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Rough Path Perspectives on the It6-Stratonovich Dilemma

Abstract

This thesis is comprised of six distinct research projects which share the theme of rough and stochastic integra-
tion theory.

Chapter 1 deals with the problem of approximating an SDE X in R? with one Y defined on a specified
submanifold, so as to minimise quantities such as E[|Y; — X;|?] for small ¢: this is seen to be best performed
when using It6 instead of Stratonovich calculus.

Chapter 2 develops the theory of not necessarily geometric 3 > p-rough paths on manifolds. Drawing on
[FH14, £89, E9o] we define controlled rough integration and RDEs both in the local and extrinsic framework,
with the latter generalising [CDLis]. Finally, we lay out the theory of parallel transport and Cartan develop-
ment, for which non-geometricity results in second-order conditions and corrections to the classical formulae.

In Chapter 3 we treat the theory of geometric rough paths of arbitrary roughness in the framework of
controlled paths of [Gubo4], from an algebraic and combinatorial point of view, and avoiding the smooth
approximation arguments used in [FViob]. As an application, we show how our emphasis on functoriality
allows for a simple transposition of the theory to the manifold setting.

The goal of Chapter 4 is to treat the theory of branched rough paths on manifolds. Drawing on [HKis,
Kelr2], we show how to lift a controlled path to a rough path. The “transfer principle”, intended in the sense
of Malliavin and Emery, refers to the expression of a connection-dependent “intrinsic differential” dy X' that
defines integration in a coordinate-invariant manner, which we derive by combining Kelly’s bracket corrections
with certain higher-order Christoffel symbols. In reviewing branched rough paths, special attention is given to
those that can be defined on Hoffman’s quasi-shuffle algebra [Hofoo], for which some of the relations simplify.

The final two chapters do not involve any differential geometry. Chapter s is a report on work in progress,
the aim of which is to compute the Wiener chaos decomposition (and in particular the expectation) of the sig-
nature of certain multidimensional Gaussian processes such as 1/3 < H-fractional Brownian motion (fBm).
This generalises the results of [BCo7], arrived at through a piecewise-linear approximation argument which
fails when 1/4 < H < 1/2. Furthermore, our calculation restricts to that of [Bauo4] in the case of Brownian
motion, and can be applied to other semimartingales, such as the Brownian bridge. Our novel approach makes
use of Malliavin calculus and the recent rough-Skorokhod conversion formula of [CLi9].

Finally, in Chapter 6 we combine the topics of the previous two to define a branched rough path above
multidimensional 1/4 < H-fBm, and compute its terms and correction terms. Our rough path is defined in-
trinsically and canonically in terms of the stochastic process, restricts to the Itd rough path when H = 1/2, has

the property that its integrals of one-forms vanish in mean, and is not quasi-geometric when H € (1/4,1/3].



PREFACE

The tale of stochastic integration begins with Kiyoshi Itd, who in [It644] defined the integral that now bears his
name, with the relative notion of differential equation [It646] and his famous second-order change of variables
formula [It651] following shortly thereafter. A little over a decade later it was discovered, by Donald Fisk in his
PhD thesis [Fis63] and independently by Ruslan Stratonovich [Str66], that a different definition of stochastic
integral was available. While It6 had defined his integral using Riemann-Stieltjes approximations with evalua-
tions of the integrand at the initial point in each interval of the partition (which for the integral [ HdX would
looklike ) >, Hy, (Xy, .,
(> Heveiyy (Xy,,, — Xy,) for continuous H).
2

— X4, )), the integrand in the Fisk-Stratonovich definition is evaluated at the midpoint

é-‘<

N 7

Figure 1: Riemann sums approximations for the integral of a smooth function with initial point evaluation
(on the left), and with midpoint evaluation (on the right); since this is a classical Riemann integral, the two
definitions of integral coincide.

The It6 integral has clear advantages from the standpoint of probability theory: it is (under reasonable assump-
tions) a martingale when the integrator is such, and its variance can be computed easily thanks to an isometry
property. While Stratonovich and Fisk’s integral does not satisfy these properties (since it “looks into the fu-
ture”), it has the great benefit of satisfying the same laws as ordinary calculus, such as integration by parts and
the fundamental theorem of calculus. Furthermore, around the same time Wong and Zakai realised that defin-
ing integration [WZ6sa] and SDEs [WZ6sb] by smoothly approximating the noise, integrating in the usual
Riemann sense, and taking limits, the result coincided not with Itd’s integral but with what would soon af-
ter be named the Stratonovich integral. These two competing definitions gave rise to a dilemma: which is the
correct way to integrate?

The It6-Stratonovich dilemma does not, of course, admit a clear resolution. Both theories are perfectly
valid, can be converted into one another, and the choice of which to use became contingent on the branch
of stochastic analysis under consideration: the It6 integral remained the weapon of choice of probabilists and

researchers in the nascent discipline of mathematical finance, while physicists and differential geometers grav-



itated towards the Stratonovich integral, due to its good behaviour under change of coordinates. Indeed, it is
this property that makes it possible to define geometric constructions involving stochastic processes just as one
would define them for smooth curves, simply by replacing ordinary calculus with Stratonovich calculus: this
is what Malliavin later called the “transfer principle”. It is not true, however, that It calculus on manifolds is
impossible to carry out. An early attempt was made by Itd himself [It650], who asked the very natural question
of how to define SDEs on smooth manifolds. While this paper focused on existence, uniqueness and Markov
property of the solution, Itd’s description of SDEs had the drawback of depending on the chart (a problem
that does not arise for Stratonovich SDEs). It was not until much later that Laurent Schwartz [Sch82] and
Paul-André Meyer [Mey81, Mey82] independently worked out the correct framework needed to make It6 cal-
culus coordinate-invariant. Their ideas were carefully compiled by Michel Emery, one of Meyer’s students, in
the very accessible [E£89]. He followed this textbook up a year later with a paper [E90] in which he established
that the “It6 differential” d.X could be conceived of not only as a formal element of a second-order tangent
space (as Schwartz had regarded it), but, alternatively, as an infinitesimal tangent vector (an idea already present
in Meyer’s work), the only caveat being that the resulting definitions would depend on a covariant derivative on
the manifold. This, at least in theory, put It6 and Stratonovich on an equal footing as stochastic calculi on Rie-
mannian manifolds, since they were now both capable of integrating one-forms and defining SDEs in terms of
vector fields. In practice, in the geometric setting Stratonovich calculus continued to be used almost exclusively,
and still today It6 calculus carries, rather unfairly, the reputation of being unsuitable for such purposes.

Around the same time that Schwartz and Meyer were developing their calculus of second-order vectors and
forms, a different contribution to stochastic calculus came from Hans Follmer. In fact, Follmer’s idea was not
so much an addition to probability theory as it was a recognition of the fact that certain aspects of it did not
actually have to be stochastic. In [F5181] he showed that the It6 formula could be derived without reference to a
probability space or measure, as long as one accepted that the quadratic variation would depend on a sequence
of partitions. Many authors continued to investigate the delicate interplay between probability and analysis
in the context of stochastic integration, which turned out to be related to the study of iterated path integrals
valued in nilpotent Lie groups and to Kuo-Tsai Chen’s earlier work on loop space cohomology [Che77]. This
line of research led to a series of papers of Terry Lyons [Lyo94], some of which written with Zhongmin Qian
[LQ98], culminating in the paper [Lyo98] (written at Imperial College London!), in which the theory of rough
paths was established.

In a nutshell, a rough path consists of a structure “above” a path X : [0, 7] — R? which emulates the

first few iterated integrals on the simplex X o = f dX,, ® - --®dX,,, the exact number re-

s<ur<...<unp<t
quired depending on the regularity of X'. When the path X is too rough (as is the case for Brownian motion),
these integrals are not defined in the sense of Riemann-Stieltjes, and must therefore be postulated through
other methods, subject to certain analytic and algebraic constraints. The purpose of a rough path is to de-
fine an integration theory for X via Taylor-type expansions, which in turn gives meaning to multidimensional
rough ODE:s (or rough differential equations — RDEs) dY = V(Y)dX. When X is a stochastic process,
X is usually constructed using probabilistic notions of convergence; however, once X is defined, all the cen-
tral constructions of rough path theory follow from pathwise and deterministic analysis. This separation of
probability and analysis is crucial for one of the main contributions of rough path theory: that of making
the RDE solution map X + Y continuous under appropriate norms, thus conferring “robustness” to the

theory. This is not achievable in ordinary stochastic analysis, since probability is involved in the definition of



integral: the map sending X to the solution to the Itd equation dY = V(Y)d.X (or Stratonovich equation
dY = V(YY) o dX) cannot be made continuous. Another aspect that makes Lyons’ theory so appealing is its
generality, and the ease with which it can be used to generate new integration theories: not only is it capable
of reproducing the It6 and Stratonovich integrals, but many other types of processes, such as certain Gaussian
and Markov processes that are not semimartingales, admit lifts to rough paths too. Of course, when X is of
bounded 2 > p-variation, everything reduces to Young integration [You36].

A rough path canonically defines its signature, i.e. the full stack of iterated integrals, which is already of
interest when the path is of bounded variation. Indeed, it was under this assumption that Lyons, together with
Ben Hambly, proved the main result that establishes the importance of the signature: in [HL1o] (later gener-
alised to rough paths in [BGLY16]) it was shown that the signature of a path, evaluated at its fixed initial and
terminal times, characterises the path up to “retracings”. In dimensions greater than 1, a generic path can be
expected to almost never retrace itself: this remarkable characterisation therefore yields a way of translating
the entirety of the data contained in the path into a formal series of tensors. A probabilistic version of this
result [CL16] states that, under certain hypotheses, the law of a stochastic process is determined by the pro-
cess’s expected signature, which therefore plays the same role that moments do for random variables. Recently,
these ideas have found numerous applications in machine learning for sequential, multimodal data streams,
e.g. [PAGGT18].

Since its inception, the theory of rough paths has benefited from numerous additions and reformulations.
In [Gubo4] Massimiliano Gubinelli gave the definition of controlled rough paths: enriched paths which can
be integrated against the reference rough path. Controlled paths play a role dual to that of rough paths and
make it possible for much of the theory to be expressed in linear terms, which is not possible when dealing
solely with rough paths, which are non-linear objects. In [Gubro] Gubinelli defined branched rough paths,
the most general type possible: unlike the better-known geometric ones, the integration theories defined by
branched rough paths need not satisfy the rules of ordinary calculus, such as integration by parts. His ideas
were reformulated by David Kelly in his PhD thesis [Keli2], in part published jointly with his supervisor
in [HKis], in which it is shown that branched rough paths can be reduced to geometric ones, albeit via a
non-canonical procedure. Many different authors worked on Gaussian rough paths, and their relationship
with Malliavin calculus [CQo2, LQo2, FV10a]; the best known result in this area, a Hérmander condition for
Gaussian (non-Markovian) rough paths was proved by Thomas Cass and Peter Friz in [CFio]. Recently, the
area of “rough analysis” has enjoyed a phenomenal boost in recognition and popularity due to its relationship
with Martin Hairer’s acclaimed theory of regularity structures [Hair4], and thanks to the textbook [FHi4],

aimed at a broad readership.

When I arrived in London to start my MRes+PhD I held a master’s with a focus in algebraic and differen-
tial topology, and very little higher knowledge of probability theory. The idea for my PhD loosely consisted of
leveraging my “non-standard background” as an aspiring probabilist, in particular my familiarity with smooth
manifolds, to take further certain novel viewpoints on It6 calculus on manifolds [AB18] and ensuing approxi-
mation problems [AB16] that Damiano Brigo and John Armstrong (my supervisor and co-supervisor) had been
working on, and to relate their ideas to the analysis of rough paths, of which my other supervisor, Tom Cass,
was a specialist. As I began to learn about stochastic calculus, the distinction between Itd and Stratonovich

integration immediately caught my eye, and I became curious about how these subtleties could be couched in



the language of rough paths in a maximally general manner, especially in the setting of smooth manifolds. One
of the very first people I met in London was Michel Emery, who had been invited to give a talk on the Schwartz-
Meyer approach to It6 calculus, about which he also spoke to me at length in private. When I returned home
to Italy for Christmas that year, I found that he had mailed me a copy of his textbook with a thoughtful in-
scription. Upon reading it, I developed a soft spot for Emery’s treatment of stochastic calculus on manifolds,
which went on to become one of the major sources of inspiration in my studies.

After concluding the taught portion of my MRes, Iidentified my foothold in graduate research as Damiano
and John’s work on projections of SDEs onto submanifolds, an approximation problem that points towards
Itd, not Stratonovich, calculus in the setting of differential geometry. In my attempt to understand their paper,
I found myself rewriting it by using ambient coordinates instead of local ones. This reformulation, which in-
cluded several other improvements and additions, turned into a paper, and Chapter 1 of this thesis. Some of my
contributions were included in the paper [ABRF19], now published in the Proceedings of the London Math-
ematical Society. In the meantime, my interest had shifted from stochastic calculus to rough paths. Having
studied [FH14], which treats non-geometric rough paths as well as geometric ones, and read the recent paper
[CDLis] about geometric rough paths on manifolds, I decided to merge my supervisors’ areas of interest and
study the behaviour of non-geometric rough paths on manifolds. This project, which begins by applying the
ideas of [E89, E9o], and goes on to investigate the more advanced topics of parallel transport and development,
is contained in Chapter 2. While writing this paper, I had been taking some notes on how the structural aspects
of rough paths (and their controlled paths), which are easy to describe in the case of bounded 3 < p-variation,
work for geometric rough paths of low regularity. Spelling these out would constitute an approach to the fun-
damentals of geometric rough path theory, which, within its scope, is alternative to the one of [FV1ob], that
relies on smooth approximation arguments and does not consider controlled paths. When I told Tom about
my ideas, he invited me to join an ongoing project with Bruce Driver and Christian Litterer. This led to a visit to
Christian in York, and a fruitful collaboration that resulted in the content of Chapter 3. This and the previous
chapters are finished papers, both accepted for publication in the Journal of the London Mathematical Society.

The second part of the thesis concerns more advanced topics. I recalled Damiano telling me, at the very
beginning of my PhD, that in my study of stochastic processes on manifolds I should try and “go as low as
possible” in terms of regularity. This had already been done, in the previous chapter, for geometric rough paths.
Damiano, however, had made his comment in the context of Itd calculus, which is not geometric. On Tom’s
advice, I began to read about branched rough paths, since these are able to describe non-geometric integration
theories of arbitrary roughness. After along and careful study of the main reference on this topic [HKis] and
the lesser known PhD thesis [Kelr2], which nevertheless contains results that proved essential to my goal, I was
able to lay out what I believe can be called the natural generalisation of Meyer and Emery’s work to branched
rough paths. This project is the subject matter of Chapter 4.

While I was writing Chapters 2 and 3, I realised that my thesis did not contain much probability theory,
something which did not seem aligned with the spirit of the original plan. I knew about the connection be-
tween rough paths and Malliavin calculus, and about Tom’s recent formula [CL19, CL20] obtained jointly
with his former student Nengli Lim, relating rough and Skorokhod integration, the natural (but not pathwise)
extension of the Itd integral to more general Gaussian processes. Tom had told me that he saw a possible ap-
plication of his work in computing the expected signature of a large class of Gaussian processes, a complicated

task which had not be achieved via elementary methods. The preliminary results of this study are contained in



Chapter s5: while the formal calculation, leading to the desired result, is provided in full, there are still details
missing, which are clearly highlighted. Of the six chapters, this is the only one of which the main results rest on
unproved technical assertions. While writing the previous two chapters, I wondered whether it was possible to
use Skorokhod integration to generate a non-trivial example of a stochastic branched rough path, something I
could not find in the literature. While the naive approach to this fails, there is a workaround that satisfies the
needed regularity condition, described in Chapter 6.

Writing this thesis has given me the opportunity to immerse myself in a thriving area of modern mathe-
matics, to take a glimpse at how higher knowledge is formed and evolves in a research community, and to offer

a few of my own perspectives on a famous dilemma; one which, I suspect, will not be settled anytime soon.

How this thesis is structured.  Each of the first five chapters of this thesis consists of a self-contained project,
which introduces its own definitions and conventions; Chapter 6, instead, uses the notation and some of the
results of the previous two. Since the chapters are on closely related topics, a little “code duplication” was in-
evitable: some definitions and proofs are revisited in different contexts, mostly across Chapters 2,3 and 4. This
is partly necessary, since the theory requires minor (but non-trivial) modifications in each chapter, and in any
case has the benefit of not requiring the reader to constantly refer to other parts of this manuscript. Moreover,
despite having part of the setup in common, the main results in the chapters are distinct. In Chapter 2 these
are on the extrinsic approach and the theory of non-geometric parallel transport and Cartan development, in
Chapter 3 the main focus is on the combinatorics of shuffles and ordered shuffles applied to geometric (con-
trolled) rough paths, and in Chapter 4 the goal is to define integration on manifolds. While this had been done
for the other two chapters, it was not their main focus, since for 3 > p-geometric rough paths the integral
is structurally identical to the one defined by Emery, and for geometric rough paths there is no difficulty in
integrating on manifolds. Similarly, while there is some overlap between Chapter 3 and Chapter 4 in terms of
the combinatorics, the lemmata of the former is developed more systematically, which would have been much
more difficult to do for the latter, due to the greater complexity of tree algebras.

At the very beginning of each chapter there is a “Project status” paragraph, in which it is stated whether the
contents of the chapter are entirely or in part contained in an arXiv preprint or a submitted/published paper,
and it is disclosed whether there are any co-authors, and if so, who they are. To summarise the situation very
briefly here, Chapters 1,2 and 3 consist of finished papers; the first has contributed to a published article, and the
other two have recently been accepted for publication. Chapter 4 can be considered a finished project, but has
not yet been posted to arXiv or submitted for publication. Chapter s is a report on work in progress: the case
for its inclusion in this thesis is made in the chapter’s introduction and the precise details of what is still missing
are stated precisely. Chapter 6 can be considered a finished short project, although there are no current plans
for it to be posted or submitted. All chapters except for the fourth and sixth are projects written jointly with my
supervisors and/or other senior academics, all of whom are aware of the work’s inclusion in this thesis. These
collaborations were carried out in the manner in which supervision of PhD students is customarily conducted.

Each chapter begins with an introduction that announces and motivates its contents. The body of each
of the first five chapters begins with one or two background sections. These sections are meant to establish the
notation, “import” and review the theory that is essential to the rest of the chapter, possibly with minor refor-
mulations and accompanying examples; they generally do not contain, unless otherwise mentioned, what may
be called original research. These are Section 1.1, Section 1.2; Section 2.1, Section 2..2; to some extent Section 3.1

(in which, however, the main two lemmas are original); Section 4.1; Section 5.1 and to some extent Section 5.2



(in which the result referenced at the beginning is reformulated). At the end of each chapter there is a “Con-
clusions and further directions” section, which contains reflections on the ideas that have been presented, on
any aspects that might deserve further attention, and problems left open that could form the basis for future

research.

A word on notation. While each chapter was written individually (and with different supervisors and col-
laborators), I have attempted to keep the notation as uniform as possible throughout. Any discrepancies should
not cause ambiguity, since chapters do not use symbols introduced elsewhere without explicit mention. Since
some of the formulae are quite long, I have preferred compact notation when possible. This involves using the
Einstein summation convention, which is only implied when one of the indices is a subscript and the other a
superscript. Another convention adopted for similar reasons involves only writing the evaluation of a product
of functions once, e.g. fgh(x) instead of f(x)g(x)h(x). In general, I have attempted not to clutter equations
with redundant information: for example, the partial derivative O, f is written without the superscript “3”,
since the fact that it is a third derivative is already clear from the presence of three indices. A few different fonts
are used, which have the benefit of making global notation for recurring symbols symbols possible: for example,
Nis used in Chapter 4 to denote the number of symmetries of a forest and & is used in the last two chapters for
Skorokhod integration; neither is used for other purposes. Other global symbols include p, the rough path’s
variation regularity, related to the Hurst parameter H when considering fractional Brownian motions, and d,
usually the dimension of the Euclidean space, which is different to d, used to denote differentials. When writ-
ing stochastic or rough differential equations, Greek indices are usually used for the driving signal, while latin

letters index the solution.
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PROJECTIONS OF SDES ONTO SUBMANIFOLDS

Project status. The work presented in this chapter originated from my attempt to understand and improve
certain aspects of a paper of my supervisors [AB16], a project that had begun before I started my studies in Lon-
don. This resulted in the independent preprint [ABF18], of which this chapter is an edited version. Since some
of my work was deemed relevant to the original project, it was included in the version that was submitted to,
and eventually published in the Proceedings of the London Mathematical Society, [ABRF19]. My contribution
to this publication consists of expressing and proving optimality without resorting to stochastic Taylor expan-
sions, but directly in terms of the SDEs, and dealing with the resulting complications (namely that the solution
can explode or exit a tubular neighbourhood of the manifold). Another difference between the two papers is
that [AB16] uses local coordinates, while this chapter uses ambient ones, a choice that I viewed as more natural,
given that the manifold M is always embedded, and indeed preferable, since the formulae for the projections
do not depend on the chart and are therefore more easily interpretable. Finally, it should be mentioned that
both papers cover material that the other does not: here we show how the projections emerge naturally from
difterent versions of stochastic calculus before showing their optimality, while [AB16] additionally considers
applications to non-linear filtering. Specific examples or observations present in [AB16] that are readapted to
the different setting of this chapter are explicitly referenced; this is not done for the main theory, the core ideas

of which are original to [AB16].

Introduction

Consider the following problem: we are given an autonomous ODE

X, = F(Xy) (r1)

3



in R%, and a smooth embedded manifold M < R, Let 7 be the metric projection of a tubular neighbourhood
of M onto M (see (1.52) below). We seek an M-valued ODE, i.e. a vector field F' on M, tangent at each point
to M, with the property that the solution to

Y, = F(Yy) (1.2)
is optimal in the sense that the first coefficient of the Taylor expansion in ¢ = 0 of either
Vi — Xi* or Vi —m(Xy)|? (13)

is minimised for any initial condition Xo = Yy = yo € M. This requirement represents the slowest possible
divergence of Y from the original solution X (resp. from its metric projection on M), subject to the constraint
of Y arising as the solution of a closed form ODE on M. It s an easy exercise (using (1.55) below) to check that
these optimisation problems both result in the same solution, which consists in F'(y) being the orthogonal
projection of the vector F'(y) onto the tangent space Tj, M.

The paper [AB16], which is motivated by applications to non-linear filtering, explores an extension of this
problem to the case of SDEs. The optimality criteria (1.3) do not carry over in a straightforward fashion, and
are formulated through the machinery of weak and strong It6-Taylor expansions. In this chapter we tackle the
same problem through a different perspective, which we proceed to describe.

In Section 1.1 we begin with a survey of SDEs on manifolds. Here we introduce three ways of represent-
ing them: the Stratonovich, Schwartz-Meyer (or 2-jet) and It6 representations. The first and second have the
advantage of not requiring a connection on the tangent bundle of the manifold, the second and third are de-
fined in terms of the Itd integral, while the first and third have vector coefficients. Focusing on the diffusion
case, we show how to pass from one representation to another. In Section 1.2 we prepare the framework for
manifolds M embedded in R?. These are entirely general Riemannian manifolds, due to the Nash embedding
theorem, and have the advantage of being describable using ambient coordinates. We use this framework to
study the equations introduced in the previous section, on embedded manifolds. In Section 1.3 we associate to
each manifold-valued SDE representation a natural projection, which gives rise to an SDE on a submanifold:
the Stratonovich projection (defined by projecting the Stratonovich coefficients), the Ité-jet projection (defined
by projecting the Schwartz morphism, or 2-jet, which defines the SDE), and the Ité-vector projection (defined
by projecting the It6 coeflicients, and interpreting the resulting equation w.r.t. the Riemannian connection on
the embedded submanifold). These projections coincide with the ones introduced in [AB16], but are given a
more solid theoretical underpinning, which sheds light on their analytic and probabilistic properties. We then
derive formulae for the three projections, preferring ambient coordinates to local coordinates. In Section 1.4 we
formulate the optimality criteria satisfied by the It6-vector and Itd-jet projections using respectively an explicit
weak and mean-square formulation, instead of invoking Itd-Taylor expansions as done in [AB16]. This has the
advantage of representing a more tangible property of the solution, and is accompanied by an argument, based
on martingale estimates, used to deal with the problem of the solution exiting the tubular neighbourhood of
M . Our main theorems Theorem 1.16 and Theorem 1.19 replicate the findings [AB16, Theorem 2, Theorem 3]
in this new setting. The fact that the Stratonovich projection does not satisfy either of these optimality criteria
is a confirmation of the fact that It6 calculus on manifolds can be of great interest. In Section 1.5 we provide

examples showing that the three projections are genuinely distinct, we prove the Itd projections are optimal
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also when formulating the optimality criteria using M’s intrinsic geometry, and explore notions of optimality
that are satisfied by the more naive Stratonovich projection.

Although the material presented here overlaps to a significant degree with the ideas of [AB16], this chapter
isentirely self-contained. Moreover, we believe the framework chosen here has a number of advantages of which

we hope to make use in future work, as described in Conclusions and further directions.

.1  SDEs on manifolds

We begin this chapter with a primer on manifold-valued SDEs. Since manifolds, unlike Euclidean space, do
not come naturally equipped with coordinates, especially not global ones, the challenge is to express an SDE
using intrinsic, coordinate-free notions. Equivalently, one can define an SDE locally in an arbitrary chart, and
show that the property of a process of being a solution does not depend on the chart. The coordinate-free
definition of a time-homogeneous ODE on a smooth, m-dimensional manifold M is well known: this consists
of a tangent vector field, i.e. a section of the tangent bundle of M, V' € T'T'M. We will denote I" the set
of sections of a fibre bundle, i.e. the smooth right inverses to the bundle projection. A solution to the ODE
defined by V is 2 smooth curve X, defined on some interval of R, with the property that X; = Vi, for all .
This is a coordinate-free definition, and in a chart ¢ : U — R™ (U open set in M) it corresponds to requiring
that, writing (X;) = ?X; and Vi, = $VF,px, we have X} = ‘pV)'?t for all ¢ for which both sides are
defined. Notice the sum over k: this is the Einstein summation convention, which we will use throughout this
thesis whenever possible; also, 0., are the elements of the basis of 7, M defined by the chart ¢:
_O(foy™)

upr(f) = T(S@(@) for f € C*M (1.4)

In this section we will give similar descriptions of Stratonovich and Itd (non path-dependent) SDEs on mani-
folds. From now on we will avoid the ¢ superscripts when no ambiguity occurs, e.g. the previous identity will
be written X = V)’ét.

We begin with the Stratonovich case, following mainly [E89, Ch. VII], although the topic is well known.
As for the familiar R%valued case we will also need a driving semimartingale, which, given the context we
are working in can be taken to be valued in another manifold N, of dimension 7. Given a stochastic setup
(Q, F., P) satisfying the usual conditions, a continuous adapted stochastic process Z: © x R>g — N
is said to be a semimartingale if, for all f € C>N, f(Z) is a semimartingale. Just as for the ODE case,
what is needed to define a Stratonovich SDE in M driven by Z is a section of some vector bundle: in this
case, however, the bundle is no longer just 7'M, but Hom(T'N,TM) — M x N, ie. the vector bun-
dle of linear maps from T'N to T'M. An element F' € I'Hom(T'N, T M) corresponds to a smooth map
M x N 3 (z,2) — F(z,2z) € Hom(T,N, T, M). The Stratonovich SDE

CL)QL = F(Xt, Zt) @) dZt (IS)

in local coordinates (this requires choosing a chart both on N and on M) as dX} = Fff (X1, Z4) 0o dZ)
on random intervals that make both sides of the expression well defined. We will always use Greek letters as
indices for the driving process, and Latin letters as indices for the solution. The key property that allows one

to prove that the coordinate formulation of Stratonovich SDEs holds for all other charts (on the intersection
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of their respective domains) is that Stratonovich equations satisfy the first order chain rule: clearly (1.5) would
not be similarly well defined with It6 integration. One can also define a solution without invoking charts: this
entails defining a Stratonovich integral taking as integrator an M -valued semimartingale X and as integrand a
previsible process H with values in the cotangent bundle of M and relatively compact image (locally bounded),

s.t. at each ¢, Hy is in the fibre at X;: this yields an R-valued semimartingale which we can write as

J; (Hs,0d X5) (r6)

The angle brackets refer to dual pairing of vectors and covectors. This integral is characterised as being the

unique map satisfying the following three properties

Additivity. For all locally bounded previsible H, G above X

L(Hs%—Gs,odXs) :f

(H,,0dX,) + f (G, 0dX,)
0

0

Associativity. For a real-valued, locally bounded adapted process A
L(ASHS, odX,) = fo' Ao od [3(Hy, 0dX,)
Change of variable formula. Forall f € C*°M
| piodx = 1) - £x0)

where df is the one-form given by taking the differential of f. One can then use this integral to say that X

solves (1.5) if for all admissible integrands H (even just those arising as the evaluation of a one-form at X))

f (H,,0dX,) = f (F(X, Z,)" Hy, 0d Zs) (1)
0 0

where the * denotes dualisation.

Remark 1.1 (Autonomousness and explicitness). If N = R"™ we can call (1.5) autonomous if F'(z, z) does not
depend on z, and if M = R"™ we can call it explicit if F'(z, x) does not depend on . However, in the general
manifold setting these two concepts do not carry over, at least not unless N (resp. M) is parallelisable, with
a chosen trivialisation of its tangent bundle. An analogous consideration applies to other flavours of SDEs

introduced in this section.

Example 1.2 (Stratonovich diffusion). An important example is the case where N = R>¢ x R™ and
Zy = (t,W;), W an n-dimensional Brownian motion, and F’ not depending explicitly on W. This means

(r.5) becomes

dX; = 0y(Xy,t) o AW} + b(Xy, t)dt (1.8)

for oy, b € THom(TR>g,TM) = C*°(R>o,'TM),v = 1,...,n. Stratonovich diffusions are sections
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of the vector bundle

Diff g« == {F € Hom(T(R>¢ @ R"),TM) : Vw1, ws € R" F(t,wy;x) = F(t,w2; )}
— M x RZO

(1.9)

i.e. elements of the vector space I'Diff &}, . Notice that the base space is not M x (R>q x R™), since indepen-

dence of the Brownian motion allows us to forget the R" component.

We note that no additional structure on /N and M, apart from their smooth atlas, is needed to define
Stratonovich equations. Stratonovich SDEs are the most used in stochastic differential geometry, as they behave
well w.r.t. notions of first order calculus: for instance, if there exists an embedded submanifold M’ of M such
that F'(y, z) mapsto Ty, M’ forall 2 € N andally € M’, then the solution to the Stratonovich SDE defined by
F started on M’ will remain on M for the duration of its lifetime. This is evident from our intrinsic approach,
by considering F'| 577 n, but some authors who develop Stratonovich calculus on manifolds extrinsically prove
this by showing that the distance between the solution and the manifold (embedded in Euclidean space) is zero
[Hsuo2, Prop. 1.2.8]. The existence and uniqueness of solutions to Stratonovich SDEs can be treated by using
the Whitney embedding theorem to embed /N and M in Euclidean spaces of high enough dimension, and
smoothly extending /" so that it vanishes outside a compact set containing the manifolds. Invoking the usual
existence and uniqueness theorem (e.g. [Proos, Theorems 38-40]), and the good behaviour of Stratonovich
SDEs w.r.t. submanifolds, immediately proves that a unique solution exists up to a positive stopping time,
provided F'is smooth. We will mostly not be concerned with global-in-time existence in this thesis, although
sufficient conditions for such behaviour can usually be obtained by requiring global Lipschitz continuity w.r.t.
complete Riemannian metrics.

We now pass to It6 theory on manifolds, as developed in [E89, Ch.VI]. The difficulty lies in the second
order chain rule of the It6 integral. For this reason, we need to invoke structures of order higher than 1. Let
the second order tangent bundle of M, T M, denote the bundle of second order differential operators without
a constant term, i.e. given a local chart ¢ containing « in its domain, an element of L, € T, M consists of a

map

2
Ly C°M R, Lf=1t20 i 07

The coefficients L:’Z, L? obviously depend on ¢, but their existence does not; moreover, requiring LY = L?f
ensures their uniqueness for the given chart ¢. Note that if the L%>s vanish L, € T,M. TM is given
the unique topology and smooth structure that makes the projection TM — M, L, +— x alocally triv-
ial surjective submersion. Just as for the first order case, there is an obvious notion of induced bundle map
Tf: TN — TM for f € C*°(N, M). A chart ¢ containing z in its domain defines the basis

{8x<pk,8§<pij = 6§@ji | k,i,5=1,...,n} (r.11)

so the dimension of TM (as a vector bundle) is m + m(m + 1)/2. The fundamental properties of TM are

summarised the short exact sequence of vector bundles over M

0 ——TM —~TM 25 TM&TM — 0 (L12)
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with the third term denoting symmetric tensor product, the first map the obvious inclusion and the second

map given by ,
Ly (f:9 = 5(La(f9) = f(2)Lag — 9(x) Lo f)) (113)

Roughly speaking, this means that TM is “noncanonically the direct sum of TM and TM © T'M?. This
short exact sequence of course dualises to a short exact sequence of dual bundles. Elements of T, M can always

be represented as d,;, f, defined by
(dxf, La:> = Lx(f) (114)

for some f € C°°M (thisis of course only true ata point: not all sections of TM are of the form d f). We now
wish to define an Ité-type equation using second order tangent bundles instead of ordinary tangent bundles.
For this we need a notion of field of maps F(x, z): T,N — T, M. Since the bundles in question are linear,
it is tempting to allow F(z, 2) to be an arbitrary linear map, but a more stringent condition is necessary to
guarantee well-posedness: the correct requirement is that F(x, z) define a morphism of short exact sequences,

i.e. a commutative diagram

0 T.N TN —— T, NoOT,N —— 0
lF(x,z) lIF(:p,z) lF(m,z)@F(w,z) (r15)
0 .M TM — T, MoOT,M —— 0

with F'(z, z) = F(x, 2) |1, n. F(x, 2) is then called a Schwartz morphism, and we can then view [F as being the
section of a sub-fibre bundle Sch(N, M) of Hom (TN, TM ) over M x N consisting of such maps, which we
call the Schwartz bundle. Note that Sch(N, M) is not closed under sum and scalar multiplication taken in the
vector bundle Hom (TN, TM ), and thus can only be treated as a fibre bundle. Now, given F € I'Sch(V, M),
we will give a meaning to the SDE

dXt - F(Xt, Zt)dZt (1.16)

which we will call a Schwartz-Meyer equation. Heuristically, if X is an M-valued semimartingale the second

order differential d X should be interpreted in local coordinates ¢ as
dX; = AXFOx, ¢k + 3d[X", X,0%,0ij € Tx, M (r17)

where the first differential is an It6 differential; this expression is seen to be invariant under change of charts,
thanks to the Itd formula. Then, given charts ¢ in M and ¥ on N, and writing

F(z,2)0,9, = F]fy(a:, 2)0spr + Fij(x, 2)02pi

x

F(,2)02008 = Fhg(z, 2)0uior + Filg(x, 2) 020

T

(1.18)

(1.16) becomes the system

AX} = F5(Xe, Z0)dZ] + 5F5 (X, Z,)d[2°, 2P,

1A[XT XT)y = FY(Xy, Z1)dZ] + SF(Xy, Zy)d[2°, 2°),

(1.19)

Computing the quadratic covariation matrix of X from the first equation above, using the Kunita-Watanabe
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identity, and comparing with the second results in the requirement that

FY =0; Fly=§(FLF}+F.F3) (1.20)
which correspond precisely to the Schwartz condition (1.15), and justifies this requirement. (1.19) now reduces

to its first line, i.e. the It6 SDE
dxF = IFfj(Xt, Z)dZ]) + 3FE 5(Xy, Z,)d[ 27, Zz", (1.21)

on random intervals that make both sides of the expression well-defined.

Example 1.3 (Schwartz-Meyer diftusion). Proceeding as in Example 1.2, but with Schwartz-Meyer equations,

we can define the Schwartz-Meyer SDE

dX, = F(X;, )dZ,

1
= O’,Y(Xt, t)th’y + <F0 + = ZF»W> (Xt, t)dt

(r.22)
2
y=1
where we can call F, = o, the diffusion coefficients, since they are elements of C*°(Rx>q, 'T'M); this also
holds for v = 0, but not for Fpg € C°°(R>0, 'TM). Therefore the coefficient of dt, the “drift”, cannot be
interpreted as a vector. Note that setting ., = 0 does not guarantee that such coefficients will vanish w.r.t.
another chart, since the transformation rule for them involves the FZB’S which cannot vanish by the second
Schwartz condition (1.20); in other words, there is no way to do away with the non vector-valued drift in (1.22).

We can consider Schwartz Meyer diffusions as being sections of the fibre bundle
Diffn M {F € Sch(R>p x R", M) : Yw,ws € R"F(t,wy;x) = F(t,we;x)}
i = =
Sch FrGeFp1 =Gy Fo+ 150 Fpy=Go+ 15" Gy
— M x RZO

(1.23)

This means that, similarly to the case of (1.9) we are only considering ’s that do not depend explicitly on the

Brownian motion, and we are quotienting out the part that is not relevant for (1.22).

Just as for Stratonovich SDEs, Schwartz-Meyer equations can also be seen to come from an integral

fol (Hg, dX) (1.24)

where the process H is now valued in T* M. The axioms for this Schwartz-Meyer integral are similar:

Additivity. For all locally bounded previsible H, G above X

L(HSnLGS,dXQ _ J

(H,, dX,) + f<@s,dxs>
0

0

Associativity. For a real-valued, locally bounded adapted process A

J‘.()\SHS,dXs) _ J Nod 2 (H,,dX,)
0 0
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Change of variable formula. Forall f € C*°M
| @xs.ax = 100 - £x0)

Notice how It integration is used in the associativity axiom. The property of a process of being a solution of
(1.16) is then defined in complete analogy to (1.7).

The recent paper [AB18] treats SDEs on manifolds using a representation which is similar to that of (1.16),
but which has a distinct advantage when it comes to numerical schemes. Here the authors focus on the au-
tonomous diffusion case, without explicitly taking time as a driver (N = R", Z; = W}), and take the field of
Schwartz morphisms IF to be induced by a field of mapsi.e.asmooth function f: R"xM — M, f, == f(-, x),
s.t. forallz € M, f;(0) = x: this means

F(z) = Tofx (1.25)
In coordinates ¢ on M this amounts to
A" o fz) 9*(¢" o fu)
k(o _ k _
oha) = D82 g gk () = 10 ) (1:26)

with Fg = 0 (note how the drift comes from the quadratic variation of Brownian motion, without having to
require time as a driving process). This particular form of IF is useful because it automatically defines a numerical
scheme for the solution of the SDE, similar to the Euler scheme, which cannot be defined in a coordinate-free
way on a manifold: the linear structure lacked by M is replaced with iterative interpolations along the f3’s.
This also has the advantage of guaranteeing that if the maps are valued in M, so are all the approximations.

“It6-type” Diffusions on manifolds have also been investigated by other authors, most notably by [BDoo,
Ch.4] (although we refer to the more recent exposition [Glir, §7.2]), who call the bundle Diff&l, M the Iz
bundle, and give a local description of it. Although we will not need this formulation in the following sections,
we include a description of it to establish the link with the other approach. There are (at least) two ways of
describing a fibre bundle 7: £ — M: one is by simply exhibiting the manifolds £/, M and the surjective
submersion 7, and by checking local triviality; this is the approach taken here. The second approach involves
declaring the base space M, the structure group G (a Lie group), the typical fibre F (a smooth manifold, carry-
ing a left action of G by smooth maps) and a covering {Uj } » of M together with maps g,,,: U, NU, = G
satisfying the cocycle conditions VY, 11, v gy gux = guva. Then the total space and bundle projection can be
reconstructed by gluing all the Uy x F’s together according to the g,,,’s:

Uy {At x Un x F .
(M,CL‘,G) ~ (V,y, f) =T =1, f = gyu(x)‘e - M7 [H,.’E,@] = (1.27)

FE =

Of course, the local description can be obtained from the ordinary one by fixing a local trivialisation, a model
for the fibre, a Lie group capturing all transformations of the fibres, etc. Now, we define the candidate bundle of
Schwartz-Meyer diffusions to have base space M x R>( and typical fibre Hom(R", R") & R™. Recall that we
observed that the Schwartz bundle is not linear: this should rule out the usual choices G = GL(n,R), O(n),
valid for vector bundles. Indeed, the transformation laws for Diff &, M are succinctly modelled by the /26 group

J" = GL(m,R) x Hom(R™ ® R™ R™) (1.28)
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(A,a)(B,b) =(AoB,Aob+aoc(B® B)) (1.29)
with identity (1, 0), acting on Hom(R", R™) @ R" from the left by
(A,a).(0,n) == (Ao, An+ Str(ac (0 ® 0))) (1.30)

where the trace is taken componentwise. Given an open covering {Ux}x (consisting of, say, open balls) of M,

and charts ) : Uy — R™, we define

gou(z € UpuNUy) = (J(pw 0 07 ) (@), Hpw 0 9,1 ) (@) (131)

the Jacobian and Hessian of the change of coordinates. The isomorphism between the bundle that we have just
described and Diff &, M is given by (notation as in (1.27)) [A, (¢, z), (o, )] — [F(x, t)], the class represented
by any F(¢, ) in the numerator of (1.23) s.t. Fﬁ = 017“ fory=1,...,nand F§ + Z:zl IF‘@7 = ¥ w.r.t. the
chart ¢y,

There is a way of writing Itd equations on a manifold so that all the coefficients, drift included, are vectors.

It involves considering the additional structure of a linear connection V on M, i.e. a covariant derivative
V:TM xIT'TM — TM (r32)

which is a smooth function that maps T, M x I"I'M to T, M, is R-bilinear, and satisfies the Leibniz rule
Vu,(fV) = f(z)Vu,V + (U f)Vz. Equivalently, a connection is described through its Hessian

V2. C®M — T(T*M @ T*M) (133)

which is an R-linear map satisfying V2(fg) = fV2g+ gV*f +df ® dg + dg @ df forall f,g € C®°M.

These two data are equivalent and related by
(Vif, V@ U) =Uu(V) = (Vu.V)f (1:34)

If F;‘cj are the Christoffel symbols of V w.r.t. a chart ¢ (this means Vg, ,,0p; = Ffj(:v)@xgok), the Hessian

can be written as
Vif = (D2pij — (@) 0epr) (f) e’ @ dpg? (135)

We will only be interested in connections modulo torsion, so it is not limiting for us to assume that a connection
is symmetric or torsion-free, i.e. that its torsion tensor (7v, U @ V) = ViV — Vy U — [U, V] vanishes, or
equivalently that its Hessian is valued in I'(T*M © T M). By far the most important example of such a
connection is the Levi-Civita connection of a Riemannian metric ¢; in this case the Hessian takes the form
(V2f, Uy ® V) = g(Vy,grad? f, V). Torsion-free connections are relevant to our study of SDEs in that

they correspond to the splittings of (1.12), i.e. a linear left inverse -, to © or a linear right inverse j to 72

i
0 ——TM —— TM —— TMOTM —— 0 (1.36)
~_ —
9
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The existence of the bundle maps 7 and ¢ are equivalent to one another and to the the isomorphism
(g,p): TM — TM & (T'M © T'M) (this is the well-known splitting lemma [Hatoz, p.147], valid in the

category of vector bundles). A torsion-free connection V on M is equivalent to a splitting by setting

(q/wL$)f =Lyf — <v?:f7 ﬂxLa:> (1.37)

We recall that, given V. € I'TM, W, € T,M, the “composition” U(V) € T,M is defined by
Ups(V)f == Uyz(y — V, f),and we have

Using that 92¢;; = 9,0:(0¢;) and (1.35) we have

Na02pij = 0upi © 0upj,  GuOipij = T1i(2)0upn (139)

Another way to view this correspondence is by j*d, f = V2 f.
Now, given symmetric connections on N and M, a field of Schwartz morphisms F' € I'Sch(N, M) can
be viewed as a field of block matrices
[F G

0 Fo F] (2,2): TN @ (TuN @ T,N) — ToM & (TuM @ T, M) (1.40)

One can then require that G = 0, so that IF reduces to F', which defines the /26 equation
dXt == F(Xt, Zt)dZt (1.41)

Such equations have been considered in [E9o]. The data needed to define this equation is the same as that
involved in the definition of the Stratonovich equation (1.5), namely an element of 'Hom(T'N, T'M ), but the
meaning of the equation depends on the connections on N and M. Inlocal coordinates, using (1.39) to specify

F& 5 in (1.21) to the case G = 0, this equation takes the form

dX{ = FF(Xy, 2,)dZ]

o (1.42)
+5 ("0 (Z0) FE (X, Zy) = M5 (X0 FLFS(Xe, Z0))d (2%, Z2°)

Note that if the Christoftel symbols on both manifolds vanish the above equation reduces to its first line; how-
ever, unless a manifold is flat a chart cannot in general be chosen so that the Christoffel symbols vanish (except
for at a single chosen point: these are called normal coordinates). Itd equations can be equivalently defined

through the It6 integral

j0’<Hs,dXs> = fo (¢"Hy,dX5) (1.43)

by proceeding as in (1.7).
Recall that an (M, V)-valued semimartingale is a Jocal martingale if for all f € C*°M

£(X) - fo' (p* V3 f.dX,) (144)
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is a real-valued local martingale (the integral is to be interpreted as half the quadratic variation of X along the
bilinear form V2 f); this property coincides with the usual local martingale property when M is a vector space.
In local coordinates an application of (1.35) and (1.17) shows that the local martingale property corresponds to
the requirement that

dXF + 307 (Xp)d[ X7, X, (1.45)

be a real-valued local martingale for each k. The It6 integral (1.43) and It6 equations (1.41) on manifolds behave
well w.r.t. local martingales: if the integrand or driver is a local martingale, so is the integral or solution; this is
again seen in local coordinates (1.42).

In the following example we examine the case of diffusions, defined using Ité equations, in which the issue

of the drift not being a vector is (partially) resolved:

Example 1.4 (It6 diffusion). Example 1.3 specified to the above case (M has a symmetric connection, G = 0

in (1.40)) becomes the equation
dX; = 0y (Xe, t)dW, + (X, t)dt (1.46)

where now pu(z,t) = F(xz,t) € T, M can legitimately be referred to as the “drift vector”. Note however that

in an arbitrary chart  the drift will still carry a correction term:
1 i
dX{ = o (X, t)dW) + (u’“(Xta -5 > T (X))ol ol (X, t)>dt (1.47)
r=1

which reduces to the ordinary It lemma if M = R™ and the chart  is a diffeomorphism of R™. The T 7 5
do notappear since the driver is already valued in a Euclidean space. The data needed to define such an equation

coincides with that needed for (1.5), so we can define the bundle
Diff{;, M = Diffg;,, M — M x R>g (1.48)

already defined in (1.9). Crucially, however, the Stratonovich and It6 calculi give different meanings to the
equation defined by a section of this bundle; in particular, a torsion-free connection on M is required in the
latter case. The “It6” and “Strat” therefore do not represent differences in the bundles, which are identical, but

only serve as a reminder of which calculus is being used to give the section the meaning of an SDE.

It6 equations on manifolds are the true generalisation of their Euclidean space-valued counterparts, but
have the disadvantage of only being defined w.r.t. a specific connection. For instance, if F' € I'Difly},, M is
Riemannian with M’ a Riemannian submanifold s.t. forall zand z € M’, F(z, x) maps to T, M’, F' does
not in general define an Itd equation on M, since the Riemannian connection on M’ is not in general the
restriction of that of M. However, F, seen as a field of Schwartz morphisms, does define a Schwartz-Meyer
equation on M’ (with a G term that is in general non-zero w.r.t. to the Riemannian connection on M’).

In the following table we summarise the advantages of these three ways of representing SDEs on manifolds:
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Stratonovich | Schwartz-Meyer/2-jet | Itd

Does not require V v v
Uses Itd integration v v
Coefficients are vectors v v

It is natural to ask how these three types of equations are related to one another. In the case of diffusions, there

exists a commutative diagram of bijections

I'Diffy, M

% X (1.49)

I'DiffZ,. M ° I'Diff ! M

All three @, 6, < are the identity on the diffusion coefficients. The behaviour of @, 6, ¢ on the Stratonovich,

Schwartz-Meyer and It drifts is explained below

R 1 o
ab:=0b+ 3 Z oy(0y), bn:=4gqn, <b=0>b+ 3 Z Vo0 (1.50)
y=1 y=1

Note that, while ¢ and ¢ depend on the connection, « does not. If n = [Fo + % 2321 IF, is a Schwartz-
Meyer drift, (1.15) and (1.38) force ) — % Z:Zl (0 tolie in T, M, which is thus « ~177. Moreover, we have
67l =1ip+ 3 > 1 d(oy ®oy)and o lu=b-1 > 21 Ve,0y. @, 6, define correspondences of
SDE:s in the sense that solutions are preserved (e.g. X is a solution of F' € Diff¢; . M if and only if X is a
solution of « F', and the same for ¢, <). This is immediate by the expression of such equations in charts, by

(1.38) and the usual It6-Stratonovich conversion formula.

Remark 1.5. What makes It6-Stratonovich conversion formulae difficult to state in the case of a general
manifold-valued semimartingale driver Z, is that the change of calculus involves the emergence of new drivers
which are not naturally valued in the manifold where Z is valued (the quadratic covariation of Z). Nevertheless,

the map @ can be defined in this general setting [[89, Lemma 7.22], though its inverse cannot canonically.

1.2 Manifolds embedded in R

In this chapter we will mostly be concerned with manifolds embedded in R%: these can be studied using
the extrinsic, canonical, R%-coordinates instead of non-canonical local ones. Let M be an m-dimensional
smooth manifold embedded in R?. We assume M to be locally given by a non-degenerate Cartesian equa-
tion F'(x) = 0: M can be described globally in this way if and only if it is closed and its embedding has trivial
normal bundle; therefore, to preserve generality, we only assume F to be local. Throughout this chapter the
letter z will denote a point in R? and the letter y a pointin M. Thus F': R?% — R4 is a submersion, which
implies JF(z)JF (x)T € GL(R,d — m) forallz € R? (JF(z) € R(@™)* the Jacobian of F at z):

JE(x)JF(x)T0T =0 = (vJF(x))(vJF(2))T =vJF(z)JF(z)TvT=0 = v=0 (1.51)

24



Let 7, defined on a tubular neighbourhood 7" of M in R? be the Riemannian submersion
m(x) == argmin{|z —y| : y € M} (1.52)

This map can be seen to exist by using the normal exponential map defined in [Peto6, p.132], and is constant
on the affine (d — m)-dimensional slices of 7" which intersect M orthogonally: this is because the fibre 7~ (y)
coincides with the union of all geodesics in R (i.c. straight line segments) which start at y, with initial velocity
orthogonal to M, each taken for ¢ in some open interval containing 0. Itis important also to remember that 7 is
unique given the embedding of M (on a thin enough 7" such thatitis well defined), whereas I is not canonically
determined. In what follows we will be concerned with understanding which quantities are dependent on the
chosen I and which instead only depend on the embedding of M. The only properties of 7 that we will need
are that

For=0, nly=1ly=nmnonr=nw (1.53)

Differentiating these (the second up to order 2) we obtain

oF orh

@(W(w‘))w(ﬂﬁ) =0

o orh om

W(”(@)w@) = W@U) (rs54)
0% or® Or® om A2l O%r

Ox20xb ((z)) ox’ %(x) * oxh ((z)) 0xt0xI (z) = 0xt0xI (@)

IfV, € Tas and X is a smooth curve s.t. Xg = yand Xo = V(y), differentiating 7(X;) = X; results in
Jn(y) = Vi this shows that J7|7ps = Lyas. By asimilar argument, the fact that 71 (y) is a straight line
segment that intersects M orthogonally implies that J7|p1 3, = 1p1yy, (TyJ-M the normal bundle of M at

/). These two statements mean that
P(y) = Jn(y) forye M (L)

where P(y): T,R? — T, M is the orthogonal projection onto the tangent bundle of M, which can be defined

in terms of F’ as
P(z) =1-Q(x) where
Q(x) == JF(x)(JF(x)JFT(z)) '\JF(z) € R™?  and we have (1.56)
PQ(z) =0=QP(z), QQ(z)=Q(x)=Q"(z), PP(x)=P(x)=P(z)
The notation is borrowed from [CDLis]. Note that we can use F to define P, Q on a tubular neighbourhood

of M, but these will only be independent of F' on M. Q(y): T,R? — TyJ‘M is the orthogonal projection

onto the normal bundle. Another consequence of (1.54) (evaluated aty € M) that will be useful is that, for
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V,, W, € T,R% and denoting U, = P(y)U,, U, = Q(y)U,

0% —i—j n 0’ —i o~ 0% ~ i
daiows WV ST 5pe WV Wy € LM 5 g WV Wy =0
& i 0T S O T (157)
= 20w (y)VyWy = 0 Oz () (VW) + 0z Oz () (V, Wy + VW)
€T;M both terms €7, M

Actually, to show that the third term statement in the first line, we need a separate argument:

Remark1.6. LetU CRY, f: U - Ry € U, Ay, By € Tde. Then

0% f
0zidxI

(v)A, B (158)

only depends on f restricted to the affine plane (or line) centred in y and spanned by A,;, B,. Indeed, intending

with A the extension of A, to a constant vector field on U, we can write

>*f inj_ 0 of i\ pi
N
=ig()

This is the directional derivative of g at y in the direction By, and therefore only depends on the re-
striction of ¢ to the affine line span{By}. But g(z) is itself a directional derivative, and only depends

on f restricted to the affine line span{A,}. Thus the whole expression only depends on f restricted to
UxESpan{By} span{A,} = span{A,, By }.
This shows that the term in question only depends on 7 restricted to Span{‘\?y7 I\/T//y }, which is the constant

y map, whose derivatives therefore vanish.

Remark1.7. The other terms appearing in (1.57) have a description that should be more familiar to differential

geometers:

O Tt Riol T R4 W v
oz 0x? (y)VyWy - vvyW = Q) nyW B ]I(Vy’ Wy) (1.60)

6277' —_—1 T4 Rd T 57 Rd ~
DO YV, Wy = nyW = P(y) Vi, W

where BV denotes covariant differentiation in R? (i.e. just directional differentiation). Notice this is true inde-
pendently of the chosen extension of W, W to local vector fields, a priori needed to give the RHSs a meaning.
The first term is the second fundamental form of Vy, Wy [Leeo7, p.134], whereas the second term is the second
fundamental tensor [Josos, Def. 3.6.1]. If M is an open set of an affine subspace of M, 7 is a linear map and

both terms vanish. We prove the first of the two equalities in (1.60), the second is proved similarly:

— oW’ — 0Q; , —j—i 0% i
QW™ 'V, W = Qi) 5 WV, = —2ZWWV, = 5 sV, Wy (6r)

where the second equality follows from the fact that QW = 0 (and that the derivative is taken in a tangential

direction, ie. V,, € T, M), and the last equality is given by (1.64) below. Note that the terms of (1.60) are
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extrinsic, in the sense that they depend on the embedding of M, unlike

Mvvy Wy

= P(y)*'Vy, W (L62)

the Levi-Civita connection of the Riemannian metric on M, which is intrinsic to M.

Finally, it will be necessary to consider the relationship between the derivatives of P, () and the sec-
ond derivatives of m. We differentiate (1.55) at time 0 along a smooth curve Y; in M with Yy = 0 and
Yo = Vy € Ty M and obtain

0P, —h 827T /)
ot WYy = 55V, (1.63)
from which we obtain, for W € T, M
OQr , \—hk  OPy —h—k  O?mt i
_ZXFR = = T-M
oxh ( )VyWy axh( )V Wy OxtOxI (y)vyWy € Y (I 64)
0Qk , \—h>p OP ~ 0% i~ '
_W(y)vywy or h( )V Wy = Oxt oI (?/)Vngg € TyM

where we have used (1.57).

We now consider a setup § = (2, F, P) satisfying the usual conditions, W an n-dimensional Brownian

motion defined on §. Consider the W -driven diffusion Stratonovich SDE
dX{ = ol (Xe,t) o dW] + V5 (X, t)dt, Xo=yo€ M (1.65)

As already discussed in Section 1.1, the natural condition on 0, b which guarantees that X will stay on M for

its lifetime is their tangency to M
Q(y)o,(y,t) = 0= Q(y)b(y,t) forally € M,t >0,y =1,...,n (1.66)
Our focus, however, will be mostly on the Ité SDE
dX{ = of (X, )dW) + pF (Xp, t)dt, Xo=yo€ M (1.67)

with smooth coefficients defined in [0, +00) x R% we do not assume them to be globally Lipschitz, so the
solution might only exist up to a positive stopping time, not in general bounded from below by a positive de-
terministic constant. We are interested in deriving the “tangency condition” for the above SDE, i.e. a condition
on the coefhicients that will guarantee that the solution will not leave M. One way to impose this is to convert

(1.67) to Stratonovich form

dX{ = of (X, t) o dW] + <u — - Zam h> Xy, t)dt, Xo=yo€ M (1.68)
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and require (1.66):

(1.69)

Now, given that QQo,, vanishes on M, all its directional derivatives along the tangent directions o3 will too,
which gives, using (1.64)

0— 8(@‘7&)02 _

ozh

(o)

0Q; ; ook ok o
ax; 0a0% + QkaiUZ = Qg 3 Z‘UZ = o aé on M (1.70)

X

We can thus reformulate the second equation in (1.69) to obtain
Qk(y)ol(y,t) =0

1~ &1
2 0xtoxI
v=1

W)o"o (4.1) (7

k
This is useful because it removes the reliance of this constraint on the derivatives of o, and can be interpreted
as saying that the diffusion coefficients must be tangent to M and the It6 drift must instead lie on the space
parallel to the tangent space of M, displaced by an amount which depends on the second fundamental form

of M applied to the diffusion coefficients.

Remark 1.8 (Tangency of a second-order differential operator). (1.71) can also be derived by writing the second
order tangency condition for L]?j@yack + Ly 633%' = L, € T,R?to belong to T, M: this is done by writing
TyrL, = L, in R?-coordinates as

Lh QL: 8?ﬂh_ Lk
IR AR (72
ozt OxJ

and then applying it to Ly, = 0., (y,t), n(y, t), given in terms a field of Schwartz morphisms IF as
1 n
Aow ow e LR o7
v=1

Note that it would instead be incorrect to split IF according to the Euclidean connection into a matrix with F'
and G terms as in (1.40), and then to require that F' and G map to T'M, since the splitting of IF according to

the connection on M will be different, i.e. the diagram

TRY «=— TR? @ (TR ® TR?)

] I (1.74)

TM «+=— TM & (TM & TM)

does not commute.
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We now compute the Hessian for embedded M: for f € C'°°M we have

("L VyeU,) = <RdV32/(f om),Vy®@Uy) (175)
where we have used (1.34), (1.62) to reduce this to a computation of directional derivatives, and finally (1.64)
(the argument is similar to (1.61)). R72 of course is just the ordinary Hessian. We can now compute g, the
splitting appearing in (1.36) w.r.t. the connection on M: if TyM > L, = ngjayiﬂk + L;f@gwij, using (1.37)
yields

(MQyLy)f = Ly(f) - <Mv12,f7 ﬂyLy>

d, i
= Ly(fom)— <R ng/(f o), Lyjazxij> (1.76)
= W(@/)@(Z/)Ly
which means
My = P(y) o ®g,: T,M — T,M (1.77)

Therefore the condition on an arbitrary Schwartz morphism of being It w.r.t. to the Riemannian connection

on M in the sense of Example 1.4 is Mg oF o R(E =0, or Mq/]Fag = 0, which in R%coordinates is

Pr(y)FEs(y,t) =0 (178)

Compare this with the stronger condition of F of being It6 w.r.t. to the connection on RY, which is
Fﬁﬁ (y,t) = 0. Thus, given an Itd equation F on M, defined as in (1.46) (0, = F,, & = Fp) we have

that the drift in R? of such equation is given by ii* + % Zf;:l F%, with the first term tangent to M and

h .
the second orthogonal to M, and equal to 3 >0 %010& by Remark 1.8 and (1.78). Therefore an It6

equation on M with coefficients o, fi is read in ambient coordinates as

k k v . Pt
dX; = oy (Ye, t)dW, + (& +§ olol | (Y, t)dt (1.79)

0ziozd 77
=1

Notice that the tangential part of the RY-drift, 14, is arbitrary, while its orthogonal part is determined by the
diffusion coefficients, and the condition that the solution remain on M. The notion of M -valued local martin-
gale also has a description in terms of ambient coordinates [£89, €4.10): for an M-valued It6 process (such as
the solution to (1.79)) the local martingale property is equivalent to requiring that the drift be orthogonal to M
at each point (and thus determined by the diffusion coefficients; for (1.79) this means i = 0). This condition
is very reminiscent of the property of geodesics of having acceleration orthogonal to M [Lee97, Lemma 8.s].
Using all (1.50) and (1.77) it is easy to verify that converting between Stratonovich, Schwartz-Meyer and Itd
equations on M is equivalent when treating the equations as being valued in M or in R%. By this we mean
that, denoting with Diff & ¢ 1 R? the bundle of Stratonovich equations on R? which restrict to equations on

M (and analogously for the other two diffusion bundles) the maps @, 6, ¢ of (1.49) fit into the commutative
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\']7#

Figure 1.1: On the lefta sample path of the solution to the Itd equation (blue) with the two diffusion coefficients
2(z2 +y? + 22) "L (~y,2,0), 2(2% + y? + 22) 71(0, —z, y), which are tangent to S — R3, zero drift and
initial condition (0, 1, 0); in the same plot a sample path (using the same random seed) of the solution to the
Stratonovich equation (green) defined by the same vector fields and initial condition. The solution to the Itd
equation drifts radially outwards, while the solution to the Stratonovich equation remains on S2. On the right
we compare the same Stratonovich path with a sample path of the solution to the It6 equation (red) with the
same diffusion coefficients and initial condition, but with the orthogonal drift term necessary to keep the solu-
tion on S? (1.71). The resulting solution is an S%-valued local martingale, while the solution to the Stratonovich
equation is not: this is illustrated by plotting the vector field on S? given by tangential component of the Itd
drift possessed by the Stratonovich equation: this can be viewed as a manifold-valued drift component.

diagram
IDiff &y, 5R?

y "6

. Rd .
IDiffg, . /R? < “—s TDiffff, /R

(1.80)
I'Diff, M
! B !
IDiffd . M < i s IDifff}, M

where vertical arrows denote restriction. An embedding argument immediately allows us to extend this asser-
tion to the case where R% is substituted with a Riemannian manifold of which M isa Riemannian submanifold.

This confirms there is no ambiguity in converting an M -valued SDE between its various forms.

Example 1.9 (Time dependent submanifold). Observe that the tangency conditions (1.66) and (1.71) can be
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written respectively as

(1-J7m)oy =0
(L= Jm)oy =0 "9 (1.81)
(1— JA)b=0 A= T =25 =0 ())igl 181
2 o ox'0x) 7y

for any smooth map 7 defined on a tubular neighbourhood of M, with values in M, s.t. ™| 5y = 1y, by the
same exact reasoning (for the It6 case we argue as in Remark 1.8). J7(y) is no longer the orthogonal projection
P(y), butstill restricts to the identity on T}y M fory € M, i.c. it has the property that ker(1 — J7r) = TM
on M. Allowing ourselves to consider all such tubular neighbourhood projections is useful in the following
application. Given that we are considering time-dependent equations, it is very natural to also allow the sub-
manifold M to be time-dependent. Making this precise entails considering a smooth (m + 1)-dimensional
manifold M embedded in R4, s.t. M; := M N {z¢ = t} isasmooth m-dimensional manifold embedded in
{zg =t} x R Weare looking for conditions on o, b (resp. ) which are sufficient to guarantee the solution
to (1.65) (resp. (1.67)) X; to belong to M; for all ¢ for which it is defined. We then consider the R4 valued
process (t, X), which satisfies the dynamics

d [;t] - [0 ( )?m} o dW, + {b( X}t, t)] dt resp. = L( )?t’ t)} aw, + [u( ;t’ t)] dt (182)

Then, given a thin enough tubular neighbourhood of M in R consider the map

7T — M, 7(t,x)=mx) (1.83)

where 7y is defined as in (1.52) for the manifold M;. Notice that this does not in general coincide with the
Riemannian projection of a tubular neighbourhood onto M, which in general has no reason to preserve time,

i.e. be expressible as a union of 7;’s. The identity J7J7 = J7 can be written in block matrix form as

1 ‘0 0 110 --- 0

o =1 . (1.84)
Jﬂ'tﬂ't—i-ﬂ't Jﬂ'tJﬂ't Tt Jﬂ't

where we are denoting 7, (y) = %ﬂ't(y): this implies that at each pointy € My, m(y) € T;‘ M. This choice
of the tubular neighbourhood projection will be further motivated later on, in Example .14, Example 1.20.
In view of the above considerations, we can use it anyway to impose tangency of the SDE: this results in an
unmodified condition on the diffusion coeficients, and the conditions on the orthogonal components of the

Stratonovich and It6 drifts are given respectively by

(1= Jme)b(y,t) = 1 (y)

1 " 82 7Tt l . . (I’SS)

(1 - Jﬂt)ﬂ(%t) = 5 Oz OxI (y)O',Y ~ (y)
=1
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which keep track of the evolution of M; in time.

1.3 Projecting SDEs

In Section 1.1 we discussed three ways of representing SDEs on manifolds: Stratonovich, Schwartz-Meyer and
Itd. In this section we will define, for each one of these representations, a natural projection of the SDE onto a
submanifold. We will mostly take the ambient manifold to be R4, which will allow us to use the theory of the
previous section to derive formulae for the projections in ambient coordinates.
Let M be a smooth submanifold of the smooth manifold D, let T be a tubular neighbourhood of M in
D and
m: T — M asmooth map which restricts to the identity on M (1.86)

If D is Riemannian 7 can be chosen as in (1.52), but this is not necessary. Let F' € I'Hom(T'N,TD) be a
Stratonovich equation driven by an N-valued semimartingale Z, where IV is another smooth manifold. We

can then define the M -valued Stratonovich equation
M x N 3 (y,2) = F(y,z) = Tymo F(y,z) € Hom(T,N, T, M) (1.87)

We call this Stratonovich SDE the Stratonovich projection of .
Now consider the Z-driven, D-valued Schwartz-Meyer equation F € I'Sch(V, M). We can project this
SDE to an SDE on M too, by

M x N3 (y,z) — F(y, 2) = TymoF(y, 2) € Sch, (N, M) (1.88)

We call this Schwartz-Meyer SDE the Jtd-jet projection of F.
If N, D and M all carry torsion-free connections we can interpret a section £ € 'Hom(T'N, T'D) as an

It6 equation, and similarly for
M x N 3 (y,2) = E(y,2) =Ty o F(y,z) € Hom(T,N, T, M) (1.89)

We call this It6 SDE the Itd-vector projection of F'. Most often D will be Riemannian, so that Levi-Civita
connections are defined on both D and M. Note that the Itd-vector projection is identical to the Stratonovich
projection as a map, but the interpretations of the resulting sections as SDEs differ (and the Itd-vector projected
SDE depends explicitly on the connections on all three manifolds). The names of these three projections are

taken from [AB16], where they were first defined.

Remark 1.10 (Naturality of the SDE projections). Assume we have a commutative square

D—*,p

y lw/ (1.90)

M Bl M

where ¢ a diffeomorphism, D, M, 7 as above, and similarly for D', M’ 7. Then functoriality of 7" and T
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imply that the Stratonovich and Itd-jet projections are natural in the sense that the squares

Hom(TN,TD) —2~ Hom(TN,TD') Sch(N, D) —2— Sch(N, D')
X S S
Hom (TN, TM) ™, Hom(TN,TM") Sch(N, M) 2 sen(N, M)

commute. The Itd-vector projection cannot be natural in the same way, since we are still free to modify the
connections on all four manifolds. However, if D, D’ are Riemannian and ¢ is a global isometry, the cor-
responding statement does hold for the Itd-vector projection as well: this is by naturality of the Levi-Civita

connection [Lee97, Proposition 5.6].

Remark 1.11 (The Ito-vector projection preserves local martingales). Although the It6-vector projection is nat-
ural w.r.t. a smaller class of maps, it has the advantage of preserving the local martingale property: by this we
mean that if the driver is a local martingale, so must the solution to the It6-vector-projected SDE be. This is

shown simply by the good behaviour of It6 equations w.r.t. manifold-valued local martingales.

Remark 1.12. One might wonder whether it is possible to “push forward” SDEs according to an arbitrary
smooth and surjective map f: D — D’.If f is a surjective function admitting a smooth right inverse ¢, then
we may write the pushforward of, say, the Stratonovich SDEdX = F(X, Z)odZasdY = F(Z,.(Y))odY.
This condition on f essentially corresponds to the condition (1.86). For general smooth surjective f (such as
the bundle projection of a non-trivial principal bundle), however, we do not see a way of defining a new closed
form SDE on D',

We will now restrict our attention to the projections of R%-valued diffusions onto the embedded manifold
M . Focusing on diffusions has the advantage of allowing us to use the maps (1.49) to compare the projections.

In other words we can ask if the vertical rectangles in the diagram

I'Diff, R?

IDiff2 R ", I'Diff]! R
— (r.92)
~ —
IDiff, M
My, %‘
M,

IDiffg ..M ° IDiff !, M

commute (compare with (1.80), in which the equations on top already restrict to equations on M). We will
show that they do not, and that all combinations of possibilities regarding their non-commutativity are possi-
ble. Examples of these cases are to be found in Subsection 1.5.1 below. We recall the notation V', :== P(y)V,,
V, = Q(y)Vy and begin by considering the R%-valued Stratonovich SDE (1.65). By (1.55) the coefficients of

the Stratonovich projection of this SDE will just be the projected coeflicients: 0, = Ev,fl; = b, so that the

33



resulting Stratonovich equation is

dY; =5,(Ys,t) o dW, + (Y3, t)dt, Yo=yo € M
on on (1.93)

=~ (Y)ok (Y, t) o dW, + W(E)b’“m, t)dt
Throughout this chapter we will use X for the initial SDE and Y to denote the projected SDE. Now assume
we start with (1.67), and want an It6 SDE on M. We can still use the Stratonovich projection by converting the
SDE to Stratonovich form as in (1.68), projecting as above, and converting back to Ité form (by (1.80) this last

conversion can be seen to occur interchangeably in M or in RY). We have

1 n
dYt:av(Yt,)oth—FPkYt< 52 >Yt t)dt
O dok (1.94)
=7, (Y, t)dW, + <M+ Z (0987 - “’Pkaac?’) >(Yt,t)dt
i

Using (1.64) we can split /z in its orthogonal and tangential components: on M we have

1 8Pk k 80’ h 80’
5 < < +Pa’;) Pk8h

=1

41 !
4+ = pP.—2 _shp —2
2 8xl 92t 017 T Ok gzl 77 Kok (1.95)
1 8271' i 80'k 1 n 8271' .
— g " Fy _ghp Y il 2" i
TS ; <8x23xﬂ 795 = oy b 8xh> T3 = 0zi927 177
€T™ eT+M

with implied evaluation of all terms at (y, ).
We now move on to the It6-et projection. Let F € I'DiffZ, R? as in (1.73), so that the Schwartz-Meyer

equation it defines coincides with the It6 equation (1.67). We can then write (1.88) using matrix notation as

dy; gn 01 F G dw,
= |0z z Y, Yi t .96
s =[5 el oo o p e [, (156)
of which the first line reads

o
av; = o k(yg(pk(yt, AW, + FE (Y, t)dt + = ZG,W Y}, )dt>
7—1

—_— N
27:1 x' 0zt (1.97)
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Remark 1.13. We can write the Itd-jet-projected drift ji as the generator of the SDE, applied to the tubular

neighbourhood projection 7:

il 1) = STk %Z O otol(ty) = (Zm)(w) (u9%)

In [AB16] the field of Schwartz morphisms IF is taken to be induced by a (time-homogeneous) field of maps

f asin (1.25). In this approach we can use functoriality of T to write

F(y) = Tym o F(y) = Tym 0 Tof, = To(r o f,) (.99)

thus obtaining an SDE defined by the field of (2-jets of) maps given by projecting the original field of maps
onto M with the tubular neighbourhood projection 7.
Finally, we consider the Ité-vector projection of (1.67). By (1.79), in coordinates this amounts to projecting

(1.67) to the It6 SDE on M with diffusion coefficients given by &, and drift

5i fj
+ = ; 8xl8x3 0.0 (r.100)

cT+ M

To summarise, all three projections of the Itd equation (1.67) agree on how to map the diffusion coefficients,
and the orthogonal components of the drift terms will all be fixed by the constraint (1.71), while their tangential

projections are given by (respectively Stratonovich, It6-jet, Itd-vector)

o R A o Ok

Pi “22(%%"4‘%&@@)
y=1
n

O P

Pu | p+ Z 200 nya,]y (r.101)
y=1

PH | .

