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Abstract

Generative language models have empowered daily and professional Al applications, yet their internal
mechanisms and deployment on affordable hardware remain underexplored. This thesis addresses

generative language model compression, which serves dual purposes: understanding the inner work-

ings of language models and enabling lightweight deployment.

The work targets three gaps: (D current methods rely on empirical heuristics rather than principled
theories, lacking clear connections between compression parameters and fundamental properties such
as capacity and expressivity; (2) compression pipelines are bespoke scripts tightly coupled to specific
cases, hindering reproducibility and systematic comparison; (3) many techniques assume abundant

retraining resources, poorly matching training-free adaptation on lower-end devices.

To address (D), the thesis develops a geometric and algebraic framework that treats embeddings, at-
tention, and feed-forward layers as compositions of linear operators on structured subspaces. This
perspective reveals where low-rank structure is compatible with model semantics, unifying matrix and
tensor factorisations under one taxonomy grounded in direct products, tensor products, and contrac-
tions. To address 2), the thesis introduces an object-oriented compression toolbox that operationalises
these ideas through reusable abstractions, separating model management, algorithms, evaluation, and
profiling behind stable interfaces for systematic comparison across open-source models. To address @),
a runtime study of tensor-train decomposition for embedding layers, which consume nearly half the
parameters in sub-billion parameter models, on Raspberry Pi 5 shows that compression preserves or

slightly improves accuracy while halving energy usage with negligible latency overhead.

Together, this thesis bridges theory, software engineering, and hardware-aware evaluation, illuminating
language models through geometric subspaces and linear operators for controllable compression with

predictable trade-offs.

Keywords: Generative Language Model, Model Compression, Tensor Decomposition, Low-rank Fac-

torisation, Edge Computing, Geometric Transformation
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Chapter 1

Introduction

1.1 Background and Motivation

Generative Language Models (GLMs), which are the superset of Large Language Models (LLMs),
have empowered conversational assistants such as ChatGPT and Claude, supporting millions of users
daily!, providing natural language understanding and generation across domains from customer ser-
vice to education. Code generation tools such as GitHub Copilot assist developers by completing
code and implementing entire functions from natural language descriptions.? In scientific research,
LLMs support literature review, hypothesis generation and experiments design. Medical assistants
built on foundation models help clinicians interpret symptoms and recommend treatments [7]. Cre-
ative professionals use generative models for writing, design and content creation. These diverse
applications share a common foundation: large scale transformer architectures trained on web scale

text corpora.

This production success has been powered by remarkable advances in model architecture and train-
ing. Transformer-based generative models, introduced in 2017 [5], have scaled to hundreds or more
billions of parameters for better problem-solving. Both proprietary systems (e.g. GPT-5.1 and
Claude 4.5 Sonnet) and open source model families (e.g. LLaMA [8], Mistral [9] and Qwen [10]) of-
fer increasingly sophisticated language capabilities, from zero-shot reasoning to multi-hop dialogue,
long context understanding and mathematical problem-solving. Training on massive data on the
Internet has enabled unseen model behaviours that were not possible before, e.g. in context learning,

chain of thought reasoning and scaling laws [11].

'As of December 2024, ChatGPT had approximately 300 million weekly active users, growing to 800 million by late
2025. See and

. Accessed 8 December 2025.
20ver 15 million developers were using GitHub Copilot by early 2025, contributing an average of 46 % of code
written by users. See and

. Accessed
8 December 2025.
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However, the success of these systems has also confronted a tension between system capacity and
system availability. The state of the art LLMs are typically deployed on high-end, specialised
accelerators in data centres, where memory bandwidth, storage and power budgets are beyond the
reach of most users. In contrast to such unreachable high-end systems, many emerging applications
require running smaller generative models on laptops, mobile devices, or single-board computers
(e.g. Raspberry Pi) where resources are typically constrained. In those cases, even models with

fewer than a billion parameters can be prohibitively expensive to store, serve and update.

These resource-constrained deployment cases present several challenges that need to be addressed.
First, memory footprint and storage limits on lower-end devices and embedded boards often permit
only a few gigabytes of model capacity. Second, latency and throughput constraints demand fast
inference on modest hardware, yet large dense matrices incur high per token delays. Third, energy
consumption on battery powered devices directly impacts the user experience. Fourth, the parame-
ter distribution and model behaviours (e.g. compressibility) of small models, which low-end devices
can afford, are different from those of large models. For instance, in the sub-billion parameter mod-
els studied in this thesis, embedding layers alone can account for up to 48.08 % of all parameters.
On a device such as the Raspberry Pi 5, this single layer dominates storage, memory usage and

energy consumption, posing a bottleneck for practical deployment.

These challenges motivate the central question addressed by model compression: how much the pa-

rameter count of language models can be reduced while their language capabilities are preserved? In

the context of deep learning, compression serves two sides of both opportunities practical deployment
and scientific research. On the theoretical side, compression serves as a lens for understanding gen-
eralisation, intrinsic dimensionality and the internal mechanisms of neural networks. The following
section explores these dual imperatives in depth, examining why compression is both an engineering
necessity and a theoretical tool for interpreting how transformers learn and represent knowledge.
On the practical side, it enables deployment on lower-end devices, lowers energy consumption and

the barriers to access to the most advanced language processing technologies.

To address these challenges, this thesis investigates two problems: (1) how to depict an accurate
picture of how language models transform information internally and compression mechanisms that
respect those internal structures, and (2) focusing on that small scale, resource-constrained cases, how
to exploit the intrinsic low dimensional structure of language models so that sub-billion parameter

models become practical, reliable programs on low-end hardware.

1.2 Model Compression - From Systematic Benefits to Intrinsic

Understandings of Deep Networks

Model compression addresses both immediate deployment challenges and fundamental questions

about how neural networks learn and generalise.

14



Practical imperatives. For generative language models, compression substantially impacts the
usabilities of the relevant applications. Modern LLMs of billions of parameters impose severe con-
straints on deployment infrastructure, affecting energy consumption and inference latency. On
the environmental side, training and serving large models consume massive amount of electricity,
contributing to carbon emissions [12]. From a hardware perspective, serving a single multi-billion
parameter model can require multiple high-end accelerators, which is only affordable for well funded
organisations [13]. Inference latency compounds these challenges: autoregressive generation in large
models incurs high per token delays, degrading user experience in interactive applications. By re-
ducing parameter counts and computational graphs, compression methods enable faster iteration,
lower costs and broader deployment, making state of the art language technologies accessible on

resource constrained platforms.

Systematic benefits. Model compression normally aims to eliminate computational cost, de-
ployment constraints and environmental impact. Modern transformer architectures achieve strong
performance by stacking many attention and feed forward blocks, each with large projection ma-
trices. The resulting parameter counts translate directly into memory footprints, floating points
operations (FLOPs) and energy usage at inference time. For the workloads in data centre, these
costs drive the need for more advanced accelerators and higher electricity budgets. For the work-
loads on lower-end devices, model compression most probably necessitates more in the following

perspectives:

e Memory and storage. Consumer devices (e.g. single-board computers) often have only a few
gigabytes of RAM and limited non volatile storage. A single uncompressed model can saturate

these budgets, preventing multi model deployments and frequent updates.

e Latency. Inference on large dense matrices leads to high per token latency, especially when
running on CPUs or modest GPUs. Interactive applications suffer when users must wait hundreds

of milliseconds per token.

e FEnergy consumption. Sustained inference workloads on large models consume substantial energy,
raising both environmental concerns and operating costs. For battery powered devices, energy

consumption directly impacts user experience.

e Privacy concerns. Many use cases require local inference on private data, or operation in envi-
ronments with limited connectivity. In those settings, sending private data to the other compa-

nies/institutes is unavailable or against the interests of the stakeholders.

Model compression mitigates these issues by reducing model size and computational complexity.
Common approaches include quantisation, pruning and low-rank factorisation for weight matrices
or tensors. These methods can offer large reductions in parameter count, FLOPs and memory

bandwidth, sometimes with negligible loss in task performance.

15



Scientific foundations. From a scientific perspective, compression also poses fundamental ques-
tions about how LLMs represent and transform information. If a model can be compressed signif-
icantly without degrading performance, then many of its parameters are redundant in terms of its
desired functions. Understanding where that redundancy comes from, and how it interacts with
data and model architecture, is essential for designing compression schemes that are not only for

model inference efficiency, but also for controllable and predictable model behaviours.

Recent theoretical work has established that model compression is not merely a practical expedient
but also a path to study generalisation of machine learning models. A model that can be compressed
heavily without losing performance exhibits a form of implicit regularisation: its learned function
is simpler, in a quantifiable sense, than the capacity of its architecture would suggest [14]. This
connection has been formalised in information theoretic bounds that relate compressibility to PAC
Bayes generalisation error [15, 16]. More recently, analyses of neural network pruning, quantisation
and low-rank factorisation have shown that the minimal description length of a network’s weights

correlates with test performance across domains [17, 18]. In essence, compression serves as a proxy

for the complexity of the learned representation, offering a measure of how much information the

model genuinely requires to solve a task.

Information theoretic perspective. Beyond generalisation in machine learning theory, com-
pression study reveals the information theoretic characteristic of learning itself. Neural networks
trained on complex tasks often exhibit representations whose intrinsic dimensionality is far lower
than the ambient parameter space [19, 20]. This phenomenon suggests that learning discovers low
dimensional manifolds embedded in high dimensional weight spaces. Compression methods that
follow this intuition, such as low rank factorisation or subspace quantisation, can preserve task
performance while drastically reducing model size. The information bottleneck principle formalises
this idea by framing representation learning as a trade-off between compressing inputs and retaining

task relevant information. Studying compression therefore provides:

e Quantitative information measures. A quantitative measure of how much information is genuinely

stored in each layer.

e Redundancy localisation. Insights into where redundancy arises, for example, whether in token

embeddings, attention projections or feed forward blocks.

e Principled budget allocation. Principled criteria for allocating compression budgets across compo-

nents based on their information content rather than heuristic rules.

Interpretability. Compression also serves as a pathway to interpretability. Understanding how
models compress features, a phenomenon known as superposition, where the same set of neurons
represent multiple concepts rather than a single individual concept, reveals the internal circuits

and computations that implement high level behaviours [21]. Recent work has also shown that
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transformers form emergent sub networks combining attention heads, MLP sub layers and residual
connections to execute specific tasks. By analysing which components admit compression and which

resist it, researchers can:

e Reverse engineer computational graphs. Identify critical pathways for reasoning by tracing infor-

mation flow through compressed and uncompressed components.

e Isolate functional circuits. Isolate attention patterns and feature storing neurons responsible for

particular linguistic or logical operations.

o Decompose representations. Decompose dense representations into interpretable sparse compo-

nents via techniques such as sparse autoencoders.

This view transforms compression from an engineering optimisation into a scientific tool for under-

standing how language models function.

Scaling laws and efficient architectures. Compression study also informs scaling laws and the
design of efficient deep neural network architectures. Empirical investigations of model scaling have
established power law relationships between parameter count, training compute and downstream
performance. However, these relationships do not account for the effective dimensionality of learned
representations or the redundancy inherent in over parameterised networks. Compression provides
a complementary perspective: by characterising the minimal representational capacity required for
a given task, it reveals when additional parameters yield genuine expressivity gains versus mere

numerical redundancy. This understanding enables:

o Ffficiency performance frontiers. Derivation of efficiency performance frontiers that guide hard-

ware and architecture co design.

e Targeted scaling strategies. Principled prediction of which layers or modules benefit most from

scaling, focusing resources on components that expand effective capacity.

o Compressibility aware training. Development of training strategies that encourage compressible

solutions without sacrificing capability.

In this view, compression is not a post-hoc intervention but an intrinsic property of well generalising

models, one that should be considered from the outset of architecture and training decisions.

1.3 Current Research Gaps in Model Compression

Despite rapid progress, practical LLM compression still faces several obstacles. These obstacles

motivate the research problems addressed in this thesis.

17



Theoretical gap. Most current compression methods are guided by empirical heuristics rather
than a principled theory of representation. Matrix and tensor factorisation for generative language
model compression is poorly defined and understood. In the current literature, the application side
(language tasks and compression) and the methodology side (matrix and tensor factorisation) are
separate, and the potential interaction between algebraic structure and deep learning is ignored.

This separation manifests in several ways:

e Disconnection from model properties. Compression methods do not explicitly tie their approaches
to fundamental network characteristics such as model capacity (how much information networks

can memorise [22]) or model expressivity (what functions networks can represent [23, 24]).

o Matrix versus tensor divide. There is an inappropriate separation between matrix based and
tensor based solutions, despite matrices being order-2 tensors mathematically. This results in

difficulty comparing algorithms and identifying research gaps.

o Inconsistent terminology in low-rank factorisation. Matrix algebra terminology is not always
consistent [25], and tensor terminology is hard to understand because it originates from diverse
fields (psychometrics, physics, quantum chemistry), blocking broader adoption in the compression

community.

As a result, it is rarely clear in advance which layers can be compressed, to what extent and
with which impact on different language capabilities. Without an algebraic understanding of the
subspaces and operators that constitute a transformer, compression ratios are typically tuned as

hyperparameters rather than derived from properties of the model.

Engineering gap. From a software perspective, compression pipelines are frequently implemented
as bespoke scripts attached to individual experiments. Code for loading models, applying a specific
compressor and running evaluations is tightly coupled, making it difficult to reuse or extend. This

fragmentation has several concerns:

e Reproducibility. Comparing different compression methods across models and datasets is labour

intensive.

o Integration. Integrating new metrics or profiling tools requires rewriting considerable proportion

of the existing codebase.

e Runtime evaluation. Comprehensive runtime evaluations (latency, FLOPs, memory usage) on

specific runtime environment are often missing or not comparable.

Without reusable tooling that treats compressors, evaluators and profilers as first class components,

it remains difficult to connect theoretical ideas to practical deployment decisions.
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Deployment gap. Many compression algorithms rely on additional training, retraining or fine
tuning. Examples include quantisation-aware training, knowledge distillation and iterative pruning
with retraining. While these approaches are appealing in server settings, these methods poorly

match the conditions of low-end device applications:

e Data and compute requirements. The low-end device applications only assume the accesses to the
limited data of customised task, and sufficient compute for inference, and optimisation loops for

additional training are often prohibited.

e Weight overwriting. Occasionally the original weights may be discarded or replaced completely

to adjust the dynamic deployment environment.

o Limited local resources. In resource-constraint scenarios, models must be compressed or updated

with limited local resources.

