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Abstract 

Target tracking is a well known state estimation problem which has a simple solution 

in the form of the Kalman filter under Gaussian and linear model assumptions. The 

challenge arises in problems where these assumptions are no longer valid. To tackle 

these cases, a variety of suboptimal moment-matching techniques, such as the extended 

Kalman filter, have been developed over the years. More recently, randomised sequential 

Monte Carlo techniques, generally referred to as particle filters, have shown how large 

numbers of sample simulations can be used to produce very accurate estimates (at the 

cost of significant computational requirements). 

This thesis focuses on the use of Gaussian mixture techniques for the solution of target 

tracking problems in which model nonlinearity arises in consequence of switching model 

parameters. Problems of this nature, encountered for example in manoeuvring target 

tracking or target classification, involve model structures well suited to Gaussian mixture 

approximations. These structures have been earlier exploited in deterministic algorithms 

such as pseudo-Bayesian and interacting multiple model techniques. Rao-Blackwellised 

particle filters, in which random selection is carried out only with respect to the system 

modes, also employ Gaussian mixture approximations. 

In this thesis, efficient mixture filters with features associated with both particle fil-

ters and deterministic algorithms will be discussed. These techniques provide a more 

accurate representation of the posterior distribution of the target, by permitting the 

complexity of the conditional distribution to expand and contract. This is carried out 

by means of efficient mixture reduction techniques, a discussion of which will tie in 

with clustering methods, normally used for data association. Furthermore, it will be 

shown how these algorithms can be directly extended to take into account of extra non-

linearities, such as multiple and/or nonlinear measurements, while still retaining their 

simplicity and their computational efficiency. 
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Chapter 1 

Introduction 

The field of target tracking and interception of incoming missiles is currently of great 

interest within the defence industry. The development of reliable and accurate systems 

to serve this task is strategically important to the military and great efforts are being 

made to improve current technology. Within this field, a major area of interest is the 

tracking phase, the problem of estimating a target's state given noisy radar measure-

ments, which is generally approached as a Bayesian problem. 

In its simplest form the target tracking problem can be solved optimally using the 

Kalman filter. For scenarios in which the target dynamics can be modelled using lin-

ear state-space models and for which the state and measurement noises are additive 

Gaussian processes, evaluation of the integrals constituting the exact Bayesian solutions 

is in fact possible. Unfortunately in most practical problems these assumptions are not 

valid, and suboptimal approximations need to be used. 

Tracking problems involving non-linear/non-Gaussian dynamics have traditionally been 

approached using moment-matching filters, techniques which are based on local or sta-

tistical linearisation of the system's dynamics, and which describe the conditional distri-

butions in terms of their first and second moments. The most commonly used of these 

techniques, the extended Kalman filter (EKF) [12], produces a local linearisation of the 

system equations by means of a Taylor series expansion around the prior estimate. In 

order to keep the complexity of the algorithm manageable, generally only the first or 

second order terms of the expansions are used. In view of the linearisation involved, this 
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algorithm is successful mainly when the nonlinearities in the problem are mild. 

Another popular moment-matching technique is the unscented Kalman filter (UKF) 

[42], a method which involves taking a number of deterministically chosen sample points 

from the prior distribution and propagating them through the nonlinearities of the sys-

tem. First and second moments are then matched to these transformed points to fit 

a Gaussian distribution to the posterior. This approach is generally accepted to be 

more accurate than the EKF, as the moments are matched up to 3rd order Taylor se-

ries expansion terms [70]. A number of other moment-matching approaches have been 

developed for specific types of problems, such as the pseudomeasurement filter [1] or the 

more recent shifted Rayleigh filter [24] for bearings-only tracking. 

More recently, a new class of density approximation filters, generally referred to as se-

quential Monte Carlo algorithms (or particle filters) ([28],[37]), has been introduced to 

attempt to approximate the posterior conditional density of the state by drawing suffi-

ciently numerous samples from it (a simulation-based approach known as Monte Carlo 

integration method). As it is not generally possible to sample directly from the poste-

rior distribution, sequential Monte Carlo methods make use of an importance sampling 

distribution, from which particles may be .easily drawn recursively. This approach is 

very simple to implement for nearly any type of system and is generally extremely ef-

fective as long as enough samples are used. These benefits however, come at a high 

computational cost, which is proportional to the number of particles being used. This 

nonetheless grants particle filters a degree of flexibility as the performance-to-cost ratio 

may be customised according to the user's requirements or hardware constraints. 

Multiple-model problems 

This thesis follows these general approaches, but focuses on a particular type of prob-

lem in which the nonlinearity is introduced by a switching parameter in the system's 

equations. For these problems a model of target motion generally referred to as jump 

Markov linear system is adopted that allows for the parameters in a set of state-space 

equations to change according to a hidden Markov process. This model can be used 
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for a variety of problems, such as manoeuvring target tracking or target classification 

problems, in which the main uncertainty concerns the behaviour or the nature of the 

target (respectively). 

The Bayesian solution to this type of multiple-model target tracking problem is compu-

tationally infeasible as it involves a summation over all possible 'mode-histories' of the 

target (a tree-like branching process), so suboptimal techniques are generally used. The 

two most popular approaches are the generalised pseudo-Bayes (GPB) algorithms [10] 

and sequential Monte Carlo techniques. The former attempt to approximate the opti-

mal Bayesian solution by combining those branches of the mode-history tree that share 

a common path for a given number of time steps in the past. The most widely used of 

these techniques is the interacting multiple model (IMM) algorithm [17], a second order 

pseudo-Bayes filter with the computational complexity of a first order one. For problems 

where the underlying dynamics are linear and Gaussian, and where each mode-history 

may be evaluated using the Kalman filter, the IMM can produce high quality estimates 

at a modest computational cost. 

The most popular alternatives to the pseudo-Bayes filters are sequential Monte Carlo 

methods. Given their high flexibility, these techniques can be applied to just about 

any type of problem, including the multiple-model one. For this type of application, 

their computational efficiency can be further increased by means of a technique known 

as Rao-Blackwellisation. Since the main uncertainty concerns the mode of the target, 

if the underlying dynamics are linear and Gaussian, sampling can in fact be limited 

to the conditional distribution of the mode process. Kalman filters are then be used 

to evaluate the state distribution of each particle. Filters of this type (also known as s 

mixture Kalman filters [22]) effectively approximate the optimal Bayesian solution using 

a scalable number of Gaussian components, and can be more computationally efficient 

than traditional particle filters. 

Sequential Gaussian mixture techniques 

An analysis of the performance of these approaches shows that there is room left for 
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Tracking A 	 Traddng A 
Error 	 Error x pseudo-Bayes algorithm 

— particle filter 
	 desired property of mixture filters 

"efficiency frontier" 

gap for 
,rnprovement 

improvement. GPB techniques can produce very good estimates, but are not compu-

tationally scalable. High-order GPB filters (i.e. 3rd  order or more) tend to offer little 

improvement over efficient 2nd order filters such as the IMM. On the other hand, particle 

filters (and their Rao-Blackwellised variants) allow a trade-off between estimate accu-

racy and computational costs. While with enough particles their estimates match the 

accuracy of least squares estimators, the curve they produce on a computational cost vs. 

estimation error chart, generally shows that they incur a considerable cost before they 

can outperform the IMM. 

The first plot in Figure 1.1 shows a schematic version of such chart (based on the 

results found in this thesis), where a dotted orange line, which we refer to as 'efficiency 

frontier', shows the best possible estimates which can be achieved for a given computa-

tional input. As illustrated, for quite a large range of computational values (which we 

label as tap from improvement'), the most accurate estimates are still provided by the 

IMM. This clearly leaves room for improved scalable techniques which can outperform 

pseudo-Bayes methods at a lower computational cost than particle filters, thus reducing 

(or ideally eliminating) the 'gap from improvement'. This is illustrated in the second 

plot of Figure 1.1. 

Computational cost (log scale) 	 Computational cost (log scale) 

Figure 1.1: Improving the 'efficiency frontier' using mixture filters. 

This thesis aims to investigate and expand on sequential Gaussian mixture techniques (or 

mixture filters) that can help improve computational efficiency precisely in this manner. 

These methods — like pseudo-Bayes filters — employ a Gaussian mixture approximation 

to the conditional distribution, but — like sequential Monte Carlo methods — allow full 
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flexibility in the choice of its complexity. Unlike Rao-Blackwellised particle filters, mix-

ture filters evaluate the posterior distribution exactly (for a given prior) and control the 

number of mixture components via efficient mixture reduction methods. This recursive 

expansion and contraction in the complexity of the conditional distribution allows for 

high quality estimates at a lower cost than particle filters. 

The key to achieving this performance relies on the use of efficient mixture reduction 

techniques. While mixture filters that evaluate the exact posterior distribution at each 

iteration have been proposed before ([69],[33]), the mixture reduction techniques used 

have, for the most part, been limited to a simple component selection on the basis of the 

distribution of the weights of the constituent densities. These 'weight-based' algorithms 

are computationally efficient and can be designed to satisfy local optimality conditions 

[33], but fail to take account of the spatial configuration of the individual mixture com-

ponents. 

One of the main contributions of this thesis is the adaptation of these mixture filters 

for use with a class of 'distribution-based' mixture reduction techniques ([62]-[73]), nor-

mally used for data association. These techniques are based on an analysis of the spa-

tial configuration of the mixture components of the posterior distribution and promise 

greater accuracy in their approximations. A joint analysis of both weight-based and 

distribution-based reduction schemes is carried out to test both types of algorithm in 

both a multiple-model and a data association context. A new 'hybrid' method is also 

proposed to combine the advantages of both techniques. It is shown how these algo-

rithms can help mixture filters to significantly reduce the 'gap' in performance between 

generalised pseudo-Bayes algorithms and particle filters. 

Furthermore, we also modify the iteration of the mixture filter to allow for the use 

of the very latest measurement in the mixture reduction process. This leads to the 

development of a class of look-ahead mixture filters which, combined with the new re-

duction methods, can further increase computational efficiency. Improvements are most 

in evidence for scenarios involving intensive manoeuvring. 
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Extensions 

The final chapters of this thesis show how the simple structure of these sequential 

Gaussian mixture techniques allows for their adaptation to more advanced types of 

problems featuring additional non-linearities. 

A natural extension is the development of a multiple measurement mixture filter to 

deal with problems involving a manoeuvring target in clutter. This is effectively the 

combination of the multiple-model and data association problems and is an ideal testing 

ground for the various mixture reduction techniques. We also show how this method 

can outperform other popular approaches to this type of problem. 

Finally, mixture filters are applied to the problem of tracking a manoeuvring target given 

bearings-only measurements. Here, the underlying system dynamics are nonlinear/non-

Gaussian and moment-matching techniques need to be used instead of the Kalman filter 

to generate the Gaussian components of the mixture. The shifted Rayleigh filter is 

adapted to this task and a shifted Rayleigh mixture filter [23], which outperforms parti-

cle filters (and a related algorithm based on the unscented Kalman filter) is developed. 
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Chapter 2 

Target Tracking Background 

2.1 Traditional filtering approaches 

This section provides a review of target tracking methods and outlines a number of opti-

mal and suboptimal Bayesian filters. In Section 2.1.1 the general problem is formulated 

and the Bayesian solution outlined. Section 2.1.2 shows how the Kalman filter provides 

this exact solution for linear systems with additive Gaussian noise, while Sections 2.1.3 

and 2.1.4 show how suboptimal approximations, namely the extended and the unscented 

Kalman filters, may be obtained for problems where these assumptions do not hold. 

This section intends to cover the most well established filtering techniques and those 

most relevant to the work presented in this thesis. For a more general review of the 

target tracking field, including some of the latest developments, the reader can refer to 

[15] or [39]. 

2.1.1 Discrete-time dynamic models and the Bayesian approach 

Target tracking involves the estimation of the dynamic state of a target given discrete-

time noisy observations. In the Bayesian approach, the system is usually modelled using 

discrete-time state-space equations of the form: 

xt  = f(xt—i, ul, v1), 	 (2.1.1) 

y t  = h(xt , u In , iitn) , 	 (2.1.2) 
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(2.1.5) 

(2.1.6) 

where, xt  and yt  are the state and measurement vectors at time t, z4 and ur are exoge-

nous state and measurement input vectors, and vf and v'tn are independently distributed 

system and measurement noise processes. The presence of noise implies that the state 

and the observations sequences are themselves discrete-time stochastic processes, and 

that a probabilistic analysis is required to estimate the state. 

The aim of Bayesian state estimation is the recursive evaluation of p(xo.t 1 v ) the 

posterior conditional distribution (or probability density function (pdf)) of the state 

given the set of all observations available up to time t assuming knowledge of the initial 

pdf of the state p(xo). Consider the predicted pdf of the state up until time t, based on 

measurement information up until t - 1. This can be written as: 

P(xo:t1 Y i:t -1) = P(xt1 xo:t-1, Yi:t-i)P(xo:t-illii:t-i.) • 	(2.1.3) 

As the state is generally assumed to be a first order Markov process, xt_1  incorporates 

all the relevant statistics and information of the state from time 0 to time t - 1. Eqn. 

(2.1.3) therefore simplifies to: 

P(XO:t I 	= P(Xtl Xt-1)P(X0:t-11Y1:t-1) • 	 (2.1.4) 

This is a state prediction which needs to be updated using measurement yt  in order to 

produce the posterior conditional distribution. This is done by applying Bayes rule to 

p(xo:tlYi:t) = P(xo:tiYt, 	= 
P(YtiY].:t-1) 

Axtixt-i)P(Ytixo:t, Yi:t-i)  

This can be simplified once again by using the Markov properties of the state: 

P(xo:t1 i:t) = 

\P(xtixt—i)10(Yt 

I 
ixt,

Y1:t-1 	
Y i:t —1)  p(xo:t-1I -1.1 

) 
Xt-1)P(Yti 

= AXO:t-11Y1:t-11
P(Xt

PI l I i YtlY1:t-1) Xt)  • 

P(xo:tl Yi:t—i.)P(Yt I xo:t, Yi:t—i)  

= P(x01-11Yi:t—i.) 
P(Yti Yi:t-i) 

P(xtixt—i)P(Ytixo:t, Yi:t—i)  

This formula can be used to evaluate the posterior pdf recursively given each new mea-

surement. It is generally of more interest to evaluate the marginal or (filtering) posterior 
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conditional distribution of the state, p(x t  I y i ,t ), which can be similarly evaluated by using 

the prediction and update steps just discussed. In this case: 

Prediction: 

P(xtiYi:t-i) = f P(xtixo:t-i, Yi:t-i)dxo:t-i 

= P(xtixt-OP(xt-i f 	 I Yi:t-i )dxt_i • 

Update: 

\ = P(XtlYH-01)(YtiXt)  
P( XtlY11) 	 I 	 \ 

P(ytlY1:t-1) 

(2.1.10) 

(2.1.11) 

(2.1.12) 

It should be noted that the prediction component p(xt lxt_i) can be calculated using 

the state equation (2.1.1) and the state noise process 14 (assumed to be of known 

statistics). Furthermore, the denominator in (2.1.12) is a normalising term given by 

f P(xtiYi:t-i)P(Ytixt )dxt. Here, P(Ytixt)  is known as the likelihood of the measurement 

and can be evaluated by means of the observation equation (2.1.2) and the measurement 

noise process of known statistics, tit". 

Once this posterior pdf is constructed, it is then possible to obtain a minimum mean-

squared error (MMSE) estimate of the state. This is .E[xt lu1:t],  the conditional expec-

tation of x t  given measurements y i:t , which is given by: 

Eixt I Yi:t1 = f xtP(xtilli:t)dx 	 (2.1.13) 

Unfortunately, this exact evaluation is not usually possible due to the intractability of 

the integrals involved. The main exception is the special case in which the state-space 

equations are linear and the state and measurement processes Gaussian. In this case the 

Kalman filter is the optimal Bayesian estimator. 

2.1.2 The Kalman filter 

The Kalman filter, first introduced by R. E. Kalman [44] in 1960, is a Bayesian esti-

mator which provides an optimal solution to the state estimation problem under strict 

conditions on the state and measurement processes. 

The fundamental requirement for the system state process, xt , is that its dynamics 
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should be governed by known linear system equations driven by a known exogenous in-

put, u:, and an additive zero-mean Gaussian noise process, vt , with known covariance, 

The initial state is assumed to be unknown and is modelled as a Gaussian random 

variable with a known mean, "Xi), and a covariance, Po. 

The observable measurement process, yt, should also be a known linear function of 

the state, which should be driven by a known exogenous measurement input ur and 

by an additive zero-mean Gaussian noise process, z tn, with known covariance, Qr. The 

noise processes and the initial estimates are all assumed to be mutually uncorrelated. 

The system just described is a special case of the set of nonlinear equations describing 

the state and observation processes introduced in (2.1.1)-(2.1.2). It can be summarised 

as: 

xt = 	 + (Q1)1/214  

(Q172 )1/214rt yt  = Ht xt  

where: 

xt  ti  R-dimensional state process vector, 

y t 	L-dimensional measurement process vector, 

vt — N(0, Imo), R-dimensional state noise process vector, 

Aro, 	L-dimensional measurement noise process vector, 

and where: 

(2.1.14) 

(2.1.15) 

Ft 	R x R system matrix, 

Qt 	R x R state noise covariance matrix, 

Ht  e‘,  L x R measurement matrix, 

Qt ti  L x L measurement covariance matrix, 

ut 	R dimensional exogenous state input vector, 

ur 	L dimensional exogenous measurement input vector. 

In the following subsections, we derive and explain the Kalman filter equations following 

the presentation of Bar-Shalom and Li [10], and we then prove how the filter minimises 
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the estimation variance. More detailed reviews of the filter can be found in Sorenson 

[66], Jazwinski [40], Maybeck [52] and Anderson and Moore [5]. 

a) The structure of the Kalman filter 

Being a recursive Bayesian estimator of the form (2.1.10)-(2.1.12), the Kalman filter 

involves a prediction and an update stage. These steps can be summarised in a few 

key equations that, for a given prior pdf, evaluate the first and second moments of the 

posterior conditional distribution. We now derive these equations following the approach 

of [10]. 

The prediction stage 

The first step of the Kalman filter is the evaluation of "Xt it_ i , the predicted state estimate 

at time t based on "Xt_ilt-1 	Yi:t—ii, the prior updated state estimate at time 

t — 1. Using (2.1.14), and noting that the system noise is white and zero-mean, this 

prediction can be written as: 

= E[xtlYi,t-i] 

= Ftth 	+ 1•11 • 	 (2.1.16) 

The state prediction error (which is required to calculate the state prediction covariance) 

is then: 

= X t X tlt-1 

= (FtXt-1 114 
( Q 

t)

1/211
n — (Ft 	+ 14) 

= Ft(Xt_i -  -t-lit-1) + 	( C4)11214 111 

= Ft ... t-11t-1. 	Q1)1124 , 

(2.1.17) 

(2.1.18) 

where "Xt—lit-1 = xt—i — 	is the estimation error associated with the prior esti- 

mate. Bearing in mind that the prior estimate at t — 1 is uncorrelated with the system 

noise at t, and that vl - N(0, im,R ), it is now possible to evaluate the state prediction 

covariance, Pt i t _ i , as follows: 

= 

= F t  EPt—lit—i0t—lit—iir 	+ EMCM112vn((Q1)112vI) r ] 

+ Qt  , 	 (2.1.19) 
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where Pt_i it_i  is the covariance of the prior estimate. The Kalman filter next uses the 

measurement equation to generate the measurement prediction, tlt--1, and the measure-

ment prediction covariance, St , (also known as the innovation covariance) by means of 

the measurement prediction error (or innovation), -y t: 

= E[Yt I 	= Ht 	+ tetn 
	

(2.1.20) 

t = Yt 
	 (2.1.21) 

= Ht(xt - tit-1) + 	+ Vtn)1124 - tiqn 

= Ht - tit-1+(Qrtn)1124, 	 (2.1.22) 

St = E[(Yt — tit-i)(Yt — 9tit-i)T lYi:t-1] 

= Ht  ErY 	t)T  1Y 	EK(Q1-ty. /2 vr )((qtn )112 vT)T ]  

= H tP 	Q. • 	 (2.1.23) 

Up to this stage, we have only used the statistics of the measurement y t , not its actual 

value. 

The update stage 

Having completed the prediction stage, the Kalman filter is now ready to update its 

predictions in the light of yt , which is now assumed to be available. The first step of the 

update stage is the evaluation of the innovation vector 9t, given by (2.1.21). Secondly, 

the Kalman filter calculates a matrix known as Kalman gain, Kt , which is used to scale 

the innovation when the state prediction is later adjusted. K t  is calculated as: 

Kt = 	11t -r  St-1  • 
	 (2.1.24) 

As shown in Theorem 2.1.1 below, this choice of Kt  minimises the error variance of the 

updated estimates. 

Finally, having calculated the innovation and the Kalman gain, the filter updates the 

state prediction and its covariance. The resulting updated state estimate, " t it , and up- 

24 



dated state covariance, Pt i t , are calculated as follows: 

:tit = 	Ktilt 	 (2.1.25) 

P = P 	Kt H t P - 	• (2.1.26) 

b) The Kalman Filter as the linear MMSE estimator 

The theorem presented in this section (largely based on [40] and [67]) asserts that the 

Kalman Filter is the linear minimum mean square error (MMSE) estimator under the 

Gaussian assumption for the prior distribution and the additive noise processes. Note 

that, for simplicity of notation, variables which are conditioned on the same time frame 

no longer show their conditioning (ex. " t i t  is now simply ' t ). Also the system transition 

matrices and noise covariance matrices are assumed to be time-invariant (except where 

otherwise stated) and the time index is dropped (for example, Ft = F, and (4= Q8 ). 

Theorem 2.1.1 For the linear Gaussian state-space model of (2.1.14)-(2.1.15): 

xt  = Fxt _ 4_ 14 + (4/2 1,1 	 (2.1.27) 

yt  Hxt utrn Qir.zytn 	 (2.1.28) 

the MMSE estimate, it , and the error covariance matrix, Pt , under the assumption 

that ( Pt-1) are given by: 

xt = 41t-1+ Kt (Yt 	 (2.1.29) 

Pt  = (I— KtII)Ptit—i • 	 (2.1.30) 

Here Kt  = 	T is the Kalman gain, and clt-1,  Pt1t-1, 	and St  are 

calculated using Eqns. (2.1.16), (2.1.19), (2.1.20) and (2.1.23) respectively. 

Proof. Let the estimation error at time t be given by 

xt — .tht • 

Then, if tr[.] defines the trace of a matrix, the mean square error, et, can be written as: 

Et = tr [ErXti7:11/1:ti] 

= tr [ERxt — X't)(xt — Xt)T lYi:ti] = tr[Pt] • 	(2.1.31) 
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From (2.1.29), we assume that "xt  is given by: 

	

tht = 	+ Kt (Y t - /tpt-1) 

	

= 	tit-2 K t (H x t  + uTtn (4.1,2  vrtn - (F t _i + 24) - let) 

tlt-2 K t (H x t  + (41, 2vIn  - X‘tit-1) • 

Therefore the error covariance matrix can be re-written as: 

Pt = 

= .E[(x t  - 	- K t(H xt + Q( 2v'tn  - Xt1t-1)) 

(xt - 	- K t(-1  xt + Qm2vt 	I itit-2))T lY 

= 	- K tH)(xt 	tit-1) - K tQ 121/tn ) 

((I 	K tH)(xt - tit-1) - K tQU 2vr)T IY a • 

(2.1.32) 

(2.1.33) 

(2.1.34) 

Since the prediction error (x t  - thtit-1) 
1/2 m  Qm  vt  , the covariance simplifies to: 

is uncorrelated with the measurement noise 

Pt = - K tH)E[(xt - 	- tit-i)TlYi:t1(1  - K t H)T  

+ K tE[(Qd2v itn )(QTirtn )T JKT . 	 (2.1.35) 

Finally, as v'tn N.(0, I): 

P t  = (I - K t H)P t i t _ i (I - KtH)T  + K t QThala 	(2.1.36) 

The desired value of Kt  is the one which minimises the mean square error, and for which: 

dE t 	dtr[Pt]  
dK t 	dKt = 0.  

As the trace of a matrix is equal to the trace of its transpose, this can be written as: 

dtr[Pt] d(trIP L- tit-ii - 2tr[KtHPt1 t_ i ] + tr[KtHPt i t_IHTIal + tr[Kt  QinKn) 
dK t 	 dK t  

= -2(HPtit-1) + 2Kt(HPtit-1 HT  + Qm ) = 0 . 	 (2.1.37) 

Noting that (HPt i t _ i  HT  + gin ) is the measurement prediction covariance St , the value 

of Kt  which minimises the error variance is exactly the Kalman gain: 

Kt = P 	H T  (I P tit-21IT  + Qrn)-1 
	

(2.1.38) 

= Ptit-i HT  St l  • 	 (2.1.39) 
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Figure 2.1: The structure of the Kalman filter. 

c) Summary of the Kalman filter equations 

The Kalman Filter is now concisely summarised for future reference (its structure is also 

illustrated in Figure 2.1). 

PREDICTION STAGE: 

= 

= PPt-iFT  + 

= 	+ urtri  

(*) 

(2.1.40) 

(2.1.41) 

(2.1.42) 

St = (*) (2.1.43) 

UPDATE STAGE: 

yt = Yt 	Ytit—i (2.1.44) 

Kt  = Ptit-i HT  3t  1  (*) (2.1.45) 

xt = 	+ K (2.1.46) 

Pt = Ptit-i — K tl P tjt-1 (*) (2.1.47) 

Equations marked by an asterisk can be pre-computed offline. 
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2.1.3 The extended Kalman filter 

The extended Kalman filter (EKF) is a popular extension of the Kalman filter which 

enables it to cope with general non-linear state-space models of the form: 

xt = f (xt_i, 14) + QY 21/1 , 	 (2.1.48) 

Yt = h(xt )+ (41,2v(i)  . 	 (2.1.49) 

The key principle of the EKF, as outlined by Bar-Shalom et al. [12], consists in calcu-

lating state and measurement predictions (and their covariances) using locally linearised 

versions of these equations. The approach makes use of a Taylor series expansion around 

the latest estimate, 	in which only the first or the first and second order terms are 

used (this leads to first- or second-order EKF respectively). This linearisation involves 

the calculation of the Jacobians (and of the Hessians for the second-order EKF) of the 

state and measurement equations. Besides increasing the complexity of the algorithm, 

this has also the effect that the covariance computations are now coupled with state 

estimation and must be performed online. 

More serious limitations of the EKF can however arise because of the use of the Taylor se-

ries expansions as an approximation to the nonlinear equation. According to Bar-Shalom 

et al. [12], the fact that higher-order terms are neglected can give rise to unmodelled er-

rors which violate the filter's assumptions and, accumulating over time, cause the filter's 

actual mean square errors to diverge from the filter's computed variances. The EKF 

is, generally speaking, an effective algorithm only in relatively benign scenarios without 

the presence of severe nonlinearities and high-intensity noise, and in which the initial 

estimates are reasonably accurate. 

A wide variety of approaches have been proposed to compensate for these limitations. 

The use of second order terms is generally preferable to the more popular first order 

filter, but even this extra complexity may not guarantee the suppression of the unmod-

elled errors. In [34], Fitzgerald also suggests the use of an artificial increase in the state 

and measurement noise covariances Q, and Qm . 

A more refined (if more computationally demanding) approach is known as the iter- 
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ated extended Kalman filter (see Blackman [15], Jazwinski [40] or Kerr [47]), in which 

the Taylor approximations are adjusted iteratively. 

For specific nonlinear problems such as bearings-only tracking, algorithms have also 

been proposed in which banks of EKFs are run in parallel with different initial config-

urations, in order to reduce the estimation error. These algorithms, referred to as the 

range-parameterised EKFs [57], are further discussed in Section 5.1. 

a) The structure of the extended Kalman filter 

A derivation of the first order EKF and an outline of the algorithm are now presented 

following Bar-Shalom et al. [12]. More detail on the EKF (including derivations for 

the second order filter) can be found in [12]; alternatively the reader may also refer to 

filtering books such as Jazwinski [40] or Anderson & Moore [5]. 

Prediction Stage 

The EKF generates state predictions by locally linearising the system equations about 

the prior estimate Xt-i = 	 and covariance Pt-i. =  

(where -X = xt_i — Xt_i is the prior estimation error). This is done by calculating the 

Taylor series expansion of the state equation of (2.1.48) up to the first-order term (for 

simplicity we here omit uf): 

x t  = f (mot-i) f x • (xt-i — Xt-i) + H.O.T. C11/ 24. 	(2.1.50) 

Here H.O.T represents higher-order terms of the expansion (which are neglected in the 

first-order EKF and will henceforth be ignored) and where 

f (x)  
f x 

	

	 (2.1.51) ax 

is the Jacobian of f (x) evaluated at x = Xt_i (the prior state estimate). Taking con-

ditional expectations with respect to yi:t_i  across (2.1.50) and ignoring higher order 

terms, we arrive at: 

tit -1 = E[xt 1 1:t -1] 

= 	 (2.1.52) 

x=it-1 
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The predicted state covariance can be similarly derived. Let the prediction error be 

= xt  — Xt it_ i . Using (2.1.50) and (2.1.52) this can be rewritten as: 

f 	+ f . • (xt-i - it-i) + 	- f (xt-i) 
f 	- xt _i) 	!/2 vt, = f 	Q 81/2,1.  Q  (2.1.53) 

As the prediction error and the system noise are not correlated, the predicted state 

covariance is given by: 

= E[(x" tit-i)(x tit-1)T  1Y 
= 	 Q y2 „Dv 	+ (412 ,nT 

= f .Pt-lf Tx + Qs • 
	 (2.1.54) 

The same procedure is then applied to generate the measurement prediction and its 

covariance. These can therefore be written as: 

tit 	= EEY 

= h(x. tit-1) 
	

(2.1.55) 

and 

St  = ERYt - Dtit-i)(Yt - 

	

= hxPtit-i hT + Qm  , 	 (2.1.56) 

where 

  

 

hx =ah(x) 
ax (2.1.57) 

   

Update Stage 

The update stage of the extended Kalman filter is identical to that of the linear Kalman 

Filter presented in Section 2.1.2, where linear matrices H and F are now replaced by 

the Jacobians, f x  and hx , of the nonlinear state and measurement functions. 
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b) Summary of the extended Kalman filter equations 

The extended Kalman filter equations are now concisely summarised for future reference. 

PREDICTION STAGE: 

tjt-i = f (t-1,14) (2.1.58) 

Ptit-i = f .Pt -If 1 + Qs (2.1.59)  

tlt-1 = h(±.  tit-11 24n ) (2.1.60) 

St  = hxPtit-iitTx + Q,,, (2.1.61) 

UPDATE STAGE: 

Pt = lit - Dtit-i (2.1.62) 

K t  = Ptit-ihTx.911  (2.1.63) 

±'t = 	tit-1 + KtPt (2.1.64) 

Pt = Ptit- -  KthxPtIt-i i. (2.1.65) 

where: 

8 f(x) 
1 

x=i't-1 
(2.1.66) f . 	= Ox 

ah(x) hx  = 
x=t1t—i 

(2.1.67) ax 

c) The iterated extended Kalman filter 

The iterated extended Kalman filter (IEKF) is a refinement to the standard first-order 

EKF algorithm just presented, which is better suited to dealing with difficult problems 

involving highly nonlinear measurement equations for which the EKF might diverge. In 

the IEKF, the EKF update equations (2.1.64) and (2.1.65) are replaced by an iteration 

of the form: 

= th lt , 	 (2.1.68) 

Pt  = Ptit-i - K i 	1P t hx (l ,- tit-i , (2.1.69) 
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where, for i = 0,1, ... , / — 1: 

t+1 	o xt 	= xtit—i K t yt 	 (2.1.70)  

	

Pit = lit 	h(thit1t-1,  ur) 	lis(jOtt)it—i 	 (2.1.71) 

Kit  = Ptit—ihx(i)(hx(i)Ptit-1(hx(i))T 	Qm), 	 (2.1.72) 
hx(i) — 8h(x)  

(2.1.73) ax 

±(t)t-1 = f 	un • 	 (2.1.74) 

This iteration is normally repeated until the state estimates no longer change, or alter-

natively l can be chosen arbitrarily. According to Wishner et al. [74], a single-stage 

iteration is often sufficient to significantly improve the error and to outperform both 

first-order and second-order EKFs. Note that, for linear Gaussian problems, the itera-

tions in each step of this algorithm generate the original estimate and error covariance. 

However the iterations can improve the estimate in other cases. 

