
p-PRIMARY TORSION OF THE BRAUER

GROUP IN CHARACTERISTIC p

A THESIS PRESENTED FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY OF IMPERIAL COLLEGE LONDON

AND THE

DIPLOMA OF IMPERIAL COLLEGE LONDON

BY

YUAN YANG

Department of Mathematics

Imperial College

©May 2025

1



I certify that this thesis, and the research to which it refers, are the

product of my own work, and that any ideas or quotations from the work of

other people, published or otherwise, are fully acknowledged in accordance

with the standard referencing practices of the discipline.

2



COPYRIGHT

The copyright of this thesis rests with the author. Unless otherwise in-

dicated, its contents are licensed under a Creative Commons Attribution-

NonCommercial 4.0 International Licence (CC BY-NC).

Under this licence, you may copy and redistribute the material in any

medium or format. You may also create and distribute modiüed versions

of the work. This is on the condition that: you credit the author and do

not use it, or any derivative works, for a commercial purpose.

When reusing or sharing this work, ensure you make the licence terms clear

to others by naming the licence and linking to the licence text. Where a

work has been adapted, you should indicate that the work has been changed

and describe those changes.

Please seek permission from the copyright holder for uses of this work that

are not included in this licence or permitted under UK Copyright Law.

3



Abstract

Let X be a proper smooth variety over an algebraically closed üeld k of

characteristic p > 0. This thesis studies the p-primary component of the

Brauer group of X, denoted by Br(X)[p∞].

In the ürst part, we start by recalling that

Br(X)[p∞] ≅ (Qp/Zp)r−ρ ⊕H3(X,Zp(1))[p∞],

where r denotes the multiplicity of slope 1 in H2
cris(X/W ), and ρ is the

Picard number of X. The term H3(X,Zp(1))[p∞] denotes the torsion part

of the projective limit lim
←Ðn

H3
fppf
(X,µpn). By applying Illusie’s theory of

logarithmic de Rham-Witt sheaves, we show that H3(X,Zp(1))[p∞] üts

into a short exact sequence

0→ U(k)→ H3(X,Zp(1))[p∞]→ J → 0,

where U is a connected commutative unipotent group over k and J is a

ünite group. We then review Crew’s formula and Ekedahl’s inequality,

which provide information about the dimension of U . As an application,

we obtain results concerning U and J for various classes of varieties.

In the second part, we employ a formula introduced by Skorobogatov

to explicitly compute Br(A)[pn] for certain abelian varieties. Using this

approach, we determine the dimension of U[p], the p-torsion subgroup of

U , for an arbitrary principally polarized abelian variety in terms of the
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Ekedahl-Oort type of A, when p ≠ 2. Combined with a calculation for non-

polarized abelian varieties using Kraft’s cycles, this allows us to identify

the isogeny class of U for all abelian threefolds. We explicitly compute

the connected component of the group Hom(A[p2],A∨[p2])sym in the case

where A is a supergeneral principally polarized abelian threefold, and we

show that this unipotent group varies in a well-behaved manner across the

moduli space of such abelian threefolds. Finally, we propose a conjectural

description of the isogeny class of U for an arbitrary supergeneral abelian

variety.

The third part contains further applications, some conjectures and partial

results in the direction of these conjectures. We relate the fppf cohomology

of µpn to the crystalline cohomology at level n. In particular, we obtain

an injectivity criterion that generalizes a result of Ogus. We establish

smoothness of ýat Artin–Mazur formal groups for all abelian threefolds

and for a large class of abelian fourfolds, without relying on Ekedahl’s

diagonal t-structure.
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Notation

• k, an algebraically closed üeld of characteristic p > 0.

• W =W (k), the ring of Witt vectors of k.

• K =W [1
p
], the üeld of fractions of W .

• A[ℓ∞], the ℓ-primary torsion subgroup of any abelian group A.

• Wσ[F,V ], the (non-commutative) Cartier-Dieudonné ring, deüned by

the relations Fa = aσF , aV = V aσ, FV = V F = p.

• R = R0
⊕R1, the Cartier-Dieudonné-Raynaud ring (Deünition 1.4.1).

• M[i](j): for M ∈Db(R), shifted i degrees in complex grading, shifted

j degrees in module grading (see Deünition 1.4.12).

• Hi(X,Zp(1)) ∶= lim
←Ðn

Hi
fppf
(X,µpn) (1.1.1).

• mλ(M): the multiplicity of the slope » in the (iso)crystal M .

• hij ∶= dimkHj(X,Ωi
X/k): the Hodge numbers of X.

• bi ∶= dimQℓ
Hi

ét
(X,Qℓ): the i-th Betti number of X.
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Introduction

The (cohomological) Brauer group of a varietyX is deüned by Grothendieck

as Br(X) ∶= H2
ét
(X,Gm). It plays a fundamental role in governing both ra-

tional points and divisors (see [11]). An enduring problem in arithmetic

geometry is to understand the structure of Br(X) for a variety X over a

üeld k.

This thesis focuses on a narrower aspect of this question: the study of

the p-primary part Br(X)[p∞], where X is a proper smooth variety over

an algebraically closed üeld k of characteristic p. Indeed, in this setting, it

is well known that the cohomological Brauer group Br(X) = H2
ét
(X,Gm) is

a torsion abelian group. For a prime ℓ ≠ p, using the Kummer sequence for

the étale topology, Grothendieck showed that Br(X)[ℓ∞] is a direct sum of

(Qℓ/Zℓ)b2−ρ and H3
ét
(X,Zℓ(1))[ℓ∞], where b2 be the second Betti number

of X computed using ℓ-adic étale cohomology, and ρ = dimQ(Pic(X)⊗Q)
is the Picard number of X (see, e.g., [11, Proposition 5.2.9]). In contrast,

the structure of the p-primary part Br(X)[p∞] is considerably more subtle.

The goal of this thesis is to study this object in depth.

Using the Kummer sequence for the fppf topology, one obtains a similar

decomposition for the p-primary torsion. Indeed, Br(X)[p∞] is also a

direct sum of (Qp/Zp)r−ρ and H3(X,Zp(1))[p∞], where

Hi(X,Zp(1)) ∶= lim
←Ð
n

Hi
fppf(X,µpn), (1)
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following Illusie’s deünition [23, Section II.5], and r is the Zp-rank of the

free part of H2(X,Zp(1)) (see Section 1.1). Thanks to foundational work

by Illusie, Raynaud, Crew, and Ekedahl, the theory of the de Rham-Witt

complex and its logarithmic subsheaves provides an eûective description of

the groups Hi(X,Zp(1)). The development and application of this theory

form the main focus of Part I of this thesis.

We begin with the following well-known structure theorem in Chapter 1,

based on results of Illusie and Raynaud (see Theorem 1.4.11):

Theorem. Let X be a smooth proper variety over an algebraically closed

field k of characteristic p. Then the following statements hold.

(1) There is a split (non-canonically) exact sequence

0→ (Qp/Zp)r−ρ → Br(X)[p∞]→ H3(X,Zp(1))[p∞]→ 0,

where r =m1(H2
cris(X/W )) is the multiplicity of slope 1 of H2

cris(X/W ).

(2) For each i ⩾ 1 there is an exact sequence

0→ Ui(k)→ Hi(X,Zp(1))[p∞]→ Ji → 0,

where Ui is a finite dimensional connected commutative unipotent algebraic

k-group, and Ji is a finite group.

Although the unipotent algebraic group Ui is not uniquely determined

by X, in the category of quasi-algebraic groups in the sense of Serre ([48])

it is well-deüned up to isomorphism.

The central objects of study in this thesis are thus the ünite groups Ji

and the unipotent group Ui, particularly J3 and U3, which contrubute to

the structure of Br(X)[p∞]. For simplicity, we use U and J to denote U3

and J3, respectively.

The dimension of the unipotent group U , according to Illusie’s work,
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equals the so-called domino number T 0,2 (see Deünition 1.7). This number

measures the non-degeneracy of the diûerential map

H2(X,WOX)→ H2(X,WΩ1
X/k)

in the slope spectral sequence. The domino numbers T ij are well-studied in

the work of Crew and Ekedahl. These numbers, in some sense, measure the

diûerence between Newton and Hodge polygons of X. In this context, we

recall the notion of slope numbers mij (see Deünition 1.5.2), as introduced

by Crew and Ekedahl:

Definition. For a smooth proper variety X/k, the slope numbers mij are

defined by:
mij
∶= ∑

λ∈[i,i+1)
(i + 1 − »)mλ(Hi+j

cris(X/W ))

+ ∑
λ∈[i−1,i)

(» − i + 1)mλ(Hi+j
cris(X/W )).

(2)

We can then translate the work of Illusie, Crew and Ekedahl, into the

following two nice statements (see Theorem 1.5.4, and Theorem 1.5.5).

Theorem. Let X be a proper smooth variety over an algebraically closed

field k of characteristic p.

(1) When X is a surface, we have Crew’s formula:

dimU = (h0,2 − h0,1) − (m0,2
−m0,1).

(2) Assume h0,2 + h1,1 + h2,0 = b2, then

dimU = h0,2 −m0,2.

These results constitute the core content of Chapter 1.

In Chapter 2, we present initial applications of the preceeding theory to

various class of varieties. Rewriting Bloch-Kato’s result, we show that if
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X is ordinary, then U = 0 (see Theorem 2.1.5). Using Milne’s ýat duality

theorem for surfaces, we prove that (see Theorem 2.3.1):

Theorem. If X is a surface, then J is the Pontryagin dual of NS(X)[p∞].

We also demonstrate that if H3
cris(X/W ) is torsion free, then J = 0 (see

Theorem 2.4.1). Furthermore, we study Br(X)[p∞] for surfaces satisfy-

ing q = −pa, a class that includes Enriques surfaces, Godeaux surfaces and

(quasi)-hyperelliptic surfaces (see Theorem 2.3.2). Finally, using a Kün-

neth formula due to Ekedahl, we show that if X is ordinary, then the

unipotent part of Br(X ×Y ) is isomorphic to the unipotent part of Br(Y )
(see Theorem 2.5.3).

Our next goal, in Part II, is to study the isogeny class of U in depth.

Indeed, while the dimension of U is known from the work of Crew and

Ekedahl, commutative unipotent groups in characteristic p exhibit subtle

and intricate behavior. For instance, the Witt group W2 (of dimension 2)

is not annihilated by p, whereas Ga × Ga is. In fact, Serre showed that

any connected commutative unipotent group U is isogenous to a product

of Witt vector groups Wni
, meaning there exists a surjective morphism

U →∏iWni
with ünite kernel (see [49, Theorem VII.2.10.1]). The multiset

of integers ni–called the isogeny class of U–is uniquely determined by, and

determines, the dimensions of the ünite subgroups U[pn] killed by pn for

all n.

In Chapter 3 we prove a formula of Skorobogatov that allows one to

explicitly compute U in the case of abelian varieties when p ≠ 2, see The-

orem 3.0.1. For an arbitrary abelian variety A and any n ≥ 1 there is an

isomorphism

Br(A)[pn] ≅ Hom(A[pn],A∨[pn])sym/(Hom(A,A∨)sym/pn).

Here, sym denotes morphisms f such that f∨ ≅ f , under the identiüca-
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tions given by the Weil pairings: wA ∶ A[pn]∨ ≅ A∨[pn], wA∨ ∶ A∨[pn]∨ ≅
A∨∨[pn] ≅ A[pn].

In Chapter 4, by solving equations for the relations of the Dieudonné

modules, we compute the dimension of U[p] for any principally polarized

abelian variety (A, ¹) from its Ekedahl-Oort type(see Theorem 4.1.2):

Theorem. Let (A, ¹) be a principally polarized abelian variety of dimeni-

sion g whose Ekedahl-Oort type is represented by an elementary sequence

φ = {φ(1), ..., φ(g)}. Setting φ(0) = 0, let P = {1 ⩽ m1 < ... < mh ⩽ g} be

the set of integers such that φ(m) = φ(m − 1) + 1. Then we have

dimU[p] = (g − h)(g − h − 1)
2

+

h

∑
i=1

(mi − i).

Together with the dimension formula (2.4.2), this enables us to determine

the isogeny class of U for any principally polarized abelian threefold (see

Table 4.1.3). Combining this result with some more calculations for non-

polarized group schemes using Kraft’s classiücation theorem, we are able

to classify the isogeny class of U for all abelian threefolds, according to its

Newton polygon and its a-number. We record the table as follows:

Newton polygon a dim(U[p]) dim(U) isogeny class of U

supersingular, 3 3 3 Ga ×Ga ×Ga

supersingular, 2 3 3 Ga ×Ga ×Ga

supersingular, 1 2 3 Ga ×W2

1/3 type, 2 2 2 Ga ×Ga

1/3 type, 1 2 2 Ga ×Ga

almost supersingular, 2 1 1 Ga

almost supersingular 1 1 1 Ga

almost ordinary 1 0 0 0

ordinary 0 0 0 0
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Here, there are üve diûerent possibilities for the Newton polygon of

H1
cris(A/W ), namely: the ordinary case (black), the almost ordinary case

(blue), the almost supersingular case (orange), the 1/3 case (green), and

the supersingular case (red).

In particular, we see from the table that for abelian threefolds, U is

not a product of Ga’s if and only if A is supersingular with a = 1. Such

abelian varieties were called supergeneral in the literature. We propose a

conjectural form of U for supergeneral abelian varieties in Conjecture 5.2.1.

The explicit structure of U , up to isomorphism (as a quasi-algebraic

group) is highly intricate. For completeness, we include in Chapter 5 a de-

tailed computation of Hom○(A[p2],A∨[p2])sym, the connected component of

the group Hom(A[p2],A∨[p2])sym in the case of a principally polarized su-

pergeneral abelian variety, illustrating this complexity. We also investigate

the distribution of this Hom group across the moduli space of principally

polarized abelian varieties (see Theorem 5.0.1).

In the third part, which contains only one chapter (Chapter 6), we present

some related subjects and partial results of independent interest. We es-

tablish a connection between fppf cohomology groups Hi(X,µpn) and the

crystalline cohomology groups Hi
cris(X/Wn). We prove an injectivity cri-

terion (see Theorem 6.3.1) that generalizes a result of Ogus. We demon-

strate the smoothness of Artin–Mazur formal groups (in particular, the

formal Brauer group B̂r(A)) for all abelian threefolds, and for a large class

of abelian fourfolds, without invoking Ekedahl’s deep diagonal t-structure

theory (see Theorem 6.5.15).
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Part I

The General Form of Br(X)[p∞]
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1 Fundamental Theory

Throughout this chapter, X is a proper smooth variety over an alge-

braically closed üeld k of characteristic p > 0.

1.1. Basic Calculation

Recall that any group scheme represents an fppf-sheaf (see [35, Corollary

II.1.7]). In particular, we have the exact sequence of fppf sheaves

0→ µpn → µpm+n → µpm → 0

for any pairs of positive integers m,n. This gives rise to two systems: the

projective system {µpn}n, and the injective system {µpn}n.

Definition 1.1.1. Define the following cohomology groups:

Hi(X,Zp(1)) ∶= lim
←Ð
n

Hi
fppf(X,µpn), Hi(X,µp∞) ∶= lim

Ð→
n

Hi
fppf(X,µpn).

Since free Zp-modules are projective, and divisible abelian groups are

injective, we have the following (non-canonical) decompositions:

Hi(X,Zp(1)) ≅ Hi(X,Zp(1))free ⊕Hi(X,Zp(1))tors,
Hi(X,µp∞) ≅ Hi(X,µp∞)div ⊕Hi(X,µp∞)tors,

where Hi(X,Zp(1))tors is the torsion part of Hi(X,Zp(1)), and Hi(X,Zp(1))free

19



is the free quotient; Hi(X,µp∞)div is the maximal divisible subgroup of

Hi(X,µp∞), and Hi(X,µp∞)tors is the non-divisible quotient.

Proposition 1.1.2. The following statements hold:

(1) Let Tp be the Tate module notation. Then we have

Hi(X,Zp(1))free ≅ lim
←Ð
n

Hi(X,µp∞)div[pn] ≅ Tp(Hi(X,µp∞)div)

Hi(X,µp∞)div ≅ lim
Ð→
n

(Hi(X,Zp(1))free/pn) ≅ Hi(X,Zp(1))free ⊗Qp/Zp.

(2) There is a natural isomorphism:

Hi(X,Zp(1))tors ≅ Hi−1(X,µp∞)tors.

Proof. Consider the following commutative diagram of exact sequences:

0 µpm+1 µpm+n+1 µpn 0

0 µpm µpm+n µpn 0.

p p

pm+1

pm

Taking the projective limit over m, we obtain an exact sequence:

0→ Hi(X,Zp(1))/pn → Hi
fppf(X,µpn)→ Hi+1(X,Zp(1))[pn]→ 0.

Then taking the injective limit over n, we obtain:

0→ Hi(X,Zp(1))⊗Qp/Zp → Hi
fppf(X,µp∞)→ Hi+1(X,Zp(1))[p∞]→ 0.

Now consider another commutative diagram:

0 µpm µpm+n µpn 0

0 µpm µpm+n+1 µpn+1 0

=

pm

pm

20



Taking the injective limit over n, we obtain:

0→ Hi−1(X,µp∞)/pm → Hi
fppf(X,µpm)→ Hi(X,µp∞)[pm]→ 0.

Then taking the projective limit over m,

0→ Hi−1(X,µp∞)tors → Hi(X,Zp(1))→ Tp(Hi(X,µp∞))→ 0.

Here, as will be discussed in Theorem 2.2.1, the cohomology groups Hi
fppf
(X,µpn)

are the group of k-points of ünite type commutative group schemes, hence

satisfy Mittag-Leÿer conditions, so taking projective limits preserves ex-

actness.

We also have the Kummer sequence of fppf sheaves:

0→ µpn → Gm

pn

Ð→ Gm → 0.

Taking fppf cohomology, this yields the short exact sequence:

0→ Pic(X)/pn → H2
fppf(X,µpn)→ Br(X)[pn]→ 0.

Passing to the direct limit over n, we obtain:

0→ NS(X)⊗ (Qp/Zp)→ H2
fppf(X,µp∞)→ Br(X)[p∞]→ 0.

We now consider the following commutative diagram of exact sequences:

0 NS(X)⊗Qp/Zp H2
fppf(X,µp∞) Br(X)[p∞] 0

0 H2(X,Zp(1))⊗Qp/Zp H2
fppf(X,µp∞) H3(X,Zp(1))[p∞] 0

Applying the snake lemma to this diagram, we deduce the exact sequence:

0→ coker→ Br(X)[p∞]→ H3(X,Zp(1))[p∞]→ 0,

21



where coker is the cokernel of the natural map NS(X)⊗Qp/Zp → H2(X,Zp(1))⊗
Qp/Zp. As we will see later in 1.4.11, coker ≅ (Qp/Zp)r−ρ, where r is the

multiplicity of slope 1 in H2
cris(X/W ) and ρ is the Picard number of X.

To further motivates the study of the de Rham-Witt complex, we will

show that under the d log map, Hi(X,Zp(1)) is identüed with the loga-

rithmic Hodge-Witt cohomology groups Hi−1(X,WΩ1
X/k,log), which in turn

corresponds to the Frobenius invariant subgroup of Hi−1(X,WΩ1
X/k). The

coherence of the Hodge-Witt cohomology groups then yields the desired

decomposition of Br(X)[p∞]. To set the stage, we begin by reviewing Il-

lusie’s deünition of the de Rham-Witt complex, the theory of logarithmic

de Rham-Witt sheaves, the coherence theory of Hodge-Witt cohomology,

and ünally Crew’s formula and Ekedahl’s inequality.

1.2. De Rham-Witt Complex

Let X/k, as before, be a proper smooth vareity over an algebraically

closed üeld k of characteristic p. The de Rham-Witt complex WnΩ
●

X/k
is a complex of (Zariski or étale) sheaves of WnOX-modules on X. As

n varies, these form a pro-complex of sheaves, and their limit is denoted

WΩ●
X/k. They are deüned as the initial object in the category of V -pro

complexes, see [23, Deünition I.1.4], or Deünition A.0.1. These sheaves

are equipped with Frobenius and Verschiebung operators, F ∶Wn+1Ω
i
X/k →

WnΩ
i
X/k, V ∶WnΩ

i
X/k →Wn+1Ω

i
X/k which satisfy the standard relations:

FV = V F = p, Fa = aσF, V a = aσ
−1

V, FdV = d.

A fundamental feature of the de Rham-Witt complex is the existence of a

canonical quasi-isomorphism

Rfcris,∗(OX/Wn
) ≃WnΩ

●

X/k,
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where fcris ∶ Cris(X/Wn) → ZarX is the projection from the crystalline

site to the Zariski site, and OX/Wn
is the structure crystal on Cris(X/Wn)

[23, Theorem II.1.4]. Passing to the limit, we obtain a quasi-isomorphism

Rfcris,∗(OX/W ) ≃ WΩ●
X/k. On the right hand side, deüne the absolute

Frobenius operator φ ∶= piF on WΩi
X/k, then this is compatible with the

Frobenius on the crystalline cohomology side. Consequently, the hyperco-

homology H∗(WnΩ
●

X/k) computes the crystalline cohomology H∗cris(X/Wn),
and we obtain the so-called slope spectral sequences:

E
pq
1 ∶ Hq(X,WnΩ

p

X/k)Ô⇒ H
p+q
cris(X/Wn), (1.1)

E
pq
1 ∶ Hq(X,WΩ

p

X/k)Ô⇒ H
p+q
cris(X/W ). (1.2)

Since there is a canonical ültration (A.1) on WΩi
X/k whose graded pieces

can be expressed as extensions of coherent O
(pn)
X modules (Proposition

A.0.10), one can verify that the projective systemsW●Ωi
X/k and Hj(X,W●Ωi

X/k)
satisfy the Mittag-Leÿer condition. Consequently, for any pair (i, j) there

is a natural isomorphism lim
←Ðn

Hj(X,WnΩ
i
X/k) ≅ Hj(X, lim

←Ðn
WnΩ

i
X/k). We

denote this cohomology group by Hj(X,WΩi
X/k). The main result in [23]

can be stated as follows:

Theorem 1.2.1 (Illusie [23]). The slope spectral sequence (1.2) degenerate

at E1 page after inverting p. Moreover, the isocrystal Hj(X,WΩi
X/k)⊗WK

coincide with the slope [i, i+1) part of Hi+j
cris(X/W )⊗WK, with the Frobenius

action twisted by pi.

However, without inverting p–that is, when one takes into account the

p-torsion, the spectral sequence (1.2) fails to degenerate at the E1 page.

In fact, it is the presence of inünite torsion submodules that obstructs de-

generation. These torsion submodules are organized into structures known

as dominos. While they satisfy certain üniteness conditions, their size can

be measured by the so-called domino numbers T ij (see Deünition 1.7).
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1.3. Interlude: Flat and de Rham-Witt

cohomology

The goal of this section is to deüne the logarithmic de Rham-Witt sheaves

WΩi
X/k,log, and to explain that the cohomology group Hi(X,Zp(1)) is iso-

morphic to the (étale) cohomology group Hi−1(X,WΩ1
X/k,log).

Recall (see [24, Section IV.3]) that for each i, the étale sheaf WΩi
X/k,log

(resp. WnΩ
i
X/k,log) is deüned as the subsheaf of WΩi

X/k (resp. WnΩ
i
X/k)

étale locally generated by sections of the form

dx1/x1 ∧ ... ∧ dxi/xi

where x1, ..., xi ∈ O
×

X and xi = (xi,0, ...) is the Teichmüller lift of xi to

WOX(resp. WnOX). Then the ýat cohomology group Hi(X,Zp(1)) (resp.

Hi
fppf
(X,µpn)) is related to the cohomology of WΩ1

X/k(resp. WnΩ
1
X/k,log)

via the folloing construction. Recall that the Kummer sequence is exact

for fppf sheaves:

0→ µpn → Gm → Gm → 0.

Let ϵ ∶ Xfl → Xét be the natural projection from the fppf site to the étale

site. By a theorem of Grothendieck, higher cohomology groups of the

complex Riϵ∗Gm vanish for i ⩾ 1, and since X is reduced, we also have

ϵ∗(µpn) = 0. Applying ϵ∗ to the Kummer sequence yields the short exact

sequence of étale sheaves

1→ Gm → Gm → R1ϵ∗µpn → 0,

along with Riϵ∗(µpn) = 0 for i ⩾ 2. The Leray spectral sequence then gives

an isomorphism Hi
fppf
(X,µpn) ≅ Hi−1

ét
(X,Gm/Gpn

m ) for i ⩾ 1.

24



We now deüne the d log map:

d log∶Gm →WnΩ
1
X/k, (1.3)

which locally sends a section x to dx/x, where x = (x,0, ..., 0) is the Teich-

müller lift of x to Wn(OX).

This induces an isomorphism of sheaves ([23], Corollary I.3.27, Proposi-

tion A.0.14)

d log ∶ Gm/Gpn

m

∼

Ð→WnΩ
1
X/k,log, (1.4)

and hence an isomorphism on the cohomology groups

d log ∶ Hi
fppf(X,µpn)

≅

Ð→ Hi−1
ét (X,Gm/Gpn

m [−1]) ≅ Hi−1(X,WnΩ
1
X/k,log).

Passing to the projective limit over n, we obtain the following well-known

result:

Proposition 1.3.1. We have an isomorphism:

Hi(X,Zp(1)) ≅ Hi−1(X,WΩ1
X/k,log). (1.5)

The fact that the d log map (1.4) is an isomorphism is far from trivial. Its

proof relies on an inductive argument and a careful analysis of the pieces

of the canonical ültration of the de Rham-Witt complex. Full details are

provided in Appendix A A.0.14.

1.4. Coherent R-modules

In this section, we review the structural results of the slope spectral

sequence introduced in Section 1.2. We begin by recalling the deünition of

the graded Cartier-Dieudonné-Raynaud ring R, along with the notion of a

coherent graded R-module.
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Definition 1.4.1. Define R0 ≅Wσ[F,V ], the (non-commutative) ring gen-

erated by semi-linear Frobenius F and Verschiebung V , subject to the re-

lation FV = V F = p. Let R1 be the two-sided R0-module generated by an

element d, satisfying the relations d2 = 0, FdV = d. The resulting Z-graded

ring R = R0
⊕R1 is called the Cartier–Dieudonné–Raynaud ring.

More concretely, the components of the ring R can be described as:

R0 ≅ {∑
n>0

a−nV
n
+ a0 +∑

n>0

anF
n,almost all an are 0},

R1 ≅ {∑
n>0

a−ndV
n
+ a0d +∑

n>0

anF
nd,almost all an are 0}.

(1.6)

Given a complex ... → M i
→ M i+1

→ ... where each M i is a R0-module

and the compatibility relation FdV = d holds, one can endow the total

module ⊕M i with a graded (left) R-module structure. Conversely, any

such graded (left) R-module gives rise to a compatible complex.

For each gradedR-moduleM , deüne the shifted moduleM(i) byM(i)n =
M i+n, and diûerential dM(i) = (−1)idM .

Remark 1.4.2. Our converntions of shifting follow those of Ekedahl [16,

17, 18]. In contrast, Illusie and Raynaud [23, 24] denote the degree shift

by M[i].

Now we introduce the fundamental object known as the domino Ut.

Definition 1.4.3. Let

Ut ∶ k[[V ]]→ k[[dV ]]

be the following R-module concentrated in degree 0 and 1:

• k[[V ]] ∶= kσ[[V ]] denote the k-vector space of formal power series

∑n⩾0 anV
n, subject to the relation V a = aσ

−1

V for all a ∈ k. On this

space, the Frobenius F acts as 0.
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• k[[dV ]] ∶= kσ[[dV ]] denote the k-vector space of formal power series

∑n⩾0 andV
n where V acts as 0, and F acts by mapping dV n to dV n−1

if n ≥ 1, and by mapping d to 0, and Fa = aσF for all a ∈ k.

• For an integer t, define Ut to be the Z-graded R-module concentrated in

degrees 0 and 1, with U 0
t ≅ kσ[[V ]] and U 1

t ≅ kσ[[dV ]], and differential

given by V n
→ dV n−t, where we set dV n−t = 0 whenever n − t < 0.

Definition 1.4.4. A Z-graded R-module M is called coherent, if it admits

a finite filtration by Z-graded R-modules whose successive quotients are

isomorphic to one of the following:

• Ia: a finite length W -module concentrated in a single degree, with V

nilpotent;

• Ib: a finitely generated free W -module concentrated in a single degree,

with V -topologically nilpotent;

• II: a shifted domino module Ut(j).