In contrast, training free compression methods operate directly on pretrained weights and activa-
tions. Such methods are especially attractive for on device applications, but existing training-free
techniques often underperform their retraining-based counterparts, particularly on reasoning and

understanding benchmarks.

Safety and reliability. Compression can also alter the functional behaviour of language models
in subtle and unintended ways. Aggressive pruning or factorisation may lead to model collapse [26],
unexpected backdoor behaviours [27], or shifts in calibration and robustness. Because most methods
do not explicitly tie compression parameters to representation properties, these risks are difficult to
quantify in advance. Setting ranks or sparsity levels becomes an exercise in trial and error rather
than controlled design, leaving practitioners without clear guidance on how compression choices

affect model safety.

Taken together, these gaps motivate a more principled view of compression, one that treats the

internal algebraic structure of generative language models as the starting point rather than an

afterthought. Such a view should support training-free methods, yield practical speedups on con-

strained hardware and come with software abstractions that enable systematic experimentation.

1.4 Algebra for Model Compression

“The program of a neural network is its weight matrix.” [28]

— Jirgen Schmidhuber

Transformer-based language models can be viewed as compositions of linear and nonlinear maps.
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Linear operations, matrix multiplications in attention and feed forward blocks, along with embed-
ding and output projections, account for the majority of the computational cost. Non-linearities
and normalisation layers modulate these linear transformations but do not change their fundamental

algebraic nature.

Recent work provides growing evidence that generative models operate on representations whose
effective dimension is much lower than their ambient parameter or hidden state dimension. Low
intrinsic dimensionality has been observed in the input token embedding space [29], intermediate
hidden states [19] and final representation spaces [20]. These findings suggest that an explicitly
geometric and algebraic perspective on the forward pass can illuminate where redundancy arises

and how it can be removed.

This thesis adopts such an algebraic lens. It treats key components of the transformer, embedding
layers, attention projections, feed forward blocks and residual pathways, as operators that map
between subspaces of high dimensional vector spaces. Concepts such as direct products, tensor
products and tensor contractions are used to unify different matrix and tensor factorisation methods
under a single taxonomy. By grounding compression in this subspace-oriented view, it becomes

possible to question about:

1. How compression budgets should be allocated across layers and activations? (discussed in
Sec. 3.1)

2. Which components have a low-rank or sparse structure that is compatible with model func-

tions? (discussed in Sec. 3.2)

3. How representation dimension, sparsity and information flow interact? (discussed in Sec. 3.3)
Crucially, this algebraic perspective is not purely theoretical. It informs the design of concrete
compression schemes, software abstractions, and runtime analysis developed in the following chap-
ters. Specifically, it motivates the use of tensor-based decompositions for generative language model

compression, and guides the interpretation of empirical relationships between sparsity, perplexity

and accuracy.

1.5 Contributions for this Thesis

The overarching aim of this thesis is developing an algebraic foundation for controllable compres-
sion of generative language models, realising this foundation with a practical toolbox, and finally

implementing in resource-constrained deployment scenarios.

More concretely, the thesis addresses two central research questions:

1. Interpretation. How can the internal computations of transformer based language models be
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described in a human understandable algebraic language?

2. Compression. How to design and implement a training-free compression schemes that preserve
language modelling and reasoning performance, particularly for sub-billion parameter models

running on low-end devices?

Specifically, the thesis explores the three themes: (1) understand generative language models, (2)
implement the compression algorithm, (3) deployment for real-world scenarios, especially for resource-

constraint edge devices.

Understanding (Chapter 3). Develop a geometric and algebraic framework that treats trans-
formers as compositions of linear operators on structured subspaces, and analyse how information
flows through linear and nonlinear mappings. The main contributions include (D) a subspace-based
taxonomy unifying matrix and tensor factorisations, which is publicly accessible on arxiv [30], and
@ log-linear laws that predict the compressed model performance without actually compressing
them, which was presented in [31] at ICLR 2025 Workshop on Sparsity in LLMs.

Implementation (Chapter 4). Design and implement a transformer compression toolbox, which
combines multiple algebraic techniques, including matrix-level SVD, tensor-level decompositions and
typical structured pruning (i.e., layer removal), and supports a variety of models and language tasks.
The main contribution is a factory-based object-oriented architecture with registry plugins. This
enables reproducible compression pipelines validated on latest Qwen and MiniCPM model families,
which serves as the experimental validation of a paper accepted by Machine Intelligence Research

(public access will be available shortly).

Deployment (Chapter 5). With a focus on Tensor-Train Decompositions for embedding and
dense layers, implement the whole compression pipeline and evaluate their runtime, energy and
accuracy trade-offs on the real resources-constrained hardware. The main contributions include
TensorSLM, a training-free tensor-based scheme achieving 0.5x—2.0x embedding compression while
maintaining or improving performance, and on-device validation showing theoretically 50% energy
reduction on Raspberry Pi 5. This part was presented in [32] at ICML 2025 Workshop on Tiny
Titans: The Next Wave of On-Device Learning for Foundational Models.

In summary, the aim of this thesis is not only to achieve good empirical compression ratios, but
also to characterise the resulting functionality shifts. By relating compression parameters to repre-
sentation dimension, the thesis seeks to make compression a more controllable design choice rather

than an opaque hyperparameter search.
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1.6 Thesis Structure

The remainder of this thesis is organised to reflect the aims outlined above. At a high level, the

structure follows the three themes given in Sec. 1.5.

Chapter 2 surveys the relevant literature on language modelling, interpretability, and model compres-
sion. It introduces common language tasks and evaluation metrics, reviews work on the geometry
and intrinsic dimensionality of neural representations, and catalogues existing approaches to low
rank factorisation, pruning and quantisation. This chapter identifies the theoretical, practical, and

engineering gaps that motivate the algebraic perspective adopted in this thesis.

Chapter 3 develops a geometric and information theoretical framework for understanding transformer-
based language models. It formalises how parameters and activations can be viewed as vectors in
high-dimensional spaces, analyses local operators such as attention and multilayer perceptron blocks,
and studies global information transmission through the computational graph. This framework re-
veals where low-rank structure is compatible with model semantics and provides a principled basis

for compression.

Chapter 4 presents the object-oriented implementation that operationalises the algebraic ideas. It
first reviews open source inference engines and evaluation harnesses, then derives software require-
ments for reusable compression tooling. Building on these, it introduces a factory-based architecture
that encapsulates model managers, compressors, metrics backends and plugins behind stable inter-

faces, and demonstrates the framework through case studies on modern small language models.

Chapter 5 investigates deployment on resource-constrained devices and quantifies the runtime and
energy consumption of the proposed compression schemes. This chapter also introduces a profiling
toolkit for computing fine grained FLOPs counts, describes the training-free tensor compression
method, TensorSLM, and evaluates compressed models on language modelling, classification and
zero-shot reasoning benchmarks. Runtime measurements on Raspberry Pi and server-level hardware,

with the estimated reduced energy consumption.

Finally, Chapter 6 summarises the main theoretical and practical contributions of this thesis, dis-
cusses their implications for controllable compression of language models, and outlines the directions
for future work. These include hybrid compression schemes combining tensor decompositions with

pruning, and adaptive compression policies that respond to dynamic deployment constraints.
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Chapter 2

Literature Review

This chapter reviews relevant work that motivates and contextualises the algebraic framework de-
veloped in this thesis. Standard language tasks and their detailed evaluation metrics are clarified
in Sec. 2.1, which sets the foundation for predicting model performance after compression without
actually compressing the model later on in this thesis (Sec. 3.3). Then, the recent compression tech-
niques are surveyed and discussed in Secs. 2.2 and 2.3, with an emphasis on the methods that exploit
low-dimensional structure in parameter and activation spaces. Finally, this chapter reviews research

in interpretability that analyses neural representations through mathematical views in Sec. 2.4.

Putting the above together, these three perspectives serve as the prelude for the unified algebraic

framework presented in subsequent chapters.

2.1 Common Language Tasks and Their Evaluations

In the context of natural language processing, a token is a basic unit of text—such as a word,
subword, or character—used as the model’s input. A text (sequence) is an ordered list of tokens
that represents a sentence or passage for processing. After going through a look-up table (i.e. “tok-
enizer”), the input text sequence is then expressed by a numerical list, so-called token embeddings.
Since transformer models lack inherent awareness of token order (they process the token embeddings
in parallel), they rely on positional embeddings to provide information about each token’s location
within the text sequence. Positional embeddings are added to token embeddings, for informative

sequential patterns.

Language modelling and perplexity. Language Modelling is to predict the next token in
a sequence. Perplexity directly measures how well the model’s probability distribution matches
the true data distribution, while accuracy measures exact token prediction correctness. This is

the primary training objective for most generative language models, e.g. the training process in
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GPT series models [33]. A considerable number of language model downstream tasks use language
modelling as their first prior training aim, with many other complex tasks (e.g. complex reasoning
tasks) as benchmarks to improve the model capabilities. A formal definition of generative language

modelling is as follows.

Denote the token sequence (z1,x2,...,x) as a vector x, the probability of token sequence x; of

length i is y = p(x) = [['_, p(xi|xi_1), where x; = (z1,...,2;,0,...,0).

For a given neural network model f, denote by X the input space of f, which contains the token
sequences. Denote by Y the output probability space of f and Vy € Y, y € [0,1]. Given some loss
function £, the loss of a model prediction y = f(x) and the ground truth label y is £(y,y). In this

way, the learning objective is min L(y,y).

A lower perplexity score indicates that the language model is better at predicting the sample text, or

in other words, better at language modelling. Formally, given a token sequence S = (x1, z2, . .. ) T S|)
and a language model that assigns conditional probabilities p(z; | z1,...,zi—1), the perplexity is
defined as
1| —1/18]
PPL(S) = | [ [ p(xi | 21,22, ... mi1) . (2.1)
i=1

This formulation is extended in the context of model compression in Secs. 3.3.1 and 5.4.2.

Language tasks that are evaluated by accuracy. In the context of language models, there

are plenty of tasks using accuracy as their evaluation metric.

One of the most common tasks is Text Classification, such as sentiment analysis, spam detec-
tion, topic categorisation, and intent recognition, where models assign input text to predefined
categories/classes. Accuracy measures the percentage of texts correctly classified into their true

categories, and accuracy is the most straightforward and widely-used metric for these tasks.

Another common task evaluated by accuracy is Multiple Choice Question Answering. Stan-
dardised benchmarks include MMLU [34], HellaSwag [1], and ARC [2] where models select the
correct answer from several options. Accuracy simply measures the proportion of questions an-
swered correctly, providing a clear performance indicator that’s easily comparable across different

models and datasets.

While accuracy is intuitive, it can be misleading, especially for datasets with imbalanced classes. A
more detailed evaluation is often performed using a confusion matrix, which breaks down predictions
into True Positives (TP), True Negatives (TN), False Positives (FP), and False Negatives (FN):

TP + TN
TP + TN +FP + FN'

Accuracy = (2.2)

Eq. (2.2) applies directly to binary classification tasks such as sentiment classification benchmark

IMDB [35] in Tab. 2.1. For the multiple-choice benchmarks in Tab. 2.1, accuracy is more generally
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the proportion of questions answered correctly:

N
1 R
Accuracy = N Z 1[¢; = cil, (2.3)
=1
where N is the number of questions, ¢; is the ground-truth answer for question ¢, and ¢; is the
model’s prediction. In the LM Evaluation Harness [36], &, is determined by selecting the candidate
completion with the highest (optionally byte-length normalised) log-probability under the language

model. For a more nuanced assessment, metrics like Precision, Recall, and F1-score are used:

TP

e Precision measures the accuracy of positive predictions: Precision = 55 5p;

e Recall (or Sensitivity) measures the model’s ability to identify all positive instances, and its

: : _ TP .
calculation is Recall = 75 5y

e F1-score is the harmonic mean of Precision and Recall, providing a single score that balances

. __ o . Precision-Recall
both: Fl-score = 2 Precision+Recall *

Metrics for text generation. For generative tasks like machine translation, summarisation,
long-form question answering, and dialogue, evaluation is more complex, as there can be multiple
correct outputs. Historically, automatic evaluation relied on lexical n-gram overlap metrics such as
BLEU (Bilingual Evaluation Understudy) [37] and ROUGE (Recall-Oriented Understudy for Gist-
ing Evaluation) [38], which compares the generated text to one or more human-written references
by measuring overlap of n-grams (sequences of n tokens). Recent leaderboards and benchmarks,
however, have shifted toward semantically-aware and preference-based metrics that align better

with human judgments:

o Lexical metrics, like BLEU and ROUGE, remain widely reported for machine translation and
summarisation, but they mostly capture superficial similarity and are insensitive to paraphrases,

style, or discourse-level correctness.

e Embedding-based neural metrics, such as BERTScore [39], BLEURT [40], and COMET/COMETKiwi [41,
42] compare system outputs and references in a learned embedding space. These metrics are now
standard in recent WMT machine translation leaderboards' because they achieve substantially
higher correlation with human judgments than BLEU/ROUGE.

e LLM-as-a-judge and preference-based metrics are increasingly used for open-ended generation (in-
struction following, reasoning, dialogue). Benchmarks and frameworks such as the LM Evaluation
Harness [36] and recent instruction-following evaluations [43] use strong reference models to score

or compare system outputs on dimensions like helpfulness, factuality, and safety.
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Overall, state-of-the-art text generation evaluation for language models has shifted from purely
lexical metrics to human preference-based metrics that better reflect semantic adequacy and human

preferences, especially on more recent open-ended benchmarks.

2.2 Generative Language Model Compression Based on Matrices

Generative language model compression aims to reduce the computational and memory demands
of language models while maintaining the performance on language tasks. As the models grow
larger, deployment becomes challenging due to hardware limitations. Effective compression is crucial
for democratising generative language model access, and enabling real-world applications where

computational efficiency takes the first priority.

Though the current literature normally categorises generative language model compression as three
mainstream approaches: quantisation, pruning, and low-rank factorisation, their detailed method-
ologies can be categorised into two types, depending on whether they work on matrices or not:
(D working on matrices, including low-rank factorisation and structured/semi-structured pruning,
and (@ not working on matrices, including quantisation and unstructured pruning. This section
introduces the methods in (1), and @) will be introduced in Sec. 2.3.

2.2.1 Low-Rank Factorisation

Low-rank factorisation for language model compression, breaks data structures into smaller ones

(matrices or tensors).

