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ABSTRACT

A theoretical study has been made of steady-state forced
convective mass transfer from a system of two equally sized spheres
with an isothermal, incompressible, Newtonian fluid flowing
parallel to their line of centres. The stream function and
vorticity distributions around the two spheres were.obtained from
numerical solutions of the Navier-Stokes equations and the
concentration distributions from numerical solutions of the
diffusion equation. Bi-spherical coordinates were used in the
study because of the ease with which they can be used to describe
the geometry of the flow region. The finite-difference forms of
the equations were solved using an explicit extrapolated Gauss-
Seidel method. Two computer proarammes were developed: one for
obtaining solutions of the Navier-Stokes equations and the other
for obtaining solutions of the diffusion equation. Solutions were
obtained for various Reynolds and Peclet numbers and for a range

of sphere spacings.

Five different sphere spacings corresponding to two equally
sized spheres nearly touching one another and being one, three,
five, and ten diameters apart were considered in this study. For
each sphere spacing, numericalAsolutions of the Navier-Stokes
equations were obtained for a series of Reynolds numbers ranging
from 0.001 to 500; also, numerical solutions of the diffusion
equation were obtained for a series of Peclet numbers ranging from
0.001 to 500 using the previously obtained stream function
distributions for Reynolds numbers of 0.001, 1, 10, and 100. The
resultant distributions of vorticity, stream function, and

concentration around the spheres were used to calculated surface



pressures, angles of flow separation, drag coefficients, and

local and overall Sherwood numbers.

It was observed that the vorticity and stream function
distributions were dependent on the sphere spacing and on the
Reynolds number, and that the calculated rates of mass transfer
from the spheres were dependent on three parameters: the sphere
spacing, the Reynolds number, and the Peclet number. The distance
between the spheres was found to be an important factor in
determining both the fluid dynamics and the mass transfer rates.
For each of the five sphere spacings considered in this study,
particle-to-particle interaction was observed to exist between
the spheres and to increase in extent as the sphere spacing was
decreased. It was also observed that for each sphere spacing at
Reynolds and Peclet numbers less than 1.0 the total drag
coefficients and the overall Sherwood numbers were approximately
the same for both of the spheres; while at higher Reynolds and
Peclet numbers they were found to be larger for the upstream
sphere than for the downstream sphere. For'the larger sphere
spacings the results approached those for a single isolafed sphere.
The results for the upstream sphere were closer to those for a

single isolated sphere than were those for the downstream sphere.
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CHAPTER 1., INTRODUCTION 16

The transport processes of heat, mass, and momentum from
particles to fluids are important in Chemical Engineering
processes. Because of the complexity of multiparticle systems in
theoretical studies, a single solid sphere, liquid drop, or gas
bubble is nearly always studied in order to understand transfer
Mmechanisms.The spherical particle is the most common unit for
these studies, and the results are valuable in the absence of

results for multiparticle systems.

A major disadvantage of studies of single particle systems
is that the particle-to-particle interactions that occur in real
situations cannot be fully understood. In view of this problem,
a two-particle system was thought to be a suitable starting point
for multiparticle studies, and the present project was initiated
to investigate steady, incompressible, isothermal, Newtonian flow
around, and mass transfer rates from a system of two equally sized,
stationary solid spheres placed one behind the others with their
line of centres parallel to the direction of flow. Many research
workers have claimed that the study of a single particle system
is the first step towards gaining an understandipg of the behaviour
of multiparticle systems, accordingly, the present studv can be

claimed to be the second step in this long journey.

The'transport of momentum and mass may be'described by
three equations: the Navier-Stokes equations, thé equation of
continuity, and the diffusion equation. Owing to their non-
linearity, analytical solutions of the Navier-Stokes equations
are very difficult to obtain. The only exact solutions available
for flow around two spheres are those for Stokes flow, ie, the

limiting case when the Reynolds numbers are very much less than
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unity. These solutions were obtained by Stimson and Jeffery(1926).
For flows at intermediate Reynolds numbers, these equations can

only be solved numerically.

In this thesis, the system of equations is expressed in
the two-dimensional bi-spherical coordinate system and is solved
using a finite-difference method. The Navier-Stokes equations
and the equation of continuity are expressed in terms of vorticity
and stream function, and the resultant equations: the vorticity
transport and stream function equations, which are coupled, are
solved simultaheously with the appropriate boundary conditions.
Using the calculated stream function distribution, the diffusion
equation is then solved in order to obtain the concentration

distribution.

The distance between the two spheres is an important factor
in determining the influences and interactions of one sphere on
the other. In the present study, five sphere spacings are
considered: the two spheres nearly touching and being one, three,
five, and ten diameters apart. For these sphere spacings, numerical
solutions of the Navier-Stokes equations and the equation of
continuity are obtained for a range of Reynolds numbers from 0.001
to as high as 500. while the diffusion equation is solved for a
series of Peclet numbers from 0.001 to 500 at some selected
Reynolds numbers. From the distributions of vorticity. stream
function. and concentration, the drag coefficients, the surface
pressure distributions, the angles of flow separation, and the

local and overall Sherwood numbers for the spheres are calculated.

This study of a system of two equally sized spheres with
a fluid flowing parallel to their line of centres shows the

existence of particle-to-particle interaction between the spheres,
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and shows that the extent of the interaction decreases as the
sphere spacing increases. The distributions of vorticity, stream
function, and concentration, as well as the distributions of
surface pressure and local Sherwood number around the two spheres
are affected by the closeness of the spheres; however, the
distributions become closer to those around a single isolated
sphere when the distance between the spheres becomes larger. At
low Peclet numbers of 0.001 to 0.1, overall Sherwood numbers of
less than 2.0 are obtained for all Reynolds numberé when the
sphgre spacings are small. At higher Peclet numbers, the overall
rates of mass transfer from the upstream sphere are always largerl
than those from the downstream sphere, and the difference between
the rates becomes larger when the Reynolds number is increased

and when the distance between the spheres is decreased.

Two computer programmes have been developed for.soclving
the Navier-Stokes and diffusion equations. The programmes are
arranged in such a way that they can be used to solve the
equations for various sphere spacings. It is hoped that this
study will lead to further understanding of the complex transfer
processes in multiparticle systems. The results obtained have
applications in many Chemical Engineering unit operations, such
as spray drying, extraction, fluidization, and combustion. The
results are also useful in meteorological studies, ion exchange,

and gas chromatography.
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CHAPTER 2. LITERATURE SURVEY

2-1. Brief review of single sphere theoretical fluid dynamics.

The theory of viscous flow was first developed by Navier(
1822) and Stokes(1845). The fourth order partial differential
equations which describe the viscous flow field of a Newtonian
fluid were then formulated. Because of their non-linearity, exact
analytical solutions of these equations are difficult to obtain.
Stokes(1851) opened a new era in theoretical viscous fluid
dynamics by solving analytically the Navier-Stokes equations
without the inertial term for a steady creeping flow around a
solid sphere. The development of boundary layer theory by Prandtl(
1904) for high Reynolds number viscous flow in which the Navier-
Stokes equations can be reduced to third order partial

differential equations was another great leap forward in this field.,

However, for intermediate Reynolds number flows, owing to
the presence of the inertial term, the only way to study the
fluid dynamics is by numerical solution. Thom(1928) began the
study of computational fluid dynamics by solving the Navier-
Stokes equations for flow around a cylinder for a Reynolds number
of 10. For the case of flow around a sphere, the first numerical
solution was obtained by Kawaguti(1950) for a Reynolds number
of 20 using Thom's method. Jenson(1959) obtained numerical
solutions for Reynolds numbers of 5, 10, 20, and 40 using
relaxation methods. He used spherical polar coordinates with an
exponential transformation of the radius coordinate. With the .
advent of modern computers, the development of theoretical fluid
dynamics has been very rapid and Hamielec, Hoffman, and Ross (

1967) used Jenson's finite-difference equations to solve the
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Navier-Stokes equations for viscous flow around a sphere for a
series of Reynolds numbers ranging from 0.1 to 200 by the method
of sucessive optimal displacement by points with relaxation.
Al-Taha(1969) also used Jenson's method to obtain numerical
solutions for a sphere and for oblated spheroids for Reynolds
numbers between 0.001 and 500. He also investigated the effect

of the location of the outer boundary on the viscous flow field
and solved the energy equation for a sphere and oblated spheroids

for Peclet numbers in the range of 0.001 to 2000.

2-2. Review of low Reynoids number fluid dynamics for two-sphere

systems.

Nearly three quarter of a century after Stokes(1851) fi¥rst.

sphere, Stimson and Jeffery(1926) used bi-spherical coordinates

to obtain an exact solution of the same equations for axisymmetric
creeping flow around two spheres with their line of centres
parallel to the direction of flow. A new chapter in theoretical
fluid dynamics for ﬁhltiparticle system thus opened. Their method
of using bi-spherical coordinates was unigque in the sense that
their solutions satisfied the boundary conditions on the two

spheres simultaneously and converged for all sphere spacings.

Before this exact solution was obtained, an approximate
method called "the method of reflection" had been inaugurated
by Smoluchowski(1911). The method of reflection was widely used
for solving multiparticle problems at low Reynolds numbers. In
this mefhod, a systematic scheme of sucessive iteration was
adopted for solving the Navier-Stokes equations for creeping
flow to any degree of approximation by considering the boundary

conditions associated with one particle at a time. The
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transformation of the reflected fields from coordinates at the
centre of one sphere to those at the centre of the other was
accomplished in an approximate way by means of Taﬂbr series
expansions about the points corresponding to the two coordinate
system origins. The results obtained using this method agreed
with the exact solutions of Stimson and Jeffery for the

axisymmetric two-sphere case,

Faxan and Dahl (1925) extended Smoluchowski's technique in
order to study flow around two spherés along with their line of
centres parallel to the direction of flow. They used a conformal
transformation involving "inversion in a sphere" to transform
the reflected field from coordinates at the centre of one sphere
to those at the centre of the other. Their results agreed with
the exact solulions of Stimson aud Jeflfery when sphere spacings

of the two equally sized spheres were large.

Owing to the presence of inertial forces even at Reynolds
numbers less than unity, Oseen(1926) presented a new treatment
for the case of two spheres in which he simply used Smoluchowski's ~
development for two spheres in creeping motion, but substituded
Oseen velocity fields for Stokes fields to approximate particle
interaction. For the case of two equally sized spheres following
each other, he found that the force exerted by the fluid on the
leading sphere was greater than that on the following sphere.
For the case of two equally sized spheres falling side by side,

he found that the force on each sphere was the same.

A technique involving spherical harmonics was used by
Wakiya(1957) to solve two-sphere problems. The harmonics for the

second sphere were developed directly with respect to the origin
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of the first sphere in order to obtain a set of relationships
among some characteristic constants by using the boundary
conditions on the first sphere. In the same way, another set
of relationships was obtained using the boundary conditions

on the second sphere. By eliminating one set of these
characteristic constants from the two sets of relations, a
simultaneous system of equations of infinite order with respect
to the other set of characteriétic constants was obtained.
Wakiya solved this infinite series of equations numerically by
the method of sucessive approximation. His results agreed with
those of Faxen and Dahl(1925) for two spheres following each

other.

Kynch(1959) derived expressions for the velocity fields
around two srhercc meving slowly uﬁder gxternal forces Llirouyll
a viscous fluid. His method was similar to that of Wakiya. He
developed solutions for the second sphere with respect to the
origin of the first. Instead of using spherical harmonic functions,
however, the solution was developed in terms of derivatives of
the basic solution. A series of equations with unknown constants
was obtained and was solved by sucessive approximations for two
spheres moving along and moving perpendicular to, their line of

centres. Kynch noted that a general solution for any two-sphere

flow problem could be obtained by combining these two solutions.

5,
In a study of the theoretical collision efficiency of

small spheres falling under the influence of gravity, Hocking (
1958, 1959) noted that the two-sphere flow problem could be
solved by superimposing the flows for two spheres falling along,
and perpendicular to, their line of centres. He employed a method

similar that of Kynch for finding numerical solutions for these
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two basic problems.

A general disadvantage of these approximate methods, which
" are based on the method of reflection , is that the convergence
of the solutions is poor when the spheres are close together or
are touching. On the other hand, exact solutions in terms of

bi-spherical coordinates converge for all sphere spacings.

By making use of bi-spherical coordinates, Jeffery(1915)
first obtained exact solutions for the case of two spheres
rotating about their line of centres. The historic work of
Stimson and Jeffery(1926) then followed. They solved Stokes's
equation for two spheres translating with equal velocities
along their line of centres. An extension of Stimson and Jeffery's
work to obtain solutions for two sphéres moving with different
velocities along their line of centres was carried out by

Brenner (1961) . These are the exact solutions for axisymmetric flow.

For the case of asymmetrical flow, exact solutions could
only be obtained after Dean and O'Neill(1963) and O'Neill(1964)
developed the "sphe?e and plane" theory for deriving exact
solutions for asymmetrical flows caused by the motion of a solid

sphere in a viscous fluid bounded by a plane wall.

Exact solutions for the flow field generated by two spheres
moving either with equél translational velocities or with equal
and opposite angular velocities perpendicular to their line of
centres were obtained by O'Neill (1964), and independently by
Goldman, Cox, and Brenner(1966), and by Wakiya(1967) using a
modified form of the sphere and plane theory. As point out by
Berker (1963) , Brenner(1964), and others, the linearity of the

governing differential equations and boundary conditions permits
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one to decompose the general problem, in which the line of
centres between the spheres is arbitrarily oriented relative

to their direction of motion through the fluid, into a number

of simpler sub-problems involving various types of translational
and rotational motions, both parallel and perpendicular to the
line of centres. 0'Neill(1970) obtained another exact solution
for slow viscous flow of two spheres in an infinite fluid caused
by either the rotation of two equally sized spheres with uniform
angular velocities about diameters perpendicular té their line
~0of centres, or by the translation of the spheres with equal and
opposite velocities along directions perpendicular to their

line of centres.

2-3, Review of low Reynolds number experimental studies for

two-sphere systems.

The motion of two spheres in viscous fluid at low Reynolds
numbers can be resolved into the two problems of spheres falling
along and perpendicular to their line of centres. It is convenient
to consider these cases separately. Experimental data for both
cases are available from the works of Eveson, Hall, and Wart(
1959) and Bart(1959), and additional data for two spheres
following each other from those of Happel and Pfeffer(1960),
Isaakyan and Gasparyan(1966), and Steinberger, Pruppacher, and
Neiburger(1968). In all cases, spheres were dropped in a vessel,
usually cylindrical, and not in aninfinite medium as most of

the theoretical works assumed.

A brief survey for the case of two spheres falling along

their line of centres now follows.

The experimental data of Bart(1959) for Reynolds numbers
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less than 0.05 showed good agreement with the exact
theoretical results obtained by Stimson and Jeffery(1926) for
two spheres nearly touching and for spheres separated by
distance up to twenty diameters apart. The data of Eveson et al
(1959) were also in good agreement with the solutions obtained

by Stimson and Jeffery.

Happel and Pfeffer(1960) carried out experiments for two
two equally sized spheres falling along their line of centres
in the low Reynolds number range of 0.008 to 0.73. Their data
agreed very'well with the solutions obtained by Stimson and
Jeffery over the Reynolds number range of 0.008 to 0.25. A
definite attraction between the two spheres was observed in the

Reynolds number range of 0.25 to 0.7. Happel and Pfeffer claimed

without affecting the second sphere. Hence, their results
confirmed qualitatively the prediction of Oseen(1926) that even
at low Reynolds numbers of less than unity, inertial forces are

important.

Isaakyan and Gasparyan(l1966) carried out experiments over
a Reynolds number range of 0.037 to 0.50. They observed that
two equally sized spheres falling through a vertical column
tended to approach each other. For the case of a large distance
between the spheres, the'upper sphere retarded the lower one
compared with the velocity of free fall, while éhe upper sphere
always fell with a velocity greater than that of free fall. They
thus concluded that their results confirmed the Oseen solution

qualitatively.

Steinberger et al(1968) studied the motion of two equally
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sized spheres falling along their line of centres for Reynolds
numbers ranging between 0.060 to 0.216. They observed that both
spheres accelerated as they fell and that the upper sphere fell
faster and accelerated more than the lower sphere. The drag
coefficients for the upper sphere were also significantly smaller

than those for the lower sphere.

From the above brief survey, it is obvious that most of
the experimental studies of two-sphere systems were made by
allowing the spheres to fall in a viscous fluid at low Reynolds
numbers. However, owing to the presence of inertial forces at
low Reynolds numbers, the distance between the spheres cannot
be kept constant. The fluid dynamics and particle-to-particle

interaction between the spheres are thus not fully understood.
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2-4, Review of theoretical studies of forced convective heat

and mass transfer,

The velocity fields obtained from the Navier-Stokes
equations can be used to obtain solutions of the energy or
diffusion equations thus enabling forced convective heat or mass
transfer rates to be calculated. This survey is started with a
brief study of transfer rates from a single sphere because they

have been widely studied.

Langmuir (1918) showed that the value of the Nusselt number
for thermal conduction from a single sphere into an infinite
stagnant fluid medium was 2.0. In an experimental study of the
rates of mass transfer from oblate spheroids, Cornish(1961)
derived a general expression for the rates of mass transfer from
oblate spheroids by molecular diffusion. His expression can be

reduced to that of a single sphere as a limiting case.

By using fhe Stokes velocity field for low Reynolds number
flow, exact solutions of the energy and diffusion equations have
been obtained for both small and large Peclet numbers. In the
case of small Peclet numbers, the contributions made by convection
afe small in comparison with those made by thermal conduction
or molecular diffusion. Exact solutions of the energy equation
had been obtained by Kronig and Bruijsten(1951), Yuge(l1956),
and Acrivos and Taylor(1962) for the rates of heat transfer from
a single sphere using a perturbation method. Friedlander(1957),
who employed the solution of the linearized Navier-Stokes
equations due to Tomotika and A0i(1950), solved the diffusion
equation for a single sphere at both small and large Peclet
numbers. On the other hand, for the case of large Peclet numbers,

the effect of molecular diffusion and thermal conduction is very
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small and can be neglected everywhere except within a thin
boundary layer near the fluid-solid interface whére the
temperature or concentration variation occurs. With this
boundary layer approximation, Friedlander(1957) solved the
energy equation and Levich(1962) solved the diffusion equation

for a single sphere at very high Peclet numbers.

For intermediate Reynolds number flows, the velocity
field for flow around a single sphere is impossible to obtain
analytically, hence, it is not possible to obtain an analytical
solution of the diffusion and energy equations. With the help
of the boundary layer approximation, Baird and Hamielec(1962)
managed to predict analytically the forced convective heat and

mass transfer rates from solid and fluid spheres for Reynolds

rnaimmbhAare aim A TN M A~ Tes o
srlmnar A n wp LU wwwe anilC Oliay

energy equations is to use a numerical method with the velocity
field obtained from the numerical solution of the Navier-Stokes

equations.

For high Reynolds number flows, the diffusion and energy
equations can be expressed in terms of boundary layer equations.
As in the case of the hydrodynamic boundary layer equation,
there are two kinds of solutions: exact and approximate. A
method of obtaining exact solutions was developed by Frossling
(1940) for flow around axisymmetric bodies of revolution. Green
(1968) derived the boundary layer equations in Qrthogonal
curvilinear coordinates and obtained exact solutions for spheres,
discs, and oblate spheroids. Approximate solutions of the thermal
boundary layer equation have been developed by Aksel'rud(1953),
Grafton(1963) for spheres, and by Rojey(1967) for oblate

spheroids.
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For the case of intermediate Peclet numbers for low and
intermediate Reynolds number flows, relatively few exact solutions
of the energy or diffusion equation have been o¢btained. Al-Taha
(1969) solved the energy equation numerically for spheres and
oblate spheroids for a wide range of Peclet numbers from 0.00l1
to 2000.0. The velocity fields were obtained from the numerical
solutions of the Navier-Stokes equations for a Reynolds number
range from 0.001 to 500.0. This was a great advance in the study
of forced convective heat and mass transfer. With the advent of
modern computers, numerical solutions have become important
and powerful tools for studying heat and mass transfer processes

from particles of different shapes.

For multiparticle systems, Pfeffer(1964), and Pfeffer and
Happel (1964)observed that the transfer rate from a single sphere
decreased with an increase in the voidage. In multiparticle
systems, such as fluidized beds, values of the Nusselt number
less than two have been measured. Cornish(1965) presented an
argument that the minimum possible rate of heat and mass transfer
from a sphere may be much less than the value of two applicable
to a single sphere in an infinite stagnant medium. He noted
that for the case of two equally sized spheres, with their centres
100 radii apart, the Nusselt number is approximately one percent
less than the limiting value of two. When the centres of the
spheres are only 4 radii apart, the Nusselt number is approximately
1.6. For the limiting case when two spheres touch, Cornish

predicted that the Nusselt number will be 1.386.

Solution of the diffusion equation for two-sphere systems

requires the expression of the equation in bi-spherical

coordinates. Solutions are difficult to obtain even though the
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diffusion equation is linear. Aminzadeh(1970), Aminzadeh, Al-
Taha, Cornish, Kolansky, and Pfeffer(1974), used the velocity
field of Stimson and Jeffery(1926) and Al-Taha's method of
solution in order to obtain numerical solutions of the diffusion
equation for a range of Peclet numbers from 0.001 to 100 for

two spheres of equal size. They found that at low Peclet numbers
the overall Sherwood numbers for the spheres were less than two
when the sphere spacings were small. They also found that for
each sphere spacing at high Peclet numbers, the overall Sherwood
numbers were larger for the upstream sphere than for the

downstream sphere.

From this survey, it can be seen that most of the works
done so far for two-sphere systems were for creeping fiow. For
intermediate Reynolds number flows both the inertial and
convective effects are important and solutions of the Navier-
Stokes equations and solutions of the energy and diffusion
equations are non-existent. In order to £ill this gap, the
present project of forced convective mass transfer from a system
of two equally sized spheres to an incompressible Newtonian
f;uid flowing in steady flow parallel to their line of centres
was undertaken. The Navier-Stokes and diffusion equations were
expressed in bi-spherical coordinates and the solutions for the
equations in finite-difference form were obtained numerically

using an iterative method.
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CHAPTER 3. THEORETICAL ANALYSIS

3-1. The basic equations governing steady viscous fluid flow

and mass transfer for two-sphere systems.

The basic equations which describe steady-state forced
convective mass transfer from a system of two equally sized
solid spheres to a viscous fluid flowing parallel to their line
of centres are the equation of continuity, the equation of motion,
and the diffusion equation. For an isothérmal, incompressible,
Newtonian fluid with properties continuous both in space and
time, and with a small mass flux so that the density of the fluid

does not change much, the three basic equations become:

The equation of contihuity:

V-G =0 (3-1-1)
The Navier-Stokes equations:

(V-T)V = = 2P + w72V (3-1-2)

Equation(3-1-2) can also be expressed in the following form:

LV (V-V) - Vx(VxV) = - %vp + V(YY) - Ux(VxV)} (3-1-3)
The diffusion equation:
(V.V)C = D.V%C . (3-1-4)

c

In the above equations, G is the fluid velocity vector,
C is the concentration of the transferrable material in the
fluid, and v, p, and Dcare the kinematic viscosity, density,
and diffusivity, respectively. The term P in equations(3-1-2)
and (3-1-3) is the modified fluid pressure which is measured
relative to the undisturbed hydrostatic pressure which would

occur if the fluid was stagnant at the point considered.
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By taking the curl of equation(3-1-3) and applying the
equation of continuity, the Navier-Stokes equations are.
transformed into the vorticity transport equation with no

pressure term:

Vx (VxW) = vVx (VxW) (3-1-5)
where the vorticity vector, ﬁ, is defined as:

W = vxv | (3-1-6)

The vorticity transport equation can also be expressed in

another form by taking the curl of equation(3-1-2):

(VeVIW = (WeV)V + VV2W (3-1-7)

The flow of fluid with no swirl around two equally sized
spheres parallel to their line of centres is axisymmetric. Hence,
the orthogonal curvilinear coordinates(xl, Xy x3) can be used

to describe the flow with x, being taken in the flow direction

1

around the surfaces, x, normal to the surfaces, and Xq in the

2
direction of rotation of the bodies about the axis of symmetry.
For axisymmetric flow, the velocity and all other variables

are independent of x3-direction, and the velocity component in

the x3-direction is everywhere zero, i.e.,
— =0 : — =0 ;V =0 (3-1"'8)

From these conditions, it is clear that the present flow problem
becomes a two~dimensional flow problem. The vorticity vector,
which is defined by equation(3-1-6), has only one non-zero
component ﬁ(o,o,;) in the x3-direction which is normal to the
plane of flow. Also, the term (%-V)G in equation(3-1-7) is

zero. Hence, the vorticity transport equation(3-1-7) can be
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simplified as follows:
(V-V) g = vV?g - (3-1-9)

Similarly, the vorticity transport equation in the form of

equation(3~1~5) becomes:
Vx(Vxz) = vVx(VxC) (3-1-10)

There is a close analogy between the vorticity transport
equation in the form of equation(3-1-9) and the diffusion
equation(3-1~4). The terms on the right-hand side of equatiohs
(3-1-4) and (3-1-9) represent the diffusion of material and
vorticity, respectively; while the terms on the left-~hand side
of these equations represent the convection of material and

vorticity, respectively.

From the above considerations, the equations governing
the present problem of forced convective mass transfer from a
system of two spheres are equations(3-1-1), (3-1-4), and (
3-1-10) . These equations are expressed in vector form, so that
an appropriate coordinate system has to be chosen before they

can be solved.
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3-2. System of equations in bi-spherical coordinates.

The system of equations: the equation of continuity(3-=1-1)
; the vorticity transport equation(3~/-10), and the diffusion

equatiOn(3-i-4), is rewritten here:

VeV = 0 (3-2-1)
Vx(Vxz) = vux(Vxz) (3=2-2)
(G-V)c = DCVZC (3-2-3)

With the help of the orthogonal curvilinear coordinate system(
Xy Xy x3) and their corresponding scale factors(hl, h2, h3),

the system of equations(3-2-1) to (3-2-3) becomes:

The equation of continuity:

1 3 3 - -

The vorticity transport equation:

A" A"
oDt R g R = R (hg0) (3-2-5)
1 1 3 2 2 3 h3
where,
h h h
2 ] 2 ] 9 1 3
E® = { ( ) + ( )} (3-2-6)
hlh2 axl hlh3 Bxl ax2 h2h3 3x2
The diffusion equation:
Zl aC . ZZ ac _ DC . 5 (h2h3 oC - 5 (hlh3 acC ')
hl Bxl h2 sz hlh2h3 Bxl hl axl ax2 h2 sz
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The non-zero component of the vorticity vector, r, which is
also_called. the vorticity,is derived from equation(3-1-6) as:
]

1
Tl ey

. .
5 xl(h2V2) - ggg(hlvl)} (3-2-8)

In order to reduce the number of the variables of the
system of equations by one, the stream function, ¢, is introduced
to replace the velocity components Vl and V2. The stream function

is defined by the following two expressions:

v, = -1 3 : (3-2-9a)
1 7 hyhy ox,
+1 P
v, = (3-2-9Db)
2 hlh3 3xl

Equations(3-2-9a) and (3-2-9b) satisfy the equation of continuity
(3-2-1). With this introduction of the stream function, the
system of equations can thus be written in terms of variables:

vorticity, stream.function, and concentration.
The vorticity transport equation(3-2-4) becomes:

h;h
. B by -3 B L -yt g0 (3-2-10)

3xl 3x2 h3 axz axl 3 3

Equation(3-2-8), which defines the vorticity, becomes the stream

function equation:

E° () = hyg | (3-2-11)

and the diffusion equation(3-2-7) becomes:
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13 3¢,y _ 3w 3C_ _ 3w acC

9
D.{
Bxl sz sz Bxl

C Bxl( hl Bxl sz 2
(3-2-12)
The bi-spherical coordinate system(Z, 6, ¢) is an
orthogonal curvilinear coordinate system. Because of the ease
with which bi-spherical coordinates can be used to describe the
locations of the two spheres and the boundary conditions of the
system of equatioﬁs, they are used in this study. A detailed
description of the bi-spherical coordinate system has been given

by Happel and Brenner(1965). A description is also given in

Appendix A.

Hence, the three éeneral orthogonal curvilinear coordinates

become: xl

sCale facturs becowme:

=z, Xy, = 6, and Xy = ¢, and the three corresponding

_ _ a
hl - hZ CoshZ - Cos#

o a L
h, =hy = &5shz = Coso (3-2-13)

_ aSinb
3 o) CoshZ - Cos#®

where a is the characteristic dimension in bi-spherical «
coordinates which is defined by Figure(A-1l). With the
substitution of these coordinates and scale factors, the
governing system of equations in bi-spherical coordinates is

finally formulated as follows:

The two velocity components, equations(3-2—9a) and (3-2-9b)

become:
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CoshZ - Cos@, CoshZ - Cos8, 9y o
_ CoshZ - Cos6, CoshZ - Cos6, dy oo
Vg =+ ( a ) aSinb ) 37 (3=-2-15)
The stream function equation(3-2-11l) becomes:
2 _ aSinb -2=
E°(W) = (z5snz = coss "2 (3-2-16)

The vorticity transport equation (3-2-10) becomes:

2 CoshZ - Cos®6

B (CosiglfeCose ¢) = Sine(COShZ ; COSG){%%_%g( asSiné "2)
- 5% 570 ) (3-2-17)
where:
22 = (C2hEZ Cooh 2 L + (o ensd 97 t e
" - Siig?ggéggs? Eoie)lgﬁ } (3-2-18)
The diffusion equation(3-2-12) becomes:
3%C Sinh?% 3c -, 3%¢C CoshZsCos6 - 1  3C

) 3z t 367 Sinf (CoshZ - CosH) 98

3% (COShZ = Coso6

1
DC CoshZ - Cos$

asSinb dy 9C _ 3y 3aC o
){B—Z 38 56 '57} (3-2-19)

Hence, equétions(3-2-16), (3-2-17), and (3-2-19), are the
model for forced convective mass transfer from a system of two

spheres,



38

3-3. System of equations in dimensionless form.

Numerical solutions of equations(3-2-16), (3-2-17), and
(3-2-19), can be obtained more conveniently if the equations
are expressed in dimensionless form. In view of this, the
following dimensionless quantities and groups are introduced
into the present system of equations with the help of the
characteristic dimension R, which is the radius of the spheres,

and the undisturbed fluid velocity U:

* a * * R 2RU
a=§ ’ U] =ﬁg1' ’ g ='U—C" ' Re:Tl
* c - Co Y 2RhD
C =——— ! S5c=— , ShO = —— , Pe = RexSc
CS - Co Dc Dc

(3-3-1)
where the groups Re, Sc, Shy, and Pe, are the Reynolds, Schmidt,
overall Sherwood, and Peclet numbers, respectively; while hD
is the overall mass transfer coefficient. The term CS is the
concentration of the transferring substance adjacent to the
solid surface and4Fo is the concentration in the main stream

outside the outer boundary.

With these dimensionless quantities and groups, the system
of equations(3-2-16), (3-2-17), and (3-2-19), can be expressed

in dimensionless form.
The stream function equation becomes:

*2  x a*Sine *
E"(@) =( *z ) (3-3-2)-
Coshz - Cos#H

and the vorticity transport equation becomes:
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* * %*
*9 a Siné6 * a Siné d¢ 3 CoshZ - Cosb *
E “( z ) = %Re( ) —( = z )
CoshZ - Cos6 CoshZ - CosB [9Z 386 a Sin#6
* .
oy 9 CoshZz - Cosb
- —(— z ) (3-3-3)
96 2932 a Sin#6
where,
%9 CoshZ - Cos® ,[ 32 Sinhz 3 32
E < = ( —) | + )— + —-
a 9z CoshZ - Cos® 3Z 9562
CoshZ<Cosf - 1 9
- { } — (3-3-4)
Sin6 (CoshZ - Cosf) 238

By defining two vorticity functions, g and f, in the

following waw:

a*Sine *
y = { C (3-3-5)
CoshZ - Cos®6
*
* a Sinb CoshZ - Cosb
£f=c / ( ) = ( 5 z ) (3-3-6)
CoshZ - Cos6 a Sin6

equations (3-3-2) and (3-3-3) can be further simplified as

follows:

B2(p") = g (3-3-7)

(3-3-8

G e m s @ c—

E'2(g) = %Re(

CoshZ - Cos6 {93Z 2936 96 2372

* - * *
a Sind [%w 3f  JY af]
)
Similarly, with the help of dimensionless quantities,
the diffusion equation(3-2-19) becomes: -
2 * . *
3%c SinhZz ac 32C CoshZ+Cosf - 1  3C

- ( —) + + { }
9z 2 CoshZ - Cos® 232 062 Sin6 (CoshZ - Cos6) 36

* _* " *
CoshZ - Cos e) [ oy € 3y € J (3=3-9)

9z 26 06 932

= %RexSc( =
a Siné
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This system of dimensionless equations, equations(3-3-7)
to (3-3-9), consists of elliptic type second order partial
differential equations. Equation(3-3-8) is non-linear in C*,
while equations(3-3-7) and (3-3-9) are linear in w* and C*,
respectively. The appropfiate boundary conditions of the system
of equations(3-3-7) to (3-3-9) are specified in the next section.
With these boundary conditions, the coupled stream function
and vorticity transport equations can be solved simultaneously
for the stream function and vorticity distributions in the flow
region for a series of Reynolds numbers. Using the calculated
stream function distribution for any specified Reynolds number,
the diffusion equation(3-3-9) can then be solved for the

concentration distributions in the same flow region for a

series of Peclet numbers.
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3-4. Boundary conditions.

In order to solve the system of equations{(3-3-7) to (
3m3-9) for the stream function; vorticity, and concentration
distributions in the flow region at any sphere spacing, the
boundary conditions for these variables must be prescribed.
For a system of two equally sized spheres with fluid flowing
parallel to their line of centres, the boundary conditions

are defined and given in the following sections '

(1) . The boundary conditions on the solid surfaces(Z=-Zs and

Z=+Zs) .

The locations of the two spheres are controlled by the
sphere spacing parameter, Zs. For the surface of the upstream
sphere, the Z-coordinate has a value of -Zs, while for the
surface of the downstream sphere, it has a value of +Zs. Since
the locations of the spheres are not dependent on the 6-
coordinate, then, once the sphere spacing parameter Zs is
.specified, the positions of the surfaces of the spheres and
the distance between the spheres are fixed in the space . In
general, the distance between the sphereé is always measured

in terms of unit of R, which is the radius of the spheres.

The application of the non-slip conditions on the solid
surfaces of the two spheres gives:
* 2 *
* * * X1 3%y Y

V. =V =0 ’ w:o ’ = =0 ’-———=O
96 362 9%

(3-4-1)
The vorticities at the surfaces can be obtained from the
Sﬁ2qnq-+uncﬁan equation(3-3-7) and the boundary condition/(

3~4-1)., They have the following forms:
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*
% Cosh(-Zs) - Cos8 Cosh(-Zs) - Cos#® 232w
Z |ge—ne = ( - ) ( = ) —
=-2s a Sind a az2 1%=72s
(3-4-2a)
and,
» *
* Cosh (+Zs) - Cos® Cosh(+Zs) - Cos® 232w
¢ lz=+zs = a'Sing ¢ a ) oar la=tas
(3-4-2b)

The concentrations at the solid surfaces of the two
*
spheres, Cs' are always maintained at a constant value, such

that:

c.=1.0 (3-4-3)

(2) . The boundary conditions along the axes of symmetry(6=0

and 6=m).

For two spheres described by the bi-spherical'coordinates,
the axis of symmetry(6=0) composes two lines: one normal to
the front stagnation point of the upstream sphere and the other
normal to the rear stagnation point of the downstream sphere. |
On the other hand, the axis of symmetry(6=m) is a straight line
joining the rear stagnation point of the upstream sphere and

the front stagnation point of the downstream sphere.

For the Navier-Stokes equations, the boundary conditions
along these axes of symmetry are the conditions of axisymmetry
which are defined as follows:

" oy, 8%y 2

y =0 , - =0 , =0 (3-4-4)
pYA 922 26
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The boundary conditions for the vorticity wre obtained from the
stream function equations(3-3-7) and the boundary condition(
3-4-4). It is necessary to use L'Hospital's rule to obtain

the following:

4 =0 , g = o) R f =0 (3-4-5)

For the diffusion equation, the boundary conditions along

the axes of symmetry, 6=0 and 6=mw, are:

*
oC

=0 ‘ . (3-4-6)
96 .

(3). The boundary conditions along the outer boundary(Zo, qo).

The outer boundary of the flow region is taken to be a
large sphere which has a radius of r and a centre at the origin
of the bi-spherical coordinate system. The ocuter boundary
surrounds the two spheres completely. When values of r and Zs
are specified, the coordinates along the outer boundary(Zo, eo)
can be obtained from equation(A-2-8) as shown in Appendix A.
Along and outside this outer boundary, the flow is assumed to
be uniform and parallel, so that the vorticity is zero. Also,

the concentration along and outside the outer boundary is taken

to be Co' Hence, the outer boundary conditions for the system

y

of equations can be summarized as follows:

* ‘ a*Sineo )
o= 5 ) (3-4-7)
CoshZo - Coseo
%
*
C. =0 (3-4-9)
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With these boundary conditions, equations(3-4-1) to (
3-4-9), and the system of equations(3-3-7) to (3-3-9), the
problem of forced convective mass transfer from a system of
two equally sized spheres with fluid flowing parallel to their
line of centres is fullyAdescribed. The numerical techniques

employed for the solutions are presented in the next chapter.
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CHAPTER 4. NUMERICAL TECHNIQUES

4-1. Introduction.

The system of equations, equations(3-3-7), (3-3-8), and

(3-3-9), is rewritten here as follows:

The stream function equation:

2* * 2* *
Y Sinh32 oY 3y CoshZ+Cosb - 1 oY
+ )— + - . .
372 CoshZ - Cosf® 32 362 Sin6 (CoshZ - Cosf) 36
*
a 2
= ( ) g , (4-1-1)

CoshZ - Cosf

The vorticity transport equation:

3%g Sinh32 3g 3%g CoshZ+<Cos® - 1 3g
—_—+ ) + - .
922 CoshZ - Cos6 32 362 Sind (CoshZz - Cos6) 30
: * * * %
a Sinb a o[V 3f 3y 9
= %Re ( ) ( ) — - .
CoshZ - Cosf8 CoshZ - Cos® 92 98 38 232
(4-1-2)
The diffusion equation:
* * * *
92%¢c Sinh2 3C 32C CoshZ+Cosf® - 1 aC
- ) + + .
322 CoshZ - Cosf 32 202 Sinb (CoshZ - Cos6) 96
Coshz - Cosd [a9" ac 3y  aCT
oS - (0]
= %RexSc( T ) . - . (4-1-3)
a Sin® 3% 30 98 232

The geometrical configuration of the present system of
two equally sized spheres with fluid flowing parallel to their
line of centres is illustrated in Figure(4-1-1). The upstream

sphere is designated as sphere A while the downstream sphere as
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sphere B. The flow region is a region bounded by the solid
surfaces of the two spheres and the outer boundary sphere which
has a radius of r and a centre at the origin of the bi-spherical

coordinate system.

By specifying the sphere spacing parameter, Zs, the
locations of the two spheres are determined with 2 = -Zs for
the surface of sphere A and with 2 = +Zs for the surface of
sphere B. The centre- to-centre distance between the spheres,

* _
L, which equals to 2d, is 2Ra °*CoshZs or 2a +*CoshZs.

In the case of a single sphere described by polar
coordinates(r, 0) in a meridian plane, the angle n measured
the normals to the front stagnation point and to a point on
the surface, has the same value as that of the 6-coordinate
which passes through the point on the surface. On the other
hand, in the case of two equally sized spheres described by
bi-polar coordinates(Z, 6) in a meridian plane, theAangle n
measured between fhe normals to the front stagnation point and
to a point on the surface of sphere A, or between the normals
to the rear stagnation point and to another point on the surface
of sphere B, is not the same as that of the 8-coordinate,
except at the front ahd rear stagnation points and unless the

two spheres are an infinite distance apart.
gy

In two-sphere fluid dynamic and mass transfer problems,
many important quantities, such as surface vorticity
distributions, angles of flow separation, surface pressure
distributions, and local mass transfer rates, are easy to
interpret using the angle n. Hence, it is desirable to develop

a new scheme of distributing the grid lines for the 6-direction
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using equal increments in the values of n instead of the
conventional scheme of distributing the grid lines using equal
increments in the values of 6. With the adoption of this new
scheme, the results obtained can then be interpreted in the
saméigs those for a single sphere. The method of obtaining
values of 0 corresponding to a constant increment in the values
of n is stated in section(A-3) (Appendix A)., For the five sphere
spacings considered in this study: Zs = 0.20. 1.32, 2,07, 2,48,
and 3.09, the values of 0 corresponding to 'a constant increment
of 6° in the values of n are shown in Table(A-1). It is obvious
that for each sphere spacing, the values of 6 and n are not the.
same, i.e., an equal increment in the values of 0 does not
result in the same increment in the values of n and vice versus,
For small sphere spacings, especially the smallest sphere
spacing Zs = 0.20, the differences between the vaiues of 0 and

n are large; while for large sphere spacings they are generally

small.

In Figures(4-1-3) to (4-1-12), the distributions of the
grid lines for Both the Z- and 0-directions around two equally
sized spheres are shown for all the five sphere spacings
considered in this study. In these figures, the grid lines for
the Z-direction are distributed acqor&ing to a constant
increment of |2Zs/10|in values of 2 varying from 2 = -Zs to 2 =
+Zs, while the grid lines for the 6-direction are distributed
with a constant increment of 6° in the values of 6 and with a
constant increment of 6° in the values of n. From these figures,
it can be seen that the grid lines for the 6-direction are mére
evenly distributed in the flow region using the new scheme,
especially for the two smallest sphere spacings Zs = 0.20 and

Zs = 1.32, Therefore, in addition to the advantage of interpreting
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)

Figure (4-1-3) Distribution of grid lines for 2Z- and 6-directions around

two spheres with %s=0.20 (AZ=|2s/10]|,26=6°).
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Figure (4-1-4) Distribution of grid lines for %- and 6-directions around

two spheres with 2s=0.20 (AZ=|Zs/lO|,An=6°).
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Figure (4-1-5) Distribution of grid lines for 2- and 6-directions around

two spheres with Zs=1.32 (AZ=|2s/10|,46=6").
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Figure (4-1-6) Distribution of grid lines for 2~ and 6-directions around

two spheres with Zs=1,32 (AZ=|Zs/10|,An=6°).
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Figure (4-1-7) Distribution of grid lines for Z- and 6-directions around

two spheres with %s=2.07 (A%Z=|Zs/10]|,48=6°).
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Figure (4-1-8) Distribution of grid lines for 2- and 8-directions around

two sphereé with 2s=2,07 (AZ=|Zs/lO|,An=6°).
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Figure (4-1-9) Distribution of grid lines for Z- and 6-directions around

two spheres with Zs=2.48 (Az=iZS/'Ui,AB=6°),

\ .

N
vy, /"/“_' Y ’Q" '\
N\ O

80 '\f\‘:'t\\gi-.‘f‘}.,.’%//
A S
j‘ S

S o e e o |

Figufe(4-lr10) Distribution of grid lines for Z- and 6-directions around

two spheres with Zs=2.48‘(AZ=|Zs/10|,An=6°).
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Figure (4-1-11) Distribution of grid lines for 2- and 6-directions around

two spheres with Zs=3.09 (AZ=]Zs/lO|,A6=6°).
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Figure (4-1-12) Distribution of grid lines for Z- and 8-directions around

two spheres with Zs=3.09 (AZ=|2s/10|,An=6°).
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the numerical results for the two spheres in the same way as
those for a single sphere, the adoption of the new scheme in
the present study has the advantage of distributing the grid
lines for the 8-direction more evenly in the flow region.
Unfortunately, this scheme also introduces unequal increments
in the values of 8 which complicates the finite-difference

approximations of the system of equations(4-1-1) to (4-1-3),.

In Figure(4-1-2), the transformed flow region for the
present two-sphere problem is shown to be bounded by four
straight lines: 2 = -2s, 2 = +2s, 6= 0, and 6 = 7,as well as
by the broken line representing the outer boundary. The
rectangular mesh of the flow region corresponds to the scheme
of distributing the grid lines for the Z-direction according to
a constant increment in the values of Z and of distributlng the
grid lines for the 0-direction according to a constant increment
in the values of n. For each sphere spacing, a mesh spacing of
6° measured in terms of the angle n is used for the 6-direction.
Because of the unequal distribution of grid lines for the 2-
direction around the spheres and because of the large distances
between any two neighbouring grid lines in the region upstream
of sphere A, two different mesh spacings corresponding to
increments of |2s/10| and |2s/20| in 2 are used. Hence, for
each sphere spacing, the number of mesh points in the flow
region is 21x31 when an increment in 2 of |2s/10| is used and
41x31 when an increment in 2 of |Zs/20| is used. For each sphere
spacing, the system of equations is solved for the stream
funétion, vorticity, and concentration distributions using these

two different distributions of grid lines in the flow region.

The grid lines for the Z-direction are indicated by the
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index i, which varies from 1 at the surface of sphere A to n
at the surface of sphere B. On the other hand, the grid lines
for the 6-direction are indicated by the index j, which varies
from 1 at 8 = 0( and n =0) tomat 8 = n(and n = 7). These

indicies are shown in Figure (4-1-2).
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4-2. System of equations in finite-difference form.

To obtain numerical solutions of the system of equations
(4-1-1) to (4-1-3), it is necessary to replace the second
order partial differential equations by their finite-
difference approximations. For each sphere spacing, the mesh
spacing in the flow region for the Z-direction has a constant
value, h, while the mesh spacings for the 8-direction are a
series of unequal_increménts, kl' k2’ see, kj-l’.kj’ see, km_l'
which are calculated from the values of the 6-coordinate in

- 9.,

Table (A-1) by the relations: k, , = 8, - ej;l, ky =05, 3

ij-1 J
where j = 2, 3, e+¢ , m-1.

A five-point star computational molecule, as shown in

Figure (4-2-1), is adopted for the numerical solutions. By using

B + (irj_l)
¢ 5 o0 h &
(i- 1,3) (i,3) (i+1,3)
T, k.
j
Br (i,j+1)

Figure (4-2-1) Five-point star computational molecule

Tayior's series expansions correct to second order derivatives,
the values of any function at the four neighbouring points,
(i+1,3; i-1,3j; i,j+1; i,j-1), can be expressed in terms of its

value at the central node, (i,j), as follows:

9X. . h% 2%, .
X.,7 . =X, . + he—td 4 o 21 4 o0 (4=2-1)
itl,] 1] 3% 2 3z2
2 .2
3X. . h° 3%x, .
X =X - h.._l!_l + ._:.L_'l - ene (4_2_2)

i_llj i'j 37 2 az2
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With appropriate manupulations and eliminations, the first and

second order partial derivatives with respect to both 2 and ©

at the central node point (i.j), can be approximéted in terms

of the values at the points (i+l,3j; i-1,j: i,j+1l; i,j-1l) of

the computational molecule as shown in Figure (4-2-1).

X, X

-.{(lfA)—(l+B)}Xi 5

(4-2-5)

(4-2-6)

’

i, ] = i+l,3 -
22 2h
92X, . X .

i;3 i 72
922
9X, (1-a) X,
1,0 _ i,
96
, ;
P xi, ) (1-C) X,
202
where,
k. - k
J ]
A= —m
k.
]

(4-2-7)

(4-2-8)

If the increments in the 6-direction are constant, i.e.,

J-1

kj = k =%k, then A =0, B=0, and C

4-2-7) and (4-2-8) reduce to

90X X

ilj -*

i, j+1 ~

20

k

0, and equations(

(4-2-10)
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92X, . +
i,3 _

962

2X

k2

Xiger = 25,5 7 % 51

(4-2-11)

Equations (4-2-10) and (4-2-11) are then similar to equations(

4-2-5) and (4-2-6).

By substitution of equations(4-2-5) to (4-2-8) into
equations (4-1-1) to (4-1-3), the finite-difference approximations
of the Navier-Stokes and diffusion equations are formulated

as follows:

The stream function equation in finite-difference form:

1 1 SinhZ, . 1. 1 Sinhz, .
— + —( =) (Y. yq o+ |5 == ——) |¥:_q -
[n?®  2n coshz;-cose, | **13  [n®  2n coshz;-cose, | 7T
(1-C) (1-a) CoshZ,+Cosf.-1--T _
+ - . = J 11/ SR
k. k. k.+k, . Sin@. (CoshZ,-Cose,)| t73%1
="373-1 j -1 3 i 37 -
C(14C) (1+B) CoshZ, -Cos6.-1 | ,
+ + . = J ¢i'j_1
N : - ’
kykyor kytkylg Sinf (Coshz, Cosej)_
2 2 (1-A)-(1+B) CoshZ.+Cos6.-1 *
- |— + - . = J V. .
n?  k.k. k.+k, Sin6, (CoshZ, -Cos6.)| *’J
- 3731 J -1 J i J
*
a 2 .
- _ 4-2-12
( 94,3 ( )

i

)
Cosh?Z -Cosej

Equation(4-2-12) can also be written in the following way:

* . * .. * e *
1P- . = Bl(llj)wi+1,j + BZ(I’J)wi-l'J + BB(IIJ)wi'j+1

i,]

‘v . *
+ B4(l'3)wi,j-l

+ D' .,
i,]

(4-2-13)
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where,
1 1 SinhZ;
B (i,3) = |— + —( )| / BB(i,3)
gl 2h Coshzi-Cosej
1 1 Sinh2z,
B,(i,3) = |—= = —( )| / BB(i,3)
h 2h CoshZz,-Cos®9.
(1-C) (1-3) CoshZi°Cosej-l 7
B3(i,j) = - . / BB(i,3)
k. k. Sin6. (CoshZ .- .
kjkyo3  kytky_y Sind, (Coshzy cOsQJ)J
C(14C) (1+B) CoshZ, *Cos8 -1
B, (1,3) = + ~— J / BB(i,3)
-kjkj-l k.+kj_l Slnej(CoshZi-Cosej)_
*
a 2
’ Cosh?Zz,-Cos#. r]
i J
M2 2 (1-A)=-(1+B) CoshZ.+Cosf8.-1 .1
. | i j
BB(i,J) LTE + - - J
h kjkj-l kj+kj-l Slnej(coshzi-Cosej)

The vorticity transport equation in finite-difference form:

. = (

4h(k.+k. .) CoshZ,-Cos8.
J J-1 i ]

3 * %

1 1 SinhZ 1 1 Sinh32,
-—2—.+ —{ i ) gi+l . + - - —( = ) gi"l :
h 2h Coshz ;~Cos, rJ h 2h Coshz;-Cos6 rJ
(1-C) (1-3) CoshZ,.*Cosb.-1 |
. i 9j
* k.k B k.+k .Si 9. (Coshz,-Cosg.) gi'j+1
5531 BT -1 SRy 17088574
C(1+C) (1+B) CoshZ, *Cosf.-1
i j
+ + " 94,31
-ijj-l kj+kj_l Slnej(CoshZi-Cosej)J
2 2 (1-A) - (1+B) Cosh?Z. *Cosb.~-1
- —3 + - . 1 J gi R
k.k. k. +Kk. Sin®. (Coshz,-Cos6. rJ
= §*5-1 j -1 nd ( i 5)
*
Re-Sinej a



60

} ( * ’ *
- £5 5o (14B) - fi’j[(l—A)—(l+B)J = 0y, 54 (3R -0 5 (14B)

*
- vy y[(1-2) -3} (fi+1'-j-fi_1’j)] : (4-2-14)
Equation(4-2-14) can alsb be arranged in the following way:

g, 5 = Bl(i,J)gi+1’j + Bz(i,j)gi_1'

1,) * B3(l

.. . _ : o
+ B4(1,J)gi’j_1 + Di,j (4-2-15)

where Bl(i,j), Bz(i,j), B3(i,j), and B4(i,j), are exactly the

same as in equation(4-2-13). The non-linear term, Di'j’ ié
. I 4

different from that in equation(4-2-13) and is as follows:
-Re+Sind, a’ 3l = x
Piyy = ( A R |
trd 4h(k.+k. ,) CoshZ,-Cosb, L i+l,3 "i-1,]
J i1 i .

fi'j+l(lfA)—fi'j_l(l+B)-fi'j[(l—A)(1+B)]} - {
* * + * A 1+B)] } (£ |
—
The diffusion eéuation in finite-difference form:
1 1 Sinhz, Pe cOshzi-Cose.' *
—2- - ——( ) + ( * J){wl '+l(l—A)
h 2h Coshz,-Cos6. d4h(k.+k. ) a Siné. rJ
i ] J -1 J
¥ * [(1-a)-(1+B)}| ¢}
-wi,j-1(1+B)-wi,j ( = )_(1 )] Ci+l,j .
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*
— + — ) - (——— ) {0y . ,q(1-R)
h®  2h Coshz;-Cosf, 4n(ks+es ;) a Sind, rJ

1 1 Sinh32, Pe CoshZ,-Cosf.
+ 1 J
i

-y

* * *
i'j_l(l+B)-wi'j[(l—A)—(1+B)]} Ci-1,3

+ [

k.k. k.+k

{(1-C) (1-3) COShZi°COSSj-l
i I-1 j Ti-1

Sinf. (CoshZ,-CosH.)
J i ]

. 1% i,
= YWy 47V €i,541

Pe(l-A) CoshZ,-Cos@. * J .
. .)

. l—l'J

4h(kj+kj_l) a Slnej

+ [

k.k. k.+k.
jTi-1 j Ti-1

[(1+C) (1+B) COShZi'COSBj-l

Sinf. (CoshZ.,-Cosf,
in J( oshz,-Co J)

+ (—— Ly (W g =V
. i+l,3
4h(kj+kj_l) a Slnej

Pe (14B) CoshZ,-Cosf, * * *
1-1,37} Ci,5-1

= —_— 4 + .

h k.k k.+k.

[? 2 (1-A) - (1+B) COShZi'Cosej-l
ji-1 j 7i-1

Sinf. (Cosh2,-Cos#f.
in J( i J)

Pe[(1-A)-(1+B)] CoshZ, -Cos6,

( 1) (7 ™ )} ch
- * i+l,3 *i-1,3 i,J
K. . ’ ' ’
4h(kJ J_l) a SlneJ

(4-2-16)

Equation(4-2-16) can also be arranged in a different form by
separating those terms on the left-hand side of the equation
which contain the stream function, and grouping them into a

separate term as follows:

1 1 Sinhz, * N 1 1 Sinhz, *
=" M Civ1,3 ¥ |2+ 0 " Ci-1,3

h 2h CoshZ,-Cos6. h 2h CoshZ.-Cos®9,
~ i 3 i )

(1-C) (1-3) CoshZ,+Cos6.-1 *
+ 1 J c

+ . -
k.k. k.+k. i,3+1
37

Sinf. (CoshZ,-Cos8.)
ji-1 J i J

-1
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(1+C) (1+B) CoshZ, *Cosf_ -1 *
+ - . = J C; «
. i,j-
k.k. k.+k. Sinb. (EoshZz.-CosH, ’
jK4-1 kytkyop Sindyl 37C0s0y)
N Pe (CoshZi—Cosej) {w* (1-2) w* (14B) w* [(l a)
* i =A)=V. ._ =P, | (1l=
4h(k.+k. .) a Siné. i,3+1 i,3-1 i,3
s e ¥ ]
1 * * * * { l *
S4B [H(Cy 4y 57C5m0, 50 T Wi, 57Vimn, 3 VARG a”
*
(1+B)C; . 1}
- - + Z'. .-
_ [35 . 2 . (1-a)-(1 B). CoshZz; cOsel‘l
Pe[(1-a)~-(1+B)] Coshz;-Cosb, * .
T g asme, ) MaraThingl| G
3= 3
(4-2-17)

Equation(4-2-17) can further be arranged into the following

form:
* L Lk . - C*
Cy,5 = B (E,3)C; 1y 5 + Bp(8,3)C; 5 5 * A3(5,3)Cy 44y
. . * 1979 4 2 8
where,
1 1 $inhz
A (i,3) = |5 - —( )| / AA(i,])
2h CoshZ,-CosH.
1 1 Sinhz, )
A, (i,3) = | + — )| / AA(%,3)
[h 2h CoshZ,-Cos6,
i j -
(1-C) (1-2) CoshZ, *Cos®. -1
Agli,3) = |- + — —— /AL,
k.k. k.+k. . Sin®. (CoshZ.- .
kykyoy  kytkyoy Sin®;(CoshZ;-Cosfy)
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F-(l+c) (1+B) CoshZ, +Cosf_ -1
A, (i,3) = - - 1 / BA(i,5)
-kjkj-l kj+kj_l SlnGj(CoshZi—Lost)
2 2 (1=-A) - (1+B) Coshz, +Cos6 -1
AA(1,3) = |— + + ~— J
 h kjkj_l kj+kj_l Slnej(CoshZi—Cosej)
) Pe[(l-A)-(l+B)](Coshii—Cosej)(wf I
4h (ko +k, .) a Siné. i+l,3 "i-1,]
J Ti=1 J
. Pe CoshZi-Cosej * : *
D, . = ( - ) [y s.q(1=A) = ¥, . . (1+B)
P anegkg_y) o sine, 1,31 1,371

*

* *
- wi'j[(l-A)-(1+B)j(cl+l'jfci_l,j)

* *
1,5 {=mey L -(eB)C

*
i .

(441,57 1,j-1{] / AR(1,3)
Hence, equations(4-2-13), (4-2-15), and (4-2-18), are
the system of equations in the required finite-difference form.
The values of the dependent variables: stream function, w*,
vorticity function, g, and concentration, C*, at any node..
point are relatéd‘to their values at four neighbouring mesh
points. By usiﬁgéthese finite-difference equations at every
internal mesh point in the flow region, a set of simultaneous
algebraic équafions is obtained, which can be solved by an

iterative method using the boundary conditions which must also

be expressed in finite-difference form.
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4-3, Boundary conditions in finite-difference form.

For the present system of two equally sized spheres with
fluid flowing parallel to their line of centres, there are two
types of boundary conditions: the boundary conditions which
do not change throughout the process of computation, and the
boundary conditions which need special treatment or which may
not remain the same during computation. The finite-difference

approximations of the boundary conditions are as follows:

The constant boundary conditions:

(1) . At the surface of sphere A(Z = -2Zs, i = 1).

iy 0 cr I (4-3-1)
Y1, 50 + Cp,5 7

(2) . At the surface of sphere B(Z = +Zs, i = n).

* o c” I (4-3-2)
wnrj - ! n,j
(3). Along the axis of symmetry 6 = 0(j = 1).
* * _ _ 4 3
¥i,10=0 ¢ %570 + 93,31 =0 _ (4=3-3)
(4) . Along the axis of symmetry 6 = 7 (j = m).
* . . * _ _ 4
Yim=0 + Ty =0 , gy =0 (4-3-4)
)
(5). Along the outer boundary (Zo, Bo).
*S' e
* a Sin
by 5 = A °© )2 (4-3-5)
CoshZo - Coseo
. 0 o £ o ¥ 0 (4-3-6
“4, 79 ¢ 95,370 4 55,570 4Gy 5 F ~6)
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For each sphere spacing Zs, the above boundary conditions
remain the same throughout the numerical solution of the Navier-
Stokes and diffusion equations, and have to be specified

before the start of the solution procedure.

The specially treated boundary conditions.,

(1). Vorticities and vorticity functions g and £ at the surfaces

of the spheres(i = 1 and i = n).

The surface vorticities expressed by equations(3-4-2a)

and (3-4-2b) become:

*
- - 2
c* _ (Coshzl Cosej)(Costh Cos(%)j)2 0 wl,j (1-3-7]
1,3 x . _ x 2
! a Slnej a 0z
%*
- - Z
c* _ (Coshzn Cosej)(Costh Cosej)2 9 wn,j (4-3-8)
n J L * e
! a Slnej a 02

and require evaluations of the second order stream function
derivatives with respect to 2 at the solid surfaces of the
spheres. By using a Taylor's series expansion for the stream
function in the vicinity of the surfaces, two cubic polynomials

can be obtained for the second order derivatives as follows:

32 * 8 * w*
Y1,5 _ 8%%2,5 ~¥3,4

3 - ‘ , (4-3-9)
922 2h N
32y . 8y . . =Y L .
n,j _ n-l.J2 n-2,J (4-3-10)
922 2h _

Hence, the vorticities at the solid surface of sphere A(Z = -Zs,

i = 1) are as follows:
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* 1 Coshz,-Cosf. CoshZ,-Cosf,. * *
1,4 = ) ———D 2(8u, =¥ )
L 2h a SinBj a rJ rJ
(4-3-11)
. -
a Sinej *
g, 5 = ( )elo . (4-3-12)
1.3 CoshZ,-Cos#. 1.3
J
*
% a Sinb.
£0=807 5/ 1) (4-3-13)
rJ rJ Coshzl—Cosej

and the vorticities at the surface of sphere B (2 = +Zs, i = n)

are as follows:

% 1 Coshzn—Cosej Coshz_-Cos#. *

*
. = ( ) ( L T
n,J 2h2 a*SinBj a n=1,3 "n ?’J
(4-3-14)
*
a Sinej. *
g . = )G . (4-3-15)
nrJ CoshZ_-Cos#. n.J
n J
*
* a Sinej :
£ . =c_ ./ ( ) (4-3-16)
n.,J n,J CoshZ_-Cos#8.
n J
4

(2) . Vorticity function f along the axes of symmetry, 6 = O

and 6 = 7 (3 1l and j = m).

