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Abstract

Adjoint methods have become extremely useful tools for computational geoscience. In this
thesis, the two main implementations — the continuous and discrete adjoint methods — are
compared within the same code framework, Firedrake, in terms of accuracy, computational
cost and usability. The discrete adjoint method is deemed best suited for use within
gradient-based optimisation routines and is used to invert timeseries data for a tsunami
source, with different automatic differentiation tools applied to the source and propagation

models.

The second focus is on mesh adaptation techniques suitable for representing time-dependent,
multi-scale coastal ocean dynamics. Historically, h- and r-adaptation communities have
developed methods independently. However, the metric-based framework is independent
of how the discretisation is modified, meaning that it allows for h-, - and hybrid adap-
tation. It has the advantage of allowing control of anisotropy, which is demonstrated
to be useful for advection-dominated problems. A monitor-based approach — specific to
r-adaptation and built upon optimal transport theory — is also considered and is shown to
be capable of reducing point-wise error in a sediment transport test case, at comparable

overall cost to uniform meshing.

Much time and effort has been spent on mesh adaptation research in the past four decades.
However, it is arguably under-utilised in practical applications. This is largely because
making effective choices of error estimator, optimal mesh model and adaptation method
generally requires both experience and an in-depth understanding of the problem at hand.
The two strands of research, on adaptation and adjoint methods, come together most
clearly in goal-oriented mesh adaptation, which goes some way to reduce user experience
requirements. Meshes are constructed based on accurately approximating a diagnostic
quantity of interest, with the adjoint method used to evaluate associated error estimators.
The culmination of this thesis applies goal-oriented mesh adaptation to four geoscience

problems of increasing complexity.
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Notation

Throughout this thesis, Q2 C IR™ stands for a real ‘spatial’ domain of dimension n € {2, 3}.
The boundary of €2 is denoted 02 and is assumed piecewise smooth. Differentials on the
interior and boundary of 2 are denoted dz and ds, respectively. Differentials on immersed
surfaces are denoted dS. For time-dependent problems, a ‘temporal’ domain (0, 77 is used,

where T' > 0 is the end time. Differentials in time are denoted dt.

For any subset of the spatial domain, the notation
(N1) (u,v) 4 = / u-vde, ulla = (u,u) 4, ACQ,
A

is used for the usual L? inner product and corresponding norm. In the case A = €, the
subscript A is dropped, unless instructive. The same notation is used to denote inner

products and norms on boundaries of the domain and subsets thereof:

(N2) (u,v) g ::/u~vds, B C 09, (u,v)ac::/ u-vdS, CCQ.

B ac
The notation || - ||2 is reserved for the usual £2 norm acting on vectors and vector-valued
functions.

In definitions (N1) and (N2), the functions u and v could be scalar, vector or tensor. In
general, however, scalars « and scalar-valued functions u :  x (0,7] — IR are written
using unemphasised lower case, while vectors v and vector-valued functions ¢ : Q X
(0, 7] — IR™ are written using boldface lower case. In particular, the time coordinate is
denoted ¢ and Cartesian spatial coordinates are denoted x = (z,y) in 2D and x = (z,y, 2)
in 3D. The corresponding canonical unit vectors are denoted X, y and z. For some
geophysical applications, longitude-latitude coordinates A = (\, ¢) are more appropriate.
Matrices ¥ and matrix-valued functions M : Q x (0,7] — R™" are written using

underlined boldface upper case. Sets are written in unemphasised upper case.

If S and T are two n x n matrix (functions), then we denote their Frobenius inner product

by §:T =37, >0, SyTi.

We write u = u(x,t) to mean that u is a function of both space and time and v = u(x)
or u = u(t) to imply that u is only a function of space or time, respectively. Similarly for

vector and matrix-valued functions.
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The indicator function associated with a subset A C Q x (0,7 is given by

(x,t) € A

(N3) Li:Qx (0,7] = {0,1},  Iu(x,t) = é(x,t)gA

All of the above notation are also used in the steady case, where the time dependency is

dropped and subsets take the form A C €.

Finally, the ball of radius € > 0 centred at y € €2 is denoted

(N4) Be(y) = {x €| [x—yl2 <€}
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CHAPTER 1

Preface

1.1. Introduction and Objectives

This PhD thesis is focused on two advanced techniques for coastal ocean modelling using
the finite element method: mesh adaptation and adjoint methods. Subsections 1.1.1 and
1.1.2 give brief overviews of each, setting out objectives to be achieved in these subject
areas. Subsection 1.1.3 follows by outlining an area of research where the two techniques
come together: goal-oriented mesh adaptation. The main body of work of this thesis is in
the development of effective, low-cost goal-oriented mesh adaptation strategies and the
error estimators required for the construction thereof. Objectives for this topic are laid
out in Subsection 1.1.3.

All code development and numerical experiments in this thesis use the finite element
library Firedrake |Rathgeber et al., 2016|.

1.1.1. Mesh Adaptation. In the finite element method (FEM), the discretisation
of a partial differential equation (PDE) is encapsulated by a discrete representation of
the domain (i.e. the mesh), as well as finite dimensional function spaces defined upon it
(i.e. finite element spaces). Adaptation refers to the act of modifying the initial discreti-
sation in order to obtain one which is more desirable, in some sense. For example, the
adapted discretisation may be better suited to reducing some error measure, such as the
error attributed when projecting a smooth field into the finite element space. Adaptation
is a nonlinear optimisation process in which discretisation and solution evolve together.
In order to achieve the aim of arriving at an improved discretisation, three ingredients are
required: (a) an error estimate or heuristic (i.e. ‘analysis’); (b) a strategy for determining
where the discretisation should be modified, based on the analysis step (i.e. ‘assessment’);
and (c) a strategy for modifying the discretisation (i.e. ‘adaptation’).

Analysis Step. Error analysis for adaptive FEM began in the late 1970s with the pio-
neering work of [Babuska and Rheinboldt, 1978a]. Many a posteriori error estimation
frameworks have since been developed (see [Ainsworth and Oden, 2011] for a compre-
hensive review), as well as a number of a priori error estimates (see [Micheletti et al.,
2003, Loseille et al., 2010], for example). In both contexts, goal-oriented (also known
as output-based) error estimators have been developed which focus on the error incurred
in evaluating a diagnostic quantity of interest. Such error estimators are introduced more
thoroughly in Subsection 1.1.3.

For many error estimators, it is possible to arrive at a formulation which is attractive from
a heuristic viewpoint. That is, error estimators involving gradients (see |Zienkiewicz
and Zhu, 1992b, Micheletti et al., 2010|, for example) or Hessians (see |[Frey and
Alauzet, 2005, Loseille and Alauzet, 2011a], for example) often have the property
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that resulting meshes focus resolution so that flow features, such as shockwaves or advected
quantities are better resolved.

Evaluating derivative fields for the purposes of error estimation typically involves a recov-
ery step, such as applying an L? projection, or the method of [Zienkiewicz and Zhu,
1992b]. It is also possible to specify cheap, simple heuristics, such as flux jumps or
boundary forcings, as well as velocity fields which act to move the mesh directly.

Assessment Step. In finite element modelling, it is natural to decompose a (global)
error estimator into a sum of contributions over mesh elements or patches of elements.
Doing so conveys a sense of the regions of the domain where the contribution to approx-
imation error is higher, as well as those which contribute little.

A common strategy for assessing where the mesh should be modified uses these decom-
posed ‘error indicators’ to tag elements or patches thereof for coarsening or refinement,
whenever a pre-specified tolerance is met. What is meant by ‘coarsening’ or ‘refinement’
is to be determined by the adaptation method in the following step. However, the former
should be interpreted as the claim that the tagged element or element patch has more
degrees of freedom than is required to achieve a sufficiently accurate approximation. Sim-
ilarly, the latter suggests that accuracy would be improved if there were more degrees
of freedom in the element or element patch. The element tagging approach fits most
naturally with hierarchical methods, such as quad-tree/oct-tree [Yerry and Shephard,
1983].

Tagging methods make a direct assessment of the mesh suitability, element by element.
There also exist methods which frame error estimators and heuristics using a continu-
ous field defined upon the mesh. One such concept is the monitor function, which was
introduced by [White, 1979]. The monitor function can be interpreted as a density
field which prescribes how mesh elements should be distributed over the domain. The
concept of equidistribution dictates that the integral of the monitor function should be
equal in every mesh element, meaning that elements are prescribed to be small where the
monitor function is large and vice versa. Mesh adaptation based on monitor functions is
considered in detail in Chapter 6.

Another continuous formulation is the metric-based framework introduced by [George
et al., 1991] (and described in detail in Chapter 5). Instead of using a refinement
criterion based on a scalar field, this approach uses a Riemannian metric space, defined
by a symmetric positive-definite matrix at each point in the domain. The metric provides
a continuous analogue for the (discrete) mesh |[Loseille and Alauzet, 2011a|. The
concept of an ‘optimal mesh’ is one whose elements are all isotropic when viewed in the
Riemannian metric space. A crucial advantage of the metric-based formulation is that it
allows for control of the shape and orientation of elements, as well as size. That is to say
that it can be used to generate anisotropic meshes, which can be useful for advection-
dominated geoscience applications [Piggott et al., 2009|.

Adaptation Step. The three most commonly deployed adaptation techniques are h-
adaptation, r-adaptation and p-adaptation. The first two methods act to modify the
mesh, whereas the third modifies the degree used in a polynomial function space.

h- and r-adaptation methods are distinguished by the fact that the former allows defor-
mations of the mesh topology, whereas the latter does not. That is, r-adaptation allows
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for the redistribution of mesh entities and the distortion of their shapes, but does not
allow for degrees of freedom to be inserted or removed or to change connectivity.

h-adaptation — sometimes referred to using the term adaptive mesh refinement — is the
most commonly deployed adaptation strategy, with a wide variety of implementations,
covering both structured and unstructured meshes and both finite volume and finite ele-
ment methods. It is especially useful for transient problems which require more degrees of
freedom at some time levels than others, since mesh entities can be inserted and removed
as the simulation progresses.

Like h-adaptation, r-adaptation — sometimes called mesh movement — is actually a fam-
ily of mesh adaptation approaches, including those which move the mesh based on the
solution of a PDE (see [Huang et al., 1994| and |[Budd and Williams, 2009|, for
example), advect the mesh in a velocity field (see [Donea et al., 2017]) and those which
re-interpret the mesh using a fictitious structure of stiff beams (such as [Farhat et al.,
1998]). Because r-adaptation leaves the topology intact, it has desirable properties, such
as typically being straightforward to parallelise — something which can be rather involved
for h-adaptation methods.

p-adaptation was introduced in [Babuska et al., 1981] and has favourable properties
when applied to certain PDEs. For example, for a polynomial discretisation of a Helmholtz
problem, the approximation error takes the form O(h?), where h is a measure of element
size and p is the polynomial degree. In this context, h-refinement of the element will
induce a polynomial reduction in error, but an increase of the polynomial degree, p, yields
an exponential reduction in error. Whilst this is a very desirable property which applies
to a range of PDEs, p-adaptation can be computationally expensive, especially if the
polynomial degree is allowed to increase significantly. In addition, the implementation
of p-adaptation requires the facility for non-conforming function spaces, which is not
currently present in the Firedrake framework. For the reasons above, this thesis does not
consider p-adaptation and restricts attention to mesh adaptation methods.

As well as using the above methods individually, it is possible to combine them to yield
hybrid adaptation methods. The literature contains examples of hAp-adaptation methods,
beginning with the work of [Babuska and Suri, 1994|. There also exist a number of hr-
adaptation methods, including the anisotropic mesh adaptation toolkit Pragmatic |[Barral
et al., 2016] used to generate results in Chapters 5 and 7. In the case of Pragmatic,
h-adaptive operations are applied most extensively and r-adaptation is applied to improve
element quality via localised smoothing.

Multi-Scale Mesh Adaptation. Coastal ocean engineering problems are frequently multi
scale in nature. This is because the length scales of the spatial domain, tidal processes,
bathymetric features and engineered constructs all exist on different orders of magnitude.
In the case of tidal turbine modelling, for example, the diameters of turbine blades are on
the order of metres or tens of metres, whereas the spatial domain can be as large as hun-
dreds of kilometres. This motivates the use of an accordingly multi-scale discretisation,
for purposes of both accuracy and computational efficiency.

There exist software packages, such as gmesh [Avdis et al., 2018|, which enable the
generation of static multi-scale meshes for coastal applications from topographic data sets.
However, in time-dependent problems, small or medium scale features such as sediment,
pollutants or tsunami waves can traverse the domain. In order to accurately capture
such features, it is beneficial to have a mesh which is able to move or deform with time,
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motivating the repeated application of multi-scale mesh adaptation methods. Due to its
capacity to change the number of degrees of freedom, h-adaptation is well suited to this
task. r-adaptation is also attractive, given that it can be used to track features in a
Lagrangian type manner. However, used on their own, r-adaptation methods do not have
the capability to yield meshes of different overall size at different time levels. Further,
in some cases, it is also beneficial to have a discretisation which is multi-scale in time.
This is enabled in h-adaptation methods by application of the L” normalised metric-based
mesh adaptation formulation [Alauzet and Olivier, 2010].

Objectives

e Implement and investigate both h- and r-adaptation methods and discuss their
relative advantages and disadvantages.

e Investigate how to effectively tune parameters involved in such methods.

e Implement mesh adaptation techniques which are multi-scale in both space and
time in Firedrake and demonstrate their use in coastal ocean applications.

1.1.2. Adjoint Methods. In many coastal modelling and engineering applications,
there exists a diagnostic quantity of interest (Qol) which is held to be of greater impor-
tance than solutions of the prognostic equations themselves. Qols may be distinguished
by whether they seek to quantify:

(I): an error measure of simulation outputs against data;
(IT): some measurable aspect of a physical phenomenon.

Note the similarity with the ‘analysis’ step for mesh adaptation, which focuses on either
an error estimate or a heuristic.

Given a prognostic equation and a Qol which may be computed from its solution, it is
possible to derive an associated adjoint equation. Solving the adjoint equation allows
to assess the impact of a perturbation in the state variables on the Qol. As such, it is
extremely useful for sensitivity analysis. Sensitivity analysis is just one use-case, however;
adjoint methods are now an invaluable tool for computational modelling.

Data Assimilation. Solutions of the adjoint equation can be used to compute deriva-
tives of the Qol with respect to control parameters which appear explicitly in the problem
statement. Further, such derivatives may be computed almost independently of the num-
ber of controls. This makes adjoint methods extremely attractive in the context of iterative
optimisation methods which use a descent direction based on gradient information.

In this frame of reference, Qols of type I are typically deployed with the aim of model
improvement. They include error measures against analytical solutions used for model
calibration (see Subsection 3.6.1), error measures against synthetic data (see Section 4.4)
and error measures against real data (see Section 4.5). Type I Qols may be efficiently
minimised using gradient-based optimisation methods which compute the gradient by
implicitly solving adjoint equations. The main type I application addressed in this thesis
is tsunami source inversion (see Chapter 4). This involves a Qol which quantifies the
mismatch error between computed and observed timeseries data and uses gradient-based
optimisation methods to invert for parameters defining the initial surface disturbance due
to an earthquake-tsunami.
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Optimisation methods driven by type I Qols are commonly referred to using the term
data assimilation, because they seek to make model improvements based on observations.

Optimal Design. Qols of type II do not rely on the existence of data and instead seek
to quantify measurable features of the solution field. A classic example from outside of
geoscience is the drag on an aeroplane wing (see [Nadarajah and Jameson, 2000|
and [Carnarius et al., 2011], for example). Some geoscientific examples include the
salinity at the inlet pipe of a desalination plant (see Section 7.7) and the inundation of
an important coastal region in the approach of a tsunami (see Section 7.8).

As with the examples above, optimisation methods can be applied to type II Qols. In
engineering applications, instead of seeking control parameters which minimise some error
measure, control parameters are sought which yield a design which is in some sense ‘op-
timal’. For example, the configuration of a tidal turbine array optimally tuned in order
to maximise its power output or profit [Funke et al., 2014|. Similarly, we may seek
to minimise drag by tuning design parameters related to an aeroplane wing, or minimise
salinity at a desalination plant inlet pipe by modifying plant layout.

Sensitivity Analysis and Uncertainty Quantification. Optimisation is just one appli-
cation area for adjoint methods (albeit one which enjoys a rich literature). As mentioned
above, the adjoint equation assesses the impact of a perturbation in the state variables
on the Qol. This can be extremely useful for calibration studies for coastal ocean mod-
els. Coupled with an appropriate error model, it is possible to go further and perform
uncertainty quantification, thereby analysing the propagation of uncertainties in the pa-
rameters (see [Warder, 2020|, for example). Uncertainty quantification is important for
assessing the limits of predictability of a particular model.

Continuous vs. Discrete. There are two major approaches when it comes to forming
and solving adjoint problems, as outlined in the following.

The approach known most commonly as the continuous adjoint method involves the
derivation of the adjoint equation by differentiation of the ‘forward model’ (i.e. prognostic
equation). This is typically a manual calculation, following which discretisation is made
and the adjoint equation is solved (see [Gunzburger, 2002 for details). One advan-
tage of such an approach is that the modeller is free to choose a discretisation for the
adjoint problem which is unrelated to that used for the forward problem. See Chapter
3 for continuous adjoint derivations associated with tracer transport and shallow water
problems.

The discrete adjoint method, on the other hand, obtains a generally different discrete set
of equations by adjoining the discretised forward model. The discrete adjoint method
has a long history in the engineering literature and is difficult to trace back to a single
publication. A major advantage of this method is that it enables the automation of
the process of deriving and solving an adjoint problem, avoiding tedious and error-prone
hand-derivations. As a result, a wide variety of automatic differentiation (AD) codes
have been developed (such as [Bischof et al., 1992|, [Hascoet and Pascual, 2013|
and |Hiickelheim et al., 2019]), which can be used to drive discrete adjoint methods.
The discrete adjoint method may be deployed in Firedrake using dolfin-adjoint |Farrell
et al., 2013].
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Objectives

e Review the literature on continuous and discrete adjoint methods and perform
experiments to make comparisons in terms of accuracy, efficiency and overall
effectiveness.

e Experiment with computing derivatives by composing different AD tools.

e Apply an adjoint-driven gradient-based optimisation method to the problem of
tsunami source inversion.

1.1.3. Goal-Oriented Error Estimation and Mesh Adaptation. Goal-oriented
error estimation presents yet another use for adjoint methods in coastal ocean modelling.
The ‘goal’ relates to the diagnostic Qol. That is, the error which we seek to estimate is
that which is incurred when the Qol is evaluated on a particular finite element space,
i.e. the ‘Qol error’.

Error Estimation. The a posteriori dual-weighted residual (DWR) error result, derived
in |[Becker and Rannacher, 1996| and later applied to linear and nonlinear problems
in [Becker and Rannacher, 2001|, plays an important role in goal-oriented error esti-
mation. It provides a relation between the Qol error and weak residuals of the forward
equation evaluated at the error in the adjoint solution, subject to a remainder term. The
weak residual (without the remainder term) presents an error estimator for Qol evalu-
ation. Further, a higher order result provides an estimator involving weak residuals of
the adjoint equation and errors in the forward solution. In the case of a linear PDE, the
characterisations of the Qol error by these first and second order DWR estimators are
exact for linear and quadratic Qols, respectively [Becker and Rannacher, 2001|.

An alternative, a priori approach to goal-oriented error analysis is taken in |[Loseille
et al., 2010|, wherein the Qol is shown to be related to discretisation errors in the
prognostic equation itself, weighted against the adjoint solution. As with the DWR, this
result involves an aspect of error incurred in solving the forward problem, along with
information on sensitivities from the adjoint problem. That is, the error analysis seeks
to investigate: (a) where in the domain errors are being incurred; and (b) the extent
to which these errors significantly impacts upon the accuracy of the Qol calculation.
Localisation of error estimators is typically achieved by considering contributions from
each mesh element, as discussed in Subsection 1.1.1.

Mesh Adaptation. Decomposed into contributions from each mesh element, goal-oriented
error estimates can be used to drive mesh adaptation algorithms, with the aim of obtain-
ing discretisations which minimise Qol error. This is the place where the two modelling
techniques studied in this thesis — adjoint methods and mesh adaptation — come together
most clearly. For a given Qol, the associated adjoint equations may be solved in order to
generate goal-oriented error estimates, which may, in turn, be used to generate adapted
meshes which allow accurate approximation of the Qol. In the context of a type I Qol, this
means establishing a better fit between data and simulation results. In the context of a
type II Qol, it means more accurately quantifying some aspect of a physical phenomenon,
which could lead to a more accurate hazard assessment, for example.

Whilst developed in the context of h-adaptation (see [Becker and Rannacher, 1996|
and |[Becker and Rannacher, 2001]), goal-oriented mesh adaptation has since been
implemented in r-adaptive |[Bauer et al., 2014|, p-adaptive |[Ekelschot et al., 2017|
and hybrid [Dolejsi and Roskovec, 2017] frameworks.
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Anisotropy. Early implementations used element tagging quad-tree type methods to
interpret goal-oriented error estimators and drive the mesh adaptation process. In later
work, the metric-based framework has been used to encapsulate goal-oriented error es-
timates. As discussed in Subsection 1.1.1, one of the great advantages of this approach
is the fact that allows for control of element anisotropy. When applied to advection-
dominated problems such as those describing pollutant dispersal, isotropic meshes often
contain wasted resolution in streamline directions. This inefficiency can be accounted
for by constructing goal-oriented metrics which inherit anisotropy from the solution field
and /or its adjoint.

A number of anisotropic goal-oriented metrics have been introduced in the literature,
beginning with the work of [Formaggia et al., 2004]. Other notable contributions
which are considered at length in this thesis include [Power et al., 2006], which arises
from an a posteriori error estimate, and |Loseille et al., 2010|, which arises from an a
priori estimate. Extension to the time-dependent case is rather complex, but has been
achieved in [Belme et al., 2012].

Geoscientific Applications. An interesting philosophical aspect of goal-oriented mod-
elling is the difference in the relationship between modeller and stakeholder, as compared
with traditional numerical modelling.

Consider, for example, a tsunami propagation model. The modeller uses data to calibrate
a model, which is then used to simulate a past or hypothetical tsunami and in particular
its propagation towards the coast. In a traditional numerical modelling framework, the
output of this simulation may later be presented in different ways in order to satisfy
different stakeholders. For example, flood defence engineers might be concerned with the
inundation of one particular coastal settlement and the insurance sector with the effect
on an oil rig out at sea, whereas policy makers might be more interested in national
scale coastal damage. In order to satisfy the needs of all stakeholders, the accuracy of
a traditional numerical model should be high across the entire domain, which typically
comes with a requirement for significant computational resources.

In the goal-oriented framework, on the other hand, the concerns of the stakeholder are
taken into consideration before the model is formulated. That is, the model itself is
defined by the Qol. Whilst this approach has the disadvantage that satisfying multiple
stakeholders typically means doing multiple goal-oriented model runs, it has the advantage
of allowing simulations which use far fewer computational resources than the traditional
approach and /or yield a more accurate approximation of the Qol. The achievement of such
an aim is, of course, dependent on making appropriate choices for the Qol, discretisation
and other model parameters.

In this thesis, goal-oriented mesh adaptation is applied in three application areas within
coastal ocean modelling: tidal turbine modelling (see Subsection 7.5.4), desalination plant
outfall modelling (see Section 7.7) and tsunami hazard assessment (see Section 7.8). To
the best of the author’s knowledge, the associated works are the first published to do so.

Objectives

e Derive goal-oriented error estimators for both tracer transport and shallow water
problems.

e Account for anisotropy in the formulation of Riemannian metrics used for goal-
oriented mesh adaptation.
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e Apply goal-oriented mesh adaptation techniques to the coastal ocean modelling
problems described above, in both steady-state and time-dependent cases.

1.2. Publications

1.2.1. Publications During PhD Studies. This subsection gives details of all
publications and preprints for which the corresponding algorithmic development, code
implementation and mathematical and experimental results appear in this thesis, either
explicitly or in modified form. In either case, the works listed below are appropriately
referenced in the text and disclaimers are provided.

Published. J. G. Wallwork, N. Barral, D. A. Ham and M. D. Piggott,
Anisotropic Goal-Oriented Mesh Adaptation in Firedrake,
In: 28th International Meshing Roundtable, Zenodo, pp.83-100 (2020),
DOI: 10.5281/zenodo.3653373, URL: https://zenodo.org/record/3653373.

Novelties:

e First implementation of goal-oriented mesh adaptation in the Firedrake finite
element library.

e First comparison of an isotropic goal-oriented metric and (simplifications of) the
anisotropic metrics introduced in [Power et al., 2006| and |[Loseille et al.,
2010] in the same solver framework.

e Demonstration of improved Qol error convergence using goal-oriented metrics for
an established advection-diffusion test case with an analytical solution.

Contributions: As first author, I derived a goal-oriented error estimator
for the advection-diffusion equation, wrote the first draft of the paper and
conducted all numerical experiments. N. Barral assisted with plotting
3D meshes, reviewed drafts and edited Section 2. D. A. Ham and M. D.
Piggott also reviewed drafts of the paper. M. D. Piggott was main project
SUPETvISOT.

Published. J. G. Wallwork, N. Barral, S. C. Kramer, D. A. Ham and M. D. Piggott,
Goal-Oriented Error Estimation and Mesh Adaptation for Shallow Water Modelling,
Springer Nature Applied Sciences, volume 2, pp.1053-1063 (2020),

DOI: 10.1007/s42452-020-2745-9, URL: https://rdcu.be/b35wZ.

Novelties:
e Derivation of a goal-oriented error estimate for the shallow water equations solved

using the IP1p45 — IP2 finite element pair.

e Demonstration of improved Qol error convergence using goal-oriented metrics for
an idealised steady-state tidal farm test case.

e First implementation of mesh adaptation methods within the 2D hydrodynamic
component of Thetis.

Contributions: As first author, I derived a goal-oriented error estimator
for the shallow water equations, wrote the first draft of the paper and
conducted all numerical experiments. S. C. Kramer conceptualised the
steady-state tidal array problem and made a first implementation, later
modified by N. Barral. N. Barral, S. C. Kramer, D. A. Ham and M.
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D. Piggott reviewed drafts of the paper. M. D. Piggott was main project
SUPETVISOT.

Under review. M. C. A. Clare, J. G. Wallwork, S. C. Kramer, H. Weller, C. J. Cotter
and M. D. Piggott, Multi-Scale Hydro-Morphodynamic Modelling using Mesh Movement
Methods, EarthArXiv preprint (2020), DOI: 10.31223/X54G6R, URL: https://doi.org/
10.31223/X54G6R. Submitted to International Journal on Geomathematics, May 2021.

Novelties:

e First application of mesh movement (r-adaptation) methods to a full hydro-
morphodynamic model with both bedload and suspended sediment transport.

e First implementation of mesh adaptation methods within Thetis’ coupled 2D
hydro-morphodynamic model.

Contributions: First author, M. C. A. Clare, developed the hydro-morphodynamic
model (first presented in [Clare et al., 2021]), conducted all numerical
experiments and wrote the majority of the first draft, except for Section 2.

As second author, I wrote the mesh movement code and the first draft of

Section 2, which provides details on the mesh movement strategy. The

code was developed as a time-dependent extension of the steady-state

mesh movement code written by A. T. T. McRae in [McRae et al.,

2018]. S. C. Kramer provided technical assistance with the experiments.

S. C. Kramer, H. Weller, C. J. Cotter and M. D. Piggott reviewed drafts

of the paper. M. D. Piggott was main project supervisor.

Under Review. J. G. Wallwork, N. Barral, D. A. Ham and M. D. Piggott,
Goal-Oriented Error Estimation and Mesh Adaptation for Tracer Transport Modelling,
EarthArXiv preprint (2021), DOI: 10.31223/X56021, URL: https://doi.org/10.31223/
X56021. Submitted to Computer Aided Design, January 2021.

Novelties:

e Updated implementations of the goal-oriented metrics in [Wallwork et al.,
2020a] and [Wallwork et al., 2020b| which overcome the simplifications therein.
For example, stabilisation and boundary terms are no longer neglected.

e (Calibration of a point source approximation against an analytical solution using
gradient-based optimisation.

e First application of goal-oriented mesh adaptation to an idealised tidally varying
desalination plant outfall scenario.

Contributions: As first author, I extended the goal-oriented error esti-
mation and mesh adaptation framework introduced in [Wallwork et al.,
2020a] to the time-dependent case, wrote the first draft of the paper and
conducted all numerical experiments. N. Barral, D. A. Ham and M. D.
Piggott reviewed drafts of the paper. M. D. Piggott was main project
SUPETVISOT.
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Under Review. J. G. Wallwork, L. Mackie, S. C. Kramer, N. Barral, A. Angeloudis
and M. D. Piggott, Goal-Oriented Metric-Based Mesh Adaptive Tidal Farm Modelling,
EarthArXiv preprint (2021), DOI: 10.31223/X5D61K, URL: https://doi.org/10.31223/
X5D61K. Submitted to the Proceedings of the IX International Conference on Computa-
tional Methods in Marine Engineering, May 2021.

Novelties:
e Applied isotropic metric-based goal-oriented mesh adaptation to the tidal array

test case first considered in [Divett et al., 2013], providing the first applica-
tion of goal-oriented mesh adaptation to an idealised tidally varying tidal farm
problem.

Contributions: As first author, I extended the goal-oriented tidal farm
example in [Wallwork et al., 2020b]| to the time-dependent, tidally
varying case, wrote the first draft of the paper and conducted all numer-
ical experiments. L. Mackie, S. C. Kramer, N. Barral, A. Angeloudis
and M. D. Piggott all advised on the experimental setup and reviewed
drafts of the paper. M. D. Piggott was main project supervisor.

1.2.2. Works in Preparation Based on PhD Research. In addition to the five
completed papers listed above, another is currently in preparation.

In Preparation. A paper is in preparation, co-authored by S. Warder and M. D.
Piggott on the use of adjoint methods in gradient-based source tsunami source inversion.
It will present the first composition of two different AD tools for the purpose of invert both
source and propagation components of a tsunami model. It will also include parameter
redundancy tests for the Okada source model and a quantitative comparison of continuous
and discrete adjoint methods in the context of tsunami source inversion. As first author,
I am responsible for all numerical experiments and am in the process of writing the first
draft of the paper. S. Warder assisted with the experimental setup. M. D. Piggott is
project supervisor.

1.2.3. Publications During Interruption of Studies. The work underpinning
the following paper was done during an internship at Argonne National Laboratory, whilst
the author was taking an interruption of studies. Its contents do not appear in this thesis,
but its subject matter is relevant; it is included here for completeness.

Preprint. J. G. Wallwork, P. D. Hovland, H. Zhang, and O. Marin, Computing
Derivatives for PETSc Adjoint Solvers using Algorithmic Differentiation, arXiv preprint
(2019), DOI: arXiv:1909.02836 [cs.MS], URL: https://arxiv.org/abs/1909.02836.

Novelties:

e First application of the AD tool ADOL-C to compute Jacobians and transpose
Jacobians for PETSc nonlinear solvers and their adjoints.

e Performance comparison of dense, sparse and matrix-free approaches for auto-
mated Jacobian computation.

Contributions: As first author, I applied the AD tool, wrote the first draft
of the paper and conducted all numerical experiments. H. Zhang provided
technical assistance and review drafts of the paper. P. D. Hovland and
0. Marin also reviewed drafts of the paper. P. D. Hovland was main
project supervisor.
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1.3. Communications

This section lists selected conferences attended by the author during PhD studies, the
type of presentation given and any associated awards. Two tutorials were also given by
the author during this period.

Selected conference talks:

2018: Advanced Simulation of Coupled Earthquake and Tsunami Events (ASCETE)
workshop — Bayrischzell, Germany.

2018: PDE Software Frameworks (PDESoft) — Bergen, Norway.

2018: Firedrake Annual User Meeting — London, U.K.

2019: Adaptive Modelling and Simulation (ADMOS) — El Campello, Spain.

2019: Firedrake Annual User Meeting — Durham, U.K.

2019: 28" International Meshing Roundtable (IMR28) — Buffalo, New York, U.S.A.
(Student travel award.)

2021: World Congress on Computational Mechanics — virtual.

Selected conference poster presentations:

2017: Climate and Mathematics Network (CliMathNet) — Reading, U.K.
(Prize for best student poster.)

2017: Society of Industrial and Applied Mathematics Conference on Mathematical
and Computational Issues in the Geosciences (SIAM GS) — Erlangen, Germany.

2018: Society of Industrial and Applied Mathematics U.K. and Ireland Annual
Meeting (SIAM UK/IE) — Southampton, U.K.
(Second prize poster and student travel award.)

2018: Portable Extensible Toolkit for Scientific Computing (PETSc) Annual User
Meeting — London, U.K.

Selected tutorials given:

2018: Introduction to Firedrake — Argonne National Laboratory, Illinois, U.S.A.
2020: Introduction to Firedrake (jointly with three other students) — Mathematics
of Planet Earth Centre for Doctoral Training, held virtually.
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1.4. Thesis in Brief

The remainder of this thesis is split into two parts, which may be summarised as follows.

Part 1, Forward and Adjoint, contains three chapters. Coastal Ocean Modelling (Chapter
2) provides background on the use of FEM in this application area. In particular, it details
the shallow water, sediment transport and passive tracer components of the 2D coupled
Thetis coastal ocean model used throughout this thesis. Adjoint Methods (Chapter 3)
provides background on both continuous and discrete approaches, providing qualitative
comparisons of various aspects thereof. It also includes a quantitative comparison in the
context of an established advection-diffusion problem with an analytical solution. Finally,
Tsunami Source Inversion (Chapter 4) uses adjoint methods to invert a tsunami wave
propagation model for its initial condition, both in synthetic test cases and using real
gauge data. The experimental results presented in this paper comprise a planned future
paper which is currently in preparation (see Subsection 1.2.1). Chapter 4 also includes
a quantitative comparison of continuous and discrete adjoint methods in the context of
tsunami source inversion for a single control parameter.

Part 2, Mesh Adaptation, also contains three chapters. Metric-Based Mesh Adaptation
(Chapter 5) provides background on one adaptation framework and validates the imple-
mentation used in later experiments against standard test cases. Similarly, Monitor- Based
Mesh Adaptation (Chapter 6) provides background on an alternative framework. In ad-
dition to validating against standard test cases, experimental results are presented on the
application of monitor-based mesh adaptation to a hydro-morphodynamic test case, as
presented in [Clare et al., 2020|. Finally, Goal-Oriented Mesh Adaptation (Chapter 7)
provides theoretical background and brings together the contents of Chapters 2, 3 and 5
to present goal-oriented error estimates for the shallow water and tracer transport models
and a range of experimental results. These include those which appear in [Wallwork
et al., 2020a], [Wallwork et al., 2020b| and [Wallwork et al., 2021|.



Part 1

Forward and Adjoint






CHAPTER 2

Coastal Ocean Modelling

Motivation. The development of advanced discretisation schemes in this thesis is mo-
tivated by fluid dynamics in the coastal ocean. Coastal ocean modelling problems pose a
challenge for numerical models due to their typically multi-scale nature in both space and
time. Moreover, the processes of erosion and deposition can act to substantially alter the
three-dimensional domain, by modifications to both the sea bed and the coastal bound-
aries. Given these challenges, modelling the full three-dimensional dynamics of problems
involving long stretches of coastline poses a formidable challenge for the computational
geoscientist.

This thesis is primarily focused on development, as opposed to simulation of real events in
the coastal ocean (although some case studies are considered). For this purpose, it is useful
to work with models which are relatively computationally inexpensive, before progressing
to complex problems with multiple important features in large, three-dimensional do-
mains. As such, a two dimensional, depth-averaged approximation to the hydrodynamics
is assumed in this thesis. Such an approximation comes with significantly reduced compu-
tational cost compared to a full 3D model with the same resolution in the horizontal, yet
retains an element of three-dimensionality by solving for free surface elevation, in addition
to the horizontal fluid velocity. Tracers advected in the flow are also considered in the
depth-averaged context for the majority of this thesis.

Throughout this thesis, the unstructured mesh, discontinuous Galerkin based coastal
ocean model Thetis [Kérni et al., 2018] is used for modelling 2D hydrodynamics, as
well as the simulation of tracer and sediment transport processes. Some modifications to
the Thetis model are made by the author, such as the extension of the tracer model to
consider continuous finite elements with SUPG stabilisation.

Chapter Organisation. This review chapter is organised as follows. Section 2.1 intro-
duces the two dimensional approximation to coastal hydrodynamics used in Thetis, includ-
ing modified equation sets to account for the linear case and drag parametrisations that
account for tidal turbines positioned in the flow. Sections 2.2 and 2.3 describe additional
equation sets which account for the transport of passive tracers and the sedimentary pro-
cesses of erosion and deposition, respectively. Aspects of the finite element method which
are particularly important for the subject of this thesis are briefly described in Section
2.4, including the continuous Galerkin discretisation used for tracer transport modelling
throughout. Section 2.5 describes the integration scheme used for time-dependent prob-
lems, whilst Section 2.6 outlines the discontinuous Galerkin method. Two of the mixed
finite element discretisations for the hydrodynamics equations used in Thetis are given
in detail. Stabilisation methods for both tracer and hydrodynamics models are discussed
in Section 2.7, including modifications to account for advection-dominated problems. Fi-
nally, Section 2.8 compares interpolation methods used for transferring data between
meshes.

15
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2.1. Shallow Water Equations

In this thesis, coastal hydrodynamics are modelled using the nonlinear shallow water equa-
tions, which are derived by depth-averaging the Navier-Stokes equations (see pp.48-52 of
[Wesseling, 2009|, for example). Applied to coastal ocean modelling, this equation set
describes the transport of horizontal fluid velocity, u [ms™!], and free surface perturba-
tions at the atmospheric boundary. Free surface displacement, 1 [m], is related to the
total water depth, H [m], by the relation

(2.1) H=n+0,
where b = b(x) [m] is the water depth at rest, termed the bathymetry.

The shallow water hypothesis involves a number of assumptions on the fluid of interest —
here seawater. Firstly, it is assumed that density, p [kgm™3], does not vary with depth.
Secondly, the fluid is assumed to be hydrostatic, meaning pressure depends only on density
and water depth. Together, these assumptions may be expressed by the following relation
for pressure p [Pal:

(2.2) p=pgH + p,,

where g [m s™2| denotes gravitational acceleration and p, is the pressure at the atmospheric
boundary. In addition, the horizontal length scale is assumed to be far larger than the
vertical length scale. This is in accordance with oceanic domains, which are on the order
of thousands of kilometres wide, but kilometres deep at most. Finally, the wavelengths
we seek to model are assumed to be significantly longer than the water is deep.

Given the above assumptions, the shallow water equations may be expressed in the non-
conservative form,

(2.3) m%—?+u~Vu+gVn+f§xu+%:V-(gVu),
(2.4) m% +V - (Hu) =0,

where we restrict attention to three external and body forces: the Coriolis effect, bot-
tom friction and viscosity. These forces are parametrised using the Coriolis parameter,
f [Hz], (dimensionless) quadratic drag coefficient, Cy, and symmetric positive-definite
(SPD) kinematic viscosity tensor, ¥ [m?s~!]. The parameter x € {0,1} acts as a switch
between the time-independent, steady-state regime (k = 0) and the time-dependent, un-
steady regime (k = 1). It is held constant in practice and is used here to allow a concise
presentation of the equation set. Equations (2.3) and (2.4) are referred to as the momen-

tum equation and continuity equation, respectively.

The momentum equation describes the advection of horizontal fluid velocity, which is
slowed by viscous and drag forces. In this thesis, the viscosity tensor is always assumed
to be an isotropic constant, meaning it can be represented as v = vI, where v > 0 is a
scalar viscosity and I is the identity matrix. The kinematic viscosity of water is on the
order of 107®m?s™!. As such, it rarely plays an important role in the physics of shallow
water models. Indeed, in the tsunami modelling experiments performed in this thesis, it is
neglected. However, whilst the viscosity parameter does have a physical basis, it can also
be used as a numerical tool to introduce stabilisation. Artificially increasing the viscosity
parameter can smooth out turbulent effects, improving the conditioning of the resulting
systems of equations, thereby making them easier to solve.
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In large scale coastal ocean modelling, it is necessary to account for planetary rotation.
This is achieved by allowing the Coriolis parameter to vary with latitude, ¢. In the
general case, it is given by f = 2Qgsin ¢, where (2 is the Earth’s rotation rate. The
‘non-rotational’ case is given by f = 0. The values of constants used in (2.3)-(2.4) are
given in Table 2.1.

Parameter Value assumed throughout
Gravitational acceleration, g 9.81ms
Planetary rotation rate, {2g 7.291 x 10~° Hz

TABLE 2.1. Typical values of constants used in shallow water modelling.

Provided the bathymetry is fixed in time, relation (2.1) implies that the continuity equa-
tion describes how total water depth is advected by the fluid velocity. Moving bathymetry
is accounted for in Section 2.3.

Equations (2.3)—(2.4) are strongly coupled, in the sense that the dependent variables of
each equation appear in the largest term of the evolution equation for the other dependent
variable. Numerical schemes deployed to solve the shallow water problem usually solve
the constituent equations simultaneously as a monolithic system.

2.1.1. Linearised Shallow Water Equations. Both (2.3) and (2.4) are nonlinear
equations, due to the advection and quadratic drag terms, as well as the divergence term
in the continuity equation. Nonlinearity plays an important role in many coastal flows,
especially where current velocities are high and in regions that are particularly shallow.
The nonlinear drag term is also particularly important near to the coast. In the deep
ocean, its total water depth divisor implies that it can be ignored in certain applications.

For some applications it is therefore sufficient to consider a linearised form of the shallow
water equations. This is often the case in tsunami modelling, for instance, as discussed
at the end of this subsection. Doing so has the advantage that computational cost may
be reduced, by performing a single linear solve per timestep, rather than multiple linear
solves within a nonlinear iteration. For the remainder of this subsection, attention is
restricted to the time-dependent case.

Ignoring viscous and drag forces and linearising about the ‘lake at rest’ state, (u,n) =0,
yields the linearised shallow water equations,

ou " B on B
(2.5) E—irfzxu—l—gVn—O, a—l—v-(bu)—o.

In the non-rotational case, consider differentiating the continuity equation in time. Substi-
tuting for the momentum equation gives rise to a wave equation with wavespeed ¢ = /gb:
?Pn 0 9*n ou 0*n
26) —+—V-(bu)=0 = —+V-(b—]=0 = — =V-(*Vn).
(26) Fp TV (W o ot o (V)
A similar wave equation may be obtained for fluid velocity by differentiating the momen-
tum equation in time and the continuity equation in space.

As mentioned above, the linear shallow water equations are often used for tsunami mod-
elling — an application which is considered in the context of source inversion in Chapter
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4 and hazard assessment in Section 7.8. For an oceanic domain with a relatively flat
bathymetry, tsunami propagation is well captured by the wave equation (2.6). That
is, the initial perturbation to the free surface displacement caused by the tsunami can
be tracked as it propagates across the ocean. The leading order wave speed ¢ = /gb
means that the foremost tsunami waves slow as they approach the coast. This leads to
a growth in free surface height in a process termed wave shoaling. As gradients of the
free surface grow, the nonlinear terms in (2.3)—(2.4) are no longer negligible and act as
counter-balances.

It is desirable to use a tsunami modelling framework which accounts for nonlinearity,
bottom friction and inundation modelling, for both source inversion experiments and
hazard assessment runs. Indeed, the functionality is available in Thetis [K&rné et al.,
2018|, which uses the wetting-and-drying scheme introduced in [Kérné et al., 2011].
However, for the purposes of model simplicity and computational efficiency, the linearised
equations (2.5) are used for tsunami modelling throughout this thesis.

2.1.2. Shallow Water Tidal Turbine Modelling. In this subsection, we consider
tidal turbine modelling using the shallow water equations.

Like wind turbines, tidal stream turbines consist of a vertically oriented axis supporting
uniformly separated blades. By depth-averaging, it should be acknowledged that we will
not be able to model the three dimensional nature of turbines. As such, their effects are
depth-averaged, too.

By design, tidal turbines act to extract energy from the coastal flow. They remove mo-
mentum from the system, i.e. manifest as drag-like processes. As such, in order to model
the turbines in a depth-averaged framework, we employ a parametrisation-based approach
using the quadratic drag term in (2.3). The drag coefficient is decomposed into a back-
ground drag coefficient, Cy, and a turbine drag coefficient, C; = Cy(x) |[Funke et al.,
2014]:

(27) Cy=Cy+ C,.

The background drag coefficient is typically assumed constant and applied over the entire
domain, although it can be made spatially varying for the purposes of model calibration
[Warder et al., 2020]. The turbine drag coefficient is spatially varying and is dependent
upon the turbine/turbine array configuration and its parametrisation.

A tidal farm, F, is interpreted here as a finite collection of disjoint subsets of €2; each
subset T' € F corresponds to the footprint of a particular turbine. For a given tidal farm,
we assume its constituent turbines to be identical. That is, they have blades sweeping
out a cross-sectional areas of identical diameter D and their footprints in the horizontal
are also identical, with area Af°rnt These are reasonable assumptions, because arrays
are typically comprised of turbines of the same design. The cross-sectional area in the
vertical swept by the blades is given by AS"ePt := W(%)2.

The thrust force due to one such turbine is dependent on the horizontal fluid velocity and
is given by

1
(2.8) F(u) = §psea ci(u) Asvert [uflu,

where ¢; = ¢;(u) is the thrust coefficient associated with the turbines and pe, is the (as-
sumed constant) density of seawater. Thrust may be interpreted as a dimensionless drag,
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which depends on properties of the deployed turbines. In general, the thrust coefficient is
a function of fluid speed, since it may take account of cut-in speed and the imposition of
a maximum, so-called rated, power output from the turbine, for example.

Since we are solving the shallow water equations, the fluid velocity at the turbine is depth-
averaged. The fluid velocity used in formula (2.8), however, is technically an upstream
velocity which is generating power by rotating a vertically oriented turbine. The naive
approach simply substitutes the depth-averaged velocity into this formula when computing
the drag. Whilst this does not have a significant effect on coarse meshes, it is shown in
|[Kramer and Piggott, 2016] that the discrepancy becomes noticeable as the turbine
farm region is increasingly well resolved. Correction terms for both rectangular and
triangular turbine footprints are proposed in [Kramer and Piggott, 2016], the former
of which is adopted here:

-2
Aswept
(2.9) cgorrected . — 4 ¢, <1+ - = q) :

Note that this formula requires that ¢, < HD/A®P' in order to give a real valued
corrected thrust.

With (2.9), the turbine drag may be represented as

1 corrected
2 t Afootprint
TeF

Aswept

(2.10) Cy =

1p.

The area fraction ensures that power is calculated in line with the area swept out by the
turbine blades, as opposed to the footprint area. In some cases, it is more appropriate
to adopt a smooth approximation, as opposed to the (discontinuous) indicator functions
in (2.10). One such example is when the shallow water equations are solved within a
turbine array optimisation routine, which seeks to optimise array configuration in order
to maximise some quantity of interest, such as power output (see [Funke et al., 2014],
for example). Turbines can then be treated in terms of a ‘turbine density’ field, rather
than as discrete footprints.

As well as appearing in the shallow water equations as a parametrisation for tidal turbines,
the drag coefficient C; may be used to obtain a proxy for the power output of the tidal
farm F. This is obtained by integrating the product of (2.8) and velocity:

(2.11) P(u):/psea0t||u||3dm.
Q

In the shallow water framework, it should be noted that (2.11) provides an over-estimation,
even with the thrust correction (2.9). This is because the turbine is not active over the
whole water depth H, but only a fraction near the bottom [Kramer and Piggott, 2016].
We cannot simply multiply by a factor D/H because the water which passes over the
turbine has not been accounted for in the model. As such, the power output should also
be understood as a depth-averaged approximation. In the steady-state case, the power
output (2.11) presents an obvious quantity of interest for construction firms, investors
and policy makers. It is used for goal-oriented error estimation and mesh adaptation in
Subsection 7.5.4. For time-dependent problems, total energy output and average power
output both present suitable Qols and may be obtained by time integration.
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Parameter Value assumed throughout
Background drag coefficient, C 0.0025
Seawater density, psea 1030.0kgm=3
Turbine diameter, D 18 m
Turbine thrust coefficient, ¢; 0.8

(A) Typical values of constants used in shallow water tidal turbine modelling. The turbine
thrust coefficient stated has not yet been corrected using formula (2.9), since it depends on the
(problem-specific) water depth.

Typical values for constants used in shallow water tidal turbine modelling are given in
Table 2.1. These values should be assumed throughout.

2.2. Tracer Transport

As well as coastal hydrodynamics, we are also interested in modelling tracers transported
by the flow. Two tracer advection applications of interest include pollution dispersal and
desalination outfall modelling. In the former case, we are concerned with the dispersal of
some contaminant from a source, such as an oil spill or an outlet pipe from a chemical
plant. In the latter, which is examined in Section 7.7, it is the saline water released from
the outlet pipe of a coastally situated desalination plant which is of concern.

Given some tracer, its concentration field c¢ is transported by the fluid velocity according
to the advection-diffusion equation,

(2.12) /ig—; +u-Ve—V.(DVe) =S.

The transport is also affected by the SPD diffusivity tensor D = D(x,t) and an external
source term, S = S(x,t). As with the viscosity tensor, we often restrict attention to
time-independent, isotropic diffusion, which may be represented using a scalar diffusion
coefficient, D = D(x), as D = DI. As with (2.3)—(2.4), the binary parameter x provides
a switch between the steady-state and time-dependent regimes.

Equation (2.12) can be used to model both active and passive tracers. In a coupled simu-
lation, the fluid velocity for the tracer transport model is enforced through the solution of
the shallow water equations. Given that the shallow water fluid velocity is depth-averaged,
it should be noted that the tracer concentrated is depth-averaged, too. This should be
assumed to be the case, unless otherwise stated. For some test cases in this thesis, we
consider the simplified case where the fluid velocity is prescribed either by an analytical
expression or by data, rather than being derived from the solution of flow equations.

Suppose R C () is a region of the domain which we find to have particular importance.
In the pollution dispersal case, this might be a nature reserve or a region with significant
human activity. In the desalination outfall case, as well as regions where ecology could be
damaged by elevated salinity levels, also of significant importance is the location of the
plant’s inlet pipe. In either case, a suitable time-independent Qol is given by

(2.13) J(e) = /R (c— ) de = /Q I (¢ — ) da,

where ¢, > 0 is a constant background tracer concentration, for which we have ¢ > ¢,.
The extension to the time-dependent case is obtained by time integration.
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2.3. Sediment Transport

One example of an active tracer is sediment. Sediment transport is particularly important
for coastal ocean modelling, since it describes the processes of erosion and deposition which
alter both coasts and sea bed. A schematic for sediment transport is shown in Figure
2.1. Sediment particles which are small enough to be suspended are taken up by erosion,
transported within the water and deposited to the sea bed. In addition, particles which
are too large to be suspended are moved along the sea bed by bedload transport.

N

FIGURE 2.1. Diagram depicting sediment transport, as presented in [Clare
et al., 2020].

In this thesis, suspended sediment transport is modelled using a non-conservative advection-
diffusion equation. Sediment transport is an inherently transient process, so we restrict
attention to the time-dependent case. If s = s(x,t) is the depth-averaged sediment con-
centration, D, is the diffusion tensor, e, is the erosion flux and dj is the deposition flux,
then the equation takes the form

(2.14) % + V- (Foorrus) = V- (DgVs) = e, — dy.

The correction factor, F.., takes account of the fact that depth-averaging a product is
not equivalent to the product of two depth-averaged quantities (see [Clare et al., 2021|
for details). Aside from the correction term, (2.14) is effectively just (2.12) with modified
advection term and a sink.

Suspended sediment affects the bed via erosion and deposition, as conveyed by the source
and sink terms on the RHS of (2.14). The deformation of the bed is modelled by an
additional scalar equation, called the Fxner equation, attributed to meteorologist and
sedimentologist Felix Maria Exner [Exner, 1920|. The Exner equation,

1—p' 0b

v, —d —
8t+ Qb b — €b,

is solved for the bathymetry, which is now interpreted as a function of time, as well as
space. Here p’' : Q — [0, 1] is the bed porosity, m > 0 is a morphological scale factor and
Qb = Qp(x) represents bedload transport. The porosity of the bedrock acts to lessen
bedlevel changes. If p’ = 1 then the bed is very permeable and there are no bedlevel
changes. If p’ = 0 then the bed is impermeable. As detailed in [Clare et al., 2021],
setting m > 0 enables the modeller to artificially accelerate bedlevel changes, meaning
that simulations can be run over shorter timescales and still exhibit the same deformations
to the bed. The default is to model the bedload transport in real time using m = 1. The

(2.15)
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bedload transport Qy, is a function of the fluid velocity from the shallow water equations,
as well as water depth.

The hydro-morphological model used in [Clare et al., 2020] is comprised of the nonlinear
shallow water equations (2.3)—(2.4), sediment transport equation (2.14) and Exner equa-
tion (2.15). Note that the momentum equation, continuity equation and Exner equations
are solved for velocity, elevation and bathymetry and all three of these variables appear in
all three equations, implying a two-way coupling. The sediment equation has a two-way
coupling to the Exner equation, since the deposition term, d;, is dependent on sediment
concentration, as well as velocity and depth. By extension, the shallow water equations
are also affected by the solution of the sediment equation, even if this variable does not
appear explicitly in their formulation. In this thesis, the shallow water equations are
solved using a mixed formulation (i.e. as a monolithic system), but all other equations
are solved sequentially at each timestep, in the order in which they have been presented.

For further details on the hydro-morphodynamic model, see [Clare et al., 2021].

2.4. Finite Element Method

In this thesis we restrict attention to finite element spatial discretisations for the shallow
water and advection-diffusion equation sets. See [Clare et al., 2021]| for a description
of the FEM discretisation used for hydro-morphodynamic modelling.

