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Abstract

A general method of calculating spin vave energies
to the lowest power in the wave vector ¢ is described,
which is applicable to both metallic and non-metullice
magnets in the abezence of anisotropy, though particulur
attention is dirscted towards the metals of the 34
transition periea. Though the approach uses Green's
funotions, neither & dlagram techalque nor the deooupling
of equations of motion is usedt, Instesd of these approx-
imationsg, the method espunes a form for the generulised
frequency dependent suscaptibility X.(g,ulj » ©Xpands in
powera of g/w , and compares the resulting squation with
the eguations of motion of X (g.wi expanied in powers of
a/w « In thies way an exact formule for D, where qu is
the energy of ferromagnetic spin waves, and a reliable
formula for ¢, whers og ip the energy of antiferromagnotic
spin waves, are caloulatsd,

karlier rigorous results on the coatribntion of spin
wave interasctions to D in the Heipenberg model are obtained
more guiekly and parallel work on the one band, shorterange
interaetion, itinerant olectron model of a strong ferromagnet
is for the first time nut on & rignrous footing. An estimate
is mafle of the ptrength of spin wave interactions in nickel.

Similarly the linesr theory of spin vaves in the

Heigenberg antiferromsgnet and first order eorrections are



eagily derived, A new formula for 6‘1n the itinerant electron
model is obtained, which disugrees with and goes beyond,
previous calculations, The Heimenberg result is found as &
limiting oase, The shortcomings of other calculations and
the problem of the interaction of spin waves with single
partiocle excitations are deseribed, ¢ is then caloulated
for chromium, the only weakly antiferromagnctic puré metal,
and for antiferromagnetic alloys containing local moments,
In the latter case our formula for ¢ 1is Bhown to be an
alternative to using the Rudermasn~Xittel interaction, In
the last chepter a description of strongly sntiferromagnetic
~-mangenese is outlined within the itinerant electron

model .
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Chapter 1
The Itinerant Electron llodel

1 Exehange in retals

The energy of a group of electrons dapends on
their spin orientatione, even in the absoence of ang
spin dependent terms in the Hamiltonian of the
electrons. This purely quantum mechaniecal effect,

arising from the exelusion prinoiple, gives rise to
exchange energies which determine the properties of
most magnetic mateorials, Various sorts of exchange
coupling are knmown e.g. direot exohange, Luderman-
pittel, itinerant exchange and superexchange. The
gimplest to handle mathematically and the earlicst
one znyestigéta& iz direct exchange ( ﬁorring 1966a)
which will now be described.

¥Yor a system with one available orbital per site,
¥ sites,‘aud one electron per site, the electron
states oan be put into correspondence with the states
of a spin space defined by spin operators S; on every
site R{ « Then the Eamiltonian'H.'approzimating the
low snergy cigenstates of the system, has the following
simple form in terms of the spin space operators
{ biras 1929 )

WJ {1e1)
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where J;; 18 the dlfference in energy between the config~
uration in whicb the spins on K; and R} are antiparallel
and that in which they are parallel. (1.1) is known as
tha_Heisenberg ifamiltonian and 1s the eimplest expression
involving the spin operators which has rotational
syrmetry. (l.1) does not only apply to direct exchange;
Ji could be defined to correspond to superexchange or
Huderman-i.ittel exchange coupling.

This Hamiltonian does not apply to the itinerant
electron model of & metal in which eleoctrons are in
vloch states labelled by a wave veotor k ( Bloch 1929 ).
The eleotrons do not remain on one atom long enough for
i3, to be defined, iiow the exchange coupling arises for
itinerant eleetrons is discussed in this section. A much
more complete and detalled account is gilven in the review

by Herring { 1966b ).

in order to determine the energyIE(g) of electrons
with wave veator ky in a wmetal, a band struoture calcula-
ion 1o done ( Callaway 1964 ). The elements of the seoond
half of the 34 transition series, chromium, manganese, iron,
cobalt and nickel form the iron group of magnetic metale,.
it is with these metals that we shall Se mainly concerned,
Yor them, one his as the basis for the band structure, the
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vave funotions corresponding %o the five degenerate 3d atomio
wave funotions of different symmetry, plus atomic s amnd p
funetions.

In general it is found ( Fletoher 1952, Yamashite et
al 1963, Hubbard and isiton 1968 for niockel ) that the density
of states has & nerrow pesky portion of high density,
gorresponding 0 predominantly atomic 4 functions, supers
imposed on a wide flat portion of low density, oorréspona-
ing to main:& s and p funotions. Then one incluies the
Coulomb interaction beiween the eleotrons in the Hamiltonian
it 48 pluplest to assume that hybridisation between the 4,
8, and p banlis 48 srall 50 that the Uonlomd interastion
has distinguishable terms corresponding to d-d, g~4 and
s-5 interactions, The & banis are £roe electron-like and
the interacting iree eleotron gas is unlikely to be magnetie
{ Herring 1966b ). So $he s bands are usually negleoted
 when looking for the sause of the magnetiss, In the 4 band
the electiron charge donpity is ooncentrated snear the nucled
of the solid, so the Coulomb interastion is strong. This
looalisation in the & bsnd 1s slso the reagon for the band
being narrow,

The easlest way of imeluding interactions is to apply
the Harirse~Fook approximation so that one remainsg with «
one electron problem, ihe Hariree-Fook approximation
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introduces a self-conpsistent exchange £isld inte the cne
oleotron Hemiltonian, Thim £ield im the molecular field of
S¢oner Theory { Slater 1947, Vohlforth 1963 j sn@ splits
the up and down spin bands by an energy OE, called the
exchange splitting.

‘the intersotion, in a basis of Bloch functiions of
tight-binding form, in the iariroe-look approximetion, will
include integrals betwoon gtates with parsllsl spin of the

type

% *
—Tm&hk' =" {fwmgGJYﬁ\g'(ﬁ)%fmg(&%k’@éﬂ&‘z (1.2)

where .)U‘mkvc- = \[_Z el.k gt Q.(M) WMO_([:"BL) ‘1'3)
, *,M. .
K. R .
= ‘&‘\l— E e“ R‘ ng(r"gt) {104)
(8

where sz(g-gg} are atomic d functions with M denoting thelir
gyauetry. The largest terms 4n (1.2}, written in a basis of
k Gopendent atomis exohange integrals using (1.4),ere

Lim = “lwgm(ﬁ)‘z%l |Wim (8)I* drds {1.5a)
. 12

vhoge value is of order 20 ev,

Tim n = q wk,,,(g)wk,,(ge Wi () Wi () dndes 1,509

ll
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end 1 gm(g) = “ ,ng(!‘l)lz%; I“/gm(.(‘rg)’l.ﬂ 0 (1.6e;
2
of energy 1 ev and 5 ev respectively, whers R is & nearest
neighbour distance ( Freeman and vatmon 1961, Herring 1966b).
Iy (R} would be much smaller if the sersensd Coulombd
interagtion were umed t0 evaluate 1%,

It should be pointed out thas the Hartree- Fock approxe-
imation is different if one started with an atomic basis for
the interaction, V“hen we laser wish %0 approximate the
interaction, only terms representing the interactions between
slectrons on the same site will be retained, The interaction
snergies involved are X ant J, aversges of Iy, end Jyy s
respectively., I is the intra-atomie Coulomb integral repres-
enting the interaction between elestrons on the suzme mite,
in the same orbitel, with opposite spin and J is the Hund'e
Rule ferm, or the intra-atomiec exchange interaction betwesn
oleoirons on the sane att&. in dofferent orbitals, with
parallel spit, The other intrs-atomis integral U, is the
Coulomb integral between orbitals of Aifferent symueiry
and is independent of the spin of the electrons,

in order to estimate reslistically the maguitule of the
exohenge splitting AT between up and down spin bands,
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Slater (1936) used
AF = Jeff An
- (1.6)
where An s the difference in the number of up cnd down
spin holes per aite and Je#n & suitable aversge of Jym K'n .
Van Vieok {1953) pointed out that Joir should ineclude some

weighting from 1., , such as

Teff = ¢(4T+7) (1.7)

However as 1 is Of order 20 ev and An equals 0,6 for nickel,
+he resulting value for AE 4is mush too large, since a reason-
able valus for AE for nickel is O.é ev, |

This argument, of course neglects the effect of the »
elsotrons whioh will move 10 sereen I and J and may reduss Jai
to the right order, From the atomie spectre Van Vlieck argusd
that '

':1(0| 8!__ q.l-. o
E(d"%!)+ €(d%") - 2E(d%") = T6ev « T (1.8)

iz the expresgeion for the intersction energy between two
holes, E{a"s™) s ihe energy of the atomic sonfiguration
a"s"oontatning n 38 electrons =nd m 4s electrons, o that
a°s'nas two 4 holes, 4's'nas one & nole and & s'has no a
holes, Alternatively ( Herring 1966b ) one oan compars
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E(d%s) + E@®) - 28(d%) = 2ev (2.9)

In sny cage 1t is not olear how relevant these arguments
are to a real metal where the s elsotrons form a broad band,
To swmierise there are two viewpoints. Either I is of

order 2 ev, which 45 less than the bandwiath, and the
soreening by the s electrons is geoa:. or I 4s of order 8 ey,
greater than the bandwidth, and the sereening s bad, Of
the metals, n!.e_kel, manganese end cohromium, which we will
be Aissussing in deteil, for nivkel both approsshes lead to
the mame conolunfon, In nickel with sbout 0.6 @ holes, if I
1s small, thore is 1ittle wm:.étm snd there are often
two holes an the same site,. If 1 is lsrge the holes will
a'mm sach other and the & m will be well corremtaa. a‘o»
inelude the effect of corrolation oge muat go beyona the
Hartree-Fook flm:ry. i‘h!.a wap done by Kanamori (1963) uaing
an apymxmaunn which wam am;rayrzate besausze of the low
density of holes, He obteined a new value for I, Ieﬁ *
which 15 less than the bandwiish end roughly tha seme size
as I in the weakx correlation model., |
The Stoner sriterion for ferromsgnetisn within the

moleonler 71618 model is

Jegr N(€e) > | | (1.10)
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This condition is effectively the same in both the weuk and
the strong correlation models, but is strioct. For (1,10} %o
bs patisfied one must asgune that the density of states at
the peramsgnetic Fermi energy, H(Crl, 18 mignificantly
greator than the meen density of states of the band. In
nickel the high density of states near &r cowes mainly from
one pubeband, at the top of the 4 band, which im flat in IV
direotion, This is the Justifiocation for considering one~
band moldels { Iowde and Viindamor 1970 )., There are in fact,
190 holo pockets around X and degenerate at X, The 34 band
of nickel 1s nesarly full so that one ocan ploture the band
structure ae being seymptotically parabolie, with no down
spin holes &n the ferromegnetio state,

Ban@widths get ‘vzidar end intersotion potenticls gst
weaker ag one goes down the 34 transition series from nickel
{0 chromiun, Thus for chromiun, which hus wesk megnetic
properties copnpidering it has 4 to § & holes per stom, the
weak correlation model is usuelly adopted, Vanadfum, the
element before chromium in thw periodic table, is none
magnetio, -

Kansmori's theory applies when there is o low density
of holes -n8 is correot, iike Stoner Theory, in the band
iialt vhen I-> 0, but is also correst whem IL-> o0 » Yhen
I 00 the atomio 1imit im correct no matter what the
density of holes, The metal then looks like a lettice of
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1polated atoms. Mubbard (1963, 1964u, 1964b, 1966) hes
worked out & theory, whiech is correset in the atomic limit.
Atomic and bandlike charasteriptios arime in the following
way o For & partially full band the spin on each atom
fluctuates with charaoteristic time fi/b, where b is a
typical hopping energy between mites, Howsver, correlation
kesps the spins on one atom aligned so that there is a
- preponderance of up spins on one atom, For strong eorrelations
the spin becomes associated with the atoms rather than the
electrons, Hubbard (19640) applied his theory 4o nickel
only and, like Xansmori, atill got the same gort of exehange
splitting as the weak correlation problem, even though the
intersctions between electrons on the pame site are very
strong,

For eobgiis. iron and mangsnese thers are more than oane,
two and three holes per atom respeciively., Hubbard's theory
for theps elements is complicated, but Edward (19?{2) iia.
suggested a phenomenclogicel theory whioch retaing the
espential foatures of the Hubbard theory. Then the espential

featurse for a motal with (r+n)¥ holea , where r is an
integer and n<l, is that a band of ri holes is split off
from the pertially £illed bands, Thess idess must be
generaliged when one disusses menganese, which is entie
ferromegnetio, The mlternative approach to manganese, based
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on the Hartree-i"ook epproximation, recuires & very large
antiferromagnotio exchanga.fieln of order 3 to 4 ev ( Lowde
et al 1970 ), The use of such & large exchenge field seems
unjustified in a moleculayr field epproximation, In a later
chapter we shall discuss manganepe in more dotail on the
bagie of Hubbard's and TAwards' theories.

II Green's Funotions, Susceptibility, 'sutron Scettering.

In this seotion the method 6f Green's functions, used
throughout this thesis, will be briefly described, A full
ageount of the technique, which is used widely in éagnntiam,
is given by Zubarev (1260), For example Hubbard in his
papers (1962, 1964a,b,8,1966) used retarded Green's functions
' ‘%o @smoribe the propagation of electrons. These Green's
funotions, from which the prﬁyarties of the system caa be
adturminnﬁ, can be solved from their equaiionn of motion,
‘Thers is encther kind of Graen'a funct:oh, the causal Green's
tunction ( rartin and Schwinger 1959, beym and Mermin 1961 )
which 16 useful when one wants to eolve problems by means
of perturbation theory.

The retarded (+) and edvanced (~) ureen's functions

are defined by

¢ AL sBEY = 7 F200xE [ AW, BE)] > (1a3)
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Hek p o~ (MR

, , |
waere 4lt: = e and B{t} sre two operators,

I+

min  [A,B], = PB +pBA | p=2|

sepsnding oi: which ever choies for I} is wore coanvonient
(usualiy n= +1 1f » wad  are formions, N= -1 i + and 3
«re bosonsl, Oix) ip the step runmetion

O{xj=1 if x) U, = 0 otheruise,

sod the thermel vversge <.a> i derined bf
O - £ TefeMHy | 2T

stnoe & a{4); E(£}) 1g & fanctlon of tet one van Gefine
the Fourisr traasform

<A B, = [ KAOEOY R aaa

Then 1% can be shown (Zubsrev 1960} thes & Ay b

ie unaiytic in the upper helf-pikne of the couplex v plane,
Iw) 9, and iy BY,; ia analytic in the lower haife
pians, InwdD, The discontinoity =cross the resl cuis ls
relateq to the correlation funetson < A{4)B(0)) by
(AR = %ﬁ ( "~ lim («H’B»‘*fi - < ﬂ)e>>w-f€)é o
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ana € A58 . = (€B;A )* (1.13)
& A ; 5)}:’ slso eetiefy the sguetion of mat_'ion
a A BY. = CLAH]; BY. + \/[A,B],I} (1.24)

The ccunel Creon's function in dofined by

Glt) = j:f— ST § At BE)S) (1.16)

more  TEMOBE) = 0Cet) Ae)BE) + y 66~ BE) Y

with)= 1 4f 4 end B are ¥oge operetors end p= «) if 4 and B
exe Fe:m!. opayciors, '

%o evaluate the caussl Creen's funotion one mmst evaluate
the lwaginasry time Cveen’s fanvtica

Go) = 2<TIAORYD  aa

share A{Z) = Hos Ae HV"", For & Hamiltonien H=Y + H,,

where H, ig a goxﬁmbat;m, one gan write () in the

following form, whish shows how (3(r) can be writien as a
series of products of imaglnary time Green's funetions

dependent on H, alone:
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. ’
&) = —:K(_ <T gexP(’fo ﬂH, @)de/4 ) Ak) B(o)})o (1.29)
CTiexp Gf,,mu.(z')dz'/« 3,
whers <X>° = ZL Tr ge'(g%)(j . Z = Te fe_‘ﬁﬂoj

& () 48 dofined in the range OS2/ hB, x0& (T}

can be written in & Fourier sories with Fourier components

TR
- L {WhT _
Gr(wn) = zf_m c™TEE) , ene T qas)
Then - |
Crec () = )E(ﬁz et G (wn) (1.19)
h=-

is defined in the range - 0 < ¢ < 0O
G (W} is reletsd to the retarfed and advanced Creen'sm
fanotions by { iartin end Sohwinger 1961 )

Gl = LAy 83):;)“ for W, >0 (1.20)
G (wa) = €AY B»fwh ror w,< 0 , (1.21)

Thue the caussl Craen's Punctions ore obtalned Girectly from
the retarded and advanced Green's functions, end the
analytic sontinuction of the sausal CGreen's funotions
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deternines the retarded and alvanced Green's funotions,

In magnetism Green's funotione wre directly related to
two physiocal qnantlttob. the sunceopiibllity and the
differential cross-gection for magtetvic csaitering of
neutrons { Zubarév 969, Izuyema, Klm and Zubo 1965 je The
inieraction encrgy between an oscillating magnetio field

IRV ’
+H, € gL'+ wt) e & + complex conjugate

and the spin denmivy S,,Lit’} of u system of elecivrons is
’ -t ! t’ f'
—JMs %Hi ~(V S,((")QL L )eE c{g' + complex conjugate (1.22)

whore the integretion is over the voluse V of the whole orystal.
Zhe response of & point r of the spin density, at time i,is

6Sg(e,t) = ~(gume)*Re [(( Sﬂ(.ﬁ) 3 SeC9) »mgg H, el et_-,
=~ Re [%«sgcw; S Vi H e L@ kperatl & (o o)

where the awnm'ucn is over recipreesi latélce veotors X,

B Sala) = [ Sl

Then Se(k+gq,9) = Ko (R+9, 9, ) Ha | (1.24)
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where we define the dynamicael splu sascepiivllity as

Koo (Kr2,9,9) = —(%-e)z< Se(k+9)3 SuCe) >>W_Eu.es)

The Aiffarential neudron eross-ssoslon is { Lowde and
vindgor 1979 )

e _ ('ﬁc) Z (S,,ﬂ q,,(q,,,) M (% ) (1.26)

vhere k ig the wave vestor of the fnoident avntrous, ;\c,' is

the waye vautor of the seatbered nautrons, .};’=;g+g. ’{g is

the wndt vecsor %/cg, fw = gz'f/m - gﬁé}m nnd E&“ﬁ{g,w; ig

the sorrelsiicon Swaetion of $he megnekisation, which eguals
(&) S(q,v)

vhen only the wpin megnetisation of the elsetrons is

important 1o scetioviang the asuilrons, whsre

$H(a, ) = L x| & fdo ( I R NN

I

( ck,— o twt, <go¢CCv 4 %g(-q;)> (1‘28)

Sdﬁ {a,00) 4s weleted o the ifmeginery part 0F the cuscop=
+4b31i%y by Touyame, Kla oo Fubo 1965 }

Sm(fy)w

SH mm

"

&0~ ) T o) G, .
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(- etV DXy (a9, w) (1.,30)
™ Csm’z o(ﬂ ~ &

from (1.,13) end {(1.25), where symum, denotes & function's

syamotris pard,
Cne oan therefore see the importance of eclaeulating

the Green's fuastion (& Sx(K"'Qh Sﬂ Gﬂ’ ) $>w+(€ )

in Hubbard's papers the single particle Green's funciions,

for which A=ze., B =e} in (1,11), were uscd,
111 Magnons

The inmediate conseguencss of the Helsenberg Hamiltonian
-3 Y, B¢ oS; o With )0, are that the ground steate is the
me:%de [o> s Tith total spin lls, and there wre exact elgen~
states |g) , of energy

fw = [TO)-TRJs = Dg* + 0(g4) (1.51)
with total spin (lel)s dofined by

oy = e Se o> (1.32)

where Sq’" = Z.'em" S S{- « These excited states,

(
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|4) . ave eulled spin waves,

Herring and Kittel (19Y51) using & phencmenclogical
seni-classicc) appreach, which is indepenfent of any
detailed model, srgued thet these resuits (1.1}, (1.32)
wey epply outeide the yronge of validity cf The leligpenberg
mofel, In thelr method the bloch Telld siiffacee i, Uefined
for a ¢mbie crystal ilu terms of the enerzy increuse §Si
aggociated with transverse nonuniforpity of the magnotige

ation :i{r) by
s = ATQY QU ()] /i s

can only be determined theoreticelly by a guantum mechanical
salouintion ( Herring 196tc, ikhiewer et al 1868 ), Spin
waves, or megnons, are the quentisef units of waves 4n
the uniform megnetisation of the megnet, They alwo conject-
ured that spin waves would be prepent in a bund model as
well as the excited single partiole atates poesible in
Stoner Theory. is Stoner Theory and Herring end Kittel's
approucgh uge sutusily exclusive approximetions, a firmer
foundation for spia wuves wus roguired. Izuyase (1960) and
izuyeama, Fim sud Xubo (1968) showed how to obtain the
complete energy apeotrun for a one band molel, using
equivalent forma of the random phape approximation, “hey
used the Hamilionian
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H= 2 &ine + 12 ninniy (1.24)
R, 6 t

%ithin the randon phass approximation spin wayes are

generatef by +

A k C

N %“(“‘i’) Chtgl ST (1.35)

whers f£({k,q)}> 1 when q>0, In the 1iml¥ q-> 0 $he spin

wa¥p greation operator given by (1.35) is exact, The spin

waves are distingt, £for q< q .y, from the eontinuus of

stoner exoitations, The HPA formula {(1,35) for the spin

2, whon 4 of eguation

wave energy Dy~ im proportional to ig
{1489} i® eclonlated from the energy Gifforeonce in the
Haptres~Iook spproximation between = ferromagnetio and spin
dengity wave arrangoment of the itinerent electron apins
{ Herring 1966¢ ). | |
Te gee tbat Lor both mo@els, (l«d) and (L.34), Se l °>
is sn exaut eigenataie representing a spin wave of vave
veotor g =0, Using this fact, Edwarde (1962, 1967) was able
to obtain the exast foramla for the energy %w=Yg°of a spin
wave in s sitrong ferromsgnetiec metal, using the firat.:
torms of un expansion in powers of q. The only condition is
that the inverse lifetime of the spin wave tends %o zero
fagber than g, ag >0, Bo that the gpin wave is welle
defined, =nd the theory ip exaet for sufficiently emall q.

