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Abstract

Let X be a proper smooth variety over an algebraically closed field k of
characteristic p > 0. This thesis studies the p-primary component of the

Brauer group of X, denoted by Br(X)[p>].

In the first part, we start by recalling that

Br(X)[p*] = (Qy/Z,)"" © B (X, Z,(1))[p™],

where r denotes the multiplicity of slope 1 in H2, (X/W), and p is the
Picard number of X. The term H3(X,Z,(1))[p>] denotes the torsion part
of the projective limit lim H} (X, 1n). By applying Tllusie’s theory of
logarithmic de Rham-Witt sheaves, we show that H3(X,Z,(1))[p>] fits

into a short exact sequence
0 U(k) > B(X, Z,(1))[p™] > J ~ 0,

where U is a connected commutative unipotent group over £ and J is a
finite group. We then review Crew’s formula and Ekedahl’s inequality,
which provide information about the dimension of U. As an application,

we obtain results concerning U and J for various classes of varieties.

In the second part, we employ a formula introduced by Skorobogatov
to explicitly compute Br(A)[p"] for certain abelian varieties. Using this
approach, we determine the dimension of U[p], the p-torsion subgroup of

U, for an arbitrary principally polarized abelian variety in terms of the



Ekedahl-Oort type of A, when p # 2. Combined with a calculation for non-
polarized abelian varieties using Kraft’s cycles, this allows us to identify
the isogeny class of U for all abelian threefolds. We explicitly compute
the connected component of the group Hom(A[p?], AV[p?])*y™ in the case
where A is a supergeneral principally polarized abelian threefold, and we
show that this unipotent group varies in a well-behaved manner across the
moduli space of such abelian threefolds. Finally, we propose a conjectural
description of the isogeny class of U for an arbitrary supergeneral abelian

variety.

The third part contains further applications, some conjectures and partial
results in the direction of these conjectures. We relate the fppf cohomology
of p,» to the crystalline cohomology at level n. In particular, we obtain
an injectivity criterion that generalizes a result of Ogus. We establish
smoothness of flat Artin—Mazur formal groups for all abelian threefolds
and for a large class of abelian fourfolds, without relying on Ekedahl’s

diagonal t-structure.
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Notation

e k, an algebraically closed field of characteristic p > 0.
o« W =W(k), the ring of Witt vectors of k.
e K= W[%], the field of fractions of W.

o A[l>], the (-primary torsion subgroup of any abelian group A.

o W,[F,V], the (non-commutative) Cartier-Dieudonné ring, defined by
the relations Fla=a’F, aV =Va®, FV =V F =p.

« R=R'® R, the Cartier-Dieudonné-Raynaud ring (Definition 1.4.1).

o M[i](j): for M € D*(R), shifted i degrees in complex grading, shifted
j degrees in module grading (see Definition 1.4.12).

« H(X,Z)(1)):= lim Hi e (X ) (1.1.1).
o my(M): the multiplicity of the slope A in the (iso)crystal M.
o h¥:=dimy H(X, Qfx/k): the Hodge numbers of X.

e b;:=dimg, H (X, Q): the i-th Betti number of X.
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Introduction

The (cohomological) Brauer group of a variety X is defined by Grothendieck
as Br(X) := H% (X, G,,). It plays a fundamental role in governing both ra-
tional points and divisors (see [11]). An enduring problem in arithmetic

geometry is to understand the structure of Br(X) for a variety X over a

field &.

This thesis focuses on a narrower aspect of this question: the study of
the p-primary part Br(X)[p>], where X is a proper smooth variety over
an algebraically closed field k of characteristic p. Indeed, in this setting, it
is well known that the cohomological Brauer group Br(X) = H (X, Gy,) is
a torsion abelian group. For a prime £ # p, using the Kummer sequence for
the étale topology, Grothendieck showed that Br(X)[¢>] is a direct sum of
(Q¢/Z¢)%* and H3 (X, Z¢(1))[€>], where by be the second Betti number
of X computed using ¢-adic étale cohomology, and p = dimg(Pic(X) ® Q)
is the Picard number of X (see, e.g., [11, Proposition 5.2.9]). In contrast,
the structure of the p-primary part Br(X)[p>] is considerably more subtle.
The goal of this thesis is to study this object in depth.

Using the Kummer sequence for the fppf topology, one obtains a similar
decomposition for the p-primary torsion. Indeed, Br(X)[p™] is also a
direct sum of (Q,/Z,) " and H3(X,Z,(1))[p>], where

HZ(X7ZP(1)) :@H%ppf(Xﬂup")a (1)

12



following Illusie’s definition [23, Section IL.5], and r is the Z,-rank of the
free part of H2(X,Z,(1)) (see Section 1.1). Thanks to foundational work
by Illusie, Raynaud, Crew, and Ekedahl, the theory of the de Rham-Witt
complex and its logarithmic subsheaves provides an effective description of
the groups H(X,Z,(1)). The development and application of this theory

form the main focus of Part [ of this thesis.

We begin with the following well-known structure theorem in Chapter 1,

based on results of Illusie and Raynaud (see Theorem 1.4.11):

Theorem. Let X be a smooth proper variety over an algebraically closed

field k of characteristic p. Then the following statements hold.

(1) There is a split (non-canonically) exact sequence
0 (Qy/Zy)"" — Br(X)[p~] -~ H(X, Zy(1))[p™] =0,

where r = my(H2, (X/W)) is the multiplicity of slope 1 of H2. (X /W).

cris cris

(2) For each i > 1 there is an exact sequence
0 Ui(k) - H (X, Z,(1)[p™] > J; 0,

where U; is a finite dimensional connected commutative unipotent algebraic

k-group, and J; is a finite group.

Although the unipotent algebraic group U; is not uniquely determined
by X, in the category of quasi-algebraic groups in the sense of Serre ([48])

it is well-defined up to isomorphism.

The central objects of study in this thesis are thus the finite groups J;
and the unipotent group U;, particularly J3 and Us, which contrubute to
the structure of Br(X)[p*>]. For simplicity, we use U and J to denote Us

and J3, respectively.
The dimension of the unipotent group U, according to Illusie’s work,

13



equals the so-called domino number T%? (see Definition 1.7). This number

measures the non-degeneracy of the differential map
H(X,WOyx) - H*(X, Wﬁﬁ(/k)

in the slope spectral sequence. The domino numbers T% are well-studied in
the work of Crew and Ekedahl. These numbers, in some sense, measure the
difference between Newton and Hodge polygons of X. In this context, we

recall the notion of slope numbers m* (see Definition 1.5.2), as introduced
by Crew and Ekedahl:

Definition. For a smooth proper variety X [k, the slope numbers m% are
defined by:
mi = S i+ 1= N)ymy(H

cris
Ae[i,i+1)

+ z ()\—Z'+1)m)\(Hi+j

cris
Ae[i-1,i)

(X/W))

(2)
(X/W)).

We can then translate the work of Illusie, Crew and Ekedahl, into the

following two nice statements (see Theorem 1.5.4, and Theorem 1.5.5).

Theorem. Let X be a proper smooth variety over an algebraically closed

field k of characteristic p.

(1) When X is a surface, we have Crew’s formula:

dim U = (h%2 = hO1) = (m92 = m®1).

(2) Assume h%2 + hUL + h20 = by, then

dim U = k%2 - m92,

These results constitute the core content of Chapter 1.

In Chapter 2, we present initial applications of the preceeding theory to

various class of varieties. Rewriting Bloch-Kato’s result, we show that if

14



X is ordinary, then U =0 (see Theorem 2.1.5). Using Milne’s flat duality

theorem for surfaces, we prove that (see Theorem 2.3.1):

Theorem. If X is a surface, then J is the Pontryagin dual of NS(X)[p*].

We also demonstrate that if H?

cris

(X /W) is torsion free, then J =0 (see
Theorem 2.4.1). Furthermore, we study Br(X)[p>] for surfaces satisfy-
ing ¢ = —p,, a class that includes Enriques surfaces, Godeaux surfaces and
(quasi)-hyperelliptic surfaces (see Theorem 2.3.2). Finally, using a Kiin-
neth formula due to Ekedahl, we show that if X is ordinary, then the
unipotent part of Br(X xY') is isomorphic to the unipotent part of Br(Y)

(see Theorem 2.5.3).

Our next goal, in Part II, is to study the isogeny class of U in depth.
Indeed, while the dimension of U is known from the work of Crew and
Ekedahl, commutative unipotent groups in characteristic p exhibit subtle
and intricate behavior. For instance, the Witt group Wy (of dimension 2)
is not annihilated by p, whereas G, x G, is. In fact, Serre showed that
any connected commutative unipotent group U is isogenous to a product
of Witt vector groups W, , meaning there exists a surjective morphism
U - [1; W, with finite kernel (see [49, Theorem VII.2.10.1]). The multiset
of integers n;—called the isogeny class of U-is uniquely determined by, and
determines, the dimensions of the finite subgroups U[p"] killed by p" for

all n.

In Chapter 3 we prove a formula of Skorobogatov that allows one to
explicitly compute U in the case of abelian varieties when p # 2, see The-
orem 3.0.1. For an arbitrary abelian variety A and any n > 1 there is an

isomorphism
Br(A)[p"] = Hom(A[p"], A*[p"])™" /(Hom(A, A*)¥"/p").

Here, sym denotes morphisms f such that fY @ f, under the identifica-

15



tions given by the Weil pairings: w4 : A[p"]Y 2 AV[p"], wav : AV[p"]"
AW[pr] = A[p"].
In Chapter 4, by solving equations for the relations of the Dieudonné

modules, we compute the dimension of U[p] for any principally polarized

abelian variety (A,¢) from its Ekedahl-Oort type(see Theorem 4.1.2):

Theorem. Let (A,1) be a principally polarized abelian variety of dimeni-
siton g whose Ekedahl-Oort type is represented by an elementary sequence

¢ ={¢(1),....,0(q)}. Setting ¢(0) =0, let P ={1<my <..<my<g} be
the set of integers such that p(m) =@(m —1)+ 1. Then we have

dim U[p] = Y= h)(g‘ ) S ).
i=1

Together with the dimension formula (2.4.2), this enables us to determine

the isogeny class of U for any principally polarized abelian threefold (see

Table 4.1.3). Combining this result with some more calculations for non-

polarized group schemes using Kraft’s classification theorem, we are able

to classify the isogeny class of U for all abelian threefolds, according to its

Newton polygon and its a-number. We record the table as follows:

Newton polygon | a | dim(U[p]) | dim(U) | isogeny class of U
supersingular, 3 3 3 Gy x G, x G,
supersingular, 2 3 3 Gy, x G, x G,
supersingular, 1 2 3 G, x Wy

1/3 type, 2 p 9 G, x G,

1/3 type, 1 P 9 G, x G,
almost supersingular, | 2 1 1 G
almost supersingular | 1 1 1 G
almost ordinary 1 0 0 0
ordinary 0 0 0 0

16



Here, there are five different possibilities for the Newton polygon of
H! . (A/W), namely: the ordinary case (black), the almost ordinary case
(blue), the almost supersingular case (orange), the 1/3 case (green), and

the supersingular case (red).

In particular, we see from the table that for abelian threefolds, U is
not a product of G,’s if and only if A is supersingular with a = 1. Such
abelian varieties were called supergeneral in the literature. We propose a

conjectural form of U for supergeneral abelian varieties in Conjecture 5.2.1.

The explicit structure of U, up to isomorphism (as a quasi-algebraic
group) is highly intricate. For completeness, we include in Chapter 5 a de-
tailed computation of Hom®( A[p?], AV[p?])*y™, the connected component of
the group Hom(A[p?], AV[p?])™™ in the case of a principally polarized su-
pergeneral abelian variety, illustrating this complexity. We also investigate
the distribution of this Hom group across the moduli space of principally

polarized abelian varieties (see Theorem 5.0.1).

In the third part, which contains only one chapter (Chapter 6), we present
some related subjects and partial results of independent interest. We es-
tablish a connection between fppf cohomology groups H(X, y1,») and the
crystalline cohomology groups H' . (X/W,,). We prove an injectivity cri-
terion (see Theorem 6.3.1) that generalizes a result of Ogus. We demon-
strate the smoothness of Artin-Mazur formal groups (in particular, the
formal Brauer group M) for all abelian threefolds, and for a large class

of abelian fourfolds, without invoking Ekedahl’s deep diagonal t-structure

theory (see Theorem 6.5.15).

17



Part 1

The General Form of Br(X)[p™]

18



1 Fundamental Theory

Throughout this chapter, X is a proper smooth variety over an alge-

braically closed field k£ of characteristic p > 0.

1.1. Basic Calculation

Recall that any group scheme represents an fppf-sheaf (see [35, Corollary

[1.1.7]). In particular, we have the exact sequence of fppf sheaves
O - /,Lpn —> Iupm+n —> Iu,pm —> O

for any pairs of positive integers m,n. This gives rise to two systems: the

projective system {(,n },, and the injective system {pyn .

Definition 1.1.1. Define the following cohomology groups:
H'(X,Z,y(1)) = LiLnHéppf(Xa pp )y HU(X, ) = h_r>nH%ppf(X7 fipr)-

Since free Z,-modules are projective, and divisible abelian groups are

injective, we have the following (non-canonical) decompositions:

HY(X,Z,(1)) 2 H(X, Zy(1) ) free ® H(X, Z,(1))tors,
HZ(Xa :UJp°°) = HZ(Xa Mp"")div @ HZ(Xa H’pm)torsa
where H' (X, Z,(1) )tos is the torsion part of H(X,Z,(1)), and H (X, Z,(1) )ree

19



is the free quotient; H'(X, ptp=)aiv is the maximal divisible subgroup of

HY(X, ppe ), and H (X, f1p)tors is the non-divisible quotient.

Proposition 1.1.2. The following statements hold:

(1) Let T, be the Tate module notation. Then we have

H' (X, Z(1) )trce LiLnHi(X, pp=)aiv [P"] = T (H' (X, prp ) i)

n

Hi(Xw V’p"")div = h_r)n(HZ(X, Zp(l))free/pn) = Hi(Xa Zp(l))free ® @P/Zp‘

(2) There is a natural isomorphism:

Hz(Xa Zp(l))tors = Hi_l(Xy ,up‘” )tors-

Proof. Consider the following commutative diagram of exact sequences:

m+1

0 H /,me+1 H /,me+n+1 p% I[,[,pn % 0

L

p

Taking the projective limit over m, we obtain an exact sequence:

0 H'(X, Z,(1))/p" > H;

p

pf(X7 :up") - Hi+1(X7 Zp(l))[pn] - 0.
Then taking the injective limit over n, we obtain:

0~ H'(X,Zy(1)) ® Qp/Zyy — Hio (X, p1y=) > H (X, Z,,(1)) [p™] = 0.
Now consider another commutative diagram:

R

0 % /’me % /,me+n+l p% /,Lpn+1 % O

20



Taking the injective limit over n, we obtain:

0 — H™N (X, pp) [0 = Hiy (X, prpm) = H(X, =) [p™] = 0.
Then taking the projective limit over m,

0-H(X, fip>)tors = H'(X, Zy(1)) ~ Tp(Hi(X» fip=)) = 0.

Here, as will be discussed in Theorem 2.2.1, the cohomology groups H%ppf(X , fpr)
are the group of k-points of finite type commutative group schemes, hence
satisfy Mittag-Leffler conditions, so taking projective limits preserves ex-

actness. []

We also have the Kummer sequence of fppf sheaves:
0 = piy > Gy > Gy — 0.
Taking fppf cohomology, this yields the short exact sequence:
0 > Pic(X)fp" — H2, (X, ) = Br(X)[p"] - 0.
Passing to the direct limit over n, we obtain:

0> NS(X) ¢ (Q,/Z,) ~ H?ppf(X7 fip=) = Br(X)[p=] - 0.

We now consider the following commutative diagram of exact sequences:

0 ——— NS(X) ® Qp/Zy ——— Hp (X, pip=) —— Br(X)[p®] ——— 0

| | !

0 — H*(X,Zy(1)) @ Qp/Zp — Hi o (X, ppe) —— H(X, Z,(1))[p*] — 0

Applying the snake lemma to this diagram, we deduce the exact sequence:

0 > coker > Br(X)[p*] > HY(X, Z,(1))[p] - 0.

21



where coker is the cokernel of the natural map NS(X)®Q,/Z, - H?(X,Z,(1))®
Qp/Z,. As we will see later in 1.4.11, coker 2 (Q,/Z,)"*, where r is the
multiplicity of slope 1 in H2. (X /W) and p is the Picard number of X.

To further motivates the study of the de Rham-Witt complex, we will
show that under the dlog map, H'(X,Z,(1)) is identfied with the loga-
rithmic Hodge-Witt cohomology groups H=1(X, WQ /k,log)’ which in turn
corresponds to the Frobenius invariant subgroup of Hi-!1(X, WQ% /k). The
coherence of the Hodge-Witt cohomology groups then yields the desired
decomposition of Br(X)[p>]. To set the stage, we begin by reviewing Il-
lusie’s definition of the de Rham-Witt complex, the theory of logarithmic
de Rham-Witt sheaves, the coherence theory of Hodge-Witt cohomology,
and finally Crew’s formula and Ekedahl’s inequality.

1.2. De Rham-Witt Complex

Let X /k, as before, be a proper smooth vareity over an algebraically

closed field k of characteristic p. The de Rham-Witt complex W, Tk

is a complex of (Zariski or étale) sheaves of W,,Ox-modules on X. As

n varies, these form a pro-complex of sheaves, and their limit is denoted

Wy,

complexes, see [23, Definition 1.1.4], or Definition A.0.1. These sheaves

They are defined as the initial object in the category of V-pro

are equipped with Frobenius and Verschiebung operators, F': WlefX e
W, e VWL P e S0 I which satisfy the standard relations:

FV=VF=p, Fa=a’F, Va=a"'V, FdV =d.

A fundamental feature of the de Rham-Witt complex is the existence of a

canonical quasi-isomorphism

R feris,«(Oxjw,) = WaSy )y,

22



where fuis @ Cris(X/W,) - Zary is the projection from the crystalline
site to the Zariski site, and Oy, is the structure crystal on Cris(X/W),,)
[23, Theorem I1.1.4]. Passing to the limit, we obtain a quasi-isomorphism
R feris« (Oxpw) = WQB(/k. On the right hand side, define the absolute
Frobenius operator ¢ = p'F on WQZX e then this is compatible with the
Frobenius on the crystalline cohomology side. Consequently, the hyperco-

cris

homology H* (W25, /k) computes the crystalline cohomology H? . (X/W),,),

and we obtain the so-called slope spectral sequences:

BN HI(X, W) — HECXW,), (1.1)
Y HI(X, WO ) — HEF(X W), (1.2)

Since there is a canonical filtration (A.1) on W, , whose graded pieces

can be expressed as extensions of coherent Og?ni(/fnodules (Proposition
A.0.10), one can verify that the projective systems W.Qg(/k and H/ (X, W.Qfx/k)
satisfy the Mittag-Leffler condition. Consequently, for any pair (7, j) there
is a natural isomorphism lim H7(X, WanX,/k) > H/(X,lim WanX/k) We
denote this cohomology group by HJ (X, WQ, /k). The main result in [23]

can be stated as follows:

Theorem 1.2.1 (Illusie [23]). The slope spectral sequence (1.2) degenerate
at By page after inverting p. Moreover, the isocrystal HI (X, WQfX/k) Quw K
coincide with the slope [i,i+1) part ongi‘i(X/W)@WK, with the Frobenius

action twisted by p'.

However, without inverting p—that is, when one takes into account the
p-torsion, the spectral sequence (1.2) fails to degenerate at the F; page.
In fact, it is the presence of infinite torsion submodules that obstructs de-
generation. These torsion submodules are organized into structures known
as dominos. While they satisfy certain finiteness conditions, their size can

be measured by the so-called domino numbers 7% (see Definition 1.7),
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1.3. Interlude: Flat and de Rham-Witt

cohomology

The goal of this section is to define the logarithmic de Rham-Witt sheaves

WQS{/k log’

morphic to the (étale) cohomology group H"1( X, WQ!

and to explain that the cohomology group H(X,Z,(1)) is iso-

X/k, log)
Recall (see [24, Section IV.3]) that for each i, the étale sheaf WQ ke Jog
(vesp. W, Ihdog ) is defined as the subsheaf of W

Sk (resp. W, QX/k)
étale locally generated by sections of the form

drifzi Ao Adaifa;

where x1,...,z; € O} and z; = (2;,0,...) is the Teichmiiller lift of z; to
WOx (resp. W,,Ox). Then the flat cohomology group H*(X,Z,(1)) (resp.

Hi (X, 1)) is related to the cohomology of WQ;./k(resp 4% QX/k log)
via the folloing construction. Recall that the Kummer sequence is exact
for fppf sheaves:

O—>Iupn—>Gm—>Gm—>O,

Let € : Xq - X be the natural projection from the fppf site to the étale
site. By a theorem of Grothendieck, higher cohomology groups of the
complex R'e,G,, vanish for i > 1, and since X is reduced, we also have
€(ppn) = 0. Applying €, to the Kummer sequence yields the short exact

sequence of étale sheaves
1-G, -G, —> Rle*,upn - 0,

along with Re.(puym) =0 for i > 2. The Leray spectral sequence then gives
an isomorphism prf(X ) 2 HEH(X, G, /Gh,) for i >
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We now define the dlog map:
dlog:G,, - Wnﬂﬁf/k, (1.3)
which locally sends a section x to dz/z, where x = (x,0,...,0) is the Teich-

miiller lift of = to W,,(Ox).

This induces an isomorphism of sheaves ([23], Corollary 1.3.27, Proposi-
tion A.0.14)
dlog : G /Gl —> Wil 1 g (1.4)

and hence an isomorphism on the cohomology groups
dlog : H,éppf(X7 ) E Hé{l(X, Gm/Gﬂ[—l]) ~ H'(X, Wnﬂﬁf/k,log)'

Passing to the projective limit over n, we obtain the following well-known

result:

Proposition 1.3.1. We have an isomorphism:

HY(X, Z,(1)) 2 H (G WY 0)- (1.5)

The fact that the dlog map (1.4) is an isomorphism is far from trivial. Its
proof relies on an inductive argument and a careful analysis of the pieces
of the canonical filtration of the de Rham-Witt complex. Full details are
provided in Appendix A A.0.14.

1.4. Coherent R-modules

In this section, we review the structural results of the slope spectral
sequence introduced in Section 1.2. We begin by recalling the definition of
the graded Cartier-Dieudonné-Raynaud ring R, along with the notion of a

coherent graded R-module.
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Definition 1.4.1. Define R 2 W,[F, V], the (non-commutative) ring gen-
erated by semi-linear Frobenius F' and Verschiebung V', subject to the re-
lation F'V =V F =p. Let R' be the two-sided R°-module generated by an
element d, satisfying the relations d*> =0, FdV =d. The resulting Z-graded
ring R = RY® R' is called the Cartier-Dieudonné-Raynaud ring.

More concretely, the components of the ring R can be described as:

RO ~ {Z a_,V"+ag + Z a, F" almost all a,, are 0},

n>0 n>0 (1,6)
R' =2 {) a_,dV"+apd+ ) a,F"d,almost all a, are 0}.
n>0 n>0

Given a complex ... > M* - M1 — .. where each M' is a R%-module
and the compatibility relation F'dV = d holds, one can endow the total
module @M? with a graded (left) R-module structure. Conversely, any

such graded (left) R-module gives rise to a compatible complex.

For each graded R-module M, define the shifted module M (7) by M (i)" =
Mi*n and differential dys(;y = (=1)"day.

Remark 1.4.2. Our converntions of shifting follow those of Ekedahl [10,
17, 18]. In contrast, Illusie and Raynaud [23, 2] denote the degree shift
by M][i].

Now we introduce the fundamental object known as the domino Us.
Definition 1.4.3. Let
Up: k[[V]] = k[[dV]]
be the following R-module concentrated in degree O and 1:

o k[[V]] := ks[[V]] denote the k-vector space of formal power series
>ons0 @n V", subject to the relation Va = a®'V for all a € k. On this

space, the Frobenius F' acts as 0.
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o k[[dV]] = k,[[dV]] denote the k-vector space of formal power series
> 050 AndV™ where V' acts as 0, and F acts by mapping dV" to dV"!
ifn>1, and by mapping d to 0, and Fa =a’F for all a€k.

o For an integert, define Uy to be the Z-graded R-module concentrated in
degrees 0 and 1, with U 2 k,[[V]] and U} 2 k,[[dV']], and differential

given by V" — dV"™t, where we set AVt =0 whenever n —t < 0.

Definition 1.4.4. A Z-graded R-module M is called coherent, if it admits
a finite filtration by Z-graded R-modules whose successive quotients are

tsomorphic to one of the following:

o I,: a finite length W-module concentrated in a single degree, with V

nilpotent,

o Iy a finitely generated free W -module concentrated in a single degree,

with V -topologically nilpotent;

o I1: a shifted domino module Uy(j).

The following result, due to Illusie, Raynaud and Ekedahl, is fundamen-
tal:

Theorem 1.4.5 (Illusie, Raynaud, Ekedahl). The graded R-module asso-

citated to the complex
HY (X, WOy ;) 5 B (X, WY ) 5 . 5 HI(X, W)
s coherent.