By calculations similar to (1.95) we can compute the projections of (1.65) in Stratonovich form: again, all

three projections will orthogonally project the diffusion coeflicients, and behave as follows on the Stratonovich

drifts.

b b

N 7 1 . ~h 85 827T —z Vj

b 2 (Pt i (102
- | = 1 " “h o k 827r i

oo+ 2 ; < P gan axh dzidzi

From now on we will consider (1.67) as being our starting point, unless otherwise mentioned, and thus refer to

(1.101) when comparing the three projections.
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We end this section with a brief comparison of the three projections, leaving a detailed analysis of their
differences to Subsection 1.5.1. The three projections coincide if o, € T'M fory = 1, ..., n (which includes
the ODE case 0, = 0), in which case the diffusion coeflicients remain unaftected, and the tangent component
of the projected drift is simply given by 7z. If 0y € T+ M fory = 1,...,n all three projections result in
an ODE on M, and the It6-jet and It6-vector projections coincide. Another case in which the It6-jet and
Itd-vector projections coincide is when the second derivatives of 7 vanish: this occurs in particular if M is
embedded affinely, i.e. it coincides with some open set of an affine space of R4, All three projections forget
the orthogonal part of the (It6 or Stratonovich) drift. We observe from (1.101) that the Itd-jet and It6-vector
projections of (1.67) only depend on the values of the It6-coeflicients on M. The Stratonovich projection,
instead, could additionally depend on the tangential components of the derivatives of the diffusion coefficients
in the direction of their normal components. Naturally, the situation is reversed when projecting (1.65): here
it is the Stratonovich projection that only depends on the values of the coefficients on M, while the Ité-jet and

-vector projections might depend on the mentioned derivative term.

Example r.14 (The projections in the case M time-dependent). Recalling Example 1.9 (and the map 7 de-
fined therein) we may ask whether there is a way to consider the three SDE projections in the case of M time-
dependent. The most natural way to define this is to consider, as done in (1.82), the joint equation satisfied by
(t, X¢), project its coefficients in the three ways onto M , thus obtaining a solution of the form (¢, Y}): this
uses that 70 (¢, y) = t (with time the 0 coordinate), which is instead not necessarily satisfied by the Rieman-
nian tubular neighbourhood projection onto M. Itis easily checked that the formulae (1.101) for the tangential
component of the drift of Y; continue to hold with the substitution of 7 for 7 (so that also the projection
onto the tangent space P is now time-dependent), whereas in all three cases the orthogonal component of the
drift picks up the term 77, needed to keep the process on the evolving manifold M;. In particular, in the It6-jet

case we have

Ay, 1) = (&im)(y) + u(y) = L7 (ty) (1.103)
where & is the generator of X and & is that of (t, X¢) (which can be considered as being a time-homogeneous
Markov process). This identity extends the observation made in Remark r.13. The same term 7; should be
added to the Stratonovich drifts (1.102) for the extension to the case of M time-dependent.

1.4 The optimal projection

In the previous section we showed how to abstractly project manifold-valued SDEs onto submanifolds in three
(possibly) different ways, and specialised these constructions to the case of M —» R%-valued diffusions. In this

section we will seek the optimal projection of an SDE for X;, which we write in It6 form as (1.67). Let
Ay = &5V, )dwy + @F (i, t)dt, Xo=yoe M (r104)

be the M -valued SDE to be defined, which we write in R%coordinates. Its coefficients 87 and f1 are to be treated

as unknowns, to be determined by the optimisation criteria that involve the minimisation of the quantities

EllY: - X, ElYi—a(X)PP], BN - X (1.105)



asymptotically for small £. Before we define the optimality criteria precisely, it is important to note that such
expectations are undefined if the solution to either SDE is explosive, or, in the second case, even if it exits the
tubular neighbourhood of M on which 7 is defined. The problem must be slightly changed so as to ensure that
we are minimising a well-defined quantity. One option is to take the above expectations on the event {t < 7.},
where

7= min{t > 0 [(Xe, Y2) — (0, %0)* > r?} (1.106)

for some suitable 7 > 0. However, since for such optimality criteria the values of the vector fields of both
SDEs outside the ball B(yo,yo) (r) C R2% are irrelevant, it is simpler to just assume that they vanish outside

Biyg.40)(
is really only an assumption on ¢ and p. The following proposition reassures us that, at least in well-behaved

2r). Since the optimisation criteria will only determine the value of 0, /1 at the initial condition, this

cases, this does not alter the problem in a way that interferes with the optimisation (which, as will be seen

shortly, only involves the Taylor expansions of order 2 of (1.105) in t = 0).

Lemma vxs. Let X, Y, yo, 7y be as above, U a neighbourhood of (o, yo) in R2? and assume that there exists de-
terministice > 0s5.t. X3, Yy € U fort € (0,¢]. Let f: U x [0, €] = R be continuounss.t. f(yo, yo,0) = 0, and
assume moreover that Elmaxo<i<c | f(Xy, Yy, t)|] < 00 (this bolds, in particular, under the global Lipschitz
assumptions that guarantee SDE exactness [R Woo, Theorem 11.2]). Then for anyr > 0 with By (yo,y0) C U

E[f( X, Y1, t)] — E[f (X, Ye, t);t < 7] (r107)

belongs to O(t") foralln € Nast — 0.

Proof. Fixr,and let 7 := 7. The It6 formula yields the a decomposition |(Xt, Yz) — (yo, %0)|? = Lt + A:
with L; sum of Brownian integrals and A; time integral, all of which for ¢ < 7 A € have bounded integrand
(by continuity of the SDE coefficients and compactness of B, (Yo, o) X [0, €]). [L]: can be expressed as a time
integral with bounded integrand: let R > 0 bound the sum of the absolute values of all integrands mentioned
fort € [0,7 A €]. Then,still fort < 7 A € we have |A|, [L]; < Rt, and for any £& > 0 it holds that
|( X1, Y2) — (Y0, y0)|? < L + REfor0 < t < e A& Letting€ == r%/(3R), on [0, A ] we have

0<s<TAL (1.108)

Lops >12/2
max Lras /2]
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by the tail estimate [RWoo, Theorem 37.8 p.77]. Now, for t € [0, € A &] by Cauchy-Schwarz

| BLf(Xe, Yo, t)] = B[f(Xe, e, t);t < 7]]
= |B[f (X3, Y3, t);t > 7]
< E[f(Xe, Yy, t)2)2P[t > 7]1/?

1/2
= E[%af‘ﬂxs,n,s) | " Pt > 712
t

7“4
S exp< 4Rt>

since the first factor also vanishes as ¢ — 0, by the hypotheses on f, X, Y and dominated convergence.

(r.109)

We proceed with the constrained optimisation problem, assuming all SDE coefhicients to be compactly

supported; this means all local martingales involved will be martingales, and that we may use Fubini to pass to

the expectation inside integrals in d¢. If we can write the Taylor expansion of the strong error

E[|Yt — Xt|2] = aqt + ast® + 0(t2)

(r.110)

a first goal could be to minimise the leading coeflicient a1 (of course there is no constant term because

Yo = yo = Xo). Using Itd’s formula, and intending with ~ equality of differentials up to differentials of

martingales, we have

d d
=23 (0 — XE)YE — (v = XEXE) + 3 (dvfa + dXfaxs — 2xfavy)

[ 0s) = i)} ) (00~ 4 (X0, 0)
- Zn: (G5 (Y2, t)% + ok (X, 1)% — 208 (X, )65 (V4 t))} dt

We now compute the expectation:

E[Y: — X|’]

_ kzd:leU (Zf k(Y u) k(Xu,u))dwg) (7 (Ve ) —,uk(XS,s))ds]

w2 [ [ ) = ) ) (B0 8) = (X))

0
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and differentiating, with reference to (1.110) we have

d + rt n .
= 5| Bz = Y01 (0.0) = o 00,00 (1)
0 y=1

Since a1 only depends on the diffusion coefficients, its minimisation is expressed by the constrained optimisa-

tion problem whose solution is simply given by projecting the o,’s onto T'M:

n

minimise Z|&7 - 07]2
=1 < 6=0=Po (r2)

subject to Qﬁ&,}; =0

Here we have omitted evaluation at the initial condition (0, yo). Since we have not obtained a condition on /i
our SDE (1.104) is still underdetermined, and the condition would be satisfied by the Stratonovich projection
of (1.67).

One idea to obtain a condition on /i would be to minimise a2 in (r.110). This attempt, however, has the
drawback that we are minimising the second Taylor coefficient of a function without its first vanishing (unless
the 0 ’s are already tangent to start with: in this case the minimisation of az can be seen to result in the three
projections, which all coincide). Although this approach is discussed in [AB16], we will not do so here, as there

are more sound optimisation criteria. Indeed, we can look at the Taylor expansion of the weak error
|E[Y; — X¢]|*> = bot® + 0(t?) ast — 0 (L113)

We compute the term on the left as

2

|E[Y: J E[(Ys,s) — u(Xs, s)lds (r.114)
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and

2
U E[fi(Ya, s) — p(Xs, 8)|ds

= B[V t) — (X ) f Eli(Ys, s) - p(X,,)]ds (115
2
= 2|ﬁ(y0a0) - M(y0,0)|2

JE (Y, 5) — (X, 8)|ds

which confirms that (1.113) lacks a linear term, and we have

= |jt — pf? (r.116)

Requiring the minimisation of by is thus independent of the minimisation of a1 above, and results in the

constrained optimisation problem

.. o 2
minimise |1 — p

n
L
1< gk . = + = o0 LI
sub]ecttth,u7 3 81‘289516172/ fi=T1 Zawzax] g (1.117)
=1

A quick glance at (1.101) shows we have proven the following

Theorem 1.16 (Optimality of the Itd-vector projection). The coefficients G-, [u of the M-valued SDE (1.104)

that solve the constrained optimisation problem

{minimise a1 in (r.mo) and bs in (r.113) (118)
1.118

subject to (1.71)

for all initial conditions Xo = Yo = yo € M are given (uniquely fort = 0) by the Itd-vector projection of the
original SDE (1.67).

Remark 1.17. In defining the three projections in Section 1.3 we intended for the projected coefficients to still
be time-dependent if the original ones were. The optimality requirement only fixes the coeflicients at the initial
condition, at time 0, i.e. & (0, 0), /1(y0, 0). To retain the time-dependence we may consider the optimisation

involving all time-translated initial conditions Y;, = yo.

Remark 1.18. Note that the form (It6 or Stratonovich) the initial SDE is provided in is irrelevant: if we had
begun with (1.65) instead of (1.67) the optimality criterion Wg;lld still have led us to the It6-vector projection,
which for the Stratonovich drift would have taken the form b in (r.102). The only reason to start with an It6
SDE is that the calculations are simpler, and it is possible to express the optimal coefficients as functions of the

values of the coeflicients of the original SDE, without reference to their derivatives.

The optimisation of Theorem 1.16 has the disadvantage of coming from the two separate minimisations of
a1 and by, which are Taylor coefficients of different quantities. There is a different way of arriving at coefficients

by successively minimising the Taylor coefficients of the same quantity, with the first minimisation resulting in
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anull term. The idea is to consider
E[|Y; — m(X)[*] = 1t + cat? + o(t?) (1.119)

where X, Y, T are respectively as in (1.67), (1.104),(1.106), with the requirement on 7 that B, (o) be contained
in the domain of 7. The map 7 is the one defined in (1.52), although it can more generally satisfy (1.86). Letting

o [} . . .
0, ft resume their status as unknowns, we proceed with the calculations.

d[Y; — m(Xy)[?
d
=d)y (v} —7"X)
k=1
d (97Tk
=3 |20~ m(xavE - 200 - wCE) G (XX + avta
k=1
87Tk aﬂ'k k k azﬂ'k i j 67Tk h k
(G 905 6 — 0 — w06 e () Xy — 25 (xgaxfayy |
d n
o aTrk 1 627Tk i
= Z {Q(Y? — 7 (X1)) <Mk(t, Vi) — @Mh(t, Xi) — 22 5riogi UVU%(Xtyt)>
k=1 y=1
s ork ork . . ok o
+> (o’;a’;(t, Vi) + 550,09 (6 Xe) — ZWU,];(L Xo)6k(t, Yt)ﬂ dt
=1
= tht
and
t
aE |:J;) st8:|

d k k k 87Tk h 1 n 8277' . .
= [22(1@ -7 (Xt))<ﬂ (t,Ye) = 5 mut(t, Xe) = QXEW%U%(X@@ (L120)
y=
"/, ok 2
+ (U];(Yt,t) - WC’I;(Xt,t)> ]
y=1
and therefore

t n
J sts] = Z |6y — P07‘2 (r.121)
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(evaluation at (yo, 0) is implied). Thus ¢; vanishes if and only if & := Po. Continuing as before and we have

d

dZ ~ > 2(VF —7*(Xy)d(...)

k=1
ok 1 9%xk 2
ol h
+2<M (t,Y:) — ot (t, X¢) — 3 Driow a5 V(Xt’ )> dt

+zz( viut) = ot D).

+2f(0,Jo, Ho;6,J6, HG; 1, Jp)|x, v, +dt

(r122)

for some smooth function f (J denotes Jacobian and H Hessian), which we denote f; for short; the differen-

tials d(. . .) can be ignored, since their factors will vanish when evaluated below.

1 d2 +
(6] 5@ . E[Zt}
B ok B ai N 1 6 T Z j 2 + f (1.123)
N S a2 9xiaw 77 ¢

The constrained optimisation problem for the minimisation of ¢z conditional on the previous minimisation

of ¢y is thus given by

( d n )
67Tk 1 827rk ..
e . ok h
minimise Z ( — @,u -3 Z 0 a’wcr%)
k=1 o
I Pk,
subject to QF i — 3 A 5169 =0
\ ’7:1
or" I~ %l d
gh 20 02N~ 20 i) - kyk
2<'u ox! a 2 Z o0ztOxI U’YU’Y> E QpA" =0 (1.124)
=1 k=1
n
PO APyt
M9 L 9ripai T
\ y=1
I~ 1,
- J
ACTM, =Pl 2 = 921023 17

Comparing with (1.98) we see that we have proven the following

Theorem r.19 (Optimality of the Itd-jet projection). The coefficients G-, i of the M-valued SDE (1.104) that

solve the constrained optimisation problem

{minimise c1 and ¢z, conditionally on the minimisation of ¢y, in (1.119) ( )
LI25

subject to (1.71)

for all initial conditions Xo = Yy = yo € M are given (uniguely for t = 0) by the Itd-jet projection of the
original SDE (1.67).
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Remarks analogous to Remark 1.17 and Remark 1.18 hold for Theorem 1.19. The It6-vector and Itd-jet pro-
jection therefore satisty different optimality properties, while the Stratonovich projection is suboptimal in both

senses. We end the section with the extension of the optimisations to the case of M time-dependent.

Example 1.20 (Optimality for M time-dependent). Recall the case in which the submanifold M depends
smoothly on time, for which we can define similar versions of all three projections Example r.14. For
Theorem 1.16 the optimisation criterion does not require reformulation, while the constraint is modified
as described in Example1.9: therefore the Ité-vector projection remains optimal in the case of M time-
dependent. For Theorem 1.16 the natural generalisation is given by substituting m; for 7 in (r.119). Since
ly — m(z)| = |(t,y) — 7(t, )|, by the definition of the Itd-jet projection in the case of M time-dependent
(and since the calculations in this section never relied on 7 being the Riemannian tubular neighbourhood pro-

jection), we have that the time-dependent It6-jet projection (1.103) is optimal in this case too.

1.5 Further considerations

In this final section we dig deeper into the details surrounding the It6 and Stratonovich projections of SDEs,

and answer a few lingering questions.

rs.x Differences between the projections

In this subsection we will provide examples to justify our claim that the vertical rectangles of (1.92) do not
commute.

We begin with an example in which the Itd-jet and -vector projections coincide, but are different from the
Stratonovich projection. This example also shows how the dependence of the Stratonovich projection of (1.67)

on the derivatives of the diffusion coefficients can be non-trivial.

Example r.21. Take M = {(z,0) : # € R} — R%, n = 1 and the It6 SDEs

X Y, X 0
d [Yj = [X’j dw,, d [YZ] = [XJ dw, (1.126)

whose diffusion coefficients coincide, and are orthogonal to M, on M. Their Stratonovich projections onto

the affine subspace M = R are respectively given by the ODEs

. 1 )
Xt == _iXt’ Xt =0 (1.127)

The Ito-jet and -vector projections of the two SDEs above coincide (since their coefficients on M coincide) and
are trivial. An example where It6-jet = Itd-vector # Stratonovich, and where the Itd projections are non-trivial

can be obtained from this by increasing n to 2 and adding a tangent diftusion coefficient.

Next, we ask the question of when the Stratonovich and It6-jet projections coincide. The following crite-

rion is a rephrasing of [AB16, Theorem 4].

Remark 1.22 (Fibering property). In general the difference of the Stratonovich- and Itd-jet-projected drift can
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be written as

UK Py Om Ol 1N D (0T )\ s
™G T= 5 Y (G P g ) = 3 2 g (g )7 )

=1 =1

Therefore, if we assume that

om h

W(ﬂ:)(f7 (z,t) isindependentof x € 7 (7 (x)) (r.129)

for z in a neighbourhood of M (again, if we are only interested in starting our equation at time zero, the
above requirement only needs to be considered for ¢ = 0), the derivative of the above quantity along any
vector tangent to the fibre of 7 (which at points in M means orthogonal to M) vanishes: this means (1.128)
vanishes and the It6 jet and Stratonovich projections are equal. Moreover, if, representing the original SDE in
Stratonovich form as (1.65), we additionally have that

on

W(m)bk(m, t) isindependent of € 7! (m(z)) (r.130)

then it is immediate to verify that 7(X?) is a solution of the Stratonovich projection, and therefore that, letting

Y be the solution to the Stratonovich=Ité-jet projection
Y; = W(Xt) (1.131)

up to the exit time of X; from the tubular neighbourhood in which 7 is defined. Observe that in the absence
of these conditions we cannot expect, in general, to obtain a closed form SDE for 7(X}), as the coefficients
will depend explicitly on X;. This is even true if (1.129) holds but (1.130) does not, as can be shown simply by
considering the ODE case 0, = 0.

Example 1.23. Let M = {(z,y) € R? : 22 + y?> = 1} — R2 7 is defined in R% \ {0} as
m(z,y) = (2% 4+ y*)~/2(2,y). Consider the SDE, dependent on the real parameter a

Xt _ 2 2\a }/t
d [YJ = (X7 +Y7) [Xt] dW, (r.132)

There is a single diffusion coefficient o, decomposed as

o) = @+ ) ) | Y] a2y 7] (13

E(xvy)ET(z,y)M 5(x,y)ETé7y)M

Moreover, for (x,y) € M we have

2axy 2ay? + 1] (1134)

Jo(w.y) = [2&;32 +1 2azy
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We have

_ [ 2 —X
Tn(ey) = (22 +y2) 52| Y Qy]

l—zy T
_5s0 | —3xy? 222y — y°
Hrl(z,y) = (2* + %)%/ 202y — 3 2xy? — 23 (r.135)

(92 3 2 _ .3
2 _ 2 o2y=5/2 [22TY Yt 2oyt —
Hr*(z,y) = (z° + y°) 20y? — 28 —3a%y ]

We compute, for (z,y) € M

8271- —'L )
9o* y (r.136)
<hp 00" _ 4 o 4, .2 2| T
o" Py 9 2zy(2ax™ — 2ay” + x* — y°) [ . ]
We examine more closely the cases @ = 0, @ = —1 and @ = 1. In the first case (already examined in [AB16,

§4]), the two terms of (1.136) sum to zero, so that (1.128) vanishes and the Stratonovich and It6-jet projections
coincide. Indeed, the fibering property of (1.129) is verified, as it is easy to see J7(Ax, A\y)o (/\a: Ay) does not
depend on A > 0. Moreover, since the Stratonovich drift of the equation is given by — (x y) also (1.130)
holds and the solution to the Stratonovich=Ité-jet-projected SDE equals the projection of the solution of the
original SDE up to the (a.s. infinite) time it hits the origin. However the Itd-vector projection is distinct, which
can be seen by observing that Ppi = PJi (given by the first term in (1.136)) does not vanish, e.g. at the point
(cos(m/6),sin(n/6)). If a = —1 the two terms in (1.136) coincide on M and therefore the Stratonovich
projection is identical to the It6-vector projection. The Ité-jet projection, however, is different, again by the
nonvanishing of the first term in (1.136) at (cos(m/6), sin(7/6)). To generate a case where all three projections
are distinct take @ = 1: all identities can be seen not to hold at the point (cos(7/6),sin(m/6)). This case

shows that the only projection that preserves the local martingale property is the It6-vector.

Example 1.24. Consider the case in which o, (2,t) = 0(t) do not depend on the state of the solution. In
this case, even if (1.67) and (1.65) are equivalent, the projections may still be all different. (1.101) however shows

that

i—7=2(i— ) (1137)

so that if any two projections coincide, they must all. An example where all projections are different is given by
taking M, d as in Example 1.23 and the single, constant diffusion coefficient 0 = (1, 1): all projections differ,

for instance at the point (1, 0). An example where the projections all coincide is when n = d and alv"’ = 65;
>, TF =3 PLsSQusl =3 PiQ) = PiQ] =0 (1.138)

If the original drift also vanishes, we are in the presence of the trivial SDE for Brownian motion, whose It6 and
Stratonovich projections coincide with the process (W) up to the exit time of W from the domain of 7, by

the same reasoning of Remark 1.22.
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Figure 1.2: In these figures we focus on [Example 1.23, a = 1], with initial condition (cos(7/6), sin(7/6)), so
that all projections are distinct. The two graphs above are respectively plots of the errors | E[Y; — X;]|? and
E[|Y; — m(X¢)|?] for Y; the solution to the Stratonovich, Itd-vector and Itd-jet projections, with the expecta-
tion taken over 10% sample paths. We see confirmation of the fact that the It6-vector projection performs better
in the first error metric, that the Itd-jet projection does so in the second, and that the Stratonovich projection
is markedly suboptimal in both senses (especially in the first, while in the second case it performs very similarly
to the It6-vector projection). The analogous plot for the error (1.110) is not included, as the results for the three
projections are visually indistinguishable, in accordance with the fact that all three projections minimise aq
(without it vanishing in this case). The figure below displays one sample path (¢, Y;) where Y} is each of the
following processes: the solution to the original SDE, to the three projected SDEs, and the metric projection 7
applied to the original solution. All sample paths are derived from the same random seed. Since the optimality
criteria all involve taking expectation, we do not expect to be able to derive meaningful intuition from a single
path, but it is nonetheless informative to have visual confirmation that all projections are distinct, but related.

In this section we have developed examples that cover all possible situations involving identities, and lack

thereof, between the three projections. We summarise them in the table below:
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0 € T'M and [Example 1.24, second case]
[Example 1.21, first SDE]
[Example 1.23, a = 0]

=
Il

=
LS

===
Il
SRR TR SR

[Example1.23,a = —1]

= | ===l
th

=

+
W[ || 1

[Example 1.23, @ = 1] and [Example 1.24, first case]

rs.2 Intrinsic optimality of the Itd projections

The fact that in (1.119) we are comparing two points, Y; and 7(X}), which lie in M opens up the possibility of
substituting the Euclidean distance with the Riemannian distance of M, 5, inside the expectation. One can
then ask whether this leads to a different optimisation. Let U be a neighbourhood of the initial condition ¥
inRLV :=UNM,p: V— R™anormal chart centred in yg, @ := ¢ o m: U — R™. This means that
if G is a geodesic in M starting at yo, ¢(Gy) = vt where R™ 3 v = Tyocp(Gg). As a consequence we have

that, it Wy, € T, M, picking the geodesic G with Go = 4o, Gy, = W)y, we have that

d2
p(Gr) = —5
0 dt2 0

d2
T ae

9%z .. 0P . 0%p o
PG = == () GHGh + =5 (1) G = = (yo) W, Wi, (1139)

0 0z 0zI oxk © Ozioxd

since the acceleration of G is orthogonal to M. Now, the problem consists of choosing 7 and /1 in such a way

that ¢} vanishes and ¢ is minimal in
2
E [ (p(Ye), o(m(X0)))7] = it + cht? + o(t?) (r.140)

where %y (a,b) = dp (9~ (a), e~ 1(b)). We have expressed -d. 57 in normal coordinates in order to be able
to use the estimates of [Nicr2, Appendix A], which tell us that the derivatives of orders < 3 of %l 5 agree with
those of the squared distance function of R (in particular those of order 1 and 3 vanish). Since we are only

interested in ¢} and ¢}, this means we can substitute the LHS of (1.140) with

Ello(Y2), o(n(X4))[?] (141)

Proceeding as in the computations of Section 1.4, we see that

n
c1 =Y |Jpé, — JpPo, |’ (1.142)
y=1

This quantity is made to vanish exactly as before, namely in the unique case 37 = 0. = 0. As for the drift,
notice that since ¢ is a chart in M, minimising ¢2 will only involve a condition on the tangential part of /1, and
is thus an unconstrained optimisation problem (the constraint (1.71) is then fulfilled by separately adding the

required orthogonal term). Proceeding as in Section 1.4, we see that the quantity to be minimised is given by

S (0T ISP om N (143)
= okt ok ozt 27:1 Oxtoxd VY 143
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which results in

% o Op Or* Z&P Pt j o —i —j

9zk T 9ak oz Oxh dzh 0xidwi 7 + 921027 C 7 (1144)

Since the last term vanishes by (1.139) we have that this formula for /i coincides with the It6-jet projection i.

Remark 1.25 (Optimality for Riemannian ambient manifolds). This reformulation of the optimality crite-
rion allows us to generalise the statement of Theorem 1.19 to the case where R? is substituted with a general
Riemannian manifold D, of which M is a Riemannian submanifold, (1.67) with a diffusion-type SDE on D
(in any one of the three equivalent formulations), and the squared Euclidean norm in (1.119) is substituted
with d p (Y%, 7(X;))?. By considering a Nash embedding of D (and hence, transitively, of M) in R” for large
enough 7, and extending the diffusion to a diffusion in R", we have that the - y/-optimal projection and the
dra-optimal projection both coincide with the Itd-jet projection. But since dra < dp < djy, this projec-
tion must also be @ p-optimal, as is immediate by comparing Taylor expansions.

We may also ask whether Theorem 1.16 admits a generalisation to the Riemannian case. This can be done
by substituting the difference Y; — X; with ¢/(Y;) — 9 (X}) in both (1.110) and (1.113), where 9 is any normal
chart for the ambient Riemannian manifold D centred at the initial condition g, and the radius 7 appearing
in (1.106) is chosen so that the ball of radius 7 centred in yg is contained in the domain of 1. The proof of

optimality is straightforward from Theorem 1.16 and the fact that Ty ) is a linear isometry, thus making the

square
T, D% 1 Rd
Yo Yo
lp(yo) lP'(yw (r.145)
T,
TyoM ot TyoM/

(where M’ = Imu, and P(yo), P’ (yo) are the metric projections) commute.

We have thus shown that both Theorem 1.16 and Theorem 1.19 can be reformulated so as to apply to the

case of the ambient manifold being Riemannian.

r5.3 Optimality criteria for the Stratonovich projection

It is surprising that the most naive way to project the coefficients of an SDE is suboptimal according to the
criteria introduced in this chapter. In this subsection we a (somewhat less compelling) way in which the
Stratonovich projection can be considered optimal. This idea is already present in [AB16, §3.4].

As before, we start with the Stratonovich SDE (1.65). Define a second SDE

dEt = _Uv(Eta t) o d-B,;Y - b(Et7 t)dt7

[1]

0=1%Y0 (r.146)

where B is another n-dimensional Brownian motion, with no specific relationship with W. Assume we are

looking for coefficients ¢, and b s.t., defining

dY; = 6(Y;, 1) o AW + b(Yy, t)dt, Yo = yo

) : (1147)
th = _U’y(Tta t) o d_Bl:/y — b(Tt, t)dt, To =70
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the following quantity is minimised for small ¢ (in the same sense as in Theorem 1.19):
1 9 1 —\2
§EUYt —7(Xy)| ] + §E[\Tt — (2] ] (r.148)

Note that the original input of the problem is the same as before, i.e. 0y, and p, but the quantity to be opti-
mised is different. In [AB16] the SDEs with reflected Stratonovich coefhicients are interpreted as representing a
solution going backward in time: this fits in nicely with the interpretation of the Stratonovich integral of being
time-symmetric (e.g. in the sense of the midpoint-evaluated Riemann sums that converge in L? to it). This
interpretation is backed up by the fact that, if 2 and [t denote the Itd drifts for X and Y, the SDE for =, Y can

be equivalently written using the backwards It6 integral dP (defined by endpoint evaluation)
d°Z = —0 (4, )d°B) — u(Eg, t)dt,  d°Ty = =6, (Y4, t)d°B) — fi( Ly, t)dt (1.149)

so that (1.148) can be viewed as averaging an SDE going forward in time with one going backwards. This heuris-
tic interpretation, however, is not necessary in the computations, and we can proceed by optimising (1.148)
as is. Proceeding as above, this leads to the the diffusion coefficients being, as always, orthogonally projected

(6 = 7-) and the constrained optimisation problem for the drift i given by

L L (o 01" ) 1~ Ot ’

minimise 7 Z <,u Gk 8562 5 ; %
k=1 'Y
1 m Nk n . 85']:/ 1 n 627Tk . . 2
ey (-7 A - G (e Zf’v ol ) "2 2 g ) (o)
k=1 y=1 'y=1
1 n 82 k
. k~h =

subjectto  Qppu" — 3 2 W ZWO',jy =0

which is checked, by using Lagrange multipliers as above, to have solution the Stratonovich-projected drift

(1.95). Therefore, the Stratonovich projection is optimal in this “time-symmetric” sense.

Conclusions and further directions

In this chapter we have shown, re-expressing and improving on the ideas of [AB16], how a concrete optimisation
problem involving SDEs points towards the use of Itd calculus on manifolds, while the results given by adopting
the more commonly used Stratonovich calculus are suboptimal. We believe that, apart from being of interest
in their own right, these results offer some motivation for Chapter 2 and Chapter 4 below.

It would be interesting to extend this optimisation result to the case where the equation is driven by
(1/4,1) > H-fractional Brownian motion, in the sense of rough paths (which for H > 1/2 means in the
sense of Young). Although this would amount to a generalisation of a Stratonovich equation, as seen in (1.102)
the optimal coefficients can still be expressed as a function of the original ones and their derivatives, and similar
formulae could be shown to hold in the case of fractional noise. The rough-Skorokhod conversion formula
[CL19, CL20] could be of help here, although it would have to first be extended to cover the case in which
the RDE has drift for the problem to be interesting. The considerations on Euler expansions discussed in

Remark 5.5, once made precise, could also be of aid.
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NON-GEOMETRIC ROUGH PATHS ON MANIFOLDS

Project status. This chapter consists of a lightly edited version of the preprint [ABCRF20], co-authored
with Damiano Brigo, Thomas Cass and John Armstrong. An abridged version of it has very recently been

accepted for publication in the Journal of the London Mathematical Society.

Introduction

The theory of rough paths, first introduced in [Lyo98], has as its primary goal that of providing a rigorous
mathematical framework for the study of differential equations driven by highly irregular inputs. The rough-
ness of such signals renders the traditional definition of differentiation and integration inapplicable, and moti-
vates the definition of rough path, a path X accompanied by functions, satisfying certain algebraic and analytic
constraints, which postulate the values of its (otherwise undefined) iterated integrals. This concept leads to
definitions of rough integration against the rough path X and of rough differential equation (RDE) driven by
X, which bear the important feature of being continuous in the signal X, according to appropriately defined
p-variation norms. Rough path theory applies to a wide variety of settings, including to the case in which X
is given by the realisation of a stochastic process, for which it constitutes a pathwise approach to stochastic
integration, extending the classical stochastic analysis of semimartingales.

An important feature that a rough path can satisty is that of being geometric: this can be interpreted as the
statement that it obeys the integration by parts and change of variable laws of first-order calculus, its irregularity
notwithstanding. The theory of geometric rough paths has been the most studied [FViob], and applies to
semimartingales through the use of the Stratonovich integral. Other notions of stochastic integration, however,
cannot be modelled by geometric rough paths, the It6 integral being the prime (but not the only [ER03])
example.

Since smooth manifolds are meant to provide a general setting for ordinary difterential calculus to be carried

out, it is natural to ask how “rougher” calculi can be defined in the curved setting. In the context of stochastic
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calculus, this question has led to a rich literature on Brownian motion on manifolds. More recently, it has been
raised a number of times with regards to rough paths [CLL12, DS17, CDLis, BL1s, Bairg]. In all cases, however,
only the case of geometric rough paths has been discussed.

The main goal of this chapter is to construct a theory of manifold-valued rough paths of bounded p-
variation, with p < 3, which are not assumed to be geometric. We will often refer to such rough paths as
“non-geometric”, as we have in the title of the chapter, even though what we actually mean is that they are not
necessarily geometric. The regularity assumption ensures that we may draw on the familiar setting of [FH14] for
vector space-valued rough paths; dropping this requirement would require the more complex algebraic tools of
[HKis]. Our theory includes defining rough integration and differential equations, both from the intrinsic and
extrinsic points of view, and showing how the classical notions of parallel transport and Cartan development
can be extended to the case of non-geometric rough paths.

Although the definition of the It6 integral on manifolds has been known for decades, Stratonovich calculus
has been preferred in the vast majority of the literature on stochastic differential geometry. Nevertheless, there
are phenomena that are best captured by Itd calculus, particularly those which relate to the martingale prop-
erty. In this spirit, Chapter 1 focuses on how a concrete problem involving the approximation of SDEs with
ones defined on submanifolds necessitates the use of It6 notation, and that the result naturally provided by
projecting the Stratonovich coefficients is suboptimal in general. The reason that Stratonovich integration and
geometric rough paths are preferred in differential geometry is that they admit a simple coordinate-free descrip-
tion, as is also remarked on [Ly098, p.219]. An important point, however, that we wish to make in this chapter
is the following: an invariant theory of integration against non-geometric rough paths may also be given, albeit
one that depends on the choice of a linear connection on the tangent bundle of the manifold. Although ge-
ometric rough path theory still retains the important property of being connection-invariant, all rough paths
may be treated in a coordinate-free manner, since, while manifolds may not admit global coordinate systems,
they always admit covariant derivatives. Overlooking this principle leads to the common misconception that
It6 calculus/non-geometric rough integration cannot be carried out on manifolds, even in cases where a con-
nection is already independently and canonically specified, e.g. when the manifold is Riemannian. In much of
stochastic differential geometry the focus is not on the stochastic integral per se, which is viewed as a tool to
investigate laws of processes defined on Riemannian Wiener space: in this context it is certainly justifiable to
only work with the Stratonovich integral. Our emphasis here, however, is on pathwise integration itself: for
this reason we believe it to be of value to build up the theory in a way that s faithful to the choice of the calculus,
as specified through the rough path X.

This chapter is organised as follows: in Section 2.1 we review the theory of vector space-valued rough paths
of bounded 3 > p-variation, controlled rough integrations and RDEs, relying (with a few modifications and
additions) on [FHi4].

In Section 2.2 we review the differential geometry which is necessary in the following sections.

In Section 2.3 we develop the theory at the heart of the chapter: this entails defining rough paths on mani-
folds and their controlled integrands in a coordinate-free manner by using pushforwards and pullbacks through
charts, showing how the choice of a linear connection gives rise to a definition of rough integral, and defining
RDEs in a similar spirit. We follow the “transfer principle” philosophy [E9o] of replacing all instances of Eu-
clidean spaces with smooth manifolds, which means that both the driving rough path and the solution are

valued in (possibly different) manifolds. When we restrict our theory to semimartingales we recover the known
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framework for Itd integration and stochastic differential equations (SDEs) on manifolds [E89].

The next two sections contain the main contribution of this chapter. In Section 2.4 we switch from the
local to the extrinsic framework, and show how our theory extends that of [CDLis] to non-geometric inte-
grators and controlled integrands more general than one-forms. Our broader assumptions require us to make
additional non-degeneracy requirements on the path X, which are not needed in the local setting. We also re-
mark that in this section we are confining ourselves to the Riemannian case (with the metric being induced by
an embedding), while in the rest of the chapter we allow for general connections.

Finally, in Section 2.5 we return to our local coordinate framework to carry out the constructions of parallel
transport along rough paths and the resulting notion of Cartan development, or “rolling without slipping”, a
cornerstone of stochastic differential geometry which yields a convenient way of moving back and forth be-
tween the linear and curved setting. Since we are dealing with parallel transport as a 7'M -valued RDE driven
by an M -valued rough path X, the lack of geometricity leads us to require the choice of a connection not just
on the tangent bundle of M but also of one on the tangent bundle of the manifold 7'M . The latter connec-
tion may not be chosen arbitrarily, and we identify criteria (formulated in terms of the former connection)
that guarantee well-definedness, linearity, and, if M is Riemannian, isometricity of parallel transport. Differ-
ent choices of such connection give rise to difterent definitions of parallel transport and Cartan development,
which are only detectable at a second-order level, and all collapse to the same RDE when the rough path is geo-
metric. Though we develop the theory in the most general way possible, three examples for how a connection
onT'M may be lifted to one on TT"M are drawn from the literature; a case not analysed until now concerns the
Levi-Civita connection of the Sasaki metric, which results in parallel transport coinciding with Stratonovich
parallel transport. We end by seizing the opportunity to explore a few additional topics in stochastic analysis
on manifolds, such as Cartan development in the presence of torsion, with a pathwise emphasis.

We hope that the framework laid out in this chapter may be used in the future to extend our understanding
of manifold-valued rough paths, both deterministic and stochastic, and in Conclusions and further directions

offer some ideas in this direction.

2.1 Background on rough paths

In this section we review the core theory of finite-dimensional vector space-valued (controlled) rough paths, and
the corresponding notions of rough integrals and RDEs. We refer mainly to [FHi4], with the caveat that we are
in the setting of arbitrary control functions, as opposed to Hélder regularity. The former has has the advantage
of being a parametrisation-invariant framework, and of allowing us to consider a larger class of paths (e.g. all
semimartingales, and not just Brownian motion). Other authors have already been treating controlled rough
paths in the setting of bounded p-variation [CLi9, §2.4]. When a result in this first section is stated without
proof, it is understood that the proof can be found in [FHi4, Ch. 1-10]. Many of the more quantitative aspects
of rough paths are left out, as they will not be relevant for the transposition of the theory to manifolds. Since
our vector spaces are finite-dimensional, and since we will rely on arbitrary charts to make the manifold-valued

theory coordinate-free, we will use fixed coordinates to express all of our formulae.
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2.1 R%valued rough paths

Throughout this chapter p will be a real number € [1, 3); we will not exclude the case of p € [1,2) in which
the theory reduces to Young integration, and remains valid with trivial adjustments. A control on [0,T] is a
continuous function w defined on the subdiagonal Ay = {(s,t) € [0,T]? | s < t}, st w(t,t) =0
for0 < t < Tand w(s,u) + w(u,t) < w(s,t)for0 < s < u < ¢t < T. w will denote a control
throughout this chapter, and should be thought of as being a fixed property of the (rough) path which relates
to its parametrisation; the main example is the Holder control w(s,t) =t — s. Given a path X : [0, 7] — R?
we will denote its increment Xy = X; — X,. Let C5([0, T], R?) denote the set of R%-valued continuous
paths X : [0, T] — R? with X
Xt
osover als, 17 = e
For there to exist a control w s.t. the above holds is equivalent to saying that X is a path of bounded p-variation
[FViob, Proposition s.10]; if w is the Holder control we recover the definition of Holder regularity. This kind
of regularity is preserved by smooth maps [FViob, §9.3].
Recall that if X € CE([0,T],R?), H € C&(]0,T],R*?) with 1/p + 1/q > 1 (which happens, in

particular, when p = ¢ € [1, 2)) we may define the Young integral

n—00
[u,v]€TH

t
J HdX = lim > H,Xy (2.2)

where (7, ), is a sequence of partitions on [s, t] with vanishing step size; the resulting path [; Hd X belongs to
CE([0, T), R?). When the regularity requirement is no longer satisfied the Riemann sums no longer converge,

and the definition of integral will require X and H to carry additional structure.

Definition 2.1 (Rough path). A p-rough path controlled by w on [0, T, valued in R? consists of a pair
X = (X, X) with X € C5([0,T],R?) (the trace) and a continuous function X: Ay — (R9)®2 = RIx4

(the second order part) satistying the regularity condition

|Xst|
sup ———— < 00 2.3
0§s<£)§T w(s,t)?/P (23)

with the property that the Chen identity holds: forall0 < s <u <t <Tanda,f=1,...,d
X?tﬁ = X?{? + Xgqu[jt + thﬁ (2.4)

We denote the set of all such X as 65 ([0, 7], R?) (note the difference in font with C, used for simple paths).
Its bracket path is given by
XI5 = XX = (X + X0 )

These are indeed the increments of an element of C%/ 2 ([0, 77, (R%)®?)-valued path, where ® denotes symmet-
ric tensor product. We will say that X is geometricif [ X| = 0, and denote the set of these with €5([0, T], R?).
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The idea is that X; represents the value of the (otherwise undefined) integral

t ru t
f f dX, ® dX, = f X ® dX,, (2.6)

In this interpretation it is easily checked that the Chen relation is simply the statement that the integral
[ X, ® dX,, is additive on consecutive time intervals, and the property of X of being geometric represents an
integration by parts formula. Relaxing the Chen identity to

X?tﬁ = X7 + XguXuﬁt + ng + 5?1{3 (2.7)
for some function of two parameters £t € o(w(s,t)) ast \, s for all s gives us the definition of a/most

(geometric) rough path and space of these denoted G (and %€ for almost geometric rough paths); this definition

is motivated by the fact that the £4’s vanish in the limit of a sum over a sequence of partitions:

S oa= Y st Sw0.7) sup s T g (9)

[s,t]em [s,tlem W(S, t) [s,tlem W(S, t)

since p < 3and O(w(s,t)%P) C o(w(s,t)). The same reasoning is also at the root of the following lemma

[Lyo98, Theorem 3.3.1] [CDLL16, Proposition 3.5]. We write & for equalityup toaneg € o(w(s,t))ast N\ s.
Lemma 2.2.
L IFX,Y € €5(0,T,R), X ~Y = X =Y;

2. Given X € G5([0, T), RY), there exists a unique X € 65([0,T],RY) with X ~ X, which is given by

Xst = nlggo ® /X/uv (2'-9)

[u,v]€mr

where Ty, is any sequence of partitions of [s, t] with vanishing step size. Moreover, if X € G5([0,T],RY),
X e %5([0,T],RY).

Both statements also hold when restricted to the level of paths € CL([0, T, R%).

If X and X are related as in Lemma 2.2 we will say that latter is the rough path associated to the former.
Given X € 65([0, T], R%) we may associate a canonical element ;X € €5([0, T, R?), which we call

its geometrisation, with trace equal to that of X and

gX?tB = %(X?tﬁ - Xfta) + %X;Xﬁ (2.10)

In other words, ¢X has the same antisymmetric part as X and symmetric part fixed by the trace and the geo-

metricity condition, and it is easily checked that the Chen identity continues to hold.

2.1.2  Controlled paths and rough integration

We proceed to define the objects which are, in some sense, dual to rough paths, and are original to [Gubo4]:
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Definition 2.3 (Controlled path). Let X € CL([0,T], R?). An Ré-valued, X -controlled path, or element of
D5 ([0, T, R®) isa pair H = (H, H'), where H € CE([0, T], R®) (the trace), H' € CE([0, T], R**?) (the
Gubinelli derivative of H w.r.t. X), and

R
RF = HF — H;’;th, sup | Rt < 00, (2.11)

0<s<t<T W(s,1)2/P

Here R®*¢ should be thought of as £L(R?, R¢) (where £ means “linear maps”). We will identify R"-

valued expressions with their coordinate expression throughout this chapter, e.g. we will write X = (X7),

X = (X7, X%, H = (H*, H,’Yk) We will use 2 as a shorthand for equality up to O(w(s, t)/?), i.e. (2.11)
may be written as HY, ~ Hikagt

The following definition and theorem establishes that rough paths function as integrators, and that their

controlled paths should be thought of as their admissible integrands.

Definition/Theorem 2.4 (Rough integral). Let X € 6€5([0,T],RY) and H € Dx(R®*?). We then
define, for0 < s <t <T

t
L HdX = lim > HyuX), + Hp, X500 (2.12)

[u,v]€mr

where (7,),, is a sequence of partitions on [s, t] with vanishing step size. This limit exists, is independent of

such sequence and is obtained by applying Lemma 2.2 to
Hys X3+ H&ﬂ;sX?tB (2.3)

Here H; is an R¢*%valued path and Hj is a Re*d%d_yalued path, with superscripts denoting R®-
coordinates and subscripts denoting R%-coordinates; in H, &kﬁ the coordinate of the Gubinelli derivative is v,
i.e. the controlled path property now reads H g; o H &kﬁ; X € O(w(s,j/)z/ P). We will often refer to con-
trolled paths with trace valued in R®*? as controlled integrands. Clearly if X € @5 ([0, T], R?) we may have
substituted it for X in (2.12) and (2.13). We will often omit the integration extrema: in this case identities are to
be intended to hold when the integral is taken on any interval. Also notice that it is obvious from the definition
that the integral is linear in the integrand and additive on consecutive time intervals.

The condition of H admitting a Gubinelli derivative w.r.t. X is a strong condition, and one can only expect
it to be satisfied when H bears a special relationship with X. One may also ask whether there are conditions
on X under which any Gubinelli derivative [ "is unique: this is not always true, since if X is too regular inside
CY([0, T, RY) the regularity requirement on H’ becomes less stringent. A condition on X that rules this out,
and guarantees uniqueness of the Gubinelli derivative is given by t7ue roughness of X: this means that for all s
in a dense set of [0, 7] and for all ¢ € (R9)*

. {0, Xst)| _
R s el .

It is satisfied, for instance, by a.a. sample paths of fractional Brownian motion with Hurst parameter
1/3 < H < 1/2, when considered as elements of C?, 1/H < p < 3.
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Theorem 2.5 (Uniqueness of the Gubinelli derivative). Let X € BL([0, T, RY) with trace X truly rough,
(H,'H'"), (H,*H") € Dx(RY). Then 'H' =M.
A corollary of this result is the uniqueness of the decomposition of the sum of a Young integral and a rough

integral:

Theorem 2.6 (Doob-Meyer for rough paths). Let X € BL([0,T],RY) with trace X truly rough,
Y € cP/2([0,T],RY), 'H,2H € Dx (R**9), 'K, %K € CP([0,T),R¢*%) then

f Hix + f KAy = f HAX + J Kdy (2.15)

implies 'H = 2H 4nd 'K = %K.

In most cases, as for Example 2.7 below, the Gubinelli derivative is defined in a canonical manner, and is

intended to be computed accordingly, regardless of whether uniqueness holds or not.
Example 2.7 (Examples of canonically controlled paths).

r. The simplest example of an X -controlled path is a smooth function f € C°°(R?,R¢) applied to X:
its Gubinelli derivative is given by D f(X) (where Df € C°°(R%, R**9) is the differential of f, with

coordinates J f k) since
FEX) st — 05 FH (X0 XD, € O(1X ) € O(w(s, t)*P) (2.16)

by Taylor’s theorem. We call this X -controlled path f(X), but may omit the bold font if there is no
ambiguity;

2. Let X, H be as in Definition/Theorem 2.4, then the rough integral fo Hd X admits Gubinelli deriva-
tive . We will sometimes denote the resulting element of D x (R¢) by [ HdX (note the bold font
used for the integral) if we want to emphasise that we are considering it a controlled path, but may omit

the bold font if no ambiguity is possible;

3. Assume H € Dx (R®) and that K € cr/? ([0, T],R®), then we may use H' as the Gubinelli derivative
of H + K and we have that (H + K, H') € 9@ x (R®).

Example 2.8 (Difference of rough integrals against rough paths with common trace).
Let 1 X = (X, X),2X = (X,2X) € 5[0, T],R%), H € DL (R*?). Then it is easy to verify that there
must exista path D € C£/2 (RdXd) s.t. 2Xgt = 1Xg¢ + Dy, and it is easily deduced from the (2.13)

J Hd>X = J Hd. X + f H'dD (2.17)

where the second integral on the right is intended in the sense of Young. An important special case is when
2X = X for a rough path X, in which case D = $[X]. Note that this identity also holds at the level of
controlled paths, since the Gubinelli derivatives (taken according to Example 2.7) both coincide with H. We

will often use the notation

0dX = dX (2.18)

which is motivated by Stratonovich calculus (see Remark 2.24 below).
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A controlled path may be transformed into a rough path in a canonical fashion:

Definition 2.9 (Lift of a controlled path). Let X € B5([0,T],R%), H € Dx (R®). Define Tx H to be the
rough path associated to |x H, defined as

(xH)g = (HY, Hi HY X)) (2.19)

which is easily verified to belong to @5 ([0,T],R¢) (and b ([0, T],R®) if X is geometric).

We would also like to show that the operation of lifting restricts to geometric rough paths: this is accom-

plished in the following
Lemma 2.10. [f X € 6P([0,T),R%) then tx H € €P([0,T],R®).

Proof. We cannot apply Lemma 2.2 directly to 1x H, since it only satisfies [|x H| ~ 0:

(xH)G + (IxH)g = Hi HE (X3 + X5
= H! X5HY X,
- (H;t - Rit)(Hgt - Rgt)
= H},H?, — H,R], - H/,R., + R\, R/,

where R is as in (2.11). We may therefore define 1xH by (1xH)* := (1xH)* and

(1XH)Z = (WXH)th' + Hgtht - %Ritht (2.20)

S

Then (1xH )st ~ (1x H)st (and is therefore still almost multiplicative), and [1x H| = 0 from which we

conclude by the aforementioned lemma. W
Example 2.1x (Lifts of controlled paths).

1. Givena f € C®(R? R®) wedefine f. X :="1x f(X) the pushforward of X through f, and by Taylor’s

formula we have

(feX)st 2 (05 fF (X)X, + 10as fF (X)) XS XD, Oa f 10517 (X)XS) (2.21)

2. Rough integrals may be lifted to rough paths: if H is as in Definition/Theorem 2.4 we set
f;HdX = (Tx [ HdX)s and we have

3 .
f HAX ~ (HE X}, + HY X3 HE 1), X3) (2.22)
S
Note, however, that (2.17) does not hold at the rough path level, since the lift on the LHS would be
computed using 92X, and the one on the RHS using 1X, and this would affect the second order part of
the rough integrals. For this reason we will mostly consider Itd-Stratonovich type corrections only at the

trace level.
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Whenever there is an ambiguity as to whether a function on Ar is a controlled or rough path we will rely
on coordinate notation to distinguish these two possibilities, e.g. ( [ Hd X )* are the coordinates of the trace of
the controlled/rough path, ([ HdX) ﬁ =H Zj are the coordinates of the Gubinelli derivative of the controlled
path (corresponding to the trace of H)and ([ :H dX)¥ ~ H, é; H é; ngtﬁ those of the second order part of the
rough path. We will often use coordinate notation inside the integral too, to track the action of the integrand
on the integrator, e.g. ([ HdX )k = [H ijdX 7, with the understanding that we also need the second-order

coordinates of X and H to compute this integral.
Proposition 2.12 (Operations on controlled paths). Ler X € CE([0, T], R%).

Change of controlling path. Let H € Dx(R®), K € D (RY), then
K« H = (K¢, K,’fH,lyk) € @X(Rf) (2.23)

In particular, if K = f(H) for f € C%°(R®,RY) we denote this f. H and call it the pushforward of
H through f;

Leibniz rule. Let H € Dx (R/*€) and K € Dx (RI*V), then

K -H = (K/Hj, K7 .Hj —|—KCTH%) € Dx (RI*®) (2.24)

Pullback. Zerg € C(RY, RY), H € Dy x) (RS ), then

¢"H = (H « Dg(X)) - Dg(X) € Dx(Rf*%)
N——
—g(X)’ (2.25)

= (Hf0,9"(X), H}5009'0597 (X) + H{Oapg" (X))

Proof. Clearly all three paths belong to C%. We need to check that (2.11) holds in all three cases. In the case of

the change of controlling path we have

c Ic 1k Y o~ c Ic k ~
K& — KiS HE X7, ~ K& — K[, HY ~5 0 (2.26)

S

As for the Leibniz rule, consider the matrix multiplication function
m: RIY x RIX€ 5 RIXC (20 yf)  (20ys) (2.27)

Itis easily verified that K - H = m,(H, K), the pushforward of controlled paths being defined in the step
above.
The case of the pullback readily follows from its expression as a combination of the two above construc-

tions. W
Proposition 2.13 (Compatibility). Let X € 65([0,T],RY) and H € Dx (R®):
r. Lifting is compatible with change of controlling path in the sense that, for K € D (RY) we have
tuK =tx (K * H) (2.28)
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where H denotes the second order part of the rough path tx H. In particular, for f € C>®(R¢,R/)
pushforward of rough and controlled paths are related through lift by f. tx H =1x f«H. Moreover,
f«(9+X) = (f 0 9)«X for appropriately valued smooth maps f, g;

2. Lifting is compatible with geometrisation in the sense that

o(TxH) =txH (2.29)
In particular, pushforward of rough paths and rough integration preserve geometricity;

3. For appropriately value smooth maps f, g and controlled integrands K we bave
(feog)'K =g (/"K) (2:30)
Proof. As for the first claim, the two rough paths agree on the trace K and second order part
(ra B ~ KK ~ KK HG HE X = (1K D)™ (23)

Identity of the two rough paths therefore holds by Lemma 2.2. Now, taking ' = f(H) and the definitions
of pushforward this yields

fdxH =tu(f(H)) =txf. H (2.32)
Taking, furthermore, H = g(X) we obtain

f+(9:X) = [Ixg(X) =tx(feg(X)) =Tx(f 0 g(X)) = (f 0 9)+ X (2.33)

As for the second claim, the two rough paths have the same trace, and therefore the same symmetric part

of the second order part, and antisymmetric part equal to half of
f(MxH)Y — (I HY' = (1xH)Y — (1 H)”"
~ Hg;ng;s(Xstﬁ - X?ta) (2"34)
~ (txH)Y — (1 H)”

Therefore o(1xx H) ~1 x H and we conclude again by Lemma 2.2.

The final statement is verified using a similar comparison of the expressions in coordinates. W

The following is a rough path version of the It6 lemma. Note how the formula simplifies to a first order
chain rule in the case of X geometric. Itis followed by the rough path-version of the Kunita-Watanabe identity,

where the bracket path plays the role of quadratic covariation matrix.

Theorem 2.14 (It6 lemma for rough paths). Ler X € 65([0, T), R?) and f € C® (R4, R®). Then

FX) = F(X0)+ | DX +5 | D20AX] (239

Moreover, the Gubinelli derivatives of the LHS and RHS, computed canonically according to Example 2.7 agree,
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thus giving rise to an identity in D x (R°), and after applying 1, to one in 65 ([0, T, R®) (with the term f(Xo)
only influencing the trace).

Proof. The path-level statement is proved in [FH14, Proposition 5.6]. The Gubinelli derivative of the LHS
according to [Example 2.7, 1.] is D f (X'), which coincides with the Gubinelli derivative of the LHS according
to [Example 2.7, 2.,3.] (since the bracket path, and thus the Young integral has higher regularity). W

Note how the integral of the exact one-form D f(X') does not require the whole of X: this is because its
Gubinelli derivative, D? f(X), is symmetric. Only the symmetric part of X is needed: the pair (X, ©X) (with

© denoting the symmetrisation operator) is called a reduced rough path.

Proposition 2.15 (Kunita-Watanabe identity for rough paths). Ler X € 65([0,T],R%), H € Dx(R®).
Then
[t~ HipH = Ho HE (X3 + X07) (236)

so in particular (if e = f X d in the second case below)

xii = [ ourconreax, [ [rox]” = ["mmaxe e
Proof. The first claim is immediate from (2.5), Example 2.11. The bracket of a pushforward is computed as

X152 U st S (X)st — Oa S (Xs) D S (X) (X2 + X5
% Oa fU(X5)p 7 (Xs) (XS XD — (X2F + X5)
= 0 [ 1(X.)0s 1 (X,)[ X% (238)

~ [ a0, F(x)aix)?

and since the integral is additive on consecutive intervals we conclude that we have equality by uniqueness in

Lemma 2.2. As for the rough integral

[Frax| s a0 X+ L ) — )
st
~ Hoy Hj (XGXG — (X +X50)) (239)
= H&SH%;S[X];'}B
~ f H,, H}d[X]*"
and conclude as before that equality holds. W

The fact that the rough integral can be canonically considered a rough path in its own right naturally leads

to the question of associativity, which is answered in the affirmative:

Theorem 2.16 (Associativity of the rough integral). Ler X € @5([0,T],R?), H € Dx(R*9),
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I=[HdX € Dx(R°),Y =1xI, K € D1(RI*¢). Then
UKdY) w I = J(K «I')- HAIX € Dx(R/) (2.40)

As a result, the identity [ KAY = [(K « H) - HAX also holds in 85([0,T1, RY).

Proof. At the level of the trace we have

t ..
f K{dY" ~ K, Y + K[, Y3
S

17;8 — st
~ K (HY X0, + H, X00) + Kis JH Y, XG0P (2.41)
t
S
which proves the identity of the traces, since I " = H. Their Gubinelli derivatives w.r.t. X, as computed

according to [Example 2.7, 2.] and Proposition 2.12 both coincide with (K} H é; ). Passing to the lift on this

identity we have
T J(K*H)HdX:I deY*H:T JKdY (2.42)
X X Y

where we have used [Proposition 2.13, 1.] in the second identity. This is the identity required in the second

statement. W

The next proposition expresses the degree to which pushforward of rough paths and pullback of controlled
paths fail to be adjoint operators under the rough integral pairing; in particular the adjunction does hold when

the integrator is geometric or when g is an affine map.

Corollary 2.x7. Let X, H , g be as in [Proposition 2.12, Pullback]. Then

( J Hd(g*X>) + Dg(X) = f g"HAX + 5 [ 1 DP9(X)dX] (243)

where, as usual, the identity holds in D x (R®) according to Example 2.7 and thus in 65(]0, T], R®).

Proof. Plugging in the the expression for g, X given by Theorem 2.14 and applying Theorem 2.16 we have

([#at6.30) « Do) = ([ FHa(Dg(x)aX + } 1760010 ) + Dy(x)
=J(H*D9(X)) -Dg(X)dX + ;JH-DQg(X)d[X] (2.44)
:Jg*HdXJr ;JH~D29(X)d[X]

As usual, the more regular Young integral only contributes to the trace of the X-controlled/rough paths in

question. W

2.3 Rough differential equations

We proceed to discuss a central theme of rough path theory: that of rough differential equations, or RDEs.
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Definition 2.18. Let X € 65([0,T],R%), ' € C®°(Re+ R**4). A controlled solution to the RDE
aY = F(Y, X)dX, Yo =y (245)

(which we will write in coordinates as dY* = Fff (Y, X)d X" when we wish to emphasise the action of the
field of linear maps F on the driver X)) isan element Y € D x (R°) s.t.

Y =4+ JF*(Y,X)dX € Dx(R®) (2.46)

where (Y, X) is the pushforward of the R®+%-valued X -controlled path with trace (Y, X) and Gubinelli
derivative (Y, 1). We will call Tx Y (which we will denote again Y') a rough path solution to (2.45).

We will sometimes write dY" (without the bold font for Y) on the LHS of (2.45) when only referring

to the trace level of the solution. Note that the definition of controlled solution implies the requirement

Y’ = F(Y, X) and
FY, X) = (FI(Y, X),0.F§ (Y, X) + FLonF§ (Y, X)) (2.47)

Since a solution of either type is entirely determined by its trace and F', X we will often just use the term solution

without specifying which type we intend.

Remark 2.19. Usually only RDEs of the form dY = F(Y)dX are considered. (2.45) can be considered as a
special case of this by simply “doubling the variables”, i.e. considering the joint RDE

0(2) = (k) ox "

We have chosen to consider RDEs that also depend on X since this will become a compulsory requirement
when X is manifold-valued; this framework is taken from [E89], where it is used in the context of manifolds-
valued SDEs. A side benefit of introducing this dependence is that rough integrals may now be seen as a par-
ticular case of RDEs, namely when F is independent of Y. In particular, thanks to Theorem 2.14, controlled

paths given by one-forms may be viewed as particular cases of solutions to RDEs driven by the rough path
(X, [X]).

Example 2.20 (RDEs driven by rough paths with common trace). Let 1.X, 2X, D be asin Example 2.8. Then,
recalling the convention used in the previous chapter whereby Greek letters index the driver and Latin ones the

solution, we have the following identity of controlled solutions
dY" = FF(Y, X)doX7 <= dY* = FF (Y, X)di X" + (0o Ff + FLOWF5)(Y, X)dD*  (2.49)

Note this identity does not hold for rough path solutions, for the reason provided in Example 2.11. The second
expression is an RDE driven by the rough path with trace (X, D) and second order part X. This is particularly
important when oX = X, D = $[X] for a rough path X, as it informs us that every RDE may be rewritten
as an RDE driven by the geometric rough path (X, [ X]).

The following theorem is proved in [CDLis, Corollary 2.17, Theorem 4.2], and its proof carries over to

the case of X non-geometric (thanks to Example 2.20) and with F' depending on X (thanks to Remark 2.19).
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We will say that Y is a controlled/rough path solution #p to time S < T if it is a solution to (2.45) where the
driving rough path is substituted with X |g g € 62([0, R], R9), forall R < S. Note that, according to
this terminology, a solution up to time 7" is a not necessarily a solution on the whole of [0, 7| (the former may
explode precisely at time 7', while for the latter we have Y7 = yo + fOT F.(Y, X)dX): to distinguish the two

we will call the latter a global solution.
Theorem 2.21 (Local existence and uniqueness). Precisely one of the following two possibility holds w.r.t. (2.45)
1. A global solution exists;
2. Thereexistsan S < T and a solution up to time S, with Y| gy not contained in any compact set of R°.
Moreover, in either case, the solution is unique on the interval on which it is defined.

The following lemma further specifies that the exit time from an open neighbourhood is bounded from
below, uniformly in the initial time and initial condition (ranging in a precompact neighbourhood) of an RDE
with fixed driver X. It can be found in [CDLis, Corollary 2.17], and its proof carries over to the setting con-

sidered here once again by Example 2.20 and Remark 2.19 (and using the obvious fact that X|g 7} is compact).

Lemma 2.22. Let U,V C RE be open withV 2 U compact. Then there existsa & > 0s.t. forall ty € [0,T]
and yo € U the unique solution to

dY = F(Y, X)dX, Y, =wo (2.50)

is defined and satisfiesY € V on [to, (to + ) AT

Although this thesis is not about global existence, we will need the following lemma that guarantees it in

an important special case.
Lemma 2.23. Let F' be as in Definition 2.18 with
Fi(y,z) = A3 (2)y" + b5 (x) (251)
forsome A € C®(RE,Re*xd) b € C°(RY, RE*Y). Then (2.45) admits a global solution.
Proof. First of all, observe that
(0aFf + FLOWFS)(y, @) = (0aAly, + ALy Al ()y" + (0abf + bl Al ) (2) (2.52)

has the same form as F': by Example 2.20 we may therefore assume X is geometric. Now, by Theorem 2.16,
we may view the equation as linear, driven by the rough path [(A(X), b(X))d X, and may therefore directly
apply the result for global existence of linear RDEs [FViob, Theorem 10.53]. W

2.1.4 Stochastic rough paths

Finally, we address the topic of stochastic processes lifted to rough paths. We denote S(,[0,7],R%)

the set of R%valued continuous adapted semimartingales defined up to time 7" on some stochastic setup
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(0, (Ft)eejo,), P) satistying the usual conditions. We may define X, X ¢ @P([0,T],R?) as. by

Stratonovich and It6 integration respectively
t
w0 = [ Xy odx), X f Xgdxg, X =%+ LX) (259
S

where [X] denotes the quadratic covariation tensor of X.

Remark 2.24. We have [3(\] = [X]and [X] = Oas., so ng\ = X. In general, rough path theory applied to
semimartingales extends the usual stochastic calculus, i.e. Itd/Stratonovich stochastic integrals agree a.s. with
the path-by-path computed rough integrals w.r.t. the It6/Stratonovich lifts [FH14, Proposition 5.1, Corollary
5.2], and the strong solution to an It6/Stratonovich SDE coincides a.s. with the path-by-path computed so-
lution to the RDE driven by the Itd/Stratonovich-enhanced rough path [FHi4, Theorem 9.1] (these results
are only shown for Brownian integrators, but may be extended to general continuous semimartingales, e.g. by
reducing to the Brownian case by splitting the integrator into its bounded variation and local martingale parts

and applying the Dubins-Schwarz theorem to the latter).

The following statement made in the same spirit, which we could not find in the literature, will be impor-

tant later on.

Proposition 2.25. Let X € S(Q,[0,T)) and f € C®(R4, R®). Then f X and f*jf\ coincide a.s. with the
lifts of the semimartingale f(X) computed respectively through Stratonovich and Ité integration.

Proof. We begin with the It6 case. By the classical It6 formula and Remark 2.24 we have that, a.s.

f F(X)df (X f F X0, (X)X + & j F1(X) B0 (X)d[X]

= [ ro.p 000X+ 5 [ Fowsso0ax)

~ POy (X)XY + Oaf'Opf + [0apf?) (X)X (254)
+1 f100p 1 (X)X

= [10, (X)X + 0af'05 IR + L 100 (X)X XL,

~ FUX) (Xt + 0o fl05 FIXZ]

Therefore a.s.

f FH(X)aud (X j PP (X) = FX) (X )~ 0uf O IR (as)
and we conclude by Lemma 2.2. The Stratonovich case is handled analogously, with the only difference that
the first order change of variable formula holds, and that brackets vanish. Il

For other examples of stochastic rough paths, which include lifts of Gaussian and Markov processes, we
refer to [FViob, Ch. III]. Though these rough paths are mostly geometric, examples of non-geometric, non-

semimartingale stochastic rough paths also exist in the literature [QX18].



2.2 Background on differential geometry

In this section we review the differential geometry needed in the rest of this chapter. We begin by recalling
various equivalent notions of connections on manifolds, and proceed to specialise this study to the case where
M is a Riemannian submanifold of R%. We follow [Leco7] and [KN96] for classical differential geometry (with
an occasional glance at [Nakos3] for expressions in local coordinates), and [Leeo7, Ch. 8], [CDLis], Section 1.2

and [Drio4] for the extrinsic theory.

2.2.1 Linear connections

Let M be a smooth m-dimensional manifold, and 7M : T'M — M its tangent bundle; throughout this
chapter we will identify fibre bundles with their projection. We will denote the tangent map of a smooth map
of manifolds f: M — N by 7f: 7M — 7N (a morphism in the category of vector bundles), the map of
total spaces by T'f: T'M — TN (a smooth map), and by T}, f its restriction to the tangent space T, M (a
linear map). In this subsection we review equivalent notions of a connection on a manifold. Given a smooth
fibre bundle 7: E — M we denote ' its C°° M-module of sections and E4 = 7~ 1(A) for A C M,
E; = Eg forx € M.

Definition 2.26 (Covariant derivative). A linear connection, or covariant derivative on asmooth vector bundle

m: & — M isamap
V:I'TM xT'r = T'r, (Uye) = Vye, (Vye)(x)= Vyyye (2.56)

which is linear in both arguments and  which  satisfies the Leibniz  rule

Vi (fe) = f(@)Vywe+ (U(z)f)e(z) for f € CM.

The notation Vy(,)e is justified by the fact that the value of the section Ve only depends on the value
of U(z) (and on the value of e on any curve whose tangent vector at « is U(x)); in general we will denote
vectors based at v € M as U(x),V(x),.. ., reserving U, V. .. for vector fields (or just vectors based at an
unspecified point). Covariant derivatives will mainly be considered on the tangent bundle 7M: in this case
it is automatically extended to the whole of B, ;cyy M ®k @ 7* M®! given a few compatibility conditions
[Leeo7, Lemma 4.6]. A linear connection on 7M is equivalently defined by a Hesszan, as described in (1.34).
Given a chart ¢, recall that we denote Oy () the basis elements of the tangent space T, M defined by ¢, and
we abbreviate 0y, = Oy if there is no risk of ambiguity. Moreover, we denote I’fj the Christoffel symbols of
V w.r.t. ¢: this means V,0; = rfjak, and therefore

VuV = (UM, V¥ + U'VITE)On (2.57)
andifw € I'r*M
Vyw = (U'dw; — inkfi-“j)dj (2-58)

where d¥ := di* are the elements of the dual basis of {0y }x. Given two charts (, @ defined on overlapping

domains, the (non-tensorial) transformation rule of the Christoftel symbols is

T} = 0pO;0T + 0,05 (2.59)
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where overlined indices refer to ¥ and simple indices to ¢, and the 0’s refer to the derivatives of the change of

chart, e.g. 8%(3:) = %(gph 0% 1)(x). The Hessian can be written in coordinates as

VA= (0 - Ffjak:)f d¢' ® d¢’ (2.60)

Those connections whose Hessians are valued in I'(7* M ®?), or equivalently with vanishing orsion tensor
(T, U@V) = VyV = VyU — [U, V] are called torsion-free. In local coordinates 37-]; = I’fj - I’?Z We

1,
can associate to any connection V a torsion-free one by ViV := VyV — %(‘57, U ® V) or equivalently
by projecting its Hessian onto 7" M © T M: the symmetrised connection will then define the same set of
(parametrised) geodesics.
Let g be a Riemannian metric, i.e. an element of T'(7* M ©?) which is nowhere vanishing and positive-

definite at all points (many, but not all, of the considerations made in this chapter about Riemannian metrics

can be extended to pseudo-Riemannian ones). A connection V is metric wr.t. g if Vg = 0, or in local
coordinates
h h
ijk — Ghilks — ginl'g; =0 (2.61)
where indices after the comma denote coordinate partial differentiation, i.e. g;jr = Okrgij, and g;; the

components of the metric in the same chart (g*/ will denote the inverse of g;;, ie. g""gx; = 83). We will
also use indices after a semicolon to denote covariant differentiation, e.g. ;1 ‘= (V¢ )sjx. There is precisely
one such connection which is also torsion-free, called the Levi-Civita connection of g, which we denote 4V,
and its Christoffel symbols are given by

kh(

grfj = 56" (ghji + Ging — Gijn) (2.62)

When on a Riemannian manifold we will sometimes use the musical isomorphisms " TM — 7*M with
inverse . In coordinates these are given by performing “index gymnastics” w.r.t. g, ie. V; = V;b = gV,

w' = (w*)" = wjg¥. Similar raising and lowering of indices will be performed with arbitrary tensors.

