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Abstract

The ‘basis of a general numerical procedure for predicting steady,
two~dimensional, incompressible, 1amihar or-turbulént'flows in non-

. rectangular domains is described. The.novelties of the procedure include
the use of a rectangular grid arrangement for non-rectangular domains
(RAND grid), and a 'new — upwind' method of approximating the convection -
terms ih the conservation equations,

The accuracy and convefgence properties of the procedure afe tested
by the prediction of both flows with analytical solutions and laminar flow
over a single cylinder. The usefulness of the proceﬁure is demonstrated
by new pfedictions of laminar flow over in = line tube banké.

To permit the prediction of turbulent flows, a version of the
Kolmogorov -~ Prandtl hypothesis of turbulence is employed. Also used is
a noyel set of wall functions, which specify the variation of the |
dependent variables next to wall boundaries. The reliébiliﬁy of these
models is tested by comparing the predictions of,fﬁrbulent developing
flow through a parallel channel and fully-devéloped flow through in -

line tube banks with appropriate experimental data.



Preface

When I joined thé Heat Transfer Sgcticn, Mechanicél Engineering
Department, Imperial College in October 1968, much work had already been
done on the development of a procedure for predicting recirculating floﬁs.
I was also fortunate to arrive at a time when these developments were
being put together in the form of a book, see Gosman et al (1969). The
latter confained a systematic presentation of the theory of recirculatihg
flows and the results of é variefy of prédictions.. My understanding of the
contents of this book was supplemented by the first course on 'Recirculating
Flows', which was run in December 1968. | |

During most of 1969, I was involved in contributing fo the
developmént §f the basic 'Elliptic? cémpufef programme, which Waé designed
to solve the eliiptic equations.for laminar flow. . Also I was assigned with
my main task of predicting flows through tube _ba;.nks.

It soon became clear that the main difficulty in embarking on the
latter bredictions was the difficulty of calculating an-orthogonal grid for
a typical tube bank domain. Indeed this difficulty'is.a general one,
because there are many practical domains for which orthogonal grids cannot
e easiiy'calculated.

Therefore an investigation was cbnducted along the lines of using a
finite — difference grid arrangement which was no% necessarily orthogonal
with all the boundaries of a particular domain. The basic scheﬁe, which
resulted from the preliminary investigation, required much testing to
determine its usefulness and prospect of general application. All the
initial tests were performed using ﬁarious laminar flows. Later developments
involved the incorporation of turbulenée‘models for predicting turbulent
flows. Th2 above is the subject of this thesis.

It is now appropriate that I should acknowledge the assistance I have
received throughoul the period spenm‘on this work. First and foremost, I

/

wish to express my gratitude Yo my supervisor, Professor Spalding, for his



guidance, suggestions and encouragement. A number of major steps in this
work were inspired by his suggestions, and without his inspiration these
steps would probably not have been ﬁade. Also the little frogress I have
made in the matter of technical writing and presentation are due mainly
to his encouragement and criticism of.ﬁy written work. For the benefit
of his present and future students, it may be worth putting on record that
I have gained most from his supervision by pommunicating each Stage of my
work in the form of a short note before discussingvit'with him,

I wish also to acknowledge the guidan¢e of Drs. A.D. Gosman,
W.M. Pun, A.K. Runchal and M. Wolfshtein in helping me to understand the
theory of recirculating flows as given in Gosman et al (1969). In
particular, Dr Gosman's help and guidaﬁce in the initial stages of my use
of the Elliptic prpgramme were veﬁy welcome, I-am also grateful to '
Dr L.We Roberts for a number of helpful discussions as we both sqgfgto
contribute to the development of the Elliptic programme, I should also
like to thang Drs. Lockwood apd Singham for theif work as members of my
thesis committee along with-Professor Spalding. Dr Loékwood also read
parts of my thesis, and commented on the layout, grammar and phraseology.
T am concious that a number of other members of the Heat Transfer Section
have in one waj or another contributed to this woﬁk, and my thanks are due
to them. It is appropriate to point out here that I have dérivéd personal
benefit by doing research in an atmosﬁhere of a team with a unified
objective and direction. Undoubtably the origin and continuation of this
Eeneficial situation is due to the inspiration and organisational ability
of Professor Spaldiﬁg. |

Further to the above, I am indebted to Imperial bollege for employing
me as a Research Assistant for four years. Alsg I am ihdebted to the
Computer Centre at I.C. for a generous allocation of computer time and to

the computer advisor& staff for helping me to sort out some of the bugs

in my programmes. My thanks are due to the Departmental Drawing Office



for their assistance in producing most of.the figures in tﬁis thesis, and-
.to'Miss E. Archer and her colleague-for assistance in obtaining a wide

- range of references., My thanks are also due to Miss M.P. Steele for her
pamient advice concerning numerous seéretarial and édministrafive problens,
and.to.Miss S. Henshaw for typing this thesis with patience, accuracy and

» neatnesé. | | .
‘Finally my thanks must go to my loving wife.for her continuous interest
_in my work and for encouraging my pfogress. Also I am'graieful to her

for putting up with times of loneliness, whilst I pursued the completion

\
of this work and thesis,

Newcastle upon Tyne, . . R.I'. Le Feuvre

September 1973.
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1. INTRODUCTICON

1.1 General objective

(a) The designer's task

T&pes of machinery and equipment, which involve flowing fluids or
materials, are to be found in almost‘every field of engineering. The
design of such machinery has often been based on very siender knowledge
of the behaviour of the appropriate materials and fluids. However, in
the last two decades or so, some encouraging progress (due tp careful
research) has been made in fﬁrthering,our understanding of flowing flﬁids.
In the:meantime.the designer has also improved his design techniques and
made increasing use of_the available data. Nevertheless the task of %he
designer could be made still much easier and less costly if more exact
design procedures were available. |

As a background to our discussion, we shall consider briefly the nalure
of the guidelines andrtools which the present day designer of a machine
or parts of a machine may use. He is first of all givep certain
specifications, which have {o be met. Thesé might be thought of as the
boundary conditions of the design problem. These conditions might specify
maximum weight and size, range of work output or flow rate, normal rurming
load, etc. From experience, the designer may know (at least roughly) the
sort of machine layout which will enable the specificétions to be met.
Knowing the latter, he may seek to perform the design by:

(i) Rule of thumb. This means that the designer will aim to design
something that locks right. Thus the design may be subject very much to
the designer's personal opinion and experience. .
| (ii) Theoretical analysis. This will involve using the available
data whichare relevant to the appropriate materials and fluids forming

part of the design. The data used will depend on the degree of design



M

detail. For example when considering flow down a pipe, the designer may
reéuire local velocity data in certain circumstances but only mean
velocity data in other circumstances. _

(iii) A combination of (i) and (ii). Due to the complexities of
most bieces of machinery, the designer has, more often than not, to use
a combination of personai judgement and theoretical analysis in his work.

After establishing a design, which may meet the spécifications, the
next stage is usually_to‘build a model or a prototype. The latter is
then tested to check that the specifications are met. If the machine
does not perférm as required, considerable redesign and developmeﬁt wbrk
of a hit-and-miss nature may have to be performed. The 1a¢tér may - involve
many minor experiments and méjor model tests..

(b) Methods of reducing desisn and development costs

Thé above discussion is a very general one, but it does bring out the
foint that deéign procedures to meet certain specifications may be very
complex particularly for large ﬁachines of the one-off variety. In these
circumstances, design and development.costs may form a substantial
percentage of the total cost. What can be done to assiét designers to
perform their tasks more efficiently and precisely, i.e. to reduce the
costs of design and development?

One method is o continue the task of supplying more experimental test
data, which may possibly provide non~dimensional.empirical expressions
for the behaviour of fluids in a great variety of circumstances. This
task is not to Be discouraged because for many flow situations there is
no other method (at present) of obtaining the:required data. However it
is obvious that such flow situations are numerous. Also in general the

flow paramelers involved in each situation may be large, and, if 80, many
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test runs are required in order to obtain an embirical expression
reiating all the parameters. The cost of rumning such a wide rangé of
tests may indeed be prohibitive. |

The ideal alternative is to prpvidé designers with quick, accurate,
inexpénsive and general procedures for guiding their initial designs and
for checking that fheir proposed designs meet the specifications. Such
procedures muét be based on the ability to produce acéuratg mathematical
.models of the behaviour of fiuids in any flow situation, and on the
ability to solve the relevant equations of motion. An example of such
a procedure is given below.

Iﬁitially, fhe preliminary design of a machine involving fluid flow
may be performed using the available data of fluid properties and the-
golutions 6f simplified equations of motion. Then the next stage is %o solve
the equations which govern the complete-behaviour-of the fluids concel;'ned
and to check that the predicted behaviour conforms with the specifications.’
If the latter are not satisfied, the design may then be altered by what is
Sudged tp he the required amount and the solution of tﬁe-appropriate
equations repeated. This procedure is continued until a satisfactory
design is obtained. If such a design procedure can be produced and shown
to be advantageous, then the need for expensive and time consuming model
tegting and development may b¢ reduéed considerably. The general objective
. behind the present contribution is concerned with the development of'
analytical design procedures of the type described above., Let us now
examine the pogsibilities of realising this general objective.

(¢) Equations of fluid motion

Fluids undergoing some flow process may be classified as behaving
according to the laws of laminar or turbulent motion. This simple

claggification ignores, for the sake of clarity, the fact that flowing
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fluids may undergo transition processes between the limiting conditions
of.predominantly laminar and predominantly turbulent flows.

The differential equations which describe the motion of laminar flows
ére to be found in many standard.texts on fluid mechanics. One particular
set of equations for laminar flows ié that describing the motion of
incomﬁressible constant ~ viscosity laminar f}ows.v These equations are
called the Navier—Stokes equations (see Bird, Stewart.ahd Lightfoot
(1960)). For turbulent flows, the main approaéh is to represent the
'flow in terms of Ffluctuating components superimpoééd on the.time ~ mean
flow., Thus by substituting these flow components into the Navier—Stokes
equatiéns and time -~ averaging the resulting terms, the Reynolds equations
for steady incompressible turbulent fléws are obtained. Similar equations
to the iatfer.represent the turbulent transfer of energy and mass. .

What are the possibilities of solving such equations? As far as fhe
Navier-Stokes equations arebconcerned, only a small selection of problems
(governed by much simplied versioné of the general Wavier-Stokes equations)
are knqwn to have analytical solutions. However the Reynolds equations
are even more complex than the above because they do not represent a
closed mathematical system. This is because the introduction of the
fluctuating components of flow results in the number of unknowns exceeding
the number of equations. The equations can only be made soluble by
supplying additional information in the form of physical hypotheses, which
seck to model the turbulence quantities in terms of mean flow quantities.
Thus the equations governing either laminar or turbulent flows are in general
so complex mathematically that analytical solutions are not possible. Indeed
for such équations general solution procedures can.only be devised by |
the use of numerical techniques. The latter are used-to approximate the

differential eguations by equivalent numerical equations, which in turn
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can be solved by employing numerical techniques in conjuction with the
programming facilities of high-speed digital computers.

(4) The objective of this present work

If the present general.objectiVe is t0 be realised then our first aim
must Ee tb produce a solution procedure which is generally applicable
(i.e. not restricted by types of boundary conditions and flow problems),
accurate and ecqnomical; The other main aim is to devise and develop
physical hypotheses of turbulence, which accurately'model the behaviour
of turbulent flows in a wide fange of flow situations.

It is the particular objeétive of the present work to forward theée
aims in relation to one particular set of‘flégs, i.e. two-dimensional
flows exhibiting rgcirculation, and to do so by the development of means

of predicting laminar and turbulent flows over in-line tube banks. -

1.2 Previous Knowledge

In this section, we summarise some of the previous work concerned
with solution procedures and turbulence modéls, and we focus on some
points of the present contribution. The following summary of previous
work is deliberately brief because réviews of particular topics are
dealt wifh in theArelevant chapters which follow. However it ié
appropriate to single out some of the stimuli which have influenced in
one way or another the development of ‘the present contribution.

. One of the pigneers of the application of numericai gsolution
procedures to iluiq flow problems is Thom (1933 ), who predicted low
Reynolds number flows over a.single c&linder. He simplified the Navier—
Stokes equations by using vorticity and steam function as the independent
variables. Also he approximated the differential equations by using

*central-differenves’ and obtained algebraic equations which were solved

‘by an iterative technique. Thom's method, however, was unstable for
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Reynolds numbers greater than about 50, and no sclution could be obiained
for higher Reynolds numbers, (Thom and Apelt (1961)). Many other workers
have since predicted flow over a single.cylinder using a variety of
mumerical teéhniques, and the present contribution includes one further
such prediction. Thé main purpose of the latter is to illustrate the
acouraéy of the present numerical scheme,

Since the pioneer ﬁork of Thom, much progress has been made (particularly
lin the last decade) in overéoming tﬁe numerical instabilities inheremt in
certain numerical schemes, and in making these échemgs more generally
applicable. A major éggfribution in this direction has been made by
Gosman et al (1969), who proposed a‘general scheme for solving heat and
‘mass transfer problems in general two-dimensional flows. The initial
developments with regard to this scheme were made pfimarily by Wolféhtein
(1967) and Runchal (1969) under thé supervision of Prof.'Spalding.

Although generality of application for any scheme is a worthy aim, it
may not in certain circumstances lead o ease of;application. Indeed this
is true of Gosman et al's scheme. One of the main features of their
scheme is the use of an iﬁtegral finite~difference numerical scheme, whibh
is applicablé to flows in any domain. However the scheme requires that
each domain must be mapped with an orthogonal grid arrangement. Herein
lies the point of generality, but not necessarily the ease of application.
This is because, for démainshwith awkward shapes, there are no siraight-
forward methods of calculating orthogonal grids and their reﬁuired
geometric parameters. - In this context; awkward domains are classified
as those which do not have orthogonal grids governed by analytical
solutions or which éannot be mapped by Cartesian, cylindrical or spherical

co~ordinate systems. An example of such a domain is the typical area

between four tubes within an in ~ line tube bank. The present contribution
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suggests a grid arrangement which does not require that the grid lines
should be orthogonal with all the boundaries of the domain. The
corresponding numerical scheme is based on thét of Gosman et al, but
modifications are required at the nearQboundary nodes in situations
where the grid lines are not orthogonal to the boundaries,

Another main feature of Gosman et al's prediction scheme. is fhai
it-is appliéable to the predicbtion of both laminar and turbulent flows.
This is because turbulent flows are treated like laminar flows, where the
turbulent transport properties (such as the so-called 'effective! viscosity)
vary from place té plé;;\in a flow domain. However further informafion
concerning the behaviour of the turbulent transport properties must be
provided. .In their work, Gosman et al made use of a model of turbuleﬁce
which originates from proéosals made by Kolmogorov (1942) and Prandtl (1945).
This model describes the turbulencejas a function of two parameilers; a
length scale, 1, and the kinetic energy of fhe turbulence, k. Early versions
of this model (see Wolfshtein (1967). ané Runchal (1969)) used a differential
equation for k and an algebraic equation for 1. These versions lacked
generality because the equations for 1 depended on the geometry of.the
problem,

More recently, the work of Launder ani Jones (1970, 1971), amongst
others, has yielded a more general version, which is expressed in the
form of two differential equations, one for k and one for dissipation of
turbulence, £ . The latter is directly related to 1l -at high Reynolds
numbers by the expression & o k3/2/ 1. RSatisfactory predictions for a
range of boundary iayer flows have been obtained wiih this model. However
its applicability to the prediction of recirculaiing.flows has not béen
thoroughly tested. The present work makes a contribution in this direction

by applying the model to the prediction of turbulent flows through in -~ line

‘tube banks.



17

1.3 Outline of thesis

- The thesié is divided into seven ohapfers.‘ In ohépter 2 the differential
equations, auxiliary equations and boundary- conditions are.presented.
Then in chapter 3 the differential equations are recast in a finite -
difference form. One novelty in chapter 3 is the new ~ upwind scheme for
the convection te;ms. The 1atter;whioh is a development from tﬁe standard ~
upwind scheme used by Gosman et al (1969), is given special prominence.
The other important novelty is the grid arrangement, which for the sake of
abbreviation is called the RAND (ﬁeotangular Arrangement for Non-rectangular
Dogain) grid. The latter and the appropriate finite — difference
equations are described in detail. -
N
In chapter 4, the procedure is tested for accuracy and convergence by
the prediotibns of - two simble flows with analytical solutioms. Thé
properties of the new ~ upwind scheme are demonstrated by these results.
. Chapter 5 contains two sets of laminar predictions. Thé firgst set
concerns. the detailed predictions of flow over a éingle cylinder for
~Re = 40, and the comparison'bf the results with a wide selection of other
_predictions and measurements. The'seoond set deals with the prediotioné
of flow through a selection of in — line tube banks. The results of the
latter are compared with available experimental data. These predictions
are unique because no éther predictions of this flow are known at the
present time,
Chaptér 6 oonfains a description of fhe turbulence model used here
and of the wall functions, which are in effect the boundary oonditions for
turbulent flows in near -~ wall regions. The wall functions oontain some
novelties, which are designed to deal with flows near separation and
reattachment regions. The accuracy and validity of the turbulence model
and wall functions are tested By the predictions (and comparisons with

appropriate experimental data) of developing flow through a channel and
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fully — developed flow through in — line tube banks.
Finally, Chapter 7 summarises the main results of this work and makes

reconmendations for future research.

1.4 Summary of the present contributions

The main contributions of the présent work>may be summaiised as
. follows:

(i) The new — upwind scheme,which is a novel method of approx—
imating the convection terms in the conservation equations (section 3.2).

| (ii) The RAWD grid, which igza new finite -~ d;fference grid

arrangement for domains with awkward boundaries (section 3.3).

(iii) The checks on the properties of the solution procedure, which
contains the novelties of (i) and .(ii) (Chapter 4 énd.éection 5.2)..

(iv) The description of new proposals for tufbulen% flow wall
functions (section 6.2).

(v) The predictions of laminar and turbulent flows through in —

line tube banks, which are reported in sections 5.3 and 6.4 respectively.
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2. THE BASIC EQUATIONS

This chapter seeks to set the stage for later chapters by listing and
rearranging the differential equations .which express the laws of
conservation of mass, momentum, enthalpy and other convected quantities.

Both laminar and turbulent flows are described by the same set of equations

——

. 7
by postulating effective exchange coefficients for momentum, enthalpy,

etc. The appropriate boundary Eonditions for these equations are

reviewed.

2.1 The differential equations

.20¢%1«1 Restrictions

The differential equatidns in a generalised form have already been
derived in detail by Gosman et al (1969). However here we are concerned
4o clarify the restrictions under which the equations will be used, énd
for the sake of clarity to write down these equations in the required
simplified form. It should be noted that.the following restrictions have
been imposed only for this study, and are not necessary for the purpose
of solving the generalised equations.

These reétrictions ares

(a) Body forces, chemical reaction, mass transfer and thermal
radiation are absent.

(b) The moleculér (or laminar) viscosity and exchange coefficients
are independent of other properties such as temperature and pressure,

(c) The stagnation enthalpy is equal to the fluid temperature times
the specific heat, which is independent of temperature and pressure.

(d) The flows ére steady, incompressible and either purely laminar
or purely turbulent. |

(e) All the flows are described by the plane Cartesian co—ordinate

system, where X and x, represent the Cartesian co-ordinates.

2



2.1.2 The laws of conservation

With the restrictions of 2.1.1, the laws of comservation of mass,

momentum and conserved property ﬁ are as follows:

DU ‘
— a O
Y (2.1.1)
U, bu' = —-/_b B'C'l: .
PUSEE T TR =, (2:3.2)

P uj gx ?T‘T_QJ + S;;s (2.1.3)

Xy

where uy is the velocity in direction i,

P is the fluid pressure,
Tfij is the component of the shear tensor which operates on thé

i — plane (the plane normal to the i — direction) in the direction j,
¢ is any conserved property éuch an enthalpy,

Ja%j is the diffusional — flux component of the property $ in the
direction j , end | |

f%éis'the soufce term which consists of all terms other than those

describing the convection and .diffusion of 4.

The indexes i and j may take the values 1 and 2, and the summation

convention is used. For example,_@_ (a{; %): O represents the following
x-

J

equations:

[a L) + 2 (a ls) =
%(az“&"> + 5%:—(&2'@5.>= o]
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2,2 Auxiliary equations

’In this section, we proceed to define tlhe components tﬁj and ~T¢, j,
which appear in equations (2.1.2) and (2.1.3) respectively.
For laminar Newtonian fluids, the components of the stress tensor
".f are easily related to the rate ~ o.f .—- stré,in tensor (velocity
gradients) via a generallzed form of Newton's law of viscosity, B].I‘d.
Stewart and Lightfoot (1960). Similarly, the flux components of
_enthalpy can be related to the tempe‘ra:bure- gradients by the generaliszed
form of Fourier's law of hgat conduction.

For turbulent flows, we follow an early proposal by Boussinesq
(1877) and postulate the existence of effective exchange coefficients

to replace the .laminé,r exchange coefficients in the respective stress and

flux laws ;' thus,

___,L 4 ol ' | (2.2.1)
(i )

‘and

Jé}t. = — ?5‘% __Q A (2.2.2)

Bx

where, /.Leﬁ, and _[; 0,5 are the effective viscosity and diffusivity
[ S

gl WV N S

respectively.

We also postulate that:

Lo = et/ %5 )

where, O;{ »i8 the effective Prandtl number for the property ¢.

<
Ed
Thus we have replaced the two unknowns TLJ and J¢ J by the
2
unknowns GID{ and Oy .y« To obtain information about the latter,
/ Peff ~
it is necessary to make use of correlated experimental data for turbulent

flows, such as ig presented by Hinze (1959). These matters are dealt



with in a summarised form in Chapter 6, so for the time being we proceed

on fhe aésumption that fﬁ# and qg' can be determined.
sefh

2.3 The vorticity and stream function equations

For twio = dimensional'flows, it is possible 1o replace the equations
(2.1.1) and (2.1.2) with two new equations: one for stream funétion,

_sl/ y and ancther for vorticity, &, These transformed équations, which
are derived in detail by Gosman et al (1969), form the basis for the
prédiction of two ~ dimensional flows in the present study. The results
of these derivations are outlined below.

Stream function is defined by: -

w, = '-L.-?—(é) N Uy, = ~ L 2 ' ~ )
’ _/D axz 2 2 _f’ _a—;l% (2._).1)

It is easy to show that the law of conservation of mass, equation
(2.1.1), is satisfied by this definition of stream function.

Vorticity is defined by:

w = U | 2, (2.3.2)
S, Soc,

By substituting (2.3.1) into (2.3.2), the so - called stream function

equation is obtained as follows:

> (L3N L owo=o
2, (F) +w=o (2:3.3)

By differentiating the direction — 1 momentun equation with respect to
X, and the direction ~ 2 momentum equation with respect to Xy and
subtracting the first from the second, we obtain the conservation

equation for vorticity (now called the vorticity equation):

22
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/Du./ QW 27 (/u%w) -+ S{o =0 (2.3.4)

22 2>:C§

S =R ax?;xa[/ie‘éﬁ (gii - Bu.)]
R edy] - Sl wz]} 22

Clearlynfho equals zero in uniform v1scos1ty flow, but even in other
tjpes of flow it is not in general very important, and so it is
neglected here, |

One furthe£ modification, that ié the elimination of uj from the-
vorticity énd conserved property equations by using (2.3.1), completes
the required reorganization. We proceed in the next section to assemble

the equations in a general form.

2.4 The differential equations in the form of a

single general equation

The laws of conservation have been redefined in the previous section
by equation (2.3.3) for stream function, equation (2.3.4) for vorticity
and a modified equation (2.1.3) for comserved property @. All these

equations may be represented by a single genéral equationd

pl(P3) - (¢
_”5%_:_‘{(}95 ;—DE'(CS;S ¢)} - 3_355&{6‘95 5332’1((:95 ¢)} + d¢ -

(2.4.1)
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where, ¢ now stands for any of the previous variables &J, 99 or,¢.
The coefficients 635, {%ﬁ, C@é and Céﬁ are defined in table 2.4.1

for ¢ representing stream function, vorf{icity and temperature.

¢ ag '6'?{ cgf cdg
'?0 o, :%-, ! - w
o ! et | Sew
T ! [ [;) ot 7 o)

Table 2.4.1

2.5 Boundary equations

When applying equation (2.4.1) to a particular pr;blem, the
specification of boundary conditions is requiréd to close the equation .
set. Now equation (2.4.1) is known as an elliptic equation, and for
the lat%er one must pfeSCribe boundary conditions along a closed curve
bounding the region of inﬁereét. These boundary'conditions are usuvally

given by either the value of @ or its normal gradient at the boundary.
A third possible boundary condition is a combination. of the previous
two.
. Obviously the precise boundary conditions will in general vary
from problem to problem. Indeed in later chapters, the boundary conditions
for each domain of interest will be clearly stated. However we shall

usually encounter boundaries which fall into one of the fellowing

categories: (a) inlet planes, (b) outlet planes, (¢} planes of
symmetry and (d) walls. We proceed to discuss the first three categories
(a), (b) and (c) in brief terms and to deal with category (d) in more

detail.
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(a) Inlet planes

For most problems, the entry conditions of the fluid, such as the
temperature and velocity profiles (and hence & and Qﬁ’), are known.

(b) Outlet planes

Outlet conditions are not usually known, and so the simplest practice,
théi of prescyibing a gradient condition, is adopted. Unless more precise
information is available, the zero ~ gradient condition is specified for
all the variables.,

(¢) Planes of symmetry '

(1) Stream function: This is a constant value and can be obtained
from the data of thé probiem.

(ii) = Yorticity: ()= O

(iii) - Other variables: The symmetry cond.i'tion demarids; that the

normal gradient is zero.

(4) pells

We shall illustrate the:boundany conditions fo£ this case by
considering a simple example, that of an impermeable stationary wall.

(i) Stream function: This is a constant value and can be

obtained from the data of the problem.

(ii) Vorticity: A4s vorticity is composed of gradients of velocity,
it can be rarely prespecified. A boundary conditon for vorticity and the
gradient of the product of vorticity and viscosity can, however, be
obtained from the 'no ~ slip' condition. This.is shown by the following
derivation.

In most situations near a wall, the gradients of the dependent
variables in the direction parallel to the wall may be neglecied in
comparision with those in the normal direction. For this case, the

vorticity equation (2.3.4) may be written as follows:
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d” (/ue“g w) a (2.5.1)
dx

where, x_ is the distance normal to the wall.

By integrating (2.5.1) twice, we obtain:

(2.5.2)

w = (Axy + B)/froy
where, /9 = [%Cn(/aeﬁ w)‘/s

B = [ frefs ],
[ pegf @],

= wall shear stress

i

and, 'Z;.

A and B are constants of integration and subscript S refers to the wall.

A second relation for the constants of integration, A and B, may be

obtained by writing the stream function equation (2.3.3) as:

dz
Zz—% + p (Rx, + B)//leﬁ =0 (2.5.3)

By integrating (2.5.3) twice and using the no — slip condition

[zr]“

we obtain:



If /uel%' is available as a function of x , 'bhen[d [Eeﬁ Cdy and g
can be obtained from the two simultaneous equations (2.5.2) and’

(2.5.4) and expressed in terms of 99 and ¢ values at a short

distance from the wall. ¥For example, if /u@ﬁ& is a cdnstant, which

is the case for constant property laminar flows, then:

C;JS = =~ — 3 64443 — 94%)

2 P XL

(2.5.5)

and,

YL = oy e = s ]

) ' -
= fefp] 55 Tt 3(- %) (2.5.6)
[ S Eae ,
where, subscript C refers to a point within the flow field at a distance
?f xn,c from the wall.
The practice for determining the vorticity boundary condition in
the case of turbulent flows is described in Chapter 6.

(iii) Other variables: The boundary conditions for other variables

are usually provided in the form of local values or gradients. For
example, the boundary conditions for temperature are givén by either
temperature or heat flux distributions, where the latter may be either

uniform or non ~ uniform.
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3. THE NUMERTICAL PROCEDURE

In Chapter 2, the laws of conservation were stated and then altered
into the vorticity, stream function and conserved property set. By
further manipulation, it was shown that all these equations could be
expressed in the form of a general differential equation for conserved
property ¢. In this chapter we outline the numerigal procedure,.which is
uéed in this work to obtain solutions of the general equation for ¢ and
thus for all the properties described by this equation. The novel aspects
of the procedure are to be found in section 3.2.1,'where a new metﬁod of
approximating the convection terms is introduced, and in section 3.3,
where we presen# a method-of dealing with domains which_have non -

rectangular boundaries.

3.1 The solution technigue

Research into various means of solving the general equation (2.4.1)
has been the concern of the Heat Transfer Section since about 1965. At
about that time it became cléar that the only general method of solving
equation-(2.4.1), and thus numerous problems in heat and mass transfer,
required the use of a finite —~ difference procedure. Subsequently the
work of determining the best available solution procedure resulted in
the publication of Gosman et al (1969).

Now in the present work, the procedure of Gosman et al has been used
as a basis for further development. The results of this development
include two main innovations. The first seeks to improve the accuracy
of the finite ~ difference approximations, and the second to deal with
domains ‘which include non - rectangular boundaries; that is boundaries

which are not parallel with either the x1 or x? co~ordinate axes.‘
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' In the following sections, section 3.2 deals with the formulation
of the finite — difference equation.for property.ﬂ. Sub~section
3.2.1 (a), which follows the method of Gosman et al (1969) for approximating
the convection terms, may be passed over quickly by the reader who is
familiar with this method. Section 3.3 describes the treatment of
non - rectangular‘boundaries and section 3.4 discusses some of the

properties of the numerical procedure.

3.2 The general finite — difference equation

Fig. 3.2.1 illustrates a

typical section of a finite =

difference grid, where the - . __<E & & 4<5 &
grid lines are positioned at ‘ =-=F =
Xp W AN L GNE g
discrete values of the A . H
. . (=~ - w'/_ ;7 -#ﬂ- -4
co~ordinates % and Xn1 and o CQV g:;fg{P Y &E &
i 72 !
t

the spacing between the

_‘_\ c;‘s.‘v } _(}S ! N\SE FanY
lines can be either uniform i ‘ ) hd Y
- e =
or non-uniform. The __{L A ,L A A
S o4 N A d ~1 S~y
intersections of the lines > 2,
are called nodes and each /{;C>/Twpical cell
node is contained within a -—éé— Grid node
finite area of unit depth, ' o Points on the
. cell boundary
which is called a cell. Fig. 3.2.1

Let P denote a typical node of the grid, and nodes N,S,E,W,}NE, SE,
SW and NW surround it. We shall restrict our attention to the cell,
appropriate to node P, which is shaded and denoted by thé co?ner points
ne, se, sw and nw., The cell boundaries are arranged so as to lie midway

between the neighbouring grid lines.
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- The first stage of the present finite — difference scheme is to
integrate equation (2.4.1) over the typical cell area. Thus equation

(2.4.1) becomes:

2y, [/: TERE) - BRYL) Fam -

) } romms .[_
LTAAGL). - 4G ] -

[T DRI - ([P Y, -

I'—‘ Diffusi;)n Terms .___I
[ { (“/}%)n [azc (cg ¢)] @‘F‘),a ‘[sa;;z(c # ¢)]A } dj_c' -+

(,-w‘

3‘2,\J///“9Cle | : ( )
d C{I:t d_jc 3.2.1

xZA ¢ 2 .