. }
Since both ¢ and Sinf are zero along the axes of symmetry
98 = O and 8 = m, the vorticity function £f. and £, are
i,l i,m
undedtermined. Hence, a special treatment is made for the

functions by means of L'Hospital's rule.

* .
For 6 = O: Sinf® = 0, Cosf = 1, and g5 1= 0, equation(3-3-6)-
r
becomes:

*S'B 3* *
a Sin C.
L)) = (—iedy )
Coshzi-Cose1 30 Coshzi-l

*
£. = 1i .
i,l eig C1,1 /!
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* *

C. a
= (Re2y ) —0 (4-3-17)
kl Coshzi-l
*
For 6 = 7: Sin6 = 0, Cos6 = -1, and T, = 0, equation(3-3-6)
i,m
becomes:
*S' 6 3C* *
* a Sin . a
£, 0= lim |2, o/ ( =) | = = (—8) /o (———)
' 6-+7 ’ CoshZ.-Cos®6 a6 CoshiZ,+1
i m i
C* *
. a
(Srem=ly o (4-3-18)
km—l Coshzi+1

(3). The diffusion equation along the axis of symmetry 6 = O (

j=1.

The fourth term on the left-hand side and the term on
the right-hand side of the diffusion equation(4-1-3) require
. d * — 3 * _
special treatment because EE(Ci,l’ = 0, ae(tpi'l) = 0, and |
Sin6é = O. With the application of L'Hospital's rule, a limiting

process is used as follows:

4

%
CoshZ. *Cosf, -1 ac; 32C 1
lim i 1 il ¢ (4-3-19)
80 Sinel(COShZi-Cosel) 38 962
1 N act s . ach
Lim PAL U A 15 A U5 WA 5
6+0 |Sin6, 36 YA Y/ 26
a2y’ . ach
- 21.1, i1 (4-3-20)
26 3%

By substitution these two expressions into equation(4-1-3),
the diffusion equation along the axis of symmetry 6 = O

becomes:
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azc* Sinh?Z ac* azc*
i,1 _ ( i ) i1 2 ( 1,1)
922 CoshZ,-1 32 262

CoshZ.-1 3% * ac*
- iR 0s T Yi,1 %1
" a 962 pyA

(4-3-21)

By the use of a Taylor's series expression, equation(4-2-3),
the second order partial derivative with respect to 8, can be

obtained along the axis of symmetry 6 = O as follows:

a2t 2(c* cr )
21,1 _ i,2 - i, 1 (4-3-22)
30 ky -
2y, 2V 2
L= = —3tE (4-3-23)
3e? k)

From these two equations, the finite-difference approximation

of equation(4-3-21) is formulated as follows:

1 1 SinhZ, Pe CoshZi, - 1 * *
5 T =—) + )3 5| Ci41.1
h’®  2h Coshz, - 1 2hk a ’ ’

1 1 SinhZi Pe CoshZi -1 * *
B i Y¥3,2| Ci-1,1

h?®  2h coshz, - 1  2hk a

"4 . 2 4 * ‘
+ 5 Ci’2 - -h—2 + -k—z Ci,l =_Q (4-3-24)

I

Equation(4-3-24) can be arranged into the following form:

1 sinhz, . 1 1  sSinhz, .
S — )| ¢ + =+ —¢ )| el
h® 2h Coshz, - 1 | i*Lel 142 oy cosnz, - 1| i1l

i i

' *
4 * PeV, , Coshz, - 1 ., *
7| Ci,2 T 152‘ s—) (€41 1 - C1 1)
kl ' 2hkl a ' ’
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(4-3-25)

Equation can further be arranged into the following form:

* L]

* % ' *
ci,l = Dl(l)ci+l,l + DZ(l)Ci—l,l + D3Ci,2 + DA (4-3-26)
where,
1 1  sinhz,
Dl(i) =l - — ——)| / DD
(h 2h Coshzi-l_
1 1  Sinhz,
p,(i) = |~ + —(—————)| / DD
2 h®  2h Coshz,-1 |
— i
4
D3 = ) / DD
LXyd
DA' Pey ,2 CoshZz -l)(c* /| / oo
* : B
thi a i+l,1 “i-1,1

(4) . The diffusion equation along the axis of symmetry g =

j =m).

9 *
As 38Cy,n)

m(

*
= o, %E(wi,m) = 0, and Sin6 = O, the diffusion

equation(4-1-3) also requires the same special treatment as

the previous case:

. - * 0 K -
lim CoshZi Cosem 1 .aci’m _ . 0 :i,m (4-3-27)
B> Sinem(CoshZi-Cosem) 28 00
* l *
1im L _ alpi,m,aci,m + lpl,m.aci,m
-+ 31n9m 96 97 0Z a0
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2 * *
9 lpi,m.aczi.,m

902 22

= + (4-3-8)

By substitution of these two limiting expressions into

equation(4-1-3), the diffusion equation along 6 = T becomes:

32c Sinhz. ac. a2c
i,m _ ¢ i ) i,m 2 i,m)
9z2 Coshz,+1 9% 262
. * *
Coshzi+1 azwi m aci n
= 4 %Pe( * ) . I_, L (4—3-29)
a 962 9z

By Taylor's series expansion equation(4-2-4), the second order

partial derivatives with respect to 6 in equation(4-3-29) are:

a2t 2(c; -c )
i,m _ i,m_l i’m 7 A ™ man
" = 5 \a=—2o=—aou)
28 km—l
* *
32y, 2y,
090 km-l

Hence, the finite-difference approximation of the diffusion

equation along 6 = m, equétion(4—3—29), becomes:

1 1 sinhz, Pe Coshz +l1 .

— - - ) = —(——=)¥; n-1| Ci+1,m

h 2h Coshiz, +1 2hk a ' ’

i m-1

1 1  SinhZ, Pe Coshz ,+l *

+ + —(———) + ( ) Vi m-1] Ci-
nZ  2h Coshz.+l  2nk2 a im-1} "i-1,m
- i m=-1
m 4 . 2 4 . |

+ k_z— Ci,m-l - -}? + k—z— Ci,m =0 (4"3-32)
-1 m-1:
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Similarly, equation(4-3-32) can be arranged into the following

form:
. * * 1
Cl,m El(l)c +1,m + Ez(i)ci-l,m + E3Ci,m-1 + EA (4-3-33)
where,
1 1 Sinhz, 7]
E;(1) = |& - —(———=)| / EE
(h 2h CoshZi+1_
1 1 sinhz, 7]
E2(i) =1t —(——)| / EE-
h 2h Coshzi+1_
- 1 } '
E, = / EE
3 .
- km—l
P xp* Cosh2, +1
-Pe osh?Z,
i,m-1 i * *
EA = L C - C, EE
2hk2 ( a* ) ( i+l,m 1-1,n9] /
- m-1
2 4
EE = h—2 + k2
- m-1-

Hence, equations(4-3-26) and (4-3-33) are the diffusion
equations applied to the axes of symmetry: 6 = 0 apd 8 =m.
The concentratibn at each node point on the axes of symmetry
is related to three neighbouring point values as shown in

Figure (4-1-2).

During the computational process of the system of finite-
difference equations(4-2-13), (4-2-15), and (4-2-18), the
constant and specially treated boundary conditions are computed

or specified at the beginning of each iteration until they are
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prescribed everywhere on the boundaries. The system of finite-
difference equations is then solved for each mesh point in the
flow region. At the end of each iteration, the specially treated
boundary conditions are recalculated using the newly obtained
values. This process of solving the system of equations and
recalculating the specially treated boundary conditions
continues until the desired accuracy of the solutions has been

achieved.
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4-4, Tterative method with relaxation.

The system of equations, equations(4-2-13), (4-2-15),
and (4-2-18) , can be written for each internal mesh point in

the following general form:

i-l,J' X J+ll X J -1’ D J) (4-4-1)

where xi,j stands for wl 50 gl 57 and C j; while Di,j gtands
for the non-linear and convective terms of the equations.
Equation(4-4-1) can be solved by successive iteration with
relaxation .

In the Gauss-Seidel method, equation(4-4-1) at the nth

iteration is arranged as follows:

n _ n-1 n n-1 Ao
Xi,5 = FUXGL, 50 ¥ioy,g0 X 3ar Ki g0 PhLy ) 44D

By introduction of the coefficients from the finite-difference
antions which may be denoted by B, (i,3), B,(i,3), B3(i,]),

and B4(i,j), equation(4-4-2) becomes;

n _ n-1 A o n-1.
xi,j = B (1,3)Xl+l 5 + B2(1,j)xi_l,j + B (1,3)Xl j+l
+ B, (4, 3K + DY . (4-4-3)

i,j-1 i,3

Equation(4-4-3) can be arranged in the following form by the

addition and substaction of a term Xg-i'from the right-hand
’

side of equation(4-4-3):



74

n
Xi,j = I:{B (1,3)Xi+1 + B (1,3)Xl 1,3
+ By(i ])Xn =Ly B, (i 3y x2 + Dt .} - 3071
! 13+l IR T bt SRS 5 R Y5
- * -
= xl o xn, oL
1,3 i,] 1,3
= xp~l , gn (4-4-4)
i,] i3]

* ‘ '
where X ° . denotes the value of X? 3 calculated using equation (
14 14

4-4-3), and R} 5 is the amount by which the value of x? 3
[ r

changes for one iteration. At complete convergence, R? i is
14

equal to zero.

In order to accelerate the rate of convergence, a
relaxation factor, w, which has a value that lies between 0.0

and 2.0, is introduced into equation(4-4-4) as follows:

. =X, s 4+ wR, . =X, :+ x - X, 4-4-5
r] 1,3 © 1,3 Xlr] wl l] ilJ) ( )

xR n-1 n n-1
i

This is the Gauss-Seidel iterative method with relaxation. This
method is a powerful tool for solving both linear and non-linear
partial differential equations expressed in finite-difference

form.

Ihsan(not published) has developed a new scheme for
solving a set of non-linear finite-difference equations by
controlling the non-linear terms. His scheme starts with the
following equation: |

n-1 ., ,n=1 . .=l

n
*By(,3)Xy gy YB3 Xy G4

Xi;j =B (1'3)X1+1
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+ B, (1, 3)X07E_ + D)L

. . 4-4-
i,j=1 1,3 ( 6)

By adding a term mxg_% to both sides, equation(4-4-6) becomes:
14

n n-1 _ . sy on=1 R L2 . .y on=1
Xi,j + mXi'j = Bl(l'J)Xi+l,j + B2(1,3)Xi_l'j + B3(l'3)xi,j+l
T i | ' 'n-1 A
+ B4(l’3)xi,j—l + (m +W)Di,j (4-4-7)
- 1o The -
where mx™ % = m'D.n.l and wD.n.l = po % . This results in a
i,] i,] i,] i,]

modification to the "initial guess" before the next iteration.

With the assumption that the difference between X?-% and X? 5
14 [4
is small, equation(4-4-7) can be written as follows:
xnjl Xn—l n-1
XI} . =D (l,])’ i+ll:] + D (i,])‘ i—llj I £ 4 (.—l-,j)= llj+l
ted 1 1+m 2 1+m 3 1+m
xri"%_l (m'+w)DlnTl
+ By (i,3)—2t2% 4 el (4-4-8)
1+m 1+m

When complete convergence of equation(4-4-8) has been achieved,
n n-1
X, . =X, &
1,3 XlrJ

Therefore, with suitable selection of the three parameters: m,

. and equations(4-4-8) and (4-4-7) become identical.

m', and w, the non-linear term of equation(4-4-8) can be made
to be positive in order to ensure the stability of the

numerical solutions.

With these conceptsin mind, a similar scheme is developed
for the present system of equations. The scheme started with
equation(4-4-3) and with the assumption that the difference
-1 and X7 . is small, the following equation is

+J i,]
formulated:

between X?
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n-1 n n-1
n L X1,y o Xic1, 5 C . %i,50
Xy 5 = By(i,3) + B, (1,]) + B, (4i,]) L
rJ 1+m 1+m 1+m
n-1 n-1 n
X. - mX., UV + D .
+ B4(i,j) llj-l + 1,3 irj (4-4-9)
1+m 1+m

Equation(4-4-9) has only one extra parameter, m. When m = O,
equation(4-4-9) reduces to the Gauss-Seidel equation(4-4-3).
Hence, with a suitable choice of the parameter of m at each
node point, the non-linear term of equationk4—4—9) can be
conditioned to be positive. The best solutions are obtained
when the non-linear term is controlled to be positive, constant,
and small. This scheme also ensures stability of the numerical
solutions. To accelerate the rate of convergence, the value of
X3

i_q
- 2

obtained from equation(4-4-9) is then substituded into
Xz?j of equation(4-4-5) for further relaxation.

In this computation process, the convergence criterion,
€, of each variable has to be specified before iteration process
is started. In the solution of the Navier-Stokes equations,
because of large differences in the values of the stream function
and vorticity over the whole flow region, two different types

of point-convergence tests: relative and absolute, were used:

0 - xn—l
When x? . > 1.0 lLJn el < e (4-4-11)
r3J X .
1,]
When xg’. < 1.0 : x?lj - xg’; <e (4-4-12)
4 .

On the other hand, in the solution of the diffusion equation,

- the absolute point-convergence test was used because the
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* .
concentration in the flow region varies from C = 1.0 to 0.0:

%% 5 - Xf{:*l X | (4-2-13)

The convergence criteria for the stream function, vorticity

function g, and concentration are designated as EW*' eg, Eonr

respectively.
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4-5, Calculation of surface pressures, drag coefficients, and

local and overall Sherwood numbers.

For each sphere spacing Zs, the solutions of the system
of equations(4-2-13), (4-2-15), and (4-2-18), produce the
stream function, vorticity, and concentration distributions
in the flow region at different Reynolds and Peclet numbers.
From these distributioné, some important quantities of the
two-spheré*g;namic ahd mass‘transfer problems are‘calculated.

The derivations of the appropriate relationships for the

calculation of these quantities are given in Appendices B and C.

The following quantities can be obtained from the vorticity

distributions:

(1) . The pressures at the surfaces of the spheres are expressed
in terms of the dimensionless pressure coefficient, K, which
is defined as (Ps - Po)/%pUz, where Ps and Po are the pressures
at the sphere surfaces and in the undisturbed main stream,
respectively. The dimensionless pressure coefficients at the
front stagnation point of sphere A, KAO’ and at the rear
atagnation point of sphere B, KBO’ are calculated from the
following two expressions:

8 2=0 o

=1,0+ — f (—) - dz (4-5-1)
Re ==%s 96 -Zs .

=
I

AO

8 2=0 9cC
K =1.0 + — f (—) —co
BO Re z=+Zs 36 |+zs 9% (4-5-2)

(2) . The surface pressure distributions along the solid surfaces
of the two spheres are calculated as follows: for sphere A, the

calculation starts from the front stagnation point and then
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proceeds along the surface towards the rear stagnation point;
while for sphere B, the calculation starts from the rear.
stagnation point and then proceeds along the surface towards

the front stagnation point.

For spheres: A and B, the expressions are as follows:

R -
s 8oz Sinh (-Zs) *
K = K + =— f —_ - ( )z, .| de
Ab  "RO  Re 5 | 37 |-2s  Cosh(-2s)-Cos® 13
(4-5-3)
— * -—
PR -1 -Sinh (+2s) *
K = K + =— f _— - Yz -] de
BO BO ~ Re 4 L 92 |+Zs Cosh (+2s)-Cose '3
(4-5-4)

where KAe and KBe are the dimensionless surface pressure

coefficients for spheres A and B, respectively.

(3) The total drag coefficient of each sphere consists of two
components: the frictional drag coefficient and the pressure(
or form) drag coefficient. For sphere A, the frictional drag

coefficient, C At the pressure drag coefficient, CDPA' and

DF
the total drag coefficient, CDTA' are calculated from the

following three equations, respectively:

* *
g " - a a Siné
C == f g, .°+Sinn( ) ( ) de
DFA  Re 5 71,3 Cosh (-Zs) -Cos® Cosh (-Zs) -Cos
(4-5-5)
* *
L a a Sinb
c =42 f K, ,Cosn( ) ( ) de
DFA 0 Ad Cosh(-%s)-Cos8 Cosh(-%Zs)-Cos# B
(4-5-6) .
Cpra = Cpra * © (4-5-7)

DTA DFA DPA

Similarly, for sphere B, the frictional drag coefficient, C

DFB’
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the pressure drag coefficient, C and the total drag

DPB’
coefficient, CDTB' are calculated using the following three

equations:
* ' *
8 T 4 a a Siné6
C == [ ¢ .+*Sinn( ) ( ) de
DFB Re 0 nsJ Cosh(+2Zs)-Cos® Cosh(+Zs)-CosH
(4-5-8)
* *
T a a Sin6
C = -2 [ K_.Cosn( ) ( ) de
DPB o BO Cosh(+Zs)-Cos8 Cosh(+Zs)-Cosb
(4-5-9)
C =C + C

DTB = “DFB DPB (4-5-10)

From the concentration distributions in the flow region
adjacent to the surfaces of the spheres the local and overall
rates of mass transfer from the sphéres expressed in terms of
the local and overall Sherwood numbers, can be obtained as

follows:

(4) . The local Sherwood numbers for spheres A and B, ShAL(e)

and ShBL(e), are given by the following two expressions:

*

Cosh(-Zs)-Cos® 23C
Sh__(8) = =2,0( ) - (4-5-11)
AL a* 92 ==Zs
X
Cosh (+Zs)-Cos8 23C '
ShBL(e) = =2.0( ¥ ) (4-5-12)
a 9Z |Z=+Zs

(5). For each specified sphere spacing, Reynolds number, and -
Peclet number, the overall Sherwood numbers for spheres A and.B,
ShAo and ShBo, are obtained using the following two expressions:

{Cosh(=Zs)-1}{Cosh(-Zs) +1}‘| T Sin6

Sh, . = - S ( )
RO a*A J O Cosh(-Zs)-Cos®6




81

*
aC
—— de (4-5-13)
9Z |Z=-Zs
{Cosh(+Zs)-1}{Cosh(+2s)+1} ™ Siné
: a O Cosh(+Zs)-CosH
*
aC
—— de (4-5-14)
02 | Z2=+Zs
. _
where a = |SinhZs|.

In the calculation of some of the above quantities, the
evaluation of first order derivatives of a function with
respect to Z and 6 are required. Because a constant mesh
spacing is used in the Z direction and variable mesh spacings
are used in the 06-direction, these derivatives have to be

derived separately.

At any value of Z, say Z*, the first order derivative of
a function with respect to Z may be obtained from a Taylor's
series expansion using a forward difference approximation
correct up to third order derivatives, the derivative may be

expressed as follows:

3% ~11X. + 18X. - 9X. + 2X
/| ., = 1 2 3 4 (4-5-15)

0Z |Z=2 6h

3
Equation(4-5-15) evaluates the derivative at a given value Z*
in terms of four successive equally spaced values of the
function, xl to X4. From equation(4-5-15), the first order
derivative of the function Xi 5 with respect to Z at the surface

4

of sphere A becomes:
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oX, . -11X, . + 18X, . - 9X, . + 2X, .
lLl — lfJ 2'3 3!3 4’] (4"5-16)

02 6h

and the first order derivative of the function xi 3 with
r

respect to Z at the surface of sphere B becomes:

aX . —lan . + 18X - 9X 2X

. .+
n,J _ r) n-1,j n-2,j
02 6h

n-3,] (4-5-17)

Because of the variable mesh spacings in the 6-direciton, the
derivation of the first order derivative of a function with
respect to 8 is complicated and tedious. With the same
procedure and putting Ll = kl’ L2 = kl + k2, L3 = kl + k2 + k3,
the derivative of a function Xi i with respect to 6 at the axis

-7

of symmetry 6 = O is:

2.2
LoLy (Ly=Ly) (Xy 4=X%; 1)
12,2

= Lahy (Lg=Ly ) (Xy 37X 4)
2.2
y + 1315 (Ly=Dy) (X; =X, 1)
il ‘ (4-5-18)
96 L3L2L1(L3-L2)(L3-Ll)(L2—L1)

L

A . ' = | R ' =
Similarly, by putting Ll = km-l' L2 k + km—2' and L3

m=-1

k the first order derivative of the function

m-1 -2 3

Xi i with respect to 6 at the axis of symmetry 6 = w is:
14

+ km + km_

2,2
L | ] r.T. ¢ -
Ly T (27T Xy me37%4,m)
12742 2y 1y -
L3 D) (370 (X5 me27¥s,m)
+ L2 @r-L) (x =X, )
0%, 3L (B3R (X p17¥im
[ = (4-5-19)
L] ] | 1T, ! [ 1..T.1
a0 L3L2L1(L3 LZ)(L3 Ll)(L2 Ll)

If the mesh spacings in the 6-direction are constant, i.e.,
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kl =k, = ki =k, and k__, = km_2 =k _3 % k, then equations(

4-5-18) and (4-5-19) reduce to:

X, -11X, , + 18X, . - 9X, . + 2X

9 l,l _ Xl'l 18 1'2 1'3 1,4 (4_5_20)
Y 6k

Him o THEim 18K ey = %y mep * 2Ky ne3 (4-5-21)
50 6k

Equations (4~5-20) and (4-5-21) are similar to equations (4-5-16)

and (4-5-17), respectively.

In the numerical integration process, the trapezoidal
rule is used. For the integration of a function X(Z) over the

iimits Za and 2b with n-l equally spaced intervals between

them, the following expression is adopted:

Zb
J X(2)dz = h(%xa + X

! e # X o+ EX) (4-5-22)

2

Similarly, the integration of a function X(8) over the limits

fa and 6b with m-1 un~equally spaced intervals kj' where j = 1,

**¢ , m-1, between the limits, the following expression is used:
6b

éa X(6)de = %[(xa+xl)kl + ’(x2+x3)k2 teee + (xj+xj+1)k5

b ] (4-5-22)

With the aid of these numerical differentiation and integration
expressions, the distributions of vorticity, stream function,
and concentration in the flow region can be converted into

quantitative physical information.



84

4-6. Computational procedures for the solution of the system

of equations.

For each sphere spacing, the Navier-Stokes equations,
expressed in terms of the stream function equation(4-2-13) and the
vorticity transport equation(4-2-15), are solved simultaneously
for the stream function and vorticity distributions in the flow
region for a series of Reynolds numbers. The diffusion equation
(4-2-18) is then solved separately for concentrafion
distributions in the same flow region for a series of Peclet
numbers using the calculated stream function distribution at

any specified Reynolds number.

Two computer programmes: Program 1 .and Program 2, which
are listed and explained in Appendix F, are developed for the
simulation of the viscous fluid flow around two equally sized
spheres and the calculattion of the mass transfer rates from
the spheres. Program 1 is solely for the solution of the Navier-
Stokes equations while Program 2 is for the solution of the
diffusion equation. In the computational process, two magnetic
tapes are needed to store the flow information as well as the
converged numerical results. Tape 1 is used for Program 1 and

Tape 2 for Program 2.

Before entering the computational process, the flow region
and the controlling parameters are specified for each sphere
spacing, and the boundary conditions prescribed for each
dependent variable. For the first solution obtained of the
Navier-Stokes equations, the initial values for the stream
function and vorticity are supplied from the analytical solutions

obtained by Stimson and Jeffery(1926) for creeping flow around
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two equally sized spheres at the appropriate sphere spacing.
For the first solution obtained for the diffusion equation, an
array of arbitary initial values for concentration is supplied.
In subsequent runs, the initial values are always supplied from
the converged results stored on magnetic tapes for the nearest

lower Reynolds number or Peclet number.

For each specified Reynolds number, when the solution of
the Navier~Stokes equations is obtained, the con&erged stream
function and vorticity distributions in the flow region are
printed out and at the same time stored on Tape l. The surface
pressures and the drag coefficients for the two spheres are then
calculated. In order to understant the stream function and
vorticity distributions around the spheres, the contours of
the stream function and vorticity distributions are searched
for and plotted using the computer. Similarly, for each specified
Reynolds and Peclet numbers, when the solution of the diffusion
equation is obtained, the converged concentration distribution
in the flow regioalis printed out and stored on Tape 2. The
local and overall rates of mass transfer from the spheres are
calculated and the concentration contours around the spheres

are located and plotted using the computer.

Detailed descriptions of the computational procedures
for solvihg the Navier-Stokes and diffusion equations for any

sphere spacing are given separately in the following sections.

P
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(A) . Summary of the computational procedures for solving the

Navier-Stokes equations.

l. Specify the sphere spacing, Zs.

2. Specify the position of the outer boundary by assigning a
value to the ratio, (r/d), where r is the radius of the
outer boundary sphere and d is the distance between the
centre of either sphere and the origin of the bi-spherical
coordinate system.

3. Specify the mesh spacing in the Z-direction, h. The un-equal
mesh spacings in the 8-direction, kj, j =1, *«++ , m-1, are
obtained from equation(A-3-3) by assigning values of n with
a constant increment of 60. The outer boundary coordinates(

Z 60) are obtained by solving equation(A-2-8). The number

o’
of internal mesh points in the flow region and the number
of irregular mesh points which lie on the boundary and
require special treatment are calculated. The total number
of the unknown quantities in the finite-difference equations
is the product of the dependent variables( stream function
w* and vorticity C*) and the total number of mesh points in
in the flow region. The total number of mesh points is the
sum of the numbers of regular and irregular mesh points.

4, Calculate all the flow region information which are functions
of Z and 8, such as SinhZ, CoshZ, Sin6, Cos6, etc. At this
point, the flow region is fully described.

5. Specify the Reynolds number, Re, the convergence criteria
and the relaxation factors for the stream function and
vorticity, and the maximum number of iterations allowed for
the computation.

6. Before entering the iteration process, the initial values
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for the dependent variables have to be supplied. For the
first solution obtained, the initial values are supplied
from Stimson and Jeffery's analytical solutions fér Stokes
flow at the appropriate sphere spacing and these vélues
together with the flow region information and calculated
quantities are stored on Tape 1. In subsequent runs, the
initial values for the dependent variables for the iteration
process are supplied from the previously obtained values
which have been stored on Tape 1. The values used are those
for the nearest smaller value of Reynolds number.

Specify the constant boundary conditions for w*, C*, g and

f at the solid surfaces of the spheres, the axes of symmetry
= 0 and 6 = 7, and the outer boundary.

ne $oefficients Of the [lnite-dilfereunce
equations(4~2-13) and (4-2-15), and the coefficients of the

specially treated boundary conditions.

Up to this point, all the information and parameters

required for the solution of the Navier-Stokes equations at a

specified Reynolds number have been supplied. The iteration

process for the solution is then started.

9.

Calculate the specially treated surface vorticities and
%

*
surface vorticity functions: Cl,j’ Cn,j' gl,j’ gn,j’ fl,j'

and.fn'j, using the most recently obtained available results
and apply the point convergence test of equations(4-4-11)
and (4-4-12) as soon as the values at each mesh point on
the solid surfaces are obtained. The values of the vorticity

function £ along the axes of symmetry 6 = O and 6 = 7: fi 1
r
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and fi m! are also calculated using the newly obtained
14
results.
10. The iteration process for the solution of the Navier-Stokes

equations is then carried out for each internal mesh point.
*

*
A set of values: ¥ i3
[4

i,3° 4

g and £, ., are obtained
i,] :

i,37

_ *

for each mesh point. For the stream function wi j and the
r

*
vorticity g, the point convergence test of equations(
14

K
4-4-11) and (4-4-12) is then applied as soon as the values
are obtained. At the end of each iteration a test is made
to determine whether the solution has converged at every
mesh point. If this test is satisfied the overall convergence
has been obtained.

11. Repeat steps 9 and 10 until either overall convergence of
the results is achieved or the maximum number of iterations
specified is reached. When overall convergence has been
achieved, an extra iteration is allowed for the specially
treated boundary conditions to be satisfied as well. If
overall convergence of the stream function and vorticity
cannot be obtained within the maximum number of iterations
allowed, a pair of new relaxation factors are supplied and
the computational process is re-started from step 6.

12. When overall convergence has been achieved, the surface
pressures and the drag coefficients for the spheres are
calculated. The stream function and vorticity distributions
around the two spheres are printed out in tabulated form
and their contours located and plotted. Finally, the converged
values of w*, C*, g, and £, together with the flow region .
information are stored on Tape 1, and are available for the

solution of the Navier-Stokes equations at a higher Reynolds

number. At this point, the numerical solution of the Navier-
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Stokes equations for a particular case is complete.

13. A new case with a higher Reynolds number is initiated by

starting the cdmputational process at step 5.

(B) . Summary of the computational procedures for solving the

1.

diffusion equation.

Specify the sphere spacing Zs and Reynol@s number Re. The

flow region information and the stream function distribution
at the specified sphere spacing and Reynolds number are
supplied from Tape 1. |

Specify the Peclet number Pe(Pe = RexSc), the convergence
criterion.and the relaxation factor for the concentration,

and the maximum number of iterations allowed for the
computation.

Supply an array of initial values for the concentration.

For the first solution to be obtained, the set of initial
values is provided in an arbitrary way. In subsequent solutions,
initial values are supplied from the converged resglts

which have been obtained previously for a lower value of

the Peclet number and which have been stored on Tape 2.

Specify the constant boundary conditions for the concentrations
at the solid surfaces and the outer boundary of the flow
region. |

Calculate the coefficients of the diffusion equation(4-2-18)
and the two modified diffusion equations(4-3-26) and (4-3-33)
which apply to the axes of-symmetry, 6 =0 and 6 =.7, ‘

respectively.

Up to this point, all the information and parameters
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needed for the solution of the diffusion equation and the two

modified diffusion equations at the specified Peclet number

have been supplied. The iteration process for the solution of

the diffusion equation then proceeds as follows:

Solve the modified diffusion equations along the axes of
symmetry 6 = O and 6 = 7 for C;,l and CI,m' The diffusion
equation(4-2-18) is then solved for C;,j at each internal
mesh point. The point convergence test of equation(4-4-13)

is applied as soon as the value at each mesh point is obtained.
At the end of each iteration the results are tested for
overall convergence.

Repeat the iteration process of step 6 until either ovefall
convergence of the results has been achieved or the maximum
number of iterations specified has been reached. When overall
convergence haé been achieved, an extra iteration is allowed
for the boundary conditions along the axes of symmmetry 6 = O
and 6 = 7 to be satisfied. When overall convergence cannot

be obtained within the maximum number of iterations allowed,
a new relaxation factor is supplied and the computational
process is re-started from step 3.

From the converged concentration distribution , the local.
and overall Sherwood numbers are calculated. Also, the
distribution of concentration in the flow region is printed
out in tabulated form and the concentration contours around
the spheres are located and plotted. Finally, the flow region
information, the stream function distribution, and the -
concentration distribution are stored on Tape 2 and are

available for the solution of the diffusion equation at the

next higher Peclet number. At this point, the numerical
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solution of the diffusion equation for a particular Peclet
number is complete.
9. A new case with a higher Peclet number is initiated by

starting the computational process from step 2.

The procedures for solving the Navier-Stokes and diffusion
equations are quite similar. However, it is important to note
that Program 1 is designed such that for each sphere spacing
the Navier-Stokes equations can be solved independently for a
series of Reynolds numbers; while Program 2 , which is dependent
upon Program 1 to supply the flow region information and the
stream function distribution at any specified Reynolds number,
is for the solution of the diffusion equation for a series of

Peclet numbers.
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CHAPTER 5.

DISCUSSION OF SOLUTIONS OF THE NAVIER-STOKES EQUATIONS.

5-1. Introduction.

Numerical solutions of the Navier-Stokes and diffusion
equations for a system of two equally sized spheres with a
fluid flowing parallel to their line of centres were obtained
separately using two computer programmes: Program 1 and Program
2, respectively. The computer programmes were arranged in such
a way that for each sphere spacing, the vorticity, stream
function, and concentration distributions in the flow region
could be generated over a wide range of Reynolds and Peclet

numbers.

The distance bhetween

the centres of the =sn

heres,; which is
governed by the sphere spacing parameter Zs, is an important
factor in determining the extent of particle-to-particle
interaction between the spheres.'Five sphere spacings: Zs = 0.20,
1.32, 2,07, 2.48, and 3.09, corresponding to two equally sized
spheres nearly touching, being one, three, five, and ten
diameters apart, respectively, were considered in this study.

The Navier-Stokes equations were solved by means of Program 1
for the vorticity and stream function distributions for a wide
range of Reynolds numbers between 0.001 and 500. Similarly,

the diffusion equation was solved by Program 2 for concentration
distributions over a range of Peclet numbers from 0.001 to 500
for some selected Reynolds numbers. From the resultant
concentration distributions the local and overall Sherwood
numbers for the spheres were calculated. The mass transfer

results will be discussed in the next chapter. The resultant

vorticity and stream function distributions were used to
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calculate fluid dynamic quantities; such as surface vorticity
distributions, surface pressure distributions, drag coefficients
and angles of flow separation. These results are discussed in

this chapter.

The accuracy of the numerical solutions of the Navier-
Stokes equations depends upon many factors; such as mesh
spacings, convergence criteria, and numerical methods used to
obtain the solution. An analysis of these factoré is given in
the following section(5-2). The distributions of vorticity
and stream function around the spheres are given in sections(
5-3) and (5-4), respectively; while the phenomenon of flow
separation from the surfaces of the spheres and the surface
vorticity distributions are discussed in sections(5-5). In
sections (5-6) and (5-7), the surface pressure distributions
and the drag coefficients for the spheres are presented

separately.
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5-2. Analysis of the factors affecting the numerical solutions.

The usefulness of large computers for theoretical studies
in fluid dynamics often depends upon the accuracy with which
numerical solutions can be obtained. In the present two-sphere
problem, the accuracy of the numerical results depended upon
many factors, such as the coordinate system used, the distribution
of grid lines in the flow region, the choice of convergence
criteria, and the metﬁods of solution. An understénding of these
factors and the influences and limitations which they imposed

upon the accuracy of the numerical results is necessary.

Because of the ease with which it is possible to describe
thé locations of the two spheres and the associated boundary
conditions, the bi-spherical coordinate system was used in the
present study. However, two bi-spherical coordinates: the bi-
polar coordinates Z and 6, appeared in the coefficients of the
terms in the Navier-Stokes equations, equations(4-2-13) and (
4-2-15), so that a large amount of computer memory storage was
needed for the- solutions in terms of the vorticity and stream
function. Also, the replacement of the partial differential
equations by their finite-difference approximations introduced
a truncation error. Furthermore, du;ing the numerical iteration
process, an error called the round-off error was introduced.
The dilemma of dealing with these two errors waé that by
reducing the size of the mesh spacings for the Z- and 6-directions
in the flow region, the truncation error of the solution
decreased while the round-off error of the solution generally
increased. ThiS'was because of an increase in the total number
of algebraic equations resulted in an increase in the number of

iterations required to obtain a solution. Hence, the distribution
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of grid lines in the flow region had to be chosen with these

factors borne in mind.

Two distributions of the grid lines for the Z- and 6-
directions in the flow region for each sphere spacing were used
for the solution of the Navier-Stokes equations. In these two
distributions, the grid lines for the Z-direction were
distributed according to two mesh spacings of |Zs/10| and |Zs/20]|
» while those for the 6-direction were distributéd accroding to
a constant increment of 6° in the angle n. Hence, in the first
case the number of mesh points was 21x31 while in the second
case it was 41x31, The outer boundary of the flow fegion, which
had its centre at the mid-point of the line of centres of the
spheres, was chosen té have a radius of 7.0 times the distance
between the centres of the spheres for the smallest sphere
spécing Zs = 0.20, and a radius of 3.5 times the distance between
the centres of the spheres for the four large sphere spacings
considered. With these two distributions of grid lines in the
flow region for each sphere spacing, numerical solutions of the
Navier-Stokes eqguations were obtained using a CDC6400 computer

with 65k storage locations.

The main reason for using two different distributions of
grid lines in the flow region for each sphere spacing, i.e.,
using two different mesh spacings for the Z-coordinate, arose
because of the inherent characteristic of the bi-spherical
coordinate system of providing unequal distances between any
two neighbouring grid lines in the Z-direction around the sphéres
as shown in Figures(4-1-3) to (4-1-12). A new term called the
"grid-line spaciné", which measures the distance between any

two neighbouring grid lines along any grid line in another
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direction, is introduced here to describe the uneven distributions
of the grid lines for both the 2- and 8-directions. The distance
between any two neighbouring grid lines in the Z-direction is
called the Z-grid-line spacing, while that in the 6-direction

is called the 8-grid-line spacing. It is important to note that
the grid-line spacing is different frém the mesh spacing which
is solely used for indicating the increment in the two bi-polar
coordinates: 2 and 6, as well as the angle n in this study. The
Z-grid-line spacings decrease around each sphere when the 06-
coordinate changes from the value of 8 = O to 8 = 7; hence, they
are the largest along the normals to the front stagnation point
of sphere A and to the rear stagnation point of sphere B; while
they are smallest along the normals to the rear stagnation point
of sphere A and to the front stagnation point of sphere B. These
unequal Z-grid-line spacings around the spheres, especially

near the upstream surface of sphere A, created some difficulties
in the calculation of quantities, such as the surface pressureé
and the local Sherwood numbers, which were related to the
vorticity and conc¢=niration distributions. This was particularly
the case near the upstream surface of sphere A, because at high
Reynolds and Peclet numbers the thickness of the fluid dynamic
and diffusional boundary layers in that region were small in
comparison with the large Z-grid-line spacings. This defect
could have been overcome by a continuous reduction of the mesh
spacing in 2. However, as this was done the number of mesh points
in the flow region increased enormously although most of the
mesh points remained concentrated in the region between the
spheres where they contributed little to the improvement of thé

results over the upstream surface of sphere A. Also, because of
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limitations imposed by the availability of computer memory
storage, the flexibility of altering the mesh spacing in 2 in
order to improve the numerical solutions at the upstream surface
of sphere A was greatly restricted. However, the use of two

mesh spacings in Z allowed the sensitivity of the numerical

solutions to variations of the mesh spacing in Z to be investigated

The Z-grid-line spacings, in addition to varying with
position around the sphere, also increase as the distance from
the surfaces of the spheres increases. Similarly, the 06-grid-
line spacings are not equal along any Z-coordinate except for
those adjusted to a constanf increment in n which are equal
along the solid surfaces of the spheres where Z = -Zs and 2 =
+Zs. The e;grid—line spacings become larger when the Z-coordinate

0O and the Z-coordinate

around sphere A changes from Z = -Zs to 2

around sphere B changes from 2 +Zs to Z = 0. Hence, both the
Z-grid-line and the 6-grid-line spacings are large in the region
far away from the surfaces and are relatively small near the
surfaces and in the region between the spheres. Accordingly,

the truncation errors derived from the central finite-difference
approximation of the Navier-Stokes equations were of different
magnitudes throughout.the flow region. The truncation errors

of the solutions at the mesh'points near the outer boundary of
the flow region were large, and became even larger as the
distances between the outer boundary and the spheres and between

the centres of the spheres were increased. These large

truncation errors may have been a source of numerical instability.

Because of its rapid rate of convergence and simplicity
of use, the extrapolated Gauss-Seidel method was used in the

present work to obtain solutions of the Navier-
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Stokes equations. Over-relaxation of the solutions was found

to be satisfactory fof low Reynolds numbers. However, numerical
solutions'at high Reynolds numbers were difficult to obtain,
and it is necessary to adopt a scheme of under-relaxation in
order to obtain solution for a wide range of Reynolds numbers
with satisfactory rates of convergence and stability. The
relaxation factors, which were supplied by trial-and-error,

decreased with increasing Reynolds number.

In the computational process, the convergence criteria
for the stream function and vorticity were specified with
consideration of two factors: the desired degree of accuracy
of the numerical solutions and the computing time required. The
accuracy of the solution was improved when stringent convergence
criteria were specified, but a large number of iterations, and
thus a large computing time, was required to achieve convergence
of the solutions at every mesh point in the flow region. On
the other hand, convergence of the solutions at each mesh point
could have been obtain more rapidly by using less stringent
convergence criteria, but at the expense of the accuracy of the
solutions. Based on these considerations, the convergence
criteria for the stream function and the vorticity function g
were specified to be 10-3. When the convergence criterion for

3 to 1074

the stream function was changed from 10 the number of
iterations required to obtain a converged solﬁtion for a
specified low Reynolds number was more than doubled while the
results were improved only slightly. Hence, the flexibility of
of altering the convergence criteria in order to improve the
accuracy of the numerical solutions of the Navier-Stokes

equations was restricted. In addition, because the values of
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the stream function and vorticity function varied from very
large to very small values, a relative point convergence test
for the solutions always produced a small number of points at
which the solutions did not converge no matter how many
iterations were performed. The points in question were the points
at which the values were small. In order to overcome this
problem, a less stringent absolute convergence criterion was
applied at points at which the values were less than unity. In
this scheme, a relative point convergence test was applied when
a point value was greater than unity, while an absolute point
convergence test was used whenever a point value was equal to
or less than unity. By this means, convergence of the solutions
at all mesh points in the flow region was obtained rapidly.
Unfortunately. the use of the absolute point convergence test
in this way resulted in a decrease in the accuracy of the

solutions.

A
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5-3. Vorticity distributins around two spheres.

The numerical solutions of the Navier-Stokes equations
were expressed in terms of the stream function and vorticity
distributions over the whole flow region. For each sphere
spacing, the tabulated results of the stream function and
vorticity distributions at each Reynolds number were interpolated
and the streamlines and vorticity contours plotted around the
spheres. Using these plots, the fluid dynamics as well as the
variation of the flow patterns with Reynolds number and sphere
spacing were studied qualitatively. The vorticity distributions
around the spheres are discussed in this section and the stream

function distributions in the next section(5-4).

The vorticity distributions around two equally sized spheres
at five sphere spacings: 2s = 0.20, 1.32, 2.07, 2.48, and 3.09,
obtained using a mesh spacing of |Zs/10| in Z and a mesh spacing
of 6° in n, are shown in Figures(5-3-1]) to (5-3-19) for a wide
range of Reynolds numbers. In each figure, five vorticity
contours with values of c* of 0, 0.1, 0.5, 1.0, and 2.0, are
plotted around the spheres. It is important to note that the

axes of symmetry are coincident with the zero vorticity contour.

For the largest sphere spacing considered in this study:
Zs = 3.09, L/R = 22.022, the vorticity distributioné around the
spheres are shown in Figures(5-3-1) to (5-3-3) for some selected
Réynolds numbers ranging from 0.001 to 150. At low Reynolds
numbers of 0.001 to 0.1, the vorticity contours change very
little and are symmetrical about a plane through the mid-point
of the line of centres normal to the direction of flow. This

shows that the effect of convection upon the diffusion of
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vorticity from the spheres is almost negliéible at these low
Reynolds numbers. However, when the Reynolds numbers reaches
unity, the vorticities around both spheres begin to be convected
more rapidly towards the rear than they diffuse forwards from
the surfaces of the spheres. As the Reynolds number is further
increased, the vorticity contours upstream of each sphere are
confined to an increasingly narrower region and at high Reynolds
numbers a fluid dynamic boundary layer is developed over the
upstream surface of each sphere. At the same time the vorticity
contours downstream of each sphere extend rapidly rearwards.
These results indicate that when the Reynolds number is greater
than unity, the effect of convection upon the diffusion of
vorticity from the spheres is significant and increases = with

o RavunnlAc niymhayv
g Jeyno 4L number

Al aon
o PB4 - Ao EQ

, the larger extens
vorticity contours rearwards from sphere A than from sphere B
indicates that the effect of convection upon the diffusion of
vorticity from sphere A is larger than upon that from sphere B.
As a result, the difference between the vorticity distributions
around the two spheres increases with increasing Reynolds number,
and the onset of flow separation from the rear surface of each
sphere occurs at a different Reynolds number. For sphere A, a
flow separation is observed at a Reynolds number of 20, while

for sphere B it is not observed until the Reynolds number is 50,
A detailed discussion of flow separation is given in section(5-
5). It is important to note that as the outer boundary of the
flow region is thirty-three diameters upstream from the front‘
stagnation point of sphere A and is the same distance

downstream from the rear stagnation point of sphere B, the effect

6f the location. of the outer boundary upon the vorticity



102

distributions near the surfaces of the spheres is likely to be

small.

The vorticity distributions around the two spheres have
common features in that the most intensive vorticities are
always generated at the upstream surfaces of each sphere and
that these vorticities are subsequently convected rearwards
and persist at large distances downstream from the surfaces of
the spheres. However, the continuous process of convection of
vorticity downstream from the surface of sphere A eventually
results in an interaction of the vorticities from sphere A with
the vorticities diffused upstream from the surface of sphere B.
This interaction is illustrated at a Reynolds number of 30 in
Figure(5-3-2) by the vorticity contéur C* = 0.1. Instead of
separate contours existing around each sphere, the contour
generated around sphere A extends downstream and meets that
diffusing upstream from sphere B so that the two contours
become combined together in the region between the spheres. For
the present axisymmetrical flow, the vorticity, which is defined
as the differential circulation per unit area enclosed in the
fluid, is also the angular velocity of the fluid around a
direction normal to the plane of flow, so that when vorticity
diffusing and convecting dowﬁstream from sphere A interacts
with vorticity diffusing upstream from sphere B the vorticity
contours change their positions in the region where the
vorticities interact. Furthermore, the distributions of vorticity
around the spheres, especially in the region between the spheres,
are quite different from those around a single isolated sphere
at the same Reynolds number. This indicates the existence of

-particle-to-particle interaction between the spheres.
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For the sphere spacings: Zs = 2.48, L/R = 12.025; and A
Zs = 2,07, L/R = 8.0510, the vorticity distributions around
the spheres are shown in Figures(5-3-4) to (5-3-7) for some
Reynolds numbers ranging from 0.001 to 200, and in Figures(
5-3-8) to (5-3-10) for soﬁe selected Reynolds numbers ranging
from 0.001 to 180, respectively. For each sphere spacing, the
variation of the distributions of vorticity around the spheres
with Reynolds number is similar to that for the largest sphere
spacing 2s = 3,09. However, because of the smaller distance
between the spheres, the interaction betweeﬁ the vorticity
diffusing and convecting downstream from the surface of sphere
A and the vorticity diffusing upstream ffom the surface of sphere

B becomes apparent at a lower Reynolds number than that for the

and (5-3-9) which show that as the spheres become closer
together the two separate contours with a vorticity of 0.1

merge into a combined contour at progressively lower Reynolds
numbers, also the distributions of vorticity around the spheres
become increasingly unlike those aiound a single isolated sphere.
Based on these observations, it is clear that the extent of |
particle-to-particle interaction between the spheres increases

when the spacing between the spheres decreases.

On decreasing the sphere spacing further to 2s = 1.32,
L/R = 4,0106, the vorticity distributions around the spheres,
given in Figures(5-3f11) to (5-3-14) for some selected Reynolds
numbers ranging from 0,001 to 300, become more complicated,
particularly in the region between the spheres. The contours

*
z = 0.1 become a combined contour joining the two spheres at
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a Reynolds number as low as 0.00l1. This is because the distance
between the spheres is so small that the vorticities diffusing
downstream from the rear surface of sphere A and upstream from
the front surface of sphere B interact in the small region
between the spheres even at very low Reynolds number. Despite
this, the vorticity distributions around the spheres remain
almost unchanged as the Reynolds number is increased from 0.00l1
to O0.l. Also, the vorticity distributions remain symmetrical
about a plane pass through the mid-point of the line of centres
and normal to the direction of flow. Thus, at low Reynolds
numbers the effect of forced convection upon the diffusion of

vorticity from the surfaces of the spheres is negligible.

For Reynolds numbers greater than unity, the vorticity
around each sphere is convected more rapidly rearwards than it
diffuses forwards from the surface of the sphere. This pattern
of behaviour is similar to that for larger sphere spacings.
Similarly, the vorticity contours in the region upstream of
sphere A are confined to an increasingly smaller region and at
high Reynolds numbers a fluid dynamic boundary layér is formed
for sphere A. On the other hand, because of the very small
distance between the spheres and the strong interaction of
vorticities in the region between the spheres, a fluid dynamic
boundary layer does not become fully developed at the upstream
surface of sphere B even at high Reynolds numbers. Another
feature of the vorticity distributions for this sphere spacing
is that when the Reynolds number is greater than 30, there are
two zero vorticity contours in the region between the spheres:
one originating from the rear surface of sphere A and the other

from the front surface of sphere B. In addition, when the
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Reynolds number reaches 100,.a third zero vorticity contour
originating from the rear surface of sphere B appears.Points

of flow separation are characterized by the intersection of a
solid surface with a zero vorticity contour. The appearance of
flow separation from the front surface of sphere B may be a
result of the closeness of the spheres in that more and more
vorticity is convected downstream from sphere A to the vicinity
of the front surface of sphere B. Eventually, a backward flow
is induced near the upstream surface of sphere B resulting in
the establishment of a standing eddy or vortex in the region

between the spheres.

For the smallest sphere spacing considered in this study:
Zs = 0.20, L/R = 2.0402, the vorticity distributions around the
two nearly touching spheres for Reynolds numbers ranging frqm
0.001 to 500 are shown in Figures(5-3-15) to (5-3-19). The
o paﬁtern of the variation of the vorticify distribution with
Reynolds number is similar to that for the sphere spacing Zs =
1l.32, However, there are some observable differences between
the distributions of vorticity for these two smallest sphere
spacings. The two zero vorticity contours in the region between
the spheres, which appear at a Reynolds number of oo T
50 fbr sphere spacing. Zs = 1.32, become one combined contour
joining the two spheres at Reynolds numbers as low as 0.00l for
the smallest sphere spacing Zs = 0.20. This indicates that flow
separation from the front surface of sphere ﬁ occurs at about
the same Reynolds number as that at which flow separation |
appears at the rear of sphere A. Also, for this closest sphere

spacing, the merging of two separate vorticity contours with

the same magnitude of vorticity into a combined contour joining
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Zs = 3,09 , Re = 1,0

Zs = 3,09 , Re = 0.1

Zs = 3.09 , Re = 0,01

Zs = 3,09 , e = 0,001

Raso00]

Figure (5-3-1) . Vorticity distributions around two spheres with 2s

3.09.
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Figure(5-3-2), Vorticity distributions around two spheres with 2s = 3,09,
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75 = 3.09 , Do = 150,0

Z& = 5.09 , Re = 100,0 ' A

Figure (5-3-3). Vorticity distributions around two spheres with Zs

L o J

\

3.09.
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ZB = 2.48 ’ RG = 5.0

faso.001

Figure (5-3-4). Vorticity distributions around two spheres with Zs = 2.48,
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- Zs ='2,48°, Re = 20,0

Zs = 2,48 , Re = 15,0




111

Zs = 2,48 , Re = 70,0

%8 = 2,48 , Re = 50,0

Figure (5-3-6). Vorticity distributions zround two spheres with 2s = 2,48,
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78 = 2,48 , Re = 200,0

—

Zs = 2,48 , Re = 150.0

- Z8 = 2,48 , Re = 100,0

Figure (5~3~7). Vorticity distributions around two spheres with Zs = 2.48.



113

Zs :2.07 ’ Re=50o .

ZS = 2.07 » Re = 1.0

e

Zs = 207 5 Re = 0.1

| Figure(5-3-8). Vorticity distributions around two spheres
' with 2s = 2,07, ‘
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Zs = 2.07 , Re = 25.0

Figure(5-3-9). Vorticity distributions around two spheres
with -Z2s = 2,07,
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28 = 2,067 , Re = 180,0

78 = 2.07 , Re = 150.0

Figure (5-3-10). Vorticity distributions around two sphéres :
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fe=0.001

- Figure (5-3-11). Vorticity distributions around two spheres
with Zs = 1,32.
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28 = 1,32 , Re = 15.0

78 = 1.32 , Re = 10,0

Zs = 1,32 , Be = 5.0

ZS = 1.32 ] Re = 2.5

Figure (5-3-12). Vorticity distributions around two spheres
with Zs = 10320
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Figure (5-3-13). Vorticity distributions around two spheres
with 2s = 1.32. '
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'Zs = 1.32 , Re = 300.0

Zs = 1,32 , Re = 250.0

e

Zs'= 1,32 ,"Re = 200,0

25 = 1,32 , Re = 150.0

Figure (5-3-14). Vorticity distributions around two spheres
with Z2s = 1,32,
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Zs

0.20

Figure(5-3-15). Vorticity distributions around two spheres
’ with Zs = 0.20.
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Zs = 0020 » Re = 20.0 .

Zs = 0,20 , Re = 10.0

Zs = 0,20 , Re = 5.0

Figure(5-3-16). Vorticity distributions around two spheres
"with 2s = 0,20,
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Zs = 0,20 , Re = 100,0

faz30.0

- Figure(5-3-17). Vorticity distributions around two spheres
with Zs = 0.20.
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73 = 0,20 , Re = 250,0

Figure(5-3-18). Vorticity distributions around two spheres
with Zs = 0.20,
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Zs = 0,20 , Re = 500.0

N
Figure (5-3-19). Vorticity distributions around two spheres
with 2s = 0,20.

o
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the spheres occurs at very low Reynolds numbers in comparison
with the larger sphere spacings. For instance, for this smallest
sphere spacing the formation of combined contours with large
Qorticities of 0.50 and 1.0 takes place at Reynolds numbers of
10 and 100, respectively; while for the sphere spacing 2s = 1.32
these combined contours are formed at Reynolds numbers of 50

and 250, respectively. As a result of this strong interaction

of vorticity in the region between the spheres, the distributions
of vorticity around the two nearly touching spheres become very
complicated and quite different from those around a single
isolated sphere. This indicatgs the existence -of very strong
particle-to-particle interaction between the spheres.

From the above discussion t the
disfributions of vorticity around a system of two equally sized
spheres with fluid flowing parallel to their line of centres
are dependent on the Reynolds number and the sphere spacing. A
brief summary of the behaviour can be summarized as follows.
For each sphere spacing, the vorticity distributions at low
Reynolds numbers of 0.001 to 0.1 are symmetrical about a plane
through the mid-point of the line of centres normal to the
direction of flow, and the diffusion of vorticity from the
spheres is predominant. At higher_Reynolds numbers, the
vorticity is convected more rapidly rearwards than it diffuses
forwards. Hence, the effect of convection upon thé transport
of vorticity becomes significant and increases in importance )
with increasing Reynolds number, however, it is always stronger
for sphere A than for sphere B. As a result, at high Reynolds

numbers a fluid dynamic .boundary layer is developed at the

upstream surface of each sphere, however, the development of
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a boundary layer at the upstream surface of sphere B becomes

less obvious as the sphere spacing is decreased.

Another feature of the distributions of vorticity is the
interaction of the vorticities diffusing and convecting
downstream from sphere A and those diffusing upstream from
sphere B in the region between the spheres. The interaction of
vorticity becomes apparent at a lower Reynolds number when the
distance between the spheres is decreasgd. As a result, for
each sphere spacing considered in this study the distributions.
of vorticity around the two spheres are always at least slightly
different from those around a single isolated sphere; the
difference becomes larger when the sphere spacing decreases.
This indicates the existence of a particle-to-particle
interaction between thé spheres and the extent of interparticle

interaction increases with decreasing sphere spacing.
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5-4, Stream function distributions around two spheres.

The distributions of the stream function around two
spheres at five different sphere spacings: Z2s = 0.20, 1l.32,
2,07, 2.48, and 3.09, are shown in Figures(5-4-1) to (5-4-13)
for a wide range of Reynolds numbers. In each figure, five
streamlines with values of w* of 0, 0.1, 1.0, 2.0, and 4.0, are
plotted around the spheres. It is important to note that the
axis of symmetry 6 = O in the region upstream of.sphere A, the
surface of sphere A, the axis of symmetry 6 = m in the region
between the spheres, the surface of sphere B, and the axis of
symmetry 6 = O in the region downstream of sphere B, are all
coincident with the streamline with zero stream function. In
these plots, a qualitative picture of the flow patﬁern around

the spheres is presented.

For the three largest sphere spacings: Zs = 3,09, 2.48,
and 2.07, thé distributions of the stream function around the
spheres for some selected Reynolds numbers are shown in Figures(
5-4-1) to (5-4-2), Figures(5-4-3) to (5-4-5), and Figures (5-4-6)
to (5-4-7), respectively. In the following discussion, it is
useful and convenient to divide the region between the spheres
iﬁto two regions: an inner region and an outer region. The
region bounded by the rear surface of sphere A, the front surface
of sphere ﬁ, and the surface of a cylinder obtained by the
rotation of a straight line which is parallel to the line of
centres between the spheres and is one sphere radius from it,
is referred to as thé inner region between the spheres; while-
all the other part of the region downstream of sphere A and
upstream of sphere B is referred to as the oufer region between

the spheres. For each of the three largest sphere spacings, the
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‘streamlines are approXimately parallel to the axis of symmetry

8 = 0. The presence of sphere A forces the streamlines to change
their direction as the fluid flows around it.In the region
downstream of sphere A but upstream of sphere B, the streamline
w* = 0.1 moves into the inner region between the spheres and
close to the line of centres, whereas the streamlines with
larger values of stream function stay in the outer region between
the spheres and are almost parallel to one another. Similarly,
the streamlines change their direction once again when the

fluid flows around sphere B and eventually become approximately
parallel to the axis of symmetry 6 = O in the region well
downstream of the sphere. It is obvious from the figures that
the distributions of the stream function around the spheres

at low Revnolds numbers in the range of 0.001 to 1.0 do not
change much as the Reynolds number is increased and that the
distributions are almost symmetrical about a plane through the
mid-point of the line of centres of the spheres and normal to

the direction of flow.

For Reynolds numbers greater than 1.0, the distributions
of the stream function around the spheres become asymmetrical
about a plane through the mid-point of the line of centres
normal to the direction of flow. Upstream of each sphere the
streamlines generally move closer to the surface of each sphere
as well as closer to the axes of symmetry. With the except%on
of the streamline w* = 0.1, the streamlines downstream of each
sphere also tend to move slightly closer to the axes of symmetry.
However, when flow separation from the rear surface of each
sphere occurs, the streamlines generally move away from the

axes of symmetry. It is important to note that the onset of flow
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separation from the rear surface of sphere A always appears

at a lower Reynolds number than from the rear surface of sphere
B. The regions enclosed within the separated streamlines with
zero stream function, which are termed the wake region,
increases in extent with increasing Reynolds number. For each
of the three sphere spacings, the wake region downstream of
sphere A is always larger than the wake region downstream of

sphere B.

For the sphere spacing Zs = 1.32, the distributions of
the stream function are shown in Figures(5~-4-8) to (5-4-10) for
a wide range of Reynolds numbers from 0.001 to 300. The main
difference between the flow patterns around the spheres at
this sphere spacing and those at larger sphere spacings is
that for all Reynolds numbers, the streamline w* = 0,1 does
not move into the inner region between the spheres and does
not come close to the upstream surface of sphere B. When the
Reynolds number reaches 100, the streamline w* = 0.1 becomes
almost parallel to the streamlines with larger values of the
stream function and remains outside of the inner region between
the spheres; hence, almost the entire inner region between the
spheres is contained within the volume bounded by the streamline
with zero stream function(wake region). Flow separation from
the rear surface of sphere A first appears at a Reynolds number
of 20 and as the Reynolds number increases the separated region
‘extends downstream of the sphere towards the upstream surface
of sphere B. At a Reynolds number of 70 the streamline with
zero stream function reaches the upstream surface of sphere B
and a backward flow is induced in the inner region between the

'spheres. This development continues until at a Reynolds number
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of 100 most of the inner region between the spheres becomes a
wake region. In addition, at a Reynolds number of 100 another
wake region appears in the region downstream of sphere B,
however, it is always small compared with that in the inner

region between the spherés.

