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Abstract—We generalize alternating optimization algorithms of
Blahut-Arimoto type to the quantum setting. In particular, we
give iterative algorithms to compute the mutual information
of quantum channels, the thermodynamic capacity of quan-
tum channels, the coherent information of less noisy quantum
channels, and the Holevo quantity of classical-quantum chan-
nels. Our convergence analysis is based on quantum entropy
inequalities and leads to a priori additive s-approximations after
O ("' log N) iterations, where N denotes the input dimension
of the channel. We complement our analysis with an a posteriori
stopping criterion which allows us to terminate the algorithm
after significantly fewer iterations compared to the a priori
criterion in numerical examples. Finally, we discuss heuristics
to accelerate the convergence.

I. INTRODUCTION

In quantum information theory, many quantities of interest
are given by convex optimization problems that can often
not be solved analytically. Consequently, numerical tools that
provably find approximate solutions in an efficient manner are
sought after. In our work, we are primarily interested in the ef-
ficient calculation of entropic channel capacity formulas from
quantum Shannon theory while giving rigorous guarantees on
the approximation error dependent on the number of steps
in the algorithm. For example, by the Holevo-Schumacher-
Westmoreland theorem the classical capacity of classical-
quantum (cq) channels is given by the Holevo quantity [1],
[2]. This then represents a convex optimization problem over
the set of input probability distributions. Various methods to
approximate the solution of such convex optimization prob-
lems in quantum information theory have been proposed in
the literature [3], [4], [5], [6], [7], [8], [91, [10], [11], [12],
[13].

In this work, we study alternating optimization algorithms
and give quantum extensions of the Blahut-Arimoto algorithm
from classical information theory [14], [15]. Blahut-Arimoto
type algorithms are specifically tailored for entropic problems
and have analytic convergence guarantees derived from en-
tropy inequalities (see [16], [17], [18], [19], [20], [21], [22]
for classical extensions of the original works). Accelerated
Blahut-Arimoto algorithms with faster analytical and numeri-
cal convergence are also known [23], [24], [25], [26]. While
there have been works on Blahut-Arimoto inspired algorithms
to calculate the capacity of classical-quantum channels [3],
[27], this work generalizes the Blahut-Arimoto algorithm to
the fully quantum setting.
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II. OVERVIEW OF RESULTS

We present algorithms to compute the mutual information of
quantum channels, the thermodynamic capacity of quantum
channels, the coherent information of less noisy quantum
channels, and the Holevo quantity of classical-quantum chan-
nels. As special cases of the thermodynamic capacity, the
minimal entropy gain and the completely bounded minimal
conditional entropy are covered as well. The algorithms and
the convergence proofs are based on the quantum relative
entropy which is defined for positive semi-definite operators'
p and o as

D(plo) = Tr[p(logp —logo)] ifo>p )
00 otherwise ,

where the notation o > p denotes that the kernel of o
is a subset of the kernel of p, and where we take the
logarithm only on the support of the argument. In particular,
we use the fact that the relative entropy satisfies certain
inequalities under the action of channels such as the data
processing inequality, which states that for all p,c we have
D(E(p)l|E(e)) < D(pllo).

The number of iterations required by our algorithm to obtain
an a priori error of ¢ is O (¢7'log N), where N denotes the
input dimension. Moreover, one can construct an accelerated
version of the algorithm similar to the classical case [24], [25]
to lower the number of iterations required by a constant factor
compared to the standard version. This procedure also gives
rise to heuristics that provide a significant speed-up of the
algorithm in our numerics.

