
— 2y cos(260 — xo)] hdt
= p{la — 2ar® + 2V a2 + b2 sin(20 — xo — 2¢) }dt, (3.5.4)

df = {8+ 2b(z* + y*) + Via® + B?[(2” — ) cos(260 — xo)
+ 2zysin(260 — xo)]}dt
= {8+ 20 + r2Va2 + b2 cos(20 — xo — 2¢) }dt. (3.5.5)

We introduce the angle ¢ = 20 — g — 2¢ for the sake of calculating the top Lyapunov ex-
ponent just in dependence on two variables, r and . The stochastic differential equation
solved by v can be obtained from (3.5.5) and (3.5.3). The radial process in the original
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nonlinear system is still given by (3.5.2). We end up with the two processes given by

dr = (cm“ —ar® + g—:) dt + odW,.(t), (3.5.6)
i = 2[b + V@ + 1 cos(e)]r2dt — 2TUdW¢(t) | (3.5.7)

By solving equation (3.5.4) and using ergodicity, we obtain the following formula for the
top Lyapunov exponent as a function of r and ),

M = a —2aE[r?] + Va? + b2E[r’ sin()], (3.5.8)

where the expectation has to be taken with respect to a joint distribution with density
p(r,1). This is essentially the Furstenberg-Khasminskii formula (2.3.9) from chapter 2,
with the addition that another variable, the r-variable, is present, expressing the depen-
dency of the linearisation on the nonlinear process.

Note that existence and uniqueness of p(r, 1)) are not clear a priori due to the sin-
gularity of 27" at r = 0. However, bounded away from r = 0 and r = oo the equations
are uniformly elliptic. So we assume the existence and uniqueness of p(r, ) for now,
hoping to justify the assumption by an explicit solution or approximation a posteriori.
First observe that the r-variable is independent of ¢ such that we get the marginal distri-
bution v(r) := ]5(7"@/)) = OZW p(r,1¥)dy by solving the stationary Fokker-Planck equation
associated with (3.5.6). The Fokker-Planck operator is given by

. 0 ; 0 o? 9
L= 3 (oz’r —ar® + 5) + P (3.5.9)

The unique solution of the associated stationary equation reads

a

v(r) = Kirexp (—% [ﬁ - gr) , (3.5.10)

where K7 = K is the same normalisation constant as in (3.1.3).

Since the process in the ¢-variable depends on r, such a calculation is not possible for
the 1-variable. This means that the joint density p(r, 1)) can generally not be written as
a product. Hence, the difficult task is to find an approximation of p(r, ) which allows to
make an estimate for E[r?sin(1))].

3.5.2 Studying the stationary Fokker-Planck equation

First of all, we make the following observation: if we fix r = ry € (0, 00) in equation 3.5.7,

we can compute the unique stationary density solving the stationary Fokker-Planck equa-
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tion for the operator

2 92
L= 8((; ( [b+ Va2 + b2 cos()]rg >+27“%88_¢2" (3.5.11)

The density is given by (cf. [35, Proposition 3.1])

Y42
Wy, (Y) = K> /w exp{—Dy(ro)[¢ — ¥] — Dc(ro)[sin(¢) — sin(¢)] }do, (3.5.12)

where Dy(r) = %, D.(r) = ;—z\/ a? + b? and K, is the normalisation constant.
By the independence of W, and W,, we can write the Fokker-Planck-Operator for the

joint density evolution of r and v as

where L7 and L7, are given in 3.5.9 and 3.5.11 respectively. The stationary Fokker-Planck
equation in both variables reads

. - 0 o\ ] o?0
0=L wp——EKar—ar +2T>p}+?a—

aé;@ ( b+ Va2 + b2 cos()]r? )+

o2 92
¢2p (3.5.13)

A promising rescaling looks as follows: first we set r = 7y/a/a, then we multiply by a/«
and set € = 0%a?/a? and we obtain

O—_g (~_ )_*_a;‘z 5 +a;‘-28_2~
o [\ TR ) P T g ot
0 2a0?% 0?
3?/1< b+ Va?+ b2 cos(¢ )] ]5)—1— - 5D

ar? oy?
2
2 o1+ 5

51( 2[b 4+ Va? + b2 cos(¢))]72 >+

Deville et al. [35] have used an expansion around the deterministic equilibria

2¢ 9?

= 81/12]9 (3.5.14)

b
r=1+¢"n, v =arccos (——_a2 n b2) +e7A

which seems the most natural approach. Letting ¢ — 0, they approximate the joint
density as a product p(r,1) = q(r)m(1)) and obtain A\; = Ce + O(&?) with C' < 0.
We want to find a scaling limit of the parameters, i.e. a choice of &, such that )\,
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turns out to be positive. In order to abbreviate notation in the following, we write the
equations (3.5.6) and (3.5.7) as

dr = faao(r)dt + odW, (1),

4t = Pgas)dt + AW, 1)

Write p(r, 1) = m(r,¥)v(r) hoping that we can use our knowledge about v and w,. Using
Lrv = 0 we obtain

0= £2,i(r, ) = (L5 + L3)m(r. ¢)v(r)

0 1 o? 5 0 0
== _fa,a,a(r>y<r)am(r7 w> + iazy(r> 87"2 (T w> +o a_m(r w)a (T)
) 202 82

)50

and, hence,

0= 3o mmir) + 5 (o) vlr)) et

2 0Or? 2
0 2 0?
— P mlr ) + 2 ().

The most promising choice of a small parameter ¢ for this separation ansatz is ¢ = o = a.

We can rewrite the equation as

0 = Lom(r, ) + Lym(r, ), (3.5.15)
where L 2 /g 5
L A 9.
Lo = 28 or? + 2 <aru(r)/u(r)) or

202 0?
ToE

and

L=~ ai([b—k\/mcos( )| )—l—

Observe from an easy calculation that

= @ oy 2 (3.5.16)
a Ta erfe(—a/v/2a0?)

A possible strategy from here looks as follows: we consider only values of 72 from

a neighbourhood Bpg.(E[r?]) N R for some large R > 0 such that r ~ ¢!/2. Then
2

(Zv(r)/v(r)) ~ e /2. If the second derivative of w, (1)) in r grows slower than e~

and the first derivative slower than e73/2 as ¢ = a = ¢ — 0, we can deduce from (3.5.15)

that w,(v) ~ m(r,v) for r* € Br.(E[r?]) N Ry .
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Therefore, if we were able to show these properties for the derivatives of w,(¢), we
would have a way to prove Conjecture 3.1.5. For in the case of w,(¢) ~ m(r,¢) for
r? € Br.(E[r?]) N R, we can make the necessary estimates on the quantity

00 2

E[r?sin ] = / / 2 sin p(r, ) dipdr
o Jo

/\/a/aJrRs

0

>

( / T in zpwr(w)dw) P2 (r)dr

o0 27
’ /m /o r? sinyp(r, ¢)dipdr

Lower bounds for these two integrals would then imply that for small « = o there is a
large b such that
A = Va2 + B2E[r?sin(¢)] + a — 2aE[r?] > 0.

3.5.3 Using the finite element method

Another possible strategy for proving Conjecture 3.1.5 consists in a computer-assisted
approach. Using the finite element method, we try to approximate p(r, ) with rigorous
error bounds. On that account, we need to truncate the domain in the r-variable at a
constant C' > 0 and bound it away from 0 by a small number § > 0 due to the singularity
at r = 0. We define a bounded domain

Q= 1[5,C] x [0,27].

Due to the exponential decay in the r-variable, we can restrict the analysis to ) if C' is
taken large enough such that the impact of truncation is negligible.
We have the periodic boundary condition in v

p(r,0) = p(r,27) for all r € [0, 00).

The only boundary condition in r is given by

/OC /Ozﬂp'(r, ) dypdr = 1.

As we must define boundary conditions in a finite element method approach, Dirichlet
boundary conditions in r seem most natural. Considering v(0) = 0 and the exponential

decay of v(r), we choose gy > 0 small and

p(6,9) = p(C,p) = go  for all ¢ € [0, 27].
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We rewrite the stationary Fokker-Planck equation (3.5.13) as follows:

52
0=L;,p(rv)= { o+ 3ar® + ﬁ + 2r*va? + b? Sin(w)] p(r,¢)

- (ar —ar’® + g—, 2[b + Va2 + b? COS(ZD)]T2> (Va(r,¢)"

+9((3:%5) i)

From there we can transform the equation into the following variational problem over an

appropriate mesh: find v € V' such that for all v € 1%

/ e )dz— /Q (w1 (), Va(z))o(z)de — /Q (B(2)Vau(z), Vo(z))dz = 0, (3.5.17)

where

o2
7 + 227V a2 + b2 sin(wy),

wy(z) = (ole —azd + — 2[b + Va2 + b2 cos(zy)|x ) :

21’1

A(z) = —a + 3az] +

and the function spaces V and V are given by

V ={ve H(Q):u(r,0) = u(ry,27) for all z; € [6,C]},
V={ve H(Q):v =g on dQ}.

Note that H'(Q2) C L'(Q). Hence, normalising the solution u of the above problem gives
the approximation @ = u/||u[/z1 of the solution p of (3.5.13).

We have used the Python-based tool FEniCS to solve the weak form (3.5.17) on a
mesh over the domain €2 and taken the normalised function % as approximation to p. For
fixed values of the parameters, formula (3.5.8), with variables from the domain €2, can be
seen as a functional h on the Sobolev space H'(f2), which reads as

h(f)=a— 2a/9m%f(m)da: +Va?+ bQ/Qxf sin(xg) f(x)dx

for f € H'(Q). Therefore we expect

if C' is taken large and 6 small enough. Using the FEniCS tool, we obtain rigorous error
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bonds for the numerical approximation of h(@) depending on the mesh size. Our results
for \; derived from this procedure confirm the results displayed in Figure 3.1.

The last step to making this approach a computer-assisted proof consists in a justifi-
cation of the boundary-conditions in the r-variable. If we can find rigorous error bounds
here, we can indeed prove Conjecture 3.1.5.

3.6 Duffing-van der Pol equation and stochastic Brusselator

We want to mention two other examples of Hopf bifurcation systems driven by additive
noise which have been investigated in the literature.

Duffing-van der Pol equation

First, we consider the Duffing-van der Pol oscillator which has been studied as a model
example for stochastic Hopf bifurcation by Arnold et al. (see e.g. [5]). They mainly
looked at the case with multiplicative noise but Schenk-Hoppé [84, 85] has also treated
the additive noise problem. The Duffing van der Pol oscillator with additive noise is given
by the equation

_ 0 o o)
dX, = f(Xy)dt + o <1> dWy,  f(z) = (ax1 | By o m%@’) (3.6.1)

where W, denotes Brownian motion, a and [ are real parameters and ¢ > 0. The
deterministic system (o = 0) exhibits a Hopf bifurcation at 5 = 0 if a < 0 is fixed.

Numerical investigations by Schenk-Hoppé [84] as well as our own investigations sug-
gest a similar picture as for the normal form. The invariant Markov measure w — p,
seems to be a random Dirac measure supported on the random point attractor which is a
singleton. This implies pullback attraction of trajectories to a singleton for almost every
initial value. However, the backward dynamics for small enough noise intensity suggest
another invariant Dirac measure w — 1,,, measurable with respect to the future F§°. For
almost all w € Q, the support of the measure lies in the interior of a disc A(w) whose
boundary dA(w) contains f,. The domain of attraction of v, backward in time is then
int A(w) whereas the orbits starting outside the disc A(w) explode. Hence, the A(w) are
the fibres of the global random attractor A € F x B(R?). The random circle w +— 0A(w)
is believed to be invariant in this scenario. Consequently, there has to be another random
Dirac measure w +— v/'(w) supported on the random circle and attracting backwards in
time.

We conjecture that the numerical observations backward in time are delusive and lead
away from the fact that A actually has singleton fibres. The stability backward in time
is just observable for small enough noise intensities. Hence, the explanation suggesting
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itself is that for small, almost bounded noise the time-reversed equation has an unstable
limit cycle around a stable steady state. Only for a very large noise realisation this state
is pushed to or outside the unstable limit cycle. Thus, explosion will take place with very
small but positive probability.

In Figure 3.2, we fix « = —1, 0 = 1 and § = 1 in model (3.6.1) and demonstrate
synchronisation of the pullback dynamics. As before, we approximate the stationary
probability measure by one typical trajectory and take its distribution as initial points
for simulating the pullback dynamics. We observe convergence to a singleton, similarly
to Figures 1.2a-1.2d. However, we remark that the synchronisation time is much longer
than in the normal form example.

In Figure 3.3 we depict the backward dynamics of model (3.6.1) for the same param-
eters as in Figure 3.2. Starting with a grid of 10000 points, we observe convergence to
a single trajectory up to time ¢ = —40 but the explosion of the trajectory before time
t = —100. This is consistent with our conjecture contradicting the scenario suggested by
Schenk-Hoppé.

(a) t =20

Figure 8.2: We choose « = —1, 0 = 1 and 8 = 1 in model (3.6.1) and approximate numerically the
random point attractor A(w) by simulating the pullback dynamics for times t = 20,50,150 and one

0
x

(b) t = 50

P \ ) . \ P

0
X

(c) t =150

particular noise realisation w, starting from an approximation of the stationary distribution.

=0 - =0 =0
5 -5 -5
-5 0 - 0 - 0
(a) t =—10 (b) t = —40 (c) t =—100
Figure 3.3: We choose a« = —1, 0 =1 and = 1 in model (3.6.1) and simulate the backward dynamics
up to times t = —10,—40,—100 for one particular noise realisation w, starting from a uniform mesh of
10000 points on [—5,5] x [=5,5]. We observe convergence to a single trajectory up to time t = —40 but

the explosion of the trajectory for t = —100.



CHAPTER 3. HOPF BIFURCATION WITH ADDITIVE NOISE 80

The conjecture of set attraction to singletons is backed up by the numerical obser-
vation of a negative top Lyapunov exponent A;. Analytically it is very hard to show
the negativity of A\; since we do not know the invariant probability measure explicitly.
Further, contraction of large sets is not as easy to show as in the normal form case since
the vector field f does not exhibit nice monotonicity properties. One would need to find
another way than using Theorem 3.3.2 in order to prove that the random attractor A is
a singleton P-a.s..

Stochastic Brusselator

The other example is the stochastic Brusselator studied by Arnold et al. in [3]: let
a, B > 0, W; standard Brownian motion and ¢ > 0 the noise intensity. The stochastic

Brusselator is given in the It0 sense by

2
dX, = (a— (B+ 1)X, + X2V, + %Xt)dt — o X, AW,
2
dY, = (BX, — X2V, — %Xt)dt + o X, AW, (3.6.2)

Note that the white noise is chosen to be one-dimensional in this case. The noise is additive
in the sense that it makes the deterministic equilibrium disappear. In the deterministic
case, i.e. if ¢ = 0, the dynamical system exhibits a Hopf bifurcation at 8 = a? + 1 for
bifurcation parameter g and fixed a > 0.

There are no proven results about stationary densities or attractors for this system.
However, numerical evidence [3] indicates the following assertion concerning the dynamical

behaviour of the stochastic Brusselator:

Conjecture 3.6.1. The RDS generated by the SDE (3.6.2) has for all parameter values
a,B > 0 and 0 > 0 a unique invariant probability measure p which corresponds to a
unique invariant distribution p of the Markov semigroup. Moreover, w +— i, s almost
surely a random Dirac measure, i.e. [i, = Oy for almost all w € Q where £ : Q — R?
15 a random equilibrium of the RDS. The system is exponentially stable in the sense that
its top Lyapunov exponent \i is negative. Furthermore, the fibres of the global random

attractor of the random dynamical system are given by A(w) := {&(w)} almost surely.

The fact that w +— pu,, is a random Dirac measure has been indicated by the same
numerical experiments as discussed for the normal form (3.0.1) and the Duffing-van der
Pol oscillator (3.6.1). The conjecture that, indeed, A(w) := {{(w)} are the fibres of the
global random attractor for the stochastic Brusselator is deduced from the additional
numerical findings that for any non-random initial value the backward explosion time is
finite P-a.s..
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3.7 Discussion

We have considered the dynamics of a two-dimensional ordinary differential equation
exhibiting a Hopf bifurcation subject to additive white noise and have identified three dy-
namical phases (recall Figure 1.4): (I) a random attractor with uniform synchronisation of
trajectories, (II) a random attractor with non-uniform synchronisation of trajectories and
(ITT) a random attractor without synchronisation of trajectories. The random attractors
in phases (I) and (II) are random equilibrium points with negative top Lyapunov expo-
nent while in phase (III) there is a random strange attractor with positive top Lyapunov
exponent.

We have analysed the occurrence of the different dynamical phases as a function of
the linear stability of the origin (deterministic Hopf bifurcation parameter «/) and shear
(amplitude-phase coupling parameter b). We have shown that small shear implies syn-
chronisation for any value of the deterministic bifurcation parameter o and obtained that
synchronisation cannot be uniform for positive a or in the presence of sufficiently strong
shear. We have provided numerical results in support of a conjecture that irrespective
of the linear stability of the origin, there is a critical strength of the shear at which the
system dynamics loses synchronisation and enters phase (III). We have further dedicated
one section to possible methods of proving the conjecture that have not been completely
successful yet. The next chapter discusses the simplified model of a perturbed limit cy-
cle for which we are able to show the positivity of the top Lyapunov exponent for large

enough shear.



Chapter 4

Bifurcation of a stochastically driven

limit cycle

We consider the following model of a stochastically driven limit cycle

dy = —aydt +of(9) odW},

4.0.1
dd = (1+0by)dt ( )

where (y,9) € R x S are cylindrical amplitude-phase coordinates, and W,' denotes one-
dimensional Brownian motion entering the equation as noise of Stratonovich type. In the
absence of noise (o = 0), the ODE (4.0.1) has a globally attracting limit cycle at y = 0
if & > 0. In the presence of noise (¢ # 0), the amplitude is driven by phase-dependent
noise. The real parameter b induces shear: if b # 0, the phase velocity % depends on the
amplitude y.

The stable limit cycle turns into a random attractor if ¢ # 0. The main question
we address in this chapter concerns the nature of this random attractor. The crucial
quantity is the sign of the first Lyapunov exponent A\; with respect to the invariant
measure associated to the random attractor. To facilitate the analysis, we choose f :
St ~ [0,1) — R to be continuous and piecewise linear with constant absolute value of the

derivative almost everywhere. The simplest example is given by

9 if 9 <
9) = =
f(9) .

a_o i (4.0.2)

N= N

With this choice of the amplitude-phase coupling we obtain the following bifurcation
result. We will show that the result stays robust under perturbations of f that smoothen
this function.

Theorem 4.0.1 (Change of sign of \y). Consider the SDE (4.0.1) with f given by (4.0.2).
Then there is 0 < ¢ ~ 0.2823 such that for all a > 0 and b # 0 the number oo(a, b) =

82
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2 50 is the unique value of o where the top Lyapunov exponent \i(a, b, o) of (4.0.1)

1/2
ey’ 10l
changes its sign. In more detail, we have

<0 if0<o<og(a,b),
A (e, b, o) =0 ifo=o0(a,b),
>0 ifo>op(a,b).

As long as b,0 # 0, the amplitude variable y can be rescaled so that the shear pa-
rameter becomes equal to 1 and the effective noise-amplitude becomes ob. Hence, the
above result also holds with the roles of o and b interchanged. The fact that og(c, b) is an
increasing function of « is illustrated in Figure 4.1. Figure 4.1a depicts A; as a function
of a and o for fixed b = 2. Figure 4.1b displays the corresponding areas of positive and
negative top Lyapunov exponent in the (o, «)-parameter space where A\; = 0 along the
curve {(oo(a,2),a)} separating the two areas. The curve is increasing away from (0, 0).
If 0 = 0, we clearly have A\; = 0 for all @« > 0. The case a = 0 is obviously not of any

interest in our model.

A, forb=2.0

(a) (b)

Figure 4.1: In Figure j.1a we depict the top Lyapunov exponent \i, computed using (4.1.14), as a
function of a and o for fired b = 2. The red mesh demarcates the level Ay = 0. Figure 4.1b shows the
corresponding areas of positive and negative A1 in the (o, )-parameter space being separated by the curve
{(o0(c, 2), @)} which increases away from (0,0). The picture does not display o = 0: in this case, Ay =0
for all o > 0.

If the top Lyapunov exponent is negative, it turns out that the (weak) random point
attractor is an attracting random equilibrium, i.e. its fibres are singletons almost surely.
It is a direct consequence that, in this case, the random dynamical system generated by
(4.0.1) exhibits weak synchronisation, which means that for all Z;, Z, € R x S*, we have

lim d(p(t,w, Z1), p(t,w, Z3)) =0 in probability. (4.0.3)

t—o00

As before, the random attractor associated with a positive top Lyapunov exponents is
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referred to as random strange attractor. We will give a more thorough description of such
an attractor in Chapter 5. Summarising, Theorem 4.0.1 implies the following dynamical
characterisation of the bifurcation:

Corollary 4.0.2. If 0 < 0 < oo(a,b), the (minimal weak) random point attractor of
(4.0.1) is an attracting random equilibrium and (4.0.1) exhibits weak synchronisation. If
o > oo(a,b) the (minimal weak) random point attractor of system (4.0.1) is a random

strange attractor (and not an attracting random equilibrium,).

We illustrate the shape of the random attractor for A\; < 0 and A; > 0. In Figure 4.2
we choose the parameters such that A\; < 0 and observe convergence of trajectories to
a singleton attractor in accordance with Corollary 4.0.2. Figure 4.3 displays the chaotic
attractor in case A\; > 0, also in consistence with Corollary 4.0.2. In Section 4.2.2 we give

an explanation of the geometric mechanism that leads to such a strange attractor.
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(a)t=1

Figure 4.2: We choose a = 3, 0 = 1 and b = 3 in model (4.0.1) and approzimate numerically the
random point attractor A(w) = supp p,, as in Figure 4.3, by simulating the pullback dynamics for times

t = —1,—10,—20 and one particular noise realisation w. The parameters are chosen such that we know
A1 <0 from formula (4.1.14).

(b) t =10 (c) t =20
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Figure 4.3: We set 0 =2, = 1.5,b =3 in model (4.0.1) and approzimate numerically the support of the
invariant Markov measure p, = lim;_, o ©(t,0_sw)p by simulating the pullback dynamics from times —1,
—50 and —100 on. The parameters are chosen such that Ay > 0 according to formula (4.1.14).

The main technical challenge we address in this chapter is to establish the existence
of positive top Lyapunov exponents which remained a conjecture for model (3.0.1) in the
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previous chapter. We have explained in the Introduction why this is usually a tremen-
dously difficult task. In our setting, the choice of f in (4.0.2) is crucial to establish rigorous
lower bounds on the top Lyapunov exponent A;.

The remainder of the chapter is organized as follows. Section 4.1 provides the analysis
of Lyapunov exponents for our model: Subsection 4.1.1 introduces the model on the
cylinder within the framework of random dynamical systems and establishes the necessary
theoretical concepts. Subsection 4.1.2 discusses the Furstenberg—Khasminskii formula for
the top Lyapunov exponent and in Subsection 4.1.3, we derive a formula for the top
Lyapunov exponent \; in the case of the specific choice of the diffusion map f. The main
result concerning the change of sign of A; is proven in Section 4.2 and its consequences
are discussed. We give illustrations of \; in dependence on the parameters, confirm a
scaling conjecture by Lin & Young and explain why the results stay robust under smooth
perturbations of f. We conclude with a short summary of the results in Section 4.3.

4.1 Analysis of the top Lyapunov exponent

4.1.1 The model as a random dynamical system

Consider the stochastic differential equation of Stratonovich type (4.0.1). We investigate
this model in the framework of random dynamical systems as introduced in Chapter 2.
The probability space Q is Cp(R,R) = {w € C(R,R) : w(0) = 0}, F is the Borel o-
algebra and P is the two-sided Wiener measure. F! is the o-algebra generated by &, — &,
for —oo < s <v <u <t < oo, where & : 2 — R is defined as &(w) = w(s), and 6, is the
ergodic shift

(Orw)(s) = w(s +1) —w(t).

For each w € € and the initial value Z € R x S', a continuous function ¢(-,w,”Z) :
[0, 7] - RxS!, where T > 0, is called a solution of (4.0.1) if it satisfies the corresponding
integral equation. We assume that f : [0,1] — R is a Lipschitz continuous function with
f(0) = f(1), which is differentiable everywhere except for finitely many points as in
(4.0.2), and that the three parameters fulfil « > 0, ¢ > 0 and b # 0. Note that the
equation reads the same in It6 form according to the Ito—Stratonovich conversion formula
(cf. Appendix A.1).

Since the drift and diffusion coefficients are globally Lipschitz continuous, the stochas-
tic differential equation (4.0.1) generates a continuous random dynamical system (6, )
which is forward complete, i.e. the solutions do not blow up. The random dynamical sys-
tem (6, ¢) is also a skew product flow © = (6, ), which is a measurable dynamical system
on the extended phase space (2 x X (see chapter 2). The skew product flow © possesses an
ergodic invariant Markov measure p which is associated to the unique invariant measure

(also called stationary measure) for the corresponding Markov semigroup (see chapter 2).
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Furthermore, the random dynamical system induced by (4.0.1) has a random attractor
A € FxB(RxS!), since the diffusion is bounded and the drift is strongly dissipative. The
disintegrations p,, of the ergodic invariant measure p are supported on the fibres A(w) of
this random attractor as explained in Remark 2.2.5. We summarize these assertions in

the following proposition:

Proposition 4.1.1. For all a,0 > 0,0 # 0, Z € R xS! and almost all w € Q there exists
a unique solution o(t,w,Z) of (4.0.1) starting from Z at time t = 0. Furthermore the

following statements hold:

(i) (6,¢) is a random dynamical system where ¢ is a cocycle over the metric dynamical

system (0, F, P, (0;)ier-

(i1) The random dynamical system (0, @) has a unique invariant ergodic probability mea-

sure p with F°__-measurable disintegrations.

