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Abstract 

A general method of calculating spin rave energies 

to the lowest power In the wave vector q is described, 

which is applicable to both metallic and non-metallic 

magnets in the absoence of anisotropy, though particular 

attention is diracted towards the metals of the 36 

transition series. Though the approach uses Green's 

functions, neither a diagram technique nor the deooupling 

of equations of motion is ueed. Instead of these approx-

imations, the method assumes a form for the generalised 

frequency dependent susceptibility X (q,t)3) expands in ti 
powers of ciA4 , and compares the resulting equation with 

the equations of motion of X(q,c0) expanded in powers of 

4/0 • In thie way an exact formula for 1), where De is 

the energy of ferromagnetic spin waves, and a reliable 

formula for a, where eq is the energy of antiferromagnetic 

spin waves, are calculated. 

/garner rigorous results on the contribution of spin 
wave interactions to D in the Heisenberg model are obtained 

more quickly and parallel work on the one band, short-range 

Interaction, itinerant electron model of a etrong ferromagnet 

is for the first time put on a rigorous footing. An estimate 

is made of the strength of spin wave interactions in nickel. 
Similarly the linear theory of spin raves in the 

Heisenberg untiferromBgnet and first order corrections are 



easily derived.. new formula for o in the itinerant electron 

model is obtained, which disagrees with and goes beyond, 

previous calculations. The Heisenberg result is found as a 

limiting case. The shortcomings of other calculations and 

the problem of the interaction of spin raves with single 
particle excitations are described. c is then calculated 
for chromium, the only weakly antiterromagnetic pure metal, 

and for antiterremagnetic alloys containing local moments. 

In the latter case our formula for a is shown to be an 

alternative to using the HudermanXlttel interaction. In 
the last chapter a description of strongly antiferromagnetic 

-manganese is outlined within the itinerant electron 

model. 
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aapter 1 
The Itinerant Electron Podel 

1 Exchange in Eetals 

'he energy of a group of electrons depends on 

their spin orientations, even in the absoence of an, 

spin dependent terms in the Hamiltonian of the 

electrons* This purely quantum mechanical effect, 

arising from the exclusion principle, gives rise to 

exchange energies which determine the properties of 

most magnetic materials. Various sorts of exchange 

ooupling are known etvg* direct exchange, Puderman-

Littel, itinerant exchange and auperexahange. The 

simplest to handle mathematically and the earliest 

one investigated is direct exchange ( Herring 1966a) 

which, will now be described. 

'For a system with one available orbital per site, 

sites, and one electron per site, the electron 

states can be put into correspondence with the states 

of a spin space defined by spin operators S;, on every 

site fit * Then the Hamiltonian U, approximating the 

low energy eigenstates of the system, has the following 

simple form in terms of the spin space operators 

( Dirac 1929 ) 

A>.J 



(2) 

where Jy is the difference in energy between the config-

uration in which the spins on Rz and RJ are antiparallel 

and that in which they are parallel. (1.1) is known as 

the Heisenberg Hamiltonian and is the simplest expression 

involving the spin operators which has rotational 

symmetry. (1.1) does not only apply to direct exchange; 

J could be defined to correspond to auperexchange or 

Ruderman-iAttel exchange coupling. 

This Hamiltonian does not apply to the itinerant 

electron model of a metal in which electrons are in 

loch states labelled by a wave vector k Bloch 1929 ). 

The electrons do not remain on one atom long enough for 

6i to be defined. l';.ow the exchange coupling arises for 

itinerant electrons is discussed in this section. A much 

more complete and detailed account is given in the review 

by Herring ( 1966b ). 

n order to determine the energy E k of electrons 

with wave vector k, in a metal, a band struoture calcula,  

ion is done ( Gallaway 1964 ). The elements of the second 

half of the 3d transition series, chromium, manganese, iron, 

cobalt and nickel form the iron group of magnetic metals. 

It is with these metals that we sholl be mainly concerned. 

rots them, one has as the basis for the band structure, the 



wave functions corresponding to the five degenerate 3d atomic, 

wave functions of different symmetry, plus atomic s and p 

functions. 

In general it is found ( Fletcher 1952, Yamashita et 

al 1963, Hubbard and :mita% 1968 for nickel ) that the density 

of states has a narrow peaky portion of high &enmity, 

corresponding to predominantly atomic d functions, super- 

imposed on a wide flat portion of low density, correspond- 
ing to mainly s ant p functions, Vhen one includes the 

Coulomb interaction between the electrons in the Hamiltonian 

it is simplest to assume that hybridisation between the d, 

s, and p bents is small so that the Coulomb interaction 

has distinguishable terms corresponding to d-d, s-d and 

s-s interactions, he s bands are free electron-like and 

the interacting free electron, gas is unlikely to be magnetic 

( Herring 1966b ), So the a bawls are usually neglected 

when looking for the cause of the magnetism. IA the d band 

the electron charge density is concentrated near the nuclei 

of the solid, so the Coulomb interaction is strong. This 

localisation in the a band is also the reason for the band 
being narrow. 

The easiest way of including interactions is to apply 

the Hartree-Foci: approximation so that OAO remains with a 
one electron problem, The Hartraa-FoOk approximation 



(4) 

introduces a self consistent exchange field into the one 

electron Hamiltonian. Thin field is the molecular field of 

Stoner Theory ( Slater 1947, rohlfarth 19W ) and splits 

the up and. down spin bands by an energy Ca, called the 

exchange splitting. 

The interaction, in a basis of Blooh functions of 

tight*binding form, in 	liartree-Fock approximation, will 

Include integrals between states with parallel spin of the 

type 

 

k 311  k 

fr  
- iii-rty.kuYf410,:oe Yr,,,,(127.)1c,e6.1) dr, dr, 

1-12. 	- 

= 	0.-qc 0.01 - R  

=_ Rt)  
km - 

where 

where ria(rvii) are atomic d 	ctions with At denoting their 

symmetry* The largest terms in (la), written in a basis of 

k dependent atomie exchange it 	using (1.4) ,are 

"401 	wk m (z) 2" 	I wtr, (!,%x)i' dry (1st 
1-17_ 

(1.5a) 

whose value is of order 20 ev, 

Tis m, t'n = If Wk: (5) 1104(.6(f.:1) Zs  (41.cm 01) IA* cro 	(l.bb) 111 
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I tem q) =filvitsmai)Ilf_-11/1kmata-0114nch 
	

(3..5e) 

of energy I ev and 5 ev respectively. where E is a nearest 

neighbour (ileum.° ( Freemen and totson 1961. Herring 1966b). 

Ikm(R) would be much smaller if the careened Coulomb 

interaction were used to evaluate it. 

It should be pointed, out that the Hartreo. 'oak approx-

imation is different if one started with an atomic basis for 

the interaetions When we later wish to approximate the 

interaction, only terms representing the interactions between 

electrons on the same site will be retained. The interaction 

energies involved are X and, 4. averages of Ihwand Jitm)01  

respectively. i le the intra-atomic Coulomb integral repres-

enting the interaction between electrons on the same site# 

in the same orbital, with opposite spin and J is the Hand's 

Rule term. or the intra-atomie exchange interaction between 

electrons On the same site in dofferent orbitals, with 

parallel spin. The other Intra-atomic integral V, is the 

Coulomb integral between orbitals of different symmetry 

and is independent of the spin of the electrons. 

In order to estimate realletioally the magnitude of the 

exchange splittingiNE between up and down spin bandS. 



(6) 
Slater (1936) used 

AE = Jeff Atrt 

where An is the differentia in the number of up and tom 

spin holes per sits and. fle{fs a suitable average of aT k Vt.}  

Van neck (19b) pointed, out that Jeff should include some 

weighting from 'km  such as 

(1.6) 

Tiff = i(eo-  1) 	 (1 .7 ) 

However as I is of order 20 ev ant An equals 0,6 .for nickel, 

the resulting value for AZ is mueh too large, since a reason- 

able value for AB for nickel is 0.4 Mr* 

This argument, of course neglects the effeet of the 

clectroon whisk will move to screen 	 I. J and mky reduce Jeff 

to the right order From the atomic spectra Van Vieck argued 

that 

E(e)s) + gee) - 2 E(d ge) = 7.6 ev ce I 

is the expression for the interaction enemy between two 

holes. 2(tins"') is the energy of the atomic configuration 

dneoontaining a 3d. eiectrOni and m 40 electrons, so that 

esihal two 4 holes, eel  has one d. hole and dips 'has no d 

holes, Alternatively ( Herring 1966b ) one can compare 

(1.8) 
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Eo8s2) 	E(c11° ) 	4E(cigs) = 2 ev 

to any case it is not clear how relevant these arguments 
are to a real metal where the a electrons form a broad bands 

To summarise there are two viewpoints. Either I is of 

order 2 cm, which is less than the bandwidth, and the 

screening Wi the s electrons is good, or I is of order 8 eve  
greater than the bandwidth, and the screening is bad, Of 

the metals, nickel, manganese end chromium, which we will 
be dismissing in detail, for nickel both approaebes lead to 
the same conelusion, In nickel with oboist OA d holes. if I 
is small, there is little correlation and there are often 
two holes OA the 00MO site, Xf 1 19 large the holes will 

emit each other end the A bent will be well Correlated. To 
inelnete the effector correlation one must go beyond the 
Hartree.prook Theory, Me we done by Kanamori (196W using 
an approximation which was appropriate because of the low 

density of holes, Re obtained a new value for I, 14„ 

which Is less thanth. bandwidth and roughly the name size 

as I in the weak correlation model. 
The Stoner criterion for ferromagnetism within the 

moleeuler field model is 

Tell WEF) > I 	 (1.10) 



(8) 

This condition is effectively the same in both the weak and 

the strong correlation models, but is strict. For (1.10) to 

be satisfied one must assume that the density of states at 

the paramagnetic Fermi energy, 11(eFi, is significantly 

greater than the mean density of states of the band. In 

nickel the high density of states near £F comes mainly from 

one subeband, at the top of the it band, which Is flat in XIV 

direction. This is the justitioation for considering one. 

band models ( Loft* and Windsor 1970 )„ There are in fact, 

two hole peekets around X and degenerate at X. The 3d band 

of nickel is nearly full so that one can picture tho band 

structure as being 403.11100ticalty parabolic, 'with no down 

spin boles in the ferromagnetic state,' 

Bandwidths got wider and interaction potentials get 

weaker as one goes down the 3d transItion series from nickel 

to chromium. Thus for chromium, 'shish has weak magnetic 

prevents* considering it has 4 to 6 d holes per atom, the 

weak correlation model is usually adopted. Vanadium, the 

element before chromium in the periodic table, Is non 

magnetic, 

Kanamo l'a theory applies when there is a low density 

of holes :AA is correct, like toner heory„ la the band 

limit when 1-4 0 but is also correct when 	tam 

00 the atomic limit le correet AO matter what the 

density of holes, The motel then looks like a lattice of 
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isolated atone. nabbard (1963, 1964u, 1964b, 1966) has 

worked out a theory, which le,correct in the atomic limit. 

Atomic and bandlike characteristics arise in the following 

way. For a partially full band the spin on each atom 

fluctuates with characteristic time 4i/b, where b is a 

typical hopping energy between sites. However, correlation 

keeps the spins on one atom aligned so that there is a 

preponderance of up spins on one atom. For strong correlations 

the spin becomes associated with the atoms rather than the 

electrons. Hubbard (1944o) applied his theory to nickel 

only and, like Kanamori, still got the same sort of exchange 

splitting as the weak correlation problem, even though the 

interactions between electrons on the name site are very 

strong. 

For balt iron and manganese there are more than one, 

two and hree holes per atom respectively. Hubbard's theory 

for these elements le aomplioated, but 4dwardi (1970) has 

suggested a phenomenologioal theory which retains the 

essential features of the Hubbard theory, Then the essential 

feature for a metal with (r+n)IT holes where r is an 

integer and n<1, is that a band of rill holes le split off 

from the partially filled bands. These ideas must be 

generalised when one disusses manganese which is anti-

ferronagaet10. The alternative approach to manganese, based 



(10) 

on the nartree-Yosk. approximation, reoutree a very large 

antiforromagnotio exchange field of order 3 to 4 ev ( Lowde 

et al 1970 ). The use of such a large exchange field seems 

unjustified in a molecular field approximation. In a later 

chapter we shall discuss manganese in more detail on the 

basis of Hubbard's and La.wards' theories. 

I/ Green's Functions, Susceptibility, Peutron Scattering. 

In this section the method of Green's functions, used 

throughout this thesis, will be briefly described, A full 

account of the technique, which is used widely in magnetism, 

is given by Zubarov (m)o For example Iihtbard. in his 
papers (963, 1964a,b0,1966) use& retarded Green's functions 

to describe the propagation of electrons. These Green's 

funetions. from *doh the properties of the system can be 
determined, can be solved from their equations of motion. 

There Is another kin& of Green 'a function, the causal Green's 

tunetion ( Martin and Schwinger 1989„ baym and ermin 1961 ) 

which is useful when one wants to solve problems by means 

of perturbation theory. 

The retarded (4.) and advanced (-) Green's functions 

are defined by 

( AN 3  g(t0±  = 	61±-0-1<C 1;) g(egi?> 
	

(1.11) 



ill) 

where A(ti = et* Ple-`1" and 13(4 aro two operators, 

with CA, e]tz  — 	+ E A 	3 ? 	I  

as/landing OA whioh ever choice tar 7 is more convenient 

(usuallytu-- *I if t. tua4 B aro torsions. 	-1 if and B 

are hoses} 60(x) is the atop function 

e (z)=1 	z) u, = 0 otherwise. 

and the therm r3. verege <X> is defined by 

<X> 	z Tr1e_ -4.4 X 	Z = Tr e 

Since << A(t); 14.(t/). 	is u f ctftn of t-t one ean define 

.he Vonrier transform 

g %.1 	 13(04±e ̀ 4)1-ck (law 

'gi nit` an be ahem (:;„ubar 1 601 thE4 4(A, 4:0  

die nalytic in the upper half plane of the oomplextaplane, 

63) 0. -Rua Cu, ;470  is cama4tic iu the lower half*. 
pianos  o4(o. The discontinuity across the real axis is 

related to the correlation function <A(t)ii(0)) by 

A(-011(0)> 	(°.° (611 	(<6, Oto+ E  — 	0)(,)_9e7 ,4-t•ci, 
zTr ,1_03  2,40+ C 	 e,--00 



il21 

and 	CC A3 g Lie  = (‘.61, Pt %+ie. 	 (1,15) 

3B 	also satisfy the equation of motion 

-No (A B 	= (EA, 14] 3 B )>: ÷ <E A, 8i7). 	(1.14) 

The cancel (Arena's function it defined by 

(lab) 

	

rhere T ikE) BEE93 = (+-1) Kt) E(e) 	e 	g(t) PO) 

with? --- 1 if end .9 are k..tose oper tors and = wl  if A and. 13 
are Fermi opetntors, 

to evaluate the ea* a3. Gre ve function one must evaluate 

Issensrr time reen's function 

= 	< Tf ACT) g,(0) 3> 	 16) 

*here Atz = efivli A 4-IC4. For a Hamiltonian H.=tio+ Hi  

whirs R I  in a pertnrbationt  one can "mite r.(.-c) in the 

following form. whioh ehowa how (c) cm he written an a 

aeries of products or imaginary time Green's functions) 
dependent on Ho  alone: 



(13) 

-(z) <T c expErig14,(e)ch/A) 	g(63>0 (1.17) 

where <X>6  = 

( Ti el) (- 

Tr Fe:4344 )(3 zo  
Rodtr+c )3>o  

z„ = -Tr CP03 

- (z) le defined in the range 012.1112. :sot(z!) 

(Yen be written in a Fourier eerlee with Fourier components 

4i(3 	• 
e "4"z  t.T(r) (00  

 

(1.18) 

 

Then 

er (T) = „Fiji 	 (63h) 
00 

 

(1.19) 

iii defined in the range - 00 < Z < 00. 

rir (On) in related to the retarded and advanced Green's 

functions by ( martin and Schwinger 1961 ) 

(0K) = 	A for Oh  > 0 ) (1.20) 

r (41., < 0 (1.21) 

Thus the causal szrevale functions are obtained directly from 

the retarded and advanced Green's functions, and the 

analytic continuation of the causal Green's functions 



(14) 

determines the retarded and advanced Omen's functions. 

In magnetism Green's funotions are directly related to 

two physical quantities, the susceptibility and the 

differential cross-section for magnetic scattering of 

neutrons t Zubarev' 1960, Tzar s, Elm and gubo 196 	The 

interaction energy between an oscillating magnetio field 

Ifict 	(,A1 e  Et' 	+ complex conjugate 

and the spin density Smiri of a system ox' electrons is 

—3/4 a 4-L. 	S (r) e t(fifetuye) ceci  
V 	 e 	r r complex conjugate (1.22 ) 

where the integration is over the volume V of the whole crystal. 

The response of a point r of the spin density, at time t,ie 

= 	(YAW Re << s,(t);  so,(50 	 cwteFtJ  

= -* (3.-Tke)  Re [ Eg(1441,1 S4C-cif)Li 	44eet  (1•23) 

where the summation is over reciprocal lattice vectors E, 

and Sa C Ig,t4) = f a°  f 	Co) e 	dr clt v 

Then 
	

3,3  (11451.,)(4) = xAot (Y4-$),..) (A)) 140( 	(1 



(15) 

'where rope deflu4 the tlynamlaul spirt sanceptL'ility as 

Xgot (1 +5"-) CP) 	= 	'8)1 3/3  N+,0 Se4 (CO 	 U.25) 
V 	 (4)*t E 

The differentlal neutron. croso-section is i Lewde and 

ndsor 197:) ) 

	

asZaw E 	m"(cy_J63.) 'TT 	,a  

There is is the wire vector of the incident nentrons, tii  is 

tie vtavo vacto i ths ocatterea neutrons, 1:=k4s, S is 
4 A  

the unit vector cA0 4114= 	Ifikim unit 1.1V( 0(.0) is 
the sorrelstiamPailetlou of tho magnetisation, which equals 

al") Ccicfl(Z)w) 
rben clay the spin magnetisation of the electrons is 

important la scattoring the at roes where 

Satit5Y 4))  ZIT .1 dr 
V" far if a  el(-1•'+°t<)  specr.-trAsp> (1.27) 

V 

27r Lock e-'4)t<cocccto,i-)EgGqi)› 
	

(1426) 

13(q,c0 ) 
	

lr.tod to trio 	it 	part of the =scup* 

tibili 	1 
	

um al  Kim to rube 196:3 

E mwt 
S *13  (50)  to) = - 	— e---°4)).--11-11‘g6',..))1E,, ("29  ) sy tam 

(1.26) 
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v s3mrn(  
(344)2. 

 

from (1.2.5) and (1.25), where crymm. denotes a function's 

symmetric part. 
One can therefore see the importance of otaloalating 

the Green's function 	 Sfl (c0) %-f-iE. • 

In Hubbard's papers the single particle Green's functions, 

for inhich A r- c t B = el+. in (1.11), were used. 

III Magnons 

The immediate consequences of the Heisenberg Hamiltonian 
.4* 

	

	'with 3> 0$  are that the ground state is the 
t>j 

state I 	with total. spin Es, and. there are exact eigen- 

states is.> of energy 

'63 = [7(0) TWiS 	b9,1  + 0(9,4 	(1.31) 

wi h total s 	defined by 

1 (11\ 	42--t4s  Sci: 

where 	 Ri 	These excited states*  

(1.32) 



(17) 
aee celled vein wavev. 

Xerring and Eittel (1V51) using a phenomenological 

semi-clameicel approach, which le independent of aey 

detallea model, argued that these results (1.121), (1.32) 

may epply outside the range of validity of the Heivenberg 

model. In their method the Mock 7411 etiffnece It, defined 

for a mei* crystal La terme of the energy increase CE 

aeeooiated with transverse nonuniformity of the magnetis-

ation ar) by 

1)1 +.(412- }Ca n MI 	(1.z3) 

oan only be determined theoretically by a quantum mechanical 

calculation ( Herring 1966c, ableeer et al 1968 )0  Spin 

waves. or magnolia, are the quail:Used units of waves in 

the =item magnetisation of the magnet. They also conject-

ured that elate waves would be present is a band model as 

well as the excited single particle states possible in 

Stoner Theory. As $toner Wheory and Herring and attain 

approach use mutually exclusive approximations, a firmer 

foundatioa for spiel:clue eras required. Ituyaga (1960) and. 