2.1.4 The unscented Kalman filter 

The unscented Kalman filter (UKF), first proposed by Julier and Uhlmann [42]443], is 

an alternative filter for the state estimation of nonlinear/non-Gaussian systems of the 

form (2.1.48)-(2.1.49), which matches the first and second order moments of the estimate 

to those of the true distribution. This is done by a deterministic sampling approach in 

which a number of sample points (normally referred to as a-points) are carefully se-

lected and weighted so as to provide a discrete approximation to p(xt_ilYi:t—i.). As 
these a-points are then passed through the nonlinear dynamics of the systems, they are 

transformed so as to reflect the posterior mean and covariance up to the 3rd order Taylor 

series expansion [70]. A Gaussian distribution is then fitted to these points, to match 

the first and second order moments of the posterior distribution. 

Julier and Uhlmann [41],[42],[43] and Wan and Van der Merwe [70] have shown how 

the UKF generally outperforms the EKF while retaining similar computational com-

plexity. 
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Figure 2.2: The u-points used by the unscented Kalman filter. 

a) The structure of the unscented Kalman filter 

In this section, the unscented Kalman filter algorithm is presented and explained for 

nonlinear equations of the form (2.1.48)-(2.1.49). For variations of the algorithm apply-

ing to different combinations of linear/nonlinear state and measurement equations we 

refer to [51]. 

The first step in the UKF recursion is the deterministic generation of the u-points (xt_ i ) 

which are to be propagated through the nonlinear dynamics. As shown in Figure 2.2 

(for R = 2), these are normally placed in the middle and at the centre of the faces of 

an R-dimensional hypercube. Here R, is the dimension of the state space. Hence the 

number of u-points used is 2R + 1. Alternatives have been proposed in which these 

points are placed at the corners of a hypercube or at the corners of a simplex [51]. 

For the more traditional form of the algorithm, the initial position of the u-points is 

obtained using the following equations: 

= 	 (2.1.75) 

X2t-1 = t-1 (OR + A)Pt-1) 
th  COL 	

(2.1.76) 

for i = 1,...,R, 

Xit—t 	— (V(R+ A)Pt--1) (2.1.77) 
col. 

for i = R 	1,...,2R, 
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where (OR A)Pt—i) 	refers to the ith-column of the (matrix) square root of 
ith  Col. 

(R 	A)Pt_i. A is a design parameter which allows the filter to be adjusted heuristically 

in order to reflect higher order moments. For Gaussian distributions, Julier and Uhlmann 

[43] recommend a choice of A R = 3. The weighting of the a-points is also determined 

by A, and is normally given by: 

wo = AAR + A) , 

gni = 1/(R -1- A) 
	

for i = 1, 	, 2R . 

Wan and Van der Merwe [70] suggest a slightly different weighting for the covariance 

calculations of the central component (4_1) in order to further refine the accuracy of 

third and higher moments. 

Once the points are generated, they are propagated and updated using techniques rem- 

iniscent of the Kalman filter. Firstly the state prediction 	and covariance Pt i t_i  

are calculated about the predictions generated by the a-points: 

Xljt-1 = f(XLIun 
2R 

tit-1 = E wixiti t_i , 
i=0 
[2R 

Ptit-1 = E wi (x 	i. t i t_ — thtit_i) (xit I t_i. — ±' tit-1) T  + Qs • 
i=0 

Similar equations are then used to calculate the measurement prediction, 	and the 

innovation covariance, St: 

for i = 0, ... ,  2R, 	 (2.1.81) Vtit—i. = h(XlIt—i ,  urtn ) 
2R 

tit-1 = E wictil t_l , 	 (2.1.82) 
i=0 

2R 
St = E wi (citit_i — 'tit--i) (citIt_i — tit-1) T  + Clm • [ (2.1.83) 

i=0 
 

Next the UKF calculates the cross-correlation matrix Pt7_1  and the filter gain: 

2R 
P 	E wi 	— 	(cit i t_I — Ptit-1)T 	(2.1.84) 

i=0 

Kt = 	(St)-1  . 	 (2.1.85) 
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In the final update stage, the mean and covariance, -Xt  and Pt , of a Gaussian approxi-

mation to the posterior distribution are calculated according to the following equations: 

t = 	 tit.--1 + Kt (Yt — Y.  tit—i) 7 
	 (2.1.86) 

Pt = Ptit—i — KtStia • 	 (2.1.87) 

2.2 Sequential Monte Carlo methods 

The algorithms just described attempt to directly evaluate (or approximate) the mo-

ments of the posterior conditional distribution of xt  using analytical expressions. The 

techniques described in this section, generally referred to as sequential Monte Carlo (MC) 

methods (or particle filters), take a different approach, and attempt to approximate the 

posterior distribution of the target state by means of the simulation-based Monte Carlo 

integration method. 

The key idea is to approximate the posterior conditional density of the state by a dis-

crete distribution, obtained by sampling from this density (`constructing an empirical 

distribution'). As this is not generally possible to do directly, these methods typically 

make use of an importance sampling distribution, from which samples may be easily 

drawn. By choosing this distribution to be the prior distribution, the algorithm can be 

made recursive. Clearly the quality of the approximations is dependent on the number 

of samples used, N. It can be shown that as N —> oo, the moments calculated from the 

empirical distribution converge to the moments of the true conditional distribution. 

In practice, the simplest form of sequential Monte Carlo technique, known as the boot-

strap filter ([28],[37]), consists of two steps: a sequential importance sampling step and 

a resampling step. The former is the key feature of the bootstrap filter. It involves 

drawing N samples from the prior distribution, which takes the role of importance dis-

tribution, and then evaluating their importance weights. To avoid degeneration of the 

empirical density (a situation in which only one particle has non-zero weight after a few 

iterations), a resampling stage is introduced to propagate high likelihood samples and 

discard low likelihood ones. 
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N 1 = 
N 	o:t • (2.2.1) 

In Section 2.2.1, we discuss sequential importance sampling and in Section 2.2.2 we 

discuss the resampling techniques necessary to avoid particle degeneracy. A concise 

outline of the bootstrap filter follows in Section 2.2.3. The exposition in these sections 

follows [28], where additional details and an extensive review of further developments 

and applications of particle filters may be found. For information on more advanced 

particle filter developments, such as the auxiliary particle filter, the reader is referred to 

[58]. 

2.2.1 Sequential importance sampling 

Particle filters are based on the Monte Carlo integration concept according to which, 

given N independently and identically distributed (i.i.d.) samples (or particles) from 

the posterior conditional distribution p(x0;tiv ) it is possible to generate an empirical 

approximation of this distribution given by: 

13(XO:t1Y1:t) = N E.5(40 • 
i=1 

Here 5(40 denotes the Dirac delta mass located at Vo::t . Define Eg 	Ex 1 to be 

the estimate of xo: t based on this distribution. Then this is simply: 

E13(xo:tlyio[xo:tlYi:t] = f X 0:tp(xo:tIyi:t)  

This estimate is unbiased and, in consequence of the strong law of large numbers, con-

verges to the exact estimate Ep(xo:tIvi.t)[x°:t] as the number of samples N tends to infinity. 

As it is generally not possible to sample directly from p(xcht  I yi:t) without making use 

of iterative algorithms such as Markov chain Monte Carlo (MCMC) methods [36] not 

well suited for inclusion in a recursive algorithm, an alternative technique known as 

importance sampling ([14],[35]) can be used. This involves drawing samples from an 

importance sampling distribution, ir(xo:tlYi:t)  with the property that, if p(xo:tiYi:t) > 0, 

then 7r(x0:t  I y i:t) > 0. In this case: 

Eq. (XO:t 11/1:t) [XO:tWO:t]  
Egzo:tlyi,t)[x°:t] = I 	[ 1"1  

-71-kX0:t u 1:ti 	' 
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where w(xo:t),  named importance weight, is the ratio: 

w(xo:t) = 
P(xo:tlYi:t)  
7r(x0:tlYi:t) 

Given N i.i.d. samples from 71-(xo:tiYi:t),  then X0:t , the estimate of zo:t  provided by this 

approach is: 

EN .-1  
0:t = 	N  • 	• 

i=1 7-14 ):tt 

=Ew-tix- oi:t• 
i=1 

Here w*1 = 	 are the normalised importance weights. 
2_4=1 wort 

(2.2.2) 

In sequential importance sampling (SIS), 71-(xo:tlYi:t)  is chosen such that ' 0;t  may be 

computed recursively. This requires an importance distribution which satisfies a rela-

tionship of the form: 

7(XO:tlYi:t) = 7(XO:t-11Y1:t-1)7(XtIXO:t-1.7 Yl:t) 
t 

= 7(X0) H r (X kIX 0:k-11 1:k) • 
k=1 

A natural choice for the importance distribution is the prior distribution: 

ir(xo:tiYi:t) = P(xo:t) = P(xo) fJ  P(xk I xk-1) • 
k=1 

(2.2.3) 

(2.2.4) 

As the normalised importance weights satisfy the relationship: 

P(//t1±it)P(4  
t 	wt—i 	-it -i 	 (2.2.5) 

Yi;t) 
if the prior distribution is used as the importance distribution, this relationship simplifies 

to: 

oc 74--03(Yt4it) 
	

(2.2.6) 

which allows for a recursive implementation. 

2.2.2 Resampling techniques 

The resampling stage in particle filters is necessary to avoid sample degeneracy, a phe-

nomenon caused by repeated randomisation which results in most samples being negligi-

bly weighted after only a few iterations. For this reason, a randomised sample selection 
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process is introduced at the end of each iteration such that high-weight particles are 

retained and propagated (equally reweighted), while low-weight particles are discarded. 

This ensures that the distribution of the weights does not become excessively skewed. 

A number of resampling algorithms are now described. 

a) Sampling importance resampling (SIR) 

Sampling importance resampling is a popular resampling technique which was included 

in the original bootstrap filter [37], and it involves the use of a randomised lottery to 

select particles proportionally to their importance weights. As shown in Figure 2.3, this 

technique involves drawing samples ut  from the uniform distribution U(0,1). The par-

ticles whose cumulative weights te,' =Ein=,114 (for n E {1, , N}) match the random 

samples are selected. For each sample ut, the particle A (taking values in {1, 	, N}) 

is selected to satisfy: 

M,-1 
Fit 	< ui 	• 

This operation is repeated for i = 1, 	, N: particles which are never selected by this 

process are discarded, while the surving particles are effectively cloned a number of times 

Ni equal to the number of times they were selected. The total number of particles thus 

generated remains equal to N (i.e. 	= N), and the weight of each new sample 

is set to 1/N. 

b) Residual resampling (RR) 

In [49], Liu & Chen show how it is possible to reduce the variance of the resampling 

process by using residual resampling (RR), a technique which introduces a deterministic 

component to the selection. RR deterministically makes Nt = [Nfut11  copies of particle 

i and then selects the remaining gt  = N — 	particles by performing SIR on the 

residual weights, 

— 
wt i = 

'LA] indicates the 'floor' function of A, the largest non-negative integer less than or equal to A. 

Nt  
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Figure 2.3: Sampling importance resampling, an example for N = 8. The top figure shows 

how, for i E {1, . , N}, the cumulative weights pit  are calculated from the original weights, wt 

(marked in yellow). The bottom part of the figure shows how the sampling process matches 
N = 8 random numbers ui  to the cumulative weight distribution, to select eight indices: [1, 2, 

2, 3, 3, 4, 6, 8]. The particles indexed in this manner are propagated to the next iteration. 

c) Stratified sampling (SS) 

Stratified sampling ([21]-[32]) takes this variance reduction a step further by using a well 

known survey sampling theorem [26] (p.97) which states that the minimum variance 

Monte Carlo estimator based on a sample population of size N, involves the generation 

of Ni  samples for each original sample i E {1, , N} such that Ni  a iut. As A = Niue 

is not generally going to be an integer, stratified sampling involves a sampling method 

that models Ni  as a random variable whose expectation E[A] = Nwt and which takes 

values in either [Ntr.4] or [Ni-41 + 1. The constraint that Ei  Ni  = N is also satisfied. 

As with SIR, the first step consists in the calculation of the cumulative weights 4t = 

E.7=i  wt of the particles. Instead of sampling randomly over the entire range from 0 to 

1, in stratified sampling the probability space is split into N segments of probability 1/N 

(shown in green in Figure 2.4) and a sample is drawn from each of these bands. While 

the first sample is drawn randomly as ul  --, U(0, 1/N), the remaining N — 1 samples are 
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Figure 2.4: Stratified sampling, an example for N = 8. This figure shows how stratified sampling 

selects N = 8 indices from the cumulative weights Al (calculated as shown in Figure 2.3). The 

first sample is selected randomly from U(0, 1/N), the others are selected deterministically. 

calculated deterministically as: 

i — 1 
ui = + 	 

As for the SIR, the particle Mi , satisfying 

for i E {2, 	, N} . 	 (2.2.7) 

Mi -1 	 m. < ui < p, 

is selected. This choice of samples ensures that the above conditions are met and that 

the variance of the selection procedure is minimised (see [32] for further detail). For 

the rest of this thesis, all particle filters are assumed to make use of this resampling 

technique unless otherwise stated. 

2.2.3 The bootstrap filter 

The bootstrap filter is now outlined in detail. The following steps assume nonlinear 

system equations of the form of (2.1.1)-(2.1.2) and the availability of N i.i.d. samples, 

from the prior distribution. It should be noted that, in the following equations, 

the prior weights, 	are omitted as the resampling step at t — 1 produces uniform 

weights equal to 1/N. The inclusion of these terms in the equations is thus redundant. 

STEP 1: SEQUENTIAL IMPORTANCE SAMPLING 

For i E {1, 	, N}, the samples 	E P(Xt I it-i) are simulated. This is done by sampling 

N values of the state noise 4(i) ti Ar(0, Qm ), and then using the state equation: 

xt = f 	uf, vf(i)) 
	

(2.2.8) 
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For each sample, the relevant importance weight is then calculated as: 

174 = P(Y4it) = Ar(yt; h(4 4,0), Q -m.) , 	 (2.2.9) 

where c = EiN_l  Ar(yt  ; h(4, ut , 0), Qm] is a normalising constant. 

STEP 2: RESAMPLING 

For i E {1, . . . , N} , resample with replacement N particles 	from the set of samples 

xt according to importance weights 74, using one of the techniques described in Section 

2.2.2. The new particles each have weight 1/N. 

2.3 	A multiple-model problem: manoeuvring target track- 

ing 

In the previous sections, we have discussed widely used solutions to the general target 

tracking problem (in both its linear and nonlinear case). We now investigate a specific 

type of target tracking problem in which nonlinearity is introduced by a switching para-

meter in the system dynamics. Problems of this type arise in manoeuvring target tracking 

and are generally referred to as multiple-model tracking problems. The techniques de-

scribed below apply to other tracking problems involving multiple models (some target 

classification problems, for example). 

2.3.1 Jump Markov linear systems 

The most widely used formulation of the multiple model tracking problem involves the 

jump Markov linear system (JMLS) (used, for example, in [10] or [29]), which is some-

times also referred to as conditional dynamic linear model [22]. The JMLS assumes 

the system can be, at any time, in any one of d different 'modes', each of which is 

associated with a linear system as outlined in Section 2.1.2. A Markov chain process 

(hidden to the observer) is used to model the transitions between these modes. Figure 

2.5 shows a representative mode-transition diagram for a system jumping between three 

modes. The numbers by the arrows represent the probabilities of these mode transitions 

In manoeuvring target tracking the modes generally represent the different manoeuvres 

that the target can perform, and the transitions probabilities represent the probability 

of a switch at a particular point in time. In target classification the modes generally 
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model the target dynamics of a specific target type (eg. aircraft or missile), and while in 

this context the true mode does not generally change, estimated mode transitions reflect 

misclassifications. The rest of this thesis focuses on the manoeuvring target tracking 

problem. Interested readers may find further information on the target classification 

problem using multiple-models, in Angelova & Mihaylova [6]. 

The JMLS can be modelled by adjusting (2.1.14) and (2.1.15) to take into account 

the mode process: 

xt  = F(rt)xt_i u'l(rt) (Qs(rt ))1/24 
	

(2.3.1) 

y t  = H(rt )xt  + ur(rt) (Qm(rt))1/21/tn (2.3.2) 

Here, rt  is the hidden Markov chain which takes values in the set of all possible modes, 

S = {1, , d}. The mode transition probabilities are assumed to be known and are 

given by: 

iii = Pr(rt = 	= i) . 	 (2.3.3) 

a) The coordinated turn model 

The choice of the mode-dependent state equation parameters is strictly related to the 

nature of the target being tracked. Numerous variations of the JMLS have been pro-

posed in the literature, but generally modes are used to simulate the turns in the target's 

dynamics. Throughout this thesis a coordinated turn model (adapted from [12]) is used, 

0.90 

Figure 2.5: Sample mode transition diagram for a three mode system. 
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RD  w 

 = 

in which a target travels at constant speed in the two dimensional x-y plane. The possi-

ble target manoeuvres are modelled using three different modes (d = 3): a mode models 

straight-line motion, while the remaining model the rotation of the velocity components 

of the target in either direction. 

Let the continuous component of the state (describing the positions and velocities of 

the target) be a 4-dimensional vector: 

xt  = [x(t), ±(t), y(t), Y(t)1T 
	

(2.3.4) 

where x(t) and y(t) refer to the x- and y-axis position coordinates of the target, and X(t) 

and (t) the respective velocities. The equations governing the motion of the variables 

(x(t), y(t)) are obtained by sampling (with period h) the exact response of the stochastic 

differential equation: 

1(t) = —coy(t) qs zix 
	

(2.3.5) 

u(t) = cox(t) qs vy 
	

(2.3.6) 

in which V and vy are independent Gaussian white noise processes with unit intensity. 

The coordinated turn model is obtained by sampling the solution to this continuous time 

stochastic differential equation (reduced to state-space form and modified to include an 

exogenous input). When q, = 0, with appropriate initial conditions, (x(t), y(t)) executes 

a circular motion with a constant angular speed of 	rad s-1, anticlockwise if w > 0 

and clockwise if w < 0. This is achieved by introducing the matrices: 

A,, = 

1 

0 

0 

0 

1 

cos(wh)-1 

and Ao = 

1 

0 

0 

0 

h 

1 

0 

0 

0 

0 

1 

0 

0 

0 

h 

1 

. 	(2.3.7) 

w 

cos(wh) 
1—cos(wh) 

— sin(wh) 
sin(wh) 

co 

sin(wh) 
w 

cos(wh) 

Define also: 
2(wh — sin(wh))/w3  

(1 — cos(wh))/w2  

0 

—(wh — sin(wh))/w2  

(1 — cos(wh))/w2  , 

h 

(wh — sin(wh))/w2  , 

0 
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h3 / 3  h2 / 2  0 0 

h2 / 2  h 0 0 
, 	and Ro = . 	(2.3.8) 

0 0 h3 / 3  h2 / 2  

0 0 h2 / 2  h 	_ 

and let: 

[ RD k 11,„ = 
—RF, RE 

The state and state-noise transition matrices (F(rt ) and Qs(rt) respectively) in (2.3.1) 

can then be specified to be: 

F(rt  = 1) = A,o  , 	 Qs(rt = 1) = q311,o , 

F(rt  = 2) = Ao , 	 Q s(rt  = 2) = 4.9Ro, 

F(rt  = 3) = Ad-wo , 	 Qs(rt = 3) = q8 .1?+„0  , 	(2.3.9) 

for a given turn rate 010  > 0. wo is generally assumed to be known, although this may 

not be necessarily so. In these cases it is usually good practice to overestimate wo as 

simulations (in [60]) show that the estimators can more easily cope with slower than 

expected turn-rates (by adjustment of the estimated mode-probabilities) than higher-

than-expected. The use of extra modes to simulate multiple turn rates is an alternative 

option, but the results were found not to justify the extra computational cost that this 

involves [60]. Efe and Atherton [30] have also suggested a model in which the turn rate 

is a variable that is estimated at each recursion by means of the velocity and acceleration 

estimates of the chosen tracking filter (for this to be possible, acceleration is added as 

an extra state in the central non-turning mode). 

The coordinated turn model just outlined assumes a mode-independent exogenous state 

input and a mode-independent measurement process. System equations (2.3.1)-(2.3.2) 

can therefore be simplified to: 

xt  = F(rt)xt_i + 74 + (Q.(rt))1/2v; , 	 (2.3.10) 

Y t =Hxtd-tetn  + Qu2 vrtn . 	 (2.3.11) 

b) The mode-matched Kalman filter 

Most techniques that deal with multiple-model problems (and whose solutions involve 

mixtures of Gaussians) adopt banks of Kalman filters to update the track on the basis of 
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specific mode-transitions. To simplify the description of these techniques in the following 

sections, a mode-matched Kalman filter is here introduced. This is the Kalman filter 

introduced in Section 2.1.2, in which the state transition matrices are mode dependent 

as defined in (2.3.10)-(2.3.11). 

For a concise formulation of the mode-matched Kalman filter, new notation is intro-

duced. Define, for each j E S, the mapping: 

KFx( 	Pt—i, Yt, rt 	= (4, PI), 

where, for the system of (2.3.10) and (2.3.11), 

F (i)± t-1 

Pi it-1 = (j)P t-iF (i)T + .9(i) t  

H "41t _i + uTtn , 

Sit = H 	+ Q,,,,,  

yt = Y t 

Kt = Pi HT (Si )-1- tIt-1 	t 	7 

thjtK1W 
flt-1  

Pit = Pjt It-i Kjt HPtilt-1 • 

(2.3.12) 

(2.3.13) 

(2.3.14) 

(2.3.15) 

(2.3.16) 

(2.3.17) 

(2.3.18) 

(2.3.19) 

(2.3.20) 

Implicit in these relationships are the updating formulae provided by the Kalman filter. 

These provide, for each mode value, the conditional mean and covariance of the state at 

time t, given the new observation, y t, and the conditional mean and covariance of the 

state at the previous time t — 1. 

At this point, we also introduce a mapping of the likelihood of each mode-matched 

update, and mappings for the prediction and for the update equations only. Define: 

KFy(yt; 	Pt-17 rt = j, t) = Ar(Yt; 	Si); 
	

(2.3.21) 

rt = j, 	= 	 S1) , 	(2.3.22) 

KFupdx( 	Pit1t_1, rt = j, Yt, t) = 
	 (2.3.23) 

KFuPdy(Y t; Pilt-1~ rt = j, t) = Ar(vt; 	Sit) • 
	 (2.3.24) 
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2-1-1 

Figure 2.6: The figure shows the set of possible mode histories for the period t = 0, 1, 2, assuming 
the mode at time t = 0 is ro  = 2. 

2.3.2 The optimal multiple-model Bayesian solution 

A recursive optimal Bayesian solution for target tracking problems based on the JMLS 

involves the estimation of all possible mode transitions, or mode-histories, up until the 

current time. Figure 2.6 shows the set of mode-histories for a three-mode system after 

only two time intervals. To obtain the optimal solution, an estimate would have to be 

evaluated (using Kalman filters) for each branch of this tree. The resulting mixture 

would provide the MMSE estimate. 

Letting Dort  be the set of mode histories up to time t, it is possible to express the exact 

conditional density at time t as a weighted sum, or 'mixture', of densities in which 140,, 

where 140.t E  Dro represents the likelihood of each individual mode-history conditioned 

on all measurement histories, yEt: 

p(xtiy,:t)= E p(xtirtht,yi.t)/itmt, 
ro:tEDo:t 

where 

Do:t = { ro:t : ro, 	, rt  E S} 

ittro:t = P(ro:tiYi:t), and 	
E prt.t 

ro:teDo:t 

(2.3.25) 

(2.3.26) 

(2.3.27) 
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This Gaussian mixture can also be expressed in terms of the weights AP.t, the means, 

4°'t, and the covariances, /37i", of its constituent Gaussian densities as: 

	

p(xtiyi:t) = E Arc get, • -ro:, xt  , A t 	. 	 (2.3.28) 
ro:tED0:t 

The densities in this sum can be calculated recursively using mode-matched Kalman 

filters, if the weights iitro:ti-i,  the means, .±•tro:ti-1,  and the covariances, Prt°1-1, of the 

constituent Gaussian densities of p(xt-ilYtt-i)  are known. Let: 

= E Ar(xt_i; ptro 	7 	(2.3.29) 
ro:t—iEDo t-1 

then, for rt  E 8, this can be achieved by means of the mappings introduced in (2.3.12) 

and (2.3.21), as: 

(±, tro:t p tro:t ) 	 ptr_01-1,  y t,  rt,  , (2.3.30) 
Tort-1,Tort 

itt 	 " rt_i,rtKFY(Yti t-1 	t-1 Ptr—°'t1-1 7 rt,  t) 	(2.3.31) = Pt-i 
1,40:t 

	

1Art", where c = E latro't 	 (2.3.32) 
c 

 

ro:tEDo:t 

This optimal multiple-model implementation is quite clearly infeasible, due to the expo-

nential growth in the number of mixture components (which is proportional to dt). The 

following sections investigate target tracking algorithms that approximate this formula 

using a finite number of components. 

2.3.3 Generalised pseudo-Bayes approximation techniques 

Generalised pseudo-Bayes (GPB) approximation techniques (Bar-Shalom [10]-[11]) ap-

proximate the exact conditional distribution of all possible mode-histories (2.3.28), by 

merging together those components in the posterior conditional distribution whose mode-

history is identical over the most recent time steps. Algorithms of this nature vary pri-

marily with respect to the 'time-depth' considered for merging: first order algorithms 

consider only the latest time step (thus merging the distribution in a single Gaussian), 

second order algorithms consider the last two time intervals, and thus retain d histories. 

The most popular of these pseudo-Bayes techniques, known as the interacting multiple 

model (IMM) algorithm, introduces further approximations which enable it to retain a 

time-depth comparable to a second order algorithm, but with the computational com-

plexity of a first order algorithm. 

47 



The most widely used of these techniques — first and second order GPB and the IMM —

are now summarised. It should be noted that while higher order GPBs are easily devel-

oped, simulations (in [60] and [71]) have shown them to be qualitatively comparable to 

second order ones, but significantly more computationally intensive. 

a) The first order generalised pseudo-Bayes algorithm 

The first order generalised pseudo-Bayes algorithm (GPB1) is the crudest approximation 

of the optimal Bayesian solution. The conditional distribution, 

p(xtlylo= E  Ar(xt;  •• tro:t 	
)I-ttO:t 

ro:tEMO:t 

is approximated using a single density: 

13(xt I 	= Ar(xt; Wit, Pt) • 

The algorithm has two main steps. Starting from the single Gaussian density, the algo-

rithm uses a bank of d Kalman filters, each matched to a different mode, to calculate an 

estimate for all the possible mode transitions. These are then merged in a single Gaussian 

which enables the recursion to continue. The formulae involved in one iteration of the 

GPB1 algorithm are given in Appendix B.1.1. 

b) The second order generalised pseudo-Bayes algorithm 

The second order generalised pseudo-Bayes algorithm (GPB2) is a more refined approx-

imation of the optimal Bayesian solution, in which the exact dt-fold Gaussian mixture 

is approximated using d Gaussian densities, each assuming a different mode for the pre-

vious time interval. This allows combining mode-histories whose differences are found 

further back in the past. The exact density: 

p(xtiyi:t)= E Af(xt;40:tp7i,:t wto:t, 
ro:tEm.:, 

is therefore approximated by: 

15(xtiy,:t>=EAr(xt; xt, PI)isit • 
jES 

48 



O 

O 

Kalman 
Filler 

Kalman 
Filter 

Kalman 
Filter 

merge 

melee 

merge 

merge 

Figure 2.7 illustrates one iteration of the GPB2 (for a detailed description, see Appendix 

B.1.2). The algorithm firstly computes an estimate for all possible mode transitions at 

time t. Those estimates associated with a common mode for time t are then merged 

and the resulting d-fold mixture is propagated to the next iteration. This approximation 

brings about a reduction in the number of Kalman filter operations from d t+1  to d2. At 

the same time this algorithm has the advantage of retaining the expectations associated 

with each mode. 
Time = t 	 Tone = 

L,.estimate 
0 

Figure 2.7: The second order generalised pseudo-Bayes algorithm (GPB2). 

c) The interacting multiple model algorithm 

The interacting multiple model algorithm (IMM) - first proposed by Blom and Bar-

Shalom [17] - is a direct approximation of the GPB2. The IMM, in common with the 

GBP2 algorithm, approximates the evolving conditional density as a d-fold Gaussian 

mixture. However it introduces further approximations which reduce the algorithm's 

computational complexity by a factor of d without introducing significant degradation. 

The key difference (as illustrated in Figure 2.8) is that the IMM, instead of letting 

the initial d-fold Gaussian mixture expand into a d2-fold mixture, it precomputes the 

probabilities of each mode at time t, based on the prior information at time t - 1. This 

procedure is known as 'mixing'. On the basis of these weights, the means and covari-

ances are also 'mixed' to produce initial conditions which are then used by a bank of 

Kalman filters (matched to the appropriate mode), to directly generate a d-fold posterior 
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distribution. 

The mixing step in the IMM is similar to the merging process of the GPB2 but, since it 

takes place before the measurement updates, it does not take into account the informa-

tion of the latest measurement. The algorithm thus still retains the merging depth of a 

second-order algorithm, while its computational complexity has been reduced to that of 

a first order. Results (in [17],[60]) have shown how the IMM produces only minimally 

degraded estimates compared to the GPB2. The IMM algorithm is fully described in 

Appendix B.1.3. 

Time = t 	 Time = t +1 

    

    

mixing 

 

Kalman 
Filter 

 

  

    

    

merge 

estimate 
0 

Figure 2.8: The interacting multiple model algorithm (IMM). 

2.3.4 Particle filters for JMLS models 

Sequential Monte Carlo techniques (or particle filters) were described in Section 2.2 

for the general filtering problem. Particle filters are highly flexible and can be used 

for multiple-model problems as first described in [54]. Given the specific structure of 

this type of problems, the variance of such algorithms can be reduced by marginalising 

the state and sampling exclusively over the mode distribution. This process, known as 

Rao-Blackwellisation, leads to 'low variance' particle filters (also referred to as mixture 

Kalman filters [49]-[29]) which propagate mixtures of Gaussians. 

a) The multiple-model bootstrap filter 

The multiple-model bootstrap filter (MMBF) [54],[55] is a direct application of the stan-

dard bootstrap filter to multiple-model problems modelled using jump Markov linear 

systems. According to this approach, we use the prior distribution, p(xt ,rt  Yi:t-1 ) as 
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n=1 

Thus, for n E {1, . , N}, the importance weights are: 

ct E tetl-iP(Yt xt)8(eti , 7T) • 

the importance distribution. Suppose an empirical distribution: 

7(xt,rt) = 	14-104,q) 
n=1 

is constructed by sampling from this distribution. By Bayes rule, 

, 1 , 
p(xt,rtlYi:t) = —ct PlYtI xt)Plxt, 

(2.3.33) 

(2.3.34) 

where ct  = P(Y t iYi:t-i) is a normalisation constant. Therefore an approximation to the 

distribution p(xt,rt I Yi,t) is provided by: 

[t/  = 4-1/9(Ytleti ) • 

The MMBF is an example of the general bootstrap filter, in which the signal process 

comprises discrete and continuous components. The MMBF is described in detail in 

Appendix B.1.4. 

b) Rao-Blackwellised particle filters 

An important refinement of the particle filter for multiple-model problems is the Rao-

Blackwellised particle filter (RBPF) [29] (sometimes also known as mixture Kalman filter 

[22],[49]), a sequential Monte Carlo technique that uses 'Gaussian' particles to reduce 

the variance of the estimates. The RBPF algorithm makes use of the fact that the joint 

posterior distribution can be re-written as: 

P(xo:t,ro:t l Y i:t) = P(xo:t I Yi:t, ro:t)p(ro:t I Yi:t ) 
	

(2.3.35) 

where p(xo:tiYil, ro:t) is a Gaussian distribution which can be determined exactly using 

a Kalman filter for a given realisation of rot . In order to use (2.3.35) we require also the 

distribution p(ro:tiyi:t)•  However, as its exact evaluation is not feasible, approximations 

must be used. 

The RBPF algorithm constructs an empirical distribution approximating p(ro,tlYi:t) by 

sampling from the distribution: 

7r(ro:tlYi:t) = p(ro) ft  P(rkiro:k-I, Y i:k) 	 (2.3.36) 
k=1 
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Figure 2.9: Sample realisation of Track 1. Estimates produced using the IMM. 

and employing appropriate importance weights. The structure of this formula for 7r (ro:t yi:t)  

implies that the weights can be propagated recursively as time advances. As shown in 

[29], the product term in (2.3.36) can be calculated from the recursive formulae: 

1 
P(rt = 	Y i:t) = —1)(Y k = i,r0:k-17 Y 	k = 	k—i) 

ct 

where et  is a normalising constant given by: 

Ct = Epohirt 	 = 
i=1 

The RBPF is fully described in Appendix B.1.5. 