The only other derivstion of spin weves from firs: principles
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i that of Lbrikosov and Hpisloshineskd (1958), vwho use rermi
liguid theory beyond ite true region of valldity ( Herring
1¢66e i

lovie and ‘iandsor (19¢70) have shown that the model of
IzZuyama, Xin and Kubo (1968), using the UPA approximation,
espentially expluinc the neudron scattering datz on ndaekel,
provided cne replecss I by I.{f following Kanawors (1963),
Eqwerds (1967) wes wble io evaluste Lis formwe for U for
the laniltonian (1.34), approximately, confirming Izuyama,
Fim and Fubo's Tormula for the epin wave energy, with Ieps
instoad of I, Though authors have gone beyond the RPA
approximation, { Herring {1966c) reviews the caleulotions )
the HPL approxiumation for the epin wave energy with an
effective intexastion beff @eoms 0 be the only practiecal
foruude for 7 in nickei,
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Chupter 2

vpin Yuve Intersctions

I Introduction

One of the ptriking effects of spin waves in both the
Heipenborg model and the itinerant elestron model is the
effect of spin wave and elestron exoltutions on thermo-
dynamie quantities at low temperstures, There ars two
contributions to the devistion of the magnetisation from
its saturation value in the itinerant slectron model
{ Ldawards 1968, Edwarde and “ohlfarth 1568 ), Une contribe
ution comes from mpin wave e_xeztationa end goep &s Tw‘ %o
lowest order, snd the other contribution comes from single
particle or sStoner exeitations and goes a8 T > , The T >
tern does not arise in the Heisenberg model bsecause there
asre no single particle electron exoitations at low temper-
atures, Higher powers in T than r”‘ana e will ocour from
interactions between elestrons, megnons and other elemente
ary exoitations ( Izuyams and Kubo 1964, Marshal 1962 ),

0w tempsrature meapurements of the epin wave energy
ﬁw=m‘m iron, have been interpreted in this way { Phillips
1966, Stringfellow 1968 ) mo that

2 5/a.
D= 1D, + DT + DT (241)
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vwhere 1, is the term coming from magnon-electron interactions
( Hathon and VWohlfarth 1968 ) and D, is the term coming
from magnonemignon interastions, For the Heisenberg ferro-
magnet D, is zero and D, has been extensively investigated.
The problem of caloulating D, was solved by Dyson (1956} .
the caleulation of D, for the itinerant eleetron model im
difficult and so far work hag bveen malnly phenomenologlesl.
It has been reviewed by Herring (1966a). There is no
general agresment about the sign and magnitude of D, .,

Ve will disouss these prodlemsg within a unified approach
using a formula for the spin wave energy obtuined by
generalising an expression of !!a, Yesl-Monod and Fredkin
{1968) . Thense previous results for the Hoisenbarg forro-
magnet ure derived more dirsctly. Cooke and Gersch (1967)
and Marghal and Hfurray (1969) obtain Tyson's resulte using
the equations of motion of Green's funotions, whereas
Silberglitt and Havris (1968) use the t-matrix equation,
The problen of spin wave interaotfons in the itinerant
eleotron model is put on a nore rigofoaa bumin, Previous
results on v, { Izuyswa 19648, Kawapaki 1964 J can be
shova $0 correspond with Dyson's Born approximstion, which
is the first term iun his expression for D, , Estimates of
D, are made for nickel., One is also eble %o discues spin

wave lifetimes,
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II General Formula for the Spin Vave Energy

Any pystem which has rotational symmetry with rsgard
to spin has the yroparty that its Hamiltonian H commutes
with bo s that is

L Hl =0 | (2.2)

where S, is the total spin step-down operator. Any isotropic
nodel of a Perromagnet has this property and elgo satisfies
the condition that the direction of total magnetisation is
arbitrary. Ye assuma ‘uhat there is an infinivesimal magnetie
‘:ﬁ'ield whieh fixes the (urection of the magnatiaahion vector
in ‘hhe ground state, so that the majority of the spins are
up. The generalised txana?erna 5uacept1bility 7(, (g, w) 1s
_dafineﬁ. oy | |

X(ov)w) = <<S y Sq Yo
-t f clt e‘wt<[Sq§f) S—()]>9((‘)
= - (e eMT g ), Spen]Del)

where S(r) is the spin é.ennity and S; the total spin in the
unlt cell aen'sra R, with

S fe.‘SYPS(I)c!
S 2 o wXg,

{2,3)

H

n

8

(2;4)

or

28
N
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acoording 4o which riodel we are investigating, In addition
t0 (Z.2) we know that

. =0
L %"V] (2,5)

where V 4s any part of the Hamiltonian H whioh is independe
ent of momentum,

¥rom the equations of motion of X(g,w ), using (2.2},
{(2.3) and (2,5) and operating in $urn on the operators

+ -
S_% ‘t)' S& "’"t)' ve £ind

X2, = § (@) + oSTT D + 0K ()

| .
shere  Ky(a,0) =€ Jq i Jg D> o with the spin
ourrents J,; defined by

-~

cﬂ'-g: = [S_;,H] . T?; - (3:;)1— (2.7)
The firat two teras on the pright hend nide of equation (2.6)
ara of order qz.

S4unoo the epin wave &z the only eigenstute of low energy
near the ground state energy involving spin fiuctustiona,
in all the systems we Aisouss, wo can assume that for small
g andOthe susoeptibility is dominated by the spin wave
pole at w= m;'. %o therefore write

g = 2820+ he) o
w- Dg?

(2.8)



One ocan compare {2.6) and (2.8) #u the region q/ i, ¢ 1.

Then '
tm (w
a50 Yo>o 2.<§‘>

= D = 1 (m lm [q’<[ ‘e, S&]> + X‘T(q')w):, (2.9)

2<S3) w0 g0

(L(q,, w) — 2:(8‘)/&))

(2.9) is an exaot formula for D, valid for any metallic or
non-metallie isotropie ferromugnet, or for a non~-ferromag-
netie wmaterial in the prescence of & statlic magnetic field
H ( Edwards and Fisher 1971 ). For the latter case vwe must
roplace (), whenever it appears, byW-w, , where W _is the
Larmor frequency gugH. Clearly from (2.6) X3 , as well
as X, oontains tho epin wave pole, but the 1limit of Xy in
(2.9) ia finite because the residue of the pole in XT,
Kol I;{Q,)[l, tends to zero as ¢->0, (2,9} 1s not ‘the same
as the geperal formula derived by Izuyama (1971),

For a gas with shori-range interaetiona; for example
the one-band model with Hamiltonian given by (1.34),

o ! .
n  Xg(y,w) = X7 (°> ) (2.10)
Y/ >0
, |
whore )CT i the "irredueible” part of X:r y consisgting of
ell irreducible diagrams contributing to Xr. In diagram
[4
form the relation between X, and X3 is ( Ma, Beal~-ionod
and Fredkin 1968 )
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XJ:]_(S/’ w\ = X,:]- (&)W) + X‘ TS I x ST (2.11)
k+3.¢ K49V
:@:— :Q; _‘s; k-

where xs:r = <<S_; > Tq,- \»w and Xa;;-; ig the irysducible
purt of Xygs The intercetion I if indepentent of momentum
trensfers (540) .Lollows from (2411} f£rom the fuct thut

both Xgr end X.;rs are of Uy ) Ghis shows thet owr reswlt
(2.9} is & generzliegation of {hut of ls, Heslelonu and
Pre@kin (1S66), vhich has Xy instest of XT in (2.5} e The
gene formula (2.%) wes oblalued by kéwards (1967) for s
strong ferromagned with sn srbitrary swuber of bands, at ¥'=
Yor a ghort-rauge one=band mofel he 6180 shoved thet in his
expression corresponling to ')CT {UeW one vould ouit refucible
disgrams, Neuoving theee dingroms fron Xy removes the spin
weve pole in Xy . |

 Gur formelism for X ensures that the corresponding

neubron goattering intensily is zlways proportional to (S‘}
in the long waveiength linit, a result stressed by ilayshel
and Nurray (A96%) for the Heisenberg model sané obssrved in
meiaa.e by Stringfellow (1968). I'or e general systen,
inpuleting or metallie, of interscting olectrons in & periodic

(P V) ¢ 1E

i [re =05

potent ial

(2,12
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80 that (2.9) ocan be weritten in another form

D = (nd\__y\\&) w%o << o O—>>‘°:[ (2,13}
where .7 = 9.V 'piov” = L P TN T (246
A ’ ¥ Zt:E—,;‘L %"° c7’[{]2_»\ i J

is the spin current in the direcetion of &, 8 =g/ay cnd p;=-iV:.
Though we have obtained & formal erpression for D at
. al) temperstures below 'l‘c. we are only sble to evaluate D

' exaotly at low temperatures, In the cages concifiersd D is

resl, so that megnon lifetimes appecr in higher povers of g

. anll esnnot be discumeed rigorously by the present method,

However g X,J-I(g,', W) / 2{s*) in (2.9) is equivalent %o an

irreduoible egpin wave self-snergy é_zz (geW ),y while

¢" X0, @0 } / 28D in (2.9) 18 equivalent fo ¢* D, (0,0},
Thus the lifetime T of & spin wuve calouleted from the

imeginery part of the self-snergy is '

= 2¢"Tn8(a, D) = 29> Tn X5'(a, Do) /as™)

or approximately
L = 29" ImJ (o, D)) = 29° Im Xz (o, Dg?) /pds®y (28]

(2.15)

(2,16}, which was derdved by Ma, Heul-liono en Fredkin (1968)
for an elootron gas with short~range intersctions, leads %o
ocorreat resulis for the Heieenberg model, (2,16) differs
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only slightly and may be more useful when it is difficult
to define Xy the irreducible part of XT o |

1II Heigenberg Ferrcmagnet

In this section we will make use of eguation (2,9) to |
calculate the enerpy of spin waves for a Helsenberg Hamile

tonian

- -L k) = -+T 8¢5 |
| ?_NE':R R ‘E > czj Y gan

kR
whera T(k) TE e ‘ with 'bhe sum over 1a’otiee

sites whi»h are nearest neighbours to -bhe orin'in. one finds

=[S, H] “ (%) -: + %Kg,‘  (zas)

)

. . + _ g ) ‘
with ol kg =0  (2419)
where |0> is the ground state wavefunotion with all spins up

and

Wo(e) = (Ie)-T (%) | (2.20)

is the energy of a none-interacting mgpin wave, The result |

+ NN
9 Ky _q,g'»f('*u ) S hkq)gkug‘s; (2.21)

Whefe 5(.@1,1‘1,3/) =

- T(k+3))
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is obtained using {the relation { Viortis 1959 )

.
S, + (2.22)

S;! - SN SS_I;O —{;T\-IZ\ S

( higher order producig involving four S, SYoperstors ).

Higher producis are zerv for s=+ and terninating the series

aefter two terms for ell s is copsistent with working at low

Vemperatures, Vefining X‘k(‘l”“) = & K qt ; Ki— »w

(2.6] to (2.9), with X in plece of J,, and w=-w,(a) in plece
oful, yiéi& the Following expression for the spin wave energy

I

@ = V(@) + & [lim LTy ST+ nCE KN, [e2am0)

osd) Lare Y

+ . A ik.g' = et A
mere K= =i T BRSNS SIS (s

an&‘@ is the unit vector in the divection of g.
(2,22} gives the low temperature correciion to W, {g)

due %o magnonepagion interaetionsg, The thermal averagés caﬁ
be evaluatel eonsistentiy at low temperatures by iransge
formzng fram spln space, which hag eigenstates of the form
Fsn '(Q Q> to & bogon space; which has corresponding
eigenstates J;T ()" | [©) . The ground stabes [0> and |0)
are defined by

+|0> =0 and a;fo) =0 (2.25)
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The spin operators are mapped from the spin apace ocnto the
boson space by the lyson-ialeev traunsformation ( ikhiezer
ot al, 1968, raleev 1956 )

- - — *
st > 5§t = Jasl— alaif2s) &g
~ T + .
s& o §7 = (5- i)

The operators ?s'ii ¢ 8- sotisfy the same commutation
kA

(2.26)

relations as S, 5.,

Thermal averages of the form fr {G(s)] , where the sun
is over an orthonormal set of eigenstutes zﬁ Bpin ppace,
and G{s) 1s an arbitrary funotion of the spin variables
of the form X(s)exp-8H(s), where Hi(s) is the Heisenberg
Hagiltonian, san be evaluated using the formula

Tr§G(s)3 = Tr, §PG(PEP)3 (2.27)

where the projection operator P is aot_!.nod by

P(ar)'l9 =0 & nys
= | (-F h< 2s ;

and Tr, is & sun over an orthonormsl set of eigenstates in
boson space, States (O-a+) " IO) » with o) 2-." are none
physioal since there are no sorresponding states in spin
space and ere oaitted by the use of P, Fortunately thers
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ere no matrix elements of § between physical and non=
physical states, 5o

Tr $G(s)} = Trpt PG(?)B (2428)

Any non-physieal state contains more than 28 spin deviations

-R2T:
on a slte and hence would introduese & fastor c RIS into

the trace, Thus ,
Ke)d = TTeEePIOXE] = 2T S Fye;

{ terms of ovder exp-2Js/kT ).

+ (2.29)

So %0 evaluuate any thermal average oné ean work entirely in
bogon space provided one is at low enough temperatures, so
that XTI <278, To evaluate <x(s]) to $he lowest power in
kT, when X(0) =0, one wmey write

X =XEY = TGl (Dafldne g0

whers O ; is the operasor in bomon space which oreates a
non~interacting spin wave apld n P is the only boson oceupa-
tion favtor m'ihe sxpression, This lowest order approxime-
etion in powers of k,T comes about { Akhieger et al, 1968 )
if one puts |

<% a> =0 | N'—~<°:k,0tk">

-~

-+
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in sny intermediate states of <X, end evaluates(l)uling
Wiek's Theorem { Gaudin 1960 ). Any error involves the sum

of n;. over allk and hence arises as & correstion at least
of order (kg)n.. However equation (2,30} is not correct if
X involves a $funotion as the S$-funoction will rostrict the
sumation over k. Thin problom arises m the oalcnlation of
spin wave 1lifetimes ( Herris 1968 ).
Using (2.21), (2.26) ana (2,30) one finds
2 32 .
2<s*) = 2Ns + O (keT) (.0l
(un ?S—$w<[ ~9 w]> = ('W\ — ZCO g(co'vH] “)0(9)0*&)'11“1@"?(2.32)

to the lewest power in k‘? o

= lm 28 S’, i-Cku,k‘,%)(°l“p°’(J+kL+g,)Q&Qg>%Qek’)“\e. ,‘2‘%’
Q20 N Bk |

Using \:c\k a}] Ngg q,' one can easily evaluate
this expression for a simple subic 1att;cu yielding as the
£irst correction to the magnon energy |

. _ 2 2 , ‘
W— We (@) = _-GIN‘L«"{/ % P he (2.34)

Thig sorrestion term correnponds ta Dyuon'a Born approx:lmat-

jon { Dyson 1956 ), The full S o eorroction comes from
evaluating & ¥ 3 Ko D, in (2.25) end has the form

w- W)= DT %‘a,?'

- 30t QE) (Tnppt) gt (2.35)
éN ¢
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vhere G{a)=1 for g==0, From (2.,35) we see that the Born
epproxination . is exact in $he ;zmtt of very lerge spins,

The sign of the mgnon-maanon'eorreauon iz negative, The
equation of motion for the Green's functions appesring in
&Kt 5 K™Dy e & goludble integrel equation, since by (2,30)
higher order Green's funotions which appear are negligible
at low temperatures. Cooke and Gersch {1967) and Marshal
and Hurray (1969) molve the equivalent squation, Howsver
ths caloulation of D uaed here ia waoh simpler, since 1t
starts with an exast expression for I and no desoupling
of the equations of motion of Green's functions occours,

- For s~} (2.95) bocomes '

| W= We(g) .~ - Q(/} Jd g ug@_ ((‘RT/T) /‘6'"' »(22.%)

where the Riemann zeta function $&|=1-261 ena a(})=1-ee,
in terms of bogon operators K: becomen

+ . y A . i k ‘Ré +
= TN NG Re T a
Ko ) ',\]1@5\ (2(9’ '~‘) € =ktle T (z.37)

k') 'E?-

with the properties i Ke' @ L (o) =0
wr (eleg R = I(S)"‘L(% Q)(Pﬁ)e“‘(!ak Q-
to the lowest power in p, 8o thet’
- tk-Rig o 0 ke Ry
& Ko+j Ko >>w= ' @ ZN 2"(% R P R‘)e o @.Q )(PR‘I) z‘: 38)
_2,'(4 kl X <<Q.k ka )Qk 2, >>(:J‘
T=0
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Ve define

kB k. + 4
F(E‘) Ez) J— z t LIPEN| ( <<Q k qu 3 Q_(_(_, q.._ls, >>L‘)=O (2.59}
N klkz T=0

: ; +
und from the eguutions of motion of K Q&Qg;',ag, ‘1__;; »w,
4 3
—2wo(k) €, ;A2 Nyyo0
+ T
¥ L (Tl - W) 2%, 306 %5 Voo 2N Sk

k3
ve geot

CkiRs) kiR kiRl
F(Ryp) + L3 0—cB)etbipp o) TR
2Ns ¢ (1 — cosk.R) Nk 2(‘ }

[

(2.40)

R, R:. ¢ 2‘33 &re nearest neighbours of the origin, so that
for & simple cublo lattice this is & 6x6 matrix equation,
This equation oould then be golved in the ususl way for
matrices { Cooke end Gersch 1967 ). We wili solve 1t by a
guicker method, originally usad by Dyson {1956}, for the
partioular case of & mimple ocubie lattice ( Akhiezer et s},
1968a ), |

e eswune (2, ) = A + 8 IR.R) (2442)

where A and B will be determined from (2.41). Defining

2 ¢ —ms,‘fl-gz)toslsn-gl = U f R=xkK

5 2(( — COS‘SLR{)»
t

(2.43)
= r’ | ':‘F KI # + Bg



ana L3 cosk-R = Bio
Nk "9 (= cosk- &) )
e 9
) p S

then M+ ZP = O (2,44)

by sunming (2.435) over 83 and (2.41) vecoaes

A + 3‘77_/3 +B|B,.B,_l(\-3r’1/$) =(Pz_‘ Bloo)/s —[B;.E;,BPI/S (g,45}

Equating terms independent of and dependent on|K,.R,|one
£inds A and B . From (2.46), (2.42) and (2.39)

wsySkTs kY = T 2:(""e) (B8R +3R%B)
B 3%4§ (Pz"‘n)zi(ﬁ*g) , (2446)

so Q%) -1  =-a(p+B)
= 401/s(-303/s) * 2Bio/S £rom (2.45)
= 2 0Ys + 280 - (247)

B —

3U—04s) s
whore N =6n .
Aveording to Akhiezer er al { 1968a j, "= V-2 and B= -086 .
for & siuple eabtﬁ lattice and Gis) obtuins its maximanm
value of about 1.8 near s=}, Cooke and Gersch {1967) f£ind
velues of Q(F) for £.0.0. 88 b.0.0, latiices as well,
This result (2.47) in equivelent forms has been obtuinsd -

by bLyson (1968), Akhieger et al (1968a), Boy@ and
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Callaway (1965} by calculating the seattering amplitude of
tvwo magnons, The problem is equivalent ¢o that of a low
deneity gas of weakly interaoting bosons. Thus Sllberglitt
and Harris (1968) obtain the same low temperuture correstion
by solving the temutrix sguation for twoebody soattering
of magnons, Vaks, Larkin and Pikin (1968) £in2 the irreduc-
ible pert of a temperature dependent Green's funotion,
Cooke and Gersch (1967), lMarshal and turrsy (1968, 1969),
have uged a Green's function techuique, This method involves
the 4iifioulty of obtaining the energy of & spin wave pole
from the equutions of motion of Green's functions, The
exact formula (2,9) for the spin wave energy reproluces all
these resulte for the Helpenberg model in the momt rigorous
and gtraightforward manner,

The lifetime ’C'q,nf en interacting spin wave at low
temperatures te from (2.15) given by

| 2 /
= -%z> IW\ X'K (%,N((i/)) to the loweat power in q, {2.48)
The simplest eontribution to the irreducible part of

m)(&(q.w) 1s that obtained by evalusting InX {q,W) in en
approximation in whieh the spin waves are assumed to be
non-interaoting. This is equivalent to caloulating the

L
ta-o

sorrection to the spin vave energy in second order
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perturbation theory ( Akhiezer et el 1968b ). As the
seattering only invelves long wavelength spin waves, we
oan simpl:lfy g * by writing (2.37) as

X +
Ry = I 0, 0*a.(wh) @y oy ) Ve,
b, ke s (2.49)

Then Im < E“" ) q >>w.,(q,) (2.50)
=), 4"3 °~‘* l% keoka " [n gleeng i |- (e hh"k;]g("l{q’)‘l’“})(?l - k) )

wfi’h '-p =k *k, +q, the {-function becomes [4Jsod S] [S(k, 8- S(k,-«-_e)]
where ® ara veotors on a gphers centre j; (yg).raaius

#(p~q|« When Buk{g))» 1 one can replace the bose factors in
{2.,50) by Just np , eg we have already done in (2.30), es

all bose raetora~are small. The angular integration of

over the sphere algo simplifies to yield

i ﬂ'n,,p%;; f 2p_dedudp

Ty sE gl | (2.51)
where X= gos GP » 6,, is the angls between p and ! and
> 2
X% = L(pq) t [pralip-gl

defines the maxiwum and minimun values of p .« Then

| _

~ = ne P9 *[p-g)d=xdp (2.62)

G s(m) ( ( P

The gpame integral was obtained by Cooke and Gersoh (1967),
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{ Marshal and turray 1968, 1969 ) yielding

L T
T 5 (q’d it )( onds) % (2.53)

These authors erroneocusly used the seme integral {2.52) to
caloulate the spin wave damping for the ease Bw,(q)<K1,

The boge functions in (2.50) are not inldependent
because of the >-function and satiscy

he(i+ hei+ hp-g-9) - (i+ hp)ng Npg-9

. 264
= n'g nf_g_at(l+ n‘e)(e ﬂ%@f)_l) ( )

S0 4n the 1iait Bu{g)K 1 the boms functions are aot
slways smell and one must replaes np in the integral (2.51)
by the full expression (2.54), which bocomes

RWu) g hp_gq (1+ Ne) (2.66)
This integrel is disoussed fully by Drooks Harris (1968).
The dominant term in the spin wave 1ifotime 1n thie 1imit,
8wig) <1, was originally obtained by Kashcheev and
Erivoglaz (1961} who evaluated this integrsl to obtain
T s 9113 C(gz:rs)" 03(67-3'3%101 (2.56)
Tie have thus meen how {2.48) and {2,25) reproduce
known results for the spin wave lifetimes anf the
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renormalication of the spin wuve energy 4ue to spin wave
interactions at low temperatures THT. . This provides
powerful confirmation of ¢uy method, Veks, larkis end
Pikin (1968) have shown how t0 deal with the Heimenberg
model &% higher temperaturss, vwhere the method of thie
peetion is not epplicable, and were able to calounlate the
- energy of spin wavese, within certein 1limite, right up to
the Curie temperaturs, They £ind tha$ long wavelernsth sp‘in
waves are well defined in the region ¢< (1-7/2 ) whers
is a nunber of order unity. Our formmla (£.23) for the spin
vave suergy 339_"' 1e ulso vailt for all temperatures telow T
for snall enough ¢ and so could be used to reproduce Vaks,
Larkin ent Pikin's resulim.