(iii) There exists a random attractor A € F x B(R x S') with respect to all compact
tempered random measurable sets which is also measurable with respect to F°_,

1.€. the past of the system.

Proof. (i) Since g and f are globally Lipschitz continuous Condition (A1) in [37] is clearly
satisfied and the claim follows.

(ii) We need to show that the stationary Fokker-Planck equation corresponding with
(4.0.1) has a unique positive normalized solution. In our model, this is not directly clear
as the degeneracy of the noise implies that the Fokker-Planck operator is not strictly
elliptic. However, the SDE (4.0.1) satisfies Hormander’s hypoellipticity condition almost
everywhere as long as f(f) # 0 almost everywhere since the noise spreads out in the
Y¥-variable via the term by. In more detail, if we denote the vector fields

Xo = ayd, + (1 +by)0y

and
Xl - O-f(ﬂ)ay 9

we calculate
[Xo, X] = —obf ()0 + (—ac f(I) + o1+ by)ds f(9))7), .
Therefore we, indeed, have
span { Xy, [Xo, X1]} = TR?.

Existence of a stationary distribution with positive density follows as in Lin & Young
[73]. Uniqueness and ergodicity follow from [71][Theorem 2.7]. Hence, the claim is a
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direct consequence of the one-to-one correspondence between stationary measures of the
stochastic process and invariant Markov measures of the random dynamical system, as
explained in Section 2.1.

(iii) Similarly to Section 3.2, we can transform the stochastic differential equation
into a random differential equation by using the stationary Ornstein-Uhlenbeck process
(Z*(0;+))ter- In this case, the suitable transformation reads

T:Qx (RxS) = RxSY, T(w(y9)=y+of(d)Z"w),d).

Again if U : Rj x Q x (R x S') = R x S* solves the corresponding random differential

equation and possesses a random attractor, the random dynamical system given by
p(t,w, Z) =T (0w, ¥(t,w,T(w) " Z))

solves (4.0.1) and has a random attractor (see [58, Lemma 2.4 and Theorem 2.5]. The
fact that U satisfies these properties can be seen similarly to Lemma 3.2.2 but even more
simply in this case due to the lack of nonlinearities. O]

Recall Oseledets’” Multiplicative Ergodic Theorem from chapter 2, which implies the
existence of Lyapunov exponents describing stability properties of a differentiable random

dynamical system. In the situation of the Stratonovich SDE

dX; = fo(Xo)dt + Y f;(X) o dW/

i=1

on a smooth manifold X, the Jacobian Dy(t,w, ) with respect to the third variable of
the cocycle ¢(t,w, ) is a linear cocycle over the skew product flow © = (0, ¢). The Jaco-
bian Dy(t,w,x) applied to an initial condition vy € T, X solves uniquely the variational
equation on T, X = R?, given by

dv = D fo(p(t,w)z)vdt + Z Df;(o(t,w)z)vodW/, where v € T, X . (4.1.1)

J=1

The random dynamical system (6, ¢) induced by (4.0.1) has an ergodic invariant mea-
sure 4 as shown in Proposition 4.1.1. We further see in the next section that it satisfies

the integrability condition

sup I [Dig(t, w, 2)]| € L' (1).

0<t<1
So the Multiplicative Ergodic Theorem guarantees the existence of a ©-forward invariant
set A C Q xR x S* with u(A) = 1 and the Lyapunov exponents A\; > --- > ), with
respect to p where p < 2. Denote by d; the multiplicity of the Lypaunov exponent \;.
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The tangent space T, X = R? admits a filtration
Rd = %(W,ZL’) 2 o 2 V;D-H(wax) = {0}7

such that for all (w,z) € A,0# v € T, X = R% the Lyapunov exponent A(w, z,v) defined
by

1
A(w7 Z, U) = tILI& ? In ||D90(t7 W, [L')'UH

exists and
Mw,z,v) =X <= wveVi(wax)\Vip(w,z) forallie{l,... p}.

Further recall that for all (w,z) € A

p

1
lim —In det Dg(t, w, x) = > dixi. (4.1.2)

t—o00 -
=1

4.1.2 The Furstenberg—Khasminskii formula

In the following, we calculate the top Lyapunov exponent A; for the random dynamical
system induced by (4.0.1). We consider the corresponding variational equation describing
the flow on the tangent space T (R x S') = R? along trajectories of (4.0.1). We assume
that f € C' for now, although we consider a more general case later. The variational

equation (2.3.2) reads as

_ (9
do=|[""“ X vdt + 0 o) vodW,. (4.1.3)
b 0 0 0
—A —B

We omit the (t,w)-dependence of ¥ and B. Note that the integrability condition of the
Multiplicative Ergodic Theorem is clearly satisfied since all coefficients are bounded. We
immediately make the following observation:

Proposition 4.1.2. Let Ay be the sum of the Lyapunov exponents of the random dynam-
ical system induced by (4.0.1) which is, according to formula 4.1.2, given by
.1
Ay = thm ;ln det Dp(t,w,x) for all (w,z) € A.
—00
Then, Ay = —a < 0 for all 0 # 0. Consequently, the Markov measure w +— i, is singular

with respect to the Lebesgque measure on R x St.

Proof. Tt is immediate from 4.1.3 that Ay, = —a < 0. Using [66, Proposition 1] and [10,
Theorem 4.15], we obtain the singularity of the Markov measure. O]
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Because of the linearity of (4.1.3), we introduce the change of variables r = ||v|| and
s =wv/r, so that s lies on the unit circle. Its dynamics are given by

ds = (As — (s, As)s)dt + (Bs — (s, Bs)s) o dW}
_ <—0481 — s1(—as? +b=5‘182)) dt + (Ufl(ﬁ)f% - slaf’(ﬁ)slsz) o dW} .

b81 — 82(—065% + b81$2) —SQO'f,('l?)Slsg

Following Section 2.3 we use the It6-Stratonovich formula to observe similarly to (2.3.7)

that

%hl Tt = % /0 [hA(S‘r> + kB(ST)] dr + O(t71/2> ) (4'1'4)

where the functions hs and kg are given by

ha(s) = (s, As) = —as? + bs; 59,
1 1
kp(s) = 5((3 + B*) s, Bs) — (s, Bs)? = 502]“’(19)233 — o2 f'(9)%s%s3 .
The Furstenberg—Khasminskii formula for the top Lyapunov exponent (see chapter 2) is

given by

M= /R 4 . /S (ha(s) + i(s) plcds, 49, dy), (4.1.5)

where p is the joint invariant measure for the diffusion s on the unit circle and the processes
¥ and y induced by (4.0.1). Similarly to the calculations in [53], we change variables to
s = (cos ¢,sin ¢). Note that the functions hy and kp are m-periodic, which implies that
the formula (4.1.5) for the top Lyapunov exponent reads as

)\1:/ (—ozcoqu5+bcosgz§singz5
Rx[0,1]x[0,7]

+ %(72]”(19)2 sin? ¢(1 — 2 cos? gb)) p(do, dd, dy), (4.1.6)

where p denotes the corresponding image measure of p. The SDE determining the dy-

namics of ¢ € [0, ) reads as

1

sin ¢

do = — ds; = (acos ¢sin ¢ + beos® ¢)dt — o f'(¥) sin® ¢ o AW}, (4.1.7)

where we denote
c(¢,9) = of'(¥)sin’¢ and d(¢) = acospsing + bcos® ¢. (4.1.8)

The integrand in (4.1.4) and thereby in (4.1.6) only depends on ¢ and not on ¢ and y
if f/(9)? is constant, and in addition to that, the dependence on ¥ in the Fokker—Planck
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2

equation for ¢, is restricted to f'()°. This means that the calculation of A\; becomes

much simpler if f/(19)? is constant, an observation that we exploit in the following.
4.1.3 Explicit formula for the top Lyapunov exponent

We continue the analysis of the top Lyapunov exponent under the assumption that f :
[0,1] — R is given by (4.0.2). Importantly, f/(9)? is constant in this special case and our
results hold in fact for every continuous and piecewise linear f with constant absolute
value of the derivative almost everywhere.

The map is not differentiable at % and 0, and we verify that does not cause any

problems. We need the following results to justify the variational equation defining Dep:

Lemma 4.1.3. Let W : R} x Q — R denote the canonical real-valued Wiener process,
and let X : RS x Q — [0, 1] be a stochastic process adapted to the natural filtration of the
Wiener process. Furthermore, suppose there exists a measurable set A C [0, 1] such that

P({weQ: fot]l{XueA} du=0})=1 forallt>0, (4.1.9)

i.e. A is visited only on a measure zero set with full probability. Consider a measurable
function g : [0,1] — [0, 1] such that g =0 on [0,1] \ A. Then

t
/ 9(X,)dW, =0 almost surely for all t > 0.
0

Proof. The statement follows directly from [t0’s isometry

(/ tg(dewu)Q =y tg(Xuﬁdu}

t
=E {/ <9(Xu)2]l{Xu€A} + g(Xu)Q]l{Xue[[)’l]\A}) du} =0,
0

E

where the last equality follows immediately from (4.1.9) and ¢ = 0 on [0,1] \ A. We

conclude )

t
(/ 9(Xy) qu> =0 almost surely
0

due to nonnegativity, and the claim follows. O

Proposition 4.1.4. Let f’ denote the weak derivative of f as given by (4.0.2). Then the
choice of representative of f' by determining f’(%) and f'(0) does not affect the solution
to the variational equation (4.1.3).

Proof. First, we show that

]P’({w e€0: fot Li9,=1/2) du = 0}) =1 forallt>0
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by assuming the contrary to obtain a contradiction. As 9 is a continuously differentiable
process, this implies that ¥, = § for u € [¢*,t* + €] for some t* € (0,¢) and ¢ > 0 with
1

positive probability. This leads to y(u) = —; mod 1 for u € (*,t* + ¢) with positive

probability. However, this implies that the continuous process y, for u € (t*,t* +¢) given
by
dy = —aydu + o dW,

is constant with positive probability. This contradicts its definition as an Ornstein—
Uhlenbeck process. The same reasoning obviously holds for 8 = 0.
Let f{ = f; = f' on (0,1)\ {3} and assign arbitrary values at 3 and 0. Define

do=|"“ 0 vdt + 0 oh() vodW},
b 0 0 0

dw=|"" 0 wdt + 0 of0) wo dW} .
b 0 0 0

We apply Lemma 4.1.3 by choosing X,, = 9, and ¢(9,) = f{(J,) — f5(J,) to conclude
that

t t
/ fi(9,) dW, = / f5(9,) dW,, almost surely.
0 0

As we do not have an Ito-Stratonovich correction in this case, we can infer that v, = w;,
almost surely for all ¢t > 0. O

We view f’ in the weak sense, disregarding the points % and 0, and we define f'(¢) =
sign(3 — ), where
1 if x>0,

=N <o
— I * .

By Proposition 4.1.4, Dy(t,w, z) does not depend on the choice of f’(%), so the variational

equation (4.1.3) becomes

_ on (L —
a7 Nyars (O 78G9 g (4.1.10)
b0 0 0

We derive the following formula for the first Lyapunov exponent in this case:

Proposition 4.1.5. The top Lyapunov exponent of system (4.0.1) with f as defined in
(4.0.2) is given by
y= [ a@wio)do. (4.1.11)
0

where q(¢) == —acos® ¢ + beos dsin ¢ + 302(1 — 2cos? @) sin® ¢, and p() is the solution
of the stationary Fokker—Planck equation L*p = 0. L* is the formal L*-adjoint of the
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generator L, which is given by

1

£a(6) = (d6) + 3e611(0)) (0 + 520" @), (11.12)

where d = d(¢) is defined as in (4.1.8), and ¢(¢) = o sin® .
Proof. Note that in our special case, the function ¢ from (4.1.8) reads as
c(¢,) = osign(s — 9)sin® ¢,

which implies that both ¢(¢, ) (¢,9) and ¢*(4,9) do not depend on ¥ and read as ¢
and ¢2, respectively. Consider the SDE for the process ¢(t) in Itd form

do = r(¢)dt + c(¢,9)dW,

where
(6) = d(0) + 5e(6, )¢ (6,9) = d(9) + SE6)(6).

As the coefficients of the SDE are smooth in ¢, we consider the kinetic equation for the
probability density function of the process ¢(t) (cf. [87])

where

(i, 1) = Jim CE[(6(t + A) — 9(1))"l0(t) = ] forall ne N

Pick At small, denote AW, = W(t + A) — W(t) and recall that E[AW,] = 0 and
E[(AW;)?] = At. Observe that

o(t + At) — o(t) = r(o(t)) At + c(o(t), V(1)) AW, + o(Al)
and

(Ot + At) — ¢(1))* = r*(6(t))(AL)” + A (B(t), 9(1)) (AW;)
+ 20 (b)) e(B(t), 9(£)) AW, AL + o( At).

Since AW, is independent from ¢(t) and ¥(t), we obtain that
ay(P,t) =r(¥) and as(,t) = ().

We can see immediately from above that a,(¢,t) = 0 for n > 3. This proves (4.1.12),
and (4.1.11) follows from (4.1.6). O
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In this case, the stationary Fokker—Planck equation reduces to a linear nonautonomous
ordinary differential equation for p = p(¢) defined on [0, 7) with periodic boundary con-

1., ’+ d+1~~,
— —C —CC =K
5CP 5¢C | P =k,

where the constant x has to be determined from the boundary and the normalization

ditions:

condition. The ordinary differential equations is given in explicit form as
2d(¢) (o 2K
g- (L0 20, ,
(¢)  &9)

(o)
(a1 1 b

2y 29) ) 2%

20 )P T 20

The solution of this equation follows from the variation of constants formula, and is given
by

—5— ta
sin? ¢

G(9) [, wmam W

T ; 4.1.13
G(0) [ wrter A do (LL13)

p(¢) = N

where

G(o) = ﬁ exp <—% {oz tan 2 ¢ + ;btan_?’ gb}) :

The derivation of a closed formula for A\; and Ay using (4.1.13) for the stationary density

of the process ¢; closely follows Imkeller and Lederer [53]. It can also be seen as a special

case of the more general formulas obtained in [54].

Theorem 4.1.6 (Formula for A\; and \y). Consider the stochastic differential equation
(4.0.1), where the function f is of the form (4.0.2). Then the two Lyapunov exponents
are given by

a b2 0.2 o)

M(a,b,0) = 5t U My pa(v)do, (4.1.14)
0
b5 00
Xo(a, b, o) = —% — Ta UV My pa(v)do. (4.1.15)
0

where
41,4 2
% exp (—%U:S + %v)
o0 oibt o )
N \/La exp (=223 + Zu) du

(4.1.16)

ma,b,a(v) =
Proof. We define the function g : [0,¢) — R U {oo} by

g(¢) :== —Insing for all ¢ € (0,7),
9(0) := o0,
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and apply this function formally to the generator as given in (4.1.12):

Lg(o) = (acosqﬁsin¢+b0082¢+UQSin?’gbcosgb) (—tan™' @) + 10 sin gb L

2 n’¢
= —btan"' ¢ + q(¢).

This can be made precise by choosing suitable C'"*°-functions to approximate g. Observe
that - . -
0 :/ g Lp d¢:/ .cgpd¢:/ (—btan~' +¢) p do,
0 0 0

and we conclude that

h=b [ an o).

Working with expression (4.1.13), we conduct a change of variables s = tan™!¢ and
t = tan~! 1) which leads to

f [°sexp (=2 [a(s* —t2) + 2b(s® — t%)]) dtds
f 7 exp (=% [a(s? — 2) + 2b(s® — 3)]) dtds

We introduce a new variable u = s — ¢, which implies that u € (0, 00). We observe

At (4.1.17)

2 2 2
as® —a(s —u)? + gbsg’ — gb(s —u)® = —au® 4 2asu + 2bus® — 2bu’s + gbu3

u—a/b\’ b, 1 o
-9 — Y e
bu(s 5 ) +6u 2ub

Using this expression, we modify (4.1.17) and obtain

2

fooo ffooo Sexp (—(2,—121’ (S - U_Ta/b> ) dsexp (—&%u?’ + %ua_b> du
2

o o exp (—2:—5 (s - “‘Ta/b> > dsexp (—Lzud + Luts) du

I 1“a/bexp< Zut + tuss )du

0 Vu
)y fexp( 62u3+ u2b) du

a o 2f0 vexp( "03—1-0‘—22) dv

2 Lo (T S

where we have done another change of variables v = u/(bo?) in the last equality, and we
used well-known properties of the normal distribution. Hence, we write
a  bo?

/\1 = —5 + T . v m(,’b,a(v) dU,
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where my, o (v) is given as in (4.1.16). From Proposition 4.1.2, we obtain that A\; + A\ =
—a, and this means that
a b20,2 [e%¢)

Ay = ~5 = 5 i U Mg po(v)do.

This finishes the proof of this theorem. m

4.2 The bifurcation result

4.2.1 Bifurcation from negative to positive Lyapunov exponent

We now use Theorem 4.1.6 to prove Theorem 4.0.1, which asserts that there is a bifurca-
tion from negative to positive Lyapunov exponent for the stochastic differential equation
(4.0.1). In Subsection 4.2.3 the result is shown to stay robust under perturbations of f

that smoothen this function. We recall the theorem for convenience of the reader.

Theorem 4.0.1 (Change of sign of \y). Consider the SDE (4.0.1) with f given by (4.0.2).
Then there is 0 < ¢y ~ 0.2823 such that for all o > 0 and b # 0 the number oy(a,b) =

oB/2

co/ bl

changes its sign. In more detail, we have

> 0 is the unique value of o where the top Lyapunov exponent (o, b, o) of (4.0.1)

<0 if0<o<og(a,b),
A (o, b, o) =0 ifo=o¢(a,b),
>0 ifo>op(a,b).

Proof. We fix a > 0 and b # 0, and define 7 := b*0%>. We obtain from (4.1.14) that

(e}
Al = —% -+ %/0 v m%a(v) d'U,

where
2
Jrewp (50 +50)

fooo \/%T; exp (—%ﬁw?’ + O‘72@0) dw

Mey,0(V)

We introduce another change of variables v = %u and obtain

A = % (/Ooou o (1) du — 1) , (4.2.1)

where
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Defining ¢ := @ = ?—32, we observe that Aj(a, b, o) has the same sign as the function
0% b%o
G : (0,00) — R given by

Gle) = /0 N (\/_ - %) exp (—c Euf’) - %UD du. (4.2.2)

Using dominated convergence, we may interchange the order of differentiation and inte-
gration and consider

o 1 1 1
G'(¢) :/0 hi(u)ho(u) exp (cho(u)) du, hy(u) = <\/_— ﬁ) , ho(u) = —Eu?’ + Ju-
Note that hihs, and thereby the integrand, has positive sign on the interval (1,+/3) and
negative sign on (0,1) and (v/3,00). Basic claculations show that we have |h;(1 — )| >

hi(1+46) and hy(1l — 6) > hy(1 4 6) for all 6 € (0,/3 — 1). It follows that

V3

G'(c) < / hy(uw)hg(u) exp (cho(u))du < 0 for all ¢ € (0,00).
2-V3

Hence, G is strictly decreasing. Furthermore, we observe that G(c) — oo as ¢ N\, 0

(using monotone convergence on [v/3,00)) and that G(c) — —o0 as ¢ — oo (using similar

arguments as for G’ and monotone convergence on (0,2 — v/3)).

Combining these observations, we may conclude that there is a unique ¢y such that
G(co) =0, G(c) > 0 for all ¢ € (0,¢) and G(c) < 0 for all ¢ € (cy,00). This proves the

claim with og(«, b) = ?/S—Q/FbI. Numerical integration gives ¢y & 0.2823. O
o

Remark 4.2.1. As explained in the Introduction, the same result holds if we interchange
the roles of o and b. This can be seen also directly from the proof above.

For proving the existence of a random equilibrium when A\; < 0, we deploy ideas from
[48, Theorem 2.23] which we formulate as follows for our purposes.

Theorem 4.2.2 (Weak synchronisation). Assume that a weakly complete, white noise
random dynamical system (0, ) with stationary measure p on a Polish space X has right-

continuous trajectories and is strongly mixing. Further assume that it is

a) weakly asymptotically stable on a set U C X with p(U) > 0, i.e. there exists a sequence
t, — oo and a set M C Q of positive P-measure such that for all x,y € U

1M(>d(gp(tn7 " 33'), Qp(tnv Yy y)) —0 fO’f‘ n — oo,
in probability,

b) pointwise strongly swift transitive, i.e. there is a time t > 0 such that for every
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ol 2?2 e X,
P(weQ:p(tw {z'y"}) C B(z,2d(z",2%))) >0,

c) and for all z,y € X

liminf d(p(t, w, ), p(t,w,y)) =0 a.s.. (4.2.3)

t—o00

Then there is a minimal weak random point attractor A € F x B(X) whose fibres are

singletons, given by a F°_ -measurable map a : Q — X, the random equilibrium. We have

A(w) = supp(py,) = {a(w)} P-almost surely.

Consequently, the random dynamical system admits weak synchronisation.

Proof. For establishing the existence of the attracting random equilibrium a : © — X
under assumptions a)-c), see the proof of [48, Theorem 2.23] where the existence of a is
already called weak synchronisation. Our notion of weak synchronisation in (4.0.3) is a
direct consequence, as one can easily observe: For all Z;, Z, € X and any € > 0, we have

tlim P{weQ: dlo(t,0_w,Z1),p(t, 0w, Zs)) >e})=0.

Since the probability measure P is invariant under 6, for all £ € R, we can immediately
conclude that

which shows the claim. O

We are prepared to deduce the first part of Corollary 4.0.2. The second part follows
from Section 5.1 in Chapter 5. That section is dedicated to showing that u,, is atomless
almost surely in case of positive Lyapunov exponents. Recall from Section 4.1.1 that the
RDS induced by (4.0.1) has a pullback set attractor which is one-dimensional due to the
contraction in the y-direction. The minimal weak point attractor in both cases of negative
and positive \; is obviously a subset of the set attractor.

Proof of Corollary 4.0.2. As the system is strongly mixing by (a hypoelliptic version of)
[59, Theorem 4.3], the random compact set A € Fx B(RxS') with fibres A(w) = supp (s, )
is a minimal weak point attractor of (4.0.1) by [48][Proposition 2.20 (1)].

Firstly, let A\; < 0. According to [48][Proposition 2.20 (2)], there are an N € N and
FO_-measurable random variables a; : Q2 — R x S! for s = 1,..., N such that

Aw) ={a;(w) :i=1,...,N}.
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The fact, that fl(w) is a singleton almost surely, follows from a slightly modified reasoning
alongside Theorem 4.2.2 and its proof in [48]: Pick a = a; and b = q; fori,j € {1,..., N}
and fix some compact ball Dy such that P({A(-) € Dy}) > 0. By arguments analogous
to [48, Section 3.1.1], the negative top Lyapunov exponent implies the existence of some
open ball B(xg,e) on which ¢ is weakly asymptotically stable and therefore condition a)
is satisfied. Instead of using Theorem 4.2.2 b) and ¢), we show directly that there is a
time T such that

P({e(T", - al-)), (T, -, 0(-))} € B(xo,€)) > 0. (4.2.4)

Then by using that ¢ is a white noise RDS, the claim that fl(w) is a singleton almost
surely follows as in the proof of Theorem 4.2.2 in [48].

For showing (4.2.4) pick =,y € Dy and fix § << £/2. Due to the contracting drift in
the amplitude direction, there is a Ty > 0 such that 5 := |1 (Th, w, x) — ¢1(To, w,y)| < 6,
i.e. the distance of the trajectories in the amplitude component is smaller than §, for
the path Wy(w) = 0 on [0,Tp]. For t > Tp, the path W;(w) can be chosen such that
lo1(t,w, ) — p1(t,w,y)| = B > 0 for t € [Ty, T1] where Ty is such that po(Th,w,z) =
w2(T1,w,y), i.e. the phase components become equal. By continuity of the function,
which maps paths in the canonical space to the solution, with respect to the supremum
norm on C([0,T}],R), we deduce that

P({o(T, - x),o(T,-y)} C B(z,6)) >0,

for some z € X. In this situation the noise in the y-component is arbitrarily close to
additive noise and, hence, there is a small time interval [T}, T] with T" = T'(z, y) such that
we can make use of [48, Proposition 3.10, Part 1] to derive that

P{p(T,-,x),o(T,-,y)} C B(zg,e)) > 0.

The compactness of Dy then gives a uniform bound 7% > T(z,y) for all z,y € D.
Because of the independence of F°__ and F5°, we can deduce (4.2.4). This finishes the
proof of weak synchronisation.

In the case of A\ > 0, we deduce with Theorem 5.1.1 below that p,, is atomless almost
surely. The result is stated for smooth flows but the essential argument carries over as
before (ignoring the point of non-differentiability). Recall from Proposition 4.1.1 and
Proposition 4.1.5 that the hypoellipticity assumption (Al) from Section 5.1 is satisfied
by model (4.0.1): there exists a unique stationary distribution with smooth density for
the original stochastic flow and a unique stationary distribution with smooth density for
the linearised flow on the unit sphere of the tangent spaces as given by (4.1.13). The
assumptions on the moment Lyapunov functions are also satisfied since the variational

equation for model (4.0.1) is solely dependent on the angular process, which is defined on
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the compact manifold S*, and therefore the theory from [14] is directly applicable.