Other algorithms for the classical-quantum case include that
of Sutter et al. [9] based on convex programming dual-
ity and smoothing techniques. This algorithm has a time
complexity of O (5‘1max{|X\, |B\}|B|3\/log|X|) versus
our O (e7(|B>+|B|*|X|)log |X| + |X||B[?). This sug-
gests that our iterative algorithm is faster for the regime
|B| > |X]| but slower for |X| > |B]| in the worst case.
For other algorithms that compute the Holevo quantity, there
is often no explicit complexity analysis given. Comparing
with the relative entropy optimization work of Fawzi and
Fawzi [10]—based on semi-definite approximations of the
matrix logarithm [11] — our numerics suggest that for the spe-
cific optimization problems considered here, Blahut-Arimoto

"Here and henceforth, any quantum definition applies to classical proba-
bility distributions as well, by embedding them as matrices diagonal in some
prefixed basis.



type algorithms converge faster. We emphasize that while
the advantage of Blahut-Arimoto type algorithms might be
explained by their conformity to the specific structure of
entropy optimization problems, the method presented in [10]
is applicable for a wider range of problems.

The a priori bound on the error corresponds to the worst case
and the number of iterations required is extremely conservative
for most problems. Hence, we adapt classical techniques [17]
to find a posteriori error bounds on the capacity estimate at
each iteration of the algorithm. This error bound can then be
used as a termination criterion for our numerics. We notice that
for the channels and capacities we consider, the a posteriori
error is achieved in significantly fewer iterations compared
to the a priori requirement. One of the explanations for
this speed-up is that the convergence of our algorithm can
be exponentially fast in certain cases. Specifically, when the
quantum relative entropy inequalities used by our convergence
proof are strict inequalities, one can show (see Proposition 3.5
for more details) that the error in the capacity estimate after
at the ¢! iteration for a channel with input dimension N is
bounded by (1 — §)*log N for some § > 0.

III. STRUCTURE OF QUANTUM BLAHUT-ARIMOTO
ALGORITHMS

A. Notation

We label Hilbert spaces (which are assumed to be finite-
dimensional) with capital letters e.g. A, B, and denote their
dimension by |A|, | B|, and so on. The set of density operators
on a system A, i.e., positive semi-definite matrices p4 with
Tr[pa] = 1, is denoted D(A). Whenever we work with a
single system, we may omit the sub-index referring to the
system. A quantum channel £4_,p is a linear completely
positive trace-preserving map that maps density operators
on a system A to density operators on a system B. The
complementary channel £9_, , of a channel £4_, p is defined
via taking the partial trace over B of the Stinespring dilation
Ua_pg of £4_p. For simplicity, we may write £ and &,
instead of £4_,p and £Y_, i if the input and output systems
of the channel are clear from the context.

For a density operator p, the von Neumann entropy is de-
fined as S(p) = —Tr[plogp] and for density operators
p,o the quantum relative entropy is defined as in (1). We
also work with discrete probability distributions, which we
represent as vectors A = [Ar,...,A,] with D7, \; = 1 or
alternatively as diagonal matrices with entries A, ..., A\, i.e.,
pa = D oiey Aii)(i| in some pre-defined basis.

B. Blahut-Arimoto type

Proofs for this section are available in the full version of
our work [28]. We now study a special entropic type of
alternating optimization algorithms, called Blahut-Arimoto
algorithms [14], [15]. The channel capacities we are interested
in are typically given as a convex optimization problem over
input states. One may write an extension function J in two
variables such that the maximization over both variables gives

back the capacity of the channel. Performing the maximiza-
tions iteratively leads to an algorithm of the following form.

Algorithm 1 Blahut-Arimoto algorithm: Iterative double op-
timization over density operators

1: Inputs:
o Initial guess pfj) € D(A) with full support, i.e., p(Al) >
0
o Function J, : D(A) x D(B) — R with a coefficient
v>0
« Update relations 7; : D(A) — D(B) and F»
D(B) — D(A)
« Number of iteration steps n
2: for t € {1,2,...,n} do

s o= F (ol

4: pS—H) =F <O'g))

5: end for

6: Outputs: pffﬂ), C(n)=J, pffﬂ),afg") , where C'(n)
should approximate C* = max,, -, J,(pa,onr) forn —
0.