IV The Itissrent Eleotiron lodel

| For & one-band moGel with short~-runge interaations, for
which cg'g. , Cge @re creuiion snd destruction operators of
olectrons, wzﬁh spin o, in the bank, and

. + 'S
H=YaWnee + 4 )y .t Clerh Syl Clend |
ko - Nk | (2.67)

-

Sy = }k]c c1a et T 12(5(&"&1‘ Ek)Cirg,y et

{2.9) leads aireotly t0 s generalisation of Edwards® (1967)
previous formuls for D, namely
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D = w— (2 LW eln, +
Yo L 2 L0 vaw)«%%wm Do

Hiwapde' formula applied to a strong ferromnsgnet, f£or which
a)ll the electrons have up apin anl sre therefore non~
inveraoting in the grouad phate. Formula (2,63) appiies at
uoR=zoro teaporabies snd also o a weak ferromcgnet, Lfox
whioh the electron spins are only partielly aligned and the
ground gtate wave function is not known exeotly,

However (2.58) is xio’o on & oonverient form for deseribing
Bagno=uagnon iatérautinna. Inpteai, for e strong feryro-
wagnet, we consiser the funotion X (g,W) which 3e defined
by (2.8} with € 8o ¢ 5q ), replaced by € hq 5 by D
 Here ﬁ; ie the epa;a%ar wnich oreates & spin wave on %he
grouni ssate | G). %he exisbenco of an operator .ﬁ; ’
agyaptotically exzact to the order g, is implioit in sarlier
work { idwards 1067 ). 4, oatisfies

{2.68)
)

. LS
Ao fa 7o o (2,69}
whore 1 4s the mber of aleatmns. and 3»3: e in the itinerant

wofel, corresponis to ,r- (lq, ~ 1n the Heipenberg ferroe
megnet, Following this anslogy, X, is defined by

[A%)H] Dg Aq, + %V-q, ' | (2.60)
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whers D,q i the energy of the spin wuve at 7= 0, Since
X g tas) contains a spin wave pole, we may follow the
procadure ‘of aeetion Z an& obtain an eqna‘k:lon camapmMng
to {2.9). Uains (3.9} end (z.ao) we gat

DaD, + <ty D) ¢ S ke Do e

For & strong :rerromgnet the exutatlons with lmut
energy ars either up!.n vaves or eingle parucle ezcztauom.
without npm fnp. fo the 1mat power ia the temperatm. '
these can be astmﬂ ta be maopanaunt. The thm typc of
exaitat:on tb&t ean oscur is one in whuh an electron fiips
its spin m goes from the up ap&n bnnd tn the ao\m lsp:ln
band, This means ampins an aaerw gap, In/N, and ao does
not ogour &t low temgeratma. 70 obtein the ’2.1'..&.
axpmaum for the nptn wave emy( Iguyema, Kin end Xubn
1963, mxm aml Antonofe 1964 } the: Green's rnneuon
((Ck'b <py )cw Ck'4‘>>w in (2.58) is evaluated in en
appruzimatmu 1:1 whioh the elaeotrons are non-znteraoting
with enorgy gklin the state \lprem 3 #I(n,,-nu/h in tha
stats ']lfN .Thm in this aypmtmaﬁw

LemcnsCiiceny, = Sk’ _fur = fuu (2.62)
| o < T(0n- /N ‘

whera :FgM are the Ferml ocoupation numbers of the states ')l"l_m v e
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By comparing (2.62) at =0 and at T4 0 vhen 7 ia small,
one obteins the expansion of (2,68)

D= D, +PT (2463)
where D, is the correction ter: due o mingle pariicle
excztatzéns. By using (2.58) D, hags been worked out without
}mawingA; +-D | hag been cilenlated for e elngle pzrabolie
banAd { Izuyowma and Fubo 1964 ) and for o tizht-binding &
band ( Mathon and Tohlfarth 1968 ). In thim latter case
the agreement with the experimental values for iron,

D, /By= =14 x 10 { Prldips 1966 }, »,/D = =5 x 10°°
{ Stringrellow 1968 ), im culte good,

7o calounlate the mize of magnonemagnon intersctions the
+ .
operstor A, must be known, ant (2,61} is used, The thermal
averagen are svelanted by using

<Ky = §<olApX A g

; . (2.08)
in anulogy with (2,30}, The first eorrection term to D,
in (2.61) 18 then eguivalent to
| qat ,
l;. <ol Ap g, TH, Ag T A Tlopn, (2,65}

which is the expreseion used by Izuyame (1964a) and
Kawamaki (1964} to coloulate megnon-maguon interactions.
By comparing (2.66) end (2.32) 1t ip clear that {2.65) is
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cnalogous to ﬂyaon'a Born approximution for the Heissnberg
ferromagnet, 48 [[H, ] A_E] is of Clpg) sinoe "‘0, J,T‘Lb + 0{q)
both terms in (2,61) involve Z P mp giving

D = De + D]_T (2.66)

Pais justifies the phenomenologicsl argument { iarshel 1962,
Izuysme und Kubo 1964 ) used to obtain the low temparature
expansion of T in povera of T though the second %erm in (2,61)
dicfers from that in Jzuyoma's (197)) treatment of I,.
Though A, 1e known formslly { Edwards 1967 ) for the strong
ferramagn;t,» the only practiocal way of evaluasing (2.6}

and (2.66) is %o Follow Izuyama and Kawaseki unf use the
RePoio expreanian foy f&.., for a parabolle band.

I the R.P.i. approximution one segumes Aq' hzp the £

N+
= ] C :

-

and one finds [
() = R'Ts( [+ s(mJ-s(k)/In/N)
2 2.68
= v\’i (1 - mIl:/N : T) g%g)"%&q’?) e
for a parcbolio band with effective mass m, The summation
in k must 'ue over &ll k, aot 3&;.‘.@%. otherwise condition
(2+2) doem not apply. This was emphasised by Izuyema (1964b)
vhen oriticising lekamura's approach (1964),
The firet term in (2.61), that is (2.65), has been
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evaluated using (2,67) and (2,68) to yield

nT™ = 'Z ‘“*‘ig Phe(! - &) (2.69)
where A = €%/ sne AL =In/H is the exchunge splitting.
It appears that Izuyama's ia the correct resulit, U, 4s
positive, in contrast with the eguivalent xesult for the
Heligenberg model, and is independent of whether we have
eleotrons or holes. The sign of D, is not significant since
we have upeld an opproxicete exprepeion for ﬁi and have
neglocted the second term in (2.61), )
. An'egtimate of D, hus been mude Yor nickel, using (2.69),

by assuning that the band structure of nickei ogongicts of
gix groups of }iol'ea of effoetive mues 5-5m, exchunge splitsing
-4ov, &:=.879v, n=0-6 { Herring 19665 )} and neglecting
the interaction between slectron-hole pairs in differsnt
groups. Then D,,/Do N ¢ m_q
This would be incressed up to sixfold if the interaction
between holes in different groups were inciuded.

We shall now estinute the size of the sevont term 4n
{2.61) . From {(2.60), using (2.68),

o Ka bt [sy = [, AgTAe TIo) |
{2.70)

k%—}u (~€)< = ) Z (Ck-f-g{, Celgt C lz-t-q,-q, Vet Ck-(-g,\(, et Ck”'f‘°' v CM‘)

Dy
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g0 thal

wn Ko Kty = -4 ():’.;f.—tp)'h_‘r{l:A  (2.71)
W30 Xnp -
by averaging over momentum transfers involving q, » and
-uppaning thut the electrons cre non-interacting within the
approximation used in {£.62). &8 ((Ko; b4 +>wis.a (ireen's
function involving two spin flips oreated on the ground
state, many more dfugrame than those discusssd by tdwards
(1267) in connecifon with (2.68) conlf be included, Now
thers ig the possibility of self-esnergy oorrections for up
apin ale_ctrunu_ or holes, such am those diseussed by Izuyama
and Xubo {1964} in connection with opin wave mferaotiona. B
Progacting with (2.69) and (2,71) 4a (2.61) gives

5:: 33A)'k fe Tiphp (2.72)

o 5_/2. _— '
DT on (mae\ 2

For & atrong ferromagnet A < 1. g0 this expression ip etill
positive but possibly by only & smsll amount, A=07 for
nickel, _

No experimental velus for 9, /D, hes been guoted for
niokel, but for iron, Phillips (1966) finds + 1 x 10 gan&
Stringfellow (1968) f£inds + 2 x 19'7 » Therefors both
expar&mt&u.y end theoreticslly ,/D 1s small, of order
at Joass 10 . 80 that the temperzture dependence of D in
the {tinerunt model is gquite different from that 1o the



-
i
ot
S

Hainenberg mo&el;

”‘ho simplest process giving & non-zero contribution to
Io ')C;y( q, 2,97} for a one-band model of & ferrsaagnot at
2= 0, 43 the provess in which the state <°'Ck4‘ck+g,¢
. 8eatters inie the abate

+ + ,
“5| N C_l\z,> = (% :F(Ez,g“&.) ng_‘_s_&.‘bckzq\) C_g’-pq,ﬂ\Ci(ﬂ\ l0> (2,73)
-

which is & stute consiating of a spin wave with wuve vastor
9~g, ,%ith a1 electron excited Zrom an oscupled stote ')lfg,¢~
of %he nia g3in bund {o an unoccupiel ntate '\Ifgﬁg,,ﬁ\ of
the np spin bend, In 'Xé{ 4y Doz ®) ie non-zero for this
nracess, hetoue® sneygy is goamervod, £0 Bpin wavesg have

a finilte 1%%atime given by (2,)5), One finds

Im XT(O,, De*) = ‘TTZ'(k '—Fk‘r( fm,'r)g@‘t‘bé*h &kﬂa +66)) (2,74)

‘,q,,

where the matrix elements in (2.74) contribute by amount
| + A S
n

Tutbing (N.74) in (2,15, corresponde cxactly with the
exprepaion Thoupson (19G5) odbtaiuned for the lifeiineTof

spin waves at T =0 for a strong ferromagnet. Thouppon
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found T~ 36 80 that the spin wave is well definocd. All
the arguments of this section have been restriocted to
magnon-magnon interections in a atrong rarromagnes.

ida, Beal-lionod snd Fredkia (1968) £ind T ~q> for &
nearly ferromsgnotic material in & wagneiic £ield in an
approxiwation going beyond the R.P.A. approximation., The
lifetine of gpin waves in a weak ferrowagnes is stiil en
open gquestion, though Izuyams (i971) claims v gues as a
nlgher paﬁer than qz. Thus spin waves sare aot 80 well
dsfined and +he phenomenclogical srguwenss of Hershal, aud
Izuyama and Kubo, partisularly in connsction with the
wegaca~zagnon injeraction, are not cbviousiy corpeci for
& weak ferrodaglet.
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Chapter o
The Heisenberg Antifarromugnet

I Exact Resulte

In order to use (2,17) o3 a model of a ferromcgnet, one
wust aspune that the exohange ooupling J 18 positive, How=
ever ong g¢an &lsgo oconmsider the probies of & systea with
Hamiltonian I, defined by (2,17), with J O, I'or oxample,
the hydrogen molecule R, 1s often used to illustrate the
exchange intersction betweon clecirons and for the hydrogen
molecule, the interatomlsc exohange interaotion J between
the iwo eleotrons, is negetive, If J ip negative, gemie
olusaioal or meen field argusente suggest thut one divides
the lattice iato two sublattices A and K, on whick the
tddreceticn of spiln uwegnetigation differs, ¥e now define
.Jr=[J| to be the exchange interaction beiween electrons on
nearept noighbour atoms, which ure in different cublattices
and thep H in (2,17) becoues

. YT
H=3 %J(‘) Seg- e (3.1)
with _
ey~ & eFS: (3.2)

Il $& the number of atoms in eech publettice,
The exact ground state for this Hemiltoniun is only
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knova for a one~dimensional megnet, or linear chein ( Bethe
1931, Hulthen 1938, des Cloizeaux and Peargon 1962 ), The
exa0t results are confirmed by theorems ( Liattis 1965 ),
valid in three dimenpions as well, which state that the ground
stale is u non-degensrate singlet state. In other worte, if
S5 48 the quantum number of the total spin operator Z:S;, A
§=38.= 0 in the grouat state. ‘

t These recultn contradict the semi-clussiocsl approsach
vnlch assumes that devistions from the claesicel gromnd stste,
in which edl splne on & &re up aold 4ll spins on B are down,
&re guell. ihie theory, called the linear thuory, wae first
introduced by inderson (1952), who expleined uow the
&lscrepsangy ocours.

The ground stete of the linesr theory is uot the exact
- ground stute of the isotropic astiferrcasgnet, Furthermore,
an anisotropy field must be introduced into the Memiltonian
{8.1) to prevent the iinear theory bresking down because of
a divergence in the amplitudes of the spin wave creation
operators »o(; . E.; ag g ¥, 7he cholce of airection of
tuis msgnetic £1eld 1s the only thing bhet fizes the direction
of the sublstiice megnetisetion, so that in the linear
tneory there is & set of upproximately degencrate ground
etates. A# the megnituds of the snisstropy £ield need snly
be infisitesimal for a three dizensions) magnet, the

rressnce of thies set of fegenecrate states near tc the exect
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ground atete makes the exact ground state irrelevant
{ snderson 1964 ).

Without the antuétroyy Lield, any one of the ground states
of the linsar theory could reverae its direction of sub-
lattice megnetisation by the emission or abaorptzon‘of zZero
wavelength apin wavaes of zero energy. This merely expresses
the faot that the system is rotationally invariant and,
after a very long tiwe, will 4rift around to a reverse spin
direction. So, ag long as there is a small unimotropy field
pregent, this behaviour can be neglected and the linear
theory used. It should be emphasimed that the ground state
of theiltnear theory is not the olussical ground state and
the linear theory, valid for T=0 and T¥# 0, applies only to
a thres disensional antiferromagnet { Liman 1965 ).

il ginear Theory

To derive the consequences of the Hamiltonian (3.1}, we
will copsider the gegnraliuoafqnzcaptib:lxty

- : + |
xp: (3’)"‘)) = << S—-&/u.:\ ng»w (3.8)

where (V1= {4, 4l, {4, B), (B, 4), (B, B) and S’H;.Seg, are
defined by (3.£). Then to £ind the equations of motion ot‘x
using {3.1), one must evaluate
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- - z 4 - =
[H,Sa2] = %3 (St Sates =~ Sk So)  (gay

ana [H, sé;] $a obtained by interchenging 4 cnd B 4n (B.4).

Following the ergwients nf (2,26) we write the spin operators
t+ +

in terze of bomon operators b.g N bg y Rp %%y only keeping

vroducts of & small number of opera‘bci'u. Then

<
Sﬂg = SNgg)o - zak,-x—kq -
2
. 2 | ‘
Sgg SN, + zsNig". b£'+k b, ) (3.5)
- kK + + %
Sag = @)%y | S, = @), (3.6)

- '3 + Ao+
Sge = ()b o Swe = GTh (3.7)
The linear theory of Anderson {(1962) ané Kubo (1952)
arises by keeping only the first terme in (3.5}, so that the
eguetione of motion of Jnvolve no higher order Green's
funetion, One finds ‘

0-Hans = T6s  Ths )y _ane/t O
( J@)s = w+Hg,s +I6)s g (0 ") (3.8)
whoro X,uv = A4S «(aq) ( )>> {3.9)
b,

end we have included & weak snisotropy £ield “H s(s =8go )
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into the Hamiltonlan (5.1)., For the tice being we put H,, =0,
There exists o unitary trensformetion U defined by ( Herbert
1969, Hettie 1965 )

u+(ao‘:‘)u - (cosh{e% Qé: + smk-;-e%bi)

bg cosh $6q Eg,’ + S':h‘\s'_‘egfqg .
= (“;) =T ( Q;) {3.10)
A be
or ug) = T.’( d{)
R (bg, R
whers tanh 8 = - J(9)/T0) . (3.11)

which disgonaiises (3.9} for each ¢, so that

Xﬂ»(i,w)TT = 28<<( ) (“‘v)»

=
= 2Ns ([w— Ws(q) ] o ‘) (5.15)
0 - [w+ ()] o
Y P
vhers we (g) = J Jk)* ~ T(g_,] S >~ cq, (3.24)
This theory would be exact LT the grouul ptale were
the olmssicel or IEcl state IO)N » GeTlned by
v Qa (0 = Q () = 0
Y 2 bofo)y (3416}

for 811 g, Howsver, the grounf piate for the linecr theory
is the stats IG)L. defined by
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dglo) =0, Fald =0 (3.16)
whnere g and 8o, ere the spin weve destruotion operstors.
(3.16) 1 satisficd if we choope

+
0 = L l°>
o3, N (3.17)

g0 that N . N
0(3,‘0)[_ = U Q& wu |0)N = U Q}[O)M =0 (3.18)

+
Unfortunately U maps IOBM ontn non-phyeioal statem mo that
the expectation value :&> of any operator X in the ground
state, must be written

AW (o] PXle), | |
' <X> - ; CO’PIO)LL (3.19)

where P is the projection operator onto the physical subspace
of the bomon space, P was defined by (2,27) in connection |
¥ith the ferromagnet, inderson's results (1952) are not quite
oorreot &s he usep the nnprojecteld ground stete, Herbert (1969) |
desoribes héw Anderpon's reaulte shma be maa:!.ﬁéa.

if the unprojected ground ptate is uped to £ind the
sublattice mag_;net!.aation ﬁ,—<shzo » n@ing spin veves defined
in the linear theory, one finds
| 2, o _ | - * +
rT<SF’«<>> = S )_S-Nz[ (Olu (% O-I_za.g )u' ’O)N

£ Sng § @ty (Focay)4F19) + Ol (Joéa)glo) e
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vhere n P gre boson occupstion numbers, Then uaing (3,10}

and (3 017)

1y =5 - 2-5';, [%(“5_“2%92 + ngcosh & )] (3.21)

Using (3.11) one f£inGs for s=7

_;T<S'H:> = -_‘1-‘- - i—ll\] Eg(‘l + T(o) ) + hg %OL%)? (3.22)

T™hie is the lineer gpin wave repult of Anderson aud Kubo,
Stinohgombe end Cottenm (LS70) obbain the cauie repull by
using a drene feindon representelion of the gpin operators
for spin %, expsndiog in powers of L/z, vhere ¢ ig the
pumber of spins futeracting with any glven epin enl keeping
terns to orfer illz)l Mean f£ield theory would corrcspond to
keeping terms Yo order {1/3)1 Veks, Iorkin eu Tikin (1968)
urad the gano idea for ferrouvasnets with o ¢iegran technigue,
expanding in powers of 1fre, where ¥, ie the mean intersction
radiup ond Pikelev ef sl (1969} znd Solycam (1969) cdapted
the ldes for antiferronesgnets.

(3,22) ie foportant on 4% Lllupstrates the folloving points
15 k=0,

£

{ Z4men 19656 }, The pummsition in (3,.B2) diverges
a8 W0} = 0, The progence of an sniscbropy field ily,& means,

from (9.6} snd (9.04)

oy = \/:‘-O ‘th ‘
s (0) Ot (3.23)



(5¢)

with Hq, of order 1/N the divergence is removed, so that
the enieotropy f£ield need only be infinitesimal, However,
even with this infinitosimal aniscirepy

L5 ek)
iiverzes 1n one {imennlon anl

IRCYATOE:
4iverges in two dimengions, 80 that the linear theory only
arplica to a threo dimensional) antiferromagnet, The state-
ments made in sestion I are therofore Jjustifled, It 4s also
olaar from (3,22} thot the sublstiice maznetisation never
reaches itz pexiuwn valus, even nt T=10, Anfercon (1952)
found thoi ths esrrection term in (3.22), at T =0, wes -078

for sluple cubie lattices with nesrest naighbour interactions,

Jnother way of obtaining the spin wave speetrun (3.14),
goling bhevond ilinsar theoxry but still not oxelnding the none-
phyalesl states enbtirely, as shown in (3,19), i 4o consider
the aguations of motion of L,y  Using (B.6) te (3.7), (3.4)

can ba writien
= [36) J(a) |sb
4, (EZ” (Tb:) ) (—m))gq& +(—:rZUS *

+ br
__ZSL g(-::‘rg‘«_:,j) (bkzqg. kaly t Qpag % eyt k ‘ll_q) (3.24)

go thet the equation of motion of 4V 7 analozous %o (2.6),'1a

o YD

Jba O -
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vihere %,m) ((J q-“"vq. >>w aud with e=4. Leglacting ‘X,w

(9e2b) reduces to the form
_ ~2fa+dq’ -a N( | ©
X/lv =0 ( -0 o+d q}z) —l) (3.26)

in the 1imit 9/w <<_ i, wherse

"

a = TENs ~ g,(](kkbgq,_; +J0)<oga, ) (8.27)

Cane dqt = (- T@/T6) ) a (5.28)
using the result { Callen 1Y6% ) ' |

amgw(.e-a)f(q) = gv(.t) Ja)f@) (5.29)

if £{q) Gepends only on {q’ O cen be ovalusted in a similar
way to {3.20), u.aine, (3.3.0) a0 {8,170, é,ivmg

o = T(D)NSC‘ -+ Q() .‘ (3.30)
o, = ﬁg,(‘ - ijrsg)(u 2hg)) | (a.m

One can compare (3.26) with (5.15), in the 1imit 9,0 < 1,
Yo obtain (3.5}, & transformation T waus found to disgone
siise Xﬂ_\) in the linesr theory. In genoral wo assume R
hee the disgonul form
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o -1 =2
= 2Ns ([w—cq;j 0 ) = st(w tweq, O ‘
X’w 0 -[w+cq,]' 0 LSl-i-Ud-ch, (3.32)

in & sultebly chogen besis. Then from (3.26) ent (3,32)

@+ 97+ Moo Jarda™Nw) - a™ = N*(cg?- ) (8430)

W V2ad (3.34)

from (3.1 cq = YaTE)(TO)-T@)s+a) to 0G)(s.8)

I

20 that C

4, gives the first¢ correction to the spin wave energy due
to spiu wave interactions ( Pikelev, Savohenko and Solyom
1969 i+ It corresponds %o taking dlegrums of order (1/a)”
in Stinohooube and Cottam®s (1970b) wethod,

i X ,2; (q,W} were retuined in {3.25) e and & would be
renorzalised and woull possibly be eonplex auabers, but
would have the same ¢ and Wdependence ap (3.26) 4n the
1imit g/w 1. The poswibility that o has en imaginery puart
corresponding %o & #pin wave lifetine of order q" Qey now
arise, Both Solyos {196%) and Stinchoombe ant Cottem (19Y0b)
and (19700} ocaloulate the contribution to the lifetime
fron the scattering of spin wavem with eaoh other, which
is dominant &t low temperatures, end the pouttering of epin
waves by fiuctuations in S , which is douinent &t higher
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temperatures and oxponentiaily goull at low temperatures.
They £ind that the inverse spin weve lifetime always goes
ag a higher power ther g in their approrimations, but the
1ifetine is finite of order g even at T =0, beceuse of the
zers point ogcillstione of the ground stéte.