The fact, that the measures pu, are atomless almost surely, implies in particular that
the fibres A(w) = supp(js,) of the minimal random point attractor A are no singletons,
and, hence, A does not consist of a random equilibrium. O

Remark 4.2.3. Corollary 4.0.2 implies that the invariant random measure associated
with the random attractor changes from a random Dirac measure to a random SRB
measure. One might be inclined to ask if our case satisfies the definition of a D-bifurcation
[2], which takes place if there is an invariant reference measure p in a neighbourhood of
the bifurcation point from which a new invariant measure v bifurcates in the sense of
weak convergence. In our case i, does not necessarily stay a reference measure and the
continuity assumption of the D-Bifurcation is not necessarily satisfied. So we provide an
example of interesting bifurcation behaviour which does not fit the definition of Arnold
suggesting that dynamical bifurcations should be understood in a broader sense than the

definition of a D-bifurcation permits.

4.2.2 Numerical exploitation of the results

For the moment, the positive top Lyapunov exponent is the only characterization of chaos
we give in this case as an analysis in the sense of [89] is very difficult for white noise and
provable aspects of this are postponed to chapter 5. However, the geometric mechanism
of shear-induced chaos can still be understood along the same lines: the white noise drives
some points on the limit cycle up and some down. Due to the phase amplitude coupling
b, the points with larger y-coordinates move faster in the ¥-direction. At the same time,
the dissipation force with strength « attracts the curve back to the limit cycles. This
provides a mechanism for stretching and folding characteristic of chaos. The transition to
chaos in the continuous time stochastic forcing is much faster than in the case of periodic
kicks due to the effect of large deviations [73]. This is due to the fact that points end up
in areas with arbitrarily large values of y with positive probability. Hence, not so much
shear is needed to generate the described stretching and folding due to phase amplitude
coupling. However, for very small shear and noise, the dissipation leads to sinks being
formed between these large deviation events, and the attractor ends up to be a singleton.

In Figure 4.4, we show the top Lyapunov exponent as a function of o for fixed b
and « according to formula (4.1.14). We have used numerical integration up to machine
precision to calculate A;. The bifurcations of the sign of A\; at og(c, b) are clearly seen in
Figures 4.4a-4.4c. Furthermore, note that A\; — 0 from below for ¢ — 0. In Figure 4.4d,
we choose small values of b and «, but b/« large. We see no negative values of A\; as we
would have to take values of o too small for the numerical integration.
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Figure 4.4: The top Lyapunov exponent Ay as a function of o for fited b and o. The dots indicate the
values of A1 that were calculated according to (4.1.14) using numerical integration. Figures 4.4a-4.4c
illustrate that og(a, b) increases monotonously in «. In Figure 4.4d, b and o are small, but b/« is large.
We do not see the transition to Ay < 0 since we would have to take values of o too small for the numerical
integration.

We have chosen the same parameter regimes as in [73], where Lin & Young investigate
numerically the Lyapunov exponents of the system given by

dy = —aydt + osin(279) o AW,
dd = (1+by)dt, (4.2.5)

taking ¥ € [0,27]. Their numerical results show exactly the same qualitative behaviour
apart from a slightly different scaling due to the factor 2wr. We conclude that the simpler
choice of the diffusion coefficient in our case does not change the qualitative behaviour.
This is not a surprise, since we can derive formula (4.1.14) for A, if we choose f to be
piecewise linear on the intervals [i, %] for i = 0,1,2,3 with |f’| constant such that it
represents a linear approximation of the sin-function.

Furthermore, we confirm Lin & Young’s conjecture concerning a scaling property of
A1 with respect to the parameters. For model (4.2.5) they observed numerically that,
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under the transformations o — ka, b — kb and o — Vko, A transforms approximately
as A\; — kA;. This scaling property holds exactly for our model (4.0.1).

Proposition 4.2.4. Consider the stochastic differential equation (4.0.1), where the func-
tion f is of the form (4.0.2). Then the top Lyapunov exponent \; as given by (4.1.14)
satisfies

A (ka, kb, Vko) = kM (o, b,0)  for all k € R\ {0}. (4.2.6)

Proof. First note that by the change of variables v and u — 7z respectively, we

v
L2
obtain

fooov\/%jexp< 4b4k63+ k2 >d 1 [

vm v)dv = = — UV Mepolv)dv.
/0 \/Ea,kb,ka( ) fooo\/LEeXp (_%{fkk&ug_‘_?k&u) du k2 o ,b,a( )

Hence, we can conclude that

b2 00

)\1(\/%0, kb, ka)) = —k: + kSTﬁ UV Mypa(v)dv = kX (0,b,a).

4.2.3 Robustness of the result

We can perturb f around the point of non-differentiability at % and show that the sign
of \; is preserved under small perturbations. This demonstrates the robustness of the
bifurcation behaviour. In more detail: we choose f. = f on [0, 3 —]U[:+¢, 1) but smooth
on the whole interval with |f.|,|f!| < 1 such that f. — f uniformly. The existence of
such f. follows from standard analysis. The corresponding model for f. is given by

dy = —aydt + o f.(9) o thl ,

dv = (1+by)dt. (4.2.7)

Let Aj denote the top Lyapunov exponent for the random dynamical system (6, ¢.) in-
duced by (4.2.7). Then indeed A\ — A; as € — 0, which we sketch in the following: denote
by p. the stationary density for the process in (y, 1, ) where ¢ is given as in (4.1.7) for

f-, carrying the information from the linearisation along trajectories:
dé = (acos ¢sin g + beos® ¢)dt — o f/(9) sin® ¢ o AW} .

Existence and uniqueness of p. are guaranteed by similar considerations as in Section 4.1.
We denote the corresponding Fokker—Planck operators (cf. Appendix A.2) for the sys-
tems in (y, v, ¢) with the diffusion coefficients f and f. by £* and LI respectively. The
stationary Fokker—Planck equations read L£p. = 0 and L*p = 0 where p denotes the
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stationary density for the system associated to f. Note that we use the symbols p and p.
both for the measures and corresponding densities.

In the following, we denote by D =R x [0,1) x [0,7) the domain of (y,?, ¢). Recall
from (4.1.6) that

M:/ q(0)p(y, ¥, ¢)dopdddy, A =/ G:(9,0)pe(y, 0, ¢) dp di dy
D D

where
q(¢) = —acos® ¢ + bcos psin ¢ + %O’Q sin® ¢(1 — 2cos® ¢) ,
g=(¢, ) = —acos® ¢ + bcos psin ¢ + %Ugfé(ﬁ)Q sin? (1 — 2cos? @) .
We define

X = /D 2(6)5- (4,9, 8) dp o dy.

Observe that we obtain the following estimate for small enough ¢ > 0:

A= AT < A = AT+ AT = A
< Cl<a7 b, U)Hﬁ - ﬁs“Ll(D) + 5C2<0-) mgx |p~5(y,?9, ¢)| . (428)

The densities p. are obviously uniformly bounded in ¥ and ¢. Furthermore, since o f.(9) <
o, the decay of p. in y is at least the same as for the stationary density of the Ornstein—
Uhlenbeck process

dy = —aydt 4+ odW, ,

which is given by
v) =~ ( . 2) (4.2.9)
=—exp|—=— 2.
ply 7 p QOQ?J )

where Z is the normalisation constant. We deduce that there exists a constant C' > 0
such that

maxp |p:(y, 9, ¢)| < C for any small € > 0, which implies that the second term on the
right-hand side of (4.2.8) vanishes as € — 0. Hence, it remains to show that ||p—p.||1(p) <
Ke for some constant K > 0. Since all the coefficients are bounded, we have for any
sufficiently regular v : D — R,

0

S C3(a7 b7 0')]1[%75,%+5](19> ( ‘8_¢¢(y’ 19’ (b)‘ +
2 2

0 0
a2y (yaﬁwzﬁ)‘ + ‘awyw(y,ﬁmﬁ)‘) : (4.2.10)

2

0

+
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We consider the problem in the weighted function spaces W>*(D) to L2(D) where p
is given by (4.2.9). We understand £* and L} as linear bounded Fredholm operators
from W>*(D) to L2(D) (as they are weakly elliptic from a weighted Hilbert space to a
weighted Hilbert space). Since WT?’Q is a Hilbert space, we can define the projection P
to ker(L*) which is a one-dimensional and hence closed subspace. We can further define
the linear operator S : L*(W2?*(D)) — W2?(D) as the pseudoinverse of L*, i.e. define
it via SL* = Id —P. Since the range of a Fredholm operator is closed, § is a linear and
bounded operator by the open mapping theorem. Now choose p. € ker(L?) such that
Pp. = p (there is a normalisation error that can be easily resolved in the limit as € — 0).
We use

L(p— ) = Lope — L7,
and (4.2.10), in combination with the uniform boundedness and decay of p. and its deriva-

tives in all variables, to deduce

1p — ﬁEHLl(D) < Cullp— 156||W§»2(D) = Cu||SL(p - ﬁ«e)HWI?v?(D)
< £ (p - ﬁs)HL,%(D)||S||B(g*(Wgﬂ(D)),Wp?v?(D)) < Ke,

for some constant K > 0.

4.3 Discussion

We have investigated systems with limit cycles on a cylinder perturbed by white noise. We
were able to show a transition from negative to positive top Lyapunov exponents for fixed
dissipation parameter o and big enough noise ¢ and/or shear b, implying a bifurcation
of the random attractor from a random equilibrium to a random strange attractor. In

particular, we have confirmed Lin & Young’s [73] scaling conjecture
M (ko kb, Vko) = kM (a,b,0)  for all ke RT\ {0}.

The crucial trick for deriving an explicit formula and thereby finding parameters for which
A1 > 0 consisted in the particular choice of the diffusion coefficient f(vJ). However, we
showed the robustness of the result under smooth perturbations, and we remark that the
scaling behaviour shown for \; seems to be independent from this particular choice of f.

In the case of positive Lyapunov exponents, one can typically describe the attractor
using concepts from ergodic theory, such as entropy and SRB measures. This is supposed
to give a more rigorous notion of chaos, and a clearer picture of the dynamics and the
nature of the sample measures p,,. We investigate these issues in the next chapter where

we also add a proof for the claim that the random attractor does not have singleton fibres
if Ay > 0.



Chapter 5

Ergodic theory of chaotic random

attractors

This chapter is dedicated to shedding more light on the character of the random (point)
attractor A and the invariant random measures p,, supported on the fibres A(w), in case
the top Lyapunov exponent \; is positive. We have called A a random strange attractor
in this situation and refer to Figures 1.2 and 4.3 for getting an idea of the shape of such
an attractor. In Figures 1.2e-1.2h we approximate the support of , for model (3.0.1)
with high shear intensity b by computing ¢(T,60_rw)p for increasing T, where p is a
numerical approximation of the stationary measure p. In Figure 4.3 we do exactly the
same for model (4.0.1). In both cases, we observe one-dimensional structures that resemble
Henon-like attractors.

Hence, a first thing to show is that pu,, is almost surely not supported on a singleton
if Ay > 0; a fact we have already claimed in Corollary 4.0.2. We will follow work by
Baxendale and Stroock [14, 10] extending their results to the non-compact case. This will
be the content of Section 5.1 where we show Theorem 5.1.1 which states that positive
Lyapunov exponents imply atomless invariant measures, in particular in the situations of
Chapters 3 and 4.

Section 5.2 concerns Pesin’s formula, i.e. the equality of metric entropy and the sum of
positive Lyapunov exponents, for model (3.0.1) on R? and model (4.0.1) on RxS!. The for-
mula was proven by Ledrappier & Young [70] for discrete-time random dynamical systems
generated by randomly drawn diffeomorphisms on a compact manifold with absolutely
continuous stationary measure. Biskamp [15] has proven the formula for discrete-time
random dynamical systems X' (R?, ), where v is the law of the random diffeomorphisms
on R% given a class of Assumptions (A1)-(A5) and an absolutely continuous stationary
(not necessarily ergodic) probability measure pu. The formula reads

e (27 ®%0) = [ SN ).

104
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where h,, denotes metric entropy and A;(x)" are the positive Lyapunov exponents with
multiplicities m;(x). The section gives an introduction to the concept of entropy for
random dynamical systems, following [15, 60, 74], and links discrete-time systems with
random dynamical systems generated by stochastic differential equations via their time-
one maps. This allows to formulate Theorem 5.2.9 as a direct consequence of [15, Theorem
9.1] stating Pesin’s formula for systems derived from stochastic differential equations.
Finally, we prove Corollary 5.2.10 which says that the random dynamical system induced
by model (4.0.1) has positive entropy for large enough shear or noise respectively, i.e. if
A1 > 0. The same would hold true for model (3.0.1), once positive Lyapunov exponents
can be established.

Section 5.3 introduces the concept of SRB measures for random systems with positive
Lyapunov exponent. In short, the random measures p,, are called SRB measures if they
are absolutely continuous with respect to the Riemannian measure on fibres of unstable
manifolds. Hence, if the pu, can be shown to be SRB measures, their supports are non-
singular subsets of the closures of unstable manifolds, perhaps even equal them. This gives
a strong characterisation of the shapes we observe in Figures 1.2 and 4.3. Following [70],
we formulate Theorem 5.3.4 and Corollary 5.3.5 implying the SRB property for sample
measures of discrete-time systems and systems induced by stochastic differential equations
on compact manifolds, in case the stationary measure p is absolutely continuous. It is
beyond the scope of this work to show the results for the non-compact case since there
are a lot of technical intricacies to be taken care of. We simply refer to the intuition that
if the maps/flows and their derivatives satisfy uniform bounds, the results are applicable
to the non-compact case.

We concede that, too a large extent, the work presented in this chapter is not original.
However, it is important to embed the results of chapters 3 and 4 into the context of
ergodic theory. Furthermore, we understand this chapter as a contribution to linking the
Arnold school, on which the other chapters are based, to the school represented by Kifer,
Ledrappier and Young that puts more emphasis on smooth ergodic theory.

5.1 Positive Lyapunov exponents imply atomless invariant mea-
sures

We are extending the statement in [10] about positive Lyapunov exponents implying atom-

less invariant random measures to the non-compact setting. Let M be a connected smooth

Riemannian manifold of dimension N. Similarly to (2.3.1), we consider the Stratonovich
stochastic differential equation on M

d
d&(x) = Xo(&(x))dt + Y Xp(&(z) o dWf, &(a) = . (5.1.1)
k=1
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Here Xy, X4,..., X are smooth vector fields on M satisfying a one-sided Lipschitz con-
dition guaranteeing unique solutions and {W} : t > 0},1 < k < d, are independent real
valued Brownian motions on some probability space (€2, F,P). Let further denote X}, the
natural lifts of the vector fields X; on M to vector fields on SM, the unit sphere bundle in
TM. For v € SM and u € C([0,0),R%), let ¥(-, v, u) denote the curve in SM satisfying

d

U(t,0,u) = Xo(W(t,0,0) + Y up(t) Xi((t,v,u))

k=1

with U(0,v,u) = v. Now we demand the following assumption similarly to (2.3.8) which
implies that the generator of (5.1.1) is hypoelliptic and that, if there is a stationary prob-
ability measure p, it is unique and has a smooth density with respect to the Riemannian
measure on M:

(A1) ()”(0, . ,Xd) (v) = T,SM
and {U(t,v,u) : t >0 and u € C([0,00),R?)} is dense in SM for all v € SM.

Equation (5.1.1) induces a random dynamical system as before where the notations iden-
tify as ¢(t,-,x) = &(x). Let p be the invariant Markov measure of the RDS, i.e. the
invariant probability measure of the skew product flow corresponding with p, and g,
its disintegrations to the state space. We denote i = E[u, X p,] which is a stationary
probability measure for the two-point motion {(&(z),&(y)) : t > 0} on M x M. The gen-
erator of the two-point motion is denoted by L®. Further, A denominates the diagonal
in M x M and we write M = M x M\ A.

Before we can establish the statement about atomless measures, we have to introduce
the moment Lyapunov function A : R — R. It is defined by

.1
A(p) = tlgglogln]Eu |DE(x) ()P, veT,M,|v|#0.

If M is compact, Assumption (Al) guarantees that the above limit exists and is inde-
pendent from the choice of v. Further A is a convex analytic function of p according to
results in [14]. These results are directly applicable to the situation of model (4.0.1) since
the variational equation is solely dependent on the angular process which is defined on
the compact manifold S'.

We formulate the result in the following theorem. Note that the proof contains a
summary of arguments coming from [14, 10, 59] that cannot be found in such an overview
otherwise. The issues with non-compactness are rather benign and are pointed out at the
respective parts of the argument:

Theorem 5.1.1 (Positive A; implies atomless p,,). Assume that the top Lyapunov expo-

nent A1 for the random dynamical system induced by (5.1.1) is positive, that the moment
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Lyapunov function A exists independently from v € T M, that the system has a stationary
measure p and that (A1) holds. Then

ﬁ(M):l

or equivalently i, is atomless almost surely.

Proof. Define the map ® : TTM — M x M by

®((z,v)) = (z,exp,(v)) ,

where exp, : T,M — M is the exponential map. For the strategy of the proof it is
essential that there exists an injectivity radius oy > 0 such that for any 0 < § < §g, P
is a diffeomorphism from {(z,v) € TM : 0 < |[v| < 6} onto M := {(z,y) € M? : 0 <
d(z,y) < 6} via

(z,6,r) € SM x (0,8) — ®((z,r0)) € M;.

In the original setting of [14] this follows immediately from compactness. For non-compact
manifolds with positive injectivity radius, as for example the infinite cylinder or RY, the
result carries over immediately, as we will see from the following arguments. In case of
no positive injectivity radius being guaranteed, fix ¢ > 0. In order to adapt the proof to
this setting, we start with a compact ball K such that (p x p)(K x K) > 1—¢/3. Writing
K=KxK \ A, we proceed as in the proof of [10, Remark 4.12].

Observe that A(0) = 0 and A’(0) = A\; > 0. From [14], we further know that A(—N) >
0 and that A is convex. Hence, there is a p < 0 such that A(p) < 0. Denote the
injectivity radius of K by do. Now, according to [14, Theorem 3.18] there is a d < §y and
¢p € C*°(SM x (0,0)) such that

L(z)gbp < [N\(p)qﬁp and Cr? < ¢,(x,0,r), (x,0,r) € SM x(0,0), (5.1.2)

where C' > 0 is some constant. By the coordinate transformation from above, we take
V : K — R to be asmooth non-negative extension of ¢, with smooth compactly supported
extension V to M. Since p, A(p) < 0 we obtain from (5.1.2) that V satisfies

LYV (z,y) — —o0 as d(zx,y) — 0,

and

/ Vd(p x p) < 0.

N
This allows to apply Khasminskii’s pointwise estimate in the proof of [59, Theorem 3.7]
to the distance of the two-point motion from the diagonal for any (z,y) € K. As the
upper bound in Khasminskii’s estimate [59, (3.54)] does not depend on the initial point
(x,y) € K but only on the distance of the two points, we can integrate over the stationary
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distribution p x p on M and conclude that there is a ~v > 0 such that

%/;/MIP’ ((gp(s, ), 0(s,-,y)) € By(A)N f() (p x p)(de,dy)ds < /3

for any ¢ > 0. Observe that by ergodicity

1

2] (s pls) € 3V K) s 225 (0 x )01\ K) < /3

for (p x p)-almost all (x,y) € K?. Since K? is compact, we can conclude that there is a
t* > 0 such that for all ¢t > ¢*

t [ B (s pls) € 01V R () s < </

We define K; = K2 N {(z,y) € M : d(x,y) > ~} which is obviously compact. Let
{P, : t >0} denote the Markov semi-group acting on C(M x M) and {P} : t > 0} the
adjoint semi-group acting on measures on M x M. Observe that by the choice of K and
K and the above it follows for ¢t > ¢* that

1 t
;/0 /MPS]IM\KI d(p x p)ds

= %/ot/MP ((go(s, L x), (8, -,y)) € By(A)N K) (p x p)(dz,dy) ds

+%/Ot/MIP((90(8,-717),90(8,-7?1)) € I\ K) (p x p)(dr, dy) s
2e

<EiE_
3 3

Hence, for t > t* we obtain

1/ 1/
<—/ P (p % p)ds) (Ky) = —/ / Py, d(pxp)ds>1—e.
t Jo tJo Jar

Since K; C M compact, we have shown that the family of probability measures

1 t
{—/ PZ(/)X/))dS} :
t Jo >t

is uniformly tight on M. Further note that these probability measures are supported on
M due to absolute continuity of p. Hence, by Prokhorov’s Theorem there is a probability
measure v on M and a time sequence {t, }nen such that i Jo" Pi(pxp)ds — vasn — oc.
We know from [10, Proposition 2.6] that P(p x p) converges weakly to i as t — co. So

~

we can conclude that v = i and therefore (M) = 1 as required. O
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5.2 Pesin’s formula

In this section, we want to investigate what positive Lyapunov exponents imply for the
entropy of the system. We will follow [15, 74, 70, 60] and try to apply their work to

situations interesting for stochastic bifurcation theory.

Entropy for discrete time systems

Firstly, we formulate the statements for R and random dynamical systems in discrete time
generated by composed maps {f:} n>0,we (QN, B(Q)N, Z/N)} which will be referred to
as XT(R9,v). Here, Q denotes the set of two-times differentiable diffeomorphisms on R?
with the topology induced by uniform convergence on compact sets for all derivatives up
to order 2. The maps are i.i.d. with law v, and for a sequence w = (fy(w), fi(w),...) € OF

the compositions are given as

f(g:id, fZJL:fn—l(w)ofn—Q(w)o'”ofU(w)'

Later we will formulate the statements for stochastic flows that are related to discrete
time random dynamical systems via their time-one maps.

Definition 5.2.1 (Stationary measure). A Borel probability measure p on R is called a

stationary measure of X*(R?,v) if

nO) = [ () van.
If £ is a finite partition of a Lebesgue space (X, B, ) and Ci, ..., Cy denote the ele-

ments of £, we define the entropy of £ with respect to u by

H,(&) == u(Cy) In(u(Cy)) .

J=1

Furthermore, for two partitions &; and & we define
GV&E={ANB: A€, Be&},
such that elements of \/7—) (f2)~'¢ are of the form
{z:2€C)y, fox€Cy,.... " xeC; }

for some (jo, ..., jn—1) sometimes called the address of the orbit.
Following [74] and [15] we define the entropy of a random dynamical system in the
following way:
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Definition and Lemma 5.2.2 (Entropy). For any finite partition ¢ of R? and stationary
measure g of X*(R%, v) the limit

(X (R, ), ) = lim ~ A, <\/(ff)1£> VY (dw)

n—oo M, k0

exists. The number h,, (X" (R% v),§) is called the entropy of X*(R? v) with respect to
¢. The number
hy (X (R v)) :=suph, (X1(RY,v),€)
3

is called the entropy of X*(R? v).

Consider the product spaces QY x R? and Q% x R?. Since Q equipped with the uniform
topology on compact sets is a separable Banach space, the product o-algebras B(Q)N ®
B(R?) and B(Q)% @ B(RY) satisfy

BN @ BR?) = B(Q" x RY),
B(Q)% ® B(RY) = B(Q% x RY).

We denote the left shift operator on QY and Q% by 7, i.e.

fn(Tw) = fria(w)

for all w € O, n € N and w € Q%, n € Z respectively, and the associated skew product
systems by

F:OVXxRY— OV xR (w,7) = (tw, folw)x),
GO xR = Q2 xR, (w,2) = (Tw, fo(w)z).

First recall the following classical result which we already mentioned in Chapter 2 for
continuous time systems.

Proposition 5.2.3. Let i be a probability measure on R?. Then i is a stationary measure

for XT (R, v) iff N x u is an invariant measure for the one-sided skew product system

F.
Proof. See for example [60, Lemma 1.2.3]. m

Furthermore, we have the following proposition which associates the invariant proba-
bility measure N x p on QN x R to an invariant probability measure p* on Q% x R%.

Proposition 5.2.4. For every stationary probability measure i of X*(RY,v) there exists
a unique Borel probability measure j* on Q% x R such that Gu* = p* and Pu* = vN x p,
where P denotes the projection to the measures on QY x R,
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Proof. See [74, Proposition 1.1.2]. O

Hence, we have established a relationship between the one-sided and two-sided time
system with respect to their invariant measures. We can also establish a relation in terms
of entropy; for that we need to study conditional entropies with respect to the appropriate
o-algebras and their generating partitions. We define the following o-algebras with their
corresponding generating partitions. For QY x R? we have

g0 = {T xR : T e B}, &:={{w} xR : we},

and for Q% x R? we define

g+;:{<£[19) xerd:FeB<f:[Q>},
() e o)

o={I"xR: T"e B(Q")}, &:={{w} xR : weQ’}.

and

Generally, for a probability space (X, B, i), a o-algebra A C B and a measurable partition
¢ of X we define the corresponding conditional entropy as

(A = = [ Y (A u(ClA) du

ceC

Following [60, 74, Section 0.4 and Section 0.5], we obtain:

Definition and Lemma 5.2.5. Consider a measure-preserving transformation 7' : X —
X and a o-algebra A C B with T A C A. Then for any measurable partition ¢ of X
with H,(¢|A) < oo the limit

AT, C) = lim H <\/T <|A)

exists. The number hﬁ‘(T ,() is called the A-conditional entropy of T" with respect to (.
The number
A . A
h,u (T) T Slclp hu (Tu C)

is called the A-entropy of T

We are now ready to state the very important theorem about the equality of entropy of
the random dynamical system and the conditional entropies of the skew product systems,
conditioned on the o-algebras introduced above.
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Theorem 5.2.6. Let p be a stationary probability measure of X+ (R%,v). Then the fol-
lowing equalities hold for the entropy of X (R, v) and the conditional entropies of the
skew product systems:

hy (X (R v)) = % (F) = 13 (G) = bl (G).

xp
Proof. See [74, Proposition 1.2.2 and 1.2.3] O

One can define the entropies conditioned on the o-algebras oy, o™ and o also via the
corresponding generating partitions &y, and £. For details we refer to [15, Section 2].
It is important to state the relation between the o-algebras and the associated partitions,
since this is the key to proving Pesin’s formula. It is also crucial for making the following
observation: We can define

n—1
hu(fwag) = nlggo %HM (\/(folj)_lc> ]
k=0

in case the limit exists. Then according to [70, Proposition 2.1.2] we have for every
partition ¢ with H,(¢) < oo that for almost all w € Q%

Pl ) = 1 (G1C)
where ( = {Q% x A : A € ¢}. In particular, we obtain

sup hu(fur €) = B (G)

Summarising, we observe that averaged, conditioned and fibrewise entropy in the ways
defined above are all the same quantity.