One of the fundamental differences between FEM and finite difference and finite volume
methods is that, whilst those methods utilise discrete approximations to derivatives, FEM
retains the continuity of derivatives and instead discretises solution fields. Assuming
solution fields to exist in function spaces comprised of sufficiently simple functions, it is
possible to compute their derivatives ezactly (to machine precision). Thus, when seeking
to construct effective finite element methods, the emphasis is on making appropriate
choices of function spaces and the underlying meshes.

2.4.1. Linear PDEs. To begin with, consider a time-independent, linear PDE writ-
ten in the form

(2.16) A(w) = f, we W,

along with appropriate boundary conditions, where W is a function space on the do-
main ) C IR" and f is a forcing term which is independent of the prognostic solution,
w. For a concrete example, consider a steady-state advection-diffusion equation with a
homogeneous Neumann condition on 0€2. That is,

(2.17) A(w) :=u-Vw -V - (DVuw),
for some velocity field u : Q — IR™ and diffusivity tensor D : Q — IR™™".

In the following, we refer to W as the trial space. In addition, consider another function
space V' C L*(Q), termed the test space. In order for the integral formulation

(2.18) (A(w),v) = (u-Vw —V - (DVw),v) = (f,v), YoeV

to be defined for the linear differential operator (2.17), we require that w be twice differ-
entiable and that its first and second derivatives be square integrable, i.e. W = H?(Q).
Clearly ‘strong’ solutions of the PDE — i.e. exact solutions of (2.16) — are also solutions
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of the integral formulation (2.18). The converse is also true, by the Fundamental Lemma
of the Calculus of Variations. Instead of seeking strong solutions, FEM seeks ‘weak’
solutions, as detailed in the following.

First, we choose the test space so that first order derivatives are defined and square
integrable, i.e. V = H'(Q) C L*(Q). Integrating the diffusion term in (2.18) by parts
gives

(2.19) (u-Vw,v) + (DVw, Vv) — (DVw—;7) 5, = (f,v), Yo eV,

where the surface term drops out due to the Neumann condition. We obtain the weak
form by considering a smaller trial space. For the advection-diffusion example, take
W = H'(Q), noting that the trial and test spaces now coincide. This is motivated by the
fact that the highest order derivatives which appear in (2.19) are first order, rather than
second order. Now, whilst strong solutions are still weak solutions, the converse is not
true in general.

In order to obtain a numerical solution of (2.19), we consider finite dimensional subspaces
Wy, € W and Vj, C V. There is an element of design involved in making choices of W},
and Vj, which are suitable for the problem at hand.! For the purposes of this thesis, we
assume that each consists of piecewise polynomials defined on some mesh, as described
in the following subsections. A finite element approximation, wy, € W}, to the solution of
(2.19) is obtained by solving the equation

(2.20) (u- Vwy,v) + (DVwy,, Vv) = (f,v), Yv € V.

Since W), and Vj, are finite dimensional, there exist bases of functions By, = {4;}X,
and By, = {¢;}}, such that W}, = span(By, ) and V}, = span(By; ). Therefore, the weak
solution may be represented as a linear combination of members of the basis:

N wy
(221) wp = sz¢z, W = € RN.
=1 WN

Since (2.20) is linear, we have that

N N
i=1 =1

In our case, each basis function is polynomial on element interiors, meaning its derivatives
are also polynomial on element interiors and may therefore be calculated using elementary
calculus. In addition, we can integrate polynomials exactly using a quadrature scheme
of appropriate degree. Therefore, the integrals in (2.22) can often be computed exactly,
depending on the forms of u, D and f. This is not true if they involve negative powers,
for example. Solving (2.22) for the vector of coefficients w € IRY amounts to solving the
linear system

with A € R*Y and f € RY.

INote that spaces W), and Vj, often coincide. When they do not, we call the resulting method a Petrov-
Galerkin method.
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The matrix and vector entries presented in (2.23) contain only integrals over element in-
teriors. In many cases, these objects will also contain integrals over boundary segments
and other element facets. Whilst Neumann conditions are typically imposed by replace-
ment of the boundary terms in the integral form, as shown above, Dirichlet conditions
may imposed by directly modifying entries of the matrix in the resulting linear system
(although this is not appropriate for every choice of function space).

Henceforth, we refer to the dimension of a finite dimensional function space (i.e. the
number of constituent basis functions) as the number of degrees of freedom (DoFs), or
the DoF' count.

2.4.2. Meshes. The finite dimensional function space V}, used in a weak form (2.20)
is defined upon a mesh. A mesh H provides a decomposition of the spatial domain, €2,
into a disjoint set of non-overlapping elements, K € H.

In this thesis, we restrict attention to meshes comprised of triangular (2D) and tetrahedral
(3D) elements, although these are by no means the only options. Since the boundaries of
triangular and tetrahedral elements are linear, we assume the piecewise smooth domain
boundary to be approximable as piecewise linear. The notation 0 is used for both the
boundary and its piecewise linear approximation, unless otherwise stated. As with the
mesh, we interpret the discretised boundary as the set of its constituent facets.

The facet set of element K is denoted K and the corresponding set of outward-pointing
normal vectors is denoted ng. The intersection of two facet sets is either the empty set or
a singleton set. FEach facet v may be identified as being either a boundary facet (if v € 992)
or an inter-element facet (otherwise). Occasionally, an element size measure h = h(K) is
mentioned as a subscript, Hp, if instructive. Whilst element size is commonly measured
using the circumradius, other measures which account for anisotropy can prove useful, as
discussed in Subsection 2.7.3.

Function space dimension is related to the underlying mesh. In general, more mesh
elements means more basis functions, a larger linear system (2.23) and therefore a higher
computational cost for the solution thereof. At the same time, high mesh resolution
is often required in order to obtain an accurate approximation of features in the PDE
solution. In the context of tsunami modelling, for example, it is of vital importance that
the tsunami wave is well-resolved at any given timestep. Whilst the wave is on the scale
of kilometres or tens of kilometres, spatial domains used for tsunami modelling can be
on the scale of thousands of kilometres. Whilst uniform meshes comprised of identical
elements (up to reflections and rotations) are very simple to design, their use in multi-scale
geoscience applications implies an extremely large computational cost. This motivates the
search for meshes of spatially varying resolution. One approach is to choose some initial
mesh and then transform it using mesh adaptation methods. Two paradigms for framing
mesh adaptation methods are discussed in detail in Chapters 5 and 6, the first of which
allows for mesh resolution which varies in time as well as space, which is particularly
useful in the tsunami modelling application mentioned above.

2.4.3. Function Spaces. As well as making a simple choice of element shape, we
restrict attention to rather simple function spaces containing functions which are polyno-
mials on each element.
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The discontinuous Galerkin (DG) function space of order p € INU {0} is denoted
(2.24) Pppe = {f € L*(Q) |VK € H,3q € PP(K) : flx = q},

where PP(K) is the set of polynomials of order at most p defined on element K. As sug-
gested by the name, continuity is not imposed across inter-element facets in DG function
spaces. Members of continuous Galerkin (CG) function spaces, however, are assumed to
have C° continuity, which implies

(2.25) Pp := Pppe N H'(9).

Note that the case p = 0 does not make sense for (2.25) and so we follow the literature in
using the notation PO := IP0pg.

For an order p CG wector function space of dimension n € IN, we write (IPp)”, dropping
the power if the meaning is clear. For a n x n CG tensor function space of order p, we
write (IPp)™*™. The same applies for vector and tensor DG spaces.

It should be pointed out that, because finite element derivatives are computed on element
interiors, differentiated fields are generally discontinuous across inter-element boundaries,
even if the source field is continuous. Moreover, the order of the function space dictates
how many finite element derivatives may be taken before the result is uniformly zero. For
example, the second derivative of a IP1 field is always uniformly zero.

2.4.4. CG Discretisation for Tracer Transport Modelling. The weak form of
a steady-state advection-diffusion problem was already derived in Subsection 2.4.1. For

the continuous Galerkin (CG) approach of order p € IN, we choose the finite dimensional
subspaces W), =V, = Pp C H'(Q).

2.4.5. Coordinate Mapping. In order to evaluate the above integrals of a weak
form on an element K € H using quadrature, a coordinate transformation T ki K= K
is applied so that they may be reinterpreted on a (fixed) reference element, K. Doing so
ensures that the quadrature nodes exist at fixed locations, for ease of computation. For
the triangular and tetrahedral meshes considered in this thesis, this transformation is an
affine map,

(2.26) Tr(§) = I+ vk,

where v, € IR" is a constant and J, € IR"™" is the cell Jacobian. In the case of the
integral of a function f, the relevant computation is

(227 [rae=3 [ rae=3" [ r(Tale)|den gl de
Q Ken /K Ken 'K

Similar formulae may be derived for boundary and facet integrals.

2.4.6. Céa’s Lemma. A fundamental result in error analysis for finite element prob-
lems is Céa’s lemma [Ciarlet, 1978|. It is stated here because is is used repeatedly in
later chapters. Given the solution, w € W, of an elliptic PDE and its finite element
representation, wy, € W), Céa’s lemma states that

(2.28) |w —wy|| < Cllw - Myw],

where C' > 0 is a constant and II;, : W — W), projects into Wj,.
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A consequence of this result is that the approximation error, w — wy,, may be controlled
by controlling the interpolation error, w — II,w. Whilst Céa’s lemma was established for
elliptic problems, it has also been used to obtain effective error estimators for non-elliptic
problems on numerous occasions |[Frey and Alauzet, 2005|.

2.4.7. Riesz Representation. Another fundamental result in finite element analy-
sis is given in the following. It related to the dual space, V*, of a Hilbert space V' — the
space of all functionals V' — IR which are linear and continuous.

Theorem 1 (Riesz representation theorem). Let V' be a Hilbert space with associated

inner product (-,-),,. For any J € V*, there exists a unique Ry (J) € V such that
(2.29) J(v) = (Rv(J),v), Yo eV.

Proof. See pp.55-56 of [Brenner and Scott, 2007, for example. O

We refer to Ry (J) as the Riesz representation of J in V. This result is extremely impor-
tant for FEM, revealing the link between V' and its dual space.

2.4.8. Derivatives in Infinite Dimensions. Before moving on to treat nonlinear
problems using FEM, we first need to extend the notion of differentiability from Euclidean
space to the infinite-dimensional case. The following definitions are taken from pp.23-24
of [Schwedes et al., 2017].

We say that a functional F': U C V — IR acting on an open subset U # () of a Hilbert
space is directionally differentiable if

F h)—F
(2.30) AF,(u; ) = Tim T eh) = Flu)
e—0F €
exists Yu, h € U. Moreover, F is Gateaux differentiable if the directional derivative dF;,
is continuous and linear in h. In this case, (2.30) is termed the Gateauz derivative and

dF,(u;-) € V*, Vu € U.

If F' is Gateaux differentiable and

(2.31) i et h) = Flo) = dE )|y, oy
' Illy—0 1Al ’

then it is said to be Fréchet differentiable and (2.30) is the Fréchet derivative of F.

Suppose now that F': U x U — IR and u depends on a parameter, m, in some control
space C, i.e. u: C' — U. The infinite dimensional extension of the partial derivative of F
w.r.t. m is given by

(2.32) OF,,(u(m),m;h) := lim

and the total derivative becomes

(2.33) dF,(u(m),m; h) ;== lim Fu(m + €h), m + eh) = F(u(m). m).

e—0t €
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These definitions satisfy the chain rule

(2.34) dF,,(u(m), m; ) = OF,(u(m), m; du,,(m;-)) + OF,,(u(m), m;-).

2.4.9. Nonlinear PDEs. Consider now a nonlinear PDE,
(2.35) U(w) =0, we W,

with solution w in a function space W defined on a domain €2 C IR" and ¥ being a
nonlinear differential operator. As in Subsection 2.4.1, consider multiplying by a test
function from a test space V', integrating over {2 and then by parts in order to arrive at
a weak form

(2.36) a(w;v) = L(v), YveV.

Here a : W x V — IR is linear in v but not w and L : V — IR does not depend on w. We
then have the residual F'(w;v) := L(v) — a(w;v) for the nonlinear variational problem.

The standard method for solving (2.36) using FEM is to apply a Newton method. The
first step is to linearise the problem. Since we are working with finite element spaces, this
requires the Gateaux derivative at w, in ‘direction’ w € W:

. F w;v) — F(w; _
(2.37) dF,(w;v,w) = lim (w + ew;v) (w U), w,weW, velV.

e—0 €

Note that the derivative is evaluated at the current value of w and can be likened to the
infinite-dimensional extension of the directional derivative. Using this, we can obtain the
first order truncated Taylor expansion,

(2.38) F(w + w;v) = F(w;v) + dF,(w; v, w), Yo eV,

for w,w € W. Newton’s method takes an initial guess wg € W and forms iterates
Wit1 = Wy + agpr € W by solving linear systems for the ‘search direction’ p, € W

(2.39) dF,(wy; v, pr) = —F(wy; v), YoeV.

In practice, (2.39) is solved using finite dimensional subspaces, as in Subsection 2.4.1.

It is common practice to select the ‘step length’ parameter oy, > 0 in an iterative fashion
using a line search method, so that it meets sufficient descent conditions [Armijo, 1966,
Wolfe, 1969, Wolfe, 1971|. For further details on Newton methods with line search,
see [Avriel, 2003|.

2.5. Time Integration

Discretisation aspects of this thesis are focused on meshing, i.e. selection of the mesh
underlying a spatial discretisation which makes it appropriate for the numerical solution
of a particular problem. As such, temporal discretisation is not considered in detail and
only relatively simple methods are used.

The (systems of) prognostic equations we consider typically take the form

(2.40) %—/Ltu = U(w), w(x,0) = wy, w eV,
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along with some boundary conditions, where W(-) is a differential operator acting on
function space V' which includes only spatial derivatives. In particular, we do not consider
equations which contain mixed derivatives of both time and space.

It is possible to discretise the time derivative in (2.40) using FEM, as well as the spa-
tial derivatives, i.e space-time FEM. Such a formulation unifies error contributions from
the spatial and temporal discretisations and simplifies the derivation of error estimates.
However, it comes at the cost of having either a very large system to solve, or a rather
involved implementation. Instead, we follow the literature by using the most common
discretisation approach: the method of lines. In this approach, the temporal and spatial
discretisations are treated separately.

Typically, the PDE is first discretised in space, with time derivatives remaining in con-
tinuous form. This gives the ‘semi-discrete’ system

(2.41) <%,v> = F(wp;v), Yvé€ ‘A/;: cV, w(x,0) = wy,

where F'(+;+) is a variational formulation of W(-) for spatial derivatives. The test space
Vi, = V3, x L? and trial space W;, = W}, x C! are finite-dimensional in space, but infinite-
dimensional in time. This equation may be interpreted as a system of ODEs. A wide
variety of time integration schemes from the literature may be applied to solve such

a system. They begin by discretising the time period using a sequence of time levels
{t®)MNso that

(2.42) 0,7 = UM (%D t®) 0 =tO <t® < ... <t ) =

Initial data is assumed at time level ¢(). Given the finite element solution at time t*),
k1)

the time integration scheme approximates the solution at time ¢+,
In this thesis, time-dependent prognostic equations are always solved with (some variant
of) the Crank-Nicolson method [Crank and Nicolson, 1947|. Crank-Nicolson is an

implicit method, which means that the solution wgkﬂ) € W, at the updated time level

depends on information from the updated time level, as well as the solution w,(f) e W,
from the previous level. As such, its implementation requires the solution of linear systems
at each time level. Applied to FEM, the timestepping scheme may be stated as

(k+1) (k)
(2.43) <W,U> = HF(wékH);v)+(1—9)F(w,(lk);v), Vv € Vj, w,(lo) = wy,
where 6 € [0, 1] is a user-specified parameter, usually set as 0 = % Note that the choice
6 = 1 recovers the implicit Euler method. In the special case § = 0, the timestepping
scheme ceases to be implicit and recovers the explicit Euler method.

2.6. Discontinuous Galerkin Method

DG finite element methods present an increasingly popular discretisation choice. They
were first used to model neutron transport in [Reed and Hill, 1973|. For DG methods,
continuity constraints are not strongly imposed on elemental boundaries and the con-
tributions from each element are localised. Instead, elemental contributions are coupled
through flux terms which take the form of integrals over inter-element facets.
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Unlike continuous discretisations, DG methods are known to be able to accurately capture
shocks. In addition, DG methods allow the construction of fully conservative discretisa-
tions, making them ideally posed for application to systems of hyperbolic conservation
laws such as those found in coastal ocean modelling [Kérna et al., 2018]. One major
advantage of DG methods which has led to their increased popularity in recent years is
the fact that the mass matrix associated with a DG space is block-diagonal, meaning it
can be inverted efficiently.

Due to the discontinuities across inter-element facets, DG discretisations give rise to ap-
proximate Riemann problems at every such interface. Such problems were first solved
for finite volume discretisations using Godunov’s scheme |[Godunov, 1959|. That work
provided a basis for later research extending to higher order approximations. The ex-
tension to FEM follows from the fact that a IP1ps discretisation may be reposed as a
finite volume method. In the discretisation presented here, Lax-Friedrichs stabilisation is
applied in order to avoid the computational cost associated with solving such problems.

2.6.1. Notation. In order to formulate the fluxes used in DG methods mathemat-
ically, we introduce some notation. Let I'j;; be the set of all mesh edges which are not
on the domain boundary, i.e. ‘interior’ edges. For an edge v € I'yy,, its sides are labelled
arbitrarily with + and —. Each has associated normal vectors n*. The average and fluz
gump of some function v across the edge are denoted

(2.44) {o}} = (U +v7) and [v] =0T -0,

respectively, which we Should note as being dependent on the + labelling. To extend
(2.44) to all mesh edges, we define their values on boundary edges to just be the function
as defined on the interior element.

For vector-valued functions v, write
(2.45) [v-n]:=v"-nt—v -0 and [va']] :=vT@"H)" — v (n")".
2.6.2. Shallow Water Equations.

Integration by Parts. Let q = (u,n) € W denote the solution tuple of the steady-
state shallow water equations (2.3)—(2.4) (with x = 0), where W = H?*(Q) x HY(Q).
Multiplying by test functions from V' = H'(Q) x H'(2) and integrating over 2, we arrive
at the integral form, V(¢, () € V:

/¢~(u~Vu)dx+/g¢~V7]dx+/Qf¢~(2><u)dx

-~

(2 46) advectlon pressure gradlent Coriolis
' Cylju u
/¢ Callufu /¢> - (vVu)) dx+/gv (Hu) dz = 0.
drag VleOblty cont::gu1ty

We treat each term in order, restricted to some subset K C 2.

Integrating the advection term by parts on K yields

(2.47) /K¢-(u-Vu) dxz—/K(V-(uqu))u dx+/8K(u~¢)(u-ﬁ) ds.
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We choose not to integrate the pressure gradient term by parts. Neither of the Coriolis
or drag terms are modified, since they do not contain derivatives. For the viscosity term,
we have

(2.48) / ¢- (V- (vVu))de = / Vo :vVudr — on’ : vyVuds.
oK

Finally, the continuity term gives

(2.49) /CV (Hu) d /V( (Hu) dx + (Hu-ndS.
oK

Now that we have integrated by parts, we restrict attention to finite dimensional spaces
Wy, C W and V}, C V and consider K C €2 to be an arbitrary mesh element K € H.

2.6.2.1. Boundary Conditions. In this thesis, there are three types of boundary con-
dition used for the shallow water model: Dirichlet conditions for the velocity, Dirichlet
conditions for the elevation and free-slip conditions. Denote the corresponding bound-
ary segments I'y, I') and T'geeglip. With DG methods, it is common practice to impose
Dirichlet conditions in the weak sense. An approximate Riemann solver type formulation
is adopted, following [Kérni et al., 2013]. This is based on the solution of a Riemann
problem for the linearised shallow water equations (2.5) with no rotation. The Riemann

solutions for velocity and elevation are given by
rie =~

u ‘ni=§( (Mh —n

(2.50)
rie 1 ext H ext o
Ui 3:§(ﬂh+77 )+ g(uh—u ) -1,

where q, = (up, n,) € Wy, is the finite element approximation to (u,n) € W. The velocity

ext

u™* is imposed on I', and the elevation " is imposed on I';. On 9OQ\I',, ™" is set to
np. Similarly, u®* is set to uy on 90\ (I'y U Tireestip) -

u,, + uext) . ﬁ + ext)

m

2.6.2.2. Mized DG-CG Pair. The mixed continuous-discontinuous IP1p5 — IP2 finite
element pair was first introduced for shallow water modelling in [Cotter et al., 2009|.
That is, the velocity is approximated with piecewise linear and discontinuous elements
and the elevation is approximated with piecewise quadratic and continuous elements. It
is demonstrated in [Cotter et al., 2009| that this finite element pair does not have
spurious modes and has ‘excellent geostrophic balance properties’ when applied to the
linear shallow water equations.

We treat each term, summing the contributions from (2.47)—(2.49) over all mesh elements.

The advection term (2.47) includes an integral on 0K, which contributes boundary terms
for edges on 0f2 and flux terms elsewhere. The boundary term is used to enforce boundary
conditions for the velocity:

paav (@, &) == [ (V- (wpd"))uy, do + [¢(uy -n)] - {un} dS
(2.51) /Q /Fint

1 o o~
+/ (¢ . _<uh + uext)>ur1e .n dS,
oo 2

where &€ = (¢, () € V},,. Note that a design choice has been made in interpreting the flux
term using the jump and average shown.
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Whilst the pressure gradient term is not integrated by parts, a term is included to enforce
boundary conditions for the free surface elevation:

(2.52) ot €) = /Q g - Vi, da + /a g0 — )b - dis.

Q

Since the Coriolis and drag terms do not involve integration by parts, set peor(qn, &) and
parg(dn, €) equal to the corresponding terms in (2.46), but with u replaced with uy,.

The integration by parts of viscosity term in (2.48) introduces both a flux and a boundary
term:

palan€) = [ Vi pTudo~ [ 93] : (V) ds

(2.53)
— on’ : vVuy ds.
o0

Again, a design choice has been made when deriving the flux term.

Since the elevation space is continuous, the integration by parts of the continuity term in
(2.49) does not accumulate any flux terms, only a boundary term:

(2.54) Pety (dn, &) == — /Q V(- ((nn + b)uy) do + o C(n"® + b)u" -1 ds.

Gathering together the terms defined above, we arrive at a weak formulation of the steady-
state nonlinear shallow water equations in V},, given by:

p(qha E) = 07 VE € Vha P(Qha E) ::padv<qh7€) + ppg(qh,s) + pcor(qiws)

(2.55) + puis(Ans &) + Parg(An; §) + Pety (A, €)-

Solution Strategy. For steady-state problems, a shallow water solution is sought by
applying a Newton method to (2.55), as described in Subsection 2.4.9. The resulting
linear systems could be solved using a direct method such as preconditioning with a full
LU decomposition, for example.

In the time-dependent case, the nonlinear system is linearised about the initial condition in
the first timestep and about the current approximate solution in all timesteps thereafter.
The time-dependent system may be decomposed as a 2 x 2 block system at each time level,
where the first block corresponds to the velocity space and the second to the elevation.
The resulting linear systems may be solved using GMRES with a multiplicative ‘fieldsplit’
preconditioner, i.e. block Gauss-Seidel. For details on this preconditioning strategy, see
p.294 of [Wesseling, 2009] on ‘distributive iterations’.

2.6.2.3. Equal Order DG-DG Puair. Another discretisation used for shallow water mod-
elling in Thetis is the equal order IP1po — IP1pg pair. This is very similar to the above,
except that there is an additional flux contribution,

(2:56) RS ) o= pe(ain) + [ TGRI AT s,
Fint
for the continuity term and the pressure gradient term takes the form

(257) PRSP (qp, €) = — / oV - b da + / g A ds + / g0 dS.
Q o

Q 1_‘int
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where

259w wd [ mal = )+ {%}}uumﬂ

are Riemann solutions for the inter-element interfaces.

2.7. Stabilisation

2.7.1. Continuous Galerkin. Whether the advection-diffusion equation (2.12) is
dominated by advective or diffusive processes can be determined by the magnitude of the
Péclet number,

advective transport rate LU

2.5 Pe = '
(2.59) © mass diffusion rate D

Here L is a characteristic length scale, U is the local fluid velocity and D is the diffusion
coefficient. If Pe > 1 then advection dominates and if Pe < 1 then diffusion dominates.
We are primarily interested with the former, advection-dominated, case.

Recall the CG weak formulation of the tracer transport problem and consider the case
of lowest polynomial degree, p = 1. It is illustrated in [Donea and Huerta, 2003|
in the 1D case that this discretisation choice introduces truncation error which has the
effect of negative diffusion. This causes instability for advection-dominated problems,
leading to spurious oscillations in the tracer concentration solution, with the potential
consequence of severely reduced approximation accuracy. In the context of IP1 discretisa-
tions for advection-dominated tracer transport problems, it is common practice to apply
stabilisation schemes, which seek to counteract the negative diffusion.

Streamline Upwind. It is shown in [Donea and Huerta, 2003| that a 1D upwind
derivative approximation has the effect of inducing positive diffusion. For diffusion-
dominated problems, upwinding tends to lead to an overly diffusive scheme. However,
it can be a useful artefact when solving advection-dominated problems. Streamline up-
wind (SU) is a simple stabilisation approach which attempts to negate under- and over-
shoots by adding artificial diffusion via upwinding. This is achieved by modifying the test
function in the advection term of the weak formulation:

(260) <¢ +7u- v¢7 u - vch>+<v¢7chh> _<¢7chh : ﬁ)aQ\@QN = <¢7 S> ) \V/QS € Vha
where the stabilisation parameter 7 > 0 is to be specified.

Whilst SU stabilisation is able to effectively stabilise an advection-diffusion equation, it is
known to be overly diffusive, tending to smooth out discontinuous features. In addition,
exact solutions are generally inconsistent for this type of stabilisation. That is, an exact
solution of (2.12) is not a weak solution in general. As such, we cannot expect weak
solutions to converge to the exact solution on a sequence of increasingly refined meshes.

Streamline Upwind Petrov-Galerkin. The SUPG approach is similar to SU, except that
it ensures exact solutions of the advection-diffusion equation (2.12) are also weak solutions.
The approach can be interpreted as using a test space, V}, which differs from the trial
space, W}, 3 ¢p,. It reads as in the unstabilised case, but with Vj, :== {¢+7u-V) | ¢ € W, }.
Alternatively, SUPG stabilisation may be interpreted as the unstabilised formulation with
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an additional term,

(2.61) (p,S —u-Ve, + V- (DVey,) .

On the numerical linear algebra level, SUPG works because it restores diagonal dominance
(and hence positive-definiteness), which is lost in the Galerkin approximation at high
Péclet numbers [DeBlois, 1996|.

2.7.2. Discontinuous Galerkin. DG methods can be interpreted as having some
in-built stabilisation. If the flux terms have been chosen appropriately, then they can go
some way act to balance truncation errors due to the discretisation. However, it is often
beneficial to apply additional stabilisation for particular terms.

Lax-Friedrichs. As with the SU stabilisation approach for CG methods, Lax-Friedrichs
stabilisation is applied to the advection term in a DG discretisation. The use of Lax-
Friedrichs schemes in an advection term avoids having to solve Riemann problems on
inter-element facets. As a trade-off, it introduces artificial viscosity /diffusion and therefore
has a stabilising effect.

Applied to the advection term (2.51) of the shallow water equations, Lax-Friedrichs sta-
bilisation amounts to the modification

(262> p{;(};v(qfug) padv qh7 / 6 uh dS +/ B¢ ' (uh - ueXt) dS)
1nt I

freeslip

where the Lax-Friedrichs parameter is given by 8 = 1|{u,}} - n*|. Note that on the
boundary the average collapses to the interior value. The positive sign of the normal
vector is chosen arbitrarily, but the modulus sign means that it does not actually matter.

Symmetric Interior Penalty Galerkin. Stabilisation may be applied to diffusion or
viscosity terms, as well as advection terms. Interior penalty Galerkin methods are a
DG schemes for elliptic operators which enforce continuity and boundary conditions via
penalties. Following the integration by parts in (2.53), additional integrals are added
in the viscosity term. The purpose is to penalise the viscosity term sufficiently so that
the associated bilinear form is coercive. In return for the penalty, desirable stability and
convergence properties are attained. The interior penalty method used for the discretisa-
tion of the shallow water equations presented here involves a symmetrisation term and is
therefore labelled symmetric interior penalty Galerkin (SIPG).

Under the SIPG method described in [Epshteyn and Riviére, 2007], the viscosity term
(2.53) of the shallow water equations becomes

o % (an, &) = pis(an, @)

(2.63) / {vel : e} [[wn’]] ds - /aa Vo : (v(u, —u™))n’ ds
o [ o] A D] a5+ [ o) (- wi)

The parameter o is a scalar field, which takes the value o|x = ai/hk on element K,
where ag is the so-called SIPG parameter. An effective choice of SIPG parameter for
anisotropic meshes is specified in Subsection 2.7.3. Whilst presented for the viscosity
term of the shallow water equations here, the SIPG formulation is also valid for DG
discretisations of the diffusion term in the advection-diffusion equation.
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See [Epshteyn and Riviére, 2007] for further details on the SIPG method used.

2.7.3. Stabilisation in the Presence of Anisotropy. In Subsections 2.7.1-2.7.2,
four stabilisation methods have been introduced, but values for the associated stabili-
sation parameters have not been suggested for SU, SUPG or SIPG. In the context of
anisotropic mesh adaptation, it is important to take account of the anisotropic nature of
the underlying meshes when choosing these parameters.

First, however, the term anisotropy should be more clearly defined. Consider a triangular
element, K, with angles and sides labelled as in Figure 2.2. The circumscribed circle
(red) and inscribed circle (blue) for such a triangle are also shown. These circles have
radii termed the circumradius and inradius, respectively.

FIGURE 2.2. A general triangle and its circumcircle and incircle.

The aspect ratio of a triangle is defined to be the ratio of its circumradius to twice its
inradius. It can be expressed using the formula [Johnson, 1929|

abc
(a+b—c)(b+c—a)(c+a—10)

For an equilateral triangle, the aspect ratio is unity. This is ‘true isotropy’. Triangles are
still held to be isotropic if their aspect ratio is close to unity. For example, the isosceles
right-angled triangular elements in a uniform mesh have AR(K) = (1 +1/2)/2 ~ 1.2071.
Anisotropic triangles are defined as having AR(K) > 1. In this thesis, we say that K
is isotropic if AR(K) < 2, moderately anisotropic if 2 < AR(K) < 20 and anisotropic
otherwise.

(2.64) AR(K) :=

In the diagram, A is the smallest angle. If this angle is decreased, the circumradius
increases and the inradius decreases, meaning that the aspect ratio grows. As such, a
small minimum angle is another indicator of anisotropy.

SU and SUPG. The Péclet number defined in (2.59) is related to the advection-
diffusion equation itself. It is to be distinguished from the mesh Péclet number,
hxU
(2.65) Pey(K) := 5D K e H,
which is associated with the discretisation thereof. A standard choice of stabilisation
parameter for SU and SUPG is dependent on the mesh Péclet number, given by [Brooks
and Hughes, 1982]

(2.66) 7(K) := min (h—K Peh(K)) .

207 3
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The element size measure, hg, is typically chosen as the circumradius, i.e. the radius of
the circumcircle. Whilst suitable for isotropic meshes, this choice is unsuitable for highly
anisotropic meshes, because it introduces unnecessary artificial diffusion in cross-stream
directions.

An alternative stabilisation parameter for SUPG methods defined on anisotropic meshes
is presented in [Micheletti et al., 2003]. Recall the affine map Tx : K — K from
the reference element to an arbitrary mesh element and its gradient, the cell Jacobian
J i. Anisotropy is encoded into the cell Jacobian, since it describes how the (isotropic)
reference element is stretched when it is transformed into element K. By affinity, Tk is
invertible, meaning J , is, too. As such, J; admits a polar decomposition,

(2.67) Jy =By Zy = Zjl; Ay Vi Zy

where B is SPD and Z is orthonormal. The orthonormal matrix describes how the
reference element is rotated and reflected, whilst the SPD matrix describes how its shape
is distorted. Further, since B, is symmetric, it admits an orthogonal eigendecomposition,
with eigenvector and eigenvalue matrices V ;- and A ). The eigenvalues describe how the
element is distorted in the directions prescribed by its eigenvectors. More precisely, the
eigenvectors and eigenvalues relate to the ellipsoid obtained by transforming the unit n-
sphere under Tg. Figure 2.3 illustrates the 2D case, assuming that the reference element
is an equilateral triangle with edge length v/3, centred at the origin.

(0.1) AK2VE 2 AKIVE]
Tk

T

FIGURE 2.3. Affine transformation from a triangular reference element to
an arbitrary triangular element.

The approach of [Micheletti et al., 2003 is to measure cell size by taking the minimum
eigenvalue in Aj. By consequence, long, thin elements are interpreted as having a small
element size.

Subfigures 2.4b and 2.4c present stabilisation parameter fields using formula (2.66) for
the two cell size measures described above. The problem setup in question is the ‘Point
Discharge with Diffusion’ test case from [Riadh et al., 2014], which has constant velocity
and diffusivity. This means that the stabilisation parameter is simply a function of the
cell size measure. The test case is described in detail in Subsection 3.6.1. Consider solving
the tracer transport problem on the moderately anisotropic mesh shown in Subfigure 2.4a
using the different stabilisation methods. The resulting linear system with GMRES and
SOR as a preconditioner (the default for Thetis’ tracer transport model).

The solution field is losslessly transferred into a four-times uniformly refined space in
order to compute relative L? errors against the analytical solution, which are displayed
in Table 2.3. The linear solver fails to converge without stabilisation. For the mesh
presented here, use of the stabilisation parameter designed for anisotropic meshes yields
smaller errors than for the standard isotropic version for both SU and SUPG. Moreover,
for a given choice of stabilisation parameter, SUPG yields a slightly smaller error than
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: (A) Moderately
anisotropic mesh (max.
aspect ratio 12.0)

4 6 8 (B) Isotropic SU/SUPG

parameter

0 9
0 1

2' 3 4 (¢) Anisotropic SU/SUPG

parameter

FIGURE 2.4. Stabilisation parameters for the ‘Point Discharge with Diffu-
sion’ test case from |[Riadh et al., 2014 in the presence of mesh anisotropy.

SU. Consequently, we solve tracer transport problems using SUPG with the anisotropic
stabilisation parameter henceforth.

Stabilisation None | SU (iso.) | SU (aniso.) | SUPG (iso.) | SUPG (aniso.)
Relative L? error | - 7.318% | 6.6353% 7.2822% 6.6289%

TABLE 2.3. Relative L? errors (to four decimal places) for the ‘Point Dis-
charge with Diffusion’ test case under different stabilisation methods on a
moderately anisotropic mesh. The abbreviations ‘iso.” and ‘aniso.” refer to
the isotropic and anisotropic stabilisation parameters, respectively.

Comparison of the plots in Subfigures 2.4b—2.4¢ confirms that strongly anisotropic ele-
ments often have large element diameters, but relatively small cell sizes as determined by
the minimum eigenvalue.

SIPG. As with SU and SUPG, care should be taken when choosing the SIPG parame-
ter, ay, in the context of anisotropic elements. The authors of [Epshteyn and Riviére,
2007] propose that this parameter be set to

1 max (V)

(2.68) ag==-p(p+1) ming (7]

5 cot Oy, K e™H,
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on a triangular element K with smallest angle 65, where p is the polynomial degree of the
velocity space and the max/min term conveys the maximum viscosity ratio (within the
element). Formula (2.68) can be applied element-wise, giving rise to a IP0 field. However,
for the results of [Wallwork et al., 2020b| (presented in Subsection 7.5.4), we found the
minimum angle over the whole mesh to be sufficient for moderately anisotropic meshes.

2.8. Interpolation

Given that one of the main focuses of this thesis is on mesh adaptation, we require methods
for transferring solution fields between meshes. Three approaches are considered, which
are useful in different situations.

2.8.1. Hierarchical Case. First, consider the case where we have a mesh H and a
mesh HT generated by uniform refinement. That is, for each element K € H, there exists
a unique patch of elements x*(K) C HT whose union is again element K. Define finite
element spaces of the same family and degree, V and V', on the two meshes.

Transferring f € V into V't can often be achieved losslessly using a prolongation operator,
depending on the function space. Since it is true for the CG and DG spaces used in this
thesis, we can assume this to be the case. For such spaces, the prolonged field, f* € VT,
takes the same values at the nodes and interpolates the values inbetween. Suppose we
have v € V' and seek to evaluate the general integral

(2.69) J=10=[ro= [0

Integrals of this type need to be evaluated in goal-oriented error estimation, for example.
Both f and v live in V, so the first integral on the RHS of (2.69) is trivial to evaluate.
Since V' C VT, we may express v using basis functions {¢;}™, of the enriched space as
v=>,af ¢F, for some coefficients {; }:"; C IR. Thus, the second integral on the RHS
of (2.69) may be re-expressed as

(2.70) /f*v = zm:a?/f*(b?,
im1

where m > n. Observe that (2.70) is exactly the prolongation operator applied to v.

If v is replaced with the basis functions {¢;}?; of V in (2.70), we obtain

(2.71) /f+¢j = io@‘;/f* i
P

where A = (a;;) is a ‘tall and skinny’ n x m matrix.

The uniform refinement method used in this thesis is iso-IP2 refinement, which amounts to
inserting vertices wherever there would be a degree of freedom in a quadratic element. On
triangles and tetrahedra, this refinement method has m = 4n and m = 8n, respectively.

Transferring information from V7 to V, on the other hand, cannot be done losslessly.
That is, information will generally be lost during this process. One option is injection.
For CG spaces, this retains the values at nodes shared by both V and V' and simply
ignores the other values. Another option is to apply one of the many interpolation schemes
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designed with no assumption of a mesh hierarchy. Two such schemes are described in the
following subsections.

2.8.2. Linear Interpolation. Now consider two triangular and tetrahedral meshes
H 4 and Hp of the same spatial domain 2, along with function spaces V4 and Vg of the
same family and degree defined upon them. Suppose V4 and Vi have bases {¢}™, and
{¢B}_,. For simplicity, assume V4 and Vjp are IP1 spaces, meaning that their degrees of

freedom are values at vertices, {x}™, and {xZ}1,.

Linear interpolation of a source function f4 € V4 may be expressed as the action of a
n X m matrix Agp on its vector representation, fa, where

(2.72) (Aap)ij = ¢7(xP).

That is, the %" column is obtained by evaluating the j** basis function of V, at each of
the nodes of V. This interpolation scheme can also be applied in a matrix-free manner,
by simply evaluating fa at each node of Vg.

For testing purposes, suppose H 4 and H g are both uniform triangular meshes of the unit
square. Suppose the former is laid out 20 x 25 with diagonals from top left to bottom
right and the latter 20 x 20 with diagonals from bottom left to top right. The meshes are
shown in Figure 2.5.
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(A) Source mesh (B) Target mesh

FIGURE 2.5. Meshes ‘H4 and Hp used in the ‘ping pong test’.

Consider projecting a IP1 representation of the source function, fa(z,y) = sin(7x) sin(7y),
plotted on mesh H 4 in Subfigure 2.6a.

We perform a ‘ping pong test’, which amounts to interpolating f4 from H 4 to Hp and
then back again 100 times. The resulting field is shown in Subfigure 2.6b. Observe
that the shape is slightly distorted. However, new extrema are not introduced. That
this is a general property of linear interpolation follows immediately from the matrix-free
interpretation.
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(A) Source function (B) After 100 interpolations

FIGURE 2.6. Source function defined in a IP1 space on H 4 and its image
after 100 linear interpolations to Hp and back.

An advantage of performing a ping pong test is that the source and result are defined on
the same mesh, meaning we are able to compute L? errors. In this case, the relative L?
error turns out to be 3.46%.

2.8.3. Conservative Interpolation. In some cases, it is advantageous to have a
interpolation operator Il145 : V4 — Vg which is conservative. That is,

(2.73) / fadr = / Map(fa) dz, fa€Va.
Q Q
This is done by solving the optimisation problem,
(2.74) / MWap(fa) := argmin |[f4 — vl 20
Q veVp

One approach to obtaining a conservative interpolation scheme is through the supermesh
construct. A supermesh of H and Hp is any mesh H¢ of the same domain whose vertex
set contains the vertex sets of H4 and Hp and for which the volume of the intersection
of any K¢ € He with any K € H € {Ha, Hp} is either zero or again the volume of K¢
[Farrell et al., 2009]. That is to say, all elements of the supermesh are completely con-
tained within individual elements of the ‘donor’ meshes. In the hierarchical case described
in Subsection 2.8.1, the refined mesh H™* is itself a supermesh of the base mesh.

We are able to prolong functions from either V4 or Vp onto an equivalent function space
defined on H¢ losslessy for most finite elements. The same cannot be said for the con-
verse, of course. The supermesh construct provides an intermediary step between the two
meshes, through which an interpolation matrix may be constructed. In [Farrell et al.,
2009, it is shown that supermesh projection amounts to solving for the vector fg in the
linear system

(275) MBfB:MBAfA7 where /gb ¢ dl‘ MBA /gb gb dz.

Here Mg is the mass matrix for Vg and Mpg4 is the mized mass matriz for Vg and V.
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Let us perform the same ping pong test from Subsection 2.8.2 for the supermesh projector.
The source is plotted on V4 again in Subfigure 2.7a and its image after 100 projections to
and from Vg is shown in Subfigure 2.7b. Note that the scales are slightly different than
previously, to account for new extrema. In this case, the relative L? error is 0.86%. The
mass error,

gmass _ Jo fadz = [ Tap(fa) do
' Jo fada 7

is zero, by construction. However, it is 3.18% for linear interpolation.

1.05 1.05
0.85 0.85
0.6 0.65
0.45 0.45
0.25 0.25
0.0 0.05
—0.15 —0.15

(A) Source function (B) After 100 interpolations

(2.76)

FIGURE 2.7. Source function defined in a IP1 space on H,4 and its image
after 100 conservative projections to Hp and back.

For this test case, supermesh projection yields both lower mass error and L? error than
linear interpolation. However, a caveat is that the source function used here is rather
smooth. Conservative projection is a diffusive process, which has the effect of smoothing
out the source field. As such, it cannot be expected to achieve L? errors as small as those
stated above when applied to noisy or discontinuous data. Another caveat is that new
extrema are introduced, where they are not under linear interpolation. For linear finite
elements, boundedness of the interpolation operator can be achieved by lumping the mass
matrix [Farrell et al., 2009|. Lumping introduces additional numerical diffusion. For
cases in which this is undesirable, a method which ensures that the interpolation operator
is bounded, conservative and minimally diffusive is presented in [Farrell et al., 2009|.

In practical applications, the interpolation scheme used to transfer data related to a
particular field should be chosen with care. If the field is a strictly positive quantity,
such as tracer concentration, a bounded interpolation operator is recommended, because
it maintains positivity. For quantities such as mass which should be conserved across
entire simulations, a conservative interpolation scheme is recommended. Throughout
this thesis, the supermesh projection operator is used for transfers between arbitrary
(i.e. non-hierarchical) meshes, unless otherwise stated. The software used to do this is
the libsupermesh package |[Farrell and Maddison, 2011, Maddison et al., 2016|.



CHAPTER 3

Adjoint Methods

Motivation. For the purposes of this chapter, suppose that we have some PDE and
an associated scalar diagnostic quantity of interest (Qol). Most commonly in this work
the PDE will be the shallow water equations or an advection-diffusion equation, with the
Qol an integral functional of the PDE solution. Associated with any PDE/Qol pair is
an adjoint equation, which is itself a linear PDE, along with a set of auxiliary conditions.
Together, the adjoint equation and its conditions comprise the adjoint problem. Solu-
tions of the adjoint problem (i.e. adjoint solutions) may be interpreted as conveying how
sensitivities of the Qol w.r.t. the prognostic solution propagate across the domain.

As described in Chapter 1, the adjoint method has proved to be an indispensable tool for
computational modelling and optimisation. The literature contains a multitude of uses,
including sensitivity analysis, data assimilation and uncertainty quantification, to name
just a few.

Adjoint methods are particularly attractive for optimisation problems, because the com-
putational cost associated with computing gradients from the solution of an adjoint equa-
tion is effectively independent of the number of control parameters. As such, complex
engineering design problems can be solved efficiently using gradient-based optimisation
routines which represent the Qol gradient using adjoint methods. An example of such an
engineering problem in the coastal ocean modelling context is tidal turbine array design
[Funke et al., 2014]|, wherein the layout of a tidal array is configured in order to opti-
mise some Qol, such as power output. Another application is tsunami source inversion;
parameters associated with an assumed source model are modified in order to minimise
error in the resulting propagation model, compared with real data [Pires and Miranda,
2001].

This chapter focuses on the development of adjoint methods themselves, in terms of the
(continuous or discrete) formulation and implementation details, such as whether auto-
matic differentiation or checkpointing schemes are used. Applications of adjoint methods
are considered in subsequent chapters. Namely, Chapter 4 inverts gauge data for param-
eters describing a tsunami source and Chapter 7 applies goal-oriented mesh adaptation
to a range of geoscience problems.

Novel Contributions. Whilst mostly focused on reviewing adjoint methods and im-
plementation details thereof, this chapter does contain a comparison of continuous and
discrete methods applied to an advection-diffusion problem. Although the literature con-
tains many qualitative comparisons of these approaches, there are relatively few examples
of direct, quantitative comparisons within the same solver framework. Comparisons are
made in terms of the accuracy of computed gradients, computational efficiency and overall
effectiveness. The conclusions of this investigation inform implementation choices made
in Chapters 4 and 7.

41
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Chapter Organisation. This chapter is organised as follows. Mathematical conventions
for the adjoint and tangent linear models associated with a given PDE are introduced in
Section 3.1. Section 3.2 describes the gradient-based approach to solving PDE-constrained
optimisation problems, which relies on the possession of accurate gradient information.
Sections 3.3 and 3.4 describe two different ways to obtain the adjoint problem and solutions
thereof — the continuous and discrete adjoint methods. In either case, solution data may be
used to compute the gradient information required by the optimisation method. Section
3.5 provides some implementation details specific to the discrete adjoint method. The
continuous and discrete methods are compared, both qualitatively and quantitatively, in
Section 3.6. Finally, Section 3.7 provides some context on the memory vs. recomputation
trade-off associated with memory intensive applications involving adjoint solves.

3.1. Mathematical Conventions

Throughout this chapter, suppose we have a PDE, whose solution w lives in a function
space W, which may be expressed in residual form,

(3.1) U(w) =0, we W,

where U : W — W*. Here W could be scalar, vector, tensor or a mixed space combining
several solution variables and the PDE could be linear or nonlinear. In the context of
adjoint modelling, (3.1) is referred to as the forward equation and w is termed the forward
solution. Assume W is defined upon a spatial domain Q C IR? with piecewise smooth
boundary 0f2 and possibly also a time interval (0,77 (in the time-dependent case).

Quantity of Interest. In order to define the adjoint equation, we need to define a Qol,
(3.2) J: W —=R.

A number of practical examples are given in Subsection 1.1.2. Many (but not all) of the

Qols considered in this thesis may be expressed as an inner product of the form (2.4.7)
with W = L*(Q).

As has been mentioned, one of the major problem classes where the adjoint method
is useful is PDE-constrained optimisation. In a problem of this type, the Qol is min-
imised /maximised, subject to the constraint that the forward problem (3.1) is satisfied.
It is to be assumed that the forward problem definition depends on some control parame-
ters, m, which live in a control space C', meaning that both residual and Qol are functions
of m, as well as w. Mathematically, this problem may be stated as

(3.3) wein_ J(w,m) subject to ¥(w,m)=0.

Maximisation problems may be formulated as such by taking the negative Qol.

Under the assumption that m € C' determines a well-posed forward problem with a unique
solution, the Qol may be interpreted as a function of m alone. Hence, we introduce the
reduced functional,

(3.4) T:CoR, T(m) = Jw,m)|wwm—o

which implicitly assumes a solution of (3.1) due to control parameters m.
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Gradient Computation. One well-established method for solving problems of the form
(3.3) is gradient-based optimisation. The utilisation of such methods relies on having a
representation or approximation of the functional gradient, d.J,,.

Recall the definitions of derivatives in infinite dimensions in Subsection 2.4.8 and the
chain rule (2.34). Applied to J, we use the shorthand

(3.5) Ay = 0J, dwp, + 0.

The partial derivatives may be computed directly from the Qol expression. However, dw,,
is not directly computable, since w is determined by solving the forward problem.

One approach to obtain the Qol gradient is to compute dw,, using the tangent linear
model (TLM). This system of equations is given by differentiating the forward model
w.r.t. the control parameters:

(3.6) OV, dwy, + 0¥, =0 = dw, = —(0V,) " OV,

assuming that 0V, is non-singular. This result may also be obtained as a consequence
of the Implicit Function Theorem. Solutions of (3.6) describe how sensitivities of the
solution variables w.r.t. the control propagate across the domain. As such, equation (3.6)
is sometimes referred to as the (first order) sensitivity system. In the finite-dimensional
case, (3.6) gives rise to a system of N := dim(C) linear equations. The gradient compu-
tation requires solving larger systems of equations as the dimension of the control space
is increased, making it infeasibly expensive method for optimising many controls.

Substituting the the right hand equation of (3.6) into (3.5) gives
(3.7) dJy = 0Jy, — 0J, 0V, 0V,
—_————
(w*)™
The indicated definition of w* gives rise to the adjoint equation,

(3.8) ovlw*=a0JT, w eV

*

Accordingly, w* is termed the adjoint solution. Solving the adjoint equation and then
applying formula (3.7) provides an alternative approach for computing d.J,,,. Unlike the
tangent linear model, (3.8) is a single equation in the finite-dimensional case, i.e. its size
is independent of N. The cost of its solution typically dominates that of evaluating 9.J,,,
ov,,, 0¥, and dJ,. Hence, the overall cost of the adjoint-based gradient computation
is effectively independent of N, giving rise to an efficient method for optimising large
numbers of controls.

Continuous vs. Discrete. As detailed in Chapter 2, the first step in seeking the nu-
merical solution of a PDE is to discretise it, using FEM, for example. When it comes to
the adjoint equation (3.8), there are two fundamentally different approaches, which differ
in the point at which the discretisation is applied.

The first approach is most commonly known as continuous adjoint. It is sometimes also
referred to as ‘differentiate then discretise’ |[Gunzburger, 2002|, since it means first
deriving the adjoint equation in a continuous form and then later discretising in order
to seek an numerical solution. It has also been referred to as ‘optimise then discretise’
[Carnarius et al., 2011], since the so-called optimality system (defined in Section 3.3)
is derived before discretisation.
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The second approach is most commonly known as discrete adjoint. Similarly to the
above, this approach may be referred to as ‘discretise then differentiate’ or ‘discretise then
optimise’, since the PDE is discretised before deriving an associated adjoint equation.

The two are compared in Section 3.6, including qualitative observations, quantitative
differences and general advantages and disadvantages. They usually give different results,
because differentiation and discretisation do not automatically commute. Both are used
in this thesis.

3.2. Gradient-Based Optimisation

Consider again the PDE-constrained optimisation problem (3.3), where we seek to min-
imise a reduced functional J w.r.t. an N-dimensional control, m € C. Evaluation of the
reduced functional involves the numerical solution of some PDE which depends upon the
control parameters, but we can ignore this fact for the majority of this section.

[terative optimisation routines start with an initial guess mg for the control parameters
and create a sequence which hopefully converges to a minimiser, m*. Consider an iteration

(3.9) Mi41 = Mg + QP

where ay, > 0 is the step length used at the k" iteration and pj, is the search direction. As
suggested by the name, the search direction depends on the gradient, d.J,,, in gradient-
based methods.

3.2.1. Steepest Descent and Conjugate Gradients. The simplest gradient-based
optimisation routine is steepest descent, a.k.a. gradient descent, for which

(3.10) Di = —djm(mk).

If pr =~ 0 then we deduce that a stationary point has been reached. Whilst very easy to
implement, the steepest descent direction is not always the most effective search direction.
The conjugate gradient (CG) method modifies (3.10) to ensure that steps are orthogonal,

~

in some sense. Under the assumption that J is a quadratic function whose quadratic
term has a symmetric positive-definite (SPD) matrix coefficient A, CG takes steps that
are orthogonal in the A-norm and ensures that convergence is attained in a maximum of
N iterations |Teukolsky et al., 1992]. The reduced functional associated with a PDE
often cannot be expressed as a quadratic function of the controls. Nevertheless, CG can
be modified in order to be applied to PDE-constrained optimisation problems [Herzog
and Kunisch, 2010].

3.2.2. Newton’s Method. An alternative gradient-based approach to those given
above is to use Newton’s method, which has already been introduced in the context of
nonlinear systems in Subsection 2.4.9. Applied to optimisation problems, the search
direction of Newton’s method is given by the solution of the linear system

(3.11) AT (me) D = —d T (M),
where d? jm denotes the Hessian w.r.t. the control parameters.

Provided the initial guess is sufficiently close to the optimum, Newton’s method is a very
powerful method for PDE-constrained optimisation. Applied to finite dimensional spaces
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and an N-dimensional control space, the naive approach is to assemble the N x N Hessian.
This approach requires the solution of all N equations in the TLM. If the forward PDE
is linear then this requires approximately N times the computational cost as the forward
model itself! This is clearly infeasible for N > 1. A computationally cheaper approach
is to solve (3.11) matrix-free, which avoids the expensive assembly step.

3.2.3. Quasi-Newton Methods. If solving (3.11) matrix-free is impossible or dif-
ficult then another alternative method, which is typically computationally cheaper than
assembling the full Hessian, is to approximate it. Doing so gives rise to a family of meth-
ods known as quasi-Newton methods. Beginning with the work of [Broyden, 1965|,
quasi-Newton methods were developed as a family of nonlinear solvers which build up an
approximation to the Hessian (or the inverse thereof) in an iterative fashion, via low rank
updates.