The following result, due to Illusie, Raynaud and Ekedahl, is fundamen-

tal:

Theorem 1.4.5 (Illusie, Raynaud, Ekedahl). The graded R-module asso-

ciated to the complex

Hj(X,WOX/k)
d
Ð→ Hj(X,WΩ1

X/k)
d
Ð→ ...

d
Ð→ Hj(X,WΩn

X/k)

is coherent.

Proof. See [24].

We now recall several invariants associated with the Hodge–Witt coho-

mology groups Hj(X,WΩi
X/k), for i, j ⩾ 0, as introduced by Illusie and

Raynaud [24] and further studied by Crew [12] and Ekedahl [18].
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• The heart of Hj(X,WΩi
X/k), denoted

cœur(Hj(X,WΩi
X/k)) ∶= V −∞Z

ij
2 /F∞Bij

2 ,

where

V −∞Z
ij
2 ∶=⋂

n

ker(dV n
∶ Hj(X,WΩi

X/k)→ Hj(X,WΩi+1
X/k)),

F∞B
ij
2 ∶=⋃

n

F nim(d ∶ Hj(X,WΩi−1
X/k)→ Hj(X,WΩi

X/k)).

One can show that, V −∞Z ij
2 is the maximal sub R0-module of ker(d ∶

Hj(X,WΩi
X/k) → Hj(X,WΩi+1

X/k)), and F∞B
ij
2 is the minimal R0-

module containing im(d ∶ Hj(X,WΩi−1
X/k) → Hj(X,WΩi

X/k)). It was

shown in [24, Theorem II.3.1] that the heart cœur(Hj(X,WΩi
X/k)) is

a ünitely generated W -module.

• The (i, j)-th domino:

Hj(X,WΩi
X/k)/V −∞Z

ij
2 → F∞B

i+1,j
2 ,

which is an iterated extension of modules of the form Ut. The number

of such summands is called the dimension of the domino, denoted T ij

(see below).

• The integers

T ij
∶= dimkH

j(X,WΩi
X/k)/(V −∞Z

ij
2 + VHj(X,WΩi

X/k)). (1.7)

T ij measure the dimension of the (i, j)-th domino. They count the

number of time that modules of the form Ut(−i) for varying t appear

in the successive quotients of any ültration satisfying the coherence

condition, see [24, Proposition I.2.18]. Notably, we will see that T 02

is the dimension of the unipotent part U in the Brauer group.
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The following statements, due to Illusie, Raynaud [24], and Ekedhal [16],

then summarize the ürst properties of these invariants.

Theorem 1.4.6 (Illusie). If for some n, the groups Hj(X,WΩi
X/k) are

finitely generated over W for all i+ j = n, then we have a canonical decom-

position:

Hn
cris(X/W ) ≅ ⊕

i+j=n

Hj(X,WΩi
X/k),

and the Frobenius on Hn
cris(X/W ) corresponds to piF on Hj(X,WΩi

X/k).

Proof. See [24, Theorem IV.4.5].

This is called Hodge-Witt in degree n.

Proposition 1.4.7 (Illusie, Ekedahl). The heart cœur(Hj(X,WΩi
X/k))

survives to the infinity page. That is, there is a canonical sequence of

inclusions:

Bij
∞
⊆ F∞B

ij
2 ⊆ V

−∞Z
ij
2 ⊆ Z

ij
∞
,

and the quotients F∞B
ij
2 /Bij

∞ and Z
ij
∞/V −∞Z ij

2 are finite length as W -

modules.

Proof. See [24, Theorem II.3.4].

Proposition 1.4.8 (Illusie, Ekedahl). The domino numbers T ij satisfy

Ekedahl’s duality

T ij = TN−i−2,N−j+2,

where N is the dimension of X. As a result, we have T ij = 0 for i ⩾ N − 1

or j ⩽ 1.

Proof. See [23, Corollary II.2.17, Propositions II.2.19 and II.3.12],[16, IV.

Corollary 3.5.1].
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Recall that we have deüned the logarithmic de Rham-Witt sheavesWΩi
X/k,log

in Section 1.3. We have the following main theorem concerning the coho-

mology groups of WΩi
X/k,log.

Theorem 1.4.9 (Illusie-Raynaud). Let X be a smooth proper variety over

k. Then we have the following statements.

(1) For i, j ⩾ 0, there is a short exact sequence

0→ Hj(X,WΩi
X/k,log)→ Hj(X,WΩi

X/k)
1−F
ÐÐ→ Hj(X,WΩi

X/k)→ 0.

(2) For i, j ⩾ 0, there is a short exact sequence

0→ Hj(X,WΩi
X/k,log)0 → Hj(X,WΩi

X/k,log)→Dij
→ 0,

where Hj(X,WΩi
X/k,log)0 is the group of k-points of a connected commuta-

tive unipotent algebraic k-group of dimension T i−1,j, and Dij is the finitely

generated Zp-module (cœur(Hj(X,WΩi
X/k)))F=1.

Proof. This is [24, Theorem IV.3.3]. (1) There is an exact sequence of

pro-sheaves:

0→W●Ω
i
log,X/k →W●Ω

i
X/k

F−1
ÐÐ→W●Ω

i
X/k → 0.

The cohomology groups of these sheaves at each level are of ünite type,

so they satisfy the Mittag-Leÿer condition. By taking limit and tak-

ing long exact sequences, it suþces to show that F − 1 is surjective on

Hj(X,WΩi
X/k). By Theorem 1.4.5, the cohomology group Hj(X,WΩi

X/k)
is an iterated extensions of kσ[[V ]], kσ[[dV ]] and ünitely generated W -

modules. We can see that F −1 is surjective on any such iterated extensions

of kσ[[V ]], kσ[[dV ]] and ünitely generated W -modules, by dévissage.

(2) Consider the ültration F∞B
ij
2 ⊆ V

−∞Z
ij
2 ⊆ H

j(X,WΩi
X/k) on the co-

homology group Hj(X,WΩi). F∞Bij
2 is an iterated extention of k[[dV ]]’s,
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V −∞Z
ij
2 /F∞Bij

2 is the heart of Hj(X,WΩi
X/k) which is ünitely generated,

The map F − 1 is surjective on all the graded pieces of this ültration;

Hj(X,WΩi
X/k)/V −∞Z

ij
2

is an iterated extension of k[[V ]]’s. The action of F −1 is surjective on all

of these graded pieces, so the kernel of F − 1 is the iterated extension of

the kernel of F − 1 on each pieces. The kernel of F − 1 on k[[dV ]] is the

group Ga(k), the kernel of F −1 on cœur(Hj(X,WΩi
X/k)) is the group Dij

in the proposition, the kernel of F − 1 on k[[V ]] is trivial.

Although the unipotent algebraic groups in Theorem 1.4.9 are not uniquely

determined by X, if we pass to the category of quasi-algebraic group in

the sense of Serre (see [48], or Section 2.2), we can naturally select canon-

ical ones. Moreover, the isomorphism of Proposition 1.3.1 between ab-

stract abelian groups can be reüned to an isomorphism between pro-quasi-

algebraic groups.

More precisely, consider the direct image map

fperf,∗ ∶ (X/k)perf → kperf .

Here (X/k)perf denotes the relative perfect site: its objects are pairs (Y,T )
where T is a perfect k-scheme and Y is étale over XT . The site kperf is the

perfect site over k, whose objects are perfect k-schemes, and equipped with

étale topology. Then WnΩ
i
X/k can be regarded as a sheaf on (X/k)perf , and

Rjfperf,∗(WnΩ
i
X/k) is precisely the sheaf on (k)perf represented by the Wn-

module scheme Hj(X,WnΩ
i
X/k), which assigns to every perfect k-algebra

A the group Hj(X,WnΩ
i
X/k)⊗WW (A). The exact sequence of pro-sheaves:

0→W●Ω
i
log,X/k →W●Ω

i
X/k

F−1
ÐÐ→W●Ω

i
X/k → 0,
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induces a long exact sequence of pro-sheaves on kperf :

...→ Rjfperf,∗(WΩi
log,X/k)→ Rjfperf,∗(WΩi

X/k)
F−1
ÐÐ→ Rjfperf,∗(WΩi

X/k)→ ....

Similar to Theorem 1.4.9 (2), the map F − 1 on Rjfperf,∗(WΩi
X/k) is sur-

jective. Hence the sheaf Rjf∗(WΩi
log,X/k) is precisely the sheaf represented

by the kernel of F − 1: a pro-quasi-algebraic group over k.

In this setting, Theorem 1.3.1 lifts to an isomorphism between pro-quasi-

algebraic groups. Indeed, consider the following commutative diagram of

sites:

Xfppf XÉt Xperf

kfppf kÉt kperf ,

βX

ffppf

αX

f
Ét

fperf

βk αk

we have

R(³k ○ ´k)∗ ○Rffppf∗(µpn) ≅ Rfperf,∗(WnΩ
1
log,X/k[−1]).

Moreover, for every group scheme G over k, R(³ ○ ´)∗(G) will be the

sheaf represented by the quasi-algebraic group associated to G (see, for

example, [6, p. 221]). As a result, the quasi-algebraic group associated to

Riffppf,∗(µpn) (this sheaf is represented by a group scheme, see Theorem

2.2.1.) agree with the quasi-algebraic group associaetd toRi−1fperf,∗(WnΩ
1
log,X/k).

Corollary 1.4.10. Let X be a proper smooth variety over an algebraically

closed field k of characteristic p. Then:

H2(X,Zp(1)) ≅ Zr
p ⊕NS(X)[p∞],

where r is the multiplicity of slope 1 in H2
cris(X/W ).
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Proof. By Theorem 1.3.1, H2(X,Zp(1)) ≅ H1(X,WΩ1
X/k,log). By Theo-

rem 1.4.9 and Remark 1.4.8, H1(X,WΩ1
X/k,log) is the F -invariant subgroup

H1(X,WΩ1
X/k), which, by Theorem 1.2.1, has rank r. By Proposition 1.1.2,

the torsion submodule of H2(X,Zp(1)) is isomorphic to the non-divisible

part of H1(X,µp∞), which, via the Kummer sequence, is NS(X)[p∞].

Theorem 1.4.11. Let X be a smooth proper variety over an algebraically

closed characteristic p field k. Then the following statements hold.

(1) There is a split exact sequence

0→ (Qp/Zp)r−ρ → Br(X)[p∞]→ H3(X,Zp(1))[p∞]→ 0,

where r =m1(H2
cris(X/W )) is the multiplicity of slope 1 of H2

cris(X/W ).

(2) For each i ⩾ 1 there is an exact sequence

0→ Ui(k)→ Hi(X,Zp(1))[p∞]→ Ji → 0,

where Ui is a connected commutative unipotent algebraic k-group of dimen-

sion T 02, and Ji is the finite group

(cœur(Hj(X,WΩi
X/k)))F=1[p∞].

Proof. : Part (1) is a direct consequence of Section 1.1 and Proposition

1.4.10. Part (2) follows from Proposition 1.3.1 and Theorem 1.4.9.

Our next goal is to extract precise information about the domino num-

bers T ij from the geometry of X. The works of Crew and Ekedahl then

showed that these domino numbers, in some sense, measures the discrep-

ancy between the Newton and Hodge polygons of X– although not always

in a precise manner, as we will clarify. To make this notion more precise,

we now recall the category Db
c(R) (see [25], [18]).

33



The category of graded (left) R-modules is abelian. Let Db(R) denote

the bounded derived category of complexes of left R-modules, let D−(R)
denote the derived category of complexes of left R-modules bounded from

above. A complex of R-modules M is said to be coherent if M ∈Db(R) and

all of its cohomology groups Hi(M) are all coherent R-modules. We write

Db
c(R) for the full subcategory of Db(R) consisting of coherent complexes.

Definition 1.4.12. Given a complex M of R-modules, we define M[i](j)
to be the complex obtained by shifting M by i degrees in the complex grading

and by j degrees in the R-module degree. The differentials are defined as

d = (−1)id or d = (−1)jd, depending on whether the differential is taken in

complex degree or in module degree, respectively.

Again, our conventions follow those of Ekedahl [16, 17, 18].

For each n ⩾ 1, deüne the ring Rn ∶= R/(V nR + dV nR), then Rn can

viewed as a right R-module and a left module over the ring of dual num-

bers Wn[d]/(d2) (which, for simplicity, we always write Wn[d]). For any R-

module (or sheaf ofR-modules)M , the tensor productRn⊗M =M/(V nM+

dV nM) will be a left Wn-complex. This construction extends to a derived

funtor:

Rn⊗
L
R ∶D

−(R)→D−(Wn[d]).

For any R-module M , we deüne

M̂ ∶= R lim
←Ð
n

Rn ⊗
L
RM.

There is a natural map M → M̂ , and we say M is complete if this map is

an isomorphism. We have the following identiücations:

WnΩ
●

X/k ≅ Rn ⊗RWΩ●X/k, WnΩ
●

X/k ≅ Rn ⊗
L
RWΩ●X/k.

Illusie and Ekedahl gave the following characterization of coherent com-
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plexes in [25, Proposition 2.4.7], explaining the term coherent R-module.

Theorem 1.4.13. Let M ∈Db(R), then the following conditions are equiv-

alent:

(1) M ∈Db
c(R);

(2) M is complete and Rn ⊗
L
RM ∈D

b
c(Wn[d]) for all n, here Db

c(Wn[d])
consisting of objects N such that Hi(N) is finitely generated over Wn for

all i;

(3) M is complete and R1 ⊗
L
RM ∈D

b
c(k[d]).

Since the operations F,V, d on the de Rham-Witt complex satisües the

relations in the Raynaud ring R, the de Rham-Witt complex WΩ●
X/k can be

regarded as a sheaf of R-modules on X. The global sections funtor Γ then

yields a graded R-module. Applying the derived functor RΓ, we obtain an

object RΓ(X,WΩ●
X/k) ∈D(R), whose j-th cohomology RjΓ(X,WΩ●

X/k) is

just the graded R-module associated to the complex (see [25]):

Hj(X,WOX/k)
d
Ð→ Hj(X,WΩ1

X/k)
d
Ð→ ...

d
Ð→ Hj(X,WΩn

X/k).

1.5. Crew’s Formula and Ekedahl’s In-

equality

Crew, in [12], explored the relationship between the integers T ij and the

Hodge numbers hij by computing functor TorR for the graded R-module

Hj(X,WΩ●
X/k). The key idea involves the isomorphism

R1 ⊗
L
R RΓ(X,WΩ●X/k) ≅ RΓ(X,R1 ⊗

L
RWΩ●X/k) ≅ RΓ(X,Ω●X/k),
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where both sides are viewed as objects in D(k[d]), here k[d] ∶= k[d]/(d2)
is the ring of dual numbers. This leads to a spectral sequence

Eab
2 = Tor

R
a (R1,RΓ

b(X,WΩ●X/k))⇒ Rb−aΓ(X,Ω●X/k),

all terms are interpreted as gradedR-modules, i.e, complexes ofR0-modules

satisfying FdV = d.

Fixing an integer i, consider the i-th term of all of these graded R-

modules, consider the length function, we obtain the identity:

∑
a,b

(−1)b−alengthW (TorRa (R1,RΓ
b(X,WΩ●X/k))i)

=∑
j

(−1)jlengthW (RjΓ(X,Ω●X/k)i),
(1.8)

where the right-hand side equals the Euler characteristic Ç(Ωi
X/k). Here,

for an R-module M , we regard M as the complex

...→M i
→M i+1

→ ....

Since the length function of the functor TorR is additive, to compute the

left-hand side it suþces to compute the functor TorR for R-modules of type

Ia, Ib, II respectively. Following notations in [12], we deüne ℓ(M)(i) to be

ℓ(M)(i) ∶=∑
j

(−1)jlengthWTorRj (R1,M)i.

Proposition 1.5.1. The following statements hold:

(1) If M is of type Ia in degree 0, then for every i, we have ℓ(M)(i) = 0.

(2) If M is of type Ib in degree 0, then we have

ℓ(M)(0) = lengthW (M/VM), ℓ(M)(1) = −lengthW (M/FM),

ℓ(M)(i) = 0 for i ≠ 0,1.
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(3) If M is one of the Ut, then we have

ℓ(M)(0) = ℓ(M)(2) = 1, ℓ(M)(1) = 2.

ℓ(M)(i) = 0 for i ≠ 0,1,2.

Proof. See [12].

For M of type Ib, the quantities lengthW (M/VM) and lengthW (M/FM)
can be computed from the slopes of M :

lengthW (M/VM) = ∑
λ∈[0,1)

(1 − »)mλ(M),

lengthW (M/FM) = ∑
λ∈[0,1)

»mλ(M),

where mλ(M) denotes the multiplicity of the slope » in the (iso)crystal M .

This naturally motivates the deünition of the slope numbers mij, introduced

in [12] and also discussed in [25].

Definition 1.5.2. For a smooth proper variety X/k, the slope numbers

mij are defined by:

mij
∶= ∑

λ∈[0,1)
(1 − »)mλ(Hj(X,WΩi

X/k)⊗K)

+ ∑
λ∈[0,1)

»mλ(Hj+1(X,WΩi−1
X/k)⊗K).

(1.9)

These numbers have a geometric interpretation (see Proposition IV.2.5

[18]): for each n: form the Hodge-Newton polygon by assigning slope i

multiplicity mi,n−i, then this Hodge–Newton polygon is the maximal convex

polygon lying below the Newton polygon of Hn
cris(X/W ), with the same end

points, integral slopes and integral breaking points.

To compare the slope numbers with the Hodge numbers, Crew and

Ekedahl introduced the Hodge–Witt numbers hijW .
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Definition 1.5.3. The Hodge–Witt numbers are defined as:

h
ij
W ∶=m

ij
+ T ij

− 2T i−1,j+1
+ T i−2,j+2.

A direct computation from equation (1.8) yields:

Theorem 1.5.4 (Crew’s formula). [12, Theorem 4] For any i, we have

∑
j

(−1)jhijW =∑
j

(−1)jhij. (1.10)

More strikingly, Ekedahl in [18] developed a theory of diagonal t-structure

on the derived category of R-modules. Using this framework, he proved

a fundamental inequality, revealing deep connections between Hodge-Witt

and Hodge numbers.

Theorem 1.5.5 (Ekedahl’s inequality). [18, Theorem IV 3.3] For any i

and j, we have hijW ⩽ h
ij.

This result provides new insight into the behavior of hijW . Notably, a

direct computation shows

∑
i+j=n

h
ij
W = ∑

i+j=n

mij = rankHn
cris(X/W ).

Therefore, if ∑i+j=n h
ij = rankHn

cris(X/W ), then necessarily hijW = h
ij for all

i + j = n.

Proposition 1.5.6 (Ekedahl). Suppose Hn
cris(X/W ) and Hn+1

cris (X/W ) are

both torsion-free and the Frölicher spectral sequence

E
ij
1 =H

j(X,Ωi
X/k)⇒H

i+j
dR
(X/k)

degenerates at the E1 page. Then for all p, q such that p + q = n,

hpq =mpq
+ T pq

− 2T p−1,q+1
+ T p−2,q+2.
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In particular, we have T 0n = h0n −m0n.

Proof. Under the stated assumptions

∑
p+q=n

hpq = dimk(Hn
dR(X/k)) = rankHn

cris(X/W ) = ∑
p+q=n

h
pq
W .

Thus in this case hpqW = h
pq for all p + q = n, which gives m0i

+ T 0i = h0i.

This applies, for instance, to all abelian varieties. That is, for any abelian

variety, we have

hij =mij
+ T ij

− 2T i−1,j+1
+ T i−2,j+2.

This relation allows for the computation of all T ij directly from the slopes

of an abelian variety ([25, Corollary 6.3.12]).

To illustrate, consider an abelian 3-fold X whose slopes of H1
cris(X/W )

are {0, 1
2
, 1
2
, 1
2
, 1
2
,1}. Such an example can be obtained as the product of an

ordinary elliptic curve and a supersingular abelian surface. The Newton

polygon of H1
cris(X/W ) is pictured in orange below:

We draw the Newton polygon of H2
cris(X/W ) also in orange, the Hodge–

Newton polygon in blue, and the Hodge (or Hodge–Witt) polygon in black,

for comparison. The Hodge–Newton polygon is visibly the uppermost con-

vex polygon below the Newton polygon, with integral slopes and break

points. From this, we see that T 02 = 1.
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These mysterious Hodge-Witt numbers hijW appear to be the true ana-

logues of Hodge numbers for proper smooth varieties in characteristic p,

since the actual Hodge numbers hij often exhibit poor behavior. Ekedahl

showed that the Hodge-Witt polygon of degree n– the polygon obtained

by assigning slope i multiplicity h
i,n−i
W – lies below the so-called abstract

Hodge polygon of degree n (see [18]). Concretely, consider the crystalline

cohomology group Hn
cris(X/W ), and deüne

M ∶= Hn
cris(X/W )/Hn

cris(X/W )tors.

Taking the elementary divisor decomposition of M/FM ,

M/FM ≅⊕
i

(W /piW )hi,n−i

abs ,

then the Hodge-Witt polygon lies below the Hodge polygon deüned by

these hi,n−i
abs

.

Nevertheless, many questions remain unanswered. For instance, it is still

unknown whether the Hodge-Witt numbers satisfy Hodge symmetry or

not. A deeper question concerns the mixed characteristic setting: suppose

X /OK is a proper smooth formal scheme over a p-adic ring OK . What
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are the relationships among the abstract Hodge polygon, the Hodge-Witt

polygon of the special über, and the Hodge polygon of the generic über?

We can conjecture that

abstract Hodge ⩾ generic Hodge ⩾ Hodge-Witt,

but no part of this inequality has been proven yet.
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2 First Applications

In the context of Theorem 1.4.11 and the theory of Hodge-Witt numbers,

this chapter examines various examples to illustrate the theory. Among

these, ordinary varieties form the most tractable class in characteristic p.

2.1. Ordinary Varieties

A proper smooth variety is called ordinary if, for all j, the cohomology

groups of the subsheaf of exact forms vanish: Hi(X,BΩ
j

X/k) = 0 for all i.

Here, BΩj denotes the image of diûerential map d ∶ Ωj−1
→ Ωj.

Theorem 2.1.1 (Illusie). Let X be an ordinary smooth proper variety over

k. Then the slope spectral sequence split degenerates at the E1 page.

Proof. By [24, Theorem IV.4.13], if X is ordinary, then Hq(X,BWΩ
p

X/k) =
0 for all q. By [25, Theorem 3.4.1], X is Hodge–Witt in the sense that

Hq(X,WΩ
p
X) is a ünitely generated W -module for all q. This implies that

the slope spectral sequence for X split degenerates at the E1 page by 1.4.6,

[23, Theorem II.3.7].

As a consequence, ifX is ordinary, then all cohomology groups Hq(X,WΩp)
are ünitely generated W -modules, and the crystalline cohomology group

Hi
cris(X/W ) decomposes as the direct sum of Hq(X,WΩ

p

X/k), where p+q = i.
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Corollary 2.1.2. Let X be an ordinary smooth proper variety over k. Then

for all i, j we have T ij = 0 and cœur(Hj(X,WΩi
X/k)) ≅ Hj(X,WΩi

X/k).

Proof. Since the slope spectral sequence degenerates at the E1 page, all

diûerentials vanish. By deünition, we have F∞B
ij
2 = 0 and V −∞Z

ij
2 =

Hj(X,WΩi
X/k). This implies

T ij = dimkH
j(X,WΩi

X/k)/(V −∞Z
ij
2 + VHj(X,WΩi

X/k)) = 0,

and cœur(Hj(X,WΩi
X/k)) ≅ Hj(X,WΩi

X/k) for all i, j.

Theorem 2.1.3 (Bloch–Kato). Let X be an ordinary smooth proper vari-

ety over k. Then the following statements hold.

(1) Hq(X,WnΩ
r
X/k,log)⊗Z/pn Wn ≅ Hq(X,WnΩ

r
X/k) for all q, r and n.

(2) Hq(X,WΩr
X/k,log)⊗Zp

W ≅ Hq(X,WΩr
X/k) for all q.

(3) F ∶ Hq(X,WΩr
X/k)→ Hq(X,WΩr

X/k) is bijective for all q and r.

Proof. This is [7, Proposition 7.3].

Corollary 2.1.4. Let X be an ordinary smooth proper variety over k. Then

all slopes of its crystalline cohomology are integers. More precisely, the

multiplicity of slope i of Hn
cris(X/W ) equals the rank of Hn−i(X,WΩi

X/k).

Proof. This follows directly from Theorem 2.1.1 and Theorem 2.1.3 (2).

The isomorphism Hq(X,WΩ1
X/k,log) ⊗Zp

W ≅ Hq(X,WΩ1
X/k) implies that

Hq(X,WΩ1
X/k) is pure of slope 0. Since Hi

cris(X/W ) is isomorphic to the

direct sum of (Frobenius twists) of Hq(X,WΩ
p

X/k) for p+q = i, the corollary

follows.

Note that the converse does not hold: having integral slopes in crystalline

cohomology does not imply ordinarity. In fact, there exist varieties with

integral slopes that are not even Hodge-Witt.
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Now apply Theorem 1.4.11, we obtain

Proposition 2.1.5. Let X be an ordinary smooth proper variety over k.

Then we have Br(X)[p∞] ≅ (Qp/Zp)t−ρ ⊕ J , where t is the rank of the

W -module H1(X,WΩ1
X/k) and J is a finite p-group such that J ⊗W ≅

H2(X,WΩ1
X/k)[p∞].

Proof. By Theorem 1.4.11 (1), Br(X)[p∞] has the desired form, where

t is the multiplicity of slope 1 in H2
cris(X/W ), which equals the rank of

H1(X,WΩ1) by Corollary 2.1.4. The ünite exponent group is an extension

of a ünite group J by U(k). By Corollary 2.1.2, the unipotent dimension

T 02 = 0, hence U(k) = 0, and we have

J ≅ (cœur(H2(X,WΩ1
X/k)))F=1[p∞] ≅ (H2(X,WΩ1

X/k))F=1[p∞].

Now Theorem 2.1.3 (2) and Theorem 1.4.9 (1) tell us that

H2(X,WΩ1
X/k) ≅ (H2(X,WΩ1

X/k))F=1 ⊗Zp
W.

Taking the p-primary torsion subgroups, we obtain

J ⊗W ≅ H2(X,WΩ1
X/k)[p∞].

Corollary 2.1.6. Let X be an ordinary smooth proper variety over k. If

H3
cris(X/W ) is torsion-free, then Br(X)[p∞] ≅ (Qp/Zp)t−ρ, where t is the

rank of the W -module H1(X,WΩ1
X/k).

Proof. In this case, H2(X,WΩ1
X/k) is a direct summand of H3

cris(X/W ),
which is a free W -module. So J = 0 by Proposition 2.1.5.

Proposition 2.1.7. Let X be an ordinary smooth proper variety over k.

Then we have NS(X)[p∞]⊗W ≅ H1(X,WΩ1
X/k)[p∞].
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Proof. By Kummer sequence, H1(X,µp∞) ≅ Pic(X)[p∞]. By Theorem

1.1.2, Theorem 1.3.1 and Theorem 1.4.9, we have H1(X,µp∞) ≅ (Qp/Zp)n⊕
T , where n is the rank of H0(X,WΩ1

X/k) and T = H2(X,Zp(1))[p∞].
This gives an isomorphism NS(X)[p∞] ≅ H2(X,Zp(1))[p∞]. By Theorem

1.4.11(2), H2(X,Zp(1))[p∞] is an extension of (cœur(H1(X,WΩ1
X/k)))F=1[p∞]

by U(k), where U is of dimension T 01. But T 01 = 0 holds for all proper

smooth varieties, and cœur(H1(X,WΩ1
X/k)) is isomorphic to H1(X,WΩ1

X/k),
so T = H2(X,Zp(1))[p∞] is isomorphic to H1(X,WΩ1

X/k)F=1[p∞]. Again

Theorem 2.1.3 (2) and Theorem 1.4.9 (1) tell us that

H1(X,WΩ1
X/k) ≅ (H1(X,WΩ1

X/k))F=1 ⊗Zp
W.

Taking p-primary torsion subgroups, we obtain T⊗W ≅ H1(X,WΩ1
X/k)[p∞].

2.2. Interlude: Representability and

Flat Duality Theorem

To proceed further we now review the representability theorem and Milne’s

ýat duality theorem for surfaces, which we will repeatly use. The ürst result

concerns the higher direct images of pushforward for the big fppf site.