- Source Term —————J

In sub-section 3.2.1, we shall derive two finite — difference
approximations for the convection terms of equation (3.2;1). The first
approximation is the same as that derived by Gosman et al (1969), and the

second is a modified form of the first. However as the relevant expressions
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for the diffusion and source terms are given by Gosman et al (1969),
these terms -are only quoted as part of the complete difference equation,

which is given in sub-section 3.2.2.

3.2.1 The convection terms

(a) Method 1
To demonstrate the approximation of the four convection terms in

-equation (3.2.1), let us take the first term,

' “&11 : _ '
= a 3.2.2
?g?’ulﬁ:; 'aqu) Ct:c ( )

If both}lfand # are well-behaved functions in X5 then there exists an

—

average value f, such that:

jZf uééjac 54é<?ascz) 6‘“%;//i)/ﬁ i 3;@2;> dx, (3.2.3)

where the integral in the denominator of (3.2.3) can be written as,

/xz, sz,_) dx, = %e - %e | (3.2.4)

2

Therefore, from (3.2.2), (3.2;3) and (3..2.4),

I, = 24, p @- (%e - %Ae) (3.2.5)

The next ?ast is to express ﬁe’ ( e and 9Zée in terms of the
values of the variables at the nodes of the grid. We do this for‘B;

by meking an assumption, which is referred to as the assumption of



32

upwind differences. For equation (3.2.5), it states that ¢e is equal to

that wvalue of Q5 which is representative of the cell lying immediately

upstream of the side € .

The implications of this assumption are readily understood if we
note that the direction (and magnitude) of the flow across the e - facay

is glven by //9 W, dx, and hence from equation (2.3.1) by

(%e - %e) . For example, if (%e - %e> is positive, the

direction of flow is from node P towards node E. This implies that
;‘; is equal to the representative value of the cell corresponding to
node P; we take this value to be ¢p' Similarly, if (%e - Woe)

. is negative ¢e is put equal to ¢E'

The above argument can be incorporated into (3.2.5) as follows:

= A B he) # [ he~ el I 2
7 %[(Wne "'%3) - /%e“ %e/]/z (3.2.6)

Now we must also express %e and % in terms of the 5” values at
the surrounding nodes. This is accomplished by simply assuming that the
W value at the corner of a cell is given by the arithmetic mean of

the W values at the four surfounding nodes. Thus,

Ve = (Yo + Yo + Y ‘/‘:‘705)/4‘ (3.2.7)

Equation (3.2.6) can now be written as:

¢P Aer ¢E A (3.2.8)
where,

Ag = —4a¢p[(%+%5—9[/ ‘%ss)‘/%ﬂ"%&"%_ 55/]/8
Aez = ag o[ (4, +(/JNE ~W-the)- [ Yo+ Y-t %E/J/g

(3.2.9)
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The other convection terms can be expressed in a similar manner, and

the sum of the convection terms  can be given by:

Ioow = B[ Aea # P +Au + Ps2] -

- ¢E Ag, ~¢w Awz ~ ¢N HNZ _¢s 'qsl
| | (3.2.10)

where, in terms of the corner values of 9L/ y

- agp [(Yhom Yhw) = [Yhw il /2.
apn[ (Yoo = o) # [ Yo = fhs| 1/2

A = =l (Yoo = o) = Yo~ Yl 1/2
g [(Yhe = ) + | Y = Yho] 1/2

= g o (Yo = hou) = | Yhe = Yhws| ] /2
Az = ago[(Yhe = Yu) + [ Yoo = Yhiw] 1/2

- Although the A's used in equation (3.2.10) are different from those

D
RIS
u n

D
Z
N

u

D
v
n

(3.2.11)

in the corresponding equation (3.23-9) of Gosman et al (1969) the quantity
Loy is the'sahe in both Caseé. The reasons fof using different A's in
this case will become apparent in the following analysis. It is noted
here that the A's can never become negative, but they may fall to zero.
This is one of the features which, when usiné equation (3.2.10), ﬁakes
the finite — difference formulation for equﬁtion (3.2.1) stable and cﬁnvergent.
For the sake of brevity and future reference;, the method of apprdximating
the convection terms in equation (3.2.1) by the form given in equation
(3.2.10) is called the 'standard — upwind® method.

Unfortunately, although the latter is stable and convergent, it
suffers from a ﬁruncation error due to the one - sided or upwind difference
scheme described above. This error has been investigated in some detail

by Wolfshtein (1967), and a summary of his findings arve discussed in



Appendiva.1.> Wolfshtein concluded that the truncation error, which
appears in the form of 'false diffusion', is a function of y=1 , the
angle of inclination of the streamlines to the grid lines,

(b) Method 2 |

We now go on to describe a method of reducing the false diffusion’
error'mentioned above. The new method, which takes into account the
angle of inclination &3 , was first suggested by Spalding (1970). The
basis of this method is best described by referring to Fig. 3.2.2, where
a node P and its cell are surrounded by its neighbouring nodes N, E, etc.

Considering the east wall

of cell P, the flow direction X N N X
- ~
’ ~
through the latter is S.ane
o ~_ B
illustrated by a velocity : P Aol =<
: X x‘je ~=X E
vector which passes through
' Ae
the point e and is at an -
K % P2

angle Ae to the vector
for (U)e >0 and (Uz)e=0. Fig, 3.2.2
As the flow direction is from right to left, the appropriate convection

term by the standard — upwind method, equation (3.2.8), is given by:
- - | | (3.2.12)
I; 9é; /ZEI )

However the new method, which takes into account the direction of fiow

through the east wall, modifies equation (3.2.12) as follows:

L--d¢ 8, . (213

where,

¢D = value of ¢ at point D determined by linear interpolation

between gN and ¢E

Ic = —'HEI [%(IMG.EE) T ¢N GEE] (3.2.14)

34
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where, GEE is a linear interpolation coefficient, which is a function

of the angle /a?‘e and the geome'bricé,l arrangement of the grid.

Following the above procedure, the complete equation for the east

wall convection term can be written as follows:

I = BefAea[h(~Cer) + P Crn]
- B[40~ C)+ §,Gue]}
F hef Aea[B.(1 - Ger) + e G
A[BO-G)F Gee]}

where, Ppo. 1.0 o< (553 < T/z
and, T < & < 37/2

(3.2915)

Ppp = O
Pop = O T > & > T/2
By = 1.0) and, 27 >, Se > 37/2

G B and GEP are the approprié:be interpolation coefficients

E
y -1
/. = absolute value of the vector angle, tan (U-ge (U,,)e '
with respect to the vector for (“2):0 and (u")e> 0o

(u.)eand (uz)eare the velocity components in the JC, and X, -

directions respectively at point €

It should be noted that in the limits S =0, T T ana 37,
equation (3.2.15) reduces to the following:

=0 5 L.=A, @

Pe =T 5 I, ~HEI¢E

/éézl"gandé%r ; Ie= 0

(3.2.16)
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 Expressions similar to equation (3.2.15) can be derived for the
other three convection terms, and the sum of the convection terms can

be written as:

L= @[ (= 602) + (1= Gop) + A (-G # A (1~ G}
~ B, { Aua (1= Gun) + B Pes Gez + T Auz G}

@ [R5 (1= 6ss) + e At Gee 1 By Az Cuw
~®e { Aey (1 Gee) + s A Gos + R Az G |

= @ufPun (1= o) + B By Goat-Pow Az G}

F Bz £ B Pt G + Foe Ae G} |
+ Py [Fow At Cup + Buw Art G f
+ Qbsg f Rs Fsz Gsp + BRe Agy GE,P}

+ -¢sw {R'IS As. GSP + Eqw Awi Gwp} (3.2.17)
where, P = Ppo = 1.0} o </£fn,,b < TT/Z
Pop = Pyg = 0:0) amd ML & , < 3u/2

Por = Ppg = o.o} T L G5, 4 L T

Pag = Pyg = 1:0) and 30L&, , < 2w

k]

/52 4 = absolute valuesof the vector a.ngle.stanq[u-;/uz],
’ N
with respect to the vectorsfor u, = 0 and u2> 0,

at points n and s
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P, = P, = 1.0 oL B < T2

PE P
Pp = P = 0:0) and T=< & p < 3m/2
Pep = Ppy = 0:0 T2 < o L T

/%,w = - absolute valuesof the vector angles 'l;zzmm1 [U-z /u,],

with respect to thevectors foru, = O and u, 70, at

2
points € and Ww.

Also GNN: GNP7 GSS s GSP"' GEE . GE.P . wa and GWP are the appropriate
in‘berpéla:bion céefficien‘bs. U, and L«lz are the appropriate ﬁlocity'
components 'a;i; points n, s, e and w in Flg 3.2.1.

It is easy."bo show that when all the G's are put to gzero, eqﬁa‘bioﬁ
(3.2.17) reduces to equation (3.2.10). Further de'bailé about the
expressions for the G's and the component velocities L(., and Uy are

given in Appendix A.2. In order to distinguish +the above from the

standard - upwind method, it is called the 'new — upwind' method.

3.2.2 The complete difference equation

Before assembling the complete difference equation, which approximates
the integrated general differential equation (3.2.1), we need to quote
the expressions for the diffusion and source terms from Gosman et al (1969).

These are as follows:

Lows = Bo (g By = Cpp B)
+ Bs (C¢,S ¢s - C¢,P ¢P)
By (C?‘:E G - g Bs)
T By (Chw 95,\, ~ Cop giﬁ,n) (3.2.18)
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Lo = d¢,P Vi o (3.2.19)

4‘ xz;N' - xZ’P

-Bs = (’6'05,56;/‘ “6—¢,P> Xpe = Xow

IZ)P - xz,)s

B = (“6'55,5 + '6~¢:P>(x%” _ xz,s)
| 7 Xne = Xnp
By = (g + UpaYcon - xz,s> (3.2.20)
| ) 4— x‘,P - xl,UV '
% = -4-’- (xn,u = xz,s)(xf,e - 'xbw)

The final equation can now be written as: _
Leon + IDIFF + IsoR = 0 (3.2.21)

where, I, . is given by the new - upwind expression, equation (3.2.17).

" Following the mumerical method of Gosman et al (1969), we recast
equation (3.2.21) into the form of a successive ~ substitution formula,
where the variable pr is expressed as a function of the @#'s at the nodes

surrounding node P. First equation (3.2.17) is simplified into the form:

ICON = ¢P AP —¢~/q~ - ¢g/qs - ¢E HE - ¢Wﬁw
+ ¢NE HNE +-¢~w F}NW—{- ¢5& Hs& T Qi st (3.2.22)

where, the A's are easily obtained by equating the coefficients of
equations (3.2.17) and (3.2.22). Then by substituting equations (3.2.18),
(3.2.19) and (3.2.22) into equation (3.2.21) and rearranging, we obtain

the required equation:

¢P = (A/CON -+ NJ))PF -+ NS?RD/:D | (3.2.23)
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were,  Noow = By Ay + G A + P2 A + B, A,
~Bre A = B Ao~ Boc Ao = Povw P
Noier = By Cgu 3, + B, C,s Ps
+ B, cpe b + By g Pu
Neor = dgp Vo

D = Ap + Cop (‘BN+'BS + B +-Bw>

Equation (3.2.23), together with the necessary boundary equations, forms

the basis of our presemt computational iterative procedure.

3.3 The treatment of non — rectangular boundaries

In the previous section, we derived.the successive — substitution
formula for a general depen@enf variable ¢ at a general node P, This
formula may be applied to a node in aﬁy part of a rectangular mesh where
the typical node P is surrounded by all its neighbours. The values of
the P's at these neighbouring nodes must be either fixed or calculated
from the zero — gradient condition or more generally by the same
successive — substitution formula. However as shown by Gosman et al (1969) and
the work 6f Roberts (1972), nodes next fo wall boundaries require special
attention. |

In his derivation of formulae for nodes next to rectangular

boundaries, Roberts (1972) modified the near —~ boundary practice of Gosman
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et al (1969), which . = | %
involved the use of ‘ﬁg;é:éjt bS x
bas x bed > >

half - cells,

Fig. 3.3.1, to the

practice of using full - Fig. 3.3.1
cells, PFig. 3.3.2. 5/4/ (Ll L L e £ L Lt
_ X * x %
The latter is particularly §
XX X p3 pd
advantageous near Ll LR
X X X x X x
corners because corner .
X X % X »? b S
points, such as node C - - -
in Fig. 3.3.1, are removed. ' Fig. 3.3.2

This means that the special assumptions, previously required for calculating
corner vorticity, are avoided. Successive ~ substitution formulae for ¢

at near -~ wall nodes with full -~ cells are given in some detail by

querts (1972), so these are not repeated here. Also the formulae for ¢

at near - boundary nodes with half - cells are given by Gosman et al (1969).

However in the present section we ares concerned with the description .

of special forms of the successive -~ gsubstitution formulae which are

relevant to nodes next to non -~ rectangular wall boundaries, where the
latter are matched with a Cartesian éo—ordinate grid system. A review

of various techniques éor treating non - rectangular boundaries is given
in section 3.3.1. The presént treatment is described in section 3.3.2»and
examples of typical finite ~ difference approximatiéns of equation

(2.4.1) as applied to near - wall nodes are given. in section 3.3.3.

3.3.1 Review of technicques

The solution of the vorticity — stream function set of equations in

a domain of arbitrary shape may be performed using a number of numerical
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techniques. The present sub-section is concerned with discussing some
of the techniques, which have been apblied in particular circumstances,
before going on to explain the present procedure in éection 3.3.2.

Most of the techniques, which afe discussed below, have been applied
to the problem of transverse flow over a single cylinder, where the latter

is immersed in aninfinite expanse of viscous fluid. The earliest work on

)\ Figo 3'303
AU A
17| £X
- [ _ e 3.i_
: =4S

this problem waé performed by Thom (1933), who used two techniques. In

the first,-Thom divided the field into a finite ; difference grid
consisting of square rectangular meshes, Fig. 3.3.3. However at that

time ~the main disadvantage of this method was due to the inherent

irregular arm lengths of the finite — difference grid near the curved
boundary. The basis of the second technique involved the solution (by
graphiéa} or other means) of the equations ‘7'2$L’ = 0and V2 ¢ = 0for
the given domain. The latter.procedure gives an orthogonal network of y& .
streamlines and ¢ equipotential lines which are used aé the grid for

the finite — difference solution procedure. Fortunately this procedure

is unnecessary for flow over a single cylinder because the grid network

is given by the well - known potential flow solution. Apelt (1958)

followed another of Thonm (1933)'s suggestions and transformed the

equations given in the Cartesian x, - Xo plane into equations in the

o~ & plane, where, |
<= -RE
~ R loge™
o

+ and © are defined in Fig. 3.3.3

]

constant

Il
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This grid arrangeﬁenf is pa.rticularly' advantageous near the cylinder
walls where a fine mesh can be used. However special means must be
employed to obtain the boundary conditions at some distance from the
.walls. Kawaguti (1953) used a different set of transformed co-ordinates

e

X and Y, where, X = 1/

2br O

and was therefore able +to use boundary conditions relating to ¥—=00,

Y

A number of other workers have tackled the problem of transient or steady
flow over a cylinder and most have used the transformations of either
Apelt (1958) or Kawaguti (1953). The work of Thoman and Szewczyk (1969)
is however distinct in this field because they used a hybrid mesh cell
structure, whefe the éells are described by an¥ - @ system in the region
RE+<2R (where R = radius of the cylinder) and a rectangular mesh
. in the outer field. A special calculation procedure is required at the
interface between the T ~ & and rectangular cell regions.

In their predictions of flow over a V - shaped notch, Mueller and
O'Leary (.1970) used a finite - difference procedure with a rectangular

mesh. As the V — notch was chosen to be symmetical and formed by a 450

7 == Fig. 3.3.4.

e

triangle, Fig. 3.3.4, the arms of the finite -~ difference grid within
the notch werse regular, and thus no special interpolation procedure was
required near the walls.

All the above investigators, except Thoman and Szewczyk (1969) and

Mueller and O'leary (1970), used uniform grid spacings in the transformed
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or actual domain and they approximated the differential equations using
central - différence formulae. Mnéller and d'Leary used linear grid
spacings, but unlike the other workers employed upwind differences to
approximate the convection terms. Tﬁoman and Szewczyk divided.their
domain into non — linear cells and positioned the nodes of their grid

at the geometric‘cenire of each cell, They also used upwind differénces
for the convection terms, but because of their cell/node.arrangement
they were constrained to employ finite -~ difference approximations for
the diffusion terms which are less accurate then the central - difference
formulae.

In their general numerical procedure for predicting flow in domains
of arbitrary shape, Gosman et al (1969) require the use of orthogonai
finite -~ difference meshes. This means that for a.domain of arbitrary
shape it is necessary to solve the equations V]zeb = 0 and ‘72 4 =0
by analyticai, graphical‘or more often by numerical means so as to obtain
a network of 6rthogona1 streamlines and equipotential lines and thus a
network of orthogonal cells. However for certain restricted but
important types of domain an orthogonal grid system can be easily
determined. For instance, many domains can be described by the Cartesian,
cylindrical or spherical co-~ordinate systems, and a much smaller number
can be mapped by orthogonal‘conordinétes given by analytical transformations.
Examples of the latter are the domains for flow over a cylinder, Thom
(1933), and flow between rotating eccenfric cylinders, Launder and Ying
(1971). DNevertheless if we are to use the equations as set up by
Goéman et al (1969) for more complicated domains, then it is necessary
to determine an orthogonal mesh by numerical or graphical means. Unfort-.

unately, the available numerical methods of calculating orthogonal grids,
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Barfield (1970), Apelt and Thom (1961), involve much laborious work before
all the feduired geométrical éuantities are obtained. It is obvious

that this initial effort should be avoided, if a simpler aliernative grid
netﬁork can be developed. This is the subject of the next section, which
shows that a Cartesian co—ordinate system can be used to map a domain
with non - rectanguiar boundaries and that appropriaté difference

equations can be set up for the near — wall nodes.

3.3.2 The‘presént treatment

The basis of the treatment of non -~ rectangular boundaries is the

use of a RAND (Rectangular

Arrangement for Non- X2
. . . X ad x =
rectangular Domains) grid, which VN B p
is illustrated in Fig. 3.3.5. x | %
- 2 / »] w®
In this figure a curved surface,
. | I
*which is not orientated in any ¢
. i - ]
particular direction, is X  Grid node
approximated by a succession of X | Typical cell
straight lines linking the Fig. 3.3.5

grid nodes on the surface. The

nodes within the domain are arranged in a pattern,'which is orthogonal
with the x, and x, co-ordinate axes. The boundaries of each cell lie
midway between the grid nodes. This means that the cell adjacent to

the wall are triangular in shape, but those in the remainder of the
domain are rectangular. Another possible RAND grid arrangement, in which
the grid nodes are positioned at the geometric centres of the cells, is

described by Le Feuvre (1970). The detailed treatment for this arrangement,

which is similar to but less convenient than for the arrangement in
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Fig. 3.3.5, is also given by Le Feuvre (1970).

If should be pointed out here that the grid in Fig. 3.3.5 is used
exclusively for the calculation of low.Reynolds nmﬁber flows: When
dealing with the prediction of turbulent flows, the grid in Fig. 3.3.5

is modified to the form given in Fig. 3.3.6, where the wall nodes in

Fig. 3.3.5 are moved away Lh  Ax

from the wall by a small 1%\ ~%;:*__-

distance AX, . The cell o/ ‘:\g;: :: :
walls, AB and IE, of a / ) \& s
typical near-wall cell P z *
are normal to the curved . ff:;2>i§7
surface., - . ' : X,

So far we h;ve | X Grid node
illustrated two cell | Cell in fleld |
arrangements for boundaries . : . Cell near wall
which are not parallel té g , Fig. 3.3.6

. ‘the co-ordinate axes. We

now illustrate the situation where the curved surface becomes parallel
to one of the axes. We do this by considering the near — wall region
where the curved surface becomes normal to the Xy = axis. The
appropriate cell arrangements, corresponding to Figs. 3.3.5 and 3.3.6,
are shown in Figs. 3.3.7 and 3.3.8 respectively. In Fig. 3.3.7, the
curved surface at the top of a cylinder is approximated by a straight

line parallel with the X, direction. This line forms one side of
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~ N

the rectangular cell

’ ' . P »E
P and the geometrical L
» o

XX
bARS RS

X[ XX«

positions of nodes P,

E and SE are inter -~

related by the

v
g

requirement that the
cell walls lie midway : . Fig. 3.3.7
between the nodes. '
The arrangement in

Fig. 3.3.7 is preferred

to the use of closely -

A lxx

‘spaced triangular cells

K|XX
X XXX

up to the top of the / N

X

cylinder. On the other = . A / -

hand the grid in | | > x,
‘Fig. 3.3.8 {corresponding Eig. 3.3.8

to that in Fig. 3.3.6)

shows that the.arrangement near fhe top of a cylinder is. essentially
unchanged féom that lower down.

We should now consider why it is necessary to use two grid arrangements,
one for laminar flows and one for turbulent flows. The reason is due to
computational difficulties,Awhich became apparent during the process bf
development. The grid in Fig. 3.3.5 was used in all the Chapter 5
laminar — flow calculations, but when it was applied to the compufation
of turbulent flows through in -~ line tube banks divergence problems were
encountered. The ofigin of the divergenpe was traced to a combination )
of the use of wall slip values of f (section 3.3.3, equation (3.3.4))

and the instability of the new ~ upwind terms under certain conditions,
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section 3.4.1. This source of divergence was eliminated by rewriting
tﬁe.conveCtion terms so that wall slip values of ¢ were not employed, and
to corresponﬁ with the latter modification the grid was altered to the
form in Fig. 3.3.6. .

We now pass on to the next section where we set up tﬁe difference
equations for the near ~ wall cells in Fﬁgs. 3.3.5 and 3.3.6. For the
sake of abbreviafion, the grids in Figs. 3.3.5 and 3.3.6 will now.be
- referred to as the F.W.P. (fixed wall point) and F.N.P. (fixed near -
wall point) arrangements respectively. The meanings of the abbreviations,
F.W;P. and F.N.,P. describe appropriately how thé‘cofresponding grids are

generated{

3.3.3. The finite ~ difference conservation equations

for typical FJW.P. and F.N.P, cells

In this section, we shall first consider the difference equations
for the F.W.P. near ~ wall cells in some detail and then we shall deal
more briefly with the equations for the F.N.P. arrangement.

(a) F.W.P. near ~ wall cell

Referring to Fig. 3.3.9,

which illustrates a typical X NE
i

F.W.Pe. ar -~ wall 11 ‘
W near wa ce < E

1
arrangement, we choose cell XSE

P as the typical near - wall

cell and we assume that the
flow through the triaﬁgular
cells adjacent to the wall _ Fig. 3.3.9

is one ~ dimensional and

always parallel to the wall. This assumption means that the flow

directions through the west and south boundaries of cell P are fixed by



48

the vectors which pass through the cell bqundary points w énd s and
whic@ are parallel to the wall boundary.

We now derive the convection, diffusion and source terms for the
¢ equation appropriate to cell P, and'tﬁen illustrate the speéial forms
of the near - wall equations for SZ/ and J.

(i) Convection terms

The formulation of the convection terms for the near — wall cell
boundaries is éur first consideration. As an example, we shall derive
the expression for the west boundary of cell P. Nﬁw we have indicated
above that the flow direction through the west boundary is known and

therefore the values of P y G and G 5,. in the new - upwind

ot i G WP

formulation,_seétion 3.2.1, are known. In this case, PPw is zero and-
PMW is unify. Howéver it should bé noted that when the flowvis from
right to left, it is not possible to use the new - upwiﬁd formulation
which indicates that we should interpolat;'betwgen ¢P anq ¢SW because
node SW does not exist. Insj;eé.d we are constrained to interpola{e

between ¢P and ¢S' Therefore the convection term for the west boundary

is as follows:

I. = ﬂWl[¢PQ— GWP> + ?55 GWP]
“Au LB,( - Guw) + By G (3.3.1)

Similarly the convection term for the south boundary is given by:

I. = AL ¢p (1 = Csp) + Pu Css] o
_Hs: [ qss (' - Gss) + ¢E G'ss:‘ (3.3.2)

The complete convection term for cell P, which is obtained by adding
equations (3.3.1) and (3.3.2) to the expressions for the north and east

cell boundaries, is as follows:
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Loy Bl (1-6) + Aga (1~ 60+ Ay (1= + A (1G]
~ @[ Aua (1 ~Gim) + Bz A G + Az G
=LA (1 = 65) + R Ay Cee = Ay Gue]
LA - Cee) + By Aun G+ Ay Gis |
= Bl a1 = Cuns) + By P g = Pz o]
+ B [ Ros A Gye + Bog Aea o]

+ QJ;U[PPN Hm GNPJ + ¢SE [EE H,.;z GEP] (3.3.3) |

where, the A's, G's and P's are defined in section 3.2.1.

We should at this stage consider the wall values ¢W and %S’ to
. be assigned to equation (3.3.3). It may seem obvious that the wall values
should be given by either the fixed boundary values or, in the case of
vorticity, the wall value calculated from the appfopriate internal nodes.
However if the wall value is assigned in circumstances where the
gradiemt of ¢ at the wall is large, this will lead to grossly inflated
convection t;rms for the near ~ wall cell boundaries and thus to
significant errors in the whole domain.‘ To avoid this possibility, 'wall
slip values' are calculated from the values of ¢ at neighbouring nodes and
these are assigned to ¢w andv¢s in equation (3.3.3). The calculation of
slip values is performed by assuming that ﬁ varies linearly Eetween
the wall point and its three neighbours. Referring to Fig. 3.3.9, we
assume that ﬁ varies linearly between the node W and its neighbours MW,
N and P, and between the node S and its neighbours P, E and SE. With

this assuﬁption (¢w) s1ip 2nd (¢s) s1ip oTe given by:
(Qiélap ?%”V T géa - Qév
(¢5>A&;o = ¢P + ¢ss_4‘“. ¢e (3.3.4)

it



* The latter are close to the actual values only in situations, such aé
in constant property laminar flows; where ﬁ does vary linearly near the
wall. In oiroumstanées where the gradient of @ is steep at the wall
and falls off rapidly away from the wall, the above method gives

good approximations for the near - wall convective fluxes.

(ii) Diffusion terms

Now we consider the diffusion terms appropriéie to the near — wall
cell P in Fig. 3.3.9. -4s for ﬁhe convection terms we assume that the
flow through the near -
wall cell boundaries

is one - dimensional,

and so the diffusion of X
A " ONw N NE
¢ parallel to the wall = x X
= A h >
is negligible compared t P £
' X ¢e X

with the diffusion LA

S
normal to the wall.

G
Referring to Fig. 3.3.10, /
this means that the west
and south diffusion

. > X,

terms in equation
(3.2.1) can be summed Fig. 3.3.10

and given by either:

(Id>west + (I d)SoaH\ f xz’(n'(rgﬁ) [ Bx(cgs gb)] dx,
ICONEICTO S

(3.3.5)
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or,

. +Xt,6 , :
(I“qut * (I d‘>/50-'d5,\ =4 ({”jﬁ)waﬂ [gbs‘cn(% ¢)on.!€ dacg

(3.3.9)

where, x, and X, denote the co~ordinates parallel to and normal to

6
the wall respectively.
Equation (3.3.6) can be expressed in the following finite — difference

form, if c¢ ¢ varies linearly with X 1 and b¢ is independent of %yt

LXm,p — Xnwall

= Bueu|(cs @p - (C¢ @Wd (3.3.7)
where, xua-ﬁé = ('6-¢)waéﬁ[xt6

It should be noted tha:t in g_eneral the finite — difference

(e (= (e[ Do~ CPht] G20,

= xn’

approximations for equatioﬁ (3.3.6) are much easier to obtain than for
the general form of equation (3.3.5). This is particularly true for
variables, such as vorticity, which are not usvally given fixed wall
values and which may vary rapidly in the near - wall region. However
wheré the‘values of ﬁ at fhe wall nodes are fixed by the boundary
cqnditions, then tbe use of equation (3.3.5) may be preferred. This is
true for the formulation of the stream:funcfion equation in the case of
constant property laminar flows. In the latter case, equation (3.3.5)
for the west and south stream - function — gradient terms is written

in the following f{inite — difference form:

(Id\)«'mi' +(~/Id/,b;>uf£ = ﬁv({}[jpk S/JL'U)'{' -Bs (5//;; - gUs) (3.3.8) |
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where, B and By are given by equation (3.2.20), 90% and g[é are the
‘ wall values of stream function.,

(iii) Source terns

It is difficult to deal with the aerivation of source terms in a
general manner. So we shall concentrate our attention on the evaluation
of the only source term used in the present predictions of constant

property laminar flows. This is the stream function source term which

is givén by:

v Xan  ~Xpe
I = "f f w dx, dxz
=,- CLJP VP : (3‘3‘9)
where, ZZZ, =  space — average vorticity

= A - -
Vi = e (xz,u xz,s)(-’xc,e Xiw)
As &) varies linearly near the wall then the space — average vorticity,

) (0, can be assumed to be given approximately by the node vorticity,CQb.

In the.above, we have considered typical formulations for the
convection, diffusion and source terms for a near — wall node. Now by
way of example, we shoﬁ how the exﬁresSions for stream function and
vorticity are formed.

(iv) The equation for near — wall stream function

The near - wall stream function equation is formulated by summing
equation (3.3.8), equation (3.3.10) and the appropriate north and east

gradient terms, and then equating the sum to zero as follows:
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500U+ B () # B, (Y- )
+ By (Y- ) - wplf =0

Rearranging gives the following equation for (7”13:

% = -BN'%*‘@% ’f'-BEspE"L—Bw(/jW"/“ wPV’

By + Bs + Pe +Pw (3.3.41)

(v) The equation for near - wall vorticity

After collecting the convection and diffusion terms together, the
expression for near — wall vorticity C()P, based on the nodes in Fig.