Definition 3.1 (Blahut-Arimoto): Algorithm 1 together with
the following conditions on J, F; and J5 defines a quantum
Blahut-Arimoto algorithm: For v > 0 and density operators
a > p,

Jy(p,0) = =y D(pllo) + Tr [pF(o)] €R, )

where F is a Hermitian matrix valued super-operator on
density operators such that Tr [pF (¢)] is continuous in o for
o > p. The update rules are then given by

Fi(p) = argmax J,(p,0), Fa(o)=

o with o>>p

argmax J,(p,0).
p with o>>p
3)

Now, under certain conditions we can find analytic expressions
for the optimizers in (3).

Lemma 3.2 (Update rules): For quantum Blahut-Arimoto
algorithms with,

Tr[p{F () = F ()} <7D(pllo) )

for all density operators o > p, the update rules appearing in
Algorithm 1 are of the form

Fi(p) =p, ®)

Fa(o) = % exp <log o+ if(a)) , (6)
with Z (o) = Tr [exp (loga + %]—' (0))} for density opera-
tors p and o > 0.

The next theorem shows convergence of quantum Blahut-
Arimoto algorithms under some technical assumptions.
Theorem 3.3 (Convergence): For quantum Blahut-Arimoto
algorithms together with a strictly positive definite initial state
p™M >0 on a system A and

0 <Tr[p{F (o) = F(p)}] <vD(pllo), ™



for density operators o > p, we have that C(n) of Algorithm 1
is monotonically increasing and converges for n — oo to

cr = T,(p,0) (®)

max
p,o with o>>p

with the approximation error bounded as

(1)
P (*p™)

(S
n

C(n)] ; )

where p* is the optimizer (possibly not unique) that achieves
the capacity C*. If p!) is chosen to be the maximally mixed
state, the approximation error is bounded as |C* — C(n)| <
ylog|Al
ThéZ value of the positive parameter « appearing in Defini-
tion 3.1 should be chosen as small as possible while still
respecting the second inequality in (7). For all the quantities
we consider, this inequality is a relative entropy inequality
under the action of the channel such as the data processing
inequality. There exists a value of « for which this holds
for all channels and this corresponds to the standard Blahut-
Arimoto algorithm. For certain channels, the inequality may
be strict and in these cases, a smaller value of v may be chosen
without violating (7). This corresponds to the accelerated
Blahut-Arimoto algorithm where the acceleration parameter
v is
Tr[p{F (o) = F (p)}]
D(pllo) ’
with the supremum taken over o > p and p # o. If the right
hand side of (10) cannot be efficiently computed, we may also
use the following heuristic similar to the classical case [24].
Remark 3.4 (Acceleration heuristic): For D(p®||p(t=1)) + 0,
define an adaptive acceleration parameter

ey _ T [pO{F (o) = F (p“)}]
! D (O D)

The proof of convergence from Theorem 3.3 no longer holds
under the adaptive acceleration heuristic. However, we find in
practice that it provides a significant speed-up as shown in
Figure 1.

Strictness in the second inequality of (7) led to an accelerated
algorithm. Similarly, for some channels, the first inequality
of (7) may be strict. When this is the case, the speed of
convergence is exponential.

Proposition 3.5 (Exponential convergence): For quantum
Blahut-Arimoto algorithms satisfying

0 <infTr[p{F (c) — F(p)}]

7y = sup (10)

(1)

12)

for all density operators o > p and o # p, there exists § > 0
such that after ¢ iterations

C* = C(®)] < (1=6)""4D(p"]Ip"). (13)

Moreover, when p1) is chosen to be the maximally mixed
state, we obtain |C* — C(t)| < (1—6)*1vylog|A|. Details on
how the value of § depends on the strictness of (12) can be
found in [28].

Finally, the following proposition allows us to terminate the
algorithm when the a posteriori error is sufficiently small.