(2.3.37) 

2.3.5 Preliminary comparisons 

This section reports on preliminary simulation comparisons of the main multiple-model 

algorithms described in the previous sections. A sample track was generated using the 

coordinated turn model described in Section 2.3.1 with the following parameter values: 
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h = 0.5 s 	sample period, 

T = 50 s 	time horizon, 

= 0.1353 rad s-1  turn rate, 

qs 	20 m2 	target perturbation intensity, 

/4 	= [0 0 0 0]T 	exogenous state input vector (V t) . 

The target is initialised at xo = [0,150, 0,1501T. It manoeuvres as follows: r0:25 = 2, 

r26:75 = 3, r76:100 = 1. As the actual mode switching probabilities are unknown to the 

observer, the following Markov transition matrix is used (simulations in [60] show that, 

within reason, the choice of parameters has little effect): 

0.9 0.05 0.05 

71-  = 0.05 0.9 0.05 

0.05 0.05 0.9 

The measurement process was modelled using (2.3.2) and was assumed to be manoeuvring-

mode independent. The following parameters were used: 

H = 

	

1 	0 	0 

	

0 	0 	1 

0 

0 
measurement transition matrix, 

Qm = 
24, 000 0 

m2 measurement noise covariance matrix, 
0 24,000 

Utm  = 	[0 OF exogenous measurement input vector (V t) . 

The track thus generated, which we refer to as 'Track 1', is shown in Figure 2.9 (along 

with a sample measurement and a sample estimate realisation produced using the IMM 

filter). One hundred sets of measurements were produced for comparison in a Monte 

Carlo simulation. 

Figure 2.10 shows the root mean square (RMS) error comparison2  of the /MM with 

All the estimation algorithms tested in this thesis make use of the same parameters and statistics as 

those used to generate the tracks and the measurements (unless otherwise stated). For further details 

on the way simulations are conducted, refer to Appendix C. 
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Figure 2.10: Position RMS error vs. computational cost comparisons for Track 1 and for varying 

number of mixture components (100 Monte Carlo average). Component numbers are indicated 

where possible. For the RBPF, the range tested is: [5, 10, 25, 50, 100, 250, 500, 1000, 2500]; for 

the MMBF: [100, 250, 500, 1000, 2500, 5000]. 
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the multiple model bootstrap filter (MMBF) and with the Rao-Blackwellised particle fil-

ter (RBPF), both of which are tested using sampling importance resampling (SIR) and 

stratified sampling (SS) in the resampling stage. With the exception of the IMM, which 

links the number of mixture components to the cardinality of mode, the plot shows the 

RMS error produced vs. the computational time3  required for increasing number of par-

ticles. The IMM's exact position on this chart is marked by a cross, but for illustration 

purposes, its RMS error is extended over the whole x-axis range. 

For this basic scenario, Figure 2.10 shows the accuracy and remarkable computational 

efficiency of the IMM. The filter produces good quality estimates at a fraction of the 

cost of the particle filters. Since the only nonlinearity present in this scenario is the 

target mode dependence, clearly matching a mixture component to each manouevring 

mode is an effective strategy. The effectiveness of the IMM-related algorithms decreases 

when extra nonlinearities are introduced, and the estimator used to evaluate the mixture 

components is no longer optimal. This may happen when clutter is introduced (see Sec-

tion 4.4) or when nonlinearities in the system equations require the use of a suboptimal 

estimator such as the EKF or the UKF [54] (this is further discussed in Section 5.4). The 

IMM also suffers in scenarios where the cardinality of the mode is very high (for example 

in joint classification and manoeuvring). In such cases, some of the modes might have 

very low likelihoods and retaining a component for every mode might no longer be an 

effective strategy. 

Even for this simple scenario, specially tailored to the IMM algorithm, all of the se-

quential Monte Carlo algorithms eventually (i.e. following introduction of sufficiently 

large number of particles) manage to outperform it by nearly 10%. Figure 2.10 also re-

veals how the computational efficiency of the particle filters can be increased by means of 

improved resampling techniques (i.e. stratified sampling instead of sampling importance 

resampling) and by means of Rao-Blackwellisation. Chapter 3 introduces mixture filters 

which aim to outperform the IMM at an even smaller computational cost. 

3As explained in further detail in Appendix C, the computational time used to illustrate the results 

presented in this thesis should be taken as indicative only, as it is inevitably dependent on the hardware 

and the programming language and style used. 
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Chapter 3 

Sequential Gaussian Mixture 

Filters for Target Tracking 

3.1 Introduction & review of mixture filters 

Having covered some of the techniques most widely used for multiple-model target track-

ing problems, we now investigate the use of flexible sequential mixture filters, based on 

efficient mixture reduction algorithms. The techniques introduced in this section share 

similarities to both Rao-Blackwellised particle filters and to generalised pseudo-Bayes al-

gorithms. In common with the former, these filters propagate a Gaussian mixture whose 

complexity is dictated by the computational resources available. In common with the 

latter, they calculate, for a given prior, the exact posterior distribution of the target by 

considering all possible hypotheses at that time step. While GPB techniques then reduce 

the distribution by deterministically merging those components that share a common 

`mode history' (up to a certain time-depth), these mixture filters employ a more refined 

mixture reduction step, which allow for more customisation and flexibility. 

In Section 3.1.1, the structure and general characteristics of these mixture filters are 

described, while in Section 3.2 we investigate in further detail the critical mixture re-

duction step. While mixture filters have been proposed before for manoeuvring target 

tracking problems ([69], [33]), the mixture reduction step involved has generally been 

limited to one of selecting a subset of the constituent densities of the posterior distri-

bution on the sole basis of their a posteriori likelihood (or weight). One of the main 
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contributions of this thesis is to demonstrate how these methods are closely related to 

clustering algorithms normally presented in the context of multiple-measurement track-

ing, and to adapt the latter for application to multiple-model tracking problems. In the 

mixture reduction section, both types of techniques are described, and their application 

to both classes of problems is discussed. Furthermore, ideas from both types of tech-

niques are combined to produce a 'hybrid' mixture reduction technique. 

Lastly, in Section 3.3, we show how mixture filters can be modified to take account 

of the latest measurement information. The traditional method selects particles for use 

at time t based on the measurement information available up until time t — 1; in the 

modified structure, the selection is delayed until receipt of the measurement at time t 

so that this information can be incorporated in the decision process. This gook-ahead' 

method proves useful at recognising target manoeuvres, and particularly so when hard-

ware resources allow for a limited use of mixture components. 

3.1.1 The basic structure of mixture filters 

The mixture filter (MF) approximates the optimal conditional distribution of (2.3.28): 

p(xtlyi.t)= E Ar(xt;  tro:t F•7;o:91,17io:t 

ro:tEDo:t 

by 

fi(xtiy,:t)= E Aqxt; 	 (3.1.1) 
nEDt 

where Dt  is a subset of Dort  (the set of all mode sequences fro, 	, rt}) of cardinality 

N, a positive integer whose magnitude reflects available computational resources. When 

a new measurement becomes available, the exact N x d-fold posterior distribution is 

calculated by considering all possible mode transitions for each prior component. This 

pdf is then approximated by a N-fold one via mixture reduction. This simple structure 

can be summarised in the following steps. 

STEP 1: MODE-MATCHED KALMAN FILTERING 

Given N prior mixture components with parameters { 1 , Pt 1, Ti1, 14 1} (for n E 
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, N}), the Gaussian mixture filter calculates the exact posterior conditional distri-

bution by using banks of mode-matched Kalman filters. For modes j E S = {1, . . , d} , 

this is done by means of the maps defined in (2.3.12),(2.3.21): 

, Prtii) = K FX (I1 1,Pt l,yt,j,t),  

= pit':17riT iiKFy(yt; xt 1,  Pt  1 , j,  t) , 
j 	-n j ptn _ — 1 —c pt  , where c = E lit  . 

n,j 

(3.1.2) 

(3.1.3) 

(3.1.4) 

STEP 2: STATE ESTIMATE & COVARIANCE CALCULATIONS 

Next, the output state estimate, Wit, and covariance, Pt, are computed by merging 

together all the constituent densities of the posterior conditional distribution: 

N d 

EE 	vtlj , 
n=1 j=1 
N d 

Pt = 	 Eitnt j[ptnj 	
tnj Xt) 

N
(Xt
t nj 

 Xt) ,J 
 NT, 

• 
n=1 j=1 

(3.1.5) 

(3.1.6) 

It should be noted that the output estimates should be calculated prior to the mixture 

reduction step, as this inevitably introduces degradations. 

STEP 3: MIXTURE REDUCTION 

Finally the mixture is reduced back to N-fold. A number of possible mixture reduction 

algorithms are described in Section 3.2, along with a discussion of their merits and weak-

nesses. The mixture filter described in this section can incorporate only 'weight-based' 

mixture reduction methods. These methods involve selecting a subset of cardinality N 

from the N x d-fold set of all the Gaussian components in the posterior conditional 

distribution. Selection is performed on the exclusive basis of their weights. 

A different class of mixture reduction methods, which we refer to as 'distribution-based' 

(see Section 3.2.2) also involves component merging. As this may lead to the combina-

tion of components associated with different modes, a modification to (3.1.3) — which 

assumes a single prior mode per mixture component — is required. The resulting modified 

mixture filter is derived and outlined in Section 3.2.3(a). 
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3.1.2 Mixture filters & Rao-Blackwellised particle filters 

The mixture filter (MF) shares clear similarities with the Rao-Blackwellised particle fil-

ter (RBPF) [22] described in Section 2.3.4. Both algorithms approximate the optimal 

Bayesian solution by means of a mixture of Gaussians in a manner which is both flexible 

and has a complexity that can be scaled to accommodate specific problem or hardware 

requirements. A careful analysis of the main differences between the MF and the RBPF 

(illustrated in Figure 3.1 along with a sample realisation of their sampling/selection 

processes) shows however that mixture filters have a number of clear advantages. Firstly, 

Mixture Filter 

Mix-biro 
Reduction 

Step 

Yta 

Slate CsIttunle 
S Cnentlalicf, 

Figure 3.1: A comparison of the structure of the mixture filter with that of the Rao-Blackwellised 

particle filter. The diagram shows the calculation of the weights and the sampling/selection stages 

where samples are discarded or propagated (a sample realisation of the sampling processes is 

shown). 

given an identical prior distribution, the updated state estimate produced by the RBPF 

is an approximation of the one produced by the MF. In fact, for any given prior, the MF 

calculates the exact posterior distribution by considering all possible mode transitions 

that each estimate could perform during the current iteration. On the other hand, the 

RBPF only considers a single, randomly selected, mode for each prior component. As 

a result, the estimates provided by the RBPF can be expected to be poorer than those 
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Figure 3.2: A sample realisation of the sampling and resampling stages of the RBPF shown 
using stylised structure schematics. The most likely outcome of the mixture filter for these same 
weight values is shown in Figure 3.1. 

provided by the MF. 

Furthermore, the full calculation of the posterior distribution requires only a modest 

increase in computations. Although the MF performs N x d full Kalman filter updates, 

compared to N of the RBPF, this analysis is misleading as, in order to compute the 

sampling probabilities, the algorithm needs to calculate N x d likelihoods for each pos- 

sible mode transition. This involves the calculation of .Af(yt; 	Stu), which requires 

the evaluation of the entire Kalman filter prediction stage and the inversion of matrix 

St' , itself one of the most computationally demanding parts of the Kalman filter. The 

computational savings of the RBPF amounts to N x (d — 1) times the computational 

cost of evaluating (2.1.45)-(2.1.47) (with the exception of the inversion of St 3  ). The 

actual computation time difference varies depending on the dimension of the state and 

on the number of modes. For standard problems such as the one presented in Section 

2.3.1, where R = 4 and d =- 3, the computational saving of using the RBPF is of the 

order of 10-15%. 

A second, more significant, advantage of mixture filters is the inclusion of a mixture 
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reduction step in place of the combination of the mode-sampling and resampling stages 

of the RBPF. Mixture reduction is explained in greater detail in the next section, but 

it generally involves the approximation of the N x d-fold posterior distribution with a 

N-fold one. This approach has a clear advantage over the sampling/resampling combi-

nation of the RBPF, as the latter could result in the propagation of 'cloned' components 

with identical mean, covariance & weight. As shown in Figure 3.2 for a sample realisation 

chosen to illustrate the problem (but not uncommon), the sampling step in the RBPF 

forces one component to be selected from each 'parent' particle. This penalises parents 

with high-weight 'offsprings', as only one of them can be selected. When the resampling 

stage is next performed, it is likely that this high-weight offspring is selected more than 

once (i.e. 'cloned'). This is never the case in the mixture filter, where the mixture re-

duction stage considers all offsprings on a par, irrespectively of their parent particle, and 

avoids sample cloning. The most likely output selection for a (weight-based) mixture 

reduction algorithm for the numerical example of Figure 3.2, is shown in Figure 3.1. 

3.2 Mixture Reduction 

Mixture reduction is defined as the problem which occurs when a probability density 

function, which is a weighted sum of M Gaussian densities, needs to be approximated 

by another one involving only N Gaussian components, where N < M. The aim of 

mixture reduction algorithms is to perform this task while minimising, in some sense, 

the level of degradation introduced by the approximation. Figure 3.3 shows an example 

of mixture reduction in which a pdf comprising M = 9 components is approximated by 

one where N = 3. 

In target tracking, mixture reduction techniques are applicable to a number of problems 

where the conditional density evolves as a Gaussian mixture with a growing number 

of terms. In the context of multiple-model target tracking, other approaches (such as 

pseudo-Bayes algorithms or particle filters) have generally been favoured, and only a 

few mixture reduction algorithms have been proposed ([69],[33]). These methods, which 

are described in further detail in Section 3.2.1, will be referred to as 'weight-based', as 

they select a subset of Gaussian components on the basis of a posteriori probabilities. 

The main assumption underlying these algorithms is that the weights are a good indi- 
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V 

Figure 3.3: An example of mixture reduction. 

cator of the usefulness of the information carried by the components. In Section 3.2.1 

we present an empirical study of the performance of weight-based mixture reduction al-

gorithms, and a novel algorithm that allows for their customisation for specific problems. 

The interest in mixture reduction has been greater for multiple-measurement (or data 

association) problems, where hypotheses growth is caused by incidence of false mea-

surements (referred to as clutter) and/or by multiple targets. To improve on simple 

techniques such as probabilistic data association [13], which retains a single mixture 

component, more sophisticated mixture reduction algorithms ([62], [73]) were devel-

oped. These techniques, which reduce the number of constituent densities by merging 

them on the basis of their spatial configuration, will be referred to as 'distribution-based' 

and are described in further detail in Section 3.2.2. For further information on the data 

association problem, see Appendix A. 

Although weight-based and distribution-based mixture reduction algorithms were origi-

nally developed for multiple model and data association problems respectively, the task 

they perform is essentially the same. In Section 3.2.4, we combine aspects of weight-

based and distribution-based algorithms to produce a novel 'hybrid' mixture reduction 

algorithm. Finally, in Section 3.2.5, we report on simulations comparing all mixture 

reduction methods for the two classes of problems. 

3.2.1 Weight-based Mixture Reduction 

We now describe the three main weight-based mixture reduction approaches. We also 

provide a simulation-based study which assesses these techniques, particularly with re- 
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spect to the trade-offs between randomisation and deterministic selection. An algorithm 

that allows the customisation of this trade-off is also proposed. 

a) Randomised mixture reduction 

The random sampling algorithm is a weight-based mixture reduction technique, first pro-

posed by Akashi and Kumamoto [4], to solve a multiple model state estimation problem 

in which the measurement noise covariance parameters switch according to a Markov 

parameter. In the original algorithm of [4], a component is randomly selected from the 

set of 'offsprings' of each 'parent' (or prior) component. This approach constrains some-

what the efficiency of the randomised selection process, as the algorithm may be forced 

to propagate low weight samples. 

We now present a variant of this algorithm in which this constraint is relaxed and in 

which a randomised lottery selects N of the M components irrespective of their origin. 

This approach (outlined in Algorithm 3.2.1) is essentially a generalisation of the sam-

pling importance resampling (SIR) algorithm (which is described in Section 2.2.2 and 

which applies to the special case where M = N) and yields unbiased approximations to 

the density. A generalisation of low variance methods such as stratified sampling could 

also be used. 

This randomised approach is however likely to result in sample cloning, which is wasteful 

as a single Gaussian component with a proportionally larger weight could carry the same 

information. To avoid this problem, a variant of this algorithm is also possible where the 

randomisation process is continued until N distinct samples are selected at least once. 

In this case, the weights of the selected components would be directly proportional to 

the number of times they are extracted by the randomised process. This approach is 

integral to Algorithm 3.2.6 and is further discussed in Section 3.2.1(d). 
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Algorithm 3.2.1 - Randomised mixture reduction 

Step 1. Let tit(i) (for i E {1, . , M}) be the weights of the components of a 

M-fold Gaussian mixture. Draw N samples 7bn  (for n e {1, ... , N}) from the 

uniform distribution U(0, 1). 

Step 2. Find the component Gn, (with possible values in the range {1, ... , M}) 

such that: 

Gn-1 Gn  

E litu) <on Eilt(j)• 
j=1 	 j=1 

Step 3. The reduced N-fold mixture is formed by the components indexed by Gn, 

all with weight 1/N. 

b) The detection-estimation (deterministic) approach 

The detection-estimation algorithm (DEA) [68]-[69] takes a more deterministic approach 

in which the distribution is reduced by a simple selection of those N components which 

maximise a posteriori probability. In practice, the algorithm simply involves a permu-

tation of the components in order of decreasing weights and a selection of the largest N 

ones. The original weights of the chosen samples are retained and are normalised to en-

sure that they add to one. Maskell [51] proposes a similar scheme in which the combined 

weight of the discarded components is equally redistributed amongst the 'surviving' ones. 

Algorithm 3.2.2 - The detection-estimation algorithm 

Step 1. Let pt(i) be the weights of the components of a M-fold Gaussian mixture. 

Permute weights tit (i) in decreasing order of weights, and let µt(j) be the reordered 

set (for i, j E {1, . , M}). 

Step 2. For n E {1, , /V}, find the component with the original label Gn 

for which pt(n) = tit(Gn). 

Step 3. The reduced N-fold mixture is formed by the components indexed 

by G. The weights of the propagated samples is given by 	 t(n)  
v-iiit(3) •  
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The clear advantage of the DEA algorithm is that, by choosing a maximum a poste-

riori probability approach, the change to the distribution at each iteration is reduced. 

However this deterministic selection criterion means that the state estimate is no longer 

unbiased, and we later show that a more randomised approach is sometimes favourable. 

It should finally be noted that in a refinement of their basic DEA algorithm [69], the 

authors suggest the possibility of merging components which are closely related to each 

other before component pruning takes place. This is done in order to avoid propa-

gating similar components when the same information could be carried forward by a 

single combined component. For components to qualify for this preliminary merging 

step, the authors suggest checking the Bhattacharyya distance [38] between the compo-

nents against a pre-determined threshold. This approach is very similar to that used in 

distribution-based mixture reduction methods; while Tugnait and Haddad did not imple-

ment their refinement due to its computational complexity, their algorithm was clearly 

a first attempt to integrate weight-based decision making with the other parameters of 

the components. 

c) The Fearnhead and Clifford approach 

Fearnhead and Clifford ([32], [33]) recently proposed an algorithm which aims to provide 

an 'optimal' approach to weight-based mixture reduction. By focusing exclusively on the 

distribution of the weights, the authors approach the problem as one of approximating 

a discrete probability mass function pt(i) (i E {1... M}) with finite support of size M, 

with a stochastic probability mass function wt(i). The latter needs to satisfy three main 

conditions: (i) it should be unbiased (i.e. E(wt(i)) = itt(i)), (ii) it should not have more 

than N nonzero support points (where N < M) and (iii) it should be such that the 

L2  difference between the distributions (i.e. Eim=1  (wt(i) — /tt (i))2) is minimised. The 

procedure is 'optimal' in a sense made precise in the following theorem: 
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Figure 3.4: An example of sample selection using the Fearnhead and Clifford algorithm. 

Theorem 3.2.3 Fix integers M and N (N < M). Let C0  be the unique solution 

of the equation E im_i  min(Catt(i), 1) = N. An approximation wt(i) minimises the 

expected L2  error E(Eim_t  (wt(i) — p0(i))2  if the following conditions are satisfied: 

• E(wt(i)) = /4(0 for i = 1, 	, M . 

1 min(ot(i), ,,) with probability min(1,CtAt(i)) , 

0 	otherwise . 

• The number of nonzero support points in wt(i) must not be greater than N. 

Proof. See [33] or, for a more detailed analysis, [32]. 

The distinctive feature of this algorithm is that terms with weights exceeding in mag-

nitude the threshold 1/C0  (let these constitute set A1) are retained deterministically. 

From the set A2 of remaining terms, a random selection using stratified sampling (see 

Section 2.2.2) is used to fill the remaining 'slots'. A3 C A2 is the set of the samples 

chosen in this randomised manner; these are retained a weight of 1/Ct. Algorithm 3.2.4 

precisely describes this mixture reduction technique. 
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Algorithm 3.2.4 - the Fearnhead & Clifford algorithm 

Step 1. Using Algorithm 3.2.5 below, calculate Ct  as the unique solution to: 

N = E min(Cat t (i),1) . 

Step 2. Let Al = fiitit(i) > 1/Ct I and let G = card(A1). Let A2  = {1, ••• M}\A1. 

Step 3. For i E A2, using the stratified sampling procedure of Section 2.2.2(c), select 

N — G distinct index values from A2  by sampling from: 

itt(i)  
E3EA2  Pt (i) 

i E A2 • 

Let A3  C A2  be the set of components thus selected. 

Step 4. The reduced N-fold mixture is obtained by combining those distributions 

indexed by Al  (with their original weight), and those indexed by the selected values 

in A3  (all with weight 1/Ct ). The components in A2\A3, whose new weight is zero, 

are discarded. 

Figure 3.4 shows a realisation of the algorithm: the top chart displays the original 

weights of the distribution, and the threshold 1/Ct ; the bottom chart highlights how the 

components of set Al retain their original weighting, those from ..43  are set to 1/Ct  and 

those in A2  \A3  are set to 0. In this example the approximation has support on N = 75 

nonzero points (M = 150). Finally note that while the original distribution in Figure 

3.4 displays a well-defined shape resembling a Gaussian mixture, this has no significance 

and was chosen only for illustration purposes. 

One way of understanding Ct  is to see it as the threshold below which components 

can be randomly selected using stratified sampling without the possibility of selecting 

the same particle more than once. For this to be possible, we require 'Condition A': 

A) 
1 

µt (i )< -67; for i E A2 • (3.2.1) 
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The choice of threshold should also ensure that the sum of the weights of the com-

ponents in set Al — which are propagated deterministically with their original weight 

(i.e. wt(i) = pt(i) for i E A1) - and of those in A3  — which are propagated ran-

domly with weight 1/Ct  (i.e. wt (i) = 1/Ct  for i E A3) — sum to 1. Mathematically, 

Ei€A1  wt(i) EiE.43 wt(i) = 1. For this to be possible, the total weight of the samples 

EA2 E 	itt(i)) in A2  (i.e. 	 should be equal to the total weight of the selected samples in 

A3  (i.e. EEA3 Wt( i) = 1\*G)' Thus we introduce a second requirement on Ct  (which we 

denote as 'Condition B') to ensure that: 

B) 	
E „it(i)  N 

Ct 
 G  

(3.2.2) 

Algorithm 3.2.5 - Calculation of Ct 

Step 1. Let Ttt  be the permutation of pt  which ensures decreasing order of weights. 

Set G = 1. 

Step 2. Set at  = 	l„, such that Condition B (3.2.2) is satisfied. 
6/ 

Step 3. Let f2 be the number of components for which pt(i) > 1/Ct, for i = 

f(G + 1), 	, 

Step 4. 

• If Il = 0, Condition A (3.2.1) is also satisfied, then set Ct  = at  and terminate 

the algorithm. 

• If 52 > 0, Condition A (3.2.1) is not satisfied, then set G = G + Il and go to 

Step 2. 

The Fearnhead & Clifford algorithm is an 'unbiased' selection procedure (similar to the 

random sampling approach), which however reduces the variance of the randomisation 

process by introducing a significant component of determinateness. This is achieved at 

the same time as minimising a cost function based on the squared difference between 

the original and the approximated weight distributions, and avoiding the possibility of 

sample 'clones'. Furthermore, these favourable properties come at an affordable com-

putational cost, particularly if compared to the distribution-based mixture reduction 

methods of Section 3.2.2. 

iEA2 
where G = card(A1). Conditions A and B can be used in the calculation of the unique 

solution of Ct  by means of the following algorithm: 
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d) A simulation study on weight-based algorithms 

In this section, an empirical analysis is carried out to assess how the degree of ran-

domisation in weight-based mixture reduction algorithms affects tracking errors in a 

manoeuvring target tracking scenario. On a scale ranging from pure randomness to pure 

determinateness, the random sampling approach and the DEA would place themselves 

respectively at the two extremes, while the Fearnhead and Clifford algorithm would be 

somewhere in the middle. 

The a-algorithm 

The first step to this analysis is the development of an algorithm based on a parameter, 

a, which governs the degree of randomness in the selection procedure. The algorithm 

works by thresholding the components' weights by 1/aN, those larger than this thresh-

old are propagated deterministically with their own weights, those smaller are instead 

randomised. This algorithm is similar to that of Fearnhead and Clifford (where 1/Ct  is 

now replaced by 1/aN), but unlike their method, the threshold is no longer a function of 

the original weight distribution and it can be pre-determined to model different degrees 

of randomness. 

It is acknowledged that the 1/Ct-threshold has some very desirable properties not present 

for other threshold values: if 1/aN < 1/Ct , stratified sampling on set A2 will potentially 

lead to the same sample being multiply selected; if on the other hand 1/aN > 1/Ct, 

more than the required N samples could be chosen deterministically. To deal with these 

conditions while still being able to test the entire spectrum, two ad-hoc decisions are 

made. Firstly, when more than N components exceed the threshold, only the N largest 

are selected (such as in the DEA). Secondly, to ensure that no component is needlessly 

carried forward more than once, random sampling is carried out using a version of Al-

gorithm 3.2.1 modified to ensure that the lottery continues until N distinct components 

are selected. In this case the weights of the samples selected is made proportional to the 

number of extractions. 

This choice of randomisation procedure is the main ad-hoc element in these 'a-algorithm' 

investigations, and might not be suitable for all types of applications. In fact, for prob- 
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lems where the weight distribution is likely to be very skewed (some weights very large 

and some others very small), computation times might sometimes be significantly in-

creased since randomisation is not complete until N distinct components are selected at 

least once. This problem is not noticeable in the manoeuvring target tracking scenarios 

tested in this thesis, but could arise, for example, in tracking problems involving clutter. 

An alternative solution would be to allow identical samples to be propagated more than 

once (as is the case in Algorithm 3.2.1). However, it was deemed that the first approach 

would allow a fairer comparison with the Fearnhead and Clifford algorithm, and has 

been followed in this empirical analysis. 

It should finally be noted that when a = 0, the algorithm reduces to purely random 

selection (as the threshold approaches infinity), while when a 	oo the threshold ap- 

proaches zero and the selection procedure is purely deterministic and identical to the 

DEA. In practice, to ensure that at least N components are above the threshold, a was 

set to some high value (typically a = 1, 000). 
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Algorithm 3.2.6 - The a-algorithm 

Step 1. Let /kW be the weights of the components of a M-fold Gaussian mixture. 

Let Al  = fileat(i) > —2N1 be the set of components chosen deterministically, and 

let G = card(A1). If G > N, select the N largest components and terminate the 

algorithm. 

Step 2. Let A2 = {1, M}\A1 be the set of residual components. Let A 

0 Vi E .42, and let: 

tit(i)  nt(i) = 
EjE,42 /1t(i) 

iEA2 . 

Step 3. Draw b  from the uniform distribution U(0,1) and find the component R, 

with possible values in A2, such that: 

R-1 
E rit(7) < 	E ritu) • 

J.1 

Let also NR = NR + 1. 

Step 4. If the number of components selected at least once (i.e. those i E A2 for 

which A > 0) is equal to N — G, go to Step 5. Otherwise repeat Step 3. 

Step 5. Let A3 be the set (of cardinality N — G) of components for which A > 0. 

Then the weights of the components in A3 are given by: 

Wt(i) = A 
( 1  - EjEAirtt(j)) E A3 . 

EJE A3 Ni 

Step 6. The reduced N-fold mixture is obtained by combining those distributions 

indexed by Al  (with their original weight), and those indexed by the selected values 

in .43  (all with weight wt(i), for i E A3). The components in A2 \-43, whose new 

weight is zero, are eliminated. 

Effects of randomness and determinateness 

The first test in this section aims to illustrate the expected difference between the purely 

randomised and deterministic versions of the algorithm. Deterministic algorithms, such 

as the DEA, select components on the basis of maximum a posteriori probability and are 

thus likely to retain samples which are most closely related to the latest measurements 
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Figure 3.5: Sample realisation of Track 2 using the mixture filter and the Fearnhead & Clifford 

mixture reduction algorithm (N=50). 

Figure 3.6: RMS error comparison of different weight-based mixture reduction techniques for 

Track 2 using N = 10 samples (100 Monte Carlo average). 
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and which are likely to be similar to each other. The advantage of this approach should 

be that, when the system is stable on a certain mode for a length of time, the determin-

istic selection should help minimise errors. On the other hand, randomised algorithms 

are likely to retain a richer mix of samples which will include a number of components 

associated with modes inconsistent with the latest measurements. The advantage of this 

approach should be that as soon as a mode transition is recognised, the algorithm should 

already be likely to have in store a number of samples associated with the new mode. 

Track 2 (shown in Figure 3.5), generated using the JMLS model of Section 2.3.1, was 

designed to highlight these differences. The target settles on a non-manoeuvring mode 

(r0:50 = 2) for 50 consecutive time steps, then switches to a left turn for the remain-

der of the trajectory (r51,100  = 3). This simple manoeuvring structure was chosen to 

highlight how different resampling algorithms 'settle' on a specific mode, and how the 

same algorithms react to a mode change after a long stable period. 100 Monte Carlo 

simulations were carried out using Algorithm 3.2.6 using a = 0, to test the randomised 

hypothesis, and using a = 1000 to test the DEA; the Fearnhead & Clifford algorithm 

was also tested. The parameters used in these simulations are identical to those used in 

Section 2.3.5. 

Figure 3.6 shows the average RMS error of the three algorithms over the duration of 

the trajectory, and Figure 3.7 shows the mode probabilities over the same period. As 

predicted, the deterministic algorithm has the lowest error over long periods of time 

during which the mode is constant, and it attaches a high probability to the correct 

mode. Immediately after the mode changes however, as only very few samples model 

the correct mode (the total probability is around 0.1), the DEA gives a very high peak 

error. 

On the other hand, the fully randomised algorithm shows higher errors during 'sta-

tionary' periods, but owing to the significant number of samples it retains associated 

with other modes, it 'damps' the error after the transition. Finally, the Fearnhead and 

Clifford algorithm shows properties midway between the two extremes, however in this 

scenario its performance is more similar to that of the randomised filter. 

74 



Testing the a-range 

The entire range of parameter a, which measures the degree of randomness, is now tested 

for Track 1 (which was described in Section 2.3.5). As can be observed in Figure 3.8, 

pure randomisation causes the highest average error and, while deterministic selection 

provides significantly lower errors, a minimum can be found at around a = 6. The 

Fearnhead and Clifford method also outperforms both extremes but not as evidently. 

Figure 3.9 shows the RMS position and velocity errors for this track for the three stan-

dard weight-based methods as well as for the minimising value of a (a = 6). Figure 

3.10 shows the respective mode probabilities. This choice of a seems to strike the right 

balance between tracking the correct mode and recovering after a transition (as reflected 

by the mode transition probabilities of Figure 3.10), and produces low estimation errors 

throughout the track. 

Finally, in Figure 3.11 the RMS errors for these mixture reduction schemes are plotted 

against computational time for varying number of mixture components. These results 

are superimposed on the results of some of the algorithm already tested in Section 2.3.5 

(Figure 2.10). We can see how the random sampling technique (a = 0) behaves simi-

larly to the RBPF with stratified sampling, however the more deterministic algorithms 

have a clear advantage. In this scenario, the Fearnhead & Clifford algorithm has similar 

performance to the DEA, while the a-algorithm with a = 6 shows remarkable further 

improvements. 

Unfortunately, the value of a producing minimum error is problem-dependent. It will 

vary depending on the target and on the frequency of its transitions between modes, 

which is an unknown. Empirically, it was found that — for an average track with number 

of manoeuvres reasonably consistent with the expected Markov chain mode transition 

probabilities — values in the range between 3 < a < 7 generally reduce the minimum er-

ror compared to the other methods, but again we stress that the actual value is problem 

dependent. 

