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Abstract—In this work, we propose a data-driven divide
and conquer strategy for the stability analysis of intercon-
nected nonlinear homogeneous networks of degree one
with unknown models and an unknown topology. The pro-
posed scheme leverages joint dissipativity-type properties
of subsystems described by storage functions, while pro-
viding a stability certificate over unknown interconnected
networks. In our data-driven framework, we begin by for-
mulating the required conditions for constructing storage
functions as a robust convex program (RCP). Given that
unknown models of subsystems are integrated into one of
the constraints of the RCP, we collect data from trajecto-
ries of each unknown subsystem and provide a scenario
convex program (SCP) that aligns with the original RCP. We
solve the SCP as a linear program and construct a stor-
age function for each subsystem with unknown dynamics.
Under some newly developed data-driven compositionality
conditions, we then construct a Lyapunov function for the
unknown interconnected network utilizing storage func-
tions derived from data of individual subsystems. We show
that our data-driven divide and conquer strategy provides
correctness guarantees (as opposed to probabilistic confi-
dence) while significantly mitigating the sample complexity
problem existing in data-driven approaches. To illustrate
the effectiveness of our proposed results, we apply our ap-
proaches to three different case studies involving intercon-
nected homogeneous (nonlinear) networks with unknown
models. We collect data from trajectories of unknown sub-
systems and verify the global asymptotic stability (GAS) of
the interconnected system with a correctness guarantee.

Index Terms—Data-driven GAS certificate, composi-
tional dissipativity approach, storage and Lyapunov func-
tions, robust convex program, scenario convex program,
formal methods

[. INTRODUCTION

N recent years, data-driven analysis of large-scale networks

has become increasingly prevalent, driven by their exten-
sive applications in real-world safety-critical systems. Notably,
many complex and heterogeneous systems lack closed-form
mathematical models that are either unavailable or too intri-
cate to be practically useful. As a result, the model-based
techniques proposed in relevant literature cannot effectively
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analyze such complex networks. While there are indirect data-
driven approaches based on identification techniques to ana-
lyze unknown systems by learning their approximate models
(see e.g., [1]-[5]), obtaining accurate models for complex
systems remains highly challenging, time-consuming, and
expensive. Furthermore, in the realm of stability analysis,
even if a model can be identified using system identification
techniques, there remains the necessity to find a Lyapunov
function for the acquired model to demonstrate stability prop-
erties. Consequently, computational complexity arises in both
stages: identifying the model and constructing a Lyapunov
function. Therefore, it is crucial to develop direct data-
driven approaches to bypass the system identification phase
and directly utilize system measurements for conducting the
underlying analysis [6] (cf. Fig. 1).

Over the past two decades, several advancements have
emerged in the realm of data-driven optimization techniques.
Notably, the scenario approach was initially introduced in [7]
for addressing robust control analysis and synthesis problems
through semi-infinite convex programming. By introducing a
probabilistic relaxation of the worst-case robust paradigm, the
robust control problem outlined in [7] can be tackled via
random sampling of constraints. Building upon the foundation
laid in [7], the work [8] presents a framework for random con-
vex programs, offering a key advantage over [7] by establish-
ing an explicit bound on the upper tail probability of violation.
Furthermore, this framework is extended to encompass random
convex programs with posteriori violated constraints, aimed
at enhancing the optimal objective value while effectively
managing the violation probability.

An initial probabilistic connection between the optimal
value of scenario convex programs and that of robust convex
and chance-constrained programs is introduced in [9], where
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the presented findings are also extended to a specific class
of non-convex problems involving binary decision variables.
Furthermore, [10] presents a constructive framework for es-
tablishing a relationship between an infinite-dimensional linear
programming and a manageable finite convex program. In par-
ticular, the proposed results in [10] are founded on randomized
optimization and first-order methods, offering both a priori and
posteriori performance guarantees.

In recent years, there have been notable advancements in
the formal stability analysis of unknown dynamical systems
through data-driven approaches. In this respect, [11] presents
a data-driven stability analysis of black-box switched linear
systems by constructing a common Lyapunov function, of-
fering a stability guarantee based on both the number of
observations and a required level of confidence. Building upon
this work, [12] extends the approach to propose a data-driven
stability analysis of switched linear systems using sum of
squares Lyapunov functions. Data-driven stability verification
of homogeneous systems with a probabilistic level of con-
fidence is proposed in [13]. Additionally, [14] introduces a
data-driven approach for the stability analysis of continuous-
time unknown systems. In [15], a parameterization scheme for
linear-feedback systems utilizing data-dependent linear matrix
inequalities is introduced, extending the stabilization problem
to include output-feedback control design. Meanwhile, [16]
presents a data-enabled predictive control algorithm for un-
known stochastic linear systems. This approach utilizes noise-
corrupted input/output data to predict future trajectories and
compute optimal control policies. In [17], H,, performance
analysis and distributed controller synthesis for interconnected
linear systems were developed using noisy input—state data.

In contrast to existing literature, we introduce a data-driven
approach for the stability analysis of large-scale networks with
unknown models and interconnected topology, employing a di-
vide and conquer strategy. While previous works such as [11]-
[14] focus solely on monolithic systems, they encounter signif-
icant challenges, known as sample complexity, particularly in
handling high-dimensional systems. This complexity manifests
in the exponential growth of the data required to provide
stability certificates as the state-space dimension increases.
In contrast, utilizing our divide and conquer strategy, we
break down the sample complexity to the level of subsystems,
where the number of data grows linearly with the number
of subsystems. Furthermore, while the stability guarantees
in [11]-[14] are based on probabilistic confidence levels, our
stability results offer a guaranteed confidence of 1.

Our primary contribution is to develop a data-driven compo-
sitional approach for analyzing the stability of interconnected
homogeneous nonlinear networks, where each subsystem is
homogeneous of degree one with unknown models. The
proposed framework capitalizes on the joint dissipativity-
type properties of subsystems, characterized by homogeneous
storage functions of degree 2. Within our data-driven context,
we collect data from trajectory of each unknown subsystem
and devise a scenario convex program (SCP) to enforce the
required conditions of storage functions. By solving the SCP,
we construct a data-driven storage function for each unknown
subsystem. Subsequently, we construct a Lyapunov function

for the unknown interconnected network with a correctness
guarantee based on storage functions of individual subsystems,
under a newly developed compositionality condition derived
from data. We show that our innovative data-driven compo-
sitional approach eliminates the necessity to verify the tradi-
tional compositional condition based on dissipativity theory
that requires the interconnected topology (cf. [18, Proposition
2.1]).

In the scenario where the interconnection topology is
known, we provide a sub-result where we initially establish
a storage function for each unknown subsystem based on
data. This is achieved by solving an SCP for each unknown
subsystem with a correctness guarantee. Subsequently, we ex-
amine the traditional dissipativity compositionality condition
to determine its satisfaction. This condition is represented as
a linear matrix inequality (LMI) that interrelates individual
storage functions. To avoid potential posteriori checks for
this condition, we employ an alternating direction method
of multipliers (ADMM) algorithm [19], enabling efficient
satisfaction of the compositionality condition in a distributed
manner, while searching for storage functions of individual
subsystems.

A data-driven stability analysis of homogeneous networks
was previously presented in [20]. Our paper offers several
distinct advantages compared to [20]. First and foremost,
while [20] provides stability guarantees based on ISS prop-
erties of subsystems, our focus here is on deriving stability
certificates for interconnected networks through the dissipa-
tivity properties of individual subsystems. Dissipativity is a
broader framework that can simplify the conditions required
for stability analysis. Specifically, our approach eliminates
the need for the first radially unbounded condition in the
ISS Lyapunov function (see [20, condition (6a)]), allowing
us to achieve stability with fewer constraints. Additionally,
our proposed method involves a convex optimization program.
In contrast, the optimization approach used in [20] involves
bilinearity, which can be more complex and less tractable.
This shift to a convex optimization framework in our work
potentially offers computational advantages and makes our
method more accessible for practical implementation.