In this thesis, the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [Broyden et al.,
1973| is applied using the SciPy implementation |Virtanen et al., 2020]. For the
version which approximates the Hessian itself, the BFGS iteration builds up a sequence
of iterates {By}rew € RV as

T T I
Bysisi, Br  yry; Sk 1= Mgy — My,

o = A (mipsr) — AT (M)

(3.12) Byy1:= By — ,  where {

T T
53, Bisy, Yjs Sk

Note that iteration preserves symmetry of the Hessian approximation. Typically, the
identity matrix is taken as the initial guess, inducing a symmetric Hessian approximation.

For large problems, storing the (inverse) Hessian approximation can require large amounts
of memory. As such, the ‘limited memory’ L-BFGS method retains only the recent history
of updates and the corresponding evaluated gradients, giving an implicit representation
of the (inverse) Hessian. For constrained optimisation problems, a modified version is
used which accounts for bound constraints: L-BFGS-B [Zhu et al., 1997|, where the ‘B’
stands for ‘bound’. Again, the SciPy implementation is used in this thesis.

3.2.4. Mesh Dependence. BFGS iteration (3.12) implicitly assumes a Euclidean
control space, C. If C'is a Hilbert space then it may be written [Schwedes et al., 2017|

(Rc(Br(sk), m)c (Re(Br(sk), )¢
(Re(Br(sk)), sk)e
(Re(yr)m)e (Relyr), m)

(Re(yr), sk)e 7

where Rc(j ) is the Riesz representation of J. Note that B, can have one or two argu-
ments, since it may either be understood as mapping C' x C' — IR or C' — C*.

Bii1(m,n) := Bi(m,n) —
(3.13)

+ m,n € C,

The methods described in Subsections 3.2.1-3.2.3 were designed to solve optimisation
problems in Euclidean space. This means that many popular implementations, such
as that found in SciPy, hard-code the ¢? inner product, as opposed to the inner product
associated with the control space. For PDE-constrained optimisation problems discretised
using FEM, controls do not necessarily live in Euclidean space. This is the case when the
control is a finite element representation of an initial condition, for example. In the case
of BFGS, formula (3.13) suggests (-, ) as a more appropriate choice than (2,
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In [Schwedes et al., 2017|, it is demonstrated that the default ¢? inner product can lead
to poor convergence properties if C' is a finite element space, whereas L? or H' are more
appropriate, depending on the problem. Moreover, it is demonstrated that the default
approach leads to mesh dependence of the optimisation routine, which may be avoided
by making a careful choice of inner product. Many of the optimisation experiments per-
formed in this thesis have control spaces C' C IRY, whereby (3.12) and (3.13) coincide,
whereby the discussion in this subsection is not of concern and the standard SciPy imple-
mentations of BEFGS and L-BFGS-B are sufficient. This is not true in the tsunami source
inversion experiments considered in Chapter 4, since the initial free surface displacement
is a function. The mesh-independent framework described above is not used in this thesis,
but future work would benefit from its integration.

3.2.5. Taylor Test. Before passing a gradient computed using the continuous or
discrete adjoint approach to an optimisation routine, we should first verify that it does
indeed accurately represent the gradient of the (discretised) Qol. The standard method
for doing this is to apply a Taylor test. This test checks that the second order remainders
of a truncated Taylor expansion converge quadratically under the proposed gradient.

For a reduced functional j, the first order Taylor remainder is given by

(3.14) ﬂwmo:‘ﬂm+hmo—ﬂm)

Y

where om is a search direction and step length h > 0. The second order Taylor remainder
is given by

~

(3.15) anw:‘(m+h&m—ij—hGﬁmL
where (G is the proposed representation of d:fm.

Given some m € C, continuity of the reduced functional implies that lim, o 71 (h;m) =0
at rate O(h). If G is consistent with the true discrete gradient, then limy_,o T5(h;m) = 0
at rate O(h?). The Taylor test verifies that this second order convergence is achieved by
halving the value of h and checking that T5(h) is reduced by a factor of four.

Note that the Taylor test only provides an assessment of gradient consistency at a single
point in parameter space. As such, it should be applied repeatedly at multiple points, in
order to give greater confidence in the result. In addition, it relies on dm, which determines
which directional derivative is taken, as well as the step length, h. If the magnitude of
h dm is too large then the Taylor test can give false negatives. In the one dimensional
example given in Figure 3.1a, the Taylor test will claim that the gradient should have
converged to zero, whereas the gradient at m is clearly positive. On the other hand, if
the step is too small then it is possible to encounter roundoff errors. As such, care should
be taken to choose an appropriate, small step size.

(A) Diagram showing how false nega-

J tives can arise in a Taylor test. The

SeT TN _---  blue curve represents a reduced func-

/ N e tional in a 1D parameter space, the

/ AR e orange dots indicate sampled points

-7 Seo_-” and the green line indicates the true
gradient.
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3.3. Continuous Adjoint

In the following, the continuous adjoint approach is introduced using a Lagrange multiplier
approach, with the Lagrangian encapsulating the PDE problem and Qol.

Suppose we have system of time-dependent, scalar PDEs in n dimensions whose solu-
tions reside in a function space W. In addition, suppose we have m, initial conditions,
{Ai(w)|i=0 = 0}24, and mp boundary conditions, {B;(w)|r, = 0 | I'; C 0Q}7. As-
sociate with these conditions the Lagrange multipliers {«;}; mA and {BJ} respectlvely
With an additional Lagrange multiplier w* € W, define the Lagranglan

E(w,w*, Qaq, ... 7amA7ﬁ17 s 76777,3) = J(w) - <\Il(w)7u*>Qx(0,T]

- Z ), ) Qx{0}
- Z BJ r;x(0,1] *

Jj=b

(3.16)

Observe that the PDE may be recovered from the Lagrangian by setting the first variation
w.r.t. w* to zero and applying the Fundamental Lemma of the Calculus of Variations.
That is,

(3.17) 0Ly =0 =  T(w)=0.

Similarly, setting the first variations w.r.t. a; (resp. f3;) to zero yields the " initial
(resp. boundary) condition. Setting the first variation w.r.t. w to zero and applying the
Fundamental Lemma of the Calculus of Variations yields the continuous adjoint problem,
itself comprised of a PDE with auxiliary conditions. As suggested by the notation, w*
turns out to be the adjoint solution. We denote the adjoint residual by W*(-), so that

(3.18) 0L, =0 = T (w)=0.

For completeness, setting derivatives of the Lagrangian w.r.t. the controls to zero yields
the optimality equation. The optimality system is comprised of this equation, along with
(3.17) and (3.18) (see |Gunzburger, 2002] for details).

In the following subsections, we derive continuous adjoints for a general advection-diffusion
problem and an application-specific shallow water tsunami modelling problem.

3.3.1. Advection-Diffusion Continuous Adjoint. In the notation of Section 2.2
(with k = 1), consider the time-dependent advection-diffusion problem

c=cy att=0
c=gp ondflp ’
DVe-n=gy ondQy

(3.19)

with the boundary decomposed as the disjoint union 9€2 = 9Qp U 0€2y and D satisfying
the appropriate compatibility conditions. We allow for an outflow segment 02, C 052,
on which natural boundary conditions are to be applied. However, these are equivalent
to the Neumann condition in this case, so 0€),,; is absorbed into 0Qy.
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For the purposes of illustration, consider a type II Qol which integrates the variation of

the tracer concentration against a background value, ¢, > 0, over a region of interest
R C Q and time period (Tyart, Tena] € (0, 7T7:

Tena
(3.20) / / c—¢)dedt = / / 1R [Tare Tona] (€ — €3) da dL.
Tstart

In fact, we do not consider the case T,,q < T, because causality implies that the Qol is
independent of dynamics which occur after this time, meaning we may as well redefine
T :=T.na. The Qol is both linear and continuous. As is clear from the second integral in
(3.20), it may be represented in the L? sense by Ry2(J) = Lpx i, 7ona]> UP tO & constant.

The strong solution ¢ resides in the function space W = {v € H*(Q) | v|pa, = 0}. We
introduce Lagrange multipliers o, Sp and [y, corresponding to the initial, Dirichlet and
Neumann conditions, as well as the adjoint variable, ¢* € W. The Lagrangian is then
given by

L(c,c*,a.6p, fn) = / / <S———u Ve+ V- (DVC)) dx dt

(3.21) +/TS:/R(c—cb) dz dt+/Qa(co—c(x,0)) dz

T T
+ / Bp(gp —¢) ds dt + / fn(gy — DVe-n) ds dt.
0 JoQp 0 JoQN

Setting the first variation w.r.t. ¢ evaluated at any ¢ € V' equal to zero yields

/ / |: (__ —u- VC + v (Dva> + HRX[TstartyTend]’cv:| dl‘ dt

(3.22) .
— / ac(x,0) dz — / ByDVe-ndsdt, VeeW,
Q 0o Joay

where the Dirichlet term vanishes because ¢ € W. Applying integration by parts in both
space and time yields

T
:/ /5<ac V- (uC*) + ]IRX[Tstart,Tend]) dz di
/ /Vc DV dx dt — / /(9 ) da dt — /oﬁ(x, 0) dz
Q

—i—/ /(—Ec*u-ﬁ+c*QV5~ﬁ)dsdt
o Joa

T
—/ AyDVE-fdsdt, YeeW.
0 00N

(3.23)

Homogeneous Dirichlet conditions are inherited in the adjoint from the forward, since
they live in the same function space. Due to this, the initial conditions for the forward
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problem and integrating the diffusion term by parts again, we arrive at

T _ 8 *
0 :/ / ¢ ( 8675 +V-(uc) + V- (D'Ve) + HRX[TstamTcnd}) dx dt
o Ja

— / c(x,T) c*(x,T) de + / c(x,0) (¢ —a)|,_, dz
Q 0
T
+/ / E(c*u-ﬁ—i—_TVc*-ﬁ) ds dt
o Joay
T
+/ / (¢* — By)D'Ve -1 ds dt.
o Joaay

Symmetry of D implies that the transpose is actually redundant. However, we retain it,
for completeness.

(3.24)

Applying the Fundamental Lemma of the Calculus of Variations, (3.24) implies the strong
form adjoint equation

—% — V- (uc*) = V- (D"Ve*) = Ipxnm Tong Q% [0,7)
=0 att=T
=0 ondf2p

D'Ver ni+cu-n=0 ondQy

(3.25)

Observe that the adjoint equation is a very similar advection-diffusion equation, but
with reversed arrow of time, reversed flow velocity and source term given by the Riesz
representation. Since information propagates backwards in time for the adjoint equation,
we have a terminal condition in place of an initial condition. Another difference is that
in place of the Neumann condition we have a Robin condition. The Dirichlet condition is
inherited on 0Q)p.

The adjoint equation may be similarly derived for a Qol which integrates tracer concen-
tration at the end time:

(3.26) J(c) = /R(c(x, T) — ¢) d.

In this case, the Riesz representation is a pulse at the final time. This means we get
an ‘initial’ value problem which runs backwards in time with this pulse as a starting
condition:

—%—V-(uo*)—V-(QTVC*) 2]10 inQ x[0,7)

c=1p att=1T

(3.27) v e
D'Ve A+ cu-fi=0 ondQy

Let us briefly consider the time-independent case, where the time derivative is dropped
from (3.19), the initial condition is ignored and the Qol (3.20) is replaced by

(3.28) J(c) = /R(c — ) do = /Q Ig(c—cp) de.
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Again, the Riesz representation, R2(J) = 1, provides a source term, yielding the system

~V-(uc*) = V- (D'Ve) =1z inQ
(3.29) =0 ondQp
DIV i+ cu-n=0 ondQy

3.3.2. Shallow Water Continuous Adjoint. Next, consider the linearised shallow
water system (2.5) — specifically the tsunami source inversion problem, discussed in detail
in Chapter 4. Assume the notation from Section 2.1, with zero initial velocity and an
initial surface displacement field ny € H'(€2) which we seek to invert for. The boundary
is split into segments OQeestip, I2p C 02 In summary, we have the PDE system given
by

uy fzxu+gVn=0 inQx (0,7
W4V (bu)=0 inQx (0,7
(3.30) (u,m) =(0,m9) att=0

u-n=0 ondQcesip
n=gp ondlp

Suppose we have free surface timeseries data from a finite set of gauges G. We have an
initial guess for 7y, but would like to optimise it so that the resulting tsunami propagation
model best captures the timeseries. Assuming data for all of (0,77, one choice of Qol is
the sum of squares

1 r -~ 2
(3.31) J(u,n) == Z/ / Ilg(n —n,(t))" dz dt,
2 o Jo
9g€eg
where gauge ¢ has spatial location x, € €2 and timeseries value 7,(t) at time t € (0, 7.

Here 1 is an area-normalised circular indicator function centred at x, with small radius
¢ > 0. (For details on the tsunami modelling application, the derivation of (3.31) and
the subsequent source inversion experiments, see Chapter 4.) The Riesz representation
theorem does not apply because (3.31) is nonlinear.

Establishing a Lagrangian £ for the PDE system (3.30)(3.31) as before, setting 0Ly = 0

and integrating by parts, we obtain the continuous adjoint problem,

* —%—Ff/z\xu*—/len*:O inQ x[0,7)
SO gVew =3 1 (n—n,) inQx[0,T)

ot 9€G g
(3.32) (u*,n*)=0 att=T ;
u -n=0 ondN\dQp
n*=0 ondp

after some rearrangement. Note that nonlinearity of the Qol manifests in the RHS of
the adjoint continuity equation being dependent upon the forward solution at each time
level. This means that numerical solution of (3.32) requires outputs from the numerical
solution of (3.30).
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The initial surface 7o is obtained as the output of a source model, S : C' — H'(£2) mapping
from a control function space, C'. The TLM w.r.t. the control variable, m € C'is given by
38—‘;/ —|—f’z\/>< u' +¢gVn' =0 inQ x (0,7]

WLV (bw') =0 inQx(0,7T]

(3.33) (W,n)=(0,n)) att=0 ;
u-n=0 on anreeslip
n' =0 ondflp

where u’ := du,,, ' := On,, and 1) := 9(no)m. Differentiating w.r.t. the controls again
yields the second order tangent linear model:

gu” +fzxu"+gVy" =0 inQx (0,7
WLV (bu")=0 inQx (0,7]
(3.34) (W, n")y=(0,n7) att=0 )
u”- ﬁ =0 on anreeslip
7 =0 ondp
where u” := 9%u,,, 0" := 0°n,, and 1} = 0*(ny)m. If the source model is linear then

" —

ny = 0, whereby (3.34) has the unique solution (u”,7”) = 0. This is due to the linear
basis; solutions of the second order TLM are not zero in general.

By the chain rule, we have that

(3.35) dJ,, — /0 /Q SO (17— ny(1) of da .

geg

Note the appearance of the RHS of the adjoint continuity equation in the integrand.
Adding in zero for the RHS of the adjoint momentum equation, we can make a substitution
for the LHS of the adjoint equations. Integrating by parts in order to eliminate the adjoint
solution variables, we find that almost all of the terms cancel due to the adjoint boundary
conditions and the TLM, leaving

(3.36) dJ, = — /Q no(X)n*(x,0) da.

That is, the gradient is given by multiplying the the partial derivative of the source model
w.r.t. m and the adjoint free surface at time t = 0 and integrating over the spatial domain.
This is consistent with formula (3.7).

One method for computing the gradient of the Qol is to solve the forward problem once,
solve the adjoint problem once and then assemble (3.36). As has been mentioned, applied
to finite-dimensional spaces, this calculation involves the solution of just two PDEs and is
completely independent of the number of basis functions — one of the reasons the adjoint
method is so powerful.

Similarly as before, the chain rule applied to (3.35) gives

(3.37) 7, =Y / / T [() - ny(0) " + (%] de dt.

geg

As noted, the unique solution of the second order TLM is uniformly zero for a linear
source, in which case the Hessian may be computed using the solutions of the first order
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TLM:

(3.38) /0 / T ()2 dz dt.

geg

In the finite dimensional case, with dim(C') = N, the TLM consists N components, mean-
ing computing (3.38) requires the solution of N linear PDEs. It is possible to introduce
an adjoint tangent linear model to get an alternative formulation, but its use actually
requires the solution of more PDEs than the version above. In practice, a quasi-Newton
method is usually applied to iteratively generate an approximate Hessian. Better still, for
gradient-based optimisation applications, it is usually sufficient to evaluate (3.38) in the
matrix-free sense.

Whilst the class of advection-diffusion problems considered in Subsection 3.3.1 is fairly
general purpose, the shallow water setup in this subsection is rather application-specific,
meaning that the derivation is only relevant for this particular problem. Here lies one
of the major disadvantages of the continuous adjoint approach: if the PDE, its auxiliary
conditions or the Qol are modified then the derivation is no longer valid and must be
adjusted, potentially involving significant manual effort. As such, the user of a continuous
adjoint approach is required to have at least some high level mathematical knowledge.

3.4. Discrete Adjoint

As discussed previously, the discrete adjoint formulation is obtained from the discretised
PDE. All of the PDEs considered in this thesis may be written in the discrete form

(3.39) F(w) =0,

where w is the solution vector and F' is a vector-valued function. The discrete adjoint
system is simply

oFT . oJ7T

—_— W = —

ow ow '

where w* is the adjoint solution vector.

(3.40)

3.4.1. Advection-Diffusion Discrete Adjoint. First, consider the advection-diffusion
equation, discretised using Crank-Nicolson with some 6 € [0,1]. We ignore source terms
because they do not contribute to the adjoint. In matrix form, we have
(3.41) (HM +0TED + 0TV ) 4 = (M — (1= 0T, — (1= T ) ™,

where ¢®) is the solution vector at time level k and M is the L? mass matrix. Ignoring
stabilisation, the advection and diffusion matrices have entries

(3.42) (@™ ), / o u® Vo, dr, (TS = /Q Vo; - DYV, da.

Dirichlet conditions are applied directly to the solution vector in the CG formulation and

are covered later in this subsection. For simplicity of notation, put T*) = w(Tédv —|—Tgff)f)
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In order to apply formula (3.40), we first need to express (3.41) in the form (3.39).
Assuming a vectorised initial condition ¢(®) = g, we have the block matrix form

I c©
Ap 47V Ly -1l c® 0
(343) |7 T AT . =1,
L (N-1) 1 )| | '
EM =+ Ig_l EM - I@ c 0
The equation is linear, so the adjoint is given by
(3.44)
I 2M"+(TP)" (c*)O
M7 (@) SMT () ()| o7
: : dc

‘ N >|<(N)
LM — (] ()

The forward system (3.43) is lower triangular, meaning it can be solved by forward sub-
stitution, as is the usual strategy for method of lines type approaches. The adjoint system
(3.44), on the other hand, is upper triangular, meaning backward substitution must be
used instead. That is, information propagates in the opposite direction, as has already
been observed. Interestingly, the discrete adjoint timestepping scheme is the same as
backwards-in-time Crank-Nicolson, except that the effect of the implicitness parameter
differs. There is no difference in the case 6 = % However, in the case § = 1 (implicit
Euler), data defining the PDE is taken from the current timestep, as opposed to the one
which is being solved for. Similarly, in the case # = 0 (explicit Euler), data is taken from
the timestep being solved for, rather than the current one.

Now we consider the treatment of boundary conditions. As has already been stated, the
adjoint solution has zero Dirichlet conditions imposed on 0€)p, since it lives in the test
space. Weakly imposed boundary conditions, such as Neumann conditions, are harder
to interpret. In the adjoint, they do not necessarily correspond to prescribed boundary
values. Indeed, weakly imposed boundary conditions are effectively forcing terms which
act on the boundary, meaning that their discrete adjoints are just different forcings.

3.4.2. Shallow Water Discrete Adjoint. Hand-derivation of the discrete adjoint
for tracer transport is fairly straightforward. It becomes more involved for nonlinear
PDEs, such as the shallow water equations. The derivation is not included here, for
brevity. Again, we find that the arrow of time is reversed and the RHS is taken from
derivatives of the Qol integrand. However, the nonlinear advection and quadratic drag
terms imply that forming the discrete adjoint is not as simple as transposing the LHS.
This implies extra contributions on the upper diagonal of the full space-time linear system.

Whilst tedious and error-prone as a manual calculation, the individual steps involved
in generating a discrete adjoint formulation are simple, making automation a desirable
alternative. This is made possible by the technologies described in the following section.

3.5. Automatic Differentiation

Automatic differentiation (AD), a.k.a. algorithmic differentiation, is the name given to
the class of algorithms which take the implementation of some function in computer code
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and return code which implements derivatives of that function. In order to motivate AD
technologies, we first consider one use case which is relevant to numerical modelling using
PDEs: Jacobian evaluation.

3.5.1. Forward Mode. AD has a long history in computational science, starting
with several independent ‘forward mode’ implementations, including [Beda et al., 1959|
in the USSR and [Wengert, 1964]| in the USA. Suppose we have code which evaluates
the discretised residual of nonlinear PDE, F', at the vector representation of a solution
vector, w:

(3.45) w — F(w).
Then the forward mode of AD produces
F(w);
(3.46) w, 0w — Fy(w;dw) =y, where y; = %(Sw]’.
J

If the seed vector dw is taken to be the 7" canonical unit vector then y corresponds to
the i’ column of the Jacobian. The (dense) Jacobian may be obtained by repeating this
process over all canonical unit vectors, although doing so is expensive, as the cost scales
with the vector dimension. Note the similarity to the tangent linear model for PDEs.

If the sparsity pattern of the Jacobian is known then the cost of such an approach can
be reduced dramatically by making careful choices of seed vector (see [Gebremedhin
et al., 2005]). Often, the Jacobian does not need to be assembled, in which case it is
sufficient to apply the forward mode of AD once, ‘matrix-free’.

3.5.2. Reverse Mode. For the same residual evaluation (3.45) as above, the ‘reverse
mode’ of AD performs a different calculation. It computes the action of the Jacobian
transpose on a seed vector, dy, from the range space:

OF (w);

3wi

(3.47) w, 0y — Fy(w;dy) =z, where z; = dy;.

Note that the reverse mode derivative is evaluated at the original input, w. Again, the
Jacobian transpose can be built up by careful selection of seed vectors, or applied matrix-
free in a single application. Given that the Jacobian transpose is required by the discrete
adjoint approach for the formulation and solution of the adjoint equation, AD enables
this matrix to be computed automatically.

3.5.3. Gradient Computation. Forward and reverse mode AD may also be used
to compute derivatives of Qols. The most common alternatives are to differentiate by
hand (as in Subsections 3.3.1 and 3.3.2) or to approximate using finite differences (as
in Subsection 3.2.5). Hand derivations can be tedious, time-intensive and error-prone.
Finite differencing, on the other hand, is typically straightforward to implement, but
requires as many function evaluations as there are gradient directions (plus one) and
can be inaccurate, unless a suitable step length is chosen. AD provides a variety of
alternative Jacobian computation methods, which are of the same level of accuracy as a
hand-derivation and typically have a much lower cost than finite differencing.
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3.5.4. Implementation. In the 1990s, attempts were made to apply AD to entire
CFD codes or subroutines thereof (such as [Giering and Kaminski, 1998]). Such codes
were usually written in low-level programming languages such as C and FORTRAN, from
which the adjoint model was derived in a line-by-line fashion. The two major implemen-
tation approaches for AD are operator overloading, which involves overloading elementary
operators (such as addition, multiplication and exponentiation) with their adjoint deriva-
tives (see [Griewank et al., 1996/, for example) and source transformation (see |[Bischof
et al., 1992, Hascoet and Pascual, 2013|, for example). The former is applied at
runtime, whereas the latter generates additional code to be compiled. Despite implemen-
tation differences, the results should be identical, to machine precision. Whilst applying
AD to an entire code requires no knowledge of the code itself and is fully automatic, there
are many issues which can arise due to the low-level implementation. These include, but
are not limited to, memory allocation, parallel communication, and 1/0O.

Recent AD tools tend to use a higher level abstraction. That is, codes are not decom-
posed into elementary operations, but into higher level operations, such as nonlinear
solves, interpolations and function assignations. Such attempts use interpreted program-
ming languages such as Python and in many cases their own domain specific language
(DSL). Thus, these approaches avoid concerns related to low-level implementation and
may automate the discrete adjoint derivation on a high level. Notable contributions in-
clude libadjoint |Farrell et al., 2013|, FATODE [Zhang and Sandu, 2014|, pyadjoint
[Mitusch, 2018|, PerforAD |Hiickelheim et al., 2019] and the T'SAdjoint component
of PETSc [Zhang et al., 2019].

As has been mentioned, this thesis uses the Python-based Firedrake finite element pack-
age. Firedrake uses a DSL called Unified Form Language (UFL) [Alnzes et al., 2014|,
which provides an intuitive representation of the weak forms used in FEM in a very sim-
ilar way to how they are written mathematically. Suppose we have the forward system
(3.39), encoded in UFL as

solve(F == 0, w, solver_parameters={...}),

where ‘F’ is the weak residual of a time-independent PDE, with finite element solution
‘w’. Differentiating through UFL to obtain the discrete adjoint system (3.40) is straight-
forward. As stated on p.1058 of [Wallwork et al., 2020b]|, given a Qol ‘J’, a discrete
adjoint solution, ‘w_star’, may be obtained by running the code

dFdw = derivative(F, w, TrialFunction(w.function_space()))
dFdw_transpose = adjoint (dFdw)

dJdw = derivative(J, w, TestFunction(w.function_space()))
solve(dFdw_transpose == dJdw, w_star, solver_parameters={...}).

Expressions such as given in the code snippet above are used within pyadjoint [Mitusch,
2018| — the code which generates derivatives for the dolfin-adjoint package [Farrell et al.,
2013]. Earlier pioneering work on solving discrete adjoint equations using dolfin-adjoint
in Firedrake and FEniCS |Alnaes et al., 2015| was performed using libadjoint. The
libadjoint package also enables fully automated derivation of the adjoint model using
UFL. FATODE and PETSc TSAdjoint, on the other hand, differentiate their respective
timestepping routines, meaning Jacobian (and hence Jacobian transpose) computation
is left to the user. Automated Jacobian computation within PETSc was considered in
[Wallwork et al., 2019|. In that work, the operator overloading AD tool ADOL-C
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|Griewank et al., 1996] was applied on the level of nonlinear solves within PETSc’s
timestepping routines. However, the implementation was application-specific; wider use
of AD technology in PETSc remains ongoing work.

3.6. Comparison of Continuous and Discrete Approaches

This subsection is based upon a calibration experiment for point source parametrisation,
presented in |[Wallwork et al., 2021|. All experiments were performed by the author of
this thesis.

Both continuous and discrete adjoint approaches are utilised in this thesis. A number of
advantages and disadvantages of the two have already been covered. They are recapitu-
lated in this section, listed alongside some other as yet unmentioned critiques.

Inaccurate Gradients. The gradient-based optimisation routines discussed in Section
3.2 are a major application area for adjoint methods. Accurate approximations to Qol
gradients improve the convergence properties of such routines. Whilst the discrete adjoint
Jacobian does not yield exact gradients for the continuous form Qol, it does provide exact
gradients for the discretised Qol (to machine precision). Gradients computed using the
continuous adjoint approach, on the other hand, are not gradients of any functional at
all and merely provide an approximation. There is no guarantee that such gradients
accurately approximate those of the discrete Qol.

As observed in Subsection 3.4.1, the consistent adjoint timestepping schemes for implicit
and explicit Euler are similar to their forward counterparts, but with subtle differences.
Whilst this scheme may be derived without much effort and will give favourable results
in terms of CPU time, the hand-derivation is tedious and error-prone for more complex
multi-level or multi-stage schemes. The use of AD technology means that users need not
worry about such details.

Despite the above critiques, it is argued in |Giles et al., 2005] that computed gradients
which inaccurately approximate those of the discrete functional are not necessarily of
concern, provided that they accurately approximate those of the continuous functional.
Ultimately, it is gradients of the continuous functional which we seek to set to zero, rather
than the discrete one. The authors argue that, provided that the gradient is driven to
zero by the optimisation routine, the result will be as good as that given by the discrete
adjoint. The downside is that it is difficult to check for optimality when the continuous
problem itself cannot be expressed on a computer.

Implementation Issues. A fundamental disadvantage of continuous adjoint for certain
types of problems is its requirement that the optimality system must be differentiable.
Reynolds Averaged Navier-Stokes (RANS) applications often include non-differentiable
statistical turbulence models, meaning that a continuous adjoint derivation requires spe-
cial treatment of the corresponding terms. Typically, one assumes that the turbulence
model is independent of the control parameters so that it may be neglected in the adjoint
derivation [Carnarius et al., 2011].

An implementation disadvantage of continuous adjoint which has already been covered is
that it requires hand-derivations and high-level mathematical knowledge. Discrete adjoint
codes, on the other hand, can be extremely simple to use. For example, in Section 3.5
a code snippet illustrated how the adjoint of a time-independent weak form PDE can
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be generated from the code for the forward solve in just four lines of UFL. Further,
adjoining a Firedrake or FEniCS code automatically using dolfin-adjoint can be as simple
as importing an extra library and calling a driver function such as solve_adjoint or
compute_gradient. The ease of implementation of a discrete adjoint method is, of course,
highly dependent upon the package used and its associated level of abstraction. For
example, applying AD directly to a complex low-level code with millions of lines, such
as an ocean circulation model, can be extremely laborious, making it more of a manual
process than an automatic one!

Discretisation Flexibility. A major advantage of the continuous adjoint approach is
its flexibility in the sense that the user is free to choose a different discretisation for the
adjoint problem as for the forward problem. That is, we can change the finite element
space, solver parameters and even the mesh. A discretisation which is suitable for the
forward problem is not necessarily suitable for the adjoint problem. For example, coarse
mesh resolution might be deployed in parts of the domain which are unimportant for
capturing for the forward dynamics, but which turn out to be important for capturing
the adjoint solution. Goal-oriented mesh adaptation takes a different approach to tackling
these two issues. It provides a method for automatically generating meshes (which are
usually used for both forward and adjoint problems) upon which the forward problem
may be solved such that: (a) the Qol is accurately estimated; and (b) mesh resolution is
not wasted in regions where the Qol value is insensitive to perturbations in the forward
solution. See Chapter 7 for more details.

Whilst a high level abstraction is beneficial in the sense of making the discrete adjoint
simple to use, one should be aware of any low level code which might fail to be registered
by the AD tool. DG codes often support slope limiters in the forward model. In the
case of Thetis, slope limiters are implemented as C kernels and are not registered by the
Python-level AD tool (pyadjoint), meaning that they do not contribute to the discrete
adjoint solution. For a continuous adjoint approach, on the other hand, the user is free
to apply slope limiters. A low-level AD method would differentiate through the slope
limiters.

In general, discrete adjoint packages use the same discretisation for the adjoint solve as
for the forward solve. Whilst in some cases it is possible to tamper with the tape in
order to modify the discretisation, doing so requires in-depth understanding of the AD
tool. One particular discretisation feature which can be difficult to account for in discrete
adjoint codes is mesh adaptation — a central focus of this thesis. On the contrary, if mesh
adaptation is applied to the forward problem then it can be applied to the continuous
adjoint problem with the same level of effort.

Numerical Comparisons. There are a number of published comparisons between con-
tinuous and discrete adjoint methods for PDEs in the literature, many of which in the
context of aerospace engineering. The works of [Nadarajah and Jameson, 2000],
[Nadarajah and Jameson, 2001], [Nadarajah and Jameson, 2007| and [Carnar-
ius et al., 2011] consider a variety of Qols (including drag coefficients, lift-to-drag ratios
and target pressure distributions), as well as equation sets (including Euler equations,
Navier-Stokes and RANS). For the numerical experiments considered, the discrete ad-
joint approach was found to agree slightly better with high resolution finite difference
gradient approximations than the continuous adjoint methods implemented therein. In
many cases, however, the authors’ advocated the continuous adjoint approach, because of
the flexibility afforded in choosing its discretisation.
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The following subsection includes a quantitative comparison of continuous and discrete
adjoint methods applied to an established tracer transport test case with an analytical
solution, in terms of both accuracy and computational cost.

3.6.1. Point Discharge with Diffusion. Consider the ‘Point Discharge with Diffu-
sion’ test case from TELEMAC-2D validation document version 7.0 [Riadh et al., 2014].
Herein, a IP1 SUPG-stabilised Petrov-Galerkin method is used to solve an advection-
diffusion problem, with the resulting linear systems are solved using a direct method.

The test case models tracer transport in a rectangular channel domain, = [0, 50] x [0, 10],
with units of metres, under a uniform fluid velocity, u = (u1,u) = (1,0)ms™ !, and
constant isotropic diffusivity, D = 0.1m?s~!. Tracer concentration enters the domain
due to a source term given by a Dirac delta function at xo = (zo,%) = (1,5) and
leaves the domain through the (right-hand) outflow boundary 0, C 9Q2y. The tracer
concentration is set to zero at the (left-hand) inflow boundary 0€2p, whilst zero Neumann
conditions are imposed on the channel walls, 92y . In the experiments below, the original
test case is modified by setting xo = (2, 5), so that the point source is not as close to the

inflow.

Analytical Solution. This problem admits an analytical solution. For its derivation,
note that the PDE may be written in the form

oc 0% 0% 1 Uy

Introducing the change of coordinates ¢(r, ) := exp(—Pe x)c(x, y), with polar coordinates
centred at xo, we find that [Choi et al., 2004]

(3.49) VZ — Pe’c = %(5(){ —Xg).

In 2D, the analytical solution of this equation is given in terms of the zeroth order modified
Bessel function of the second kind, Ky, which results in [Riadh et al., 2014|

(3.50) Coxact (X)

=5 &XP (Pe z) Ko (Pe||x — xol|2) -

Note that K blows up at zero, in correspondence with the delta function at the source
location. Therefore, we approximate the ¢2 norm as

(3.51) d(x) := max(||x — xq||2,7).
This effectively introduces a plateau in the region B, (xo), for some r > 0.

Delta functions are difficult to represent in numerical methods and therefore require spe-
cial treatment. In [Wallwork et al., 2020a], the source was parametrised using a circu-
lar indicator function over region B,.(X(). The radius was chosen by trial-and-error, such
that a match between analytical and finite element solutions was achieved. In [Wallwork
et al., 2021], we instead used a Gaussian parametrisation,

(3.52) 500 o= g xp (- X200,

ensuring smoothness of the source term, S. Here ¢ is a parameter determining the source
discharge, which we set to 100g1~!. The parameter r is calibrated using gradient-based
optimisation techniques built upon the discrete adjoint method.
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Calibration. We seek to minimise the functional
(353> Jcalibration(c) = / (C - ceX&Ct)Q dl’,
Q\B;(x0)

subject to the constraint r > 0. That is, C' := (0,00) C IR. Due to the plateau enforced
by (3.51), we do not attempt to match the analytical solution within the source region.
Note that this functional is nonlinear in both ¢ and the control, r.

Figure 3.2 illustrates the progress of the calibration experiment. L-BFGS-B was applied
on a uniform mesh with 1,024,000 elements. It starts at an initial guess of 0.1 (bright
red) and eventually achieves calibrated radius r = 5.606535 cm, (shown in bright yellow).
Points in blue are sampled points from the parameter space.

e R R
P
~ ...A_:‘ |
102 / | ‘ ‘
0.0 0.1 0 | |

Radius [m]

FIGURE 3.2. Optimisation progress for ‘Point Discharge with Diffusion’
parameter calibration. The initial guess ryp = 10 cm is shown in bright red.
Subsequent iterates move along the colour scale until the converged value
r = 5.606535 cm in yellow. The order in which intermediate iterates proceed
is indicated by the orange arrows.

The finite element approximation generated on a 1,024,000 element mesh is shown in
Figure 3.3, along with the analytical solution interpolated into the same IP1 function
space. It may be observed that our IP1 Petrov-Galerkin method provides an excellent
approximation to the analytical solution on the fine uniform mesh. The only region where
Subfigures 3.3a-3.3b differ noticeably is near to the boundaries for z € [30, 50]. The same
observation can be made for the approximation shown in [Riadh et al., 2014|.

Comparison of Adjoint Solution Fields. In order to compare continuous and discrete
adjoint methods, consider Qols of the form

(3.54) Ji(c) ::/IlRicdx:/ cdz, R; .= Bi1(x;),
Q R;

1
2

which integrate over two disc ‘receiver’ regions, {R; = B 1 (xi) C Q}icq1,2), centred at
x1 = (20,5) and x5 = (20, 7.5). That is, the former receiver region is directly downstream
of the source and the latter is offset by 2.5m to the North. In the context of (2.13), the
background tracer concentration is zero.
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FIGURE 3.3. Analytical and finite element solutions for the TELEMAC-
2D ‘Point Discharge with Diffusion’ validation experiment [Riadh et al.,
2014]. Solutions are presented in a IP1 space defined on a 1,024,000 element
uniform mesh. Figures as displayed in [Wallwork et al., 2021|.

The continuous adjoint formulation, derived in Subsection 3.3.1, is given by (3.29). As in
the forward problem, we use a modified test space, V}, := {¢ + 7,V - (u)) | v € W, }, to
define the SUPG stabilised continuous adjoint equation: V¢ € Vj,

(3.55) — (¢, V- (uc;)) — (Ve, D"V )+ (¢, D'Vei - n+ chu - ﬁ>aﬂ\aﬂp = (¢, 1g,) .

The L? Riesz representations, {R2(J;) = 1g, }ieq1,2), provide source terms for the two
(aligned and offset) adjoint equations. Figure 3.4 presents finite element solutions of the
SUPG stabilised continuous adjoint problem (3.55), as well as discrete adjoint solutions of
the SUPG stabilised forward finite element problem (3.19). In each case, we observe that,
whilst the forward tracer concentration propagates downstream, the adjoint tracer con-
centration propagates upstream. The adjoint tracer concentration is near zero downstream
of the receiver regions. This is consistent with the fact that the Qols are independent of
the downstream dynamics for advection-dominated problems.

Qualitatively, it is difficult to distinguish any noticeable differences between Subfigures
(3.4a) and (3.4c) and between Subfigures (3.4b) and (3.4d). Figure 3.5 presents the
absolute difference between the two fields on a logarithmic scale. In terms of L? errors
against the discrete adjoint solution, the values for the aligned and offset Qols are 0.1085%
and 0.1082%, respectively. On a mesh with 16,384,000 elements, the errors reduce to
0.0037% in both cases. The differences are purely due to the different ways in which
stabilisation is handled under the two approaches.

Gradient Accuracy. Whilst the L? errors appear to be fairly small, this is not neces-
sarily the case for gradients computed using each method. Suppose we wish to compute
gradients w.r.t. the diffusion coefficient, D € (0, 00).

Due to the analytical solution (3.50), we can derive the analytical gradient in infinite-
dimensional space. The following derivation makes use of the identities [Teukolsky et al.,
1992]

K, 1(w) + K, 41 (w)

(3.56) K'(w) = -

and K_,(w)=K,(w), Yw >0, VYweZ.
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FIGURE 3.4. Continuous and discrete adjoint solutions for the ‘Point Dis-
charge with Diffusion’ experiment, corresponding to Qols of the form (3.54).
Each field is presented in IP1 space on a 1,024,000 element uniform mesh.
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FIGURE 3.5. Absolute difference between continuous and discrete adjoint
solutions for the ‘Point Discharge with Diffusion’ experiment, corresponding
to Qols of the form (3.54). Fields are presented in IP1 space on a 1,024,000
element uniform mesh.
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Qol J := J; evaluated at the analytical solution cey.ct takes the form

u x u
27r/ —exp = Ko (ﬁHX—XO”g) dz.

(357) J(Cexact?
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By the chain rule (2.34), we have

1 1 ULT ULT Uy
dJp(Cexact; D) = — o/, (ﬁ + ﬁ) exp (ﬁ) Ky <EHX - X0||2> dz

1 ul“X_XOHZ (Ul.flf) Uq
— [ AR e (22 K (— . ) dz.
tom / P e (55) £ (51 = xoll)

For the continuous and discrete adjoint methods, we can approximate the gradient by
substituting the appropriate approximation to the adjoint solution into

(3.58)

(3.59) dJp(e; D) = —/ Vet (x; D) - Ve(x; D) dx.

The analytical gradient formula (3.58) involves integrals of Bessel functions, meaning we
cannot evaluate it exactly. However, applying numerical quadrature on a fine mesh is
sufficient for the purposes of this test case. Table 3.1 compiles the approximations due
to each approach. The analytical gradient and the gradients due to the continuous and
discrete adjoint approaches all converge to three significant figures on the fifth mesh in
the hierarchy. On this mesh, both approximations agree with the analytical value to
two significant figures, with the continuous adjoint approximation being slightly more
accurate. However, the two agree very well on every mesh in the hierarchy and the
discrepancies are so small that it is not possible to conclude that one or the other provides
a consistently better approximation.

Mesh elements | Mesh vertices Analytical Continuous Discrete
4,000 2,121 —6.3680 x 1071 [ —2.6819 x 1072 | —2.8118 x 1072
16,000 8,241 —7.8079 x 107 | —6.2320 x 107! | —6.1942 x 107!
64,000 32,481 —8.0889 x 107! | —8.4707 x 107! | —8.3923 x 107!
256,000 128,961 —8.0585 x 1071 | =7.9611 x 107! | —=7.9493 x 107!

1,024,000 513,921 | —8.0614 x 107! | —7.9616 x 10~ | —7.9530 x 10~

TABLE 3.1. Gradient comparison of continuous and discrete adjoint meth-
ods applied to the ‘Point Discharge with Diffusion’ test case in the aligned
configuration, on a hierarchy of uniform meshes.

Comparison of Computational Cost. Next, the continuous and discrete adjoint meth-
ods are compared in terms of CPU time. The corresponding values are presented in Table
3.2. Element and vertex counts of the mesh hierarchy are shown in the first two columns.
The vertex count is equivalent to the DoF count of the scalar IP1 space used. The middle
two columns show the total time taken to solve the forward problem and the continuous
adjoint problem. The final two columns show the corresponding times for solving the
forward problem and discrete adjoint problem. Timings include the problem setup, but
not compilation, because the underpinning C kernels have already been compiled.

The reason that the forward solve associated with the discrete adjoint run takes longer
than that associated with the continuous adjoint run is because data is annotated to tape.
Note that this becomes less significant as mesh resolution is increased. In the discrete
adjoint solve, unity is propagated through the reverse mode of AD, which involves just one
linear solve. A disadvantage of operator overloading type AD implementations applied to
linear problems is that the forward problem needs to be solved in order to annotate the
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Mesh Continuous Discrete
Elements Vertices | Forward [s] Adjoint [s] | Forward [s] Adjoint [s]
4,000 2,121 0.3498 0.3114 0.4431 0.3479
16,000 8,241 0.4763 0.4275 0.5733 0.4564
64,000 32,481 1.0066 0.8982 1.1036 0.9393
256,000 128,961 3.3195 2.9707 3.5347 3.0874
1,024,000 513,921 13.6096 12.3890 13.8617 12.6723

TABLE 3.2. Timing comparison of continuous and discrete adjoint methods
applied to the ‘Point Discharge with Diffusion’ test case in the aligned
configuration, over a range of uniform meshes. All timings are averaged
over ten runs.

tape. In the continuous adjoint case, the adjoint problem can be solved independently.
For nonlinear problems, both forward and adjoint need to be solved for both continuous
and discrete adjoint implementations.

In summary, if only the adjoint equation is to be solved then the continuous adjoint
method takes less than half of the time required for the discrete adjoint method, assuming
the equation and Qol to be linear. However, it should be noted that in most cases both
forward and adjoint solution data are sought, in which case the additional cost attributed
to the discrete adjoint method becomes relatively small as mesh resolution is increased.
The difference is similarly small in the nonlinear case.

Impact Upon Adapted Meshes. The comparison between continuous and discrete ad-
joint made in the above investigation informs the choice of method when returning to
the ‘Point Discharge with Diffusion’ test case in Subsection 7.5.2. In that subsection,
a further comparison is made, based on the impact of adjoint method implementation
upon the meshes outputted by a goal-oriented mesh adaptation algorithm, as well as the
convergence properties thereof.

Uniform Convergence. Having compared the continuous and discrete adjoint methods,
we conclude this section with a convergence analysis experiment for the two Qols. This
provides benchmarks for later convergence studies using mesh adaptive methods.

As with the gradient, evaluation of the exact Qol value for J; requires integrating a mod-
ified Bessel function, so it is sufficient to apply numerical quadrature. This is supported
by the results displayed in Table 3.3. Convergence to four decimal places is achieved on
a mesh with 16,384,000 elements, for each of the four columns.

That the converged Qol values associated with the analytical and finite element solutions
differ reveals that there is model error at play, as well as discretisation error. Suppose
Ceonverged 15 the converged finite element solution on the finest mesh in the hierarchy and ¢,
is the finite element solution on one of the coarser meshes. Given the analytical solution
¢, we have the decomposition

(36()) € = C — Cp = C — Cconverged + Cconverged — Ch, -
Vv d N Vv 4
Model error Discretisation error

Discretisation error is ultimately what we care about in mesh convergence studies; it can
be calculated using the converged QQol due to the finite element method as ‘truth’. Model
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Mesh Aligned Offset

Elements  Vertices Analytical Finite element | Analytical Finite element
4,000 2,121 0.12926 0.00614 0.055119 0.002409
16,000 8,241 0.15844 0.12635 0.067488 0.054054
64,000 32,481 0.16414 0.17057 0.069880 0.072804
256,000 128,961 0.16353 0.16145 0.069619 0.068871
1,024,000 513,921 0.16359 0.16150 0.069651 0.068886
4,096,000 2,051,841 0.16339 0.16130 0.069569 0.068803
16,384,000 8,199,681 0.16343 0.16134 0.069586 0.068820

TABLE 3.3. Convergence of Qols J; and J; under analytical and finite
element solutions on a sequence of uniform meshes.

error is also at play in the experiment comparing gradients due to the continuous and
discrete adjoint methods.

3.7. Checkpointing

This section focuses exclusively on issues arising when applying adjoint methods to time-
dependent problems.

As has been mentioned, where information propagates forwards in time in the forward
model, it propagates backwards in the adjoint model. For nonlinear PDEs and/or Qols,
the adjoint problem depends on the forward solution at each time level. As such, inte-
grating the adjoint solution at a particular time level requires forward solution data from
at least one time level.

Sequentially integrating the forward problem from time t = 0 to ¢ = T" and then the adjoint
problem in reverse requires capacity to store (at least) the entire forward trajectory in
RAM. For problems with very few DoFs and/or timesteps, this can be feasible. For
realistic, high resolution applications, however, the solution from a single timestep can be
on the order of gigabytes. As such, it quickly becomes infeasible to use the naive strategy
of time integrating both problems over the entire time period (0,7, one after the other.

In the case where both PDE and Qol are linear, the adjoint is independent of the forward
and it is possible to solve using the aforementioned ‘naive strategy’ whilst only storing
the solution fields required to progress at the current time level. However, it can be useful
to retain solution data if the goal of the adjoint computation is to assemble goal-oriented
error indicators, for example.

The idea of checkpointing schemes is to store solution data from only a subset of time
levels. This means that, in order to perform the adjoint integration on some subinterval
in time, the forward trajectory should be recomputed over that subinterval. As such,
we have a trade-off between recomputation and storage. A single stage checkpointing
scheme stores all of its checkpoints in RAM, whereas a multi-stage checkpointing scheme
stores checkpoints in both RAM and also on hard disk. Whilst data storage and retrieval
from hard disk in the latter approach are more time consuming than from RAM, doing
so can reduce the number of recomputations required [Carnarius et al., 2011]. The
checkpointing schedule can be chosen manually or automatically. One effective automated
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approach is revolve |Griewank and Walther, 2000|: a single-stage binomial strategy
which is provably optimal in terms of minimising the number of forward recomputations.

The only checkpointing scheme used in this thesis is rather simple, decomposing the time
interval into subintervals of fixed length, as detailed in Subsection 5.7.2. This scheme is
used to facilitate metric-based mesh adaptation for time-dependent problems. It is also
used in Subsection 7.6.1 in the goal-oriented case. For further details on checkpointing

routines, see
|Griewank and Walther, 2000, Stumm and Walther, 2009, Wang et al., 2009|.






CHAPTER 4

Tsunami Source Inversion

Motivation. On the 11th of March 2011, a magnitude 9.1 earthquake beneath the
Japan Sea triggered what became known as the Tohoku tsunami. This event was notable
first and foremostly because it was disastrous for Japan, leading to the loss of at least
15,899 lives, 2,529 missing persons and 6,157 injuries [National Police Agency of
Japan, 2020]. Whilst the earthquake did cause direct damage, the tsunami was the
major cause of death [Mori et al., 2012|. 121,991 properties were reported to have
collapsed due to the earthquake and tsunami, along with hundreds of thousands of other
properties and pieces of infrastructure suffering damage. A particularly important piece
of infrastructure which was affected by the tsunami was Fukushima Daiichi nuclear power
plant, which suffered a meltdown. This led to the mass evacuation of all residents living
within a 20 km radius, as well as requiring an extensive clean-up operation. There is a
clear motivation to improve early warning systems so that such destruction can be avoided
in future earthquake-tsunami scenarios.

Secondly, the Tohoku tsunami was notable because a very large amount of data was
recorded both during and following the event. These data include dozens of timeseries
readings from GPS, tide and pressure gauges across the Japan Sea and into the Pacific
Ocean, as well as inundation records at thousands of coastal locations. With such a
volume of data, there is potential for detailed modelling of the tsunami propagation and
its impact upon coastal communities.

Nowvel Contributions. The main novel contribution of this chapter is the first applica-
tion of two different AD tools to the source and tsunami propagation models. Like the
previous chapter, it also contains a quantitative comparison of continuous and discrete
adjoint methods within the same code framework. To the best of the author’s knowledge,
this is the first such comparison for the shallow water equation system.

Chapter Outline. Firstly, Section 4.1 provides a literature review on tsunami source
inversion, with a focus on adjoint-driven approaches. Section 4.2 provides details on the
problem specification and data used for the Tohoku tsunami case study. The adjoint-
based source inversion method is described in Section 4.3. The method is first applied
to ‘synthetic’ problems with known solutions in Section 4.4. This involves inversion for a
single control parameter, as well as an experiment investigating parameter redundancy in
the Okada source model. Finally, real gauge data due to the Tohoku tsunami are inverted
for Okada source parameters in Section 4.5.

4.1. Literature Review

Tsunami Propagation Models. Tsunamis are inherently time-dependent in nature. As
such, an important aspect of tsunami propagation modelling is the choice of initial con-
dition, as a result of the earthquake dynamics. A common assumption is that the surface

67
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displacement occurs instantaneously, whereby it may be modelled by imposing an initial
condition on the fluid equations (although it is also possible to incorporate time-dependent
ruptures using forcing terms). Whilst the assumption of an instantaneous tsunami source
is not valid in terms of the physics, it has been shown to have little influence on the
far-field solution [Oishi et al., 2013]. The justification lies in the fact that earthquake
rupture speeds are an order of magnitude faster than those of tsunami propagation speeds
[Kajiura, 1970]. The assumption of an instantaneous source lacks a representation of
the physical processes occurring in the Earth’s crust, but it is simpler and computation-
ally cheaper to run a tsunami model as described than a full coupled earthquake-tsunami
model. In this work, we seek only to model tsunamigenic processes and use relatively sim-
ple algebraic models for the source. For a more rigorous, detailed analysis and simulation
of the coupled earthquake-tsunami event, we refer to [Ulrich et al., 2019|.

A second common assumption is that the sea bed displacement disturbs the entire water
column in a uniform way, meaning that it effectively translates to an equal displacement of
the ocean surface. This assumption is justified for megathrust tsunamis, such as Tohoku,
because the major component of the displacement is in the vertical [LeVeque et al.,
2011b.

Along with the initial free surface condition, we follow the literature in assuming zero
initial horizontal velocity. See [Lotto et al., 2017] for a discussion on the validity of this
assumption.

Despite the large amount of data available, initial conditions for the Tohoku tsunami
surface elevation proposed in the literature differ quite dramatically. One early study
[MacInnes et al., 2013| compared ten sources from the tsunami modelling literature
and found them to have not only strikingly different geometries, but also to differ in their
ability to capture phenomena such as coastal inundation.

One major reason for the differing tsunami sources has to do with the underlying fluid
equations used for the inversion. It is uncommon to use the full 3D Navier-Stokes equa-
tions for tsunami modelling, due to the high computational cost, although notable efforts
do exist (such as [Oishi et al., 2013]). Since large tsunami waves have wavelengths
which are far greater than the depths of even the deepest parts of the ocean in which they
exist, the depth-averaged shallow water equations usually provide a sufficiently accurate
approximation for use in tsunami propagation studies, for a lower computational cost
[Dao and Tkalich, 2007].

Within the realm of shallow water modelling there are further modelling decisions to be
made. Whilst most authors agree that Coriolis and viscous forces do not play important
roles in tsunami modelling, the impact of nonlinearity, dispersion and bed friction are more
debatable. The linear and nonlinear shallow water equations have been compared in the
context of various recent tsunamis in [Satake, 1995, Liu et al., 2009, Saito et al.,
2014]. The former equation set is generally sufficient for large tsunamis in the deep ocean,
but the assumption of linearity breaks down near to the shore. Similarly, bed friction is
much more important in coastal dynamics than in the deep ocean and in particular for
inundation studies such as those presented in [MacInnes et al., 2013, Funke et al.,
2017|.

Dispersive effects in both linear and nonlinear models have been studied in [Cho et al.,
2007, Kirby et al., 2013, Saito et al., 2014, Ren et al., 2015]. The Tohoku tsunami
considered in this work was caused by an earthquake whose epicentre was less than 200
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kilometres East of Japan. As such, the westward propagating tsunami wave did not travel
far before reaching the coast and therefore frequency dispersion did not play a major role.
The Eastward propagating wave, on the other hand, crossed the entire Pacific Ocean,
making dispersion more significant.