A number of ad hoc algorithms, adaptively varying the value of a to ensure that the 
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mode probabilities rapidly converge on a given mode, while also retaining a certain pres-

ence in the other modes, can also be constructed. While not always as effective as the 

a-algorithm with the appropriate value of a, the Fearnhead & Clifford algorithm pro-

vides a good compromise between randomness and determinateness and is used as the 

`weight-based' mixture reduction algorithm of reference in the remaining sections of this 

thesis. 

3.2.2 Distribution-based mixture reduction 

So far, the mixture reduction techniques investigated reduce the mixture on the ba- 

sis of the component weights alone. A wealth of other information could however be 

incorporated in this selection process, and in this respect the spatial configuration of 

the constituent densities (the location of their means and the nature of their covariance 

matrices) is of particular significance. This section discusses techniques which attempt 

to minimise cost functions that take into consideration this extra information. These 

methods are referred to as 'distribution-based' mixture reduction techniques. 
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a) Salmond's mixture reduction algorithm 

Distribution-based mixture reduction techniques were first introduced by Salmond [61]-

[62], who proposed two algorithms aimed at improving on the popular probabilistic data 

association filter (PDAF) [13] for the problem of tracking a single non-manoeuvring 

target in clutter. Salmond's algorithms, known as the joining and the clustering algo-

rithms, work on the principle that approximating a Gaussian mixture distribution using 

multiple Gaussian terms was preferable to using a single component, as in the PDAF. 

As such, his sub-optimal algorithms were designed to approximate a Gaussian mixture 

by a lower order one, while at the same time reducing information loss. This section 

outlines Salmond's algorithms. 

The Mahalanobis distance 

Salmond's algorithms reduce a Gaussian mixture pdf by combining those constituents 

that are, in some sense, similar. In order to determine which particular reduction com-

bination will cause a minimal degradation to the original pdf, Salmond [62] suggests the 

use of a cost function which measures the modification to the structure of the Gaussian 

mixture. 

Consider a mixture with M Gaussian constituent densities with mean, covariance and 

weights given by { Pi, 	i E {1, , N}. Then the mean and the covariance of this 

distribution are: 

= 
i=1 

P pw Pb 

M 	M 

=Ettxt+Ettz*- 	 (3.2.3) 
i=1 	i=1 

The structure of the covariance of the mixture is composed of two components: the 

covariance 'within' constituent densities, Pz , and the covariance 'between' constituent 

densities, Pb. If any subset, C, of the constituent densities is now replaced by a single 
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Gaussian density with mean, covariance and weight given by: 

(3.2.4) 

(3.2.5) 

Tic 	 (3.2.6) 
jEC 

then the covariance of the resulting Gaussian mixture, which has cardinality equal to 

(4.  — card(C) +1), is still equal to P. However — unless the constituents of C are identical 

in mean and covariance — the structure of P changes: P" increases, while Pb  decreases. 

The size of this shift can be calculated as: 

L = Tic:Pc — E ! Li p, 
jEC 

_ 
= pc= E pti(Pi + - tcoi - c)7') - E //JP.; 

jEc 	 jEC 

= E 	- 	- toT 
jEC 

This shift in the covariance structure reflects the distortion introduced to the Gaussian 

mixture, and can be used as a cost function to assess viable reduction strategies. As 

shown in [62], if two constituent components, i and j, are considered, the increase in Pt° 

that is caused by their combination is given by: 

Lij = 	- ki)*: 	' j)T  • 
	 (3.2.7) 

The trace of Li.;  would then be a good cost function, if not for that fact that it is problem 

dependent. A preferable choice, in which the distances are normalised, is known as the 

Mahalanobis [38] distance, which is given by: 

A? 	 •±, 37.13-14i_ 	 (3.2.8) 
3 	Ili + 

Here P is the combined covariance of the original pdf as given in (3.2.3). This measure 

is equivalent to tr(P-1Lij). 

The joining algorithm 

The first algorithm proposed by Salmond, known as the joining algorithm, is an agglom- 

erative clustering method, which reduces the mixture to the desired number of terms by 
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Figure 3.12: The structure of the joining algorithm. 

combining the two closest components at each iteration. 

Figure 3.121  shows a flowchart of the joining algorithm. At the beginning of each recur- 

sion, the algorithm calculates the distance matrix, L V i, j E {1, 	, M} using (3.2.8), 

and combines the two components which are closest to each other (i.e. those components 

i and j which satisfy min(AW). The distance matrix is then amended and the process 

'Figures adapted from [61]. 
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repeated until the number of components is reduced to the required level or until the 

modification to the original mixtures exceeds a certain threshold (see Salmond [61] for 

more information on threshold selection). 

Although the joining algorithm choses the minimum cost strategy at each iteration, 

there is no guarantee that the final mixture will have caused the minimum possible dis-

tortion (global minimum cost). Furthermore, given its recursive nature, the algorithm 

can be computationally intensive, particularly if compared to weight-based mixture re-

duction methods. 

The clustering algorithm 

The clustering algorithm attempts to reduce the computational demands of the join-

ing algorithm by merging constituent components in groups rather than in pairs. As 

shown in Figure 3.131, the algorithm starts by ranking components in decreasing order 

of weights, following the assumption that these carry the most important information. 

The algorithm then considers the first component (i.e. the one with the largest weight) 

to create a new cluster, and computes the distance of all the remaining components. 

This is done using a modified version of the Mahalanobis distance (see (3.2.8)), in which 

the distance is normalised by means of the covariance of the cluster instead of that of 

the entire pdf. Thus the distance of component i from the cluster centre is now given 

by: 

auiPC 	 •thc ) (3.2.9) 
ct 	Pi + Pc 

where 	Pc, and we — calculated as in (3.2.4)-(3.2.6)— are respectively the mean, the 

covariance and the weight of a cluster created by merging the densities in C, a subset of 

the constituents Gaussian densities of the original pdf. Once this step is completed, any 

component whose distance is below a threshold T is merged with the cluster. Salmond 

suggests T = 0.05T1, where T1  determines the hyperellipsoid in state space containing 

1% of the probability mass of the principal component of the cluster and, as shown in 

[61], can be calculated using x2  tables such that T = 0.01485. 

The algorithm then checks the total combined probability of the remaining densities: 

if this is below a minimum threshold, Bt , (see [61]), these are discarded, if not the 
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Figure 3.13: The structure of the clustering algorithm. 

process is repeated with the surviving largest weight component forming a new cluster. 

If by the end of the recursion the number of components is still too large, the clustering 

algorithm repeats the entire process on the current approximation using a larger thresh- 

83 



old. Salmond suggests incrementing T by AT = 0.05AT1, where T1 + AT1  defines the 

hyperellispoid containing 6% of the probability of mass of the principal component of the 

cluster. Using x2  tables, AT = 0.02065. As shown in Figure 3.13, Salmond also intro-

duces an override to ensure that at least a single reduction takes place at every iteration. 

Although the clustering algorithm tends to be considerably faster than the joining algo-

rithm (and particularly so for large mixtures), its approximations do not tend to be as 

accurate. Furthermore if enough reduction strategies have a cost smaller than the thresh-

old, the algorithm approximates the Gaussian mixture with less than N components. 

When this happens, the degree of approximations is wastefully high. 

b) The integral square difference algorithms 

Williams and Maybeck [72]-[73] have proposed two algorithms to obtain a solution to 

the mixture reduction problem, aimed at achieving greater accuracy. These extremely 

computational demanding techniques make use of a different cost function, known as 

integral square difference (ISD) which takes into consideration the entire spatial config-

uration of the elements of the pdf, and not only the shift in the 'within' covariance of 

the approximation. The first algorithm, known as ISD initialisation (ISDI) algorithm, 

produces an initial approximation. The second algorithm is an optimisation algorithm 

which improves the initial approximations. 

The ISD cost function 

The integral square difference (ISD) cost function, as proposed by Williams and May-

beck [72]-[73], is a measure of the square difference between two pdfs (3.2.10). It can 

be used in mixture reduction in order to measure the difference between the original 

distribution and its reduced form, and to measure how much degradation is introduced. 

In this fashion, the ISD cost function can be used as a parameter to be minimised in the 

development of mixture reduction algorithms. 

Following the notation of [73], the ISD cost function can be expressed as: 

J = f (xtI12n - f (xtgi))2  dx t 	 (3.2.10) 
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where: 

and 

f (xtlf2n = Etor(xt; 	-13°) 
i=1 

N 

(3.2.11) 

f(xtI1l) = Eitpv(xt; 	 (3.2.12) 

are the joint pdfs of the state given the parameters of the components of the M-fold 

original and of the N-fold approximated distributions (referred to as S4 and 14 respec-

tively). To distinguish between the two pdfs, the mean, covariance and weights of the 

components of the original distribution will be labelled as (e ,P°,4) respectively, while 

those of the reduced distribution as ( 

By simplifying the product of two Gaussians to: 

Ar(th; x1, P1 )N(x; x2, P2) = aN(x; x 3 , P3 ) , 	 (3.2.13) 

where: 

= A 1"(1.; .±2, P1 + P2) 7 	 (3.2.14) 

p3  (prl p21)-1 (3.2.15) 

3  = p3(pi-1 1  p2 1 2 )-1 (3.2.16) 

Williams [72] shows how the cost function can be expressed in terms of: 

J = Jmm —2,1mN JNN. 

These terms simplify to: 

JMM = ff (xtlf2n 2  dxt 
M m 

= E E4ttv-(4; 	P .7) , 
i=1 j=1 

JMN = f f (xtIT) f (xtlfri)dxt 
M N 

= EEloz,:A/(4,; 
i=1 j=1 

JNN = f f(xtlf2D 2dxt 

N N 

= E E teikt,:x( ±3:, 	1371) 
i=1 j=1 

(3.2.17) 

(3.2.18) 

(3.2.19) 

(3.2.20) 

(3.2.21) 

(3.2.22) 

(3.2.23) 
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JMM and JNN are respectively the self-likeness of the original and of the reduced dis-

tributions, while JMN is known as the cross-likeness. The latter balances the former 

terms by cancelling out any common part, causing this cost function to have the desir-

able property of being zero when the distributions are identical. J reaches its maximum 

value when the product of the two distributions is zero at every point. 

A further property of this L2  cost function is that higher importance is given to those 

mixture components which are more concentrated (i.e. with a lower covariance) and less 

to those which are more spread out. According to Williams [72], this is desirable as areas 

with larger errors (i.e. higher variance) are given lower weights than more accurate ones. 

The ISD initialisation algorithm 

With minimisation of the ISD cost function in mind, Williams and Maybeck develop a 

two-stage mixture reduction algorithm which attempts to be optimal. The first stage, 

known as the ISD initialisation (ISDI) algorithm, seeks out an initial approximation to 

the original pdf. The ISDI works according to the same principles of Salmond's joining 

algorithm, except for using the ISD cost function instead of the Mahalanobis distance. 

It also considers the option of deleting mixture components, and not just joining them. 

At each iteration, the initialisation algorithm starts by calculating the number of possi-

ble reduction strategies (all the possible merging combinations as well as all the possible 

deletions) and for each one it calculates the resulting ISD cost. The best strategy is 

then implemented, the ISD cost table is updated, and the operation is repeated until 

the number of components drops to the desired level. 

J„, 
Original PDF Reduced PDF Reduced PDF 

1 	2 	... 	M tz. 1 	N Lx. 1 	N 
1 a 1 0. 

1:1 
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M 

Figure 3.14: Decomposing the ISD cost function (adapted from [72]). 
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While this may sound computationally prohibitive, an analysis of the structure of J 

shows how considerable computational savings can be achieved. As shown in Figure 

3.14, notice how JMM  is an M x M matrix, JMN a M x N matrix and finally JNN a 
N x N matrix. However JMM is independent of the reduction being carried out and 

can therefore be computed only once. Furthermore JMN and JNN share most of their 

components with it. As — when merging components — a single reduction is carried out 

per iteration, the only elements that need to be re-evaluated are those in one column 

of JMN, and those in one column and one row of JNN. When deleting components, 

the calculation of the ISD cost is even simpler: the columns and rows related to the 

component being considered simply get discarded. 

Despite computational economies achievable in this way, this algorithm remains ex-

tremely computationally intensive (even compared to Salmond's joining algorithm). 

The iterative ISD optimisation algorithm 

The second algorithm proposed by Williams [72] is an iterative optimisation algorithm 

which, using gradient techniques, modifies the means, covariance and weights of the 

components produced using the ISDI algorithm with the aim of having them converge 

to a cost minimum. Thus the iterative ISD optimisation (ISDO) algorithm essentially 

fine-tunes the reduced components in an effort to minimise the difference between the 

original and the reduced mixtures (see [72] for mode details). 

Needless to say, this optimisation step further increases the already significant com-

putational load required by the initialisation step, making the use of this algorithm 

impracticable in many real scenarios. Furthermore, according to Williams [72], no clear 

performance improvements are observed when using this extra step, and the initiali-

sation estimates were even shown to frequently outperform the optimised parameters. 

This implies that the ISDO often converges to a local minimum instead of the global one. 

This local minimum, while reducing the overall ISD cost with respect to the starting 

point, might not necessarily represent the best solution from a tracking point of view. 
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3.2.3 Applying distribution-based algorithms to multiple-model prob-

lems 

When using distribution-based techniques in multiple-model tracking problems such as 

manoeuvring target tracking, an extra difficulty arises in the treatment of clusters formed 

from the combination of components associated with different modes. As illustrated 

in Figure 3.15, there are two possible ways of dealing with this extra complication: 

allowing individual components to be associated with more than one mode, or restricting 

clustering to components of the same mode. We focus on the former approach and 

propose a modification to the standard mixture filter in which each mixture component 

is associated with a vector of mode probabilities, rather than on a single mode. 

1111 Components associated with mode 1 

[i  Components associated with mode 2 

11111 Components associated with mode 3 

I] 	Components associated with both mode 1 & 2 

Approach 1 multi-modal mixture components 

• R 

- aps 

- axis 

Approach 2 parallel clustering over mode-space 

• 

- mds 

Figure 3.15: Clustering strategies for multiple-model problems. 

a) The multi-modal mixture component approach 

The first approach involves exact calculations of the mode transition probabilities at time 

t given that the prior components xt 1  are clusters of terms belonging to different modes. 

This can be done by generalising the mixture filter model presented in Section 3.1.1 so 

that the mode transition probability calculations no longer assume that parent particles 

are associated with a single mode. Consider a M-fold Gaussian mixture representing an 

approximation to the conditional distribution at time t — 1. Generally, for the multiple- 
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n Xt— 1 = E Itt lit  

k Prtt-1 E 	•t-t, + 	 — 4,7), 
kEqi, 

4_1= E 
kEe,, 

(3.2.24) 

(3.2.25) 

(3.2.26) 

model problem investigated in this thesis, M = N x d, however for tidiness of notation 

we here replace the double index n E {1, . , N}, j E {1, 	with the single index 

i E {1, . . . , M = N x d}. Let the constituent components of this conditional distribution 

have mean, covariance, mode and weight described by: 

Let us now suppose that a mixture reduction algorithm (that takes no account of the 

mode value) creates N clusters, Ct 1 , for n E 1, , N. The components to be clustered 

are then: 

itc-1) Pl;-17 f.P '± 	 —17 	IkECp 1  • 

If C° 1  is the set of those components to be discarded, then: 

U C11-1 = { 1, • • • M} • 
n=0 

Each of these clusters can be replaced by a single weighted Gaussian density { 	1, Pt1 , µt I. }, 
where: 

The treatment of the modes is more complicated. Now, several mode values (and corre-

sponding weights) are associated with each sub-mixture associated with the set of index 

values Ct 1, and this information needs to be carried forward in the reduction process. 

This can be done by constructing yt 1, a (d x 1)-vector containing the 'mode prob-

abilities' of the elements in a given cluster Ct 1. The probability of a given model based 

on these components is then the (normalised) sum of the weights of all those components 

k E Ct 1  whose mode f.t 1  = 1. Introduce the Kronecker delta , 	1,1), where: 

{ 0 
8(71,,i)= 1  

if rt1= 1  
otherwise 

(3.2.27) 
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Then -yrt' 1  can be written as: 

1 
Yrti 	n 	ilitC-164 1 1), 	 iiitC  1 SW; d» T  (3.2.28) 

Pt-1  kEq 	 kEq 

where iiTt' 1  ensures that the sum of the mode-probabilities for a given cluster add to 

1. In the modified algorithm we propose in this section, instead of associating each 

component from the reduced N-fold distribution with a single mode rt 1, we associate 

it instead with the vector -yr: 1  of mode probabilities. Thus, we propagate to the next 

iteration the N-fold mixture with the following parameters: 

jj db rtt_i, Ft1-11 7;1-11 Artt-1 

At time t, the weights associated with each posterior mixture component (returning to 

the double-index notation) are calculated as: 

ui = 
1 Cut1= E -42_117/3  KEy  (yt; "gse tn  1, Pt' 1, j, t) 

(1=1 

Here (,_,Vsdi_ i  Yt2/ 17/3 ) (where -4111  refers to the ith  element of yt 1) replaces grili 1 in the 

traditional form of this equation (3.1.3) in order to take into account all the possible 

modes that can be associated with the component. Clearly, this is a generalisation of 

the old formula, as in the case of a component being associated with a single mode 
(0fT_ i ) = 0 and -y 	i ) 	 d n(1=7 	 _nl 

'Prt1-1, 	 t- = 1. In this case, 	it  _17/3 ) reduces to 7r,T  

Figure 3.16 shows a sample calculation of -)1'. A similar treatment of mode transition 

likelihoods was briefly investigated in [72]. 

Figure 3.16: Calculation of yrt': an illustrative example (with N = 2, d = 3). 

It should be noted that the computational increase imposed by this modification is 
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negligible, as the summation term can efficiently be implemented as a single matrix 

operation: 

E 
(/=, 

= 7rT j-YtL , 
nl (3.2.29) 

where 7r,i refers to the jth  column of 7r, the d x d Markov matrix of mode transition 

probabilities (2.3.3). 

We now summarise the modified version of the mixture filter that allows for cluster-

ing of components irrespectively of their mode: 

STEP 1: MODE-MATCHED KALMAN FILTERING 

Given N prior mixture components with mean, covariance, weights and mode probabil-

ities et-Li, Prt1_1, 4_1, and -6.1_1  (for n E 11,...,N1), the mixture filter calculates the 

exact N x d-fold posterior conditional distribution. For modes j E S, this is done by 

means of the maps defined in (2.3.12),(2.3.21): 

(41j, Pnt i ) = K Fx(4_1 , P'tt_1 , yt , j, t) , 	 (3.2.30) 
d 

/ rtli  =lit 1 E-41.--grci KFy(Yt; ( 
1=1 	

„,- n 	pn 	,.; _I.\ ''t-11' t-1,J, ,,11 	 (3.2.31) 

1 	• 

	

nj ____ _ ,n3 	 - pt  — 
c 

it t  , where c = E Ate / 	 (3.2.32) 
n,j 

rt = 	 (3.2.33) 

where ,42_1 1  refers to the /th  element of -61_1. 

STEP 2: STATE ESTIMATE & COVARIANCE CALCULATIONS 

Next, the output state estimate, xt , and covariance, Pt , are computed by merging to- 

gether all the constituent densities of the posterior conditional distribution: 
N d 

t = E E  (3.2.34) 
n=1 j=1 
N d E E ptnj[ptnj (et j ±• t)lxntj 	t)T} 

n=1 j=1 

It should be noted that the output estimates should be calculated prior to the mixture 

reduction as this inevitably introduces degradation. 
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STEP 3: MIXTURE REDUCTION 

Finally, to reduce the mixture, it is easiest to relabel all mixture components indexed by 

n E {1, , N} and by j E S, with a single index i E 11, , N x d}. Using any of the 

mixture reduction techniques presented in this thesis, N sets of index values, cin, should 

be produced indicating which components are to be clustered together. Components in 

C° are discarded. 

The N clustered components to be propagated to the next iteration are described by 

Ce t', 	, 41, where: 

k k At t 
kECT' 

EFtt (P': + 41: — 	— 47) 
kEcp, 

Itt = E 
kEq 

r 	 -iT 

-yrt' = -n  E 	, 1), 	E 	, d)) 
/It  kECi 	 kEC1' 

b) Parallel clustering over mode-space 

= 

P' t2  = 

(3.2.36) 

(3.2.37) 

(3.2.38) 

(3.2.39) 

Alternatively the problem of 'mixed' clusters can be avoided altogether by carrying out 

parallel mixture reductions procedures for each manoeuvring mode independently of the 

others. This method would effectively turn the mixture algorithm into an evolution of 

the 2nd orded GPB (see Section 2.3.3), where a mixture of components, instead of a 

single one, is retained for each mode. 

The main disadvantage of this approach is that this discrimination between compo-

nents of different modes is somewhat artificial, and overall clustering efficiency might 

suffer as a result (Figure 3.15 shows an example where this might be the case). This 

is most likely to occur in problems where the mode distributions are themselves multi-

peaked (such as manoeuvring target tracking in clutter) and where the need for mixture 

algorithms is greatest. 

It should finally be noted than in a recent conference paper, Maybeck and Smith [53], 
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chose this technique to apply ISDI clustering techniques to the problem of manoeuvring 

target tracking in clutter (more discussion on this problem is found in Chapter 4). 

3.2.4 Hybrid mixture reduction 

In this section a new mixture reduction method is proposed that aims to combine as-

pects of weight-based and of distribution-based mixture reduction. One of the most 

obvious advantages of distribution-based methods is the fact that, by favouring merging 

over pruning, very little information is ever completely discarded. This generally implies 

that the true 'hypothesis-path' of the optimal Bayesian solution is incorporated in any 

mixture approximation (although it might be merged with other paths). On the other 

hand, weight-based methods are computationally efficient, and those that have a degree 

of randomisation have also the desirable property of rejuvenating the components of 

the distribution by randomly revaluing low-weight components. We showed in section 

3.2.1(d) that this feature helps to reduce the estimation error caused by mode-transitions. 

The advantages of both methods are clearly compatible and mutually beneficial if prop-

erly combined. As doing so analytically is problematic, a variety of ad-hoc schemes can 

be designed and tailored to specific problems and computational resources. However 

if the methods are kept as general as possible, two distinct approaches become clear: 

the integration of weight-based methods with a degree of clustering (to reduce the level 

of component pruning), and the integration of clustering methods with an element of 

randomisation. We investigate the first of these two approaches in its simplest form, al-

though more sophisticated algorithms could surely be implemented. It should be noted 

that this algorithm requires the modification to the standard mixture algorithm pre-

sented in Section 3.2.3(a) if it is to be used for multiple-model target tracking problems. 

a) The algorithm 

The simplest and most intuitive way to integrate weight-based mixture reduction with 

a degree of clustering, which would ensure that little information is ever completely 

discarded, is to combine all those components destined to be discarded into a single 

residuals component (while the other N — 1 components are chosen normally). 
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This cluster of residuals is likely to have a high covariance, which should also generally 

increase the robustness of the algorithms. The effect of this extra residuals component 

should be most significant when a small number of densities is used, while for high N 

the difference with the unmodified weight-based algorithms should be less noticeable. 

Even for such a simple scheme, a variety of design decisions need to be made, the 

most significant of which is clearly the choice of the underlying weight-based mixture 

reduction method. As the Fearnhead and Clifford algorithm (see Section 3.2.1) opti-

mises a cost function and was shown to be an effective randomised technique, it is used 

in this section as the basis of this hybrid mixture reduction method. Any of the other 

weight-based methods, including the a-algorihtm, could also be used. 

The second design decision concerns the treatment of the weight of the clustered density 

with respect to the other densities. One possibility would be to weigh the residuals com-

ponent as the sum of the weights of its constituent densities. However when the weights 

of the original distribution are reasonably balanced, the resultant weight of the residual 

component could be significantly larger than the weight of the resampled particles. This 

is clearly undesirable as it would distort the approximation. 

The alternative, which is adopted here, is to use the weight structure of the Fearn-

head and Clifford algorithm. Their technique assigns the original weight to the largest 

components chosen deterministically, and it assigns a uniform weight to the components 

chosen randomly. This weight, given by 1/Ct, is equal to the total residual weight di-

vided by the number of components to be resampled randomly. Following the notation 

introduced in Section 3.2.1(c): 

1 -~iEAi (3.2.40) Ct 	N — G 

where G is the cardinality of .A1, the set of densities chosen deterministically. This struc-

ture can be readily modified to incorporate the extra residuals component by assigning 

it with weight equal to that of the samples resampled randomly. When N components 

are to be retained, the resulting algorithm is essentially the same as the Fearnhead 

Clifford algorithm calculated for N — 1, with the remaining slot being filled by the 'resid-

ual' particle. The new algorithm is summarised as follows: 
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Algorithm 3.2.7 - Hybrid mixture reduction 

Step 1. Using Algorithm 3.2.5, calculate Ct  as the unique solution to: 

N — 1 = Emin(ctpt(0,1). 

Step 2. 	Let Al  = 	 1/Ct} and let G = card{Ai}. 	Let 

A2  = fi,...,MI\Al• 

Step 3. Using the stratified sampling procedure of Section 2.2.2(c), select 

(N — G — 1) distinct index values from A2 by sampling from: 

EjEA2 Pt (i) 

Step 4. Let set A3  C A2  be the set of samples selected as part of Step 3. Then the 

components in the set A4 = A2 \ A3  are merged. The mean and covariance of the 

residuals component are given by: 

= E pt(i)•thit 
iEA4 

= E tit(i)(Pit + 	—'rtn)(±t — 'rt12 )7') • 
iEA4 

Step 5. Calculate the weight, wt , of the components in set A3  and of the residuals 

component JV-("4n , Pr) as: 

Wt = 
1  - EiEA, itz(i)  

N — G 

Step 6. The reduced N-fold mixture is obtained by combining those distributions 

indexed by Al (with their original weight), those indexed by A3  (all with weight Wt) 

and the residuals component Ai( 'et, Pr) also with weight wt. 

3.2.5 Simulation comparisons 

The mixture reduction algorithms described above are now tested for two target tracking 

problems: the target in clutter problem and the manoeuvring target problem. Although 

the former has normally been solved with distribution-based mixture reduction methods 

and the latter using weight-based methods, all reduction algorithms — including the novel 

Pt(i) i e A2 • 

aGm  

Pm  t 
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one presented in Section 3.2.4 — are here tested for both problems. This should highlight 

areas of overlap as well as the strengths and weaknesses of the different techniques. 

a) The target in clutter scenario 

The first scenario considered aims to replicate the results of [62] and [72], whose original 

purpose was to demonstrate the effectiveness of distribution-based mixture reduction 

methods for the problem of tracking non-manouevring targets in heavy clutter. This 

problem, which is outlined in detail in Appendix A, involves nonlinearity in the form of 

multiple measurements. Of these, only one may belong to the true target; the rest are 

`false alarms' (generally referred to as 'clutter' measurements) which may be erroneously 

mistaken for the true measurement. 

The nature of clutter measurements varies with the type of sensors being used, but 

is generally associated with reflections of the true target or, especially in the case of pas-

sive sensors, with interferences produced by unrelated sources. Although some types of 

clutter measurements (such as reflections) may exhibit correlation, false measurements 

are generally assumed to be uniformly distributed over the sensor's surveillance region, 

while the frequency of their appearance is modelled using a Poisson distribution. Gen-

erally, Pc(Z), the probability of Z clutter measurements at a given time step, is given by 

Pc(Z) = (Av)zzAv , where A is the spatial density of the clutter and V is the volume of 

the observation region. For a more detailed formulation of the data association problem 

see Appendix A.1. 

The chief goal of these simulations is the evaluation of the performance of weight-based 

mixture reduction methods in scenarios normally solved using distribution-based meth-

ods. To this end, the Fearnhead and Clifford algorithm is tested along with the modified 

hybrid reduction scheme of Section 3.2.4. Due to the computationally intensive nature of 

the simulations associated with the ISD initialisation (ISDI) algorithm, 50 Monte Carlo 

simulations are used instead of the 100 used in previous comparisons. 

These simulations compare the algorithms on the basis of the 'track-life', the average 

number of iterations until a 'track-loss' is registered. A track-loss, as defined in [72], 
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Figure 3.17: Average track-life per mixture component (50 Monte Carlo average). Exact com-

ponent numbers are marked at the top of the chart. 

takes place if the true measurement does not appear in any of the mixture component 

gates2  for five consecutive time steps, or if all hypotheses are 10o- from the true target 

position for five consecutive steps. Here a is defined as the standard deviation of the 

estimation error a Kalman filter using only the correct measurements would produce. 

To allow for such a comparison, a linear track is generated for t = 1, 2, ... , 10, 000, and 

a very high density of clutter measurements (A = 0.012) is used. As in [62] and [72], 

the sampling time h, q (such that Q,,E  = gm/2x2) and q, (as given in (2.3.9)) are all 

normalised to unity. Given the length of the track, the measurements are simulated in 

a box of size 2001,/ around the true track position. Although Salmond [62] suggests 

using a large gate of size determined by Pg  = 0.001, in order to keep the simulations 

more computationally manageable, the larger value of P9  = 0.01 (suggested by Williams 

[72]) is used (see Appendix A.2 for a description of how PG, the probability of the correct 

measurement being rejected by the gating process, affects the gate size). This choice 

ensures that all tracking algorithms will lose track long before the track is complete. 

Figure 3.17 shows the average track-life of the different algorithms plotted against the 

2A 'gate' is a coarse data association tool used to reduce the computational complexity of tracking 

algorithms. Gates work by rejecting measurements that are highly unlikely to be true based on current 

expectations. Appendix A.2 provides further details on gating techniques. 
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number of mixture components retained at each iteration. As shown by the regression 

lines, all these algorithms seem to display a roughly logarithmic relationship between 

track-life and number of mixture components. These results match well with those pre-

sented in [72] although, in the case of the ISDI algorithm, there does not seem to be 

significant evidence to suggest an exponential relationship between N and the track-life. 

The ISDI would rather seem to follow logarithmic patterns more similar to those of the 

other algorithms (the regression line is remarkably similar to that of the joining algo-

rithm). However the difficulty in testing this algorithm for N > 30 (due to prohibitive 

computational requirements) leaves a degree of uncertainty. 

In this setting, the Fearnhead and Clifford algorithm performs comparably to the cluster-

ing algorithm, however both these faster algorithms display a low-gradient logarithmic 

relationship (between number of components and track-life) which fails to be competi-

tive with either the Joining or the ISDI algorithms for all values of N. 

On the other hand, integrating the Fearnhead and Clifford algorithm with a component 

collecting all the discarded residuals provides significant benefits. The hybrid mixture 

reduction algorithm introduced in Section 3.2.4, while displaying a similar gradient to 

that of the Fearnhead and Clifford algorithm, has a positive offset which grants it a 

track-life of around 200 steps more for all values of N. This improvement means that 

for a low number of mixture components, this scheme produces the highest track-life 

of all algorithms. This is even more evident if track-life is plotted against the average 

computational time of each recursion, shown in Figure 3.183. Clearly up until 10-15 

mixture components, the most efficient technique is the hybrid method, above which it 

is outperformed by the joining algorithm. 

As pointed out in [72], the computational efficiency of the ISDI algorithm could be 

improved using techniques such as U-D factorisation4  or by means of a C++ implemen- 

3As the most computational intensive plots on this chart had to be computed on parallel machines, 

the values shown should be taken as indicative rather than exact. Every effort was made to try to keep 

these values consistent, however minor variations are nonetheless possible. 
4U-D Factorisation is a technique which enables the fast calculation of the inverse of a positive definite 

matrix. 
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Figure 3.18: Average track-life vs. average computational time of each iteration (50 Monte 

Carlo average). Component numbers are indicated where possible: for ISDI joining algorithm, 

the range shown is: [3, 4, 5, 10, 15, 30]; for the LAMF using the joining algorithm: [2, 3, 5, 10, 

25]; for the RBPF: [10, 25, 50, 100, 250, 500]; for all other filters: [3, 4, 5, 10, 15, 30, 50, 100, 

200]. 

tation. For consistency — as the other algorithms do not use these techniques — these 

were not implemented in these simulations. Although methods such U-D factorisation 

would benefit the ISDI method more than other algorithms (given its heavy use of matrix 

inversion needed to calculate the ISD costs), it is unlikely that the ISDI would replace 

the joining algorithm as the most cost-effective given their similar performance per par-

ticle (Figure 3.17). 

It should be noted that the results presented are somewhat affected by the relatively 

small gate size used in these simulations (P9  = 0.01). This was chosen so that simula- 

tions would be possible in a reasonable time. If the value of P9  = 0.001 (as used in [62]) 

was chosen instead, the tracking performance of all algorithms would greatly increase. 

The smaller gate size was used as, not only the larger number of measurements satisfying 

gating conditions would increase the computational cost per iteration, but especially the 

longer track-lives would dramatically increase testing times. 
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b) The manoeuvring target tracking scenario 

The mixture reduction algorithms are now tested in the multiple-model scenario already 

introduced in Section 2.3.5. The modified mixture filter presented in Section 3.2.3(a), 

which allows for a mixture component to be associated with more than one mode, is 

used. This is necessary in order for the distribution-based algorithm to merge compo-

nents irrespectively of their associated modes. 