Remark 2.27. 1If V is g-metric, it is not true in general that ®V is metric. Denoting ETkij the components of

the torsion tensor, we have that the difference between V and 9V is quantified by the contorsion tensor

Ay = 5(T% + T +9;5) =T} — T} (2.63)
which has symmetric part %(97z v+ T, ’j ).
The curvature tensor associated to a connection V is
RU, V)W :=VyVyW — Vy VW — VigyW (2.64)

where [U, V] denotes the Lie bracket of vector fields, which vanishes if the vectors are given by the local basis
sections O, defined by a chart. We denote the coefficients
R = (R(0;,0;) 0, d") =Ty ; = T+ ThTh, —ThTL, (2.65)

ij gk ik,j

and warn the reader that the ordering of the indices is not standard in the literature (this convention is, for
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instance, the one followed by [Lee97, YI73]). The curvature tensor satisfies the symmetry

ggijkh = _Q{jl.kh (2.66)

Moreover, if V is torsion-free

Riji" + Ry + Ry = 0 (2.67)

Moreover, if V is g -metric (but not necessarily torsion-free)
Rijeh = —Rijnk (2.68)

and finally it V = 9V
Rijkh = Rihij (2.69)

These symmetries are often stated directly in the Levi-Civita case, but hold under the more general hypotheses
stated above, as can be seen from a careful reading of their proof [Lee97, Proposition 7.4]. We also recall the
definition of Ricci tensor a symmetric tensor field defined as a contraction of the curvature tensor, and whose

components we still denote (without ambiguity, thanks to the different number of indices) by the symbol R
Rij = —Rp"; = R (2.70)

Given a smooth fibre bundle 7: £ — M with typical fibre the smooth n-dimensional manifold R, its
vertical bundle V' is the subbundle of T7E with total space VE := ker(Tw: TE — TM), and we have
Ve@)E = T (2) Ex, ie. elements of the total space of V7 are vectors tangent to the fibres of 7. Recall that for
a smooth map of manifolds f € C*°(P, Q) and a fibre bundle p: D — @, we define the pullback bundle

ffo:{(p,d) € Px D] f(p) =p(d)} = f'Q—P, (pd)—p (2.71)

and there is a bundle map f*p — p
J"Q === D

f* pJ{ Jp (2.72)

The vertical lift of 7 is defined as the fibre bundle isomorphism

m'r = Vr, EpxE;> (e(x),U(x)) — v(e(x))U(z)

o(e(2))U(2)(f € C¥E) = % Flelo) + ) (2.73)

An Ebresmann connection is a vector bundle n: H — F which is complementaryto Vr,ie. HOVE = TE.
When 7 is a vector bundle, Ehresmann connections and a covariant derivatives are equivalent by further re-

quiring of the former that, denoting the sum and scalar multiplication map by

S:EFeE— E, Ap: E—-FE,aeR (2.74)



T3 map the subbundle {(c(e),B(e)) € H. @ He | e € E} < T(E @ E) to H and that TA, map H
to itself for all @ € R. This in particular implies that Hy, = T, M where we are identifying M with the
zero section of T'M. In order to describe the correspondence we first define the horizontal lift (relative to an

Ehresmann connection 17: H — M on the fibre bundle 7) as the fibre bundle isomorphism

-1

fo:m M —n, By xTeM > (e(x),U(x)) = h(e(r))U(x) = Temym Hem(U(x)) (2.75)

i.e. v is a splitting of the short exact sequence of vector bundles:

h

]/\
0 Vr TE T mTM —— 0 (2.76)

The Ehresmann connection associated to a covariant derivative (where 7 now is a vector bundle) is given in

terms of its horizontal lift as

f(e(@))U(x) = Tre(U(x)) — v(e(x)) Ve (2.77)

for any section e € I'm whose value at = is e(x) (the independence on the section e is
checked by using the usual characterisation of tensoriality [Leco7, Lemma 2.4], ie. by showing that
f(fe(x))U(z) = f(x)h(e(x))U(x): thisis easily done in local coordinates).

If we have a chart p: A — R™ for A € M, achart¢: B — R" for B C R (the typical fibre of 7, an
arbitrary n-dimensional manifold) and a trivialisation ®: E4 — A X R, the triple (¢, ¢, ®) defines a chart

(px@)o®: d (A x B) = R™ x R" (2.78)

We will call the resulting coordinates product coordinates. It 7 is a vector bundle, R can (and always will) be
taken equal to R™ and ¢ to the identity, and if 7 = 7M or 7" M, ® can be defined canonically in terms of ¢

as Tp or T*p~ L. In these cases we will speak of induced coordinates.

Convention 2.28. In what follows we will be working on the manifolds 7'M (or 1™ M) and E. It will therefore
be helpful to establish conventions regarding indexing of the product and induced coordinates. In the absence
of other manifolds, ambiguities as to the chart, etc. we will denote with Greek indices v, 3,7, ... =1,...,m
the coordinates on M, with Latin indices ¢, j, k,... = m + 1,...,m + n the coordinates on F in excess
of the aforementioned coordinates of the base space M and with ¢, B, Y, o..=m~+1,...,2m the induced
coordinates on 7'M in excess of those on M. More specifically, 7 := m + 1, and we will take this into account
when using the Einstein convention, e.g. aagbg 7= Zgll aagb(m"w )7, Moreover, we will use capital letters
I,J,K,... = 1,...,m + n to denote indices that run through all coordinates on F, and capital letters

A,B,C,... = 1,...,2m to denote indices that run through all the coordinates on T'M. The following
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diagrams should help explain this arrangement:

a,B,7,... 4.k,
1 1
E: (z,....2™y,....y")
IJK,..
&85 2.
a,B,7,... B, (2.79)
,~—/ﬁ
TM (;Ul’ ’$m75:.’17 ’%m)
A,B,C,...

A similar convention is followed when T M is replaced with T'M.
It is important to point out the following potential source of confusion. If V() € T, M it can be either
viewed as a vector in the vector space T M, with coordinates V7 (z), or as a point in the manifold 7°M, with

coordinates

(V (), V(2)7) = (27, V"(x)) (2.80)

Note the different meaning of V() and V7 (z); in any case, this ambiguity will be avoided by always con-
sidering elements as vectors whenever otherwise mentioned. The use of the twiddled indices is seen when
considering vectors in TT'M and TT™ M.

Finally, we mention that the use of Greek/Latin indices will also be used in the separate case in which we

are dealing with two different manifolds M and NN, to distinguish between coordinates on the two manifolds.

In the case of 7 a vector bundle the change of product coordinates from ¢, ® to %, P can be written as

¥7d o (z 0 _
o (y) = (87)\7’:Ex;yk Aﬁ(w)) , (@o® Y (z,y) = (z,\z)y) (2.81)

forz = w(y)and A € C°(p(A), L(R™,R™)). It is worthwhile to specify this to the cases of 7 = 7M

(where ® = T'@)and 7* M (® = T*p~ 1), s0 )\3 = 87, and )\j = 8% respectively, and

_ G e
=M <f>‘8<y>=<Z 1)@/):(‘%” 0) (282)

o o Tulah ()
- a7 o7 X (z) 0

T=7"M: 85(y)= 17 y) = L 2.83
cw) <a;/ a;)() 05 05 (x)ya  0(x) (%)

The expression of the horizontal lift in induced coordinates in the case of m = 7M is well known and given by

(see for example [E89, p-115])
(R(VYU) =U", (A(V)U)T = -7 ,VPUe (284)

Note that the coordinates of a horizontal lift are not only linear in the vector being lifted, but in the point in
T'M (or T M) at which the lift is based: this is a consequence of the linearity of the connection, and will be
important to guarantee linearity of parallel transport in Section 2.5.

It will be helpful to define the frame bundle pM : FM — M, the subbundle of 7M ®™ whose fibre at
x € M is given by all m-frames (i.e. ordered bases) of T;; M. Since F'M is an open subspace of TM®™ it
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makes sense to use the product coordinates of the latter for the former: these are canonically defined in terms
of a chart on M by pairs (\,7y) € {1,...,m}? with the first referring to the copy of T M, ie.if y € F,M
then y) := pry(y) € T, M has coordinates y;\’ =y If M is Riemannian we may additionally consider
the orthonormal frame bundle oM : OM — M, i.e. the subbundle of ¢ M with total space consisting of
orthonormal frames.

We define the fundamental horizontal vector fields #\ € I'TFM, X = 1,...,m [Hsuoz, p.39] by the
property T, pr. (#x(y)) = #(y)yx, or in coordinates

W (y) =y, HD(y) = —Ts(x)yhys (2.85)

withy € F, M. If M is Riemannian and V is metric these vector fields restrict to elements of 'TOM.
To end this subsection, we briefly describe what it means for a smooth map of manifolds to preserve con-

nections. Here we are following [E89)].

Definition 2.29 (Affine map). Let M7 (MV7) be a linear connection on the tangent bundle of the smooth
manifold M (). We will say that f € C°°(M, N) is affine if

YU,V eTTM Tof("uw)V) ="V, rwwnTfV) (2.86)

Note that the RHS is well defined, as 7' f (V') need only be defined on a curve tangent to U () at z. The
name is justified by the fact that the terminology coincides with the usual notion of affinity for smooth maps
of Euclidean spaces. Other examples of affine maps are isometries of Riemannian manifolds (Riemannian iso-

morphisms that is — local isometries are not affine in general). In terms of the Hessians affinity of f reads
TPV (f(@) = "V(go (@), g€ C*N (287)

Symmetrising this identity yields the notion of symmetric affinity: this is equivalent to the requirement
that f preserve parametrised geodesics, with full affinity holding if f additionally preserves torsion. The most

useful characterisation of affinity, however, is the local one

(M2 f)hs(x) = OapfF () + T3 (f(2)0af O 1 (x) = YT 30, fF(x) =0 (2.88)

which symmetrised yields the condition for symmetric afhinity:
O (@) = 3 (M5 + MTh)0, (@) = 3 OTH + T30 (F@)0af 0 (@) (289)

Of course, there is no difference between the two if both connections are torsion-free. Symmetrised expressions
will be of interest to us because of the symmetry of the bracket of a rough path; to lighten the notation we will

add () in an expression to mean that we are symmetrising it w.r.t. to the indices v, 3. For instance, symmetric

affinity can be written as (M’szf)];ﬁ(z) ) 0 or more succinctly still as (M’szf)]gaﬂ) (x) = 0.

Example 2.30 (Affinity and fibre bundles). It will be important to consider whether the projection map of a

fibre bundle w: E — M is an affine map w.r.t. to chosen linear connections Von E and V on M. By (2.88),
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the condition of 7 of being affine reads in coordinates
oryn’ = 8K7T7f§] - FlﬁajTMaajTMﬁ (2.90)

where the I’s denote the Christoffel symbols of V. Keeping in mind that (¢ o 7 o Tp™!) is the map

(. 2™yt y) = (b, ™) we compute
Oy’ =0, O™ =283, O’ =0 (2.91)
and (2.90) becomes
[y =Tl I0.=0, T,=0, T =0 (2.92)

It is similarly checked that if 7 is a vector bundle the condition of the inclusions of the fibres (as flat spaces) of
being affine reads
fgg =0 (2.93)

and the condition of the inclusion of M (as the zero section) of being affine reads

flﬁ(ox) = Fl/j(l‘) (2.94)

Replacing symmetric affinity with affinity results in the above coordinate expressions being symmetrised in the

bottom two indices of each Christoffel symbol, e.g. the symmetrisation of [, =0isI7.+TI7 =0 (not
af aff Ba

2.2.2 Embedded manifolds

Although we have chosen to write this chapter mainly in the framework of intrinsic manifolds and local co-
ordinates, we will relate our work to [CDLis], in which manifolds are embedded in Euclidean space. In this
subsection we revisit some of the notions of the previous subsection, assuming that M is Riemannian and
isometrically embedded in R 4. M — R4 (this is always possible by the Nash embedding theorem, for
high enough d). This means that the connection on M will always be the Levi-Civita connection of the in-
duced metric: this setting is less general than the one considered in the previous subsection, where non-metric
connections with torsion were considered. In order to precisely distinguish between extrinsic and intrinsic for-
mulae, we will always distinguish between objects on M (which will be treated using local coordinates, indexed
by Greek letters o, 3,7, . . .) and their counterparts on M := 1(M) (treated using ambient coordinates, in-
dexed by Latin letters a, b, c, . . .). For instance T),M and TyJ‘M (the normal space) are subspaces of Tde,
Tde =Ty M® Tyl./\/l, and Tiye: Ty M — T,y M is an isomorphism.

The projection maps P and () are defined ambiently as in Section 1.2. As for the Riemannian tubular
neighbourhood projection, also defined therein, we make the following distinction: 7: A — M takes values
in the intrinsic manifold, and II := 107: A — M for some tubular neighbourhood A of M. The important
features of 7w and 11 are

mor=1p, Iloll=1II, 1=1Ilo01 (2.95)
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We may express the Levi-Civita covariant derivative V of M in ambient coordinates as follows:
TxlvU(m)V = P(z(x))dszzU(a:) (TZV)a VU(ac)w = dszzU(:v) (w ° T7T) (2.96)

forU(x) € T,M,V € I'tM,w € I't* M, where we have extended T2(V') to a vector field on A in an
arbitrary smooth way, and 97 is the canonical covariant derivative on R% given by taking directional derivatives.
We emphasise once again that computations are carried out in ambient coordinates, i.e. 0, is differentiation in

the c-th variable of R, and sums go from 1 to d. The Levi-Civita Hessian is the given by [£89, (4.9)]
Vf=T"**N*(for), feC®M (2.97)

where %V is the usual Hessian in R,
We now express the Christoftel symbols according to some local chart in terms of 2, 7. (1.63) can be restated

as

3anP“(y) = 8abHPa(y), y €M (2.98)

(and in particular the LHS is independent of the extension of P to a tubular neighbourhood). Another useful
fact about the second derivatives of II is the following identity, obtained by differentiating the second identity
in (2.95) twiceaty € M:

OceIIP; Py (y) + PeOap11(y) = OupT1(y) (2.99)

We will now show that, according to any chart on M
Il 5(@) = 07 (1(2)) Oapr” () (2.100)
To prove this identity, let 5a, 55 be extensions to A of 1710 = 0nt, T105 = Opa respectively. (2.96) implies
7 5(x) = 077 ("5, 05) (1))
and

(dV5a55)(z(x)) = 3e(552)(2($))8az€(a:)
— 0.(910 ™)) 0ut"(2)
= 0481(2) 0 (1(x)) 02 ()
= Oy1(x)d,
= ape(z)

which concludes the argument.

2.3 Rough paths, rough integration and RDEs on manifolds

In this section M and N will denote smooth m- and n-dimensional manifolds respectively. Given a control
w on [0, 7] we say that a continuous path X : [0,T] — M lies in C5([0,T], M) if for all f € C*M,
f(X) € CP([0,T7,R); on vector spaces, on vector spaces, this agrees with the ordinary definition by in-
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variance of bounded p-variation under smooth maps. Equivalently, X € CL([0, T, M) if for all charts ¢,
@(X) € CP([a, b], R™) whenever X|[, 4 is contained in the domain of .

Example 2.31 (Path in a fibre bundle). Let m: £ — M be a smooth fibre bundle with typical fibre R.
A path H € CU([0,T], E) is characterised as follows: for every local trivialisation ®: F4 — A x R
and forevery 0 < a < b < Tsit. H|jgy) € Ea, we have pry o ®(H|,y) € CE([a,b], A) and
pry o ®(Hl|qp)) € C&([a,b], R). Examples of such paths are given by smooth sections o € T'rr evaluated at
X € Ci(la,b], M).

Young integration on a manifolds is simple to perform. Let p € [1,2), X € C&([0,T], M),
H € CY([0,T), L(rM,R?)) in the fibre of X. We can then define the Young integral

T
k T k g
JO H*dX = | 713\130 [S%ﬂ HE XD, (2.101)
where X7 = ¢7(X) and H;“ = (H o (Tch)_l),ky; for any chart p: A — R™ with X[,y C A
It is simple to check with a change of charts that Riemann summands do not depend on the chart up to
O(w(s,1)*?) C o(w(s,t)), and the limit is well defined and converges, since it converges in every chart.
Similarly, given a field of linear homomorphisms V' € T'L(7M,TN) (here L(7M,7TN) is the bundle
L(TM,TN) — N x M with fibres L(I'M,TN), , = L(T,M,T,N)) we can define the Young dif-
ferential equation by

— k _ y/k
dY =V (Y, X)dX <+ dY" =V (Y,X)dX" (2.102)

where the coordinates are taken to be w.r.t. arbitrary charts on M and N. We will give definitions of rough

paths, their controlled paths, rough integrals and RDEs in the same spirit, relying on the theory of Section 2.1.

Definition 2.32 (Rough path on a manifold). Given an atlas (¢: A, — R™), of M, an M-valued
[2,3) > p-rough path controlled by w on [0,T], X € BL([0, 7], M), consists of a collection of rough
paths X = (¥X,9X) € 6 ([ay, by, R™), where the intervals [a,, b,] are chosen so that their union

is [0, 7] and no two overlap in a single point, and with the property that for all charts ¢, % in the atlas s.t.
[aW7 bSD] N [CL@, b@] # 9

(Poy )X =X € €, ([ap, by] N laz, bg], R™) (2.103)

The trace of X is the path t — X; == ¢ 1(¥X;) € M whenevert € [ay,b,| (independently of ),
X € CP([0,T], M). X is geometric, X € G5([0,T], M), if *X is geometric for all .

It makes sense to allow the mappings ¢ +— ¥X and ¢ — [a,,, b,] to be multi-valued, so that the same chart
can be used multiple times (e.g. if the trace X goes back and forth between charts). To define a rough path on M
with trace X we only need as many charts as it takes to cover X[ 77: once the compatibility condition (2.103) is
satisfied for one such cover, for any further chart v, vX is unambiguously defined thanks to [Proposition 2.13,

1.]: indeed, for charts ¢, © in the original covering

(HoP )X = (Yo lopop )FX = (Yop )u(pop )X = (Yo )X (2104)
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The definitions of €%([0, T'], M) and of the geometrisation map 6% ([0, '], M) — €L ([0, T], M) are well
defined in charts, thanks to the fact that pushforward commutes with geometrisation [Proposition 2.13, 2.].

The bracket of a manifold-valued rough path is defined in charts, i.e.
X st = [*X]sts 5[)(]ZB ~ 8§a§(¢XS)@[X]§f (2.105)

for charts ¢, B, thanks to Proposition 2.15. It should be noted that [ X] is not an M -valued path; rather it can
be viewed as a path valued in 7'M ® T'M with [X]; in the fibre of X.

A very similar definition given at the end of [BLis], where the authors allow for more general than smooth
(e.g. only Lipschitz) transition maps, focusing on geometric rough paths. Here we will not be concerned with
finding the minimal working framework for defining rough paths on manifolds, rather we develop this theory
in the familiar context of smooth manifolds (in certain cases endowed with extra structure), keeping in mind
that many results can be generalised to the C? or Lipschitz setting.

Rough paths on manifolds can be pushed forward by smooth maps: if f € C°°(M,N) and
X € 6l([0,T), M), fr X € 65(|0,T], N) is defined by, for a chart 1) on N

WfX) = (o fop 1).PX (2.106)

independently of the chart ¢ on M. Following [E89] we define an M -valued semimartingale to be a stochastic
process defined on some setup (€2, F, P) satisfying the usual conditions with the property that f(X) is a
real-valued semimartingale for all f € C°°M, and denote the set of those defined on the interval [0, T as
S(Q,[0,T]; M). If M is a finite-dimensional R-vector space the two notions of S(£2, [0,T]; V') coincide

thanks to Itd’s formula.

Example 2.33 (It6 and Stratonovich rough paths on M). Let X € S(€,[0,7]; M). We can define its
Stratonovich and It6 lifts respectively by lifting ¥X to ¥X and #X defined in (2-53) on all stochastic intervals
[a, ] s.t. X[q 5 € Ay (the domain of p) for t € [a, b]. Crucially, these a.s. define M -valued stochastic rough
paths thanks to Proposition 2.25, and just as in the linear case we have X = X. These definitions, together
with Remark 2.24 allow us to restrict all the rough path theory that follows to the semimartingale context and
recover the theory of stochastic calculus on manifolds (Stratonovich and Ité integrals, SDEs, etc.) as presented
in [E89].

We proceed with the definition of controlled paths, specifically in the case of integrands. While for the
definition of rough path we used pushforward to force compatibility, for controlled paths we require it through

pullbacks.

Definition 2.34 (Controlled integrand). Let X € C4([0,T], M). We define an R®-valued X -controlled
integrand H = (YH,¥H') € Dx (L(TM,R?)) to be a collection H € Dex|, 4 (R™) with ¢, ap, by

as in Definition 2.32 and
(pop V)*H =%H, ie. Hy = Hﬂﬁ%, HgB = H&g@%@% + HVG;B (2.107)

The trace of H is the path H = ¥H o Tx, which is valued in the fibre of X of the bundle
L(TM,R) = (t*M)°.
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As for R%-valued controlled paths, the most immediate example is given by the evaluation of a one-form
o € T'L(TM,R®): in coordinates this amounts to o(X) = (JI;(X), 8aag(X)).

A smooth map of manifolds f € C°°(M,N) defines the pullback of controlled integrands: if
X €Ch([0,T], M) and H € Dy(x)(L(TN,R®))

AfTH) = (o fo Wil)ij (2.108)

is defined independently of the chart ¢ on M by Proposition 2.12 and is checked to be an element of
Dx (L(TM,R?)).

Remark 2.35 (General controlled paths). More in general, let 7: £ — M be a smooth fibre bundle with
typical fibre the n-dimensional manifold R. We may define 7-valued X -controlled path as a pair H = (H, H')
with H € C5([0,T], E) in the fibre of X, H' € CI([0,T], L(T M, TE)) in the fibre of (X, H), with
Hj a section of Ty, 7 forall t € (0,77, ie. Tg,m o H{ = 1pp;. Moreover, we require that for all charts
p: A—=R™ ¢: B = R"with A C M, B C R open and local trivialisations ®: E4 — A X R, calling,
forall [a,b] C [0, 7] s.t. X{g ) € A, ®(Hqp) € A X B,and s € [a, b]

F = (p,0,®), “Xs=0p(X;) €ER™, (X,,7H,) = (p x ¢) 0 ®(H,) € R™ x R",

(2.109)
(Lgm, "H}) = To(s,) (¢ X ¢) 0 T, ® 0 Hy o (Tx,) ' € LR™,R™ & R")
(the assumptions on H imply that the above coordinate expressions have this form) we have
TH € D8 ([a,b]),R"), ie.THy — THI?Xy € O(w(s, 1)?/P) (2.110)

This requirement can be checked to not depend on the choice of %. Moreover, this definition can be seen to
restrict to Definition 2.34 for the choice m = L(7* M, R¢), for which the charts ¢ and the trivialisation ® can
be chosen canonically in terms of ¢. In practice, however, there are no applications of this more general notion

of controlled path within our scope, and we will rely solely on the definition of controlled integrand.

We now give the definition of rough integral on manifolds. Note that this definition already exists for the
Stratonovich and It6 integral of semimartingale [E89, p.93, p.109] (already covered in this thesis in Section 1),
and thanks to Remark 2.24 the notion below extends these when applied to Example 2.33. We will avoid deriv-
ing the integral using Schwartz-Meyer theory, which is cumbersome to formulate for rough paths, and define
the rough integral directly in coordinates, without appeals to second-order forms. It is easily checked that the
naive definition of the rough integral in charts [ HdX := [H.,dX" fails to be coordinate-invariant due to
the bracket correction in the change of variable formula; to come up with an intrinsic notion we must rely on

a connection on 7M.

Definition 2.36. Assume 7M is endowed with a linear connection V and let X € 6L([0,T], M),
H € Dx(L(7M,R?)). We define the rongh integral

. ’ Y 1 (% Y ap P e
OHde =) H,dX7 + 5 ) H,T75(X)d[X]* e ¢ ([0, T], R®) (2.111)
[}

S
[Swtw] ®

t

where we are summing over a finite partition of [0, -] whose intervals [s,, ¢, are indexed by charts ¢ with the

property that each [s,, t,] is contained in the domain of ¢, and the coordinates in the integrals are taken w.r.t.
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to these charts. Moreover, this path can be augmented with the unique second order part ~ H, é; JH [J_} SX?t/B

where the coordinates c, 3 are taken w.r.t. to any chart that contains X s, thus defining an element of

®L([0,T],R®).

We will often write d s for dy, especially when more than one manifold is involved. Note how we have
defined the rough integral directly as a rough path, without passing through the notion of controlled path. To
do so would have required to define what it means for an R®-valued path to be controlled by an M -valued one:
this is possible by applying the generalised definition of Remark 2.35 to the trivial vector bundle over M with

fibre R®. However, it is much simpler to bypass this step, and we shall do so for solutions of RDEs as well.

Theorem 2.37. Definition 2.36 is sound: it depends neither on the partition or on the charts chosen for each inter-

val.

Proof. We begin by dealing with the trace. The first assertion immediately follows from the second by compar-
ing two integrals taken w.r.t. two different partitions with that taken w.r.t. their common refinement (identity
holds by additivity of the rough integral on consecutive time intervals). We then consider two charts ¢, @, the

latter of whose indices we denote using overlines. Then by Corollary 2.17 we have
_ 1 _
fHVdX7 = JH,YdX7+ QJHwﬁzﬂ(X)d[X]aﬁ (2.112)
Moreover, using Proposition 2.15 and (2.59) we have

f HTT (X)X = j (H,02(X)) - (90405T 7, + 02500)(X) - (9303 (X)d[X])

_ (2.113)
_ f (LT 5(X) + Hy 00500 (X))d[ X7
Putting these two identities together, we have
J H. dX7 + f H,T7 5(X)d[ X = f H. dX7 + f H,T7 ,(X)d[X]*
B o (2.114)
+f H. (02075 + aggagag )(X)d[X]*P
But B
agagﬁ + 8%825‘9(?6565 = 3a/3((¢y © 80_1) © (90 © 6_1)) = 8&6907 =0 (2.115)
which yields the desired identity. As for the second order part, we have
HiH3 X7 ~ (HI 02X, L 05(X.)) - (9505 (X,)X0P) = Hi 13, X3F (2.16)

This concludes the proof. W

We proceed by proving a few properties of the rough integral on manifolds. The first of these (cf. [E89,
p-109] in the case of the Itd integral) tells us that the definition of the rough integral is indeed the one that
yields the correct change of variable formula, i.e. in which the second derivative is replaced with the Hessian.
Note that Proposition 2.15 allows us to define the integral of an element of K € CP([0, T, £L(T M ®2%,R¢))
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above X, against [ X] in coordinates as

de[X] = f Kopd[X]*P (2.117)

This is the analogue of [£89, Definition 3.9] in the rough path context.

Proposition 2.38 (Properties of the rough integral on manifolds).
) 1

Exact integrands. For f € C*(M,R®) f(X)— f(Xo) = f df(X)dvX + 2J V2F(X)d[X];
0 0

Geometric integrators. [ Hdy X does not depend on the torsion of N, and if X is geometric it is altogether
independent of V;

Pushforward-pullback behaviour. For X € 6P(M), f € C*°(M,N), H € 95?
N connections on N and M respectively

) (L(TN, R9)), MV,

f Hdyf. X — f ffHdyX = % f Hy (M2 )k 5 (X)d[ X0 (2.118)

where MNG2 f is defined in (2.88). In particular the RHS above vanishes whenever X is geometric or f is
symmetrically affine.

Proof. It sufhices to show all three statements in a single chart. The first follows immediately from (2.60) and
Theorem 2.14. The second is evident from the fact that the bracket of a geometric rough path vanishes, and

that even when it does not it is a symmetric tensor. The third is handled by using Corollary 2.17. W

Example 2.39 (Tensorial expansion of the rough integral). The Taylor-type approximation
¢
J HdyX ~ H, X, + H&B;SX?{B + %Hmsflﬁ(Xs) [X]?t’g (2.119)
S

is coordinate-invariant up to o(w(s, t)), but the single terms in it are not. We may rewrite it as

t
f HdyX ~ Hypo(X), + 407 (X XGXD) + (OVH) o5, X57 (2.120)
S
where for a connection V
(VH)];B = H;kﬂ - Hﬁflﬁ(X) (2.121)
(and therefore (“VH)5 = H (’fﬁ —-H 4‘3 Tzfa 8) (X)), where we are symmetrising the bottom two indices). V.H

is defined by analogy with (2.58), i.e. if H = w(X) foraone-formw € I'L(7M,R®), then VH = Vw(X).
Now all four individual terms H.,.s, (“VH),p.s (and even (VH )ap.5), Xst + %Flﬁ(XS)XO‘XB and Xg‘tﬂ
transform as tensors, in the latter two cases up to an o(w(s, t)). Note that omitting the symmetrisation in
“V H will result in an incorrect expansion, since the accordingly modified expansion (2.120) will not be almost

additive, due to the extra term involving the evaluation of the torsion against X, A Xy

75 (X) (X0 X0 — X5, X5) (2.122)
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If X is geometric, the symmetrisation can be omitted by writing the expansion as
H., (X7, + %Flﬁ(X S)X?f ) + (VH )QB;SX?IF (in this case, of course, the connection is purely auxil-
iary). All of this seems to suggest that manifolds endowed with non-torsionfree connections are not the correct

environment for non-geometric rough integration.

Example 2.40 (It6-Stratonovich correction on manifolds). We compare the integral of
H € Dx(L(rM,R?)) against X € 6L([0,T], M) and its geometrisation: by Example 2.8 we have,
at the path level

f HodX — f HdgX = % f VHdA[X] (2.123)

This identity is the analogue of [Drio4, Theorem s.17] in the context of rough paths. Note how our ability of
writing the above It6-Stratonovich correction formula in terms of an integral against d[X] is due to the fact
that we are integrating controlled paths. In our context of rough integration this is a necessity, but in stochastic
calculus on manifolds one can integrate 2 much larger class of £(T'M, R¢)-valued processes above X, and for

these the correction formula will involve the quadratic covariations of H and X.

Example 2.41 (Riemannian rough integral). We may define a 7M -valued X -controlled path P € @ x (M)
by a collection of P € Dex (R™) satisfying the change of coordinates

P =0]P", PY = 8PP0 + 0, Pos (2124)

where we are writing the first index as a superscript since we view P € T'x M (this definition would fall under
the more general Remark 2.35). Vector fields evaluated at X (along with their coordinate partial derivatives)
are obvious examples. Now, if ¢ is a Riemannian metric on M, it is natural to define, for P € Dx (7 M) the

controlled integrand
P’ = (P, P)) = (gs(X)P°, gps5a(X)P° + gps(X)PP) € Dx (7" M) (2.125)

and if V is a connection on M (which need not be metric) we may integrate P thanks to the Riemannian

metric:

J g(P,dyX) = J PdyX (2.126)
These definitions can be extended to the multivariate case, i.e. when we replace 7M with 7M ®e,

We will now define RDEs driven by manifold-valued rough paths and with solutions valued in a sec-
ond manifold. The semimartingale-analogue of the definition below can be found in [E9o, p.428]. A
heuristic derivation of the coordinate expression can be derived by writing the “intrinsic differential” on a
manifold P endowed with a connection as dpZ* = dZ° + 1I'¢,(Z)d[Z]% and writing the identity
dnY" = FF(Y, X)dy X7

dY* + T (Y)A[Y]Y = FE(Y, X)(dX7 + M7 5(X)d[X]*7) (2.127)
Swapping in d[Y]¥ = FF é (Y, X)d[X]%? (which can be done since the terms of regularity p/2 do not

contribute to the bracket) then yields (2.129) below.
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Definition 2.42 (RDEs on manifolds). Let F € T'L(7M,7N), X € ®L([0,T],M)andyy € N. We
define a solution to the RDE
ANY = F(Y, X)du X, Yo=uyo (2.128)

to mean a N-valued rough path Y with Yy = g s.t. for any two charts on M and N, and on any inter-
val restricted to which X and Y are contained in the respective domains, the following RDE (in the sense of

Definition 2.18)
dY* = FF(Y, X)dX " + L(FF(Y, X)MD7 5 (X) = VO3 (V) FLF(Y, X))d[ X7 (2.129)

where coordinates are taken (invariantly) w.r.t. the two charts, holds.  Note that this implies
Y9 ~ FiF)(Ys, X)X3.

The coordinate-independence check is analogous to that performed in Theorem 2..37 and is therefore omit-
ted. Analogously to the vector space-valued case, notions of global and local solutions can be defined and dis-
tinguished, and the smoothness of F' ensures local existence and uniqueness of the solution. These results can,
as usual, be proved via “patching” and applying Theorem 2.21. Also note that, just as for the rough integral,
only the connection modulo its torsion is relevant, and is not relevant at all when X is geometric, in which
case the usual coordinate expression dY'* = F$ (Y, X)d X" holds: for this reason we shall omit the M and

N subscripts to the differentials in this case.

Remark 2.43 (Local existence and uniqueness). The local existence and uniqueness theorem Theorem 2.21
extends verbatim to the case of RDEs on manifolds Definition 2.42 (where compacts are determined by the
manifold topology), by an embedding argument (the only think to keep in mind is that the embedding must be
proper, so that explosion in M is synonymous with explosion in the ambient R?). A similar (though stronger)

theorem for semimartingales can be found in [E9o, Theorem 4].

The next two examples only deals with manifold-valued semimartingales SDEs, but can be viewed in con-

text of RDEs thanks to Example 2.33.

Example 2.44 (Local martingales). Recall that if M is endowed with a connection V, an M-valued local
martingale X is an M-valued semimartingale s.t. for all f € C®M, f(X) — 1 [ V2 f(X)d[X] is a local

martingale in R?, or in local coordinates
dyX = dX7 + 317 ,(X)d[X]* (2.130)

is the differential of alocal martingale in R?. Asobserved in [E9o], itis easy to see that the martingale-preserving
property of Itd SDEs carries over to the manifold setting: if X is an M-valued local martingale and Y is the

solution to (2.129) (where X is given by the It6 lift of X) is an /N-valued local martingale.

Example 2.4 (It6 diffusions). Let M = R*™ X, = (¢, B;) where B is an m-dimensional Brownian mo-
tion. Then F’ can be viewed as a collection of 1 + m vector fields Fy, F1, ..., Fy, € I't M, which we take to
not depend on X. Itis well known that the solution to the Stratonovich SDEAY = Fy(Y)dt+ F,(Y)od B,
is a diffusion with generator & = Fy + % Z;nzl F3 (where ICY2 denotes the differential operator
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F,ff(:c) = F,(y — F,f(y))): this means that forall f € C*M

F) - fo’ £ F(V)dt (2130

is a local martingale.  It6 diffusions on manifolds can also be considered: the solution to
dvY = Fy(Y)dt + F(Y)dB (intended in the same intrinsic sense as Definition 2.42) is a diffusion
with generator & := Fy + 3 ZT:1<V2-, F, ® F.). We may verify this claim in local coordinates:

Af(Y) = 0 f(Y)AY* + 5 f(V)d[Y]"
= Opf(Y)(FF(Y)AB] + (Ff — $T5 S FIF)(Y)dt) + 33, 05 fEIF(Y)dt  (2132)
— OuF(Y)FE(Y)AB] + (Ff + 1 X2 (0 — 0fTE) FEF3) (Y )at
from which the conclusion follows using (2.60). This example carries over to the case in which F' depends on

t, in which case & will also be time-dependent.

2.4 The extrinsic viewpoint

In this chapter we have mostly chosen to adopt a local perspective on differential geometry. This choice is
motivated by the fact that the most natural definition of rough and controlled paths involve charts, and that
therefore the resulting theory would most easily be handled using local coordinates. While we shall continue
with this approach in the next section, one of our objectives is to compare our results with those of the other
main paper on this topic, [CDLis], in which manifolds are handled using an extrinsic approach. To do this,
we will revisit the main definitions of the previous section assuming that all manifolds are smoothly embedded
in Euclidean space, and using ambient Euclidean coordinates to express our formulae. We will show that our
results do indeed extend those of [CDLis], in which only geometric rough paths and one-form integrands are
considered. One of the most interesting aspect of this section, however, is that for things to generalise in the
correct manner to the case of general controlled integrands, additional non-degeneracy hypotheses will have to
be placed on the class of integrands; these are always satisfied if X is truly rough.

We will use the notation introduced and referenced in Subsection 2.2.2 for embedded manifolds endowed
with the Levi-Civita connection of the induced Riemannian metric. We begin by stating when an R%-valued
rough path may be considered to lie on M: this will entail not only the obvious requirement on the trace, but

also a condition on the second order part.

Definition 2.46 (Constrained rough path). Let X € 6€5([0,T],R%). We will say X is constrained to M if
I, X = X, and denote the set of M-constrained p-rough paths controlled by w with 6% ([0, T, M) and its
subset of geometric ones with 65 ([0, 7], M).

14 defines bijections BL ([0, T'], M) — 65([0, T, M) with inverse ., but we still choose to distinguish
the two notions, since local coordinates are used in the former case, while 6% ([0, 7], M) C €5([0, T], R?).

An equivalent way of stating Definition2.46 for an R%-valued rough path X is as follows:
X € CY([0,T], M), or equivalently by Taylor’s formula

X = I(X) st ~ P§(Xo) X5+ 5011 (Xe) X G X0, (2.133)
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and
XY ~ PYP(X)XY & Q5(X)XY ~ 0 & QX )XY ~ 0 (2.134)

Moreover, these imply

[X]e ~ PrP(X0) (X3t (2.135)

We note straight away that this definition extends the characterisation [CDLis, Corollary 3.32 (2)]
to the non-geometric setting; the characterisation [CDLis, Corlollary 3.32 (1)] (which states that
Qolp(X Q(X‘;f — ng) ~ 0) does not hold, however, for non-geometric rough paths, as the symmetric
part of their second order part is not determined by their trace (a counterexample is easily found by taking
X € 65(]0,T], M) and then adding to X any path Z € Cg/Q([O, T), (RHO%) s.t. Q(X5) Z2P % 0).
Instead of defining a notion of “constrained controlled path” we directly define a notion of rough integral
“on M?” which is valid for any path in Re*? that is controlled by the trace of the integrator. We will then
show that, under an additional hypothesis on the integrand, this integral only depends on the restriction of the

integrand (and indeed just of its trace) to T'x M.

Definition 2.47 (Constrained rough integral). Let X € 65L([0,T], M), H € Dx (R°*?). We define the
M -constrained rough integral of H against X (both as an element of D x (R®) and as one of 65 ([0, 7], R¢))

as

JHdMX ::JH*HdX = J(H - P(X))dX (2.136)

The identity above is shown by the following simple calculation (we will reuse the letters e, d as indices

without the risk of ambiguity)

t
f " HAX ~ Hy o PA(X) X + (HL . PEP] (X)) + HaoOap19( X)) XY
S
~ Hys PA(X5) XS + (Hby PR(XS) + HasOenIIYPR (X)) PEP) (X)X
~ Hy P X)XE + (HLp, SPf ) + Hy o0 PEPR(X,)) PEP/ (X)XD (2137)
~ Hd;sp Xst+ ( ahs +Hd$a Pb( ))X(SI??

~ f(H P(X))dX

where we have used that X is constrained to M, the properties of P and (2.98); at the level of Gubinelli deriva-
tives/second order parts the identity is obvious.
Using Corollary 2.17 we compute the correction formula for the traces of the ordinary and constrained

rough integrals
f HdX — f HduyX = J HdIL.X — J I"HdX = % f H 0pI1°(X)d[ X] (2.138)
while their second-order parts both agree with
VY & Hi ], PEPI(X)XS ~ L HY X2 (2139

In particular, if X is geometric

f HduX = J HdX (2.140)
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and hence agrees with [CDLis, Definition 3.24] when restricted to the case of one-forms (see Example 2.49
below).

Also note that if X is the It6 or Stratonovich stochastic rough path associated to a semimartingale, the
above definition coincides, thanks to Remark 2.24, with the usual Itd and Stratonovich integrals, given in ex-
trinsic form in [Drio4, Definition 5.13].

Now, it is clear that if II* H (or equivalently 7* H, since 2, is injective) vanishes, f Hd X also van-
ishes, and we may conclude that the integral depends only on the restriction of H to M in the sense that
II'H = II"K = [KdpX = [HdamX. This, however, falls short of our goal of generalising [CDLs,
Corollary 3.35] (or rather one implication — we will address the second one in Remark 2.52 below), which states,
in our notation, that if X € 65([0,7], M) then [ f(X)dX = Oforall f € TL(R? R®)s.t.2* f = 0. The
point is that the requirement is only placed on the trace f(X) of the integrand, not on the whole controlled
path. Unfortunately, without further assumptions, the obvious generalisation to the setting of general con-

trolled integrands of this statement fails. The example below exhibits two ways in which this can occur.

Example 2.48. Take M to be the unit circle S* in R, so IT is given by

(z,9)

—_— 2.141
e (2140

II: R%\ {(0,0)} = R?, (x,y)—

Let Z € 65([0,T],R?) given by

t— 0
Zt = (]-7 0)7 Lst = ( 0 ° t— S> (2'142)

which satisfies the Chen identity thanks to the constancy of the trace. Define X = I1,.Z € €5(]0,T], M):
itis checked that

0 0
Xy =(1,0), Xga= (O . 8> (2.143)
Now let

H; = (Hyy, Hay) == (1,0), H':=02x2 (2.144)

Trivially, (H, H') = H € Dx (R"*%), and we compute

cd;s

t
J HdX =~ Hd;sPcd(XS)th + ( : P(fPéi(Xs) + HC;saabHC(XS))ng
S
= Hy. 00011 (X)X (2.145)

=s—t

despite the fact that H|7, as = 0 (and even H' |7, pye2 = 0).
Another example is given as follows: let M = R? with d = 2 (or embed in R? if we want non-zero

codimension) and let X be the geometric rough path

0 t—s
Xt = (0,0), Xst = <t s 0 > (2.146)
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and H be given by

01
H = 07 Hét = (0 0> (2147)

Again membership to @ x (R?*1) is trivially satisfied and proceeding as above we compute

t
J HdX = Hy PiPH(X )XY = H,Xi7 =t —s (2.148)
S
To summarise, in the first example we were able to have H|ry s = 0, H'|1, py92 = 0, but the man-

ifold had to be non-flat (D?I1 # 0) and the rough path had to be chosen to be non-geometric (if not
X?2 = (X2)? ~ 0, assuming X is chosen to be in cr/ 2([0, T],R%), which is necessary to produce a coun-
terexample). In the second example we were able to choose a geometric rough path, and even a flat manifold,
but it was not the case that H'|p, pye2 = 0 (although it still held that H |7, ps = 0). Finding a similar exam-
ple in which X is geometric and H |7y p = 0, H'|1, py92 = 0 would be more difficult, as is clear from the
fact that in this case f;HdMX ~ %&lbn(Xs)thth (a consequence of (2.140), (2.133) and (2.134)): for the

counterexample to work X cannot be truly rough, but at the same time not too regular either.

As will be shown later in Corollary 2.54, this type of behaviour can be ruled out whenever X is truly rough
when viewed as being M-valued — it is therefore not accidental that in the examples above X was chosen to
be constant (and in particular an element of ch/? ([0, T], R%)). A case which is instead always well-behaved is

that of 1-form integrands:

Example 2.49 (-form integrands). Let f € T'L(7R% R®) be a -form defined on R% and assume for the
moment that f(X)|ry p = 0. Then, by differentiating f = f4Q% we obtain

F(X) = (faQUX), 8af2QR(X) — fa0upI14(X))
which implies
T f(X) = (faQI P (X), e faQFPE P (X) — faBeyIPEP) (X) + fa0upT4(X))
— (0, £40. T PEQT + Q5P + Q) (X))

so that .
f FOOAMX ~ fad /T (PEQ! + Q2P + Q2QD) (X)X? ~ 0

by (2.134). By linearity, this implies that for a general 1-form f, [ f(X)d (X only depends on f(X) |7y ar-

The same conclusion follows if we realise that the formula [CDLis, (3.17)]
¢
|| F0AX ~ FaPAX)XG + (9 0)es (X PP, (XY (2149)

extends to the case of non-geometric rough paths and that V f(z) (defined in (2.96)) only depends on
f(@)|1,nm for x € M. This is the extrinsic version of (2.120) applied to one-form integrands, and the same

expansion would hold for arbitrary controlled paths, by defining

(VH)ab = H/b + HcaabHC(X) (2.150)

a
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This shows that the true roughness assumption is not necessary to integrate ambient one-forms against con-
strained rough paths in a manner which is only dependent upon their restriction to 7M. We have also shown

that Definition 2.47 extends [CDLis, Definition 3.24].

Example 2.50 (Affine subspaces). If M is an affine subspace of R? then P is constant, and
t
f HduX =~ Hy PIXE + HL . PEP X (2.151)
S

and in particular only depends on H |7y pr, H'| 7, pr@2. The true roughness hypothesis is still necessary if we

want dependence only on H |7y as, as demonstrated by Example 2.48.

Example 2.s1 (It6-Stratonovich corrections on embedded manifolds). By Proposition 2..13 the geometrisation
of an M-constrained rough path is still constrained, and we may use Example 2.8 to compute the trace-level

difference of the constrained integrals against X and its geometrisation as
1
JHOdX—fHdMXZQJ‘(VH)d[X] (2.152)

This is the extrinsic version of Example 2.40.

Remark 2.52. In [CDLis, Corollary 3.20] it is shown that, for X € €5([0, T, ]Rd) with X valued in M, the
condition

f F(X)AX =0 Vf € DL(FRY RE) se T f = 0 (2.153)

implies (2.134) and thus X € €5(]0,T], M). In order to attempt to generalise this statement to the non-
geometric case one would have to pick which of the integrals in (2.136) to use; in both cases, however, the
statement becomes trivial since, and even replacing the quantifier over one-forms with one over all controlled
integrands H , we are dealing with the integral against X of a controlled path with trace H.P¢(X) = 0:if X is
truly rough this implies that the whole integrand, and thus the integral, vanishes, regardless of the behaviour of
X. Note that using the ordinary R%-integral in place of the constrained integral (the two coincide for geometric
rough paths by (2.140)) is not meaningful either: indeed, if (2.153) implied X € 6%([0,T], M) for non-
geometric X, by Example 2.8

j F(X)odX = j F)AX + j DF(X)[X] = 5 j Do (X)X (a154)

which would have to be zero by Example 2.49 and the fact that €5 (]0, 7], M) is closed under geometrisation
(or by Theorem 2.6). But this is not the case if we pick M, X as in [Example 2.48, first example], e = 1
and f(z',2%) = (2!, 2%) (which restricts to 0 on T M) we have [X]% = 25925"2(s — t) and therefore
3 [0afp(X)dA[X]™ = s — t # 0, a contradiction.

The only way (that we can think of) to characterise non-geometric rough integrals in terms of ambient
ones would be to endow R? with a connection s.t. 2 is symmetrically affine (which can always be done [E9o,
Lemma 15]) and replacing the integral in (2.153) with the rough integral in R? taken w.r.t. this connection, in
the intrinsic sense of Definition 2.36. This, however, falls short of the goal of characterising constrained rough

paths in terms of notions that do not involve manifolds.
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We still have not related the constrained rough integral with its intrinsic counterpart, defined in

Definition 2.36. This is done as follows:

Theorem 2.53. Let X € 65([0,T], M), H € Dx (R*?). Then

JHdMX:fz*HdeX (2.155)

Proof. Applying Proposition 2.38 to 2 we obtain

JHdMX:fH*Hd(zow)*X

1 (2.156)
— f U Hdm X + 5 f HyPA(X) (MRN8 4 (n(X))d [, X |7
Now,
J JIFHAT X = J(H o1)*Hdm. X = f v Hdm,. X (2.157)
and applying (2.88) and (2.100), for x € M,y = 1(x)
(M2 (2) = Dage (@) — T30, (1)e° ()
= 0031°(2) — 0c7 (y)Oapr 01 ()
— Gu(2) — 0.(10 ) (y) O (2) (2158)
= Oapr”(z) — P (2)0apr®(y)
= Qg(y)aaﬁz (:U)
which implies
HyPA(X) (M) (r(X) = HaPEQY(X)dapt® (n(X)) = 0 (2.159)

concluding the proof. W

The following corollary makes sense in light of the fact that true roughness (2.14) is invariant under difteo-

morphisms and can thus be defined for manifold-valued paths, in charts.
Corollary 2.54. If X iss.t. w(X) is truly rough, [ Hd X only depends on H |y .

Proof. Let H, K bes.t. H|r pr = K|7y v Then by Theorem 2.53
f KduX — f HduX = f K — H)dym X =0

since (K — H) o Tt = 0 and true roughness of X imply «*(K — H) =0. W

We now turn to the extrinsic treatment of RDEs. Let Vs := N <5 R€ be a Nash embedding of an-
other Riemannian manifold N, M(N) =: N/, and N7, MI its Riemannian tubular neighbourhood pro-
jections (we will also left superscripts to denote the inclusion/projections relative to M accordingly). Let
F € TL(TRY, 7R®) restrict to an element of I L(7M, 7N) (this means F(y, x) maps T M to T, N for
x € M,y € N): just as in the intrinsic setting the expression dY'* = F¥(Y, X)d X ¢ is ill-defined, in the

8s



extrinsic setting Y will, for X non-geometric, exit M when the equation is started on M. Proceeding heuristi-
cally to derive the extrinsic counterpart to the local RDE formula (2.129), with theidea thatd; Z = P.(Z)dZ*
for an embedded manifold £ and Z € 6%([0, T, £), we interpret

dyYF® = FR(y, X)dy X© (2.160)

as NPF(Y)dY" = FF(Y, X)MPZ(X)dX¢ or in Davie form (using X € €5([0,T], M), imposing
Y € 65([0,T],N) and using (2.98)) as

NPE(Y,)YE + 0, MIF (v, YY, ~ FE (v, X)MPY(X) X¢,

i i b (2.161)
Yst ~ Fde (Yt% XS)Xst

Note that we have chosen not to expand the RHS of the first line into first and second-order parts. Now, by

(2.133) applied to Y, we may rewrite this as
Vi = 50 Y)YV + 0 IR (V)Y ~ B (Y, X)MPE(X) X (2162)
or as (2.164) in the definition below.

Definition 2.s5 (Constrained RDE). Given X € 65([0,T], M), yo € N and F € TL(7R?, 7R®) which

restricts to an element of I'L(7 M, TN) we will write
dnY"* = FE(Y, X)du X, Yo =10 (2.163)
to mean
dY* = FF (v, X\)MPY(X)dX® + La,,MTF (V) FLF (Y, X)d[X]?, Yo =0 (2.164)

and say that Y solves the N-constrained RDE driven by the M-constrained rough path X.
The next proposition legitimises this formula.

Theorem 2.56. Let X, yo, I be as in Definition 2.55.
1. The solution to (2.164) only depends on (F(y, )| 1, M) ze M yen and belongs to B ([0, T, N);
2. If X is geometric, so is Y and the equation can be rewritten as dY'* = FF(Y, X)d X4

3. Y € @5([0, T), R®) satisfies (2.164) if and only if N7oY solves the RDE driven by W = Mr, X
dZ = (TN7 o FU(Z), M(W)) o TM)dW (2.165)

in the sense of Definition 2.42.

Proof. In this proof we will draw on the entirety of the theory of Subsection 2.2.2 and the present section, and

will therefore omit the precise equations which motivate our computations. The first part of 1. follows from
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3.; we therefore proceed to show that Y is N -constrained. We have, omitting all evaluations at Y and X and
relying on indices to distinguish maps referring to M and N (e.g. P§ := MPC‘f(X s)s a,-jnk = 81-/\/ I1*(Y3))

PRY); + 30,1V Y,
~ PF[FIPIXE + (0, F' P + FLOF" P + Fl'o,Py)X%) + 10, TIF FIF) [ X)] (2.166)
0, FLE X5 X,

We calculate

PFFyP! = Fy P!
k h pe h c\ __ k pc k h pe
Py (0uF, Py + F'0.P)) = 0u(F.' Py) — Qp0u(F.' Fy)

Cc

:aa(FckaC) _8a(QchthC)

= 8a(Fbec)
= 0, FFPf + Fr9,Pf
PrF,OF P = FL0(PyFIPy) — Fy0 Py F Py (2.167)

= FLo|(FF Py) — 0,1 FiF)
= FloFFpe — 0, FIF)
k h i ;mJ ab Dk h i J pc pd ab
PO IT F Y [ XS ~ Py oy 1T FeFy Py P X g
~ RO PP PR X
~0
Substituting these in (2.166)
PEY] + 10,1V,
~ F¥PIXE + (0, FFPE + FFO,PE + FLOF PO)XY + L9, TP FIF) (X4 XY, — 2X%0)  (2.168)
k
~ Yy
To prove 2. we proceed in a similar fashion: if X is geometric, we have
YE ~ FYPIXC, + (0,FFPF + FFo, Pf + FLO, FhPe)Xab

~ Fc?(th - %8abHngtht) + (aaFlf: + FcllalFIfL)ng + Fc?aabﬂd(%thth) (2.169)
~ FiX% + (0uFy + FLOF))XY

and Y is geometric because it is the solution to an RDE driven by an R%valued geometric rough path.

The proof of 3. is analogous to that of Theorem 2.53. W

RDEs can be used to generate elements of 6% ([0, 7'], M ) starting from any unconstrained rough path (cf.

[CDLis, Example 4.12, Proposition 4.13] for the geometric case):

Example 2.57 (Projection construction of constrained rough paths). Let Z € 65(]0,7],R). Then the

solution X to

dum X" = PH(X)dgaZ¢, Xo=20€ M (2.170)
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ie.

dx* = P¥(X)dz¢ + 10,;1T* PP} (X)d[Z]™ (2.171)

belongs to 6L ([0, 7], M) by Theorem 2.56. Here P and I1 refer to the embedded manifold M. Moreover it
is checked, using (2.133) and (2.134) that if Z € 65([0, T, M) with Zy = x¢, then X = Z, i.e. this defines
a projection 65 ([0, T], RY) — 65([0, T], M).

2.5 Parallel transport and Cartan development

In this section we will discuss parallel transport and Cartan development (or “rolling without slipping”)
along/of non-geometric rough paths on manifolds. The topic has already been addressed in the geometric case
(in the extrinsic setting) in [CDLis]; not assuming geometricity however introduces several complications. The
literature on Itd calculus of semimartingales on manifolds also features similar topics [E9o, p-435-440]; how-
ever, because of the adjustments that need to be made for the rough path setting, and because of the greater gen-
erality with which the theory is approached (even when restricted to semimartingales), the material presented
in this chapter will only use the material introduced in its first three sections. We will rely on local coordinates
for our computations, and will not explore parallel transport and development in the extrinsic context.

We will tackle parallel transport along non-geometric rough paths by first studying the more general case of
RDEs with solutions valued in fibre bundles above the manifold in which the driver is valued; we will progres-
sively restrict our attention to more tractable and interesting cases until we reach the case of the horizontal lift,
i.e. in which the equation is the natural generalisation of the parallel transport equation; this will then be used
to define Cartan (anti)development, a technique first used to give an intrinsic definition of Brownian motion
on Riemannian manifolds [EE71]. We will see that treating non-geometric rough paths entails adding It6-type
corrections to the classical formulae, and that the terms appearing in the resulting equations will have to satisfy
second-order conditions for properties that are usually taken for granted (well-definedness, linearity, metricity)
to hold.

More precisely, we will consider an m-dimensional smooth manifold M whose tangent bundle is endowed
with a linear connection V which we will think of as fixed throughout this section; given a fibre bundle
7: E — M and a linear connection V on 7E (note we do not require a connection on the bundle ), we

are interested in equations of the form
de =FY)dyX, Yo=y €E, (2.172)

where F' is a section of the bundle Lg(7M, TE) (the E subscript denotes the base space: this means we
are dealing with a bundle over £, not E' X M, i.. the fibre aty € E is given by L(T(,y M, T, E)) and
where Xg = o € M is a basepoint on the manifold which will be fixed throughout this section. The first
thing to notice is that such equations are not of the form Definition 2.42, since F' is not defined for all pairs
(y,z) € E x M; we proceed to introduce the tools that are needed to give this type of equation a meaning.
Throughout this section we will use the notation in Subsection 2.2.1, and in particular Convention 2.28 for
indexing vectors based in the total space of fibre bundles.

Since we want the solution Y to stay in the fibre of X, the very first thing to require of F'is that it be a right
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inverse to T'm:
TroF() =1y < 8 =G0 Fu)§ = (%L @) = 5% Ff = F§)  (2m)

We will assume this condition to hold throughout this section unless otherwise stated. For W € I't M

we define

FWeTTE, (FW)(y) = F(y)W(r(y)) (2.174)

In this section we will understand all expressions as being evaluated at (x,y) with y € E, unless otherwise

specified. The following definition will be of importance in the study of non-geometric RDEs on fibre bundles:

Definition 2.58. We define F := F(V, F) by
(F,U®V)=FVyV —VpyFV €TE, forUV eI'tM (2.175)
Lemma 2.59. ForU,V € I't M we bave

(VEuFV) = U0,V + UV Ty + FLUVPT), + U FJVAT), + FLFJU°VPT),
(VruFV)* = U0 FFVY + FFo,V7) + FLU0; FFv (2.176)

+UVITE; + FLUCVPATE; + UFJVPTE, + FLF U VAT,

sowe have F € TL(tM®2 1E), and

Fog" =105 — (Flg+ Filly + FiTY, + FLFLTY) (2177)
ok k k h k Tk i Tk | Tk Tk i

Proof. We compute

Or(FV)X = or(F (V7 o))
= 8]F,5(V7 + ch?gVVamﬁ

O, V7 K=y<m,I=a<m
(2179)
_J0 K=y<m,I=1t>m
OuFFVY+ FFO VY K=k>m,I=a<m
O FFvY K=k>m,I=i>m
Substituting these terms in
(VeuFV)E = (FU) o (FV)X + (FU) (FV)'TE, (2.180)

yields the desired expressions.
We must now show that F is bilinear, thus legitimising our use of the notation (ﬁ ,U ® V): this is easily
done by computing the RHS of (2.175) thanks to the previously computed expression, and seeing that the

derivatives of V' cancel out, leaving us with the desired expressions for F, 5 Tand F 0 kom
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The task is now to extend F’ to all pairs (y, ) where y does not necessarily lie in E, (the existence of such
extensions is not hard to show: see [E89, Lemma 8.16, Proof of Proposition 8.15]), and to investigate when the
resulting (2.172), which can now be understood as in Definition 2.42, is independent of the extension. To do

so we introduce the following condition on V and F (with V thought of as fixed).

Condition 2.60. Assuming (2.173) holds, forall U € I't M we have
TV py(FU) = VyU (2.181)

ie.Tn(F,U®U) = 0.

We have purposefully stated the condition with two copies of the same vector field U, instead of
TV ru(FV) = VyV: this is motivated by the fact that we only need the symmetrisation of the latter
identity (obtained through polarisation), since these terms will turn out to be the coefhicients of the bracket.
Requiring the unsymmetrised version of the condition would perhaps have been more natural, but is not as
sharp; similar comments hold for Condition 2.67 and Condition 2.79 below. Recall the round bracket nota-

tion for symmetrisation.

Lemma 2.61. Condition 2.60 is equivalent to F restricting to an element of UL (TM©2, V1), or in product
coordinatesto F, .7 =0, i.e.
(aB)

i (af)
Fé = an,B (2.182)

Dlp+ Ty + 10,5 +TLF,
Moreover, the condition being satisfied for all choices of F' is equivalent to T M being symmetrically affine w.r.t.

6, N (with the “only if” statement only valid for m > 2).

Proof. The first characterisation of Condition 2.60 is obvious, and the expression in local coordinates is a direct
consequence of Lemma 2.59 and polarisation.

As for the second statement, we must check that the conditions on the symmetrised Christoffel symbols
stated in Example 2.30 hold. The “if” part is immediate. For the converse, first of all reading the identity with

F = Oyields fg 5 @) 7 5> and the identity may be rewritten as

(fgj + f;ya)F,g’ + (fZ/ﬁ + f’yi)Fciz + (ij + f;yz)FcZyFé =0 (2.183)

Now read the identity for arbitrary but fixed a # S (which is possible since m > 2) and j, and with
F,ly€ = &k 8. (this is possible since the coefficients Fff are completely arbitrary: we do not even have to
argue coordinate-independence, as everything is local and we may take F' to be supported in the domain of the
chart): this yields I:Z{ y (@) 0, reducing our id‘e'ntity to (fzj +T jl)F LR é = 0. We may then fix arbitrary 7, j
and pick F' exactly as above to conclude F;Yj Do m

The next result establishes the link between the condition and well-definedness of RDEs in fibre bundles.

Theorem 2.62. If Condition 2.60 holds (2.172) is well defined, i.e. it is independent of the extension of F' to an
element of UL gy i (TM, TE). In this case 1(Y') = X and the coordinate expression of the RDE reduces to its
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vertical component and is given by

k k
dy* = FF(v)dx"

1k v Sk Tk i Tk i Tk i g af (2.184)
+5(FY(Y)T5(X) = (Tag + Lo B + DigFo + T FL ) (Y))d[X]
which may be written at the trace level as
vk = FE(Y) 0 dX7 + 1F, % (V)d[X]*" (2.185)

Moreover, if X is geometric the equation is always well defined and independent of the connections NV and \V

Proof. Denoting still with ' = F(y,x) an arbitrary extension of F' as a section of the bundle
Lexm(TM,7E) (ie. F(y,n(y)) = F(y)), we have that the first m coordinates of the local form of (2.172)
is given by

dY” = FJ(Y, X)dX® + 5(I',5 (X) =T}, (Y)FLF{ (Y, X))d[X]*? (2.186)

where we have symmetrised the second order part thanks to the symmetry of the tensor [ X]. Notice that by
(2.173), by hypothesis and Lemma 2.61 we have that on pairs (Y, X) s.t. Y € Tx M the coefficient of d X
equals 85 and that of d[ X 18 vanishes. Now consider the RDE defined only locally in the domain of the chart

(i.e. without the claim that the following is a coordinate-invariant expression)

a(¥) - ax"
<Y’f> = FéC(Y,X)dXV + %(F,f‘(Y, X)rgﬁ(x) — fl}J(Y)FéFBJ(Y,X))d[X]aﬂ (2.187)

The solution to this RDE stays in the fibre of the trace of the driver X. But the solution to this RDE must also
solve (2.186), since it takes its values in the locus in which the coefficients of the two coincide (here we are using
the obvious principle that the solution of an RDE does not change if the coefficients are modified away from
the solution).

If X is geometric [ X ] vanishes altogether and we may show well-definedness in the same manner, and is

independent of the connections on the source and target manifolds since the driver is geometric. W

For the remainder of this section we assume Condition 2.60 is satisfied unless otherwise stated. An

even stronger requirement, which we will instead not assume to hold by default, is:

Condition 2.63. FVyU = v ruFU forallU € T'tM, ie. F = 0, or in local coordinates (assuming
Condition 2.60 already holds)

FAT D) 0,k + FRoyFl + T, + FiTE, + FJTE, + T FiF (2.188)
The following is immediately inferred through Theorem 2.62.

Corollary 2.64. If Condition 2.63 holds then the trace-level of (2.172) is well defined and equivalent to

dY = F(Y)odX (2.189)
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We will mostly use the geometrised form of our fibre bundle-valued RDEs, regardless of whether
Condition 2.63 holds or not, keeping in mind that the second-order part of the solution is given in terms of
the original rough path X as Y;Jt ~ F'F g (YS)X%’ .

In the following example we show how it is possible to generate integrands by solving cotangent bundle-
valued RDE:s.

Example 2.65 (Solutions to RDEs as controlled integrands). If m = 7* M we may make the solution to (2.172)
into an element of Dx (7*M) = Dx (L(7M,R)) (on any interval [0, S] on which the solution is defined)
as follows. Working in induced coordinates, it is natural to define Y, g = F? (Y'): since the resulting Y is a
controlled path in each coordinate chart, we need only check that it satisfies the transformation rule required
in Definition 2.34 to conclude it is a controlled integrand. At the path level this is already guaranteed by the
soundness of Definition 2.42, but for Gubinelli derivatives it must be verified, as we have not defined solutions
to RDEs on manifolds as controlled paths: by (2.83) we have
Yalg =F g(Y)

= O FE (V)08
= = (2.190)
= 978002 + ag.Fg (V)02

5
= 015Y, + 0505Y 4

which is precisely the transformation rule required to be satisfied by Gubinelli derivatives under
[Proposition 2.12, Pullback]. We have thus given a meaning to the scalar rough integral [Y'dX. Examples
of connections on the cotangent bundle, analogous to the complete, horizontal and Sasaki lifts, defined be-
low for the tangent bundle, are given in [Y173, p.269, p.286] and [SAu1]; it would be interesting to verify that
Condition 2.60 holds for these connections. If we start with the bundle £(7M, R®) = (7* M)®¢, we may sim-
ilarly define R®-valued rough integrals (here we need a connection on 7L(T'M, R®)). It is similarly checked
that taking m = 7M (as done below) results in the solution of (2.172) being a 7M -valued controlled path in
the sense of Example 2.41 (with Gubinelli derivatives YOCB = F, 5 ), which can then be integrated against X once

a Riemannian metric on 7M is given.

We proceed with the main theory. For the remainder of this section we let 7 be a vector bundle unless

otherwise stated. We will say that U € I'tE is linear if
ij@) =U"(z), ﬁk(y) = ﬁff(m)yh (2.191)

with z = 7(y) and for locally defined functions U"7, ﬁ}lf . We will say that I (which we are assuming satisfies
(2.173) and Condition 2.60) is linear if F'U is alinear vector field forall U € I't M. We will continue to assume

x = m(y) below.

Lemma 2.66. The condition of U € I'TE of being linear is intrinsic. Therefore that of F' of being such is too,

and in coordinates it amounts to
k k h
FY(y) = Fj(2)y (2.192)

for locally defined functions F. fh.
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Proof. With the notations of (2.81) we have

= O NE (@) U () + Af () UF ()" (2.193)

(O A ATHEDY + METF () (2)y"

and we may therefore set U7 = 0707, [7% =0, )\E(/\*l )%U'Y + )\Eﬁ}]f (A1 )% The linearity condition on F'
is not stated with reference to a particular coordinate system, and is therefore invariant under change of coordi-
nates because linearity of vector fields is. Finally picking an arbitrary U € I't M, we have (FU )" (y) = U7 (x)
by (2.173) and for (FU )k (y) = F,f(y)UV(x) to be of the form ﬁ}’f(a:)yh for all U we need F,f (y) to be of the
form F,fh (z)y" (for the “only if” implication simply pick U7 = 5% withg=1,...,m). A

Note that the k index in F’ th(w)yh represents a coordinate in Ty F/, whereas h represents a coordinate in
E; following Convention 2.28 we will not place a twiddle on the upper index, as we view F. ,fh as the coordinates
of alinear map between vector spaces. For the remainder of this section we will assume F' to be linear, and
we will be concerned with the question of whether this implies that the resulting (2.172) is also linear, i.e. that
its coordinate expression is linear in the conventional sense. To this end, we introduce the following condition

on F'and V (which does not involve the connection V atall, to the extent that V is not defined in terms of it).

Condition 2.67. Assume F s linear. V py7(FU), or equivalently (F, U ® U), is a linear vector field for all
UelTM.

Lemma 2.68. Let F' be linear and Condition 2.60 hold. Then Condition 2.67 is equivalent to F |rare2 Lying in
the image of the map

F(T*M®2 T RT) = FL'M(TM®2 ®Km, ) — FﬁE(TM®27 V)

G (e (UV = u(e)GUOV®e)) (2194)

where v(e): E — Ver denotes the vertical lift isomorphism based at e. In other words, we may write its coordi-

nates (symmetrising in the first two indices) as F, (aB)h "= 0and

5k, h (@B) ok h k oh ol k. h
Foan™y" = FRTlsy" — (0aFay" + ForFy (2.105)
TN L Pty + TE g + Pl Thsy™ + FJ,TE o)
and. it follows that an equivalent formulation of the condition is that the expression
Ths+ ThiFhy" + TigFopy” + F%FéhFézyhyl, (aB) (2.196)

is linear in the y coordinates.
Moreover, the condition being satisfied for all choices of F' as above (without assuming Condition 2.60 is) is
equivalent to the stronger requirement that NV 5 U be linear for all linear U € Ut E (with the “only if” statement
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only valid for m > 2), which in coordinates reads

_ ™
=T

F?aﬂ) linearin vy, F?aj)v FZ’B) constant in vy, F@j) =0

fzaﬁ) constant in 1y, fziﬁ) =T

(o) =0

(2.197)

Note that in (2.195) we are not able to provide an expression for F, Bhk’ since some of the terms on the
RHS are non-linear (recall that the FZY B,S and F, th are evaluated at x, but the Ff] are non-linearly evaluated at

1, and moreover there are quadratic terms).

Proof of Lemma 2.68. The first characterisation of Condition 2.67 is just a reformulation of the second, which
is evident by (2.178), Lemma 2.61 and the definition of linear vector field. The third follows from the second by
subtracting terms that are already linear in y.
As for the second statement, we first observe that linearity of v ru F'U without requiring Condition 2.60
entails the additional requirement that (by (2.177), rewritten to account for the linearity of F') the expression
Ths = (Thg + Fonligy" + FRL00" + Fan F L5y, (aB) (2.198)
be constant in y. Then by arguing as in the proof of Lemma 2.61 by progressively disregarding constant (resp.
linear) terms in (2.198) (resp. (2.196)) we may conclude that linearity of VpuFU for all F and U as above is

equivalent to (2.197).
Now, writing (Vﬁ‘N/)K = Ul VE + (71‘7Jf§f, for U, V linear (with notation as in (2.191)) we obtain

(VaV)T = U0uVY + USVPTY, + USVITL o + U VET oy + ULV Ty
(VeV)F = Ud.ViEyh + UL VEY" + UVPTE , + UVITE yh + UL VOT ! (2.199)
+OV Ty’
As usual, we rely on the symbols involved to infer whether a function is evaluated at y € E oratz = w(y).

We then see, by arbitrarity of U7, V7, U }]f, YN/}{“ € C°°M, polarisation, and the usual elimination procedure,
that linearity of VU is equivalent to (2.197). W

Assuming Condition 2.60 is satisfied we may consider the flow map associated to F' and X at times
0<s<t<T

Py = @(F, X)is: Ex, = Ex,, y— Y

(2.200)

where dY = F(Y)dX, Y; =y

which is defined as long as Y} is defined, and by uniqueness we have
Dy 0 Dy = Dy (2.201)

for 0 < s < u <t < T whenever one of the two sides is defined. The following theorem justifies our interest

in the linearity condition.
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Theorem 2.69. Let F' be linear and satisfy Condition 2.60 and Condition 2.67. Then (2.172) can be written in

coordinates as
dY*F = FR(X)Y" 0 dX7 + LF 5, "(X)Y"d[X]* (2.202)

and admits a global solution. Moreover, @ defines linear isomorphisms Ex, = Ex, forall0 < s <t <T.
These statements also hold, independently of F , if X is geometric.

Proof. The first statement is a restatement of (2.184) to the case in which Condition 2.67 is satisfied. We
may argue global existence by Theorem 2.21 and Remark 2.43: indeed, assume that there exists S < 7" such
that Yjg gy is not contained in any compact set of M. Since 7(Y) = X on [0, S), we must have that
lim, ,g- m(Y;) = Xg, i.e. Y must “explode vertically”. This, however, is not possible either, since if we
may pick a system of product coordinates which contains Xg, this would mean that the coordinate solution
to (2.184) must only be defined for ¢ < .S, which is ruled out by Lemma 2..23.