Aegyame, Yim ant Nub* (19631 showed how to obtain the 

complete energy spectrum for a one band model, using 
equiVelent formv of the random phase approximation. They 

used the Hamiltonian 
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(1.34) 

TAthin the rando4 phase approximation spin waves are 

generated by 	
k f(k,,) ck+1,4,ckt 
	

(1.35) 
where f(k0q)->1 when q=“)„ in the li ib q=>0 the spin 

wave ereation operator given by (1.0) in exact, The spin 

waves are distinet, for q(041,10)  from the continuum of 

Stoner exoitattone. The line formula (1.35) for the spin 

wave enerzy De is proportional to Aql  • when A of equation 

(1.3Z) is calculated from the energy difference in the 

Bartree-rook approximation between a ferromagnetio and spin 

density wave arrangement of the itinerant electron spine 

( Rerriag 19660 ). 

Ve GOO that for 	moaels, (1 1) and (1.34)0  S;10 

ie au exact eigenstate representing a spin wave of wave 

vector 	Using this fact, Edwarde (1902, 1967) was able 

to obtain the exact formula for the energy 4w= Ilea' a spin 
wave in a  strong ferromagnetio metal, using the first 

terms of an expansion in powers of ct.  The only condition is 

that the inverse lifetime of the spin rave texts to zero 

faster khan q ae 	so that the spin wave it r011.. 

defined, ens. the theory le exact for sufficiently small, q. 

The only other derivation of span raves from first principles 



is thLt of L.brikoaov and ialoehineki (1V.56), rho use Fermi 

liquid theory beyond its true region of validity ( Herring 

1S660 )4, 

Lowrie and 1.indsor (1970) have shown that the model of 

Izugyama, L:ila and lobo (196:00  using the liPA approximation, 

essentially explains the neutron scattering data on niekely 

provided one reple.0011 I by Ieff following Yanamori (1963), 

Edwards (1967) was able to evaluate his formula for D for 

the Ilamiltonlan (1.34) approximately, oonfirming IZVaMall  
YAM and Kubols for: 	for the spin wave enem'  with ieff 

instead of I. Though authors have gone beyond the PPA 

aPProximetion, ( Herring (1966o) reviews the calculations ) 

the RVii. approximatiOn for the spin wave energy with an 

efteotive interaction Itff seems to be the only practical 

fOrmula tor D in nickel, 



X 20) 
uhupter 2 

Agin 1;cAfe interactions 

I Introduction 

one of the striking effects of spin paves in both the 

Heisenberg model and the itinerant electron model, is the 

effect of spin wave and electron excitations on thermo-

dynamic quantities at low temperatures. There are two 

contributions to the deviation of the magnetisation from 

its saturation value in the itinerant electron model 

( Udwards 1962. Edwerde end ,hlfarth 1968 	Una contrib-

ution comes from spin wave exaltations and goes as T ULto 

lowest order, end the other contribution comes from single 

partials or stoner excitations and goes an T 	The T t  

term does not arise in the Heisenberg model because there 

are no single particle electron excitations at low temper-

atures. Higher powers in T than T and T will occur from 

interactions between electrons. magnons and other element-

ary excitations ( Isuyama and ICubo 1964, Marshal 1962 a. 

low temperature measurements of the spin wave energy 

10:I.- Dein iron, have been interpreted in this way ( Phillips 

1966, Stringfellow 1968 l so that 

b= 	-t-tT+ 	 (2.l) 
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where D i  is the term coming from magnon-electron interactions 
( Uathon and Wohlfarth 1968 ) and D a  is the term coming 

from magnon-magnon interaotions. For the Heisenberg ferro-

magnet DI  is zero and 132.  has been extensively investigated. 

The problem of calculating D2  was solved. by Dyeon (1966). 

the calculation of D2. for the itinerant electron model is 

difficult and so far work has been =Lay phenomenological. 
It has been reviewed by Herring (1966a). There is no 

general agreement about the sign and magnitude of D2.  • 

We will discuss these problems within a unified approach 

using a formula for the spin wave energy obtained by 

generalising an expression of 	Beel-Mond and Fredkin 

(1968). Thence previous results for the Heisenberg fame-

magnet are derived more directly. Cooke and GereOh (1987) 

and Marshal and Hurray (1969) obtain Dyson's results using 

the equations of motion of Green's funOtions„ whereas 

ilberglitt and Barris (1968) use the t-matrix equation. 

The problem of spin wave interaetions in the itinerant 

electron model 10 put on a more rigorous basis. Previous 

results on Dt  ( Izuyama 1964a, Eastma( 1904 ) eee be 

shown to correspond with Dyson's Born approximation, which 
le the first term in his expression for D2.  • Estimatee of 
D2  are made for nickel. One is also able to discuss spin 

wave lifetimes. 
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II General Formula for the Spin Wave Energy 

Any system which has rotational symmetry with regard 
to spin has the property that its Hamiltonian H commutes 

-with S;„ that is 

ES0 	= 	
(2.2) 

where So  is the total spin step-down operator. Any isotropic 

model of a ferromagnet hat; this property and also satisfies 

the condition that the direction of total magnetisation is 

arbitrary, We assume that there is an infinitesimal magnetic 

field which fixes the direction of the magnetisation vector 

in the ground state, so that the majority of the spins are 

up. The generalised. transverse susceptibility 70q,(4) is 

defined by 

 

r di e i4't  < E s c40, sci,-(0)]}e(e) (2.3) 

— i c:cit e '̀af  < s 5:;(0)asi(--E0001) 
where SW is the spin density and s the total spin in the 

unit cell centre 1 with 

or 

3"I‘  S(I)(ir 
(2.4) 



(U) 
aeeording to which model we are inVestigating, In additiOn 

to (2.2) we know that 

cgs-, 0 
(2.5) 

 

where V le any part of the Hamiltonian H whit% is independ-
ent of momentum. 

From the equations of motion of X(940 ). using (2.2), 
(2.5) and (2.5) and operating in turn on the operators 

+ 	_ s_ 5  , (C o  2 (—V, we find. 

(02-  X(Cti) f4t)) 	Xj- C.1/ b)) 	CV< E T-tif  SC); 1> 	boi<S02-> 

-r+ -r - 
where 	)63-(cte, (A)  = 	0-9,, 3 	14,) * with the spin 
currents J 47 defined by 

'1,  
0:5:  

(2.7) 

the first two terms on the 	 t hand side of equation. (2.6) 
2 

order 4 
ince the spin rave is the nly eigenstate of low energy 

near the vaunt eta energy involving spin fluctuatione. 
in all the systems we discuss*  we can assume that for small 
q anitOthe susceptibility is dominated by the spin wave 
pole at co = Dq re therefore write 

x(cA„tia) 	24<s2>0 + Ace)  
1)9#2- 

061,t) 	(2.0 
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One can compare (2.6) and (2.8) in the region qi 	1, q 1. 

Then 
1 

(61.1 Vvv1 „ (4(w, LA)) — 2<SIWO) 
q4,-o (IA) o 2,<Szl 

=(.1:wt F-1--.<[T:,c1> XT(.ck)°)] (2.9) z<Soz woo pro L •••= 

(2.9) is an exact formula for D. valid for any metallic or 

non-metallic isotropic ferromagnet, or for a non-ferromag-

netic material in the presconce of a static magnetic field. 

H ( Edwards and. Fisher 1971 ). For the latter case we must 

replaceW, whenever it appears, byca-uk. where (4h. is the 

'armor Frequency g/L4H. Clearly from (2.6) XT.  , as well 
as2C, ()anteing the spin wave pole, but the limit of 	in 

(2.9) is finite because the residue of the pole 2n XT, 

KoFT:(0(1. tends to zero as q-“). (2.9) is not the same 

as the general formula derived by Xzuyama (1971). 

For a gas with short-range interactions, for example 

the one-band model with Hamiltonian given by (1,34), 

ge/14) 0 ;-(q/) (4) = -)6 TI(0 Lk)) 
	

( 2 ao ) 

whore )!;is the "irreducible" part of XT. consisting of 
all irreducible diagrams contributing to Zr.  in diagram 

„ 
form the relation between ;r end /C7 is ( Ma, Beal-Mond 

and Fredkia 1966 ) 



X • 	v t 4 ) = xs c t , ) 
g+a4  

M•mi• 
1•••• 

+ XTs IX ss  

/414  /144' 

kt 

(25, 

( 2 Ai) 

vlicro 	Ti; o  and Xl-s is the itreaueible 

part or 263-s The interaction I is inderentlent oi too-went= 

transfer. (2.10) follows from (2.11) from the fact that 
/ 

both CST  and kqrs are of 0(44 )4 ',his shows th.et our result 

(24V) iv a Leheraisation of that of rall  Lleal-lioned. and 

Freakin (MS), rhioh has )CT  instea& of XT in tL4V)4 The 

same formula (24W was obtained by ;,-drards (24,67) for a 

strong ferromagnet with an arbitrary number of bands. at T=404  

ror a slaort-rArge one-bnud model he ciao shovied that is his 

expression corresponding to 1:-‘04101 one could omit reducible 

iagrams, Lecoving these diagrams from .h removes the spin 

Welle pole la XT. 

Our formalism forX 'mires that the corresponding 

neutron spattering intensity is always proportional to (S" 

in the long wavelength limit, a result stressed by i!,arshal 

= a i:urray UM) for the Veisenberg model and observed in 

metals by String' llow (1968) • Vor a general system, 

insulating or metallic of interacting electrons in a periodic 

potential 2. E 	In  pi. 4- V(ri 	+ 	E 	 - 
(2.12) 
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so that (2.9) can be written in another form 

where 
T- 

nT-nNO [.161 

Pz of 
K1 cv+o 

‘(‘31::° 	T :  

= 	(:171 --Lot  
v 

T°--)  
E pE2  E 

(243) 

etviej 	(2.14) 
3  L 	3..in 	3 

is the spin current in the direction of +I', a=q/c. and 

Though, we have obtained a formal expression for D at 

all temperatures below To  we are only able to evaluate D 
exactly at low temperatures. In the cases consitered D is 

real, so that magnon lifetimes appear in higher powers of q 

and cannot be discussed rigorously by the present method. 

However q2)(1400) f 2< Z\  in (2.9) le equivalent to an 

irreducible spin wave selfmenergy q12(.1104). while 

0:140 14 ) / 01"in (2,9) is equivalent to cia2(01,14). 

hus the lifetime r of a spin wave calculated from the 

part of the aelf.energy is 

= 2  %IT"' 0,!, Di) = 	Li X;(96 DeN 2<SL> 	
(2.16) 

pp oximate/Y 

= ac 2 (o, Dci,a)  2cez Im XT (03  bliVa<S2-> (2.16) 

(2,115i, whtah w 	er red by Ma imal-Llonod and Fredkin (1968) 

for an electron gas with shortmrange interaotionso  leads to 

correct results for the Heisenberg model. (2.16) differs 
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only slightly and may be more useful when it is difficult 

to define "41 the irreducible part of XT 

III Heisenberg Ferromagnet 

In this section we rill make use of equation (2.9).  to 

calculate the energy of spin raves for a Heleenberg Hamil-

tonian 

E Urk) S S 
IN k 	^' 

TE s., . s • 

h .11 
(2.17) 

k 
where T(k) = T Fi e 	with the sum over lattice 

sites which are nearest neighbours to the origin. One finds 

= a,+i] 	 14014SLci, + c, 	(2.18) 

with 
	<of 	 (2.19) 

where Ii!) is the ground state wavefunction with all spins up 
and 

(2.20) 

is the energy of a non-interacting spin wave. The result 

r, r  
ct, 	 ÷fe  14-cS) 	(2.21) 

where 	01)  lel., cif) 	I 	( 3(k,) — Jrki+50) 
2S N1 
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is obtained using the relation ( Mortis 1959 ) 

,z :) = sq  —2.01 	+ (2,22) 
( higher order products involving four S-, 0+operLtors ). 

Higher products are zero for s=1.-: and terminating the aeries 

after two terms for all s is consistent with working at low 

temperatures, Defining 	• X1(  (qe cA)) = 	1(q/4  4-44)  ) 

(2.6) to (2.9)* with K g,  in place of jcv  andtO-4)0(a) in place 

ofc,), yield the following expression for the spin rave energy 

(4) ^(4.30(q1) 	[s.ce-zio 9,1-<Ek_1.#,Ett:Dclii00+;0,.}(2.2z) 0 

where - T -ci;.B , 
zso 

e 
k,. S S - 	4-  

(2.24) 

and ig‘, is the unit vector in the direetioa of ci.. 

(2.23) gives the low temperature correction to t 

due to magnow.magnon interactions. The thermal averages clan 

be evaluate& consistently at low temperatures by trans-

forming from spin space, which has eigenstates of the form 
I fr,  

\GITIkJi;1(0;>, to a boson space*  which has corresponding 

eigenstates nrl! - (010)11  1°) 	The ground states fo> and 10) v 
are defined by 

o and 	OLZ (0) = 0 (2.25) 
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The spin operators are mapped from the spin space onto the 

boson space by the Dyson-Maleev transformation ( Akhiezer 

et al, 1966, naleew 1906 

-4 	'SI( 	.12s Ctt 
	

(2.26) 
S t 	▪ §L 	— Cltqi As) az 
st 	 (S. CCi Cti) 

The operators Ki  gr satisfy the same commutation 

relations as Si
± 
 , 8i4 0 

Thermal averages of the form Tr ila(s)} , where the sum 

is over en orthonormal set of eigenstates in spin space, 

and 0(s) is en arbitrary function of the spin variables 

of the  form XfilihntP-101(s). where H(.) is the Heisenberg .  

Hamiltonian, can be evaluated using the formula 

	

Tr FG-(s)3 = Tne.  P G-(PFP)} 	(2.27) 

where the projection operator P is defined by 

	

PC044)1'(9) 	 2,s 

:7-- I 	n< 2s 

end Trg  is a sum over an orthonarmal set of elonstates in 

WAWA space, States 0141 h 10) , with 114211. are =Aft 
physical since there are no corresponding states in spin 

space and are omitted by the use of P. Fortunately there 
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are no matrix elements of 'irbetween physical and non- 
physical states, so 

Tr 	= TrE  PG-C?) 	 (2.28) 

Any non-physical state contains more than 2e spin deviations 
on a site and henoe would introduee a factor e-132.7s into 

the tree*. Thus 

Tr ie--68(s)X(s).? = kL-Tree--('H6) x(ill+ 
4 terms of order exp-2.14/* ). 

So to evaluate any thermal average one can work entirely in 
boson space provided one is at low enough temperatures, so 
that Irt? Was To evaluate <X(5)> to the lowest power in 
QT, when Xi C) = Op one may write 

<x(s3> N 	(oia p X() 	1°) lit 
P 

(2.30) 

where CL + is the operator in boeon space which creates a 
non...interacting spin wave and Ap le the only boson occupa-
tion factor in the expression. This lowest order approxim-
'Men in powers of ke T comes about ( Alhieser et al, 1962 ) 
if one puts 



(a) 
in any intermediate states of <I> and evaluates<4uming 

Wick's Theorem .( Gaudin 1960 ). Any error involves the sum 

of nk  over alIk and hence arises as a correction at least 

of order (kg% However equation (2.30) is not correct if 

I involves a S-function as the 5-function will, restrict the 

summation over k. This problem arises in the maculation of 

spin wave lifetimes ( Barris 1968 ). 

Using"(2.21), (2.26) and (2.30) one finds 

al<Sz> = 2.1\ls + 0 (keT)312. 	
(2.31) 

Gm -1—Tx_< [14.-1- 	V Go IQ 

to the lowest power in IF 	
)"]-(41-)a4 Xci;411P(2.32) q,40 2<S 	 q 	1.  NI." ,+o et 	4 	- 

= Glvt ?S- 	lakt,r0(olct poi.,L ,.. r%  , cLisicu, 4a,;10) n 	(2.33) 
L.54 +3 	ha  	i X 

irOb 9,2-  OR,  ki  (41.  
,-- 

Tieing 	cue  -1o4 3 = N S k,„1, one can easily  evaluate 

this expression for a simple cubic lattice yielding as the 

first Correction to the magnen energy 

(A) - Wo  (44 	- 	2t 
6n1 	-P (2.34) 

This correction term corresponds to Dysonts Born approximat- 

ion ( Dyson 1956 ). The full T correction comes from 

evaluating <<K,;,1--) k0>to  in (2.23) and has the form 

	

‘40(cti) = 	DCT s72- ci/7.  

	

= 	- T6.4-  QCO CSI PIR P1) 9,1 
	

(2.35) 



(3,2i 

where u,(e)=3. for smao• From (2.36) we see that the Born 

approximation is exact in the limit of very large spins. 

The sign of the magnon-magnon correction is negative. The 

equation of motion for the Green's functions appearing in 

kn-ko is a soluble integral equation, eine* by (840) 

higher order Green's funetions which appear are negligible 

at low temperatures• Cooke and Gerech (196?) and Thal 

and Murray (1969) solve the equivalent equation. however 

the calculation of h used here is muah simpler, since it 

starts with an exact expression, for Band no Aseoupling 

of the equations of motion of Green's functions occurs. 

For smi (2.35) becomes 

w— coo(%) — Q(k.) J Q `3 72..)(kaT/T)PY16-Tr 3ix 	(2.86) 

where the Rieman seta function =-1•341 end (1.() = i•68• 

In terms of boson opera tors 	becomes 

K t =c T (4) k- 21  5. Fi.) e.` k'1̀:  Ct- lei++  kx  k 0, 	
(2,37) 

k„kl. 

with he properties 	Kb+  Q. p4-  o) =- 0 

417 	° 	—( 2.74) zLif(c1). R)(P.Piie 	631ak,a,R-k, ' (0( ck.e. 	- 	s 14. 1 1\ • 
to the lowest power in so that";  

t<,+.; K0 >)(43 0  0•1110. 

sic R• 

gi)(p.F, )et -' (2.24) 
x 	c!- kt a..tz %..kk ) 1a 1  k),=o 

T=0 



We define 

r7 del.R1 ilhAz 	+ 
TOz, 	—T z e -  e -  <<oa k a,a_kak - )— 

N3 kik?. 	
2 ) 	 CZ 

T-0 

and from the equations of motion of 	Cliczakx ylait ct-k, 
4- 	.4- \\ 

—2  (A)0(ti 	 o 

=(T(kt) - -3-03-1-1:1)) «Qkagk2  ')134Ct 4; 	114-t itt )  N 
we get 

(2.Z9) 

(2.40) 

	

T-04 RI) + ! 	o 	e t:1.1?3)eit.L21  F(RaiR 

	

2Ns 	— cos 1:1.RA 
e 	- 

SN z(1...coskAl2.41) 

g 	
,$3 are nearest neighbours of the origin, so that 

for a simple cubic lattice this is a 6x6 matrix equation. 
This equation could then be solved in the usual way for 

matrices ( Cooke end Gersch 1967 ). we will solve it by a 
quicker method, originally used by Dyson (1956), for the 

Particular case of  a simple cubic lattice ( Akhieser et al, 
li)68a )4. 

We ass 	F(F,,R,) 	fl + E )R,. R 	 (2.42) 

A and B will be determined f 	(2.41)As Defining 

— cosic,.2z)(ot ,f Rot.  z1.-. P3 
N 

:=1 	'20  
_ rz t RI #± F3  

(2.40 



and 	1_ 	cos kr  RI  
N 	- ask,. Ri;) 

ti 
then 	r, 	f", 

BIG° 

-- 0 	(2•44) 

by summing (2.43) over IA and (2.41) becomes 

A +- €P./s +8113,Fz.16-311./E) :::(72.-13,00/s 1131.g. I 3 Pas 

Equating terms independent of and dependent on1HI,Rlione 

finds 4 and a • From (2.454 (2.42) and (2.39) 

k fk
6 	

- ToY 2, (ell) ((f 41tPi 3(f'xcl'Ar-B) 
2.. ‹S> 	z 

= R-4  2 ( rit)  2(0t-t- E) 
N 

so 	Ots) - I 	-a (A÷ 6) 
= 4-rvs0-3rds) atoots from WAN 

	

Pis 	+ 2 ?Kg, 
r(l i1/2s) 

cher. 	r = 6 pa  

(2•45) 

(2.46) 

(2.47) 

According to Akhlezer er al ( 1966a ), (i = 0.2 and lialf • 6 

for a simple cubic lattice and q(s) obtains its maximum 

value of about 1.68 near 64. Cooke and Oersch (1967) find 

values of 4(k) for P.c.°, and b.o.c. lattices as 'well. 