Figure 3.19 shows the average RMS estimation error of the IMM, the multiple model 

bootstrap filter (MMBF) and the Rao-Blackwellised particle filter (RBPF) using strati-

fied sampling in the resampling step, as was already presented in Figure 2.10. To these 

we superimpose the results produced using the mixture filter tested using a number of 

different mixture reduction methods: the Fearnhead and Clifford, the joining algorithm, 

and the hybrid scheme of Section 3.2.4. Having proved to be the most efficient of the 

distribution-based methods in the data association simulations, the joining algorithm 

was chosen as the representative of the whole category. 

It can be seen how all mixture reduction methods outperform the PF and the RBPF by 

achieving asymptotic convergence with a computational cost smaller by nearly an order 

of magnitude. Clearly the IMM is still the most efficient method for very low computa-

tional costs, but — if needed — the new techniques allow it to be outperformed much more 

cheaply. Of the mixture reduction methods, the hybrid scheme proves to be the most 

efficient for small number of components and is closely followed by the Fearnhead and 

Clifford scheme and by the joining algorithm. The latter produces estimates marginally 

inferior to the IMM's with only 3 mixture components, and outperforms it with only 5. 

Its overall computational efficiency is decreased by its relatively higher cost per mixture 

component. 
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Figure 3.19: Position RMS error vs. computational cost comparisons for Track 1 and for varying 

number of mixture components / particles (100 Monte Carlo average). Component numbers are 

indicated where possible. For the mixture filters and the RBPF, the range shown is: [5, 10, 25, 

50, 100, 250, 500, 1000, 2500]; for the particle filter: [100, 250, 500, 1000, 2500, 5000]; finally for 

the mixture filter using the joining algorithm: [3, 5, 10, 25, 50]. 

3.3 Look-ahead mixture filters 

In this section the structure of the standard mixture filter presented in section 3.1.1 is 

further modified to allow for the very latest measurement information to be incorpo-

rated in the mixture reduction process, thus ensuring that the approximations are more 

strictly related to the current conditional distribution of the target. The key motivation 

behind this enhancement, which we refer to as 'look-ahead', is that the standard filter 

tends to approximate the optimal conditional density of all mode histories without di-

rect reference to the degradation being caused to future estimates, but rather tends to 

concentrate exclusively on the error on current estimates. 

By looking at the structure of the standard mixture filter (simplified in Figure 3.20), we 

note how the mixture reduction process — in which the posterior distribution is approxi-

mated by one with support on a lower number of terms — is the last step of each iteration 

(say at time t), and is computed just prior to the receipt of the measurement used at the 

next cycle (time t + 1). However as mixture reduction does not affect the state estimate 
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Figure 3.20: Structure modifications introduced by the look-ahead mixture filter. 

at time t, it is exclusively relevant to the future recursions, and particularly so to the 

next one at time t + 1. The approximations to the conditional distribution could then 

be seen as being based on past information, as the samples to be used at time t 1 are 

chosen exclusively on the basis of measurement data up until time t. 

Figure 3.20 shows how by slightly shifting the recursion of the standard filter, the look-

ahead mixture filter delays the mixture reduction step until it is possible to update the 

weights of the mixture components using current measurement information. This en-

sures that the approximations to the conditional distribution are carried out with current 

information. 

3.3.1 Derivation of the look-ahead mixture filter (LAMF) 

Suppose that, at time t —1, as a result of previous updating, a Gaussian mixture is used 

to describe the posterior distribution of the target, p(xt _i, rt—i 	)• This will be of 

the form: 
N d 

13(P-1, r t-11Y ld-1) = 	iitn-11•Af(P-1; 4-311 Ptn-3-1) • 
n=1 j=1 

In order to control the growth of mixture components, at this point we normally pro-

duce 75( X4-1 5 rt-11 Yi:t—i ) an N-fold Gaussian mixture approximation to the N x d-fold 

Gaussian mixture kx,t_i, rt_i y i:t_ i ). For simplicity, we shall for the moment assume 

that the mixture reduction step is weight-based, however the same concepts can be ap-
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1 n = —
c
it t j 	7rikKFy(yt; 	Pnt_ii, k, t) . 

d 

k=1 
(3.3.3) 

plied to the distribution-based mixture reduction methods by applying the modifications 

of Section 3.2.3(a). 

Suppose now that the measurement y t is available prior to the mixture reduction step. 

We could then use 25(xt-1, rt—i I Yi:t-1) as the prior distribution, and by means of mode-

matched Kalman filters, we could generate a N x d2,-fold mixture approximation to 

P(xt,rtiYi,t). For n E {1, 	, N} and for j, k E 8, this would be: 

15( xt , rt I y ) = 

where 

N d d E E E pntj k Ar(xti 	p tnjk ) 

n=1 j=1 k=1 

(Xnik , Ptak ) = KFx(i n—i, Ptn—' pYbk,t), 	 (3.3.1) 

Itt jk 
f 	..nj 

= k.11 Cn'tt_Crjkl<Fy(lit; Pt~1, k, t) , (3.3.2) 

and where c is a normalisation constant. This represents a further step into the optimal 

Bayesian solution tree, where the weights, pttn jk , represent the updated probabilities of 

each mode history one step ahead (i.e. at time t). 

Although contructing 15( xt rt I Yi:t) is not desirable if the complexity of the mixture 

approximation is to be kept manageable, weights ii tnik could be used to improve the 

effectiveness of the mixture reduction step. To do so, instead of selecting components 

on the basis of tt7ji , we instead use At', the updated weights including the 'future' 

information. These are given by: 

j 	n 
ilt = 2_, jk 

 
k=1 

This version is unsatisfactory, however, because of the computational burden of calcu-

lating /int ik for all N x d2 values of the indices n, j, k. However, in typical models of 

manouevring targets: 

7rti >> 	for j 	i , 	 (3.3.4) 

(i.e. the transition matrix favours no change of mode). We also note that the target 

model is arrived at by a time discretisation of a continuous model (with sampling period, 
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h). When h is small: 

F(i) ^ F(j), 	for all i, j. 

In these circumstances, it is reasonable to approximate (3.3.3) by: 

-nj-= nj(k.j) 

4 
1t) -tin°  KF (y • t —1 5  t— Pnj11 t) - 	t -  (3.3.5) 

since the difference between these quantities can be expressed as the product of two 

small numbers (here E is another normalising variable). 

These approximations bring about a reduction in the number of Kalman filtering op-

erations involved in calculating the weights by a factor of approximately 1/d, and thus 

ensure that the condensation phase of the algorithm imposes a minor additional compu-

tational burden to the overall scheme. 

For systems for which condition (3.3.4) is violated, instead of retaining a constant mode, 

a mode value could be sampled from the mode transition probabilities. If the newly 

sampled mode is f.tnj, the resulting look-ahead weights are modified to: 

f41.  = (1/a")itni  71-  ToKF ( • xt
n
-
j 
 i, 

7-,nj -nj 
t-1 	Yt , 	rt t) 

where E is a normaliser. 

(3.3.6) 

3.3.2 The LAMF algorithm 

The look-ahead mixture filter (LAMF) is now described in detail. The algorithm starts 

by retaining the exact N x d-fold mixture from the previous step (t — 1), and its first 

task involves updating the weights of its components using the current measurement, yt . 

At this point, the mixture reduction step is performed and the posterior distribution at 

time t is then computed. The final stage of the algorithm is the calculation of the state 

estimate and covariance. 

It should be noted that, assuming the mixture reduction algorithm used is weight-based, 

some of the Kalman filter operations required to calculate some terms of the posterior 
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distribution, have already been evaluated as part of the evaluation of 'look-ahead' prob-

abilities computations (one dth, to be exact) and do not need to be recomputed. 

STEP 1: WEIGHT UPDATE 

Assume a prior N x d-fold Gaussian mixture, whose components have parameters given 

by {±thii , Pt 1,  Ptij = j, titn•±1} (for n E {1, 	, N, j E S), is available. The first step of 

the look-ahead mixture filter is to update weights fitnii  (current to measurement t — 1) 

with the latest measurement yt  so that the mixture reduction step may be carried out 

with current information. The updated weights iitn j are calculated as: 

fi7j  = (1/E)4111<Fy(Yt.; 43_1, P7;111..7101 	 (3.3.7) 

where 

= E 	'7,111, P7.11, t) 

STEP 2: MIXTURE REDUCTION 

Next, the algorithm reduces the distribution from N x d-fold to N-fold on the basis of the 

updated weights, 'AV. An extensive discussion of mixture reduction techniques is found 

in Section 3.2, but all possible techniques produce a distribution whose components are 

defined by mean '4_1, covariance Prtt_1  and µt 1. These algorithms should also produce 

a vector -yttt 1  of mode probabilities as described in Section 3.2.3(a). 

STEP 3: MODE-MATCHED KALMAN FILTERING 

From this point, the algorithm is identical to the standard mixture filter of Section 

3.1.1. Given N prior mixture components, the algorithm calculates the exact posterior 

conditional distribution by using banks of mode-matched Kalman filters which generate 

a weighted sum of estimates that considers each possible mode transition. For modes 

j E S, this is done by means of the maps defined in (2.3.12) and (2.3.21): 

where: 

KFx (""g_ i, It 21 

• 1 
tit 

nj 
— c 

n 	E nl 	KFy(yt ; 	 t), ( 

(d 

	

C = E ttn 	7n  —1  E 	7ri ' KFy(yt; 4-1,Prti--1,i,t) , 

	

t 	t 1 3 
n,j 	1=1 

(3.3.8) 

(3.3.9) 

(3.3.10) 
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and where -4'1 refers to the /th element of 

STEP 4: STATE ESTIMATE & COVARIANCE CALCULATIONS 

The final stage consists in the calculation of the output state estimate and covariance. 

These are computed by further merging together all the elements of the posterior con-

ditional distribution. 
N d 

xt = nj -nj 
Xt 

n=1 j=1 
N d 

Pt = E E it;ij[P7t'i + 
n=1 j=1 

3.3.3 Simulation comparisons 

- totni — 	. 

(3.3.11) 

(3.3.12) 

The look-ahead version of the mixture filter was initially tested for Track 1, the manoeu-

vring target tracking scenario already investigated in previous sections (see Section 2.3.5 

for simulation parameters). Although the gook-ahead' algorithms outperforms the nor-

mal versions of the algorithm for equal number of particles, Figure 3.21 shows how both 

versions of the algorithms produce similar tracking errors per computational cost (i.e. 

the error reduction obtained using the look-ahead update is generally offset by its cost). 

The main exception is the case where the joining algorithm is used in the mixture reduc-

tion step. This type of reduction is in fact considerably more computationally intensive 

than other methods, and takes up a significantly higher proportion of each iteration's 

computational time. The look-ahead update therefore introduces a lower proportional 

increase in computational requirements (from around +50%, in the case of the weight 

based methods, to around +25% for the joining algorithm). This is enough for the 

look-ahead version of the joining algorithm to outperform its normal counterpart. This 

is particularly evident for low number of mixture components, and with N = 3, this 

technique produces lower errors than the IMM algorithm (which retains a mixture of 

equal size). 

Given their nature, look-ahead filters should generally be expected to provide estimate 

improvements during the manoeuvring phase. In order to fully appreciate the advantages 

they can offer, a new track featuring more intense manoeuvring was designed (Track 3). 
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Figure 3.21: Position RMS error vs. computational cost comparisons for Track 1 and for varying 

number of mixture components / particles (100 Monte Carlo average). Component numbers are 

indicated where possible. For the filters using the joining algorithm, the range shown is: [3, 5, 

10]; for the RBPF: [10, 25, 50, 100, 250]. For all other filters: [5, 10, 25, 50, 100]. 

Figure 3.22 shows a realisation of this new target trajectory (Track 3), which uses the 

same parameters as those of Track 1 but in which the target now manoeuvres as follows: 

r0:25 = 2, r26:55 = 3, 7'56:85 = 1, r86:115 = 3, r116:145 = 1, r146:175 = 3, T176:200 = 2. 

When the algorithms are tested for this track (Figure 3.23), the look-ahead versions 

are more competitive. In particular, the most efficient algorithm of all is now the LAMF 

using the joining algorithm in the reduction step. 

The type of chart considered so far shows the averaged error over the entire trajec-

tory, however during manoeuvring the look-ahead versions of all algorithms outperform 

their counterparts. Figure 3.24 shows the average RMS error throughout the trajectory 

for the LAMF using the hybrid mixture reduction technique (with 5 mixture compo-

nents). It can be seen that the errors it produces during manoeuvring are lower than 
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Figure 3.22: Sample realisation of Track 3 using the mixture filter and the Fearnhead & Clifford 
mixture reduction algorithm (N=50). 

both the normal version with 5 mixture components, as well as the normal version with 

8 mixture components (which is computationally equivalent). Figure 3.25 also shows the 

superiority of the look-ahead version in estimating the correct modes: mode transitions 

are identified about 5 steps earlier than in the normal version. 
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Figure 3.23: Position RMS error vs. computational cost comparisons for Track 3 and for varying 

number of mixture components / particles (100 Monte Carlo average). Component numbers are 

indicated where possible. For the mixture filter using the joining algorithm, the range shown is: 

[3, 5, 10, 25]; for the LAMF using the joining algorithm: [2, 3, 5, 10, 25]; for the RBPF: [10, 25, 

50, 100, 250, 500]. For all other filters: [3, 5, 10, 25, 50, 100, 250]. 

	Look-Ahead 5 m.c. (0.667 s) 
— — — • Normal 8 m. c. (0.653 s) 
— — — • Normal 5 m. c. (0.429 s) 8  160 

cn  140 

c 120 
0 

g 100 

2 80 

130 

105 

0 20 40 60 80 100 120 140 160 180 200 
Discrete time steps 

0 ea 100 

n 80 

60 

7, 40 

• 20 

0 
0 20 40 60 80 100 120 140 160 180 200 

Discrete time steps 

Figure 3.24: RMS error comparison of the LAMF with the MF for Track 3 (100 MC average). 
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Chapter 4 

Tracking a Manoeuvring Target 

in Clutter 

In Section 3.2, two classes of mixture reduction algorithms, which were originally de-

signed for different types of problems (weight-based algorithms for multiple model track-

ing problems and distribution-based algorithms for data association problems), were 

shown to be mutually applicable to both types of problems. These two problems are 

now combined, and we show how the simple structure of the mixture filter can be ex-

tended to accomodate this extra complexity and provide an effective solution for the 

manoeuvring target in clutter tracking problem. 

The multiple measurement mixture filter (MMMF) we propose, not only allows for 'fair' 

testing of the mixture reduction methods presented earlier, but especially provides a 

novel and valid alternative to the existing techniques to deal with this difficult prob-

lem. Normally this problem is tackled by integrating a multiple model tracker with 

data association techniques (see Appendix A). The most popular algorithm of this type 

of approach is the interacting multiple model probabilistic data association (IMMPDA) 

[18], [20] — a combination of the probabilistic data association filter (PDAF) (Appendix 

A.3.2) with the IMM algorithm. More recently, the problem has also been successfully 

tackled using particle filters ([19],[46]). Many variants of these algorithms also exist to 

extend the problem to multiple targets (see for example [20], [19], [46] or [15]). 

The use of mixture filters which use a mixture reduction step to control component 
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growth, has not been presented in this context before (as far as the author is aware of), 

and provides a useful alternative. In a recent paper [53], however, Maybeck and Smith 

suggest the integration of the ISDI mixture reduction algorithm with the IMM to retain 

multiple densities for each target mode. A similar approach, which involves a separate 

clustering process for each mode, was described in Section 3.2.3 and is nonetheless dif-

ferent from the one proposed in this section. Our method makes use of the modification 

to the standard mixture filter introduced in Section 3.2.3 to allow for the clustering of 

mixture components associated with different modes. 

In Section 4.1, we introduce the problem of tracking a manoeuvring target with multiple 

measurements, and in Section 4.2 we discuss the optimal Bayesian solution. In Section 

4.3 we derive the MMMF and finally in Section 4.4 we report on simulation studies 

comparing the MMMF with other techniques, as well as comparing the performance of 

the mixture reduction methods described earlier in this thesis. 

4.1 The problem 

A manoeuvring target in clutter can be modelled using the jump Markov linear system in 

which the measurement process is subject to the presence of extra false meausurements. 

The following problem definition is based on the description of the multiple-model (Sec-

tion 2.3.1) and data association (Appendix A.1) problems. The state equations can be 

described as: 

xt  = F(rt)xt—i 	+ ( Q3 (rt))1/24, 

Yt = Hxt + 	QU,2vIn 
Yt U 

zt(i) = U[Rmin, Rmax] 

with probability Pd 

for i E {1,. • • Zt} • 

(4.1.1) 

(4.1.2) 

Here rt  E {1,...,d} is the hidden Markov chain mode process with transition probabil-

ities ri3  = Pr(rt  = Art_i = i). F(rt ) and Q3(rt ) are mode-dependent system matrices 

which model the dynamics of different manoeuvring modes using the coordinated turn 

model. In the scenarios considered in this section, we have assumed that all other tran-

sition matrices are time and mode invariant. 

To deal with clutter measurements, we introduce yt, which is the set of measurements at 
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time t. This consists of the true measurement yt, detected with probability Pd, and a set 

of clutter measurements zt(i), for i E {1, . , Zt}. The number of clutter measurements, 

Zt  is governed by a Poisson distribution such that the probability of Zt  measurements is 
v  

given by Pc(Zt ) = ` 
tx
" t)zte-Avt. Here A is the spatial density of the clutter process, and 

Vt  is the volume of the rectangular observation region described by Rrnin, Rmax. These 

are L x 1 vectors containing respectively the minimum and maximum coordinates of this 

region. Assuming the true target is detected, the total number of measurements at time 

t is then given by Yt  = Zt  + 1, otherwise Yt  = Zt . Each clutter measurement is assumed 

to be uniformly distributed within the surveillance region. 

4.2 The optimal Bayesian solution 

When extending the multiple-model tracking problem to include multiple-measurements, 

the true conditional density is subject to an extra layer of growth at each iteration. The 

exact solution not only needs to take account of all the possible 'mode-histories' of the 

target up until time t, but also its possible 'measurement association histories'. As 

shown in Figure 4.1, the evolution of the conditional density can now be described us-

ing a tree of mode and measurement 'association hypotheses' (or simply 'hypotheses'), 

each branch of which can be evaluated using Kalman filters with the correct history of 

modes and measurements. As explained in further detail in Appendix A.3.1, to take 

into account the possibility that the true measurement may not be detected, an extra 

`null-hypothesis' representing this eventuality (and whose mean and covariance are the 

unupdated predictions) is added at each iteration. The optimal solution at time t is 

then a weighted sum of the Nt  = dt  fi  (Yt  + 1) Gaussian estimates corresponding to all 

association hypotheses, where Yt  is the total number of measurements at time t. 

Define MA  to be the set of measurement association histories up until time t, and Dort 
the set of mode histories. The exact conditional density at time t can then be expressed 
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Figure 4.1: Multiple-model/multiple-measurement problem: exponential growth in association 
hypotheses 

as the weighted sum of the Nt  densities corresponding to each possible hypothesis: 

p(xt13,1,t) = = 	= p(xt ql:t, rO:t1Y1:t)Pr .  'r°:t 
	

(4.2.1) 
qi:tEprt ro.tEpo:t 

where 

{41:t qt, • • • qt E {0, • • • 5 Yt}} 5  

DO:t = {ro:t : ri, • • • rt E {1, • • • , d}} , 
41 t,ro:t P (qi:t, r o:tlY i:t) , and 	E 	E 141:t'n't  = 1. 

41aEV :t ro.tepo, 

This Gaussian mixture can also be expressed in terms of the weights /kV'', the means, 

41't 'n't  and the covariances, 	, of the constituent Gaussian densities: 

p(xtiy.) = E 	E  Af(xt;,7 1:t,ro: 

ro:tEDo:t 
For the appropriate mode rt, if knowledge of the prior distribution P(xt—i 	) is 

available, the densities in this sum corresponding to qt  = 0 are simple predictions. 

The densities for qt  = {1, 	, Yt} are instead calculated using the Kalman filter update 
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equations. If the prior distribution is given by: 

P(xt-ilYi:t-1) 
	E 	E 	 )fit-1 

ro:t 

(4.2.6) 

where 	.thr:/-1,ro:t-1 and 	 are respectively the weight, the means 

and the covariance of its constituent Gaussian densities, then the densities in the poste-

rior conditional distribution at t can be expressed as: 

for rt  E S: 

- for qt  = 0: 

•±• Vt,ro:t = F(7.041:1-
1,r0:t-1  + ut  , 	 (4.2.7) 

pmro, = F(rt) 	1,r0:t_1 F(rt )T ± Qs (rt), 	(4.2.8) 

- for qt 	,Yt}: 

(g,t,ro.t , P t ,ro :t ) =  K Fx(± 7117 1 	_11-1  , y t (qt ), rt, 

(4.2.9) 

where yt (qt) E Yt• The calculation of the posterior weights is complicated by the 

possibility of misdetecting the true measurement. To simplify notation, let 1ft be the 

index of the prior hypotheses 	ri:t-t = n E {1, 	Nt_11, and let ntnik  be the 

index of the posterior hypotheses for rt  = j E S and qt  = k E {0, . ,Yt } . Then, by 

Bayes rule: 

pp, t ,r0:t 	p (qi:t, ro:tlY 1:0 = P (7 Ctiik  IY 1:0 = thnik  

p(7-41-1)P(rt = ..117-Cti-1)Pr (qt = kin7t1-1)P(Y tintlik )  (4.2.10) 
P(Y t) 

Here p(Y t ) is a normalising constant and p(1-ei` 1) = 	 is the prior weight of 

hypothesis 7-11'_1. P(rt = 	= 7T1 	is the probability of the system switching 

to mode j given the prior mode, rt 1  being associated with density n. Consider now 

P(qt = 	and define PF A(m) to be the probability of exactly m of the valid 

measurements being false. Then if the clutter incidence has a Poisson distribution: 

PFA(m) = (AV)m  e- AV  
m. (4.2.11) 
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Let: 
(E FDA'.  (y t(k); 9;iit _i, St') + (1 — PD)A 

njk 
(4.2.21) 

AYt e 
c= 	

Yt! 

Assuming that at most one of the measurements can be true (or they could all be false), 

P(qt = kil-et1-1) can be computed as: 

P(qt =HrtLi) = (1  — PD)PFA(Yt), 	 (4.2.12) 

(PFA(Yt — 1)) (4.2.13) P(qt = (k 0)17-etl--1) = PD Yt 

As the measurements in Yt  are independent of one another, the final term in (4.2.10) is 

given by: 
Yt 

P (Ytri-Ct) = Hxyt(k)17-ctiik)• 
k=1 

(4.2.14) 

For hypothesis k = 0, all measurements are false alarms. As these are uniformly distrib-

uted over the surveillance region: 

p(Yt17-413°) = vlyt  • 
	 (4.2.15) 

For hypotheses k > 0, only one measurement is valid (and Normally distributed), while 

the others are false. Therefore: 

);  
P(Yt rhrtijk ) = 

Ar(Yt(kVYt-1 

Substituting (4.2.12) and (4.2.15) into (4.2.10), //7-j°  becomes: 

— PD)(AV)Yl e-AV  
n't !VYt 

- PD)AYte-Av  

EYt! 

Similarly by substituting (4.2.13) and (4.2.16) into (4.2.10), il tnik  becomes: 

njk 	n 	PD( AV)Yt-l e-All  Ar(Yt(k); 	511i )  
llt = 7ret'_ ij E(Yt — 1)!YtirYt-1  

Al(Yt(k); 	SV)  
= 

pD AYil e-AV 
till7retL 	 nft! 

where E is the normaliser defined as: 

njO
= 	(1  

(1 
=1.4=177-12_0 

(4.2.16) 

(4.2.17) 

(4.2.18) 

(4.2.19) 

(4.2.20) 

EPDYt!  C = 

-  p  
= Emyt(k); 

PD 

 Dp,  

njk 

(4.2.22) 

(4.2.23) 
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Then 41,  can be simplified to: 

(1—PD)a 	for k = 0 , qi.t 	njk 	n 	 PD = 	= 
1 

71-71Lii 
Ar(y1  t ; 	S tni  ) for k = 1...Yt  . 

This optimal solution is clearly not computationally viable, due to the exponentially 

growing number of terms in the Gaussian mixture. In Appendix B.3 we describe algo-

rithms, such as the IMMPDA and properly constructed particle filters which approxi-

mate this conditional density. In the following section we propose an algorithm based 

on Gaussian mixture approximation which is a direct extensions of the mixture filter 

presented in Section 3.1.1. 

4.3 The multiple measurement mixture filter 

In the same manner as the mixture filter described in Section 3.1.1, the multiple mea-

surement mixture filter (MMMF) presented in this section is designed to approximate 

the exact conditional distribution presented in (4.2.5): 

p(xtlyi:,), E E  Ar(xt; 	pi:t,rolitrt,ro:t t 
ro:tED0:t 

using a finite number of number of components: 

ficxtlyi:o= E Arczi; 
nE.A4t 

(4.3.1) 

(4.3.2) 

Here, Mt C Di:t Do:t  is a subset of cardinality N of the set of the joint mode and 

measurement histories up until time t. When a new set of measurements yt  becomes 

available, the MMMF calculates the exact posterior density as a N x d x 	1)-fold 

Gaussian mixture, which is then approximated using an N-fold one using mixture re-

duction techniques. 

It should be noted that, as for most other algorithms, gating techniques are needed 

to carry out a preliminary selection of the measurements in order to discard those which 

are highly unlikely to be true and hence maintain the computational cost of the iteration 

manageable. Most gating techniques (which are described in greater detail in Appendix 

A.2) reject or accept measurements on the basis of the filter's measurement predictions. 

We integrate the MMMF with the most commonly used ellipsoidal gates, which allow 
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for a customised measurement selection for each mixture component. 

Let 	and Sty be the measurement prediction and measurement prediction covari- 

ance for prior component n E {1, , N} and mode j E S, which are calculated using 

(2.3.13)-(2.3.16) and which can be summarised given as: 

Ytit 
nj 

—i = H (F(rt) 	+ 74) + urtn  , 	 (4.3.3) 

Sts = H (F(rt)Prti_ i (F(rt))T  Qs (rt ))HT  

Then the preliminary gating step produces N x d subsets Ztni of the set of all measure-

ments yt  for which the following gating condition is satisfied: 

(Yt(i) — inlit_i)T  (S tnj )-1(Yt(i) 	G 
	

(4.3.5) 

Here yt (i) E yt  for i E {1, ... ,Yt}, and G is the size of the gate. The latter can be 

calculated using x2  tables by means of PG, a design parameter representing the accept-

able probability of the true measurement being rejected. When this form of gating is 

used, if Zit'i = card(Ztni), the posterior distribution is a Gaussian mixture comprising 

j  (7tni + 1) densities (when gating is used, the calculation of the posterior distribu-

tion is no longer strictly exact). We also note that, as the gating step introduces the 

concrete possibility of the true measurement being erroneously discarded, PD, the prob-

ability of detection, is updated to PDG = PD( 1  PG)• 

Finally, our mixture filter contains the modification of Section 3.2.3(a) which allows 

distribution-based mixture reduction methods to merge components associated with dif-

ferent modes. 

4.3.1 The MMMF algorithm 

The multiple measurement mixture filter (MMMF) is presented here in detail. 

STEP 1: STATE AND COVARIANCE PREDICTIONS 

Given N prior mixture components with mean, covariance, weights and mode probabili-

ties defined by "4_1, 13;1_1 , itrtLi  and -yti  respectively (for n E {1, . , N}), the Kalman 

filter prediction step is performed for each prior component and for every possible mode 

transition, j E S, using prediction maps (2.3.22): 

f tit—i 
pnj 	cati = KFpred(4_1 , PrtIt_1, j,  t) . 	(4.3.6) , 
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STEP 2: MEASUREMENT GATING 

Gating is now performed separately for each individual prediction such that N x d mea-

surement subsets Znt i  C y, are produced. For each n E {1,... , N} and j E {1,... , d}, 

measurement yt(i) E y, is accepted and included in Znt i if: 

(yt(i) 	Ptljt-17(511)-1(Yt(i) 	G • 	 (4.3.7) 

Let Ztni = card(Ztnj). 

STEP 3: MEASUREMENT UPDATE 

Using banks of Kalman filters, each of the N x d predictions is now updated using the 

measurements yt(k) E St y , which have satisfied its gating requirements. Using the 

mappings defined in (2.3.23), and for k E {1,... , Ztnj}: 

njk 	
rtiik} = KR1Pdx('C i 	ni  lt_ i ,Pt i P 	 t_i,i,Yt(k),t)• (4.3.8) 

Furthermore, the algorithm retains the unupdated state predictions (and their covari-

ance) to model the hypothesis where all the measurements received are false and the 

true measurement is not detected. Therefore for k = 0: 

njO 	nj 
xt 	= Xtlt-1 
DnjO = pnj 
1  t 	tit-1 

For k E 	 ni k = j. 

STEP 4: WEIGHT CALCULATIONS 

If the mode-probability vector of prior component n E {1,... , N} is given by -)t 1, then 

the weights of the components just generated are calculated using the Kalman filter 

update map (2.3.24) as follows. For k E {1,... ,Zrj}: 

(4.3.9) 

(4.3.10) 

d 
njk 1  

= 	E 7 r/j -41-11 KFuPdy(yt(k); 	Pnj  t) 
1=1 

where •Vi i  refers to the /th  element of yt 1. If A is the clutter density and 

(4.3.11) 

PDG the 

probability of the true measurement not being part of set Zini , the probability of the 

null-hypothesis (i.e. that all measurements are false) is calculated as follows: 

d 
njO 	1  n nl ) ( 1  PDG)A  

lil t 	 E 71-1,17t-1 
1=1 	 PDG  

(4.3.12) 
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In both equations, c is a normalising term given by: 

	

d 	
?t 11 

(( PDG
1 PDG)A 

c = 	ietLi KFupdy(yt(k); 	, 	, j,t)) . (4.3.13) E  
n,j,k 	1=1 

STEP 5: STATE ESTIMATE & COVARIANCE CALCULATIONS 

Next, the output state estimate and covariance are computed by merging together all the 

elements of the posterior conditional distribution. It should be noted that the output es-

timates should be calculated prior to the mixture reduction as this inevitably introduces 

degradations. 

N d zt'i 
Xt = EEE Pt 

njkX 
t  

.njk (4.3.14) 
n=1 j=1 k=0 

N d ZTt'j  

Pt 
iitnik [ptnik (4.ik 	 ik t )T1 

n=1 j=1 k=0 
(4.3.15) 

STEP 6: MIXTURE REDUCTION 

The final step of the mixture filter involves the use of a mixture reduction algorithm. 

A number of these are described in Section 3.2, along with a discussion of their merits 

and weaknesses. These methods produce an N-fold mixture whose components have 

parameters {et, P7t',^rti, All as described in Section 3.2.3(a). 

4.4 Simulation results 

We now present simulations that assess the performance of the MMMF compared to 

other popular techniques for tracking manoeuvring targets in clutter, namely the IMM-

PDA and a particle filter. This type of problem, also presents a valuable opportunity 

to see how the mixture reduction methods compare for a problem involving both data 

association and multiple modes. 

Similarly to the simulation scenario used for the data association problem, the prob-

lem considered in this section compares the algorithms on the basis of the 'track-life' 

(the average time until the tracker 'loses' the target). A 'track-loss' is now registered if 

the true measurement does not appear in any of the sets of gated measurements Z tni  
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Figure 4.2: Manoeuvring target in clutter: average track-life vs. number of mixture components 

(50 Monte Carlo average). Exact component/particle numbers are marked at the top of the chart. 

for five consecutive time steps, or if all hypotheses are 10o-  from the true target position 

for five consecutive steps. Here o-  is defined as the standard deviation of the estimation 

error a Kalman filter, using only the correct measurements and modes, would produce. 

The track is generated for t = 1, 2, ... , 5000 using a repeated mode sequence {2, 3, 1,2, 

3, 1, 2, ...} in which each mode transition takes place at intervals of 100 time steps. As 

for problems presented in [72] and in [62], a large value A = 0.012 is used and the sam-

pling time h, qm  (such that n -= q,,,-12x2) and qs  (as given in (2.3.9)) are all normalised 

to unity. The rectangular surveillance region (in which clutter measurements are gen-

erated), has sides equal to 200Vqm. This value was chosen large enough such that, if 

the filter loses track of the target, a track-loss is recorded long before the estimates can 

approach its edges. As in [72], PD = 1, and PG = 0.01 (which results in a relatively 

small gate) are used. 