Proposition 3.6 (Termination criteria): For quantum Blahut-
Arimoto algorithms that satisfy (7) let us denote the largest

eigenvalue of F(p(*)) by ol for t € N. Then, we have

C(t) < C* <alt),. (14)

Hence, in particular, |C* — C(t)| < agi)ax — C(t) provides a
bound on the a posteriori error at every iteration.

In particular, if p(*) converges to a full rank optimizer p*, then
we may take the logarithm on both sides of (6) to show that
limy o agf,)ax = (™. This shows that the a posteriori criterion
is indeed achieved for some sufficiently large ¢ for full rank
optimizers.

IV. EXAMPLE — COHERENT INFORMATION OF LESS NOISY
CHANNELS

For a quantum channel £4_,p with complementary channel

(€.) A—E, the coherent information of the channel, I .., (E),

is defined as the maximum of the coherent information

Lon(p, &) = S(E(p)) — S(E.(p)), where the maximization

is taken over input states p. That is, we have

Ieon(€) = m;lXS(E(P)) — S(&(p)) -

=Icon(p,€)

A channel £ is called less noisy if the private capacity of its
complementary channel &, is zero [29]. This implies that for
all density operators p and o, we have

15)

D(E(p)|E(0)) = D(Ec(p)lEe(a)) -

The quantum capacity (&) of the channel £ is the regularized
coherent information of a channel [30] and corresponds to the
rate at which Alice can transmit quantum information to Bob.
In [29] it is shown that the coherent information of a channel
is additive if the channel is less noisy. Hence, for less noisy
channels, we have Q(€) = I.on(£). We shall only consider
less noisy channels in this section and thus drop the distinction
between the regularized and single letter formulas.

(16)

A. Blahut-Arimoto algorithm

The coherent information of a less noisy channel can be
estimated using a Blahut-Arimoto algorithm. We define the
following two variable extension of I..n(p, &) for o > p.

Jy(p;0,€) = Leon(p, €) + D(E(p)||E(0)) (17
— D(E:(p)l|€c(a)) = ¥D(pllo) -

With a short calculation, one can bring J, into the following
form

Jy(p,0,E) = =y Tr [plog p| + Tr [p {7y log o + F(0)}],
(18)
where F(o) = Ellog&.(0) — ETlogE(o). Substituting F
into (10), we obtain v > (.on, Where
D(E(p)||€(0)) — D(Ec(p)|€c(0))
Ccon &) =sup )
©) Dollo)

19)



for p # o and o > p. Note that by the non-negativity of
relative entropy and the data processing inequality, we have
Ceon (&) € [—1,1] for all £ but for less noisy channels, (16)
implies that (.on(E) € [0,1]. Indeed, v = 1 corresponds to
the standard algorithm and if (.on(€) < 1, then one may
accelerate the algorithm. Moreover, another short calculation
leads to

Tr[p{F (o) = F(p)}] = DE(p)l|E(0)) — D(SC(”)"gC(?Z)B))

= 0< Tr[p{F(0) — F(p)}] < vD(pllo), @20

where we have used (16) along with v > (.on(€). From
Lemma 3.2, whose requirement is satisfied by (21), we find a
double optimization form of the coherent information I, (E)

Jv(ﬂv g, 5) = Coh(g)'

max
p,o with c>p

(22)

Performing the two maximizations in max, , J-(p, 0, ) iter-
atively, leads to Algorithm 2 (see Lemma 3.2 for the form of
the update rules), which provably converges to the coherent
information by Theorem 3.3.