The recuites of thie section svgegest that the method of
chapter 2, whieh spplies te eny ferromesnst, can be gener-
alisel to apply to any apntiferromagnet, is we have seen,
much wbrk haps besn 4one on spin waves in Heirendars anti-
ferromagness. Very little has been doni on the correspond-
ing problem in a band model. This problem will be dealt
with in the next chapter,



{68)
Chapter 4
sntiferronagnetism in the Band Model

i1 Uscillatory Spin Polarisation in the J'ree Electron Gam

It 1o easgy to see that different ohoioeﬁ for tho signs
and values of the constants J; in ¢he looalised epin
Hanilsonden -] 3 §;.§; lead $o different mpin Gensity
wave configuretions in the ground state of the Hamiitonign.
Similar spin density wave goafigurations also ogsur 4a thg
itinerans eléc%ron model { Hexring 1966 ). There ayrs three
bagio spin deusity configurations ( Arrott 1966 j:
| the langituﬂinai linear égtn'dansity wave of %the form

<oi)> = (0, 0, Awsqz) , (4.1)
the {ransverse linear spin deneity wave of the lorm
o
<o¥@) = (o, Beosgz, ©0) (6.2)
and the spiral spin density wave of the fora
ol _ o 2 O) . .
oty = C (cosqz,shqz, (4.3)

The toris antiferromsgnet is usually rectricted to spin
Gensity waves in whioh g is an iategral muitiple of a
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reciprocal lattice vector,

Clearly spirel spin density waves with wave vector q
are invariant under the group of transformations T(§JR(g.t),
where T(%) .is a translation through the lattice vector %
and R(g.$) 15 a rotation of spin through an angle 2.t sbont
some axis. The one slectron Hamiltonian in the band model
conutes with transiormations of this type, 80 in analogy
vwith blooh's theorem, one Oan define one eleciron wave=
funcbions f,, whioh satisfy

T(E) R(g,-t)%g = e'°g't525g (4.8)

if the z-axis is the axis of rotation

-~ [ $(a-t)e; ¢ 'i0t) o |
R g) = e ¥ =.( o e.i{(g,.t) (4.5)

280 that
= VA n o "/r_
ZSQ oS Op Plrlgn + sn & Vi Yy, (4.6)

where Pxtia are wavefunctions of the non=pagnetic system,
It is therafore natural 0 ask whether a delterainant of
‘wuvefmie’tiona of the foru (4.6} have a lowar eaergy in the |
Hartree-~took approximation, than & deternlasnt corresponding
to a paramagnetio or ferromaguetic ground state,

Uverhaunmer (1359, 1960a) £irst dlsoussed this problem
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in connestion with dmpurity spine in «n itinerant electron
ses. He later (1966b) suggested that the Hartree-rock
ground gtate of & one diwensional free elsotron gas is &
epin density wave, however weak the interactions ars, This
is seen eapily because the non-interazcting susceptibility
'ﬁ%gi of the fres electron gaes becomes infinite as q4§2kp.
So an arbifrar:ly weak magnetic field of wave vector 2k;
produces an inetability in the nonemagnetio state,
| suggesting that & spin denpity weve is wore stable, The
divergence m%o(g') occurs because of the very large contribe
ution of the term Ng-Nwa /gka)-&klin 760@) » Whea g =Z2ky and
k 18 near the Fermi surface, for & one dimensional systen,
This effect is referred to am tho nepting of energy benis
end arises whenever the shifting part of the Fermi surface
through a wave vestor ¢ brings & large arsa of contaot with
another part of the Fermi surface. When 4t ocours, the
ooupling of elestroans into wavefunctions

C$e£ %g/r + s 9!5 ‘wgﬂ‘lf or oS e'g %‘54\ + s(n Gg %_k._;&/r

will reduce energy even for very weak interactions, Nesting
is discuesel again in section II and chapter § for general
band structures, with partioulsr referensce to chromium,
For two end three dimensions this divorgence dosp not
ooour 1n}5°(q). However Overhauser (1962} proved that for
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the free electron gus in three dimensione with Coulowb
interactions, treated in the Hartreeei'ook approxication,
the spin density wuve state of wave vector 2k hus lower
energy than the paremagnetic state. So the interacting
susoeptibility X{q) diverges at q =2k, for the unsoresned
Coulomb interaction. In contrast Izamoto and Sawada (1962)
and Felders and Martin (1966) have made & ptroag case that
the eleotron gas with soreenef Coulomb interaotions, ie
not unsteble towards antiferromegnetism,

- In mections JI and III we dipouss the consequences of
the Slater (1951} alternent moleculer orbital model of a
one-band antiferromagnet, For this model the lattice can
be consifiered the sum of two sub-lattioes, on which the
Hartree~?ock axobange £3c14 anld the spin megnetisation
have different directions,

i1 The Short-range One~band Holel

In the sispls one-band itinerant electron model of a
metal which we will consider, all kinds of magnetio structures
are possible, The metul has an aatiferromsgnetic ordering,
or & spin denpity wave, if 1ts ground state hes e perlodio
spin density which is not the same es the electron dengity
in the lattice,

Two cases when this 1s likely to ocour are well-known:



(62}
{1) & partioular gort of bani structure in which nesting
occurs { Loaer 1962 J. Antiferromegnetisa can then occeur
with quite a emall) interaction and the resulting antiferro-
magnetic energy gap is also small, The first quantitative
treatnent was given by Fedders and Martin (1966}, who
suggest that this egort of bané structurs is unlikely to
ocour in a single band, Parte of two bands, which nest to-
gother, fora the driv:ns force towarde antiferrouncgnetism
though all electrons coatribute to the epin polarisation
( Asano and Yamashite 1967 ). However, the treatment for
a single band is aluost identical to that of a two-band
molel, Band structure csloulations have been malde on para-
magnetis and antiferromagnetic pure chromium which confirm
thess ideas fairly well { Loucks 1966, Gupta and Sinha
1970, 2971 i,

{2) un electron density of nearly one electron per site
hnﬁ a large intersction energy. The limit of one sleatron
per site with & strong repulsion 1 between electrons on

the same site leads to the Helmenberg untiferromagnet. The
Heigenberg Hamiltonian arises in second order perturbation
theory when hopping from site to pite is allowed, In these
capes the sntiferromsgnetic energy gep is wide, The many
band generslisation of a model with o wide gep may apply

to ¥ -mangsnese { Haywood, lowle et al 1971, Fletoher 1971 ).
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The periodicity ., of the spin deasity may be lancouren=
gurate with the reciprocal latisce of the solid,. I'or example,
pure ohronium has a ground state conpisting of three spin
denpity waves with wave vectors 3&.g3.%2 olose 40 the points
{1, 0, 0}, {0, 2, 0), (O, O, 1) of the reciproeal lattice.
This structure is complicatoeld by the poseibility of second
order gaps ( Herring 1966 ) and interactions between the spin
density waves, unless the antiforromsgnetic energy gap le
vory much pmaller than typieal band energies ( ipano anf
Yamaghita 1967 and chepter $ of this theeis ). larger energy
gaps may well drive the uwetel comuensurate, 80 we will
asaume that vwe have an antilerromagnetic siructure in which
the aireet lattice can be conpidersd the suu of two sub-
latticas, 4 and B, with different spin polarisatious. This
re&u@ua syawetry and for a b.o.o. lattice, the msgnotic
reaiprocal laitlee will contain the adfitional points
{1, 0, 0}, {0, 2, 0}, (U, O, 1}, plus the oryatal recipro-
cal lattice vootors, ohanging it from a f£.0.0. lattice to
@ B¢, lattice. In ohromium the eddition of 27> wengenese
sends 4 from «96{1, O, 6} to {1, 0, 0) allowing us to
adopt this siamplification ( Hamaguchi, Follen and Koehler
1964 )

Ve ean define Bloch funotions Y,(ki, Yp(k) of a tight-
binding form ou each sublattice separately. This
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repressntation is rolated to the represectation of bande in

& paramazno$ by

V) = gl + Pe®) | (e) = (il - Ve®)

“¢;}k) ean bo wrttten in a kannier rapresentation es

) = g e o)

whers the summation is ovar lattios pointe &in the publattice
A, The well=known Hamiltonian

H = kZ sWhee + IZ“M{‘V (4.7)
k6 t :

whers I is the interaction energy of two elsctrons on the same
Viannier fanction, may be written

+ . . + .
H = E &b (“a hskc‘ (k\(csgfcago—%ngrcsgo-) + IE nia (4.8)
€Ak
€ (k) ent E{k) ere defined tn teras of the originel band
ansggies hy | o

S = Halsg)+e®) | £ = H(eksa) - )

and the operators in the first two terms of (4.8) refer to
subluttics Blooh states, The second term in (4.85 desoribes
the hopping betwsen the two sublsitices.
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III Single Particle States and the Ground state

The Hartree-i'ock golution to this problem 18 welle
known ( Herwving 1966 ). It may be obtalned by solving the
uguations of motion of the oune electrom Ureen's fuaction
sfl; (k,W ) approximately, G.‘,’;(g. W} hes the matrix Form

aufined by - '
G'o(fg(‘-'n‘*’) = K Cupe 3 CBE"'>>00

where (o .{5} = U’»ik). ‘AQB}. {ng) and {B’B). are the
elemonts of the aatrix.
The equations of wotion oan be wWritien

WGjﬁ(k)@ = (g?) (4.9)
or Gol‘f; (g,w) = .W_' - | (4.20)
where W o= (w-g,(g_)_Inﬁq,/N &) >
g w-g®)-Tne

where n, /N ond ng /i are the meen numbsr of dovn spin
eleohrons per aite op sublattices 4 end B « Ve obtzin new
guesiperiicle creation operatora ﬁ,;&\ o & _g:m with enorgles
B {x) , 8,(k) by fining & treansformetion T which
disgonalises ¥ . ¥ setisfies

TT =1, TWT*:(”“‘Q'@ o ) (4.12)

0 W= 'E;_(U
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were  F,(k) = &() Vg™ &) (4.12)

+ + + . +

and (C‘gw) = T(°ag4~) =(C°S':E9g Cappt Sy Ce!s’b) (4.13)
k"w ,CéF k4 Cos §-6) Ceka - sin.{ekc,;"m

with ten6, =E(ki/g and g = %(n,w- nn,,)I/i%‘. Yhen (4.9) 1is
equivialent io

TWT <<(Cnm)T T(CAM)» = (l o)

{4.15)

(T

using (4.11).(4.1% nnﬁ (4.13i.
¥or down spin thtn exist guasiparticle oreation operators
aklvb' akN with energy E,{k) , B,(k)} defined by

+/ +
(jglt) = T (Criu) (4.6)
k2l Caky

%he minimum gap between the bands X (k),E, (k) ie 22 , and
& vanigies when the ordering vauishes, ¢ i determined
seligonsisientiy Lrom (4,13} minoe

pp= Ny = <hep- n@ = %’m O (N —ngag)  (427)

a0 that P\ = I/lN Z‘ hpe =~ e = | (4.18)
g +9*
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b, end 0, are oocupation nunbers chosen 80 that the energy
at T = O or the free energy at 7 # 0 is a mintmun,

~ One oan see that the single perticle energy ies reduced
froa &(k) to E (k) by spreading from the A onto the B sites
end vice versa, It is not poseible tc solve the selfconeist-
ency ecustions in genersl, The 4iffioculty 4s choosing the
Fermi surface to minimise the energy ( iMatsubara and Yokota
195¢ ). To eimplify the caloulation des Cloireaux (1959)
appuiied thet the lower babnd was completely full, Ximbell
(1969) found the minimum of the free energy by nwierical
methods . The cese of waalf. antiferronagnetism in nesting
bands has been extensively investigated using model band
struotures { Fedders and Martin 1966, Iiu 1980, Sokoloff
1969 e,b ). 411 these wre 1deslistic since they apgume
perfeot nesting, which resulis in R diverging logarithmioally
e g0, It ins suffioient for RO 1, with g set equad to
zoro, for there to be antiferromegnetic ordering. This is
& condition like the Stonsr criterlon in ferromegnetism.

For onc sleciron per site end &I = 0 , where 28 1s
the bendwilith, the syetem ieg in tho atomic linmit of 2N
independent atome, Vith &/1 K1, hopplug between sites is
popgible but ig very restricted. Within sedoné ordepy
porturbation theory en effective Helpenberg interaction
Heffm be defined ( Anderson 1964, lmttis 1965 ) vhich
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includes the hopping. vUne has

. : 2v - + +

Heg = -b Dleiete LY cibreyer (6.19)

' & V 5
: GJ oy

where b is the nearest neighbour hopping integrsl, & and J

are nearest neighbours, end hopping betwsen further eites

hes been neglected, After one hop to an sdjacent site an

electron hops beock to ite original pite, =nd higher order

‘terus are nogligible efince £/I &1, Defining spin operatore

- + + * o
St= ey | S o= fleipep —ciyciy) (4.20)
yields ,
C Heg = T2 S8
'f% | (4.21)

where iatt:/I. This has the seme form se (l.1), 7 is
positive s0 the coupling between adjacent pites io cntie
farrémégne‘aie; The game ra#ult# can be derived by using
single particle Green's funetion, in the Hartres-Fook
approximation, with g=I » §.(§§L.

For the case of a'ﬁnaar‘iy half-filled hland,; Nen& N, there
is the pospibility thet g may ba greatly modified. The
dominant corrections are thope diagrames (£ig.A) 4n whioh

a down spin electron scattera against up spin holes on the



Lig, &4 Dominant dlegrame on sublattine A where
there ia u ncarlf full band of up epine.
Edwards {1967) has oconpidered the same problem in connection
with ferromagnetic spin waves, and f£inds the exchange splitte-
ing between up and down spin bande, when there ig & low
density of up apin slestrons, to be of order
A ks
where n=N-n and the first term is the exchange splitting
in the Hartree-Fook approximation and the second term comes
from sumnming diagrams of £ig. A.
S0 the gorrection, when there is not exactly one electron

per site, is sumll provided
[ g_/I » n'/N {¢.22)

When (4.22) is satisfled, one has & soluble limit which is
nesy to the Reisenberg antiferromagnet, Nagacka (1966) has
MW:tigétaa_ the nearly hulf-filled band and also obtains
the oondition {4.22) for antiferromeguetisn. Hubbard‘'s
method (1963), whioh is an infinite expansion in powers
of £/I about the atomic limit, assuzmes & uniform spin
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polarisation per site, Hewson eund Lindner (1970) have ghown
that antiferromegnetism does not occur in Hubbard 's simple
decoupling, even for I=20, Presumably the Hubbard theory

is correct io the alternative linit
| » nIN D> /T (4.23)

IV Susceptibility and Spin Vaves

Owing to the existence of two sublatiioces we investigate
the refiuced susceptibility

L;;CE‘_';“) = < S:yx S Vs (4.24)

where (0)) = (a,4), (4,B), (B,s), (B,B). The spin density
NS . _
operators s_% » Sgphave their usual representation in

terms ar_‘ Bloch functionsg 1.8,

Q. =

AY

=0

+ + + :
CA'.‘*&‘L @t Sﬁ—g_, = );“-agyrfau (4.26)

b
Eince 53: =\é(sp;‘—:+ Sg;) commutesn with) H when g= 0, it is
recssonable to apsume that 7(# w:n hafu‘ a simsple form containe
ing just two spin wave poles, provided the Feral level lies
in the gap g0 that spin waves &re the only :m: lying wmofes,
A new orthogonal basie, defined by & transformation P, is
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ohosen 80 thut the eatries in the matrix X in (4.24) are
linear combinations of s;q_, and S;& which generate spin waves.
So, Just as in (4.10), we choose & similsrity $ransformation
which diesgonalises X ent separates the two spin wave branches.
The transformed X has the fora

X(a,u) = PXP* ([w a@)] o Jan

- ["w+ “%(‘U)] (4 .26)
or <<< A- “’)P P( ﬂ&)>>w = Wi cqfw o |4
8-0« 0 - + Cq/t (¢.27)

We have aspumod
@) = + OG) | Ans dns Bug,
snd have expanded ia powers of g/w wish ¢/w<l,

At ¢= 0 the transformation will besome eingulur with-
out the presence of & weak anisotropy fieid, Such a field
introduces & term -n(s: - 8:} 1ato the Hamiltoniun, ené
stabiliges the systen againgt rotations of total spin, Then
Ws{0}# O, however when h is infinitesimal we can atill
agsune Wg is linear in g, Poles ocour et W representing
the oreation of two branches of spin waves because the spins
on gublattices A end B are in opposite divections, This behu-
viour ig similer to that in the Helsenberg antiferromsgnet.

e oen compars thias expression for i with the eguations
of motion of X and obtain & formula for ¢, This is analogous
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t0 & recent mothod of obtalining the spin wave energy of a
terromugnet { Bdwards and Figher 1571 )., The eguatioans of
- motion of X(g,W) to the lovest order in o/w are

X -(S,)oo)' i} w_z((,‘.,r @+blg®  -a )-l-(:)-l((‘) 3)<n,.~,4\""ﬁ¢> (4.28)

—a a+@-bR
a, b and 4 are given by
o e bn e o)
d = u(;-)Mo go 29* (0““ * 2 +088) (4.29)
men oy = IS W Sel) Bl HSI,
(m» = (B (B8 (A )(e, B) (4.30)

The two expressione (4,.26) and (4,28} should be the
game 10 within a similerity trensformation ae the spis wave
pole Lo genersted approximately by a linear combination of
Spe 804 Sg, o To 404 o is equivalent to finding the eigen-
values of the matrix on the right hand sife of (4.26). One
finlds

\/2:!/<nmf”n¢> , Qg = <ﬂmf hmb> {4.31)

a and 4 can be worked out using expressions already obtainéa

in section I1I. The sommutators [S _q'+ » K] etc can bes written
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down 1n terms of cg:.. Cge ete and then in teras of ﬂg:r' Qpres
using the transformation in (4.18). Sokoloff (19698 equation 6}
writes the transformation down in dstall though to get his
bapip one must replace Oy by (7/2 =9Op ). The resulting
Green'’e functione are worked out in an approxiwation which
apgumes that the electrons within the antiferromegnet energy

bands are non-~interacting., Then

a = {_’ &,(k) stn &g Coszeg (Ng, - fg2) (4.52)

do?= T4Vl i) - (HaTIEoiee + Lo TIE -1y,

k {(4,33)

<{Npp= “w) = Qe (M - i)
| . (4.34)

Detailas of how {4,.32) and (4.33) are obtuined are in the
appenddx to thie chapter,

In the extreme liuit when §,{k)=0, a=b=0, The first
term sn (4.28) 18 now dlagonsl and of order (g/w) o now
reduces to having twd ferroaagnetic apin wave poles of
squel snergy W= aq,?‘!(nm\ - nﬁ¢>. This is the seme spin
wave energy &g in the R.P.A. approximation, The spin vaves
oexist on each sublattice agpmtaiy and there ia no hopping

betwesn the sublattices, In thie cese we 40 not need the
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rectriotion that & 1ies in the gap as there aure no other
low lying wodes, This limit ariees in lidiard's model (1954).
Cur expresoion for ¢ can be simplified when there is a
wide energy gap. Putting in 003‘6! =1, sin 6, =(I S).éez(k)and
L= n/N one gets

-(Ng)_():'nm zez@) (,Enk IVEQI", L aN (nVE ) (e

2<2v)

The oondition that the Fermi surface lies in the gap mesus
the integral over the Fermi surfude vanishes and 5= 1. For
a band in & simple cubic lattice with hopping betweon
nearest neighbours only, (4.31) reduces to

c*q” = ZT(o)(;r(o) —ITCE\J))S-z (4.26)

where T(&) =) Te'® B g T =.4'51/I .
R
h.h, .

using (4.32) to (4.35). b 18 the hopping integral between
unearest neizhbour pites, This i the formula for gpin waves
in a spin ; Heisenberg antiferromegnet with exchange coupl-
ing J. Vo have slready in seotion 11X, { Anderson 1964 ),
how 1t is yonsibia to bbtam an effective Helsenberg
Hamiltonian, with a positive exchange coupling J equal to
4b"/ i, for & system with one sleoiron par site and a strong

repuleion between electrons on the same site,
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Sokoloff (1969a) only mansges to obiuin the Holgenbverg
1limit by putting an interatomie exchange term into the
Haniltonian and ocngidering the zero baniwidth limit, The
reagon for the diaerepancy between Sckeloff's results and
those of thie thesis lioe in the different epproximations
used, Sokoloff writes the mpin density operators sng;h SQ&
in termp of the antiferromuagnetic energy bands, He ig thus
2bles to write down the susosptibility in en approzimation
in which the electrons in the antiferromugnetic bands are
non-interacting., By linearising the sguations of motion of
the susoeptibility within e basis definel by these bands he
obtaine a generaelised enhanoed susceptibility. He is thus
working all the time in a subspace restricted by these bande,
0n the contrary (4.31} is genersl and we only put in the
approximation 4o the ground state to work out the correlstion
functions in {(4.31). ( The dimsdvanisge of this approuch
is that one Goes not work out from first principles a forme
ula for the suscsptibility, )

%@ oan write our results in a third bapis %o Gemonstrate

the form of the neutron acattering. Defining
-}—
. + + o~ -
x“iﬁ,ﬂt d0°) = <<SA‘9.' £y 3 Sm t Sgq 3%)

we ftn&x{:g e (‘5: ) “)) = %J%W(nw—hw>([w—cﬂﬂ- [wfcq,]")

-

X ot (2,0 15 & (o oveT”) .00

(4.,37)



(76

The neutron scattering { Sokoloff 1969a ) depends on

(- e~6°)" In X2, )
From {4.,37) one mees that the neutron pcattering near auclear
reciprocal lattice vectors (0g & x? € g} is 51311 of order
xT, Vheyaas fron (4,38) nsar magnotlec reoiprocal letsice
veotors (og & ¥T € g) the neutron meattering is large of
order k7/q ., In 4he region (kT € oy € g) positive energies
Are waighted much more heavily than the negetive ( Cottam
and Stinsheombe 1970 ). |

V Spin Vaveg with Ferm! Tavel not in the Gap

Vhen & 4298 not lie in the gap the argusent of the
previous section no longer works since there cre other low
Aying exoitstions besides ppin waves, These ars single
particle exeitations within the antiferromegnotic cnergy
bunds, In the reglon q/w £ 1 they only contribute to the
suseeptibility to otq/w}z.. as shown below, «nd do not intro-
duoe pingularities into the limiting procesases.

vie therefores consider the cuse when &r iles in the lower
band, and ssmume tranpitions betweon upper end lower bends
require energy much greater than spin wave energies (g > Ws ),
Despite this sgeumption pingle perticle excitetiouns will
84411 contribute to the suseseptibility in the emell (q,W)

regicn,
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Ve apsune that
- x5 =X (4.39)

vhere X ™14 the pact of the susceptibility coming £rom
spin waves, which is of the fora given by (4.26) and x P
is the susceptibility worked out in the Hariresei’osk approxe
imation and so iacludes intraband single particle trangite
tons-only. X°° nae bean worked out by Sokolofs {1969a
equation Gb). Using (4.66) and (4.67) of the appendix %o
this ohaptar.- one i’in&a

n+3 A+3(Q' ‘*’) = 12&“ ‘(ek-ig"‘gk [xo @,k w)* Xo (‘L," ‘*))] +0 3) {4.40)
| Xi:g)a_g () =,3_'-§ 8‘3‘1%(68»9,—!9&)[7‘0"@;'5;“)* X?@:k:wﬂ + 0(‘/8) (4.02)

K ave e (39) = § 3500 Kb i [xocm X (wﬂ

whers 'Xo%@nk;“’) = hk/t& ~ Nesg
| W= By (k) +€,“ij
Other terus would urise in XSP involving 'Ko Y but
are 0{1/g) and can he mglucsaa bectuse of our ussucption
Wg € e Expanaing x° ta the lowest powers in g/w we f£ind

that ondy X° (q.w; coatains & teram of the form A (g/w)”,
TR
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Then X hag the form

xS = 2 A(%r( : :) | (4.43)

po that L£rom (4,28), (4.39) becones

-XSW - w_l(&"‘(d‘iﬁ*‘ b)q,?- _(w..im}) )-}-00-'(‘ '°)<ng4\‘hp,¢> (¢.44)
- (o +10¢}) o+ (d-ta+b)e © =t

wW=10q are the roots of the equation obluined whon the deter

minent of the metrix on the right hand side of (4.44) is

set egus) to zere, Cur foraula for ¢ is now slightly changed

from (4.31) end is |

= V20 (d-4) /<npp-ea - (4.48)

No imeginery terms oocur to order (q/uol?' and B0 U is resl
to o{q).