Theorem 2.2.1 (Artin, Bragg, Olsson). Let f ∶X → Spec(k) be a projec-

tive finite type scheme over k. Let G be a finite flat abelian group scheme

over X. Let Rif∗G be the i-th fppf-derived pushforward of the sheaf rep-

resented by G. Then Rif∗G is representable by a finite type group scheme

over k.

Proof. This is proved by Bragg in [4, Corollary 1.6].
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Berthelot showed that the group of k-points of Rif∗µpn is exactly the fppf

cohomology group Hi
fppf
(X,µpn), see [6, Corollary 2.10]. As a consequence

of this, we may consider the quasi-algebraic group, (see [48]), associated

to Rif∗µpn. Recall that, a quasi-algebraic group is an equivalent class of

algebraic groups, where two algebraic groups G1 and G2 are regarded as

equivalent if and only if there is a homomorphism G1 → G2 such that

on the value of k-points, it induces an bijection G1(k) → G2(k). As a

result, the group of k-points only depends on this equivalence class. The

quasi-algebraic group associated to Rif∗µpn is denoted by Hi(X,µpn). In

this way, Hi
fppf
(X,µpn) is identiüed with Hi(X,µpn)(k), the group of k-

points of Hi(X,µpn). The advantage is that the category of quasi-algebraic

groups over k is abelian. Another way is to consider the associated perfect

algebraic groups, and view them as sheaves on the perfect cite (see for

example, [6, Section 2.7], or [24, p. 192]).

Since Rif∗µpn is a sheaf annihilated by a power of p, by the classiücation

theorem [48, Proposition 7, p. 10], the quasi-algebraic group Hi(X,µpn) is

an extension of an étale group by a connected unipotent group:

0→ Ui(X,µpn)→ Hi(X,µpn)→ Di(X,µpn)→ 0 (2.1)

Since k is algebraically closed, the étale part is just an abelian group of p-

power order, and the connected part is an iterated extension of the additive

k-group Ga.

The ýat duality is the following statement.

Theorem 2.2.2 (Artin, Milne, Berthelot [6]). Let X be a smooth proper

surface over k. For i, n ⩾ 0, there are isomorphisms

Di(X,µpn) ≅ Hom(D4−i(X,µpn),Qp/Zp),
Ui(X,µpn) ≅ Ext1(U5−i(X,µpn),Qp/Zp).
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Here Ext1 is taken in the category of quasi-algebraic group schemes over

k. It has the following property: for each connected unipotent quasi-

algebraic group U over k, we can equip the abelian group Ext1(U,Qp/Zp)
with a canonical connected unipotent quasi-algebraic group structure ([48,

Section 8.4, p. 391]). For example, we have Ext1(Ga,Qp/Zp) ≅ k, and

Ext1(Wn,Qp/Zp) ≅Wn.

We remark that the unipotent torsion of the logarithmic Hodge-Witt

cohomology groups Hq(X,WnΩ
p

X/k,log) for a proper smooth variety of any

dimension also satisfy an analogous duality, due to Milne.

2.3. Surfaces

Theorem 2.3.1. Let X be a proper smooth surface over k. Then the

following statements holds:

(1) J is the Pontryagin dual of NS(X)[p∞];

(2) we have Crew’s formula for surfaces: dim(U) = (h02 − h01) − (m02
−

m01).

Proof. When X is a surface, Proposition 1.4.8 implies that all T ij are zero

except possibly T 02. Then (1.5.4) for i = 0 gives Crew’s formula for surfaces,

proving Theorem 2.3.1 (2).

Let us prove Theorem 2.3.1 (1). By Theorem 1.4.11 (1), (2), (3), it re-

mains to prove that the ünite group J is the Pontryagin dual of NS(X)[p∞].
By Theorem 2.2.2, the étale part of H3

fppf
(X,µpn) is the Pontryagin dual of

the étale part of H1
fppf
(X,µpn). Consider the isomorphism

H1
fppf(X,µpn) ≅ Pic(X)[pn]

induced by the Kummer sequence. For n large enough so that pn an-
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nihilates NS(X)[p∞], the group Pic(X)[pn] is isomorphic to (Z/pnZ)g ⊕
NS(X)[p∞], where g is the p-rank of the Picard variety of X. As a result,

for n >> 0, the étale part of H3
fppf
(X,µpn) is of the form

(Z/pnZ)g ⊕NS(X)[p∞]∨.

Next, the k-vector space U4(X,µp) is the dual (Theorem 2.2.2) of U1(X,µp),
so it must be trivial. This implies U4(X,µpn) = 0, by induction on n. Fi-

nally, D4(X,µpn) is the Pontryagin dual of D0(X,µpn), so it must also be

trivial. Thus for surfaces we have H4
fppf
(X,µpn) = 0, and H4(X,Zp(1)) = 0.

Now consider the exact sequence

...→ H3(X,Zp(1))
pn

Ð→ H3(X,Zp(1))→ H3
fppf(X,µpn)→ H4(X,Zp(1))→ ...

we have H3
fppf
(X,µpn) ≅ H3(X,Zp(1))/pn. For any n large enough so that

pn annihilates H3(X,Zp(1))[p∞], consider the snake lemma of the multi-

plication by pn map on the (split) short exact sequence

0→ H3(X,Zp(1))[p∞]→ H3(X,Zp(1))→ Zg
p → 0,

we get

H3(X,Zp(1))/pn ≅ (Z/pnZ)g ⊕H3(X,Zp(1))[p∞],

the étale part of which is the direct sum of (Z/pnZ)g and J . This group is

also (Z/pnZ)g⊕NS(X)[p∞]∨, so J is isomorphic to the Pontryagin dual of

NS(X)[p∞]. This proves this theorem.

Let X now be a surface with q = −pa, where q = dimPicX/k is the irregu-

larity and pa = h02 −h01 is the arithmetic genus. In [50, Corollary 5], Suwa

showed that the slope spectral sequence Hj(X,WΩi
X/k) ⇒ H

i+j
cris(X/W )

(split) degenerates at E1 page.

Corollary 2.3.2. Let X be a smooth proper surface over k such that q =
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−pa, then U = 0.

Proof. The degeneration of the slope spectral sequence implies T 02 = 0

hence U = 0.

We give a few examples of surfaces with q = −pa and compute the relavent

invariants, see also [50].

(1) Rational or ruled surfaces.

(2) Enriques surface over an algebraically closed üeld k of characteristic

p ([9, Section 3-5]). In this case the Picard number is ρ(X) = 10. There

are three types of Enriques surfaces: classical, singular, and supersingular,

the last two types occuring only for p = 2. The Picard scheme PicX/k

isomorphic to the product of Z⊕10 and a ünite ýat group scheme Z/2Z, µ2,

³2, when X is classical, singular, and supersingular, respectively.

Corollary 2.3.3. Let X be an Enriques surface over k. Then r = ρ and

U = 0. Moreover, the following statements hold.

(1) If p ≠ 2, then Br(X)[p∞] = 0.

(2) If p = 2 and X is a classical Enriques surface, then Br(X)[p∞] = Z/2.

(3) If p = 2 and X is a non-classical Enriques surface, then Br(X)[p∞] =
0.

Proof. For Enriques surfaces the number T 02 = 0 by Theorem 2.3.2. We

have r = ρ = 10. Then NS(X)[p∞] is non-trivial only when p = 2 and when

X is classical, in which case NS(X)[p∞] ≅ Z/2Z. Now the result follows

from Theorem 2.3.1.

(3) Hyperelliptic or quasi-hyperelliptic surfaces [8, Section 3] [9, Section

2]. In the Enriques classiücation of surfaces, they are deüned to be a special

kind of surfaces with º = 0, other than K3 surfaces, abelian surfaces, and
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Enriques surfaces. They are surfaces with q = −pa = 1, hence Alb(X) is an

elliptic curve, moreover the übres of the canonical map

π ∶X → Alb(X)

are either all non-singular elliptic or all rational with one cusp. They are

called hyperelliptic and quasi-hyperelliptic according to whether the übres

are all non-singular elliptic or all rational with one cusp. The authors

in [8] and [9] proved that, hyperelliptic surfaces are always a quotient

of a product of two elliptic curves by a ünite group scheme; and quasi-

hyperelliptic surfaces are always a quotient of E ×C0, where C0 is rational

with one cusp, by a ünite group scheme.

Corollary 2.3.4. Let p = 2 or 3, let X/k be a hyperelliptic or quasi-

hyperelliptic surface. Then U = 0 and J = NS(X)[p∞]∨.

An example of a hyperellptic surface when p = 2 is an Igusa surface

I ∶= (E1 × E2)/(Z/2Z) where E1 is an ordinary elliptic curve, E2 is a

supersingular elliptic curve, and Z/2Z ≅ E1[p](k) acts on E1 × E2 via

³(x, y) = (x + ³,−y). In this case, U = J = 0, see Proposition 2.5.1.

(4) Godeaux surfaces. In this case, q = −pa = 0, and r = ρ = 9 [29]. Similar

to the Enriques case, there are two types of Godeaux surfaces: classical and

singular, where singular ones occuring only for p = 5. The Picard scheme

PicX/k isomorphic to the product of Z⊕9 and a ünite ýat group scheme

Z/5Z or µ5, when X is classical and singular respectively.

Corollary 2.3.5. Let X/k be a Godeaux surface. Then r = ρ = 9 and

U = 0. Moreover, the following statements hold.

(1) If p ≠ 5, then Br(X)[p∞] = 0.

(2) If p = 5 and X is classical, then Br(X)[p∞] = Z/5.

(3) If p = 5 and X is non-classical, then Br(X)[p∞] = 0.
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Proof. For Godeaux surfaces the number T 02 = 0 by Theorem 2.3.2. We

have r = ρ = 9. Then NS(X)[p∞] is non-trivial only when p = 5 and when

X is classical, in which case NS(X)[p∞] ≅ Z/5Z. Now the result follows

from Theorem 2.3.1.

Another easy consequence is that h02 ⩽ 1 implies T 02 ⩽ 1, so U(k) is

either trivial or isomorphic to k. If, moreover, PicX/k is smooth, then the

formal Brauer group B̂r(X) is a smooth formal group of dimension 1, so

it either has ünite height or is Ĝa.

Corollary 2.3.6. Let X be a proper smooth surface over k such that the

Picard scheme of X is smooth, and h2,0 ⩽ 1. Let h be the height of B̂r(X)
(we set h = 0 if h2,0 = 0). Then we have

Br(X)[p∞] ≅
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(Qp/Zp)b2−2h−ρ ⊕NS(X)[p∞]∨, if h <∞

(Qp/Zp)b2−ρ ⊕H, if h =∞

where H is an extension of the Pontryagin dual of NS(X)[p∞] by k.

This corollary can be applied to abelian surfaces and K3 surfaces. For K3

surfaces, Corollary 2.3.6 was proved in [3]. Note that the Tate conjecture

for K3 surfaces implies that for the supersingular K3 surfaces we have

ρ = b2, which equals 22. Corollary 2.3.6 can also be applied to classical

Enriques surfaces when p ≠ 2.

2.4. Abelian Varieties

In this section we study Br(X)[p∞] when X is an abelian variety. We

start by showing that the ünite group J ∶= cœur(H2(X,WΩ1
X/k))F=1[p∞]

in Theorem 1.4.11 (2) is trivial when X is an abelian variety.
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Proposition 2.4.1. Suppose X/k is a proper smooth variety over an al-

gebraically closed field k of characteristic p, such that Hn
cris(X/W ) is free.

Then for any i + j = n, cœur(Hj(X,WΩi
X/k))F=1 is a free Zp-module. The

logarithmic de Rham-Witt cohomology Hj(X,WΩi
log,X/k) is then an exten-

sion of the free Zp-module cœur(Hj(X,WΩi
X/k))F=1 by the group of k-points

of a connected commutative unipotent group U of dimension T i−1,j.

Proof. : By [24, Theorem II.3.4] and Proposition 1.4.7, the heart cœur(Hj(X,WΩi
X/k))

survives to the E∞-page:

Bij
∞
⊆ F∞B

ij
2 ⊆ V

−∞Z
ij
2 ⊆ Z

ij
∞
,

and the quotient F∞Bij
2 /Bij

∞ and Z ij
∞/V −∞Z ij

2 are ünite length W -modules.

We need to prove that F cannot have non-zero üxed points on the torsion

part of cœur(Hj(X,WΩi
X/k)).

To see this, consider the ültration on Hn
cris(X/W ) induced by the slope

spectral sequence:

0 ⊆ Fil0 ⊆ Fil1 ⊆ ...Filj−1 ⊆ Filj ⊆ ... ⊆ Filn ≅ Hn
cris(X/W ).

Each Fili is a free W -module, and we have Filj/Filj−1 ≅ Eij
∞ ≅ Z

ij
∞/Bij

∞.

Write F for the Frobenius acting on Hn
cris(X/W ). Then F

pi
acts on Filj/Filj−1,

and this action is induced by the action of F on Hj(X,WΩi
X/k). By this

equality, we can ünd W -submodules Filj−1 ⊆ B′ ⊆ Z ′ ⊆ Filj such that

B′/Filj−1 = F∞Bij
2 /Bij

∞ and Z ′/Filj−1 = V −∞Z ij
2 /Bij

∞. It suþces to prove

that F
pi

cannot have non-zero üxed points on the torsion part of Z ′/B′.

Since the quotient B′/Filj−1 is of ünite length, the crystals (B′,F) and

(Filj−1,F) have the same slopes. By Illusie’s fundamental results in [23],

the slopes of (Filj−1,F) can be identiüed with the slopes of (Hn
cris(X/W ),F)

that are contained in the interval [j,∞). Now suppose that [x] ∈ Z ′/B′
is a torsion element üxed by F

pi
, where x ∈ Z ′. Then pkx ∈ B′ for some k.
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Since the slopes of F = F
pi

on B′ are ⩾ 1, for any integer m we can write

Fm(pkx) = pm(y) for some y ∈ B′. Choose m ⩾ k, then Fm(pkx) = pmy
implies Fm(x) = pm−ky ∈ B′ since B′ is torsion-free. But Fx − x ∈ B′

implies Fmx − x ∈ B′, so x must be contained in B′. Hence [x] = 0 in

Z ′/B′.

Theorem 2.4.2. Let A be an abelian variety of dimension g over k. Then

we have

Br(A) ≅ (Qp/Zp)r−ρ ⊕U,

where the dimension of the connected unipotent group U is dim(U) = h02 −
m02, where h02 = g(g−1)

2
, and J = 0.

Proof. Combine Theorem 1.4.11 (1), (2), (3) with Proposition 2.4.1.

As an illustration, for an abelian 3-fold A over k we calculate all possible

values of the unipotent dimension T 0,2. There are üve diûerent possibilities

for the Newton polygon of H1
cris(A/W ), namely: the ordinary case (black),

the almost ordinary case (blue), the almost supersingular case (orange),

the 1/3 case (green), and the supersingular case (red).

Then, by Theorem 1.4.11(3), we have h02 = h02W = m
02
+ T 02. We have

h02 = 3. Explicitly calculating m02 we ünd

m02 = ∑
λ∈[0,1)

(1 − »)mλ(H2(A,WOX)⊗K) = ∑
λ∈[0,1)

(1 − »)mλ(H2
cris(A/W )).

We have the following table:
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cases slopes of H2(A,WOX)⊗K m02 T 02 T 03

ordinary {0,0,0} 3 0 0

almost ordinary {0, 1
2
, 1
2
, 1
2
, 1
2
} 3 0 0

almost supersingular {1
2
, 1
2
, 1
2
, 1
2
} 2 1 1

1/3 type {2
3
, 2
3
, 2
3
} 1 2 1

supersingular ∅ 0 3 1

Thus the unipotent dimension of Br(A)[p∞] is 0,0,1,2,3, respectively. Re-

call that we have Ekedahl’s symmetry

T 02 = T 13, T 03 = T 12.

Corollary 2.4.3. Let A be an abelian 3-fold over k. The following state-

ments hold:

(1) If A is ordinary, then Br(A)[p∞] ≅ (Qp/Zp)9−ρ.

(2) If A is almost ordinary, then Br(A)[p∞] ≅ (Qp/Zp)5−ρ.

(3) If A is almost supersingular, then Br(A)[p∞] ≅ (Qp/Zp)7−ρ ⊕ k.

(4) If A is of 1/3-type, then Br(A)[p∞] ≅ (Qp/Zp)9−ρ ⊕U(k), where U is

an extension of Ga by Ga.

(5) If A is supersingular, then Br(A)[p∞] ≅ (Qp/Zp)15−ρ ⊕ U(k), where

U/k is a connected commutative unipotent algebraic group of dimension 3.

Proof. This follows from Theorem 1.4.11 (1), (2), (3) and Proposition 2.4.1.

Remark 2.4.4. Serre classiüed all connected commutative unipotent al-

gebraic group of dimension 2, see [49, Lemme VII.2.9.3]. Apart from the

Witt group of length 2: W2 and Ga ×Ga, for each element

∑
i≥0

ciT
i ∈ kσ[T ],
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there is an extension of k by k, given by the formula

(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2 +∑
i

ciF (a1, a2)p
i) (2.2)

where F (x1, x2) = 1
p
(xp1 + xp2 − (x1 + x2)p). Moreover, Serre proved that

Ext1(Ga,Ga) ≅ kσ[T ]. We will see, in Table 4.4.14, for any abelian 3-fold

of 1/3-type, U is always Ga×Ga. In dimension 3, all connected commutative

unipotent algebraic group is isogenous to either Ga ×Ga ×Ga, or W2 ×Ga,

or W3. We will see, in Table 4.4.14, for any supersingular abelian 3-fold,

if its a-number is 2 or 3, then U ≅ Ga ×Ga ×Ga, if its a-number is 1, then

U is isogenous to W2 ×Ga.

Recall that an abelian variety A/k of dimension g is called superspecial if

A ≅∏g
i=1Ei, where Ei for i = 1, ..., g are supersingular elliptic curves. When

g ⩾ 2, it is known that all superspecial abelian varieties of given dimension

are isomorphic [40, Theorem 2].

Proposition 2.4.5. Let A be the superspecial abelian variety of dimension

g. Then we have H2
fppf
(X,µp) ≅ (Z/p)g2 ⊕ k

g(g−1)
2 and Br(A) ≅ k g(g−1)

2 .

Lemma 2.4.6. Let E be a supersingular elliptic curve, and let E[p] be its

p-torsion group scheme. Then

Homk(E[p],E[p]) ≅ Fp2 ⊕ k,

with algebra structure given by (x, a) ⋅ (y, b) = (xy, xb + ayp).

Proof. The contravariant Dieudonné module functor is an anti-equivalence

between the category of ünite commutative group schemes of p-power order

over k and the category of ünite length modules over the Dieudonné ring

(see, for example, [19, Theorem III.1]). In particular, we have

Homk(E[p],E[p]) = HomWσ[F,V ](D(E[p]),D(E[p])).
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It is known ([15, Chapter III]) that D(E[p]) is a 2-dimensional vectors

space over k with basis {e1, e2} such that

Fe1 = e2, F e2 = 0, V e1 = e2, V e2 = 0.

Suppose f ∶ D(E[p]) → D(E[p]) is such that f(e1) = a1e1 + a2e2, f(e2) =
b1e1+ b2e2. Then f satisües f(F (ei)) = F (f(ei)) and f(V (ei)) = V (f(ei)).
This is equivalent to a1 = bσ2 = b

σ−1

2 , and b1 = 0. So a1 can be any element of

Fp2, and b2 = a
σ
1 = a

σ−1

1 , b1 = 0, and a2 can be any element in k. This shows

that

HomWσ[F,V ](D(E[p]),D(E[p])) ≅ Fp2 ⊕ k,

proving the lemma.

Proof of Proposition 2.4.5: We use induction on g, and we use the

product formula in [51]. For g = 1, we have H2
fppf
(X,µp) ≅ Pic(X)/p ≅ Z/p.

By [51, Theorem 1.3], for pointed projective varieties X and Y , we have

H2
fppf(X × Y,µp) ≅ H2

fppf(X,µp)⊕H2
fppf(Y,µp)⊕Homk(SX , S

∨

Y ),

where SX is the ünite commutative group k-scheme whose Cartier dual S∨X
is PicX/k[p] ∶= ker(PicX/k

p
Ð→ PicX/k), and similarly for SY . Taking X and

Y to be E and Eg−1 respectively, we have

H2
fppf(E×Eg−1, µp) ≅ H2

fppf(E,µp)⊕H2
fppf(Eg−1, µp)⊕Homk(E[p]∨,Eg−1[p]).

(2.3)

The group scheme E[p] is self dual by Weil pairing. By Lemma 2.4.6, we

have

Homk(E[p]∨,Eg−1[p]) ≅ (Z/p)2g−2 ⊕ kg−1. (2.4)

Induction on the dimension g now gives the desired formula for H2
fppf
(Eg, µp).

Using the Kummer sequence and the Tate conjecture for abelian varieties,
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we see that Br(X)[p∞] only contains the unipotent part. By counting the

dimension of the unipotent part, we conclude that Br(X)[p∞] ≅ k g(g−1)
2 . ◻

In the rest of this section, we compute the domino numbers T ij for all

abelian 4-folds, for documentation. There are 9 diûerent kinds of Newton

polygons: the supersingular case (red), the supersingular 1/3 type (green),

the 1/4 type (violet), the almost supersingular case (yellow), the ordinary

1/3 case (brown), the half-ordinary-half-supersingular (orange), the almost

ordinary (blue) and the ordinary case (black).

For the supersingular abelian 4-folds:

T ij i = 0 i = 1 i = 2

j = 4 1 4 6

j = 3 4 18 4

j = 2 6 4 1

For the supersingular 1/3 slope (green):

T ij i = 0 i = 1 i = 2

j = 4 1 4 4

j = 3 4 12 4

j = 2 4 4 1

For the almost supersingular slope (yellow):
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T ij i = 0 i = 1 i = 2

j = 4 1 4 3

j = 3 4 8 4

j = 2 3 4 1

For the 1/4 (purple):

T ij i = 0 i = 1 i = 2

j = 4 1 3 3

j = 3 3 9 3

j = 2 3 3 1

For the ordinary 1/3 slope (brown):

T ij i = 0 i = 1 i = 2

j = 4 1 3 2

j = 3 3 6 3

j = 2 2 3 1

For the half-ordinary-half-supersingular (orange):

T ij i = 0 i = 1 i = 2

j = 4 1 2 1

j = 3 2 4 2

j = 2 1 2 1.

2.5. Product with an Ordinary Vari-

ety.

In general, it is diþcult to formulate a Künneth type formula for the

p-primary torsion subgroup Br(X × Y )[p∞], due to the complexity of the
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Künneth formula for Hodge-Witt cohomology groups Hq(X,WΩ
p

X/k), as

developed in [17]. The resulting expression is often highly nontrivial and

involves intricate interactions between the cohomology groups of X and Y .

To illustrate this phenomenon, we consider a concrete example given by

Ekedahl: the self-product of an Igusa surface. This example highlights the

subtle behavior of the unipotent part of the Brauer group under products.

Using Ekedahl’s Künneth formula, we show that if X is ordinary, then the

unipotent part of Br(X × Y ) is naturally isomorphic to that of Br(Y ).

Proposition 2.5.1. Suppose p = 2. Let I = (E1 × E2)/(Z/2) be an Igusa

surface over k in 2.3.4. Then the following statements hold:

(1) when X = I, then U = J = 0.

(2) when X = I × I, then U ≅ Ga and J = 0.

Proof. This follows directly from Ekedahls computation [17, III.8], together

with Proposition 1.4.11.

Let X and Y be two proper smooth variety over k. According to Ekedahl

[17], there is an quasi-isomorphism of R-complexes in Db
c(R):

RΓ(X,WΩ●X/k)TL
RRΓ(Y,WΩ●Y /k) ≅ RΓ(X × Y,WΩ●X×Y /k)

where T is the universal product of R-modules deüned in [17]. In general,

this Künneth formula is highly nontrivial, for instance, the domino U1 will

be the 0-th cohomology of E1/2T
L
RE1/2. However, there is a special case

where the formula simpliües considerably: when one of the varieties is

ordinary.

Theorem 2.5.2 (Ekedahl’s Künneth formula). Let X be an ordinary pro-

por smooth variety over k, and let Y be an arbitrary proper smooth variety
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over k, then we have the following exact sequence for each pair of i, j:

0→ ⊕
i1+i2=i
j1+j2=j

Hj1(X,WΩi1
X/k)⊗Hj2(Y,WΩi2

X/k)→ Hj(X × Y,WΩi
X×Y /k)

→ ⊕
i1+i2=i

j1+j2=j+1

TorW1 (Hj1(X,WΩi1
X/k),Hj2(Y,WΩi2

X/k))→ 0.

Here, for two R0 modules M , N , assume M is ünitely generated and the

Frobenius F acts bijectively on M , then both M ⊗ N and TorW1 (M,N)
can be equipped with natural R0 module structures as follows. Since F

is bijective on M , we may choose a free resolution of M of length 2, 0 →

W n1 → W n2 → M , where the Frobenius action on each free module is

also bijective. Tensoring this complex with N , we obtain the complex

0→ N⊕n1 → N⊕n2, on which the actions of F and V are induced from those

on N . Explicitly, the operators acts as F (x⊗y) = F (x)⊗F (y), V (x⊗y) =
F −1(x)⊗V (y). Taking cohomology, we obtain TorWi (M,N) with an induced

R0-module structure.

Theorem 2.5.3. Let X be an ordinary propor smooth variety over k, and

let Y be an arbitrary proper smooth variety over k. The following state-

ments hold:

(1) The unipotent parts of Br(X×Y )[p∞] and Br(Y )[p∞] are isomorphic.

(2) Assume both PicX/k and PicY /k are smooth, and the following two

groups are free:

H1(X,WΩ1
X/k), H1(Y,WΩ1

X/k),

then the non-divisible part of Br(X × Y )[p∞], H3(X × Y,Zp(1))[p∞], is

isomorphic to the direct sum of H3(X,Zp(1))[p∞] and H3(Y,Zp(1))[p∞].

Proof. For short, let us use Hp,q(X) to denote Hq(X,WΩ
p

X/k) in this proof

(and similarly for Y ). All these cohomology groups are successive exten-

sions of R0-modules of type I or k[[V ]], or k[[dV ]]. The map (F − 1)
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is surjective on all of these modules, so the F -invariant subspace of the

extension is the extension of the F -invariant subspaces. We will use this

observation implicitly throughout this proof.

For (1), we have H0,0(X) ≅ H0,0(Y ) ≅W , so the F = 1 parts of H1,2(X)⊗
H0,0(Y ) and H0,0(X)⊗H1,2(Y ) are H3(X,Zp(1))[p∞] and H3(Y,Zp(1))[p∞],
respectively. It suþces to show that the F = 1 parts of the other twelve

terms in the Künneth formula do not contain unipotent parts.

By Remark 1.4.8, H1,0(Y ), H0,1(Y ) and H1,1(Y ) are all ünitely generated,

and the cohomologies of X are always ünitely generated, so H0,2(X) ⊗
H1,0(Y ), H1,1(X) ⊗ H0,1(Y ), H0,1(X) ⊗ H1,1(Y ) are all ünitely generated

W -modules as well, so their F -invariant subgroups have trivial unipotent

parts. For H1,0(X) ⊗H0,2(Y ), H1,0(X) can be written as a direct sum of

several copies of W and torsion W -modules of the form W /pn (on which F

maps 1 to 1). By a easy calculation we have (W /pn)⊗H0,2(Y ) ≅ H0,2(Y )/pn,

its F -üxed part cannot have unipotent part, because it has a ültration by

Theorem 1.4.5 whose graded pieces are either modules of type I or k[[V ]].
The F -üxed part of W ⊗H0,2(Y ) cannot have unipotent part either. For

the eight TorW1 groups, notice that H0,0(Y ), H0,1(Y ), H0,1(X) and H0,0(X)
are free, their TorW1 groups with any W -modules are always trivial. The

groups H0,3(X), H1,0(Y ), H0,2(X) and H1,1(Y ) are all ünitely generated,

so TorW1 (H0,3(X),H1,0(Y )) and TorW1 (H0,2(X),H1,1(Y ) are both ünitely

generated as well, so their F -üxed parts can’t have unipotent group. For

TorW1 (H1,1(X),H0,2(Y )) and the group TorW1 (H1,0(X),H0,3(Y )), we can

write H1,1(X) and H1,0(X) as a direct sum of W ’s and modules of the form

W /pn, then by a easy calculation TorW1 (W /pn,H0,3(Y )) ≅ H0,3(Y )[pn] and

similarly TorW1 (W /pn,H0,2(Y )) ≅ H0,2(Y )[pn], so their F = 1 part can’t

have unipotent parts as well. This proves (1).