For the smallest sphere spacing considered in this study:
Zs = 0.20, the stream function distributions around the two
nearly touching spheres are shown in Figures(5-4-11) to (5=4-
13) for Reynolds numbers ranging from 0.001 to 500. With the
exception of the streamline with zero stream function, which
separates from the rear surface of sphere A and reaches the
front surface of sphere B at a Reynolds number as low as 0.001,
the distributions of the streamlines around the spheres and
their variation with Reynolds number are similar to those
obtained for the sphere spacing Zs = 1.32. Hence, a wake region
always exists in the tiny region between the spheres, and when
the Reynolds number reaches 100 it nearly occupies the whole
region. On the other hand, the separation of the streamline
with zero stream function from the rear surface of sphere B
does not appear for a Reynolds number less than 200. As the
streamline w* = 0.1 and the streamlines with larger values of
the stream function always lie outside of the inner region
between the spheres and are appro#imately parallel to each
other, it is obvious that the two nearly touching spheres
behave like a single combined object when the fluid flows around

them,

From the above discussion, it is clear that the stream

function distributions around a system of two equally sized
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Figure (5-4-6). Stream function distributions around two
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Figure (5-4-7). Stream function distributions around two -
' spheres with Zs = 2,07.
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Figure (5-4-11). Stream function distributions around two
spheres with Zs = 0.20.
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143

78 = 0,20 , Re = 500.0

'Zs = 0,20 , Re = 400.0°

Re~400.0

Zs = 0,20 , Re = 300,0

Figure (5-4-13). Stream function distributions around two
spheres with Zs = 0,20.




144

spheres are dependent on Reynolds number and on sphere spacing.
A brief summary of the behaviour is given as follows. At low
Reynolds numbers of 0.001 to 1.0, the distributions of the
stream function around the spheres for each sphere spacing are
almost symmetrical while‘at higher Reynolds numbers the
distributions of the stream function around the spheres are
asymmetrical about a pléne through the mid-point of the line of
centres normal to the direction of flow. The separation of the
streamline with zero stream function from the rear surface of
sphere A always appears at a lower Reynolds number than for
sphere B. As a result, the wake region downstream of sphere A
is always larger than that downstream of sphere B. For the two
smailest sphere spacings, because of the small distance between
the spheres, at high Reynolds numbers almost the entire inner

region between the spheres becomes a wake region.

The variation of sphere spacing has a significant effect
upon the distributions of the stream function especially on
those in the inner region between the spheres., As the sphere
spacing decreases, the most obvious change is shown by the
streamline w* = 0.1 which moves away from the line of centres
of the spheres, and becomes completely outside of the inner
region between the spheres for the two smallest sphere spacings

Zs = 1.32 and 0.20. Meanwhile, the deflection of the streamline
*x

v

downstream of sphere B becomes smaller; consequently, the

0.1 downstream of sphere A becomes larger while that

separation of the streamline with zero stream function from the
rear surface of sphere A first appears at increasingy lower
Reynolds numbers while separation from the rear surface of

- sphere B first appears at increasingly higher Reynolds numbers.
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This may be because as the two spheres come closer to each

other, they behave more and more like a combined and elongated
object when a fluid flows around them. On the other hand, the
distributions of the streamlines with large values of the stream
function change only slightly with variation in sphere spacing,
and the- streamlines remain approximately parallel to each

other outside of the inner region between the spheres. Moreover,
for each sphere spacing the distributions of the stream function
around the spheres are always at least slightly different

from those around a single isolated sphere with the same Reynolds
number, and the difference becomes larger as the sphere spacing
decreases. This indicates the existence of particle-to-particle
interaction between the spheres for all the five sphere spacings
considered in this stﬁdy, and the extent o
interaction increases with decreasing sphere spacing. The
conclusion that there is interaction between the spheres is
exactly the same as that drawn from the'distributions of
vorticity around the spheres as discussed in the previous

section (5-3).
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'5-5, Surface vorticity distributions and flow separation.

The phenomenon of flow separation occurs when the Reynolds
jrygugufficiently high. Accoring to non-slip condition, the

surface vorticity is zero at the point where the flow Separates
from the surface of a sphere or bluff body. Hence, the angle of
flow separation can be determined either by numerical
interpolation of the surface vorticities which change from
positive to negative values or by plotting the surface vorticities
against the angle n, and determining the point at which the
curve cuts the n-axis corresponding to zero surface vorticity.
However, the results obtained graphically were less accurate
than those obtained by interpolation. Hence, interpolation was
used to determine thelangles of'flow separation for the two
spheres and the results are shown in Tables(5-5-1) to (5-5-=5)
for the five sphere spacings considered in this study. For
each sphere spacing, there are two sets of results corresponding
to the two solutions obtained from the Navier-Stokes equations
using two different distributions of grid lines. In the tables,
the angles of flow separation are recorded in terms of the angle
n. For sphere A, the angles of flow separation are denoted by
Nag? while for sphere B, they are denoted by NagF and Ngsr for
flow separation from the front and rear surfaces of sphere B,
respectively. It is important to note that for sphere A, the
angle n is measured from the normal to the front stagnatioq
point while for sphere B, it is measured from the normal to

the rear stagnation point. ' -

Because of a close'relationship between the angles of

flow separation and the surface vorticity distributions, the

surface vorticities for each sphere spacing are plotted for
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the two spheres against the angle n for some selected Reynolds
numbers. The surface vorticity distributions for the five
sphere spacings obtained using a smaller mesh spacing of |Zs/20|
in 2 are shown in Figures(5-5-1) to (5-5-5); while those
obtained using a larger mesh spacing of |2s/10| in 2 are shown

in Figures(5-5-6) to (5-5-10).

For the largest sphere spacing: 2s = 3.09, the surface
vorticity distributions and their variation with Reynolds
number, as shown in Figures(5-5-1) and (5-5-6), are similar
to those for a single isolated sphere. For Reynolds numbers
greater than 30 for sphere A and for Reynolds numbers greater
than 50 for sphere B, the surface vorticities near the rear
stagnation points of the spheres become negative. This
indicates the existence of a backward flow as well as the

 occurence of flow separation from the rear surfaces of the
spheres. As the Reynolds number increases, the vorticities at
the front surface of each sphere become larger and the point
at which the surface vorticity is the most intensive move closer
to the front stagnation pbint; on the other hand, the vorticities
at the rear surface of each sphere become smaller and the point
of minimum surface vorticity moves away from the rear stagnation
poiﬁt. Another important feature of the distributions is that
as the Reynolds number increases, the vorticities at the front
surface of sphere A increase faster than those for sphere B;
while the vorticities at the rear surface of sphere A decrease
more rapidly than those for sphere B. Consequently, at Reynolds
numbers greater than 10, the vorticities at the front surface

of sphere A are larger than those at the front surface of sphere

B and the region where the surface vorticities have neqative



148

values is larger for sphere A than for sphre B.

For the sphere spacings 2s = 2.48 and 2.07, the surface
vorticity distributions for the two spheres and their variation
with Reynolds number are similar to those for the largest sphere
spacing. The main observable difference is that the surface
vorticities close to the front stagnation point of sphere B
begin to decrease instead of increasing when the Reynolds
number is greater than 100 for the sphere spaciné Zs = 2.48,
and when the Reynolds number is greater than 50 for the smaller
sphere spacing Zs = 2.07. This is a consequence of the closeness’
of the spheres in that flow separation from the rear surface
of sphere A cause the vorticities at the front surface of sphere
B to decrease. This eventually results in the development of
a very small backward flow at the upstream surface of sphere B
when the Reynolds number reaches 150. As the sphere spacing
decreases, particle-to-particle interaction becomes more
intense and the decrease in the front surface vorticities of
sphere B first occurs at lower Reynolds numbers, meanwhile,
the most intensive vorticity at the surface of sphere B move

further downstream from the front stagnation point.

When the sphere spacing is reduced to Zs = 1.32, the
surface vorticity distributions and their variation with
Reynolds number, shown in Figures(5-5-4) and (5-5-9), are
similar to those for the sphere spacing 2s = 2.07. However,
because of the smaller distance between the spheres and the
increase in'particltho—particle interaction, the surface
vorticities at the front of sphere B begin to decrease at a
Reynolds number of 30 and become negative when the Reynolds

number reaches 100, and a reverse flow is developed at the
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upstream surface of sphere B. Hence, in addition to the flow
separation from the back of each sphere, there is flow

separation from the front of sphere B,

For the smallest sphere spacing: Zs = 0.20, the surfgce
vorticity distributions for the two nearly touching spheres
have some distinctive differences from those for the sphere
spacing Zs = 1.32. The most interesting feature of the
distributions is the existence of a small region between n =
156° and n = 180° on each sphere where.the surface vorticities
are nearly zéro. These regions, which are near the rear
stagnation point of sphere A and the front stagnation point of
sphere B may be due to the existence of stagnant fluid in the
tiny inner region between the spheres. For this smallest sphere
spacing, the surface vorticity distributions from n = 0° to n =
156° are similar to those from n = 0° to n = 180° for the sphere
spacing Zs = 1.32. Also, the variation of the surface vorticity
distributions with Reynolds number is similar. For this smallest
sphere spacing, in addition to flow separation from the back of
each sphere, there is also flow separation from the front

surface of sphere B.

From this discussion, it is clear that when the spheres
are not far apart, the surface vorticity distributions for thé
two spheres and their variation with Reynolds number are not
similar to those around a single isolated sphere, except for
the surface vorticities at the front of sphere A and at the
back of sphere B. As the sphere spacing is'decreased, then at
any specified higﬁAReynolds number the vorticities at the front

surface of sphere B become smaller and the point at which the
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surface vorticity is most intense move further downstream from
the front stagnation point. A backward flow is induced at the
front surface of sphere B for the two smallest sphere spacings,

Zs = 0,20 and 1.32.

It is important to note that at high Reynolds numberé,
the vorticities over part of the front surface of sphere A for
each sphere spacing and the vorticities at the front surface
of sphere B for the'largest sphere spacing Zs = 3.09, become
independent of Reynolds number. This is mainly a result of the
inherent characteristic of the bi-spherical coordinate system
of providing unequal distances between any two neighbouring
grid lines in the Z-direction around the spheres, as has been
described in section($-2), combined with the existence of a
fluid dynamic boundarvrlaver at the_upstream surface of each’
sphere. Fdf éach sbhere, the boundary layer becomes thinner as
the Reynolds number increases; and it becomes so thin at high
Reynolds numbers that the boundary layer over part of the
upstream surface is contained within the Z-grid-line spacing
immediately next to the surface of thé sphere. As a result, the
surface vorticities which were calculated using equations(4-3-
~7) and (4-3-8) become independent of Reynolds number. As the
Reynolds number is further incréased, the vorticities become
independent of Reynolds number over a larger part of the
upstream surface of each sphere because a larger section qf
the incréasingly thinner boundary layer becomes contained within
the first Z-grid-line spacing. Another consequence of this -
development is that as the Reynolds number is increased, the
most intensive surface vorticity moves further downstream from

the front stagnation point instead of moving closer to it.
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Because the Z-grid-line spacings upstream of sphere B are
always much smaller than those upstream of sphere A, the region
where the surface vorticities become independent of Reynolds
number is much smaller for sphere B than for sphere A. On the
other hand, as the sphere spacing increases the vorticities
become independent of Reynolds number over a larger part of

the front surface of sphere A. This is because for a constant
number of mesh points, the grid-line spacing for the Z-direction
becomes coarser as the sphere spacing is increased. However,
for each sphere spacing, when a smaller mesh spacing in Z was
used, the anomalies were greatly reduced and did not occur
until higher Reynolds numbers were attained(see Figures(5=5-1)

to (5-5-=5)).

The separation of flow from the surfaces of the two
spheres is closely associated with the existence of regions
where the surface vorticities have negative values. It is thus
clear from the surface vorticity distributions that for each
sphere spacing and at sufficiently high Reynolds number, there
is always flow separation from the back of each sphere, and for
the two smallest sphere.spacings Zs = 0.20 and 1.32 there is
also flow separation from the front of sphere B. As the regions
where the surface vorticities are negative increase in extent
with increasing Reynolds number, the angles of flow separation
measured from the rear stagnation point of each sphere togéther
with the angles of flow separation measured from the front
stagnation point of sphere B also become larger with increasing

Reynolds number as éhown in Tables (5-5-1) to (5-5-5). It is

important to note that for each.5pecified sphere spacing and
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Reynolds number, the angle of flow separation measured from
the rear stagnation point of sphere A is larger than that
measured from the rear stagnation point of sphere B. Also, for
the two smallest sphere spacing the angle of flow separation
measured from the rear stagnation point of sphere A is always
larger than that measured from the front stagnation point of
sphere B. Moreover, the pattern of the variation of angles of
flow separation with Reynolds number remains K nearly the same

when' the mesh spacing in Z changes from |Zs/10| to |2Zs/20].

The size‘of sphere spacing has a noticeable effect upon
the angles of flow separation. As the sphere spacing decreases,
the angle of flow separation measured from the rear stagnation
point of sphere A becomes larger while that measured from the
rear stagnation point of sphere B becomes smaller. This is
because when the two spheres approch each other they behave
more and more like a combined and elongated object as discussed
in the previous section. For small sphere spacings, the angles
of flow separatioQ from the back of sphere A are larger while
those from the back of sphere B are smaller than the angles of
flow separation from the back of a single isolated sphere
obtained by Al-Taha(1969). However, as the sphere spacing
increases, the angles of flow separation from the back of each
sphere -become closer to those of a single isolated sphere. The
angles of flow separation measured from the front stagnatign
point of sphere B become smaller with increasing sphere spacing.
and eventually there is no flow separation from the front of -

sphere B.
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5-6. Surface pressure distributions.

The pressures along the éurfaces of the two spheres are
expressed in terms of the dimensionless pressure coefficients
which are defined by equation(B-3-8). The dimensionless
surface pressure distributions for sphere A were calculatea
using equation(4-5-1) and (4-5-3); while those for sphere B
were calculated using equations(4-5-2) and (4-5-4). Detailed
derivations of the equations are given in Appendix B. For each
sphere spacing, the resultant surface pressures are plotted
against the angle n for seven selected Reynolds numbers of 1,
2.5, 5, 10, 25, 50, and 100. For the five sphere spacings
considered in this study, the surface pressure distributions
obtained'for the two spheres using a mesh spacing of |2s/20]|
in Z are shown in Figures(5-6-1) to (5-6-5); while those
obtained using a larger mesh spacing of |%s/10| in Z are shown

in Figures(5-6-6) to (5-6-10).

For the three largest sphere spacings: Zs = 3.09, 2.48,
and 2,07, the préssure distributions at the surfaces of the
spheres are geﬁerally similar to those at the surface of a
single isolated sphere. For Reynoids numbers up to 5.0, the
pressures at the surface of each sphere decrease continuously
from maximum values at the front stagnation point to minimum
values at the rear stagnation point. This pattern becomes
different for higher Reynolds numbers as the region of minimum
surface pressure moves away from the rear stagnation point. As
a result, the surfacé pressures for each sphere decrease froml
maximum values at the front stagnation point to minimum values

and then increase slowly until the rear stagnation point is



164

reached. From the figures it can be seen that as the Reynolds
number increases, the dimensionless pressure coefficients at
the front surface of each sphere become smaller while those

at the rear surface of each sphere become larger.

For the two smallest sphere spacings considered in this
study : 2s = 1.32 and 0.20, the pressure distributions at the
front surface of sphere A and at the rear surface of sphere B
are generally similar to those for the three largest sphere
spacings, however, the pressures at thé rear surface of sphere
A and at the front surface of sphere B are affected by the
closeness of the spheres. For the sphere spacing 2s = 1.32,
the surface pressures for sphere A always decrease from maximum
values at the front stagnation point to minimum values and then
increase slowly until the rear stagnation point is reached.

For sphere B, the surface pressures increase slowly from the
front stagnation point to maximum values at the front surface
of the sphere and then decrease continuously to minimum values
at the rear stagnation point. Hence, the surface preésure
distributions show that for this sphere spacing and at 1ow
Reynolds numbers, the minimum surface pressures of sphere A are
not at the rear stagnation point of the sphere and the maximum
surface pressures of sphere B are not at the front stagnation
point of the sphere. For ﬁhe smallest sphere spacing Zs = 0.20,
the surface pressure distributions for the spﬁeres are simjlar
to those for the sphere spacing Zs = 1.32 except near to the
rear stagnation point of sphere A and near to the front
stagnation point of sphere B where the Surface pressures become
independent of position. The regions of constant surface

pressure may be a result of the existence of stagnant fluid in
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the inner region between the spheres. The variation of surface
pressures with Reynolds number for these|two smallest sphere
spacings is similar to those for the larger sphere spacings

in that as the Reynolds number increases the dimensionless
pressure coefficients at the front surface of each sphere become
smaller while those at the rear surface of each sphere become

larger.

From the above discussion, it is clear that the closeness
of the spheres affects the pressure distributions at the rear
surface of sphere A and at the front surface of sphere B. As
the sphere spacing decreases, the dimensionless pressure

coefficients at the rear surface of sphere A become larger

that the surface pressure distributions for the two spheres
become further away from those for a single isolated sphere.
On the other hand, the pressure distributions at the front
surface of sphere A and at the rear surface of sphere B do not
change much when the sphere spacing decreases from Zs = 3.09

to Zs = 0,20,

It is important to note that in comparison with the
behaviour at smaller Reynold; numbers, the surface pressures
over sphere A decrease very rapidly from the front stagnation
and affect the pressure distributions at the rear surface of
the sphere. The absolutervalues of the negative dimensionless
pressure coefficients at the rear surface of sphere A are larger
at Reynolds numbers of 50 and 100 than at a Reynolds number of

25, This dependence of the downstream surface pressure

coefficients on the Reynolds number appear to be abnormal,
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This may be a result of the combined effect of the large
Z-grid-line spacings adjacent to the upstream surface of sphere
A and the existence of a thin fluid dynamic boundary layer.

The boundary layer becomes sufficiently thin at high Reynolds
numbers of 50 and 100 that the boundary layer over part of the
upstream surface of sphere A is contained within the large
Z-grid-line spacing immediately next to the surface of sphere A.
As a result, the dimensionless pressure coefficients at the
upstream surface of sphere A obtained from the vorticity
distributions in that region are too small. This fact thus
contributes to the anomalous pressure distributions calculated
for the downstream surface of sphere A because the surface
pressures calculated for the downstream surface of sphere A

are dependent on' the accuracy of the surface pressures

calculated for the upstream surface of the sphere. Fortunately,
this anomaly becomes less acute when either the sphere spacing

or the mesh spacing in 2 is made smaller.
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5-7. Drag coefficients.

When a viscous fluid flow around a solid sphere , a drag
force is produced in the direction of flow which tends to
resist the motion of the sphere in the fluid. The total drag,
DT’ on the submerged sphere is the sum of the frictional drag,
DF, which is a result of the shear stresses acting on the
sphere and is thus dependent upon the extent and character
of the boundary layer; and the pressure drag, Dp, which arises
from the pressure variation over the surface and is thus
dependent upon the shape of the immersed object and on flow
separation. The frictional drag on the sphere is obtained by
integration of all the shear forces on the sphere which are
tangential to the surface, while thé pressure drag is obtained
from the integration of the pressures on the sphere. The drag
forces exerted on the sphere are expressed in terms of drag
coefficients which are obtained from the division of the drag
forces by %pUZA, where A is the cross-sectional area of the

sphere. Hence, the total drag coefficient, C is the sum of

DT’

the frictional drag coefficient,CDF, and the pressure drag

coefficient, CDP‘

Similarly, for a Newtonian fluid flowing around a system '
of two equally sized spheres parallel to their line of centres,
the resistance to the motion of the spheres or the drag forces
exerted upon the spheres are algo expressed in terms of drag
coefficients. For sphere A, the frictional drag coefficient, ]

CDFA' the pressure drag coefficient, C and the total drag

DPA’

coefficient, CDTA’ were calculated using equations(4-5-5) to

(4-5-7) , respectively; while for sphere B, the frictional drag
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coefficient, CDFB' the pressure drag coefficient, CDPB’ and
the total drag coefficient, CDTB' were calculated using
equations (4-5-8) to (4-5-10), respectively . Detailed
descriptions of the derivations of these equations are given

in Appendix B,

For each sphere spacing, there are two sets of results
corresponding to the two solutions obtained from the Navier-
Stokes equations using two different mesh séacings in Z. For
the five sphere spacings: Zs = 3,09, 2.48, 2.07, 1.32, and 0.20,
the total drag coefficients, the frictional drag coefficients,
and the pressure drag coefficients of the two spheres are
plotted against Reynolds number as shown in Figures(5-7-1) to~
(5-7-10); and the numerical results are inen in Tables (5-7-1)
to (5-7-10) (Appendix E). The results obtained using a mesh
spacing of |2Zs/20| in Z are shown in Figures(5-7-1) to (5-7-5)
and in Tables(5-7-1) to (5-7-5); while those obtained using a
larger mesh spacing of |2s/10| in 2 are shown in Figures (5-7-6)

to (5-7-10) and in Tables(5-7-6) to (5-7-10).

For each sphere spacing, except thése at high Reynolds
numbers, the frictional drag doefficients, the pressure drag
coefficients, and the total‘drag coefficients of the two spheres
decrease nearly linearly with increasing Reynolds number on
logarithmic plots, and the frictional drag coefficients are
always larger than the pressure drag coefficients. It is
important to note that flow separation from the surfaces of
the spheres results in the pressure drag coefficients being
larger than the frictional drag coefficients. Hence, at high

Reynolds numbers the pressure drag coefficients are larger
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than the frictional drag coefficienfs except for sphere B for
the smallest sphere spacing Z2s = 0.20 where the pfessure drag
coefficients are always smaller than the frictional drag
coefficients. The range of Reynolds numbers over which the drag
coefficients decrease nearly linearly with the Reynolds number
is smaller for sphere A than for sphere B. This may be because
for each sphere spacing, the flow separation from the back of
sphere A is always larger than that from the back of sphere B.
It is important to note that for each sphere spacing, the
pattern of the variation of the drag coefficients with Reynolds
number remains similar when fhe mesh spacing in Z changdes from

|zs/20| to |zs/10].

Except at high Reynolds numbers, the total drag
coefficients of sphere A for each sphere spacing are smaller
than those of a single isolated sphere obtained by Al-Taha(
1969). Also, except at high Reynolds numbers for the largest
sphere spacing Zs = 3.09 the total drag coefficients of sphere
B are always smaller than those of a single isolated sphere
obtained by Al-Ta;a(l969). It is clear from Figures(5-7-1) to
(5-7-10) that for each sphere spacing, the agreement of the
preéent results with those of a single isolated sphere obtained
by Al-Taha(1969) is better for sphere A than for sphere B; on
the other hand, the agreements of the present results of the

two spheres with those of a single isolated sphere are better

for large sphere spacings than for small sphere spacings.
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CHAPTER 6.

DISCUSSION OF SOLUTIONS OF THE DIFFUSION EQUATION.

6-1. Introduction.

In the present two-sphere forced convective mass transfer
problem, numerical solutions of the diffussion equation were
obtained separately after the corresponding numerical solutions
of the Navier-Stokes equations had been obtgined. For each
sphere spacing, the solution of the diffusion equation over a
flow region required the stream function distribution in the
flow region at a specified Reynolds number. The computer
programme, Program 2, used for the solution of the diffusion
equation was arranged is such a way that for each sphere spacing
and Reynolds number the concentration distributions in the flow

region could be generated for a wide range of Peclet numbers.

The distance between the spheres, which is gowverned by
the sphere spacing parameter Zs, is an important factor in the
study of the particle-to-particle intéraction between the
spheres in the two-sphere mass transfer problem. Five sphere
spacings: Zs = 0.20, 1.32, 2.07, 2.48,.aﬁd 3.09, corresponding
to two egually sized spheres nearly touching, being one, three,
five, and ten diameters apart, respectively, were considered
in this study. For each sphere spacing, four Reynolds numbers
of 0.001, 1.0, 10.0, and 100.0, were selectgd in order to
study the fluid dynamic effect upon the rates of mass transfer
from the spheres. For each sphere spacing and Reynolds number,
the diffusion equation was then solved for concentration
distributions for a wide range of Peclet numbers from 0.001 to

as high as 500. From the resultant concentrations, the
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concentration contours around the spheres were interpolated
and plotted by the computer line-printer, and the local and
overall rates of mass transfer from the spheres were also

calculated.

The study of the present two-sphere mass transfer problem
is divided into four sections. The factors affecting the
accuracy of the numerical solutions of the diffusion equation
are analyzed in section(6-2). The gqualitative study of the
concentration profiles around the spheres is given in section(
6-3), while the quantitative studies of the local and overall
rates of mass transfer from the spheres are presented in
sections (6-4) and (6-5), respectively. In the last three
sections, the variations of the concentration distributions
around the spheres, the local and overall rates of mass transfer
from the spheres, with three parameters: sphere spacing,
Reynolds number, and Peclet number, are considered in detail.
Because of the similarity between the forms of the diffusion
equation and the vorticity transport equation, the methods of
solution and the arrangements of the computer programmes for
solving the diffusion equation were generally similar to those
for solving the Navier-Stokes equations, and the resultant
distributions of concentration and vorticity around the spheres

were also similar in character.
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6-2. Analysis of the factors affecting the numerical solutions.

The factors affecting the accuracy of the numerical
solutions of the diffusion equation, such as the coordinate
system used, the distributions of grid lines in the flow region,
the methods of solution, and the choice of convergence
criterion, etc, were similar to the factors affecting the
accuracy of the numerical solutions of the Navier-Stokes
equations. An understanding of these factors and the influences
and limitations which they imposed upon the accuracy of the

numerical results of the diffusion equation is necessary.

‘Bi-spherical coordinates were used in the present study
because of the ease with which they can be used to describe
the locations of the two spheres and the associated boundary
conditions of the Navier-Stokes and diffusion equations. It is
important to note that the flow region and the distributions
of grid lines in the flow region for which the solutions of
the diffusion equation were obtained were exactly the same as
those with which the solutions of the Navier-Stokes equations
were obtained. For each sphere spacing, two distributions of
grid lines in the flow region were used. In these two
distributions, the grid lines for the Z-direction were
distributed according to two different mesh spacings of |Zs/10]
and |Zs/20| in Z, while those for the 8-direction were
distributed according to a constant increment of 6° in the
angle n; hence, the numbers of mesh points in each flow region
were 21x31 and 41x31, respectively. The outer boundary of thé
flow region, which has its centre at the mid-point of the line
of centres of the spheres, was chosen to have a radius of 7.0

times the distance between the centres of the spheres for the
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smallest sphere spacing 2s = 0.20, and a radius of 3.5 times
the distance between the centres of the spheres for the four

larger sphere spacings considered.

The reason for using two different distributions of grid
lines in the flow region at each sphere spacing, arose because
as has been described in section(5-2), of the inherent
characteristic of the bi~spherical coordinate system of
providing unequal distance between any two neighbouring grid
lines in the 2-direction around the spheres. The large 2Z~grid-
line spacings around the upstream surface of sphere A created
some difficulties in the calculation of the correct local
Sherwood numbers in that region and subsequently affected the
accuracy of the overall Sherwood numbers obtained for sphere A
at high Peclet numbers. This was because at high Peclet numbers
the thickness of the diffusional boundary layer in the region
upstream of sphere A was very small compared with the large
Z~grid-line spacings. The limitations imposed by the
availability of computer memory storages upon the solutions of
the Navier-Stokes equations, restricted the flexibility of
altering the mesh spacing in 2 in order to improve the numerical
solutions of the diffusion equation at the upstream surface

of sphere A.

Because of its rapid rate of convergence and simplicity
of use, the extrapolated Gauss-Seidel method was used to obtain
solutions of the diffusion equation. Although over—relaxatiOn»
of the solutions was found to give a faster rate of convergence,
at high Peclet numbers numerical solutions of the diffusion
equation were difficult to obtain and it was necessary to adopt

a scheme of under-relaxation. The relaxation factor, which was
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supplied by trial-and-error, was decreased with increasing
Peclet number. The convergence criterion for the dimensionless

4, and an absolute point-

concentration was specified to be 10~
convergence test was used. With this method, convergence of

the solutions at all mesh points in the flow region was obtained.

In order to understand the influence of the convergence
criterion for the dimensionless concentration on the numerical
solutions of the diffusion equation, solutions were obtained
for the limiting case of zero Peclet number for two different -
magnitudes of the convergence criterion: 10_4 and 10-6.
Similarly, in order to understand the influence of the
distribution of grid lines in the f;ow region on the numerical
solutions of the diffusion equation, for each specified sphere:.:
spacing solutions were 6btained for the limiting case of zero
Peclet number for three different distributions of mesh points:
21x31, 41x31, and 41x61l. In each case, the stream function was
set to zero throughout the flow region. The overall Sherwood
numbers obtained from these solutions are presented in Table(
6-2-1) for each of the five sphere spacings considered in this
work. It can be seen from the table that, as predicted by
Cornish(1965), all the values of the overall Sherwood numbers
are less than the limiting value of 2.0 obtained from a single
isolated sphere with molecular diffusion alone to an infinite
medium. For each sphere spacing and value of the convergence
criterion for the dimensionless concentration, the overall
Sherwood numbers increase slightly when the distribution of
mesh points changes from 21x31 to 41x31l; however, they become
smaller when the distribution of mesh points is further changed

" from 41x31 to 41x61l. It is interesting to note that the
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Table(6-2-1). The effects of the variations of convergence criterion

and distribution of grid lines upon the overall

Sherwood numbers of the spheres at zero Peclet number. -

Zs. EC* The distributions of mesh points. $R0=r/d
21x31 41x31 41x61
Sh,q Shpq Shpo Shgg ShAO Shpqg
0.20 10-4 1.59584 1.59109(1.60807 1.59280)1.58067 1.57592 14.0
lO_6 1.57808 1.57804|1.58704 1.58690(1.56881 1.56875| 14.0
1.32 :LO_4 1.84224 1.83902|1.85567 1.85092]1.82892 1.82216 7.0
lO_6 1.82715 1.82711|1.83198 1.83194|1.81441 1.81434 7.0
2,07 1074 1.92461 1.92211{1.93429 1.92979|1.91659 1.91097 7.0
10—6 1.90781 1.90778[1.90950 1.90945(1.89999 1.89993 7.0
2.18 10-4 1.9377¢ 1,9553511.26C21 1.855G6511.55160 1.54622 7.0
lO—6 1.93828 1.93826(1.93281 1.93277|1.93310 1.93304 7.0
3.09 :LO—4 1.98106 1.97857|1.99244 1.987811,98232 1.97698 7.0
107° 1.95427 1.95424{1.95967 1.9596211.,95915 1.95909 7.0

Table (6-2-2). Comparison of numerical overall Sherwood numbers for

the limiting case of zero Peclet number with theoretical

values.

Theoretical values|Numerical results |[Present results .

*

Zs. (Cornish). (Aminzadeh et al)| Az=|2zs/20]|,an=3° | ®c

Shpg  Shpg Shaq Shpgg

0.20 1.3920 1.39239 1.39231 | 1.44563 1.44555 | 10~°
1.00 1.5232 1.54658 1.54653 | 1.56287 1.56280 | 10~ °
2.10 . 1.7852 1.80739 1.80693 | 1.80723 1.80662 | 10~°
3.00 1.9056 1.92645 1.92597 | 1.91962 1.91907 | 1075
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limiting overall Sherwood numbers for the spheres obtained
using the distributions of mesh. points of 21x31 and 41x61 are
close to each other even though the mesh spacings for the 2Z-
and 0-directions have been each reduced by half. On the other
hand, for each sphere spacing and distribution of mesh points,
the limiting overall Sherwood numbers for the spheres decrease
by less than 2% when the convergence criterion for the

4 to 1076

dimensionless concentration decrease from lo— , and
the small improvement in the results was obtained at a great
expense in computing time. Hence, it can be concluded that the
use of a value of lO—4 for the convergence criterion for the
dimensionless concentration and the use of the distributions
of mesh points of 21x31 and 41x31 in the present work were

et el et b
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Aminzadeh, Al-Taha, Cornish, Kolansky, and Pfeffer(1974)
computed the overall Sherwood numbers for the limiting case of
zero Peclet number for four sphere spacings of Zs = 0.20, 1.00,

2.10, and 3.00, by using a large value for the outer boundary,
*

)
equal to zero. In order to compare the effect on the solutions

%*
r/d = 40, and by setting the velocity components v, and V

of the diffusion equation of distributing the grid lines fof

the 6-direction according to a constant increment in the angle
n, with the effect of distributing the grid lines for the 6-
direction according to a constant increment in the values of 6
as used by Aminzadeh et al, overall Sherwood numbers were
calculated for the limiting case of zero Peclet number for the
four sphere spacings with the same outer boundary specification,
convergence criterion, and number of mesh points in the flow

region as used by Aminzadeh et al, but with the distribution
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of grid lines for the 06-direction set with a constant increment
in the angle n and by setting the stream function equal to
zerd. The two results together with the theoretical values
predicted by Cornish(1965) are listed in Table(6-2-2)., It is
clear from the table tha£ for the two largest sphere spacings,
the present results are in very good agreement with the
theoretical values predicted by Cornish and with the numerical
results obtained by Aminzadeh et al. However, for the two
smallest sphere spacings, especially the smallest sphere
spacing Zs = 0.20, the present results are noticeably larger
than the theoretical values predicted by Cornish and the
numerical results obtained by Aminzadeh et al. The difference

in the two sets of numerical results may be because the present

scheme provides o more cven ai
6-direction in the flow region than the scheme used by
Aminzadeh et al, particularly when the sphere spacing is very

small, as shown in Figures(4-1-3) to (4-1-12).
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6-3. Concentration distributions,

The numerical solutions of the diffusion equation were
expressed in terms of the concentration distributions over
the whole flow region. For each sphere spacing, the tabulated
results of the concentration distributions at each specified
Reynolds number and Peclet number were interpolated and the
concentration contours plotted around the spheres. From these
plots, the variation of the concentration profiles with Peclet

number, Reynolds number,; and sphere spacing, can be studied.

The concentration profiles around two equally sized
spheres at five different sphere spacings: Zs = 0.20, 1.32,

2.07, 2.48, and 3.09, are shown in Fiqures(6-3-1) to (6-3-29)

th

~ -
4

maaas o AE Ll
owINg wa

the four selected Reynolds num
10.0, and 100.0, each for a wide range of Peclet numbers. In
each figure, six concentration contours with values of C* of
1.0, 0.80, 0.50, 0.25, 0.10, and 0.05, are plotted aroung

the spheres. It is important to note that the surfaces of the.

a *
two spheres are coincident with the contours ¢ = 1.0.

For the smallest sphere spacing considered in this study:
Zs = 0.20, L/R = 2.0402, the distributions of concentration
around the two nearly touching spheres are shown in Figures(
6=3-1) to (6-3-6) for three selected Reynolds numbers of 0.001,
1.0, and lO0.0; each for a series of Peclet numbers. The most
interesting feature of the distributions is that for all the
Reynolds and Peclet.numbers shown, all of the contours, excepf
those with C* = 1.0, enveldp the two spheres and the inner
region between them. This indicates ;hat the two nearly touching

' spheres behave like a single combined object and that the fluid
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in the inner region between the spheres contains a high
concentration of the material transferred. As a consequence,
the rates of mass transfer from the spheres to the fluid in

the inner region between the spheres are greatly depressed.

For each Reynolds number, the concentration profiles
around the spheres at low Peclet numbers of 0.001 to 0.1 remain
almost unchanged and aré symmetrical about a élane placed
normal to the direction of flow and passing through the mid-
point of the line of centres. This is because the transfer of
material from the solid surfaces to the flowing fluid is mainly
by means of molecular diffusion and thus the material diffuses
uniformly in all directions. However, for Peclet numbers greater
than 0.1, the concentration contours upstream of sphere A move
closer to the front surface of that sphere, those in the region
between the spheres move nearer to the line of centres, while
those downstream of sphere B extend further away from the rear
surface of that sphere and eventually develop into a tail at
high Peclet numbers. This is because the material around the
épheres is convected more rapidly rearwa;ds than it diffuses
forwards from the surfaces of the spheres. Hence, at high
Peclet numbers the concentration profiles upstream of sphere A
are confined in an increasingly narrower region and a diffusional
boundary layer is developed at the upstream surface of the
sphere. On the other hand, because of the closeness of the two
spheres and the existence of a pool of highly concentrated
fluid in the inner region between the spheres, the concentration
pfofiles upstream of sphere B do not change much with increasing
Peclet number and a diffusional boundary layer is not developed

at the upstream surface of sphere B even at high Peclet numbers.
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It is clear that for Peclet numbers greater than 0.1, the effect
of convection on the rates of mass transfer from the spheres

is signifiéant, and increases in importance with increasing
Peclet number. However, the effect of convection on thé rates

of mass transfer is always stronger for sphere A than for

sphere B.

At low Peclet numbers of 0.001 to 0.1, variations in the
flow field around the two spheres have very little effect upon
the concentration profiles which remain almost unchanged when
the Reynclds number changes from 0.001 to 100.0. On the other
hand, at high Peclet numbers the concentration profiles are
influenced by variations in the flow region, in particular,
the contours with small values of concentration move closer to
the front surface of sphere A and the line of centres between
the spheres when the Reynolds number becomes larger. This
suggests that at high Peclet numbers, the strong effect of
convection upon the rates of mass transfer from the spheres is

further strengthened at higher Reynolds number.

For the enlarged sphere spacing: 2s = 1.32, L/R = 4.0106,
the concentration profiles for three selected Reynolds numbers
of 0.001, 1.0, and. 100.0, each for a series of Peclet numbers,
are shown in Figures(6-3-7) to (6-3-12). Because of the larger
distance between the spheres and the consequeﬁt lower
concentration of the fluid in the inner region between the
spheres, the concentration profiles for this sphere spacing
have some obvious difference from those for the smallest sphere
spacing. The contour C* = 0.80, which envelops the two nearly
touching spheres and the inner region between them at the

previous sphere spacing, becomes two separate contours
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each forming a closed path around a sphere, and the contour
C* = 0.50 becomes the first contour to envelop the two spheres
which are at one diameter apart, and the inner region between
them. On the other hond, the variations of the concentration
profiles with Peclet and Reynolds numbers for this sphere
spacing are similar to those for the smallest sphere spacing,
except for the contour C* = 0.80 in the inner region between
the spheres and upstream of sphere B. When the Peclet number is
increased, for Reynolds numbers of 0.001 and 1.0 the contour
C* = 0.80 move closer to the front surface of the sphere and
for a Reynolds number of 100 the contour moves further away
from the front surface of sphere B. This may be because at a
hiéh Reynolds number of 100 the flow separates from both the
rear surface of sphere A and from the front suriace o spnere B
so that nearly the whole inner region between the spheres
becomes a wake region with a consequent increase in the
concentration -of the fluid in the inner region between the
spheres, especially upstream of sphere B.
N

For the sphere spacing: 2s = 2,07, L/R = 8.0510, the
concentration profiles for three selected Reynolds numbers of
1.0, 10.0, and 100.0, each over a wide range of Peclet numbers,
are shown in Figures(6-3-13) to (6-3-18). From the figures, it
is clear that for all Reynolds and Peclet numbers, the contours
C* = 0.80 and,C* = 0.50 form closed paths around each of the
two spheres, while the contour C* = 0.25 is the first contour
to envelop the two spheres and the inner region between them.,
For each Reynolds number, the concentration profiles at low

Peclet numbers of 0.001 to 0.1l remain almost unchanged and are

symmetrical about a plane through the mid-point of the line of
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centres normal to the direction of flow showing that the
transfer of material from the spheres is dominated by molecular
diffusion. However, for higher Peclet numbers the material
around the spheres is convected more rapidly rearwards than it
diffuses forwards from the surfaces of the spheres. Hence, the
effect of convection upon the rates of mass transfer from the
spheres becomes significant and increases in importance with
increasing Peclet number. Because of the l;rger distance
between the spheres, the concentration profiles in the inner
region between the spheres vary rapidly with increasing Peclet .
number and the contour forming closed paths around sphere A
move further downstream while the contours forming closed paths
around sphere B move closer to the front surface of sphere B,
As a result, at high Peclet numbers a diffusional boundarv
layer is observed to have developed at the upstream surface of
each sphere, however, its development at the upstream surface
of sphere B is less well established than that at the upstream
surface of sphere A. It is important to note that the numerical
solution for a Reynolds number of 100.0 shows that flow
separation occurs from the rear surface of sphere A and that
at high Peclet numbers a pool of highly concentrated fluid is
formed near the point of flow separation and over the
downstream surface of sphere A where the rates of mass transfer

will be greatly depressed.

When the Reynolds number changes from 1.0 to 100.0, the
concentration profiles at low Peclet numbers of 0.001 to 0,1 -
remain almost the same. Howéver, at higher Peclet numbers the
concentration profiles change witﬁ Reynolds number, in particular,
as the Reynplds number is increased the contours with small

values of concentration move closer to the front surface of
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-each sphere as well as closer to the line of centres between

the spheres. This indicates that at high Peclet numbers, the
already strong effect of convection upon the rates of mass
transfer from the spheres is further strengthened by an increase
in the Reynolds number. However, for high Peclet numbers and

all Reynolds numbers thé effect of convection upon the rates

of mass transfer is always stronger for sphere A than for

sphere B.

The concentration profiles for four selected Reynolds
numbers of 0.001, 1.0, 10.0, and 100.0, each for a series of
Peclet numbers are shown in Figures(6—3419) to (6-3-25) for
the increased sphere épacing: Z2s = 2,48, L/R = 12.0250. It is
clear from the figures that the variations of thé concentration
profiles with both the Peclet number and the Reynolds number
are similar to those for the sphere spacing Zs = 2.07.
Similarly, at this sphere spacing, the contours C* = 0.80 and
C* = 0.50 form closed paths around each sphere, while the
contour C* = 0.25 is the first contour to envelop the two
spheres ahd the inner region between them; however, when the
Peclet number reaches unity, the contour C* = 0.25 becomes
two separate contours and the contour C* = 0.10 becomes the
first contour to envelop the two spheres and the inner region
between them. This may indicate that for each‘sphere spacing,
the concentration of the lowest concentration contour which
envelops both spheres is primarily dependent on Peclet number.
On the other hand, because of the larger distance between the
spheres, the development of a diffusional boundary léyer at
the upstream surface of sphere B becomes more clearly established

for this sphere spacing than for the sphere spacing 2s = 2.07.
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For the largest sphere spacing considered in this study:
Zs = 3.09, L/R = 22,022, the concentration profiles are shown
in Figures(6-3-26) to k6-3-29) for two selected Reynolds
numbers of 1.0 and 100.0, each for a series of Peclet numbers.
From these figures, it can be seen that the variations of the
concentration profiles with Peclet number and Reynolds number
are similar to those for the sphere spacing Zs = 2.48. On the
other hand, because of the very large distance between the
spheres, all contours except those with C*= 0.10 and C*= 0.05
form closed paths around each of the spheres. The most
interesting feature of the concentration profiles is that when
the Peclet number reaches unity, the contour C*= 0.10 which
envelops the spheres and the inner region between them at
Peclet ﬁumbers less than 1.0 becomes two separate contours
and the contours C*= 0.05 becomes the sole contour to envelop
the two spheres. Furthermore, as the Peclet number is further
increased, the contour C*= 0.10 which forms a closed path
around sphere A extends rapidly downstream and eventually
recombines with the contour C*= 0.10 which forms a closed path
around sphere B. The combined contour envelops once again the
spheres and the inner region between them. This phenomenon
occurs at Peclet numbers of 100 and 50 for the Reynolds numbers
of 1.0 and 100.0, respectively. Because of the very large
distance between the spheres, a diffusional boundary layer is
always developed at the upstream surface of each sphere when
the Peclef number is high; however, its development at the
upstream surface of sphere A is always more advanced than that
at the upstream surface of sphere B. It is clear that for this
largest sphere spacing, the concentration profiles around the
spheres are.generally very similar to thoée a;opnd a single

isolated sphere.
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Figure (6-3~1). Concentration profiles arcund two spheres with Zs = 0.20.
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Figure (6-3-2). Concentration profiles around two sphéres with Zs
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Figure (6-3-4). Concentration profiles around two spheres with Zs = 0,20.

Z8 = 0.20
Re = 1.0 » Po = 100.0

i
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25 = 0,20 : \
Re-_lO0.0.POqool. ’ o *

' Za = 0,20 |
' Re = 100.0 , Pe = 0,001

28 = 0.20
Re = 100,0 [ Fo = 2'4

Figure(6=3-5). Concentration profiles around two spheres with Zs = 0.20..
!

25 = 0.20

Re = 100.0 , P» = 1,0
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25-0.20 R
Ro = 00,0 , Pe = 10,0 -

28 = 0,20
- Re = 100,0 , Ps = 5.0

000

f=s0

28 = 0,20
Re = 100.0 * o m 100.0

28 = 0,20
Re = 100.0 , Pe = 50,0

28 = 0,20
- Re = 100.0 , Po = 30,0

Figure (6-3-6). Concehtration profiles around two spheres with 2s = 0.20.
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Za » 1.32
Re = 0,001

Zs = 1,32 . '
Re = 0,001 ’ Pem 2,4

N ' 3
.28-1.5.2 010 . .

. - L . 28 = 1, 32
Re = 0,00 : 1

Re = 0,001, Pe = 1.0

.80

L

Figure (6-3-7). Concentration profiles around'two:sphergs with Z2g = 1}32f
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Za = 1,32 . .
Re = 0,001 , Ps = 10,0

’

Zs = 1,32

Re = 0,001 ’ Fam 50000

ZB.- 1.32
Re = 0,001 , Pe = 100,0

28 = 1,32 .
Re = 0,001 , Fe = 5,0

1

Z2a = 1,32
Re = 0.001 , Pe = 50,0

28 = 1,32
.~ Re = 0,001 , Fo = 30,0

"Figure (6-3-8). Concentration profiles

around two spheres with 2g’
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28-1-32

.23-1-32

Rewl.0 , Pe = -500-

28 m 1,32
 Roe=1,0 , Po.m 1,0

k40 Y
pe

Figure(6-3-9). Concentration profiles around two spheres with Zs = 1.32.
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Zs m 1,32 . Zo = 1,32

Re = 1,0 , Po = 70,0 ' . Re = 1.0 , Fo = 300.0
%8 = 1,32 _ . %8 = 1,32
Re = 1.0 , Pe = 50.0 . Ro = 1.0, P = 200,0
- ~
o faere . .
28 n 1,32 ’ .o . %8 = 1.32
Re = 1,0 , Ps = 30.0 . . Re = 1,0 , Pe = 150,0

28 = 1.32 , . *
Re'= 1,0 , Pe = 100,0

FPigure (6-3-10). Concent_ra{:i'on profiles around two spheres with 2s = 1,32. .
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Zﬂ-1032
BOIIOO.O.PQ-

Re = IW.O ’ R - 500

fyrtce 0
[

Zs !.1.32- .
Re = 100.0 , Fo = 1.0

28 = 1,%2
Re = 100,0,-

famred
Boto

'Figure(6—3—ll). Concentration profiles around two spheres with Zs = 1.32,
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. 2‘ - 1.32
Re = 100.,0 , Pe = 50.0

Za = 1.32
Re = 100,0 , Pe = 300,0

. Z8 = 1,32 . Z8 = 1,32

Re = 100.0 , Pe = 0.0 ) Re = 100,0 , Pe = 200.0
1 | A3 [t ) LUK )
D zs a3 S - 2s = 132

Re = 100.0 , Pe = 10,0 ’ . Re = 100,0 , Pe = 100,0

28 m 1,32
He = 100.0 , Pe = 70,0

/"—f\

' Figure(G-j-lZ). COnéehtration,profiles around two spheres with 2s = 1,32,
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Figure (6-3-13). Concentration profiles around two spheres with Zs

-

Z8 = 2,07 .
Ro-l.O.POI5-_°

20 = 2,07 '_

‘Re = 1.0 . Po = 1,0

2.07.

!
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. Re @ 1,0 , Pe = 20,0

28 = 2,07 -

‘28 = 2,07 '
Re = 1.0, Fe = 10.0

-

;45?f“\\‘_____;__T,f//"—“\\\\\;\;-

: RO'- 1.0 . Fo = 150,0

Zs = 2,07 -

Figure(6—34l4). Concentration profiles around two épheres with Zs = 2.07.
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. 25-2-_07

s = 2,
07 Re = 10.0 » .P. - 5.0

Re = 10,0 , Po = 1.0

. I8 = 2,07 )
Re = 10,0 , Po = 2,4

Figure (6-3-15). Concentration profiles around twovspheres with 2Zs = 2.07.
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28 = 2,07

. zﬂ = 2.07
Re = 10,0 s Po = 70,0

Re = 10.0 , Pe = 300.0

28 = 2,07 . . : . : Zs = 2,07
Re = 10,0 , Pe = 50.0 ’ 0-100,P0=2000

ik

Zs = 2,07 28 = 2,07

/—\; . |

Re = 10.0 , Pe = 10.0

Re = 10.0 , Pe = 100,0 - . <.

Figure (6-3-16). Concentration profiles around two spheres with Zs = 2,07,
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Zs = 2,07 .
Re = 100,0 , Pe = 1,0

2“2-07 .
H.-IO0.0.PQ-5.0

furtnr
fusty .

.28 = 2.0
a 100.0 , Pe = 0,001

Pastits
[

Figure (6-3-17). Conc_entra.tio‘n‘profile-s- around two ,sphéres with 2s = 2.07.

Za = 2,07
Re = 100,0 , Po = 2.4
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Zs = 2,07 , : . 2p = 2.07
Re « 100.0 , Pe = 70,0 - . A Re = 100.0 , Po = 300,0

Zs = 2,07 ' Zs = 2,07 ,
Re = 100.0 , Fe = 50.0 ‘ ) Re = 100,0 , Pe = 200.0

" 28 = 2,07 - Ze = 2,07
.
Re = 100,0 , Po = 30. Re = 100.0 , Fo = 150,0

28 = 2,07 28 = 2,07
Re-l?fJO Pe = 10,0 Re- = 100,0 , Pe-lOOO :

/))

Figure(6-3.-18)A. Concentration. profiles around th spheres with 2s = 2.07_.
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%8 = 2,48
Re = 0,001 s FOm 0.1

© 28w 2,48
Re = 0,001 , Ps = 0,001

78 = 2.48
Re = 0,001 , Pe = 10.0

3

78 w 2,48
Re = 0.001 , Pe =

. Figure(6-3-19). Concentration profilés around two spheres with Zs

Zs = 2,48
Be = 0,001 , Pa w 1,0

4

2,48,
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ZS = 2.48
Re = 0,001 , Pe = 150.0

s = 2.48 - ‘ .
Re = 0,001 , Pe = 100,0

Re = 0.001 , Pe = 50.0

ZS.= 2Q48 _
 Re =70.001 , Pe = 30.0.

FigureiG-B-ZQ). Concentration profiieé around two spherés_
' with 2s = 2.48. '
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28-2043 '

- Pigure(6-3-21). Concentration profiles around two spheres with Zs = 2.48.’
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7S = 2.48 |
Re = 1.0 » Pe = 300.0

7s =2.48 LT
Re = 1.0‘ » Pe = 100.0

-

2.48 .

Zs - : _ .
lod ? Pe = 5000 . i I

Re

Figure (6-3-22). Concentration profiles around two sphé:es
o T "with Zs = 2.48, ' '
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Z8 m 2,48 ‘ ' ' 25 = 2,48
Re = 10,0 , Po = 1.0 } Re = 10.0 , Pe = 50,0

Figure(6-3-23). ConcentratiOn'profiles around two spheres with Zs = 2,48, o

-
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28 = 2,48

i

ZB 2,48
Re = 100,0 , Pe = 10,0

K

bl

28 = 2.48
Re = 100.0 , Po = 5.0

Zs m 2,48
Re = 100,0 , Pe = 0,001

./EE:\

Figure (6-3~24).

Concentration profiles around two spheres with Zs

1

s = 2,48
RO-].OOO R-lo

2.48.
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100.0 , Pe = 150.0 ~
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Zs
Re

2.48 :
100.0 , Pe = 50.0

MR

2.48

Zs _ . :
.100.0 , Pe = 30.0 I S "

Re

Figure(6;3r25).“Concentration profiles.aréund two spheres
. with Zs = 2.48. .
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Zs

3009
=1,0, Pe =1,0 .

0e25 . : , 025

0e50 -

Figure(6-3426). Concentration profiles around two épheres,
with 2s =.3.09. '
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Zs = 3-09 < -
" Pe =1,0, Fe = 100,0

[@RNN

A

N

. Zs'=3.09
Re = 1,0, Pe = 30,0 _

Zs-= 3,09
. Re = 'l.Q s Pe - 10,0

Figure (6-3-27). Concentration profilés around two spheres
With ZS = 3.09. M
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7=~ \ . / 7N\
L Li7aN ) \ [ [ {77\ \

[ X

Re = 100 , Pe = 0,001

/AN

Figuré(6-3-28). Concentration prof.iles around 'two spheres
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]

28 = 3.09
. Re = 100 , Pe = 50,0

Z8 = 3,00
Re = 100 , Fe = 30,0

pma—

g

f
/

.ZS‘=,3009. ‘
Re = 1G0 , Pe =10,0

Figure (6-3-29). Concentration profiles around two spheres with '2s = 3,09,
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From the above discussion, it is clear that the
concentration distributions around two equally sized spheres
with a fluid flowing parallel to their line of centres is
dependent on the Peclet number, the Reynolds number, and the.
spacing between the spheres. A brief summary of this dependence

is as follows.

For each sphere spacing and Reynolds number, the
concentration profiles at low Peclet numbers of C.OOl to 0.1
remain almost unchanged and are symmetrical about a plane
through the mid-point of the line of centres normal to the
direction of flow. This is because moiecular diffusion is the
dominant mode of transfer and the material diffuses uniformly
in all directions. At higher Peclet numbers, the material is
convectéd more rapidly rearwards than it diffuses forwards from
the surface of each sphere. Hence, the effect of convection
upon the rates of mass transfer from the spheres becomes
significant and increases in importance with increasing Peclet
number. The convective effect is, however, always stronger for
sphere A than for sphere B. As a result, at high Peclet numbers
a diffusional boundary layer is always developed at the upstream
surface of sphere A whereas when the sphere spacing is small, a
diffusional boundary layer is not developed at the upstream
surface of sphere B. However, as the sphere spacing incfeases,
a diffusional boundary layer does become established at the

upstream surface of sphere B.

For each sphere spacing, the concentration profiles at
low Peclet numbers of 0.00l1 to 0.1l remain almost the same when
the Reynolds number changes from 0.001 to 100.0. On the other

hand, at higher Peclet numbers the concentration profiles are
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influenced by the fluid dynamics, in particular, as the Reynolds
number increases the contours with small values of concentration
move closer to the front surface of sphere A and closer to the
line of centres, also for large sphere spacings move closer to
the front surface of sphere B. This indicates that at high
Peclet numbers, the already strong effect of convection upon

the rates of mass transfer from the spheres is further

strengthened by an increase in the Reynolds number.

The distance between the spheres is an important factor
affecting the concentration profiles around the spheres
especially in the region between the spﬁeres. As the sphere
spacing increases, the number of contours in the figures which
form closed paths around each sphere increase so that the
concentration of the lowest concentration contour which envelops
the two spheres and the inner region between them decreases,

For the smallest sphere spacing Zs = 0,20, all contours shown

in the figures envelop the two nearly touching spheres and the
inner region between them, while for the largest sphere spacing
Zs = 3.09, nearly all contours form closed paths around each
sphere except for the contours C* = 0,10 and C* = 0.05 which
envelop the two spheres and the large inner region between them.
It is clear that as the sphere spacing increases, the concentration
profiles in the inner region befwéen the spheres change
significantly and the concentration profiles éround the two
spheres become closer to those around a single isolated sphere.
It is important to note that for each of the five sphere spacings
considered in this study, the concentration profiles around the
two equally sized spheres are always slightly different from

those around a single isolated sphere, and the difference
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becomes smaller when the two spheres are further apart. This
indicates the existence of particle-to-particle interaction
between the spheres. As the sphere spacing'increases, the
extent of inter-particle interaction upon the rates of

mass transfer from the spheres decreases.
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6—-4. Local Sherwood numbers.

In this two-sphere mass transfer problem, quantitative
insight into the rates of mass transfer from the two spheres
to the flowing fluid around them was obtained from studies of
the local and overall rates of mass transfer from the spheres
in relation to sphere spacing, Reynolds number, and Peclet
number. The results of the studies of the local and overall
rates of mass transfer from the spheres are giveﬁ in this and
the next sections, respectively. The local rates of mass transfer
from spheres A and B were expressed in terms of the local
Sherwood numbers, ShAL(n) and ShBL(n),'which were obtained
from the concentration profiles using equations(4-5-11) and (

4-5-12), respectively.

For each of the five sphere spacings considered in this
study: 2s = 0.20, 1.32, 2.07, 2.48, and 3.09, and each of the
four selected Reynolds numbers of 0.001, 1.0, 10.0, and 100.0,
the plots of the local Sherwood numbers against the angle n
obtained using a mesh spacing of |Zs/20] in 2 are shown in
Figuresk6—4—1) to (6-4-10); while those obtained using a larger
mesh spacing of |2s/10| in 2 are shown in Figures(6-4-11) to
(6-4-20) . The Sherwood number curves in Figures(6-4-1) to (6-4-10)
are plotted for seven selebted Peclet numbers of 0.001, 1.0,
10.0, 30.0, 50.0, 100.0, and 200.6; while thqse in Figures(6-
4-11) to (6-4-20) are plotted for six selected Peclet numbers
of 0.001, 1.0, 10.0, 30.0, 50.0, and 100.0. It should be noted
that for sphere A, the angle n is o° at the front stagnation.
point and is 180° at the rear stagnation point; while for
sphere B, the angle n is 180° at the front stagnation point

and is o° at the rear stagnation point. From these plots, the



238

the local rates of mass transfer from the two spheres and
their variations with the three parameters: sphere spacing,
Reynolds number, and Peclet number, can be investigated. At
the end of this section, the influence of the mesh spacing in
Z upon the results, especially at the front surface of sphere

A, will also be discussed.

For the smallest sphere épacing considered in this study:
Zs = 0.20, L/R = 2.6402, the most important feature of the
local Sherwood number curves for the two nearly touching
spheres as shown in Figures(6-4-1) to (6-4-2) and in Figures(
6-4-11) to (6-4-12), is the existence of two regions where the
local Sherwood numbers are approximately zero for all Reynolds
and Peclet numbers: one near the rear stagnation point of
sphere A and the other near the front stagnation point of
sphere B. The Qery small values of the local Sherwood numbers
in these regions arise because of the closeness of the two
spheres so that the highly concentrated stagnant fluid in the
tiny inner region between the spheres reduces the driving

force for mass transfer to nearly zero.

For each Reynoldé number and Peclet number, the local
Sherwood numbers for sphere A always decrease from their
maximum value at the front stagnation point to almost zero in
the region near the rear stagnation point. As the Peclet number
increases, the local Sherwood numbers at the front surface of
sphere A increase rapidly because of the decrease in the
thickness of the diffusional boundary layer; while those at the
rear surface of sphere A increase only slightly or remain
unchanged. On the other hand, at low Peclet numbers of 0.001 to

1.0 the local Sherwood numbers for sphere B increase
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continuously from the region at which their values are very

low to the rear stagnation point; while at higher Peclet numbers
they rise to a maximum value at around n = 90° and then fall

off until the rear stagnation point is reached. Except_in the
regions close to the front and rear stagnation points the local
Sherwood numbers for sphere B increase with increasing Peclet
number. It is thus clear that for this smallest sphere spacing,
the difference between the rates of mass transfer from the

front surfaces of the spheres is very large and that it becomes

even larger when the Peclet number is increased.

At low Peclet numbers of 0.00l1 éo 1.0, the local Sherwood
number curves remain nearly the same when the Reynolds number
is increased from 0.0Ql to 100.0; however, at higher Peclet
numbers the local Sherwood number curves change with Reynolds
number, in particular, the local Sherwood numbers at the front
surface of sphere A increase rapidly with increasing Reynolds
number. As a result, at higher Reynolds numbers the difference
between the rates of mass transfer from the front surfaces of
the spheres becomes even larger. The very rapid increase in the
local Sherwood numbers near the front stagnation point of sphere
A when the Reynolds number increases from 10.0 to 100.0, may
be a result of the development of increasingly thinner fluid
dynamic and diffudional boundary layers. For sphere B, this
phenomenon does not appear because of the very small distance
between the spheres so that neither a fluid dynamic nor a
diffusional boundary layer is formed even at high Reynolds and

Peclet numbers.