3.3.10, is of the following form:

wp= wp-{wu yWe 5 Wyg , Ww » Wsg » a)-wall} (3.3.12)

where, ﬁ)wa[[ = "[_5;_22. + 3((70? sbm@)] ‘ (3.3-1.3)

Equation (3.3.13) is obtained from equa;tlon (2.5.5), where the present

subscripts wall and P are substituted for subscripts S and C respectively.
Using equation (3.3.13) to eliminate wwall from equation (3.3.12), then

equation (3.3.12) can be written as:

CJP= wp{wk: W 5 Wye 3 Oy Wse Sﬂp 2 ﬁm&)‘ (3.3.14)

This sort of formulation for near - wall vorticity is calleci an
rimplicit' formulation, Gosman et al (1969), because the wall vorticity
no longer appears explicitly in equation (3.3.14). In many circumstances
this form of the equation will enable numerical convergence to be
obtained. However if the grid point P is very close to the wall,
divergence may bccﬁr because of the stream function — vorticity

interaction. This interaction exists because. SDP y equation (3.3.11),

B

is a function of (A)P as follows:
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% = sbpl[‘dp, %\'; Sbs; S,ﬂs P ‘ypw} (3.3.15)

Thus CL)P appears on both sides of equation (3.3.14). To enhance
convergence in all circumstancés,c&)P must be eliminated from the right -
hand side of (3.3.14). This is done by rearranging equation (3.3.15)

into the following form:

9éé "_EE%E = Zf'fr eléla 944 2 942 b/ GZ{V 3* |
3 = (By+Bs+Be +Bu)/ Vs

Then equation (3.3.16) is substituted into equation (3.3.14) to eliminate

(3.3.16)

Q)P completely from the right — hand side. The resulting equation is as ,
follows: _
wp"’ WF{&)N,OOE, COne » W > Wse [__{7”? "E.ZJ_E]., Sb«mu}
| | (3.3.17)
Equation (3.3.17) is called the 'fully - implicit' formulation for
near ~ wall vorticity. From past experience, this formulation not only
enhances convergence but also accelerates the process of convergence. .

(b) F.N.P. near — wall cell

We now consider the formulations for the F.N.P. near — wall cells.
We shall restrict our attention to the convection and diffusion_terms
because the source
terms for turbulent x
flows are discussed in

Chapter 6. Referring to

Fig. 3.3.11, which

illustrates a typical

P N.P., near -~ wall cell

we assume that the flow

between the parallel

curves APC and FD is

one -~ dimensional. Fig. 3.3.11



- (i) Convection terms

For reference purposes, we refer to the cell walls AF and CD in
Fig. 3.3.11 as the west and south walls respectively. We are not
concerned with the wall FD because it is impermeable. Referring to

the west wall and equations (3.2.11), we define AW1 and sz as:

Awi : “Qdp [ W= G) - | %"‘ (#Fl]/?»
Auz = Q¢JP[(¢A"¢F>+,% "%‘]/2 (3.3.18)

where,

SDR E‘]pnw
U =

51

- ag o[ (Ye-t) - [ e “F/él]/z
A= gl (=g +1¢a-Gll/z o

b = Y
4 = G

Now 9@6 and SLg are given by the stream function value on the wall

Similarly A_, and ASZ are given by:

D
1l

boundary. However QLL and éZé must be expressed in terms of the

surrounding values as follows:

% ‘QL(S&NW_'L"IUP)
Vo=t (% + Yie)

Using the standard - upwind method, the convection terms for the west

"

(3.3.20)

il

and south walls are given by:

A (Zzgjhuadb = ﬁ/q‘VV Si? = Awa gbhu/
(I"-’).Acmf/\ = Ase ¢P - F)s: ¢SE (3.3.21)

55



We_how provide some explanation éf the new - upwind formulations for the
north and east walls. Referrihg to Fig. 3.3.11 and the east boundary
of cell P, we consider the possible directions of the mean velocity
vector and the corresponding new - upwind interpolations between the

¢'s as folloﬁs:

(i) o </56 < TT/Z } as given by 'ﬁe;fa;:[(uz e/(u")e]
T < Be < 37/2

Interpolation between ¢P and ¢SE or between ¢N and ¢E' The definitions

of &, <u1)e;‘<u2)e and the appropriate G's are given in Appendix A.2.

(ii) TT/2 <,5e LT } as given by /ee=ta{’[<u2>e/<L{r>e]

31M/2 < Be < 2T
Interpolation between ¢E and ¢SE or between ¢P and ¢NE' The G's in
this case are calculated by assuming that the velocity vector‘is
parallel with the wall bbundary. This latter measure has to be taken
so as to obtain converged solutions. Interpolations similar to (i) and
(ii) are carried out for the north wall, Collecting:all the terms

together, the complete convection term for cell P is as follows:

con = Pof A (1= 6un) + Aea(1-Cer) + Pz + A, ]
=B { Aua (1= G) + Be Ay Cez }

=~ Pe { Aei(1 = Gee) + Py Az Gun }

 Pue [ B A Gup + Rae Az Gep}

= B T B Pz G + Az = ot Pt G

‘¢se_ Z( e Per GEE + A, — ot HEZGEP} : (3.3.22)

b~
|

where, the A's, G's and P's are defined in section 3.2.1.

56
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(ii) Diffusion terms

Referring to Fig. 3.3.11, we stated earlier that the flow between
the curves APC and FD is assumed to be one —~ dimensional. Therefore
it follows that the diffusion in the di£ection parallel to the wall
through the boundaries AF and CD is negligible compared with the
diffusion in the normal direction through boundary FD. The term for

the latter is similar to equation (3.3.6) and can be written as follows:

(Id);:p - J,;F’.('{’V)mte [.a%:n(c¢ ¢>Jamlé axe  (3.3.23)

One example of equation (3.3.23) is the expression for the total heat

flux through FD as follows:

_(Id')Fp'z fxt’b QZ@/CP dxy | (3.3.24)

Xe, R
./’
where, %wall

heat flux through wall

c specific heat of fluid

P
o .
The form of C[/wall/cP for turbulent flow is given in Chapter 6.

The diffusion terms for the north and east boundaries of cell P-

are given by the standard form, as shown in equation (3.2.18).

3.4 Some properties of the numerical procedure

The most important properties of a numerical procedure are the
factors which affect its convergence, accuracy and economy. These
properties as applied o the present procedure have been studied in some
detail by CGosman et al (1969), Wolfshtein (1967) and Runchal (1969). It is
not the present purpose to reproduce the material discussed by these
authors, However we should initially'focus our attention on what is

meant by the terms convergence, accuracy and economy as applied to a
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numerical procedure., Then we shall consider thé cohvergence propertieé
of the new - upwind difference equations in section 3.4.1.V Métters,
which concern accuracy and economy, are not dealt with here but are
discussed in the following chapters &ifh respect to particular problems.

(a) Convergence

It was mentioned in section 3.2.2 that the difference equations are
to be solved by an iterative procedure. This means that an initial
guess is substituted into the successive - substitution>formulae and a
new solution is obtained. The latter is then used as a new guess, and
so on. It is obvious that this procedure will be useful only if it
satisfies the requirement that with each new guess the iterative
solution approéches the exact solution of the difference equatiomns.

This condition is called the requirement of convergence.

(b) Accuracy and Economy

Asspming that unique sqlﬁiions exist for the difference and
differential equations, thgn %he overall numerical error is the difference
between the numerical solution of the difference equations and the exact
solution bf the differential equatiomns. This difference is a measure -
of the accuracy with which we are concerned. The economy of a numerical
procedure is measured by the computer time required to obtain a
numerical solution by interative means.

The overall ﬁumerical error consists of three components. Firstly
there is the round - off error, which is due to the fact that a computing
machine must ﬁerform its calculations with a finite rnumber of digits.
Experience. shows that this error is negligible in machines which use
numbers with 8 or more digits.

Secondly there is the iterative error, which is the difference
between the iterative numerical solution and the exact solution of the

difference equations. This difference may be reduced to a negligible
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quantity by allowing the number of iterations to proceed to a very large
number. However because the computer time is directly related to the
mumber of iterations one must, for the sake of economy, limit the
number of iterations in such a way that the iterative error is helow an
acceptable level. Such a limit can be determined by the following
index of.convergence; which can.also be regarded as a measure of the
iterative error:

Max.
(a1l nodes)

¢(~) émqb(u-bl _{- A

where ¢(N) is the value of any dependent variable at the Nth iteration.

(3.4.1)

The computationsAare stopped when )\ falls below a prespecified limit
Nref -

However a further test of convergence must be applied to minimise
the effect of -oscillating small values of ,d(N). For instance, a
relatively small value of {ZS(N) ‘in the field may oscillate widely from
one iteration to another eve;:x though the rest of the field is almost
settled. This can cause A to be much greater than >\+e£ and thus
suggest that the field is far from settled. To minimise this effect, >\’
is also calculated as follows:

Y. B~ e £ X
(all nodes) qu (¢,f"’°+ E(-|)+ ¢S:) + ¢$(n))

where, subscript P indicates any node surrounded by four neighbouring

nodes findicated by subscripts N, E, W and S,

’ . /
If A < XN, then A is compared with )\fef instead of A being
compared with )\*'e[ . The experience of Gosman et al (1969) indicates

that A = 0.001 is a sufficient 1limit for most problems. The

tef
above criteria with . )\'-"cf = 0,001 are used in the present
computational procedure.

A more rigorous index of convergence, employed by Gosman, Lockwood

and Tatchell (1970), is the magnitude of the 'residual source! term in
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each ¢ - difference equation at each node. By rearranging.the general
@ — equation in (3.2.23), Rﬁ pr the residual source term at node P,
b

is defined by:

R¢,P = ¢,, D - (Nr:g/v + szﬁﬁ + NsoR) (3.4.2)

An exact solution to equation (3.2.23) requires that R¢’f is zero, but
when the solution is incorrect R¢,P measures the current error in the
solution of (3.2.23). R¢ for all ¢'s at all nodes must be reduced to an
acceptable ievel before the computations are stopped.A This index is
often used in conjunction with equation.(3.4.1) but it is not used in the
present procedure. .

| Thirdly, there is the discretization error, which is the difference
between the.exact solution of the difference équationé and that of the
differential equatiéns. In other words this error is composed of all the
errors due to the approximation of the differentialvterms in a ¢ -
conservation‘equation by finite ~ difference terms. This error is the
major source of the overalilnumerical error, because as discussed above
the errors from the other sources are reduced to negligibie amounts by
using sufficient digits and requiring sufficient iterations in the
calculation procedure. One obvious way of reducing this error is to
use fine grids so that the resulting finite — difference terms give a more
exact representation of the differential terms. However the extent to
- which a grid may he refined (and thus tﬁe mumber of nodes increased) is
limited by considerations of economy and computer sforage.

3.4.1 Convergence properties

Gosman et al (1969) give a aetailed discussion of the convergence
properties of the general equation (3.2.23), where the convection terms
are approximated by the standard — upwind method. It is the purpose of

this sectionto illustrate the convergence properties of equation
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(3.2.23), where in this case the convection terms are given by the new -

upwind method.

We must initially consider the following set of equations:

x; = _,Hé (ac;x; + ) (3.4.3)

where the x's are the unknowns. It is known that if the equations in
(3.4.3) are linear (i.e. the a's and b's are constants) their use as
substitution formulae will be convergent if:

> ( o ! £ 1

. . . L - Ld L ]

xry J (3.4.4)
for each ij and for a least one i,

Z [ay| < 1 - | (34'5)'

L
Gosman et al (1969) show that equatlon (3.2.23) with the standard -

upwind terms can be. written in the form of equation (3.4.3), and that,
for this set, equatlon (3.4.5) is usually satisfied abt a boundary. .
However in general the a's and b's are not i;peaf’but vary from one gt
iteration cycle to another. Nevertheless expe;ience has shown that the
above criteria are still useful guides, because they are often sufficient
but not always necessary conditions for convergence and that they may be'
mildy contravened without serious effect.

| To illustrate the convergence properties of equation (3.2.23) with
the new — upwind terms, we shall determine the sum of the coefficients
for an optimum flow condition and compare the result with equation
(3;4.4). This optimum flow condition is given by the situation where
the diffusioﬁ terms are negligible; and the différence between the
standard — and new - upwind terms is a maximum. A simple example of
such a flow is shown in Fig. 3.4.1, where a zero — viscosity uniform -

velocity stream is inclined at an angle of 45° to a uniform grid mesh,
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The ¢ — equation for the typical cell P ig given by:

_M[¢N(I~GNN) + ¢w Grm] | : v
_M[gbw(’—e’ww)"" o wa] 1 W ‘ NE-

N
_ X X
+_M[¢p (’ - GSP) + gé-w GSP_] W/< e
: X h X X
+M[ B (1 = Gr) + B Gp]  (3t6) o,
‘ X X X
h M = absolute val £
where, absolute value o 45%
—.
flow across any cell
wall Fig. 3.4.1

and, the G's are defined in section 3.2.1.
For the uniform grid in Fig. 3.4.1, the G's are given by:

Gyy = Guw = Gsp = Gep = 0.25

By rearranging equation (3.4.6) we obtain:

¢P =.CN ¢~+ Cw ¢w.+ Csw ¢sw + CNE ¢N£ (3.4.7)

" where, CN = | — Gw + Guw = 0.66
' . 2 - GSP - GEP

Cw = | — Guw F GMN = 0.66
2 - Gsp - GEP

Csw= ~G5P = —0./16&
2 — Gsp — Gep

_CNE = - ep T o= =066

Now the criteria in equation (3.4.4) indicate that, when using equation

(3.4.7) as a successive — substitution equation, convergence is ensured if:

Slcl=1Cyl +1Cul +1Csw|l + [Cuel & 1.0

However we find thatse

Slc| =166
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Thus this example shows that in the 1limit the new - upwind ecuations
can seriously contravene the criteria of equation (3.4.4), and indeed
computations of this flow situation‘result in numerical divergence. On
the other hand, the stability of the standard — upwihd equations is
illustra,tedl'b.y the fact that equation (3.4.4) is a.lways satisfied. ‘This
can be shown by putting the G's in equation (3.4.7) equal to zero, and
thus Z I C ' fc;r the standard -~ upwind equations is given b;y;:

Zlcl=1lo

Considering a more general case of Fig. 3.4.71, where the angle
between the direction of the stream and the X, direction is a variable
A2, then it can be shown that ZI c l for the new — upwind equations
has two limiting values. The upper limit is 1.66 f';)r,g = 450 and the
lower limit is 1.0.for,¢9 = 0. Also it can be shown that. the inclusion
of diffusion in this example does not alter the lower limit of Z/C{
but decreases the upper limit as viscosity inci‘easéé. This means that

ZI CI Ty for the new -~ upwind formulation, is within the range
1.0 & ZIC‘ £ 1.66 for all flows. It is nevertheless encouraging 1o
note that experience with the predictions of an inclined —~ plane Couette
flow, Chapter 4, indicates that Z ! CI can be as large as 1.4 without
causing divergence or instability. Therefore as we shall see in
Chapters 5 and 6, where the laminar viscosity, or in the case of turbulenti
flow the effective viscosity, is sufficiently large to decrease the upper
limit of = ’ C, ' below say 1.4 for all the @ equations, then
convergence will he obtained. The latter statement applies particularly
to the vorticity and temperature equations, which have zero source terms.
However as shown by Gosman et al (19_69), where & ¢ - equation is strongly
dependent on its source term, i.e., the equafion for kinetic energy of

turbulence, other measures also have to he used 1o promote convergence.
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4. APPLICATION TO PROBLEMS WITH ANALYTICAL SOLUTIONS

In the previous chapter, a general procedure for solving the general
.conservation equation (2.4.1) was outlined. It was also demonstrated
that, by the use of a RAND grid arrangement, the general solution
procedure could be applied to the prediction of recirculating flows iﬁ
domains of arbitrary shape. In this chapter, the properties of thé
procedure,.such as convergence and accuracy, are illustrated by the
prediction of flows with analytical solutions and by the compafison of

the predicted and theoretical solutions.

4.1 The purpose

In thé_previous chgpter, a general procedure wﬁs outlined for
predicting flows in domains of arbitrary shape. It is the purpose of
‘this chapter to illustrate the properties of this procedure by:

(a) applying the procedure to flows which have analytical
solutions for domains with non - rectangular boundaries.
and, (b) comparing the resulting predictions with the theoreticél
solutions.

The choice of two — dimensional flows as described in (a) is rather
limited. However the latter choice is avoided by making use of two
flows with one — dimensional solutions. This is done in such a way that
as far as the prediction procedure is concerned the flows are two —.
diﬁensional. The details of these flows and the éorresponding grid
arrangements are given in the following sections.

At this stage in the introduction, it should be mentioned that, for
the predictions described in this chapter, the finite — difference grids

are arranged so that each grid node is positioned at the geometric centre
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of each éell. The appropriate finite — difference equations are
described By Le Feuvre (1970). The above grid arrangement is different
from that described in Chapter 3, becayse for the latter the cell
boundaries are midway between the grid nodes but for the former this
is generaily not so. Because of the different grid arrangements, the
main difference between the equations in.Chapter 3 and those given by
le PFeuvre (1970) lies in thg approximation of the gradients of ¢ at
the cell boundaries. In Chapter 3, the gfadients are calculated using
a2 - point approximation, because the cell boundaries are midway
between the grid nodes. However for the predictioné'in.this chapter,
and those of Le Feuvre (1970) the gradients are calculated using 3 —
and 4 - point approximations. The latter are used because in generai
the cell boundaries are not midway between the grid nodes. Some tests
have been performed to determine the relative accuracy of thé two sets
of finite -~ difference approximations, and the results show that the

, differences in accuracy are small. However the computer programme

appropriate to the Chapter 3 grid arrangement is much simpler than
that for the grid uged by Ie Feuvre (1970). It was for this reason that
the latter Qas eventually abandoned in favour of the Chapter 3 grid
arrangement., Nevertheless the present predictions fulfill the purpose
of illustrating the properties of the solution procedure described in
Chapter 3.

We ﬁow pass on to sections 4.2 and 4.3, which describe the
predictions of inclined ~ plane and cylindrical Couette flows respectively,

The final section, 4.4, gives a summary of the main results.
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4.2 Inclined — plane Couette flow

4.2.1 The problem and the grid arrangement

" This section deals with the predictions of inclined — plane Couette
.flow. The problem‘of plane Couette flow between two infinite parallel
plates, one moving and the other stationary,iis one of the simplest flows
in fluid mechanics. The'problem of inclined — plane Couette flow is fhe
same as the latter, except that therflow géometry is inclined té the
Tinite ; differenc; mesh as shown in Fig.'4.2.1. This means that as
far as‘the solution procedure is concerned the flow is iwo — dimensional
rather than one — dimensional. ., |

In Fig. 4.2;1, two grids which have been'usea 1n the present tests
are illustrated. One is an arbitrary non -~ uniform grid and the other
is a uniform grid, but both héve the same overall dimensions éf
6 x 10 and the same angie of inclination of 450 to the flow boundarieé,
" A third grid with a'uniform mesh and overall dimemsions of i1 x 21. has
also been used. The cell size in this case is a quarter of that for
the 6 x 10 uniform grid. The méin purpose of-uéing three grids is

| : .
simply to determine the influence of grid non — uniformity and cell size‘_
on the accuracy of the solution procedure.

The Couette flow theory and the boundary.condifions for the
predictions are described in 4.2.2, and tﬂe tests and resﬁlts are
summarised in 4.2.3. |

4.2.2 The theory and boundary conditions

(a) The theory

The equations describing the vorticity and stream function distribulions
in a laminar plane Couette flow with a pressure gradient,tifz/éﬂ(,are

as follows:
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where, X distance parallel to the stationary wall

i

normal distance from the stationary wall
= half the normal distance between the pé,rallel walls

velocity of the moving wall

N

= stream function value at the stationary wall

- Now plane Couette fldws may be described by the parameter Uﬁ.

2'2# o
where, %"’ % = stream function difference between the moving and
- stationary walls
1f U ana 701 are fixed then, from equation (4.2.2), %4' - %

_is a function only of the pressure gradient divided by the viscosity,

=L .

A
. sud - 7)47[49,3,5}
.. = = | /U. i ’
Lo~ Y |
ﬁhere ﬁf } denotes 'a function of'.

In this section two flows, A and B, represented by two values of
'_sze__% ére used as a basis for comparing the 'prédictions with the
t;‘«:ore?bi..cal solutions. Flows A and B represent two typical wall floﬁs.
Due. to a positive pre.ssure gradient, flow A has a velocity profile which -
is characteristic of a separated fiow region. On the other hand, flow B

has a boundary layer type of veloci'i;y profile due to a negative pressure

gradient. ¥Tor u - ﬂ. = 1.0, flows A and B have the following values

of the pafameter U‘& : : .
V=
Flow Lodp (2 KA
H axX T W
A 1.0 3.0
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(b) The boundary conditions

Referring to Fig. 4.2.1, the boundary conditions for the solution
prooedurevare as follows:

(i) The theoretical values of stream function are given on both
walls.

(ii) The theoretical profiles of stream function and vorticity are
given along fhe constant I - linés at the left — hand and right.— hand
sides of the aomain. |

The boundary conditions are completed by the épecification of\a
Reynolds number parameter, Re. The latter is oonveﬁiently defined és
follows: '

Re=~_‘,_z£__-_%

/LL

This paraﬁetef gives a measure of the relative importance of the
. convection and diffusion terms in the elliptic equation for vorticity;‘

However the value of Re does not influence the theoretical distributions

L u A
. ;2#\,'— ?n

. , N .
This is because the chosen values of- }—L’- fﬁ% are not dependent on Re.

of vorticity and stream function as given by the parameter

4.2.3 Tests and results

(2) Tests performed

Table 4.2.1 gives a summary of the tests, whioh were performed using
flows A and B. The tests, which converged satisfactorily, are indicated
by sets of two numbers separated by a stroke, i.e. 4.2.2/4.2;3. The
numbers before and after the stroke represent the numﬁers of the figures
which contain the.appropriate plots of stream function and vorticity
respectively. For the purpose of comparing different characteristics of
the solution procedure, the results of some tests appear on more than one

set of figures., It shouid be noted that the plotted values areifhose which
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Convon. Flow A: ,E..u_(f'-_ - 3.0 Flow B: jp__u_%__z 0.6
TR Vo 2 A ¥
Method Re = 0.33 | Re = 33.3 | Re = 1.66 |Re = 166.6
' 4.2.2/4.2.3 :
6 x 10 UG | 4.2.2/4.2.3 | 4.2.6/4.2.7 4.2.4/4.2.5 | 4.2.4/4.2.5
4.2.8/4.2.9
Stand.
Upwind
4.2.2/4.2.3 : 1
6 x 10 NUG | 4.2.2/4.2.3 . 4.2.4/4.2.5 | 4.2.4/4.2.5
4.2.6/4.2.7
11 x 21 UG - 4.2.8/4.2.9 - - -
4.2.6/4.2.7
6 x 10 Ug - - Diverged
5 4.2.8/4.2,9 :
New .
Upwind 6 x 10 NUG - 4.2.6/4.2.7 - Diverged
1 x 21 UG - 4.2.8/4.2.9 - Diverged
A

Table 4.2.1

are in the least agreement with theltheoretical profiles at a.particular

value of the x, co-—ordinate,

1

The blank parts of the table represent tests

which have converged solufions but which do not comtribute much t0 the

rresent study and therefore are omitted.

(b) Results

In Pigs. 4.2.2 to 4.2.5, the predictions of 90 and &&J using the

standard - upwind method illustrate the influence of f&: and grid non -

uniformity. All the predictions for low e y that is Re - 0.33 (in
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Figs. 4.2.2 é.nd 4.2.3) and Re = 1.66 (in FlgS 4.2.4 and 4.2.5), are
in gbod agreement with the theoreticai curves. Now because the values
‘of Re are small, the predicted values of & and sﬁ .a.re predominantly
controlled by the diffusion fluxes of &J . Thus the above results
indicate that the finite — difference approxima:tiqns for the diffusion
(and gradient) terms ;are satisfactory for these flous.

However the other results in Figs. 4.2.2 to 4.2.5 for high Re
(where Re = 33.3) show that there is on the whole very poor agreement
between the theoretical profiles and the predictions for bo*!;h uniform
and non - uniform grids. Now becauée the values of; Re are high, the
predicted values of SZ/ and J are predominantly controlled by the

¢ ~ convection fluxes. 'The abovg résuits therefore show that.the
.errofs in the predictions afe due to the épproximation of'th; 75 Rl
conveétion terms by the standard —~ upwind or one -~ sided difference
scheme. The approximations in the latter are responsible for the false -
diffusion error, which was investigated in detail by'Wolfshtein(1967) and
is described briefly in Appendix A.1. The above results confirm 6he of
: Wolfshtéin's findings that the false - diffusion error increases with
Reyﬁolds pumbef. |

Some indication of the influénce of grid non - uniformityzqn the
false -~ diffusion erfor is shown in Figs. 4.2.2 to 4.2.5. The trend of the
data indicates that the non — uniform grid results are on the whole in

better agreement with the theory than the uniform grid results. However
no general rule on the inflﬁence of gfid nén - uniformity cén be
deduced from this particular trend.

The influence of the new - upwind method 6f approximating the

convection terms is illustrated in Figs. 4.2.6 to 4.2.9. In all cases,
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the false — diffusion error is effectively minimised by tﬂe use of the
new - upwind scheme. However due to the convergence properties of the
new - upwind method, section 3.4.1,~converged solutiéns for this flow
cannot be obtained for Re > 100. ’

The results in Figs. 4.2.6 and 4.2.7 suggest that the new — upwind
predictions for the non -~ uniform grid are slightly less accurate than
the corresponding uniform grid results. Néverthéless this difference
in accuracy is small. The new — upwind results in Figs. 4.2.8 and
4.2.9 show that the predictions for the 6 x 10 and 11 x 21 grids are in
close agreement, so that there is no édvantage in refining the grid.'
However the false - diffusion error in the standard ~ upwind predictions
is reduced by fefining the grid from 6 x 10 to 11 x 21. This result ié

again in agreement with the findings of Wolfshtein (1967).

4.3 GCylindrical Couette flow

4.3.1 The problem and the grid arrangement

This section is concerned with the predictions of-a cylindrical
Couette flow. This one — dimensional flow occurs between two‘concentric.
cylinders, where the inner one is stationary and in the present case the
outer one is rotating in an anti — clockwise direction. A pressure
gradient in the circumferential direction is also superimposed on the flow.

The objective of this study is to prediét the flow round the inner
cylinder and thus to determine the errors due to the Chapter 3 solution
procedure for this situation. The resulis of these tests are important
because the flow found the inmer cylinder bears some similarity to
near — wall flows over single cylinders and through in — line tube banks.

Predictions of the latter are discussed in the next chapter.
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Fig. 4.3.1 shows the layout of the RA.NDVgrid within a quadrant area
between the inner and oufer cylinders. The domain of grid nodes, which
touches the outer cylinder at one corner, is symmetrical about the
45 degree line of the quadrant and completely surrounds the inner

cylinder. For‘mos't of the tests orily one grid of dimensions 11 x 11

was used and this is shown in Fig. 4.3.7.

" 4.3.2 The theory and boundary conditions

_ (a) The theory

The equations describing the vorticity and stream function distributions
in a laminar cylindrical ‘Couette flow with a circumferential pressure

gradient, d d @ , are as follows:
?

w = A log + + B | 3

Y - Y= H[r“é% ~ Rf 4og.R, ]

el
o+ (f_.b F))[r R] -+ C&je(__) (4.3.2)
where, - y . radiuvs, vhere RI £ 14 £ Eo
e - angle of radial arm with réspect to the positive x1 axis
RQ = oufer radius
Rx = inner radius
.= R /R,
L2 = angular velocity of outer cylinder

stream function value at = RI

W
/“5\'75

D
n W
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W

N

{ —x?

c=-R{ ﬂ'zaﬂx}
[ ==z

The cyllndrlcal Couette flow may be defined by the parameter
B PR
Y, = i,
where,
. %-— %o = ;stream functidn differenge between the stationary

and moving cylinders
- If 2 ,R, ana R, are constant values then, from equation (4.3.2),

% - % is a function only of the circumferential pressure gradient
'y .

>4

divided by the viscosity, - L d,
| S

28 - ftE

Now in this section two flows A and B, represented by two values

2
of _\ﬁﬁ% are used as a basis for comparing the predictions
G~ L, o

with the theoretical solutions. Flow A has a velocity profile which is
characteristic of a separated flow region, and flow B has a boundary
layer type of velocity profile. For 0 = 7Q° = 1.0 and RI = 0.25,

2
flows A and B have the following values of the parameter, E-Q R, :

Vo~ Y4,

. v ) a
Flow A _4'8 B—Q f?,,
: /% ae %z_ (7[}’?0
A 4.5 6.03
4

4.5 - 1.56



84

(b) The boundary conditions

Referring to Fig. 4.3.1, the boundary conditions for the solution
procedure are as follows:
: (i) " The theoretical values of stream function are givén on all
the boundaries. This means that stream function is given on:
1¢ Lines I = 1 and J = 1

2. ILines I = 11 and J 11

I

3. The inner cylinder
(ii) The theoretical values of vorticity.are gi&en on all the
boundaries, except the inner’cylindef wall boundary. This means that
vorticity is given on:

1

I

1. Lines I = 1 ‘and J
2. LimsT = 11 andJ = 11
The boundary conditions are completed by thé specification 6f a
Reynolds.numher.parameter, Fag . The latter, in this case, is specified
as follows: _ '
Re = R, — %,
/LL

This parameter gives a measure of the relative importance of the
convection and diffusion terms in the elliptic equation for vorticity.
This parameter does not, however, influence the theoretical distributions

p LR
of vorticity and stream function as given by ri%;____§i7_, for
R:—. EO R

fixed values of £2 , /Ez and '/Eo
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4.3.3 Tests and results

(a) Tests performed

Table 4.3.1 gives a summary of the tests which were pefforméd_
using flows A and B. In this table, the tests are ihdica.i;eci by sets
of two numbers separated by a stroke,i.e. V4.3.2/4.3.3. The numbers
before and after the stroke represent the mﬁﬁers of the figures, which.
contain the appropriate plots of stream function and vorticity

.respe ctively.

;!.'

. <
Convection Flow A: p.OR, = 6,03 Tlow-B: pRR, =156
Term - Gria ﬁ—f‘%_ T, | ﬁ_q'{, ”

Method " ' ‘Re’ = 166.0 | Re =  644.0.
11 x 11 4.3.2/4.3.3 4.3.4/4.3.5
Standard .
Upwind i _
16 x 16 : - ‘ - - [4.3.5
Nes . '
U;v“;ind 1 x 11 4.3.2/4.3.3 ‘ 4.3.4/4.3.5

Table 4.3.1

-Referring to Fig. 4.3.1, it should be noted that all the stream
function and vorticity results in this section are plotted against the

X, grid co-ordinate at chosen.values of the x co~ordinate. The results

2 1

are plotted at stations I = 3, 5, 7 and 9 in the X, direction for

3, 5 and 7 for flow B.

flow A, and at stations I
(b) Results
The results of testsat low Reynolds numbers, where 'Re.‘{- 10.0 '

are not reprodiiced here because the agreement between the theory and
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predictions is very good. These resﬁlté do no more than confirm one
of the findings of seétion 4.é, namely that low Reynoldsnumber flows
. are accurately predicted by the Chapter 3 solution procedure.