Another key difference is in the treatment of the intercon-
nection topology. While [20] assumes that the interconnection
topology is known, our work considers the more challenging
scenario where the topology is unknown, a situation common
in many real-world applications. Given this unknown topol-
ogy, one cannot directly verify the compositionality condition
in [20, circularity condition (9)]. Instead, we introduce a more
relaxed compositionality condition that can be validated during
the optimization process using data, thus circumventing the
need for prior knowledge of the network topology. Moreover,
our approach reduces computational overhead by integrating
the verification of the compositionality condition directly into
the optimization problem. In contrast, the method in [20]
requires posterior checks of the compositionality condition
after solving the optimization problem and constructing ISS
gains, which can involve computational costs (see [20, cir-
cularity condition (9)]). Finally, we employ an algorithm to
estimate the Lipschitz constant from data, whereas [20] relies
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on analytical computation based on specific system knowledge
(see [20, Lemma 5.4]). Our data-driven approach simplifies the
process and avoids the need for system knowledge.

While the studies [21]-[23] investigate dissipativity prop-
erties based on data, they all focus on monolithic systems,
which face challenges with sample complexity when applied
to large-scale dynamics. In contrast, our approach considers
a network of thousands of subsystems, and aims to provide
stability guarantees for the overall network by leveraging the
dissipativity properties of individual subsystems. In particular,
we assume that each subsystem is dissipative with respect to
a supply rate (cf. condition (IIL.4)), meaning that the energy
consumed by a subsystem exceeds the energy it generates.
We design these supply rates for each subsystem and use
them to extend stability guarantees across the interconnected
network by verifying the compositionality condition in (V.1b),
constructed from the supply rates derived from data.

The remainder of the paper is organized as follows. Sec-
tion II introduces mathematical notations, and formally defines
a discrete-time nonlinear network. In Section III, we present
a stability certificate for interconnected networks based on
dissipativity-type properties of subsystems described by a
notion of storage functions. Section IV outlines our data-driven
scheme to construct storage functions for unknown subsystems
from data. In Section V, we construct a Lyapunov function
for the interconnected system based on storage functions of
individual subsystems, derived from data with a correctness
guarantee. Section VI discusses the use of an ADMM algo-
rithm to efficiently satisfy the compositionality condition in
a distributed manner in the case of known interconnection
topologies. In Section VII, we demonstrate our data-driven
approaches over different networks with unknown dynamics.
Finally, Section VIII concludes the paper.

Il. PROBLEM DESCRIPTION

A. Notation

We employ the following notation throughout the paper.
Sets of real, positive, and non-negative real numbers are
denoted by R,R™, and R, respectively. We denote sets of
non-negative and positive integers by N := {0,1,2,...} and
Nt = {1,2,...}, respectively. Given N vectors z; € R™,
x = [z1;...;2N] denotes the corresponding column vector
of dimension ), n;. We represent the Euclidean norm of a
vector © € R™ by ||z||, while the absolute value of a € R is
denoted by |a|. The Frobenius norm of a matrix P € R"*™
is denoted by ||P|/r. Given sets X;,i € {1,...,N}, their
Cartesian product is denoted by Hf\;l X;. We define an n x n
identity matrix by I,,, while an n X m zero matrix is denoted
by 0, xm. A function n: Rar — Rar, is said to be a class K
function if it is continuous, strictly increasing, and 1(0) = 0.
A function 1 : R x RS — R is said to belong to class
KL if, for each fixed s, the map n(r, s) belongs to class K
with respect to r and, for each fixed r > 0, the map 7(r, s) is
decreasing with respect to s, and 7(r,s) — 0 as s — oo.

B. Discrete-Time Nonlinear Systems

In this work, we consider discrete-time nonlinear systems,
as formalized in the following definition.

Definition 2.1: A discrete-time nonlinear system (dt-NS) is
characterized by the tuple

5 =(R" f), (IL1)

where:

« R is the state space of the system;

e f: R™ — R”™ is a continuous function governing the
system’s state evolution, assumed to be homogeneous
of degree one, i.e, for any A > 0 and z € R",
f(Az) = Af(x) [24, Definition 1.1]. We presume the
map f remains unknown to us.

Given an initial state 2(0) € R", the evolution of the state
of X can be characterized as

S:ix(k+1) = f(x(k)), ke N. (1L.2)
In this work, our aim is to verify the global asymptotic
stability of ¥ concerning its equilibrium point, as defined
below.
Definition 2.2: A dt-NS X is deemed globally asymptoti-
cally stable (GAS) with respect to the equilibrium point x = 0
if

(k) < n(llz(0)]], k),

for all (0) € R™ and 7 € KL, indicating the convergence of
all solutions of ¥ to the origin as k — oo.

In the following section, we analyze stability of the intercon-
nected dt-NS by studying dissipativity properties of individual
subsystems.

[Il. STABILITY CERTIFICATE VIA DISSIPATIVITY
APPROACH

Here, we investigate the stability of interconnected networks
by considering dissipativity-type properties of subsystems de-
scribed by storage functions [18]. To achieve this, we represent
discrete-time nonlinear subsystems as

¥, = (R™, RP ), (IIL.1)

where R™¢ is the state set of the subsystem, R is the internal
input set of the subsystem (which is used for the sake of
interconnection), and f; : R™ x RP¢ — R™ is a continuous
function which is homogeneous of degree one, i.e., for any
A>0and z; € R, w,; € RPi, f,()\xz,/\wl) = /\fz(l‘“’wl)
Given an initial state z;(0) € R™ and input sequence w;(-):
N — RP:, the evolution of the state of >; is characterized as

Yitai(k+1) = fi(zi(k), w;i(k)),

Given ¥; = (R™,R?Pi, f;),i € {1,..., M}, with a ma-
trix M being the coupling between subsystems, the inter-
connection of ¥; is ¥ = (R”, f) as in (IL1), denoted
by Z(X1,...,Xn), where n = Zﬁlm and f(z) :=
[fi(zr,wi);. .. fa(zar, war)), subjected to the following
interconnection constraint:

[wU'" ;U)M} ZM{B«H;'“ 51’1\4}-

keN. (I2)

(IIL.3)
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Fig. 2. Interconnected dt-NS Z (X1, ..., Xar).

As all subsystems ¥;,¢ € {1,..., M}, are homogeneous of
degree one, the interconnected dt-NS > maintains homogene-
ity with the same degree. The schematic representation of an
interconnected dt-NS ¥ is illustrated in Fig. 2.

To establish the stability certificate of interconnected dt-NS
based on dissipativity reasoning, we initially define a concept
of storage function for each subsystem.

Definition 3.1: Given a subsystem X; = (R™ RPi f;), a
positive-definite function S; : R — Rg‘, ie, S;(0) =0 and
Si(x;) > 0 for any z; € X;\0, is called a storage function
(SF)/ for ¥; if there exists a symmetric matrix X; with partitions
Xl:jj , 3,7" € {1, 2}, such that:

Vr; € R"i,Vwi € RP::

Trytt 12

i) - site) < [ |3 Foa [7] i

X
with x?1 = XimT. The expression on the right-hand side
of (II1.4) is referred to as the supply rate of the system. We
assume that storage functions S; are homogeneous with degree
2, i.e., for any A > 0 and x; € R™, S;(\z;) = A\2S;(x;).

The following theorem, adapted from [18, Proposition 2.1],
offers the stability guarantee for the interconnected dt-NS
based on dissipativity reasoning.

Theorem 3.2: Consider an interconnected dt-NS X =
Z(34,...,%) composed of M € NT individual subsys-
tems X; and a coupling matrix M among them. Suppose that
each X; admits an SF S;, as presented in Definition 3.1. If

-
M M
{ I ] Xemp { I ] =<0, (IIL.5)
'Xlll X112 T
. Xll X12
with Xy = X2 M X2 M|
I X3 X7
then V : R" — Rg in the form of
M
V(x) = Si(z;) (I1L6)
i=1

is a Lyapunov function for the interconnected system ¥ =

Z(%4,...,Xn), satisfying the following two conditions:
Ve € R™\{0}: V(z) >0, (I11.7a)
Ve e R"\{0}: V(f(z)) < V(x). (IIL.7b)
As a consequence, the interconnected system X =

Z(¥4,...,2X0m) is GAS with respect to z = 0, according to
Definition 2.2.