This resat (2.47) in equivalent forms has been obtained 

by Dyson (19b6), Akhieser et al (1968a), Boyd and 
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Callaway (1965) by calculating the scattering amplitude of 

two magnons. The problem is equivalent to that of a low 

density gas of weakly interacting bosons. Thus Silberglitt 

and Harris (1968) obtain the same low temperature correction 

by solving the t-matrix equation for twaiibody scattering 

of magnons. Yaks, Larkin and Pikin (1968) find the irreduc-

ible part of a temperature dependent green's function. 

Cooke and Oersch (1967), Uhrehal and VUrray (1968, 1969), 

have used a Green's function technique. This method involves 

the difficulty of obtaining the energy of a,  spin wave pole 

from the equations of motion of Green's functions. The 

exact toxemia (.9) for the spin wave energy reproduces all 

these results for the Heisenberg model in the most rigorous 

and straightforward manner. 

The lifetime;of an interacting spin wave at low 

temperatures is from (240) given by 

<Sz> 
Zm 4-K(qt)  WON) to tbm lowest power in q. (2.48) 

The simplest contribution to the irreducible part of 

11106q.w) is that Obtained by evaluating IMAt(q.(4) in an 

approximation in which the cpin waves are assumed to be 

non-interacting. This is equiValent to calculating the 

correction to the spin rave energy in second order 
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perturbation theory ( Akhlezer et el 1968b 	.143 the 

scattering only invwlves long wavelength spin waves, we 
can simplify k 4 by writing (2,37) as 

1-(2s)kE, ce-tv(ki-"It i c!-_ck,+te,+5,)ckt 
+ 

(2.49) 

Then 	 s  >"/ 1 	iCti  /4  

	

1̀̀-- 1.°061') 	 (2.50) 
k r+ktrilktittyp-nti- 0+iishiltdS(41,)+ 	- 4,)-(4)) 

k k 
with p = +12.E +.9., the cfunction becomes Dins-azg3-IES0,1)_Kkeig 
where? are vectors on a sphere centre it(p+q),radius 

fr(1)-41 when ,6(4(q) 3. one can replace the boss factors in 
(2.50) by Just np , as we have already done in (2.30), as 

all boss factors are small. The angular integration of 

over the sphere also 'amplifies to yield 
g 

1°11 	4- 1  

) 	
— ‘3 0  

V Ir 	--1 	v< I 	 (2.51) 
where 	cosep , 0f  is the angle between p and q and 

-1(152.-1-± IPt R-3l 
defines the maximum and. minimum values o 	. Then 

ri I n? pet-ce.  -11 de 	 (2.52) s(z1,6 J0 LI 

The same integral was obtained by Cooke and Gersch (1967), 
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( Marshal and !Murray 1966, 1969 ) yielding 

ar 	 f 
sTru-s)54- ( 2 .53 ) 

These authors erroneously used the same integral (2.52) to 

calculate the spin wave damping for the case 2430(04(1. 

The base functions in (2.60) are not independent 

because of the S-funotion and satisfy 

rig(14- 	- 	rt.2 )n.t  

n 0+ Ile*(t43Cle)  

So in  the limit B (JDOLK 1 the boss functions are not 
always small and one must replace A p itt the integral (2.61) 

ti 

by the full expression (2.64). which becomem 

too(q) h h 	+ nt) 
	

(2.65) 
This integral is discussed fully Or Brooks Harris (1966). 

The dominant term in the spin wave lifetime in this limit, 

WAA04U, was originally obtained by Xashoheev and 

Itivoglax (1961) who evaluated. this integral to obtain. 

ICci.01JA( .( 	) 
'rr3  (021-0 - 3 	21-sg,oil" 

We have thus seen bow (2.48) and (2.2) reproduce 

known results for the spin wave lifetimes and the 

(2.56) 

(2.54 ) 
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renormalination of the spin wave energy due to spin wave 

interactions at low temperatures T<kTc * This provides 

powerful confirmation of our method., Vaks*  Larkin end 

Pikin (1968) hale shown how to deal with the Heisenberg 

model at higher temperatures, where the method of this 

section is not applicable*  and were able to calculate the 

energy of spin waves, within certain nate*  right up to 

the Curie temperature, They find that long wavelength spin 

waves are well defined in the region e<:(1-T/04uhereck 

is a number of order unity. Our fora (2.23) for the spin 

wave energy De is also valid for all temperatures below Tc  

for small enough Al end so could be used to reproduce Yaks, 

Larkin and Min's results. 

IV The Itinerant ElOotron MOM. 

*let 

a 	model. wL 	ti.rangio interactions*  for 

k 6-  ker are oreation and destruotiOn operators of 

with  spina', in the band*  and 

k e)iftk.5- 
	T 

k, k 	(2.6T) 

E c k+4c4,4, cret 	T — _ E(at-41)-E(k9cwoi_cet 
k 	 k 

(2.9) leads direetly to a generalisatiOn of Edwards' (1967) 

previous formula for D, namely 
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D1,1 ( 	-1-0,S/)2gle.) Ilk 6- + 
Olt-hit) \ 1116- + 	42•58) E (cc.vosAckvaii)<<cKcit.39(4,c. .0.3) (440 LI  

Edwards' fornula applied to a strong ferromaenet, for which 

all the eleetrons have up spin and aro therefore non-

interaoting La the grouad state. Formula (2.58) *Applies at 

zonmzoro temperaturee ,itnd also to a weak ferrocwgnet. for 

which the electron spins are only part/ally aligned and the 

ground state wave function is not known exe,otly. 

However (2.08) is not on a convenient form for deseribing 

magnen-magnon interactions. Instead, for a strong ferrous 

we consider the function ;44464 which is defined 

by 	(2.3) with c( S_ c  ; 	$1.4  replay(( by kg, ; A cv+  

Hare Act, is the operator which creates a spin wavy on the 

ground state Id>. The castanet, of an operator 4, 
symptotieally euaet to the order 	is impUoit in earlier 

fork ( awards 196? ), 	satisfies 

A0+  = i- so- 
(2.69) 

where a is the number of eleetrons. and 
	
9 in the itinerant 

model, corresponds to Qq, 	in the HeLsenberg ferro- 

magnet 	/lowing this analogs' 	is Wined. by 

(2.60) 
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where Doq2-  is the energy of the spin sum at T= 0. Since 
X4 (q.b3) contains a spin wave pole, we may follow the 
procedure of section 1 and obtain an equation. corresponding 
to (2.9) • tieing (2M and (2.60) we get 

D = D + 1t—i<[1(1Act,41) + ts!);141 	ko  I ko+ 	(2.61) 

For a strong ferromagnet the excitations with lowest 
energy are either spin waves or single particle 'excitations, 
without spin flip. To tbs. lowest power in the temperature, 
these' can be animal to be 'independent. The third type of 
excitation that can occur is one in which an electron nips 
its spin and goes from the up spin band 'to the Mien spin 
band. This means jumping an energy gap, 	and so does 
not °clear at to temperate es. TO obtain the Ft .1)  i•A • 

expression for the spin wave energy( Unread, Kim ant !Cabo 

19630 Unglert ant Anti:doff 1964 ) ths.Greenis function 

c 	c14, j c k y ck't >)(.0  iii (2•62) is ()vaunted in an 
approximation in which the eleotrons are non-interacting 
'with energy Ota the statelitst)and 04+161+-141M  in  the 
state Itri44..Then in this approximation 

‘Ck÷,,t  Ck, )C+V,I,Cie,414  = 8k It' fit+ 	ft34, 
	

(2.62) 
I(11+—  NA! 

where fk,h4,are the fermi occupation numbers of the states )k ti, • 
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By comparing (2.6) at T=0 and at Ti6o )when T La small, 

one obtains the expansion of (2.68) 

= Do  + DIT2 	(2.63) 

where D I  is the correction term due to single particle 

=citations. By using (2.58) D I  has been worked out without 

knewingA , D I  has been calculated for a single parabolic 

band ( Izuyama and Yuba 1964 ) and for a tight-binding 

bane ( Mathon and rehlfarth 19G8 )4, In this latter case 

the agreement with the experimental values for iron, 

DI  /Do= -1.4 a 10 4( Phillips 1966 1, 1)1 /31 = 	x 10-6  

( stringfellow 1968 1, is quite rood. 

To calculate the size of magnon-fin Interactions the 

operatorkt, must be known. and (2.61) is used. The thermal 

averages are evaluated by using 

<K> 	<01114 X #1.; c)>14 .e 
in suaaltvet With (eao. The first correction term to Do  

in (2.61) is then equivalent to 

E <01 PL.e, Al, T+( ,fl 	 Ag.4110} 11.e  

which is h expresata t used by It **Tama (1964a) and 

Kawasaki (1964) to c otato magnon-maguon interactions. 

By comparing (2.65) end (2.32) it is clear that (2.65) is 

(2.64) 

(2.65) 
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unalegous to Dygon's Torn approximation for the Heieenberg 

ferromagnet. As pi  1,0 40 3.s of a(pi)  tacos 	+ 0(q) 

both terms in (2.61) inmolveE ;rip givinE 

4 1),T 'f2' 	
(2.66) 

This justifies the phenomenological argument ( larshal 1962, 
%twos and Rub° 1917=4 ) used to obtain the low temperature 

expansion of D in powers of T though the seconA term in (2.61) 

differs from that in Iznyama's (1971) treatment of Dz. 

Though 4+  is known formally ( Edwards 196? ) for the strong 

terromagnet,,the only practical way of evaluating (2.611 

sne (24,65) is to follow leuyama ana Kawasaki and use the 

R.P.A. expresitOn for 	for a parabolic band. 

In the1R.P44. approxiMation one assumes A: has the form 

Aq: 	-fa%) C44,14, 
le 

finds 

_ _t (1 _ 	+  I (2.68) 
m DAM 	mark/tee 71 	‘"Fl IS) 

r a parabolic band with effective mass m. Ths summation . 

k must be over all k, not JnatIMI#4, otherwise condition 

(2.2) does not apply. ThiS was emphasised by Isuyama (1964b) 

when criticising Uakamures approach (1964). 

The first term in (2.61), that is (2.65), has been 

(2.67) 
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evaluated usiag (2.6?) and (2.68) to yield 

1_ 	I Dzi-srz .= 	4i 	p np0 —.11A) 
n 	is-  reT-40E2' (2.69) 

where A EFAund AL=1411 is the exchange splitting. 

It appears that Izuyamals is the oorreot result. Da to 

positive, in contrast with the equivalent result for the 

Heisenberg model, and is independent of whether we have 

eleotrons or holes. The sign of Da  is not significant since 

we have used an approximate ex,prerseion for Acte  and have 

neglected the seoond term in (2.61). 

An estimate of Da  has been made for nickel, using (2.69), 

by sawing that the band struoture of nickel monsiets of 

six groups of helms of effective mass b-bm, exchange splitting 

•eiev, 4.= .270v, n=0.6 ( Herring 1966b arta neglecting 

the interaction between eleetron*hole pairs in different 

groups. Then 	
e  

This would be 	easod up to sixfold if the interaction 
between holes 	afferent groups were included. 

4 shall n 
	

imate the size of the second term in 

(2 	From (2.60), using (2.68), 

kqi,- 14t4  (o> = R44)  fq-] Ati 
(2,70) 

0  
(k.q (1g)4,(cie.42 ,1,cy.„,t. C 11,4,4rsi  Cgt+ Cki.s4 Cklit Ct41114, CVO 

k Nik nom 	Qt 



so that 

volw  = 14- 	pn p)+ E F 

w30 Oft g *- eA4NEr 

by averaging over momentum transfers involving qi, and 

assuming that the electrons ere non-interacting within the 

approximation used in (2.62), As 4E:0; It': %)119 a Grecute 

funetion involving two spin flips created on the ground 

state, many more diagrams than those diaconate by Edwards 

(1967) in connection with (248) could be included. Now 

there le the possibility of self-energy corrections for up 

spin electrons or holes, such as those discussed by Isuyama 

and Xubo (1964) in connection with opin wave interaotions. 

Proceeding with (2,69) and (2.71) in (2.6.1) gives 

Il 	
_ T 51/2. 	4- (( - 3 .\\*If. F :E 1)214.e Z I 	— Ft: Fs \ 	 (rit  Iti .e (2,72) 

por a  strong ferrsmagnet A < 1, co this expression is still 
positive but possibly by only a small amount. A=.0.7 for 
nickel. 

No experime a/ value for Mi/D0  has been quoted for 

nickel, but for iron, Phillips (1966) finds + 1 x 1n sand

Stringfellow (1968) finis 4.  2 x 104, Therefore both 

experimentally and theoretioally 112/DI  is small, of order 

at least 10 , so that the temperature dependence of D in 

the itinerant model is quite different from that in the 

(201) 
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neisenberg nodel. 

The simplest process giving a non-zero contribution to 

Im kr( cto
o 

 gL a ) for a one-band model of a farrow:emit at 

T = 0t  is tho protions n wh,10:1 the Etatt, <oiCktc..114, 

scatters IcOo the state 

) 
...E2.-c(Itz)(1-11) ckt4 	1-  +s.1414,C ko,)C1;1 +q,,tCr• (0> 	(2.73) 

which is a ntate consisting of a spin wave with wave veotor 

q-clilrithaa electron excited from an ocoupied state Yro 

of the up sAu band to an unoccupied state lirtsjovit of 
., 1  

the up. shin band. ImA4( 	1)o r1 2. ) lc non-zero for this 

-prooese. bananas energy la,00nservod, so spin, naves have 

a finite lifetime given by (2.10, One finds 

7q(cli)  11c) = -1EP--1)144-1  +41 )g(1131-116-(4)2:4411)4EC) (2.74) Is n ior  

where the trix elements in (2.74) contribute by amount 

o l C14 Ck+ctNi• kil%N2- 	Ctic)0 + 06t,—ct,) 
rt. 

Hitting (2.74) In (2.150 corresponds oxaotly with tie 

expression Zhompson (1965) obtained for the lifotimstof 

spin waves at T=0 for a strong Ferro not. Thompson 

(2.78) 



souad 1 46  so that the spin wave is well defined. All 

the argcments of this section have bean restricted to 

magnon.magnen interactions in a strong ferromagnet. 

Mao  3eal-Lienot and Predkia (1968) find't-I,q2  for a 
nearly terx4magnetic material in a magaetic field in an 

approxivatioa going beyond the ft.? .A. approximation. The 
lifetime of spin waves in a weak terromagnet is still an 

open questions  though Izgyama (101) claims Ti3001 as a 
higher power than 412. Thus spin waves are not so well 
defined and the phenomenological arguments of Marshal, ant 
liuyama and kubos  particularlY 111  amnesties with the 
magnow.magnoa interaction, are not obviously correct for 

a weak ferreAagnet. 
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Chapter 3 

The IleivenbergAntiferromagnet 

IExaot Hesuite 

In order to use (2.17) as a model of a ferromagnet, one 

must assume that the exchange coupling 47 is positive. How-

ever one can also °molder the problem of a system with 

Hamiltonian:Up defined by (2.17), with 47 O. For example, 

the hydrogen molecule I12  to often used to illustrate the 

exchange interaction between electrons and for the hydrogen 

molecule, the interatomio exchange interact ton : between 

the two electrons, is negatiVe. It is negative, eemi.-

classical or mean field arguments suggest that one divides 

the lattice into two sublattices and is, on which the 

direction of spin maGnetioution differs. Vie now define 

pi to be the exchnnge interaction between electrons on 

nearest neiehbour atoms, which are in different cublattiaes 

and then. H in (2.17) boceales 

 

rith 

S14  - 37 
E AJ8 

s the number of atoms in each cublattices 

The exact ground state for this Hamiltonian is only 
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knom for a one-dimensional magnet. or linear chain t Bathe 

1951, Bulthen 1936. doe Cloimeaux and Pearson 1962 1. The 

exact results are confirmed by theorems (Mattis 1965 

valid in three dimensions as well, which state that the ground 

state is a non-degenerate singlet state. In other word*, if 

S is the quantum number of the total spin operator ZSt:, 

V=21i.; = 0 in the ground state. 

These resulto contradict the semi-classical approach 

which assumes that deviations from the classical ground. state, 

in which all splue on 41, are up ea& all spins on B are down, 

are small. This theory, called the linear theory, was first 

introduced by Anderson (1950 who explained how the 

Lt cropanoy occurs. 

The ground state of the linear theory is hot the exact 

6raend state o the isotropic antiferroiagnet. Furthermore, 

an anisotropy field must be introduced into the Hamiltonian 

(Z.,l) to prevent the linear theory breaking down because of 

a divergence in the amplitudes of the spin wave creation 

rotors -0(1,t  , Act,+ 
 
as 00. The oholos of direction of 

this magnetic field is the only thing that fixes the direction 
of the sablattice magaetisation, so that la the linear 

theory there is a set of approximately degenerate ground 

states. As the megaitude of the anisotropy field need only 

be infiaitesimal for a three dimensional magnet, the 

presence of this set of degenerate states near to the exact 
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ground state makes the exact ground state irrelevant 

( Anderson 1964 1. 

Without the anisotropy field, any one of the ground states 

of the linear theory could reverse its direction of sub- 

lattice magnetisation by the emission or absorption of zero 

wavelength spin waves of zero energy. This merely expresses 

the fact that the system is rotationally invariant and, 

after a very long time, will drift around to a reverse spin 

direction. So, as long as there is a small anisotropy field 

present, this behaviour can be neglected and the linear 

theory used. It should be emphasised that the ground state 

of the .linear theory is not the elassiCal ground state and. 

the linear theory. Valli for Tr=0 and Tit), applies only to 

a three di 	tonal antiferroMagnet ( W.0041.1966 1. 

ear Theory 

To derive the conaect 	es of the Hamiltonian (3.1)*  we 

ill consider the generalised susceptibility 

011) (03) 	S_ct,itt  s )4)  (3.3) 

where 	=:(Ao  A.) (a, 13), (B A), (Bo B) a TA; • S9.  are 
defined by (3.2) Then to find 

	
equations of motion of X 

using (3.1), one must evaluate 
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z 	S -  Sz ) s4; 	= 1-21 310 (se 	I5 k SA-4q, 	(3.4) N k  

and EH, fccol is obtained by interchanging A end B in (3.4). 

Following the arguments r,t  (2,26) re write the spin operators 
i f 	f 

in terms of boson operators tile  ) nk  ) u 1  (4 , only keeping 

nroduots of a small number of operators. Then 

S:k 	s N gk 0  - -I-- 24Q.÷  ct. ) 	2sN Isf+k -I§ 

S Ezit 

= (2s)4 1 	S A k 	-- C2sPak 	(3.6) 

s Bk-  z- (20-  bk 	) 	''Rk = (2_ slt  bk+  (3.7) 
, + 

..1  

The linear theory of Anderson (1962) and Kubo (1952) 

arises by keeping only the first terms in (3.6), re that the 

equations of motion of involire no higher order Green's 

function. One finds 

( LA) — Hails — Iro)s 	—UrcOs 	x 
1-(cOs 	W + galas +7(15)s µv 

" )3(aTW  I2L +q, 	ba, 
z z 

and we have included a weak anisotropy field 
-41c018(8A0 "seo ) 

_ s 	--L bk+44 
k b

k ....-1 	, 	-,;..1 ) (3.5) 
= 	N sklo + 

2st\I RI  

where X 
NA)  

= 2.1\ls 
	of 

(3.8) 

(3.9) 
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into the Hamiltonian (3.1). For the time being we put Han = O. 

There exists a unitary transformation U defined by ( Herbert 

1969, Mattis 1965 ) 
ut(loip 	( cosh -lei, 	+ 	i64 ) 

kccsL, Z 	6q, 	s41(?eg  a4: 

or 

rhere 

(dcy4: =  
/ 64  

	

(o.b:;) = 	og3,;,) 

	

takth Oct, = 	TY/T65) 	(3.11) 

which diagonaliees (30) for each ., so that 

where 

TX,Adsci,,tio)Tt 	2s ‘(°( -1) ;(°̀ '-'4-) 
/33., 

= 2.W ([4- ws(0]-1 	° - o 	- [(A) 4  (A)S64] 
r 

 

Ws () = f TC0J1  - T6:141  s C Cie  

Thte theory rould beexact if the grouts etate were 

the elaesical or 3 i.-1 ntate 	, defined by 

act, (0)N 
	

b14,10) 	0 	(3.151 

for all 	However., the growl& ntato for the linear theory 

is the state lo)L, defined by 



tb2) 

= 	) ~q,Io)L_ o = 

where 4 andgq, are the Eft wave deatrnction operators. 