Basic principle. The core principle is that a large matrix W € R™*™ can be approximated by the
product of two or more smaller matrices, i.e., W ~ AB, where A € R™*", B € R"*", and the rank
r < min(m,n). This decomposition reduces the parameter count from m x n to r(m + n), leading
to significant memory savings and potential inference speedups. In generative language models, this
technique is primarily applied to the large weight matrices found in feed-forward networks, attention

projections, and embedding layers.

Matrix and tensor formulations. The most direct method is matrix decomposition, where a

single weight matrix is split into two lower-dimensional ones, often conceptually based on Singular
Value Decomposition (SVD) to find the optimal low-rank approximation [47, 48]. A well-known
application of this principle is parameter sharing in ALBERT [49], which factorises the large vocab-

ulary embedding matrix. A second category involves more complex tensor decomposition methods,

where a weight matrix is first reshaped (or “tensorised”) into a higher-order tensor and then decom-

posed using techniques like Tucker, Tensor-Train, or CP decomposition [50, 51]. These methods can
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achieve higher compression ratios by exploiting multi-dimensional redundancy. Finally, some works
employ structured matrix factorisation, such as using Monarch matrices, which decompose a

dense matrix into a product of sparse, structured matrices [52].

Algebraic view of matrix-based methods. Viewed through the geometric taxonomy, the
matrix- and tensor-based approaches can be compared along how they carve the parameter space
into subspaces and manipulate these subspaces. Matrix-based methods such as GroupReduce,
DRONE, ALBERT and related work [47, 53, 49, 48, 54] typically operate with a small number
of subspaces (often two), effectively splitting one subspace into two lower-dimensional subspaces or
shrinking existing subspaces. This corresponds to factorising a matrix into a product of smaller
matrices while preserving the original layer interface. Methods based on Kronecker product [55, 56]
further exploit separable structure by rewriting weight matrices as Kronecker products of smaller
factor matrices, reducing parameter counts while still acting similar functions when representing
embedding, attention, and feed-forward layers. Structured matrix constructions like Monarch [52]
and the subspace-reallocation strategies in Wang et al. [57], Qiu et al. [58] can be interpreted as gen-
erating additional first-order subspaces and reallocating dimensionality across them, trading dense

isotropic geometry for a more anisotropic but hardware-friendly (especially for GPUs) structure.

Algebraic view of tensor-based methods. Tensor-based approaches, by contrast, deliberately
increase the number of subspaces and treat layers as high-order tensors. A typical strategy is to
map modes to dimensions such as heads, channels, or sequence positions. Works like Tensorised
Embedding Layers [50], tensorised transformers for language modelling [59], and subsequent BERT-
oriented tensorisations [51, 60, 61] “unfold” conventional matrices into tensors with multiple modes
and then perform Tucker, Tensor-Train, or block-wise decompositions. Geometrically, this increases
the number of low-dimensional subspaces while reducing their complexity in each individual sub-
space, enabling very high compression ratios (e.g., up to 7.88x on LSTMs and 2x on transformers
in Hrinchuk et al. [50]), but often at the cost of more complex optimisation landscapes. These tensor
methods mainly target attention and feed-forward layers, and the embedding layers are partially
or fully tensorised only when vocabulary sizes make the embedding layers the dominant parameter
bottleneck.

Fidelity and accuracy as objective functions. Another important concern for model compres-
sion with low-rank factorisation is the balance between fidelity-driven and accuracy-driven objectives.
Here, fidelity refers to how closely the compressed model’s weight matrices or intermediate represen-
tations reproduce those of the original, uncompressed model, typically measured by reconstruction
error such as the Frobenius norm. Early matrix-based approaches, such as GroupReduce and Kro-
necker decompositions [47, 55], explicitly optimise reconstruction error (e.g. in Frobenius norm) and
then fine-tune for task accuracy, resulting in checkmarks in both columns of the optimisation-goal

axis. More recent works increasingly prioritise downstream accuracy and treat fidelity as a soft con-
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straint, reflecting the empirical observation that aggressively compressed, but well fine-tuned models
can match or even surpass language task baselines, with substantial parameter reduction. Tensor-
based methods have the potential to push this trend further - they can avoid strict reconstruction
objectives (i.e. fidelity) and instead treat tensor ranks and subspace counts as hyperparameters
to be tuned against validation performance. Overall, the recent relevant research demonstrated a
gradual shift from analytically motivated, fidelity-preserving matrix decompositions to more empir-
ical, accuracy-first tensor and structured-matrix designs that prefer heavier geometric distortion in

exchange for much higher compression ratios.

2.2.2 Structured and Semi-Structured Pruning

Pruning aims to reduce model complexity by identifying and directly removing redundant param-
eters. The theoretical basis for this lies in measuring parameter importance, a concept pioneered
by [62] using second-order derivative information. For generative language models, these importance
metrics have been adapted to account for the specific architectures of transformers. While simple
magnitude-based pruning, which removes weights with small absolute values, is a common base-
line [63], more advanced methods now incorporate gradient and activation data to better identify

inconsequential parameters.

Structured pruning. Structured pruning removes entire architectural components, such as atten-
tion heads, layers, or neurons, which preserves the model’s regular structure for valid computation
on standard hardware. This approach is justified by the functional redundancy observed in many
parts of a transformer. The main challenge in structured pruning is selecting which structures
to remove to maximise compression without significantly harming performance, and this is often

formulated as a combinatorial optimisation problem.

There are several components in structured pruning that are removed or shrunk. Attention head
pruning removes specific heads within the multi-head attention layers. Research by [64, 65] showed
that many heads are redundant or specialised in ways that make them disposable without major
performance loss, allowing for significant compression. Layer-wise pruning is a more aggressive
technique that removes the entire transformer layers. Methods like LayerDrop [66] train models to
be robust to layer removal, making it easier to identify and discard less important layers. To avoid
the potential loss of representational capacity, layer-wise pruning is often combined with knowledge
distillation [67, 68]. Finally, width pruning reduces the dimensionality of model components, such

as the hidden size of feed-forward networks, by identifying and removing redundant neurons [69].

Semi-structured pruning. Semi-structured pruning offers a compromise between the fine-grained
flexibility of unstructured pruning and the hardware efficiency of structured pruning. It imposes

regular sparsity patterns that can be accelerated by specialised hardware (typically GPUs).
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One popular technique is N:M sparsity, where N out of every M consecutive weights are kept. For
example, a 2:4 sparsity pattern achieves 50% sparsity while remaining compatible with hardware ac-
celerators like sparse tensor cores [70]. Another approach is block-wise sparsity, which prunes entire
blocks of weights, offering a balance between hardware efficiency and flexibility. Regularisation-
based methods induce semi-structured sparsity during training by using techniques like group Lasso
regularisation [71, 72|, which utilises sparsity in a structured way and avoids a separate pruning

step.

Comparison between structured pruning and semi-structured pruning. Structured prun-
ing offers superior hardware efficiency but can lead to drastic performance loss, which is caused by
the superposition of the knowledge/reasoning capabilities existing in deep neural networks (will
be further introduced in Sec. 2.4.4). Semi-structured pruning provides a more balanced trade-off,
often preserving performance better while still allowing for considerable computational speedups.
However, since semi-structured pruning must fit 2:4 or 4:8 patterns exactly, it is only suitable for

standard NVIDIA hardware (or similar), useless elsewhere.

2.3 Generative Language Model Compression Without Structured

Matrices Concerns

As categorised in Sec. 2.2, model compression without structured matrices concerns include unstruc-

tured pruning and quantisation.

2.3.1 Unstructured Pruning

Unstructured pruning removes individual weights from a network, creating sparse matrices that can
be accelerated with specialised hardware. The most common approach is magnitude-based pruning,
which removes weights with the smallest absolute values, a simple and effective heuristic for reducing
redundancy [63]. An iterative process of pruning and fine-tuning (i.e. iterative magnitude pruning)
allows for high levels of sparsity without significant performance loss. More advanced techniques use
gradient-based criteria, which assess a weight’s importance by its impact on the loss function. These
methods, originating from concepts like optimal brain damage [62], use second-order information to

guide pruning and have been adapted for large-scale transformer architectures [73, 74].

A particularly influential idea in unstructured pruning is the Lottery Ticket Hypothesis, which posits
that dense networks contain smaller, sparse subnetworks (“winning tickets”) that, when trained in
isolation from the start, can match the performance of the full network [75]. This finding challenged
the conventional need for overparameterization. While initial applications were computationally

expensive, subsequent research has made finding these tickets more practical for generative language
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models. Techniques like “early bird tickets” identify promising subnetworks early in training [76],
and gradual magnitude pruning offers a more stable removal process [77]. Furthermore, research
has shown that these “winning tickets” can be transferred across different tasks [75, 78], benefiting

the practical deployment of pruned models.

Dilemmma of unstructured pruning for transformers. While unstructured pruning is math-
ematically superior for preserving accuracy, it provides almost no real-world speedup on commonly

used hardware like GPUs, because GPUs are designed for dense matrix multiplication.

2.3.2 Quantisation

Quantisation reduces the precision of model weights and activations from standard 32-bit floating-
point (FP32) to lower bit-widths, such as 8-bit integers (INT8), 4-bit integers (INT4), or even binary
precisions. This process achieves substantial memory savings and computational speedups, mak-
ing generative language models more accessible for deployment on lower-end devices and reducing

inference costs in production environments [63, 79].

Quantisation schemes. Neural network quantisation can be categorised into uniform and non-
uniform schemes. Uniform quantisation is the most common approach, which maps continuous
values to discrete levels with equal spacing using a scale factor and a zero-point [80]. This affine
mapping is computationally efficient and is defined as r = S(q — z), where r is the real value, ¢ is
its quantised integer representation, S is the scaling factor, and z is the zero-point. Non-uniform
quantisation allows for variable spacing to better capture the distribution of weights and activations,
but often requires more complex hardware support. Quantisation can be applied post-training, also
known as Post-Training Quantisation (PTQ), which is fast but may degrade accuracy. Another
quantisation during training, Quantisation-Aware Training (QAT), which typically yields better

performance at the cost of more complex and resource-intensive training [81].

Quantisation in generative language models. Early work on generative language model quan-
tisation focused on 8-bit precision as a practical compromise between model size and performance.
A key breakthrough was the identification of emergent outlier features in large models, which are
crucial for performance and must be handled carefully. [82] showed that by keeping a small frac-
tion of these outlier weights in higher precision (mixed-precision quantisation), 8-bit models could

achieve performance nearly identical to their FP16 counterparts.

The pursuit of more aggressive compression led to 4-bit quantisation methods. GPTQ [73] adapted
principles from optimal brain damage [62] to develop a layer-wise PT(Q method that achieves high ac-
curacy at 4-bit precision. Building on this, QLoRA [83] combined 4-bit quantisation with Low-Rank

Adaptation (LoRA) to enable the fine-tuning of very large models on consumer-grade hardware, a
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significant step in democratising generative language model research. Other advanced techniques
like ZeroQuant [84] and group-wise quantisation [85] have further refined low-bit quantisation by
developing more sophisticated schemes to handle the unique weight distributions in transformer

architectures.

Challenges in transformer quantisation. The attention mechanism and activations present
unique challenges while applying quantisation. The dynamic range and distribution of activations
require specialised quantisation schemes to avoid significant performance loss [86]. Similarly, the
attention mechanism’s softmax operation and its sensitivity to small numerical changes necessitate
careful quantisation strategies to preserve the model’s ability to capture long-range dependencies
[87].

2.4 Interpretability of Neural Representations

The remarkable capabilities of generative language models are coupled with a significant lack of
transparency, making the field of interpretability crucial for understanding, debugging, and trusting
these powerful models. Research in this area is quite diverse, but this review focuses on works
that analyse the internal structure and representations of models from a mathematical perspective,

providing the context for the geometric framework developed in Chapter 3.

2.4.1 Probing for Linguistic Knowledge

A foundational line of interpretability research involves “probing”. Probes are typically simple
models (e.g., linear classifiers) trained to predict human-understandable properties (such as part-
of-speech tags or syntactic dependencies) from a model’s internal activation vectors. The success
of a probe is taken as evidence that the corresponding information is encoded in the model’s repre-
sentations. While simple and straightforward, probing only provides a correlational view and does
not fully explain the internal causal mechanisms of models that are actually used to probe this

information.

2.4.2 The Geometry of Representation Spaces

This section introduces the complementary approaches that investigate the geometric properties
of the high-dimensional spaces, where model parameters and activations reside. This perspective
aligns closely with the framework of this thesis, treating neural networks as geometric objects whose
behaviour can be understood through the structure of their parameter manifolds and activation

landscapes. Rather than viewing networks through a set of individual neurons or parameters,
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this geometric approach emphasises global structural properties, symmetries, and the relationships

between different regions of representation space.

Intrinsic dimensionality. A key finding in this group of works is the concept of intrinsic di-
mensionality [88], which posits that even in models with billions of parameters, the core learning
dynamics and task-relevant representations occupy a much lower-dimensional manifold embedded
within the full parameter space. This phenomenon suggests that the apparent high dimensionality
of neural networks is largely illusory for practical purposes: the effective degrees of freedom are
far fewer than the parameter count would suggest. Li et al. [88] measured intrinsic dimensionality
by training networks within random low-dimensional subspaces of the full parameter space, find-
ing that many tasks could be solved with surprisingly only a few dimensions. This measurement
technique reveals that the optimisation landscape is highly structured, with successful solutions
concentrated near low-dimensional submanifolds rather than distributed uniformly throughout the

high-dimensional parameter space.

The practical implications of low intrinsic dimensionality are profound. Aghajanyan et al. [89]
demonstrated that fine-tuning can be achieved by optimising a very small number of parameters
in a random subspace, often requiring fewer than 1% of the parameters to match full fine-tuning
performance. Their approach projects the gradient updates onto a random low-dimensional sub-
space, constraining all parameter changes to lie within this subspace throughout training. The
success of this method across diverse tasks and model architectures suggests that pretrained models
have a surprisingly low intrinsic dimension, and that the knowledge encoded during pretraining
provides such strong geometric constraints that adaptation to new tasks requires movement along
only a small number of critical directions in parameter space. This finding connects directly to
parameter-efficient fine-tuning methods and provides theoretical justification for low-rank adapta-

tion techniques.