The scetiering of a spin wave into & pair dk:g,w dia
oan nacurnidce it sy be poasible to petisfy erergy and
momentun eonsarvetion lsws for thie proceps for some values
of k near the Ferml surface. In such ciroumstences this may
be a dominaent term in the damping of the spin wave, In our method
thie scattering would give an imaginsyy part to the Green's
fanctions of (4,30} in the small {q,wW) region. However, we
expand in powers of ¢/ to oxder (g/wl” enl in Ghis 1indt
+“he foeginery part is sero. In the sews liuit the suscep-
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tibilities defined by (4.40), (4.41} and {(4.42) have no
imeginery parts, These results imply that o 1 reel., Thia
conclusion is open to some doubt as the foram of the gusocep-
t1bility 4o (4,26) and (4.27) slready assumes that spin
woves { and the intraband transitioas )} are well defined
exoitations,

¥We will compars our conclusions with Sokoloff's (1969a)
method, He also mekeg corrections involving (4.40), (4.41)
end (4.42) because of intraband transitions when the Fermi
energy lies below the top of bend 1, He still obtains the
alapaxl;on ro}.atién W=gg, but with ¢ now ronormalised, He
doen noé mention that o may now have an imaginary part
because of the poattering prooess discussed above, Ve
would olaim the spin wave is not so heavily demped, with &
1ifetime proportional to a higher power then 1/q.

The demping in either cese will be small 1n certain
Q!.rmﬁnun. if the Fermi surface lies in rezgions of the
Brillouin zons where there is strong spin polerisation, the
weights of the intraband transitions in the suscepbibility
Xo which involve small momentum transfers, ére proportional
$o sin char less { from “.4&} o (8.42) 3. and are there-
fore emall, A:.se :mtrama traneitians about partu of the
Fermi surface s.n wramagnutic rsgiona are prasmbly not
soupled very ntmagzy to the spin wave,.

We will now conpider how A affeots the real part of the
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spin vave energy. Ye £ind it has the value

A=23 % P(sin egVE,(k))ngl (4 .46}

At zero tezporaturs ihis czn be writien us a surface integral

A= %\3 sh 6y n.VEK)dS, (4447)

“hen & lies &n the gap XSP= 0 and A= ©, Vith & not in the
gap we will pay partigular attention to the omses when the
damping is thought to be small,. Whon the Fermi surface lies
entirely in {he raglon strongly dlstorted by the antiferro-
magnetiom, sia Op, € 1 and A« 4, so that o 1g ati11 given
by (4.31), or (4.356} for an sntiferromagnet with a wide gap.
If the Fersi surface lies entirely in parameguetie perts of
the Brillouin gone away from the nesting surfaces, sin i,
is aluost one, #o thet |

A= LN (0 VER)JS,

6(2")3 (4048,
Gne oun then write 4 as the sun of & volume and & surfece
iategral se thet
| d-4 = Z3n,, (V ' 0 1= gV () ceso
2 o (VE@V(singg) - g1Vl ces®e, )
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In this form one pees thut electrens which contribute only
weakly to the xnuénetic moment contribute weakly to o, Using
(4.49) more reelistic models of weak antiferromagnets then
those with perfect nesting bends could be investigated,

t“a can invegtipgate our formula (4.45) for o, with 4
- given by {4,49), es 10 remembering %o remain in the region
&lwg » L. Supposing & (k) is of order 5 on the Fermi
‘surface, as I $+ we have & region where 5 » g. From (4,32)
end (4,49) we f4na a - 4 1p Ufﬁgz/ 83) and

a/<na-ha¢>z £ 9 /Knm=tayy = +IN (4 .50)

Therefore o is O{g/¢) from {4.45) showing that the epin wave
véloaity tends to zero ep the an&rgy gap,tenas to zero, For
I < § there will be a breskdown in the sntiferromegnetism
becsuse the ulfconaiatonuy equﬁuon {4.18) cannot be
setisfied, S0 the apin wave velncxty as well as the energy
gap is & maanre of when antiferromagnetism oocours in a
model with nearly perfect nesting,

This argument does not apply to the idealistic coame of
perfect nesting for whioh $=0, and (4.31) still applies,
Im example 18 & helf full & bend with nearest neighbour
hopping in & b,0.0, oryetsl, The Fermi surface is & cube
on which £, (g) = 0, & rough appmxz&i&ﬁon ff}r o can be made
by eongidering the model of Fedders and Hartin (1965) in
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vhich there 48 & gpheriocul lMormi surface neur which
EXCERTGS.

e Lind

Jlog 2Vrke /g = 572
log 2v¢ ‘(,;/3 -3

o
C=gVvr {4 .51)

where k. is tho radius of $he sphere, Vi the Fermi velooity
and ws € g & Vo k.o Then

C = Ve \3log2uk/g a8 | log2vkfg >  (a2)

One can gee that ¢ deoreapes véry plowly as g decreases,

Thise ariaga beoczuse the perfect nemting of bands greatly

favauga entiferromegnetien, This result contrests vith the

result of Sokoloff (1969a) who found ¢ inoreased as 2v.k/g
inoreased, "he numericul factors cannot be sccurate becausme
of the aypruximaeioaa wade, but 0 is of the order of V.

in agreement with experiment ( Sinha, Iin et al 1969 ).

We have now considerable confirmation that our formule
for the spin wave velocidy ¢, for an antiferromagnetic
itinorant motal Whan the Fermui energy iles in the gap, is
correct, ¥irgtly the formule for spin waves in & Heigenberg
antiferromusnet is obteined ac an E$ample of ﬁhan there is

a wide sntiferromagnetic cnergy gep. In the rodel of Fedders
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end Lartin (1966) there is a weak energy gup. For this ocaze
our expression for the spin wave velocity ie of the order
of wagnitule of the Fermi velocity, in agreement with experi-
ment and other theoretical reeunlts,

Vie have extended our foroula to the cape vhen the Fermi
level is not in the gap, The bapic apsumption used ie that
part of the magnetic responee ip dominated by spin waves,
ihen, even wiith the Fermi level not in the gep we ergue
that ¢ 1s real. Furthermors, when.the Fermi level lieg only
in regione ctrongly dlstorted by the antiferromepgnetism,
our criginel formule cen be retained, ot esurprisingly we
£ind thet ¢ is a neesure of the stebility of the antiferro-
magnetic state in wesk coupling models, anf decroaces to
zero ag tho energy gup tenlds %o zero, The work differs
from that of Sokoloff (196%, b} by not using e restriected
bagin set, Sokoloff, for example, wag not able to obtain
the seme Heisenberg 1imit,
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Lppendix

In this appendix we give further details of how theo
genersl fopmule for ¢ in (4.31) is evaluated, From (4.8)
one f£inds

~1 _ + .o
[H)S\A&] = EZ'(S'@+$)- E;(Q))C‘;;& ‘l/cﬂl_i‘f‘+ Ez&)ckg& 'LCRE 1\— Ez(g-}@) %;g,\bcﬁﬂ {4,53)

[HSeg] = g(s.&«,») =l g L0 EE) gy et (4-54)

One oen write (4.63) an@ (4.54) in terms of the antiferro-
nagnetio energy bande by inverting (4.,13) and (4.16), oo that

+ t/dy, ! N
o\ _ T [Cue Sorb| - T [ .,
+ - Cl + y + - + {4 S8}
Cgs e G, dav
Ve define
a=8+a,b=Db+b,a=4-+4, {4,58)

vhere & , b, und &, arise from the correlution functione in
(4.30) end B b and 4, from the Greez;l fanetions in (4,30},

[Ty, W53 1) = [T5es ST

we £ind b, = 0, end from (4.29} cnd (@.@:\u)
. + -
Q, = 'ét_:f[[sp“i) H] Sﬁ‘_l] > = g &l 2<CAZ‘Y‘C8£1‘>

E,_(?,)smeg (ﬂg, - m_gz)

{4.57)

Ir=p—j
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de* = 97 it—“?o @L‘< [[SA_; , I-l] S‘A; +Sg; ]} (4 .68)
{ 2 \ 2
ZL-" 3 CS,.V) < l(k‘(”al_zﬁ hel_d*) -3 (g, V) gz(gj a<caz¢cgg 4> (0.69)

% (@ WE®) (et M) - (@0 E) (e~ S0y

These correlaéion functions have been worked out in the

antiferronagnetic ground gtate,

To evaluate the Gresn's functions we define

Fao(a,u) = <<[S,«-;>H]3[H,5v§] Do ) L= I;rfgnﬂ;' TERE 60

2Fnn = Faigmet Figng +2Fnene 2Fes” Fuemet AR LA
In termp of the antiferrouasgznetic enorgy bands, one way
write (4.8%) and (4.5¢) as

[H.Sorea T =3 2 @WEE) o0 (hatdn + diudiae) (a.60)
(H,Sneq ] =J;'§ 26,(¢)siny (dizy o + iy diat) (2.62)

to the lowest power in q, negleocting terus involving intra-
band $ransitions, TVhenr the Fermi level @oes not lic in the
gap one should include intraband transitione in (4.61) and
(4.62) , However, intraband terms do not contribute to the
Green's funotions [,(q,W} in the liuit g/w > 0, in the
approxzimation in vhich electrons vwithin the asntiferrousgnetic
bands ere non-interacting. So putting (4,6)) and (4,62)

into (4.60) we got
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&ha” q" &:L &ro c:':. Fme. A+B (4,63)
/23 Z [e Vew)| cos >0y (g~ nkz)

”

A, = =% lim &‘w. Fa-g, n-8 (2.64)
wH0 >0

- Z' £,(k) sin® Oy (hk - “kz)

E’- - wh-:z &-;h 4> Fare -8 ' (4.69)

but this torm does not contridbuteo to the spin wave energy .
to 0(q) and mey be neglected. Prom (4.57), (4,68}, (2.63)
and (4.64) we obtain (4,32) ant (4,33) of tho text, |

7o obtain (4.40} to (4.42) of the text, one necds the
folloning expressions for 3;(@ + 8,{a) in terms of the
entiferromugnetic bande:

SA—&"' SS& ZCOS z(9m+ek (Clk-m,l\b ((kz‘?' + dk—i‘bl\b dkm) (¢.65)
£ + sin (01 O0) (disgry duin ~ dyraavdian)

-

-S= - RYZL R +
Sag ™8y = %‘ <05 3 (0a =8k ) (drg 4 Iger = gy dun) (4,67}
S +
t su %(em ‘%)(cjyg,wdgw‘ dgigudm)
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Chapter 6
Spin Vaves in Chromiun

I The Two Bend Approximation

In the previous chapter & formula was odtalned for the
energy ¢q of long wavelength spin waves 4n a one-band moéel
of an antiferromsgnetic metal., Chromfum 4s the only metal,
to which a purely itinerant electron model applies, and
which has an antiferromagnetio ground state, However,
chromiun in a paramagnetic stete, hes a complicated band
structure and henoce the strudture, in an dntiferromaguetic
state, i equalzy complicated. Nevartheless, in this
chapter a formuld for ¢ is ‘caleulated and comparison is
made with experimentel values for o. This is poseible
benéuse the two band approximation introduced by Asano and
Yamaphite (1967}, td bs referred tu‘as Ao y greatly
einplifies any treatment of the antiferromagnetic ground
state, |

Using this approximation, the contribution {o the total
magnetisation from the spine iu the different bands can be
estinated, 4As emphapised by A.Y. the banis vhich are not
strongly polerised cannot be neglested, since there 1g 5o
much ﬂf then they are tha dominant contribution to the
magaetisation, However, thoes weakly mugnetised bands are
usuelly neglected when caloulations of ¢ are made, The
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nothod of this chapter trieg to treat these bands properly
and hence is an improvement on earlier caloulations ( Fodters
and Vartin 1966, Sokoloff 1969, Iiu 1970 ).

Ve go further then A.Y. in discussing the conditions
for this two band approximation to apply. It eppeurs thod
the approximation breaks down once the epin density waves
in ohromium are no longer indepenient, but this mey coincide
with the transformation from the spin density wave ptate
{ SD¥ie ) to the perfect antiferromagnetic stute ( PAL. ).
This transition S.D.JV. £0 P.A.F. would not be reflected in
the paramsgnotic susceptibility whzéh ip often discussed
in this connection ( Gupta end Sinha 1970,j19?i; Hasaguchi
1965 ), | |

The two bsond approximation has greatost applicability
to a P.AJ . state, and experiments are most easily perforne
ef on Grelln alloys tthich take up a poerfeot antiferronagnetic
configuration, Hence o, the spin vave veloeity, ie calewde
ated for thie sort of alloy. The method of this ealénlatien
relies entirely on the formalism of the provious chaptor
and $he two band epproximation of 4. |

II The Spin Density State of Chromium .

It was £iret auggented by Lomer (1962) that the ground

state of chromiun vas & spin density wave, Arrot ot al
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(1965 «nd 1966) discuss newtron seasttering experiments on
‘ehroaium, The slasiilc magnetic seattering froxm the electrons
is proportionel to | _
S™(g,0) = Sw) <Sg)SED
in (1,26) and (1,28), with seattoring wave vectors ¢ = 4 + &
for epin densities of the Corm 40op (ar provided A is not
parallel to . For chroniwa there are threc different bamic
wave vectors ¢ of Vthe form | ,
Q= L(i-e,0,0) | Q = L(o,i-e,0) @, =T(o,0 ,1-¢)

giving three diflferent spin denslty waves,

‘ Chromium &5 bofy centeref cuble sc that the besis of the
face centersd cubic reciprocal lettice 1o ,

T(y1,0) , T(o,1,1) , T(,o0,1)

2a 4o Yhe side of the cube in the direct lattice with etons
at (0, 0, 0} ant {8, &, a). In the presence of u magnotic
£ield along the x-axie»anly the @, spin Gensity vave will

be represented. Below ;ISOK the reflectlong are of the Lor:

Ta"(l—e,o,o) i-%(' > ',9) , TKT(t—e,o,o) + %‘(« , 0, l)

but not +T/a {1 t e, U, 0), Above 115 X but below the liéel
temperature %8-5 C, one has the additional points

tTM/a {1 + 6, U, O}, This 15 interproted to mean below ii6 B
{ celled the spin £1ip temperature ) the polerigation A of
the 4, spin Gencity vave is longitudinsl 1.0, 4 ip parallel
to &, » vhoreas above L% is tranpverse,

@ gee that the magnetic soattering ocecurs around the
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point H= T/a (1, 0, 0) of the first Briliouin zone, Tempe
eratures and dilute concentrations of impurity ustsle,
which inorease or deoreapse the effective clestron concen-
tration, change e. Hamaguchi et al (1964} discuss ehromiume
mangenese’ and ghromiunevanedium, For pure chromiux e is
T/2le et 1iquid air temperatures and ie T /27a at the 1del
tenperature ( Herring 1966 ). For alloys with 2/ manganaeso
& purely. antiferromsguctic structure with e =0, is gtable
at all temperatures below the Néel temperature, Hamaguchi
et al plot the different phaaes on a'tsmperatuxe‘yarsus
effeotive slectron eonceabtration dlagram,

Lomerts (1962) explanation of the antiferrosagnotien
in ohromiun relied on there being two oloséd pockets in the
band ptruoture, one enclosing eleetrons at the point [ of
the Hrilloudn zone and one sncloping holes at the point H,
Botk have approzimately the pame volume, This band struce
ture, favourable for the ocourence of a spin density wave
of the form depcribed above, was derived from consiaeripg
-the band structure of iron, Since then, caleulations have
besn done on parsnagnetic chromiuvam e.c. Loucks (19651,
~ Asano end Yemashito (1967) anf Guphu and Sinha (1970),
These calculatione have the same favourable feature i.e,
the shifting of one of these pockets by W/a (.96, ¢, 0} or
T/a {104, 0, ©) elong ons of the cublc axis approximutely

brings a large arez of contact betwesn the pockets., This
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produces an antiferromugnetic coupling betveon the electrons,
vhich cap be estimubtedl using the Hertree=-i'cck approzimnation,

It vould be hard to golve the HartreceFock eguations in
general. . waavet.;the assumption that the antiferromasnetic
eoupling betwecn the eleetfans is weak except for those 4in
the peckets around M ana ® tnvolved in the nesting, prode-
neee considersble simplificaiicn in theorstical work, and.
ie Justified experincniolly. Thues much progress hag been
made using model band structures ( Fedders and tartin 1966,
Fimball 1969 ). o . _

The methof of looking ot peaks in the paremegnetic norns
interacting susceptibility Xotg} in order to Getercine the
vave veetor of the epin Gensity vave, hap boen discussed
by various cuthors ( Tachiki end Negomiye 1963, Herring
1966 ). Gupta and Sinhe have looked at X (q) ineluding the
effectn of meny banle and trying to inolude the e¢ffoectn of
matrix elenente in the sunceptibility. The interacting
pusceptibility is snhanced by & factor of the form
[2 = 2deg 'Koig_)]_' s BO Athm o peak in Xolg} &t the veve
veotor © msy make X(4) @Qiverge, inffceting that tho ground
state 4m & gpin denpity wave of vave veetor L. Guptz end
£inha'e celoulation is not pufficiently goof to sllow &
Getailed Qfipcupsion of the width of the peak, cr of itp
change in npopition vith snall chengee in electron concens
tration. Hamagucki et el (1965) escume a form for the



{o2)
easeeptibility to explain thely aldoy resulis on the banis
of the »igifl baad aporoxination, but they a6iso remari on
the neofl Tor dotailed information on the bani siructure,
The variation of gx_azth.affeatiwa electron gongentras
tion for chromiunenanganage is the following: ¢l . approachos
T/a very steoply onge O, ) 9G6T/z, end this transformation
from the spin Genslty state, with 0, # T/a, %0 the perfect
antiferrodugnetic stote, with &= T/e, depends on the
temperatvre { Hamaguohi et al 1965 ). Asane and Yanaphits
discuss e moeghuhisn for this to happen, essuming that the
gap in the perfect wntiferromagneiin clete Le tywice that
in the spin denslty stute, The rigid Land gpproachk ie also
relevant sinee the increcce of electron coneeantration
ehould ecauso the eleetron sarfuce %o expunfl and the hole
surface $o contract inereuping (.. Aswio and Yamachibo
obtain the foroule . - o :
-Qx = Tr/ﬂ ('qg + bn ) 9, o)' (E.1)

on thie busle, where n is the number of excasr clectrone
per ston, ror Urelin this change is fexr %00 glow, but Cr=le
does follow this forpule { Ishikarn ot &) 1967 ).