Proof. See [24]. O

We now recall several invariants associated with the Hodge-Witt coho-
mology groups H/(X, W, /k), for 4,7 > 0, as introduced by Illusie and
Raynaud [24] and further studied by Crew [12] and Ekedahl [18].
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o The heart of Hi (X, WQ%X/k), denoted
caeur (H/ (X, Wy ) = V=2 [F* By,
where
Vo2 Zy = Mker(dV™: (X, W ) - H (X, WQ¥ ),
F By = JF"im(d: B (X, WQig},) - H (X, W ).

One can show that, V‘°°Z§j is the maximal sub R%-module of ker(d :
HI(X, W ) - HI(X,WQ))), and F>~BY is the minimal RO-
module containing im(d : H/(X, WQgg/lk) - HI/(X, WQfX/k)) It was
shown in [24, Theorem I1.3.1] that the heart coeur(H/ (X, WQfX/k)) is

a finitely generated W-module.
o The (4,7)-th domino:
HI(X, W )V 22y > F°By",

which is an iterated extension of modules of the form U;. The number
of such summands is called the dimension of the domino, denoted T

(see below).

o The integers
T = dimy, B (X, W )/ (V™22 + VI (X, Wi ). (L.7)

T measure the dimension of the (7,7)-th domino. They count the
number of time that modules of the form U;(—i) for varying t appear
in the successive quotients of any filtration satisfying the coherence
condition, see [24, Proposition 1.2.18]. Notably, we will see that T2

is the dimension of the unipotent part U in the Brauer group.
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The following statements, due to Illusie, Raynaud [24], and Ekedhal [16],

then summarize the first properties of these invariants.

Theorem 1.4.6 (Illusie). If for some n, the groups HI(X, WQ’X/k) are
finitely generated over W for all v+ j =n, then we have a canonical decom-
position:

ngls(X/W) = @ Hj(X7 WQS(/k);

i+j=n

and the Frobenius on HY .

(X /W) corresponds to p'F on HI(X, Wﬂfx/k)
Proof. See [24, Theorem 1V.4.5]. O

This is called Hodge-Witt in degree n.

Proposition 1.4.7 (Illusie, Ekedahl). The heart coeur(H/(X, WQfX/k))
survives to the infinity page. That is, there is a canonical sequence of

inclusions:
ij 0o 1] —o0 r7ij ij
Bl cF*By cV™=ZycZY,

and the quotients F“B;j/Bi‘Z; and Zi{;/V“”Zéj are finite length as W-

modules.

Proof. See [24, Theorem 11.3.4]. O

Proposition 1.4.8 (Illusie, Ekedahl). The domino numbers T satisfy

Ekedahl’s duality
Tij — TN—i—Q,N—j+2

where N is the dimension of X. As a result, we have T =0 fori> N -1

orj<1.

Proof. See [23, Corollary 11.2.17, Propositions 11.2.19 and I1.3.12],[16, IV.
Corollary 3.5.1]. O
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Recall that we have defined the logarithmic de Rham-Witt sheaves WQfX Ik Jog
in Section 1.3. We have the following main theorem concerning the coho-

mology groups of W Ihlog-

Theorem 1.4.9 (Illusie-Raynaud). Let X be a smooth proper variety over

k. Then we have the following statements.

(1) Fori,j >0, there is a short exact sequence

0 HI (X, W, 0,) ~ B (X, WO ) 0 wi(x, W) ~ 0.

(2) Fori,j >0, there is a short exact sequence
0 - H/(X, Wﬂg(/k log)0 - H/(X, WQg(/k,log) - D" - (),

where HI (X, Wﬂg(/k 1og)0 is the group of k-points of a connected commuta-
tive unipotent algebraic k-group of dimension TV3, and D is the finitely

generated Z,-module (coeur(H/ (X, WQf'X/k)))F:l.

Proof. This is [24, Theorem 1V.3.3]. (1) There is an exact sequence of

pro-sheaves:
i i -l i
0— W.Qlog’X/k - W.QX/k — W.QX/k - 0.

The cohomology groups of these sheaves at each level are of finite type,
so they satisfy the Mittag-Leffler condition. By taking limit and tak-
ing long exact sequences, it suffices to show that F' — 1 is surjective on
HI(X, WQ?X/]C) By Theorem 1.4.5, the cohomology group HJ(X, WQZ)(/k)
is an iterated extensions of k,[[V']], k,[[dV]] and finitely generated W-
modules. We can see that F'—1 is surjective on any such iterated extensions
of k;[[V']], k-[[dV]] and finitely generated W-modules, by dévissage.

(2) Consider the filtration F*BY ¢ V-~Z2 ¢ Hi(X, WQZX/k) on the co-
homology group Hi (X, WQi). F*BY is an iterated extention of k[[dV]]’s,
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V‘“Z;j /F”Béj is the heart of HI (X, WQ, /k) which is finitely generated,
The map F' -1 is surjective on all the graded pieces of this filtration;

HI (X, W )V 2Z)

is an iterated extension of k[[V]]’s. The action of F' -1 is surjective on all
of these graded pieces, so the kernel of F'— 1 is the iterated extension of
the kernel of F'—1 on each pieces. The kernel of F -1 on k[[dV]] is the
group G,(k), the kernel of F'—1 on coeur(H7 (X, WQfX/k)) is the group DV
in the proposition, the kernel of F' =1 on k[[V]] is trivial. O

Although the unipotent algebraic groups in Theorem 1.4.9 are not uniquely
determined by X, if we pass to the category of quasi-algebraic group in
the sense of Serre (see [48], or Section 2.2), we can naturally select canon-
ical ones. Moreover, the isomorphism of Proposition 1.3.1 between ab-
stract abelian groups can be refined to an isomorphism between pro-quasi-

algebraic groups.

More precisely, consider the direct image map

fperf,* : (X/k)perf - kperf-

Here (X /k)perr denotes the relative perfect site: its objects are pairs (Y,7)
where T' is a perfect k-scheme and Y is étale over Xp. The site kper is the
perfect site over k, whose objects are perfect k-schemes, and equipped with
étale topology. Then W, Q' i can be regarded as a sheaf on (X /k)per, and

R fperf,*(Wan( /k) is precisely the sheaf on (k)per represented by the W,-

module scheme H7 (X, WanX /k), which assigns to every perfect k-algebra
A the group HI (X, W, Q0 /k) ®w W (A). The exact sequence of pro-sheaves:

i i -l i
0= Weldoy xpp = Weltyy, — Waldy ), > 0,
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induces a long exact sequence of pro-sheaves on kper:

Lo R fperf*(Wﬂlogx/k) -~ R/ fperf*(WQ /k) _> R fperf *(WQX/]:) - ...

Similar to Theorem 1.4.9 (2), the map F'—1 on ijperf,*(WQg(/k
jective. Hence the sheaf R/ f*(WQfog x /k) is precisely the sheaf represented

by the kernel of F' —1: a pro-quasi-algebraic group over k.

) is sur-

In this setting, Theorem 1.3.1 lifts to an isomorphism between pro-quasi-

algebraic groups. Indeed, consider the following commutative diagram of

sites:
B
Xfppf = ? XEt > Xperf
ffppfl fEt\L fperfl
B
kfppf —k> kEt —> kperf;
we have

R(Q‘k © Bk)* © Rffppf*(,up") = prerfpe(Wnﬂllog,){/k[_l])'

Moreover, for every group scheme G over k, R(a o §).(G) will be the
sheaf represented by the quasi-algebraic group associated to G (see, for
example, [6, p. 221]). As a result, the quasi-algebraic group associated to
R fopt « (f1pn) (this sheaf is represented by a group scheme, see Theorem

2.2.1.) agree with the quasi-algebraic group associaetd to R fperr « (W, Qlog X /k)

Corollary 1.4.10. Let X be a proper smooth variety over an algebraically
closed field k of characteristic p. Then:

H*(X, Z,(1)) = Z; ® NS(X) [p™],

where r is the multiplicity of slope 1 in H?,

cris

(X/W).
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Proof. By Theorem 1.3.1, H*(X,Z,(1)) = H'(X, Wﬂk/klog). By Theo-
rem 1.4.9 and Remark 1.4.8, H'( X, WQﬁ(/k IOg) is the F-invariant subgroup
H (X, WQﬁ(/k), which, by Theorem 1.2.1, has rank r. By Proposition 1.1.2,
the torsion submodule of H2(X,Z,(1)) is isomorphic to the non-divisible

part of HY(X, pp~), which, via the Kummer sequence, is NS(X)[p®]. O
Theorem 1.4.11. Let X be a smooth proper variety over an algebraically
closed characteristic p field k. Then the following statements hold.

(1) There is a split exact sequence
0~ (Qy/Zy)"" = Br(X)[p™] » H(X,Z,(1))[p™] > 0,

where r = my(H2, (X/W)) is the multiplicity of slope 1 of H2. (X /W).

cris cris

(2) For each i > 1 there is an exact sequence
0 - Ui(k) > H'(X,Z,(1))[p*] > Ji > 0,

where U; is a connected commutative unipotent algebraic k-group of dimen-

sion T2, and J; is the finite group

(coeur (HY (X, Wy )" ™).

Proof. : Part (1) is a direct consequence of Section 1.1 and Proposition

1.4.10. Part (2) follows from Proposition 1.3.1 and Theorem 1.4.9. O

Our next goal is to extract precise information about the domino num-
bers T% from the geometry of X. The works of Crew and Ekedahl then
showed that these domino numbers, in some sense, measures the discrep-
ancy between the Newton and Hodge polygons of X— although not always
in a precise manner, as we will clarify. To make this notion more precise,

we now recall the category D2(R) (see [25], [18]).
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The category of graded (left) R-modules is abelian. Let D(R) denote
the bounded derived category of complexes of left R-modules, let D~(R)
denote the derived category of complexes of left R-modules bounded from
above. A complex of R-modules M is said to be coherent if M € D’(R) and
all of its cohomology groups H(M) are all coherent R-modules. We write
DY(R) for the full subcategory of D?(R) consisting of coherent complexes.

Definition 1.4.12. Given a complex M of R-modules, we define M[i](7)
to be the complex obtained by shifting M by i degrees in the complex grading
and by j degrees in the R-module degree. The differentials are defined as
d=(-1)id or d=(-1)/d, depending on whether the differential is taken in

complex degree or in module degree, respectively.

Again, our conventions follow those of Ekedahl [16, 17, 18].

For each n > 1, define the ring R, := R/(V"R + dV"R), then R, can
viewed as a right R-module and a left module over the ring of dual num-
bers W, [d]/(d?) (which, for simplicity, we always write W,,[d]). For any R-
module (or sheaf of R-modules) M, the tensor product R,®M = M [(V"*M+
dV" M) will be a left W,-complex. This construction extends to a derived
funtor:

R,®%: D™ (R) - D™ (W,[d]).

For any R-module M, we define

M = Rlim R, ®} M.

n

There is a natural map M — M, and we say M is complete if this map is

an isomorphism. We have the following identifications:

W 2 Ry @ W, Wady )y 2 Ry ® W,

[llusie and Ekedahl gave the following characterization of coherent com-
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plexes in [25, Proposition 2.4.7|, explaining the term coherent R-module.

Theorem 1.4.13. Let M € D*(R), then the following conditions are equiv-
alent:
(1) M e D(R);

(2) M is complete and R, ®% M € DY(W,[d]) for all n, here DL(W,[d])
consisting of objects N such that H'(N) is finitely generated over W, for

all 1,

(3) M is complete and Ry ®% M ¢ Di(k[d]).

Since the operations F,V,d on the de Rham-Witt complex satisfies the
relations in the Raynaud ring R, the de Rham-Witt complex T2, /i can be
regarded as a sheaf of R-modules on X. The global sections funtor I' then
yields a graded R-module. Applying the derived functor RI', we obtain an
object RI'(X, WQB(/k) € D(R), whose j-th cohomology R/T'(X, WQ}(/R) is
just the graded R-module associated to the complex (see [25]):

HY (X, WOxp) 5 B (X, WQY ) 5 5 W (X, W),

1.5. Crew’s Formula and Ekedahl’s In-
equality

Crew, in [12], explored the relationship between the integers 7% and the
Hodge numbers ki by computing functor Tor™ for the graded R-module
HI (X, WQ5, /k). The key idea involves the isomorphism

Ry ®p RU(X,WQY ;) = RU(X, Ry @ WQ% ) 2 RU(X, Q% ),

35



where both sides are viewed as objects in D(k[d]), here k[d] := k[d]/(d?)

is the ring of dual numbers. This leads to a spectral sequence

E5® = Tor, (Ry, RT* (X, WQ% ) = R"T(X, 9% ),
all terms are interpreted as graded R-modules, i.e, complexes of R%-modules
satisfying FdV =d.

Fixing an integer ¢, consider the i-th term of all of these graded R-

modules, consider the length function, we obtain the identity:

> (=1)""“lengthyy (Tor, (Ry, RT*(X, WQY ,)))
a,b

(1.8)
= Z( 1)/lengthy, (R'T(X, Q5 /k))

where the right-hand side equals the Euler characteristic (2 /k) Here,

for an R-module M, we regard M as the complex
N Mz N Mi+1 N

Since the length function of the functor Tor’ is additive, to compute the
left-hand side it suffices to compute the functor Tor® for R-modules of type
L., I, 11 respectively. Following notations in [12], we define £(M)(7) to be

0(M)(i) := Y (-1)/lengthy, Tori (R, M)".
J
Proposition 1.5.1. The following statements hold:
(1) If M is of type I, in degree 0, then for every i, we have ¢(M)(i) = 0.

(2) If M is of type Iy in degree 0, then we have
((M)(0) = lengthy, (M /V M), (M) (1) = =lengthy, (M /FM),
((M)(i)=0 fori+0,1.
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(3) If M is one of the Uy, then we have
(M)(0) =6(M)(2) =1,  LM)(1) =2.
(M) (i) =0 fori+0,1,2.
Proof. See [12]. 0

For M of type I, the quantities lengthy, (M /V M) and lengthy, (M /FM)
can be computed from the slopes of M:
lengthy, (M/VM)= Y (1-XN)my(M),
A€[0,1)
lengthy (M/FM) = > Amy(M),
Ae[0,1)
where m) (M) denotes the multiplicity of the slope A in the (iso)crystal M.
This naturally motivates the definition of the slope numbers m#, introduced

in [12] and also discussed in [25].

Definition 1.5.2. For a smooth proper variety X [k, the slope numbers
m¥ are defined by:
m' = Y (1-X)my(H/ (X, WQZX/k) ® K)
Ae[0,1)

+ 0 Ay (X, WO ) ® K).
A€[0,1)

(1.9)

These numbers have a geometric interpretation (see Proposition 1V.2.5
[18]): for each n: form the Hodge-Newton polygon by assigning slope i
multiplicity m®”~*, then this Hodge—Newton polygon is the maximal convex
polygon lying below the Newton polygon of H. (X /W), with the same end

points, integral slopes and integral breaking points.

To compare the slope numbers with the Hodge numbers, Crew and

Ekedahl introduced the Hodge-Witt numbers hﬁ,
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Definition 1.5.3. The Hodge—Witt numbers are defined as:

h%}{]/ = mij + sz _ 2TZ—1,]+1 + TZ—2,]+2'

A direct computation from equation (1.8) yields:

Theorem 1.5.4 (Crew’s formula). [12, Theorem 4] For any i, we have

M (=1)hi, = S (~1) A4, (1.10)

J J

More strikingly, Ekedahl in [18] developed a theory of diagonal t-structure
on the derived category of R-modules. Using this framework, he proved
a fundamental inequality, revealing deep connections between Hodge-Witt

and Hodge numbers.

Theorem 1.5.5 (Ekedahl’s inequality). [18, Theorem IV 3.3] For any i

and j, we have hyj, < hiJ.

This result provides new insight into the behavior of h% Notably, a

direct computation shows

he = N m¥ = rank HY. (X /W).
W

cris
+j=n i+j=n

Therefore, if },,;_, h"/ = rank H

cris

(X/W), then necessarily !, = hii for all

1+ J=n.

Proposition 1.5.6 (Ekedahl). Suppose H". (X /W) and H*:}(X /W) are

cris cris

both torsion-free and the Frolicher spectral sequence
EY = HI(X, Q) = Hi (X [k)
degenerates at the Ey page. Then for all p,q such that p+q=n,

Pq — 1y Dq Dq _ p-1,q+1 p—2,q+2
mP?+T 2T + T )
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In particular, we have T = ho — m0n,

Proof. Under the stated assumptions

Y B = dimy (HiR (X /k)) = rank HZ, (X/W) = > WL

p+q=n p+g=n

Thus in this case hij. = h*? for all p+ ¢ = n, which gives m% + T = 0. [

This applies, for instance, to all abelian varieties. That is, for any abelian

variety, we have
Wi = i 4 T _ 9=+l | i=2,j+2

This relation allows for the computation of all T% directly from the slopes

of an abelian variety (|25, Corollary 6.3.12]).

To illustrate, consider an abelian 3-fold X whose slopes of H!. (X/W)

cris

are {0, %, %, %, %, 1}. Such an example can be obtained as the product of an

ordinary elliptic curve and a supersingular abelian surface. The Newton
1

cris

polygon of H! . (X /W) is pictured in orange below:

We draw the Newton polygon of HZ. (X /W) also in orange, the Hodge-
Newton polygon in blue, and the Hodge (or Hodge-Witt) polygon in black,
for comparison. The Hodge—Newton polygon is visibly the uppermost con-
vex polygon below the Newton polygon, with integral slopes and break

points. From this, we see that 792 = 1.
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These mysterious Hodge-Witt numbers hg/ appear to be the true ana-
logues of Hodge numbers for proper smooth varieties in characteristic p,
since the actual Hodge numbers h% often exhibit poor behavior. Ekedahl
showed that the Hodge-Witt polygon of degree n— the polygon obtained
by assigning slope ¢ multiplicity h%_i— lies below the so-called abstract
Hodge polygon of degree n (see [18]). Concretely, consider the crystalline
cohomology group H”. (X /W), and define

cris

M =H! (X/W)/HL (X/W )iors-

cris cris

Taking the elementary divisor decomposition of M /F M,

,n—1

M|FM = @(W/[p'W ),
then the Hodge-Witt polygon lies below the Hodge polygon defined by
these hggs_i.

Nevertheless, many questions remain unanswered. For instance, it is still
unknown whether the Hodge-Witt numbers satisfy Hodge symmetry or
not. A deeper question concerns the mixed characteristic setting: suppose

X |Ok is a proper smooth formal scheme over a p-adic ring Og. What
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are the relationships among the abstract Hodge polygon, the Hodge-Witt
polygon of the special fiber, and the Hodge polygon of the generic fiber?

We can conjecture that
abstract Hodge > generic Hodge > Hodge-Witt,

but no part of this inequality has been proven yet.
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2 First Applications

In the context of Theorem 1.4.11 and the theory of Hodge-Witt numbers,
this chapter examines various examples to illustrate the theory. Among

these, ordinary varieties form the most tractable class in characteristic p.

2.1. Ordinary Varieties

A proper smooth variety is called ordinary if, for all j, the cohomology
groups of the subsheaf of exact forms vanish: H*(X, BQJ)'( /k) =0 for all 7.
Here, BSY denotes the image of differential map d: Q@1 — QJ.

Theorem 2.1.1 (Illusie). Let X be an ordinary smooth proper variety over

k. Then the slope spectral sequence split degenerates at the Eq page.

Proof. By [24, Theorem 1V.4.13], if X is ordinary, then HI( X, BWQ{;(/IC) =
0 for all ¢. By [25, Theorem 3.4.1], X is Hodge-Witt in the sense that
He(X, WQY) is a finitely generated TW-module for all g. This implies that

the slope spectral sequence for X split degenerates at the E page by 1.4.6,
[23, Theorem 11.3.7]. O

As a consequence, if X is ordinary, then all cohomology groups H4( X, WQP)
are finitely generated W-modules, and the crystalline cohomology group

H! . (X /W) decomposes as the direct sum of HY(X, WQ?(/k), where p+q = i.
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Corollary 2.1.2. Let X be an ordinary smooth proper variety over k. Then
for all i,j we have T% =0 and coeur(H7 (X, WQ! o)) 2 HY (X, WQ /k)

Proof. Since the slope spectral sequence degenerates at the F; page, all
differentials vanish. By definition, we have F ”B;j = 0 and V‘“Zéj =

HI (X, WQ: ). This implies

X/k

T = dimy (X, WQ )/ (V™22 + VEI (X, WQi ) =0,

and coeur(H7 (X, W /k)) HI (X, W /k) for all i, j. O

Theorem 2.1.3 (Bloch—Kato). Let X be an ordinary smooth proper vari-
ety over k. Then the following statements hold.

(1) HI( X, VVQX/]Cl ) ®zpm Wy = HI(X, W, €0, /k) for all q,r and n.

(2) He(X, W, 1)Q@ZVV Ha(X, W, k)forallq

X/k,

(3) F:Hi(X, WQ, /k) — Ha(X, W, /k) is bijective for all q¢ and r.

Proof. This is [7, Proposition 7.3]. O

Corollary 2.1.4. Let X be an ordinary smooth proper variety over k. Then
all slopes of its crystalline cohomology are integers. More precisely, the

multiplicity of slope i of H™. (X |W) equals the rank of H* (X, W /k)

cris

Proof. This follows directly from Theorem 2.1.1 and Theorem 2.1.3 (2).
The isomorphism H?(X, WQ X ko) ®2, W 2 HI(X, Wﬁﬁf/k) implies that
HY(X, WQL /k) is pure of slope 0. Since H' . (X /W) is isomorphic to the
direct sum of (Frobenius twists) of HZ(X, WQE /k) for p+q =4, the corollary
follows. []

cris

Note that the converse does not hold: having integral slopes in crystalline
cohomology does not imply ordinarity. In fact, there exist varieties with

integral slopes that are not even Hodge-Witt.
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Now apply Theorem 1.4.11, we obtain

Proposition 2.1.5. Let X be an ordinary smooth proper variety over k.
Then we have Br(X)[p=] = (Q,/Z,)"" & J, where t is the rank of the
W -module HY(X,WQ
HAX, WO ) (5]

X/k) and J is a finite p-group such that J @ W =

Proof. By Theorem 1.4.11 (1), Br(X)[p>] has the desired form, where
(X /W), which equals the rank of
H (X, WQL) by Corollary 2.1.4. The finite exponent group is an extension

t is the multiplicity of slope 1 in H2_

cris

of a finite group J by U(k). By Corollary 2.1.2, the unipotent dimension
T92 =0, hence U(k) =0, and we have

J = (coour(H2CX, WO )P [p] = (H2(X, WQY )P [,
Now Theorem 2.1.3 (2) and Theorem 1.4.9 (1) tell us that
(X, WQy ) 2 (HA(X, Wy ,)) ! @z, W
Taking the p-primary torsion subgroups, we obtain
J@W = H(X, Wy ) [p].

[]

Corollary 2.1.6. Let X be an ordinary smooth proper variety over k. If
(X /W) s torsion-free, then Br(X)[p=] = (Q,/Z,)"?, where t is the

CI‘lb

rank of the W-module H' (X, W Q4 /k)
Proof. In this case, H2(X, WQL /k) is a direct summand of H?. (X/W),
which is a free W-module. So J =0 by Proposition 2.1.5. ]

Proposition 2.1.7. Let X be an ordinary smooth proper variety over k.
Then we have NS(X)[p®] e W 2 HY(X, WQ} /k)[ ],
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Proof. By Kummer sequence, H'(X, uy~) = Pic(X)[p>*]. By Theorem
1.1.2, Theorem 1.3.1 and Theorem 1.4.9, we have H! (X, pip~) 2 (Q,/Z,)" &

T, where n is the rank of HO(X, WQ! xpp) and T = H2(X,Z,(1))[p=].
This gives an isomorphism NS(X)[p>] =z H2(X,Z,(1))[p>]. By Theorem
1.4.11(2), H2(X, Z,(1))[p*] is an extension of (coeur(H' (X, WL /k)))F [p>]
by U(k), where U is of dimension T9. But T°' = 0 holds for all proper
smooth varieties, and coeur(H! (X, WQ4 /k)) is isomorphic to H (X, W Q! /k)
so T = H2(X,Z,(1))[p>] is isomorphic to H! (X, WQ! /k)F [p=]. Again
Theorem 2.1.3 (2) and Theorem 1.4.9 (1) tell us that

H' (X, WQY ) = (HH(X, WOy ) ™ @z, W

Taking p-primary torsion subgroups, we obtain T®W = H (X, WQ! /k)[ ],
[]

2.2. Interlude: Representability and
Flat Duality Theorem

To proceed further we now review the representability theorem and Milne’s
flat duality theorem for surfaces, which we will repeatly use. The first result

concerns the higher direct images of pushforward for the big fppf site.

Theorem 2.2.1 (Artin, Bragg, Olsson). Let f: X — Spec(k) be a projec-
tive finite type scheme over k. Let G be a finite flat abelian group scheme
over X. Let R'f.G be the i-th fppf-derived pushforward of the sheaf rep-
resented by G. Then R'f,.G is representable by a finite type group scheme

over k.