Source Inversion Models. Another important factor which contributes to the differ-
ences in source representations for the Tohoku tsunami is the inversion strategy employed.
Early attempts at tsunami inversion used a ‘ray tracing’ approach, originally proposed
in [Abe, 1973|. By solving the linear shallow water equations backwards in time, such
an approach is able to use gauge timeseries to determine a spatial region containing the
tsunami source with high confidence. However, this approach is not able to deduce any-
thing about the source geometry. To account for this, the author of [Satake, 1987|
represented the slip on each segment of a fault using a collection of indicator basis func-
tions multiplied by scalar control parameters. Under a linear shallow water regime, with
the source depending linearly on the control parameters, the misfit between observed and
simulated gauge measurements also depends linearly on the control parameters. Thus, the
search for control parameters which minimise the sum of squared misfits can be expressed
as a least squares problem. Many authors have used solved least squares problems of this
type in order to estimate sources of recent tsunamis, both in terms of slip parameters and
also in terms of the initial water surface (see [Satake, 1987, Saito et al., 2011, Ren
et al., 2018, Mulia et al., 2018|, for example).

The first published use of adjoint methods for tsunami source inversion was in |[Pires and
Miranda, 2001|. A continuous adjoint shallow water model was used to compute the
gradient of the sum of squared timeseries mismatch errors w.r.t. control parameters. A
gradient-based optimisation method was then applied to find the minimum. In addition to
representing the source in terms of indicator functions, the authors also considered explicit
optimisation for the focal fault parameters used in the Okada model [Okada, 1985]|.
This is not possible in the least squares approach because of the nonlinear relationships
between the Okada parameters and the initial free surface. Other source inversions using
adjoint methods include |[Blaise et al., 2013, Kabanikhin et al., 2014, Hossen et al.,
2018, Zhou et al., 2019|, to name just a few. Typically authors use objective functionals
corresponding to misfits with gauge timeseries data, as described above. However, it is
also possible to reconstruct the tsunami source from inundation records [Funke et al.,
2017].

Whilst in most cases continuous adjoint methods are employed, [Blaise et al., 2013|
uses a discrete adjoint formulation driven by an AD tool. Given a linear combination
of pre-defined ‘unit sources’ (due to [NOAA, 2021|), the authors invert the shallow
water equations for the coefficients, under constraints to ensure the results are physically
acceptable. In the case where the Okada source model is deployed, the use of an AD tool
is advantageous because the Okada model is a prime example of where a hand derived
continuous adjoint is tedious and error-prone [Pires and Miranda, 2001]. In this
chapter, we go further than applying a discrete adjoint method to the tsunami propagation
model and also apply an AD tool to the source model. To the best of the author’s
knowledge, this is the first application of different AD tools to both the Okada source
model and a tsunami propagation model. However, the work of |[Bifulco et al., 2009|
is similar in that it inverts the Okada model (alone) using computer algebra software and
compares its performance against using finite differences and the complex step method.
On p.1435 of that paper, the authors remark that
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“It is remarkable that the parameters found by the various schemes are
somewhat different even if the corresponding output errors are of the
same order, putting into evidence the ill-conditioning of this complex
inversion problem.”

As such, we opt to invert just two of the nine Okada parameters and perform an experi-
ment which tests for parameter redundancy in these.

4.2. The Tohoku Tsunami

4.2.1. Problem Specification. All experiments conducted in this chapter are based
on the 2011 Tohoku tsunami case study. Some experiments use real data, whilst others
are synthetic. However, all of them use the same meshes, bathymetry data set and gauge
locations, which are described in this subsection.

Meshes. Fixed meshes were constructed using gmesh [Avdis et al., 2018]. Taking
GIS data as input, qmesh generates a gmsh |Geuzaine and Remacle, 2009| geometry
file which describes the domain and how mesh resolution should vary across it. This geom-
etry file is then passed to gmsh, which generates a Delaunay tessellation. We construct
a non-nested hierarchy of meshes such that the mesh at each level has approximately
four times as many elements as its predecessor. By running simulations on each mesh in
turn, we are able to perform convergence analyses. Given that the meshes are relatively
isotropic in most of the domain, we can liken the transfer from one level of the hierarchy
to the level above as akin to a global uniform refinement in both coordinate directions.
Element counts of the four meshes used in this study are presented in Table 4.1, where
H, is the base mesh and H; has approximately (2n)" = 4° as many elements.

Mesh Ho H, Ho Hs
Elements 15,441 60,461 240,090 957,978
Vertices 8,117 31,009 121,592 482,072

Max. aspect ratio | 8.3530 3.8145 2.6970 2.6140
Boundary length | 1096.1 km | 1128.1 km [ 1152.8 km | 1169.0 km

TABLE 4.1. Mesh statistics for the Tohoku tsunami case study.

As shown in the table, mesh H, has at least some moderately anisotropic elements, with
maximal aspect ratio 8.3530. This is because long, thin elements are needed to tessellate
some of the small bays near to the coastal boundary. With a finer mesh, this can be
achieved with smaller isotropic elements. Indeed, the maximal aspect ratio becomes
smaller as finer meshes are permitted. In addition, note that the boundary length increases
going up the mesh hierarchy. This makes sense, due to the fractal nature of coastlines.
Whilst this figure should not converge — since the length of a coastline is not well defined
— in practice it will converge to the resolution of the bathymetry data set the topographic
contours are extracted from. In this case, the ETOPO1 data set [Amante and Eakins,
2020] was used. Whilst the ocean boundary is also included in the boundary length
stated in Table 4.1, it can be ignored, because it is constant across the refinement levels.

An alternative approach to generating a mesh hierarchy is to apply iso-IP2 refinement
directly to the base mesh illustrated in Figure 4.1. Whilst this has the desirable nesting
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property which enables efficient and accurate interpolation between levels, it means that
coastlines on the higher resolution meshes are of the same resolution as the base mesh.
Since we do not require interpolation between meshes in the hierarchy, we choose an
improved coastal representation over a prolongation/injection mesh transfer structure.

The domain boundary is separated into three disjoint segments, as illustrated in Figure
4.1. In addition to an artificial open ocean boundary, the segment of the coast surrounding
Miyagi Prefecture is separated out. This region suffered the most fatalities (58%, followed
by 33% in Iwate Prefecture and 9% in Fukushima Prefecture) [Mori et al., 2012] and
hence accurately modelling the tsunami dynamics there is of interest. By separating
the coastal boundary segments, we are able to specify different gradation parameters for
each in order to improve the resolution surrounding Miyagi. For each boundary segment,
gradation allows for different choices of: (a) mesh resolution; and (b) distances over which
resolution scales to that in the mesh interior. As we move up the mesh hierarchy, the
gradation distances and the inner and outer gradations are halved.

—— Artificial ocean boundary
Mivagi Prefecture

Remaining coast
g

FIGURE 4.1. Base mesh, Hy, with a zoom on Miyagi Prefecture.

GPS and Pressure Gauges. When the Tohoku tsunami struck in 2011, there were a
number of active gauges within the spatial domain, for which timeseries data are available.
These include GPS gauges, which measure the variation of the free surface from its rest
state, as well as pressure gauges, which take readings at the sea bed. Under hydrostatic
assumptions (2.2), we have that

(41) b= pseagH + Pa — n=
Psead

where p is the observed pressure and p, is the pressure at the free surface. Using rela-
tion (4.1) and appropriate bathymetry data, we may deduce the free surface elevation
timeseries at pressure gauges.

The gauge locations are shown mapped on top of the bathymetry field obtained from
the ETOPO1 data set in Figure 4.2. Gauges 801, 802, 803, 804, 806 and 807 are GPS
gauges, whilst all other gauges are pressure gauges. The GPS gauge timeseries were
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obtained from the Japanese Port and Airport Research Institute (PARI). P02 and P06
were temporary gauges controlled by Tohoku University at the time of the tsunami; their
timeseries were obtained through personal correspondence with Tatsuhiko Saito. Gauges
KPG1 and KPG2 to the north are controlled by the Japan Agency for Marine Earth Sci-
ence and Technology (JAMSTEC), as are MPG1 and MPG2 to the south. Finally, gauges
21401, 21413, 21418 and 21419 are controlled by the National Oceanic and Atmospheric
Administration (NOAA) as part of the DART system. It is worth noting that the DART
gauges are located much further out into the Pacific Ocean than the others considered.

In line with the descriptions above and their locations as shown in Figure 4.2, we categorise
the sixteen gauges into five sets, relative to their proximity to the earthquake source. The
categories are ‘GPS gauges’ {801, 802, 803, 804, 806, 807}, ‘near-field pressure gauges’
{P02, P06}, ‘mid-field pressure gauges’ {KPG1, KPG2, 21418}, ‘far-field pressure gauges’
{21401, 21413, 21419} and ‘southern pressure gauges’ {MPG1, MPG2}.

N , ‘/’ Igoot)

gauges

GPS
- gilllg(‘:\

% 21418

FIGURE 4.2. Bathymetry
obtained from the ETOPO1
data set, overlaid with the
locations of sixteen GPS
and pressure gauges which
: 2000 were active during the 2011
Y i Tohoku tsunami. Presented

in a IP1 space defined on

‘ mesh Hs.

Bathymetry [m]

x21413

Categorising the gauges by proximity to the earthquake epicentre means that the arrival
and departure times of the tsunami wave are similar within categories. For the near-
field pressure gauges, the time period of interest is contained within the first simulated
hour, whereas for the far-field gauges it is from approximately 50 minutes post-earthquake
onwards, for example. For a full discussion of the gauge timeseries themselves, see Section
4.5.1.

4.3. Adjoint-Based Source Inversion

4.3.1. Quantity of Interest. In this subsection, the Qol (3.31) stated for tsunami
source inversion is derived and discussed.

Suppose we have free surface timeseries data from a finite set of gauges G. We have initial
guesses for the basis coefficients, but would like to optimise them so that the resulting
tsunami propagation model best captures the timeseries. Assuming we have data for all
time, we can represent this using the Qol

PE 1 g 2 1 T 2
1D =53 | )=o) =53 | [ ey = m0)* ar
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where gauge ¢ has spatial location x, € €2 and timeseries value 7,(t) at time t € (0,77].
The superscript ‘PE’ stands for ‘point evaluation’. The second integral in (4.2) reveals
that we have a functional involving an indicator function 1} defined at a single point.
As mentioned in Chapter 3, such functions are not well defined in FEM and are difficult
to handle in numerical methods in general. Moreover, it is proved in [Kabanikhin et al.,
2014] that the inversion problem defined by minimising (4.2) constrained by the linear
shallow water equations is ill-posed. This is due to lack of regularity in the RHS of the
resulting adjoint equation.

Instead, we consider an approximation involving area-normalised circular indicator func-
tions with a small radius, € > 0:

1 T 2 ~ 1
4.3 JMN(u, ) = = / /]l6 n—mn,(t))" dr dt, I = ——1p (x
(4.3) (u,7) 2 Z o Jo g( o >) g 1B.(x,)] Be(xg)

geg

The superscript ‘AN’ stands for ‘area-normalised’. That JAN converges to J'® under
mesh refinement is demonstrated in Subsection 4.4.1.

Accounting for temporal discretisation, the Qol becomes

(4.4) JANW (g ) = %Zwtz /Q IT;(n - ng(t))2 dz.

teT geg

where {w,;}4c7 are appropriately chosen quadrature weights on a finite subset of time
levels, 7 C (0,T].

Henceforth, the JAN notation is dropped and J = JAN should be assumed, unless other-
wise stated.

For our particular choice of area-normalised Qol (4.3) we have

(4.5) dJy =0, AJy = Z 1o (1 — 7).

geg

That is, the adjoint shallow water system has a forcing term for the adjoint elevation, but
not the adjoint velocity. The form of these derivatives means that, even if we consider the
linearised equations, the RHS of the adjoint equation depends on the forward solution.
As such, the potential reduction in model complexity afforded by linearising the shallow
water equations is negated by the choice of Qol. In particular, this means: (a) the forward
equation must always be solved before solving the adjoint equation; and (b) we need to
use checkpointing to store the forward solutions for later use.

By area-averaging the contributions to the Qol from each gauge, we are effectively apply-
ing a spatial normalisation. We could also divide the Qol by the total length of time for
which we seek to match the data, summed over all gauges. However, in practice, we find
that this causes problems when solving the adjoint equations. With the time integrated
Qol normalised to a O(1) value, the instantaneous contributions to the RHS of the ad-
joint equation in (4.5) become very small indeed. In some cases, the forcing term ends
up being on the level of machine precision. This can lead to artificial zero gradients —
amongst other issues — and therefore we opt not to normalise in time.

Gradient of the QQol. There is one ingredient remaining to express the tsunami source
inversion problem in the form (3.3): the source model. We assume that the source model
may be represented as a mapping, S : C' — V}, from control space into the discretised
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solution space. That is, for a vector of control parameters, m, we define the initial free
surface by 7(x,0) := S(m). The choice of source model is discussed in the following
subsection.

Given a solution of the adjoint equation, the functional gradient may be obtained using
formula (3.7). For the tsunami source inversion setup described, it is a vector with k"
component

(), () o

4.3.2. Source Model. There are many choices of bases for representing earthquake-
tsunami sources. Typically, an array of subfaults is considered, each of whose dislocation
is expressed in terms of at least one independent basis function. A linear combination over
all such subfaults determines the overall fault dislocation, or the sea level perturbation due
to it. As mentioned in the literature review, such arrays could include piecewise constants
[Pires and Miranda, 2001], radial basis functions [Saito et al., 2011|, or so-called
Okada functions [Okada, 1985|. It should be noted that, unless the mesh resolution is
high, the discontinuities associated with piecewise constants cannot be well resolved.

For the purpose of comparing continuous and discrete adjoint-based optimisation methods
in Subsection 4.4.1, we adopt a radial basis formulation. Thereafter, the Okada basis is
used in order to take account of the physical processes in the earthquake fault. Arrays of
radial basis functions and piecewise constants were also considered in development work,
but are not included here, for brevity. As may be expected, the radial basis representation
was found to result in smooth timeseries profiles, whereas piecewise constant arrays led
to more ‘noise’. Another alternative would be to just invert for 7, given a prior provided
by Okada, say. This possibility will be investigated in future work.

Radial Basis. Following the source inversion of the Tohoku tsunami due to [Saito
et al., 2011], the radial basis functions considered take the form of rectangular Gaussians:

(x—iUz')2 (y_yi)2
4 W )

N
(4.7) Sdl(m) .= Zmi¢i7 ¢i(z,y) = exp (
1=1

where z is the coordinate direction parallel to the fault and y is perpendicular. Each
subregion has length L and width W in the component directions and subregion R; has
centre (z;, ;). In this case, gradient formula (4.6) corresponds to (3.36) derived in Section
3.3.2.

4.3.2.1. Okada Basis. Unlike the radial basis approach, the Okada model aims at
representing the dislocation of the Earth’s crust due to an earthquake, as opposed to the
ocean surface. It assumes that the crust may be described as a semi-infinite homogeneous
elastic medium, bounded from above by the sea bed. Under such assumptions, the sea

bed deformation due to an earthquake may be computed using a Greens function solution
[Okada, 1985].

The Okada model is effectively a formula which constructs a dislocation field contribution
on each subfault of an earthquake fault in terms of algebraic combinations of analytic
functions involving nine control parameters. These are the length and width of the sub-
fault, the latitude, longitude and depth of some point on the subfault (below the sea
bed) and the associated strike, slip, dip and rake. Typically, subfaults are assumed to be
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rectangular patches which exist on the fault plane, similarly to how the radial basis is
used above. Assuming such an arrangement, the length, width, latitude, longitude and
strike parameters are determined.

The Okada parameters are interpreted geometrically in Figure 4.3. The strike vector s
determines the fault line in the horizontal. Strike is its angle from North. The fault plane
is orthogonal to 8, with its angle below the horizontal given by the dip. As such, dip is an
angle in the range [0°,90°]. The slip vector determines the average displacement of the
subfault. It is tangential to the fault plane. Its magnitude is what we refer to as slip and
its angle above the horizontal (in the fault plane) is what we refer to as rake. Like strike,
rake is an angle in the range [—180°,180°]. For further details on the Okada model, see
[Okada, 1985|.
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N
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As mentioned previously, it is common to assume that rapid displacement of the Earth’s
surface directly translates to a shallow water free surface displacement. As such, the
deformation of the sea bed due to the Okada model may be translated to a deformation
of the ocean surface. The nonlinearity of Okada functions implies that the gradient term
in (4.6) is also a nonlinear function of the controls. However, the tsunami source S°kada
is obtained from Okada function contributions across the array as a linear combination,
meaning no extra nonlinearity is introduced. Note that, whilst each Okada function is
related to an individual subfault, it is defined across the whole domain. Moreover, the
function associated with each subfault is continuous, meaning the overall Okada function
obtained by linear combination is continuous, too.

The implementation for the Okada model used in this chapter is given by the geophysics
module GeoClaw [LeVeque et al., 2011a], of the finite volume library ClawPack [Claw-
pack Development Team, 2020|. Applied at the vertices of a mesh, it generates a
dislocation field, which may be interpreted in IP1 space.

4.4. Inversion for a Known Source

Before attempting to invert for the Tohoku tsunami source using real data, we begin by
inverting for a known ‘synthetic’ source. That is, a source model and ‘optimal’ control
parameters are specified and the model is run in order to generate synthetic timeseries
data. The goal is to reconstruct the source using these data alone. An advantage of
such experiments is that they remove much of the model error, because ‘the truth’ arose
from the shallow water model we seek the solution with. Model error is not completely
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removed for Qol (4.3), however, because it is evaluated in the area-averaged sense. In the
quadrature version (4.4) we have a weighted sum of integrals of the form

(4.8) % = / T (n(x, t0) — n,(tP)2 dz, g€,

where the superscript k indicates the time level. A necessary condition for 7, g(k) to be zero
is that 7 is constant over B.(x,). This is unlikely on coarse meshes, where € needs to be
taken as a fairly large value. However, on refined meshes with smaller choices of €, it is
feasible that Iék) could approach zero.

In order to avoid interpolation error between the IP1 dislocation field and the elevation
space used for the tsunami propagation model, we choose a matching IP1 elevation space,
so that the dislocation can be copied directly over. A IP2 space is used for the velocity,
resulting in the Taylor-Hood element pair. Effectively, this is just given by dropping flux
terms from the shallow water formulation (2.55) and enforcing the Dirichlet condition on
the elevation in the strong sense. No stabilisation methods are applied.

4.4.1. Source Inversion for a Single Radial Basis Coefficient. We begin by
inverting the linear shallow water equations for a tsunami source defined in a one dimen-
sional basis, V = {¢}, with the single (rectangular Gaussian) radial basis function ¢ as
illustrated in Figure 4.4. Synthetic data are obtained using an ‘optimal’ basis coefficient
m* = 5, which we seek to invert for, starting from some initial guess my. For the purposes
of this experiment, take mgy = 10. The control space is simply C' := IR. In this experi-
ment, we only invert timeseries at the near-field gauges (P02, P06 and 801-807) over a

thirty minute period.
Il.UU
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FIGURE 4.4. The rotated rectangular Gaussian basis function used in the
numerical experiments presented in Subsection 4.4.1. Presented in a IP1
space defined on mesh Hs.

The linearity of the tsunami propagation and source models implies that the shallow water
solution tuple is a linear function of the control parameter, at every time level. Therefore,
the reduced functional is actually just a quadratic function of one variable. By sampling
three points in the parameter space, it is possible for us to fit a quadratic interpolant and
deduce the unique minimiser using elementary calculus. In addition, the solution, n’, of
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the TLM satisfies n = mn’, where 7 is the elevation due to control parameter m. As such,
by formulae (3.35) and (3.38), the gradient and Hessian are simply

1 T .
(4.9) dJm—EZ/O /Q]l; (n—mn,(t))ndzdt,  d*J, Z/ /]16772 dz dt,
9eg

the latter of which is effectively the scaled sum over all squared gauge timeseries. Conse-
quently, both functional derivatives may be computed using the forward solution alone.
This is not generally the case for nonlinear problems or bases of dimension greater than
one.

Figure 4.5 illustrates the progress of optimisation strategy based on the continuous adjoint
method on Hg, H1 and H,, overlaid on top of a plot of the corresponding quadratic control
spaces. The discrete adjoint versions are not shown because they are indistinguishable by
eye.
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of JAN is mesh dependent. The fitted quadratic interpolants reveal the minima to be at
4.0913, 4.5619 and 4.9080 to four decimal places, for meshes Hy, H; and H,, respectively.
These values appear to be converging to the minimum of the discrete functional, m* = 5.
Indeed, on mesh Hj, fitting a quadratic through three points in the control space reveals
the minima to be at 4.9745. Thus, we confirm that the area-averaged Qol tends to the
point evaluation one with increased mesh resolution.

Subfigures 4.5a, 4.5b and 4.5¢ show gradients computed by the continuous adjoint method.
The discrete adjoint versions are visually identical for the unstabilised Taylor-Hood dis-
cretisation used here; this would not necessarily be the case for other, stabilised methods.
These gradients appear to be tangential to the control space. Moreover, they allow the
optimisation method to successfully converge to the minimum of the discrete Qol in a
small number of iterations. For closer inspection, Table 4.2 compares the gradients com-
puted by the two different methods at both the initial guess and the (true) optimal control
parameter value. Since we know the control space to be quadratic, we can also compare
the three gradient approximations against the exact gradient given by differentiating the
interpolant. Observe that the gradients due to both the discrete and continuous adjoint
methods agree well with those generated by formula (4.9) in every case. The adjoint-free
formula (4.9) is shown to be exact in every case, but is not extensible beyond this sim-
ple test case. In summary, Table 4.2 validates both the discrete and continuous adjoint
approaches applied to this test case.

m = 10
Mesh Exact Discrete adjoint | Continuous adjoint | Adjoint-free
Ho 2141.2076 2141.2076 2141.2075 2141.2076
H, 2275.5510 2275.5510 2275.5510 2275.5510
Ho 2228.0384 2228.0383 2228.0383 2228.0384
m=>5
Mesh Exact Discrete adjoint | Continuous adjoint | Adjoint-free
Ho 329.2901 329.2900 329.2901 329.2901
H, 183.3293 183.3292 183.3293 183.3293
Ho 40.2428 40.2428 40.2428 40.2428

TABLE 4.2. Gradients at the initial (m = 10) and (true) optimal (m = 5)
control parameter values, computed using three different methods. The
‘adjoint-free’ method refers to formula (4.9); it is specific to this test case.

Table 4.3 summarises the number of gradient evaluations and terminated line searches
taken by each adjoint-based method. Overall CPU time is also stated, which does not
include time taken to generate the ‘data’ or trace the forward model. Both methods
are able to solve the optimisation problem efficiently. For the mesh resolutions consid-
ered here, the use of the continuous adjoint method appears to offer a modest reduction
in computational cost. This is likely due to the fact that it instantiates a Firedrake
LinearVariationalSolver object once and then repeatedly calls its solve method,
whereas the discrete adjoint method instantiates a new solver at every timestep. The
associated overhead diminishes as the resolution increases and the CPU time for the
linear solves increase relatively.

In some cases, one method or the other takes an extra iteration near the minimum. This is
presumably due to round-off error; whilst the continuous and discrete models should give
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Discrete adjoint
Mesh | J evaluations dJ evaluations Line searches CPU time [s]

Ho 5 5 4 40.876
Hi 5 S 4 151.390
Ho 4 4 3 739.020

Continuous adjoint
Mesh | J evaluations dJ evaluations Line searches CPU time [s]

Ho 4 4 3 10.554
Hi ) ) 4 82.572
Ho 5 5 4 633.840

TABLE 4.3. Iteration counts and CPU time for continuous and discrete ad-
joint methods applied to a 1D tsunami source inversion problem. ‘J eval-
uations’ and (resp. d.J evaluations’) refers to how many times the reduced
functional (resp. gradient) are evaluated (implying a forward (resp. adjoint)
solve) and CPU time is averaged over four runs.

the same result analytically for this test case, the order in which they apply operations
can differ, implying numerical differences.

To conclude the comparison, we find that there is not a great deal of difference whether
the discrete or continuous adjoint is used for this particular problem. For the remainder
of this section, we adopt the discrete adjoint method, which we seek to couple to another
automatically differentiated model: the Okada source model.

4.4.2. Checking for Parameter Redundancy in the Okada model. In Subsec-
tion 4.4.1, both discrete and continuous adjoint-driven optimisation methods were tested
in the context of a single radial basis function. Before moving on to test optimisation in
the Okada basis, there is an issue that must be addressed.

For arrays of indicator functions, there is no issue with parameter redundancy, because
of the non-overlapping support. Similarly, the exponential decay of the Gaussian basis
functions ensures that the radial basis does not have this issue either. The Okada model,
on the other hand, does come with the potential for different parameter configurations
giving rise to very similar surface fields. The implication for inversion methods is the
potential existence of multiple local minima and non-uniqueness of solutions to the global
optimisation problem. In order to investigate this, we conduct an additional experiment
which is concerned only with inverting the source model.

Consider the elevation profile illustrated in Subfigure 4.6a, which is defined on the 19 x 10
array of subfaults illustrated in Subfigure 4.6b. This source was generated from the one
obtained in [Shao et al., 2011]. The 190 Okada functions are evaluated and their sum
is interpolated onto a triangular mesh, H°  covering the same region. The mesh has
50 elements in both longitudinal and latitudinal directions. In this thesis, we assume the
entire fault to rupture instantaneously, whereas the authors of [Shao et al., 2011]| allow
for a (more realistic) time-dependent rupture, with varied rise and end times over the grid
of subfaults. For that reason, the initial surface n* which we generate from their data has
an unrealistically high surface displacement. The initial surface n* is the optimum, by
construction. The Okada parameters were retrieved from [Shao et al., 2020].
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FIGURE 4.6. Target dislocation field for the Okada parameter redundancy
experiment, the array of subfaults it is defined upon and an initial guess
obtained by perturbing the Okada parameters associated with the target
dislocation.

The experiment inverts the mean square error between some dislocation field n and the
optimum for the slip and rake Okada parameters. That is, we have a Qol,

N N
1 * oKada
(4.10) T(n;m) = < S =m0 =5"%m),

i=1 j=1

where N = 51 is the number of vertices of {°kada

in each direction and 7;; and n;; denote
values at the (i,7)" vertex. Note that there is no PDE constraint for this optimisation.
Instead, we are inverting the Okada model, for which the output is an algebraic combi-
nation of analytical functions of the control parameters, m. Note also that the Qol is
written in discrete form because we are currently only investigating the Okada model,
which acts on vectors. Its output is later interpolated to provide a representation in a

finite element space.

We choose the initial guess by perturbing the controls with random Normal noise:
(4.11) mg == m* + N (y, 0?),

where ;1 = 0 and o denotes the standard deviation in the data associated with the relevant
control. Since slip must be strictly positive, any perturbed slip values with negative sign
are taken in modulus. In this experiment, we follow [Shao et al., 2011] in assuming
constant strike and dip values of 198° and 10°, respectively, across all subfaults. Therefore,
the ‘active’ control parameters are the slip and rake parameters on each subfault, giving
rise to a 19 x 10 x 2 = 380 dimensional control parameter space, C' := [(0,00) x IR]'*° C
IR3*®. Subfigure 4.6¢ illustrates the perturbed initial guess.

In this work, derivatives of (4.10) are computed by applying the Python wrapper PyADOL-
C |Walter, 2014| for the C++ operator overloading AD tool ADOL-C |Griewank
et al., 1996| to the Okada model implementation found in GeoClaw. Doing so requires
only minor modification of the Fault class in order to make annotations to tape.

The optimisation begins with an initial tracing of the annotated version of the Okada
model. At each function evaluation step of the optimisation routine thereafter, the tape
is replayed, which effectively reruns the model for a new set of input parameters. A flag is



4.4. Inversion for a Known Source 81

raised to prepare for a reverse mode propagation; this is required due to the nonlinearity
of the Okada model. At each gradient evaluation step, unity is propagated through the
reverse mode of AD. The required gradient is then given by taking the transpose.

For an absolute tolerance tol = 10~ on the /> norm of the projected gradient, L-BFGS-
B converges in 3,254 iterations. Given the initial guess shown in Subfigure 4.6¢, Subfigure
4.7a shows the dislocation field after termination of the optimisation routine. It is difficult
to distinguish differences between this plot and that shown in Subfigure 4.6a by eye. Thus,
the absolute error is shown in Subfigure 4.7b, with units of millimetres.

41° 41°
o 288 ) . Slip
40° 12.5 40° 2.52 0%  Rake
10.0 216—= @ e
39° 7E E 39° g % 20% >><<:§
< fo = g 180 2 & b
é 38° ‘ 5.0 § é 38° 144 g = [)% %Lo ™o @r @moeo omom
= = e . = o *
3 = 8w B 2 1
— 370 2.5 T A g7 1.08 % = 20% 1 %
0.0 = S
0.72 ¥
36° —-2.5 36° -40% 1+
0.36 f
—5.0 |
35° 35° 0.00
140° 142° 144° 140° 142° 144° 0 20 40 60
Longitude Longitude Target slip [m]
(A) Optimised source (B) Absolute error (¢) Distribution with slip

FIGURE 4.7. Optimised dislocation field, alongside the absolute error
against the true optimum shown in Subfigure 4.6a, as well as a scatter-
plot of relative differences in control parameter values against target slip.
Relative differences are computed based on the maximum absolute slip or
rake value in the original field, as appropriate.

Whilst both the Qol error and the difference between the dislocation fields are very small,
this is not necessarily the case for the control parameters. In order to investigate this,
we plot the differences between the slip and rake parameters due to the inversion and the
target in Subfigure 4.7c. The x-axis shows the corresponding slip value in the target field
on each subfault. Differences are typically on the order of a few degrees. However, there
are some parameters which remain ‘out of tune’, including one case where the rake differs
by as much as 50.2°. The scatterplot reveals that the rake parameters are the ones which
tend to differ most, with all slip parameters well matched. It may be observed from
Subfigure 4.7c that the largest discrepancies occur when the target slip is small. This
makes sense because if the slip is zero then the dislocation field will be zero, no matter
the rake value. Indeed, slip and rake correspond to the magnitude and direction of the
slip vector. In the limit of small magnitude, direction is poorly defined.

In conclusion, it is possible for a gradient-based inversion method to successfully recover
dislocation fields by tuning the Okada parameters, but there are potential issues related
to local minima and non-uniqueness. However, these issues are not particularly important
because they tend to occur when slip values are small, whereby the rake value has little
effect on the overall dislocation. As such, we may proceed with the optimisation for both
slip and rake.
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4.5. Inversion using Real Timeseries Data

The experiments conducted in Section 4.4 commit ‘inverse crimes’ in the sense that they
involve inversions for synthetic solutions which were generated using the same forward
model used within the optimisation routine. In this section, inverse crimes are excluded
by inverting for real timeseries data collected by the pressure and GPS gauges described
in Section 4.2. All experiments conducted in this section use the discrete adjoint method.

4.5.1. Gauge Data Post-Processing. Having obtained gauge data from the sources
listed in Section 4.2, the timeseries are post-processed in a number of ways.

Firstly, they are truncated in order to only consider the time periods of interest between
Tiart and Tiong, where Ty is just before the arrival of the tsunami wave. The values
specified in this study are documented in Table 4.4. Truncation ensures that the inversion
method does not ‘overfit’ to hydrodynamic features other than the tsunami wave, such as
acoustic waves which are registered by some of the gauges. For gauges close to the shore,
we cannot expect the shallow water model to be particularly accurate after the arrival
of the tsunami wave. This is due the simple free-slip boundary conditions applied at the
coasts, as opposed to the use of inundation modelling. Thus, a value T.,q < T is imposed
in those cases.

Gauge category Gauges Ttart Tend
GPS 801, 802, 803, 804, 806, 807 | Omin | 60 min
Near field pressure P02, P06 Omin | 60min
Mid field pressure KPG1, KPG2, 21418 Omin [ 60min
Far field pressure 21401, 21413, 21419 50 min | 120 min
Southern pressure MPG1, MPG2 80 min | 120 min

TABLE 4.4. Time intervals of interest, [Titart, Zena), related to five gauge
categories used in the Tohoku tsunami case study.

The second post-processing step is to apply a de-tiding algorithm to the timeseries. Do-
ing so removes tidal constituents from the data, making them compatible with a sim-
ulation which does not include a tidal forcing. De-tiding is achieved using the Python
re-implementation [Bowman, 2020| of the MATLAB package, UTide [Codiga, 2020|.
The effect is most noticeable in the timeseries for the DART pressure gauges.

The final post-processing step is to filter out noise by sampling. Different levels of sampling
are used for different timeseries, due to the varied measurement frequencies and noise levels
in the data. Suppose a timeseries contains m observations in total and we wish to sample
it every ¢ observations, where ¢|m. On the k' subinterval, we average over the values
from observation k¢ to (k + 1)¢ and also over the times, yielding a single elevation-time
pair. A linear interpolant is then constructed from the data.

Having applied these post-processing steps, we arrive at the timeseries shown by orange
crosses in Figure 4.8.

4.5.2. Inversion Strategy. This subsection outlines a gradient computation strat-
egy for the Okada basis.
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Consider again a rectangular array of subfaults, which together constitute the earthquake
fault. As discussed in Subsection 4.3.2, choosing the array in this way implies that the
longitude, latitude, length, width and strike parameters are all fixed. In addition, we
choose to fix the dip parameter at 10°, in line with [Shao et al., 2011]. Depth is also
chosen in line with that work. Slip and rake values remain variable on each subfault;
these are the parameters we seek to optimise. Note that the nonlinearity of the Okada
source model means that the control space is not quadratic. Hence, we do not claim to
have any a priori knowledge about the existence or uniqueness of any minima.

Recall that the discrete adjoint method implementation due to dolfin-adjoint uses UFL,
meaning it is not able to differentiate the (pure Python) implementation of the Okada
model due to GeoClaw. However, it is perfectly reasonable for us to differentiate the
Okada model using a different AD tool. Again, the Python wrapper PyADOL-C is used.

In the operator overloading context, we always begin by tracing the forward model (in this
case Okada), thereby recording its constituent operations to tape. One gradient compu-
tation method is given by propagating the active control parameters through the forward
mode of AD for the source, using the resulting dislocation field to solve the tsunami prop-
agation forward and adjoint problems and then finally assembling the gradient as in (4.6).
Instead, we opt for a fully reverse mode approach, where the forward model is solved in
its entirety and then unity is back-propagated in order to accumulate the gradient. Doing
so implies that the cost of the gradient computation is (approximately) independent of
the number of controls.

Let ‘eta0’ denote the Firedrake Function used to represent the tsunami initial surface,
which we take to be piecewise linear. Suppose that the Okada model is defined on a
subset of the mesh vertices underlying the P1 space, as indexed by ‘indices’. The forward
propagation of a control vector ‘m’ may be implemented (in serial) as

eta0 = Function(P1)
etal.dat.datalindices] = adolc.zos_forward(tape_tag, m, keep=1)
J = rf_tsunami(eta0).

The ADOL-C command zos_forward stands for ‘zero order scalar forward’ mode, which
amounts to replaying the tape identified by ‘tape_tag’. The flag ‘keep=1" is used to
prepare for a reverse mode propagation. The dolfin-adjoint ReducedFunctional object,
‘rf_tsunami’, enables the user to replay its tape with different input parameters and com-
pute derivatives, amongst other functionalities. Note that eta0 is automatically initialised
to zero in the first line.

Reverse mode differentiation of the Okada model has already been presented in Subsection
4.4.2. Differentiating the Qol w.r.t. the Okada parameters amounts to applying the chain
rule:

d_J B dJ dsokada

4.12 = ——
( ) dm  dnydm

’ No = Sokada(m).
Written in code, it reads
dJdeta0 = rf_tsunami.derivative()

dJdS = dJdetal.dat.data[indices]
dJdm = adolc.fos_reverse(tape_tag, dJdS).
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The command fos_reverse stands for ‘first order scalar reverse’ mode. It computes the
action of the transpose Jacobian of the source model on a single vector.

4.5.3. Experimental Results. In this subsection, we neglect the Coriolis force and
solve the linear shallow water system as a wave equation with wavespeed ¢ = /gb (see
(2.6)). Doing so helps to keep both the computational cost and memory requirements
associated with the inversion to a minimum. From the continuity equation of the shallow
water system, we deduce that 7;|,—9 = 0, because ul;—¢ is uniformly zero. The system is
solved using explicit timestepping in the form

(4.13) <7](k+1) — o) 4 k=) ¢> = —At? <02V7](k), V§b> , Vo e V.

The linear system at each timestep is solved using GMRES with SOR as a preconditioner.
An iterative approach is preferred over a direct method to avoid the memory costs asso-
ciated with assembling the associated matrices on high resolution meshes. Note that a
Neumann condition for the free surface is used on all boundary segments, in place of a
free-slip condition for the velocity. The finite element space, V', is taken to be piecewise
linear and continuous, for consistency with the output of the Okada model.

Initial Guess. Finally, we are in the position where two AD tools may be used to
invert gauge data due to the Tohoku tsunami. Slip and rake are optimised, starting with
the uniform initial guess documented in Table 4.5.

Length | Width | Strike | Dip | Slip | Rake
25km | 20km [ 198° [ 10° | 1m | 90°

TABLE 4.5. Initial guess Okada parameters used when inverting for the
Tohoku tsunami source.

A uniform initial guess is chosen, given by a 1m slip acting fully up-dip. The latitude-
longitude grid and the associated lengths, widths and depths, as well as the strike and
dip values are chosen based on those taken across the 19 x 10 subfault array presented in
[Shao et al., 2011]. The resulting initial dislocation field is presented in Figure 4.8.

Generating the free surface perturbation due to the initial guess and then running the
propagation model gives rise to the timeseries presented in Figure 4.8. Post-processed
gauge data are represented by orange crosses. The solid blue curve depicts the simulated
timeseries due to point evaluation, which is what we would ideally like to match the data.
Instead, our optimisation method seeks to match the dotted blue curve to the data. For
each gauge, g € G, this corresponds to the area-normalised integral of 1 over B.(x,). For
this initial guess, the two simulated timeseries are almost identical, because the initial
surface is near zero and therefore only causes small amplitude waves.

Source Inversion. In the following, we perform a sequence of inversions for gauge
timeseries in different parts of the domain. Doing so verifies that we are able to recover
the tsunami dynamics in different parts of the ocean in the Okada basis. Eventually, we
invert for all gauge timeseries together.

To begin with, we seek to match the two Southern timeseries, MPG1 and MPG2. That
is, the set of gauges, G, used in the area-normalised Qol (4.3) is restricted to just these
two. Neither of these is captured by the initial guess. This category is potentially chal-
lenging, because the gauges are partly sheltered by the coast and only have a 20cm peak.
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FIGURE 4.8. Dislocation field and simulated timeseries due to an initial
guess with Okada parameters as listed in Table 4.5. The dotted blue curves
due to the integral Qol are almost unidentifiable because they nearly match
the solid blue curves due to the point evaluation version.

Inverting both the source and tsunami propagation models using the method outlined
in Subsection 4.5.2, we obtain the dislocation field shown in Figure 4.9. Clearly, a high
quality approximation is attained at these gauges. However, at the expense of doing so,
the approximation quality is poor for all other gauges. This makes sense, because MPG1
and MPG2 are isolated from the other gauges, meaning that different parts of the tsunami
wave are important for them than for the others. Besides, the optimisation routine has
no knowledge of the other gauges. The fact that the Southern gauge timeseries are well
captured by both point evaluated and area-normalised outputs validates the composed
AD tool approach.
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FIGURE 4.9. Dislocation field and simulated timeseries resulting from in-

version for Southern gauges alone. The corresponding gauges are shown in
bold.

Next, consider restricting G to the mid-field gauges, KPG1, KPG2 and 21418. Figure
4.10 illustrates effective capture of the major components of these timeseries. There are
small scale perturbations in the data which are not resolved. However, these features are
not of major concern for the purposes of this inversion experiment.

Similarly, restricting G to the far-field gauges, 21401, 21413 and 21419, gives rise to the
timeseries shown in Figure 4.11. In this case, the initial tsunami wave and its arrival time
are well matched. Further, the peaks at each of the gauges are well captured. Whilst the
trajectory after eighty minutes is not as well matched, this is not of major concern; we
are primarily interested in matching arrival times and peaks. Note that the dislocation
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FIGURE 4.10. Dislocation field and simulated timeseries resulting from in-
version for mid-field gauges alone. The corresponding gauges are shown in
bold.

field due to this inversion is physically unrealistic, with values over 60m in one location
near the coast. Indeed, none of the other timeseries are well matched at all.

Finally, we attempt to invert for all sixteen gauge profiles simultaneously. Since the
different sets of gauges have amplitudes of varying sizes, °>° normalisation is applied for
this particular experiment. That is, the error contribution due to each gauge is divided
by the square of the maximum free surface displacement reported in the data. If this
were not applied, it is likely that the near-field gauges (which have maximum amplitudes
around 5m) would be better matched than further field ones, such as MPG1 and MPG2

(which have maximum amplitudes around 20cm).
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FIGURE 4.11. Dislocation field and simulated timeseries resulting from in-
version for far-field gauges alone. The corresponding gauges are shown in
bold.

When data due to all sixteen gauges is inverted, the fit of timeseries to data is not as
tight as for the individual gauge categories considered above. This is most likely because
the Okada model’s range is not rich enough with all parameters except slip and rake
fixed. This could potentially be addressed by inverting for other Okada parameters, such
as depth, strike and dip, too. However, arrival times are fairly well matched for most of
the gauges. In the cases of 803, 806, P02, MPG1, MPG2, 21401 and 21419, the peak
amplitudes are also met. For the other gauges, the peak is not quite met.

The approximation quality at GPS gauges 802, 803, 804 and 807 is poorer than for the
other gauges. There are a number of possible factors which could explain this. The first
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FIGURE 4.12. Dislocation field and simulated timeseries resulting from in-
version for all gauges.

is the unrealistic Neumann condition on the free surface elevation imposed on the coastal
boundary, which leads to artificial reflections. This is particularly impactful on these
coastally situated gauges. Another possibility is that the initial guess is not sufficiently
close to a solution which admits timeseries which are well matched at these gauges. Af-
ter all, the gradient-based optimisation method used is a (quasi-)Newton method and
therefore relies on being provided a suitable initial guess.
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Whilst there are small scale differences, the dislocation field shown in Figure 4.12 bears
some resemblance of the source generated by inverting dispersive linear shallow water
equations using a least squares approach in [Saito et al., 2011|. That work is notable
because it was the first to incorporate GPS and near-field pressure gauge data in an
inversion study for the Tohoku source. The region of highest displacement is similarly
sized and located. Both the source in that work and the one presented here have a peak
around 8m.

Summary. This subsection presents the first composition of two different AD tools
applied to the task of tsunami source inversion. Despite the fact that the tsunami prop-
agation is modelled using a simple wave equation, the discrete adjoint-driven inversion
strategy is shown to find source parameters such that the resulting elevation profiles
provide accurate matches for the timeseries data they seek to assimilate.

The approximation of the gauge data misfit timeseries using an area-normalised formu-
lation — rather than point evaluation — is validated by the fact that the pairs of curves
plotted in blue in Figures 4.8-4.12 are almost indistinguishable. However, it should be
noted that this only holds for meshes which are sufficiently refined around the gauges.

The results presented in Figures 4.9-4.12 all assume constant strike and dip angles. It
would be interesting to see if a better representation of the GPS gauge data is attainable
when strike and dip are inverted for. This is proposed as future work. Before undergoing
such a study, the parameter redundancy experiment presented in Subsection 4.4.2 should
be extended to cover these variables. Further, given that the large scale geometry of the
fault is known, it would make sense to constrain the strike and dip parameters accordingly.

Another aspect that can be deduced from the dislocation plots in Figures 4.9-4.11 (but
not Figure 4.12) is that their magnitude is rather large, with maximum values over 60 m
reported. Translated into a free surface perturbation, this is a very high displacement —
much higher than the 8 m peak in the source generated by [Saito et al., 2011]. Whilst
60 m surface displacements are not impossible, they are inconsistent with the literature
on this particular tsunami. One way to avoid artificially high magnitudes is to regularise
the Qol. For example, an extra term could be added which penalises large initial surfaces.
If this is done effectively then the initial surface due to the data assimilation will be less
likely to take unrealistically large values. For details on regularisation techniques, we refer
to [Gunzburger, 2002].

Large displacements are not observed in the final experiment which inverts all sixteen
gauges. As such, regularisation is not necessary for that configuration. Indeed, the fact
that the free surface heights determined in the full 16 gauge inversion are consistent with
those found in the literature acts as further validation for the inversion strategy presented
in this chapter.
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CHAPTER 5

Metric-Based Mesh Adaptation

Motivation. Classical h-adaptation methods typically make use of a hierarchical struc-
ture. Elements (or patches thereof) are tagged for refinement or coarsening based on
whether the local value of an error indicator meets pre-specified tolerances. This ap-
proach allows for efficient implementations, such as the space-filling curve approach pre-
sented in [Behrens and Zimmermann, 2000|. Whilst hierarchical h-adaptation may
most readily be applied to initially uniform meshes, which are effectively structured, many
implementations are compatible with general unstructured meshes.

Hierarchical h-adaptation usually only allows for control of mesh element size, based on
a scalar error indicator. In general, the aspect ratio of elements in an adapted mesh is
inherited from that of the initial mesh, although it is possible to refine elements in an
anisotropic manner. The alignment of elements, on the other hand, cannot be easily
changed under hierarchical adaptation — alignment is not precisely the same thing as
anisotropy. For strongly advection-dominated problems, it can be advantageous to have
the facility to control element shape and orientation, as well as size. For example, if a
tracer field is advected in a strongly directional velocity field then this can often lead to
situations where its variation in cross-stream directions is much greater than the tangential
component. In such a situation, alignment of anisotropic mesh elements with the flow
allows for the possibility of attaining the same accuracy using fewer overall spatial DoFs.
This is especially true if elements in the initial mesh exist on coordinate axes which do
not align with the flow. In a hierarchical method, multiple refinements are required in
order to remove ‘shark tooth’ imprinting (see Figure 5.12) of the initial mesh. If element
orientation can be controlled, however, the same can be achieved using fewer elements.
Further, if size, shape and orientation can all be controlled and a sufficient number of mesh
adaptation iterations are applied, it is possible to remove dependence of the adapted mesh
upon the initial mesh. To summarise, full anisotropic control of mesh adaptation implies
a highly flexible approach.

It is for the reasons above that researchers began investigating anisotropic mesh adap-
tation in the 1990s. The anisotropic framework considered in this chapter, metric-based
mesh adaptation, was first introduced in [George et al., 1991|. That work was published
in the same year as other works on optimal anisotropic triangulation in terms of the lin-
ear interpolation of quadratic functions [D’Azevedo, 1991, D’Azevedo and Simpson,
1991]. Later works provided extensions to account for more general functions and a wide
range of norms. A notable contribution is the continuous metric framework, introduced
in [Loseille and Alauzet, 2011a] and [Loseille and Alauzet, 2011b|. An alternative,
element-based approach also exists, introduced in [Formaggia et al., 2004|.

In the continuous metric framework, the idea is to compute necessary geometrical quanti-
ties for mesh adaptation using a Riemannian metric space. Having done so, the ultimate
aim of metric-based mesh adaptation is to generate a mesh whose elements are all ‘unit’
when viewed in the metric space. That is, their edges all have unit length. Given a unit

93



94 Chapter 5. Metric-Based Mesh Adaptation

mesh, a number of interpolation error estimates may be deduced, such as those appearing
in [Frey and Alauzet, 2005] and [Alauzet and Olivier, 2010]. By Céa’s lemma
(2.28), control of interpolation error implies control of approximation error, at least for
elliptic problems solved using an appropriate, stable discretisation.

Recall from Section 1.1 that there are three steps in the adaptation process: ‘analysis’,
‘assessment’ and ‘adaptation’. The metric-based framework provides a means of repre-
senting an error estimator or heuristic, so that it can be used to drive mesh adaptation,
i.e. it is part of the ‘assessment’ phase. In this thesis, we focus on metrics constructed
from error estimates. This is motivated by the concept of goal-oriented mesh adaptation,
explored in Chapter 7, which relies on goal-oriented error estimates.

Suppose we have an error estimator related to the numerical solution of a PDE on some
mesh. The assessment step involves constructing a metric so that the mesh resulting from
the ‘adaptation’ step either: (a) enables the attainment of a pre-specified interpolation
error level (see [Pain et al., 2001], for example); or (b) has a target number of vertices
(see |Loseille et al., 2010], for example). It should be noted that condition (b) is
achieved in an approximate sense, via the continuous analogue of vertex count. The
number of vertices cannot be controlled directly by a metric — only within the adaptation
step — although it can certainly be influenced. Under either approach (a) or (b), we need
to establish the error estimator and express it as a metric.

Chapter Overview. This chapter is focused on introducing the metric framework, both
in continuous and element-based formulations. A range of tools for making metrics rel-
evant to practical problems are discussed, as well as methods for combining information
due to different metrics. These tools are compared using numerical experiments. An
investigation is made which demonstrates how the metric-based framework may be effec-
tively used to generate anisotropic meshes using the Pragmatic mesh adaptation toolkit
[Barral et al., 2016|. Improved convergence properties are presented, compared with
uniform meshing, in terms of accuracy vs. computational cost.

Chapter Organisation. The chapter is organised as follows. The Riemannian metric
framework is introduced mathematically in Section 5.1 and a simple, isotropic metric
construction method is given in Section 5.2. Two methods for constructing anisotropic
metrics from Hessian matrices are described in Section 5.3, along with a procedure for
recovering the Hessian on the domain boundary. Sections 5.4, 5.5 and 5.6 describe de-
tails relating to the post-processing of Riemannian metrics by normalisation, combination
and gradation, respectively. Algorithms for building mesh adaptation methods upon the
metric-based framework are provided for both steady-state and time-dependent cases in
Section 5.7. Finally, Hessian recovery, normalisation and combination strategies are com-
pared using numerical experiments in Section 5.8. A time-dependent simulation using
metric-based mesh adaptation is also demonstrated.

5.1. Riemannian Metric Fields

Meshes are inherently discrete objects, comprised of a finite number of mesh entities.
However, it can be useful to formulate a continuous analogue of a mesh, particularly if we
seek to apply gradient based-optimisation routines to adapt the mesh. In order to do so,
we require differentiability of the mesh construction, which is not available in the discrete
case. The continuous mesh framework may be understood using Riemannian metric
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spaces and was developed in [Loseille and Alauzet, 2011a, Loseille and Alauzet,
2011b|. The underlying mathematics are introduced in the following subsections.

5.1.1. Metric Spaces. A metric space (V, M) is comprised of a vector space V C
IR", equipped with a symmetric positive definite (SPD) matrix, M € IR™™". The matrix
gives rise to an inner product and a norm,

<'7'>M:]Rn XIR‘n_)IR‘a <V1>V2>M:: V,{MV% Vi, V2 eana

I llaz s R™ = [0,00),  [[V]lag := 1 [(V; V) v ER™

(5.1)

It also gives rise to distance function dps : V X V — [0, 00), which may be represented
using the norm as das (v, w) := ||VW||pz, where VW denotes the vector between two points
v,w € V. By construction, the distance function is symmetric, satisfies the triangle
inequality and takes the value zero if and only if its arguments are equal.

A well-known example is n-dimensional Euclidean space, IE" := (IR", I,)), which is equipped
with the ¢2 distance function, do(v, w) := dy (v, W) = [|[vW 2.

5.1.2. Matrix Decompositions and Coordinate Transformations. Due to its
symmetry, M has an orthogonal eigendecomposition,

(52) M=VAVT where V. =[vi ... v,] and A =diag(\,...,\,)

are the corresponding eigenvector and eigenvalue matrices. Due to its positive-definiteness,
the eigenvalues are all strictly positive. Therefore, fractional powers of M are well defined
and may be computed by taking powers of the eigenvalues. The transformation between
Euclidean space and the metric space (IR",dps) is given by multiplying by M 2. The
inverse mapping is well defined due to positive-definiteness.

Decomposition (5.2) gives rise to a useful geometrical interpretation of the metric: as the
image of the unit ball under the mapping from metric space to Euclidean space. The
unit ball in a 2D metric space is shown on the RHS in Figure 5.1. Applying the inverse
mapping from metric space to IE", the representation becomes an ellipse (or ellipsoid in
3D), whose major axes are specified by the eigenvectors. Magnitudes in each of those

_1y7
directions are specified by {hZ =\ 2}
i=1

]12V2 ]11V1 (()*l>

E? = (R I) (R*, M)

FI1GURE 5.1. Ellipse representation of a metric in both Euclidean space and
the metric space it defines.

Given an element K with volume |K|; in Euclidean space, its volume in the metric space
(IR™,dpy) is given by the transformation

(5.3) K |p i= \/det M |K]».
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An alternative decomposition of M can be derived in terms of the density and anisotropy
quotients,

(5.4) pi= thz =

Transforming a vector from IE" to (IR", dps), the density p can be interpreted as a measure
of the distortion of the vector’s magnitude. The anisotropy quotients convey a sense of
how its orientation is distorted in the direction associated with each eigenvector. When
applied to volumes, the anisotropy quotients also convey a sense of shape distortion.
Inserted into the eigendecomposition (5.2), definitions (5.4) yield

1
i::hn”—, Vi=1:n.
r z' hj 2 n

j=1

2

(5.5) M = p% V diag <T;;,...,’f‘;;> v

Decomposition (5.5) is instructive because it separates out the components of M which
account for distortion to the size, shape and orientation of volumes.

5.1.3. Riemannian Metric Spaces. Subsection 5.1.1 defines a metric space using
a (fixed) SPD matrix M € IR"*". Consequently, the distance function is the same across
all of the domain. Now consider an SPD matrix function, M : Q — IR™™", which we
denote by M = {M (xX)}xeq- Since the function is defined point-wise, we do not have
a global concept of distance in the context of Euclidean geometry. Instead, the space
defined by M exists in Riemannian geometry and distances must be calculated using
parametric integration. Given the parametrisation + : [0,1] — Q of vector vw, defined
by v(§) = v+ &vw, we have

59 dutvow) = [ Yl ds = [ WM+ e e

Thus, we obtain the Riemannian metric space, (R", M), with distance function (5.6).
The notation (VW) := da (v, w) is introduced for the length of a vector.