- In pection TIX we will ehow thed 4t ie unrecsoneble o
eppsoiato posks in the perensghetic susceptibility with
values of the ordering wave vestor { . elope o T/a, whore

the ricié bend approzch breaks Qown. Anyvey, as CGupba end
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Sinhe remark, $he trangition in chromiun to the siin deasity
state im a Lirst order truneibion so ¢ will be 1 a positvion
where Xig)’ has a pieep siope rather thun at a mexioui of X(g) .

secording to Rice et &l (1968 the expericentsl vulue
of the anliferromagncetic suergy gup 1ls -14ev, This ie very
gundl cempared with band enorgles. 4 large portion of the
Ferml purface must be truncated by these gups Lor them o
have such & erucisl imporiance oa the nagnetic siruciure
of the metal, liice yuotes an estiucte that BV of the
Feral surface is truncated, $he density of ptates at the
Fermi surface io lov ut 5 platesjev aton uecording to the
bend sbracture caleuletions mentioned above, We van thus
esbinube that et most, only -035 eleebtroas/atom sre fully
polarised comtributing a moment of +08Bug ¢ Whereas the
total spin polarisation is about *6ug. She addition of G B
yanediun removes the antilerromagnetism al$ogether, This
oorresponds o removiag aboud +UL7 eleetrous/atoun fron
parta of the Ferui surfacs oontribvuting to the entifesrroe
wagnetien,

This suggests thail only & very few electrons are
couplol mtrongly end are sirongiy polerised, #ven if eil
%herexeetrana vere Lfully poisrised in the elecitron pookoel
around (7 , this would not e sufficient o expiain the
observed sntiferromagnetic magnetisation, since the pocket

cccuplas only a Iraction of the iBrillouin zone, The crucial
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parameter for deseribing the pelurisution is gfg, o vhere g
is a typicel gap energy und &, is a typicasl band enorgy of
the fora (Eym - §Qnl e liost of the emplitude of the spin
density wave must come fron weakiy polarised electrons, vell
avsy rom the negting surfaces, characteriscd by g/{z & X
This vus alresdy suggested in Lomer's origin:dl paper, Agano
and Yemeshita show thet the energy 4ifference besween tho
épin density weve state and the paramagnetic stute is of
order (a/Ei53'in this regcion, suggesting that the cnergy
difference gomes from the strongly polerised olectrons
only. %e wil) asssune the oscupied zone can be divided into
'two'x"egicns. I and II, where gf ' >> 1 4a rogion I and
" &/€, € 1 in region II, This is @ very useful simplification,

IXI The Ground State

| '!f.*he genemx. forin of the épm' ﬁensité in 2 ppin éensity
m@' is (g(g)} = 4, 00838, plue hermonics, thet is torms
of the form 4,005y + K.r, whore X 18 a reeiprocal lattice
vaotor, Une can nepleot harwonics if one ndopts the "rigid
epin" approzimation { Overhauser 1962 ).
12 §{z-R;) 15 the spin Aensity in bhe eoll R;, elr=n;l
is the electron Gensity in the cell K., then in the rigid

spin approximation
SCc-R) = ele-R)Sc (5.2)
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where £ 1z the bobul spin operubor of the cell Tie 5 has
its uwsunl repraseatation in terss of atowie wave Lunctions,

aawely

_2_ A PR - - + .
Si'= gla-ai) | S = 2.Cip St (5.48)

. -l . + .
with e ~© %‘C‘/*rc‘/*“-'

M Genotep tho gymasetesy of the atomie wuvelwictlons and
+ _ L
Qe 5, Ceuo are relaeted to the cersution und
, 7‘ +
eonibilation operators of Sloch stubes Crhke,Chnpe B

{ (n AN
Chnie = \{,\qugﬁi Ci,uo-e“‘
\ + 1 mt + . .
ont Cnke = N b Ay ool (5.)
W

Spin operators pow necdt be lebellod by their sitc only.
If one further aspuser tuat thoe poleripation fo Yhe sume

for each atonie wavefuncilon, so thed

N + o(rin—hiV)

R = L (e —hiy) (6.8

"li,tm‘

R

then the only cpin depenfent tora in the shorterange inter=

aetian aa;

:re-ﬁ‘ 2 i Ny, (5.6)
{
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vhere Jef = é(zwm J, and I and J ere defined in chapier 1.
Thip iuteraciion (5.6} can be re:ritten
1 . < = .
5 Jeft 25a Sq (6.7)
i
. 2 tg.Ri 2
where Sq, = Z‘ e '3 = S‘( (5.8)
= {
= F;,m(‘_( k ;_(Cnlt%’l\cmk’l‘ an-rq,tcmk\t) (5,9)
" P mi
£nm
_ ot
and l’nm@"ﬂ'sg = 2 Qg Leu | ’ (6.10)
M T

Por & glven 4, region I 19‘ the part of the Brillouin
zone Lor which therc is strong nixing between two bands,
i1 and e The genoralication of (¢.10) to two bandis is

. ) ' -
<<(c~g+@e—);(c~z+gs)>>m= (g WOV
| E.1

Cmie / \Cle ’:\(@) w= Egm
where WNM(Q) = #J— > (&*@»k), (6.12)

| I I
Tho antiferromugnetic energy banis YWy, | Yy, &b region I

ere formed from limear combinetions of Yiuew, Yiy » There
o I
ere smm corrections to '}b‘k( 28 beceuse of week conpllng;

cf '&b‘m_ with ez.ec'ismns in regiocn LI,
('v 2

> in (5.127 is derived selfconsistently, using
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z 2 \I 2.\ I
{Sep = <Sqr + <Se» (5.13)

vhere S; it defined by (6.,9), 8n8 I refores to regions where
the summation over k, i, @ lies entirely in region I, and
II refers to the rest of the sumnation, Using (b.ll), one

£inds
\ + + I
3Nk e = Cngl Cupe)

2 aud
= T@) (T + LEgon-Em) ) (ng - m:i) (6.14)

In region II thore 1o coupling betveen electrons im all the
banip, Hovwever, as the conpling is weak we work to first
order peorturbation theory in the intoraction, so that the
¢dupling between bands m and ny is independent of the
goupling betwech bands n snd R,, The new bandis in region 1l
have energy { Kiunball 1969 )

T 2
B = & ~ ) @l (ng-nisgn)  (5.,20)

n Cean = Egm

whore Ry, » Bpen 8re Oscupation nunbers of the paramegnotic
N N I

bande of region II.<S°Y o in (6.13), is Gorived from (5,11)

vith

+ I -]
14 paant it ™ SergniClmby = T Eisgn=Ein) (km—"rgn) (5 126)
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(64161 1e the suse us (6.14} 0 the £irst order in the
interaction enexryye.
Vith e magnctic £ielda (0, 0, Heonu.B) on, one has to
replace sz(gi by
[ (Q) + qugH LRk @ k) (6.17)

Thon if the vwhole of the band atrueturé vwore in z;egién iI

tho notal would be paramaspgnetic, that is
z —
<S¢2ee = O (5.18)

The paramagnetic susceptibility th.) is thus from (5,9),
(6.,16) =nd (5.17)

0
ASSD o (gu K Q)
1 e Y - Q oo (9/“8) l _ Z‘(J;Q/N)xo(a_) (6.19)
ahore (@) = £ 37 [F (60, 0)f ekom = v (5.20)
‘ .k)n)m 61“‘@" —Egm

' One ean compare this result with the result ono obtains
for a poiat interaction Jeg nmnNJll, for vhich one must
solve a matrix eguation for tho susceptibility X (& « X, 4
( Gupta and Sinha 1971 ). ihie te |

(S = 2 Tafl Klaw o) Uae00) = Xk, @) (620

®
vhers X(Q‘Lk Q = i'“z (k+l$+@,ls)ﬁm(g+@,k) Nem — Nie@n (6.22)
E_lg-c-@_n = &km
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ana Fon (6@, 8) = [ Vrgm e ¥ Yrgn (5.28)

These aunthors make an Vaveraging approximation £, (k + &y k)

=£{¢) to turn the matrix equation into an ordinary equation,

giving & siaple enhsnoement to the susceptibility, Onc can -

solve the sclfcoansistency egquation fer this type of intere

action uping a similar approximation for the matrix e¢lements.
rrom (6.16) one £inds

Q-

2T ° /c2 |
{GEY = Z%EX’I<SQ> | . {Be2a)

vhere Xy 1o the paramagnetic euscepbibility of tho
clectrons in region II, defined by (5.20), Thus from (5.15),
(6.14) and (5,2¢), one finds tha following melfoonsictency
sguation for <8Q> , ’

r
Q k -
- 2!&“ XI(Q = i‘_\T ; NM(?:"-—:—I‘ (?g; "kz)
| JI (@] + 3 Cen Ewm)
o -
XI (fg.i wey be reasonably fiat es a funotion of ¢, showing
that only part of the sueoceptibility, that involving the
nesting, is important for detormining L.

(6425)

The dranatic a!ffeets nvf the pz;eemm on the lieel tempere
aturs Gisousssd by Hice et sl (1969) can be interpreted in
a new vay, Asswning I, (k + 4, k) is spproximately 1 and
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approximating the nesting bunds by parabolic bunds ( Fedders
anf Martin 1966 ) one hus the approzimate formala for the

Héel temperature, | ‘

with kﬁg of the oxrder of o bend epergy and
A= NOJg /I - Tef¥z@) . (5426

The rapid deoreuse in T, with pressure, may be due to a
decresge in Ypit) rather then a veriation in the density
of stetes N{0)} of the nesting surfaces, The smallness of
L (8) may also explain why wolybdenum end tungeten are
not antiferromegnotic though thoy ghoglﬁ have & gimilar
band strugturq‘tb chromium,

D0 aerzve-iﬁ.zﬁi we agoumed thuet in region 1 the
dominant mixing is from the nesting between &ifferent parts
af two bands for each mpin density vave, The nesting reglons
importent foyr each vwave are independent, so the only inters
asetions botween spin density waves are wgak oo, I resgion
1L, beoaupe of perturbation theory, one cun include the
coupling of all the spin density waves, Une con investipste
- how the bands in (5,11} zre sltered, by including sll the
interactions,

Ve appuma that the antiferramagnetia energy gupe huve &

oonpgtant value
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Until now, in region I, wo have apoumed Gthat lEgM-Eg+gul -
is of order g, end 18 very mach lees than |Egu ~Eg-qul =0
that the two band approximation applies. Frou (5.11) the

energy bands in region i are

T |
E.,z(k.) = -,';(fgn+5g+gu) + \/3‘+ '/4(5&“-35,,9”)" {5.20;

If ve include the mixing with i qy 1n (5.11) the bande
ere Qeterained by solving

det[@ €N 8 ° _
N9 w-&m 9 =0 (5.29)
.0 3 - w-&-aN

. : I _
The lowept root gives the lovest energy band - (k) wnich im,
! MIN

| for lEgM—Eg_+QN| K ISEM" EE‘Q”I

I -
Eun(8) = (€ +Ean) - V9% + YalEpy-Epeqn)”  15480)
. 1 . I ‘
where 9, = 37'(| + E:I('ﬁ)‘gg-l-@N) L {5.51)
£/(k) —Eg-oN

" One meeg from (5.30) that the correotion to g is small, of
order gfs, » where &,1is roughly the band width, showing that
the bande given by (6.,28) are approximately correct, Thig
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Juctifies tuling the {vwo bvund upproximutioun. (toing to pocond
order in g, when ¢ is incommensurszte with the latiice,
produces second order energy gaps, of order 4;;1/5-z s 10 the
band ptructurc. |

However ce & tonds to T/al(l, 0, Oy [Egn -Eg-@_u[
becomes of order g, 60 {6.,8%) wnust be golved more generally.
If ve assume thut ¢, is still not too close to T/a, 80 thet
Viaan, Yiagy ete. need not be ineluded in (5.29), (64291
becomes approximeteoly

@) - 5£+@N)(‘°‘ EBM) = 23z =0 (5.92)

The lower energy band solving this eguation can bo conpared
with (5.29) when G, =T/a, for waich ’}UQ_QN = ')l"g.pgu
end which has the solution -
4ot =
(w= Eran)( - Egm) = 497 = 0 (5453

in this cape the gap is Goubled but no higher order gupp
ooour, Either (56,32} or (5.33) may glve the lover onersy,
sinoe |€g_+@~- EgM] ic Olgl.

- Hense for gome ¢, such bhat |8, = T/a| < $q, where §g
ie vory small, the perfect antiferromnsgnetic state hus o
lower cnergy then the epin denpity state anfl a first order
phase trensition tekes pluce. Thie .&pparently happeng in
Crel’n alloyc whers Sg= U3 T/a, For |Gy = W/e|) &g the

variation of ¢ of the epin donsity wave depends on. the
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ehanging ghupe of the bands, honever, i the reage
[& = Tfa[<8 tne spin density state does not cceur, In
any oune in this ratige the spin dencity wave gtéte shonld
include the effcets of secoad and third order gapp and the
interaoctions betwoon the mpin denelty waves, and would be
veyy complicated, In bthls. range, whore higher order eifcots:
are ioporiant, X.OIE‘-J has no relevance in determintog the

ordering.
v Spin Vavas

in chapter 4 we have shown how to treat spin waves in

& uofied-without necesnarily having perfect nenting of tho
banles In this chepler we have desoribed the spin Gensity
state éf chromivn, Yo phall now estimate the energyih>=‘ﬂcq
cf:sginAwavas for dilube Urein alloys, on which experimenis
hiave been 8one { Sinhs et él 1969, Alseliielpon and pietrieh
1869 j« Vor & wangeneee this slloy has @ perfect aantiferrce
magnetic structure, Une can atill argue that thé anergy gan
is emall evapsred with typicel bund energies. Honce %he
simplificetion of the weak goupling woCel ﬁiacuséea in this
chapter ptill applion. _

For w onowband itinerant wodel of an antiferromagnet,

defined by (4.8}, the &pic vave velowity s :
P Z
¢ = V2ad /4<Sg) (6434)
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whore o = Z §, (k) sh 0 05O Ny (5,55)
d = 0 (Vsfe)V(sing,) - l Ve s B )M (5.6
k |

€ o€, una O, are defined in terms of the nonemagnetie band

by

€,20k) = ;_'-(E(k_)ii@-l-@)) y, fn 6 = Ez(k)/a (5.57)

where g = 1/zn bg) satisries (4.,18).

It has been assumel thet & lies in parts of the lover
entiferromagnotic energy band which ere neerly paromagnotic,
The only intrabsné traneitions oscur in these perts of the
band, In addition ¢ D feg so that trensitions betvecn
uppexr and iamx bunds require energlos fer greater than
typieal epin wave energies, |

In ehromium we have shown that, tlicnggh region I is strongly
polariged, moot of the moment comes £rom he large nunzber of
glectrons in rezion II. Vg can uaa'tiia game idea in the once
band mofel, by sssuming thet a large part of tho band ge in
region II with Just @ smell part, consisting of the neetm._,

ra,gmn, in rag;iem I, Froa (B.35)
a = I<S > | (6.38)
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pince smek >~ 1 iu rogion Il, end the voluue of repion Il
is very much greuter than the volums of region I, Heace one

finds

& 55 = I (5.39)

Thon Lrom {5.34) _ .

d ie of ordor e;z/ 813 in region I1, So, assuming the volume
of reglon I is groster than g/ E,_)z x volume of region II;
4 is Qdominated by the enerygy banls ia reglon I, &nd vie need
oaly intagrét_e (5436} Tor walues géf 'k_é*;er t};e nesting
surfaééé.‘ | | : - : | | ,

'mau@;h (5420) appliea’ only %o & ome-band uofel, it cen.
be applied fo chromiuam, mie mtegrauo:; o#er k, i1 4, 4o
now c;var the ports of the ban&é i f;ﬁ&,m involved 4in the
neating. Ve therefore delfine | |

(k) = 1(E0L) &) | T=Jef (5.21)
and E,;d(k,-"@,k) = ','

Mamiﬁg thiet one cun approzmimate tho neopting surfoces
by puarabeolic banbs ( Iedders ..ana’:fms:w 1966 }, oae can

write |

gt)= 0 , &) =21§(«8-&;) o e (b-ke)  (8.2)
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in region I, neur the rerni surface whoge rudius ic Xp. Then

d ~ A AON @Vp) 9 41Tkzdk  ~ 1ON ‘KVFkF

= 2 5,45

place g K Av ke or g €&, in region il. So from (5.40}
end {6443)

- kw = Feg = [2Teghav (ak] g (5.24)
whéregﬁb'w(aal is the volume of the unlt:eells The spin vwave
energy depends on-the volwus of the segiing surfaces $hroush
akp fre IE the elestron pocket occupies about half the Pirst
Briliocuin zoue, then eguating the aumber of olectrons ib
the pockei fo /2 gives k= 3[6/2T T/a, in faet the Fermi
gurface is not & gphoro, 8o thet nusericsl factors cun only
be approxiuete. Pubting ‘iaF.:Tr/J"E'Ia for éonvenienaa, (5444}

bocones

W = \/%Teﬂt ahvg q, (5445)

vne ¢on compare this result with otheres obtained
experiucntally and theeratically\for Creiin alloys. Theorate
scally ( 'eGGers end hartin 1966, Sokoloff 1969, Liu 1970 )
& apin wave velocity o of order of wmugnitude the fermi

velocity of the nesting swrfaces, is obtainef, These authorg
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uge & completoly different derivution of e, Their forauiu
for ¢ is indepenfent of J’e& in the piuplest approxinsticn,
Thedr method only applies when there are pertect necting
bantss Vrom nentron seattering ezpericients Sinha et al {1969)
obtein ¢ = 1-29 = 1Q7cm/sac. ané Alcelideleon and Bietrich
{1962) obtuin ¢ = .69 x 1(%7cm/eec. Uslig def = 1 ©V
v.= 5.1 x 10 eufsec { Siuha et vl 169 ) und a = 1-6 £,

(6.45) yielés
%c = 1,300 mev R

or c 2x 10’ em [sec | (6,46}

Thus our resuld ie in Loiy sgreenent with experiment,
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Chapter 6
Spin Vaves in a System of Itinerant Klectrons end local

Moments

I Looal loments in Alloys and Rare Barthe

There are a aunber of differont cuses in whioch the spin
donpity wave state of itinerant electrons is associated
vith interactions between the itlaorant elestrons and loocal
momenté. Firstly, the propertiesz of rare earths oan be
desoribed by assuming the € shell elsctrons sct as loeal
momente interacting via the s band, Secondly, Overhauvger's
(1960) origina) investigetion of the epin densi’y wave state
vags bassd on ideas of local momentp in alloy syatems like
Cu~in .ete, Marahall (1960) waa able to explain the low
temperature peak in the specific heat, which prompted
Overhauser's suggession, without aaaumlng thet the conduce
tion band was in a long-range antiferromaguetic state,
However, the ideas of Overhauser may woll be applied to a
nearly antiferromegnetic metel, This is a metal, snalegous
to pallafilum which is nearly ferromagnetie, thet hes & band
struoture snd electron-electron interaction vhich nearly
satipfy the eonditions for antiferromagnotienm,

Ve will consider & one band itinerent eleeiron gae

containing local noments and with a proference for a spin

density wave ground state. The vave vector ¢ of %ihe Bpin
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density vave 1s not necessarily commensurate with the
lettice 1.6, § ¥ iX where K ie & bage vector of the recipe
rocal lsttice, If § = K one would have & perfect antiferro-
magnetic structure in whioh the gpin polarisation ir 4in
oprogite directicnu on the tvo cublettices, The Hemiltonisn

ve gongider is
H = %’E(g]n_“- + Ianma + TZQ.&‘Q (641)
C L

where n (& is the Qensity of the ¢ gpin itincrunt electrons
or the R: of the lattlico in « Venrler reprerentation, Ty
ip the spin depsity of the itinersent electrons wnd §; is
the ﬁptﬂ.afrthe lees) moment on the pite I:s ¢ =0 oOrl
dependiing on whether there ip o local moment on the pite,
For the rare esrthy ¢; =1 sirce there sye £ electrons on
every pite, For dilute elloye S which the molute foras
loeal monmentm, ¢ 48 prefoninantly O,

The fora eof the intersction between the locel moments
end 1tinerant elestrons is known & the a~0 or s~ intepe
ection, Egjcg) ( Fasuya 2966 ). Iselly the operator S; in
(6.1) should describe the moment of tho impurity stom at R;
end be ipdependent of the metrir in which the fmpurity lies
and tndependent of the temperature, Though thie condition
doee not apply, much oxperimentel work ( irrot 1965, Van

der Berg 1965 ) hes been dcne o slloye of 34 transition
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metaly in aone-megnetic aotals such s Uw, Af, Au and
aleenty of the 44 transition peries, The rigorous theoret-
ical trestmentsof impurities in petals ( Clogston 1962,
Anfierson 1951 } zllow the poessibility of & virtual bound
gtate forainy, aspoelatel with the inparity ztom, Thas the
s=0 00881 i3 a convenient approximetion, thoush in this cagme,
Jd is only phenomonologleal, The f~sholl radil of the rare
eaurth atome are so amall thet Shey &o not have significunt

overlap., In thig cuse there is & sounder baupis for putting
T= [[Cus "04-3‘(")6 st )0 (c) ) dn dr, (6.2)
Na

whepe the integral is over a unit cell,

Pogisive and négat&ve values ol 4, eorrepponding do
parellel eafl antiparellel olignment of the itlnerant and
locnlised electrous, arise quite neturally in the anderson
model, The form of the fabterackion in (6,1) and (6.2} oceurs
when overiape betvwesn nesrest neighbour sites are aeglected,
and then M o) ooumufes with the Fourdey oomponents of ths

total npin dengity orerctoys, that is

]
o

' ' (g
[Hsd , o (Sice +oy)e " ] (6.3)
¢
Donfach and Wehlfarth (19487) use the form of HeJ eiven by
(6.1} vhen discussing ferrotiugnetic PMeFe in the R.P.J.

approxivation,
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They obtain o formula fiw = hg 2 for ucoustic spin waves 1in
Pa-¥e, but Y can wleo be obtained from the general foraude

for », Afscungod in chapter 2, using (6.,5) ( Rawards 1970 ).
IT The Ground State

One can write (6,1) as

H %S(knko“"%—ék ) L

e

};k O (6.48)

vhere the summation is over the whole Brillouin zone, and
2
the Fourier transforms O  , $ | of the itinerant and

~

localinef apings are fefined by

c- “‘Z(Ck+k4‘ck¢ Ck,+k¢ Ck.¢)
and & tk.R 6451
(A
If we sesume thut the system is in a longitudinal spin
Aennity wave shate, the Hartree-Foek enproximation, as in
{4,10) and (5,11), is equivalent to approxiuvating the

interac'hion by

2

)

2 2
o, = <o Py +<o )0y (646}

Z
where <°_g > =0 unless k = t Q. ¥or spiral spin
density waves ( Arrott 1966 )} one makes the following
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approxination to the interaction
AT R TR gt (67!
For the spiruel spin deneity vave <6, g+>=0 sna < 6‘—5_>= o
uhleas k = Q. Spiral spin densities occur frequently in the
rare earthe and have the speclal property that the polar~
isation on each site has the same magnitude, though not the
same direction, This is not the case for incomuensurate
linear gpin density waves, The following analysis deals with
lineur spin denpity wave states but we will mention how to
gev results for other types of spin ordering. Une aléo

approximates the looal moment interaction by

4
Se-Gp = <S¢y oy + <o 2S¢ (6.6)

Defining g, = %<ng> , 9= %<G‘@z> (649
and aaauming<0:92>=<6';> ,<S;)=<S_;> ve get

(o~ EKCyo CE&)% =G9)ear et <easirhy) + | (o
o=

Further equationg of motion will couple 'ka and 'Vfg +2Q ete,
T0 Bolve the problem we make the same assunptions as in
chapter b, For some g,_ the coupling between 'llfyp and ')(@4.@1\
is strong so we may neglect the coupling between Vit and
"0}‘2@1" For other k, the coupling is weak so0 the coupling
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ol '}(fm with "/"k.,.@q\ ieg independent of the coupliing of 'WM
vith '\0‘2 on ¢ The equetions of metion eon then be written 4n
the form
-1

A
74 = w-= e(k) 3+3!
Grep (k) ( reg o E(g+@)) (6.11)

vhere G:;‘ (kyw) = «(CM )(CM )>>

Cergh \cgrgt

o
By Gfuvsonsliping G,q; one obteing the new antiferromegnetic
bunio Y, o Wiy O erersy B (k) where

Yy, = CosHE-0) Yp + S0 Ynen

'p:gz = dCos ‘2"‘ (TK_" 6'_‘)%&4—@_4\7— S('n %(II{.‘ e-g) ‘%rg«‘ (5 «12)

vhers tan Oy = §1)/g+g, wna  E,(k)= F(glk+e)- g(g))

E(e) = s(8@)+eev9))r J_E:(k) £ (343)° (6am

The pheses T/€ ere put in po khat ©, will eorrespond to
the fefinition wo upef 4n chepier &, For spiral spin Gensi-
ties one would investiigute the meno aé,u&f;imna but would
ineludo the coupling betwaen V4 end Yiiqye

'rom the gorreletion fancbions of Gyp in (6,11} one

oehlsling the felleving selfconsistency eguatlon, jJuet an in



(4.18),

(6.14)

The ocoupation numbers By, , Of the antiferromagnetic bands
are chogen to minimise the energy. o
peftntng  Xgpw = L~ J (-Nea)
o k J@a+9)"+ €7
one gets g = T Xsow 29,
L= 2T % epw (6415)

If the coupling between '](fk and ",ﬁ‘y_g is &lways wesak so
that 9+ |E(k+2)-E(L)| then (6.15) reduses to

2y = X(e)  T<s |
<€@> |- 2TXTa) @ (6416)

X'SDW '@"”31 = 0)

X Z’ Ny = Ags-@

2N
bk g(er@)- ECk)
is the none~interacting paramegnetio susceptibility, or

where xo(@\

n

rosponge, of the itinerans ele’ctrchn. S0 we pee that in this
cage the elecirons respond linearly to the local moments,
For a band with no interactione between the itinsrant

eleotrons, the difference in the band energy between the
antiferronagnetic state and the paramagnetic etate ip
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SE - 4—; (Hg,- nl_:a_)(J g'z‘fsz(k‘ = Ez(k-)) (6.17)

2,.2.\2 '
N () TK5 (6.18)
Q=@

R

in terms of the reduced susceptibllity of the itinerant
electronps, A factor 2 erises becsuge we have two spin denpity
vaves of wave vector ( and -4, and half the local moments
are in one spin density wave and half in the other, So
Sy = 3NS< (6.19)

where € 1s the concentration of logel moments and S is the
value ¢f the local moment, For the perfect sntiferromegnetic
state (G = 3K) the factor 2 in SE would not be there but
, . _
| {Sg» = NS (6.20)

Hence the energy reduction in the perfect antiferromagnetic
state is twice that in the spin denpity wave sitate, This
ocoura in linear but not sepirsl spin density weve states,

The result (6,18) cen alpo be obtained by using the
Rudermen=Kittel~-Yopida interaction { Mattis 1965 ) 4in which
the local moments interasct through an effective Heigenberg
interaction, whose exchenge constant im Jpyy (g) =3 x°(g;.
This is the usual Hemiltonien for disoussing the rare earths,

For rare earths with a locel moment on every site, the wave
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vector Q of the spin density wave ground ptate configuration
will be the one for which Xf(g) is a maximun, This gives a
goneral explanation for the ordering in the hesvy rare eartha,

There ere two refinements to using the R.K,YX. interaction.
.Firstly. &, can beocone quite large and therefore the polare
isation of the itinerant slectrons becomes quite importent
and the Fermi surface is distorted. Elliott end Vedgewood
{1964) therefore go boyond pecond order perturbetion theory,
to whioh the R.JK.Y. interaction is equivalent, by invest-
igating the spin denpity wave state via the HartreeeFook .
states of the gonduction electrons, ag we have done in
chapters 4, 5 end this chapter, The confuction electrons
ars assumed to be Lree elestron like snd I is zero, Elliott
and Vedgewood inolude the snergy lowering due to gapa at
superzone boundsries K+ 4, and spuggest that a large portion
of the Fermi surface is destroyed by thess gaps.