Standard uniqueness arguments apply in charts to show that @, is a linear monomorphism (and thus an
isomorphism, by dimensionality) when X, X} are contained in a single chart, and these can be combined to

yield the global statement by “patching” Xy 7] with finitely many charts and applying (2.201). W

We will denote @ = <I>;S1 for0 < s <t < T. We proceed to study the local dynamics satisfied
byt — ®40andt — Pg. Fix coordinates for the vector space F, = FEx,, which we denote with the
symbolsi°, j°, k°, .. .; we continue to denote with v, 3,y .. .and ¢, j, k . . . thelocal coordinates in and above
aneighbourhood containing X; we do notintend for the former indices to bear any relationship with the latter

(e.g. k° and k appearing in a common expression have nothing to do with each other).

Proposition 2.70. The coordinate expressions ®f, 0 and @ﬁj()t respectively solve the RDE; (at the trace level)
driven by (X, [ X])

4B gy = Py (X000 X7 + 3F i, (X)X

o

k k® gk Y 1gk® I h ap (2:203)
dq)k;Ot = _(I)h;OtFﬂyk(Xt) © dXt - §(I)h;OtF(a,8)k (Xt)d[X]t

Proof. The statement is local, and we may confine ourselves to the domain of a single set of product coordinates

containing X;. By Theorem 2.69 we have

(d‘I’iO;to)y = d@’lﬁ@;wy)
=dY;
= Fi (XY 0 dX] + %ﬁ(aﬁ)hk(Xt)Ythd[X}?ﬁ (2.204)
= i (X0)®ho 0y © AXT + 3 F 00" (X0) @ ioyd [ X7
= (F(X0) oy 0 AXT + 3 F 0, (X0) @10 d [ X177y

We may therefore conclude, by arbitrarity of y € E,, that the first of the two RDEs holds. As for the second,
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we have

0 = dofs
= d(q)i;omq)ﬁ%to) (2.205)
= (ADF00) @0 + Phioe (P (X6) oo © AXT + §F 5, (X0) Bho o d[X]77)

which we rewrite as

A = 0l (P, (X010 0 AXT + 3, (X8 g XI5 005,

v Y 1k = . o (2.206)
= = Qo 5 (Xp) 0 dX = 3P0 Fl oy (Xe)d[XT;

thus concluding the proof. W

For the remainder of this section we will let 7 = 7 M unless otherwise stated. An important
feature of the equation in this case is that we can integrate the inverse of the flow map to obtain a T, M-
valued rough path. Note that, although we have not explicitly defined controlled integrands with values
in an arbitrary finite-dimensional vector space V/, this is done simply by choosing a basis of V' and setting
Dx(L(TM,V)) = Dx(L(TM,R™)) under the corresponding isomorphism V' = R (all the needed
constructions are easily seen not to depend on the choice of the basis). The next lemma states the change of

coordinate formula satisfied by F;ﬁ:

Lemma 2.71. B
= aqagagpgﬁ —ojo (2.207)

Proof. By (2.82) we have
58 F A
Fgﬁf)ﬁyﬂ = Fgﬁyﬁ
= F)
= OLFS 0N

- = (2.208)
_ ASTAT 4 A7 A
= 076504 + (9% FJog,

_ a7 ,BsT aa Y Y .80
= 8733/ 6504 +8~7Fagy o
_ (9 @ Y7 aay, B

= (0005 + 0IF 0% )y

from which

Fgﬂag = 070 + 07 F0% (2.209)

thanks to the arbitrarity of 3/, and we may conclude. W

As there will be we no risk of ambiguity, we shall reassign Fgﬁ = F;’B, and since now, in view of
Lemma 2.68, F may be viewed as restricting to an element of I'(7* M ®? @ 7* M ® 7M) it also makes sense
to set I (aB)y 0= F (aB)y 9. The tensor field F may now be given the following interpretation: its evaluation
against (U © V') ® W consists of taking the (symmetrisation of the) defect in commutativity between co-
variant derivatives and horizontal lift, FVyV — v ruFV and mapping its vertical partat W € T'M down

isomorphically onto T'M..

96



Proposition 2.72. ®¢. € Dx (L(TM,T,M)), where @gﬁo;m = _(I);y/jotF;ﬁ(Xt)-

Proof. The local condition is satisfied in each coordinate chart thanks to Proposition 2.70. We must check that
the compatibility condition of Definition 2.34 is met: again, this is obvious at the trace level, and for Gubinelli
derivatives we have, by Lemma 2.71
o o ~
7 = oY F_
af Y T ap
o -
= o)
Y T ap

= —qq"a;(agagagpgﬁ —3]02) (2.210)
= _q>g°(agagpgﬁ -0)

_ &M’ &) ° gy
= @aﬁagag + @3 (9&3
Thus concluding the proof. W

We now restrict our attention for the last time: from now on we will consider the case in which F'
is given by the horizontal lift A unless otherwise stated. This means we are interested in ﬁ—differentiating
horizontal vector fields w.r.t. horizontal directions, with Condition 2.60 fixing the horizontal part of such co-
variant derivatives, while Condition 2.67 and the optional Condition 2.63 impose limitations on their verti-
cal part. Here we should remark on the similarity with horizontal connections in sub-Riemannian geometry
[CCo9, Definition 7.4.1], although our setting is more specific (i.e. not all sub-Riemannian manifolds arise as
the total space of a vector or even fibre bundle), and the requirements on the connection is somewhat different
(on the one hand we are only interested in Vu with U horizontal, and on the other also consider the vertical

components of such covariant derivatives). In coordinates

Fog=—Top
= (aB)
Foss Ty = ~Ts 3,63/6 - (—Fgg,ayé + Fiﬂ‘ggﬁ (2.211)
7 1¢ s ™ £ T 6 TH S
+Fgﬁra5rggy y T — raérgﬁy —IhsT0y°)

Note how Lemma 2.71 agrees with (2.59).

We are now in a position to be able to provide the natural generalisation of parallel transport of vectors
and Cartan (anti)development to the setting of non-geometric rough paths, with 7'M endowed with a lin-
ear connection. Since the development of a path is not guaranteed to remain in the manifold for all time, it
will be helpful to define the following variations of the rough path spaces (note the use of the double closing

parenthesis):

BL([0,T)], M) :==6E([0,T], M) U{X € BE([0,S), M) forsome S < T
andiﬂcompactK C M s.t. X[075) CK}

5[0, < T)], M) = 65([0,T], M) U U €L([0,5), M)
0<S<T

(2.212)

Note that 65([0,T)], M) C 65([0,< T)], M), and we also will use these notations when M is a vector
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space. Moreover, we will add a modifier in the rough path sets to denote those rough paths which are started at

a specific point. The following notions are defined whenever Condition 2.60 and Condition 2.67 are met.

Definition 2.73. Let X € 8L ([0,T)], M, 0). We will denote
N X)es = ®(fu, X )s: Tx,M = Tx,M (2.213)

which by (2.202) is well defined for all s, ¢ at which X is defined, and call it parallel transport of vectors along
the rough path X. We will denote //+s == //(X)ts, [/t == J(X)r = [/(X)w: ToM — Tx,M and
\, = //(X)or = //; ! when there is no ambiguity as to the rough path.

Remark 2.74 (There is no alternate notion of “backward parallel transport”). A rough path X canonically

defines a rough path % = (%, %) above the inverted path yt = X7_4. This is done by imposing the Chen
identity to hold forall 0 < s, u,t < T (notjust s < u < t), and results in gst = —Xp_t -5+ X’%Et,T—s
for0 < s < ¢ < T.Itisshown thatif H € @x then ﬁ € 92);, where ﬁt = H7_;,and that

L "Hax - JOT HAX (2.214)

at the trace level. It can then be concluded (by a uniqueness argument) that

dY =yo + [F(Y)dX

dY =vr + [F(V)dX

== ?t =Ypr_; (2.215)

which implies that, denoting with ® the flow map of the RDE defined by F', X and with ® the one defined by
F, X , D=0, Therefore, once a rough path is fixed, the definition of \\ given above and the one obtained
by defining the parallel transport RDE w.r.t. % coincide.

Definition 2.75. Let X € 65([0,T)], M, 0). Using Proposition 2.72 we will denote
Ox). = J WX )sdy X, € G2(0, < T)], T, M, 0,) (2.216)
0

which we call the antidevelopment of X . If Z = (O(X) (up to the time at which X is defined) we will denote
X = ((Z) and call X the development of Z.

In coordinates (2.216) amounts to
GO(X) =\ X7 + 1\ T (X8 (2217

For the moment we have only defined development of a rough path which already is the antidevelopment
of an M -valued one. If we start from an arbitrary Z € 8L ([0, T, T, M, 0,) with Zy = 0, we would like to

invert Definition 2.75 and define its development as the solution to the path-dependent RDE

dv(X2) = //((NZ))dZ, (AZ)o=o (2.218)
Heuristically, this means that in an infinitesimal time interval [to, tg + dt] we are translating the differential
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dZy, € Tz, ToM so that it is based at the origin 0, parallel-transporting it along the already-developed por-
tion of the rough path X (g ;1 = (N Z)04, s0 that it is now based at Xy, and then using it to “roll T, M on
M along Z withoutsslipping” for time d¢. The problem, of course, is that we have not defined such (adaptedly)
path-dependent RDEs. Moreover, it should be noted that even once this equation is given a meaning, contrary
to the case of parallel transport there is no reason why the solution should not explode (see [Drii8, Corollary

1.36] for general criteria that rule this out for X geometric).

Figure 2.1: A 2-dimensional Brownian path in T{; ¢ 0)S 2, plotted in dark blue, and its Stratonovich develop-
ment onto 52, plotted in light blue. The “rolling without slipping” motion is shown at the initial time (on the
left) and at a later time (on the right), with the parallel frame based at the point of contact between the tangent
space and the manifold.

The trick (already well-known for geometric rough paths) to give (2.218) a meaning is to consider it jointly

with a parallel frame: this transforms the path-dependent RDE into a state-dependent one.

Theorem 2.76. Let Z € BL([0,T], T,M). Then X = (NZ) € G6L([0,T), M) (possibly up to its exit time
from M) if and only if X is the unique solution to

/)30 = Rl /)3e /50 0 AZ% + §E(V, h) o5 e /) o /50 A[2)°
= L0/ /50 0 AZ”
+3 [ —TLT5s//5 — (—%a//y + 5T /20
LTS b /e /50 + Tag = TasT Lylf5e — Thalaqll5e)) ae /5o A121°°
dX7 = J/1.dZ7" — 3T 5 //% //5od[Z]a°5°
Xo=o0, {//yo0}yo=1,..,m any basis of ToM

(2.219)

with the Us evaluated at Xy and the Us evaluated at /] yo.; = /] 4o( Xt
O therefore defines a surjective map 6L([0,T], T,M,0,) — BE([0,T)], M, 0) with right inverse
O: 65([0,7)],M,0) — BL([0,< T)],ToM,0,) (composed with any map prolonging an element
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of BL([0,5),ToM,0,) up to time T, eg. trivially). In particular, if M is compact () takes values in
B6L([0,T], M, 0), i.e. development exists for all time.

If Z is geometric this equation may be stated more elegantly as taking values in the frame bundle

oM : FM — M, and defined by the fundamental horizontal vector fields (2.85), i.e.
dY =%, (Y)dZN, Yo e ;M —  ()(Z) = MY, Y = J/(X) (2.220)

In this context, compare (2.219) with [Hsuo2, (3.3.9) p.86], which is stated in the case of X' a Brownian motion,
although the formula generalises to more general processes/geometric rough paths. We have decided not to
consider frame bundle-valued RDEs in the non-geometric case, since this would require defining a connection
on F'M, which is a delicate matter (some comments to this effect are provided in [E9o, p.439] in the case of
the complete lift, though these do not contain an exhaustive description of the connection on 7F' M ). We have
preferred to define development in a coordinate-free manner by simply declaring X to be the development
of Z it Z is the antidevelopment of X (as done in Definition 2.75), and only relying on the local description
involving the parallel frame (seen as m vectors which are parallel-transported individually) as an alternative

characterisation, useful for explicit computations; in this approach only parallel transport of vectors is needed.

Proof of Theorem 2.76. By (2.217) X = (O(Z) means

dz]” =\2"dX7 + I\ T d[X]?, Z =0,

ogo o\ o (2.221)
= d[Z]*7" =\2\5 d[X]*?
and we have
AR VARSI (A
= //% W) X+ %//lo\\gofiﬁd[X [ MO/ //go\\,‘f\\fod[X " (2.222)

=dX]
By Proposition 2.70 and (2.211) we have

/fJ0 = /50 0 X + 3F o557 /)5-d[X]*

= F//2.d X +1 [Flops | + 0aFjs + FosF ] //2.d[ X

= —T%//% J/5dZ* (2.223)

5 € 1) « «Q
+3 [F(oég)a7 —Thso + Taslhe +T25T5] //yo//ao//god[X] g
= T/ 2o 0 AZ° + §F 05" 0 Mo [ 51 X]*7

where in the last step the Gubinelli derivative of —Fg s(X)// go /% w.r.t. Z% is computed thanks to the previ-
ous step and (2.222). Retracing these steps proves the converse. Note that we do not need to show the coordi-
nate invariance of (2.219), as we have shown it is equivalent to Z = ((X), which is defined in Definition 2.75
without reference to a coordinate system.

The map () is then well defined by uniqueness of RDE solutions applied to the (m + m?)-dimensional

system in each coordinate patch, and its right inverse is O by definition. It only remains to show that O(Z) is
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either defined up to time 7" or that it is defined up to and excluding some S < T" with the image of its trace not
contained in any compact of M. Assume (X, //) is defined up to time S with Xy gy contained ina compact K
of M. Therefore there exists t,, ~\, S's.t.lim Xy, =% € K. We now show that for any neighbourhood V of ©
there exists sg s.t. X5 5) C V. Consider the image of (2.219) (defined in V') through a change of coordinates
® that maps the // components to a compact, and extend the resulting coefficients smoothly. Now picking a
second neighbourhood U of T s.t. Im(U) C U, U CV,an application of Lemma 2.22 proves the claim by
picking s¢ s.t. 9 < S < s + d. (The change of coordinates was necessary because we need to be able to start
the equation for (X, //) at an arbitrary point in TU™.) We may then reason as in the proof of Theorem 2.69
to conclude that (X, //)(o,5) must also lie in a compact of 7M™, and a second application of Lemma 2.22
(arguing as in [CDLis, Theorem 4.2]) then shows that the solution may be prolonged past S (or with its limit
it S = T'). This concludes the proof. W

The following result is proven in [E89, Theorem 8.22] in the case of Stratonovich parallel transport, and,

interestingly, it carries over to the non-geometric case.

Corollary 2.77. At the trace level we have

O(X), = JO \, 0 dX, (2.224)
and we may replace
dX7 = //7. 0 VAR (2.225)
for the second equation of (2.219).

Remark 2.78. We emphasise that this does not mean that the (anti)development of a rough path coincides
with that of its geometrisation (including at the trace level): in (2.224) parallel transport is still carried out
with reference to the original non-geometric X (and thus depends on the choice of 6), and in the case of
development, the first equation of (2.219) still has the d[Z] terms, which are not present when developing 2.

Moreover, at the second order level X% ~ // /4 go' SZ?;B ’ locally in terms of the original rough path Z.

Proof of Corollary 2.77. By Proposition 2.70 and (2.217) we have, at the trace level
W odX =\ dX] + 5\ T7d[X] =\ T dy X” (2.226)

and the second claim is proved analogously by using (2.219). W

If M is Riemannian and V is metric we may further ask under what hypotheses the //+5’s are linear isome-
tries T'x, M = Tx,M. The following condition does not actually require /" to be given by horizontal lift,
although we will only apply it in that case.

Condition 2.79. Let ¢ be a Riemannian metric on M and V be g-metric: (F,U ® U ® V) € I'TM is
g-orthogonal to V forall U,V € I'T M.

Note that we are not requiring V to be metric w.r.t. a Riemannian metric on the manifold 7M. The
statement of this condition in coordinates is given in the following lemma, whose proof is immediate by polar-

isation.
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Lemma 2.80. In coordinates Condition 2.79 corresponds to

Fap)e) =0 (2.227)
Theorem 2.81. If Condition 2.79 holds, or if X is geometric, [/(X )is is a linear isometry for all 0 < s, t < T.

The following pattern has emerged: for each property (well-definedness, linearity, and metricity, each re-
quired at the level of generality considered) we have a first-order condition (respectively (2.173), F linear, and
V g-metric — as shall be seen in the proof below) and a second order condition (respectively Condition 2.60,
Condition 2.67, Condition 2.79). The first-order conditions are necessary when considering the geometric (or
even smooth) case, whereas the second-order conditions become relevant once the driving rough path is no

longer geometric. All three conditions are automatically satisfied when Condition 2.63 holds.

Proof of Theorem 2.81. We may assume s = 0; then for y, z € T, M by Proposition 2.70 we have

d(g(X), [fae @ //g)

= d(gap//% //5)

= Gapr//% /e 0 dX

+Ga//o0 [/ o (~T% 0 AX Y + J Fep s “d[X )
+ap /[0 /o (~T55 0 AXY + L F . P X]E7)

= //30//50 [(gaﬁ,'y - gast% - Q&ﬁr‘ia) odX™ + ﬁ(gn)(ag) d[X]gn]

(2.228)

which vanishes by metricity of V, (2.61) and Condition 2.79 or by vanishing of the bracket in the case of X
geometric (note how by Theorem 2.6 the hypotheses are sharp in the case of X truly rough). W

We will now provide three examples of connections V on 7M which it makes sense to consider. The first
two, for which we refer to [YI73], can be viewed as “lifts” of the connection V (which is not assumed to be
metric or torsion-free), while the third consists of assuming M is Riemannian, defining a Riemannian metric

on the manifold 7'M, and taking its Levi-Civita connection.

Example 2.82 (The complete lift of V). The complete lift V of V is the linear connection on 71'M whose
Christoftel symbols in induced coordinates are given as functions of the Christoftel symbols Ffj of V w.r.t. to

 as follows:

Flﬁ(x7 y) = Fl[j(l‘)? FZE(:E? y) = Fgg(ﬂf, y) = F;B(:I:a y) = O

fzt,b’(x7 y) = ax\rgﬁ(w)y)\a flg((ﬂ, y) = Fzﬁ(x% fgg(% y) = F’;ﬂ(x>7 f;g(xv y) = 0

(2.229)

From these and Example 2.30 it follows that 7M is an affine map w.r.t. V, V. This connection admits the
following simple description: having defined the complete lift of V' € I't M as V eTrTM given in induced
coordinates by

V(z,y) =V(2), V(z,y)=y"0V(z) (2.230)

(this is checked to be a sound definition; note that no further connection is needed to perform this lift) V is
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characterised by the condition

65‘7 = V/[\]T/, UVel'tM (2.231)

We will only need the local description of V. However, we remark that the complete lift can be extended to
tensor fields, and in particular to Riemannian metrics g, thus yielding a pseudo-Riemannian metric g on 7'M

(with metric signature (m, m)) whose components are given by

@aﬁ Qaﬁ — a/\go"g(x)y/\ gaﬁ<$)> 2.232
(gaﬁ Q&[i) (z:9) ( Gap(T) 0 232

If V is g -metric, then Vs g-metric, and if V is torsion-free then so is 6; therefore 9V = V. In general, v
has the property that its geodesics are given by the Jacobi fields of V.
Itis easily checked using the theory in this section that Condition 2.60 and Condition 2.67 are satisfied for

all F' in the case of the complete lift, and in the case of parallel transport with V torsion-free we have

Y _ Y
Faﬁé - %aéﬂ (2.233)
Condition 2.79, however, is not satisfied even when V is Levi-Civita, since

(g{a(Sﬁy + %66017 + giawﬂ(s + 9{57&6)
(%a5ﬁy + g{o«yﬂ(;)

ﬁa 5y) —
(aB)(67) (2234)

(SIS

which does not vanish in general. The resulting parallel transport equation was first studied, for semimartin-
gales, in [DG78] and subsequently in [Mey82, (27)] (we caution the reader that the convention regarding the
indices of the curvature tensor differ from the ones used in (2.65)), and it was realised in [E9o, p-437] that this

type of parallel transport fits into the framework of SDEs of the type defined in Definition 2.42.

Example 2.83 (The horizontal lift of V). The second lift of a connection which we examine is the bhorizontal
l1ft of V, which we also denote v (ambiguity will easily be avoided, since we will always use each connection
separately). Its Christoffel symbols in induced coordinates are similar to those of the complete lift, with one

important difference:

Y 1T Y Y 0 N =5 .
Los(@ y) =T 5), Fag(m, y) =135z, y) = Paé(x’ y) = Fa,E(x’ y) =0 oy
Lap(@y) = (005 = Ry N @)y, T 5(2,y) = T 5(x), Tig(@,y) = Tp(x)

As for the complete lift, 7 M is an affine map w.r.t. %, V; the extra term appearing in fz 5 however, causes v
to have non-vanishing torsion in general even if V is torsion-free. Just as for the complete lift, the horizontal
lift of a connection is motivated by a broader construction which involves lifting other objects defined on M,
such as vector fields. However, unlike the case of the complete lift, these lifts require a connection on 7M to
begin with, and are performed in a way which is related to (2.77); we do not provide more details here. If V is
g -metric, then Vis g -metric, where g is the pseudo-Riemannian metric (2.232) (although, unlike the case of
the complete lift, v, # 9V because the former has torsion in general). The characterisation of geodesics of
the horizontal lift of a connection is more complicated than that of its complete lift, but it still holds that 7 M

maps 6—geodesics to V-geodesics. Moreover, it holds that horizontal lifts of geodesics (namely curves in 7'M
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above geodesics whose tangent vectors are horizontal, i.e. parallel transports above geodesics) define geodesics
w.r.t. the horizontal lift: this is seen from [Y173, (9.4) p.115].

Like the complete lift, the horizontal lift results in Condition 2.60 and Condition 2.67 being satisfied for all
F, but in the case of F given by horizontal lift it additionally satisfies Condition 2.63. Therefore the resulting
parallel transportis, at the trace level, the same as geometric/Stratonovich parallel transport, a conclusion which

is also noted in [Mey82, E9o].

Example 2.84 (The Sasaki metric). Letg beaRiemannian metric on M. We canlift g to a Riemannian metric
g on T'M, called the Sasaki metric in the following way: recalling the notations introduced in Subsection 2.2.1

for vertical and horizontal bundles, we declare forall U (x) € T, M

Vo™ L Hyy,  Glvpern = @U0@)e  glay, = ®U)™)g (2236

In induced coordinates, this is amounts to

(gaﬁ %a5> (2,y) = (gaﬁ(x) + g5l p(2)yy” leﬂvﬁ(x)yA> (2.237)

938 Yaj T35 gary ()9 Gap(®)

and

g go? | 9@ —T%5 g% ()
<§65 §&5> (@) = (—Fi‘)\gw(x)y/\ gz )+ 55Fa FB (z)yty” (2.238)

where the I'’s are the Christoffel symbols of V. The horizontal lift of 4V is ¢ -metric, but does not coincide
with 9V due to torsion. We will call 4V the Sasaki lift of 9V (even though, strictly speaking, it is the metric
that we are lifting). The Christoffel symbols of 9V in induced coordinates have more complex expressions than
the ones for the other two lifts of connections, and are given as functions of the Christoffel symbols of 4V and

of the components of its curvature tensor by

[0 (2,y) = T)(@) + A(R5. T + Rs5 T (@) 9"
2p(@0) = 3R @) TTo(@,0) = 3R @)y, T5(w,y) =T 5(w,y) =0
fz,@(x’y) = 5(Rong +Rprg ! + 200174 )(z)y
3105 Repa’ Tip + R Ton) (@) yHy”
fzg(%y) = Flﬂ(x) - lr (5%)@6 (x)y y",
I (,y) = To() = 5T R 00" ()"

«,

(2.239)

These symbols are taken from [Sass8] with one important caveat: the R 675’5 therein have been transcribed
into R, 5 .2s here. This is because the author follows a different ordering in the coordinate expression of the
curvature tensor. This convention is not stated in the paper, but it can be deduced by computing any one of
the Christoffel symbols involving a curvature term. This check can be performed by using the fact that the
horizontal lift of V is ¢ -metric and (2.63). Let J denote the torsion tensor of the horizontal lift of V' its only

non-zero component is given by
gn/aﬁ (z,y) = (%)\,Bcv7 - ‘%)\a[jw)(w)y)\ (2.240)
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Thus Gja 75 (x,y) = 0and, performing index gymnastics w.r.t. ¢ and using (2.66), (2.67), (2.68) and (2.69)

we obtain

T2 (1,y) = Gazd "’ (2, 9)(Raps™ — Rngs™) (@)y
= acq " (Ryps" — Rnsp®) @)y
= Qaagw(%,\ﬁae + %5Aﬂ€)(x)yA
= —aaagw%mf(m)f (2.241)
= _gﬁdg{/j&)\a (z)y*
= _ng{,\aﬂa (z)y*
- _%)\aﬁw(x)y)\

Ihen, since 3?7&5 = %Oja VB (where & is the contorsion tensor defined in (2.63)), (2.235) yield the value of
Fg gin (2.239). Similarly to the case of the horizontal lift of a connection, the horizontal lift of a Riemannian
geodesic is a geodesic w.r.t. Sasaki metric.

“Sasaki parallel transport” has not, to our knowledge, been considered in the literature. Like for the hor-
izontal lift, Condition 2.63 is satisfied w.r.t. to the Sasaki lift of V when F' is given by horizontal lift, and the
resulting definition of parallel transport is therefore equivalent to the geometrised one. However, unlike the
complete and horizontal lifts, Condition 2.60 cannot be expected to hold for general F, since the Sasaki lift
does not make 7 M symmetrically affine: this can be seen, again with reference to Example 2.30, by noting that,
for instance fg s(@,y) = TRy, ﬁfy (z)y* is not, in general, antisymmetric in o, 3. This means we may not, in

general, define arbitrary equations (2.172) when I/ = T'M is given the Sasaki lift of V.

Example 2.85 (Local martingales and Brownian motion). It is well known that Stratonovich
(anti)development preserves local martingales and if M is Riemannian it preserves Brownian motions.
In our setting the first statement always holds in all cases (assuming Condition 2.60 and Condition 2.67 hold,
so that (anti)development is defined), as can be easily seen from the local characterisation of manifold-valued
martingales (2.130), and the local expressions (2.217), (2.219). This is also observed (by a different argument) in
[E9o, p.440].

As for the preservation of Brownian motion, we first recall that the Levy criterion on manifolds [E89,
Proposition s5.18] immediately implies the following local characterisation of Brownian motion of a Rieman-

nian manifold (M, ¢ ): X is a Brownian motion on M if and only if it is a local martingale and
d[X]% = g*P(X)dt (2.242)
If Z is a T, M -valued Brownian motion, then if Condition 2.79 holds, we have for X = d()(Z)
AX)? = [ /521777 = [fae [/5o8%7% dt = g (X)dt (2243)

where the last identity holds thanks to the fact that g®*#° (0) = §°°A° and Theorem 2.81. That antidevelop-
ment maps Brownian motions to Brownian motions under the same hypotheses is checked analogously.
We may therefore conclude that (anti)development defined w.r.t. the complete, horizontal and Sasaki lifts

to preserve local martingales, but only that defined w.r.t. the horizontal and Sasaki lifts to preserve Brownian
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motion.

We also note that we should expect (anti)development taken w.r.t. two different V’s to be different path-
wise, even when both satisty the linearity and metricity conditions. For Brownian motion this might mean that
the law of the (anti)developments coincide (i.e. they are both Brownian motions), despite the paths defined by
the same state w € {2 being different. Another way of generating pathwise-distinct Brownian motions through
(anti)development of the same Brownian motion is by adding a contorsion term (see Remark 2.27) to the Levi-
Civita connection V and taking Stratonovich development. In general, by the It6 isometry the cross-covariance
matrix of the Itd antidevelopments {O(X) and 1D(X) of the same M-valued semimartingale X taken w.r.t.
1¥7, ¥V on the one hand and 2V, 2V on the other is given by E[{0% (X)) X" (X)] = B[N\ 2\\/30 d[x]],
with M\, k = 1, 2 denoting the respective parallel transports above X
Example 2.86 (// along Brownian motion on Einstein manifolds w.r.t. the complete lift). We assume (M, g )
is an Einstein manifold, i.e. a Riemannian manifold whose Ricci tensor is proportional to the metric tensor,
Rap = Mapwith A € R (thebestknown such example is the sphere, in all dimensions). Let Z be a Brownian
motion on T, M and X its Stratonovich development, an M-valued Brownian motion, and we compare the
behaviour of Stratonovich parallel transport //(X') with parallel transport defined w.r.t. to the complete lift \Y
of the Levi-Civita connection V, which we denote /~/(X ). By proceeding as in the proof of Theorem 2.81 and

Example 2.85 we compute

Ag([fas: [/ 52) = $Gap /SRy, 1] sog ™t
= —3Rap /e l] godt (2.244)
= —3G(/fac, /] go)dt

which implies g(//ao,/~/50) = exp(—)uf/?)éo‘oﬁo, and similarly g(/N/ac,,/N/Bo) = exp(—)\t)(saoﬁo. In
other words /~/(X ) preserves orthogonality, but not orthonormality, since it consists of a scaling by the above
exponential factor. Note that this behaviour of /7 can only be expected to hold along the Brownian mo-
tion X, and not along X = Q(Z ), the development of Z taken according to the complete lift of v,

which is not in general a Brownian motion (even given the Einstein assumption): this can be seen by writ-
ing dX = D e /N/jO (X)/N/fo (X)dt and by showing that the SDE satisfied by > _ o 7/30 ()Z')/N/io (X) has an
extra drift term when compared to that satisfied by g (X).

Example 2.87 (Linearising rough integrals and rewriting Driver’s integration by parts formula). Antidevelop-

ment can be used to write rough integrals against M -valued rough paths as ones against T}, M -valued ones. Let

X € 65(]0,T), M,0) and H € Dx (L(TM,R?)). Then it is checked that

JH = () H)Se, ()" H)og0) = (HS /)20 Hia /)6 [ 50 — HST g/ 00 /] 50)

(2.245)
€ Dz (L(T,M,R%))

with Z := (O(X) (independently of the chart used for the coordinates «, /3, ) and that
j Hdy X = f J/THdO(X) (2.246)

Note how, in particular, this is independent of the connection V on 7T M used to define // and 0. Now,
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assume that M is Riemannian, V is metric and Condition 2.79 holds. Then for P € Dx (7 M®¢), and

referring to Example 2.41 for the notation

Jg(P,de) :fpbdvx
- [ rPaox)
- [(wpraoix)
- [\p-a0(x)

(2.247)

where the dot product denotes the metric at 0 and

WP = (WP), (\P)ae ) = (W) P, 35, (Tg, Ny /6o PP+ \5 Fa //52)) (2.248)

The converses of these statements, i.e.

JKdZ:J\\*KdQ(X), fQ-deJa(//Q,dQ(Z))
with WK = (WK)y, (\K)ap) = Ko\ Kaoge\& N5+ Kgo 3, Tan//n )

and //Q = ((//Q)", (JQ)5) = (//2Q"" . TL, //4 Q% + /5 QE\)
for K € D7(L(T,M,R)), Q € Dz(T,M?)

(2.249)

are similarly shown to hold.

As an application of the latter, we show how the integration by parts formula [Drio4, Theorem 7.32] can be
rewritten as an It6 integral on M. Let Z be a T,, M -valued Brownian motion, X its Stratonovich development,
H a Cameron-Martin process above X, h := \\H with h = [udt, U := //u (for the precise terminology
pertaining to curved Wiener space see the above reference). Then we may write the integration by parts formula,

i.. a formula for the adjoint of the gradient operator

D H :f (u + %\\Wﬁ(XV/gohﬁo) -4z (2.250)
:ffl<U+ %%’v(X)H”adVX) |

as an It6 integral on M. Moreover, if u admits a Gubinelli derivative w.r.t. Z, so does U w.r.t. X, and
Example 2.40, Example 2.41 may be combined to yield the expression of this as a Stratonovich integral on M,

plus a correction term involving the covariant derivative of Ricci tensor.
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Example 2.88 (Torsion). In general, RDEs of the form Definition 2.42 are independent of the torsion of the
connections on the source and target manifolds. For parallel transport, however, torsion of V directly affects
the field ' = # that defines the RDE, and to that extent it influences the definition of // and therefore that
of () and O (both for the trace and second order levels of the rough paths considered). The torsion of v,

instead, plays no role. To exhibit the relevance of torsion for parallel transport and devel-

o
opment we need only focus on smooth paths. Take M = R3 with its canonical coordi-
nates, and V with constant Christoftel symbols 1%3 =1= —I%Q, F?ﬂ =1= —F%3, /
$,=1=-I% and Ffj = 0 otherwise. This connection has the same geodesics as the
Euclidean connection (straight lines), but, as described in [ua], parallel transport along
geodesics looks like a spinning rugby ball, as illustrated in Figure 2.2 for an orthonormal Figure 2.2

frame. While the Euclidean connection and V agree on geodesics, they define different
notions of developments: identifying TyR3 = R3 we have () = 1 according to the

former, while this is not the case for the latter, as shown in Figure 2.3.

Figure 2.3: This figure relates to Example 2.88. The two plots are analogous to those of Figure 2.1, with the
manifold in question being R3, endowed with the connection defined above, and the path being developed (in
dark blue) is the parametrised smooth curve X; := (2t cos(t), 10sin(t), 3t). The two copies M and To M of
R3 are superimposed, with coinciding axes in the first plot. We observe how the two curves are not identical,
which would be the case if the connection on R? were the Euclidean one. Also note how X and ()(X) are
tangent curves at their point of contact.
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Example 2.89. In this example we confine ourselves to geometric/Stratonovich development, and we consider
the question of whether, given a sub-vector space P C T,,M, there exists a submanifold N C M of the same
dimension as P and tangent to it at 0, at least defined in a neighbourhood of o, with the property that for all
P-valued (rough) paths Z taking values in P and starting at 0,, (O(Z) is valued in N. Since this must hold
when Z is a straight line, and since straight lines develop to geodesics, if such IV exists it must (at least locally)
be given by exp(P). More generally, segments of affine line segments also develop to geodesic segments, and
considering the case of Z a piecewise linear path leads to the conclusion that exp(P) must be a totally-geodesic
submanifold of M, since it must contain every piecewise geodesic path started at o.

At the other extreme, we may be interested in showing that, when Z is a P-valued Brownian motion,
(O(Z) admits a density w.r.t. to a (hence any) Lebesgue measure on M. If P = T;, M we should expect this to
hold in view of the fact that the vectors Ty ¢ M (o (y)) (with ¢ M the projection map of frame bundle) span
Ty M foranyy € F,M. Now let P be of dimension k& < m. It is possible to show that the first two orders
of the iterated Lie brackets of the fundamental horizontal vector fields, projected down onto 7'M, are given

respectively by torsion and curvature:

Ty M [Hyo , Ho| = gga(x)y(aw")y(ﬁ,u")

o o o (2"2’51)
TyOM [Fxe, (o, Too]] = Ry, () @1y Py 03

What is needed, in concrete cases, to conclude that ()(Z) admits a smooth density is a version of the Hérman-
der condition which, stated in coordinates, only applies to the first €; components of an (1 + €2)-dimensional
SDEdY = F,(Y)dZ7, and correspondingly only requires that Lie(F%: v = 1,...,d)(y) span R°'. This
is because we are only interested in the existence of the density of ()(Z), and not of the parallel frame above
it, with which the development SDE is jointly written. The full solution is not going to admit a density in the
frame bundle in general, regardless of the dimension of the Brownian motion: for example, if V is Rieman-
nian the parallel frame will be constrained to the orthonormal frame bundle. Even restricting to orthonormal
frames, it is not clear to us that a density exists for arbitrary stochastic processes (a rather degenerate counterex-
ample goes as follows: take M = R? and take the stochastic process given by a random straight line out of
the origin: the orthonormal basis will then be constant). See Figure 2.4 for an example of what this condition
holding at different orders or not holding looks like. Note that there are possible intermediate answers to the
questions above, i.e. there may be a submanifold IV of dimension anywhere between that of P and that of M
which contains all developments of P-valued rough paths. In view of [CFio] we can expect all these consider-

ations, once made rigorous, to carry over to the case of Gaussian RDEs.
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Figure 2.4: The purpose of these plots is the study of different behaviours of the development of a 2-dimensional
Brownian motion within a 3-dimensional manifold M, specifically with regards to the question of whether
it remains constrained to a 2 dimensional submanifold, or whether it admits a density. In the upper left we
are considering M = R3 with the antisymmetric connection of Example 2.88, while in the other three cases
M = R3\ {0} with the connection whose Christoffel symbols are given by taking those for the Euclidean met-
ric, written in spherical coordinates, and setting the I'"’s to zero (the geodesics in this connection are therefore
circles centred at the origin and rays out of the origin, and M admits the foliation into the affine submanifolds
given by concentric 2-spheres centred at the origin). In each case we have plotted one 2-dimensional Brown-
ian path valued in some subplane P of T;, M (in dark blue), its development onto M (in light blue), a cloud
of ~ 500 points consisting of the developments of the Brownian motion at a terminal time (in green; for im-
proved visibility this time is less than the terminal time of the blue paths), and the locally nondegenerate surface
parametrised by the exponential map applied to P. In the first case 0 is the origin and P = exp(P) is just the
xy-plane, and we see how the point cloud (as well as the developed path) takes up three-dimensional space well:
this is consistent with the Hérmander condition being satisfied at order 1, thanks to torsion (2.251). In the other
three plots 0 = (1,0, 0) and P is a plane intersecting the xy-plane in the line (0, ¢, 0) and with different incli-
nations w.r.t. the z-axis: 7/4 in the upper right, 0 in the bottom left and 7 /2 in the bottom right (this means
in latter two cases P is respectively tangent to the unit sphere, and coincides with the xy-plane). Note that
we have rotated the plots for improved visibility of all the components. In the plot on the upper right we see
how the point cloud and the developed path do not quite adhere to exp(P), consistent with the Hérmander
condition being satisfied at order 2, thanks to curvature, but not at order 1, since the connection is torsion-free.
In the other two cases exp(P) is an affine submanifold of M (in the first case a sphere with the Levi-Civita
connection — a leaf in the aforementioned foliation — and in the second case the punctured xy-plane with a
non-Euclidean connection), and therefore development remains constrained to the surface plotted in orange,
and does not admit a density w.r.t. 3-dimensional Lebesgue measure.

Conclusions and further directions

In this chapter we have developed the basic theory of non-geometric rough paths on manifolds, both in the
intrinsic and extrinsic frameworks, and shown how the classical notions of parallel transport and Cartan devel-
opment carry over in a natural manner, but with non-trivial modification, to our setting.

We believe a couple of topics of the last section deserve closer attention. It would be interesting to explore
additional examples of connections on 77'M which may result in definitions of parallel transport different
from the geometric/Stratonovich one: the Levi-Civita connection of the Cheeger-Gromoll metric [MT88] and
the connections defined in [AT 03, §5] could be worthwhile to test. Secondly, we would like to study the laws of
developments of positive codimension Brownian motion, as discussed in Example 2.89, and to formulate the

version of Hérmander’s theorem necessary to show (in certain cases) the existence of the density.
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A COMBINATORIAL APPROACH TO GEOMETRIC

ROUGH PATHS AND THEIR CONTROLLED PATHS

Project status. This a chapter consists of a paper, written jointly with Thomas Cass, Christian Litterer and
Bruce Driver, an almost identical version of which has very recently been accepted for publication in the Journal

of the London Mathematical Society.

Introduction

In this chapter we use algebraic and combinatorial methods to explore the basic structure theory of weakly
geometric rough paths of arbitrary roughness. Our approach allows us to work directly with the rough paths
and leads to a clean separation of analysis and algebra, yielding explicit combinatorial descriptions of the result-
ing objects. The theory of geometric rough paths is well known and is usually deduced from the corresponding
properties of the (lifts of) smooth paths, by taking closures in a suitable rough path metric. In finite dimensions,
this means that identities for geometric rough paths readily extend to the weakly geometric setting. However,
this extension is predicated on the close relation of weakly geometric and geometric rough paths established by
Friz and Victoir [FV1ob] for paths with values in finite-dimensional spaces. It is presently not clear if a similar
relation holds in infinite dimensions. Similarly, the smooth approximation arguments are not available when
studying more general branched rough paths.

Another goal of this chapter is to unify Lyons’s original approach and Gubinelli’s “linearised” version
[Gubo4] which deals with controlled rough paths, or controlled paths as we call them here, to avoid ambi-
guity. This is widely considered to be the most general and modern approach to rough path theory. Many
fundamental results, such as the definition and convergence of controlled-rough integrals, are not present in
the literature, stated in this setting. The fact that we work with controlled paths provides further motivation

to avoid smooth approximation: controlled paths are only indirectly defined in terms of their reference rough
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path, and a smooth approximation of the rough path does not automatically yield one of the controlled path.

The structure theory for [2,3) > p-rough paths is well known [FHi4] and has been developed with the
manifold-valued theory in mind [CDLis]. These identities, however, do not extend in a straightforward man-
ner to more irregular geometric rough paths. The most important example is the formula for the rough path
lift of an controlled path. The idea of lifting controlled paths goes back to Gubinelli, who obtained an induc-
tive formula valid for branched rough paths [Gubro, Remark 8.7]. The closed-form formula involving ordered
shufHles first appeared in [LCLo7], but is not stated in the controlled setting and is not maximally general, as it
is only stated for integrals of symmetric Lip(y — 1) functions. Our definition and proof works for an arbitrary
controlled path, without assumptions on the symmetries of the derivatives, which are not present, for instance,
in general RDE solutions. Many other identities involving rough and controlled paths follow from this, and
lay the groundwork for the basic theory of arbitrarily irregular geometric rough paths on manifolds. Although
the fact that we are dealing with geometric rough paths means that many of the identities involving integration
will resemble their counterparts in ordinary calculus, the underlying rough path theory that makes it possible
to prove them requires some combinatorics which is, at times, quite complex. For this reason, we have made
it a priority to state all results in a clear, coordinate-free manner, without resorting to the coordinate notation
that is used only in some of the proofs. This way, our formulae can more easily be referenced, and extended to
new settings, such as infinite-dimensional vector spaces.

The chapter is structured as follows: in Section 3.1 we introduce algebraic preliminaries and notations, in
particular the shuffle and ordered shuffle, and prove two technical lemmas that will be needed in the next sec-
tion. Section 3.2 is the main section, in which we prove the fundamental structural identities of geometric
rough path theory, such as associativity of rough integration. In Section 3.3 we give a very brief account of how
the results of the previous can be used to transfer the theory of rough paths to manifolds, both in the intrinsic
and extrinsic frameworks, and in Conclusions and further directions we mention a couple of extensions/appli-

cations that could follow from the work of this chapter.

3.1 Tensor bialgebras

We begin with a concise review of bialgebras defined on tensor algebras, for which we refer to [Mano6, Chapter
I] [Weii8, Chapter 2]. Given ny, ..., ny, € N (which may be o) we define Sh(nq, . .., ny,) to be the subset

of the permutation group Sy, 4. 4n,, of (N1, ..., Ny )-shuffles, i.e. permutations o with the property that
oni+...+na+ ) <om+...4+4n-1+2)<...<o(ni+...+n) (3.1)
fori =1,...,m (withng := 0). We will additionally call o an (11, - . . , ru,)-ordered shuffle if
ony) <omi+ng) <...<oni+...+nn) (3.2)

and we denote the set of these with Sh(ni,...,nn,). If n; = 0 for some i we have

Sh(ni,...,nm) = Sh(ni,..., 7%, ...,%m), Sh(ny,...,nm) = Sh(ny,...,0i...,0m) (with =
denoting omission).

In this chapter the letters U, V, W, ... will always be finite-dimensional R-vector spaces. Given such a
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vector space V', a permutation o € &, induces a linear isomorphism
Ox: yen —>V®n, U1®"'®2}n'—)UU(1)®-"®UU(n) (3.3)

If {e; }icr is a basis of V we may write a € yen uniquely as alit i")eil Q- Re = a*e; where there is

asum on the ordered n-tuple of basis indices % := (i1, .. ., iy,) (following the Einstein convention), and
i o'y
o.(a) = a*eq,s = a” e

where

Pxl = (ip(l)a ce 7ip(n)) forp € &, (3-4)

We let I® := J,,cr ™ be the set of I-valued tuples; this includes the empty tuple (), and we use I} to denote
the set of all such non-empty tuples. We will sometimes identify a tuple (k1, . . ., ky) with the corresponding
tensor ey, ® -+ ® ey, according to the chosen basis. Note that o 14 is the tuple obtained by “permuting

according to 0”, e.g. if

(1 2 3 4 5 1 (1 2 3 45
“‘(1 35 2 4>€Sh(3’2>’ 7 _<1 425 3)665
then
07 (i1, i, i3, 4, i5) = (i1, 4, 12, 5, 73)
Note that the composition rule (both for tensors and tuples) is
(00 p)s = puos (3:5)

Indeed, denoting wy, := v, (1) we have

(00)x(V1® - ®n) =g (p(1)) @ *** @ Vg(p(n))
= Wp(1) @+ @ Wp(p)
= pe(W1 ® -+ @ wy)
= 404 (V1 @ -+ - @ vp)

Foratuple ¢ = (i1,...,i,) we will denote |¢| := n its length, and given two tuples ¢, j we write ¢7 for their
concatenation. We will denote T'(V') := @, , V" and for a € T(V), with a™ its projection onto V®";
this has a distinct meaning to the notation at for tuples ¢ € I°, explained above. When we are considering the
tensor products of the dual V* of a vector space V, or more generally the space of linear maps £(V, W) from
V to another vector space W, we will replace superscripts with subscripts and vice-versa.

We denote by (T'(V), ®, Ay,) the tensor bialgebra of V, i.e. the product is given by the ordinary tensor
product, which in coordinates reads

(a ®b)* = Z a't? (3.6)

ij=k
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and the shuffle coproduct is defined on elementary tensors (and extended linearly) as

Aw: T(V) = T(V)RT(V)

VR By Y (V1) @ ® V) B (Vg (eg1) @+ @ V() (3.7)
k=0,...,n
o€Sh(k,n—k)

Here use the symbol X to denote external tensor product, reserving ® for the algebra product. In coordinates

this reads, fora € T'(V')
(Apa)™ = Z a* = Z a® (3.8)

o€Sh([i],|5]) keSh(i,5)

k=0 (i5)
where ¢ denotes the index of the first X-factor and j that of the second. In order to give a precise meaning
to Sh(%, j) we must introduce multiset notation. Recall that a multiset is like a set (in that the order of its
elements is not taken into account), but with the difference that the same element may appear more than once;
we will denote multisets with double braces, e.g. {{1, 2,2, 2, 3, 3}}. If A and B are multisets we write A C B
if each element of A belongs to B counted with its multiplicity, e.g. {{2,2,3,3}} C {{1,2,2,2,3,3}} but
{1,1,2,2,3,3}} < {{1,2,2,2,3,3}},and A = Bis defined to mean A C B and B C A. With this in
mind, we are defining

Sh(i, j) = {{os ' (i5) | o € Sh(l4], [5)}} (3-9)

This means that the tuple k appears as many times as there are o”’s with the property that k = o (35). Similar
multisets will be defined without explicit mention from now on.

The bialgebra that is graded dual to (T'(V'), ®, Ay)) is given by (T'(V*), W, Ag). Note that we are us-
ing the notion of graded duality for bialgebras (see [Foirs, §1.5]), which is different to ordinary duality: in a
nutshell, this just means that we are taking the dual of each (finite-dimensional) direct summand and that the
product (coproduct) in one bialgebra is the dual to the product (coproduct) in the other; “dual” here makes
sense because products and coproducts respect the grading. This allows us to avoid considering formal series
of tensors, which are unnecessary when considering rough paths without their full signatures, and retain most

of the usual properties of duality. LLI = A}, is the shuffle product given by

w: T(V)RT(V*) = T(V*),

W@ @R . @) Z 07D g g o tm) (3.10)
o€Sh(n,m)

which in coordinates (using subscripts, since we are working in V*) reads

(@wbr = > abj= Y ab; (3.11)
|2]=0,...,|k| (4,5)€Sh~1 (k)
o€Sh(|il,|k|—[4])
ij=oxk

Note that with this notation (4, j) € Sh™'(k) < k € Sh(ij); in particular 4 or j may be empty. The
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coproduct Ag = ®@* is the deconcatenation coproduct given by

Ag: T(V¥) = T(V)RT(V*)

n
(3.12)
Ve @Y (0 e @) R e @)
k=0

or in coordinates
(A@CL),;J' = Q5 (3.13)

Recall that in every bialgebra with coproduct A we may define its reduced coproduct Aa = Aa—aX1—1 Xa,
which is also coassociative. Also recall that in a coalgebra (C, A) (for us C' will always be a tensor algebra) the
(reduced) coproduct can be iterated, as coassociativity guarantees that A™ : C' — C¥™ has a unique meaning
(note that under this convention A2 = A, A := 15, A% := 1g). Since the above bialgebras are graded and

connected the reduced (iterated) coproduct factors as
A™ =78 0 A™ (3.14)

where m>1: T(V) — @,,5; V" is the projection onto tensor products of positive order.
We may define the ordered shuffle coproduct Ay and the ordered shuffle product 10 by requiring shuffles in
(3.7) and (3.10) to be ordered. This does not, in fact, define a real (co)product, because I fails to be associative:

indeed, it satisfies the alternative relation
ald(bldc) = (aldb + bla)We

This property makes (7'(V'), ) a Zinbiel algebra [EFP1s]. Whenever we iterate [ or Aqy we will be carrying

out composition from left to right, i.e. inductively

a1 - - Way, = (a1Wag)Wagld - - - Way,

Aga = Z a(l) & s @ a(m)
(a)m (3.15)

= Z (Ama(l)) Rap) K- Kag,_1)

(@)

This guarantees that the coordinate expression provided for the unordered shuffle carries over to the ordered

case, with Sh instead of Sh, e.g.

~m 1... m m
Aga)' =" = k'], k" >1] Y ab
o€eSh(|k!|,...,|k™])
k=0, ' (k'..k™) (3.16)
RN S | S

keSh(k!,...,k™)

Here the square bracket has binary value depending on the truth value of the proposition it contains, and

is present because the coproduct is reduced; the set of permutations over which the sum is taken is given by
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ordered shuffles, reflecting the fact that we are dealing with the ordered shuffle coproduct.
Before proceeding, we take a moment to motivate our interest in shuffles and ordered shuffles, although
this will become much clearer in Section 3.2. While it is well known that the former are used to express products

of iterated integrals of a (smooth) path X

(f dx - dej;) U dxg! ~-dX5;;>
s<ur<...<un<t s<v1<...<vp<t

dxpr .. dxfmen

Tm+n

kESh(i,j) fs<r1 < Z<Tpaem<t

the role of ordered shuffles in the study of iterated integrals of paths is less appreciated. One way to motivate

their significance is as follows: let Y be the solution to the ODE
dy = V(YV)dX = V(Y)Xdt

with X V-valued and Y W-valued. We fix bases on both vector spaces and use Greek indices for V" and Latin
ones for W — this will be the convention later on as well. Substituting formal Euler expansions, and defining
V.f (y) = V4 -+ Vv]i (y) foratupley = (y1,-- -, Yn), with the product denoting iterated composition of
vector fields (ie. V, f(y) == 8kf(y)VVk (y) for a function f of y)

k1 k
J dykr. .. qypm
s<ur <...<um <t

[ a(vhrxy,)a(vieooxT)

= ( o) Vi (Y )f def. dX%“)---

nl

d(fs<r}<...<r}h <un
<ur<...<um<t

7" T,
XL ---dX,,ng)

d(f5<7"in<...<7"£nm <Um 1
= VB () ViR (V) o

,Yl ’Yl ,ym ,ym
1 ny U3t Mm
s<ri<..<rl _ <rh dXT% dXT%, er;n er;{;"

s<7’1”< <T 1 <ro.
s<r < <r v <t

= ¥ mo-vem) Y aX X3y
711"'777” s<v1<"'<vn'=zin1

~Y€Sh(y!,...x™)

In other words, ordered shuffles index the sum involved in the expression of the iterated integrals of Y in terms
of those of X . The relevance of ordered shuffles in the similar cases of linear RDEs and Lip(y — 1) functions
was observed in [LCLo7, p.72-75].

We will now prove a couple of technical results that will be used in Section 3.2; these are of our own for-

mulation and cannot be found in the literature referenced at the beginning. They will be stated in terms of

tuples (although they are essentially statements about shuffles), so they can be readily deployed when dealing
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with rough paths. Unshuffling and concatenating satisty the following commutativity relation:

Am
T(V) ——2—— T(V)2m
T@ T@l,m+l‘z"‘®®m,2m
ARAT

T(V)&Q T(V)®2m

The following lemma can be viewed as the counterpart to this statement in the context of ordered shuffes.
Since it is essentially combinatorial in nature, we will state it in terms of tuples. Recall that I} denotes the set

of all J-valued tuples of any positive order.

Lemma3.a. Lerk!, ... k™ € I?. The following identity of multisets bolds:

{(,5) € I* x I* | i5 € Sh(k',...,E™)}}
= {(i,4) e I* x I* | j € Sh(5""", ..., 5™);
i € Sh(Sh(s,...,4"), Sh(i"t, ..., 4d™));

where i = k" for h < I;
i"j" = kM and [ > 1, forh > 1+ 1;
withl =0,...,m}}

(3.18)

The following picture is meant to illustrate the idea of the statement: the horizontal lines represent tuples,

and the red bullet points represent their terminal elements.

i =K"
i X l
zh jh
w
Note that we are taking into account multiplicities in the multiset k € Sh(k!, ... k™), ie.if the same tuple k
belongs twice to Sh(k!, ..., k™), then any pair (4, j) such that ij = k appears twice in the multiset; an anal-

ogous remark holds for the RHS and for all similarly defined multisets. Sh (Sh(il,...,d"),Sh(a! T, ... d™))
here stands for

{i € Sh(a,b) | @ € Sh(s',...,d), b e Sh(s'*t, ... i™)}

the multiset of tuples obtained by shuffling i, ..., 4™, the first | with order. When I = 0 or m this reduces
respectively to Sh(Sh(s,...,4™)) = Sh(i',...,4™), Sh(Sh(s',...,i™)) = Sh(i',...,i™), since the
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only possible way of shuffling a single is to leave it unchanged. The proof of this lemma is most easily understood

when going through its steps with reference to the example that immediately follows it.

Proof of Lemma 3.1. Let A(k:l, ..., k™) denote the first multiset defined above and B(k:l, ..., k™) the sec-
ond. For tuples ', .. 0"and1 < a < b < ndefine £ == ¢*.. . 4° € I* (juxtaposition) and for a
tuple Land 1 < ¢ < d < [£| £eg = (Le, ..., Lg),and let (3, 5) € A(k',... k™). This means there exists
o € Sh(|k!|,...,|k™|) withij = o k"™ Let
0 if [i| < o(|k!|)
L= dm 75 =0

st.o(|kY) < |i| < o(|E¥TY)  otherwise
which is exists and is unique since o is an ordered shuffle. We then let " =K' forh <landforh >1+1
it =k o (IR ) < i < o(JBYM T+ 8 4+ 1) (3.19)

where |3"| (and hence ") is unique since o is a shuffle. Now, it cannot be the case that for h > 1 + 1 we have

3" = |Kk"|, for this would violate the definition of I: this implies 17" > 1. Moreover, we have i = o 145
and j = o715 where we are defining the right hand sides using the same expression as before (3.4),
but by considering the numberings on it 1™ 16 be those inherited as subtuples of kY™ this is be-

cause i occupies the segment of k¥ numbered with [[k1" 71| + 1, |k¥"1| 4 "], all of which o maps
into [1,|2]], by (3.19) and again by the shuffle property of o; similarly, j h occupies the segment numbered

[[BY 1 13" 41, | k"] which gets mapped above |4]. By construction o (once domains are renumbered)
h I+1,m
K"
If p € Sh(ny,...,nm)and S C {1,...,n1 + ... + np}, p|s is still a shuffle, with the additional order
constraints on those (71 + ... 4 ngy)’s that belong to S therefore, we have that j € Sh(3*1,...,4™) and
i € Sh(Sh(s,...,4"),Sh(i"*, ... ,4™)). Thisshows A(k,..., k™) C B(k',... k™).

Conversely, let (i,5) € B(k',... k™), with [,3", j" as in (3.18). i3 is obtained by an ordered shuf-

shuffles ' and 7 H1m wieh order, since these are the tuples that contain the £ ,, ’s, and 2 without order.

fle of kl, ..., k" that the order of each kK" h < lis preserved is immediate since " = K", that the
order of each k", h > [is preserved is a consequence of the fact that the order of " is preserved, that the
order of 5" is preserved, and that ¢ comes before j in the juxtaposition %3; that the shuffle of the ks is or-
dered is a consequence of the fact that the shuffles of i, ... il and 571, ..., 511 are ordered. This shows
B(k',..., k™) C A(k', ..., k™);also note that in both inclusions multiplicities are indeed counted, since
the correspondence between the underlying permutation in A(k', ..., k™) and the pair of underlying per-

mutations in B(k', ..., k™) is bijective. M

Example 3.2. We illustrate the idea behind this lemma with an example. Let

m=4; |k =2, |k} =3 |k =4, k=4

/1234567 8 9 10 11 12 13
9 \4 6 358 79 11 12 1 2 10 13

=1 =

) € Sh(2,3,4,4)
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(4,9) € A(k', k% k°, k*)

where we have coloured in red the terminal elements of the k/’s (and recall that it is necessary to renumber

k'k2k3Ek* from 1 to 13 before applying (3.4), and then change the numbering back) and we have
(i,7) € B(k', K k3, k') withl = 2;
il = (kjik%)’ i = (k%’k§>k§)a i’ = (kzl)))7 it = (kzllv k%)v
= (kgﬂkgﬂkz)v j2 = (kg,ki)

since k" = 3" forh = 1,2, k" = i"5" for h = 3,4, and

j € Sh(5',5%); i€ Sh(a,b)
with @ .= (k?, ki, k3, k3, k3) € Sh(s',4?)
b= (ki k3, k3) € Sh(i3,4%)

Note that neither of the two Sh’s above can be replaced with Sh.

The reduced version of this Lemmas3.a would involve restricting it to non-empty tu-
ples E',...,kE™; we will need the dual of this statement. We will use the notation
((GY,...,a)), (6", ...,im™)) € (Sh ', Sh™Y)(Sh™(3)) as a shorthand for (i},...,i') € Sh '(a),
(#*1,...,i™) € Sh=1(b) : (a,b) € Sh™1(3), and m is fixed.

Corollary 3.3. For I-valued tuples i, j the following identity of multisets bolds:

(KL, ... k™) € Sh '(ig) | |[kY,.... k™ > 1}

—{(K',... . k™) € (I >m|<f+1,... 'm>e Sh(5);

((zl,~.-,i’),( 1 i™) € (Sh,Sh ) (Shh(4)); (3.20)
k" = h<lkh—zgh\h\>1 h>1+1;

Proof of Corollary 3.3. Let C(4, ) denote the first multiset above and D(%, ) the second, and recall the names
A(kY, ... k™), B(K', ..., k™) for the sets of Lemma 3.1. We then have (taking into account multiplicities)

(k',... k™) € C(i,5) < (i,7) € A(k',... k™)
— (4,7) € B(k',... k™)
— (k',...,E™) € D(3,5)
thus concluding the proof. W

Next we discuss another combinatorial relation involving ordered and unordered shuffles; similarly to the

earlier lemma, an example is provided after the proof that helps to .
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Lemma 3.4. Letn i= nq + ... + nyy, 0l == ny+ ...+ forl = 1,....myandk',... k" € I®. We
have

Sh(Sh(k',...,k™),...,Sh(k"" 't ... k™))

— | | Sh(k™ ', kT ) (3.21)

wE€Sh(n1,....;nm)

Here | | denotes disjoint union of multisets, e.g. if the same tuple appears in sets corresponding to two

different o”’s it should be counted twice.

Proof of Lemma 3.4. Let Ny := |k"l_1+1] 4+ ]k"l| forl =1,...,myand N* := N; + ...+ N for
l=1,...,myand N := N". We have

Sh(Sh(k',...,k™),...,Sh(k"" ', ... k™))
={o Y (h'...A™) | 0 € Sh(Ny,..., Nn);
Rl e Sh(k™ 't k"), 1=1,....m}
={o Y (h'...h™) | 0 € Sh(Ny,..., Nn);

. nl
Rl = p t(k™ TR
pre Sh(k™ Y, kY, L=1,. .., m)}

Now, denoting (p1, - . ., pm) the element of & i which acts on {N'=1 + 1,..., N'} with p;, we continue

the chain of identities

— {0 (p1ee e p)s (k' k™) | 0 € SH(N, .., N

pr € Sh(E™ Y, KT, L=1,. .., mY}
={{(0o(p1s---pm))i (K. K"™) | 0 € Sh(N1, ..., Nin);
pre Sh(k™ Y, KT, L=1,. ., m))

since (p7 %, .+, pint) = (p1, - - -, pm) " and thanks to the composition rule (3.5). Let 7 denote the restriction

of 0o (p1,...,pm) to theset
Ti={t1,...,tn}, t =K+ .. +]|Kk

Since the ks are all non-empty, 7' is a subset of {1,..., N} of cardinality n, so after renumbering
it we can consider m as an element of &,. Now, since p; is an ordered shuffle, it preserves the or-
dering of {\k"l71+1|, cee |k"171+1] + ...+ |k”l|}, and since o is a shuffle it preserves the ordering
{pl(|k”lil+1|), e ,pl(\k”l|)} C {N""1 +1,..., N'}. These two facts imply 7 € Sh(n1,...,nm), and

we have

{o0(p1,....pm) | pr € SH(E™ "2, |k ), I=1,...,m}
= {r € Sh(|k],..., k") | T(te11y) < -0 < T(tr-1(n))}
= Sh7(|K'[,..., k")
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since any 7 € Sh(|k'|,..., |k"|) with T(te-11)) < ... < T(tr-1(p)) forsome m € &y, factors uniquely
aso o (p1,...,pm) with o acting on T with 7: this is evident from the fact that each p; acts on the segment
[N'=1+1, N'] and & acts on the whole segment [1, N] but without altering the order in each [N!~1 +1, N'].

This implies
{oo(p1,...,pm) | o € Sh(Ny,...,Np);
pr € Sh(E™ Y, KM, L=1,...,m)
= | | Sh™(|k!|,..., k™)
w€Sh(ni,...,nm)
because as o ranges over Sh(N1, ..., Ny,) all Sh(ny, ..., ny,) S 7’sare obtained, and the Sh™’s are mutually

disjoint since the ordered shuffle relations imposed by different 7’s are mutually exclusive. Since
Sh(k™ "W, k™ M) = e (k. k") | T e ShT(KY, ..., [B")D

the proof is concluded. W

Example 3.5. We illustrate the idea behind this lemma with an example. Let
m=2n=1 [k'|=3 [k|=2 |k]=3 (3.22)

and with the notations of the proof let

1 2 3 4 5 — 12 3\ —
2 <13425)61“(3’2)”)2_(123>€Sh(3)’
(L2845 6 T8
PLP2=\1 3 4 2 5 6 7 8
12345678
U_<23678145>€Sh(5’3)
12345678\ ox
:>T:ao(p1,p2):<2 6738 1 4 5>€Sh (3,2,3)
(123
with m = <2 3 1> € Sh(2,1)

because the restriction of o o (py, p2) to {|k!|,|k* + K?|, |k! + k? + E3|} is (22 8), which coincides
with 7 after renumbering domain and codomain. Also note how, given 7 and the numbers (3.22) one can
recover o, p1, p2: first obtain p1, p2 considering how 7 orders the segments [1, 5], [6, 8] (and renumbering)

ando =70 (p1,..., pm). We therefore have, writing terminal elements in red

(U 0 (pb P2))*_1(k1k2k3) = (kigv k%v k%v kgv k?v k%v k’%v kﬁ)
€ Sh(Sh(k', k?), Sh(k?))
€ Sh(k3, k', k%) = Sh(k™ 'V k™ '@ k7 ' ®)
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which can also be written as

(k3. ki, kT, K3, k3, kg, ey, k) = n; ' (K, k' k) € Sh(k?®, k', k?)
. . 1 2 3 4 5 6 7 8 —
withn = <1 415926 7 3 8> € Sh(3,3,2)

We primarily use Lemma 3.4 in the two cases ny = ... = n,, = 1 with m arbitrary, and m = 2 with
n1, ng arbitrary; the former admits the following concise reformulation. Given a vector space W, let © denote

symmetric tensor product, and

1
@m:%zﬂ_*W@m%W@my w1®®wm'—>w1®®wm (32’3)
ITI'EGm

denote the symmetrisation map. When referring to the external tensor product we will replace the symbol ©
with [.

Corollary 3.6. The diagram

(V) MG (3.24)

commutes.

Proof. The statement in coordinates reads

SRS DR

e, keSh(kl,... k™)
heSh(k™M) .. k(M)

for non-empty tuples k', ... k™. Indeed, we have

~ . k.. k™
(1B Aga)¥' =+ = (3 molaqy R+ Hag) )
€S,

(@)

- 3 Sl et

7T€6m =

=zzwwww

€S, (a)™m

LY s
L

Tl'eem

_ 3 P

o 7T66m
heSh(k™W) ... k7(m))
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To prove the claim in coordinates we must show the identity of sets

| | She™™,... k™) =Sh(k',... k™)

7'I'€6m
for tuples k', .. k™ of positive order. This is precisely Lemma 3.4 withny = ... = n,, = 1, since
Sh(ni,...,nm) = &y, and we may replace 7 1withwm. W

3.2 Geometric rough paths

We denote TV (V') the vector subspace of T'(V') given by all tensors of degree < N, and super/subscripts
of < N, > M denote truncations of the algebra to tensors of the degrees expressed (e.g. fora € T'(V) to
belong to TV (V') it means that a™ = 0 forn > N, or equivalently a = a="). We will similarly use [M, N|
as a super/subscript to denote tensors of degrees n with M < n < N. Control functions (as defined in

Subsection 2.1.1) will be denoted w.

Definition 3.7 (Weakly geometric rough path). Let 7" > 0, p > 1 and w be a control on [0, T'|. A p-weakly
geometric rough path X controlled by w, defined on [0, 7' and with values in V' may be defined as a continuous
map

X: Ap — TPI(V) (3.25)

with X° = 1 and satisfying the following properties, which we first present in coordinate-free form and

subsequently in coordinates w.r.t. a basis of V:

Regularity.  sup Xl < 00,0r  Sup & <oo forn=|kl=1,...|p;
0<s<t<T W(s,t)"/P 0<s<t<T w(s,t)kl/p
Multiplicativity. (X, ® X,)<P) = X, ie. XF = Z X X9, for [k| < |p| and

(i.3)=k
0<s<u<t<T;

Integration by parts. X M X = A, X g, or Xitht = Z X’;t foral0 < s <t <T.
keSh(i,j)

Let B5([0, T, V') denote the set of all such maps.

In the following we will refer to such objects as “rough paths”, dropping the “weakly geometric”, since
these are the only rough paths that we will be considering in this chapter. We will sometimes refer to the third
property above as geometricity, since it distinguishes weakly geometric rough paths among the more general
branched rough paths, which are treated in Chapter 4 since they require a different algebra. We will always
denote rough paths in bold. The last condition is usually stated by saying that X takes values in the group
GP)(V), defined in [CDLLi6, Definition 2.9]. We will denote X := X the #7ace of X: when equipped
with an initial value X (which will often be provided) this is an element of C5([0, 7], V') defined as the set
of continuous paths Y': [0,7] — V s.t., denoting Y, = Y; — Y (a notation that will be used for paths
throughout)

sup ﬁ < 00 (3.26)
0<s<i<T w(s,t)1/P
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Itis sufficient to define X to take values in TP (V'), as [Lyo98, Theorem 2.2.1] shows that there exists a unique
extension of X of X to T'(V') which satisfies the above three properties, and for m > |p] is given by
Xi=1im ((Q Xu) (3:27)
[u,v]€mr

where (7, ), is any sequence of partitions on [s, ] with vanishing step size as n — c0.

The following proposition states that the symmetric part of a weakly geometric rough path is entirely de-
termined by its trace. Given £ € L(T™(V),U) (L denotes the space of linear maps) and a € T'(V') we will
denote (¢, a) = £(a) the evaluation of £ on a. We will always identify L(R, U) = U by setting £ — ¢(1).

Proposition 3.8. For X € 65([0,T], V) we haven! ®, X7, = XG".

Proof. We proceed by induction on n. For n = 0, 1 there is nothing to prove. For the inductive step we will
need the following fact: each m € &,,11 can be expressed uniquely as o o p with p in the stabiliser of 7 4 1 (a

subgroup of &,,41 isomorphic to &,,) and o € Sh(n, 1): indeed, if m = 7(n + 1) we may set

k 1<k<m-1 (k) 1<7w(k)<m-—1
ok)=qk+1 m<k<n p(k) =w(k)—1 m<z(k)<n
m k=n+1 n+1 k=n+1

Uniqueness follows from a counting argument, since there are n! choices for p and n + 1 for 0. We then

compute

(n+ 1) Op X5 = > m X

€S 41

= ZP* Z U*Xg;rl

p€Gn  oeSh(n,1)
= Z p*<Au_|Xst)n71

pEGH
= Z p*XZt ®Xst
pEG,
®(n+1
:Xst(n :

where we have used the geometricity axiom and the inductive hypothesis. W

We proceed to define the objects that can be regarded as dual to rough paths, original to [Gubo4]. In what
follows we will write ~,,, between two real-valued quantities dependenton 0 < s < ¢ < 7" to mean that their
difference lies in O(w(s, t)™/P) ast \, s, and simply ~ to mean ~2|;,| 1. We will frequently use the following

properties, which are trivial to check:

Qst m bst Rp Cst = Qs Rpam Cst
(3.28)
st ~m bst, Cst =n 0 = agCsy Nm+n bstCst
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from which we deduce more generally

Agt ~omy bst, ast, bst Nny 0, cs mg dst, Cst,dst g 0
= AstCst mq+ns bstcst ma+n bstdst (3-29)

= QstCst z(ml+7’L2)/\(mg+nl) bstdst

If a continuous map X: Ap — TP (V') satisfies the regularity and integration by parts conditions, and

(] »

satisfies the multiplicativity condition with a “~” replacing the “=" (almost multiplicative), it defines a rough
path by [Lyo98, Theorem 3.3.1], by taking the limit (3.27) (w.r.t. X)), and this rough path X is unique with
the property that X ~ X The following lemma tells us that this is also true if the integration by parts
condition only holds with an ~ (almost geometric). In light of this, we will break with the literature in defining
an almost rough path as an X that satisfies the regularity condition in Definition 3.7 and is almost multiplicative

and almost geometric.

Proposition 3.9 (Almost rough paths). Ler X bea V-valued almost p-rough path. Then there exists a unique
p-rough path X with the property that X ¢ ~ f)\(/st.