Calculating volumes in the Riemannian metric space also amounts to integration:

(5.7) K ::/K\/detM(x) de, KcQ.

Other geometrical quantities such as angle may also be derived (see |Loseille and Alauzet,
2011a] for details).

Henceforth, we refer to the function M = {M (x)}xeq as a Riemannian metric field, or
simply a metric.

5.1.4. Mesh Analogue. As described above, Riemannian metric spaces provide a
continuous analogue for the discrete mesh. Metric complexity can be viewed as the con-
tinuous analogue of the number of mesh vertices. It can be computed using the formula

(5.9) C(M) = /Q /Aot (M) dz.

Another key concept is that of the unit mesh. If H is a unit mesh, then all of its elements
should have unit edge lengths when mapped into the Riemannian metric space. That is,
we have a uniform mesh of regular triangles or tetrahedra. As remarked in Subsection
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2.4.2, it is generally impossible to tessellate a domain using such shapes, so we relax the
definition to give a quasi-unit mesh:

(5.9) () € {%ﬂ} Vy e 0K and Qum(K)e(l,o], VK eH.

As in Chapter 2, the notation K € H interprets a mesh as a set of elements and the nota-
tion v € OK interprets the boundary of element K as a set of edges. An admissible length
interval [é, a] is chosen to provide a convergence criterion for mesh adaptation schemes

built upon the metric-based framework, with the choice v = v/2 ensuring symmetry about
unity |Loseille and Alauzet, 2011a|. The second condition is an additional constraint,
which ensures that elements do not have zero volume. Moreover, it ensures that a quality
function, Qnq, is bounded from above by some pre-specified o > 1. For triangles and
tetrahedra, the quality function takes the forms [Loseille and Alauzet, 2011a]

i > eon b))’
(5.10) W(K) rZQZVETK@AM : () ::2_@( 6IKIA/: ) '

A regular triangle or tetrahedron with unit sides has unit quality using the above formulae.

5.1.5. Element-Based Metric Formulation. The continuous metric formulation
described in the previous subsections uses a point-wise characterisation. In the context of
(discrete) meshes, it takes the form of piecewise linear and continuous (IP1) fields, i.e. the
metric is defined at vertices. The authors of [Formaggia et al., 2004, Micheletti
et al., 2010, Carpio et al., 2013| (among others) instead advocate an element-based
(IPO) approach.

Recall the affine map (2.26) between the reference element, K , and a mesh element K € H.
As an invertible map, it has a polar decomposition (2.67). Instead of relating to ellipsoid
representations at a point, the eigenvectors now convey the principal directions of an
ellipsoid which the vertices of element K all lie on. In particular, they relate to the
ellipsoid obtained by transforming the unit ball under the affine map. The eigenvalues
are then measures of length in each of the associated semi-axes. Without loss of generality
(because the polar decomposition is not unique), assume Ag1 > -+ > Ak, > 0. Recall
that Figure 2.3 illustrates the 2D transformation. Comparing with the point-wise ellipse
representation in Figure 5.1, note that the magnitudes are defined by the eigenvalues
directly, rather than their square root reciprocals.

Element shape may be characterised by so-called stretching factors. A general definition
for the n-dimensional case is presented in [Micheletti et al., 2010]:

n *% n 7%

(511) SK;i = ( H )\K,j> A?{(z—l)/n = (H )\K,j) )\3(,1‘7 1=1:n.
J=1,j#i =t

In the 2D case, for example, we have sx1 = Ax1/Ak2 and skxa = Ag2/Ax1. The

stretching factors convey element shape deformation, compared with the isotropic case

where si; = 1, Vi = 1 : n. By construction, sg; > Sg2 > -+ > sk, > 0, meaning that

the first stretching factor conveys the greatest deformation.

The element-based framework has a number of interpolation error bounds involving the
element-wise Hessian H ., the first of which was published in [Formaggia and Perotto,
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2001]:

n n

(5.12) Ju— Tl < 0 303 X002, /K (VI Ho(w) viey)? do,

i=1 j=1

for some constant C' = C'(K) > 0. Here Il is the linear Lagrange interpolant, meaning
that (5.12) only strictly applies to IP1 and IP1p¢ finite element discretisations. Further
interpolation errors have been derived, such as interpolation errors on element boundaries
|[Formaggia et al., 2004, estimators related to gradient recovery [Micheletti et al.,
2010| and goal-oriented error estimates [Carpio et al., 2013|. Recall that error estimates
related to interpolation errors are motivated by Céa’s lemma (2.28).

It is possible to perform metric-based mesh adaptation purely using element-wise metrics,
such as those derived from the Hessian metric on an element. However, since the metric-
based mesh adaptation toolkit used in this thesis requires Riemannian metrics defined at
mesh vertices, IPO metrics derived in the element-wise formulation are projected into IP1
space. The element-wise formulation is only ever used in this thesis in order to make use
of special goal-oriented metric formulations (see Subsections 7.4.1 and 7.4.2). In all other
situations, a discretised version of the continuous formulation is used, i.e. the metric is
always computed in a IP1 space.

5.2. Isotropic Metric

The simplest way to use scalar error estimators to drive a metric-based mesh adaptation
routine is to generate an isotropic metric, as described in the following.

For an isotropic metric, the eigenvalues {\;}7_; in (5.2) are identical, taking some value,
A > 0. The same applies to the anisotropy quotients and magnitudes in each principal
direction. In particular, the anisotropy quotients collapse to unity, as one might expect.
Therefore, the isotropic metric is defined exclusively by the density. Under the assumption
of isotropy, (5.5) becomes

(5.13) M=pr I, =\,
where I, is the n-dimensional identity matrix.

Suppose £ is a global error estimator, which may be calculated as a sum over all mesh
elements as

(5.14) £:=> &,
KeH

where £ is an error indicator associated with element K. Multiplying each error indica-
tor in (5.14) by the corresponding indicator function, 1, we obtain a piecewise constant
field. This error indicator field reveals local contributions to the estimated error £.

A vertex-wise isotropic metric may be obtained by projection of this IP0 field into piecewise
linear space using a projection I1I; : [P0 — IP1:

(5.15) MOPie T, (Z 5K11K) I,.

KeH
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One approach is to use an L2-projection, which amounts to a volume-average over cells
adjacent to a vertex. To use a metric such as (5.15) in practice, normalisation should be
applied, as described in Section 5.4.

5.3. Hessian-Based Metric

The metric construction described in Section 5.2 allows the control of element size in ac-
cordance with some user-specified error estimate. However, as motivated at the beginning
of the chapter, we seek a reliable method for constructing anisotropic metrics, whereby
element shape and orientation are also controlled.

A common way to construct an anisotropic metric is to base it on the Hessian of a field
(or fields) relating to the PDE solution. From a heuristic point of view, such an approach
is attractive because it means controlling mesh resolution according to curvature. Extra
resolution is deployed surrounding sharp gradients, enabling the better capturing thereof.
Further, the mesh anisotropy is aligned with the curvature, meaning that resolution is
not wasted in orthogonal directions.

Provided the underlying field is sufficiently smooth, a Hessian is already symmetric.
Therefore, to obtain a valid metric, it is sufficient to take the Hessian’s eigenvalues in
modulus. We justify taking the absolute value by noting that it is the magnitude, rather
than sign, of errors which is most important.

As well as attractive properties of Hessian metrics from the heuristic point of view, there
are also a number of connections to error estimates. Given a sufficiently smooth scalar
field u, suppose its Hessian can be approximated as H. From the pioneering work of
[Ciarlet, 1978|, the following bound may be deduced for elliptic problems:

(5.16) lu =Tl < CllIklRIHlx, K€,

where C' > 0 is a constant and the cell Jacobian, J ., is as defined in (2.26). This provides
a clear relation between interpolation error and the Hessian. Further, the authors of [Frey
and Alauzet, 2005]| extended the result to give an L* bound for interpolation into a
piecewise linear space:

5.17 — T e ry < TH K

(5.17) e = Myl ey < ¢ max max ™ |H (x)], €H,
where edges « are interpreted as vectors between vertices. Here ¢ > 0 is a constant related
to the spatial dimension.

Suppose also that we would like to adapt H in such a way that the representation Il u
of u has L*> interpolation error smaller than some € > 0. A metric suitable metric to
achieve this aim is given by the formula [Pain et al., 2001]

(5.18) M (x) = % | H (x)].

In general, the constant ¢ > 0 is both difficult to compute and unimportant with regards
to the adaptation routine. In the work of [Pain et al., 2001] it is recommended to simply
set ¢ :=1.

Further relations between interpolation error and Hessian metrics were later established
within the continuous metric formulation. Suppose Il interpolates into a finite element
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space defined on a mesh which is unit w.r.t. some metric which has complexity Cr.
Then, for any p € [1,00), the global L? interpolation error is bounded from above by the
following expression involving the Hessian [Alauzet and Olivier, 2010|:

2p+n

(5.19) [ — Ty o) < nCr </ det(|EHL|) % dx) v
Q

The corresponding result in the L*> norm is given by taking the limit p — oco. For the
form of the metric corresponding to (5.19), see Subsection 5.4.1.

In order to derive bounds of the form (5.19), the authors of |[Loseille and Alauzet,
2011a] introduce a continuous interpolant 7oy which interpolates into the metric space.
It is analogous to the interpolant II; onto the discrete mesh. For a solution field u, the
L? continuous interpolation error may be expressed in terms of its Hessian as

(5.20) | — Tl o) = (/Q trace <M(X)_% |H (x)] M(X)_%Y dx); :

The most important thing to note is that the continuous interpolation error bounds the
discrete interpolation error from above, provided the underlying mesh is unit w.r.t. the
associated metric. As such, control of interpolation error in the continuous metric formu-
lation implies control of interpolation error on the discrete mesh.

5.3.1. Hessian Recovery. Suppose we seek to perform Hessian-based mesh adap-
tation based on a scalar field, u. In practice, this field is represented in a discrete sense as
up. Under finite element discretisations, direct differentiation may be applied to obtain
discontinuous derivative fields. However, derivatives are uniformly zero if the polyno-
mial order is not high enough. Moreover, a continuous representation is often required.
Instead, the Hessian may be constructed using a recovery technique.

Suppose that v € V' C C?(Q) is suitably smooth, with gradient and Hessian denoted by
(5.21) g = Vu, H =VVu.
We seek to approximate H in a finite dimensional n x n tensor function space, ;.

L? projection. One recovery approach is to solve a mixed finite element problem,
effectively recovering the gradient in a vector function space W), as an intermediate step
[Pain et al., 2001]:

(5.22) /Qv,b g dr = — /Q div(¢p)uy dz, + /m(v,buh) ‘nds, Y eW,,

(5.23) /;:gh dr — —/div(Z) . d:c+/ (g, -fids, Ve,

Q Q o9
The first equation (5.22) can be solved independently, giving rise to an L? projection
recovery method for the gradient. That is, it provides a weak formulation of the first
equation in (5.21).

The second equation (5.23) effectively applies this method again to recover a Hessian,
providing a weak formulation for the second equation in (5.21). As such, we refer to this
approach as double L? projection.

Note that the formulation of (5.22)—(5.23) does not require the finite element approxima-
tion uy to have any derivatives at all, meaning it can be used to recover gradients and
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Hessians from PO approximations. In fact, u; could even be replaced by an expression,
such as an analytical expression involving the mesh coordinates.

Zienkiewicz-Zhu. An alternative approach was presented in |Zienkiewicz and Zhu,
1992a|. The gradient recovery technique described therein is commonly known as Zienkiewicz-
Zhu (Z?), after the authors. The method is essentially heuristic, but has been shown to
yield O(h*) convergence of % errors at interior vertices and can be modified to account
for boundary vertices, albeit with a reduced convergence rate. Hessian recovery involves
repeated application of the gradient recovery technique. As such, it suffices to discuss
gradient recovery.

Unlike the L? projection technique above, which solves a PDE over the whole domain, the
Z? method uses a local, ‘patch-wise’ construction. Given a vertex in the domain interior,
the ‘patch’ of surrounding elements looks as in Subfigure 5.2a. Assuming u, € IP1, the
idea of the Z? method is to construct a linear gradient based on its finite element gradient,
Vu, € (IPO)". This is done by sampling the finite element gradient at the centroids of
the patch elements.

(A) Interior vertex (B) Boundary vertex (c) Corner vertex

FIGURE 5.2. Examples of patches around vertices in a uniform mesh used
for Zienkiewicz-Zhu gradient recovery. The vertex in question is shown by
a purple circle and its neighbouring vertices by green crosses. Vertices in
the extended patch are shown as red crosses. Centroids of neighbouring
elements and elements in the extended patch are shown by orange and
brown triangles, respectively.

For each vertex, v, we have a least squares problem. It involves finding coefficients g’
which minimise
k
(5.24) F(g") =) (P(x)g" — Vun(x})) - (P(x})g" — Vun(x))), P(x):=[1 x],
i=1

where {x?}¥_, is the set of centroids associated with elements in the patch. This may be

represented as the matrix-matrix linear system

k k
(5.25) A'g' = [b,....bY], A”= S PP, b= 3 P (),
i=1 j

where the derivative should be understood in the finite element sense. If u is scalar then
N = n and the recovered gradient at vertex v is given by g¥ € R™. If it is vector - as
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when recovering a Hessian from a recovered gradient — then N = n? and g¥ should be
reshaped so that it is n X n, as a post-processing step.

For corner vertices, there is usually insufficient data in the patch of immediate neighbours
to solve (5.25). Therefore, it is necessary to extend the patch. Doing so for general
boundary vertices also improves the approximation accuracy. Subfigures 5.2b and 5.2¢
illustrate examples of how patches can be extended when their defining vertices lie on the
domain boundary.

Both L? and Z? recovery strategies are demonstrated in Subsection 5.8.1. Whilst the
presentation above concerns the recovery of a IP1 field from a IPO one, the method can
also be extended to higher orders. See |Zienkiewicz and Zhu, 1987] and |Zienkiewicz
and Zhu, 1992a| for further details, as well as [Zienkiewicz and Zhu, 1992b]| for its
use for error estimation and mesh adaptation.

In the element-based framework described in Subsection 5.1.5, it is sufficient to recover a
IPO field, meaning that it is possible to explicitly write down the recovery operator. For
an approximation to the gradient, this takes the form [Micheletti et al., 2010]

1
(5.26) R [Vun](x) = > IK| Vuplg,  x € Ag,

[Arl (3

where A is a patch around element K, rather than around a vertex. Here |Ag| is the
patch volume, which is simply the sum over the volumes of its constituent elements. That
is, we have a volume-average of the discrete gradient over neighbouring elements.

5.3.2. Hessian Recovery on the Boundary. The double L? Hessian recovery tech-
nique breaks down on the domain boundary. For many applications, this is not of concern.
However, in CFD and coastal engineering, it is often desirable to also have a representation
for the Hessian on (i.e. tangential to) 0f2.

For a 2D mesh with linear elements, the tangential component of the Hessian is given by

(5.27) H® =8/ HS,,

where 8; = n' is one choice of tangent vector. In this case, the choice of sign does not

actually matter. Despite the fact H® is 1 x 1 dimensional, we retain the tensor notation,
for consistency.

In the linear 3D case, boundary segments are 2D, meaning we need two orthonormal tan-
gent vectors, {S1,82}. These may be constructed using Gram-Schmidt orthogonalisation,
for example. With these, the boundary Hessian takes the form |Loseille et al., 2010]
s (o Ty (e o _ |SiHs1 s;Hs,
(528) E = (Sl,Sg) H(Sl,SQ) = [ggﬂgl /S\2Tﬂ/s\2}
Here, the choice of tangent vectors has an effect on the resulting Hessian.

Approximating H® amounts to solving an auxiliary Poisson equation on the domain
boundary only. Denote the finite element space on the boundary by ¥ and the Galerkin
approximation of H® by H; € ¥,. Since the boundary is closed, a number of terms drop
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out of the integration by parts, leaving

(5.29) jfz H; ds = — ZZ% —’Jauh ds, VX €I,
o0 ]

i=1 j=1 J

As has been noted, a recovered Hessian — or any other metric — should be normalised
before it is applied to a particular problem, as well as before its combination with other
metrics. This is especially true when combining interior and boundary terms, which exist
in different dimensions. The following section presents normalisation strategies for interior
metrics, which extend to the boundary because the dimension is not fixed. However,
the combination of interior and boundary is more involved, involving the solution of an
algebraic problem which determines the target complexity for each component; for this,
we refer to [Loseille et al., 2010|.

5.4. Metric Normalisation

Metric normalisation has the purpose of accounting for the domain geometry, solution
fields and timescales. There are a number of different approaches. One simple approach
(used in [Frey and Alauzet, 2005]|) is to formulate (5.17) as a relative error and thereby
divide by the modulus of the (scalar) solution field. Given a metric M = {M (X)}xeq to
be normalised, it reads

1
m/\/l, where |u|e := max{|ul|, €||u|[L=},
€

(5.30) M, =

for a desired interpolation error level € > 0. This ensures that the metric is not biased
towards the most significant flow features [Pain et al., 2001] and goes some way to
establishing multi-scale metrics.

The following subsection describes a more general normalisation approach based on bounds
of the form (5.19). The technique enables the generation of metrics which minimise inter-
polation error in the LP norm. It is fully capable of accounting for multi-scale problems
whose solution fields vary on several orders of magnitude, given an appropriate choice of

p-

5.4.1. L? Normalisation for Time-Independent Problems. [P normalisation is
framed around the continuous interpolation error (5.20). The idea is to obtain a metric
which satisfies the optimisation problem

(5.31) rrjl\}lnHu — Tmul|zr)  subject to  C(M) = Cr,
for some fixed p € [1,00) and desired complexity Cr > 0. The constraint acts to close

the otherwise under-determined problem. It is useful for controlling the number of mesh
vertices so that resulting simulations are achievable using limited computational resources.

Since the continuous interpolation error bounds the discrete version from above, minimis-
ing (5.20) is approximately equivalent to solving

(5.32) Igl{inHu — Hpul| ) such that Hj, has N vertices.
h
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Given a unit mesh, metric complexity and vertex count are directly proportional (see
p.57 of |Loseille and Alauzet, 2011al). The constant of proportionality depends upon
domain geometry and the mesh adaptation algorithm used; it is difficult to determine
in practice. As remarked above, the constraint can only be satisfied approximately in
practice. The extent to which this is achieved is determined by the adaptation algorithm
used.

It is proved in |[Loseille and Alauzet, 2011b]| that the unique solution of the continuous
optimisation problem (5.31) is given by the metric

(5.33) My = Cy (/ det (| H|)m dx) " det (|H|) % | H] .
Q

In some cases, it is more appropriate to limit the interpolation error, rather than the
metric complexity, as considered in (5.30). An equivalent optimisation problem to (5.31)
may be formulated, with its unique solution presented in [Alauzet and Olivier, 2010|.
In order to reduce interpolation error, smaller values for the desired error € are requested.
This, in turn, means allowing heightened overall DoF count. For the remainder of this
thesis, however, we choose to enforce metric complexity. The main reason for this is that
it is hard to predict the number of DoFs in the resulting mesh if error level is specified.
On the contrary, normalisation under complexity provides a way to strongly influence
this. This can be useful in mesh convergence studies, where some error quantity is to be
assessed as the mesh resolution is increased.

L normalisation is obtained by passing to the limit p — oo in (5.33):

(5.34) My = Cj C(|H|)™™ |H].

Whilst commonly used, a major disadvantage of the L*° normalisation strategy is that
it is not able to fully capture discontinuities. In many cases, L normalisation will
mean very high levels of mesh refinement are used surrounding discontinuous features
and sharp gradients. Instead, we advocate setting small values such as p € [1,10]. Doing
so circumvents issues stated for L normalisation and also permits multi-scale mesh
adaptation, as demonstrated in Subsection 5.8.2.

5.4.2. L Normalisation for Time-Dependent Problems. The optimum L? met-
ric (5.33) is effectively a normalisation over the spatial domain. For time-dependent prob-
lems, the temporal domain should also be accounted for. This enables the DoF count to
vary in time, as well as space. That is, it enables the discretisation to have more DoFs
when they are needed as well as where. Similarly, the mesh can have fewer overall DoFs
at time levels where they would be unnecessary. Note that the overall DoFs count at any
given timestep cannot be specified by a purely r-adaptive mesh adaptation routine.

For a time period (0, 7' and timestep At > 0, the extension of (5.33) to the time-dependent
case is given by [Alauzet and Olivier, 2010|

s /(T , — )
50 Mp=cf ([ 5 [am) asar) Caeqm) #
0 Q

where Cr > 0 is now the target space-time complexity, obtained by integrating (5.8) in
time. Space-time complexity is analogous to the total number of mesh vertices, summed
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over all timesteps. Whilst the timestep At is not necessarily of fixed length, we assume
it to be in this thesis, for simplicity.

5.5. Combining Metrics

In many cases, there may be more than one metric containing information which we
regard as important. For instance, if the PDE comprises a mixed system of equations
then we may wish to consider Hessians for each component of its solution tuple. This
section outlines two common approaches for combining metric information and provides
geometrical interpretations thereof.

5.5.1. Metric Intersection. A common means of combining two Riemannian metric
fields, My = {M1(x)}xeq and My = {M3(X)}xeq, is using metric intersection (a.k.a.
metric superposition). The idea is to generate the metric with the maximal ellipsoid
which fits within the ellipsoids associated with the two component metrics, as illustrated
in Figure 5.3. Since the ellipsoid of intersection is smaller than both component ellipsoids,
a mesh adaptation algorithm driven by M; N My will always yield meshes with more
vertices than the number of vertices in meshes generated from either M; or M.

FIGURE 5.3. Geometric interpretation of metric intersection in terms of ellipses.

Computing the intersection of two metrics amounts to simultaneously reducing both qua-
dratic forms (-,-)ar, and (-,-)pr in order to find a common basis [Barral, 2015|. To
achieve this, begin by mapping the two metrics into the space spanned by the eigenvec-
tors of Mj:

— T o T
(5.36) M, = (Ml—%) M, M, %=1, M, = (%—%) M, M, %

Under this mapping, the ellipsoid representing M, is the unit ball. Since the fields in
(5.36) are again metrics, they have orthogonal eigendecompositions, the former of which
is trivial. The two may be expressed as

(537) My=QIL,Q", M;=QAQ",  where A =diag(\i,...,\).
We construct a new metric by taking the maximal eigenvalue for each component:

(5.38) M = QQQT, where A := diag(max(1, ), . .., max(1, \,)).
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The intersected metric is formed by mapping back into Euclidean space

1 T ~ 1
(5.39) M; N M, = (Mi?) M M},

As may be expected from the geometrical interpretation, the intersection order is commu-
tative applied to two metrics, i.e. M1 NMy = MyNM; for any two metrics M; and M.
However, the order matters when more than two metrics are intersected, as demonstrated
on p.28 of |Loseille, 2008|. This is because, for more than two metrics, formula (5.39)
no longer coincides with the geometrical interpretation in general and only provides an
approximation.

Consider the case of combining two metrics which happen to have the same eigenvector
matrix, V. This implies that the directions of greatest anisotropy of the two metrics are
either fully aligned or orthogonal. Following the definition above, we find that

(5.40) M, N M, = KAKT, where A = diag(max(Ay, p1), . .., max(A,, fn)),

with {\;}, and {p;}7, being the eigenvectors of My and M,. That is, for metrics with
either aligned or orthogonal anisotropies, intersection acts to maximise each eigenvalue,
thereby minimising the associated magnitude.

5.5.2. Metric Average. Another means of combining metric information is using a
convex combination

(5.41) M = aM; + (1 — a)Ms,, a € (0,1).

That (5.41) is indeed a metric follows immediately from the definition of positive-definiteness.
The extension of (5.41) to m € IN metrics is trivial, involving m — 1 independent parame-
ters. These parameters can be chosen to weight the resulting metric towards one particular
error estimate or field of interest, or to weight all contributions equally, yielding the metric
average.

Whilst the metric average is simple to implement, its geometric interpretation is less
obvious than that of metric intersection. Consider again the case of combining two metrics
which happen to have the same eigenvectors. Then

1

(5.42) 5

(M -+ M) = V(5 (A + ) ) V7

That is, averaging the metrics corresponds to averaging the eigenvalues. As shown in
Figure 5.4, if the two metrics have aligned anisotropy then their average also shares that
anisotropy, as we would hope. If the anisotropies are orthogonal, then they cancel out,
to some extent. The anisotropy of the average metric is dictated for the most part by
whichever of the component metrics has the strongest anisotropy. The example shown in
Subfigure 5.4b was chosen to illustrate the case where the anisotropies cancel one another
out entirely, leaving an isotropic metric.

Whilst the resulting anisotropy agrees with that due to metric intersection in the cases
described above, the magnitudes do not agree, since the ellipses are not contained within
the intersections of the component ellipses. Therefore, the number of vertices in a mesh
generated using averaged metrics may in some cases be smaller than in one generated using
one of the component metrics. For a counter-example, consider metrics M; = Iy and
M, = 315, which have density 1 and 9, respectively. Their average %(% + M) =21,
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(A) Aligned anisotropy

(B) Orthogonal anisotropy

FIGURE 5.4. Geometric interpretation of metric averaging in the case of
aligned eigenvectors in terms of ellipses.

has density 4. Further, the number of vertices in a mesh generated using averaged metrics
may not be as high as for one generated using intersected metrics.

Whilst the geometric interpretation for general eigendecompositions is not obvious, ex-
perimental results in Subsection 5.8.3 show that it can be used to combine metrics in a
meaningful and effective way.

5.6. Metric Gradation

Sharp changes in mesh element size can act as artificial internal boundaries in the domain,
which could potentially either reflect or absorb incoming waves in a way which is not
present in the physics. (See Figure 12 in [Alauzet, 2010]| for an example of such an
internal boundary.) One way to avoid this numerical phenomenon is to modify the metric
using a metric gradation routine, which ensures that the sizes it prescribes at neighbouring
vertices do not vary by more than a specified threshold. In this thesis, we use the value
B = 1.4 for this threshold. That is, f bounds the ratio of the prescribed sizes from above,
meaning they can change by at most 40%.

The metric gradation routine used in this thesis is the one given in [Alauzet, 2010]. We
refer to that work for details on the implementation.

5.7. Mesh Adaptation Strategy

5.7.1. Time-Independent Metric-Based Mesh Adaptation. The sections cov-
ered thus far in this chapter are sufficient to consider mesh adaptation applied to time-
independent PDEs. Such problems are usually defined on a single mesh. The aim is to
modify this mesh so that it is quasi-unit when viewed in some specified metric space. The
metric space usually (but not always) depends on solutions of the PDE, which change
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when the mesh is changed. As such, a fixed point iteration approach can be applied and
run to convergence.

Algorithm 1 presents such a fixed point iteration loop. It is assumed that m € IN met-
rics are to be constructed from error indicators and/or heuristics; these metrics are to
be combined using metric intersection or averaging. Convergence of the loop may be
determined (for example) by a relative tolerance on an error estimate of interest or by a
relative tolerance on the change in mesh element count between iterations. A maximum
iteration count is also usually imposed.

Given target metric complexity Cr > 0;

Given initial mesh H,;

Set 7 := 0;

while not converged do

Solve PDE on H;;

for metric component 7 do
Extract metric M? from solution fields or error indicators;
Normalise MZ based on complexity Cr;

end

Combine {M? L, to yield a single metric, M;;

Apply gradation to M;;

Adapt mesh H; using M; to obtain mesh H;,1;

Increment ¢;

end
Algorithm 1: Metric-based mesh adaptation routine for time-independent problems.

As motivated at the start of this chapter, taking more iterations means reducing depen-
dence of the adapted mesh on the initial mesh. In practice, it is often the case that three
or more fixed point iterations are required in order for an anisotropic metric to properly
introduce anisotropy into an initially uniform or isotropic mesh. As such, at least three
iterations are performed before the convergence criteria are checked.

5.7.2. Time-Dependent Metric-Based Mesh Adaptation. When applying mesh
adaptation to method of lines type discretisation approaches, it is often necessary to
adapt the spatial mesh during the time interval. This is true when, for example, tracking
shockwaves propagating across the domain. In this subsection, we examine two different
approaches.

‘On-The-Fly’ Approach. The naive approach is to apply steady-state mesh adaptation
during the time-integration process. That is, at each timestep when the mesh is to be
adapted, Algorithm 1 is applied, with ‘solve PDE on H,’ replaced by ‘interpolate all
relevant fields onto H;’. Updated metric information on adapted meshes may be obtained
either by interpolating the metric or by construction of a new metric from interpolated
data. In either case, interpolation error is introduced.! Such an approach is a simple
extension of the steady-state implementation and has low memory requirements, because
the only information from the previous mesh which needs to be stored is that which is to
be outputted.

INote that here interpolation error relates to the mesh-to-mesh data transfer, not an error estimate.
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A disadvantage of this approach is that there is no concept of space-time complexity built
into the normalisation strategies. In order to obtain meshes with (significantly) different
DoF counts, the user must deploy a manual approach, whereby the target complexity is
modified at each adaptation step. It is difficult to see how this might be achieved; this
is one case where normalisation by target interpolation error might be more useful than
normalisation by target complexity.

Another disadvantage is that the metric computed at one timestep only contains informa-
tion from that timestep. In particular, it does not contain information on solution fields
between that timestep and the next one where adaptation is to be applied. As such, the
metric quickly ceases to be relevant. If mesh resolution has been concentrated around
a flow feature, such as a tsunami wave, front or eddy-like structure, this feature could
traverse into a coarsely meshed reason before the next mesh adaptation, thereby suffering
numerical diffusion. Consequently, the approximation accuracy is diminished.

One way to avoid this is to adapt the mesh very frequently, ensuring that any important
solution features do not have sufficient opportunity to pass into coarse regions. However,
doing so comes with a significant computational cost and means that interpolation error
can become significant. Alternatively, there are means of making the metric relevant until
the next adaptation step. One approach to achieving this in the context of advection-
dominated problems is the notion of ‘metric advection’.

Metric Advection. Suppose that a ‘wind field” w : 2 — IR" may be determined for
the problem at hand. Using w, the regions where higher mesh resolution will be required
in future timesteps can be preempted, to some extent. Whilst the choice of wind field is
problem-dependent, an effective choice is often obvious for advection-dominated problems.
For tracer transport, the obvious choice is the velocity field in which the tracer is advected.

The metric constructed at a particular timestep may be advected in w, allowing a coarse-
grained forecast of where mesh resolution will be required in near-future timesteps. In the
case of Crank-Nicolson timestepping with implicitness 6, for example, the metric M *+1
at timestep k + 1 may be approximated using the metric M®) computed at timestep k
using

ME+FD) _ Aq(R)
At

This relation may be applied multiple times, whereby M) is replaced by the forecasted
metric at that time level. Each of the forecasted metrics may then be accumulated
using L' normalisation (averaging), intersection or some weighted combination approach,
as appropriate. In principle, advecting a metric seeks to reduce the remeshing frequency
and yet maintain a sufficiently accurate representation of the fluid dynamics being studied
[Smith, 2016|. Equation (5.43) may be interpreted as acting on the whole metric tensor
or its individual components.

(5.43) + Ow D M) 1 (1 — g)yw . T MB =,

Metric advection has been successfully applied to a number of computational fluids prob-
lems, including tsunami propagation [Smith, 2016, Smith et al., 2016|, reservoir
modelling [Mostaghimi et al., 2016|, tectonic subduction |[Garel et al., 2014| and
gravity current resolution in lock-exchange problems [Hiester et al., 2011, Rossa and
Coutinho, 2013, Parkinson et al., 2014|. However, there are a number of issues
with this approach. Firstly, whilst advecting the metric over more timesteps means fewer
mesh adaptation steps, it also means that the metric complexity — and hence DoF count
— grows if the metrics are combined using intersection, as is common. As such, it becomes
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difficult to control the overall metric complexity. If metric averaging is repeatedly applied
instead, the result is a smoothing which means that the resulting meshes do not resolve
flow features as strongly, as demonstrated in Subsection 5.8.3. Further, because metric
advection is approximate for anything other than certain pure advection problems with
prescribed velocity fields, it is likely that it will introduce mesh resolution in regions where
it is unnecessary.

Despite the above criticisms, on-the-fly adaptation strategies which use metric advection
typically have relatively cheap costs and low memory requirements, especially if an explicit
time integration scheme is used. Nonetheless, this advantage is less useful in cases where
outer loop processes such as adjoint methods are applied. If the adjoint equation is to be
solved using the same discretisation as an adaptive forward model then the meshes must
be stored, at the very least. For nonlinear problems or Qols, forward solution fields must
also be stored, meaning that the memory requirements are already significant. Assuming
that the adjoint problem is to be solved, the application of a mesh adaptation algorithm
which uses solution data from future timesteps of previous runs becomes justifiable, as
detailed in the following.

Fized-Point Iteration Approach. In the remainder of this subsection, we consider a
‘fixed-point iteration’ approach to time-dependent metric based mesh adaptation, whereby
the prognostic equation is solved over the whole time period during each iteration. Such an
approach for metric-based mesh adaptation in time-dependent problems was first consid-
ered in [Alauzet, 2003] and further developed in [Alauzet et al., 2007|. The extension
to the goal-oriented case in Chapter 7 allows not only to use solution fields from future
timesteps, but also information on sensitivities, via the adjoint equation. This means that
the mesh is adapted not only according to contributions to some error estimator, but also
based on relevance to a diagnostic quantity of interest.

First, we introduce some notation. Recall decomposition (2.42) of the time interval (0, 7]
into a finite number of timesteps. For the purposes of time-dependent mesh adaptation,
we make further partitions of the time interval, each of which is a collection of consecutive
timesteps. These subintervals — or ‘windows’ — are denoted

(5.44) 0, 7] = UM WF, where WF .= [tk=1) )],

The intersection of two distinct subintervals is either the empty set or a singleton set
(if the subintervals are adjacent). In addition, we introduce a mesh associated with
each subinterval, giving rise to a set, {H*}Y . That is, a fixed mesh is assumed on
each subinterval and mesh-to-mesh interpolation is required for the transition. In this
framework, ¢ € IN is the number of timesteps per mesh iteration. That is, the number of
timesteps spent on each mesh in (5.44). The number of timesteps per mesh iteration is
assumed fixed, although this need not be so. With the fixed timestep assumption, (5.44)
can be rewritten as

(5.45) WF = [l(k — 1)At, tkAt], k=1:N.

The idea of the fixed point iteration is to repeatedly solve the PDE over all subintervals,
updating each mesh H* using mesh adaptation. As such, a subscript is used to denote
the iteration count. A metric is constructed for each W*, using solution data from the
entire subinterval. Thus, information on the future solution trajectory (as approximated
on the previous mesh) is used to generate the mesh used over all of W*. In this way,
the fixed-point iteration method incorporates predictions of the future solution trajectory



5.7. Mesh Adaptation Strategy 111

within each subinterval. It also offers flexibility to choose a single subinterval (whereby
predictions of the entire solution trajectory are used) or one subinterval for each timestep
(whereby frequent mesh adaptation is deployed). Note that, whilst the PDE is solved
on half-open intervals, mesh adaptation is to be performed on closed intervals. This is
because, whilst not solved for, the initial value on W* influences the construction of H*.

Riemannian metrics are defined point-wise in space. They are also defined at instances
in time. As such, they can be understood at individual time levels, but not inbetween.
This is accounted for by accumulating metrics in time. There are two standard methods,
which make use of the machinery from Section 5.5.

The first is L' normalisation in time, which is effectively time integration. Given metrics
at consecutive timesteps, this amounts to applying an appropriate quadrature rule. For
Crank-Nicolson with the default implicitness 6 = %, this is the trapezium rule. Applied on
a single timestep, we simply have the metric average, scaled by At. The other standard
approach is to apply metric intersection. Sequences of meshes due to these approaches
are compared in Subsection 5.8.4.

Unlike in the on-the-fly method, the spatio-temporal discretisation is known at the start
of every fixed point iteration. As such, error analysis may be performed across space and
time, instead of at an instant. This is exactly what Algorithm 2 builds upon, so that a
global error estimate may be reduced. Again, assume that m € IN metric components are
to be combined. Convergence may be determined (for example) by a relative tolerance
on an error estimate of interest or by a relative tolerance on changes to the number of
elements in each mesh. Again, a minimum iteration count allows for more anisotropic
meshes and to avoid dependence on the initial mesh.

Note that Algorithm 2 assumes that metrics are computed and accumulated at every
timestep, for simplicity of presentation. If multiple metrics are to be constructed via
recovery of derivative fields, it can easily be the case that more CPU time is spent doing
this than solving the PDE, for a given timestep. In practice it is usually sufficient to only
construct metrics every few timesteps and accumulate as appropriate.

It should be noted that metric advection is not required by the fixed-point iteration
method, since it already incorporates predictions on the future solution trajectory within
each subinterval.

5.7.3. Software. In Firedrake, meshes are represented using the PETSc DMPlex
topology abstraction. This unstructured mesh format is designed to decouple application
programming concerns from lower level concerns, such as domain decomposition and /0,

and allows problems to be written independently of spatial dimension [Lange et al.,
2016|.

In this thesis, metric-based mesh adaptation is applied using the hr-adaptive toolkit
Pragmatic |Barral et al., 2016]. A Riemannian metric field is defined in high-level
Firedrake code as a Function in a tensor IP1 space. The metric is represented in the
underlying PETSc code as a Vec (vector data structure), which is interpreted as a simple
double precision array, for the purposes of Pragmatic. Mesh adaptation is performed and
the resulting mesh is propagated back to the Firedrake level via the Pragmatic Mesh class
and PETSc DMPlex struct. Figure 5.5 presents a workflow representation for the traversal
of data between abstraction levels.
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Given target space-time metric complexity Cr > 0;
Given initial meshes {HE}"
Set 7 := 0;
while not converged do
for cach subinterval W* do
Interpolate fields onto H¥ from formulae/data/previous mesh;
for each time level t € W* do
Integrate PDE forward by At on mesh HY;
for metric component j do
Extract metric and accumulate into /\/li” ;
end
end
end
for metric component 7 do
Normalise {./\/lfj HY | in space and time according to Cr;
end
for each mesh H¥ do
Combine {M? }7-, to yield a single metric, MF;
Apply gradation to M¥;
Adapt mesh H¥ using MYF to obtain mesh HY, ;;
end
Increment ¢;
end
Algorithm 2: Metric-based mesh adaptation routine for time-dependent problems

Metric defined on input mesh Input mesh
Firedrake (Python/UFL) Function /MeshGeometry
PETSc (C) Vec / DMPlex
Pragmatic (C++) double Mesh

-

Adapted mesh

FIGURE 5.5. Workflow for mesh adaptation in Firedrake using PETSc and
Pragmatic.

The mesh adaptation step is driven by both h-adaptive and r-adaptive operations. In
the 2D case, node insertion, node removal, edge swapping and node movement are used.
Modifications are made with the aim of achieving a quasi-unit mesh, as defined in (5.9).
Laplacian smoothing is applied in a local sense to further improve the quality function
(5.10), if such an improvement is achievable. For further details on the mesh operations
in such a hr-adaptation strategy, see |George et al., 2002|. For further details on
Pragmatic, see [Barral et al., 2016].

Note that the metric-based framework is not tied to the adaptation approach described
above. For example, a notable r-adaptation strategy which has the capability to use Rie-
mannian metrics is the MMPDE framework [Huang and Kamenski, 2015|. However,
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since it is not possible to have different numbers of DoFs across different timesteps in such
an approach, space-time normalisation may not be as effective as expected.

5.8. Numerical Experiments

In this section we test the metric construction strategies and operations introduced in
this chapter. Comparisons are made between recovery techniques, normalisation orders
and combination approaches. Application of metric-based mesh adaptation to a time-
dependent tracer transport problem is also demonstrated.

5.8.1. Recovery. Two recovery techniques were introduced in Subsection 5.3.1: L2
projection and the approach of Zienkiewicz and Zhu (Z?). We perform two experiments
to validate these techniques.

Hessian of a Quadratic Function. First, we check that the strategies are able to re-
cover the constant Hessian of a quadratic function. Consider u : [-1,1]> — IR given by
u(z,y) := 3(2® +y?), whose Hessian is the identity matrix. On a uniform mesh of [—1,1]?
comprised of 20,000 isosceles right-angled triangles, double L? projection is applied to
recover the Hessian in IP1 space.

First consider the application of recovery techniques to u as an expression (as opposed to
an interpolant thereof). Subfigure 5.6a shows that the vertex-wise errors in each compo-
nent vary on the order of at most @(1077), indicating an excellent approximation. Note
that an excellent approximation has been achieved on the boundary, even though the
boundary Hessian was not recovered. The reason for the high quality approximation is
that the Hessian was recovered directly from the analytical expression, which is quadratic
and is therefore twice differentiable. Note that off-diagonal entries are not equal, be-
cause of numerical errors incurred during the projection. In practice, this is corrected by
averaging off-diagonal components when forming a metric from the Hessian.

The mesh resulting from an L! normalised metric with target complexity 1,000 is shown
in Subfigure 5.6b. Four mesh adaptation steps have been applied. As may be expected,
it is an isotropic mesh (with aspect ratio everywhere less than 2).

Now consider the same double L? projection experiment, but where w is first interpolated
into IP1 space, meaning its second finite element derivatives are zero. The resulting vertex-
wise errors presented in Subfigure 5.7a are much more significant. The resulting mesh
in Subfigure 5.7b is almost isotropic, although it does contain more anisotropy than in

Subfigure 5.6b.

To summarise, the double L? projection recovery technique has been shown to be able
to successfully recover the Hessian of a quadratic function. In addition, it has shown
to be capable of recovering the Hessian from a piecewise linear interpolant, albeit with
lower accuracy. Whilst the point-wise accuracy is not always high, meshes resulting from
adapting w.r.t. the Hessian are satisfactory for this example.

In Figure 5.8 the Hessian is recovered from the same IP1 interpolated field, but using the
Z? method. Whilst the scatterplot in Subfigure 5.8a indicates a few noticeable point-wise
errors (on the boundaries), the majority of the error contributions are much smaller than
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in Subfigure 5.7a. The mesh is clearly of much better quality than the one presented in

Subfigure 5.7b, in terms of isotropy.

Whilst Z? recovery refers explicitly to fields which reside in a function space and is not
applicable to expressions comprised of multiple such fields, this is not a major concern,
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because typical use cases considered in this work do not apply recovery techniques to ex-
pressions. Applied directly to fields, we observe that Z2 enables the recovery of derivatives
with a higher point-wise accuracy than L? projection.

Gradient of a Sinusoid. For the second experiment, suppose we seek to recover the
gradient of the sinusoidal ‘source function’ presented in Figure 2.6a from its IP1 inter-
polant. The exact gradient can be computed by hand and ¢? errors may be computed
from its values at the vertices. Given a uniform mesh of the unit square, we study the
convergence of each recovery technique as global iso-IP2 refinements are made.

Subfigure 5.9a presents convergence plots for both techniques in the case where boundary
nodes are not considered. We observe what the authors of [Zienkiewicz and Zhu,
1992a| refer to as O(h*) ‘ultraconvergence’ for Zienkiewicz-Zhu, as expected from that
and related works.? O(h??) superconvergence is observed for L? projection.

Subfigure 5.9b shows the case where boundary vertices are included. The Z2 method is no
longer ultraconvergent, although its convergence rate does match that of L? projection.
Subfigures 5.9¢ and 5.9d consider L! and L? errors on the whole domain. Again, the
convergence rate of Z?2 is found to match that of L? projection.

In summary, Z?2 provides an excellent, ultraconvergent recovery technique regarding vertex-
wise errors in the domain interior. If boundary vertices are included or L! or L? error is
deemed to be more important then the method performs comparably to L? projection.

In Subsections 7.4.2-7.4.4, a number of goal-oriented metrics are described, each of which
involves Hessians and/or gradients of solution variables. As such, their computation

2The authors use this term because the convergence is ‘two orders higher than normal’ — see p.1333 of
[Zienkiewicz and Zhu, 1992a].
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requires recovery techniques. The numerical experiments at the culmination of Chapter 7
are all focused around accurately estimating Qols which take the form of integrals of the
forward solution. Where integrated error quantities are concerned, the convergence rate
of Z% matches that of L? projection. As such, either method is a suitable candidate
for derivative recovery. The L? projection implementation used in this thesis makes
use of Firedrake’s code generation functionality and is therefore very efficient. The Z2
implementation used in the above experiments, on the other hand, is written in pure
Python and has not been optimised for computational efficiency. For this reason, we opt
to use L? projection for derivative recovery henceforth, but remark that — with a more
efficient implementation — Z? would provide an effective alternative.

5.8.2. Comparison of Normalisation Methods. The L? normalisation approaches
introduced in Subsection 5.4.1 allow for any p > 1, as well as the limit p — co. In this
subsection, we compare meshes resulting from the cases p =1, p =2, p =4 and p — oo.

Given the same uniform initial mesh of [—1, 1]* as before, define the ‘sensor’ function

1 1
5.46 [-L,1PP =R := — sin(50z) + tan™" .
This function was used to demonstrate multi-scale mesh adaptation in [Olivier, 2011]. It
contains two scales: a long wavelength, low frequency oscillation in the y-direction and a
short wavelength, high frequency oscillation in the z-direction. The long wavelength pro-

file is more prominent, as it is bounded by £5 ~ £1.5708, whereas the short wavelength
profile is bounded by +0.1.
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Figure 5.10 illustrates meshes which arise with various values of p and a target metric
complexity of 10,000. The mesh is adapted four times, with metrics constructed based
on the function as represented on each mesh. The lowest order case p = 1 is clearly the
most multi-scale mesh. It is able to resolve both scales, despite also being the mesh with
the fewest elements. With p = 2, both scales are still well resolved. The case p = 4 could
be argued as having a very coarse resolution of the small scale features, but it cannot be
said to be multi-scale.

As the norm order is increased, more resolution is dedicated to the more prominent,
long amplitude wave. With L normalisation, 75% more elements are deployed than
in the lowest order case, with almost all of them used to resolve the larger scale. L>
normalisation is not able to capture the smaller scale whatsoever.

Note that some of these elements are extremely anisotropic, with maximal aspect ratios
over one hundred stated in all four cases. In practice, a maximum anisotropy is often
enforced, as well as minimum and maximum element sizes. These constraints are en-
forced in an approximate sense, by thresholding the metric eigenvalues. Doing so seeks to
limit the minimum eigenvalue and hence the maximum edge length. This gives rise to a
maximum bound on the aspect ratio of an element, without compromising the associated
interpolation error [Piggott et al., 2009].

It should be noted that if a target interpolation error is imposed for the normalisation, as
opposed to a target complexity, then the adaptation routine crashes for L> applied to the
problem above, unless bounds on element size and anisotropy are enforced. Admittedly,
this is due to an out-of-memory error where only 8GB RAM is available. However,
this demonstrates the point that it is harder to predict the mesh complexity under this
normalisation strategy than under the target metric complexity approach adopted in this
thesis.

In summary, we find that a lower normalisation order, such as p = 1 or p = 2 is suitable
for multi-scale meshing, whilst anything higher than around p = 4 is unsuitable for this
purpose. This can be explained by considering the determinant weighting term in (5.33),
which has the power ﬁ' As discussed in [Loseille and Alauzet, 2011b|, this term is
more sensitive for lower orders of p, compared with higher orders where it has little effect.
As such, a small value of p is required in order to capture all scales in the solution field.

5.8.3. Intersection vs. Averaging. Consider now two different functions defined
on the unit square [0, 1]*:

(547) wi(z,y) == exp (- ‘0.5 —z? - yQ}) , us(z,y) = exp (— ‘0.5 —(1—2)*— y2|) :

Under L'-normalisation, the meshes due to the resulting Hessian metrics are shown in
Subfigures 5.11a and 5.11b, respectively. Again, four adaptation steps are applied. The
two meshes have comparable element counts and maximum aspect ratio, each with a
single arc of high resolution and coarse resolution elsewhere.

The mesh resulting from adapting w.r.t. the metric average is shown in Subfigure 5.11c. As
expected, the mesh resolution is higher surrounding both arcs than elsewhere. However,
since the metrics have effectively been averaged against zero in most of the domain, they
are not as well resolved as adaptation with either of the constituent metrics. Further, the
overall element and DoF counts are lower than both cases.
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By construction, this is not the case for metric intersection, which yields higher element
and DoF counts than both cases, as captioned in Subfigure 5.11d. Using metric intersec-
tion, both arcs are captured with at least as much resolution as in the separate cases.

Note that where the arcs meet, both combined metrics yield relatively isotropic elements.
Further, the maximum aspect ratio is smaller with combination than without.
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(A) M; (1,053 elements, (B) M2 (1,018 elements,
562 vertices, max. AR 10.1) 547 vertices, max. AR 8.3)

H ) | i -y Y
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527 vertices, max. AR 5.6) 791 vertices, max. AR 7.5)

FIGURE 5.11. Meshes adapted to L' normalised Hessian metrics of two
sensor functions (5.47), as well as the average and intersection thereof.

5.8.4. Application to a Time-Dependent Problem. Consider the advection of
a circular tracer bubble in the non-uniform velocity field

(5.48) u(z,y,t) ;= 2sin(mx) sin(my) cos <%) (sin(mz), sin(my)).

This velocity field is periodic in time, with period 27" = 6s. Moreover, u(z,y,t + T/2) is
an odd function in time, meaning that the flow reverses at 7'/2 and the analytical solution
at the final time is identical to the initial condition. Tracer concentration is set to zero
on all boundaries of the unit square domain. This test case is a two dimensional version
of the 3D test case considered in [Barral et al., 2016|. Henceforth, we refer to it as the
‘Bubble Shear’ test case, since the initial tracer bubble undergoes significant shear forces,
stretching out into a thin sliver. There is a clear Qol, given by the error at time ¢t = T,
which we interpret in the L? sense:

(5.49) J(c) = \//Q(c(x,y,T) —co(z,y))? de.
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The solution strategy applied in this subsection uses IP1 elements with SUPG stabilisation
and Crank-Nicolson timestepping with implicitness 6 = % The fixed timestep is chosen
based on the mesh refinement level. Linear systems arising during the time integration are
solved using GMRES with SOR as a preconditioner. Whilst the system at each timestep
could be solved in one iteration using LU as a preconditioner, an iterative approach is
preferred to avoid assembling the associated matrices on meshes with many DoFs.

Figure 5.12 shows the initial condition and final solution field for a fixed mesh simulation
in a IP1 space with 6,561 DoFs and timestep At = 0.0025. Clearly, the final solution is
far from the analytical solution. The relative L? error (as evaluated on the fixed mesh) is
61.20%. The initial condition itself is poorly represented on this mesh, so we cannot expect
a high quality simulation. Subfigure 5.12b exhibits the ‘shark tooth’ mesh imprinting due
to uniform meshing referred to in the motivation for this chapter.

00 0.1 02 03 04 06 06 07 08 09 10

(A) Uniform mesh (B) Initial solution (¢) Final solution

FIGURE 5.12. Base mesh used for the ‘Bubble Shear’ test case, along with
initial and final solutions obtained using a IP1 space defined upon it. The
fixed mesh has 12,800 elements and 6,561 vertices.

For mesh adaptation based on the space-time normalised Hessian metric, Figure 5.13
illustrates the initial and final tracer concentration, along with corresponding meshes. The
time interval is split into 50 uniform subintervals and Hessian metrics are accumulated
in time using L' normalisation. The number 50 was chosen as a compromise between
having sufficiently frequent adaptation to resolve the shearing bubble, versus avoiding
high computational cost and interpolation error. L! normalisation is also applied in
space. Clearly, the discontinuous initial condition is much better represented by these
anisotropic elements than by a uniform mesh, despite the fact that continuous finite
elements are used. Further, the final solution is a much closer approximation of the
analytical solution than was attained on a fixed mesh. The computational cost and
accuracy of this implementation are quantified later in this subsection.

Figure 5.14 shows further snapshots at intermediate times. Observe that both the DoF
count and maximal anisotropy grows towards the middle of the simulation period, when
the tracer cloud is most distorted. As a consequence, the arc of the sheared bubble is
captured very well.

By increasing the target space-time complexity, Cy, we are able to perform adaptive runs
with more DoFs overall. Subfigure 5.15a shows a plot of relative L? error at the final



5.8. Numerical Experiments 121

N

VPRY
L

VA

=
I,
IPRRISESRR
S
VAN

iy

2z

oo

K
A
f
I
N

=

=

VAF
%)

,

Z
A

7

2

==
SO NRSE s
SESos >

~
ISSE
N

S
RIS %

)
i
@ﬂ
AN
i
0
2>

ZZ

VA=

=

7
%
i
)

N
Y,

=
7

=

2
7
i
7

=

L
v
SA VAV

2%

£
7
%
2
Ve

AT
V2202

(B) t =T (15,618 elements, 7,882 vertices, max. aspect ratio 19.1)

FIGURE 5.13. Initial and final solutions for an adaptive simulation of the
‘Bubble Shear’ test case, using a space-time L' normalised Hessian-based
metric.

time against mean DoF count over the fifty meshes considered. In this experiment, the
(constant) timestep is adjusted according to the target space-time complexity. The two
different accumulation methods for the Hessian metric — L' normalisation (integration)
and intersection — are compared against uniform refinement. Clearly, both methods en-
able greatly improved convergence curves than uniform refinement, in terms of L? error
vs. mean DoF count. The shape of the two curves due to the Hessian metric are similar,
although metric intersection tends to deploy more DoFs, for the same accuracy. It is
expected that intersection will use more DoFs in general, but it is interesting that the
accuracy is not noticeably improved by doing so.