Proof. This is proved by Bragg in [4, Corollary 1.6]. O
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Berthelot showed that the group of k-points of R f,pu,» is exactly the fppf
fop
of this, we may consider the quasi-algebraic group, (see [48]), associated

cohomology group Hi (X, ), see [6, Corollary 2.10]. As a consequence
to R'f.un. Recall that, a quasi-algebraic group is an equivalent class of
algebraic groups, where two algebraic groups GG; and G, are regarded as
equivalent if and only if there is a homomorphism G; — G5 such that
on the value of k-points, it induces an bijection Gy(k) — Ga(k). As a
result, the group of k-points only depends on this equivalence class. The
quasi-algebraic group associated to R'f,p,» is denoted by ﬂi(X  ppn). In
this way, H%ppf(X ) is identified with H'(X, ppn)(k), the group of k-
points of H' (X, y,n). The advantage is that the category of quasi-algebraic
groups over k is abelian. Another way is to consider the associated perfect
algebraic groups, and view them as sheaves on the perfect cite (see for

example, [6, Section 2.7], or [24, p. 192]).

Since R'f.u,n is a sheaf annihilated by a power of p, by the classification
theorem [48, Proposition 7, p. 10], the quasi-algebraic group H'(X, pr) 1S

an extension of an étale group by a connected unipotent group:
Oegi(quP”) éﬂi(Xhup") %Di(Xnup")%O (2'1)

Since k is algebraically closed, the étale part is just an abelian group of p-
power order, and the connected part is an iterated extension of the additive

k-group G,.

The flat duality is the following statement.

Theorem 2.2.2 (Artin, Milne, Berthelot [6]). Let X be a smooth proper

surface over k. Fori,n >0, there are isomorphisms
DZ(Xv Np”) = Hom(24_i(X7 :up”)a Qp/Zp)7
Ei(Xu fipn) & Eth(EEH(Xa fipn ) Qp/Zy).
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Here Ext! is taken in the category of quasi-algebraic group schemes over
k. It has the following property: for each connected unipotent quasi-
algebraic group U over k, we can equip the abelian group Ext' (U, Q,/Z,)
with a canonical connected unipotent quasi-algebraic group structure ([48,
Section 8.4, p. 391]). For example, we have Ext'(G,,Q,/Z,) = k, and
Ext'(W,,Q,/Z,) = W,.

We remark that the unipotent torsion of the logarithmic Hodge-Witt
cohomology groups H?(X, W, Q' /k,log) for a proper smooth variety of any

dimension also satisfy an analogous duality, due to Milne.

2.3. Surfaces

Theorem 2.3.1. Let X be a proper smooth surface over k. Then the

following statements holds:
(1) J is the Pontryagin dual of NS(X)[p>];

(2) we have Crew’s formula for surfaces: dim(U) = (h%2 - %) — (m%% -

mot).

Proof. When X is a surface, Proposition 1.4.8 implies that all T% are zero
except possibly 792, Then (1.5.4) for i = 0 gives Crew’s formula for surfaces,

proving Theorem 2.3.1 (2).

Let us prove Theorem 2.3.1 (1). By Theorem 1.4.11 (1), (2), (3), it re-
mains to prove that the finite group J is the Pontryagin dual of NS(X)[p*].

By Theorem 2.2.2, the étale part of H?ppf(X , ftpn) is the Pontryagin dual of

the étale part of H%ppf(X , ftpn). Consider the isomorphism

H%ppf(Xa :up") = PIC(X) [pn]

induced by the Kummer sequence. For n large enough so that p" an-
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nihilates NS(X)[p*], the group Pic(X)[p"] is isomorphic to (Z/p"Z)I &
NS(X)[p>], where g is the p-rank of the Picard variety of X. As a result,

for n>> 0, the étale part of Hy (X, ) is of the form

(Z[p"2)? @ NS(X)[p>]".

Next, the k-vector space U*(X, p,) is the dual (Theorem 2.2.2) of U (X, 1),
so it must be trivial. This implies U*(X, ypn) = 0, by induction on n. Fi-
nally, D*(X, ) is the Pontryagin dual of DY(X, fpn ), S0 it must also be

trivial. Thus for surfaces we have H: (X, y,») =0, and H(X,Z,(1)) = 0.

fppf
Now consider the exact sequence

- = (X, Zy(1)) U (X, Zyp(1)) - H?ppf(X7 ppr) = HY(X, Zp(1)) > ...

we have H (X, pyn) 2 H3(X,Z,(1))/p". For any n large enough so that
p" annihilates H3(X,Z,(1))[p>], consider the snake lemma of the multi-

plication by p" map on the (split) short exact sequence
0— Hg(Xa Zp(l))[poo] - Hg(X7 ZP(]-)) - Zg - Oa

we get
H (X, Z,(1))/p" = (Z]p"Z)? @ (X, Z,,(1)) [p*],

the étale part of which is the direct sum of (Z/p"Z)9 and J. This group is
also (Z/p"Z)9 & NS(X)[p>=]V, so J is isomorphic to the Pontryagin dual of
NS(X)[p>]. This proves this theorem. O

Let X now be a surface with ¢ = —p,, where ¢ = dim Picy/, is the irregu-
larity and p, = h"2 — h% is the arithmetic genus. In [50, Corollary 5], Suwa
showed that the slope spectral sequence HJ(X, W, /k) = HM (X/W)

(split) degenerates at F; page.

Corollary 2.3.2. Let X be a smooth proper surface over k such that q =
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—Pa, then U = 0.

Proof. The degeneration of the slope spectral sequence implies 7% = 0

hence U = 0. ]

We give a few examples of surfaces with ¢ = —p, and compute the relavent

invariants, see also [50].
(1) Rational or ruled surfaces.

(2) Enriques surface over an algebraically closed field k of characteristic
p (]9, Section 3-5]). In this case the Picard number is p(X) = 10. There
are three types of Enriques surfaces: classical, singular, and supersingular,
the last two types occuring only for p = 2. The Picard scheme Picy
isomorphic to the product of Z®19 and a finite flat group scheme Z/27Z, pso,

as, when X is classical, singular, and supersingular, respectively.

Corollary 2.3.3. Let X be an Enriques surface over k. Then r = p and
U =0. Moreover, the following statements hold.

(1) If p + 2, then Br(X)[p>=]=0.
(2) If p=2 and X is a classical Enriques surface, then Br(X)[p>] =7Z/2.

(3) If p=2 and X is a non-classical Enriques surface, then Br(X)[p>] =
0.

Proof. For Enriques surfaces the number 792 = 0 by Theorem 2.3.2. We
have r = p = 10. Then NS(X)[p*>] is non-trivial only when p = 2 and when
X is classical, in which case NS(X)[p™] = Z/2Z. Now the result follows
from Theorem 2.3.1. []

(3) Hyperelliptic or quasi-hyperelliptic surfaces [8, Section 3] [9, Section
2]. In the Enriques classification of surfaces, they are defined to be a special

kind of surfaces with x = 0, other than K3 surfaces, abelian surfaces, and
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Enriques surfaces. They are surfaces with ¢ = —p, = 1, hence Alb(X) is an

elliptic curve, moreover the fibres of the canonical map
m: X > Alb(X)

are either all non-singular elliptic or all rational with one cusp. They are
called hyperelliptic and quasi-hyperelliptic according to whether the fibres
are all non-singular elliptic or all rational with one cusp. The authors
in [8] and [9] proved that, hyperelliptic surfaces are always a quotient
of a product of two elliptic curves by a finite group scheme; and quasi-
hyperelliptic surfaces are always a quotient of E x Cy, where Cj is rational

with one cusp, by a finite group scheme.

Corollary 2.3.4. Let p = 2 or 3, let X[k be a hyperelliptic or quasi-
hyperelliptic surface. Then U =0 and J = NS(X)[p>]".

An example of a hyperellptic surface when p = 2 is an Igusa surface
I = (Ey x Ey)[(Z]27Z) where E; is an ordinary elliptic curve, Fs is a
supersingular elliptic curve, and Z/2Z = FEi[p](k) acts on E; x Ey via
a(z,y) = (z+a,-y). In this case, U = J = 0, see Proposition 2.5.1.

(4) Godeaux surfaces. In this case, ¢ = —p, =0, and 7 = p = 9 [29]. Similar
to the Enriques case, there are two types of Godeaux surfaces: classical and
singular, where singular ones occuring only for p = 5. The Picard scheme
Picy ;, isomorphic to the product of Z®° and a finite flat group scheme

Z|57 or py, when X is classical and singular respectively.

Corollary 2.3.5. Let X/k be a Godeaux surface. Then r = p =9 and
U =0. Moreover, the following statements hold.

(1) If p+ 5, then Br(X)[p>=]=0.
(2) If p=>5 and X is classical, then Br(X)[p™]=7Z/5.
(3) If p=5 and X is non-classical, then Br(X)[p>] = 0.
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Proof. For Godeaux surfaces the number 7% = 0 by Theorem 2.3.2. We
have r = p=9. Then NS(X)[p>] is non-trivial only when p =5 and when
X is classical, in which case NS(X)[p>] % Z/5Z. Now the result follows
from Theorem 2.3.1. []

Another easy consequence is that h%? < 1 implies 792 < 1, so U(k) is
either trivial or isomorphic to k. If, moreover, Picy; is smooth, then the
formal Brauer group Br(X) is a smooth formal group of dimension 1, so

it either has finite height or is G..

Corollary 2.3.6. Let X be a proper smooth surface over k such that the
Picard scheme of X is smooth, and h*° < 1. Let h be the height of Br(X)
(we set h=0 if h>Y=0). Then we have

0/ Z,)P272=P & NS(X)[p®]Y, if h < o0
B[] = (Qu/Zy) & NS(X)[p>]Y, if h<
(Qp/Zp)b2_p ®H, if h=00

where H is an extension of the Pontryagin dual of NS(X)[p*=] by k.

This corollary can be applied to abelian surfaces and K3 surfaces. For K3
surfaces, Corollary 2.3.6 was proved in [3]. Note that the Tate conjecture
for K3 surfaces implies that for the supersingular K3 surfaces we have
p = by, which equals 22. Corollary 2.3.6 can also be applied to classical

Enriques surfaces when p # 2.

2.4. Abelian Varieties

In this section we study Br(X)[p>] when X is an abelian variety. We
start by showing that the finite group J := coeur(H?(X, WQﬁ(/k))le[p‘”]

in Theorem 1.4.11 (2) is trivial when X is an abelian variety.
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Proposition 2.4.1. Suppose X[k is a proper smooth variety over an al-
gebraically closed field k of characteristic p, such that H". (X /W) is free.

cris

Then for any i+ j =n, coeur(H7 (X, I/VQg(/k))F:1 is a free Z,-module. The
logarithmic de Rham-Witt cohomology HI (X, WQng)X/k

sion of the free Z,-module coeur(H7 (X, V[/Qg(/k))F:1 by the group of k-points

) is then an exten-

of a connected commutative unipotent group U of dimension T 17,

Proof. : By [24, Theorem I1.3.4] and Proposition 1.4.7, the heart coeur(H7 (X, WQfX/k))

survives to the E.-page:
B c F®*BY c V=7 c 7Y,

and the quotient F>°BY /BY and ZZ/V -7} are finite length W-modules.
We need to prove that F' cannot have non-zero fixed points on the torsion

part of coeur(HJ (X, WQZX/k))

To see this, consider the filtration on H”. (X /W) induced by the slope

cris

spectral sequence:
0cFil’cFil' c .Fi ' cFiV c ... c Fil" = H", (X/W).

Each Fil’ is a free W-module, and we have Fil//FiV™! =~ EY =~ ZZ/BY.
Write F for the Frobenius acting on H”. (X /W). Then § acts on Fil/ [Fil/ ™,
and this action is induced by the action of F' on H/(X, WQ /k). By this
equality, we can find W-submodules FiV™! ¢ B’ ¢ Z’ ¢ Fil such that
B'[FiV ! = FeBY/BY and Z'[Fi™ = V->ZJ/BY. It suffices to prove

that ;—;—- cannot have non-zero fixed points on the torsion part of Z’'/B’.

Since the quotient B’/Fil’! is of finite length, the crystals (B’,F) and
(Fil/™!, F) have the same slopes. By Illusie’s fundamental results in [23],
the slopes of (Fil’™!, F) can be identified with the slopes of (H™. (X /W), F)

that are contained in the interval [, 00). Now suppose that [x] € Z’/B’

is a torsion element fixed by §, where z € Z’. Then pFx € B’ for some k.
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Since the slopes of F' = f on B’ are > 1, for any integer m we can write

Fm(pFx) = pm(y) for some y € B'. Choose m > k, then F™(pFz) = p™y
implies F™(z) = p™*y € B’ since B’ is torsion-free. But Faz -z € B’
implies Fx — x € B’, so x must be contained in B’. Hence [z] = 0 in

Z'|B'. 0

Theorem 2.4.2. Let A be an abelian variety of dimension g over k. Then

we have

Br(A) = (Q,/Z,) " & U,

where the dimension of the connected unipotent group U is dim(U) = h"% -

mY2, where h? = @, and J = 0.

Proof. Combine Theorem 1.4.11 (1), (2), (3) with Proposition 2.4.1. [

As an illustration, for an abelian 3-fold A over k we calculate all possible
values of the unipotent dimension 7%2. There are five different possibilities
for the Newton polygon of H! . (A/W), namely: the ordinary case (black),

the almost ordinary case (blue), the almost supersingular case (orange),

the 1/3 case (green), and the supersingular case (red).

Then, by Theorem 1.4.11(3), we have h%% = hY2 = m" + 702, We have
h92 = 3. Explicitly calculating m"? we find

m” =3 (1-A)m\(H*(A,WOx)® K) =Y (1-X)my(H2(A/W)).
Ae[0,1) A€[0,1)

We have the following table:
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cases slopes of H2(A,WOx) ® K | m0? | T2 | 703

ordinary {0,0,0} 3100
almost ordinary {0,3,4,5,3} 3 0| 0
almost supersingular {13,423} 2 1 1
1/3 type {2,2,2} 121
supersingular %) 0 3 1

Thus the unipotent dimension of Br(A)[p>]is 0,0, 1,2, 3, respectively. Re-
call that we have Ekedahl’s symmetry

T02 — 7‘!137 T03 — T12.

Corollary 2.4.3. Let A be an abelian 3-fold over k. The following state-

ments hold:
(1) If A is ordinary, then Br(A)[p>] = (Q,/Z,)"".
(2) If A is almost ordinary, then Br(A)[p>=] = (Q,/Z,)>".
(3) If A is almost supersingular, then Br(A)[p®] = (Q,/Z,)" " & k.
(4) If A is of 1/3-type, then Br(A)[p=] = (Q,/Z,)?* & U(k), where U is
an extension of G, by G,.
(5) If A is supersingular, then Br(A)[p®] = (Qu/Z,)">7 & U(k), where

U/k is a connected commutative unipotent algebraic group of dimension 3.

Proof. This follows from Theorem 1.4.11 (1), (2), (3) and Proposition 2.4.1.
[

Remark 2.4.4. Serre classified all connected commutative unipotent al-
gebraic group of dimension 2, see [49, Lemme VII1.2.9.3]. Apart from the
Witt group of length 2: W5 and G, x G, for each element

Z Cz'Ti € ]430 [T],
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there is an extension of k£ by k, given by the formula
(al, bl) + (CLQ, bg) = (a1 + a9, b1 + b2 + Z cZ-F(al, CLQ)pi) (22)

where F(xy,29) = %(x’f + xh — (1 + 22)?). Moreover, Serre proved that
Ext'(G,,G,) = k,[T]. We will see, in Table 4.4.14, for any abelian 3-fold
of 1/3-type, U is always G,xG,. In dimension 3, all connected commutative
unipotent algebraic group is isogenous to either G, x G, x G,, or Wy x G,
or W3. We will see, in Table 4.4.14, for any supersingular abelian 3-fold,
if its a-number is 2 or 3, then U = G, x G, x G, if its a-number is 1, then

U is isogenous to Wy x G,,.

Recall that an abelian variety A/k of dimension g is called superspecial if
A=TI%, E;, where E; for i = 1, ..., g are supersingular elliptic curves. When
g > 2, it is known that all superspecial abelian varieties of given dimension
are isomorphic [40, Theorem 2.

Proposition 2.4.5. Let A be the superspecial abelian variety of dimension

g(g-1) 9(g-1)

g. Then we have Hy (X, 1) = (Z[p)” @ k™7 and Br(A)zk" 7 .

Lemma 2.4.6. Let E be a supersingular elliptic curve, and let E[p] be its

p-torsion group scheme. Then
Homy(E[p], E[p]) 2 F 0k,
with algebra structure given by (x,a) - (y,b) = (zy, zb + ay?).

Proof. The contravariant Dieudonné module functor is an anti-equivalence
between the category of finite commutative group schemes of p-power order
over k and the category of finite length modules over the Dieudonné ring

(see, for example, [19, Theorem III.1]). In particular, we have

Homy.(E[p], E[p]) = Homy, 1 (D(E[p]), D(E[p]))-
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It is known ([15, Chapter III]) that D(E[p]) is a 2-dimensional vectors

space over k with basis {e},e2} such that
F€1 = €9, FBQIO, V€1:€2, V€2=0.

Suppose f : D(E[p]) — D(E[p]) is such that f(e1) = aje; + ases, f(e2) =
bie1 +baes. Then f satisfies f(F(e;)) = F'(f(e;)) and f(V(e;)) =V (f(e)).
This is equivalent to a; = b = bg_l, and b; = 0. So a; can be any element of
F,2, and by = af = a‘l’_l, by =0, and as can be any element in k. This shows

that
Homy, (71 (D(E[p]), D(E[p])) 2 Fye @ k.

proving the lemma. ]

Proof of Proposition 2.4.5: We use induction on g, and we use the

product formula in [51]. For g =1, we have Hi (X, ) = Pic(X)/p 2 Z/p.

By [51, Theorem 1.3], for pointed projective varieties X and Y, we have
Higppf(X x Y, lup) = H%ppf(X7 :up) D H%ppf(Y7 :up) ® Homk‘(SX7 S;;),

where Sy is the finite commutative group k-scheme whose Cartier dual S,
is Picy[p] = ker(Picx LA Picy/;,), and similarly for Sy. Taking X and
Y to be E and E9! respectively, we have

H%ppf(E X Eg_l? :up) = H%ppf(E7 :up) EBH%ppf(Eg_la :up) EBHomk(E[p]v, Eg_l [p])
(2.3)

The group scheme FE[p] is self dual by Weil pairing. By Lemma 2.4.6, we
have

Homy (E[p]”, B9 [p]) 2 (Z[p)* @ k. (2.4)
Induction on the dimension g now gives the desired formula for H?ppf(Eg fhp)-
Using the Kummer sequence and the Tate conjecture for abelian varieties,
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we see that Br(X)[p>] only contains the unipotent part. By counting the

dimension of the unipotent part, we conclude that Br(X)[p>] 2 B

In the rest of this section, we compute the domino numbers 7% for all
abelian 4-folds, for documentation. There are 9 different kinds of Newton
polygons: the supersingular case (red), the supersingular 1/3 type (green),
the 1/4 type (violet), the almost supersingular case (yellow), the ordinary
1/3 case (brown), the half-ordinary-half-supersingular (orange), the almost

ordinary (blue) and the ordinary case (black).

For the supersingular abelian 4-folds:

T |i=0|i=1]i=2
g=41 1 4 6
j=3| 4 18 4
j=2] 6 | 4 | 1
For the supersingular 1/3 slope (green):
T | = 1=1]1=2
j=4| 1 | 4 | 4
j=3| 4 12 4
j=2 4 4 1

For the almost supersingular slope (yellow):



Tii

ol el S
[l
oW

For the 1/4 (purple):

ol el S
Il
oW

For the ordinary 1/3 slope (brown):

Tii

4
3
2

I

W A

w W =

N W =

W W — s W

W N

For the half-ordinary-half-supersingular (orange):
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2.5. Product with an Ordinary Vari-

ety.

In general, it is difficult to formulate a Kiinneth type formula for the

p-primary torsion subgroup Br(X x Y)[p>], due to the complexity of the



Kiinneth formula for Hodge-Witt cohomology groups H¢(X, WQ¥ /k), as
developed in [17]. The resulting expression is often highly nontrivial and

involves intricate interactions between the cohomology groups of X and Y.

To illustrate this phenomenon, we consider a concrete example given by
Ekedahl: the self-product of an Igusa surface. This example highlights the
subtle behavior of the unipotent part of the Brauer group under products.
Using Ekedahl’s Kiinneth formula, we show that if X is ordinary, then the
unipotent part of Br(X x Y') is naturally isomorphic to that of Br(Y').

Proposition 2.5.1. Suppose p = 2. Let I = (Ey x Ey)[(Z]2) be an Igusa

surface over k in 2.5.4. Then the following statements hold:
(1) when X =1, then U = J = 0.

(2) when X =1 x1, then U 2G, and J =0.

Proof. This follows directly from Ekedahls computation [17, IT1.8], together
with Proposition 1.4.11. []

Let X and Y be two proper smooth variety over k. According to Ekedahl

[17], there is an quasi-isomorphism of R-complexes in D%(R):
RD(X,WQ5 ) )¥RRD(Y, WS, ,) = RU(X < Y, W Q)

where * is the universal product of R-modules defined in [17]. In general,
this Kiinneth formula is highly nontrivial, for instance, the domino U; will
be the 0-th cohomology of EI/Q*I&El 2. However, there is a special case
where the formula simplifies considerably: when one of the varieties is

ordinary.

Theorem 2.5.2 (Ekedahl’s Kiinneth formula). Let X be an ordinary pro-

por smooth variety over k, and let'Y be an arbitrary proper smooth variety
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over k, then we have the following exact sequence for each pair of i,j:

0~ @__ H' (X, WQf;(/k) ® H2(Y, WQf;(/k) - H/ (X x Y, W )

Ji+j2=]
N @ Tory (H/(X, WYy ), B2 (Y, WQY 1)) - 0.
Jitj2=j+1
Here, for two R? modules M, N, assume M is finitely generated and the
Frobenius F acts bijectively on M, then both M ® N and Tor)" (M, N)
can be equipped with natural R’ module structures as follows. Since F
is bijective on M, we may choose a free resolution of M of length 2, 0 —
Wm — W — M, where the Frobenius action on each free module is
also bijective. Tensoring this complex with N, we obtain the complex
0 - N®u —» N®% on which the actions of F' and V' are induced from those
on N. Explicitly, the operators acts as F'(z®y) = F(2)®F(y), V(x®y)=
F-1(z)®V (y). Taking cohomology, we obtain Tor;" (M, N) with an induced

R%-module structure.

Theorem 2.5.3. Let X be an ordinary propor smooth variety over k, and
let Y be an arbitrary proper smooth variety over k. The following state-

ments hold:
(1) The unipotent parts of Br(XxY)[p*] and Br(Y)[p>] are isomorphic.

(2) Assume both Picy, and Picy, are smooth, and the following two

groups are free:

H'(X, WQY,), H(Y,WQL ),
then the non-divisible part of Br(X xY)[p=], H3(X x Y,Z,(1))[p>], is
isomorphic to the direct sum of H3(X,Z,(1))[p*] and H3(Y,Z,(1))[p>].

Proof. For short, let us use H”?(X') to denote H4(X, W /k) in this proof
(and similarly for Y'). All these cohomology groups are successive exten-

sions of R%-modules of type I or k[[V]], or k[[dV]]. The map (F - 1)
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is surjective on all of these modules, so the F-invariant subspace of the
extension is the extension of the F-invariant subspaces. We will use this

observation implicitly throughout this proof.

For (1), we have H®0(X) 2 HYO(Y") 2 W, so the F' = 1 parts of H'2(X) ®
HY0(Y') and H*(X)@H"*(Y) are H*(X, Z,(1))[p>] and H*(Y, Z,(1))[p*],
respectively. It suffices to show that the F' = 1 parts of the other twelve

terms in the Kiinneth formula do not contain unipotent parts.

By Remark 1.4.8, HO(Y"), H%(Y') and HL1(Y") are all finitely generated,
and the cohomologies of X are always finitely generated, so H*?(X) ®
HY(Y), HMY(X) @ HY(Y), HON(X) ® HLYY(Y) are all finitely generated
W-modules as well, so their F-invariant subgroups have trivial unipotent
parts. For HWY9(X) @ H*?(Y), HL0(X) can be written as a direct sum of
several copies of W and torsion W-modules of the form W /p" (on which F
maps 1 to 1). By a easy calculation we have (W /p")@H%2(Y") ~ H*2(Y") /p",
its F-fixed part cannot have unipotent part, because it has a filtration by
Theorem 1.4.5 whose graded pieces are either modules of type I or k[[V']].
The F-fixed part of W ® H%?(Y") cannot have unipotent part either. For
the eight Tor}" groups, notice that HOO(Y"), HOL(Y), HO(X) and HOO(X)
are free, their Tor‘fv groups with any W-modules are always trivial. The
groups H%3(X), HLO(Y), H%?(X) and HY(Y') are all finitely generated,
so Tor}” (HO3(X),HLO(Y)) and Tor}" (H*2(X),HL(Y) are both finitely
generated as well, so their F-fixed parts can’t have unipotent group. For
Tor)” (HM(X),H%2(Y)) and the group Tor}” (HLO(X),HO3(Y)), we can
write HM(X) and HYY(X) as a direct sum of W’s and modules of the form
W /p*, then by a easy calculation Tor]’ (W /p", HO3(Y)) = HO3(Y)[p"] and
similarly Tor)" (W /p®, HO2(Y)) = HO2(Y)[p"], so their F = 1 part can’t

have unipotent parts as well. This proves (1).