Furthermore, we recall Oseledets’ Multiplicative Ergodic Theorem 2.3.1 and apply it
to (G, p*) without p* being necessarily ergodic, following [70, Section 2.2]. There is an
Oseledets splitting

TM = Ei(w,2) ® - @© Epa)(w, )

such that for p*-a.e. (w,x)
1
lim —In||DfE™|| = £N\i(w, x) if 0 £ v € Ey(w, ). (5.2.1)
n—oo N

The maps (w, ) — p(w, x), \i(w, ), dim E;(w, x) are measurable and constant along orbits
of G. In fact, there are functions p, A;,d; : M — R such that for p*-a.e. (w,z)

p(w,x) = p(x), A\i(w,x) = \(z) and dim E;(w,z) = d;,
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where d; is the multiplicity of \;. As before, if ;* is ergodic, these functions are constant,
i.e. the z-dependence vanishes.

In [15] we find five integrability assumptions which we denote by (A1)-(A5). It is not
necessary for our purposes to list these here specifically as the assumptions are satisfied
for sufficiently regular stochastic flows anyway. The theorem confirming Pesin’s formula
in this setting reads as follows:

Theorem 5.2.7 (Pesin’s formula). Let X*(R% v) be a random dynamical system which
has an absolutely continuous stationary probability measure p and satisfies (A1)-(A5).

Then we have

h (XT(RYv)) = /R dZ)\i(x)+mi(x)u(dx), (5.2.2)

where \;(z)T are the positive Lyapunov exponents and m;(x) their multiplicities.

Proof. See [15]. O

Entropy for stochastic flows

We now make this result applicable to random dynamical systems induced by stochastic
differential equations. In [15] the results are stated for general stochastic differential
equations driven by semimartingales. Since all our models work with Brownian motion
and time-independent vector fields, we transfer the general statements into this particular
setting.
Consider the Ito SDE
dX; = F(Xy)dt + G(X;)dW; , (5.2.3)

where F': R? — R? and G : R? — R¥™ are the drift and diffusion coefficients of the SDE
and W; is an m-dimensional Wiener process on the canonical filtered probability space
of continuous paths (Q, F, (F)s0, IP’) as introduced in Chapter 2. We further define the
diffusion tensor

m
Dij(x) =) Gir(x)Gjx(w).
k=1
Note that for the models in Chapter 3 and 4 Stratonovich and [t6 noise are the same. In
general, one has to account for the Ito-Stratonovich correction if one wants to relate the
following results to results stated in Stratonovich form.

Assume that the entries of the diffusion matrix D and the drift F' are in C’{Z’f for some
k> 1,0 <9 <1 and satisfy a typical linear growth condition such that the SDE induces
a C* random dynamical system (6, ) in the sense of Chapter 2. We relate the system to

a stochastic flow of C* diffeomorphisms in the sense of [64] by defining the maps

PRI XRIx QAxRT - RY G, y(@,2) = p(t — 8,040, ).
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By this definition @, (@, -) is a C* diffeomorphism for each s, > 0 and @ € .
We can associate the stochastic flow ¢ with the probability space (Q, F, ]13’), where

Q= (R,C(R%LRY) :={f : R— C(R%,R?) : f is continuous and f(0) = 0}

is equipped with the topology of uniform convergence on compact sets and F := B(Q) .
The measure P is defined by P(@(0) = Id) = 1 and the property that for all n > 0,0 <
t) <ty <---<t,and all B € B(C(R? R%))*" we have

P ((@(t1),@(t2) ow(ts) ™, ..., &(t,) 0 &(ta—1)"") € B)
=P ((@to,h?@tl,tw R @tnfhtn) S B) :

Now let k > 2 and define Q as above as the space of C? diffeomorphisms equipped with
the uniform topology on compact sets. In this case, the measure

v()=P{weQ :¢o1(w,-) €} (5.2.4)
on (€2, B(2)) and the random diffeomorphisms
fo(w) =@(1) = goa(@,-) = p(1,0,°) (5.2.5)
generate, as before, a random dynamical system in discrete time
XTRLv)={fr:n>0,we (QY, B, N} .

Observe that the measure y is stationary for this system if for any set A € B(RY)

H(A) = / i (Gon (@, )7 (4)) P(d).

Let P(t,z,-) denote the transition probabilities associated to the stochastic differential
equation. Then we make the following observation:

Lemma 5.2.8. Any invariant probability measure p for the Markov semi-group associated
to the stochastic differential equation (5.2.3) is stationary for the induced discrete time
system XT (R, v).

Proof. For all A € B(R?) we have with Fubini that

o) = [ Pl A)pla) = [ ] 1a(uae.0) Plas)p(an)
= [ [ 1as(@,0) o)) = [ p((0a(@,9) () (o),

Q

which shows the claim. ]
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According to [64, Section 4.1], if D and F are CF° for some k > 1 and 0 < § < 1 and

the correction term

clw,t) =) aal; ]J (z) (5.2.6)

j=1

is also CF°, then the backward flow {Z;, : 0 < s <t < oo} is also CF°.

Using the relations between stochastic flows, continuous-time random dynamical sys-
tems and discrete time random dynamical systems as explained above, we can now for-
mulate Pesin’s formula for random dynamical systems induced by stochastic differential

equations:

Theorem 5.2.9 (Pesin’s formula for SDEs). Let (6,¢) be a random dynamical system
induced by a stochastic differential equation with diffusion matriz D, drift F' and correction
term ¢, as given in (5.2.6), all being C’{Z’g for some k > 2. Let further be p an absolutely
continuous stationary probability measure satisfying

/Rd(lnﬂx\ +1)2 p(dz) < 00. (5.2.7)

Then the discrete time random dynamical system XT(R%,v) associated with (0, @) satisfies

(A1)-(A5) and, hence,
o (X RL) = [ 37 M@ o))

holds.
Proof. A direct consequence of [15, Theorem 9.1]. O

We are now in the situation to apply this result to the models we have discussed in

the previous chapters and obtain a more profound notion of chaos.

Corollary 5.2.10. Let X = R x S! and X*(X,v) denote the discrete-time random dy-
namical system induced by model (4.0.1) in the way explained above. Let further be p
the stationary probability measure for the SDE (4.0.1) and f be chosen as in (4.0.2). If
o > oo(a,b), then the measure-theoretic entropy of X (X,v) is positive, i.e.

h, (X1(X,v)) > 0.

Proof. The whole proof of Theorem 5.2.9 carries obviously over to X C R? Condi-
tion 5.2.7 is satisfied due to the same considerations as in Section 4.2.3 concerning the
boundedness by the Ornstein-Uhlenbeck process, i.e. the exponential decay of p in the
amplitude.
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The drift is smooth. The diffusion matrix D is given by

DIIO’
0 0

and therefore c(z,t) = 0 for all x,t. Hence, all the conditions of Theorem 5.2.9 are
satisfied. We further have for p-almost all z, P-almost all @ and vN-almost all w that for

all 0 £ v e X\ Va(w, 2)
1 .1 _
A = lim —||D,f2(z)v|| = lim —||De(n,w,z)v| >0
n—oo 1M n—oo M

according to Theorem 4.0.1. Hence, the claim follows. O]

Remark 5.2.11. Since p is ergodic and A; is the only positive exponent, we actually have
that
h, (X*(X, 1/)) = A1.

In other words, the entropy of the random dynamical system is identical to the first

Lyapunov exponent.

Remark 5.2.12. The analogous corollary can obviously be stated for system (3.0.1) once
Conjecture 3.1.5 is shown. The conditions of Theorem 5.2.9 are easily satisfied in this

case.

5.3 SRB measures

Another more profound notion of chaos could be given by showing the SRB-property of
the random measures p,,, which are the disintegrations of an invariant probability measure
p* for the two-sided skew product system, i.e. p*(dx, dw) = p,,(dr)v?(dw). Let’s assume
we are in exactly the same setting of a discrete time random dynamical system as above
with the only difference that the state space is a compact smooth manifold M, calling
such a system X (M, v), generated by C? diffeomorphisms and a law v. Let the sample
measures i, be associated with a stationary measure p in the sense of Proposition 5.2.4
and write F;(w,x) for the Oseledets spaces corresponding with the Lyapunov exponents
Ai(z). We follow [70] for the following definitions and results.

Definition 5.3.1. Let (w,z) € Q% x M be s.t. \;(x) > 0 for some i. Then the unstable
manifold and the stable manifold of the skew product flow G at (w,x) are given by

1
W(w,x) = {y eM: limsupglnd(f;”x,f;"y) < 0} :

n—oo

1
W (w,x) = {y eM : hmsupglnd(fﬁx, fhy) < 0} )

n—oo
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At p*-ace. (w,z) with \;(z) > 0 for some i, W"(w,z) is a (Z,\po dim E;(w, z))-
dimensional C? immersed submanifold of M. We set W*(w,x) = {x} if A\;(z) < 0 for all
i. If 1 is a partition of Q% x M, n,, denotes the restriction of 7 to the fibre {w} x M which
is a partition of M. We write 7, (z) for the element of 7, that contains .

Definition 5.3.2. A measurable partition n of Q% x M is called subordinate to W* if for
pr-ace. (w,z), n,(r) C W*w,z) and contains an open neighbourhood of z in W*(w, x),

this neighbourhood being taken in the submanifold topology of W*(w, x).

Identifying o-algebras with their generating partitions, recall that o is the partition
of O x M into sets of the form {w} x M. If n is a partition subordinate to W*, u*
disintegrates into a system of conditional measures on elements of 7 V o, denoted by
{/[{Z\S} For p*-a.e. (w,x) we have the identification ,u?z\g = (). Finally let Apu 0
denote the Riemannian measure on W*(w, x).

Definition 5.3.3 (SRB measures). The sample measures p,, are called SRB measures
or absolutely continuous conditional measures on W"-manifolds if for every measurable
partition n subordinate to W*, ;f(‘zvx‘; is absolutely continuous with respect to Ayu (4 for

pr-ae. (w,x).
Ledrappier & Young [70] can then prove the following statement.

Theorem 5.3.4. Suppose the stationary measure p of the random dynamical system
XT(M,v) is absolutely continuous with respect to the Lebesque measure and Ay > 0.

Then the sample measures i, are SRB measures.

Similarly to before, we can then formulate the following corollary for stochastic differ-
ential equations. As usual for the manifold case, we use the Stratonovich integral due to
its classical properties in terms of the chain rule:

Corollary 5.3.5. Let (0,¢) be a random dynamical system induced by a stochastic dif-
ferential equation of type 5.1.1 with C? coefficients and stationary absolutely continuous
probability distribution p on a compact manifold M. Let further Ay > 0 and [ be the
invariant probability measure of (6, ) corresponding to p. Then the sample measures [ig

are SRB measures.

Proof. By Lemma 5.2.8, p is stationary for the induced discrete time system X (M, v).
Then the claim follows immediately from Theorem 5.3.4 if we can show that fi; are the
disintegrations p,, of the invariant measure p* of X (M, v) associated to p. According to

[70, Proposition 1.2.3], the probability measures p, are given by

o = lim f, p for v%-ae. w.
n—o0
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However, identifying w and @ via relation (5.2.5) we have seen in Section 2.1 that jig
satisfies

iy = lim p(n,0_,0,-)p = lim f™,._p for v%-a.e. w.
n—oo n—oo

Hence, the claim follows. m

We would like to apply this theorem to our setting and generally extend it to the
non-compact case. Heuristically, this isn’t a problem at all for dissipative systems with
compact random attractors as for example models (3.0.1) and (4.0.1). However, the
proof of Theorem 5.3.4 is technically very involved and makes a lot of references to the
deterministic case [67, 68]. Hence, a rigorous proof analogous to [70] would require a
complete own chapter. Checkroun et al. [26, Appendix| state a Theorem analogous to
Corollary 5.3.5 for stochastic differential equations on R with global random attractors,
also based on the results in [70]. However, they do not give a rigorous proof accounting
for the non-compactness of the state space either.

Ignoring the mentioned technical intricacies, the picture is as follows. The chaotic
random (point) attractors A, as depicted in Figures 1.2 and 4.3 are the support of the
sample measures f, and thereby non-singular subsets (maybe the same) of (as) the clo-
sures of the unstable manifolds W"(w, z) for all € A,. The measures p,, are absolutely
continuous with respect to Lebesgue measure on W*(w, z) which indicates chaotic motion
on the attractor A,,.

5.4 Discussion

The main purpose of this chapter has been to give a deeper understanding of random
strange attractors from the viewpoint of ergodic theory. Firstly, we have slightly extended
a result from [10] to show that positive Lyapunov exponents imply atomless invariant
random measures /i, in situations such as given by model (4.0.1). Furthermore, we have
shown that the positive Lyapunov exponent in model (4.0.1) for large enough noise or
shear implies positive metric entropy. To obtain this result, we have followed [15] to state
Pesin’s formula for discrete-time random dynamical systems in non-compact space, and
also for random dynamical systems induced by stochastic differential equations generating
a discrete-time system via their time-one-maps.

Eventually, we have introduced the SRB property of measures which means absolute
continuity on unstable manifolds. We have followed [70] to establish this property for the
invariant random measures p,, of random diffeomorphisms on compact manifolds when
the stationary measure p is absolutely continuous. Furthermore, we have discussed the
extension to systems induced by stochastic differential equations and given an interpreta-
tion of the SRB property for attractors as seen in Figures 1.2 and 4.3. We leave it as an
open problem to transfer the very intricate proof to the non-compact setting, while com-
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menting that, in principle, this should be possible for sufficiently regular and tempered
systems.

A topic of this chapter has been the extension of results from non-compact to compact
state space. In the following chapter, we will not need to care about such issues any
longer as we will leave non-compact state space and turn to an analysis of trajectories
that survive in a compact subdomain for asymptotically long times.



Chapter 6

Quasi-stationary dynamics and

bifurcations

Note that model (3.0.1) operates with unbounded white noise whereas the nature of the
deterministic Hopf bifurcation is local, in the sense that the bifurcation happens in a
neighbourhood of the origin and a = 0. The same problem holds for the typical example
of stochastic pitchfork bifurcation where the drift f, is given as the derivative of a potential
V,, i.e.
, a 5 1,

falz) = =0, Vo(z), with V, = —5% + Rk (6.0.1)
Without noise, the bifurcation implies a change of the attractor from {0} for a < 0 to
[—V/@, /@] for a > 0. Recall that the bifurcation is ”destroyed” in the presence of noise
in the sense that the random attractor is a random equilibrium for all o > 0, € R [32].
The white noise lets the system explore the whole state space and the global stability
results in a negative Lyapunov exponent. Local finite-time instabilities can be captured
by the dichotomy spectrum ¥ which is given by ¥, = [—00, o] for all @« € R. However, the
dichotomy spectrum is generally not as directly interpretable as the sign of a Lyapunov
exponent and still contains a measure of global stability by covering R;,. The question
is what kind of analysis can most accurately describe a local stochastic bifurcation, in
particular if the system does not exhibit global stability outside a critical neighbourhood.
If the system is not in normal form, such a problem naturally arises for pitchfork as well
as Hopf bifurcations.

We tackle this problem by embedding stochastic bifurcation theory into the context
of Markov processes that induce a random dynamical system and are absorbed at the
boundary of a domain. The process is said to be killed when it hits the trap and it is
assumed that this happens almost surely at a finite hitting time 7. We investigate the
asymptotic dynamics of surviving trajectories. Due to the loss of mass by absorption
at the boundary, the existence of a stationary distribution is impossible and, therefore,
stationarity is replaced by quasi-stationarity. A quasi-stationary distribution preserves

120
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mass along the process conditioned on survival. Given a quasi-stationary distribution,
one can derive the existence of a quasi-ergodic distribution for which expectations of time
averages conditioned on survival equal the space average with respect to this distribution.
We introduce these concepts and summarise important results, in particular for stochastic
differential equations, following [25, 24, 28, 75], in Section 6.1.

In Section 6.2, we develop a theory of asymptotic average Lyapunov exponents for
systems absorbed at the boundary of a domain. We mainly focus on stochastic differential
equations with additive noise, i.e.

dX, = f(X)dt +odW,, Xo=E€E,

where f is continuously differentiable and £ C R? a bounded domain. Using work by
Villemonais, Champagnat, He and others [25, 24, 50|, we are able to show Proposition 6.2.3
which says that the conditioned expectation of the finite-time Lyapunov exponents of a
system induced by such an SDE converges to a real number A. This conditioned average
Lyapunov exponent is given by a Furstenberg-Khasminskii-formula, i.e. the average of a
functional with respect to the quasi-ergodic distribution.

Furthermore, we can show in Theorem 6.2.8 that the finite-time Lyapunov exponents
of the surviving trajectories converge to its assemble average A in probability. Note that
this gives A the strongest possible dynamical meaning in the setting with absorption at
the boundary since convergence almost surely is ruled out by the killing of almost all
trajectories. The crucial ingredient for proving Theorem 6.2.8 is Lemma 6.2.7 which
shows decay of correlations conditioned on survival.

Section 6.3 gives negative A a dynamical interpretation. We prove the local syn-
chronisation Theorem 6.3.1 which says that, if A < 0, there is exponentially fast local
synchronisation of trajectories in discrete time with arbitrarily high probability. We for-
mulate the result for general differentiable random dynamical systems with killing and
observe the implications for additive noise SDEs as a corollary.

In Section 6.4 we try to relate quasi-stationary and quasi-ergodic measures to sam-
ple measures of the killed random dynamical system. Leaving out the past of the system
enables us to show Propositions 6.4.2 and 6.4.4 which establish a correspondence with con-
ditionally invariant measures for the associated open system on the skew-product space
where the hole is confined to the state space. In two-sided time it turns out to be unclear
how one could relate quasi-stationary or quasi-ergodic distributions to conditionally in-
variant measures and in particular its sample or fibre measures. We discuss some ideas
into this direction, as for example the survival process, but remain sceptical whether this
is a feasible endeavour.

We further define the dichotomy spectrum for the situation with killing in Section 6.5
and prove in Theorem 6.5.9 that the essential supremum and infimum of finite-time Lya-
punov exponents converge to the boundary of the dichotomy spectrum. In addition to
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that, we show that the dichotomy spectrum consists of a finite number n € {1,...,d} of
closed intervals (Theorem 6.5.8), where d is the dimension of the space.

In Section 6.6 we consider the examples of pitchfork and Hopf bifurcation with additive
noise and approximate the quasi-ergodic distribution using a finite-difference scheme. We
analyse the change of sign of A\ and the corresponding bifurcation behaviour depending
on the bifurcation parameter and the diameter of the domain. We also determine the di-
chotomy spectrum for the pitchfork problem with killing. Following considerations about
the possibility of a Lyapunov spectrum in Section 6.2 we conduct numerical experiments
for the Hopf example that indicate its existence. However, a proof seems out of reach.

In short, this chapter is structured as follows. Section 6.1 gives an overview over
results concerning killed processes and quasi-stationary distributions which we need in the
following. In Section 6.2 we prove the existence of a characteristic Lyapunov exponent A
for killed systems generated by additive noise SDEs and the fact that finite-time Lyapunov
exponents converge to this quantity in conditioned probability. Section 6.3 discusses local
synchronisation results for negative A and Section 6.4 relates the developed theory of
quasi-stationary dynamics to open systems on the skew product space. In Section 6.5 we
transfer important results for exponential dichotomies of random dynamical systems to the
situation with killing. Section 6.6 discusses the stochastic pitchfork and Hopf bifurcation
in bounded domains with absorbing boundary, using the stability theory developed in the

previous sections.

6.1 Quasi-stationary and quasi-ergodic distributions

6.1.1 General setting

Let (X¢)i>0 be a time-homogeneous Markov process (see e.g. [81, Definition II1.1.1]) on
a topological state space E with boundary 0F and Borel o-algebra £ := B(E U JF),
where the process is associated with a family of probabilities (IP,).cg on a filtered space
(Q, (Fi)i>0).- We have

P.(Xo=2)=1 forallz € EUOE

and the transition probabilities (é&)tzo are given by
P(z,A) =P, (X, € A) forallz € EUJE,Ac €.
The process is further associated with a semi-group of operators (P;):>o given by

Fif (z) = Eo[f(X0)]

for f € € := B(E UJE), the measurable and bounded functions from E U dE to R.
We consider the Markov process to be absorbed at OF, i.e. X, € OF implies X; = X,
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for all t > s. This implies that the random variable
T:=inf{t >0,X, € OF}

is a stopping time and we let X; = Xp for all £ > T'. We make two assumptions that
cover all the problems we are interested in: firstly, we assume for all x € E that

T <ooP, —as., (6.1.1)

which means that almost every trajectory hits the boundary in finite time. Secondly, we
demand that for all x € F and ¢t > 0

P, (T >1) >0, (6.1.2)

i.e. that for any initial condition, the probability of survival until any given time is positive.
We will further mainly consider Markov processes which induce a random dynamical
system but we will specify this later.

Quasi-stationary distributions

For any measure 1 on £ we will use the notation

PMZ/EIP’xu(dl’)-

Almost every statement in random dynamical system theory requires a stationary measure
for the underlying Markov process (X;);>o which is a measure p on E with the property
that

P,(X: € A) = u(A) for all measurable A C E',t > 0.

Note that in the situation with trapping at the boundary such a measure cannot exist:
assume there was a stationary measure p. Due to (6.1.1) there is a ¢*(u) > 0 such that
for all ¢ > t*(u)

1> [ BT > ) (de) = Pu(Xs € ) = u(B) = 1,

which is a contradiction. This leads to the following definition.

Definition 6.1.1 (QSD). A quasi-stationary distribution (QSD) is a probability measure
v on F such that for all ¢ > 0 and all measurable sets B C F

P, (X, € B|T >t)=v(B). (6.1.3)

Without stating any further assumptions, we can make the following well-known ob-
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servation [47] about the exponentially distributed killing time of a process started with a

QSD v.

Proposition 6.1.2. If v is a QSD, then there exists a \g < 0 such that for allt >0
P, (T > t) = e,

that is, starting from v, T is exponentially distributed with parameter \g. We call g
the (exponential) survival rate and —Xg the (exponential) escape rate associated with the

quasi-stationary distribution.

Proof. We follow [28]: from the definition of a QSD and a classical application of the
Monotone-Class Theorem [81, Theorem I1.3.1], we have for all measurable and bounded
observables g : F — R that

E,(9(Xe)1rse) = (/ gdu) P,(T>t) forallt>0.
E
Choosing g(z) = P,(T > s) for some s > 0 we obtain
E,(Px,(T > s)lrst) =P, (T > s)P,(T > t) forallt>0.

Using the Markov property and the commutation property of conditional expectations,
we deduce for all £,s > 0 that

P (T >t+5) =E,(Irstys) = Ey (E(Lrsigs| Fi) Lrss)
= EV(EXt(1T>S)]]-T>t) = IP)V(T > S)PV(T > t) .

Since the equality f(t+s) = f(t)f(s) is only satisfied by exponential functions, the claim
follows. 0

Champagnat and Villemonais [25] have given three equivalent conditions for exponen-
tial convergence to a quasi-stationary distribution. We restrict ourselves to formulating
the weakest assumption among them, denoted by (A’) in the original paper. This condi-
tion will turn out to be satisfied by the stochastic differential equations we are investigat-
ing:

Assumption (A) There exists a family of probability measures (Va; 4, )z,.20er O0 E such
that

(A1) there exist ty,c; > 0 such that for all z1,25 € E,

]P):vi(Xto € ’T > to) > C1V11’12(') for i = 1,2;
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(A2) there exists ¢y > 0 such that for all 21,29 € E and t > 0,

P (T >t) > cosup P (T > t).

Vgq,xo
zel

We summarise three results from [25] in the following theorem which contains the most
relevant ingredients for our further purposes. Statement (a) guarantees the existence
of a QSD with exponential convergence of initial distributions. Part (b) characterizes
the limit of the survival probability for an initial Dirac distribution at x divided by the
survival probability under the QSD as the value at x of an eigenfunction of the generator
L with eigenvalue Ay from Proposition 6.1.2. Statement (c) implies A\g being the largest
non-zero eigenvalue of £ and the existence of a spectral gap. We sketch the proofs of
(b) and (c) as n and Ay will be crucial objects in this chapter. Note that Champagnat
and Villemonais [25] are working in the more general setting of measurable spaces and
therefore without the notion of a boundary. In their case, the role of the boundary is
replaced by a cemetery state {9}. In the proof of the following theorem, we account for
this slight technical difference which does not change anything about the statements made
in this chapter.