Sevondly, the R.K.Y. intoraction apsumes that the rosponse
of the itinerant electrong is static, Gne ought to lancluds
the lifetime T, or the mean free path A of the itinerant
elsctrong. The lifetime T, would be dependent on the epin
@iporder soattering of the itinerant electrons with the
local momente, The affect of the Pinite lifatime is %o
introduce an axgcnential factor e‘gé‘ ( 4e Gennes 1962 )
into the exchenge integral J p,v (R}, This is however, only
a first step to including the dynamics of the itinersnt |
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electrons,

For dilute elloys like Cu~-iln the distribution of the
looal moments is randon and so is the effective field due to
them. Although the interaction between the locel moment and
itinerant electrons way be desoribel by an R.K.Y. inter-
agtion ( Harshall 1960 } the maximum in X?Qg) mupt be very
sharp indeed for Just one ppin density wave of wave vector &
to produce the energy minimum, The renge of the polarigation
gbout an impurity is of oxrder A@: '. where AQ is the width of
the pesk in X.D(q.}. As Herring (1966) illustrates, a random

field will have lower energy, provided the conoentration of
| impurities is vory small, Thus it is more likely that the
system is without longerange order { Arrott 1966 ),

there mey hovever be dilute sllove in which the long-
range order does ocour, Doniach and Tohlfarth (1967) have
investigeted the dynsnic properiies of Pad-Fe, Besaume
palladium satisfies the condition, 12 IN({S:), it s nearly
ferromagnetic. It becomes magneticed even at very low
consoentrations of iron impurities, and when mugnetined
carries its ovwn spin waves, Poniech (1967} hes wise shown
that the relaxation time of palledium is pany times slower
than that of & metal of nom~interacting electrous, so that
the response of pelladiuvm to fluctuations of locel epins
cannot be uspumed to be statie, |

‘Doniach and Wohlfarth {1967} 1niestigate the dynemic
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RJ.F+ts gusceptibility of the peallafiiun and £ind that the
spin vwave spectrum may be derived in terus of & freguency
dependent R.X.JXY. interaction between the 4iron spins, The

spin wave spectrum is given by

w =

.':7 J°‘<g°z> [ X(0,0) - X(‘L,N)J (6.21)

where X(g,w) is the transverse component of the susceptibe
$1ity of the palladium with an enhancement I, The freguency
dependence of the interaction in (6.21) changes the spin
vave spectrum drastically, leading for example to an optiecal
branech, Being able to write the R.P... approximation in this
vay 4is a fortultouns feature Lor the ferromegnet, For the
ferromagnet, the basis of single particle states in the R.,P.A,.
approxination isg the game ep for the paramagnet, The
ene:giea of the up and down states are Just split, ¥For an
entiferromagret the single particle baspis is & k dependent
mixture of 3"& &nd '}l"(_g,@ fepending on the polariesstion
throughout the orystal. fhus the R.P.i. treastuent of the
response in =n entiferromegnet usel by Sokoloff (1969}, is
nect & good spproximation, For the antiferromegnet one is not
able to got s simple result anslagous to (6.21) for the spin
wave speetrum,

¥e will inveetigate sn alloy system in which a spin

denelity wave state occurs. Suppose there is & veak concene
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-tration of impurities in u host metal which is nearly
antiferromsgnetioc ( Moriya 1970 ). Then g, € land s K 1

but for some g

I > 2IX%Q) =1-9(q) , S« (6.22)

S0 g =1/ $(q) g from (6.,15), At low bemperatures, if the
local spins are fully aligned, g, = J05, B0 that an approxe
inate oondition for long-range ordering ie that J35/I §(Q)
be of order 1. In this oese the enhuncement due to I
compensates for there not being & loocsl moment at every site,
If the left hend ineguality in (6.22) is relaxeé, the host
itinerent electrons have long-range order, oven when there
are no looal moments, The condition (6.22) on the host metel
is gquite severe, but there have been suggestions that it is
satipfled by scandium and yttriuvm, oontalning rere earsh
impurities like gelodinium and terbium ( Wohllenben 1968 }.
It should be emphasiged that the relationship between
the following theory bf spin vaves and the rurs earths is
only qualit&tiia’ Y¥he rare ecrthe have an hexasgonal lattioe
structure with more than one stom to a cell, Alsos 1% is

ugual) to assume thut the g-bend in rere eurihse is free

electron-1ike, wherees we have appamed the itinersnt band
is d~like with & tight~binding form, According to Vonllenben,

the long=range spin correlations in sezndiun is esgosieted
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with the d-electrons,
I1I Spin ¥ave Energy

Ve have elresdy o¢alouleted, in chapter 4, the energy of
gpin vaves in an itinerent electiron model of & perfect anti-
ferronagnet, In order to apply the formulee in chupter 4
directly, we agpune Q = K. It should be possible Yo
genaralise our results for otl;er o Sinée the p~d interaction
in (6.1) commntes with Sc_: + 0y, we can teke over the
proceduro used. in shapler 4 exaotly, This time however, we

look at the penerslisced suscaptibility

+ + - - ‘
< Sﬂ‘& * %"} SS”% t Ovg >>w (6.25)

involving the Fourloer tranafornmns of the total spin on the
sublattices A end B, Then tho formule for the anergy

Aw = fag of spin wavés in $he antiferromagnet, is derived |
by looking at the pnles of the susceptibility (6.23) in the
region ofw € 1, with the result

¢ = V2.(d-4)/<og v Sg) C (6.28)

8, 4,4 are written in terms of the antiferromagnetic energy

banis and are defined by
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d = -é—Z(V k) + VgL)aneang,+nkz _lVg(g)\cosek(nk ~Ng,) (64261
-k
R B
Q= - %! E.(K)sin €, 5’9y (g, - nyy) (6.27)
where . ton eg = 91&8/3*.3'
end €a(t) = 3(&k+9) E(k)

fhe only &ifference with the pravious expression (4.46)
for o, ig thot now <0‘Qz + S;} appoare in the denominator, .
Instead of Junt <0‘;>, and g + g, replaces g, It im ascumed the
 Parmi level lies in the lower ‘energy bané only, Asg tne
sontribution arising fron intraband single particle excitae

tione in the region ¢/w K 1, 4 =~ A mey bs gimplifief as

d-8 = 1 D(ETens) - S VE@ledty + e Teteny, (629

Tho usual progedure 4is to asenma that the ¥ermi level lies
in tho antiferromagnetic ensrgy gep when 1% ig in regions

£ strong polorisstion, g + g, » &(kl), o that the only
contribution o the last term in (6.28) involving E, comep
from regions of week polarisation where g + g, € &, (k).
Since thig term in (6.,88) is of order {g + {;,/E,_) = it can

often be neglected, In for exaupls the rure carths, a large
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gection of the Ferul surface may be cut by the entiferroe-
magnetie ensrgy gups, adﬁ-alect:ona nezxr these gups cre
dominant in the spin vave velociiy. Hence in this situation
we can write

d-4 = &

g(VE,_(E)V(SLV\ O) - b= (Ve o’y (g0
and the formula for ¢ given by (6.24), (6.,27) and (6.,2%) im
& simple generalisation of (4,49), How both the itinerunt
and the loucailsged electrons carry the spin wave,.

Yhere are two disadvantugee in using the H.K.Y. inter-
action &5 an effective Heisenberg Hamiltonian for the
localised spins ¢o calculate apin waves. Firstly, the KXY,
interaction (6,18) is only courrect 0 the second order in
the loval moment interactlon, thet is to order é*. tne
caloulates the polaripction of the éanauction eleckrons to
the first order in g /& only, where &, is the mean vulue
of &kl Eecun&iy. it umes the static response of the
itinerant electrons ani mo ignores any excitations of these

electrons, This condition may be written

5 % g < T (6430)

where U , 0 are the lifetimes of low energy excitubions
of the itinerant and locallsed electrons respectively

( Doniach 1967 ).
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The approech used above treats the loculissed wnd

itianerant eolectrens on the sune fecting, Ve ¢ua ¢ompare ocur
foruuda (64,84} with the RJKWY. formule for the spln wave

- energy in the limlt vhore the RJKWY. interactlion shoudd
apply 1.0, 8, € & (k) for &1l ke In this liutt the full
veights o thoe spli wuve wind the single perilele exelitaticus,
d snd A, in {6.26) must be rolained, T'e will apmume that the
inciusion of A is an adeguate corvechtion for the single
puerbicic excitalione, This ic a diffevent aprroximeticn o
the Ugiatis™ approximution (6.,50) s Ve negloet corvclations
i the conductiocn baal@ by pulting I=90, and apsule thore is

& docal morent on wost sites. Then sotting

d-do = £ 1(VEW) Vsingy) - st V@I e’y Yy,
k h.2.
c & (g ) VE(_«;+@)VE(&) (ng - hiag s
5 (349 (eoo) - s ko) (6,51)
and = E'-Z V(COSZQQV'E(k))nkl {6,232}
k ’ k

= £(349)) Z (e(g:@ )¢ [Vk) - 2(ete)-€0) (w(g)Ve@@)HM)l‘Jjng

’ -

whe¥e w6 hove pub 1=k for &(x) <&z v Ql, x1=k+g

for &(k + 4) < (k) und h o denotes thed the swwntien ie

ovel the heliwzone cnly, we ot

_ (qag) Ty (V) v (6.25)
:69) k((e(m) -&(u)* (E(g+@_)-s(g))3)
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ond a = (9+3)<6e) (6484)

to the lowost nower in g ¢ £,/&, « Pubting g = 0 since
I =06, ¢ &, = J/gﬂ <§Q>anﬂ

6> = TX(Q)<SQ>

(6,24} becones

= ﬂl—'z<€§>(! +TX(@)) J K@py, {VEY) 1Vl (e.56)
N € (sloe)- £ (re)-e)?

One can pee that ¢ is proportional to 1/N (s@> and
hénue +0 the concentrotion of impurities, Yhen the concene
tr-tion beconmes smell, longs=range order no longer exists,
(6.35) 1g not the same as the aorresnonling resuit in &
Hedscnborg antiferromagnet using Jpyy(R) as the exchange
interaction, For the Heimenberg model ( Sokoloff 1969 ),

the spin wave energy 18

| c_z‘Lz (NL<SZQ>) z(ﬁw@ ‘Tw(Q)XTEKY(Q*@)‘JM(@» (G ¢56)

(L<sHT ) () - X)) (Clas) - X°(@)) (6.37)

L (SRITY (@) NC) LT neee (7 - IVeE) |
q, Q v ¢k
3 (N @ ) ( )( NE E(a)- E(kjl () E(HQ)—EO:)J}G 38}

The Aifference between (6.35) and {6.38) in the depominator

ardnope beeoume the RE Y. intercetieon i only of necond
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order in g or J, The condition for the “"statie"” approximation
vhen (6,.,38) epplies, is that low energy itinerant electron
excitations have a lifetime much shorter then the period of
the spin waves under conmiderstion, (6.35) applies in the
limit when low energy {tinerant elecetrone have a long life-
time, In the methofi of this chapter one expande in powvers
of o/w to got (6,25), Vhersnpg in the R.XK.Y. approximation
to get (6,38} one takep the Limit w/g > O for the itinerant
electrons, to remove sny depenience the itinerant electrons
may have on f£recusncy, One cannot interchange the two limits
gincoe both & end A have m totally aifferent form in the
14mit W/g > 0 and the 1imit o/w - O,

. Werwill now inveptigate the spin wsve velooity for the
@ilvte slloy problem, The condition for e dilute alloy with
“1ocel moments, to have longerange order is given by (6,22},
It ie sa#:sfie& 3f the enhavncement Gue to I compensaten for
there not being & loeal monent on every eite, {6,24), (6,33)
and (6,34) now apply but with g'in terms of g, g&iven by
(6,16}, with I # O, 8o thut g, & £. Ve eleo nssume that
 there 18 no region of nesting in the band, so thet g K E;(g).
However I/ £ (k) g of order 1 throughout the band, Thus

r 4 2
g5, =92 IKSD) |, G S 2 <6 (e

From (6.24), (6.33) anf (5.34), anplyine the approxitnation
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(6,391, the spin veve veloeily now boetues

R VAT V%) - [VEmL® 03
¢ ?,_\’.;(____;Q__)(Vf(k ECLYng 'SC.))nk (6.40)

Ve seo that ¢ g of order g/, , vhere &, is ihe neon
value of &,(k}, which is & measure of the polurisation of

the itinerant eiectrons,.

In thie chapter we huve extended our theory of spin
waves 40 & systen of itinerant end locel spinm, Yo have
ghown that 1t 18 possible o trsat them on the pume footing,
w40 ppecific examples are fnveectiguted, ‘In one guse thore ie
& local monent on every site but 0o corrélutiﬁn betwoen the
itinerant oluctrose.The other cape is o neurly cntiferronsse
netie systonm with dilute impurities, Yhe spin wave velocity
hag been calcuiatm in esgh cupge for o porfect cultiiorromesnet .
in the foruer, the apin wave velseity (6.55) 4n of orfer
/68, <S Q) » whore <& Q>{Is iz the sublultice magnetivution
per atom of the looal momenti, In the letter, the spin wave
velocity (6.39) is of order 1/uiE, {67 3}. vhers (Gg>/2€ ie
the sublattice mepnéetisation per atom of {he iticerant
slectrons. Yhe rosults do not ogree with thome basedl on tho
e oY« Hanildonian but this Glcsgresnent in phown to arise
becauns of the Gifferent approximutions useld, The REJ.

Hamiltonian $s correct 4f the confiuction electrone are
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piatic compured with the period of typical mpin vave
frequencinon, whereas the theory in this thesis applien

when the dynumics of the conduction eleotrons wre included.
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Chapter ¥
Spin Correlations in Gamma llnganese

I The lagnetigation in Gamua Mangenese

The only other element of the 3d transition series
besides ohroniun, for vhioh thore 1o strong evidence of
antiferromegnetisn is U emanganese, By extrapolating their
repults on in~li and lin-P4 elloys, Hicke, Pepper and Smith
(1968) obtain = value of 2-3ug for the sudblattice moment
per atou, The results of Bacon et al (1987), on Hn=Cu, yield
2-4ug for the sublattico momont, IL one discusses §-mangancse
in teras of the spin Gensity vave model, as we have dene for
ohromium, then one mupt have a wide energy gap in the band
structure { of order 3 t0 4 ov } 0 pro@uce the large mube
lattice polaripation of 2-3ug por atom { Lowde et al 1971 ),
Band structure caloulations have beon done, in vhich a large,
- pelfeonsistent £icld has been introduoced into the Hamiltonian,
with a periodieity different from that of the lettice
{ Fletoher 1971, Apano, Yauashite and Wekoh 1968 ). However,
a wide energy gop suggests that for Ye-mangonese, one is in
the 1limit of a otrong correlation model, end Hartros«roeck
thoory and band theory ocannot be immedlaetely applied,

With such large gaps, argunents %0 4o with nenting can
not be important, Another differsnce with chromium Lo thet

the alloys of in, disousced above, are either £.0.c, or
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have a tetragonel distortion, with altornating ferromupnetic
planes, In contrant 987Cre2iln alloys are b.c.c. With clearly
defined nearest neighbours of opposite spin, It is not une
reasonable to try to demoribe Y ~manganese in terms of a
moflel vhich includes the gtrong correlations betvecn the
electrons, Hubbard's theory (L963, 1Y64) of strong corre=
lations, 1 complicated and he hap only applied it to nickel,
effevtively o one band problem, Edwards {1570) has shown how
the thoory, in iis simplest Lorm, can bo applied to Co, Fe
and . . .

In Ef@wards' thoory the bund structure is gplit into two,
ror a uetel with 10-ren & electrons per atom, whers r is an
integer and n<3l, there are r 1aoaliseé electron stetes per
atom of high energy, vwhich are empty, and a band with
(L0=r) statec containing oli holes of low energy. The intere
aotion between the two types of band, itinerant ond localiéea.
io ascuned to be a phenomonological e-A& interaction, Ve will
work out the ground state of Yenmanganese without this lest
apoumption, Ve ¢an compars our appreoach with thet ueing the
e=8 interaction, which is not so likely to produece the strong
polarisation necospary to £it $ho observed eublattice negnete
ipation, Bithor way one finds that not only ere the localised
and itinerant holes aligned antiferromagnetically within
their respective bands, thoy are aleo aligned in opposite

direcctions with respeet to each other on the same pito,
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The reason for the entiferromagnetisn ig that there is less
repiricetion on the hoppiny 0f the locziised holes if tho

doaaliced holes are alignei antiferromasnetiecally,
11 Strong Correlation lvdel

In order to cslculate the ground stute of Yemanganose,
we foruulate the problem of strons correletions in nmultiple
- epergy bands in e gimple way, Ye are concerned with tho
electrons making up the outer 34, 45 banis of Y-mangunionse,
Ve appuse thaet one is able %o degeridbe the system in terms
of atomicelike orbitala; vwhich are orthogonel anf ap locale
ised as possible. IT R, snd I, are lettice pites and m snd v
label orbitals, then the Hamiltonian is ( Hubdard 1963,
1964s, b, ¢ )

M\? + »
H = %’j by camep + Y a
) d

. M¥ _
MY * '- 2
whers le = jwp (r- Bi)("z-';nv + Vo(I‘U wy(r-Ry) dr

V,(r) is the periodic potontial of the luttico and V is the
part of the Hauiltonion coning rrﬂﬁ interactions betweon
elaectrons, The purpose of band siructure celeulations is %o

£iné wavefunctions ) "
- -2. n R . _Rll
Vi = i);*%’*w”(r‘g‘)e(k“ (7.2)
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o
with band index n, which dfagonalise b » 80 thut

Loy T = en(g)aéﬁ | (7.

v R')

i = L7 b et Rt
wnere N% k

and € (k) 45 the enercy of band n, In an atouic basio

L Z Z {ip, Me ks, ('('>Cwo- CJno-, Cleg Ckgc-,_ (7;4)

2 NG N2
Sﬂ'kp ! ‘ x
where < (v l e’ lkf,t’l’> = 51” Weu(t) ;*)JV(P)ka(p)wLT(r)JPJP
' N rf-r l

As digousgod in chupter 1, the megnitules of sone torns
in this interaction are':l.arge for G-iike orbita;a.. t'e upsune
tha_t;ona, oan u;eaﬂy ﬁistinguiﬁh electrong 1n the systen
which are in &tarbitala. As one goes Qova the & tmnsiﬁon

v
geries from Ni to Or, b“- becomeg more important and V less

t]
importent. he major terns in the interaction, arc those
between é erbwaxa on the same pite, B0 V bocomes approz-

mately

V IZ hLM\Vh{u{, ]_Zne,uc-”wo- + ug“wo—hwc‘ {7.5)
mfY
6— O_O'

+ mcnstante m&epanaent of spm.
whoere 1 Aa the mtra-atamm Conlonb integral, J is the
Hand'g Rule intogral and U is the intru-atomic Coulomb
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intesral betveen atomic functions of different syometry. I,
J and U are apspumed to be indepenfent of the symastry of tho
58 orbitele, In this chapter the effects arising bocause the
4 orbitals have different pyanetry vzill be largely neglected
80 ag t0 make the -réanlting nofel solvable,

For widely eoparated atoms the Hemiltonlan (7.1) reduces
to the atomic representation in vhich b#:: = 0 for 1 ¥ J.

Then one can choosc a bapis po that

. m g - :
) biv_.' Coe Cive = €d .Zn‘/“‘r (7.6)
PR KX

vhere 1t is eppuned the 54 atomic energy levele, lebelled by
[ &8re approximately degenerate with energy £4 « The energy
- of holes, in the Hartree~Fock approzimation using (7.6), is

Eag = &g+ glnge - ETney + Efuprny)  (727)

vhere a, y are the mean nuuber of up and @own spin holes
per site, Alternatively this can be written

By =&t Uef(narmy) + Jege g (7.8)
where Je = -;{[ + ?J‘ apt Ueg = ?(U_J‘)

Only the last term in (7.8) is epin depenficnt,
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In the strong correlation model both Jeff uill UYef are
darge comnpareld with hopping energies b‘:>. 5 # J. lor a
wetal eontazning (r « n)8 holel, their effect is t0 ensurs
that there are 9reaom1nant1y r or more aligned holes per
slte, with fLiunctvuations from_r tor + ) holes or fromr + 1
%o r holes, In the extreme case vhen n = U thero are »
‘®ligned holes on mont sitep and the enersy Poguires o
cxzeite an eslectron into one of these holes is laerse, Theme
holes may be trected as loealiseﬁ. ag sugueste& bj Edvarés
(1970).