For (2), the smoothness of the Picy, and Picy, implies that H%?(X)
and H%2(Y') doesn’t contain V-torsion(6.1.2). The two groups HLY(X)
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and HY0(Y) are free because WQ o doesn’t have p-torsion. By our as-
sumption, and the fact that H%'(X) and H%'(Y") are both free (they are
TC(Picx/,) and TC(Picy ;) respectively), the four tensor products are
all free W module. The eight Tor}" groups are all zero by our freeness

assumption. []

Remark 2.5.4. From FEkedahl’s duality theorem [106], there is no nilpotent
torsion part in H' (X, WQfX/k) for any i. As a consequence the torsion part
of HY( X, WQﬁ(/k) is always isomorphic to NS(X)[p>]®z, W. I don’t know
how to show this without invoking Ekedahl’s duality.
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Part 11

Brauer Groups of Abelian Varieties
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The theory of the slope spectral sequence provides a description of the
p-primary part of the Brauer group Br(X)[p™] by expressing it as a direct
sum of (Q,/Z,) " and H*(X,Z,(1)). The latter is an extension of a finite
group J by the group of k-points of a finite-dimensional connected commu-
tative unipotent group U. However, the structure of U remains somewhat
mysterious. While its dimension is known from the work of Crew and
Ekedahl, commutative unipotent groups in characteristic p exhibit subtle
and intricate behavior. For instance, the Witt group Wy (of dimension 2)
differs significantly from the product G, x G,: W is not annihilated by p,
whereas G, x G, is. In fact, Serre showed that any connected commutative
unipotent group U is isogenous to a product of Witt vector groups W, ,
meaning there exists a surjective morphism U — []; W,,. with finite kernel.
The multiset of integers n;,—called the isogeny class of U—is uniquely deter-
mined by, and determines, the dimensions of the finite subgroups U[p"]
killed by p" for all n.

Our goal is to determine the isogeny class of U, at least for certain easy
varieties. To this end, we employ a formula introduced by Skorobogatov,
which allows explicit computation of U in the case of abelian varieties when
p # 2. This formula expresses the p-torsion subgroup Br(A)[p"] (for any n)
in terms of a certain group of homomorphisms from A[p"] to AV[p"]. By
solving equations for the relations of the Dieudonné modules, we compute
the dimension of U[p] for any principally polarized abelian variety (A, )
from its Ekedahl-Oort type (see Theorem 4.1.2). Together with the dimen-
sion formula (2.4.2), this enables us to determine the isogeny class of U for
any principally polarized abelian threefold (see Table 4.1.3). Combining
this result with some more calculations for non-polarized group schemes
using Kraft’s classification theorem, we are able to classify the isogeny
class of U for all abelian threefolds, in terms of their Newton polygons and
a-numbers (see Table 4.4.14).
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The explicit structure of U is highly intricate. For completeness, we
include a detailed computation of Hom(A[p?], AV[p?])*™ in the case of a
principally polarized supergeneral abelian variety, illustrating the complex-
ity of the problem. We also investigate the distribution of this Hom group

across the moduli space of principally polarized abelian varieties.
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3 A Formula by Skorobogatov

Let k, as before, be an algebraically closed field of characteristic p > 0, and
let A be an abelian variety of dimension g over k. In Theorem 2.4.2; using
[lusie’s theory of slope spectral sequence, we showed that Br(A)[p>] is a
direct sum of the group of k-points of a connected commutative unipotent
group U of dimension 7% and a divisible part (Q,/Z,) ", where r is the
multiplicity of slope 1 in H2. (A/W), and p is the Picard number. In
[20], Skorobogatov provided the following explicit formula to determine

the structure of U, when p # 2.

Theorem 3.0.1. (Skorobogatov) Assume p # 2, and k is algebraically
closed of characteristic p. For any abelian variety Alk, we have the follow-

ing isomorphism:
Br(A)[p"] = Homy(A[p"], A*[p"])™™"/(Hom(A, A")>"[p"),

where sym denotes morphisms f such that f¥ = f, under the identifications

given by the Weil pairings:
wA . A[pn]v gA\/l:p’n]’ wAV . AV[pn]V gA\/\/l:p’n] o~ A[pn]
those morphisms f such that f¥ 2 f.

For completeness, we demonstrate the proof as following. The proof is

completely due to Skorobogatov [20].
Write H/(A) = H (A, p1n). Note that H'(k) =0 for i > 1. We have the
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following morphisms of abelian varieties A x A - A: the two projections
m, T, and the sum map m. We also have morphisms of abelian varieties
A - A x A: the two embeddings i1(z) = (x,0) and is(z) = (0,2), and
the antidiagonal a(z) = (z,-x). Let s:tAx A - A x A be the involution
s(z,y) = (y,2).

For a contravariant functor F' define F'(A x A)prim = Ker(i}) n Ker(73).

Then we have a natural direct sum decomposition
F(AxA)=F(A)e F(A)® F(Ax A)pim-

Let F'(A x A)*™ be the s*-invariant subgroup of F(A x A).

A contravariant functor I’ from the category of abelian varieties over
k to the category of p-primary torsion abelian groups has degree d if
F(spec(k)) = 0 and [m]* = m?. An additive functor has degree 1. Tt is
well-known that a functor is additive if and only if it preserves finite direct
sums, see, e.g., [Stacks, Lemma 0DLP]. The spectral sequence attached to
the projection A x B - A shows that sending A to H!(A) commutes with
finite direct sums, so this is an additive functor. Sending A to H2(A) is a
quadratic functor. This is well-known when p # char(k), because in this
case [i,» is a smooth group scheme, so fppf cohomology coincides with étale

cohomology which is the exterior algebra of H'(A) (up to a twist).

Lemma 3.0.2. Assume that p £ 2. For any quadratic functor with values

in p-primary torsion abelian groups the map m*—m; —7m5: F(A) - F(AxA)

sym

is injective with image contained in F(A x A)pﬂm.

Proof. Composing with i} and 43 we check that m*(z) — 7{(z) - m5(z) €
F(Ax A)i,- Composing with a*, we see that [-1] : A - A acts on

Ker(m* - m —n}) as —1. Since F is quadratic, [-1]* = Idp(4), thus 2

annihilates Ker(m* — 7} — 75), implying that Ker(m* -« —m;) = 0. O
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Proposition 3.0.3. The map m*—n} -n5:H2(A) - H2(Ax A) is surjective
onto (1+ s*)H2(A x A)pyim. (Here k can be an arbitrary field.)

Proof. Let T be the torsor [p"]: A - A with structure group A[p"]. We
denote by [T] the class of T in H%ppf(A,A[p“]). The cup-product in fppf

cohomology of A produces a class
[T]o [T] € H,0 (A A[p"] ® A[p"]).

We have classes 7[T] € H%ppf(A xi A, A[p"]) for i =1,2. The cup-product
in fppf cohomology of A x; A produces a class

mi[T]umy[T] € H%ppf(A xp A, A[p"] ® A[p"]).

On the one hand, by [51, Proposition 1.3], the map sending 1) € Homy, (A[p"]®
A[p"], pipm) to the push-forward ¢, (7w [T]ums[T]) €e H2(A x; A) defines an

isomorphism
Homy,(A[p"] ® A[p"], ) ——>H*(A % A) prim.

This implies that every element of (1+s*)H?(A x A)pim can be written as
b (m [T U w3 [T]) + . (m3[T] U7 [T]) for some ¢,

On the other hand, functoriality of cup-product gives m* (¢, ([T]u[T])) =
Y (m*[T]um*[T]), and similarly with m* replaced by 7} or m;. By the
additivity of H!, we have m*[T] = nj[T] + m3[T]. It follows that

(m* =i = m) (D ([T]U[T])) = e [T]U 3 [T]) + . (ma[T] W i [T]).

This proves the proposition. ]

Theorem 3.0.4. Assume that p # 2. Then the map m* — w{ — m; induces
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an isomorphism

H2(A)—>H2(A x; AN

prim

~Homy, (A[p"] ® A[p"], ppr)™™ = Homy (A[p"], AY[p"])*¥™.

Proof. Combine Lemma 3.0.2 and Proposition 3.0.3. ]

The Kummer sequence

is exact in the fppf topology. It gives a natural isomorphism H'(A) =z

AV[p"](k) and an exact sequence
0 — Pic(A)/p" - H?(A) - Br(A)[p"] - 0. (3.1)

Now we show that: assume that p # 2. Then the map m* - 7] — 7] induces

an isomorphism

Br(A)[p"]—=Br(A < A)[p" |},

prim

*Homy,(A[p"], A*[p"])™/(Hom(A, AY)>"/p").

Proof of Theorem 3.0.1: The primitive part of (3.1) is the exact se-

quence

0 — Hom(A, AY)/p" - H?(A x;, A)prim = Br(A x; A)prim[p"] = 0.

Since p is odd, we have H'(Z/2, Hom(A, AV)/p") = 0, so passing to the
s*-invariant subgroups preserves exactness. It is well-known that m* -
77 — 7y induces an isomorphism NS(A)—Hom(A, A¥)%™. Using this and
Theorem 3.0.4 we see that the first two vertical maps in the commutative
diagram
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0 —— Hom(A, AV)»™/p" —— H2(Ax; A)V" —— Br(Ax; A)prim[p"] — 0

prim

1 ] T

0 —— Pic(A)fp/ —— 5 H2(A) —— % Br(A)[p"] ——— 0
are isomorphisms. Thus so is the third vertical map. O

Remark 3.0.5. Similar to Theorem 1.4.9, the isomorphism of Theorem
3.0.1 can be upgraded to an isomorphism between quasi-algebraic groups.
Indeed, following the proof of Theorem 5.0.1, one can construct a map

between fppf sheaves:
R fiopt « iy [ (Pic(A) [p") - Hom(A[p"], A¥[p"])*™ /(Hom(A, AY)>™/p").

On k-points, this map is an isomorphism, and therefore it induces a iso-
morphism between their corresponding quasi-algebraic groups. A detailed

proof will be given in a forthcoming work.
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4 Dimension of U[p]

From now on, we assume p # 2, and as before, let k be an algebraically
closed of characteristc p. In this chapter, we use Skorobogatov’s formula
to compute the dimension of U[p], the p-torsion subgroup of U, for an
arbitrary principally polarized abelian variety (A,:) from the Ekedahl-
Oort type of A. Note that U[p] is always a finite product of G,. We also
compute the dimension of U[p] for an arbitrary (not necessarily polarized)
abelian threefold, using Kraft’s classification theorem. This allows us to

determine the isogeny class of U for all abelian threefolds.

In the rest of this part, we carry out the following strategy. For two finite
flat commutative group schemes G1,Gs over k, assume M, My are their
covariant Dieudonné modules, respectively. Let Hom(G1, G3) be the Hom
group scheme from (G to G, then this functor sends every k-scheme S to
the abelian group Homg (G x S, G x S). Define Homp (M7, M,) to be the
subgroup scheme of the W-module scheme Homyy (M, M) cut out by the
Dieudonné compatibility relations. Explicitly, for every k-algebra R, the
group scheme Homp (M, Ms) send R to the group of homomorphisms

f € Homyy sy (My ® W(R), My ® W(R))
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such that the following two squares commute:

My @ W(R) —L— M, ® W(R) oMy ® W(R) —— oM, ® W(R)
F@z’dl F2®idl V1®idl V2®z'dl
oMy ® W(R) —— oM, ® W(R) My @ W(R) —— M, ® W(R).

According to crystalline Dieudonné theory, for each k-scheme S, there
is a contravariant functor D from the category of finite flat commutative
groups schemes over S to the category of Dieudonné crystals over S. We

thus have a natural transformation
Hom(G4,Gy) » Homp( My, M),

by mapping every x € Hom(G1, G2)(S) to the dual map of D(x) : D(Gag) -
D(G1,g) evaluated at the canonical thickening W,,(S) with its natural

power divided structure.

On the level of k-points, by classical Dieudonné theory, it induces an

isomorphism. Therefore upon passing to quasi-algebraic groups, the map
Hom(Gl, Gg) g HomD(Ml, MQ)

induces an isomorphism. Consequently one may compute Hom(Gy, Gs)
by working with Homp (M, Ms). When p # 2, the same argument applies

after imposing the symmetric condition.

4.1. Principally Polarized Case: Ekedahl-
Oort Type

Recall that in [41], Ekedahl and Oort stratified the moduli space of prin-

cipally polarized abelian varities of dimension g over k according to the
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isomorphism class of the pair (A[p],¢[ap,)). There are precisely 29 such
isomorphism classes, each represented by an Ekedahl-Oort types ¢, a se-

quence of integers (¢(1),...,»(g)) satisfying
e(i)-p(i-1)=0or1, with(0)=0.

The set of Ekedahl-Oort types corresponds bijectively to the set of subsets
Pc{l,...,g}, where the associated type pp is defined recursively by:

op(i) =pp(i-1)+1 if and only ifi € P.

For each given Ekedahl-Oort type ¢, the a-number of A[p] is g—(g), and
the p-rank of A is the largest integer f such that ¢(f) = f.

Example 4.1.1. We highlight a few key examples:

o If A is ordinary, its Ekedahl-Oort type is {1,2,....,g}.

o If A is superspecial (supersingular with maximal a-number: g), the

FEkedahl-Oort type is {0,0,...,0}.
o If A is supergeneral (supersingular with minimal a-number: 1), the

FEkedahl-Oort type is {0,1,2,...,g — 1}.

We will prove:

Theorem 4.1.2. Suppose (A, 1) is a principally polarized abelian variety
of dimension g with Ekedahl-Oort type ¢ = pp, associated to a subset P =
{1<my <...<myp < g} of size h. Then the dimension of U[p] is given by:

_ _h _ h

This implies, for instance, let (A,¢) be a principally polarized abelian

variety:

73



o If (A,:1) is ordinary, then U[p] is trivial. This aligns with the fact
that U itself is trivial.

o If (A1) is superspecial, then dim U[p] = 9(92—_1), consistent with Theo-

rem 2.4.5.

o If (A,1) is supergeneral, then U[p] has dimension g — 1. Here recall
that dimU = 9(9—2_1).

Granting Theorem 4.1.2, it is easy to obtain:

Theorem 4.1.3. The possible isogeny classes of U for principally polarized

abelian threefolds are listed in the table below:

E-O type | Newton polygon | dim(U[p]) | dim(U) | isogeny class of U
{0,0,0} | supersingular, a =3 3 3 G, x G, x G,
{0,0,1} | supersingular, a =2 3 3 G, x G, x G,
{0,1,1} 1/3 type 2 2 G, x G,
{0,1,2} | supersingular, a =1 2 3 G, x Wy

1/3 type 2 2 G, x G,
{1,1,1} | almost supersingular 1 1 G,
{1,1,2} | almost supersingular 1 1 G,
{1,2,2} almost ordinary 0 0 0
{1,2,3} ordinary 0 0 0

Proof: We need to show the only match-ups between E-O type and Newton
polygon are the ones in the table. For ¢ = {0,0,0}, the a-number equals
3 so it must be superspecial; for ¢ = {1,2,3} and {1,2,2}, their p-rank
equals 3 and 2 respectively so they must be ordinary and almost ordinary
respectively. For ¢ = {1,1,2} and {1,1,1}, their p-rank equals 1 so they
both are almost supersingular. For {0,0,1} and {0,1,1}, by a result of
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Oort [41, Theorem (8.3)] the former one is supersingular and the latter

one is 1/3 type. Now the result follows from Theorem 4.1.2. O

From the table above, we observe that for principally polarized abelian
threefolds, the group U is not annihilated by p if and only if A is super-
general. In all other cases, U is either trivial or a product of G,. In the

supergeneral case, U is isogenous to G, x W.

The next two sections are devoted to prove Theorem 4.1.2.

4.2. The Hom Group

Let A be an arbitrary (not necessarily polarized) abelian variety. Let M
denote the covariant Dieudonné module of A[p*], equipped with a W -basis
B. Assume the Frobenius F' and the Verschibung V' have matrices [F/]
and [V)r], respectively, with respect to B. Then the Dieudonné module
of AY[p>], which is isomorphic to MV via the first Weil pairing, can be
described as a free W module with dual basis B*. Under this basis, the
matrices of Fyv and Vyyv are given by [Vir]@ and [Fa]?o ', respectively,
where ¢ denotes the transpose, and o and ¢! acts on matrix entries via
the Frobenius and the inverse. Here, we are using the explicit formula: for

every g € MV : M — k and every x € M, we have
Far(9)(2) = 9V (2))7, Vare(9) (@) = g(Far())".

Now consider a morphism f : A[p"] — AY[p"], it corresponds to a map
f:M[p* - MV/[p*. With respect to the basis B and B*, this is given by a
matrix [ f] € Matgguo,(W,,) satisfying

LF11Fn] = VAl L£]°,
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-1 -1
[F1Va] = [Fu]” [f]7
Here, we are using column-vector notation for coefficients:

f(eh "'7629) = (617 "'7629)[f]7
,7:(61, ...,629) = (61,...,629)[fM],
V(el, ...,629) = (61, ...,629)[VM].

Next, we determine the matrix of the dual morphism fv : M [p® - MV [p".

Recall that there are canonical identifications:
A[pn]v %,A\/[an AV[pn]V g A\/\/[pn] g A[an

but these isomorphisms arise from two different Weil pairings, differing by a
sign. Consequently, under the dual basis B and B*, the matrix representing
f¥ is given by —[f]!. Therefore, the group of symmetric homomorphisms
Hom(A[p"], AV[p"])®™ corresponds canonically to the group of matrices
[ f] € Matgguay(W,,) satistying:

LA1Fn] = VA L],

1

(D] = [P (117

Lemma 4.2.1. Under the condition [f] =-[f]!, the two Dieudonné com-

patibility equations:

-1

AP = Va1, AV = [ (17

are equivalent to each other.

Proof: Take the o-twisted transpose of the second equation yields the first.

d
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In the where A is principally polarized, the covariant and contravariant
Dieudonné modules are canonically isomorphic. For simplicity, we work
in the covariant framework here. Note that in this exposition, we do not
use the principal polarization to identify the dual basis B* with the orig-
inal basis B. However, in [20]such an identification was made. While the

notation differs, the resulting computations are equivalent.

4.3. Calculation: Combinatorics

Let ¢ = ¢p be the elementary sequence associated with the subset P =
{my<...<mp} c{1,2,...,g} of size h. Let (A,¢) be a principally polarized
abelian variety with Ekedahl-Oort type . Note that the a-number of A
is equal to g — h. Our goal is to describe the group Hom(A[p], AV[p])>™,
the symmetric part of the homomoprhism group; that is, the group of
homomorphisms f : A[p] - AY[p] such that f¥ = f. From our analysis
in the previous section, the group is isomorphic to the space of 2¢g x 2g¢

matrices in k satisfying:

LF1Fn] = VAl L],

We now describe the matrices [Fy/] and [Vi/]. Given ¢, we extend it to

a final sequence (¥ (1),...,1(2g)) by symmetrically setting

W(i) =p(i), fori=1,...,9; v(2g-1)=p(i)+g—1, fori=1,..,g.

Proposition 4.3.1. (Oort) The covariant Dieudonné module M of the

group scheme G, is a 2g-dimensional k-vector space with basis {Z|i =
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1,2,...,2g}, and the operators F and V acts as follows:

F(Xi)=2; F(Y;)=0,
V(Z;) =0, V(Zagi1-i) = £Y5,

where the sets {m;}, {n;}, {X;}, Y; are defined as follows:

o The indices 0 < my < ... <my < 2g are those i € {1,...,2g} such that
W(i)=1(i—-1)+1. For these indices, we set X; = Z,..

o The indices 0 < ng < ... <ny < 2g are those j € {1,...,2g} such that
Y(5)=(j-1), and we set Y; = Z,, .

In particular, fori=1,...,g, we set V(Zaygs1-i) = +Y; if and only if Zygi1-; €
{1,....Y,}.

Proof. This is Section 9 of [41]. O

Using the basis { X7, ..., X, Y1,...,Y,}, we now describe the matrix [Fj/]
and [Var]. Let @ :={1,...,g}\P = {nps1 > ... > n,}, define two g x g matrices
U,V by setting:

Uim, =1, fori=1,..h, U,; =0 otherwise;
Vin,=1 forj=h+1,..,9, V., =0 otherwise,

AR}

In other words, let E; ; be the standard elementary (g x g) matrices, with

(i,7)-entry 1 and all other entries 0, then we define

h g
U = ZEZ',mN V = Z Ejﬂj'
1=1 j=h+1

Notice that U + V is always a permutation matrix. Then we can express

the action of F' and V on M and MV as:
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U 0 0 0
[Far] = (V 0)7 [Var] = (—Vt U’f)'

This description can be interpreted as follows:

o The matrix U occupies the first h rows, with identity columns indexed

by elements of P, and zeros elsewhere.

e The matrix V occupies the last g — h rows, with identity columns

indexed by elements of P, placed along the second diagonal.

Example 4.3.2. If g=4,P ={2,3}, p={0,1,2,2}, then

(0100 {000 o)
0010 0000
U = V= .
0000 0001
\0000) (1 00 0

Suppose [ f] € Maty, (k) is written in block form as:

=7
C D)’
then the conditions for Dieudonné relation become:
to o
A BY\[U 0 0 O A B
= (4.1)
C DJ\V 0 -yt yt C D
A=-A'D=-D!'C=-B"
So we are reduced to solve three matrices equations:

AU +BV =V(C°, CU+DV =UC°, A=-A', UD°=VD°=0.

Since U +V is a permutation matrix, D has to be 0.
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Proposition 4.3.3. The solutions to the above equations are necessarily
and precisely of the following form: the matrix B must be a g x g matrix

satisfying the following conditions:
(B1) For 1<i<h and 1<j<h, we have B; j = By, m, -
(B2) For h+1<i<g and h+1<j<g, we have B;j = By, ..
(B3) For 1<i<h and h+1<j<g, we have B; j = 0.
(B4) Forie@, je P, we have B; ; = 0.

For each such matriz B, we must have D = 0 and C = -Bt, and A
satiefying:

(Al) For1<i<hand1<j<h, A;;=0.

(A2) For h+1<i<g, 1<j<h, we have A;; = -Bj

mj,n;’

(A3) Al = —A.

Proof: We solve the system explicitly. Equation (4.1) is equivalent to the

following four equations:
AU+BV =V(C?, CU+DV=UC°, A=-A'" UD°=VD’=0.

Since U + V is a permutation matrix, it follows immediately that D = 0.

Now, we analyze each of the remaining equations.

First we focus on the equation B'U = UB!. B!U is the matrix where
the m;-th column is the ¢-th row of B for i = 1,..., h, and all other columns
are 0. UB'" is the matrix where i-th row is the m;-th column of B, raised
to the p-th power, and all other rows are 0. So the equation B'U = U Bt

is equivalent to:
(B1) for 1<i<hand 1<j<h, we have B;; = By, m,.
(B3) for 1<i<hand h+1<j<g, we have B; ; = 0.
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(B4) for each i€ Q,j€ P, B; j=0.

Now we focus on the equation AU + BV = -V B9, AU is the matrix
with m;-th column equal to the i-th column of A for + = 1,...,h, and all
other columns are 0. BV is the matrix with n;-th column equal to the
j-th column of B for j = h+1,...,g9, and all other columns are 0. Also,
—V Bt is the matrix where the j-th row equals to the negative p-th power

of the n;-th column of B for j = h+1,...,9, and all other rows are 0. So
the equation AU + BV = -V B maybe described as:

(B2) for h+1<i<gand h+1<j<g, wehave B; ;= By ..
(B5)=(B2) the upper right h x (g — h) block of B is 0.

(A1) the upper left h x h part of A is 0,

(A2) the lower left (g —h) x h part of A is uniquely determined by B,

We have one extra condition (A3) coming from A’ = —A. These finishes

the proof. O

Let H, denote the set of matrices B satisfying the conditions in Theorem
4.3.3.

Theorem 4.3.4. The set H, is naturally a direct sum of a F,-vector space

and a k-vector space of dimension
k
i=1

For each B, the corresponding space of solutions of A is naturally a coset

- - (g=h)(g-h-1)
of a k-vector space of dimension ~—=5—.

To prove this, we define a directed graph (permitting loops) G, = (V,,, E.,)

that encodes all the combinatorial conditions from Proposition 4.3.3.

Definition 4.3.5. For each Ekedahl-Oort type ¢, we define the directed
graph (permitting loops) G, = (V,, E,) as follows:
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(0) For each 1<i< g, 1<j<g, define a vertex v;;;

(1) For each 1<i<h, 1<j<h, draw a directed edge from v;; t0 Uy, m,;

(2) For each h+1<s<g, h+1<t<g, draw a directed edge from v; ; to
Un, ;-

We mark certain vertices as zero based on the vanishing conditions:

(3) For 1<i<h and h+1<j<g, markv;; as0.

(4) ForieQ, je P, mark v;; as 0.

Note that conditions (3) and (4) may overlap. The relations in Propo-
sition 4.3.3 correspond to this graph in the following way: a relation
Bi, j, = BZ , corresponds to a direct edge from v;, ; to vj,;,; a condi-
tion B;; = 0 corresponds to marking vertex v;; as 0. Thus, the directed
graph G, = (V,, E,) captures all the combinatorial structure of the solution

space described in Proposition 4.3.3.

Example 4.3.6. Suppose g =4, P ={2,3}, 0 ={0,1,2,2}, then the directed
graph G, = (V,, E,) looks like:

(URN <
}fl 0 0/\

0
\ y
Uz,\? V224 () 0

8 Y
V31 2| V3,34 U3 4

\
V41 U4 4
d 010

In this example, it is stratghtforward to verify that the number of free orbits

18 2.