Remark 3.3: Note that if the interconnection topology M
in the model-based analysis is unknown, the only way to verify
the compositionality condition in (IIL.5) is to ensure that the
composed supply rate Xy, is negative semi-definite, which is
a highly conservative requirement. However, as demonstrated
later in Section IV, our data-driven approach can handle
networks with an unknown topology M without requiring
such a restrictive condition on X (cf. (V.1b)).

In this work, our focus lies in constructing storage functions
S; to locally satisfy condition (III.4) over the unit sphere
(s, w;)|| = 1,4 € {1,...,M}. We then transfer the results
for the interconnected network over the ||z|| = 1. Thanks to the
homogeneity property of the maps f; and storage functions S;,
which ensure the homogeneity of the interconnected network,
thereby the stability certificate can be globally guaranteed in
R™.

Remark 3.4: To demonstrate that the Lyapunov function
for the interconnected network can be constructed using the
storage functions S; of individual subsystems over the unit
sphere, it is convenient to ensure that ||z|| = 1 < || (z;, w;)|| =
1. To this end, we assume that the state measurement of
all subsystems in the interconnection topology is available,
which is standard in compositional analysis. Now by viewing
the global state vector as a coordinate decomposition and
considering w; = [1;...;%i—1;%i41;...;xp] for the pur-
pose of analysis, one can readily ensure that ||(z;,w;)| =
1 < |lz|| = 1. It is important to note that while w; is
expressed in terms of the states of all other subsystems, this
construction is only used to characterize the unit sphere and
does not redefine the physical interconnection. In particular,
the actual interconnection affecting the subsystem dynamics
is still governed by the interconnection matrix M in (IIL.3),
whose nonzero entries determine the interconnection topology.

Remark 3.5: It is worth noting that while the assumption of
homogeneity is well-established in control theory and allows
for the extension of the stability certificate globally to R”,
it might limit the class of systems considered. Relaxing this
condition would enable the consideration of a broader class of
systems; however, it would come at the cost of providing only
local, rather than global, stability certificates. We would like
to emphasize that homogeneity of degree one is not restricted
only to linear systems, even though all linear systems are
homogeneous of degree one. We refer readers to the third case
study in Subsection VII-D, where we demonstrate that our
framework can successfully handle a nonlinear homogeneous
system of degree one.

Given the unknown dynamics of each subsystem f; in our
setting, it is impractical to search for storage functions S; that
fulfill condition (III.4). Moreover, since the interconnection
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topology M is unknown, directly verifying the composition-
ality condition in (IIL.5) is not feasible. To address these
challenges, we propose a direct data-driven approach that
introduces a novel compositional condition based on data to
construct a Lyapunov function for unknown interconnected
dt-NS in the form of (II[.6) without checking the traditional
dissipativity condition (IIL.5). This Lyapunov function satisfies
conditions (III.7a)-(II1.7b) and allows us to formally verify the
GAS property of unknown interconnected dt-NS.

We now articulate the central problem that this work aims
to solve.

Problem 3.6: Consider an interconnected dt-NS ¥ =
Z(%4,...,%) with an unknown topology, composed of
M € N7 individual subsystems Y; with unknown dy-
namics. Develop a compositional data-driven scheme to
construct storage functions S; for unknown subsystems
while providing a GAS certificate over interconnected dt-
NS with correctness guarantees.

IV. DATA-DRIVEN CONSTRUCTION OF STORAGE
FUNCTIONS

In the context of our work, we establish the structure of
storage functions as

i (giy i) Zquz

with user-defined homogeneous basis functions pz (z;) and
unknown variables ¢; = [g};...;q7] € R".

Assumption 4.1: We assume that the parametric storage
function in (IV.1) is continuously differentiable and homoge-
neous of degree 2. Additionally, the unknown coefficients g;
are assumed to lie within a compact set.

We begin by formulating the required conditions for con-
structing storage functions in Definition 3.1 as the following
robust convex program (RCP):

IV.1)

min MR, + 6Ri7
[9i; 1R ; O R,
s.t. Vo, € R™: ||z;] = 1,
- Si(Qi7 CUZ)S KR, (IVZa)
V(SL’Z,U)Z) € R™ x RPi: |(x1,wl)\| = ].,
Si(qi, filxi,wy)) — Silqi, xi)
w] T ran X2 '
_[ L} [ 21 22} [ l]SNR"
(IV.2b)
T
w; X~11 X-12 w;
Lrj [2{121 XZ??] [»TJ < OR,» (IV.2¢)

=[x X200 d) wRrs ORER.

To ensure the well-posedness of the RCP, we assume that
all decision variables within vector g; are subject to compact
constraints. We denote the optimal value of RCP by up. +03,

If pux. <0, a solution to the RCP implies the fulfillment of

conditions outlined in Definition 3.1, thus establishing S; as
a storage function for subsystems (III.2).

Remark 4.2: 1t is worth noting that since condition (IV.2c)
can be rewritten as

T T
w; X‘ll X12 w; w;
L] [sz X22][ }Sém [A L”} (IV.3)
———
X Il (i, wi)|[2=1

the satisfaction of this condition is equivalent to the sat-
isfaction of X; < dp,L,,4n,. Since dp, is a free scalar
decision variable, this condition does not impose intrinsic
structural restrictions on AX; at the individual subsystem level.
Our compositional data-driven results provide a condition
on the summation of Jp,, ensuring that the supply rates of
subsystems can influence one another and compensate for
potential adverse effects within the interconnection topology
(cf. (V.1b)).

Addressing the proposed RCP in (IV.2) presents two signif-
icant challenges. Firstly, this RCP comprises infinitely many
constraints due to the continuous nature of the state and
internal input of the subsystem. Secondly, and more daunt-
ingly, solving the RCP in (IV.2b) requires precise knowledge
of the model f;, which is unknown in our setting. These
challenges motivated us to devise a data-driven approach for
constructing storage functions, bypassing the direct solving of
the RCP in (IV.2). To accomplish this, we collect a set of
two-consecutive sampled data from trajectories of unknown
subsystems, represented as pairs ((Z7,w7), fi(Z7,W7)),z €
{1,...,N;}. In our proposed data—drrven approach the first
step involves projecting all the data onto a unit sphere by
normalizing them with respect to ||(Z7,w7)]|, denoted as:

(&7, w7), fi(#7, (27, @7)||

w7)) =

(IV.4)

Remark 4.3: We assume that the collected data satisfy

|2 #0 forall z € {1,..., N} (IV.5)

This assumption excludes the origin from the sampling set and
ensures that the normalized data (Z7,w7?) are well defined,
as it guarantees that ||(Z7,w?)|| # 0 in (IV.4). Moreover, it
avoids trivial samples with &7 = 0, for which S;(¢;,4%) =0,
and which would otherwise prevent the feasibility of the SCP
defined in (IV.7) when aiming for pp;, < 0.