For (2), the smoothness of the PicX/k and PicY /k implies that H0,2(X)
and H0,2(Y ) doesn’t contain V -torsion(6.1.2). The two groups H1,0(X)
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and H1,0(Y ) are free because WΩi
X/k doesn’t have p-torsion. By our as-

sumption, and the fact that H0,1(X) and H0,1(Y ) are both free (they are

TC(PicX/k) and TC(PicY /k) respectively), the four tensor products are

all free W module. The eight TorW1 groups are all zero by our freeness

assumption.

Remark 2.5.4. From Ekedahl’s duality theorem [16], there is no nilpotent

torsion part in H1(X,WΩi
X/k) for any i. As a consequence the torsion part

of H1(X,WΩ1
X/k) is always isomorphic to NS(X)[p∞]⊗Zp

W . I don’t know

how to show this without invoking Ekedahl’s duality.
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Part II

Brauer Groups of Abelian Varieties
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The theory of the slope spectral sequence provides a description of the

p-primary part of the Brauer group Br(X)[p∞] by expressing it as a direct

sum of (Qp/Zp)r−ρ and H3(X,Zp(1)). The latter is an extension of a ünite

group J by the group of k-points of a ünite-dimensional connected commu-

tative unipotent group U . However, the structure of U remains somewhat

mysterious. While its dimension is known from the work of Crew and

Ekedahl, commutative unipotent groups in characteristic p exhibit subtle

and intricate behavior. For instance, the Witt group W2 (of dimension 2)

diûers signiücantly from the product Ga ×Ga: W2 is not annihilated by p,

whereas Ga×Ga is. In fact, Serre showed that any connected commutative

unipotent group U is isogenous to a product of Witt vector groups Wni
,

meaning there exists a surjective morphism U →∏iWni
with ünite kernel.

The multiset of integers ni–called the isogeny class of U–is uniquely deter-

mined by, and determines, the dimensions of the ünite subgroups U[pn]
killed by pn for all n.

Our goal is to determine the isogeny class of U , at least for certain easy

varieties. To this end, we employ a formula introduced by Skorobogatov,

which allows explicit computation of U in the case of abelian varieties when

p ≠ 2. This formula expresses the p-torsion subgroup Br(A)[pn] (for any n)

in terms of a certain group of homomorphisms from A[pn] to A∨[pn]. By

solving equations for the relations of the Dieudonné modules, we compute

the dimension of U[p] for any principally polarized abelian variety (A, ¹)
from its Ekedahl-Oort type (see Theorem 4.1.2). Together with the dimen-

sion formula (2.4.2), this enables us to determine the isogeny class of U for

any principally polarized abelian threefold (see Table 4.1.3). Combining

this result with some more calculations for non-polarized group schemes

using Kraft’s classiücation theorem, we are able to classify the isogeny

class of U for all abelian threefolds, in terms of their Newton polygons and

a-numbers (see Table 4.4.14).
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The explicit structure of U is highly intricate. For completeness, we

include a detailed computation of Hom(A[p2],A∨[p2])sym in the case of a

principally polarized supergeneral abelian variety, illustrating the complex-

ity of the problem. We also investigate the distribution of this Hom group

across the moduli space of principally polarized abelian varieties.
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3 A Formula by Skorobogatov

Let k, as before, be an algebraically closed üeld of characteristic p > 0, and

let A be an abelian variety of dimension g over k. In Theorem 2.4.2, using

Illusie’s theory of slope spectral sequence, we showed that Br(A)[p∞] is a

direct sum of the group of k-points of a connected commutative unipotent

group U of dimension T 0,2 and a divisible part (Qp/Zp)r−ρ, where r is the

multiplicity of slope 1 in H2
cris(A/W ), and ρ is the Picard number. In

[20], Skorobogatov provided the following explicit formula to determine

the structure of U , when p ≠ 2.

Theorem 3.0.1. (Skorobogatov) Assume p ≠ 2, and k is algebraically

closed of characteristic p. For any abelian variety A/k, we have the follow-

ing isomorphism:

Br(A)[pn] ≅ Homk(A[pn],A∨[pn])sym/(Hom(A,A∨)sym/pn),

where sym denotes morphisms f such that f∨ ≅ f , under the identifications

given by the Weil pairings:

wA ∶ A[pn]∨ ≅ A∨[pn], wA∨ ∶ A
∨[pn]∨ ≅ A∨∨[pn] ≅ A[pn]

those morphisms f such that f∨ ≅ f .

For completeness, we demonstrate the proof as following. The proof is

completely due to Skorobogatov [20].

Write Hi(A) ∶= Hi
fppf
(A,µpn). Note that Hi(k) = 0 for i ⩾ 1. We have the
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following morphisms of abelian varieties A × A → A: the two projections

π1, π2, and the sum map m. We also have morphisms of abelian varieties

A → A × A: the two embeddings i1(x) = (x,0) and i2(x) = (0, x), and

the antidiagonal a(x) = (x,−x). Let s∶A × A → A × A be the involution

s(x, y) = (y, x).

For a contravariant functor F deüne F (A ×A)prim ∶= Ker(i∗1) ∩Ker(i∗2).
Then we have a natural direct sum decomposition

F (A ×A) = F (A)⊕ F (A)⊕ F (A ×A)prim.

Let F (A ×A)sym be the s∗-invariant subgroup of F (A ×A).

A contravariant functor F from the category of abelian varieties over

k to the category of p-primary torsion abelian groups has degree d if

F (spec(k)) = 0 and [m]∗ = md. An additive functor has degree 1. It is

well-known that a functor is additive if and only if it preserves ünite direct

sums, see, e.g., [Stacks, Lemma 0DLP]. The spectral sequence attached to

the projection A ×B → A shows that sending A to H1(A) commutes with

ünite direct sums, so this is an additive functor. Sending A to H2(A) is a

quadratic functor. This is well-known when p ≠ char(k), because in this

case µpn is a smooth group scheme, so fppf cohomology coincides with étale

cohomology which is the exterior algebra of H1(A) (up to a twist).

Lemma 3.0.2. Assume that p ≠ 2. For any quadratic functor with values

in p-primary torsion abelian groups the map m∗−π∗1 −π
∗

2 ∶F (A)→ F (A×A)
is injective with image contained in F (A ×A)symprim.

Proof. Composing with i∗1 and i∗2 we check that m∗(x) − π∗1(x) − π∗2(x) ∈
F (A × A)symprim. Composing with a∗, we see that [−1] ∶ A → A acts on

Ker(m∗ − π∗1 − π∗2) as −1. Since F is quadratic, [−1]∗ = IdF (A), thus 2

annihilates Ker(m∗ − π∗1 − π∗2), implying that Ker(m∗ − π∗1 − π∗2) = 0.
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Proposition 3.0.3. The map m∗−π∗1 −π
∗

2 ∶H
2(A)→ H2(A×A) is surjective

onto (1 + s∗)H2(A ×A)prim. (Here k can be an arbitrary field.)

Proof. Let T be the torsor [pn]∶A → A with structure group A[pn]. We

denote by [T] the class of T in H1
fppf
(A,A[pn]). The cup-product in fppf

cohomology of A produces a class

[T] ∪ [T] ∈ H2
fppf(A,A[pn]⊗A[pn]).

We have classes π∗i [T] ∈ H1
fppf
(A ×k A,A[pn]) for i = 1,2. The cup-product

in fppf cohomology of A ×k A produces a class

π∗1[T] ∪ π∗2[T] ∈ H2
fppf(A ×k A,A[pn]⊗A[pn]).

On the one hand, by [51, Proposition 1.3], the map sending È ∈ Homk(A[pn]⊗
A[pn], µpn) to the push-forward È∗(π∗1[T]∪π∗2[T]) ∈ H2(A×kA) deünes an

isomorphism

Homk(A[pn]⊗A[pn], µpn)Ð̃→H2(A ×k A)prim.

This implies that every element of (1+ s∗)H2(A×A)prim can be written as

È∗(π∗1[T] ∪ π∗2[T]) +È∗(π∗2[T] ∪ π∗1[T]) for some È.

On the other hand, functoriality of cup-product givesm∗(È∗([T]∪[T])) =
È∗(m∗[T] ∪m∗[T]), and similarly with m∗ replaced by π∗1 or π∗2 . By the

additivity of H1, we have m∗[T] = π∗1[T] + π∗2[T]. It follows that

(m∗ − π∗1 − π∗2)(È∗([T] ∪ [T])) = È∗(π∗1[T] ∪ π∗2[T]) +È∗(π∗2[T] ∪ π∗1[T]).

This proves the proposition.

Theorem 3.0.4. Assume that p ≠ 2. Then the map m∗ − π∗1 − π
∗

2 induces
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an isomorphism

H2(A)Ð̃→H2(A ×k A)symprim

≅Homk(A[pn]⊗A[pn], µpn)sym ≅ Homk(A[pn],A∨[pn])sym.

Proof. Combine Lemma 3.0.2 and Proposition 3.0.3.

The Kummer sequence

1→ µpn → Gm → Gm → 1

is exact in the fppf topology. It gives a natural isomorphism H1(A) ≅
A∨[pn](k) and an exact sequence

0→ Pic(A)/pn → H2(A)→ Br(A)[pn]→ 0. (3.1)

Now we show that: assume that p ≠ 2. Then the map m∗ −π∗1 −π
∗

2 induces

an isomorphism

Br(A)[pn]Ð̃→Br(A ×A)[pn]symprim

≅Homk(A[pn],A∨[pn])sym/(Hom(A,A∨)sym/pn).

Proof of Theorem 3.0.1: The primitive part of (3.1) is the exact se-

quence

0→ Hom(A,A∨)/pn → H2(A ×k A)prim → Br(A ×k A)prim[pn]→ 0.

Since p is odd, we have H1(Z/2,Hom(A,A∨)/pn) = 0, so passing to the
s∗-invariant subgroups preserves exactness. It is well-known that m∗ −
π∗1 − π

∗

2 induces an isomorphism NS(A)Ð̃→Hom(A,A∨)sym. Using this and
Theorem 3.0.4 we see that the ürst two vertical maps in the commutative
diagram
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0 Hom(A,A∨)sym/pn H2(A ×k A)symprim
Br(A ×k A)prim[pn] 0

0 Pic(A)/pn H2(A) Br(A)[pn] 0

≅ ≅

are isomorphisms. Thus so is the third vertical map. ◻

Remark 3.0.5. Similar to Theorem 1.4.9, the isomorphism of Theorem

3.0.1 can be upgraded to an isomorphism between quasi-algebraic groups.

Indeed, following the proof of Theorem 3.0.1, one can construct a map

between fppf sheaves:

R2ffppf,∗µpn/(Pic(A)/pn)→Hom(A[pn],A∨[pn])sym/(Hom(A,A∨)sym/pn).

On k-points, this map is an isomorphism, and therefore it induces a iso-

morphism between their corresponding quasi-algebraic groups. A detailed

proof will be given in a forthcoming work.
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4 Dimension of U[p]

From now on, we assume p ≠ 2, and as before, let k be an algebraically

closed of characteristc p. In this chapter, we use Skorobogatov’s formula

to compute the dimension of U[p], the p-torsion subgroup of U , for an

arbitrary principally polarized abelian variety (A, ¹) from the Ekedahl-

Oort type of A. Note that U[p] is always a ünite product of Ga. We also

compute the dimension of U[p] for an arbitrary (not necessarily polarized)

abelian threefold, using Kraft’s classiücation theorem. This allows us to

determine the isogeny class of U for all abelian threefolds.

In the rest of this part, we carry out the following strategy. For two ünite

ýat commutative group schemes G1,G2 over k, assume M1,M2 are their

covariant Dieudonné modules, respectively. Let Hom(G1,G2) be the Hom

group scheme from G1 to G2, then this functor sends every k-scheme S to

the abelian group HomS(G1 ×S,G2 ×S). Deüne HomD(M1,M2) to be the

subgroup scheme of the W -module scheme HomW (M1,M2) cut out by the

Dieudonné compatibility relations. Explicitly, for every k-algebra R, the

group scheme HomD(M1,M2) send R to the group of homomorphisms

f ∈ HomW (R)(M1 ⊗W (R),M2 ⊗W (R))
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such that the following two squares commute:

M1 ⊗W (R) M2 ⊗W (R) σ∗M1 ⊗W (R) σ∗M2 ⊗W (R)

σ∗M1 ⊗W (R) σ∗M2 ⊗W (R) M1 ⊗W (R) M2 ⊗W (R).

f

F1⊗id F2⊗id

f

V1⊗id V2⊗id

f f

According to crystalline Dieudonné theory, for each k-scheme S, there

is a contravariant functor D from the category of ünite ýat commutative

groups schemes over S to the category of Dieudonné crystals over S. We

thus have a natural transformation

Hom(G1,G2)→HomD(M1,M2),

by mapping every x ∈Hom(G1,G2)(S) to the dual map of D(x) ∶ D(G2,S)→
D(G1,S) evaluated at the canonical thickening Wm(S) with its natural

power divided structure.

On the level of k-points, by classical Dieudonné theory, it induces an

isomorphism. Therefore upon passing to quasi-algebraic groups, the map

Hom(G1,G2)→HomD(M1,M2)

induces an isomorphism. Consequently one may compute Hom(G1,G2)
by working with HomD(M1,M2). When p ≠ 2, the same argument applies

after imposing the symmetric condition.

4.1. Principally Polarized Case: Ekedahl-

Oort Type

Recall that in [41], Ekedahl and Oort stratiüed the moduli space of prin-

cipally polarized abelian varities of dimension g over k according to the
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isomorphism class of the pair (A[p], ¹∣A[p]). There are precisely 2g such

isomorphism classes, each represented by an Ekedahl-Oort types φ, a se-

quence of integers (φ(1), ..., φ(g)) satisfying

φ(i) −φ(i − 1) = 0 or 1, with φ(0) = 0.

The set of Ekedahl-Oort types corresponds bijectively to the set of subsets

P ⊆ {1, ..., g}, where the associated type φP is deüned recursively by:

φP (i) = φP (i − 1) + 1 if and only if i ∈ P.

For each given Ekedahl-Oort type φ, the a-number of A[p] is g−φ(g), and

the p-rank of A is the largest integer f such that φ(f) = f .

Example 4.1.1. We highlight a few key examples:

• If A is ordinary, its Ekedahl-Oort type is {1,2, ..., g}.

• If A is superspecial (supersingular with maximal a-number: g), the

Ekedahl-Oort type is {0,0, ..., 0}.

• If A is supergeneral (supersingular with minimal a-number: 1), the

Ekedahl-Oort type is {0,1,2, ..., g − 1}.

We will prove:

Theorem 4.1.2. Suppose (A, ¹) is a principally polarized abelian variety

of dimension g with Ekedahl-Oort type φ = φP , associated to a subset P =

{1 ⩽m1 < ... <mh ⩽ g} of size h. Then the dimension of U[p] is given by:

(g − h)(g − h − 1)
2

+

h

∑
i=1

(mi − i).

This implies, for instance, let (A, ¹) be a principally polarized abelian

variety:
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• If (A, ¹) is ordinary, then U[p] is trivial. This aligns with the fact

that U itself is trivial.

• If (A, ¹) is superspecial, then dimU[p] = g(g−1)
2

, consistent with Theo-

rem 2.4.5.

• If (A, ¹) is supergeneral, then U[p] has dimension g − 1. Here recall

that dimU =
g(g−1)

2
.

Granting Theorem 4.1.2, it is easy to obtain:

Theorem 4.1.3. The possible isogeny classes of U for principally polarized

abelian threefolds are listed in the table below:

E-O type Newton polygon dim(U[p]) dim(U) isogeny class of U

{0,0,0} supersingular, a = 3 3 3 Ga ×Ga ×Ga

{0,0,1} supersingular, a = 2 3 3 Ga ×Ga ×Ga

{0,1,1} 1/3 type 2 2 Ga ×Ga

{0,1,2} supersingular, a = 1 2 3 Ga ×W2

1/3 type 2 2 Ga ×Ga

{1,1,1} almost supersingular 1 1 Ga

{1,1,2} almost supersingular 1 1 Ga

{1,2,2} almost ordinary 0 0 0

{1,2,3} ordinary 0 0 0

Proof: We need to show the only match-ups between E-O type and Newton

polygon are the ones in the table. For φ = {0,0,0}, the a-number equals

3 so it must be superspecial; for φ = {1,2,3} and {1,2,2}, their p-rank

equals 3 and 2 respectively so they must be ordinary and almost ordinary

respectively. For φ = {1,1,2} and {1,1,1}, their p-rank equals 1 so they

both are almost supersingular. For {0,0,1} and {0,1,1}, by a result of
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Oort [41, Theorem (8.3)] the former one is supersingular and the latter

one is 1/3 type. Now the result follows from Theorem 4.1.2. ◻

From the table above, we observe that for principally polarized abelian

threefolds, the group U is not annihilated by p if and only if A is super-

general. In all other cases, U is either trivial or a product of Ga. In the

supergeneral case, U is isogenous to Ga ×W2.

The next two sections are devoted to prove Theorem 4.1.2.

4.2. The Hom Group

Let A be an arbitrary (not necessarily polarized) abelian variety. Let M

denote the covariant Dieudonné module of A[p∞], equipped with a W -basis

B. Assume the Frobenius F and the Verschibung V have matrices [FM]
and [VM], respectively, with respect to B. Then the Dieudonné module

of A∨[p∞], which is isomorphic to M∨ via the ürst Weil pairing, can be

described as a free W module with dual basis B∗. Under this basis, the

matrices of FM∨ and VM∨ are given by [VM]tσ and [FM]tσ−1, respectively,

where t denotes the transpose, and σ and σ−1 acts on matrix entries via

the Frobenius and the inverse. Here, we are using the explicit formula: for

every g ∈M∨
∶M → k and every x ∈M , we have

FM∨(g)(x) = g(VM(x))σ, VM∨(g)(x) = g(FM(x))σ
−1

.

Now consider a morphism f ∶ A[pn] → A∨[pn], it corresponds to a map

f ∶M/pn →M∨/pn. With respect to the basis B and B∗, this is given by a

matrix [f] ∈Mat2g×2g(Wn) satisfying

[f][FM] = [VM]tσ[f]σ,
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[f][VM] = [FM]tσ
−1[f]σ−1.

Here, we are using column-vector notation for coeþcients:

f(e1, ..., e2g) = (e1, ..., e2g)[f],
F(e1, ..., e2g) = (e1, ..., e2g)[FM],
V(e1, ..., e2g) = (e1, ..., e2g)[VM].

Next, we determine the matrix of the dual morphism f∨ ∶M/pn →M∨/pn.

Recall that there are canonical identiücations:

A[pn]∨ ≅ A∨[pn], A∨[pn]∨ ≅ A∨∨[pn] ≅ A[pn],

but these isomorphisms arise from two diûerent Weil pairings, diûering by a

sign. Consequently, under the dual basis B and B∗, the matrix representing

f∨ is given by −[f]t. Therefore, the group of symmetric homomorphisms

Hom(A[pn],A∨[pn])sym corresponds canonically to the group of matrices

[f] ∈Mat2g×2g(Wn) satisfying:

[f][FM] = [VM]tσ[f]σ,

[f][VM] = [FM]tσ
−1[f]σ−1,

[f] = −[f]t.

Lemma 4.2.1. Under the condition [f] = −[f]t, the two Dieudonné com-

patibility equations:

[f][FM] = [VM]tσ[f]σ, [f][VM] = [FM]tσ
−1[f]σ−1.

are equivalent to each other.

Proof: Take the σ-twisted transpose of the second equation yields the ürst.

◻
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In the where A is principally polarized, the covariant and contravariant

Dieudonné modules are canonically isomorphic. For simplicity, we work

in the covariant framework here. Note that in this exposition, we do not

use the principal polarization to identify the dual basis B∗ with the orig-

inal basis B. However, in [20]such an identiücation was made. While the

notation diûers, the resulting computations are equivalent.

4.3. Calculation: Combinatorics

Let φ = φP be the elementary sequence associated with the subset P =

{m1 < ... <mh} ⊆ {1,2, ..., g} of size h. Let (A, ¹) be a principally polarized

abelian variety with Ekedahl-Oort type φ. Note that the a-number of A

is equal to g − h. Our goal is to describe the group Hom(A[p],A∨[p])sym,

the symmetric part of the homomoprhism group; that is, the group of

homomorphisms f ∶ A[p] → A∨[p] such that f∨ = f . From our analysis

in the previous section, the group is isomorphic to the space of 2g × 2g

matrices in k satisfying:

[f][FM] = [VM]tσ[f]σ,

[f] = −[f]t.

We now describe the matrices [FM] and [VM]. Given φ, we extend it to

a ünal sequence (È(1), ..., È(2g)) by symmetrically setting

È(i) = φ(i), for i = 1, ..., g; È(2g − i) = φ(i) + g − i, for i = 1, ..., g.

Proposition 4.3.1. (Oort) The covariant Dieudonné module M of the

group scheme Gφ is a 2g-dimensional k-vector space with basis {Zi∣i =
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1,2, ..., 2g}, and the operators F and V acts as follows:

F(Xi) = Zi F(Yi) = 0,
V(Zi) = 0, V(Z2g+1−i) = ±Yi,

where the sets {mi}, {ni}, {Xi}, Yi are defined as follows:

• The indices 0 < m1 < ... < mg ⩽ 2g are those i ∈ {1, ..., 2g} such that

È(i) = È(i − 1) + 1. For these indices, we set Xi = Zmi
.

• The indices 0 < ng < ... < n1 ⩽ 2g are those j ∈ {1, ..., 2g} such that

È(j) = È(j − 1), and we set Yj = Znj
.

In particular, for i = 1, ..., g, we set V (Z2g+1−i) = +Yi if and only if Z2g+1−i ∈

{Y1, ..., Yg}.

Proof. This is Section 9 of [41].

Using the basis {X1, ...,Xg, Y1, ..., Yg}, we now describe the matrix [FM]
and [VM]. Let Q ∶= {1, ..., g}/P = {nh+1 > ... > ng}, deüne two g×g matrices

U,V by setting:

Ui,mi
= 1, for i = 1, ..., h, Ur,l = 0 otherwise;

Vj,nj
= 1 for j = h + 1, ..., g, Vr,l = 0 otherwise,

In other words, let Ei,j be the standard elementary (g×g) matrices, with

(i, j)-entry 1 and all other entries 0, then we deüne

U =
h

∑
i=1

Ei,mi
, V =

g

∑
j=h+1

Ej,nj
.

Notice that U + V is always a permutation matrix. Then we can express

the action of F and V on M and M∨ as:
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[FM] =
⎛
⎝
U 0

V 0

⎞
⎠ , [VM] =

⎛
⎝

0 0

−V t U t

⎞
⎠ .

This description can be interpreted as follows:

• The matrix U occupies the ürst h rows, with identity columns indexed

by elements of P , and zeros elsewhere.

• The matrix V occupies the last g − h rows, with identity columns

indexed by elements of P , placed along the second diagonal.

Example 4.3.2. If g = 4, P = {2,3}, φ = {0,1,2,2}, then

U =

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

0 1 0 0

0 0 1 0

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

, V =

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

0 0 0 0

0 0 0 0

0 0 0 1

1 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

.

Suppose [f] ∈Mat2g(k) is written in block form as:

[f] = ⎛⎝
A B

C D

⎞
⎠ ,

then the conditions for Dieudonné relation become:

⎛
⎝
A B

C D

⎞
⎠
⎛
⎝
U 0

V 0

⎞
⎠ =
⎛
⎝

0 0

−V t U t

⎞
⎠

tσ

⎛
⎝
A B

C D

⎞
⎠

σ

(4.1)

A = −At,D = −Dt,C = −Bt.

So we are reduced to solve three matrices equations:

AU +BV = V Cσ, CU +DV = UCσ, A = −At, UDσ = V Dσ = 0.

Since U + V is a permutation matrix, D has to be 0.
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Proposition 4.3.3. The solutions to the above equations are necessarily

and precisely of the following form: the matrix B must be a g × g matrix

satisfying the following conditions:

(B1) For 1 ⩽ i ⩽ h and 1 ⩽ j ⩽ h, we have Bi,j = B
p
mi,mj

.

(B2) For h + 1 ⩽ i ⩽ g and h + 1 ⩽ j ⩽ g, we have Bi,j = B
p
nj ,ni

.

(B3) For 1 ⩽ i ⩽ h and h + 1 ⩽ j ⩽ g, we have Bi,j = 0.

(B4) For i ∈ Q, j ∈ P , we have Bi,j = 0.

For each such matrix B, we must have D = 0 and C = −Bt, and A

satiefying:

(A1) For 1 ⩽ i ⩽ h and 1 ⩽ j ⩽ h, Ai,j = 0.

(A2) For h + 1 ⩽ i ⩽ g, 1 ⩽ j ⩽ h, we have Ai,j = −Bσ
mj ,ni

,

(A3) At = −A.

Proof : We solve the system explicitly. Equation (4.1) is equivalent to the

following four equations:

AU +BV = V Cσ, CU +DV = UCσ, A = −At, UDσ = V Dσ = 0.

Since U + V is a permutation matrix, it follows immediately that D = 0.

Now, we analyze each of the remaining equations.

First we focus on the equation BtU = UBtσ. BtU is the matrix where

the mi-th column is the i-th row of B for i = 1, ..., h, and all other columns

are 0. UBtσ is the matrix where i-th row is the mi-th column of B, raised

to the p-th power, and all other rows are 0. So the equation BtU = UBtσ

is equivalent to:

(B1) for 1 ⩽ i ⩽ h and 1 ⩽ j ⩽ h, we have Bi,j = B
p
mi,mj

.

(B3) for 1 ⩽ i ⩽ h and h + 1 ⩽ j ⩽ g, we have Bi,j = 0.
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(B4) for each i ∈ Q, j ∈ P , Bi,j = 0.

Now we focus on the equation AU + BV = −V Btσ. AU is the matrix

with mi-th column equal to the i-th column of A for i = 1, ..., h, and all

other columns are 0. BV is the matrix with nj-th column equal to the

j-th column of B for j = h + 1, ..., g, and all other columns are 0. Also,

−V Btσ is the matrix where the j-th row equals to the negative p-th power

of the nj-th column of B for j = h + 1, ..., g, and all other rows are 0. So

the equation AU +BV = −V Btσ maybe described as:

(B2) for h + 1 ⩽ i ⩽ g and h + 1 ⩽ j ⩽ g, we have Bi,j = B
p
nj ,ni

.

(B5)=(B2) the upper right h × (g − h) block of B is 0.

(A1) the upper left h × h part of A is 0,

(A2) the lower left (g − h) × h part of A is uniquely determined by B.

We have one extra condition (A3) coming from At = −A. These ünishes

the proof. ◻

Let Hφ denote the set of matrices B satisfying the conditions in Theorem

4.3.3.

Theorem 4.3.4. The set Hφ is naturally a direct sum of a Fp-vector space

and a k-vector space of dimension

k

∑
i=1

(mi − i).

For each B, the corresponding space of solutions of A is naturally a coset

of a k-vector space of dimension (g−h)(g−h−1)
2

.

To prove this, we deüne a directed graph (permitting loops) Gφ = (Vφ,Eφ)
that encodes all the combinatorial conditions from Proposition 4.3.3.

Definition 4.3.5. For each Ekedahl-Oort type φ, we define the directed

graph (permitting loops) Gφ = (Vφ,Eφ) as follows:
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(0) For each 1 ⩽ i ⩽ g, 1 ⩽ j ⩽ g, define a vertex vi,j;

(1) For each 1 ⩽ i ⩽ h, 1 ⩽ j ⩽ h, draw a directed edge from vi,j to vmi,mj
;

(2) For each h + 1 ⩽ s ⩽ g, h + 1 ⩽ t ⩽ g, draw a directed edge from vi,j to

vnj ,ni
.

We mark certain vertices as zero based on the vanishing conditions:

(3) For 1 ⩽ i ⩽ h and h + 1 ⩽ j ⩽ g, mark vi,j as 0.

(4) For i ∈ Q, j ∈ P , mark vi,j as 0.

Note that conditions (3) and (4) may overlap. The relations in Propo-

sition 4.3.3 correspond to this graph in the following way: a relation

Bi1,j1 = B
p
i2,j2

corresponds to a direct edge from vi1,j1 to vi2,j2; a condi-

tion Bi,j = 0 corresponds to marking vertex vi,j as 0. Thus, the directed

graph Gφ = (Vφ,Eφ) captures all the combinatorial structure of the solution

space described in Proposition 4.3.3.