There are several simple but important observations about the graph

Dso = (VsaaEw)-
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Proposition 4.3.7. Let D, = (V,,, E,) be the graph defined as above. The

following statements hold:

(1) For each directed edge e € E, from v;, j, to v, ,, we have |i; — ji| <

lia — jo|. In other words, edges move progressively away from the diagonal.
(2) The in-degree and out-degree of every vertex are at most 1.

3) The connected components of the graph D, are of two types: either
%) Y
cycles:

Viy,g1 = Vigyjo = -+ = Ui, = Vig gy
or chains:

/Uilajl e /Ui2aj2 e /UZ.THjn'

(4) For each i, the diagonal vertex v;; has both in-degree and out-degree
equal to 1. Moreover, any edge originating from a diagonal vertex ends at

another diagonal vertex.
5) The diagonal vertices form several disjoint cycle components.

(
(6) The out-degree deg*(v;;) = 0 if and only if 1 < i < h<j<g or
N

1<j<h<igyg.

(7) There are exactly h(g —h) chain components above (and symmetri-

cally, below) the diagonal.
(8) In each cycle component, no vertex carries a mark of 0.

(9) Each chain component above the diagonal terminates at a vertex

marked with 0.

(10) Each vertex below the diagonal that carries a mark of 0 is the starting

point of a chain component.

(11) The number of chain components without a vertex marked 0 equals

Zzhzl(mi —1).
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Proof: (1)(2)(4)(6) follow directly from the definitions of the graph and the
construction rules. (3) follows from (2): since all vertices have in-degree
and out-degree at most 1, each component must either be a cycle or a chain.
(5) follows from (4): since diagonal vertices only connect to other diagonal
vertices, and their in-degree and out-degree are both 1, they must form
cycle components. (7) is a consequence of (1)(6): we know exactly which
vertices terminate chains: these are in the upper-right or lower-left blocks
outside the hxh corner, giving h(g—h) such chains in each region. For (8),
any vertex marked 0 is either of the form vy, or v, ,,, with 1<i<h <j<yg.
The former has out-degree zero, the latter has in-degree zero. Thus, such
vertices cannot appear in cycles. (9) is consequence of (6): a chain above
the diagonal ends at a vertex v; ; with ¢ < h < 7, and such a vertex is marked
0. For (10), from the definition, a vertex below the diagonal with a mark
of 0 is of the form v, ,,,. This vertex cannot be the target of any edge
(in-degree 0), so it must be the start of a chain. For (11), the number of
chain components that include a vertex marked 0 corresponds bijectively
to the set

{(nj,mi) | nj > my, nj € Q, m; € P},

whose size is .
Y (g-h+i-m;).
i=1

Thus, the number of chain components without any mark of 0 is
h h
hg-h)->(g-h+i-m;)=> (m;—i). O
i=1 i=1

Proof of Theorem 4.3.4 (1). Each connected component of the directed
graph D, is either a cycle component or a chain component. In a cycle
component

Uiy g1 = Vigygo = -+ 7 Vipgn = Vig g1y
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the corresponding variables satisfy B;, ;, = B} ; , Bi,j, = By i, - ,Bi, j, =
B? Therefore B;, j, = BY

Zlajl' Zlajl’

with the cycle form an IF,»-vector space. In particular, the solution space

which implies that the entries associated

for such a component is isomorphic to the finite field F..

In a chain component whose, If any vertex in the component is marked
with 0, then by definition, all associated entries in the matrix B must be 0.
If no vertex in the chain is marked with 0, then the entries corresponding
to the chain are freely determined, forming a copy of the additive groups
Ga(k). Hence, the number of chain components with no 0-mark determines
the dimension of the additive group component in the solution space. By

Proposition 2.1(11), this number is ¥, (m; - ). O

Proof of Theorem 4.3.4 (2). Consider the structure of the matrix A,
which depends on the matrix B according to Conditions 4.3.3(A1) and
(A2): the upper left h x h part of A is trivial, and upper right h x (g — h)
part, down left (g — h) x h part are both determined by B uniquely. The

down right (¢g—h) x (g—h) matrix has to be anti-symmetric, so the solution

(9-h)(g-h-1) . O

is naturally a k-vector space of dimension 5

Proof of Theorem 4.1.2. This result follows directly from combining

Skorobogatovs formula with Theorem 4.3.4. []

4.4. Non-Principally Polarized Abelian
Threefolds

We also aim to address the case of abelian varieties that are not princi-
pally polarized. At present, we do not have a complete calculation for this
more general setting, and further work is required to fully understand it.

Nevertheless, we do have some partial results that allow us to compute the
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isogeny class of U for an arbitrary abelian threefold. We begin by recalling
Kraft’s classification theorem for finite commutative group schemes killed
by p.

As usual, let k& be an algebraically closed field of characteristic p, and let
p # 2 in this section. Let BT denote the category of 1-truncated Barsotti-
Tate groups—that is, finite commutative group schemes over k killed by
p satisfying the relations Ker(F') = Im(V') and Ker(V) = Im(F'). A 1-
truncated Barsotti-Tate group is said to be indecomposable if it cannot be

written as the direct product of two non-trivial subgroup schemes.

Recall that to every circular word w, composed of letters F' and V,
Kraft associated a BT group G, to w by defining its covariant Dieudonné
module M,. For example, the circular word [V'V F'F'] corresponds to a
Dieudonné module with basis {ey, e, e3,e4} where the operators F' and V/

act according to the diagram:

|4 |4 F F
€1 €< €9 <— €3 — €4 — €.

We say a word w is indecomposable if it is not of the form w = w'® for

any word w’ and d > 1. Kraft then proved the following theorem:

Theorem 4.4.1. (Kraft) For every indecomposable circular word w, the
BT group scheme G, is indecomposable. Every indecomposable BT group

scheme is of the form G, for an indecomposable circular word w.

Proof. See for example, [43, Theorem 5.3]. ]

Proposition 4.4.2. Let A be a supergeneral abelian variety over k. Then

Alp] is isomorphic to the BTy group scheme associated with the word:
[VV.VFF..F].

Proof. Let M denote the covariant Dieudonné module of A[p>®]. According
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to [30, Lemma 5.7], M is generated by a single element z as a module over

W,[F, V], and there exists a relation
f=aF9+aF9 4 ta, + 01V o+ + by VI 4 b, VI e W, [F V]

such that fz =0and M =z W,[F,V]/(f) with ao, b, € W units and all other
coefficients are divisible by p. Reducing modulo p, the resulting module

corresponds to the word [VV..VFF..F]. ]

Corollary 4.4.3. Let A be any supergeneral (not necessarily principally
polarized) abelian variety of dimension g. Then dimU[p] =g - 1.

Proof. For any supergeneral abelian variety A of dimension g, A[p] is al-
ways the same group scheme. Since the space Hom(A[p], AY[p])®™ does

not depend on the polarization, the result follows from Theorem 4.1.2. [J

We now turn to supersingular abelian varieties with a-number a =g -1,

i.e, with almost maximal a-number. We compute in this case, dim(U[p]).

For integers m > 0 and n > 1, let w,, , be the circular word consisting of

m-copies of F'V | followed by F', then n copies of F'V, followed by V:
[((FV)(FV)..(FV)(E)(FV)(FV)..(FV)(V)].

Let Gy, be the corresponding group scheme of rank 2(m +n +1). The

Cartier dual of G, is easily seen to be isomorphic to G_1 m+1-

Recall from [44] that Oort studied when the p-kernel X [p] of a p-divisible
group X determines X itself. For each Newton polygon 3 with slopes in
the interval [0, 1], he introduced a minimal p-divisible group Hg, character-
ized by the property that any p-divisible group X such that X[p] =z Hs[p]
is necessarily isomorphic to Hg. The corresponding BTy group schemes
Hjs[p], are thus also called minimal because of this uniquely lifting prop-

erty. In [13, 5.3], the authors described, for each pair coprime integers

87



m,n, the covariant Dieudonné module of the minimal p-divisible group

n
m+n’

H,,, (isoclinic of slope of multiplicity m + n), as a free W-module

with basis {eg, €1, ..., €min-1} and actions F'(e;) = €4, V(€;) = €iym, where
€i+m+n = pe;. For instance, Hy1[p] corresponds to the circular word [F'V].
It is also true that a direct product of minimal BT groups schemes is again

minimal.

Lemma 4.4.4. The minimal BT group schemes H,, n+1[p] and Hy1,[p]
are isomorphic, respectively, to the group schemes associated with the cir-

cular words:

[((FV)(FV)..(FV)(F)], [(FV)(FV)..(FV)(V)].

Proof. The covariant Dieudonné module of the minimal p-divisible group

H, n+1, is a free W-module with basis {eg, e1, ..., €2, }, and
F(e;) = €jn, V(€i) = eirps1wheree; on,1 = pe;.
Tracing the F' and V' actions yields
F 1% F Vv o F

€n —> €2p < €Ep-1 —> ... € €0 —> €y,

which corresponds exactly to the circular word [(FV)...(FV)(F)].

Similarly, the covariant Dieudonné module of the minimal p-divisible

group Hy;1 ., is a free W-module with basis {eg, e, ..., e2,}, and
F(Gi) = €itn+1, V(ei) = ejrpWheree; o1 = pe;.

In this case the action diagram is

F v F vV v
€0 = Entl € €1 > ... < €y < €y,
which corresponds to the word [(FV)...(FV)(V)]. O
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Proposition 4.4.5. Let A be a supersingular abelian variety of dimension
g with a-number a(A) = g—1. Then there exist integers m > 0,n > 1 with

m+n<g-1, such that A[p] is isomorphic to:
[FV]9"" e G

Proof. Decompose A[p] into indecomposable BT} group schemes and write
down their circular words. Since a(A) = g — 1, there are exactly g - 1
copies of consecutive occurences of F'V among all the words of A[p]. Thus
each word can only be formed from copies of (FV) with at most one
additional (F) and at most one additional (V). The only possibilities of

such indecomposable words are:
[FV],[(FV)...(FV)(F)],[(FV)...(.FV)(V)], Gpn-

Consequently, A[p] must either be of the form [FV ]9 1" " & G,,,, or be

of the form
[FVIF@ [(FV)(FV)..(FV)(F)] e [(FV)(FV)..(FV)(V)].

The second form, by Lemma 4.4.4 corresponds to the minimal p-divisible
group for a Newton polygon that is not supersingular. In this case, the
lifting to a p-divisible group is unique up to isomorphism, and the resulting
Newton polygon is not supersingular-contradicting our hypothesis on A.

]

Corollary 4.4.6. Let A be a supersingular abelian threefold over k with

a-number 2. Then the isomorphism class of A[p] is one of:

[FFVVFV], [VVFFVF], [FFVV][FV].

We now proceed to compute dim(Hom(A[p], AV[p])*¥™) for a supersin-

gular abelian variety with a =g — 1.
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Proposition 4.4.7. The group

Hom (G, Gy, )™

has dimension (WFLW —min{m,n - 1}.

Proof. The covariant Dieudonné module of G, ,, has the form:

F V F V F F Vv V \%4
€1 = €2 <= €3 > ... < Com+1 — C2m+2 —> €23 < ... S Comy2nt2 < €1

The dual basis {e’} then satisfies:

LV L F L,V F o, Vo, Vo, F F o, F o,
€] <= €y €3 < ... > Copy1 < Copy2 S Copyz —> -or > Copioni > €.

Let x = 271" q;e*, then a straightforward computation gives:

m m+n+1
F(x) = a%,,0,:261 + Z a9;€5;,1 + Z ag;_1€5;,
=1 1=m+2 (4 2)
m+l m+n . )
* *
V(z) = Z ag; €91+ Z A9;,1€5;-
=1 =m+1

Let f: Gun — wa. Following notations in Section 4.2, for 1 < j <

2m + 2n + 2, write
2m+2n+2

fle)= 2 aije;,
i=1
We need to find the relations these coeflicients a; ; need to satisfy. These

coefficients are given by a symmetric map f : G, > Gy, it and only if

they satisfy the following conditions:

o For j=1,...,m, we have F/(f(es-1)) = f(ez;) =V (f(ezj+1)).
o F(F(f(e2m+1))) = F(f(e2ms2)) = f(eams3) =V (f(€2ms4))-

o For j=m+2,...,m+n-1, we have F\(f(ez;)) = f(ezj+1) = V(f(ezj+2)).
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o F(f(eams2n)) = f(eamans1) =V (f(€2msani2)) =V (V(f(e1))).

o The matrix [ f] formed by {a;,} is anti-symmetric.

Just as the proof of 4.1.2, we draw a direct graph that encodes all the
combinatorial conditions. We draw a (2m+2n+2) x (2m+2n+2) grid with
a; j in the i-th row and j-th column. An arrow from a;, ;, to a;, j, indicates
that that a;,;, = af ;

the previous section, here we take the target to be the Frobenius of the

is required in the Dieudonné relations. (Unlike in

source for convenience.) An entry a;; is marked 0 if and only if a; ; = 0 is

required in the Dieudonné relations.

Define:
P = {2j|k = 1727"‘7m+ 1} U {2]+ 1|] =m + 1,...,m+n},
Q:={2jlk=1,2,..,m}u{2j+1j=m+1,..,m+n}u{2m+2n+2}.

Then:

{e;li € P} spans Im(F") of the covariant Dieudonné module of G, .

{ef]i ¢ P} spans ImF of the covariant Dieudonné module of Gy, ,,.

{eili € Q} spans Im(V') of the covariant Dieudonné module of G, ,.

{er]i ¢ Q} spans Im(V') of the covariant Dieudonné module of Gy, ..

We have
HP=#Q=m+n+1,#(PnQ)=m+n.

The Dieudonné module structure and the symmetry conditions then im-
ply:

o All diagonal entries vanish, since we require the matrix to be anti-

symmetric.
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o Each arrow indicates that the target equals the Frobenius of the

source.

o For any j € P, since f(e;) = F(f(e;-1)), formula 4.2 forces: for any

1€ P, a;;=0; for any ¢ ¢ P, we draw an arrow from a;_1 ;-1 to a; ;.

« For any j € Q, since f(e;) = V(f(ej+1)), formula 4.2 forces: for any

i €@, a;; =0; for each i ¢ ), we draw an arrow from a;; to @jq j+1-

e The matrix has to be anti-symmetric.

Let us first settle the case n—1 < m. We take m =4 and n = 3 to illustrate.

We show that: in this case, under the above conditions, there are exactly

(m+1)m
2

(n-1)(n-2) _ (m+n+1)(m+n)
2 2

+(m+1)(n-1)+(m+1)+

(n-1)

degrees of freedom for the coefficients {a; ;}.
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e

Y v % v v o[V v %
Y v \ Y Y v \
a3 0 ~_0 ~_0 ~_0 ~ 00 ~_0 -~ 010
v \ \ \ L \ \
~ \O ~ ~ ~ ~ ~ ~ @~
Y v Y Y Y Y Y \
~_0 ~_0 ~_0 ~_0 ~ 0 0 ~_0 -~ 010
v \ \ \ I \ \
~ ~ \0 ~ ~ ~ ~ ~ @~
Y Y \ Y Y Y Y \
-0 -~ 0 -~ 0 -~ 0 ~_ 0~ 0 -~ 0 -~ 010
v \ \ \ L \ \
~ ~ ~ \O ~ ~ ~ ~ @~
Y Y Y \ Y Y Y \
-0 -0 - 0 -0 ~_ 0~ 0 -0 -~ 010
Y Y y v Yoy Y y
~J ~ ~ ~ \O ~ ~ ~ @~
v Y v v v v v \
Y Y v \ Y Y v \
~_0 ~_0 ~_0 ~_0 ~ 0 0 ~_0 -~ 010
v \ \ \ L \ v
Y Y Y Y Y v Y \
~_0 ~_0 ~ ~_0 ~ 0 0 ~_0 -~ 010
v \ \ \ L \ \
~J ~ ~ ~ ~ ~ \0 ~ @~
Y Y Y Y Y Y \ \
-0 -~ _0 -0 -~ 0 ~_ 0~ 0 -~ 0 -~ 010
Y \ V \ vy V V
-0 -0 -0 -0 -~ ~ 0 -0 - 0 0
v \ \ \ YN \ \

To understand the relations and the 0’s in this grid, we consider the

following four different regions (the gray areas in the picture):

S1, entries a;; such that 1<4,7 <2m+1;

Sy, entries a;; such that 2m+3<i<2m+2n+1, 1<j<2m+1;

Ss, entries a;; such that 1<¢<2m+1, 2m+3<j<2m+2n+1;

Sy, entries a;; such that 2m +3 <4,7 <2m+2n+ 1.
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Within these regions, some coefficients have neither a marked 0, nor
any incoming or outgoing arrows. We mark these coefficients with orange

boxes. They represent variables with no constraints. There are exactly

m(m+1) (n-1)(n-2)
2

2

+(m+1)(n-1)+

pairs (under symmetric along the diagonal) of such boxes.

When m > n — 1, there are exactly m + 1 symmetric pairs of free orbits,
namely those passing though ay; 1, for ¢ = 1,2,...,m + 1. All other orbits,
either start or end at a 0. Each pair of free orbits corresponds to one copy

of G,. Counting the total dimension, we have exactly

(m + 1)m+(m+1)(n_1)+(n -1)(n- 2)+(m+1) _ (m+n+1)(m+ n)—(n—l)
2 2 2
degrees of freedom under the symmetric condition and the Dieudonné con-

ditions.

When m =n -1, we illustrate the picture with the example m =2, n = 3.
We again find exactly m +1 pairs of free orbits, those passing though ay; 1,
for i=1,2,...,m+ 1. In addition, there is one extra orbit (passing through
aom+2,1)forming a cycle, which does not contribute to unipotent dimension.

The same counting formula applies, giving

(m+1)m (n-1)(n-2) (m+n+1)(m+n)
2

+(m+1)(n-1)+ 5

+(m+1) =

(n-1)

degrees of freedom on the variables under the symmetric condition and the

Dieudonné conditions.
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OX, \ Y[V V %
\ Y \ \ L\
a2+ 0 -0 ~_ 0~ 0 -0 -~ 010
\ \ Yoy \ \
~ \O ~ ~ ~J N
v \ Y v v X,\
\ \ Yoy \ \
~ ~J \O ~ ~ ~
v OX, OL OOL OX, OX,\
v \ Y \ v X,\
\ \ Yoy \ \
~J ~ ~ \0 ~ ~
¥ \ v ¥ V X,\
\ \ I \ \
~ ~ ~ ~ \0 ~ @~
\ \ Y \ \ L\
-~ 0 -0 ~_ 0~ 0 -0 -~ 010
Y \ YooY Y Y
-0 -0 -~ 0 -0 -~ 0 0
\ \ [ \ \

When n >m + 1, let us illustrate the idea using m =2 and n = 5. From

the picture below, we observe the following: there are still

m(m+ 1) (n-1)(n-2)
2

2

+(m+1)(n-1)+

symmetric pairs of orange boxes contributing to the unipotent dimension.

However, there are more than m + 1 pairs of free orbits.

In addition to the m + 1 pairs of orbits passing through as;; for i =
1,2,...,m+1, we also have the orbits passing through ag;2i+11 for @ =
1,...,n—m—1. These orbits are likewise free, and together with the m + 1
pairs in the case of m < n — 1, they account for all free orbits. Counting

both the orange boxes and the free orbits, the total number of degrees of

95



freedom 1is:

s S S L S S

1 -1 -2 1
(m + )m+(m+1)(n_1)+(n )(n )+n:(m+n+ )(m+n)
2 2
\ \ \ \ \ \ \ \
v \ \ v v \
23 0 ~_0 ~ 0~ 0 ~_0 ~_0 -~ 0 0| 0
\ \ \ \ \ \ \ \
~J ~ O ~J ~ ~J ~J ~J ~ ~
Y \ \ \ Y Y \
~_0 ~_0 ~ 00 ~_0 ~_0 -~ 0 0|0
\ \ \ \ \ \ \ \
~ ~ ~ 0 ~ ~ ~ ~ ~ ~
Y Y \ \ Y Y \
Y Y \ \ y Y \
-0 ~_0 ~ 0~ 0 ~_0 -0 ~_0 00
\ \ \ \ \ \ \ \
~ ~ ~ ~ O ~ ~ ~ ~ ~
¥ ¥ \ \ ¥ ¥ \
-~ 0 -0 ~ 0~ 0 ~ -~ 0 -0 00
¥ \ \ \ ¥ ¥ \ \
~ ~ ~ ~ ~ O ~ ~ ~ ~
v v \ \ \ v \
\ \ \ \ \ \ \ \
~ ~ ~ ~ ~ ~ O ~ ~ ~
y Y \ \ Y \ \
\ \ \ \ \ \ \ \
Y Y \ \ Y Y \
~_0 -0 ~ 0~ 0 ~_0 -0 -0 00
\ Y \ \ \ \ Y y
~_0 ~_0 -~ 0 ~_0 ~_0 ~_0 0 0
\ \ \ \ \ \ \ \
[]

Corollary 4.4.8. The dimensions of

Hom(G)-21, TVL_Q,l)Sym and Hom(Gy -1, Gg’n_l)sym
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n(n-1)
are both equal to —=5—.

Proposition 4.4.9. The group Hom([FV],Gp.pn) is a direct product of

m+n+1 copies of G,.

Proof. 1t suffices to compute the solutions to the equation F'—=V =0 in the
covariant Dieudonné module of G,,,, . The covariant Dieudonné module

of Gy, has the form:

F 1% F 1% F F 1% % 1%
€1 —> €2 <= €3 > ... < ECapyl > €2m+2 —> €23 < ... S Coama2ns2 < €1

A general element is written as Y.71"*"*2 q;e;, then we have
2m+2n+2 m n
— g g g
F( Y aie) = (Y a5, 1e2) +a5,1€amez + (D 05,00€2m12i1),
i=1 i=1 i=1
2m+2n+2 m L n L L
_ o o o
V(Y aie) = (D) a5, e0) + (D0 a5,.040€2me2is1) + a7 Camsznsa.
i=1 i=1 i=1
The condition F'=V implies
_ _ 0—2 _ _ O_—Zm _ _ 0—2 _ _ 0_—277,
O=ar=a3 =..=0a5,,,=0, Qomi2 =054 = = Aypi0000,

so the last chain of equalities contributes exactly one copy of G,. The
remaining free coefficients give m + n additional copies of G,, so the total

solution space is isomorphic to G+, ]

Corollary 4.4.10. The groups Hom([FV'],Gp-21) and Hom([FV], G -1)
are both direct products of n copies of G,.

Proposition 4.4.11. Assume A is a supersingular abelian variety, and

a(A) =g-1. Assume that A[p] is isomorphic to

[FV]9 1" @ G,

)

then dimU[p] = g(gQ—_l) —min{m,n - 1}.
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Proof. This follows directly from Proposition 4.4.7 and 4.4.9. Assume
Alp] 2 [FV )]st @ Gy, so that A[p]Y 2 [FV]o-Imm @ GY, . Then

Hom(A[p], A [p])™™ = Hom(G . G )™
® (Hom([FV], Gy, ) x Hom (G, p, [FV])) 07 1mm=n) (4.3)
® Hom([FV]o-t-mn [FV]o-tomn)ysm,

The symmetric part (Hom([FV], Gy, ) x Hom(Gy, p, [FV]))sym(g-1-m-n)
is isomorphic to Hom([FV], Gy, ), since duality gives an isomorphism

between the two factors. Furthermore, the symmetric part of
Hom([FV]9-t-m=n [Fy]o-1-m=n)

has dimension (g_l_m_n)2(9_2_m_n). By Lemmas 4.4.8 and 4.4.10, the total

dimension sums up to

(m+n)(m+n+1)

5 —min{m,n -1}

(g—-1-m-n)(g-2-m-n)
2

+(g-1-m-n)(m+n+1)+

_9(g-1)

i —min{m,n - 1}.

[]

Corollary 4.4.12. Assume A is a supersingular abelian variety, and a(A) =

g—1. Assume for some 2 <n < g such that
A[p] o [Fv]g—n ® Gn_271 or [Fv]g—n ® GO,n—la

Then
Hom(A[p], A”[p])™™

. . -1
has dimension 9(9—2).

Corollary 4.4.13. Let A be a supersingular abelian threefold over k with
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a-number 2. Then Uy = G3.

Proof. This is a direct consequence of Corollary 4.4.6 and Corollary4.4.12.
O

Proposition 4.4.14. Let A be an abelian 3-fold. The following table lists
all possible isogeny classes of U.