According to Remark 3.4 and to ensure the well-posedness
of our setting over the unit sphere, we consider w; =
[T%;...527 138745 .. .;T3,]. Subsequently, we compute the
maximum distance between any points on the unit sphere and
the set of data points as follows:

ei = max min [|(z;, wi) — (&7, @7

(‘Luwz)
(zi,w;) € R™ X RP?: ||(zg, wy)|| = 1. (IV.6)
Taking into account (Z7,%w7) € R™ x RP:, where z €
{1,...,N;}, with N; being the number of samples, we in-
troduce the following scenario convex program (SCP):



6 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. XX, NO. XX, XXXX 2026
L1, £? of unknown subsystems from data. We now propose
min iy the next theorem to ensure GAS certificate with correctness
(953 1,3 O] KN Nis guarantees over an unknown interconnected network with
5.t W(iF,0F) € R™ x RP Wx € {1,...,A;),  \nknown topology. ,
. Theorem 5.1: Consider an interconnected dt-NS » =
= Sil@, 7)< pwss (IV.7a) Z(%1,...,%p) composed of M € NV individual subsys-
Si(qi, fi(27,07)) —Si(qi, 27) tems ¥; with an unknown topology M. Consider subsys-
w71 Tt x12 2 tems >; and their corresponding SCP in (IV.7) with associ-
_ {55@4 { 2\,’:21 XQQ} { 14 un;,  (AV.7b)  ated *optimﬁl vahie s, + 93, and optimal solutions g; =
51T Tyl 2] [ (XM XM X2 4 5. g, ] with NV sampled data. If
|:a'::;:| |:Xi21 X22:| |:.i';:| SéNa (IV7C)
¢ 11 512, 22 1Z , P, +ZLiei <0, Vie{l,...,M}, (V.1a)
=X X AT 4G 6] O ER. M
It is evident that the proposed SCP in (IV.7) comprises a finite Z (W, +Ox, +Zei) <0, (V.1b)
number of constraints of the same form as in (IV.2). Let us Lt
denote the optimal value of SCP as p}, + dj . )
Remark 4.4: While the unknown dyhamicsL appear in the with .} = max{.Z}!, 7}, then
conditions of the SCP (IV.7), they can be replaced using
collected data. In fact, since the dynamics of each subsystem M
evolve recursively in discrete time, given an input-output data V(g,z) = Z Silg; i) (V.2)
i=1

point, the input represents the pair of state and internal input
(i.e, (ZZ,w7)), while the output corresponds to the unknown
dynamics (i.e., f(Z7,W7)).

Remark 4.5: 1t is worth mentioning that while (IV.5) ex-
cludes the origin from the sampling set and accordingly
makes (IV.7a) well defined, this condition is enforced over
(22,wF) € R™ x RPi gatisfying ||(Z7,w?)| = 1 (and hence
unit ball ||Z7]| < 1) rather than over the unit sphere ||Z7|| = 1,
which makes the results slightly conservative.

nv4 "Z

Remark 4.6: Note that ;fz} X *{ } plays a key role in

K3
the compositionality condition we introduce in the following

section, particularly in Theorem 5.1, which is based on data.
This is the primary reason why we have incorporated an
additional condition in (IV.2c) and (IV.7c), where the objective
of the optimization problems involves the minimization of both
fen;, and Op, .

In the next section, we solve the proposed SCP and construct
the storage function of unknown X;. Additionally, we formally
verify the GAS property of unknown interconnected dt-NS by
proposing new compositionality conditions purely based on
data.

V. GAS CERTIFICATE FOR INTERCONNECTED NETWORK
WITH UNKNOWN TOPOLOGY

Here, we assume that each unknown subsystem model
fi is Lipschitz continuous with respect to (x;,w;). Given
that the storage function S; is continuously differentiable
according to Assumption 4.1 and our analysis is on the
unit sphere (bounded domain), one can readily conclude that
Si(qi, fi(zi,w;))* — Si(gs,x;)* is also Lipschitz continuous
with respect to (x;,w;) with a Lipschitz constant ., where
Si(qi, )" = Si(q},-). Similarly, under the same reasoning, one
can readily show that S;(q;, x;)* is also Lipschitz continuous
with respect to z;, with a Lipschitz constant #}. Later
on, we provide an algorithm to estimate Lipschitz constants

is a Lyapunov function for the interconnected system ¥ =
Z(%q,...,%) satisfying conditions (IIL.7a)-(II1.7b). Con-
sequently, unknown interconnected dt-NS X is GAS with
correctness guarantees, according to Definition 2.2.

Proof: We first show that under condition (V.1a), Lya-
punov function V in (II1.6) satisfies condition (III.7a) over the
unit sphere, i.e.,

V(g,z) > 0, Vo € R"\{0}: ||z|| = 1. (V.3)
We write down V based on storage functions of individual
subsystems as:

M
- Z 81<q:<) ml)
i=1

Given z; and for each subsystem ¢, with a slight abuse of
notation, let zZ := argmin, ||z; — #7||. By incorporating the
terms Zl 1 Si(qi, &) through add1t10n and subtraction, with
Si(qi, ) =8; (ql,~) one has

M:

qwl'z +S( Z) _SZ(QH'%?)*)

7:1

Given that S;(g;, z;)* is Lipschitz continuous with respect to
x; with a Lipschitz constant %!, and since

— 7| < [ — &7 ]|, and

(zs,wi): [|[(zs,wi)||=1

lei = 27| < [[(i, wi) — (27, @F) ],

max ||x;

i ||zi]|=1

we have, for any z € R™ with ||z|| = 1 (hence ||(x;, w;)| =1
for all 7),
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M
—V(gx) <> (L min ||z; — 27| — Si(qi,3)%)
=1
M
< 30 ( max minlai — |~ Si(ai,8)°)
i=1 Ti
M
< @l ; _aZ| A
_;< F e min e — 8] = Silas, 7))
M
<> (&' max  min|(2,wi)— (37, 07)|| - Si(ai, 7))

ll(zs,wi)l|=1 =

&
Il
-

e

~
Il
—

M
(e = Silain#7)7) < Y (Liei — Silai, &)").-
=1

According to condition (IV.7a) of SCP, we have

M

“Vg,7) <Y (i, + L) (V4)
=1

Given our proposed condition in (V.1a), one can conclude that

V(g,z) >0, VreR"{0}:||z] =1.

Given that V in (V.2) is based on the linear combination of
Si(gi,x;) and according to the inequality obtained in (V.4),
Wy, in RCP (IV.2) can be defined as ufp = uji, + Zie;.
This expression is negative for all subsystems M under the
condition in (V.1a).

We proceed with showing that under condition (V.1b), V in
the form of (II1.6) satisfies condition (III.7b), as well, over the
unit sphere, i.e.,

V(qa f(l’)) - V(an) < Oa

Given the proposed Lyapunov function in (III.6), one has

Yz € R™ ||z|| = 1.

M
V(g, f(z)) = V(g,x) = Z (Si(q;ka filxi, w;)) — Si(Q;vxi))

which is well posed over the unit sphere since, by construction
of the data normalization and the choice of w; as the collection
of the states of all other subsystems (cf. Remark 3.4), the
stacked vector (x;,w;) is a permutation of the global state
x, and therefore satisfies ||(x;,w;)|| = ||«||. Hence, ||z| =
1 if and only if ||(x;,w;)]] = 1. Given (z;,w;) and for
each subsystem ¢, with a slight abuse of notation, let z :=
arg min, ||(z;, w;) — (2%,%w?)||. By incorporating the terms

Zij\il(&(qi,ﬁ(qi,i’f,wf))* — Si(qi,%7)*) through addition
and subtraction, one has
M
V(Q7f( ) Z szfz xwwz)) Si(qr’xl)
i=1
Sz(q27 fz('i‘f UA)E))* - Si(Qi7 5%12)*)
+ Silai, fi(#5,07)" = Silai, 7))

Given that S;(q;, fi(zi,w;))* — Si(¢;, x;)* is Lipschitz con-
tinuous with respect to (z;, w;) with a Lipschitz constant .2,

we have

V(. f(z)) = Vla.x)
<2 (4

mm [ (@i, w;) — (27,07 ||
i=1

+Silai, fil@7,97))" —
< L7 (max) min H(asl,wl) -

+5 (@i, fi@7,07))" —

= Z (Llei + Silai, fi(@F,07))" — Si(gi, #5)")
M B ~ ~
SZ Ziei + Silai, [i(&7,97))" — Silai, #)7).