Example 4.3.6. Suppose g = 4, P = {2,3}, φ = {0,1,2,2}, then the directed

graph Gφ = (Vφ,Eφ) looks like:

00

0 0

0

0 0

v1,1

v4,1 v4,4

v3,3 v3,4

v2,1 v2,2

v3,1 v3,2

0

In this example, it is straightforward to verify that the number of free orbits

is 2.

There are several simple but important observations about the graph

Dφ = (Vφ,Eφ).
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Proposition 4.3.7. Let Dφ = (Vφ,Eφ) be the graph defined as above. The

following statements hold:

(1) For each directed edge e ∈ Eφ from vi1,j1 to vi2,j2, we have ∣i1 − j1∣ ⩽
∣i2 − j2∣. In other words, edges move progressively away from the diagonal.

(2) The in-degree and out-degree of every vertex are at most 1.

(3) The connected components of the graph Dφ are of two types: either

cycles:

vi1,j1 → vi2,j2 → ...→ vin,jn → vi1,j1,

or chains:

vi1,j1 → vi2,j2 → ...→ vin,jn.

(4) For each i, the diagonal vertex vi,i has both in-degree and out-degree

equal to 1. Moreover, any edge originating from a diagonal vertex ends at

another diagonal vertex.

(5) The diagonal vertices form several disjoint cycle components.

(6) The out-degree deg+(vi,j) = 0 if and only if 1 ⩽ i ⩽ h < j ⩽ g or

1 ⩽ j ⩽ h < i ⩽ g.

(7) There are exactly h(g − h) chain components above (and symmetri-

cally, below) the diagonal.

(8) In each cycle component, no vertex carries a mark of 0.

(9) Each chain component above the diagonal terminates at a vertex

marked with 0.

(10) Each vertex below the diagonal that carries a mark of 0 is the starting

point of a chain component.

(11) The number of chain components without a vertex marked 0 equals

∑h
i=1(mi − i).
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Proof : (1)(2)(4)(6) follow directly from the deünitions of the graph and the

construction rules. (3) follows from (2): since all vertices have in-degree

and out-degree at most 1, each component must either be a cycle or a chain.

(5) follows from (4): since diagonal vertices only connect to other diagonal

vertices, and their in-degree and out-degree are both 1, they must form

cycle components. (7) is a consequence of (1)(6): we know exactly which

vertices terminate chains: these are in the upper-right or lower-left blocks

outside the h×h corner, giving h(g−h) such chains in each region. For (8),

any vertex marked 0 is either of the form vs,t, or vnj ,mi
with 1 ≤ i ≤ h < j ≤ g.

The former has out-degree zero, the latter has in-degree zero. Thus, such

vertices cannot appear in cycles. (9) is consequence of (6): a chain above

the diagonal ends at a vertex vi,j with i ≤ h < j, and such a vertex is marked

0. For (10), from the deünition, a vertex below the diagonal with a mark

of 0 is of the form vnj ,mi
. This vertex cannot be the target of any edge

(in-degree 0), so it must be the start of a chain. For (11), the number of

chain components that include a vertex marked 0 corresponds bijectively

to the set

{(nj,mi) ∣ nj >mi, nj ∈ Q, mi ∈ P},

whose size is
h

∑
i=1

(g − h + i −mi).

Thus, the number of chain components without any mark of 0 is

h(g − h) −
h

∑
i=1

(g − h + i −mi) =
h

∑
i=1

(mi − i).

Proof of Theorem 4.3.4 (1). Each connected component of the directed

graph Dφ is either a cycle component or a chain component. In a cycle

component

vi1,j1 → vi2,j2 → ...→ vin,jn → vi1,j1,
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the corresponding variables satisfy Bi1,j1 = B
p
i2,j2

, Bi2,j2 = B
p
i3,j3

, ... ,Bin,jn =

B
p
i1,j1

. Therefore Bi1,j1 = B
pn

i1,j1
, which implies that the entries associated

with the cycle form an Fpn-vector space. In particular, the solution space

for such a component is isomorphic to the ünite üeld Fpn.

In a chain component whose, If any vertex in the component is marked

with 0, then by deünition, all associated entries in the matrix B must be 0.

If no vertex in the chain is marked with 0, then the entries corresponding

to the chain are freely determined, forming a copy of the additive groups

Ga(k). Hence, the number of chain components with no 0-mark determines

the dimension of the additive group component in the solution space. By

Proposition 2.1(11), this number is ∑h
i=1(mi − i).

Proof of Theorem 4.3.4 (2). Consider the structure of the matrix A,

which depends on the matrix B according to Conditions 4.3.3(A1) and

(A2): the upper left h × h part of A is trivial, and upper right h × (g − h)
part, down left (g − h) × h part are both determined by B uniquely. The

down right (g−h)×(g−h) matrix has to be anti-symmetric, so the solution

is naturally a k-vector space of dimension (g−h)(g−h−1)
2

.

Proof of Theorem 4.1.2. This result follows directly from combining

Skorobogatovs formula with Theorem 4.3.4.

4.4. Non-Principally Polarized Abelian

Threefolds

We also aim to address the case of abelian varieties that are not princi-

pally polarized. At present, we do not have a complete calculation for this

more general setting, and further work is required to fully understand it.

Nevertheless, we do have some partial results that allow us to compute the
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isogeny class of U for an arbitrary abelian threefold. We begin by recalling

Kraft’s classiücation theorem for ünite commutative group schemes killed

by p.

As usual, let k be an algebraically closed üeld of characteristic p, and let

p ≠ 2 in this section. Let BT1 denote the category of 1-truncated Barsotti-

Tate groups–that is, ünite commutative group schemes over k killed by

p satisfying the relations Ker(F ) = Im(V ) and Ker(V ) = Im(F ). A 1-

truncated Barsotti-Tate group is said to be indecomposable if it cannot be

written as the direct product of two non-trivial subgroup schemes.

Recall that to every circular word w, composed of letters F and V ,

Kraft associated a BT1 group Gw to w by deüning its covariant Dieudonné

module Mw. For example, the circular word [V V FF ] corresponds to a

Dieudonné module with basis {e1, e2, e3, e4} where the operators F and V

act according to the diagram:

e1
V
←Ð e2

V
←Ð e3

F
Ð→ e4

F
Ð→ e1.

We say a word w is indecomposable if it is not of the form w = w′d for

any word w′ and d > 1. Kraft then proved the following theorem:

Theorem 4.4.1. (Kraft) For every indecomposable circular word w, the

BT1 group scheme Gw is indecomposable. Every indecomposable BT1 group

scheme is of the form Gw for an indecomposable circular word w.

Proof. See for example, [43, Theorem 5.3].

Proposition 4.4.2. Let A be a supergeneral abelian variety over k. Then

A[p] is isomorphic to the BT1 group scheme associated with the word:

[V V...V FF...F ].

Proof. Let M denote the covariant Dieudonné module of A[p∞]. According
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to [30, Lemma 5.7], M is generated by a single element z as a module over

Wσ[F,V ], and there exists a relation

f = a0F
g
+ a1F

g−1
+ ... + ag + b1V + ... + bg−1V

g−1
+ bgV

g ∈Wσ[F,V ]

such that fz = 0 and M ≅Wσ[F,V ]/(f) with a0, bg ∈W units and all other

coeþcients are divisible by p. Reducing modulo p, the resulting module

corresponds to the word [V V...V FF...F ].

Corollary 4.4.3. Let A be any supergeneral (not necessarily principally

polarized) abelian variety of dimension g. Then dimU[p] = g − 1.

Proof. For any supergeneral abelian variety A of dimension g, A[p] is al-

ways the same group scheme. Since the space Hom(A[p],A∨[p])sym does

not depend on the polarization, the result follows from Theorem 4.1.2.

We now turn to supersingular abelian varieties with a-number a = g − 1,

i.e, with almost maximal a-number. We compute in this case, dim(U[p]).

For integers m ⩾ 0 and n ⩾ 1, let wm,n be the circular word consisting of

m-copies of FV , followed by F , then n copies of FV , followed by V :

[(FV )(FV )...(FV )(F )(FV )(FV )...(FV )(V )].

Let Gm,n be the corresponding group scheme of rank 2(m + n + 1). The

Cartier dual of Gm,n is easily seen to be isomorphic to Gn−1,m+1.

Recall from [44] that Oort studied when the p-kernel X[p] of a p-divisible

group X determines X itself. For each Newton polygon ´ with slopes in

the interval [0,1], he introduced a minimal p-divisible group Hβ, character-

ized by the property that any p-divisible group X such that X[p] ≅ Hβ[p]
is necessarily isomorphic to Hβ. The corresponding BT1 group schemes

Hβ[p], are thus also called minimal because of this uniquely lifting prop-

erty. In [13, 5.3], the authors described, for each pair coprime integers
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m,n, the covariant Dieudonné module of the minimal p-divisible group

Hm,n (isoclinic of slope n
m+n

, of multiplicity m + n), as a free W -module

with basis {e0, e1, ..., em+n−1} and actions F (ei) = ei+n, V (ei) = ei+m, where

ei+m+n = pei. For instance, H1,1[p] corresponds to the circular word [FV ].
It is also true that a direct product of minimal BT1 groups schemes is again

minimal.

Lemma 4.4.4. The minimal BT1 group schemes Hn,n+1[p] and Hn+1,n[p]
are isomorphic, respectively, to the group schemes associated with the cir-

cular words:

[(FV )(FV )...(FV )(F )], [(FV )(FV )...(FV )(V )].

Proof. The covariant Dieudonné module of the minimal p-divisible group

Hn,n+1, is a free W -module with basis {e0, e1, ..., e2n}, and

F (ei) = ei+n, V (ei) = ei+n+1whereei+2n+1 = pei.

Tracing the F and V actions yields

en
F
Ð→ e2n

V
←Ð en−1

F
Ð→ ...

V
←Ð e0

F
Ð→ en,

which corresponds exactly to the circular word [(FV )...(FV )(F )].

Similarly, the covariant Dieudonné module of the minimal p-divisible

group Hn+1,n, is a free W -module with basis {e0, e1, ..., e2n}, and

F (ei) = ei+n+1, V (ei) = ei+nwhereei+2n+1 = pei.

In this case the action diagram is

e0
F
Ð→ en+1

V
←Ð e1

F
Ð→ ...

V
←Ð en

V
←Ð e0,

which corresponds to the word [(FV )...(FV )(V )].
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Proposition 4.4.5. Let A be a supersingular abelian variety of dimension

g with a-number a(A) = g − 1. Then there exist integers m ⩾ 0, n ⩾ 1 with

m + n ⩽ g − 1, such that A[p] is isomorphic to:

[FV ]g−1−m−n ⊕Gm,n.

Proof. Decompose A[p] into indecomposable BT1 group schemes and write

down their circular words. Since a(A) = g − 1, there are exactly g − 1

copies of consecutive occurences of FV among all the words of A[p]. Thus

each word can only be formed from copies of (FV ) with at most one

additional (F ) and at most one additional (V ). The only possibilities of

such indecomposable words are:

[FV ], [(FV )...(FV )(F )], [(FV )...(FV )(V )],Gm,n.

Consequently, A[p] must either be of the form [FV ]g−1−m−n ⊕Gm,n, or be

of the form

[FV ]k ⊕ [(FV )(FV )...(FV )(F )]⊕ [(FV )(FV )...(FV )(V )].

The second form, by Lemma 4.4.4 corresponds to the minimal p-divisible

group for a Newton polygon that is not supersingular. In this case, the

lifting to a p-divisible group is unique up to isomorphism, and the resulting

Newton polygon is not supersingular-contradicting our hypothesis on A.

Corollary 4.4.6. Let A be a supersingular abelian threefold over k with

a-number 2. Then the isomorphism class of A[p] is one of:

[FFV V FV ], [V V FFV F ], [FFV V ][FV ].

We now proceed to compute dim(Hom(A[p],A∨[p])sym) for a supersin-

gular abelian variety with a = g − 1.
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Proposition 4.4.7. The group

Hom(Gm,n,G
∨

m,n)sym

has dimension (m+n+1)(m+n)
2

−min{m,n − 1}.

Proof. The covariant Dieudonné module of Gm,n has the form:

e1
F
Ð→ e2

V
←Ð e3

F
Ð→ ...

V
←Ð e2m+1

F
Ð→ e2m+2

F
Ð→ e2m+3

V
←Ð ...

V
←Ð e2m+2n+2

V
←Ð e1

The dual basis {e∗i } then satisües:

e∗1
V
←Ð e∗2

F
Ð→ e∗3

V
←Ð ...

F
Ð→ e∗2m+1

V
←Ð e∗2m+2

V
←Ð e∗2m+3

F
Ð→ ...

F
Ð→ e∗2m+2n+2

F
Ð→ e∗1.

Let x = ∑2m+2n+2
i=1 aie

∗

i , then a straightforward computation gives:

F (x) = aσ2m+2n+2e∗1 +
m

∑
i=1

aσ2ie
∗

2i+1 +

m+n+1

∑
i=m+2

aσ2i−1e
∗

2i,

V (x) =
m+1

∑
i=1

aσ
−1

2i e
∗

2i−1 +

m+n

∑
i=m+1

aσ
−1

2i+1e
∗

2i.

(4.2)

Let f ∶ Gm,n → G∨m,n. Following notations in Section 4.2, for 1 ⩽ j ⩽

2m + 2n + 2, write

f(ej) =
2m+2n+2

∑
i=1

ai,je
∗

i ,

We need to ünd the relations these coeþcients ai,j need to satisfy. These

coeþcients are given by a symmetric map f ∶ Gm,n → G∨m,n if and only if

they satisfy the following conditions:

• For j = 1, ...,m, we have F (f(e2j−1)) = f(e2j) = V (f(e2j+1)).

• F (F (f(e2m+1))) = F (f(e2m+2)) = f(e2m+3) = V (f(e2m+4)).

• For j =m+2, ...,m+n−1, we have F (f(e2j)) = f(e2j+1) = V (f(e2j+2)).
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• F (f(e2m+2n)) = f(e2m+2n+1) = V (f(e2m+2n+2)) = V (V (f(e1))).

• The matrix [f] formed by {ai,j} is anti-symmetric.

Just as the proof of 4.1.2, we draw a direct graph that encodes all the

combinatorial conditions. We draw a (2m+2n+2)×(2m+2n+2) grid with

ai,j in the i-th row and j-th column. An arrow from ai1,j1 to ai2,j2 indicates

that that ai2,j2 = a
σ
i1,j1

is required in the Dieudonné relations. (Unlike in

the previous section, here we take the target to be the Frobenius of the

source for convenience.) An entry ai,j is marked 0 if and only if ai,j = 0 is

required in the Dieudonné relations.

Deüne:

P ∶= {2j∣k = 1,2, ...,m + 1} ∪ {2j + 1∣j =m + 1, ...,m + n},

Q ∶= {2j∣k = 1,2, ...,m} ∪ {2j + 1∣j =m + 1, ...,m + n} ∪ {2m + 2n + 2}.

Then:

• {ei∣i ∈ P} spans Im(F ) of the covariant Dieudonné module of Gm,n.

• {e∗i ∣i ∉ P} spans ImF of the covariant Dieudonné module of G∨m,n.

• {ei∣i ∈ Q} spans Im(V ) of the covariant Dieudonné module of Gm,n.

• {e∗i ∣i ∉ Q} spans Im(V ) of the covariant Dieudonné module of G∨m,n.

We have

#P =#Q =m + n + 1,#(P ∩Q) =m + n.

The Dieudonné module structure and the symmetry conditions then im-

ply:

• All diagonal entries vanish, since we require the matrix to be anti-

symmetric.
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• Each arrow indicates that the target equals the Frobenius of the

source.

• For any j ∈ P , since f(ej) = F (f(ej−1)), formula 4.2 forces: for any

i ∈ P , ai,j = 0; for any i ∉ P , we draw an arrow from ai−1,j−1 to ai,j.

• For any j ∈ Q, since f(ej) = V (f(ej+1)), formula 4.2 forces: for any

i ∈ Q, ai,j = 0; for each i ∉ Q, we draw an arrow from aij to ai+1,j+1.

• The matrix has to be anti-symmetric.

Let us ürst settle the case n−1 ⩽m. We take m = 4 and n = 3 to illustrate.

We show that: in this case, under the above conditions, there are exactly

(m + 1)m
2

+(m+1)(n−1)+(m+1)+(n − 1)(n − 2)
2

=
(m + n + 1)(m + n)

2
−(n−1)

degrees of freedom for the coeþcients {ai,j}.
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a2,1

To understand the relations and the 0’s in this grid, we consider the

following four diûerent regions (the gray areas in the picture):

• S1, entries aij such that 1 ⩽ i, j ⩽ 2m + 1;

• S2, entries aij such that 2m + 3 ⩽ i ⩽ 2m + 2n + 1, 1 ⩽ j ⩽ 2m + 1;

• S3, entries aij such that 1 ⩽ i ⩽ 2m + 1, 2m + 3 ⩽ j ⩽ 2m + 2n + 1;

• S4, entries aij such that 2m + 3 ⩽ i, j ⩽ 2m + 2n + 1.

93



Within these regions, some coeþcients have neither a marked 0, nor

any incoming or outgoing arrows. We mark these coeþcients with orange

boxes. They represent variables with no constraints. There are exactly

m(m + 1)
2

+ (m + 1)(n − 1) + (n − 1)(n − 2)
2

pairs (under symmetric along the diagonal) of such boxes.

When m > n − 1, there are exactly m + 1 symmetric pairs of free orbits,

namely those passing though a2i,1, for i = 1,2, ...,m + 1. All other orbits,

either start or end at a 0. Each pair of free orbits corresponds to one copy

of Ga. Counting the total dimension, we have exactly

(m + 1)m
2

+(m+1)(n−1)+(n − 1)(n − 2)
2

+(m+1) = (m + n + 1)(m + n)
2

−(n−1)

degrees of freedom under the symmetric condition and the Dieudonné con-

ditions.

When m = n− 1, we illustrate the picture with the example m = 2, n = 3.

We again ünd exactly m+ 1 pairs of free orbits, those passing though a2i,1,

for i = 1,2, ...,m + 1. In addition, there is one extra orbit (passing through

a2m+2,1)forming a cycle, which does not contribute to unipotent dimension.

The same counting formula applies, giving

(m + 1)m
2

+(m+1)(n−1)+(n − 1)(n − 2)
2

+(m+1) = (m + n + 1)(m + n)
2

−(n−1)

degrees of freedom on the variables under the symmetric condition and the

Dieudonné conditions.
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When n > m + 1, let us illustrate the idea using m = 2 and n = 5. From

the picture below, we observe the following: there are still

m(m + 1)
2

+ (m + 1)(n − 1) + (n − 1)(n − 2)
2

symmetric pairs of orange boxes contributing to the unipotent dimension.

However, there are more than m + 1 pairs of free orbits.

In addition to the m + 1 pairs of orbits passing through a2i,1 for i =

1,2, ...,m + 1, we also have the orbits passing through a2m+2i+1,1 for i =

1, ..., n −m − 1. These orbits are likewise free, and together with the m + 1

pairs in the case of m ⩽ n − 1, they account for all free orbits. Counting

both the orange boxes and the free orbits, the total number of degrees of
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freedom is:

(m + 1)m
2

+ (m + 1)(n − 1) + (n − 1)(n − 2)
2

+ n =
(m + n + 1)(m + n)

2
−m.

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0
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0

0

0
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0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

a2,1

Corollary 4.4.8. The dimensions of

Hom(Gn−2,1,G
∨

n−2,1)sym and Hom(G0,n−1,G
∨

0,n−1)sym
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are both equal to n(n−1)
2

.

Proposition 4.4.9. The group Hom([FV ],Gm,n) is a direct product of

m + n + 1 copies of Ga.

Proof. It suþces to compute the solutions to the equation F −V = 0 in the

covariant Dieudonné module of Gm,n . The covariant Dieudonné module

of Gm,n has the form:

e1
F
Ð→ e2

V
←Ð e3

F
Ð→ ...

V
←Ð e2m+1

F
Ð→ e2m+2

F
Ð→ e2m+3

V
←Ð ...

V
←Ð e2m+2n+2

V
←Ð e1

A general element is written as ∑2m+2n+2
i=1 aiei, then we have

F (
2m+2n+2

∑
i=1

aiei) = (
m

∑
i=1

aσ2i−1e2i) + aσ2m+1e2m+2 + (
n

∑
i=1

aσ2m+2ie2m+2i+1),

V (
2m+2n+2

∑
i=1

aiei) = (
m

∑
i=1

aσ
−1

2i+1e2i) + (
n

∑
i=1

aσ
−1

2m+2i+2e2m+2i+1) + aσ
−1

1 e2m+2n+2.

The condition F = V implies

0 = a1 = a
σ−2

3 = ... = a
σ−2m

2m+1 = 0, a2m+2 = a
σ−2

2m+4 = ... = a
σ−2n

2m+2n+2,

so the last chain of equalities contributes exactly one copy of Ga. The

remaining free coeþcients give m + n additional copies of Ga, so the total

solution space is isomorphic to Gm+n+1
a .

Corollary 4.4.10. The groups Hom([FV ],Gn−2,1) and Hom([FV ],G0,n−1)
are both direct products of n copies of Ga.

Proposition 4.4.11. Assume A is a supersingular abelian variety, and

a(A) = g − 1. Assume that A[p] is isomorphic to

[FV ]g−1−m−n ⊕Gm,n,

then dimU[p] = g(g−1)
2
−min{m,n − 1}.
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Proof. This follows directly from Proposition 4.4.7 and 4.4.9. Assume

A[p] ≅ [FV ]g−1−m−n ⊕Gm,n, so that A[p]∨ ≅ [FV ]g−1−m−n ⊕G∨m,n. Then

Hom(A[p],A∨[p])sym ≅ Hom(Gm,n,G
∨

m,n)sym

⊕ (Hom([FV ],G∨m,n) ×Hom(Gm,n, [FV ]))sym,(g−1−m−n)

⊕Hom([FV ]g−1−m−n, [FV ]g−1−m−n)sym.
(4.3)

The symmetric part (Hom([FV ],G∨m,n) × Hom(Gm,n, [FV ]))sym,(g−1−m−n)

is isomorphic to Hom([FV ],G∨m,n), since duality gives an isomorphism

between the two factors. Furthermore, the symmetric part of

Hom([FV ]g−1−m−n, [FV ]g−1−m−n)

has dimension (g−1−m−n)(g−2−m−n)
2

. By Lemmas 4.4.8 and 4.4.10, the total

dimension sums up to

(m + n)(m + n + 1)
2

−min{m,n − 1}

+(g − 1 −m − n)(m + n + 1) + (g − 1 −m − n)(g − 2 −m − n)
2

=
g(g − 1)

2
−min{m,n − 1}.

Corollary 4.4.12. Assume A is a supersingular abelian variety, and a(A) =
g − 1. Assume for some 2 ⩽ n ⩽ g such that

A[p] ≅ [FV ]g−n ⊕Gn−2,1 or [FV ]g−n ⊕G0,n−1,

Then

Hom(A[p],A∨[p])sym

has dimension g(g−1)
2

.

Corollary 4.4.13. Let A be a supersingular abelian threefold over k with
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a-number 2. Then UA ≅ G
3
a.

Proof. This is a direct consequence of Corollary 4.4.6 and Corollary4.4.12.

Proposition 4.4.14. Let A be an abelian 3-fold. The following table lists
all possible isogeny classes of U .

Newton polygon a A[p] dim(U[p]) dim(U) isogeny class of U

supersingular, 3 [FV ][FV ][FV ] 3 3 Ga ×Ga ×Ga

supersingular, 2 [FV ][FFV V ] 3 3 Ga ×Ga ×Ga

[FV FFV V ] 3 3 Ga ×Ga ×Ga

[V V FFV F ] 3 3 Ga ×Ga ×Ga

supersingular, 1 [FFFV V V ] 2 3 Ga ×W2

1/3 type, 2 [FFV ][V V F ] 2 2 Ga ×Ga

1/3 type, 1 [FFFV V V ] 2 2 Ga ×Ga

almost supersingular, 2 [F ][V ][FV ][FV ] 1 1 Ga

almost supersingular 1 [F ][V ][FFV V ] 1 1 Ga

almost ordinary 1 [F ][F ][V ][V ][FV ] 0 0 0

ordinary 0 [F ][F ][F ][V ][V ][V ] 0 0 0

Proof. The supersingular cases follow directly from Corollary 4.4.3 and

Corollary 4.4.12. For the 1/3 type cases, we determine A[p] according to

its a-number. If a = 2, A[p] has to be [FFV ][V V F ] (as other possibil-

ities give higher dimension of U[p]). If a = 1, the only possible case is

[FFFV V V ]. The remaining cases (almost ordinary and ordinary) are im-

mediate from the classiücation of A[p]-types and the corresponding unipo-

tent dimensions.
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5 Explicit Hom Group: Calcu-

lations

We have classiüed the isogeny class of U for abelian 3-folds in Proposition

4.4.14. The only non-trivial cases arise for supergeneral abelian 3-folds,

where U is isogenous to Ga ×W2. Determining the precise structure of U

in these cases remains an open question. In this chapter, we present an

explicit computation of the symmetric Hom group Hom(A[p2],A∨[p2])sym
for a supergeneral principally polarized abelian 3-fold A. The result shows

that the connected component Hom○(A[p2],A∨[p2])sym distribute in a well-

behaved manner across the moduli space of principally polarized abelian

varieties.

Recall from [32] that the moduli space S3,1 of principally polarized su-

persingular abelian 3-folds is described by a surjective map

⊔
η

P ′3,η → S3,1

where P ′3,η is the moduli of rigid polarized ýag type quotients (PFTQ) with

respect to (E3, ·), where E3 is a triple product of a üxed supersingu-

lar elliptic curve, and the disjoint union ranges over polarizations · with

Ker(·) = Ker(F 3). All components P ′3,η are smooth of dimension 2, and

isomorphic to each other. Moreover, P ′3,η is a P1-bundle over the Fermat

curve of degree p + 1, which we denote by V . There exists a canonical
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section t ∶ V → P ′3,η.

P ′3,η
P1

ÐÐ→ V = Z(Xp+1
+ Y p+1

+Zp+1) ⊂ P2,

P ′3,η ⊃ T
t
←ÐÐ V ,

where T = t(V).

The ünite automorphism group Gη = Aut(E3, ·)/{±1} acts on P ′3,η, and

the quotient P ′3,η/Gη is birationally equivalent to an irreducible component

of S3,1. The curve T is contracted to a superspecial point in S3,1. Away

from this curve, the map P ′3,η/Gη → S3,1 is ünite-to-one.

Points on T correspond exactly to superspecial points. Away from this

section, the points whose image in V lie in V(Fp2) correspond to abelian

threefolds with a = 2, all other points correspond to supergeneral abelian

3-folds ([32, Example 9.4]).

Now, let b, c ∈ k. Deüne the following invariants:

D(i, j) = det⎛⎝
bσ

i

cσ
i

bσ
j

cσ
j

⎞
⎠ = b

σi

cσ
j

− cσ
i

bσ
j

.

For example,

D(1,−1) = det⎛⎝
bσ cσ

bσ
−1

cσ
−1

⎞
⎠ = b

σcσ
−1

− cσbσ
−1

.

For each pair of (b, c), suppose D(1,−1) ≠ 0, we deüne a unipotent group

W
(b,c)
2 as a subgroup of Ga ×W2, by choosing elements (x, z) ∈ Ga ×W2

such that x and z (the reduction of z mod p) satisfy:
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D(3,−1) −D(3,1) −D(1,−1)
D(1,−1) x +

D(3,1)
D(1,−1)z +

D(3,−1)
D(1,−1)z

p

=
D(4,2) +D(4,0)

D(4,2) xp
3

+
D(4,0)
D(4,2)z

p3
+
D(2,0)
D(4,2)z

p4.

Then we have the following result.

Theorem 5.0.1. Let x ∈ P ′3,η/T (k) be a point, whose image in V is the

point (1, b, c) ∈ V(k)/V(Fp2). Let A be the principally polarized abelian

3-fold associated to the point x. We then have an abstract isomorphism

Hom○(A[p2],A∨[p2])sym ≅W(b,c)
2 (k)⊕Ga(k).

Here, Hom○(A[pn],A∨[pn])sym denotes the connected component of the

total Hom group Hom(A[pn],A∨[pn])sym. This shows that, on each über

of the projection P ′3,η → V , the connected commutative unipotent group

Hom○(A[pn],A∨[pn])sym stays invariant away from the superspecial point.