Algorithm 2 Accelerated Blahut-Arimoto type algorithm for
the coherent information
1: Inputs: Quantum channel £4_, g, its complementary chan-
nel &, and the respective adjoint channels E; _, 4 and &l
(all given as lookup tables whose (4, j)-th entry is given by
the action of the channel on |7)(j]), acceleration coefficient
v € [Ccon, 1] and additive error € > 0
2: Choose p(t) = 17AI
3. for t € {1,2,...,n = [vlog|A|/c]} do
4: ptt) = 7oy €XP (1og p + %]—"(p(t))> , where
Flo)=Ellog&.(0) — ETlog&(o) and
Z0+) = T [eXp (log P 4 %]:(p(t))))} normal-
izes the state.
5: end for
6: Outputs: p" Y, Ion(n) = J,(p" Y, p ) with
‘Icoh(g) - Icoh(n)| <e

We also have exponential convergence for strictly less noisy
channels with
inf D(E(p)|[E(0)) — D(Ec(p)l|Ec(e)) >0, (23)

where the infimum is over p # o and o > p. To see this, we
define

D(E(p)[|E(0)) = D(Ee(p)lI€c(0))
D(pllo) '

In general, (exp(€) € [—1,1] but for less noisy channels,
we have that (exp(€) € [0,1] due to (16). If (exp(E) > 0,
we get exponential convergence according to Proposition 3.5.
Using (20), we see that the condition (exp(E) > 0 follows for
strictly less noisy channels.

Coxp(E) = inf (24)

B. Numerics

We consider the qubit amplitude damping channel whose form
is given as

EAP(p) = AogpAl + ArpA] 25)

with Ay = |0)(0] + /T —p[1)(1], A1 = /p|0)(1| for p €
[0,1]. We choose an additive error threshold of ¢ = 107°
and use the termination criterion given in Proposition 3.6,
which significantly reduces the number of iterations of the
algorithm required to achieve an estimate of the capacity with
additive error smaller than €. The results are shown in Figure 1.
The standard algorithm and the adaptive accelerated algorithm
converge in 24 and 5 iterations, respectively.

0.3280

0.3275

0.3270

Coherent information estimate (bits), Icon(t)

- Adaptive accelerated Blahut-Arimoto|

0.32651 ¢ Blahut-Arimoto

0 5 10 15 20 25
Number of iterations, t

Fig. 1. Convergence of the Blahut-Arimoto algorithm to the coherent
information of the amplitude damping channel Eég given in (25) in the
standard and adaptive accelerated case with acceleration parameter v(*) in the
t-th iteration step as defined in (11). The figure shows the lower bound on the
coherent information in each iteration step ¢ until the a posteriori bound given
in Proposition 3.6 ensures that we terminate when |C* — C(t)| < 1076. The
adaptive accelerated Blahut-Arimoto algorithm converges after 5 iterations,
while the standard algorithm converges after 24 iterations.

C. Time complexity

The time complexity of Algorithm 2 is determined by the
required number of iterations and the complexity of applying
the following update rule

1 1
exp | logp'" + —F(p ) ,
7 (t+1) ( v ( )

where F(0) = Eflog&.(o) — ETlog&(o) and ZHD =
Tr [exp <log p® + %]-' (p™)) } normalizes the state. To cal-
culate the complexity of applying the update rule, we use that

P = (26)

o the quantum channel &, its adjoint £T, the complementary
channel £, and its adjoint S;f are all given as lookup tables
whose (4, 7)-th entry is given by £(]7)(j|). We assume
constant time access to the entries of the table. Hence,
the application of the quantum channel £4_, p and of its
adjoint have time complexity O (|A|?|B|?) whereas the



TABLE I
RESULTS FOR CLASSICAL, CLASSICAL-QUANTUM AND QUANTUM CHANNELS USING NON-COMMUTATIVE BLAHUT-ARIMOTO ALGORITHMS.