Loss landscape geometry. This geometric viewpoint extends to the analysis of the loss land-
scape, where properties like the flatness of minima are studied in relation to model generalisation[90,
91]. The loss landscape perspective treats training as navigation through a high-dimensional error
surface, where local minima correspond to trained models and the geometry surrounding these
minima influences generalisation performance. Choromanska et al. [90] analysed the loss landscape
of multilayer networks with random weights, demonstrating that under certain assumptions, local
minima are likely to have similar loss values to global minima, and that the landscape exhibits a
particular structure where poor local minima become very rare as network size increases. Dinh et al.
[91] investigated the relationship between the sharpness of minima and generalisation, finding that
flatter minima often correspond to better generalisation, though the relationship is complicated
by reparameterization invariances. This line of work establishes that the local curvature of the
loss landscape around converged solutions carries information about the model’s robustness and

generalisation properties, connecting optimisation geometry to downstream performance.
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Geometric deep learning framework. The broader field of Geometric Deep Learning seeks to
exploit symmetries and geometric priors in data and model architectures, providing a rich theoret-
ical background for such analyses [92]. Geometric Deep Learning provides a unified framework for
understanding how neural networks can respect and exploit the geometric structure of their input
and representation spaces, encompassing graph neural networks, equivariant networks, and trans-
formers as instances of a general principle: architectures should preserve relevant symmetries of
the problem domain. This framework emphasises that the choice of geometric structure determines
which functions can be efficiently represented, and that incorporating appropriate geometric induc-
tive biases dramatically improves sample efficiency and generalisation. The geometric perspective
reframes architectural design as a problem of selecting appropriate symmetry groups and geometric

priors, connecting deep learning to differential geometry, group theory, and topology.

These works collectively support the idea that a geometric analysis, focusing on subspaces and
manifolds, is a powerful tool for understanding neural network behaviour. The convergence of
intrinsic dimensionality measurements, loss landscape analysis, and geometric deep learning theory
establishes geometry as a central organising principle for interpretability research, motivating the

algebraic framework developed in subsequent chapters.

2.4.3 Spectral Analysis of Model Operators

Another relevant research area, which directly informs the statistical analysis in Chapter 3, is the
spectral analysis of a model’s weight matrices. By treating these matrices as linear operators, their
properties can be studied through their singular value or eigenvalue spectra. Such analysis has
revealed the effective dimensionality [93] in the weight matrices of pretrained transformers, often
exhibiting a power-law spectral distribution [94, Figure 7]. This inherent low-rank structure is a
key reason why low-rank factorisation methods for compression are effective. Analysing how these
spectral properties evolve during training and vary across different layers provides insight into how

the model allocates its capacity and how information is transformed as it flows through the network.

2.4.4 Mechanistic Interpretability

Mechanistic interpretability aims to reverse-engineer neural networks into human-understandable
functions (e.g. concepts or algorithms), or “circuits” (the subgraphs of the neural networks). This
research line seeks to identify specific, causally-verified subnetworks of components (like neurons and
attention heads) that implement distinct functions, such as induction or factual recall. For example,
the mathematical framework for transformer circuits proposed by [95] provides a vocabulary for
describing how attention heads and MLP layers compose to perform computations. While this
approach offers deep, causal explanations for specific model behaviors, it often involves specific,

manual analysis of individual components. The framework in this thesis, however, takes a more
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generic algebraic approach, seeking to describe the general transformational properties of layers

rather than identifying specific, human-labelled circuits.

The reverse engineering perspective on neural network interpretability establishes a compelling
analogy between understanding neural networks and decompiling computer programs [96]. Just
as reverse engineers study compiled binary code rather than exhaustively testing all possible in-
puts, mechanistic interpretability seeks to leverage network parameters as a finite description of
behaviour. This paradigm shift treats the network itself as the primary object of study, rather
than treating it as a black-box function defined solely by its input-output behaviour. The analogy
extends deeply: network parameters correspond to binary machine instructions, the architecture
functions as a virtual machine specification, and neuron activations represent the program’s vari-
able states and memory. This perspective fundamentally reframes the interpretability challenge
from an empirical question of input-output relationships to a structural question of algorithmic
decomposition. The curse of dimensionality, which renders exhaustive testing of high-dimensional
input spaces intractable, motivates this focus on parameters as the finite, complete specification of

network behaviour.

Polysemanticity and superposition. A central challenge in this reverse engineering endeavor
is the phenomenon of polysemanticity, where individual neurons respond to multiple unrelated fea-
tures, analogous to a single memory address storing different semantic variables. This phenomenon
severely complicates interpretation, as the natural units of the neural network architecture do not
necessarily align with the semantic units by which we would understand the computation. Elhage
et al. [97] demonstrated through toy models that polysemanticity arises from superposition, a phe-
nomenon where neural networks represent more features than the dimensions they have by exploiting
the sparsity of feature activations. In the case of superposition, the network represents n features in
a space of dimension m (m < n) by allocating each feature a direction in activation space, relying
on the fact that only a small subset of features are active for any given input. This representation
strategy allows networks to pack more computational capacity into their fixed dimensionality, but
creates interference between features sharing the same neurons. The work revealed that the neural
basis is not necessarily the privileged basis for interpretation, fundamentally complicating the de-
composition of network activations into independently understandable components. Understanding
superposition requires analysing the geometry of how features are positioned in activation space,

including their angles, magnitudes, and interference patterns.

Sparse autoencoders (SAE) for feature extraction. Recent work has made substantial
progress in addressing polysemanticity through sparse autoencoders (SAEs), which perform dictio-
nary learning to extract monosemantic features from polysemantic neuron activations. Dictionary
learning [98] is an unsupervised machine learning technique that decomposes high-dimensional
data (such as neural network activations) into a sparse linear combination of fundamental “feature”

vectors, enabling the identification of interpretable patterns often hidden in superposition. The
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core idea of SAE is to train an autoencoder with a heavily overcomplete hidden layer and a spar-
sity penalty that encourages only a small fraction of hidden units to activate for any input. This
architectural design forces the autoencoder to learn a sparse dictionary of features that can linearly
reconstruct the original neuron activations. Each learned feature in the overcomplete representa-
tion tends to correspond to a single, interpretable concept, effectively disentangling the superposed
features that were represented in the original neuron space. [98] pioneered this approach by decom-
posing a 512-neuron transformer layer into over 4,000 interpretable features representing diverse
concepts such as DNA sequences, legal language, and HTTP requests. Their work demonstrated
that features emerge across multiple levels of abstraction, from simple pattern matching to com-
plex semantic concepts, and that many features exhibit striking specificity to particular domains or

contexts.

Building on this foundation, Templeton et al. [99] scaled the technique to Claude 3 Sonnet, a
production-scale language model several orders of magnitude larger than previous work, extracting
millions of highly abstract, multilingual, and multimodal features that generalise between concrete
and abstract references. This scaling revealed qualitatively new phenomena - features that respond
to both textual descriptions and visual depictions of the same concept, features that activate across
multiple languages while maintaining semantic coherence, and features that generalise from literal
to metaphorical usage. The research uncovered features representing abstract concepts such as
“secrecy”, “power dynamics” and “scientific reasoning” demonstrating that interpretable features
exist even at the highest levels of semantic abstraction. Critically, this work revealed features related
to safety concerns including deception, sycophancy, bias, and dangerous content, demonstrating
the practical utility of mechanistic interpretability for model alignment and safety. The ability
to identify and potentially modify such safety-relevant features opens new avenues for controlling

model behaviour at a mechanistic level.

Community infrastructure. In parallel, Google DeepMind released Gemma Scope [100], a com-
prehensive suite of over 400 sparse autoencoders trained on every layer and sublayer of Gemma 2
models, totaling more than 30 million learned features. This represents a massive community
resource, providing sparse autoencoders at multiple sparsity levels and hidden layer widths for
systematic investigation. Utilising the novel JumpReLU SAE architecture, which improves upon
traditional ReLLU-based SAEs through better handling of activation distributions, Gemma Scope
provides the research community with unprecedented access to interpretable features for studying
the internal mechanisms of language models. The systematic coverage across all layers enables
researchers to trace how features evolve and compose as information flows through the network,

facilitating both detailed case studies and large-scale statistical analyses of feature behaviour.

Circuit tracing. More recently, Ameisen et al. [101] introduced a circuit tracing approach that
replaces MLP layers of the original models with Cross-Layer Transcoders (CLT) [102], which are

sparse dictionary learning models that read activations from the residual stream at one layer and
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reconstruct the outputs at multiple subsequent layers. This methodology simplifies the model’s
circuit by identifying features that persist across layers, thereby resolving “cross-layer superposition”
and enabling the tracing of direct linear effects throughout the model’s depth. Ameisen et al.
[101] freezes the non-linearities (non-MLP layers, including attention layers) in transformers, and
maps out the causal chain for a specific prompt with atéribution graphs. Attribution graph is a
visualisation tool where (1) nodes represent active features (from the transcoder), token embeddings,
reconstruction errors, and output logits, and ) edges represent linear effects between these nodes.
The replacement model uses linear mappings for features, and the attribution (how much one node
contributes to another, measured by “indirect influence” with adjacency matrices) is a well-defined

linear measurement for the model’s inner workings.

Circuit tracing extends beyond isolated feature identification to map the causal connections between
features across layers, constructing end-to-end computational pathways from input to output. By
training transcoders that directly map between feature spaces of different layers, the method by-
passes the neuron space entirely, working in the more interpretable feature basis throughout. This
approach has uncovered evidence that models perform abstract reasoning in a language-agnostic
feature space before mapping these internal computations to linguistic outputs, indicating a deeper
separation between conceptual processing and linguistic realization than previously estimated by

the community.

Pack it up. The advances introduced by this section collectively establish reverse engineering
through feature extraction as a foundational methodology for understanding the computational
structures underlying generative language model capabilities, providing crucial tools for both scien-
tific understanding and practical safety applications. The progression from identifying polyseman-
ticity, to developing sparse autoencoders for feature extraction, to scaling these methods to larger
commercialized models, and finally to tracing circuits across layers demonstrates the maturation of

mechanistic interpretability into a systematic science of neural network understanding.

2.5 Chapter Summary

This chapter surveys relevant works on natural language tasks, compression methods and inter-
pretability. It connects standard evaluation metrics, practical large language model compression
techniques and mathematical views of neural representations to the geometric algebraic framework

developed in later chapters.

Language tasks and evaluation metrics. The opening section Sec. 2.1 formalises generative
language modelling via the probabilistic definition and the associated perplexity measure. It then

reviews accuracy based evaluation for classification and multiple choice tasks, including precision,
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recall and F1 scores derived from the confusion matrix. For text generation, this section introduces
several types of metrics, including lexical metrics, embedding-based neural metrics, generative lan-
guage model-as-a-judge and preference-based metrics. Together these metrics clarify which aspects

of behaviour compression and deployment experiments are expected to preserve.

Compression methods for generative language models. Secs. 2.2 and 2.3 present a tax-
onomy of generative language model compression that emphasises structured matrix relevant and
non-structured matrix relevant approaches. Low-rank factorisation methods are reviewed first as
a structured matrix relevant approach, including matrix decompositions, Kronecker style factorisa-
tions and tensor decompositions applied to embeddings, attention and feed-forward layers. Struc-
tured and semi-structured pruning methods, which are categorised as a structured matrix relevant
approach, are then contrasted with unstructured pruning, which is categorised as a non-structured
matrix relevant approach, focusing on the trade-off between hardware efficiency and accuracy preser-
vation. Finally, the quantisation (Sec. 2.3.2) covers low-bit width representations, mixed precision
schemes and challenges specific to transformer activations and attention. This literature motivates

the tensor-based compression approach developed in subsequent chapters.

Interpretability of neural representations. Sec. 2.4 reviews interpretability work that stud-
ies internal representations through mathematical tools. It first introduces probing-based methods,
which correlate activation patterns with linguistic properties, and then turns to geometric analysis
of activation spaces, including intrinsic dimensionality and loss landscape structure. Mechanistic
interpretability and reverse engineering perspectives are discussed in terms of circuits, polysemantic-
ity, superposition in activation space and attribution graphs. Recent circuit tracing uses cross-layer
transcoders to build interpretable attribution graphs for MLP layers while keeping attention mech-
anisms fixed. Together these justify the geometric algebraic framework in Chapter 3, which treats

transformers as structured operators on high-dimensional vector spaces.

These diverse lines in Secs. 2.4.1 to 2.4.3 provide different windows into the inner workings of gen-
erative language models. However, they are often pursued in isolation. This motivates the need for
a unified framework, as proposed in the next chapter, that uses the common language of geomet-
ric algebra to connect the static properties of weights (operators) with the dynamic geometry of

activations (representations), providing a more holistic and principled view of model interpretation.
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Table 2.1: Summary of common language tasks and representative benchmarks discussed in this
thesis. Each row shows one example from the dataset with its ground truth label. The test samples
column reports the number of items in the evaluation split: tokens for language modelling, reviews
for text classification, and question-answer (QA) pairs for all QA-style benchmarks. Where test set
labels are not publicly available (BoolQ, HellaSwag, PIQA, WinoGrande), the validation split is

used, following standard practice in the LM Evaluation Harness.

Type Benchmark ]?)Zi?;:(‘ife Example (Input — Ground Truth) Metric Test Samples
Language WikiText-2 [44] Efz:iilllgie “Robert <unk> is an FEnglish film, | Perplexity 245,569 tokens
Modelling £ television and theatre actor. He had a | (the lower
guest-starring role on the television series | the better)
The Bill in 2000.”
— each token predicted from left context
Text IMDB [35] Ef:ttf}:; i “Brilliant over-acting by Lekmesiter. . . the 25,000 reviews
Classification & survey of the movie is an unrelenting
slog. Accuracy
£ (the higher
— negative the better)
Yes/No BoolQ [3] igﬁriigal Passage: “Persian [...] is the official 3,270 QA pairs
Question somng language of Iran...” Question: “Do they
Answering speak Persian in Iran?”
— Yes
. Scientific — )
ARC [2] . Which  statement best explains why Easy Set (ARC-
reasoning . .
magnets usually stick to a refrigerator e):
Multiple door?”  (A) smooth (B) contains iron 2,376 QA pairs;
Choice (C) good conductor (D) has wires
Question Challenge  Set
Answering — (B) (ARC-c):
1,172 QA pairs.
HellaSwag [1] COIIIIII'OHSQIISG “The man writes over the snow covering 10,042 QA pairs
reasoning
the window of a car... Then,” (A) adds
wax (B) boards ski lift (C) puts on coat
(D) continues removing snow
— (D)
Physical « . » .
PIQA [4] reasonin ‘Goal: To remove a grape from its stem.” 1,838 QA pairs
asoming (A) Pull the grape off the stem (B) Pull
the stem off the grape
— (A)
WinoGrande [45] Coglmpnsctlsc “The trophy doesn’t fit into the brown 1,267 QA pairs
reasoning
suitcase because the is too large.”
(A) trophy (B) suitcase
— (A)
MMLU-Pro [34] Multl—Fask “What is the embryological origin of the 12,032 QA pairs
reasoning
hyoid bone?” (A) 1st arch (B) 1st & 2nd
arch ...
— (B)
Pattern
Text WMT [46] ﬁ;gﬁ:ﬁf Source: “Le chat est sur le tapis.” BLEU and | varies
Generation translation) BERTScore
‘ — Ref: “The cat is on the mat.” (both the
higher the
better)
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Chapter 3

Interpretation and Analysis of
Generative Language Model

Mechanism

This chapter establishes a principled framework for understanding the internal workings of transformer-

based language models, moving beyond heuristic-based model compression approaches.