4thin socond. order perturbatian theory tLe enargy
correction, 1f hopping between nearest neighbours is aellowed,

per nearost nefghbour pulr, is

~b*/r(Uef +JTef) (7.9

far anxiferramagnetic ccumlinb between %he localieeﬁ holep
'ana |

- (- %) bz/ r Ueff {(7.10)

for ferromagnaﬁzo aaunling between the 1oealiee& holes. Ueff
is usually maﬁh greatar th&n Jég . av fcr z = 3, entiferro=
magnetie ecupling givaa tha greater re@uction in energy. A
'-similar argumenﬁ vas ueed in ahapter 4 to obtain (4,21},
The faetor 1« r/ﬁ erises bscause en up spia nole, in a
eiven orbital, §wsping onto a alte vith r up Ehin holee
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sireudy on it, will only heve u probability i - r/6 of
£inding en orbital occupied, The orbitals occupied by the
r localiced Lolea, on & given site, are changing continuousliy.

Ve apsume thai the direct lattice can be divided up imto
two sublattices A end B with the loeclised spins on 4 up,
and the loesliped spins on B dovn, Yhen n ¥ U one cun consider
the propagator or Gx'een'é funection G ,14: (W} of the n
ad@itional itincrant holep

v .' .+
-1 _ + + -pt
= 7 <plc | : : | . P {7.a1)
| %l | p ' wc'————w_ (H"Ep) Ty -l- C JWN"’(H"EP erlP>€ |

+
waere Cjye creates a hole with splne, in the orbitel v, on

the eite R;3 |p> 10 a eonfipuration of the localised holes, -
~which has onergy Ep , subject %0 the condition that on the
sublattice A, the spinp of %the localisefl holes ave up ani
on B they are doun,

Within the atomie repraaenta‘aioﬁ defined by (7.,7) or
(7.8}

e atomic

G-L-J.O_(w) = %u,, SQJ"G‘O(BG_((») - (7.128)

cdorm'c l = ) |
0 - (w-é&,- P:re{f —Jé.ﬁ?ﬂw,) .
{31 = (8, 8), (i, B), (B, &) wnt (B, 2) when (R B))
' 1ie 4in publattices (A, ai, (4, B, (B, &} and (B, B)
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respectively, £, =&J+ Ueff (r+a) and n,, , ng are the
mean number of itinerant down spin holes per site, on the
publattices A and B, We have assumed that there are always
elther r or r + 1 holes on every site,
To include-the kinetic energy term, T, in the Green's
function one pssunes that Just one band m is iavolved in

the hopping of the itinerant electrons, Ve define

o
G«/S(‘-‘>°°) = < (Cﬁko'):( ka) >> {7.14)
CG‘(C‘ C@ko—
whexe Caeok = g(Cmis * Cmk+@e) |
- (m) Q.
CMKG = KZ' o-k,a Cgﬂa—e k (7015)

diegonalises T, &nf § is the spin density weve vector of

the localised holes, Then, the perturbstion expunsion

o."‘omc -l -1
( (gw) = T) (7.16)

. . ) A
o G;“ (k) = (CE-ETpm)-6) &0
becomes | & ( YO “"Eo'("‘-’;ﬂ‘*%ng,;)-{@ (7.17)

where

€.(8) = Z(En(r@)?6,)) (7.28)

For r = 0 {7.17) reduges to {4.10). One cen aleo reduce
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Jeﬁ to Leg in (7.17}) because of correlation between the
holes &5 described in chapter 1, Vie can write (7,17) as

T - o |/w=-%)(t(kl-€) - Toghy & (k) " (.25,
G (‘5)“)=Q % l)( 64 v (7.19)

: b)) - (e@he)-(Vep + Lo

where we have sbsorbed unnecespary constents intow , € is
half the bandwidth, the energy zero 1s at the midpoint of
the band structure and we hauve defined £ (k) = ¢ (k) <« &
{ £, 45 positive ; and ¢,(k) = &, (k).

For manganese r = 3, Clearly the itinerant holes will
line up aatiparallel to the loecelised holes, Af the up spin
band with a mai;ority of apine on B has lover energy than the
up spin band with a majority of spins on A, The condition
for this, is from (7.19), approximately

(3% -€) <- %
T < &€ (7.20)

Edwards (1970} hes suggested that thie is & reasonable
condition for manganese since Jeo /€ decreapes down the
4 trangition series, (7.19) may be written

-l

G':(g(g)w) = <;§— 0)(w_d © ) {7.2L)

o | b w-o

{7.22)

80 that G—,:; = S%D(‘(“‘AJ*D + D+ )

2w -@+d)+ D 20~ @+d)-D
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A _ 1/-@-d) + D (a-d) + D
Ge D('z,,o_(wd)-l) ' zw-(ou«l)JfD)

{7.23)

A A

G =

8n

P
(7
f

Aips

.f_z( 2 - 2 |
D\ 2w-(a+d)+ D ZoJ-Co&vJ)—D) (7.2¢)

vhere D = \/(‘d - a)z + &be, There sre two asntiferromagnetic

energy bande, of energy

-El,z (g) (“"' "—) ;_“ (7.26)

The vontribution to thoe spublattice moment f£rom the itinecrant
holes is g(nM - By lgug » Where

hgn = NngIm)..Ggg('ﬂ w) du
- .#%’.ng, 56a+4+ D) + ngz‘;j(‘l"-‘ D) (y.z6)
O i YWD

TR g (oode D) 4wy foedi D) (7

‘%‘(ns,"\ = gy is obtuined, from (7.26) and (7.27), by solving
the selfconeistency egquation

g = 3 Teg (nep ‘"M)

L&[E("kt nk,_) [j &(K )] +Z‘(nk+nkz)3 ] (7.28)
[5- Je;f Bam- o240
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Clearly i(ngy - nmispg)-ﬁhp.a » B0 that the total sub=
lattice moment, including the localised spins, is lesé then
(5 = -Sng)lks « The total moment depends on the size of
the £irst tera in (7.28). A refuction in the number of itine
erant holes increases the total moment until it reaches 3ug
for n= 0,

This kiné of behaviour is confirmed by the experimental
results of Hioks, Pepper and smith (1968), who found for
Mn-Pd alloys, thet the total moment inoreasaﬂ from 2-3ug ,
for pure in, to 3:0pug for 807Mn-20%Pd. Une can argue that
the three extra electrons per P4 atom just £il) up the
itinerant band. ‘ |

Though this analysis is very crude, it does 111ﬁatrate
how the presence of a split off band of holes refuces the
orbitals avellable to the remaining holes, and how this
favourp ﬁnttferromagnetiam.for the itinerant holes, Edwards
(1970) introduced a phenomenological s-& interaotion
J'Z Si.6v 3= Jeff = £/6 to deseribe the interaction
beéwaan the localised spins 8. , and the itinerant epins O:.
For this interaction the selfeconsistency eguation (7.28)
wowld be ( mee (6.,14) )

q = Ieffz (Mg -nica) [9- % T~ Gi(h)- ,ﬁ,E)]
¥ Ty 4Tef-GW-%] + &)

This equation is far less likely than (7.28) %0 produce a

{7.29)
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large polarisaiion, of order 0-6ug o in the itinerant band,

In order to make further progress one racuires a simple
phenomenologival Hamiltonisn which deseribes roughly the
dynamics of the system, For example, exporiments are already
being done to £ind spin weve energies in ¥ -menganese ( Lowde
et &l 1971 ). Edwarés' phenomenological Hamiltonian does not
sgoribe correlations proyerl&. nor 1n61uﬂe the interaction
between localised holes whioh we c¢lain is the cause of the
antiferronagnetion, However, his Hemiltonlan is rotationally
invaeriant, vhioch in essential if one ie to calculate spin
wave enargien. There does not appear to be an obvious
candidate for a Hamiltonian which satisfies all these
vonditions,

Howaver, 1t is interesting to note that Yenanganese lies
in the atomic linlt of our theory of spin waves in itinerant
electron models of antiferromagnetism, This is the opposite
iiuit to chromiun, Future work may enable, at leoast a
qualitative, caleulation of the. spin wave energy in mangenese

to bs made,



{2)
| Reforenses
Uha;_:fer 1 | - A _
Abrlkoaov A A ent Dzaalonhinﬁki I E,ﬂ 1953, Soviet i’hys "JETP,
8, 565. |
zdchiezsr A 1, Lar'yakhtar V G an& I’aletmmekn 3V 1968.
pm %aves ( Horth Hollend ) ¢h 1,
Eaym ¢ and Lermic N D , 1961, J rﬁath Yhys, &, 232
Blooh T , 192Y, & mmu;. 57, 645
canaway Jy 1964, Lnergy Band Theory ( Lcaﬁemic Preme )
Diras ¥, JUBS, Froe ROy S00 Ay 180, 73.4
sdwaras D M, 1970, Fhys Letters, 26ty G50
;e;&wardé D iy 1962; Ero¢ Poy i»ca, AB6Y, GoB
zdwards D &y 1967, Froo Roy Soo, 4300, 878
Fletoher C,» 1962, Proe Fhys Soix. £60, 192
Freeman » J apd I atsm R E, 3.961, Phye Sev, 124, 1469
Herring G. 1%66e, ognetiem IIB, efl G T Fadce and ¥ Suhl
{ Academie Zress )
Herring ¢, 1966b, isgnebien IV, ed G T Rudo aod H Suhl
{ Acntenic Trems )
Herrilng C, 1L966c, Lagnetism IV, ofl ¢ & Radn and H Suhl
{ fcadends Fress ), ch 14,
Herring C and Xittol C, 195), Fhys Dev, 81, 869
Hubbeyd J end Pelton I Wy 1868, 4 Fhys €, L, 1687
Hubbard J, 1963, Proc Toy Soc, 4276, 238
Hubbard 7, ieszm, Proo Roy Sec, 277, 237



| | (41}
Fubbard J, 1904b, Proec oy Soe, £Z8l, 401
Hubbard J, 19640, Froe c<hys Soc, B4, 455
Habbard 4, 19656, Froo Roy Sos, 129G, 62
lzayama T, 1960, Prog Theor Phys, 23, 959
dzuyems @y Him D ¢ and Fubo Ky 1963, J Phys Sce Japan, 18, 10386
¥anemorl J, 1963, Zrog Theor Fhys dJapan, o0, 2Y6
Lowde K D an@ vinfaer € &, 1970, A4y Fhyaies, 1%, 213
Lowfle & 1, Haywood 2 ¢ G, Stringfallow ¥ U and Veber V K,
2973, ¢ F
Martin ¥ ¢ and vchwipger Jy 1959, Fays Rev, llb, 1942
Slater J L, 19066, Phys Hevye 4%, 5&7
Stoner & U, 1947, llept Prog Fhys, 1l,; 43
Van Vieck ¢ H; iubS, lev nod Thyss BDy £80
Yohlfarth £ ¢y 1953, Hev iiof Fhys, 25, 211
Yamaphite J, Fukoehi i and Vekoh &, 1963, <4 Phys Soc dJapan,
1, $9% |
Zubarevy D N, 1960, Soviet Phym Usp, &, o8O

oy
[

Chapter _
hkniemer 4, Bar'yekhtar V and Feletninskii &, 1968z, Spin vaves
( Fortk ollsnd j, oh £,2Y snd 2,50; 1988b, oh 2,51

Boyd 2 ¢ end Cellewey ¢, 1966, Fhys Fov, 188, 11621

Vooke o and Gersch My 1407, Yhys Heve 183, é&l

Dyson ¥ J, ABEG, Yhys Rev, 102, 1217 end 18:u

Egerards D #, 1962, rroe uoy Jos, 22469, 38



(144)
Edwards D I, 1967, Proe oy Soc, f.:sco, a73
EQwards D M end Vohlfarth & P, 1968 ,Proe Hoy Soo, 4303, 127
Edwarés D K and Fisgher B, 197), J Fhysique, 32, 697
Englert ¥ and Antonoff i M, 1964, Physica, 30, 429
Osudin ¥, 1950, Nuel Phys, 16, 8%
Harris A B, 1968, Phys Rev, 175, 674
Herring C, 1966s, Magnetism IV, 8 G 7 Rado and Y Suhl
{ Academioc Press ) oh 14 ; 1966b p356,
Izuyans ¥, 1971, § Physique, 32, 809
Izuyenma ©, 1964s, Phys Letters, 9, 293
Ivnyems T, 1964b, Phys Rev letters, 12, 585
Izuyape ¥ sand Kubo R, 1964, J Appl Phys , 35, 1074
Izuyama T, Eim U J end Kubo R, 1963, § Phys Soc Japan, 18, 1025
EKaghoheey V N and Krivoglas M A, 1961, Soviet Phys Solid
State, 3, 1117 o
Kawasaki K, 1964, Phys Rev, 135, 41371
la S, Beal-ronod ! and Fredkin D, 1968, Fhys Rev, 174, 227
Haleoy S V, 1956, Soviet Thys JETE, 6, 776
iarshall %, 1962, Proc 8th intern Conf Imr Temp Physies
{ Butterworihs, London 1963 ) » 206+
Mershell ¥ und Burray G, 1968, & Appl Phys, 39, 860
liarshall v end Murrey @, 1969, J Phys Soe C, 2, 539
Mathon J end Wohlfurth £ P , 1968, Proe Roy Soc, A30Z, 409
Nakamura T, 1964, Phys Hov Lettera, 12, 279
Phillips ¢ G , 1966, Proe Roy S»c, 4292, 224



{iv)
Silherglitt f and Moprds 2L D, 1908, Phys Bev, 174, 640
Stringfellow 1 W, 1968, § Phys Soe €, L, 90U
Vores V, Lourkin & end Pikin 8 , 1968, Soviet vhys J197, 26, o647

Vortde 1, 195¢, PhD) Thogls, Herverd University

Chopter 2

sadergon P W , 1U96R2, FPhyg Hev, BG, 604

indergon P W , 1964, Gonoopto 4in Solids ( ¥ A Benjamin ) ch 3.
Bethe K, 1921, % Physik 71, 2u5

Callen ¥ B , 1903, Ph&e Rev, 130G, ByU

Tep Cloizocux § und Peurpon § &, 1062, Phyc Hev, 128, 2151
Herbory 2 €, L¥6%, ¢ Inth Fhys, 10, 220¢

Mulihen L, 293¢, Arkiv Nod Astron Fyelk 268, Hull

Fubo ¥, 1982, Phye lov, 07, 66O

iieb & cnd Mnstic D C , 1982, J Math Phys, &, 740

Fettle P C , 1965, Theory of buguebicm { Harper end Hew § ch 6,
Flkelov & I, Sevehenke M 4 end Selyon 4 , 1869, Sovietlyhye
JETE , B, 75a '

Lolyom &, 1969, Soviet Phya JLTP, 28, 1251

Stinchcombe I B ond CGottem & G , 1970s, J Fhyo G, §, 28633
1870b, 4 Phye ¢, 3, 23LH; Lu%0e, J§ Phye €, 5, 2526

Voke V G, Lopkin & T eng Pikin £ & y 1968, fovies “’35;:* JOTR,

26, 547 | |
Ziman J 1, 1968, ¥heory of Solids { Cembridge Univ Press ) ch 10



{vi
Chaptier 4
ALndorson P W , 1964, Concopts in Solidrs { U 4 Benjanin )} oh &
Arrott A, 1966, tagnetism 1IB , ed G T Rado ané H Suhl
{ Academic Press )
Asuno S and Yeuwashite J , 1967, J Phye Soe Jupan, 25, 7is

-

Des Clolzeaux 4 , 198Y, J Pays Hadiun , ab, 605 & 753

Gottun ¥ G and Sbincheombs 4 B , 1370, J Phye €, &, 205
kdvaras » 11, 1967, Proe Roy Soa, 4300, 875

Edwards D Il and Visher B, 1371, 4 Physicue, GB, OU7

Fedéers ¥ A and Nartin P €, 1966, Phye Hev, 143, 248

Fleteher G G, 1471, J Phys F , 1, 177

Gupts i P end Siaka 8 K , 1974, 5 dppl Thyelen, 41, 216; 1071
{ to be publisked )

Homzguehi ¥, Wollen £ O and Keehler ¥ € , 1Y65, Phyn NHev, 130,
A73% ,

Haywood B ¢ G, Lowde i D, Strissfellow ¥ W and leber ¥ B, 1971,
J Phymicue, 33, 11&6

Herring ¢, 1Y66, Hagnetiam IV, e& G 7 Hadlo wnd I buhl.

{ rcadenic Yress J

Hevgon & ¢ and Eindner U , 1970, Puysicu Stet Sol, 42, K185
Hubbard 4, 1965, ¥roe Hoy Soc, AR76, 250

Hubburd J, 1166, Froc Roy Soe, AR95, &2

Ivaaoto ¥ wnd Sawadn K , 1962, Phys Hev, 126, 887

Efmball J €, 1u6y, Phys Rev, 183, 543

Liatard & B, 1Y54, Proe Moy Sue, ABS4, 161



{vi)
Lia € &, 1870, Phys Hev B, &, 20664
wOmer W i o, 1963, Froe Fhye Hdoe, 80, 48y
Loneke T I, 1908, Thys Rev , 199, ALLE
Hateubara ¢ and Yokoto T ,1uH4, FProe IntICOﬂf Theoret Fhye
Eyoto, Jupan LuH5H, 693
Kagaohks ¥, 1966, Phye Hev, 147, 292
Gverhauger & ¥, 196¢, Phye Hev Lettere, 3, 414
Overhaugper & ¥, 196Uz, Phys Chem Solide, 13, 71
3verh$user £ W, 1960b, Phys Hev lobtiers, 4, 462
Overhuuger & U, 18828, FPhys Hev, 12, 1437
Sinha € X., Lin &8 ¥ , tubletein L » and Veksbayachi N, 1969,
Fhys Hev letterg, 223, 311 |
Sleter. & G , 1951, Phye Rev, 82, 538
Sokolofs J B, 19Gta, Ihys Rev, 185, 770

Sckoloff 4 B, 196%b, Phys Rev, 185, 783

Chaptber .6

Alg=lileloon ¢ and Dietrich O ¥ , LUd9, Phys Hew Letters, B2,
2%y

Arrott 4, Lernor ¥ A an@ Xenfivdok M, 1965, Phye Rev Letters,
24, 10383

aprott A, 1266, Uagnetionm 118, ed ¢ T RBado anA 0 Sahd

( iscadomic Press i

'Asana 8 anfd Yomaphita & , 1967, § Phys Soe dapan, 25, 714

Fedferg P 4~ anfd flartin ¥ € , 19066, Phye Nev, 143, 2485



{viy)
Gupta R P and Sinhu S8 K , 1970, J appl Fhys, 41, Y15;
1971 { to be published }
Hamaguchi Y, Vollun I © and Koehler V¥V ¢ , 1965, Phys Rov,
138, A727
Herring ¢, 1966, liagnetism IV, ed G T Rafo and I Suhl
{ Aozdemio Press ) , ch 13
Ighikawa ¥ , Hophino S and Indoh ¥ , 1967, J Phys Soc dapan,
22, 1221
Kimball ¢ §, 1969, FPhys Rev , 183, bus
Liun 5 H, 1970, Phys Rev B, 2, 2664
‘Lomer U I, 1962, Proe Phys Soc, 80, 48Y
Loucks T L, 1965, Phys Hev, 134, AlLSL
Overhauser & W, 1962, Phye Rev, 128, 1437
Rice T Ii, Barker & S and Hulperin B I, 1968, Phys Rev Letters,
20, 584
Rice ¢ i, Barker A 8, Halperin 8 I and ilethen & B , 1869,
J 4ppl Physice, 40, 13587 _
Sinha 8 X, Liu 5 H, Muhlestein L D ond Wekebsyuphi 8, 1969,
Phye Rev Leiters, 23, 311
Sokoloff J B, 196¢, Phys Rev, 185, 770
Sokoloff 4 B, 1u69, Phys Hev, 185, 783
Tachiki M and Hugomiye ¢ , 1YGH, Phye Hev Letbers, 5, 114



{viit)
Chapter 6 ’
Andergon P V', 1961, Phys Hev, 124, 41
Arrott A, 1966, Lognetiem IIB, efl G T Ru@o cnd H Suhl
( scadenic Prese |}
Van der Berg G J, 1¢65, Proe 9th Int Conf Low Temp Physies,
ed 4 A Daunt et &l ( Plehum Press J
Clogston 4 M, 1962, Fhyeg Rev, 125, 489
Doniaoh 5, 1967, Froe Yhys Soe, 91, 86
Yonluach S and VWeohifurth £ ¢ , 1967, ?rop Hoy &oe, ARYG, 442
hewarde D 14, 1970, ( private coamunicution )
Elliott R J, 1965, nagnetisnm 114, ed G 0 Rao a«nd H Suhl
( scadenic Press )
CBElllott R J§ and Wedgewood F A , 1864, Proe Phys Soc, 84, 68
Ve Gennes F G, 1962, J Physicue, 23, 65U .
Herring G, 1966, Megnetism 1V, efl ¢ T Rado end H Suhl
( Academic Pross ) ¢h 13 |
Xapuys ¥, 1966, Magnetism XIB, ed G 7 Rado snd H Sunl
{ Acadenie Prees |/
Harghall %, 1980, Phys Rev, 118, 1520
Hattie U €, 1965, Yheory of xegnetism ( Harper Row )
Horiye %, 1970, Phys Rev Letterns, 24, 1433
Overnauser & W, 1Y6v, Phys itev Letters, 4, 462
Overhauser 4 ¥, 1962, Yhys Rov, 128, 1437
Vohllenbon ¥, 1970, Phys Rev letbers, 24, 1453



($x}
Chupter 7
Apano 8, Yamachitu J and Vakon 8§ , 1968, § Lppl Puys, &9,
1274
Baeon G E, Dunnur 1 ¥, Smith & H end Street 2 , 1957, Proc
Roy Soc, AS41, 233
Edwords D ., LO70, flhyas Letters, 244, 350
Flebeher & U, 1071, J Phys ¥, 1, 177
fleks 2 4, Peppor A R, Bmith & &, 1368, J Phys ¢, 1, 158
Hubvard J, 1863, Proe Hoy Sog, AR76, 230
dabdard 4, 1¥éds, Proc hoy Sec, 4377, 257
Hubbard J4, 1964b, Proe Roy Soe, 2381, 40L
Aubbard &, 1964e, Pros Phys Soc, 84, 453
wowude R D, Haywood 8 ¢ &, Skriagfellow i1 ¥V and Vedeyr ¥ B,

337k, & Ehypique, 42, L1EG



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154