Channels Quantity Optimization problem Time complexity
X =Y Mutual information I(£) maxy >, A; Tr [Tgﬂ' {log Te,; — log E(p)\)}] @] w
3 2 .
X — B Holevo quantity (&) maxy Y, A Tr [1e,; {log 7 ; — log E(px)}] o (UBLALE] €|X\)log|X\ + |XHB\3)
3 252 39 1og

A— B Thermodynamic capacity T'(€) max, S(p) — S(E(p)) o (UAZHIA] ‘BLHBI ) log | 4]

3 3. 3 201124 K2
A— B Coherent information I¢op (€) max, S(E(p)) — S(E(p)) o (UALHIBIHK +|AE‘ (BI"+K7)) log | 4]

3 3 3 2 2 2
A — B Quantum mutual information (&) max, S(p) + S(E(p)) — S(Ec(p)) o (<|A‘ H BT+ K FIAIZ(BIT+KT)) log ‘Al)

€

application of the channel (€.)4_, g and of its adjoint
have time complexity O (|A|?|E|?) and

o the complexity of calculating the matrix logarithm and
exponential of a density operator p4 is O(|A[?).

An iteration step of the form given in (26) is then found to
have complexity O(|A|® + | B> + |E|> + |A]*(|B|* + |E|?)).
By Stinesprings theorem, the dimension of the environment
can be bounded by |F| < K, where K < |A||B| denotes the
Kraus rank of &, i.e., the minimal number of Kraus operators
required to represent £. Hence, the complexity of one iteration
step is O(|A]® + |B]* + K3 + |A]*(|B* + K?)). The number
of required iterations to get an € approximation to the capacity
is of order O(log |A|/¢) and hence we conclude that the time
complexity of Algorithm 2 is given by

o ((AF’ + B> + K* + [A](|B” + K2)) log |A]\
3

27
V. ADDITIONAL SETTINGS

Similar to the setting in Section IV, we may also estimate
other entropic optimization problems by bringing them into
the standard form (2) in the Definition 3.1 of Blahut-Arimoto
algorithms. For all the cases discussed in the following, the
form of F(o) satisfies (7), and this allows us to prove
convergence using Theorem 3.3. Table I has more details about
the time complexity to approximate an additive error of .
Details about accelerating the algorithm, proving exponential
convergence, and numerical results for these quantities can be
found in the full version [28].

A. Quantum mutual information

The entanglement-assisted classical capacity represents the
maximum rate at which Alice can reliably send a classical
message to Bob through a quantum channel while using shared
entanglement. It is given by the mutual information (&) of
quantum channels £4_, 5 [31], defined as

1(6) = max S(p) + S(E(p)) = S(&e(p)) - (28)
We may bring this into standard form by choosing
F(o) = ENog (o) —log(o) — ETlog (o). (29)

B. Thermodynamic capacity

The thermodynamic capacity quantifies the information-
theoretic power of quantum channels in the presence of
physical restrictions imposed by thermodynamics [32]. For a
quantum channel £4_, g, it can be written as (a more general
form is provided in the full version [28])

T(€) = max 5(p) = 5(£(p)) - (30)
We can bring this into standard form by choosing
F(o) = EN(log (o)) — logo. 31

C. Holevo quantity

Classical-quantum channels are defined as Ex_p : px +—
> (ilpx|?) (7;) B. Classical channels are included in this for-
malism by considering the case where all (;)p are diagonal
in the basis {|i)}. The Holevo quantity that quantifies the
classical channel capacity [1], [2] is defined as

x(€) = m}z\%xz \i Tr[1e i {log e i —log E(pa)}]  (32)

with 7¢; = £(]¢)(i]). We can bring this into standard form
with

Flo)= Z |4) (@] Tr [E(|4) (i]) (log E(|7) (i]) —log E(0))] -
l (33)

This recovers the work [3], [27].

VI. CONCLUSION

We gave an analytical and numerical analysis of alternating
optimization algorithms of Blahut-Arimoto type for computing
various channel capacities in quantum information theory. We
note that our algorithms are of zeroth-order and do not need
to take into account matrix valued derivatives. Thus, they
are rather straightforward and computationally inexpensive
to implement—as demonstrated in our numerical example.
It remains open if alternating optimization algorithms, in
particular of Blahut-Arimoto type, can also be given for other
optimization problems in terms of quantum entropy.
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