(3.16) if satisfied if we choose 

(3,16) 

so that 

I 0)L = 	0),, 

tifa, u u q10)t1/41 = o 

Unfortunately V maps 41 onto non-physical states so that 

the expectation value X> of any operator I in the ground 

state must be written 

<)( 	_ 	Col PX o),_ 
01 Ptak (3.19) 

where P to the projection operator onto the physical subspace 

of the boson space, P was defined by (2,27) in connection 

with the ferromagnet. Anderson's results (1952) are not quite 

correct as he uses the nnprojected ground. state. Herbert (1969) 

describes haw Andereon's results should be modified. 

If the unpro jeatea. ground. state to used to find the 

sublattice magnetisatton*<g>, using spin raves defined. 

in the linear theory, one finds 

S 	(oluaik ailq,4)(k.+10,,, N ° ZsN 

h 	01 ot 	ct1-e cl )di I OL (310-e q4:4°.-1)4(013.2°) 
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where of  are boson occupation numbers. Then using (3.10) 

and (3.17) 

z)= S
— 
	E2(coshliGk 11146:'s 4911  .1 

f‘ 	\-) 
2sN k 	) (3.21) 

Using (3.11) one finds for s=m1- 

!c = -A0 — 	+ VS0 ) + hk 	? 
ITATs50 	tosg.t ) 

(3,22) 

This is-  the linear spin wave result of Anderson LAO. Kubo. 

StInchcombe end cottam (3.970) obtain the cacqe remit by 

using'a drone fezoion representation of the spin operators 

for spin if, expanding in powers of 1/z, There is the 

number of spins interacting with any given spin and keeping 

terns to order (1/z)1. Mtn= field. theory roula correspond to 

keeping terms to order (1/z), Wks..:Wrhia ant: Pikin (1964 

orod the . e am ideal for ferrealEnets rith dipzrcx1 technique, 

ezpandina in: povere of 1/403  , viler° ro  is the mean. interaction 

radius an Pikalev et al (l969) 	(3S O) adapted 

the laea for nntiferromagnets. 

(0.22) it 5nportant c it illustrates thri folloring points 

( Ziman 1965 ), The summation in (3,22) diver ;es & k=0, 

as WI(0)= 0, The presence 0 an'unisotropy field iQhs means, 

from ( X) er.a W•14) 

= JuCoNail S 	
(3.23) 



SO hat the ell/ tion of motion of 	analouous to (246 

(#32-  ZAkv 71 	<C(a-% \ go; 4 	 I> 4 

Tbs./ 
04( ( so) 

0 - 

(54) 

With Awl  of order 1/21 the divergence is removed, so that 
the anisotropy field need only be infinitesimal. However, 

even with this in 	anisotropy 

so  C/ck) dk 
diverges in one dimension and 

k 	I 14 1) 
diverges in two dimensions, so that the linear theory only 

applies to a three dimensional, antiferromagnet, The state-

ments made In section I are therefore juntifiel. It le also 

elear from (3,22) that the sublattice magnetiEation never 

reaches its maximum value, even at S1 =0. ,Iseteren (1952) 

found that the cerraction term in (3.22), at T=0, was .078 

for simple cubic lattices with nearest neighbour interactions. 

Another ray of obtaining the spin wave spectrum (3.144 

going be7ond linear theory but still .not exclnaing the non-

Ptqfeical states entirely, as shorn in (3.19), is to consider. 

the equations of motion c:1 4,a) 	(3.6) to (3.?), (3,4) 

can be written 

[II Calf)] =C:,--°'1 64. 	
3% 

( 36=1)cv+ 	( 

 

-TO) 
+ 

__ 	( aps1 ok  Lp14+5.Alt 
2s 	-*A)/ 

+cli
t+

q
, (3.24) 

is 

(3.25) 
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vhere Xitt1)=eiti_ct,;•Tvq,>>0,) and with e 	Vegiecting ry 

(Z•26) reduces to the form 

u3-210,1-89,1  -a 	\ 0) 
- a o...-1-clq,11 o 	--1 (3.26) 

ire the :Limit ctit4)<<140 vhere 

	

a. = T(o) sZ (70.4.1< 	1.5  +.70)61:1-cLe 	(3.27) 
2.sN k 	- - 

and 	= (I — Vs! VIto) a ) 	 (3.28) 
uninG the result 4 C l.en 1:A.74 

T(0) ci r Taf-  ) -RS) 	cf  It) "UrcS) 
	

(3.29) 

ii' g(4,) depende only on 	, O. cell be evaluated in a similar 
ray to (Z•20), using (3.10) and i3.17), 6iving 

ck = 	N s + at) 

a  = 2421k)(i + 24)) 
Nk 	 Co)I 

One can solvers (3.24) with (Zi•IZ), in the limit cl./c.) 
To obtain (3.13),t,  rt tract:If:Co/ewe:Ulm, vas found to diegOns• 

alise X in  the linear theory. In general we 	to, assesZitkl) 
has the diagonal Lori 

(3.30) 

(3.31) 
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u) 
2 

= 	 [w-c9,7 0 1 ) = aNs(x) +(9, 	0 

o 	-Cto+0AT. 	 WI + 41 	
- 2 ccl, ) (3.32) 

La a suitably chosen ba ic. Then from (3.26) and (3.32) 

(a+ 	1\1 to )(e.+cigel- 14 (A)) - CL 	= N 	- 

c = 141 

c ci, 	4251-0)(Z0)—T(ci,l)s(+a,) 

so that 

From (3.31) 

gives the first correctionto the spin rave energy due 

to spin wave interactions 	Savahedko and Solyom 

196V }. It corresponds to taking diagrams of order (1/x/x  

in Stinahcombe and Vottam's (1970b) metha. 
„lr 

If ir-µp(q.0) were retained in (3.25) a and d would be 

ormalised aigt would possibly be complex numbers. but 

would: have the flame q andOdependence as (3.26) in the 
1. 	t 	The possibility that o has an imaginary part 

orresponding to a spin wave lifetime of order may now 

srlse. Both Solyom (1069) and Stinchcombe and. Cottam (1990b) 
and (1970c) onlculate the contribution to the lifetime 

the scattering at spin waves with each other. shish 

is dominant at low temperatures. and, the scattering of spin 
2 

waves by fluctuations in S which is dominant at higher 
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temperatures and exponentially small at low temperatures. 

They find that the inverse spin wave lifetime always goes 

as a higher power thrur, a in their approyimatione, but the 

lifetime is finite of order q even at T=0, becanse of the 

mere point oseillationr of the ground state. 

The results of this section ruggest that the method of 

chapter 2, whieh applies to any ferromegnet, can be gener-

alised to apply to any antiferromagnet. An we have peen, 

much work has been done on spin waves in Heisenberg anti-

ferromagnots. Very little has been done on the correspond.. 

lug problem in a band model. This problem will be dealt 

with in the next chapter. 
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uhapter 4 

Ahtiferromagnetism in the Band Model 

I Osoillatory Spin Polarisation in the ilx'ee Lleotroa Gam 

It is easy to see that different choices for the signs 

and values of the constants 414 in the looalised spin 

Hamiltonian -214 Jcj 	lead to different spin density 
ti 

wave configurations in the ground state of the Hamiltonian, 

Similar spin density wave configurations also occur in the 

itinerant electron model ( Herring 1966 )4, There are three 

basic spin density configurations ( Arrott 1966 ): 

the longitudinal linear spin density wave or the form 

64(0> = ( o ) 0 )  A cos (11,7. ) 

averse linear spin density wave of the form 

(5—e((.0> 	) BCoSgz, 0) 

and. the spiral spin density wave of the form 

< (r01> = C COS ) "" q,"4  

Ths term antiferromagnet is usually restricted to spin 

density waves in whioh q is an integral multiple of a 

(4.1) 

(4.2) 

(451 
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reciprocal lattice vector. 

Ulearly spiral spin density waves with wave vector q 

are invariant under the group of transformations TWR(0), 

where TW.is a tranelatioa through the lattice vector st 

and H(cpti is a rotation of spin through an angle .0 about 

some axis. The one electron Hamiltonian in the band model 

commutes with transformations of this type, so in analogy 

with Blochts theorem, one eau define one electron wave* 

functions 364, which satisfY 

Ta) R61 t 	= 	ght (d 401) 

If the a-aais is the axis of rotation 

e igtt_t) 
0 	eT i (Ft)) 	(4.5) 

so that 
cos 0k cY44-1.-q.4 	s4, Oi rtk-ict‘le 	(4•6) 

where Kra  nre rave otiose of the aon-magne la system. 

it is theretor natural to ask w1.ethner a determinant of 

wavefunctions of the forw 	have a lower energy in the 

hartres.Youk approximation, than a determinfint corresponding 

to a paramagnetio or ferromagaetic ground state* 

Overhauser (1959, 19600 first Lisoussed this problem 
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in connection with impurity spins in an itinerant electron 

gas. He later (1966b/ suggested that the Hartree-Fuck 

ground state of a one dimensional free electron gas is a 

spin density wave, however weak the interactions are. This 

is seen easily because the non-interacting susceptibility 

AO of the free electron gas becomes infinite as cl--2kp. 
So an arbitrarily weak magnetic field of wave vector 2kF  

produces an instability in the non.magnetio state, 

suggesting that a spin density wave is more stable. The 

divergence in V) occurs because of the very largo contrib-

ution of the term rik-nk44,/,0441-WintN, when q =-21cF an& 

it is near the Fermi aurface, for a one dimensional system. 

This effect is referred to as the nesting of energy bands 

and arises whenever the shifting pert of the Fermi surface 

through a wave vector q brings a large area of contact with 

another part at the Fermi surface. mien it occurs, the 

coupling of electrons into vavefunctions 

(CS ek kit St:rt  k Ytle+cl, 	cos ek glirskt 	k i fic.49„T 

will reduce AAA 	A far very weak interactions.. Vesting 

is discussed again 	section It and chapter 6 for general 

bend structural 	particular reference to chromium. 

For tiro and three dimensions this divergence does not 

occur inr(g). However Overhauser (1962) proved that for 
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the free electron gas in three dimensions with coulomb 

interaction?), treated in the Hartrea*Fock approximation, 

the spin density wave state of wave vector 2kr  has lower 

energy than the paramagnetic state. So the interacting 

susceptibility X(1) diverges at q=2kF  for the unsoreened 

Coulomb interaction. In contrast Izamoto and Sawada (1962) 

and Fedders and Martin (1966) have made a strong case that 

the electron gas with screened Coulomb interactions, is 

not unstable towards antiferromagnetismi 

In sections II and III we discuss the consequences of 

the Slater (1951) alternant molecular orbital model of a 

one-band antiferromagnet. For this model the lattice can 

be considered the sum of two suh-lattices, on which the 

Bertree-Pock ezohange field and the spin magnetisation 

halls different directions. 

he 
	

Oneobana tle 

In the simple ono-band itinerant electron model of a 

metal which we will consider, all kinds of magnetio structures 
are possible. The metal has an antiferromagnetic ordering, 

or a spin density wave, it its ground state has a periodic 

spin density which in not the same as the electron density 

in the lattice. 

Two eases when this is likely to occur are well-known: 
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(1) a particular sort of bawl structure in which nesting 

occurs ( Loner 1.962 ). Antiferromagnetism can then occur 

with quite a small interaction and the resulting antiferro-

magnetic energy gap is also small. The first quantitative 

treatment was given by leedaers and Martin (1966), who 

suggest that this sort of band structure is unlikely to 

occur in a single band. Parts of two bands, which nest to-

gether, form the driving force towards ant iferromagnetism 

though all electrons contribute to the spin polarisation 

( Asano and Yamashita 1967 	However, the treatment for 

a single band is almost identical to that of a two•band 

model*  Band. structure calculations have been made on para-

magnetic and antiferromagnetic pure chromium which confirm 
these ideas fairly well ( Loucks 196E4, Gupta and Sim 

1970, 1971 1. 

(2) an electron density of nearly one electron per site 

and, a large interaction energy*  The limit of OM electron 

per site with a strong repulsion 1 between electrons on 

the same site leads to the Heisenberg antiferromagnet* The 

Heisenberg Hamiltonian arises in eecona oraer perturbation 

theory when hopping from site to site is allowed. In these 

cases the untiferromagnetio energy gap is wide. The many 

band generalisation of a model with a wide gap may apply 

tot -manganese ( Haywood, Iowae et al 1971, Fletcher 1971 1. 
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The periodicity c of the spin density may be incommen-

surate with the reciprocal lattice of the solid. For example, 

pure chromium has a ground state consisting of three spin 

density waves with wave vectors j,jc,Q,34,1z,z  close to the points 

(1, 0, 0), (0, 1, 0), (0, 0, 1) of the reciprocal lattice. 

This structure is complicated by the possibility or second 
order gaps ( Herring 1966 ) and interactions between the spin 

density waves, unlesa the antiferromagnetic energy gap is 

very much smaller than typical band energies ( lawn) and 

Yamashita 1967 and chapter 5.of this thesis ). larger energy 

gaps may well drive the metal commensurate, so we will 

assume that we have an anti:erromagnetio structure in which 

the direct lattice can be considered the sum of two sub-

lattices, A and B. with different spin polarisations. This 

reduees symmetry and for a b.c.o. lattice, the magnetic 

reciprocal lattice will contain the additional points 

(1, 0, 0), (0, 1, u), (0, Op 1)1  plus the crystal recipro-

cal lattice vectors, changing it from a f.c.c. lattice to 

a soli lattice. In chromium the audition of 2P mangaaese 

sends .43t  from .96(1, 0, 0) to (1, 0, 0) allowing us to 

adopt this 4:amplification ( 	uchi, cz .an and roehler 

1964 ) 

Ve can define Bloch funotioneWk). Ii3(k) of a tight-
binding form on each sublattice separately. This 
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representation le related to the representation of bands in 

a paramagnet by 

V(121 = \eV +1°04 ltr(k4) -MVO -.hal) 
111(44.) can be written in a Wannler representation as 

	

= \hfi-  511, e 1-q̀  	Ri) 

where the summation is over lattice points in the sublattics 

A. The well-.known Hamiltonian 

H 	Eolie 	ZiNtrt4 	(44.7) 
,6- 

where I Is the interaction energy of two electrons on the same 

;limier function, may be written 

	

06114kiri-  Nor) - E2N1(coIrc44k6+ cA+krcskr) 	iEnitn4 (4.8) 

E Ck) and Ex ]t) ere 4efined in terms of the original band 
energies by 

101 	2(E(4) + E(k)) 	Ez(k) 	- ao 
an& the operators ih the first two terms of (4.8) refer to 

suhlattiee Bloch states.The second term in (4,8) describes 

the hopping between the two sublattlees. 
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III singly Particle States and the Ground State 

the Rartree*Fock solution to this problem is well-

known ( :Herring 1966 ). It may be obtained by solving the 

equations of motion or the ous electron Green's function 
Cr Gbp(k#03) approximately. te1344:00) has the matrix form 

defined by 
G- 6-0 a!) = (Coegc..; Ca.6440  

where (0 	I 	(413), Wok) sea (ABO), are the 

elements at the matrix. 

The equations at motion oan be trttten 

or 

where 

WG-;(1z)w) = ( t  °) 

w -1 
(11,1,0) 

Ex(k) 

22.0) 	EM—Irte4A1 
ond noill are the mean number of don spin 

4rone per cite ox cablattices A and i * de obtata new 

quasiparticle areat on operators dm.. fiat with energies 

B l()) * B2.() by finding a tranarormatIca T which 

diagonal-ince 	? satinflos 

TT±  = -rwTt = 	 0 
0 	(A)- €,Av (4.11) 
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where 	E ;(f) = Et) + 432+ E ) 	 (4 .12) 

1, sAtt 	= T (cAkt) =(c4sttfrk cAkt 1-  Sullok`ikt 	(4.13) 
clicat 	cite 	cos iek  (A+ 	4 c:ki, 

with tan 6 k = Ez(k)/g and 	'Alen (4.9) is 
stravulout to 

T /T+<<(cAkt)Tf; T(c,k4, 	= 	0  
cg 	 (4.14) 

or 	)03 	( [03 .Em]  1  0 	.11  
(446) 

dk.14` ctker 	o 	DJ -Elk)] 

using (4 31) • (4 J.2) asti (4 33) 
For down spin there exist quasipartiele abolition operators 

d1414 0`kzJ• pith energy igi(k) • B z(k) Wined by 

(4.16) 

Ths minima gap bet reea the bandsliii ik)00k) is 2g • and 

g vanishes when the ordering vanishers. g is deterained 

sielisonsistoutly tram i4.1) &Woo 

<rt 	--11 A4> = <1111t -1113+ 	C°s 	(11114‘ - 411) 	(447) 

R 

 

I (4.18) 
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akor and stIvare occupation numbers chosen so that the energy 

at T =0 or the free energy at T # 0 is a minimum. 

One can see that the single particle energy is reduced 

from E(k) to E l(k) by spreading from the A onto the B sites 
and vice versa. It is not possible to solve the sairsensist. 

enoy equations in general. The difficulty Is choosing the 
Furmi surface to minimise the energy ( Matsubara and Yokota 

1954 ). To simplify the calculation des Oloiseaux (1959) 

assumed that the lover band 'as completely full. Kimball 

(1969) found the minimum of the free energy by numerical 
methods. The case of weak antiferromagnetlem in nesting 
bands has been extensively investigated using model band 
structures ( Folders and. Airtin 1966, Liu 1910„ Sokoloff 
1969 sob ).413.3. these are idealistic) since they assume 
perfect nesting which results in B diverging logarithmically 

us d40. it is suftioie4t for R>l, with g set equal to 
sere, for there to be antiferromagnotio ordering. This is 
a coalition like the Stoner criterion in ferromagnetism. 

Por one electron, per site sat Eft = 0 rhere 2E is 

the bandwidth, the system is in the atomic limit of ati 

independent atoms. With €11 <1, hopping betreen sites is 

possible but is very restricted. Within second order 
perturbation theory en effective Heleenberg interaction 
Neff canbe defined. ( Anderson 1964, mettle 1965 ) which 
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includes the hopping. One has 

1-4 	— b 
,r. 	V 5-I 

carfci,e., 	(4.19) 

where b is the nearest neighbour hopping integral*  i and ,1 

are nearest neighbours, and hopping between further sites 

has been neglected. After one hop to an adjacent site an 

electron hops back to its original site, and higher order 

terms are negligible since £/i << 3.4 Defining spin operators 

C(4, C 

yields 

' = (c' S 	• 
) 	 cLt Ci‘te  c4) (4.20) 

rE 
n.n, (4.21) 

t  where i..-.41;/I. This has the same form as (1.1). J is 
positive so the coupling between adjacent sites is anti.. 

ferromagnetic. The same results can be derived by using 

single particle Green's function*  in the EArtree..Fock 

approximation, with g l $>k(k)4 
For the case of a nearly half-filled band, ti.n01„ there 

is the possibility that g may be greatly modified. The 

dominant corrections are those diagrams (fig04) in which 

a down spin electron scatters against up spin holes on the 
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A sublattice. 

J,(1 of 

k down 

fig. A Dominant diagrams on sublattice A where 

there is a nearly full band of up spins. 

Edwards (1967) has considered the same problem in connection 

with ferromagnetic spin waves, and finds the exchange splitt-

ing between up and down spin bands, when there is a low 
density of up spin electrons, to be of order 

+ (nr) 

where a = N-n and the first term is the exchange splitting 

in the Nertree-Moak approximation and the second term comes 
from summing diagram of. fig. A. 