5.1. Explicit Hom Groups

The contravariant Dieudonné module of a supergeneral principally po-

larized abelian 3-fold can be discribed as follows. First, choose a point

(1, b, c) in

V = Z(Xp+1
+ Y p+1

+Zp+1) ⊂ P 2

where without loss of generality, we assume the ürst coordinate is nonzero

and normalize it to be 1. Assume further that (1, b, c) ∉ V(Fp2).

Lemma 5.1.1. Under the condition that (1, b, c) ∉ V(Fp2), we have

D(1,−1) ≠ 0.

Proof: First, note that b, c ≠ 0. For instance, if b = 0, then the deüning
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equation implies cp+1 + 1 = 0, which leads to cp2 = (−1
c
)p = (−1)p+1c = c, and

hence c ∈ Fp2, contradicting our assumption. Next, suppose D = 0. Then

we would have ((b
c
) 1p)p2−1 = 1, which implies k = b

c
∈ Fp2/{0}, and hence

kp+1 ∈ F×p . The deüning equation becomes 1 + (kc)p+1 + cp+1 = 0, implying

cp+1 = −1
1+kp+1

∈ Fp, which again implies c ∈ Fp2, contradicting our assumption.

◻

Let M0 be the free W -module generated by {e1, e2, e3, f1, f2, f3} with the

Frobenius and Verschiebung actions deüned by Fei = V ei = fi, Ffi = V fi =

pei. Given any l ∈ k, lift (b, c, l) arbitrarily to W , we deüne a Dieudonné

submodule Mb,c,l ⊂ M0 to be the free W -module generated by the basis

{ϵ1, ϵ2, ϵ3, µ1, µ2, µ3}, where:

ϵ1 = e1 + be2 + ce3 + lf1

ϵ2 = pe2

ϵ3 = pe3

µ1 = pf1

µ2 = f1 + b
σf2 + c

σf3

µ3 = f1 + b
σ−1f2 + c

σ−1f3.

By the theory Li and Oort developed in [32], the module Mb,c,l corre-

sponds to the (contravariant) Dieudonné module of principally polarized

supergeneral abelian threefolds associated to the point (1, l) ∈ P1(k) in the

P1-über of the point (1, b, c) ∈ V(k)/V(F2
p). The module Mb,c,l doesn’t de-

pend on the choice of the lift, but the basis does depend on the choice of

the lift. We abuse the notation here, we also use (b, c, l) to denote their

chosen lifts to W (or W2, depending on the context). Let Ab,c,l denote this

abelian threefold.

Theorem 5.1.2. For each (b, c) ∈ V(k)/V(Fp2), and any l ∈ k, there is an
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abstract isomorphism of abelian groups:

Hom○(Ab,c,l[p2],A∨b,c,l[p2])sym ≅W
(b,c)
2 (k)⊕Ga(k).

Lemma 5.1.3. Under the basis {ϵ1, ϵ2, ϵ3, µ1, µ2, µ3}, the matrix of [FM]
and [VM] are:

[FM] =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

pl 0 0 p2 p p

−lb 0 0 −pb bσ
2

− b 0

−lc 0 0 −pc cσ
2

− c 0

−l2 cσ−cσ
−1

D
bσ−bσ

−1

−D
−pl −l −l

1 pcσ
−1

D
pbσ

−1

−D
0 0 0

0 −pcσ

D
−pbσ

−D
0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

[VM] =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

pl 0 0 p2 p p

−lb 0 0 −pb 0 bσ
−2

− b

−lc 0 0 −pc 0 cσ
−2

− c

−l2 cσ−cσ
−1

D
bσ−bσ

−1

−D
−pl −l −l

0 pcσ
−1

D
pbσ

−1

−D
0 0 0

1 −pcσ

D
−pbσ

−D
0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

where D =D(1,−1) = bσcσ−1 − cσbσ−1.

Proof. This is a straightforward calculation which we omit.

SinceAb,c,l is principally polarzied, its covariant and contravariant Dieudonné

module are isomorphic. This implies that we must solve the following equa-

tions in W2:

[f][FM] = [VM]tσ[f]σ, [f] = −[f]t.

Suppose that (x, z) ∈W(b,c)
2 , and a1, a2 are elements in Ga(k) that satisfy

(b − bσ2)(a1 − ap
2

1 ) + (c − cσ
2)(a2 − ap

2

2 ) = (lσ − l)x + (lσ − lσ
2)xσ2

.
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Let g and h be the following elements determined by (x, z, a1, a2):

g = lba1 + lca2 + l
2x + [lba1 + lca2]σ + (l2xσ)σ,

h = lxσ
−1

+ [(bσ−2 − b)a1 + (cσ
−2

− c)a2]σ − (lx)σ.
We claim that the following matrix [f] is a solution of the equations
[f][FM] = [VM]tσ[f]σ, and [f] = −[f]t:

[f] =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 pa1 pa2 px −zσ + pg z

−pa1 0 0 0 p[−(sx)σ + ( czσ
2

+cσ
2

zσ

Dσ
)] p[(−sx)σ−1 + ( cσ

−2

z+czσ
−1

Dσ
−1 )]

−pa2 0 0 0 p[−(tx)σ − ( bzσ
2

+bσ
2

zσ

Dσ
)] p[(−tx)σ−1 − ( bσ

−2

z+bzσ
−1

Dσ
−1 )]

−px 0 0 0 0 0

zσ − pg 0 0 ph

−z 0 −ph 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

Here, we have

s =
cσ − cσ

−1

D
, t =

bσ − bσ
−1

−D
.

There are some entries left blank, but these terms are uniquely determined

by anti-symmetricity. Again, the veriücation is an direct calculation, which

we omit.

By counting dimension, this tells us that Hom○(Ab,c,l[p2],A∨b,c,l[p2])sym is

isomorphic to the subgroup

(a1, a2, x, z) ∈ (Ga ×Ga ×Ga ×W2)(k)

such that (x, z) ∈W(b,c)
2 and

(b − bσ2)(a1 − ap
2

1 ) + (c − cσ
2)(a2 − ap

2

2 ) = (lσ − l)x + (lσ − lσ
2)xσ2

.

Proof of Theorem 5.1.2: We claim that the above algebraic group is

abstractly isomorphic to the group Ga ×W
(b,c)
2 . To prove this, we invoke

several key lemmas.

Lemma 5.1.4. Let H ⊂ G be connected commutative unipotent algebraic
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groups. Then the exact sequence

0→H → G→ G/H → 0

admits an algebraic section (not necessarily a homomorphism) G/H → G.

Proof. This is [47, Proposition 2.3.4].

This lemma implies that there is a factor system f ∶ G/H ×G/H → H

such that

f(a, b) + f(a + b, c) − f(b, c) − f(a, b + c),

so that we can equip the space H ×(G/H) with a group structure given by

(h1, a) + (h2, b) = (h1 + h2 + f(a, b), a + b) such that G is isomorphic to this

product.

We say that two factor systems f1, f2 are equivalent to each other, if there

is a map g ∶ G/H →H such that f1(a, b) − f2(a, b) = g(a + b) − g(a) − g(b).

Lemma 5.1.5. Any commutative factor system f ∶ Ga ×Ga → Ga is equiv-

alent to a factor system of the form

n

∑
i=0

kif
pi

0 , ki ∈ k

where

f0(a, b) =
1

p
((a + b)p − ap − bp).

Proof. This is Lemme 3 of [31].

Lemma 5.1.6. Let ³ ∈ k/Fp2. Then the curve

(xp2 − x) − ³(yp2 − y) = 0

in Ga ×Ga is connected.
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Proof. The k-algebra k[x, y]/((xp2 − x) − ³(yp2 − y)) is an integral domain

by Artin-Schreier theory,

Now consider the 2-dimensional subgroup G of (a1, a2, x) ∈ Ga ×Ga ×Ga

cut out by the equation:

(b − bσ2)(a1 − ap
2

1 ) + (c − cσ
2)(a2 − ap

2

2 ) = (lσ − l)x + (lσ − lσ
2)xσ2

.

G admits a projection to Ga that sends (a1, a2, x) to x. The kernel of

this projection is the curve C, deüned by

(b − bσ2)(a1 − ap
2

1 ) + (c − cσ
2)(a2 − ap

2

2 ) = 0.

The ratio b−bσ
2

c−cσ
2 does not lie in Fp2, or otherwise Ab,c,l’s a-number would be

strictly larger than 1. By Lemma 5.1.6, C is connected, so C is abstractly

isomorphic to Ga. By Lemma 5.1.4, G2 is isomorphic to a group structure

on C × Ga, where the second factor is the projection to x. According

to Lemma 5.1.5, we know every factor system on Ga × Ga → Ga. Those

factor systems that give an algebraic group killed by p are all equivalent

to the trivial factor system. Consequently, there is an isomorphism G2 ≅

C × Ga, where the second component is the projection to x-coordinate.

As a result, Hom○(A[p2],A∨[p2])sym is isomorphic to the subgroup of G2 ×

W2 ≅ C ×Ga ×W2 such that the last two components (x, z) ∈ W(b,c)
2 . So

Hom○(Ab,c,l[pn],A∨b,c,l[pn])sym ≅ (Ga ×W
(b,c)
2 )(k), as desired.

5.2. Conjecture and Example

We propose the following conjecture concerning the isogeny class of U

for an arbitrary supergeneral abelian variety of dimension g, as a natural

generalization of our result in the case g = 3. However, at present, we are
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unable to provide a justiücation for this conjecture, nor have we identiüed

any counterexamples.

Conjecture 5.2.1. Let A/k be a supergeneral abelian variety of dimension

g. Then U is isogenous to
g−1

∏
i=1

Wi.

We have a simplest example, where we can verify this conjecture. Con-

sider the Dieudonné module M ∶= Wσ[F,V ]/(F g
− V g), it is isoclinic of

slope 1/2 and it is generated by 1 single element. It is the (covariant)

Dieudonné module of a supersingular abelian variety A whose a-number

equals 1.

Proposition 5.2.2. The unipotent group U of A is isogenous to

g−1

∏
n=1

Wn.

Proof. The Dieudonné module M is a free W -module of rank 2g with basis

ei = F
i−1, i = 1, . . . , g, ej = V

2g+1−j, j = g + 1, . . . , 2g.

We have Fei = ei+1 for i = 1, . . . , g, and Fei = pei+1 for i = g+1, . . . , 2g (with

the convention that subscripts are considered as integers modulo 2g.)

The Dieudonné module M has a principal polarisation, that is, a perfect,

alternating bilinear form

È∶M ⊗W M →W,

such that È(F (x), y) = È(x,V (y))σ, deüned as follows. Let ¸ ∈ W be an

invertible element such that σg(¸) = −¸. Then

È(ei, ej) = 0, i − j ≠ g, È(ei, ei+g) = σi−1(¸), i = 1, . . . , g,
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is a principal polarisation. Write B for the matrix of È in the basis

e1, . . . , e2g, so that Bij = È(ei, ej) for i, j = 1, . . . , 2g.

Since M is generated by e1 as a Wσ[F,V ]-module, there is at most one

endomorphism f ∈ EndWσ[F,V ](M/pn) such that

f(e1) =
2g

∑
i=1

aiei,

for given ai ∈Wn =W /pn for i = 1, . . . , 2g, and there is exactly one such f

if and only if F gf(e1) = V gf(e1). We have

F gf(e1) =
g

∑
i=1

aσ
g

i p
i−1ei+g +

2g

∑
i=g+1

aσ
g

i p
2g+1−iei−g,

V gf(e1) =
g

∑
i=1

aσ
−g

i pi−1ei+g +
2g

∑
i=g+1

aσ
−g

i p2g+1−iei−g.

Thus F gf(e1) = V gf(e1) is equivalent to the condition that the image of

ai in Wn+1−i is invariant under σ2g, for i = 1, . . . , 2g. Thus the connected

component of 0 of the group k-scheme EndWσ[F,V ](M/pn) is isomorphic to

g

∏
i=1

Wi−1 ×

2g

∏
i=g+1

W2g+1−i, (5.1)

where the i-th factor is a group subscheme of Wn with coordinate ai.

Let A be the (2g × 2g)-matrix of f in the basis {e1, . . . , e2g}, that is,

Aij is the ei-th coordinate of f(ej). To f we associate the map f̃ ∈

Hom(M/pn, (M/pn)∨) that sends x to the linear form on M/pn whose

value on y is È(Ax, y). The dual map f̃∨ ∈ Hom(M/pn, (M/pn)∨) sends

x to the linear form whose value on y is È(Ay,x) = −È(x,Ay). Thus

f̃∨ = −f∨ if and only if At = BAB−1, or equivalently, A = B−1AtB. Since

f is an endomorphism of Wσ[F,V ]-modules, this condition is equivalent

to A(e1) = B−1AtB(e1). We have B(e1) = −¸eg+1. Next, we use that
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F i(e1) = e1+i for i = 1, . . . , g and V j(e1) = e2g+1−j for j = 1, . . . , g to calculate

At(eg+1) = ag+1e1 + aσge2 + . . . + aσ
g

1 eg+1 + a
σ−(g−1)

2g eg+2 + . . . + a
σ−1

g+2e2g.

From this we obtain

B−1AtB(e1) = aσ
g

1 e1 +
g

∑
i=2

¸

¸σ
i−1
aσ

i−g−1

2g+2−iei −
2g

∑
i=g+1

¸

¸σ
i−g−1

aσ
i−g−1

2g+2−iei.

Thus the involution on EndWσ[F,V ](M/pn) that sends A to B−1AtB (which

is indeed an involution because Bt = −B−1) sends the i-factor of (5.1)

isomorphically onto the 2g−i-th factor, and acts on the g+1-th factor Wg as

−1. We conclude that EndWσ[F,V ](M/pn)+ is isomorphic to ∏g
i=1Wi−1.

Although we are currently unable to prove Conjecture 5.2.1 in full, there

is evidence suggesting that the p-exponent of U can always be bounded

above by g−1. Indeed, for non-supersingular abelian varieties, the exponent

of the unipotent part of the full Hom group Hom(A[pn],A∨[pn]) is known

to be bounded by g − 1 (see [30]). In the case of supersingular abelian

varieties, the key to establishing this bound lies in Proposition 4.4.12 and

a Lemma due to Livia Grammatica: if an isogeny f ∶ A → B has kernel

isomorphic to a product of ³p’s, then the p-exponent of UA and UB diûer at

most by 1. A proof of this lemma, which makes uses of Nygaard ültration,

will appear in a forthcoming joint paper [20].
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Part III

Further Topics
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6 Partial results and applica-

tions

6.1. Formal Brauer Group

In this section, we brieýy review the theory of formal groups, Cartier

modules, and the formal Brauer group B̂r(X).

By a formal group, we mean a group object in the category of formal

schemes over k. Every formal group over k represents a sheaf on the big fppf

site over k. Since k is perfect, every formal group G of ünite presentation

over k can be written as a product G○ ×π0(G), where G○ is connected and

π0(G) is étale [15, II.7, p. 34]. Every connected formal group G of ünite

presentation üts into a unique exact sequence of connected groups:

0→ Gred → G→ Ginf → 0,

where Gred is a smooth formal group (so that the underlying formal scheme

is Spf(k[[x1, ..., xn]])) and Ginf = G/Gred is an inünitesimal group scheme

(see [15, Section II.10, p. 43]).

To study formal groups, one associates to each formal groupG the Cartier

module, or the module of typical curves, TC(G) ∶= Hom(Ŵ,G) of G. Here,

Ŵ is the formal Witt group over k that associates to a k-algebra R the

group of sequences (a0, a1, a2, ...) of nilpotent elements in R such that ai = 0
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for all suþciently large i. TC(G) is a W -module with semilinear operators

F and V , induced by the action of V and F on Ŵ. They satisfy well-known

semilinear formula Fa = aσF and V a = aσ
−1

V , for any a ∈ W . Thus the

Cartier module is a (left) module over the Dieudonné ring Wσ[F,V ].

It is worth mentioning that the Cartier module of a p-divisible formal

group is isomorphic to the dual of the contravariant Dieudonné module.

Explicitly, for any ünite group scheme G, we let M(G) be the contravariant

Dieudonné module of G (see [15, Chapter III]). Let DM(G) ∶=M(G∨) be

the covariant Dieudonné module functor, where G∨ is the Cartier dual

of G. For any connected p-divisible formal group G ∶= lim
Ð→

Gn we deüne

DM(G) ∶= lim
←Ð

DM(Gn). Then there is an isomorphism TC(G) ≅ DM(G)
compatible with the action of F and V . This is stated in [1, Section I.3,

p. 102] and [10, Remark 3.3], see [36] for an explicit proof.

The Cartier module can be viewed as a covariant functor from the cate-

gory of ünite-dimensional connected commutative smooth formal groups to

the category of ünitely generated Wσ[F,V ]-modules. The essential image

of TC is the category of ünitely generated Wσ[F,V ]-modules M such that

V is injective on M and M/VM is a ünite dimensional k-vector space. The

dimension of the formal group equals dimkM/VM .

Unlike the contravariant theory in [34], the covariant theory TC is in-

sensitive to the inünitesimal part Ginf . In particular, if G is a connected

ünite-dimensional formal group, then TC(G) = TC(Gred). The informa-

tion about Ginf is reýected in the ürst derived functor of TC: we have

R1TC(G) = DM(Ginf), the covariant Dieudonné module of Ginf . We have

RiTC(G) = 0 for i > 1 ([4, Remark 11.10] and [39, Theorem 4.2(c)]).

Artin and Mazur [1] studied the representability of various deformation

functors for a proper smooth map X → S. For a sheaf E of abelian groups

on the big étale site of X they deüned a functor ẼS that assigns to a pair

113



(X ′, S′), where S′ is a S-scheme and X ′ → X ×S S′ is étale, the abelian

group ker(E(X ′) → E(X ′ ×S′ S′red)). This gives a sheaf on the relative

étale site (X/S)ét (see, for example, [5, Section 2.3]). Using the projection

π ∶ (X/S)ét → SÉt, one deünes Φi(X/S,E) ∶= Riπ∗ẼS. They showed that

if Ri−1f∗E is formally smooth, then Φi(X/S,E) is pro-representable by a

formal group ([1, Proposition 1.8]). In particular, when E = Gm, if the

Picard scheme PicX/S is smooth, then the functor Φ2(X/S,Gm) is pro-

representable by a formal group over S, called the formal Brauer group
̂Br(X/S).

For any sheaf F of abelian groups on the fppf site over k, we can extend

the deünition of TC to F by denoting TC(F) ∶= Hom(Ŵ,F). If F is

representable by a group scheme G, then this notion agrees with the Cartier

module of the formal completion of G along the zero section.

The Artin-Mazur formal group has a ýat variant, let us denote by Φi
fl
(X,Gm),

which is deüned as the fppf-sheaüücation of the presheaf

A→ ker(Hi(A,Gm)→ Hi(Ared,Gm))

on the category of Artinian k-algebra (Artk)op eqquiped with fppf-topology.

Our notation is consistent with the notation in [4]; in [46], it is denoted

by R̃if∗(Ĝm); in [17], it is simply denoted by Rif∗(Ĝm). It is proved in [4,

10.6] that Φi
fl
(X,Gm) can be equivalently deüned as ̂Rif∗(Gm), the formal

completion of Rif∗(Gm), the sheaf on (Artk)op deüned by

A→ Ker(Rif∗(Gm)(A)→ Rif∗(Gm)(Ared)).

It is then a well-known theorem that Φi
fl
(X,Gm) are all pro-representable.

Theorem 6.1.1 (Raynaud, Bragg). Let X be a proper smooth variety over

k. The flat Artin-Mazur formal groups Φi
fl
(X,Gm) are all pro-representable.
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Proof. See [4, Theorem 10.8]; [46, Theorem 4.1.2].

We ünish this section by recalling a relation between the ýat Artin-Mazur

formal groups and the Hodge–Witt cohomology groups Hi(X,WOX).

Theorem 6.1.2. There is an exact sequence

0→ R1TC(Φi−1
fl (X,Gm))→ Hi(X,WOX)→ TC(Φi

fl(X,Gm))→ 0,

where R1TC(Φi−1
fl
(X,Gm)) is isomorphic to the V ∞-torsion subgroup of

Hi(X,WOX), and TC(Φi−1
fl
(X,Gm)) is isomorphic to the quotient of Hi(X,WOX)

by its V ∞-torsion subgroup.

Proof. See [17, Proposition III.8.1].

6.2. Cartier Module of the Higher Di-

rect Image

Proposition 6.2.1. Let n be an integer such that pn annihilates H2(X,WOX)[p∞].

(1) we have the following exact sequences:

0→ TC( ̂R2f∗(µpn))→ H2(X,WOX)[p∞/V ∞]
→ DM(P̂icX/k/pn)→ DM(R̂2f∗µpn inf)→ DM((Φ2

fl(X,Gm)[pn])inf)→ 0.

(2) when PicX/k is smooth, we have the following two isomorphism:

TC( ̂R2f∗(µpn)) ≅ H2(X,WOX)[p∞], (R̂2f∗µpn)inf ≅ (Φ2
fl(X,Gm)[pn])inf

where TC is the Cartier module functor (see Section 3.0.2).

115



Proof: We have the following exact sequenses of fppf sheaves on Art
op
k :

0→ P̂icX/k/pn → ̂R2f∗(µpn)→ Φ2
fl(X,Gm)[pn]→ 0, (6.1)

0→ Φ2
fl(X,Gm)[pn]→ Φ2

fl(X,Gm)
pn

Ð→ Φ2
fl(X,Gm). (6.2)

Here, the ürst sequence is obatined by applying the completion functor

F → F̂ (which is an exact functor, see [4, Lemma 10.4]) to the short

sequence 0 → PicX/k/pn → R2f∗(µpn) → R2f∗(Gm)[pn] → 0. Theorem 6.1.2

gives an isomorphism R1TC(Φ1
fl
(X,Gm)) ≅ H2(X,WOX)[V ∞], and this is

the covariant Dieudonné module of P̂icX/k,inf . Writing H2(X,WOX)/V ∞
for the quotient H2(X,WOX)/H2(X,WOX)[V ∞], we have an isomorphism

TC(Φ2
fl
(X,Gm)) ≅ H2(X,WOX)/V ∞. Thus, applying the covariant functor

TC to (6.2) we obtain an exact sequence

0→ TC(Φ2
fl(X,Gm)[pn])→ H2(X,WOX)/[V ∞]

pn

Ð→ H2(X,WOX)/[V ∞].

For a suþciently large n such that pn kills the p∞-torsion part of H2(X,WOX),
the above sequence gives an isomorphism

TC(Φ2
fl(X,Gm)[pn]) ≅ H2(X,WOX)[p∞/V n].

Applying TC to (6.1) and noticing that TC(P̂icX/k/pn) = 0, we obtain an

exact sequence

0→ TC( ̂R2f∗(µpn))→ H2(X,WOX)[p∞/V ∞]
→ DM(P̂icX/k/pn)→ DM((R̂2f∗µpn)inf)→ DM(Φ2

fl(X,Gm)[pn]inf)→ 0.

(6.3)

When PicX/k is smooth, P̂icX/k/pn is trivial, so DM(P̂icX/k/pn) = 0 and we

have the isomorphisms:

TC(Φ2
fl(X,Gm)) ≅ H2(X,WOX)[p∞/V ∞],

DM(R̂2f∗µpn inf) ≅ DM((Φ2
fl(X,Gm)[pn])inf)
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as desired. This ünishes the proof. ◻

6.3. Comparing Flat with Crystalline

Cohomology

In this section, we study the relation between the fppf cohomology and

the crystalline cohomology. Consider the natural map

d log∶Hi
fppf(X,µpn)→ Hi

cris(X/Wn) (6.4)

induced by the logarithmic diûerential d log ∶ Gm/Gpn

m [−1] → WnΩ
●

X/k,

where WnΩ
●

X/k is the de Rham–Witt complex of level n. Ogus proved

in [38] that d log∶H2
fppf
(X,µp) → H2

dR
(X/k) is injective when the Frölicher

spectral sequence degenerates. The following theorem can be seen as a

generalization of this result.

Theorem 6.3.1. Let X be a smooth proper variety over k. Suppose that the

Frölicher spectral sequence degenerates at the E1 page and that H1
cris(X/W )

is torsion-free. Then the map d log is injective in degree 2 for all n:

H2
fppf(X,µpn)↪ H2

cris(X/Wn).

This theorem applies to arbitrary abelian varieties and K3 surfaces. In-

deed, by [37, Proposition 5.1] and [14, Proposition 2.2], the Frölicher spec-

tral sequence degenerates for abelian varieties and K3 surfaces. It is well-

known that in these cases all crystalline cohomology groups are torsion-free,

see, e.g., [33, Exercise 1.8].

One consequence of Theorem 6.3.1 is that multiplication by m on an

abelian variety A acts on Hi
fppf
(A,µpn) as mi when i ⩽ 2.
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The aim of this section is to prove Theorem 6.3.1.

For each m and n, we have the short exact sequence of fppf sheaves:

0→ µpm → µpn+m → µpn → 0

Applying the derived functor Riϵ∗ we have

0→ R1ϵ∗(µpm)→ R1ϵ∗(µpn+m)→ R1ϵ∗(µpn)→ 0

from which we get

0→ Gm/Gpm

m

pn

Ð→ Gm/Gpn+m

m → Gm/Gpn

m → 0.

We would like to construct a similar sequence for WnΩ
●

X/k.

Recall that Illusie deüned the canonical ültration (see Deünition A.0.5)

on the de Rham-Witt complex, and we showed that the multiplication by

p map: p ∶ Wn+1Ω
●

X → Wn+1Ω
●

X has kernel FilnWn+1Ω
●

X (see Proposition

A.0.8). Moreover, for each i such that 0 ⩽ i ⩽ n + 1, we have

Ker(pi ∶Wn+1Ω
●
→Wn+1Ω

●) = Filn+1−iWn+1Ω
●

X .

We conclude that multiplication by pn map on Wn+mΩ
●

X induces an exact

sequence of complexes

0→WmΩ
●

X →Wm+nΩ
●

X →Wm+nΩ
●

X/pn → 0.

By Lemma A.0.13, for each n ⩾ 0, multiplication by p induces a quasi-

isomorphism grnWΩ●X → grn+1WΩ●X . The following statement generalizes

[23, Corollaire I.3.16] that says that the canonical projection WΩ●
X/k/p →

Ω●
X/k is a quasi-isomorphism .

Proposition 6.3.2. The natural projection map induces a quasi-isomorphism
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Wm+nΩ
●

X/pn →WnΩ
●

X.

Proof. Our proof is similar to the proof of [23, Corollaire I.3.15]. We use

induction on m. For m = 0, this is trivial. Suppose that for m−1 the claim

is true. Consider the following commutative diagram with exact rows:

0 Filn+m−1Wn+mΩ
●

X Wn+mΩ
●

X Wn+m−1Ω
●

X 0

0 Filn+m−1Wn+mΩ
●

X Wn+mΩ
●

X Wn+m−1Ω
●

X 0

pn=0 pn pn

Applying the snake lemma we obtain an exact sequence

0→Filn+m−1Wn+mΩ
●

X → FilmWn+mΩ
●

X → Film−1Wm+n−1Ω
●

X →

Filn+m−1Wn+mΩ
●

X →Wm+nΩ
●

X/pn →Wm+n−1Ω
●

X/pn → 0

We have obvious exact sequences

0→ Filn+m−1Wn+mΩ
●

X → FilmWn+mΩ
●

X → FilmWm+n−1Ω
●

X → 0,

0→ FilmWm+n−1Ω
●

X → Film−1Wm+n−1Ω
●

X → Film−1WmΩ
●

X → 0,

and by repeatly using Lemma A.0.13 we obtain a quasi-isomorphism

Film−1WmΩ
●

X → Filn+m−1Wn+mΩ
●

X .

Thus Wm+nΩ
●

X/pn →Wm+n−1Ω
●

X/pn is a quasi-isomorphism.

So we have the following commutative diagram of complexes:

0 Gm/Gpm

m [−1] Gm/Gpn+m

m [−1] Gm/Gpn

m [−1] 0

0 WmΩ
●

X Wn+mΩ
●

X WnΩ
●

X 0

d log d log

pn

This proves the following statement.
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Proposition 6.3.3. For each m and n, we have a functorial commutative
diagram, where the horizontal sequences are exact:

... Hi−1
fppf(X,µpn) Hi

fppf(X,µpm) Hi
fppf(X,µpn+m) Hi

fppf(X,µpn) ...