This chapter makes three contributions. (D) Sec. 3.1 analyses parameter proportions, parameter dis-
tributions and activation geometry, demonstrating that larger models exhibit homogeneous singular
spectra and that key/value activations cluster compactly while query activations spread broadly.
@) Sec. 3.2 proposes a unified taxonomy using subspace as a pivot concept, offering geometric in-
tuition through visualisations of tensor decompositions (Fig. 3.13). It shows that tensor product
and tensor contraction are fundamentally the same operation, distinguished only by whether the
operand subspaces share a common basis, i.e. Eq. (3.9). @ Sec. 3.3 derives log-linear laws (Pro-
pos. 3.2 and 3.3) relating sparsity to perplexity and accuracy, thereby turning compression into a

predictable design choice.

3.1 Analysis of Model Weights and Activations

This section presents an empirical analysis of model weights and activations across several generative
language model families. It examines parameter proportion by layer type, showing that feed-forward
layers become more responsible for complex reasoning as model size increases. It then analyses
singular value spectra of weight matrices, revealing that larger models exhibit homogeneous spectra
amenable to uniform low-rank compression. Finally, it investigates activation geometry, finding that

key/value activations cluster compactly while query activations spread broadly.
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Figure 3.1: The parameter ratio of Norms (including layer norms), feed-forward layers (FF), at-
tention layers (Attn), and embedding layers (Emb), and the average zero-shot reasoning score on
HellaSwag [1], ARC [2], BoolQ [3], and PIQA [4] of several open-source model series. In a model
series, smaller models have a higher token embedding layer ratio and lower feed-forward layer ratio,
while the attention layer ratio is maintained.

3.1.1 Parameter Proportion for Different Layer Types

The transformer structure underpins the language task performance of generative language models.
Fig. 3.1 plots, for each model within a series, the parameter ratio broken down by layer type (Norms,
FF, Attn, Emb) alongside the average zero-shot reasoning score, including HellaSwag, ARC-Easy,
ARC-Challenge, BoolQ and PIQA, as described in Tab. 2.1. This allows a direct comparison of
architectural composition and task performance across model scales. The figure covers several pop-
ular open-sourced generative language model series, Llama3.2, Qwen2.5, OPT, DistilGPT-2/GPT-2,
CerebrasGPT, with benchmark evaluations sourced from [103]. The scores shown are the highest
average values among different model variants within the same pre-trained model series (e.g. models

fine-tuned on different datasets), with the listed model serving as the pre-trained model.

From Fig. 3.1, it can be observed that for the same series models, with the number of parameters
of the whole model increasing, the ratio of the attention layers roughly remains the same (though
it decreases for DistilGPT-2/GPT-2), while that of feed-forward layers increases. The ratio of
embedding layers decreases when the total parameter counts increase, though, during the ratio
calculation, the embedding layer parameter counts actually increase. Regarding the benchmark
scores, it can be observed that all five series show increasing scores as model size grows. The
increasing scores within each model series may be attributed to two factors: (D) the increasing total
parameter counts; (2) the dominant geometric transformations shift as the ratio of different layer
types varies (the geometric transformation implemented by each layer type will be discussed in
Sec. 3.2.9).

Recall that the attention layers map the input features into the value subspace V, which is of
a similar dimension as the query space Q. However, the feed-forward layer in these generative
language models typically maps the input features into a higher-dimensional latent space first, and

then to a lower-dimensional subspace, whose dimension is similar to the outputs of attention layers.
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For smaller generative language models like GPT-2 , the model capability to memorise
the distribution of data and more complex tasks (e.g. reasoning) does not diminish
when the feed-forward layers parameter ratios decrease. From the discussion in Sec. 3.2.5,
it can be concluded that all kinds of matrix multiplication (the same function that the dense
layers) can be seen as projections among different subspaces of the entire parameter space, thus the
increasing ratio of the dense layers along with model size indicates the more and larger-scaled linear
projections in GPT-2 series models. In practice, the model capability of “memorisation” (i.e. tasks
relevant to memorising data like language modelling, summarisation and translation) is improved
with the increasing model size [33]. This improvement can be explained as the more and larger-
scaled projections help to reduce the approximation error between the predictions and actual data
distribution. Such an explanation is consistent with [22, Result 5], which reports that for GPT-2
models, reducing or even eliminating all the feed-forward layers did not affect its model capacity
for memorising data. However, for more complex tasks like reasoning, these larger-scale projections
might introduce more noise, as the average zero-shot reasoning scores increase only modestly when

the feed-forward layer ratios increase in Fig. 3.1.

For generative language model series such as Llama3.2, Qwen2.5, OPT, and Cerebras-
GPT, the model’s capability for more complex tasks (e.g. reasoning) improves notably
when the feed-forward layer parameter ratio increases. Unlike the DistilGPT-2/GPT-2
series, the performance reports of tasks like language modelling of Llama3.2, Qwen2.5, OPT, and
CerebrasGPT models could not be found, thus the memorisation capability of these models can-
not be discussed. However, the model performance of more complex tasks can be explained with
those shown in Fig. 3.1. The increase in attention layers can be explained as the model can mem-
orise finer-grained data distribution, and the rise of feed-forward layer ratio can be explained as
the model’s ability to deal with higher-level, more abstract and implicit concepts and logic in the
data, which might exist in the higher-dimension linear layers. Thus, for the benchmark scores, the
model performance improves when the feed-forward layer ratio rises (sometimes also with increasing

attention layers).

According to the above statistics and discussion, the following conclusion can be derived:

In larger generative language models, feed-forward layers are more responsible

for complex reasoning capabilities.

The role of the feed-forward layers in the generative language model will be further discussed
in Sec. 3.2.9.
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(a) Weight matrices in a single LLM transformer block, taking Llama 3.x series models as an example. A
more detailed clarification is provided in Sec. 3.3.
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(b) Singular values of Llama-3.2-1B-Instruct weight matrices.
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(d) Singular values of Llama-3.1-8B-Instruct weight matrices.

Figure 3.2: (a) Weight matrices in a transformer block. (b)—(d) Histogram of the largest 10%
singular values of these weight matrices (i.e. W, in (a)), averaged across transformer blocks for
three Llama 3.x models. The y-axis shows frequency, and the number of transformer blocks for each
model is summarised in Tab. 3.1.

3.1.2 Singular Value Analysis of Weight Matrices

From Fig. 3.2, it can be observed that the larger the models are, the more homogeneous the dis-
tribution of the singular values of the weight matrices are. This indicates more even orthogonal
subspaces the weight matrices represent. This implies the larger models are more compressible,

since the effective subspaces of the different weight matrices are more similar.

For Llama-3.2-1B-Instruct shown in Fig. 3.2b, the mean of the largest 10% singular values varies
noticeably across layer types. This suggests that, in the smallest model, modules retain distinct
dominant directions and a relatively uneven spectral concentration, so effective low-rank approxi-
mations may need to be tailored per layer type (and possibly per block) rather than using a single

global rank.
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Table 3.1: Transformer configuration of Llama models used for analysis, extracted from the Hugging
Face model cards Llama-3.2-1B-Instruct, Llama-3.2-3B-Instruct and Meta-Llama-3.1-8B-Instruct.
For these decoder-only transformers, each hidden layer contains one attention block and one feed-
forward layer block.

Model ‘ # Transformer blocks ‘ # Attention layers ‘ # feed-forward layers ‘ Hidden dimension
Llama-3.2-1B-Instruct 16 16 16 2048
Llama-3.2-3B-Instruct 28 28 28 3072
Meta-Llama-3.1-8B-Instruct 32 32 32 4096

For Llama-3.2-3B-Instruct shown in Fig. 3.2c, the top singular values become more tightly clustered
within each layer family, and their means increase slightly and more uniformly across attention
and feed-forward layer projections. As model size grows, different modules appear to calibrate
toward a similar spectral scale and more closely aligned effective subspaces. Consequently, low-rank
factorisation with a common rank across modules becomes more plausible, as the leading directions
capture sufficient effectiveness (or, in other words, expressivity) for both attention and feed-forward

layer weights.

For Llama-3.1-8B-Instruct shown in Fig. 3.2d, the means of the largest singular values are highly
concentrated and almost indistinguishable across layer types, indicating a strong homogenization of
spectral profiles throughout the network. This homogeneity implies that the dominant subspaces
of different weight matrices overlap substantially, making the largest model particularly amenable
to structured low-rank compression: a relatively small, shared rank can approximate many layers

simultaneously without incurring large approximation errors.

Overall, these singular-value trends show a progression from heterogeneous, module-specific spectra
in Llama-3.2-1B-Instruct to highly homogenised spectra in Llama-3.1-8B-Instruct. Smaller models,
therefore, likely require layer- or block-dependent ranks or thresholds, whereas in Llama-3.2-3B-
Instruct and especially Llama-3.1-8B-Instruct, a single shared rank (or a small set of ranks per
layer family) can capture most of the spectral energy, enabling more uniform and structured weight-

compression schemes.

In larger generative language models, the singular spectrum analysis of the

weight matrices shows greater homogeneity.

This finding will be further verified by the experimental part of this thesis in Sec. 5.4.3, which

indicates that “larger models are more compressible”.

3.1.3 Activation Through Transformer Block(s)

Fig. 3.3 describes how the activations flow within a single transformer block. Starting from the token-

level embedding A;,, activations are first normalised to Aporm, wWhich provides a shared, rescaled
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Figure 3.3: Activations Flow in Llama 3.x Series Models

representation space for subsequent projections. This normalised vector is then linearly projected
into the query, key and value subspaces, producing A,, Ay and A, respectively. The attention
mechanism combines these three streams into the aggregated attention output Aattn, which cap-
tures contextualised information from the entire sequence. After attention, a post-attention trans-
formation and normalisation step produces Apost, aligning the attention result with the input of the
feed-forward layer block. The feed-forward layer first expands Apest into a higher-dimensional gate
pathway Agate and an up-projection pathway Ay, allowing the model to separate feature selection
from feature amplification. These two streams are recombined and projected back to the model
dimension as Agown, Which is then added via a residual connection to the attention-updated hidden

state.

Figs. 3.4 to 3.8 show the t-SNE panels for different activations for Llama-3.2-1B-Instruct, Llama-3.2-
3B-Instruct and Llama-3.1-8B-Instruct, which will be denoted as 1B, 3B, and 8B in the following
text for simplicity, using the same input samples (16 samples from WikiText-2). Each t-SNE panel
shows 3D embeddings of query-centric activations, where each point represents the activation vector
of a single query. Different colours in t-SNE correspond to different transformer blocks, and the
three columns compare the 1B, 3B and 8B models for the same activation type (e.g. Ain or Anorn)-
These plots reveal how the activations evolve with depth inside a given model, and how this evolution
differs across model scales. Throughout this section, the following qualitative terminology is used
for describing the t-SNE layouts:

o Compact: points of the same colour occupy a small, dense region, suggesting that a few shared

basis directions should capture most variance under low-rank factorisation.

e Separated: colour clusters have little overlap and clear gaps between them, indicating that different

blocks inhabit distinct subspaces and may require either higher rank or block-specific factors.

e Dispersed: points spread across a large volume with substantial cross-colour overlap, implying
a higher intrinsic dimension where aggressive global rank reduction risks discarding important

activation structure.

In Fig. 3.4, points (each corresponding to one query’s activation for the fixed input text) from
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Figure 3.4: Token-level input and input-layernorm activations Ai, and Aperm across Llama-3.x
models. The t-SNE axes are scaled independently in each panel, so cross-model comparisons are
based on patterns of colour mixing across transformer blocks rather than absolute spatial extent.

different transformer blocks largely occupy a single shared cloud for both A;, and Aperm across 1B,
3B and 8B models, with only mild tightening as model size and normalisation are applied. This
heavy colour mixing suggests that early in the network, successive transformer blocks operate on
a common representation manifold, mostly refining and re-scaling query activations rather than

pushing them into clearly separated block-specific activation subspaces.

In Fig. 3.5, comparing columns (1B—3B—8B) for a fixed A, suggests that larger models produce
slightly tighter, more isotropic clouds, with the strongest contraction visible for A;. This comparison
is based on relative cluster shape rather than absolute axis ranges. Across rows for a fixed model size,
A, activations typically spread over a broader region than A;, and A, which concentrate into denser,
more overlapping clusters. Together, these patterns suggest that scale is mainly used to organise key
and value representations into a more regular geometry, while queries remain relatively dispersed
so that different transformer blocks can interrogate the shared representation space along diverse
directions. The activations of keys Ai and values A, cluster compactly around a few dominant
directions, so low-rank factorisation must preserve these axes to retain their essential structure.
The activations of queries A,, by contrast, spread broadly without concentrating along specific
axes. Consequently, no particular directions are critical, and more aggressive rank reduction can be

applied while still retaining sufficient directional variety for interrogating the representation space.

In Fig. 3.6, Aa¢en activations form well-separated block-wise clusters in 1B and 3B models but col-
lapse into a single, highly mixed cloud in the 8B model, indicating that deeper attention stacks
converge toward a shared representation manifold even after accounting for per-panel axis scaling.
By contrast, Apost remains relatively spread evenly at 8B, suggesting that the post-attention layer
norm reintroduces distributional diversity after attention has fused information. For low-rank fac-
torisation, this pattern implies that aggressive compression is most appropriate on Aa¢en in larger
models, where its effective dimension is already reduced, while Ayqs¢ may require a higher retained

rank to preserve its more heterogeneous structure.
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Figure 3.5: Query, key and value activations A4, Aj and A, for different Llama-3.x model sizes.
Each panel has its own t-SNE axis ranges. For example, the apparently compact 8B A and A,
clouds partly reflect this rescaling, so low-rank implications are drawn from relative cluster overlap
and anisotropy rather than absolute radius.
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Figure 3.6: Attention output and post-attention norm activations Aacen and Apese in Llama-3.x
models. t-SNE coordinates are re-scaled independently in each panel. The apparent collapse of
8B A.ttn should therefore be interpreted as increased colour mixing across blocks, not as direct
evidence of a smaller numerical variance.
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Agate

Figure 3.7: Feed-forward layer gate and up-projection activations Agate and Ayp across Llama-3.x
models. Because each panel uses independently scaled t-SNE axes, the dense 8B clouds reflect
both increased sample density and axis rescaling. The proposed low-rank interpretation is therefore
based on relative clustering structure rather than absolute size.