So the correction, when there is not exactly one electron 

per site, Is small provided 

(4.22) 

When (4.22) is satisfied, one has a soluble limit which is 

near to the Heisenberg antiferromegnet. Nagaoka (1966) has 

investigated the nearly balt-filled band and also obtains 

the condition (4.22) for antiferromegnetism. Hubbard's 

method (1963), which Is an infinite expansion in powers 

of E/x about the atomic limit, assumes a uniform spin 
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polarisation per site. Howson and Lindner (1970) have shown 

that antiferromagnotism does not occur in Hubbard's simple 

decoupling„ even for I=00., Presumably the Hubbard theory 

le correct to the alternative limit 

AVN 	Ef I  . 	 (443) 

IV Susceptibility and Spin Waves 

Owing to the existence of two sublattices we investigate 

the reduced susceptibility 

C c (A) X 7111  (4.24) 

wherlifr1P).= 	(AA), CB A), (13,8)4i The spin density 

operators s +  sq,,, have their usual representation in 
terms of Bloch funetions 

— 	
4 

sptcv 	k4,140 CA kt 	SA 	L 	-1AkciNkq,  k 	 ) 	k 

Ir 
Since 5;;.:-."4V312g0",-)W commutes with H When q= 0, it is 
reasonable to assume that Kfr will have a simple form contain-
ing just two spin wave poles, provided the Fermi level lies 

in the gap so that spin waves aro the only low lying modes. 

A new orthogonal basis, defined by a transformation P. is 

(4.25) 



chosen so that the entries in the matrix /C in (4.24) are 
linear combinations of SAq, end Sgq, which generate spin waves. 
Soo  Just as la (44.0), we choose a similarity transformation 

which diagosalises2C and separates the two spin wave branches. 

The transformed has the form 

5((si, I  IA) P p+ (Co-  4603 1  o 	_1  6n 
- 53+ NJ (4.26) 

or vS4 r P/SR; 
\Ss„; 	Lsri-s  

UMW,  
.11•1. 

-1 
IA) 	ovi) 	) AK° 

0 	-1 + CcI/03 (4.29) 

We have assumed 

(A/61') = cle 	6(1,1 ) 	AY! = 	+ 

and have expanded in powers of glib with qbot1.0 

At q = 0 the transformationwill become singular with-
out the presence of a weak anisotropy field. Such a field 
introduces a term ...h(SA  4. Se) into the iismiltonlan, and 
stabilises the system against rotations of total spin. Then 

WS  010, however when h le infinitesimal we can still 
assume Os  is linear in q. Poles occur at ±k) representing 
the creation of two branches of spin waves because the spins 

on sublatticee A and B are in opposite directions. This bobs-

viour is similar to that in the Releonberg antiferromagnet. 

We can compere this expression for X with the equations 
of motion oil and obtain a formula for c. This is analogous 
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to a recent method of obtaining the spin wave energy of a 

ferromagnet ( Edwards and Fisher 1971 ). The equations of 

motion of X(q.0) to the lowest order in do  are 

) (N)) 	(A)2" (I+ ())(C't 	 (310 Ttl t- /144> 

b and d are given by 

0. 	- kr% kw) 0, 
u)4106 4,4o 	P'Q  

I) Ir._ 	G:m 
o a 	-

an) 
it÷ct,-  

= 61 	' 	+ Zan  +ass) 	(4.29) 
1.4)-->0 ct,40 21,1  

with ‹{[Sik_; HISpii> +([ 44-1,1-1] r4-1,Sv0 ,43  /to> 
OA)  .1>) 	01,Pr) 6%8) (R)  in6 ,(B)  8) (4,30) 

The two expressions (4.26) and (4,28) should be the 

same to within ,a similarity transformation as the spin wave 

pole is generated approximately by a linear combination of 

36; and 841 To find o is equivalent to finding the eigen-

values of the matrix on the right hand aide of (4.28). One 

finds 

= 12004 knfer 4,› 3 Aio  = <nfrolf4> (4.31) 

a and d oan be worked out using expressions already obtained 

• in section III. The oommutators [Q 	H.] etc can be written 
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down in terms of eke_ * ckr ets and then in terms of dkw. dkur, 

using the transformation in 0.14). Sokoloff (196rie. equation 6i 

writes the transformation down in detail though to get his 

basis one must replace Gk  by (,T/2 •ek I* The resulting 

Green's functions are worked out in an approximation which 

assumes that the electrons within the antiferromagnet energy 

bands are non interacting, Then 

0. = Ea) sw‘ sk  Cask ink, - (Aka) 

21(1) kNithitz) 0:607)4Q9:"et 4$7412/ 12ca3  Vt. htz) 

(4 4452) 

(4.33) 

< 	4.> = Erns q(niti ilk:) 	
(4.34) 

a is of how (4,32) and (4,33) are obtained are in the 

appendix to this chapter* 

In the extreme limit when EtU 0, a = b =,0* The first 

term In (4 AS) is now diagonal and of order WaL .X.now 

reduces to having two ferroMagnetie spin wave poles of 

equal energy WS = dq1<nh+ nF4>. This is the same spin 

wave energy as in the R.P.A. approximation. The spin ravee 

exist on each sublattiee separately and there is no hopping 

between the sublattices. in this case we do not need the 
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restriction that Er  lies in the gap as there are no other 

low lying modes. This limit arises in Lidiard's model (1954). 

Our expression fora can be simplified when there is a 
, 	ci 

wide energy gap. Putting in cos ek  = 3.• sin ek  =(IS)at(k)and 

= n/N one gets 

(Nt.)2..(Enitl  2,& )(Ent, IvEk)I 4. I 	in:qf cisF) 	.35) 3  k 	13 A k 	T. C2Tr)3.1 

The condition that the Vera surface lies in the gap means 

the integral over the Fermi surfaoe vanishes and 3= 1. For 

a band in a simple cubic lattice with hopping between 

nearest neighbours only, (dial) reduces to 

= 	2 3-(0)( J(0) -1f5,)) s (4.36) 

where TOO = re 1̀43.̀  ,) 
h.h. 

and 	T =4-b7 I .  

using 4.32) to 4.35). bier the hopping integral between 

nearest neighbour sites. This is the formula for spin waves 

in a spin Heisenberg antiforromagnet with exchange coupl-

ing J. We have already in beotion III, ( Anderson 1964 ), 

how it is possible to obtain an effective Heisenberg 

Hamiltonian, with a positive exchange coupling J equal to 

4b1/1, for a. system with one electron per site and a strong 

repulsion between electrons on the same site, 
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Sokoloff (1969a1 only manages to obtain the Heisenberg 

limit by putting an interatomic exchange term into the 
Hamiltonlae and considering the zero bandwidth limit, The 
reason for the diaorepancy between Sokoloff's results and 
those of this thesis lies in the different approximations 
used. Sokoloff writes the spin density operators 3 A  £ 

in tome of the antiferromagnetic energy bands, He is thus 
able to write down the susceptibility in an approximation 
in which the electrons in the aatiferromagnetio bands are 

nob-interacting. By linearising the equations of motion of 
the susceptibility within a basis defined by these bands he 
obtains a generalised enhanced susceptibility. He is thus 
working all the time in a subspace restricted by these bands. 
On the contrary (4.31) is general and we only put in the 
approximation to the ground state to work out the correlation 
functions in (441), ( The disadvantage of this approach 
is that one does not work out from first principles a form-
ula for the susceptibility, ) 

we can write our results in a third basis to demonstrate 

the form of the neutron scattering. Defining 
4- 	 - 

?C R + ,AtelY.°) 	t 	
4 

SBA ')SAct,± S'Vk 
we find 

„1Atg 
4.._ 

[(4-Fc r iNte ((k) t4 )=  4:172-0, <nPir hrk4XBA) 	(1, 

h  Xp-g ) --8 (q, ) (4)) ẑ* 	cf,6104%-6XP—cco— 
I  
[4c-co-) (4.38) 

(4.37) 
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The neutron scattering ( Sokoloff 1969a depends on 

_ e  -6 “1-f Im X4-(,)  (A)) 
From 4.37) one nee that the neutron scattering near nuclear 

reciprocal lattice vectors (eq 4: kT 4t g) is small of order 
kT, Whereas from (4.39) near magnotic reciprocal lattice 

veotore (cff tkT<< g) the neutron scattering is large of 

order kThi. In the region (kT << aq << g) positive energies 

are weighted much more heavily than the negative ( Cottam 

and Stincheombe 1970 ). 

V Spin raves with Fermi Level not in the Gap 

when EF does not lie in the ga; the argument of the 
previous section no longer works since there are other low 
lying excitations besides spin waves, These are single 
particle excitations within the entiterromagnetic energy 
bands. is the region 41/(44 1 they only contribute to the 

ausceptibility to 0(q/42  as shown below, and do not intro-

duce singularities into the limiting processes, 

we therefore consider the case ,when €c Use in the lower 
bed, and assume transitions between upper end lower bands 

esquire energy much, greater than spin valve energies (g Os ). 
Despite this assumption single particle excitations will 

Still contribute to the susceptibility in the small (44(4) 

region. 
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We assulne that 

- 	= 
	SW 	

(4 .39) 

There X, s6113 the plwt of the susceptibility coaling from 
opin waves, which is of the form given by (4.26) and X sP  
is the susceptibility worked out in the Rartree.Fook approx-
imation and so includes intraband single particle transit 
ion,s only. XSP has been worked out by Sokoloff (1969a 
equation 3b)• tieing (4.66) and (4.67) of the appendix to 
this chapter, one finds 

X :+8,A+8(9-01A)) 	aa:i(ek4S4- 
 
)[X0961P /S114 X°746-1'11-Y°)] oN) (4.40) 

/ P 	f 	 .1 

A-81 A-€ klit41 	E st" 1,( '4(4 	fs)DC010,.,k)( 4) X001, )11)4] 2 	- 	 o(/8)  (4.41) 

S 	z  
A+€,A-13 (. 1̀2 = s rlf.(0149,-43,k) getact-f ) N61)(110)-  X01101,, w1.1 

+ 0  (va 	(4 .42 ) 

Idlers 	) (4) 	h k - /1k-fq, 

4)- FAat+-S)+Ctoft) 
her terme would arise in XsP  involving X011 )1(611  but 

are 0(1/g) OM can be neglected because of our 'assumption 
SP 

g. Expanding X to the lomat powers in caw we find 
that °ay XsP  (410.4) contains a term of the form hi (Ed we' • 

isd-cf4e' 
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SP 

Then 1, has the form 
SP 	Aety,T) )'( 	) 

co that from (4428)4  (4.59) becomes 

	

xsw = Go-2PL44-i6+6)%:L  —(0-+-161,1) 	000—q 
m.+(d-fA+OV 	o 

(4445) 

(4,44) 

‘3=toq are the roots of the equation obtained when the deter-

minpnt of the matrix on the right hand side of (4.44) Is 

set equal to zero, Our formula for a is now slightly changed 

from (4.31) and 10  

C = 	420.(ci-6)/<hpfrik- nFelt> 
	

(4.4b) 

No imaginary form  
to 0(q). 

The scatter 

oaa occur since i 

momentum conserve 

ooeur to order (qa and so t is real 

A 	/ of a spin wave 	 u Pair bk31+(ikt.t% 
cloy be possible to satisfy energy and 

on laws for this process for come values 

of .. near the Fermi surface. In such circumstances this may 

be a dominant term in the damping of the spin wave. In our method 

this scattering would give an Imaginary part to the Green's 

funOtions of (4430) in the small (q.0) regions However, we 

expand in powers of 04 to order (11/01  and in this limit 

the 1mtalnary pert is zero. In the same limit the suecep- 
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tibilities defined by (4.40), (4.41) and (4,42) have no 

imaginary parts. These results imply that 02- is real, This 

conclusion is open to some doubt as the form of the suscep-

tibility in (4.26) and (4.27) already assumes that spin 

waves ( and the intraband transitions ) are well defined 

excitations. 

We will compare our conclusions with Sokoloff's (1969a) 

method. He also makes corrections involving (IAO), (4.41) 

and (4.42) because of intraband transitions when the Fermi 

energy lies below the top of band 1. He still obtains the 

dispersion relation 03= cc, but with c now renormalised e  He 

does not mention that c may now have en imaginary part 

because of the scattering process discussed above. We 

would claim the spin wave is not so heavily damped, with e. 
lifetime proportional to a higher power than 1/q. 

The damping la either case will be small in certain 

rcumstancess if the Fermi surface lies in regions of the 

Brillomin sone 'here there is strong spin polarisation, the 

weights of the intraband transitions in the susceptibility 

X. which involve small momentum 'transfers, are proportional 

to siniekv or less ( from (4.40) to (4.42) ), and are there-

fore emerl2. Aleo intraband transitions about parts of the 

Fermi surface in paramagnetie regions are presumably not 

coupled very strongly to the spin wave. 

we mill now consider how 4 affects the real part of the 
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spin wave enerar, We fint it has the value 

A 	7(st'itelPE,() nk , 	 (4.46) 

At zero temperature this clan be written us a curfaco integral 

A ..11N 	 C7 (sirs lek .1(1s)ci SF  
6(zTr13  J (4.47) 

when E, 	in the gap F. = 0 and /A= 0. with EF  not in the 
gap we will pay particular attention to the cases when the 

damping is thought to be small. When the Fermi surface lies 

entirely in the red ion strongly distorted by the untiferro-

magnetism. sin Gkr <t 1 and L! << 4#  so that a to atill given 

by 44011#  or (4.35) for an antiferromagnet with a wide gap. 

If the Feral: surface Use entirely in paromAgnetic parts of 
the &Mouth none away from the nesting surfaces, ein eke  
is almost one, $o that 

A 	r ON(!) ciSr 
6(203  (4.46) 

hen write d as the s 	a volume wild a surface 
so that 

d-A = 61- Eletfr(VEA)VN•qik )-3IMA4s4k) 
(4 49) 
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In this form one sees that electrons which contribute only 

weakly to the magnetic moment contribute weakly to co Using 

(4.49) more realistic models of weak antiferromagnets than 

those with perfect nesting bands could be investigated. 

We can investigate our formula (4.45) for co  with d 

given by (4,49) en 140 remembering to remain in the region 

gAos 	1. Supposing L(k) is of order 8 on the Fermi 

surface, as 1-4 S+ we have a region where S 	g. From (4.32) 

and (4o49) we find d - d le 0(idg27?) and 

q<P1Ms-  A4r)2. 	kriM4 KANII> iI/N 	 (4.50) 

Therefore c is 0(g/0 from (4016) showing that the spin wave 

velocity tends to zero as the energy gap tents to zero. For 

I < S there will be a breakdown lathe antiferromagnetlem 

because the selfeonsistency equation (4.18) cannot be 

satisfied. So the spin wave velocity as well as the energy 

gap is a measure of when antiferromagnetism occurs la a 

model with nearly perfect nesting. 

This argument does not apply to the idealistic ease of 

perfect nesting for which S=0, and (4.31) still applies. 

An example lie a halt full a bend with nearest neighbour 

hopping inn boo. crystal.' The Fermi surface is a cube 

on which “k). 0. A rough approximation for e can be made 

by considering the model of Fedders and Martin (1966) in 
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which there is u spherioti Vormi surface near which 

Ez(kJ = Vp(k-kt) 
.find 

4(3 2 VF  kc — 

  

(4.61) 

  

 

(03 1VF  (et/3  — 3/z  

 

where Ice  is the radius or the sphere. VF he Fermi velocity 
and Ws << t3 << VF.kc  „ Then 

c 	VF /13lo3 2vF kc/3 as 	J Cog  2vF ki3 	 (4.62) 

One can e that c decreases very slowly as g decreases. 

This arises beeause the perfect nesting of bands greatly 
favours entiferromagnetism*  This result contrasts with the 
result of Sokoloff (1969a) who found a increased, as 2vAig 
increased, The numerical factors cannot 'be accurate because 

of the approximations made, but a is of the order of VF  

in agreement with experiment ( Sinha, Lis et al 1969 )4. 

Ve have new considerab confirmation that our formula 
for the spin wave velocity co  for an antiferromagnetic 

itinerant metal when the Fermi energy lies in the gap, is 

correct, Firstly the formula for spin waves in a Heisenberg 
antiferromagaet is obtained as an example of when there it 

a wide anti-ferromagnetic energy gap. In the model of Fedders 
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and Mirtin (1V66) there is a wreak energy gap. For this case 

our expression for the spin wave velocity► le of the order 

of magnitude of the Fermi velocity, in agreement with experi-

ment and other theoretical results* 

We have extended, our formula to the case rhea the Fermi 

level is not in the gap, The basic assumption used le that 

part of the magnetic response is dominated by spin waves* 

Then even tith the Fermi level not in the gap re argue 

that c is real. Furthermore, when the Fermi level lies only 

in regions strongly distorted by the antiferromagnetism, 

our original formula can be retained. Riot eurprieingly we 

fine that c is a measure of the stability of the antiferro-

magnotic 'Auto in weak coupling models, and decreases to 

zero as the energy gap tends to zero, The work diners 

from that o Bokoloff 1969a, b) by not using a restricted 

basis set, Sokoloff, for ',example, ras not able to obtain 

the same Heisenberg limit. 



( 84 

Appendix 

a this appen 

general formula for o in (4 

one finds 

arther dot le of how the 

) is evaluated. From (4,6) 

Efl)S‘flj =EM+1)-E;(1•404:4qAkcilkT4-6114kk+$4  fekl\-€P41)5;VirCi* 44.53)  

RS60 -z E1(1141)-- Eiki)C44Cie+ ENik441,4,Cott-4.6*C4415,9Ceit (4.54)  

One can write (4, 	and (4,54) in term of the antiferro... 

magnetic energy bands by inverti (4.13) and (4.16). no that 

	

(cam, 	Tt( kIti) 	( k,4) T km) 

	

41, 	d kat 

ine 

(4.55) 

a= al + at, b= bi + bx, L= di + da 	(4.56) 

hers a bi  and d i  arise from the correlation functions in 

(4,30) and al° 11.12 and 42.  from the (irons* functions in (4.3u) 

AB 	

< EfSA-;:. ill Sayil> = 
b = 0 and from (4.291 and (4.314 

a 	(1 m<tESA:i.)  H] % 	= Elk) 2 <col+Kcekt> coo 	- 	k 

= FI E.,(k)ax et 	hka) 

(4.5?) 
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ct1 	= (1,2-(to  tz< [EsA + 1-1] cA;+5.,;]> 	 (4.58) 

=i (q,.17)'E1 (kKII,,k44 he?) — 2 6, •ViVili 2<c  A+ ce
-
ll> 

A-  	(4 •59) 
=Eics,.vrE,(k)(nk,+hp)-1(s,.020.)(n111-hisa)scriel, 

These correlation functions have been worked out in the 

antiferromagnetic ground state, 

To evaluate the Green's functions cm define 

Ftv0)(S'I tA))  = 	[S;44 )14I[NEVS-}  tA) 4  2FAR=  VAIFtte F4-13) 6-8 	
(4.60) 

2-CAA = FA+e,me 	+ 2 FA4g04-e 2 Fee = CAt8,44€ f 5-8,A-s2FA+9,A-13 

In terms of the antiferromagnetic energy bands, one may 

write (4.43) end (4.54) as 

3S4+8; '.117 j(lt,*(t)(osek 01;4itit + dtcNArt) 

)sfre4,1 = 
	2EINSchek(cht.244,414, 4-  d+kN,Clkzt) 

to the lowest pm 	neglecting terus involving intra-

band transitions. then the Fermi level does not lie in the 

gap one should include intraband transitions in (4,61) and 

(4.62). However, intraband termn do not contribute to the 

Green's functions 50(q,14) in the limit 0,0 0, in the 

aPprozimation in which electrons within the antiferromagnetic 

bands are non•interecting. So putting (4.61) and (4.62) 

into (4.60) we get 



= ot:L (imCirri 	r too  3.4  0  9?.  F11-11, A1-8 

%29  E cle VE(1.01 'cos Gk 
k — 

= 	Um 61  F A-B 
coo q, 4c 

- 	si.n3  ek 	— hisz) 

2. 	(Con 	r 

	

to40 	
R+R31;-8 

(443) 

(4.64) 

(446) 

but this term does not contribute to the spin wave energy 

to 0(q) and may be neglected. Prom (4.67). (4.58), (4.65) 

and (4.64) we obtain (4.32) and (4.35) of the text. 