Subfigures 5.15b and 5.15¢ show corresponding plots involving overall run times. For
uniform refinement, these run times account only for PDE solves. For the adaptive cases,
the CPU times associated with mesh adaptation and interpolation are included. It is
interesting to observe that, whilst intersection uses more DoFs to attain a similar accuracy,
the overall run times are comparable to L' normalisation. This illustrates that DoF count
is not necessarily a good proxy for computational cost in the context of time-dependent
simulations. It should be remarked that a minimum iteration count of three was imposed
on the mesh adaptation fixed point iteration in both cases. If this was not the case, it is



122 Chapter 5. Metric-Based Mesh Adaptation

(A) t =T/4 (13,611 elements, 6,850 vertices, max. aspect ratio 23.1)

aspect ratio 37.5)

A

SANSVAVAY

Yy

SRR \%{%\
AN \

i i
AT

il
A
o

7
)
1

%
vA!
4

7

.
.
=

NN
SN

NE

n

SN
RS

(c) t =3T/4 (16,920 elements, 8,514 vertices, max. aspect ratio 34.5)

FIGURE 5.14. Intermediate solutions for an adaptive simulation of the
‘Bubble Shear’ test case, using a space-time L' normalised Hessian-based
metric.

plausible that a simulation with more DoFs overall converges in fewer iterations than one
with fewer DoFs, leading to a shorter run time.

Figure 5.16 shows DoF counts for the meshes associated with each of the 50 subintervals.
Both accumulation by L' normalisation and intersection are considered, as well as a range
of target metric complexities, Cr. In both cases, the DoF count peaks around halfway
through the simulation, when the tracer bubble is at its most distorted. This is consistent
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with the observations in Figure 5.14. It appears that, under L' normalisation, DoF count
ramps up from a relatively small initial value and peaks sharply at the halfway point.
Under the latter approach, the DoF count does not reach as high a peak and is less
varying over the second half of the simulation. Given the wider range of DoF counts, the
bar charts due to L' normalisation makes more use of the fact that h-adaptation methods
can have varying numbers of DoFs in time, as well as space. This fits with the spatial L'
normalisation concept, which is the most multi-scale, out of all spatial LP normalisation
methods.

In summary, the time-dependent metric-based framework has been validated for a 2D
tracer transport problem with an analytical solution. For the setup considered, a reduction
in L? error of 20% or more is attainable for the same overall CPU time, as compared
with uniform meshing. Two methods for accumulating metric information in time have
been considered, both of which are demonstrated to be effective in attaining the above
improvement. Whilst the two methods deploy DoFs differently in both time and space,
they are found to require a similar cost in order to attain the same accuracy.
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FIGURE 5.16. DoF counts for the meshes associated with each subinterval
for Hessian-based simulations of the ‘Bubble Shear’ test case, under two
accumulation methods.



CHAPTER 6

Monitor-Based Mesh Adaptation

Motiwvation. As discussed in Chapter 5, the Riemannian metric framework is not spe-
cific to any particular mesh adaptation method, enabling the incorporation of anisotropy
under h-adaptive, r-adaptive and hybrid methods. This chapter focuses on a similar
framework, which is only relevant for r-adaptation: adaptation driven by monitor func-
tions.

Like a Riemannian metric, a monitor function is a strictly positive field defined over
the spatial domain, which prescribes where the mesh should be refined or coarsened.
However, monitor functions are scalar valued, rather than tensor valued. They convey
the concept of mesh density, in the sense that high mesh resolution (i.e. high element
count) is prescribed where the monitor function takes a large value. Conversely, low mesh
resolution is prescribed where the monitor function takes a small value. What is meant
by large or small should be understood in a relative sense. The mechanism by which
alterations of the mesh geometry are prescribed is called equidistribution. A mesh is said
to equidistribute the monitor function if the volume integral thereof is equal across all
elements. This notion was first introduced by [White, 1979|, with the monitor function
relating to the arc length of a one dimensional solution field.

It is also possible to extend the monitor-based framework to the tensor case, allowing for
control of anisotropy (see |[Huang and Kamenski, 2015]). However, scalar monitor
functions were found to be sufficient for the experiments documented in this chapter.

Restricting to r-adaptation means losing the capability to alter mesh topology. In cases
where important flow features traverse the entire domain, this can involve major changes
to the mesh geometry, introducing severe element stretching, as shown in subsequent
numerical experiments. In extreme cases, elements can become so stretched that they
experience a change of orientation, rendering them invalid. This phenomenon, known as
mesh tangling, can cause major issues for the r-adaptation algorithm and/or PDE solvers
built upon the adapted mesh.

Despite the disadvantages of losing h-adaptation capability, pure r-adaptation has a num-
ber of desirable numerical and computational properties. The fixed topology means that
r-adaptation methods are typically simple to parallelise, since there is no need to mod-
ify the parallel decomposition when the mesh is modified. Moreover, r-adaptation can
be used with directly addressed meshes. The implementation of r-adaptation can often
be straightforwardly achieved in a variational framework, and in particular within the
same finite element package as the PDE solver is written. This reduces dependency on
external libraries and gives heightened flexibility. For some forms of r-adaptation, such
as Lagrangian type methods, the transfer of data between meshes by remapping may be
avoided, implying reduced interpolation error.

The main focus of this chapter is on optimally transported mesh movement driven by
solutions of a Monge-Ampére type equation. Such an approach has been advocated in a

125



126 Chapter 6. Monitor-Based Mesh Adaptation

number of recent papers on mesh movement applied to geophysical flows, including [Budd
and Williams, 2009, Budd et al., 2013, Weller et al., 2016, McRae et al., 2018|.
Optimal transport based methods enable the tracking of features of the solution field held
to be of importance, whilst minimising deformations to the mesh geometry. They also
come with the advantage of having inbuilt avoidance of mesh tangling. However, the
Monge-Ampére equation is a nonlinear PDE which can be computationally expensive
to solve to a high tolerance. This means that it is unclear whether the improvement
in solution accuracy afforded by this mesh movement method is worth the additional
computational expense.

Nowel Contributions. The main novel contribution in this chapter is the application of
optimal transport based mesh adaptation methods to a sediment transport problem, as
presented in [Clare et al., 2020]. For a test case describing the erosion and deposition of
a bathymetry trench, a number of experiments are performed regarding mesh adaptation
parameter choices. First, the effect of solver tolerance for the Monge-Ampére equation
is assessed. This is motivated by the idea that, with a relative tolerance as large as
O(107*) — or even O(1073) — the computational cost may be reduced significantly, making
the method a more viable choice. The effect of the mesh movement frequency is also
assessed. Adapting the mesh every timestep is usually prohibitively expensive, so it would
be motivating to be able to adapt less often and still retain significant improvements in
accuracy. Finally, parameters related to the choice of monitor function are considered, to
inform future moving mesh sediment transport simulations.

Chapter Organisation. The chapter is organised as follows. Section 6.1 formulates the
concept of mesh tangling mathematically and illustrates how it can occur in a Lagrangian
r-adaptation method. The use of global remeshing as a de-tangling tool is also demon-
strated. In Section 6.2, the concept of mesh equidistribution is introduced and then used
to define a mesh adaptation method which optimally transports a user-specified monitor
function in Section 6.3. This mesh adaptation routine and the underlying monitor func-
tion framework are tested in Section 6.4, including a comparison of monitor combination
methods. Numerical experiments in Section 6.5 demonstrate the application of this -
adaptation method to an established sediment transport modelling test case referred to
above, with experimental data available due to [Van Rijn, 1980]. In these experiments,
it is shown that, with appropriate parameter tuning, it is possible to attain a higher ac-
curacy than the fixed mesh case, for a comparable computational cost. The terms mesh
movement and r-adaptation are used interchangeably throughout.

6.1. Mesh Tangling

As discussed above, mesh tangling is an important consideration for mesh movement al-
gorithms. Adaptation in these cases is driven solely by changes to the mesh coordinates,
which may be interpreted as positional changes to the mesh vertices, i.e. a (IP1)" coordi-
nate field (assuming a linear mesh). These changes, in turn, alter the geometry of mesh
elements. If vertices move in such a way that they never cross an edge, mesh orientation is
preserved. However, if they do cross, then the orientation of at least one element changes.
This is what we call mesh tangling.

For some test cases, such as where mesh vertices are simply advected in a uniform or
rotational velocity field, tangling issues do not arise even with simple Lagrangian mesh
movement methods. Consider, for example, the classic rotational advection test case
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described on pp.649-653 of [LeVeque, 1996|. If the flow is even slightly non-uniform,
however, mesh tangling can arise.

Recall the transformation from the reference element K to a mesh element K € H,
as given in (2.26). The cell Jacobian Jg in this affine map conveys a sense of how

K gets distorted in shape and orientation. The sign of the determinant is negative if
an orientation change has occurred. Mesh tangling occurs when det(Jk) changes sign
following mesh adaptation.

Subfigure 6.1a shows a mesh with an inverted element. One means of remedying this
inversion is to apply a remeshing step. This involves the regeneration of the entire mesh or
a local patch thereof. An example of a local remeshing method relevant to tangled meshes
is the application of a de-tangling algorithm, such as [Stees and Shontz, 2018]. Here
we use a simple global remeshing method given by passing the vertices of the (tangled)
mesh to a mesh generator — in this case the implementation of constrained Delaunay
provided by the 2D triangular mesh generator, triangle [Rhufat, 2020]|. Subfigure 6.1b
demonstrates de-tangling by remeshing in this way. An alternative approach is to apply
a h-adaptation method in the static sense.

(A) Before remeshing (B) After remeshing

FIGURE 6.1. A mesh with an inverted element and a remeshed version
using triangle.

6.1.1. Lagrangian Mesh Movement. In order to illustrate mesh tangling during
a PDE solve, we consider a very simple mesh movement method.

Aside from the Coriolis term, which represents the effects of a rotating frame of reference,
this thesis focuses on the Eulerian interpretation of physics. That is, fluid dynamics and
tracer transport are considered in a fized frame of reference. In contrast, the Lagrangian
interpretation considers frames of reference moving with the fluid. In the context of
coastal ocean modelling, such an approach is useful for tracking objects — such as buoys
— which are transported by currents and tides. The Lagrangian interpretation lends itself
well to particle-based, meshless methods, such as smooth particle hydrodynamics [Lucy,
1977, Gingold and Monaghan, 1977|.

Suppose we have a time-dependent PDE involving an advective velocity u, which has
been discretised on a mesh H with coordinates §&. Consider the subset of r-adaptation
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methods for which the mesh transformation can be expressed in terms of a mesh velocity
v, through the relation

(6.1) Ccll—); =v(,t).
£

Lagrangian mesh movement methods are those for which the coordinate field is trans-
ported by the fluid velocity, i.e. v := u. Equation (6.1) may be coupled to the prognostic
equation by subtracting v from the fluid velocity u multiplying the advection term. Since
v = u in the Lagrangian case, the advection term simply drops out of the equation. The
Eulerian case may be recovered by setting v := 0. Other choices of v are also possible,
giving rise to Arbitrary Lagrangian-Eulerian (ALE) type methods (see [Donea et al.,
2017|, for example).

A major advantage of moving the mesh with the flow is that advection errors are avoided
in the resulting numerical schemes. However, if no precaution is made for mesh tangling
when the mesh velocity is subtracted from the fluid velocity then issues can arise for
non-trivial flows, as shown in the following subsection.

6.1.2. Bubble Shear Test Case. Consider again the ‘Bubble Shear’ test case in-
troduced in Subsection 5.8.4. As illustrated in Subfigure 5.12¢, serious numerical diffusion
is introduced under the (fixed mesh) Eulerian interpretation, unless a small element size
is prescribed. We apply mesh movement in an attempt to avoid this without increasing
DoF count. Mesh movement equation (6.1) is time integrated using Crank-Nicolson with
implicitness # = %

In order to accurately capture the initial condition, the methods later introduced in Sec-
tion 6.3 are used to obtain a mesh with increased mesh resolution surrounding the initial
tracer cloud. This ensures that the (discontinuous) jump in tracer concentration is well-
resolved, even with a IP1 function space. In the following we demonstrate that, despite the
fact that we have a pure advection problem, it is not sufficient to apply this monitor-based
approach and then advect the mesh in a Lagrangian sense.

(A) Initial mesh (B) Zoom on refined region  (c) Initial tracer concentration

FIGURE 6.2. Initial mesh and tracer concentration for ‘Bubble Shear’ test case.

Given the initialisation shown in Figure 6.2, the snapshots in Figure 6.3 show advected
meshes. Elements are clustered very densely around the boundary of the initial tracer
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cloud and their advection leads to inverted elements after 75 timesteps. The solver man-
ages to withstand these invalid geometries until timestep 196, when 478 of the 12,800
elements are inverted. After this, the mesh is completely deformed and both the domain
volume and solution norm grow rapidly. This is clearly unrealistic in a problem concerned
with the advection of a fixed tracer quantity.

(A) Timestep 65 (B) Timestep 131 (¢) Timestep 196

FIGURE 6.3. Snapshots of Lagrangian mesh movement under the velocity
field in the ‘Bubble Shear’ test case, starting from the initial mesh shown
in Subfigure 6.2a.

Consider applying the same remeshing as in Figure 6.1 whenever an element becomes
tangled. Doing this ensures that the PDE is always solved on a valid mesh. However,
it leads to rather unsatisfactory elements which do not accurately represent the solution
field, as demonstrated in Figure 6.4. Since the problem is pure advection, there are only
two sources of discretisation error: the timestepping routine and the mesh-to-mesh data
transfer. The mesh topology is only ever modified by connectivity changes, so one valid
choice of mesh-to-mesh data transfer for the IP1 fields used here is to just hold the value
at each vertex fixed. This is equivalent to linear interpolation at the vertices and is exact
in the /P sense because the vertices (resp. quadrature nodes) of the source and target
meshes (resp. function spaces) are identical. If a different approach is used, such as
conservative interpolation, this becomes the main source of error (assuming a sufficiently
small timestep so that timestepping errors are negligible).

Figure 6.5 shows the mesh and solution field at the final time, in the case where conser-
vative interpolation is used for the mesh-to-mesh data transfer. Since the velocity field is
periodic, we expect the mesh vertices at the final time to be positioned as in the initial
mesh. That this is the case (up to small time integration errors) is shown by comparing
the close-ups in Subfigures 6.2b and 6.5b.

All of the artefacts due to constrained Delaunay unwind when the velocity field re-
verses. Whilst the vertex positions are almost identical, the remeshing has clearly reduced
anisotropy in the curve of increased refinement. This is because triangle seeks to minimise
aspect ratio of elements in the triangulation. Where before the domain volume grew un-
controllably, it is almost conserved in this case, with error 0.01%. (This small discrepancy
is due to errors in the vertex positions introduced by the timestepping scheme.) However,
comparing Subfigures 5.12¢ and 6.5c, we observe that the final tracer solution is of much
worse quality than the fixed mesh case. Again, this would not be the case if vertex-wise
solution data were simply held fixed during mesh connectivity changes.
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FIGURE 6.4. Snapshots of a Lagrangian mesh simulation of the ‘Bubble
Shear’ test case with tangling fixed by remeshing.
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(A) Final mesh (B) Zoom on refined region  (¢) Final tracer concentration

FIGURE 6.5. Final mesh and tracer concentration for a Lagrangian simu-
lation of the ‘Bubble Shear’ test case with tangling fixed by remeshing.

Alternatively, we could apply a h-adaptive method, instead of remeshing. In the case of
Pragmatic, this means applying the steady-state fixed point iteration with a metric con-
structed from the Hessian of the tracer solution (say). Doing so means we do not benefit
from the space-time normalisation techniques available in the metric-based framework.
Under h-adaptation, linear interpolation is clearly no longer P-exact — fP-exactness does
not even make sense.

Whilst de-tangling tools, static h-adaptation and remeshing provide possible approaches
for avoiding tangled meshes, it is entirely possible that a mesh movement algorithm,
which has led to tangling, will do so once again once the mesh has been de-tangled,
requiring further applications of the de-tangling routine. For mesh movement driven by
error indicators, for example, a mesh tangles because the error indicator has told the mesh
to move in such a way that it tangles. De-tangling means going against what the indicator
dictates; undoing it will likely go against this. Further, it is difficult to predict in advance
how often the mesh will tangle, meaning the overall computational cost cannot be easily
assessed in advance.

In summary, the demonstration in this section motivates the use of r-adaptation methods
which ensure that mesh tangling never occurs, as opposed to dealing with it whenever
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it occurs or is about to occur. Monitor-based mesh adaptation driven by solutions of
Monge-Ampére type equations, as described in Section 6.3, is an example of one such
method.

6.2. Equidistribution

A mesh movement problem may be interpreted as the search for a transformation between
a fixed computational domain, )¢, and a physical domain, Qp:

(62) X QC — Qp.

More specifically, we seek a discrete representation of (6.2) such that, for a given mesh
of the computational domain, H¢, a mesh of the physical domain is determined by the
image:

(6.3) Hp = x(He).

In practice, we usually do not obtain the map (6.2) itself; really we are only interested
in its image, in a similar way to how a matrix-vector product can be computed using
a matrix-free method. Since this chapter is concerned with r-adaptation strategies, the
map is defined such that meshes Ho and Hp are topologically equivalent.

In general, computational and physical domains admit infinitely many transformations of
the form (6.2). To make the mesh movement problem well-posed, we impose constraints on
the transformation. One approach is to assert that some user-provided monitor function
is equidistributed in the adapted space.

A consequence of the Radon-Nikodym Theorem (see [Capinski and Kopp, 2013|, for
example) is that, for any non-singular map (6.2), there exists a unique (monitor) function
m : Qp — (0, 00) which satisfies

(6.4) / d¢ = m dz, VR C Qc.
R x(R)
In [Budd et al., 2009, it is shown that (6.4) gives rise to a nonlinear PDE
m dz
(6.5) m detJ =60, where 60:= fQP— and J := %
Joo d¢ 9

is the Jacobian of the map w.r.t. the computational coordinates, €. Equation (6.5) is
called the equidistribution relation.

The normalisation coefficient # > 0 exists to ensure that the domain volume is conserved.
This is important when the domain boundary is allowed to deform, whereby its volume
changes. If boundary deformations are not allowed (or constrained in some way) then
appropriate boundary conditions must be enforced when solving (6.5).

Observe that the monitor function plays a very important role in (6.5). If it is constant
then the Jacobian is determined by boundary deformations alone. In the case of no
boundary deformations, this implies a mesh whose elements have uniform volume. If,
however, the monitor function is not constant and takes larger values in some region of
the domain than elsewhere, then the Jacobian determinant is forced to be smaller in that
region than elsewhere. When (6.5) is used to drive a mesh movement algorithm, the result
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is that mesh elements have a smaller volume in said region. As such, we may interpret
the monitor function as a ‘mesh density’.

In the above, we have implicitly assumed that the computational and physical domains
are fixed in time. For time-dependent simulations, it is often desirable to have a physical
mesh which moves as time progresses. For example, it is common to consider monitor
functions which are dependent on solution fields from another PDE which is solved on the
physical mesh. All that is required in order to incorporate this is to allow m to vary with
time, which implies changes to both the normalisation coefficient and physical domain.
Whenever we desire that the mesh be moved, the equidistribution system is solved and
the new physical coordinates are computed. The computational domain and mesh remain
fixed for all time. See Section 2 of [Clare et al., 2020] for an explicit mathematical
rendering of the time-dependent case.

For one dimensional problems, the determinant of the Jacobian is simply the first de-
rivative and (6.5) is well-posed (assuming appropriate choices of monitor function and
normalisation coefficient). For two or more dimensions, additional constraints must be
imposed in order to obtain a well-posed problem. A constraint choice based on optimal
transport theory is discussed in the following section, although it is by no means the only
option available.

6.3. Optimally Transported Mesh Movement

6.3.1. The Monge-Ampére Equation. The ultimate goal of mesh movement is
to obtain the map (6.2) between the computational and physical domains. The idea
of optimal transport is for this map to take the minimum amount of work in terms
of deformation of the computational space. That is, it seeks to solve the optimisation
problem
(6.6) oo 1x(&,t) — &llz2(0c)  subject to  (6.5).

Surprisingly, (6.6) admits a unique solution. In [Delzanno et al., 2008| (for example),

it is proved that the solution takes the form x = V¢, where ¢ = ¢(£,¢) is a convex
potential. Alternatively, the form

(6.7) x(§) = &+ Ve (£),

can be used, where ¢ 4+ 3£ - € is convex. An advantage of the (6.7) version is that it
extends to manifolds other than Euclidean space [McRae et al., 2018|.

Substituting the additional constraint (6.7) into equidistribution relation (6.5) gives a
nonlinear PDE of Monge-Ampére type,

D¢
6.8) m det(L + H(¢)) =0, where H(p);; ==
denotes an entry of the Hessian of ¢ and I is the identity matrix. For a given choice of
monitor function and boundary conditions defining boundary deformations, (6.8) may be
solved for the scalar potential, ¢. Substitution into (6.7) then determines the map, which
is used to drive the mesh movement.

If (6.8) is solved to a high tolerance, we have grounds to claim that the resulting meshes are
optimally transported w.r.t. the monitor function. Whilst this is mathematically desirable,
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it comes with computational expense. In practice, for the purposes of tracking features
in coastal flows, preliminary testing in Section 6.5 indicates that it is sufficient to solve
to a relative tolerance of O(107%) or even O(1073). Whilst this will likely reduce the
computational cost of the mesh movement algorithm, we are no longer able to claim that
the mesh is optimally transported.

The theory underpinning the solution of Monge-Ampére type equations such as (6.8)
requires a degree of domain convexity (see Theorem 4.3 of [Budd and Williams, 2009)).
Coastlines are fractal, meaning that any coastal domain is inherently non-convex. This
is usually still true when the coastline is approximated as piecewise smooth. As such, a
major criticism of the mesh movement method discussed in this section is that it is not
designed to handle coastal geometries. However, as remarked in [Clare et al., 2020], the
inclusion of certain types of wetting-and-drying scheme in the hydrodynamics solver allows
the circumnavigation of such issues. That is, the total domain can be chosen to be a convex
superset of the oceanic domain of interest. This is possible with the wetting-and-drying
scheme developed in [Karnd et al., 2011|, which advocates a modified (everywhere
positive) water depth, as opposed to classifying cells as ‘wet’ or ‘dry’. This means that
the prognostic and mesh movement equations are always solved over the total domain,
rather than over potentially non-convex subdomains. It also means that islands within the
domain do not pose issues for the mesh movement solver. Whilst wetting-and-drying is
not used in the numerical experiments presented in this thesis, the application of Monge-
Ampére mesh movement methods to hydro-morphodynamic models with wetting-and-
drying was addressed in [Clare et al., 2020].

6.3.2. Mesh Tangling. As motivated at the end of Subsection 6.1.2, mesh movement
driven by solutions of the Monge-Ampére equation is constructed such that mesh tangling
cannot occur. Given the relation in (6.5), it must be the case that det J > 0, since both
the monitor function and normalisation coefficient are strictly positive. This implies that
no two vertices of the original mesh can meet and no two edges of the original mesh can
meet. However, it should be noted that this is only true provided that (6.8) has been
solved to a sufficiently high accuracy.

6.3.3. Finite Element Discretisation. In this subsection, we describe the strategy
used for solving (6.8) in this thesis.

We opt to solve this nonlinear elliptic equation using parabolisation, introducing a ‘pseu-
dotime’ variable, 7, as well as a ‘pseudotimestep’, A7 > 0. Parabolisations for equations
of Monge-Ampére type equations were investigated in detail in [Budd and Williams,
2009]. Herein, we adopt the related approach advocated in [McRae et al., 2018]|:
(6.9) - a%v?gb =m det(I + H(¢)) — 6.

The idea is that, if we integrate (6.9) in pseudotime, the solution should approach steady
state, whereby the pseudotime derivative term drops out and we recover solutions of
(6.8). That this occurs is proved in [Awanou, 2015]|, assuming an appropriate choice of
pseudotimestep and that the initial guess is sufficiently close to the solution. Throughout
this chapter, a value A7 = 0.1 is found to be sufficient for practical purposes.

For the pseudotime integration, it is sufficient to use explicit Euler. For the spatial
discretisation, we follow [McRae et al., 2018| in using mixed FEM. Suppose the
potential ¢ € H?*(2) and its Hessian H € L?*(Q2) may be approximated in a finite
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dimensional function spaces W, C H?*(Q) and ¥, C L*(2). A sequence of iterates
{(&™ HM) € (U}, S)) ren is generated by first applying explicit Euler as

6.10) (Ve Vo) = (Vo Vo)) + A (6, m det(I+ H\P) ~0), ¥ € W,
and then recovering the Hessian using an L? projection:

k+D\ _ . (k+1) P (k+1)
(6.11) <g, H, > = <V o, Vo, > + <g n, Vo, >aQ’ Vo € ¥y,.

In this thesis, we choose both ¥, and >;, to be IP1 spaces of appropriate dimension.

For steady-state problems, H ,(f) in (6.10) is initialised to zero, as well as for the first

timestep of a time-dependent problem. This resembles the implicit assumption that the
physical and computational meshes initially coincide.

In the time-dependent case, the algorithm is simply applied at whichever timesteps we de-
sire the mesh to be moved. The choice of initial guess is important; if the same initial guess
is used for every mesh movement timestep then the map (6.2) will be constructed from
scratch every time. With a naive initial guess that the Hessian is zero, the parabolised
system (6.10)—(6.11) takes as many as 50 or 60 iterations to solve for the test case con-
sidered at the end of this chapter. This implies a prohibitively high cost if it is to be
paid frequently. However, under the assumption that the mesh movement does not in-
duce large changes from one timestep to the next, the value of ¢ generated by one mesh
movement step provides an effective initial guess for the next and enables convergence in
one or two iterations. This assumption is valid, provided the timestep is sufficiently small
and the mesh is moved sufficiently frequently.

6.3.4. Monitor Function Choice. Mesh movement algorithms driven by solutions
of Monge-Ampére type equations such as (6.8) are examples of monitor-based mesh adap-
tation, in the same way that the approach described in Chapter 5 is metric-based. The
monitor function plays a crucial role and hence it is of the utmost importance that it is
chosen appropriately.

Suppose there exists some scalar field of interest u which we would like to accurately
represent on a mesh. This could be a solution field from a PDE, for example. Intuitively,
it makes sense to deploy mesh resolution where u is changing significantly. As such, one
obvious candidate monitor function involves the point-wise £? norm of the gradient:

gradient v Vu-Vu

(6.12) me =1+ a>0.

Q ) =z

|| V Vu - Vu||Loo(Q)
In practice, Vu is approximated using a recovery technique when computing (6.12). Note
that the gradient contribution to the monitor function is normalised in the L*> norm.
The positive constant — here unity — is not important. What is important is the ratio
of the other term to this constant. Under r-adaptation, the mesh size is fixed, meaning
an overall scaling factor is redundant. If & = 0 then the monitor function is constant,
meaning uniform element volume is prescribed. Otherwise, it determines the extent to
which high magnitude gradients are to be resolved.

As well as slopes of u, curvature often plays an important role. The monitor function
H - H
() H{ o

“WHw Hmw

(613) mHessian =1 +

«
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focuses on such information, involving the point-wise Frobenius norm of the Hessian.
Accounting for regions where the curvature of u is significant enables the accurate capture
of transitions between regions where u is sloped and where it is relatively unchanging.
Again, a recovery technique is required to approximate the Hessian.

A natural way to incorporate information on sizes due to a Riemannian metric into a
scalar monitor function is to use the (metric) density of the absolute Hessian, |H|, (as
defined in (5.5)) in place of the Frobenius norm. Doing so provides a neat connection
between the metric-based and monitor-based frameworks.

The above monitor functions may also be combined. For example, we can take the point-
wise maximum. Doing so is analogous to metric intersection:

(6.14) my N mg = max{ms, ma}.

Similarly, we have an analogue of the metric average. The property that intersected
metrics have higher complexity than their constituents carries over, in the sense that
my1 Nmo > my and mq N my > my. These inequalities should be understood in the local
sense, since global scaling has no effect.

Monitor function smoothness is important for the convergence of the mesh movement
algorithm. If the monitor is strongly focused on a sharp interface, for example, an in-
feasibly large number of mesh elements may be required along the interface in order to
satisfy the equidistribution relation. If the discretised Monge-Ampeére equation becomes
too ill-conditioned then r-adaptation cannot advance. In the experiment considered in
Subsection 6.5, we found that applying monitor functions of the form (6.12) or (6.13) led
to exactly this. In order to avoid such issues, it can be useful to apply diffusive filters to
ensure smoothness of the monitor function, with the caveat that excessive diffusion will
presumably mean a less desirable mesh. In subsequent experiments, the latter monitor
function is smoothed by interpreting the Frobenius norm in (6.13) in the element-wise
sense and then projecting this PO field into IP1 space. Galerkin projection is a diffusive
operator (recall Subsection 2.8.3) and this is an example in which numerical diffusion
is beneficial, similarly to SU(PG) stabilisation methods. However, there is little control
available in such an approach and a simpler, more flexible approach would be to apply
Laplacian smoothing, as described in Section 4.2 of [Clare et al., 2020].

6.4. Numerical Experiments

In this section we test the monitor function construction strategies and operations in-
troduced in this chapter, as is done for the metric-based framework in Section 5.8. It is
verified that monitor functions based on the Hessian of a quadratic function yield uniform
meshes. In addition, comparisons are made between combining information due to two
monitor functions by either averaging or intersection.

6.4.1. Recovery. Recall the experiment in Subsection 5.8.1, which demonstrates
that a Hessian metric for a quadratic sensor is isotropic. The same can be achieved using
a monitor function based on the Hessian Frobenius norm or metric density. Starting with
the same uniform mesh as in the previous experiment, the mesh movement algorithms
built on these monitor functions converge immediately, since they are unity and this is
equidistributed by a uniform mesh.
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6.4.2. Intersection vs. Averaging. Recall the comparison of metric intersection
and averaging in Subsection 5.8.3. We now make the same comparison for monitor-based
methods. Similar to the sensors defined in (5.47), define monitor functions

mq(z,y) =1+ aexp (—ﬁ |0_5 - - y2|)

(6.15)
mo(z,y) =1+ aexp (— |05— 1—x)?—

vl

with «, 5 > 0. The a parameter controls the prominence of the arc, whereas 3 controls
its width. The cases of very large o or very small S are ones in which non-smoothness
issues can arise. We choose @ = 8 = 10 in order to have narrow, prominent arcs.
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FIGURE 6.6. Meshes adapted to two different analytically prescribed mon-
itor functions (6.15), as well as the average and intersection thereof.

Solving the Monge-Ampére problem to relative tolerance tol = 1078 on a 100 x 100
uniform square mesh, with each square subdivided into triangles, yields the meshes shown
in Subfigures 6.6a and 6.6b. The arc is more prominent in Subfigure 6.6a, because the
upper-left to lower-right diagonals align with the curve of the arc.

As in the combination experiment for metric-based methods, the overall resolution of the
arcs is higher for intersection than for averaging, as expected. This is particularly evident
for the arc due to mq, for which the element diagonals are aligned. Consequently, the mesh
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due to monitor intersection is coarser and more distorted away from the high resolution
zones. Averaging, on the other hand, leads to smoothing of the element size transition.

6.5. Migrating Trench Test Case

This section is based upon experimental results presented in |Clare et al., 2020|. The
same test case setup is used. However, the experiments have been rerun with some modi-
fications. These include sampling element count so as to emulate uniform refinement and
an additional experiment on the impact of solver tolerance upon accuracy. All modified
experiments were conducted by the author of this thesis.

The numerical experiments conducted in this section use the equal order IP1ps — IP1pg
finite element pair for the shallow water equations. We refer to [Clare et al., 2021| for
details on the hydro-morphodynamic model and the discretisation thereof.

The ‘Migrating Trench’ test case was presented in Section 4.1 of [Clare et al., 2020|.
Given the spatial domain = [0,16] x [0,1.1]m?, the erosion of a bathymetry trench
with initially sharp transitions in slope is modelled under constant inflow and outflow
conditions. Both suspended and bedload transport are simulated for 15 hours, after
which time the resulting bathymetry profile is compared against experimental data due
to [Van Rijn, 1980].

The initial trench is shown in Figure 6.7. Note the discontinuous gradients at the transi-
tions between flat and sloped sections.
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FIGURE 6.7. Trench profile for the ‘Migrating Trench’ test case.

The problem is effectively 1D because the bathymetry only changes in the z-direction
and the boundary conditions are symmetric in the y-direction. However, we adopt a 2D
domain for two reasons: (a) for consistency with the experimental data in [Van Rijn,
1980, which were obtained in a 16 m x 1.1 m tank, meaning the dynamics were not fully
1D; and (b) to allow for a straightforward extension to the test case with variation in the
y-direction presented in Section 4.2 of [Clare et al., 2020|.

The test case was also used in [Clare et al., 2021] for hydro-morphodynamic model
validation on a fixed uniform mesh; see that work for details on the problem specification
and calibration of the diffusion coefficient. For the purposes of computational efficiency, a
morphological scale factor of 100 is used in order to artificially accelerate the dynamics one
hundred-fold. For consistency, the same timestep At = 0.25s is used for all experiments,
unless otherwise stated. Implicit Euler time integration is applied.
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We assess the approximation quality of mesh adaptive simulations using a discrete Qol
obtained as the ¢2 error between the solution bathymetry field b and the experimental
data b°™ at the terminal time. Quality is assessed when varying a number of different
parameters. The ¢2 error is evaluated at the same 31 data points along a cross-section in
the a-direction as sampled in [Van Rijn, 1980].

Qverall Mesh Size. Figure 6.8 illustrates the convergence of the Qol under uniform
mesh refinement. The (total) ¢? error presented in Subfigure 6.8a does not converge to
zero. This is because model error is at play, as well as discretisation error (recall (3.60)).
This is acceptable because discretisation error is what we ultimately care about in the
mesh adaptation context. Subfigure 6.8b shows the corresponding plot for discretisation
error alone. A convergence rate close to second order is observed.
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(A) Total error (B) Discretisation error

FIGURE 6.8. Qol convergence of the ‘Migrating Trench’ test case on uni-
form meshes. Modified based on plots presented in [Clare et al., 2020|.

In Subfigure 6.8b, observe that, with 40 elements in the z-direction (i.e. N, = 40), dis-
cretisation error has been reduced one hundred-fold. As such, in the following calibration
experiments for the mesh movement algorithm, we do not attempt to tune the parameters
for N, > 40, since the accuracy is already very good. Recall that the z-extent is more
than 14 times the y-extent. Five elements are used in the y-direction across all cases
considered; only the resolution in the z-direction changes.

Figure 6.9 shows snapshots of the mesh movement applied to a mesh with N, = 40, in the
case a = 2. It also shows the corresponding bathymetry field. Initially, the bathymetry
profile is flat in the regions [0, 5), (6.5,9.5) and (11, 16] and uniformly sloped in the regions
(5,6.5) and (9.5,11), as shown in the cross section in Figure 6.7. Accordingly, the mesh
is fairly uniform for most of both flat and sloped regions. Because the monitor function
is based on the Hessian and the sloped regions have a constant gradient, the initial mesh
is only refined around the transitions between flat and sloped sections, at {5,6.5,9.5, 11},
where the recovered curvature is greatest.!

As the simulation progresses, bedload transport acts to fill in the trench. Through pro-
cesses of erosion and deposition, it effectively becomes shallower and moves down the

IThe curvature is technically ill-defined at the transitions, due to discontinuous gradients. However, the
recovered gradient field applies a continuous approximation, which is rapidly changing at the transitions.
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channel. Indeed, by the final time, the trench starts where it previously ended, as shown
by comparing Subfigures 6.9a and 6.9d. As the bathymetry flattens, curvature is reduced
and the adapted meshes become near uniform over larger proportions of the domain.
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FIGURE 6.9. Snapshots of a moving mesh for the ‘Migrating Trench’ test
case with a = 2. The underlying mesh has 40 elements in the z-direction
and 5 in the y-direction. Modified based on plots presented in [Clare et al.,
2020|.

A monitor function based on the Hessian deploys mesh resolution most densely wherever
there is high curvature, meaning that the trench transitions should be well captured. It is
important to accurately resolve these transitions because they are the most notable bed
erosion features in this test case. In [Clare et al., 2020]|, we used mlesian although
we could also have used the Hessian metric density in place of the Frobenius norm. As
mentioned in Section 6.3.4, the Frobenius norm was re-interpreted in the element-wise
sense, to give a smoothing effect.

Monge-Ampére Solver Tolerance. Frequent mesh movement leads to heightened com-
putational cost, as shown later in this section. One reason for this is that if the Monge-
Ampére equation is solved to a high tolerance, then it can take many iterations for the
relaxation to converge. The tolerance here refers to a relative tolerance on the residual
of (6.10), which determines to what extent equilibrium has been reached. In Section 6.3,
it was suggested that it is often sufficient to only solve this equation to a low relative
tolerance, tol, such as tol = 107%, or even tol = 1073. Figure 6.10 shows the accu-
racy vs. computational cost trade-off due to solver tolerance, to see how large a tolerance
may be taken. Relative discretisation error against the converged high resolution run is
computed in the case a = 2.

As the tolerance is tightened, ¢ error converges to 43.33%, 3.598% and 0.9288% (to 4
significant figures) for the cases N, = 5, N, = 10 and N, = 20, respectively. In the
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first case, convergence is attained at tol = 1073, which comes with less than half of the
computation time required at tol = 107%. In the second and third cases, convergence is
attained at tol = 10™*, with around half the computation time than tol = 1078, Whilst
the error has not fully converged at tol = 1073, it could be claimed that it is sufficiently
close for practical purposes. Similar patterns were observed for other values of N,.

Whilst a tight tolerance comes with a high computational cost, it does not necessarily
yield a significant improvement in accuracy. the largest improvement displayed in Figure
6.10 is that due to tightening the tolerance from 107! to 1072 in Subfigure 6.10a and even
that is only an improvement of 5%. As such, we argue that tol = 1073 provides a good
compromise between accuracy and computational efficiency over a range of cases, cutting
the CPU time in half compared with tol = 1078, at least. It is used henceforth.

Mesh Movement Frequency. Another trade-off between accuracy and computational
cost is that due to the mesh movement frequency. Figure 6.11 shows this for three choices
of overall mesh size in the case o = 2. As mesh movement frequency is increased, com-
putation time increases monotonically, as might be expected. The relationship between
frequency and ¢? error is not as simple and is different for each mesh size considered.

In all three cases, we observe that adapting the mesh every five timesteps is prohibitively
expensive, requiring as much as six times the fixed mesh simulation time. Accordingly,
the discretisation error is reduced by at least 15%, 65% and 40% in the cases N, = 5,
N, =10 and N, = 20, respectively.

Moving the coarsest mesh often yields reduced error, although not much. This is because
mesh movement goes some way to improve the suitability of the discretisation for the
problem at hand, but there are insufficient DoFs to yield a highly accurate solution. The
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opposite problem appears on the finest mesh, where the accuracy is already quite good,
due to there being more DokFs. The case N, = 10 provides an example where mesh
movement is very effective, with just a small number of applications. For frequencies
1/360 or larger, the error effectively plateaus, indicating that more frequent adaptation is
not worth the additional cost. In this particular case, frequency 1/360 is very attractive
because it has a comparable cost to the fixed mesh simulation, yet reduces the error by
almost 70%.

Interestingly, adapting the N, = 20 mesh once before the simulation begins yields a better
error reduction than doing the same in addition to adapting halfway through. A similar
pattern is observed for N, = 40. This is likely due to the fact that monitor function
miessian g not normalised in time, i.e. it is only really valid for the time level at which it
was evaluated. Whilst adapting the mesh one more time improves its suitability at that
particular timestep, it does not guarantee suitability for subsequent timesteps. Similarly,
adapting just once at N, = 5 leads to a lower accuracy than using a uniform mesh.

For the mesh sizes shown, there is no obvious mesh movement frequency which simulta-
neously ensures significantly reduced error and comparable computational cost, across all
resolutions. In the case N, = 5, it is a fairly direct trade-off between cost and accuracy.
In the case N, = 10, adapting every 360 timesteps provides an excellent compromise.
In the case N, = 20, it is costly to attain error reductions of 40% or more (requiring
twice the CPU time of a fixed mesh simulation), so a frequency 1/120 is perhaps suitable.
For this particular setup, it appears that mesh movement is more effective on meshes of
small overall size, but not so small that there are insufficient DoFs to resolve the trench
profile. An important takeaway is that the application of mesh movement always leads to
a reduction in discretisation error, provided it is applied again after the initial remeshing.
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Monitor Function. Recall that the parameter o in (6.13) determines the extent to
which high curvature solution data are to be resolved. It is not obvious what an effec-
tive parameter choice would be for this test case. One approach would be to apply a
gradient-based optimisation technique. However, the implementation of this was beyond
the scope of [Clare et al., 2020|, because the resulting gradient computation requires
differentiation through the mesh adaptation routine. This implies the differentiation of
mesh-to-mesh interpolation, which was not currently supported in Firedrake when the
associated experiments were conducted. We propose this as future work. Instead, a range
of parameter values were sampled in order to deduce an effective choice.

Figure 6.12 shows discretisation errors for o« € [0, 15], for a range of mesh resolution
levels and mesh movement frequencies. At a glance, the three plots, which consider mesh
movement frequencies 1/40, 1/120 and 1,/360, have broadly similar features.
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Differences are more striking when comparing across mesh resolutions. At N, = 5, small
improvements in accuracy are attained for larger values of ae. At N, = 10, taking o« > 2
implies a significant reduction in error, although smaller reductions are achieved for larger
values. At N, = 20 and N, = 40, modest reductions can be made for a & 2, but values
larger than this are less effective. Worse still, taking o > 4 can actually lead to lower
accuracy than holding the mesh fixed (o = 0). Eventually the Monge-Ampére solver fails
to converge for a > 15. As observed previously, this is because the monitor function
becomes too focused on the most curved regions and becomes insufficiently smooth.
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It appears that the ‘optimal’ choice of « is more dependent on DoF count than on mesh
movement frequency and that, the more DoFs there are, the smaller a should be taken.
A choice o &~ 2 seems most appropriate for N, = 20 and N, = 40, whilst o =~ 4 is suitable
for N, = 10. In the case N, = 5, taking a € [10, 15| appears best, although the resulting
mesh movement algorithm does not reduce error significantly overall, because the overall
DoF count is too low to achieve this.

As discussed above, [Clare et al., 2020| contains an extension of this effectively 1D test
case so that the initial bathymetry varies in the y-direction. The same experiments as
above were performed, with similar results. The 2D results are omitted here for brevity.

Summary. As documented above, tuning the parameters associated with a mesh adap-
tation routine can be expensive in terms of both labour and computational cost. Even
once effective parameter choices have been established for a particular problem, there is
no guarantee that they will be of any use for others. If such studies are to be avoided,
lengthy experience with mesh adaptation tools and an in-depth understanding of the prob-
lem at hand are essential in order to make effective parameter choices. Nonetheless, we
did make some conclusions based on evidence as to what might be good parameter choices
in the context of hydro-morphodynamic modelling in [Clare et al., 2020|. Indeed, it
was established that some parameters are far more impactful than others.

The next and final chapter of this thesis discusses a mesh adaptation paradigm which
goes some way to reduce the number of tunable parameters, making for a simpler user
experience. Whilst remeshing frequency and other mesh adaptation parameters such
as minimum tolerated element size remain important, the ‘assessment’ step is largely
accounted for. This means that parameters such as a above are no longer of concern.






CHAPTER 7

Goal-Oriented Mesh Adaptation

Motivation. The first part of this thesis demonstrates how the computational geosci-
entist is able to obtain useful information on the propagation of sensitivities using adjoint
methods, assuming the existence of some quantity of interest (Qol). A broad range of
possible uses and applications are discussed, some of which are considered in detail. The
second part highlights mesh adaptation methods as providing means for controlling the
distribution of DoFs in both space and time, with the potential to not only improve ac-
curacy, but also reduce the overall computational cost of a simulation. This, the final
chapter, is where the two parts come together most clearly. It focuses on a particular
class of mesh adaptation methods which uses the adjoint method to drive mesh adap-
tation routines so that PDE solutions obtained on the resulting meshes admit accurate
approximations to the Qol.

Goal-oriented mesh adaptation can be viewed in the context of optimisation, except that,
whilst the gradient-based optimisation routines considered in Chapters 3 and 4 have the
aim of minimising the Qol itself (since it represents e.g. a solution misfit against observa-
tions, which we seek to reduce), the aim of goal-oriented mesh adaptation is to minimise
the error incurred during its evaluation. There are, however, some other major differ-
ences between gradient-based optimisation and goal-oriented mesh adaptation. Firstly,
the mesh adaptation process is not differentiable in general. This means that, it is not
usually possible to obtain formulae for gradients of the Qol error w.r.t. parameters defin-
ing the adaptation scheme. However, given that goal-oriented mesh adaptation seeks to
minimise ol error and the true Qol is clearly unknown, it is not obvious how a gradient-
based method would be used, even in cases where the adaptation is differentiable. That
is, it is not possible to evaluate the quantity which we seek to minimise, except in cases
where analytical solutions are available. Moreover, where previously considered routines
perturb control parameters which appear — either explicitly or implicitly — in the state-
ment of the continuous form problem, here the control parameters are intrinsically linked
to the discretised problem and do not appear at all in the continuous version.

Instead of using gradient information, goal-oriented mesh adaptation methods are typi-
cally derived from error estimates for the Qol error. The most commonly deployed class of
goal-oriented error estimates are those of dual weighted residual (DWR) type, pioneered
in the works of [Becker and Rannacher, 1996| and |[Becker and Rannacher, 2001].
In the fundamental DWR error estimator, the Qol error is approximated by the weak
residual of the forward problem, evaluated with the adjoint solution in place of a test
function. The adjoint error is clearly unknown, so the evaluation of goal-oriented error
estimates requires a strategy for reliably estimating the error, or else application of fur-
ther error results in order to reformulate the estimator. Alternative goal-oriented error
estimates exist, such as the one derived in [Loseille et al., 2010|.

Of course, minimising Qol error is not the only goal; mesh adaptation should also be ap-
plied in such a way that excessive resolution is avoided where it is not required, enabling
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a more efficient simulation. In this thesis, we opt to construct goal-oriented mesh adap-
tation methods using the Riemannian metric framework. The main motivation for this
is the ability to incorporate anisotropy. Used properly, mesh anisotropy avoids excessive
resolution in directions for which flow features are relatively unchanging, whilst allowing
sufficient resolution in cross-stream directions, where there is greater variation. With
the inclusion of adjoint information, relatively coarse mesh resolution can be deployed in
large portions of the domain, where the Qol is deemed to be insensitive to the resulting
dynamics.

Novel Contributions. Goal-oriented error estimates for the shallow water equations are
detailed and used to drive both isotropic and anisotropic goal-oriented mesh adaptation
methods for an idealised steady-state tidal turbine farm test case. Enhanced Qol con-
vergence properties compared with uniform meshing are demonstrated. The anisotropic
method performs particularly well for this advection-dominated problem.

Tracer transport problems are also considered. For an established steady-state test case
with an analytical solution, various aspects of goal-oriented mesh adaptation methods
are compared, including metric formulation, interpretation of the adjoint error, type of
error estimate and whether the continuous or discrete adjoint method is used. Resulting
meshes are also compared, both qualitatively and quantitatively, in order to glean better
understanding of how the goal-oriented metrics distribute DoFs. One of the metrics is
based on an alternative to the DWR error estimate, derived in |Loseille et al., 2010].
The corresponding adjoint error estimate is derived for linear PDEs for the first time
in this thesis; the combination of the resulting metrics from the forward and adjoint
estimators is shown to have excellent convergence properties for the tracer transport test
case considered.

The extension to three dimensions is considered, with one resulting mesh demonstrably
multi-scale. The extension to time-dependent problems is also considered, in the context
of an idealised desalination plant outfall scenario. This setup, presented in [Wallwork
et al., 2021], is the first application of goal-oriented methods to this particular application
area. Finally, goal-oriented mesh adaptation is applied to a tsunami hazard assessment
problem in a realistic domain. Although adjoint-based mesh adaptation has previously
been used in [Davis and LeVeque, 2016], this presents the first use of truly goal-oriented
methods to solve this type of problem. That is, a dual weighted residual error indicator
is deployed, as opposed to a simple weighting of the forward solution with the adjoint
solution.

Chapter Organisation. This chapter is organised as follows. The mathematical back-
ground for DWR type error estimation is provided in Section 7.1 and applied to the tracer
transport and hydrodynamics models considered in this thesis in Section 7.2. Section 7.3
compares a number of strategies for evaluating such error estimates, both in terms of
effectivity and computational efficiency. Five methods for constructing Riemannian met-
rics from goal-oriented error estimates are discussed in Section 7.4, two of which give rise
to isotropic meshes and three of which give rise to anisotropic meshes. Whilst based on
metric construction strategies from the literature, a number of novel modifications due to
the author of this thesis are proposed and indicated. Mesh adaptation algorithms built
upon goal-oriented metrics are presented for the steady-state and time-dependent cases in
Sections 7.5 and 7.6. Section 7.5 includes steady-state tracer transport and shallow wa-
ter test cases which act to validate the proposed goal-oriented mesh adaptation strategy
and compare different aspects thereof. A non-depth-averaged tracer transport problem
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is considered to demonstrate the extension of the goal-oriented framework to the three
dimensional case. Finally, goal-oriented mesh adaptation is applied to an idealised de-
salination plant outfall scenario and a tsunami hazard assessment problem in a realistic
domain in Sections 7.7 and 7.8, respectively.

7.1. The Dual Weighted Residual

For the purposes of this section, consider a PDE which may be written in variational
formulation as

(7.1) a(w;v) = L(v), Yv eV,

where a : W x V — IR is linear in the second argument, L : V' — IR and W and V are
function spaces. We assume (7.1) to have a unique solution w € W. In addition, consider
a finite element approximation,

(7.2) a(wp;v) = L(v), Yv € Vp,

with solution wy, € W), for finite-dimensional subspaces W), C W and V,, C V.
In addition, consider a Qol, J : W — IR and the corresponding adjoint problem,
(7.3) a*(w*,w) = J*(w), Yw e W,

with a* : V x W — IR and J* : W — IR and for which we assume a unique solution
w* € V. In the linear case, a and a* are bilinear forms and L and J are linear forms.
Moreover, we drop the semicolon notation and have that a*(v,-) = a(-,v) for any v € V
and J*(w) = J(w) for any w € W. Otherwise, a* and/or J* are obtained by linearisation
and taking the transpose. The finite element approximation to (7.3) is given by

(7.4) a*(wy,w) = J*(w), Yw € Wy,

and has solution w; € V.

Weak residuals of the forward and adjoint problem are denoted,

(7.5) p(;v) = Lv) —a(;v) and p*(-,w) = J(w) —a*(-,w), veV, weW

Note that the LHS of the adjoint equation is the negative transposed linearised forward
residual:

(7.6) a*(v,+) = —=0up(-, v, W), Yo e V.

For now, suppose that both PDE and Qol are linear. As before, the error in the forward
solution is denoted e := w — wy. Similarly, e* := w* — wyj, is the error in the adjoint
solution. Exploiting identities (7.1)—(7.4), linearity of the Qol and RHS and Galerkin
orthogonality, we have the identity [Becker and Rannacher, 2001|

(7.7)  J(w) — J(wy) = J(e) = ale,w”) = a(e,e*) = a(w,e*) = L(e*) = L(w*) — L(wy,).
Applying Galerkin orthogonality again, we find that

(7.8)  J(w) = J(wn) = p(wp, w* — ¢p) = ale,e) = p"(wh, w — Pr), Véu,Yn € Vi.
In particular, (7.8) holds in the cases (¢p, ¥n) = (0,0) and (¢p, ¥n) = (W}, wy).
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Returning to the more general case where the PDE and Qol are nonlinear, remainder
terms are introduced into (7.7).

Theorem 2. In the notation introduced above,

(7.9) J(w) — J(wp) = p(wp; w* —w;) + RP,

(7.10) J(w) — J(wp) = p*(wi,w —wy) + RP,
1 1

(7.11) J(w) — J(wy) = §p(wh; w* —wy) + ép*(w,’fb, w —wy) + R,

where R® and R® are quadratic and cubic remainders® in the primal and adjoint errors.

Proof. See Propositions 2.2, 2.3 and 2.4 and their proofs on pp.10-12 of [Becker and
Rannacher, 2001|. O

Error results (7.9)—(7.11) lie at the heart of much of the literature on goal-oriented er-
ror estimation and mesh adaptation. The formulations shown here (with the choice
(on, ) = (wj,wy)) are useful because they are amenable to further error estimation
including bounds on norms of e or e*, such as Céa’s lemma.

The expression p(wp,e*) on the RHS of (7.9) is what we refer to as the dual weighted
residual (DWR). It combines a measure of approximation quality for the forward prob-
lem (the residual) with a measure of approximation quality for the adjoint problem (the
approximation error).

Since its remainder term is quadratic, the weak residual in (7.9) is termed the first order
forward DWR error estimator. Similarly, that in (7.10) is a first order DWR estimator;
since that residual is for the adjoint equation, we refer to it as the first order adjoint DWR
estimator. Finally, observe from (7.11) that the average of the first order dual weighted
residuals is a second order DWR estimator, in the sense that the remainder is cubic.

In the case where both PDE and Qol are linear, the remainders in (7.9)—(7.10) are zero,
meaning that the DWR estimators are ezact, as demonstrated in (7.8). Exactness may be
maintained in (7.11) for a quadratic Qol. If forward and adjoint errors are sufficiently small
then the remainder terms are also, in which case the DWR estimators provide accurate
approximations to the Qol error for nonlinear problems, as well as linear ones. Note that
the above presentation has not accounted for stabilisation terms; for the treatment of
such terms, we refer to pp.15-17 of [Becker and Rannacher, 2001].