Figure 3.8: Down-projection activations Agoun before residual addition in Llama-3.x models. Since
t-SNE axes differ across panels, the visually tight 8B cloud is interpreted as indicating a more mixed
manifold across blocks, rather than as a precise statement about reduced numerical variance.

In Fig. 3.7, both Agate and Ayp activations exhibit clear block-wise clusters for 1B and 3B models,
which then merge into a densely packed, approximately spherical cloud in the 8B model. Within
a fixed model, Agate tends to separate transformer blocks slightly more than Ay, reflecting that
gating emphasises which directions are amplified while the up-projection spreads information across
a broader subspace. This suggests that in larger models, low-rank factorisation of the feed-forward
layer activations can focus on a small number of dominant directions shared across blocks, particu-

larly for Ayp, while preserving a somewhat richer basis for Agate to retain block-specific modulation.

In Fig. 3.8, the Agoun activations for 1B and 3B models still form distinguishable block-wise strands,
but these gradually coalesce into a single, highly entangled cloud in the 8B model, similar to the
pattern observed for Aattn and Ayp. This indicates that the final feed-forward layer output lives
in a shared, low-dimensional manifold across transformer blocks, with scale primarily increasing
the density of samples rather than the effective geometric complexity. Consequently, low-rank

factorisation schemes that target Agown in larger models can reasonably employ more aggressive
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rank reduction, provided they preserve a small set of global basis directions capturing this common

manifold before the residual connection is applied.

3.2 Local Geometric Understanding of Language Models

This section proposes a unified taxonomy using subspace as a pivot concept to bridge matrix and
tensor factorisations. It formalises parameter space, low-rank compression, fidelity and accuracy
definitions, and interprets existing compression methods under this framework. A key finding is
that tensor product and tensor contraction are fundamentally the same operation, distinguished

only by whether the operand subspaces share a common basis (Eq. (3.9)).

This section reformulates the concepts and problems regarding deep neural network compression
and natural language processing, in order to “compile” matrix and tensor factorisation under the
same framework as generative language model compression — a framework built upon geometric

algebra.

3.2.1 Framework Overview

Matrix and tensor factorisation for generative language model compression refers to approximating
weight matrices with a set of smaller matrices or tensors (higher-dimensional matrix) to reduce the
model size, thereby alleviating memory usage or computation overhead while maintaining language
task performance. Since the emergence of successful solutions regarding neural network compres-
sion (see Fig. 3.9), such a factorisation approach has attracted massive interest. Compared with
other model compression approaches like knowledge distillation and quantisation, matrix and ten-
sor factorisations have unique advantages: (1 they require less training effort than that based on

knowledge distillation, ) they can be hardware-independent, where quantisation cannot.

However, factorisation for generative language model compression is poorly defined and under-
stood. In the current literature, the application side (i.e., language tasks and compression) and
the methodology side (matrix and tensor factorisation) are treated separately, and the potential
interaction between algebraic structure and deep learning research is ignored. This includes model
capacity, that is, how much information deep neural networks can memorise [22], and model expres-
sivity, that is, what kind of functions deep neural networks can deal with [23, 24]. Furthermore,
there is also an inappropriate separation between matrix-based solutions and tensor-based solutions
(i.e. two separate reference lines in the central literature part of Fig. 3.9), though mathematically
matrix algebra represents tensor algebra as order-2 tensors. This results in difficulties in comparing
the compression algorithms and the empirical results of the two, and in identifying the current re-
search gap. Both these two isolated issues discard the possibilities of matrix or tensor factorisation,

promoting deep learning research with its algebraic properties. The third dilemma comes from
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matrix and tensor research. The terminologies of matrix algebra are not always consistent (e.g. the
definition of “direct sum” [25, Section 2.1]). The terminologies for tensors, on the other hand, are
hard to understand since they come from various scientific fields (e.g. psychometrics, physics and
quantum chemistry). These inconsistent and unfriendly terminologies block the model compression

community from using these algebra structures to the full for further practical impacts.

To address the three above issues, this section proposes an elementary and unified terminology
of matrix and tensor factorisation for generative language model compression. Specifically, this
section utilises a concept from undergraduate-level linear algebra (also the core concept in geometric
algebra), that of a subspace, to unify the concepts in tensor- and matrix-based approaches, as shown
in Fig. 3.9. It is hoped that in this way these methodologies can become more approachable for
people with broader science, technology, engineering, and mathematics backgrounds. The concepts
in generative language model compression are also formalised in the context of “subspace”, e.g.
parameter space, neural network compression and language modelling. The geometric interpretation
of these reformulated concepts and common matrix/tensor compression methodologies (e.g. SVD,
Kronecker product and tensor decomposition) is then provided, smoothly bridging compression
methodologies and deep learning concepts, while aiding the understanding of tensor operations.
Based on the proposed taxonomy, in Sec. 3.2.10, the recent literature is listed, their approaches
and results are interpreted and compared, and the current research gaps are revealed together with

suggesting further directions.

The structure of this section is shown in the middle panel of Fig. 3.9. The formalisation prelimi-
naries and the reformulated concepts of generative language model compression are introduced in a
geometric way. The interpretation of matrix and tensor factorisation methodologies is then provided
geometrically. Subsequently, everything is put together, the existing relevant work is interpreted

under the proposed terminology framework, compared, and the current research gap is pointed out.

Application Literature Methodology
NLP | [52, 55, 56, 47, 53, 49, 48, 54] Matrix Factorisation |
Model Compression | [57, 104, 50, 51, 59, 60, 58] Tensor Factorisation |

A

t z
( Reformulate > ( Interpret & Compare > ( Unify >

Geometric Algebra

Figure 3.9: Addressed issues, solutions and structure overview of this section.
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3.2.2 Parameter Space in Model Compression

A typical parametrization of neural networks [90, Section 3.3], which is followed in the proposed
taxonomy, is as follows. Let W = {W1, Wy, ..., W;} be the set of all weight matrices of a deep
neural network model f, where [ is the number of neural network layers. Denote by R the set of real
numbers, and n the parameter count of the model f, yielding the upper bound of model parameter
count sup(f) = 22:1 |W;l|, i =1,2,...,1, where |W;]| stands for the number of elements of matrix

W, and sup(f) is the upper bound parameter count of deep neural network model f.

As a step forward from this parametrization, the layers (i.e. layer number) and dimensionality
(i.e. the concept “matrices”) of the set W, flatten the elements of all the weight matrices into a
vector v, with a comma-delimited form v = (v, ve,...,v,). It is also possible to represent v with
sup( f)-dimensional unit vectors e; = (1,0,0,...,0), e2 = (0,1,0,...,0), ..., e, = (0,0,0,...,1),
like v = vie; + voey + -+ - + vpe,. Here, {e1,es,...,e,} is a basis set of the vector space which

contains v, while {vy,va,...,v,} is the set of real value coefficients of vector v.

Denote by V' a set that contains all possible linear combinations of {e1, es, ..., e,} and {v1,va, ..., v,},
and a vector space V which is an algebra structure that contains vector set V and scalar multipli-
cation and vector addition on set V. For simplicity, V C R" denotes a vector space that contains
all vectors in R", where R is a set of real numbers. The following definition of the model parameter

vector and parameter space is now given.

Definition 1 (Parameter Vector and Parameter Space). Given a vector space P C R™, a vector
v € P is the parameter vector with a coefficient set {v;|i = 1,...,n}. Then, P is called the parameter

space, and s(v) =" | (sgn(vi))2 s the parameter count of v, where sgn is the sign function.

Note that s(v) is the number of the non-zero elements in W, s(v) < sup(f). If s(v) is significantly
smaller than sup(f), we say the weight matrices of model f are sparse. The simplest version of
unstructured pruning, which has been introduced in Sec. 2.3.1, reduces the size of a neural network
by removing less important parameters (i.e. zeros or nearly zero) or weights. This unstructured
pruning can be viewed as removing subvectors with zero coefficients from V. However, a systematic
implementation of this, like only saving the indices of the less important parameters is outside the

scope of this section.

Suppose there is another subset of V, denoted as V. The vector space built up on V is called
the subspace of V, and denoted as V. Together with Def. 1, this now gives the following formal

definition of deep neural network compression.

Definition 2 (Low-rank Neural Network Compression). Let P be a subspace of P, and 3v € P,
s(V) < s(v). The mapping g : P — P for extracting such a subspace P is called low-rank neural net-
S(V)jS(V)

S

work compression, where CR(v,V) = ) s the compression ratio function, while a compression

instance with a given threshold n, which satisfies CR(v,V) >0, is called n-compression.
The formalisation in Def. 2 is rather general. Taking the notion of a subspace in a broad sense, the
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compression output - smaller matrices/tensors can be represented with the same unit vectors as the
original weight matrices, and the shrunk parameters can be seen as the corresponding coefficients
of these changes to 0. For example, the most straightforward approach for Def. 2 would be to
break the original weight matrices into smaller matrices with SVD, Kronecker product [55, 56] or

block-diagonal matrices approaches [52, 105, 106]

3.2.3 Generative Language Modelling with Parameter Vector

For a more general language task description rather than case-by-case, the focus is on the modelling
process from [33], which is based on language modelling task and takes other language tasks as

downstream tasks.
Definition 3 (Generative Language Modelling). Given a sequence of tokens (x1,x2,...,x¢) of
length t, the goal of generative language modelling is to find a factorised joint probabilities

l

p(ze) = Hp(:):t|x1, cey T—1).

i=1
Denote the token sequence (x1,x2,...,x) as a vector x, the probability of token sequence x; of length
118
t
y=p(x)= Hp(Xi‘Xi—1)7 x; = (z1,...,240,...,0). (3.1)

i=1

For a given neural network model f and its parameter vector v defined in Def. 1, denote by X the
input space of f, which contains the token sequences. Denote by Y the output probability space
of fand Vy € Y, y € [0,1]. Given some loss function £, we can obtain the loss of certain model
prediction, y = f(x), and the ground truth label, y, as £(y,y). In this way, the learning objective
for Def. 3 is min L(y,y).

Informally, the prediction can also be represented as y = v(x), here v(-) is a series of transformations
defined by the vector v. A vector space version of neural probabilistic language modelling [107] is
shown in Fig. 3.10b and on the left side of Fig. 3.10a.

3.2.4 Formalizing Generative Language Model Compression

Model compression is somewhat similar to data compression, that is, using fewer data/parameters
to achieve similar performance or representation as the original ones. However, when the objective
changes from data to a neural network model, the goals and evaluation metrics change. For data
compression, the goal is to reduce the size of the original data, but to retain the necessary information
that can be effectively restored to the original data. However, for model compression, except

restoring to the original model weights, we care more about the task accuracy of the neural network
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(a) Model compression (defined in Def. 6) in the context of the parameter vector, with a transformer structure
as a case study. On the left side, the two optimisation goals for model compression are () accuracy (¥ — y
or optimise ACC(y,y) in Def. 4), and @ fidelity (v — v in Def. 5). The right side is the transformer structure
discussed in Sec. 3.2.9.
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(b) Generative language modelling with a layerwise parameter vector; t(-) is the index indicator function of
v, (i) =35 [Wyl.

Figure 3.10: Parametrization of generative neural networks in a vector space, and the process of
model compression based on, taking a typical transformer [5] forwarding pass as case study.

model that can be reserved. Thus, when talking about language model compression, the concerns

for this section from both data compression and model performance perspectives are as follows:

1. Accuracy: To what extent, after adopting the smaller matrices/tensors
into the neural network models, the model can have a similar performance

(e.g. modelling the data distribution) to that of the original model,

2. Fidelity: The extent to which the smaller matrices/tensors can be recov-

ered from the original ones.

This leads to the formal definition of these two model compression optimisation goals: fidelity and
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accuracy.

Definition 4 (Accuracy). Given a dataset D = {(xO,yO)VWN " a loss function L (typically re-
turns non-negative values), and a model with parameter vector v, the accuracy metric for low-rank

language model compression is defined as the average loss over the dataset:

N

1 L) o( (2 %
aco(Div) = 3 £y, 30), 3 = vix) (3.2
i=1

Definition 5 (Fidelity). Let g : P — P be a compression mapping and § : P — P be a reconstruction
mapping. Note that g is generally an approrimate reconstruction rather than an exact inverse of
g (e.g., when g performs truncation such as in truncated SVD). The fidelity loss function FDL(-)
is defined as the Mean Absolute Error (MAE) between the original parameter vector v and the

reconstructed parameter vector v:

o _l¢ o
L) = Sl 9= 0(0) (3.3)
1=
When g is a truncated decomposition, g reconstructs from the truncated representation, yielding

non-zero fidelity loss in general.

By considering Defs. 1 to 5 together, we obtain an integrated formalisation of generative language

model compression as follows.

Definition 6 ((d1,02,7) - Language Model Compression). Consider an input domain, X, output
domain, Y, and a loss function, L, for language modelling. For a dataset D = {(x,y)|x € X,y € Y},

if the following conditions are satisfied, such a compression scheme is termed as a (1,62,n) - Gen-

erative Language Model Compression:

1. V¥(x,y) € D, FDL(v,Vv) < 01 N ACC(y,y) < d2, where § = v(x);

2. for g :v — Vv, compression ratio CR(v,V) > 1.

From Def. 6, if the focus is only on the accuracy of the compressed language model, §; — oo (can
be set as a large value in practice), the fidelity will be ignored during the optimisation process.

Similarly, do — oo if only fidelity is required.

Fig. 3.10a provides an interpretation of Def. 6, taking the language modelling task as an example. As
addressed in Def. 3, language modelling uses a model v € P, P C R" to approximate the distribution
of y, that is v(x) — y. Model compression aims to find a vector v, which lies in a subspace of
P, such that s(¥) < s(v). There are two criteria for the process v — v: (1) whether v can well
approximate y, and @ whether v can be well reconstructed to v. Criterion @ is the same criterion

as for data compression, while criterion @ indicates that language modelling is compression [108].