The predictions for flow A in Figs. 4.3.2 and 4.3.3 show the effects
of false diffusion at large values of X, for all the_flots, aﬁq'at s@all
values of X, for the T = 9 plot. 'On the whole, the new — upwind
bredicﬁioﬁs are more accurate than the standard — upwind predictions.

In-Fig.,4.3.4, for flow B, there is only a small difference between
the standard - upwind predictions and the theofeticai curves for stream
function. HbWevér in Fig. 4.3.5 for flow B, errors due to false diffusion.
are apparenilin,the standard - upwind predictions of vorticity. These
" errors can be séen in ?he I = 3 and 5 plots at low vélues of Xy where
the latter represepis points near.and on the inner cylinder wall,
Nevertheless, as in previous examples, the new - upwind predictions
indicate a marked reduction in these errors.

In Fig. 4.3.5, standapd ~ upwind predictions are alsc given in the
I =3 and 5 plo.‘l;s for & 16 x 16 grid. This grid was produced by
refining the coarse 11 x 11 ‘gri‘d for I =7 andJ=7 . It is
encouraging to note that the false — diffusion error of the 11 x 11
standard — upwind pfedictions is much reduced by the 16 x 16 grid
predictions. Indeed the latter ére as éccﬁrate aé the new = upwind

predictions for the 11 x 11 grid.

4.4 Discussion
In this section, we discuss and then finally summarise the main
findings of sections 4.2 and 4.3. The predictions are discussed in

terms of low and high Reynolds numbers, and in the presenmt context
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: 1OW"£h2 refer to fléws where diffusion.is dominant and High Fae, to
flows where convecticn is dominant.

At low Reynolds numbers, the predictions of both inclined ~ plane
and cylindrical Couette flows are in good agreement with the-theoretical
solPiions. - However we know that at low Reynolds numbers, the flow
profiles are governed principally bj diffusion. Therefore these results
give an indiction of.the accuracy of the finité - diffefenceapproximaiions
for the diffusion (and gradient) terms of the elliptic equations. The
results show that these approximations 'al.‘e satisféctory.

At high Reynolds numbers, the effects of false diffusion are evident
in the predictions of both inclinéd —~ plane and cylindrical Couette flows.
The influenpes'of Reynolds number, grid non — uniformity and grid sigze
on the faise - diffusion erfor afe illustrated by the standard — upwind
predictions for the inclined — plane Couette flows. The results show
that the non — uniformity of the grid tends ‘o decrease the error with
respect'to that for a unifqrm'grid. On the other hand the error is shown
to be proporﬁional to Reynélds number and cell size. The latter influences
agree with the findings of Wolfshtein (1967), Appendix A.1. However
within the limits of convergence, all the neﬁ — upwind predictions for the
inélined — plane Couette flows reduce the errors to almost negligible
amounts., In the case of the cylindrical Couette flow predictions, the
falée - diffusion error due to the standard — upwind method is substantially
reduced by the use of the new — upwind method. Also it is shown that the
false — diffusion error is reduced 5y refining the grid.

It ié now apﬁropriate to give a brief summary of the findings of
sections 4.2 and 4.3. The above catalogue of results clearly demonstrate
that the Chapter 3 solution procedure can be used to predict a large

variety of flows in,domains with complicated non — rectangular shapes.



Reasonable prediction accuracy can be obtained as long as some measures

are taken to minimise the errors due to false diffusion.
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5. LAMINAR FLOJ PREDICTIONS

In this chapter, we use the solution procedure of Chapter 3 to
predibt two laminar flowé, which are of engineering interest. The first
is laminar flow over a single cylinder and the second is laminar flow
through in — line tube banks. Wherever possible, the predictions are

compafed with numerical solutions and experimental data from other'sources.

5.1 Objective

In Chapter 3, a solution procedure fqr predicting flows in
awkward non - rectangular domains was outlined; and some of the properties
ﬁf the procedure, such as.accﬁracy and convergence, were iilustrated in
Chapter 4. It'is now the objective of this chapter to>demonstrate that .
the procedure'can be used to predict two - dimensional laminaxr flowg,
vhich are of engineering interest. |

In this chapter we are concerned with two flows. The first is
transverse laminar flow over a single cylinder; _ A number of workers have
'made th;s flow the object of many flow visualisation, pressure and heat
© transfer measurements. Also in the last two decades;'both mathematicians
and engineers have used various numerical techniques to solve the equations
of motion for this problem. Thus the capabilities of the present solution
procedure may be rigorously tested by comparing the present predictions of
laminar flow over a.éingle cylinder with both rumerical solutions and
experimental data from other sources.

fhe second flow, with which we are concerned, is laminar flow through
in — line tube barks. In contrast to the first flow, this second flow
has not attracted a.great deal of attention. Experimental data is sparse,
and mést of the available data deals only with the bulk rather than the

local properties of the flow. Also, as far as the author is aware, no

analytical or numerical solutions of flow through tube banks have been
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published. Therefore, in this case, only a few of the predictions can
bé compared with the available measurements; and thus the remainder of

A the predictions muét be presented without supporting evidence for the
.time being. However the unsupported predictions may be discussed on the
basis of our knowledge of other flows, and of what is feasible., In the
following sections, section 5.2 deals.with laminar flow over éihgle
cylinders and section 5.3 with laminar flow through in — line tube banks.
Both sections contain predictions of hydrodynamic and heat transfer

characteristics.

5.2 Flow over a single cylinder

5.2.1 Previous work and the present contribution

(a). Summary

In this sub-section; we first review some measurements of the
chﬁracteristics of steady — lamingf flow over a single cylinder, and then
we review selected numerical solutions of this flow. Finally the objectives
and the contributions of the present predictions’are outlined.

(b) Review of measurements

Thom (1933) was one of the first to perform detailed measurements
of the characteristics of laminar flow over a single cylinder. In the
rangs, O < Re < 200, he measured local pressure distributions, drag
coefficients and flow patterns. On the other hand, Taneda (1956) and
Tritton (1959) concentrated their attention on particular aspects of the
flow. Taneda (1956) used a flow visualisation technique to measuré
details of the wake in the range, O <Re< 60 ; and Tritton (1959)
measured the drag coefficients in the range, 0.5< Re < /00. ﬁithin
the last decade, Grove et al (1964) and Acrivos et al (1965), (1968)
performed detalled measurements of the flow both near the cyliﬁder and

in the wake for 25% Re £ 250, The main objective of these ﬁorkéz;é was
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to extend the understanding of steady - separated flow past bluff bodies
at high Reynolds numbers. In the case of flow over a cylinder, this
objective was i’ealised by artificially sta,l;ilizing the wake for Re > 40,
Most of the above workers have 'béen concerned ﬁth studying the

hydrodynamics of single cylinder flow. Now we consider some corresponding
meé,surements of heat transfer. Both McAdams (1954 ) and

van der‘Hegge Zijnen (1956) provide comprehensive reviews and

correlations of '.I‘nean Musselt number measurements for a wide range of
Reyno;ds and Prandtl numbers. However, in the present study, the
" measurements -of Collis a.n& Williams (1959) and Hilpert (1933) for

O L Re<45 and =~ = 0.7 are particularly relevant. In
contrast to the Amea,n Nusselt number measurements, very few loca,l. heat‘
transfer me'asuremer'lts for the laminar flow problem have been published.
The notable lcontri'butors in this field are Eckert and Soehngen (1952)

and Acrivés et al (1965), Eckert and Soehngen (1952) performed mea,suremenfs
in.air for the range 20O £ Ré £ 500 ; and Acrivos et al (1965)
performed measurements in an oil with B = 1000 for the range.

4‘?""@8 ‘—’2250

(c) Review of numerical solutions.

Solutions of two -~ dimensional flbw over a single cylinder can be
divided into two classes. The first class contains the mumerical solutions
of the equations of steady motion. The second class contains the solutions
of the time — dependent equations of motion. In order to focus our
- attention on the solutions which are releva;rlt to the present work, we
shall review only those corresponding to the first class. Thom (1933)
was the first to provide hydrodynamic solutions at Re = 10 and 20.

Then Kawaguti. (1953) and Apelt (1958) both obtained solutions at Ae = 40.

Subsequently solutions for Reynolds numbers in the range O < Re & (00



were obtained by Hamielec and Raal (1969), Takami and Keller (1969) and
Dennis and.Chang (1970). Most of the above authors illustrated their
predictions by providing plots of vorticity distributions, stream function
distributions, wake lengths, wake widths, total drag coefficients and

local pressure coefficients. Takaisi (1969), on the other hand, restricted'
his attention to the prediction of thg total drag coefficient in the

raﬁge o< Re = {ooo However the possibility of predicting laminar
fbrced convection from a single cylinder has not attracted much attention.
The only contribution in this field appears to be that of Demnis et al
(1968). R

(d) Present objectives and comtributions

In the above, we havé reviewed previous predictions and_meaéurements
of steady — state laminar flow over a single cylindér. Now we consider
fhe,objecti§es and contributions of the present predictions. The first
objective is to show that the Chapter 3 solubion procedure can predict
steady — state laminar flow over a singlé cylinder. The second objective
is to eValuaté the accuracy éf these predictions by fhe following means: -

(i)  comparison of the predictions with each other,
and (ii) comparison of the predictions with the results of measurements
and predictions from other sources;

For the purpose of looking at the present predictions in some detail,
all the predictions havé been performed at only one Reynolds number.- The
laifer was chosen as 40, so that the hydrodyhamic predictions could be
compared with the detailed predictions of Kawaguti (1953) and Apelt (1958)
and with the measurements of Grove et al (1964) and Acrivos et al (1968).

It may be thought that the predictions could have been compared with
any set of comprehensive measurements. However it should be remembered
that valid comparisons can only be made if the main features of the

experimental flow correspond with those of the predicted flow. Thus it
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was important to check that the experimental flow was both steady in the
wake and not much influenced by-the'presencelof remote walls. At Re = 40,
the experiments of both Grove et al (1964)v;nd Acrivos et al (19685
fulfilled the above conditions. wae&er besides the predictions of flow
over a single cylinder immersed in an infinite medium, the present
predictions include one important contribution. The 1atter.is the prediction
of flow over a cylinder contained within a channel. These predictions are
compared with the measurements of Grové et al (1964).

Another importaﬁt contribution is the predictions'of méan and 1ocai
values of hegt transfer for a cylinder.immersed in an infinite mediuﬁ.
The only other get oflpredictions for this probiem is that of Dennis
‘et al (1968) for 0.1 £ Re £ 40 . Mthough there are no published
- measurements of local heat tfansfér disfributions at fas = 40;
comparisons with the measurements of Eckert and Soehngen (1952) for/%2= 23 .
and with thosé of Acrivos et a1>(1965) for Re = 49vare made on appropriate
non — dimensional bases. - |

We now pass on to describe the h&drodynamic and heat transfer
predictions, which are in sub - sections 5.2.,2 and 5.2.3 respectively.
The main results of the predictiops are discussed in 5.2.4.

5.2.2 Hydrodynamic predictions

(a) Outline of sub — section

This sub — section is divided into three parts. The first part, (v),
is concerned with the bredictions of flow over a cylinder, which is
immersed in an infinite medium. For the sake of abbreviation, this flow
will be referred to as the free — flow problem. The second part, (c),
deals with prediétions of flow over a cylinder which is positioned on
the cenmtre — line of a channel. This flow will be referred to as the
channel - flow problem. The third part, (d), compares the pfesent

predictions of drag coefficient with some measurements and predictions



. from other sources.

(b) PFree flow over a cylinder

(i) Boundary conditions and some definitions
The boundary conditions for the symmetrical free — flow pro‘blém{

Fig. 5.2.1, are as follows:

-y — e — = = — — — — —
= x —-—L_..—-— . .—.‘o
ARG R o
Upstlrea.m . : . Downstream

W: xz<fl_ { ) N, B . C[w
) I xlz+x: ’ ] a x’
w=0 |

| . . , | N
! ' _&ﬂ=0 5{7% > _w=o0

Fig. 5.2.1 Hydrodynamic boundary c_ondi'b‘ivon's
for laminar free flow over a
cylinder
1. Top and upstream boundaries
The potential — flow solution values for &J and sﬂ are

assumed, that is: | ' | '
w =0 ; %:_xa(/—xalx;).
2. Dovnstream boundary e

dx,, ¢,

3. Plane of symmetry

4. Surface of cylinder

%:O'
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The Reynolds number and the pressure coefficient are defined as

follows:
Reynolds number, Re = Ud
r 24
Pressure coefficient = e~ [feoo
fpuw
where, U = free - stream velocity

ol

7%5 = static pressure on the cylinder at angle ©

o

An example of the F.W.P. finite - difference grid arrangement for a

it

diameter of the cylinder

reference static pressure upstreamof the cylinder

i

region near a cylinder wall is shown in Fig. 5.2.2.

(ii) Pressure distribution:

1. Initial investigation

JInitial predictions of pressure distribution for free flow over a
éingle cylinder are summarised in Fig. 5.2.3. For these predictions,
properties of the flow, such as the vorticity distribution round the
cylinder wall and the size of the recirculation bubble, seemed to compare
favourably with the predictions of Apelt (1958) and Kawaguti (1953) and
the experimental data of Taneda (1955), Thom (1933) and Grove et al (1964).
Nevertheless, as shown in Fig; 5.2.3, a significant discrépancy was found
betieen the predictions and measurements of preésure distribution round the
cylinder.circumference. The refinement of the grid from 32 x 16 to
40 x 25 had a negligible effect on this result.

It eventually became clear that the chosen boundary conditions in
conjunction with the size of the domain had an important effgét on the flow

pattern and pressure distribution. In this case, it was found.that the
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most influential boundary conditons were those for the top boundary.
This is bécaﬁse the latter are étriotly only applicable as x, becomes
very large. However with the present finite — difference scheme i%

is necesséry to use finite values of X, for the %op boundary. The value
of the latter corresponding to the results in Fig. 5.2.3 was only 6.0R;
and it appears that this small value caused a 'blockage effect' to be
exerted on the predicted flow. This blockage effect was responsible for
the inaccurate predictions of pressure: distribution.

To minimise this undesirable influence, the overall dimensions of

the domain in Fig. 5.2.3 were increased to the following dimensions:
-8.4R £ X, &£ 88.3R

O £ x, £ 266R

These dimensions were used for all subsequent free — flow prédiotions.

In the following comparisons .of pressure distribution, the measurements
of Grove et al (1964) for a blockage ratio of .‘%: = 0.05, where K =
radius of cylinder and ﬁ. = half — width of test section, are used as
the standard. for comparison. The reason for this decision is not due té
the claim of high accuracy By Grove -et al (indeed the accuracy in

(]bg “/Daa)/'é'/g u* is only about If 12% and the accuracy in
U or Re is about F 5%); but because it can be shown by comparison

with the results of Thom (1933) for R/'K = 0.07 at Re 45 and 36

30 that the

and the results of Homann (1936) for R/ﬂ= .0.05 at Ke
measured pressure coefficient distribution is not very sensitive to
Rg in the range 0% Re £ 45 or blockage ratio. in the range
0.05 £ R/ £ o0.07. |

2. Bffect of grid refinement

In Fig. 5.2.4, the new — upwind predictions for three grid dimensions



}.2 O SEPQ_FIEEETZ}.‘S ONONNO NN N \1
¥ ¢s .
Yl lNA PAEALLEL . he 20 oa
8 CHANNEL,RIh=005.  Z20TR
@. — -]
P%fﬁ? PREDICTIO | 2b bR
n NEW UP WIND. pr
© & 40420 GRID o
Pa® Peo A 32% 16 GRID 1 R
b B )% | v 28% \& @ﬁl\? | B4R | Q u\l 38 3R
/ T
23 ° il ‘*\\ 20 100 %o 0 40 20 0
. : ' 8 ‘
Q4 —
- @.% I
..1.2' |

EiG, 5,24 FREE FLOW OVER A CYLINDER:

INF‘-‘LUENGE OF GRID EEF’INEMENT

ON THE

PREDICTIONS OoF PR EssUQE DISTRIBUTION,

Lot



O @ROVE ETAL LLL L2t 24

EXPT, Bag = 4Q)

"2 : | CYL.IN A PARALL E n:20-0R

2N CHANNEL,R 200 257 =

08— PRESENT PREDICTIONS, —26'6R ——

| Be 230 4OXZOGRID. y
| A NEW UPWIND o i{

O dl— A STAND, UPWND R
T | -84R O % 8BIR
RFU2 L N\ - L

. 16O s 20 ©

- —
e
n@la._.
e /é’
2R pat
el

F—‘\c-q 525 FQEE‘ ELOW OVER A SVYLINDER: INPLUENGE OF CONVECTION TERM
ETHOD ON THE PREDICTIONS OF PRESSURE DBISTRIBUTION.

ol



R
& O GRAOVE ETAL'
' 8&&& | BXET, B 3 lel
V\ YL, INA PARALLEL
08 |- CHANNEL, R|h:0 05,
\ V ARELT;
\—- NUNM, E-Ql = 4’@ l]
\/_\*’_{\,, 3l w2l GRD.
& — \ A PREBENT PREDICTIONS;
\\& o SL’E‘);MJ %?5 48D4-ox 20 c—qalm
) , f W UBPW!
PP | \{a(\ | | | | | | |
K 180 L\ 20 6o 8 ke 40 20 ©
A& 8
= Qrd— \\ :
M A o
\é\ o o vainl
- OB - v ‘fﬁ /$34’
/
| @&
afip —
Fig. 5.2.¢° FREE FLOW OVER A aYLINDER: COMPARISON OF THE PRESENT

PRESSURE DIBTRIBUTION PREDICTIONS WITH OQTHER PREDICTIONS.

ot



106

are compared with the measurements of Grove et al. TFirst of all it
should be noted that the 32 x 16 grid is obtained from the original

28 x 14 grid by refining the grid round the cylinder, and the

40 x 20 grid is obtained by refining the 32 x 16 grid in parts of
the domain beyond the cylinder. It is clear that the 40 x 20
predictions are in much closer agreement with the experimental results
than the predictions for the other *bv;ro dimensions. Therefore the

40 x 20 new — upwind predictions, which are also within the bounds of
experimental acouraoy, are to be regarded as the most aéourate for this
- set of predictions of free flow over a cylinder. The 28 x 14 predictions
appear to be more accurate than the 32 x 16. Thié effect is probably
due to the fact that the 28 x14 grid is more evenly distributed than the
32 x 16 grid.

3. Effect of convection term method

In Fig. 5.2.5, the new - and standard ~ upwind predictions for the
40 x 20 grid are compared with the measurements of Grove et al. The
discrepancy betweeﬁ the new and standard — upwind r_esulfs is due to falsg
diffusion, the effect of which was demonstrated in the previous chapter.
Further proof of the inaccuracy of the standard - upwind predictions is
shown in the range © < 6 £ /40 , where these predictions are on
the whole outside the limits 'of the experimental accuracy of the
measurements. |

" 4. Comparison with other predictions

In Fig. 5.2.6, the 40 x 20 new — upwind predictions are compared
with the free - flow predictions of Apelt (1958) and the measurements
of Grove et al. Apelt used the parameters D(-’-‘ -22 6 and /3=Z-_2 €o_? T
EAY : ™ €

to transform the ')[/ and W equations in the X, = X plane to
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equations in the 0(-—/5 plane. The size of Apelt's domain in terms of &

P

and 7 is as follows:

o= 06 = -77
R = T = 230R for most of the flow
R

£ T £ 11.oR for the wake region

The above size corresponds roughly to the size of the present domain.
Also the maximum dimensions used by Apelt, 31 x 21, are the same
order of magnitude as the maximum dimensions, 40 x 20, used in the .

present predictions.

An indication of the accuracy of Apelt's computations is_ given by
the maximum vorticity residual, [ G a)oed) / e, 00 [ , ©  which is
0.01 on the surface of the cylinder. The above check suggests that
Apelt's predictions should ¥He of the same order of éccuracy as the
40 x 20 neﬁ — upwind predictions. This is confirmed in Fig. '5.2.6 by
the reasonable agreement between the new — upwind and Apelt's predictions.
Also Apelt's predictions are wi‘l:hin the limits of the experimental
accuracy of the measurements. '

Kawaguti (1953)fs calculated pres-sure distri'bution, which for the
sake of clarity is not plotted in Fig. 5.2.6, can be shown to lie only
a little ahove the new ~ upwind predicti.ons. Thus Kawaguti's predictions
also indicate good agreement with the new ~ ﬁpwind predictions, Apelt's
predict\ions and the measurementsof Grove et al.

Unlike Apelt, Kawaguti used the parameters X = ’/’o" and Y:: 27/7;- e
to transform the 5& and | ¢ equations in the x, - x. to equations in

1 2
the X-— )/ plane.' The size of domain, employed by Kawaguti, is as
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%
2
v

follows: Oo - R

mwT =6 =0

Also Kawaguti used a transformed stream function variable, SL// s such
that the Sé// values at =00 are of the same order of magnitude as
values at = K . He employed, however, onl;y two grid points to span
the distance 'beﬁaeen Y=5R and *+ =00 and used grid dimensions of
only 11 x 21. The coarseness of this grid does not appreciably
'influence the calculated ﬁressure distribution, but as showvm below the
size of the recirculation hubble is underestimated.

(iii) Streamline pattern

The accuraéy and reliability of the present predictions can be
illustrated by comparing the predicted stream -~ line pattern with the
measurements and predictions of other investigators. Now the most |
easily measured part of the flow is the recirculation bubble on the
downstream side of the cylinder. Therefore the following comparisions

are 'ba,segi on the overall dimensions of the bubble ghown in Fig. 5.2.7.

X,

!

Fig. 5.2.7 Main dimensions of the recirculating

bubble due to transverse flow over a cylinder.



Tt is useful, first of all, to compafe all the present predictions
against the results of the 40 x 20 new — upwind predictions. The
comparison is made in Table 5.2.;1. The- comparison of the new — upwind

predictions shows that the 28 x 14 and 32 x 16 results are larger than

B | %R | /R | /R
ggwxugzig;d 6.23 1.09 | & 2.6
gzwxuggiggid 6.29 1.08 & 2.6
Z\Igwxulz)gi;d;d 5.70 1.05 ~ 2,2
%afcdigdgﬁgind; 5.16 1.00 | = 2.2

Table 5.2.1

the 40 x 20. This is because the 40 x 20 grid is more refined than the
32 x 16 and 28 x 14 grids in the wake region of the cylinder. The
standard - upwind values, on the other hand, are smaller than the
corresponding new — upwind results. This disparity is due only to the
false — diffusion effect.

In Table 5.2.2, the .'bu'b'ble dimensions for the 40 x 20 predictions
are compared with the corresponding measurements and predictions of other
investigators. The first three entries in Table 5.2.2 summarise the
experimental measurements of Acrivos et al (1968) and Taneda (1956) for
different values of the blockage ratio R/'ﬂ. « The trend of these

results suggest that as the blockage ratio diminishes, the recirculation

109
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bubble grows and would evéntually attain the size corresponding to

free — flow conditions. The next two entries summarise the numerical
results of Apelt (1958) and Kawaguti (1953). Apelt's predictions fall
within the range of the experimental results, but Kawaguti's results
underestimate the bubble size. As mentioned earlier, Kawaguti used only

two grid points to span the distance between +=5R and the boundary

e S Y AR e

Acrivos et al (1968)

expt; RMA = 0.025 5.60 | 1.05 -
Zigi?ak/(.p??{-s)é,og, : 1°5.35 1.0 ~2.4
égi¥02/2t=alosggés> ; 5.10 | 1.0 |x2.4
ol oo S XN I R
Kawguti (1953);

4.50 | 0.94 -

mum; free flow

Present, new upwind;

num; free flow 5.70 | 1.05 x2.2

Present, standard upwind;

num; free flow 5.16 1.0 ~2,2

Table 5.2.2

conditions at + = OO » Therefore the low values of Xg / R and
yE/R , which he obtained, may be due to the coarseness of the grid

particularly in the part of the wake region which is just ciownstream
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of- the bubble.

From. the last but one entry, it %s enqohréging to note that the
new — upwind result is in agreement with the tendency displayed by the
experimental résults when these are extrapolated to an FQ//fL of zero.
Also the comparison of the last entfy and the fourth entry shows that the
standard — upwind and Apelt's predictions are in good agreement. Neither -
of the latter prédictions attempt to reduce the false — diffusion effect,
". g0 the agreeﬁent is not surpfising. These favourable comparisons give
a further measure of the reliability of the 40 x 20 new — and standard —
upwind predictions. |

(iv) Vorticity distribution on the cylinder

In Fig. 5.2.8, the vorticity distributions on the cylinder
calculated from the new — and standard - upwind predictions are
compared with the measurements of Acrivos et al (1968) and the predictions
of Apelt (1958). A large discrepancy is evident between the new — upwind
and the standard - upwind predictions in thé raﬁge 160 = 6 =90, .
The influence of convection is high in fhis region of the cylinder, and
so the discrepancy must be due to false diffusion. On the other hand,
there is cloge agreement between the new — upwind predictions and those
of Apelt. This is because the direction of flow next to the upstream
side of the cylinder is neafly orthogonal with Apelt's T~ e grid, and
thus the false - diffusion error is effectively minimised in this case.

In order to measure the velocity gradient (or vorticity) at the
cylinder wall, Acrivos et al (1968) used an instrument for measuring the
cylinder wall éheaf stfess. The measurements were performed for the
| Reynolds number range, 64 = Re £ 150. 1In thisRe rané‘e the wall velocity
gradient (#FQ)S for all © given by 180€ 6 £ 80 is shown to be
proportional to wﬁéé y where LLG is the velocity in the circumferential

direction.  Therefore the plots in Fig, 5.2.8 are a result of assuming
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sk .
that Acrivos et alfs plot of ,5 ——:(du:s_) / /Re against © for
s :

64 = Re = 150 also applies at Ke = 40. This assumption is
justifiéd because .the flow properties on the’ cylinder wall fo’r 80 £ ©O= 180
are not greatly affected' by the insta’bility in the wake. The agreement
between the experimental points and the new - upwind and Apelt s

predictiohs is reasonable.’ However the small discrepancy between the
experiments and the predictions may be partly due to the blockage effect

of the channel, which in this case is R/'ﬂ. = 0.075 «

(c) Flow over a single cylinder in a channel

(i) Geometry and boundary conditions

This section describes the prediction of flow over a single cylinder
in a parallel channel with R/‘R- = 0.05 and Re = 40. The boundary

conditions, Fig. 5.2.9, are as follows:

LLL Lt s s g™y R=20R, 4 sy s oy oy

!
% - | |
N 2C, |
Upstream: '
velocity I7R | Doynstream
profile A
from : d Sé, - dw -0
Grove (1963) d:c, | _dx,
R |
— L - L _
SR o x, 88.3R

Fig. 5.2.9 Hydrodynamic 'bouhdary conditions for

laminar channel flow over a single cylinder

1. Upstream boundary
/(ﬂ and ¢ profiles are deduced from an approximate velocity
profile measured in Grove (1963)'s test section, and which corresponds

to Re = 40.



where, Re - ucd
14
{{ = wvelocity at the cylinder position in
the absence of the cylinder
6{ = diameter of cylinder

2. Top boundary

s& = constant

3. Downstream boundary

dy . dw . o
x, d=x,

4. Plane of symmetry
- w =. o

5. BSurface of cylinder

9b=o

(ii) Pressure distribution

For the measurements of Grove (1963), which are also reported in

Grove et al (1964), the pressure coefficient ﬁe — Poo is
. - , RPTO
expressed as: 2 P
e 20 = Pe — gs
’ZL./D u 4 F “Ye

where, U_ is defined above in (i)

IDQ= static pressure on the cylinder at angle O

ﬁ = static pressure on the chamnel wall below the cylinder
In the predictions ]Dm y the upstream pressure on the plane of"symmetfy,

was chosen as the reference pressure and conveniently set to zero. - The

predicted values of 2 — fs are therefore given by
TP
(Po = pm) = (s = PI~>] |
2. 7
2z p U .
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Fig. 5.2.10 indicates that there is reasonable agreement between
the new -luéwind predictions aﬂd the experimental results.
close agreement between the channel— flow pressure predictions in
Fig. 5.2.710 and those for free flow in Fig. 5.2.5 confirm that the
influence of the blockage effect,R/’gL = 0.05, is small.

(1ii) Streamline pattern

Also the
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The comparison of the predicted and experimental streamline patterns |

is made in terms of the overall dimensions of the recirculation bubble,

.IE/R and gE/R’ which are defined in Fig. 5.2.7.. The results are

given in Table 5.2.3.

Source of results

for Re = 4.0

xe/ R

Grove et al (1964);

Present; new upwind;

Present; standard

upwind; 5.20 1.02
40 x 25 grid

standard—upwind predictions.

 Table 5.2.3.

The comparison in Table 5.2.3 tends to suggest that the size of
the experimental recir&ulationbubbleis predicted more accurately by
the standard - upwind method than by the new - upwind method. But we
know that the new —ﬁpwind predictions are more accurate than the

One reason for this anomaly is that the
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actual flow does not obey the equations of two - dimensional laminar
motion in the whole domain. This is probabiy because of three -

dimensionél effects which produce components of velocity in the x

3

direction. These effects may be significant in the recirculation

bubble where the x, and x, compohents of velocity are small. Thus the

magnitude of the: x3

velocity components may be sufficient to influence
+he bubble size,

(d) Drag coefficients

(1) Definitions
The coefficient of drag, C.b’ for the flow over a cylinder can be v

expressed as:

C, ——-2 [f;:mede +/4fa)$M"9d9]
and ch+CJ)F

CJ)P and C.DF are called the pressure drag and the friction drag

coefficients respectively, where,

o -,fuZ/'?D‘9 cos .8

CL) Ain O )
e

characteristic velocity

<
1

/De = static pressure on cylinder wall

a)s = vorticity on cylinder wall

(ii) Results

Before comparing the present predictions of C.D,Cz,pand C;Fwith
the measurements and.predictions of other imfestiga‘bors, it is useful

to compare the present results for free flow with those for channel flow.
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These results are given in Table 5.2.4.

- Description of C C C
prediction run P >F ®

Free flow; : '
new upwind, 1.011 1 0.545 | 1.557
40 x 20

Free flow; ,
standard upwind, 1.004 }0.471 | 1.475
40 x 20 .