To obtain (4.40) to (4.42) of the text. one needs the 

following expressions for 8-01(1) ± 3;(q) in terms of the 

antiferromagnetic bands: 

Srm+ Se% 

- 

= 	cosgeg+q: ek)(44,14. ,4ki+ 	 (4 .66) 
j 4- 	i-(ek+Q,4 °R) (84141 411,  ak45:14uitzt) 

E CC'S 14043, -014 ) (u it4414. vkrt 0k-14124,04ot) 	(4.671 

‘ii+ 	I+ 	\ + S(bi 	Vg4t3, -6k )(ak-o,14,0104,4-  dk-1124.0t2.t) 
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Chapter 5 

Spin Waves is Chromium 

I The Two Band Approximation 

In the previous chapter a formula was obtained for the' 

energy cm of long wavelength spin waves in a oneoband model 
of an antiferromagnetic metal. Chromium is the only metal, 

to which a purely itinerant electron model applies, and 

which has an antiferromagnetic ground state. However, 
chromium in a paramagnetic state, has a complicated band 
structure and hence the etrueture, in 'an antiferromagnetic 
state, As equally complicated. Nevertheless, in this 
chapter a formula for c is 'oalculated and comparison is 
made with experimental velum) for co. Thie Is possible 
because the two bend approximation introduced by Asano and 

Yamashita (196?), to be referred to as A.Y. greatly 
simplifies any treatment of the antiferromagnetic ground 

state. 

Using this approximation, the contributiono the total 

magnetisation from the spins in the different bands can be 

estimated. As emphasised by AX. the bands which are not 

strongly polarised cannot be neglected, gime there is so 

much of them they are the dominant contribution to the 

magnetisation. However, these weakly magnetised bands are 

usually neglected when caloulatione of o are made. The 
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method of this chapter tries to treat these bands properly 

and hence is an is 	on earlier calculations ( redder© 

and vartin 1966, Sokoloff 1969, Ilu 1970 J. 

Vo go further than A.Y. in diecussing the conditions 

for this two band approximation to apply. It appears that 

the approximation breaks down once the spin density waves 

in chromium are no longer independent, but this may coincide 

with the transformation from the spin density wave.state 

( 	I to the perfect antiferromagnetic .state ( P.A.F. )* 
This transition 8441* to V,A.Pi.would not be reflected in 

the paramagnetic susceptibility which lo'often discussed 

in this oonneotion ( Gupta and Sinha 1970, 1971*  gamaguchi 

1965 )4, 

The two band approximation has greatest applicability 

to a P.A.L. state, and experiMents are most easily perform-

ed on Or4In alloys which take up a perfect ,a 

configuration, Hence c*  the spin rave velocity, le Calcul-

ated for this sort of alloy. The method of this calculation 

relies entirely on the formalism of the previous chapter 

and the two band approximation of A.Y. 

II he Spin bonsity State of Uhromium 

it was first suggested by Lower (1962) that the ground 

state of chromium was a spin density wave. Errot et al 
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(lcGb and 1WG) discuss neutron scattering experiments on 

chromium. The eleotie maenetie ecattering from the electrous 

le proportional to 

S (tv )t.0) = g(t4) ) <4><S!.3.1> 
in (l‘26) and (I 264 rith scattering rave vectors q 

for spin densities of the form Amp i1.4. provided h2 is not 

parallel to (1$  For ohroraluta there are three different basic 

rave vectors 0, of the form 

9x= 	e 3 0 3 0) ) Gly = itri:(°) I-e )°) 	U° ° 1-e) 
giving three different spin density raves. 

Chromium is WAY centered cubic so that the basis of the 

face centered cubic reciprocal lattice lc 

']4 „-.  (I, t 	0) 
	

) 	) 	) 
	 t ) 

2a In the side of he cube in the direct lattice rith atoms 

at (0, 0, 0) and (a, a, a),' In the presence of a u. etic 

field along the z-axie only the & spin density rave rill 
0 

be represented, Below 110 X the reflections are of the form 

Tr(He 0 	t Lr ) 1 	0-e ) o )o) 	) ) Ft. 	 ) a 
0 

but not + ria (1 e, 0, 0). Above 116 X but below the 116e1 

temperature 3 qi°04, one hat' the additional points 

ifiria (1 ± 0 $ 0). This is interpreted to mean below Ilb 

( called the spin flip temperature ) the polarisation A of 

the ca  spin density rave in longitudinal i.e. / Is parallel 

to $:-&, vhoreao above it is transverse• 

e see that the magnetic scattering occurs around the 
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point II= Tie (1, 0#  0) of the first Brillouln zone. Temp-

eratures and dilute concentrations of impurity metals, 

which increase or decrease the effective electron concen-

tration. change a. Mamaguchl et al (1964) discuss chromium-

manganese and chromium-vanadium. For pure chromium e is 

7r/21a at liquid air temperatures and is T/27a at the Viol 

temperature ( Herring 1966 3.-For alloys with 	manganese 

a purely antiferromagnetic structure with e=0#  is stable 

at all temperatures below the Ildel temperature. Vamaguchi 

et al.plot the different phases on a tempettature versus 

effective electron concentration diagram. 

Imlees (1962) explanation of the antlferrmagnetlem 
in +chromium relied on there being two closed pockets in the 

band structure, one enclosing electrons at the point r of 
the iirillouin zone and one enolosing holes at the point H. 

Both have approximately the Dame volume. This band strac-

ture, favourable for the ocourence of a spin density wave 

of the form described above, was derived from considerina 

the band structure of iron. Since then, calculations have 

been done on paramagnetic chromium e.g. Loucks (1965). 

Avano and Yamashita (1067) and Gupta and Sinha (1970). 

These calculations have the same favourable feature i.e. 

the shifting of one of those pockets by 7'/a (.96*  00  0) or 

7r/a (1.04, 0, 0) along one of the cable axis approximtely 

brings a large area of contact between the pockets. This 



produces an antiferromagnetic coaplinc betreen the electrons, 
rhich can be ectimated using the Hartree-Fock approzimation. 

It rould be hard to save the Hartree-Fuck equations in 
generals  However, the assumption that the antiferromagnette 
coupling between the electrons As reek except for those in 
the pockets around rand E involved in the nesting, prod-
uces aonsiderable simplificaticn in theoretical curl:, and 
le justified experimentally. Thus mach progress has been 

made using model band structures ( readers and Martin 1966, 

Kimball 1969 )41 

The method of looking at peaks in the paremagnetic non. 

interacting susceptibility e(q) In order to determine the 

rave vector of the spin density cave, has been discussed 

by various outliers ( Tachikl end Vagomlya 1963, Herring 

1966 	Gupta and Sinba have looked at X°(11) Including the 

effects of many bands and trying to include the effects of 

matrix element') is the susceptibility. The Interacting 

susceptibility is enhanced ,by a factor of the form 

[1 - 2Je.rf X°(04]-1  ., so that a peak In e(q) at the rave 

vector t may makeX() diverge, indicating that the ground 

state is a spin density rave of rave vector 1-e Gupta and 

Inhais calculation is not sufficiently good to allor 

detailed discussion of the ridth of the peak, cr of its 

change in position with small when cc in electron concen-
tration. Hamaguchi et al (1965) assume a form for the 



susceptibility to explain th.cir ahoy results en the basic 

of the rigid band ayoroNination, beat thixiy case remark on 

the need for detailed inforoation on the band structure. 

The.varlation of C  With effective electron concentra-

tion for ohremiunammanganese la the following; qat approachea 

ir/ very steeply once cx)•9G -a-/a, and this transformation 

from the npin density state, with 1,c.  lila, to the perfect 

antiferremul:Inetic state, rith z  it/a, depends on the 
temperature Hamaguchl et al 1965 )• Avant) and Yamashita 

discuss a meobanismfer this to happen, aocuming that the 

gap in the perfect antiferremagnetio &bate is trice that 

in the spin density state, The rigid band approach is also 

relevant since the increase o electron concentration 

should eerie the electron nurface to expand and the hole 

surface to contract inereas 	, • Asano and Yanashito 

Obtain the formula 
= TA, (-9c 	0 , o) 

on. his basis, ere n 1 e the number Of excess electrons 

per atom, Por.Crofth.this change In tar too slew, but ;Ora.re 

does follow this forfaula 	et al 196? 34, 

In section In re willcher that it to unreasonable. to 

eeooiate 	in theparamagnetic susceptibility with 

values of.the ordering rave.vector V„:4. clore to 117a, where 

the rigid band approach breaks.dern. Anyray, as Gupta end 



Sinha remark. the transition in chromium to the spin density 
state in a first order transition so 2, rill be in a eosition 
wherei(ki ha's a - steep slope rather than at a maximwi ofX,(q). 

Iccording to Rice et al (19o01 the experimental value 
of the antiferromagnetic energy gap is .14ev. This ie very 
6=11 compared with band (=erste°, A large portion of the 
Fermi DIAIthiee must be truncated by these gaps for the. to 
have soya a crucial importance on the magnetic structure 
of the metal. Nice quotes an estimate that 50,-:; of the 
Fermi surface is truncated. The density of states at the 
Fermi surface is for ut .5 stakes/eV atom uccording to the 
band structure oaluulations mentioned above, Ite uan thus 
estimate that at moeto  only .035 electrons/atom are fully 
polarised contributing a moment of .094, whereas the 
total" spin polarisation is about .61441 The addition or 0.5;-, 
vanadium removes the antiferromageetism altogether. This 
corresponds to removing about .03.7 eleetrone/atom from 
parts of the Fermi surface contributing to the antiferro- 

hie'suggesta that only a very few electrons are 
coupled strongly and are strongly polurieedi Even if ell 
the electrons were fully polarised in the electron pocket 
around (-7, this would not be sufficient to explain the 
observed antiferromagnetic magnetisation, since tho pocket 
occupies only a fraction of the Brillouin zone, The crucial 
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parameter for describing the polarisation is gk il  Mere g 

le a typical gap energy and Fa  is a typical bond enorgy of 

the form NEkm -Ek+01), Vost of the amplitude of the spin 

density rave must come from reakly polarised electrons, roll 

[tray from the nesting surfaces, characterised by g/Ez  << 1. 

This vas already suggested is 1:Amer's original paper. Arlan() 

and Yamashita anion that the energy difference between the 

spin density rave state and the paramagnetic state is of 

order (g/E)
3 

in this region, suggesting that the energy 

difference comes from the strongly polarised electrons 

only, vde will assume the occupied sone can be divided into 

two regions, I and II, where giEz  1 in region I and 

gh; 4 1 in region II. This is a Very useful simplification. 

III The Ground. State 

The general f`or of the spin density in a spin density 

nave is <1(1.)> = Ao cogatry plus harmonics, that is terms 
of the formjy3os12, 	where IC is a reciprocal lattice 

vector, One can neglect harmonics if one adonts the "rigid 

spin" approximation ( Overhauser 1962 

I E(t-lii) is the spin density is the cell kip (34.,-nd 
10 the electron density In the cell 	then in the rigid 

spin approximation 

BO 	(5,21 
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1,:here Si is the total soln opezz.ltor or the cell74.4, .2i has 

Its 12=1 repr3contution in tams of atoLato 'aive rouctionot  

namely 

Nott—ki,y) 
(5•Z) 
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<szci  = < s z9; + < 
	

(5.13) 

where Sg to defined by (50), and I refers to regions where 

the summation over bi  n, m lies entirely in region I, and 

II refers to the rest of the summations Using (5411), one 

finds 
+ 

C/41.4.144,  Cm 	— CNk.464, Cm g4./ 

1N1,1) 	r7,,„(q) 1' 4.(Eki9N-Ekmr 04.4) 

In region II there is eoupling betreen electrons in all the 

bands. However*  as the coupling to weak re work to first 

order perturbation theory in the interaction*  eo that the 

Coupling between bands o and. ni  is independent of the 

coupling between bands m and ne  The new bandy in region II 

have energy ( Kimball 1969 

r 
ECM  Eon 	—   (nittri _ nk+gh) 	

(5,15) 
n EtOri Etivi 

where nkm  * n 1440n  are occupation numbers of the paramagnetic 
z>lt  bands of region IIs \Stit 	in (6.13)*  ie derived from (541) 

with 

‘1L 	 c / 
V
, 	 rkil.,61)(Ekgn—EkrA) trIkm—i fig+en) (5 .16) i'-k4G? C kint C k+@ rekC  kirk? 
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(5.1Gi Ic the saw an Wall to the first order In the 

interaction enery, 

Lith a magnctic field (0, 0, Hcono„19 on, one has to 

replace rim  (0 by 

rip, .01 	3/41-1  I Fr 1,A4 g.,11) 
	

(5.17 ) 

Then if the tholo of the band structure Tare in region II 

the metal rouId be paramagnetic, that is 

S°>14=0 = 
	 (5.18) 

The paramagnetic susceptibility )09 is thus from (50), 

(8.10) and (5.17) 
‹szoa> 1  

- 4.0  

o 
viler() 	X 	= i 	I f  + )01'  km rtli+  

jcp,in 	Etti-Qm - E kin 

= 	( 9 /4 g 

One can compare this result 'nth the result ono obtains 

for a point interaction, Jelf notnir4.12 % for rhich one must 

solve a matrix equation for the susceptibility YL..( + X, Q,) 

( Gupta and Sinha 1971 	This is 

Eskie - )/N 1e(9_+1:1 4t-K1)]X(Q.+g1;41) = 2e(4.2q, 12) 

k 0 	- I Ef +9f t(k+0 	nt# viler° X 	1 — 	(kK+0 - 	-)- 	)- k) nk 
k,n,ipt 	 44-On Ekm 
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and 	*vItn k÷Q 	= 	L 	ch+Qn 
	(5.23) 

These authors make an averaging approximation f ron  (k Q, b1 

=f(4) to turn the matrix equation into an ordinary equation, 

giving a simple enhancement to the susceptibility. One can 

solve the selfconsistency equation for this type of inter.,  
action using a similar approximation for the matrix elements. 

Prom (6.16) one finds 

<s a>r 	2  liff 	 15.24) 

0 
where /T is the paramagnetic susceptibility of the 

electrons in region XI, defined, by (b.20) • Thus from (5.13), 

(6.14) and (5.24), one finds the following selfconsistency 

equation for4M. 

_2 4(k) F,„(k4-(52)k)(1(nj 	) 
N 	rr 

I N140..)11  + -4(Ek46),,,-Etm 	
(6.250 t  

0 
%% (n) imay be reasonably flat as a function of 	showing 

that only part of the suroeptibilit 40  that involving the 

nesting, is important for determining fa. 
The dramatic effects of the pressure on the Neel temper-

ature discussed by Hive et al (1969) can be interpreted in 

a new way. Assuming 1100, 	!?,,J9 is approximately 1 and 
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approximating the nesting bands by parabolic bands ( Vedders 

and Martin 1966 1 one has the approximate formula for the 

Nei temperature. 

1=7€ 	'IA 	 (5425! 

with kTg  of the order of a band energy and 
A = 	Ko.) a.* /I — Teff X-E(011 , (5.26) 

The rapid decrease In I'm  with pressure*  may be due to a 

decrease in 	 i(4) rather than a variation in the density 

of states UM of the nesting surfaces. The smallness of 

?COQ) may also explain why molybdenum and tungsten are 

not antiferromagnetic though they should have a similar 

band structure to chromium, 
To derive 44.25) we assumed that 	 egion I the 

dominant mixing is from the nesting between different parts 

of two bands for each spin density wave. The nesting regions 

important for each wave are indenendent*  so the only inter-

actions between spin denaity waves are reak ones. In region 

because of perturbation theory*  one can include the 

coupling of all the spin density waves. One can investigate 

hot the bands in (5.11/ are altered*  by including all the 

interactions. 

re assume that the antlf 	e is osier gaps  have 

constant value 



= 92.0 4. %co -Et4IN  
EICO -Ek-oi 

r 

(3.0iJ 

3= rw(q) 
	

(6.27) 

Until nor, in region 1, re have assumed that lEktit -Ek+GNI 

is of order g, and is very mach less then 1E01 -Ek-qad so 

that the two band approxklation applies. From (5.11) the 

energy bands in region I are 

E 	(k) = 1(4 + EF4014) ± 491+ '41-(Ekm-Eit+")1 _m _ alone) 

If re include the mixing rithri_IN in (5611) the bands 

are detertained by solving 

	

de€C0-Ek4iN 9 	09  
w-Ekm 

.0 	5 	w- Ek-eiN 
(5.29) 

r 
The imost root gives the lorest energy band 104 which in, 

for 	Eiem Ek+saNI << Ekm Ek-Qtki 

where 

2. 
EM( (k.) = i(Ekti Ek4.gtii) 13 iZ  + Y4(Ettii Et+q.N) 

One sees f 	(5.30) that the correction to g is small, of 

order gk o  where E2  isroughly the band width, shoring that 

the bands given by (6.20) are approximately correct. This 
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justifies tulting the Imo band upproximution, Going to second 

order in gio  rhen c is incommensurate rith the lattice, 

produces second order energy gaps, of order g /Et, in the 

band structure. 

However as 0, tends to 771a(1# 0,  04 1 	Ek-00 

beef:Mee of order g#  so (5.29) must be solve. more generally, 

If we assume that q,,,z  is still not too close to 'R/a, no that 

*k_mm) 01,41.N etc. need not be included in (5,29), (5.29) 

becomes approximately 

(6)- Ek440N-E km) - 291  = 0 	(5.02) 

he lower energy band solving thin equation can be compared 

with (5.29) ;then (I x  =7/0.#  for which '/ Yik+IQN 

and which has the solution 

Ek406060 - EktA) — 4-91' o 
	

(5,36) 

in this cane the gap is doub d but no higher order gaps 

occur. Either (5.32) or (5,33) may give the lower enorgy, 

since 	Ekmi is OW, 

Bence for some qx  such that 	ixi#  where Sri, 

is vary Smell the perfect antiferromagnetic state has a 

lower energy than the spin denuity state and. a first order 

phase transition , takes place. This apparently happens in. 
0r.4111 alloys where gq=. .u3, 111a, nor 	Li the 

variation of (1, of the spin density wave depends on the 
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changin6 shape of the bands, horever, in the ran6-e 

I, - 	the spin deneity state does not occur. in 

any case in thie range the spin density rave state ehould 

include the effects of second and thir(1 order gape and the 

interactione betreen the spin density eaves, and would be 

very complicated. In thie.rance. where higher mew effects. 

are important. X. (0 has no relevance in determining the 

ordering, 

IV spin Tlives 

la chaPt '41 re have shun how to treat spin waves in 

a model-without necesearily having perfect nestingof the 

bind©, In this chapter we haVe deocribed the spin density 

state of chromium, We obeli now estimate the erieritte= 'A ca 

of Opin.raves for dilute Uti444 alloye, on which experiments 

have been done ( inha et al 1009. 	sad Dietrich 

10G 	Vet 0;mm:ewe° this alloy has a perfect antiferre.. 

uunctis straeture, One cam:atill (Argue that the energy gap 

10 small compared with typical band energies. Hence the 

Simplification of the weak eoUel 	oriel discussed in this 

chapter still applies. 

Per u-oneeband itinerant model of an antiferrom aet, 

defined by 14404 the spin wave , velocity is 

c = \12Q /4; <S:> 



where 

by 

0. 

(104) 

= 	EA) ser, costek 
k 

tr(vEtiov(sx‘rtele) - 1701=34 ) nki  
z9 

and 0k  are defined in terms of the non•magnetio band 

Ei)a 	= Z (E(k) Eq+02)) 	itark ek = Eacoig 	(5.37) 

where 6= IAN <sz9  satisfies (4.10). 

It has been assumed that EF  lies in parts of the lover 

antiferromagnetio energy band rhioh are nearly paramagnetic. 

The only intraband transitions occur in these parts of the 

band. In addition .g 	in' so that transitions batmen 
upper and lower bands require energies tar greater than 

typical spin rave energies. 

In'ohromium re have shown that, though region I is strongly 

polarised, most of the moment comes from the large number of 

eleotrons in region II. We can use the same Idea in the one-

band model, by assuming that a large part of the band is In 

region II 4th ,hint a small part, coneisting of the nesting 

region, in region I. rrom (5, 

= 1<SQ>2. 	(b.30) 
N - 
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anco anek  :,_- 1 in =Glen 11. end the volme of rel,ion 11 

is very mut% greater than the volume of region I. Hence one 

finds 

1671<szo } = 5Th (6.30) 

Then from (.5 W) 

   

f 21-cl c £ ik N 

 

(5.40) 

d is of order g 
2. 3 
 /E1  in region U. Do, assuming the volume 

of region I is Greeter than (g/ El.)1  x volume of region 

d is dominated by the energy bands in regionI, and re need 

only integrate (663) for values of k over the nesting 

surfacer. 