Newton polygon a Alp] dim(U[p]) | dim(U) | isogeny class of U
supersingular, 3 [FV][FV][FV] 3 3 Ga x Gy x G,
supersingular, 2 [FV][FFVV] 3 3 Ga xGg x Gy

[FVFFVV] 3 3 Gy x Gy x Gy
[VVFEVF] 3 3 Gy x Gy x Gq
supersingular, 1 [FFFVVV] 2 3 Gq x Wy
1/3 type, 2 [FFV][VVF] 2 2 Ge x G
1/3 type, 1 [FEFVVV] 2 2 Go x Gy
almost supersingular, | 2 [F[V][FV][FV] 1 1 G
almost supersingular | 1 [F][V][FFVV] 1 1 Ga
almost ordinary 1| [FIIFIVIIV]IFV] 0 0 0
ordinary 0| [FIF]FIVIIV]IV] 0 0 0

Proof. The supersingular cases follow directly from Corollary 4.4.3 and
Corollary 4.4.12. For the 1/3 type cases, we determine A[p] according to
its a-number. If a = 2, A[p] has to be [FFV][VV F] (as other possibil-
ities give higher dimension of U[p]). If a = 1, the only possible case is
[FFFVVV]. The remaining cases (almost ordinary and ordinary) are im-
mediate from the classification of A[p]-types and the corresponding unipo-

tent dimensions. ]
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5 Explicit Hom Group: Calcu-
lations

We have classified the isogeny class of U for abelian 3-folds in Proposition
4.4.14. The only non-trivial cases arise for supergeneral abelian 3-folds,
where U is isogenous to G, x Wy. Determining the precise structure of U
in these cases remains an open question. In this chapter, we present an
explicit computation of the symmetric Hom group Hom(A[p?], AV[p?])sy™
for a supergeneral principally polarized abelian 3-fold A. The result shows
that the connected component Hom®(A[p?], AV[p?])s™™ distribute in a well-
behaved manner across the moduli space of principally polarized abelian

varieties.

Recall from [32] that the moduli space S3; of principally polarized su-

persingular abelian 3-folds is described by a surjective map
LIP3, —~ Ssa
"

where P, is the moduli of rigid polarized flag type quotients (PFTQ) with
respect to (E3,7n), where E3 is a triple product of a fixed supersingu-
lar elliptic curve, and the disjoint union ranges over polarizations 1 with
Ker(n) = Ker(£?). All components Py, are smooth of dimension 2, and
isomorphic to each other. Moreover, 73?’,777 is a Pl-bundle over the Fermat

curve of degree p + 1, which we denote by V. There exists a canonical
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section t: V — P} "

Py, V= Z(XP 4 Y74 20y c P2,
P32 T L Y,

where T =t(V).

The finite automorphism group G, = Aut(E®,n)/{+1} acts on P, and
the quotient Pé,n /G, is birationally equivalent to an irreducible component
of S31. The curve T is contracted to a superspecial point in S3;. Away

from this curve, the map P, /G, — 831 is finite-to-one.

Points on T correspond exactly to superspecial points. Away from this
section, the points whose image in V lie in V(IF,2) correspond to abelian

threefolds with a = 2, all other points correspond to supergeneral abelian
3-folds ([32, Example 9.4]).

Now, let b, c € k. Define the following invariants:

i

- b T
D(z,])zdet( ‘):b"c" -7 b

bo' o’

%
a CO’

For example,

be °

b L »
D(l,l):det( . 1):b"c” —

For each pair of (b,c), suppose D(1,-1) # 0, we define a unipotent group
Wéb’c) as a subgroup of G, x Wy, by choosing elements (x,z) € G, x Ws

such that z and Z (the reduction of z mod p) satisfy:
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D(3,-1)-D(3,1)-D(1,-1)  D(3,1) _ D(3,-1)_,
D(1,-1) D) T D, -

_D(4,2)+D(4,0) »? D(4,0)_p3 D(Q,O)_pz;

T D@2 Y TDG2Y TDha2)

Then we have the following result.

Theorem 5.0.1. Let x € P3, \T (k) be a point, whose image in V is the
point (1,b,¢) € V(k)\V(F,2). Let A be the principally polarized abelian

3-fold associated to the point x. We then have an abstract isomorphism

Hom® (A[p*], A" [p*])™ = WY (k) @ G, (k).

Here, Hom®(A[p"], AV[p"])*¥™ denotes the connected component of the
total Hom group Hom(A[p"], AV[p"])®™. This shows that, on each fiber
of the projection 73?’,’77 — V., the connected commutative unipotent group

Hom®(A[p™], AV[p"])*™ stays invariant away from the superspecial point.

5.1. Explicit Hom Groups

The contravariant Dieudonné module of a supergeneral principally po-

larized abelian 3-fold can be discribed as follows. First, choose a point
(1,b,¢) in
V= Z(XP 4yt zotl) ¢ p?

where without loss of generality, we assume the first coordinate is nonzero

and normalize it to be 1. Assume further that (1,0,c) ¢ V(F2).

Lemma 5.1.1. Under the condition that (1,b,c) ¢ V(F,2), we have

D(1,-1) #0.

Proof: First, note that b,c # 0. For instance, if b = 0, then the defining
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equation implies ¢#*! + 1 = 0, which leads to ¢ = (L) = (-1)?*lc = ¢, and
hence c € )2, contradicting our assumption. Next, suppose D = 0. Then
we would have ((ZE’)%)I’Z‘1 = 1, which implies k = 2 € F2\{0}, and hence
kPt € Fx. The defining equation becomes 1 + (kc)P*! + cP*! = 0, implying
Pt = —r € IF),, which again implies ¢ € F,2, contradicting our assumption.

O

Let My be the free W-module generated by {ey, ez, €3, f1, f2, f3} with the
Frobenius and Verschiebung actions defined by Fe; =Ve; = f;, Ffi=V f; =
pe;. Given any [ € k, lift (b,c,) arbitrarily to W, we define a Dieudonné
submodule M.; ¢ My to be the free W-module generated by the basis

{617 €2, €3, 71772773}7 where:

€1 =e1 +bey + cez + L fy

€2 = P€2
€3 = pes3
v =pfi

Vo= f1+b07 fa+ 7 fs
v3 = f1+ bg_lfz + Cg_lf?,-

By the theory Li and Oort developed in [32], the module M, .; corre-
sponds to the (contravariant) Dieudonné module of principally polarized
supergeneral abelian threefolds associated to the point (1,1) € P1(k) in the
P-fiber of the point (1,b,c) € V(k)\V(F2). The module M;,; doesn’t de-
pend on the choice of the lift, but the basis does depend on the choice of
the lift. We abuse the notation here, we also use (b,c¢,l) to denote their
chosen lifts to W (or W5, depending on the context). Let A;.; denote this
abelian threefold.

Theorem 5.1.2. For each (b,c) € V(k)\V(F,2), and any [ € k, there is an
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abstract isomorphism of abelian groups:

Hom® (Ap.ci[p?], AL [p2])™™ = W (k) @ Ga(K).

Lemma 5.1.3. Under the basis {€1,¢€2,€3,71,72,73}, the matriz of [Fa]
and [Va] are:

(pl 0 0 p» p p)
b 0 0 -pb b =b 0
-lc 0 0 —pc @ —¢ 0
[fM] - _l2 CU—CCFI b7 -b? ' —pl -l —1 ’
D D p
1 oE 20 0 0
N i L (N
(pl 0 0 p p p )
-b 0 0 -pb 0 b°—b
-lc 0 0 —pc 0 " —c
[VM] - _12 C‘T—C‘T_1 b”—b(’_1 —pl -l -l ’
D D p
0o - 2 0 0 0
\1 2= 20 0 0

where D= D(1,-1) =b°¢" ' — b .

Proof. This is a straightforward calculation which we omit. ]

Since Ay . is principally polarzied, its covariant and contravariant Dieudonné

module are isomorphic. This implies that we must solve the following equa-
tions in W:

AFu] = u]Lf17, [f]=-[/]"
Suppose that (x,z) € Wéb’c), and aq, ay are elements in G, (k) that satisfy

(b-1") (a1 -a" ) + (=N (ag—ab ) = (I = Da+ (17 = 1"")a"".
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Let g and h be the following elements determined by (x, z,a1,as):
= lbay + lcay + 1Pz + [Ibay + lcag]” + (1°27)°,

h=1z" +[(17 =b)ay + (7 =c)as]” - (lz)°.

We claim that the following matrix [f] is a solution of the equations

Lf [ Fu] =Vl f]o, and [ f] = -[f]"

0 pai pas px -z +P9 z
- 0_2 U_l
par 0 0 0 p[-(sz)7 4 (EETEY] pl(-sp)e 4 (CmteT )]
O' - o 0_1
pay 0 0 0 pl(ta)7 - ()] pl(ta) - ()|

[f]1= De
—-px 0 0 0 0 0
2% — pg 0 0 ph
-z 0 —ph 0

Here, we have
@ — o ho — po !
D D
There are some entries left blank, but these terms are uniquely determined
by anti-symmetricity. Again, the verification is an direct calculation, which

we omit.
By counting dimension, this tells us that Hom® (A4, .1[p*], 4y ., [p*])™™ is
isomorphic to the subgroup
(ar,a9,7,2) € (Gy x Gy x Gy x W) (k)

such that (z,z) € ng’c) and

(b=0"") (a1 -a" ) + (=N (ag—ab ) = (I = Da+ (17 = 172"

Proof of Theorem 5.1.2: We claim that the above algebraic group is

(b,c)

abstractly isomorphic to the group G, x W57, To prove this, we invoke

several key lemmas.

Lemma 5.1.4. Let H c G be connected commutative unipotent algebraic

105



groups. Then the exact sequence
0-H->G->G/H~-0

admits an algebraic section (not necessarily a homomorphism) G/H — G.
Proof. This is [47, Proposition 2.3.4]. O

This lemma implies that there is a factor system f:G/H xG/H - H
such that

fla,b) + f(a+b,¢c) - f(b,c)- f(a,b+c),

so that we can equip the space H x (G/H) with a group structure given by
(hi,a) + (ho,b) = (hy + ha + f(a,b),a+b) such that G is isomorphic to this
product.

We say that two factor systems fi, fo are equivalent to each other, if there

is a map g:G/H — H such that fi(a,b) - fa(a,b) =g(a+b)—g(a)-g(b).

Lemma 5.1.5. Any commutative factor system f: G, x G, - G, is equiv-

alent to a factor system of the form
" i
Z sz(l)) , kz €k
i=0

where

foa,b) = %((aer)p ar - ).

Proof. This is Lemme 3 of [31]. O
Lemma 5.1.6. Let o € k\F 2. Then the curve
2 2
(a7 —z) —a(y” -y) =0

in G, x G, is connected.
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Proof. The k-algebra k[z,y]/((z¥" - z) — a(y?”" —y)) is an integral domain
by Artin-Schreier theory, []

Now consider the 2-dimensional subgroup G of (a1, a9,x) € G, x G, x G,

cut out by the equation:

(=" ar—a’ )+ (c=c N az—ab )= (17 = Da+ (17 = 17")a""

G admits a projection to G, that sends (ai,a2,z) to . The kernel of

this projection is the curve C, defined by

(b-b")(as - all’z) +(c-c")(as - a’;) = 0.

b’

The ratio >~ does not lie in [, or otherwise Ay .;’s a-number would be

=
strictly larger than 1. By Lemma 5.1.6, C' is connected, so C' is abstractly
isomorphic to G,. By Lemma 5.1.4, (G5 is isomorphic to a group structure
on C' x G,, where the second factor is the projection to z. According
to Lemma 5.1.5, we know every factor system on G, x G, - G,. Those
factor systems that give an algebraic group killed by p are all equivalent
to the trivial factor system. Consequently, there is an isomorphism G9
C x G,, where the second component is the projection to z-coordinate.
As a result, Hom®( A[p?], AV[p?])*Y™ is isomorphic to the subgroup of G x
Wy = C' x G, x Wy such that the last two components (z,z) € ng’c). So
Hom®(Apci[p"], 4y . [p"])™ 2 (Gq % Wéb’c))(k:), as desired. O

5.2. Conjecture and Example

We propose the following conjecture concerning the isogeny class of U
for an arbitrary supergeneral abelian variety of dimension ¢, as a natural

generalization of our result in the case g = 3. However, at present, we are
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unable to provide a justification for this conjecture, nor have we identified

any counterexamples.

Conjecture 5.2.1. Let A/k be a supergeneral abelian variety of dimension

g. Then U 1is isogenous to

We have a simplest example, where we can verify this conjecture. Con-
sider the Dieudonné module M := W,[F,V]/(F9 - V9), it is isoclinic of
slope 1/2 and it is generated by 1 single element. It is the (covariant)
Dieudonné module of a supersingular abelian variety A whose a-number

equals 1.

Proposition 5.2.2. The unipotent group U of A is isogenous to

Proof. The Dieudonné module M is a free W-module of rank 2¢g with basis
R o _Y/2g+1-j -
e;=F", 1=1,...,9, €=V ., J=g+1,...,2g.

We have Fe; =e;;1 fori=1,...,9, and Fe; =pe;yy fori=g+1,...,2¢g (with
the convention that subscripts are considered as integers modulo 2g.)

The Dieudonné module M has a principal polarisation, that is, a perfect,
alternating bilinear form

V: M ew M - W,

such that ¥(F(x),y) = ¥(z,V(y))?, defined as follows. Let 6 € W be an
invertible element such that ¢9(0) = —f. Then

¢(6i7ej):07 Z._jiga w(eiyeﬂg)zoj_l(e), izl,...,g,
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is a principal polarisation. Write B for the matrix of ¢ in the basis

e, ..., ey, so that B;; =1 (e;,e;) fori,j=1,...,2¢.

Since M is generated by e; as a W,[F,V ]-module, there is at most one

endomorphism f € Endyy, [zy1(M/p™) such that

29
f(€1) = Zai6i7
i=1

for given a; € W,, = W /[p" for i = 1,...,2¢, and there is exactly one such f
if and only if F9f(e;) =V9If(e1). We have

g , 29 ,
Fif(er)=> al'peig+ Y, al p*lie,,

=1 i=g+1
N e i G o ageini
_ o9, i- o +1-i
ng(el) = Z a; P Eiyg T Z a;, p g €i—g-
i1 i=g11

Thus F9f(e1) = VIf(e1) is equivalent to the condition that the image of
a; in W,,1_; is invariant under o9, for i = 1,...,2¢g. Thus the connected

component of 0 of the group k-scheme Endyy, [7y1(M/p™) is isomorphic to

g 29
[TWisi x [T Wagar-s, (5.1)
i=1 1=g+1

where the i-th factor is a group subscheme of W,, with coordinate a;.

Let A be the (2g x 2¢)-matrix of f in the basis {ej,...,es}, that is,
Aj; is the e;-th coordinate of f(e;). To f we associate the map f €
Hom(M [p™, (M [p™)V) that sends x to the linear form on M /p" whose
value on y is ¢¥(Axz,y). The dual map f¥ € Hom(M /p*, (M /[p*)¥) sends
x to the linear form whose value on y is ¥ (Ay,z) = - (x, Ay). Thus
f¥ = —fv if and only if A* = BAB~!, or equivalently, A = B-1A*B. Since
f is an endomorphism of W,[F,V ]-modules, this condition is equivalent

to A(e;) = B1A'B(e;). We have B(e;) = —fegq. Next, we use that

109



Fi(e1) =efori=1,...,g and VJ(ey) = €941 for j=1,...,g to calculate

y _ . o(a-1) o1
A'(egi1) = agrier +ages + ... +af eg+1 +ag,  giat ... +ag,9€y.

From this we obtain

2g 9
—1 At _ ’L g-1 ’L g-1
A B(e]-) a’l €1 + Z 9 ot 1a’2g+2 ’Lez Z 00-1 g- 1a’2g+2 Zel

1=g+1

Thus the involution on Endyy, [zy1(M/p") that sends A to B~*A'B (which
is indeed an involution because B! = —B7!) sends the i-factor of (5.1)
isomorphically onto the 2g—i-th factor, and acts on the g+1-th factor W, as
—1. We conclude that Endyy, [py1(M /p™)* is isomorphic to [T/, W;_. [

Although we are currently unable to prove Conjecture 5.2.1 in full, there
is evidence suggesting that the p-exponent of U can always be bounded
above by g—1. Indeed, for non-supersingular abelian varieties, the exponent
of the unipotent part of the full Hom group Hom(A[p"], AV[p"]) is known
to be bounded by g — 1 (see [30]). In the case of supersingular abelian
varieties, the key to establishing this bound lies in Proposition 4.4.12 and
a Lemma due to Livia Grammatica: if an isogeny f : A - B has kernel
isomorphic to a product of a,’s, then the p-exponent of Uy and Up differ at
most by 1. A proof of this lemma, which makes uses of Nygaard filtration,

will appear in a forthcoming joint paper [20].
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6 Partial results and applica-
tions

6.1. Formal Brauer Group

In this section, we briefly review the theory of formal groups, Cartier

modules, and the formal Brauer group Br(X).

By a formal group, we mean a group object in the category of formal
schemes over k. Every formal group over k represents a sheaf on the big fppf
site over k. Since k is perfect, every formal group G of finite presentation
over k can be written as a product G° x my(G), where G° is connected and
mo(G) is étale [15, I1.7, p. 34]. Every connected formal group G of finite

presentation fits into a unique exact sequence of connected groups:
OeGred_)GéGinf_)Oa

where Gieq is a smooth formal group (so that the underlying formal scheme
is Spf(k[[x1,...,2,]])) and Gins = G/Greq is an infinitesimal group scheme
(see [15, Section 11.10, p. 43]).

To study formal groups, one associates to each formal group G the Cartier
module, or the module of typical curves, TC(G) := Hom(@’7 G) of G. Here,
W is the formal Witt group over k that associates to a k-algebra R the

group of sequences (ag, ar, as, ...) of nilpotent elements in R such that a; =0
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for all sufficiently large i. TC(G) is a W-module with semilinear operators
F and V', induced by the action of V and F on W. T hey satisty well-known
semilinear formula Fa = a°F and Va = a® 'V, for any a € W. Thus the

Cartier module is a (left) module over the Dieudonné ring W, [F, V].

It is worth mentioning that the Cartier module of a p-divisible formal
group is isomorphic to the dual of the contravariant Dieudonné module.
Explicitly, for any finite group scheme G, we let M (G) be the contravariant
Dieudonné module of G (see [15, Chapter II]). Let DM(G) := M(G") be
the covariant Dieudonné module functor, where GV is the Cartier dual
of G. For any connected p-divisible formal group G := li_n}Gn we define
DM(G) :=lim DM(G,,). Then there is an isomorphism TC(G) = DM(G)
compatible with the action of F' and V. This is stated in [1, Section 1.3,
p. 102] and [10, Remark 3.3], see [36] for an explicit proof.

The Cartier module can be viewed as a covariant functor from the cate-
gory of finite-dimensional connected commutative smooth formal groups to
the category of finitely generated W,[F,V ]-modules. The essential image
of TC is the category of finitely generated W,[F,V ]-modules M such that
V' is injective on M and M /V M is a finite dimensional k-vector space. The

dimension of the formal group equals dimy M /V M.

Unlike the contravariant theory in [34], the covariant theory TC is in-
sensitive to the infinitesimal part Gi.¢. In particular, if G is a connected
finite-dimensional formal group, then TC(G) = TC(Greq). The informa-
tion about G, is reflected in the first derived functor of TC: we have
R'TC(G) = DM(Ghyt), the covariant Dieudonné module of Gi,;. We have
R'TC(G) =0 for i >1 ([4, Remark 11.10] and [39, Theorem 4.2(c)]).

Artin and Mazur [1] studied the representability of various deformation
functors for a proper smooth map X — S. For a sheaf E of abelian groups

on the big étale site of X they defined a functor Eg that assigns to a pair
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(X', S"), where S’ is a S-scheme and X’ - X xg S’ is étale, the abelian
group ker(E(X') - E(X'xg S/ ,)). This gives a sheaf on the relative
étale site (X/9)¢ (see, for example, [5, Section 2.3]). Using the projection
71 (X/S)e — S, one defines ®(X/S, E) := Rim,Es. They showed that
if R-1f,E is formally smooth, then ®!(X /S, FE) is pro-representable by a
formal group ([1, Proposition 1.8]). In particular, when E = G,,, if the
Picard scheme Picy /g is smooth, then the functor ®?(X/S,G,,) is pro-

representable by a formal group over S, called the formal Brauer group
Br(X/S).

For any sheaf F of abelian groups on the fppf site over k, we can extend
the definition of TC to F by denoting TC(F) := Hom(W,F). If F is
representable by a group scheme GG, then this notion agrees with the Cartier

module of the formal completion of G along the zero section.

The Artin-Mazur formal group has a flat variant, let us denote by ®4(X, G,,),
which is defined as the fppf-sheafification of the presheaf

A— kBT(Hi(A, Gm) - Hi(Areda Gm))

on the category of Artinian k-algebra (Art)°P eqquiped with fppf-topology.
Our notation is consistent with the notation in [4]; in [46], it is denoted
by ﬁﬁ(@;), in [17], it is simply denoted by Rif.(G,,). It is proved in 4,
10.6] that (X, Gy,) can be equivalently defined as R"mm), the formal
completion of R!f,(G,,), the sheaf on (Art)°P defined by

A = Ker(R' f.(Gn)(A) = R f(Gp) (Area)).

It is then a well-known theorem that CID%(X ,G,,) are all pro-representable.

Theorem 6.1.1 (Raynaud, Bragg). Let X be a proper smooth variety over
k. The flat Artin-Mazur formal groups ®4(X, Gy,) are all pro-representable.
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Proof. See [4, Theorem 10.8]; [46, Theorem 4.1.2]. O

We finish this section by recalling a relation between the flat Artin-Mazur

formal groups and the Hodge-Witt cohomology groups H (X, WOx).

Theorem 6.1.2. There is an exact sequence
0— RlTC(CI)%‘l(X, G,)) - H(X,WOx) — TC(CD%(X, Gn)) =0,

where R'TC(P®5 (X, Gy,)) is isomorphic to the V*°-torsion subgroup of
HI(X,WOx), and TC(® (X, G,,)) is isomorphic to the quotient of H(X,WOx)

by its V*>°-torsion subgroup.

Proof. See [17, Proposition I11.8.1]. O

6.2. Cartier Module of the Higher Di-

rect Image

Proposition 6.2.1. Let n be an integer such that p* annihilates H2(X, WOx )[p™].

(1) we have the following exact sequences:

0 = TC(R2f. (1)) —~ H (X, WOx)[p* V]
~ DM(Picy/p") = DM(R f. i) = DM((PF(X, G) [p"])inr) = 0.

(2) when Picxyy, is smooth, we have the following two isomorphism.:

TC(R2 (1)) 2 HA(X, WOX)[p®], (B2 ety int = (®2(X, G [P"])ins

where TC is the Cartier module functor (see Section 3.0.2).
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Proof: We have the following exact sequenses of fppf sheaves on Art,”:

0 Plex/p" > R (i) » $4(X, ) [p"] = 0, (6.1)

0— ®3(X,G,,)[p"] = P4(X, Gm) 7, g2 (X, Gp). (6.2)

Here, the first sequence is obatined by applying the completion functor
F — F (which is an exact functor, see [4, Lemma 10.4]) to the short
sequence 0 — Picx,/p" = R2f.(ppm) = R2f.(Gp,)[p"] = 0. Theorem 6.1.2
gives an isomorphism R'TC(®4(X,G,,)) 2 H2(X, WOx)[V*>], and this is
the covariant Dieudonné module of PlCX/k7inf. Writing H?2(X,WOx)/V>
for the quotient H2(X, WOx)/H2(X,WOx)[V*], we have an isomorphism
TC(P:(X,G,,)) 2 HX(X,WOx)/V*. Thus, applying the covariant functor

TC to (6.2) we obtain an exact sequence
0 - TC(PL(X,G,)[p"]) = H*(X,WOx)/[V>] LiN H?(X,WOx)/[V™].

For a sufficiently large n such that p” kills the p®-torsion part of H2(X, WOx),

the above sequence gives an isomorphism
TC(P4(X,G,)[p"]) 2 HA(X,WOx)[p>/V"].

Applying TC to (6.1) and noticing that TC(F/’i\CX/k/p") = (, we obtain an

exact sequence

0 - TC(R2f. () > HA(X, WOx)[p=/V™]

- DM(PICX/k/p ) - DM((RQf Hopr )mf) - DM((I) (X Gm)[ ]lnf) - 0.
(6.3)

When Picy , is smooth, P/’Ex/k/p” is trivial, so DM(f’i\cX/k/p”) =0 and we
have the isomorphisms:
TC(P4(X,Gp)) 2 HA(X, WOx)[p™/V>],
DM(RQf Hpm mf) DM((@ (X, Gp)[P"Dint)
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as desired. This finishes the proof. O

6.3. Comparing Flat with Crystalline
Cohomology

In this section, we study the relation between the fppf cohomology and

the crystalline cohomology. Consider the natural map

dlog: Hf;ppf(X, ) = HeL (X W) (6.4)
induced by the logarithmic differential dlog : G,,/Gb[-1] — W% 1
where W, Q2% . is the de Rham—Witt complex of level n. Ogus proved

X[k
in [38] that dlog:Hf (X, u,) - H3(X/k) is injective when the Frélicher

spectral sequence degenerates. The following theorem can be seen as a

generalization of this result.

Theorem 6.3.1. Let X be a smooth proper variety over k. Suppose that the
Frolicher spectral sequence degenerates at the E1 page and that H: . (X /W)

cris

is torsion-free. Then the map dlog is injective in degree 2 for all n:

H%ppf(X7 ,upn) g Hzrls(X/Wn)

This theorem applies to arbitrary abelian varieties and K3 surfaces. In-
deed, by [37, Proposition 5.1] and [14, Proposition 2.2], the Frolicher spec-
tral sequence degenerates for abelian varieties and K3 surfaces. It is well-
known that in these cases all crystalline cohomology groups are torsion-free,

see, e.g., [33, Exercise 1.8].

One consequence of Theorem 6.3.1 is that multiplication by m on an

abelian variety A acts on Hzf'ppf(A7 fpn) as mt when i < 2.
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The aim of this section is to prove Theorem 6.3.1.