Theorem 6.1.3 (Exponential convergence to QSD and dominant survival rate as eigen-

value of the generator).

(a) Assumption (A) is equivalent to the existence of a unique quasi-stationary probability
measure v on E and two constants C,vy > 0 such that for all initial distributions

on K
IPu(X; €T >t) —v(-)|l7v < Ce ™ forallt >0, (6.1.4)

where ||P — Q||7v = supycr |P(A) — Q(A)| denotes the total variation distance for
probability measures. In words: the process starting from any initial distribution u,

n particular p = o, for x € E, converges exponentially fast to the QSD.

(b) In the situation of (a), we can define a non-negative function n on E'UOJE, positive
on E and vanishing on OF, by

L P(T >t

where the convergence holds uniformly in EUOE and [ndv = 1.

Furthermore, n is a bounded eigenfunction of the infinitesimal generator L of the

semi-group (Py)iso on (€, - ||e) with eigenvalue N, i.e.
Ln = Aon,

where —\g s the exponential escape rate as in Proposition 6.1.2.
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(¢) Let Assumption (A) hold and f € &€ be an eigenfunction of L for an eigenvalue X,
being constant on OF. Then either

(1) A=0 and f is constant,

(1) O’I")\:)\o,f:(fde)T] and flog =0,
(i) or X< Xg—7, [ fdv =0 and flop = 0.

Proof. Part (a) is a shortened version of [25, Theorem 2.1].

Part (b) is contained in [25, Proposition 2.3]. Its proof uses the following fact: Let
M, (E) denote the set of probability measures on E. Then it can be shown that Assump-
tion (A) implies that for any pu € M;(FE) the constant co(p) defined by

co(p) == inf Pull > 1)

A 6.1.6
t>0,peMy(B) P, (T > t) ( )

is positive. This implies immediately that n(x) is positive if it exists. Its existence follows
from showing (by using (a)) that

C
su s(x) — ()] < ——e ™,
IGE’UH ( ) 77t( )‘ = Cg(l/)

where
P.(T >t)
P(T >t)
That 7 is vanishing on OF follows directly from its definition.
The claim in (c) is essentially [25, Corollary 2.4]. Let £Lf = Af. By definition of the

generator, we obtain

ne(x) =

E.(f(X)) = P.f(x) = e f(x).

When f|op = ¢ # 0, we observe, by taking x € OF, that A = 0. On the other hand for
any x € E, the left hand side converges to ¢ and therefore f is constant. This shows (i).
Let now f|sr = 0. This entails together with (a) that

Lf(r) _ Ef(X)] _ Eo[f(X)1a(X)] .
Pip@) PN €B) BApX)] [f(X)T >t] — /fdu

uniformly in 2 € E and exponentially fast. To obtain (ii), we first assume that [ f dv # 0.
Then we obtain from (b) and the above that for all x € F

n(z) n(x) Pt]lE

This implies that A = A\g and f(z) = ([ fdv) n(z) for all z € E.

PN (@) BT > 8) Pif(2) 1o, [ rav
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We finally assume [ fdv = 0. By definition of ¢; we deduce that for all z € E

t
(+A=Xo)t 67 Pt t—00 / d
ca(v)e v.

The right hand-side is bounded by (a) and, hence, we obtain v+ A+ A9 < 0, which shows
(iii). [
Quasi-ergodic distributions
By a classical application of the Monotone-Class Theorem [81, Theorem I1.3.1], Theo-
rem 6.1.3 implies that for all bounded and measurable functions h : E — R we have
lim E, (h(X,)|T > 1) = / h(y)v(dy) uniformly in z € E. (6.1.7)
— 00 E
However, as we want to study ergodic quantities like Lyapunov exponents, we are inter-
ested in time averages. This motivates the following definition.

Definition 6.1.4 (QED). A probability measure m on F is called quasi-ergodic distribu-
tion (QED) if for all £ > 0, every bounded and measurable function i : E — R and every

x € F, the following limit exists and satisfies

t
lim E, (1/ F(X,)ds
t—00 t 0

The next theorem tells us that in the situation of Theorem 6.1.3 the quasi-ergodic distribu-

T>t) :/Efdm. (6.1.8)

tion m exists and is absolutely continuous with respect to the quasi-stationary distribution
v. The density is exactly the function 7 from Theorem 6.1.3. In the proof we follow He et
al. [50] who made this observation very recently based on [25]. We give the whole proof

here as we will use its techniques later on.

Theorem 6.1.5 (Existence of unique QED). Assume that the process (Xi)i>o on EUOE
with killing at the boundary OF satisfies Assumption A. Then (Xi)i>o has a unique quasi-
ergodic distribution m, where the convergence in (6.1.8) is uniform over all x € E and m

possesses a density
m(dz) = n(z)v(de).

Proof. Observe from (6.1.5) that [, m(dz) = [,n(z)r(dz) = 1. So m is a probability
measure on £. Fix u > 0 and define h,, : E — R by

hy(z) = inf (e—*otm) :

t>u n(z)

Let f: E — R} be bounded and measurable. Let further be 0 < ¢ < 1 and (1 — ¢)t > u.
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Then we obtain for all € E that

E:c [f(th)]l{T>t}]

P.(T > t)
- Ea: [f(th)]l{T>qt}]Pth (T > (1 o q)t)]
N P, (T > t) ’

Eo(f(Xg)|T > 1) =

where we used the Markov property. Hence, we can infer that

67}‘0ntx[f(th)]l{T>qt}67)\0(1iq)t]P)X‘ﬂ(T > (1 — (])t)]
e=2otP, (T > t)

o B (X Lirsan hu( Xae)n(Xoo)]

= et (T > t) ’

Eo(f (Xg)|T > t) =

According to Theorem 6.1.3 7 is bounded and the convergence of the limit, via which n
is defined is uniform in x. Hence, there exists a constant C' > 0 such that for all ¢ > u
and x €

(@) hu(2)n(2)] < | f(2)e ™ Po(T > t)| < (| FllocClInll oo - (6.1.9)

Thus, the function fh,n is bounded and obviously measurable. We observe from property
(6.1.7), the definition of 7 and the above that uniformly over all z € E

. eI [ (X ha (X0 (X)L 1)
hggf B, (f(X)|T > t) > tlggo et (T > t)

. e NP (T > gt)
= Jim e (KT > a

_ / F(@)ha (@) (dz) .

Due to (6.1.9) and the fact that h,(x) — 1 for all z € E, we can apply the dominated
convergence theorem to conclude that

lim inf By (f(Xp)|T > ¢) > /1 F@)m(dz).

t—o00

Replacing f by |||l — f, We can see easily that

t—o00

limsup E, (f(X )T > t) < /If(:c)m(dx) :

Therefore we have shown that for all bounded and positive functions f

Jim B.(f(X,)T > 0) = [ flam(do).

uniformly over z € E. We can extend the result to arbitrary measurable and bounded
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f by writing f = fi — f_ for fy := max{f,0}, f_ := —min{f,0} and using linearity.
Finally, with a change of variables, Fubini and the dominated convergence theorem we
obtain for all bounded and measurable functions f : £ — R that uniformly over x € E

: I . !
lim E, (2/0 F(X,)ds|T > t> ~ i E, (/0 F(X,) dg|T > t)
1

—im [ B (F(X,)|T > t) dg — /E F(@) m(dz).

t—o0 0
Uniqueness is immediate from the definition of a quasi-ergodic distribution. n

The measure m has an additional meaning as we learn in [25]. We will see that we
can define the Q-process (Y;) with probabilities (Q,).cr such that for any s > 0

Qo ((Ya)ocuss € 7) = Jim P.((Xu)o<uss € [T > 1)

The @-process is also called the survival process since its finite-time distributions equal
the ones of the original process (X;):>o conditioned on asymptotic survival. We will come
back to the potential role the Q)-process could play within a random dynamical systems
theory of killed processes.

The measure m turns out to be the unique invariant probability measure of the Markov
semigroup associated with Y;. We give the following short version of [25, Theorem 3.1]:

Theorem 6.1.6 (Q-process and QED). Assumption (A) implies

(i) the existence of the Q-process: there exists a family (Qu)zcr of probability measures
on ) defined by
tlim P.(AIT > t) = Q.(A)
—00

for all Fs-measurable sets A for any given s > 0. The process ((Y;)i>0, (Qz)zer)
on (2, (Fi)e>0) s an E-valued time-homogeneous Markov process. In addition, if

(Xt)e>0 is a strong Markov process under (P,).er, then so is (Y;) under (Qu).ck-

(i1) exponential ergodicity: the probability measure m on E defined by
m(dz) = n(z)v(dz)

is the unique invariant distribution of ((Yi)i>0, (Qu)zer). Furthermore, there are
C1,7 > 0 such that for any initial distribution p on E we obtain

1Q.(Y; € ) —m()|lrv < Cre™™" forallt > 0.

Proof. See [25, Theorem 3.1] which we have slightly reformulated for convenience of the

reader. O
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6.1.2 Stochastic differential equations

Consider the Markov process (X¢):>o as a solution of a stochastic differential equation
dX; = f(Xy)dt + g(X;) 0 dW;, Xo € E, (6.1.10)

in a bounded connected domain £ C R¢ with absorption at the boundary dF which
is assumed to be C%. (W;) denotes some r-dimensional standard Brownian motion, f :
E — R? a Lipschitz-continuous vector field and ¢ : E — R?*" is a differentiable, Lipschitz-
continuous matrix-valued map such that gg* is uniformly elliptic and the Ito-Stratonovich
correction term is also Lipschitz continuous (see Appendix A.1). Champagnat et al. [24]
can then prove a result which immediately implies the following:

Theorem 6.1.7 (QSD and QED for stochastic differential equations). If (X;)>o is the
solution process of the stochastic differential equation (6.1.10) in a bounded connected
domain E C RY with absorption at the C? boundary OE and f and g are as above,
Assumption (A) is satisfied. In particular,

(a) there is a QSD v and C' > 0,7 > 0 such that for all probability measures p on E
IP(X; €T >t) —v(:)|lrv < Ce™™, forallt >0.

Furthermore, there is a subset D C D(L) of the domain of the generator L on EUJE
such that

/ﬁfdl/:)\o/fdy, forall f € D,

i.e. v is an eigenmeasure of L* for the largest non-zero eigenvalue \g < 0 of L with
Dirichlet boundary conditions on E'U OE. As before, —)\g is the exponential escape

rate as given in Proposition 6.1.2.

(b) there is a QED m given by
m(dz) = n(z)v(dz),

where

P.(T' >t _
(T>1) = lim e M'P,(T > t)

n(w) = o P (T >t) to

is a bounded eigenfunction of L for eigenvalue Ay, as in Theorem 6.1.3 (b).

(¢) the QED m is the unique invariant distribution of the Q-process ((Yi)i>0, (Qu)zecr)-
Furthermore, there are Cy,v, > 0 such that for any initial distribution pu on E we

obtain
1Q.(Y: € ) —m(-)||rv < Cre™™* forallt > 0.

Proof. See [24, Theorem 3.1] for showing that the process satisfies Assumption (A). The
statement about v being an eigenmeasure of £* is a direct consequence of [75, Proposition
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4]. The other implications are taken from Theorem 6.1.3 and 6.1.5 applying the statements
to the situation of the SDE (6.1.10). O

Let us now consider a case where v and m can be determined as eigenfunctions of the
generator £. For that purpose we study a special case of (6.1.10), namely a stochastic

differential equation of the form

where Xo € I, I = (I,r) for some [, € R and f € C'(I) N C(I). First observe that if we
consider the process on the real line and if exp ( ffoo f (y)dy) is integrable, the process
has a stationary measure with density

o) =g eo (5 [ fo).,

where Z > 0 is the normalisation constant. Following [28, Section 6.1.1] we define

7(2) :Z%/le(y)dy-

o

Furthermore, we define the measure

p(dz) = exp (y(z)) dz

on I. Consider the generator of the semigroup associated with (6.1.11)

2

L= %am [0, (6.1.12)

with Dirichlet boundary conditions at x = [ and x = r, and its formal adjoint

0.2

L= 0 =0u(f). (6.1.13)

With standard theory (see e.g. [27, Chapter 7]), we observe that L is self-adjoint in
L3([l,r],du) and possesses a complete orthonormal basis of eigenfunctions in L([l, ], du).
We can apply Theorem 6.1.3 or deploy the well-known theory for one-dimensional second-
order linear ODEs, as used in [28, Lemma 6.1], to observe the following properties of
the eigenvalues A\, # 0 for n > 0: Each ), is simple, negative and the only possible
accumulation point of the set {\, : n > 1} is —oo. As before, we write without loss of
generality
0>X >N >->A >N 1 >0
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We denote by v, the unique solution to

L6 = A, (1) = (r) = 0, /I Ydp =1, ¢/(1) > 0.

Note that 1, is smooth for all n > 0 due to the ellipticity of £. We further observe that
Pr, () = Py, () exp(y(x)) satisfies

L= Xud, &(1) = d(r) =0, ¢/(0) > 0.

Following [28], we obtain the following formula for the killed semigroup P, defined as an
operator on bounded and measurable observables h : I — R by

Pih(z) = E, [h(Xt)]l{T>t}] .

Note that the result is even stated for the larger space L*(I,dpu).

Proposition 6.1.8. For all t, all z € I and all h € L*(1,du),

EwW&ﬂw»ﬂ=§:@“(/MW%A@M@M)%A@-

n 1

Proof. See [28, Proposition 6.2]. O

From this formula we can immediately derive the following similarly to [28, Theorem

6.4]:

Theorem 6.1.9. The unique quasi-stationary distribution v for the process (Xy)i>o on I
derived from (6.1.11) with absorption at the boundary OI is given by

_ ha@pldz) o (z)da
Jr@u(dy) [ or(y)dy

v(dz)

The QED m can be written as
m(dz) = ¢, (z)p(dz)

and we have

o) = ([ ontontan)) vn, o)

The statements from Theorem 6.1.7 about exponential convergence for all initial distribu-

tions hold for v and m.

Proof. Obviously all assumptions are satisfied to apply Theorem 6.1.7. Hence, we know
already that there is a unique QSD. Furthermore, we obtain from Proposition 6.1.8 that
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for all h € L*([l,r],du) and = € I,

t—o0

lim e 'R, [h( X)L irsry] = 1y, (2) /I h(y)¥a (y) u(dy) -

In particular, by taking h = 1, we obtain

i ¢ BT > 1) = vyla) [ va0) ).

t—o00

So we can deduce that for all bounded and measurable functions h and x € I we have the
limit

Jim B (WX > 0) = [ 1) v(d).
where v is given as in the statement of the theorem. Hence, v is the unique QSD. From
the fact that n has to be proportional to 1, and the normalisation condition on ,,, we
get the expressions for m and 7. m

6.2 Lyapunov exponents and local stability

We are turning to the study of killed processes from a random dynamical systems perspec-
tive. In this section, we mainly investigate the existence of asymptotic average Lyapunov
exponents and the convergence behaviour of finite-time exponents to such quantities.

Let (X¢)i>0 be a time-homogeneous Markov process on a topological state space E
with absorption at the boundary 0F, where the process possesses the family of transition
probabilities (P,).cg on a filtered probability space (2, F, (F¢)i>0, P). Further, let there
be a random dynamical system (6, @) associated with this process such that

P.(X; € B) =P(¢(t,-,x) € B) forall t >0,z € E,B¢c B(E).

We encounter such a setting, for example, if the random dynamical system is induced by

(6.1.10) in the canonical way. In such a situation, we can make the following definition.

Definition and Lemma 6.2.1. Let (0, $) denote the random dynamical system associ-
ated with a Markov process (X});>o on a topological state space E with absorption at the
boundary dE. Define T : Q x E — R{ as

T(w,x) =1inf{t >0 : ¢(t,w,x) € OE}

such that for all z € F and ¢t > 0

P(T >t)=P(T(,z) >t).
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Then together with (0, Q), the map ¢ : Rf x Q x E — E given by

o(t,w, ) ift < T(w,x) ,
p(t,w,z) = ¢ $(T(w, z),w, ) if t > T(w,z),
T if x € OF.

constitutes a random dynamical system.

Proof. Measurability and ¢(0,w, -) = id are clear from the definition. It remains to check
the cocycle property by distinguishing different cases. Fix (w,z) € Q x E. First note
from the cocycle property of the original system ¢ that for s < T (w, z) we have

@(T(w7 x) - S’ 98w7 @(870‘)7 I)) = @(T(W, x)?w7 x) Y

and therefore

T (0w, ¢(s,w,x)) = T(Osw, §(s,w,z)) = T(w,z) — 5. (6.2.1)

Hence, if t + s < T'(w, z), it follows that
p(t+s,w,2) = Gt + s,w,2) = G(t, bsw, §(s,w, 7)) = @(t, s, (s, w, 7)) .

Now let t + s > T(w,z): If t,s > T(w, z), we have by definition of ¢

ot +s,w,z) = p(T(w,x),w,z) = p(t,Ow, @(T(w, x),w,x)) = p(t, 0w, p(s,w,x)).

If wlo.g s < T(w,z), we obtain from (6.2.1) that t > T(w,z) — s > T(fsw, (s, w, x))
and therefore

ot + s,w,x) = p(T(w,x),w,z) = @(t, 0w, p(s,w,x)).
This concludes the proof. O

Remark 6.2.2. Note that Definition and Lemma 6.2.1 defines a local random dynamical
system in the sense of [2, Definition 1.2.1] with extension to the boundary. The domain
D C R{ x Q x E of the local random dynamical system satisfies

D(w,z)={teR{ : (t,w,xz) € D} = [O,T(w,x)),

and
Dtw)={z€E: (twar)eDy={scE: T(wx)>t}.

The classical motivation to consider local random dynamical systems is the possible ex-

plosion of solutions for a stochastic or random differential equation in an unbounded state
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space outside the domain D. If the eternal survival sets

E(w)= (] D(t,w)

teRS

are non-empty almost surely, any invariant random measure has to be supported on
these fibres and the formulation of a Multiplicative Ergodic Theorem is possible for such
an invariant measure. However, in the situations we are interested in, i.e. stochastic
differential equations with additive noise on a bounded domain E C R?, E(w) is empty
almost surely. Hence, the problem demands for a new method describing asymptotic
expansion and contraction rates, using the idea of quasi-ergodic distributions.

Note that ¢, as defined in Definition and Lemma 6.2.1, is not continuous at x € 0F
for all t > 0 and w € €, so ¢ isn’t a continuous random dynamical system in the sense of
Definition 2.0.1. However, for any x in E and w € 2, the system ¢ is continuous in x for
all t < T(w,z), and even differentiable if ( is. In the situation of (6.1.10) this is the case
if the coefficients are differentiable. We can consider the finite-time Lyapunov exponents
1 Dt 2)el

Ao(tyw, x) = " HT for t < T(w, ),

where Dy = D¢ solves the variational equation corresponding to (6.1.10) given by

dY (t,w,z) = Df(p(t,w,z))Y (t,w,z) dt + Z D¢’ (p(t,w,z))Y (t,w,x) o dW , (6.2.2)

=1

where Y (0,w,z) = Id, and ¢’ denotes the j-th column of g and Wt] the j-th entry of W;.
We want to investigate the convergence behaviour of the finite-time Lyapunov exponents
under conditioning to absorption at the boundary.

We restrict ourselves to problems with additive noise as this will be enough for our
most relevant examples. Consider the stochastic differential equation

dX, = f(X)dt + o dW;, Xo=£E € E, (6.2.3)

where E C R? is a bounded connected domain with C? boundary F and f : E — R%is a
continuously differentiable vector field with bounded derivative. Then all the conditions of
Theorem 6.1.7 are satisfied. Hence, the quasi-stationary distribution v on E is a limiting

distribution whose density ¢ vanishes at the boundary and satisfies

‘C*¢ = )\0¢ )
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where L£* is the formal adjoint of the generator £ which is given by

1
Ezf-V+§02V2.
Furthermore we know that

577 = )\0777

and that the quasi-ergodic distribution m satisfies
m(dz) = n(z)v(de).

Hence, in principle these measures can be calculated explicitly.

The Jacobian D¢ of the RDS is the solution of the variational equation, which in this
case reads
%Y(t,w, ) =Df(e(t,w,x))Y(t,w,z), Y(0,w x)=1Id. (6.2.4)
A first question to ask is if there are limits for the average finite-time Lyapunov exponents
as in the classical case. That means that we want to find out if for v € R%\ {0} there are
Ay € R such that for all z € E

~ 1 De(t, -
Av = tlim E [/\v(t, Sz)|T(x) > t} = lim ;E [ln —H AGREIL
—00

T(-,x) > t] . (6.2.5)

o]
Indeed, we can show the following modified Furstenberg-Khasminskii-formula:

Proposition 6.2.3 (Conditioned average Lyapunov exponent). Let (0, ¢) be the random
dynamical system with absorption at the boundary corresponding to the Markov process
(X¢)t>0 solving equation (6.2.3), and let

D@(tv K )
IDeo(t, - -]

St =

denote the induced process on the unit sphere of the tangent space. If the generator L of
(X4, 8¢)i>0 is hypoelliptic, then for all v € R%\ {0} the average exponent X\, as defined
in (6.2.5) ezists and is given independently from v by

Ay = A= / (s,Df(y)s) m(ds,dy), (6.2.6)

Sd-1xE
where m is the quasi-ergodic joint distribution of (Xy, s¢)i>0 and the convergence is uniform
over allx € E and v € R\ {0}. We call \ the conditioned average Lyapunov exponent.

Proof. Note that the angular component s; as defined above lies on the unit sphere S9!
and write r; = ||De(t, -, )| for the radial component. The variational equation (6.2.4) in
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vector polar coordinates is given by
dSt = Df<¢(t7 " '))St - <St> Df(@(a " '))St>8t dta So € Sd_l )
dry = (s¢, Df(o(t,-,"))se)redt, ro=1.

We obtain for all w € Q, x € E

t
i) =roesp ([ hlplrwna).si(oa)ar)
0
where h: £ x S~ — R is given by

h(z,s) = (s,Df(x)s).

We observe that (X3, s¢):>o constitutes a skew product system on E X S9! with killing
at OF x S™!. To apply the theory of Section 6.1.1, we need to check that Assumption
(A) is satisfied. We know that (X;);>o satisfies the assumption on E U JF), i.e. there
is a family (v, .,) that fulfils (A1) and (A2) for some constants tg,cq,c2 > 0. Due to
the hypoellipticity condition, there exists a ¢y > 0 and a family of probability measures
(f42,.2,) such that for any z; = (z;,5;) € ExS% 1 i =1,2and A € B(E) with v, ,,(A) >0

Pzz'(sto € "Xto € AT > tO) > COUZ1,ZQ<') )

for similar reasons as in the proof of [24, Theorem 3.1]. We define the family of probability

measures
Doy 2o (AX B) = Uy, 1y (A) iz, -, (B) for all measurable A C E,B C S*! 21,20 € ExS*!.

Since (X¢)t>0 and therefore T" are independent from (s; )0, we observe that for all 2y, 25 €
E x S ! and measurable A C E, B C S*!

P2i<<Xt07 Sto) cAx B,T > to)
]P)%(T > to)
— P, (51, € BIXy € A, T > 1o)Py. (Xs, € AT > to)
> COﬂzl,z2<B>Pxi<Xto - A|T > to) > 00011721,22(14 X B) .

]P)Zz‘((Xtoa Stg) < A x B‘T > tO) =

This shows (A1). Using again the independence of the hitting time 7" from s;, (A2) follows
by observing that for all 21,2, € E x S}

P, (T>t)= / / Po(T > t) Vpy 2 (dT) sy 2,(ds) > co sup P, (T >1t).
si-1 JE

zCE,scSd—1

Theorem 6.1.3 and Theorem 6.1.5 allow us to conclude that there are a unique QSD v
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and associated QED m on E x S~ which due to the skew product structure have v and
m as their marginals on F. Hence, by definition of a quasi-ergodic measure and the fact
that A is bounded and measurable by the assumptions, we conclude that for all v € R?
with v = ||1|| (which is enough for the claim) and =z € E

1 1
A = lim —E, o [Inr|T > t] = lim —E,[Inr|T > t]
t—oo t—oo

t—o00

_ lim °E [/Ot h(p(r, -, x), 5. (-, x)) dr

T(-,x) >t} :/hdm,

where the convergence is uniform according to Theorem 6.1.5. This concludes the proof
of the proposition. O

Remark 6.2.4. In principle, we can extend this result to the general situation of (6.1.10).
We refrain from doing this here for two reasons. Firstly, in case of a nonlinear diffusion
term g, the functional that has to be added to (s,Df(z)s) assumes a complicated shape
including second derivatives, if the original and linearised process have interfering noise
terms. We avoid the loss of clarity and comprehensibility of this situation. Secondly, the
relevant examples of this thesis have additive noise terms such that the formulation of
Proposition 6.2.3 suffices for our purposes.

In one dimension, the problem is reduced to considering systems on an interval I C R
induced by the one-dimensional SDE (6.1.11), where f € CY(I)NC(I) and f’ is bounded
on I. In this case the finite-time exponents are simply given by

1 8
AMt,w,z) = ;ln Dp(t,w,z)| fort < T(w,z),
where Dp(t, w, z) solves the linear variational equation for (6.1.11)
v(t,w,z) = f(et,w,2))v(t,w,z), v0,wx)=1, forall xe€l,weN.