Though (5410) appl es only to a one*band model, it can 

be applied to chromium. The integration over L. in d, is 

now over the parts of the bands 11 and M Involved, in the 

minting. Ve therefore define 

El)/ ( 11) = (Em Cs) EN(k4-0 	I.= 34 	(541) 

Flim a±q ) k) 	I . 

As a r ing that one can approz ion ate the nesting surfaces 

by parabalk bands ( readers and. Martin 1066 )44  eau can 

write 

EA) 0  3  E2(t) 4iYkl  kF - 
2m 

ti 4cvp (14-- kF) (6.42) 
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In region I, near the Vera surface 'whose radius is kr. Then 

(5,3i;) and (5.37) give 

kF 	11  1 	2, 
tM/F ) 	 cik  

G  6703)0 (4c2vF.'Ck-kF)1.  32)3/1  
14j 	kF2.  
3(2.0z  (5645) 

since << Ivp kp  or g <<Ea  in region I. o from (5.40) 
end (tio4 5) 

4S4) = 4;9, 	Tet; GA/F. (0 
cie 

TrAere-a:-. (2a)3  is the volume of the unit cell, The spin wave 

energy depends on the vole we o the nesting surfaces through 

akpim If the electron pocket °tramples about half the first 

Brillouin zone, then equating the number of electrons in 

the pocket to 42 gives kF  = 310TiT4iF Tr/a. In fact theTermi 

surface is aot a sphere, so that numerical factors can only 

be approximate. Putting kF =irillla for convenience, MAO 

beoomes 

c&v, ct, 	 (5.45) 

une can compare this result with others obtained 

experimentally and theoretically for 016-Ma alloycs Theoret.. 

ioally ( Vedders and gartin 1966, Sokoloff 11`6h, Liu 100 ) 

a spin wave velocity o of order of magnitude the fermi 

velocity of the nesting surfaces, is obtained. These authors 

(5,44) 
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use Ea completely different (ierimtion of e. Their foriaula 

:or c is indepenelent of Jeif in the simplest approximation. 

Their method eras: applies when there are perfect fleeting 

bands, 1Prora neutron scattering enperimente Sinha et al (1V6-:)) 

obtain c =-• 1.23 z 
7 
enwseao -  and .0.e-Vie1son and. Dietrich 

(1149) obiaiin e =.6Vz 1070m/soo t  Using j.c4 = l ev 
7 	, 

VF 	x 10 .ataisee ( Einha et ul 3.959 1 and a = 1.5 At  

(5,45) yields 
**c. = 1, 300 rnev A 

or 	 c = 2 K 107  cm./ser. 	 (6 6 1 

Thus our raziat is in fair uzreerlent with experiment s, 
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uhapter 

Spin Waves in a System of Itinerant Electrons and Local 

MOments 

I Local Momenta in Alloys and Rare Earths 

There are a number of different cases in which the spin 

density wave state of itinerant electrons is associated 

with interactions between the itiaerant eleetrone and local 

moments, Firstly, the properties of rare earths can be 
described by assuming the f shell electrons act as local 

moments interacting via the a band, Secondly, Overhauserts 

(1960) original investigation of the spin density wave state 

was based on ideas of local momenta in alloy systems like 

01441A etc, Marshall (1960) raw able to explain the low 

temperature peak in the specific heat, which prompted. 

Overhauserts suggestion, without wowing that the conduc-
tion band was in a long-range antiferromagnetic state. 

However, the ideae of Overhauser may well be applied to a 

nearly antiferromagnetic metal, This is a metal, analagous 

to palladium which is nearly ferromagnetic, that has a band 

structure and electron-electron interaction which nearly 
satisfy the conditions for antiferromagnetiem, 

Vet will consider a one band itinerant electron gas )  

containing local moments and with a preference for a spin 

density wave ground state. The rave vector Q. of the spin 
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density wave is not necesearily commensurate with the 

lattice i.e. Q 	where le_ is a base vector of the recip• 

rocal lattice. If q = kr_ one would have e perfect antiferro-
magnetic structure in which the spin polarisation it in 

opposite directions on the two eublattices. The Ramiltonien 

re consider is 

H 	k, + IEnetk,t, + TE07:,cc 	(6.1) 

where /Ito- is the density of the a-  spinitinerent electrons 

on the 	of the lattice in a Murder reprerentation, "Ct' 

is the spin density of the itinerant eIeetrone and sc is 

the spin of the local moment on the site I. e rz U or 1 

depending on whether there is a local moment on the site. 

For the rare earths ei =1 since there ere f electrons on 

every cite. For dilute alloys in which the nolute forms 

local moments, et is predominantly 0. 

The form of the illtercetion betreen the loc@ moments 

and itinerant sleotrons is known as the s-a or c-f 
action, Esjq) ( Melva 1966 ). Ideally the operator Sc in 

(6.1) should describe the moment of the impurity atom tt 

and be independent of the =tar in which the Impurity lies 

and independent of the temperature, Though this condition 

does not apply, much experimental work ( Lrrot 1966, Van 

der Berg 1965 ) has been done on alloys of {id transition 
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metals in non.umegnotic metals such as Ou, N;#  Au and 

clef:lents of tho 4d transition series. The rigorous theoret-

ical treatmontsof impurities in motais ( Clogston 1962, 

Anderson 1961 ) allow the possibility of a virtual bound 

state forming, associatea with t:lo.  impurity zAom. Thus the 

s-d model is a convenient approximation. though in this case, 

J is only pheaomenological. The r-sholl radii o the rare 

earth atoms are so small that they do not have significwit 

overlap, In this case there is a sounder basis for patting 

= 	( 	(ci) ()44 (!) e (4)$(1r:t) tk)if 	CIS( 
	(642) 

rher the intazral in over a unit coll. 

Positive and native values of J, corresponding to 

parallel and antiparallel alAzneAsult of the itiner4nt and 

localisol electron s, arise quite naturally in the Anderson 

meaql. The form of tho interaction in (6.1) and. (6.2) occurs 

when overlaps betwem nearest neighbour sites ere neglected, 

and then Itsci commutes with use Fourier components Of tho 

total ep It de city ol?ervtors, that is 

Efis j 	(sz c z  croe 	j =0 
	

(6.3) 

Donisch and Wohlfarth (19G?) use the form of Hsj given by 

(6.1) when discussing ferromagnetic Pd-re in the Ti*P*11. 

approximation* 
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They obtain u formulallio= M4  for acoustic spin raves in 

PA-Ise, but D can also be obtained from the ceneral formula 

for Ps  discussed in chapter 2, using (6.3) (;awards 1970 ). 

TT The Ground. State 

One can write (6.1) as 

H = EE(1-)11k6- +
rE' z T

k (rk f 	Sk -Tk 	(6.4) 

	

Nk 	Nk 

where the summation in over the whole Brillouln 'zone, and 

the Fourier transforms 0 , k  of the itinerant and 

localised spins are defined by 

=1.E(c l +  (kit ck+Is4  C 

ij 	e  ik.Ri an,. 	, 

If we assume that the system le in a longitudinal spin 

density rave stnte, the Martres-Pock approximation, as in 

(4.10) and (5.11), is equivalent to approximatinc the 

interaction by 

2 2 

0-  - 0 
k -It 

z 	z\  z 
k 	\53:71: ) (3--k (6.6) 

0- k ether, 	
z\ 
? 0 unless k = ± Q. For spira3. spin 

density waves ( Arrott 1966 ) one makes the following 

(6.5) 
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approximation to the interaction 

(6.7) 

For the spiral spin density wave <61+>=0 and <67-k)1"-
unless k = S. Spiral spin densities occur frequently in the 

rare earths and have the special property that the polar-

isation on each site has the same magnitudes  though not the 

same direction. This is not the cage for incommensurate 

linear spin density raves. The following analysis deals with 

linear spin density wave states but we will mention how to 

get results for other types or epin ordering. One also 

approximates the local moment interaction by 

\Sk > 6:k: 	 jsk  

Defining 
	3 r= 	3= 

and assumingk):45-0) ,<S o>  <4> we get 

60-  EkKckc-iCkirk '43#Ck-gtACkilIqCW A+44.) 
crrit% 

Further equations of motion will couple 14 and 34+2O etc. 

To solve the problem we make the same assumptions as in 

chapter 5. For some k, the coupling between lirkt end 14+0 

in strong so we may neglect the coupling between Irkt and 

400. For other k o  the coupling is weak so the coupling 

+ I 
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0: 	tith rh4.0 is independent of the coupling ofIlit 

rith et_04, * The equEtious of motion cm then be rritten in 

the form 

-I G.:0a) to)  = (A)- e(k) 9+9 
3+9 i 	w- E(11.4) (6.11) 

rhere = 	(CO' Wcir+ 
\c i.(14.) 

BY Wgonalising Go?  one obteins 	new mtiferromegnetic 

huntlelk $ 1111  of energy Ei lk) 'where 

e)Ifi4 
i = cos -1(1-  N 	+ 5'61  i0T5,-  6034464% 

kz = cos -1(1K-601P11+04•-i-  s41 	6d/fit 	(6.12) 

ek = 40-0/3+31 "Id  Ea(L) = i(*61)-  Eat9 

Ei)10 z  i(a)+E(1444-))7.-1E() + (3+9( )1 
	

(6.14) 

The phvnes 7/ rn ple, In so thtit ek  vill correspond to 
the definition v'o used In chapter 4. For spiral spin &mei.. 

ties one voulf, investigate the name equations bat rould 

include the coupling betveen riPtt endIrk+04,. 

From the corrolLtion functions of GeV in (641) one 

obtnins the followinc solfconsivteney equation, Ormt nn in 
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(4,18), 

r<,s-z > = 	E (nig- n tx)(3-1-30 

	

3 N — 	(6.14) 

	

214 	Jo +901 4-  Oj 

The 000upation numbers 'Ito.  of the antiferromagnetie bands 

are chosen to minimise the energy. 

4.111. 
•••••• 

Defining 	XSDW 

one gets 	9 

G (Agi-qz)  
4-N 

IS 4(3+902i-  €:60 

I Xspid  2.91  

I - zixow 	 (6.16) 

If the coupling between 	and 1/140 le alw4Y° weak  " 
that 3 4.-9,<< je(14-0-E(V1 then (6,15) reduces to 

  

X,Y(o..) 	r<sz  > 

 

  

(6.16) 

 

I — Iraq) 

X-Sb141 (91-91 where = 

h k  
2(134)- Eto 

is the non* nterao ing paramagnetic susceptibility, or 

response, of the itinerant electrons: So we see that in this 

case the electrons respond linearly to the local momenta,. 

For a band with no interactions between the itinerant 

electrons, the difference in the band energy between the 

antiferromagnetic state and the paramagnetic state Is 



(115) 

4-  E 	nit2)(/97+ 	- EA) 

cz 	Xo(QI) e<S4  >2.  

9?1 =10Z,  

in terms of the reduced susceptibility of the itinerant 
electrons, A factor 2 arises because we have two spin density 
waves of wave vector q and -4, and half the local moments 
are in one spin density wave and half in the other. So 

<Sz(2> = 1NSE (6,19) 

where b- is the concentration of local moments and S is the 
value of the local moment, For the perfect antiferromagnetio 

state (c 	IC) the factor 2 in SE would not be there but 

Sz % > = NSE 
	

(6.20) 

Hence the energy reduction in the perfect antiferromagnetic 
state is twice that in the spin density wave state. This 

mums in linear but not spiral spin density wave states. 
The result (6,18) can also be obtained by using the 

Ruderman-lattel-Yosida interaction ( Mattis 1965 ) in which 

the local momenta interact through an effective Heisenberg 
0 

interaction, whose exchange constant is IRKy ((1) a
s 

X.(%)• 
This is th. usual Hamiltonian for discussing the rare earths. 

For rare earths with a local moment on every site, the wave 
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vector Q. of the epin density wave ground state configuration 

will be the one for which Xl.)(q) is a maximum. This gives a 

general explanation for the ordering in the heavy rare earthn. 

There are two refinements to using the R.X.Y. interaction. 

Firstly, g i  can become quite large and therefore the polar* 

isation of the itinerant electrons becomes quite important 

and the Fermi surface is distorted. Blliott and Wedgewood 

(1964) therefore go beyond second order perturbation theory, 

to which the B.K.Y. interaction is equivalent, by invest-

igating the spin density wave state via the Hartree*Fook , 

states of the conduction electrons, as we have done in 

chapters 4, 5 end this chapter. The conduction electrons 

ere assumed to be free electron like and I is 7ero. Elliott 

and Dedgewood include the energy lowering due to caps at 

superzone boundaries IC+ Qs, and suggest that a large portion 

of the Fermi surface le destroyed by these gaps. 

Secondly• the ft.CJ. Interaction assumed that the rosponse 

of the itinerant electrons is etatic. One ought to include 

the lifetime te  or the mean free path. A of the itinerant 

electrons. The lifetime t  would be dependent on the spin 

disorder scattering of the itinerant electrons with the 

local moments. as affect of the finite lifetime is to 

introduce an exponential factor e 	( de Gennee 1962 ) 

into the exchange integral .T Rity(R). This le however, only 

a first step to including the dynamics of the itinerant 
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electrons. 

For dilute alloys like Cu-Mn the distribution of the 

local moments is random end so le the effective field due to 

them. Although the interaction between the local moment and 

itinerant electrons may be described by an 11,Ka. inter-

action ( Uarshall 1960 ) the maximum in X.,(q) must be very 

sharp indeea for just one spin density wave of wave vector 

to produce the energy minimum. The range of the polarisation 

about an impurity is of order A404-1, where AQ is the width of 
0 

the peak =MO. As Herring (1966) illustrates, a random 

field will have lower energy, provided the concentration of 

impurities is very small. Thus it is more likely that the 

system is without long-range order ( Arrott 1966 1. 

There may however be dilute alloys in which the long-

range order does occur. Moniach and Wohlfarth (1967) have 

investigated the dynamic properties of Pd-Fe. Becsause 

palladium satisfies the condition, 14 IN(4), it is nearly 

ferromagnetic. It becomes magnetised even at very low 

concentrations of iron impurities, and. when magnetised 

carries its own spin waves. Doniach (1967) has also shown 

that the relaxation time of palladium is many times slower 

than that of a metal of non-interacting electrons, so that 

the response of palladium to fluctuations of local spins 

cannot be assumed to be static. 

Doniach and Wohlfarth (1967) investigate the dynamic 
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R.P.A. susceptibility of the palladium and find that the 

spin wave spectrum may be derived in terms of a frequency 

dependent H.X.Y. interaction between the iron spins, The 

spin wave epeetrum is given by 

= -t7  712<soz> Ex(o )0) - XR,t0).] 
	

(6.21) 

where 2(0.03) is the transverse component of the susceptib-

ility of the palladium with an enhancement I. The frequency 

dependence of the interaction in (6.21) changes the spin 

wave spectrum drastically, leading for example to an optical 

branch. Being able to write the H.P.A. approximation in this 

ray is fortuitous feature for the forromugnet„ For the 

ferromagnet, the basis of single particle states in the R.P.A. 

approximation in the same as for the paramagnet, The 

energies of the up and down states are just split. For an 

antiferromagret the single particle basis is a k dependent 

mixture of llrk and Yrk.I.Q depending on the polarisation 

throughout the crystal. Thus the U.P.L. treatment of the 

response in an antiferromagnet used. by Sokoloff (1969) is 

not a good approximation. For the antiferromagnet one in not 

able to get a simple result analmous to (6,21) for the spin 

wave spectrum, 

We will investigate an alloy system in which a spin 

density wave state occurs. Suppose there is a weak concen• 



t1191 

-tration of impurities in a host metal which is nearly 

antiferromagnetio ( Moriya 1970 )4, Then g i  << 1 and s 	1 
but for some 

I 	> 	2 1 r( 0Q) =I- s(a) ) s(Q) 	(6,22) 

So g 1/ S(2) g from (6.015), At low temperatures, if the 

local spins are fully aligned, g i  = JoS, so that an approx.. 

innate condition for long*range ordering ii that JiS/I 449 

be of order 1, In this case the enhancement due to I 

cothpenaates for there not being a local moment at every site, 

If the left hand inequality in (6,02) is relaxed, the host 
itinerant electrons have long*range order, even when there 

are no local moments, The condition (6,22) on the host metal 

is quite severe, bat there have been euggestions that it is 

satisfied by scandium and yttrium, containing rare earth 
impurities like galodinium and terbium ( Wohllenben 1968 J. 

It should be emphasised that the relationship between 

the following theory of spin raves and the rare earths is 
only qualitative, The rare earths have an hexagonal lattioe 

structure with more than one atom to a cell, Also it is 

usual to assume that the e*band in rare earths is free 

electron-like whereas we have assumed the itinerant band 

is d*like with a tight-binding form, According to Vohllenben, 
the long-range spin correlations in scandium is associated 
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'with the d-electrons, 

• III Spin Wave Energy 

'e have already oalculated, in chapter 4, the energy of 

spin raves in an itinerant electron model of a perfect anti-

ferromagnet, In order to apply the formulee in chapter 4 

directly, we assume 	?Ir. It should be possible to 

generalise our results for other'. Since the s-d interaction 

in (6.1) commutes with Scl, cr% we can take over the 

procedure use& in chapter 4 exactly. This time however, we 

look at the gener lised susceptibility 

6µ-19.  
- 	(PO 

involving the Fourier transforms of the total spin on the 

sublattieee A and B. Then the formula for the energy 

lite --t•Ifioci of spin waves in the antiferromagnot, is derived 

by looking at the poles of the susceptibility (6.23) in the 

region eito << 1 with the result 

,/2Q.(d-a)/<cr; st;> 	(6.24) 

ap alo d are written in terms of he an errm ;net to energy 
bands and are defined by 
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a = 6E (V.E,(0 fc0N1011s1+ 
3_ - 	IVENicoSek 

' 9+91 

= LE V(S4161: 7E16-0 )( Ylk # Mita) 

r Eack)s6Nek  cos2ok  (rik t  - rtkz) 

(6.25) 

(6.26) 

(6.2?) 

where 	ko-hek = E2.01.6/31-3, 
and 
	El t(t) = ±(0.4-Q)—E(0). 
The only difference with the previous expression (4.45) 

for c, In that nor SOk + Joa appears in the denominator, 

instead of just <C01, and g 	replaces g. It In assumed. the 

Permi level lies in the lower energy band only. Ale the 

eontribution arising from int aband single particle excite.. 

tiono in the region vidt4 << la d A may be simplified Gs 

d-A =i_E(7E2A)V(shet)- _i_lvEMI2o2ek  4V(calekvq0k)  (6.28) 
9+91 

The usual ,procedure is to assume that the Fermi level lies 

in the ant fifer.romkInetie mercy gap when it is in regions 

of strong polrrisation, g g i  $j E(10, so that the only 

contribution to the last term In (6.28) involving B 1  comes 

from regions of weak pole isation where g el  << £2  (k) 

Since this terra in (0 28) is of oraer (t CO E) 2  It can 
often be neglected. In for example the rare earths, a large 
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section of the Fermi surface may be cut by the antiferro-

magnetic energy gaps, and electrons near these gaps are 

dominant in the spin rave velocity. Hence in this situation 

we can write 

‹J —4A =--.(VE,.(t)D(stly‘ole)—!_ivE;(01 	A )n cos31  ,•,ki • 	9)  3+%  	16.2 

and the formula for o given by (6.241, (6.27) and (6.29, is 

a simple generalisation of (4.49). Bow both the itinerant 

and the localised electrons carry the spin wave. 

There are two disadvantages in using the H.I.Y. inter-

action as an effective Heisenberg Hamiltonian for the 

localised spins to calculate spin waves. leirstly. the N.K.Y. 

interaction (64E0 is only correct to the second order in 

the local moment interaction, that is to order d zi tame 

calculates the polarisation of the Conduction electrons to 

the first order in g /E only, where E is the mean value 

of E2.41. Secondly, it uses the static response of the 

itinerant electrons and so ignores any excitations of these 

electrons This condition may be written 

c cie  c 	Ve 1 
	

(6.30) 

where 4 , t's  are the lifetime of to r energy excitatione 

of the itinerant and loaal.toed electrons respectively 

( Doniach 1967 ). 