For each m and n, we have the short exact sequence of fppf sheaves:
0 = pipm = frpnem = fipn 0
Applying the derived functor R’e, we have
0 Rleu(pipn) - R'e.(juron) > Rles(jipn) 0
from which we get

0> GG 5 G JGI™ = GGV - 0.

We would like to construct a similar sequence for 1,25 Ik

Recall that Illusie defined the canonical filtration (see Definition A.0.5)
on the de Rham-Witt complex, and we showed that the multiplication by
p map: p: WynQy - Wo Q% has kernel Fil"W,, Q% (see Proposition

A.0.8). Moreover, for each i such that 0 <¢ <n+ 1, we have
Ker(p' : W, 1Q° — W,.1Q%) = Fil"™ ', Q%

We conclude that multiplication by p™ map on W),.,,{2% induces an exact

sequence of complexes

0 = W% = Winen Uy = Winen 5 /0" — 0.

By Lemma A.0.13, for each n > 0, multiplication by p induces a quasi-
isomorphism gr"W Qs — gr*tlW Q5. The following statement generalizes
23, Corollaire 1.3.16] that says that the canonical projection WS, /k/p —
0% Ik is a quasi-isomorphism .

Proposition 6.3.2. The natural projection map induces a quasi-isomorphism
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W25 [0 = W Q5.

Proof. Our proof is similar to the proof of [23, Corollaire 1.3.15]. We use
induction on m. For m = 0, this is trivial. Suppose that for m -1 the claim

is true. Consider the following commutative diagram with exact rows:

0 —— Fil"™" Wy —— Wiy —— W1y —— 0

b )

0 — Fil"™™ ' WmQ% —— Wi Q% —— Wiem1Q% —— 0
Applying the snake lemma we obtain an exact sequence

0 »Fil""™ W, Q% = Fil" W, Q% = Fil" ' W, 001 Q% —
Fil™ ™ Wm0 = WinenS 8 /D" = Wanin 1 [p" 0

We have obvious exact sequences

0 — Fil"" "W, Q% = Fil" W, Q% = Fil" W40 1Q% = 0,

0 = Fil"W,n1Q% = Fil" W00 1Q% = Fil™ 1 W,,Q% - 0,
and by repeatly using Lemma A.0.13 we obtain a quasi-isomorphism

Fil"'W,, Q% — Fil""™'W,,,,,,.Q%.

Thus Wy, n Q5 /0" = Wiin-1Q%/p" is a quasi-isomorphism. O]

So we have the following commutative diagram of complexes:

0 — Gp/GL [-1] — G,/GL "[-1] — G,/GE[-1] —— 0

o Jo |

'

0 —— W ——— W ———— W, ——— 0

This proves the following statement.
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Proposition 6.3.3. For each m and n, we have a functorial commutative
diagram, where the horizontal sequences are exact:

- H (X ) —— HE (X, ) —— HE (X ppnem ) —— Hp (X ppn) —— ..

ld log ld log ld log ld log

— HZL(X /W) —— H (X/W,) —— H (X Woim) —— H(X/W,) —— .

Cris cris cris cris

6.4. A Criterion of Injectivity

A natural question is when the map dlog: prpf(X i) —> HE (X [W,) is

injective. We will prove that it is injective when ¢ = 2 for abelian varieties

CI‘lS

and K3 surfaces. However, even for K3 surfaces or abelian surfaces, this is

not injective when 7 = 3 and X is supersingular.

Our core argument is the following

Proposition 6.4.1. Let ZQ% := ker(Q2 LR Q3) be the sheaf of closed

1-forms. Assume that

(1) H2(X, ZQ%) - H2(X, QL) is surjective;

(2) the natural map H=Y(X, ZQY) - Hip (X /k) induced by ZQ%[-1] -
Q% is injective.

Then the map dlog : Hy (X, ) - Hip (X /k) is injective. If, moreover,
L (X /W) is torsion-free, then dlog : prf(X ppn) = HL (X /W) is

injective for all n.

CI'lS cris

Proof. When n =1, we have the following exact sequence of etale sheaves

(cf. [23, Proposition 0.2.1.18]):

0 G,/Gr 2% zol 770 o

X (p) - 0.

Here C'is the Cartier operator and W is the map in the following diagram:
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X W xSy

| |

spec(k) —— spec(k)

Our first claim is that the map W*-C': H=2(X, ZQ}) - H2(X®), QL 1
is surjective. Indeed, as maps between k-vector spaces, W* is Frobenius-
linear and surjective, and C' is a k-linear map, and the difference between

two such maps is always surjective by semi-linear algebra (see, [23, Lemma
I1.5.3)).

The square in the above diagram is Cartesian, W is an isomorphism of
schemes (but not of k-schemes), and Fy/; is the relative Frobenius. W*

stands for the composition

AU® 5w (ZQ%) = W*Qk —>Q}X®

Under the assumption, using the long exact sequence associated to
O—>ZQ§(—>Q%(—>BQA2X—>O,

we have a surjection H"2(X, ZQ%) - H-2(X,Q}). Composing with the
Frobenius linear isomorphism H72(X, QL) - H2(X®) O
have that W* : H=2(X, ZQL) - H2(X®),Q}

surjection.

L), we thus

%) 18 a k-Frobenius-linear

The Cartier operator C'is O xw-linear. We view Z Qﬁ( as an O y)-module

because the differential in the de Rham complex is Oy)-linear. So on
global sections, C': H-2(X, ZQY) - H2(X®, QL ) is k-linear. Now the

first claim follows from [23, Lemma I1.5.3].

By the long exact sequence, the first claim implies H-Y( X, G,,/G},) —
H-1(X, ZQY) is injective. Composing with H-1(X, ZQ') - H' (X /k) is

still injective, this proves the case n = 1.
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For general n, we use the diagram 6.3.3 and induction on n. Proposition
6.3.2 gives a quasi-isomorphism W,,,,Q2*/p"* - W,Q°. Taking the projective
limit over m, we obtain a quasi-isomorphism WQ*/p" — W, Q*. The long

exact sequence associated to the distinguished triangle
S WO L WO - W00 > 0

gives

S HEL(X W) > H

Cris

CTIS(X/W) - HérlS(X/W) e

When H! . (X /W) is torsion-free, p" is injective on it, and the connecting

cris

S(X W) — H
to H'x (X /k), the connecting map H’,

map H’ (X /W) is 0. By composing with the projection
(X /W) - Hi (X /k) is also trivial.

Suppose that for both 1 and n the i-th dlog maps are injective, then the

cris

cris

connecting map pr L (X, ppn) - Hi f(X, ppr) is also 0. We can use the

H-lemma to conclude. []

Proposition 6.4.2. Assume that X is a proper smooth variety over k such
that the Frolicher spectral sequence degenerates at Ey. Then the following

statements hold:
(1) the map HO(X, ZQL) -» HY(X, QL) is an isomorphism;

(2) the map HY(X, ZQ%) - H3g (X /k) is injective.

Proof. We use Cech cohomology. Suppose {U, }r is an affine open cover

of X and CZ(Q&-) is the group of degree i cochains on Qg(, that is,

Ci(Y)= [] %WU,nU,nU,n..nU)

to t1,eens iET
Then the Cech complex
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computes the cohomology of ¥/, and the total complex of the following

diagram computes Hj, (X /k):

Co(Ox) —2= C1(0Ox) —2= C5(0x) —2= C3(Ox)

Co (2% )—>01(Q )—>C(Q)

LY

Co (%) SN C1 (%)
X‘
Co(23)

The degeneration of the Frolicher spectral sequence implies that the coho-

mology of the total complex of the bottom three rows maps isomorphically
to the Fil! part of Hi, (X /).

For (1), the degeneration implies that HO(X, Q%) is isomorphic to the
Fil' part of Hl (X /k), which is HO(X, ZQ%) by definition. So (1) holds.

For (2), suppose that {h;;} represents a cohomology class in H' (X, ZQ%)
that becomes 0 in H3, (X /k). Clearly, this cohomology class lies in F111(H(21R(X [k)),
so the fact that it becomes 0 implies that there exists an element {w;} €
Co(92%) such that h;; = w;—w; and dw; = 0. It follows that {h;;} e H}(ZQL,)
is identically 0. So (2) holds. O

Corollary 6.4.3. Suppose that the Frilicher spectral sequence for X de-
(X /W) is torsion-free. Then the dlog map for

n =2 is injective for all m:

generates at Ey, and H!

fppf(X :upm) - Hcrls(X/Wm)'

Proof. This is a direct consequence of Propositions 6.4.1 and 6.4.2. ]
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6.5. Parts of the Slope Spectral Se-

quence

The goal of this section is to study parts of the slope spectral sequence.
As a corollary we show that all flat Artin-Mazur formal groups (A, G,,)
are smooth for all abelian 3-folds (and most of abelian 4-folds), without
invoking Ekedahl’s diagonal ¢-structure in [18]. We first recall Ekedahl’s
duality filtration in [16].

Recall that in [16] there is a duality functor D : D(R)°? - D(R), formally
defined as
D(M) = Rlim((R, &k M)").

For a proper smooth variety X /k, Ekedahl proves that the following duality

morphism is an isomorphism (see [16]):
D(RU(X, W) [=N](=N) = RU(X, W% ;).

For a coherent R-module M, Ekedahl defines D*(M) := H/(D(M)). Then
there is a duality filtration on M

0cT*(M)cTH(M)cT(M)=M
coming from the duality spectral sequence:
DY(D(M)) = H(D(D(M))), (we have D(D(M)) = M).

It is a fact that T?M c M[p>] and the quotient M[p*®]/T?M is a direct
sum of finite length W modules with F' semisimple. Ekedahl obtaines the
following description of graded factors A*(M) := T*(M)/T*' M.

Definition 6.5.1. (1) A3(M)":= coeurA?(M )" in degree i has finite length,
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with F' nilpotent.
(2) A3(M)P:= the domino part of A2(M) in degree i.

(3) AL (M)? := the p-torsion part of AL (M) in degree i has finite length
with F' bijective.

(4) AL(M)? := the free quotient AY(M)/AY(M)[p>=] is a positive slope

Dieudonné module.

(5) AY(M)? := is free with F bijective.

Ekedahl then proves the following result (Theorem IV.3.3 [16]):

Theorem 6.5.2. Let M be a coherent R-module. Then the following prop-
erties hold.

(1) A°(M) and D°(M) are torsion-free, finitely generated W -modules
with F' bijective, and

DO(M) = HomW(AO(M)7W)7 (F7 d,V) = (F_la*o-*’O’pF—l).

This means that [F(f)](x) = f(F~1x)e.

(2) AL(M) and DY(M)/DM)[p=] are torsion-free, finitely generated
W-modules with F topologically nilpotent. Al,(M) and D'(M)[p>] are
finite length W-modules with F bijective. We have AY (M) = A}(M) ®
AL (M) as R-modules and

DY(M) = Homyy (AL (M), W)(1) @ Homyy (AL, (M), K/W),
(F,d,V)=(V*0,,0,F*o;))® (F'0,,0,pF ™).

(3) A?C(JW)Z and ceeur(D?(M))? are both finite length W-modules with F

nilpotent, and
D?*(M) = Homyy (| ker(F"d) nker(F™), K/W)(1)
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(F,d,V)=(V*o,.,d", F*o.})

AHDY (M) = D*(AYM) ) (-1),  AYD*(M))" = D*(A(M)"*)(-2).
(4) We have D'(M) =0 ifi+0,1,2.

Ekedahl then proves the following duality theorem (Theorem IV.3.5 [16]):

Theorem 6.5.3. Let X /k be a proper smooth variety of dimension N.
Then the following statements hold.

(1) AYRT(X, WO ) = DY (RNT(X, WY ) (-N)).

(2) There is a natural exact sequence of R-modules:

0~ AY(RT(X,WQ%)) » D (RYT(X,WQ% 1)) (-N)
& DY RNYID (X, WS ) (=N) = A2(RHIT(X, QY ,)) — 0.

(3) AL(RT(X, WQB(/k))J’ ~ DY AL(RN+-T(X, WQB(/k))N‘l‘j)(—l);

AL (RT(X, W% 1)) = DY AL(RYT(X, WOk )Y )

(4) AZ(RT(X, WQ% 1)) = D(AL(RY2T(X, WS )V 1) (-1).

This theorem is basically saying that all parts in the slope spectral
sequence of a smooth proper variety satisfy a certain duality, namely:
the slope 0 part A°(H%) is “dual' to A°(HY-%N-J) (not isomorphic to
the dual! There is a finite cokernel); the positive slope part Al(H¥)
is dual to AL(HN-1-:N+1-7). the F-semi-simple part Al (HY) is dual to
AL (HN-:N+127); the F-nilpotent torsion part A7(H7) is dual to A7(HN-1-iNV+27);
the domino part A2(H¥) is dual to A2(HN-2-#N+2-J)_ This is analogous to
the Poincare duality of singular cohomology: the torsion part of degree 1

is dual to the torsion part in degree 2N + 1 —1.

We need some lemmas for maps between dominos.
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Proposition 6.5.4. Maps from U to U;. Let Uy and Uy be the dominos
as defined in 1.4.4. Any map f:Uy— Uy is determined by the image of 1,
f(1) is of the form a+bV. Moreover:

(1) The map f is injective if and only if a =0, b+ 0. In this case, the
cokernel of f equals k(0), F'=V =0.

(2) The map f is surjective if and only if a + 0. In this case, its kernel
equals k(=1) with V = 0. Moreover if b+ 0, then F bijective; if b= 0, then
F=0.

Proof. In Uy, Fd(1) =0, so Fd(f(1)) = f(Fd(1)) =0. The kernel of F'd in
U, is exactly k @ kV, this proves the first statement. When f(1) =a+ bV,

we have

Flho+kV +.)=ko(a+bV) +ki(a” V +b" V2)+ ...
= koa + (kob+ kra” )V + (kab” + kaa” )V

Flkod + k1dV + kodV2 + ...) = kod(f(1)) + krdV f(1) + ...
= (kob+ k1a” )dV + (kyb” + kpa” )dV2 + ..

If a=0, b#0, then f is injective with cokernel k(0), F'=V =0.

If a # 0, then f is surjective with kernel k(-1), generated by a vector of

the form .

b b b°

k0d+k0 dV+k0—4f2dV2+
a’ " a’

a’’

If moreover b = 0, then F' =V = 0. If b # 0, then F' is bijective and
V=0. O

Proposition 6.5.5. Maps from U, to U,. Let 0 < ¢, let Uy and U, be
the dominos as defined in 1././. Any map f:Uy— Uy, is determined by the
image of 1, and f(1) is of the form ag+aiV + ... + a;V*.

Moreover:
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(1) The map f is injective if and only if ag = ... = aj_1 = 0 and a; + 0.
In this case, the cokernel M concentrates on degree 0, and F =0, V s

nilpotent (V! =0).

(2) The map f is surjective if and only if ag # 0. In this case the kernel

concentrates in degree 1.

Proof. We have Fd(1) =0so Fd(f(1)) =0 as well. The kernel of F'd in U,
is the direct sum k@ kV @ ...® kV! so f(1) must be of the form

ap+alV +...+a, V.

If a; is non-zero for some of ¢ = 0,....0 -1, say ay = ... = a;_1 = 0 but
a; # 0, then for every kg, k1, ..., ky_;_1 we can suitably choose the rest of the
coefficients such that f(kod + k1dV + kadV? + ...) = 0. This proves (1).

If ap =0 then f(E[[V]]) € VE[[V]] so f is not surjective. This proves
(2). []

Proposition 6.5.6. Maps from U, to U,. Let k<, let Uy and Uy be
the dominos as defined in 1././. Any map f : U, — U, is determined by the
image of 1, f(1) is of the form ag+ a1V + ...+ ap_ V.

Moreover:

(1) The map f is injective if and only if ag = ... = ap_j—1 =0 and ap_y, # 0.

In this case, the cokernel concentrates on degree 0.

(2) The map f is surjective if and only if ag + 0. In this case the kernel

concentrates on degree 1.

Lemma 6.5.7. Maps from U, to an arbitrary domino. Let f:U; - D
be a map from a 1-dimensional domino U, to an arbitrary domino D of

dimension n > 1.
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(1) If f is injective, then the cokernel D[U; can be written as:
0->M->D/U—-D -0

where M is a finite dimensional k-vector space with F' =0, V -nilpotent; D’

is a domino of dimension n—1.

Proof. Let U’ c D be the following module: U’(0) = V== f(U(0)), U'(1) =
F>f(U(1)). Then we can show that D/U’ is a domino D’. Thus the

cokernel sits in a short exact sequence
0-U'JU—-D|U - D"-0.
The cokernel U’/U is concentrated in degree 0, so we are done. ]

Proposition 6.5.8. Maps between dominos. Let f: Dy - Dy be a
map between two dominos of the same dimension, such that its kernel and
cokernel do not contain any dominos. Then the kernel of f concentrates

in degree 1, the cokernel of f concentrates in degree 0.
In other words, the following statements hold:

(1) Let f: Dy — Dy be an injective map between two dominos of the same

dimension, then its cokernel concentrates in degree 0.

(2) Let f: D1 - Dy be an surjective map between two dominos of the

same dimension, then its kernel concentrates in degree 1.

Proof. We use induction on the dimension of the dominos. When dim(D;) =
dim(Ds) = 1, this is Proposition 6.5.6. Assume d := dim(D;) = dim(Ds) >
2. Choose a subdomino U ¢ D; of dimension 1 such that D;/U is still a
domino of dimension d—1. Consider the map U < Dy - Ds, by Proposition

6.5.7, the cokernel Dy/Im(U) is an extension of a domino Dj by a finite
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length module M[0]. We thus get a map of dominos of dimension d — 1:
DyJU L DyJIm(U) > D,

We have the following commutative diagram

0 > U > Dy y DiJU ——— 0

L] |

0 —— Im(U) Dy > Dof/Im(U) —— 0

~

Now we consider the snake lemma: the kernel of D1/U — Dy/Im(U) is a
submodule of the kernel Dy /U — Dy/Im(U) - D3, by induction hypothesis
it concentrates on degree 1. The cokernel of D1/U — Dy/Im(U) is an
extension of cokernel of Dy/U — D3 by M[0], so it concentrates on degree

0. Now the snake lemma gives us what we wanted. ]

Proposition 6.5.9. Let M be a coherent R-module, let T?M ¢ M[p®] < M
be Ekedahl’s duality filtration.

(1) We have injective maps: coeur(T?M7) < coeur(M[p®]7) = coeur(M7).

(2) coeur(M[p>]) is identified with the torsion module of coeur(M7).

(3) coeur(T?M7) is identified with the nilpotent part of coeur(M[p>]),
the quotient coeur(M [p>])/coeur(T?M7) (isomorphic to M[p>) [T?>MJ =

AL (M)7), is thus isomorphic to the semi-simple torsion part of coeur(M?7).

Proof. In general, if N ¢ M is a coherent R-submodule, by definiton we
have V-°Z(N7) =V->°Z(M/)nNJ and F*B(N7)c F*B(M/)nNJ. We
now use T'c N ¢ M to denote Ekedahl’s duality filtration T?M ¢ M[p*>] c

M. We have injective maps of dominos:
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Ti|V-2Zi(T) —— F*Bi(T)

~ ~

TijV-2i(N) —— F*Bi(N)

~ ~

Ti|V-2Zi(M) —— F®Bi(M)

By Proposition 6.5.8, we have equalities F*B/(T) 2 F®*BI(N) 2 F*Bi(M).

We have the following commutative diagram with exact rows

0 —— F*BI(N) —— V>°ZI(N) —— ceeur(N/) —— 0

I | |

0 —— F°BI(M) —— V>Zi(M) — ceeur(M/) —— 0

It induces an injective map coeur(N7) — coeur(M7) such that
coeur(M7) [coeur(N?) 2 V=2 ZI(M)]V~>°Z/(N).
The latter is free because V->°Z(N7) = V->°Z(MJ)n NJ. This proves (2).

We have the following diagram:

0 —— F°BI(T) —— V=>Zi(T) —— coeur(77) —— 0

I | |

0 —— F®BI(N) — V-°Zi(N) — ceeur(Ni) — 0

that induces an injective map coeur(77) — coeur(N/), and it gives an iso-
morphism
coeur(NY) [coeur(T7) 2 V= ZI(N) |V == ZI(T).

We also have the following diagram
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0 —— V=Zi(T) » T >y TI|V=2Zi(T) —— 0

| | |

0 —— V>*ZI(N) —— NI —— NJIJV=>Zi(N) —— 0

that gives a short exact sequence
0> V==ZI(N)V=2ZN(T) > A((M?) » (N?[V==Z/(N)) (T’ [V==Z'(T)) - 0
The F' action on Al ,(M7) is bijective, and the F-action on

(NI JV==ZI(N)[(T? [V==Z'(T))

is nilpotent, so we must have (N7/V=°Zi(N))/(T7/V->Zi(T)) = 0 and
V= Zi(N)|V=Zi(T) = AL (M7). As a result we see that

ceeur(N?) [eceur(TV) 2 V- ZI(N) V> Z)(T) = AL, (M?)
is F-semisimple. This completes our proof. [l

Proposition 6.5.10. Let X /k be a smooth proper variety of dimension N.

(1) We have AL (H'(X, WQB(/k))O =0, and
AL (HY(X, Q%)) = NS(X) [p™] @z, W,

where I acts trivially on NS(X)[p™].

(2) We have AL (HN(X, VVQ;(//,C))N‘1 = NS(X)[p>]Y ®z, W. Here v de-
notes the Pontryagin dual, and F acts trivially on NS(X)[p=]".

Proof. We have Al (H'(X, WQB(/k))O = 0 since H!(X,WOy) is the Cartier
module of P/)Rx/k, which is always free. Next, we have Al (H!(X, WQB(/k))l =
NS(X)[p>] ®z, W. Indeed, by Proposition 6.5.9 we have

AL (HY(X, I/I/Q}(/k))1 ~ coeur(H' (X, Wﬂk/k))ss.
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By Proposition 1.3.1 we have H' (X, Wﬂk/k og) = HA(X,Z,y(1)). We also
have H2(X,Z,(1))[p*] 2 NS(X)[p>]. To see this, note that by Kummer

sequence we have a long exact sequence
HO(X,Gp) 5 HO(X, Gry) - HY(X, 1) » HY(X, G,) 2 HY(X, G,),

hence HY(X, ppn) = Pic(X)[p"]. Passing to the projective limit we ob-
tain an isomorphism H!(X,Z,(1)) 2 T,(Pic(X)). We also have the exact

sequence
HY(X,Z,(1)) 5> HY(X, Z,(1)) - HY(X, i) ~ HX(X, Z,(1)) 2 HY(X, Z,(1))

Taking a large enough n gives H2(X, Z,(1))[p>] 2 NS(X)[p>]. Part (2) is
a consequence of (1) and Theorem 6.5.3(3). O

Remark 6.5.11. If X /k is a surface, this gives another proof of Theorem
2.3.1(1) that the finite group part of H3(X,Z,(1)) equals NS(X)[p*=]".
This shows that Ekedahl’s duality theorem 6.5.3 is consistent with Milne’s
flat duality theorem 2.2.2.

We have the following proposition explaining each parts of the slope
spectral sequence of an arbitrary proper smooth surface. For a proper

smooth surface S, we have the following invariants:

Betti numbers: b, := dim(HZ, (S, Q)).

Hodge numbers: h'.

Irregularity: q = %1

The finite group scheme H := coker(Pic,q v/, = Pick;).

We have a decomposition H 2 H,® Hy;® Hj., where H,; is NS(X)[p™].

Theorem 6.5.12. Let S/k be a proper smooth surface. Then the following

statements hold.
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(1) HO(S, W) are all free fori=0,1,2.
(2) AL (HY(S, W623,))0 = 0
AL (HY(S, W )t = (NS(S)[p®] @z, W) = Hey @2, W.
AL(HY(S,WQ,))? is DM(H,)".
AL(H (S, W Qs /k))l 0 for alli=0,1,2. That is, H'(S,WQS Y) has
no nilpotent torsion.
(3) AL (HX(S, W03,))" = DM(H,)
AL(H2(S, W2,))! = NS(S)[p] @2, W = (Ha1 02, V)"
AL (H2(S, W Q5 ,))* =0
AZ(H2(S, W) = DM(Hy).

A2(H2(S,WQ,,))! = DM(Hy)".

We are abusing notations here. The action (F,V') on the dual M" has
different definitions: if M is a torsion with F' bijective, then (F,V )y =
(F~L*o,,pF~1); if M is torsion with F nilpotent, then (£, V) = (V*o,, F*
Proof. (1) is because the sheaves W, 1 are all torsion-free ([23]). The first
and second statements of (2) are Proposition 6.5.10. The third statement
of (2), by Theorem 6.5.3(3) is equivalent to the first statement of (3), which
is a consequence of Theorem 6.1.2. The fourth statement of (2), according
to Theorem 6.5.3(4) is equivalent to the vanishing of A%(HN*!(S, W Qs /k))
which is trivial. The second and third statement of (3) by duality is equiv-
alent to the first and second statement of (2) respectively. The fourth and

fifth statement of (3) are equivalent to each other and is a consequence of
Theorem 6.1.2. ]

Remark 6.5.13. Theorem 6.5.12 shows that every finite torsion part in the

slope spectral sequence of a surface S/k comes from a certain finite torsion
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subgroup of Picgy, the Picard scheme. Conversely, each finite torsion part
of Picgy, (local-étale, or étale-local, or local-local parts) is reflected in a

certain finite torsion part of the slope spectral sequence of S.