Channel flow,R = 0.05;
. new upwind, ’6/ ' 0.983 ]0.536 | 1.519
40 x 25 :

Channel flow,RA4 = 0.05
standard upwind, 0.989 [0.466 |1.455
40 x 25 : :

Table 5.2.4

It is interesting to note that both channel — flow values agree closely
ﬁith‘ the corresponding free -- flow ‘{alues. This implies that the b_ldckage
-effect for the ohannel,R/ﬂ = 0.05, does not have an appreciable influence'
bn these overall coefficients.

In Table 5.2.5, the new — upwind predictions for both free flow and
channel flow aré compared with the measurements and predictions of other
investigators. The fifst five entries in Ta'blé 5.2.5 give a oomparisoﬁ
of the predictions and measurements for free flow. Amongst the latter,
the results of Relf (1913) and Tritton (1959) were obtained for fine

wires and fibres in wind — tumnels, where the. diameters of the test pieces
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Source of results C C C
for Re = 40 P DF P
Apelt (1958); - 0.928 0.568 1.496

num., free flow

Kawaguti (1953); |
num., free flow’ 1.053 0.565 1.618

Relf (1913);

expt., free flow - - 1.61
rsoetice TR T R [ e
iizzeggogredictions; 1.011 0.545 1.557
frove et GO | om0 | oae | oo
Present predictions; 0.983 0.536 1.519

channel flow

Table 5.2.5

were small comﬁared with the wind - tunqel cross - secfional height. The
new — upwind values fall half — way between the values determined by Apelt
and Kawaguti, and all the predictions fall within Tritton's scatter of
experimental results.

The last‘tWO entries give a compaiison between the results of Grove
et al (1964) for channel — flow and the new - upwind -predictions for the
same flow geometry. The values of C;D# compare reasonably well, but there

seems to be some discrepancy between the experimental -and predicted values of
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C

DF*
estimated by means of what they call 'a standard laminar boundary - layer

However it should be noted that. Grove et al's value of C_DFwas

analysis using the measured pressure profile'. It is possible that the
use of this analysis has caused the experimental value of C.DFtO be

underestimated.

5.2.3 Heat transfer predictions

(a) Outline of sub — section and boundary conditions

This sub — section is concerned with the predictions of average and
local Nusselt numbers for free flow over a cylinder at /Qe = 40 and

Pr = 0.7. The boundary conditions, Fig. 5.2.11, are as follows:

T T T T TR T T T T T 7
I
Upstream | . | Downstream
o Aoxa .
_dI =0 Y R |
— l dxa, (4 M | > _J_ .
. =8.4R , S 3 88.3R

" Fig. 5.2.11 Thermal boundary conditions for laminar

free flow over a cylinder

1. Upstream and top boundaries: 7 = O

2. TDownstream boundary: 27 — o
: dx,

3. Plane of symmetry: dT
dx,

[l
0

4. Cylinder wall: 75-= constant or 12 = constant
5. Stream -~ function distributions:
The % distributions are obtained from the free — flow predictions

in sub - section 5.2.2 (b).



. Source of Results

Equation for mean
Nusselt number

Value of m
at Re = 40

McAdams
(1954)

.52

Nw = 0.32 +0.43Re

0.1 Z Re £ [000

3-25

Hilpert
"(1933)

Nw = 0.821 [ Re(_%\'f*]ms
4 = Re £ 40

3.35

Collis and Williams

(1959)

- = 0.24 + 0.56 Re

% [T/ Ta] ™

o.45

0.02 & Re £ 44

3.19

ven der Hegge
Zijnen

(1957)

Ne = 0.35 +
0.5 Ré‘s'/‘ 0.00/ K=

0.0/ £ Re £ 500,000

3.55

- Present predictionsy

new upwind, 40 x 2G
7; = constant

3.38

Present predictions;
standard upwind,

40 x 203
T =

s constant

3.49

Present predictions;
new upwind, 28 x 14;
T, = constant

3.64

Dennis, Hudson and
Smith (1968);
numerical,

Ty = constant

3.48

Table 5.2.6
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(b) Average Nusselt numbers

The heat transfer characteristics;of flow over transverse cylinders
has been the concern of a great number of experimenters, who have
performed measuréments over a wide rangé of Reynolds and Prandtl numbers.
Those who have concentrated their efforts in fhe very low Reynolds number
range have measured the characteristics of very fine hot — wire probes
(c1 < 0.005 cm) which are used extensively in the measurement of the
.turbulent properties of fluids_and in particular air. The size of these
wires is such that free — flow conditions can be assumed to exist round
the wire.v Therefore, in tﬁis sub -~ section, the predgctions of average
Nusselt numbers at e = 40 under free — flow c;nditions are compared with
available hot ~ wire correlations.

Table 5.2.6 gives the EZZ—-Rb correlations produced by a selected.
number‘of investigators for air flow over cylinders.v The-valueé“of
Eﬁ; at Re-= 40, calculated from each correlafion,are given along with
values.obtained from the present predictions and the predictions of
Dennis, Hudson and Smith (1968). It is gratifying that the 40 x 20
predictions are within é% of the mean of all the experimental values, and
within 3% of the value predicted by Dennis et al. The effect of using a
coarse grid is illustrated by the 28 x 14 result, which is greater than the
40 x 20 predictions but within 10% of the ﬁean experimental value.

In the course of their measurements, Collis and Williams (1959) have
shown that the effect of natural convectionvon heat transfer from a wire’
of d £ 0.005 cﬁ is negligiblé for Reynolds numbers of the order of 40.
fherefore it is particularly valid to compare the predictions with the
values of Hilpert (1933) and Collis and Williams (1959), because in both
cases the measurements were performed witﬁ wires of Cﬁ = 0.005 cm and

Re = 40.
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(¢) Local Nusselt numbers

(i) The predictions for Ty = constant

Fig. 5.2.12 illusfrates the new —~ upwind predictions for Re = 40,
Pr= 0.7 and grid sizes 28 x 14 and 40 x 20. These predicfions are
compared with those of Dennis et al for}iﬂs:: 40 and 73# = 0.73.

" The latter investigators used the velocity field calculated by Apelt
(1958) as a basis for the mmerical solution of the elliptic equation

for enthalpy. In their finite — difference procedure, Demnis et al (1968)
uéedva polar co-ordinate grid system with the additional‘change,of
variable € = ea_ge(.'E-),whe_re R is the radius of '»l:lvle‘ cylinder. This
co—ordinate Sysfem is the same as that used by Apelt (1958).

It was shown earlier in sub — section 5.2.2 (b) that Apelt's predictions
of wall‘preséure and vorticity distributions compare closely with the
cqrfesponding 40 x 20 new — upwind predictions. It was also concluded
that Apelt's predictions are accurate because the near — wall flow is
very nearly orthogonal with the grid, and so the ;ffects of false diffusion
| are miﬁimised_in this region. The same argument applies to Dennis et al;s'
predictions of local Nusselt gumber, which are showﬁ in Fig. 5.2.12,

It is encouraging to note that, except for the values of Nu at thé
front and rear stégnation points, the 40 x 20 new -~ upwind predictions
compare closely with those of Dennis et al. From this comparison, one
can deduce that the new — upwind profiles at the front and rear stagnation

points are inaccurate. Now the local Nusselt number can be written as.
- (dr*
A% /g
VG et R ot
,,____@ =)
. : &
NTup = 45

follows:
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where, _T%= T/(T_:; - 7;)
| ¥ r+/d

= cylinder wall temperature

—’l-

Ts

7‘; = reference temperature

7" = radial distance from axis of cylinder
d

diameter of cylinder

and, subscript NP refers to values at gridnodés next to the cylinder wall

and subsci-ipt S to values at the cylinder wéll.

Referring to Fig. 5.2.2, the grld distribution is such that the values of
‘7"%—- ')'“'% for the grid nodes next to the fron’c and rear stagnation

points are very small. Also it follows that 7;,, T will be small

for these nodes. Therefore a. small error in T*

wp Con0 produce a large

error in Nu + One canmnot therefore place too much confidence in the
local values of Mw at these positions on_ the cylinder wall. Fig. 5.2.12
also shows that by refining the grid from 28 x 14 to 40 x 20, the errors
neér the front stagnation point and in the region 85—4'- & £ 120 are
~reduced. |

~Fig. 5.2.13 shows that the new — and standard - upwind predictions
agree with the predictions of Demmis et al to within = 10% in the range
‘120 £ O £ 170. The uncharactemstlc shape of the standard - upw1nd curve
for 90426 £ 180 is attributed to false diffusion, and it is clear that the
effect of thié error is largely removed by the new — upwind calculation.
The false — diffusion error is not so appa,renf for the downstream side of
the cylinder, 90 =@ = 0, because the conve.ction terms in this regic;n are
small compared with the diffusion terms.

- (ii) Comparison with experiment, Ty = oconstant

Fig. 5.2.14 compares the new — upwind and Dennis et al's predictions
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at e = 40 with the measurements of Eckert and Soehngen (1952) at
Pe = 23 on the basis of NM/RQa against e + A stagnation point
analysis for flow over a cylinder, Schlichting (1968) shows that Nu
at the front stagnation point is proportional to Ré’z- for the case of
‘—1'?r~ = 0.7+ Therefore the compar‘-ison between the predictions and the
measurements on the basis of Nu/Reyz is particularly valid near the
front stagnation point. '

Before discussing the comparisons we should estimate the validity
of comparing‘the predictions with the measurements of Eckert and
Soehngen, The experimental conditions for the latter were as follows:

1. The blockage ratio of fhe test section, R/‘A was 0,108,

2. The cylinder wall temperature gradients at the centre plane of
the test section were measured using a Zehnder _Mabh interferometer.
Because of the light — ray refraction in the heated boundary layer,
temperature corrections were made and amounted to a maximum of 10% of
the temperature difference across the boundary lgyer.
| 3. The test — section flow velocities could not be measured becé,use
no instrument was availabie for measuriné low air velocities of some
inches per second. The Reynolds numbers were therefore determined from
the. measurement of the average Nusselt .numbers and. the use of a correlation
similar to McAdam's formula in Table 5.2.6.

4, The iﬁterference photograph for ;?e: 23 shows a. definite
asymmetry in the interference lines (or isotherms) on the downstream
side of the cylinder. This effect must be due to natural convection.

As indicated by point 2, the local Nusselt_ number should be accurate
to within I 5%. However the method used for estimating the Reynolds
mumber (point 3) effectively minimises ¥he influence of the biockage effect

\/ —
(point 1) on the values of Nu./Rez . This is because Nu is assumed to
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obey a formula for free flow where E_L_L_ ~ conéfant in the range

Re™ ,
20 £ Re & 40; and as most of the heat transfer occurs on the front
face of the cylinder this means that the local values of Nw are also
made proportional to Reyz . The latter agrees with the theory of the
stagnation point analysis for free flow over a cylinder, and thus the
effect of blockage is minimised.

The influence of nétura.l convection (point 4) is significant only
on the downstream side of the cylinder,0% O£ 80, where the local
velocities are sma.ll.. However the heat transfer for this region is
only about 20% of the total. Therefore if the error due o natural
" convection is say 40% in this region, then the error in the total heat
transfer is only 8%. But as for thé blockage effect, the influence of
- natural convection on the values of NL‘-/,‘?Q}é for the upstream face of
the cylinder is minimised by the above method of calculating Re.

Thus it is not surprising that thefe is reasonable agreement betwee'n‘
the two sets of predictions and the experimental data in the range
1702 @ £ 40. However the error in the ne:w — upwind predictions at the
front stagnation point is again clearly evident. Another obvious
discrepancy is between the predictions and experimental data in the range
40 £ © £ 0, This must be mainly due to the influence of natural
convection.

. . L pau
(111) Comparison with experiment, 15 = constant

Some predictions for i;: constant are illustrated in Fig. 5.2.15.
In the latter, new — upwind predictions for Re = A0 and -'P'ff = 0,7 are
compared with the measurements of Acrivos et al (1965) for Re = 49 and
P = 1200 on the basis of Nu/im against © . This basis for
comparison is cho.sen for two reasons. Firstly, the functional rela.tionship

»

between Nu., Re and Pr is not known for is = constant.

Secondly, ti:e use of the ratio Nu Mréduces the importance of the
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blockage effect,R/VgL = 0,082, which according to Acrivos et al increases
the heat transfer near the front stagnation point by about 10 —~ 20%.

It will be noted that, unlike the new — upwind predictions for
TS .= constant in Fig. 5.2.14, the predic‘tibns for 12 = constant do

not indicate any uncharacteristic trends near the front stagnation point.

This is because the local Nusselt number is defined by:

Nu = q,”s 0‘{/7%

. (oo = )
where, 3 ”5] d
1‘?.
Te

constant

thermal conductivity of the fluid

wall"tempera:ture at angle ©

Therefore the error kin Nu is inversely proportional to the erro.r in
(7;,9 — Toa )y OT 7;,6 if the reference temperature To is zero.
This error is much less than that for the cqmesponding predictions with
TS = constant, because for the latier the error in Nu. is proportional
to the error in 7;"'-7;”;, whefe 7;"; is the temperature at the near — wall
node., The agreement between the trend of the éxperimen‘tal and predicted
curves near the front — stagnation point suggests that the error in T;,G
must be small in this region. If this is so, then the error in Nu is
small for the whole cylinder, because the error must decrease as 7;,6
increases, that is as Nu  decreases.

The agreement between the predictions and the measurements for
50 £ © £ 180 is within 12%, which is less 'tI;an the maximum error due to
the blockage effect near the front — stagnation point. The large
discrepancy in the range 0£ ©£ 50 is probably due to the combination

of the blockage effect and natural convection.
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5.2.4 Discussion

(a) The matter of accuracy

The previous sub - sections, 5.2.2 and 5.2.3, contain a number of
comparisons between the present predictions of flow over a single
cylinder and the predictions and measurements of other workers. These
comparisons demonstrate that thé Chapter 3 solution procedure can be used
to give accurate predictions of laminar recirculating flows. However the
accuracy of such predictions is dependent on two main factors.

Firstly, the accuracy depends on the method used to calculate the
convection terms. For example the present predictions (in agreement with
those of Chapter 4) show that the predictions due to the new.- upwind
method are more accurate than those due to the standard — upwind method.
Thus the more accurate new — upwind method should be used fﬁr all problems,
where its properties do not prevent convergence.

Secondly, the overall accuracy often depends on'the accuracy of the
near — wall calculations or, in other words, on the grid distribution in
‘the near — wall region. For instance in the case of flow over a cylinder
(and other similar flows with stagnation points) the boundary layer
thickness on the upstream face is inversely proportional to the square
root of the Reynolds number. This means that if we wish to obtain accurate
predictions of flow over a cylinder for R%?>> 40, it is necessary to
progressively refine the grid so that the near — wall nodes are always
within the boundary layer. This could be done with the present grid
arrangement. However the required number of grid nodes may cause a
prohibitive increase in computér time. Alternatively, the grid in the
near — wall region could be refined more efficiently by using a hybrid grid
arrangement similar to that of Thoman and Sze&czyk (1969). In the work

of the latter, the nodes were described by an -8 system in the region
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R<+ éZR, where R = radius ofvthe cylinder, and a rectangular
mesh in the outer field. This arrangement has the disadvantage that the
required iteration scheme is more complicated than that for a single
grid arrangement. However this disadvantage is outweighed by the
important advantage that the details of the flow very close to thé wall
boundary can be accurately calculated.

(b) Summary of results

The results of using the Chapter 3 solution procedure for predicting
flow over a cylinder at ?%g = 40 are summarised below in two parts. The
first part is concerned with free flow over a cylinder and the seoond.is
concerned with channel flow. The present ﬁrediotions are discussed in terms
of the results which correspond to the 40 x 20 new — upwind prediofions.

For free flow over a cylinder the results show thét:

(1) The predictions of pressure and wall vorticity distributions
are in good agreement with the measurements and predictions of other
investigators. Also the prediction of streamline pattern is in good
agreement with the trend of the available measurements.

(iij The prediction of the coefficient of drag falls midway
between the limits of the experimental scatter of results and midway
between the values of other predictions.

(iii) The prediction of average Musselt number for T+ = 0.7 and
Ty = constant agrees to within 3% of the value predicted by
Dennis et a2l (1968) and to within 2% of the mean of the available
experimental values. Also the predicted local values of Nusselt number
are in reasonable agreement with those of Dennis et al (1968). However
agreement is poor at the front and.rear stagnation point, where the

present predictions are inaccurate.
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(iv) For both TS = constant and iﬂ; = constant, the trends of
the local Nusselt curves are on the whole in agreement with the available
measurements, Exact comparison, however, camnot be expected because the
measurements are influenced by a combination of blockage and natural
convection effects. |

For flow over a cylinder in a channel (%%/¥{ = 0.05) the results
show thai;

(i) The predictions and measurements of pressure distribution are
in good agreement.

(ii) The streamline pattern is not accurately predicted because

three — dimensional effects may influence the experimental dbubble size.

5.3 Flow through in ~ line tube banks

5.3.1 Review of available data

Flow through tube banks has been the subject of many experimental
studies, but very little work has been performed in-the low Reynolds
number range where viscous effects prédominate. The most prominent studies
in this flow regime are the measurements of Omohundro et al (1949),
Bergelin et al (1949), (1950), (1952) and Zhukauskas et al (1968). A1l
three groups used medium - viscosity oils, so that very low Reynolds
numbers could be achieved at flow rates within the range of available flow
meters. The work of Bergelin et al is particqlarly comprehensive as it
deals with:

(a) a wide range of Reynolds numbers within'the laminar regime.

(p) wvarious in - line and staggeréd arrangements- for the non —
dimensional spacings 1.25 x 1.25 and 1.50 x 1.50.

(c) the measurement of pressure drop and heat transfer data under
isothermal, cooling and heating conditions.

However Bergelin et al chose the restrictions of using 14 tube rows for

the ‘staggered geometries and 10 tube rows for the in — line geometry,
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and the boundary condition of a constant — temperature tube wall. The
work of Zhukauskas et al is not as comprehensive as the aﬁove, but it
does include measurements of local heat transfer coefficients for the
constant — heat - flﬁx boundary condition.

In this section, we are concerned only with in - line tube banks; and
most of the predictions are performed for the 1.25 x 1.25 and 1.50 x 1.50
banks so that comparisons can be made with the bulk measurements of
Bergelin et al. These comparisons are supplemented by plots of various
local characteristics such as flow, pressure, shear stress and Nusselt
number distributions.

The'following sub - sections 5.3.2, 5.3.3, 5.3.4 and 5.3.5 are
concerned with the boundary conditions, hydrodynamic predictions, heat
transfer predictions and discussion respectively.

5¢3.2 Boundé,ry conditions

The boundary conditions with reference to Fig, 5.3.1 are as follows:
(a) Hydrodynamic
(i)' Reynolds rmumber: Re = P “-Dt = 2 £ URrR
= 7 7
where,jo=u=R= I : Re =2_//M-

u - mean velocity through minimum cross - section between
the tubes

I% = diameter of tube
(ii) Inlet and outlet: d_sb/dx, = dw/dac, =0
(iii) Tube walls: % =0 |
(iv) Top centre — line: SZ/C = ST -/ , a_) =0
(v) Bottom centre — line:
(vi) Wall shear stress: ZP ]

d+ Jv+=R

-'. Z:Esz: "‘2/“.[“)1*:[2
pur Ty
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(vii) Wall presssure gradient and distribution:
1odp - [ dz - - |
R do d+ Jr+=R /u 7*' =R
Integrating w. +~ . © PO Up = - R
. e
o R o o> 2 / - R/A [__d_.w_] oo
P L /o 0z Y Ldadtrdrar

' T
Similarly, 2,(1.77—'['9) _a_._._/ - R/u[dw d8
p a=* P u= A d
(viii) Total pressure drop coefficient (Buler number):
= (P~ P)/(p 5™
The Euler number is calculated as follows: .
Ew = sLaf (o= Po) + (Po=Pe) + G =)

Using the equations.in (vii) above, the pressure differences (}DR —_ IDB )

h

i

=R

and ( ]Jc - F.‘D ) are calculated via the pressure distribution equations for
tubes 1 and 2 respectively. However the pressure difference (PB - PC)
)

is calculated from the integration of the >¢, - momentum equation between

points B and C. The latter equation may be written as follows:

dp = 2. J2ud% — pur O M 3% £ U] o U, U,
S-S R - I A T LRSS RV

By integrating the above equation between points B and C and by using the

boundary conditions, (u,>5= (MDC = (“z 0,

xzz o

and the contimuity equation, 24 . JUs = 0
. BDC, 'BDC,_

we obtain:

s~ fe =/A/[ xz:odx,

or, _fB_.—_ e = / O(JC,
f az /D b"‘ duxz x =0

(v) Heat transfer

For convenience the boundary conditions for temperature are tabulated

o/’
in Table 5.3.1 in terms of %5 = constant and T, = constant.

o S




138

Parameters qfls/CF = constant 7; = constant
7;,1 7:-'-)1
(Note 1) + s Trom _0_{__:[ =0
Toe Toxt 4 & LU - (%é] dx,
T. (Note 1) |T._ — qL”s[ TR ] T
, S, SJE -C—P- sbc _ LPS
7. N 3 [+.—R T
_ S’iNote 2) T F %f[;f Pr ] ®
7; From d T/d::c, = O
T, —7;1' =(7; _7;1') [(T -I E)/(i;,e" 7:.-,5)} .
7;)1 R '7;;5 ;ézu dez/f szo u, docy
7;3 (7;,1'. + 7;:5)/2
LM 7;,5> _ (Ts,z — 7;,1) |
‘e°9e£(7;e ~ 7;,5)/(7;,1 - T51)
(Nw)g, @./ep ) De [7; - TNP] De
(Note 3) /B I - ,II Ts = Taq ("'?JP“R)
OV“)B_,E (‘ﬂ/@o) Dy [_T_;:: _ﬂna] D¢
ot 3) F/PlTs ~Toel LT ~Toed Gr™ R)
(Nway 6@ZU/CP) Dy [TTE —'Thf] Dy
(Note 3) ILL/P"IE_-I;BI Tz - Tas (ﬁdP"’R)
(N “‘th1 (‘}f;/ C?) D¢ [ Ts - RPI Dy
(Wote 3) (/‘4/P-r> Tin Tim (Tse —R)
N L/ "N d©

Table 5.3.1
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4 /
Note_1: Equations for 7C,E. andA 7;:1, ’q/_cs’ = constant
P

The local Nusselt mumbers at O = ﬂ can be given as follows:

(.- fm ™ [ o k?;f =

For fully — developed conditions:

[(Nb‘)s,I]e:ﬂ/z - [(N"'“>B,J o =T/l

T;,I = Tgr = T~ 1;,&

B,1 S,E

ST =T, = Ty - T

S,E L B,E B1

The heat balance equation for the tube bank section is given by:

_?',_"STTR = G m (7;,5_7;,1;)

whgre, ™m = [fsr/z U, Dlxi} = sbc - (705
. P

. [ /4
. 7;,5'—71_5,1 = _?4_5.

| G-
. . Prom above, 7;_,[: — 7;;1 = 2:’;“0-90)

For fully — developed conditions:

T.;S,I - 7-6 I. = 7;,E - TC’E

>

7;,,1 - TB);‘ ’7;’5 - 7;)5
but - - :
5z~ Tar = Tse — Toe
. 7;,1 - 7::,17 = 7;,5 - 7::,5
L] — — — II
.. 7;:5 7;.1 - IseE 7;,1 = s R



FLOW

i TION

DIRECTIQ -
— . Qi@ .

FLOW ) — TS ‘

- »2'Q N
DIRECTION <o ce: 100
Wi}

L Q9 1

BFiG, 5.3.2. THE INFLUENEGE OF REYNQLDS_ NUMBER ON THE FLOW
PATTERNS ANE VORTICITY c.c:mcuas:s,f:sh:i'as.

oti



141

<
Note 2: unatlon for T is= constant

&[ J - —® [ ]ﬂ
Applying the appropriate flnlte - dlfference approximation assuming that
T varies linearly near the wall then,
Y/
is. = — M [ Tup — T;]
CP T+ 'f;;p - R

Rearranging gives :

o= 4 (BesR) £ T
CL /47P+> o

Note 3: Nusselt numbers; CLS = constant and T; = constant
3
(X
For %5= constant:
<p

Nu = % ”s Dy - (q/ﬂs/cp) D¢
AT (F/Pr) AT
For 7; = constant: .

Nu = -Z[2T ]z Dt ( )
AT AT Tup ™

where, AT = characteristic temperature difference

5.3.3 Hydrodynamic predictions

( a) Flow profiles

Typical stream function and vorticity contours are illustrated in
Fig. 5.3.2 for ST= S, = 1.25. The streamlines for Re = 10 are almost
symmetrical with a small recirculation eddy between the tubes. This flow
is associated with a vorticity distribution which is almost symmetrical
due to the predominent influence of the diffusive fluxes., The effect of
' increasing the Reynolds number by a factor of ten is illustrated by the
contours for ®e = 100. In this case the streamline pattern is no
longer sjmmetrical, but the enlarged recirculation region sags towards

the downsti'eam tube. The corresponding asymmetry in the vorticity contours
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illustrates the predominent influence of the convective fluxes.

(b) Shear stress and pressure distributions

Figs. 5.3.3 and 5.354 illustrate local distributions of non -
dimensional shéar stress and pressure for F&3== 10-and }ae = 100
respectively. As one would expect the shear stress distributions for

Re =V1O, Fig. 5.3.3, are almost symmetrical with a small negative shear
stress region corresponding to the recirculation eddy region. The results
for Re - 100, Fig. 5.3.4 show a definite asymmetry in the shear stress
profiles and a growth in thebnegative shear stress region. The pressure
dist;ibutions for Re = 10 and 100, Figs. 5¢3.3 and 5.3.4 respectively,
are similar because in both cases most of the pressure drop occurs in '
the range 0% 04130, However the pressure recovery for Pe = 100
in the region O £ O£80 is greater than for ke - 10. Another -
significant trend is that the maximum values of shear stress and pressure
drop for f;r== st = 1.25 are alwaysvgreaier than the maximum values
for ST=.SL= 1.50.

(¢) Pressure drop characteristics

Fig. 5.3.5 shows the effect of grid size on the predicfion of overall
Buler number at a Reynolds number of 400. For both _STB S, = 1.25}a1.1d
1.50 the new ~ upwind predictions are almost independent of grid size, but
the standard — upwind predictions tend to converge towards the mean new -
upwind valuve with increasing grid size. These results provide further
confirmation that new -~ upwind predictions ‘are more accurate than
corresponding standard -~ upwind predictions.

Figs. 5.3.6 and 5.3.7 compare the px:edic'bions of Euler number with
the measurements of Bergelin et al for 5.,.= S, = 1.25 and 1.50 respectively.
The results of Bergelin et al correspond {to average measurements for 10 tube
rows whereas the predictions are relevant only to fully — developed flow

conditions. Therefore it is not surprising that there is a systematic

discrepancy between the measurements and predictions. The fact that the
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discrepancy is small and almost constant for Re €100 indicates that the
flow develops rapidly after the first tube. However for l%e.>- 100

the descrepancy increases markedly and this is due to the onset of
transition between the fully laminar and fully turbulent flow regimes.

The heaf transfer results of Bergelin et al (1949), (1950) provide further
evidence that the onset of the transition region occurs in the range

40 % Re£ 100 for both banks.

For the sake of comparison; the predictions for both the new — and
'sfandard -~ upwind methods are shown in Figs. 5.3.6 and 5.3.7. "Reasonable
agreement between the two methods is obtained.ibr'ﬁk < 100, but due o
the effect of false diffusion the discrepency betweeﬁ the two sets increases
for ;Ee.}> 100. Now the results of Fig. 5.3.5 confirm previous conclusions
that the new - upﬁind predictions are superior tb the standard — upwind. |
Therefore in later figures comparison‘is made only between the measurements
and the new — upwind predictions.

Fig. 5.3.8 compares the predicted Buler number characteristics for

S.,- = S,_= 1.25 and 1.50 with further predictions for S.,_= S, = 1.75
and 2,00, An éitempt to correlate these four sets of predictions is.
illustrated in Fig. 5.3.9. The latter shows the effect of using a
correlation, similar to that suggested by Bergelin et al (1950), that i$

Eu S-:-,.D"g >o.6 against 'Re _%i) where,
& t

:I) 4 x free volume
=

exposed area of tubes

2D, (25,5, — 1/2)
T

Dy

and S-r-cSL.
The full line represents the mean correlation produced by the results of

Bergelin et al for S_ = S, = 1.25 and 1.50. The deshed line
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indicates that the suggested correlation also gives good agreement
between all the predictions for Re (’D’U' Dt:) £ 100 and fair agreement

for TFe (D"’/Db > 100.

5.3.4 Heat transfer predictions

(a) Temperature contours

Fig. 5.3.10 illustrates the influence of Prandtl number on the
temperature contours for S, =S, = 1.25and Re = 100.
The corresponding flow profile is given in Fig. 5.3.2. The cbntours are
plotted in terms of a non - dimensional temperature T*, which is given

by:

ol

7—#:’. T"'
Ty -

7

wl

The contours for T = 1.0 indicate a significant temperature drop along
the flow centre — line but the corresponding drop ‘for B = 10.0 is .sma,ll.
In the region between the tubes, the T*= 0.1 contour is nearly
symmetrical for R = 1.0, but is biased towards the downstream tube for

Pr

P = 1.0, the temperature contours are strongly influenced by the

I

10.0. These characteristics indicate that in the first case,

effects of heat conduction; and in the second case, B = 10.0, the
influence of heat convection is dominant.

(b) Local Nusselt numbers

Plots of local Nusselt number are given in Figs. 5.3.1'1,‘ 563,12
and 5.3.13. In the first two figures, 5.3.11 and 5.3.12, which correspond
to the results for S, =5, = 1.25 and 1.50 respectively, the predictions
for > = 1.0 are compared with those for #*+ = 10.0 at Re = 100.
In the third figure, 5.3.13, the measurements of Zhukauskas et al (1968)
for ST = S,_ = 1.30 at Ke = 97 are compared with the predictions for

S_,_= -SL = 1.25 and 1.50 at 7\5@: 100. In all three cases, the local

Nusselt numbers are calculated so that [(NM>BI_]9 . = [(Nu>3 EJ ]
2 =90 »5] 6 =90
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This means that for O £ © £ 90 (upstream tube), NuU is calculated on

the basis of T the bulk temperature at inlet; and for 90% & = 180

17
(downstream tu'be), N is calculated on the basis of 7;3’5, the bulk
temperature at outlet. Therefore the Nu eqﬁations for 0 £ & £ 90
and 90 £ © £ 180 are given by the equations for (N“>B,I and CN"“>B,E
respectively.