So in this one-dimensional scenario we can immediately infer that

AMt,w, ) = %/Ot f(p(s,w,x))ds fort < T(w,z).

Let us write 1 = 1, from now on. We can show the following formula for the condi-
tioned average Lyapunov exponent A in the one-dimensional scenario in congruence with

Proposition 6.2.3.

Proposition 6.2.5 (Conditioned average Lyapunov exponent in one dimension). Let
(0,¢) be the random dynamical system on I C R induced by (6.1.11) with absorption at
the boundary, where f € CY(I) N C(I) and f' is bounded on I. Then the conditioned
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average Lyapunov exponent X is given, independently from x € I, by

)\:thm]E( (t,,z)|T(, >t /f m(dy) = /f Y)W dy  (6.2.7)
—00
forall x € 1.

Proof. The claim follows immediately from Theorem 6.1.5 by using that f’ is bounded
and measurable on I which implies, by definition of the QED m, that

fim E (At )| T(.2) > —hmE(/f s.-.2)) ds|T (-, 2) > )

h e (1] s )~ [rom

The formula for this integral is taken from Theorem 6.1.9. O

Remark 6.2.6. To obtain a priori estimates on the sign of A\, we could try to use the
fact that v is an eigenfunction of £ for the eigenvalue )\, i.e.

SO (@) + () () = Mo (). (6.2.8)

Using integration by parts, we observe that
/ f(2)?*(2)e" @ de = / f(x ( o) (x)e’ @ + 21/)(:5)1/;’(:@)@%@) da

—— [ Pemn =2 [ f@w @@

s

v
sign unclear

Note that the second term vanishes in case I = R since ¢ is a constant function in this
case and m is the stationary distribution. That is how one observes negativity of the
Lyapunov exponent in the classical setting. In our context, the sign of the second term
depends on the product f(x)y/'(x) which makes a direct a priori estimate impossible.
Using (6.2.8), we can rewrite it as

[ raae i - - / e (;f (@) @) +20(z >w<>e”<x>)dx
/f2 x) m(dz 2)\0—1—0 /g[/’ 2)e’ @ dx

O ~~ 4

sign unclear

Again, we remain with a term whose sign is unclear, this time depending on ¢"(z). Tt
appears not possible to obtain general statements about the sign of .

We observe that A as defined in Proposition 6.2.3 (and given in Proposition 6.2.5 for
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one dimension) is defined as a limit of conditioned expected values. In random dynamical
system theory, however, we are usually interested in w-wise asymptotic statements. Due
to the killing at the boundary, the best we can hope for in this context is a convergence
result of finite-time Lyapunov exponents in probability. Indeed, we are able to prove
such a result in Theorem 6.2.8 which shows that this number A actually has a dynamical
meaning. Before we can prove the Theorem, we show the following Lemma about decay
of correlations:

Lemma 6.2.7. Let (X;)i>0 be a Markov process on a topological state space E with ab-
sorption at the boundary OF as introduced in Section 6.1.1. Then for any measurable and
bounded functions f,g: E— R, 0 <r < g <1 we have

Jim B, (/X017 > 0 = ([ gam) ( [ gam)

uniformly over all x € E .

Proof. Let f,g : X — R} be measurable and bounded functions, 0 < r < ¢ < 1 and
x € E. Similarly to the proof of Theorem 6.1.5, we fix u > 0 and define the observable

ho(2) = inf{e ™M P(T > t)/n(x) : t >u}.

Let t be large enough such that (¢—r)t > v and (1—¢)t > u. We obtain with the Markov
property

E, [f(th>g(Xrt)|T > t] _ ]Ex[g(Xrt)f(th)]l{T>t}]

P.(T > t)
]Er[g(Xrt)f(th)1{T>qt}]P)th (T > (1 - Q)t)]
B P.(T > t)
> Ex[9<Xrt)]1{T>qt}€_>\0(q_1)tf(th>hu(th)77(th)] '

- P.(T > t)

Let us denote p(z) = f(x)h,(x)n(z) and p(x) = g(x)h,(x)n(x) which are positive and
bounded for the same reasons as in the proof of Theorem 6.1.5. Analogously to the above,
we obtain

Ee [9(X0) Lirsry Bx, [Lirs (=i 2(X(g=m1)]]

E, (f(Xg0)g(Xp)|T > t) > e Rola= Dt e g g

> e~ Mola-Dig Q(Xrt)hu(Xrt)n(Xrt)]l{T>rt}EXn[]l{T>(q—r)t}p(X(q—T)t>]

- N P.(T > t)Px,, (T > t)e—2ot

_E e B( X)) Lirspy € 2 Ex (L (oo 2( X (g-mt)]
| TP > et Py (T > t)e ot '

By Theorem 6.1.7 the limits of the killed semigroup are uniform in x. For the second
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term in the expectation above we obtain

e—)\o(q_T)tEXTt[]I{T>(q—r)t}10(X(q_r)t)] _/pd]/
IP)Xrt (T > t)e_/\Ot

‘]I{T>rt}

—Xo(g—r)t —
e @y, (T > (¢ — 1))
ety (T > t)
e UTIP(T > (¢ —1)t)  n(x)
e MtP (T > t) n(x)

<Ce™" +|lpll

Lirsin

<Ce ™ + ||pllo sup
zeE

where the second term converges to 0 as t — oo according to Theorem 6.1.7. Hence, the
second factor in the expectation converges uniformly to its limit

/pdyz/fhudm.

hmlanE (f(Xg)g(X)|T > t)

—Aort (X i) Lrsry e IRy | [Lir>(g—riyp(X(g—r)t)]
P.(T > t)e=Aot Px, (T > t)e—Hot

. E. [6 Aortp rt ]l{T>rt}
= i T S e /fh dm

:/ghudm/fhudm.

Since h,, is uniformly bounded as seen in the proof of Theorem 6.1.5 and h,(z) — 1, we

Therefore we observe that

> lim E, {

t—o00

have by the dominated convergence theorem that

ligiglex (f(X)g(Xo)|T > t) > (/ fdm) </ gdm) :
Replacing f(X,:)g(X,t) by

(A llee = F(Xa))lglloe + 9(Xrr)) and (| flloo + f(Xer))llglloc — 9( X)),
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we can see directly that
20|fllcllglloo —lim sup By (2f(Xa)g(Xoe))IT > 1)
—00
> tininf B, (11 = F(Xp0) gl + 90607 > 1)

tiind B, (1l + (X loll = 9K > 1)

> 2|l g0 — ( / fdm) ( / gdm) |

Therefore, we deduce that

lin sup E, (/ (X, g(X)|T > 1) < ( / fdm) ( / gdm) |

t—o00

So, we have shown the claim for positive measurable and bounded functions f, g. We can
extend the result to arbitrary measurable and bounded f, g analogously to the proof of
Theorem 6.1.5 by replacing fg with (f. — f_)(g+ — ¢g—). Uniformity of the convergence
follows for the same reasons as in Theorem 6.1.5. O]

We are ready to prove the following theorem which equips the limit of expected values
A, as given in Propositions 6.2.3 and 6.2.5, with the strongest possible dynamical meaning

for the setting with killing at the boundary.

Theorem 6.2.8 (Convergence in conditional probability). Let (0, ) be the random dy-
namical system with absorption at the boundary corresponding to the Markov process

(X¢)i>0 solving equation (6.2.3). Then for all € > 0 we have

tlim P (|)\U(t, wT)— AN >e¢

T(-,z) > t) =0 (6.2.9)

uniformly over all x € E, v € S*'. This means that the finite-time Lyapunov exponents
of the surviving trajectories converge to its assemble average in probability. Note that in

one dimension this reads

lim P (|)\(t, LT)— AN >e

t—o00

T(-,x) > t) =0. (6.2.10)
Proof. Recall from above that
A= lim B, o, (A(t,2)|T > £) = lim E ()\U(t, L) T () > t)

_ /S . (sDf(a)s) n(ds,do).
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In the following, we will write g(z, s) = (s,Df(z)s) and m(h) := [ hdm for any bounded
and measurable function h. Note that in one dimension we have g(z,s) = f'(z) and
m = m. We observe that

P <|)\U(t, Lx) = A > e|T(2) > t)
<P ( Aoty 2) —E (Av(t, L) T ) > t)( > | T(-,2) > t)
4P ((A K ()\v(t, LT x) > t)‘ > e| T, z) > t) .

The term in the second line converges to zero for ¢ to infinity by definition of A\. The first
term can be estimated by Chebyshev’s inequality:

"

This means that, in order to prove the claim, we simply need to show that

Var(\(t, -, x)|[T(-,2) > t)
e2 '

T(-,x) > t) <

Ao(t, ) — E (Av(t, L), x) > t)| > ¢

lim E <)\U(t, LT x) > t) — lim [E <)\v(t, L) T () > t)T ,

t—o0 t—o0
where

t—o00

tim [E (Au(t, - 2)[T(.2) > )] = X = in(g)”.

Similarly to the proof of Theorem 6.1.5 we obtain with Fubini that
_ 1 [t 2
lim E ()\U(t, L2 T(, 7)) > t) ~ lim E, (-/ 9(X,,5,) dT) T >t
t—o00 t—o00 t 0

1 2
= limE, ((/ g(th,sqt)dq) |T > t)
t—o00 0

1,1
= lim/ / E, (9(Xgt, 8¢¢)9(Xyt, 50¢)|T > t) dg dr
o Jo

t—o00

t—o00

=i [ [ [ B oo s > )
4 /0 1 /0 "B, (g(X 50009 (Xots 500)|T > 1) dg dr] .
It follows immediately from Lemma 6.2.7 that for 0 <r <g<1l(and 0 <g<r <1)
lim E, (9(Xgts 8q)9( Xty $00)|T > 1) = Hm By, (9(Xqts 500)9( Xt 500)|T > t) = m(g)?,

where the convergence is uniform over the initial values. Hence, by using dominated



CHAPTER 6. QUASI-STATIONARY DYNAMICS AND BIFURCATIONS 144

convergence, we conclude that

t—o00

~ 1 q 1 r
i E (At 2P Ta) > o) = [ [Cinggrdrdgs [ [ G dadr =i
o Jo o Jo
such that the claim follows. O]

Proposition 6.2.3 tells us, not surprisingly, that if we take the limit of the expectation of
the tangent flow, the initial vector v on the tangent space does not matter. Figuratively
speaking, we average out the geometry of the dynamics. In the classical setting, this
geometry is reflected by a spectrum of Lyapunov exponents associated with a filtration
or splitting of flow-invariant subspaces. Something like that is not directly obtainable in
our setting since such filtrations or subspaces depend on the noise realisation w which
only has a finite survival time in our context. However, we can try to find a spectrum of
Lyapunov exponents following the Furstenberg-Kesten Theorem [2, Theorem 3.3.3].

For a time t > 0, consider ®(t,w,z) := Dp(t,w,x) € R for all (w,z) such that
o(s,w,z) € E forall 0 < s <t. Let

0<o4(P(t,w, ) < - <o (P(t,w, x))

be the singular values of ®(¢,w, z), i.e. the eigenvalues of \/®*(t,w, z)®(t, w, x). We would
like to show the following;:

Conjecture 6.2.9 (Lyapunov spectrum). Let ® be the linearised flow associated with
problem (6.2.3). Then there are o* € R such that for all x € E we have

1 - o .
JEMoi(@(t,,2))|T(,z) > 1] 226 forall1<i<d.

In this case, we can define a Lyapunov spectrum of average expansion rates of the surviving
assemble by denoting Ay > Xy > ...\, for the 0 < p < d different values of ot >...> g%

Considering Proposition 6.2.3, the goal would be to show that there are cases where
p > 1. We will give numerical evidence for this later.

We consider the classical setting without killing at the boundary and replace (w,x) €
QxR by w € Q as driving metric dynamics for ease of notation. The Furstenberg-Kesten
Theorem [2, Theorem 3.3.3] uses the subadditivity of exterior powers to show convergence
of the exponents expressed as singular values. We denote the k-fold exterior powers of
the matrix ® by A¥® for 1 < k < d. Then the condition

sup In* H@(t,w)ﬂH € Ll(Q)

0<t<1

guarantees that Kingman’s Subadditive Ergodic Theorem [2, Theorem 3.3.2] can be used
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to show that there is a measurable map 7* such that almost surely
lim 1ln [A*®(t,w)|| = 7*(w).
t—oo t ’
In particular, we obtain
lim - [In |A*®(¢,)||]] = ER")
t—oo t ’ v

We can then define measurable o!(w) > 0?(w) > -+ > o%(w) such that for all 1 <k < d
and w €
ol(w) + o (w) + -+ oF (W) = (w).

Recall that oi(w) denotes the k-th largest singular value of ®(¢,w). By using the well-
known fact for all ¢ > 0 and w € Q2

o1(w) + - +op(w) = A D(E )],
one can deduce recursively that

o*(w) = lim %lnok(Y(t,w)) .

t—o0

In particular, we may conclude that

E[o*(-)] = lim lIEl lnok(Y(t,-))].
t—oo t
The different numbers Aj(w) > -+ > Ay in the sequence o' (w) > o?(w) > -++ > 0% (w)
are the Lyapunov exponents. In an ergodic situation, the Lyapunov exponents and their
number p(w) are constant over almost all w and we obtain that E[\.(-)] = \x € R.

The main ingredient for showing Conjecture 6.2.9 is proving the convergence of the
exterior powers. As mentioned above, this is achieved in the classical setting by using the
subadditivity of

pi(w.t) = In AR (¢, w)||

and then applying Kingman’s Subadditive Ergodic Theorem. The subadditivity follows
directly from the cocycle property

AFO(t + 5,w) = A*D(t, 0,0)A D (s, w).
Going back to our problem, we would like to show the existence of

1
lim —E[p*(-, t)|T > ]

t—oo t



CHAPTER 6. QUASI-STATIONARY DYNAMICS AND BIFURCATIONS 146

under mild conditions. An approach using subadditivity would need to establish that
Elp (-t + 8)|T > t + 5] < E[p"(, )| > 1] + E[p"(-, 5)|T > s].

Unfortunately, showing this seems very difficult, if not impossible, as it is generally not
clear what effect the conditioning on non-absorption has on values of p*(cot,t). Another

even more general approach would be to investigate the limit of
Elg(- OIT > ],
for g : C([0,00)) x Ry — R which satisfy
(w,t) = ht(Xo<s<t(w)) for maps hy : C([0,t]) = R.

But this seems an even harder problem.

The following Lemma shows that we can bound the Lyapunov spectrum, if it exists,
from above and below. In more detail, we define an upper and a lower conditioned average
Lyapunov exponent A\* and \' by

1 .
AY = limsup sup -E [ln IDe(t, -, z)v|||T(-, z) > t] ;
t—oo  |u)=1 ¢
and 1

A= liminf inf -E [ln IDp(t, -, x)v|||T(-, ) > t] .

t—oo v|=11
Defining similarly to chapter 3

A (z) = max(Df(z)r,r), A~ (x) = min (D f(z)r,r),

lIrll=1 Irll=1
we find the following bounds for these quantities.

Lemma 6.2.10. Let (0, ) be the random dynamical system with killing at the boundary
associated to (6.2.3). Then the upper and lower conditioned average Lyapunov exponents
satisfy
/ A (z)m(dz) S M <A< A< / M (x)m(da) ,
X b's

where X is the conditioned average Lyapunov exponent given by Proposition 6.2.5.

Proof. For any w € Q, € F and 0 # v € R? define r;(w, x,v) := %. We observe
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that

%HDw(t,w, 2)v[|* = 2(Df(e(t, w, 2))(t,w, 2)v, Dp(t, w, 2)v)

=2 (Df(o(t,w,z))r(w, z,v), r(w, 2,v)) |De(t, w, z)v|?
< 2X\ (p(t, w, ) [[Dep(t, w, )],

Analogously we obtain
d 2 — 2
EHDQ@@,M,Q?)’U” > 2\ ((p(t,u],f))”DQO(t,u},ﬂ?)U” :

Hence, we can conclude that for all 0 # v € R?

IDo(t,w, 2)v||* < ||lv]|* exp (2/0 )\+(cp(s,w,m))ds> (6.2.11)
IDo(t,w, 2)v||* > |Jv]|* exp (2/0 A‘(cp(s,w,m))ds) : (6.2.12)

Since AT and A~ are measurable and bounded on E, we can conclude with Theorem 6.1.5
that

1 [t -
A <limsup E l;/ M (p(s, - 2))ds|T (-, ) > t}

t—00 0

_ lim E, E /Otv(xs) ds|T>t} :/wa)m(dm,

t—o0

and
1 [t .
A > liminf E [—/ A (p(s, -, x))ds|T (-, z) > t}
t—o00 t 0
1 t
= lim E, {—/ A (Xs)ds|T > t} :/ A (z) m(dx) .
t—o00 t 0 x
The fact that \' < X\ < A\ follows directly from the respective definitions. O

Note that the computation of A can be very difficult and costly in higher dimensions
as we have to determine m(ds,dx), the joint quasi-ergodic distribution of the original
process and the derivative angular process. In some cases it will definitely be easier and
cheaper to simply compute or approximate m(dz), the quasi-ergodic distribution of the
singular process. Then the integrals m(A~) and m(AT) can help to reveal if A, which can
be expected to equal A\ in case the spectrum exists, is positive or negative respectively.
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6.3 Local synchronisation for nonlinear systems

This section is dedicated to showing implications of A having a negative sign. As one would
expect, the main implication in terms of the random dynamics is the synchronisation of
surviving trajectories starting close enough to each other. In the following, we prove a
general statement about local synchronisation in discrete time for systems with absorption
at the boundary and then show a corollary for systems induced by stochastic differential

equations using the definitions and results of the previous two sections.

Theorem 6.3.1 (Local synchronisation theorem). Let (0, ¢) be a continuously differen-
tiable RDS with killing on a bounded domain E C R?, and let there exist a X\ < 0 such
that uniformly over all x € E and v € S}

1
lim P |—In||Dg(n, -, x)v| < A
n

n—0o0

T(-,z) > n} =1. (6.3.1)

Then for all \c € (A\,0), x € E and 0 < p < 1, there are o, >0, 0< <1, K. > 1 and
sets QI C Q with P, (Q2|T > n) > 1—p for all n € N such that we have the following:

a) For alln €N, w € Q" and y,y € Ba, ()
le(n,w,y) = (n,w.y)| < Kee*|ly -yl
and, in particular, for all y € B, ()
lp(n,w, x) — p(n,w,y)|| < Bt .

b) There is exponentially fast local synchronisation of trajectories in discrete time with
arbitrarily high probability, i.e.

1 —
lim P (— I l(n, - 2) = ¢(n, -yl <A: for ally € Ba, ()
n

n—oo

T(-,x) >n> >1—p.

Proof. Let 0 < p < 1 be fixed for the following. For z € E and n € N, let Q7 C {w €
Q : T(w,z) > n} be aset with P,(Q?|T > n) > 1 — p whose construction is given later
in (6.3.4). Furthermore we define for any x € £

Uy ={yeR*: x+ycE}.
For fixed (w,z) € Q x E we define on U,

Zn((wvr)vy) = go(n,w,y + :L‘) - w(n,w,x) .
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Note that in particular Z,((w,x),0) = 0 for all n. Define further

Flon() = Z1((w, 2),9)

and write

F(Z,a:) = F@n—l(w,x) o-++0 F(w,r) .

In addition we define
L(w,z) = DF, 4 (0) = Dp(1,w, )

and for alln >1
Ly(w,z) = L(©,-1(w,x)).

Similarly to [82], let 0 < n = —\./2. Since the system is C'! on a bounded domain,
we have

G = (Sup) | Flo,z)llcr < o0

Let 6 > 0 be given. Choose 0 < 8 < 1 such that Gfe" < §. Take further x > 1 such that
kB <1 and Gkrpe® <.
Recall that
QX c{weQ: T(w,z)> K}

and define
SEB)={yeU,: HF(?M)(y)H < et forall 0 <n < K and w € QF}.

For y € S¥(kB) we define for all 1 <n < K

1
0
Observe that this choice yields for 1 <n < K
L/n(w> a:)y = L;z(wa 113') T Lll(wv $)y = F(Z,x)(Q) :

We deduce that for any y € SE(k3)

sup sup || L, (w, ) = Ln(w, z)[[e"™ < sup sup [[DFy, _, .z |55 exp (n(n +A:) - As)
K

weNK n<K weNK n<
< Grpe’ < 4.

Claim: We can deduce from

up sup L (.2) — Ly(w, )" < 8
weNK n<K
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that for all w € QF y € SE(kB) and 1 <n < K
L (w, )yl| < Ko™y

uniformly over K, for some K, > 1.

Let us assume that the claim is true for the time being and define d, = d(z,0F)/2.
Choose o, = min (d,, 8/K.) < . From the claim we observe that uniformly over K for
ally € B,, (0)NSK(kB) and 1 <n < K

HF(n W < K.e™a, < e

wvx) -

and therefore
D (o) := Ba, (0)N SK(B) = B,,(0)N SK(F;B) )

Since the boundaries of S () and S¥ (k) are disjoint, this implies that B, (0) = Dk (a,)
for all K > 0 and the second statement in a) follows.
For any v,y € Dk (a,) and 1 <n < K we define similarly to before

1
L) = [ DFo_yon (L5 W) + (1= DEL W)

0

Observe that for 1 <n < K

L"w,x)(y—y) = Ly(w,2)--- Ly(w, ) (y —¢') = F, o (y) — FLLo(¥) -
Therefore we observe analogously to before that

sup sup 1L (,2) — L(,2)[e <5
weNK n<K

which using the claim gives that for all w € Q¥ 4,4/ € Dg(a,) and 1 <n < K

IE, 2y (y) — Fit (W) < K" ly — /||

Hence, the first statement in a) follows.
Now, we prove the claim above. To make the notation easier, we fix (w,z) and write
L for the Jacobian and L' for the perturbation. Take ||¢( || = 1, define the sequence &™)
as units along L,, and write
Lnf(nfl) — t(")f(”) )

For our purposes it is enough to exercise through the one-dimensional case since the
convergence in (6.3.1) is assumed to be uniform over all v € S* ! in the d-dimensional
scenario. We refer to [82] for the full details of the multidimensional scenario which are
not needed here.
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If we write L'™u = u(™, we see that sup,, ||/, — L,||e™ < § implies
[u™| < t™ [u= D] + ge [ V] (6.3.2)

Since the finite-time Lyapunov exponents are bounded away from —oo according to the
assumptions of the model, there is a C' > 0 independent from (w,x) such that for any

N eN
le*Nﬁ < ()

If we fix v > 1 and set UV = |u(”>‘ and for N > v
N N
U™ = ( 11 t(”)) ( 11 (1+c<semv)> v,
n=v+1 n=v+1

we can observe with (6.3.2) that U(®) > |u(N)‘ for all N > v.
Now we set 6 = & [[>7,(1 — e™™)? and

o

—nn
C/:H (1—1—056 H 1_6*7“7 L
Hn 1(1 —e my n=1

co’
Note that 6 and C” do not depend on (w, x). It is easy to infer similarly to [82] that

e ( ﬂ t(”)) ( ﬂ (1- e"")> |u®| (6.3.3)

n=v+1 n=v+1

N)| > ( lN_[ t(")> < ﬂ (1—6”")) |u(l’)‘ )

We take v = 0 from here on. Observe that the finite Lyapunov exponents satisfy

and

N

Let e = A\, — A > 0. By assumption, there exists an N* > 0 such that for all N > N* we
have

P ()\(N,-,a:) < >\+5/2‘T(-,x) > N) >1—p.

Recall that 6, C, C" do not depend on (w,z). Now define the measurable sets

Qv _ {weQ: T(w,z) >N, \N,w,z) < A+¢e/2} if N>N*, (6.3.4)
’ {weQ: T(w,z) >N} if N < N*. -
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Hence, P,(Q2T > n) > 1 — p for all n € N. We can conclude from (6.3.3) that there is
C" > 0 such that for all z € E, N > N* and w € QY

N
1 N O// 1 (n) C//
S nlL W@Wgﬁ+ﬁmglf =+ TANw).

From the assumptions we have that

s* :=sup sup AN(N,w,z) < o0.
(w,x) NXN*

We define

K. = max{e", e N s*} .

Then we obtain the statement of the claim, i.e. for all N € N and w € QY
I (w, )| < Kee™™.

Finally, we show statement b). We conclude from the second statement in a), and the
fact that g < 0, that for all n € N

P (”%D(m v x) —@(n, - y)|| < e forall y € By, ()

T(-,x) > n)

Z]P’(Q;‘

T(-,x) > n) >1—p.
Hence, we actually obtain for all n € N

1 _
P (—m lo(n.w,a) — o(w,y)| < A for all y € By ()
n

T(-,z) >n) >1-—p,

which implies the claim. O

We can immediately observe the following corollary about local synchronisation of
random dynamical systems induced by solutions of stochastic differential equations with
absorption at the boundary of a domain:

Corollary 6.3.2. Let the RDS with killing induced by the SDE (6.2.3) have a negative

conditioned asymptotic Lyapunov exponent X < 0. Then for all x € E, X\. € (X\,0) and
0 < p <1, there is an a > 0 such that

n—oo

1 —
lim [P (_ ln|90(n7 ',l’) - QO(’TL, 7y)| < A for all /S Baz(l’)
n

T(-,z) >n) >1—p.