Given the finite element context, the weak residuals may most naturally be decomposed
as sums over the contributions from each mesh element. That is,

(7'12) p(whve*) = Z p(wh7e*)|K7
(7.13) pr(whe) =Y p*(wp )i

These spatial decompositions are useful for mesh adaptation, where local error contribu-
tions are much more important than global quantities. By considering local contributions

'Note that the remainders differ in (7.9) and (7.10), despite the (standard) notation.
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on each element, we are able to establish regions of the domain where the application of
mesh adaptation will more likely improve our estimate of the Qol. The local DWR indi-
cator pg(wp, e*) will take large values wherever there is significant approximation error
for the forward problem and the error in the adjoint solution is large.

It should be noted that it is only possible to assemble DWR estimators exactly in test
cases for which the true forward and/or adjoint solutions are known. This is certainly
not the case for practical applications, so the direct error terms should be approximated
somehow. A variety of methods for achieving this are discussed in Section 7.3.

7.2. Goal-Oriented Error Estimation

In most cases, integration by parts is applied when defining the weak residual. This
might be to reduce the order of derivatives or to apply Neumann boundary conditions, for
instance. When evaluating element-based error indicators, it is often beneficial to perform
an additional integration by parts, on each element. Doing so will return the tested strong
residual, in addition to boundary contributions and inter-element flux terms. How the
error indicators come out becomes clearer when considering the examples in Subsections
7.2.1 and 7.2.2. However, their general form for the first order forward case is

(7.14) prc(wp, ") = (U(wp), e") j + <¢a(wh), €*>8K089 + <wﬂux(wh), €*>8K\8Q’

where U is the strong residual for the PDE, ¢? accounts for errors due to the weak
enforcement of boundary conditions and %" accounts for flux terms introduced by the
second integration by parts. Note that strongly enforced boundary conditions do not
contribute errors and therefore ¥? is zero on corresponding boundary segments. The
expansion (7.14) is substituted into (7.12) in order to perform error estimation and mesh
adaptation.

For stabilised finite element methods, additional terms are contributed to (7.14). Whilst
the terms above are all obtained by testing by the adjoint error, the stabilisation term
does not always take such a simple form, as becomes clear in Subsections 7.2.1 and 7.2.2.

In the remainder of this section, we use the theory from Section 7.1 to formulate goal-
oriented error estimators for the two main equation sets considered in this thesis: tracer
transport and shallow water modelling.

7.2.1. Tracer Transport. This subsection contains goal-oriented error estimates for
tracer transport problems which were published in [Wallwork et al., 2020a)].

In this section, we present goal-oriented error estimators for a CG discretisation of tracer
transport problem with SUPG stabilisation.

Using the notation of (3.19), the steady-state problem may be written as

u-Ve—V-(DVe)=S inQ
(7.15) c=gp ondflp |,
DVe-n=gy ondQy

with appropriate compatibility conditions on D. That is, we have an advection-diffusion
problem with a forcing term, Dirichlet conditions on 0{2p and Neumann conditions on

0.
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Recall the SUPG stabilised weak formulation for the forward problem, as described in
Section 2.7. In order to formulate first order forward DWR error indicators for a finite
element approximation ¢, and adjoint error e*, we apply integration by parts on an
element-by-element basis, giving

pr(cn, €)|xk =(S+V - (DVe,) —u- Ve, €)
+(DVey -0 = gn, €) srnaan
+(DVer A, €) e 0
+(S+V-(DVe,) —u-Vep,mu-Ve') .

(7.16)

Unlike in the previous notation, the symbol + stands for the interior side of the facet and
— stands for the exterior side. As such, n}; denotes the set of outward pointing normals
and Ny = —nj. the set of inward pointing normals.

The corresponding error indicator on element K is obtained by taking the modulus.
The terms in (7.16) are decomposed as contributions from element interiors, boundary
condition implementation, inter-element fluxes and stabilisation, respectively. As noted
in [Wallwork et al., 2020a], this error indicator collapses to zero if ¢, coincides with c.
This desirable property follows from having a Petrov-Galerkin method. The first order
forward DWR error estimator is obtained by summation over all mesh elements.

Similarly, applying integration by parts to the SUPG-stabilised continuous adjoint prob-
lem based on a Qol J yields

pr(chs el =(0J. =V - (DV¢;) + V- (uc), €) ¢

T * * -~
+(D"V¢;, -0+ cju-n, e>aKnaQD

+(D"V¢; - 0f; + ¢ju - 0}, e>aK\m
(0], — V(DY) + V- (u}), 7V - (ue))

where ¢} is a finite element approximation to the adjoint solution and e is the error in
the forward solution. Again the error indicator on element K is obtained by taking the
modulus. Terms of (7.17) are decomposed as in (7.16) and we again observe the property
that the estimator collapses to zero at the exact adjoint solution. The first order adjoint
DWR error estimator is obtained by summation over all mesh elements. Further, the
second order DWR estimator and corresponding indicators are given by averaging the
results from (7.16) and (7.17), summing or taking the modulus, as appropriate.

(7.17)

7.2.2. Shallow Water. This section contains a goal-oriented error estimate for shal-
low water problems solved using a IP1pg — P2 discretisation which was first published in
[Wallwork et al., 2020b].

For the DG finite element discretisations used for shallow water modelling, flux terms
are much more significant, as may be expected. As in Subsection 2.6.2, the terms of
the shallow water equations are treated individually. Following the same notation, q; =
(un, nn) denotes the finite element shallow water solution, @' = (u®™*, n®™*) any external
values enforced on the domain boundary and & = (¢, () test functions from the mixed
space. First, we consider the [P1p5 — IP2 element pair.
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Integrating by parts the Lax-Friedrichs stabilised advection term (2.62) yields

ady (G, Vu,) dz — T -0t dS
s (. € / $- (- Vuy) de /aK““’”” Jup) - il
oy 1 t rie o
cay [ el as s [ (o g )u s
T /8 N CROEES /a o () s

where the last four terms are as seen previously. Similarly for the SIPG-stabilised viscosity
term (2.63):

puis(an, &)k = / ¢ (V- (vVuy,)) dx +/ o(n)"  vVu, dS

OK\OQ

_ /8 oo [on"]] : {rVu,}} dS — /6 o {vel: {ud[un’] ds
o T T s [ oRT] - ) [w] as

OK\OD

(7.19)

—i—/ (cpn”) - (v(uy —u™)n’) ds — / on’ : vVu, ds,
DK MR DK NOQ

where the last six terms are as seen previously. Whilst the continuity term (2.54) does not
contain inter-element fluxes (due to the continuity of the elevation space), its integration
over K introduces flux terms:

Pety(An, &) |k :/ (V- ((mn + b)uy) dz + / S(n™° + byu™ - @i ds
(7.20) K dKNOQ

- C(Wh + b)uh . ﬁ;r( ds.

oK

No integration by parts is performed for the pressure gradient, Coriolis or drag terms.

Having integrated by parts, the goal-oriented error estimator is obtained by substituting

instances of the test function tuple & with the adjoint error e* = (e}, ;) and summing as

n (2.55). When restricted to the boundary of an element K, the identities

1 ~ ~
(7.21) Lohlox = 5]181( v and [[va']||ox = Tox v(nf)"
follow immediately from definitions (2.44) and (2.45).

The integrals over K sum to return the inner product of the shallow water strong residual,
W(qy), with the test function tuple. Collecting boundary terms not related to stabilisation
or symmetrisation gives

<¢6(qh)’ e*>8KﬂaQ = <(77rie +bju’ - q, 6;>8Kﬂaﬂ + <9(77rie — )1, eu>8Kﬂ@Q

(7.22) <uh+ue"t e~ >
+(———u -n,e, .
2 OKNON
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As before, these terms convey the extent to which the boundary conditions are satisfied.
Ignoring stabilisation and symmetrisation, the inter-element flux terms are given by

<’¢ﬂux (an), e >3K ([up - n]{ur}, eDaK\aQ - <(uh : ﬁ}?)uh? E>3K
(7.23) + ¥V, - nK7eu>6K\8Q ({zVu.} -ng, *>6K\8Q
— (O + b)uy, - A, n>aK\aQ '

The penalisation component of SIPG contributes

(7.24) (" (an). ) = (o} [[wrn"]|0f e T1>8K\8Q + (o (w(w, = u™)),€l) ko0 -

All of the terms above take the form of an inner product whose second argument is the
adjoint error. However, it is not the case for the stabilisation terms introduced by the
Lax-Friedrichs method:

(7.25) ER (an, €)= (Blwl, [es]) ox o0 + (Blun — u™), efl>8KﬂFfreesup '

Nor is it true for the symmetrisation terms introduced by the SIPG method. As in the case
of SUPG stabilisation (7.16), symmetrisation introduces integrals containing gradients of
the adjoint error:

(7.26) (¥°(an), ve*>a}< =T L <{{Z}} [, veu*l>af<\ag

_< u™))n’ veU>8Kﬁ@Q'

In summary, the goal-oriented error estimate associated with a IP1ps — IP2 discretisation
of the shallow water equations is given by

p<qh7 e*)|K = <lI’<qh)7 e*>K + <¢8(Qh)7 e*>3KQ39 + <¢ﬂuX(Qh)7 e*>3K

7.27
720 + & (qn, €*) + <7/’IP(Qh)7e*>aK + (¢ (an), Ve*), . s

as defined in (7.22)—(7.26).

rie

Extending this error estimator to the IP1ps — IP1pg case amounts to replacing (7™ — n)

with 7 in (7.22) and adding in extra terms to (7.23):

(7.28) (g™ —n)af, e), + ({HPu" -6k, e,
with u* and n* as defined in (2.58).

7.2.3. Time-Dependent Extension. The extension of goal-oriented error estima-
tion to the time-dependent case remains an open problem for general discretisations. If
the time discretisation is also finite element, giving rise to a space-time FEM, then the
framework as discussed applies directly. If the time discretisation uses the method of
lines, an approximate method must be used. In the following, we propose to simply apply
the same time integration method to the error indicators as is applied for the underlying
PDE.

Where in the spatial decomposition we consider the contribution from a single element,
K, for the temporal decomposition we consider the contribution from a single timestep,
(t®) ¢*+1D] Suppose we have a PDE which is time integrated using Crank-Nicolson
with implicitness 6. Evaluating error indicators means taking the instantaneous values
and applying the appropriate quadrature rule in time. On pp.54-57 of [Becker and



7.2. Goal-Oriented Error Estimation 153

Rannacher, 2001], a space-time FEM treatment of DWR error estimation is shown to
be equivalent to Crank-Nicolson for a IP1 discretisation in time. For either of the first
order forward DWR indicators, (7.16) or (7.27), derived so far, this suggests the choice of
error estimator

k . 1 k+1) [« 1 k) [ o«
A (wn, ") 1= (0l (@ hmwon ) = 2 (w0l () )

= Oprc (w0, ()i ) = (1= Dpie (w0f, (€)lmson )

where wy, is the forward finite element solution and e* is the adjoint error. In the default
case where 0 = %, this is simply the trapezium rule. The first order adjoint indicator
based on (7.17) may be obtained by exchanging (wy, e*, p(+,-)) with (w;, e, p*(-,-)).

(7.29)

7.2.4. A Priori Error Estimates. A posteriori DWR type error results are not
the only ones relevant to goal-oriented error estimation. The authors of [Loseille et al.,
2010] derive an alternative a priori result. We reformulate it here for consistency with
the notation used in this thesis. Whilst DWR estimates contain errors in the forward
and/or adjoint solutions, this estimator contains errors incurred when the weak residual
is represented in finite element space. For this reason, we distinguish between the weak
residual in infinite dimensions and its finite-dimensional approximation using a subscript
h in the following.

Proposition 1. Consider function spaces W and V and a PDE with weak residual
p: W xV — IR and unique solution w € W satisfying p(w;v) = 0 for any v € V.
In addition, consider a finite element weak residual p, : W) x V;, — IR which acts on
finite-dimensional subspaces W, C W and V}, C V and is formed by discretising all of the
associated coefficients and forcing terms appropriately. For any linear Qol J : W — IR,
the adjoint solution w* € V' of the resulting adjoint problem satisfies

(7.30) J(w) = J(wy) = (p = pn)(w; w*) + R,
where the remainder term R is quadratic in the adjoint error, e*, and interpolation errors

on W,

Proof. The proof is modified based on that presented in [Loseille et al., 2010] to use
the notation adopted herein.

Firstly, note the identity

(7.31) pr(w;v) = pr(wp; v) = pu(w;v) — p(w;v) = (pn — p)(wiv), Vv €V,
which implies that

(7.32)  pa(lw; wy) — pr(wps wyy) = pa(Hpws wy) — pp(w; wy) + (pn — p)(w; wh),
where II;, : W — W), projects into the finite element space.

Since we have a linear Qol, the definition of the adjoint problem, the Qol error may be
decomposed as

J(w) — J(wp) = J(w —Tpw) + J(Iw — wy)
(7.33) « x
- - ’wp(w7 w,w — th) - 8’wph(wh7 wh) th - 'LUh),

thanks to identity (7.6).
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Consider Taylor expanding pp(-; w;) at wy, giving the second order remainder term,
(7.34) Ry = pr(IMpw; wy) — pp(wp; wyy) — Owpn(wh, wy, Hpw — wy).
Combining this with (7.32), the error decomposition (7.33) becomes

J(w) — J(wp) = = Opp(w, w*, w — pw)

7.35
(7.35) — on([aws w}) + p(ws ) + (0 — pu)(ws ) + Ry,

Consider also Taylor expanding pp(-; wj) at w, giving the second order remainder term,

(7.36) Ry := Oppn(w,wy, Ipw — w) — pp(Ipw; wy) + pr(w;wy).
Substituted into (7.35), this yields

J(w) — J(wp) = — Opp(w, w”, w — Hpw) — Oppn(w, wy, pw — w
(7.37) (w) = J(wn) ol ) pr(w, wy, 11, )

+ (p — pn)(w;wy) + Ry + Rs.

Defining the second order remainder terms,

Dy = (Owp — Owpn) (w, wi, [yw — w),
(7.38) Dy = 0yp(w,w" —wy, w —w),

D3 = (pn — p)(w;w* — wy),

substituting into (7.37) and setting R = Ry + Ry + D1+ Dy + D3, we arrive at (7.30), as
required. O

The above result has been successfully applied to steady-state Euler problems in [Loseille
et al., 2010] and has been extended to the time-dependent case in [Belme et al., 2012].

As in the DWR case, (7.30) can be interpreted as a ‘first order forward’ result, since it
involves residuals of the forward problem. Whilst the result assumes a linear Qol, it is
successfully applied to problems with nonlinear Qols in an approximate sense in [Loseille
et al., 2010| and [Belme et al., 2012|. Below, we derive the corresponding first order
adjoint error estimator for linear PDEs for the first time.

Corollary 1. Consider function spaces W and V' and a linear PDE with unique solution
w € W, as well as a linear Qol J : W — IR. Denote the weak residual of the associated
adjoint problem by p* : V. x W — IR and its unique solution by w* € V. In addition,
consider a finite element weak residual pj : V;, x W;, — IR for the adjoint problem, which
acts on finite-dimensional subspaces W), C W and V;, C V and is formed by discretising
all of the associated coefficients and forcing terms appropriately. Then we have the a
priori error result

(7.39) J(w) — J(wp) = (p" — pj) (W, w) + R,
where the remainder term R is quadratic in the forward error, e, and interpolation errors

on Vj,.

Proof. Suppose the forward problem has the weak form
(7.40) a(w,v) = L(v), Yv eV,

for a bilinear form a : W x V' — IR and linear form L : V' — IR. Then the adjoint problem
takes the form

(7.41) a(v,w*) = J(v), Vv e W.
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Given some additional Qol, we can obtain the adjoint of (7.41). For the specific choice of
linear Qol given by L : V' — IR, the adjoint of (7.41) is given by (7.40) and has unique
solution w. The application of Proposition 1 to (7.41) implies that

(7.42) L(w*) = L(wy) = (p" = pp)(w*;w) + R,
where the remainder term R involves the forward error, e, as well as interpolation errors
on Vj,. The result follows due to (7.7). O

7.3. Approximating Forward and Adjoint Errors

The goal-oriented error estimates (7.16), (7.17) and (7.27) contain terms which are not
known: the forward and adjoint errors; more specifically, the true forward and adjoint
solutions. Thus, evaluating the error estimators derived above first requires means for
obtaining ‘better’ approximations to the true forward and/or adjoint solutions than af-
forded by the ‘base’ finite element space, V},. There are a number of possible approaches,
including:

(1) Solving the adjoint equation again in a globally enriched space;
(2) Solving the adjoint equation again in locally enriched spaces;
(3) Applying superconvergent patch recovery techniques;

(4) Bounding the error estimator.

This list and the majority of the following discussion refer to approximation of the adjoint
error. However, the same logic applies for approximating the forward error, except where
otherwise stated.

Approaches (1)—(4) are discussed and compared in the following subsections. It should be
noted that they do not comprise an exhaustive list. For example, recent research in [Roth
et al., 2021] has performed enrichment for the adjoint problem using neural networks.

7.3.1. Global Enrichment. The simplest means of gaining a more accurate approx-
imation of w* is to solve the adjoint problem again in a globally enriched finite element
space. That is, another finite dimensional space with more DoFs. This could be the result
of a global uniform (h-)refinement of the mesh or a global increase in polynomial order
(p-refinement), for example. In these examples, the enriched space is often a superspace
of V4, although this depends on the finite element of choice and need not be the case in
general. Provided the adjoint solution is sufficiently regular, it is reasonable to expect
that the enriched adjoint solution will provide an improved approximation |[Rognes and
Logg, 2013|.

Even with the lowest order global h- and p-refinements, the resulting system is consider-
ably more computationally expensive to solve than the ‘base’ adjoint system. If the base
space is IPppg on a triangular mesh then a p-refined space has ;%? times more DoFs and
an iso-IP2 h-refined space has 2" = 4 times as many. We do not consider applying both
h- and p-refinement, since this would result in eight times more DoFs for a IP1pq space,
which is deemed to be too high a cost to be feasible. The statements above hold in an
approximate sense for IPp spaces on uniform or Delaunay meshes with at least tens of
thousands of elements. The discussion above assumes the 2D case; the situation is even

worse in 3D.
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Under iso-IP2 refinement, we denote the enrichment of Vj, by V},/5. In this case, prolon-
gation may be applied to transfer w; into the enriched space, where it is subtracted from
the enriched adjoint solution wy /2 That is,

(7.43) e’ ~ wZ/z — Upppwy,

where I/ : Vi — Vj/2 denotes prolongation. Error indicators are assembled on the
enriched space, before being either injected or projected back to the base space, as desired.

Consider now the case of nonlinear problems, for which the adjoint is dependent on the
forward solution. A naive approach to global enrichment is to solve the forward problem in
the enriched space in order to form the adjoint problem in enriched space by a linearisation
about wy, o, the forward solution in Vj,/5. Given that it is nonlinear, this comes with a
significant cost, putting the worth of the whole goal-oriented mesh adaptation routine
in question. However, it is standard practice in the literature (see [Rognes and Logg,
2013] and [Roth et al., 2021], for example) to instead form the adjoint equations using
a linearisation about the prolongation IIj/wy, of the solution from the base space. Doing
so means that only the adjoint equation need be solved in the enriched space; the cost
of prolongation is negligible in comparison. This approach is validated for a steady-state
tidal turbine test case in Subsection 7.5.4.

It should be remarked that enrichments involving p-refinement do not necessarily result in
sensible discretisations and care should be taken that the resulting system remains stable.
For example, the Crouzeix-Raviart IP1-nonconforming (CR) element is an effective finite
element choice for certain problems [Crouzeix and Raviart, 1973|, but its p-refinement
is not even unisolvent. For a triangular element, DoFs of CR1 are at the midpoints of
each edge, whilst CR2 has two DoFs which are spaced % and % along each edge. The
reason that the latter is not unisolvent is that it is possible to find non-zero quadratic
polynomials which vanish at these points. For example, take an equilateral triangular
element, centred at the origin, in which case each node of the CR2 element is equidistant
from the origin, by r units (say). The non-zero quadratic x*> + y* — r? vanishes at all of
those points.

Returning to the elements used in this thesis, p-refinement for the SUPG-stabilised tracer
problem gives a P2 space with SUPG stabilisation. That the resulting system is stable
is confirmed in [DeBlois, 1996[; in fact, that work found SUPG-stabilised IP2 to be
more accurate than SUPG-stabilised IP1. For the mixed shallow water discretisation, p-
refinement yields a IP2 5 —IP3 pair, which inherits the desirable properties of IP1p5—IP2.
Similarly, IP2pe — IP2p¢ is a viable element pair choice. Lax-Friedrichs can just as well
be applied to a quadratic velocity space as a linear one, implying stability of the resulting
finite element method. In summary, p-refinements may be applied to the discretisations
described in this thesis without concern.

7.3.2. Local Enrichment. Whilst simple to implement, the method described in
Subsection 7.3.1 is undoubtedly the most expensive means of constructing an approxima-
tion of the adjoint error. A related approach is to enrich the finite element space locally,
instead of over the whole domain. Such a strategy was first advocated in [Babuska and
Rheinboldt, 1978b].

The method described in [Dolejsi and Roskovec, 2017| applies to DG discretisations,
taking a local, element-based approach. That is, the enriched solution (w})™ is obtained
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by solving the adjoint problem an element-by-element fashion. Given an adjoint weak
residual p*(-, ), the local problem on element K € H takes the form

(7.44) pr(w)Tv) =0, WweVH(K),  (wi)"|w=wjlx, VK #K,

where V,"(K) 2 (wj; )|k is the enriched finite element space on element K. The global
higher order adjoint approximation is then given by setting (w})"|x = (w})T on each
element. Clearly, this construction is not valid for continuous discretisations. Partitions
of unity other than the element indicator function 1x are required for that case.

For the implementation in [Dolejsi and Roskovec, 2017|, V,"(K) involves only p-
refinement, meaning that neither refined meshes, nor mesh-to-mesh interpolation need
to be considered. The facility to solve local problems is available in Firedrake through
PETSc’s PCPATCH preconditioner type. However, it has not been considered in this thesis
and is proposed as future work. The same framework could also be used to automati-
cally derive goal-oriented error estimates. This was achieved in the FEniCS project in
|[Rognes and Logg, 2013| and would be greatly advantageous, with the consequence
that derivations such as those presented in Sections 7.2.1 and 7.2.2 could be avoided.

7.3.3. Patch Recovery. Recall the ‘ultraconvergent’ Zienkiewicz-Zhu recovery tech-
nique described in Subsection 5.3.1. The idea is to take a Pppg field and recover its
gradient in IP(p + 1) space. However, it can equally be applied in order to generate a
higher order approximation of the field itself. In this case, N =1 in (5.25), meaning we
have a matrix-vector linear system, rather than a matrix-matrix one.

A DG variant is considered in [Dolejsi and Solin, 2016]|, where the construction is
again element-based. The IP(p+ 1) field recovered over the patch around an element K is
restricted onto this element in order to contribute to the global IP(p+1) pg approximation.
This method is used for goal-oriented hp-adaptation in [Dolejsi and Roskovec, 2017],
along with the method described in Subsection 7.3.2. A weighting term is included for
cells with differing polynomial degrees to account for p-adaptation.

Patch recovery can also be done in CG spaces by either choosing an appropriately wide
stencil (see [Rognes and Logg, 2013|) or using a different mesh with overlapping ele-
ments (see [Carpio et al., 2013)).

An advantage of patch recovery type methods is that they are independent of the un-
derlying PDE, unlike global and local enrichment methods. They take as input solution
fields and provide as output higher order approximations thereof. Further, such methods
do not require the solution of global linear systems, only small local ones. Patch recovery
may therefore be implemented relatively cheaply by solving discrete systems, without the
need to utilise much of the finite element machinery.

7.3.4. Difference Quotients. Each of the preceding approximation techniques as-
sumes the standard form of a DWR type error estimator, with the adjoint error e* to
be approximated in an enriched space. The ‘difference quotient” approach introduced in
[Becker and Rannacher, 2001] instead evaluates a modified form of the error estimator,
which is obtained by applying upper bounds.
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Recall the DWR error indicator pg (wp, €*) as decomposed into contributions from element
interior, domain boundary and inter-element fluxes, as in (7.14). We have the upper bound

pr(wp, %) = (U(wp), ") i + (Y(wn), €7) o
< ([ (wn) [ lle*(|x + [[1(wn) lox[le*[lox

< ()l + b letwn)lorc ) (el + A le” lox ).

N J/
-~

WK

(7.45)

where 1(+) := ¥?(-) + ¥1(.) combines flux and boundary terms and the first inequality
follows by Cauchy-Schwarz. Let us restrict attention to the case of an elliptic problem
solved in IP1 space. Following |Ciarlet, 1978| and |[Brenner and Scott, 2007|, we
have

wic = " = wllxe + hicllw” = willox
(7.46) < maX{Hw* — w*|| &, h;%(Hw* - th*HBK}
< Chiclw*| gy = Chi || Vw*| &,
for some constants C’ > 0 and C' > 0.

The interpolation constant C'is difficult to determine in practice, meaning that we cannot
use the difference quotient approach to evaluate a global error estimator. However, it may
be localised, giving rise to the error indicator

(7.47) TR = (10 (wn) e + o N (wn)lorc ) IV - Rwi)lx

on element K. Here R(wj) is a IP1 recovery operator for the gradient of the adjoint
solution, such as L? projection. Taking the finite element derivative yields a IP0 field.

In the context of tracer transport problems solved in IP1 space with SUPG stabilisation,
the fact that we have a Petrov-Galerkin method means that we may account for the
stabilisation term as

(748) 0= (10wl + by e lox ) IV - Ry + 7 - Vi)

A disadvantage of the difference quotient method is that it is not straightforwardly exten-
sible to other stabilisation methods or discretisations. The method must also be modified
when applied to vector or mixed problems.

7.3.5. Comparison. In this subsection, we compare two global enrichment strategies
and the difference quotient method:

GEy: Global enrichment with h-refinement;
GEp: Global enrichment with p-refinement;
DQ: Difference quotients.

Comparison is made in terms of the computational cost to generate an error indicator field
and in terms of the effectivity index of the global error estimator. The effectivity index,
L, is an overestimation /underestimation measure for error estimators. First introduced
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in [Babuska and Rheinboldt, 1978a], the version used here is expressed by the formula

_ Inwnl/1 )]
(7.49) Lt = 1700y = Jwn) /1 (0)]

for a global error estimator n of the Qol error J(w) — J(wy,). Ideally, we seek an error
estimator such that Iz = 1, in which case the error estimator is exact. For the purposes
of mesh adaptation, it is usually sufficient to have I.¢ converge to some positive constant,
since are concerned with local contributions to the error, rather than overall scale factors.
We expect the DQ estimator to be an overestimate, because we have made no effort to
establish a value for the interpolation constant C.

In order to evaluate the effectivity index, we need to consider a problem with a known an-
alytical solution. To avoid model errors, we consider a Poisson problem whose source term
is an analytic function of the mesh coordinates. Such a problem could represent tracer
transport without advection, for example. The test case was introduced in [Micheletti
et al., 2010|:

(7.50) —Ac=f in Q=]0,1]? cloq = 0,

where ¢ € H2(Q2) =: V and the forcing term is chosen to give the manufactured analytical
solution ¢(x,y) = sin(mz) sin(ry). The weak form of (7.50) is given by

(7.51) (Ve, Vo) =(f.0), Vo€ H(QCV

and the Qol is chosen as

gi(z,y) == zy(z —1)(y — 1)
7.52 J(c) =(Ve,Vg;), where 2
(752)  Jl9=1{VeVa) o) S ettt — Dot
are two choices for the Riesz representation. For g;, we have a ‘bubble function’ on [0, 1]?,
whereas ¢o uses a smooth approximation to an indicator function in order to ‘zero out’
values on the left-hand side of the domain. In either case, the exact Qol value is available.

For a sequence of increasingly refined meshes, we solve (7.51) and its adjoint in a IP1 space
Vi, C H}(Q) and evaluate (7.49) for each enrichment method (which requires auxiliary
PDE solves). In this instance, we actually evaluate the first order adjoint error estimates,
since we have the analytical solution for the forward problem, rather than the adjoint.

Subfigures 7.1a and 7.1b illustrates the effectivity indices on a sequence of uniformly re-
fined meshes. In evaluating (7.49), we consider the absolute value of the sum of contribu-
tions over all elements. The main purpose of this experiment is to assess the approximation
quality of the enriched forward solution.

Out of the two global enrichment methods considered, GE, has the best effectivity prop-
erties, with I.g converging to unity for both ¢g; and ¢s as resolution is increased. The
effectivity of GE; also converges to a fixed value, although there is a slight underestima-
tion. The underestimation is worse for gs.

Subfigure 7.1c illustrates the CPU time associated with each method. Note that forward
and adjoint solves in the base space are not included in the timing, only the error indicator
evaluation and any enriched solves required for it. In addition, Subfigure 7.1d shows the
same timings, but relative to the CPU time associated with an adjoint solve on the base
mesh.
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FIGURE 7.1. Comparison of enrichment methods for a Poisson test case
with an analytical solution in terms of effectivity index and CPU time.
‘CPU time’ corresponds to the time taken to evaluate the corresponding
DWR error estimator. Values are computed on a sequence of uniformly
refined meshes.

As discussed in Subsection 7.3.1, for a IP1 base space, GE;, and GE, involve adjoint
solves in spaces with approximately 4 and 2 times as many DoFs, respectively. However,
Subfigure 7.1d demonstrates that the computational cost is not all due to DoF count,
since none of the curves have constant gradient. As such, there are other costs, such as
interpolation and the construction of the enriched spaces (which is included in the cost

analysis).

The relative cost of GE; and GE,, appear to grow slightly with increasing DoF count and
then decrease for higher resolutions. DQ follows a similar pattern and actually becomes
cheaper than an adjoint solve on the base space for the finest mesh considered. Recall
that this method does not require enriched spaces at all; its main cost is the recovery step.
Consequently, it is by far the cheapest method considered. Whilst, as has been stated,
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DQ is not useful for global error estimation, its cheapness is very desirable in the context
of mesh adaptation.

Of the two global enrichment methods, GE, stands out as being the best suited for goal-
oriented error estimation, due to its desirable effectivity properties and having lower cost.

Figure 7.2 shows the error indicator fields generated by each of the enrichment methods.
A 131,072 element uniform mesh is used and both Riesz representations are considered.
Qualitatively, the global enrichment methods yield similar error indicator fields for both
cases, although GE, indicates some background features which GE;, does not, which could
explain its enhanced effectivity properties. Error is estimated to be high at the corners
in the first case and along the line x = 0.5 (where go has a sharp gradient) in the second
case. The DQ indicator has a similar structure to the global enrichment indicators for g»,
but not gy, where it fails to indicate large errors committed at the corners. This is likely
because the DQ formulation (7.48) involves the Laplacian of the adjoint solution, which
also lives in Hj(£2) and therefore goes to zero at the domain boundaries.
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FiGURE 7.2. DWR indicator fields resulting from three different enrich-
ment methods for a Poisson test case with an analytical solution. Presented
on a uniform mesh with 131,072 elements.

7.4. Goal-Oriented Metric-Based Mesh Adaptation

The simplest means of generating a metric from a scalar goal-oriented error indicator field
is to scale an identity matrix of appropriate dimension. This gives rise to an isotropic
metric, as described in Subsection 7.4.1. In advection-dominated problems, it can be
advantageous to use meshes whose anisotropy aligns with features of the flow which are
deemed to be important. As such, we seek to develop anisotropic Riemannian metrics for
the purposes of goal-oriented mesh adaptation.
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The literature contains many possible ways to generate anisotropic goal-oriented metrics.
To the best of the author’s knowledge, the first published use of an anisotropic met-
ric derived from DWR error estimators is [Formaggia et al., 2004|. In that work, an
element-wise interpolation error bound is derived for a scalar field, in terms of its Hessian,
as well as elemental anisotropy coefficients. It is argued that an element-wise anisotropic
goal-oriented metric may be established by reconstructing an orthogonal eigendecompo-
sition using the Hessian matrix and DWR error indicators. DWR indicators fit naturally
with this approach, because they are also defined in an element-wise basis. The methodol-
ogy of [Formaggia et al., 2004| was later extended to higher order elements and strong
anisotropy in [Carpio et al., 2013].

Hessian matrices provide natural means of incorporating anisotropy into a metric, since
they contain curvature information in each coordinate direction. One simple but effective
Hessian-based goal-oriented metric is that proposed in [Power et al., 2006|. Instead
of using DWR indicators directly, this approach reinterprets the error result in order
to formulate a metric as the weighting of the Hessian of the adjoint solution by the
strong residual of the forward equation. A metric based on the first order adjoint DWR
error estimator may also be derived. An advantage of this approach is that it does not
require the (often computationally expensive) approximation techniques for the forward
and adjoint error terms described in Section 7.3.

Not all goal-oriented metrics are based on (a posteriori) dual weighted residual error
results. The anisotropic metric proposed in [Loseille et al., 2010]| instead uses a related
a priori result. Like the approach of [Power et al., 2006], this method does not require
the evaluation of DWR error indicators. Also in a similar vein, a reinterpretation of the
error result is deployed in order to argue that Hessian matrices may be used to represent
interpolation errors in an anisotropic manner. The approach was shown to be effective in
the application of Euler equations to aerospace problems in [Loseille et al., 2010|. Its
extension to the time-dependent case was considered and validated in [Alauzet et al.,
2011, Belme et al., 2012].

One approach which is notable in that it generates an anisotropic metric without using
Hessian matrices is that described in [Rogé and Martin, 2008]. The authors instead
introduce anisotropy by sequentially refining the mesh in each coordinate direction and
evaluating error indicators accordingly. These indicators are interpolated back onto the
base mesh, whereby orthogonal matrices may be assembled, whose columns correspond
to the major axes of anisotropy. An anisotropic metric may be constructed using an
orthogonal eigendecomposition with eigenvalues corresponding to residuals in the major
axes’ directions. Whilst this approach does not require the recovery of Hessian matrices,
it does use gradient information. This approach is deemed to be too computationally
expensive and complex to be considered further, since we seek efficient ways to generate
goal-oriented metrics.

As revealed above, there are many ways to introduce anisotropy into Riemannian metrics,
each of which deserves investigation in its own right. For the remainder of this section,
we focus on modified versions of four of the methods mentioned in the literature review
above. These methods include an isotropic approach (‘Isotropic DWR’), as well as the
anisotropic approaches from |[Formaggia et al., 2004| (‘Anisotropic DWR’), |Power
et al., 2006] (‘Weighted Hessian’) and |Loseille et al., 2010] (‘Weighted Gradient’).
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7.4.1. Isotropic DWR. Let px denote the first order forward DWR indicator (7.9)
on mesh element K and p}, denote the first order adjoint indicator (7.10).

Vertex-Based. Creating an isotropic metric from pg is as simple as scaling the appro-
priate identity matrix, as in (5.15). However, recall that Riemannian metrics are defined
point-wise and Pragmatic interprets them vertex-wise. Thus, we require metrics which
live in tensor IP1 space and need apply a projection:

(7.53) MPWR . 11, (Z pK]lK> I.

KeH

Metric (7.53) may be normalised using the LP normalisation techniques discussed in Sub-
section 5.4.1. We use the label ‘DWR’ because the metric is built directly from the forward
DWR error indicator on each element. The corresponding isotropic metric built from pj,
is denoted MPWR",

In line with the second order DWR result (7.11), another possible isotropic metric may
be obtained by combining MPWE and MPWR" Usually, it is recommended to normalise
metrics before combination. However, in this special case, an average of the unnormalised
metrics is the isotropic metric derived from the second order DWR indicator. The non-
commutativity of averaging and normalisation is demonstrated in Subsection 7.5.2.

Element-Based. An alternative normalisation procedure for the element-based metric
framework is presented in [Carpio et al., 2013] and is described in the following. For an
element K with volume | K|, we seck the ‘optimal’ element volume |K| which minimises
interpolation error under the constraint that the metric complexity is smaller than a target
value, Cr > 0. In [Braack, 1998, it is proved that the optimum is achieved by

%
_ atl 1
(7.54) K| = K] | S

for a parameter o > 1 which is not known a priori. A vertex-wise isotropic metric may
be obtained by projection as

(7.55) MPWR . 1) (Z ’—[f’nK> I,

icen | K]

where | K| is the volume of the (fixed) reference element. In practice, o may be understood
as akin to the norm order in L” normalisation methods, except that resulting meshes tend
to be more multi-scale for large values of «.

Observe that metric (7.55) is mesh-dependent, meaning that meshes generated using it
are heavily influenced by the meshes on which these metrics are defined. However, since
we consider metric-based mesh adaptation to be driven by a fixed-point iteration (with
the goal-oriented extension presented in Subsection 7.5.1), the repeated mesh adaptation
and metric redefinition steps act to ensure that the dependence on the initial mesh dimin-
ishes with iteration count [Wallwork et al., 2020b|. Provided the convergence criteria
are chosen sufficiently strictly, a suitable number of iterations are performed for mesh
independence to be achieved.
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7.4.2. Anisotropic DWR. The alternative normalisation (7.54) can also be used to
define an anisotropic metric, which builds upon the element-based framework described
in Subsection 5.1.5.

On an element K € H, suppose we have a constant Hessian metric H ;. recovered from a
solution component, or combination thereof. As in the vertex-based case, H ;; admits an
orthogonal eigendecomposition,

(7.56) H, =V, A, VL, Ay =diag(Aga, - Akcn)-

Without loss of generality (because the eigendecomposition ordering is not unique), as-
sume [Ag1| > [Ag2| > -+ > |Aknl > 0. As with the SPD part of the cell Jacobian,
stretching factors {sk;}?, for the Hessian may be defined as in (5.11), but with the
eigenvalues taken in modulus. A vertex-wise metric may be constructed by projection:

K 1 1
(7.57) MAPWR . 11, < > 1] V. diag (s;ﬂ, . sKn> Vi 11K> ,
fcen K]

where, again, |K| is the volume of the (fixed) reference element. This construction is very
appealing as an anisotropic metric, since element size is controlled by |I? |, orientation
is controlled by V , and shape is controlled by the stretching factor matrix. Adjoint
information is contained within |I? |. Note that the goal-oriented error indicator impacts
the size, but not the anisotropy, whilst the solution field impacts anisotropy but not size.

The label ‘ADWR’ refers to the fact we have an anisotropic metric, constructed directly
from the DWR error indicator on each element. The subscript « acts as a reminder that
this metric is normalised using (7.54). Notice that if each sk; = 1 then we recover the
element-based isotropic metric (7.55).

For the version of (7.57) derived from the first order adjoint DWR error indicator,

MADPWR® 11 s constructed from pj and the eigendecomposition of the adjoint solu-
tion Hessian is modified.

7.4.3. ‘Weighted Hessian’ Approach. Another approach involving Hessians of
solution fields is presented in [Power et al., 2006|. In this case, however, the Hessian of
the adjoint solution is used for the metric constructed from the first order forward DWR
estimator and the Hessian of the forward solution is used for the adjoint version.

As in Subsection 7.3.4, the DWR estimators (7.9) and (7.10) may be re-interpreted as
interpolation error results using Céa’s lemma (2.28). Ignoring flux terms, this gives

| J(w) = J(wn)| < [[@n(wn)]| |w* = wi]l < Col| O (wn)|| flw* — Tpw],

|J(w) = J (wn)| < (@5 (wh) | [lw = wall < Cof| W (wp) || Jw — Thwl],

where C7,Cy > 0 are constants and the Cauchy-Schwarz inequality is applied to obtain
the first pair of upper bounds.

Given the relationship between interpolation errors and Hessians revealed in Section 5.3,
the authors of |[Power et al., 2006] suggest deriving anisotropic metrics from (7.58)
by scaling Hessians of the adjoint and forward solutions, respectively. That is, we can
construct anisotropic metrics by weighting the Hessian of the adjoint/forward solution
by the forward/adjoint strong residual. In practice, we project into IP1 space, as this is
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required by the mesh adaptation toolkit used herein:

MWVE - T11, (Z H\If(wh)HK]lK> |H (w")],

(7.59) fren

MWV =TT (Z H‘I’*(wZ)HK]lK> H (w)],

KeH

where W and U* are strong residuals for the forward and adjoint problems and II; :
IPO — IP1 is an appropriate projection operator. Clearly, anisotropy is inherited from the
Hessian.

In practice, the Hessians of the exact forward and adjoint solutions are approximated
by Hessians recovered from the corresponding finite element solutions using methods
described in Subsection 5.3.1. Of course, the Hessian metrics arising from (7.59) should
be normalised before deployment.

If the finite element space is not scalar, the Hessians arising from each component of the
adjoint /forward solution should be combined before assembling weighted Hessian metrics.
Again, a metric related to the second order DWR error estimate may be obtained by
combining the metrics in (7.59).

Note that, as presented, the weighted Hessian approach accounts for contributions to the
DWR from element interiors, but not those from inter-element fluxes, boundary conditions
or stabilisation. As noted in [Wallwork et al., 2021], in the context of a tracer transport
model stabilised using an SUPG method with parameter 7, the metric can be modified
by exploiting the fact that we have a Petrov-Galerkin method:

(7.60) Mgipe = I (Z II‘I’(Ch)IIKﬂK) [H (c), +mu- V)|

KeH

and similarly for the adjoint version, M. Note that this approach is very similar to
that which accounts for SUPG stabilisation in the difference quotient (7.48).

7.4.4. ‘Weighted Gradient’ Approach. Unlike the goal-oriented metrics above,
the approach of |Loseille et al., 2010| is based on the a priori error estimate (7.30)
derived therein. Where the DWR may be interpreted as the strong residual weighted by
the adjoint error, (7.30) can be viewed as the interpolation error of the strong residual,
weighted by the adjoint solution. That is,

(7.61) J(w) = J(wp) = (p — Uyp)(w; w"),

assuming the remainder term to be small. For simplicity of presentation, assume that we
have a scalar PDE. For the vector PDE case, see pp.3-5 of [Loseille et al., 2010].

If the strong form PDE can be written in conservative form with a potential functional
F as

(7.62) U(w)=V-F(w) =0,
then (7.61) takes the form
(7.63) J(w) = J(wp) = (0 (F = IL,F)(w),w*),, — (F - ,F)(w), Vw*).
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The trace term F results from the boundary integral contributions in the integration by
parts, along with any Neumann boundary conditions. Moreover, by the triangle inequality,

(7.64) | J(w) = J(wn)| < ((F = ILF)(w)], [Vw']) + (|8 (F = IF) ()], [w]) s, -

Forward Weighted Gradient Metric. Note the presence of interpolation errors in F and
F in (7.64). Using the bound on the LP-norm of the interpolation error provided by (5.19)
as justification, we may construct an anisotropic metric by an appropriate normalisation
of
ow*
8135

ﬂsurface = ‘w*‘

, ﬂ(?(w)ﬁ)‘

165 H Y HE W) \

Following the notation used in Chapter 5, the modulus sign indicates that we have re-
stricted eigenvalues to be positive, in order to ensure the Hessian is indeed a metric. To
use these metrics in practice, we first normalise them using the approach documented in
Section 5.4 and then intersect them on the boundary:

Hvolume in O
WG . _ EEN 5
(766> M T { E\I/;lume mﬂsLl;rface on aQ .

It is not immediately obvious how to choose a target metric complexity so that (7.66)
attains it, because the volume and surface components are of different dimension. Mak-
ing an appropriate choice of normalisation constant involves solving a small nonlinear
algebraic system, whose solution depends on the density of the constituent metrics. See
[Loseille et al., 2010] for details on the algebra problem and its solution.

For some problems, the PDE cannot be captured in conservative form (7.62). Suppose
instead it can be expressed as

(7.67) U(w)=V-F(w) = f,

where the forcing term f is independent of w. In (7.64) this yields an additional interpo-
lation error term for the forcing:

|J(w) = J(wn)| < ([(F = pF)(w)], [Vw])
(7.68) + <|ﬁ (F - HhJ_-')(w)| , |w*]>89
+(|f = Maf], W)
In [Wallwork et al., 2020a], we recommended modifying the volume Hessian to give

ow*
0951-

(7.69 EP = SO H(F )] |G|+ )]

Of course, there are many PDEs which cannot be expressed in the form (7.67) with f
independent of w. However, (7.65) and (7.69) are sufficient for many tracer transport
problems.

Adjoint Weighted Gradient Metric. Suppose the adjoint problem can also be written
in conservative form, for some potential G, modulo a forcing term g:

(7.70) U (w*) =V - -Gw") =g.
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In [Wallwork et al., 2020a], we proposed an adjoint weighted gradient metric MWE",
constructed by intersecting
(7.71)

a * — ~
Evolume . Z |H gZ | ‘_’LU + |ﬂ(9)| |w*|, Esurface — |U)‘ ’E (g(w*) . n)

as in (7.66). In that work, the volume component of this metric was demonstrated to be
effective in improving Qol convergence properties, but the corresponding error estimator
was neither proven, nor claimed to exist. That it is indeed based on a goal-oriented error
estimate is proved by Corollary 1.

7.4.5. Other Methods. The goal-oriented metrics discussed in Subsections 7.4.1—
7.4.4 are derived from a posteriori and a priori goal-oriented error estimates. There also
exist goal-oriented methods which do not make use of these results and are instead based
on the Qol alone.

One such method is presented in [Micheletti et al., 2010| and makes use of the Riesz
representation theorem (2.4.7) to express a Qol J : Hj(2) — IR for a standard Poisson
problem in the form

(7.72) J(v) == /QVU - Vg dz, v € Hy(Q),

where g = Ry (J). By Galerkin orthogonality of the Poisson problem, (7.72) satisfies
(7.73) J(e) = (Vw — Vuw,, Vg — VIl;g),

where w is the exact solution, wj, is the finite element solution in IPp space and II,
interpolates into that space. Gradients of the discrete quantities, w, and II,g, may be
computed directly, in the finite element sense. Gradients of w and g, on the other hand,
must be approximated using a recovery method, such as described in Subsection 7.3.3. The
authors propose isotropic and anisotropic element-based adaptation schemes involving
integrals of the directly computed and recovered gradients over patches. Effectively, we
have a ‘Qol-based’ method which exploits its structure.

A great advantage of the above approach is that it does not require solution of the adjoint
problem; metrics are constructed by post-processing of the forward solution alone. This
implies a significant reduction in computational cost and memory requirements compared
with the goal-oriented metrics described in previous subsections. Further, an anisotropic
framework is available, as proposed in [Micheletti et al., 2010|. A disadvantage of
the method as stated is that it only ensures optimal convergence for the Poisson prob-
lem, otherwise (7.73) is not exact. However, the extension to advection-diffusion-reaction
problems is considered in [Micheletti and Perotto, 2013|.

Whilst the approach above avoids solving the adjoint problem, it still requires enrichment
methods. The approach of [Davis and LeVeque, 2016|, on the other hand, avoids
enrichment, but still requires solution of the adjoint problem. It is focused on tsunami

propagation modelling using the linear shallow water equations, for a continuous, linear
Qol of the form

Tend
(7.74) / / T)dz dt, RCQ.
Tstart
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That is, free surface displacement is integrated over a coastal region, R, which is held to be
of importance. By accurately approximating J, it is possible to make a hazard assessment
for a hypothetical or past tsunami. Such a Qol admits an L? Riesz representation given
by the indicator function Ry2(J) = (0, Igx¢ry). The authors show that, under particular
choices of boundary conditions, the adjoint solution associated with (7.74) satisfies

(775) <q*(X, tl), Q(X, t1)> = <q*<X, tg), q(X, t2)> s ‘V’O S tl S t2 S T.

As such, they advocate a mesh adaptation indicator which is simply the spatial L? inner
product of the approximate forward and adjoint shallow water solution tuples, q; and qj.

The problem-dependence of this ‘adjoint-based” method means that it is not straightfor-
wardly extensible to general problems. However, it is demonstrated in Section 7.8 that
it largely mimics the isotropic DWR approach, at a reduced computational cost. Given
that we have an inner product of the forward (‘primal’) and adjoint (‘dual’) solutions, we
refer to this error indicator as ‘dual weighted primal’ (DWP).?

7.5. Steady-State Goal-Oriented Mesh Adaptation

7.5.1. Goal-Oriented Mesh Adaptation Loop. As discussed in Chapter 5, a
fixed-point iteration is used for metric-based mesh adaptation methods. Convergence
is achieved if the change in mesh element count crosses a pre-specified threshold. In the
goal-oriented case, convergence may also be checked based on relative tolerances for values
of the Qol or error estimator. Algorithm 3 shows the modifications in the steady-state
case. For the version which uses a target interpolation error, rather than a target metric
complexity, see Algorithm 1 of [Wallwork et al., 2020a].

Given target metric complexity Cr > 0;
Given initial mesh H;
Set 7 := 0;
while not converged do
Solve forward problem on H;;
Evaluate the Qol and check for its convergence;
Solve adjoint problem on H;;
Extract metric M;, normalising for target complexity Cr;
Apply metric gradation to M;;
Adapt the mesh using M; to obtain H;,1;
Increment 7;
end
Algorithm 3: Goal-oriented mesh adaptation routine for time-independent prob-
lems, as presented in [Wallwork et al., 2021].

Algorithm 3 is applied to steady-state test cases in the following three subsections.

2This term was not used by the authors of [Davis and LeVeque, 2016].
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7.5.2. Point Discharge with Diffusion in 2D. This subsection contains experi-
mental results which were published in the conference paper [Wallwork et al., 2020a] and
later extended in [Wallwork et al., 2021|. The results presented are as in [Wallwork
et al., 2021].

Consider again the ‘Point Discharge with Diffusion’ test case introduced in Subsection
3.6.1. Recall that we have two source-receiver problems, whose receiver regions differ:
one which is directly downstream of the source (R;) and another which is offset (Ry).
Recall that the adjoint problems — whose solutions are presented in Figure 3.4 — are also
advection-diffusion problems, with opposite flow direction.

In [Wallwork et al., 2020a|, we compared Qol convergence curves for the isotropic,
weighted Hessian (WH) and weighted gradient (WG) metrics, as well as qualitative fea-
tures of the resulting meshes. In addition, we investigated convergence properties and
mesh features given by averaging or intersecting each metric with its adjoint counterpart.

The implementation used to generate the results presented in [Wallwork et al., 2020a]
contained a number of simplifications, as follows. As mentioned in Subsection 3.6.1, the
point source was represented using a indicator function with a small radius which was
calibrated by trial-and-error. Regarding the isotropic metric, an interpretation of DWR
error indicators as a sum of moduli was used, rather than the modulus of a sum, in line with
the ‘cell facet split’ approach in [Rognes and Logg, 2010|. As such, cross terms between
the element interior and inter-element/boundary terms were exacerbated, rather than
cancelled. The ‘error representation’ approach in [Rognes and Logg, 2010| (modulus of
a sum) was found to be more effective in later work. Regarding the WH approach, SUPG
stabilisation was not accounted for. Finally, regarding the WG approach, Hessian surface
terms were neglected, leading to potential under-resolution near the domain boundary.

The numerical experiments were later reimplemented in [Wallwork et al., 2021]. In
that paper, the Gaussian point source parametrisation presented in Subsection 3.6.1 was
adopted and calibrated using a gradient-based optimisation method, making for a more
accurate representation. DWR indicators were computed using the difference quotient
formulation, for purposes of efficiency. In addition, the anisotropic DWR metric was
included in the comparison. The WH approach was modified to account for SUPG sta-
bilisation using (7.60). Boundary Hessian metrics were recovered for WG and combined
with those on the domain interior using the methodology of |[Loseille et al., 2010].
In terms of discretisation differences for the underlying PDE, a SUPG stabilisation pa-
rameter whose element size measure accounts for anisotropy was adopted, rather than
the circumradius (see Subsection 2.7.3). Finally, the discrete adjoint of the SUPG sta-
bilised forward problem was utilised, rather than the SUPG stabilised continuous adjoint
problem. This decision was informed by the Taylor test in Subsection 3.6.1.

In the following, we present the results of [Wallwork et al., 2021| (which compared
the four goal-oriented metrics), along with a number of other comparisons: enrichment
methods for the isotropic DWR metric; continuous vs. discrete adjoint methods; and
combination of first order forward and adjoint metrics by averaging or intersection. For
brevity, we refer to [Wallwork et al., 2020a] for the original results.

Comparison of Enrichment Methods. First, we consider the isotropic DWR metric,
MPWR - with error indicator evaluated using different enrichment methods: GEj;, GE,
and DQ. The discrete adjoint method is used to obtain adjoint solutions.
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Figure 7.3 shows example meshes in the aligned configuration. They have in common
bands of high mesh resolution upstream of the receiver region and coarse resolution down-
stream. This is consistent with the test case being advection-dominated, whereby the Qol
value is insensitive to the dynamics downstream of the receiver. In some cases the mesh
is extremely coarse near the outflow boundary.

(A) GEh

(11,586 elements,
5,830 DoFs,

max. aspect ratio 1.8)

(B) GE,

(10,593 elements,
5,334 DokFs,

max. aspect ratio 1.8)

(c) bQ

(11,253 elements,
5,660 DoFs,

max. aspect ratio 2.7)

FIGURE 7.3. Example meshes for isotropic goal-oriented mesh adaptation
applied to the ‘Point Discharge with Diffusion’ test case with aligned source
and receiver, using different enrichment methods. L! normalisation is ap-
plied to all metrics.

The mesh arising from the DQ method takes a slightly different form from the others,
with bands of resolution spreading upstream from the receiver. This is likely due to
the inclusion of the Laplacian of the adjoint solution in the error indicator. For the
global enrichment methods, the bands appear to be aligned with the axis from source to
receiver. GE,, gives rise to the mesh which is closest to being symmetric in the bisector of
the source-receiver axis. An exception is that, as with the other meshes, more resolution
is deployed around the point source than around the receiver region.