... Hi−1
cris(X/Wn) Hi

cris(X/Wm) Hi
cris(X/Wn+m) Hi

cris(X/Wn) ...

d log d log d log d log

6.4. A Criterion of Injectivity

A natural question is when the map d log∶Hi
fppf
(X,µpn)→ Hi

cris(X/Wn) is

injective. We will prove that it is injective when i = 2 for abelian varieties

and K3 surfaces. However, even for K3 surfaces or abelian surfaces, this is

not injective when i = 3 and X is supersingular.

Our core argument is the following

Proposition 6.4.1. Let ZΩ1
X ∶= ker(Ω1

X

d
Ð→ Ω2

X) be the sheaf of closed

1-forms. Assume that

(1) Hi−2(X,ZΩ1
X)→ Hi−2(X,Ω1

X) is surjective;

(2) the natural map Hi−1(X,ZΩ1
X) → Hi

dR
(X/k) induced by ZΩ1

X[−1] →
Ω●X is injective.

Then the map d log ∶ Hi
fppf
(X,µp) → Hi

dR
(X/k) is injective. If, moreover,

Hi
cris(X/W ) is torsion-free, then d log ∶ Hi

fppf
(X,µpn) → Hi

cris(X/Wn) is

injective for all n.

Proof. When n = 1, we have the following exact sequence of etale sheaves

(cf. [23, Proposition 0.2.1.18]):

0→ Gm/Gp
m

d log
ÐÐ→ ZΩ1

X

W ∗
−C

ÐÐÐ→ Ω1
X(p)
→ 0.

Here C is the Cartier operator and W is the map in the following diagram:
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X X(p) X

spec(k) spec(k)

W FX/k

σ

Our ürst claim is that the mapW ∗
−C ∶ Hi−2(X,ZΩ1

X)→ Hi−2(X(p),Ω1
X(p)
)

is surjective. Indeed, as maps between k-vector spaces, W ∗ is Frobenius-

linear and surjective, and C is a k-linear map, and the diûerence between

two such maps is always surjective by semi-linear algebra (see, [23, Lemma

II.5.3]).

The square in the above diagram is Cartesian, W is an isomorphism of

schemes (but not of k-schemes), and FX/k is the relative Frobenius. W ∗

stands for the composition

ZΩ1
X

≅

Ð→W ∗(ZΩ1
X)↪W ∗Ω1

X

≅

Ð→ Ω1
X(p)

.

Under the assumption, using the long exact sequence associated to

0→ ZΩ1
X → Ω1

X → BΩ2
X → 0,

we have a surjection Hi−2(X,ZΩ1
X) → Hi−2(X,Ω1

X). Composing with the

Frobenius linear isomorphism Hi−2(X,Ω1
X) → Hi−2(X(p),Ω1

X(p)
), we thus

have that W ∗
∶ Hi−2(X,ZΩ1

X) → Hi−2(X(p),Ω1
X(p)
) is a k-Frobenius-linear

surjection.

The Cartier operator C is OX(p)-linear. We view ZΩ1
X as an OX(p)-module

because the diûerential in the de Rham complex is OX(p)-linear. So on

global sections, C ∶ Hi−2(X,ZΩ1
X)→ Hi−2(X(p),Ω1

X(p)
) is k-linear. Now the

ürst claim follows from [23, Lemma II.5.3].

By the long exact sequence, the ürst claim implies Hi−1(X,Gm/Gp
m) →

Hi−1(X,ZΩ1
X) is injective. Composing with Hi−1(X,ZΩ1) → Hi

dR
(X/k) is

still injective, this proves the case n = 1.
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For general n, we use the diagram 6.3.3 and induction on n. Proposition

6.3.2 gives a quasi-isomorphismWm+nΩ●/pn →WnΩ●. Taking the projective

limit over m, we obtain a quasi-isomorphism WΩ●/pn → WnΩ●. The long

exact sequence associated to the distinguished triangle

0→WΩ●
pn

Ð→WΩ● →WnΩ
●
→ 0

gives

...→ Hi−1
cris(X/Wn)→ Hi

cris(X/W )
pn

Ð→ Hi
cris(X/W )→ ...

When Hi
cris(X/W ) is torsion-free, pn is injective on it, and the connecting

map Hi−1
cris(X/Wn) → Hi

cris(X/W ) is 0. By composing with the projection

to Hi
dR
(X/k), the connecting map Hi−1

cris(X/Wn)→ Hi
dR
(X/k) is also trivial.

Suppose that for both 1 and n the i-th d log maps are injective, then the

connecting map Hi−1
fppf
(X,µpn) → Hi

fppf
(X,µp1) is also 0. We can use the

5-lemma to conclude.

Proposition 6.4.2. Assume that X is a proper smooth variety over k such

that the Frölicher spectral sequence degenerates at E1. Then the following

statements hold:

(1) the map H0(X,ZΩ1
X)→ H0(X,Ω1

X) is an isomorphism;

(2) the map H1(X,ZΩ1
X)→ H2

dR
(X/k) is injective.

Proof. We use Čech cohomology. Suppose {Ut}t∈T is an aþne open cover

of X and Ci(Ωj
X) is the group of degree i cochains on Ω

j
X , that is,

Ci(Ωj
X) = ∏

t0,t1,...,ti∈T

Ω
j
X(Ut0 ∩Ut1 ∩Ut2 ∩ ... ∩Uti)

Then the Čech complex

0→ C0(Ωj
X)

δ
Ð→ C1(Ωj

X)
δ
Ð→ ...
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computes the cohomology of Ωj, and the total complex of the following

diagram computes Hn
dR
(X/k):

C0(OX) C1(OX) C2(OX) C3(OX)

C0(Ω1
X) C1(Ω1

X) C2(Ω1
X)

C0(Ω2
X) C1(Ω2

X)

C0(Ω3
X)

δ

d

δ

d

δ

d

δ

d

δ

d

δ

d

The degeneration of the Frölicher spectral sequence implies that the coho-

mology of the total complex of the bottom three rows maps isomorphically

to the Fil1 part of H∗
dR
(X/k).

For (1), the degeneration implies that H0(X,Ω1
X) is isomorphic to the

Fil1 part of H1
dR
(X/k), which is H0(X,ZΩ1

X) by deünition. So (1) holds.

For (2), suppose that {hij} represents a cohomology class in H1(X,ZΩ1
X)

that becomes 0 in H2
dR
(X/k). Clearly, this cohomology class lies in Fil1(H2

dR
(X/k)),

so the fact that it becomes 0 implies that there exists an element {Éi} ∈
C0(Ω1

X) such that hij = Éi−Éj and dÉi = 0. It follows that {hij} ∈ H1(ZΩ1
X)

is identically 0. So (2) holds.

Corollary 6.4.3. Suppose that the Frölicher spectral sequence for X de-

generates at E1, and H1
cris(X/W ) is torsion-free. Then the dlog map for

n = 2 is injective for all m:

H2
fppf(X,µpm)↪ H2

cris(X/Wm).

Proof. This is a direct consequence of Propositions 6.4.1 and 6.4.2.
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6.5. Parts of the Slope Spectral Se-

quence

The goal of this section is to study parts of the slope spectral sequence.

As a corollary we show that all ýat Artin-Mazur formal groups Φi
fl
(A,Gm)

are smooth for all abelian 3-folds (and most of abelian 4-folds), without

invoking Ekedahl’s diagonal t-structure in [18]. We ürst recall Ekedahl’s

duality ültration in [16].

Recall that in [16] there is a duality functorD ∶D(R)op →D(R), formally

deüned as

D(M) ∶= R lim
←Ð
n

((Rn ⊗
L
RM)∨).

For a proper smooth variety X/k, Ekedahl proves that the following duality

morphism is an isomorphism (see [16]):

D(RΓ(X,WΩ●X/k))[−N](−N)→ RΓ(X,WΩ●X/k).

For a coherent R-module M , Ekedahl deünes Di(M) ∶= Hi(D(M)). Then

there is a duality ültration on M

0 ⊆ T 2(M) ⊆ T 1(M) ⊆ T 0(M) =M

coming from the duality spectral sequence:

Di(Dj(M))⇒ Hi−j(D(D(M))), (we have D(D(M)) ≅M).

It is a fact that T 2M ⊂ M[p∞] and the quotient M[p∞]/T 2M is a direct

sum of ünite length W modules with F semisimple. Ekedahl obtaines the

following description of graded factors Ai(M) ∶= T i(M)/T i+1M .

Definition 6.5.1. (1) A2
f(M)i ∶= cœurA2(M)i in degree i has finite length,
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with F nilpotent.

(2) A2
d(M)i ∶= the domino part of A2(M) in degree i.

(3) A1
ss(M)i ∶= the p-torsion part of A1(M) in degree i has finite length

with F bijective.

(4) A1
n(M)i ∶= the free quotient A1(M)i/A1(M)i[p∞] is a positive slope

Dieudonné module.

(5) A0(M)i ∶= is free with F bijective.

Ekedahl then proves the following result (Theorem IV.3.3 [16]):

Theorem 6.5.2. Let M be a coherent R-module. Then the following prop-

erties hold.

(1) A0(M) and D0(M) are torsion-free, finitely generated W -modules

with F bijective, and

D0(M) = HomW (A0(M),W ), (F, d, V ) = (F −1,∗σ∗,0, pF −1).

This means that [F (f)](x) = f(F −1x)σ.

(2) A1
n(M) and D1(M)/D(M)[p∞] are torsion-free, finitely generated

W -modules with F topologically nilpotent. A1
ss(M) and D1(M)[p∞] are

finite length W -modules with F bijective. We have A1(M) = A1
f(M) ⊕

A1
ss(M) as R-modules and

D1(M) = HomW (A1
n(M),W )(1)⊕HomW (A1

ss(M),K/W ),

(F, d, V ) = (V ∗σ∗,0, F ∗σ−1∗ )⊕ (F −1,∗σ∗,0, pF −1).

(3) A2
f(M)i and cœur(D2(M))i are both finite length W -modules with F

nilpotent, and

D2(M) = HomW (⋃
n

ker(F nd) ∩ ker(F n),K/W )(1)
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(F, d, V ) = (V ∗σ∗, d∗, F ∗σ−1∗ )

A2
f(D2(M))i ≅D2(A2

f(M)−i−1)(−1), A2
d(D2(M))i ≅D2(A2

d(M)−i−2)(−2).

(4) We have Di(M) = 0 if i ≠ 0,1,2.

Ekedahl then proves the following duality theorem (Theorem IV.3.5 [16]):

Theorem 6.5.3. Let X/k be a proper smooth variety of dimension N .

Then the following statements hold.

(1) A1(RiΓ(X,WΩ●
X/k)) ≅D1(RN+1−iΓ(X,WΩ●

X/k))(−N).

(2) There is a natural exact sequence of R-modules:

0→ A0(RiΓ(X,WΩ●X/k))→D0(RN−iΓ(X,WΩ●X/k))(−N)
d2
Ð→D2(RN+1−iΓ(X,WΩ●X/k))(−N)→ A2(Ri+1Γ(X,WΩ●X/k))→ 0.

(3) A1
n(RiΓ(X,WΩ●

X/k))j ≅D1(A1
n(RN+1−iΓ(X,WΩ●

X/k))N−1−j)(−1);

A1
ss(RiΓ(X,WΩ●X/k))j ≅D1(A1

ss(RN+1−iΓ(X,WΩ●X/k))N−j)

(4) A2
f(RiΓ(X,WΩ●

X/k))j ≅D2(A2
f(RN+2−iΓ(X,WΩ●

X/k))N−1−j)(−1).

This theorem is basically saying that all parts in the slope spectral

sequence of a smooth proper variety satisfy a certain duality, namely:

the slope 0 part A0(Hij) is “dual" to A0(HN−i,N−j) (not isomorphic to

the dual! There is a ünite cokernel); the positive slope part A1
n(Hij)

is dual to A1
n(HN−1−i,N+1−j); the F -semi-simple part A1

ss(Hij) is dual to

A1
ss(HN−i,N+1−j); the F -nilpotent torsion partA2

f(Hij) is dual toA2
f(HN−1−i,N+2−j);

the domino part A2
d(Hij) is dual to A2

d(HN−2−i,N+2−j). This is analogous to

the Poincare duality of singular cohomology: the torsion part of degree i

is dual to the torsion part in degree 2N + 1 − i.

We need some lemmas for maps between dominos.
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Proposition 6.5.4. Maps from U0 to U1. Let U0 and U1 be the dominos

as defined in 1.4.4. Any map f ∶ U0 → U1 is determined by the image of 1,

f(1) is of the form a + bV . Moreover:

(1) The map f is injective if and only if a = 0, b ≠ 0. In this case, the

cokernel of f equals k(0), F = V = 0.

(2) The map f is surjective if and only if a ≠ 0. In this case, its kernel

equals k(−1) with V = 0. Moreover if b ≠ 0, then F bijective; if b = 0, then

F = 0.

Proof. In U0, Fd(1) = 0, so Fd(f(1)) = f(Fd(1)) = 0. The kernel of Fd in

U1 is exactly k ⊕ kV , this proves the ürst statement. When f(1) = a + bV ,

we have

f(k0 + k1V + ...) = k0(a + bV ) + k1(aσ
−1

V + bσ
−1

V 2) + ...
= k0a + (k0b + k1aσ

−1)V + (k1bσ
−1

+ k2a
σ−1)V 2

+ ...

f(k0d + k1dV + k2dV 2
+ ...) = k0d(f(1)) + k1dV f(1) + ...

= (k0b + k1aσ
−1)dV + (k1bσ

−1

+ k2a
σ−2)dV 2

+ ...

If a = 0, b ≠ 0, then f is injective with cokernel k(0), F = V = 0.

If a ≠ 0, then f is surjective with kernel k(−1), generated by a vector of

the form

k0d + k0
b

aσ
−1 dV + k0

b

aσ
−1

bσ
−1

aσ
−2 dV

2
+ ...

If moreover b = 0, then F = V = 0. If b ≠ 0, then F is bijective and

V = 0.

Proposition 6.5.5. Maps from U0 to Uℓ. Let 0 ⩽ ℓ, let U0 and Uℓ be

the dominos as defined in 1.4.4. Any map f ∶ U0 → Uℓ is determined by the

image of 1, and f(1) is of the form a0 + a1V + ... + aℓV ℓ.

Moreover:
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(1) The map f is injective if and only if a0 = ... = aℓ−1 = 0 and aℓ ≠ 0.

In this case, the cokernel M concentrates on degree 0, and F = 0, V is

nilpotent (V ℓ = 0).

(2) The map f is surjective if and only if a0 ≠ 0. In this case the kernel

concentrates in degree 1.

Proof. We have Fd(1) = 0 so Fd(f(1)) = 0 as well. The kernel of Fd in Uℓ

is the direct sum k ⊕ kV ⊕ ...⊕ kV ℓ, so f(1) must be of the form

a0 + a1V + ... + aℓV
ℓ.

If ai is non-zero for some of i = 0, ..., ℓ − 1, say a0 = ... = ai−1 = 0 but

ai ≠ 0, then for every k0, k1, ..., kℓ−i−1 we can suitably choose the rest of the

coeþcients such that f(k0d + k1dV + k2dV 2
+ ...) = 0. This proves (1).

If a0 = 0 then f(k[[V ]]) ⊆ V k[[V ]] so f is not surjective. This proves

(2).

Proposition 6.5.6. Maps from Uk to Uℓ. Let k ⩽ ℓ, let U0 and Uℓ be

the dominos as defined in 1.4.4. Any map f ∶ Uk → Uℓ is determined by the

image of 1, f(1) is of the form a0 + a1V + ... + aℓ−kV ℓ−k.

Moreover:

(1) The map f is injective if and only if a0 = ... = aℓ−k−1 = 0 and aℓ−k ≠ 0.

In this case, the cokernel concentrates on degree 0.

(2) The map f is surjective if and only if a0 ≠ 0. In this case the kernel

concentrates on degree 1.

Lemma 6.5.7. Maps from Uℓ to an arbitrary domino. Let f ∶ Uℓ →D

be a map from a 1-dimensional domino Uℓ to an arbitrary domino D of

dimension n ⩾ 1.
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(1) If f is injective, then the cokernel D/Uℓ can be written as:

0→M →D/Uℓ →D′ → 0

where M is a finite dimensional k-vector space with F = 0, V -nilpotent; D′

is a domino of dimension n − 1.

Proof. Let U ′ ⊂ D be the following module: U ′(0) = V −∞f(U(0)), U ′(1) =
F∞f(U(1)). Then we can show that D/U ′ is a domino D′. Thus the

cokernel sits in a short exact sequence

0→ U ′/U →D/U →D′ → 0.

The cokernel U ′/U is concentrated in degree 0, so we are done.

Proposition 6.5.8. Maps between dominos. Let f ∶ D1 → D2 be a

map between two dominos of the same dimension, such that its kernel and

cokernel do not contain any dominos. Then the kernel of f concentrates

in degree 1, the cokernel of f concentrates in degree 0.

In other words, the following statements hold:

(1) Let f ∶D1 →D2 be an injective map between two dominos of the same

dimension, then its cokernel concentrates in degree 0.

(2) Let f ∶ D1 → D2 be an surjective map between two dominos of the

same dimension, then its kernel concentrates in degree 1.

Proof. We use induction on the dimension of the dominos. When dim(D1) =
dim(D2) = 1, this is Proposition 6.5.6. Assume d ∶= dim(D1) = dim(D2) ≥
2. Choose a subdomino U ⊆ D1 of dimension 1 such that D1/U is still a

domino of dimension d−1. Consider the map U ↪D1 →D2, by Proposition

6.5.7, the cokernel D2/Im(U) is an extension of a domino D3 by a ünite
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length module M[0]. We thus get a map of dominos of dimension d − 1:

D1/U
f̃
Ð→D2/Im(U)→D3.

We have the following commutative diagram

0 U D1 D1/U 0

0 Im(U) D2 D2/Im(U) 0

Now we consider the snake lemma: the kernel of D1/U → D2/Im(U) is a

submodule of the kernel D1/U →D2/Im(U)→D3, by induction hypothesis

it concentrates on degree 1. The cokernel of D1/U → D2/Im(U) is an

extension of cokernel of D1/U →D3 by M[0], so it concentrates on degree

0. Now the snake lemma gives us what we wanted.

Proposition 6.5.9. Let M be a coherent R-module, let T 2M ⊆M[p∞] ⊆M
be Ekedahl’s duality filtration.

(1) We have injective maps: cœur(T 2M j)↪ cœur(M[p∞]j)↪ cœur(M j).

(2) cœur(M[p∞]) is identified with the torsion module of cœur(M j).

(3) cœur(T 2M j) is identified with the nilpotent part of cœur(M[p∞]),
the quotient cœur(M[p∞])/cœur(T 2M j) (isomorphic to M[p∞]j/T 2M j ≅

A1
ss(M)j), is thus isomorphic to the semi-simple torsion part of cœur(M j).

Proof. In general, if N ⊆ M is a coherent R-submodule, by deüniton we

have V −∞Z(N j) = V −∞Z(M j)∩N j, and F∞B(N j) ⊆ F∞B(M j)∩N j. We

now use T ⊆ N ⊆M to denote Ekedahl’s duality ültration T 2M ⊆M[p∞] ⊆
M . We have injective maps of dominos:
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T j/V −∞Zj(T ) F∞Bj(T )

T j/V −∞Zj(N) F∞Bj(N)

T j/V −∞Zj(M) F∞Bj(M)

By Proposition 6.5.8, we have equalities F∞Bj(T ) ≅ F∞Bj(N) ≅ F∞Bj(M).
We have the following commutative diagram with exact rows

0 F∞Bj(N) V −∞Zj(N) cœur(N j) 0

0 F∞Bj(M) V −∞Zj(M) cœur(M j) 0

≅

It induces an injective map cœur(N j)→ cœur(M j) such that

cœur(M j)/cœur(N j) ≅ V −∞Zj(M)/V −∞Zj(N).

The latter is free because V −∞Z(N j) = V −∞Z(M j) ∩N j. This proves (2).

We have the following diagram:

0 F∞Bj(T ) V −∞Zj(T ) cœur(T j) 0

0 F∞Bj(N) V −∞Zj(N) cœur(N j) 0

≅

that induces an injective map cœur(T j) → cœur(N j), and it gives an iso-

morphism

cœur(N j)/cœur(T j) ≅ V −∞Zj(N)/V −∞Zj(T ).

We also have the following diagram
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0 V −∞Zj(T ) T j T j/V −∞Zj(T ) 0

0 V −∞Zj(N) N j N j/V −∞Zj(N) 0

that gives a short exact sequence

0→ V −∞Zj(N)/V −∞Zj(T )→ A1
ss(M j)→ (N j/V −∞Zj(N))/(T j/V −∞Zj(T ))→ 0

The F action on A1
ss(M j) is bijective, and the F -action on

(N j/V −∞Zj(N))/(T j/V −∞Zj(T ))

is nilpotent, so we must have (N j/V −∞Zj(N))/(T j/V −∞Zj(T )) = 0 and

V −∞Zj(N)/V −∞Zj(T ) ≅ A1
ss(M j). As a result we see that

cœur(N j)/cœur(T j) ≅ V −∞Zj(N)/V −∞Zj(T ) ≅ A1
ss(M j)

is F -semisimple. This completes our proof.

Proposition 6.5.10. Let X/k be a smooth proper variety of dimension N .

(1) We have A1
ss(H1(X,WΩ●

X/k))0 = 0, and

A1
ss(H1(X,WΩ●X/k))1 = NS(X)[p∞]⊗Zp

W,

where F acts trivially on NS(X)[p∞].

(2) We have A1
ss(HN(X,WΩ●

X/k))N−1 = NS(X)[p∞]∨ ⊗Zp
W. Here ∨ de-

notes the Pontryagin dual, and F acts trivially on NS(X)[p∞]∨.

Proof. We have A1
ss(H1(X,WΩ●

X/k))0 = 0 since H1(X,WOX) is the Cartier

module of P̂icX/k, which is always free. Next, we haveA1
ss(H1(X,WΩ●

X/k))1 =
NS(X)[p∞]⊗Zp

W . Indeed, by Proposition 6.5.9 we have

A1
ss(H1(X,WΩ●X/k))1 ≅ cœur(H1(X,WΩ1

X/k))ss.
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By Proposition 1.3.1 we have H1(X,WΩ1
X/k,log) ≅ H2(X,Zp(1)). We also

have H2(X,Zp(1))[p∞] ≅ NS(X)[p∞]. To see this, note that by Kummer

sequence we have a long exact sequence

H0(X,Gm)
pn

Ð→ H0(X,Gm)→ H1(X,µpn)→ H1(X,Gm)
pn

Ð→ H1(X,Gm),

hence H1(X,µpn) ≅ Pic(X)[pn]. Passing to the projective limit we ob-

tain an isomorphism H1(X,Zp(1)) ≅ Tp(Pic(X)). We also have the exact

sequence

H1(X,Zp(1))
pn

Ð→ H1(X,Zp(1))→ H1(X,µpn)→ H2(X,Zp(1))
pn

Ð→ H2(X,Zp(1))

Taking a large enough n gives H2(X,Zp(1))[p∞] ≅ NS(X)[p∞]. Part (2) is

a consequence of (1) and Theorem 6.5.3(3).

Remark 6.5.11. If X/k is a surface, this gives another proof of Theorem

2.3.1(1) that the ünite group part of H3(X,Zp(1)) equals NS(X)[p∞]∨.
This shows that Ekedahl’s duality theorem 6.5.3 is consistent with Milne’s

ýat duality theorem 2.2.2.

We have the following proposition explaining each parts of the slope

spectral sequence of an arbitrary proper smooth surface. For a proper

smooth surface S, we have the following invariants:

• Betti numbers: bn ∶= dim(Hn
ét
(S,Qℓ)).

• Hodge numbers: hij.

• Irregularity: q = b1
2

.

• The ünite group scheme H ∶= coker(Pic○red,X/k → PicτX/k).

• We have a decomposition H ≅Hel⊕Hll⊕Hle, where Hel is NS(X)[p∞].

Theorem 6.5.12. Let S/k be a proper smooth surface. Then the following

statements hold.
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(1) H0(S,WΩi
S/k) are all free for i = 0,1,2.

(2) A1
ss(H1(S,WΩ●

S/k))0 = 0,

A1
ss(H1(S,WΩ●

S/k))1 ≅ (NS(S)[p∞]⊗Zp
W ) ≅Hel ⊗Zp

W .

A1
ss(H1(S,WΩ●

S/k))2 is DM(Hle)∨.

A2
f(H1(S,WΩ●

S/k))i = 0 for all i = 0,1,2. That is, H1(S,WΩ●
S/k) has

no nilpotent torsion.

(3) A1
ss(H2(S,WΩ●

S/k))0 ≅ DM(Hle)

A1
ss(H2(S,WΩ●

S/k))1 ≅ NS(S)[p∞]∨ ⊗Zp
W ≅ (Hel ⊗Zp

W )∨,

A1
ss(H2(S,WΩ●

S/k))2 = 0,

A2
f(H2(S,WΩ●

S/k))0 ≅ DM(Hll).

A2
f(H2(S,WΩ●

S/k))1 ≅ DM(Hll)∨.

We are abusing notations here. The action (F,V ) on the dual M∨ has

diûerent deünitions: if M is a torsion with F bijective, then (F,V )M∨ =

(F −1,∗σ∗, pF −1); ifM is torsion with F nilpotent, then (F,V )M∨ = (V ∗σ∗, F ∗σ−1∗ ).

Proof. (1) is because the sheaves WΩi
S/k are all torsion-free ([23]). The ürst

and second statements of (2) are Proposition 6.5.10. The third statement

of (2), by Theorem 6.5.3(3) is equivalent to the ürst statement of (3), which

is a consequence of Theorem 6.1.2. The fourth statement of (2), according

to Theorem 6.5.3(4) is equivalent to the vanishing of A2
f(HN+1(S,WΩ●

S/k)),
which is trivial. The second and third statement of (3) by duality is equiv-

alent to the ürst and second statement of (2) respectively. The fourth and

üfth statement of (3) are equivalent to each other and is a consequence of

Theorem 6.1.2.

Remark 6.5.13. Theorem 6.5.12 shows that every ünite torsion part in the

slope spectral sequence of a surface S/k comes from a certain ünite torsion
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subgroup of PicS/k, the Picard scheme. Conversely, each ünite torsion part

of PicS/k (local-étale, or étale-local, or local-local parts) is reýected in a

certain ünite torsion part of the slope spectral sequence of S.

We can compute the Hodge numbers of a surface with T 02 = 0 from

its slope spectral sequences, generalizing a result of Suwa [50]. Suwa’s

calculation for surfaces satisfying T 02 =m02 = 0 extends to the case m02 ≠ 0.

Theorem 6.5.14. Let S be a proper smooth surface over an algebraically

closed field k of characteristic p. Suppose that the unipotent number T 02 =

0, then the following statements hold.

(1) We have the following table of Hodge numbers for S:

dim Ω0
S/k Ω1

S/k Ω2
S/k

H2 m02
+ rk(FH) q + rk(VH) 1

H1 q + rk(FH) b2 − 2m02
+ 2rk(VH) q + rk(FH)

H0 1 q + rk(VH) m02
+ rk(FH).

(2) We have the following table of de Rham numbers for S:

hndR =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1 when n = 0,4

b1 + rk(pH) when n = 1,3

b2 + 2rk(pH) when n = 2.

Here we follow the notation of Suwa [50]: FH means the kernel of the

map H
FH
Ð→H(p), VH means the kernel of the map H

VH
Ð→H(1/p), pH means

the kernel of the map H
p
Ð→H.

Proof. The short exact sequence

0→WOX
V
Ð→WOX → OX → 0
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gives the long exact sequence

0→ H1(WOX) V
Ð→ H1(WOX)→ H1(OX)→ H2(WOX)

V
Ð→ H2(WOX)→ H2(OX)→ 0.

We have
dimk(H1(WOX)/V ) = q,
dimk(H2(WOX)[V ]) = rkFH,
dimk(H2(WOX)/V ) =m02

+ rkFH

so the ürst column (and the third column, by Serre duality) of (1) follows.

To compute the cohomology of Ω1
X/k, we use the exact sequence:

0→WOX

(F,−Fd)
ÐÐÐÐ→WOX ⊕WΩ1

X/k
dV +V
ÐÐÐ→WΩ1

X/k → Ω1
X/k → 0.

Let Im be the image sheaf of dV + V . We have short exact sequences

0→WOX

(F,−Fd)
ÐÐÐÐ→WOX ⊕WΩ1

X/k → ImÐ→ 0,

0→ Im→WΩ1
X/k → Ω1

X/k → 0.