It is obvious from Figs. 5.3.11 and 5.3.12, that as near as doesn't
matter the characteristics of Nu. are independent of +r for both

.S.,. = 'SL = 1.25 and 1.50. It is also clear that the characteristics
are not symmetrical about © = 90. This is becausé of the strong
influence of convection, which'causes the temperature gradients on the
downstream tube to be greater tflan those on the upstream tube. Proof of
this is evident in Fig. 5.3.10 where, for :Pr- = 10, the temperature
contours are bunched up towards the top half of the downstream tube. In
-this case Nu is dependent only on the local'température gradients
because T;S?Iz T;,E - ‘

In turbulent recirculating fldw situations, -it is usual to suppose
that maximum values of heat transfer coefficient occur at the reattachment
points. However as illustrated in Figs. 5.3.11 and 5.3.12, this is not
necessa-,rily true for laminar recirculatipg flows. It should be recalled
 that in turbulent flows, the heat transfer:coefficient at a reattachment
point is largely controlled by local parameters of turbulence, such as
A kinetic energy of turbulence (f.e.t). PFor instance in such a flow, the
nea:_r' - wall level of ‘é,e. £ attains a maximum value in the region of the
reattachment point and this maximum value is associated with a maximim
heat transfer coefficient. However for constant - property laminar flows,
the heat transfer coefficient is simply a function of the local temperature

gradient, which is influenced only by local diffusive and convective

fluxes of enthalpy. The two situations are obviously different, and therefore
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maxirmum heat transfef coefficients do not necessarily occur at
reattachment points in laminar recirculating flows. Indeed for the in —
line tube bank situation, the maximum heat transfer coefficients or
Nusselt numbers occur at the top of the tubes, where due to the influence
of geometry the thermalboundary layer is thin and the temperatﬁre
gradients afe a maximum,

In Fig. 5.3.13, measurements of local Nusselt number for a medium -
viscosity oil, (R~ )B =. 528.0, are compared with predictions for a
constant property fluid, ( ?3-)3 = 4.0,on.the basis of Aﬁ&/ﬂ?Cﬁl AB °
The latter basis effectivély removes the importance of the difference in
3 . For reasons of geometrical similarity one would expect close
agreement between the predictions for S, = SL= 1.25 and the
measurements for fST = ESL = 1.30. However the two curves are complétely
different and this is probably due to the following factors:

(1) The predictions correspond to fully -~ developed flow conditions
and the measurements to developing - flow conditions.

(ii) The predictions assume the existence of purely laminar flow,
but the measurements probably correspond to flow in a state of transition.

Theilaiter point is illustrated by the local Nusselt number curves in
Fig. 5¢3.13, where the maximm predicted value occurs at Eé = 90 %but
the maximum experimental value is at © = 110 . Because of the probable
influence of turbulence effects, the experimental maximum appears to be
moving towards the reattachment point, 59==14Q . The predictions for
JST = 531 = 1.50 are included in order to demonstrate the difference
between the two sets of predictions, and thus show the influence of the
geometry on the local values. These predictions also illustrate, perhaps
fortuitously, close similarity with the measurements. Nevertheless the
differenée between the positions of bredicted and measured maximm Nusselt

numbers still remains.
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(c) Mean Nusselt numbers

Fig. 5.3.14 showé thaf the predicted mean Nusselt nuﬂmérs <TJ;;ZWP
based on the log — mean temperature difference, are almost independent
of grid size for both 15}= .SL = 1.25 and 1.50. This is a clear
indication of the accuracy of the predictions._ In Fig. 5.3.15, (EJ;;ZNI
is plotted against the Peclet number (= Re P~), which embodies various
combinations of Re and ?ﬁF « Perhaps contrary to expectation.(ﬁﬁézm
is‘shown to be independent of Peclet number for both ji+= ESL = 1.25
and 1.50. Some explanation for this characteristic is illustrated in
Fig. 5.3.16, where on a plot of Gval$'éE£%fJ4against ;%173-129/6L
the predicted values of (FEZLP' are coéSZied with the measurements of
Bergelin.et al and the curve of Graetz's solution for a developing‘thermal
boundary layer in a pipe (see Knudsen and Katz (1958)). The parameter
:Il%/é_ expresses the ratio between the equivalent diameter and the
length of the heated section, which for a round pipe is given by the ratio
of the diameter and the length. In the case of an in - line tube bank with
.3,. =S,_ and N tube rows of diameter .Dﬁ, 'D*"A_ must be c;'a.lézulated
using a somewhat arbitrary expression. The following expressions for
;Z}g and Z_ were chosen:

;z> 4 x FPree volume
e

Exposed area of tubes

™
distance between leading edge of first tube and trailing edge

and L

of last tube.

(N-DS,. D, +Iy

Il
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For +the ST = SL = 1.25 and 1.50 banks used by Bergelin et al, the

values of -De /L are as follows:

S.=5 N D /L
1.25 10 0.0808
1.50 10 0.1280

This arbitrary designation of -De /1_ does not however alter the fact that

the results of Bergelin et al obey the following rel:'a.tionship:

(R "o (57

The slope of 1/3 is in exact agreement with the solution of Graetz for

Re iD-f‘De/[_ > 30 and -De/L = constant. The Graetz solution
indicates that the thermal boundary layer in the pipe is still developing.
for Re Pr De/[_> 10 . Similarly the .results of Bergelin et al éuggest
that the thermal conditionsrin the tube banks are hot fully developed.

Even if fully - developed conditions were attained in the last few rows,
the results show that the mean Nusselt numbers are still largely controlled
by the values in the inlet region. The Graetz solution gives an asympt‘otic
solution of (N—LDLM= 3.66, and it is obvious that as L/p, —= 0O

this value is independent of Re <00, Under ‘these conditions the
thermal boundary layer in most of the pipe is fully -~ developed. Similarly
the predictions for S_= S, = 1.25 and 1.50, which correspond to fully -
developed thermal conditions, must be independgnt of Re ﬁ as

shown in Pige. 5.3.15. It is interesting to note that for givén values of

Re B Dz/) both the predicted and measured values of (Nu)_m
for S’r = SL = 1.25 are greater than the corresponding values for

S.= 5, = 1.50. On the basis of this observation, one could, with
some confidence, perform extrapolations between the results of Bergelin et
al and the corresponding predicted asymptotic values in order to give

curves similar to that for the Graetz solution.
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5¢3.5 Discussion
The hydrodynamic predictions of flow, shear stress and pressure drop

for in - line tube banks display expected trends. The accuracy of the
predictions is demonstrated by the plots of Euler number against grid
size at Re = 400. In the latter, the new - upwind predictions are
independent of grid size. The slopes of the predicted pressure drop
curves, plotted in the form of Eu against Re s are in good agreement with
the slopes of the measured characteristics. However because the measured
values of overall pressure drop include the developing - flpw region and the
predicted values correspond only to fully — developed flow, the predictions
underestimate the mea.sAuremen'bs by about 10 - 2(_)% for Re € 100. The growing
discrepancy between the measurements and predictions in the range of Re) 100
is due to the onset of flow transition in the experimental situation., The
pressure drop predictions for ST= S,_ (in the range S.,. = S,_ = 1,25 to
Sr‘: S, = 2.00) and Ke % 100 are given by a single characteristic
- curve when plotted in.the form of Fu (D_.%_o‘éagainst Re @1/]%).
| The heat transfer predictions prodize 'bbemperature contours and local
Nusselt number curves which display valid tren&s. Plots of mean Nusselt
number against various grid siges demonstrate that the predictions are
almost independent of grid size. Somewhat unexpectedly, the mean Nusselt
number is found to be independent of Peclet number for a wide range of
Reynolds and Prandtl numbers. This result is clarified by pio*b'bing the
predictions and the measurements of Bergelin et al in the form of

(W)LM (/'(5//“3)0.,4 against Re %‘.De/l_ and by making
a comparison with the trends of the Graetz solution. It is shown that the
measurements correspond to temperature conditions which are not fully ~

developed, and that the predictions correspond to asymptotic fully -

developed conditions where the predicted values of Q\'[u')LM are independent

of Re_ P—r—,
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6. TURBULENT FLOW PREDICTIONS

So far the capabilities of the Chapter 3 solution procedure have teen
tested in two ways. The first involved the prediction of flows with
analytical solutions, and the second involved the prediction of two
laminar recirculating flows. In this chapter, the solution procedure
- is tested by applying it to the pfediction of two furbulent flows, one
without recirculation and the other with recirculation. The former is
developing flow in a parallel channel and the latter is fully — developed

flow through in - line tube banks.

6.1 Introduction

The two previous chapters were concerned with the predictions of
laminar flows with constant prpperiies. The latter were used as a basis
for testing the numerical accuracy of the Chapier 3 solution procedure.
The results of these tests showed that accurate predictions could be
achieved by minimising the error due to false diffusion.

In this chapﬁer, we illustrate the results of applying the solution
procedure to the prediction of two turbulent flows. The accuracy of
predicting such flows depends on two distinct aspects of the procedure,
Firstly, there is the numerical accuracy, which ﬁas been investigated in
previous chapters. Secondly, there is the accuracy of th_e turbulence
models, which seek {0 model the augmented diffusion due 1o the tu%bulent
motion. We have already some measure of the numerical accuracy of the
Chapter 3 solution procedure. We now need to establish the accuracy of
the chosen models of turbulence before we can with some confidence predict
a wide range of turbulent recirculating flows.

The accuracy of the chosen models of turbulencé are tested initially
by their application to a relatively simple flow, that of develbping flow

in a parallel chammel. This flow provides a fundamental test for any
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- turbulence model because no recirculation is present. Also because the
flow is almost parallel to the grid lines in the x1direction the numerical
error due to false diffusion is very small.

The turbulence models are then subjected %o more demanding tests by
their application %o the prediction of fuliy — developed turbulent flow
through in ~ line tube banks. The results of Both"the above sets of
predictions are cémpared with a variety of data. The turbulence (or flow)
models are described in 6.2; and the predictions of developing flow in
a chammel and fully - developed flow through in - line tube banks are
iilustrated in 6.3 and 6.4 respectively. PFinally the results are

summarised in section 6.5.

6.2 The flow models

6.2.1 The turbulence model

(2) Introduction

Turbulent motions in any fluid may be represented by the full time -
dependent Navier — Stokes eéuations. However the numerical solution of
these equations is neither practical nor desirable as far as the éngineer
is concerned. It is not practical because very fine grids and very large
computervstorage facilities would be required to study the detailed
behaviour of even the simplest turbulent flows. It is not desirable
bgcause the engineer is not in general so much concerned with the detailed
tehaviour of a fluid at a poiﬁt in space and time, as with the time -
averaged behaviour. This means that the engineer wishes in general to
measure or predict the time -~ averaged properties of a flow such as velocity,
temperature and pressure. Thus in order to model the behaviour of turbulent
flows in a practical way, we must start from the time - averaged Navier —
Stokes equations for turbulent flow, Hinze (1959). The modelling then has

to be directed at the turbulence stress (or Reynolds stress) components in
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the momentum equations and the turbulence flux components in the energy‘
and other conservation equations.

The modelling of turbulence quantities may be performed using a
variety of methods. Three of these methods are listed below in decreasing
order of complexity:

(1) Modelling -the transport équations for the Reynolds stresses,
e.g. .Hanjalic and Launder (1971).

(ii) Usiné aﬁ algebraic scheme for modelling the Reynolds stresses,
e.g. Launder (1971). |

(iii) Using one of the mahy effective viscosity models.

It is method (iii) that is adopted here. This choice is governed by
the reasons that method (iii) is the simplest of the above modelling
techniques and that the required solution procedure is the same as that
for laminar flows. The latter is due to the fact that the conservation
equations for turbulent flow, using the effective viscosity technique,
and those for laminar flow are éf the same form, see Chapter 2.

However one of the major limitations of effective viscosity models is
that the transport of Reynolds stresses cannot be takén into account.

For example in a wall jet flow, the diffusive tranmsport of shear stress
results in the non — coincidence of pogitions of maximum velocity and
zero shear stress. This situation cannot be modelled by the effective
viscosity concept. Neverthelgss despite.this limitation, we can often
expect (depending on the order of complexity of such a model) to predict
the éorrect behaviour of a wide range of flows.

(b) The choice of effective viscosity model

Launder and Spalding (1972) have already provided a comprehensive
review of effective viscosity models, so that such a review is not required
here. 1In their conclusions, Launder and Spalding indicate that the most

widely applicable effective viscosity models use two conservation equations
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one for kinetic energy of turbulence,gﬁ , and the other for length scale,
{2., or another appropriate parameter., The effective viscosity is then

linked to %% and f? via the Prandtl — Kolmogorov formula, where:

Lo ‘
e Cle p R | (6.2.1)

It turns out that the length scale {2 itself is not a particularly
well — conditioned variable to employ as the dependent variable of the
second equation. Instead workers have selected variables of the form

7%‘L%?£} where a and b are constants. For example, Ng and Spalding
(1969) and Rodi ‘and Spalding (1970) have chosen the product é.é , while
Harlow and Nakayama (1968) and Jones and Launder (1970), (1972) have
chosen an equation for the turbulence energy dissipation rate, & , which
for high turbulence Reynolds numbers may be interpreted as proportional
to %?3[2 YA . With the latter variable, equation (6.2.1) may be

recast as follows:

Hegy = Ce P K/e (6.2.2)

Two versions of the é"& model have been used to predict a wide
range of boundary layer flows,Jones and Launder (1970), (1972). The
high  Reynolds number version is suitable for the prediction of flows
where the effective viscosity is much greater than the molecular viscosity;
and ﬁhe low Reynolds number version is applicable to situations near walls
where the viscous sublayer exerts an appreciable influence on the flow.
It is the high Reynolds number version, which is used here.

(c) Description of the model

The boundary layer or parabolic forms of the high Reynolds number
version of the %é and & equations, Launder and Jones (1970), are as

follows:
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) 2,
R ARV e
(6.2.3)
PUBE + Pl 32
"2 [leth 3£ ]+ G £ py(B) - GrE

The elliptic forms of equations (6.2.3) and (6.2.4), withfu, a.nd/Dle

replaced by derivatives of W , are as follows:

.ax(*ém) ax,(’@:@ = (Lt —’—f)

b & (6.2.
el ) R s +

B:cz

(E m) 2 (EM\ = -—Ez %‘—g%%%,)

where,
R pug Gy 6] + (3 +32T ] oo

Bquations (6.2.5) and (6.2.6) are in the form of the general
equation.(2.4.1) for a wvariable ¢ +« The appropriate forms of a¢

b¢, ch and d¢- for Qf = k¥ and § = E are given in Table 6.2.1.
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°g Uy

k
X 1 Feth 1 ~f + pE
% .

E | 1 g«;_g,fgt' 1 ~C,%ﬁ+czf_§

3

Table 6.2.1

At high Reynolds numbers,the‘quantities 9u ’ C1,_ 02, Cgé and - C{;
which appear in equations (6.2.2), (6.2.3), (6.2.4), (6.2.5) and (6.2.6)

are supposed to take on the constant values given in Tablé 6.2.2,

0.09 1.45 2.0 1.0 1.3

Table 6.2.2

6.,2.2 The wall functions

(a) The purpose

Very often the dependent variables in a turbulent flow change very
sfeeply in the region next to a wall. To obtain reasonable accuracy
using the Chépter 3 solution procedure in these circumstances, it is
necessary to employ a ﬁeny fine grid in the neaf - wall region. This
apparent necessitf can be avoided by the use of what are called 'wall
functions'. The latter involve a number of assunptions concérning the
nature of thg flow in the near - wall region. Of thesé assumptions, the

main one is that the flow in any near -~ wall region is one — dimensional.
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Following the latter, other assumptions‘enable us to determine boundary
conditions for all the main variables at the near - wall grid nodes.

In this sub —~ section, the wall functions are described in three
stages. The first in (b) is concerned with the Simple Power Law (S.P.L.)
wall functions, which are derived on the basis of a constant shear -
stress near — wall region. The second in (q)_outlines the Modified
Power Law (M.P.L.) wall functions, which are a modified form of the
S.P.L. wall functions and are de31gned to deal with stagnation p01nt
regions. However the equations in both (b) and (c), whldnwereorlglnally
suggested by Spalding (1971), are given in terms of Cartesian co~—-ordinates
only. Therefore a third stage, given in (d), is necesgary to describe
the special equations apprepriate to the F.N.P. cell arrangemeht, which

is illustrated in section 3.3.2.

(v) The Simple Power Law (S.P.L.) wall functions
For the constant shear — stress layer. we have the following

,/%e_# 7@+(_§"__ﬁ} /‘+{y+9‘
w=T / o

where, u = velocity parallel to the wall

¥y = normal distance from wall

Uy = /LL_,_ 4 (6.2.8)

Integrating (6.2.8) gives:

Ur = _El_. joie (E/U—,._> (6.2.9)

for any point in the fully - turbulent section of a constant shear ~ stress

layer.
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wx N
Equation (6.2.9) | 2
can be approximated bl \’)\</ x P % E
by the power laws )
S/ ST
Fig. 6.2.1

| A
u—+ = & ‘dx{. ~ (6.2.10)

When using the CU, ¢ set of dependent variables, we require a
relationship between WU and ¢ 50 to close the equation set at 'bhe near -—

%ﬁ and = Qa %_,_ ,

/
s dy

wall node. Thus from w =

ai_Q(gD ()

or referring to FMig. 6.2.1,

Up = (1+4) (% - %) (6.2.11)
P #r
‘We note that it is much sirﬁpler to derive U = M{gp} by using
Ty ‘
(z(../. = a. y.l_ than by using M_,, = K—L '&;@ (E g,c) .
We also need to obtain L(JP and ZJF ; the point and space — average

vorticities respectively. These are derived from the power law,

Up = Q%_fr , as follows:

Wp = ~du| =-4dup
g ag/w, Jr

Wy, = L ?rd/"l =-__n_=—— .
L)Yy g e

(6.2.12)



In a constant shear — stress region, the production of k =

dissipation of k. Therefore the equation for k at the near — wall node

is given by:

b= 2/ - /”—‘—QI N (6.2.13
| &

;L
where, {{, is obtained by a rearrangement of U, = & ;{.f.

as follows:

u: = [ 2/144

Kp
L (%4
The dissipation E/’ is given by:
E, = u;/_gj__;__/ (6.2.15)
P .

Using L, ;—'E[_ -éo;e (E%ﬁ) , equation (6.2.15) becomes:

(6.2.14)

3
e, = U (6.2.16)

P
K 4p

The flux of § at the wall can be expressed as:

964’ = [eff 6{525 | (6.2.17)

L F
Lt AP (cp)*
Teff 6{2%+-

where, = 2, ' =- [T)Ji
o = Bl e = HLP

it

cod ?6 (ai/if% = 525” ;g%%ﬁi cijé+ (6.2.18)

172
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Following the practice of Spalding and Jayatillaka (1965), we may

integrate equation (6.2.18) as follows:

B )f“ [ o
f[f VL /*+]

[ + 7]

1l

—

where, T, = 0.9

= 72.4[(0" T IJ[I + oagexF( oora-j

/o _ /9 L(tn ‘ , } 2
7 [ w/te + PE¥] (¢ %) (6.2.19)

For example, the expression for heat flux at the wall is:

1T = p U r-T)
% %[%ﬁ+ﬂ(P S>.

or,

0e /D Ue (7o =T .2.20
—C_; c—[_‘ Log {E(d’f)P} + P] ) ¢ )
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Equation (6.2.20) provides the boundary condition for calculating the
temperature at the near — wall node.

(¢) The Modified Power Law (M.P.L.)

" The M.P.L. wall functions are obtained as follows:
(i) ~ The first modification to the S.P.L. wall functions involves
a modification to the log — law expression and thus to the equation for

shear stress. The proposal is that in the argument of -

s = /“%//.{ /A+—(g £} (’L’/O)Ji should be
replaced by /D gu -é], .

Vi 4 35
S 0L{+ = 77]”/?‘ 7“3,P

Now in a constant shear -~ stress region,

o [
w= T [7 pg
#+
cou o= T
/’?44‘7@1“-[ /%L

and U f c.T‘/f,c ‘té Va2, KI 10~7€- (E é{.}-)

At node w, = _Tp I Yog [E P 3 47@ )
! P v 2% P P
e (

Thus T , which is given the symbol tf’ , Mmay be writiten as:

: V/, e, '
T, = "é (6.2.21)

’ &g (Ep %/}& ”’v’eﬁ")




(ii) The velocity U'P is determined via ‘the equation (6.2.11).
(1ii) The point and space - average vorticities are determined
using equations (6.2.12).
X i ‘
(iv) By using the above proposal, that (tﬁ) should be
Yip g2
replaced hy f 9’»« TQF y equation (6.2.16) for dissipation and equation

_ (6.2_.20) for heat flux are modified as follows:

3/2
(14%5 76}) (6.2.22)
K g P :
./ ' /4~ 2
ég;' f- CT"[F~— loge (;€1h>fki¥ﬁép :) ﬁ'?ﬁ]
7/

(T, - T2)

(6.2.23)

(v) Instead of using equation (6.2._13) to obtain the value of ﬁf"

the latter is calculated from the complete coﬁservation equation. The
expressions for the generation and dissgipation terms and the wall
boumiary condition are outlined below. |

From equation (6.2.7):

The generation term

[ {3+ 3) + 2[ @Y+ VT 6

where, in this case, x, and X, are the co — ordinates parallel to and

normal to the wall respectively.

In equation (6.2.24), .all the velocity gradienmts and /ﬁ4e are
calculated at the near - wall node P. The gradiénts (M/apc,),, and (buz/a.x,\}p
are obtained by using the standard 3-point formula. The gradiewnt
(3 u, /3352_ p is obtained by assuming that U, varies linearly
between the wall and the near — wall point. The four‘bil gradient

(3 U, /BDCZ )p is derived from the log law. Thus, from the S.P.L.
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wall functions,

U

U = Uy

Bxa %

(bu,) = VTp/P (6.2.25)
P K Yp ' :

Il

~

then,

0 X,

From equation (6.2.22): _
The dissipation term = /0 (@ %[: ks | (6.2.26)
, I #P
The wall boundary' condition is given by:

[M# ks =0 | | - (6.2.27)

% dx, Jg —

(4) Special equations for the F.N.P. grid arrangement

With the exception of the equation for the near — wall cell space -
average vorticity, (’—JP , the wall functions for the F.N.P, grid arrange-
ment are the same as those given in (c) Now because of the link betweeﬁ

% and wp and because the equation for (#, (appropriate to the
P.N.P. grid) is non — standard *, we are concerned here with the detailed
derivation of the equations for both % and WP « Referring to
Fig. 6.2.2, we start first
by deriving the equation for
% . This is done by making
use of the circulation equation

for.the near — wall cell P.

The latter may be written

_ > X,
as follows: Fig. 6.2.2"

¥ The equation for %_, appropriate to the wall functions in (b) and

(¢), has been derived in detail by Roberts (1972).
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+ Uip Lo + Top bor . (6.2.28)

where, (I); = space - average vorticity for cell P
HP = area of cell area ABC D F
U= mean velocity between points n and m in the direction
from n-to m
'eh-m = distance along curve or straight line joining points

n and m

Now from the no - slip condition, we know that 'U,;F = 0 . Also we choose

to approximate V and %D by:
= = _L

A = ( ) 2

- 1 l

Vp = 4 (+ %) = &

- where, "Lf.,‘_., Vpy Yo and 'U' are velocity components normal to the

|

|

wall. Therefore equation (6.2.28) reduces to:

-, A, = m'—gé’-:ﬁ + Vag as T Vot +,1/c-.%1_2

<l
|
~
&
11
S
N

c "8BC
(6.2.29)
We approximate 'UH' ' 1{ ' 1-7.45 and 'l_f;c as follows:
/O 17’(851«/_ 8P>
Ve = L (%c - l]”P)
S -fI; (8,, - eNE>
1755 = L (%' (MD : .
S (x:,p : xl,w) (6.2.30)
!
/O



and introduce,

A, = (X = %,a)( Xz, = Ca,n)
g;-a = éc» = yP

g = Xa,5 = Xz,

loc = Xpe — i3

Substituting equations (6.2.30) into equation (6.2.29) and making use

of the definitions of Ay, ﬂm, 4,,3 and

following equation for % :

U = Bu Uh + By Yo+ B Yoo+ Bie Yo + P e

.BN + By + B B

where,
B /
N ( xz, — X2,p)( Xz, — X2,a)
B !
W (x/p - xi,wxxl,c - xl,B)
-Bsw %P/‘2 /

’/V} AR (QSW—6P>

L= g2l2 /

B
% Ax (6p Onz)

2

Now the equation for EJPiS calculated as follows:

(_’_‘—jp = Whgp RPI 7 W Rpz T Dapcpr Rps

(6.2.31)

(6.2.32)

178

Bc We obtain ‘the
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(Area A BP>/QP

where, RP]

]

RPZ = (Area BPC)/RP
R.s = (axea APCDF)/A,
EJHBP = Space — average vorticity for triangle ABP
73] - n " n " " BPC
ZDHPC'DF - n " " 1 area APCIR
'We then determine wHPCZDF (BRBP and Z{—)BPC as follows:
te CWgpepr

As one -~ dimensional flow between node P and the wall is

agsumed, then,
Yr
Wppepr = f = — Up

Now u-r is obtained from equation (6.2.11)

S Wgpepe =T (HJI) (lyb sb) ;
Eppepr = -c,,s C% SU) O (6.2.33)

where, C/DS = (I -+ {")
Y

Also from equation (6.2.12),

= — 4 Cps (% - %) , - (6.2.34)

——

2. wﬁBP and (/UBPC

I

&

In the determination of &, and C—U-B,,d we first assume that the

ABP

vorticity varies linearly between nodes N and P and between nodes W and

P . Then considering triangle ABP as an example, we assume that Z—JABP
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is given by the point value of vorticity at X, = 2(,, and
2
x, = x,}w -+ _é_ (DC,,P - x,’w> . This point is on a line, which is
'pa,ra,llel to AB and which passes through the centroid of the triangle

ABP. From the above,

Cpap = —'—'3?— Wp + 7'3- Wy

w,qar = -:-3%- Cfs (% QU> + wW (6.2.35)
Similarly,

Wape :—-32-‘5"3?5 (%“ %) + L wy (6.2.36)

Substituting equations (6.2.33), (6.2.35) and (6.2.-36) in‘bo_' (6.2.32)

gives:

o, = '_(%—905) 9"5[‘;%“6‘0?1’1""/?}’2) + RPSJ

+ L (Ryy Wiy + Rz ) (6.2.37)

Finally, substituting equation (6.2.37) into equation (6.2.31) gives:'

% = By SDN + B, sbw—f—Bsw %W"—BNE()UNE_"/‘N
By + Bu + Bow T Buz + D

(6.2.38)

wheres = ,L) Z( [R Wy T RPz w”]
R
Uy G [ 2 4Ry + Res) + Res] |
D = L_z CFS[_%.@(R + Rpz) + RPS]
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6.3 Developing flow in a channel

6.3.1 Review of available data

The data for fully — developed flow in a channel are more plentiful
than for developing flow, so we shall consider the former first of all.
As far as mean data are concerned, Knudsen and Katz (1958) have collected
both friction factor and heat transfer data from a number of sources.
They provide the data in the form of correlations, where the friction
factor is given as a function of Reynolds number, and the bulk Nusselt
and/or Stanton numbers are given as functions of Reynolds and Prandtl
numbers. Clark (1968), on the other hand, provides local data of the
hydrodynamics of fully - developed chamnel flow. His measurements of
Tully - developed velocity and turbulence profiles compare closely with
the previous results of Comte — Bellot (1965) and Lanfer (1951).

It appears that the only available data on developing flow in
a chamel are those of Byrne et al (1969). The interesting data, in
this case, are the local plots of Stanton number. '

6.3.2 Boundary conditions

Referring to Fig. 6.3.1, the boundary conditions for the problem of
developing flow in a channel may be summarised as follows:

(a) Reynolds and Prandtl numbers

The Reynolds number based on equivalent diameter is given by:

(Re), = 4, Ut
; Ve

where, f% = chamel half -~ width

u

mean velocity

The value of Prandtl number, appropriate to air, is:

T = 0.7
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(p) Inlet

weo spzfsa(x;%); Teo0

Distributions ofk and/(/eﬁ_ are obtained from Lap:fer's measurements
in fully - developed pipe flow. These measurements,' which are reported
in Hinge (1959), were performed at a Reynolds number, based on the
maximum velocity, of 5 x 105. Laufer provides the data in terms of
é/u,;‘ 3. ;L/R and /ueﬂ‘ﬁ-/(u.r R) s y./lg )
where, U, = friction velocity

R

%, ‘= distance from pipe wall

radius of the pipe

When applying this data to chammel flow, it is necessary to replace
the radius R by '72. s the half -~ width of the chamnel. Also for the
sake of simplicity, U,t_ at inlet is obtained from the expression derived
from the 1/7 ~- power law, i.e. equation (6.2.14) with b = 1/7.

The inlet values of & are obtained by rearranging the expression for

/4 to & = C»f./" &2//1 and using the measured values of £
ey’Z} off

and /Aeﬁz.

(c) Outlet

dw - d - d& . deg - dT* . o
oc x,

d=x, a x, d =, d =, d
where, T, T =T
Tz~ Tg
7; = temperature on the centre — line
7; = temperature at the wall
(d) wWall

I1X/4
(70 =0 ; is= constant
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6.3.3 The predictioné

(a2) Fully — developed flow data

In Figs. 6.3.2 and 6.3.3, the predictions of k/b(:, Vs, %/‘A
and LCQ‘ZTM s, 'éofe (_%_) (where o = veloci'léy on the
centre — line of cha:nnel) for fully -~ developed flow in a parallel
channel at '@e)de = 1.6 x “IO5 are compared with the measurements
of Clark (1968). TFig. 6.3.2 shows that good agreement between the
predictions and measurements of 7@/(,{_; is obtained only for ;l/ﬁ = 0.3,
The difference between the predictions and measurements for ;‘/—K < 0.3
is mainly due to the choice of the cons-banf C/u . Pig. 6.3.3 shows that
the measurements and predictions of velocity defect are in good agreement.

In Table 6.3.1, the predicted values of friction factor, 2 Ts/(f az ’
and Stanton number, St, at two values of (Pede are compared with

experimental values obtained from Knudsen and Katz (1958). The friction

factor data was ~ob-ba,ined from:

;ﬁ%r = 4.0 '?23e133§ibhﬂ[%§.] — O
where, ,ﬁ = Z’Us/(joaz)
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(Re)d 2T, p ) St

Predicted Measured Predicted Measured
4 x 10%] 5.40 x 1073 ]5.30 x 1003 | 3.22 x 102 | 3.20 = 1073
4 x 10°] 3.3 x 1073} 3.40 x 103 ] 2.03 x 10| 2.02 x 1073

Table 6.3.1

The Stanton number data was obtained from:

St =002/ (Pe)o;:.z (a>-2/3
The agreement between the predictions and measurements for both friction
factor and Stanton number are shown to be very. close. This means that
both the predicted trends and magnitudes with respect to <;&£ZE are
correct.