For the sphere spacing: Zs = 1.32, L/R = 4.0106, the

curves of Figures(6-4-3) to (6-4-4) and Figures(6-4-13) to
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(6-4-14) show that the local Sherwood numbers near the rear
stagnation point of sphere A and those near the front
stagnation point of sphere B are no longer close to zero. This
is because the larger distance between the spheres results in

a lower concentration of the diffusing material in the fluid
in the inner region between the spheres and thus a larger rate-
of mass transfer from the surfaces adjacent to the inner region
between the spheres. All the curves, except those for a Reynolds
number of 100 at high Peclet numbers show that the local
Sherwood numbers for sphere A decrease continuously from their .
maximum values at the front stagnation point to their minimum
values at the rear stagnation point. For a Reynolds number of
100 and for high Peclet numbers, the local Sherwood numbers

for sphere A decrease to a minimum at the hack of the sphere

at an angle which is approximately coincident with the point

of flow separation, and then increase slowly until the rear
stagnation point is reached. On the other hand, at low Peclet
numbers of 0.001 to 1.0 the local Sherwood numbers for sphere

B increase steadily from the front stagnation point to the rear
stagnation point; while at higher Peclet numbers they first
increase to a maximum and then fall off until the rear
stagnation point is reached. This indicates that when the two
spheres are one diameter apart, the depression of the rates of
mass transfer from the front surface of sphere B by the
concentrated fluid in the inner region between the spheres is
still very marked even though it is smaller than that for the:
smallest sphere spacing. It is important to note that for each
Reynolds number, the rates of mass transfer from the front
surfaces of the two spheres increase with increasing Peclet
number although the increase is much faster for sphere A than

for sphere B.
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In a similar way to that for the smallest sphere spacing,
the local Sherwood number curves for Peclet numbers of 0,001 to
1.0 remain almost unchanged when the Reynolds number is increased
from 0.001 to 100.0. On the other hand, at higher Peclet numbers
the local Sherwood numbers at the front surfaces of the spheres
generally become larger when the Reynolds number is increased,
however, there is an exception for the local Sherwood numbers
near the front stagnation point of sphere B which at high
Peclet numbers of 100 and 200 become smaller when the Reynolds
number is increased from 10.0 to 100.0. The reason for this
exception is that at a Reynolds number of 100.0, there is flow
separation from the back of sphere A as well as from the front
of sphere B. This flow separation results in nearly the whole
of the inner region between the spheres bec
with a consequent increase in the concentration of the diffusing
material in the fluid near the upstream surface of sphere B

thus depressing the rates of mass transfer from that region.

For the sphere spacing: Zs = 2.07, L/R = 8.0510, the

" local Sherwood number curves for the two spheres are shown in
Figures (6-4-5) to (6-4-6) and in Figures(6-4-15) and (6-4-16).
For each Reynolds number, the distributions of the local
Sherwood number around sphere A and their variation with Peclet
number for this sphere spacing are similar to those for the
last sphere spacing that was discussed. However, because of the
larger distance between the spheres and thus the lower
concentration of the diffusing material in the inner region
between the spheres, the rates of mass transfer from the front

surface of sphere B although depressed are greater than those

in the previous case. The depression in the rates of mass
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transfer from the front surface of sphere B is particularly
obvious at a Reynolds number of 100.0 because at this Reynolds
number the flow separations from the rear surface of sphere A
and the highly concentrated fluid in the inner region between
the spheres is convected close to the front stagnation point
of sphere B thus reducing the driving force for mass transfer.
from that region. On the whole, the local Sherwood numbers at
the front surfaces of the two spheres increase with increasing
Peclet number. Except at very high Peclet numbers the local
Sherwood numbers for sphere B generally decrease continuously -
from the front to rear stagnation points. At very high Peclet
numbers the local Sherwood numbers for sphere B first increase
to a maximum and then decrease continuously until the rear

stagnation point is reached.

At low Peclet numbers of 0.001 to 1.0, the local Shexrwood
numbers for the spheres remain nearly the same when the Reynolds
number: changes from 0.001 to 100.0. On the other hand, 'at higher
Peclet numbers the local Sherwood numbers for the spheres change
with Reynolds nugger, in particular, the local Sherwood numbers
at the front surfaces of the spheres increase rapidly as the
Reynolds number is increased. The most important feature of the
distributions of the local Sherwood number around the spheres
at this sphere spacing is that the rates of mass transfer from
the front surfaces of the spheres increase with both Peclet

and Reynolds numbers although the increase is always faster for

sphere A than for sphere B. ;

For the sphere spacing: Zs = 2.48, L/R = 12,0250, the
local Sherwood number curves of Figures(6-4-7) to (6-4-8) and

Figures(6-4-17) to (6-4-18) show a similar wvariation with both
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Peclet and Reynolds numbers as those for the sphere spacing

Zs = 2,07. However, because of the larger distance between the
spheres and thus the lower concentration of the diffusing
material in the inner region between the spheres, the rates of
mass transfer from the front surface of sphere B are larger

than in the previous case although still depressed at high ~
Peclet and Reynolds numbers. Except at a Reynolds number of
100.0 and at high Peclet numbers, the local Sherwood numbers

for both spheres always decrease from the front to rear
stagnation points. At a Reynolds number of 160.0 and high

Peclet numbers, the local Sherwood numbers for sphere A decrease
to a minimum value at the back of the sphere at an angle which
is approximately coincident with that of flow separation and
ion point
while those for sphere B increase to a maximum value at the front
of the'sphere and then fall off until the rear stagnation point

is reached.

For the largest sphere spacing considered in this study:
Zs = 3.09, L/R = 22,022, the local Sherwood 'number curves of
Figures(6-4-9) to (6-4-10) and of Figures (6-4-19) to (6-4-20)
show that the variations of the local Sherwood numbers for the
two spheres with Peclet number and Reynolds number are similar
to those for the previous sphere spacing 2s = 2,48. For both
spheres, the rates of mass transfer from the front surfaces
increase with both Peclet and Reynolds numbers. Because Of the
véry large distance between the spheres, the depression of the
rates of mass transfer from the front surface of sphere B by
the concentrated fluid in the inner region between the spheres

is quite sméll, and the distributions of the local Sherwood
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number around the two spheres are generally similar to each
other and are also similar to those around a single isolated

sphere.

Before summarizing the results for the fivé sphere
spacings, there are two important features regarding the values
of the local Sherwood numbers near the front stagnation point
of sphere A which must be considered. The first feature is the
rapidity of the increase in the local Sherwood numbers near the
front stagnation point with increasing Peplet number. The
second feature is that for the large éphere spacings the rapid
increase in the local Sherwood numbers with increasing Peclet
number suddenly ceases and the local Sherwood numbers become
independent of Peclet number over a region near the front
stagnation point of sphere A. The maximum values of the local
Sherwobd numbers appear to be dependent upon Peclet and Reynolds
numbers'and upon sphere spacing. The anomalous behaviour is
mainly a result_of the combined effect of the inherent
characteristic of the bi-spherical coordinate system of
providing large Z-grid-line spacings upstream of sphere A and
the existence of a thin diffusional boundary layer at the
upstream surface of sphere A at high Peclet numbers. It is
clear that as the Peclet number increases, the thickness of the
diffusional boundary layer decreases. Hence, when the Peclet
number is sufficiently high, the diffusional boundary layer’
over part of the front surface of sphere A falls within the
three Z-grid-line spacings closest to the front surface of
sphere A and, as a result, the concentration gradients at the
surface calculated using equation( 4-5-16), which is based on

a four-point forward difference approximation, become abnormally
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large. Similarly, when the Peclet number is further increased,
the diffusional boundary layer over the front surface of sphere

A becomes so thin that over part of the surface of sphere A it
falls within the Z-grid-line spacing closest to the front surface
of sphere A with the result that the local Sherwood numbers

near the front stagnation point of sphere A calculated using
equations(4-5-11) and (4-5-16) become independent of Peclet
number. It is important to note that the size of the region

over which the local Sherwood numbers become independent of
Peclet number increases with Peclet number, Reynolds number, and
sphere spacing. Also, as the sphere spacing is increased the
local Sherwood numbers near the front stagnation point of

sphere A first become independent of Peclet number at lower
values of the DPeclet and Reynolds numbers
sphere spacing arises because, for a constant number of mesh
points used in each flow region the Z-grid-line spacings
become coarser as the sphere spacing increases so that the
diffusional boundary layer over part of the upstream surface
of sphere A becomes contained within the first Z-grid-line
spacing at lower Peclet and Reynolds numbers., It should be
noted that for each sphere spacing when the mesh spacing in 2
was reduced from |Zs/10| to |2s/20| the anomalous behaviour
associated with the combined effect of the large Z-grid-line
spacings and the thin diffusional boundary layer over part of
the upstream surface of sphere A was greatly reduced and did
not occur until higher Reynolds and Peclet numbers had been
attained, For sphere B these problems did not occur even for
large sphere spacings and at high Reynolds  and Peclet numbers.
This is because the Z-grid-line spacings upstream of sphere B

were generally very small compared with those upstream of

sphere A,
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From the above discussion, it is clear that the local
rates of mass transfer from a system of two equally sized spheres
with fluid flowing parallel to their line of centres, are
dependent on the Peclet number, Reynolds number, and sphere

spacing. A brief summary of this behaviour is made as follows.

Except from the front surface of sphere B for the smallest
sphere spacing, the rates of mass transfer from the front
surfaces of the two spheres for each specified sphere spacing
and Reynolds number increase with increasing Peclet number. The
increase is always larger for sphere A than for sphere B. At
low Peclet numbers of 0.001 to 1.0 the local rates of mass
transfer remain nearly the same at each sphere spacing as the
Reynolds number is increased from 0.001 to 100.0. At higher
Peclet numbers the local rates of mass transfer increase with
Reynolds number, particularly from the front surfaces of the
spheres, and the increases are larger for sphere A than for
sphere B. As a result, for each sphere spacing the difference
between the rates of mass transfer from the front surfaces of
the spheres is very large at high Reynolds and Peclet numbers.
In contrast, for each sphere spacing the rates of mass transfer
from the rear surfaces of the two spheres either remain nearly
the same or change only slightly with Reynolds and Peclet
numbers. Als®, for each sphere spacing the distributions of
-the local Sherwood numbers around the two spheres do not change
much when the mesh spacing in 2 is changed from ]Zs/lOl to
]Zs/20] except over that part of the front surface of sphere_A
which at high Peclet ana Reynolds numbers are affected by the
relative thinness of the diffusional boundary layer in comparison

" with the relative coarseness of the Z-grid-line spacings.
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The distance between the spheres is an important factor
which affects the distributions of the local Sherwood number
around the spheres especially at the front surface of sphere
B. Except for the anomalous results at high Peclet and Reynolds
numbers, the local Sherwood numbers at the front surface of
sphere A do not change much as the sphere spacing is increased
although at the rear surface of sphere A they do increase,
particularly when the sphere spacing is increased from Zs = 0.20
to Zs = 1.32, On the other hand, the rates of mass transfer
from the front surface of sphere B increase while those from
the rear surface of sphere B remain nearly the same when the
sphere spacing is increased. The increase in the rates of mass
trénsfer from the front surface of sphere B with increasing
g is mainly because the larger 4i
the spheres results in a lower concentration of the diffusing
material in the fluid in the inner region between the spheres
and thus in increased rates of mass transfer from the front
surface of sphere B. As a consequence, when the distance
between the sphefés increases the difference between the rates
of mass transfer from thé front surfaces of the two spheres
becomes smaller and the distributions of the local Sherwood
number around the two spheres become closer to each other as

well as closer to those around a single isolated sphere.
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6-5. Overall Sherwood numbers.

The overall rates of mass transfer from a system of two
equally sized spheres were expressed in terms of the overall
Sherwood numbers ShAO and ShBO for spheres A and B, respectively.
For each specified sphere spacing, Reynolds number, and Peclet
number, the overall Sherwood numbers for the two spheres were
obtained from the integration of the local Shérwood numbers
over the entire surfaces of the spheres using eqﬁations(4-5-13)

and (4-5-14) for spheres A and B, respectively.

For each of the five sphere spacings considered in this
study: Z2s = 0.20, 1.32, 2.07, 2.48, and 3.09, and for each of
the four selected Reynolds numbers of 0.00l1, 1.0, 10.0, and
100.0, there are two sgts of results corresponding to the mesh
spacings of |Zs/20| and |2s/10| in Z used in the solution of
the diffusion equation. The overall Sherwood numbers obtained
using the smaller. mesh spacing of |2Zs/20| in 2 are tabulated
in Tables (6-5-1) to (6-5-5); while those obtained using the
larger mesh spacing of |2s/10| in Z are tabulated in Tables(
6-5-6) to (6-5-10). Plots of the overall Sherwood numbers
against Peclet number are shown in Figures(6-5-1) to (6-5-16).
For each specified sphere spacing and Reynolds number, the
overall Sherwood numbers for theAtwo spheres are plotted
against Peclet number as shown in Figures(6-5-1) to (6-5-9).
From these plots, the difference between the overall Sherwood
numbers for the two spheres at each specified sphere spacing
and Reynolds number can immediately be seen over a wide rangé
of Peclet numbers. Also; in Figures(6-5-10) to (6-5-16) the

overall Sherwood numbers for the two spheres at each specified

sphere spacing are plotted against Peclet number separately
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with the four selected Reynolds numbers as parameter. From
these plots, the influence of Reynolds number upon the overall
Sherwood numbers for each of the two spheres can easily be

studied.

From Figures(6-5-1) to (6-5-9), it is clear that for
each sphere spacing and Reynolds number, the overall Sherwood
numbers of the two spheres are approximately equal and constant
at low Peclet numbers of 0.001 to 0.1 in which range the
transfer of material is mainly by means of molecular diffusion.
At higher Peclet numbers, the overall Sherwood numbers for the
two spheres increase steadily with increasing Peclet number,
and the increase is larger for sphere A than for sphere B. These
indicate the ihcreasing importance'of convection upon the
transfer of material from the spheres and the effect of
convection is greater for sphere A than for sphere B. Hence, as
the Peclet number is increased the difference between the
overall rates of mass transfer from the two spheres becomes
larger. This is because sphere A is upstream of sphere B and
encounters fresher fluid than sphere B; also, the diffusional
boundary layer at the upstream surface of sphere A may be more
highly developed than that at the upstream of sphere B. For
these reasons there is a 1afger driving force for mass transfer
from the front surface of sphere A than from the front surface
of sphere B. It should be noted that the front surfaces of the

spheres contribute most to the overall rates of mass transfer

Reynolds and Peclet numbers the overall Sherwood numbers for
the spheres generally do not change much when the mesh spacing

in Z changes from |Zs/10| to |Zs/20|. At high Reynolds and



18.09

12.00 1
-
m
n
o
.
[
o
fory

NULBERS .
WWESEES 1n.00

no
5

Col
[N
4

SHERY

i)

Sphere

GVERRLL

03

21.00

Sphere B

T T T T T T T T T T T TR Ty
0.82: .010 3123 1.227 10.C2 3.0 1CCJa
PECLET NUNLER

5= 0.20

13.00

RE= 10.0

1452

12.00

NS
)

00

Sphere A

OVERGLL SHERI0OD
)

.

=)
2
*1
a
o .
Sphere B
g -
é"Ll—l"i'lTﬁ L R M S 5 ey S 2 B e e & e St o

0.C01  0.010 LY 1.023 10460 160.0  1C0.
PECLET HULUGER:

270

ZS= 0.20
RE= 1.0

18.02

14.00

12.00

2ER3.
‘,IEJ

gD NU;i

4
1

RN
n.L.

=
{414

" U'OVERnel:.lén,SH

J

2,00

/

Sphere B

LR RN S0 Rum Ik S0 05 5 S Sk 2 % SNNNL RARAL B BLE Satun ]

0012 0.109 1533 12,02
PECLET KUWBER

26,00
«
g

I Y

10.0 1530.

5= 0.20
RE= 108.0

12,00 1400  §2.00

F{HY™)

0 NUHDEDS.,

u.cd

.
A\l

Sphere

DVERNLL _EHER!
(S

4:C3

2.00

e

Sphere B

A

8
5
0.0 0.010 Q.03 1,003 10.0D
PECLET NUHBER. -

LERSRS St L0 HRAtr Band Ik 5 SURSE Juw aus o I GHNND BRENE B b N QUMD

LANLIE S WENEE B B A 3

1£0.2 1020,

Figure (6-5-1). Overall Sherwood number as a function of Peclet number,



12.00

BERS.
10,00

8.00

SHERROOD NUM

UVER&#&O

4,00

2.00

271

Z5= 1.32 £5= 1.32
RE= 0.001

16.00
15.00

Re= 1.0

14.00
14.00

Sphere 2] Sphere A

Sphere B Sphere ﬁ

2.00

©0.00

8.

(0B VEREY

2.00

r

LN S ShL St RS Iat SN B ¥ LI e 2 ) G Mt ant B B S BN B LI N W ARt ac 2t 5 GEL MRS BN B J

T T LI
0.102  1.c00 10.00 100.0 1000« 11} 0.010 0.102 1.000 10.00 100.0 1003,
PECLET HUMBER PECLET NUMBER

o .00

T
ool g.010

7S= 1.32. N 5= 1.32
RE= 10.0 & RE= 100.0

15.00

14.00

by SHERIGED NUBERS -

)

o Sphere A

_//Sphere B

Sphere A

_ﬁ*,,i::::/g;;ere B

© 0,00

LB | LILY D B a8 2 INRSE Samnt S it LANL 00 (AR BRAL B i GENE N S 0 MENML B B B 4

o01 | 0.010  0.uD  1.000 0.0  100.0 1000 001  0.010  0.00  1.000  10.00  100.0 1000
PECLET NUMBER . PECLET NUMBER,

Figure (6-5-2) Overall Sherwood number as a function of Peclet number.

20.00

’



1400 16,00

g;.ca

R5.
3

uis

F2)
=2

0 NU

23
&
1

!,

M

HER

2]

e
=1

Nl

CVERRA
a 1

4,0

£.00

5=
RE=

2.07
0.001

Sphere A

Sphere B

a0.00

T}
0.012

L |

0.1C0

™rrs T

1.0C0

LEE = 5 Wn nam 4

12.£0

Ty
1C3.0 1002,

PECLET NULBER

18.00

12.€0  14.00

P30

Q.00

SHERNOCD NUMBERS.

OYERALL.
n.-(}"o

4,00

£S=
RE=

2.07
10.0

Sphere A

___<:::::;/gphere B

2.00

ol

T
0.010 -

LIS RN I R i & {

LB 2 e Ty
0.102 1.£33 10.00 100.0 1000,

PECLET NUMBER

272

14,00 18.00

12,00

1C.00

0,63 16

]

»
f

;)

RALL_SHERMCID NUH2ERS.

4ot

2,00

™
W
I

RE=

2.07
1.0

Sphere B

o0.00

e

T

0.010

LARNNE M | T T TIT

g
0.152 1.200 10.00

—Tr

100,

It
1839

PECLET NUKBER:

0.CY

OVERRLL SHERNO
0260

4,00

Z5=
_fiE::

2.07
100.0

Sphere A

!’_1:::::;§;£ere B

00.00

R
0.010

0.100

LaR I |

1.000

™YY

10.C0

L

—rT
100.0 1830,

PCCLET MHUHBER

Figure (6-5-3). Overall Sherwood number as a function of Peclet number.

L



0

273

12.00

r: L]
%gD NUMBERS

VERALL SHERK

OVERALL SHER}

o ZS= 2.48 ' ' ' Z5= 2.48
@ - g
= RE= 0.001 8 RE= 1.0
g g
3 3
e
&
@
p=] [ty
=2 ]
o £
3
o
[ty )
2 02
1= ED
1l
x
(7]
[ - (]
8 =3
ol Sphere el Sphere A
&
>
') On
= [
= +1
e Sphere B -] Sphere B
o~ 'y
a 3
o T T T T T T T t—rTT ST T Tt T T T
0.031 G010 0.1C3 1.L20 10.03 1C0.0 1C20. 0.001 0.019 0.100 1.023 10.00 0.0 1303
PECLET HUICE ) PECLET NUMBER
- ZS= 2.48 £S5= 2.48
g : 8
= RE= 10.0 5 RE= 100.0
gl 8
= 3
8 8
o
=] o
L
£
=
z
(=]
~rs
22, €22
{ -} Eu
v
X
L2
4 -8
o Sphere A 251 Sphere
i
>
8 “g
< <
s #_“:::::ﬁ/’Sphere B s __~£::::;/§phere B
o o
g 8
[~] vy g ¥y vy T LS | i LARALE | T AR L T 5y [~ T LA § R 3 LA | T T vy T LA LN 1 T LI Y L AN I o
0.031 0.010 . 0.100 1.000 10.00 1€0.0 1CC0. 0.C01 0.n10 0.100 1.¢03 10.00 100.0 1000.

PECLET NUMGER . ~ PECLET NUIBER
Figure(6-5-4). Overall Sherwood number as a function of Peclet number.



18.02

14,00

12.09

1969

100D KUMGERS .
ty

Ry

b SHE

k

"
]

Atl.\':zgwER

= 3.09

0.001

Sphere B

2,00

o0.60

oot

T
0.010

T

g.1c2

YT T T T T T
1.223 10.02 143.0

PECLET NUNSER

ieeg.

19.00

14.00

12.00

%QSHEREEQD NUg&%gS.

VER

Og

-]

-

00

£8=
RE=

3.09

10.0

Sphere A

2.

4_<:$§¢?%phere B

©0.00

oot

LANNAL Bt & & Buteh S D

0.010

T
0.100

™7 Ty

T
1.000 10.00

LR ) | T

100.0

PECLET NUNBER

1000.

274

IS=
RE:

3.08
1.0

Sphere A

2.C0

__,///géhere B

©0.03

€31

ey
C.010

LIRS |

2.122

T T
1.002 10.03

FECLET NUMBER

i00.0

130.

ZS=
RE=

3.08
100.0

_/ Sphere B

Sphere A

[
o
o
0.

001

ALY B

0.010

L 0

0.100

LI B

1.000

TTYY

10.00

PECLET NUMBER
Figure (6-5-5). Overall Sherwood number as a function of Peclet number.

LANES iat B 8 Summ 4

100.0

™7

100C.



Z5= 0.20
RE= 0.001

090 NUMBERS. | o

i

%OSHE

L

Sphere A

.08 VER

=

Sphere H

LIRS | T LI Sn W L3 LA ALY | T 7

63f  0.010  0.00 100 10.03
PECLET NUMBER.

103.0

12.00

ZS= 0.20
RE: 10-0

Sphere A

.o VERRLL, SHERHOOD NUYBERS. | o

Sphere B-

" 0.0 .60
PECLET NUMBER~

e0.00

e T
ocs g.010 10.00

100.0

12.00

275

09D NUMBERS. .

Ry

2,0 VERRL, SHE

ZS: 0 -20
RE= 1.0

Sphere A

phere B

§°o°°

T Y85 v LR | L LR AL | L2

L l‘
9.010 0.100 1.000 10.08

PECLET NUMBER{

100.0

RS+ 10,00

kGSHEQ£ggD NUE

2.0 VERRL

ZS: 0 -20
RE= 100.0

Sphere A

Sphere B

Q0.

T
K.} 0.010

T

bl |
10.00

LA | T Tyl T

.13  1.000
PECLET NUMBER

100.9

Figure(6-5-6) Overall Sherwood number as a function of Peclet number.



PECLET NUMBER.

'8
ZS: 1-32
8
= RE= 0.001
»
[» 4
e
Tw]
e |
=
[ =]
Qo
=)
ne
|71}
po =d
[ ]
t]
il Sphere A
&
1l
o>
=
o
0;-
Sphere B
8
o. 'r'[,' I'l] L I‘lil L3 llll L] L LR ]
0.001 0.010 p.100 1.000 10.90 108.0
PECLET NUMBER ‘
g
g ZS= 1.32
3 RE= 10.0
©
n
e ‘
o]
pe |
=z - R
o
=%
|17 ¢ .
pe =
w .
8
2+ Sphere A
[+ 4 R
s
>
©a :
2
) Sphere B
3
o‘ L] s, l'[ L] 'I] L L) l‘ll L) ‘l'“l A s 7 ¥
D.tot 0.010 0.100 1.000 10.00 }0.0

276

.00

.00

OVERQ}%OSHERHUOD NUMBERS .

2.00

8
: ZS= 1.32
S RE= 1.0

Sphere A

Sphere B

.50-00

v
0.010

T L 2N B ]

100.0

'Ul-llml' '1'.:200' l II‘UI-W
PECLET NUMBER

12.00

o.of VERRLL, SHERHOOD NUMBERS. | o

Z5=
RE=

1.32

Sphere B

©0.00
g

T
o10

L 1 T e Ty

T
g.100 1.000

LB |

10.08

PECLET NUMBER

Figure (6-5-7). Overall Sherwood number as a function of Peclet number.



12.00

ZS=
RE=

2.07
0.001

1p.08

%90 NUEE%RS.

L SHER}!

Sphere A

1

OVERQ}

2.00

Sphere B

L LIS 1

' '0'-'193' 4 -Dm‘
PECLET NUMBER

©0.00

rr—t T
001 0.010 10.00

100.0

12.00

ZS= 2.07

Sphere A

2. OPVERHHEOSHE-RE-%SD NUE‘%%RS. 1960

Sphere B

g
ol T
B-Eﬂi : lonu

0.010 0.1C0 1.0C3

PECLET NUMBER..

100.0

277

12.00

Z2S=
RE=

2.07
1.0

10.00

800 NUHB%RS-
8.0

ik}

Sphere A

2mgVERﬂt%°8HEﬂ§

Sphere B

0.00

T T ery Try T T rIf

8018 8400 1.0 10.00
PECLET NUMBER

0.001

100.0

12.00

ZS=
RE=

2-07 '

%0 NUg&%RS * 1p.00

O

2.né)VERH‘l:'lﬂuSHE

Sphere B

III[ T L "Il’l Ll L3
g.010 18.00

©0.00
8

rac 1.0
PECLET NUMBER

)

100.0

Figure(6-4-8). Overall Sherwood number as a function of Peclet number.



278

B 8
Z = . ZS: -4
3 S= 2.48 8 2. 8
S RE= 0.001 S RE= 1.0
n : »
ﬁﬁ‘ Ec
@ o2
b=y o]
e ) =2
= =
j =] = ]
g8 88
qu %nﬂ
1 1
Io. r
O‘)o w
23. Sphere A é;. Sphere A
oz ne
77 1T}
> > -
[=) (=79
: Q
o Sphere B N Sphere B
8 8
°- L 3 l']]’ L] llll ﬁflll L3 l!rr L3 L SBR 5N ] o. Lo llll L 4 llII L | l'll LS llll’ L 1 L .
0.001 0-010 0-100 1.000 10.00 100.0 0.091 0.018  0.100 1.000 10.00 100.0
PECLET NUMBER PECLET NUMBER
8 2
g ZS= 2.48 g 5= 2.48
= RE= 10.0 g RE= 100.0
» ®
o [+
2 we
m% m
o] o]
= b=
= =
(=] =]
g3 3|
=] 25
ud nl
e P~
U)o w
ﬂ3 Sphere A j31 Sphere A
E g
1T uj
o >
°8 “8
o Sphere B o Sphere B|
e 2
o. R ) Tl'l L] "l' ¥ l"l k) ‘l‘l' L] N N R ) °. ﬁv"'l L] l'll L] l"‘l l‘lll v L2 B ]
0.081 0.010 0.100 1.000 10.00 100.0 0.001 0.010 C.100 1.000 10.08 100.0
PECLET NUMBER{ : : . PECLET NUMBER.
Y

Figure(6-5-9). Overall Sherwood number as a function of Peclet number.



279

RS(A)

~
ol

AHERR30N NUNKE

g B
< —_ 2
g 5= 0.20 g
e o
- RE= 0.001,1.0.,10.0,100.0 { ~
3 | : : *
a2 &
& 3
e o
>y ”-ﬂ.l

o
3 3
24 [T 3N
-t [ el

o

=]
. =3
Y 851

o=

[ /4

1]

pe o
. w2
o 7

. A
8.1 4
- o]
g 13
Ny W]
g 2 _ .
° v L l" v -l l'l L L 'll L3 "ll L] ‘I'l’ LA '“ ‘: L] r"‘ L4 L] '_‘1 v L] Ill L4 lfll L J II'. v ‘ A BB}
0.0 0.010 £.123 1.020 10.C8 109.0 1023, {J.€21 0.0:0 0.100 1.C00 10.00 . 189.0 1000,
PECLET NUMBER - PECLET NUKSER

Figure(6-5-10). Overall Sherwood number as a function of Peclet number
with Reynolds number as a parameter.



280

ERS(A)
el

U& NUH[E

SHERHO

8 8
a B
8_ ZS: 1 -32 B
=1 RE= 0.001,1.0,10.0,100.0 =
g | | g
e b2
g B
o] &
@
=5
@
e |
=
o3
27 8;’-‘
pe o4
&
- &3
e 3
4 +
L ] N
[ =] =]
< '2
o T Ty LA .7 SINAS Aumat Bt 5 SNNNE BN i 5 Runmm anatl an B B | 2 LIME B A 0 N S e BLy ENNNE s Snk S B ek Saanm Su A N NN Smme B AN { T Ty
g.2N 0.010 C.122 1.CC0 10.C3 100.0 - 13 2.581 - " 0.010 0.400 1.029 10.00 1C0.0 . IOOQ.
PECLET NUVBER . - PECLET NUHBER '

Figure (6-5-11). Overall Sherwood number as 'a: function of Peclet number
: with Reynolds nunber as a parameter.



281

SHERHOOD NUMEERS(R)

g g
[ -} o
- e
| zs = 2.07 .
< Q
= Y
RE= 0.001,1.0,10.0,100.0 -
(=] [=]
Q Q
o i
[=] o
Q Q
o o
)
o
3 &3
a e
w—y E".
5
=
o 9"'1
& .
= /)
2 &g
Py o7 /
8 8
+ <
o o
Q e
o o
[~] (=]
Q Q
a L | "'l v "" L4 L4 'll v L "' R ] L) Ill L4 L 2 o § o s t ] "l L4 -“Vl L L | "l L4 ".‘ L '7"l L] L 2 B
0.001 0.010 0.1C9 1.080 10.00 100.0 11133 0.008 0.010 0.100 1.t30 10.00 100.0 1000

PECLET NUMBER PECLET NUMBER

Figure (6-5-12). Overall Sherwood number as a function of Peclet number
with Reynolds number as a parameter.



282

8 8

g -

; ZS= 2.48 :

*] RE= 0.001.,1.0,10.0,100.0 =

g 8

-3 *

g 8

i &
= 3
o3 e

e :::-

g—:ﬁ 'é';—n

= =

- o |

b= z

=2 =9

&3] B

= z

18 £l

#a 53

g e

g g

(] o

e 5]

O T T I T T T T T T T T T T T T T T T T ] P I maam ot e s e » M s e m s mn S am o F maan aues an 2 mmenl nane pe
0.001 0.010 0.100 1.602 10.00 100.0 1C00. 0.C01 0.010 0.100 1.C03 10.63 1C3.0

PECLET NUMBER : ' PECLET NUMBER

Figure (6-5-13). Overall Sherwood number as a function of Peclet number
with Reynolds number as a parameter.

1000-



283

SHERROOD NUHRERS(A)

g :
e 3 :
.| 2s= 3.09 ~ 2 {
e 2
& H
*{ RE= 0.001.1.0.10.0,100.0 / -
8 8B
* &
g
2 %
=
23
34 %5
b >4
-
=
o2
2 rayd
a7 p=%3
pr'
o
=
3 G2
e TS
o (=]
o le
< iy
8 3
o~ N
8 , .
c; ¥ l'Il L v ll‘ v '7"‘ LA ll" L 3 IIT]’ L pad | ': ¥ Illl L l"l Ly l"l 1 ] III‘ L) llll v LR 1 3
0.03¢ 0.010 0.1C0 1.020 10.C0 100.0 1003, 13.€01 0.010 0.100 1.000 10.00 103.0 1000,

PECLET NUXBER : PECLET NUMBER

Figure(6-5-14). Overall Sherwood number as a function of Peclet number
with Reynolds number as a parameter.



284

3 3
8 o
ol Z5= 0.20
8 9
Q. [ ]
“1 RE= 0.001.1.0,10.0,100.0 =
—~
] =2
a 0
] [ 4
m wl
o g__-'!c,
=29 S0
“Zo zé'i
S 8
[ ]
23 2
el 10
7S 5 :
g g Y
o o
8 S
° flll L4 llll L ] ll'l LJ llll L] LI 3R J o. ll‘l L3 rlll 1 § IIUT L] l'll LB
0.001 0.010 0.109 1.000 10.00 100.0 0.001 0.010 0.100 1.032 10.00 1£0.0
PECLET NUMBER PECLET NUMBER
H
8 8
o| 5= 1.32 o
*{ RE= 0.001.1.0.,10.0,100.0 =
—~y -~y
‘:o.- m‘:'iq
~ () ~—y
(/2] (<)
4 s
1 wl
m m
=0 0
=1-]
z.f-n Z¢;'!
2 (=]
[ ] (=]
9_ o
=g =8|
e o
[/»] w2
S S
o o
g g ’
°- 1 ] L] I'l L 'Ili rj‘l'l R 2 L] lll L] T 173 c. L] lﬁ' ¥ lll Ly U""I’ L 3 I 2 Ill L] L4 e
0.0061 0.010 0.100 1.000 10.00 100.0 0.001 0.010 g.100 - 1.000 10.00 100.9 -
PECLET NUMBER ' PECLET NUNBER

Figure (6-5-15). Overall Sherwood number as a function of Peclet
number with Reynolds number as a parameter.



<00

1

28: 2 -07

1p.00

RE= 0.001,1.0,10.0,100.0

LANLIE S | T T

coll l 'o'.:no. 0.100 .1..:300. i '1.0.-00' ) ;;?ﬂoﬂ
"PECLET NUHBER

.oo

1

ZS= 2 -48
ReE= 0.061.,1.0,10.0.100.0

1p.c0

s

oo gggBERSI

SHER

2.00

™t r—re

031 0.010  0.100 1608 10.00  103.0
PECLET NUMBER -

©5.00

285

r—rrp—r
0.010

Tt
0.1C3 1..23

PECLET NUMBER.

19,00  12.00

)

—gy ]

BERS

=0
=29
<

200 STgso00

[~3
Q

?
=

.00

1

Tt
H

0.010

! 0-.103 V ‘1.-.005
PECLET NUMBER

!nlgo

100.0

Figure(6-5-16). Overall Sherwood number as a function of Peclet

number with Reynolds number as a parameter.



286

Peclet numbers, the overall Sherwood numbers for sphere A are
influenced by the combinedAeffect of the large Z-grid-line
spacings and the thin diffusional boundary layer over part of
the upstream surface of sphere A (this has been discussed in
the previous section). A further consequence of this combined
effect is that the overall Sherwood numbers for sphere A
increase more slowly than those for sphere B with increasing
Peclet number, and at high Peclet numbers the ovérall Sherwood
numbers for sphere A eventually become smaller than those for
sphere B. It is important to note that this anomalous behaviour
is generally not obvious except for the two largest sphere

spacings considered in this study: Zs = 2.48 and Zs = 3.09.

’Or e€acn sphere spacing, the influsnce of Reynolds
number upon the overall rates of mass transfer from the spheres
can be seen di;ectly from Figures(6-5-10) to (6-5-16). For
sphere A, the overall Sherwood numbers are independent of
Reynolds number over the range of Peclet numbers from 0.00l1 to
0.1; while for sphere B, the overall Sherwood numbers are
independent of Reynolds number over the larger.range of Peclet
numbers from 0.001 to 1.0. The range of Peclet numbers over
which the overall Sherwood numbers for sphere B are independent
of Reynolds number become larger when the sphere spacing becomes
smaller. On the other hand, at higher Peclet numbers the overall
Sherwood numbers for the two spheres increase with increasing
Reynolds number although the increase is always larger for
sphere A than for sphere B. Hence, when both the Reynolds and
Peclet numbers are large the difference between the overall

rates of mass transfer from the two spheres is also large.

From Figures(6-5-1) to (6-5-16) and Tables(6-5-1) to (
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6-5-10), it can be seen that the overall rates of mass transfer
from the spheres increase with increasing sphere spacing,
however, the increase is always larger for sphere B than for
sphere A. The reason for this larger increase in the overall
Sherwood numbers for sphere B than for sphere A is that increases
in the distances between the spheres result in the lower
concentration of the diffusing material in the f£luid in the
inner region between the spheres and thus in the larger rates
of mass transfer from the front surface of sphere B. Except
when the sphere spacing changes from Zs = 0.20 to Zs = 1.32,
the rates of mass transfer from the rear surface of sphere A
increase only slightly with increasing distance between the

two spheres. As a result, when the sphere spacing is increased,

e diffaran
e Qliigeren

the spheres becomes smaller.

It is important to note that for each sphere spacing
and for all Reynolds numbers considered in this study, the
overall Sherwood numbers for sphere A in the Peclet number:
range of 0.001 to 0.1 and the overall Sherwood numbers for
sphere B in the Peclet number range of 0.001 to 1.0 are either
less than or slightly larger than the limiting value of 2.0
obtained for a single isola£ed sphere with molecular diffusion
alone to an infinite medium. These values also increase with

increasing sphere spacing.
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CHAPTER 7. CONCLUSIONS

The results of the present study are summarized as

follows:

1. Numerical solutions of the Navier-Stokes and diffusion
equations have been obtained for a system of two equally sized
spheres with a steady, isothermal, incompressible, Newtonian

fluid flowing parallel to their line of centres.

2. The bi-spherical coordinate éystem was used in the
present study because of the ease with which it may be used
to describe the locations of the two séheres and the boundary
conditions of the system of governing equations. Unfortunately,

it also introduced unequal distributions of grid lines in both

the Z- and 6-directions in the flow region.

In order to remove the unequal increments along the
surfaces of the two spheres which arose from using the
conventional scheme of distributing the grid lines for the
f—-direction according to a constant increment in the value of
6, a new scheme of distributing the grid lines according to a
constant increment in the angle n was adopted. This new scheme
had the advantages of distributing the grid lines for the
f-direction more evenly in the flow region, particularly.when
the sphere spacings were small, and of allowing many important
quantities for the two-sphere fluid dynamic and mass transfer
problems to be studied and interpreted in the same way as

those for a single isolated sphere.

3. An explicit extrapolated Gauss-Seidel method with

under-relaxation was used to obtain solutions of the finite-
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difference forms of the Navier-Stokes and diffusion equations.
Suitable values of the relaxation factors were supplied by
trial-and-error in order to ensure that at each mesh point

the solution converged with the desired accuracy. Computational
times were reduced by using results obtained for immediately
lower Reynolds and Peclet numbers as initial values for the
iterative solutions of the Navier-Stokes and diffusion equations,

respectively.

4, In this study, five different sphere spacings: Zs =
0.20, 1.32, 2.07, 2.48, and 3.09, corresponding to two equally :
sized spheres having a centre-to-centre distance of 2.0402,
4,0106, 8.0510, 12.025, and 22.022 radii, respectively, were
considered. The Navier-Stokes equations were solved for the
stream function and vorticity distributions in the flow region
for a series of Reynolds numbers ranging from 0.001 to 500;
while the diffusion equation was solved separately for the
concentration distributions in the same flow region for four
selected Reynolds numbers of 0.001, 1.0, 10.0, and 100.0, each
for a series of Peclet numbers from 0.001 to 500. The resuitant
distributions of vorticity and stream function were used to
calculate the surface -pressures, angles of flow separation,
and drag coefficients for the spheres. Similarly, the resultant
distributions of concentration were used to calculate the local

and overall Sherwood numbers.

5. The vorticity distributions obtained for flow aroupd
two equally sized spheres were found to be dependent on the
Reynolds number and on the sphere spacing. For each sphere
spacing, the vorticity distributions at Reynolds numbers less

than unity were symmetrical and those at higher Reynolds numbers
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were unsymmetrical about a plane through the mid-point .of the
line of centres normal to the direction of flow. At high
Reynolds numbers, a fluid dynamic boundary layer was observed
to have developed at the upstream surfaces of the spheres,
however, its development at the upstream surface of the
downstream sphere, sphere B, became less pronounced when the

distance between the spheres was decreased.

It was also observed that for each of the five
éphere spacings considered, the distributions of vorticity
around the two sphereéleways at least slightly different from
those around a single isolated sphere énd that the difference
became larger as the distance between the spheres decreased.
This showed the effect of particle-to-particle interaction
between the spheres upon the flow around the spheres. The

extent of the interparticle interaction increased with

decreasing sphere spacing.

6. The stream function distributions around the two
spheres were also found to be dependent on the Reynolds number
and on the sphere spacing. For each sphere spacing, the
distributions of stream function at low Reynolds numbers of
0.001 to 0.1 were symmetrical while those at higher Reynolds
numbers were unsymmetrical about a plane through the mid-point
of the line of centres normal to the direction of flow. The
main influence of sphere spacing upon the stream fﬁnction
distributions was shown particularly iﬁ the inner region
between the spheres. As the sphere spacing was decreasea, the

streamlines with small values of the stream function moved

further away from the line of centres of the spheres. For the
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two smallest spherelspacings: Zs = 0,20 and 1.32, at high
Reynolds numbers nearly the whole inner region between the

spheres became a wake region.

7. The distributions of surface vorticity at the front
surface of the upstream sphere, sphere A, and at the rear
surface of the downstream sphere, sphere B, were found to be
almost independent of sphere spacing whereas those at the rear
surface of sphere A and at the front surface of sphere B were
affected by the closeness of the spheres. In particular, as
the sphere spacing'was decreased the surface vorticities at the
rear surface of sphere A for high Reynolds numbers became
negative over a larger region whilg those at the front
surface of sphere B for high Reynolds numbers decreased and
eventually became negaﬁive for the two smallest sphere spacings
considered in this study: 2s = 0.20 and 1.32. Also, for the
smallest sphere spacing Zs = 0.20 the surface vorticities near
the rear stagnation point of sphere A and near the front
stagnation point '0f sphere B were found to be nearly zero fo:
all Reynolds numbers indicating the existence of stagnant fluid

in the tiny inner region between the two nearly touching spheres.

8. For each sphere spacing, at high Reynolds numbers
there was flow separation from the rear surface of each sphere
and that the angles of flow separation were alwais larger for
sphere A than for sphere B. As the sphere spacing was increased,
the angles of flow separation from the back of sphere A
generally became smaller while those from the back of sphere B
became larger until they both became close to that for a single
isolated sphere. For the two smallest sphere spacings: Zs = 0.20

and 1.32, flow separation from the front surface of sphere B
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was observed; and the angle of flow separation was smaller

for the larger of these two sphere spacings.

9. It was obsérved that the distributions of surface
pressure at the front surface of sphere A and at the rear
surface of sphere B did not change much with sphere spacing;
while those at the rear surface of sphere A and at the front
surface of sphere B were affected by the closeness of the
spheres. As the sphere spacing was decreased, the surface
pressures at the rear surface of sphere A became larger while
those at the front surface of sphere B became smaller so that
as a result, the distributions of surface pressure around the
two equally sized spheres became further away from those ‘
around a single isolated sphere..It was also observed that

‘ ditens ionkess
for each sphere spacing, thejsurface pressures at the front

surface of each sphere Aecreased with increasing Reynolds

number.,

10. It was found that for each sphere spacing, the
pattern of variaglon of the frictional, pressure, and total -
drag cdefficients for the spheres with increasing Reynolds
number was generally similar to that for a single isolated
sphere. It was also found that the total drag coefficients for
each of the two spheres were less than those obtained by
Al-Taha(1969) for a single isolated sphere. As the sphere
spacing was increased, the total drag coefficients for each
of the two spheres became closer to those for a single isolated
sphere although the approach was closer for sphere A than for

sphere B.

1l1. The concentration profiles around the two spheres

were found to be dependent on three parameters: the Peclet
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number, the Reynolds number, and the sphere spacing.

At low Peclet numbers of 0.001 to 0.1, the
concentration profiles were symmetrical about a plane through
the mid-point of the line of centres normal to the direction
of flow, and remained nearly unchanged when the Reynolds
number was increased. At higher Peclet numbers, the region of
higﬁ concentration of the diffusing material was confined
into a narrow zone upstream of each sphere. Also, the regions
of high concentration became increasingly thinner as the
Peclet number was increased so that at high Peclet numbers a
diffusional boundary layer was observed to have developed at
the upstream surface of each spﬁere. However, the development .
of a diffusional boundary layer at the upstream surface of
sphere B became less pronounced when the sphere spacing was
decreased. Meanwhile, at high Peclet numbers the concentration
profiles around the spheres were influenced by the fluid
dynamics, in particular, as the Reynolds number increased the
regions of high concentration of diffusing material were

confined into narrower regions upstream of the spheres.

It was also observed that for each of the five
sphere spacings considered, the concentration profiles around
the two spheres were always at least slightly different from
those around a single isolated sphere, and the difference
became larger when the distance between the spheres was decreased.
This showed that the particle-to-particle interaction between
the spheres affected the rates of mass transfer from the
spheres and that the effect of the interparticle interaction

increased with decreasing sphere spacing,
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12, It was observed that the local Sherwood numbers
at the rear surface of sphere A and at the front surface of
‘sphere B were affected by the closeness of the spheres. As
the sphere spacing was decreased, the higher concentration of
the diffusing material ih the fluid in the inner region between
the spheres reduced the rates of mass transfer from the regions
near the rear stagnatioh point of sphere A and near the front
stagnation point of sphere B, and for the smallest sphere
spacing Zs = 0.20 the mass transfer rates were nearly zero for
all Reynolds and Peclet numbers. As a result, the distributions
of local Sherwood number around the two spheres became

different from those around a single isolated sphere.

Except for sphere B at ﬁhe smallest sphere spacing,
the local Sherwood numbers at the front surfaces of the spheres
increased with increasing Peclet number because of the decrease
in the thickness of the diffusional boundary layer. It was
observed that at low Peclet numbers of 0.001 to 0.1, the'local
Sherwood numbers  for the spheres were almost independent of
Reynolds number although at higher Peclet numbers the local
Sherwood numbers at the front surfaces of the spheres increased
with increasing Reynolds number. It was found that the increase
in the local Sherwood numbers with increasing Reynolds and
Peclet numbers was always larger for sphere A than for sphere
B. In contrast, the local Sherwood numbers at the rear surfaces
of the spheres either remained nearly the same or increased
only slightly when the Reynolds and Peclet numbers were

increased.

13. At low Peclet numbers of 0.001 to 0.1, the overall

Sherwood numbers'for the spheres were approximately equal and
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and constant. For the three smallest sphere spacings, the
overall Sherwood numbers were less than the limiting value of
2.0 obtained for a single isolated sphere by molecular
diffusion alone to an infinite medium whereas for the two
largest sphere spacings they were'slightly greater than 2.0,
At higher Peclet numbers the overall Sherwood numbers for the
two spheres increased with increasing Peclet number althoqgh
the increase was observed to be larger for sphere A than for

sphere B.

The overall Sherwood numbers for sphere A were
independent of the Reynolds number over the Peclet numbers
range of 0.001 to 0.1l; while those for sphere B were independent
of the Reynolds number over the larger Peclet number range
of 0.00l.to 1.0. At higher Peclet numbers, the overall Sherwood
nﬁmbers for the spheres increased with increasing Reynolds
numbef, however, the increase was larger for sphere A than for

sphere B.

It wés also observed that the overall Sherwood
numbers for the spheres increased with increasing sphere
spacing; however, at high Peclet numbers the rate of increase
was faster for sphere B than for sphere A, As a result,
when the distance between the two spheres was increased the
overall Sherwood numbers for the two spheres became closer to
each other as‘well as closer to those for a single isolated

sphere.

14, The use of the bi-spherical coordinate system in
the present study had a disadvantage which arose mainly from

the inherently unequal distances between any two neighbouring
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grid lines in the Z-direction around the spheres.

At high Reynolds and Peclet numbers the thicknesses
of the fluid dynamic and diffusional boundary layers at the
upstream surface of sphere A were both small in comparison
with the large Z-grid-line spacings close to the upstream
surface of sphere A. This resulted in some anomalous
behaviours of the surface vorticities, surface pressures, and
local Sherwood numbers obtained for that region which
subsequently affected the accuracy of the drag coefficients
and the overall Sherwood numbers for sphere A. Fortunately,
this effect was significantly reduced when the sphere spacing
was small and when a smaller mesh spacing in the Z-direction’
was. used in the solutions of the Navier-Stokes and diffusion
equations. For sphere B, this disadvantage was either not
present or very small because the Z-grid-line spacings close
to the upstream surface of sphere B were generally very small
in comparison with those close to the upstream surface of

sphere A.

15. The computer programmes used in the present study
were developed solely to predict the flow conditions around
two equally sized spheres parallel to their line of centres
and to predict the rates of mass transfer from them. However,
there is scope for these programﬁes to be used in studies of
two spheres of different sizes. Furtherhore, with appropriate
modification and combination, the computer programmes can be
extended to studies of two-sphere free convective, interactiﬁg
free and forced convective mass transfer problems, as well as
to studies of time-dependent two-sphere fluid dynamic and mass

transfer problems.
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APPENDIX A. BI-SPHERICAL COORDINATE SYSTEM..

A~-1l, Bi-spherical coordinates(2,0,¢).

A system of two spheres is formed by the rotation of
two circles about their line of centres. The relationships
between the bi-spherical coordinates(z,9,¢) and the rectangular

Cartesian coordinates(yl,yz,y3) are as follows:

aSinh?Z :
Yy, = (A-1-1)
CoshZ - Cos® -
asSin6Sin¢ -
Yo (A-1-2)
CoshZz -~ Cosb
aSinhZCos¢
y3 = (A_l_3)

"CoshZ - Cos®t

with the ranges of the coordinates as follows:

-0 < Z < 42, OLBLT , 0L ¢ 27 (A-1-4)

For an orthogonal curvilinear coordinate system, the scale
factors, (hi' i=1,2,3), are related to the rectangular

Cartesian coordinate system by the following expression:

(—=)
1 axi

oy
k2 ];5 (A-1-4)

™MW

-
k

where (yk, k =1,2,3) represent the rectangular Cartesian
coordinates, and (xi, i=1,2,3) represent the orthogonal

curvilinear coordinate system.

For the bi-spherical coordinates, X, = Z, X, = 0, Xy = ¢,

the following scale factors: hl = hz, h2 = he, and h3 = h¢, are
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obtained by substituting equations(A-1-1) to (A-1-3) into
equation(A-1-4):
a asSinb

hZ = he = ’ h¢ = (A-1-5)
CoshZz - CosS8 CoshZ - Cos®H

The element of area on the surfaces of the spheres with
Z = *7s (2 = -Zs represents the upstream sphere while Z = +Zs

represents the downstream sphere) is:

ds

h.h dxzdx

273 3

a asin®d
= ( ) ( ) (A-1-6)
Cosh(iZs) -~ Cosf® Cosh(xZs) - Cos®

and the total surface area of each of the spheres is:

41ra2 a2
S = = 47

Cosh® (#zs) - 1

(A-1-7)

Sinh? (+2s)

Similarly, the element of volume of each of the spheres is:
4 '

h.h.h.dx. dx.dx

dv = hjh,hdx, dx,dx,

a 2 asSind
= ( )7 - ydzded¢ (A-1-8)
Cosh(xZs) - Cosb8 Cosh (xZs) - Cos®H

and the volume of each of the spheres is:

3
a

(A-1-9)

Sinh> (+2s)
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Figure (A-1) Bi-polar coordinates (Z,0) in a meridian

.plane.
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Figure(A-2) Transformed bi-polar coordinate(Z,0) plane.
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A-2., Reduction of bi-spherical coordinates to bi-polar

coordinates.

The flow of a fluid around two equally sized spheres
parallel to their line of centres is independent of the angle
of rotation, ¢, and is axisymmetrical. Hence, the bi-spherical
coordinate system may be reduced to the bi-polar(Z,6) coordinate
system so that the bi-polar coordinates(Z,6) in a meridian

plane are the only coordinates required to describe the flow.

The relationships.between the bi-polar coordinates(Z,8)
and the Cartesian coordinates(yl,yz) are obtained from the

transformation of:

Y, + iy2 = ja*Cotk(6 + i2)

(A-2-1)
with a > O

which, on equating the real and imaginary parts, leads to the

followiﬁg relations:

aSinh?z
Y, = — (A-2-2)
CoshZ - Cos®H
aSin#® i
Yy T _ (A-2-3)

CoshZ - Cos®
Equations (A-2-2) and (A-2-3) describe the physical plane shown

in Figure(A-l).

On eliminating & from equations (A-2-2) and ( A-2-3), the

following relationship is obtained:

(y1 - aCoch)2 + yg = a2Csch22 ‘ (A-2-4)
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by

Equation (A-~-2-4) describes, for different values of Z, a family

of non-interszscting, coaxial circles with their centres lying

along the yl—axis. ror 2 = -ds = constant, it describes a

“

1 = O which has

circle lying entirely to the left of the plane y
Y, = 0) and which has

its centre at the point('_'l

a radius of aCsch(-2s); wnile for 2 = +Zs = constant, it

describes another circle lying entirely to the right of the plane
v, = O which has its centre at the point (Yl = aCoth (+Zs), vy =

0) and which has a radius of aCsch(+Zs). It is important to

note that these two circles have the same radius and that their

Q]

centres are the scme distance from the origin of the bi-polar
coordinate svstem. The points (-a, 0) and (+a, 0), are the

centres oi the two circles of zero radius ( Z = = and % = +o).

... [d v . a2 . .0 [ ~ rvvm o J 2 e e B AT Y - '~ o) B
viricul o Lo Cllulnilavesu Ll il CSYUQLIUIND \AT AT} Qlia \n' & Tw} g

the follcwing relation is obtained:

+ (y, - aCotd)? = a~Csc?e (A-2-5)

whicn describes, for different values of 6, a family of circles

with their centres lying along the yz—axis.

The con’ormal mapping of the bi-polar coordinates(Z,8)
into the rectangular Cartesian coordinates(yl,yz) is obtained
; . . Z + 16 + i .
through an exponential function:= = e = oY1 Yo , which
= Z and y, = 9. The transformed coordinates(Z,0) are
shown in Figure(A-2). It is clear that the two planes of Figures
(a-1) and (A-2) correspoand to each other. The semicircles 2 =
censtant and the circular arcs 6 = constant shown in the uppe>
4%
halZ o the physical plane of Figure(A-l) corresponding to the
POy P g p g

-

vertical lines Z = constant and to the horizontal lines 5 =
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constant, respectively, in Figure (A-2). Similarly, the two

shaded areas in the two figures also correspond to each other.

For a system of two equally sized circles with Z = -Zs
.and 2 = +Zs, surrounded by a large. boundary circle of radius r
which has its centre at the mid-point of the line of centres,
the flow region in the upper half of the physical plane of
Figure(A-1) which is bounded by 6§ = 0, 8 = w, 2 = -Zs, Z = +Zs,
and the enveloping large semicircle, maps iﬁto a rectangular
plane of Figure (A-2) which is bounded by the straight lines

8 =0, 86 =m, 2=-2Zs, Z = +Zs, and by the curve corresponding

to the enveloping semicircle.

The location of the enveloping Semicircle is determined
as follows:
5 2 2 aSinhZ0 2 aSinBo

rf =yl +y, = )<+ )
' Coshzo - Coseo CoshZo - Coseo

2

> CoshZ0 + Coseo

= a”( ) (A-2-6)

CoshZ - Cos®
o) o)

Division of equation(A-2-6) by 4%, where 4 = a|Cothzs| is the
.distance between the centre of either .circles to the origin of
the bi-polar coordinate system, gives:

r, a 2.Coshz0 + Cosé Coshzo_+ Coseo

(=) = (=) A ) = tanh“Zs( ‘ =)
d d . CoshZ - Cos®H CoshZ_ - Cos®
o) o o) o

(A-2-7) -
 rearrangement of equation(A-2-7) gives:

2 2 _
{(x/d)“/tanh”zs} +.1

" Co8hZ = |——— . " lcoss_ - . .. (A-2-8)
° {(r/d)z/tanhZZs}*— 1 °




303

Table (A-1) . Values of. 6 corresponding to values of n ineremented

by a constant value of 6°.

' Zs = 0.20 1.32 2,07 2.48 3.09
n 8
0 0.0 0.0 0.0 0.0 0.0
6 0.6 3.5 ‘4.7 5.1 5.5
12 1.2 7.0 9.3 10.2 11.0.
18 1.8 10.5 14.0 15.3 16.5
24 2.4 14.0 18.7 20.4 22.0
30 3.1 17.6 23.5 25.5 27.5
36 3.7 21.3 28.3 30.7 33.0
42 4.4 25.0 33.2 36.0 38.6
48 5.1 28.9 38.1 41.3 44.2
54 5.8 '32.8 43.1 46.6 49.9
60 6.6 '36.9 48.3 52.0 55.6
66 7.4 41.2 53.5 57.5 61.3
72 8.3 45.6 58.8 63.1 67.1
78 9.2 50.2 64.3 68.8 73.0
84 10.3 55.0 . 69.9 74.6 78.8
90 11.4 60.1 75.6 80. 4 84.8
96 12.6 65.4 81.5 86.4 90.8
102 14.0 71.1 87.6 92.5 96.9
108 15.6 77.0 93.8 98.7 103.0
114 17.5 83.0 100.1 104.9 109.1
120 19.6 90.1 106.7 111.3 115.4
126 22.1 97.2 113.4 117.8 121.7
132 25.2 104.8 120.3 124.5 '128.0
138 29.1 112.9 127.4 131.2 134.4
144 34.1 121.3 134.6 138.0 140.8
150 40.8 130.3 141.9 144.8 147.3
156 50.2 139.6 149.4 151.8 153.8
162 64.4 149 .4 156.9 158.8 160.2
168 87.0 159.4 164.6 165.8 166.9
174 124.5 169.6 172.3 172.9 173.4
180 180.0 180.0 180.0 180.0 180.0
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When values of Zs and (r/d) are specified, equation(A-
2-8) can be solved for Zo for any specified value of 60. Pairs
of values of Zo and eo are the bi-polar coordinates of the
outer boundary of the flow region which, when plotted, provided

the dashed-line curve in Figqure(A-2).

A-3. Calculation of the value of 6 which correspond to values

of n incremented by a constant value.

From‘Fiqure(A—l),'it is cléar that for each specified |
Qalue of 6 there are tWolpoints on the:circumfefences of the.
circles: one on each circle,.with the same value of angle 7
measured from the axis of symmetry 6 = Oo. For sphere A, n is
the anglg between the norhal to the front stagnation point and
the normal to a point on the circumference; while for sphere B,
it is the angle between the normal to the rear stagnation point
and the normal to a point on the circumference. Except at the
front and rear stagnation points of the circles, the value of

8 is always different from that of n.

In order to study and understand the results of the two-
sphere fluid dynamic aﬁd maés_transfer problems in the same
way as those for a single isolated sphere, it is desirable to
adopt a scheme of distributing the grid lines for the 6-direction
with a constant increment in the values éf n instead of

retaining a constant increment in the value of 6. From the
relationship between n and 6 as shown in Figure (A-1l), the
following expressions are obtained using equations(A-2-2) and

(A-2-3):
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For circle A (2 = -Z2s).

aSinh(-2s) -
YIA = - (A_3—l)
Cosh(-Zs) - Cos® '
asSiné
y = (A-3-2)
2h Cosh(-2s) - Cosh
Y
tann = 1A (A-3-3)
Yop * |Cosh (-2s) |
For circle B (Z = +Zs).
aSinh (+2s) ; -0
le' = . (A-3-4)
Cosh(+2s) - Cos® '
asSing -
Yop = » (A-3-5)
Cosh(+Zs) - CosH
Y
tann = 1B (A-3-6)

Y,p ~ |Cosh(+2s) |

When values of the sphere spacing Zs and the constant increment
in n, are specified, then, because of symmetry values of 6 can
be obtained from either equations(A-3-1) to (A-3-3) or from

equations(A-3-4) to (A-3-6).

Valﬁes of 68 for five gphere spacings: Zs = 0.20, 1.32,

2.07, 2.48, and 3.09, and for a constant increment in the angle
n of 6° are shown in Table(A-1). It is clear that the values of
8 and n are not the same, and that the difference between them
are very large when the sphere spacing is small. This scheme of
distributing the grid lines for the 6-direction according to a
constant increment in n also has the advantage of distributing
. the grid lines more evenly in the flow region than that using

a constant increment in 6.
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APPENDIX B. SURFACE PRESSURE DISTRIBUTIONS AND DRAG

COEFFICIENTS.

B-1. Physical components of the stress tensor for an

incompressible Newtonian fluid.

For an incompressible Newtonian fluid, the symmetrical

Newtonian stress tensor is as follows:

15 + Uee, . (B-1-1)

ij

where p is the static-fluid pressure,_dij is the Kronecker

de;ta(dij 1 for i = 3o and Gij O for i # j), and eij is

the symmetrical rate of strain tensor.