Proof. This is an immediate consequence of Theorem 6.3.1 in combination with Theo-
rem 6.2.8. [



CHAPTER 6. QUASI-STATIONARY DYNAMICS AND BIFURCATIONS 153

We would like to show a global synchronisation theorem as well. An obvious very weak
statement is expressed in the following proposition which is simply supposed to sketch a
first direction for this endeavour:

Proposition 6.3.3. Let the RDS with killing induced by the SDE (6.2.3) have a negative
conditioned average Lyapunov exponent \. Let x,y € I, o, be the radius of stability from
Theorem 6.3.1 for some 0 < p < 1 and let there be a time t > 0 such that

P <|<p(t, Lx) — ot y)| < ap|T(, x) > t) > 0.

Then there is a sequence t, — oo such that for any ¢ > 0

n—00

lim P (\go(tn, o x) — @(tn, - y)| <e|T(-,z) > tn> > 0.
Proof. This is a direct consequence of Corollary 6.3.2 in combination with the Markov
property. ]

In the one-dimensional case one could hope for using monotonicity arguments to show
a stronger statement. This is left as future work.

6.4 Relation to pathwise random dynamics

This section is dedicated to finding further relations between Markov processes with ab-
sorption at the boundary and the induced random dynamical systems, in particular un-
derstanding the latter ones as skew product systems. It suggests itself to investigate the
connection between quasi-stationary and quasi-ergodic measures and suitable associated
measures for the skew product, similarly to the setting without killing as introduced in
Chapter 2. Hereby, conditionally invariant measures for dynamical systems with a hole
turn out to be the he right concept.

6.4.1 Conditionally invariant measures on the skew product space

Let (X¢)i>0 be a Markov process on some topological space X, defined over a filtered
probability space (2, F, (Fi)i>0, P) and equipped with a family of maps 6, : QT — QF
such that

Opps =0,00, forallt,s >0

and
Xiin(w) = X (Opw) for all t,h >0 and w € Q7.

Note that the existence of (6;) is sometimes part of the definition of a Markov process
(see e.g. [86]) and that the o-algebra generated by 6, is independent from F; for all ¢ > 0.
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Let further 6, be P-invariant for all £ > 0 and the process induce a random dynamical
system with one-sided skew product flow

O 0" x X - Ot x X, 64w, r) = (Qw, o(t,w,x)), forallt>0.

As before let E'C X be some open subset such that (X;);>¢ with transition probabilities
(P,).cp satisfies the assumptions of this chapter if the process is absorbed at OE. Note
that the described setting is for example given in the situation of random dynamical
systems induced by stochastic differential equations as described in Section 6.1.2, defined
on the one-sided canonical path space with Wiener measure P projected to one-sided time
and canonical one-sided shift (6;)>o.

We now consider the problem of killed diffusion from the perspective of dynamical
systems with holes. We can write £ = X=X \ H where H = X \ E is a closed set
constituting a hole in the space X. Define M =0+ x X =QF x E as the product space

with hole in only one factor and

]\04t = ﬂ (@s)_IM, ét = O, 5

0<s<t

(6.4.1)

i.e. the survival set and the flow restricted to the survival set. We further define for each
w e QT

Ey(w) = ﬂ e(s,w, ')71E7 Ptw, ) = o(t,w, )lEt )

0<s<t

i.e. the w-wise survival set and cocycle restricted to the survival set.

Definition 6.4.1 (Conditionally invariant measure). A measure p supported on M is
called a conditionally invariant probability measure for (©;)>p on Q* x E if

u(67(0))
(M)

See for example [29] or [34] for fundamental work on conditionally invariant probability

=u(C) forallt>0and C € F x B(E).

measures. First, we can show the following result similarly to Homburg and Zmarrou [51,

Lemma 5.2.].

Proposition 6.4.2. The measure Pxv is a conditionally invariant probability measure for
the one-sided skew product flow (O4);>o on QT x E iff the measure v is a quasi-stationary
distribution for (X;)i>o on E.

Proof. The measure v being quasi-stationary means that for all Borel-sets B C E we have

JoP( z) € B, T(-,z) > t) v(dx)

v(B) =P, (X; € B|T >t) = f T 0 o)

(6.4.2)
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Let C C QF x E be measurable with respect to F x B(FE). Hence, we may assume
C = A x B. Let us first assume that v is a quasi-stationary distribution for the process.
We observe that

(P x v) ((Z)t_lC’> [z P (w Cw e A p(t,w,x) € B, T(w,z) > t> v(dx)

(P x v)M, JePu (T > t) v(dz)

Recall that (¢(t,-,-))i>0 is adapted to (Fi)i>o and o(6;) is independent from F; for all
t > 0 since 6, is the one-sided shift on Q*. Hence, we can infer with (6.4.2) that

(P xv) (ét_lC) B [pP(w : bw € A)P (w L o(t,w,x) € B, T(w,z) > t> v(dz)
(Pxv)M, [P, (T > t) v(dz)
=P, (X; € B|T >t)P(A) = v(B)P(A) = (P x v)(C). (6.4.3)

As one can see directly from (6.4.3), we can show the reverse direction analogously, i.e. as-
suming P X v to be conditionally invariant immediately gives us (6.4.2) and therefore the
quasi-stationarity of v. m

Recall from the proof of Theorem 6.1.5 that for any bounded and measurable function
frreFand0<p<1

tlim E,(f(Xpu)|T >t) = /f(x)m dz

— 00 I

This observation prompts the definition of the maps HY : QT x X — QF x X by
HY (w,z) = (Ow, p(pt,w,z)) forallwe QT z e X,

for all t > 0 and 0 < p < 1. This means that the shift on the probability space is
considered for time ¢ > 0 whereas the mapping on the state space is only followed up to
time 0 < pt < t. Note that HY does not satisfy the flow property but the definition is
supposed to illustrate the distinction between quasi-stationarity and quasi-ergodicity. We

give the following definition:

Definition 6.4.3. Let 0 < p < 1. A p-quasi-stationary distribution (QSD) for the process
(X¢)t>0 is a probability measure m on E such that for all ¢ > 0 and measurable sets B C F

P,, (X, € BT > t) = m(B). (6.4.4)

As before, set Hf = H}
Proposition 6.4.2:

o We can prove the following proposition analogously to
t

Proposition 6.4.4. For any 0 < p < 1, the measure P x m is a conditionally invariant
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probability measure for the family of one-sided skew product maps (If_ff)tzo iff the measure

m s a p-quasi-stationary distribution for (X;);>0 on E.

Proof. Recall from Definition 6.4.4 that the measure m is a p-quasi-stationary probability
distribution iff for all Borel-sets B C E we have

JpP( z) € B,T(;,x) > t)m(dx)
fE (T > t)m(dx)

m(B) =P, (X, € B|T > t) = (6.4.5)

Let C C QF x E be measurable with respect to F x B(E). Hence, we may assume
C = A x B. Let us first assume that m is a p-quasi-stationary distribution for the
process. We observe that

(P x m) ((]flf)*10> B [P (w : fw € A, p(pt,w,z) € B, T(w,z) > t> m(dx)
(P xm)M, (5P, (T > t) m(dx) '

Recall that (¢(pt, -, )0 is adapted to (Fpt)i>0 and o(6;) is independent from F,; for all
t > 0 since 6; is the one-sided shift on QT and p < 1. Hence, we can infer with (6.4.5)
that

(P x m) (é{lC) B [pP(w : bw € A)P (u) - o(pt,w,x) € B, T(w, ) > t) m(dx)
(P xm)M, [Py (T > t) m(dx)
=P, (Xp € B|T >t)P(A) = m(B)P(A) = (P x m)(C).  (6.4.6)

As one can see directly from (6.4.6), we can show the reverse direction analogously, i.e. as-
suming P x m to be conditionally invariant for (H});>o immediately gives us (6.4.5) and

therefore that m is a p-quasi-stationary distribution for the process (X;):>o. O

Making Proposition 6.4.4 useful for characterising a quasi-ergodic distribution m re-
quires p-quasi-stationarity of m for some 0 < p < 1. We conjecture the following even
stronger statement for which we have not found a proof yet. Such a proof should work

similarly to [75, Proposition 1], using the same tricks as in the proof of Theorem 6.1.5.

Conjecture 6.4.5. If m is a quasi-ergodic distribution for (X;)i>o on E, then it is also
a p-quasi-stationary distribution for any 0 < p < 1.

Therefore we obtain as a direct consequence of Proposition 6.4.4: if the measure m
is a quasi-ergodic distribution for (Xi)i>o on E, the measure P x m is a conditionally
mwvariant probability measure for the family of one-sided skew product maps (}OI )eo for
any 0 < p < 1.

We have discussed the correspondences between, on the one side, quasi-stationary and
quasi-ergodic distributions for the process and, on the other side, conditionally invariant
measures for the skew product systems, as long as we consider everything in one-sided
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time. Usually, as introduced in Chapter 2, the metric dynamical system on the probability
space, underlying the random dynamical system, is considered in two-sided time. This is

necessary if we want to investigate random attractors, for example.

6.4.2 Two-sided time and relation to the survival process

We now consider the problem in two-sided time, i.e. we consider (Q, F, (F!)s<ier, P) with
the maps (6;);er such that 6, is P-invariant for all ¢ € R. A natural question to ask is
whether in this situation there is also a conditionally invariant probability measure for the
skew product flow corresponding with a quasi-stationary distribution . In more detail,
we would like to keep P fixed as the marginal and find a conditionally invariant measure
for (ét)tzo of the form

p(dw, dz) = p,(dz)P(dw) , (6.4.7)

where the j,, are measurable with respect to F°__, i.e. the past of the system, and

/Q () P(dw) = (),

analogously to the case without killing of trajectories where these measures are called
Markov measures. From the previous section we know that if the p,, are demanded to be
measurable with respect to F§°, i.e. the future of the system, we get i, = v almost surely
according to Proposition 6.4.2.

Let us first assume the existence of such a conditionally invariant Markov measure.
Then we observe that the invariance of the sample measures requires an additional as-

sumption.

Lemma 6.4.6. Assume that there exists a conditionally invariant Markov probability
measure i on 0 X E for (O;)>9. Then for any t € RT, its disintegrations u,, such that
Ey(w) is non-empty satisfy the relation

o (¢<t7 W, ')_1A)
foo (B (w))

if and only if for all t > 0 we have

= g,u(A)  for almost allw € Q and all A € B(E), (6.4.8)

to(Er(w)) = u(]\OL) for almost all w € Q with Ey(w) # 0. (6.4.9)

Proof. Fix t > 0. We proceed similarly to [62, Proposition 1.3.27]. Take bounded and
measurable functions f : E — R and ¢ : 2 — R and observe that by definition of the

conditional invariance

Q><Ef l,w,x Htw ]11\‘;[ W, T wdx]P’dw
! A = el T >/>Z((Et()w))ff”((dw))u S
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Using the invariance of P with respect to 6, for the change of variables w — 6_;w, we can
therefore write

/Q { /E f(:c)uetw(daz)l 9(w)P(dw) = / { / f(:z:)uw(dx)l 9(0_yw)P(dw)

f [fE (t,w,z)1 ¢ (w,x),uw(d:z:)] g(w)P(dw)

t

Jo oo (Ee(w))P(dw)

Since this is true for any g, we conclude that for almost all w € €2

fQ fheo Et ))]P(dw /f x) o, (dz) .

Hence, equation (6.4.8) is satisfied if and only if
po (B (w)) = / por (B (W")P(dw’) = u(]\;[t) for almost all w € Q with Ey(w) # 0,
Q

which is equivalent to Assumption (6.4.9). O

Two questions arise. First of all, one is inclined to ask how reasonable Assump-
tion (6.4.9) is. Secondly, one might want to investigate if v as given in (6.4.7) can now be
shown to be a quasi-stationary distribution for the associated Markov process. Both are
theoretical questions that should be investigated in the future.

Let us now assume that a quasi-stationary distribution v exists. The question is
how to construct the disintegrations g, such that p is a conditionally invariant Markov

probability measure. The natural analogue to the case without absorption is given by

) qigy 2P0 ) ()
:uw( ) T tl_mo V(Et(e—tw)) 7

if the limit exists. However, due to our assumption of almost sure killing, the numerator
and denominator both become zero in finite time for almost all w such that this limit
cannot exist for any measurable subset of F.

One idea to overcome this problem would be to investigate if the ()-process, i.e. the
survival process, corresponds to a particular random dynamical system that can be studied
in infinite time in the classical way. However, we explain why this does not seem feasible.
Recall from Section 6.1.1 that the @Q-process or survival process (Y;);>o is the Markov
process with state space E, filtered probability space (2, F, (F;)i>0,P) and transition
probabilities (Q,).,cp such that for any s > 0

Qo ((Yu)o<uss € -) = lim P ((Xu)o<u<s € [T > 1).

t—00

Further the Markov semigroup of operators @; defined by Q,f(z) = E,(f(Y;)) on an ap-
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propriate function space is m-invariant where m is the quasi-ergodic measure for the killed
process. If there was a random dynamical system (6, ¢) associated with this Q-process,
each w-trajectory ¢(t,w, z) = Y;(w) starting from x € E would require a completely new
interpretation since the boundary is never hit. If, for example, the original process (X¢)¢>o
is a solution process to a stochastic differential equation, the process (Y;);>0 cannot solve a
corresponding stochastic differential equation because there is no hitting of the boundary
for the survival process. The possible generation of a random dynamical system could
come from a random differential equation with bounded noise that is solved by the pro-
cess (Y;)i>0. However, it is entirely opaque how such an equation could be derived. A
completely abstract generation of a random dynamical system from the ()-process seems
even less attainable.

6.5 Exponential dichotomies and the dichotomy spectrum

For the investigation of exponential dichotomies we will consider the systems in two-sided
time and study the linearisation around trajectories. For this purpose, let (©,®) be a
linear cocycle on R? over a (locally) two-sided random dynamical system © = (6, ) on
R?. As before, we consider the system on a bounded domain £ C R? with killing at the
boundary OF. We define Tt : Q x E - RJ and T~ : Q x E — R, by

THw,z) =inf{t >0 : o(t,w,z) € OF}
T (w,x) =sup{t <0 : ¢(t,w,x) € OE}, (6.5.1)

i.e. the hitting times of the boundary in forward and backward time. Analogously to
before, we assume that 77 < oo and T~ > —oo P,-a.s. for all z € E and that for all
t>0

P (TT >t)>0, forallt >0, and P, (T <t)>0, forallt<0.

One could ask why we do not define a random dynamical system with killing as in Defi-
nition 6.2.1. The reason is that the cocycle property is not satisfied for ¢ > 0 and s < 0
such that T~ (w,z) < t+s < TT(w,z) but t > TH(w,z) or s < T~ (w,x). Hence, we stick
to the original system, considering it within the boundaries of the killing time. To avoid
ambiguities, we will denote the whole system by (0, ®, T, T7).

First, we define invariant projectors for this setting:

Definition 6.5.1 (Invariant projector). Let (O, ®) be a linear cocycle with stopping times
T+, T~ as given in (6.5.1). An invariant projector P for (©,®,T",T~) is a measurable
function P : Q x E — R such that for all # € E and almost all w € Q

(i) Plw,z) = P(w,z)%,

(i) P(Oy(w,x))®(t,w,z) = ®(t,w,x)P(w,x) for all T~ (w,z) < t < T (w, ),
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(iii) the map (w,x) +— rk(P(w,x)) is measurable,
(iv) rk(P(w,x)) is constant.

We denote the null space and range of P by

(
(

W) €N X ExRY: Plw,x)v=0},

N(P) =
R W) €N x ExRY: P(w,r)w = v for some w € R} .

{(w, z
{(w, z
According to property (iv) in Definition 6.5.1, we can define the rank of an invariant

projector P by
rk P := dimR(P) := dim R(P(w,x)) for almost all w e Q,z € F,

and set
dim N(P) := dim N (P(w,x)) for almost all w e Q,z € F.

Property (iii) in Definition 6.5.1 can actually be derived from (i) and (ii) and in the
case without killing the same holds for (iv). In the case with killing, however, we loose
the essential argument of ergodicity to show that rk(P(w,z)) is constant almost surely.
We now give the following definition of an exponential dichotomy for the system with

absorption at the boundary:

Definition 6.5.2 (Exponential dichotomy). Let (0, ®) be a linear cocycle with stopping
times 77,7~ and let v € R and P, be an invariant projector for (©,®,7%,7~). Then
(0,0, T+, T7) is said to admit an exponential dichotomy with growth rate v, constants
a >0, K > 1 and projector P, if for all x € E and almost all w €

|®(t,w, 2) Py (w, z)|| < KO~ forall 0 <t < TH(w,z),
|®(t, w, 2)(Id — P, (w, 2))|| < KO forall 0 >t > T (w,z).

Similarly to before, one says that (©,®,7%,T~) admits an exponential dichotomy
with growth rate oo if there exists a v € R such that (0, ®, 7", T) admits an exponen-
tial dichotomy with growth rate v and projector P, = Id. Analogously, (©,®,7%,77)
admits an exponential dichotomy with growth rate —oo if there exists a v € R such that
(©,®,T",T) admits an exponential dichotomy with growth rate v and projector P, = 0.
We write R = RU {—00, 00}

Analogously to the classical case, we make the following observation:

Lemma 6.5.3. Suppose that (0, P, T, T) admits an exponential dichotomy with growth
rate v and projector P,. Then the following statements are satisfied:

(i) If P, = id almost surely, then (©,®, T+, T~) admits an exponential dichotomy with
growth rate ¢ and invariant projector P = id for all ¢ > ~.
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i1) If P, = 0 almost surely, then (©,®,T%,T~) admits an exponential dichotomy with
v
growth rate ¢ and invariant projector Pr = 0 for all ¢ < 7.

Proof. Immediate consequence of the definition. m

Finally, we define the dichotomy spectrum for this setting.

Definition 6.5.4 (Dichotomy spectrum). Consider (6, ®, 7", T7), derived from the lin-
ear cocycle (O, ®) with stopping times T, T~. Then its dichotomy spectrum is defined

Y:={yeR: (6,9, T, T") does not admit an exp. dichotomy with growth rate v} .

The corresponding resolvent set is defined by p := R\ .

In Theorem 6.5.8 we will characterise the dichotomy spectrum as a disjoint union of
at least one and at most d closed intervals. The proof uses a couple of Lemmas about the
resolvent set that are shown in the following, similarly to [21] and [80]. First, we show
that the ranks of invariant projectors are monotonically increasing with respect to the

growth rate.

Lemma 6.5.5. Consider the resolvent set p of (©,®, T, T~) and let y1,72 € pNR such
that 1 < 2. Choose invariant projectors P,, and P, for the corresponding exponential
dichotomies with growth rates v, and 2. Then we have 1k P,, <1k P,,. In particular, if
" = Ve, thentk P, =1k P,,.

Proof. Let K1 > 1 and Ky > 1,a5 > 0 be the corresponding constants for the expo-
nential dichotomies with v; and =, respectively. Let further ¢* be large enough such that
KyKiem " < 1, and for fixed z € F choose w from theset 0, = {w € Q : T (w,r) > t*}.
Now let v(w,z) € N(Py,(w,z)) N R(P,, (w,x)) and assume that v(w,z) # 0. We observe
that for all 0 < t* <t < T"(w, )

[o(w, 2)[| = [|D(=t, Orlw, ) P(t, w, ) (Id — Py, (w, 2) Ju(w, ) |
= [[®(=t, Ouw, 2))(Id = P, (0w, 2))) (L, w, z)v(w, 2) |
< Koem 0200 @(t w, 2)v(w, x)|| < Kyl e~02Fe2lient |y (w, )|
< KaKiem ! o(w, 2)|| < Jlv(w, 2)],

which is a contradiction. Hence,
N(Py,(w,2)) NR(P,, (w,x)) ={0} forall z€ E,weQ,.

Since (2, has positive probability and the dimensions of the ranges and null spaces of
invariant projectors are constant almost surely, we can deduce that

0= dim(R(P,) NN (P,,)) = tk P, + dmN(P,,) — dim(R(P,,) + N(P,,)
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This is used to observe that
tk P, =d—dimNP,, =1k P, +d—dim(RP,, + NP,,) >tk P,, .

which shows the first statement of the lemma. The second statement is an immediate

consequence. O
We proceed with showing that the resolvent set is open in R.

Lemma 6.5.6. Consider the resolvent set p of (©,®,TT,T~). Then for all v € pNR,
there is an ¢ > 0 such that B.(y) C p N'R, which means that p N R is an open set.
Furthermore, we have tk Pr = tk P, for all ( € B.(y) and every invariant projector
P, and P of the exponential dichotomies of (0,9, T, T~) with growth rates v and ¢,
respectively.

Proof. Let v € pNR and «a, K be the constants for the exponential dichotomy with growth

1

s and choose any ¢ € B.(7). Then for all

rate v and invariant projector P,. Set ¢ :=
x € F and almost all w € (2

1D (t, w, x)Py(w, z)|| < Kel€ 39 forall 0 <t < TH(w,z),
O(t,w,x)(Id =P, (w,z))|| < Ke(“%a)t, forall0 >t >T (w,x).
y

Hence, P, is an invariant projector for the exponential dichotomy with growth rate ¢ and
we have rk P, = rk P, for any other such invariant projector by Lemma 6.5.5. O]

The last ingredient for proving Theorem 6.5.8 is the following lemma.

Lemma 6.5.7. Consider the resolvent set p of (0,9, T, T7) and let y1,72 € pNR such
that v1 < 2. Then [y1,7] C p if and only if tk P, =1k P,,.

Proof. First assume that [y1,72] C p, and suppose for contradiction that rk P,, # rk P,,.
Choosing invariant projectors P, for exponential dichotomies with growth rates v €
(717 ’-)/2)7 we define

Co:=sup{C € [v1,72) : tk e #1k P, }.

However, according to Lemma 6.5.6 there is an € > 0 such that rk P, = 1k P, for all
¢ € B.((p), contradicting the definition of (y. Hence, we have shown the first implication.
Assume now that rk P,, = rk P,,. We have already seen in the proof of Lemma 6.5.5
that
N (P, (w,2)) N R(P,, (w,x)) ={0} forall z€ E, we,,

where Q, = {w € Q : TH(w,z) > t*} has positive probability. Adjusting for w with
T*(w,x) < t* by the constant K at the end of the proof, we may assume that the above
holds for almost all w € €2. In combination with rk P,, = rk P,,, this implies that we
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can construct an invariant projector P with N'(P) = N(P,,) and R(P) = R(P,,). This
means that for constants Ky, aq, Ko, as we have for all x € E and almost all w € 2

|®(t,w, z)P(w, z)|| < K=oVt forall 0 <t < TH(w,x),
|®(t, w, x)(Id —P(w, z))|| < K2t for all 0 >t > T (w, z).

Setting K := max{K;, Ky} and a := min{ay, as}, we obtain for all v € [v1,72] that for
all z € F and almost all w € Q2

|®(t,w, z)P(w, z)|| < Kel'™ forall 0 <t < TH(w, ),
|®(t,w, 2)(Id —P(w, z))|| < KO forall 0 >t > T (w,z).

This implies that [y1,72] C p. O

Analogously to the classical case [21, Theorem 3.4], we can now prove the following

statement. Clarifying the notation, we define for a € R
[—00,a] :== (—o0,a] U {—o0}, [a,o0]:=[a,00)U{o0},

and

[—00, —o0] i= {—00}, [o00,00]:= {0}, [-00,00]:=R.

Theorem 6.5.8 (Characterisation of the dichotomy spectrum). Consider the linear sys-
tem (©,®, T, T7) with dichotomy spectrum Y. Then there exists ann € {1,...,d} such
that

Y =[a1,b]U---Ulan, by

for some —co < ay <by <ay; <by<---<a, <b, <o0.

Proof. Since p N R is open according to Lemma 6.5.6, ¥ N R is the disjoint union of
closed intervals. Furthermore by Lemma 6.5.3, (—o0,b;] C ¥ implies [—00,b] C ¥ and
[a,,00) C ¥ implies [a,, 0o] C X.

The fact that 1 < n < d is a consequence of Lemma 6.5.7 which can now be derived
exactly as in the proof of [21, Theorem 3.4]. O

We will give an example of an explicit calculation of ¥ in Section 6.6.

In addition, we can prove the following version of [21, Theorem 4.5] adapted to the
problem of absorption at the boundary, relating the upper and lower limits of the finite-
time Lyapunov exponents to the boundary of the dichotomy spectrum. In the following

the essential supremum means that all x € F and almost all w € () are considered.

Theorem 6.5.9 (Supremum and infimum of the dichotomy spectrum). Let ¥ denote
the dichotomy spectrum of (©,®,TT,T~). As before, define the finite-time Lyapunov
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exponent for each (w,z) € Q x E and v € R%\ {0} by

[P, w, z)v

ol for 0<t<T(w,z),
v

1
Mo(t,w, ) = gln

Then

lim esssup  sup A, (t,w,z) =supX
E=00 {7+ (w,a) >t} veRH\ {0}

provided that sup X < oo and

lim essinf  inf A, (t,w,x) =1inf¥
t—00 {TF (w,z) >t} veRI\ {0}

provided that inf ¥ > —oo.