(b) Developing flow data

Pig. 6.3.4 illustrates the comparison bétween Stanton number predictions
and the measurements of Byrne et al (1969) for developing flow in a channel.
Before discussing this comparison, we should first of all discuss the
experimental rig of Byrne et al and establish the validity of the experi-
mental data by comparison with flat plate data.

In their paper, Byrne et al state that the entry region of their
apparaius consisted of a converging mouthpiece which led to 1" wide
sandpaper strips placed on the top and béttom walls at the entrance of
a parallel channel, Fig. 6.3.5. The purpose of these strips was to ensure

the immediate onset of turbulent boundary layer flow. The sandpaper
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strip on-the lower wall was followed immediately by the heating element.
There is in fact some inconsistency in their paper because the diagram
of the heating element in their Fig. 2 shows a 2" wide strip of sandpaper
followed by the heating element., But assuming that the layout of the
heating element and the thermocouple positions (given in their Fig. 2)

is correct, one can deduce that the results in the form of St s, chﬁie
are plotted in their Fig. 13 with respect to the leading edge of a 1"
wide sandpaper strip. However Byrne et al do not establish the point

at which transition to a turbulent boundary layer flow occurs.

Tror the sake of comparison with the flat plate data, we shall assume
that’trénsition occurs between the leading edge of the 1" sandpaper strip
and the leading edge of the heating element. The flat plate results are
plotted from the correlation, as giveﬂ by Hartnett, Eckert and

Birkebak (1959), which is as follows:

St = 0.029¢ (Re>:'2(ﬁ)_2/3[/ _ (_%,>‘MDJ"'/‘!

U = free - stream velocity

8
Ii

axial distance from start of turbulent boundary layer

K
Il

length of unheated section
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" The plotted flat plate data in Fig. 6.3.4 represents two extreme values

of X,
(i) X,= 0, Set A results
X = distance from leading edge of heating element
(i1) X, = 1, Set B results
X = distance from leading edge of 1" sandpaper strip

Both these sets of results are compared with the results of Byrne et al
by putting (Rf")x=de - 1.82 x 10°. The results in Fig. 6.3.4 of
St ws. DC,/de are plotted on the basis that 2€, = distance from the
leading edge of the 1" sandpaper strip. In the region 35,/de £ 3,0,
the Set A results are in closer agreement with the results of Byrne et al
- than the Set B results. However in the region 2% /de 7 4,

neither Set A nor B compare very closely with the chammel data. This is
because (due to the influence of both channel walls) the chammel boundary
layers are approaching the fully — developed condition but the flat plate
boundary layers continue to develop indefinitely. Nevertheless the
close agreement with the Set A results for x, /0{6 £ 3.0
indicates that the resulis of Byrne et al are valid and also that the
turbulent boundary layer probably starts at or neai the leading edge of
the heating element.

Assuming the latter to be true, it is particularly approniate 1o
compare the data of Byrne et al with the present predictions, where the
velocity and thermal boundary layers start at the same point. Fig. 6.3.4

illustrates predictions corresponding to two grid distributions *¥. The

*¥ The grid spacing in the X, — direction is uniform, and that in the

X, = direction is caused to progressively increase with 2, up to

(:C.) = 60.0. The value of (DC) , where ('DC,) =  60.0,
T o T F I

does not influence the predictions.
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two sets of predictions agree well for O, /cz’e > 1.5 but indicate

some discrepancy in the entrance region. This is due to differences in

the calculated inlet values of u,‘: and the coefficients C{%E} = 'ép/u,:
for the two grids (where subscript P indicates the near — wall node).

Both of these factors control the inlet valpe of near — wall ép . Now at
inlet, we assume that the velocity profile is uniform, i.e. uf', = cons”'can't.'
Therefore for a given value of laminar viscosi'ty/u. ’ M; from

equation (6.2.14) is a function only of ;P , that is U,: is px_‘oportional
to [i/yp]% « Thus when the uniform grid distribution in the cross -
stream direction is refined by a factor of 2, i.e. from 11 to 21 grid
nodes, lz(,:- increases by 1.19 and also it happens that C-f_%&)‘ = 'ép/b{;
increases by 1.19. As a result the near — wall value of 'éf' increases
by about 20%. It can be shown with reference to equation (6.2.23) that

the latter accounts for most of the difference in the predicted inlet
values of Stanton number.

For values of I,/de 2 1.5, the trends of both sets of predictions
are in good agreement with the data of Byrne et al, but the predictions
underestimate the data by about 10%. The discrepancies between the
predictions and the experimental data in the inlet region, /d'e < 1.5,
are large but these can be corrected by: |

(a) moving the inlet boundary to a position a little way downstream

of the start of the turbulent boundary layer, so that Ll.i. at inlet can

uz -0, 2
be specified from the flat plate equation, _Ts = Xz = 0.0296 (Re)

('b) moving the inlet near — wall node to the Iedge of the velocity
boundary layer, where the thickness, 8, of the latter can be given by
the appropriate flat plate equation: S/DC = O.383/(Re>:2

(c) putting 'é = _f_'{'_’t:‘_,Where '&P is the inlet near — wall value of 7%.

C}u.
It can be shown with reference to equations (6.2.20) and (6.2.23) that
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the above changes would produce Stanton numbers (at the inlet boundary)
in close agrcement with the flat plate values for X, = O and thus

with the measurements of Byrne et al.

6.4 In — line tube banks

6.4.1 Limitations of present turbulence model

Before reviewing the relevant data on tube banks it is appropriate
at this stage to discuss the important limitations of the turbulence models
described in section 6.2. Perhaps the most important limitation concerns
the assumption that the flow within any domain is fully furbulent. For
high Reymolds numbers, the above assumption may be true for the main
bulk of the fiuid but it is not necessarily true for the near - wall region.
Thus the assumptién (implicit in the chosen wall functions) that the wall
boundary layers are always turbulent does not take into account the many
flow situations which contain both laminar and turbulent boundary layers.
-The latter glso means that the present models cannot deal with the
phenomenon of transition frgm a laminar to a turbulent boundary layer.
Thus it follows that the types of recirculating flow situations which we
are ,able to predict correctly are limited ﬁy the present choice of
turbulence models.

As an illustration of the latter limitation we shall consider the
possibility of predicting transverse turbulent flow over a single
cylinder; and we shall refer $o the evidence of a number of investigators
which is summarised in the Engineering Sciences Data Item No., T0013. The
latter indicates that, for a smooth cylinder»ih a low — turbulence - level
free — stream with Re £ 3 X 'Oé,‘ the boundary layer on the front
face of the cylinder is laminar and transition to turbulence occurs on
the back face of the cylinder. For Fae;’ 5’><1Cf, the transition point

moves onto the upstream face of the cylinder, and it is stated (but no

7
reference is given) that for 7?e;>10 the flow round the cylinder becomes
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almost entirely turbulént. It is clear from the above, that the present
turbulence models cannot be used to pfedicf the flow over a single
cylinder for 'Pe = 107.

Another limitation of the present turbulence models is the use of
wali functions which are derived from characteristics for zero — pressure —
gradient conditions. The latter can be used satisfactorily to predict
flow in situations where the pressure gradient is small, e.g. as in
developing flow in a parallel channel, However for situations where the
pressure gradients are large these wall functions cannot produce accurate
prediétions. Such a situation is given by the flow near.the upstream face
of a circular cylinder. Thus although the flow round a cylinder for
;az = /C77 may be entirely turbulent, the wall functions will not produce
accurate predictions of. the flow because of the high pressure gradient
on the front face.

Therefore the main limitations of the present turbulence models are
as follows:

(a) The practical situation, where both laminar and turbulent
boundary layers occur, camnot Be predicted.

(b) The wall functiog§4§gégiéive correct predictions of turbulent
boundary layers/with sméll pressure gradients.

6.4.2 Review of appropriate data

We shall now consider the possibility of using the present turbulence
models +to predict turbulent flow through in - line and/or staggered tube
banks. We shall do this hy discussing the results of relevant data. As
mentioned earlier, there is very little experimental .data on the local
characteristics of flow through tube banks. However a review by
Zhukauskas et al (1968) of a wide range of mean.tube.bank data does provide
some guidance in understanding the nature of the different flow regimes.

Of the range of data reviewed by Zhukauskas, perhaps the most useful set
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is that of Stasyulyavichyus and Samoska (1964), (1968); which are
discussed below. For the sake of brevity only, we shall refer below to
Stasyulyavichyus and Samoska by the abbreviaiion S and S.

In our discussion below, parts (a) and (b) are devoted to the
consideration of pressure drop and heat transfer data respectively. Then
from (a) and (b), some conclusions are drawn in (c¢) concerning fhe
possibility of using the present turbulence models to predict turbulent
flows through tube banks., Finally in part (4) we discuss briefly the
influence of vortex shedding on the characteristics of flow through tube
banks. The phenomenon of vortex shedding cannot be taken into account in
our present prediction procedure and turbulence models, so it is
important to estimate its inflpence on the experimental flow.

(a) Pressure drop data

First of all, we shall consider S and S's pressure drop data. Their
staggered tube bank results illustrate the influence of the number of rows
on the mean pressure drop per row for the range 2 x 104 £ Ref 2 x 10°,
These results show that forKe > 2 x 10° and N2 7 (vhere N = total
number of rows) the mean pressure drop per row achieves constant values
for both 1.19 x 0.94 and 1.47 x 1.04 banks.

The flow mechanism, which causes this phenomenon is not well understood
but one influential factor is almost certainly the variation in the level
of turbulence as the flowApasses through the bank.. Each tube acts as a
generator of turbulence, which influences the flow characteristics on the

following tube; and so the turbulence level increases -until equilibrium

conditions are achieved. This type of variation of turbulence level¥

% In this case, ‘é is defined by EL(L?;'—F VE),where, W and V7 =
the fluctuating components of velocity in the 3¢  and X, directions

respectively.
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___é__zy has been measured by Pearce (1972), where,
ok

a

kinetic energy of turbulence .

mean velocity through the minimum cross — section
between the tubes
His results for an in — line bamk, 1.89 x 1.89, at Re = 3.4 x 104
show that é/a’ rises from 8.55 x 10_6 at the first row to
1.38 x 10-"2 at the fifth row and then remains almost constant. Now
for high ~ Reynolds — number flow, the pressure drop is primarily a
function of the turbulence level and the flow pattern in the bank. Thus
the above results for the 1.19 =x 0.94 and 1.47 x 1.04 banks with
Re > 2 x 100 suggest that the pressure drop per row must be constant
in the region where the flow ié fully~developed and 7@'/(7" is constant.
The pressure drop characteristics for a larger bank, 2.48 x 1.28,
do not however agree exactly with the trend for the vsmall banks. For
N = T, the characteristic decreases to a minimum value in the range
2 x 10°4 Re £ 4 x 105,_ and then a gradual increase to a constant
value forke = 8 x 105 is indicated. The latter trend is confirmed by
the measurements of Hammeke et al (1967) for a 2.06 x 1.38 staggered
bank with N = 10, S and S concluded from their results with N =7
that for S_ /SL £ 1.7 equilibrium conditions indicated by a constant
pressure dropoccur at about Re=2 x 105, and that for ST/SL> 1.7
equilibrium conditions occur at about Re = 8 x 105 after passing
through a transition region in the range 2 x 1055-. Res 8 x 105.
It is interesting to note that the pressure drop characteristics for
staggered banks (ST/SL > 1.7) are similar $o the coefficient of drag
(CD) characteristic for a smooth cylinder in a low - turbulence - level
free ~ stream. Both characteristics pass through transition regions, but
equilibrium OCCU.I;S at Re= 8 x ‘IO5 for the staggered banks and at

Re = 10! for the single cylinder.
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From the above similarity, one may deduce the nature of the flow
on a tube in the Tl.ﬂ' row of a staggered bank, where m.= 7. For such a
tube, one might suppose that the transition point between the laminar
and turbulent boundary layers may move onto the fronmt face of the iube
at about Ke = 2 x 105 and that the boundary layer may become almost
entirely turbulent by Re=8 x 1 O5 « This phenomenon may be promoted
by a combination of the high level of turbulence in the bank for N7
and by the influence of the natural tube = wall roughness elements on the
thin ia.minar boundary layers.

The behaviour of the pressure drop characteristics for in - line tube
banks, S and S (1968), Wwapparently not so consistent as the above. In

the range 1OEé Re £ 106

y some of the banks display a constant pressure.- &W
characteristic whereas other banks display a gradual decrease. In this
case, S and S only provide data for N = .7, so the influence of the

number of rows is not demonstra-bed. However ﬁaumneke et al's rﬁea.surements
for a 2.06 x 1.38 in = line bank with N = 10 may provide some clue of
the influence of the number of rows. In this case, the pressure drop
characteristic displays a slight waviness but it is-essentially independent
of Reynolds number in the range 2 x 104.4 Re = 106. Thus this finding
may indicate a trend, which one might expect 'td find in at least a
restricted range of in — line bank geometries for N = 10. Nevertheless
the above results do not give us much guidance concerning the nature of
the boundary layers on tubes within an in - line arrangement. For fufcher
information we must now refer to the heat transfer results, and then try
to draw some conclusions from the availabl_e pressure drop and heat

transfer data for both staggered and in - line banks.

(b) Heat transfer data

First we should consider the variation of heat transfer as a function

of the tube position in a bank. Data from McAdams (1954) and that of
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Welch and Fairchild (1964) indicate that the heat transfer in both staggered
and in - line arrangements rises steadily from the first row to about the

third or fourth row and then becomes almost constant. This data agrees

very closely with the variation of the turbulence level, f?z through an
in - line bank as measured by Pearce (1972). DIetails of the latter
variation were given in (a). wa, from data such as that of Seban (1960)
and Geidt (1951), we know that there is a direct relationship between
the heat transfer from a single cylinder and the free stream turbulence.
Therefore it is not surprising that there is also a direct relationship
between the variations of heat transfer and turbulence level through a
tube bank.

However, as for the pressure drop data, we are mainly concerned with
the resulté in the fully —~ developed flow situation, that is with the .
heat tfansfer results for the'nfb row, where W = 5, Therefore the results
of S and S (1964), (1968) for tubes in the 5th row are of particular
interest and are discussed below.

For the sake of clarity, the results are considered in the form of
Nu cc Re where m is a constant exponent. The results for all staggered
tube banks in terms of the exponent " are as follows:

Re< 2 x 105;'m¢=: 0.6
Re >8 x 105; 0.7 % m £ 0,93

The staggered bank characteristics are subjected to a transition region
in the range 2 x 10°%4 Re< 8 x 10°. |

The results for in — line tube barks, S and S (1968), are similar
to the above and may be summarised as followss

Re £ 10°; 0,602 m £ 0.69

Re > 4 x 10°; 0.76 £ m £ 0.92
Most of the ine-line bank results display a change inslope in the range

10°4Re< 2 x 10°, but the more tightly packed banks (such as the
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1.68 x 1.13 bank) display a change in slope at Re- 4 x 10°. The
average measurements of Hammeke et al (1967) for both staggered and
in — line banks with 10 rows are in broad agreement with the above resultis.

(c) Conclusions for the reviews in (a) and (b)

What can one conclud'e from the above collection of both pressure drop
and heat transfer data? The latter suggest that the laminar to turbuient
transition processes on tubes in both staggered and in — line banks occur
within the same Reynolds number range. The results also suggest that the
transition processes for the in — line tubes may be completed at lower
values of Ke than for the staggered tubes.
However these results do not answer the question, 'What relative

proportions of the tubes are covered by laﬁlinar and turbulent boundary
layers for Re > 2 x 105?' Only the comparison of the CD characteristic
for a smooth cylinder with the presswpe‘ drop characteristic for a staggered
tube bank ( _ST/SL > 1.7) gives us some guidance in answering that
question. In our earlier discussion in (a), we noted that the two
characteristics are similar, but that after transition the former reaches
a constant value of C_D for Re-_>107 whereas the pressure drop characteristic
of the latter reaches a constant value at about Ke = 8 x 105.
Experimental evidence suggests that the flow on the front side of a sinéle
cylinder in a free stream is almost fully turbulent for Re > 1 07.
Similarly we might suppose that, because of the influence of the enhanced
tui-bulence, the flow over a tube in the n*" row of a staggered bank, where

n = 5, is almost fully turbulent for Ke -é- 8 x 10°. However
the heat transfer characteristics for in — line tube banks are similar to
the above, and so we might also suppose thatb -the flow over a tube within
an in — line bank must also be fully turbulent for at least Re = 106, if

not for —Re—"'— 2 x 105.
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On the basis of the above supposition we shall, in the following
 sub - sectiohs, go on to consider the predictions of fully — developed
flow over in — line banks. waever.we shall not consider the prediction
of flow over staggered banks, because the pressure variations round
tubes. in a staggéred bank are much higher than the corresponding values
in an in -~ line bank. It will be recalled that, as discussed in

6.4.1, the present wall functions are not designed to predict flows with
a high variation of wall static pressure.r Thus in choosing to predict flow
through in — line banks rather than thfough sfaggered banks, we are
assuming that the limitations of the turbulehce model and wall functions
(as discussed in 6.4.1) will not be so apparent for the former flow as
for the latter.

(d) The matter of vortex sheddinge

The phenomenon of vortex shedding in tube banks should be discussed
at this point before passing onto the following sﬁb — sections, which
are concerned with the predictions. Although this phénomenon, resulting
from flow over single cylinders and other blunt bodies, has been studied
in some detail, not much is known of its behaviour and effects in tube
banks., However a major contribution in the latter direction has resulted
from the work of Bauly (1971). His results and those of others suggest
that vortex shedding does not always occur within tube banks, but its
occurrence is dependent on the Reynolds number, the number of tube rows,
and perhaps more so on the values of :Sr and f;L . From the results of
various data, Bauly puts forward a hypothesis concerning the occurrence
of vortex shedding in terms of fST,and f;L . This hypothesis is
summarised by the plots in Fig. 6.4.1. No exact values of .E%.and E;L
are put on this diagram because the lines demarking one region from

another are probably dependent on Reynolds number and the number of rows.
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If Bauly's hypothesis is
correct, it would appear that,
fof a wide range of fir and

f;L y vortex shedding after
the first row (and at least
after the fifth row) has
little influence on the flow

characteristics., However

if vortex shedding is

significant and if the

present models for random

turbulence are correct, then the difference between the prediétions and the
measurements will show up the influence of vortex shedding on such - ,
characteristics as local and bulk values of heat transfer.

6.4.3 The boundary conditions

With reference to Fig. 6.4.2, the boundary conditions for the problem
of fully —~ developed flow through in - line tube banks are as follows:

. (a) Reynolds and Prandtl numbers

The Reynolds number is given by:

Re = pUD: = 2pUR
R
vwhere, f) = U = R=1:. Re .-_-.2//(4.

mean velocity through minimum cross -~ section between

<
I}

the tubes

diameter of tube -

Dy

The Prandtl number, appropriate to air, is:

T = 0.7
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(b) Inlet and outlet

dw = d _dbk _ de . d7% _ o
d x,

dx, dx, d=x, d =,
where, .7—¥i= T *‘.T;
Tez —Ts
1;1 = ‘temperature on the centre —~ line at inlet
T, = wall temperature

(¢c) Top centre — line

W = 0O; %"’ST"I? T =1

it
o

dR - de - dT

dx, =, ol x,

(d) Bottom centre — line

w.—:&//:O;

db - d& - dT = o
dox, d o, d Xy

(o) Wall

=T =0

(f) Pressure drop parameter, or Euler number

Referring to Fig. 6.4.2, the Euler mumber is defined by A Fo
LUz

Now the pressure drop,/h-[% can be determined via the path ABC D

A/Dn BB (R )

But because of the fully ~ developed flow situation:
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]Dﬁ—fs = "(/%"ﬁ,) .

The pressure drop,PB—ch, and therefore the Euler number, is determined from
the numerical integration of the oC, - momentum equation, as described by
Gosman et al (1969).

(g) Stanton and Nusselt numbers

The local Stanton number is defined as:

St = ?;”s /Cy

/oa(Tfaa"T;)

U .
where, ?,_S/CP is obtained from equation (6.2.23)
'T;B = average of bulk temperatures at inlet and outlet

The average Stanton number is obtained from:

_ T
St = __I_f St de
_r‘— o

The average Nusselt number is obtained from:

—

Nu=_——£: Re.'P*i‘

6.4.4 The predictions

(a) Influence of grid distribution on local and bulk quantities

The F.N.P. grid distribution in a typical in - line tube bank section may
be altered using two methods, which are independent of each other. The fii‘st
method involves the alteratidn of the non - dimensional distance between the tube

walls and near - wall nodes,%p y and the second involves the alteration of the

grid spacing in the main field of flow. The influences of these two methods
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on the predictions of local Stanton number are shown in Fig. 6.4.3. 1In
the latter the results for the grids 22 x 16 (gP/R - 0.02) and

30 x 22 (dL{P/R = 0.02) are in close agreement. This means that a
change in the grid spacings in the main field has a negligible influence
on the accuracy of the predictions.

However when the distance yP/R (for a constant grid distribution
of 22 x 16) is varied from 0.02 to 0.06, there is a significant
variation in the local Stanton number for 180 = & = 150 and
90 = © = 0., Fig. 6.4.4 also illustrates the effect of varying LotP/R
in terms of the mean Stanton number, the Euler number and the non -
dimensional recirculation eddy height,"th/R, where,

'KE = maximum value of X, for the reattachment streamline.

In order to understand the factors which are responsible for the
influence of #P/R we should concentrate our attention on the results
in Fig. 6.4.4 (b). The reason for giving primary consideration to the
latter is that the eddy height and thus the flow pattern round the tubes
is shown to be a strong function of ZLF/R . Now we know that the flow
pattern controls the magnitude of the convection terms in the finite - |
difference equations for Sb y and hence in the equations for 7& and T,
Therefore it seems reasonable to deduce that the apparent influence of
%/R on the values of local and mean Stanton numbers (which are
functions of ‘& and [/ at the near — wall nodes) and on Euler number
(which is a function of *}é, & and SD in the main field) is primarily
due to the influence of yP/R on the flow pattern.

We also know that the flow pattern in any flow field is a function
of the stream function and vorticity distributions. Now it can be shown
that the near - wall values of local and space - average vorticity are
strong functions 01.3 d‘—lP/R +» For insta,nc.e, referring to equation

(6.2.12), the local near - wall vorticity is given by:



206

‘wp = - ’_@'_ﬁfi
pis

In this equation a)P is proportional to -up and inversely proportional
to %P . But, from the power law, we know that &« in the near — wall
region is a weak function of y, « Thus dUF is approximately inversely
proportional to %P . Similarly, the space ~ average vorticity, IJF’
is also approximately inversely proportioﬁal to y}, or é{P/,Q . This means
that the influence of EJ—P in the equation for near ~ wall SDP decreases
with increasing %}’/R « The above influencev is correct only in flows
where the near — wall velocity profile is at least approximately described
by the power law. However in Tlows, where reattachment and separation
points occur, the above influence is far from correct. Thus for flow
over in — line tube banks, this influence leads to the characteristic
in Fig. 6.4.4 (b).

How can the undesirable ;i.nfluence of b‘p / R %be removed? The answer
lies mainly in the generation of wall functions which will produce
accurate predictions of flows with and without separation and reattachment
points. One of the weaknesses of the present wall functions is the
assumption that the shear stress, T, is constant in the near — wall
éouette flow region. However for the sake of gemerality and of removing
the influence of yp/R y future sets of wall functions should satisfy
the full Couette flow equation, T = Ts + &P ¢,

ol=c
where, ‘I’S = wall shear stress
d[’/dm = pressure gradient parallel to the wall

;L = normal distance from the wall



207

Nevertheless it is possible that the use of wall functions based on the
.assumption of one — dimensional flow in the near — wall region is not
in general satisfactory. Therefore to achieve complete generality it
may be necéssary to generate special two —.d_imensiona.l flow wall functions
to deal with separated and reattachment flow regions.

The above elaborations have not been attempted here, so we should
now consider the value of the present set of predictions. As mentioned
above, the wall functions based on the one - dimensional flow assumption
should satisfy the full Couette Tlow equation; and indeed the present wall
functions can be made %o satisfy the latter (at least approximately) by
making %P/R very small. However, because of the.use of the new -
upwind method, converged solutions for yP/R < 0.02 are not obtainé.ble.
So the best we can do is to extrapolate plotsv, such as those in Fig. 6.4.4,
to a value of ;{P/R = 0. Referring to Fig. 6.4.4, all the plots against
yP/E produce sensible results at %P/R = 0. However our only measure
of accuracy is obtained by oo‘mpa.ring the predictions with available

experimental results. For example, the results of Hammeke et al (1967)

for Re = 105 are:
St = 0.00478
Ew = 0.070
The corresponding predicted values for i’}, / R = 0.02 are:
-§_‘.‘ = 0,00334
Euw = 0.057

In this case, the Stanton number is under — predicted by about 29% and
Fuler number by about 19%. " Better agreement with the experimental values
is obtained as #P/R increases. However as %’/R increases, %E /R
decreases to values much smaller than one would expect in pra.ctice.

Therefore for this reason the predictions for gp/}a = 0.02 are taken

to be the most reliable. All the predictions discussed below have 'béen
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produced with a Up /R = 0.02.

(b) Contours of the dependent variables

Contour plots of w, SU, "k,, £ and ﬁ for fully - developed flow
$hrough an in - line tube bank with S, = 2.06, S, = 1.38, Re =107,
Fp =0,7 and 7; = constant are shown in Fig. 6.4.5. One of the
main features of these contours is that the maximum near - wall gradients
of 1é and 7Fa¥(cu' 7*> ocour near the reattachment point and the
top of the tubes. Now the reattachment point for these results (with
#P/'Q = 0.02) occurs at © - 145.6, but from Fig. 6.4.3 the
maximum value of Stanton number occurs at © = 120. It is however
well known that maximum rates of heat transfer in turbulent flow usually
occur at reattachment points, and one would expect the latter to be
also true.of flow through in — line tube banks. In the case of the present
predictions, the large difference between the positions of rez.zttac}hment
and.maximum Stanton number is largely due to the fact that the wall
functions are not satisfactory for this particular flow. |

(¢) Comparison of measured and predicted values of kinetic

energy of turbulence

Very few measurements of turbulence quantities have been performed
in tube banks. This is because of the di:f‘ficulties of probing between
bundles of tubes and the difficulty of interpreting the measurements.
However the recent results of Pearce (1972) do give some guide concerning
the magnitude of the kinetic energy of turbulence for fully — developed

flow through in — line {ube banks. Pearce's results are in terms of

W* 4 Y'* | yhere,

2 U2

M.’,'V": the fluctuating components of velocity in the o, and

X, directions respectively

2
U = nean velocity in the minimum section between the tubes
2 TR . : b /U
and, W74 V’?* can be regarded as approximately equal to .

202
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As mentioned earlier in 6.4.2 (a), Pearce’s results for an in — line
bank, 1.89 x 1.89, show that for a constant value of Re the
value of ‘&/az rises from the first tube rbw up to the fiftﬂ row and
then remains constant. This shows that the flow after the fifth row
is fully develoi)ed. Also his measurements abt the eighth row of a ten

ls

row in - line bank with ST = S, = 1.89 show that ié/azz 1.96 x 10--"2

it

4 0° .
at Re 1.38 x 107, and that k/l/f gradually decreases with
increasing Re to é/u = 0.81 x 10 2 at Re = 8.07 x 104.
The latter result is somewhat surprising when compared with the turbulence
measurements of Clark (1968) in fully — developed channel flow. In the
X
latter case, which is similar to fully — developed flow through in — line
—2
tube banks when SL is small, measurements of ‘é/bl do not show much
variation with Ke in the range 1.5 x 1045_ Re £ 4.5 x 104,
where, FKe = Gﬂ/—l)
u

The fact that SL_ for the bank Sr= S,_——- 1.89 is large may be a

mean velocity

1l

channel half — width

It

governing factor in the variation of R/U* with Re .

Assuming that the measurements are reliable, we now compare the
measurements of Pearce (1972) with the present predictions for an in -
line tube bank with 3'_-—— S, = 1.89. The comparison is illustrated in
Table 6.4.1. The predictions are of the same order as the measurements,
but are independent of Re . This is because at high :Re, /4% is
~ assumed to be much greater than the molecular viscosity /M. y and thus
the latter does not enter the equations for the present model of

turbulence.



Fully - developed values of
S. xS, Re . -k/u*
Measured * Predicted
1.38 x 104 1.96 x 10‘2 2,68 x 10‘2
4 -2 -2
1.89 x 1.89} 3.88 x 10 1.20 x 10 2.68 x 10
8.07 x 107 0.81 x 102 | 2.68 x 1072

Table 6.4.1

(d) Comparison of the predicted and measured bulk data

Some comparisons with the bulk data of Hammeke et al for an in - line
bank with S; = 2.06 and S, = 1.38 have already been discussed in
6.4.4 (a). It was shown in 6.4.4 (a) that for Re- 10 the predicted
values of Eu for a grid of 22 x 16 (y,,/g = 0.02) is 0.057 and that
the corresponding measured value is 0.070. Indeed both the predicted and
measured’ values of Eu are independent of PE. However it was shown
in 6.4.4 (a) that the predicted Eu resul‘l:_s are strongly dependent on
bl.P / R, so that although the above comparison is encouraging further

research will be required to produce predictions which are independent of

Yr/R.

—z
¥ The values of &/U were measured on the centre — line between the

longitudinal rows of tubes at the 8th row in a 10 - row bank
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It was also shown in 6.4.4 (a) that the predictions of E;E are
much less depéndent on é{P/R than the predictions of the Eu and 'AE/R
parameteré. It is therefore worth pursuing the comparisons of the
predictions and measurements of bulk heat trénsfer characteristics.

The comparisons with the measurements of Hammeke et al are illustrated

5

in Pig. 6.4.6. This plot shows that for Re > 2 x 10’ the measurements

are under - predicted by only about 20% and that the measurements and

predictions have approximately the same Reynolds number exponent ™ML,
Further comparisons of predicted and measured heat transfer data

are shown in Figs. 6.4.7 and 6.4.8. 1In these figures, the appropriate

5

predictions at Re = 10’ and 106 are compared with the measured
characteristics of Stasyulyavichyus and Samoshka (1968). In Fig. 6.4.7,
the predicted results for the banks, 1.68 x 1.70 and 1.68 x 1.26,
’comparg quite closely with the measurements for the banks, 1.68 x 1.76
and 1.68 ;c 1.13 respecfively. However the slopes of the respective
measured and predicted characteristics are not exactly the same. For the
1.68 x 2.26 bank, the discrepancies between the measurements and
predictions are much larger than for +the other two banks. Iﬁdeed the
measured characteristic slope for the bank 1.68 x 2.26 is very different
from those for the 1.68 x 1.70 and 1.68 x 1.13 banks. This difference
may well be connected with the influence of vortex shedding as discussed
in section 6.4.2 (d). Thus the results for the larger bank, 1.68 x 2.26,
may be strongly influenced by vortex shedding, whereas the influence of
the latter may be suppressed in the smaller banks, 1.68 x 1.70 and
1.68 x 1.13. .