The nine components of the stress tensor expressed in

bi-spherical coordinates(Z, 6, ¢) are as follows:

CoshZ-Cos® 'BVZ Sinb . .
TZZ = -p + 2u( ) - ( )VB (B-1-2)
a 92 CoshZ-Cos®6
h - -
CoshZ-Cos# "ave Sinh2.
Tgg = ~P *+ 2u ( ) - )VZ (B-1-3)
a a0 CoshZ-Cos#
CoshZ-Cos®6 [-l 8V¢ Sinh2
Tog = P F 2 ( ) - ( )V,
a Sin6 3¢ CoshZ-Cos®
CoshZ+Cos6-1 1
+ ( )ve (B-1-4)
- Sin6 (CoshZ-Cosb)
CoshZ-Cos®6 BVZ Sinb BVe
a L?Z Cosh2-Cos6 22
Stnh2
+ ( )V (B-l-S)

CoshZ-Cos8 0
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CoshZ-Cos6 1 v v

Z ¢
Tow = Tgp = H ) . +
z2 9z a Sin® 3¢ 9%
Sinh?Z
+ )V¢ (B-1-6)
CoshZ-CosH
CoshZ-Cos6 1 BV6 BV¢
T6¢=T¢6=U( ) +
-a Sin6 9¢ a6
Cosh?Z Cos6-1
- { 1 v (B-1-7)

Sin6 (Cosh Z-Cos8) 0

The Navier-Stokes and diffusion equations in

bi-spherical coordinates.

For steady incompressible Newtonian flows, the continuity,

Navier-Stokes and diffusion equations are given as follows:

VeV =0 (B-2-1)
A 2&

VeVC = DCV cC~ (B=2-2)
YV (VV) - Vx(VxV) = - %VP + v[V(V-V) - Vx(VxV)J (B=2-3)

When expressed in terms of bi-spherical coordinates these

equations become as follows:

1. The continuity equation.in bi-spherical coordinates:

CoshZ-Cos®b BVZ SinhZ BVe
( )R E! - 2( )Wyt + {—
a 9% CoshZ-Cosb 26 (B=2-4)
CoshZ+*Cosb-1 Sinb 1 BV¢
+ - )Vgl + —=|=0
Sin6 (CoshZ-CosH) CoshZ-CosH Sinf 9¢
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2. The diffusion equation in bi-spherical coordinates:

CoshZ-Cos®6 oC oC V¢ oC 5
( Y [Vyo— + Vgo— + —|= D, V°C  (B-2-5)
a 92 L] Sin6 3¢

where:
2 . 2
5 CoshZ-CosH 5 3 =SinhZ 9 9
ve o= | ) 5 + ( )— + —
a 392 CoshZ-Cos6 92 96
Coshz-Cosé-1 9 1 32
+ — + 55 (B=2-6)
Sin6 (CoshZ-Cos6) 96 Sin“0 9¢

3. The 2-, 6-, and ¢-components of the Navier-Stokes

equations in bi-spherical coordinates are as follows:

2-component of the Navier-Stokes equations:

CoshZ2-Cosb avz BVZ V¢ v, -Sin#
( Y [Vgo—= + Vg + . + -)VBVZ
a 92 a6 Sinb 96 CoshZ-Cos6
=Sinh?2 5 =-Sinh?2 5
- Vg + Ve
CoshZ-Cos8 CoshZ-Cos#9
CoshZ-Cos@ 3P CoshZ-Cosb a
= - 2 )o— + VI )2 ) 272y,
e a °Z a CoshZ-Cosb
-Sinh?2 5 -Sin6 5
+ {-2¢( )T+ ) }vZ )
CoshZ-Cos8 CoshZ-Cosb
) =SinhZ 5 =5inh?2 -5in6
+ {2( )S o+ | ) { IBAA
CoshZ-CosH CoshZ-CosH CoshZ-Cosb
-Sin6 BVe -SinhZ BVe

+ 2{( ) - ).
" CoshZ-CosH 02 CoshZ2-Cos8 286
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1 ~SinhZ aV¢ )
- ( ) } (B=2-17)
Sin® CoshZ-Cos® 9¢

8-component of the Navier-Stokes equations:

(

® cmmme— L ] ¢ -—
7 + Ve + ( AY

COShZ-COSB) v BVB BVB v BVB -Siné 5
3Z 26 Sin6 9¢ CoshZ-Cos®8

a

-Sinh2 CoshZ+Cosb-1

+ ( WV, Vg + vi
Cosh2-Cosb Sinb (Cosh2~Cos6)

=-%< Yo + V( ) ) 2v2y

a 26 a

CoshZ~-CosB 3P CoshZ-Cosb 2[ a 2 2
( )

CoshZ-Cos6

-Sinb BVZ -SinhZ AV
+ 2{—( ) e + ( ).

. Coshz-Cos8 232 CoshZz-CosB 936

Z

1 Cosh2+Cosb-1 BVQ -Sin® -Sinh2
- . . } -— ( ) ( )V
Sin® Sinb (Cosh2-Cos6) 3¢ CoshZ-Cos8 CoshZ-Cosb

Z

-SinhZ 5 -5in® 5
- Vg l( )+ )° o+
CoshZ-Cos#8 CoshZ-Cos#8 Sin6 (Cosh2-Cos8)

CoshZ+Cosb6-1 5 ]
)}

(B~2-8)

¢—component of the Navier-Stokes equations:

CoshZ2-Cosb av aVv v AV
a 92 36 Sin6 3¢

+ ( )VZVe + V.,V

-~SinhZ CoshZ+*Cosb-1
CoshZ-Cosb Sin6(CoshZ2-Cos8) ¢

=—-%(’ )|_+\)(

CoshZ-Cos8 dP CoshZ-CosB)2 : a 5 2
a 0d a

CoshZ~-Cos8 ¢
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2 -S8inh?2 BVZ 2 CoshZ+CosB-1 BVe
+ ( ) + ' -

SinB CoshZ-CosB 99 Sin6 Sinb (CoshZ-CosB) 93¢

-SinhZz 2 CoshZ-+CosbB-1 2
- Vi )T+ ( )} (B-2-10)
CoshZ-Cos®b Sinb (CoshZ-Cosf)
For axisymmetrical flow with no swirl, V¢, its
derivatives, and all derivatives with respect ~to ¢ are zero

so that equations(B-2-4) to (B-2-10) reduce to simpler forms.

B-3. Surface pressure distributions.

The pressures at the surfaces of the two equally sized
spheres can be determined from the Navier-Stokes equations
when the vorticity distributions around the spheres are known.
For an axisymmetrical flow without swirl, there are only two
components of the Navier-Stokes equations so that the two
components of velocity: Vz and Ve, are related to the single
component of vorticity of the fluid, z, in the ¢-direction.

W :
Therefore, a relationship can be obtained for the surface

pressure distributions in terms of the vorticity distributions

around the spheres. This relationship is derived below.

The components of the Navier-Stokes equations in the
Z- and B6-directions, when expressed in terms of vorticity

become-as follows:
The Z-component of the Navier-Stokes equations:

oP 9z CoshZ+*Cosb-1
Vye—=2 4 Se— = - v(— + z)  (B-3-1)
9Z 92 36 Sin6 (CoshZ-Cosb)




311

The @-component of the Navier-Stokes equations:

Bve ave -Sinh?2 -Sinb 2
(Vyom— + Vgo—) + ( )V Ve = ( )V,
92z a6 CoshZ-Cosb6 CoshZ—CQse

1 oP 3z -Sinh?2
+ = — = ve{— + ( )z} (B~3-2)
LY 3% CoshZ-Cos#
where,
Coshz-Cos® [aV, -Siné v,
= ( ) + )oVy = —=
a 22 CoshZ—Cosﬁ 26
-SinhZ
CoshZ-Cosb

The pressures at the front
and at the rear stagnation point

in the following ways:

stagnation point of sphere A

of sphere B can be obtained

U D D'
.___._) ]
. \ .
Flow f(\\f\_\ ///
U ASLE
A B
Sphere A Sphere B

Figure B-1l. Fluid flows. around a system of two equally

sized spheres.

Along the axis of symmetry

)

Y

» 6 =0: ¢, V,, and all their

derivatives with respect to Z are zero, and the vorticity ¢

defined by equation (B-3-3) becomes zero also. Because the

second term on the right-hand side of equation(B-3-1) is
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indeterminate, it is necessary to use the limiting rule of

L'Hospital to give:

CoshZ-Cosf-1 —%%— °C
lim T = = (B-3-4)
0+0 Sinb (CoshZ-Cos8) CosH 90

Hence, equation(B-3-1) becomes:

BVZ 1 oP or
Vye—= 4 e = - 20(—) (B-3-5)
3% CEEY 36

Integrating equation(B-3-5) along the axis of symmetry from

points A to B gives:

1 2 20 _ B _
§(PgBp) + BV |5 = X)) | = -2y [P(=) az (B-3-6)

The dimensionless pressure coefficient K may be defined

as follows:
K= —— (B=3-7)

where PS is the pressure at the surfaces of the spheres and
P, is the pressure in the undisturbed fluid. The dimensionless

pressure coefficients at the points A and B are denoted by KA

and KB’ respectively.
)

Also, introduction of the dimensionless velocity u*, where
u* = VZ/U, into equation(B-3-6), gives:
-8 B 3C

- 2 g — -3-
K Ky + uf - uf - i (ae ) 4z (B-3-8)
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If point A is well upstream of sphere A and point B is at the

front stagnation point of sphere A, then:

u* = 0, u* =1, K, = 0, and KB = K

A AO

so that equation(B-3-8) becomes:

*
8.0 2=0 3¢
S (—) dz (B-3-9)
Re 2Z=-Z2s 36

KAO = 1.0 +

Similarly, if point A is at the rear stagnation point

of sphere B and point B is well downstream of sphere B, then:

u* =1, u* = 0, K, = K and KB =0

A BO'

so that equation(B—3—8) becomes:

*
8.0 2Z2=0 3z
S (—) dz (B=-3-10)
Re 2Z=+Zs 90

KBO = 1.0 +

where KA and KB are the dimensionless pressure coefficients

o o
at the front stagnation point of sphere A and at the rear

stagnation point of sphere B, respectively.

The surface pressure distributions for the two equally
sized spheres can be obtained from equation(B-3—2), the 60-

component of the Navier-Stokes equations, in the following way:

On the surfaces of the spheres, Z = *Zs: VY, VZ' Ve, and
all their derivatives with respect to 8 are zero. Also, from
the continuity equation, BVZ/BZ = 0. Hence, equation(B-3-2)
becomes:

oP 3z SinhZ2

e = v— - ( )T (B-3-11)
P 30 3z CoshZz-Cos 8
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v P T
—_—> A
_ﬂ . 5
<¢’f(§///?77;/’ |
i 1
\ Sphere A " Sphere B//
: ‘ -

Figure (B-2) Pressures and viscous stresses on the

surfaces of the spheres.

For sphere A, the integration of equation(B-3-11) around the

‘surface from points C to D, as shown in Figure(B-2), gives:

e Sinh (~Zs) *1
)erz |46

1 D
S(P=Po) = v é — = s {B-3-12)

92 Cosh (-Zs)-Cos#6

In terms of dimensionless functicns, equations(B-3-12) becomes:

4 D 3z . Sinh(-2s) .
f - );s do (B-3-13)
Re C 97 Cosh(~2s)—-Cos#

If the point C is considered to be at the front
stagnation point of sphere A and the point D to be on the surface
at a reference angle 6, then K, = K and KD = KAe. Thus

Cc AO

equation(B-3-13) can be rewritten as:

Kpg = Kao 7

4 o oz Sinh (~Zs) .
R P, )T |6 (B-3-14)

Re O 9% Cosh(-2s)-Cos#é

where K,  is given by equation (B-3-9) , while'KAe is the
dimensionless pressure coefficient at an angle 8 on the surface

of sphere A.

On the other hand, for sphere B the integration of

equation(B-3-11) around the surface from points C' to D' gives:
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1 D' Bz -Sinh (+2s)
—(PDl-Pcl) =V f - ( )cs de (B—3_15)
p c' 3% Cosh (+2s) -Cos0

In terms of dimensionless functions, equation (B-3-15) becomes:

= K + — - )«;;:lde (B-3-16)

1 | ]
D ¢ 37 Cosh (+Z2s) -Cos®

*
4 D'|3z -Sinh(+Zs)
Re C!

If the point C' is considered to be at the rear stagnation
point of sphere B and the point D' to be on the surface at a

reference angle 6, then K = K and K = K Thus,

c! BO D'

equation(B~3-16) becomes:

BO®

4 8 ac* Sinh (+2s) *
X = K + — + ( )cs de (B-3-17)

Bp BO Re O 92 Cosh (+2s)-Cos®H

where KB is given by equation(B-3-10), while Kag is the

o)
dimensionless pressure coefficient at an angle 06 on the surface

of sphere B.

B—-4, Drag forces and drag coefficients.

The total drag force on each of the two spheres is the
sum of the pressure and viscous forces exerted by the fluid
on the surface of each sphere in the direction of flow. Hence,
the total drag force, DT’ can be expressed as the sum of the

frictional drag force, D and the pressure drag force, D_:

F’ F°

DT = DF + DP ' (B~-4-1)

Dividing each term of equation(B-4-1) by %pUzA, where A is

the cross-sectional area of each sphere gives:
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CDT = CDF + CDP (B-4-2)

where C and C are the total, frictional, and

pr’ Cpr’ DP’

Pressure drag coefficients, respectively.

For each sphere, the frictional drag force is evaluated
from the sum of the tangential viscous stresses in the direction
of flow at all points on the surface; while the pressure drag
force is obtained f;om_the summation of the pressure forces

in the direction of flow at all points on the surface.

On the surfaces of the two equally sized spheres, 2 = +Zs:
VZ’ Ve, and all their derivatives with respect to 6 are
zero, hence, from equation(B-1-5) Tgg ' which is the only non-
Zero component of the Newtonian stress tensor, becomes:
CoshZ-cosb BVe

T = p( ) = ug (B-4-4) .
Zo a 37 8 .

Also, the average normal pressure at any éoint on the sphere
surface is P. It is important to note that the horizontal
components of the pressure and viscous forces contribute to
the drag force; while the vertical components of the pressure
and viscous forces contribute to the 1lift force which is zero
in the present case of flow around a system of two equally

sized spheres parallel to their line of centres.
Hence, the frictional drag force for each sphere is:

D = Jf Tyq°COSB ds ' (B=4-5)

F S )

and the pressure drag force for each sphere is:

DP = ff P+ Sing. dS (B~4-6)
S
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where B is the angle between the tangential plane and the
direction of flow far from the spheres as shown in Figure (B-2),

and dS is the element of surface area given by equation(A-1-6).

From Figure(B-2), it is clear that the relationship

between B8 and n is as follows:

B = k1 - n ’ (B-4-7)
Hence,

CosB = Sinn (B~4-8)

SinB = Cosn (B~4-9)

where n can be obtained either from equation (A-3-3) of

equation (A-~3-6).

From equations(B-4-4), (B-4-5), and (B-4-8), the
expressions for the frictional drag forces on spheres A and B:

D and D g’ are obtained as follows:

FA F
T a aSing
DFA = 2my IkQSSinn( ) ( ) de
0 Cosh(~2Zs)~Cosf6 Cosh(-Zs)-CosH
(B-4-~10)
T a asSinb
Dpg = 2my S tSSinn( ) ( ) deo
0 Cosh (+Zs)-Cosf Cosh(+Zs)-Cosb

(B-4-11)

Similarly, from equations(B-4-6) and (B-4-9), the
expressions for the pressure drag forces on spheres A and B:

DPA and DPB’ are obtained as follows:

: T a aSind
Dpa = 27 I +PCosn ( ) ( ) 4ae
' 0 Cosh(=Zs)-Cos® Cosh(-Zs)-CosH

(B-4-12)
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T a a*Ssinb
Dop = 2mS =PCosn( ) ( ) dé
0 Cosh(+2s)-Cosf® Cosh(+Zs)-Cos®
(B=4-13)
In terms of drag coefficients, the above four
expressions become:
*
8 m, a* a *Siné
C = —_J g_sinn( ) ) as
DFA Re" 0 S Cosh (-Z2s)-Cos® Cosh(-Zs)-Cos®
(B-4-14)
* *
8 m a a *Siné
CDFB = — f CsSinn( ) ( ) de
Re O Cosh(+2s)-Cos8 Cosh(+Zs)-Cos6
(B-4-15)
* *
T a a *Sin®
Cppa = *2 [ EKyCoond - 34 ----) &g
0 Cosh(-2s)-Cos8 Cosh({-Zs)-Cos®
(B=4-16)
*
T a* a +Sin6
CDPB = =2 f KeCosn( ) ( ) de
0 Cosh(+2s)-Cos® Cosh(+Zs)-Cos®
* (B-4-17)
and the total drag coefficients for the spheres are:
Cora = ora * Cppa (B-4-18)
Cprs = “ore * CpPB (B-4-19)
where CDFA’ CDPA’ CDTA’ are the frictional, pressure, and total
drag coefficients for sphere A; while CDFB’ CDPB’ and CDTB’

are the frictional, pressure, and total drag coefficients for

sphere B.
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APPENDIX C. LOCAL AND OVERALL SHERWOOD NUMBERS.

C-1l. Local Sherwood numbers.

According to Fick's law of mass diffusion the local
diffusional mass fluxes normal to the surfaces_of the two

spheres are:

-D
. = C_aC -1-
For sphere A: JA = - (az)z = -2s (C-1-1)
VA
e 5c
For sphere B: Jg = - (57)Z = +2Zs (C-1-2)
A

where DC is the diffusivity of the diffusing material in the

- The local mass fluxes can also be expressed in terms of

the local mass transfer coefficient, hD(G), as follows:

Jn = hp(8) (c = C ) (C-1-3)
4
Jg = hy(8) (C = C ) (C-1-4)

Hence, equations(C-1-1) to (C-1-4) give:

h_ (8) )~
For sphere A: D = = (COSh( gs) Cose)C EC (%%)Z=-Zs (C-1-5)
D s ©
C :
: h_(6)
+ -
For sphere B: D = - (COSh( gs) Cose)C EC (%%)Z=+Zs (C-1-6)
D s o

The local Sherwood numbers for the two spheres, spheres A and

B, are defined as follows:
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2R-hD(6)
ShAL(S) = (C=1-7)
D .
C
2R-hD(6)
ShBL(S) = (C-1-8)
De

where R is the radius of the spheres.

Hence, from equations(C-1-5) and (C-1-7), the local Sherwood
number for sphere A is obtained as follows:
*
Cosh(-Zs)~-Cosf6 3C

Sh,. (8) = =2,0( ) (
AL a* 32z

) g=-2zs (C=1-3)
and from equations(C-1-6) and (C-1-8), the local Sherwood
number for sphere B becomes:
*
Cosh (+Zs)=-Cos6 3C

Sh__(8) = =2.0( ) (
BL a* 32

)g=42s (C-1-10)

. Thus, when the concentration distributions

*
where a = |SinhZs
around the two spheres are known, the local Sherwood numbers
for the spheres can be obtained using equations (C-1-9) and

(C-1-10).

C-2, Overall Sherwood numbers.

The overall rates of mass transfer from the spheres to
the fluid flowing around them, are either expressed in terms

of the overall mass transfer coefficient, h or the overall

DI
Sherwood number (ShO = 2R°hD/DC).

The total mass flux from the surface of each sphere, QD’

is evaluated by the summation of the products of mass flux and
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area for all points on the surface.

For sphere A: Qoa = Ir In ds (C-2-1)
S

For sphere B: Qug = [/ Jg ds ’ (C-2-2)
S

where dS is an element of surface area.

On the other hand, the total mass fluxes from the spheres
can also be expressed in terms of the total mass transfer
coefficients, hDA and hDB,-as follows:

For sphere A: = hDAS(CS—Co) (C-2-3)

= h_5(C_=C ) {(C-2-4)

Tor sphere B:
£ P e DB S O

“pB

where S is the total surface area of the spheres.

From equations(C-2-1), (C-2-3), and (C-1-1), and from
equations(C-2-2),.(C-2-4), and (C-1-2), the overall rates of
mass transfer from the spheres, measured in terms of the

overall Sherwood number coefficients, are obtained as follows:

hp, 1 1 acC

For sphere A: = If (—)gy__pys 4S (C-2-5)
DC S(CS-CO) S hZ 92
Cohpg 1 1 sac

For sphere B: = Ir (—) g_ygg 9 (C-2-6)
DC S(CS-CO) S hZ 9%

where, for a system of two equally sized spheres dS and S are:

a2sing 4ma’

5 déd¢ , and S = 5 .
' Cosh™(%£2s)~-1

- das
(Cosh(x2s)~-Cosg)
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By substitution of these values into equations(C-2-5) and
(C-2-6), the overall Sherwood numbers for the two spheres are

obtained as follows:

For sphere A:

*
Cosh?(-zs)-1 = ~Siné e
ShAO = ( x ) I ) ( ) -doe
a O Cosh(-Zs)-Cos® 9Z Z=-Zs
(C-2-7)
For sphere B:
2 *
Cosh”™ (+Zs)-1 m -8in6 aC
Sh = ( ) S ( ) ( ) de
BO a* O Cosh(+2s)-Cos® 8% Z=t2s
(C-2-8)

where ShAO and ShBO are the overall Sherwood numbers for

spheres A and B, respectively.
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APPENDIX D. STIMSON AND JEFFERY'S ANALYTICAL SOLUTIONS.

For steady-state creeping flow, the continuity and

Navier-Stokes equations are as follows:

VeV =0 (D-1)

VP = pyv"v ' ‘ (D-2)

Equations(D-1) and (D-2) had been solved by Stimson and

Jeffery(1926) in bi-polar coordinates(Z,9) for the case of
two equally sized spheres falling. parallel to their line of
centres in an incompressible Newtonian fluid. The solution -

in term of the Stokes stream function is given as follows:

3/2

Vv(Z,06) = (CoshZ-Cos8) T U (Z)V_(8) (D-3)
n=1 " n
where,
U (2) = A Cosh(n-%)Z + B _Cos(n+1.5)2 (D-4)
2 (1-e” (2nFL) 0y 4 oh41y (e29%-7)
A = -(2n+3)K (D-5)
28inh(2n+1)o + (2n+1)Sinh2a
2(1-e” (20710 4 (5n41) (1-e729)
B = (2n-1)K (D~6)
n 25inh(2n+l)a + (2n+l1)Sinh2a i
azU(n+l)n
" {2(2n-1) (2n+1) (2n+3) }
o = |Zs|, surfaces of the spheres, - (D-8)



324

V. (8) =P__ (Cos8) - P_, (Cos8) (D-8)

P = Legendre function.
For the case of two fixed spheres with fluid flowing

around them parallel to their line of centres, the solution

of equations(D-1) and (D-2) is given as follows:

aSinb

¥(Z,0) = kU( )2 + (Coshz-Cos8) 372 3
CoshZ-Cosb ) n=

lUn(Z)Vn(G)

(D-10)

where the first term on the right-hand-side of equation(D-10)

is the stream function in the undisturbed bulk flow.
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APPENDIX E. TABLES OF RESULTS.

Tables (5-5-1) to (5-5-5).
Tables (5-7-1) to (5-7-10).

Tables (6-5-1) to (6-5-10).



Table (5-5-1). Angles of

flow separation for two spheres

with Zs = 0.20,
AZ = |zs/10|, An= 6° AZ = |2s/20|, An = 6°
Re Nas NBSF "BSR "as NBSF NBSR
2.5 | 146.6 | 147.1 143.5 | 143.7
5.0 | 143.1 | 143.2 144.2 | 144.8
7.5 | 143.5 | 143.8
10.0 | 143.7 | 143.9 146.2 | 146.7
12.5 | 143.5 | 143.8
15.0 | 143.3 | 143.7 146.9 | 147.5
17.5 | 143.2 | 143.s
20.0 | 143.0 | 143.5 147.3 | 147.9
25.0 | 142.4 | 143.2 147.8 | 148.4
30.0 | 140.1 | 141.9 148.7 | 149.3
40.0 | 139.3 | 141.5 148.9 | 149.6
50.0 | 137.5 | 140.7 148.4 | 149.4
60.0 | 135.8 | 139.6 147.2 | 148.9 12.7
70.0 | 134.0 | 138.2 135.1 | 142.8 21.6
80.0 | 131.7 | 137.3 131.3 | 140.7 23.7
90.0 | 129.9 | 136.5 129.3 | 137.9 24.4
100.0 | 127.6 | 135.4 126.6 | 136.6 24.7
110.0 | 125.5 | 134.2 124.7 | 135.2 26.8
120.0 | 124.1 | 132.5 12.5 123.1 | 133.8 28.8
130.0 | 121.1 | 130.0 22.8 121.8 | 132.2 31.1
140.0 | 120.5 | 129.2 24.4 121.4 | 131.9 31.3
150.0 | 119.3 | 128.2 28.2 120.5 | 131.5 33.2
160.0 | 117.6 | 125.5 33.4 119.9 | 131.3 34,5
170.0 | 117.3 | 125.1 34.6 119.1 | 131.0 36.0
180.0 | 116.8 | 124.8 36.4 118.5 | 130.7 36.7
190.0 | 115.8 | 124.4 38.1 117.5 | 130.3 37.7
200.0 | 115.2 | 124.1 39.3 116.2 | 129.8 38.8
225.0 | 113.7 | 123.5 42,3 113.4 | 128.6 41.3
250.0 | 112.4 | 122.8 44.4 111.5 | 126.3 43.2
275.0 | 112.1 | 122.6 44.8 109.6 | 123.8 45,0
300.0 | 110.4 | 121.9 47.6 107.9 | 120.4 47.1
350.0 | 107.5 | 120.8 49.8 106.2 | 117.6 49.7
400.0 | 107.1 | 120.5 50.2
450.0 | 104.0 | 119.5 52.5
500.0 | 103.4 | 119.2 | 52.9

326



327

Table (5-5-2). Angles of flow separation for two spheres

with Z2s = 1,32,
AZ = |2zs/10|, An = 6° || Az = |zs/20|, an = 6°
Re Nas NBSF "BSR as NBSF NBsr
15.0 170.6
17.5 | 167.5
20.0 | 161.3 168.3
22.5 | 158.6
25.0 | 154.6 166.1
30.0 | 148.2 161.6
40.0 | 140.7 | 169.6 147.8
50.0 | 135.8 | 161.9 142.8
60.0 | 131.5 | 155.7 | 137.4
70.0 | 127.8 | 149.1 | 133.2 | 172.0 | 11.3
80.0 | 125.2 | 145.7 ' 130.0 | 165.2 18.6
90.0 | 122.8 | 142.4 . 128.0 | 161.2 22.4
100.0 | 120.3 | 139.5 8.1 | 125.8 | 157.9 25.9

110.0 ' 118.32} 136.6 17.8 125.0 161.9 27.4
120.0 117.2 136.4 18.5 123.9 160.8 29.6
130.0 116.1 136.0 20.9 122.4 159.1 31.5
140.0 115.1 135.6 23.4 122.1 158.6 31.8
150.0 114.1 135.2 24,9 121.3 157.5 32.8
- 160.0 113.0 134.8 26.9 119.7 149.9 34.8
170.0 112.0 134.3 29.6 118.7 148.6 36.2
180.0 110.9 133.6 31.4 117.9 147.1 37.1
190.0 110.8 133.6 31.6 '
200.0 109.8 133.1 32.9
250.0 106.2 131.1 38.5
300.0 104.7 130.4 40.2




Table(5-5-3). Angles of flow separation for two spheres
with Zs =

2.07.

Az =|zs/10|, An = 6°| Az = |zs/20], An = 6°

Re Mas "ssr | "BsR Mas "Bsr | "BSR.
22.5 | 168.1

25.0 | 159.5

30.0 | 152.1 164.0

35.0 | 148.2

40.0 | 146.4 148.3

45.0 | 143.1

50.0 | 142.0 142.8 6.9
60.0 | 138.0 137.8 14.5
70.0 | 135.2 134.0 20.0
80.0 | 131.5 131.1 25.3
90.0 | 128.5 128.2 30.8
100.0 | 125.4 125.9 34.1
110.0 | 122.9 6.8 | 124.4 36.7
120.0 | 122.7 7.2 | 122.7 38.6°
130.0 | 121.6 9.7 | 120.8 40.7
140.0 | 118.8 15.1 | 118.8 | 167.2 42.2
150.0 | 118.7 21.8 | 117.9 | 166.0 42.9
160.0 | 118.6 22.4
170.0 | 118.0 25.0
180.0 | 117.0 29.0
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Table (5-5-4). Angles of flow separation for two spheres

with Zs = 2.48.

AZ = |Zs/10|, An=6°

Re "as "BSR Nas "BSR
25.0 170.6 173.8
30.0 159.1 163.4
40.0 149.4 149.3
50.0 142.2 142.1 6.3
60.0 136.8 137.4 11.0
70.0 128.8 134.4 25.7
80.0 125.0 9.4 131.3 29.8
90.0 121.9 14.4 128.9 33.2
100.0 119.2 18.5 126.5 36.5
110.0 117.2 124.9 38.0
120.0 116.1 123.7 39.5
130.0 115.3, 122.3 41.1
140.0 114.4 120.8 42.4
150.0 113.8
160.0 113.4
170.0 113.0
180.0 112.7 16.6 |
190.0 112.4 24.7
200.0 112.2 26.5
210.0 112,0 28.9
220.0 111.8 30.5
230.0 111.7 31.3
240.0 111.6 31.8
250.0 111.5 32.4
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Table (5-5-5). Angles of flow separation for two séheres

with 2s = 3.09,

¢ AZ = |zs/10|, An=6° [az = |zs/20], An=6°

Re Nas "BSR Nas "BSR

20.0 173.3 171.2

22.5 164.2

25.0 157.9 157.9

30.0 149.4 152.1 7.6

40.0 140.8 144.6 19.8

50.0 133.3 21.5 139.9 27.5

60.0 128.3 38.7 136.4 31.4

70.0 125.5 42.¢ 132,90 35.4

80.0 125.4 45.5 130.7 37.2

90.0 125.4 45.8 128.1 39.0
100.0 123.5 49.3 125.4 41.4
110.0 123.1 50.3 123.6 - 43.0
120.0 122.9 51.0 120.6 45.0
130.0 122.8 51.1 118.4 46.1
140.0 122.7 51.3 116.6 47.5
150.0 122.6 51.5 || 114.3 49.1
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Table (5-7-1) . Drag coefficients for two spheres with Zs = 0.20.

(Az = |zs/20|, An = 6°)
*
Re Oy ot Cpra pra Cpra CprB prB prB

0.001 | 1.00,0.80 | 13859.359  7901.519 21760.879 |13810.748  7440.773  21251.221
0.01 | 1.00,0.80 | 1385.7464 786.0597 2171.8061 | 1380.2568  739.7086 2119.9654
0.1 1.00,0.80 138.4757  77.3069  215.7827 | 137.7387 72.6073 210.3460
1.0 1.00,0.80 15.7137 8.3114 24.0252 13,2921 6.3193 19.6114
2.5 0.80,0.50 7.4858 4.4658 11.9516 5.9801 3.4302 9.4103
5.0 0.50,0.30 3.9735 2.5301 6.5036 2.9710 1.6045 4.5756
10.0 0.40,0.25 2.4185 1.7602 4.1787 1.6865 1.2684 2.9550
15.0 0.40,0.25 1.9739 1.4315 3.4054 1.3371 1.0013 2.3385
20.0 0.40,0.25 1.6220 1.0994 2.7214 1.0603 0.7683 1.8287
25,0 0.40,0.25 1.2656 0.9360 2,2017 0.8524 0.7344 1.5869
30.0 0.40,0.25 1.1804 0.8039 1.9844 0.7965 0.6627 1.4592
40.0 0.40,0.25 0.9607 0.6626 1.6233 0.6173 0.5044 1.1217
50.0 0.40,0.25 0.8354 0.5574 1.3929 0.5156 0.4175 0.9332
60.0 0.30,0.20 0.7334 0.4876 1.2210 0.4380 10.3522 0.7902
70.0 0.30,0.20 0.6856 0.4280 1.1137 0.3856 0.2629 0.6486
80.0 0.30,0.20 0.6219 0.3985 1.0205 0.3348 0.2215 0.5563
90.0 0.30,0.20 0.5735 0.3735 0.9470 0.2992 0.2032 0.5025
100.0 0.30,0.20 0.5365 0.3547 0.8912 0.2743 0.1925 0.4669
110.0 0.30,0.20 0.5049 0.3407 0.8457 0.2535 0.1798 0.4334
120.0 0.20,0.10 0.4755 0.3330 0.8085 0.2348 0.1676 0.4024
130.0 0.20,0.10 0.4513 0.3292 0.7811 0.2188 0.1579 0.3767
140.0 0.10,0.05 0.4214 0.3020 0.7234 0.2033 0.1457 0.3490
150.0 0.10,0.05 0.4039 0. 3244 0.7283 0.1905 0.1418 0.3324
160.0 0.10,0.05 0.3846 0.3234 0.7080 0.1791 0.1342 0.3133
170.0 0.10,0.05 0.3703 0.3413 0.7117 0.1691 0.1279 0.2970
180.0 0.10,0.05 0.3561 0.3508 0.7070 0.1598 0.1203 0.2802
190.0 0.10,0.05 0.3455 0.3765 0.7221 0.1514 0.1117 0.2631
200.0 0.10,0.05 0.3376 0.4113 0.7489 0.1433 0.1005 0.2438
225.0 0.10,0.05 0.3176 0.4806 0.7983 0.1254 0.0748 0.2002
250.0 0.10,0.05 0.3000 0.5287 0.8287 0.1082 0.0389 0.1472
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Table (5-7-2). Drag coefficients for two spheres with Z%Zs = 1.32.

(AZ = |2zs/20], 4&n = 6°)
Re wy* rwg. Cpra Cppa Cpora CprB CppB Cprs
0.001 | 1.00 0.80 | 14606.9990 7022.7204 21629.7195 | 14617.1312 7011.6375 21628.7682
0.01 | 1.00 0.80 | 1461.0836 702.1453 2163.2289 | 1461.9492  700.9800 2162.9293
0.1 1.00 0.80 147.8850  71.1841  219.0691 144.7703  68.5987  213.3690
1.0 1.00 0.80 16.3051 7.7674 24.0725 14,2159 6.6614 20.8774
2.5 0.80 0.50 7.7786 3.8925 11.6712 6.3433 3.1320 9.4753
5.0 0.50 0.30 4.4706 2.3076 6.7783 3.4401 1.7795 5.2196
10.0 0.50 0.30 2.6564 1.4196 4.0761 1.9628 1.0584 3.0213
15.0 0.50 0.30 1.9051 1.1265 3.0317 1.3265 0.7652 2.0917
20.0 0.30 0.20 1.4846 0.8092 2.2939 1.0555 0.5954 1.6509
25.0 0.30 0.20 1.2874 0.7955 2.0830 0.8579 0.5217 1.3796
30.0 0.30 0.20 1.1240 0.7058 1.8298 0.7316 0.4717 1.2034
40.0 0.30 0.20 0.9491 0.5805 1.5297 0.6118 0.4618 1.0736
50.0 0.30 0.20 0. 8054 0.4969 1.3024 0.5227 0.4279 0.9506
60.0 0.30 0.20 0.7138 0.4384 1.1523 0.4616 0.3914 0.8530
70.0 0.30 0.20 0.6489 0.3966 1.0455 0.4146 0.3594 0.7740
80.0 0.30 0.20 0.5995 0.3695 0.9691 0.3770 0.3322 0.7092
90.0 0.20 0.15 0.5541 0.3509 0.9050 0.3481 0.3036 0.6454
100.0 0.20 0.15 0.5189 0.3440 0.8629 0.3131 0.2807 0.5938
110.0 0.10 0.10 0.4830 0.3359 0.8190 0.2865 0.2579 0.5444
120.0 0.10 0.10 0.4541 0.3402 0.7943 0.2645 0.2412 0.5058
130.0 0.10 0.10 0.4336 0.3621 0.7957 0.2462 0.2260 0.4722
140.0 0.05 0.05 0. 4050 0.3357 0.7408 0.2287 0.2075 0.4363
150.0 0.05 0.05 0.3870 0.3673 0. 7544 0.2144 0.1998 0.4142
160.0 0.05 0.05 0.3759 0.4144 0.7903 0.2028 0.1946 0.3974
170.0 0.05 0.05 0.3677 0.4574 0.8241 0.1981 0.1831 0.3749
180.0 0.05 0.05 0.3570 0.4905 0.8476 0.1809 0.1698 0.3507
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Table(5-7-3). Drag coefficients for two spheres with %s = 2,07,

(02 = |2s/20|, an = 6°)
Re Wyrr Vg Cpra Cpra Cpra CprB CbrB CprB
0.001 | 1,00 0.80 | 15721.5803 8287.9309 24009.5113 | 15787.4513 8129.3211 23916.7725
0.01 1.00 0.80 1573.3286  826.8176 2400.1462 1579.1992  811.2530 2390.4523
0.1 1.00 0.80 157.6160 82,0900 239.7061 158,0019 80.6187 238.6206
1.0 1.00 0.80 18.1597 9.4672 27.6270 15.8949 8.1472 24.0422
2.5 0.70 0.40 7.8707 4,4388 12.3096 6.6271 3.6490 10.2761
5.0 0.40 0.25 4.3697 2.6789 7.0486 3.5650 2.2250 5.7901
10.0 0.40 0.25 2.5507 1.6064 4.1572 2.0986 1.4168 3.5155
15.0 0.40 0.25 01.8971 1.1977 3.0949 1.5598 1.0700 2.6298
20.0 0.40 0.25 1.5582 0.9795 2.5377 1.2601 0.8599 2.1201
25.0 0.40 0.25 1.3431 0.8378 2.1810 1.0697 0.7430 1.8127
30.0 0.40 0.25 1.1932 0.7378 1.9311 0.9381 0.6610 1.5992
40.0 0.40 0.25 0.9955 0.6110 1.6066 0.7612 0.5487 1. 3100
50.0 0.30 0.20 0. 8526 0.5276 1.3802 0.6364 0.4755 1.1120
60.0 0.30 0.20 0.7627 0.4826 1.2454 0.5584 0.4303 0.9887
70.0 0.30 0.20 0.7107 0.4680 1.1787 0.5075 0.3947 0.9022
80.0 0.30 0.20 0.6523 0.4707 1.1230 0.4611 0.3796 0.8408
90.0 0.30 0.20 0.6290 0.5346 1.1636 0.4272 0.3512 0.7784
100.0 0.30 0.20 0.5987 0.6213 1.2200 0.3931 0.3289 0.7221
110.0 0.25 0.15 0.5730 0.7213 1.2943 0.3627 0.3127 0.6754
120.0 0.25 0.15 0.5499 0.8092 1.3591 0.3337 0.2948 0.6286
130.0 0.25 0.15 0.5290 0. 8881 1.4171 0.3042 0.2742 0.5822
140.0 0.20 0.15 '0.5063 0.9454 1.4517 0.2704 0.2563 0.5268
150.0 0.15 0.10 0.4804 0.9513 1.4317 0.2529 0.2529 0.5064
160.0 0.10 0.05 0.4530 1.3696 0.2359 0.2364 0.4723

0.9165
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Table (5-7-4) . Drag coefficients for two spheres with Zs = 2.48.

(A% = |2zs/20]|, An = 6°).
Re Wyrr Yy “pra Cppa Cpra “pra CppB Cprs
0.001 | 1.00 0.80 | 15033.4306 7872.4978 22905.9285 | 15178.4670 7823.9431 23002.4102
0.01 | 1.00 0.80 | 1505.6325 787.0880 2292.7205 1519.3672  781.9425  2301.3098
0.1 1.00 0.80 151.3662 78.5653  229.9415 152.4424  77.9537  230.3961
1.0 1.00 0.80 18.0925 9.3736 27.4661 16.3326 8.4516 24,7842
2.5 0.70 0.40 7.8553 4.3653 12.2207 6.8946 3,7958 10.6904
5.0 0.50 0.30 4.3503 2.5397 6.8901 3.7670 2.2197 5.9868
10.0 0.50 0.30 2.6167 1.5648 4.1815 2.2534 1.4057 3.6591
15.0 0.50 0. 30 1.9391 1.1711 3.1103 1.6592 1.0655 2.7247
20.0 0.40 0.25 1.5667 0.9542 2.5210 1.3245 0.8635 2.1880
25.0 0.40 0.25 1.3520 0.8231 2.1752 1.1267 0.7427 1.8694
30.0 0.40 0.25 1.3114 0.8129 2.1243 1.0543 0.7272 1.7816
40.0 0.40 0.25 1.1120 0.6826 1.7947 0.8695 0.6019 1.4714
50.0 0.40 0.25 0.9553 0.6351 1.5905 0.7481 0.5419 1.2901
60.0 0.40 0.25 0.8431 0.6384 1.4816 0.6504 0.4835 1.1339
70.0 0.30 0.20 0.7859 0.7366 1.5225 0.5835 0.4381 1.0217
80.0 0.30 0.20 0. 7403 0.8950 1.6354 0.5323 0.4213 0.9536
90.0 0.30 0.20 0.6997 1.0319 1.7316 0.4853 0.4041 0.8895
100.0 0.30 0.20 0.6582 1.1114 1.7696 0.4445 0.3866 0.8312
110.0 0.20 0.15 0.6195 1.1596 1.7791 0.4112 0.3860 0.7972
120.0 0.10 0.10 0.5870 1.1963 1.7833 0.3810 0.3782 0.7593
130.0 0.10 0.10 0.5418 1.1043 1.6462 0.3517 0.3490 0.7008
140.0 0.10 0.10 0.5201 1.1429 1.6630 0.3285 0.3431 0.6716
150.0 0.05 0.05 0.4855 1.0659 1.5514 0.3065 0.3192 0.6257
160.0 0.05 0.05 0.4552 0.9977 1.4530 0.2873 0.2985 0.5858
170.0 0.05 0.05 0.4284 0.9358 1.3642 0.2703 0.2796 0.5499
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Table (5-7-5) . Drag coefficients for two spheres with Zs = 3.09.

(AZ = |2s/20|, An = 6°)

Re Cyprr O bra CFpa Cpra CoFB CppB CprB
0.001 | 1.00 0.80 | 16476.8832 8018.3040 24495.1870 | 16438.3902 8005.6204 24444.0106
0.01 | 1.00 0.80 1647.2863 801.6569  2448.9432 1643.4864 800.4306 2443.9170
0.1 1.00 0.80 164.5631  80.1122  244.6753 164.1736  79.9415  244,1152
1.0 0.80 0.50 19.2479  1C.4051 29,6531 17.7909 9.6104 27.4014
2.5 0.50 0.30 8.6531 4.6409 13.2944 8.1119 4.4469 12.5588
5.0 0.50 0.30 4.7629 2.7228 7.4858 4.4169 2.5510 6.9679
10.0 0.50 0.30 2.8827 1.6901 4.5729 2.6200 1.5551 4.1751
15.0 0.50 0.30 2.2003 1.2416 3.4420 1.9813 1.2084 3.1897
20.0 0.50 0. 30 1.8607 C.9977 2.8585 1.6783 0.9666 2.6450
25.0 0.50 0.30 1.5865 C.8849 2.4715 1.4198 0.8344 2.2543
30.0 0.50 0.30 1.4003 C.8072 2.2075 1.2395 0.7512 1.9908
40.0 0.50 0.30 1.1863 C.7504 1.9367 1.0194 0.6261 1.6455
50.0 0.30 0.20 1.0212 ' C.7890 1.8102 0.8730 0.5812 1.4542
60.0 0.20 0.15 0.9399 C.9879 1.9279 0.7727 0.5480 1.3207
70.0 0.20 0.15 0.8890 1.2521 2.1411 0.6986 0.5619 1.2627
80.0 0.10 0.10 0.8293 1.3953 2.2246 0.6366 0.5946 1.2312
90.0 0.10 0.10 0.7872 1.5235 2.3108 0.5895 0.6469 1.2364
100.0 0.10 0.10 0.7452 1.5897 2.3350 0.5505 0.7194 1.2700
110.0 0.10 0.10 0.6991 1.5860 2.2851 0.5180 0. 8009 1.3190
120.0 0.10 0.10 0.6669 1.6138 2.2807 0.4861 0.8824 1.3685
130.0 0.10 0.10 0.6299 1.5851 2.2150 0. 4509 0.9101 1.3611
140.0 0.10 0.10 0.5954 1.5465 2.1420 0. 4204 0.9298 1.3503
150.0 0.10 0.05 0.5631 1.4944 2.0576 0. 3901 0.9112 1.3013
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Table (5~7~6) Drag coefficients for two spheres

(AZ = |Zs/10|, An = 6°)

with 2s = 0,.20.

Re Wywr Wg Cora Cpea Cpra CprB Cprs Cors
0.001 | 1.00 0.80 | 10849.8113 3810.0517 14659.8631 | 10901.2203 4155,3803 15056.6002
0.01 | 1.00 0.80 | 1085.2755 384.6513 1470.1269 1090.9970 419.2379  1510.2350
0.1 1.00 0. 80 118.2033  56.0603 174.2636 116.3036 53.9319 170.2355
1.0 1.00 0.80 13.6737 6.6439 20.3176 11.9996 5.4787 17.4783
2.5 0.80 0.50 6.7309 3.24949 10.2258 5.4089 . 2.6139 8.0229
5.0 0.50 0. 30 3.8370 2.1539 5.9910 2.8669 1.4964 4.3633
7.5 0.50 0.30 2.7419 1.5860 4.3284 1.9384 0.9517 2.8901
10.0 0.50 0,30 2.2262 1.3111 3.5374 1.5141 0.7911 2.3053
12.5 0.50 0.30 1.8998 1.1206 3.0204 1.2682 0.6812 1.9495
15.0 0.50 0. 30 1.6740 0.9867 2.6608 1.0926 - 0.5795 1.6722
17.5 0.40 0.25 1.4929 0.8729 2.3658 0.9505 0.4851 1.4357
20.0 0.30 0.20 1.3461 0.7821 2.1283 0.8383 0.4163 1.2547
22.5 0.20 0.15 1.2203 0.6997 1.9201 0.7482 0.3709 1.1191
25.0 0.20 0.15 1.1327 0.6666 1.7993 0.6780 0.3363 1.0143
30.0 0.20 0.15 1.0400 0.6189 1.6589 0.5990 0.3211 0.9200
35.0 0.10 0.10 0.9024 0.5304 1.4328 0.5174 0.2762 0. 7936
40.0 0.10 0.10 0.8073 0.4996 - 1.3069 0. 4554 0.2441 0.6996
50.0 0.10 0.10 0.7099 0.5382 1.2481 0.3724 0.1959 0.5684
60.0 0.10 0.10 0.6386 0.5881 1.2267 0.3228 0.1826 0.5054
80.0 0.10 0.10 0.5340 0.5412 1.1752 0.2583 0.1572 0.4156
100.0 0.10 0.10 0.4665 0.5608 1.1273 0.2151 0.1297 0.3449
150.0 0.10 0.10 0.3582 0.5233 0.9816 0.1437 0.0710 0.2147"
200.0 0.06 0.06 0.2863 0.5291 0.8155 0.1010 0.0402 0.1413
250.0 0.04 0.04 0.2359 0.4453 ' 0.6812 0.0776 0.0338 0.1115
300.0 0.02 0.02 0.1992 0.3748 0.5741 0.0627 0.0330 0.0957
350.0 0.02 0.02 0.1732 0.3255 0.4987 0.0517 0.0325 0.0842
400.0 0.0l 0.01 0.1519 0.2806 0.4325 0.0446 0.0295 0.0742
450.0 0.01 0.01 0.1363 0.2518 0,.3882 0.0379 . 0.0316 0.0695
500.0 0.0l 0.01 0.1230 0.2241 0.3472 0.0337 0.0299 0.0637
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Table (5-7-7). Drag coefficients for two spheres with Zs = 1,32,

(AZ = |2s/10|, An = 6°)
Re Cyrr Og Cora Copa Cora CprB CorB CorB
0.001 | 1.00 0.80 | 14381.2595 6372.5549 20753.8145 | 14307.8766 6421.3984 20729.2750
0.01 1.00 0.80.| 1437.2063 637.4898 2074.6962 1430.2022 642.5788  2072.7810
0.1 1.00 0.80 143.3138 63.8835 207.1973 142.7738 64.5178 207.2916
1.0 1.00 0.80 16.6161 8.1718 24,7880 14.6344 7.2537 21.8881
2.5 0.60 0.40 7.5968 4.1079 11.7047 6.1838 3.2906 9.4744
5.0 0.50 0.30 4.3321 2.4349 6.7670 3.4468 1.9964 5.4433
7.5 0.50 0.30 3.1404 1.7635 4.9039 2,4323 1.3854 3.8178
10.0 0.50 0. 30 2.5378 1.4180 3.9558 1.9137 1.1002 3.0139
12.5 0.50 0.30 2.2181 1.1674 3.3855 1.6250 0.9094 2.5344
15.0 0.50 0.30 1.9113 1.0256 2.9369 : 1.3696 0.7613 2.1309
17.5 0.40 0.25 1.7028 0.9314 2.6342 1.1940 0.6776 1.8716
20.0 0.40 0.25 1.5506 0.8642 - 2.4148 1.0683 0.6238 1.6922
22.5 0.30 0.20 1.4165 0.7982 2,2148 0.9656 0.5730 1.5386
25.0 0.30 0.20 1.3184 0.7694 2.0878 0.8872 0.5384 1.4256
30.0 0.30 0.20 1.1763 0.7556 1.9319 0.7706 0.4850 1.2557
40.0 0.20 0.15 0.9896 0.8436 1.8332 0.6131 0.4031 1.0163
50.0 0.20 0.15 0.8676 0.9322 1.7999 0.5173 0.3654 0.8828
60.0 0.20 0.15 0.7825 0.9860 1.7686 0.4522 0.3396 0.7918
80.0 0.20 0.15 0.6544 0.9965 1.6510 0.3529 0.2989 0.6519
100.0 0.20 0.15 0.5550 0.9244 1.4794 0.2810 0.2787 0.5598
120.0 0.10 0.10 0.4732 0.8212 1.2945 0.2299 0.2670 0.4969"
140.0 0.06 0.06 0.4120 0.7346 1.1466 0.1992 0.2634 0.4625
150.0 0.04 0,04 0.3866 0.6944 . 1.0810 0.1861 0.2578 0.4439
200.0 . | 0.02 0.02 0.2983 0.5597 0.8580 0.1408 0.2516 0.3924
250.0 0.02 0.02 0.2440 0.4713 0.7153 0.1135 0.2574 0.3710
300.0 0.0l 0.01 0.2044 0.3967 0.6011 0.0954 0.2465 0.3419
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Table (5-7-8) . Drag coefficients for two spheres with Zs = 2,07,

(AzZ = |zs/10|, An = 6°)

Re

C

C

C

C

C

c

Wywr Vg DFA DP2. DTA DFB DPB DTB

0.001 | 1.00 0.80 | 14505.4272 7276.5202 21781.9474 14550.8926 7228.6553 21779.5469
0.0l 1.00 0,80 1451.2047 727.2688 2178.2688 1455,5387  722,3004 2177.8391
0.1 1.00 0.80 145.4019 72.4000 217.8019 145.7338 71.9528 217.6866
1.0 1.00 0.80 17.0813 8.5093 25.5906 15.3290 7.7070 23.0360
2.5 0.80 0.50 7.6149 3.9842 11.5991 6.6126 3,4993 10.1120
5.0 0.50 0.30 4.2184 2.3197 6.5382 3.5737 . 1.9918 5.5655
7.5 0.50 0.30 3,1000 1.7155 4.8156 2.5895 1.4683 4.0579
10.0 0.40 0.25 2.4862 1.3777 3.8640 2.0443 1.1621 3.2065
12.5 0.40 0.25 2.1658 1.1910 3.3568 1.7408 0.9777 2.7185
15.0 0.40 0.25 1.8908 | 1.0630 2,9538 1.5012 0.8588 2.3601
17.5 0.40 0.25 1.7029 0.9928 2.6957 1.3426 0.7843 2,1269
20.0 0.40 0.25 1.5660 0.9575 2.5235 1.2199 0.7145 1.9345
22.5 0.40 0.25 1.4643 0.9576 2.4219 1.1217 0.6564 1.7782
25.0 0.40 0.25 1.3930 1.0054 2.3985 1.0411 0.6044 1.6455
30.0 0.30 0.20 1.2579 1.1231 2.3810 0.9023 0.5420 1.4443
35.0 0.20 0.15 1,1388 1.1754 2.3143 0.7941 0.5062 1.3003
40.0 0.10 0.10 1.0304 1.1614 2.1918 0.7069 0.4617 1.1686
45.0 0.10 0.10 0.9614 1.1967 2.1581 0.6465 0.4514 1.0979
50.0 0.06 0.06 0.8837 1.1412 2.0250 0.5891 0.4195 1.0086
60.0 0.06 0.06 0.7757 1.1138 1.8896 0.5111 0.4219 0.9331
80.0 0.06 0.06 0.6382 1.0394 1.6777 0.4208 0.4679 0.8887
100.0 0.06 0.06 0.5424 0.9424 1.4848 0.3644 0.5386 0.9031
120.0 0.02 0.02 0.4622 0.8207 1.2829 0.3162 0.5405 0.8568
140.0 0.02 0.02 0.4033 0.7362 1.1396 0.2857 0.5994 0.8852
150.0 0.0l 0.0l 0.3768 0.6883 1.0651 0.2675 0.5663 0.8338
160.0 0.0l 0.01 0.3535 0.6460 0.9996 0.2514 0.5473 0.7988
170.0 0.01 0.01 0.3338 0.6121 0.9460 0.2398 0.5377 0.7776
180.0 0.0l 0.0l 0.3171 0.5870 0.9040 © 0.2317 0.5303 0.7621
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Table (5-7-9) . Drag coefficients for two spheres with Zs = 2.48.

(AZ = |2s/10|, An = 6°)
Re Wyxr Og Cbra “bea Cpra “prB CoeB Cprs
0.001 | 1.00 0.80 | 12536.5133 6207.2107 18743.7244 | 12628.3063 6237.1321 18865.4383
0.01 | 1.00 0.80 | 1254.8536 621.1800 1876.0337 | 1263.9118 624.0446 1887.9583
0.1 1.00 0. 80 130.2453 64,4085  194.6539 128.0635  61.3363  189.3999
1.0 0.90 0.75 15.2650 7.5806 22.8457 13.9335 6.9900 20.9236
2.5 0.80 0.50 6.8379 3. 4009 10.2388 6.0797 3.0434 9.1231
5.0 0.50 0. 30 3.7150 1.9957 5.7107 3.2336 1.7306 4.9643
10.0 0.50 0.30 2.2310 1.2486 3.4796 1.8858 1.0510 2.9369
15.0 0.50 0. 30 1.6944 0.9828 2.6773 1.4190 0. 8081 2.2272
20.0 0.50 0.30 1.4123 0.9177 2.3300 1.1621 0.6566 1.8188
25.0 0.50 0.30 1.2693 1.0360 2.3053 0.9861 0.5579 1.5541
30.0 0.30 0.20 1.1431 1.1251 2.2682 0.8625 0.5366 1.3992
40.0 0.30 0.20 0.9705 1.1961 2.1667 0. 7001 0.5170 1.2171
50.0 0.30 0.20 0.8488 1.1831 2.0319 0.6087 0.5705 1.1793
60.0 0.30 0.20 0.7418 1.1052 1.8470 0.5414  0.6428 1.1842
80.0 0.20 0.15 0.5966 0.9650 1.5605 0.3896 0.6189 1.0086
100.0 0.20 0.15 0.4928 0.8368 1.3296 0.3422 0.7453 1.0876
120.0 0.20 0.15 0.4158 0.7199 1.1357 0.3018 0.7336 1.0354
140.0 0.10 0.10 0.3603 0.6342 0.9946 0.2743 0.7256 1.0000
150.0 0.10 0.10 0.3385 0.6000 0.9385 0.2600 0.7118 0.9718
160.0 0.10 0.10 0.3192 0.5697 0.8889 0.2445 0.6876 0.9321
180.0 0.08 0.08 0.2878 0.5226 0.8104 0.2092 0.6221 0.8313
200.0 0.06 0.06 0.2610 0.4787 0.7398 0.1802 0.5520 0.7323
220.0 0.06 0.06 0.2386 0.4253 0.6801 0.1580 0.4959 0.6539
240.0 0.04 0.04 0.2197 0.4089 0.6286 0.1405 0.4496 0.5901
250.0 0.04 0.04 0.2113 0.3945 0.6058 0.1331 0.4304 0.5635
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Table (5-7-10) . Drag coefficients for two spheres with Zs = 3.09.
(AZ = |2s/10|, An = 6°)
Re Wyxr Oy Cora Cppa Cpra CprB Cpes Cpre

0.001 1.00 0.80 16973.1418 8179.5579 25152.6997 16965.3059 8070.1682 25035.4742
0.01 1.00 0.80 - 1697,7022 816.9335 2514.6358 1696.6237 806.1358 2502.7623
0.1 1.00 0.80 169.9186 79.8014 249.2010 169.0169 78.5502 247.5671
1.0 1.00 0.80 19.8887 9.4823 29,3710 18.8448 9,0937 27.9386
2.5 0.80 0.50 8.9352 4,4840 13.4193 8.3280 4,1904 12.5185
5.0 0.50 0.30 5.0674 2,7138 7.7812 4.6393 2.4735 7.1128
7.5 0.40 0.25 3.7742 2,1064 5.8806 3.3858 1.8355 5.2213
10.0 0.40 0.25 3.1204 1.8721 4,9925 2.7630 1.5471 4,3102
12.5 0.40 0.25 2.7625 1,8859 4.,6485 2.4161 1.4033 3.8195
15.0 0.40 0.25 2.5525 2,1261 4.6786 2.1324 1.319%6 3.4521
17.5 0.40 0.25 2.3628 2.2767 4.6396 1.8148 1.3293 3.2442
20.0 0.40 0.25 2.2033 2.3499 4,5533" 1.7478 1.3661 3.1140
22.5 0.30 0.25 2.0578 2.3605 4.,4184 1.6181 1.4410 3.0592
25.0 0.30 0.25 1.9392 2.3545 4,2938 1.5247 1.5674 3.0922
30.0 0.30 0.25 1.7275 2.2626 3.9902 1.3705 1.7394 3.1100
40.0 0.10 0.10 1.3918 1,9818 3.3737 1.1407 1.7638 2.9045
50.0 0.08 0.08 1.1658 1.7389 2.8047 0.9233 1.5408 2.4642
60.0 0.06 0.06 1.0009 1.5316 2.5326 0.7271 1.2477 1.9749
70.0 0.04 0.04 0.8668 1.3460 2.,2129 0.5965 1,0344 1.6309
80.0 0.02 0.02 0.7595 1.1804 1.9399 0.5194 0.9018 1.4213
90.0 0.01 0.01 0.6756 1.0509 1.7265 0.4606 0.8004 1.2611
100.0 0.01 0.01 0.6137 0.9752 1.5890 0.4090 0.7290 1.1381
110.0 0.01 0.01 0.5605 0.8957 1.4563 0.3710 0.6678 1.0388
120.0 0.01 0.01 0.5157 0.8281 1.3438 0.339%6 0.6161 0.9557
130.0 0.005 0.005 0.4765 0.7660 1.2425 0.3134 0.5696 0.8831
140.0 0.005 0.005 0.4429 0.7129 1.1558 0.2910 0.5299 0.8209
150.0 0.005 0.005 0.4140 0.6678 1.0818 0.2715 0.4960 0.7676
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Table (6=-5-1). Overall Sherwood numbers for two spheres with 2s = 0.20.
| (AZ = |2s/20]|, an = 6°)
= 0.001 = 1.0 Re = 10.0 Re = 100.0
Wew Shao  SPpo | Wex  Shpg  Shpy | wex  Shp, Shpge | owey  Shp,  Shyg
0.80 1.4725 1.4809 | 0.80 1.4725 1.4809 0,80 1.4725 1.4808 0.80 1.4726 1.4808
0.80 1.4748 1.4830 0.80 1.4752 1.4834 0.80 1.4753 1.4833 0.80 1.4753 1.4833
0.70 1.5090 1.5020 0.70 1.5113 1.5029 0.70 1.5185 1.5026 0.70 1.5227 11,5009
0.50 1.7606 1.5037 0.50 1.7802 1.5028 0.50 1.8627 1.4981 0.50 1.9218 1.4922
0.30 2.,0295 1.5552 0.30 2,0484 1.5481 0.30 2.,2212 1.5591 0.30 2.3599 1.5746
0.30 2.4071 1.7104 0.30 2,4610 1.,7011 0.30 2.7269 11,7470 0.30 2.9675 1.8196
0.30 2.8706 1.9552 0.30 2.9393 1.9369 0.20 3.2493 1.9137 0.30 3.6296 2.0494
0.20 3,3857 2.1812 0.15 3.4285 2.0818 0.20 3,9613 12,2512 0.10 4.,2884 2.2624
0.20 3.7812 2.4208 0.15 3.8541 2,3077 0.20 4.,4418 2.5077 0.10 5.0339 2,5533
0.20 4.3533 2.7692 0.10 4.3905 2.5148 0.10 5.,0782 2,7099 0.10 5.8966 2,9546
0.10 4.6503 2.8659 0.10  4.8467 2.7765 0.05 5.3780 2.7683 0.05 6.4547 3.0898
0.05 5,0021 2.,9502 0.05 5.1215 2.8456 0.05 6,0813 2.,9792 0.05 6.8040 3.1209
0.05 5.7444 3,2349 0.05. 5.9048 3.1220 0.05 6.8480 3.3220 0.05 8.1445 3.1970
0.05 6.2402 3,5402 0.05 6.4168 3.4196 0.05 7.4799 3.6798 0.05 9.6639 3,3210
0.05 6.6224 33,7811 0.05 6,7968 3.6318 0.05 8.0656 4.0233 0.05 11.3509 3.5245
0.05 6.9749 4,0145 0.05 7.1837 3.8756 0.05 8.5544 4.,1942 0.05 12.6378 3.6935
0.05 7.6060 4,4318 0.05 7.8572 4.2779 0.05 9.6930 4.6390 0.05 15.1210 4.0857
0.05 8.0799 4.7059 0.05 8.4066 4.5418 0.05 10,7916 4.8975 0.05 16.60592 4.3403
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Table (6-5-2). Overall Sherwood numbers for two spheres with 2s = 1,32,

(AZ = |2s/20],6n = 6°).
Re = 0.001 Re = 1.0 Re = 10.0 Re = 100.0
Pe Wek ShAO ShBO Wok ShAO ShBo Yok ShAO ShBo Wk ShAO ShBo
0.001 0.80 1.8929 1.8879 0.80 11,8929 1.8879 0.80 1.8930 1.8878 0.80 1.8930 1.8878
0.01 0.80 11,8925 1.8875 0.80 1.8925 11,8874 0.80 11,8925 1.8874 0.80 11,8925 1.8874
0.1 0.70 1.8841 1.8721 0.70 '1.8846 1.8723 0.70 1.8858 1.8690 0.70 1.8868 1.8656
1.0 0.50 2.,0573 11,7860 0.50 2,0759 1.7817 0.50 2.1502 1.7688 0.50 2.1908 1.7653
2.4 0.30 2.3179 1.8134 0.30 2.3574 1.8062 0.30 2.5244 1.8237 0.30 2.6290 11,8561
5.0 0.30 2.7358 2,0178 0.30 2.7927 2.,0057 0.25 33,0085 12,0255 0.25 3,1925 12,1205
10.0 0.25 3.1705 2.2747 0.25 3.2452 2,2551 0.25 3.5739 12,3725 0.25 3.8662 2.5374
20.0 0.20 3.7107 2.6114 0.20 3.,8075 2.5871 |- 0.20 4.,2297 2.7363 0.20 4,6846 3.0096
30.0 0.20 4.,0932 2.9028 0.20 4.2121 2.8800 0.20 4.6881 3,0543 0.10 5.2585 3.3728
50.0 0.20 4.6495 3,3116 0.20 4.7730 3.2511 0.20 5,.,3475 3.5491 0.10 6.1099 3,7711
70.0 0.05 4.7977 3.3664 0.10 5.,1278 3.4163 0.05 5.6532 3.6237 0.10 6.8391 4.1353
100.0 0.05 5,4109 3.6278 0.05 5.5212 33,5705 0.05 6.3073 3.8866 0.05 7.8783 4.5436
150.0 0.05 6.0650 33,9990 0.05 6.2677 4.0058 0.05 7.1010 4.2863 0.05 19,7011 4.8608
200.0 0.05 6.,4581 4.2399 0.05 6.7219 4,3055 0.05 7.8186 4.6659 0.04 11.8098 5.,1749
250.0 0.05 6.9361 4.5988 0.05 7.,1379 4.,5775 0.05 8.5145 14,9503 0.04 12,9151 15,2912
300.0 0.04 7,3033 4.,7985 0.05 17,5227 4,8186 0.05 9.2454 5,1933 0.04 14,4099 5.5468
400.0 0.05 8,3209 5.2872 0.05 10.8938 5.6349 0.04 16.2257 5,8329
500.0 0.05 19,0211 5.5711 0.05 12,7151 6.0293 0.04 17.6917 6.1679
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Table (6-5-3). Overall Sherwood numbers for two spheres with Zs = 2,07.