The approach used, above treats the lees-Used end 

itinerant electrum on the aunts footinE, a can compare our 

Coruiau t6.24 isith the 11,a,T, formula for the spin rave 

energy in the limit vshore the R.K.Y. interaction nhould 

apply i,e, g i  << EICk.) for all k. 	this 	the full 

weights of the spin 7,tive uaa the stnlisle particle excitatitug, 

a and 4,0  in (6,24) must be retained. .:e vill assume that the 

inclusion of is en a(teciutate correcbion. for the sinz;le 

p4rtic1e (..--xcitationn, This in a alfrererit apxroxination to 

the "W6atic" appro=ivation (6,00) 0  te negIost corrautions 

in the uonauutiou band by putting I= 0, anti abeam there is 

a to t4. ayment O Etv_mt altos • !OWL, sot tint; 

- do - 6 E( VE,(k) cys6leo 	IC E,0s)1?-cos349t  
h.z, 

- 4- (eu iz 	vEck+c vE( )  (n 	hk4.0) t.,1') 	(E(k+9) -  Ea))3  

do  -p = 	vccoszeis  vE, (0) n k 

3(3+31) 	(E614)401iIVE01) - 2I(Ek+9)-E(k)1CaFE(k+12)41ligtg2)ink 

who:* W6 have put ki = k for E (zr.) < 	4. 	t; 24 

I.  Or E Cat + q.) < E (1,:;) und h tr. donoten that tht-: swmatio.o 

oyez the lilaTa-Z0116 	liC 6-0t 

I VE0)11  d ( 	 ) 	( .33) 9-P3tr 	(i9;(2.:.#(.9k))_oz))% 	(E0t4 - E(t))3 

arid 

(C,31) 

(64z2) 
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wad. 	 ( 9 4-  3 I 	-6) 

to the lornst parer in g g i /Ez  . Putting a = since 

= o, g = JAN <SD and 

< coz) = T r(62.) <S > 
( 6,24) becomes 

c 	t<S24  >0 4. nitiqr(g)Z nv  Z VVII)  _  I vgoi2  (6.35) 
- 	3N  k 	((0s4 	Ea f)) (ft 4-9-)-g113  

Q> \ 
One can see that o is proportional to 1/14 \ Q? and 

hen 	to the concentration of impurities. Men the concen.. 

trction becomes small, long..range order no longer exists, 

(6.35) ie not the same as the eorresponding result in a 

Helnnnborg antiferronagnet using JRKY(R) an the exchange 

interaction, Vor. the Heisenberg model ( Sokoloff 1969 ), 

the spin rave energy is 

21, 	=(N< Sc4  >) 1( TR ty - TR to (61))( linty (.1) Test#9) 
	

(6,36) 

= 	<4> 3)10N - xY0)(7cyclui.) - roo) (6.37) 

(ii<szs)Ttroem _7(°(0))( n ts+ 9 	eat) - I17EN12.  
it I Ect4§.)-Kkjj`t— 	Eas#91-goi 6  .38) 

The differenee betreen (6.36) and (6.30 in the denominator 

arisen beccuse the )?xix. intorpetion in only of moon& 
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order in g or J. The condition for the "static" approximation 

when (6.38) applies, is that low energy itinerant electron 

excitations have a lifetime much shorter then the period, of 

the spin raves under consideration, (6.35) applies in the 

limit when low energy itinerant electrons have a long life-

time. In the method of this chapter one expands in powers 

of clio to got (6.35). Vhereas in the J.Y.R 	approximation 

to get (6.38) one takes the limit w/o  0 for the itinerant 

electrons to remove any dependence the itinerant electrons 

may have on freouency. One cannot Interchenee the two limits 

since both d and A have a totally different form in the 

limit (A)/ 	0 and the limit (b/w 4 O. 

'We will now Investigate the epin Wave velocity for the 

dilute alloy problem. The condition for a dilute alloy with 

locel memento to have long-range order le given by (6.22). 

It le eatlefle if the enhancement due to I compensates for 

there not being a Tonal moment on every site. (6.24). (6.5Z) 

and (6.34) nor apply but with g in terms of g i  given by 

(6.15). with I # O. so that g i  << g. We also areume that 

there is no region of nesting in the band, so that g << EA)* 

IgArreVer I/ E200 is of order 1 throughout the band. Thus 

+91 = y =if<4> ) &(1 szo> <(5-:› 	(6.39) 

From (6 4), 	'43) anM (6.34), applylin the approximation 
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(6 zW*  the spin wave velocity nor becomen 

c z 	E(IA\KG-:›  )1aV IE(1) -  IVE(k)11  nk (6.4W 
3N k €049J-E0s)1 	Ea+g)-0 

Tie see that o le of order g/Ez  * 'there Ez  Is the moan 

value of E2(k), rhich is a measure of the uolarlsation of 

the itinerant electrons* 

In this chapter we have extended our theory of villa 

raves to a system of itinerant end local spina. To have 

shown that it to possible to treat them on the rama footing*  

Two specific examples are inveetigated* In one cmce there le 

e local mment on every site but no correlation between the 

itinerant e ectrons*The other case is a nearly entiferromaz. 

netto syste4 with dilute impurities*  The spin rave velocity 

has been calculated in each case for a perfect entiforromagneta 

In the tomer*  the epin rave velocity (G*:15) is of order 

li z <Szcp> * where <8>/14 is the sublattlee macnetination 

per atom of the local moments* In the latter*  the epin rave 
velocity (6.30) is of order 1/LT2  <4 ' ›, whore Ci7,>/ii* is 

the sublettiee magnetization per atom of the Itinerant 

electron',. The results do not agree with those balled on the 

11414Y. HaM ltonian but this dieagreement in shown to ariee 

because of the different approximations used, The B.E.Y. 
Hamiltonian is correct if the conduction electrons are 
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static • compared with the period of typical spin rave 

frequencies, rhereas the theory 5n this thesis applies 

Then the dynamics of the conduction electrons are included, 
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Ohapter ? 

Spin. Correlations in Gamma Eanganese 

I The Uagnstisation in Gamma Manganese 

The only other element of the 3d transition aeries 

besides chromium, for whioh there is strong evidence of 

antiferromagnetism is r-manganese. By extrapolating their 

results on Uns.N1 and Un...P4 alloys, Hicks, Pepper and Smith 

(1968) obtain a value of 2.314 for the sublattice moment 

per atom, The results of Bacon et al (1967), on 	yield 

2.4/18  for the sublattice moment. If one discusses g-manganese 

in terms of the spin density rave model, as we have done for 

chromium, then one must have a ride energy gap in the band 

structure I of order 3 to 4 ev ) to produce the large sub-

lattice polarioation of 2.31.4 per atom ( Lovas et al 1971 ). 

Hand structure ealeulations have been done, in which a large, 

selfoonsistent field has been introduced into the Hamiltonian, 

rith a periodicity different from that of the lattice 

I Fletcher 1971, Assn°, ramashita and Walcott 1968 )* However, 

a wide energy gap suggests that for g.manganese, one is in 

the limit of a strong correlation model, and Hartree4rock 

theory and band theory cannot be immediately applied, 

Ulth such large gaps, arguments to do vith nesting can 

not be Important, Another difference with chromium is that 
the alloys of Mh, disousred above, are either fo,e, or 
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have a tetragonal diotortion, with alternating ferromagnetic 

planes. In contrast 98 0r-2 	alloys are b.c.e. with clearly 

defined nearest neighbours of opposite spin. It is not un-

reaeonable to try to describe )(..mangatiese in terms of a 
model which includes the strong correlations between the 

eleetrons. Hubbard's theory (1963, 1964) of strong eorre.► 

lations, le eonplloated and he bas ,only applied it to nickel, 

effectively a. one band problem. Edwards (1970) has shorn hoer 

the theory, in its simplest form, can be applied to Go„ Ise 
and h. 

In Edwards,  theory the band.structure is split into two. 

For a motel with 10.r.n a olectronc per atom, where r is an 

integer and n<1, there are r localleed electron states per 

atom of high energy, which ere empty, and a band with 

(10..r)14 state° containing aN hales of low energy. The inter-

action between the two types of band, itinerant and localleed, 

is assumed to be a phenomenological s-d interaction. to will 

work out the ground state of 1(.manganese without this last 

assumption. We can compare our approach with that using the 

ell interaction, which is not so likely to produce the strong 

polarisation neceseary to tit the observed sublattice magnet. 

leation. gither way one finds that net only are the localised 

and itinerant holes aligned antiferromagnetically within 

their respective,bands, they are also aligned in apposite 

directions with respect to each other on the same,site. 
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The reason for the antlferromuenetien is that there is lose 

restriction on the hoppin6 of the localised holes if the 

localised holes are aligned antiferromacaetically, 

II Strong Correlation rlodel 

In order to calculate the ground state of &manganese, 

we formulate the problem of strong correlations in multiple 

energy bands in a simple ray, We are concerned rith the 

electrons making up the outer 34, 4s bands of Y-mangunose. 

Ve assume that one is able to describe the system in terms 

of atomic-like orbitals, Which are orthogonal and as local• 

used ae:possible. If IN and. Ni are lattice sites and ia and)) 

label orbitals, then the Hamiltonian Is ( Hubbard 1963, 

1964e, 14 0 ) 

where 

ri 	itkV 

	

H 4.3 D;; 	Ci).)  
I:41 	4  

Itt )V  
An> 	r 	, 

Dt‘i 	63P- (r- Pi)(- 	Vogl (01)(P.- -Rf) CIS 
2m 

Oa) 

Vo(r) La the periodic, o o tial of the  lattice and V is the 
part of the Hamiltonian tzom 	from Interactions betreen 

electrons. The purpose of band structure calculations is to 
find mavetuuetioss 

A 2.Y 
Yrkrt 1--  IN 4 akµ  t)„(r_ R 	k.Rt" (7.2) 



my 
with band index n, which diugonalice bq 

v, 1  Av _
lv  
N 	\ (n) 

Li ok u 	= Er1010.* v 

where bq
mv 
 = c, 	

Atv • k (R
I  4
—R*) 

l  2 bk e L  -. - 
" k -.: 

so tl'ut 

(7.33  

and En(k)  is the energy of band no  In an atomic baste 

1 Cl  r 7 , 
\ : 
	I 	 •   

V = 1-  G (, CI 	1113 J.1)  I e 1  i il 3  L ri
\  C Cp.  03.  CisP rri  C i r CI C k”.1 

4 	• 	
(7.4) 

AA?)  LA
, 
 07 41.2. 	1T2- 

t 
where 	< C(L)  iv I e "L  1 kf  I it z- e 2.ff 1̂),L(f..\)(A)iy(r.s_s)tOkr(t%)1ArfOciptirs' 

As discussed in chapter 1 the magnitudes of some terms 

In this interaction are large for a-like orbitals. to assume 

that one can clearly distinguish electrons in the system 

which are In d orbitals. As one goes Amin the d transition 
ittl)  

series from Ni to Cr, b q becomes more important and V less 

important. The major terrao in the interaction, are those 

between d 

imatelY 

V = 	Nie 	TV NAG-Nye- 1-  U ZiNturi va, 
144 µiv M#V 

tri) 

+ constants independent of opin, 

where I is the intramatomic Coulomb integral, J is the 

Hundis Rule Integral and U is the intra-atomic Coulomb 

rbitalo on the ewe site so V becomes appro=- 

? 
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cr 

(74) EV4' ÷ titur 11)(5- 

(132) 

integral between atvlic functions of different symmetry. I*  

J and U are apsumod to be independent of the symmetry of the 

ad orbitale*  In this chapter the effects arising because the 

d orbitals have different symmetry will be largely neglected 

so as to make the resulting model solvable. 

For widely separated atoms the Hamiltonian (7.1) reduces 
My 

to the atomic representation in which bc; = 0 for i J. 

Then one can choose a basis so that 

Inhere it is assumed the 3d atomic energy levels, labelled by 

/1, are approximately degenerate with energy Ed . The energy 

of holes, in the Hartree.-Poak approximation using (7,5)*  is 

EH, 	=Ed 
	I 	— 	1F, (*LOA') (7,7) 

where ati, are the roman number of up and down spin holes 

per site, Alternatively this can be rritten 

E I%) 	= ed + Lief (irt++ 11,0 + Ten:  rim. 	(7.0) 

where Teff 	+ S T 	acrd Ue  = 	- 

Only the last term in (7.8) is spin dependent, 
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In the etrong correlation model both Jeff and !Jeff are 

large compared with hopping energies bq 	3. Jar a 

metal containing (r niN holes, their effect is to ensure 

that there are predominantly r or more aligned holes per 

site, with fluctuations from r to r 1 holes or from r 1 

to r holes, In the extreme cave rhen n = 0 there are r 

aligned holes on meet sites and the energy require& to 

(mite an electron into one of these holes is large, These 

holes may be treated ae loealisede  as suggested by Halyards 

(1970)„ 

t4 .thin second order perturbation theory the-energy 

correction, if hopping betreen nearest neighboure is alloyed, 

per nearest neighbour pair, is 

- 6 	r (Jeff +Tee) 	 (7.91 

for antiferro 	ef .c counliri b treen the localised holes 

and 

— '76-) 621 Ueff 	 (7.10) 

for ferromagnetic 	 batmen the localised holes. tiOf 

is usually such creator than Jetw s  sty for r = 3, antiferro-

aacnetio coupling gives the greater redaction in energy. A 

similar arcument ras used in chapter 4 to obtain (4.211. 

The factor 1 .» rjb arisen bemuse an up spin hole, in a 

gtvcn orbital, jumping onto a site with r up epin holes 
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alreudy on it, will only have u probability 1. - rib of 

finding an orbital occupied., The orbitals occupied by the 

r localised holes, on a (Avon site, are chancing continuousIg• 

tc assume that the direct lattice can be divided up into 

two sublattices A and B with the localiced epins on A up, 

and the localiced opine on B down, When n # U one can concider 

the props,
mv

ator or Green's function a 	0,3 ) of the n 

additional itinerant holes 

. . 1'1,.:), c...(to) = 	<< C t:po- 	i pa4. „
- ,,,.) 

- i rt 	 + 	t - Z 	L <plccior  1  	cio- + . 	I 	c• I p> e-13 /5  cJvc P 	t4 -CH-£P) 	 W+(4-4) 
(7.11) 

wherecipir creates a hole with ellincro in the orbital)), on 

the site Iljt 	is a conficuration of the localised holes, 

which has energy p , 0121400t to the condition that on the 

sublattice A, the spins of the localised holes are up and 

on 11 they are down, 

Within the atom,/ repreoentation defined by (7.7) or 

(70) 

(7.121 

cdomic 
where 	Goo 6,0 	(►---'>$-)(6)-fo-reqrlANP) 	0 .(74.13) 

0 	(w- E',- e'ref - 	• 

( •I3 
 = (A, A), (A, 3)„ (B, 	and. (B. b) when Wit 

lie in oublattices 	Ai, (A, k31, 4B, A) and  (Z3, 

) 	 atomic 
G. c-(W) = s/A)) 	G.,p, (u)  
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respectively, 	€4 + Tref (r n) and no  , n 84,  are the 

mean number of itinerant down spin holes per site, on the 

sublattices A and B. We have assumed that there are always 

either r or r + 1 holes on every site. 

To include-,the kinetic energy term, T o  in the Green's 

function one commis that just one band m is involve& in 

the hopping of the itinerant electrons. We define 

cro a,(4)(cAfr);(c411> 
kcgkctr tt)  

(7.14) 

where = 	(cm k6- ± c m  k+Gtr) , 

= 	a1111)  ctst„ e R  (7.16) 

diagonal' es T, and 14 in the spin density rave vector of 

the localised holes. Then, the perturbation expansion 

a'Fomic - 	- 
G- 	tA)) 	T ova (7.16) 

(01) 64-  eo-Ief MA+) Ei6e) 	Ea 	) (7.17) 
A) 	w-EcCrettleffno)-61 

becomes 

where 
Ellz 	= 2(€41 ae#G2P,EhA)) 

	
(7.18) 

For r = 0 (7.17) reduces to (4.10). One can also reduce 



r_ 	z (-(a-dj + 
`-4 tifft SD 	zW -C,44)+ 

c 
W 

b + (0,-4) 
ca_44)-- 80 that 

6 
G- (k W)oto - ( 0 	(A)  b 
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Jet to I* in (7.17) because of correlation between the 

holes as described in chapter 1. We can write (7.17) as 

-6-ris-)61(0-0-  ref nAJ, 	tI( ) 	(7.19) 

where we have absorbed unnecessary constants into w 	E is 
half the bandwidth, the energy zero is at the midpoint of 

the band structure and we have defined E1 (k) = t 1 (10 • E 
( t i  is positive ) and tz(k)= Ejk). 

For manganese r = S. Clearly the itinerant holes rill 

line up autiparallel to the localised holes, if the up spin 

band with a majority of spins on Ai has lower energy than the 

up spin band. with a majority of spins on A. The condition 

for this, is from (7,19), approximately 

(33et E) < 
Tek < fE 
	

(7,20) 

Edwards.970)  has euggested that this is a reasonable 

condition r manganese since deg /E decreases down the 

d transition series. (7,19) may be written 



cgs = 
4-4) + D 	Cck-4 +  fl 

D 	2.w -(a-+d)-  b 	iLo - (0_4-4) 	• 	(7.2s) 

	

4\ 	4\ 
= = IV  2  

	

ftg 	 2.03 - (0,+d) + D 	-(a.4 2 ) - 	D) 	(7.241 

rhere D = 1f (d - ail  + ilbc. There are two antiferromagnetie 

energy bands, of energy 

, E1,2 	-127(°-+  a) T: 
	

(7,26) 

The contribution to the su.blattice moment from the itinerant 

holes 18 41(a8+ nl  13pg , where 	+ 

1184 = 	-r-L 	 G'ge  (k i t))) do 
r N 	

EF 

2D(MI:4 I)) + nitlY" 4 
	

(7,26) 

hO4N 	717-1\1 c E 11,3 	(k ,t) 4Lo 

n 
'1;4-  nk ' (a-A+ D1 + hi, 	Ea_4--j4- I)) (7.27) 

k 	51) 	.51 D 

ii(n8+  - no) ie obtained,*  from (7,26) and (7.271, by eolving 

the selfeoneletency equation 

=  

leff  [ arlkt rq52.) -1 [3 434 -0N-Eg 
2.N 	k 	Joh, 1 go NI 19 - Terf--E01-N 

  

(7.28) 
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Clearly }trig+ nft+13/10-3nplit 	so that the total sub- 

lattice moment, including the localised spins, is less than 

( 	e3n ) :itta 	The total moment depends on the size of 

the first term in (7.28). A reduction in the number of itin-

erant holes increases the total moment until-it reaches 44 

for n= 0. 

This kind of behaviour is confirmed by the experimental 

results of Hicks, Pepper and smith (1968), who found for 

UtpIld alloys, that the total moment increased from 2.3/18 

for pure Mn, to 3.0p.s for 80%Mn-20%Pd. One can argue that 

the three extra electrons per Pd atom Just fill up the 

itinerant band. 

Though this analysis is very crude, it does illustrate 

how the presence of a split off band of holes reduces the 

orbitals available to the remaining holes, and. how this 

favours antiferromagnetlem for the itinerant holes, Edwards 

(1970) introduced a phenomenological s-d interaotion 
Jeff - €16 to describe the interaction 

between the localised spins 	and the itinerant spins 01. 

For this interaction the selfconsistency equation (7.28) 

would be ( see (6,14) ) 

3 = 	(nkl-nk2) [9 - kTe11-(01-4E)7  
Ir\1  J[3_34Tee-wo-340)2  ta.Ios) 

(7.29) 

This equation is far less likely than (7,28) to produce a 
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large polarisation, of order 0.61a8 , in the itinerant band. 

In order to make further progress one reouires a simple 

phenomenological. Hamiltonian which describes roughly the 

dynamics of the system* For example, experiments are already 

being done to find spin wave energies in -manganese ( Lowde 

et al 1971 )* Edwards' phenomenological Hamiltonian does not 

describe correlations properly. nor include the interaction 

between localised holes which we claim is the cause of the 
antiferromagnstlem, However, his HAmiltonian is rotationally 

invariant, which is essential if one Is to calculate spin 

wave energies* There does not appear to be an obvious 

candidate for a Hamiltonian which satisfies ell these 

oonditione. 

Sawyer, it is interesting to note that Y-manganese lies 

in the atomic limit of our theory of spin waves in itinerant 
electron models of anti:ferromagnetism* This is the opposite 

limit to chromium, Future work may enable, at least a 

qualitative. calculation of the spin wave energy in manganese 
to be made.  
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