In Fig. 6.4.8, it is encouraging to note tha£ there is close

comparison between the predictions. and measurements for the bank,

2.52 x 1.89. But the predictions for the bank, 2.52 x 1.26, fall well
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below the corresponding measurements, which coincide with fhose of the
2.52 x 1.89 bank. These measurements suggest that if :ST is large
enough the heat transfer results are independent of Sz. in the range
1.26 < fSL_ <  1.89. The reasons for this are probably very complex,
but it is obvious that the present turbulence model and wall functions
cammot predict this characteristic.
The predic*bions- and mean measurements (for the range 10 Re £ 106)
of pressure drop, which correspond to the heat transfer data in Figs. 6.4.T

and 6.4.8, are shown in Table 6.4.2. BExcept for the 1.68 x 2.26 bank

S.r S,__ Euler Number
Measured | Predicted
1.68 1.26 0.086 0.061
1.68 1.70 0.100 0.092
1.68 | 2.26 0.113 0.160 -
2.52 1.26 0.050 0.043
2.52 1.89 0.071 0.084

Table 6.4.2

results, the predictiops compare reasonably well with the measurements.
This suggests that the ‘.hydrodynamics of the main flow region above the
recirculation eddy (which has some similarities to flow through a chammel)
are predicted correctly using grids with;P/R = 0.02. The latter may
be inferred bhecause the pressure drop is éalculated from the numerical

integration of the momentum equation in the main flow region. However
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as the results are dependent onwyP/AQ, these comparisons can only be

regarded as encouraging and not as yet successful.

6.5 Discussion of results

It is now appropriate to summarise the results given in sections
6.3 and 6.4. In section 6.3, the predictions of fully -~ developed channel
flow compare closely with the measurements. This means that the present
turbulence model and wall functions are satisfactory for this particular
flow situation. However in the prediction of developing flow in a
chammel the predictions fox‘JQ/e%j>1.5 are sétisfactory but large
discrepancies between the pfedicted and measured values of Stanton number
occur for Dcuﬂde < 1.5. These discrepancies are mainly due to the fact
that the inlet near ~ wall boundary conditions are not satisfactory.
’Corrections to the latter, which would reduce the abo%e discrepancies
considerably, are suggested.

In section 6.4, the limitations of the present turbulence model and
wall fuﬁctions are outlined, and in the light of these limitations the
review of appropriate tube bank data is concerned mainly with data for

Re == 105. Also due to the above limitations we restrict ourselves
to the prediction of fully ~ developed flow through in -~ line tube banks
for Re & 10,

The initial results of flow through in - line tube banks indicate that
the predictions are dependent on the grid parameter, %P/R - The reason
for the influence of 81>/IQ is due to the inadequacy of the present
wall functions, which are applicable only to fully -~ developed zero -
pressure — gradient turbulent boundary layers. However the trends and
gagnitudes of the mean Stanton number predictions compare reasonably well

with most of the measurements of Hammeke et al and Stasyulyavichyus and

Samoshka. It is also encouraging to note that the predicted values of
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pressure drop, correspohding to the above predictions of heat 'Era.nsfer,
compare quite closely with the mean measured values in the range

105‘53 Re, & 106. But all the above predictions are dependent on the
chosen gri'd condition, ?P/R = 0.02. The latter dependency can only
be removed by the use of more general wall functions which can produce

accurate predictions of hoth reattachment and separation points.
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T. DISCUSSICN AND CONCLUSIONS

The previous chapters 4 to 6, which are concerned with predictions and
comparisons with other data, each contain a discussion of results; but in
order to obtain an eagle's view of the territory covered we need a
concluding chapter in which the main findings of this thesis are drawn
together, Section 7.1 seeks to summarise the resulfs of this work; and
section 7.2 makes a number of recommendations concerming avenues for future
research,

7.1 Summary of the main results

7.1.1 Introduction to summary

The results of this thesis can best be considered in two distinct parts.
The first part, which concerns the development of thé numerical method, is
described in 7.1.2; and the second part, which consi@ers the application of
the turbulence models, is considered in 7.1.3.

T.1l.2 The development of the numerical method

Most research work seeks to build on the progress make by other workers,
and the present work is mno exception. Much of the work of this thesis is
based, at least initially, on the work described by Gosman et al (1969). The
latter authors describe a numerical procedure for solﬁing the conservation of
mass, momentum and energy equations for two-dimensional flow situations, which
'may include recirculatién. The proceffive is a general one as it can
theoretically solve problems of flow in domains of arbitrary shape. However
in general before the solution procedure can be put into effect it is
necessary to calculate an orthogonal grid to map the domain of interest.

This requirement brings to light one drawback of the procedure because the
available methods for calculating all the required orfhogonal grid components
are complicated and laborious. It is true that many domains.can be mapped
orthogonally using rectangular, cylindrical and spherical co-ordinates, but
there are many other domains of engineering interest which do not fall into

this category.
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The present work mekes some contribution towards overcoming the above
limitation. This is done by the introduction of the RAND grid arrangements
and the corresponding numerical equations. The main advantage of the RANb
grids is that they may be quickly calculated for domains of any shape. But
depending on the shape of the domain and the flow pattern, numerical errors
due to false diffusion may limit the validity of the predictions. This
work suggests a means of reducing the effects of false diffusion by the
introduction of the new — upwind scheme for approximating the convection
terms in the conservation ecquations. This scheme does not however adequately
fulfil Scarhorough's convergence criteria and thus the numerical procedure
can only he applied under restricted conditions, which nevertheless include
some turbulent flows. The predictions summarised below demonstrate the
properties of the numerical procedure using the RAND grid arrangements.

(2) Flows with analytical solutions

As with all new tools, the procedure requires testing to establish
its advantages and weaknessesf This is achieved by applying the procedure
to two flows with analytical solutions, and to laminar flow over a single
cylinder for which there are many other mumerical predictions and
experimental measurements. The predictions of the flows with analytical
solutions demonstrate the accuracy of the new ~ upwind scheme used in
association with the RAND grid arrangement. However due to the non ~
satisfaction of Scarborough's convergence criteria at high Reynolds numbers,
these predictions also demonstrate the restricted use df the new — upwind
scheme. |

(v) Laminar flow over a single cylinder

Predictions of the hydrodynamic and heat transfer properties of laminar
flow over a single cylinder at Ré== 40 are sho;n to be in close agreement
with é»wide range of measurements and other predictions. wae%er the
applicability of the procedure to this problem is limited to low Reynolds

numbers, i.e.Rhe <100,for two reasons.

The first reason concerns the boundary layer thickness near the front
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stagnation point of the cylinder. This is known to be inversely proportional
to the square root of the Reynolds number. Thus the boundary layer
thickness decreases with increasing Reynolds number. This means that if

we are to obtain correct predictions of this flow (at least on the front face)
at high.%ee , the RAND grid must be refined in the region adjacent to the
front face. However +the RAND grid camnnot be economically refined in

one region of a domain without producing extra grid nodes in other less
important parts of the field. One solution.to this problem is the use of

a hybrid grid system, where the grid in the near-wall region is orthogonal
(i.e. 2 cylindrical co-ordinate grid in the case of the cylinder) and

the grid away from the wall is rectangular. Thoman and Szewczyk (1969)
describe the application of a version of such a grid arrangement.

The second reason concerns the new-upwind scheme which causes the
divergence of the nuﬁerical procedure for ;&5;> 100. This means that if a
hybrid grid arrangement were applied to the problem of flow. over a single
cylinder at high Reynolds numbers, convergence could only be achieved by
using the standard-upwind scheme.

(¢) laminar flow over in-line tube banks

.The usefulness of the RAND grid solution procedure is demonstrated by
the predictions of laminar flow over in-line tube banks. As no other
predictions are known for this problem, the accuracy of the predictions is
checked by comparing solutions which differ only by the fineness of the grid.
'The latter comparisons indicate that the predictions are iﬁdependent of the
grid mesh and therefore are reliable., Further proof of accuracy is given
by the close comparison between the predictions and available measurements
of Buler number forv _ ﬁaa £ 100. The heat transfer predictions
- correspond to fully-developed thermal conditions for which there are no
experimental results, but by comparison with available experimental trends

the fully developed values are shown to be of the correct order.
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7.1.3 The application of the turbulence models

We now consider the results of incorporating a turbulence model into
the solution procedure. The validity of the model is tested initially
by applying the solution procedure to the relatively simple problem of
developing turbulent flﬁw in a parallel chammel. The predictions for
x'/de = 1.5 are in good agreement witﬁ the measurements, but significant
discrepancies are evident for Zﬂ/o& < 1.5. It is indicated that the
latter can be removed by the use of more accurate inlet boﬁndary conditions.

Although developing flow in a channel can be predicted satisfactorily
by using the present turbulence models, the latter are not designed as yet
to produce accurate predictions of the following flow situations:

(a) situations where transition from laminar to turbulent boundary
layers occur .

(b) situations where there are large pressure gradients along wall
boundaries .

(c) situations where vortex shedding is a controlling factor in the
flow pattern ’

However there are some flow situations exhibiting recirculation where
the influences of the above may not be important. The results of a careful
examination of data for flow over single cylinders and tube banks indicate
that fully — developed flow over in — line tube banks for Re >~ 10°
may not be greatly affected by the above flow phenomena. Thus one might
expect that the predictions should he reasonably accurate. Indeed the
results show that the predicted Stanton and Euler numbers display the
correct trends and the correct orders of magnitude, but unfortunately the
predicfiqns are somewhat dependent on the grid parameter é#P //53,

This dependency is mainly due to the inadequacy of the present wall

- Tunctions, which are based on the simple assumption that zero — pressure -

gradient conditions exist at all points on wall boundaries. The predictions
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‘are obviously sensitive to the inadequacy of the above assumption.

T.2 Recommendations for future research

The discussion in this section focuses on some of the points raised
in the previous section. When considering future research it is useful
to continue ?hinking in terms of the distinct categories of numerical
procedures and turbulence models. We shall consider the former first of
all,

(a) MNumerical procedures

As pointed out in T.1.1, the RAND grid arrangement and its solution
procedure suffer from one main limitation, that of being applicable to
laminar flows with low Reynolds numbers. This is because the grid cannot
be refined economically along non -~ rectangular boundarieé and also because
the new — upwind scheme causes the solution procedure to diverge at high
values of Reynolds number. 1In order to achieve economic distributions of
fine grids along non - rectangular boundaries it would appear that the
most promising alternative to the RAND grid is the hybrid grig system.
Thus a thorough investigation should be directed at the optiﬁisation of
numerical schemes associated with a given hybrid grid layout. Also
further research on means of procuring unconditional convergence using the
new — upwind scheme should be carried out. Alternativély, a search for
other methods of reducing the influence of false diffusion at high
Reynolds numbers may be more profitable.

(b) Turbulence models

As regards the turbulence models, the present work indicates the
peed for wall functions which can produce accurate predictions of both
separation and reattachment regions,ife. where wall fressure gradients
are not zero., DMNost of the previous turbulent recirculating flow problems,

e.g. Runchal (1969) and Roberts (1972), involved separation points due to
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the geometry of the confined flow. The present problem of flow over

in -~ line tube banks involves flow separation due to adverse pressure
gradients round the upstream tube. Such problems require wall functions
which are strongly sensitive to wall pressure gradienmts and are largely
independent of the grid node distribution in the near -~ wall region.

One possible 'short ~ term' method of overcoming the limitations
of the present wall functions is to use the low Reynolds number model
of turbulence of Jones and Launder (1972) as a replacement for the high
Reynolds number model and the wall functions. As the. low Reynolds
number model describes the variation of ’ﬁ , & and /L%
down to the wall, very fine near - wall grid distributions must be used
but this means that the wall functions are no longer required. Research
into the application of the low Reynolds number moqel to recirculating
flow problems may not only provide solutions which are independent of
grid distribution and reasonably accurate, but may also give pointers
concerning the generation of appropriate wall functions.

However the generation.of such wall functions should not be divorced
from what might be called the 'long -~ term" objective of producing
satisfactory turbulence models for recirculating flows. The work of
Jones and Launder (1972) shows that two — equation models of turbulence
can be used to give accurate predictions of a wide range of two — dimensional
boundary layer flows with and without large pressure gradients. The
reasons for these good results are that the flow near the wall boundary is
correctly modelled, and also that the flow consists of a single dominant
velocity gradiemt. For the latter the scalar effective viscosity model
is known to give good predictions. However the accuracy of applying
such models fo two —~ dimensional recirculaiing flous is knqwn to have some
weaknesses. For instance, Roberts (1972) shoﬁs that incorrect predictions

of swirling flows are obtained if one assumes that the effective viscosity

is a scalar quantity. Perhaps the latter is an extreme example of the
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weakness of the two - équation model, but on the other hand further
evidence is required to show that a scalar effective viscosity model

gives accurate modelling of two =~ dimensional non - swirling recirculating
flows. Another problem concerns the constants in the turbulence model
equations. It is likely that these so — called constants are not in
general constants but are in fact functions of parameters such as the
local Reynolds number of turbulence. The above matters require further
investigation in conjunction with the development of satisfactory wall
functions.

The progress of the numerical anaiyst in this field will deﬁend
largely on the supply of accuraté and comprehensive data obtained from
relatively simple two — dimensional flows; such as the free jet
impinging on a plane., Therefore to meet this need much further re;earch
should be devoted to the task of supplying accurate measurements of

time — averaged turbulence and mean flow parameters in such flows.
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Appendix A.1: The error due to the standard — upwind scheme for

the convection terms

In this appendix, more details of the truncation error due to the
standard — upwind difference scheme.are provided. The purpose of
providing these details, which are abstracted from the work of Wolfshtein
(1967), is to indicate which parameters are the most influential in
controlling the magnitude of thererror.

In his investigation, Wolfshtein considered the very simple problem
of a source of property 95 in a zZero — viscosity uniform - velocity stréam,
which is inclined at an angle/gsp to the mesh lines. The exact solution to

this problem is that no

diffusion occurs and ?{
remains constant along any

streamline, Fig. A.1.1

illustrates the Predicted
comparison hetween the ?6
Theoretical

exact and predicted

solutions at some

distance downstream from > X,
the point source. The ' Fig. A.1.1
predictions obviouély
cause a smearing of the exact g6 profile and this smearing suggests that
'false! diffusion of the property 96 occurs in the direction normal to
the stream.

Wolfshtein showed that the appropriate expression for the false
diffusion coefficient, l;;fke y wWhich is responsible for the false

diffusion effect is:

Il

f{fafse | 0.36p VA siﬁ 28

where, \/

uniform stream velocity
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'gL = uniform mesh size
A5 = angle of inclination of the streamlines :to the mesh
For the purpose of estimating the effect of this coefficient in the
calculation of flows with non -~ zero viscosity, Wolfshtein expressed the

equation for .!.—

in the following form:
'ﬁ-afse :

-[—]faese = 0.36 R“'M‘ OZOI# _'g_ ,61;712/5
Legs L

where, R%S: /L = 1local effective Reynolds number

et

0;56: _/je{ﬁ = effective Prandtl number

(A.1.1)

L

It can he concluded from equation (A.1.1) that the false diffusion

appropriate dimension of flow

error in terms of the false diffusion coefficient is a function of the
effective Reynolds and Prandtl numbers, the relative grid size and, most
important of all, the angle /6 . . S50 when the standard — upwind scheme

is applied to the prediction of uniform visqosi-ty laminar flows, it is
obvious_from equation (A.1.1) that the false diffusion coefficient can
become much larger than the real diffusion coefficient where /5#0 ' Oe' =
and the local Reynolds number is very largé. Nevertheless it is
encouraging to note that for a given Reynolds number based on laminar
viscosi-ty, the ratio of the false diffusion coefficient with respect to the
real diffusion coefficient for a turbulent flow is always much smaller
than for the equivalent laminar flow situation with o = 1 | This is
because the turbulent effective viscosity is always much larger than the
laminar viscosity and the turbulent effective Prandtl number is of the
order unity. However in both laminar and turbulent flow situations false
diffusion is never entirely elimina;hed unless either ﬁ-»o or ﬁ =0,

The former is not a practical proposition from the point of view of
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computer storage and time, and the latter usually occurs only in limited

regions of a recirculating flow.
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Appendix A.2: The calculation of parameters associated with the

new — upwind method of approximating the convection

terms in equation (3.2.1)

In this appendix, we illustrate the method of calculating the G's
in equation (3.2.17), where the latter is the expression for the new -
upwind approximation of the convection terms. To illustrate the method,
we shall focus our attention on the G'-s relevant to the expression for
the east boundary of a 'typiéal cell, equation (3.2.15). For ease of

reference, equation (3.2.15) is repeated here as follows:

L-%{A[h0-c)+ B 6]
[ $ (-G + B &)}
e { e[ B(1-Ce) + Phe Ge]
A [ B (1 = ) + G&&]} (3.2.15)

Referring to Fig. A.2.1, which

‘.:Cz :
N
of
shows the east boundary a % N % NE
typical cell P s we define _ rne
(u,)e, (L(‘i’)e and X as %7 € XE
Ae
follows: XS % SE
> X,
Fig. A.2.1

), = C’ - _2_( he .Ac)
PES e Xa,N — Xp,

2/0 (%ve + W\v Wse - ‘70) (2.1

() = 60 ) £ 3%; (é:p) (a.2.2)
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K= () / (U)e (A.2.3)

where, (L(-,)e and (L{z)e are the velocity components through point €
in the X and 2%, directions respectively.
We now consider the

special situation in

Fig. A.2.2, where the A % N % NE

velocity vector for the

case (14,), > 0 and 777 //

~

i /]
(uz)e ? 0 is at an . *PI'X 7 < —X E
angle /& = tan™ oL /ﬁ

/ /Z F N
to the vector for ~ N
S ~
Cuz)e = 0 and ((/L,)e> 0. XS \X SE
‘An extension of the vector
> X

U), > o and
(u,_)e> 0 intersects the Fig. A.2.2

line between nodes ¥ andSEat a point F.
It can be easily shown that, for this case, equation (3.2.15) reduces

to:

Ic = AEZ [Sé’o - GEP) + ¢55 GEP] (A.é.4)

From our knowledge of the node co - ordinates and the parameter X ' GEP

can be determined as follows:
GEP = €I / £2

where, '6, = distance between node P and point F
ez = " " " P and node SE
From the triangle PFe : _ R
L, = (xI,E _ xl,P) A 5,
2 sin (fe+ )
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GEP = (‘xl,E - xl,?) Aim e
R L, tin (Be+Y)

= (x:,a - xl,P) Ao Se
24, (srn B cosy + cos/Febind )

p = (<. e = Xip) (a.2.5)
2-[(3‘:',5 — X,p) T (Xzp = x2;5>/0(_]

Therefore the relevant parameters for the flow situation in Fig. A.2.2

G

E

may be summarised as follows:

&) W)> o, W),>0,  0<p Lml2
= 0.0, Gy = (X, e = X,p)
2 [(xs,‘e - xl,P) + (xz,P - xz,s)/O(J

= 1-0, Pm

Pem

similarly for,

m (), <o, W), Lo, 7<= <31/2

= (xu: - X P) .
2[(x:,5 -, p) + (xz,u “'xz,a/OC]

(C) (u‘l)e > O, (M2>e <-»‘Dr ) 371-/2' <'/5€ < 2T

P = 0.0, Py = 1.0, Cpp = (X e — X, p)
2[(11,5 _xl,p> ~+ (xz,N "xz,l>>/o<J
(d)4 ({'Ll>e <o ! (L{2>e > O, 77'/2, < /ge_ < T
PPE = 0.0, PME = 1.0, GEE = CILE _ xl,F')

Z[Cx:,e - xl,P) + (‘xz,P”’ xz,s)/od

Similar formulae for the other G's can easily be derived.
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Chapter 2

Sxmbol

“ff

NOMENCLATURE*

Meaning
a coefficient in the general
elliptic equation

a coefficient in the one =
dimensional equation for vorticity

a coefficient in the general
elliptic equation

a coefficient in the one -
dimensional equation for vorticity

coefficients in the general
elliptic equation

component of the diffusional —
flux of @ in direction j

static pressure

source term in equation for ¢
source term .in equation for w
temperature

component of velocity in
direction i

a general Carteéian co — ordinate
(i may take values 1, 2, 3)

a general Cartesian co — ordinate
(j may take values 1, 2, 3)

normal distance from a wall
boundary

effective thermal diffusivity

237

Equation, section,
etc., of first
mention¥*¥

(2.4.1)
(2.5.2)
(2.4.1)
(2.5.2)
(2.4.1)

(2.1.3)
(2.1.2)
(2.1.3)
(2.3.4)

Table 2.4.1
(2.1.1)
(2.1.1)
(2.1.2)

(2.5.1)
Table 2.4.1

* This nomenclature includes the important symbols in Chapters 2 to 6.
Symbols are set out in sections which correspond to each chapter.
a symbol is used consistently throughout, it is only mentioned for the

*¥% Numbers in brackets, i.e. (5.3.1), correspond to equations;
without brackets, i.e. 5.3.1, correspond to sections.

chapter of first mention.

If

and numbers
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Equation, section,

Symbol Meaning etc., of first
mention
f;g%,_ effective diffusivity for § . (2.2.2)
//‘qﬁﬁ effective viscosity (2.2.1)
//0 fluid density (2.1.2)
c’_;%ﬁ effective Prandtl number for ¢ (2.2.3)
G component of shear stress tensor
J which operates on the i ~ plane
" in the direction j (2.1.2)
T, wall shear stress 2.5(d)
# any dependent variable or
conserved property (2.1.3)
yV stream function (2.3.1)
w vorticity (2.3.2)

Subscripts

Cc at a point a short distance from wall
Eﬁ% effective, i.e. including laminar and turbulent contributions
i in the direction i
J in the direction j
n in the direction normal to a wall boundary
at the wall
¢ pertaining to variable g
w pertaining to vorticity
Chapter 3
Equation, section,
Symbol Meaning etc,, of first
mention
AE1’ AE2 ~coefficients in the east
convection term of the 7
difference equation (3.2.8)
AN1' ANZ coefficients in the convection
A i terms of the difference
S1' “s2 equation (3.2.10)

A}H " A



Symbol

Apr Ay A5

Agr &y
et A
Agpr Agy

BN, BS

B By

MN? "PN
PS
PW

g
]

Meaning

main coefficients in the
convection terms of the
difference equation

coefficient in the diffusion
terms of the difference
equation

specific heat of fluid
coefficients in the east
convection term of the difference

equation

coefficients in the convection
terms of the difference
equation

coefficients in the east
convection term of the difference
equation

coefficients in the convection
terms of the difference equation

wall heat flux

radius or distance from axis of
symmetry '

volume per unit depth of a cell
represented by a node P

tangential distance along a wall
boundary

angle of inclination of streamline
to grid line

angle of radial arm with respect
to the positive X, — axis

average value of ¢e _

space — average vorticity for
cell containing node P
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Equation, section,
etc., of first
mention

(3.2.22)

(3.2.18)
(3.3.24)

(3.2.15)

(3.2.17)

(3.2.15)

(3.2.17)

(3.3.24)
Fig. 3.3.3
(3.2.19)
(3.3.6)
3.2.1(a)

Fig. 3.3.3

(3.2.3)

(3.3.9)



Subscripts

n,s
e,w

ne, se
nw, Sw

NE, SE
W, SW

P
slip
south
1
wall

west

Chapter 4

Symbol

a » P

R

240

at points on the sides of the cell walls containing node P
at neighbouring nodes which lie respectively north, south, -
east and west of node P

at the corners of the cell walls containing node P
at nodes which lie near to nodes N, S, E and W

at node P

indicating wall slip value

pertaining to the south wall of cell containing node P
in the tangential direction to a wall boundary
pertaining to the wall '

pertaining fo the west wall of cell conbtaining node P

Equation, section,
Meaning etc,, of first
mention

functions in the J and
equations for a cylindrical
Couette flow (4.3.1)

function in }b equation for a
cylindrical Couette flow (4.3.2)

half the normal distance between
the walls of a plane Couette flow (4.2.1)

Reynolds nﬁmber:
(g =~ o 4.2.2(b)
(U ~ YR/ 4.3.2(b)

radius of immer cylinder of a
cylindrical Couette flow (4.3.2)

radius of outer cylinder of a :
cylindrical Couette flow: 4.3.2(a)

velocity of the moving wall of
a plane Couette flow : (4.2.1)

R, /R, | 4.3.2(a)
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Chapter 5

Symbol

Meaning

distance along the stationary
wall of a plane Couette flow

normal distance from the
gtationary wall of a plane Couette
flow

laminar viscosity

stream function value at the imner
cylinder of a cylindrical Couette
flow

stream function value at the

outer cylinder of a cylindrical
Couette flow

stream function value at the
moving wall of a plane Couette
flow

stream function value at the
stationary wall of a plane

Couette flow

angular velocity of outer cylinder
of a cylindrical Couette flow

Meaning

drag coefficient
friction drag coefficient
pressure drag coefficient

diameter of cylinder

equivalent diameter

diameter of tube

hydraulic diameter:

2D, (28,5, —m/2)
T

Fquation, section,
etc., of first
mention

(4.2.1)

(4.2.1)
(4.2.1)

(4.3.2) |
4.3.2(a)
412.2(a)

(4.2.2)

4.3.2(a)

Equation, section,
etc., of first
mention

5.2.2(4d)
5.2.2(a)
5.2.2(a)

5.2.2(b)

5.3.4(c)

5.3.2(a)

5.3.3(c)
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Symbol

Tu
(N @5,1 2 (Nu>B,E

W Waa » @J“’)LM

Nun

pc! pD

« N

Ts

Re

Meaning

BEuler number:

(P "Pb)/(j’azD

half ~ width of channel test
section

thermal conductivity
length
local Musselt number

Nusselt numbers

mean Nusselt rumber

static pressures at wall points
A, B, C and D. (Fig. 5.3.1)

static pressure on the channel
wall below the cylinder

static pressure on the cylinder
wall at an angular position of

=)

reference static pressure far
upstream of .the cylinder

Prandtl number
wall heat flux
radius of cylinder

Reynolds number:
vd /vy
UQd/.ﬂ
UDe/

non —~ dimensional longitudinal
. . Vi
spacing of tubes: S’ //JDt

longitudinal spacing of tubes

non ~ dimensional tr§nsverse
spacing of tubes: S’r // D,
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Equation, section,
etc., of first
mention

5.3.2(a)

Fig. 5.2.3
5.2.3(c)
5.3.4(c)

Fig. 5.2.12

Table 5.3.1

Table 5.2.6

5.3.2(a)
5.2.2(c)

5.2.2(b)

5.2.2(b)
5.2.3(a)
5.2.3(a)
5.2.2(b)

5.2.2(b)
5.2.2(c)
5.3.2(a)

5.3.3(a)

5.3.2(a)



Meaning

transverse spacing of tubes
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Equation, section,
etc., of first

.mention

Table 5.3.1

7;'n mean temperature: p
_15 (Ts + Too) Table 5.2.
T wall temperature 5.2.3(a)
o0 reference temperature Table 5.2.6
Uy velocity in the circumferential
direction 5.2.2(b)
W -free — stream velocity 5.2.2(d)
U, velocity at the cylinder
position in the test channel in
the absence of the cylinder 5.2.2(c)
U mean velocity through minimum :
cross — section between the tubes 5.3.2(a)
Xe length of recirculating eddy with
respect to centre of cylinder Fig. 5.2.7
Xy distance of centre of eddy from .
centre of cylinder Fig. 5.2.7
?’E maximum value of positive X,
denoting edge of recirculating _
eddy , Fig. 5.2.7
v kinematic viscosity: M / P 5.2.2(Db)
}bc stream function value on the
centre — line between longitudinal : '
: rows of tubes 5.3.2(a)
% stream function value at tube
walls 5.3.2(a)
(JJS wall vorticity Fig. 5.2.8
Subscripts
AB average bulk value
B bulk value
C at the centre - line
E at the exit (or referring to recirculating eddy)
I at the inlet
LM log mean value



NP at near — wall node
e at an angle S
co reference value
Chapter 6
Equation, section,
Symbol Meaning etc., of first
mention
a constant; 6.2.1(b);
constant in the power law
equation ' (6.2.10)
Ay .area of near - wall cell (6.2.28)
A an area (6.2.31)
constant (6.2.1(b);
b constant in the power law
equation : (6.2.10)
BN’ Bw, coefficients in the equation
. B for near — wall node (6.2.31)
Bymr Bay
C‘l’ 02 coefficients in the differential _
equation for & (6.2.4)
Cps. a coeff,icie.nt (6.2.33)
C/u coefficient in equation for
effective viscosity (6.2.2)
. :
C/L coefficient in equation for
effective viscosity (6.2.1)
d equivalent diameter 6.3.2(a)
E constant in log ~ law equation (6.2.9)-
" f friction factor’ 6.3.3(a)
h channel half - width 6.3.2(a)
hE maximum value of X, €O — ordinate
for the reattachment streamline 6.4.4(a)
k kinetic energy of turbulence (6.2.1)
1 a length scale of turbulence (6.2.1)
lnm distance along curve or straight
: line joining points n and m 6.2.2(d)
m constant exponent 6.4.2(d)
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Equation, section,

Symbol | , Meaning

etc., of first
mention
N number of tube rows 6.4.2(a)
Py Pp static pressures at points
Pgi Py A, B, Cand D (Fig. 6.4.2) '6.4.3(f)
P P — function (6.2.19)
L production term in the
differential equation
for (6.2.5)
qu)de Reynolds number based on
equivalent diameter 6.3.2(a)
R q1Rpp1 B ratios of areas (6.2.32)

St local Stanton number Table 6.3.1
St mean Stanton number 6.4.3(g)
u velocity parallel to a wall 6.2.2(b)
w, velocity on centre — line of

chammel 6.3.3(a)
L{.,r friction velocity:

T /p (6.2.13)

w” the fluctuating component of

velocity in the x, direction 6.4.2(a)
v’ the fluctuating component of

velocity in the x, direction 6.4.2(a)
V‘hm mean velocity between points

n and m in the direction from

ntom 6.2.2(d)
yz normal distance from wall 6.2.2(b)
E dissipation rate of turbulence

energy (6.2.2)
K constant in the log - law

equation (6.2.9)
o laminar Prandtlnumber (6.2.19)
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A A

p

Meaning
a coefficient in the
differential equation for fé
turbulent Prandtl number

a coefficient in the
differential equation for EE

Jretp/ P

flux of #
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Equation, scction,

- ete., of first

mention

(6.2.3)
(6.2.19)

(6.2.4)
(6.2.8)

(6.2.17)