(Az = |2s/20],tn = 6°)
Re = 0.001 Re = 1.0 Re = 10.0 Re = 100.0
Pe W g ShAo ShBo Wex ShAO ShBo Wk ShAO ShBo Wex ShAo' ShBO
0.001 | 0.80 1.9735 1.9687 | 0.80 1.9735 1.9687 | 0.80 1.9735 1.9687 | 0.80 1.9735 1.9687
0.01 | 0.80 1.9726 1.9679 | 0.80 1.5726 1.9679 | 0.80 1.9726 1.9678 | 0.80 1.9724 1.9676
0.1 0.80 1.9622 1.9431 | 0.80 1.5630 1.9422 | 0.80 1.9643 1.9395 | 0.80 1.9653 1.9419
1.0 0.80 2.2661 1,9829 | 0.70 2.2973 1.9836 | 0.70 2.3435 2.0046 | 0.40 2.3093 1,9318
2.4 0.50 2.5386 2.1596 | 0.50 2.5899 2.1609 | 0.30 2.5484 2.0847 | 0.25 2.6997 2.0940
5.0 0.30 2.7900 2.,3070 | 0.30 2.§701 2.3099 | 0.20 2.9795 2.280l | 0.20 3.2435 2.4324
10.0 0.20 3.2141 2.6028 | 0.20 3.3185 2.6027 | 0.15 3.5160 2.6513 | 0.20 3.9243 2.9732
20.0 0.15 3.7659 3.0280 | 0.15 3.6983 3.0319 | 0.15 4.1673 3.1782 | 0.15 4.7530 3.5373
30.0 0.10 4.0662 3.2577 | 0.15 4.2848 3.3458 | 0,10 4.5928 3.5251 | 0.15 5.3660 3.9494
50.0 0.10 4.6936 3.7300 | 0.05 4.7722 3.5756 | 0.05 5.0852 3.8192 | 0.10 6.4097 4.4600
70.0 0.05 4.9217 3.9096 | 0.05 5.2128 3.9062 | 0.05 5.6297 4.1412 | 0.10 7.4407 4.8566
100.0 0.05 5.5046 4.3092 | 0.05 5.7338 4.2620 | 0.05 6.2247 4.5015 | 0.05 9.1387 5.2353
150.0 0.05 6.1407 4.7414 | 0.05 6.3732 4.7298 | 0.05 7.1656 4.9674 | 0.04 11.8959 5.6438
200.0 0.05 6.6115 5,1343 | 0.05 6.¢224 5.1043 | 0.04 8.1196 5.3371 | 0.04 12.3629 5.6407
250.0 0.05 7.0489 5.4232 | 0.05 7.4653 5.3954 | 0.04 9.1720 5.6195 | 0.04 12.9520 5.6610
300.0 0.04 7.4446 5.6203 | 0.05 8.0167 5.6348 | 0.04 10.3177 5.8691 | 0.04 13.9373 5.7581
400.0 0.04 8.4260 6.0145 | 0.05 9.2206 6.0205 | 0.04 12.8268 6.2808 | 0.04 15.9366 6.2469
500.0 0.04 9.3737 6.3584 | 0.05 10.5342 6.3573 | 0.04 14.7548 6.6787 | 0.04 17.0903 6.8264
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Table (6=5-4). Overall Sherwood numbers for two spheres with Zs = 2.48.

(AZ = |2s/20|, An = 6°).
Re = 0.001 Re = 1.0 Re = 10.0 Re = 100.0

Pe Wox ShAO SHBo Wk ShAO ShBO Wox ShAO ShBO mc* ShAo ShBO
0.001 0.80 2.0040 2.0000 0.80 2.0044 1.9997 0.80 2.0044 1.9997 0.80 2.0044 1.9997
0.01 0.80 2.0026 1.9987 0.80 2.0028 1.9981 0.80 2.0028 1.9981 0.80 2.0028 1.9982
0.1 0.80 1.9899 1.9723 0.80 . 1.3909 1.9708 0.80 1.9920 1.9685 0.80 1.9930 1.9665
1.0 0.80 2.2846 2.,0641 0.50 2.2902 2.0204 0.70 2.3586 2.0871 0.40 2.3516 2.0379
2.4 0.40 2.4693 2.1759 0.30 2.5010 2.1370 0.30 2.5959 2,2142 0.30 2.7335 2.2799
5.0 0.25 2.7586 22,3845 0.20 2.8289 2,3581 0.20 2.9999 22,4780 0.20 3.,2436 2.6373
10.0 0.25 3,2219 2.7911 0.20 3.3376 2.7927 0.20 3.5574 2,9439 0.20 3.9404 3.1761
20.0 0.10 3.6276 3.1206 0.15 3.8839 3.2316 0.15 4,1754 3.4336 0.1l5 4,8251 3.7756
30.0 0.10 4.0651 3.4380 0.15 4.,2698 3.5599 0.15 4.,5854 3.,7721 0.15 5.,5513 4,2911
50.0 0.10 4.6173 3.8974 0.10 4.8211 3.9628 0.15 5.2262 4.3434 0.15 6.9328 4.,7543
70.0 0.10 5.0003 4,2474 0.10 5.2269 4.,2991 0.10 5.6847 4.,5869 0.10 8.5036 5.l1l641
100.0 0.05 5.3930 4.5626 0.05 5.5525 4.,6163 0,04 6.2909 4,8582 0.05 10.3937 5.6388
150.0 0.05 6.0254 4.,9721 0.05 6.3951 15,1235 0.04 7.5931 5.2930 0.05 12.4773 6.3251
200.0 0.05 6,5241 5.3433 0.04 6.2604 5,3978 0.04 8.9787 15,7434 0.05 13.8443 7.1130
250.0 0.05 7.0355 15,6257 0.04 7.5865 5.6430 0.04 10.4849 6.1206 0.05 14.8149 7.9835
300.0 0.05 7.5619 5,8642 0.04 8.4416¢ 5.9296 0.04 12.0050 6.4885 0.05 15.5513 8.,9114
400.0 0.05 8.7562 6.3378 0.04 10,0915 6.3887 0.04 14.5287 7.2373 0.05 16.6113 10.8438
500.0 0.05 10.0114 6.7586 0.04 11.3989 6,.,8822 0.04 16,0824 88,1392 0.05 17.3391 12.9881
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Table (6=5-5) . Overall Sherwood numbers for two spheres with Zs = 3,09,

(AZ = |2s/20], an = 6°)
Re = 0.001 Re = 1.0 Re = 10,0 Re = 100.0
Pe Wk ShAO Shg, Wk Shao ShBO Wk ShAo ShBO Wk ShAO ShBo
0.001 | 0.80 2.,0471 2.0431 | 0.80 2.0471 2.,0431 | 0.80 2.0471 12,0431 | 0.80 12,0471 2.0431
0.01 0.80 2.0414 2,0375 0.80 2,0409 2.0370 0.80 2.0407 12,0367 0.80 2.0400 2.0360
0.1 0.80 2,0253 2.,0110 0.80 12,0257 2.0100 0.70 2.0268 2,0133 0.60 2,0277 2.0169
1.0 0.60 2,2892 12,1283 0.60 2.,3221 2,1413 0.40 2.3318 12,1251 0.50 2,3979 2,1851
2.4 0.30 2.,4728 12,2825 | 0.30 2.5303 12,3069 | 0.25 12,6289 2.3547 | 0.30 2.7870 2.4901
5.0 0.25 2.,9204 2.6317 0.25 3,1256 2.8356 0.25 3.3518 2,9597
10.0 0.25 3.2858 3.0050 | 0.25 33,3843 13,0477 | 0.20 3.6117 3,2425 | 0.25 4.0549 3.5265
20.0 0.10 3.7331 33,4187 | 0.10 3.8761 3.4693 | 0.15 4,2439 3,7694 | 0.20 5.1156 4.1575
30.0 0.10 4.1362 3,7523 0.10 4.2804 3.8046 0.15 4.6772 4.1466 0.20 6.1415 4.6768
50.0 0.10 5.0063 4.5376 | 0.10 4.8527 14,2999 | 0.10 5.4029 4.7135 | 0.10 8,4107 5.4622
70.0 0.05 5.0063 4.5376 0.10 5.2612 4.6438 0.10 6.0778 5.0356 0.10 10.0869 6.3358
100.0 0.05 5.5036 4.9079 0.10 5.8410 5.0413 | 0.05 7.2061 5.5316 | 0.10 11.4495 7.7738
150.0 0.05 6.3305 6.0432 | 0.05 6.8377 6.1462 0.05 9.5730 6.4647 | 0.05 12.7111 10.5650
200.0 0.05 7.1273 6.5827 | 0.05 7.9551 6.8191 | 0.05 11.9561 8.7574 0.05 13.5036 13.6448
250.0 0.05 8.,0359 7.1743 | 0.05 9.2108 7.,5457 | 0.04 12,7570 9.6098 | 0.05 14,0773 16,7084
300.0 0.05 10.1029 8,5713 | 0.05 10.5438 8.3296 | 0.04 13.6579 10.8306 | 0.05 14,5122 17.6828
400.0 0.05 11.2107 9.3234 | 0.05 13.3007 10.1380 | 0.04 15.0669 13,2085 | 0.05 15.1823 18.2884
500.0 0.05 15,2440 12,0942 | 0.04 16.1793 15,5447 | 0.05 15,6098 18.8208




346

Table (6-5-6) . Overall Sherwood numbers for two spheres with Zs = 0,20.

(AZ = |2Zs/10|, An = 6°)
Re = 0.001 = ],0 Re = 10.0 Re = 100.0
Pe Won ShAO ShBO Wok ShAO ShBO Wos ShAO ShBO wc* ShAO ShBO
0.001 0.80 1.6307 1.6248 0.80 1.6307 1.6248 0.80 1.6307 1.6247 0.80 1.6308 1.6247
0.01 0.80 1.6262 1.6207 0.80 1.6262 1.6207 0.80 1.6257 1.6201 0.80 1.6248 11,6191
0.1 0.80 1.6122 1.5901 0.80 1.6132 1.5886 0.80 1.6156 1.5846 0.80 1.6174 1.5808
1.0 0.80 1.8538 1.6013 0.80 1.8823 1.6012 0.80 1.9475 1.6030 0.80 1.9963 1.6019
2.4 0.50 2.1283 1.7033 0.80 2.2064 1.7380 0.80 2.3371 1.7574 0.80 2.4483 11,7810
5.0 0.30 2.4395 1.8302 0.50 2.5559 1,.,8842 0.50 2.,7598 1.9221 0.30 2.9410 1.9409
10.0 0.20 2.8257 2.0118 0.30 2,9721 2.0711 0.30 3.2578 2.1287 0.20 3.5919 2.2049
20.0 0.20 3.4914 2.3334 0.20 3.8724 2.,4093 0.20 4.5524 2.6005
30.0 0.15 3.6697 2.5064 0.20 3.8¢31 2.5678 0.30 4.3252 2.6514 0.20 5.4298 2.8829
50.0 0.15 4.1625 2.8455 0.20 4.3¢61 2.8931 0.20 5.0986 2.9878 0.20 7.2101 3.2541
70.0 0.15 4.,5486 3.1069 0.20 4.8469 3.1482 0.15 5.8548 3.2241 0.15 8.3243 3.5135
100.0 0.10 5.0515 3.3687 0.10 65,4549 3,3843 0.10 7.1116 3.4892 0.10 9.3751 3.7519
150.0 0.10 5.8663 3,7337 0.10 6.5348 3,7415 0.10 9.0847 33,8656 0.05 10.4714 4.,0144
200.0 0.05 6.6516 3.9109 0.05 7.6224 3.9189 0.05 10.2651 4,0703 0.05 11.2103 4,1760
250.0 0.05 7.6024 4,1458 0.05 8.8z272 4.,1553 0.05 11,1710 4.3117 0.05 11.7565 4.3943
300.0 0.05 8.4921 4.3267 0.05 9.7¢55 4,3542 0.05 11,8625 4,5126 0.05 12.1642 4.5740
400.0 0.05 10.1052 4.6835 0.05 12.9111 4.8417 0.05 12,7484 4.8244
500.0 0.05 13,6631 5.,1114 0.05 13,1668 5.0557
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Table (6-5-7). Overall Sherwood numbers for two spheres with 2s = 1.32,
|Zs/10|, An =
Re = 0.001 Re = 1.0 Re = 10.0 " Re = 100.0
Pe Wk ShAO Wok ShAO Wek Shaqg Shgpqy Wk ShAO Shy,
0.001 0.80 1.8666 0.80 1.8666 0.80 1.8667 1.8630 0.80 1.8667 1.8629
0.01 0.80 1.8650 0.80 1.8653 0.80 1.8651 1.8614 0.80 1.8645 1.8608
0.1l 0.80 1.8603 0.80 1.8613 0.80 1.8641 1.8299 0.80 1.8662 1.8262
1.0 0.80 2.1532 0.80 2.,1743 0.80 12,2411 1.8350 | 0.80 2.2897 1.8496
2.4 0.50 2.4739 0.50 2.5144 0.50 2,6407 2,0100 | 0.50 2.7475 2.0746
5.0 0.25 2.8165 0.25 2,8573 0.25 3.0510 2.1768 0.20 3.2432 2.2694
10.0 0.25 3,.,2423 0.25 3.3235 0.25 3.5816 2.5324 0.20 3.,9976 2,7044
20.0 0.20 3.7588 0.20 3.8534 .0.20 4.2386 2.8932 0.20 5.2788 3.2175
30.0 0.20 4.1032 0.20 4,2298 0.20 4.8049 3.1682 0.20 6.6525 3,5273
50.0 0.20 4.6805 0.20 4.8949 0.20 6.,0002 3.,5534 0.20 8.2670 3.9737
70.0 0.15 5.2095 0.20 5.5455 0.20 7.4121 3,8400 0.15 9.1043 4.2786
100.0 0.10 6.0452 0.15 6.6369 0.15 9.0143 4.1484 0.10 9.8723 4.6313
150.0 0.10 7.6895 0.10 8.6450 0.10 10.5248 4.5130 0.10 10.6668 5,.,1855
200.0 0.05 9.0215 0.05 9.9174 0.05 11.4486 4.7476 0.05 11.1441 5.8276
250.0 0.05 10.2918 0.05 10,9423 0.05 12.1457 5.0100 0.05 11.4597 6.3714
300.0 0.05 11.1213 0.05 11.6727 0.05 12.6680 5.2571 0.05 11.7092 6.9368
400.0 0.05 12,3398 0.05 12.7609 0.05 13.4343 5.6956 0.05 12.0724 8.1375
500.0 0.05 13,1817 0.05 13.5187 0.05 13.9648 6.0973 |.0.05 12,3280 9.2361
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Table (6-5-8) . Overall Sherwood numbers for two spheres with Zs 2,07,
|zs/10|, An = 6°)
Re = 0.001 Re = 1.0 Re = 10,0 Re = 100.0

Wk ShAO Wok ShAO ShBO Dok ShAO 0o ShAO ShBO
0.80 1.9515 0,80 1.9513 1.9484 0.80 1.9516 0.80 1.9516 1.9486
0.80 1.9501 0.80 1.9496 1.9468 0.80 1.9501 0.80 1.9497 1.9467
0.80 1.9463 0.80 1.9477 1.9186 0.80 1.9501 0.80 1.9512 1.9149
0.80 2.2850 0.80 2.3176 2.0144 0.80 2.3635 0.80 2.3907 2.0465
0.50 2.5484 0.50 2.6027 2.1947 0.50 2.6942 0.80 2.7857 2.3092
0.25 2,8652 0.30 2.9212 2.4045 0.30 3.0789 0.25 3.2594 2.,5274
0.25 3.2316 0.20 3.3313 2.7015 0.20 3.5658 - 0.25 4.0723 2.,9694
0.20 3.7361 0.20 3.8741 3,1183 0.15 14,3399 0.15 5.6786 3.,4361
0.15 4.0936 0.15 4.3161 3.3661 0.15 5.,1313 0.15 7.1168 3.7995
0.15 4.8305 0.15 5.2409 3.7297 0.15 7.0770 0.15 8.3991 4.4308
0.10 5.5951 0.10 6.2877 3.9842 0.10 8.4473 0.10 9.,0431 5.0522
0.10 6.9688 0.05 7.7983 4.2799 0.10 9.6356 0.10 9.5210 6.1263
0.10 9.2005 0.05 9.9201 4.8780 0.05 10,7317 0.05 10.1441 8.1390
0.05 10.4543 0.05 10.9737 5.6292 0.05 11.3944 0.05 10.4520 10,2403
0.05 11.2672 0.05 11.6835 6.,4097 0.05 11,8444 0.05 10.6669 12,2500
0.05 11.8762 0.05 12,2014 7.2248 0.05 12,1788 0.05 10.8291 14.0544
0.05 12.7259 0.05 12.9269 8.7745 0.05 12.6363 11.5656

0.05 13.2750 0.05 13.3972 10.3911 0.05 12,9397 13.3126
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Table (6-5-9) . Overall Sherwood numbers for two spheres with Zs = 2,48,

(AZ = |zs/10|, An = 6°)
Re = 0.001 Re = 1.0 Re = 10.0 = 100,0
Pe wc* ShAO ShBO wc* ShAO ShBO wc* ShAO ShBO wc* ShAO ShBO
0.001 0.80 1.9898 11,9871 |.0.80 1.9899 1.9871 0.80 1.9899 1.9870 0.80 1.9899 1.9870
0.01 0.80 1.9882 1.9854 | ' 0.80 1.9879 1.9852 0.80 1.9882 11,9854 0.80 1.9884 1.9856
0.1 0.80 1.9808 1.9588 0.80 1.9821 1.9572 0.80 1.9837 1.9558 0.80 11,9847 1.9550
1.0 0.80 2.2744 2.,0595 0.80 2.3083 2.0696 0.80 2.3443 2.0895 0.8 2.3705 2.1011
2.4 0.80 2.4981 2.2262 0.40 2.5322 2.2195 0.40 2.6262 2.2697 0.30 2.6623 2.2442
5.0 0.25 2.7262 2.3964 0.25 2.8419 2.,4425 0.24 3.0038 2.5518 0.23 3.2222 2.6193
10.0 0.25 3,1459 2,7527 0.25 3.2633 12,7950 0.20 3.4848 2.8987 0.20 4,0256 2,9607
20.0 0.20 3.6161 3.1356 0.20 3.7909 3.1843 0.20 4.3147 3.3489 0.05 5,5049 3,2764
30.0 0.20 3.9908 3.4014 0.20 4.2717 3.4573 0.20 15,2245 3.6642 0.05 6.8423 3.6685
50.0 0.20 4,7691 .3.7834 0.20 15,3338 3.8600 0.20 7.3171 4,2282 0.05 8.1084 4.,7343
70.0 0.15 5.6333 4.1107 0.15 6.5910 4.2300 0.15 8.4971 4.8691 0.05 8.6296 5.,8788
100.0 Q.10 7.1273 4.6144 Q.10 8.4006 4.8390 0.10 9.4847 5.9911 Q.04 9.0685  7.8798
150.0 0.10 9.3150 5.6700 0.10 9.9993 +6.1532 0.05 10.3742 8.1572 0.03 9.4829 11.5330
200.0 0.04 10.2809 6.7884 0.05 10.8022 7.6111 0.05 10.8957 10.5353 0.03 9,7308 14.8594
250.0 0.04 10.9945 88,0813 0.05 11.3520 9.1237 0.05 11.2395 12.7653 0.03 9.9060 17.5792
300.0 0.04 11,4834 19,4251 0.05 11,7426 10.6895 0.05 11,4824 14.6809
400.0 0.04 12,1301 11.9534 0.05 12.2523 13.3710 0.05 11.8001 17.8984
500.0 0.04 12,5218 14.1766 0.05 12,5728 15,9449 0.05 12.0053 20,4117
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Table (6-5-10) . Overall Sherwood numbers for two spheres with Zs

3.09.

(AZ = |2zs/10|, An = 6°)
Re = 0.001 Re = 1.0 = 10.0 = 100.0
Pe Wan ShAo ShBo Wow ShAo ShBo Wesk ShAo ShBo Wk ShAo ShBo
0.001 0.80 2.0268 2.0240 0.80 2.0268 2.,0240 0.80 2,0268 2.0240 0.80 2.0268 2,0240
0.01 0.80 2.,0210 2,0183 | 0.80 2.0206 12,0178 | 0.80 2.0204 2.0175 | 0.80 2.,0201 2,0173
0.1 0.70 2,0123 11,9940 0.80 2,0140 1,9917 0.70 2.0155 1.9903 0.50 2.,0123 1.9989
1.0 0.70 2.3426 2.1876 | 0.50 2.3565 2,1734 0.50 2.4131 2.2029 0.50 2.4397 2.1545
2.4 0.30 2.5546 2.3678 0.30 2.6293 2.4029 0.30 2,7455 2.4773 0.30 2.8443 2.3723
5.0 0.30 2.,9179 2.6865 0.20 2.9781 2.7015 0.25 3.,2206 2.8497 0.20 3.,4970 2.7055
10.0 0.20 3,318 3.0332 | 0.20 3,4589 3,0889 | 0.20 4,0067 3.3306 | 0.20 4.8567 3,0380
20.0 0.20 4.0391 3.,5255 0.20 4.38390 3.6415 0,20 5,9602 4,2345 0.20 6.8587 4.4758
30.0 0.20 4.8170 3.9861 0.20 5.4802 4.1958 '0.20 7.3318 5.3635 0.20 7.5549 5.8772
50.0 0.20 6.7987 5.0573 0.19 7.,7350 5.5884 0,20 8.5032 8.1678 0.20 18,1811 8.7339
70.0 0.15 8.3996 6.3531 0.15 8.8403 17.2702 0.15 9,0545 10.8282 0.15 8.4721 10,3713
100.0 0.10 9.4817 8.5585 0.10 9,6295 99,9166 0.10 9.,5122 13,0238 0.10 8.,7257 11.9759
150.0 0.05 10.2890 11.3850 0.05 10,2739 11,3242 0.05 9.8995 14.8483 0.05 8,9445 13,7849
200.,0 0.05 10.6835 11.8167 0.05 10,5898 11.6404 0.05 10.1104 16,3010 0.05 9,0586 15,0810
250.0 0.05 10.9157 11.9766 0.05 10.7911 11.8213 ‘
300.0 0.05 11,0732 12.0954 0.05 10.9314 11.9496
400.0 0.05 11.3000 12.2568 | 0,04 11.1125 12.1038
500.0 0.05 11.4208 12.3642 0.04 11.2595 12.2073
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APPENDIX F. COMPUTER PROGRAMMES.

F-1. Introduction,

Two computer programmes have been developed for solving
the Navier-Stokes and diffusion equations in the present
study of forced convective mass transfer from a system of two
equally sized spheres with fluid flowing parallel to their
line of centres. Program 1 is for the solution of the Navier-
Stokes equations, while Program 2 is for the diffusion
equation. The computer programmes can be used to obtain
solutions for any sphere spacing by specifying a value to the
sphere spacing parameter Zs, which controls the distance between
the spheres.They were written in Forﬁran IV ianguage and have
been run on CDC6400, CDC6600, and CDC Cyber 7314 computers.
The numerical techniques employed to obtain the solutions of
the Navier-Stokes and diffusion equations have been presented

in Chapter 4.

In the computational process, for‘each sphere spacing
considered two magnetic tapes are needed: one for each computer
programme, to store the flow information and numerical results,
The Navier-Stokes equations expressed in terms of the stream
function and vorticity transport equations are solved
simultaneously using Program 1 for stream function and‘vorticity
distributions in the flow region, and from which important
quantities: suéh as the surface pressures and the drag
coefficients for thé spheres are calculated. The diffusion
equation is solved using Program 2 for the concentration

distributions over the same flow region using the stream
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function distribution which has been obtained for a specific
sphere spacing and Reynolds number. From the results, important
quantities; such as the local and overall Sherwood numbers for

the spheres are calculated.

The two computer programmes are developed solely to
predict the flow conditions around two equally sized spheres
parallel to their line of centres and to predict the rates of
mass transfer from them, however, there is scope for these
two computer programmes to be used in studies of two spheres
of different sizes, Furthermore, with appropriate modification
and combination, the computer programmes can be used to studies
of two-sphere free convective, interacting free and forced
convective mass transfer problems, as well as the time-

dependent fluid dynamic and mass transfer problems.

F-2. Brief descriptions of the structures of the computer

programmes.

The structures of the two computer programmes are
generally similar to each other. For each programme, it consists
of a main routine and some subroutines. The subroutines which
perform various calculattions and operations are called at
various stages of computation to perform the required operations.
Some of the subroutines in the two computer p£ogrammes are

identical, others differ slightly or completely.

The basic structures of the computer programmes are
shown as follows, in which those subroutines related to do an

operation are put together.
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> CALL SETUP )

Vi

{ CALL GRID )

h
("CALL INPUT )

( CALL COEFF )

(CCALL CNSTBC )

T ,‘\gzgflTER YeS I SUPPLY NEW RELAXATION

No FACTORS
[ MMX1 = MXL |

5

w_
| NPR = NPRI1 |

{ CALL VARBC )

(CALL RESTAB ) | ((CALL SOLVE )

N
[N = N+1, MMX1 = MMX1-1 ]

CALL RESTAB )

[STORE RESULTS ON TAPE |

[N=0 ("CALL PDCOEF )

. r
[ SUPPLY NEW CASE] ((CALL VFIELD )

—
(CALL CNPLTP )

N5=N5-1 ¢—{ STORE RESULTS ON TAPE |

STOP

Figure(F-1). Flow chart of computer Program 1.
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START 3 CALL SETUP )

&

{ CALL GRID )

' 4
( CALL INPUT )

Y.
( CALL COEFF )

SUPPLY NEW RELAXATION
FACTOR

[ MMX1 = MX1 |

Il

— NPRC = NPRC1|{

{ CALL VARBC )

,
( CALL SOLVE )

4
CALL [N = N+1, MMX1 = MMX1-1 |
RESTAB

CALL RESTAB )

| STCRE RESULTS ON TAPE |

Yes
( CALL RESTAB )

N =0 ( CALL NSNSEE )
N 4
} SUPPLY NEW CASE | { CALL CNPLTP }
7
\ .
No { STORE RESULTS ON TAPE |

\J

N5=0 _>< [N5 = N5-1] /
Yes STOP

Figure (F-2). Flow chart of computer Program 2.
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Program 1. Program 2.
MAIN MAIN

SETUP SETUP
GRID , CNVERT GRID
INPUT , VELDIS INPUT
CNSTBC

COEFF COEFF
VARBC VARBC
SOLVE | SOLVE
RESTAB REszB
CNPLTP , CNPLOT o CNPLTP , CNPLOT
PDCbEF NSNSEE
VFIELD

SKPFILE ' SKPFILE

The flow charts of the two computer programmes are shown
in Figures(F-1) and (F-2). The function of each subroutine is
described in the listings of section( F-4). Also, in section/(
F-3) some important Fortran symbols which are widely used in
the computer programmes together with their meanings are listed.
With these, the user can thus understand the computer programmes

and ‘'subsequently use them without much difficulty.
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F-3. List of Fortran symbols.

A list of the important Fortran symbols used in the two

computer programmes is given below. All the other symbols used

in the programmes are either defined in terms of these symbols

or are self-explanatory in the subroutines.

Fortran symbol

AR (J)

AKFSP

AKXRSP

ANU (J)

ANRAT (J)

AVNU
B1(I,J)
B2(I,J)
B3 (I,J)
B4 (1,J)
BK (J)

BKFSP

BKRSP

BNU(J)

BNRAT (J)

Meaning

KAG' local surface preésures for sphere A.
Surface pressure at the front stagnation
point of sphere A,

Surface pressure at the rear stagnation
point of sphere A, |

ShAL(e)’ local Sherwood numbers for sphere A.
Ratio of local Sherwood number to local
Sherwood number at the front stagnation
point of sphere A,

Sh overall Sherwood number for sphere A.

A0’
Bl(i,j) or Al(i,j).

Bz(i,j) or Az(i,j).

B3(i,j) or A3(i,j).

B4(i,j) or A4(i,j).

KBe’ local surface pressures for sphere B.
Surface pressure at the front stagnation
point of sphere B,

Surface pressure at the rear stagnation
point of sphere B.

ShBL(S),~1ocal Sherwood numbers for sphere B.
Ratio of local Sherwood number to local

Sherwood number at the front stagnation

point of sphere B.



Fortran symbol

BVNU
c(1,J)
CDFA
CDFB
CDPA
CDPB
CDTA
CDTB

CPT

COSETA (J)
Cs (J) |
CSH (I)

D1 (I)

D2 (I)

D3

DTHETA (J)
E1(I)
E2(I)
EPSC
EPSG

EPSU

ETHA (J)
F(I,J)

FACTOR
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Meaning

ShBO’ overall Sherwood number for sphere B.
C;,j’ dimensionless concentration,
Frictional drag coefficient for sphere A.
Frictional drag coefficient for sphere B.
Pressure drag coefficient for sphere A,
Pressure drag coefficient for sphere B,
Total drag coefficient for sphere A,

Total drag coefficient for sphere B.
Central Processor Time (in seconds) allowed
for each computer run.

Cosnj.

Cosej.

Coshzi.

D, (1).

D, (1)

D3.

ej in degrees.

,El(i)'

E, (1).

5 (1)

Convergence criterion for concentration.
Convergence criterion for vorticity.

Convergence criterion for stream function.

nj in radians.

fi,50

Parameter for controlling the size of the
non-linear terms of the Navier-Stokes and

diffusion equations.



Fortran symbol

FPLOT (K)
G(I,d)
H3(I,J)

I

I1(J)

I2(J)

IETHA (J)

INTAPE

IXSTEP

IYSs

JOMIT

KNV

KS

LVC1 (K) ,LVC2 (K)
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Meaning

Numerical symbol used for the kth contour.
gi,j’ vorticity function,

*
a /(Coshzi—Cosej).
i, subscript used to indicate the increment
in 2.
Value of i where the outer boundary begins.
Value of i where the outer boundary ends.
nj in degrees7
When equals to 1, flow information and
results for the preQious case are read from
magnetic tape, otherwise they are computed.
Number of line-printer steps to be used
for plotting half the flow region.
Scaling factor used in plotting contours
on computer output.
j, subscript used to indicate incremehts

in both 6 and n.
Maximum value of j which cuts the outer
boundary.
Number of concentration contours to be
plotted.
General counter for contours to be plotted.
Number of stream functiontcontours to be
plotted.
Number of vorticity contours to be plotted.
k, mesh spacing in the angle 7.
Factors control the searching of two points
for each value of j for the kP contour

in the first and in the second halves of

the flow region, respectively.
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Fortran symbol Meaning
‘M Equal to m-1l.

M1 m, number of the grid lines in the

6-direction.

MD Equal to (m+l)/2.

MM Equal to n-1.

MM1 n, number of grid lines in the Z-direction.,
MMD Equal to (n+l)/2.

MNPR Maximum permissible number of point valués

unconverged, generally equal to O.

MX1 Number of iterationg after which the current
solutions are to be printed out.

MMX1 : Set to MX1 initially; when it becomes zero
the current solutions are printed out.

MXITER Maximum number of iterations allowed for
each case of Reynolds or Peclet numbers.

N Iteration counter. |

N2 Total number of irregular points on the

| boundaries requiring special.treatment,

N3 Equal to O when overall convergence of the
solutioﬁs has been achieved, otherwise
equal to 1.

NS Number of casesto be solved for each

H
¥

computer run.

NDTAPE When equal to 1 the flow information and
results are stored on magnetic tape.

NOMIT . Number of grid points outside the outer
boundary to be omitted. .

NPC A Number of unconverged point values of

concentration on the boundary.



Fortran symbol

NPC1

NP1

NPR

NPR1

NPRC

NPRC1

NPRU

NPRU1

NPRV

NPRV1

NSKIPR

NSKIPW

NSKPR1

PE

PTIME
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Meaning

Number of point values to be obtained for
concentration on the boundaries.

Number of unconverged irregular point values.
Number of unconverged point values.

Number of point values to be obtained for

both the stream function and the vorticity.

Number of unconverged point walues for

concentration.,

Number of point values to be obtained for
concentration.

Number of unconverged point values for the
stream fuﬁction.

Number of point values to be obtained for
the stream function.

Number of unconverged point values for
the vorticity. |

Number of point values to be obtained for
the vorticity.

Number of files on magnetic tape to be
skipped before reading data from it.
Number of files on magnetic tape to be
skipped before writting data on it.
Number of files on magnetic tape to be

skipped before reading from Tape 1 the

stream function distribution in the flow

region.
Peclet number,
Central Processor Time(in seconds) allowed

per computer run for storing unconverged
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R1(1,J)

RD

RRC

RRCU

RRCV

sC
SINETA(J)
SH
SK

SM(J)
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Meaning

results on magnetice tape.

*
a Sinej/(CoshZi—Cosej).
R or r/d.
Reynolds number.
Relaxation factor for concentration.
Relaxation factor for vorticity.
Relaxation factor for étream function.
Equal to Gj- ej—l' j =2, 3, *** , m.
Radius of the two spheres. Normally set to O.
Starting point of the contours to be plotted
in the flow region upstream of sphere A.
Mid-point between the spheres.
Terminating point of the contours to be
plotted in the flow region downstream of
sphere B.
Terminating point of the stream function
contours to be plotted in the region
downstream of sphere B.

Terminating point of the vorticity contours
to be plotted in the region downstream of
sphere B.
Scaling factor for the contours to be
plotted on computer output.

Schmidt number.

Sinnj.
h, mesh spacing in Z,
K, mesh spacing in the angle n(radians).

Equal to ej+l - ej, j =1, 2, *** , m-1,
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SN (J)
SNH (I)
THETA (J)
U(i,J)
V(I,J)
VCC (K)
VCU(K)
VCV (K)
VT (I,J)
vz (I,J)

X1(J,K) ,X2(J,K)
X3(J,K) ,X4(J,K)
Y1(J,X),¥2(J,K)
Y3(J,K),Y4(J,K)
Z(I)

zS

ZVC1 (K) ,2VC2 (K)

ZVC3(K) ,2VC4 (K)
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Meaning

Sinf..
J
Sinh3z..
i

6. in radians.

*

] j° dimensionless stram function.
r

Ci 5 dimensionless vorticity.
’

* -

Value of the kth concentration contour.
Value of the kth stream function contour.
Value of the kth vorticity contour.
Velocity component in the 6-direction.
Velocity component in the Z-direction.

Yl-coordinates of the first and second

h

points on the kt contour for sphere A.

Yl-coordinates of the first and second
points on the kth contour for sphere B.

Yz—coordinates of the first and second
points on the kth contour for sphere A.

Yz-coordinates of the first and second

points on the kth contour for sphere B

Zl.
i
Zs, sphere spacing parameter,
Values of Z of the first and second points
on the kth contour for sphere A,
Values of Z of the first and second points

on the kth contour for sphere B.
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F-4, Computer programmes listings.

A. Computer Program 1.

PROGRAM FLOW(INPUT . .OUTPUT,.TAPFS=INPUT.TAPE6=0UTPUTTAPEL)
Ce=-== THIS PROGRAMME SIMULATFS VISCOUS INCOMPRESSIBLE NEWTONIAN FLUID
Cm===- FLOWING ARCUNN A SYSTEM OF TWC EQUALLY SIZED SPHERES
Cowe= PARALLEL TO THEIR LINME OF CENTRES.
COMMON/GRID1/ Z(41) «SHMHIHT1)+CSH(Y4T) «SN(31)+CS(31)
COMMON/GRIDZ/ TETHA(31)+ETHA(31) «THETA(SL) +DTIHETA(31)
CCMNMON/GRID3/ H3(41+31)Y¢R1(41,31)
COMMONZUVGEFC/ U(81+31)2V(42031)eG(421031)9F(41+31)
COMMON/MIMMIC, IyM1 ¢MMD oMM ¢ MM1 4 MO 4y SHeSKsKS .
COMMON/NPRC/ NeVXITER ¢MX1 o MMX1 ¢MNPR N2 ¢NOMTIT .y
1 NPRHPRLyMPRUWPRUL « PRV ¢ NPRV1 ¢ NP2
COMMON/CNTRUL/ N34L4+INTAPE+NDTAPE « NSKIPW«NSKIPR
COMMON/CMSTC/ ZSWREWEPSUVWEPSG+RFUWRFG
COMMON/IRKEGC/ JOMITI11(31)+12(31)
COMNON/RRABC/ RRAWRRByRRCRRCULRRCV RRL
COMMON/FACTUR/ FACTUR
Cww== CPT IS THE MAYXIMUM TIME A LOWED FOR EACH COMPUTER RUN,
C===- NS IS THF CUUNTER CF CASES TO BE SOLVED FOR EACH RUN,
C-=-=-- NMXITER IS THE MAXIMUM WUMBER OF ITERATIONS ALLOWED FOR EACH CASE
Come=- CF REYNOLDS NUMBFRe
CPT=850.0
PTINME=5.0
NS=1 )
CALL SETUP
60 CALL GRID
CALL COEFF
CALL InNPUT
caLL CNSTBC
N=0
50 IF{(M.GE ,MXITER) GO TO 4000
WRITE(6,1000)
1000 FORMAT(1H]1 448H***%x*HERE STARTS A GROUP OF MX1 ITERATIONS,.**%k%x%)
WRITE(641001) ZS+RCWRFUJRFG+XFTOR '
1001 FORMAT(1HO /741X 411ZS = F6e 3‘5X14HRE —1F8 345X +SHRFU =4F6.245X, 5HR
1FG = 4FA 245Xy THXFTOR =,F6.2)
WRITE(6+1002) NPRU1L «NPRV1 NPR1,NOMIT
1002 FORMAT(1HUOs /+410Xs7HNPRUL =+ISe11X¥+s7HNPRVT1 =+I5+10X+6HNPR1 =¢15.+10
I1Xe 7HNCMIT =41I54/)
WRITE(6+1003) EPSUVEPSG
1003 FORMAT(1HC +10Xe6HEPSU =vF10e6 110X 16HEPSG =3F10.6177)
C====- HERE BEGINS THE ITERATTON SECTTOK FOR A GIVEN REYNOLDS MUMBER,
C=-=-=- A GROUP OF ™X1 ITERATIONS IS SUPPLIED BY SETTING MMX1=MX1,
MMX1=MX1
C==== p NEW ITEFATIOM BEGINS WITH NPR=NPR1,
Comw=- NPR1 IS THE TOTAL NUMRER OF POINT VALUES TO BE OBTAINEDe AND
Coww- NPR IS THE TOTAL NUMBER OF UNCONVERGED POINT VALUES,
40 NPR=NPR1 '
CALL VARBC
CALL SOLVE
CALL SECOMD(CPSEC)
IF((N/S)x2NEN) GO TO 20
WRITE(6+2000) Ne+CPSEC+NPRU+NPRV NPR NP2 :
2000 FOPMAT(1HD ¢3HN =4I5¢5X+SHCPT =(F6,2+15X16HNPRU —!ISvSXcéHNPRV =,1I5
1.5X+5SHINPR =¢I5+5%X+5HNP2 —015)
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20 TLEFT=CPT~-CPSEC
IF(TLEFT.LE.PTIME) GO TO 2

C---- AN ITERATION IS COMPLETED,

N=N+1

MMX1=NMX1-1
C-=--- TEST FOR THE OVERALL CONVERGEMCE,., IF mMPK IS LESS THAN OR EQUAL TO
Ce=-- MNPRs THE OVERALL COMVERGEWNCE OF THE PRESENT SOLUTIONS HAS
Commm- 0BTAINED,
Ce==- IF MMX1=0s THE GROUP OF mx1 ITERATION HAVE BEEN PLRFORMED'
Coe=-- OTHERWISE GO TO 40 AMD START A NEW ITERATION,

IF (NPR=MMFR) 200,200,100
100 IF(MMX1) 3004+3004,40

C---- SFT N3 TO ZERO IF THE OVERALL CONVERGENCE HAS BEEN OBTAINED.
200 N3=0
C---- AN EXTRA ITERATION IS ALLOWED FOR THE BOUNDARY CONDITIONS TO BE
Cm=w= SATISFIED
NPR=NPR1
CcALL VARBC
CALL SqoLVE

IF(NPR.GT.MNPR) GO TO 40
300 CALL RESTAB
IF(MN3,EQ.1) GO TO S50
WRITE(6+2004) ’
2004 FORMAT(/// 401 *x%x*THE PRESENT CASE IS CONVERGED ,*%%%x%4//) i

C---- IF NDTAPE=1. STORE INFORMATION ON TAPE 1.
IE(NDTAPE.NE 1) GO TO z :
REWIND 1 ;
i

IF(NSKIPW.GT+0) CALL SKPFILE(NSKIPWs+1)
WRITECLICIETHACD) sETHACD) JDTHFETACI) « THETAGU) 121 (J) s I2(J) vd=14M1)
WRITE (1) JOMIT N2 +NPRU1+NPRV1NPRT1NOMIT
WRITE(1) (SN(U)+CS(J)ry=1+M1) i
WRITE(L) C(H3(I+J)eRI(ToJ) 1 I=1eMM1)eJ=1eM1) . {
WRTTE(1) ((U(TsJd)eTI=1sMML1)sJd=1+M1) )
WRITE(L) ((V(TeJ)eI=1 MML)eJd=1,M1)
WRITE(1) ((G(IsJ)ysI=1+MM1)esJ=1eM1)
WRITE(L1) ((F(IsJ)eI=1sMM1l)sJ=1:M1)
END FILE 1
WRITE(6+3000) ZS+RE+NSKIPRINSKIPW :
3000 FORMAT(/// 410X s 4HZ2S =1FBeZ39 10X 4HRE =4FBe3+110X+8HNSKIPR =414,10X+8
IHNSKIPW =vI44//) '
NSKIPR=NSKIPW . ;
NSKIPW=NSKIPW+1 |
C===-- CALCULATING THE SURFACE PRESSURES AND DRAG COFFFICIENTS.
CALL PDCOEF - |
C-=-=-- STREAM FUNCTION AND VORTICITY CONTOURS ARE LOCATED AND PLOTTED.
CALL CNPLTP
C==== CALCULATE THE VELOCITY COMPONENTS, |
CALL VFIELD '
3 N5=NS+1
N=0
N3=1
FACTOR=1,0
IF{NS.EG.2) GO TO 11
IF(NS.EQ.3) GO TO 12
IF(NS.,EQ.4%) GO TO 13 , '
IF(NS.EQ.5) GO TO 14 ' . !
: G0 T0O 1 . R - o}
C==-- SUPPLIES NEW RELAXATION FACTORS.”xﬂm“"
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4000 CONTINUE
RFU=RFU=0.,10
RFG=RFG~=0.09
IF{RFU.LE.0«0) GO TO 1
IF(RFG.LL «0.0) GO TO 1
G0 To 60
11 CONTINUE
RE=0,01
0 TO S50
12 CONTINUE
RE=0.1
GO0 TO S0
13 CONTINUE
RE=1.0
G0 TO 50
14 cOnNTINUE
RE:Z-S
GO TO 59
c-=--- PRINT QUT THE CONVERGED RESULTS.
¢ CALL RESTAR
C---- IF MDTAPE=1s STORE INFORMATION ON TAPE 1,
IF(MDTAPE.NE.1) GO TO 1
REWINDG 1
IF(NSKIPWeGT+0) CALL SKPFILE(NSKIPW.1)
WRITE(LY (LETHA(J) vETHA(J) +DTHETA(I)Y « THETA(J) 211 (Jd) + I2(J) vJ=1eM1)
WRITE(1l) JOMIT+N24NMPRUL+NPRV14NPR1yNOMIT
WRITE(L)Y (SN({J)CS(J) 4J=1,M1)
WRITE(L) ((H3(I4J)4R1I(Tsd) e I=1,MM1)sJd=1+M1)
WRITE(L) ((U(Ted)e1=1vMML)ed=14M1)
WRITE(L)Y ((V(IeJ)aI=1eMMI)ed=14M1)
WRITE(L) ((G(Ted)oT=1eMM1) vd=14M1)
WRITE(L) ((F(Ied)el=1eMM1)sJ=1¢M1)
EMD FILE 1
WRITE(&+3001) ZS+RE+NSKIPR«NSKIPW
3001 FORMAT(///+10Xe4HZS =1F6e¢3110X+4HRE =4F8.3+10X+8HNSKIPR =¢I4+10X+8
LHNSKIPW =+IWw//)
1 STOP
END
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SUBROUTINE SETUP .
C-~=~ THIS SUBRUUTINE SUPPLIES PROGRAMME CONTROL PARAMETERS AND FLOW
Com=- REGION INFORMATION.
COMMON/GRID1/ Z(41)SNH(41)CSII{41)4+SN{31),CS(31)
COMMON/GRID2/ IETHA(31)+ETHA(31) sTHETA(31),,DTHETA(31)
COMMON/GRIDS/ H3(41+31)9R1(41,31)
COMMON/NPRC/ NMsMXITER+MX1 oMMX1 ¢ MNPRaN2 NOMIT
1 NPR+NPR1 +HPRU+NPRUL + NPRV ¢ NPRV1 ¢+ NP2
COMMON/CMTROL/ N34LU4+INTAPE+NNTAPE +NSKIPE +NSKIPR
COMMQON/MIMMIC/ MoMT ¢MMD oMM ¢MM1 4Dy SHySKIKS
COMMON/CNSTC/ ZS+RE+EPSUZEPSG«RFUWRFG
COMMNN/RPLOTC/ KPLOT sRPLOTUSRPLOTV +TYSHIXSTEP
COMMON/PLTPCN/ VCU(L10)Y s VCV(10) +KNIIW KNV o KNP
COMMON/ZIRKEGC/ JOMITI1(31)91I2(31)
COMVON/RRABC/ RRAYRRBRYRRC+RRCUWRRCVRRL
COMMON/FACTUR/ FACTOR
COMMON/RDC/ RD
C---- SPHERE SPACING, MESH SPACING, AND BOUNDARY PARAMETERS,
28=0,20
SH=2S/20,0
RDND=14,0
KS=6
SK=(3.1415926/180.0) %KS
M=30 '
MM=40
C--=-- COMNTROL PARAMETERS FOR SOLVING THE EQUATIONS.
FACTOR=0,.00 - -
RE=0,001
RFU=1,00
RFG=0.,80
NSKIPR=0
MSKIPW=0
INTAPE=0
NDTAPE=1
MXITER=600
MX1=300
EPSU=0,001
EPSG=0.001
MNPR=0
N3=1
L4=0
C---- COMTROL PARAMETERS FOR PLNTTING STREAM FUNCTION AND VORTICITY
Co==- CONTOURS akOouUnD THE SPHERES,
RRA=5,0£RRB=COSH(ZS)
RRL=7,0
RRCU=6,0
RRCV=7.0
RPLUT=1‘OUO
IXSTEP=60
IYS=1.6666%xFLOAT(IXSTEP-1)+1.5
KNU=8
KNV=7
VCU(L)=0FVCU(2)=0,001£VCU(3)=001€VCU(Y)=0,1FVCUIS)=0.5£VCU(E)=1,
VCU(7)=2.0¢£VCU(8)=4,0
VCV(1)=0.0£VCV(2)=0.05€VCVv(3)=nelnfyCviH)=0.,25£VCVI5)=0.50
vCvia)=1.00£VCV(T)=2.00
RETURN ,
_END__ el e
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SURROUTINE GRID

THIS SUBRUUTINE SUPPLIES GRID IMFORMATION AT EACH NODE,
COMMON/GRID1/ Z(41)oSHHI(u1)+CSHIH1)4SMNI31)4,CS(31)
COMMON/GRID2/ IETHA(31)+ETHA(Z1) « THETA(31)yDTHETA(Z1)
COMMON/GRIDS/ H3I(414+431)«R1(41,31)

COMMON/UVEFC/ U(41+31),V(41+431)+6(41,31)4F(41,31)
COMMON/MIMMIC/ M M1 MM MMeMML  MD Sy SKeKS
COMMON/CNSTC/ ZS+RF«EPSUFPSG+RFUWRFG

COMMON/NPRC/ Mol“XITER s MXTeMMXT ¢+ MNPR«N2NOMIT,

NPK «NPR1+MPRUNPRUL s NPRV s NPRV1 ‘NP2
COMMON/CMTROL/ N3+L4 INTAPE+NDTAPLC +NSKIPWsNSKIPR
COMMON/IRREGC/ JOMITHT1(31)912(31)

COMMON/NFOSC/ OF +OF4+0F3+0F24+0S8+0S44+0S3+082

COMMON/PFPSC/ PF «PFY4WPEF31PF24PS PS4 +PS3sPS2

CALCULATE THE FIELD DIMENSION MM1 AMD M1,

Ml=M+1

MM1=MM+1

mMD=(M1+1)/72

vMD=(vM1+1) /2

COMPUTING FIELD VARIABLES.,

2(1)==25%

SMNH(1)==SINH(ZS)

CSH(1)=COSHI(2S)

DO 10 I=2 MMl

Z(I)=Z2(I-1)+SH

SNHII)=SIMNH(Z2(I))

CSHII)=CcOSH{Z(I1))

CONTINUE

TF INTAPE=1s VALUES OF THE FJELD VARIABLES WTLL BE READ FROM TAPE
1y OTHERWISE G0 To 1 TO CALCULATE THEM.,.

IF(INTAPESNE,.1) GO TO 1

REWIND 1

IF(NSKIPR«GT«0) CALL SKPFILE(NSKIPRs1)

READ(1) (IETHA(J)QFTHA(J)yDTHFTA(d)QTHETA(J)QII(J)'IZ(J)OJ 1.M1)

READ (1) JOMIT M2 4yNPRUT « NPRV14HPR]1 NOMIT

REAL(CL) (SN(J)CS(J)vd=14M1)

READCL) ((H3(I4J) 41 (I,J)yI=1,MM1)J=1+M1)

READ(L) ((U(I4J)eI=1oeMML)sdJd=1M1) .