We have long exact sequences:

0→ H0(WOX)
(F,−Fd)
ÐÐÐÐ→ H0(WOX)⊕H0(WΩ1

X/k)Ð→ H0(Im)

→ H1(WOX)
(F,−Fd)
ÐÐÐÐ→ H1(WOX)⊕H1(WΩ1

X/k)Ð→ H1(Im)

→ H2(WOX)
(F,−Fd)
ÐÐÐÐ→ H2(WOX)⊕H2(WΩ1

X/k)Ð→ H2(Im)→ 0,

0→ H0(Im)Ð→ H0(WΩ1
X)Ð→ H0(Ω1)

→ H1(Im)Ð→ H1(WΩ1
X)Ð→ H1(Ω1)

→ H2(Im)Ð→ H2(WΩ1
X)Ð→ H2(Ω1)→ 0.

We can compute H2(Ω1) as H2(WΩ1)/(dV +V ). If T 02 = 0, then dV = 0,
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so H2(WΩ1)/(dV + V ) ≅ H2(WΩ1)/V , in this case we have

0→ A1
ss ⊕A

2
n → H2(WΩ1)→ H2(WΩ1)/[p∞]→ 0,

the last term is free and V is injective on it. We can compute

dim(H2(WΩ1)/V )
=dim(A1

ss(H2(WΩ1))/V ) + dim(A2
n(H2(WΩ1))/V )

+ dim(A0(H2(WΩ1))/V ) + dim(A1
n(H2(WΩ1))/V )

=dimFp
NS(S)[p] + rkVHll +m

12 = q + rkVH.

The rest of (1) follows from Serre’s duality and the formula: 2Ç(OX) −
Ç(Ω1

X/k) = c2. This formula is a consequence of the Hodge-de Rham spectral

sequence and the long exact sequence:

...→ Hn
cris(S/W )

p
Ð→ Hn

cris(S/W )→ Hn
dR(S/k)→ ...

The split degeneration of slope spectral sequence when T 02 = 0, and the

above long exact sequence can give us (2).

Ekedahl’s duality also can be used to show that the ýat Artin-Mazur

formal groups of an arbitrary abelian 3-fold are all smooth.

Theorem 6.5.15. Let A/k be an abelian variety of dimension g. The

following statements hold:

(1) when g = 3, then the flat Artin-Mazur formal groups Φi
fl
(A,Gm) are

all smooth for i = 1,2,3;

(2) when g = 4, the only possible case that at least one of the flat Artin-

Mazur formal groups Φi
fl
(A,Gm) is not smooth is the flat formal Brauer

group Φ2
fl
(A,Gm) of an abelian 4-fold whose slopes of H1

cris(A/W ) are

{0,0, 1
2
,
1

2
,
1

2
,
1

2
,1,1}.
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(3) when A is supersingular, A2
f and A1

ss are trivial everywhere. As a

corollary, the flat Artin-Mazur formal groups Φi
fl
(A,Gm) are all smooth

for all i.

Proof. Let us ürst prove (1). By Ekedahl’s result 6.1.2, it suþces to show

that Hi(A,WOA) has no V -torsion for i = 2,3. The V -torsion of these

groups are canonically isomorphic to the direct sum of the semi-simple

torsion A1
ss, and the nilpotent torsion A2

f at these positions by Proposition

6.5.9. Since the Picard scheme is smooth, and A is 3-dimensional, it suþces

to show Φ2
fl
(A,Gm) is smooth. By Ekedahl’s duality, the semi-simple tor-

sion at (i, j) is dual to the semi-simple torsion at (N−i,N+1−j), the nilpo-

tent torsion at (i, j) is dual to the nilpotent torsion at (N −1− i,N +2−j),
so it suþces to show that A1

ss of H1(A,WΩ3
A/k) is trivial, and A2

f of

H2(A,WΩ2
A/k) is also trivial. The groups Hi(A,WΩ3

A/k) are free ([23,

Proposition II.3.12]), so the ürst statement holds. For H2(A,WΩ2
A/k), no-

tice that H1(A,WΩ3
A/k) is trivial unless A is ordinary or almost ordinary. In

these two cases A is Hodge-Witt, so of course H2(A,WΩ2
A/k) does not have

nilpotent torsion; in other cases, the nilpotent torsion A2
f of H2(A,WΩ2

A/k)
is the heart of a submodule of H2(A,WΩ2

A/k), so it survives to the ∞-page,

but the trivialness of H1(A,WΩ3
A/k) makes sure that E2,2

∞ is free. So the

result follows.

Let us prove (2). It suþces to prove that Φ2
fl
(A,Gm) and Φ3

fl
(A,Gm) are

smooth. By Ekedahl’s result 6.1.2, it suþces to show that Hi(A,WOA)
doesn’t have V -torsion for i = 3,4. For an abelian variety, there is no semi-

simple torsion (2.4.1). It suþces to show that the nilpotent torison A2
f

of H2(A,WΩ3
A/k) and H3(A,WΩ3

A/k) are trivial. The nilpotent torison of

H2(A,WΩ3
A/k) is trivial for all A: again, H1(X,WΩ4

A/k) is trivial unless A is

ordinary or almost ordinary (Hodge-Witt), but in other cases the nilpotent

torsion A2
f of H2(A,WΩ3

A/k) is the heart of a submodule of H2(A,WΩ3
A/k),
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so it survives to the ∞-page, but the trivialness of H1(A,WΩ4
A/k) makes

sure that E2,2
∞ is free. For the nilpotent torsion of H3(A,WΩ3

A/k), we notice

that H2(A,WΩ4
X/k) is non-trivial only when the multiplicity of slope 0 in

H1
cris(A/W ) is at least 2. The only cases when A is not Hodge-Witt, is when

the slopes of H1
cris(A/W ) are {0,0, 1

2
, 1
2
, 1
2
, 1
2
,1,1}. In other cases, either A

is Hodge-Witt, or H2(A,WΩ4
X/k) is trivial so the nilpotent torsion A2

f of

H3(A,WΩ3
A/k) is the heart of a submodule of H3(A,WΩ3

A/k), so it survives

to the ∞-page, but the trivialness of H2(A,WΩ4
A/k) makes sure that E3,3

∞

is free.

Finally let us prove (3). By 2.4.1 there is no semi-simple torsion any-

where. Since A is supersingular, Ei,j
∞ is torsion whenever j < i. They are

all 0 since we can use induction to prove that they are torsion subobjects

of H
i+j
cris(A/W ). This further shows that the heart of Hj(A,WΩi

A/k), for

any j ⩽ i + 1, is free. Therefore there is no nilpotent torsion A2
f whenever

j ⩽ i + 1. Now by Ekedahl duality, we conclude that there is no nilpotent

torsion anywhere.

Corollary 6.5.16. Let A/k be an abelian variety of dimension g over k an

algebraically closed field of characteristic p. Then the étale Artin-Mazur

formal group Φi(A,Gm) are all pro-representable on Art
op
k and they agree

with Φi
fl
(A,Gm), for all the following cases:

(1) g = 3.

(2) g = 4 and the slopes of H1
cris(A/W ) are not {0,0, 1

2
, 1
2
, 1
2
, 1
2
,1,1}.

(3) Supersingular.

Proof. This is a consequence of 6.5.15 and Proposition 10.11 of [4].

Remark 6.5.17. Abelian varieties are Mazur-Ogus in the sense of [18].

According to Theorem IV.1.2 and Theorem III.4.6 in [18], it should be

true that for any abelian variety A/k, A2
f and A1

ss are all trivial every-
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where. From this we can conclude that the ýat Artin-Mazur formal groups

Φi
fl
(A,Gm) are formally smooth for all n. This further shows that on Art

op
k ,

the (étale) Artin-Mazur formal group Φi(A,Gm) are all pro-representable

as well and they agree with Φi
fl
(A,Gm). I don’t know how to prove this

using elementary method without using Ekedahl’s diagonal complexes.

6.6. On the Tate Conjecture for Divi-

sors

In this section we explain how to view Tate conjecture for divisors (over

a ünite üeld) as an analogue of Hodge conjecture over C. Let k = Fp, the

algebraic closure of the ünite üeld. Let X/k be a proper smooth variety.

Since X must be deüned over a ünite üeld, there is a proper smooth variety

X0/Fq such that X0 ⊗Fq
k ≅ X. Then the Tate conjecture for divisors for

X0 states that the following map is surjective:

(Tℓ) ∶ Pic(X0)⊗Qℓ Ð→ H2
ét(X,Qℓ(1))Gal(k/Fq).

The p-adic version for the crystalline cohomology states that the following

map is surjective:

(Tp) ∶ Pic(X0)⊗Qp Ð→ H2
cris(X0/W (Fq))F=pQ

.

There is a nice viewpoint to view Tate conjecture as an analogue of

Hodge conjecture, based on the following fact: the union of W (Fpn), the

ring of Witt vectors of the ünite üeld Fpn in W does not equal W . This

is because, if we denote W̆ the union, then W̆ is not complete, but W is

complete. This is very similar to the fact that Q is not complete in C.
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Inside H2
cris(X/W ), the union

H̆2
cris(X/W̆ ) ∶=⋃

n

H2
cris(X0 ⊗Fq

Fqn/W (Fqn))

is the subspace of H2
cris(X/W ) consisting of the elements that are "uni-

formly ünite". This is the analogue of H2(X,Q) ⊂ H2(X,C) in the Hodge

conjecture situation. To compare, the F = p subspace of H2
cris(X/W ) is

the analogue of the (1,1)-piece: H1,1(X,C) ∶= H1(X,Ω1
X/C) in the Hodge

conjecture setting.

Then the Tate conjecture for divisors maybe reformulated as: the follow-

ing map is an isomorphism:

(T ′p) ∶ Pic(X)⊗Qp Ð→ H̆2
cris(X/W̆ )Q ∩H2

cris(X/W )F=pQ
.

Viewing this, the right form of Torelli theorem for K3 surfaces should

be: let X/k be a K3 surface over k = Fp, then the isomorphism class of

X depends only on the isomorphism class of (non-completed version) F-

crystal with a perfect pairing:

(H̆2
cris(X/W̆ ), F, ⟨−,−⟩).

When X/k is not supersingular, analogous to the complex case, the iso-

morphism class of (H2
cris(X/W ), F, ⟨−,−⟩) only depends on the height of

X.

For Hodge conjecture, the divisor case is proved as the Lefschetz (1,1)-
theorem. One proof of the Lefschetz (1,1)-theorem uses the exponential

map of sheaves:

0→ Z→ OX

exp
Ð→ O

∗

X → 0.

In the Tate conjecture setting there is no exponential map. However,

there is the following Artin-Hasse exponential map (6.5), viewing both
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sides as sheaves on various sites over k:

E ∶ Ŵ ×W→ Gm,

E((u,x)) = E(u ⋅ x).
(6.5)

It is a question what does this map give us about Tate conjecture. For

example, we have

Ŵ ≅Hom(W,Ga), RΓ(X,Ŵ) ≅ RΓ(X,Hom(W,Ga)).

It would be ideal if we could ünd a short exact sequence of sheaves of the

following form:

0→ W̆→W→ Gm → 0,

where the cohomology groups of W̆ are exactly H̆∗cris(X/W̆ ). If this is done,

we could prove Tate conjectures for divisors by analyzing the short exact

sequence

H1(X,Gm)→ H̆2
cris(X/W̆ )→ H2(X,WOX),

because if x ∈ H̆2
cris(X/W̆ )∩H2

cris(X/W )F=p, its image in H2(X,WOX) has

to be 0 by Illusie’s theory. So it must comes from Pic(X).
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A Properties of the De Rham-

Witt complex

The main reference for this section is [23].

Definition A.0.1. V-pro complexes. Let X be a ringed topos. A V-pro

complex on X is a projective system of commutative differential Z–graded

algebras

{M ●

n ∶M
●

n+1

R
Ð→M ●

n}

equipped with a family of additive maps V ∶ M ●

n → M ●

n+1 satisfying the

following properties:

(0) RV = V R.

(1) M ●

n = 0 if n ⩽ 0, M 0
1 is an Fp-algebra, and for n ⩾ 1, M 0

n =Wn(M 0
1 ),

and R,V are the usual restriction and shifting operators on Witt vectors:

R ∶Wn+1(M 0
1 )→Wn(M 0

1 ), V ∶Wn(M 0
1 )→Wn+1(M 0

1 ).

(2) For each n, i, j, and x ∈M i
n, y ∈M j

n, we have V (xdy) = V xd(V y).

(3) For each n ⩾ 1, and each element x ∈ M 0
1 , y ∈ M 0

n, then we have

(V y)dx = V (xp−1y)d(V x), where x = (x,0, ..., 0) ∈M 0
n is the multiplicative

lift.

Note that condition (2) implies:
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(2’) For each n and a, x1, ..., xi ∈M 0
n, we have

V (adx1dx2...dxi) = (V a)(dV x1)...(dV xi).

Conditions (2) and (2’) are equivalent when each M ●

n is generated by

M 0
n as a diûerential graded algebra. Illusie explicitly constructed WnΩ

●

A

inductively as a quotient of Ω●
Wn(A), and proved the following:

Theorem A.0.2. The functor from V-pro complexes to Fp-algebras:

V -pro(X)→ Fp-Alg(X) ∶ {M ●

n}→M 0
1

admits a right adjoint

A→ {WnΩ
●

A},

in the sense that, for any V-pro complexes {M ●

n}, we have a natural iso-

morphism

HomV -pro(X)({WnΩ
●

A},{M ●

n}) = HomFp-Alg(X)(A,M 0
1 ).

Moreover, the construction ofWnΩ
●

A is compatible with étale base change.

The resulting pro-complex of étale sheaf on X formed by A → WnΩ
●

A de-

ünes the de Rham-Witt pro-complex WnΩ
●

X . By taking projective limit,

we obtain WΩ●A ∶= lim
←Ðn

WnΩ
●

A.

Until now, we have not discussed the Frobenius operator F yet. The def-

inition of F , is highly dependent on the explicit computation of WnΩ
●

A for a

smooth algebraA, particularly, for thoseA of the form Fp[t1, ..., tm, t±1m+1, ..., t±1n ].
Illusie deüned the operator F explicitly for such algebras, and then showed

that this deünition generalizes to the general case by a limit argument.

Theorem A.0.3. Let X be a ringed topos of Fp-algebras. Then the pro-

jective sysmtem of ring homomorphisms: FR = RF ∶ Wn+1OX → WnOX
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extends uniquely to a projective system of graded algebra homomorphisms:

F ∶Wn+1Ω
●

X →WnΩ
●

X ,

such that:

(1) for each n ⩾ 2 and each x ∈ OX, let x
⩽n = (x,0, ..., 0) ∈ WnOX be the

multiplicative lift, we have

Fdx
⩽n = x

p−1
⩽n−1dx⩽n−1.

(2) for each n ⩾ 1, FdV = d ∶WnΩ
i
X →WnΩ

i+1
X .

Proposition A.0.4. The following formulas hold:

(1) FV = V F = p ∶WnΩ
i
X →WnΩ

i
X .

(2) dF = pFd ∶WnΩ
i
X →Wn−1Ω

i+1
X , and V d = pdV ∶WnΩ

i
X →Wn+1Ω

i+1
X .

(3) FdV = d ∶WnΩ
i
X →WnΩ

i+1
X .

(4) xV y = V (Fx.y), for any x ∈WnΩ
i
X , y ∈WnΩ

j
X.

These formulas also hold for the projective limit WΩ●
X/k.

From now on, assume X is a smooth scheme over a perfect base S of

characteristic p. We will need the following results on the structure of

WΩ●X .

Canonical Filtration.

Definition A.0.5. For each n, r, we define the canonical filtration on

WrΩ
●

X and WΩ●X to be

FilnWrΩ
●

X ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

WrΩ
●

X if n ⩽ 0 or r ⩽ 0

Ker(Rr−n
∶Wr →Wn) if 1 ⩽ n < r

0 if n ⩾ r

(A.1)
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FilnWΩ●X ∶=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

WΩ●X if n ⩽ 0

Ker(Rn ∶WΩ●X →WnΩ
●

X) if n ⩾ 1

We then naturally define the graded pieces:

grnWrΩ
●

X ∶= Fil
nWrΩ

●

X/Filn+1WrΩ
●

X ,

grnWΩ●X ∶= Fil
nWΩ●X/Filn+1WΩ●X .

Proposition A.0.6. For each n ⩾ 0 and each r, FilnWrΩ
●

X is the differen-

tial graded ideal generated by V nWr−nOX. In other words, we have

FilnWrΩ
i
X = V

nWr−nΩ
i
X + dV

nWr−nΩ
i−1
X ,

FilnWΩi
X = V

nWΩi
X + dV

nWΩi−1
X .

Proposition A.0.7. For each n and each i, the homomorphism F ∶Wn+1Ω
i
X →

WnΩ
i
X induces (via quotient by Filn) a homomorphism

F ∶WnΩ
i
X →WnΩ

i
X/dV n−1Ωi

X .

For n = 1, this is the inverse Cartier operator

C−1 ∶ Ωi
X/k → Ωi

X/k/dΩi−1
X/k.

Proposition A.0.8. For each n, the multiplication by p map p ∶Wn+1Ω
●

X →

Wn+1Ω
●

X has kernel FilnWn+1Ω
●

X, so it induces an injection p ∶ WnΩ
●

X →

Wn+1Ω
●

X. Moreover, for each i such that 0 ⩽ i ⩽ n + 1, we have

Ker(pi ∶Wn+1Ω
●
→Wn+1Ω

●) = Filn+1−iWn+1Ω
●

X .

Graded Pieces of the Canonical Filtration.

Proposition A.0.9. For each n and each i, we have the following mor-
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phism of exact sequences:

0 BnΩ
i
X Ωi

X Wn+1Ω
i
X

0 Bn+1Ω
i
X Ωi

X Wn+1Ω
i
X/dV nΩi−1

X

V n

V n

0 Zn+1Ω
i−1
X Ωi−1

X Wn+1Ω
i
X

0 ZnΩ
i−1
X Ωi−1

X Wn+1Ω
i
X/V nΩi

X

dV n

dV n

where the right vertical arrows are the natural projections.

The proof of Theorem A.0.9 relies heavily on the analysis in the next

subsection. We will use these properties freely.

Proof. By étale localization we may assume S = spec(k), X = spec(A),
A = k[T1, ..., Tr]. Suppose B =W [T1, ..., Tr], let Ω●B the de Rham complex

of B/W , and let E● the complex of integral logarithmic forms used in the

construction of F (E● is the de Rham-Witt complex of A), we have for

each m, a quasi-isomorphism

WmΩ
●

A ≅ E
●/FilmE●,

and for each i we have

FilmEi = V mEi
+ dV mEi−1.

Since E is generated by E0 (as a commutative diûerential graded algebra)

and E0 = ∑j⩾0 V
jB, we can see that

FilmEi =∑
j⩾0

V m+jΩi
B + dV

m+jΩi−1
B .
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Suppose x ∈ Ωi
A is a section who has a lift y ∈ Ωi

B. Suppose that V ny ∈

Filn+1Ei, we can write V n as the following ünite sum:

V ny = ∑
1⩽m⩽N

V n+mzm + dV
n+mtm,

where zm ∈ Ωi
B and tm ∈ Ω

i−1
B . Apply F n+N on both sides, we obtain that

pnFNy = ∑
1⩽m⩽N

pn+mFN−mzm + F
N−mdtm

Multiplying pN−1 on both sides, we obtain

pn+N−1(FNy − ∑
1⩽m⩽N

pmFN−mz) = d( ∑
1⩽m⩽N

pm−1FN−mtm).

Now we apply Corollary B.0.5(2), since FNy −∑1⩽m⩽N p
mFN−mz is a lift

of C−Nx, we conclude that C−Nx ∈ Bn+NΩ
i
A/BnΩ

i
A. This implies that

x ∈ BNΩ
i
A. So we ünished the proof of the ürst part. The second part of

the proof is similar.

Corollary A.0.10. For each n ≥ 0 and each i, we have the following exact

sequences of finite type locally free OX-modules:

0→ F n+1
∗

Ωi
X/Bi

n

V n

Ð→ grnWΩi
X/k

β
Ð→ F n+1

∗
Ωi−1

X /Z i−1
n → 0

0→ F n+1
∗

Ωi−1
X /Z i−1

n+1

dV n

ÐÐ→ grnWΩi
X/k

β′

Ð→ F n+1
∗

Ωi
X/Bi

n+1 → 0,

where the OX-module of grnWΩi
X/k is defined by

F ∶ OX ≅Wn+1OX/VWnOX →Wn+1OX/pWn+1OX ,

and ´ maps the class of V nx+ dV ny to the class of y, ´′ maps the class of

V nx + dV ny to the class of x.

The kernel and cokernel of F and V .
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Proposition A.0.11. For each n ≥ 0 and each i, there is a exact sequence

0→ Ωi
X/k/BnΩ

i
X

V n

Ð→Wn+1Ω
i
X/k

F
Ð→WnΩ

i
X

0→ Ωi−1
X /ZnΩ

i−1
X

dV n

ÐÐ→Wn+1Ω
i
X

V
Ð→Wn+2Ω

i
X

The canonical filtration and the p-adic filtration.

Proposition A.0.12. For each integer n ≥ 0,

Lemma A.0.13. For each n ⩾ 0, multiplication by p induces a quasi-

isomorphism grnWΩ●X → grn+1WΩ●X.

Proof. This is [23, Proposition I.3.13].

The fixed point of F

For each n, there is a map d log ∶ O∗X → WnΩ
1
X/k, a homomorphism be-

tween sheaves of abelian groups deüned by x→ dx/x where x = (x,0,0, ...)
is the multiplicative lift of x ∈WnOX .

Proposition A.0.14. For each n ≥ 1, the following sequence is exact:

0→ O
∗pn

X → O∗X
d log
ÐÐ→WnΩ

1
X/k

Proof. Since pnWnΩ
1
X/k = 0, we have d log(O∗pnX ) = 0 in WnΩ

1
X/k. Con-

versely, suppose x ∈ O∗X such that d log(x) = 0, we prove inductively that

locally x is of the form yp
n for some local section y. Suppose in some open

neighborhood x = yp
m for some 0 ⩽ m < n. Then 0 = d log(x) = pmd log(y)

and Proposition A.0.8 shows that d log(y) ∈ Filn−mWnΩ
1
X/k ⊂ Fil

1WnΩ
1
X/k.

So the image of d log(y) ∈ Ω1
X/k equals 0, this tells us that y = y′p. By

induction, the claim is true.
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B Propositions for a Local Lift-

ing

The proof of Proposition A.0.9 is not trivial at all. We need the following

proposition in the following context. Assume that X → S is smooth, where

S is a characteristic p base which lifts to a p-adic complete and separate

formal scheme T such that OT /pOT ≅ OS, and there is a endomorphism

FT of T that lifts the (absolute) Frobenius FS. Assume also that X → S

lifts to smooth map between formal schemes Y → T such that there is an

endomorphism FY that lifts the absolute Frobenius FX . When S is perfect

and when X is aþne, such lifts always exist. We can take T =W (S) and

take FT to be the Frobenius of Witt vectors, and since X is aþne, there

is no obstruction to lift X/S to a formally ýat map Y /T , and we take

FY ∶ Y → T ×T,FT
T . More generally, the lifts exist when both X and S are

aþne and S is smooth over a perfect scheme.

We let Y F /T = Y F be the formal scheme otained by über product and

we have the ’relative Frobenius’ FY /T ∶ Y → Y F obtained by universal

property. Let Ω1
Y /T be the continuous diûerential of Y /T , let Ω●

Y /T , d be

the corresponding de Rham complex.

Proposition B.0.1. Under the above conventions,

(1) FY /T is finite, and locally free.

(2) For each integer i ⩾ 0, the image of the canonical arrow F ∗
Y /TΩ

i
Y F /T →
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Ωi
Y /T (resp, Ωi

Y F /F → FY /T,∗Ωi
Y /T ) is contained in piΩi

Y /T (resp, piFY /T,∗Ωi
Y /T ).

Part (2) follows from the fact that when reducing modulo p to X/S, the

map F ∗
X/SΩ

1
X(p)/S → Ω1

X/S is trivial. This tells us that there exists a unique

homomorphism of graded algebras

F ∶ Ωi
Y F /T → Ωi

Y /T

such that dF = pFd, and that if FY /T is the canonical map Ωi
Y F /T → Ωi

Y /T
then FY /T = piF . Let F ∶ Ω●

X(p)/S → Ω●
X/S be the reduction of F . Then

(Mazur) gives the following observation:

Proposition B.0.2. We have for each i, F (Ωi
X(p)/S) ⊆ ZΩi

X/S, and the

following composition map is the identity:

Ωi
X(p)/S

F
Ð→ ZΩi

X/S → Hi(Ω●X/S, d)
CX/S

ÐÐ→ Ωi
X(p)/S.

Proof. In degree 0, F is the relative Frobenius FX/S. In degree 1, let y ∈ OY

be a local section whose reduction is x ∈ OX . By deünition of the Cartier

operator, C−1W ∗dx is the class of xp−1dx ∈ H1(Ω●
X/S, d). By the deünition of

F , the class of F (W ∗dx) is the class of F (W ∗dy) = 1
p
(d(FYW ∗y)) modulo

p. We have FYW ∗y = yp + pz for some z ∈ OY , so the class of F (W ∗dy)
equals the class of yp−1dy + dz, modulo p we get the class of yp−1dy ∈

H1(Ω●
X/S, d), so we proved the proposition.

Now let Y Fn

= Y (n) be the n-th twist and let F n
∶ Y → Y (n) and F n

∶

Ωi
Y (n)/T → Ωi

Y /T be the n-fold composition of F . Let F n ∶ Ωi
X(n)/S → Ωi

X/S
be the reduction of F n, then we have:

Corollary B.0.3. For each i, F n(Ωi
X(n)/S) ⊆ ZnΩ

i
X/S, and the following

composition map is identity:

Ωi
X(n)/S

Fn

Ð→ ZnΩ
i
X/S → ZnΩ

i
X/S/BnΩ

i
X/S

Cn
X/S

ÐÐ→ Ωi
X(n)/S.
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In particular, we have

F n(Ω●
X(n)/S) +BnΩ

●

X/S = ZnΩ
●

X/S

F n(B1Ω
●

X(n)/S) +BnΩ
●

X/S = Bn+1Ω
●

X/S.

Proposition B.0.4. For each integers n ≥ 0 and i ≥ 0, let d−1pnΩi+1
Y /T be

the subsheaf of Ωi
Y /T formed by sections x such that dx ∈ pnΩi+1

Y /T . We have:

d−1pnΩi+1
Y /T = ∑

0⩽k⩽n

pkF n−k(Ωi
Y (n−k)/T ) + ∑

0⩽k⩽n−1

F k(dΩi−1
Y (k)/T ).

Proof. We use induction on n to prove the theorem. When n = 0, the

proposition is clear. Suppose the proposition is proved for n − 1, let us

prove n. Let x ∈ Ωi
Y /T such that dx = pny, where y ∈ Ωi+1

Y /T . By induction

hypothesis, after localization, we can write x as the following form:

x = ∑
0⩽k⩽n−1

pkF n−kxk + ∑
0⩽k⩽n−2

F k(dyk)

where xk ∈ Ωi
Y (n−k)/T and yk ∈ Ω

i−1
Y (k)/T . We deduce,

dx = pn−1
n−1

∑
k=0

F n−kdxk.

Assume
n−1

∑
k=0

F n−kdxk = py,

modulo p, we have
n−1

∑
k=0

F
n−k
dxk = 0.

Since F
n−2
dx1, ..., dxn−1 all lie in Bn−1Ω

i
X/S, so is F n−1dx0. This shows that

dx0 = 0. Repeating this analysis, we conclude that dx0 = ... = dxn−1 = 0.

We can thus (according to Corollary B.0.3) write xk = F (uk) + dvk + pwk,
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as a result we have

x = F nu0 + pF
n−1(u1 +w0) + ... + pn−1F (un−1 +wn−2) + pnwn−1

+ d(y0 + pn−1vn−1) + Fd(y1 + pn−2vn−2) + ... + F n−2d(yn−2 + pv1) + F n−1dv0.

Corollary B.0.5. Suppose integers n ⩾ 0 and i ⩾ 0, and x ∈ Ωi
X/S is a local

section.

(1) For x to be in ZnΩ
i
X/S, it is necessary and sufficient that there is a

local section y ∈ Ωi
Y /T lifting x such that dy ∈ pnΩi

Y /T .

(2) For x to be in BnΩ
i
X/S, it is necessary and sufficient that there is a

local section y ∈ Ωi−1
Y /T such that dy ∈ pn−1Ωi

Y /T , and dy/pn−1 lifts x.
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