Figure 4.2 shows the track-life vs. the number of mixture components used for the 

MMMF (using three different mixture reduction techniques), as well as the performance 
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Figure 4.3: Manoeuvring target in clutter: average track-life vs. average computational time of 

each iteration (50 Monte Carlo average). 

of the IMMPDA and the perfomance per particle of a particle filter (these algorithms 

are implemented as described in Appendix B.3). The mixture reduction algorithms 

tested were Salmond's joining algorithm (which emerged as the most efficient of the 

distribution-based methods), the Fearnhead and Clifford algorithm (which was chosen 

to represent weight-based methods) and the new hybrid mixture reduction scheme. 

All the mixture reduction methods outperform the IMMPDA with only few mixture 

components, and display a (roughly) logarithmic relationship between track-life and N. 

The joining algorithm provides the best results per mixture components (and the steep-

est gradient), followed by the hybrid method and by the Fearnhead & Clifford algorithm. 

However, once the same track-lives are plotted against the computational cost of one 

iteration, the lead of the joining algorithm substantially narrows, such that its perfor-

mance is comparable to that of the hybrid method. In this chart, the latter also exhibits 

the steepest gradient. 

It should be noted that the particle filter displays a linear (instead of logarithmic) 

relationship between particle number/computational cost and track-life. This clearly 
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makes it the algorithm of choice when abundant computational resources are available. 

Nonetheless the MMMF (using either the joining algorithm, or the hybrid method) pro-

vides the most efficient solution for a large range of the computational time spectrum, 

and provides a valid alternative for problems in which IMMPDA is not adequate but for 

which the cost of a particle filter is too high. 
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Chapter 5 

Bearings-only Manoeuvring 

Target Tracking 

This chapter shows how mixture filters, if designed with appropriate estimators, are 

capable of solving problems in which the nonlinearity is no longer limited to multiple 

modes or measurements, but in which the system equations themselves are nonlinear. 

The problem investigated, bearing-only manoeuvring target tracking, includes nonlin-

earities in the measurement equation as well as mode switching in the state dynamics. A 

mixture filter using as estimator the shifted Rayleigh filter, a recently proposed moment-

matching filter, is developed and shown to outperform traditional particle filters in terms 

of track accuracy and computational efficiency. 

5.1 Traditional methods for bearings-only tracking 

Bearings-only target tracking is a difficult problem faced whenever passive sensors are 

used. These sensors scan specific portions of the electromagnetic spectrum (usually the 

acoustic, infrared or microwave) for possible target emissions, and as such usually allow 

a measurement of the direction of the target's signal but not of its distance. Bearings-

only measurements produced by these devices therefore provide only limited information 

about the target and as such introduce nonlinearity. 

Figure 5.1 shows a sample bearings-only tracking scenario in which a moving passive 

observer takes measurements of a moving target. From the plot, it is straight-forward 
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Figure 5.1: The bearings-only measurement (shown with no noise). 

to derive an equation for the measurement as a function of the relative displacement 

dt  = [di, AT  between the position of the target (at ) and that of the observer (ot ). Let: 

	

dt = i 	i 	xt - 	 (5.1.1) 

	

= 4 - 0? 	 (5.1.2) 

then, if nt  N A1(0,c2 ) is a zero-mean Gaussian noise process, the angle &t, measured 

clockwise from the North (or positive y-axis), is given by: 

di  

	

Bt  = arctan (-1-
di  ) 
	 (5.1.3) 

To deal with the severe nonlinearity presented in (5.1.3), a number of sub-optimal fil-

tering approaches have been presented in the literature and can generally be grouped in 

two main filter categories: moment-matching filters and density approximation filters. 

Moment-matching techniques, such as the extended Kalman filter (EKF - discussed in 

Section 2.1.3) or the unscented Kalman filter (UKF- see Section 2.1.4), generally match 

a Gaussian distribution to the first and second moment of the state distribution. By 

contrast filters in the 'density approximation' category, mainly particle filters (Section 

2.2), propagate a number of random samples from the prior distribution to produce a 

representation of the posterior whose accuracy is dependent on the sample size used. 

Particle filters are generally very accurate but are significantly more computationally 

intensive then the simpler moment-matching techniques. 
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Although the EKF and the UKF can be directly applied to bearings-only tracking prob-

lems, given the significance of this type of problem, a number of algorithms have been 

designed to deal with the specific nonlinearity featured in (5.1.3). The majority of these 

algorithms, such as the 'modified polar coordinates extended Kalman filter' (MPEKF) 

[2], are extensions to the standard (Cartesian coordinate) EKF that in some way attempt 

to overcome its limitations. 

In the case of the MPEKF, the nonlinearity is shifted from the measurement equa-

tion to the state, by transforming it to polar coordinates. If Ot  = arctan(c@d?) is the 

true bearing, then the polar coordinates state, xt , becomes: 

Xt = [0t, fit, lIrt, Tt/rt] 	, 	 (5.1.4) 

and the measurement equation simplifies to: 

Bt  = [1 0 0 	+ 
	

(5.1.5) 

According to [2], this method prevents filter instability by decoupling observable compo-

nents from the unobservable. In spite of this improvement over the standard (Cartesian 

coordinate) EKF, the nature of the algorithm remains unchanged and the algorithm 

still suffers from the problems described in Section 2.1.3, including possible divergence. 

Furthermore, the MPEKF tends to be sensitive to initialisation errors, which can be 

problematic as the initial range of the target is generally unknown. 

Another approach, known as the range-parameterised extended Kalman filter (RPEKF) 

[57], is to employ banks of MPEKF filters, each associated with a different initial range 

estimate. The RPEKF is effectively a simple mixture filter carrying a fixed number of 

weighted estimates. After a few iterations, the likelihood of most of the components 

normally falls to negligible levels, and these estimates are discarded. The algorithm may 

eventually reduce to a normal MPEKF, as all but one initial range estimates are elimi-

nated. With these arrangements, the RPEKF was shown to produce accurate estimates 

while being robust to initial conditions [8]. 

In an entirely different approach, known as the pseudomeasurement filter [1]-[3], Aidala 

et al. propose an algorithm which, for the linear state equation of (2.1.14) and the non- 
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linear measurement equation of (5.1.3), makes use of a 'virtual' Cartesian measurement 

(known as (pseudomeasurement') in the form of: 

y; = 1-1;x4  + tit(xt,nt) , 	 (5.1.6) 

where: 

Hi' = [cos(8t ), 0, — sin(0t), 0] , 	 (5.1.7) 

tit(xt, 97t) = rt  sin(m) • 	 (5.1.8) 

th(xt, Rt) is zero-mean and in its covariance, q, is a function of the bearing measure-

ment's variance, a? . 

Since the predicted virtual measurement is simply given by " t* = II; " . t i t _i , the pseudomea-

surement filter makes use of the linear Kalman filter equations presented in Section 2.1.2 

where the Cartesian measurement is replaced by the pseudomeasurement. 

The performance of the pseudomeasurement filter is discussed in [1], [3], [24], [65], and 

it is generally agreed that, although it is generally stable, it can give rise to biased 

estimates in difficult scenarios characterised by long target range and/or significantly 

noisy measurements. In more benign scenarios, the pseudomeasurent filter can however 

produce stable, high-quality tracks. 

5.2 The shifted Rayleigh filter 

In this section the 'shifted Rayleigh filter' (SRF), a technique recently introduced by 

Clark et al [24] to solve the bearings-only problem, is presented. The SRF is a moment-

matching technique which enables the exact calculation of the non-Gaussian posterior 

distribution of the target (given a Gaussian prior), to which a Normal distribution is then 

fitted by matching its first and second moments. The latter is the only approximation 

used by this technique, which otherwise involves only exact calculations. This implies 

that if the prior conditional distribution is close to Normal, then the algorithm produces 

estimates comparable to the MMSE estimator. 
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5.2.1 Measurement treatment 

The exact calculation of the posterior distribution is made possible by a treatment of the 

measurement which is slightly different from its traditional formulation in (5.1.3) where 

white noise is added directly to the angle. In the modified formulation, white noise is 

added to a non-observable 'virtual' measurement y1 (not to be confused with that of 

the pseudomeasurement filter), which is then converted to angular form via the `arctan' 

function. Assuming the position of the observer is incorporated in the exogenous input 

ur, the measurement equation is now given by: 

y7 = Hxt  + urtri + (Qr)1/21,71 , (5.2.1) 

Bt  = arctan 	,
Y;  

(5.2.2) 

bt  = [ sin Ot , cos 0  t]T  • (5.2.3) 

where vitil 	N(0, Imo), and where bt  — the bearing vector — is the projection of the 

measurement on the unit circle. This treatment of the measurement causes the white 

noise to also undergo the nonlinear transformation, which facilitates calculations. 

As shown in [24], this approach is not dissimilar to the standard measurement treat-

ment. Traditionally the bearing error Bt  — /t , where of  is the true bearing given by: 

(4 ) Ot  = arctan ---- 	where yt  = Hxt  + zetn , 
Yt 

is modelled by a zero-mean Gaussian random variable with variance a? (i.e. a 'wrapped' 

normal density on [-7r, +7r]). However in the shifted Rayleigh filter the measurement 

error is taken to be the difference between the bearing of (sin Oh  cos fit)  and the bearing 

of the projection onto the unit circle of the random variable (sin Oh  cos cbt ) + I) t , where iit  

is a two dimensional N(0, a1 /2x2) random variable independent of qt.  The measurement 

error, in this sense, is 
( sin Ot  + /4- 

arctan 	 Qt cos cbt  + vt 
If a, (0t ) is the bearing density of this error, it can be shown (see [24] and Section 5.3.1 

for more details) that if a2  < 1 (in which case the wrapped normal density is virtually 

indistinguishable from the Normal density restricted to [-7r, +7r] ), the difference between 

the density a,(19t ) and the wrapped normal density never exceeds 0.04 (see Figure 5.2). 
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Figure 5.2: The bearing probability density a,(9,) compared with the Normal .N(0, cr2 ) density, 

for cr = 0.2, 0.4,..., 1. (For this range of values the wrapped Normal density is indistinguishable 

from the Normal density.) 

Given this modified description of the noise, the one-step predicted covariance of the 

measurement noise, Qr, can be calculated by making use of the fact that the projection 

onto the unit circle of (sin fit,  cos  qt)  + Pt  is equivalent to the projection of Hxt + ur + 

EMI I xt + uTtnii2]1)t onto the unit circle. If an extra symmetric matrix Qtr  is added to 

take account of random translations in sensor location, the predicted covariance of the 

measurement noise becomes: 

Cftn  = Qtr + (72E[11 11X4  + Um l1 2]12X2. 	 (5.2.4) 

Here, En H xt  + u 71  I I 2] has the function of range of estimate and can be estimated as: 

E[iiiixt + u7tn I12] = 1111±tit—i + lir 112  + tr[HPti t_iHT] , 	(5.2.5) 

where " ti t.._ i  and Pt i t_ i  are linear predictions. 

5.2.2 Derivation of the shifted Rayleigh filter 

Using the measurement model just described, the equations of the shifted Rayleigh filter 

(SRF) are now derived and we show how they can provide a recursive solution based on 
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exact calculations of the conditional distribution of the target. The following presenta-

tion, based largely on [24] and [75], aims at presenting the concepts in as intuitive and 

logical way as possible while still rigorously deriving the filter's formulae. For a more 

complete and formal presentation including derivations for three dimensional bearings-

only problems, the reader is referred to [24] or [75]. 

Figure 5.3: Normalisation of the virtual measurement. 

Consider the 'virtual' measurement, y , of (5.2.1). If this was directly measurable, the 

system would reduce to linear and Gaussian. The state could then be described in terms 

of the Kalman filter equation (2.1.47) as: 

X,t = 	 Kt(Y; 	?/tit-1) 
	

(5.2.6) 

where 	.N.(0, Pt ) is the estimation error. The objective of the shifted Rayleigh 

filter is to use the information available (i.e the bearing Bt  and the bearing vector bt = 

(sin et , cos 0t )T) to estimate the virtual measurement so that properly adjusted versions 

of the Kalman filter may be used to estimate the state. The following relationships are 
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known: 

1) yt* = rt*bt, 	where rt* is the unknown range of the virtual measurement, (5.2.7) 

2) y; ^ A f 	Se) • 	 (5.2.8) 

Consider now a normalised version of the virtual measurement (see Figure 5.3) such that 
f 0 1/2 n its covariance is set to unity. The 'normalised virtual measurement', pt  —Arkot 	ytit_i, /2.2), 

can then be written in terms of: 

1/2 
= ot Yt 

rt  bt  . 

(5.2.9) 

(5.2.10) 

Here, ft  and bt  are respectively the range and the bearing vector of the normalised 

virtual measurement, and are given by: 

rt = sTv2 Y;11 
	

(5.2.11) 

bt = 771,571/2 Yt*. 	 (5.2.12) 

By substituting (5.2.7) and (5.2.11) in this equation, the normalised bearing vector can 

be expressed in terms of known parameters: 

bt  = 71 571  /2  bt 11 -1 

 rt,st—i/2 bt  

571/2 bt11 1  sT112 bt  

= (bt St 
	 (5.2.13) 

If we now rearrange (5.2.9) and substitute for pt  using (5.2.10), the virtual measurement 

can be rewritten as: 

yt 
01/2 

= ot Yt 

= ftSt
1/2 

 bt • (5.2.14) 

If this is substituted back into (5.2.6), the conditional expectation of xt  given the mea-

sured bearing vector bt  is given by: 

E[xtibt] = E[t] + 	+ Kt(E[f t ibt ]SV 2  bt  — 	 (5.2.15) 

= 	+ K t(E[f t ibt ] S til2  bt — 	 (5.2.16) 
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since t  is zero-mean and independent of yi". This formulation of the problem has the 

advantage of narrowing the scope of the estimation to E[ftlbt], which is the first mo-

ment of p(ftl bt ): the conditional density of ft  given bt  (the latter being computable 

using known parameters as shown in (5.2.13)). 

Using conditional probability laws, p(ft l bt ) can be written in terms of: 

P(ft Ibt) = p(rt,  (5.2.17) 
P(bt) 

where the joint density p(rt , bt ) can be calculated by transforming the Normal density 

of the normalised virtual measurement from its Cartesian form (shown in Figure 5.3) to 

polar form. If J(gl ,a) is the Jacobian of the transformation, then: 

p(ft,bt)=239,(91,91)1J(91,a)1 

Here, prit (N, gi) is Normal and 2-dimensional, and is given by: 

,„ 	j„,-1 „,2 	Art 0 1/2 
pftt  kyt 7 Yt = 	Ytit-11/2x2) 

1 	1/, 	 /- 	Q1/2 
Y
. 	‘T - 

	

	 tit-1/ 
27r 

(5.2.18) 

(5.2.19) 

(5.2.20) 

As the transformation involves a change of variables from (0 , -a) to (ft, JO, where Ot 

is the bearing of the normalised virtual measurement, the relationship between these 

variables is given by: 

Yt = rt sin 

It follows that the Jacobian of 

Jo1,m= 

= 

Ot 

the transformation 

af t 	aa919: 
a,u2 	0.52 

.-111 
aft 	aOt 

sin(k)2  - rt  

yt = ft cos I7't  

is given by: 

sin(k) 	rt  cos(6t) 

cos(k) 	sin(k) 

cos(Bt )2  = -ft • 

(5.2.21) 

(5.2.22) 

Replacing (5.2.20) and (5.2.22) into (5.2.18), the joint density p(rt, bt) 

p(rt, bt) = Piit(gl,a)1J(4 , a)1 
= Ae-1(I11-st 112 Ptit-1)(Ye-S;-1/21/tit--1)T  

27r 
= ft e_4(7,t6,-s-1/21),1,_/)(f-ti-gt-S 1/2 "istit-t)T  

27r 
ft e -1(iftiTbt-ftbTs1/21/tit-t-ft(s;1/2Dtlt-t)Tbt+iiTit_iseifitit-t) = —27r  
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F (zt ) = -
1
erfc (— -zt  ) = f 

2 	
e-52  ds . 

co 

2 

(5.2.27) 

-- 	- 	 - 	- 1/2 Note that btT  bt  = sin(0t )2  ccos(Bt )2 = 1. Also, Ft btT  St 	Y t it _i 	rt t (S-1/21tA 	)T 6 

and let: 

zt  = bTst-1/2 
Ytit-1 • 

Then the joint density can be simplified to: 

, ft --1.(f2-2f•xt+idit _ ist i fitlt-i) P(ft, bt) = 27re 

ft e  2 -(f2-2fzt+z?+gt _ ist Ytit-i-z?) 
27r 
Tt  _1(f_zo2

e_1(g 	1t _ ist 	_zt, 2 \ = _e  2 
27r 

(5.2.23) 

(5.2.24) 

From this expression, it follows that the conditional distribution of ft  given bt  is a 

`shifted' Rayleigh density' of the form: 

p(f tibt) = p(f 
t,  bt ) 	fte-1(f-')2  

p(bt) 	fo fte -2(r-zt )2  dft. 	
(5.2.25) 

As it was shown in (5.2.16), in order to generate an estimate of the state given the 

bearing vector (i.e. E[xt lb t ]), it is necessary to calculate the first moment of p(f t lbt ). 

Let this be the function of zt , p(zt ). Then: 

oo 

P(zt) = E[ftlbt] = f ftP(ftibt)cift 

= 	qe-1(r-zt)2cift  
fte-1(f-')2dft 

(5.2.26) 

In order to calculate p(zt ) in computable form, consider the cumulative distribution 

function of A1(0,1), and let: 

Here, erfc(x) = x  e-t 2  dt is the complementary error function. Next define the v it  
integrals : 

_2 - 
Jrn(Zt) = f Tt 

771 
 e 2  Cift 

-Zt 
(5.2.28) 

   

'The Rayleigh distribution of a random variable, r, is f (r) =, and has mean cr1/717 and 

variance 2710-2. 
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00 	 _ -2  

Jo(zt) = f e 2  drt  (let s2  = 11/2, then drt  = V2-ds) 
-Zt 

00 	-2 	00 	-2 
J771,(Zt) =

- 
ene 2  Cift = f frn-'rte 2  CM . 

Zt 	 -Zt 
(5.2.31) 

-z 

= 0 - Z'rtn-1 	(m - 1),-17n-2 (Zt) • 

-M-1 e 2 
00 	 00 

+ 	— 1) I fm-2e-i-dft 
;-zt 	 t  

where: 

= 
 v f

co 
e-32  ds = .‘57rF(zt ) , 

00 	11-2 

Jo( zt) = f rte- 2  drt  
-Zt 

(5.2.29) 

,„.-2 
= -e 2 

00 	2 
= e 2  7  

-Zt 
(5.2.30) 

  

and where, for m > 1: 

  

By use of integration by parts, let: 

-m-i u = rt  

du = (m — 1)rtn-2df t  

Therefore: 

dv = fte—  2  df t  
-2 _ LL  

v = —e 2 , 

J,i(zt ) = udv = uv — vdu 

(5.2.32) 

Returning to the evaluation of p(zt ), the numerator of (5.2.26) is equal to: 

L 
00 

-2e 
	dr -1(f-zt)2  -t  — rt 	 — (let ft  = s + zt , then dft  = ds) 

00 

= 	(s + zt )2e-4 - ds = 
- zt 00 	2 

= 	see-  7' ds + 2zt icc  J- -Zt 	 Zt 

= ZPO(Zt) aZtJ1(Zt) 

- 

00 
(s2  + 2szt  

zt 
se-T'

2 
ds + zt2  

00 	2 
see-!zds 

+ zne-C ds 
[co 82 

ds 
-zt  

By using (5.2.29), (5.2.30) and (5.2.32), where m = 2, the numerator of p(zt ) simplifies 

to: 

L 
0o 

	

	 z  
rte-1(r-zt)2  cift  ▪ 27r4F(zt )+ 2zte--2' — zte-t + 'N/rF(zt ) 

2 
▪ zte 2  - V2Tr(zt2  + 1)F(zt ). 	 (5.2.33) 
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Similarly, the denominator of p(zt): 

00 

rte-1(r-zt)2dft = (s + 	ds 

- zt 
CO 52 	 00 s2 

= 	se- ds + zt Ie-Tds 
-zt 	 -zt 

= Ji(zt) + zao(zt) 

= e - 2  ±1./T71-ZtF(Zt) . 	 (5.2.34) 

By substituting (5.2.33) and (5.2.34) into (5.2.26), the formula for the first moment of 

P(ftlbt) (i.e p(zt )) is given by: 

p(zt) = 
zte 2  "\,/ 271-(z? + 1)F(zt ) 

e 2  + fiTrZtF(Zt) 

s2 

Zt 	.\i'Tr(z?+ 1)e-fF(zt )  

1 + V2Trzte 2 F(zt) 

(5.2.35) 

While p(zt) is sufficient to calculate the conditional expectation of the state given the 

bearing vector (i.e. E[ft Ibt ]), in order to calculate the conditional covariance, we also 

need to calculate, (3-2(zt ), the second moment of p(xtlbt). This can be done by an analysis 

of the relationship between moments. Recall (5.2.24): 

p(ft lbt ) = 	fte-.1(rt-zt)2 	
2 

1 _ 1(- 
K(z)rte 2 srt  zt'  fr (rt ,,dft 

where K(z) is the normalising integral. The nth  moment of this distribution is then 

equal to: 

00 
Ertl = K(z)-1 	frti+le-1(f t-zt )2dft  

Jo 

= K(z)-1  (f 111(ft — zt)e-1-(rt-zt )2dft + z I fl i e-,frt-zt)2dirt) 
o 	 o 

pc 	 co  

oc 
= K(z)-1  .10  -n ( -t 	1 -1(ft-zt)2drt + zE[r 	 ] • r t  xr - zt,e 2 	

-tn-1 

By use of integration by parts, let: 

U rtn  
dv = (rt - zt)e_ 2  Crft 

V = —e 
(Ft7t)2  

du= (n)ir l dft 
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00 

= K(z)-1  f f itle-1(ft-zt)2(ft Zt Zt)Cift 
0 



Therefore: 

L00 
 

rt ( — zt )eA (ft —zt )2dft  = udv = uv — vdu 

0 	o 

CO 	00 

+ f rt  e 2  dr t  -n-1 	(rt -zt ) 2  

= (0 — 0) + nE[rt-2] . 	 (5.2.37) 

The nth  moment is then equal to: 

E[rt] = nE[rt'2] + ztE[Tri ] . 

In the special case of n = 2, the variance of p(ftl -bt) is determined as: 

a2(zt) = E[q] P(zt)2  

= 2E[4] + ztE[f t ] — P(zt)2  

= 2 + zt p(zt ) — P(zt)2 . 

(5.2.38) 

(5.2.39) 

With these moments worked out, it is finally possible to return to the conditional ex-

pectation of xt  given bt. Recall from (5.2.16), that: 

	

E[xtIbt] = 	+ K t (E[f t ibt ]S iel2  bt — 

	

= 	tit-1 + Kt(P(zt)S t1/2  bt — tit-1) • 
	 (5.2.40) 

We showed in (5.2.13) how bt  can be expressed in terms of the bearing and the 
= 07:sTi bt)-1/2 0— o  1/2. t.  

mea- 

surement prediction covariance as bt 	 o Also, by letting: 

,yt  = OTSil bty1/2p(zt) 
	

(5.2.41) 

the conditional expectation simplifies to: 

E[xtlbt] = 	= 	K t('ytbt — tit-1) • 	 (5.2.42) 

This is clearly equivalent to the Kalman filter where the virtual measurement is esti-

mated by means of -yt , itself the estimate of the range 71. 

The condition covariance of the state given the bearing vector (i.e. cov[xtlbt] = E[(xt 

±‘ tit )(xt - 'tit)T1) can similarly be calculated. Using (5.2.6) and (5.2.16), we can write: 

	

(zt - tit) = t + (ft- Efftlbt1)K te2 bt • 	 (5.2.43) 
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Therefore the conditional covariance becomes: 

cov[xt I bt] = E[( t  + (ft — E[ftl bt])KtS112 bt)( t  + (ft — E[ftl lox tsi l 2 bt)T ] 

= E[a+ E[(ft - E[ftl bt])(ft - E[ftibt])T I-KtSY 2 btbT(SY 2 )T KT. 

(5.2.44) 

Here E[e] is the covariance of the estimation, as normally calculated by means of 

the Kalman filter (see (2.1.47)), and Ept  - E[ftl bt])(rt - E[rtIbt])71 = a2(zt) is the 

conditional variance of the range of the normalised virtual measurement given its bearing 

vector. By letting St  be the scaled conditional variance given by: 

(5t = (bi'St-l bt)-l o-2(zt), 	 (5.2.45) 

it is possible to simplify the conditional covariance of the state to: 

cov[xt l bt ] = Pt it  = (I - K t H t1P ,- tit-i+ Jt Kt bt g.KT . 	(5.2.46) 

This is clearly equivalent to the Kalman filter covariance update equation with the ex-

tra non-negative term St K t bt bT la added. The latter increases the state covariance 

to compensate for the fact that only partial information is available about the virtual 

measurement (i.e. only its bearing). 

This concludes the derivation of the shifted Rayleigh filter which, given a Normal prior 

distribution, was shown to exactly calculate the conditional density of the bearing (which 

is then approximated by a Normal distribution matching its first two moments) . It 

should be noted that the SRF can be directly extended for 3-dimensional problems (see 

either [24] or [75]). 

5.2.3 Summary of the shifted Rayleigh filter equations 

The equations of the Shifted Rayleigh filter are now presented concisely for future ref-

erence. Furthermore, in order to simplify the explanation of the next section, the state 

equation is assumed to be mode dependent as in (2.3.10). As the algorithm presented 

so far is single-mode, consider for this case that d = 1. 

In an effort to keep notation tidy, the time indicator for the state transition matrix and 

the state noise covariance matrix (which are normally time-invariant) has been dropped. 
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Similarly the mode indicator has been omitted from those variables introduced exclu-

sively to tidy the formulation of others (i.e. V t , Citt 1 , Kt , (t , zt, p(zt), "Yt, and St ) and 

which would not normally be required independently. 

(5.2.47) 

(5.2.48) 

(5.2.49) 

(5.2.50) 

(5.2.51) 

(5.2.52) 

(5.2.53) 

PREDICTION STAGE: 

41t-1  F (j ):ttiiFl+  (it );  F(i 	+Qs(i), 

H"& jtit _i + tetn  , 

V t  = HPitit _i HT  

Qt = Qtr f  cr2  (11113tit-1 1 + tr[Vt] ) 
Sit  = t + Qrtn  • 

UPDATE STAGE: 

Kt = Pi it-1 HT(51)-11 	 (5.2.54) t  

0 = (bT(Sit)-1  bt)-1/2  , 	 (5.2.55) 

zt 

	

t-i. , 	 (5.2.56) 

-zt 
= (it bT Sit  fl it , 

	

F(zt )= erfc (w) , 	 (5.2.57) 

. 2 

P(zt) =  z
te

._ 
2  + -‘71-(4  + 1)F(zt )  (5.2.58) 

±t-2 	r, 	77.1Zt  \ e- 2  + V2TZtr k) 

(5.2.59) 7t = OP(zt), 

bt  = 	(2 + ztp(zt) - p(2,02) , 	 (5.2.60) 

xitjt-1 + Kt( - ytbt- 	 (5.2.61) 

Pit  = Pi it-1 	t - KtHPiit-i  + ot K t bt bT 	. 	 (5.2.62) t  

For a concise formulation of the SRF, the following mappings are also introduced. Define, 

for j E {1, ... ,d}: 

SRx(i. 	P 	et, rt j,  t) = 	PI) , 
	(5.2.63) 

	

rt = j, t) = 	PI) • 
	(5.2.64) 

While the first map includes the entire shifted Rayleigh cycle (and updates the state 

estimate for a given prior), the second map includes only its update stage and is useful 
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when describing an algorithm with multiple sensor updates in Section 5.4. 

5.3 Extension to bearings-only manoeuvring tracking 

The extension of bearings-only target tracking to incorporate manoeuvring targets is 

a problem including multiple nonlinearities in the form of partial measurements and 

switching modes. The system equations for such problems is usually of the form: 

xt  = F(rt)xt_i + 4 + (Qs(rt))1/24 , 	 (5.3.1) 

(di  Ot  = arctan 	+ pt  , 	 (5.3.2) dt  

where dt and di are as defined in (5.1.1) and (5.1.2) respectively. A similar formulation 

of the form: 

x,t  = F(rt)xt—i + t4 + (Q8(rt))1/24 , 	 (5.3.3) 

Y7 = Hxt + urtn  + (Citn )1 / 2v7tn  , 	 (5.3.4) 
.1 

Ot  = arctan (
,,

„2 ) , 	 (5.3.5) 
Yt 

bt  = [sin(0t ) cos(0t)1T  , 	 (5.3.6) 

where tetn incorporates the observer's coordinates, allows the problem to be adapted for 

use with algorithms based on the shifted Rayleigh filter (SRF). 

The traditional approach to problems of this type has been to use the interacting multi-

ple model (IMM) algorithm with banks of extended Kalman filters (EKF) to carry out 

the estimation of each mode. This technique, generally referred to as the IMM-EKF 

features in a number of papers (see for example, [48], [59] and [7]) and has been widely 

adopted. More recently, the IMM-UKF, a technique first appearing in [59], presents a 

similar approach but in which the IMM uses the unscented Kalman filters (UKF) as 

estimator. 

In [59], Ristic and Aralumpalam also introduce the use of particle filters for the problem. 

Given their simulation based approach, these techniques are particularly well suited for 

the approximation of a number of nonlinearities. Although these solutions are consid-

erably more computationally intensive than the IMM-based algorithms, by employing 
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a sufficiently large number of samples they can produce accurate solutions. The use of 

particle filters for this problem was later expanded by Arulampalam et al. in [7], where 

more refined particle filters, including a Rao-Blackwellised version using the EKF as the 

state estimator, are also presented. 

In [59], and more extensively in [7], the authors compare the performance of these 

algorithms and conclude that the particle filters provide 'superior performance', largely 

due to their scalability and their ability to deal with nonstandard information. However 

the computational complexity of these algorithms is considerably greater than that of 

the IMM-based techniques, and hence there is a clear need for scalable algorithms which 

can perform at a lower cost. 

In this section, the use of mixture filters of the form presented in Section 3.1.1 is pro-

posed and their performance is compared with that of other algorihtms. While a mixture 

filter based on the UKF is also tested, the key result is the development of the shifted 

Rayleigh mixture filter (SRMF). This technique, first presented in [23], makes use of the 

exact bearings-only calculations of the SRF and is shown to be as accurate as particle 

filters while being of an order of magnitude cheaper computationally. 

5.3.1 Evaluation of the bearing density 

In order for the shifted Rayleigh filter to be useful as an estimator in a mixture filter, we 

need to be able to evaluate the density of the bearing, so that the different components 

of the mixture can be weighted and ranked. For the linear measurement case, the 

measurement density was Gaussian and described by: 

P(YtIxt 	±'t, Pt)) = Ar(Yt; 	St) 
	

(5.3.7) 

In the case of the nonlinear measurement model described in (5.3.4)-(5.3.6), the joint 

density of the range and bearing vector of the normalised virtual measurement, p(ft,bt), 

can be used to provide a similar measure. Recall that in (5.2.24), this density was derived 

to be: 

p(f t , bt ) = 21e--107—zo2e 2 	
st 

 i, 
27r 

(5.3.8) 
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The density of the normalised bearing vector can then be calculated by integrating out 

the range: 

P(bt) = f P(ft, bt)dft 	 (5.3.9) 

=e-1(9Tit _ ist-l istit_i-z?) 	fte-1(f-zt)2 cift  
27r 	 (5.3.10) 

Let ft = s zt and tift  = dt. Then: 
oo 

	

P(bt) = --1  eA(D7tit-lSt ifitit-l-zi) 	 ± (s zt )e-Pds 27r 	 (5.3.11) 
o 

00 

	

= 1-  e--1(f4-ist-'1/tit-1-4) 	se-  2182ds + zt  w  e-182ds ) 27r 	 f zt 	 -zt 	
(5. 3.12) 

Using results in (5.2.29) and (5.2.30), the bearing density simplifies to: 

P(bt) = 
1 e

lailit-isnitit-i-z?) ( Ji (zt ) ± zt jo(zt))  
27r 	 (5.3.13) 

2 

= 	
1 

r
cl(PTIt-1STifitit-1-Z?) 	 V21rZtF(Zt) (5.3.14) 27 

1 	 2 

= —e 2't (1 + -V2Trzte 2  F(zt )) 27r 	 (5.3.15) 

where F(zt ) = i erfc (2-) is the cumulative distribution function of N(0,1) and where 

at = 	 is the reciprocal of the length of the normalised measurement. 