According to condition (IV.7b) of SCP, we have

M
V(g f(x)) = V(g x) <Y (ux, +0x, + L)
=1

Given our proposed condition in (V.1b), one can conclude that

V(qv f(CE)) - V(q7

Then the unknown interconnected network is GAS with cor-
rectness guarantees over the unit sphere. Given the homogene-
ity property of interconnected network and the constructed
Lyapunov function, the GAS certificate can then be globally
guaranteed in R", which concludes the proof. |

Remark 5.2: The proposed conditions (V.la)-(V.1b) intro-
duce a novel notion of compositionality in the dissipativity
setting using data, which are proposed in our work for the first
time. Given that W} captures the interaction effect between
subsystems in the unknown interconnected topology, condi-
tion (V.1b) allows supply rates of subsystems to be designed
in a way that they can compensate the potential undesirable
effect of neighboring subsystems while this condition becomes
negative. Note that compositionality conditions (V.1a)-(V.1b)
do not need to be verified if 1}, +.£'; and P, +0%, + L3¢,
can become negative while solvmg SCP for each individual
subsystem. In this case, the results of the current work can be
extended to the stability analysis of unknown networks with
an arbitrary number of subsystems.

x) <0, Vo e R™ ||z|| = 1.

Remark 5.3: It is worth highlighting that the composition-
ality conditions in (V.1a)—(V.1b) uniformly use the Lipschitz
constant .%; = max{.%}, £?}, which may introduce conser-
vatism. As a promising future direction, one could allow the
right-hand side of (IV.7a) (and its corresponding RCP) to be
independent of pip/;, say ,uf\lf) In this case, the objective value

of the RCP would become N/(v) +ppr; +6 a7, which would allow
the compositionality conditions (V.1a)— (V 1b) to employ their
own dedicated Lipschitz constants rather than their maximum,
thereby reducing conservatism.

In order to verify conditions (V.1a)-(V.1b) in Theorem 5.1,
the computation of £, #? is a prerequisite. To achieve
this, we present Algorithm 1, which enables the estimation

of Z!, #? using a finite set of data. Within this algorithm,
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Algorithm 1 Estimation of .}, 7 via data

Require: S;(g:, 27)", Si(q, fi(25,07))”
1: Choose p,0 € Nt and o € R

2. fori=1:p
3 Select sampled pairs (27, %07), (&7 ,w7 ) from
R™ x RPi such that ||(27,47) — (27, %7 )| < o

£

Compute the slope 6; as
(@7, 7) — ha@7 Af’)H
II( f) - f
5: end
6: Compute the maximum slope as

© = max{6,...,0,}

0; =

7: Repeat Steps 2-6, o times and acquire O1,...,0,

8: Apply Reverse Weibull distribution [25] to ©4,...,0,
which provides us with, so-called, location, scale, and
shape parameters

9: The obtained location parameter is the estimated £

10: Repeat Steps 1-9 with h; = S;(q;,27)* to estimate £}
Ensure: £, ¥?, and &, = max{.%}, £?}

we rely on Lemma 5.4, adopted from [25], to guarantee the
convergence of the estimated %', .#? towards their actual
values.

Lemma 5.4: Under Algorithm 1, the estimated %}, %7
converge to their actual values if and only if o approaches
zero, and both p and o go to infinity.

Remark 5.5: While the results of Lemma 5.4 provide esti-
mation guarantees in the limit, the amount of data required for
Lipschitz constant estimation in practice does not necessarily
need to approach infinity. Specifically, in some scenarios,
we observed that the estimated Lipschitz constant remains
unchanged after a certain number of data points, as it matches
the exact Lipschitz constant derived from the underlying
mathematical model. Accordingly, in this work we assume that
the Lipschitz constants are correctly estimated and available,
without incorporating confidence levels into the analysis.

Remark 5.6: Given that unknown coefficients ¢; are re-
quired for estimating the Lipschitz constants ., .#? in Algo-
rithm 1, and subsequently verifying conditions (V.la) (V.1b), it
is imperative to first solve the proposed SCP in (IV.7). To avoid
a posteriori verification of conditions (V.1a)-(V.1b), one can
initially consider unknown coefficients of ¢; to exist within a
certain range and estimate the Lipschitz constants .%;' and £
before solving the SCP. Subsequently, the underlying ranges
should be enforced during the solution of SCP. For instance,
one could assume —2 < ¢; < 2 and estimate the Lipschitz
constants .%;! and .#? based on any g; within that range. Then,
when solving the SCP in (IV.7), this range should be enforced
as an additional constraint to ensure that ¢; remains within the
specified range. This ensures that the a-priori computation of
the Lipschitz constants based on unknown ¢; is valid.

Remark 5.7: Note that while the interconnection topology
is unknown, the full-state measurement of the subsystems

Algorithm 2 GAS certificate of the interconnected dt-NS with
an unknown topology
Require: Collect data-points ((Z7,w?), f;(&7,w7)),z €
{1,...,Ni}
I: PrOJect all data points onto umt s here by normalizing

them as ((27,wZ), fi(2? zZT\U(:v)fw S o

2: Estimate L1psch1tz constants f 1 #2 according to Algo-
rithm 1

3: Compute ¢; as the maximum distance between any points
in the unit sphere and the set of data points, i.e., & =

i i ) — (8,107)] V(i wg) € R x B
T, W;

13, wi)|| =1

4: Solve SCP in (IV.7) with the normalized data and obtain
W, and &3

si If pi, + Zies < O,Vie {1,..., M}, and S0 (ui. +
O, + L) < 0, with 4 = max{.%}, Z?}, then
unknown interconnected dt-NS is GAS with Lyapunov
function V(g, x) := Zf\il Si(qi, i)

6: Otherwise, repeat Steps 2-5 with additional collected data
N to reduce ¢;, or increase the terms of the homogeneous
basis functions, potentially designing other pj3. and 3.
that satisfy conditions (V.1a)-(V.1b)

within @} should be used for estimating the Lipschitz con-
stants ! and L2, e, w7 = [#F;...;87 587,452
(cf. Remark 3.4).

We now propose Algorithm 2 to describe the required steps
for ensuring the GAS certificate over unknown interconnected
dt-NS with an unknown topology.

Remark 5.8: The proposed data-driven findings can be gen-
eralized by assuming that each unknown subsystem is noisy,
treating the stochasticity as part of the unknown dynamics.
In this case, one can explore the probabilistic stability of
the system by introducing an expected value in the second
condition of the Lyapunov function in (III.7b) and the storage
function in (II1.4) for the individual subsystems. In such a
case, since the expected value must be first approximated
empirically using Chebyshev’s inequality [26] and then used in
the SCP in (IV.7), the final guarantee comes with a confidence
level that has a closed-form relationship with the required
number of noise realizations for the empirical computation.

Remark 5.9: Note that Algorithm 1 is specifically for the
estimation of the Lipschitz constant and always terminates
after completing the required steps. Algorithm 2 is a pseu-
docode outlining the required steps for verifying the GAS
property over the interconnected network. For instance, if the
network is GAS, the algorithm returns this outcome. However,
Step 6 of the algorithm implements an iterative procedure
aimed at verifying the GAS property of the network through
successive refinements. It is important to note that since
Lyapunov functions provide sufficient conditions for nonlinear
systems, if Algorithm 2 cannot successfully terminated, this
does not imply that the network is unstable.
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VI. UNKNOWN INTERCONNECTED NETWORK WITH
KNOWN TOPOLOGY

In the scenario where subsystems are unknown but the
interconnection topology M is known, we provide here our
sub-result where we initially construct a storage function for
each unknown subsystem based on data. This is achieved
by solving an SCP for each unknown subsystem with a
correctness guarantee over the SF construction. In this case,
we show that the data-driven conditions (V.1a)-(V.1b) are
reduced to p}, + Ze; < 0 with & = max{ZL}, £?}
in the level of subsystems. Subsequently, we examine the
traditional dissipativity compositionality condition (IIL.5) to
determine its satisfaction. To avoid potential posteriori checks
for this condition, we employ an alternating direction method
of multipliers (ADMM) algorithm [19], enabling efficient
satisfaction of the compositionality condition in a distributed
manner while searching for storage functions of individual
subsystems.