Proof. In the following, we simply denote T'(w, z) := T (w, z). By definition of A\, (¢, w, x)
we get for all t,s > 0

(t+s) esssup sup A(t+s,w, 1)
{T(w,z)>t+s} vERI\{0}

<t esssup sup A, (t,w,z)+ s esssup sup A (s,w,z).
{T(w,)>t} vERT\{0} (T(w,z)>s} vERI\{0}

This implies that the sequence (t €8S SUP 7,y 1) >} SUPwera\ {0} Ao (t; W, x)) is subadditive.
’ >0
Hence, we obtain

lim esssup sup A, (t,w,z)=limsup esssup sup A,(t,w,z).
100 7w, 2) >} vERI\ {0} 100 (T(w,z)>t} veR\ {0}

Provided sup < oo we show that

v :=limsup esssup sup A, (t,w,x) = sup.
t=00  (T(w,z)>t} veRIN\{0}

Since sup X < oo, there exists a K > 1 such that for almost all w € Q and all x € E,
v e R\ {0}
|®(t, w, z)v|| < KeSPE||v|| for all 0 <t < T(w,z). (6.5.2)

Assume for contradiction that v < sup X. From the definition of ~, this means that there
exists a to > 0 such that for almost all w € Q and all # € E with T(w,z) > t, and all
v e R\ {0}

1B (t,w, z)v|| < Ke2® D) |ly|| for all ty < t < T(w, z).

Hence, together with (6.5.2) we obtain for almost all w € Q and all x € E, v € R?\ {0}
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that
(¢, w, z)v|| < Kez® O3 |ly|| for all 0 < ¢ < T'(w,z),

where
K := max {1, Ke%)(s“pzﬂ)} .

By the definition of ¥, this implies that sup ¥ < %(7 + sup ) which is a contradiction.
Hence, we have established that v > sup .

Assume now that v > sup X which implies sup ¥ < co. Hence, by the definition of the
dichotomy spectrum, there exists a K > 1 such that for almost all w € Q and all z € F,

ve RN {0}
(¢, w, z)v|| < Kez"0s X |ly|| for all 0 < ¢ < T'(w,z) .

On the other hand, this yields

InK 1
)‘v(tawax) < HT + 5(/7 + sup E)

for all v € R\ {0} whenever t < T(w, z). Since BmE 5 0 ast — oo, we conclude that

v =limsup esssup sup A, (t,w,x) < =(y+supX),

=00 [T(w,x)>t} vER\{0}

N =

which is again a contradiction. This proves the equality.

The other claim follows analogously. O]

6.6 Bifurcations

In this section we are discussing the typical examples of pitchfork and Hopf bifurcation
in the setting with absorption at the boundary and apply the results from the previous

sections.

6.6.1 Pitchfork bifurcation of a killed process

Recall the toy example of the stochastic pitchfork bifurcation with drift f,, given by (6.0.1)
and additive noise. We consider the problem with absorption at the boundary on an
interval I = (—¢, ¢) and investigate the sign of the conditioned average Lyapunov exponent
as given in Proposition 6.2.5 and the dichotomy spectrum defined in Definition 6.5.4 as
indicators of bifurcations.

Recall that the generator of the associated Markov semigroup is given by

2
L= %amc + fozar-
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The crucial quantities we need to calculate are the largest non-zero eigenvalue A\ of £
and the corresponding eigenfunction v which is the unique solution to

£0 = ot vl = 9(0) =0, [vdn=1, (6.6.1)

where
p(dz) == exp (y(z)) dz

and

Determining the eigenfunction 1 enables us to calculate A from (6.2.7). The eigenvalue
Ao is exactly the exponential survival rate and —\y the exponential escape rate when
starting with the quasi-stationary distribution. Since determining ¢ and g lies beyond
analytical methods, we use the following finite difference scheme to attain a numerical
approximation.

We choose a grid of N + 1 points (zo,...,zy) on [—c¢,¢|, where 2y = —c,zy = ¢,
with distance h = 2¢/N and calculate the vector y = (o, - . ., yn) which approximates the
solution 9 of (6.6.1). Due to the boundary conditions we have yy = ¥(zg) = Y(zn) =
yn = 0. The central difference formula gives for alli =1,..., N — 1

V(ig1) — Y1)
2h

¢/(xl) = + O(h2) )

and
Y(Tiv1) — 2¢0(x:) + P(i1)
12

Hence, the vector § = (yi,...,yn—1), normalised to h SN " y2exp(y(z;)) = 1, is the

7

V(i) = +O(h?).

where for all 4,5 =1,...,N —1

Ay = %Dilj + me],
and
folz;) ifj=i+1 -2 ifj=
D} =< —folz;) ifj=i—1, Di=<1 ifj—il=1.
0 otherwise 0 otherwise

First of all, we use such a calculation to approximate the density of the quasi-stationary
distribution v and the density of the quasi-ergodic distribution m. According to Theo-

rem 6.1.9, dv is given by
1

v(de) = Ew(x) exp (y(z)) dz, (6.6.2)



CHAPTER 6. QUASI-STATIONARY DYNAMICS AND BIFURCATIONS 167

where Z > 0 is a normalisation constant, and dm reads as

m(dz) = ¢*(z) exp (y(z)) dz . (6.6.3)

In Fig. 6.1, we illustrate the quasi-stationary and quasi-ergodic density for fixeda =1 =0
and different values of ¢. As one would expect, the two distributions converge with
increasing c as, for ¢ = 0o, they are both equal to the stationary distribution of the process
on R. It is interesting to observe that this convergence happens very fast. Furthermore,
we can see the double-well potential is reflected more and more with increasing ¢. For
¢ = 1, it is obviously not present due to the boundary conditions, and for ¢ = 2, it is
only mirrored in the quasi-stationary density but not in the quasi-ergodic density. This
indicates that surviving trajectories still spend the same amount of time close to the
unstable equilibrium as they do close to the two stable ones. For ¢ = 3 and ¢ = 3.5 the
unstable equilibrium looses mass compared to the two stable ones but also the regions

close to the boundary get far less quasi-stationary and quasi-ergodic mass.

2 T 2
1.5 1.5
=) =
2 4 g
] 7]
(=] (=]
0.5 0.5
= Quasi-stationary density = Quasi-stationary density
=== Quasi-ergodic density == Quasi-ergodic density
0 . - - 0 - . .
-1 -0.5 0 0.5 1 -2 -1 0 1 2
X X
(a) c=1 (b) c=2
2 25
2
1.5
2 215
= =
c 1 c
] [
o [=
0.5 = Quasi-stationary density
0.5 === Quasi-ergodic density
= Quasi-stationary density
=== Quasi-ergodic density J
0 . - - . . 0 - .
-3 -2 -1 0 1 2 3 -4 -2 1] 2 4
X
(c)c=3 (d) c=3.5

Figure 6.1: We set « = 0 =1 and compute ¥ according to the above finite difference scheme with N = 100
grid points on [—c,c| for different values of c. Due to (6.6.2) and (6.6.3), this allows for approximations
of dm and dv as depicted in the four pictures. We observe that with increasing ¢ the double-well structure
becomes more apparent in both distributions which become closer and closer.



CHAPTER 6. QUASI-STATIONARY DYNAMICS AND BIFURCATIONS 168

We now turn to investigating how the described changes in the quasi-ergodic dis-
tribution influence the values of the conditioned average Lyapunov exponent A. Recall
from (6.2.7) that

t—o00

)\_hmE<( 2)| (-, >t /f m(dy) = /f (1)@ dy .

We approximate the Lyapunov exponent \ for different values of the parameters v and ¢
and observe changes of the sign of A. In Figure 6.2a, o = 1 is fixed and A is computed for
different values of the interval size determined by ¢. The change from positive to negative
A occurs for a ¢ > 1.5, hence, in a situation where both stable equilibria are present
with considerably large neighbourhoods. This means that the instabilities can still be
predominant in a scenario where the regions of stability are already comparably large,
and the transition from positive to negative A is not trivial by any means. We can give
Figure 6.2b the same interpretation, where we observe for fixed ¢ = 1 that A changes sign
from negative to positive at some a* < 0.5. Note that we understand positive A as an
indication of chaotic behaviour in the quasi-ergodic limit whereas negative \ implies local

synchronisation of surviving trajectories by Corollary 6.3.2.

(a) A as a function of ¢ (b) X as a function of a

Figure 6.2: In Figure 6.2a, we set « = o =1 and compute A = fl I ()2 (y)e” W) dy as a function of the
interval boundary size ¢ where ¢ is determined from a finite difference scheme with N = 100 as before.
Similarly, in Figure 6.2b, we set ¢ = o =1 and compute X as a function of the bifurcation parameter c.
The dashed red line demarcates the zero level in both pictures and helps to observe the change of sign of

A

Most importantly, observe that we have reached one of the goals pointed out in the In-
troduction. Whereas in the global stochastic problem the Lyapunov exponent is negative
for all parameter values and the deterministic bifurcation vanishes in terms of stability,
we have now established non-trivial situations with positive conditioned average Lya-
punov exponent A. Recall that A describes the typical stability behaviour of surviving
trajectories since it is the limit of all finite-time Lyapunov exponents by Theorem 6.2.8.
Summarising, we can capture the local bifurcation behaviour still present in the stochastic
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case by showing that A changes signs depending on bifurcation parameter v and interval
size c.

One could now argue that the cases of A > 0 are accompanied by very high escape
rates, i.e. —\g >> 0. First of all, this is not necessarily true if one finds the right tuning
of noise intensity o for certain «, ¢ such that A > 0. In Figure 6.3 we again fix ¢ = 1 and
depict A and )\ as functions of . For its approximation we have used the finite difference
scheme explained above with N = 100 grid points. We observe that even in parameter
regions of positive A, the escape, i.e. 1 —e*!, is moderate. Furthermore, the normal form
is only supposed to describe the local behaviour and ignores possible higher order terms.
As in Figures 1.6 and 1.7, the actual global formula for the drift could for example be
given by

folz) = az — 2* + %x5 :
In this case, we are naturally only interested in a bounded region confined by the outer
peaks of the potential since the trajectories that overcome the peaks explode. Hence,
considering only surviving trajectories and their dynamical behaviour is well justified

even if the escape rates might be high.

0.6
041
0.2}
=< =
T R T e —
0.2}
0.4 : : : : . : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(e} (a4
(a) A as a function of « (b) Mo as a function of «

Figure 6.3: We set ¢ = 1 and o = 0.5. In Figure 6.3a, we depict A as a function of the bifurcation
parameter o based on the same computation of the eigenfunction i as before. The dashed red line
demarcates the zero level, helping to spot the change of sign of \. The same finite difference scheme with
N =100 that approzimates 1 gives an estimate of the corresponding mazximal eigenvalue \g. Figure 6.3b
shows the survival rate of trajectories Ay depending on a.

Finally, recall from [21] that the dichotomy spectrum for the linearisation around the
random equilibrium of the random dynamical system ¢, induced by the pitchfork SDE on
R equals [—00, a. This mirrors a loss of hyperbolicity at & = 0. In our setting, there is no
random equilibrium in the classical sense, but we have defined the dichotomy spectrum
in Section 6.5 for the linear system (0, Dy,, Tt,T~) along almost all trajectories. Here,
O, denotes the skew product system without killing, Dy, the Jacobian of the original
random dynamical system o, and T, T~ the hitting times in forward and backward time.
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The following proposition determines the dichotomy spectrum of the stochastic pitchfork
problem for the setting with absorption at the boundary.

Proposition 6.6.1. For all o € R the dichotomy spectrum X, associated with the system
(Oa, Do, TT,T7) on I = (—c,c) satisfies

Yo = [a — 3¢, al.

Proof. In the following, we denote ®, := Dy, and T(w,z) := TF(w,z). Since f(z) =
a — 322, we clearly have

t
D (£, 0, 7)| = exp(/ o — 3 |puls,w, ) ds) (6.6.4)
0

forall z € I, w € Q and T~ (w,z) < t < T(w, ). Hence, we observe that
1D, (t,w, z)| < et forall 0 <t < T(w,z).
Furthermore, we have
1Dy (t,w,2)] > @3 forall 0 <t <T(w,z),

or equivalently
D, (t,w,z)| < @3 forall 0>t > T (w,x),

Hence, we can immediately infer that ¥, C [a — 3¢?, .
We turn to showing that [a — 3c?, a] C . Let v € [a — 3¢?, a] be arbitrary. Suppose
for contradiction that &, admits an exponential dichotomy with growth rate v with an

invariant projection P, and K,e > 0. We have to consider two cases:

(1) P, =id: this means that for all z € I and almost all w € Q
|D,(t,w, )| < Ke=9 for all 0 < t < T(w,:z:).

We fix t' > 0 such that e’ > K. Due to the nature of additive noise, one can deduce
analogously to the proof of Proposition 3.4.1 that there is a positive measure set A(0)
such that for all w € A(0) and s € [0,t'] we have p,(w,s,0) € B,z(0). We derive
from (6.6.4) that for w € A(0) ’

|(pa(t,w,0)’ Z et’(af‘%) Z Ke(,},fg)t/ .

This contradicts the assumption.
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(2) P, =0: in this case we have for all x € I and almost all w € Q
1 .
P, (t,w, )| > ?6(7+€)t for all 0 <t < T(w, z).

Together with (6.6.4), this implies that

In K o In K + (a —&—
+l—< | t= |g0a3wx|ds
3 3

where we have defined § = ¢+ v — a + 3¢ > 0.
Fix some ¢’ > #25 and take some z € (c — ,¢). Similarly to (1) and the proof of
Proposition 3.4.1, we can deduce that there is a positive measure set A such that for
allw € A and s € [0,t'] we have @, (w,s,2) € (c — £,c). Therefore, we obtain for all
weA

g 5 5 In K
/ |Pa(s,w,z)[>ds > (2 — )t > 2 — = o
; 1 3 3

This is a contradiction and finishes the proof.

]

We observe the same loss of hyperbolicity at a = 0 as in the situation without killing
at the boundary. In this sense the dichotomy spectrum still reflects the deterministic
bifurcation. As we have seen in Figures 6.2b and 6.3a, the change of sign of the Lyapunov
exponent \ appears at some o > 0. This indicates a new bifurcation scenario from locally

synchronising to chaotic behaviour.

6.6.2 Hopf bifurcation of a killed process

We turn to the problem of stochastic Hopf bifurcation on a bounded domain with absorp-
tion at the boundary. In the following, let E = Bgr(0) be an open ball of radius R around
the origin and consider, similarly to Chapter 3, the model

AZ, = f(Z)dt + odW,, Zy€ E, (6.6.5)

dw;
A2

f(Z):(g ;B)Z—(Jc2+y2)<z ;b>Z.

a — ay? — 3azx? — 2byr  —f — 2axy — ba? — 3by2>

where Z; = (zy,y,)T € B, W, = ( >, o > 0 constant, and the function f : R? — R?

is defined by

Further recall that

B — 2azxy + by? + 3bz? o — ax® — 3ay® + 2byx

Df(x,y) = (
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and denote the Jacobian of the random dynamical system ¢ by ® := D¢ which is the
solution of the variational equation

%@(t,w,aj) =Df(p(t,w,z)®(t,w,x), ®0,w,z)=1Id, forall 0<t<T(w ).
(6.6.6)

First of all, we want to use this model as an exemplification of Conjecture 6.2.9. For a

fixed time ¢ > 0, consider ®(¢,w, x) for all (w, x) such that ¢(s,w,z) € E forall0 < s <t

Let

0 < 09(P(t,w, ) < 01(P(t,w, x))

be the singular values of ®(¢,w,z), i.e. the eigenvalues of \/®*(t,w,z)®(t,w,r). We
investigate if there are o € R such that for all z € E we have

1 ~ o i .
JElnoy(®(t, - 2)|T( ) > 1] 2% ot foralll <i<2.

If o1 # 09, we can define a Lyapunov spectrum of average expansion rates of the surviving

assemble with

M=ot >0t =\,

We approximate the singular values of ®(¢,w, ) numerically using the integration nor-
malisation procedure as described in [83], based on the principle of exterior powers as
explained in Section 6.2. Starting from x € E, we pick M noise realisations and or-
thonormal vectors v?,v9 € R%. Choosing a time step size dt, we integrate equation 6.6.6
within a short time interval of length 7 to obtain the matrix ®,, for each noise realisation.
Thereby we take trajectories of ¢ from an integration of equation (6.6.5) until absorption
at the boundary. When a trajectory hits the boundary, we re-sample by choosing the new
position uniformly from the distribution of all M trajectories at the previous time step.

At time 7, we determine the vectors

wlw:~v vlw—w%(w)
o) = B 1) = @)
wi(w) = O, — (P09, vl (w))vl(w), vy (w) = HZEEZ;H '

We iterate this procedure K times to obtain wj(w) and w§(w) for all M w-trajectories

and 1 < k < K. For large k we have for the exterior product A2

k
1A%k, w, )| ~ [T lwi (@) [whw)]l,
i=1
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and hence

k k
lov(@(kr,w, )| = [ [ lwi (@)l lloa(@kr,w 2)| ~ ] ] lwh(@)ll-
i=1 =1

Therefore we can calculate

k k
Mw) = S ug@)l, M) = S fui@)]
=1 =1

and approximate A\; and As by
1 < 1 <
A =g 2N w), A= 17D M(w). (6.6.7)
j=1 j=1

We apply this procedure for different values of the bifurcation parameter o and radius of
domain R, setting b =0, 8 =1 and 0 = 1. We choose 7 = 1 and calculate A} and A for
k = 1000, ...,2000 according to the scheme described above. In Figures 6.4 and 6.5 we
fix one of the two parameters o and R and approximate the two exponents for different
values of the other parameter. Firstly, note that the pictures confirm the convergence
of the scheme and suggest the existence of \; and Ay as conjectured in Conjecture 6.2.9.
Secondly, observe a two-step transition of the two Lyapunov exponents from Ay < A; <0
to 0 < Ay < A1 with Ay < 0 < Aj in between. Again, this indicates a bifurcation of the
dynamical behaviour which does not appear in the global situation on R?. Recall from
Theorem 3.1.3 that A\; < 0 for all values of « if b = 0.

Exponential growth rates Exponential growth rates Exponential growth rates

=== First exponent = First exponent == First exponent
=——Second Exponent === Second Exponent 0.12 === Second Exponent

o
o
=3
=3
=2
®

I
o
o
4
g

e
o
S
e
o
R

b
o
12
o

e
>
=2

4
=3
o

e
>
R

exponential growth rates
o
S

exponential growth rates
exponential growth rates
=
=

0.1 -0.04 0.02
1000 1200 1400 1600 1800 2000 1000 1200 1400 1600 1800 2000 1000 1200 1400 1600 1800 2000
time time time

(a) a = 0.65 (b) a=0.725 (¢) a=0.8

Figure 6.4: Weset R=1,b=0 and o = 8 =1 and apply the integration normalisation scheme explained
above to calculate \¥ and N5 as defined in (6.6.7) for k = 1000, ...,2000 and different values of a. In
Figure 6.4a, we set o = 0.65 and observe \§ < \¥ < 0. For a = 0.725, Figure 6.4b displays \§ < 0 < \¥,
and in Figure 6.4c, we observe that 0 < A5 < \¥.



CHAPTER 6. QUASI-STATIONARY DYNAMICS AND BIFURCATIONS 174

014 Exponential growth rates 0.06 Exponential growth rates Exponential growth rates.

4
o
o

e
o
R

0.04
= First exponent
0.02 ====Second Exponent

0

4
=3
=3

E 041 =—=First exponent === First exponent
2o
= === Second Exponent == Second Exponent

e
o
®

=]
©
exponential growth rates

exponential
o o o
exponential growth rates
s

.08

.07 -0.02 -0.12
1000 1200 1400 1600 1800 2000 1000 1200 1400 1600 1800 2000 1000 1200 1400 1600 1800 2000
time time time

(a) R=1.1 (b) R=1.15 (c) R=12

Figure 6.5: We seta=1,b=0 and o = 8 =1 and apply the integration normalisation scheme explained
above to calculate \¥ and N as defined in (6.6.7) for k = 1000, ...,2000 and different values of the radius
of the domain R. In Figure 6.5a, we set R = 1.1 and observe 0 < \§ < \¥. For R = 1.15, Figure 6.5b
displays \§ < 0 < \¥, and in Figure 6.5¢, we observe that \§ < A} < 0.

Now, we include shear in our experiments. For this purpose, we could also approxi-
mate A from Proposition 6.2.3 by a finite difference method as in the previous section.
However, this would involve a three-dimensional scheme which is very costly compared
to the simulations above. In case \; exists in the sense of Conjecture 6.2.9, we expect to
have A\; = X as in the classical case. So we will confine ourselves to the simulations. We
now choose larger R such that the survival rate of trajectories \g is high, i.e. the escape
rate — )\ is low, and demonstrate the phenomenon of shear-induced chaos for this setting.
We proceed exactly as before, choosing o = 0 = 8 =1 and R = 5. We calculate \¥ and
AE for k = 2000 and different values of shear. In Figure 6.6 we observe a transition of
negative to positive first exponent close to b = 7. We also observe that A5 increases with
increasing b which is not the case in the situation without killing at the boundary of a

bounded domain. In more detail recall from Proposition 3.3.1 that

AL+ Ay =20 — 4a/ (2% + y*)p(x,y) dzdy < 0,
R2

where the stationary density p(x,y) does not depend on b. Hence, in this case Ay decreases
when b, and therefore A\, increases. In the situation with absorption at the boundary, the
value of b has an effect on the quasi-ergodic density m(dxz, dy) which is derived from the
eigenvalue problem for A\g with Dirichlet boundary conditions, as explained in Section 6.2.
It would be obviously interesting to investigate this phenomenon in more detail but this
is beyond the scope of this section. In Figure 6.6 we still have \f + A5 < 0, i.e. contraction
of two-dimensional volume, but this will change with increasing b similarly to Figures 6.4
and 6.5. However, the situation of volume contraction but one-dimensional expansion is
the one we have been interested in in Chapter 3 and, in particular, in Chapter 4. Hence,
the picture shows that the phenomenon can be reproduced in the scenario with killing
at the boundary. An important consequence is that we do not need large deviations of
noise, that explores the whole state space, in order to observe shear-induced chaos.
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Figure 6.6: We choose « =0 = =1,R =5 and apply the integration normalisation scheme explained
above to calculate \¥ and N5 as defined in (6.6.7) for k = 2000 and shear b € [6,8]. We observe a
transition of negative to positive \¥ close to b =7, indicating a bifurcation from synchronising to chaotic
behaviour. In addition, we note an increase of \§ with increasing b which implies a decrease in volume
contraction.

As mentioned before, we will have A\; = A, the conditioned average exponent, in case
A1 exists. Hence, we can apply Corollary 6.3.2 for the regions in parameter space that
imply A; < 0, given that we can trust the numerical simulations. For the shear intensities
that generate \; > 0, we can deduce chaotic behaviour for the surviving trajectories.

6.7 Discussion

We have integrated the problem of stochastic bifurcations into the context of processes
that are absorbed at the boundary. We have thereby been able to use the well-explored
concepts of quasi-stationary and quasi-ergodic distributions. The knowledge about quasi-
ergodic distributions in particular has enabled us to find a formula for the conditioned
average Lyapunov exponent A\ for stochastic differential equations and to prove conver-
gence of finite-time Lyapunov exponents to A in probability, conditioned on survival. We
have been able to show that negative A implies local synchronisation, also in the situation
with absorption at the boundary. It remains an open problem to show the existence of a
spectrum of 0 < p < d conditioned Lyapunov exponents in d dimensions.

Furthermore, we have shown the correspondence between quasi-stationary measures v
and the conditionally invariant probability measures IP X v for the one-sided skew product
flow on an open system. We have also conjectured a similar correspondence for quasi-
ergodic measures. It remains an open problem to investigate such a correspondence for
two-sided time, the intricacies of which we have explained.

In addition, we have defined the notion of dichotomy spectrum for the situation with
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killing at the boundary. We have characterised the dichotomy spectrum as a union of
disjoint closed intervals and shown its relation to finite-time Lyapunov exponents.

For the example of stochastic pitchfork bifurcation, we have determined the dichotomy
spectrum which reflects the deterministic bifurcation by a loss of hyperbolicity at a = 0.
Furthermore we have approximated the quasi-ergodic distribution for different parameter
regimes of the stochastic pitchfork problem, using a finite difference scheme. This allowed
us to demonstrate that A changes its sign from negative to positive at some a* > 0 on
a bounded interval of radius ¢ > a*, expressing the bifurcation phenomenon in terms
of the Lyapunov exponent as opposed to the problem on R. Similarly, we have shown
bifurcations in the context of stochastic Hopf bifurcation with killing at the boundary,
with and without shear. We have used a numerical scheme to compute A; and \g, for
whose existence we do not have an analytical proof yet.

As already indicated, the work presented in this chapter leaves open a couple of in-
teresting questions. Additional problems could also comprehend the definition of other
ergodic quantities, such as metric entropy, or investigating the relation to bounded noise,
in particular the Hopf bifurcation with bounded noise, as for example discussed in [20].
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Appendix

A.1 Multidimensional conversion formula from Stratonovich to

It6 integral
Counsider the Stratonovich SDE
dX, = F(t, X;)dt + G(t, X;) o dW;,

where F : R — R? is called the drift of the SDE, G : RY — R¥™ the diffusion of the
SDE and W, is an m-dimensional Wiener process. In accordance with [46], the equation
has the same solutions as the [to SDE

dXt - F(t, Xt>dt + G(t, Xt)th 5

where

d m
Fi(t, Xo) = Fi(t, X)) — 5 ) > Gil(t, X)) aG”“(t X)), i=1,...,d.

Jj=1 k=1 aX

L\DI)—t

A.2 The Fokker—Planck equation

Counsider the Ito SDE
dX; = F(t, Xy)dt + G(t, X;)dWy,

where F': R? — R? is called the drift of the SDE and G : R? — R¥™ the diffusion of the
SDE and W; is an m-dimensional Wiener process. The so called Fokker—Planck equation
describes the evolution of the density of the process (X;);>¢ under sufficient (classical or
Sobolev) regularity of the coefficients:

op(t,x) 19 1 92
o = 2 g P+ g 3 5 Dyt e 0],
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