Now consider the case in which the true bearing is 0, and where the mean of the bearing 

vector is 	= (0, 1-)T• In this case, from (5.2.23): 

zt  = (sin(k), cos(k)) at  1  (0, 1)T 	 (5.3.16) 

	

= cos(9t )a-t-1  . 	 (5.3.17) 

Let acrt  (Bt ) be the resulting distribution, this can then be written as: 

	

cos(Ot) 	1 - act  (k) = _e  2ot  ( 	 (5.3.18) + vTir  cos  (0t ) e  co.Zt)  F  
• 27r 	 at 	 at 

Now consider the general case for any true bearing. As illustrated in Figure 5.4, the 

angle of interest is given by Bt  - 5t , where, for [ati] = St-1/2: 

Bt = z(st 1/2 yt ) 	 (5.3.19) 

all  sin Bt  a21  cos Ot 
= L 	 (5.3.20) 

a21  sin Ot  a22  cos Ot 

= arct an (an sin  Bt  + a21  cos  Bt  (5.3.21) an sin Ot  a22  cos Ot 

00 
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Figure 5.4: The angle of interest when calculating the bearing density. 

is the bearing of normalised virtual measurement, and where: 

et = z (s 1/2- t It_1) 
	

(5.3.22) 

all  sin Bt  + a21 cos et 
= Z 

	

	 (5.3.23) 
a21  sin at  + a22 cos et 

an sin Bt  a21  cos et  = arctan 

	

	 (5.3.24) 
a21  sin Ot  + a22 cos et 

is the bearing of the normalised predicted measurement. Here fit  = arctan(4-1/4t-1). 
Clearly the density of Ot  — et  can be found using oz,,(Ot  — Ot ). For this general case, 

let the reciprocal length of the normalised predicted measurement be at  = g(6t) = 

(bT (sit )--1  bt )-1/2. Since the distribution of the measurement involves a transformation 

from the normalised measurement, the bearing density becomes equal to: 

f (t9t14) = g(et)2St  l/2 a 6 	t 
t) 

a  
St 1/2 C119(0t) A 60  

(5.3.25) 

(5.3.26) 
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where the a i St l-1/2 term is the Jacobian of the transformation. 

_ 7 
It should be noted however that, as shown in Figure 5.2, as(u)  —6t) becomes identical 

to a Normal distribution for small values of g(6t ). Since the latter is more easily com-

puted, it is advised that N(6t ; 66  g(6t )2) is used when g(0t ) < T. In the simulations in 

this thesis, T was chosen to be 0.04, thus using the Gaussian approximation exclusively 

when the degradation caused is truly negligible. This threshold value could be increased 

in benign scenarios where a trade-off between computational cost and bearing density 

accuracy might be desirable (note that, as shown in [24], the maximum possible error is 

of the order of 4%). 

Before moving on to the next section, it is convenient to introduce mapping for the 

likelihood of the shifted Rayleigh update. Define: 

SR0(0t; 	 t) = f (001) , 	 (5.3.27) 

SRupdo(Bt; 	jilt—i,rt = j, t) = f (et' 4) • 	 (5.3.28) 

5.3.2 The shifted Rayleigh mixture filter 

A mixture filter based on the shifted Rayleigh filter is now developed for those bearings-

only problems involving manoeuvring targets. First presented in [23], the shifted Rayleigh 

mixture filter (SRMF) follows the standard mixture filter structure presented in Section 

3.1.1 where the Kalman filter is now replaced by the SRF. 

At each step, the algorithm processes an N-fold Gaussian mixture approximation to 

the prior conditional distribution of the state, to produce an Nxd-fold Gaussian mixture 

approximation to the updated conditional distribution in light of the new measurement. 

Each term in the posterior has mean and covariance calculated using the shifted Rayleigh 

update equations (5.2.61) and (5.2.62). The final stage involves reducing the Nxd-fold 

Gaussian mixture to an N-fold Gaussian mixture, in preparation for the next recursion. 

For this purpose, we include in the following algorithm the modification of Section 3.2.3 

to allow the use of distribution-based mixture reduction methods. 

STEP 1: MODE-MATCHED SHIFTED RAYLEIGH FILTERING 
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Given N prior mixture components with mean, covariance, weights and mode probabil- 

ities defined by 4_1, Prti_i , 	and ^0_1  respectively (for n E {1, , N}), the SRMF 

calculates the exact posterior conditional distribution by using banks of mode-matched 

shifted Rayleigh filters' to generate a weighted sum of estimates for each possible mode 

transition for each prior component. For modes j E S, this is done by means of the 

maps defined in (5.2.63) and (5.3.27): 

(4j, Prtii) = SR-x(I 	1, P7t1_1, et, j, t) , 	 (5.3.29) 

	

Pt
n 
 = Prti-1(E  Yt i 	" SR0(0t; t), 	(5.3.30) 

70 1 

	

— —
c 

_ni 
 , where 	c = 	Atni 	 (5.3.31) 

	

Here, yt c  1  refers to the ith  element of 	1. 

STEP 2: STATE ESTIMATE & COVARIANCE CALCULATIONS 

At this stage, the output state estimate and covariance are computed by further merging 

together all the elements of the posterior conditional distribution. 

1=1 

rt,j 

xt = 

Pt --- 

n=1 

n=1 

d E  tint  jet  j 7  
j=1 

E  iunt  j [Pty  + 

:7=1 
- ‘t)(tik' - 

(5.3.32) 

(5.3.33) 

STEP 3: MIXTURE REDUCTION 

The final step of the Gaussian mixture filter involves a mixture reduction algorithms. 

A number of these are described in Section 3.2, along with a discussion of their merits 

and weaknesses. These methods produce an N-fold mixture whose components have 

parameters {xt , P7t',-yit',4} as described in Section 3.2.3(a). 

5.4 	Assessment of the SRMF in a multi-sensor target track- 

ing problem 

In this section, simulations compare the performance of the shifted Rayleigh mixture 

filter with that of a particle filter and also of a nonlinear variant of the mixture filter 

presented in Section 3.1.1, in which the unscented Kalman filter is used as estimator. 

We also compare our filter with versions of the IMM using the SRF and the UKF as 

nonlinear estimators. 
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5.4.1 Problem definition and state model 

In order to compare the algorithms in a challenging scenario likely to highlight differ-

ences, the bearings-only tracking problem considered in this thesis is a variant of the 

problem earlier investigated in [25], [45] and [50]. The motion of a submerged ma-

noeuvring target is tracked by three drifting sonabuoys providing noisy bearings mea-

surements of the target position, which are subject to clutter in the form of vacuous 

measurements uniformly distributed in the range [-7r, +7r]. The reader should note that 

this definition of 'clutter' is different from the one used in earlier parts of this thesis, 

where 'clutter' referred to extra measurements (`false alarms'). 

A mobile airborne vehicle provides noisy, clutter-free bearing measurements of the 

sonabuoys' positions. Each of three sonabuoy sensors moves as the sum of a low in-

tensity Brownian motion and an integrated Brownian motion common to all three, that 

represents the effect of a 'bulk' drift. 

The target equation is as presented in (5.3.1), where three possible mode values (d = 3) 

are used (the exogenous state term is zero): 

x,t  = F(rt)xt—i + (Q3(rt ))11214 	 (5.4.1) 

Here the continuous component of the state (describing the positions and velocities of 

the target and the observation platforms for each mode) is the 12-dimensional vector: 

xt  = [x  0(07  ±° (t), yo (0 ,  o ( t ) ,  xl(t ), yl (t), x2 (t ), y2 (t), x3 ( t), y3 (t), ul (t ), u2 ( t )]T 

Here x and y denote coordinates of position in the plane, and ± and y the corresponding 

velocities. The target and the three sonabuoys are labelled by the superscripts o, 1, 2 

and 3 respectively. The variables (u1, u2 ) generate the common bulk drift term in the 

equations governing the positions of the three sonabuoys. 

In (5.4.1), the normalized input noise term 14 has density Ar(0, / 12x12) and 

F(r t ) = diag (A(rt ), 14x4,14x4 ) h [012x10,  DT ] 

Here Orrixr, is an m x n matrix of zeros and 

D = [02x4, 1.2x21 1-2x2, -12x21 02x2]• 
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The 4 x 4 matrix A(rt ) describes the dynamics of the target, which are modelled using 

the coordinated turn model of Section 2.3.1(a). For a real number coo, representing the 

target's fastest turn rate, 

A(rt  = 1) = A—coo  , 

A(rt  -= 2) = Ao 

A(rt  = 3) = 

where 	is as defined in (2.3.7). Similarly the mode dependent system noise covariance 

matrices are 

Q3(r t ) = diag (girt(rt), q2/2x2, 4.21-2x21 q2/2x29 q3-12x2) 

where: 

R(rt  = 1) = 	, 

R(r t  = 2) = Ro , 

R(r t  = 3) = R-Fwo 

and R„, is as defined in (2.3.8). 

5.4.2 Multisensor measurement model 

The problem considered clearly involves multiple sensors (as well as clutter, and in order 

to adapt the tracking algorithms to this type of problem, it is necessary to modify the 

measurement equations presented in (5.3.4)-(5.3.6). Firstly clutter is incorporated by 

modelling the measurement as Ot , where: 

= (1 — nt)Ot ktUt • 	 (5.4.2) 

Here Ot  is considered to be the true measurement as described in (5.3.5), and the random 

variables Ut  are independent and uniformly distributed on the interval 	+7] and 

describe a (possible) random clutter measurement. Its occurrence is dictated by the 

random variable ict , which is independent and has common mass function: 

Pr(kt  = 1) = Pc  and Pr(ist  = 0) = 1 — Pc . 

The constant Pc  , 0 < Pc  < 1 represents the probability of a clutter measurement. 
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Next, if J is the total number of sensors, the 3 measurement equations (5.3.4)-(5.3.6) are 

replaced by 4 x J equations for the sets of virtual measurements {yinkj=i , noisy mea-

surements {Otk}kj=i  and clutter corrupted measurements {,Ipp k 
J 

=1* For k E {1... J}: 

Vt 

ek  t 
Oitc  

bitc 

Hkxt + ur + (Qrk)1/2vitt , =(5.4.3) 

— 	arctan (Ytk4/Ytk,2) , 

--= 	(1 — t,nop + kitcutk , 

= 	[sin(4), cos (4)1T  . 

(5.4.4) 

(5.4.5) 

(5.4.6) 

In this particular problem, J = 6 simultaneous measurements are made at each time 

step. The three monitor-sensor measurements are identified by index values k = {1, 2, 3}, 

and the three sensor-target measurements by index values k = {4, 5, 6}. Notice that the 

order assigned to the measurements is a design decision, and in some cases one ordering 

might produce better estimates than another. One sensible procedure for assigning an 

order would be to choose measurements according to their predicted error variances, 

with the most accurate first. 

Let the displacements associated with the measurements, dit' = [dr d p]T be:  

Exit' — X 728  yP — yrs] 7' 	for k = {1, 2, 3} , 

Ex2 — xitc-3  y/3  t  — yitc —3] 7'  for k = {4,5,6}. 

Here 4728  and yrs are the x and y positions of the monitoring sensor platform, which 

we regard in this exercise as the deterministic 'exogenous input' urk = [471.9 , yrs]T for  

k = {1,2,3}. (For k = {4,5,6}, urk  = 02x1.) 

The measurements 'fit  are generated by the following equations: 

Bt = arctan(ditc1/42) + 57071: 
	

(5.4.7) 

= 	- 	+ utk , 

for k = 1, 	, 6. Here Tit is a scalar N.(0, 1) distributed noise variable. it  is a discrete 

variable taking values 0 or 1 with: 

Pr(I4 = 1) = Pek  , 
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and UP is a variable, uniformly distributed on [—r, 7]. All the noise and clutter processes 

are assumed to be independent. We set: 

vl  for k = 1,2,3, 

u2 	for k = 4, 5,6 , 

and 

{

0 	for k = 1, 2,3 , 

Pc 	for k = 4, 5, 6 , 

(i.e. clutter is present on sensor-target measurements, but not on sensor-monitor mea-

surements). 

Notice that the measurement model adopted in the above formulation of the tracking 

problem is of the traditional kind (bearing angle of the displacement plus scalar noise). 

For purposes of implementing the SRMF algorithm, we approximate it, replacing (5.4.7) 

by the two equations: 

yi 
= (etc (Qr,„k )1 / 2vite 	 (5.4.8) 

arctan(YriY/;2) • 	 (5.4.9) 

Here zit is an )V(0, 12x2) distributed noise term and: 

Vtnk(r) = E [114112  101L-1] 412x2 • 

In all our simulations, the traditional measurement model (5.4.7) was used to generate 

the data. It was also used in the construction of the other algorithms which are compared 

to the SRMF. These choices put the SRMF at a disadvantage, because there was a 

mismatch between the measurement model implicit in the filter and the model generating 

the measurements, as compared with the other algorithms, where there was no such 

mismatch. 

5.4.3 The SRMF for multisensor tracking with vacuous measurement 

To adapt the shifted Rayleigh mixture filter for use with this model, the algorithm pre-

sented in Section 5.3.2 needs to be modified to allow for multiple sensor updates. Assume 

an arbitrary ordering of the sensor measurements at each update time (the position of a 

particular sensor measurement in the ordering is indicated by the value of the index k), 
and regard the occurrence of sensor measurements as 'separated' in time by a period of 
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zero seconds. 

Fix an estimate update time t and suppose there is available a Gaussian mixture ap- 

proximation to p(xt_1101,t_i , 	 Then a Gaussian mixture approximation to 

p(xt lipl:t ) (the updated density based on the first measurement) is obtained by applying 

one step of the SRMF to the state and measurement equations (5.4.1) and (5.4.3)-(5.4.6) 

(with k = 1). 

Next, a Gaussian mixture approximation to p(xt kbi :t , qt ) is obtained by applying one 

step of the SRMF to the state equation: 

xt = 	+ 0 -I- 0 , 

0 otherwise , 

and measurements equations (5.4.3)-(5.4.5) (with k = 2). The prior state distribu-

tion here is taken to be the previously calculated Gaussian mixture approximation to 

p(xt kpl,t). (The trivial nature of the system equations reflects the fact that the time 

period is of zero seconds duration.) Estimators based on all remaining measurements 

are calculated in the same manner. 

As already pointed out, the order assigned to measurements is a design decision which 

could affect performance. An alternative, more refined, approach which involves a more 

exact calculation of the likelihoods, has been investigated in [25] for the non-manoeuvring 

target case. This approach is similar to the multiple-measurement approach of Chapter 

4, and it involves the formulation of a hypothesis-tree for various measurement combi-

nations. However, since the number of measurements per sensor is equal to 1, branching 

differentiates only between the updated state and the predicted state at each sensor 

update. This implies that all hypotheses are likely to be fairly similar and, as confirmed 

in [25], this scheme is not cost-effective and the sequential measurements model is used 

here instead. 

Using the update maps defined in (5.2.64)-(5.3.28), the shifted Rayleigh mixture filter, 

modified and adapted for this type of problem is now summarised: 

{ 1 ifi=j, 
r••• = 
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1. Initialisation, Set t = 0. For n = 	N set 

Choose -4, /1,1.'01. Let: 
1 

'Y 	
1 if / — i'n  — 0 ) 

enl — 
0 otherwise, 

Set t =1. 

4 = 1/N. 

2. State and Covariance Predictions 

For n = 1... , N, for j = 1,... , d, calculate: 

FU)4-1+ , tit-1 

Pni-1 = FU)Plt'_iF(i)T Q(j) • tit 

3. First Measurement Update 

On receipt of 01, evaluate: 

	

( 114_ 141 Ptnlit--101) = SRupdx (41jt_1, P 	j, 	, 

ril(,1) = SRupda (74; 	Prtyt_1, j, t) 

rittlj 1 = (1 pc1).601(4) + pc]. /27 , 

griEjl (0) = (rttlj1) —1 (1 pcl)gjl (iph 

gt~l (1) = (274j1 ) pc1 

nj =  (m nj1 ,;;nj 	
qt (1)tt-1 nil 
	nj x tit-1,01 qt k')."tt-1,0t 

	

pnj 	= ...nj1(0) 	 (nt j1(0)) (4j1(0))1 
qt 

+ (el (1) [ptnijt_i (4j1(i)) n1 my] 
t 

where: 

nj1 In ) = nj 	nj 

	

44't 	tit 	— xtit-141- 
njl ,n j nj 

	

4 t 	k 	
, 	

— tit-1,01 • 

4. Successive Measurement Updates 
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On receipt of VP, for k = 2, ... , J, evaluate: 

(- n 	i;ortj 
X tit

j 
-1,ok, ~:k) = SRupdx nj 	,,t,k • 

tit-1,0k-1' p tit -11,1)-17 'Pt 1 3,0 , 

k fit' ) (11)tk ) = SRupdo ( k • "2" nj " 	Ptnlit-14th-" 
Lrttjk (1 pck) f tnjk (01: ) pck 127 

.77 jk (0) = (Lrtt jk )-1 (1 	pc ) f tt .i.jk (4) , 

qt 
njk( i ) = 

k
i
z
n_

7r
rnjk\-1.1=tck 

nj
= Li

_njk ( [ptni jt-1,0k (4 ik(t 1 olt\-\ ,7,11'knli ik 1,01:k 	t lu I 	14)1,k 	qtnik 1)X-nj xtlt- 

tlt-1,01'k = 
nnj qt (0njk \ ( mot 

rtijk (i) [pnj 	 njk  g 	
tit-11GtLk-1 	

t (1)) ( rt̀ jk 	T (1))1 

where: 

() (1 = ±-rtj 	nj 
•L't 

n jk X t 	(i) = tit-1 	'''4'tnit_14,1:k • 

5. Particle and Weight Update 

and 
Pty p n Let: et j = xAnj 	 and evaluate: tit-14F 	t 

-1 n 
Pt

nj 
Ct 111 -1 	'Yt —171j 	

[J Ltjk 

1=1 	k=1 

where: 	Ct = EnN—iEcf=i ut 1 01-1 7;11170 (nL1Ltn3k). 

6. Updated State Estimate and Covariance: 

Evaluate: 

N d 

xt = E E ttnt i .4j , 
n=1 j=1 

N d 

Pt = E E 4[P tn +(x- t3 — t)(X- tnj — t )T ] 

n=1 j=1 

7. Mixture Reduction 
({ 	7j, p tn j 	 j nN, d. 1 \ Select N components (1'4, 	,ten-nN_i ) from the set 	 ) ac- 

cording to weights /43 by using one of the mixture reduction algorithm of choice 
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(see Section 3.2). For each mixture components, mode probabilities -yll' should also 

be computed as described in Section 3.2.3. 

Set t = t + 1 and go to Step 2. 

We also develop an unscented mixture filter, which is identical to this filter, but where 

the shifted Rayleigh update equations are replaced by the uscented Kalman filter update 

equations as described in Section 2.1.4. 

5.4.4 Simulation results 

In the simulations in this section, the model and the algorithm just described are setup 

with the following parameters: 

sample period 

time horizon 

turn rate 

target perturbation intensity 

sensor perturbation intensity 

bulk drift perturbation intensity 

standard deviation of sensor 

-target measurement noise 

CF2 	0.028 rad(,-,  1.6°) standard deviation of monitor 

-sensor measurement noise 

Pc  = 0.5 	 probability that the sens.-target 

bearing is clutter (in most sims.) 

We generate Track 4, where the monitoring sensor platform is initially at the location 

(500, —2500) and moves uniformly in a straight line to the location (500, 500) (all dis-

tances are in metres). The changing coordinates et', yrs of the monitoring sensor 

platform appear as terms in /et". The prior state mean is: 

kio  = [1500, —2.5, —1500, 5.5, 1000, —1500, —500, —2500, —1000, —1000, 2, 2]7' , 

and the prior state covariance is: 

Polo = diag([10000, 1, 10000, 1, 0, 0, 0, 0, 0, 0, 0.02, 0.02]). 

h = 5 s 

T = 500 s 

wo 0.02 rad s-1  

qi. 0.005 

q2 30 

q3 0.005 

al  0.283 rad(,--,  16°) 
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Figure 5.5: Sample realisation of Track 4 using the SRMF and the Fearnhead & Clifford mixture 

reduction algorithm (N=50). This figure shows the target's trajectory (thick black line) and a 

sample realisation of the SRMF (dots). The position of the three sonabuoys (thin lines) and 

their estimated position Nash dot' lines) is also displayed. The thin straight line shows the 

trajectory of the monitor. 

The target manoeuvres as follows: ro:20 = 2, r21:35 = 3, 7.36:65 = 2, r66:80 = 1 and 

r8i:loo = 2. As the actual mode switching probabilities are unknown to the observer, we 

develop a SRMF using the following Markov transition matrix (simulations show that, 

within reason, the choice of parameters has little effect): 

0.9 0.05 0.05 

= 0.05 0.9 0.05 

0.05 0.05 0.9 

Figure 5.5 shows a sample realisation of the SRMF for Track 4 with Pc  = 0.5. The 

number of mixture components used is N = 50. We can see that the filter successfully 

tracks the manoeuvring target. 

Figure 5.6 provides a comparison of the average RMS errors for the SRMF (tested 

using a variety of mixture reduction techniques), the UMF, a particle filter (featuring 

stratified sampling of Section 2.2.2(c) in the resampling phase) and versions of the IMM 

using as estimators both the shifted Rayleigh filter (the `SRIMM') and the unscented 

Kalman filter (the TIMM'). These average errors are plotted against computational 

time and for varying number of mixture components. 
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Figure 5.6: Position RMS error vs. computational cost comparisons for Track 4 and for varying 

number of mixture components / particles (100 Monte Carlo average). 

As the graph shows, the SRMF achieves asymptotic convergence with as little as 20 

particles for all the tested mixture reduction techniques, and is as such the most effi-

cient algorithm. In this scenario, the joining algorithm provides the most cost-efficient 

estimates for low number of particles, and it outperforms the SRIMM with as little as 

5 mixture components. The hybrid mixture reduction method provides comparable re-

sults. 

The particle filter — while eventually achieving similar asymptotic levels — requires a 

very large number of samples to deal with all the non-linearities present in this scenario 

(10,000 for the same accuracy of 5 samples of the SRMF using the joining algorithm). 

While it is true that each individual particle update is comparably faster to calculate, 

the sheer number of particles that have to be considered makes the algorithm less effi-

cient. 

The UMF (using the Fearnhead and Clifford method) does not achieve the tracking 

accuracy of its competitors and also imposes significantly greater computational de-

mands than the SRMF. Each particle update of the UMF takes over 5 times longer to 
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compute than that of the SRMF, largely because of the high-dimensionality of the state 

(which requires the use of a large number of a-points). 

It is however worth pointing out how the UMF is significantly more efficient than the 

UIMM (which is outperformed with less than 10 samples), than the SRMF is of the 

SRIMM (outperformed with nearly 20 samples) for the same mixture reduction method. 

This points out the robustness of mixture filters (compared to pseudo-Bayes methods) for 

tracking problems where the estimators being used are far from being exact. Although 

in this scenario the SRMF is the preferable option, in other nonlinear problems where 

the only available estimators are the UKF or the EKF, mixture filters should provide a 

more competitive alternative to particle filters than the IMM based algorithms. 

In Figure 5.7 and 5.8 we also show the average RMS error (position and velocity re-

spectively) for the three algorithms using component numbers requiring comparable 

computational time (500 for the SRMF, 100 for the UMF and 10000 for the PF). Both 

mixture filters make use of the Fearnhead and Clifford mixture reduction technique. 

Figure 5.9 also illustrates the effect of clutter on the estimates provided by the SRMF 

and the particle filter, matched to impose the same computational load. We can see that 

both algorithms can tolerate a high level of clutter (i.e. two thirds of measurements are 

clutter). Above that, tracking performance becomes erratic and the increase in RMS 

error reflects occasional 'track losses'. 

In conclusion, the simulations presented in this section demonstrate the effectiveness of 

the SRMF in a challenging scenario. It achieves the same accuracy of a particle filter 

but this can be achieved at a fraction of the computational cost. A related mixture 

filter, based on the unscented Kalman filter was also developed, and although this does 

not share the accuracy of the algorithm based on shifted Rayleigh filter for bearings-

only target tracking, it can be applied to other manoeuvring target tracking problems 

featuring nonlinear state equations. Furthermore these results have shown how, in the 

absence of an accurate estimator, mixture filters are more robust than algorithms based 

on pseudo-Bayes approximations. 
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Figure 5.7: Position RMS estimation error (100 Monte Carlo average). This figure shows the 

average x— and y—axis RMS position estimation error throughout the trajectory as estimated 

using 500 particles of the SRMF, 100 particles of the UMF and 10000 particles of the PF (the 

computation times of the three filters are comparable). The additional graphs are the RMS 

estimated standard deviations for the position coordinates generated by the SRMF. 
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Figure 5.8: Velocity RMS estimation error (100 Monte Carlo simulations). This figure shows 

the average x— and y—axis RMS velocity error throughout the trajectory as estimated using 500 

particles of the SRMF, 100 particles of the UMF and 10000 particles of the PF (the computation 

times of the three filters are comparable). The additional graphs are the RMS estimated standard 

deviations for the velocity coordinates generated by the SRMF. 
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Figure 5.9: Mean RMS position error vs. probability of clutter (100 Monte Carlo simulations). 

This figure compares a SRMF using 50 particles with a particle filter using 2000 particles. The 

computing times for the two filters are approximately the same. 
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Chapter 6 

Conclusion 

This thesis has investigated the use of mixture filters for use in target tracking problems 

where the conditional distribution of the target is well suited to approximation by mix-

tures of Gaussians. These techniques provide an accurate representation of the posterior 

distribution of the target by using efficient mixture reduction techniques which permit 

the complexity of the conditional distribution to expand and contract. Furthermore, 

we showed how mixture filters can be directly extended to take account of extra non-

linearities, such as multiple and/or nonlinear measurements, while still retaining their 

simplicity and their computational efficiency. The main contributions of this thesis, in 

the order they were presented, are now listed. 

• An in-depth empirical analysis was carried out to highlight the trade-offs between 

randomised and deterministic versions of weight-based mixture reduction algo-

rithms. A new technique, known as the a-algorithm was introduced to allow for 

the possibility of customising this trade-off, and therefore tailoring the mixture 

reduction step for specific multiple-model tracking problems. (See Section 3.2.1.) 

• The standard structure of the mixture filter was modified to allow for the possibility 

that each constituent density may be associated with more than one manoeuvring 

mode. This was necessary in order to apply distribution-based mixture reduction 

techniques, which are normally used for data association problems, to the multiple-

model problems. (See Section 3.2.3(d).) 

• We have shown how weight-based mixture reduction techniques, normally used for 

multiple-model problems, and distribution-based mixture reduction algorithms, 
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normally used for data association problems, can be successfully applied to both 

classes of problems. This is particularly significant in the multiple model context, 

as a whole new set of algorithms has been Made available for use. (See Section 

3.2.5.) 

• A hybrid mixture reduction algorithm was developed to combine the computa-

tional efficiency and 'rejuvenating' nature of randomised weight-based mixture 

reduction methods, with the accuracy of distribution-based methods. (See Sec-

tion 3.2.4.) The resulting technique was shown to outperform all other mixture 

reduction methods for multiple-model problems, and to provide a valid alternative 

to distribution-based algorithms for data association problems in which compu-

tational constraints allow for a limited use of mixture components. (See Section 

3.2.5.) 

• A look-ahead mixture filter (LAMF) was derived to allow the mixture reduction 

process to select components on the basis of current, rather than prior, measure-

ment data. This allows an earlier identification of mode-transitions, which reduces 

the estimation error when the target manoeuvres. This modified filter was found to 

be particularly effective combined with distribution-based mixture reduction algo-

rithms, and can produce high-quality estimates with very few mixture components. 

(See Section 3.3.) 

• A multiple measurement mixture filter (MMMF) was developed for the problem of 

tracking a manoeuvring target in clutter, the combination of the multiple-model 

and data association problems. The MMMF was shown to easily outperform the 

IMMPDA (one of the most widely used algorithms for this type of problem) and 

to be the most competitive algorithm for a large range of computational values. 

Only at a very large computational cost it is outperformed by a particle filter. (See 

Chapter 4.) 

• The use of mixture filters was then extended to solve multiple-model problems 

involving nonlinear/non-Gaussian dynamics. For the difficult problem of track-

ing a manoeuvring target using bearings-only measurements, the shifted Rayleigh 

mixture filter (SRMF) was derived and shown to be particularly competitive com-

pared to other methods. The SRMF, which makes use of the accurate moment- 
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matching calculations of the shifted Rayleigh filter, was also extended and tested 

in a complex scenario involving multiple sensors and clutter in the form of vacuous 

measurements. A mixture filter based on the unscented Kalman filter was also con-

structed to show the advantages of mixture filters over generalised pseudo-Bayes 

techniques when suboptimal estimators are used. (See Section 5.) 

In conclusion, mixture filters based on efficient mixture reduction techniques — a class 

of algorithms often overlooked in the literature — have been shown to provide a valu-

able alternative for target tracking problems involving multiple models. In particular, 

these algorithms seem to fill a 'gap' between traditional pseudo-Bayes algorithms and 

sequential Monte Carlo methods, in that they outperform the former at a fraction of 

the computational cost of the latter. These algorithms can be constructed even for 

sophisticated problems, and their mixture reduction step allows for a great degree of 

customisation to suit particular problem specifications. This, along with their scalable 

nature, makes mixture filters very cost effective and flexible algorithms that should be 

considered for the solution of target tracking problems involving switching parameters. 

Suggestions for Future Work 

By establishing a clear connection between weight-based and distribution-based mixture 

reduction methods, this thesis has shown how a new class of 'hybrid' mixture reduction 

methods could play a significant role in the solution of problems involving multiple-

models. A simple algorithm of this type was shown to be very competitive, however 

more sophisticated versions might further improve performance. More specifically, it 

would be interesting to see if existing distribution-based algorithms could directly ben-

efit from a degree of randomisation. For example, an algorithm where only the most 

obviously similar components are clustered, while the rest are randomised, could bene-

fit from increased robustness during mode-transitions, as well as from a computational 

point of view. 

The development of the a-algorithm has also shown some very interesting results, which 

could lead to more sophisticated mixture reduction techniques. An empirical analysis 

has in fact shown how there seems to be an ideal ratio between randomness and deter- 
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minateness, whose exact value is unfortunately problem dependent. A class of adaptive 

techniques based on the a-algorithm, which adjusts this ratio on the basis a past mea-

surement and estimation data, could however exploit this property independently of 

the type of problem being considered. A variety of different approaches, including 'soft' 

techniques such as neural networks or fuzzy control, could be applied in the development 

of these adaptive algorithms. 

The look-ahead mixture filter has also shown potential in reducing errors during ma-

noeuvring by using 'future' information in its decision process. This concept might be 

further extended to develop `two-' or even 'three-steps-ahead' filters. Such types of al-

gorithm might smooth estimates during mode-transitions and might prove valuable for 

scenarios involving heavy manoeuvring. 

Finally, mixture filters were also shown to be very flexible and applicable to a variety of 

problems beyond the basic multiple-model form. Mixture filters could undoubtedly be 

derived for problems other than those discussed in this thesis. 
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Appendix A 

The data association problem: 

tracking in clutter 

Data association is the problem of dealing with the uncertainty arising when multiple, 

simultaneous, measurements are detected which could belong to targets already being 

tracked, to new targets or to false measurements (clutter). A wide variety of algorithms 

have been proposed to deal with different aspects of this problem. Here, we briefly 

describe the simplest one, which involves the tracking on a single target with linear 

dynamics in clutter. The techniques presented in this section can readily be extended to 

deal with multiple targets, by adjusting the association probabilities to reflect the fact 

that a measurement cannot be true for more than one track. This idea is the basis of 

techniques such as joint probabilistic data association ([9],[31]). A number of algorithms 

can also be implemented to initiate and terminate tracks (see, for example, [56] or [10]). 

A.1 The target in clutter problem 

In this problem nonlinearity is introduced by the sensors, which at each iteration may 

detect multiple measurements. Of these, at most one may belong to the true target, the 

rest being 'false alarms' which may be erroneously mistaken for the true measurement 

and which are generally referred to as 'clutter' measurements. The probability of de-

tecting the true target, PD, is also introduced to take account of false detections. 

The nature of clutter measurements varies with the type of sensors being used but 
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13,(Z) = Z! 

(Av)Ze—AV 

is generally associated with reflections of the true target or, especially in the case of 

passive sensors, with interferences produced by unrelated sources. Although some type 

of clutter measurements (such as reflections) may exhibit correlation, most target track-

ing techniques are based on the assumption that clutter measurements are uniformly 

distributed over the measurement space, and whose frequency is governed by a Poisson 

distribution of the form: 

(A.1.1) 

where Pc(Z) is the probability of Z clutter measurements (in a given measurement cycle), 

A is the spatial density of the clutter and V is the volume of the observation region. For 

2-dimensional measurements, this information can be combined with the linear state 

space equations of (2.1.14)-(2.1.15) to produce the following system equations: 

xt = Fxt--1 	+sq./2v,1 	 (A.1.2) 

Yt =u Yt = Hxt 	+ QU2v7tn with probabilityPd 	
(A.1.3) 

zt(i)=u[Rmin,Rma,] 
	

for i E {1, • • • )Zt} • 

Here Yt  is the set of measurements at time t, Rmin  and Rmax  are vectors containing 

the lower and upper limits of the surveillance region (assumed to be rectangular), and 

Zt  is the random number of Poisson measurements with probability Pc(Zt ). Assuming 

the true target is detected, the total number of measurements at time t is then given by 

Yt  = Zt  + 1. 