We initially propose an alternative SCP that does not
necessitate condition (IV.7¢), outlined as follows:

min g,
(943 1nr]
st. V(#7,07) e RMx RP Vz e {1,...,N;},

= Si(qi %7) < pw;,s (VL.1a)

Siqi, fi(®F, 7)) —Si(qi, T7)
T
w2 [t a2 [wz

gi = [X X2 8761l ww € R

Remark 6.1: Note that in this section, it is not required to
consider the entire state measurement of subsystems within w;,
as described in Remark 3.4, during the analysis. In fact, the
primary objective here is to demonstrate that each subsystem
individually exhibits dissipativity over the unit sphere with
respect to a supply rate via a storage function S;, as specified
in the SCP (VIL.1). Subsequently, this result can be extended
globally to R™ by leveraging the homogeneity property of
the maps f; and storage functions S;. Ultimately, using the
dissipativity compositional condition (IIL.5) and incorporating
the knowledge of the interconnection matrix M, the GAS
certificate is ensured for the entire network over R™.

We now raise the following theorem, enabling the con-
struction of a storage function for each unknown subsystem
through solving the SCP in (VI.1), while ensuring guaranteed
confidence based on collected data.

Theorem 6.2: Consider individual subsystems in (II.2) and
their corresponding SCP in (VI.1) with associated optimal

value i}, and solutions g7 = [X!; X1 X227 ¢85 g ]
with NV; sampled data. If
Py, +Ligs <0, Vie{l,...,M}, (V1.2)

with . = max{.%}, £?}, then the constructed S; obtained
by solving SCP (VI.1) serve as storage functions for unknown
subsystems X; globally over R™¢, with guarantees of correct-
ness.

Proof: Initially, we demonstrate that the constructed S;
obtained by solving SCP (VI.1) satisfy condition (II.4) across
the entire state and disturbance spaces, with pa;, <0, i.e.,

* * w;
SHal Sl w)) = Silat )~ |
V(xl,wl)ER"‘ x RPi . ||(£C2,wl)H =1.

T W
] X [x} <0, (VL3)

K3

Given the Lipschitz continuity of f;(z;, w;), it is readily
demonstrated that the left-hand side of (VI.3) remains Lip-
schitz continuous with respect to (z;,w;), with a Lipschitz
constant .,ff € R™ (with a slight abuse of notation), since
the storage function S; is continuously differentiable, and our
analysis is conducted on the unit sphere (bounded domain).
Given (z;,w;) and for each subsystem i, with a slight abuse
of notation, let z := argmin, ||(z;,w;) — (&, w?)||. By
incorporating the terms S;(q;, fi(qi, 27, w7))* — Si(qi, 27)* —

T _
w? w7 .. .

[Aé} X {A } through addition and subtraction, one has
27 T

Sy

Si(q;, filwi, wi)) — Silq;, x3) —

S~—
1
BIE
4|

Rat

*

L —
ol

T
_— Wi x | Wi
:Sz(%vfz(xuwz)) Sl(QzaxZ) |:$z] X x1:|
o i 021" Tw?
_(Sz(chafl(q”xz:wi)) _Sl(q“Iz) - l:iz;] 4 |::,%%:|)

> S>
SoneTy
> S>

SN S

[
—
<y
1

|

with S;(¢;,-)* = Si(q},-). Given the Lipschitz continuity
of (VL.3) with a Lipschitz constant .i’f, we have

wil . Tw;
Siq;, fi(zi,wi)) — Si(q;, i) — [xz] X7 [xl}

< &7 min | (25, wi) — (&5, 0)|

. _ z z
+ Si(qi, filqi, 27,07))" — Si(qis 27)" — | 4| A | .2
B2 B2
<.Z? max min (2, w;) — (&, 9F) |
Ti,wi) 2
Lo T e R ey
+8i(qis filqi, #7,07))" — Silqi, #7)" — | 2| & | .2

= Llei+ Silqi, fi(ai®5 ,07)" —Si(gi, #7)* — { ]

According to condition (VI.1b) of SCP, we have
Wi T W;
Sila, filwi, wi)) = Silg7, @) — [xj X7 [xj
< wy, + ZLie,

with % = max{ !, £?}. Given our proposed condition
in (VL.2), one can conclude that

-
Silai, filwi, wi)) = Silai, i) = [lﬂﬂ & [wz} =0

L

V(z;, w;) ER™ X RP?: || (2, w;)|| = 1.
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This result can subsequently be extended globally to R™: xRP#,
thanks to the homogeneity property of maps f; and storage
functions S;. By employing a similar reasoning, it can be
demonstrated that under condition (VI1.2), the S; constructed
through solving SCP in (VL1) satisfies S;(¢},x;) > 0 across
the entire state space. Then the S; obtained by solving SCP
in (VL1) serve as storage functions for unknown subsystems
¥t € {1,...,M}, globally over R™, with correctness
guarantees, thereby concluding the proof. ]

In order to construct the Lyapunov function for the in-
terconnected system based on storage functions of indi-
vidual subsystems derived from data, one needs to satisfy
the traditional compositionality condition in (IIL.5). Here,
we employ the ADMM algorithm [19] to efficiently satisfy
condition (III.5) by decomposing it into local sub-problems.
To do so, we define the following local G; = {XZ— |XZ— =
X;",3SF S; w.rt. SCP (VL1)}. In addition, we define the
global constraint as

g:{(Xl,...,XM)] condition (I1L.5) holds}. (V1.4)

We now recast applicability of Theorem 3.2 as a feasibility
problem in the following lemma.
Lemma 6.3: Consider an interconnected dt-NS » =

Z(%q,..., %) If there exist matrices X7, ..., X such that
X, €G,, Vie{l,...,M},
(X1,...,Xu) €G, (VL5)

then V(z) := Zf\il Si(z;) is a Lyapunov function for the
interconnected system ¥ = Z(Xq,...,X).

To reformulate the feasibility problem in Lemma 6.3 as
a standard ADMM problem, we first define the following
indicator functions:

0, X; € Qi,
]lgi(Xi) = { .
00, otherwise,
0, Xy,...,Xm) €3G,
]lg(Xlw--aX]W):{ (4 . )
00, otherwise.
Now by introducing an auxiliary variable Z; €

R(i+pi)x(ni+pi) for each subsystem, we rewrite (VI.5)
as an optimization problem in the ADMM form as:

St (g, (X)) +1g (21, ... Zu),

Vie{l,...,M}.
(VL6)

min
ADMM: { {x:,Z:}}1,
S.t. XZ - Zi = 07

Since the first part of the objective function in (VL.6), i.e.,
1g,, is separable by subsystems, one can find a solution
for (VI.6) parallelly by iterating over &; and Z;, alternately,
while leveraging a new dual variable A;. In summary, the
ADMM algorithm [19] updates the essential variables at each
iteration k as follows:

e For each ¢ € {1,...,M}, solve the following local
problem:

I argmin X7 — 25+ AF[B.
X*eg;

o If (XfT .. X5 € G, the algorithm is successfully
terminated. Otherwise, solve the following global prob-
lem:

M
(28T, 25 € argmin Y || - ZF AT
(21 25)€9

o Update the dual variable A; as
A]_€+l _ X]f-‘rl _ Z-k+1 +Ak

and return to the first step until a possible convergence.

Remark 6.4: The data-driven results proposed in this work
have the potential to be extended for designing a control
Lyapunov function (CLF) for unknown homogeneous inter-
connected systems. In such a case, the optimization programs
are no longer convex due to the bilinearity between the
unknown coefficients of the CLF and the controller. One
possible solution is to treat the control inputs as discrete values
(similar to switched systems), transforming the non-convex
optimization problem into a mixed-integer linear program.

Remark 6.5: Note that in the case of an unknown in-
terconnection topology, while considering the entire state
measurement of subsystems within w;, as described in Re-
mark 3.4, does not necessitate full interconnection, it poten-
tially increases the computational complexity. Specifically, this
assumption increases the effective dimension of w;, which
raises the sample complexity in (IV.4) and accordingly affects
the computation of the maximum distance between points on
the unit sphere and the set of data points, as described in
(IV.6). Additionally, this assumption impacts the estimation
of the Lipschitz constant in Algorithm 1, as @} also appears
in this computation. In contrast, the results in Section VI
do not involve these complexities but require knowledge of
the interconnection topology. This highlights a trade-off: if
the topology is known, it is advisable to use the results in
Section VI (cf. the third case study). Otherwise, the results for
an unknown topology offer a valuable solution to the problem,
albeit with increased computational complexity (cf. the second
case study).