93



3.2.5 Weight Matrices/Tensors Composed by Subspaces

Layer-wise parameterisation. In Defs. 1 and 2, all the parameters of a model were considered
in one parameter vector for easing the problem definition. However, the current literature typi-
cally considers the factorisation of each layer, that is, factorise weights for each layer, as shown

in Fig. 3.10b. Thus, for the following sections, model compression is discussed layer by layer.

For a neural network model f = fjo0 fyo---0o f;, where [ is the maximum layer index of model f, and
o denotes function composition, by representing this form with parameter vectors in the parameter

space P, the following is obtained:

y = f(v,x) = filvi,..., f3(v3, fa(v2, f1(v1,%))) -+ -), (3.4)
!
V:ZVz‘, vVi,Va,...,v; €P. (3.5)
i—1

In Eq. (3.5), the summation for v; can also represent concatenation in neural networks, where
outputs are appended by treating their subspaces as orthogonal and forming a larger composite
space. If v; is expressed in a comma-delimited form, we can define a vector index function idx(v,i) =
23:1 5(v;), which computes the cumulative parameter count up to and including layer ¢, along with
its increment Aidx(v,i) = idx(v,i) — idx(v,i — 1) = s(v;), representing the parameter count of

layer ¢ alone. Using these, we have

idx(v,i—1) Aidx(v,i) idx(v,l)—idx(v,i)
—— ——
Vi = ( 0,...,0 y Vidx(v,i—1)+15 Vidx(v,i—1)+25 - - - » Vidx(v,i)» 0,...,0 ) (36)

Matrix and tensor composition. Given v; as the parameter vector for the weight matrix of a
concerned layer i, to form it into a matrix, a P(®) subspace is denoted whose basis set is same as
s(v;), and two other subspaces Pgi),IP’gi) C PO, IP’@ G) Pgi) = P, where & denotes the direct sum,
which means the union of basis sets of two subspaces and the formation of a new vector space on
this basis set union. Recall v; is originally a weight matrix of layer ¢, v; can then be considered as

a vector in P which is composed by IP’gi) and ]P’g).

)

Then, the (j, k)th element of the matrix represented by v; is vjvg, with two unit vectors e; € Pgi
and e; € Pg). When considering sz) C R™ and ]P’gz) C R™, the vector space P() composed by
Pgl) and IP’g) should be contained in R™*™, This composition is mathematically represented as

sz‘) ® IP’gi) C R™*™, where ® refers to direct product.

The above statement involves two distinct linear operations that must be carefully distinguished:

e Direct sum (¢): Given P; C R™ and P, C R”, the direct sum Py & Py C R™™" has dimension
dim(P; & P2) = dim(P;) + dim(PP2). This represents coordinate/dimension extension.

54



Table 3.2: Operations on subspaces (i.e. composition or decomposition) in the Euclidean space.
Direct sum (@) extends coordinates additively while tensor product (®) extends representational
capacity multiplicatively. In the following text, x is used between vector spaces (and the vectors in
these vector spaces) to represent a composed vector space (a vector formed by the other two vectors),
and ® only refers to the Kronecker product. In Sec. 3.2.5, when using a vector to represent tensors,
tensor product (and even tensor contraction) is prevalent with the direct product.

Operation Dimension Geometric meaning Order Occurrence in this section
change change
. . . Coordinate/dimension Defs. 7 and 8
Direct Sum (&) dim(P1) + dim(P2) extension of vectors 0 Fig. 3.11c and Eq. (3.6)
o Defs. 7 and 8
Tonsr Poduet )| ey x| S ot mns | S
B p Eq. (3.11) and Thm. 2
Hypercube volume Thms. 1 and 2
mxn mn _
Flatten vee(R )R / calculus of dimensions ! Eq. (3.11)

e Tensor product (®): The tensor product P; ® Py C R™*" has dimension dim(P; ® Py) =
dim(PP;) x dim(P3). This represents the space of all bilinear maps, or equivalently, the outer

products of vectors from each space.

As summarised in Tab. 3.2, direct sum extends coordinates while tensor product extends the repre-
sentational capacity (order) of the vectors. In this section, to avoid confusion, we use P; x Py — P to
denote a general vector space composition process from IP; and IPs to P, where the specific operation

(direct sum or tensor product) is determined by context.

Definition 7 (Rank-1 Matrix Composition in Euclidean Space). A rank-1 matriz C € R™*"
can be represented as the outer product of two vectors. Specifically, let a € R™ and b € R™.

n

. - —— ~
We embed these in a common vector space P = R™™ as a = (ay,a2,...,am,0,...,0) and b =
J\“ . . . . .
(0,...,0,b1,b2,...,b,). The (3,7)th element of C is ¢; j = a;bj, yielding the outer product represen-
tation:
a1b1 a1b2 e albn
a2b1 a2b2 e QQb
C=ab' =axb=| o | errm (3.7)
a/mbl G/mbg e ambn

Note that rank(C) = 1 by construction. A general matriz of rank r can be expressed as a sum of r

such rank-1 matrices, which connects directly to the SVD in Thm. 1.

Two (m + n)-dimensional vectors a and b are used to represent a matrix C € R™*™ in Def. 7. An
attractive property for this kind of representation is that a and b are in the same subspace, R,
which has fewer dimensions than R™*™. In doing this, their interactions can be described in the
whole parameter space P and common language model modules can be interpreted in Sec. 3.2.9,

which cannot be achieved when putting two vectors in disjoint subspaces R™ and R".

The geometric intuition of matrix composition is visualised in Fig. 3.11a. Suppose P has a basis
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set (V1,Va,..., Vi, Wi, Wa,...,Wy), so that a =" a;v; and b = >_" | b;w;. The subspace Py is
defined with the base (vi,va,..., V), and subspace Py is defined with the base (wi,wa,..., wy),
thus a € P; and b € Py. Denote a linear transformation C : P; — Py, such that Cv; = Zgnzl CijWj.
Here, matrix C acts like a dictionary mapping any vector from P; to a certain vector in Py. Dur-
ing this linear transformation, vector a is the original operand, and vector b defines the actual

transformation C, or in other words, operation.

Remark 3.1. Matriz composition defined in Def. 7 can be seen as a process of transforming a
vector a € P1 into another vector c € Py, where the transformation is defined by b. Inversely, there

exists a linear transformation C' : Py — Py, with a mapping matriz as C'.

A
Loa
P C R e BB
k”k/ y

a

Pt CR

\ y =dab
(b) Projection view of matrix-vector multiplication xW ' =y, W' = a x b, where a,x € R™ and b € R

SY) u
—_—

P, CR" P, CR AN

softmax A\Y v
Q C Rd’ _HK% = Rd _)V C R%
vV ag E

K’ =
(d) Dot-product attention a = softmax(q\‘/a YV [5]

Figure 3.11: Typical geometric transformations in transformer models.

The procedure of defining the matrix with two subspaces in Def. 7 can be easily extended to tensors.

Definition 8 (Rank-1 Tensor Composition in Euclidean Space). A rank-1 n-order tensor A €

RAXd2XXdn cqn be represented as the outer product of n vectors. Let v € R% | v(?) ¢ R,

v(®) e Rin. We embed these in a common vector space P = REi=14i qith disjoint supports. The

(i1,12,...,in)th entry of the tensor is:
Ali, iz, ... in) = v 00 =TT oM. (3.8)

This is the n-way outer product A = v ov@ o...0ov(™  Note that rank(A) = 1 by construction.
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A general tensor of rank v can be expressed as a sum of r such rank-1 tensors, which is the CP

decomposition in Sec. 3.2.8.

In Def. 8, there are n subspaces, and these subspaces construct an n-order tensor. The parameter

space P C Ré1tdat+dn can therefore represent tensors in R xd2xxdn

3.2.6 Common Algebraic Operations on Subspaces

The operations on subspaces in Tab. 3.2 are revisited in this section, with additional clarification

in the light of matrix factorisation (Sec. 3.2.7) and tensor factorisation (Sec. 3.2.8).!

Cartesian product and tensor product on l-order subspaces Taking a vector space V C
R xd2xXdn a5 an example, it is an n-order vector space constructed by n 1-order subspaces
Vi C R%, VY, C RdQ, eV, C R . The basis set of V is V, V=V XV X--- XV, , where V;
is the basis of V;, |V;| = dim(V;) = d;. Similar to what is discussed in Sec. 3.2.5, this section uses
the notation Vi x Vg x -+ x V,, =V to represent the process of constructing a new vector space
V upon Vi,V ..., V,. This process is officially called Cartesian product, which means any vector
v € V can be represented as a linear combination of the orthonormal vectors in V. Specifically
for Eq. (3.6), v = (vgl),vél),...,vg), vgz) véz),...,‘vgn),vén),...,véz)), where the length of the

vector representation is [V| = dim(V) = >"7 | d;, so that the representation range of the vector v

n

grows to [, d;.

Tensor product is a widely used term for such dimension increase caused by “order concatenation”,
whose operands are order-1 vectors, or in other words, vectors in order-1 subspaces. Obviously,
direct product of subspaces in Tab. 3.2 is a generalised version of the tensor product, and in the

following texts refer to both cases as “product” with notation x.

Product and contraction on n-order subspaces Similar to V in Sec. 3.2.6, suppose there is
another order-m vector space W C RM>xh2x-xhm congists of subspaces Wy C R", Wy C RP2, ..
W,,, € R with a basis W = Wi x Wa X - - x Wy,. WNV = &. Then, the tensor product of V and
W is the same as order-1 tensor product in Sec. 3.2.6, such that VXW = Vi x- - - XV, x W7 x- - - xW,,,
with a basis set (V X W) =V X -+« XV X Wy X -+ X Wy,

Contraction can be seen as a general version of tensor product. For the vector spaces V and W,
suppose |V;| = |Wj|. Then, the mode-(7, j) contraction of V and W yields Vi x -+ x V;_1 x V; 11 x
XV X Wy X o X Wy X Wy g X+ - x Wy, In short, contraction “absorbs” the common subspaces
shared by V and W. Then the cardinality of the basis set after tensor product/contraction of V and
W is

! As noted by Gentle [25], terminology in matrix algebra varies across communities. In this section, we use

“factorisation” and “decomposition” interchangeably, and distinguish direct sum (@) from tensor product (®)
following Axler [109].
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V| + W, YNW =g, tensor product,
V| + W|=2[VNW|, VNW # &, tensor contraction.
(3.9)

|V><W|:\VUW||VOW|:{

3.2.7 Typical Matrix Factorisation Approaches

Among different matrix factorisation algorithms in this section, the focus of this section is Singular

Value Decomposition (SVD) and Kronecker Product.

Singular value decomposition (SVD) and matrix (Cayley) multiplication We refer to the

following representation from [109, page 275, 277] for a clear interpretation of SVD via subspaces.

Theorem 1 (Singular Value Decomposition [109]). Let T : Py — Po be a linear map between finite-

dimensional inner product spaces, with dim(P1) = m and dim(Py) = n, where m < n. Then there

exist:
e an orthonormal basis {vi,va,...,vi,} of Py,
e an orthonormal set {wi,wa,..., Wy} in P, and

e non-negative real numbers s; > sg > -+ > s > 0 (the singular values of T'),

such that for every v € Py:

m

T(v)= Zsz‘<V,Vi>Wi, (3.10)

i=1

where (-,-) denotes the inner product. In matric form, if v.=">", v;v;, then T(v) = Y_I" | s;0;W;.

In Thm. 1, v; and w; are unit vectors in P; and Py respectively, and s1, s9, ..., S;, are the singular
values of T. In this way, the linear transformation of v from P; to Py can be represented with m
orthogonal vectors in Ps. The geometric illustration is exactly the same as that in Fig. 3.11b, where

(x,a) — a, xW T = ab changes to (v,v;) = v;, v;TT = s;w; = vTT = Yo vi(siwg).

In Eq. (3.10), for the i-axis in Pg, singular values s; are part of the coefficients of the unit vectors w;.
If w; is small enough, the orthogonal vector s;v;w; can be ignored. If (m — k) orthogonal vectors are
removed in Eq. (3.10), the representation of the result vector in Pg is reduced from m dimensions

to k dimensions. This elimination process is also called Truncated SVD, as described in Thm. 2.

Theorem 2 (Truncated SVD and Matrix (Cayley) Multiplication [109]). Given rank r, Truncated
SVD for a linear transformation T is given by Tv; = s;u;wy, 1 = 1,2,..., 7. Suppose v; € R™ and
w; € R and denote V, = (vq,va,...,v,) € R™*" and W, = (s101W1, S20aWa, ..., S0, W, ) € R™*7
so TV, = W, = T = W,V s a matriz multiplication form of T, where V7 is the conjugate

transpose of V.
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r \%

(a) Matrix (Cayley) multiplication W, 'V} : R — R” — R™ in Thm. 2, where W, € R"*" and V! € R"™*™

VXWWCRH e x fFc Ra
—_— ECRP —_— =
A e R B € Rr*¢
X E CR"XRP WX F CR"XR?

(vxw)® (exf)
= vec(v X w) X vec(e x f)

ec(R™ x RP) = R™P vec(R™ x R?) = R™

A ® B e R™*™

(b) Kronecker product A ® B : R™*" — R™P*"4_ The matrix A and B are composed according to Def. 7.
That is, the first matrix, A, is composed as A = v X w, and the second matrix, B is composed as B = e x f.
The two vectors that compose matrix A serve as “parent nodes” and the two vectors that compose matrix
B serve as “child nodes”. The final results of Kronecker products A ® B is the composition of all the “child
nodes”. Here, the four vectors v € R™, w € R™, e € RP and f € R?.

Figure 3.12: Matrix (Cayley) multiplication and Kronecker product.

Kronecker product The discussion so far has assumed that all subspaces are equivalent in the
composition of a matrix or tensor. In practice there are cases where some subspaces operate on
top of others, forming hierarchical structures. The Kronecker product is such a case, where all the

elements of the first operand are scalar multiplied by the second operand, as shown in Fig. 3.12b.
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For two matrices A € R™*" and B € RP*Y, the Kronecker product of A and B is

allB e alnB
A®B= oo € RmPXnd, (3.11)

amiB - amnB

From the matrix composition perspective (Def. 7), suppose A = v x w, B = e x f, then (7, j)th

element of A ® B is given by

(A ®@B)ij = arifp) [/q) 0-1)%p+1,(-1)%a+1 = Vli/p|WIj/a) (€<z‘—1>%p+1f (j—l)%q+1)> (3.12)

where % denotes the remainder when dividing. Moreover, its representation with four vectors v € V,
weW, ecEand feFis
A ® B = vec(v x e) x vec(w x f). (3.13)

Fig. 3.12b illustrates the hierarchy of the Kronecker product, where e and f can be seen as the
replicated child nodes of v and w, respectively. The final result is composed of flattened “child

nodes”, however, all “child nodes” are globally organised by “parent nodes” v and w.