REAP (1) ((V(I4J)aI=1+MM1)4d=1sM1)

REAC (1) ((G(IoJ)oeI=1+MM1)eJd=1sM1)

READ(CL) ((F(I4J)el=z1lyMM1l)yu=1eM1)

GO T0 2

CNVERT SUPPLIES VALUES FOR THETA(J)-

CALL CNVERT

DO 20 J=1.M1

SN(J)=SINI(THETA(J))

CS(JY=COSITHETA(J))

CONTINUE

DO 40 J=1eml

DO 30 I=1+MM1

IF(JeEQe1eANDeI.EQ.MMD} GO TO 35

“H3(IsJ)=SMH(MML )/ (CSH(I)=CS(J))

RI(IeJ)=HI(I4J)%xSN(J)
GO0 TOo 30
H3(I+J)=10.E+30
R1(I+J)=10.E=30
CONTINUE

CONTINUE

CONTINUE
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C-=--- THIS SECTION SUPPLIES THE PARAMETERS FOR CALCULATION nF THE FIRST -
Ce==~ ORCER AND SECOND ORDER DERIVATIVES WITH RESPECT To THETA,
TM2=THETA(2)=-THETA(1)
TM3=THETA(3) =THETA(2)
TMUSTHETA(4) =THETA(3)
oL=TM2+TM3+TMy

OK=TM2+TM3

OH=TM2

0L2=0L*0L

0K 2=0K %0K

OH2=0H=*0H

OLMK=0L-0K

OLMH=0L-0H

OKMH=0K=0H

OF 0L *0OK*CH*OLMK *OLMH*0KMH
OF4=0K2*0H2*OKMH
OF3=0L2%0H2*0LMH
OF2=0L2*0K2*0LMK
0S=UL*OK*OH*OLMK * OL MH*OKMH
0S4=0K*xOH* (UK2-0H2)
0SZ=0L *0H* (OL2-0H2)
0S2=0L*0K* (OL2=CK2)

TMP9=THETA(29)=THETA(2R)
TM30=THETA(5U)-THETA(29)'
PL=TM29+TFIVU+TM3]
PK=TM30+TM31

pPH=TM3]

PL2=PL*PL

PK2=PK *PK

PH2=PE*PH

PLMK=PL=PK

PLMH=PL~PH

PKMH=PK-PH *
PF=PL*PK*PHXxPLMK*PLMH*PKMH
PF4=PK2*xPH2xPKMH

PF3=P 2xPH2*P_MH
PF2=PL2*PK2*PLMK
PS=PL*PK*FPH4*PLMK*PL MH*PKMH
PSU=PKxPH* (PK2=P1i2)
PS3=PL «PH*(PL2-PH2)- -
PS2=PL*PK*(PL2=PK2)
RETURN

END
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SUBROUTINME COEFF
C=---= THIS SURROUTINE CALCULATES ALL THE COEFFICIENTS OF THE FINITE=-
Comem- CIFFERENCE EQUATIONS,
COMMON/GRLID1/Z Z2(41)+SHH(4L1) +CSHIUT) +SH(31)+CS(31)
COMMON/GRID2/ IETHA(31) sETHA(Z1) +THETA(31)+DTHETA(21)
COMMON/GRIDS/ H3(41431)+R1(41,31)
COMMON /MIMMAIC/ M yM1 (MM[Y o MM ¢ [AMT MD,SH,SK+KS
COMMON/COEFF/ B1(41431)4+82(41,31),R3(41+31),B34(41,31)
COMMON/NCCEFF/ FCOF (41)FCOFM(41),CB2(31),,REG(31) +A(31)
COMMON/KMKNC/ AA(31)4RB(31)
COMMON /SMRNC/ SM({31)RM{31)

C==== B1(1+y)eB2(144)eB3(I+J)eBU(I+vg)+ARE THE COEFFICIENTS OF THE
C===- FINITE=DIFFERENCE STREAM FUNCTION AND VORTICITY TRANSPORT
C==-- EQUATIONS,

SH2=1./(SH%SH)
N0 1 J=1.M1
cCr2(J)=0, *&H2/(H3(1.d)*H3(1.d))
1 CONTINUE
SM{1)=THETA(2)=-THETA(1)
RN(1)=0,0
sM(M1)=0.0
RN(M1I)=THETA{MI)-THETA (M)
DO 10 J=2+M
SM(JISTHETA(J+1)=THETA(J)
RN(JISTHETA(J)=THETA(J~ 1)
SMTRMN=SM(.JY%RM{ 1)
SMPRN=SM(J)+RN(Y)
SMMRN=SWM (J)=RN(Y)
AA(J)Y=1.,0=-SIMRN/SM(J)
RR(J)=1.0+SHMRN/RN(J)
CCP=1.,0+SMMRM/SKPRN
CCr=1,0=-SFMRN/SHPRN
SKT=1,0/SMTKN
DO 20 I=2+MM
BA=SHH(I)/ (2. O*QH*(CSH(I)-CS(J)))
BC=(CSH(I)*CS(J)=1.0)/((CSH(I)=CS(J))I*SN(J)*SMPRN)
AGJ)=2,0¥SH2+2. 0*SKT=(AA(J)=BB(J))*EC
REG(J)==1e0/ (4 0xSHXSMPRN*A(J))
Bl(IJ)=(SH2+BA)/A(J)
B2(I1+J)=(SHZ2=BA)/A(J)
B3(I+J)={CCMXSKT=AN(J)£BCI/A(Y)
BU(IvJ)={CCPXxSKT+BL(J)xBC)/A(J)
20 CONTINUE
10 cONTINUE
DO 30 I=1eMM1
FCOF(I)=1e/(H3(1+1)*RN(2))
FCOFM(IN=1,0/(H3(I+M1)%kSM(M))
30 CONTINUE
WRITE(6+1C00)
1000 FORMAT(1H1 410X +SHIETHA 10X eSHTHETA$13Xe2HSMe13X+2HRNs24X91HA 412X+ 3
1HREG ./ /)
WRITE(6+1001) (IETHA(JI) s THETA(J) +SMIU) sRN(U) A(J) 1REG(J) 1 J=24 M)
1001 FORMAT(1HO+115+5F15.6)
' RETURN
ENR
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SUBROUTINE CNSTBC
THIS SUBROUTINE SETS THE rONSTANT RBOQUNDARY CONDITIONS,
COMMON/GRID1/ Z(01)+SHHIGT1)+CSHIUT)«SMI31)CS(31)
COMMON/GRIDZ/ IETHA(31) sETHA(Z1) +THETA(31) +OTHETA(31)
COMMON/GRIDS/ H3(41+¢31)9R1(41+31)
COMMON/MIMMIC, NoMI oMMDyMM M1 «MD,ySIHySKIKS
COMMON/UVEFC/ U(41¢31)4V{u1431)+G(8#1031)0F(141,31)
COMMON/CNSTC/ ZS+RFWEPSUWEPSG«RFURFG
COMMON/NPRC/ NoMXITER +MX1 ¢MMXT ¢ MNPR N2 NOMIT,
NPR ¢ NPR1 MNFRUGHNPRUL yNPRV NPRV1 (NP2
COMMON/IRKEGC/ JOMIT.I1(31)4+I2(31)
ALONG THE AXES OF SYMMFTRY, THFTA = 0 AND 180,
PO 10 I=1+MM1
U(I«1)=0.
V(Tel)=0e
G(I'1)=00
U(T+M1)=0e
V(IIeM1)=0.
G‘I'Ml):ﬂo
COMTINUE
onN THE SPHERE SURFaCES,
no 20 J=1wm1
U(led)=0»
UIMML L J)=0,.
COMTINUE
ALLOMG THE OUTER BOUNDARY.
DO 30 J=1+JOMIT
ILEFT=11(J)
IRIGHT=I2{(J)
NO 40 I=ILEFTWIRIGHT
V(iTIe«Jd)=0,
G(I"J)=0-
F(IvJ)=0, A
UCTIod)I=05%R1I(Ted)*R1I(TIvJ)
COMTINUE ’
COMNTINUE
RETURN
END
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SURROUTIMNE VARBC
C---=- THIS SUBRCUTINE SETS THE SPECTIALLY TREATED BOUNDARY CONDITIONS,
COMMON/GRIDY/ 2(41)SNIE41)+CSHIUT)+SHNI31)+CS(31)
COMMON/GRIDZ/ IETHA(31) «ETHA(31) +THETA(31)«DTHETA(31)
COMMON/GRID3/ H3(41+31)+R1(41,31)
COMMON/MINMMIC/ M oyM1 sMMP oMMy MM o MD o SHeSKeKS
COMMON/UVEFC/ U(81¢31)9VI(41931)e6{41+31)+F(41431)
COMMON/COLFF/ B1(471431)+B2(41,31),B3(41+31),B4(41+31)
COVMON/NCCEFF/ FCOF(41)+FCOFM(81)4CE2(31)REG(31)+A(31)
COVMMON/KMKNC/ AA(31)+BR{31)
COMMON/IREEGC,/ JOMIT T1(31)+12(31)
COMMON/CMSTC/ 2S+REJEPSH«FEPSG«RFUWRFG
COVMON/NPRC/ NoMXITER X1 o MMX1 ¢ MNPReN2 s NOMIT
1 NPR s MNPR1 s NPRUNPRUL « NPRV  [IPRV1 ¢ NP2
COVMMON/CMTROL/ N3 4LU INTAPE +HDTAPE +NMSKIPWNSKIPR
COMMON/OFCSC/ OF +OF4,0F340F2,05,054,083,082 -
COMMON/PFHSC/ PFWPIr4PF3+PF2,PS«PS44+PS34PS2
C---=- SOLUTION OF THE SPFCIALLY TREATED BOUNDARY COMDITIONS.
C-=-=-=- NEY ESTIMATES OF ThE VORTICITY AT THE SPHFERE SURFACES,
NPRU=NPRU1
NPRV=NPRV1
NP2=N2
DO 10 J=2+M
THN=CR2(JI* (B.0¥U(2+J)=U(34J))
IF(TN.,LE.1,000) GO TO 1 .
IF(ABS((G(Ll+d)=TN)/TW) ,LE.EPSG) GO TO 11
G0 TO 12 .
1 IF(ABSIG(1+J)=TN)JLELEPSG)Y GO TO 11
c0 TO 12
11 NP2=NP2-1
NPRV=NPRV=1
NPR=NPR=-1
12 G(1eJ)=THN
VI12Jd)=G(1+Jd)/RI(1+J)
F(1ed)=VI(1ed)/R1(14d)
10 CONTINUE
DO 20 J=2+M
TN=CB2 (J)* (Be*U{(MMyJ)=U{(MM=11+4))
TF(TN.LE.1.000) GO TO 2
IFABS{{GI(MMLWJ)=TN)/TH)LE<EPSG) GO TO 21
GO To 22
2 IF(ARS(G(MM1+J)=-TN).LE,EPSG) GO TO 21
GO TO 22
21 NP2=NP2-1
NPRV=NPRV=-1
NPR=NPR=1
22 GiVMML J)=TN
VIMML,JY=6(MMLyJ)/RI(MML ¢ )
FIMML 4 J)=VIMMLled)/RIIMML W J)
20 CONTINUE

C-=--- CALCULATE F(I+1) AND F(I«M1) ALONG THE AXES OF SYMMETRY,
no 30 I=1+MM1
FOTv1)=(OF4* (Y {Te4)=V(To1))~0F3*%(V(T+3)=y(Is1))+0F2*(Y(Ie2)=V(Isl)
+))/(OF*H3(I+1))
FOToM1)=(PFU*(V(I+M1=3)=V(IvM1))}=PF3%x(V(I+ML1=2)=V(I+M1))+PF2%(V (I,
+M1=-1)=V(IeML)) )/ (PF*H3(1eM1)) , |
F(I+1)=FCOF(I)*V(I,2) : ;
F(IoML)=FCOFM(I)%V(I M) ‘
30 CONTINUE i
RETURN r
END
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SUBROUTINE SOLVE
THIS SUBROUTIMNE SOLVES THF NAVIER=-STOKES EQUATIONS FOR STKEAM
AND VORTICITY DISTRIBUTIONS IN THE FLOW REGION.
COMMON/GRID1/ 2(41)+SNHIY41)+CSHIUTYSN(31)CS(31)
COMMON/GRINZ2/ IETHAL31) «ETHA(31) «THETA(31) «+DTHETA(31)
COMMON/GRID3/ H3(41+31)R1(41,31)
COMMON/MIMMLIC Y/ M oM1 MMD oMM MM eMDoSH ¢SKeKS
COMMAN/ZUVEFC/ U(41431)eVI41¢31)e6G(H1031)9F(41431)
COMMON/CMSTC/ ZSWREVEPSUEPSGWRFUWRFG
COMMON/COLFF/ R1(41+¢31)82(41+31)eB3(41+31)+RBY(41+31)
COMMON/NCOEFF/ FCOF(41)+FCOFM(ul)4CR2(31}+REG(31)1A(31)
COMPON/KWKNC/ AA(31)BR(31)
COVNMON/NPRC/ MoeNMXITER «MX1 3 MMX1 o MNPR N2 ¢NOMIT,
NPR ¢ MPR1,NPRUJNPRUL yNPRV,NPRV1 NP2
COMMON/IRFEEGC/ JOMIT,I1(31),+I2(31)
COMMON/FACTOR/ FACTOR
NEW ESTIMATE OF THE VORTICITY NEAR THE OUTER BOUNDARY,
DO 20 J=2+JOMTT
DO 10 I=2+MM
TF‘I'GECTI(J).AND.I.LE.IZ‘J)) GO TO 10
DF1=0(I+1+2J)=U(I=1,4d)
DF2=F (ToJ+1)*AA(J)=F(L+J=1)*BR{JI=F(I+J)* (AN (J) =BB(J))
DF3=U(IvJ+1)RAALU)=U(T+J=1)*BR(J)=-U(IJ)*x(AA(J)=BB(J))
DF4=F(I+1+vJ)=F(I=1,4)
C=DF1x*DF2
B=DF 3*DF 4
ORPLEREGIGIERIT v i#1C=D
XM==(D/6(1,J))*FACTOR
AGNMZ=1 .04+ XM
OP=(D+xMxG(lesJ))/AGM
BGI=B1(I+vJ)*G(I+1+4)
BG2=B2(I+J)xG(I=1+J)
BG3=B3(I+J)*G(I+J+1)
BGU=BUY (T +J)*G(TvJ=1)
TN=RG1+BG2+1363+RGY
TNP=TN/AGM :
TN=TNP+DP
TN=G (I J)FRFGX(TN=G(I+J))
IF(IN,LE.1,U00) GO TO 1
IF(ABS((GII«J)=TN)/TN) LE.EPSG) GO TO 11
cO TO 12
IF(ABS(G(I+J)=TN)JLELEPSG) GO TO 11
c0 TO 12 )
NPRV=NPRV-1
NPR=NPR=1
G(IvJI=TN
VITeg)=G(I«J)/R1(T,44)
FI(I«d)=V(IJ)/RI(IWY)
NEw ESTIMATL OF THE STREAM FUNCTION NEAR THE OUTER BOUNDARY,
S=(H3I(T+J)¥HI (I 4J)/8(J))%G(T,J)
BUI=B1(I+J)*xU(I+1,4J)
BU2=B2(IsJ)*xU(I=144) "

"BU3=B3(T+J)*xU(Ivd+1)

BULSBY (I4J)*U(Ivd=1)

TN=BU1+BU2+BU3+RUy

TN=TN+D

TN=U (T J)+RFUX (TN=U(I4J))
IF(TN.LE«1.000) GO TO 2
IF(ABS((U(TI+J)=TN)/TN).LE.EPSU) GO TO 13
GO TO 14
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IF(ABS(U(I +J)=TN)LE.FPSU) GO TO 13
GO TO 14

NPRU=NPRU=~1

NPR=NPR-1

U{T+J)=TN

CONTINUE

CONTINUE

NEW ESTIMATE OF THE VORTICITY,
JREG=JOMIT+1

CO 40 JU=JKEGM

DO 30 I=2+MM

DFI=U(I+1+d)=U(I~1,4)

DF2ZF (I JF1)*AA(J)~F(I,J=1)*BRB(JI-F(I,J)I*(AA(J)=BB(J))
DFZ=U(IJt1)*AALJ)=-U(I,J=1)%BB(J)=-U(I, d)*(AA(d)-BB(d))
DFU4=F (I+1eJ)=F(1=1,J)

C=NF1xNF2

B=DF3«xDFY4

D=RE*REG(J)*R1(I+J)x(C=B)
XM==(C/G(1+J))*FACTOR

AGM=1,0+XM

DP=(D+XM*G(I4J)) /AGM
BGI=R1(I+J)*G(I+1+J)
BG2=B2(I+J)*G(I=14+J)
BG3=B3(I+J)*¥G(IeJ+1)

BGU=By (IeJ)A2G(Ied~-1)
TN=b6G1+BG2+68G3+EGy

TNP=TN/AGW

TN=TNP+DP

TN=G(I 4 J)+RFG*(TN=G(I.J))
TF(TN.LE.2.000) GO TO 3
IF(NBS((G(I«J)=-TN}/TN).LE.EPSG) GO TO 31
60 TO 32

TF(ABS(G(14J)=TN)LELEPSG) GO TO 31
GO TO 32

MPRV=NPRV=~1

NPR=NPR=1

G(T+J)=TN

VITIaJ)=G(Iad)/R1(T W)
FIIvJ)=V(IsJ)/R1I(I )

MEW ESTIMATE OF THE STREAM FUNCTION.
DE=(H3I(T+vJ)*HI(I4JI/ZA(J)IRG(TI o J)
BUI=B1(I+J)XU(I+14J)
BU2=B2(T+J)*U(I=14J)
BUZ=BI(IJ)*U(I4J+]1)

BUU=BY (TeJd)*U(IeJd=1)
TN=BU1+8U2+BU3+8U4

TN=TN+D

TN=U(T s JY+RFUX(TN=U(TI+J))
IF(TN.LE.1.000) GO TO 4

IF(ABS((U(TI +D)=TN)/TN) ,LELEPSU) GO TO 33
GO0 TO 34

TF(ABS(U(1+J)=-TN).LELEPSU) GO TO 33
GO TO 34

MPRU=NPRU=1

NPR=NPR=1

UCTI«+J)=TN

CONTINUE

CONTINUE

RETURN

END
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SURROUTINF CNVERT
THIS SUBRCUTINE CALCULATES THF VALUES OF THETA(J) CORRESPONDING TO
THE VALUES OF FETIIACJ) WITH A CONSTANT INCREMENT.THE
COORDINATES OF THE OUTER ROUNDARY ARE ALSO DETERMINED,
COMMON/GRIDL/ Z(U1)SHNIT(41)+CSHIUTI)eSH(31)CS(31)
COMMON/GRID2/ IETHA(31)+ETHA(31) THETA(31)«DTHETA(31)
COMMON/GRIDS/ H3(41,431)+R1(H41,31)
COMMON/CNSTC/ ZSWREWEPSUCEPSGRFUWRFG
COMMON/MIMMLIC, MeM]1 sMMD MM oMM ¢ MDD+« SHeSKeKS
COMMON/IRREGC/ JOMITWI1(31)+12¢(31)
COVMMON/NPRC/ MaNXITER«+MX1eMMX1 o MNPReNZ2 + NOMIT
NPR sNPR1«NMPRUNPRUL HMPRV «NPRV1 NP2
COMMON/RDC/ RD
DIMENSION Y1A(31),Y2A(31),TN(31)
IFTHA(1)=0
FTHA(1)=0.0
TM(1)=0,0
PO 20 J=2+MD
IETHA(J)=KS*(J=1)
ETHA(J)=SK*FLOAT(J=1)
TN(J)=TANIETHA(J))
CONTINUE
MDP1=MD+1
DO 30 J=MDP1leM1
IETHA(J)=KS*(J=1)
ETHA(J)=SK*FLOAT(J=1)

TN(J)==TN{J)

CONTINUE

CONVERSION OF THE VALUES OF ETHA(J) INTO THE VALUES OF THETA(J).
WRITE(6+1000)

FORMAT(1HI1 v 10X sSHIETHA 10X +3HY1A+ 10X 3HY2Av9X «SHTHETA+9X«6HDTHETA)
A=SINH(ZS) '
AA=COSH(ZS)

THETA(1)=0.0 S R
DTHETA(1)=0.0

YIA(L1l)=(~A*%A)/(AA=COS(THETA(1)))
Y2A{1)=(A*SIN(THETA(1))) /tAA=COS(THETA(L1)))

DO 40 J=2+M1

CHETA=THETA (J=1)

CHETA=CHETA+0,017453292%0,01

R=A*STIN(CHETA)

RR=AA-COS(CHETA)

A1=R/RR

B1li=(=A%xA)/(AA=-COS(CHFTA))

IF(J.EQ.MD) GO TO 3

B1=TN{J)*(B11+AA)

IF(JeGT.MD) GO TO 4

ERROR=A1-ABS (B1)

IF(ABS(ERROR) .LE.0.000001) GO TO 2
TF(ERRQOR.CGT.0,000001) GO TO 2

co To 1

PR=B811+AA

IF(ABS(RB),LE,0,000001) GO TO 2
IF(BB.GT.0,U00001) GO 7O 2

c0 TO 1

FRROR=A1-ABS(B1)

IF(ABS(ERROR).LE.0,000001) GO TO 2

IF (ERROR.LT+0.000001) GO TO 2
6o T0O 1
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THFTA(J)=CHETA

OTHETA(J)I=CHETA%*(360.0/(2.0%3,1415926))

Y1A(J)=B11 :

Y2A(J)=A1

CONT INUE

WRYTE(641001) (IETHACJI) v YIA(J) s Y2A(J) «THETA(JI) +DTHETA(J) 1d=14M1)

FORMAT (11X 1842F13,61F15.64F16464/)

DETERMINE THE BI-SPHERICAL CONRDINATES OF THE OUTER BNUNDARY,

RD2=RD*RD

TNHZS=SIMH(2S)/COSH(ZS)

TMHZS2=TNHZS*TNHZS

CTPI=(RD2/TWH7S2)+1.0

CTMI=(RD2/TNHZ7S2)«1,0

C=CTP1/CTF1

WRITE(6,2000)

FORMAT(1HU+ 10X+ SHIETHA 10X s SHTHETA+10X+2HI1+10X+2HI2410X +3HN247)

K=0

MM2=0

DO 50 J=1+M1

CS(J)=COS(THETA(J))

CSHZ=C*CS(J)

IF(CSHZ.LT.1.0) GO TO s

SMHZ=SQRT(CSHZ*CSHZ=1,0)

EZ=CSHZ+ShHZ

ZZ=ALCG(EZ)

11=72/SH

T1(J)=mmD-11

I2(J)=MMD+I1

M2=12(J)=-I11(J)+1

MM2=MN2+M2

K=K+1

WRITE(A+PCOL)IETHA(J) yDTHFTA(J)I v I1(J)vI12(J) e M2,22

FORMAT(1H0116+F15,6+3112,F15.6)

CONTINUE

JOMIT=K

WRITE(6+2002) ZS«RDOvSHyMM2¢JOMIT

FORMAT(///7+11X+2HZS4FRe2110Xe2HRDsFEe2¢10Xs2HSH F6e2+10Xe3HMM2 4160

110X e5HJOMIT IR //7)

CALCULATION OF THE TOTaL MUMBER NOF MESH POINTS OUTSIDE THE OUTER

BOUMNDARY WHHICH IS TO BE OMITTED.,
N2 IS THE TOTAL NUMBER -OF POINTS wWHICH REQUIRE SPECIAL
TREATMENT«( VORTICITY AT THE SURFACES OF THE SPHERES).

MPR1 1S THE TOTAL MUMBER OF POINT VALUES TO BE OBTAINED.
NOMIT IS THE NUMBER OF POINTS OUTSIDE THE OUTER BOUNDARY.,

N2z=2%(M=1)

NOMIT=0

DO €0 J=2+.JOMIT

NOMIT=NOMIT+I2(J)=I1(J)+1

COMT INUE

NPRU1=(M=1)%(MM=1)~-NOMIT

NPRV1=(M=1)* (MM=1)+N2=-NOMTIT

NPR1=NPRU1+NPRV1

RETURN

END
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SURROUTIME INPUT

C-==- THIS SUBROUTINE COMTROLS aLL IMPUT DATA REQUIRED TO START OFF
Co=== SOLUTIUN PROCEDURE. IT ALSO SUPPLIES INITIAL INFORMATION
Co==-- FOR THE FIRST RUN,

COMMON/GRID1/ Z(41)¢SNH(u1)+CRH(41)9SN(31).CS(31)
COVMMON/GRIDZ2/ IETHA(31)ETHA(31) 4 THFTA(31).DTHETA(31)
COMMON/GRIDS3/ H3(41431),R1(41,31)
COMMON/UVEFC/ U(U814+31)3VIi41+31)9G(H1+31)4F(41,31)
COMMON/MIMMIC/ fHeMT yMMP s MMy MMY 4 MDySHeSKWKS
COMMON/CNSTC/ ZSWRESEPSUYEPSGRFUWRFG
COMMON/NPRGC/ MoMXITER»MX1 MMX1 MNPR N2, NOMIT,
1 NPR +NPR1+NPRUsNFRUL«MPRY s PRV 1 NP2
COMMON/TRREGC/ JOMTTI1(31)+12(31)
COMMON/CNTROL/ R34 4+ INTAPEvNDTAPE « NSKIPWNSKIPR
C===-= INTAPE EGUAL 0+ IT IS THE FIRST RUMN AND STORE THE DATA ON TAPE.
IF{INTAPE.EQ,1) GO TO 1
DO 10 J=1wM1
DO 10 I=1smM1
Gl(Ie«J)=0,0
F{I+J)=0,0
10 COMTINUE
C---- INTVAL SUPPLIES INITIAL VALUES FOR STREAM FUNCTION AND VORTICITY.
CALL INTVAL
Nno 20 J=2M
ne 20 I=2+MM
GITeJ)=V(IvJIxRI(TIvdJ)

FEY o v 7 T . by 2801 2w
] Ij-vl—u\avvlln.l.\liut

20 CONTINUE
C-~-=-~- 1F MNDTAPE=1+ STORE INFORMATION ON TAPE 1,
IF(NDTAPE.NEL1) GO TO 1
REWIND 1
IF(NSKIPW.GT,.0) CALL SKPFILE(MSKIPW,1)
wRTTE(l)(ILTHA(J).ETHA(J).DTHETA(J)-THETA(J)-II(J) I2(J)ed=1M1)
WRITE(1) JOMITeN24MPRUL«NPRVIyNPR1 NOMIT
WRITE(1) (SN(J)+CS(J)yJd=14M1)
WRITE(L) ((H3(I4J)+RI(I9d)eI=1,MM1)d= 1'M1)
WRITE(1) ((U(Tsd)eI=1oMM1)od=1,M1)
WRITE(1) ((V(IeJ)eI=1sMM1)sJd=1.M1)
WRITE(1) ((GUI+J)oaI=2sMMI)rJ=14M1)
WRITE(1) ((F(Ied)eI=1sMML1)ed=1+M1)
END FILE 1
INTAPE=1
NSKIPW=NSKIPW+1
1 RETURN
END
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SUBROUTINE INTVAL
C-==~= THIS SUBROGUTINE SUPPLIES INITIAL VALUES FOR STREAM FUMCTION AND
Commm VORTICILTY .
COMMON/GRID1/ 2(41)4SMH(L41)+CSH(H1)+SN(31)4CS(31)
COMMON/GRID2/ TETHA(ZL) sETHA(RZ1) +THETA(31) DTHETA(31)
COMMON/GR1ID3/ H3(414+31)+R1(41,31)
COMNMON/MINMMIC/ M (M1 yMMD MM MM, MD,SH,SK+KS
COMMON/UVGFC/ U(41431),V(41+31)+G(41+31)4F(41,31)
COMMON/CNSTC/ ZS+REEPSU+FPSG+RFU,RFG
COMMON/COEFF/ B1(41+431)+B2(41+31)4B3(41+31)+B4(41:31)
COMMON/NCOEFF/ FCOF (41)+FCOFM(41),CR2(31)+REG(31)+A(31)
COMNON/NPKC/ NoMXITERWMX1yMMXT ¢ MNPRoN2 JNOMIT,
1 NPR ¢ NPR1+NPRU+MPRUL1+NPRV +NPRV1+NP2
COMMON/IRREGC/ JOMIT«T1(31)+12(31)
COMMON/VZVTC/ VZ(41+31)s VT(41,.31)
DO 10 J=1eMml
DO 10 I=1sMM1
U(I'J)=0.0
- V(I«Jd)=0,
10 CONTINUE
C-=-== INITIAL STREAM FUNCTION AT ALL INTERNAL MESH POINTS.
C-==~ SUPPLY STIMSOMN AMD JEFFERY ANALYTICAL SOLUTIONS.
CALL VELDIS
C===-= INITIAL STREAM FUNCTION AT THF SURFACES OF THE SPHERES.
No 13 J=1+M1

1944 . 1\
Ve Yy r—ue

UMMy J)=0,
13 ~OMTINUE :
C==== TNTTIAL STREAM FUNCTION ALONG THE OUTER BOUNDARY.
DO 14 J=1+JOMIT
ILEFT=I1(J)
IRIGCHT=I2(J)
D0 14 I=ILEFT,IRIGHT
UlTed)=0.5%R1(IeJ)*R1(I¢J)
14 CONTINUE
C-==- INITIAL STREAM FUNCTION ALONG THE AXES OF SYMMETRY.
DO 15 [=2MM
UlI+1)=0,.0
U(I+M1)=0.0
15 CONMTINUE
C---- CONVERSION OF INITIAL STREAM FUNCTION INTO VORTICITY,
N0 100 J=2,JOMIT
N0 100 I=2.MM
IF(I.GE.T1(J)+ANDeI.LE.I2(J)) GO TO 100
V1i=(VT(I+1eJ)=VYT(I=10J))/(2e0%xSH¥H3(I+dJ))
V2=VT(TeJ)®(SNH(TI)/SNH(MM1))
V3=(VZ(I1J+1)=VZ2(T+vJ=1))/(2+0%xSK*¥H3(TI+dJ))
V4=VZ(TeJ)*(SN(J)/SNHIMML))
V(Iid)=vli=v2=y3+Vy
100 CONTINUE
JREG=JOMIT+1
DO 101 JU=JREG .M
DO 101 I=2.MM
VI=S(VT(I+14U)=VT(I=1+d))/(2e¢0%xSH*H3(I,J)) .
V2=VT(I+J)*(SNH(I)/SNH(MM1))
V3= (VZ2(I+J4+1)=VZ(I14J=1))/(2e0%xSKXH3(I4J))
V4=VZ(I+J)*(SN(J)/SNH(MML))
VvI(Ied)=yl=-y2=-v3+y4
101 CONTINUE
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VONIZ(8,0*U(2¢Jd)=11(3+J))*CB2(J)
VI1lsJ)=VGMN1/R1(14J)
G(1+J)=VGHN]
VGNMMI:(B.O*U(MN.J)-U(MM~104))*CB2(J)
VINvMLJ)SVEHNMMLI/ZRL (MM o J)
GINML4J)=VGNMML
110 COMTINUE
C--== PRINT QUT INITIAL VALUES FOR STRCAM FUNCTION AND VORTICITY,
WRITE(542000)
2000 FORMAT(1H14/// 130X+ 72Hxx%xxSTREAM FUNCTION AND VORTICITY FROM STIM
1SON=UEFFERY EXPHESSION,**%%x%)
WRITE(642002)
2002 FORMAT(IHU 420X ¢29H*xxx*U-==STREAM FUNcTION*****-////)
. WRTTE(£+2009) (Z{I)evI=1+MMD42)
2003 FORMAT(IHO «7X 4HZ(T)e11F11,.24/7)
IRITE(64200%) (IETHA(J) oDTHETA(J) o (U(T+J) s I=1eMMD2) vJd=14M1)
2004 FORMAT(1XsI5¢2XeFS5,14,11F11,6)
WRITE(6+2005) (Z(I)+I=MMD+MM1,2)
2005 FORFAT(IHL o// «7xo4H1Z2(1)211F11,204/77)
_ WRITE(6+2000) (IETHA(J)sDTHETA(J)Y s (U(T+J) e ISMMDeMM142) vJ=1vM1)
2006 FORMAT(IX eI342XsF5.,1+11F11,6)
WRITE(6,2008)
2008 FORMAT(1H1 20X s29H****¥Vmee==VORTICITY -~~~ kkx*k¥9///7)
WRITE(6,2009) (Z(I),I=14MMD+2)
2009 FORMAT(1IHU ¢ 7X4HZ2(I1)+11F11.24//)
WRITE{6+2010) (IETHATUI2DTHETACJII 2 IVILed) v1=1MMDe2) vJ=1eM1)
2010 FORMAT({1X+I342XeF5.1411F11.4)
WRITE(A12011) (Z(I)eI=MMDsMML,2)
2011 FORMAT(IHU « 7X+4HZ(T)211F11620/7)
WRITE(6+2012) (IETHA(JY+DTHETA(J) « (V(T1J) s I=MMDeMMI42)eJd=1eM1)
2012 FORMAT(1Xv]9+2XeFS.,1411F11.4)
C===~ STREAM FUNCTION anD VORTICITY CONTOURS ARE SEARCHED AnD PLOTTED,
cAaLL CHPLTP
RETURN
END
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SUBROUTINE VELDIS

THIS SUBROUTINE SUPPLIFS STIMSON-JEFFERYS ANALYTICAL SOLUTIONS.,
COMMON/GRIDL/ Z(41)4SMH(41) sCSHI41) +SHI31)4CS(31)

COMMON/GRID2/ IETHA(31) 4ETHA(31) «THETA(S1) +DTHETA(31)
COMMON/GRID3/ H3(41431)1R1(41,31)

COMMON/MIMMICY/ M oM] AN e MMy MM s MDD e SHeSKeKS

COMEON/UVGFC/ UT41+31)4VI81431)06G(41¢31)+F(U1,431)

COMMON/CNSTC/ ZS+RFEPSUEPSG«RFUWRFG

COMMON/WPRC/ N+MXTTER MX1 ¢MMX 1 yMNPR +N2¢NOMTIT
NPR ¢ NHRL ¢ NPRIJ« NPRUL y NPRY yNPRV1 +NP2

COMMON/VZVTC/ VZ(41+31)y VYT(41.31)

DIMENSION Y(31+20)

DO 10 J=1+M1

DO 10 I=1.mM1

VZ2(IéJ)=0.0

VT({I+J)=De0

UtI«J)=0.

CONTINUE 4

SUPPLY LFGENDRE POLYNOMIAL UP TO ORIDER (0--19)

NTERM=19

NO S J=1+M}1

Y(JUrl)=1.

Y(Je2)=CS(J)

NO 4 K=2NTERM

H=CS(J)yxY(JK)

Y(JeK+1)=2,0%H=Y (J¢eK=1)=(H=Y{J+K=2))/FLOAT(K)

COMTINUE .

COMTINUE

ROOT2=SQRT(2.,0)

YZ22=2,0%2S

E1=EXP(YZ2)

ZSMH1=SINH({YZ2)

DO 300 J=2+M

Xx=CS(J)

Xx1=SN(J)

N0 200 I=2.MM

¥x2=CSH(I)~CS(J)

X3=SNHI(I)

Xu4=CSH(I)

X2P1=SQRT(X2)

X2mMl=1,0/X2P1

SUM]-:Oc

sum2=g,

sum3=g,

sumM4=0,0

NORDER=10

DO 100 N=1,NORDER

YN=N

YN2=2.0%YN

YN21=YN2+1.0

AK=YN*(YN+140)/(ROOT2¥(YNDO=140)*YN22*(YN2+340))

AKU=AK*SNH (MM ) *SNH(MM1)

YZN21=YN21%ZS
YNM=YN=De5
YNP=YN+1,5
ZYNM=YNM*Z(I)
ZYNP=YNP*Z{1I)
E2=1.0/EXP(YZN21)
ZSMH2=SINH(YZN21)
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AB=2,0%ZSNI12+YN21*ZSNH1
D1=2.0*%(1.0~E2)

D2=YN21%(E1~1,0)

D3=YN21*(1,0~-1.0/E1)
ANZ=(YN2+3 ., U)*xAK%x(N1+D2) /AB

BN= (YN2=1.U)xAr%x{(D1+D3)/AB
UN=ANYCOSH(ZYNM) +BM*COSH(ZYNP)
DUNSYNM#AN®*SINH(ZYIIM) 4 YNP*RNXSINH(ZYNP)
ANU=={YN2+3.0)*xAKU*¥{D1+D2)/AB
BNU=(YN2=1.0)xAKU*(D1+D3)/AB
UNU=ANUxCOSH(ZYNM) +BMNUxCOSH(ZYNP)

PNMI=Y (JsN)

PHN=Y ({JsN+1)

PNP1=Y{JeM+2)

PHP2=Y (J1P+3)

vh=Ppr1-PNPL

DVHM= (YN* (PN=X*PNM1)+(YN+2,0)* (X*PNP1-PNP2) ) /X1

SUMl=SUM1+UN%XVYN

QUM2=SUm2+UN%RDVN

SUMI=SUMZ+VINkDUN

SUMY=SUumMy +UNUxVN

CONTINUE

V1i={(1.0=-X*X4)/X2

v2=X2P1/X1

V3==X1%X3/X2

VIZ=1eIxAMLIAxKI/ K1 .

VZITod)=V1+1l.5%X2M1%SUML ~y2%SUM2

VTITI v J)=V3I+VUXSUML1+Y2%SLUM3

VE=0.S*%RI(T v JI*¥R1(Tvd)

VE=X2M1kX2MLlxX2M1

UlIvJd)=VSHVEXRSUMY

CONTINUE

COMTINUE

DO 155 I=2+MM
VZ(I141)=21+92%v2Z2(142)=1.44%VZ(T43)4+0.6U4*xV2(I+4)=0s12*y7(145)
VZET o M1)=1a92%v2 (I M)=1ol4U*VZ (I oM=1)+0.6U%VYZ(I M=2)=0,12%V2(IM=3)
CONTINUE

WwRITE(6+1000)

FORMAT (1H14% VELOCITY IN THE Z-DIRECTION *)

WRITE(6+3010) (Z(1I)+vI=1+MMDs2)

FORMAT(1HO+11Xx+11F11.24/)

WRITE(643000) (TETHA(IYsDTHETA(J)Y e (VZ{IvJ)sT=1+MMD+2)+J=1eM1)
WRTITE(6+3020) (Z(T)I=MMDMM1e2)

FORMAT(IHO+11Xe11F11.24/)

WRITE(6+3000) (IETHA(J)+DTHETA(J) s (VZ(Ied) s I=MMDIMM]1,42) vJ=1sM1)
FORMAT(1XeI3+2XsFS5,1411F11,4)

WRITE(6+2000)

FORMAT(1H1+* VELOCITY IN THE THETA-DIRECTION x)

WRITE(&.4010) (2(I)eI=1+MmMD2)

FORMAT(1HU 11X 411F11.2,.,7) -

WRITE(644000) (IETHA(J) +DTHETA(J)y (VT(I4J)eI=14MMD2)sJd=1,M1)
WRITE(6+4020) (Z(I)oI=MMD,MM]1,2)

FORMAT(1HO+11X+311F11.247)

WRITE(6+4000) (IETHA(J)IWDTHETACI) ¢ (VT(IsJ) +I=MMDMM142)eJ=1+M1)
FORMAT(1X¢I3¢2XeFS5,1+11F11,.4)

RETURN

END
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SUBROUTINMNE RESTABR
C-==~ THIS SUgRUOUTINE PRINTS QUT THE STREAM FUNCTION AND VORTICITY
Com=- DISTRIBUTIONS IM TABULATED FORVM,
COMMON/GRID1/ 2(41)+SMH(Y41)+CSH(41)eSM(31)+CS(31)
COMMON/GRIDZ/ IETHA(31) «ETHA(Z1) +THETA(31)«DTHETA(31)
COMMON/GRIDS/ HZ(41+431)¢R1(H1,31)
COMMON/ZMIFEMLIC/ M oML oMHMD oMM MMY s MD ¢ SH e SKeKS
COMMON/UVEFC/ U(31431),V(43+31)¢G(UH1+31)4F(41,31)
COMMON/CNMSTC/ 2S5 ,RF +EPSU+FPSGRFU,RFG
COMION/NPRC/ NyMXITER MXx1 4MMX1,4NPR«N2NOMIT,
1 NPR ¢ NPR1 +NMPRUWNPRUL +«NPRV NPRYV1 NP2

WRITE(6+100) REWRFURFG
100 FORMAT(1H1ly ///+v1IX4HRE =4F10e545%XySHRFU =4F10.5+5X+SHRFG =+F10,5)
WRITE(6:102) NPRULNPRV1HNPR1+NOMIT
102 FORMAT(1HU «//¢20X e 7HNPRUL =+15¢11X s 7THNPRY1 =415+10X9HNPR1 =+I54+10
1X s 7THNOMTIT =e1S5e/7)
WRITE(6+101) N«MNPRU+NPRV +NPR NP2
101 FORMAT(1HO s //+1Xe3HN =0I5¢5Xe6HNMPRU =4I545X+6HNPRY =4,15¢5X¢SHNPR
1=4T545X+5HNP2 =41I5,//7)
WRITE(64200)
200 FORMAT(1HO, 20X 129H**x%x*¥Ua==STREAM FURNCTION**x*x%x%¢4//)
WRITE(64201) (2(1),I=1,MMD,2)
201 FORMAT(1HU 408X 4HZ{TI)v11F10.24/7/)
WRITE(64+202) (IETHA(J) DTHETA(J) s (U(T4J) 4I=1yMMDe2)yu=14M1)
202 FORMAT(1IXeI342XeFH5.1421F10.6)
203 FORMAT(///+vOXe4112(1)411F10620¢/7)
WRITE(&e208) (IETHA(I) +DTHETA(Y) + (ULTIvU) s I=MMDMM142)9J=1eM1)
204 FORMAT(1Xe13¢2X4F5.,1411F1Nne6)
WRTTE(K¢300)
300 FORMAT(1HY Y ///+20X129H**x% %Y emeeORTICITY === *kkkky s/ /)
WRITE(6¢3C1) (Z2(I)+I=1,MMD+2)
301 FORMAT(1HU+OX44HZ2(T1)+11F10,24/7)
WRITE(6¢302) (IETHA(J) DTHETA(J) 9 (VII4J) s I=1eMMDe2)9vJ=1sM1)
302 FORMAT(1X+I3+42X+F5.,1411F10.6)
WRITE(6¢303) (Z(I)eI=mmMDemM1s2)
303 FORMATI(///+6XsU4HZ(1)411F10e24/7)
WRITE(64,304) (IETHA(J) JDTHETA(Y) 4 (V(IJ)yI=MMD¢MM1,42),J=14M1)
304 FORMAT(1XeI342XeF5.1411F10.6)
RETURN
FND
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SUBROQUTINE PDCOEF
C===-=- THTIS SURROUTINE CALCULATES THE SURFACE PRESSURES AND NnRAG
C===- COEFFICIENTS FOR THE TWO SPHERES,
COMMON/GRID1/ Z(41)SHH(41)+CSHIUT1) ' SNI31)+CS(31)
COMMON/GRIDZ2/ TETHA(3I) vETHA(IIIWTHETA(S1)«DTHETA(31)
COMMON/GRIDS/ H3(41+31)sR1(41,31)
CONMON/UVOFC/ UC41+31)eV(n1931)e6(41931)4F(41¢31)
CONMMON/MIMMIC/ M oML yMMD o MMeMML sMD ¢ SHeSKKS
COMMON/CNSTC/ ZSWREVEPSULWEPSGRFUWRFG
COMMON/IRKEGC/, JOMITI1(31)4v12(51)
COMMON/OFOSC/ O +OF44+0OF3+0F24+05,054,053,082
COMMON/PFPSC/ PF «PF4Pr3.PF2+PS+PS4,PS3+PS2
COMMON/PRESSC/ AKFSPAKRSP«AKSTAR ,BKFSPBKRSP,BKSTAR
COMMON/ABK/ AK(31),8K(31)
NIMENSION SINETA(31)+COSETA(31)
NIMENSION DVDT(41)
PIMENSION VTA(51)-VTB(31).VSNA2t31).V9N82(31).AKSN2(31)vBKSN2(31)
RE4=4,0/RE
SS=1,0/(6+0%*SH)
DO 1 J=1.M1
SINMETA(JI=SIN(ETHA(J))
COSETA(J)I=COS(ETHA(J))

1 COMTINUE
C om0k oK K KOR ok 3K ok OK SK K R K ok R K K 0K K K K kK K 3Ok K K KoK Kok R K kK
C-=-=- SURFACE PRESSURE DISTRIBUTIONS FOR SPHERE A.
C om0k KK ok KR OK KR S koK k4 Kok ok K K KOk ok 3K Kok KoK KK K K kK Kok Rk K
C-==- CALCULATE THE PPESSURE AT THE FRONT STAGNATION - POIMT OF SPHERE A,

IT1=T1¢1)
DO 10 I=1eMMD
DVDTOI)=(OFS*(V(I+4)=V{Iv1))=0F3%(VIL143)=V(Ts1))+0F2%{V(Is2)=V(Ivl
1)))/0F
10 COMTINUE
SDVDT=0.50*xDVDT (1)
DO 11 1=2+111
SDVDT=SDVvDT+DyDT (1)
11 cOMTINUE
Al=SH*SDVDT
AKFSP=1,0+8.0*xA1/RE

C==== CALCULATE THE SURFACE PRESSURES FOR SPHERE A FROM THE FRONT TO
Com== REAR STAGNATION POINTS.
DO 20 J=1.M1
YY=SSS*{=11,0%V(1,J)+18.0*V(24UJ)=9,0*V(3¢J)+2.0*xV(L4yd))
AA==SNH(1)/(CSH(1)=CS(J))
VTIA(JI=REUX(YY+AAXY(1,4d))
VSMA2(J)I=V (1, d)*SIMETA(d)*HS(l JIxR1(14d)
20 COMTINUE
AK(1)=AKFSP
AKSN2(1)=0.0
DO 25 J=2+M1
AK (J)=AK (J=1)40. 50 (VTA (Y +VTA(Jd=1 1) *(THETA(J)=-THETA(J=1))
AKSMN2(J) =2, U*AK(J)*COSETA(J)*HS(1.d)*R1(1 J)
25 CONMTINUE
AKRSP=AK (M1)
Comoem ok ok kO o ook oK K 3K R o ok sk 3k ok sk 3k oK ok sk ok oK oK ok 3 K ok ok ok ok ok ok ok K ok K ok 3k kK 3k ok o ok ok
C~-~- SURFACE PRESSURE DISTRIBUTIONS FOR SPHERE B,
C o= e koK ok ok K o o ok oK ok K 3K ok 3k ok oK o o 3K ok sk o o ok ok 3K ok ok ok 3k 3k ok ok KK o X ok oK ok o ok koK K
Cew== CALCULATE THE PRESSURE AT THE REAR STAGNATION POINT OF SPHERE B.
IIp=12(1)
- DO 50 I=MMp+MM1
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DVnT(I):(GFq*(V(I.u)-V(I-1))-0F3*(V(I.3)-V(I.1))+0F2*(v(1.2)-v(1.1
+)))/0F
50 CONTINUE
SDVDT=n.50xDYDT (MM )
DO S1 I=T12vMM
SDVDPT=SDvDT+0OyDT (1)
51 CONTINUE
R1=SH*SDVDT
RKRSP=1,0~8.0%x81/RF
C-=-=-= CALCULATE THE SURFACE PRESSURES FOR SPHERE B FROM THE REAR TO
Cmee=m- FRONT STAGMATION POINTS.
DO 60 J=1+M1
YY=SS*¥ (=11 0%V (MML4J)+18e 0%V (MMeJ) =9, 0%V (MM=1 4 J)+2, 0%V (MM=2,J))
AAZ+SNH(MML) Z(CSHIMML)=-CS(J))
VIBUJ)SREUR(YY+AAXY (MM] ed))
VSNL9(d)-h(MM]'d)*SINFTA(J)*HstMM1.d)*Rl(MMl.J)
60 CONTINUE
BK(1)=8KRSp
BKSN2(1)=0,.,0
D0 65 J=2:M1
BK(J)=BK(J=1)=0.50*(VTR(JI+VTB(J=1))*(THETA(J)=THETA(J=1))
RKShN2¢(J)= -2-*BK(d)*COSETA(d)*HB(MMl.d)*Rl(MMl.J)
65 CONTINUE
BEKFSP=BK (M1)
Cm== sk 5k & %ok %k % ok ok ok K ok 4Ok ok ok K ok ok K K ok ok ok ok ok ok KoK
C~=-- CALCULATION OF GRAG COEFFICIENMTS.
Comemmm kR kR R KRR ERERF Kk ok kk kKKK K KKK KK
CNFA=0.0
coOPA=0D
CDFB=0.0
CDPE=0,0
DG 100 J=2.M1
XX=0e S0 (THETA(J)=THETA(J=1))
CNFA=CDFA+ (VSNAZ(J)+VSHNA2 (J=1) ) xXX*8,0/RE
COFB=CDFB+(VSNB2(J)+VSHB2(J~1))*XX*B,,0n/RE
COPA=COPA+ (AKSNZ (J)+AKSN2(J=1) ) *xXX
COPR=CDPB+ (BKSN2 (J)+BKSN2(J=1) ) *XX
100 CONTINUE
COTA=CDFA+CDPA
CDTB=CDFR+CLPB
C=--=-=- PRINTS QUT THE RESULTS.
WRITE(641000) ZS4RE
1000 FORMAT(LIHL1 41X 4HZS =1FH2¢5X 4HRE =4F10e3+77)
WRITE(6,1001)
1001 FORMAT (10X OHIETHA 44X AHDTHETA 47X 3HVTAWBX+2HAK ¢ TX 4 3HVTR 18X 4 2HBK)
RITE(641002)

1002 FORMAT (10X +SHew=== 14X y6Hm === 17X e 3H=== 1 RY 41 2H== ¢ 7X 1 3H===48Xy2H==/)
WRITE(6+10035) (IETHACI) +DTHETA(S) s VTA(J) +AK(J) s VTB(J) +BK(J) vd=1eM1
t)

1003 FORMAT(5X+I10+F10.2+4F1044)
WRTTE(4+1005)
1005 FORMAT(///+1X20HDVDT(T) nF SPHERE As)
WRITE(6+10606) (Z(I)+DUDT(T)vI=1+MMD)
1006 FORMAT(SX1FB.2+5X+F10.4) - !
WRITE(6+1007)
1007 FORMAT(///+1X,20HDVDT(I) OF SPHERE B,) '
WRITE(6+1008) (Z(I)+DVDT(I) v I=MMDyMM]1)
1008 FORMATI(SX1FH6e2+5X¢F1064)
WRITE(6,2000) RE,.CDFA.CDPA.CDTA
2000 FORMAT(//// 41X+ 4HRE =4FBa3¢5X6HCDFA =+F12:545X+6HCDPA =4F1l2.5, SX"
16HCDTA =4F12:e547/7) -
WRITE(6.2001) COFB,.CNDPBCDTB
2001 FORMAT(1BX+6HCDFB =+ F1245¢5X+6HCPPB =1F12.5:5X+6HCDTB =¢F12.5¢//)
RETURN
END .
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SUBKOUTINE CNPLTP

THIS SUBROUTINE EVALUATES PLOT POSITIONS OF CONTOURS AND CALLS

THE LINE=PRINTER PLOTTING SUBRCUTINE.
COMMON/GRINL/ Z(41)+SNH(Y1)+CSHIY1)+SN(31)+CS(31)
COMMON/GRID2/ IETHA(3I)ETHA(31) +THETA(31) +DTHETA(31)
COMMON/GRIDS/ H3(41+31)9sR1(41,31)

COMMQON/CMSTC/ ZSREVEPSUVWEPSGWRFULRFG

COMNMON/MIMMIC, MoyM] sMMD s MM MMT ¢ MD o SHeSKWKS
COMMON/UVOFC/ U(41431) V(4193146141431 )4F(41,31)
COMMON/PLOTL/ X1(334+10)4X2(31410)+Y21(31420)9Y2(31410)
COMMON/PLOTZ/ X3(31410)9Xu{31410)4Y3(31420)4Yy(31+10)
comMmOnN/zVCl/ 2vC1(10),ZVC2(10),LVC1(10)

COMMON/2vC2/ ZVC3(10)47VC4(10),LVC2(10)
COVMMON/PLTPCN/ VCU(10),VCV(10) {KNU+KNY KNP
COMMON/RPLOTC/ RPLOTRPLOTUWRPLOTV+IYSWIXSTEP
COMMON/RRABC/ RRA.HPBvRRCqRRCUaRRCVORRL

No 1 J=1.M1

DO 1 Kz=1.KNU

X1{JeK)=0.00£Y1(JeK)=0,00

X2(JeK)=D0UFY2(JsK)=0,00

X3{JsK)=0.00£Y3(JsK)=0,00

X4 (JrK)=N.0UEYY(JsyK)=0,00

CONTINUE

DO 10 K=1+KNU

7VC1(K)=0.00£7VC2(K)=0.00£LVC1(K)=1
ZVCA3(K)=0+-0VEZ2VCU (K )=0.00ELVC2(K)=1

CONI INUE

SEARCH ANMD INTERPOLATE BETWEENM TWQ I-LINE.

NO 100 J=s14M1

NnNo 110 I=2siuMq

IF(I.EQ.MMDeANDeJsER1) GO TO 110

N0 110 K=1l+KNU

IF( U(I=1¢J)eGE.VCU(K)«ANDe U(IeJ).LE.VCU(K]}) GO TO 2n0
TF( UlI=1¢J)eLEaVCUIK)ANDe U(Itd)GE.VCU(K)) GO TO 2n0
Go TO 110 '

SEAKCH THE STREAM FUNCTION CONTOURS FOR THE FIRST SPHERE.

IF(I,GT.MMD) GO TO 201
IF(LVC1(K),.EQ,0) GO TO 101
A={VCU(K)=U{I=144))

IF(A.EQOUQU) A=100E-30
B=(U(TI«J)=U(I=14J))

IF(B+ER.0.0) B=10,E=30

sLOPE=A/B
ZVC1(K)=Z(1=1)+SLOPE*(2(I)=2(I~-1))
ZVC2(K)=0.0

LVC1l(K)=0

G0 TO 110

A= (VCU(K)=U(I=1+J))

IF(AEQ.0«0) A=10.E=30
B=(U(I+J)=U(I=1+vJ))

IF(BeEQ.0.0) B=10.E=30

SLOPE=A/B
ZVC2(K)=Z(I=1)+SLOPE*(Z2(I1)=2(1~1))
GO 70 110

384

SEARCH THE STREAM FUNCTION CONTOURS FOR THE SECOND SPHERE,

IF(LVC2(K).LQ,0) GO TO 102
A=VCU(K)=U(I=14J)

IF(AWEQ.0+0) -A=10.E=30

B=(U(I J)=U(I=14J))

IF(B.EH.O-O) B=10;E-30

SLOPE=A/B
ZVC3(K)=Z(I=-1)+SLOPE*(Z(I)=Z(I-1))



102

110
Cmemm

301
300

311
310

321
320

331
330

ZVC4(K)=0.0

LvVC2(K)=0

GO 70 110

A=(VCU(K)-U(I=-1vJ))

ITF(A.EQ.0e0) A=10.E=3D
B=(U(Ted)=U(I=10J))

IF(B.EQ.0.0) B=10.E-30

SLOFPE=A/P
ZVCH(K)=Z(I=1)+SLOPE*(Z(I)-Z2(I-1))
COMTINUE

COMVERT TO RECTAGULAR COORDINATES
DO 300 K=1lsKNU

IF(ZVC1(K),.,EQ,0.0) GO TO =01
IF(ZVC1(K).6T.100.0) ZVvC1(K)=100.,0
IF(ZVC1(K).LT.=100.) 2VC1(K)==~100,
A1=SINH(ZVCL(K))

B1=COSH(ZVC1i(K))

B1J=B1=CS{u)

TF(B1J.EQe0.0) B1Uy=10.E-30
Y1(JdeK)=SHHIMM1)%xSh(J)/B1.}
X1(JdeK)=SHH(MM1)*%*A1/BlJ

GC T0 300

X1(JeK)I=CsCEY1(JeK)=040

CONTINUE

N0 310 K=1,KNU

IF(ZVC2(K).L0,0.0) GO TO 311
IF(ZVC2(K) GT.100.0) 7VC2(K)=100.0
IF(ZVC2(K).LT.~-100,) 7vC2(K)=-100,
A2=STINH(Z2VC2(K))

Bry=COSHHi{ZVCrZin1I

B2J=B2=-CS(J)

TF(PR2JeFRNeDe0) P2d=10.T=30

Y2 (Je)=SMHIMMTI )Y xS (J) Z7B2d
x2(JeK)=SMNH(MM1)xA2/B2y

G0 T0 510

X2(JsK)=0+0£Y2(JsK)=D.0

CONTINUE

PO 320 K=14KNU

TF(ZVC3(K).LQ. 0.0} GO TO 321
IF(ZVC3(K).6T.100.0) 2yC3(K)=100.0
IF(ZVC3(K),LT,=100,) 2vVC3(K)==100,
AB=SINH(ZVCS(K))

B3=COSH(ZVC3(K))

B3J=B3-CS({J)

IF(B3J.EQ.0.0) B3J=10,E=30
Y3(JeK)=SNHIMML) SN (J)/B3Y
X3(JyK)=SNH(MML1)%A3/R3J

G0 TO 320

X3(JeK)=00£Y3(JeK)=0.0

CONTINUE

n0 330 K=1+KNU

IF(ZVCcu(K) .,EQ.0.0) GO TO 331
IF(ZVC4(K).6GT«100e0) ZVCU4(K)=1Nn04N
TF(ZVC4(K) ,LT.=100,) ZyC4(K)==100,
AU=STNH(ZVCH(K))

R4=COSH(ZVCH(K))

B4J=B4~CS(J)

JF(BuJ.,EQ.0.0) ByJ=10,E~-30
Yy(JeK)=SNHI{MML1)*SN(J) /7B4dJ

X4 (JeK)=SMHIMML ) *xAL /B4 J

60 TO 330 .

X4 (JeK)=0.0EYS(J,K)=0.0

CONTINUE

DO 11 K=1eKNU

ZVC1(K)=0.

2ur?2iKi=n.

385
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LVC1(K)=1 -
ZVC3(K)=0.
ZVCH (K)=0o
LVC2(K)=1
CONTINUE
CONTINUE
PLOT STREAM FUNCTION CONTOURS AROUIND THE SPHERES.
KNP=KNU
RRC=RRCU
CALL CNPLOT

VORTICITY CONTOURS.

DO 2 J=1.M1

DO 2 Kz=1.KNV

X1(JeK)I=0+0UFYL(Jyk)=0,00

X2(JsK)=0+00F£Y2(JsK)=0.00

X3(JsK)=0.00£Y3(JsK)=0.00

X4 (J1K)=000£Y4(J+K)=0,00

cONTINUE

DO 12 K=1+KNV

ZVC1(K)=0.00£2VC2(K)=0.,00£LVC1(K)=1
ZVC3(K)=0.00£2VC4(K)=0,00£LVC2(K)=1

CONTINUE

SEARCH AND INTERPOLATE BETWEEN TWO I-LINES.,

DO 120 J=1l.M1

NO 130 1I=2.MM1

IF(l.EQ.MMDAND.J+FQe1) GO TO 130

DO 130 K=1,KNV

IF( V(I=14J)eGESVCV(K)aANDS V(I.J).LE.VCV(K)) GO0 To 210
IFC V(I=19J)eLE«VCV(K)eANDs V(IsJ)eGELVCV(K)) GO TO 210
G0 TO 130

SEARCH THE VORTICITY CONTOURS FOR THE FIRST SPHERE,
IF(1.GT.MMD) GO TO 211

IF(LVC1(K).EQ.0) GO TO 121

121

c---—

211

C=(VCVIK)=Vv(I=1+J))

IF(C-EQ.O-U) C=100E'30
D=(V(TI+J)=VII=1+J))

IF(D.EQ.0«0) D=10,E~30

SLOPE=C/D ,
ZVC1(K)=Z(I=1)+SLOPE*(Z(I)=2(1-1))
ZVC2(K)=0.0

LVC1(K)=0

G0 TO0 130

C=(VCV(K)=VI(I=-1,J))

IF(COEQOOCO) C=10-E-30
D=(V(I4J)=V(I=14J))

IF(D.EQ.OOO, D=10.E'30

SLOPE=C/D
ZVC2(K)=Z(I=1)+SLOPE*(Z(I)=2(I=1))
60 TO 13p

SEARCH THE VORTICITY CONTOURS FOR THE SECOND SPHERE.
TF(LvVC2(K).EQ,0) GO TO 122
C=(VCV(K)=VII=1led))

TF(C.EQ.0.0) C=10.,E=30
DE=(V(IsJ)I=V(I=14J)) -

IF(D.,EQ,0.0) D=10,E=-30

SLOPE=C/D
ZVC3(K)=Z(I=1)+SLOPE*(Z2(1)=2(1-1))
ZVC4(K)=0.0

1 VC2(K)=0

G0 TO 130
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C=(VCV(K)=V(I=1,4J))

IF(C.E@-UOU) C=100E'50
N=V(IvJ)=VII=1+d))

IF(DeEQ.0e0) N=10.E=30

SLCPE=C/D
ZVCLH(K)Y=Z2(I=1)+SLOPEX*(Z2(I)=2(1-1))
cONTINUE

COMVERT TC RECTANGULAR CONRDINATES
DO 500 K=1,KNy :
IF(ZVC1(kK) . .EQ,0.,0) GO TO 501
IF(ZVC1(K).GT,100,n) 2vC1(K)=100,0
IF(ZVC1(K) ,LT,=100,) 2vC1l(K)==100,
A1=SINH(ZVC1(K))

B1=COSH(ZVC1(K))

BlJy=B1l=Cs(J)

IFIB1J.EQeQ0«0) BlJ=10.E=30
YI(JeK)=SNH(MM1)xSN(J)/B1Y
X1(JeK)=SNH(MM1)%xA1/B1ly

GO TO 500

X1({JdeK)=00£Y1(JeK)=0,0

CONTINUE

DO 510 K=1 KNV

TF(Zvyc2(K).LEQ.0.0) GO TO 511
IF(ZvC2(K)e0Tal00e0) Z2VC2(K)=10n040
TF(ZVC2(K)«LT.=100.,) 2YC2(K)=-=100,
A2=STNH(ZVC2(K))

R2=CAKIIZVC2(K))

B2J=B2=-CS(J)

IF(E2J.EQ«0+0) B2J=10.E=30
Y2{JeK)=SNH{MML1 ) %S (J) /B2J

X2 (JK)=SNH(MM1)%A2 /B2J

G0 TO 510

X¥2(JeK)=0.0£Y2(JyK)=0.0

CONTINUE

DO 520 K=1+KNV

IF(ZVC3(K).EQ.0.0) GO TO 521
IF(ZVC3(K) eGTa100.0) ZVC3(K)I=100eN
IF(ZVC3(K)4LT,.=100,) ZVC3(K)==100,
A3=SINH(ZVC3(K))

B3=COSH(ZVC3(K))

R3J=R3=CS(J)

IF (B3J.EQe0+0) B3J=10.E~30

Y3 (JeK)=SMN(MML1) %S (J)/B3J
X3(JeK)=SNH(MM1)*A3/B3J

<0 TO0 520

x3(d.K)=0.0£Y3(d.K)=0,0

COMTINUE

DO 530 K=1,KNV

IF(ZVC4(K) EQ,0.0) GO TO 531
IF(ZVCY4(K) e 5T«100.0) ZVCH(K)=100.0
IF(ZVC4(K)LT.~100,) ZVCH4(K)=~100,
A4=SINH(ZVCH4(K))

B4=COSH(ZVCH(K))

B4J=By-CcS(J)

TF(BY4U,ED+Q00) B4y=10.E=30

Y4 (JeK)=SNH(MM1)%SN{J) /B4y

X4 (JsK)y=SKH(MM1)*AL4 /B4 d

GO To 530 )

X4 (JeK)=0.0£Y4(J4K)=0.0

CONTINUE
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DO 13 K=1+KNV
ZVC1(K)=0.
ZVC2(K)=0.
LVC1l(K)=1
ZVC3(K)=0.
ZVC4(K)=0.
LvVC2(K)=1
CONTINUE
COMTINUE

PLOT VORTICITY CONTOURS AROUNND THE TwO SPHERES.
KNP=KNvVy
RRC=RRCY

CALL CNPLOT
RETURN

END

SURROUTIME CNPLOT

THIS SUBROUTIMNE PLOTS STREAM FUNCTION AND VORTICITY CONTOURS,
COMMON/GRIDL/ Z(41)«SNH(41)+CSHI41)Y+eSN(31)4CS(31) :
COMMON/GRID2/ IETHAC31) sETHA(31) +THETA(31) +DTHETA(31)
COVMON/GRID3/ H3(41+31)+R1(41,431)

COVMON/CNSTC/ ZSWREWEPSUWEPSGWRFUWRFG

COMMON/MIMMAC/, M oM oMM o MM MMT 4 MDD, SHeSKeKS
COMMON/PLUTY/ X1(31420)¢X2(31420)4Y1(31+10)4Y2(31+410)
COMMON/PLOT2/ X3(31+¢10)9X4(31+410)+Y3(32¢10)+Y4(31010)
COMMON/RPLOTC/ RPLOTWRPLOTURPLOTV«IYSIXSTEP
COVMON/PLTPCN/ VCU(10)VCVI10) +KNU+KNYV KNP
COMMON/RRABC/ RRA+RRBaRKC yRRCU+RRCVsRRL

NDIVENSION CHAR(120)+FPLOT(8)

DATA BLANKPLOTsPLUS+CROSS/1H «1H,v1H+41HX/

DATA FPLOT/ 1H141H241H3+v1HY4 ¢ 1HS1HA«1H7¢1H8/

THE ZERN-CONTQUR ALONG THE AXES OF SYMMETRY, THETA = 0 AND 180,

DO 200 K=1¢KNP A
X1(LeKI=SSHHIMML)Y%SMH(K)/(CSH(K)=~CS(1))
YI{LoeK)=SNH(MM1I) %S (1) /(CSHIK)=CS(1))
X3(1eK)=ShHIMML) *xSiHH(MMl=K)/(CSH(MMI=K)=CS(1))
Y3(1yK)=SNH(MML)*SH (1) /(CaH(MMI=-K)=CS(1))

X1 (M1 4K)=SNH(MM]1 )*SNH(K) /{CSH(K)=CS(M1))
Y1(M14K)I=SNH{MML)*SN(M1)/(CSH(K)=CS(M1))

X3 (M1 g )=SNH(MM] ) %kSNH(MM1~K)/(CSH(MM1aK)=CS(M1))
Y3(M1oK)=SNH(MML1)%SN(M1)/(CSH(MM1=~K)=CS(M1))

CONTINUE
A==CSH(1)
B= CSH(1)

RR1=A=RRA*RPLOT
RR2=A+RRR*RFLOT
RR3=B=RRB*RPLOT
RR4=B+RRC*RPLOT
XAU==(CSH(1)+1,)
XAUU==(CSH(1)=-1,0)

XBU= (CSH(1)=1.)
XBUU=(CSH(1)+1,.)
DX=RRL*RPLOT/(FLOAT(IXSTEP-1))
DX2=0x/2.0
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DO 5 L=1+120

cCHAR(L)=PLOT

CONTINUE

WRITE(5+100) CHAR
FORMAT(1H]1 ¢ 3H,«s+120A1)

DO 10 L=1.119

CHAR (L) =RLANK

CONTINUE

SPHERE A,

XPLOT=RR1

DO 25 J=1+M1

DO 295 K=1+KNP

DIF1=XPLOT=X1(J«K)

ABDIF1=ABS(DIF1)

DIF2=XPLOT=X2(J«K)

ABDIF2=ABS(LIF2)

IF{AnBCIF1.LE.DX2) GO TO 20
IF(ABCIF2.LE.DX2) GO TO 21

GO TO 25
LL=(FLOAT(IYS)/(RRL*RPLOT))%Y1(JsK)+1,0
IF(LL.EY«0.OR.LL.GT.119) GO TO 22
CHAR(LL)=FPLOT(K)

TF( JeEQ@eleORye J4EGeM1) CHAR(LL)=FPLOTI(1)
GO To 22
LL=(FLOAT(IYS)/{RRL*¥RPLOT))I*Y2(J+K)+1.,0
IF(LL.EQ,U,UR,LL.GT.119) 0 TO 25

CHAR (LL)Y=FPLOTI(K)

IF{ JeLwel o Uiy UeLlWwemMl) CHAR{LLIZFFLOTIL)
COMTINUE

IF((XPLOT«GT«XAU) e AND. (XPLOTLLT«.XAULU)) GO TO 1

DFUSXPLOT=XAU
DFUL=XPLOT=XAUU
DFA=XPLOT=A
ABPFU=ABS (DFU)
ABNEUU=ABS (DFUU)
ABDFA=ABS (DFA)

TF((ABOFU«LE.DX2).OR. (ABDFUU.LE«DX2)) GO TO 40

IF(ABDFALLE.DX2) GO TO 41
WRITE(6+101) CHAR

FORMAT (1X11H,. +3X+120A1)
DO 35 L=1:119

CHAR (L)=BLANK

CONTINUE

XPLOT=XPLOT+DX
IF(XPLOT.GT«RR2) GO TO S0
GO TO 15

C=XPLOT=A

IF(CeEW0.0) C=10.E=30
N=ABS(C)

CL=1.0=-D*%*2 ‘
LC=(FLOAT(IYS)/{RRL*RPLOT))*SQRT(CL)+1.0
IF(LC.EQ.1.0R.LC.6GT«119) GO TO 26
CHAR (LC)=PLUS '

GO TO 28

CHAR(1)=PLUS

WRITE(6+102) CHAR

FORMAT (1X+1H.+3X¢120A1)
GO TO 30

CHAR(1)=CROSS
WRITE(6+102) CHAR

GO TO 30
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SPHERE B.