VIlI. CASE STUDY

In this section, we begin by applying our results to a network
composed of only two subsystems. We illustrate, utilizing
both model-based techniques and our data-driven methods,
that if both subsystems are dissipative in accordance with
Definition 3.1, the interconnected network exhibits GAS under
suitable compositionality conditions. Subsequently, to demon-
strate the effect of our data-driven method over networks with
unknown interconnection topology, we extend our analysis
to a room temperature network with an unknown topology.
Finally, to demonstrate that our data-driven results can be
applied to nonlinear dynamics with homogeneity, we present
a nonlinear homogeneous network of degree one, consisting of
10, 000 subsystems (totaling 20, 000 dimensions), to highlight
the applicability of our approach.
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Wy = I

X

o

Fig. 3. Interconnected dt-NS Z (X1, ¥2) with a coupling matrix M as
in (VIL.2).

wp = —Ty

A. lllustrative Example

Consider two subsystems with the following dynamics:

with system matrices

—0.1 —0.2 02 0
A= {—0.2 —0.1} B = [0 0.2]’

05 1.8 01 0
Az = [—0.2 1.01}’ B2 = [0 0.1]'

These two subsystems are interconnected through negative
feedback, as illustrated in Fig. 3. It is evident that one can
obtain the interconnected system ¥ := Z(X;,%5) as

Y:z(k+1) = Ax(k),

with the block matrices

_ A1 Bl
A= {BQ AJ’
and the following interconnection matrix
0 0] [-1 0]
0 0 0 -1
M=t 4 0 0 (VIL2)
0 1 0 0

We initially presume access to the model dynamics and
demonstrate that each subsystem 3J; displays dissipative be-
havior, fulfilling condition (IIL.4), through the utilization of
a positive-definite storage function S;. We then show that
under the model-based compositionality condition in (IIL.5),
the interconnected system Z(31,Y2) is GAS in the sense of
Definition 2.2 and according to Theorem 3.2.

We first fix a candidate positive-definite storage function S;
as

Sigi, z;) = x] Py, (VIL3)

with P being a (2 x 2) symmetric positive-definite matrix.
We now aim at showing condition (IIl.4). Given that we are
aware of the model at this stage, we can derive the following
model-based analysis:
Si(¢i, fi(wi, wi)) = (Aiz; + Byw;) T Pi(Agw; + Byw)
By assuming the following LMI,
ATPA; Al PB; P+ x22
Bz—rlleZ B;rplBZ - Xl-u

21
Xi

X.ﬂ]’ (VIL4)

we have
T
x; A,TPiAi ATPZ‘Bi Z;

Z; T H+Xi22 Xz?l x;
< w; x12 x| |,

T ry11 12
- 7] [ 3] 2]
Si(qi,x;
which is exactly the satisfaction of condition (III.4). Hence,
to demonstrate the satisfaction of condition (II1.4) by the
candidate storage function &; in (VIL3), it is sufficient to
solve the constructed LMI in (VIL.4) for each subsystem. This
involves the design of positive-definite matrices P; and storage
functions &; for both subsystems.
We use the semidefinite programming (SDP) solver Se-
DuMi [27] and fulfill the LMI in (VIL4) for both subsystems
with the following matrices:

po_ [ L7779 —0.0200] i _ [ 03372 —0.1620
17 1-0.0290 1.9546 | ' T [-0.1620 0.5128 |
X12:X21:'—0.0250 —0.0486] X22:'—1.0748 0.0579 |
1 1 7]-0.0486 0.0923 | “* | 0.0579 —1.1826]
p,_ | 11742 —14717] Ly _ [ 05509 —0.0283
27 1—14717 58613 | 2 —0.0283  0.6199 |
XIQZXQIZ'—O.OMN —0.0256] X22:'—0.6036 0.3231 |
2 2 7|-0.0256 0.1947 |" “2 | 0.3231 —0.9405]

certifying that each subsystem is dissipative in the sense of
Definition 3.1. Now, we look at ¥ = Z(X;, ¥s) with the cou-
pling matrix M as in (VIIL.2) aiming to verify compositionality
condition (IIL.5). Given the obtained supply rates X, one can
construct matrix X, in (IIL5) as

X111 02><2 X112 02><2
Y= | O )
A Ooxo XY O2x2
O2x2 A5 0ok A3

The compositionality condition (IIL.5) is then satisfied as

HESHE

—0.5238 0.0297  0.0103  0.0230

0.0297  —0.5627 0.0230  0.1024 <0

0.0103  0.0230 —0.2664 0.1611 | —

0.0230  0.1024  0.1611 —0.4277
(VILS)

concluding that the interconnected system ¥ = Z(Xq, X2)
is GAS in the sense of Definition 2.2 and according to
Theorem 3.2.

We now assume that we are not aware of the model of
subsystems in (VII.1) and employ our data-driven techniques
to tackle the problem. We fix the structure of our storage
functions as S;(g;, 2;) = ¢} a3, +q;x3, forboth i € {1,2}. We
employ Algorithm 2 as our proposed data-driven scheme. We
collect samples from trajectories of each unknown subsystem
and normalize them to be projected onto unit sphere. We
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now solve the SCP (IV.7) with collected data and compute
coefficients of storage functions together with other decision
variables as

Si(qi,21)=0.127 +0.223 , pi, =—0.0607, &3, =0.039,

-0.02 0
0 -0.01

Sa(g2,22) =0.012%, + 0.423, pi, =—0.0108, &x;, =0.03,
X3 =0.0001T5, X5'2=X " =00x0, &5?*=-0.001I5.

A =0.00011, XFP=X7H=0,y0, X;?P= {

We compute €1 = &3 = 0.0041, £ = 0.1714, %2 = 0.1631
(with 4 = max{. L, L2} = 0.1714), and £ = 0.3906,
L2 = 0.1454 (with % = max{Z}, L2} = 0.3906)
according to Steps 2 and 3 in Algorithm 2. Since

Mxr, +Z161 = —0.06 <0,
[x, +-ZLag2 = —0.0092 < 0,
2
> (i, +0%, +Liei) = —0.0210 + 0.0208
=1
= —0.0002 < 0,

according to Theorem 5.1, one can certify that the intercon-
nected dt-NS ¥ = Z(X1,X3s) is GAS with respect to x = 0,
and
2

V(g,z) =Y Sigi, ;) = 0.1a7, +0.223, +0.012, +0.423,

i=1
is a Lyapunov function for the interconnected dt-NS with
correctness guarantees. This is compatible with the results of
the model-based approach that we acquired in the first step of
this illustrative example.

B. Room Temperature Network with Unknown Topology

To demonstrate the scalability of our method, we apply our
data-driven findings on a room temperature network with an
unknown topology. The evolution of the temperature 7'(-) can
be described by the following interconnected network [28]:

S: T(k+1) = AT(k),

where A is a matrix with diagonal elements a;; = 1 —2p — 4,
i € {1,...,M}, and off-diagonal elements a;; = ¢, i,j €
{1,...,M},i # j, depending on the unknown interconnection
topology. In addition, T'(k) = [T1(k);...;Ta(k)], and ¢, 0
are thermal factors between rooms ¢ and j, and the external
environment and the room i, respectively. Now by character-
izing each individual room as

Yi: Ti(k + 1) = auTi(k) + ow;(k),

with w; being defined according to (III.3) with an unknown
interconnection topology M, one has ¥ = Z(Xq,..., X ).
We assume that the underlying model is unknown to us.

Let M = 8. Our primary objective is to systematically
construct a Lyapunov function for the unknown interconnected
dt-NS by leveraging data-driven storage functions of individual
subsystems through solving the SCP (IV.7). Subsequently, we
ensure that the interconnected network achieves GAS with

respect to its equilibrium point x = 0, ensuring a correctness
guarantee.