Proof. We use that the shuffle algebra is free abelian on the Lyndon words (e.g. over the rationals) [Reuos,
Theorem 6.1] to define an intermediate X: set X" := X" if hisa Lyndon word with |h| < |p], and fora
tuple k with [k| < [p] expressed (uniquely up to order of factors) as >, cxk} W -+ - LW kY withcy € R

and the kg\’s (not necessarily distinct) Lyndon words, set

XE=3oXB XM =Y X X 2 Y ekl wER, X) = XE
A A A

since X is almost geometric. X is then ~ X, it satisfies integration by parts (exactly) by construction, and is

still almost multiplicative since

X*~ X = Z quXq]u: ~ Z Y;ufit
(3,9)=k (3,9)=k
Existence of X then follows immediately by applying the above-referenced result to X and uniqueness follows

from the fact that if X’ is a second p-rough path satisfying the statement of this proposition, then we have
X'~X~X = X=X again by the same result. W

Definition 3.10. Let X be as above and U another vector space. An U-valued X -controlled path H is an
element of C5 ([0, T, L(T)=1(V), U)) (where w is the control for X)s.t. forn = 0,..., |p] — 2and each
aecVen

(H it @) ~ ) (Hip ()10 X5 7" @0a) (3:30)

Here H,, denotes the n-th level of H. Denote @ x (U) the vector space of all U-valued X -controlled paths.

The maps H,, := H |y on are known as the Gubinelli derivatives of H and H = H € U is called the
trace of H (note the discrepancy with rough paths: for these the trace is the order-1 component). Note that
the defining condition only involves X <[PJ=1 and that it holds automatically at level |p| — 1 by regularity of
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H . In coordinates it reads

[p]—1-|B|
Hiy ~ps Y. Hi, g XS 0<(8]<[p| -2 (3.31)
|a|=0

Here the superscript & refers to the value of H in U (and will often be omitted when unnecessary), and the sum
is not only on the length || of the tuple a, but on the tuple itself. For the branched version of this definition,
see [HKis].

An important case is when U = L(V, W) for another vector space W: by the tensor-hom adjunction we

then have

Lp]
LTPIY WY, (v, W) = (TP (V)@ V, W) = E(EB ver, W) (3-32)
n=1

We will use angle brackets and coordinate notation for linear maps accordingly, i.e. the last slot in a bracket or
in a tuple will refer to the copy of V' in the target space of the original linear map. We will call controlled paths

valued in L(V, W) W-valued controlled integrands, and we may rewrite (3.30) as
<Ht¢b> ~|p)-n+1 <H[n,\_pj],saX£(1)€7LpJ_n] ®b> ew, be V®n7 n=1,..., LpJ -1 (3-33)

or in coordinates

lp] 18|
HY, ~p g Y Hinp XS 1<18/<[p]—1 (3.34)
|a|=0

The next example contains a very important example of controlled path.

Example 3.1x (Smooth functions of X). Let F' € C*°(V,U), then
t — (F(X,),DF(X,),..., DPITIF(Xy) € LT 71(V),U) (3.35)

is an X -controlled path, which we denote simply F'(X), or F'(X) if we want to emphasise that we are consid-
ering the full controlled path, not just its trace. Indeed, denoting by 0 F" the order-|7y| partial derivative of F'
in the directions of the chosen basis determined by the tuple 7, we have, for 0 < |3] < |p| — 2

lp]-1-1B]
F(Xt)@ - Z F(Xs)(a,ﬁ)Xsat
|a|=0
lp]-1-1B]
= aﬁF(Xt) - E aa,ﬁF(XS)Xsat
lox|=0
lp]—1-18] 1
=0gF (X)) — Y (00 pF (X)X X
n=0 )

~|p|-18] 0

where we have used Proposition 3.8 together with the symmetry of higher difterentials and Taylor’s approxi-

mation. Note that the symmetry of Gubinelli derivatives is a special feature of this kind of controlled path, and

127



cannot be expected to hold in general. When U = L(V, W) we shall call F' an W-valued one-form, and we

adopt the convention
<F(X),Ul Y Un—‘rl) = DnF(X)(Ulu s 7'Un)<vn+1) ew

or in coordinates F'(X)q 3 = OaF3(X).
The next lemma is necessary for the definition of rough integral.

Lemma 3.12. Let X € 6L([0,T),V)and H € Dx (L(V,W)). Define, for0 < s <t <T
- >1
St = <H57X§5 > ew (3-36)

where the evaluation is taken under the identification (3.32). Then = is almost additive: for all
0<s<u<t<T
Est — Zsu — St =0 (3:37)

Proof. Using the multiplicativity axiom, the regularity of H and (3.34) (together with (3.28)) we may write

—_—

= = —
—st T —su ~ —ut

= Z (H’Y;SXZt - H7§5X3u - H‘/;uXZt)
lv|I=1
Lp]
= Z (H‘YS(X X7 _X ) H’szuXut)

Iv\—l
-3 (M Y XaXE-H,LX)
lvI=1 (a,B)=7
\a|7|ﬁ|21
lp]-1
~ Z H(aﬂ);sX?qut - Z He s X3,
], |B]>1 le[=1
led|+[8I<p]
lp]—1 [p]—lel
~ Y HapXoX0— > Y HeeX5,X5,
], |B]>1 le]=1|d|=1
o] +18I< p]
=0

Definition 3.13 (Rough integral). Let X € €5([0,7],V), H € D@x (L(V,W)) be as above. We define
J HdX: [0,T] - W (3.38)
0

to be the unique path I € C,,([0, T'], W) with the property that Iy; ~ =, which exists by [Lyo98, Theorem
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3.3.1), and is given by
Iy = nh—{go Z Sy
[u,v]€my

for a sequence of partitions (7, ), with vanishing step size. We can make [ HdX into an X -controlled path
by defining, for1 <n < [p| —1

(fHdX)n =H, € L(V"L L(V,WV)) = L(VE", W)

Note the use of bold font for the integral sign, which emphasises membership to @ x (W).

An X -controlled path can be made into a rough path in its own right. We use (3.17) as a blueprint for the

following definition, where we truncate at the correct order to avoid infinite sums.

Definition 3.14 (Lift of a controlled path). Let X € €5([0,7],V), H € 9x(U). Define
1xH: Ar — TPI(U) (notice the partial arrow notation to indicate almost multiplicativity & geometricity)
by

(IxH)y =1, (IxH)y = Hy (339)

andfor2 < m < |p]

(IxH)% = (H™, ARX )
= Y (Hu R R H (AeX) M) (3.40)
N1,yeeeym >1
ni=n1+...4nm<|p]
Asitis shown in Theorem 3.15 below, [Lyo98, Theorem 3.3.1] applies to this functional, and given any sequence
of partitions (7, ),, with vanishing step size

(txH)s = Im (R (xH)uw) (.41

n—00
[u,v]emy

defines an element of L ([0, T'], U ), which we call the /if# of H to rough path w.r.t. X.

Note how it was necessary to distinguish the case m = 1 above: this is due to the fact that we do not
have the [p] ' Gubinelli derivative, and therefore (3.40) would only be accurate at order |p| (though in all
explicit cases presented here these are known, and (3.40) is applicable for m = 1 too; an example where the
case distinction is essential would be Example 3.11 with " only (|p| — 1)-times differentiable). (3.40) can be

written dually as

(IxH)g = (HS, X o) = > (Hym---mH, X ) (3.42)
N yeeeym > 1
n::n11+---+7'lm§\_pJ
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and in coordinates as

(IxH) =1, (IxH)=H"

(xE)- = S HNY HMR XY

Y e[y ™21
YA ™ < Lp)
~yeSh(v1,... /™)

(3.43)

In explicit calculations we will use 1 x H , for which we have a combinatorial expression, as a proxy for the true
lift T x H.

The following is one of the main theorems in this chapter. It can be compared with [LCLo7, Theorem
4.6], which applies to the special case of integrals of Lip(+y) forms, covered in Example 3.17 below. Their proof

makes use of the symmetry of Lip(+y) forms, while the lemma below does not require it.

Theorem 3.15. | x H is an almost rough path. Therefore the limit taken in (3.41) exists and defines a U-valued
p-weakly geometric rough path, controlled by w on [0, T'], with trace H.

Proof. We begin by showing almost multiplicativity, i.c. that for [k| = 0,...,|p]and0 < s <u <t <T

S (xH)L,(xH)), ~ (1xH),
(3,9)=k

For |k| = O this is trivial and for |k| = 1 it coincides with the statement that H is a path. For |k| = 2 (which

presupposes |p] > 2) we have

> (xH):(IxH),

(2,5)=(k1,k2)
= (IxH) ) + (IxH)S (1 cHDE + (1 cHD) ™)

ut

(3.44)
= Y (HL HR XS+ HGHG+ Y (Hy Hp X5)
ol Jo2[>1 sl
ot [+]a? < |p) 181 1+18%<|p)
acSh(al,a?) Besh(8',8%)

We continue the calculation by re-expanding all the H terms at s and using (3.28):

p]—-1
k 1
HG =~y ) Hgh X,
lat|=1
lp]-1 ,
k k
H.i =~p) Z Hﬁ;uxgt ~p] Z H(;Q’B);SX‘;L th

lo?|=0,...,[p] —1—|B]
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These two identities, the fact that Hy,,, Hy; ~1 0 and (3.29) imply

k ka2 k k
HséHug ~ § : Hall;sH(;2,B);sX5auX5t
o |=T,..[p) -1
lo?|=0,...,|p] —1-|B|
acSh(al,a?)

Similarly

k
H?, o XOX0

k k B k
Hﬁll;uHBQQ;uX“t ~ Z H (a2,87%);s

(al,B');:s
|a1|:017|_pj_1_|ﬁ1|

lo?[=0,...,[p| ~1-| 8|
acSh(al,a?)

Incorporating these computations in (3.44) we obtain

> (IxH),(1xH)),

(2,3)=(k1,k2)
Ny (HBHS XS+ Y (HE HEZ, 5 XSX0)

o 9
|a1|:‘a2‘21 | |:17“'1|_pJ_1
lot|+|e?|<[p] lat|=1,...,[p] -1
aeﬁ(al,az) |a2‘:17"'7|_pj_1_|/@|

acSh(al,a?)

k k
Y Hge Hi ey, X0Xw
18'1,18%>1

18'+18%|<|p)
|a1|:07"'7|_pjflflﬁ1|
|a?|=0,...,|p] —1-|8°|

acSh(al,a?)

Besh(B'.B%)

k k 2 : a B
= E H,711;5H722;5 Xquut
Iy L2 1>1 1=0,1,2
h_n~h
Y I< e) a®=y", h<l

(" pgh)=+",|8" 21, h>1+1
acSh(Sh(al,...,al),Sh(att!,. .. a?))
ﬁeﬁ(ﬂl+l7”'7ﬂ2)

k k
- Z H Hy, Z X?“X?”f
Iy Iv2>1 ~v€Sh(y! +?)
IV +1v2 < p) (a,8)=v

= (IxH)§"

where we have used Lemma 3.1 in the second-last identity and multiplicativity of X in the last. The case of
m = |k| > 3 (which presupposes [p] > 3) is handled similarly, but has to be distinguished from the

previous case since the middle terms are not the same.

> (IxH)L,(IxH),

(4.9)=k
— ky k «@ k1 km—1 « k.
- Y HM - HERL X0+ ( S HYHY xe) by
lat],....[e™[>1 lat,....[a™ 1 >1
|a1|t_+‘am‘gujj ‘al‘tﬁ“am*”ﬁlﬁj
acSh(al,...,a™) acSh(al,...,am 1)
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Y+ <L p)

= >, HL-HR,
Iy, ™ >1
YAy < p)
_ k
_(1XH)st

m—2
k k k km
(X Hh eHR x)(Y HELHEXD)
=2 al|,.. |l >1 1B8'F,....|B™>1
lat [+ 4| [<[p] 1B |+ +18™<[p]
acSh(al,...,al) BeSh(B!*,....8™)
k k Em k km
+HS& ( Z Hﬁ%;u o Hﬂm?“th) + Z Hﬁll;u o Hﬁm;qut
182],....|B™[>1 1B],....|B™[>1
8%+ +18™<|p) 1B+ +18™|<p]
BESh(B2,...8™) BESh(BL,....8™)
k Em
~ Z HY - Hgn XS,
lall,...,|la™|>1
la! |+ A|a™[<|p]
acSh(al,...,a™)
k Em— Ko m . am
+( Z Hall;s o Ha’”*ll;sXsa“> ( Z H(amﬂm);SX?“ X,St )
‘a1|7."7‘am71|21 ‘Bm|:17_”’|-pj_1
| [+..+]a™ < |p] |a™|=0,...,|p|-1-|8]
acSh(al,...,am 1)
m—2
k k
+ Z {( Z Hi,- chl;sX?“>
=2 ol |at>1
lat [+ 4|t |[<[p]
acSh(al,...,al)
3 H - HFm xe x5
(al+1,ﬁl+1);5 (a™,3);* 7 su“> ut
|8 +1,...|B™ =1
1B +...+18™<p)
‘ah‘:Or"vaJ_l_lBhla thJ"I
acSh(altt .. .a™)
BeSh(B'T,....8™)
! k 1 k k B
+< Z Hofl;sXsau>( Z H(i2,ﬁ2);s"'H(;"m,ﬁM);sXsauXut>+
‘al‘zl ‘ﬁ2|77|ﬁm|21
18?4 +1B™<|p)
‘a}L‘:O77LpJ_1_|/@h|1 h‘ZQ
aESﬁ(aQ,...,am)
BeSh(B?,...8™)
k km B
+ Y. Higy Hig gn X0 X0
1B],..,|B™[>1
1B +..+18™<p)
la|=0,...,|p) —1—|B8"|
aesih(al,...,am)
BeSh(B,...8™)
k Em
- Y Hh R, > x50,
o™ >l 1=0,...,m
|7 s Y™ e et

(" BM)=~", |B"|>1, h>1+1
acSh(Sh(al,...,al),Sh(al*!,..,
BeSh(B'H,....3?)

a?))

X(sluxgt

~YESh(¥L,...4™)
(a,8)=~
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We proceed with the proof of geometricity. Again using (3.29) we have

(1XH)§t(]XH)gt
~ > HY, - Hg H) - H, X% X5,
lat],...la™],|B,...,|8"[>1
ot [+t [+ [+ 48" < [p)
acSh(al,...,.a™)
BeSh(B',....8")

_ 11 1 jl jn
- Z H}, - Hgn Hy, - Hp.
&t [, || BY ..o B7[>1
la [+...4+ o™ |+] B [+...4+|8"|< |p]

> X3,

~€Sh(Sh(al,...,.a™),Sh(B1,...,8™))

_ k1 km+n Y
-y Y HeEwn, Y x)

keSh(i,j) |y, [ymT>1 ~vESh(~1,...ymtn)
[y Ay < p)

= Z (1XH)§t

keSh(i,5)

where we have used Lemma3.4 (with m = 2) in the second last identity. We may therefore apply

Proposition 3.9 to conclude the proof. W

This construction immediately yields a couple of important examples of rough path:

Example 3.16 (Pushforward of rough paths). Let X, F' be as in Example 3.11. We denote
F.X =1xF(X) (3.45)

and call it the pushforward of X through F'. This is a rough path with trace F'(X).

Example 3.r7 (Rough integrals as rough paths). Let X, H be as in Definition 3.13. We continue to denote
JHdX =tx [HdX (relying on context to distinguish between whether we intend the integral as a con-
trolled or rough path).

We can use these notions to reinterpret the following well-known fact about weakly geometric rough paths.
Notice how, in particular, this implies that the rough integral of an exact one-form is entirely determined by
its trace. (Incidentally, arbitrary one-forms do not require the whole rough path for the integral to be defined
either, just the terms (©,—1 ® 1) X" forn =1,...,|p].)

Proposition 3.18 (Change of variable formula). Ler X be as above, F' € C*°(V, W), then the following iden-
tity
F(X)=F(Xy)+ fDF(X)dX (3.46)

holds in D x (W). Therefore, the corresponding identity in 6L (0, T, W) holds as well:
F.X = F(Xo) + fDF(X)dX (3.47)
where in both cases the constant F'(Xo) is only added to the trace of the integral.
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Proof. For the trace we have, by Taylor’s formula and Proposition 3.8

=3
=

1
F(X)st~ ) —(D"F(X,), X3")

S
Il
—

5

(D"F(Xs), Xg)

I
]

n=1
t
~ f DF(X)dX

and therefore [Lyo98, Theorem 3.3.1] implies F'(X)or = fé DF(X)dX. The other claims follow triv-
ially. W

Remark 3.19. A similar formula would hold for more general controlled paths, i.c.
H=Hy+ ledX (3.48)

(together with its rough path counterpart, given by passing to the Tx on both sides), provided that we have a
| p]-th Gubinelli derivative, needed to define the controlled integrand H'.

We would now like to show that a path controlled by the lift of a controlled path is controlled by the original

rough path in a canonical fashion.

Definition 3.20 (Change of controlling rough path). Let X € 65([0,7],V), H € Dx (U) (also used to
denote its rough path lift), S another vector space and K € D (.S). We then define

n
(K« H), = Z KmngmoA%"/@n (3.49)

m=1

which for n = 0 reduces to (K * H ) := K. In coordinates this means

(K+H)S= Y  KiHY--H |y >1 (3.50)
m:l,...ﬂ\ .
(v',...y™esh T (v)
Y ey ™ >1

and (K * H)f) = K¢
In Proposition 3.22 below we show that this defines a controlled path. The next example features a case in
which the reduced ordered shuffle coproduct can be replaced with its unordered counterpart; this however is

not the general case.

Example 3.21. Let X, H, K be as above, with K = F(H) for F € C>®(U,S). Then, since K, is
symmetric we may rewrite (3.49) by using the unordered shuffle coproduct: by Corollary 3.6

1 ~
(F(H)« H)y =y —D"F(H) o H*" o Alf|yen, n>1 (350

m>1
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or in coordinates

1
(F(H)+ H)S, = > ﬁa,clu“C(H)Ijr,’“;l---Ijr,’“;:,a, v >1 (3.52)
m:177|7‘ )
(v, y™)eSh ()
Y sy ™21

When H is also given by a smooth function this is known as the Faa di Bruno formula for the higher derivatives

of a composition of functions

1
0(FoGI(X)i= 3 OkF(H)0, G 0y G (X) (353)
m=1,.ly

(v',...y™)esh ()
[y e ly™>1

We will denote the X -controlled path F'(H) * H = F.H € @x/(S) and call it the pushforward of H
through F. Note how this is distinct from F(H) € Dg(S), and note how F, X = F(X) where X de-
notes the controlled path X with zero Gubinelli derivatives. An easy application of Proposition 3.18 shows the

following change of variable formula for controlled paths:
FoH = (F () + [ DF(DAH) ) < H (554

Proposition 3.22. Themap K «+ H € L(TPI=Y(V), S) of Definition 3.20 is an element of Dx ().

Proof. Clearly K + H € C5([0,T], L(TPI=1(V), 1)), so it remains to show (3.31). We preliminarily write

lp]—ljl-1 .
c i c 1
Kijist ~|p) 1] Z K jysH st
li|=1
~ Y K( HL o Hg X (3.55)
m=1,...,|p]—|j|-1
lall,...,|a™|>1

o+ tam|< )
acSh(al,...,.a™)

and
. lp]-[6]-1
H%;St ~lp|-8| Z H%a,&);sXsat (3'56)
|a|=1
Now, let1 < |3| < |p| — 2:
(K H)Cﬂ;t
_ J In
- Z K?;tHgll;t ' "Hﬁ";t
n:]‘?"'7|5|
1B],....|B™>1

(8',....8M)eSh " (B)
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- (K.;%S + K;?St)(Hgl;s + Hjﬁll;st) o (H]ﬁnn;s + H,jBHn;St)
nzl?:lﬂl

1B7.-...|87 |21
(8",....8")ESh " (B)

Sie 2. (KSHR o Hp s 3 Gl
n=1,...,|0| €0,...,n=0,1
|61|7-"7|5n|21 (607"'7€n)7é(07~~-70)

(B'....8MESh " (B)
where §o = K7, ny = H,gl-s’ and &1,n)} are given by the RHSs of (3.55) and (3.56) (with § = Jc)
respectively; the ~|,,) | g| in the last line above holds since |j, | B < |8| and the ¢;’s are not all zero. We can

rewrite this as

(K * H)E};t
. - 5
%\_PJ_|B| Z (KEi,j);ngl;s e Hflm;sXst>'
n=1,...,|8|
1B, 18™1>1

(B',....8")ESh " (B)
m=0,...,[p] —n—1
lat],...,|a™|>1
ot [+ +]a™|<|p]
§eSh(al,...,a™)
am+l:07"'vaJ_‘ﬁl|_1

jl a"L+1 jn a'm+n
'(H(am+1”31);sXSt ) e (H(anL+7b,ﬁn);sXSt )
~ c k k o
R p)-18] > G HN o HE XS
q=1,...,|p]—-1
n:17"'7|ﬁ|
lat],...la?™™[>1
ot [+...+a?|<[p]~|B| -1
o 1B, |8™>1
acSh(Sh(al,...,a?=™),Sh(ad="*1 .. a?))
(B,...8")ESh ' (B)
Y'=al,I<q—n
v'=(a!,B"), I>g—n+1
[p]—1B8]-1 )
C k a
= > i ) HY o HY) XS
|ox|=0 4=1,...|al+|g]

(@,.ad) (@t a)e(Sh " ,Sh~)(Sh~ (a))

(B1,...87)eSh 1 (B)
,.7,h:o‘h7 ‘ah‘ZL hSl
yr=(a",B"), |B">1, h>1+1

lp]—18]-1 N
k
- Z ( Z (’;QSH'yll;s o H“/%;S> Xsat

la|=0 (41 . 49)eSh ' (a,B)
Y sy >1

lp]=1BI-1

= Z (K * H)?a,ﬂ);sng
|a|=0

as needed. The second-last identity above is given by Corollary 3.3. The proof of (3.31) for (K % H )y = K is
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a much simplified version of the proof above. W

Another application of the change of controlling path construction is a Leibniz rule for controlled paths.

Definition 3.23 (Leibniz rule for controlled paths). Let X € 65(]0,7],V), U; be vector spaces for
i = 1,2,3, H € Dx(L(U1,U7)), K € Dx(L(Uz,Us)). Define (K - H)y = K o H and for
n=1,...,|p] -1

(K-H), =xo0(KXH)oA, (3.57)

where x : L(Usz, Uz) W L(Uy,Uz) — L(Uy, Us) is ordinary composition of linear maps.

In coordinates (1) )
w-my = v kVHS (359)
(a,8)eSh™ (%)

Here we are using the notation (};) to denote indices in spaces of linear maps, the upper index referring to the
codomain and the lower to the domain; this allows us to use the Einstein convention on such superscripts.

When the domain coincides with V' (i.e. it is a controlled integrand) we will often place it after the bottom

k
tuple, e.g. H ,(f) =H ](f% 5) as done previously. The presence of the unreduced A, in the previous definition

might seem strange at first, but it is easily justified as follows:

Proposition 3.24. K - H defines an element of D x (L(U1, U3)) which coincides with x (K, H) (K, H).
In particular, if H = A(X), K = B(X) for smooth functions A, B then

H- K = A()B(-)(X) (3:59)

with A(-)B(+) denoting the function x — A(z)B(z).

Proof. We  apply  Examples.ar  with  the function X and the controlled path
(K,H) € Dx(L(U,U3) @ L(U1,U3)). Denoting by (h) coordinates for the second direct sum-
mand and by ( k) those for the first, we have

o G (k) = 67k (5), o) G (1, m) = 6793

P k

Oy (p) ¥V () = 8784 = ) ) <L) (1.1)

p/'\k k/’\p

and all other derivatives vanish. Therefore

2

(1)« (K, BN — kW) kO 3 Kg)Hé’i)

(a,3)€Sh~'(v)
], |B]=1

The factor 1/2! is not present in the sum, since each non-vanishing second derivative is counted

twice, as emphasised above. This expression coincides with (3.58). The last statement holds since

AC)B() = x(A,B). ®

Next we define a notion of pullback for controlled integrands.
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Definition 3.25. Let X beasabove, F' € C*(V,W), H € Dp,x(L(W,U)). Let

F*H = (H = F(X)) - DF(X) € Dx(L(V,U)) (3.60)

We will not need the coordinate expression of the pullback of a controlled path, although it can still be

derived as done in other cases. The next proposition reassures us of the compatibility and associativity of some

of the operations defined up to now.

Proposition 3.26.

1. Let X, H, H, K be as in Example 3.21, then

4.

5.

x (K« H) =tuK € 65([0,T],5) (3-61)
In particular lifting commutes with pushforwards

F(txH) =tx(F.H) (3.62)

and furthermore F\, (G, X)) = (F o G). X for appropriately valued smooth functions F, G;

(J+xK)«H = Jx K« H :=Jx (K x H) for appropriately valued controlled paths H, K , J,
and in particular F.G H = (F o G),.H for appropriately valued smooth functions F, G;

(J-K)+«H = (JxH) - (K x H) for appropriately valued controlled paths H , K , J; in particular,
taking J = A(H), K = B(H) we have (A(-)B(-))«H = A.H - B,H;

(J-K)-H=J-K-H:=J- (K- H) forappropriately valued controlled paths H , K , J;

F*(G*H) = (G o F)*H for appropriately valued smooth maps F, G.

Proof. We begin with 1.:

eI )

= E (K*H)i}l.sn-(K*H);%;SXZt
Y e Y™ 21
Yy < p)
~ESh(7,...y™)
D) Ko HY, . H™ Ken HY . HYG )X
- ( kl;s “/11;8‘.. ’)’1"1;8)”.( km;s ,-.]nnl;s"' ‘Y'm“m;g) st
Y ey ™ >1
YAy < p)
YESh(y!,... /™)
nl:17""|71| 1
("' )eSh T (7))

_ Cc1 . Cm, h1 .. hq é
- Z Kk:l;s Kkm§8 Z Hél;s H(sq%SXSt

[kt >1 |81 ],....|8>1
k! |+ 4]k <|p) |61 |+...+[67<p]
heSh(k!,.... k™) 5eSh(st,...,89)
— (’IHK)CI ----- Cm



and the statement follows by [Lyo98, Theorem 3.3.1]. As for the second statement
F(WxH) =tgF(H) =tx(F(H) « H) =tx(F. H)

and

F.(G.X) = F.(1xG(X)) =tx(F.G(X)) =tx (F. G, X) =1x((F 0 G)..X)

(where X is the X -controlled path with trace X and zero Gubinelli derivatives) and the conclusion is implied
by 2. below.
The proof of 2. is straightforward (with the second claim deduced from the Faa di Bruno formula (3.53)).

As for 3., we have

@-x-m¥ - uxPeh . H
m=1,..|7|
(7! y™ESH (7)
Y s ly™>1
= Y JEC)Kg.b)ng - HEm
m=1,...,|v|
(' y™)ESH ()
A ey 21
(i,j)eSh*l(k)
= Z JEC)Kgb)Hgl...Hzlﬂgl...ﬂgq
I+g=1,...,|7|

(cr,B)ESh™ (%)
(al,...,al)esihil(a)
(B,...81ESh " ()

la|,....led |18, | B9|>1

=(J«H) (K«H)

where the second last identity follows from Lemma 3.4 (with m = 2).
As for 4., it is easy to show, using associativity of composition and of A, that both sides coincide with
x3 0 (JX KX H) o A3 where x3 denotes composition of three linear maps.

Finally, 5. is shown as follows:

F*G*H F(X))- DF(X)
(H «G(F(X))) - DG(F(X))) x F(X)) - DF(X)

= (&
(
(H + G(F(X)) * F(X)) - (DG(F(X)) * F(X)) - DF(X)
(
= (

(HxGoF(X))-D(Go F)(X)
GoF)'H

Here, we have used the previous points 2., 3. and 4. in the proposition, as well as the fact that

G(F(X))* F(X) = G.F(X) = G.F,X = (Go F),X = G o F(X)
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and similarly that

(DG(F(X)) * F(X))- DF(X) = DG o F(X) - DF(X)
= DG o F(-)DF(+)(X)
— D(G o F)(X)

where we have used Proposition 3.24. W

In the next theorem we prove the property, well-known in both ordinary and stochastic calculus, which
allows to “substitute the difterential”. This will be especially convenient when manipulating RDEs. We have
only introduced the theory necessary to handle weakly geometric rough paths, and the theorem is therefore
stated in this context, but one can expect this type of result to also hold true in other settings, such as Itd

calculus and branched rough paths.

Theorem 3.27 (Associativity of the rough integral). Ler X € €5([0,T],V), H € Dx(L(V,W)),
I = [HAX, I the canonical controlled/rough path above I, K € Dr(L(W,U)). Then

(JKdI) *I:J(K*I)-HdX € Dx(U) (3.63)

and therefore
f KdI = f (K+I)-HIX €%2(0,T],0) (3.64)

Proof. In this proof we will denote, for a tuple 7y, " its last entry and 7~ the tuple obtained by removing 7y,

soy = (¥7,7). Moreover, we will interchangeably use the two indexing notations for controlled integrands,

k
e.g. Hi = H,(YZ) For |y| > 1 we then have

<J(K*I)-HdX) — (K+I) HY,
vy
- Y (x«nPmY
(e8)Sh- (v)

(:)

= > K,(j)Hle - H@Hg

(a,B)eSh™ ! (v7)
(al,...,a”)Esihil(a)
lall,...,|a™|>1
(& k kn
= 2. KiwHG - HGHi,,

(a,B)eSh™ (v7)
(al,..., a")eSihfl(a)

o], |am|>1
_ c k1 k
- > Ky H - Hin
m=1,...,|v] )
(Y y™ESh ()
Y sens ™21
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— © Em,
= > (JKdI)kI,yll SR b}

m:177|7‘

-1
(Y'ey™ESh (7)
Y sens [y ™21

()

At the trace level, we have, through a similar argument

(K «I)- HIX . 3 (K+I)-H) X7,
(f ) =Y .

v;st ly|=1

_ c k1 k ~y

- § k;sH—yl;s"'H'y%;sXst
[vI=1,...|p]
m:l,...,\;y\ )

(Y y™)ESh ()
[y s ly™ =1
~ f KedI

As for the statement at the level of rough paths, we have

JKdI = IJKdI

()

= XU(K*I)-HdX]

:J(K*I)-HdX

where we have used 1. in Proposition 3.26 and the previous statement. W

The next result, for which geometricity is essential, tells us that F} and F'* behave as adjoint operators

under the rough integral pairing. Its proof is an immediate consequence of Proposition 3.18 and Theorem 3.27.

Theorem 3.28 (Pushforward-pullback adjunction). Ler X, H, F' be as above, then the identity of controlled
paths

< J HdF*X> « F(X) = f F*HAX (3.65)

holds, and therefore so does the corresponding one of rough paths
fHdF*X = JF*HdX (3.66)

Next we move on to the topic of rough differential equations (RDEs). We will introduce two equivalent
notions of solution to an RDE. Given a field of linear maps F' € C*(W, L(V,W)) and a smooth map
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g € C®(W,U) we define, fory € W
Fg(y) = Dg(y) o F(y) € L(V,U) (3.67)
and inductively
F"g(y) = F(n = F""'g(n))ly=y € LIV, L(VZ",U)) = LIVE",U) (3.68)
In coordinates we denote
Fag°(y) = Fa(v)s = g Fy () = F90)y. 4y = P Frag°(®)

We will also use the compact notation Fyg¢(y) for the latter.

Remark 3.29. Note that F,, - - - F,, g°(y) can be read right to left as well as left to right, i.c. it is equal to
F, ---F, (F,,9°(y)forn > 2. This can be seen by induction on n (with the quantifier Vg inside the

inductive hypothesis). For n = 2 the statement is tautological. For the inductive step we have

Ey Py g(y) = Fyy (Fyy -~ By 109 ()
Fy(Fy e Fy (B 09) ()

Fy - F, (F%ch)(y)

where in the second identity we have used the inductive hypothesis.

Definition 3.30 (Davie solution to an RDE). Let F' € C°(W, L(V, W)). A solution to the RDE
dY = F(Y)dX, Yo =yo (3.69)

isapathY € C([0,T], W) starting at yo with the property that forall g € C°°(WV).

Lp]
g(YV)se = Y (F'g(Ys), X 1) (3.70)
n=1

Proposition 3.31 (Gubinelli solution to an RDE). Let Y be a solution to (5.26). Then
Y = (Y, F(Y) = FL(Y),..., FP11(Y)) € Dx (W) G7)
and moreover
Y =y + JF*YdX € Dx (W) (3.72)
Conversely, if an X -controlled controlled path satisfying the above identity, its trace satisfies Definition 3.30.

In order to prove this proposition we will make use of the following

Lemma 3.32. The X-controlled path'Y bas the form (3.71) if and only if Y, = (F.Y )p—1 forn > 1.
Moreover, in this case

(Fg)sY )1 =F"g(Y), n>1
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with g as above.

Proof. 1t we prove

(F@(Y, F(Y),..., FPI1(Y))py = Fg(Y)

we will have shown both the second statement and the “only if” part of the first (just choose g = 1). In order

to show this, we first establish the identity

Fyg(y) = > Oy Fop 1M - Eym1Fm(y)

1
(v',-.y™)eSh T ()
Y,y ™ >1

Note that this is not a closed form formula for F™g, since iterated compositions of the vector fields F~, also
p Y

appear on the RHS, but it will be useful for us nonetheless. We proceed by induction on |y|. For |y| = 1 there

is nothing to show. For the inductive step, using Remark 3.29 we have

F(“/17---,7n+1)gc(y)
=Fy (szv---ﬂm-lgc) (y)
= F’Yl Z 8kch—yl 1k1 e F,Ym 1km (y)

a1
(vt ™)eSh T (v2,eymr1)
Y s ly™>1

= 8hkch 11k1‘-'F mlkm
) il Y

-1
(7 777m)€Sh (727"'77”-‘(-1)
Yy ™21

m

=1

= > (On g Fl Fop 1™ - oy 1m

o1
(' Y™ESE (V25 Y1)
Iyl =1

m
+ Z akgCF‘yl 1k1 . F’Yl ! lkl .. prm 1km) (y)

=1

C Y Rt Bt

a1
(YhA™)ESh (Y1 Y1)
[y, ly™>1

Now, forn = || > 1 we have

(Fg).Y)5 = > Ok (Fy, g°) Fop 151 -

(71,~..,7m)€§71(’\/1,...,’)/”,1)
= ('Yl:’uy'Yn—l)(F'YngC)(y)
= Fy9°(y)

where we have used Remark 3.29 and (3.73).
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We now show the “if” implication of the first statement. Namely, we need to show thatif Y € @ x (W)
has the property that Y, = (F,Y ),—1forn =1,...,|p] thenY,, = F"1(Y"). We show this by induction

on n. Forn = 1 the assertion is obvious. For the inductive step we have

Yi= > ath(Y)ijg..-Yf;g

—_—1
(¥t y™)€ESh (v)
Y,y =1

= Y oF'Fa1b - Fa1M(Y)

o1
(' y™)eSh ()
Y s ly™>1

= F, 1Y)
where we have used (3.73) and the inductive hypothesis. W

Proof of Proposition 3.31. Let Y be a Davie solution to the RDE. Taking g in (4.30) tobe 1, F, ..., F lp)=21
proves that Y defined in (3.71) is indeed an element of Px (). By Lemma3.32 we then have
E.Y = (F(Y),..., FP)1(Y)) and by Definition 3.13

t
J FYdX ~ (FY),, X! ~ Yy
S

again by the Davie definition. Since both the left and RHSs are increments of paths, we conclude by [Lyo9s,
Theorem 3.3.1] that identity must hold. Therefore, since Yy = %0, (3.72) holds at the trace level, and forn > 1

Conversely, assume that there exists some Y € D x (W) s.t. (3.72) holds: this implies that form > 0

(FY ) = (yo + JRYdX) =Y i1
m+1

and therefore by Lemma 3.32 Y must have the form (3.71). Finally, Yo = yo and forg € C*°(W) and
Y —txY

144



o]
~ Y (Frg(Ys), X5)

n=1
where we have used Theorem 3.27, Proposition 3.26 and Lemma 3.32. This concludes the proof. W

The above proposition tells us that once we have the solution in the sense of Definition 3.30 we can obtain
an X -controlled path, and thus by Definition 3.14 a rough path. If we want to emphasise the existence of one

of these superstructures we will write
dY = F(Y)dX and, Yp=1yo (3.74)

ie. Y =1xY, again abusing notation by denoting Y both the controlled and the rough path. Notice that
the initial condition only involves the trace.

The next result will be instrumental in defining RDEs on manifolds in a coordinate-invariant manner.

Theorem 3.33 (Change of variable formula for RDE solutions). Let X, F,Y be as above, g € C>°(W,U).
Then (Y, g.Y") jointly solve the RDE

‘ (Z) - <Dg£f()YF)(Y>> dx (3.75)

In particular, if g is invertible, Defining C°°(U, L(V,U)) 3 Fy(z) == Dg(g7(Z2))F(971(Z)), 9 Y coin-
cides with the rough path solution to
dZ = F,(2)dX (3.76)

Proof. Using Proposition 3.18, Theorem 3.27 and Proposition 3.26 we have
d(g:Y) = yo + ng(Y)dY
=19+ JDQ*Y -FLYdX

— g0+ J (Dg()F(-)), Y dX

This proves the first claim; as for the second, we continue

d(g,Y) = j (Dg()F (). Y dX

- f (Dalg™ ()F (g ()))g. YAX

where we have again used Proposition 3.26. This concludes the proof. W

3.3 Geometric rough paths on manifolds

In this short section we comment very briefly on how the theory of the previous can be used to define geometric

[1,00) > p-rough paths on manifolds, and the corresponding notions of rough integral and RDE. We omit
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all details except for those that pertain to the extrinsic formulation, since the local theory proceeds in complete
analogy with that for geometric [1, 3) 3 p-rough paths, a special case treated in Chapter 2.

Geometric [1,00) > p-rough paths on manifolds are defined in charts as in Definition 2.32, using push-
forwards to enforce compatibility, with associativity of pushforwards Proposition 3.26 guaranteeing indepen-
dence of the atlas. Controlled integrands are also defined in charts, using pullbacks, as in Definition 2.34. The
rough integral is defined as in Definition 2.36, but without the extra term involving the connection and bracket
term. The independence of the integral of the coordinate system can be shown using the pushforward-pullback
adjunction Theorem 3.28. RDEs driven by an M -valued rough path with solution in a second manifold IV are
also defined as in (2.129), again, without a dependence on covariant derivatives on M and N, with the solution
well-defined as a rough path thanks to Theorem 3.33. As usual, we have local existence and uniqueness since
the coeflicients (and atlas) are C°°. The formulae for parallel transport and Cartan development are classical,
and the latter can be defined by the fundamental horizontal vector fields (2.220). The well-known equations

in local coordinates read

dAY = —T7,(X)APdX* (.77)

for parallel transport of the vector A above X and

dy* = Akdz?
dAk = —Tk (V)AL ALdZ® 67%)
Y ij sy
for development of the 717, M -valued rough path Z.

In [CDLis] the topic of manifold-valued theory of rough paths, rough integration (specifically of one-
forms) and RDEs was treated from the extrinsic point of view. Here X € 65([0, T], R?) is defined in [CDLrs,
Definition 3.17] to be constrained to a smoothly embedded manifold M if its trace is M -valued and for all one-
forms F € TL(TRY, W) (T denoting the space of sections)

Vi€ MF()lna =0 = f F(X)dX =0 € €2(0,T), W) (379)

In [CDLis, Corollary 3.32, Proposition 3.35] this is shown to be equivalent to the trace X being M-valued
and (I ® Q(Xs))X?2, ~ 0, or equivalently to (P(X;) ® P(X;))X?% ~ X2, where forz € M P(x)
is the orthogonal projection T,R? — T, M and Q := 1 — P. Moreover, one may replace X %, with its
antisymmetric part (AX?) in these identities (because ® X ? is already fixed by the trace).

This approach carries over to the case of higher p considered here. If X € 65([0, T], R%) we may say that
it is constrained to the smoothly embedded manifold M if 7, X = X, where 7 is the Riemannian projection
of a tubular neighbourhood U of M onto M (i.e. it maps a point in U to the unique point on M closest to
it — this is well defined and smooth on a thin enough tubular neighbourhood). This extends the definition
of [CDLis] since Dm = P(x). In order to generalise the equivalent condition (I ® Q(X))(AX)s we
can take the log of our original condition, i.e. log 7, X = log X: this has the advantage of eliminating all the
redundancies of the former (as explained in [LSo6, p.767]), and its precise coordinate expression can be derived
by using [FViob, Definition 7.20], but at higher orders cannot be described in terms of antisymmetric tensors.
The Chen-Strichartz formula [Bauo4, Theorem r.1] expresses log X as a Lie polynomial; the task of expressing

it in a basis of the Lie algebra is more complex still [Reir7].
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Care must be taken when defining the rough integral of a controlled integrand, since it is no longer the
case that for an X -controlled integrand H, f HdX (defined in the ordinary sense, where X is considered an
element of €5 ([0, T, R?)) does not always only depend on the trace H of X restricted to 7'M, although this
is indeed the case when H is given by a one-form: this is because if F' € TL(TR?, W) (T denoting the space
of sections) vanishes on T'M (i.e. F'(x)P(z) = 0 forx € M) by Theorem 3.28 we have

X)dX = X)dm. X = X)dX =0
J 7 f f 50
since T°F(X) = w(X)) - D =FX) P(X)=F()P(-)(X) =

where we have used Proposition 3.24. This then implies that if F,G € FE(TRd, W) restrict to
the same element of I'L(T'M,W) then [F(X)dX = [G(X)dX. Similarly, we have that if
H,K € Dx(L(TM,W)) are such that 7*H = 7*K then [HdX = [KdX, but this involves condi-
tions on all levels of H , not just the trace.

Finally, the original definition of constrained rough path given by integration (3.79) also carries over to
higher p. The fact that this is implied by 7, X = X was shown in (3.80). For the converse, we rewrite the
identity as (1 — 7),X = 0: the trace level is implied by the fact that X is M -valued, and at orders > 1 the
identity [Q(X)dX = (1 — 7),X is straightforward to check.

Conclusions and further directions

In this chapter we have provided a self-contained treatment of all the basic structural aspects of finite-
dimensional geometric rough paths and their controlled paths. Our combinatorial approach combines Lyons’
original theory with Gubinelli’s subsequent approach, and is applied to show how rough path theory naturally
extends to intrinsic and extrinsic manifolds.

Although we believe that spelling out all the algebraic relations between rough and controlled paths is
already of interesting in the finite-dimensional case, it is really in infinite dimensions that this becomes necessary,
due to the impracticability of the approach via smooth approximations. For this reason, further value could be
added to the material of this chapter if it were to be extended to the case in which the vector spaces are Banach.
While we expect all the fundamental identities (expressed without reference to a basis) to carry over, their proofs
would require non-trivial modification, since they make use of coordinates, duality, etc. Some of the delicate
aspects of rough paths in infinite dimensions are considered in [Weir8].

It would also be interesting to leverage the identities of this chapter to see whether Markovian rough paths
[FViob, Ch.16] can be expressed in a more explicit manner. One could then apply such a representation to
study the Cartan development of these rough paths on manifolds, in particular with regards to the question of
whether Markovianity is preserved (as it does in the case of Brownian motion) and, if so, how the expression of

the generator of the developed rough path relates to that of that of the rough path being developed.
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A TRANSFER PRINCIPLE FOR BRANCHED ROUGH PATHS

Project status.  This chapter may be considered a finished project, though I'have not yet uploaded it to arXiv

or submitted it to a journal at the time of writing.

Introduction

As we have already mentioned a number of times in this thesis, Malliavin’s original transfer principle con-
sists of the formal equivalence between ordinary calculus of manifold-valued smooth curves and Stratonvich
calculus of manifold-valued semimartingales. Building on results of Meyer [Mey81, Mey82], in [E9o] Emery
discovered the Itd transfer principle, the rule that makes it possible to define It6 integration and RDEs on
a manifold with connection: condensed into a single formula, this consists of defining the It6 differential
dyX? == dX" + 3] 5(X)d[X ]%8. In Chapter 2 we readapted this idea to non-geometric rough paths
of bounded [2,3) > p-variation, additionally exploring its extrinsic formulation and the local theory of par-
allel transport and development. In Chapter 3 we instead studied the combinatorial structure of rough paths
and their controlled paths, and used this to derive the trivial transfer principle for geometric rough paths. The
goal of this chapter is to combine the challenges stemming from non-geometricity with those due to low path
regularity, in order to formulate a transfer principle that is valid for general branched rough paths.
Formulating the transfer principle in this context is significantly more complex thanin the 2 < p < 3
case. This is mainly due to the way in which branched rough paths and the solutions to their RDEs transform
under the action of a smooth function. Such change of variable formulae were discovered by Kelly in his PhD
thesis [Kelr2], and are the main technical tool needed here. An interesting, but complicating feature of these
is that RDE solutions transform in a strictly more complex manner than the trace of the branched rough path
does, something which only becomes visible when p > 3. As a result, one should expect a transfer principle
for RDEs on manifolds to be more complex than the one that suffices for rough integration. For this reason,

we have only focused on the latter, leaving the former for future investigation.
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In Section 4.1 we begin by reviewing the background on branched rough paths, introduced by Gubinelli
in [Gubio]. This includes a discussion of Kelly’s bracket extension, needed for the change of variable for-
mula. Next, in Section 4.2 we define the lift of a controlled path: the proof that this defines a rough path is
more involved than its counterpart in the geometric case, and requires some delicate manipulations of rooted
forests. When pushing forward a branched rough path, it is necessary (for the final goal of this chapter) to also
push forward the simple bracket extension. This can be viewed as a generalisation of the rule for obtaining the
quadratic covariation of It6 integrals, and requires an additional consistency relation on the simple bracket.
Section 4.3 is a digression into a topic that has received relatively little attention in the literature, but which
has potentially interesting consequences within our scope. Quasi-geometric rough paths [Bel2o] constitute a
class of rough paths that lie somewhere between geometric ones and the most general branched ones. They
are compact enough to be defined on the tensor algebra, but do not obey the ordinary integration by parts
rule formulated in terms of shuffles: rather, they are defined on Hoffman’s quasi-shuffle algebra [Hofoo]. The
main result of this section is a characterisation of them which, in a nutshell, says that they are precisely those
branched rough paths for which RDE solutions do not transform in a more complicated way than the trace
of the original rough path does. We take the opportunity to give a brief survey on some facts about geometric,
quasi-geometric and branched rough paths that are likely known by experts, but not easy to find in the liter-
ature. In Section 4.4 we define the transfer principle necessary to define rough integrals of one-forms against
branched rough paths valued in a manifold carrying a covariant derivative. This entails defining certain higher-
order Christoffel symbols (which are nevertheless completely determined by the connection), and involves a
few subtleties pertaining to their symmetry (or lack thereof). While this chapter may be considered finished
work, the section Conclusions and further directions is unusually long. In it, we mention several ways to build

on the material covered, some within fairly easy reach and others which would require significant further effort.

4.1 Background on R’-valued branched rough paths

4.1 The Connes-Kreimer and Grossman-Larson Hopf algebras

In this subsection we will go over the algebraic prerequisites to the rest of the chapter. We will follow mainly
[Foirs] (see also [Hofo3]) for Hopf algebras of forests and [MM6s, Mano6] for the more general theory of
Hopf algebras; when details and proofs are omitted it is intended that they are to be found therein. Most of the
choices in setup and notation will follow [HKis] (for instance in the decision to define the Grossman-Larson
Hopf algebra using forests rather than trees with unlabelled root, as done in most of the literature), but will
deviate from in some aspects that will be motivated later on (for instance in the use of inhomogeneous gradings,
see for instance [1Z20]).

In this chapter we will be interested in A-decorated non-planar rooted forests, where A is a finite alphabet.
These are finite acyclic graphs with a finite number of vertices, which are labelled with elements of A, and each
connected component of which - a free - has a preferred vertex, its 7ooz. In graphical representations the root of
a tree will be identified as its single lowermost vertex. The term “non-planar” refers to the fact that the trees in

a forest, and the children of each vertex (the vertices attached to it that are further away from the root) are not
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given an order. An example is

g g g

b o %f %f c b %e c b

VR AVPR AV,
in general for a, ...,g € A. The first and second terms are equal by non-planarity, and the third is different
(unless e = f). Trees such as this term - ones in which each vertex has at most one child - are called ladders.

Call the set of such forests F4 and its subset of trees 74; note that we are considering an empty forest

@ € FA (which is not considered a tree, as it has no root). We will say that a non-empty forest is proper if it
is not a tree. We will denote forests using letters £, g, 7, ... and trees with #,3, 1, ... We will write v € £ to
mean that v is a vertex of £ and we denote £(v) its label. We will assume that A comes with a weighting, i.e. each
elementa € A hasaweight |a| € N*. This induces a grading on F* by setting |£| := > vep 1L(V)], thedegree
of . We will instead denote #£ the number of vertices of f; more in general, throughout this chapter, we will
use # to denote cardinality, reserving | - | for weightings and gradings. It will sometimes be helpful to write
f =11 - - - 1, when the forest £ is composed of the individual trees {1, . . ., ¥, which are called its factors; note
that this product, which will also be defined between forests and denoted simply -, is the free abelian one. It
will also be helpful to use the notation ¢ = [f], when the tree  is given by joining each root in the forest £ to
anew root labelled a € A, and note that [@], = ¢* .

An important case for the alphabet is

[d = {1,...,d} (4.1)

for some d € N*, with the homogeneous grading |y| = 1fory = 1,...,d. In this case we will denote
FA = F4, and similarly replace all A superscripts with d’s. We will usually use Greek letters for elements of
[d], reserving a, b, ¢, . . . for more general labels.

We will now introduce algebraic operations on R(F%), the graded R-vector space generated by F4, of
which we identify the subspace generated by the empty forest with R, by @ = 1. A non-total cuz C of { € TA

is a subset of its edges. It is called admissible if it has the property that every increasing path in ¢ contains at

e . ae .
b b
a , a

both define cuts of the underlying tree, but only the first is admissible. The admissible cut & is called the z77vial

most one element of C'. For example

cut. Deleting the edges in a non-total cut C transforms ¢ into a forest £ if C is admissible we call £ ¢ the tree
containing its root (think of the portion of 4 below the cut) and 1 the forest comprised of all other factors
of £ (think of the portion of £ above the cut). The trivial cut can be thought of as a cut above the leaves, since
1ty =1,1 » = . We also consider the total cut ¥, which is declared admissible and for which we set ty =2,
1y = ; this cut, which does not correspond to any set of edges, should be thought of as a cut below the root.
The set of cuts of t € T4 (including V) is denoted Cut (%) and its subset of admissible ones Cut* (). We

will also speak of cuts of a forest {1 - - - ,,: this is just a collection of cuts, one for each t1.. The Connes-Kreimer
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coproduct is given by

Ack: R(FY) 5 RIFYH @R(FY), Ackt = >  te®icforteT? (4.2)
CeCut*(t)

and required to be an algebra morphism according to the free abelian product of trees, i.e.
Ack(®1---tn) = Ackti - Ackly, with the product on the right given factor-wise, and extending

linearly. For example

RV VIRV IPPHS % -0 TS DN PV
Ack e =1® a+.d®'v;+2l2®1a+1b®Ia+21b®.a+ a Qe + o ®1

We now define the operation that is dual to Ack, in a sense that will be made precise below. For
ty-ty = f,g € FA we will say that # is obtained by grafting f onto g, denoted # € f~g, if o is
obtained by taking each factor 1}, and either joining its root to a vertex of g (by adding an extra edge) or mul-
tiplying it with g (i.e. making it one of the factors of 7). Note that when we sum over 2 € f—_g we are not
doing so over all distinct forests that are given by grafting £ onto g, but over distinct ways of grafting: the point
is that there may be two distinct vertices in g s.t. grafting £ onto them results in two identical labelled forests;
for this reason £~g is best thought as a multiset, not a set. Also note that @~g and g~ both consist of

the singleton {.g }. We then define the Grossman-Larson product

*: R(FA @ R(FA) = (FA), frg = Z h (4.3)
hef~g

and extending linearly. An example is

b e b e bed ZIK/C dkfb
C
od*Vz:ode—F o + a + a

Note how the last two summands are the same if b = c. There is one operation that is left to define: the

coproduct dual to the free abelian product of forests. We define the Grossman-Larson coproduct

AcL: R(FY) = R(FYH) @ R(FY), ALty 1) = Z trety (4-4)

where we are summing over all subsets I of the set with n elements, with J its complement, and for
K C {1,...,n} we are defining Txc = [[,cx Tx- We now define the algebraic structure into which we

would like these operations to fit.

Definition 4.1 (Connected graded bialgebra). A connected graded Hopf algebra is a triple (H, x, A) where
H = @,y H" is a graded real vector space, x : H ® H — H (the product)and A: H — H ® H (the

coproduct) are linear functions, and the following axioms are satisfied for all z, y, 2 € H:
Associativity. (x X y) X z =z X (y X 2);

Unit. There exists aunit,ic.alinearmape: R - Hstz x (1) =z =(1) x zand Ao =1 ® ¢;
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Coassociativity. (1g @ A)o A= (A®1y)oA;

Counit. There exists a counit, ie. a linear map e: H — R s.t
(e®1lg)oA=1g=(lg®e)oAande(r X y) = ex X €y;

Compatibility. A(z x y) = Az x Ayandeor = 1g;

Grading. H' x H/ C H* and AH" C @, ;_, H' @ HY;

Connectedness. H° = R.

From these axioms, which define a connected graded bialgebra, it is possible to show the following further

property, that turns H into a Hopf algebra:

Antipode. There exists an antipode, ie. a linear map §: H — H st
xo(8®1lg)oA=10e=x0(lgp®8§)oA.

We also consider the following two optional properties, denoting 7: H © H — H ® H the switch of factors:
Commutativity X o7 = X;
Cocommutativity 70 A = A.

If the unit and co-unit exist they are unique, and moreover we have Im ¢ = H 0 Kere = @n>1 H"™, and
we will use ¢ to identify H 0 = RR. Less trivially, uniqueness also holds for the antipode: this fact, the proof of
which uses the grading in an essential way, means that the antipode does not constitute additional structure; in
a similar spirit, it can be shown that a bialgebra morphism, defined in the obvious way, automatically preserves

the antipode. The reduced coproduct is defined by

Zi'::Al'—ZE@l—l@l‘E@Hi@Hj (4-5)

1,521
We may also iterate the coproduct by defining

A™: H — H®™ A :=1p, Al:=1, A% = A,

(4.6)
A" = (lg@ A" HoA=(A"1®1yg)oA form >3

with the last identity holding by coassociativity. We can similarly iterate the reduced coproduct, A™. We will
use Sweedler notation
Ay = Z T(1) @+ @ T(yy) (4.7)
()™
and we can modify the subscript ()™ to reflect whether we are reducing the coproduct, i.e. ()", and/or to
specify the specific coproduct used, e.g. ()&, ()&}, and the superscript * will be omitted when it is 2.
Anelementz € H is primitive if Az = 1® x4 x ® 1 and grouplike it Ax = x @ x. The set of primitive
elements will be denoted P(H ) and forms a Lie algebra with bracket [x,y] = = X y — y X z, in which
8z = —uz. The set of grouplike elements will be denoted G(H ) and forms a group in which 8z = 2. Such

statements are not difficult to prove, e.g. for z € G(H)
Srxr=x08®@1lg)(z®@x)=(xo0(8®1y)oA)xr=1
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We will adopt contractions in notation with obvious meaning such as QéL = Q('HéL) (with HéL defined
below).

Definition 4.2 (The Connes-Kreimer and Grossman-Larson bialgebras). We call the triple
Héx = (R(FA),-, Ack) (where - denotes the free abelian product of forests) the Connes-Kreimer
Hopf algebra, and the triple H&; = (R(FA), , AgL) the Grossman-Larson Hopf algebra.

That H{ and H&; are bialgebras is non-trivial. Before stating this result, we define the pairing that es-
tablishes HéK and HéL as dual to one another. For f € F4 define N(£) to be the number of label-preserving

order automorphisms of £: this is recursively given by

N@)=1,  N([fla) =N(), N ---ofm) =[] k:!N()* (4.8)
=1

where 31 - - - 3, are pairwise distinct trees when taking the labelling into account. We define the pairing

(o) HE @ HEL = R, (£,q) = N(£)dpg (4.9)

where 6 denotes Kronecker delta, and we are extending with bilinearity. This induces a corresponding pairing
on R(F4)®" by applying the above pairing factorwise on elementary tensors, and multiplying. The purpose
of this pairing is for % to be dual to Ack and - to Ay, with respect to it. The reason for the N(£) factor is
explained by the following example: calling (-, -) the pairing induced by the Kronecker delta on basis elements,

we have
a a

5(Ack Ws et ® IZ):2¢1:5(%,.&WIZ)

since there are two distinct cuts that result in a non-zero evaluation on the left, but only one way of grafting
that does so on the right. The pairing which takes into account the order of the automorphism group instead

works:
a a a a

(Ack ¥ o0 @ 35 ) =2=( Vb ,e® % 35 )

It can be observed that something similar thing occurs with the operations - and Agr,. We now state the result

that summarises the content of this subsection:

Theorem 4.3 (The pair (HéK, HéL)) ’HéK and HéL are connected graded Hopf algebras, the former com-

mutative and the latter cocommutative, and the map (4.9) defines a graded bialgebra pairing, i.e.
(Ackz,z®@y) = (z,x % y), (x @y, AgLz) = (xy, 2) (4.10)
and
i#§ = (Héi (HE)) =0, (o, (HG)™) = 0= w=0, (M) =0=y =0 (4m)

Note how the above notion of graded duality is different from ordinary duality: the former is equivalent to
an isomorphism @, .y H" = @, oy Hn, where H, is the dual H", defined unambiguously if H,, is finite-

dimensional, as is the case here. Graded duality has the advantage of not introducing direct products (which
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would be needed in the study of full signatures, but are not when only dealing with rough paths), while still
maintaining a lot of the necessary functoriality. For example, if f: @, .y H" — @D, cny K" is a linear for
which there exists m s.t. f(Hp) € Ky qm for all n, it induces a unique map f*: @, oy Kn — @,,cny Hn

st (f*(y), x) = (y, [ (2))-

The (uniquely determined) Connes-Kreimer antipode is given by

Sox(t)= Y. (-1, teT? (4.12)
VACECut(t)

(note that we are summing over all non-total cuts, not just the admissible ones) and extended as an algebra
morphism. In a graded dual pair of Hopf algebras, the antipodes are graded dual to one another, so we can
obtain the Grossman-Larson antipode as Sq1, = S{k.

Note that the fact that the pairing of HéK and ”HéL is not the Kronecker one implies that covariant and

contravariant components no longer coincide: we reserve sub/super-scripting for the former, i.e. we denote

=(f,x), yp=1(y,f) forzeHa, yeH, feF! (4.13)

The contravariant component of x w.r.t. £, on the other hand, is (£, ), meaning that we can express « as the

finite sum 3y 74 8(f, )£ (and similarly for y € HE; ). As a consequence (y, x) # ypaf, rather

D= Y sua)e, Y 8.pF)

geFA feFA

:< > N Ha.wg D N<ﬁ)71<’e’x>ﬁ>

geFA feFA

= > N(@)'N(E) ygaf (g f)

£ gEFA

Z N(f y,ex

feFA

(4.14)

We conclude this subsection with a couple of remarks.

Remark 4.4 (Different pairing used in [Keli2, HKis]). In these works HéK and ’HéL are paired using 8(+, ),
not the pairing (4.9) that takes into account order automorphisms. For this reason, some of their identities will

require minor modification for them to fit into the framework used here.

Remark 4.5 (Forest bialgebras over abstract vector spaces). HéK and 'HéL may be considered “bialgebras over
R4”, in the sense that (Hé )1 =RA= (7—[ 1)} canonically. The theory needed to replace R4 witha possibly
infinite-dimensional (locally-convex) abstract vector space is developed in [Weii8]. Since we confine ourselves
to the finite-dimensional case, for our purposes it makes more sense to begin by fixing coordinates, and later
make the manifold-valued theory coordinate-free by considering suitably compatible families of rough paths

defined w.r.t. arbitrary charts.

4.1.2  Rough paths, their controlled paths, rough integration and RDEs

In this subsection we introduce the topic of branched rough paths, original to [Gubio]. We will follow [HKis],

and omit proofs and details that can be found therein; in light of Remark 4.4 we will make small adjustments
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to some formulae, without modifying their meaning in any significant way. We preface the main definition
with a couple of preliminary ones. For T > 0let A = {(s,t) € [0,T)? | s < t}. A control on [0, T
is a continuous function w: Ar — [0,+00) s.t. w(t,t) = 0for0 < ¢ < T and is superadditive, i.e.
w(s,u) + w(u,t) < w(s,t)for0 < s < u < t < T. Throughout this chapter p will denote a real
number € [1, 4+00). We will denote (H#; )" the sub-vector space of H{;, generated by forest of weight n and
(HéL)S” that generated by forest of degree & < n. We will also use similar sub/superscripts for projection on
such subspaces, e.g. =" is the projection of x € HéL onto (’H(A}L)S”. When referring to HéK we will use

subscripts instead of superscripts, to emphasize duality.

Definition 4.6 (Branched rough path). An RA-valued p-branched rough path (of inhomogenecous regularity

given by the weighting on A) on [0, T'] controlled by w is a continuous map
X:Ar— (HE)W, (s,t) = X g (4.15)
s.t. X? = 1 and satisfying the following three axioms:

xf
Regularity. sup X

Rl o for g € (FA)IS;
o<s<t<T w(s, t)IFI/P cofor f € (F7)

Multiplicativity. X o = (XSU*XM)SLPJ, or in coordinates Xﬁt = Z Xé(ul)Xi(f) forf € (fd)ﬁpj,
(Fck
and0<s<u<t<T,
Grouplikeness. Agr, Xy = X4 ® X, or in coordinates X éf = X ﬁtX ;‘lt for f,g € F A with
£l + gl < [p),and0 < s <t <T.

We denote the set of these 65 ([0, 7], R4).

The intuitive meaning of a branched rough path is given by the following recursive set of identities:
t
xg-1 xpeexyoxh xle- [ Cxtax (426

fort, € T4, £ € FA. While the second identity is implied by the definition (and the first is actually re-
quired), the second is only to be taken heuristically, as the integral is not well defined in general. Of course,
when |f| > |p| the term X L'i]“ could be defined by taking the above identity literally in the sense of Young:
this, together with the identity for products, would automatically define X Sgt forany g € F A and is called
the Lyons extension of X5 in this chapter, however, we will always consider X to be truncated at order |p]:
this will ensure that all of our sums are finite, yet precise at the necessary order. When equipped with an initial
value X, the components of X indexed by single labelled vertices are the increments of components X of a
continuous function X : [0, T] — R4 called the t7ace; X is a member of C5 ([0, T], R4), the set of functions
Y: [0, T] — R4 with the property that fora € A
Y3

0<aerer (s, ts)t\a| /p (4.17)

where Yy = Y; — Y is the increment. Note that the definitions of €5([0, 7], R*) and C depend on the

weights assigned to elements of A. Also note that our setup accommodates rough paths of inhomogeneous
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w-Hélder regularity, but only ones that are integer multiples of a given p~L: this choice is justified by the fact
that the bracket terms considered in Subsection 4.1.3 (the only reason that has prompted us to consider inho-
mogeneous regularities) satisfies this property.

In what follows we will write ~,,, between two real-valued quantities dependenton 0 < s <t < T'to
mean that their difference lies in O(w(s,t)"™/?) ast \, s, and simply ~ (almost equal) to mean A p|+1-
We will need the following simple readaptation of a well-known principle: its proof is identical to that of

Proposition 3.9 (the basis of trees of HéK plays the role of the Lyndon basis).

Proposition 4.7 (Almost rough paths). Ler X beasin Definition 4.6, with the difference that the = signs in
the multiplicativity and grouplikeness axioms are replaced with =’s. Then there exists a unique p-rough path X
with the property that X ¢ ~ X st

We now give the definition of path controlled by a branched rough path.

Definition 4.8. Let X € 65([0,7],R4). An Rvalued X-controlled path H is an element of
CP([0,T1], (’HéKﬂinl) *€) with homogeneous grading = 1 on the target, and s.t. forn = 0,..., [p| — 2

R® > <Hn;t7y> N|p]-n <H87Xst *y% Y€ (HéL)n (4~18)

Call the set of these D x (R€).

Note that H is a vector space-valued path; the homogeneous grading on the e-fold cartesian product of
(HE) =P~ just reflects the fact that its components, indexed by [e] x (F4)SIPI=1 (recall that we are de-
noting [e] = {1,...,e}), all have regularity p: this is because in all cases of interest H will be defined ex-
plicitly in terms of the whole of X and will therefore be, in general, as regular as the least regular component
of X. We will denote the components of H as HIE where f € (FA)SWPI~1and k = 1,...,¢; the terms
H = Hg € CP([0,T],R¢) will be called the #7ace, and the rest its Gubinelli derivatives. Note that in (4.18)
the pairing is intended as componentwise on the upper index, which we will often omit. Using (4.14) we can

express (4.18) as
Hye = p)—jp) (Hs, Xst % f)
= <ACKH87 Xst & ﬁ)
= > NP N(g) HAckH,, g ©h) (g @ h, Xy @ f)

g,heEFA
= > NP TN(g) N H, g xh)XG (R, f)
g,hEFA
-l Y. N(g) HH, g xf) XY,
gG]—'A
lgI<[p]—Ifl
or in other words
Hpimpy Y, Ng) "Hp X4, (4.19)
gﬁ]—"4
lg|<[p]—|fl
beg\ff
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which at the trace level reads

Hy ~p) <H3’ XSt) = Z N(ﬁ)_lﬂg;ngt (4.20)
geF 4, [gl<]p)

Example 4.9. To convince oneself that this is indeed the form of the expansion that is self-consistent at higher
orders, consider the ODE
dy = V(Y)dX, V e C®(R®R*Y) (4.21)

The order-4 expansion of Y in terms of the branched iterated integrals of X (obtained by performing iterated
substitutions Yy < fst V(Y')dX and Taylor expansions of V' (Y") of the necessary order) is given by

b aB
b by 55 it/7 Y
VP a YIX G+ VEY) X G+ OVEVI(Yo) X5 + O VIOVEVI(Y) XS + 505 VIVAV] (V) X 5t
) . abBy . . (BXV
F L0 VEVIVIVR(YV)XE + 0,VEaViVIVE (V)XY
g a B

+OVEOVIO,VIVE (V) XS + ;ahvgfaijvagvg(ys)xg

with the Einstein convention implying a sum on the single indices (not on distinct labelled trees - this is what

the fractions are for). We therefore have

#B

i 0 VIVIVI(Y:)  a
505VIVIVI(Y,) a=p

coefficientof X 5 =

| §ORVIVAVEVI(Y) o =5 =1
coefficient of X o = YO VEVIVIVI(Y,) a#B=qVa=B#yVa=7#8
O VEVAVaVI(Ys)  a#B#v#a

and a statement similar to the first for the last term in the expansion. Now, setting this expression equal to (4.19)
with £ = @ already fixes all the Y ;s to be equal to the terms above involving derivatives and products of the
Vs without the fractions, e.g.

k it s
Yy = Oy VIVIVI(Y)

Re-expanding this term, we have

Yigo ~ 0y VIVAVI(Ys) + QunVIVAVIVE(Y:) + 20V O VaVAVE (V) X

k 1 k :
= YvESXst + (Y(@ﬂ;s + QYQI\;;S)XS*/
ol Y

which is precisely the expression predicted by (4.19).

Remark 4.10. As exemplified by the calculations above, sums of thesort 3 5, N(£) ™ Lo(£) can be replaced with
ones Ef o0 N(£)~Lo(f¢), where £ are unlabelled forests (ranging in the set corresponding to that of the £’s),

we are additionally summing over all possible labellings £ on each E(i.e. maps from the set of vertices of each E
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to A), N(E) is the number of unlabelled order automorphisms of f, and Eg is the forest Elabelled with £. This
is because in the latter type of sum each term N(E)Lo(f) appears |Aut(£)/Aut(£)] = N(£)/N(£) times.
Example 4.11 (Smooth functions of controlled paths). If H € @x (R¢) and f € C*°(R®, R®) we can define

an X -controlled path with trace f(H) by

(f«H)s = Z ak?17...7knf(H)lell e HIZ: (4.22)
frfn=f

where we are summing on all distinct ways of expressing the forest £ as a product of forests f; - - - f,,. Again,
here “distinct” is intended in the sense of multisets: if £ is the product of trees 11 - - - 1,,, each term in the sum
corresponds to a partition of the multiset {{#1, . .., ¢, }}; for instance if £ = 331 with 3,4 € T4, the term
corresponding to £ = 4 - 41 appears not once, but twice. Note that the absence of the 1 /n! factor, present in
[HKis], is due to the different dual pairing, as explained in Remark 4.4 (and exemplified in Example 4.9). In
particular, if e = d and we take H to be the X -controlled path defined by X itself, i.e. X ? = 5%, we have

the expression for a controlled path given by a function of the trace of X:

(F(X); 0% -0 ) 1= Ouy,.an [(X) (4.23)

and zero on all other forests; in this case (4.19) reduces to the usual Taylor expansion. In this case we will often

just write f(X') to denote the above controlled path, since it only depends on f and the trace X.

We continue by defining rough integration. We will call elements of @ x (R®*4) X -controlled integrands,
and we will use subscripts for the A index, i.e. Hk@ fork € [e], a € A, f € FA. Setting, fora € A

(£, X5) = ([fla, Xst), fE€E FA

It is shown that
(Has, Xg) — (Has, X)) — (Haw, Xip) =0

for s < u < ¢, enabling the following

Definition 4.12 (Rough integral). We define the rough integral as the unique path with increments
~ (Hgs, X)), ie.

t
J HdX = lim > (Hgy, X4, (4.24)

n—00
[uv]emy,

where (7, ), is any sequence of partitions on [s, t] with vanishing step size as n — oo.

This limit is shown to be well defined, independently of (7, )y, and taking s = 0, ¢ € [0, 7] above yields
an element of CP([0, T'], R®). In coordinates we have, again by (4.6)

t
fHdXz ST N T Hy e X (4.25)

feEFA, acA
|£l+]al<|p]



This becomes an element [( HdX € Px (R®) by setting ([ HdX )4 to the above path, and
(J HdX) = Hy,, (J HdX) =0, forg e FA\(TAu{a}) (4.26)
0 [l 0 g

We move on to the topic of rough differential equations, or RDEs. Let F' € C*°(RR®, ReXd). We wish to
give meaning to the expression

dY = F(Y)dX, Yy=yoe€R" (4.27)

Definition 4.13 (RDE). We willsay Y € D x (R®) is a controlled solution to (4.27) if

t
Y=y + j F.YdX (4.28)
0

where the X -controlled paths Y and F.Y" are defined by the rules (4.26) and (4.22).

Note that if such a Y exists all its Gubinelli derivatives are automatically fixed by the trace Y and the
smooth function F'. Their expression can be computed more explicitly in terms of recursively-defined smooth

functions of Y as

Y =FpY),  Yg=0 forgeF\ (T u{g})

k/‘l L (42‘9)
where Fy = lge, F[{l,,.{n}a = 8k1---knFaF{1 R Ftn"
We can use this and (4.25) to express the trace level of (4.28) as
Yar Y, NA)T'FR(Y)XL, Yo=yo (430)

teTA, [tI<|p)

This is known as the Davie solution, and it is equivalent to the notion of controlled solution in the sense that
(4.30) holds if and only if there exists a controlled solution, which is necessarily given by (4.29). Another inter-
esting feature of the coeflicients F} is how they behave when evaluated against Grossman-Larson products: it

can be shown that
— k1 k1 A
F(fl'“fn)*d = 8k1---kanF{1 -~-F{n, {1,. ..,tn,é eT (4.31)
Taking 3 = «¢ (and setting F' to be zero on proper non-empty forests) reduces this identity to (4.29).

4.1.3 Kelly’s bracket extension

The lack of constraints on the product structure of branched rough paths results in rough integration against
X not being sufficiently rich to express increments of functions of X -driven RDEs, not even of X itself. In
this section we will review the material of [Kelr2, Ch. 5], which remedies this lack of a change of variable formula
by means of an ingenious procedure that consists of enlarging X by recursively adding new trace components
and coherently lifting to a rough path; details and proofs not included here are intended to be found therein.