A.2 Measurement gating 

In most practical tracking problems, the surveillance region is generally very large com-

pared to the variance of the true measurement process, with the implication that a large 

number of clutter measurement fall in regions where there is little uncertainty concerning 

their (false) origin. The computational efficiency of any algorithm can then generally be 

improved by not including these measurements in the data association process. 

In order to do so, a preliminary coarse selection technique, generally referred to as 

`measurement gating', or simply 'gating', is usually implemented. This involves com-

paring the location of all the measurements with that of a 'gate' about the expected 
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location of the true measurement. Any observation falling within this region is consid-

ered by the data association algorithms for track update, those falling outside the gate 

are discarded. Generally the gate's size and shape is chosen so as to eliminate as many 

unlikely measurements as possible, while still trying to ensure that true measurement is 

not erroneously discarded. 

A variety of different gating techniques have been proposed, but these generally fall 

into two broad categories: rectangular gates [63] and ellipsoidal gates [15]. Consider-

ing each measurement yt(i) E yt, recall the measurement innovation (2.1.44) and the 

predicted measurement covariance (2.1.43) given by: 

9t(i) = yt(i) - 

St(i) = HPtit—i HT  + Qm • 

The simplest form of gating involves defining a rectangular region about the measurement 

yt (i) such that all of the elements of the innovation vector ("(i) for / E {1, 	, 	where 

L is the dimension of the measurement) satisfy the thresholding condition: 

(A.2.1) 

Here, o = /SS1(i) is the standard deviation of the innovation and Kt  is the gate size, 

whose choice is discussed in detail in [63]-[64]. 

A more refined technique, which is used in all the algorithms considered in this the-

sis, makes use of ellipsoidal gates that ensure that the norm of the innovation vector 

satisfies the condition: 

9t(i)St i fit (i) 
	

(A.2.2) 

As discussed in [16], since the false measurements are uniformly distributed, this test 

is essentially a likelihood ratio test. Here the threshold G is a design parameter which 

can be obtained using )(2  tables (with L degrees of freedom) to ensure that PG, the 

acceptable probability of the true measurement falling outside the gate, is satisfied. In 

order to avoid a significant number of true measurement losses, PG is generally chosen 

to be very small (normally in the range 0.01 > PG > 0.001). This gating approach, 

however, allows for the possibility of misdetections even when PD = 1, and therefore the 
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detection probability should be updated to PDG = PD(1 PG)• 

Ellipsoidal measurement gating of this form is generally more computationally inten-

sive than coarser methods (mainly due to the matrix inversion operations involved) and 

some methods have been proposed where two-stage gating is performed. As suggested 

in [16], for example, a first stage employing large rectangular gates could be used to 

eliminate most false measurements followed by a second stage using ellipsoidal gates to 

refine the selection. Alternatively, in [27], a 'binning' approach in which the measure-

ment space is split into grids, is used as a preliminary selection method. It should be 

noted that these multi-stage gating techniques are primarily useful in scenarios with 

large observation regions for which the computational savings may be significant. 

A.3 Data association techniques 

A.3.1 The optimal Bayesian solution 

The analysis involved in applying the Bayesian approach to the multiple-measurement 

data association problem is remarkably similar to that of the multiple-model tracking 

problem described in Section 2.3.2. In both cases, the conditional density involves a 

Gaussian mixture with an exponentially growing number of terms. 

In data association a tree of measurement-histories (which in this report will generally 

be referred to as 'association hypotheses', or simply 'hypotheses') can be constructed 

(see Figure A.1) by calculating a Kalman filter update for each feasible measurement 

at each iteration. To take into account the possibility that the true measurement may 

not be detected or may be discarded by the preliminary gating process (if PDG  < 1), 

an extra 'null-hypothesis' representing this eventuality (and whose mean and covariance 

are the unup dated predictions) is added at each iteration. The optimal solution at time 

t is then a weighted sum of the Nt  = fi (Yt  + 1) Gaussian estimates corresponding to 

all association hypotheses, where Yt  is the total number measurements satisfying gating 

conditions at time t. 

Define Di .t  to be the set of measurement association histories up until time t. The 

exact conditional density at time t can be expressed as the weighted sum of the Nt  
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Figure A.1: Multiple-measurement problem: exponential growth in association hypotheses. 

(Yt  + 1) densities corresponding to the possible association hypotheses: 

Axt yi:,) = E p(xtlqi:t,y1:t)ti41:t 
	

(A.3.1) 
gitEDia 

where 

Di:t = {ql:t ql , • • • qt E 0, • • • ,17t 11 
	

(A.3.2) 

P71' t  = p (41:tlY and 	 _ 
— 1-• (A.3.3) 

This Gaussian mixture can also be expressed in terms of the weights /41:t,  the means, 

X/lt and the covariances, Pt t  , of the constituent Gaussian densities: 

p(xtly,t) = E  Ar(xt, PQ':' )411:t 	 (A.3.4) 
•t Ept.t 

For qt  = 0, the corresponding densities in this sum are simple predicted densities. For 

qt  =- {1, 	,Yt}, they can be calculated recursively using the Kalman filter update 

equations, which involve knowledge of the weights ttr:1-1, the means, x and the 

covariances, For , of the constituent Gaussian densities of p(xt-i Yi:t-1) in: 

y: 
P(Xt-11Y1:t-1) = 	

p711-1)/itql:-1 (A.3.5) 
qi:t-1EDo:t-1 

Then the mean and covariance of the constituent normal densities in the posterior con- 
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P(qt = Li t--1) = (1  - PDG)PFA(17t), 
PFA(Yt  - 1) 

Yt ) 

(A.3.12) 

(A.3.13) P(qt = (k 0 )1V-1) = PDG 

ditional distribution at t can be expressed as: 

for qt  = 0: 

for qt  = {1,... ,Yt}: 

= 	 _L  
t_i 	t 

1:3711 = Fpril FT + Qs  , 

(A.3.6) 

(A.3.7) 

(11:t pal:t ) = K Fx (±1_1:r , P111-1  , yt(qt ), t). 	(A.3.8) 

The calculation of the posterior weights of the components is more complicated than 

in multiple model tracking problems, as the probabilities of misdetection need to be 

taken into account. To simplify notation, let 1-4' 1  be the index of the prior hypotheses 

qi:t-i = n E {1, 	,Nt_1}, and let N't'k  be the index of the posterior hypotheses for 

qt  = k E {0, 	Yd. Then, by Bayes rule: 

itt 
( 1 ,, \ 	1 1.."-‘, 	nic 

itt 	= P 	1:0 = P (1 1.1 	1:0 =  (A.3.9) 

P(HitLi)P(qt = kiHrti-i)P(YtiVt'k )  (A.3.10) 
P(Yt) 

Here p(Y t ) is normalising constant and p(7-41  1) = 411-1  is the prior weight of hypothesis 

?-lt 1. Consider now p(qt = k 1 7-trtl  1) and define PFA(m) to be the probability of exactly 

m of the valid measurements being false. Then if the clutter variable has a Poisson 

distribution: 

(AV)me-Av 
PFA(m)    = 	• m! 

(A.3.11) 

Assuming that at most one of the measurements can be true (or they could all be false), 

then p(qt = 	can be computed as: 

As the measurements in yt  are independent of one another, the final term in (A.3.9), 

P(Yt 	is given by: 

Yt 

P (Ytilftth  ) = 	P(yt (k)17- t2k  ) • 

k=1 

(A.3.14) 
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For hypothesis k = 0, all measurements are false alarms. As these are uniformly distrib-

uted over the surveillance region: 

p(ytil-tre) = v1y, • 
	 (A.3.15) 

For hypotheses k > 0, only one measurement is valid (and Normally distributed), while 

the others are false. Therefore: 

k 	Af(lit(k

v

); 	Srti.) 
P(YOrti  ) = 	 • 

Yt 

Substituting (A.3.12) and (A.3.15) into (A.3.9), ttrt'° becomes: 

(1 —PDG)(AV)Yte— Av 
= /41-1 	6VVYt 

(1— PDGPtYt e—Av 
= n 
	

n7t! 

(A.3.16) 

(A.3.17) 

(A.3.18) 

Similarly by substituting (A.3.13) and (A.3.16) into (A.3.9), lirtik  becomes 

PDG(AV)Yt—le—AvAr(Yt(k); 	St)  
= 	 E(Yt  — 1)!YtVYt-1 	

(A.3.19) 

PDGAY'le—AvAT(Yt(k); 	ST)  
=14 	 617t! 	

(A.3.20) 

where 6 is the normaliser defined as: 

A Yt —1 e—Alf 

	

= E PDGAr(y,(k); 	sit') + (1  - PDG )A 
Yt! nk 

Let: 

JPDGYti  
Ayt_ie_Av 

(1 PDG)A EN(yt(k); 	St)  + 
PDG nk  

then Atr't can be written as: 

(1—PDGM 	for k = 0 , 
c it t 

nk 1  n 	 PDG 
= itt = 

t (k); 	St) for k = 1 . . . Yt  . 

(A.3.21) 

(A.3.22) 

(A.3.23) 

(A.3.24) 

This optimal solution is not computationally viable, due to the exponentially growing 

number of terms in the Gaussian mixture. The following sections investigate target 

tracking algorithms which propose alternative techniques to approximate this formula. 
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A.3.2 Probabilistic data association filter (PDAF) 

One of the most common tracking data association tracking algorithms, probabilistic 

data Association filter (PDAF), first introduced by Bar-Shalom and Tse [13], is the data 

association equivalent of the GPB1 algorithm (see Section 2.3.3). In fact, the key feature 

of the PDAF involves the approximation the optimal posterior conditional distribution 

of (A.3.1), 

p(plyl,t)= E Af(xt;41tPr)itrt, 
9itEDo:t 

using a single Gaussian term (which is effectively the weighted sum of all the association 

hypotheses at each iteration): 

23(xtlYi:t) = Ar(xt; ±'t, Pt) • 

The common implementation of PDAF does this rather efficiently by combining the 

innovations 91` of all the valid measurements and then updating the term using a single 

Kalman filter update. The key steps of the PDAF are summarised in Appendix B.2.1. 

A.3.3 Mixture filters based on mixture reduction 

These techniques, first introduced by Salmond [62], are an elaboration of the PDAF 

method in which multiple terms are retained at each iteration. The exact conditional 

distribution: 

E (Xt;.±11:t, p7110 71:t 
ql:t EDO:t 

is approximated as: 

E Ar(xt; 	prt)tir 
qi:tEDt 

where Dt  is a subset Dort  of cardinality N. Mixture filters recursively approximate the 

exact mixture, using a fixed number of terms. As a new measurement set becomes avail-

able, estimates for association hypotheses 7-qk for n E {1,..., N} and k E {0,...,Yt} 

are calculated. In order to keep the number of terms controlled to N, the posterior con-

ditional distribution is reduced to a N-fold one via mixture reduction techniques. These 

methods, an important part of this thesis, are discussed in further detail in Chapter 3. 

The mixture filter for data association is very similar to the one for multiple-model, and 

is detailed in Appendix B.2.2. 
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Appendix B 

Algorithms implementation 

In this Appendix, we outline the recursion of some of the target tracking algorithms 

presented in this thesis. 

B.1 Multiple-model target tracking algorithms 

B.1.1 The first order GPB algorithm 

We now outline the first order generalised pseudo-Bayes estimator (GPB1) in detail. 

For a description of the algorithm, see Section 2.3.3(a). 

STEP 1: MODE-MATCHED KALMAN FILTERING 

A single prior density with mean it, covariance Pt 	and mode probabilities 	is 

expanded into a d-fold mixture using the mode-matched Kalman maps (2.3.12) and 

(2.3.21). For j E S: 

	

(4, PI) = KFx(iiit—i, Pt-1, 3 I t, j, t) , 	 (B.1.1) 
(d 

Flt = E rijp,it_i  KFy(yt; " t — j_, Pt_i, j, t), (B.1.2) 
i=1 

 

,; _ 1 _ 4 

µt - 	ivit, where c = E ,cil . 	 (B.1.3)  

STEP 2: STATE ESTIMATE & COVARIANCE CALCULATIONS 

The state estimate and covariance, which are then propagated along with AI to the next 
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iteration, are now calculated as: 

t = 

Pt  = 

d 

E ut xt , 
j=1 

d 

pl[P1+ (4 - t)(4 - t)T]. 
j=i 

(B.1.4) 

(B.1.5) 

B.1.2 The second order GPB algorithm 

We now outline the second order generalised pseudo-Bayes estimator (GPB2) in detail. 

For a description of the algorithm, see Section 2.3.3(b). 

STEP 1: MODE-MATCHED KALMAN FILTERING 

Given d prior densities with mean, covariance, mode and weights defined by ±1_1, P1_1, 

4_1  = i and p1_1  respectively (for i E 8), the GPB2 estimator firstly uses mode-matched 

Kalman filter maps (described in (2.3.12),(2.3.21)) to compute all possible mode transi-

tions. This generates the following d2  densities defined (for i, j E 8) by: 

ij (mo t piti) = 	Pit-i, t, i,t) 

1-2/ 	Fy(Y t; 	,t) 

tet3  = — A?, where ci = 	faitj 
ci 

(B.1.6) 

(B.1.7) 

(B.1.8) 

STEP 2: MODE-BASED MERGING 

We next merge those estimates that assume a common mode for time t. The resultant 

densities are then propagated to the next iteration. 

d 
litij x t1 , 	 (B.1.9) 

d 

Pt 	 + 	_ &iv t  _ 
tik 	—ti 	 (B.1.10) 

i=1 

„i _ 	= tt 	 where, c = 	ci • 	(B.1.11) 
i=i 	 j=i 

STEP 3: STATE ESTIMATE SL COVARIANCE CALCULATIONS 

The current state estimate and covariance are computed by further merging the elements 
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of the posterior conditional distribution: 

xt = 

Pt = 

E 
j =1 

j 
Xt  , 

14[Pit + (4 -4)(4 - 4)T]. 

(B.1.12) 

(B.1.13) 
j =1 

B.1.3 The IMM algorithm 

We now outline the interacting multiple model algorithm (IMM) in detail. For a descrip-

tion of the algorithm, see Section 2.3.3(c). 

STEP 1: ESTIMATE MIXING 

Firstly, given d prior densities with parameters {mot—i,  PL1, 	= i, //L i} (for i E 5), 

the IMM determines the mixing probabilities. These describe the probabilities of each 

possible mode-transition based on prior information only. For i, j E S: 

aut — cj 	
(B.1.14) 

d 

where, 	 cj = Eill_171-„i • 	 (B.1.15) 
i=i 

Secondly, the algorithm mixes the state estimates and covariances related to the modes 

as follows: 

.1 V.‘ t = Z, Xt-1 Pt 
i=1 

Pt  = E 
r 7,2 

kat + 	— 4)(x- ti, — xj)Ti • 
i=1 

(B.1.16) 

(B.1.17) 

STEP 2: MODE-MATCHED KALMAN FILTERING 

The IMM then directly computes a posterior d-fold mixture by using the mixed Gaussians 

as the inputs to the Kalman filter. Using the Kalman filter maps of (2.3.12) and (2.3.21), 

the d densities are computed as: 

(4 Pit ) = K Fx(-4_1, Pt-1,  yt , j, t) 7  (B.1.18) 

frit  -- 	F y(y t ; XL, Pit _i , j,t) , 

= —1  /11, where c = 	µt . 

(B.1.19) 

(B.1.20) 
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STEP 3: STATE ESTIMATE SL COVARIANCE CALCULATIONS 

The last step of the IMM is identical to that of the GPB2. The algorithm computes 

the state estimate and covariance to be used exclusively as the output of the algorithm. 

These are given by: 

th X t 
j=1 

Pt = Egit[P1+ 	- t)(±t - 
j=1 

B.1.4 The multiple model bootstrap filter (MMBF) 

(B.1.21) 

(B.1.22) 

We now outline the multiple model bootstrap filter (MMBF) in detail. For a description 

of the algorithm, see Section 2.3.4(a). 

STEP 1: SEQUENTIAL IMPORTANCE SAMPLING 

Assuming the availability of N i.i.d. equally weighted samples from the prior dis- 

tribution, each associated with mode 	and with point mass located on "4 1  (for 

n E {1, . , N}), the MMBF first simulates N state noise values, ii4(n), and N mode 

values, r"t 1, at time t. This is done by sampling i4 (n) N N(0, Qn,), and 	 p(rtirt—i = 

rt 1) = 	Here, fp' is selected as the mode for which the uniformly distributed 

random sample Tin  — U(0,1) satisfies: 

iT 

E 	E it 17 • 
j=1 	 j=1 

Using these values, et is then evaluated (using (2.3.1)) as: 

Vtz  = F(11)Vt1-1 u7 (Q8(ri))1/21)7(u) • 

For each sample, the relevant importance weight is given by: 

lit = —P(Y tivt2 ) = A 1  (Y t; Hxt + urtn  Qin) , 

(B.1.23) 

(B.1.24) 

(B.1.25) 

where c = En=i N(yt ; H 	+ ut , Q) is a normalising constant. As pointed out in 

[55], the mode transition probabilities are omitted in this equation, since they have al-

ready been accounted for by the mode-sampling process. 
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STEP 2: STATE ESTIMATE CALCULATION 

The output state estimate, Wit, is computed as a weighted sum of all particles: 

tht = Eietw • 	 (B.1.26) 
n=1 

STEP 3: RESAMPLING 

For n E {1, , N}, resample with replacement N particles 14,1n from the set of sam-

ples {4, iql} according to importance weights /ft', using one of the techniques described 

in Section 2.2.2. 

B.1.5 The Rao-Blackwellised particle filter (RBPF) 

We now outline the Rao-Blackwellised particle filter (RBPF) in detail. For a description 

of the algorithm, see Section 2.3.4(b). 

STEP 1: EVALUATION OF THE OPTIMAL SAMPLING DISTRIBUTION 

Assuming N i.i.d equally weighted samples {4_1, P7_1, rt 1} from the prior distribu- 

tion are available, for particle n E {1, . , N} and mode j E {1, 	, d} calculate (using 

the Kalman filter prediction map (2.3.22)): 

4,nj 	pnj 4,,nj 	St') = KFpred(4_1, Pt 1, j, t) . 	(B.1.27) 

The sampling probabilities are then calculated as: 

Af(Yt; 	S7j)7riT 
ltt 

n 
= v,r1 

4-4:7=1AI.  t; tnlit-11 St i  )7rft ij 
(B.1.28) 

STEP 2: MODE SAMPLING 

For each n E {1, , N}, a mode is sampled from {iitni}l=1. The selected mode Mn  is 

the one for which the uniformly distributed random sample un  U(0,1) satisfies: 

Mn-1 	Mn 
E µt  < .7, 5_ Eivtu. 	 (B.1.29) 
j=1 	j=1 

STEP 3: KALMAN FILTER UPDATE 

For each sampled mode, the state and covariance of each Gaussian particle are updated 

by means of Kalman filter map (2.3.23): 

-n n (Xt   Pt  ) = KFupd (eMn PnMn   x 	tit-1 ,  tit-11 Mn, yt , t) (B.1.30) 
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The weight of each updated sample is given by: 

d 

= d 	• 	 (B.1.31) 
j=1 

STEP 4: STATE ESTIMATE Si COVARIANCE CALCULATIONS 

The output state estimate, &t , and covariance, Pt , are now, computed by merging all 

particles: 

t = E iftW 	 (B.1.32) 
n=1 

Pt = Ektt[Pt+(vti'- 	- 	 (B.1.33) 
n=1 

STEP 5: RESAMPLING 

For rt E {1,... , N} , resample with replacement N particles {41, Prt' ,IT} from the set of 

samples {Vt, Ptn, Mn} according to importance weights Art', using one of the techniques 

described in Section 2.2.2. 

B.2 Multiple measurement target tracking algorithms 

B.2.1 The probabilistic data association filter (PDAF) 

We now outline the probabilistic data association filter (PDAF) in detail. For a descrip-

tion of the algorithm, see Section A.3.2. 

STEP 1: STATE AND MEASUREMENT PREDICTIONS 

Given a Gaussian prior, N(i 1, Pt-1), the first step of the PDAF is the calculation of 

the predicted state, tit—i,  predicted state covariance, Pt i t_i , predicted measurement, 

9tit-1 and predicted measurement covariance, St  as described in (2.1.40)-(2.1.43). 

STEP 2: MEASUREMENT GATING 

Gating is then performed to discard those measurements that are highly unlikely to be 

true. Let Zt  C yt  be the subset of measurements y t(i) E y, that satisfy: 

(vt( 1 ) 	T t)-1(Yt(i) 	5_ G. 	 (B.2.1) 

Let Zt  = card(Zt)• 

STEP 3: HYPOTHESES PROBABILITY CALCULATIONS 
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Next, the PDAF calculates the probability of each association hypothesis, 'HP, for k E 

{0, 	, Zt }. This is done using (A.3.24) for the special case in which the prior consists 

of a single Gaussian: 

( 1—PDG)?—PDG  
PDG 	

for k = 0 , 
Pt

k 
 = — 

c 	AI (y t(k); 	St ) for k = 1, . . . , Zt  . 
(B.2.2) 

STEP 4: RESIDUALS COMBINATION 

Next, the PDAF calculates a weighted sum of the innovation (or residual) of each mea-

surement. This is done as follows: 

where: 

zt 

9, = E 40 
k=0 

(B.2.3) 

9'tc = t(k) 	• 	 (B.2.4) 

Note that 91: were already calculated as part of the evaluation of N(yt(k); 	S t) in 

Step 2. 

STEP 5: STATE AND COVARIANCE UPDATE 

Finally, the predictions calculated in Step 1 are updated using the combined residual. If 

Kt  is calculated as in (2.1.45), then: 

"t = 	+ Kt9t ; 	 (B.2.5) 

Pt = P tit—i — ( 1  — 1.4)K tl P ti t_i  + K tP t KT , 	 (B.2.6) 

where: 
zt 

P t  = E [p'tccyncynT - (po(yt)T] • 	 (B.2.7) 
k=1 

Here Pt  is a positive semidefinite matrix which represents an increase in the covariance 

caused by the spread of the observations. 

B.2.2 The data association mixture filter 

We now outline the mixture filter, based on mixture reduction, used for the data asso-

ciation problem. For a description of the algorithm, see Section A.3.3. 

STEP 1: STATE AND MEASUREMENT PREDICTIONS 
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Given N prior mixture component with mean, covariance and weights defined by xt 1 , 

.Vrt'_1, and tirti_i  (for n E {1, 	, N}), state and measurement predictions V4t _i , ./312; 	Cit-1 
and S't' are calculated using (2.1.40)-(2.1.43). 

STEP 2: MEASUREMENT GATING 

Gating is now performed separately for each individual measurement prediction such 

that N measurement subsets Z7t.' C Yt are produced. For each n E {1, 	N}, mea- 

surement yt(i) E y, is accepted and included in 27 if: 

(I 4(0 - Vtit-i)T  (St)-1  (Y t(i) - 	G. 	 (B.2.8) 

Let Zp = card(21'). 

STEP 3: MEASUREMENT UPDATE 

Using banks of Kalman filters, each of the N predictions is now updated using the mea-

surements yt(k) E 4/ , which have satisfied its gating requirements. For k E {1,... , Zn, 

'111c  and Prtik  are calculated using (2.1.44)-(2.1.47). Furthermore, the algorithm retains 

the unupdated state predictions (and their covariance) to model the hypotheses where all 

the measurements received are false and the true measurement is not detected. Therefore 

for k 0: 

^ nO 	n 
Xt = Xtlt-1 

Pre = 
(B.2.9) 

(B.2.10) 

STEP 4: WEIGHT CALCULATIONS 

For k E {1, 	, Z it'i }, the weights of each of these hypotheses are calculated as: 

nk 1  n ilt 	itt—lAr(Y JO; Vtlit-11 S lit ) • (B.2.11) 

If A is the clutter density and PDG is the probability of true measurement being part 

of set .Vt, the probability of the null-hypothesis (i.e. that all gated measurements are 

false) is calculated as follows: 

n° 	_1  ,,72 (1  PDG)  o  
t c PDG 

(B.2.12) 
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In both equations, c is a normalising term given by: 

c  = 	(0- — PDG)A 
PDG 	

Ar(yt(k); 	ST:)) • 
n,k 

(B.2.13) 

STEP 5: STATE ESTIMATE Si COVARIANCE CALCULATIONS 

At this stage, the output state estimate and covariance are computed by merging together 

all the elements of the posterior conditional distribution. It should be noted that the 

output estimates should be calculated prior to the mixture reduction as this inevitably 

introduces degradations. 

Xt 
N Zi E E  pre , 

n=1 k=0 
N .Z;t  

(B.2.14) 

Pt = 
	

E ii[Pk + (4k — tht)(4k — 	• 
	 (B.2.15) 

n=1 k=0 

STEP 6: MIXTURE REDUCTION 

The final part of this data association mixture filter involves a mixture reduction step. A 

number of mixture reduction techniques can be implemented, and these are described in 

Section 3.2. These algorithms input the expanded Gaussian mixture with En 	+ 1) 

densities with means, covariance and weights given by 'etik  , pink  and µt k , and output a 

N-fold mixture of Gaussians with mean, covariance and weights et, 1:11.  and 4. 

B.3 Multiple-model/multiple-measurements target track-

ing algorithms 

B.3.1 The IMMPDA algorithm 

We now outline the interacting multiple model probabilistic data association algorithm 

(IMMPDA) in detail. 

STEP 1: ESTIMATE MIXING 

Firstly, given d prior densities with parameters { 	 = i, /4_1} (for i E 8), 

the IMMPDA determines the mixing probabilities. These describe the probabilities of 
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each possible mode-transition based on prior information only. For i, j E S: 

177-11-17rij ci 
d 

where, 	 Cj = E /4-17rii • 
i=1 

(B.3.1) 

(B.3.2) 

Secondly, the algorithm mixes the state estimates and covariances related to the modes 

as follows: 

ii Z, t-1 "Al 
i=1 

ijr  Tvi 
= 	[ 1- t-1 ± (St-1 — Xt )(Xt_i — Xt  

i=1 

(B.3.3) 

(B.3.4) 

STEP 2: STATE AND MEASUREMENT PREDICTIONS 

Next state and measurement predictions are calculated for each mixed component using 

the mapping described in 2.3.22: 

(x" .1-1,  t P j-1 ,  j1t-1, " 	St)) =KFpred(-±j7 t 	Pt , j t) . t 	t (B.3.5) 

STEP 3: MEASUREMENT GATING 

The IMMPDA next gates the measurements. The approach used here follows the one 

presented in [18], where a single gate is used for all mixture components (alternatively 

a separate gate could be configured for each). Let m, taking possible values in S, be 

the mode value for which the determinant of the measurement prediction covariance is 

largest. For j E S: 

m = argmaxi(det(Sit )) . 

Then the measurements to be considered for update are those in Zt  C yt  which satisfy: 

(Y 	- 9741-1)T  (Sr)-1(Y 	Vtjt-i) < G • 
	 (B.3.6) 

Let Zt  = card(Zt ). 

STEP 4: LIKELIHOOD CALCULATIONS 

Next, the IMMPDA performs a PDAF update step for each mixture component. The 
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algorithm calculates the probability of each association hypothesis, 7-Cit k , for j E S and 

k E {0, .. • , Zt}: 

(1-PDG)A  
jk 	1 	 PDG 	for k = 0 , 

Pt =  
c 	.111(y t(k); 	St) for k = 1, 	, Zt  

(B.3.7) 

STEP 5: RESIDUALS COMBINATION 

Next, for each component, the IMMPDA calculates a weighted sum of the innovation 

(or residual) of each measurement. This is done as follows: 

 

zt  

Yt - 2_, V"` 
 Pt Yt

zjk  (B.3.8) 

where: 

k=0 

- 	 ^ Y t
jk 
 = Yt(k) Y tit-i • (B.3.9) 

Note that frI k  should have already been calculated as part of the evaluation of A .(y t (k); -tit-I ,  Sit) 
in Step 4. 

STEP 6: COMPONENT UPDATE 

The predictions calculated in Step 2 are now updated using the combined residuals. If 

Kit  is calculated as in (2.3.18), then: 

, t = tit-1 

(1 - ttit°)KitHPitit_ i  +Kli'jt (Kit )T , 

where: 

Pt = E• kii k
(yl

k
)(yl

k )T_ (y1)017] .  
k=1 

The weight of each of these components is: 

Zt 

ut= V.`Pt 
ik  

Z_, 	• 
k=0 

(B.3.10) 

(B.3.11) 

(B.3.12) 

(B.3.13) 

STEP 7: STATE ESTIMATE 8Z COVARIANCE CALCULATIONS 

The final step is the calculation of the output state estimate and covariance, which are 
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computed by merging together all the elements of the posterior conditional distribution. 

t j 
x
^i Z tit t 

n=1 

Pt 	E 14[131 + 	 t)T 1 • 
n=1 

B.3.2 A multiple-measurement/multiple-model particle filter 

(B.3.14) 

(B.3.15) 

We now outline a multiple-measurement/multiple-model particle filter. Many versions of 

this type of filter have been proposed, the one we present here is a direct extension of the 

multiple-model Bootstrap filter (see Section 2.3.4) to allow for multiple measurements, 

which is largely based on [46]. 

STEP 1: IMPORTANCE SAMPLING 

Assuming the availability of N i.i.d. equally weighted samples from the prior distri-

bution, each associated with mode rt 1  and with point mass located on xt 1  (for 

n E {1,..., N}), the particle filter first simulates N state noise values, 14 (n), and 

N mode values, Tt 1, at time t. This is done by sampling 1,;(n) 	11./(0, Qm), and 

rt 	p(rtirt--1 = 1.7t2_1 ) = 	ii}1=1. Here, FT is selected as the mode for which the 

uniformly distributed random sample un  N U(0,1) satisfies: 

I
T)
-1 ri 

71-7T un E • 
j=1 	j=1 

Using these values, "et and 9nt it_1  are evaluated as: 

=F(FT)rti_i +u'; + (Q8(1))1/214(n), 

=Hvtlit_1+ um 

(B.3.16) 

(B.3.17) 

(B.3.18) 

STEP 2: MEASUREMENT GATING 

Gating is now performed separately for each individual particle such that N measurement 

subsets Ztt' C yt  are produced. For each n E 11,...,N1, measurement yt (i) E yt  is 

accepted and included in Zrt' if: 

(Yt(i) Kit—i)T  (Cht)-1(Yt(i) 97t1t--1) 5- G • 	 (B.3.19) 
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Let 41  = card(Vti). 

STEP 3: LIKELIHOOD CALCULATIONS 

Next, the likelihood of each particle is evaluated. For yt(k) E ;Int, this is given by: 

zn 
1 ((1 — PDG )A 	t  

Itt' = 	 + E•Ar(yt(k);cit_,, Q.) c 	PDG 	k=1 

where c ensures En  4 = 1. 
STEP 4: STATE ESTIMATE CALCULATION 

The output state estimate, - t , is computed as a weighted sum of all particles: 

N 

t = Eiftivii • 
n=1 

(B.3.20) 

(B.3.21) 

STEP 5: RESAMPLING 

For n E {1, ... , N}, resample with replacement N particles { "t, fli} from the set of sam-

ples {It, FT} according to importance weights ifti, using one of the techniques described 

in Section 2.2.2. 

182 



Appendix C 

Conduct of simulations 

This appendix provides further details on the conduct of the simulations presented in 

this thesis. 

The entire simulation environment was developed by the author using Matlab version 7. 

Most of the simulation results presented in this thesis were executed on a dual processor 

AMD Opteron 246 machine (2.0GHz) running Redhat Enterprise Linux 4 (64-bit edi-

tion) with 2GB of RAM, although some of the most computationally intensive Monte 

Carlo tasks were performed in parallel on a twin machine. 

As most of the simulations presented make use of computational time as a performance 

metric, every effort was made to ensure fair and comparable results. However, although 

all algorithms were programmed and executed in as identical manner as possible, the 

simulation times presented should be taken as indicative only as these are inevitably 

highly dependent on programming language and style (as well as hardware, of course). 

Similar care was taken to minimise the effects of randomisation: common sets of mea-

surements were pre-generated and used by all algorithms. 

The simulation environment has now been passed on for further development to the 

Control & Power group of the Electrical & Electronic Engineering department at Imper-

ial College London. However the author would be happy to provide further information 

if needed, and may be contacted at stefano_robbiatiOhotmail.com. 
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