The meshes presented in Subfigures 7.3a—7.3b have elements with aspect ratio two or
smaller, meaning that they are effectively isotropic, as may be expected from the use
of an isotropic metric. Examining the aspect ratio field in more detail, the DQ method
has just one element where the value is larger than two, in the top left corner. In the
offset configuration presented in Figure 7.4, it is the GE, mesh which exhibits a single
element with aspect ratio greater than two, on the right hand boundary. Other than
these exceptions, all of the elements are effectively isotropic. The qualitative observations
made above carry over to the offset case, except that, for GE;, and, especially, DQ, more
resolution is deployed in the receiver region than before. This is because the receiver is
now outside of the centre of the flow, so smaller tracer concentrations are to be detected
there.

By increasing the target complexity in the normalisation strategies, we are able to obtain
goal-oriented metrics of increased complexity and hence meshes with more DoFs. Figure
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(A) GEj
(11,151 elements,
5,621 DoFs,

max. aspect ratio 1.6)

(B) GE,
(10,968 elements,
5,528 DoFs,

max. aspect ratio 2.7)

(c) DQ
(11,215 elements,
5,647 DokFs,

max. aspect ratio 1.6)

FIGURE 7.4. Example meshes for isotropic goal-oriented mesh adaptation
applied to the ‘Point Discharge with Diffusion’ test case with offset source

and receiver, using different enrichment methods. L! normalisation is ap-
plied to all metrics.

7.5 shows convergence curves for the four methods, as well as iso-IP2 (uniform) refine-
ment. For both aligned and offset cases, uniform refinement requires over 100,000 DoFs
in order to obtain relative error smaller than 1%. Under each enrichment method, an

order of magnitude fewer DoFs are required in order to cross this threshold. Moreover,
all approaches yield errors consistently below 1% thereafter.
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FIGURE 7.5. Qol convergence plots for the ‘Point Discharge with Diffu-

sion’ test case, for an isotropic goal-oriented metric, under four different
enrichment methods. L! normalisation is applied to all metrics.
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In the aligned case shown in Subfigure 7.5a, all three methods appear to perform well,
ensuring a fairly consistent decrease in error with increasing DoF count, although there are
some exceptions, where the error rises again temporarily. In the offset case, all methods
enable errors less than 1% with 10,000 DoFs or more. Somewhat surprisingly, the DQ
method stands out as having very desirable convergence properties — especially in the
offset configuration — despite having by far the lowest computational cost. Given that it
is also competitive in the aligned case, this method of accounting for the adjoint error
is advocated for first order forward error indicators. It is not possible to come to a
conclusion regarding which of the global enrichment methods provides the best option for
this particular test case, based on accuracy alone. Given that p-refinement is the cheapest
and has the best effectivity properties, it is likely that it would be the most effective choice
in practice.

Comparison of First Order Forward Metrics. Having established an enrichment method
of choice, we proceed to compare the metrics MPWE MAPWR - AfWH and MWE | each of
which involves residuals of the forward problem.

In the case of aligned source and receiver, the goal-oriented metric generation methods
yield meshes such as those presented in Figure 7.6. Again, the meshes each have bands
of high resolution upstream of the receiver and coarse resolution downstream.

(A) Isotropic DWR
(11,253 elements,
5,660 DoFs,

max. aspect ratio 2.7)

— 1 (B) Anisotropic DWR
= 1 (13,871 elements,

= : 6,967 DoFs,

: = max. aspect ratio 19.8)

(c) Weighted Hessian
(11,775 elements,

5,946 DokFs,

max. aspect ratio 23.1)

(D) Weighted gradient
(17,908 elements,
9,041 DokFs,

max. aspect ratio 8.1)

FIGURE 7.6. Example meshes for isotropic and anisotropic goal-oriented
mesh adaptation applied to the ‘Point Discharge with Diffusion’ test case
with aligned source and receiver. The anisotropic DWR metric is normalised
using a = 2; L' normalisation is used in all other cases. As presented in
[Wallwork et al., 2021].

The mesh due to the isotropic DWR metric presented in Subfigure 7.6a is fairly isotropic,
with maximum aspect ratio 2.7 across all elements. This is in fact the same mesh as
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presented in Subfigure 7.3c, whose sole element with aspect ratio greater than two is in
the top left corner. The other meshes are at least moderately anisotropic, with the most
anisotropic elements (maximum aspect ratio 23.1) being due to WH.

Comparing Subfigures 7.6b and 7.6¢, it is clear that the ADWR mesh retains anisotropy
in the downstream region, whereas the elements there are fairly isotropic for WH. This
may be explained by noting that WH inherits anisotropy from derivatives of the adjoint
tracer concentration, which is uniformly zero downstream. Unlike WH, WG inherits
its anisotropy from the Hessian of the potential functional, which is not uniformly zero
downstream. As such, all elements in the resulting mesh are moderately anisotropic.

As discussed in Subsection 5.8.2, normalisation parameters play an important role re-
garding the distribution of resolution in meshes arising from a particular metric. For the
(vertex-based) isotropic DWR, WH and WG methods, L' normalisation is applied, in
order to give multi-scale meshes. For the (element-based) ADWR method, the parameter
choice o = 2 was found to be effective. For these choices of normalisation parameters,
ADWR deploys higher mesh resolution around the source and receiver. However, it is dif-
ficult to compare differently normalised metrics and this observation would not necessarily
hold for all values of «.

Recall that the WG metric is comprised of a combination of four metrics: two ‘volume’
metrics, one ‘surface’ metric and an additional metric which accounts for the source
term (see (7.69)). The source term manifests in the mesh as high resolution around
the point source. The surface term only contributes on the top and bottom boundaries,
where Neumann conditions are imposed. It conveys the extent to which these boundary
conditions are imposed. This manifests in the mesh as increased resolution at the top
and bottom boundaries of the upstream region. The same increased resolution is not
apparent downstream because of the weighting by the (uniformly zero) adjoint solution.
In addition, the fact that WG consists of a combination of normalised metrics explains
why the mesh presented in Subfigure 7.6d has considerably more elements and DoFs than
the other meshes, despite using the same target metric complexity.

Now consider the offset case, for which example meshes are presented in Figure 7.7. All of
the above qualitative observations made in the aligned case carry over, with the meshes
having comparable anisotropy. In the case of ADWR, the maximal aspect ratio of 74.1 is
significantly higher than in the aligned case. This is likely due to the skew introduced by
the offset problem.

Convergence of Qol error with increased mesh element count is demonstrated for all four
approaches in Figure 7.8. For the metrics considered, an order of magnitude fewer DoFs
are required in order to cross the 1% error threshold than uniform refinement, in both
configurations. Moreover, errors are consistently below 1% thereafter.

It is difficult to draw any conclusions about the optimality of one particular metric, since
the differences between convergence curves are not significant or consistent. However,
it is remarkable that errors smaller than 1% can be attained with almost two orders of
magnitude fewer elements than are required using uniform refinement — WG in the aligned
case and ADWR in the offset case. These are perhaps coincidentally small errors due to
cancellations, since larger Qol errors are reported on meshes with more DoFs. That the
ADWR metric performs comparably to the other metrics suggests that the DQ formulation
works well in the anisotropic, as well as isotropic construction. This is encouraging in
terms of the development of efficient goal-oriented mesh adaptation strategies, due to its
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(A) Isotropic DWR
(11,215 elements,
5,647 DoFs,

max. aspect ratio 1.6)

e - (B) Anisotropic DWR
: Wi (13,643 elements,

- 6,853 DoFs,

max. aspect ratio 74.1)

(c) Weighted Hessian
(13,066 elements,

6,611 DoFs,

max. aspect ratio 22.4)

(D) Weighted gradient
(17,717 elements,
8.972 DokFs,

max. aspect ratio 8.0)

FIGURE 7.7. Example meshes for isotropic and anisotropic goal-oriented
mesh adaptation applied to the ‘Point Discharge with Diffusion’ test case
with offset source and receiver. The anisotropic DWR metric is normalised
using a = 2; L' normalisation is used in all other cases. As presented in
[Wallwork et al., 2021].

low computational cost. It is an advantage of the ADWR method that it is sufficiently
flexible to allow for different error estimator formulations; this is not possible with WH
or WG.

It may be that this test case makes it ‘too easy’ for the goal-oriented metrics, enabling
them all to achieve a high accuracy with relatively few DoFs, after which the error
plateaus. Indeed, the convergence analysis experiments for the steady-state shallow water
test case presented in Subsection 7.5.4 show a clearer distinction between different goal-
oriented metrics. In conclusion, it is not possible to hold any one of the metrics to be
best suited to the tracer transport test case presented here, since they all perform well.

Comparison of Continuous and Discrete Adjoint. Following the conclusions of the
Taylor test in Subsection 3.6.1, the discrete adjoint is used in the results presented thus far
in this subsection. For comparison, Figure 7.9 shows the corresponding convergence curves
assuming the continuous adjoint method. As in the previous comparison, the continuous
adjoint problem is stabilised using SUPG, whereas the discrete adjoint is applied to the
SUPG-stabilised forward problem. It is not obvious that discrete adjoint or continuous
adjoint leads to lower Qol errors overall, except that there are more notable increases
in error with increasing DoF count under the continuous adjoint (see WG in the offset
configuration and WH in both cases). Both discrete and continuous adjoint methods yield
errors consistently below 1% with more than 10,000 DoFs, for all goal-oriented metrics
considered. As such, we can proceed to use either of the two methods.
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FIGURE 7.8. Qol convergence plots for the ‘Point Discharge with Diffu-
sion’ test case, for four different goal-oriented metrics constructed using
the discrete adjoint method. The anisotropic DWR metric is normalised

using o = 2; L' normalisation is used in all other cases. As presented in
[Wallwork et al., 2021].
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FIGURE 7.9. Qol convergence plots for the ‘Point Discharge with Diffusion’
test case, for four different goal-oriented metrics constructed using the con-

tinuous adjoint method. The anisotropic DWR metric is normalised using
a = 2; L' normalisation is used in all other cases.

Comparison of Second Order metrics. Four goal-oriented metrics built upon first or-
der forward goal-oriented error indicators have been compared. Next, consider metrics
constructed from the corresponding second order goal-oriented error indicators. Recall
that the second order DWR indicator is simply the average of the first order forward
and adjoint versions, (7.12)—(7.13), the latter of which contains residuals in the adjoint
equation. The automatic decomposition of error indicators (such as the discrete adjoint
weak residual) into cell and flux components in Firedrake, as done in FEniCS in [Rognes
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and Logg, 2013|, is proposed as future work. For the time being, we opt to use the con-
tinuous adjoint in the following. The convergence curves presented in Figure 7.9 suggest
that doing so does not result in a significant loss of accuracy. In addition, we find that
the DQ formulation is not as effective when applied to the first order adjoint version of
the ADWR metric. Instead, we choose the GE, method for all subsequent experiments,
since this is the next most computationally efficient method.

The results below repeat those performed in [Wallwork et al., 2020a|, but with simplifi-
cations of that work overcome, as described above. For both aligned and offset configura-
tions, the goal-oriented metrics already presented are combined with MPWR*  AfADWR
MWES or MWG* a5 appropriate. Combination by averaging and intersection are com-
pared. In addition, we include an isotropic metric constructed directly from the second
order DWR error estimator, which differs from the averaged first order metrics because
normalisation and combination are applied in reverse order.

Figure 7.10 shows example meshes arising from averaging forward and adjoint metrics.
The meshes associated with the second order estimate (Subfigure 7.10a) and average of
first order metrics (Subfigure 7.10b) are qualitatively very similar, with resolution most
focused around the source.

The ADWR mesh (Subfigure 7.10c) differs from the version based on the forward estimator
alone (Subfigure 7.7b) in that the elements of highest anisotropy are contained within the
region between source and receiver, rather than extending along the top boundary. This
is likely because the adjoint metric involves the Hessian of the adjoint solution, which is
uniformly zero downstream of the receiver.

Whilst the mesh due to the averaged WH metric (Subfigure 7.10d) is qualitatively very
similar to what was seen previously, the averaged WG metric leads to meshes with a
rather different structure (Subfigure 7.10¢). The metric focuses mesh resolution along all
boundaries except the inflow, especially in the downstream region. This is due to the
boundary component for the adjoint WG metric involving a term which assessed how
well the Robin condition is weakly satisfied. Where the mesh in Subfigure 7.7d focuses
its resolution most clearly on the source for the forward problem, here it is also focused
on the source for the adjoint problem. Since the adjoint source is an indicator function,
many DoFs are deployed to resolve its discontinuities.

Note that the final metrics used to generate both forms of averaged isotropic metric
attain the target complexity, 4000. The intersected metric presented in Subfigure 7.11a,
on the other hand, has complexity 5690.1. This is because the metrics are normalised
before intersection, which generally acts to increase this quantity (as demonstrated in
Subsection 5.8.3). The same can be observed of the other meshes presented in Figure
7.11, which bear a strong likeness of the meshes in Figure 7.10, but have more elements
and DoFs than their counterparts. Other qualitative observations of the above hold true
for these meshes, too.

Convergence plots are presented in Figure 7.12. Under the first order error estimator alone,
no error curves were consistently below 1% for function spaces with 2,000 DoFs and above.
The combined WG metrics achieve this in every case. That the combined WG metrics
perform so well demonstrates that the first order adjoint a priori error estimator (7.39)
derived in this thesis includes information which enables a high quality Qol estimate.
Whilst the ADWR and WH metrics do not yield comparably small errors using few DoFs,
they do perform well on the whole across all four cases.
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(a) 2™ order isotropic DWR
(10,755 elements,

5,422 DokFs,

max. aspect ratio 1.7)

(B) Isotropic DWR
(11,413 elements,
5,754 DoFs,

max. aspect ratio 2.1)

(¢) Anisotropic DWR
(15,626 elements,

7,838 DoFs,

max. aspect ratio 10.6)

(D) Weighted Hessian
(13,788 elements,

6,957 DoFs,

max. aspect ratio 15.4)

(E) Weighted gradient
(17,422 elements,
8,955 DoFs,

max. aspect ratio 6.6)

FIGURE 7.10. Example meshes for metric-averaged goal-oriented mesh
adaptation applied to the ‘Point Discharge with Diffusion’ test case with
offset source and receiver. The anisotropic DWR metric is normalised using
a = 2; L' normalisation is used in all other cases.

In the aligned configuration, neither of the error curves corresponding to averaged isotropic
metrics or averaged error indicators are particularly attractive, since the error does not
decrease monotonically. In the offset configuration, averaging metrics yields consistently
small errors using fewer DoFs. As such, it could be argued that useful information may be
obtained by treating the second order DWR error estimate in terms of its two first order
components. Intersecting first order isotropic metrics gives more favourable results than
either averaging approach in the aligned configuration, with errors being consistently
small over a broader range of DoF counts. However, this is not the case in the offset
configuration, meaning we are not able to draw a clear conclusion of which isotropic
approach is most effective.

Summary. In conclusion, we find that goal-oriented mesh adaptation enables conver-
gence to the exact Qol values using (often significantly) fewer DoFs than required under
uniform meshing, for this particular time-independent test case. An isotropic metric and
three anisotropic metrics are validated, each of which enabling enhanced convergence
properties, compared with uniform refinement. Moreover, metrics based on forward and
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(A) Isotropic DWR
(15,906 elements,
8,004 DoFs,

max. aspect ratio 2.1)

(B) Anisotropic DWR
(26,296 elements,
13,175 DokFs,

max. aspect ratio 12.1)

(c) Weighted Hessian
(20,875 elements,
10,501 DoFs,

max. aspect ratio 14.4)

(D) Weighted gradient
(25,715 elements,
13,216 DoFs,

max. aspect ratio 6.6)

FIGURE 7.11. Example meshes for metric-intersected goal-oriented mesh
adaptation applied to the ‘Point Discharge with Diffusion’ test case with
offset source and receiver. The anisotropic DWR metric is normalised using
a = 2; L' normalisation is used in all other cases.

adjoint DWR error results (7.9) and (7.10) may be combined in order to obtain further en-
hancements, albeit with heightened computational cost. We find that metric intersection
generally leads to more favourable convergence properties than averaging.

It has already been concluded that it is not possible to say which first order metric is best
suited to the test case considered here, since they all perform very well. The experiments
focused on second order metrics, on the other hand, suggest that the weighted gradient
metric offers the best convergence properties, in that it achieves consistently small Qol
error, from as few as 2,000 elements.

7.5.3. Point Discharge with Diffusion in 3D. This subsection contains experi-
mental results which were published in [Wallwork et al., 2020a).

Whilst the test case considered in Subsection 7.5.2 fulfils its purpose as a validation exper-
iment for the goal-oriented mesh adaptation framework, the two dimensional approxima-
tion is insufficient for many realistic CFD applications. For instance, in the desalination
outflow modelling context, the vertical component is essential for accurately capturing the
small scales associated with the inflow and outflow pipes, which are orders of magnitude
smaller than the dominant dynamical processes and spatial domain size.

In this subsection, we extend the ‘Point Discharge with Diffusion’ test case to three
dimensions by making the following modifications: domain © = [0, 50] x [0, 10] x [0, 10],
fluid velocity u = (1,0,0), point source location xo = (2,5,5) and region of interest
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FIGURE 7.12. Qol convergence plots for the ‘Point Discharge with Diffu-
sion’ test case, for four different goal-oriented metrics constructed by com-
bining metrics due to first order error estimates. The anisotropic DWR
2; L' normalisation is used in all other

metric is normalised using «

cases.

centred at (20, 7.5,7.5). Unlike in the other test cases considered in this thesis, the tracer
concentration is not depth-averaged. Figure 7.13 compares the numerical solution of
this problem using an SUPG stabilised IP1 method defined on both a 1,920,000 element
uniform mesh and an anisotropic goal-oriented mesh generated by averaging forward and
adjoint weighted Hessian metrics.

The goal-oriented mesh presented in Subfigure 7.13a is remarkably multi-scale, with cell
volumes ranging from as small as 1.25 x 107! cubic units near to the source and receiver
to as large as 4.81 cubic units downstream of the receiver. That is, the mesh element sizes
cover ten cubic orders of magnitude, which corresponds to variations of factors as much as
1,000 in each spatial dimension. For the domain considered here, a uniform mesh with cell
volumes 1.25 x 1071° would require 4 x 10'® mesh elements, which is clearly prohibitively
large. This simple calculation reveals why a multi-scale approach is essential for realistic
3D applications where the region of interest is much smaller than the domain size.
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(B) Finite element solution on a uniform mesh
with 1,920,000 elements.
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(A) Clip of a mesh with 1,776,396 elements re-
sulting from goal-oriented mesh adaptation.
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(¢) Finite element solution on the goal-oriented
mesh shown in Subfigure 7.13a.

FIGURE 7.13. Slices of the solution to the 3D extension of the ‘Point Dis-
charge with Diffusion’ test case discussed in Subsection 7.5.2, presented on a
uniform mesh and a mesh generated using averaging of forward and adjoint
weighted Hessian metrics. Slices were taken on the plane intersecting source
and receiver which is orthogonal to the z-axis. As presented in [Wallwork
et al., 2020a].

The isosurface plots shown in Subfigures 7.13b—7.13c reveals some interesting aspects of
the goal-oriented approach. Firstly, we observe that the source term is well resolved, due
to the high levels of resolution deployed in its vicinity. This is clearly not the case for the
uniform mesh, where numerical diffusion appears to have smoothed out the source term
somewhat. Secondly, whilst the uniform mesh yields a relatively smooth solution across
the entire domain, grid-scale features can be observed downstream of the receiver region
for the goal-oriented mesh. As noted in Subsection 7.5.2; this is permitted because the
Qol is independent of the downstream dynamics in this advection-dominated problem.
In conclusion, the goal-oriented approach allows us to more accurately capture what we
deem to be the important aspects of the fluid dynamics, whilst using fewer elements than
found in the uniform mesh.

7.5.4. Tidal Array. This subsection contains experimental results which were pub-
lished in [Wallwork et al., 2020b|. After the paper was published, a minor bug was
detected; the results presented here are therefore different than those presented in the pa-
per. Whilst these updated results are slightly different, the conclusions remain the same.

The steady-state shallow water problem described in this subsection is solved using a
IP1pe — IP2 mixed discontinuous/continuous SIPG method with Lax-Friedrichs stabilisa-
tion. The linear systems arising during the numerical solution of this nonlinear equation
are solved using a direct method.
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FIGURE 7.14. Base meshes used for the aligned and offset configurations of
the ‘Tidal Array’ test case. Modified based on plots presented in [Wallwork
et al., 2020b|.

Consider a simple two turbine tidal farm, F = {T},7»}, in an idealised rectangular
channel domain, 2 = [0, 1200] x [0, 500], with units of metres. Two different configurations
are assessed for the farm: one where T} is directly upstream of 7T, and another where
Ty and T, are offset by one turbine diameter to South and North, respectively. Given
turbines of diameter 18 m, the former ‘aligned’ configuration has turbines centred at
{(456,250), (744, 250)}, whereas the latter ‘offset’ configuration has turbines centred at
{(456,232), (744, 218)}.

As considered in Subsection 2.1.2, the Qol is given by a proxy for the total power output
of the array. In the steady state case, we have (as in (2.11)),

(7.76) J(u,1) :Z/pseaCtHUH?’dx,
Q

which has units of Watts. Here the turbine drag coefficient C; is as given in (2.7) and
depends on the configuration of the farm. Whilst realistic tidal turbine applications are
inherently time-dependent, it is useful to consider steady-state test cases in order to
understand the impact of the array configuration on its power output. The total power
output (7.76) in the two array configurations are denoted by Jy and J;, with the subscript
indicating the South/North offset in terms of turbine diameters.

We consider a flat bathymetry b = 40m and flow driven by an inflow condition, u =
(5,0)ms™!, on the Western boundary. These depths and fluid speeds are representative
of the Pentland Firth, Scotland — one of the UK’s greatest tidal resources [du Feu et al.,
2019]. A uniform isotropic viscosity v = 0.5m?s™! is specified, resulting in a moderately
advection-dominated problem. Free-slip conditions are imposed on the channel walls and
an outflow condition 7 = 0 m on the Eastern boundary closes the system.

The nonlinear system is linearised about the inflow velocity and zero elevation.

Base meshes taking account of the turbines are generated using gmsh |Geuzaine and
Remacle, 2009], where the mesh resolution inside the turbine footprint is higher than
in the rest of the domain. These meshes are displayed in Figure 7.14. As for the ‘Point
Discharge with Diffusion’ test case, a mesh hierarchy is obtained by iso-IP2 refinement.

Figure 7.15 shows the magnitude of the velocity (i.e. the speed) given by solving the test
case on the third mesh of this hierarchy. Examining Subfigure 7.15a, we observe that the
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FIGURE 7.15. Fluid speed [ms™!] as computed on meshes generated by
two uniform refinements of the meshes shown in Subfigures 7.14a-7.14b.
Modified based on plots presented in [Wallwork et al., 2020b].

momentum deficit at T3 is more significant than at T} when the turbines are aligned. This
occurs because the wake of T} has not fully recovered at T5 and so this turbine overall
experiences slower flow than T7. As a consequence, turbine T, generates less power. In
the offset case displayed in Subfigure 7.15b, the momentum deficit is similar at 7} and 75.
This suggests that the presence of the first turbine is less impactful upon the flow speed
meeting 75 than in the aligned case. As a result, the total power output of the offset
array configuration is higher than in the aligned configuration.

Qol Convergence on Uniform Meshes. Table 7.1 illustrates the convergence of Qol
values under iso-IP2 refinement. The values displayed on the final row of Table 7.1 exhibit
convergence to four significant figures and therefore present benchmark values for later
comparison. In agreement with the discussion above, the offset configuration achieves a
15% higher total power output than the aligned configuration, illustrating how turbine
positioning is an important factor in tidal farm design.

Aligned Offset
Elements DoFs Jo Elements DoFs Ji
3,328 26,711  22.0185 MW 3,170 25,447  25.2703 MW
13,312 106,669 21.8757 MW 12,680 101,613  25.1891 MW
53,248 426,329 21.8270 MW 50,720 406,105  25.1492 MW
212,992 1,704,625 21.8127 MW 202,880 1,623,729 25.1359 MW
851,968 6,817,121 21.8088 MW 811,520 6,493,537 25.1322 MW

TABLE 7.1. Convergence of Qols Jy and J; evaluated at finite element
solutions on a hierarchy of meshes generated by uniform refinement of the
initial mesh. Modified based on the table presented in [Wallwork et al.,
2020b)].

Goal-Oriented Mesh Adaptation. In this subsection, we apply the isotropic and anisotropic
metric-based mesh adaptation methods described in Subsection 7.4.2. The goal-oriented
error indicators used within the metrics are those derived in Subsection 7.2.2.

Figure 7.16 compares sample isotropic and anisotropic meshes, for both aligned and offset
array configurations. Enrichment was performed using global h-refinement, with the
forward solution prolonged into the enriched space, rather than the forward problem
being solved. Each mesh deploys significant resolution surrounding the turbines — in
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particular the first one. This is required for an accurate Qol approximation. The Qol
may be approximated accurately without deploying significant resolution downstream of
the second turbine, since it is independent of the dynamics in that region for an advection-
dominated problem. Accordingly, each mesh is coarse in the region downstream of the
second turbine. In the ‘farm region’ surrounding and inbetween the turbines, the mesh
resolution is higher, meaning that the local dynamics will be better resolved than those
downstream. The meshes presented in Subfigures 7.16c-7.16d are clearly more anisotropic
than those in Subfigures 7.16a—7.16b, as we should expect, and the maximum aspect ratios
stated are an order of magnitude larger.
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(D) Offset, anisotropic (6,801 elements, 3,424 vertices, max. aspect ratio 19.7)

FIGURE 7.16. Example meshes generated using goal-oriented mesh adap-
tation, including zooms on the farm region. Subfigures 7.16a and 7.16¢
correspond to the aligned configuration, whilst Subfigures 7.16b and 7.16d
correspond to the offset configuration. Modified based on plots presented
in [Wallwork et al., 2020b].

Components of the DWR error indicator due to cell residual and flux contributions are
shown in Figure 7.17. Given the colour scales, the contributions from fluxes are much
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more significant than those from cell residuals. However, the cell residual is more signifi-
cant in the isotropic case than the anisotropic case, largely because the latter has higher
mesh resolution downstream. Flux terms, on the other hand, are more significant in the
anisotropic case, especially in the farm region. Errors due to the inflow condition are ap-
parent for the flux terms on the isotropic mesh, which manifests in heightened resolution
on the left hand boundary.
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FIGURE 7.17. Cell residual and flux error indicators for the ‘Tidal Array’
test case on meshes generated using goal-oriented mesh adaptation. All

plots are in the offset configuration. Modified based on plots presented in
[Wallwork et al., 2020b].

Figure 7.18 illustrates the convergence of power output on meshes generated from isotropic
and anisotropic goal-oriented metrics with increasing complexity. For each adaptation
strategy and array configuration, we observe convergence of the power output to the
benchmark values established in Table 7.1. For a given DoF count, the goal-oriented
adaptive strategies yield estimates with consistently smaller error than uniform refine-
ment, except for the first isotropic metric data point in the aligned configuration. Further,
observe that the anisotropic approach consistently out-performs the isotropic approach
in this regard. Whilst the convergence of Qol error with increasing DoFs is monotonic
under uniform refinement and the isotropic metric, this is not the case for the anisotropic
metric.

Regarding the GE; enrichment method, two cases are considered for the enriched adjoint
problem definition, as discussed. The naive method is to first solve the forward problem
in the enriched space and then form the adjoint problem using a linearisation about its
solution (i.e. ‘solve’). The standard method used in the literature (see |[Rognes and
Logg, 2013| and [Roth et al., 2021|, for example) is to simply linearise about the
prolongation of the forward solution from the base space (i.e. ‘prolong’). Given that
the nonlinear iteration typically takes four iterations to converge, the overall cost of the
former method is effectively five times that of the latter (since the cost of prolongation is
negligible in comparison to performing a nonlinear solve). However, as demonstrated in
Figure 7.18, there is very little gained in terms of accuracy by taking the more expensive
route, if anything at all. In fact, there are data points where the latter method happens to
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FIGURE 7.18. Qol convergence analysis under uniform refinement,
isotropic adaptation and anisotropic adaptation for (a) the aligned and
(b) the offset array configurations. Modified based on plots presented in
[Wallwork et al., 2020b)].

be more accurate. In conclusion, we validate the prolongation approach for this particular
test case.

The non-monotonic convergence observed in both this and the previous test case is likely
due to stopping criteria not being sufficiently tight. Whilst relative convergence of the
Qol value, mesh element count and error estimator are all checked, the adaptation loop
breaks if just one is satisfied. This could lead the algorithm to accept a mesh which
gives rise to a substantially different Qol value, but happens to have a similar number of
elements as the previous iteration. In future work, it would be better practice to assert
that all three quantities converge.

7.6. Time-Dependent Goal-Oriented Mesh Adaptation

The literature contains many applications of goal-oriented mesh adaptation to the solution
of steady-state PDEs, wherein the computational complexity requirements for accurately
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estimating the Qol have been demonstrated to be lower than with other other approaches
(see previous section). Whilst goal-oriented mesh adaptation requires multiple solves of
the forward and adjoint problems (and in some cases also problems solved in enriched finite
element spaces), these systems may usually be formulated as a single linear or nonlinear
system. This means that the computational overheads associated with steady-state goal-
oriented mesh adaptation are generally not cumbersome, especially if convergence of the
fixed point iteration loop is achieved in a small number of iterations.

The computational overheads associated with a single forward or adjoint solve in a time-
dependent problem are typically much more significant. In addition, the reversed causality
in the adjoint problem and the fact that it depends on the forward solution at each time
level (for nonlinear problems) means that it is not possible to apply goal-oriented mesh
adaptation in an ‘on-the-fly’ fashion. The forward, adjoint and any enriched versions
thereof must be solved over the whole time interval before goal-oriented error estimation
can be performed. As such, the development of general goal-oriented mesh adaptation
algorithms for time-dependent problems which ensure both minimal Qol error and low
computational complexity remains an open problem. The work of [Belme et al., 2012|
presents an effective approach for the metric-based case, which is adopted here, albeit
with a different choice of metric.

In this thesis we do not account for error due to time discretisation. Instead, we focus on
errors arising from the discretisation of the spatial domain and in particular those spatial
discretisation errors due to the choice of mesh.

Assuming some time integration scheme, a simple approach is to simply apply the steady-
state approach as stated in Algorithm 3, with error indicators evaluated as integrals over
single cells and the entire time period (i.e. K x (0,7]). That is, we seek to obtain a single
mesh which is to be used used over the whole time period. This approach is advantageous
in that the mesh is only adapted once per iteration. Similarly, mesh-to-mesh interpolations
are not required at all, meaning interpolation error is only introduced when interpolating
analytic functions and data into finite element spaces (which is unavoidable) and in a
single projection from IP0 to IP1. However, a major disadvantage is that evaluating error
indicators as integrals over all time has the effect of ‘smoothing out’ information which
changes from timestep to timestep. This is particularly problematic if there are flow
features which move rapidly across the domain, since their significance at any particular
location and time is not given the precedence it deserves. Shockwaves and tsunamis are
examples of inherently time-dependent flow features whose spatial location is extremely
important.

A similar simple approach also reapplies Algorithm 3, but evaluates error indicators as
integrals over single cells and timesteps (i.e. K x (t®) ¢ +1]). Metrics are computed at
each timestep and then normalised using space-time normalisation. Whilst the compu-
tational cost and interpolation error associated with such an approach are likely higher
than the one described above, it may be readily extended to a case with multiple meshes,
as described in the following subsection. By evaluating error indicators on a timestep-
by-timestep basis, the evolution of error in time is accounted for, enabling the spatial
mesh size to change during the simulation, as required. Nonetheless, smoothing still oc-
curs if the metrics are accumulated by time integration (i.e. L' normalisation). Metric
intersection could also be applied for the time accumulation, which reduces the extent
to which features are smoothed. However, the size of a mesh constructed by intersecting
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a large number of metrics is unpredictable and likely very high, implying a significant
computational cost.

7.6.1. Adaptation on Time Subintervals. Recall the notation introduced in Sub-
section 5.7.2, where {W;}*_, provides a partition of the temporal domain (0, 7] into subin-
tervals. As described in that section, we seek to optimise the mesh used on each of these
k subintervals. The difference here is that the mesh adaptation is driven by goal-oriented
error estimation and, as such, the optimisation of mesh H,; requires the solution of both
forward and adjoint equations on subinterval W;.

Algorithm 4 provides one method for generating a sequence of goal-oriented meshes, for
a target space-time metric complexity. It may also be straightforwardly applied in the
case of a target interpolation error. It is based on the algorithm presented on p.6338 of
[Belme et al., 2012].

Given target space-time complexity Cr > 0;

Given initial meshes {7 ki

Set i := 0;

while not converged do

for j=1,...,kdo
Interpolate fields onto H? from formulae/data,/previous mesh;
Solve forward problem over subinterval W’ on "Hf ;
Store forward solution from the final timestep of W7;

end

Evaluate the Qol and check for its convergence;

for j=k,...,1do
Load forward solution for first timestep of WY;
Solve forward problem over subinterval W’ on Hf ;
Solve adjoint problem over subinterval W’ on Hi ;
Construct metric M? over subinterval W7,

end

Normalise {/\/lz ;?:1 based on target complexity Cr;

for j=1,...,k do
Apply gradation to Mf ;
Adapt mesh H? using M? to obtain I

end

Increment ;

end

Algorithm 4: Mesh adaptation routine for time-dependent problems, as presented
in [Wallwork et al., 2021].

The number and length of subintervals to be used is chosen before application of Algorithm
4, for simplicity. Under explicit timestepping methods, the algorithm is more complicated.
This is because the timestep restriction due to the CFL criterion may force a change
of timestep at different time levels. A fixed point algorithm which accounts for explicit
timestep restrictions in the case of ‘weighted gradient’ type metrics is presented in [Belme
et al., 2012|.
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Another simplification of the method as presented is that static metrics are constructed
at every timestep and then accumulated over each subinterval. This can be expensive
in practice, especially if the metric requires Hessian recovery. As such, a more efficient
implementation only computes metrics at a subset of timesteps and the accumulation
approach is modified accordingly. For example, under L' time normalisation, a longer
step length should be used in the quadrature scheme.

7.7. Desalination Plant Outfall Modelling

This section contains experimental results as presented in [Wallwork et al., 2021].

As a first demonstration of time-dependent goal-oriented metric-based mesh adaptation,
consider the idealised desalination plant outfall scenario introduced in [Wallwork et al.,
2021]. The problem consists of a channel domain 2 = [—1500, 1500] x [—500, —500]
with units of metres and free-slip conditions on the North and South boundaries, 0.
Idealised tides are generated by simple sinusoidal forcings of the water depth on the East
and West boundaries, 0{2p. On those boundaries, a constant background salinity of
¢y = 39g1™! is imposed. This value is also used as an initial condition for salinity.

For given bathymetry, viscosity and drag fields, the hydrodynamics are driven by tidal
forcings of the free surface elevation. Typically, a hydrodynamics model — for example,
shallow water — is used to give the fluid velocity, which, in turn, drives the tracer transport.
Since we consider a flat bathymetry and constant viscosity and drag parameters, the
hydrodynamics may be approximated by a simple sinusoidal forcing of the velocity:

- 27
ﬂide’

Doing so implies a massive reduction in the computational complexity of the model,

meaning we need only solve the (linear) advection-diffusion equation at each timestep. In

order to speed up the tidal cycles twenty-fold, we use a period, T}ige, which is just 5% of
the M2 tidal constituent. Two tidal periods are to be simulated: T = 2T};q. = 4464.0s.

(7.77) u(x,t) = (Usin (wt) ,0), w U=115ms "

Suppose the inlet and outlet pipes are of radius ry, = rout = 25m and are positioned at
Xin = (400, —100) and X, = (0, 100), respectively. That is, we have a source term in the
circular region, Roy := B, (Xout), and a receiver region, Ry, := B, (Xi,). A discharge
rate of 2 units per second is used for the source. The difference between the modelled

salinity at the inlet pipe (i.e. receiver) and the background value is integrated over time
to yield the Qol

2Ttide 27—‘tide
(7.78) J(c) == / / 1g, (¢ —cp) do dt = / / (¢ — ¢p) dz dt.
0 Q 0 Rin

Consider a timestep At = 2.232 and 100 uniform subintervals, so that each mesh is
used for 20 timesteps. In the first iteration, a uniform mesh is used for all subintervals.
However, after convergence of the fixed point iteration, each mesh is adapted to the WH
metric, accumulated over the 20 timestep subinterval. The WH metric is normalised in
space and time using L'° normalisation. The continuous adjoint method is used, with the
mesh-to-mesh data transfer performed using the same conservative projection operator in
both directions. Meshes corresponding to a selection of subintervals are shown in Figure
7.19, along with snapshots of the salinity solution field.
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FIGURE 7.19. Example meshes for the application of the L!° normalised
weighted Hessian metric to the idealised desalination problem. The two
circles in Subfigure 7.19a indicate the locations of the inlet and outlet pipes,
with radii to scale. The single circle in each of the other subfigures indicates
the inlet pipe. As presented in [Wallwork et al., 2021

The background salinity is enforced as the initial condition at ¢ = 0. The increased
resolution near the outlet pipe at ¢ = 0 is due to information from ‘future’ timesteps,
over the first subinterval. A similar pattern is apparent at the terminal time ¢ = 2734,
where the salinity is only resolved near the inlet. In this advection-dominated problem,
the adjoint solution is near zero away from the inlet because any saline water there does
not have sufficient time to reach the inlet. As such, the mesh is coarse away from the
inlet and the salinity field experiences significant artificial diffusion. This phenomenon is
also apparent at t = Tijqe, Where the flow is in the opposite direction to the inlet.
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Isolines of the salinity are fairly smooth between outlet and inlet in the other snapshots
at times t = %Tﬁde and t = %Tﬁde, with some numerical diffusion downstream of the inlet
in Subfigure 7.19d. Note that the meshes at ¢t = %Tﬁde and t = %Ttide have an order of
magnitude more elements than the others shown, showing how metric-based goal-oriented
mesh adaptation with L' normalisation allows for a discretisation which is multi-scale in
both space and time.

Note that the meshes at ¢t = %dee and t = %Ttide also have stronger anisotropy than the
other times. For the WH metric, this arises because both the strong residual and adjoint
solution Hessian have significant magnitudes.

7.8. Tsunami Hazard Assessment

This section contains experimental results which build upon the subject of this author’s
MRes thesis, “Multi-scale numerical simulation of a tsunami using mesh adaptive meth-
ods”. The results presented below are sufficiently different to be included here because: (a)
the original work applied metric-based mesh adaptation in the ‘on-the-fly’ sense, rather
than using a fixed-point iteration; (b) it completely neglected flux terms in the DWR er-
ror estimator; and (c) the model comparison was in terms of (P errors related to gauge
timeseries, as opposed to Qol error.

Section 7.7 considered goal-oriented mesh adaptation applied to a time-dependent tracer
transport problem. In this final section, we instead apply it to a time-dependent shallow
water problem, namely that of making an accurate tsunami hazard assessment.

7.8.1. Quantity of Interest. As discussed in Subsection 1.1.3, there are many dif-
ferent Qols which may be associated with assessing a tsunami hazard. These likely differ
depending on the stakeholder making the decision. For the manager of an oil rig, the Qol
could be forces exerted on the structure or some quantification of waves over a certain
height. For policy makers making decisions on a national scale, it might make more sense
to consider flux integrals across the coast or coastal inundation. As with oil rig managers,
those in charge of pieces of coastal infrastructure are likely more concerned with localised
impacts. For the purposes of this subsection, suppose that the nuclear power plant at
Fukushima Daiichi is of primary concern. As discussed in Chapter 4, the 2011 Tohoku
tsunami led to the meltdown of this particular plant, bringing about a mass evacuation,
significant financial costs and a multi-year cleanup operation.

For models with wetting-and-drying capability, one possible Qol could be the inundation
of the power plant footprint, D — which is initially dry — over a time window (7tart, Tena] C
(0, T7:

A . Tend —~
(7.79) Jinundation (yy ) - — / / H dz dt,
D

Tstart

where H > 0 is the modified water depth (see [Kérni et al., 2011] for the definition
of this quantity). Since the model setup in this thesis does not use wetting-and-drying,
we instead integrate free surface elevation over a circular region, R C €2, in the coastal
ocean, centred on the plant:

Tend
(7.80) Jeesstal(y p) = /T /Rn dz dt, R := B,(xp) N1,
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where r > 0 is the radius and xp is the plant location. This is a very simple means of
assessing the tsunami hazard, but it does convey a sense of the water discharge entering R
during the time window of interest. Tsunamis are impactful because of the sheer volume
of the water they bring, as well as their wavespeed and wave height. In the integrated
quantity (7.80) (with units m®s) we choose to focus on water volume, for the purposes
of a proof-of-concept simulation for the goal-oriented mesh adaptation application. More
realistic means of quantifying the hazard will be addressed in future work.

As with the tracer transport examples considered in previous sections, (7.80) admits an L?
Riesz representation given by an indicator function: R(J*%) = 1p, (p,. . 7., Figure
7.20 shows it (i.e. the region of interest) with radius r = 100 km.

L.

F1GURE 7.20. Region of in-
terest centred on Fukushima
Daiichi nuclear power plant.
Presented in a IP1 space de-
fined on mesh Hs.

7.8.2. Tohoku Tsunami. The problem setup is identical to that presented in Sub-
section 4.2.1, except that we only consider the first 24 minutes, by which time much of the
tsunami wave reached the shore. This can be deduced from the snapshots presented in
Figure 7.21. Beginning with the initial surface generated at the culmination of Section 4.5
(and zero initial velocity), the free surface perturbation causes two waves — one bound for
the East coast of Japan and another bound for the open ocean. For the purposes of this
experiment, we are only interested in the wave bound for the coast. The dynamics of the
wave moving away from the coast do not affect the Qol, meaning we are not interested in
resolving it. Shoaling is evident in the wave which approaches the coast, the central part
of which becomes narrower and taller. For consistency with the inversion experiment in
Subsection 4.5.3, a IP1 discretisation for the elevation is used, as part of a Taylor-Hood
finite element pair.

Adaptive Simulation using DWP Indicators. Recall the DWP indicator introduced in
Subsection 7.4.5, based on Qol (7.75), which evaluates the elevation in region R at the end
time. In order to extend the mesh adaptation indicator to Qol (7.80), which involves a time
period of interest, the point-wise £> norm of the spatial L? inner product (represented
as a IP1 field) is taken over an appropriate subinterval of the temporal domain. The
indicator was originally developed for hierarchical h-adaptation. As such, an element-
based formulation was used, in order to do cell tagging (see [Davis and LeVeque,
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(B) t =12min

(¢) t =18 min (D) t =24 min

FIGURE 7.21. Snapshots of the free surface elevation in a simulation of
the Tohoku tsunami which assumes the source obtained in Section 4.5.
Presented in a IP1 space defined on mesh H.

2016]). The version used here is defined at mesh vertices by
(7.81) pP"P(x,t) ;= max |q(x,t)-q*(x,7)], T(t) := min{Tona, t + Tena — Titart }-

TE[L,T(t)]
Given that T coincides with T4, this effectively means that the maximum is taken over
either the length of the time interval of interest, or until the end of the simulation —
whichever comes first. Whilst the inner product is cheap to compute, the indicators can
be expensive to evaluate if the time range contains many timesteps. This is especially
true if multiple subintervals are used for the fixed-point iteration, because mesh-to-mesh
interpolation needs to be applied in order to compute the inner product with the forward
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solution at a given time level. However, since both the forward problem and Qol are
linear, adjoint solves do not require storage of the forward trajectory.

Under Hessian-based metrics, recovered from a component field such as elevation or fluid
speed, the DoF count ramps up as the simulation progresses, as the tsunami waves spread
across the domain. For adjoint-based DWP metrics, the opposite occurs, as shown in
Figure 7.22. This makes sense, because the adjoint problem also contains a wave equation,
but with the arrow of time reversed. L' normalisation is applied in space and time, with
target metric complexity 5,000. The time interval is split into 24 subintervals. Boundary
gradation is applied, in order to ensure that elements on the coast are at most 10 km in
diameter. In the neighbourhood of Miyagi Prefecture (corresponding to boundary tag 300
in (4.1)) the maximal size is further constrained to 5km. These gradations are consistent
with those applied by gmesh on the base meshes. The time interval of interest begins at
Titart = 20 min.

Initially, there is a region of high mesh resolution around the tsunami source. As time
progresses, this region follows the wave bound for the coast, shrinking in size accordingly.
Figure 7.21 shows that this wave struck a long segment of the coast. However, only the
part surrounding the region of interest is resolved under the DWP indicator.

Adaptive Simulation using DWR Indicators. Figure 7.23 shows meshes due to the
isotropic DWR indicator, for the same time snapshots. GE; enrichment was used to
obtain a higher order approximation to the adjoint solution.

Note that the meshes shown in Figure 7.23 are coarser than those in Figure 7.22 in the
direction of the open ocean. The Qol is independent of the dynamics in that part of the
domain, so this reduces unnecessary resolution. Aside from this, the DWP method tends
to focus resolution more densely than DWR. It is also noteworthy that, in the final mesh,
DWP deploys high mesh resolution over the entire region of interest, whereas DWR seeks
only to resolve its boundary. This makes sense, because DWP focuses on magnitudes,
whereas DWR focuses on residuals and fluxes.

The simulation using DWP indicators took 28.4 minutes to complete three fixed point
iterations on one process, whereas the simulation using DWR indicators took 44.7 minutes.
The increased runtime is mainly due to the fact that adjoint errors are approximated
using global enrichment. Adjoint solves in globally enriched spaces are computationally
expensive and should be avoided, where possible. In future work, it would be beneficial
to consider reducing the computational cost of the goal-oriented method by extending the
difference quotient formulation to problems in mixed finite element spaces. It would also
be useful to perform convergence analysis of the kind found in Subsection 5.8.4.
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Conclusion

Summary of Thesis Achievements

Chapter 3 contains a comparison of continuous and discrete adjoint methods. A variety of
aspects are considered, including gradient accuracy, computational efficiency and compat-
ibility with other model components or features, including mesh adaptation. Gradient-
based optimisation methods are used to calibrate a Gaussian approximation to a Dirac
delta point source, for an advection-diffusion test case with an analytical solution.

Chapter 4 also contains a comparison of continuous and discrete adjoint methods. To the
best of the author’s knowledge, it is the first such comparison in the context of shallow
water modelling. The chapter also contains the first composition of two different AD tools
to the task of tsunami source inversion. PyADOL-C is used to differentiate the Okada
source model, whilst pyadjoint is used to differentiate a simple tsunami model which solves
a linear wave equation. Despite the simplicity of the tsunami propagation model, it is
demonstrated that the inversion strategy is able to capture the principal features of the
timeseries profiles it seeks to assimilate.

Chapter 6 contains the first application of r-adaptation methods to a full hydro-morphody-
namic model with both bedload and suspended sediment transport. Building upon the
steady-state implementation of optimal transport r-adaptation presented in [McRae
et al., 2018|, a time-dependent extension was considered, with the Monge-Ampére equa-
tion solved at a subset of timesteps. Experiments were performed regarding the effective
choice of a variety of parameters involved in both the adaptation method and its imple-
mentation, including mesh movement frequency, solver tolerance and a scalar parameter
in the monitor function. This investigation can be used to inform later uses of optimally
transported mesh movement applied to sediment transport modelling.

Chapter 7 contains a number of further achievements of this thesis. In terms of error
estimation, first order forward goal-oriented error estimates for two discretisations of the
shallow water equations are presented for the first time: an equal-order DG approach
and the mixed discontinuous-continuous pair advocated in [Cotter et al., 2009|. First
order forward and adjoint error estimates are also presented for an SUPG-stabilised CG
discretisation of the advection-diffusion equation, similar to those which have already
appeared in the literature (for example, in [Carpio et al., 2013]). In addition to these
a posteriori error estimates, an adjoint counterpart to the first order forward a priori
goal-oriented estimate derived in [Loseille et al., 2010] is proved for the first time.

The above error estimates are used to construct a variety of goal-oriented metrics, inspired
by metrics found in the literature. One notable enhancement is given by intersecting the
forward metric due to |Loseille et al., 2010] with its adjoint counterpart, based on the a
priori error estimate derived herein. For an established advection-diffusion test case with
an analytical solution, the intersection of these two metrics enables a goal-oriented mesh
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adaptation strategy with attractive convergence properties. In the same experiment, it
is also demonstrated that the ‘difference quotient’ formulation of the first order forward
dual weighted residual, due to [Becker and Rannacher, 2001|, can be used to generate
isotropic meshes which admit Qol estimates of a similar accuracy to global enrichment
methods, for a fraction of the computational cost.

Chapter 7 also presents the first applications of goal-oriented mesh adaptation to three dis-
tinct problem classes within coastal ocean modelling and engineering: tidal turbine farm
modelling; desalination plant outfall; and tsunami hazard assessment. The correspond-
ing examples are of increasing complexity and build the foundation for the application
of the goal-oriented mesh adaptation framework to realistic problems. The tidal turbine
test case reveals enhanced QQol convergence properties under an anisotropic goal-oriented
method. Moreover, it demonstrates that this enhanced convergence may be attained by
prolongation of the forward solution to an enriched finite element space, as opposed to
solving an enriched forward problem, implying a significant reduction in computational
cost. The desalination and tsunami modelling examples demonstrate the extension to the
time-dependent case and reveal some desirable properties of the resulting discretisation.

Potential for Future Work

One of the main motivations for using a two dimensional, depth-averaged formulation
given in Chapter 2 is that its reduced computational cost is conducive to rapid develop-
ment of advanced discretisation methods. This model choice is especially useful if outer
loop processes such as adjoint modelling and mesh adaptation are involved. Now that
the goal-oriented mesh adaptation framework has been demonstrated for a variety of dif-
ferent 2D problems, as well as a simple 3D problem, future work may build upon this
foundation. One coastal ocean engineering problem where goal-oriented mesh adaptation
may be expected to be particularly effective is a 3D baroclinic simulations of desalination
plant outfall in realistic coastal domains, wherein the dynamics are tidally varying and
the radii of the inlet and outlet pipes, tidal processes and domain size vary on multiple
orders of magnitude. Another challenging, multi-scale coastal engineering problem is the
time-dependent simulation of a tidal turbine farm, with power or energy output as Qol.

A serial implementation of goal-oriented mesh adaptation has been sufficient for the pur-
poses of this thesis. In order to tackle any of the large scale problems discussed above, it is
imperative that a parallelised implementation be sought. This first requires the coupling
of Firedrake to a mesh adaptation tool via a parallelised interface. Immediate future plans
are to couple PETSc and Firedrake to the metric-based mesh adaptation toolkit Mmg
[Dapogny et al., 2014| and develop a new module dedicated to making goal-oriented
mesh adaptation technologies more widely available to the Firedrake community. Au-
tomation of the goal-oriented error estimation process (as documented in [Rognes and
Logg, 2013| for the FEniCS project) would improve usability of goal-oriented technolo-
gies in Firedrake yet further.

In this thesis, r-adaptation methods were considered at length, but were not used within
the goal-oriented framework. The only documented use of purely r-adaptive goal-oriented
mesh adaptation the author could find in the literature is that of [Bauer et al., 2014].
This presents an interesting possible line of research. Another possible extension to the
work on r-adaptation is to couple the optimal transport based adaptation with an ALE
type method, so that interpolation error may be reduced.
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Code Availability

The Firedrake and Thetis installations used to generate the experimental results presented
in this thesis are archived on Zenodo at [Ham et al., 2021] and [K&rni et al., 2021].
The adaptive solver framework and all simulation scripts are archived at [Wallwork and
Clare, 2021|. See the README file therein for installation instructions and details on the
location of test cases which appear in this thesis.



	Statement of Originality
	Abstract
	Acknowledgements
	List of Tables
	List of Figures
	Notation
	Chapter 1. Preface
	1.1. Introduction and Objectives
	1.2. Publications
	1.3. Communications
	1.4. Thesis in Brief

	Part 1.  Forward and Adjoint
	Chapter 2. Coastal Ocean Modelling
	2.1. Shallow Water Equations
	2.2. Tracer Transport
	2.3. Sediment Transport
	2.4. Finite Element Method
	2.5. Time Integration
	2.6. Discontinuous Galerkin Method
	2.7. Stabilisation
	2.8. Interpolation

	Chapter 3. Adjoint Methods
	3.1. Mathematical Conventions
	3.2. Gradient-Based Optimisation
	3.3. Continuous Adjoint
	3.4. Discrete Adjoint
	3.5. Automatic Differentiation
	3.6. Comparison of Continuous and Discrete Approaches
	3.7. Checkpointing

	Chapter 4. Tsunami Source Inversion
	4.1. Literature Review
	4.2. The Tōhoku Tsunami
	4.3. Adjoint-Based Source Inversion
	4.4. Inversion for a Known Source
	4.5. Inversion using Real Timeseries Data


	Part 2.  Mesh Adaptation
	Chapter 5. Metric-Based Mesh Adaptation
	5.1. Riemannian Metric Fields
	5.2. Isotropic Metric
	5.3. Hessian-Based Metric
	5.4. Metric Normalisation
	5.5. Combining Metrics
	5.6. Metric Gradation
	5.7. Mesh Adaptation Strategy
	5.8. Numerical Experiments

	Chapter 6. Monitor-Based Mesh Adaptation
	6.1. Mesh Tangling
	6.2. Equidistribution
	6.3. Optimally Transported Mesh Movement
	6.4. Numerical Experiments
	6.5. Migrating Trench Test Case

	Chapter 7. Goal-Oriented Mesh Adaptation
	7.1. The Dual Weighted Residual
	7.2. Goal-Oriented Error Estimation
	7.3. Approximating Forward and Adjoint Errors
	7.4. Goal-Oriented Metric-Based Mesh Adaptation
	7.5. Steady-State Goal-Oriented Mesh Adaptation
	7.6. Time-Dependent Goal-Oriented Mesh Adaptation
	7.7. Desalination Plant Outfall Modelling
	7.8. Tsunami Hazard Assessment


	Conclusion
	Summary of Thesis Achievements
	Potential for Future Work

	Bibliography