Given the weighted alphabet A we consider the enlarged alphabet consisting of adding to A all non-trivial
proper forests in F A

A= AUF N\ (T4 U{2)) (432)
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and its subalphabet consisting of commutative sequences, i.e. multisets, of letters in A
A={(ar--an) [n EN, ay,...,a, € A} (433)

We are considering A C A (- fT, with the second inclusion given by identifying a; - - - a, = o' ---o¢"". We
denote the sets and Hopf algebras constructed w.r.t. fT, A correspondingly, e.g. ’ﬁéK and ﬁdCK Elements of
FA are forests labelled with commutative products of elements of A, and elements of F4 are forests labelled
with A and A-labelled non-trivial proper forests or single vertices. We will use round brackets to denote these
new types of labels. The weighting on Fé (and accordingly that on its subset FA)is just given by summing the
weights of the labels as elements of F A je. counting up the total number of elements in A.

Define the bilinear “root labelling” map

_ A
J:RFYH QR(FY - R(FY, fog- ! e=0ovigeT A#e>1) (4.34)

[flg) otherwise

and the bracket polynomial maps
L->=1—-{o ZCKZ R<]:A> — R<]:A> (4-35)

where recall that Ack denotes the reduced Connes-Kreimer coproduct. For products of single vertices (which

we identify with their labels) this reduces to

CeprepPim o= 3 o e gy
IuJ={1,...,n} (4.36)

1= {ilv"' 7ir}a J = {jlv"' 7jq}7 ap = Cips bk‘ = (&

Definition 4.14 (Bracket extension). A (full) bracket extension X of X €€ ([0, T], R4) is a p-rough path

over the alphabet A extending the existing one over A, and with the property that
X =(«p>X), feFt (4.37)
A simple bracket extension of X is a p-rough path X over the alphabet A with the property that
X (a1an) — (<ay--- an>>,/)f), ai,...,ap € A (4-38)

All of this is equivalent to expressing the evaluation of X against a forest in terms of evaluations of X
against trees as

X = (Jo Ack(f), X) (439)

(with the simple case obtained by picking £ = ¢"' - - - " ) where we are using the unreduced coproduct, with

Dlg) = o) note that this reduces to the trivial identity X* = X" whent € T4, since the only term
considered on the RHS is the one corresponding to the cut that separates the root from everything else.
A full bracket extension automatically defines a simple bracket extension by taking the trees in the for-

est £ of (4.37) to be given by a product of single vertices. The way bracket extensions are shown to exist
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is by noticing that the defining condition fixes the trace term X (t1tn) 55 being canonically determined by
Xhotn = xt... Xtn (part of the original rough path) and lower degree rough path terms in the exten-
sion. In [Kelr2, Proposition 5.3.9] it is proved that every branched rough path admits a full bracket extension.

tn)sg of some fixed

The proof works by recursively performing the following two steps: (i) show that the X gl )
degree are actually path increments and (ii) lift them jointly and consistently with the rough path defined in
previous iterations. Note that the second step is highly non-canonical: there are many different choices of a
bracket extension. The point of view taken in this chapter is slightly different: the bracket extension, simple or
tull, will be fixed and part of the original data, since subsequent constructions will explicitly depend on it. In
practical (stochastic) cases it is realistic to hope that the bracket terms can be defined canonically through the
same mechanism which is used to define the original branched rough path. The main purpose of the bracket

extension is the following result, which we state directly for signal-dependent RDEs:

Theorem 4.15 (Change of variable formula for RDE solutions [Kelr2, Theorem s.3.11]).
Let X bea bracket extension of X € 65([0,T],RA), and Y be a solution to (4.27) (driven by the original rongh
path X ). For g € C°°R® we have (at the trace level)

g(Y)st zft Org(Y)FF(Y)dX®

p) | N (4.40)
+Zn'J O,k 9 (V) FE) < Ffr (V)aX (et
n=2 s

where the $;s range in T, the k;’s in [e] and the controlled integrands are defined using (4.29). In particular,
for a simple bracket extension X of X and g € C*R?

lp) :
1 T
9(X)st = Zn'f Oa, ..., ang(X)dX(‘“ n) (4.41)
n=1 Y%

where the a;’s range in A.

Note how in the above change of variable formulae the only terms of X (and ,X/) that are needed to define
the rough integrals are those X with E € 7 in which the only new possible vertex labelled with an element
of A\ Ajis the root: this is because the trace of X is only defined in terms of forests with such a labelling, and
because integrands are X -controlled (as opposed to, more generally, /)Z—controlled). However, it still makes
more sense to consider the whole bracket extension - which enables us to consider X7 for any £ € Fé —since
the terms in which the new labels appear in higher vertices of £ will become relevant in the next section when

defining the lift of a controlled path.

Remark 4.16. Note how, in light of (4.26), (4.40) and (4.41) respectively define X- and X -controlled paths
that are distinct to the X -controlled ones given by the formulae (4.22) and (4.23). Although the latter do
not require the bracket extension, the former have the advantage of vanishing on proper forests, precisely the

property that is required to represent them as integrals. In the second case g(X') can be X -controlled as

<g(X)7 ['al RN ](b1'“bj)> - N(bl T bj)_1aa1,...,a¢,bl,...,bj f(X> (4-42)
and zero on other types of trees. Here N(by - - - b;) is the order of the automorphism group of the correspond-
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ing forest with j single nodes. In expansions, we will often be summing not on the label (b; - - - b;) (i.e. the
multiset), but on the tuple (b1, . . . , b;), which means that the N(b; - - - bj)_1 will be replaced with 4171 This

is a special case of Remark 4.10.

Example 4.r7. We provide the expression of all bracket polynomials of up to order 3, which are sufficient for

the above change of variable formula when p < 4.

<abs> = 25 -1

a ¢ a b
Labc> = ggg - v - Vb - % - I((Lbc) - Il(jac) - I?ab) (4.43)

PP TR TR ¥ SRR T

In order to see trees with labels in A \ A (forests that are not products of single vertices, that is) one must go

one level higher: here is an example in which the forest has 4 vertices.

a ¢

S TR L T SICY A RS LY |

4.2 The extended lift of a controlled path

In this section we will show how, given X € 65([0, 7], R*) endowed with bracket extension X, one can lift
H € 9x(R®) to arough path T H € €5([0,T],R®) in a canonical fashion. Since this lift depends not
only on X but also on X, we will assume the bracket extension to be fixed and part of the initial data; we will
denote X the simple bracket extension determined by 3(\, which will be sufficient for certain constructions.
Special attention will be given to the case of pushforwards, i.e. in which H is given by a smooth function of
the trace X, for which a canonical simple bracket extension can be defined which only depends on X.

We must begin by imposing a new condition on our bracket extension: the relations that define it need to
be required not only when the new label is on the root, but also higher up. For instance, one might expect it

to be the case that

a b . . a
¢l —~ bv %c Xﬁ E(bc) _
Xy =NV -la- la-1d7.%)

Given labelled forests £, g we denote f~,g the forest obtained by grafting each root of £ onto the vertex v
of g; when we write v € g we allow for the additional case v = — which means we are simply multiplying

£g. Note that by taking g = @, v = — below we recover the definition of ordinary bracket (4.39).

Bracket consistency. (ﬁ\,,g,jf\> = Z <[ﬁ(1)](ﬁ(2>)\1fg.a 5(\> forf,g € FAandv € g.
(F)ox
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The condition can be rewritten as

<o(ﬁ)\l/g,7 > <f‘)\Vg Z ﬁ(l) f<2 \llgv X>
(Pex (4-44)

— (<f>—g, X)

where the last expression is defined by extending the —,, operator linearly. We will refer to bracket extensions

that satisty this property as consistent, and denote respectively
Go([0, T, RY),  @5([0,T],R?) (4.45)

the set of consistent bracket extensions and the set of consistent simple bracket extensions (i.c. in which
the defining relation is only required with £ a product of single vertices) of their restriction to elements of
G5([0,T],R™). These sets are respectively contained in 65([0, 77, RA) and 65([0, T, ]RA) It is not dif-
ficult to construct bracket extensions that violate consistency: indeed, given any consistent bracket extension
of a (homogeneously graded) [3,4) > p-rough path, it is possible to generate an inconsistent one simply by
adding non-trivial paths of bounded p/3-variation to the terms indexed with trees $£*”’. The condition must
therefore be required. We will henceforth assume X (3(:) to be a consistent (simple) bracket extension of X;
while this will not be needed in Theorem 4.24, it will in the other main theorem of this section, Theorem 4.25,

and in general is a desirable property.

Example 4.18 (Consistency for 3 < p < 4). When A = [d] and 3 < p < 4 the only requirement needed for

a bracket extension to be consistent is

@) — % Eg Eg
X =NV - - x (4.46)

If we begin with an arbitrary bracket extension, it is possible to simply replace the RHS above with the left.
Indeed, it is easily checked that the Chen identity holds for (35", X), and this is the only term that needs
checking because there are no higher-order ones that could be affected by the substitution. For general p this is
no longer true, and an existence theorem similar to [Kelr2, Proposition 5.3.9] should be proved. Such a result
would be, however, of little practical importance, since in explicit examples one would expect consistency to

follow automatically. This will be the case for the rough path defined in Chapter 6.

Let H € Dx(R®) and assume we want to postulate the rough path term ( 'ZVj'k , H) for some
i,7,k € {1,...,e}. Theideais to define it by expanding H using (4.20). Proceeding formally, we set

HY = J AF dHIdHE
s<u,p<w<t
b H H
= AL f dxt,dx¢dx"
ﬁ}gﬁze]__f; N(ﬁ)N(g)N(ﬁ’) s<u,v<w<t
Fl+lg |+~ [<|p]
We now need to simplify the terms such as d X Foif f = [Rais a tree, (4.16) suggests substituting

dXf, = X® dX2 If £ is not a tree we can use the bracket extension to express X as a sum of terms of
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the form X! with £ € %A, using (4.39). We can therefore perform the substitution

dx{, =d Z (@) - Z x{pax
(F)ox (Fox

where, as usual, X = 0ift € T4 isnota single vertex. Doing the same for g, o we are can conclude the

calculation above as

H‘z{zf = Z Hﬁ;sng;sHﬁ;s J Xﬁ(ul)Xéllgl)be(l)dX(ﬁ(Q))dX(Q.(Q))dX(fL(Q))
£,g,hEFA NEN@NR) Js<up<wst
I£1+lg|+7]<|p]
(f)ck,(g)ck,(h)ck
fy 9
= Z H;%SH;§SHI;L;S (Fe2)) P (92)) 5{\ >
B N ) st
£,g,heFA N(£)N(g)N(#) (h(2))
I£1+lg|+R]<|p]

(Aex(g)ok,(f)ck

Where the tree in the last expression is constructed by joining the roots of each of the forests £(1), ¢ (1), (1) to
the vertices below each, and we are only summing over terms in which all of £(3), g (2, (2) are proper forests
or single labels in A, i.e. in which they are labels in the alphabet A. Note how, by bracket consistency, we can

replace this expression with

i [l mHE O fhog
f;s g;s ;s v X > (
E , Xst 4.47)
pg e NEIN(@INR) * (ha))

I£1+lgl+R]<|p]
(h)ck

The use of the bracket labels (#(2)) cannot avoided: this is because the vertex is not a leaf.

Remark 4.19 (Ordered shuffle). It is instructive to see how this construction specifies to the ordered shuffle
when X is geometric rough path: in this case we only need to sum over ladder trees, and the above formula

becomes

—o---o
F3

I

~
~
o---o
=}
S333
3

I

AR
S~
—

s]

:)—‘

°
73 /
- / /
L/ /
o
3
v
o~
~

kn—l
kn aYst> = Z<Y§Ia o <Y§na

and the ordered shuffle emerges by applying integration by parts, i.e. summing over all possible ways of col-
lapsing the last tree onto linear trees in ways that maintain the ordering (this is the map ¢4 defined in [HKis,
(4.9)], named ¢ in (4.73) below): in this case this means respecting the ordering of each diagonal segment and

the vertical segment of red vertices, which corresponds to the ordered indices in the ordered shuffle.

Remark 4.20. The procedure sketched above (and more precisely Definition 4.21 below) continues to work
without modification when H is an X -controlled paths.c. Hy = 0for f € FA\ (T4 U F4). This means,
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for example, that X -driven RDE solutions can be lifted (note that @ € F4, so we are allowing Hg # 0).
Another example of this idea will be used when constructing bracket extensions of the lift.

However, when Hy # 0 for some proper forest with at least one label in A \ A, oreven A \ A, we do not
see a way in which the lift can be performed with X alone. An example would be when H is given by a smooth
function of X , or even of X . What would be needed in this case is a bracket extension of a bracket extension
of X, and there is no reason why the data of such a rough path, whose terms are indexed by “forests labelled

with forests labelled with A-labelled forests” should be contained in X. For instance, the following identity

S ¥ (aB) o PadH B8 .~
K= Qs + 377 a0 0V % (4.48)

which is easy to show directly using (4.43), shows how “bracketing” cannot be considered an associative opera-
tion (though it is for qua51 geometric rough paths, discussed in Section 4.3 below). Similar examples with more
indices suggest that even X is not sufficient to express evaluations of X against forests in terms of ones against
trees.

In order to obtain a rough path that is rich enough to define lifts of all of its controlled paths, one would
have to iterate the bracket extension only a finite number of times, after which further bracket extensions would
be negligible (this is because the minimum regularity of the new trace terms in each iteration always increases

by one). This, however, is not needed in the applications we have in mind.

We are ready to define the lift construction precisely. This will take some work, and it is convenient to
establish some notation. Denote the labelling of a forest g by v +— £, (v). Given a forest g, forests A"
and labels a” for each vertex v € g we denote K {g; (a”, #”)"} the forest constructed by performing the
following for each vertex v € g: (re)label it a” and then graft the forest 2" onto it (i.e. connect the root of
each tree in /" to v by adding an edge). To make calculations more readable, we will omit the upper bound on
collections of forests, with the understanding that our sums are finite since they only contain terms X\ﬁt with
I£| < |p]. The following result should be compared with the recursive formula [Gubro, Remark 8.7], which
however does not use the bracket extension, and cannot therefore apply to the case in which the controlled path

being lifted does not vanish on proper forests.

Definition 4.21 (Branched lift of a controlled path). Let X « %5([O,T],RA) restricting to
X € 65([0,T],R4) and H € Dx (R®) we define H*" = H* and for ¢ € T¢ with #& > 2

1 £ ( 134 1/
(W?H)st = Z <HN(’€ lH ! ><*{{ 1) t} Xst> (4-49)
{ryretcFi{e} vel
(F")ox
and extending to F“ with products. We define 1< H to be the unique rough path close to | H (this requires
Theorem 4.24 below).

The sum in (4.49) is taken over all A-labelled forests £ such that ) ., |£”| < |p], with v a vertex of 1,
and additionally using Sweedler notation for each £, i.e. summing over all admissible cuts of each. Also note
that ( ﬁé)) is a label in A, while f(1y is an A-labelled forest, and we are only summing over terms for which
ﬁ(”Q) is a single vertex or a non-trivial proper forest. Before proving the main result of this section we focus on
a couple of special cases in which the full bracket extension is actually not needed; for an example in which it

generally is, one can take the controlled path to be given by a smooth function of an RDE solution.
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Example 4.22 (Lifts of rough integrals and RDEs). When the controlled path is given by a rough integral
against X, and in particular an X -driven RDE solution, its rough path lift only requires X and notits bracket
extension; this is because the controlled path vanishes on proper forests. Therefore, the only £*’s considered
in the sum of (4.49) are trees, and the only cuts considered in the (£”)ck’s are those that disconnect the root
from the rest of the tree £”. The >K terms are then just given by growing [e]-labelled trees out of all vertices of
1:

(LtHdXY = > (TIME) ' HE )k @ ) LX) (4s0)

{rpeicE ey vet
a’€eA

The expression for the X -controlled path of an RDE Y in terms of its trace (4.29) can be substituted in this
formula. RDE lifts have been studied in a more quantitative manner for geometric rough paths [FV1ob, §10.4]
under the name full RDE solutions, by defining them via smooth approximation of the trace. While such tech-
nique permits one to sidestep the algebra in the geometric (finite-dimensional) case, this is not possible for
non-geometric branched rough paths, whose terms cannot be realised as limits of Stieltjes integrals of regulari-
sations of the underlying path.

Example 4.23 (Pushforwards). When the controlled pathis f(X') (4.23) we call its rough path lift the pushfor-
ward f. X . Itonly depends on the simple bracket extension X : this is because the only forests £ over which we
need to sum in (4.49) are products of single vertices, and as a consequence all the trees K are already indexed by
letters in A. Using the alternative controlled path of (4.16) results in the same definition of f, X: this identity

actually holds at the level of almost rough paths, which in both cases is given by

1 f 0% = X (T gofoear 000 ) (Kt (01 (8705 7<)

a”,ﬁ" VE{ (4'51)
18>0

where we are summing over tuples a” and 3", one each for each v € 1, a” 3" denotes their concatenation,

7 al C 1
I .. "™ wherea” = (af,...,aY). The presence of the factorials is due to

(0%
and «®” denotes the forest o
the fact that we are summing over tuples, not forests, and that over ", 3" individually: this change of variable

and factor uses an argument involving binomial coefficients explained in the proof of Theorem 4.2s.
Theorem 4.24. |5 H is almost multiplicative, and 1 H thercfore defines a branched rough path.

Proof. This does not require bracket consistency. We write out the string of identities that prove the first claim,
and then carefully comment on each one (this includes explaining the notation used). When 1 is a single vertex,

the statement reduces to that of H being a path. For ¢ € T4 with #¢ > 2 we have

> (IxH)P (1xH),?
(#)cex

Q

> (TT Mo B8 (ks (o) i)} Ko (452)

(t)CK7(g_'u')CK7(fLV)CK /.Lef<1)

(T N HED) (ks (A) Ry} X )

veEl(9)
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P

3 (T e HG8 ) Gkt (o), alsy)" ) Xo) (4:53)

({)CKy(QM)CK,(fLV)CK MG{(U

( H N(AY)~! Z N(GY) IHZt( )Xl)

vel(2) 3¥s RV EGY—hY
(R{t @) (Rl i)} Xut)

_ 3 (TT Moo B8 (ks (o) ali) b Ko (4:54)

ek, (g ek (R BELQ)

%

( H N(RY) 1H€f(uX (1)><>l<{t ké))y}’qu
vEl(2)

= (,%: (EN@A)”H@%W*{%;((ﬁ(‘;)),ﬁﬁ))“}yl;[ foy X))
Dcc?,g (k{Tos (B By )7 Xt )

=(Z (EN ) H )<AcK>l<{t;<<ﬁa)>,ﬁa)>k},5<\su®ifut> (456)
Aok A€

- (Z (gw )OO (£ £ ) Xo) (457)
ek A€

= (1xH)., (4.58)

(4.52) Here we are summing not just over cuts but over the non-empty forests g* and 2", with p ranging

(4.53)

over the vertices of 4y and v over those of {(3). A similar comment holds for subsequent identities.
This step consists of substituting the definition of ( IxH ), with the caveat that if (1) or £ (o) have a
single vertex we are instead expanding the trace of the controlled path H according to (4.19), and using
the definition of bracket extension (4.39) to express evaluations of x against a forest. The identity does
indeed hold approximately, since we are assuming ¢ has at least two vertices: if in one summand, for one
of the factors it only holds that ~2|,|, the presence of a second factor (which has at least one order of
regularity, since the >K’s are defined by summing over non-empty forests) means that ~ holds for the

summand as a whole.

In this step we are re-expanding each H tl,( Y at s, again using (4.19). Once again, the ~ holds thanks to

the presence of the other factor.

(4.54) uses the following combinatorial fact: defining multisets

A={k,1,h) | h,jeF tei~n}, B:={(#,C)| & e FA CeCut' ()}

and the map
f:B—= A, (#,C)— (h ke, ke)

(recall the notation for cuts used in (4.2), and that # denotes cardinality) it holds that for (£, 5, %) € A

#f MR, 4, h) = 8(Ackk, @ R)
= N(7)""N(R) HAckk, j @ R)
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= N(Z) " N(h) (R, jx o)
N(#) :
=—— 08k, j*%N
NGy )

and d(%, j xf ) is the number of times that (&, 7, ) € A. This means that when we go from summing
over@ # hY, 3V, RV € '~ AV o kY, (k")ck we mustreplace the factor N(7¥)N(AY) withN(&").
The sum over each @ # #AY, ¥ and (A")ck becomes a sum over @ # &Y, (kR”)ck and (ff,(”2))CK,
which by coassociativity we may more simply as one over (& )2y (notation as in (4.7)). Since & was non-
empty, we should disallow the total cut in the first of these coproducts; however, since this would result
in k(3)y = & (and thus (k(3)) not being a valid label), the corresponding term would be null, so it is not

incorrect to sum over ()3 .

(4.55) Here A ranges over all the vertices of £, and we write £* = g if A € 1), £ =rMifN € 1(2). We have
written out the coproduct on ¢ more explicitly by summing over admissible cuts C'. The thing to keep in
mind with this substitution is that there was a double coproduct on £” but only an ordinary coproduct
on g*. To reflect this when summing over the £*’s, we additionally sum over D* € Cut, ( ﬁ(/\l) ): thisset
denotes the set of admissible cuts of the forest ﬁ(’\l) if C contains no edges below A —ie. A € ¥ —and
& otherwise (which includes the case C' = V) —i.e. A € 4. This means that D* is the trivial cut if the
vertex A has a cut below it — whereas it ranges over all admissible cuts of ﬁ(>\1) when A has no cut below
it. The following diagram illustrates the changes of variable that have occurred in the last two steps; the

vertical bars represents a forest cut in two or three places, and the p, v superscripts are omitted for brevity.

i Ra) p fop

fry ~ & Ry ~ f fayp 90) fo)
h q sy ﬁ

fo(2) f(3) f(2) 9(2) f(2)

kl/
Note that we have also moved the term that previously was X o into the first factor by including the

product [, 7, ﬁéjl)D,, in the angle bracket.

(4.56) is based on the following fact regarding admissible cuts of a >K: for labels a” and forests 6,
Cut*(%{%; (a*,6*)}) is in one-to-one correspondence with Ucecut @) (C U Les Cutl (61)).
Therefore

Ackk{t; (a*, 61)*}
= Z *k{t; (aAvﬁ/\)A}CuUAD* ®§{{;(CL/\’ﬁA)/\}CLJUADA

CeCut* ()
D> eCut (6*)
= Z (*{im(a“,ﬁ“)“}n é”y> @ ¥{Tc; (a”, 6%)")
CeCut* (1) vele
DX eCutl (6*)

Here is an example of a term in this calculation, in which ¢ is black, the cut is red, and the ﬁ>‘ are

different shades of green to better distinguish them:
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(4.57) is multiplicativity of X and finally,
(4.58) is the definition, keeping in mind once again that #¢ > 2.

As for the second claim, regularity and the fact that | /)EH is defined on F* by extending with products, making
it grouplike, allows us to apply Proposition 4.7 to conclude the proof. W

It would be nice to define a canonical bracket extension for 15 H using /)?, but the description of such
a rough path appears to be quite complicated in general. However, in the special case of pushforwards — the
only case that will be needed later on — the simple bracket extension admits a concise integral representation,
defined in terms of X alone. From now until the end of this chapter we will take A = [d]. Note how bracket

consistency is crucial for the following result.

Theorem 4.25 (Simple bracket extension of pushforwards). Let f € C'™° (RY, R®), then we can define a simple
bracket extension of f+ X by

— 1 B m
fXbrkm) — N J Dy 51+ By o (X)A X OV ™) (4:59)
1m0 [y |yt

1

where we are summing over tuples (with |y + - - - + |y™| < [p| )" ... Y™ denotes their concatenation, and

the lift of the integral is performed according to Example 4.22.

Proof. That f. *,X/ agrees with f, X on F 4 has already been checked in Example 4.23. Also note that, even
though the integral in (4.59) is /X/—controlled, it can be lifted using X alone, since it is an integral — no bracket

terms in excess of those already contained in X are needed. What remains to be shown is that

Since the same proof works independently of the position of the vertex v, we will prove it only at the ground

level, i.e.

(ki k>, i X) = fo X Riokm)

First of all, we write the controlled path components: the only non-zero components of (4.59) (recall the no-



tation ¢* = ¢™! - ¢™" fora = (@ - - - @), and note that this is distinct from .(a) = .(al---an) )
(T oo o xax o)
oo (VY %)
1
= > O S da fE(X),
@y P 1B ' 6
1B ,...[8™ >0 (4.60)
1
= ) gy Ot I Damr [ (X)
18'],....18™ >0

(al,...,a™)eSh~(a)

where recall that there is a sum on non-empty tuples ~in the integral on the left. In the last sum, 3 LG UL
range over all tuples s.t. the multiset given by their concatenation coincides with the multiset defined by 3, and
the notation for unshuffles is explained in Chapter 3 (and note that the Sh™ s should be considered multisets,
e.g. (1, 1) appears twice in Sh™ (1, 1)). In the following calculation, on which we comment below, we omit

evaluations of functions at (X ) and the subscripts g to the rough paths

<<<k1 o km>>7f*3(/>

=(F = > ) SX) (461
(3,5)€Sh— 1k
[4],141>0
1 1 m
. Y e 2e
R DR e e L
[¥sesly™ >0
1 . .
3 O fi -G fin
1., |~k 17 24
e [y e !
e
Y| Y >0 1 . . —~
&:]e[>0 e I e D fImn ([ AP X 6
(8.8 )=(8)  [§[1- - |8 srer f r=nem-n [y e]9), X)) (4.62)

182 ],...[ ™ >0
(eh,...,.e™ M)eSh~1 (¢)

- Y X

om0 [y ™!
B Z PTIY: BT T it Oamgm [T (6% | (), (4.63)
L a8 e B
ﬁlw--v m
lex],|B]>0
3|8 =0
1 ,71”.,.77n X
BRI e

[YEses ™[>0

1
+ Z 1Al m avlélfkl "'a'ym5’"fkm<['6]('v)7X>
YOt [yt 6!
|71\71---,|“/’”\>0
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1

k Em
B A A A G T (+64)
a,...,a™
Bt,...B™
(Y], ly™ >0
[Y2]ses ]y >0 (a,8)€Sh™ (%)
lee),|B1>0
+ Z |61|' dm’la"/lfsl fkl .. 8,Ym5mfkm<[.5 ](7), /X/>:| (4,65)
67’71/
\5|>0
= Z i : m Ja’mekl o+ Oy frmdX ™) (4.66)
i T [y
oy

We begin from the end, going up:

(4.66) is the definition in the statement.

(4.65) Here we have expanded the integral: on the first line we have written the zero-th order term in its ex-
pansion, and the sum in the second line, in which 4 is the concatenation & L. ..8™, is the sum of it’s
Gubinelli derivatives. Note that the 8'’s are allowed to be empty, as long as their concatenation is not.

The missing step is

1
> Waﬂl PR B o (X ) (68 ] (), X)
|8]>0 ’
(61,...,6™)eSh1(s)

6] 1 . N
-2 <1611, Wny) HE Ogr [ Oymam [5 (X ) ([00 ] (), X)

§L,..,6m
|6]>0

where we went from summing on & to summing on the individual tuples §': the multinomial coefficient

is the cardinality of Sh(&?, ..., 8™).

(4.64) Here we have separated the two summands in the first term, the second of which has become the
sum that appears on the third line, with a negative sign. Since each (a, 3) € Sh™!(7) restricts to a
(o, BY) € Sh™1(~!), we may argue as above (this time we need m binomial coefficients) and go from

summing over the ~s to the o, B"s, with the condition that v' := a3’ be non-empty.

(4.63) is a consequence of the following observation: in the sum on the second line in the previous step (4.65)
the Vs are all non-empty, while this is not the case for the B"s in the last sum. The sum on the second

line of (4.63) is given by this difference.
The remaining identities are best understood by starting at the top and going down.
(4.61) Is the definition of bracket polynomial.
(4.62) In this sum we are setting i := |¢| and expanding out the controlled path terms, using bracket consis-

tency on the leaves as described in (4.47), and using (4.60) on the root.
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L. alreplacey!, ... 4" and thesum over e and (€. ..,e™ ") € Sh™'(e) is

replaced with one over altl o am, using the usual trick involving binomial coefficients. The sum

(4.63) Inthissum o = o

m—~h
.0

overdand 8, ... 8™ s (8., 8™ M) = 4is equivalent to a sum on 5, , since each

arrangement of such tuples appears exactly once, and is replaced with a sum over B, ..., 8™ Under
this correspondence of old and new tuples, B, ....0" areall empty, and since h = |¢| was always

positive, the condition in the new sum is satisfied.
This concludes the proof. W
In light of the above, we can push forward not only rough paths, but also simple bracket extensions:

Definition 4.26 (Pushforward of a simple bracket extension). We will call f*} the pushforward of the simple

bracket extension X .

Example 4.27 (Bracket purshforward for 3 < p < 4). In this case the second and third levels of (4.59) read

(sums on single indices)
t
(2 i j ¥ (a 1 i j vy (o
f X = f [0a 1057 (X)AX O 45 (013,055(X) + 2013,(X)) | AX )
£XG0 = [ 9uf'0sf70, £ (00X )

The next lemma guarantees that “differentials and integrals cancel out”. It is not stated in the most general
terms, only in a way that will be strictly required in Section 4.4. It is checked by expanding the ( f,. X) o terms
in the integral on the LHS by using (4.59) and (4.23) to express Gubinelli derivatives of the integrands, arguing

as for the geometric case Theorem 3.27.

Lemma 4.28 (Associativity of the integral of one-forms against pushforwards). Given smooth functions

Gk, ko and f, X as in Theorem 4.25,

fgkl,...,km(f(X))d(f*})(kv-km

1 T (L
= 1 Z MJ(gkl,...,k‘m 0 )Dq1 fF -+ Oy frm (X)dX ™)
Y s ly™ >0

(4.67)

This holds, in particular, when g does not depend on'Y'.

4.3 A characterisation of quasi-geometric rough paths

While most of the literature on rough paths distinguishes between geometric and branched rough paths, there
is an intermediate type that is general enough to include It6 integration, but defined on a Hopf algebra that is
simpler to describe than the Connes-Kreimer one: the guasi-shuffle algebra, original to [Hofoo]. Rough paths
defined on the quasi shufle algebra are called guasi-geometric. Although the topic has been known about for
some time [HKi3], it has only recently appeared in the literature [Bel20].

In this section we show how quasi-geometric rough paths can be characterised as consistent bracket ex-

tensions of branched rough paths whose non-simple terms vanish. Geometric rough paths admit a similar
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characterisation (alternative to the one provided in [HKis, §4.1]), namely, they coincide with those branched
rough paths that admit a consistent bracket extension that is trivial. The main reason for which we are inter-
ested in quasi-geometric rough paths is that the change of variable formula for RDE solutions simplifies into
one that is analogous to the change of variable formula for functions, which could make it possible to adapt
the transfer principle of Section 4.4 to define RDEs on manifolds.

We begin with a very brief review of the quasi-shuffle algebra of [Hofoo]. While these are usually defined
w.r.t. a bracket, we will treat the most general case of the free bracket; any rough path that is defined on the
quasi-shuffle algebra w.r.t. a particular bracket can be defined on the free quasi-shuffle algebra, with the only
drawback that we may have some redundant coordinates (e.g. if X is a d-dimensional Brownian motion and
we want to define a rough path by Itd integration we have to set X (%) = [X]*# = 0 when a # 3 instead
of just setting (f8) = 0). The advantage is that we can speak of the quasi-shuffle algebra, without having to
specify a bracket. In this section the core components of our rough path will have trace valued in RY. All of this
means that our quasi-shuffle algebra T(I@d)g_l has as its underlying set the tensor algebra not over RY, but over
R? .= Rl (notation for [75] as in (4.1),(4.33)). Note that Eﬂ is a countably infinite set despite [d] being a finite
one; this will not be an issue once we are dealing with rough paths, since they will be defined on the algebra
truncated at some order, considering that the weighting on fc?] is given by cardinality of multisets (counting
repetitions). We will use round brackets to denote multisets, unless the multiset only has one element, in which
case brackets will be omitted. Generators (i.e. elementary tensors) of T(Hid)g_l are words of multisets, e.g. for

the following words of weight 9

a(afB)yée((¢n) = a(Ba)yie((n¢) # a(Ba)yed((nC),  a,...,n € [d]

The quasi-shuffle product is defined recursively by declaring the empty word to be the identity element for i,
and for w, z words in the alphabet [d] and a, b € [d]

wa D zb = {waWz}b+ {w W zb}a + {w L z}(ab) (4.68)

where braces are used to specify the order of operations (quasi-shuffle and concatenation). Here (ab) == aUb
as multisets, e.g. if a = (aafB), b = (BB7) we have (ab) = (aa3357); the same notation will be used for
n-fold unions. The shuffle product admits the following non-recursive expression [EFMPWis, p.9]:

ai ... QmWamat ... Guin = Z ( U ai)...< U ai), a; € [d  (4.69)

mvn<k<m+n ief~1(1) ief~1(k)
[+ Imn]—[k]
f‘[l,m]vfl[m+l,n]/‘

where we are summing over all surjections from the set with m + n elements to the set of £ elements, & ranging
fromm Vntom + n,ands.t. f(1) <...< f(m)and f(m+1) <...< f(m+n). Anexample is

a1 (agaz) W P B2 = (aasz) B P + a1 fi(azas) Bz + fran (aeas)Be + a1 1 2(azas)
+ Bra1Ba(asas) + BiBaan (azas)
+ a1 B1(azasBs) + Brar(agasf2) + ar(azasf) B2 + Bi(B2a1) (ceas)
+ (a1p1)(a2a3) B2 + (a181)Ba(azas)
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+ (a181)(a2a332)

where we have used indentation to separate the sum by cardinality of the codomain’s surjection: 4 (shuffles), 3
and 2.

The coproduct on T(]@d)m is identical to the one for the shuffle algebra, i.e. deconcatenation Ag, and so
are the unit and counit. These turns T(I@%gJ into a Hopf algebra, whose antipode is described explicitly in
[Hofoo, Theorem 3.2], in which the following fundamental fact is proved: the quasi shuffle algebra is isomor-
phic, as a graded Hopf algebra, to the shuffle algebra over R, The isomorphism, Hoffman’s exponential, is
given explicitly by

exp: T(RY),, = T(RY) 4

1 1 m (4.70)
a— Y (#al)!”_(#am)!(a)...(a)

al.am=a

with inverse
log: T(RY 7 = T(RY),

_1)lal-m 71
S #(all')“ (@) (@) (+71)

al..am=a

Here # denotes the number of letters in the word (whose letters belong to the alphabet [d]) and in both cases

1 m

we are summing over all possible ways of expressing a as a concatenation a” . .. a™ = a with m variable. For

words of length < 3 these read
1 1 1
exp(a) = a, exp(ab) =ab+ §(ab), exp(abc) = abe + 5 [(ab)c + a(bc)} + g(abc)
) ) ) (4.72)
log(a) =a, log(ab) =ab— i(ab), log(abc) = abe — 5 [(ab)c + a(bc)} + g(abc)

Note that these maps are (at least in this thesis) unrelated to the exponential and logarithm mapping the Lie
algebra of primitives to the Lie group of grouplike elements in a Hopf algebra.

For a self-contained treatment of quasi-geometric rough paths we refer to [Bel2o]; we will not, for the
sake of conciseness, give yet another rough path definition. After all, it has been shown that rough paths
can be defined in a uniform manner on a large class of Hopf algebras, with the core theorems remaining true
[CEFMMK2o0, §4.2]; quasi-geometric rough paths are just another instance of this principle, with the quasi-
shufHle algebra playing the same role as that of the shuffle or of the Connes-Kreimer Hopf algebra. Also, it will
be convenient to keep thinking of quasi-geometric rough paths as branched rough paths, so that we do not have
to switch settings, but may simply make use of the simplifications that the quasi-shuffle algebra makes possi-
ble. How this is done will become clear after we give brief survey of the maps between shuffle, quasi-shuffle

and nonplanar forest Hopf algebras that appear in the following commutative diagram of graded Hopf algebra
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morphisms:

~ Aex ~
T(RTd)Lu . /H%K ‘ HdCK Tp> H%K
& 4.73
i % :L¢> :an (4.73)
TR, « TRy —— T(RY)g

The epimorphism ¢ on the left is used in [HKs, §4.1] to show how geometric rough paths canonically define
branched rough paths: namely, given a geometric rough path Z we can define a branched one X = ¢*Z,
ie. Xf = Z%®); this amounts to expressing the branched components using integration by parts. In the
following we will be using the convenient notation Z ¢ .= ¢*Z and similar. ¢ is characterised as the unique

algebra morphism s.t.

o([,) = o(f)y,  feF* (4.74)
where ¢(f)v denotes the word obtained by juxtaposing the word ¢(£) and . The other map labelled ¢ is

defined in the same way on the enlarged alphabet. Intuitively, these maps sum over all ways of collapsing a
forest onto the vertical axis in ways that preserve the ordering, and then reading off the labels from top to
bottom to obtain a word. There is also an inclusion (not drawn) ¢ T(R), < Hy (and a similar one
T(]lid)m — ﬁdCK), which maps the word 71 - - - 7y, to the ladder tree with vertices labelled 1, . . . , 7y, from
top to bottom; ¢ is a right inverse to ¢ and a coalgebra morphism but not an algebra one. ¢ is used to check
weather a branched rough path comes from a geometric one, which occursifand only if X = X ¢ The Hopf
algebra monomorphism v is used in [HKis, §4.2] for the following purpose: given an R%valued branched
rough path X, it is of interest to define a geometric rough path X on the larger space R’ (this means that
its trace is indexed by [d]-labelled trees) with the property that X -driven RDEs can be equivalently expressed
as X -driven ones. 1 is used to formulate the condition, namely X¥(F) = XF that X must satisfy for X to

contain the data encoded in X It is characterised as the unique algebra morphism s.t.

YE)=t+ > Y(ta) @te, teT? (4.75)

(t)ex
where we emphasise that the coproduct is reduced. This map cannot be used to actually define X, a task first
achieved through a recursive procedure (similar to the one used for defining the bracket X)) with calls to the
non-constructive Lyons-Victoir extension theorem; a constructive (but still non-canonical) one was defined in
[TZ20]. Another method to obtain a constructive It6-Stratonovich formula was identified in [BCr9], where
the authors use the surprising fact, proved independently in [Foioz2a, Charo], that the Grossman-Larson Hopf
algebra is free, i.e. isomorphic to the tensor algebra, over some set of trees. The explicit description of a (non-
unique) free x-basis of HZ is not given in the aforecited articles; this task is dual to that of finding a basis of the
Lie algebra Pgy. These problems appear to lie beyond the current state of the art in algebraic combinatorics;
moreover, it is to be expected that such bases, and therefore the resulting definition of X, will be non-canonical.
A detailed comparison of the various It6-Stratonovich formulae in branched rough path theory is performed
in [Bruzo]. Onto the right side of the diagram, the map $ is the unique algebra morphism satisfying the same
condition as (4.74), but is distinct from ¢ in that ¢(£-g) = (£) D¢ (g ) with the quasi-shuffle product. The
Hopf algebra automorphism Aexp that makes the square commute is the arborified exponential described

[BCEF20, Theorem 2]. The significance of Hoffman’s exponential (and of its arborified version) for rough
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paths will be discussed below. Arrows that have not been mentioned are obvious inclusions/projections.

We now transition to the main focus of this section: describing those branched rough paths that are
(quasi-)geometric, in terms of their brackets. To preliminarily identify those branched rough paths that come
from a quasi-geometric one we can proceed as done for geometric ones, but using the map qz of (4.73): namely,
abranched rough path X € @5([0,T]),RY) is quasi-geometric if X = X*?. Thisis equivalent to the defini-
tion of [Bel2o], i.e. we can define it as a functional on the quasi-shuffle Hopf algebra as Z = X, and it holds
that X = X°¢ = Z¢ (3(/ is determined by VA by a quasi-integration by parts rule). Indeed, Z is group-valued

since, for words w, z

2w2z _ ’X/L(w)’X/L(z) _ /—X/L(w)L(Z) _ ZQS(L(w)L(z)) _ Zd)m(w)LTJd)OL(z) _ éw@z

as @ isaleftinverse to ¢. Z is multiplicative because the Connes-Kreimer coproduct on ladder trees corresponds
to deconcatenation of the corresponding word. The next result states that a branched rough path defined on
R% s quasi-geometric ifand only if it is closed under taking the simple bracket extension, and admits trivial non-

simple bracket extension. The statement will explain these assertions. We will preliminarily need to consider

forests indexed by multisets of the set [d], i.e. [d]; an example of such a label is ((B37))e. The set of forests
indexed by such labels may be denoted Fldl Also, recall the notation (4-45).

Theorem 4.29 (Characterisation of (quasi-)geometric rough paths). The following are equivalent:
L X ¢ @5([0, T, RY) is quasi-geometric;

2 X € @5 ([0,T],RY) deﬁ/n\es an element of%ﬁ([o, T),R%) in the following way: Xt = 0 for all f that
have at least one label in m \ [?Zl and the simple bracket extension is given by joining labels, i.e. a label
of the form (a1 - - - an) with ay = (ay,--- ™), o € [d], aresetto (g ---af™ -+ - -- al - amn),
Performing such substitutions at all vertices of f € Fld yields a forest in F, against which X can be

evaluated.
Similarly, the following are equivalent:
. X € B5([0,T],RY) is geometric;
2. Setting Xt = O for f having at least one label in [d) \ [d] defines an element of €5([0, T], RY),

Proof. We will only give a proof of the characterisation of quasi-geometric rough paths; the characterisation
of geometric ones follows an analogous, and simplified, procedure. We begin with 1 = 2. We must show the

bracket relations, which in this case read

—

<ﬁ\l/g7/X\> = Z <[£C](fc)\l/gaX>7 ﬁag. € ].F:d, Ve ﬁ(or_)
CeCut®(f)

where, letting £ = 31 - - - 3, with 3, € T%, Cut®(£) denotes the elements of Cut(f£) with the property that
£ is a non-empty product of single vertices: these are characterised as restricting to each 3y, as either the total
cut or the cut disconnecting the root from the rest of the tree, with at least one cut of the latter type overall.

Moreover, the label (£ is defined by the label-joining rule expressed in the statement. By quasi-geometricity,
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these relations can be written as

(Lo dlf—ut), X) = D (od(lt )z —) X) (4.76)

CeCut®(p)

and since, by the fact that 5 is linear in - — %, the left and right hand sides are identical expressions in 5( £)

and ¢ (Y cecute o Ec] (?C)) respectively, it will suffice to show the first identity in

=Y dtIF)=o( X Itdg.) (477)

CeCut®(f) CeCut®(f)

the second of which follows from the definition of . Letting £ = [g1]a, - - [gn)an, for g € Féand

ay, € [d], we have

= ¢(g1)a1 D -+ Do(gn)a

= Z { (gh)ail W --- 0 a(gik)aik L 5(@]’1) W --- a(gjnfk)}(a’jl T ajn—k)
]

{il7"'7ik}|—,{j17"'7jn7k}:[n
k<n

(4.78)

= Z (Z([gil]ail T [gik]aikgjl T g—jn—k)(ajl T a’jn—k)
{1yt YU{J1,50 s dn—k }=[n]

k<n
which uses an n-factor version of the recursive definition of LU (4.68) (easily shown by induction): this is pre-
cisely the identity needed in (4.77), expressed in terms of Cut®. That this bracket extension is a rough path
descends directly from the fact that X is, and from the general fact that extending a rough path to a new alpha-
bet trivially also preserves the rough path properties.

We now prove 2 = 1. We show

<ﬁ\Vg7X>:<LO¢(ﬁ)\Vg7X>7 ﬁ,gEﬁ%VEgor—

by induction on the height of £ € F, ie. the maximum number of edges connecting a leaf and the root. The
statement of quasi-geometricity can be recovered by taking g = @, v = —. For height 0, £ is a single vertex

and the assertion is obvious. For the inductive step

(g X)=( Y e X)

CeCut®(f)

(> ol ve X)
CeCut®(f)

=( X odlltdgy) e X)
CeCut®(f)

= {10 ¢(f)—vg, X)

where we have used the consistent bracket relations (4.76), the inductive hypothesis, and in the last step
(4.78). N
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Example 4.30 (Quasi-geometricity for 3 < p < 4). When 3 < p < 4 the only obstruction to quasi geo-
metricity of a consistent full bracket extension is its evaluations on the labels 112 . these vanish if and only if

X is quasi-geometric, by (4.48) and the above theorem.

As a consequence we have the next change of variable formula. This statement restricted to the case in
which the RDE is driven by X is stated in [HK13, p.25], whereas a self-contained proof of the change of variable

formula for functions of X can be found in [Bel2o]. We will be considering equations

1 —
vy =) WF(V)(Y)dX @) (4.79)
>

driven by the whole of /X/, but F" only depends on the trace X (not that of the bracket extensions). Note that

we are summing on tuples, not multisets, and the |y|! ™

(4.27) with A = [fc\ij

included for convenience. This is a particular case of

Corollary 4.31 (Change of variable formula for quasi-geometric RDEs). Lez X € 65([0,T),RY) restricting
to X € 65(]0,T),R?) be quasi-geometric, and Y be a solution to (4.79). For g € C°R® we bave

]. t r r ~r(~1 n
9(Y)st = 1 Z TZ""Y“WL ak1,...,kn9(Y)F(711) : "F(.;ln)(Y)dX(‘y ) (4.80)
Yt [y >0

Proof. This is a straightforward application of [Theorem 4.29, .=-2.] to (4.40), where in the latter we are
taking Atobe[d]. W

The last theoretical topic of this section is the It6-Stratonovich correction for quasi-geometric RDEs. This
is made possible by Hoffman’s exponential, which yields an Itd-Stratonovich conversion formula that, unlike
the ones valid for general branched rough paths, is canonical. Given a quasi-geometric (branched) rough path
X € ®’L([0,T), R%), recall that X* denotes its restriction to the quasi-shuffle algebra. Since exp (see (4.73))
is a Hopf algebra isomorphism, X 1°°%P definesa geometric one, still on the enlarged alphabet [d] The arbori-
fied exponential Aexp can be used to obtain the branched components of X1°°%P from X, ie. it holds that
X Aexp — X woexpod (despite Aexp # ¢ o exp o¢ — the latter is not even an algebra morphism). Hoffman’s
exponential can be used, as stated in [HK13, p.21], to write RDEs driven by a quasi-geometric rough path X in
terms of the geometric one X P We emphasize that X must already be defined on the extended alphabet, and
in general the new RDE will depend on this extension regardless of whether the old one does. The following

type of result is likely known to experts but is not, as far as we can tell, present in the literature.

Theorem 4.32 (It6-Stratonovich for quasi-geometric RDEs). The RDE
dY = F,(Y)dX®

driven by a quasi-geometric rough path X € @5([0,T),RY) is equivalent to

(1ytet

dY =
#a

F,(Y)dX (@) (4.81)



driven by the geometric rough path X = X, If the original RDE was driven by X alone, this becomes

(=1)hI-1

dy =
v|

Fy (Y)dx®™

A few comments: a denotes a word in the alphabet m, while ~y is one using letters of [d] (for which #
and | - | agree). (@) is, as usual, defined by joining labels. Fy, is defined by composition of vector fields, i.c.

Fay..a, = Fay .. Fy,; in particular, note that Fq and F{4) (which does not appear) are distinct.

Proof of Theorem 4.32. The Davie expansion of (4.81) is

Yo =~ Z

#al,....#a">0

#al---#an Fal'--Fan(Y;)thl) (an)

_1 #a—l ~a a
- Z #(al .)..#anFa(YS)thl)m( »)

#a>1

al..a”=a

#al,... #a">0
= Fa(V) X
= Fa(Y:) X4,

where we have used associativity of composition of vector fields. This is the Davie expansion of original RDE,
where X is intended as being defined directly on T(RY);. W

Example 4.33 (Theorem 4.32 for p < 4). When p < 4 the above theorem reads
1 ~ 1 ~
Ay = £, (Y)dX" + 5F(aﬁ)(y)@udaﬁ) + 5 Fapy) (Y)dX (@f7)

— dY = FE,(Y)dX + %(F(aﬁ) — F,Fp)(Y)dX(@®
1

ME

1 1 —
FaFFy = 2 (Fag) Py + FyFag) + ¢ Flapy | (V)dX )
where the sums, unlike that of (4.81), is on single indices (this is the reason for the presence of the factor 1/4).
Note that we have included factors in the initial RDE, since the resulting formula appears more natural with

them. Truncated at order 2, this reduces to the usual Ito-Stratonovich formula valid for semimartingales.

We end this section with a few stochastic examples. The next two are meant as a very brief overview of some

interesting cases of random quasi-geometric rough paths.

Example 4.34 (2 < p < 3). We mention this example for the sake of completeness, but do not delve into
the details, which have been described elsewhere (e.g. [Bel2o, §3.3]). While Young integration against paths
of bounded 2 > p-variation is vacuously geometric, every [2,3) 3 p-rough path is quasi-geometric, since
the terms X (“%) can be defined canonically in terms of the X7’s as in (4.43), with no extra lifts involved; this
is the bracket of [FH20, Definition s.s5]. Iterated It6 integrals and their relationship with Stratonovich ones

fit into this case; these topics were treated prior to the introduction of quasi-shuffles by using Wick products
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[Gaig4, Gaigs]. Iterated Itd and Stratonovich integrals can be obtained from one another by using the exp and

log, and similarly their branched counterparts by using the arborified versions of exp and log.

Example 4.35 (It6 formulae for the 1-dimensional heat equation, [Belig, Ch. 4]). The cited PhD thesis con-

siders the solution of the 1-dimensional stochastic heat equation with additive noise

ou = %&mu + &

X = u(t,x), r€eR
u(0,2) =0

although it is stated that the same techniques would work for many other Gaussian processes, such as fractional
Brownian motion with Hurst parameter 1/4. The author is then able to reproduce and shed new light on It6-
type formulae for X present in the literature, by defining three distinct 4 = p-quasi-geometric rough paths
above X, in addition to the geometric rough path defined canonically by powers of X thanks to unidimen-
sionality. }BS is a quasi-geometric rough path above with X ]%;S = Xand X ]%S = B, where B is a certain

Brownian motion independent of X. Then (4.41) becomes the Burdzy-Swanson formula

t K t
F(0u = | F0aXhs+5 | /(0dB

where the second is an It6 integral and & is a certain deterministic constant. Similarly, a quasi-geometric rough
path X cn with X}y = X and X&y = 02 := E[X?] reproduces the Cheridito-Nualart formula

t t
f(X)st —f F(X)dX {n + ;f " (X)do?

where the second integral is intended in the sense of Young. These two change of variable formulae only have
terms of order < 2 because the rough integrals of orders 3 and 4 cancel out, despite them not vanishing indi-
vidually. There is a quasi-geometric rough path /X/QV with X (5\, = Xand X, (%V = 6t/ the quartic variation
of X. The corresponding change of variable is a quartic variation formula

t

1 —~ 1 — 1 t
F(X)a = f F(0)dX qu + 5" (X)X Gy + 2 FO X)X | + f FO(Xy)du

where the second and third integrals do not vanish even though XD — g = X111 This example demon-

strates the rich variety of identities that quasi-geometric rough paths are able to generate in stochastic analysis.

Not all stochastic integration theories, however, are compatible with the algebra of quasi-shuffles, as

demonstrated by the following sketched example.

Example 4.36 (Processes of finite cubic variation). These stochastic processes were studied in [ERo03]. The
possible link with this type of process was already spotted in [Kelr2, p.121]. In this example we wish to make a
further observation on its potential compatibility with branched rough paths; while a full reconciliation of the
two integration theories lies beyond the scope of this chapter, at the end of this example we list the steps needed

to make the connection precise. An R%-valued process X defined on [0, T is said to be of finite cubic variation
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iffora, B,v=1,...,d

1
UCPflng%)h XS S+th s+h o s+hd$ = [X ]O‘B'y exists, and

SUPhJ |X35+ths+h Ss+h|ds<oo as.
h>0

where the limit is taken uniformly on compacts in probability; if these conditions are fulfilled [ X is an (RY)®3-

valued process of bounded variation. The symmetric integral [RV 93] of another stochastic process H against
X is defined as .
J HAd°X = UCth f H; X onds
0

whenever the UCP limit exists; when X is a continuous semimartingale this is the Stratonovich integral, but it

is defined in greater generality. It is then proven in [ER 03, Remark 3.6] that for f € C R4

ot = f 0 f (X)X — aamﬂ )d[X]o% (4.82)

where the second integral is Stieltjes. The following integration by parts formulae are also shown [ERo3,

p-277,281]

t t
(XX g :f xXedox? + f XPdexe (4.83)
t t t
(X130 = 2<f X7 XPdoxe +f X1 X4°x7 — f XVd"(XaXﬁ)) (4.84)

whenever all integrals exist.

We now perform some formal calculations aimed at computing the values of the bracket terms of a hy-
pothetical rough path above a finite cubic variation process which is defined via symmetric integration using
(4.16); we later comment on what our calculations mean and on what is needed to make them rigorous. (4.83)

is an order-2 integration by parts formula, equivalent to
t ~
X575 = f X0d°X0 + f xXBaxe, or XU = x5 =
S

in branched rough path notation. (4.84) in rough path notation reads, setting f () = x®z” and using asso-

ciativity Lemma 4.28
aﬁv t
f X2, df. X, f X2, XedXxbB — f X2 XBaxe
_ f X“’dX(aﬂ)
f X7, dX(aB

:(Otﬁ')
= Xst
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where we have used that X®% = 0. Now, comparing (4.41) with (4.82) for the function f(z) = 2P we

obtain

t
f XeXPAXY + XeXVdXP + XPX7dX* + X*dX B ¢ xPax (@)  xvax(ef) 4 qxh
S

= (X*XPX)y

t
= f XOXPdX7 + XOXTd°XP + XP XX — %[X]g‘;ﬂ’”

Cancelling corresponding rough/symmetric integrals, and using the expression for X ﬁt *® we obtain

_§[X]Ot,37 + X(aﬁv)

B
; (XIS o X = (X))

st

>(315)

The last term left to compute is X , which by Example 4.30 is the only obstruction to quasi-geometricity

for (3,4] > p-branched rough paths. Since by (4.83)

s t
X;th X,d°xP = th f X2,d° [ X5.doxe
and therefore by (4.43)

¢

~

’YI t
X( B):f df Xa OXB X X:(Bw)

While we did not see a way of computing this term fully without delving into the specifics of symmetric in-
tegration, it is not difficult to see that its symmetrisation in v, 3 does not vanish if X has non-trivial cubic

variation: by additivity in the integrand and integrator and the previous formulae we have
115 110
<< ee >+ <K 0 0a >, X st>

a B
Iﬂ—I—A/Iﬂ—Ev—Ev—'v;—%— Iﬁ'y - I(ﬁav)aXst>

B8 v a B « o P
:<%€Z—VX—VB—VY— I(Bw)— (a'y),Xst>
gaﬁv) + szx)
_ X7
2
Here is a sketch of what needs to be shown in order to make this a precise example of a stochastic branched

rough path, and what our calculations will imply once this is carried out:

* Currently, no examples of stochastic processes with finite, non-trivial cubic variation are known (the
closest thing to this is that fractional Brownian motion with Hurst parameter 1/6 has cubic variation

converging in law, but not UCP [NRS10]). For this example to be interesting, one such process must be
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produced.

* It must be shown that the branched iterated integrals of such a process defined via symmetric integra-

tion define a branched rough path with bracket extension, with the only caveat that (I?ag) , ,)ES,Q is not
defined by [* X2,d X\ = 0, but by

[[xnaaexn, - [t - [ e

s s s

Note that while this failure of associativity may seem strange, it would neither contradict bracket consis-
tency (which only implies (Iﬁy&ﬁ ' X st) = 0, compatibly with the value of the corresponding symmetric
integral), nor would it compromise associativity of integration against this rough path. Such behaviour
is not even ruled out for geometric rough paths, for which it is perfectly possible for the rough path not
to be zero above a zero component, and this does indeed happen in the third rough path in Example 4.35

above.

* One would also need to show that, for a suitable class of integrands that includes functions of X, rough
integration against this rough path coincides a.s. with symmetric integration (i.e. the analogue of the
statements [FH20, Proposition 5.1, Corollary s.2] in the context of It6 and Stratonovich integration),

which has been used in the formal calculations above.

* We will then have a stochastic branched rough path extended with a bracket satisfying

(o a o =1 X267 SHUE UG [x)e
X =o, X5 = [x)27, Xi = [ ]27& , Xa - ]4t

the last of which implies that this rough path cannot be quasi-geometric if it has non-zero cubic variation.

4.4 Integration against branched rough paths on manifolds

The definition of branched rough paths on manifolds is almost identical to those given for non-geometric
3 > p-rough paths in Chapter 2 and for geometric rough paths in Chapter 3. The only significant difference is
that we must push forward not only the branched rough path, but also a consistent simple bracket extension,
which is done using the augmented definition of pushforwards Definition 4.26. This is because, first of all, a
definition that does not carry these data would not be possible, since the simple bracket is even necessary to
define the non-bracketed pushforward; moreover, it will be needed when defining rough integration. We will
call the set of such objects €5([0,T), M). It is helpful to continue to think of X as being manifold-valued
(since ts trace X literally is), with the additional data of the simple bracket X (whose trace does not take values
in the manifold) also being carried from one chart to the other.

Before discussing integration, we begin with some background and notation. From now on we assume M
is endowed with a covariant derivative on its tangent bundle; we will not assume M to be Levi-Civita, or even
torsion-free. The notions that we will need about covariant derivatives are not advanced and, unless otherwise
specified, can all be found in [Leeg7, Ch.4]; some care is, however, required, since we will often be considering

the n™ iterated covariant derivative, something that is not done often. We adopt the convention that, if S, T’
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are tensor fields and V' is a vector field
(VyT,S) =(VT,V®S) (4.85)

i.e. the direction of covariant differentiation occupies the “first slot”; this is the only instance in which we differ
from [Lee97, Ch.4] in terms of notation. Our choice works well with the convention that, in the expression of a
tensor, the contravariant part (i.e. a tensor product of the tangent space T M) always comes before the covariant
part. Furthermore, it has the benefit of not reversing the order of covariant differentiation when iterating V,

e.g. for another vector field U we have
(VT U@V ®S) = (VVT, UV ®S)=(VyVT,VS)

Note that this is not equal to (Vy VT, S): by the Leibniz rules for V w.r.t. to the dual pairing and tensor

product
(VVT,URV ®S)=Vy(VT,V&S)—(VI,Vy(V&®5))
=Vu(VT,V®S)—(VI,VyV & S) —(VT,V @ VyS)
while
(VuVvT, S) = Vu(VT,S) —(VvT,VyS)
so that

<VUVvT, S) — <VVT, URVe® S> = <VvUvT, S>

For a tensor field T° we define V"T' inductively by VV™ 1T, this is obviously associative, i.c.
VT = V"VT. The most important case is when T is a function f € C°M, for which
VvV f € T(T*M®"), T denoting the C°° M-module of sections. While it is well known that V2 f is a sym-
metric tensor if and only if V is torsion-free, the same does not hold at higher orders: indeed, even assuming
torsion-freeness, V2 f is symmetric (for general f) if and only if V is flat [Kumos, Theorem 2.3] (incidentally,
simple examples show that the torsion may contribute to the symmetric part of V3 f). Itis not possible, there-
fore, to assume symmetry of higher order covariant derivatives of functions, without restricting our attention
to trivial cases. For this reason, while symmetry will play an important and delicate role in this section, torsion
will not.

In keeping with the rest of this chapter, we will mostly compute things in coordinates, which on manifolds
are local. Given a chart, we denote 0, the basis elements of 7'M that they define at each point, and d” the

elements of the dual basis. For a tuple v = (71, . .., ) we will denote the operator
Vo = (V=0 @ ©8,,)

Given two charts, we will denote the “new” coordinates using Latin indices. We will use the symbol 0 to denote
the basis vectors d,, to denote the Jacobian of the change of coordinates 3’; (s00; = 317 0y), and more generally
0~ will denote the operator consisting of partial differentiation according to the tuple 7y in the given chart ¢,
with 8g = Ogy™. We will often use manipulations such as ¢ ak(?i = 82835.

We are now ready to discuss the transfer principle. Let X € 65([0, 7], M). We are looking for an expres-
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sion in local coordinates

dg X* = || 5;156( X)dx® (4.86)

for tuples o, where we are summing over the tuple ,8 Sg g are locally-defined smooth functions on M and
dX ®) are the local expressions of the differentials of X. Asin the rest of the chapter, in this section too we
are only taking sums on tuples of length < |p|. (4.86) is meant to extend the usual differential of the simply
bracketed X to the curved setting. When -y is a single index v, we will denote dv/XV = dy X", while keeping
in mind that this still depends on the simple bracket. The first thing to notice is that S is only determined up to
symmetry in the bottom indices, since it is being evaluated against dX. On the other hand, thereis no particular
reason to assume .S to be symmetric in the top indices: this means that the dvf)\(/ﬂ”s may not be symmetric,
which is why we have omitted the round brackets for the tuple . While this may seem counterintuitive at first,
one should remember that V" is also generally not a symmetric operator when M is not flat. (4.86) will then
locally define a rough path (by lifting the integrals of the RHS) whose trace is indexed not by RI] but by tuples
in [d] (of length < |p]).
We require two conditions of (4.86):

Ité-Kelly formula on manifolds. For g € C°°M the formula (4.41) holds with covariant differentiation

replacing ordinary differentiation:
1 t ~
9(X)st = |’7'J VWQ(X)dVX(7) (4.87)

Contravariance. dy X (ie. the differentials indexed by single indices) transforms like a tangent vector: the
change of coordinates reads

dy X* = ofdy X7 (4.88)

While both requirements may seem to fall under the category change of variable formulae, the second cannot
in general be inferred from the first: a counterexample to the general case is provided in Example 4.41 below.
Moreover, we see no way to solve the second condition for S, while doing so for the first will be the first step
performed to obtain conditions on it. It should also be remarked that, although it would seem natural to require
that the whole of dv/)z transform as a tensor, this is not in general compatible with the first requirement, also
shown in Example 4.41 below. The above change of variable formula is not the main function of the bracket
integrators dvf)\(/ (in excess of dy X'), which has to do with defining RDEs; this will not be explained fully, but
is mentioned in Conclusions and further directions below.

We proceed by writing (4.87) by expanding the LHS using the ordinary change of variable formula (4.41),
and the RHS by using the ansatz (4.86): we have

,m,aﬂg( X)AX D = —-Vag(X)Sg(X)dX®)

\B!'

from which, matching coefficients up to symmetry of 3, and requiring the resulting identity to hold on the
whole of M

989 = VagSg (4.89)

forallg € C°° M. Thisidentity has the benefit of not containing differentials, and is the natural condition on S
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that guarantees (4.87) for arbitrary elements of @p ([0,T7, M). Itimmediately implies Sg = Ofor la| > |3,
since V o g is a sum that does not contain derivatives of g of order higher than |a|: indeed, if | 3| < |a| = |p]
then Sg must vanish, since otherwise the RHS of (4.89) would contain a derivative of order higher than 18;

this implies that if |8 < || = [p] — 1 again S§ = 0, and so on until we reach [3| = |a¢|. Since Vg

contains exactly one term involving order-|y| derivatives, and it is dyg, Sg' is forced equal to 8 = (Sgg))
when |3| = |a], with round brackets denoting the multiset corresponding to the tuple (so “on diagonal” it

actually is true that S5 may be considered symmetric in the upper indices). As a nice consequence, we have
that dy X @ will always be an integrator of regularity [y|. The terms S with [ < |B] are more complex
to describe, and underdetermined without further assumptions. One idea might be to require them to be
symmetric in the upper indices, which fixes them uniquely: indeed, if || = 8| — 1, since S multiplies the
only remaining derivatives of order || apart from the one present in V gg, it is fixed, up to symmetry, by the
requirement that none appear on the LHS, and this continues to hold inductively all the way down to || = 1.

Another way of viewing all of this is to think of Vg, 0, g as a row vectors,

Vg = 0agL3 (4-90)

for a block matrix L (whose upper indices are only determined up to symmetry since they multiply coordinate

partial derivatives): (4.89) now becomes 09 = JagL3 Sg or

(@)gB _ s(a)
L 'Sy = ¥y) (4-91)
In other words, S must be a left inverse to L (viewed as acting on row vectors - this reverses order of composi-
tion), which exists since L is upper triangular with identity maps on the diagonal and therefore injective. We

will call the unique S’s that are all symmetric in the upper indices the symmetric solution.

Remark 4.37. Note that the uniqueness statement about the symmetric solution does not mean that the general
solution to (4.89) is determined up to symmetry in the upper indices: it is neither true that two solutions must
have identical symmetric part, nor that adding arbitrary asymmetric functions to a solution will still resultin a
solution. This is because asymmetries in the upper indices of some order may affect the symmetric part at lower
orders, as will be exemplified in Example 4.41 below. (Note: we have use the term asymmetric to mean “having

zero symmetric part”, which at order > 2 is different to “antisymmetric”, which means alternating).

While the symmetric solution might seem like the most natural one, it will not work for our purposes, since

it fails to transform like a vector, as shown below in Example 4.41; we will instead need the following

Definition 4.38 (Higher Christoffel symbols). In a chart define tensor fields I} € ' T'M @m form € N

and non-empty tuples of indices 7y recursively by

1.
I =0,
D =0 m>nVm=0 (4.92)
- —1
F?yi,...,'yn = v’nr%,...,'yn +0y, ® F%,...,wn 2<m<n

Letting Iy’ = I'g O, we call the I'G’s the Higher Christoffel symbols.

We will always be careful that using the superscript to denote tuples (or single indices) or orders does not
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introduce ambiguities. The most important of these symbols are the 'l T'M > I''s, which are given by

Th 5, =V Vs, 08, (4.93)

from which it is clear that they restrict to the ordinary Christoffel symbols when n = 2. The recursive defini-

tion in coordinates reads

m
Q1 yeeey O, Q1 yeees O Al IO 5eeey Yy Oim, Q1 A2,y Oy
LG om = 0s T gm + ) Tge Dgir e m 4 §grge g (4.94)
k=1
which when m = 1 reads
_ Y
U5 5. = 0815, 5, +T5,15, s, (4.95)

Note that although they are defined as tensors, the I'’s are not tensorial in the bottom indices: this is already
clear from the case m = 1,n = 2. Also, these coefficients are completely determined by the connection, and
therefore by the ordinary Christoffel symbols. If we were to define the I"’s without referring to coordinates,

they would take values in complicated jet bundles; for this reason we prefer the coordinate description.
Proposition 4.39 (I is a solution). The higher Christoffel symbols (4.92) solve (4.89).
Proof. The claim can be rewritten as

n
k_ 1k
E :(V g’F717~~a7n,> = Oy1,7a 8
k=1

forn > 1and indices 71, . . ., 5. We proceed by induction. For n = 1 there is nothing to show. Using the

Leibniz rule for dual pairings, we have

n+1
k k
Z<v 9 I‘711--~7'Yn+1>
k=1
n
1 1 k k k—1 1
= <V 9 v71F727---7’Yn,+1> + Z<V 9 vVlF’YQ,-n:’Yn-&-l + 871 ® F72,~~-,’Yn+1> + <Vn+ 9 871 ® F22,~~-,’Yn+1>
k=2
n n n+1
k k k k k k—1
- VVI (V ‘g’r'727---1'7n+1> B Z(VMV g’rvzy---ﬁn+1> + Z<V g’a’Yl ® F727-~-7”/n+1>
k=1 k=1 k=2
n n+1
k k k k—
= V"/1872,---7’Yn+lg - Z(v +197 871 ® F’YQ,...,'yn+1> + Z<v 9, 871 ® P"/z,.l..,’yn+1>
k=1 k=2
= 8'71:~~7’Yn+1g

This concludes the proof. W

We now turn our attention to the contravariance condition: this is what will allow us to integrate in a way
that does not depend on the system of local coordinates. As done before, we seek a formulation of it that does

not involve rough paths. Substituting in the ansatz (4.86) and applying the formula for pushforwards of simple



brackets (4.59) to the RHS

1 0 1 —
ij(X)dX(J) = Waasg(X)dX@
1 . —_—

SOt - (X)dx '

_ : i ™)
1B [t 1g™ !

The transformation law that must hold therefore is

—~

i ) ]! i canBl . abm
D D T e R (+96)

‘g Lgm=g
3713 >0
where the (j) is meant as a reminder that the identity is only considered up to symmetry in j, which will be
crucial in the next proof. Note, however, that since we are indexing .S with tuples, we are summing over all

non-empty tuples j L .., 4™ whose concatenation (without taking multisets) equals j.
Proposition 4.40. The higher Christoffel symbols with single upper index satisfy the change of coordinates (4.96).

Proof. We proceed by induction. For |j| = 1 the assertion reduces to the obvious identity 6;- = 8&6%6}6 .

In all the following expressions we denote j = (jo,...,Jjn)>J = (j1,...,jn) and the variable tuples
B = (Bo,---6m)B" = (Bi,...,Bm) over which we will be summing. Using (4.95), we have

o -
F;'o---jn - 8YOF}1,---7j7L + F:Ljok]:‘jlv"wjn
n! .
= 0, (0G0 - O
L g e O O 25
gtgm=j
3|0
|
i o 9B 97 i qa n kra gb1 Bm
O O+ 0%0) D Oal Oyt 05
Ghegm=i~
3l >0
_ n! i afopa 8B, ABm 1 AiA. Ta A%l abm
_ m!|j1,!...|jm|![8ﬁoaajo TG 0% 00 + 005, TS 0000 - O
Gtegm=j-
3|0 L ,
g o 1--. l ... m
+aarﬂ;ajl Ol O
n! ita 0 ABoaBL . ABm o aiAY ke 8B .. ABm
b OB T OO - O + 030],, 20T Ot - 3|
G mllg g
Jtgm=j
3"l >0

Since 8};0 aajoo + 8@87 9k =9, ((3}30 ajoo) =0, 6;-0 = 0 the first and last terms cancel out, and we continue,

Jok~ o
using (4.95) again

= n' 7 @ Bo ob1 Bm 7 T = 51 B Bm
> TR ODp, L3050 01 - Ot + 0TG- S Ot -0 - O
'1”' em__ i — . . . —
5], |3 ™[>0

+OLTG,, T 0000 ol
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n!
= s | 0BT RO O O+ OATG D O N
2 TR Z |

.1 S g —

|31l 3 >0

Now, recall that the ways of writing a positive integer as a sum of other positive integers is called a composition
when order of summands is taken into account, and partition when it is not. Since j is fixed, summing over
g'...j™ = 5 is the same as summing over compositions of 7. To proceed, however, we will need to make
use of the fact that the above expression only needs to be considered up to symmetry in j: this means that
summands of one of the two types
QTGO - op, TGN -9 O (4.97)
corresponding to distinct compositions of 12 + 1 that define the same partition must be merged into the same
summand.
Let P(k) denote the set of integer partitions of k, Pj, (k) denote the set of those consisting of h summands,
P}(k) those that have at least one summand that is 1, and P;"* (k) those for which each summand is greater

than 1. We proceed to express the expression obtained for I by summing over p € P(n + 1). This

means that in each summand we will pick one composition \i?ho]se corresponding partition is p (it does not
matter which one), and we will multiply by the number of such compositions. In the following, p will be the
partition of n+1givenby > 1, Ay withny < ... <ngand\; € Nus.t. > 7, N\ = m.Ifp € P} (n+1)
then both types of term (4.97) contribute to the corresponding summand, while if p € P! (n + 1) only the
second does. We will imply that in each summand, k', ... k™ realises the partition p as described above: we
are not summing over the kl’s, but just picking one such collection of tuples in each summand. The expression

obtained is (setting the variable tuple v = (71, ...,7m))

1 (A1 = D)l Ag! (m = 1)Ing M- onglha

m=1,...,
pEP, (n+1)
+m Zq: )‘T‘(m — 1)‘ n! iraa’h 8’Ym
- 3 Lo gm
r SRS LEREPV mlngMngl2 . (n, — 1)In =1 on Tk
- 1! n! ;
+ Y mz LTSO) o
A Az ... — Ar—=1. .. Ag oY R!
et )\1 Al mingMinglA2 . (n, — 1)In,! ng!ta
pEPZ1(n+1)

The two summands in the square bracket correspond to the two types of termsin (4.97), while in the single term
in the second sum corresponds to the second type. In each product of two fractions, the first is the number of

multiset partitions realising p, and the second is the old term written with the updated parameters.

n!
mAlg e[5!
The precise expressions are the result of standard counting arguments. We elaborate on the least trivial, the
term on the second line; the explanations for the other two follow similar arguments. Here we are counting,
given > %, \yn; = p € P} (n+ 1), how many times one of the old terms &, F"‘ 851 . -8?3 e 8@7" with
0
-1 -1

J'...J™ = j representthe partition p. Again by symmetry, we may assume! = 1,i.e.d, FO‘ 8]5 13 N i s

however, since the previous expression had a sum ) ;" ; we must multiply by a factor of m (1mmed1ately to
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theleftof Y 7_, in the new expression). Now, the tuple joj ! has length > 2: this means it cannot correspond
to any of the first Ay summands of p, since n1 = 1. We sum, therefore, over | = A\ + 1,...,m, which is
the same as summing over 7 = 2,.. ., q and multiplying each term by A,, which is in the numerator of the
first fraction. The (m — 1)! in the same numerator reflects the fact that, once the tuple joj' has been assigned
length 1., the remaining ones can be permuted, factoring out permutations between those of the same length
— this explains the denominator A1!- - - Aj!. The reason for the terms in the second fraction is now obvious.