XPLOT=RR3

DO 75 JB=1,M1

J=M1=-UB+1

DO 75 K=1KNP

NIF3=XPLOT=X3(JsK)

ABDIFZ2=ABS(DIF3)

NIFH4=XPLOT=X4(JeK)

ABDIF4=ABS(DIFY4)

TF(ABCIF3.LE.DX2) GO TN 70
TF(ARCIF4.LE.DX2) GO Tn 71

GO To 75

LL=(FLOAT(IYS)/ (RRLXRPLOT))I*Y3(JeK)+1,0
IF(LL,EQ,.0,UR,LL,GT,119) GO TO 72
CHAR(LL)=FPLOT(K)

IF( JeEQe1.0R, J,EC.M1) CHAR(LL)=FPLOT(1)
G0 TO 72

LL=(FLOATIIYS)/ (RRL*RPLOT))*Y4(JeK)+1,0
IFILLEQeU.OR.LL4GT4119) GO TO 75
CHAR(LL)=FPLOT(K)

IF( JeEQelsORs JeFRaM1) CHAR(LL)=FPLOT(1)
CONTINUE
IF({XPLOTSLTXBUU) .AND, (XPLOT.GT.XBU)) GO TO 3
PFU=XPLOT=-XxBU

NFUU=XPLOT=-XBUU

DFR=XPLOT-B

ABDF U=ABS (DFU)

ARDEUU=ANS (DS

ARDFR=ARS(DFB)

IF((ARDFU.LE,DX2),0R, (ABDFUU.LE.DX2)) GO TO 90
IF(ABLCF2,LE.DX2) GO TO 91

WRITE(6+101) CHAR

IF(XPLOT.CE«RRY4) 60 TO 400

DO 85 L=1.119

CHAR (L )=BLANK

CONTINUE

XPLOT=XPLOT+DX

GO TO 55

C=xXPLOT=B

IF(CeEQ.0.0) C=10.E=-30

N=ABS(C)

CL=100‘D**2
LC=(FLOAT(IYS)/(RRL*RPLOTY)*SQART(CL)+1,0
TF(LC+EQe1.0R.LC.GT.119) GO Tpn 76
CHAR(LC)=PLUS

GO TO 76

CHAR (1)=PLUS

WRITE(6+.102) CHAR

G0 TO 80

CHAR(1)=CROSS

WRITE(64,1U2) CHAR

GO TO 80

DO 6 L=1,120

CHAR(L)=PLOT

CONTINUE

WRITE(6+103) CHAR

FORMATIIXQ“HQ N o'lZUAl)

RETURN

END
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SURROQUTINE VFIELD

THTS SUBRCUTINE CALCULATES THE VELOCITY COMPONENTS FOR THE Z- AND
THETA=- DIRECTIONS,

COMMON/GRID1/ Z(41)+SMH(41)+CSH(U1)eSN(31)+CS(31)

COMMON/GRID2/ IETHA(31)+vETHA(31) +THETA(31) DTHETA(31)

CONMMON/GRID3/ H3(41+31)+R1(41.31)

COMMONZUVEFC/Z U(41431)4VI(41+31)¢G(41+31)+F(41431)

COMMORN/MIMMLIC/ M o M1 ¢ MMD ¢ MM ¢ MM1 ¢MD ¢ SHySKeKS

COMMON/CMSTC/ ZSRF EPSULEPSG,RFU,RFG

COMMON/IRREGC/ JOMIT,I1(31)«I2¢31)

COMMON/OFOSC/ OF «OF440F3+0F2+08+0S4+08340S2

COMMON/PFPSC/ PF +PF4+PE3+PF21PS1PSYPS34PS2

COMMON/VZVTC/ VZ(41+31) VT(474¢31)

COMMON/SMRNC/ SM(31) +RII(31)

NIMENSION RS(31)«SR(31)

VELOCITIES IN THE FLOW KEGION,

vZ(1lsd) IS THE VELOCITY IN THE Z-NIRECTION.

VT(I+J) IS VELOCITY IM THE THETA- DIRECTION.

DO 10 u=1.M1

DO 10 I=1.MM1

VZ(I+J)=0.0

VT(1+J)=0.0

COMTINUE

DO 20 J=2 M

RS{J)=RN(J)/SM(J)

SR(JI=ZSHIJ)Z/RNIJ)

CONTINUF’

no 30 J=2+M

pO 30 I=2+MM

VIHZ (RS (J)*U(TvJ+1)=SR(J)*U(I¢J=1)=(RS(J)~ SR(d))*U(Ivd))/(SM(J)+RN

+(J))

VZIIeJ)==VTH/ (HE(TI+J)*H3(T+d))
VZZ=(U(I+1eJ)=U(TI=2eJ} )/ (2.0%SH)

VT (Ied)=+VZZ/{H3(T+J)*HI3({T+d))

CONTINUE

WRITE(6+200)

FORMAT(1HY1 ¢ 1X o *¥+++++VELOCITY Ip Z-DIRECTION,+++++%4//)
WRITE(654+201) (Z(I)+I=1.MMD+2)

FORMAT(6Xv4HZ(I)+11F10.24//)

WRITE(6+202) (IETHA(J) JDTHETA(J) 2 (VZ(TI4d)yI=1sMMDe2) ¢Jd=14M1)
FORMAT(1X1I312X9F5.1¢11F10.6)

WRITE(&+y203) (Z(I)sI=MMDsMMLle2)
FORMAT(//7 16X 84H2(TI)+v11F10.2+/7)

WRITE(6+204) (IETHA(J) +DTHETA(UJ) « (VZ (T +d) «I=MMDMM1+2) 9d=1+M1)
FORMAT(IXeI342XeF5e1011F1De6)

WRITE(6+300)

FORMAT(/// «1X s x+++++VELOCITY 1IN THETA-DIRECTIONs+++++%4//)
WRITE(£¢301) (2(I)+I=1+MMD:2)

FORMAT(6Xs4HZ(I)s11F10,24/7/7)

WRITE (6+¢302) (IETHA(J)+DTHETA(J) o (VT(Isd)eI=1eMMD2) vd=1eM1)
FORMAT (1XeI3+2XeF5,1¢11F10.6)

WRITE(6¢303) (Z(I)I=MMDsMM1+2)
FORMAT(///7+6X+4HZ(I)9v11F10.24//)

WRITE(6+¢304) (IETHA(J) +DTHETA(J) o (VT (I sd) ¢I=MMDeMMLe2)sd=1eM1)
FORMAT(1XeI342X4FS5.1411F10.6)

RETURN

END
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SURROUTINE SKPFILE(NSKTP+NUNIT)

THIS SURROUTINE SKIPS FILES ON MAGNETIC TAPE,
L=0

READ(NUNIT) DUMMY

IF(EOF (NUNIT)) 10+11

L=L+1

IF(L.EQ.NSKIP) RETURN

GO T0 1

END

FUNCTION SINH(X)

SINH=0 5% (EXP(X)~EXP(=X))
RETURN ’
END

FUNCTION COSH(X)
COSH=0.5*% (EXP(X)+EXP{~-X))
RETURN

END
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B. Computer Program 2.

PROGRAM MASS(INPUT,QUTPUTTAPES=IMNPUT +TAPE6=0UTPUT +TAPE1 s TAPE2)
THIS PROGHRAMME SIMULATES FORCED CCNVECTIVE MASS TRANSFER FROM A
SYSTEM OF TwO EQUALLY SIZED SPHERES WITH FLUID FLOWING

PARALLEL TO THEIR LIMNE OF CEMTRES.
COMMON/GRID1/ Z{41)4SHNH(41)+CSH{41)+SN(31),CS(31)
COMMON/GRID2/ IETHA(31) «FTHA(31)+THETA(31) +DTHETA(31)
COMMON/GRID3/ H3(41+31)sR1(41,31)
COMMON/UCC/ U(41+31)9C(41e31)
COMMON/MIMMIC/ NMyM1 oMM oMM oMM ¢ MDDy SHeSKIKS
COMMON/NPRC/ NsMXITER «™X1 +sMMX1 o INPR«NOMIT o NPRC s NPRC1+NPCoNPC1eN3
COMMON/TAPEC/ INTAPE JNDTAPE +NSKIPW«NSKIPR
COMMON/CNSTC/ 2S+RE2SC+PEJWEPSCRFC
COMMON/IRREGC/ JOMTTYTI1(31)+12(31)
cOMNMON/RRABC/ RRA«RRBsRRC +RRL
COMMON/FACTOR,/ FACTOR
CPT=890,0
PTIME=S,0
INITIAL SETTINGS
NS=1
CALL SETUP

CALL GRID
eALL TuPUT
N3=1
CALL COEFF .
MXITFR IS THE MAXIMUM NUMBER OF ITERATIONS ALLOWED FOR EACH
COMPUTER RUN.
IFINJ,GELMXITER) GO TO 2
WRITE(6+1000)
FORMAT (1H1 448H***x*xHERE STARTS A GROUP OF MX1 ITERATIONX e *%kkx)
WRITE(641001) ZS +REWPEWRFCEPSC
FORMAT(1HO v // o 1X s U4HZS =oF10¢4+vSXs4HRE =9F10e 41X s 4HPE =9F105¢5X s
1sHRFC ZeF10eU4 45X 6HEPSE =¢F8e6)
WRITE(65+1002) NPRCL1«NPCL1+NOMIT
FORMAT (1HG /210X s 7HNPRCL =916 ¢10Xe6HMPCL =9 T4y 10X s THNOMIT =4IU+//)
HERE BEGINS THE JTTERATTON SECTTON FOR A GIVEN PECLET NUMBER,.
A GROUP OF MX1 ITERATINNS WILL BE STARTED WITH MMX1=MX1
MMX1=NMNX1
A MEW ITERATION BEGIMS WITH NPRC=nMNPRC1
MPRC1==-THE TOTAL MNUMBER OF POINT VALUHES TO BE OBTAINED.
NPRC===THE TOTAL NUMBER OF UMCONVERGED POIMT VALUES.
NPRC=NPRCL
NPC=NPC1
CALL VARBC
CALL SOLVE
IF(NJGE«300+ANDNPRC.EQ.NPRC1)} GO TC 4000
IF({N«GE«300.AND.NPC.EQ.NPC1) GO TO 4000
cALL SECOND(CPSEC)
IF({(N/10)*¥10.NE.N) GO TO 30
WRITE(6+,2000) N,.CPSEC,NPRC+NPC
FORMAT (1HO 4 SHN =+I545%+SIHCPT =4F6,2¢15X+6HNPRC =9¢I5+5%x+SHNPC =415)
TLEFT=CPT-CPSEC
IF(TLEFT.LESPTINE) GO TO 2
AN ITERATION IS COMPLETED.
N=M+1 '
MMX1=MMX1=1
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TEST FOR THE OVERALL CONVERGENCE .
IF NPKRC IS LESS THAN 0OR EQUAL TO MMPRs THE CONVERGENCE OF THE
PRESENT SOLUTION HAS BEEN OBRTATNED.
IF MMX1=0+ THE GROLP OF Mx1 ITERATIO@,HAVE REEN PERFQRMED,
OTHERWISE GO TO 40 AMD START A MEW ITCRATION,.
TF(MPRC=MNPR) 200+,2004100
IF(MMX1) 30U+300440
SET M3 70 ZERO IF THE OVERALL COMVERGEWCE HAS BEEN OBTAINED,
nN3=0
AN EXTRA ITERATION IS ALLOWED FOR THE BOUNDARY CONDITIONS TO BE
SATISFI1ED.
NPRC=NPRC1
NPC=NPC1
CALL VARBC
CALL SOLVE
IF(MNPRC.GT+MNPR) GO TO 40
CALL RESTAB
IF(N3,EQ.1) GO TO 10
WRITE(6,2004%)
FORMAT(/// +40H**xx*xTHE PRESENT CASE IS CONVERGED.*%%%x%x¢//)
IF NPNDTAPE=1+ STORE INFORMATION ON TAPE 2.
IF(NDTAPESNE.1) GO TO 3
REWIND 2
IF(NSKIPWeGTWon) CALL SKPFILE (NSKIPWe2)
WRITE(2) (IETHACUI vETHA(I)Y +DTHETA(U) s THETA(J) o I1(J) 2 I2(J) v J=1+M1)
WRTTE(2) JOMITINMPRCLWMNPCLNOMTT
WRITE(2) (Sn{u),0S1U),0=1,M1)
WRTITE(2) ((H3(I+J)sR1(T+J)aI=14MM1) sJd=10M1)
WRITE(2) ((U(Ted)aT=2eMNM1)ed=1sM1)
WRITE(2) ((C(Ivd)s1=14MM1)0J=14M1)
EnND FILE 2
WRITE(6+3C0U0) Z2SyREWPEJNSKIPRSKIPW
FORMAT(/// 410X s4HZS =9sF6e3+v10X+4HRE =yF8.3410Xs4HPE =4F10.4+10X+8H
LNSKIPR =4 J6910Xe8HUSKIPW =4164//) ’ ’
NSKIPR=NSKIPW
NSK1IPW=NSKIPW+1
CALCULATE THE LOCAL AND OVERALL RATES OF MASS TRANSFER.
CALL NSNSEE
CONCENTRATION CONTOURS AROUND THE SPHFRES ARF LOCATED AND PLOTTED.
CALL CwPLTIP
THIS SECTION SUPPLIES NEW VALUFES FOR THE +ECLFT NUMBER AND
RELAXATION FACTOR,
NS=NS+1 :
FACTOR=1.00 -
IF(NS.EQ.2) GO TO 11
IF(NS.EQed) GO TO 12
IF(NS.EQ.4) GO TO 13
IF(NS.EQ.5) GO TO 14
6o To 1
COMNMTINUE
RFC=RFC=0.0%
IF(RFC.,LE«0.0) GO TO 1
G0 TO SO
CONTINUE
pPE=0,D1
G0 TO 50
CONT INUE
PE=0,1 .
G0 TO 50 , , o - - L
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CONTINUE
PE=0,7
G0 TO 50
CONTINUE
PE=1,0
GO TO 50

PRIMT OUT THE CONVERGED RESULTS.

CALL RESTAB

IF NPDTAPE=1+ STORE IMFORMATION ON TAPE 2.

IF(NDTAPE«NE+1) GO TO 1

REWIND 2

IF(NSKIPWGTen) CALL SKPFILE(NSKIPW:2)
WRITE(2)(IETHA(J) «ETHA(J) OTHETA(J) «THETA(J) o T1(J) 9 I2(J) ed=1eM1)
WRTTE(2) JOMITWIPRC1+NPC1,NOMTT

WRITE(2) (SN(J)eCS{J)sd=1sM1)

WRITE(2) ((H3(IsJ)sRL(TvJ)eI=1eMMI)od=1vM1)"

WRITE(2) ((U(Ied)sTI=2eMM1)}ed=2sMl)

WRITE(2) ((C(IsJd)eI=1eMM1)eJd=1sM1)

EnND FILE 2

WRITE(643001) ZSWREWPE+NSKIPR«NSKIPW

FORMAT(///v10Xe4HZS =1F6.3110Xe4HRE =sF8,3¢10X+4HPE =+F10.44+10X+8H
INSKIPR =416410X+8HNSKIPW =4164/7)

sTOP
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SUBROUT INE SETUP

C--= THIS SUBROUTINE SUPPLIFS PROGRAMME CONTRUL PARAMETERS,

Cmm==

Com=

Commm

COMMON/GRIDL/ Z(41) SNH{41),CSHIU41)SH(31),CS(31)
COMMON/GRID2/ IETHA(31) «ETHA(31) ¢ THETA(31) +DTHETA(31)
COMMON/GRIN3/ H3(41+31)9R1(H41,431)
COMMON/NPEC/ NoeMXITER1MX1 o MMX] ¢ MNPR «NOMIT ¢NPRCyNPRC1+NPCeNPC1 «N3
COMMON/TAPEC/ INTAPE +NNTAPE +NSKIPW«MNSKIPR
COMMON/MIMMLIC/ M oMJ ¢MMD oMM oMM ¢MD e SHSKeKS
COMMON/CNSTC/ ZS.+RE+SC+PELEPSC,RFC
COMMON/RPLOTC/ RPLOTIYSIXSTEP
COMMON/PLTIPCN/ VCC(10)+KNE KNP
COMMON/RRABL/ RRA+KRBWRRCWRRL
COMMON/FACTOR/ FACTOR
COMMON /NSKPRC/ MSKPR1
SET SPHERE SPACINGs MESH SPACINGs AMD BOUNDARY PARAMETERS,
728=0,20 '
SH=ZS/20,0
RRL=7,0
RRA=S5,0£RRB=COSH(ZS)
RRC=7.0
KS=6
SK=(3.1415926/180.0)*FLOAT(KS)
M=30
MM=40
SET CONTROL PARAMETERS FOR SOLVING THFE EQUATIONS.
RE=0,001
PE=0.001
RFC=0,80
FACTOR=0,0
NSKIPR=0
NSKIPW=0
MXITER=800
MX1=400
MNPR=0
INTAPE=0
NDTAPE=1
EPSC=0,0001
PARAMETERS FOR PLOTTING CANCENMTRATION CONTOURS AROUND THE SPHERES.
RPLOT=1,000
IXSTEP=60
1YS5=1,2500%FLOAT(IXSTEP=1)+1,5
KNC=6
VCC(1)=1,C0£fVCC(2)=0,80£VCC(3)=0,50fVCC(4)=0,25€VCC(5)=0,10
vCC(6)=0,05
RETURN
END
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SUBRROUTINE GRID

THIS SUBRCUTINE SUPPLIES GRID INFORMATION AT EACH MODE,

COMMON/GRIDL/ Z(41)+SNH{41)CSH(UL) +SH{31)+CS(31)

COMMON/GRID2/ TETHA(3L) ETHA(31) s THETA(31), DTHETA(%I)

COMMON/GRIDS/ H3(41431)4R1(41,31)

COMMON/UCC/ U(41+321)4C(41,31)

CONNMON/MIMMLIC/ Moglil ¢ MMD o MMy MM ¢ MD g SHy SKeKS

COMMON/CNSTC/ ZS+RE+SCWPEWEPSCWRFC

COMMON/NPRC/ NoeMXITER «MX1 oMFMXT o« MNPR «NOMITWNPRCyNPRCL+NPC+NPC1L N3

COMMON/TAPEC/ INTAPE«NNTAPE «NSKIPW+NSKIPR

COMMON/IRKEGCY JOMIT+I1(31)4+12(31)

COMMON/NSKPRC/ NSKPR1

CALCULATE THE FIELD DIMENSION MM1 ANMD M1,

Ml=M+1

MMI=MM 41

MD=(M1+1)/2

MMOD=(NM1+1)/2

COMPUTE FIELD VARIARLES.

2(1)==28

SNH(1)==SINH(ZS)

CSH({1)=COSH(Z2S)

DO 10 I=2+mM1

Z(I1)=2(I-1)+SH

SNHOI)=SINH(Z(I))

CSHUTI)=COSH(Z(I))

CONTINUE

IF INTAPE=1s VALUEX OF THE FIELD VARIABLES WILL BE READ FROM TAPE
2« OTHERWISE GO TO 1 TO ORTAIN THEM.

IF(INTAPENE.1) GO TO 1

RFWIND 2

IF(NSKIPR«GT.0) CALL SKPFILE(MSKIPR:2)

READ(2) (IETHACJ) +FTHA(JY oDTHFTA(JI) « THETA(J) 2 I1(J) o I2(J) v d=1+M1)

READ(2) JUMIT«NFRCT «NPC1+NOMIT

READ(2) (SNUJ)+CS(J)ed=11M1)

READ(2) ((H3(T+J)eRI(TeJ) s I=1eMML)YeU=1eM1)

READ(2) ((U(I4J)eI=1oMM1)ed=1eM1)

READ(2) ((C(IevJ)eI=1eMM1}od=1eM1)

G0 T0 2

C--- READ FIELD VARTARLES AND STREAM FUNCTION DTISTRIRUTIONS IN THE FLOW

C-—--

C——--

C----

1

Cocem
Comem
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Comm=
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c----

REGION AT THE SPECIFTED REYNQLLES NUMRER,

NSKPR1 IS THE NUMRER nF FILES TO g8E SKIPPED IN ORDER TO READ THE
FIELD VARINBLES AnD STREAM FuUMCTIOW DISTRIBUTION FROM TAPE 1,

REWIND 1

IF (NSKPR1.6T.0) CALL SKPFILE{(NSKPR1+1)

READ(L1) (IETHACJ) yETHA() «DTHETA(I) v THETA(J) o T1(J) 2 I2(J) eJ=1eM1)

READ (1) JOMITeM2.NPRUL+NPRV1MPRL NOMIT

READ(1) (SN{JY+CS(J)ed=1m1)

READ(1) ((H3(Te¢J)syRI(TI4Jd)1= I.MMllod—loMl)

READ(L) ((U(TyJ)eI=1emrl),Jd=14M1)

CALCULATE NPRC1 AND NPC1l.

NPC1 IS THE TOTAL NUMBER OF POINT VALUES WHICH REQUIRED SPECIAL
TREATMENTs TeFe CONCFNTRATIOM ALONG THE AXES OF SYMMETRY,

NPRPC1 IS THE TOTAL NUMRER OF POINT VALUES TO BE OBTAINED.

NOMIT IS THE TOTAL NUMBER OF POINT VALUES OUTSIDE THE OUTER
BOUNDARY WHICH IS TO BE OMITTED.

NZERO=(MM=I2(1))+(X1(1)-2)

NPI=MMe1

NPC1=NZERO+NPI

NPRCl:(M-l)f(MM-1)+NPC1-NOMIT
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1F NDTAPE=1s STORE INFORMATION ON TAPE 2.
TF(NDTAPE.NEL1) GO TO 2

REWIND 2

IF(MSKIPW.GT.0) CALL SKPFILE (NSKIPW,2)
WRITE(2) (TETHA(J) vETHA(J) +OTHETA(J) « THETA(J) yT1(J) +I2(J) +Jd=14M1)
WRITE(2) JOMIToNMPRCLIyMPCLyMOMIT

WRITE(2) (SN(J)+CS(J)ed=1,M1)

WRITE(2) ((H3(LvJ)+sR1I(TsJ)eI=14MMLI)ad=1eM1)
WRITE(2) ((U{TeJ)eI=1eMmMl)ed=1eM1)

RETURN

END ..

SURROUTINE INPUT

THIS SUBRCUTINE SUPPLIES INITIAL VALUES FOR CONCENTRATION,
COMMON/GRID1/ Z(4y1)+SNH{UYL1)+CSHIUL) +SN(31),4CS(31)
COMMON/GRID2/ IFETHA(31)2ETHA(31) «THETA(31)OTHETA(31)
COMMON/GRID3/ H3(41+31)¢R1(41,431)

COMMON/ZUCC/ U(41+31)eC(U414+31) )
COMMON/MINMIC/ VM oM1oMMP MM oMM ¢MD s SHSKIKS
COMMON/IRREGC/ JOMIT+I1(31)212(31)

COVMMEON/ZNPRC/Z NoelXITER«MX1oMMX1 yMNPR «NOMIT«NPRC«NPRCLyNPCINPCL1 N3
cOMMON/TAPEC/ INTAPE «NDTAPE +NSKIPWMSKIPR

TF INTAPF=1s TNTIAL VALUES OF COMCENTRATION ARE READ FROM TAPE.
TF(INTAPE+EW.1) GO TO 1

00 10 J=1eM1

DO 10 I=1eMM]

C(Is+J)=0,0

CONTINUE

IF(MDTAPE.NEL.1) GO TO 1 p
WRITE(2) ((C(Ied)sI=1eMM1l)eJd=14M1)

EnMD FILE 2

INTAPE=]

NSKIPW=NSKIPW+1

FIXED KNOWN BOUNDARY COMDITIONS.

ON THE SPHERE SURFACES.

DO 30 J=1lMl

C(l:J)=1.0

C(tM1,4,U)=1,0

CONTINUE

ALONG THE OUTER BOUNDARY.

DO 40 J=1+JOMIT

ILEFT=I1(J)

IRIGHT=I2(J)

DO 50 I=ILEFTIRIGHT

C(Isd)=0.0

CONTINUE

CONTINUE

RETURN

END
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SUGROUT INE COEFF '

THIS SUBROUTINE CALCALATES ALL THE COEFFICIENTS MNEFDED TO SOLVE
THE DIFFUSTIOM EOUATION FOR FLOW AROUND TwWO-SPHERES,

COMMON/GRIDL/ Z2{uy1)+SNH{G1) +CSH(U1)YeSN{31)4+CS(31)

COMMON/GRIDZ2/ IETHA(3L)sETHAI3Z1)wTHETA(31)+DTHETA(31)

COMMON/ZGRIDS/ H3(41+431)eR1(41,31)

COMMON/ZCNSTC/ ZS4RE+SC+PELWEPSC.RFC

COMVON/MIMMIC/ I oM1 «MMD oMMy MML +MD,SHySKeKS

COMMON/ZUCC/ U{U414+31)+C(H1431)

COMMON/COEFF/ B1{41+31)sB2(41,31),B3(41+31),84(41+31)

COMMON/VCCEFF/Z D1(41)4D2(41)4D3+E1(41)E2(41)4E3

COVMON/DCOEFF/Z END(B814+31)DB(H1)ER(4L)

COMMON/KMKNC/ AN(31)BB(31)

COMMON/SMRINC/ Sk (31)+RH(31)

Bl(I J)sBZ(14vJ)sB3(I4J)eBU(I4J)===-ARE THE COEFFS OF THE FINITE=-
DIFFERENCE LIFFUSION FQUATIONS TO BE USED IN SUBROUTINE SOLVE.

D1(I)+02(1)vD3=-=-=ARE THE COEFFS. 0OF THE FINITF DIFFERENCE EQUATION
FCR THETA=0.0 7O BE USED IN SUBROUTINE VARBC.

Fi1(l1)+E2(I)+E3-=-<ARE THE COEFFS. OF THE FINITE DIFFERENCE EQUATION
FOR THETA=180 TO BE USED IN SUBROUTINE VARBC,

SH2=1.0/ (SH*SH)

SMIL)=THETA(2)=THETA(1)

RN(1)=0.0

SM(M1l)=0.0

RN(ML1)=THETA(M1)~THETA (M)

DC 10 J=2+M

SM(J)=THETA(J+1)=THETA(J)

RM(JISTHETA(J)=THETA(J- 1)_

SMTHN=ZSM (U ) XRN(J)

SMPRUZSHM(J)+RN(J)

SMMRN=SM () =RN(J)

AALJ)=1.0-SMMRN/SM(J)

BEB(J)=1.0+SMMRN/RN (J)

CCP=1,0+SMMKN/SMPRNM

CCM=1,0=-SMMRN/SMPRH

SKT=1.0/SMTRN

DO 20 I=2MM

PEHK=PE/ (U4 s 0%SH*SMPRN*R1(IvJ)})

BA=SSHNH(I)/ (2+40*SH* (CSH(I)=CS(J)))

BC=(CSH(I)*CS(J)=1.0)/(SMPRN*¥SN(J)*(CSH(I)=CS(J)))

BBE=2,0%xSH2+2,0xSKT+(AA(J) -BB(J) ) * (BC=PEHK*{(U{I+1ed)=U(I~1¢J)))

RD(I+J)=PEHK/BBB

B1(Il.J)=(SH2-BA)/BBB

B2(I.J)=(SH2+B3A)/BRBB

B3(IsJ)=(CCM*SKT+AA(J) xBC)/BBB

B4(I+)=(CCP*SKT=-BB(J)xBC)/BBB

CONTINUE

CONTINUE

DO 30 I=2+MM

IF(I.EQ.MND) GO TO 30

SMTRN=SM(1)*SM(1)

SKT=1,0/SMTRN

DODR=2,0%SH2+4 ,0*xSKT

DA=SNH(I)/ (2,0*%SH*x(CS11(1)=-CS(1)))

DB(I)=PExU{I¢2)/(2,0%SHX*SMTRN*H3(I+1)*DDD)

N1(I)=(SH2~DA)/DDD

D2(I1)=(SH2+DA)/DDD

D3=4,0*%SKT,/DDD

CONTINUE

DO 40 I=2+MM

SMTRN=RN(NM1)*RN(M1)

SKT=1.,0/SMTRN
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EEE=2.0%SH2+4 ,04SKT

FA=SNH(I)/ (24 0%SH*(CSH(I)=CS(M1)))
EB(I)=PEAU(L M)/ (2,0%xSMTRN*H3 (I, Ml)*EEE)
F1{I)=(SH2-EA)/EEE

F2(I)=(SH2+EA)/EEE

£3=4,0%xSKT/EEE

CONTINUE

RETURN

END

QUBROLTINE VARBC

THIS SUBRCUTINE SOLVES THE SPECIALLY TREATED BOUNDARY CONDITIONS
ALONG THE AXES OF SYMMETePY, THFTA = 0 AMD 180,

COMMON/GRID1/ Z(41) ¢SNH(41) +CSH(41)+SN(31),CS(31)

COMMON/GRID2/ IETHA(31) «ETHA(31) sTHETA(31) +DTHETA(31)

COMMON/GRIDS/ H3(41+431)+R1(41,31)

COMMON/CNSTC/ ZS+RE+SC+PEWEPSCRFC

COMMON/MIMMIC/ M oyM1 oMMD e MMyMMT o MDySHeSKeKS

COMMON/UCC/ U(41+31)+C(41,431)

COMMON/IRREGC/ JOMTT11(31)+12(31)

COMMON/COEFF/ B1(41+431)+B2(41431)+B3(41+31)+B4(41+31)

COMMON/VCOEFF/ D1(41)4D2(41) N3 +E1(41)+E2(41)+E3

COMMON/DCOEFF/ [PD(41431)+DB(41)+ER(41)

COMMON/NPRC/ NoMXTTER¢MX1sMMX1¢MNPR«NOMIT +NPRC«NPRC1+NPCosNPC1sN3

COMMON/FACTOR/ FACTOR

ESTIMATION OF C(I+1) ALONG THE AXIS OF SYMMETRYs THETA=0,0

DO 10 I=2.MM

IF(I,GE,I1(1),AMD.T.LE.I2(1)) GO TO 1

D=DB(I)*(C(1+1+1)=C(I~-141))

IF(C(I+1)eEW.0,00) C(I+1)=10,E=30

IF(C(I+1)ebWe=-0.00) C(I+1)=-10,E-30

XM=={(D/C(141))*FACTOR

ACM=] 4 0+XM

IF(ACM.EQ+0.00) ACv=10,E-30

IF(ACY,EQe=U.,00) ACM=-10.E=-30

DP=(D+XMx(C (1l+1))/ACM

TN=D1 (D) #C(1+141)4D2(II*C(I=1,1)+D3*C(I+2)

TNP=TN/ACM

TN=TNP+DP

TN=C(I+1)+RFCx(TN=C(I41))

IF(ABS(C(141)=TN).LE.EPSC) GO TO 20

G0 TO 30

RPRC=NPRC=1

NPC=NPC=-1

C(I«1)=TN

ESTIMATION OF C(I«m1) ALONG THE AXIS OF SYMMETRYs THETA=180.0.

D==EB(I)*{C(I+1+M1)=-C(T=1,M1))

CIF(C(T«+M1).EQ.0.00) C(I+M1)=10.E=30

TF(C(TI+M1) ,EQ,=-0.,0N) C(leM1)==-10,E-30
¥M==(D/C(14#M1))*FACTOR

ACM=1,0+XM

IF(ACN ,EQ.0.00) ACM=10,E-30
IF(ACVN ., EQs=-0.00) ACM==10,E=30
DP=(D+xXM*C(1+M1))/ACM

TNSEI(I)*C (L1421 M1)+E2(I)*C(1=1¢M1)+E3*C(I M)
TNP=TN/ACM

TN=TNP+DP

TN=C(IM1)+RFC*(TN=C(I M1))
IF(ABS(C(IyM1)=-TN)LE.EPSC) GO TO 40
GO0 TO 50 ‘
NPRC=NPRC=1

NPC=NPC=1 .
C(I+M1)=TN

CONTINUE

RETURN
cND
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SUBROUTINE SOLVE

C-=-=-- THIS SUBROUTINE SOLVES THE FINITE-NIFFERENCE DIFFUSION EQUATIONS
Co==-- AT ALL INTERNAL MESH POINTS USING SUCESSIVE ITERATION WITH
C-=-=- RELAXATLON,

COVMMON/GRIDL1/ Z(41)+«SMNHI41)sCSHIU1)+SNI31)+CS(31)
COMMON/GR1D2/ IETHA(31)+ETHA(31)+THETA(31)+DTHETA(31)
COMMON/GRIDS/ H3(41+31)+R1(41,31)

COMMON/MIMMIC, MM eMMD oMM oMMI o MDySHeSKIKS
COMMON/CNSTC/ ZSWRFE+SCWPELWEPSCWRFC

COMMON/UCC/ U(41+31)eC(41431)

COMMON/COEFF/ B1(41431)sB2(41431)4B3(41+31)+B4{(41+31)
CONMNMON/ZVCUEFF/ D1(41)4D2(ul)eD3+E1(81)4E2(41)4E3
COMMON/DCOEFF/ BD(41+21)+0B{(41)ER(41)

COMMON/NPRC/ NoMXITER yMX1 ¢MMXL ¢MNPR ¢NOMIT NPRC,NPRC1NPC NPC1,N3
COVMMON/IRKEGC/ JOMIT«I1(31)+12(31)

COMMON/KMENC/ AA(31),BB(31)

COMMON/FACTOR/ FACTIOR

C-===- AT EACH GRID POINT, THF PROCESS OF CALCULATION IS AS FOLLOW,

Cm=>==- l. CALCULATE THE MFW VALUF OF THE CONCENTRATION, TN,

Comm- 2+ APPLY RELAXATIOM (OVER- OR UNDER= RELAXATION),

Cm==- 3« TEST FOR COMVERGENCE.

Ce=-- 4. IF THE TEST IS SATISFIENs MPRC IS REDUCED BY 1, AND THE OLD
Comm=- VALUE OF THE CONCENTRATUON IS REPLACED BY TN,

JIRPREG=yOMIT
DO 10 J=2+JIRREG
DO 20 I=2+MM .
IF(ICGE.I1(J)aANDT.LEL.I2(J)) GO TO -2n
DF1=C({I+1eJ)~C(I=1+dJ)
OF2={AA{JIFUITvU+1i-BR (Ui +UiIvd~171-{AA{JYI-B
DF3=AN(J)*C(I+J+1)=-BR(J)*C(IvJ=1)
DFG=(TI+1ed)=Uu(I=14J)
N=BL(I+J)*(VF1xDF2=-DF3xDFy)
ITF(C(IeJ)eEW,0,00) C(IVJ)I=10,E-30
IFIC(led)sEWa=04,00) C(IvJd)==-10,E=-30
XM==(D/C(1+J))*FACTOR
ACM=1 ,0+XM
IF(ACVY.EQ«0+00) ACM=10,E-30
IF(ACM . EQea=U.00) A§M=-10.E-30
DP=(D+XMxC(LyJ))/ACM
BC1=B1l(T+J)%*C(I+1,J)
BC2=B2(IJ)*C(1=-1,J)
BC3=B3(I4+J)*C(I1+J+1)
BCu=BY(I4J)*C(I4d=-1)
TN=BC1+8B3C2+8C3+BCyYy
TNP=TN/ACWM
TN=TNP+DP
TN=C(Is )+RFCx(TN=C(I¢4))
IF(ABS(C(I+J)-TN)LELEPSC) GO TO 40
GO0 TO 5o

40 NPRC=NPRC=-1

50 c(T+J)=TN

20 CONTINUE

10 COMTINUE

J1
C
-

JREG=JOMIT+1

DO 100 J=JREGM

DO 200 I=2+MM

DF1=C(I+1+J)=-C{l=1,J)
DF2=(AA(J)*U(I+J+1)=BB(J)*U(I,J=1)=(AA(J)=-BB(J))I*U(I+J))
DF3=AALJ)*C(T+J+1)=BB(J)*C(IvJ=1)

DF4=U(I+1sJ)=U(I=1,J)

D=BD(I+J)*(DF1*xDF2-CF3%xDF4)
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IF(C(I J)eEQeN0D) C(T,J)=10.E=30
IF(C(IsJ)eEWe=0.00) C({I+J)==10.E=30
X¥M==(C/C(1,J))*FACTOR

ACM=1 ., 0+XM

IF(ACMJEQG«0.00) ACM=10,E~30

IF(ACVM EQe~Us00) ACM==10.F=-30
DP=(D+XMAC(I4J))/ACM
BC1=B1(I+J)*C(1+1+J)
BC2=B2(I+J)*C(I=14J)
BC3I=B3(I+J)*C(Ievd+l)

BCU=BY (I+J)*¥C(Isu=-1)
TN=RC1+BCz+BC3+BCY

TNP=TN/ACM

TN=TNP +DP

TN=C (T v JY+RFC*(TN=C(TI+d))
IF(ABS(C(I+J)=TN)LE.EPSC) GO TO 400
GO 70 500

NPRC=NPRC=1

C(I«J)=TN

CONTINUE

COMTINUE

RETURN .
END . — A

OUTINt RESTAB :
SUBRCUTINE PRINTS OUT THE CONCENTRATION pISTRIBUTION IN
TABULATED FORM,

COMMON/GRIDL/ Z(41) +SMNEH{41)+CSHI4T1)vSN(31)4+CS(31)

COMMON/GRID2/ IETHA(31)+ETHA(31)s THETA(31)+DTHETA(31)
COMMON/GRIDS/ H3(41+31)2R1(41,431)

COMMON/MINMMLIC/ MogM1 o MMD o Nikio MM1 « MD y SHy SK1KS

COMNMON/UCC/ U(41+431)¢C(41,31)

COMMON/CNSTC/ ZSWRE+SCWPEWEPSCyRFC '

COMMON/NPKC/ NeMXITER+MX14MMX1 sMNPReNOMIT + NPRC+NPRC1sMPC+NPC1 oN3
WRITE(6:100) Z2S+RE+PE+RFC

FORMAT(1HY1+///41X 1 4HZS =+F6e3+5Xs4HRE =9F8.4 45X+ 4HPE =+F10,41+5X+5H

s

Ve
v

B
THT

w

LX)
n
S

1RFC =+F8.4)

101
i02
200
201
202
300
301

302

WRITE(64101) NPRC1.NPC1NOMIT
FORMAT(1HO 4// 420X« THNPRC1 =4+I5.11X+6HNPC1 S9I5011X7HNOMIT =¢15,47)
WRITE(64102) N+NPRC,NPC

FORMAT (1HO 4// 41X 43HN =,I15,5X,6HNPRC =,15,5X,5HNPC =4154/77)
WRITE(6,200)

FORMAT(1HD 420X 1 29H***%C (I ,J)==CONCENTRATION **%*%x¢//)

WRITE(6+201) (Z(I)sI=1+MMDe2)

FORMAT(1HU +OX e 4HZ(I)e11F10.24/7)

WRITE(64202) (IETHA(J) 9 DTHETA(U) « (CC(Iod) s I=1eMMD2) v g=1+M1)

FORMAT (1X9413+¢2XeF5.1111F10.6)

WRITE(64+300)

FORMAT (1Ml ///7420Xs29H*%x4%C(I+J)==CONCENTRATION®*%%¢//)
WRITE(6+301) (Z{1)I=MMD+MM1,42)

FORMAT(1HC 46X+ HHZ (T) 9y 11F1pe24//)

WRTTE(6+302) (TIETHA (Y)Y oDTHETA(U) o (CLTI 4 J) 2+ I=MMD o MM142) o J=14M1)
FORMAT(1X+v13:2X1F5.1v11F10.56)
RETURN

END
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SURROQUTIME NSNSEE
Ce=== THIS SUBROUTINE EVALUATES THE LOCAL AND OVERALL SHERWQOD NUMBERS,
COMMON/GRIDL/ Z(41)eSMICYL1)eCSH(U1)+SN(31)+CS(31)
COMMON/GRID2/ IETHA(3L)+ETHA(31) ¢ THFTA(S1) «DTHETA(31)
COMMON/GRIDS/ H5(41¢31)+R1(41,431)
COMMON/ZMINMMIC/ N ¢M] JMMD ¢ MM 4 MML ¢MDSH s SK1KS
COVMON/ZUCC/ U(414¢31)9C(81431)
COmMNMON/CMNSTC/ ZSWRESCWPELWEPSCRFC
COMMON/MPRCY/ NoMXITER MX14MMX1 MNPR NOMIT NPRC ,NPRC1,NPC+NPC1,N3
COMMON/IRREGC /Y JOMIT,I1(31).I2(31)
cOmMON/SMRNC/ SM(31)+RM(31)
DIVENSION ANU(31).8MU(31) ANRAT(31)BRRAT(31)
DIMENSION SRTA(31).SRTB(31)

C===- ANU(J)==-=THE LOCAL SHERWOOD NUMBER FOR SPHERE A.
C-=--- AVMU=-== THE OVERALL SHERWOOD NUMBER FOR SPHERE A,
C~=-=-=- ANRAT(J)=-=-=THE RATIO OF THE LOCAL SHERWOOD MUMBER TO THE FRONT
Co==== STAGNATIOWN POINT SHERKOOLD NUMBER FOR SPHERE A,
C--=-=- BMU(J)==-=THE LOCAL SHERWOOD NUMBER FOR SPHERE Bs
C===- BVNU=-=- THE OVERALL SHER®WOOD NUMBER FOR SPHERE B.
C--=-=- BNRAT(J)==-=-THE RATTO OF THE LOcAL SHERWOOD NUMBER TO THE FRONT
Co=-- STAGNATTON POINT SHERWOOD WUMBER FOR SPHERE B.
SSH==1,0/(12,0%SH)
YR=0,0

DO 10 J=1.M1
CZASSSH* (+23,0*¥C(1+J)=0uB8.0%C(2¢J)+36,0*%C(3+J)=16.0¥%C (v J)+3,0%C(S
1M . _
SRIA(J) == e U/HS5(L )
ANUCJ)I=CZN2SRTALY)
ANRAT (J)=ANUCJ)Z7ATMU(L)
CZASCC=CZAax(SM{u)/(CSH(1)-CS(J)))
YA=ZYA+CZASCCxSM(Y)
CZRESSHX(+2940*¥C (MY g J) =48 0kC (MM 4 J)+36e0%¥C(MM=14J) =16+ 0%xC(MM=24J)
143, 0xC(MM=34J))
SRTB(J)==2 . 0/HI(MM] 4+ J)
BNU(J)=CZB*xSRTB(J)
BNRAT (J)=BNU(J) /7ANU(1)
CZBRSCC=CZ2E* (SN(J) Z/(CSH(MM1)=~CS(J)))
YB=YB+C2BSCCxSM(J)
10 CONTINUE
SISZ2A=(CSH(1)=CS(1))*x(CSH({1)=-CS(M1))}/SNH{MML)
SIS?B=(CSH(MM1)=CS(1))x(CSH(MM1)=CS(M1))/SNH{MM]1)
AVNU==STS2A%*YA
BVNU=~-SIS2B*YB
WRTITE(5+1000)
1000 FORMAT(1HY1 +30Xe19HSPHERE A (ZS = =VE)+30X+19HSPHERE B (4ZS = +VE))
WRITE(6+1001) AVNU+RVM
1001 FORMAT(1X+25HOVER=ALL NUSSELT NUMPER =¢5X+F10.,5+40X+F10.5)
WRITE(6,1010)
1010 FORMAT(1IXe//s5XeGHETHA«2X+E6HDTHETA 12X e 6HANU(J) v 4 X e 13HANU(JI) ZANU(]L
1)e28Xe6HBNU(J) 14X+ 13HBMNU(J)ZANU(L))
WRITE(6+1011)

1011 FORMAT(S5Xs4Heomm¢2Xy6Hmmmme= 112X 16H=ca=a 14X413Hemecem e cm e 128Xy
16Hemaeaa ¢t UX113Hemmemcccmnnae )
WRITE(64+1020) (IETHA(J) +DTHETA(J) ¢ ANU(J)  ANRAT(J) «BNU(J) «BNRAT(U) ¢
1=1.m1) ;

1020 FORMATIOX 1 I4 42X sFBa2¢F18e64F1lT7.6¢20XsFlUo64F174647/)
RETURN

£ND , . _ o [ o L
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SURROUTINE CNPLTP
C==== THIS SUBROUTINE EVALUATES PLOT POSITIONS OF COMTOURS AND CALLS
Cm==- THE LINE-PRINTER PLOTTING SUBROUTINE.
COMMON/GRID1/ Z(u41)+«SNH(41)+CSHIB1)+SN(31)+CS(31)
COMMON/GRIDZ2/ TETHA(3T)+ETHA(31) +THETA(31)NDTHETA(31)
COMMON/GRIDS/ H3{(414+31)+R1(41,431)
COMMON/CMSTC/ZS«REWEPS1+EPS2+RF1.RF2
COMMQAN /M IMMLC/ MyML s MMD oMM MM o MDDy SHeSKIKS
COMMONZUCC/ U(41+31)eC(H41.31)
COMMON/PLOTL/ X1(31+10)eX2(31410)eY1(31e10)+Y2(31410)
COMMON/PLCTZ2/ X3(31+410) s X4(31420)¢Y3(31010)1Y4(31410)
comMMoN,ZvCl/ ZVC1l(10).,2VC2(¢(10).LVCl(10)
COMMAN/2ZVC2/ ZVC3(10)4+2VCH4(10) LVC2(10)
CoMMON/ZPLTPCN/ VCC(10) +KNCsKMP
COMMON/RPLOTC/ RPLNT+IYS«IXSTEP
COMMON/ZRRABC/Z RRARRB«RRCRRL

C ----------------------------
C-=-= CONCENTRATIUN CONMTOURS,
C.._-_ ------------------------
DO 11 K=1+KNC
2VC1(K)=0.
ZVC2(K)=0,
LVCl(K)=1
ZVC3(K)=0.
ZVCH({K)=0e
LVC2(K)=1
11 CONTINUE
C==== SEARCH AND INTERPOLATE BETWEEN TWN I=l TNF «==CONCENTRATION CONTOLUR .
N0 100 J=1.M1 ' :
N0 110 I=2+¥vM1
IF(IQE(JQMN'DOANDQJQE(JO1, GO TO 110
NO 110 K=1.KNC
IF(C(I=14vJ)eGEVCC(K) AND.C(TI+J)eLEVCC(K)) GO TO 200
IFIC(TI=1eJ)eLE.VCC(K)oAND.C(IvJ)eGE.VCC(K)) GO TO 200
G0 To 110
C .
C-===- SEARCHING THE CONCENTRATION CONTOURS FOR FIRST SPHERE,
200 IF(l1.GTMMD) GO TO 201
IF(LVC1(K) ,EQ,0) GO TO 101
A=(VCC(K)=C(I=1+4))
IF(A.EQ,D0.0) A=1l0.,E=-30
B=(C(I«Jd)=C(I=14J))
IF(B,EQ.0.0) B=10,E-30
SLOPE=A/B
ZVCI(K)=Z2(I=1)+SLOPE*(72(I)=2(1=1))
ZVC2(K)=0.0
LVC1(K)=0
G0 TO 110
101 A=(VCC(K)=ClI=1:J))
IF(AEQRe040) A=10.E=30
B=(C(IvwJ)=ClI=1+sJ))
IF(BsEQeDNe0) B=10.E=30
SLOPE=A/B
ZVC2(K)=Z(I=1)+SLOPE*x(Z(I1)=2(I=1))
GO TO 110
o] i
C>=== SEARCHING THE CONCENTRATION CONTOURS FOR SECOND SPHERE,

201 TF(LVC2(K).EQ.0) GO TO 102
A=VCC(K)=C(I=1+d)
TF(A.EQ.0.0) A=10.E=30
B={C(I+J)=C(I=1eJ))
IF(B.EQ.0.,0) R=10.,E=30



102

110

Cmmm=

301
300

311
310

321
320

IF(BY4J.EQ+0.0) BY4J=10.E-30  _ _

SLOPE=A/B
ZVC3(K)=2(1=1)+SLOPE*(Z(I)=Z(I~-1)) '
ZVC4(K)=0.0

LVC2(K)=0

G0 TO 110

A=VCC(K)=C(I=14J)

IF(NEQe040) A=10.E=-30
B=(C(I.J)=C(I- lqd))

IF(BQEU.OUD) 8210.E'30

SLOPE=A/B

ZVCa(K)=2(I~- 1)+§LOPE*(Z(I)-Z(I i
CONTINUE

CONVERT TO RECTAGULAR COORDINATES
N0 300 K=1,.KNC

IF(zZvC1(K).EQR.0.0) GO TO 301
JF(ZVC1(K)GT.100.0) 2VC1(K)=100,0
IF(ZVC1(K)LT,=100,.) 2VC1(K)=-100,
A1=SINH(ZVC1(K))

B1=COSH(ZVC1(K))

B1J=Bl=-cS(J)

IF(BIJ.E@OUOO) Bld=10¢E°3ﬂ
YI(JeK)=SHNH({MML1)*xSN(J)/B1Y
X1(JeK)=SHH(MM1)*xA1/B1J

60 To 300

X1(JeK)=0.0£Y1(JsK)=0,0

CONTINUE

DO 310 K=1.,KNC

IF(2VC2(K) ., EQ,0.,0) GO TO 311
IF(ZVC2(K)6T100,0) ZVC2(K)=100,0
IF(2vC2(k)  LT,=100,) 72VvC2(K)==100,
A2=SINH(ZVC2(K))

B2=COSH(2VC2(K))

B2J=B2-CS(J)

IF(B2J.EQeDeD) EB2J=10,E~30
Y2(JK)= qNH(MMl)*SH(d)/BZJ
X2(JyK)=ShH{MM1 ) %xA2/B2J

G0 TO 310

X2(JeK)=00£Y2(JsK)=0.0

CONTINUE

N0 320 K=1+KNC

IF(ZVC3(K)EQa0.0) GO TO 321
IF(ZVC3(K)GT100e0) ZVC3(K)=100.0
IF(ZVCA3(K)elTe=100.) 2VC3(K)==100,
AZ=SINH(ZVC3(K))

B3=COSH(ZVCs(K))

B3J=B3=-cS(J)

IF(B3J,EQ.0.0) B3J=10,E=-3p
Y3(JoeK)=SHNH(MML1)%*SM(J)/B3J
X3(JeK)=SNH(MML)%xAZ/B3J

GO To 320

X3(JeK)=0" OtYS(d'K)-O 0

CONTINUE

DO 330 K=1,+KNC

IF(ZvCu4(K).EQ,0.0) GO TO 331
IF(2VCy(K).6T.100,0) ZvCy(K)=100,0
IF(ZVCy (K) .LT,=100,) ZVCQ(K) =100,
AY=SINH(ZVCU(K))

B4=COSH(ZVCU4(K))

B4u=BY=-CsS(J)

405
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Y4 (JeK)=SHNH(MM1 ) 2SN (J) /BY Y
X4 (JeK)=SMHIMML) xAL /BYJ
GO TO 330
331 X4(JKI=D0.0£Y4(J,K)=0,.0
330 CONTINUE
DO 15 K=1.+.KNC
ZVC1(K)=0.
ZVC2(K)=0.
LVCI(K)=1
ZVC3(K)=0,
ZVCH4(K)=0.
LVC2(K)=1
15 COMTINUE
100 CONTINUE
C=-===- PLOT COWNCENTRATION CONTOURS AROUN THE SPHERES.
KNF=KNC
CALL CHNPLOT
RETURN
END

SURRQUTTNE CNPLOT

C===~ THIS SURRGUTINE PLCTS CONCENTRATION CONTOURS AROUND THE SPHERES,
COMMON/GRID1/ 2(41)+SNH(Y1)+CSH(41)+SN(31)+CS(31)
COMMON/GRID2/ IETHA(3L)vETHA(31) +vTHETA(31)+DTHETA(31)
CaOMMON/GRIDS/ H3(41+31)vR1(41,31)
COMMON/CNSTL, 28,R: SC,PEEPSC ,RFC
COMMOAN/MIMMAIC, VM oM «MMD e MM oMM s MD o SH 9 SK e KS
COMMON/PLOTL/ X1(32410)9X2(31420)4Y1(31410)+Y2(31+10)
COMMON/PLOTZ/ X3(31410) eX4(31410)4Y3(31410)+Y4(31+10)
COVMMON/RPLOTC/ RPLOT+IYS«IXSTEP
COMMON/PLIPCN/ VCC(10) eKNC KNP
COMMON/RRABC/ RFaAWRRBWRRCyRRL
DIMENSION CHAR(120)FPLOT(8)
DATA BLANK sPLOT+PLUSWCROSS/1H +1H, +1H+¢1HX/.
DATA FPLOV/ 1H141lHZ241H3+1HY 4 1HS1H641HT7v1H8/

C---- PLOTTING THE CONTOURS FOUND IN SURROUTINE CNPLTP.
C==== ALl CONTOURS ARE MAKRKED By(.),
C-=-=-=- THE FRONT AND REAR STAGNATION POINTS ARE MARKED (+).
C===- THF CEWNTERS ARE MARKED (X).

A=-CSH(1)

B= CSH(1)

RR1=A=RRA*RPLOT
RR2=A+RRR*RPLOT
RR3=B=RRB*RPLOT
RRU=B+RRC*RPLOT
XAU==(CSH(1)+1.)
XAULi==(CSH(1)=1.0)
XBU= (CSH(1)=1.)
XBUU=(CSH{1)+1.)
OX= RRL*RPLOT/(FLOAT(IXSTEP -1))
DX2=DX/2.0
PO 5 L=1.120
CHAR(L)=PLOT -
5 CONTINUE

WRTTE(6+100) CHAR

100 FORMAT(1Hl143H,s49120A1)
DO 10 L=1+119
CHAR (L) =pLANK

10 CONTINUE



22

20

21

25

26

101
30

35

40
102

41

Coma=
S0
55
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SPHERE A,

XPLOT=RR1 .

DO 25 J=1+M1

DO 25 K=1+ KNP

DIF1=XPLOT=X1(J¢K)

ABD1F1=ABR(UIF1)

NIF2=XPLOT=X2(JsK)

ABDIF2=ABS(DIF2) :
IF(ABDIF1.LE.DX2) GO TO 20
IF(ABCIF2.LE+DX2) GO TO 21

G0 TO 25
LL=(FLOAT(IYS)/(RRL*RPLOT))*Y1(JyK)+1,0
IF(LL.EQeCsOR.LL4GT.119) GO TO 22
CHAR(LL)=FPLOT(K)

60 T0 22

LL=(FLOAT(IYS)/ (RRL*RPLOT))*Y2(JsK)+1.0
IF(LL.EQ.0+.OR.LL.GT.112) GO TO 25
CHAR(LL)=FPLOT(K)

CONT INUE
IF((XPLOT+GT«XAU) cANDe (XPLOT.LT«XAUU)) GO TO 1
PFU=XFLOT=XAU

NFUU=XPLOT=XAUU

PFA=XPLOT=A

ABDFU=ABS(DFU)

ABDFUU=ABS (UFUU)

AGCFA=ABS(DFA) _
TEOCARDFILLE .DX2) . 0R, (ARDEUILE .DX2)) €0 To a8
TJF(ABCFAL.LE.DX2) G0 TO 41
WRITE(&+101) CHAR

FORMAT (1X+1He 13X ¢120A1)

COMTINUE

DO 35 L=1+119

CHAR(L)=RLANK

COMTINUE

XPLOT=XPLOT+DX .
IF(XPLOT.GT«KR2) GG TO 50

G0 TO 15 ®

C=XPLOT-A

IF(C.EQ.0.0) C=10,E=30

D=ABS(C)

CL=1.0-D*%2

LC=(FLOAT(IYS)/ (RRL*RPLOT))*SQRT(CL)+1.0
IF(LC.EQs1.UR.LC.GT+119) 6O TO 26
CHAR(LC)=PLUS

GO TO 26

CHAR(1)=PLUS

WRITE(6,102) CHAR
FORMAT(1X+1He s 3X¢120A1)

G0 TO 30

CHAR(1)=CKOSS

WRITE(64102) CHAR

GO TO 30

SPHERE B,

XPLOT=RR3

DO 75 JB=14M1

J=Ml1=-JB+1

DO 75 K=1+KNP

DIF3=XPLOT=X3(JK)

ABDIF3=ABS(DIF3)

DIF4=XPLOT=X4(JsK) .
ABDIF4=ABS(DIF4) L , ) o



72

70

71

75

76

80

85

90

91

400

103

C----

10

11

CEND T e memmremm e e e

IF(ARCIF3.LE,DX2) GO TO 70
IF(ABOCIF4.LE.DX2) GO TO 71

G0 TO 75
LL=(FLOAT(1YS)/(RRL*RPLOT))I*Y3(JsK)+1,0
IF(LL.EQ.0,OR,LL,GT.219) 0 TO 72
CHAR(LL)=FPLOT(K)

GO TO 72
LL=(FLOAT(IYS)/Z(RRL*RPLOT))*Y4(JsK)+1,0
IF(LL.EQ.U,O0R.Ll .GT+119) GO TO 75
CHAR(LL)=FPLOT(K)

CONT INUE

IF{(XPLOT.LT.XBUU) .ANDW (XPLOT.GT.XBU)) GO TO 3
DFU=XPLOT~-XBU

DFUL=XPLOT-XBUU

DFB=XPLOT=-8

ABDFU=ABS(DFU)

ABPFUU=ABS (DFUU)

ABNFB=ABS (DFB)
IF((ABDFULE4NX2) «0R. (ABDFUULLE.DX2)) GO TO 90
IF(ABCFB.LE«DX2) GO TO 91
WRITE(64101) CHAR
TF(XPLOT.CE«RRY) GO TO 4on

DO 85 L=1+119

CHAK(L)=BLANK

CONTINUE

XPLOT=XPLOT+DX

G0 To 55

C=XPLQT=-B

IF(C.E0.0-U) C=10.E-30

D=ABS(C)

CL=d U= %x2
LC'(FLOAT(IYS)/(RRL*RPLOT))*SORT(CL)+1 0
IF(LC.EQ.1.UR,LC.(T,119) 0 TO 76
CHAR(LC)=FLUS

G0 10 76

CHAR(1)=PLUS

WRITE(64+102) CHAR

GO TO 80

CHAR(1)=CROSS

WRITE(64+102) CHAR 4

GO 10 80

DO & L=1+120

_CHAR(L)=PLOT

CONTINUE

WRITE(6+4103) CHAR

FORMAT(1Xs4H. eee9120A1)

RETURN

END

SURROUTINE SKPFILE(NSKIP«NUNIT)
THTIS SUBRUGUTINE SKIPS FILES ON MAGMNETIC TAPE.
L=0

READ(NUNIT) DumMmy

TF(EDF(NUNIT)) 10411

L=L+1

IF(LLEQ NSKIP) RETURN

60 TOo 1

END

FUNCTION SINH(X)

SINH=0, 5*(LXP(X)-EXP( X))

RETURN

END

FUNCTION COSH(X)

COSH=0,S*x (EXP(X)+EXP(=X)) !
RETURN ,
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