We can compute the Hodge numbers of a surface with 792 = 0 from
its slope spectral sequences, generalizing a result of Suwa [50]. Suwa’s

calculation for surfaces satisfying 792 = m%? = 0 extends to the case m"? # 0.

Theorem 6.5.14. Let S be a proper smooth surface over an algebraically
closed field k of characteristic p. Suppose that the unipotent number T? =
0, then the following statements hold.

(1) We have the following table of Hodge numbers for S:

dim QOS/k Q}S*/k; Q?S‘/k

H? | m% +rk(pH) q+1k(yH) 1

HY | g+rk(pH) |by—-2m2+2tk(yH) | q+rk(pH)
HY 1 q+rk(yvH) m? +rk(pH).

(2) We have the following table of de Rham numbers for S:

1 when n=0,4
har =101 +1k(,H) when n=1,3

by +2rk(,H) when n=2.

Here we follow the notation of Suwa [50]: pH means the kernel of the
map H LR H®) H means the kernel of the map H Ve, HO/P) | H means

the kernel of the map H 5 oH.

Proof. The short exact sequence

O*WOXLWOX%OX%O
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gives the long exact sequence

0 - H(WOy) & H(WOx) - H(Ox) — HA(WOx)
U H2(WOy) - H2(Ox) — 0.

We have
dim; (H'(WOx)/V) = q,
dim; (H*(WOx)[V]) =1kpH,
dim (H2(WOx)/V) = m" + tkp H
so the first column (and the third column, by Serre duality) of (1) follows.

To compute the cohomology of Q% | we use the exact sequence:

X/k

0-Wox S wox e wel , LN ol S ol o,

Let Im be the image sheaf of dV + V. We have short exact sequences

(F,-Fd)

0->WOx WOXGBWQ%/k%ImHO,

0—Im—> WQ;*/k — Qﬁ(/k — 0.

We have long exact sequences:

H(WOx) @ HY(WY ;) — H’(Im)
(F~Fd)

- HY(WOyx) HY(WOx) @ H'(WQ ) — H'(Im)

S H2(WOy) L

H*(WOx) @ H*(WQY ) — H*(Im) - 0,

0 - H(Im) — H'(WQL) — HY(Q)
- H'(Im) - H(WQY) — H'(Qh)
- H?(Im) — H2(WQL) — H2(Q') - 0.

We can compute H?(Q) as H2(WQ)/(dV + V). If T9 = 0, then dV =0,
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so H2(WQY)/(dV + V) 2 H2(WQ')/V, in this case we have
0 Ay @ A7 > HX(WQY) > B(WQ)/[p*] > 0,

the last term is free and V' is injective on it. We can compute

dim(H*(WQhH)/V)
= dim (A, (H*(WQY))/V) + dim (A7 (HH(WQ'))/V)
+dim(AY(H2(WQY))/V) + dim(AL(H2(WQLH)/V)
=dimp, NS(S)[p] + tky Hy + m'? = g + rky H.

The rest of (1) follows from Serre’s duality and the formula: 2y(Ox) -
x (€2 /k) = co. This formula is a consequence of the Hodge-de Rham spectral

sequence and the long exact sequence:

..~ H"

cris

(S/W) = H;,

cris

(S/W) - Hi (S/k) - ...

The split degeneration of slope spectral sequence when 792 = 0, and the

above long exact sequence can give us (2). O

Ekedahl’s duality also can be used to show that the flat Artin-Mazur

formal groups of an arbitrary abelian 3-fold are all smooth.

Theorem 6.5.15. Let A/k be an abelian variety of dimension g. The

following statements hold:

(1) when g =3, then the flat Artin-Mazur formal groups ®}(A,G,,) are
all smooth fori=1,2,3;

(2) when g =4, the only possible case that at least one of the flat Artin-
Mazur formal groups ®}(A,G,,) is not smooth is the flat formal Brauer
group ®24(A,Gy,) of an abelian 4-fold whose slopes of HL. (A/W') are

cris

1
{0,0.5. 1,1},

1
727 Y

N | —

9

N | —
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(3) when A is supersingular, A2 and AL, are trivial everywhere. As a
corollary, the flat Artin-Mazur formal groups ! 4(A,Gy,) are all smooth
for all i.

Proof. Let us first prove (1). By Ekedahl’s result 6.1.2, it suffices to show
that H'(A,WO,) has no V-torsion for ¢ = 2,3. The V-torsion of these
groups are canonically isomorphic to the direct sum of the semi-simple

torsion Al

ss» and the nilpotent torsion Afc at these positions by Proposition

6.5.9. Since the Picard scheme is smooth, and A is 3-dimensional, it suffices
to show ®2(A,G,,) is smooth. By Ekedahl’s duality, the semi-simple tor-
sion at (¢, 7) is dual to the semi-simple torsion at (N —i, N+1-7), the nilpo-
tent torsion at (i,7) is dual to the nilpotent torsion at (N -1-4, N +2-j),

so it suffices to show that Al of H!(A, WQ3 o) is trivial, and A3 of
H2(A, WQA/k) is also trivial. The groups H!(A, WQA/k) are free ([23,
Proposition 11.3.12]), so the first statement holds. For H2( A, W
tice that H(A, WQA/k
these two cases A is Hodge-Witt, so of course H*(A, W% k) does not have

A/k) no-

) is trivial unless A is ordinary or almost ordinary. In

nilpotent torsion; in other cases, the nilpotent torsion A2 of H2(A, W2 /k)
is the heart of a submodule of H2( A, WQ? /k) so it survives to the oco-page,
but the trivialness of H'(A, WQ?3 /k) makes sure that F is free. So the

result follows.

Let us prove (2). It suffices to prove that ®2(A,G,,) and ®}(A,G,,) are
smooth. By Ekedahl’s result 6.1.2, it suffices to show that H/(A,WO,)
doesn’t have V-torsion for 7 = 3,4. For an abelian variety, there is no semi-
simple torsion (2.4.1). It suffices to show that the nilpotent torison A2
of H2(A, W3 /k) and H3(A, WQ3 /k) are trivial. The nilpotent torison of
H2(A, WQ3 /k) is trivial for all A: again, H'(X, WQ? /k) is trivial unless A is
ordinary or almost ordinary (Hodge-Witt), but in other cases the nilpotent
torsion A} of H*(A, W /k) is the heart of a submodule of H2(A, W Q3 /k)
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4
Ak

sure that E%7 is free. For the nilpotent torsion of H3(A, I/VQ?4 /k), we notice

that H2(A, WQ5 /k) is non-trivial only when the multiplicity of slope 0 in

H!. (A/W) is at least 2. The only cases when A is not Hodge-Witt, is when
the slopes of H!. (A/W) are {0,0,3,3,%,3,1,1}. In other cases, either A
is Hodge-Witt, or HQ(A,WQj‘;( /k) is trivial so the nilpotent torsion A?c of
H3(A, Wﬂi/k) is the heart of a submodule of H3( A, WQi/k)v so it survives

to the oo-page, but the trivialness of H2(A, W /k) makes sure that Fo’

so it survives to the oco-page, but the trivialness of H'(A, W2 ) makes

is free.

Finally let us prove (3). By 2.4.1 there is no semi-simple torsion any-
where. Since A is supersingular, EY is torsion whenever 7 <1. They are

all 0 since we can use induction to prove that they are torsion subobjects

of H.'J (A/W). This further shows that the heart of H/(A, W, ), for
any j <t + 1, is free. Therefore there is no nilpotent torsion A?c whenever
j <1+ 1. Now by Ekedahl duality, we conclude that there is no nilpotent

torsion anywhere. H

Corollary 6.5.16. Let A/k be an abelian variety of dimension g over k an
algebraically closed field of characteristic p. Then the étale Artin-Mazur
formal group ®(A,G,,) are all pro-representable on Art)” and they agree
with ®4(A, G,,), for all the following cases:

(1) g=3.
(2) g =4 and the slopes of H.. (A/W) are not {0,0,%, 3,14, 1,1}.

cris

(3) Supersingular.

Proof. This is a consequence of 6.5.15 and Proposition 10.11 of [4]. [

Remark 6.5.17. Abelian varieties are Mazur-Ogus in the sense of [18].
According to Theorem IV.1.2 and Theorem I11.4.6 in [18], it should be

true that for any abelian variety A/k, A?p and Al are all trivial every-

139



where. From this we can conclude that the flat Artin-Mazur formal groups
P4 (A, G,y,) are formally smooth for all n. This further shows that on Art;”,
the (étale) Artin-Mazur formal group ®*(A,G,,) are all pro-representable
as well and they agree with ®}(A,G,,). I don’t know how to prove this

using elementary method without using Ekedahl’s diagonal complexes.

6.6. On the Tate Conjecture for Divi-

SOI'S

In this section we explain how to view Tate conjecture for divisors (over
a finite field) as an analogue of Hodge conjecture over C. Let k = Fp, the
algebraic closure of the finite field. Let X /k be a proper smooth variety.
Since X must be defined over a finite field, there is a proper smooth variety
Xo/F, such that X, ®p, k * X. Then the Tate conjecture for divisors for

X states that the following map is surjective:
(T)) : Pic(Xg) ® Q — HZ, (X, Qu(1)) el k/Ea),

The p-adic version for the crystalline cohomology states that the following

map is surjective:

(T,) : Pic(Xo) © Q, — 2

cris

(XO/W(]Fq))g:p~

There is a nice viewpoint to view Tate conjecture as an analogue of
Hodge conjecture, based on the following fact: the union of W (F,.), the
ring of Witt vectors of the finite field F,» in W does not equal W. This
is because, if we denote W the union, then W is not complete, but W is

complete. This is very similar to the fact that QQ is not complete in C.
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Inside H2

cris

(X /W), the union

cris

ﬁgriS(X/W) "= UH2 (Xo OF, Fon /W (Fgn))

2
cris

formly finite". This is the analogue of H2(X,Q) c H2(X,C) in the Hodge
conjecture situation. To compare, the F' = p subspace of H2. (X/W) is

the analogue of the (1,1)-piece: HM (X, C) := HI( X, QE/C) in the Hodge

conjecture setting.

is the subspace of HZ. (X /W) consisting of the elements that are "uni-

Then the Tate conjecture for divisors maybe reformulated as: the follow-
ing map is an isomorphism:

(T}) : Pic(X) ® Q, — H?

cris

(X/W)Q N H(Q:ris(X/W)g:p'

Viewing this, the right form of Torelli theorem for K3 surfaces should
be: let X/k be a K3 surface over k = IF,, then the isomorphism class of
X depends only on the isomorphism class of (non-completed version) F-
crystal with a perfect pairing:

(ﬁ2 (X/VT/)7F> <_7_>)'

cris

When X/k is not supersingular, analogous to the complex case, the iso-
morphism class of (H%, (X/W), F,(-,-)) only depends on the height of
X.

For Hodge conjecture, the divisor case is proved as the Lefschetz (1,1)-
theorem. One proof of the Lefschetz (1,1)-theorem uses the exponential
map of sheaves:

O%Z%OXE(&O}AO.
In the Tate conjecture setting there is no exponential map. However,

there is the following Artin-Hasse exponential map (6.5), viewing both
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sides as sheaves on various sites over k:

E:WxW > G,,

(6.5)

It is a question what does this map give us about Tate conjecture. For

example, we have
W = Hom(W,G,), RID(X, W)=z RT(X,Hom(W,G,)).

It would be ideal if we could find a short exact sequence of sheaves of the

following form:
0>W->W->G,, > 0,

where the cohomology groups of W are exactly H*. (X /W). If this is done,

cris

we could prove Tate conjectures for divisors by analyzing the short exact

sequence
H'(X,Gu) » Hy(X/W) - H (X, WOx),

(X/W)nH2. (X/W)F=r, its image in H2(X,WOx) has

cris

because if x € H2

cris

to be 0 by Illusie’s theory. So it must comes from Pic(X).
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A Properties of the De Rham-
Witt complex

The main reference for this section is [23].

Definition A.0.1. V-pro complexes. Let X be a ringed topos. A V-pro

complex on X is a projective system of commutative differential Z—graded

algebras

(M2 M2, 5 M)

equipped with a family of additive maps V + My — M?*. | satisfying the

following properties:
(0) RV =VR.

(1) M2 =0 ifn<0, M is an F,-algebra, and for n > 1, MO = W, (M?),
and R,V are the usual restriction and shifting operators on Witt vectors:
R: W, (M) > Wy (MD), V : W (M?) » Wi (MY).

(2) For each n,i,j, and x € Mi, y e M}, we have V(zdy) = Vad(Vy).

(3) For each n > 1, and each element x € MY, y € MY, then we have
(Vy)dx = V(2P ly)d(Vz), where z = (x,0,...,0) € MY is the multiplicative
lift.

Note that condition (2) implies:
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(2’) For each n and a, x1, ..., x; € MY, we have

V(adzydxs...dz;) = (Va)(dVy)...(dV ;).

Conditions (2) and (2’) are equivalent when each M} is generated by

MY as a differential graded algebra. Illusie explicitly constructed W, Q%

W, (A)? and proved the following:

inductively as a quotient of {2

Theorem A.0.2. The functor from V-pro complexes to IF,-algebras:
Vpro(X) - IF,-Alg(X) : {M;} - My

admits a right adjoint

in the sense that, for any V-pro complexes {M?2}, we have a natural iso-

morphism
Homy pro0x) ({Wa2% }, {My3}) = Homp _aje(x) (A4, M7).

Moreover, the construction of 1,25 is compatible with étale base change.
The resulting pro-complex of étale sheaf on X formed by A — W, 2% de-
fines the de Rham-Witt pro-complex W,£)5.. By taking projective limit,
we obtain W25 := 1(£nn W, 05.

Until now, we have not discussed the Frobenius operator F' yet. The def-
inition of [, is highly dependent on the explicit computation of W, for a
smooth algebra A, particularly, for those A of the form Fy[t1, ..., tp, t21, ..., t21].

Illusie defined the operator I explicitly for such algebras, and then showed

that this definition generalizes to the general case by a limit argument.

Theorem A.0.3. Let X be a ringed topos of Fy-algebras. Then the pro-
jective sysmtem of ring homomorphisms: FR = RF : W,,10x - W,0x
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extends uniquely to a projective system of graded algebra homomorphisms:
F W, a0 - W0,

such that:

(1) for each n > 2 and each x € Ox, let z, = («,0,...,0) e W,,0x be the

multiplicative lift, we have

-1
Fdzg, = x¢, dTe, ;-

(2) for each n> 1, FdAV =d: W, Q% - W, Q%L
Proposition A.0.4. The following formulas hold:

(1) FV = VF = p: W, Qi — W, Q.

(2) dF =pFd: W, Q% - W,1QU and Vd = pdV : W,Q — W, QL

(3) FdV = d: Wb, — W, Q.

(4) 2Vy =V (Fa.y), for any v e W,Q, y e W, .

These formulas also hold for the projective limit WQX/k.

From now on, assume X is a smooth scheme over a perfect base S of
characteristic p. We will need the following results on the structure of

Canonical Filtration.

Definition A.0.5. For each n,r, we define the canonical filtration on

W, Q% and WS to be

W,.Q5% ifn<0orr<0
Fil'W,Q% = {Ker(R™": W, > W,) ifl<n<r (A.1)
0 ifn>r
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— WS ifn<0
1 X =
Ker(R, : WQ% - W,Q%) ifn>1

We then naturally define the graded pieces:
gr" W, Q% = Fil"W,Q% [Fil" ' W, Q%

ar"W QY = Fil'WQy JFil" W QY.

Proposition A.0.6. For each n > 0 and each r, Fil"W, Q% is the differen-
tial graded ideal generated by V'"W,_,Ox. In other words, we have

Fil"W, Q% = VW, Qi + dV"W,_, Q%

Fil"WQ = V"W QL + dV"W QL

Proposition A.0.7. For eachn and each i, the homomorphism F : W, ;1 —

W, induces (via quotient by Fil") a homomorphism
F W, Qe — W,k [dV QL
For n =1, this is the inverse Cartier operator
Ch e gy = Qg A

Proposition A.0.8. For each n, the multiplication by p map p : Wy, 1Q% —
Wi Q has kernel Fil"W,,.1Q%, so it induces an injection p : W,Q% —

Wy182%. Moreover, for each i such that 0 <i<n+1, we have

Ker(p' : W, 1Q° — W,,1Q%) = Fil" ', Q5%

Graded Pieces of the Canonical Filtration.

Proposition A.0.9. For each n and each i, we have the following mor-
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phism of exact sequences:

VTL

0 —— B,Q% > QU > W Q0
0 —— BuafYy —— Qi — W, QL JdVnQi?

0 — ZynQich — Qict — 5 00

| | |

0 — Z, Q0 ——— Qi L W, Q1 /VnQi
where the right vertical arrows are the natural projections.

The proof of Theorem A.0.9 relies heavily on the analysis in the next

subsection. We will use these properties freely.

Proof. By étale localization we may assume S = spec(k), X = spec(A),
A=K[Ty,...,T,]. Suppose B = W[T1,...,T,], let Q3 the de Rham complex
of B/W, and let E* the complex of integral logarithmic forms used in the
construction of F' (E* is the de Rham-Witt complex of A), we have for

each m, a quasi-isomorphism
W, Q% = E*[Fil"E*,
and for each 7 we have
Fil"E' = V"E! + dV™E™L,

Since E is generated by E° (as a commutative differential graded algebra)

and E° =} ., VB, we can see that

Fil"E" =Y V™HQL +dV™H QR

320
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Suppose z € Y, is a section who has a lift y € QY. Suppose that V"y e

Fil""' Ei, we can write V" as the following finite sum:

Viy= 3 VI 4 AV,

1<m<N

where z,, € Q% and ¢, € Q51 Apply F™V on both sides, we obtain that
pnFNy — Z pn+mFN—mZm + FN_mdtm
1<msN
Multiplying pV~! on both sides, we obtain
pn+N—1(FNy _ Z meN—mZ) — d( Z pm—lFN—mtm)_
1<mgN 1<msN

Now we apply Corollary B.0.5(2), since FNy = ¥ ey P FN "2 is a lift
of CNz, we conclude that CNz € B,.yQ/B,QY. This implies that
x € ByQ'y. So we finished the proof of the first part. The second part of

the proof is similar. ]

Corollary A.0.10. For eachn >0 and each i, we have the following exact

sequences of finite type locally free Ox-modules:

0 Qi /Bl s gt Wi, 5 FrrQic 2 - 0

0 FIIQic Zi7) S gr Wi, 5 FIPQy /Bl — 0,

n+1 n+1

where the Ox-module of gr”WQfX./k s defined by

F: OX = Wn+1OX/VWnOX - Wn+1OX/an+1OX7

and 8 maps the class of V"x +dV™y to the class of y, 5 maps the class of
Vnrx +dV™y to the class of x.

The kernel and cokernel of F' and V.
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Proposition A.0.11. For each n >0 and each i, there is a exact sequence

1dV

0— QgEl/ZnQZ Wn+1Q7 _> nﬁQfX

The canonical filtration and the p-adic filtration.
Proposition A.0.12. For each integer n >0,

Lemma A.0.13. For each n > 0, multiplication by p induces a quasi-

isomorphism gr"WQS, — gr" 1 Qs

Proof. This is [23, Proposition 1.3.13]. O

The fixed point of I

For each n, there is a map dlog : Oy - W,Q% , , a homomorphism be-

X[k
tween sheaves of abelian groups defined by = - dz/x where z = (x,0,0,...)

is the multiplicative lift of z € W,,0x.

Proposition A.0.14. For each n > 1, the following sequence is exact:

dlog

0> 0¥ - 05 — W0,

Proof. Since p"W, Q%(/k = 0, we have dlog(O") = 0 in W, QX/k Con-
versely, suppose x € O% such that dlog(z) = 0, we prove inductively that
locally z is of the form y?" for some local section y. Suppose in some open
neighborhood x = y?" for some 0 < m <n. Then 0 = dlog(x) = p"dlog(y)
and Proposition A.0.8 shows that dlog(y) € Fil"™™W, Qﬁ(/k c Fil'Wy, Qﬁ(/k

So the image of dlog(y) € QL equals 0, this tells us that y = y». By

X/k
induction, the claim is true. H
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B Propositions for a Local Lift-
ing

The proof of Proposition A.0.9 is not trivial at all. We need the following
proposition in the following context. Assume that X — S is smooth, where
S is a characteristic p base which lifts to a p-adic complete and separate
formal scheme T such that Or/pOr = Og, and there is a endomorphism
Fr of T that lifts the (absolute) Frobenius Fg. Assume also that X — S
lifts to smooth map between formal schemes Y — T' such that there is an
endomorphism Fy that lifts the absolute Frobenius F'x. When S is perfect
and when X is affine, such lifts always exist. We can take T'= W (S) and
take Fr to be the Frobenius of Witt vectors, and since X is affine, there
is no obstruction to lift X /S to a formally flat map Y /T, and we take
Fy 1Y - T xp p, T. More generally, the lifts exist when both X and S are

affine and S is smooth over a perfect scheme.

We let YF/T = YF be the formal scheme otained by fiber product and
we have the 'relative Frobenius’ Fy r : Y — Y'F obtained by universal

be the continuous differential of Y/T, let €%, .., d be

property. Let Q! ¥

YT
the corresponding de Rham complex.

Proposition B.0.1. Under the above conventions,
(1) Fyp is finite, and locally free.
(2) For each integeri > 0, the image of the canonical arrow F S0 Py

YT Y
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Q%,/T (resp, Q@F/F > Fy/T7*Q§,/T) is contained in piQi,/T (resp, piFy/T,*Qg,/T).

Part (2) follows from the fact that when reducing modulo p to X/S, the

map F /SQﬁ((p) 57 QL g 18 trivial. This tells us that there exists a unique

homomorphism of graded algebras

- Q

F:Q YT

v
such that dF’ = pFd, and that if Fyr is the canonical map €2}, i Q i

then by = p'F. Let F : QB((P)/S - QB(/S be the reduction of F'. Then

(Mazur) gives the following observation:

7 and the

Proposition B.0.2. We have for each i, F(Qg((p)/s) c ZQy)s

following composition map is the identity:

. Cx .
S H(QS o, d) —5

F oo
— Z{ X/8 Xw)/s*

Qo /5 X/S

Proof. In degree 0, F is the relative Frobenius F /s- In degree 1, let y € Oy

be a local section whose reduction is x € Ox. By definition of the Cartier

operator, C~1W*dx is the class of 2P~ 1dx € Hl(QB(/S, d). By the definition of

F, the class of F(W*dx) is the class of F(W*dy) = ]%(d(FyW*y)) modulo
p. We have FyW*y = yP + pz for some z € Oy, so the class of F'(W*dy)
equals the class of y?~'dy + dz, modulo p we get the class of y?~ldy €

Hl(QB(/S, d), so we proved the proposition. ]

Now let Y = Y () be the n-th twist and let F* : Y — Y () and F7 :

Q%,(n)/T - Q%//T be the n-fold composition of F. Let Fn : Qfx(n)/s — Qé{/s

be the reduction of F", then we have:

Corollary B.0.3. For each 1, ﬁ(93(<n>/s) - Zan(/S, and the following

composition map is identity:

Fr . . . Cx ‘
S ZuQl s > Zuly 5] BaQi g — > 2

Q X/ X/8 XS

1
X(m/s
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In particular, we have

Fr (%) 15)+ BuQ%s = ZuQs

Fr(BiQ%ns) + Ba% s = Bun1 Qs

Proposition B.0.4. For each integers n > 0 and ¢ > 0, let d‘lpnﬁij/lT be

the subsheaf of Qi,/T formed by sections x such that dx € p”Q%j/lT. We have:

= Y Q)+ Y PR ).

0<k<n 0<k<n~1

Proof. We use induction on n to prove the theorem. When n = 0, the
proposition is clear. Suppose the proposition is proved for n — 1, let us
prove n. Let x € QQ/T such that dz = p"y, where y € Qi,*/lT.
hypothesis, after localization, we can write x as the following form:

By induction

r= ) PpPE Ry + > F*(dyy)

0<k<n—-1 0<k<n-2

i i1
where x, € QY(n—k)/T and yy € QY<k>/T' We deduce,

n—-1
dr =p"t Z FFday,.
k=0

Assume
n—1

> F"dxy, = py,
k=0

modulo p, we have

n-1
S F =0,
k=0

Since Fn_Qdfl, ..., dT,_1 all lie in Bn_lﬁg( /57 50 is Fn-1dz,. This shows that
dzy = 0. Repeating this analysis, we conclude that dzy = ... = dx,,_1 = 0.

We can thus (according to Corollary B.0.3) write x = F'(uy) + dvy + pwy,
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as a result we have

x=F"ug+ pF”_l(ul + w()) + ...+ p"‘lF(un_l + wn_g) + p”wn_l

+d(yo + p" 1) + Fd(yy + p"2vn_9) + ... + F"2d(yp—o + pvy) + F" duy.
[]

Corollary B.0.5. Suppose integersn >0 and i >0, and x € QfX/S s a local

section.

(1) For x to be in Znﬂfx/s, it is necessary and sufficient that there is a

local section y € Q%,/T lifting x such that dy € p”Q@/T.

(2) For x to be in BanX/S, it s mecessary and sufficient that there is a
local section vy € Qg;/lT such that dy € p”‘lﬁi,/T, and dy/[p"! lifts x.
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