The inductive step can now be concluded:

N e LT =Dl AL (m— D)inglr e oon lha
pEPL (n+1)
q
(m —1)! Arn! i a1 Ym
+ ng A Ag! ming g (ny — D)l L g P 50,1 - - Opm
r=

— 1)1

< Arn! (m ipogn ... g
+ E m E I'co'y---0/m
A A2 ... — Ar=1. .. A Yk
I mlni!rngl?2 .o (n, — 1)In,! ng!ta Arl- - Ag!

pEP ! (n+1)
' q
_ Z n(Al + ZTZZ )\an) iraa’ﬂ c YYm
B D U S D W R e g m
m=1, 41 L gl AlAgl - A
pEPL (n+1)
q
+ W2 ey At Lo - O
LY VS W e i 5 k™
m=1,n+1 ngt 1A Aol Agh
pEP ! (n+1)
— Z (n + 1)' al I‘\Ola'yl . 8'7m
B D U D W R e it E™
m=1,_nt1 """ ngt 1A A2l Ag?
PEPp, (n+1)
_ Z (n+1)! e L. gIm
mlk |- | km| TR
kl.km=j

concluding the proof. W

Before stating the main theorem we lay out some of the above calculations in the first interesting case, which

is already complex enough to illustrate many of the subtleties that have been brought up.

Example 4.41 (Christoffel symbols of order < 3). We solve (4.89) up to level 3, which reads

A
804,879 = V)\gséﬁ'y + V,LWQSZE,Y + V)\uugsag: (4.98)

A couple of interesting observations will follow. For g € C'°°M we compute

v'yg = a’yg
vaﬁg = 80(,39 - 8591“;5
Vagrg = Oapyg — 0590aT%, — T 5055 f — 10,0859 — T, 0asg + 0-9T5, T 5 + 0-gT'55T2,,
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The presence of the term 0,39 in the expression for V3, implies

Auv ox (Apv) . .
Sag: = Z eoéam with Z € =1
ASGT ASICT
. Apv Ay
- Z 6‘760*(01/3”7) o 6(157

oeBg

up to symmetry in the bottom indices. Substituting into (4.98) we get

g S

afy (ap,l/g - 8,\gF )F#

aBy
— 0590aT%, — 030509 — T0,0859 — T3, 0asg + 0-gT5, T 5 + 0-gT'55T%,, = 0

Setting the sum of all the second derivatives to zero implies

% AN AU
Saﬁv =l 505 + (3 — )T 30%, ceR
up to symmetry in the bottom indices. The presence of the parameter c is due to the fact that this multiplies
Ouv g, which is symmetric in y, v, while we are not assuming F’;g ., to be symmetric in the upper indices. Re-

substituting, we can solve for Fé Gy The full, general solution is given by

A A A A A A A
Sy Sas Sasy\ (% Tag  Oalpy +T5.T50s +2(e— DIY I
syoshyost =0 8 el 38% + (3 — c)TY 48" ,  ceR
A A A Apv
Sy ST Shs, 0 0 S

where the square brackets denote antisymmetrisation. Two important cases of the parameter are ¢ = 1, cor-
responding to Definition 4.38 (as can be seen by computing terms with (4.94)), and ¢ = 3/2, corresponding
to the symmetric solution (since it makes FZE , symmetric in the upper two indices). We emphasise once more
Lo . . .9 . A m
that the above expression is considered up to symmetry in the lower indices v, 3, 7. Since the term Lo las

vanishes if and only if ¢ = 1, Proposition 4.40 implies that Fé By = 301_‘ y T r has the correct trans-

o aﬂ
formation rule,

= KT 5,000 0] + 20150005, + 032y, (4.99)

which in turn implies that, when ¢ # 1, S 5 has the same transformation rule if and only if F[)‘ L does.

zyk’ aBy

We can check that this is not the case: recalling that torsion is a tensor, we have
l h _ alpA o hT aanlb 1 a af o
F[hk]Fij = 8AF[UW]8h8,Z(8TFa53i (9 + 353 )= 6/\F[<m} 0 8 ('37 + OAF[M]@»]-@,Z

This is clearly different from (4.99) (even after symmetrising), which has a third derivative that is not present
here. This shows us that the only choice for S that satisfies both desiderata (4.87), (4.88) is Definition 4.38.
In particular, the symmetric solution fails the latter condition. This counterexample continues to work when
considering solutions to (4.89) up to arbitrary orders, since the procedure restricts to the above for the portion
of the solution with 3 lower indices S, 3.

Continuing with the example of I' up to order 3, another interesting consequence is the following. A
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natural extension of the contravariance condition would be to require that not only dy X" transform as a
vector, but the whole of dy X as a tensor. This, however, cannot be the case: arguing as in (4.96) and using
Example 4.27 we see that S2 must satisfy the transformation rule

vV aa 3 v v
b = 010,515,070 0)9] + 50L0,(053 + 0t

On the other hand,

cTl8), + (3 — o)TL;5p = 00k (eIl 38 + (3 — o)T%584) 050, 0] + 0L, (cdlidy + (3 — c)dL;0f)
implying that for tensoriality to hold, we must be in the symmetric case ¢ = 3/2, not the Christoffel case

¢ = 1. Symmetrising in the bottom indices does not affect this assertion.

Proposition 4.39, Proposition 4.40 and one of the conclusions of the above example can be summarised in

the following statement:

Theorem 4.42 (Existence and uniqueness of the transfer principle). The higher Christoffel symbols are the
unique solution to the two conditions (4.87) and (4.88).

Rough integration can now be defined unambiguously. For simplicity, we will state it only for integrands
given by one-forms, though it can be expected to hold for more general controlled integrands (as done in
Chapter 2inthe 2 < p < 3 case).

Theorem 4.43 (Integration against branched rough paths on manifolds).
Let X € B5([0,T), M) and f € TT*M. The expression

f F(X)dy X7 = ‘51” fal'3(X)dx @)

(with sums on o, 3) does not depend on the system of local coordinates. Moreover, for g € C'°°M,

1 [t ~
0¥ = o f V,g(X)dy X

Proof. This is a straightforward conclusion of all the theory developed in this section; it should be pointed out

that Lemma 4.28 is necessary when integrating against the transformed rough path. W

Conclusions and further directions

In this chapter we hope to have convinced the reader that non-geometric rough paths are not, after all, incom-
patible with differential geometry, even at low regularity. Nonetheless, the additional technical baggage needed
to formulate a theory of branched rough paths on manifolds is certainly not light, and for this reason we have,
admittedly, only formulated some of the results that one could envisage including in such a discussion.

A goal that appears achievable without too much additional effort would involve using our transfer prin-
ciple to give meaning to RDEs driven by quasi-geometric rough paths, as done in Definition 2.42 in the

2 < p < 3case. This was actually our motivation for discussing quasi-geometric rough paths in the first
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place, and for proving their characterisation in terms of the bracket. The point is that the same transfer prin-
ciple should apply for RDEs, since transformations of quasi-geometric RDEs only require the simple bracket.

The only complicating factor in defining
dyY = F(Y, X)dy X (4.100)

for quasi-geometric X, is that its the local expression

1

i Npé (V)dy W) = 1

= |ﬂ|!Fé(Y,X)MP%(X)d}(ﬁ)

is not a closed-form RDE. To turn it into one, F' € 'Hom (7'M, T'N') must be extended to a field of maps F
that locally drive an RDE for the whole of 17, and this must be done compatibly with the condition that Y bea
quasi-geometric bracket extension of Y. Ideally, it should be shown that Fis unique with this property. A few
preparatory lemmas are needed to set up these results, e.g. a version of the bracket pushforwards Theorem 4.25
for quasi-geometric RDEs, which should also make clear that pushforwards preserve quasi-geometricity (this
is necessary to make the term “quasi-geometric” apply in a well-defined way to rough paths on manifolds in the
first place). Once this is achieved, one could additionally show an analogue of the Itd-Stratonovich conversion
Theorem 4.32 in the manifold case; this would require first showing that pushing forward commutes with
Hoffman’s exponential.

Writing out a transfer principle for RDEs driven by general branched rough pathsis a much more ambitious
goal. As discussed in (4.20), even full bracket extensions are not closed under lifts of their controlled paths. For
this reason, such a transfer principle would have to depend on an iterated bracket extension. A first step in this
direction would be to work out the formula for dvjf\ when 3 < p < 4: since the regularity is low enough,
this actually only requires a single iteration of the bracket extension. Moreover, this case would be sufficient to
give meaning to manifold-valued RDEs driven by the rough path of Chapter 6 below.

A Hopf algebra conspicuously absent from the discussion on page 175 is that of planar rooted trees. This
comes in two flavours: the one defined independently in [Foio2b] and [Holos], in which the product is given
by juxtaposing forests, and the one introduced in [MKWo8], where the product is instead defined by shuffling
them. The latter, which has the advantage over the former of being commutative, is used in [CEFMMKz20] to
define a particular type of differential equation: given a Lie group G, with associated Lie algebra g = TG,

a smooth manifold M acted on transitively by G, smooth maps Fy: M — g, and defining vector fields
#F, € I'TM by

#F,(z) = % Oexp(tFy(x)).m

where exp: g — G is the Lie-algebraic exponential map, the authors are interested in giving meaning to
dY = #F,(Y)dX"

where X is an R%valued planarly branched rough path. It would be interesting, especially once our transfer
principle is extended to RDEs as detailed above, to compare our definition of RDE with theirs, and in particular
to see whether/how the additional data of the connection needed in our case corresponds to the planar structure

required in theirs. It should be said, however, that we do not expect planar forests to be particularly helpful for
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the type of RDE (4.100) (which does not involve Lie group actions). This can already be seen from the case
of 2 < p < 3, in which the only difference between non-planar and planar labelled forests is that the latter

distinguishes between ¢% and ¢¢ ; their symmetrisation ¢4 + ¢¢ ,theshuffleof ¢ and ¢ ,would already
be occupied by XX B The only excess terms given by planar forests are therefore ¢4 — $¢ , which cannot

be of help when it comes to indexing the symmetric bracket term X (@3,

The last idea we wish to mention, very briefly, is a little vague. It has to do with relating the bracket exten-
sion of [Kelr2] with the geometric rough path of [HKis] that s built to drive RDEs equivalent to ones driven by
a specified branched rough path. These accomplish distinct goals, but have some points in common: for exam-
ple, when it comes to quasi-geometric rough paths, which are simple bracket extensions, the It6-Stratonovich
formula of [HKis] seems to reduce to Hoffman’s exponential. The type of result that we have in mind is a
canonical mapping sending the iterated bracket extension (in the sense of (4.20)) of a branched rough path to
a geometric rough path, expressed algebraically as a map of Hopf algebras. This should then be compared with
the isomorphism of [BCi9], which does not need a bracket extension, but appears to be non-canonical, and

possibly not invariant under permutations of indices.
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COMPUTING THE WIENER CHAOS EXPANSION

OF THE SIGNATURE OF A GAUSSIAN PROCESS

Project status.  This chapter consists of a report on work in progress, carried out jointly with Thomas Cass.
While the formal calculation is present in its entirety, there are non-trivial technical aspects that need further
attention, before the project can be considered complete. These are highlighted in eight envi-
ronments, in which we state what must be assumed for the computation to proceed, and often ofter ideas on
how we plan on tackling these problems. In at least one case, Assumption 2, significant progress towards the
solution has already been made (not included in this thesis, since it is the work of my supervisor). Once these
questions are resolved, and modulo some reorganisation, we believe this chapter will be ready for journal sub-
mission. The validity of our results is independently corroborated by several examples, in which we show how

our results agree with those in the literature.

Introduction

The signature of a bounded variation path X : [0, 7] — RY, namely its formal series of iterated Riemann-

Stieltjes integrals
o0

f dX,, ® - ©dX,, € T(R%Y)
n—=0 O<ur<...<unp<T

is an almost complete invariant of the path’s trace: as shown in the landmark paper [HLio], later extended
to rough paths in [BGLY16], it characterises Im(X') up to tree-like excursions, i.e. sections in which the path
retraces itself (a type of behaviour that a “generic” path does not exhibit when d > 1). In [CL16] it was
shown that this remarkable fact admits a probabilistic counterpart: under reasonably general assumptions, the
expected signature of a stochastic process characterises its law. In other words, expected signatures can be viewed

as the moments of the process.
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The importance of expected signatures was already known earlier. The formula for the expected
Stratonovich signature of Brownian motion is original to [Fawos3], but can be computed in several ways
[FS17]. Of most relevance to this chapter is the method of [Bauo4], which consists of performing an iterated
Stratonovich-It6 conversion, and using the martingale property and the Itd isometry to simplify the expression.
In [BCo7] the authors compute and study the asymptotics of the expected signature of fractional Brownian
motion (fBm) with Hurst parameter H > 1/2 as a way of describing the geometry of differential equations
driven by it for small times. The calculation is not performed through a conversion of integrals, but by a simple
linear interpolation method. The result, though not as explicit as that of the Brownian case, is still a closed-form
expression involving multiple integrals of products of fractional powers (v — u)?. When 1/4 < H < 1/2,
however, while the signature is still defined in the rough path sense and integrable (see [CL16, Example 6.7]),
this linear approximation fails to converge. Through an alternative method, [BCo7] manage to compute the
expected signature up to level 4, but their formula does not appear to generalise straightforwardly to higher
levels, nor to different types of Gaussian processes.

The terms of the signature of a path X, or more generally of a rough path X, can be used to expand, at
arbitrary order, the solution of a rough differential equation (RDE) driven by X. In [CQoz2] it was shown
that H < 1/4-fBm admits a canonical rough path lift, and lifts of more general Gaussian processes were
introduced in [LQo2, FV1oa]. On the other hand, there is another method for decomposing a functional of
Gaussian noise: the Wiener chaos expansion. The terms of this decomposition are orthogonal in L? and the
zero-th Wiener chaos projection corresponds to taking the expectation. In the Brownian case, the canonical
basis for this expansion is also given by iterated integrals, but ones taken in the sense of It6, not Stratonovich. For
more general Gaussian processes the elements of this basis are defined via the divergence operator of Malliavin
calculus, or Skorokhod integral. This operator has the drawback of not being defined in a pathwise sense, but
has the advantage of retaining some of the properties of It6 integration, most notably that it vanishes in mean.
Given that a Gaussian Wiener functional admits two different expansions, one pathwise and one probabilistic,
it is natural to ask how these two expansions fit together.

The planned purpose of this chapter, which is work in progress, is to compute the Wiener chaos expansion
of the signature for a broad class of centred Gaussian processes lifted to rough paths, which include 1/3 < H-
fBm and the Brownian bridge returning to the origin. Atlevel zero, we obtain a formula for the expected signa-
ture. Our results can also be conjectured to hold for 1/4 < H-fBm, and for many other processes with paths
of bounded 4 > p-variation that admit rough path lifts, although additional subtleties emerge in this regime.
The formula that we obtain for the expected signature is similar to that obtained by [BCo7] for1/2 < H-fBm,
but differs in a fundamental aspect, which ensures that the integrals in it converge, and our description of the
higher chaos levels follows similar lines. Our strategy is quite different to those employed previously, although
for Brownian motion, and more generally Gaussian martingales, it simplifies significantly and reduces to the
Stratonovich-It6 method mentioned above. The key result which we use is the rough integral-Skorokhod inte-
gral conversion formula of [CLi9], which expresses the rough integral of an RDE solution against the driving
Gaussian rough path as the sum of the Skorokhod integral of Y and correction terms consisting of Young and
2D Young integrals against the variance and covariance functions of the process. An extension of our results
to the p € [3,4) case would use the formally analogous formula of [CL20], in which, however, the 2D Young
integral may not converge a.s. Relying on the framework of Malliavin calculus for Gaussian rough paths (in-

troduced in Section 5.1), we apply this formula to the exponential RDE satisfied by the signature (Section s5.2).
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This results in a recursive formula relating each level of the signature to Skorokhod integrals and Young in-
tegrals against the variance and covariance functions of the signature terms of lower order and their products
(Section 5.3). We are then able to derive a non-recursive formula which expresses the signature as a sum of mixed
Skorokhod/Young iterated integrals (Section 5.4). Next, we show how to take Malliavin derivatives and expec-
tations of this identity, from which, after some intricate combinatorial manipulations of terms, it is possible
obtain the main result by using Stroock’s formula for the Wiener chaos projections (Section s.5). Our mixed
iterated integrals are represented using diagrams which play a role similar to that of rooted forests in branched
rough path theory, and the operations of taking the expectation and Malliavin derivative are given a precise
graphical description in terms of such diagrams. A crucial ingredient of this calculation involves proving an n-
factor Itd-Skorokhod isometry formula. We conclude with some examples of computations of low levels of the
signature, which include checking that our formula at level 4 coincides with that of [BCo7] for 1/4 < H-fBm,
and in Conclusions and further directions offer some ideas on how to extend and apply our results.

While our method is quite lengthy and complicated, we believe it is justified for the following reasons. First
and most simply, we do not see an alternative way to prove our identity, since all other methods for computing
expected signatures use properties that are not available for (1/3,1/2] 5 H-fBm. Indeed, it was only applying
[CLi19] that it was possible for us to even discover the correct formula for the expected signature (and its higher
chaos), which was not known to us and does not seem to appear in the literature: the formula at level 4 of
[BCo7] has quite a different presentation, and showing equivalence with ours is not trivial. Moreover, our
result applies to a general class of Gaussian processes, which need not satisfy properties such as stationarity of
increments. This means that our results are interesting and novel even for Gaussian semimartingales that are not
martingales, such as the Brownian bridge returning to the starting point. For such processes, Ité and Skorokhod
integration do not agree, and it is the latter that results in the cleanest way of obtaining our end results, while
the calculation performed using classical stochastic calculus would rely in an inessential way on the Bichteler-
Dellacherie decomposition of the process. Finally, our proposed method for computing the expected signature
extends without additional difficulty to the computation of the Wiener chaos expansion. As argued in the
conclusions, this could lead to important results on numerical schemes for RDEs.

As already mentioned, this chapter does not consist of a finished paper. At present, it can only be said to
consist of the formal calculation involved in the proof, since several key technical lemmas of Gaussian analysis
remain unproven. However, the validity of our results is corroborated by the fact that our formula for the
expected signature coincides with the one of [BCo7] for (i) 1/2 < H-fBm, for (ii) 1/4 < H-fBm at level 2
and 4, and with (iii) the well-known Brownian case. The precise details of what is missing are clearly spelt out

in a series of s, in many of which we also give our idea of the proposed way forward.

s.x  Background on Malliavin calculus for Gaussian processes

In this section we give a brief overview of the tools of Malliavin calculus that apply to the study of multidimen-
sional Gaussian processes. This is by no means meant as an exhaustive treatment of the topic. In this section
we follow [Nuao6, NP12] for the general Malliavin calculus framework and [CLi19] for certain aspects that are
specific to the case of 1-parameter Gaussian processes and their rough paths.

Throughout this chapter we will be working with a Gaussian process with iid. components
X:Qx[0,T] = R%where Q@ = C([0,T],R?%), Xy (w) = w(t), F; = 0(X,s : 0 < 5 < t). In the
following we will write €2 to denote the filtered probability space (€2, Fo, P) where, by Gaussianity, the proba-
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bility measure IP on €2 is characterised by the covariance function of X
R: [0, 7> 5 R¥@R?Y,  R(s,t) = E[X, ® X{] (5.1)

We will denote

R(t)
R(s,A(u,v))

R(t,t), R(A(s,t)) == R(t) — R(s)
R(s,v) — R(s,u) = E[X; ® Xu], R(A(u,v),s) = R(s, Au,v))

R(A(s,u), A(t,v)) :

R (j z> = R(s,t) + R(u,v) — R(t,u) — R(s,v) = E[Xs @ Xy]

(5-2)
for u,v,s,t € [0,T]. Note that R(A(s,t)) # R(A(s,t), A(s,t)). Under the i.i.d. hypothesis we will use
R to denote the scalar covariance function.

Remark s.1. We have assumed the that X has i.i.d. components mostly because the results in the literature on
Gaussian processes and rough paths are proven under this hypothesis. Nevertheless, we will make as many as
possible of our statements using notation that preserves its meaning to the non-i.i.d. case, should the underlying
theory for it become available. For instance, when we write V,5(y) R*?(t) using the Einstein convention,
the reader should be aware that this simplifies to Zflle Vo, (y) R (1), since R* = §*P RM in the present

setting.

We need to impose regularity hypotheses on R, which are taken from [CLig]. We assume that one of the

following two cases holds:

1 <p< 2 Thereexist M >0, 0< p < ls.t.foralls,t € [0,T]
IR(A(s, ), Als, )] < Mt — 5|2

This implies X admits a 1/p-Hélder modification for any p > 2p, and in particular for some p < 2.
Moreover, we require || R(+)||g-var < 00 forsome gs.t. 1/p+1/q > 1.

2 < p < 3. Thereexist M >0, 1 < p < 3/2s.t.forall s,t € [0,T]
IR(2, ) = R(s, )| ovar < Mt — s|"/°

This implies that X admits a 1/p-Hdlder modification and can be lifted to a p-rough path, for any
p > 2pand in particular for some p € [2, 3).

Furthermore, we introduce the following hypothesis, which we do not believe to be essential, but which sim-

plifies matters considerably:

Smoothness. R(-) € C1((0,7],(R%)®?2), and R(-,-) restricts to an element of C%(A2[0, T, (R9)®?),
A2?[0, T the open 2-simplex {(s,t) € [0,T])? | s < t}.

Note that we are not requiring smoothness of R(, -) on [0, T']2, which would exclude all examples of interest,

but only off-diagonal. From now on we assume X satisfies these requirements.
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We move onto the treatment of Malliavin calculus for X. We let H be the Hilbert space given by the
completion of the R-linear span of functions [0, 7] — RY, or equivalently [0, T'] x [d] — R ([d] the set with

d elements)
{1,y 1t€0,T],v=1,....d} (5:3)

w.r.t. the inner product
(U L) = B(s,1) (5.4)

Under the i.i.d. hypothesis, H = H' @& ... @ H", with the H’s all canonically isomorphic. This framework
allows us to view the process as an isometry

X:H—L*Q, 17

0,0 ™ e (5-5)

often called an isonormal Gaussian process. Although H is defined abstractly as the completion of a set of
basis functions under an inner product, it is possible to identify a dense subspace H of it that is constituted of
functions [0, T] — R%:

= | (o, B (56

o
r< o—1

where the g is the parameter appearing in the conditions on X, and the subscript pw means “piecewise con-

tinuous”. A is shown to be continuously embedded into H when equipped with inner product
()= [ Falo)ga(t) R (ds.d 57)
[0,77?

after quotienting modulo the equivalence relation f ~ g < ||f — gl = 0, which is just a.e. equality under
a suitable non-degeneracy hypothesis on R. In practice, we will always be dealing with paths in H as opposed

to abstract elements of H.

Assumption 1. Throughout this chapter we are going to assume that the elements of tensor powers of H that
we are dealing with in fact lie in tensor powers of H. In many cases this is not obvious and must be shown.
Alternatively, it should be argued that these elements are/can be manipulated as functions, which is the reason

we are proceeding with this assumption.

The integral in (5.7) is a 2D Young integral: for F': [0, 7] — R the it is defined as the limit

J[QT]QF(s,t)R(ds,dt) = lim > F(s,t)R<t v) (5.8)

—0
120l e

when it exists; sufficient conditions for convergence can be found in [CL19]. Since we are assuming the covari-
ance function to be C2 off-diagonal, it holds that 2D Young and Lebesgue integrals coincide when both are
well defined:

f F(s, ) R(ds, df) = f Fs, )05 R(s, t)dsdt (59)
o<s<t<T

0<s<t<T

where the integration domain 0 < s < ¢ < T just means the integrand is multiplied by the indicator function
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1, in both cases. On the other hand, the relationship between

f F(s, t)R(ds, dt), f F(s, )05 R(s, t)dsdt
0.7 0,712\ (5=t}

is more complicated For example, when X is a Brownian motion the first is equal to
fg F(t,t)R( fo (t,t)R'(t)dt, while the second vanishes. If F' = 1, 4x[cq)> the first is
equal to R(A(a, b), A(e,d)) while the integrand of the second may fail to be in L*([0, 7] \ {s = t}), as is
the case when X isa 1/2 > H-fBm (see Example 5.7 below) and ¢ < b.

Let V' be a separable Hilbert space; in all cases considered here V' will be Hilbert tensor powers of H, often

the zero-th power R. The derivative operator D is defined by setting

n
DF = Y Oy f(XD - XTI GO @Y F= OGN X
[

where f € C°°(R™) has all derivatives of polynomial growth; more in general, for v; € V and the F}’s of the

same form as F' above we set

l l
D"Z =3 D Fev € L(QHO®V), Z=) Fu € LY(Q,V) (5.10)
i=1 i=1

Let Sy denote the set of random variables of the form of Z above. D™ is shown to be a closable operator, i.e.
we have that for every sequence of random variables Z,, of the form of Z above s.t. Z,, — 0in L?(£2, V') and
D™Z, — Din LI(Q, H®™ ® V) it must be the case that D = 0. Defining D"4(V') C L(£2, V) to be the

closure of 8y w.r.t. to the norm
| Zllpmacy E[Zu@kznﬂ@kw (s.11)

(where D° = 1 La(,v)) which defines the m-th Malliavin derivative of V -valued random variables.
D™ D™(V) = LUQ,HO" @ V) (5.12)

When m = 1orV = R they will be omitted from the notation. We will almost always take ¢ = 2.
D™ is, by construction, closed: this means that if D™4(V') > Z,, — Zin L4(2,V) and D"Z,, — D
in LY(Q,HO™ ® V) then Z € D™4(V)and D"Z = D. Very often D™Z will actually belong
to L4(Q, H™ ® V), which means it will be a random variable valued in a space of symmetric functions
([0,T] x [d])™ — V, ie. a function of m indices and m times. D satisfies a Leibniz rule, proved on Sy
and extended: for Y € D%and Z € DY4(V)s.e. YZ € DM(V)

DYZ)=YDZ+ ZDY (5.13)

Remark 5.2 (Cameron-Martin space). There is an alternative, more variational approach to Malliavin Calculus,

which bases the definitions of derivative and divergence on the Cameron-Martin space # instead of on H. The
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former is defined as the closure of the linear span of
(RV(t,)[te[0,T),y=1,...,d} wrt. (R*(s,-),R%(t,"))5e = R*(s,t)
and is isometric to H by the obvious mapping of basis elements
R.:H— %, 1[70’0 — RY(t,-)

The main difference between H and 7€ is that the former contains discontinuous functions, whereas the latter
is densely and continuously embedded in {2 with the sup norm. Indeed, one advantage of the Cameron-Martin
space approach is that it allows us to interpret the Malliavin derivative as a directional derivative, i.e. roughly

speaking it holds that

(DZ(0). fln = 5| 2+ rR.1)

On the other hand the divergence operator, which is more important for our purposes, is more nicely inter-
preted in the isonormal framework adopted in this chapter, as explained below. For a more detailed comparison

of the two approaches see [CL19, p.14-15].

The m-th order divergence operator or Skorokhod integral is defined as the adjoint of the unbounded op-
erator D™, We will not define its domain explicitly, rather use the (non-trivial) fact that it is not only defined

but even continuous on the corresponding domain of the derivative:
S D™YHOM @ V) — LI(Q, V) (5.14)

and extended to D™ (H®™ @ V') via the projection H®"™ — H™; we take the norm on symmetric tensor
spaces to be just the restriction of the Hilbert tensor norm, without any scaling factor. 6™ is characterised by

the adjoint property
VZeD™V)  EB[(Z,6"H)y] = B(D™Z, Hypongy] (515)
according to which 6% = 1 and & the isometry X (s.5). Both derivative and divergence are associative in the

sense that D 0 DI = D™/ and 6" 0 §7 = 6. Taking Z = 1 € R in (5.15) immediately implies that & (and

therefore 6™) satisfies the zero mean property
Eoé=0 (5.16)

which will be of fundamental importance in this chapter. Another consequence of (5.15) is the following ex-

pression, valid for H € D'2(H ® V)and Z € D}2s.t. ZH e DY2(H® V)
6(ZH)=ZS8H — (DZ,H)y (5.17)
This is shown by testing against arbitrary Y € D12

E[Y§(ZH)| = E[(DY, ZH)]
= E[(ZDY, H)3
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=E[(D(YZ) - YDZ, H)y|
=E[Y(Z6H — (DZ, H)y%)]

by the Leibniz rule for D. (5.17) shows how random constants cannot be taken out of the Skorokhod inte-
gral without a non-trivial correction term being generated. For example, when Z = X (f) and H = g for
f,9 € H the above identity reduces to §(X (f)g) = X (f)X(g9) — (f, 9)n, with deterministic correction

term. Another important identity is Hedsenberg’s commutativity relation
DSH = H + §(DH), HeDYHoV) (5.18)

which in particular implies DX (f) = f. Itisinstructive to compute the divergence of an “elementary adapted
integrand”: for0 <wuy < ... <wu, <s<t<Tand F = f(Xﬁll, .. ,XU'B:LL) € 8§ by (5.17) we have

8(F1f. ) = FX5 — (DF, 12 )y
o« Y o (0
=FX5 =) ouf(X[, ..., X )RP (S “t’ﬂ)
k=1

If X is a Gaussian martingale (but not necessarily if it is only a semimartingale) the second term vanishes by
orthogonality of increments over disjoint intervals, and in this case the divergence operator actually agrees with
the It6 integral for adapted processes that are integrable in both senses. For non-trivial covariance structures,
however, the correction above implies that 6 does not behave like a true integration operator, since, for in-
stance, one cannot take out random constants. Because we will compare it with other types of integrals, it will

nevertheless be helpful to use integral notation: for H € D%?(H?) we interchangeably denote
t
j H,6X] = 8(H,) = &"(H) = 6(H1], ) (5.19)

and similar notation will also be used at higher orders of the divergence operator, through the use of multiple

jointly ordered time and index sub/superscripts.

Remark 5.3 (Symmetry). It is important to note that, although D™ is symmetric tensor-valued and 6™ is
invariant under symmetries of its integrand, these properties only hold when times and indices are permuted

jointly. For instance, while it is true that 635(1A[s,t}) = 5§3(1A[s,t] ), the difference

83 (Lapsn) — 6% (Lapy) = j

s<u<v<t

(6)(;} SX8 — 8xP 5)(3)

does not vanish, and equals the — equivalently Itd or Stratonovich — Lévy area increment A?f when X isa

martingale, a statement we will later show to carry over to Gaussian rough paths.

A special class of Skorokhod integrand is given by deterministic, ie. elements of
HE™ @V C D™2(H®™ @ V). For this class of integrands the Skorokhod integral is called the mul-
tiple Wiener integral. A remarkable feature of multiple Wiener integration is that for f € H®™ and
g e H@n

E[8™(f)6"(9)] = 8™"m!(f, g)psm (5-20)
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soif f, g € H®™ are not necessarily symmetric

E[6™(f)6™(g9)] = Z J[O TmeOq,...,am (815 73m)950(1)7-~ﬁa(m) (tﬂ(l)’ T ’tg(m))
ceGm ’
< R Po() (dsq, dto(l)) oo ROmMBo(m) (dspm, dtg(m))

This tells us that multiple Wiener integration defines an isometry

o0
8 @PHT™ S L2 (5.21)
m=0
where the source is given the rescaled inner product (f, g) — m!(f, g)yem for f, g in the same H®™ and
zero otherwise, and recall that L2 is given the sigma algebra generated by the process X. The image of the
m-th Wiener integral operator, the space of the random variables 6™ f with f ranging in HO™ s called the
m-th Wiener chaos of X. We denote it W™ and the m-th Wiener chaos projection w™: L?Q — ™. Note
that w? = E with values in W° = R, while W is given by linear functions of X. We therefore have the

Wiener chaos decomposition
o0
ro=gwm (5.22)
m=0

which means we may represent any L2Q) random variable as an L2—absolutely convergent series
o x [oe)
L’Q32=Y w"Z,  ||Z|jq=Y_Ilw" 2720 =">_ ml " 3em (5.23)
m=0 m=0 m=0

where f™ = (6™) ! 0 w™(Z). This decomposition is useful to generate L2-convergent numerical schemes.
The map (6™) ! o w™ admits an expression in terms of the Malliavin derivative: this is Stroock’s formula,
which states that for Z € D™?

(6™)" o w™(Z) = - E[D" 7] = E[Lano1)D" 7] (5:24)

where A™[0, T') is the m-simplex over the interval [0, T]. As a consequence, if Z € D2 := (>°_, D2 we

can write its Wiener chaos decomposition as the series

Z =Y 8"E[lamprD"Z] (5.25)

m=0

5.2 The rough-Skorokhod conversion formula for RDE solutions

In this section we state the main recent result which underlies the rest of this chapter, the rough-Skorokhod
integral conversion formula [CL19, Theorem 6.1], or rather a slight generalisation of it. All assumptions and

notation is as in Section 5.1, and we consider a matrix-valued RDE

dYF = VE(V)dXP, Yo =1y (5.26)
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Here X takes values in R, Y in R¢*%, and we use Greek indices to denote the coordinates of R% and Latin
ones for R¢. We will denote Vﬁk = Vfﬁ when it is convenient in order to apply the Einstein summation

convention correctly. The conversion formula then reads

r k r k 1 r k
J vFdX7 = f VFEXT + QJ VE (V)R (dt)
0 0 0 (5-27)

+J ((JesV)(Ys) — V(n))’;BRaﬁ(ds, dt)
0<s<t<T

Here the integral against & is a Skorokhod integral, R*(dt) is a Young integral and the one against
R%A(ds, dt) is a 2D Young integral. By the smoothness hypotheses on the variance and covariance functions

and (5.9) we can write
R(ds,dt) = O19R(s,t)dsdt, R(dt) = R'(t)dt, R(s,dt) = 0sR(s,t)dt (5.28)

where 0> denotes partial differentiation w.r.t. to the second argument (not a second derivative) and 04 partial
differentiation w.r.t. to the first argument. Jy5(Y;) is the Jacobian of the flow of the RDE, evaluated at the
solution with initial condition Yy = yo, from time s to time . It is defined by
gio 4 lution of Y, = V. (V)dX ™ at time t, started at Y + rd; 5 at ti
iBis = 0(so ution of dY,, = V. (Y) at time ¢, started at Y, 4 70} g at time s)
r=

with Y as in (5.26) and {0y, | v = 1,...,d; k = 1,...,e} the canonical basis of Re¥4 and
(JtSV)I;/B(y) = (JtSV)Z’a (y) = J,If’,?,tsvﬁh”y (y). All that is necessary to know about J; is that is satis-
fies the linear RDE [CLio, (42)]

o505 (Ye) = 0ea Vi (V) I} 50 (Vo) AXT, T35, (V2) = 8583

J,B;ts J,Bits 3,888
which implies ( JtsV)ga(Ys) satisfies the linear RDE
AL, = O Vi (V) AGJAXT, AL = Vi (Y:) (5:29)

Remark 5.4. It is important to stress that the 2D Young integral in (5.27) cannot in general be split as the
difference of two integrals, as is shown in [CL19, p.53], as the integrand must vanish on the diagonal (at the

correct order) for convergence to hold.

For some more regular processes, however, R(-, ) is once differentiable on the diagonal: an important

exampleis 1/2 < H-fBm (see Example 5.7 below), for which
BoR(s,t) = H(s* ™1 — (1 —5)27h), s <t (5-30)

and therefore

R(t) = O1R(t,t) + 02 R(t,t) = 205 R(t, 1) (5.31)
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so that (using that R(0, -) = 0) Remark 5.4 does not apply and we may write

f ((JesV)(Ys) — V(Yt))zﬁRaﬁ (ds, dt)
o<s<t<T

T
| bR as ) - [ VEGDR (1)
o<s<t<T 0

1 T
| GhR s - 5 | VDR
0<s<t<T 0

and (5.27) reduces to
T k T k k
f YFdX7 = f VFESXT + f (J1sV) 5 (Ys) R (ds, dt) (5.32)
0 0 0<s<t<T

Assumption 2. We will need to assume that (5.27) (which includes Skorokhod-integrability of the solution
and (2D) Young integrability of the other terms) holds in a slightly more general case than is stated in [CL20]:

1. We need to allow for V' to be linear (as opposed to only bounded);

2. We need to consider an integrand Y which is a piecewise solution to two RDEs, i.e.

s JWEM)AX] o=y, 0<t<S
dYa;t -

- 5 B (5-33)
VE(Y)AX], Yo=Yy, S<t<T

where we intend (5.27) to hold with

S 1Jts(}/;)a 0 t
V(Y;) = - o JV) = (Vo) ss(Ys), 0<s<S<t<T  (534)
N g 2JtS(Y:9)7 S

where %.J and 2J the Jacobians of the flows of the respective RDEs.

The first generalisation above will be needed to consider the RDE for the signature, and the second will be
necessary to do so when the signature is started at some S > 0. Indeed, it is not possible to simply apply the
original formula to an RDE started at S > 0 since X.>g | Fg is no longer zero mean, as confirmed by the
presence of the additional term in the next formula: this is obtained by subtracting (5.27) written from 0 to S

from the same formula written from 0 to T', with V, J asin (5.34)

Tk ok 1T 3
YdX'Y:J Y5X7+f VE(Y) R (dt
fs ] PR 3 ), Vas (V)R (d)
+ f ((J1sV)(Ya) = V(%) } ;R (ds, dt) (5.35)

S<s<t<T

_ k a3 s
+J0<s<S<t<T((JtSV)(YS) V(Yt))aﬁR (d’dt)
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Now, the last integral may be split, and we have

| ((JisV)(Y,) = V(¥)" R (ds, b (5:36)

0<s<S<t<T

-, (VYo (Vo) B (s, ) — | VEODRIS.A) )
0<s<S<t<T O<s<S<t<T

Assumption 3. The simplification (5.32) is not mentioned in [CL19] and must shown. Also, it should be
clarified whether it holds for all processes with a.a. paths of bounded 2 > p-variation. This could also be
handled directly for our final results and be omitted for the moment. Similarly, it we must show that (for
the most general type of Gaussian process considered here) the separation of integrals performed in (5.36) is
admissible. The point is that the integral being split is improper only at a point and not on a diagonal, which
should be enough for it to converge. Examples involving (1/3,1/2) 5 H-fBm confirm this: for instance, the
integral [(_._, o R(ds,dt) = [;_,_,_(t — s)*'~2dsdt does not converge, but

S

(t — 5)2H-2dsdt = (2H — 1)1 f (T — )21 — (S — 5)*"1]ds

fO<s<S<t<T 0

does. On the other hand, when H > 1/2 theintegral [, . (t— 5)2H=2dsdt does converge, which is what

motivates our first assertion. See Remark 5.13 below for a proper introduction to these kinds of computation.

The second case of the following definition is motivated by (s.31), since in general the covariance function

is not differentiable on the diagonal:

R(A(u, 0), dw) = R(v,dw) — R(u,dw) forv # w -
%R(dw) — R(u,dw) forv=w

which, by smoothness and (5.28), is equal to Oy R(A(u, v), w)dw with

O R(v,w) — O R(u,w) forv#w
D R(A(u,v), w) = 12 , i (5:39)
SR (w) — o R(u, w) forv =w

We have shown

Theorem 5.5 (Rough-Skorokhod integral conversion formula from S to T'). With V and J as in (5.34) we

bhave
r k r k r k
L YVidX7 = L V) 6X7+JS VE(Y)RYP(A(S, 1), dt)
H () - VAR s, d (5.40)
S<s<t<T

+ f (JiaV)E5(Y2) R (ds, df)
0<s<S<t<T
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If the simplification discussed in Assumption 3 holds, this reduces to

T T
f vFEAx" = f Yféxuf (JesV)E 5(Y5)(ds, dt)
S S S<s<t<T (5'41)

+ f (JisV)E 5(Va) R (ds, )
0<s<S<t<T

Moreover, if the first RDE is the trivial one W =0, the last integral in both expressions above vanishes.

Example 5.6 (Gaussian semimartingales). Assume X is additionally a semimartingale with decomposition
X = M + A, M a continuous local martingale and A a process of bounded variation; in fact, by [BO1o,
Theorem 4.5] A and M are both Gaussian and the latter is a true martingale, and in particular a martingale in
its own filtration FM. In general the increments of a martingale are orthogonal in L?, and Gaussianity implies
they are independent, so My; 1 F, LSM for0 < s <t < T. Therefore, denoting 23/ the covariance function
of M, we have

E[MfM] — RS ()| FM] = MaMP + B[(M*MP) | FM) - R (t)
— MOMP + E[(M*MP)) — RS (1)
= MEMP + (R3] () — RS/ (s)) — R37 (1)
= MIM[ — R (s)

Rﬁf() is thus the unique continuous process H s.t. MtaMtﬁ — Hj is a local martingale, which implies

[X]t = [M]: = Ras(t). The classical Stratonovich-Itd conversion formula then reads

T T T T
L VFodX™ = L VMY + L VFAAT + ;L VE(Y)RS, (dt) (5-42)
We compare this with (5.27): since X is now given by Stratonovich integration, it is well known that the LHSs
are equal. While the individual terms on the right are not pairwise equal, in each equation the first term on
the RHS has zero mean. If X is a (local) martingale then X = M, A = 0, Ry = R, and R(ds,dt) = 0
on s < tagain by L%-orthogonality of martingale increments (the setup for Skorokhod integration is very
similar to the classical white noise case [Nuao6, §. 1.3.2]). This implies [Y6X = [YdX = [YdM (ascan
also be seen directly, for more general integrands), and the two conversion formulae are one and the same. For
general centred Gaussian semimartingales, however, (5.40) and (5.42) yield distinct ways of representing the
rough/Stratonovich integral of Y against X as the sum of a zero mean random variable and corrections given
by pathwise-defined integrals. Even though the classical It6-Stratonovich seems advantageous, both because it is
more concise and because the zero-mean term is additionally a martingale, we will see that the rough-Skorokhod

formula is better suited for out purposes.

Example 5.7 (Fractional Brownian motion). Arguably the best known example of a stochastic process that is
not semimartingale is fractional Brownian motion with Hurst parameter H € (0, 1) (H-fBm), introduced in

[MNG68]. Itis a scalar centred Gaussian process with covariance function

1
R(Svt> = §(t2H + SQH - (t - S)QH)a s<t (5-43)
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and, still for s < ¢ the integrators of interest are given by
R(ds,dt) = H(2H — 1)(t — 5)?"2dsdt, R(A(s,t),dt) = H(t — s)?71dt (5.44)

When H € (1/3, 1) fBm satisfies the hypotheses required in Section s5.1; in particular, H-fBm is a.s. a-Holder
regular for all v > H. We call a d-dimensional H-fBm a vector of d independent scalar H-fBms.

Example 5.8 (The Riemann-Liouville process). Another centred continuous Gaussian process, originally
introduced in [Lévs3] and subsequently in [MNG68], is the Riemann-Liouville process with Hurst parameter

H € (0,1) (sometimes called type-II fBm), is a centred Gaussian process with covariance function [MR 99,

p-116-117]

5/(t-9)
R(s,t) = = |20 4 27 —op(t — ) (1 U R CELEE uH_1/2)2du>]

R(t) = t*H

Like fBm, this process specifies to Brownian motion when H = 1/2. Their main difference is that fBm has
jointly stationary increments (see Example 5.9 below) while for the Riemann-Liouville process not even single
increments are stationary. We were not able to find a concise expression for the derivatives of the covariance

function of this process.

Example 5.9 (Stationarity and joint stationarity of increments). X is stationary if and only if we may write

R(s,t) = R(t - 5) (5.46)
for some function R: [0, 7] — R4 _If R is smooth we may use (5.28) to write

R(ds,dt) = —R"(t — s)dsdt, R(dt) =0, R(s,dt)=R/'(t—s)dt

= R(A(s,t),dt) = —R (t — s)dt (s-47)

An example of a centred stationary Gaussian process is the Ornstein-Uhlenbeck process exp(—1/2) Wy (1)
where W is a Brownian motion and ¢ € [0, T: its covariance function is R(s,t) = exp(—(t — s)/2) for
s < t.

There is a weaker property that results in a similar simplification. We will say that a stochastic process X
has jointly stationary incrementsif forall sy < ty,..., s, < t, the distribution of the random vector of incre-
ments (X4, ..., Xs,t,) only depends on the differences t1 — s1,...,t, —spand s — s1,..., Sy — Sp—1
(if n = 1 the latter condition vanishes, and ordinary stationarity of increments is recovered). If X is Gaussian
this need only be required for n = 2, and if it holds we may write

~

R (j fj) = E[Xou ® Xto] = R(u—s,v—t,t —s) (5.48)

for some function R: [0, T]? — R9*4, This property is satisfied by fBm, since if H is the Hurst parameter
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we have
R<t v)
[(t —u)?" 4 (v —s)2H — (t —5)*H — (v —u)*H]
(=) — (=) 1 (=) (=) — (=) — ((w—t) +(t—5) — (u—s))*""]

If X has jointly stationary increments

S u
= 1' —_— Y = - .

Although similar simplifications are not available for 2 R(s, t) and R’(t) individually (as they are in the sta-

tionary case), they are once we consider the integrator R(A(s, t), dt): indeed, we have

R(A(s,1),0) — R(A(s,1),1) = R <j Z) — R(t—s,u—t,i—s)

— R(A(s,t),dt) = &, R(t — 5,0,t — s)dt

We therefore conclude that joint stationarity of increments, though a much more general property than sta-
tionarity, results in the same simplifications that are of relevance to this chapter, namely that R(ds, dt) and
R(A(s,t),dt) only depend on t — s. This is because these are the only two deterministic integrators consid-

ered in all our end results.

5.3 The recursive formula

We are interested in applying the Skorokhod-rough integral formula to the RDE for the signature of X
from S to T. We will be denoting the signature from S to T'by X g7 € T(R?), and its components
X L= (X g7, 04, ®- - -®0,, ). Note that, although this is written as an RDE in an infinite-dimensional
vector space, it can always be reduced to one in a finite-dimensional one by truncating the tensor algebra at an
appropriately high order; for this reason, we will keep working with the whole tensor algebra, keeping in mind
that all results pertaining to rough paths in finite-dimensional vector spaces apply. The first RDE will be the

trivial one, i.e.

oo
V=0,Y=1eTR) @R = PRH™", I3, =885 (5.50)
n=1

Here 6 is a Kronecker delta (note the difference between the characters 8, §and §, with the second being used

for Skorokhod integration and with the third which will figure as an index). Now, since we have

T
Y1yeeey Yn __ Y1y Yn—1 Tn
XST - fs XSt dXt
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we would like Y,;y.%"”"y" = Xgi""’%fl 61”, which solves

thV’Y;lsyi--ﬁn — QVE(M”"ﬁn)”Y(Yt)dX?, with 2v6(0617---706n)7a(y) — y317~--,an—2,an Sgn—l

ie. W GUtn)(vy) = Xgb g isan 651
(5.29) now becomes, for § < s <t < T
th(BO;tls’m’an)’a = 8(71,~~ﬂm)ﬁv<5(al7”.7an)7a(E)A,(szs’“wmxvde
e
A, g _ g agin o
We conclude that
(1) = 5 X g x e o 552)
=1

by checking that it satisfies this RDE and initial condition. We have now proven the following theorem, which
is the result of applying Theorem s.5 to the signature (we replace s, ¢ with u, v and S, T" with s, t):

Theorem s.10 (Recursive formula).

t t
thla--v% — f X:Z;,mrynq(gX;yn +f X;Y11)7~~~77n—2R'Yn—1"/n(A(S’,U)7d,v)
S

S

n—2
+ ZJ X;quj..-fn_1XZZU+1,...,’Yn—1R'yZ,'yn (du, dv) (5.53)
=1 s<u<v<t

_ f t(X’sYzl},m/Yn—z _ X;Y/bv-“’ﬁ/n72)R'7nfl7n (du, dv)
s<u<v<

If the simplification discussed in Assumption 3 holds, this reduces to

n—1

t
X'sytl,...,’yn — J‘ X;l)"""y"‘l 6X17n + J‘ X;Yb,~--,71—1XZZU-&-h..-,'Yn—l RYn (du, d’l)) (5.54)
s s<u<v<t

=1

Assumption 4. In the above theorem we have taken finite sums out of the integral, following the only rule
that, in all double integrals, the integrand must vanish on the diagonal u = v (see Remark 5.4). This would not
be the case if we separated the difference in the last integral, which is why it has been kept inside the integral sign,

Yn—1

separately from the previous sum, in which all terms do vanish thanks to the fact that X D carries a

positive number of indices. It must still be shown that all other integrals converge, since this does not follow
automatically from the conversion formula. That this can be done can be understood by picking v; = 7, or

Yn—1 = Yn, and observing that the other terms must converge, but this argument must be made precise.

What we see from the above theorem is that the term

J Xzbv"'7’yn—2R’Yl’Yn (du, dv)
s<u<v<t
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which is present in the case of p < 2, but ill-defined in the general p < 4 case, is replaced with the term

t

f Xz%)7~~'17n72R7n717n (A(S, ,U)7 d'U) _ J (X';%vn'u“/n72 _ X’SY'llLr~~7’Yn72)R'Yn71'7n (du7 d'U)
s s<u<v<t

Remark s.11 (An alternative recursive formula). It is tempting to try to improve (5.53) by applying the Chen

identity to the last term:

t t
Xppen = [ XX [ Xt R (A, ). )
S

S

n—2

X[ XWX R o) (559)
=1 Y s<u<v<t )
n—3

_ E f X’squL,---mlev-i-lv'":%%R’yn—wn (du, dv)
1=0 s<u<v<t

This formula has the advantage of not containing inseparable differences as integrands, but has the drawback

of having more terms, some of which carry a negative sign.

Example s.12 (Gaussian semimartingales). The classical Stratonovich-It6 formula for Gaussian semimartin-

gales (5.42) similarly yields an alternate formula (notation as in Example 5.6):

s.4 The closed-form representation

Since solving the recursion of Theorem s.10 will involve mixed iterated integrals, it will be helpful to develop
some graphical notation that keeps track of all the different types of integrator. Consider diagrams formed by
an ordered set of nodes with some arcs drawn (above the list of nodes) between pairs of nodes (the lefr and
right endpoints of the arc), and straight lines (edges) beginning at some nodes (the endpoint of the edge) and
going straight up. Each node may be the endpoint of at most one arc or edge (not both). We do not allow arcs
between consecutive nodes: as is explained in Remark s.13 below, this is what guarantees convergence, at least
when 2 < p < 3. Nodes that are not the endpoint of an arc or edge may be circled; if they are not they will
be called single. Nodes are labelled with elements of {1, ..., d}: more precisely, an uncircled node has two
labels if and only if it is the endpoint of an edge, and precisely one otherwise. We will refer to the last node of
a diagram as its zerminal node and say that the diagram ends in/with it, and if it is the endpoint of an arc or
edge, we will call this the leading arc or edge, and say that the diagram ends in/with an arc/edge. The degree of a
diagram is the number of labels (which is the same as the number of nodes plus the number of edges). We will
call the set of all such diagrams K%, the set of those with m circled nodes ICﬁln, and ’ng (Y1, -+, 7n) the subset
of these of degree n labelled 1, . . . , 7, from left to right (with double labels counted as two single labels). We

also consider an empty diagram @ € K% An example is

. JONN d
05755?7719LH>\NV£0EICl(a""’O) (557)
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We now explain what these diagrams represent: single nodes stand for Skorokhod integration, arcs for double
integration against the covariance function, edges for integration against R(A(u,v), dv) (5.38), nodes that
are circled for free (time variable, index) pairs (i.e. the resulting diagram will be a function of such times
and indices) with the label standing for a Kronecker delta, and we are integrating over the simplex of order
the number of nodes between two times 0 < s < ¢ < T to be specified. This approximate description,
however, is not enough to give these random variables an unequivocal meaning: the problem is that mixed
Skorokhod/Young integration on the simplex is not associative. We illustrate this with an example: omitting

the labelling (or taking d = 1) for simplicity,
(T = J Oz Rz, 1) 6X oy dunSX sy
A4[s,t]
t rug
= J f J 612R(U2, U4)5Xu1 du26Xu3 dU4
s Js s<ul<uz<usg

¢
= J Sus (1(s,u4)(u3)f 312R(U2,u4)5Xu1du2> duy
S s<uyl<u2<ug

On the other hand, if we first resolve the Skorokhod integrals

t u2 U4
(+ V) = f f 312R(U2,U4)J 5Xu1f 86Xy dugduy
s Js<uz<ug<t S u2
t
= f f alQR(U%u4)XSUQXu2u4du2du4
s Js<ug<ug<t

These two quantities cannot be equal, since taking their expectation we should expect to obtain

t
EJ Sus (1(s,u4) (u3) f O12R(u2, u4)6Xy, du2> duy
S s<ui<ug<us

t
= J Eéug (l(s,U4) (u;g) J 812R(u2, U4)6Xul d’UQ) dU4
S s<ul<uz<usz

— (5-58)

7£ JA4[ | 812R(U27 U4)812R(u1’ u3)dU1dU2dU3dU4
st
t
- EJ J 612R(u2’ u4)X5u2XUQu4dU2dU4
s Js<up<ug<t

with the # is intended in general (when X is a martingale equality does actually hold, by orthogonality of its
increments — this is precisely the case in which case Skorokhod integrals are Itd integrals, and mixed integration
over the simplex is associative). As will be clear in a moment, the definition that we want to hold is the second
one.

We now define a random variable Cy; for C € K%and 0 < s < t < T. The definition we provide is a

recursive one, not for C's; but for the differential dCy;, which can be one of several types of differentials; we
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can then recover the former by

1 C=0

17 .(\)Ds. C=Dg,Deck?
vy

Oy =4 (D (5.59)

t
J dCy, otherwise

In the second case - is the time variable of which C'; is a function (and the index is evaluated against 7). Note
that, although dC', has no meaning on its own, it will always appear inside an integral as above. The meaning

of d depends on the type of terminal node of C::

1. d( C . )sv = CsvéXq,;y;
Y

m

2. d( 121 @ )Sv = J s<u<v Asuéuv R’Ykak (dwk’ dzk)Raﬁ (du’ d'l}),
@ B ((wl:“'vw?"l))eAA'm[[s’uj} k=1
Z1,..,2m )€ m u,v

where A and B are the diagrams respectively given by taking A and B and circling all nodes that
are endpoints of arcs (represented, in the initial diagram, by the dashed line) that intersect the lead-
ing arc. These nodes have associated (time variable, index) pairs (w1,71), . .., (Wm, ¥m) for A and
(21,01), - - - (2m, O ) for B, in that order. All in all, this is an integral on A?™F1[s, v] (along with the

extra variable v, yet to be integrated);

R (A(s,v),dv) C=0

17 (- )Ds.R(A(- _ D e Kt
s 4(C L) = 4 Moy (D RIAL 0),dv) C=Dg, DeEK

af3 v
J ACs R*P(A(u,v),dv)  otherwise

Note how, in order to make sense of dCy, R*®(A(u,v),dv), we can use smoothness and write
s R*P(A(u,v),v)dCs,dv, so that all instances of the variable u appear before du; without the smooth-
ness assumption this definition would be more difficult to make sense of. Following the assumptions of

Assumption 1, we will continue by considering Cy; elements of H when C € K¢,

Assumption s. It must be shown that the integrals defined by (5.59) converge for the class of stochastic pro-
cesses that we are considering. This task is closely related to that of Assumption 4, and the two should be
handled together. Also, this should be accomplished in a way that makes it obvious that all manipulations of
these integrals, e.g. those performed in Lemma 5.15 below, are sound. The next two remarks are meant to clarify

some of these aspects, but the general task remains outstanding.

Remark s.13. The main reason why this definition is so involved is the presence of edges, whose purpose is to
replace arcs between consecutive nodes. The reason why these are disallowed is that, in general, they cause the
integral not to converge. If it were possible to replace each endpoint of an edge with two nodes, and the edge

with an arc between them, the above definition would not need to involve the multi-purpose differential d and
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would be much simpler to state: we would only have to set

(A @ )St = f s<u<v<t z‘isuéuv H kaak (dwka dzk)Raﬂ(du’ dv)
a B (gvl,...,wm))eAN”[[svﬁ] k=1
Z150092m )€ m u,v

t
(C )t = f CouSX (5:60)
v s

(D (;? )st = 128,15)( “)Ds.

with all symbols as above. It is checked that, when these integrals converge, they coincide with the ones defined
above, with arcs between consecutive nodes replaced with edges. This second definition is possible in certain
cases, such as 1/2 < H-fBm (see Assumption 3), but not for 1/2 > H-fBm: for instance, we have (omitting
labels)

(V) = f R(du, dv)
s<u<v<t

= H(2H — 1)j (v — u)*2dudv

s<u<v<t
v

t
HZL/2 —Hf [(v - u)zH_l] dv

u=s

in which the square bracket is only finite for H > 1/2, and the integral diverges to —oo when H < 1/4. On
the other hand

R(s) + R(t)

(l)st = J R(A(s,u),du) = 5

t
1
= J (u—s)?H"1du = §(t — )

— R(s,1) (s.61)

converges for H > 1/4 (and indeed for H > 0, but this is of little relevance, since the rough path is not defined
for H < 1/4), and coincides with the above quantity when H > 1/2. At the threshold H = 1/2 both
integrals converge, but to different values, and it is the latter that coincides with £ f; XgpodX, = (t—3)/2,

while the first vanishes.

Remarks.a4 (3 < p < 4). Itis well known that fBm can be lifted to arough patheven when1/4 < H < 1/3.
Indeed, in [CL20] the same conversion formula as (5.27) is proved, with one caveat: the 2D integral is defined
as a certain limit in L% and may not converge almost surely in the 2D Young sense (see [CL20, Remark 5.3]). A
manifestation of this issue is that, when 1/4 < H < 1/3, there is another problematic type of integral: using
Holder regularity of fBm (and @™ meaning Vb 0 < b < a) the best we can do is

[CERME 'H(2H -1) f X (v — u)?H2dudv

<u<v<t

< J (v — u)*" “2dudv
s<u<v<t
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and the square bracket is only finite for H > 1/3. A similar comments holds for the diagram ( l) We will say
more about this problem at the end, since some of our final results actually seem not to have problems even for

1/4 < H < 1/3, even though the arguments needed to reach them do.

We provide an example of an integral defined by (5.59). If C'is the diagram (5.57), Cy; is given by (recalling
(5-39))

D12 R (uy, u10) 012 RO (g, u19) D12 RE (dus, du4)

L<u1 <ug<us<uio<uiz<ui4g

(@ 23 ’.Y @)su5( (2 @ ® ;\ @Vl§ )usuMduldU4dU5du10du12du14

with

(@ . %®)su5 :J 6X526X,337
B s<uy <ugz<uz<ug<us

—&¢ v A
)U5U14 _6 X’LL7’M9XU10U12
us<ug<u7<ug<uio<ui2<u13<uig

Mo R™ (uz,ug) 02 RV (A(u12, u13), u13)durdugdusy

where we have removed some labels from the circled nodes and instead placed them directly onto the R’s. ug
is the free time variable, with associated index to be evaluated against 5¢.

We now introduce the subset
7% = {C € K% | arcs do not intersect } (5.62)

The notation regarding subscripts and indexing carries over. Before we proceed we will need the following

technical lemma, in which we suppress the labelling (which does not interact with the statement).

Lemmas.as. ForC € I8 = 79N Kg we have

t
f ConR(A(s,v), dv) — f (Cay — Cun) R(du, dv) = f AC R(A(u, v), dv)
s s<u<v<t s<u<v<t
Proof. Fors < u < v < twehave
v
Csv - Csu = Jr dCsw (5-63)

We check this by distinguishing the three cases for the last type of node in C' and using standard additivity
properties. For the case in which the last endpoint of C ends in an arc, using that this is not intersected by any
other arcs (since C' € 7%

(A{B\V)e—(A(B)).

= f AgrBry R(dr, dw) — J Agr Bry R(dr, dw)
s<r<w<wv

s<r<w<u

_ j J Ay Bro R(dr, duw)
u<w<v J s<r<w
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- [“aca (B,

The case in which C' ends in a node that is the endpoint of an edge is handled similarly:
(Dl)sv_(Dl)su
v w u w
= J f dDg R(A(r,w), dw) —j J dDg R(A(r,w),dw)
= f f dDg R(A(r,w),dw)
u<w<v J s<r<w

v

- [ aol.,

u

The case in which the last node is single follows trivially from additivity of the Skorokhod integral. Using (5.63),

we have
t
f CowR(A(s, ), dv) — f (Caw — Cow) R(du, do)
s s<u<v<t
1 t t
= f CsyR(dv) — f CsyR(s,dv) — f dCysy R(du, dv)
2 s s s<u<w<v<t
1 t t
_1 J oo R(dw) — J Clu R(s, dv) — f AC,w R(A(s, w), dv)
2 s s s<w<v<t
1 t t
= J CsyR(dv) — J CsyR(s,dv) + J dCswR(s,dv) — f dCswR(w, dv)
2 s s s<w<v<t s<w<v<t

1 t
-1 J o R(dv) — J AC, R(w, dv)
2 S s<w<v<t

concluding the proof. W
We are now ready to prove the main theorem of this section.

Theorem 5.16 (Closed-form representation of the signature).

Xy = Z Cat (5.64)
CELF(71,-17n)

Proof: For the first statement we proceed by induction on n. For n = 0, 1 the statement is obvious (Z¢()
is the singleton containing the diagram with a single node labelled 7). Assume the statement holds up to level

n — 1. By Theorem s.10, the inductive hypothesis and Lemma s.15 we have
'Y 7“'7771
X

t
= > f Ce6X )"
Cezg(’yla“'»wn*l) ®

+ Z J ASUBU,UR'YZ»’WL (du,dv)
=1,....n—2 s<u<v<t

AT (v1,v1-1)
BeIé‘(th--wn_l)
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t
+ ¥ [ f Dyw R (A(s, ), dv) — f (Dsw — D) R 17 (dut, do)
DGIg(’Yl,-n,’Ynfﬂ S s<u<v<t
- Y (cae+r Y (alBV+ S (ploa
n Yl Tn Yn—1Yn

CELF (15 ¥n—1) i=1,...,n-2 DETF (Y1, Mn—2)

AEZg(Wl""vvlfl)

BEIOd('Yl-Flv"'v'Yn—l)

= Z Cst

Cezg(’)’l a'“)'yn)
concluding the proof. W

Example s.17 (Representation formulae for n = 3). Atlevel 3 the representation formula (5.64) reads

X?tﬁ'yz(&é;)sﬂr(alﬂ; )szﬂr(gyﬁi7 )st"‘(@)st
t af a3
— f SX26XP8X) +f (R () + B¥(w) _ Raﬁ(s,u)>5xg (5.65)
s<u<v<w<t S 2
+ f s P (A (u, v), du)SX 2. dv + f X8 ROV (du, dv)
s<u<v<t s<u<v<t

where we have used the expression of [ R(A(s, u), du) as the difference between the average of the variances
and the covariance (5.61).

In Remark s.11 it was mentioned that a different method was available for obtaining a recursion that, simi-
larly as done above, can be resolved to yield a closed-form expression of the signature. The symbols involved in
this expression are a little easier to describe than the ones used, since we may simply take the modified definition

(5.60), disallow arcs between consecutive nodes to ensure convergence, and introduce the additional symbol

(T L o= [ Carhate, .0
af s

that replaces edges. The resulting representation formula is analogous to (5.16) and easier to show (it does not

require Lemma s.15). For n = 3 it reads

X = (ap )t (e )t (ot et (33 = (£33 )

t a3 a3
— f SXOEXPSX) + J <R (s) + R%(u) —Raﬁ(s,u)>5xg
s<u<v<w<t s 2
t
- f ngRBV(s,dv)Jrf X8 R (du,dv) — f X% RV (du, dv)
s s<u<v<t s<u<v<t

(which can also be checked directly to be equal to (5.65)). The problem with this alternative formula is that it
becomes quite complex for higher 1, and while it is still possible to write it in closed form, we could not find a
satisfactory way to collect all the terms generated when passing to the expectation in it. For this reason, we will

continue to use Theorem 5.16, which is easier to work with for this purpose.

Example 5.8 (Gaussian semimartingales). If X is a Gaussian semimartingale, we can alternatively use
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Example 5.12 to obtain an expression for the signature in terms of iterated Itd integrals instead of Skorokhod

integrals (notation as in Example 5.6):

X'SV;,...,% _ Z J deLll .. .dzm (5.66)
A™[s,t]

C1..-Cn=Y1---Vn

where we define

cti=({1,...,d} x {{0}, {1}}) u{1,...,d}? (5:67)
and
My c=(7.{0})
force C* Zf =< A} c=(v,{1}) (5.68)
IRt e= (o)
and the identity ¢1 ... ¢, = 71 ... Y, means we are summing over all distinct words ¢y ... ¢, over the al-

phabet C? with the property that, stripping each ¢; of its second factor if it belongs to the first term in the

disjoint union of (5.67), or juxtaposing its two entries in {1, . . ., d} if it belongs to the second, we obtain the
word 71, ..., Yn. For example, c; ... ¢, = afy means we are considering the following 12 possibilities for
Cl...Cp:

c1 = (a,i),c0 = (5,7),c3 = (7, k) with i, 7, k € {0,1};
c1 = (a,i),co = Bywithi € {0,1};
1 =af,co = (v,7)withj € {0,1}

When X is additionally a martingale (A = 0) we obtain a formula analogous to that obtained for Brownian
motion in [Bauo4, Proposition 2.4] which is the same formula obtained by using Theorem s.16, essentially

because Skorokhod and It6 integration agree and Ry = R.

Example 5.19 (The Brownian bridge). We illustrate the difference between the two representation formulae
Theorem 5.16 and Example 5.18 with an example of a centred Gaussian semimartingale that is not a martingale:
let X be a d-dimensional Brownian bridge returning to the origin at time 1. This is a centred Gaussian process

with covariance function
R¥B(s,t) =s(1—1)8%, 0<s<t<1 (5.69)

The general formula for Gaussian processes should be therefore read by substituting in (5.64)

1+2(s—1t)
2

R%P(ds,dt) = —6Fdsdt, R*P(A(s,t),dt) = dt (5.70)

Note that these are polynomials, and not difficult to integrate explicitly.

As for the formula for Gaussian semimartingales, we use the well-known expression for X as an It6 process:

t rs qu
Wt+JJ ds te0,1)
X = 0Jo u—1 (5.71)
0

t=1
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We can therefore substitute

td Y
My = dwy, dAZ=f0 Wear, Ry (ar) = 5°%ar (5:72)

in (5.66).

s.s Passing to the expectation

The main ingredient that will be used in the computation of expectations is a formula that generalises the It6-
Skorokhod isometry, to the case of n factors. To do this, we introduce some notation that will be used in the
proof of this result. We will use placeholders @, %, ¢ . .. to denote (time, index) pairs, that will be integrated
away when passing to the scalar product on H. The precise position of the placeholders will determine which

variables are paired. For example, given R%valued processes H, K, to denote
|, B o D K B (s, A R, )
[0,7]*

we will use the compact notation

(E[De HiDo Ky])e x

The 2-factor It6-Skorokhod isometry [CL19, Theorem 4.8] can then be written
E[éH(SK] = <E[H0Ko]>o + <E[®0H*®*Ko]>o,* (5-73)

Note the difterent pairing of the placeholders in the second term above and in the previous example. Sometimes,
when we want to use a single symbol to denote multiple placeholders, we will use tuples of placeholders, denoted
by underlying a symbol: for instance, when considering the order-m Malliavin derivative we may write D, to
mean D, . . In this case we will not directly specify the order of the derivative, which is determined by
the number of placeholders, in this case m. The next proposition expresses the expectation of a product of

Skorokhod integrals as a multiple integral of the Malliavin derivatives of the integrands.

Assumption 6. Here and below we pass to the expectation inside 2D Young integrals. That this is possible is
non-trivial, and must be shown. In fact, even the referenced case of two factors (5.73) appears with the expecta-
tion outside the integral. While this is not essential for the proposition below (which could even be stated for
abstract Wiener spaces), it will be necessary when the statement is applied. One option is to first establish that
the 2D Young integrals are not only an a.s. limit, but a limitin L? as well (cf. [CLuo, Proposition 4.10, Theorem
6.1], [CL20, Theorem s.1]). Another is to use that all integrals avoid the diagonal and therefore are Lebesgue
(5.9), so that one can try and apply Fubini’s theorem.

Furthermore, the precise integrability hypotheses in the proposition below, which are similar to those of
the 2-factor case [Nuao6, Proposition 1.3.1], are likely required to be made more precise, especially in view of

the above commutation requirement.
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Proposition s.20 (n-factor Itd-Skorokhod isometry). Given H Lo H™ € D™2(H) it holds that

E[SH" -+ 6H" = (E[DuH, - Dy H | )ex (5.74)
o~k
where ¥F is an unordered tuple %% .. .*ffnk (of variable length my,) for k = 1,...,n, e1,..., e, are single

placebolders, and we are summing over all possible combinations of pairings between placeholders (without taking

the order of the R into account) s.t.
— All placebolders are paired;
- Each pairing (denoted —~) is of one of the following two types: *? ~ o withi # jorey, —~ e withh # k.

A few clarifying remarks are in order before beginning the proof. Note that there is a fixed number of ®
placeholders, 7, while the number of % placeholders (or more precisely the length of each x*) varies across terms
in the sum. This number is bounded by n, since the *’s may only be paired with the o’s, and not with other
*’s (in particular, the sum is finite). A *F tuple may have length zero, in which case the corresponding term is
just the undifterentiated H, fk For n = 2 this identity reduces to (5.73), while for higher 7 it rapidly increases

in complexity (see Example s5.21 below for the case of 3 factors, which involves 14 summands).