Initially, we establish the structure of our storage functions
as Si(qi,x;) = qa? for all i € {1,...,8}. We employ
our proposed data-driven scheme, outlined in Algorithm 2.
We normalize the samples collected from the trajectories of
each unknown room to project them onto the unit sphere.
Subsequently, we solve the SCP (IV.7), computing coefficients
of storage functions alongside other decision variables as
follows:

S (g, ;) = 1727, pi, = —0.1013, 83, = 0.02,

0.0001 0 e 0

0 0.0001 0 0

1l 0 0 0 0
0 oo oo 0O 0

X7
Xi*lz = 07y, Xi*leXi*IQT’ Xi*22 — _0.001.
We compute ¢; = 0.0091, £ = 1.3317, and £? = 0.3617
(with .%; = max{.Z}, £?} = 1.3317) according to Steps 3,
4 in Algorithm 2. Since

1y, +Liei = —892 x 107 <0, Vie{1,...,8},
8

8
> (i, +0x, +-Zier) =Y (—692 x 1074); =
=1

=1

~1.38 <0,

according to Theorem 5.1, one can verify that unknown
interconnected dt-NS ¥ = Z(3, ..., Xg) is GAS with respect
to x =0, and

8 8
V(gz) =Y Si(gi, ) =) LTa7
1=1 i=1

is a valid Lyapunov function for the interconnected dt-NS with
a correctness guarantee.

Remark 7.1: Note that certain physical insights about un-
known models can help guide the selection of homogeneous
basis functions. For instance, since room temperature models
are typically polynomial due to their underlying physics, we
chose the basis functions to be monomials based on the
state. Regarding the number of monomial elements, one can
include all combinations of state variables (while preserving
homogeneity), and the scenario optimization problem will
automatically eliminate some of them during the solution of
the SCP by assigning zero to their coefficients.

Remark 7.2: The term “unknown topology” in our work
does not imply that our data-driven technique can handle any
arbitrary interconnection topology. In fact, for model-based
dissipativity reasoning, knowledge of the topology is required
to verify the compositionality condition in (IIL.5). However,
since our data-driven conditions in (V.1a)-(V.1b) are different
from model-based techniques, the interconnection topology
does not require to be known. While the unknown topology
only influences w; in the SCP during the solution process, this
does not imply that if the SCP is solvable, it will be so for
any arbitrary interconnection topology. For each new unknown
topology, a new set of data would need to be collected,
followed by an attempt to solve the SCP.
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Fig. 4. Sample complexity analysis: Required amount of data vs. num-
ber of scalar subsystems in monolithic and compositional approaches.
Plot is in logarithmic scale.

C. Sample Complexity Analysis

In this subsection, we perform a sample complexity analysis
for the room temperature network within the frameworks of
both monolithic (i.e., solving the problem directly over the net-
work) and compositional approaches. To do so, we have visu-
ally represented the relationship between the required amount
of data and the number of subsystems for both methodologies
in Fig. 4. It becomes evident that our data-driven composi-
tional approach significantly mitigates sample complexity by
aligning it with the granularity of subsystems. Consequently,
as the number of subsystems increases, the growth in required
data remains linear. Conversely, in the monolithic approach,
sample complexity escalates exponentially with the number of
scalar subsystems, making it operationally unfeasible.

D. Nonlinear Homogeneous Network

To demonstrate that our data-driven results can be applied
to nonlinear dynamics with homogeneity, we present here a
nonlinear homogeneous network of degree one, consisting
of 10,000 subsystems (totaling 20,000 dimensions), thereby
illustrating the scalability of the proposed approach to high-
dimensional nonlinear systems. We assume that the intercon-
nection topology is known as a unidirectional ring to use the
results of Section VI.

The evolution of each subsystem can be described by the
following nonlinear homogeneous system:

where x; = [x1,; z2,] and
—-0.1 0.2
Hi= [0 15 0. 12}
_ [ len )z, (B)] + (a3, (k) + 23, (k)
T2,

(VIL6)

where v = 0.1, and w; is defined according to (III.3) for a
unidirectional ring interconnection topology, i.e., w; = x;_1
with g = z .

It is clear that each subsystem >; is homogeneous of
degree one, ie., for any A\ > 0 and z; € R™ w; € RP:,
fiQAzi, Aw;) = Mfi(wi, w;):
fi(Azi, Aw;)

o W Ao, (W)Az, () [+ (Va2 <k>+A2x§1<k>>|

A,
+0.1( [A“’l (k)})

Xaos, (k)
o Wm (k)a, (k)] + (a3 <k>+z§i<k>>|
T2,
ron)
:Afz(xuwt)

Now the dynamics of the interconnected network » =
Z(%q,...,%y) with M = 10000 can be established as

Y:ax(k+1) = HF (x(k)) + 0.1 Mz (k),

where H is a matrix with block diagonal elements H; as
in (VIL.6) and block off-diagonal zero matrices, while M is a
unidirectional ring interconnection, with elements m;yi; =
I,i € {1,...,M — 1}, mypm = I, and all other ele-
ments are O2yo. In addition, z(k) = [z1(k);...; 2 (k)], and
F(x(k)) = [Fi(z1(k));...; Fa(za(k))]. Given that each
subnetwork is homogeneous of degree one, it is clear that the
interconnected network also remains homogeneous of degree
one, i.e., for any A > 0 and z € R”, f(Az) = Af(x).
Initially, we establish the structure of our storage functions
as Si(qi,xi) = quai, + qo,x1,22, + gs,x3 for all i €
{1,...,10000}. It is clear that S;(g;,x;) is a homogeneous
function of degree 2, i.e, for any A > 0 and z; € R™,
Si(A\r;) = A\2S;(x;). We gather 1296 samples from tra-
jectories of each unknown subsystem (denoted as N; =
1296) and normalize them for projection onto a unit sphere.
Subsequently, we solve the SCP (VL.1) with A; = 1296,
computing coefficients of storage functions alongside other
decision variables as follows, for any ¢ € {1,...,10000}:

S;(gi, ;) = 1.627, + 1.221,20, + 1.923 , i, = —0.777,
X=0.0001T,, X12=04,,, A72'=X12] A22= —0.0011,.

We compute ¢; = 0.0155, £} = 2.3436, and .£? = 2.3533
(with .%; = max{.Z}, £?} = 2.3533). Since

[y, +Lig; = —7405 x 107* < 0, Vi € {1,...,10000},

according to Theorem 6.2, the constructed S; obtained by
solving SCP (VI.1) serve as storage functions for unknown
subsystems >; globally over R™¢, with guarantees of correct-
ness. We also ensure that the dissipativity compositionality
condition in (IIL.5) is satisfied. Then one can verify that

unknown interconnected dt-NS ¥ = Z(X4,...,%10000) is
GAS with respect to z = 0, and
10000 10000

x) = Z Si(gi,xi) = Z 1.6xi +1.229, 22, + I.in
i=1 i=1
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is a Lyapunov function for the interconnected dt-NS with a
correctness guarantee. The computation of storage functions
took 2.14 seconds for each subsystem (21400 seconds for all
10000 subsystems in a serial computation) on a MacBook Pro
(Apple M2Max with 32 GB RAM Memory).

VIIl. CONCLUSION

In this work, we proposed a data-driven divide and conquer
approach for verifying the GAS property of unknown intercon-
nected networks with an unknown topology, while providing
concreteness guarantees. The proposed framework utilized
dissipativity-type properties of subsystems, which are charac-
terized by the notion of storage functions. In our data-driven
setting, we collected data from trajectories of each unknown
subsystem and formulated a scenario convex program (SCP)
to enforce the required conditions of storage functions. By
solving the SCP using the collected data, we built a Lyapunov
function for the interconnected system based on storage func-
tions of individual subsystems, derived from data, by offering
newly developed data-driven compositionality conditions in
the dissipativity setting. To demonstrate the effectiveness of
our data-driven approaches, we applied them to three unknown
interconnected networks. As part of our future work, we aim
to develop a data-driven approach for constructing control
Lyapunov functions for unknown interconnected systems. In
addition, generalizing our data-driven approach to a broader
class of nonlinear systems beyond homogeneous is being
investigated as future work.
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