Proof of Proposition 5.z0. We prove the following slight generalisation in which Z' € D2

E[ZSH'---6H"] =Y (E[DwZDaHy -+ Dy H] ] )es (5.75)

o~ %
o0

(the sum is defined similarly, with the inclusion of *0 tuple) by induction on n; taking Z = 1 then yields the
statement of the lemma. For n = 0 the statement is trivial. For the inductive step, using the adjoint property of
the Skorokhod integral (5.15), Heisenberg’s commutativity relation (5.18) and the inductive hypothesis applied

with different choices of the Z term, we have

E[Z6H' ---6H" ]
= (E[DoZ - 6H"---8H" - HI"')o + Y (E[Z6H' ---6H" ' - D 6HF - sH ... 6H™ - Hy ™),
k=1

= (E[(DoZHIN)SH! - SH™] )

+Z E[(ZHIMYSH! - .- SHY ' . 8D HF - SH*' ... 6H™] ).,

+ Z<E[(ZH§H3+1>5H1 - SHY ... 6H™),

= Y (E[Du0(DoZHIT D HY - Dun HY | Voo

[ TanS 4
+ Y (B[Dw(ZHI D HY, -+ Dyt HY Y Doy JHY - Dy HEFL - Dy HY ] )o0 s
k=1,....,n
o —~%
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+ S (EDu(ZHEHI ) DpHY - DyHE - Do HE Do

1 oy =
k=1,....n
o~ %
=Y (E[DyoZ Dyt H{P - Dy HY - D HY ] o
o —~%

+ > (E[DpZ Dyt HI Dy HY - Dy s HEY Dy JHE - Doess HEFL - D HY ],

®r—1 Ok t+1

+ > (E[Du0Z Dy HE  Dys HY - HY - D HE -+ Dn HY | o
k=1,....n

where in the last identity we have applied the iterated Leibniz rule for Malliavin derivatives (a consequence of

the ordinary Leibniz rule (s.13))

Do (Y1 Yy,) = > DaYi- DYy,
(1) ESH L (0)

to the terms D0 (Do ZHI ), Dyo(ZHP ) and Do (ZHEHIT), relying on the initial sum of each line
to regroup terms, with the sum now extending to pairings that include placeholders in AR (see Chapter 3
for the definition of unshufles). Now the proof is concluded by a simple counting argument, which involves

incorporating the ¢ in the @’sand x’s. W

We will now transition back to the symbolic notation used in the previous section, consisting of nodes,
arcs, edges, etc., to which we add two new elements. Underlining corresponds to taking the expectation, and
when there are multiple terms that are underlined in the same expression, this means we are taking the expec-
tation of their product. Overlining corresponds to taking Malliavin derivatives, with higher-order derivatives

represented by multiple (commuting) overlines. For example, (5.73) becomes

H. K.= H{ K\ + @ (5.76)

Note how we have not labelled the two nodes: this reflects the fact that H and K are R%-valued. Somewhat

more involved is the case of 3 factors:

Example s.21 (3-factor Itd-Skorokhod isometry.). For H, K, L R%-valued processes, Proposition 5.20 reads
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The LHS represents the expression E[6H 6K 6L|, while the terms on the RHS represent double integrals of
the expectation of products of order o,1, and 2 Malliavin derivatives of H, K, L, with the pairings given by the
arcs. For example, the second term on the third line (counting the LHS as the first line) represents the expres-
sion (E[(DeHy)(DyoKe)Ls))e 0 in placeholder notation. An arc with endpoint on an overline represents
a double integral where one (time, index) integration pair is the one belonging to the Malliavin derivative

represented by the overline.

Since the formula of Proposition 5.20 generates expressions involving Malliavin derivatives, and since these
are, in any case, present in Stroock’s formula for the Wiener chaos expansion, we need to establish a formula for
the Malliavin derivative of the random variables represented by elements of K¢. For C' € K, let (C), denote
the set of diagrams in K% obtained by circling k single nodes that are single in C; this means (C') C /C‘Tin ke

Proposition s.22 (Malliavin derivatives of diagrams). For C' € K% we have

1Ak[s,t]®kcst: Z Dyt (5:77)
DE(C)k

In words, the k-the Malliavin derivative taken on the k-simplex is given by summing over all possible ways
of circling k single nodes of C.. Each resulting term will then be a function of (uy, . .., uy) € A¥[s, #], respec-

tively matched with k indices.

Assumption 7. In the next proof and below, we use that it is possible to pass to the Malliavin derivative inside
deterministic integrals. That this is possible is non-trivial, and must be shown. Our plan is to show that both
the (2D-)Riemann-Stieljes approximations of the integrals and of their derivatives converge in L?, and that
indeed the latter (which are elementary to compute) converge to the integral of the Malliavin derivative. The

statement will then follow from closedness of D.

Proof of Proposition s.22. To prove the case k = 1 we proceed by induction on the number of nodes of C'. Once
again, we omit the labelling, which is irrelevant to this task. The case C' = & is trivial. For the inductive step
we distinguish cases with regards to the last node in C': passing to the Malliavin derivative inside deterministic

integrals

cl.l=cl.l

where there are m edges. More precisely, the diagram on the RHS, evaluated at 4, stands for

@( f 82R(A(u,v1),v1)ﬂ05u>

D R(A(vy,v2),v2)dvy - - - Do R(A(Vim—1, Um,), Um ) AV —1duy,

‘L<v1<.‘.<vm<t

if C ends in an uncircled node,

J D(B, )0 R(A(u, v1), v1)
s< - <1 <. .. <oy <t

Do R(A(v1,v2),v2)dvy - - - O R(A(Vi—1, Um), U ) AV —1dvm,
if C' = B @ (with - standing for the free time variable corresponding to the circled node), and 0 if C' = @. By
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the Leibniz rule for Malliavin derivatives (5.13) we have
A(B\=A(B\+ A (B (5.78)

where, as before, the dashed arc means we are allowing for arcs between nodes of A and nodes of B. The case

of the terminal node being circled is similar:

Ceo=Cp (579)

For the case in which the terminal node is single, Heisenberg’s commutativity relation (5.18) reads

?:C@—I—C. (5.80)

In (5.78), (5.79) and (5.80) we must allow respectively B, C' and C' to be multiplied by a function f(v), where
v is the integration/free variable corresponding to the terminal node: this is because, in the induction, f(v)

must be be set to D2 R(A(v, w), w) for some w > v. For example, the last case reads

t t
Drf Csvf(v)éXv = srf(r) + f Drosvf(v)éXv

Using these facts and arguing as in the proof of Theorem 5.16 we complete the inductive step and obtain the
formula for k = 1.

We now prove the general case by induction on k:

@kJrlet = [uk < Ugg1 < t]@(lAk[Sﬂ'chst)

= [uk < Ukl < t]@ Z Dy
De(C)g

= [Uk < Uk+1 < t] Z Est
DE(C)k

EE(D)l
where the square brackets denote a binary condition, uj, and 11 are the last two arguments of the indicator
function 1 k+1(4 4, and in the last identity we have used the base case once again. The conclusion now fol-
lows from the fact that the condition [u, < ugy1 < t] results in us only counting terms corresponding to
E € (D); where the newly circled node comes after the k that become circledin D € (C),. W

We now ask the question of what taking the expectation of a random variable C, with C' € K4, corre-
sponds to in terms of symbolic operations on the diagram C'. This will involve adding arcs, in a precise manner,

between single nodes in C' until there are no single nodes left. Here other examples below we continue to omit
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the labelling. For instance

E( o3y =E f Xguy Xy R(dusg, dug)

s<ug<ug<t

_ J E[X s, Xyus] Bt duug)
s<ug<uga<t

= J f R(dul, dU3) R(dUQ, dU4)
s<ug<ug<t J SUI<U2

ug<uz<ug

(5.81)

= (m) st

In the following case, instead, the two single nodes do not get linked:

t
N N
s

For larger diagrams the linking procedure becomes more complex; in order to describe this we will require
some more notation. We will be considering finite formal sums of diagrams C' = Y7 _, C*, and we set
Cy = Zgzl Cft and in the case of an empty sum p = 0 we set C; := 0 (not to be confused with the
evaluation of the empty diagram, @y = 1). We will use the notation K% to denote the set of diagrams in
Ed where some nodes are underlined; the underline may be broken in several places, in which case we will call
the collections of consecutive nodes that are all underlined the diagram’s underlined factors (or simply factors).
These represent products of random terms of whose product we are taking the expectation, and will always be
placed in such a way that, when applying the definition (5.59) of the random variables associated to diagrams
in K%, it will happen at some step of the recursion that the random variable will be expressed as a multiple
deterministic integral of a product of underlined factors (with some arcs deleted and some nodes circled, as

prescribed by item 2): this means we are taking the expectation of their product. For example

(= m)st — L E[(+ © )suy(* €O *)ugur,]

<ug<us<uill<uiz<ui1z<uia<t

R(dU4, d’u,ll)R(dU5, du14)R(A(u11, ulg), dulg)R(d’u,z, du8)

In particular, it will always be the case that all single nodes of an element of K4 will belong to some underlined
factor.

The procedure of taking the expectation of an element in 74 is described by the following recursive algo-
rithm which we call 1ink, whose crucial step is justified by the n-factor It6-Skorokhod isometry. Its initial
input will always be an element of C' € Z< which is underlined from start to finish, in which case we will
write 1ink(C') to denote its output; it is necessary, however, to allow more general inputs in K% which will be

considered in the algorithm’s recursive calls. We introduce the subset
J4 = {C e K4 | no node of C'is single} (5.82)

These diagrams represent deterministic quantities and will constitute the outputs of 1ink; notations regarding
the subscript and labelling carry over. More precisely, outputs of 1ink will be formal sums of elements of 7<,

and we will use the symbol € to mean that a diagram is a summand in one of these sums.

224



Algorithm 1: 1ink

input: C' € K%

while noz all of the underlined factors of C end with a single node do

for I an underlined factor of C do

if the terminal node b of I is circled or the endpoint of an edge then
‘ shorten the underline so that b is no longer underlined;

else if b is the endpoint of an arc then
shorten the underline so that b is no longer underlined, and if the other endpoint of the

arc was above the same underline, split it so that a is no longer underlined;
end

end

end

if C € J% then
| return C.

end

Consider all possible combinations of additional arcs with the following two properties: the
rightmost node of each factor is linked to a single node belonging to a different factor, and these are
the only new arcs introduced. Adding all such combinations of arcs yields a sum ) _, Cj, with
Cy € K%

return ), 1ink(C}).

We illustrate 1ink’s mechanism of action and elaborate on some of the steps in the following

Example 5.23 (1ink). Webegin with a fully underlined diagram and walk through all the steps of the algorithm
link, colouring light blue the arcs that are added in the process. For the purposes of conciseness, we “run the
code in parallel” on all diagrams generated during execution. Note that each description refers to the step

illustrated above it.

Dl I
N S
N S
N S

Up until here we have brought the underline inside arcs, edges and circled nodes; at this point we exit the while

clause, as both underlined factors now end with a single node.

o NNy ST oy
N VA R P W 2 Ve U IR I
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We have executed the last section of the algorithm, corresponding to applying the Itd-Skorokhod isometry for
two factors (5.76).

e DN T s S L T
P TmN T S A T

Now in the second iteration of the algorithm, we have once again shortened the underlines of the factors.

o B TN R T

Here we have again linked nodes: this means deleting the last two diagrams in the previous step, for which there
are no valid combinations of links, as there is only one factor (this can be viewed as the It6-Skorokhod isometry

for one factor reducing to the zero mean property of 6).

N TGN T 4 T T T

The final output. For the first diagram (which lagged one step behind the second) we have deleted underlines,
linked nodes, and deleted underlines again. For the second, which already had no single nodes left, we have

simply deleted residual underlines. The algorithm now exits at the if C' € J 4 clause.

Proposition s.24. ECs = 1ink(C) g for C € 7

Proof. The idea is illustrated by the above diagram. Deleting underlines corresponds to passing to the expecta-
tion inside the integrals against R(du, dv) and R(A(u, v), dv), which uses Assumption 6. The node linking
procedure is justified by a combination of the n-factor It6-Skorokhod isometry and the rule for Malliavin-
differentiating random variables associated to diagrams. (In the description of the algorithm, these two are
applied together: the graphical description of the intermediate step would involve drawing combinations of
overlines above the underlined factors.) Indeed, linking the rightmost node of a factor to the rightmost node
of another factor corresponds to the ® — e-type pairing in the statement of Proposition 5.20. Linking the
rightmost node of a factor to a single node in another factor that is not its rightmost node corresponds to the

® — x-type pairing, and conversely every type of pairing of this type is realised, by Proposition 5.22. W

For the proof of the main result we will need to count the all the outputs of link as the input varies in
T For this we need some extra notation and terminology. We will say that F is a subdiagram of D € K¢,
written &2 < D, if it is comprised of an ordered set of nodes that are consecutive in D, along with additional
data (labels, circles, arcs and edges) attached to those nodes: the only condition for a sequence of consecutive
nodes of D to define a subdiagram is for there to be no arcs between such nodes and nodes elsewhere in D.
We consider the position of £ < D in D to be part of the definition of the subdiagram (so that diagrams

occurring at different positions of D always constitute different subdiagrams, even if they happen to be
g p y g y happ
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identical). When D ends with a node that is the endpoint of an arc, with endpoints a and b, and that is not
intersected by other arcs, we will call the subdiagram of D whose nodes lie to the left of a the /ef subdiagram
of D, and the subdiagram whose nodes lie between a and b the 7Zght subdiagram of D. If D ends with any
other type of node ¢, we will call the subdiagram of D formed by all nodes to the left of ¢ the /efz subdiagram
of D (in these cases there is no right subdiagram). We will show that there is a recursive algorithm, which
we call unlink, that is the inverse of link (viewed as a multivalued function). unlink takes as input a
diagram in K together with a collection of its subdiagrams and outputs a single element of T4 we will abbre-

viateunlink(D) := unlink(D, {D})when D € J%, which will always be the case for the outermost input.

Algorithm 2: unlink
input: (D, &) with D € K?and € C {E | E < D}.
if D € 7% then
‘ return D;
end
for E € & that contain arc intersections do
E+— EN\{F}
if I ends with a node that is the endpoint of an arc X then
D «+ D\ {all arcs that intersect A };
& + &€ U {the left and right subdiagrams of E'};
else

‘ £ + & U {the left subdiagram of E'};

end
returnunlink(D, E).

We illustrate the procedure with an example.

Example s5.25. We colour orange the arc A (a local variable) of the above algorithm. The braces indicate the
elements currently in £ and that contain arc intersections (and that will therefore still be considered by the

algorithm). As before, descriptions refer to the diagram above.

A Ao Loy

We begin with an element of D € J% and compute unlink(D), which means & is now the singleton {D}.

lon

At this point we are at the if inside the for: the clause is satisfied, since the last node is the endpoint of an arc

A. We have removed the brace, since £ is now empty, its only element having been removed.

NG T
L. a0l
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Here we have deleted the two arcs that crossed A (which we have re-coloured black). At the end of this iteration

€ is the set comprised of the left and right subdiagrams of the diagram above.

Ve A

|

s N

The left subdiagram is no longer considered by the algorithm, since it contains no intersections. The right
subdiagram still does, so after 3 iterations which consist of skipping past nodes 13-11 from right to left (not

illustrated), we land on the marked subdiagram, which ends in a node that is the right endpoint of an arc .

N NI

We delete the only arc that crosses the orange arc (now again black), and since there are no more intersections

the algorithm returns the diagram above.

Let D € J%denote the diagram with which we started, £ = unlink(D) € Z the output above, C' € 7
the input considered in Example 5.23 (without the underline) and 1ink(C') = A + B its two outputs. Note
how, although D can be obtained from C' by adding arcs, it coincides with neither A nor B, and indeed also
E # C'. The reader may check that applying 1ink to E results in a sum of two diagrams, one of which is D.
All of this makes sense in light of the following

Lemma 5.26. For D € J%unlink(D) is the unique diagram C' € I st. D € 1ink(C), and 1ink(C)
contains precisely one copy of D.

Proof. The fact that 1ink(C) contains at most one copy of D is evident from the fact that 1ink always
outputs a sum whose terms are distinct elements of J d (since, in the notation of Algorithm 1, at each iteration
any two diagrams C; and C; on which the algorithm is recursively called will differ in that there must exist at

least one node — the rightmost of a factor — which is linked to a different node in each).

Let D € J. There are two things to show: (i) C € %, D € 1ink(C') = C = unlink(D), and (ii)
D € link(unlink(D)).

We begin with the former; let D, C' be as in (i). We will say that an arc p left-intersects an arc v if the two
arcs intersect, and the left endpoint of 1 lies to the left of the left endpoint of v (and therefore the same holds
for the right endpoints). Every arc introduced by 1ink, applied to C' € Z% must left-intersect an arc that
was originally in C': this is because such an arc must have endpoints that, at some point in during execution,
belonged to different underlined factors, which means (since 1ink’s input has the single underlined factor
C) that between them there must be a node that is the left endpoint of an arc that was originally in C' (since
left endpoints of arcs originally in C' are the only places at which an underline can be split, and new factors
created). We now show, inductively, that at each iteration unlink removes arcs that do not belong to C. The
arcs removed in the first iteration cannot belong to C, since they intersect the rightmost arc in D, which must
be in C (since it cannot have been added by 1ink). Now, referring to the notation in Algorithm 2, at each

iteration the arc A does not left-intersect any arc in the current state of D (since this would violate £ < D):
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this means that, if A left-intersects an arc v in the original input D, v must have already been removed by
unlink, and therefore, inductively, v is not present in C. This means that A does not left-intersect any arc in
C, which implies that A must be present in C, which in turn implies that all arcs j1; that intersect A (which are
about to be deleted) do not belong to C'. The arcs in this argument are illustrated in the following picture, in

which the brace denotes the factor of which A is the leading arc

This proves the claim, since when the algorithm terminates all arcs remaining must belong to C, since there are
no intersections left.

We now prove existence; let D € J 4 We say that, given A, B € K% that can be both obtained by adding
arcs to C' € I9, B is a C-refinement of A if B can be obtained from A by adding arcs that left-intersect arcs
that were present in C'. We claim that 1ink admits the following non-recursive formulation: when called on
C e I%it outputs the sum of all diagrams in J @ that are C-refinements of C.. To this end, we show that,
if D € J%isa C-refinement of A € K% there exists one diagram in the sum >, C} outputted by a single
iteration of 1ink(A) of which D is still a C-refinement. Indeed, proceeding inductively, the only reason this
could not be the case is that the rightmost node in one of A’s factors is linked, in D, to a node inside the same
factor. But this cannot be the case, since if any such arc p left-intersects an arc v in the current state of D, v
cannot be present in C'and must have been added after: this is because it can never be the case, throughout the
execution of 1ink(C'), that an underlined factor contains the left endpoint, but not the right endpoint, of an

arc thatisin C.

[d v

Iterating, this implies that, if we begin with a C' € Z% of which D is a C-refinement, link(C') will ter-
minate with a sum of diagrams, one of which is D. But unlink(D) is obtained from D by removing arcs
that left-intersect arcs which are not considered in future iterations, and that will therefore still be present in

unlink(D): this implies unlink(D) is an unlink(D)-refinement of D, and the conclusion follows. W

Theorem 5.277 (Wiener chaos expansion of the signature of a Gaussian process).

xS e, &
EeJg (V1,.-yn)

Proof. By Stroock’s identity (5.24), the representation theorem Theorem s.16, and the rule for Malliavin deriva-

tives of diagrams Proposition 5.22

WXy = 8 (Lamp mE[DT X )
_ 5m< S E[lAm[mT]@mCst])

CETY(31,veim)

229



- Z S™EDg,

CeIg(’Yla---v'Yn)
De(C)m

= Z S™EDy,
DeTE (V15--57n)
- Z 5™1ink(D)y

DET (Y1, Yn)

and foreach F € 57‘,11(71, ..., 7n) the term Ej; appears exactly once in the sum, precisely in the summand

corresponding to D = unlink(F), by Lemmas.26. W

Corollary 5.28 (Expected signature of a Gaussian process). [n particular

EX] = > By (5.84)
EEJOd('Ylv---fYn)

(n)

Remark 5.29. As a consequence we have confirmation of the well-known fact that w X ;" = 0iftm > n
(since in this case there are no diagrams of degree n in 7,%), and that the same holds if n # m (mod 2) (as
there must be an even number of nodes to 1ink for there to be an output). In particular EX ™) = 0 for odd
n, as can already be inferred by arguing that X and the signature of the Gaussian rough path lift of —X are

equal in law.

Example s.30 (Expected signature of 1/2 < H-fBm, cf. [BCo7]). The expected signature of fractional Brow-
nian motion with Hurst parameter H > 1/2 has already been calculated in [BCo7, Theorem 31]. That
Corollary 5.28 reduces to this result can be seen by Remark 5.13 and the following fact. Letting n = 2k, if
A= {{i1,j1}, -, {ir, jr} } with the property that | J A = {1,...,n} there exist precisely k!2¥ permuta-
tions o € &,, with the property that A = {{o(1),0(2)},...,{o(n —1),0(n)}} (k! to order the pairs and
2% to choose an ordering within each pair).

Itis interesting to see why their proof, which consists of passing to the limit on a linear interpolation of X,
does not work in the 1/4 < H < 1/2 case. For the reader’s convenience we reproduce the proof below, for
simplicity in the case of the signature at orde n = 2, which already captures the essence of the problem (the
case of higher n is treated using the Wick-Isserlis theorem on the higher moments of multivariate Gaussian
distributions). Also, it is not limiting to confine ourselves to the scalar case d = 1, and time horizon T" = 1.

Let ™X be the linear interpolation of X on a partition 7, of step size 2~"". Then since "X — X in L?

EX Y

m— 00

lim ]EJ X, "X, dudv
O<u<v<1
= lim E["X,, "X, ]dudv
M= Jo<u<v<l

This is still true for 1/4 < H < 1/2. We now split the integral in off- and on- (& “almost on”-) diagonal
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contributions:

I b fediemy, Y abXle -
b<c
m—o0o [a,b], g;]eﬂ. [a,b] x[e, d] (5. 5)
e [a%e:rrm A2[0,1]N[a,b]?

Note that the 2D Young/Lebesgue integral [, _, ., .4 R(du,dv) = 012 R(u, v)dudv is equal to

f O<u<v<l1
only the sum of the first two terms, since the on-diagonal terms do not get evaluated. If the indicator function

had been [u < v], the last term would have been counted twice in the 2D Young integral (corresponding to the

area of squares [a, b]? instead of triangles A2[0, 1] N [a, b]%). Now,
E["X,"X,] = 2°"E[XpX.q] withu € [a,b] € T, v € [¢,d] € T
For b < ¢ we can write this as

E[XXeq) = H(2H — 1) f (v — u) 1 2dudv
[a,b] X [c,d]

E[XopXodl] < \/E[XZJE[X2,] = 272Hm

by Cauchy-Schwarz. It is therefore possible to control the last two terms in (5.85) by

and in all cases we have

f E[™X, "X, ]dudv
(a,b], [, d]€mm A2[0,1]N([a,b] X [c,d])
ce{a,b}

IN

J‘ 22m72Hmdud,U
[a,b] X [c,d]

[a,b],[e,d]€mm
ce{a,b}

— Z 2—2Hm

[a,b],[c,d]€mm
ce{a,b}

<9. 2m72Hm
This vanishes in the limit when H > 1/2, and we conclude

EX(()QI) = H(2H — 1)] (v — u)*2dudv
O<u<wv<1

by dominated convergence. This idea extends to the case of EX ") for higher n. For H = 1/2 the proof can be
readapted to account for the fact that the off-diagonal contributions vanish and the on-diagonal ones converge

to [X]o1 = 1. For H < 1/2, however this method is fundamentally unsuited to the computation of the

231



double integral, since the on- and off-diagonal contributions diverge to opposite infinities. For a determinate
result to emerge one must approximate the triangle with something other than a square mesh, and we see no
easy way of carrying out the calculation when n is arbitrary, since several pairs of linked consecutive nodes
may appear in succession (in our notation corresponding to a sequence of consecutive edges), so that it is not

possible to isolate each [, R(du, dv) integral and substitute in the above calculation. That it is not an

<u<v<t
easy task to do directly is confirmed by the fact that several technical lemmas [BCo7, Theorem 34, Lemmas
35-38] are dedicated to the computation of EX 621) and EX ((ﬁ), and that these do not result in a formula that
generalises straightforwardly to higher n. Moreover, these arguments appear to be dependent on X being a
fBm, while our method applies to w™ X g?) foralln,m € N,0 < s <t < T and a more general class of
processes X that need not even have stationary increments. We believe these considerations justify our reliance

on the more advanced tools of Malliavin calculus used in this chapter.

Figure s.: Here we compare the two behaviours, corresponding to H > 1/2 and H < 1/2, of
Jocucv<t E["X,"X,]dudv with "X the sequence piecewise linear interpolations of X on a partition of
diadic step size. On the left we have chosen H = 2/3, and the sequence of integrals converges to a finite
improper integral, whereas on the right H = 1/3 (any 1/4 < H < 1/2 would have exhibited the same
behaviour) and the on-diagonal contributions cannot be controlled, as refining the partition simply results in
the issue repeating itself, in a self-similar fashion, on each smaller triangle. (The plots are oriented in different
ways and the z-axis is scaled with the cube root function, both for improved visibility.)

Example s5.31 (The Wiener chaos decomposition of X (<3)), We give the explicit expression for the Wiener
chaos expansion of the signature truncated at level 3. We represent each signature term as a sum of their Wiener
chaos projections in ascending order; in particular the sum of all non-random terms constitutes the expectation
of the LHS.

ngt = st =1, X:Zt = 6( %) )st = 6(135715)) = X:Jt

X?tﬁ = alﬁ +62(§2%)
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af af
2 s<u<v<t
X3P =6 20)ut8(9L )+ 6 £33 ) +6%(999)u
t af3 af3 t By By
:f <R (S);R (w) —Raﬁ(s,u)>6XJ+J (R (u);—R ®) —RBV(u,t)>6X3

t
+ f R (2 7;”) sX B +f SX25XB5XY
s s<u<v<w<t

In particular, notice how the statement that “the It and Stratonovich Lévy areas are equal” carries over to the

Skorokhod-rough setting, in the sense that

1
(X% - x5 =2 f 5X06X5 — 6XPsxe e w? (5.86)
2 s<u<v<t

N~

by symmetry of the covariance function.

Assumption 8. Note how the above expressions, in particular the one for X ?t’g 7. make sense even for
1/4 < H < 1/3: for the purposes of a result in the next chapter, we conjecture that it continues to hold

in this case.

Example 5.32 (EX ) ). The expected signature of level 4 is given by

apys _ || JEON ST
EXst (aﬂ,y6)8t+(aﬁ,y5)8t+(aﬁ’y§)St

_ f ROB(A(s, u), du) R (A(u, v), dv)
s<u<v<t (5.87)
+ f R (A(u, ), dv) R (du, dw)
s<u<v<w<t

- J R (du, dw)R™ (dv, dz2)
s<u<v<w<z<t
Using a clever transformation, [BCo7, Theorem 34] are able to compute EX 621) and EX gi) forl/4 < H-
fBm. Their formulae are specific to the cases n = 2,4, s = 0, t = 1 and not the same as ours, so it is sensible

to check that the two coincide. This is immediate at level 2, using Example 5.31. We now check this at level 4

using (5.44): starting with the first integral above, we have

J0<u<v<1 R(A(s,u),du) R(A(u,v),dv)

= H2f w1 (v — w)? 1 1dudo
O<u<v<1

= H? fl y2H-1 [(“ _;;H_l] 1 du
0

u=0
72 L _o\2HA1
_f u2H1[(U u) } du
2 Jo oH |,
H

1
— J‘ u2H—1(1 _ u)2Hdu
2 Jo
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H 1
_ j u2H71(1 _ U)ZHfldu
4 Jo

where the last identity can be verified by showing that the difference of the two integrands is odd about the

point u = 1/2, which in turn is seen by observing that

%UQH—l(l _ u)QH—l o %uQH_l(l _ u)QH + E(l _ u)2H—1u2H—1 _ g(l . u)ZH—l,uQH

has zero derivative and vanishes at u = 1/2. This shows equality with [BCo7, coefficient of the first term of

F%I in Corollary 33]. We proceed with the second integral in Example 5.32:

J R(A(u,v),dv)R(du, dw)

O<u<v<w<1

= H?*(2H — 1)J (w — )72 (v — u)?*" " dudvdw
O<u<v<w<1

= HQJ [(1 —w)?H 1y — )27 — (v — w)*H 2 | dudo
O<u<v<1

H H2 1
I el 1— 4H—-1
<2 4H—1>Jo( K

2H — 1
8(4H — 1)

For the third integral we have

f R(du, dw) R(dv, dz)
O<u<v<w<z<1
= H?(2H — 1)2f (w — u)*72(z — v)* 2 dudvdwdz
O<u<v<w<z<1
= H?*(2H — 1) f0< i [(z —u) 7 — )72 (v — ) (2 — U)QH_Q] dudvdz
H(2H -1
_ ( : ) J;K » [ZQH(Z _ 0)2H72 ~(z— U)4H72 _ UZH<Z _ v)ZH’Q}dvdz
H(2H —1 H(2H —1) (*
— ( )J (ZQH_UZH)(Z_U)2H72dUdZ_ ( — )J (1_v)4H71dv
2 O<v<z<l 40 -1 Jo
H(2H -1 2H —1
_ ( )j (ZQH_,U2H)(Z_,U)2H—2d,UdZ_ —
2 0<v<z<1 4(4H — 1)
H fl 2H 2H-1 QJ 2H-1 2H-1 2H —1
= — 1—wv 1—w dv—H z zZ—0 -
2 Jo ( 3 ) O<v<z<l ( ) 4(4H —1)
H H (' oy 2H-1
= — — 1-— d
A4H —1) 4 fo v (=) Y
In the integration by parts we have used that lim,,_,,+ (227 — v?) (2 —v)2#~1 = 0 which can be shown by

using thatfor1/4 < H < 1/2

+
0< <22H —’U2H)(Z _,U)2H—1 < (z - U>4H_1 2= 0

234



M 2H < (2 —v)?H for0 < v < zand H < 1/2. In the last identity we have used a similar

since 2
symmetry argument as the one used in the first calculation, solved trivial integrals and rearranged terms. Note
how this calculation would have been simpler if H > 1/2 since it would not have been necessary to integrate
by parts to avoid integrating (z — v)27=2 (cf. [BCo7, Lemma 32]).

It is interesting that showing these identities is non-trivial, which is to be expected given how different
the two methods (Malliavin calculus and integration by substitution) are. Also note that we have only used
H > 1/4(in evaluating terms like (v —u)*?~Y|,—, = 0), not H > 1/3. This shows, using [BCo7, Theorem

34] (and scaling of fBm for the case of arbitrary 0 < s < ¢ < T') that (5.87) actually holds for 1/4 < H-fBm.

Remark 5.33 (Expected signature of a Gaussian semimartingale). Our strategy to prove Theorem s.27 relies
on our being able to represent the signature using iterated Skorokhod integration and different types of deter-
ministic integration, with the former satisfying the zero-mean property (and more in general the n-factor Itd-
Skorokhod isometry) and the latter commuting with the expectation operator, as assumed in Assumption 6.
The classical Ito-Stratonovich representation formula of Example 5.18 (of which we use the notation here) does
not separate deterministic and stochastic integration to the same extent, since integration against d A is neither
zero-mean nor deterministic. Though a classical proof specific to the Gaussian semimartingale case may be
available, it is not trivial and would rely on the decomposition of X into martingale and bounded variation
part, while our method only relies on the intrinsic Gaussian structure of X. The expected signature of the
Brownian bridge of (5.70) can, for instance, be computed using Theorem s5.27, the expressions for the differ-
entials in Example 5.19 (and without the representation (5.71)), and the integrals can be computed explicitly as
polynomials in s, t. Therefore, while (5.66) may be more natural to work with in the context of semimartin-
gales, we do view it as being suboptimal for the purpose of computing expectations. The exception that proves
the rule is, of course, that of martingales, where the two methods coincide: this exact calculation is done in
[Bauo4, Proposition 1.3] for Brownian motion, which is already representative of the more general case of

Gaussian martingales.

Conclusions and further directions

Once the missing technical details listed in the s are clarified, we will have proven a formula for the
expected signature (and Wiener chaos expansion) of a class of Gaussian processes for which it was not previously
known. In clarifying these aspects, we intend to pay special attention to what happens in the case in which the
Gaussian process is of bounded [3,4) > p-variation, the prime example being (1/4,1/3] > H-fBm. This is
because, as observed in Remark 5.14, Assumption 8 and Example 5.32, while the integrals in Theorem 5.16 may
not converge a.s. the main theorem Theorem 5.27 can still be conjectured to hold. A careful reading of [CL20]
is necessary to see whether the conversion formula in the p € [3,4) can be used as done for that of [CL19], or
whether an entirely new approach is needed.

A task that was not considered in this chapter is the explicit calculation of the expected signature of the
Brownian bridge returning to the starting point. This is possible in principle, since the integrals to compute
are all polynomials, as seen in Example 5.19; the question is whether they can be collected is a nice formula,
similar to Fawcett’s one for the expected signature of Brownian motion.

Finally, we believe that Theorem 5.27 could have interesting numerical applications, specifically to compute

the mean square error of the Euler approximation of an RDE. This would involve using the isometry property
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of the multiple Wiener integral (5.21) and estimating || Dyt||3m for D € Jpy, cf. [Pas20] for similar estimates
pertaining to the signature of 1/2 < H-fBm.

Such bounds could aid in generalising the results of Chapter 1, relating to the “LQ/weak—optimality for
small times” of approximations of SDEs with ones intrinsic to submanifolds of R4, to the case of RDEs driven
by fBm and a drift term given by ¢ or t22. It might be, however, that for this purpose, the signature terms of

X are not sufficient, and also the signature of X jointly with the drift term must be considered.
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A BRANCHED ROUGH PATH ABOVE

1/4 < H-FRACTIONAL BROWNIAN MOTION

Project status. This chapter consists of a short project which relies on the background notions and nota-
tion established in Chapter 4 and Chapter s; it should also be noted that Theorem 6.15 relies on the unproven
Assumption 8 of the previous chapter. At the time of writing, I have not uploaded this material to arXiv or

submitted for publication.

Introduction

In this last chapter we will combine the topics of Chapter 5 and Chapter 4 to build a branched rough path
X above d-dimensional fractional Brownian motion (fBm) with Hurst parameter H € (1/4,1). When
H € (1/4,1/3] this constitutes an example of a stochastic, multidimensional, non-geometric branched rough
path, which may not be considered as taking values in the tensor algebra. Such an example, a similar one to
which we could not find in the literature, arguably provides important support for the theory of branched
rough paths, and opens up the possibility of studying a pathwise, non-geometric, stochastic integration theory
of lower regularity and greater structural complexity than Itd’s.

Our branched rough path X exhibits the following characteristics:

* It is canonically and explicitly defined solely in terms of X and its intrinsic properties as a Gaussian

process, using Malliavin calculus.
¢ Itis not geometric, or in general even quasi-geometric.

* At H = 1/2 it coincides with the It6 rough path. Moreover, for (1/3,1/2) we obtain the rough path

defined in [QX18] in the context of arbitrage-free pricing of simple (state-dependent) contingent claims.
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* The rough integral of a one-form coincides with its Skorokhod integral:

Jf(X)d/)Z:ff(X)ax

and in particular vanishes in mean. This does not hold for more general controlled integrands that are

also Skorokhod integrable, e.g. solutions to X -driven RDEs.

* While the proof of regularity is only carried out for the case of fBm, we believe the same construction to
work for many other Gaussian processes of bounded 4 > p-variation. This can be seen in the particular
case of the Brownian bridge returning to the origin, for which X does not coincide with the It6 rough

path.

* In the scalar case d = 1, X is quasi-geometric but not geometric, and its change of variable formula is

analogous to that of Cheridito-Nualart [CNos].

e X is adapted to the filtration F generated by X, i.c. /)Zst is Fi-measurable, and when H > 1/3
it is also the case that /)Zst is measurable w.r.t. the sigma-algebra generated by increments
Fot = 0({Xsu | u € [s,t]}). For H € (1/4,1/3] the latter is no longer true, as one of the terms
contains a path-dependency. However, it is still true that for a one-form f the integral fst f(X )djf\ is

measurable w.r.t. the sigma-algebra generated by the process between times s and ¢
For =0({Xu|uelst]}) (6.1)

Since integrands that are not one-forms of X, e.g. RDE solutions, are typically path-dependent, this can
be interpreted as meaning that rough integration against X does not introduce additional path depen-

dency.

It is also worth mentioning that, even though Malliavin calculus can be carried out for rougher processes
than the ones we consider, e.g. (1, 1/4] > H-fBm, the method described in this chapter cannot work for these.
This is because their sample paths almost surely do not lie in the domain of the divergence operator [Nuao6,
p-301].

This chapter is organised as follows. There is no background section, and we refer to Chapter 4 and
Chapter s for the notation. In Section 6.1 we define the grouplike multiplicative functional X and compute
its terms. In Section 6.2 we show that they satisfy the regularity requirement that make Xa rough path. In
Section 6.3 we compute the bracket extension of /)Z, which is defined canonically: this yields a change of vari-
able formula for functions of RDEs driven by X . In Section 6.4 we compare X to the canonical Stratonovich
geometric rough path defined via smooth approximation, and compute the correction terms defind in [HKis]
explicitly: this yields an Itd-Stratonovich formula for RDEs. Finally, in Conclusions and further directions we
outline our plan for turning this short chapter into a paper, which involves a version of Hérmander’s theorem

for branched rough paths.

6.1 The multiplicative functional

Let X bea (1/4,1) > H-fBm (of course, our construction will trivially reduce to Young integration when

H > 1/2,so0itis only interesting to assume 1/4 < H < 1/2). We will assume the background introduced in
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Section 5.1 and Section 4.1 and use notation therein. We will always state our results using notation that only
assumes X to be a Gaussian process (e.g. our formulae will feature a generic covariance function I2), but we
will use that X is a fBm in several places, and H will denote its Hurst parameter throughout.

A very natural question that follows from Chapter s is whether one can define a branched rough path above

a Gaussian process by Skorokhod integration, i.e.
m _ [
S

and extending to all forests with products. This is immediately answered in the negative: indeed, using the

formula for taking out random constants from the Skorokhod integral (5.17) we have, for0 <r < s <t < T
XY

t

— | xnox
,
t

_ J Xe6XP — (X0X5 — ROP(r, A(r,1)))
T

s t
= J xXo8xP +f xosxt — xexpf — xoexb 4+ xex8
T S
+ R (r, A(r,s)) + R (s, A(s,1)) — R (A(r, 5), A(s, 1))
= X% + XY + X0 X5~ ROO(A(r,5), As, 1))
In other words, X fails the Chen identity because of the correction term in (5.17). Note X is not even almost

multiplicative, since the best we can say is
[R(A(r,8), Als, )] S (8 =)

which is not enough when H < 1/2, i.e. in all cases that matter.
We can, however, define a multiplicative functional in violation of (s.17), i.e. by taking out random con-

stants without adding the correction term: for t € [0, T set
(6.2)

This is no longer equal to [ j XG,0X 2 butis multiplicative by definition. This idea generalises to X evaluated
on arbitrary forests. The following lemma can be viewed as a generalisation of [FH2o0, Exercise 2.4] to branched
rough path of inhomogeneous regularity. Recall that in a given Hopf algebra the symbol 8 is used to denote

the antipode and the symbol G is used to denote the group of elements in a Hopf algebras.t. Az = 2 ® .

Lemma 6.1 (Defining X s in terms of X ;). Ler A be a finite weighted alphabet and X : [0,T] — HéL be a
map that takes values in géL. Then setting

X0 :=8c.X0s, Xt =Xs0* X0 (6.3)
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defines a multiplicative functional X : Ap — géL.

Proof. This is a direct consequence of the properties of Hopf algebras. X is multiplicative since
Xrs*x Xst = X0 * Xos *SaLX0s * Xot = Xro* Xot = Xt (6.4)
because 8¢, is inversion in G&; . To show that X is group-valued we compute, for £, g € F4

XtP = (tg,8c1.X0s * Xot)
= ((Sck ®1) o Ack(fg), Xos @ Xot)
= ((8ck ® 1)(Ackf - Ackg), Xos ® X0t>

= Z (Sex(Fayg) ® f2)9(2), Xos © Xot)
(B)exs(g)ek
= <30K(ﬁ(1))30K(a(1))>X0s><ﬁ(z)a(z),X0t>
flek,(g)c
£
= Z <SCK<ﬁ<1)>,XoS>X0f> (Scx(g))s Xos) X o
flek,(g)c

= <SCK(ﬁ(1)) ® fr2), Xos @ Xor)(Sck(g(1)) ® 4 (2), Xos @ Xot)

= (( SCK ® 1) o Ack(£), Xos @ Xot){(Sck ® 1) 0 Ack(g), Xos @ Xot)
= Xﬁthi

where we have used that antipodes are algebra antthomomorphisms, i.e. homomorphisms in the case of com-

mutative Hopf algebras. Wl

Definition 6.2 (The Skorokhod multiplicative functional /)E) We define X to be the group-valued multi-

plicative functional as in Lemma 6.1, with A = [d] and

t
XU = fo xt,6%) (65)

fort € [0,T],f € FLy=1,...,d.
Remark 6.3. Note that the above definition depends only on the intrinsic properties of the Gaussian process
X, since the Malliavin calculus setup does.

Dualising (6.3) yields the explicit formula to compute the terms of X

= —t
Xy = Z (Scxiy, X05) X (6.6)
(#)ek

and using the expression (4.12) for Sck. We will only really need this formula when ¢ is a tree, since forest terms
can more simply be computed by taking products, and we will only be interested in forests of weight < 3.
The next proposition contains the explicit expression of X * with ¢ € (7)<, presented so that each

summand has the needed regularity (as will be shown in the next section). The integrals are either Skorokhod
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or Young (and in some cases both — see Lemma 6.10 below), and will be shown to be well defined/convergent
in Theorem 6.9. Note how the path dependency in the last term vanishes if @« = [ (always the case when
d=1).

Proposition 6.4 (Expression of /)ES?’).
se=XJ

e t
Xk:ifX&&ﬁIWW&ASJ»

PR t t

Xy = f X X06X - [ XaR" (s, du) - J X2, R (s, du) (6)

~ 98

X5 = f SXOEXPSXT — f R (s, A(s,u))6X) — J X5 R (s, du)
s<r<u<v<t

JXQRBW (du, A(s, t)) JXﬁR‘W (du, A(s, t))

Proof. We use (6.6), the expression for the Connes-Kreimer coproduct (4.2), the expression for the Connes-
Kreimer antipode (4.12) together with the fact that it is an algebra morphism, and the rule for Skorokhod-

integrating a random constant times a process (5.17) to compute all terms. At order 1 we have

—~

Xi=-X¢+Xb=-XI+X=X],

At order 2:
xY = SCKIB,X05> XaXﬁ*'XIﬁ
— X 4+ xoxP - x0x[ + X
t
= J Xo6x8 - xox?8
st
S CYNEY))
S
At order 3:
a B
Xstv 8
o a B
. V ~ a v <1 B T \viv aB ~ =V
= (Sck Vv 7X05> + (Sce® , Xos) X0t + (Scke” , Xos) X0l + (Scx( 8 e ), Xos)X) + Xo
- —X(}ﬁ L XY XY —xexPxy - xoXE - XPXE +X§‘X§X”+X§f

S
= —f X3X55X3+Xg f X28X) + x5 f X26X) + X2 X8X),
0 0 0
t t t
—X?J XBsxy —Xff X36X3+f XexBsx)
0 0 0

t t t
:f XoxBsxy — X;‘f XBexy — x8 f Xo6X) + XXPX),
S S S
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t t t t
_ f X X8 65X 1 f XexB5XT + f XoxXPEXT — f XoxBsX7
S
—XC“J XBsx7) — Xﬂf X26X) + X0XP X,

f X8 X 56X = (L s XL a0 — (155, X1y — X0 XPX,
+ (XL )+ X015 0, 1) 0w + XEXIX,

f X X8 X — f X RY (s, du) — f X8 R (s,du)
For the last term,

8
X3
(e
o+t o e o o5
= (S8ck o7 , Xo0s) + (Sck e , Xos)X{ + (Sck e , Xos) X0 + Xot

a

B

«
B (e} ﬁ — « —
= (- L als e ell S el Ko r (- 15 4 8l KXy - xo XY 4 XN
S S
. f xesxBoxy+ x7 [ xosx? + ng XB6XT — XOXPX7
O<u<v<s 0 0
s t
_x7 f XoSXP + XOXBXT — X© f XB5X7 + J Xo5X 36X
0 0 O<u<v<t
s t
= f XO6XP6X) + f Xo6xPsX) — X7, f Xo8xP - ng XB8X) + X XPX),
s<u<v<t O<u<s<v<t 0 s

Now,

f Xo5XPsxy
s<u<v<t

J SXOEXBEXT + f X26X26X)
s<r<u<<v<t

s<u<v<t

t
f SXOEXBSsXY +J (X0XB — R*P(s,A(s,0))) X
<r<u<v<t

s

t t
= f SXOEXBEXT — f R (s, A(s,u))6X) + X J XB 6X) — f X5 R (s,du)
s<r<u<v<t s s

Also, using (5.18)

f Xo5XB6X)
O<u<s<v<t

= 80T (X0, ()1 4 (0))
= 87 (85(X 106 (w) L5 (v))
=X [ X6 - (DSUX Lo (). 1, b

= X3, [ X0eX] - (X + 818 o (). 1, b
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_ X2 J xesxPB — f X R (du, As, 1)) — f XB ROV (du, A(s, 1)
0 0 0

where in the last identity we have used that s (s 0, u)( ) L0,6)(w)) = x5 10.5) (7). The last substitution we

need to perform is
t t
xe f XB5X7 = X© f X8 6XT + XOXPXY — XOR (s, A(s, 1))
S S

Putting everything together

5
X

t t
f SXOSXPSXT — J RB(s, A(s, u))X7 + X J X8 5X7 — f X8 ROY(s, du)
s<r<u<v<t s s

' J Xo5xP —f XRHY (du, As, 1)) — f X8ROV (du, As, 1))
0 0 0
S t

- thJ Xo5X5 — X;"J X8 6X) — XOXPXD + XORP(s,A(s, 1)) + X2 XP X7,
0 S

t
= f SXOEXBEXT — J R (s, A(s,u))6X]) — f X5 R (s, du)
s<r<u<v<t

f X% R (du, A(s, 1)) J X5 R (du, A(s, t))

which completes the calculation. W

6.2 The rough path

In this section we will show that X actually defines a rough paths, and show some of its properties.

Remark 6.5. The first thing to note is that, once we prove that Xisa rough path, the formula for computing
its terms of order < |p| does not extend to its signature terms of higher order, which are instead determined by
Lyons’s extension theorem (i.e. by taking Young integrals). This can already be seen in the case p < 2, in which

all signature terms of order > 2 are given by Young integration, and are not given by (6.5), e.g. the signature

e

term Xéf is
t t 1
f Xedxs — f X26X + SR (1)
0 0

by [CLi9, CL20].

The only thing left that is needed to show that /)2 is a rough path is that its sample paths and higher order
terms are regular enough. One of the main ingredients that we will need is Kolmogorov’s continuity criterion

[RY99, Theorem 2.1], which we state in the precise form in which it will be applied.

Theorem 6.6 (Kolmogorov’s continuity criterion for 2-parameter processes).

Let Z: [0, T)? x Q — R be a stochastic process taking two time variables and with the property that Zgs = 0
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fors € [0, T). Assume there exist a,b, K > 0s.t. forall u,v € [0,T]
E[|Zs|?] < K|t — s|**° (6.8)
Then for every 0 < ¢ < b/a, there exists a random variable J = J(K, b, c) € LS, with the property that

sup |Zg| < J(t —s)¢ a.s. (6.9)
0<s<t<T

Here we have have used that Zg; can be written as Zg — Zss, so that (¢, 8) — (s,$) = (t — s,0) in the
referenced statement.

In order to proceed we will need to derive explicit expressions for multiple Wiener integrals of products.
While it is well known that §"(f®™) for f € H has a representation in terms of a degree-n polynomial in
X (f) = 6(f), we will need to deal with the slightly more general task of representing 6™ (f! ® - ®@ f™)
for f¥ € H. The fact that the integrand is a product still makes it possible to represent this as a polynomial,
but one in several variables, since the factors are different. For this purpose we define, given rJ e R for

i,7 =1,...,n, 1 # j, the multivariate Hermite polynomials }]' € R[z!,. .., 2"] recursively by

Hot =0, HO =1

- (6.10)
O (@t ) = 0 (e = kgLl g )
k=1
The first three are
H(ah) =o'
H (2!, 2?) = ota? — 112 (6.11)
33 (2!, 22, 2%) = ala2a® — Bl — 132 1250

The next proposition implies the corresponding one for the ordinary Hermite polynomials [NP12, 2.7.7] (note
that the convention used to define the Hermite polynomials is different to the one adopted in [Nuao6]), since
for f1 = ... = f"with ||f|lx = 1 wecanpickr = 1 and H}(z,...,x) becomes the ordinary Hermite

polynomial in the single variable z.

Proposition 6.7 (Polynomial representation of multiple Wiener integrals of products). Let f1,..., f* € H.
We then have
S (fl @@ [ =9 oy (X1 X () (6.12)
with <f,f>;i = (', f)) . In particular, if 0 < s, < ty, < Tandy, € {1,...,d} fork =1,...,nwe
have
f SX o1+ OX0m = Mg sy a(se) (Xortys - Xore,) (6.13)
[Sl,tl]XmX[sn,tn]

where R(A(s,t), A(s, 1)) = RV (A(s;, 4;), A(sj, t;)) fori, j =1,...,n.

Proof. Proceed by induction; the case n = 1 is obvious.
5n+1(f1 R ® f’rH-l)
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= 5(6"(f' @ 1))
= HX (), XX () = (DS (0@ 1), 7

= HC(X (Y, .. X)X () — Zé’”fl @ P e U

— (X (), XX - Zrknﬂﬂ{“ X, K, X ()
= X (), X ()

where the rule for Malliavin-differentiating the multiple Wiener integral is a simple induction on Heisenberg’s

commutativity relation (5.18). The second assertion follows from the first by picking f* : k=1 |

[Sk,tk]

Next we discuss a slight generalisation of the scaling and increment stationarity properties of fBm. Recall
thatfor A > Oand s,t € [0, ¢]

R(\s, \t) = N R(s,1), Xy ~ N X, (6.14)

(with ~ denoting identity in law), and

s t 0 t—s
R<S t>_R<0 t—8>7 XstNXt—s (6-15)

The next lemma will extend these properties to the multidimensional Wiener integral operator. For
0 <s<t< TwedefineHsy C HtobethespaninH of {17 . | u € [s,t], v = 1,...,d} (HE"
should be interpreted as the subspace of elements of H®™ that are supported in the box [s, ¢)™). Let

[s,u)

. % u v
bt Mot = Hy A= =1 o)

foru € [s,t]. For functions f: [s,t] — R, this is the transformation £ f (u) = (t;iI)Hf(s + 2u) for
u € [0,7T].

Lemma 6.8 (Scaling & translation invariance of the fractional multiple Wiener integral).
Let X bean (1/4,1/2) > H-fBm defined on [0,T). Forall 0 < s < t < T the diagram

£®m

\ / (6.16)

commutes in law.

Proof. We only need to show the identity in law on basis elements 1?1’ 1)’;{" X [5,0m)

(the conclusion will follow once again by continuity of 6™). This can be shown by (6.13) and the fact that the

forvy,...,v, € [s,t]

corresponding Hermite polynomials are homogeneous of degree nH, as is seen by induction on (6.10), using
(615)and (6.14) with A=t —s. N
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Theorem 6.9. If X isa1/4 < H-fBm then X of Definition 6.2 is a.s. a p-rough path forp > 1/H.

Proof. We will show that each individual summand in the expressions of Proposition 6.4 is of the needed reg-
ularity. More precisely, we will consider each to be a process in the ¢ parameter started at s, and show Holder
bounds that hold uniformly in s € [0, T']. We will suppress indices in all bounds, and the Hurst parameter H
will be considered fixed (all constants will implicitly depend on it). It is well known (and a classical application
of the Kolmogorov criterion) that X has sample paths that are a.s. c-Hélder continuous for ¢ < H, or H™
Holder continuous, as we will write from now on. We will write S when the constant of proportionality only
depends on the process, i.c. the Hurst parameter H, and the time horizon 7" (and shall generally omit men-
tion of such dependencies); all other dependencies will be added as subscripts, e.g. <, means that the constant
depends on n. For terms of higher order we have, for n € N*

t 2 (t— 3)2nH 2
XsubXy = 6" (1az[syq) ~ TQT5 (La2(0,77)

and therefore

t
| Xudx| | = S Bl Laroml") Su (¢ = o

|

since multiple Wiener integrals have moments of all orders, e.g. by Meyer’s inequalities [Nuao6, Proposition

71 B (t— 3>2nH

1.5.7]. Then by Kolmogorov’s criterion with a = n, b = 2nH — 2 and K the above constant in (6.8), we have
thatforalln € Nandall0 < ¢ < (2nH — 2)/n, and therefore forall 0 < ¢ < 2H, ass.

t
J Xsu6Xy| < J|t — s/, s<t<T
S

with J = J(n) € L™). As for the other-2 summand
[R(s, A(s, )] < [£27 = &2 — (t = )M < (t = 5)°"

since
2 2H < (t — 5)2H forH <1/2ands <t (6.17)

We now tackle the order-3 terms one by one. 63(1A3[s,t]) is handled in the same way as 62(1A2[s,t] ). Using
that
KXst Xst = 6(1[8,15]6(1[8,13])) - <1[s,t}7 D‘XV515> = 62(1A[5,t}) - R(A(S? t)? A(‘S? t))

we compute

t t
f Xow Xow6Xw = 6% (1ycnmcuct) + f R(A(s, w), As, )X (6.18)
S S

Again, the first term is handled which are both handled in the same way as §%(1 o2 [s,4])» and so can the second:

t _\3H T
J (w — 5)?HEX,, ~ %J u?f X,
s 0
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where we have again used by scaling/translation invariance, with the conclusion now following, as before, by
taking the n-th moment and applying Kolmogorov’s criterion. (Alternatively, we could have used Lemma 6.10
below and the Young-Ldeve estimates.) The term fst R(s, A(s,u))6X,, is handled similarly, using (6.17),

which is also helpful to control another term:

t
f XsuR(s,du)

S

t
< f Xl (0 — $)2H1 201y qy

N (R e )

< (t—s)*

where a™ stands for “Vb < a”.

The last term that we must consider is the one that involves a path dependency, [ XusR(du, A(s,t)).
The methods used up to now do not work here, since the interval [s, t] is only counted twice, and the presence
of the integral over [0, s] must be used. If0 < a < b < T and the integral ranged from 0 to a, it would be
O(t — s) uniformly for b < s < T this cannot be said in our case since the integrator has a singularity at
u = §; what can, however, be exploited is that, as u 7 s, | Xys| — 0 at order (s — u)f™. By making the

substitution u = s — (t — s)v we proceed to bound

[} Xl a0 5 = 0 (07 = = P

_rs/(t—s) B
— (t _ S)3H f UH (U2H_1 _ (’U + 1)2H_1)d’0
0

+o0
< (t—s)3H" f o7 (2H — (v 4+ 1)2H ) dy
0

and the integral on the last line is obviously convergent at 0, and is also at +00 since H < 1/3 and
,U2H—1 _ ('U + 1)2H_1 — (1 _ 2H)7]2H_2 S (1 _ 2H)U2H_2

for some v < 1 < v + 1 by Lagrange’s theorem.
To conclude, we have shown that for all p > 1/H there exists a random constant C = C'(p, T, H) s.t.
ap o

—~ o~ ~ 8
X3 < C(t—s)'/P, |X§§ | < C(t— )P, |X}f | < C(t—s)3P, yxgz | <Ot —s)3/P
foral0<s<t<0. N

6.3 The It formula

In this section we will show that it is possible to define the bracket extension of X, and we will compute all
bracket terms of order < 3. In particular, we will show that X is not quasi-geometric.
We will need the following simple observation; note that one of the summands in the order-3 ladder term

in (6.4) can be reinterpreted correspondingly.
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Lemma6.xo. If f: [0,T] — R 75 piecewise continuous and of bounded q-variation for some q s.t. ¢ '4+H > 1.
Assume additionally f is \-Holder for some positive \. Then [ is both the Wiener- and Young-integrable, and

the integrals coincide:
T T
| feex = [ rwax, (619)

Proof. The Holder assumption and piecewise continuity and the results of [CL20, §3.1] guarantee that f € H
and that, for a sequence of partitions with vanishing mesh size 7, Z[ st]€mn f(8)1s4) — finH. By conti-
nuity of §: H C DM2(H) — L?Q

8(f) = L21im &( > f($)lpy) = LPlim > f(s) X

[s,t]emn [s,t]emn

By the finite g-variation assumption and piecewise continuity, f is also (piecewise-)Young integrable against X

This implies the same Riemann-Stieltjes sums converge a.s., necessarily to the same limit. W

Proposition 6.1x (Bracket extension of 5(\) X admitsthe  following consistent (as defined in Section 4.2) bracket

extension:
X5 = BP(AG, 1)

Xk = f X2, R (du)

I(a5>
x4 - j R3(A(s, u))dX]
N s (6.20)
Xg?ﬁ'Y) =0

Jat t
ot f (R (u,1)AXE + XSGR (du ) f

S

(RM(u)dX{j + X;Rﬁ’Y(du))
+ f: (RM(U, A(s,1))dX5 + XORP (du, A(s,t)))

In particular, it bolds a.s. that X is quasi-geometric if and only if d = 1.

Proof. By Proposition 6.4, (6.13) and (6.11) we have
(o aB
Xétﬁ):<oo - Ia - IB
= X3X5 — J X2,6xP — f XB,6X5 + 2R (s, A(s, t))
— xoxf _ J SXOSXE 1+ 2RP (s, A(s, 1)
[s,t]?

= RB(A(s, 1), A(s, 1)) + 2RP (s, A(s, 1))
= R (A(s,1))

The obvious choices for the two lifted terms are

X = f X7, R (du)
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and using Lemma 6.10

o a B
xh = ft RO(A(s, u))dX] = Jt ROO(A(s, u))6X] = (V5 — Ef - E? X a)
s s
which guarantees consistency, by Example 4.18. The Chen identity is trivial to check in the first case and auto-
matic in the second. Both have the needed regularity, as can be inferred through the same methods used in the
proof of Theorem 6.9.
We now focus on the order-3 terms. Using (6.18), Lemma 6.10 (and integration by parts for Young integrals)

and Proposition 6.7, we have

x(ab7)
t B a Y

a B
a B Y —
=351 -Ne =N - N = Ty = Llan = Lies)

_ XexPx) - f [6X06X76X0 + 6X6X]6X] + 6X 56X 6X]
O<u,v<w<t

2

t
— J [R“ﬁ(u)dxg + R (u)dX? + RPY(u)d X% 4+ X) R (du) + XP R (du) + XgRM(du)]
0

= ROW)X] + RO(OX] + R (0Xg — [RP(WX] + R(0)X] + R () X7
—0

As for the last term, we have

o a
« B « —
:<ZI,3 - Ev - % - I(ﬁ'y)7X0t>
t t t
_ng XosxP — f SX26XPSX) — f XoX16X5 — f XORPY(du) =
0 O<u<v<w<t 0 0
Now,
t
X}J XosxP
f X)X06XP + J XORPV(t, du)
f S8(8(1f.) [Ot))ch +J R (u,t)6XP + J XORP(t, du)
= 8307 (oo g (r, w)1p,(v)) + J RO (u, )X + f X2RO (¢, du)
0 0
- f SXOSXBSXT + f SXOSXTSXP + f SX16X5X P
O<r<u<v<t O<v<r<u<t

O<r<v<u<t

t t
+ f R (u,t)dX? +J XORPV(t,du)
0 0
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so that

t t
x f SXVSX XD + f SXOSXVSXP 1 J RO (u, £)5X7 + J XRP(t, du)
O<r<v<u<t O<v<r<u<t 0 0
t t t
- f f SX28X)6XP — f R (u)dXP — f X2RPY (du)
0 Jo<ru<v<t 0 0

t t
= J (R (u,t) — RV (u))d X/ +f X&(RPV(du, t) — RP(dw))
0 0

The statement is then just obtained by taking differences. This is clearly a.s. non-zero when d > 1: take for in-
stance = v # Jand X tobe (4, 3] > H-fBm: the above expression reduces to a non-trivial Wiener integral.
On the other hand, when d = 1 the above expression vanishes thanks to integration by parts. Example 4.30

then implies the statement on quasi-geometricity. W

The following is an immediate consequence of the above and Kelly’s simple change of variable formula
(4.42). Note that the change of variable formula for RDE solutions, which we do not state but that can be

written directly using (4.40), is more complex, as it contains the non-simple term.

Corollary 6.12 (Simple It6 formula for 3(\) For f € C®°R? it a.s. holds that

7060~ 150 = [ 800X+ 5 [ dussx)Ean

Example 6.13 (The scalar case). When d = 1 the indices are suppressed, which results in significant simpli-
fications. Indeed, the path dependency in last term in (6.7) cancels out; moreover the last term in (6.20) also
vanishes, since taking s = 0 we have, integrating by parts
R t t
X f (R(u,t) — R(u))d X/ + f X, (R(du,t) — R(du)) = X;R(t) — X,R(t) = 0
0 0

This implies the scalar rough path is quasi-geometric, and its terms have the simplified expressions (using tuple

notation)
=1 <1 1 9 S1(11) t
X=Xa XN = (K0P~ RAGs), XU = f X,u R(du)
X [ RaGa)dx, X = Lot - txura X0 —
s = | R(A(s,u))dXy, st T 6( st) 9 stR(A(s,1)), =0

which can be deduced from Proposition 6.4 by applying Proposition 6.7, Lemma 6.10 and integration by parts.
It is simple to check that these terms satisfy the quasi-geometric relations. A 4-rough path that coincides with
this up to level 3 has already been studied in [Belig, Proposition 4.3.12] (already discussed in Example 4.35),
where itis shown thatits change of variable formula replicates the Cheridito-Nualart formula of [CNos]. There
and in [LNos] the authors investigate an extension of the domain of the fractional Skorokhod integral which
includes a.a. sample paths of the fBm even when H < 1/4. This suggests that this scalar rough path could be
extended to the regime H < 1/4, and the fact that the Cheridito-Nualart formula is the same as Corollary 6.12
suggests that all further bracket relations should vanish in this case as well. It should be noted that this frame-

work does not carry over to the multidimensional case, since it is apparent from [LNos, Theorem 3.2] that
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f A2[s 4] SX*S8X P fails to be defined even in the extended sense when o # 6.

6.4 Itd vs. Stratonovich

To conclude this thesis, we derive the formulae that convert RDEs driven by X into ones driven by the canoni-
cal geometric rough path, which from now on we denote X'. Note that we will use tuple notation for geometric
rough paths.

We begin with the case 2 < p < 3, corresponding to 1/3 < H < 1/2 for fBm, since this will also be
useful to treat the more general case. The algebra here is very simple, and the only thing that has to be computed

is the difference

1 1
X0 - XY = SR (A, ) (621)

which is done by comparing (6.7) and the Wiener chaos expansion of the signature Example 5.31. This rough
path, which closely resembles Itd integration, has already been defined (specifically for fBm) in [QX18]. Asa
result we obtain that if H is a controlled integrand — a condition that is only defined in terms of X — the

usual It6-Stratonovich formulae hold:
= 1
J HdX — J HX =5 J HgdRP () (6.22)
—~ 1 N
YY" =VHY)AX" = vV =VFY)dX' + §VaV51k(Y)dR A (6.23)

where V, V3 denotes composition of vector fields and 1% is the projection on the k™ coordinate.

Example 6.14 (Gaussian semimartingales). Although we have assumed up to now that X is a fBm, this hy-
pothesis is only really used, in addition to the properties of X as a Gaussian process, when 1 /4 < H <1/3;
when p < 3 itis not difficult to see that all statements (restricted to the case p < 3) carry over. For example, to
check regularity of 62(1 A2[s1]) one can use Example 5.31 together with regularity of X s; and an appropriate
estimate of 3 (R(s) + R(t)) — R(s,t). Semimartingales are particularly of interest in this regard, since there
is a third type of integral, the Itd integral, that can be considered. Let X = M + A be a continuous Gaussian
semimartingale with M a martingale (see Example 5.6) and A of bounded variation. As usual, R will denote
the covariance function of X, while Rjs will denote that of M, R 4 that of A, and Rz 4(s,t) = E[M,A]
with Rar,4(t) == Rar,a(t,t). Using (6.22), the fact that integration against X is the same as Stratonovich

integration, and the classical It6-Stratonovich formula we compute

fHdX fHdX—f apt(R— Ryr)(dt) JHdX— J wpit(Ra + 2Ry 4)(d2)
As will be seen in a moment, when H = f(X) is a one-form, it is integration against X that vanishes in
expectation, while the It6 integral does not. Of course, when X is a martingale the two integration theories

coincide. An example of a Gaussian semimartingale that is not a martingale, already explored in Chapter s, is

the Brownian bridge returning to the origin at time 1 Example s.19, for which the above becomes
. d
J HdX = J HAX +)° f tH.,,dt
y=1
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Note how, inlight of (6.27) below, this implies E [ f(X)dX = =3 [E[0y f,(Xu)|udu for suitably regular

f, which is not evident from elementary semimartingale theory.

We proceed to consider the general case p < 4. Our main goal is to apply the framework of [HKis] to
write an RDE driven by X in terms of one driven by an extension X of X. Unlike their main result, however,
X will be defined canonically, without using the Lyons-Victoir extension theorem: this is because we already
have a geometric rough path X' that we want to compare X to, and do not have to build one from scratch.

X = X!, where 1) is the map

Recall that X isa rough path with trace indexed by trees, which must satisfy
(4.75). To index the higher order components we will use tuple notation for trees: for instance o o should no
longer be considered a nonplanar forest, but the 2-tuple (o®, o). Since we will never consider the branched

components of X, there will be no ambiguity. We may thus define the terms

X? = X7, X¥ = xof XU o xof, XV = _pef()
o t (6.24)
J— I"r 1
f X2, R (du), X5 = —QJ R (A(s,u))dX]

where we have used (6.21), and defined the last two terms canonically via Young integration (which satisfy
the regularity condition by the same arguments used in Theorem 6.9). The calculation for the order-3 re-
quires the expression for the Wiener chaos representation of X B contained in Example 5.31, conjectured
in Assumption 8 to hold for p € [3, 4); note that three of the integrals therein can be considered Young inte-
grals using Lemma 6.10. We do not reproduce the calculation here, which is long and uses the same techniques

used in Proposition 6.4 and Proposition 6.11. The expressions obtained are:

aB aB
~ i~ & —_pB%° —a —bPa
B —a
Xt b e _xm g
t (6.25)

_ f R (u, Au, £))d X — f R (u, A(u, £))dXP
+ J " RO (4, A(s, 1)) d XS — f RO (u, As, £))dX?
0 0

Note how, similarly to what happens in the case of the bracket extension, the above term containing the path-

dependency vanishes in the scalar case and we re-obtain the formula (6.23). These calculations entered into

[HKis, Theorem 5.8] yield
Theorem 6.15 (Hairer-Kelly formula for 3(\) The RDE;

Ay = V,(Y)dX", and

o
}5
~

1 R
aY; = V,(Yy)dX] — ivavﬁ(Yt)Raﬁ (dt) + Vo VaVo (Yy)d X

where the last term is defined in (6.25), are equivalent. When d = 1 the last term vanishes and the formula

reduces to the one obtained via Hoffman’s exponential Theorem 4.32.

We end with a discussion of the following special case.
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Example 6.16 (Integrals of one-forms). The Hairer-Kelly formula is interesting even when applied to the case
of one-forms. Given f € C2°(R%, R®*9), with the usual trick of doubling the variables, it is possible to view
the integral as an RDE solution jointly with the trivial RDE for X. Theorem 6.15 then yields the usual It6-

Stratonovich formula
| £004X = [ 100X — 5 [ 2ufa(x)are () (626)

since the term in (6.25) is evaluated against the symmetry in o, 3. Note that this holds only for one-forms, not
more general integrands as (6.22) does, but is valid for H > 1/4. Also, this could not have been inferred from
the very similar-looking It6 formula Corollary 6.12, which only works for exact one-forms.

A couple of interesting consequences follow. The conversion formula of [CL19, CL20] (see (5.27) above)
simplifies, since the Jacobian of the flow of the explicit RDE dY = f(X)dX is the identity. This means
that the 2D integral vanishes, and we are left with the usual It6-Stratonovich formula, this time with the Sko-

rokhod integral playing the role of “It6”. Matching terms with (6.26) implies that integration against dX and

Skorokhod integration coincide for one-forms:

| 004X = [ 100ax ~ § [ 2 fa)ar () = [ £O08% (627)

Of course, this relationship does not hold for more general integrands. Consider the constant integrand X,

(with zero Gubinelli derivatives): even assuming X scalar, 7 < s < t, we have
t A t
f X,dX, — J X,6X, = R(r, A(s, 1))

(6.27) immediately implies that integrals of one-forms against X vanishin expectation, a result already obtained
by [QX18] for (1/3,1/2] > H-fBm. It also implies that fst f(X)d/X\ = f; f(X)6X is measurable w.r.t. the

sigma-algebra generated by the process between times s, ¢ (6.1), since the middle term in (6.27) has this property.

Conclusions and further directions

The main purpose of this chapter was to give an example of a multidimensional branched rough path that is
not (quasi-)geometric, of regularity p > 3 (and that therefore cannot be viewed as a functional on the tensor
algebra), and that is defined above the paths of a stochastic process in a manner that takes probability theory
into account. Along the way, we have shown that our example actually has some interesting features: its change
of variable formula, its relationship to other integration theories, and its behaviour w.r.t. the filtered probability
space.

It would be interesting to study the interaction between the algebra and stochastics pertaining to this ex-
ample, at a deeper level. The main instance of this that we have in mind concerns a Hérmander condition for
branched rough paths.

The original version of Hérmander’s theorem, which concerns the existence of a smooth density for solu-
tions to Stratonovich SDEs, can be deduced from the celebrated article [H6r67]. The search for a probabilistic
proof of the same result [Mal78] lead to the development of Malliavin calculus, and much later it was realised

that similar statements held true for Young differential equations [BHo7] and for rough ones [CF1o, CHLT 5]
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driven by non-Markovian processes.

It is clear that the same Hérmander condition cannot work for branched rough paths: its interpretation
as the negation of Frobenius’s theorem [Haill, Introduction] no longer applies, since it is not true that if the
vector fields of an RDE driven by a branched rough path are tangent to a submanifold, the solution will remain
on the submanifold (as can already be seen from Ité calculus). The question of whether an RDE solution still
admits a smooth density, however, still makes perfect sense. Optimally, the Hérmander condition should be
written in a purely algebraic way, perhaps using the Lie algebra of Grossman-Larson primitives, in a way that it
is conjecturable to imply existence and smoothness of the density for fairly general stochastic branched rough
paths (in particular geometric ones). Once this is achieved, the idea would be to test the condition by proving a
version of Hérmander’s theorem for the branched rough path of this chapter. An interpretation of this in terms
of the solution not remaining locally in any (time- or otherwise-dependent) positive-codimension subamifold
would require the transfer principle of Chapter 4 to be extended to RDEs and reformulated in extrinsic terms.

A more challenging goal would be to study Hérmander’s condition and theorem for branched rough paths

on manifolds, where equations are given meanings by using transfer principles.
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