Block-diagonal matrices Block-diagonal matrices are blocks on the matrix diagonal while the
rest elements are zeros. A remarkable example of such kind of matrices for model compression is
butterfly matrix [52, 105, 106, 110], which can represent a matrix C with Eq. (3.7) as Eq. (3.14),
where C; € R™*™ and Cy € R™™*", P is a permutation matrix, and D is a butterfly factor [106] to

yield
D; D C, 0
cl=| " 77 ! (3.14)
D; Dy 0 Co
C; 0 C, 0 0 0
According to Def. 7, ! = ! can be seen as the vector addition
Cso 0 0 0 Cy
between two vectors ¢y, cg € RmHn)x(mtn)

In Sec. 3.2.2, it is shown that c¢; and co are composed by

m—+2n
a] — (a1,a2,...,am,0,...,0),
m 2n
— —
by = (0,...,0,b1,b2,...,bm,0,...,0),
2m n
— —
as = (0,...,O,am+1,am+2,...,am+n,0,...,0),

2m+n

b2 == (O, e ,0, bm+1, bm+2, ey bm+n),
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in a unified vector space V C R?™+27 This process can be further interpreted as the composition
in two different subspaces Vi C R™*"™ and Vo C R™*"™ and V = V; x V; (regarding coordinates),
with a;, by € Vi and as, by € Vs.

There may be transformations in V; and Vy separately, which implies that in hardware the two
processes can run in parallel. Then, the vectors a;, b; and as, bs in two subspaces V| and Vs are

merged together and go through a transformation defined by D.

Eq. (3.14) can be further expanded as

d1’1 d2’1 a1b1 P ambl

d1’m dg}n albm e ambm

. (3.15)
ds 1 dy Umi1bmil oo Gmgnbmyt

dS,m d4,b am+1bm+n <o am+nbm+n i

where CT € R(ntm)x(n+m)

According to [106], the left matrix in Sec. 3.2.7 can be recursively factorised into smaller diagonal
matrices, which finally results in a set of 2 x 2 diagonal matrices. These 2 x 2 diagonal matrices
can be seen as 1-dimensional vectors in order-1 vector space, or equivalently, as scalars with index
information in the parameter vector. The multiplication of such scalars and C; and Cy can be seen
as scaling in different subspaces. Herein, block-diagonal matrices can be geometrically interpreted
as separate scalar scaling in smaller subspaces, and its following merge across these subspaces with

concatenation.

3.2.8 Tensors and Tensor Factorisation

This section first gives the essential concepts about tensors and tensor operations. Then, it gives a

composition view of tensor factorisation, based on the format built in Sec. 3.2.6.

Order-N tensor. An order-N real-valued tensor A is a high-dimensional matrix (or multi-way
array), denoted by A € RI1XXIN where N is the order of the tensor (i.e., number of its modes),
and I (1 < k < N) is the size (i.e., the dimension) of its k-th mode. In this sense, matrices (denoted
as A € R11X!2) can be seen as order-2 tensors (N = 2), vectors (denoted as a € RY) can be seen as

order-1 tensors (N = 1), and scalars (denoted as a € R) are order-0 tensors (N = 0).
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Tensorisation. A vector a = (a1,a2,...,a5,5,..1y) € RI127IN can be tensorised (or “folded”,
“reshaped”) into an order-N tensor A € R11*/2XXIN g0 that

A[ilviQa R ZN] = al‘f‘Z}ICV:l(ik_l) Hk*% I 1< Zk‘ < Ik‘) (316>

p=

where Aliq, i, ...,ix] denotes the (i1,12,...,ix)-th entry of A.

Vectorization. Given an order-N tensor, A € R1>*IN it vectorization reshapes the high-

dimensional matrix into a vector, vec (A) = a € Rt v,

Tensor contraction. The contraction of A € RIX*IN and B € R/ XM over the kth and

pth modes respectively, where I}, = J), is denoted as A xi B and results in a tensor

Iy XX T 1 X1, X X INX I XX Jp—1 X J, XX J.
C e R k—1X1g41 N XJ1 p—1XJp41 M,

with entries

C[ilw"7ik717ik+17--'7i]\77j17'"7jp—17.jp+17"'7.jM]

S o | (3.17)
:ZA[Zla-"7Zl€*17qalk+17"'77'N]B[.]17-"7.7p—17q7.7p+17"'7.7M]

q=1

Tensor-train decomposition (TTD). The most common Tensor-Train Decomposition [111] is
to format a tensor into a Matrix Product State (MPS or TT-MPS) form, which applies the Tensor-
Train Singular Value Decomposition (TT-SVD) algorithm (see Sec. 5.3.1) to an order-N tensor,
X € RIvxlaxxIN — Thig results in N smaller 2-nd or 3-rd order tensors, Gk) e Rre—1xIkxTk for
k=1,...,N, such that

X~ GW xdg@ x1g® xl...xlg) (3.18)

GW . ...,GW) are referred to as the tensor cores, while the set {ro,71,...,rn} represents the TT-

rank of the TT decomposition (rg =ry = 1).

Compared with matrix factorisations in Sec. 3.2.7, tensor factorisations are a bit more complex (but
fortunately not too much), since there are more than two subspaces, and every two subspaces have
interactions like in Thms. 1 and 2. All the interactions are not outside those in Tab. 3.2, which
makes the various tensor factorisation orchestrated in the same style. The three tensor factorisation
formats discussed in this section are the CP, Tucker and Tensor-Train. We later summarise that
their forms represent roughly vector addition in the same subspace, dimension adjust intra subspace,

and subspace order expansion.

CANDE-COMP/PARAFAC (CP) format. The CP format represents a tensor with a sum of

tensor product of vectors [112]. For a order-n tensor, A € R41*d2XXdn thereis A =37 _ a;, a; =
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Y Y Y

S

| = a; + a5 + a3

= T / > T > T
z 2z z

(a) CP format (n = 3, r = 3), the resulted tensor (red vector) represented as the addition of three 3-order
tensors (green vectors).

z

MM, /A= gM| M] My

z z /

(b) Tucker format (n = 3), matrix M; € R"*% adjusts the tensor (green vector) on the current dimension
(lime green axis).
Y & x Gy € R xdaxra Y Yy
....................... rl 2 Y2 © %
A

N - odi xdo x g
1|x G2 X Gg € R® QA:Glx 5 X Gg

z

G16 Rd1><7‘1 """""

1 —d d2
r :
/ dy - To ; d
z 2 z z

\ 4

QL
=
\

ro — (]3 1

(c) Tensor-Train format, n = 3, G; and Go are matrices and G, is a 3-order tensor.

Figure 3.13: Geometric interpretation of typical tensor decomposition formats, taking a 3-order
tensor as an example. Their vector forms are Eqgs. (3.19) and (3.20). The golden cubes are the
current constructed subsapces, the vectors are the subspace expansion represented by
shared order (e.g. AW N M, in Tucker format, 4@ N G; and A® NG, in Tensor-Train format), the
dark green vectors are the current resulting vectors, inside the current constructed subspace. The

red cube is the final resulted tensor, and planes represent resized dimension.
n vectors
Vv, ®u; ® --- @ W;,, where 7 is the tensor rank and v; € R%, u; € R%, ... w; € R%¥. We can easily

convert this tensor format to a vector in R%1*d2xXdn a9

a= Za(i), al) = agi) X agi) x - xal), (3.19)
i=1

Such a format is an addition form of r n-order tensors. All these order-n tensors (represented as
dark green individual vectors in Fig. 3.13a), are in the same subspace, as well as the resulting tensor

A (represented as the final red vector in Fig. 3.13a).
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Tucker format For a order-n tensor A € R%1xd2xXdn its Tycker format is A = G x1 My Xa- - - X,
M,,, where G € RhxE2xxln is a4 n_order tensor and matrix M; € RM*% (; =1,2,...,n). Matrices
M, can be seen as a general linear transformation, M; : R* — R%  which results in a transformation
on the whole tensor G x1 M Xg -+ x; M : RdtxXdicaXhixhiprxexhn _y Rdix-Xdi—1 XdiXhip1 X Xhn,

Suppose (vi,Va,...,Vy) is a basis of vector space G € RM>h2XXhn " the vector form of Tucker
format is
a=gXxXmg Xmy X --- X My, m; € M; C RhiXdi, GNM; =v; € Rmax(hi’di) (320)

where g € G. As shown in Fig. 3.13b, such a process represents changing the dimension range of each
order of the subspace G via a tensor contraction mentioned in Eq. (3.9). Geometrically, the product
between the current tensor g x m; X --- X m;_; and m; enlarges or shrinks the current dimension
(highlighted on axis with lime green), reflecting the change of the current subspace (denoted as
golden cubes in Fig. 3.13b).

Tensor-train format The Tensor-Train (TT) format [111] represents order-n tensor A € Ré1xd2x-
as A= Gy x Gy xé e xé Gn_1 X Gy, where G; € R-1%4ix7i | with the TT-rank set {r1,...,7,_1},

G € R1*™ and G,, € R™~1%dn The vector form of the Tensor-Train format is
a=mygXxmj;X---Xm, 1Xm, m;ecM,, (3.21)

where M; C {R7-1X4>7i ] = 2,3, ... ,n — 1} U{R%*"i|i = 1} U {R7i-1 %4

i=n}.

The vector form of Tensor-Train is quite simple, and the only point is that there is a dimension
exceptions for my and m, compared with other m;. Given that the tensor product and tensor
contraction are considered identical in Eq. (3.9), where the contraction is a case where two sub-
spaces share a dimension and “absorb” that dimension. In this sense, every product m;_; X m;
means “enlarging or shrinking the shared dimension between m;_; and m;, which is similar to
the Tucker format, and then additionally “extend the new order introduced by m;” when m; is

three-dimensional.

Fig. 3.13c illustrates the above geometric transformation, maintaining the matrix and tensor nota-
tions to make it easier for the reader to transit from the classical tensor version to the proposed
vector version. The first subspace is defined by Gy, which is a matrix so that it settles down a 2-
dimensional plane of size dy x 1. The product of G1 X G; is a subspace extension from 2-dimension
to 3-dimension, along with the common dimension between G; and G; (r, highlighted with lime
green y-axis). Similarly, the next product along with the common dimension between G x G;
and Gs, but it does not add extra dimension since Gz is a matrix which only scales the existing

dimension.
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3.2.9 Interpretation of Transformer Modules with Subspaces

In this section, we give the geometric interpretation of common transformer modules, given in Defs. 7
and 8, and graphically illustrated in Fig. 3.10a. The transformer structure typically maps the
outputs of embedding layers to a subspace of similar dimension, subsequently maps the output
features from the attention layer to a higher-dimensional latent subspace (graphically represented
by larger cubes), and finally to a lower-dimensional subspace (graphically represented by smaller
cubes). For a multi-head transformer structure, this sequential mapping is executed multiple times
in parallel, which is graphically represented as replicated groups of “Attn” (attention layer) and

“FF” (feed-forward layer) modules.

Linear layer (the only parametric part of the feed-forward layer). A linear layer, also
called a fully connected layer, dense layer, or affine layer, is the only component having weights in

the feed-forward layer. Its output, y € R", and input, x € R™, satisfy
y=xW' +c, (3.22)

where W € R™*™ is the weight matrix, and ¢ € R" is the bias. For simplicity, we only discuss the

weight matrix rather than weight tensors here.

The forward pass of the linear layer represents basically matrix multiplication or vector-matrix mul-
tiplication; these two are treated as equivalent in this section. A common geometric interpretation
of such a process is shown in Fig. 3.11a, where the vector-matrix multiplication between vector
x and matrix W' can be seen as the vector x being projected from the original subspace P; to

another subspace Py, where P1,[Py C PP.

However, based on the matrix composition defined in Def. 7, such transformation can be interpreted
as two operations shown in Fig. 3.11b: (1) x,a € Py, (x,a) — a € R, (2) ab,b € Py, where (-, )
is inner product (projection product in sense of geometry), and a and b are the vectors composing

weight matrix W .

Concatenation. Concatenation in the context of generative language models usually occurs when
merging the outputs of the transformer heads (i.e. numeric vectors) by simply appending the outputs
one-by-one. Since there are no arithmetic interactions among the elements in these vectors, this
process can be seen as the merge of two orthogonal subspaces with two disjoint basis sets. This
merging can be easily implemented via constructing a larger subspace P3 = P; x Py € R™"™ where
P; € R™ and Py € R", as shown in Fig. 3.11c.

Attention layer. Attention layers are the core functional modules in the transformer-based lan-

guage models. Take the original transformer architecture [5] as an example, the main mathematical
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expressions of the attention and head (a module of the neural network) are as follows:

aK'

vy

where q is the query vector, K and V are respectively the key and value matrices, and dj is the

attn(q, K, V) = softmax V, (3.23)

dimension of q. This transformation process can be geometrically interpreted as in Fig. 3.11d. The
query q is first projected into the subspace K, which represents keys. Then, the resulting vector
k is normalised via softmax and the coefficient \/% in the same subspace K, to become another

vector k. Finally, the normalised vector, k, is projected to the value subspace, V.

Therefore, the attention layer is a series of linear transformations within three subspaces: query
subspace Q, key subspace K and value subspace V, and its ultimate goal is to map a query vector
to a value, and this value is named “attention”. Or in other words, the attention layer is a series of

two projections, projecting a single query q to a value.

3.2.10 Geometric View of the Recent Research on Low-Rank Compression

The necessary issues regarding the terminologies of matrix and tensor factorisation for model com-
pression have been addressed in Secs. 3.2.2 and 3.2.5. This subsection analyses relevant literature
based on the proposed taxonomy. The core idea of the analysis is to take every matrix or tensor

as a geometric transformation. Such analysis typically focuses on two questions:

1. How many and what subspaces are involved?

2. What geometric transformations (operations) occur among these subspaces?

Factual analysis of the comparison. In Tab. 3.3, only two investigated works compressed all
core modules (i.e. embedding, attention and feed-forward layers) [55, 56]. This is because the
forward passes of these three core modules are different, as discussed in Sec. 3.2.9 and in practical
implementation, this difference may introduce new problems. Most of the investigated works did not
consider fidelity as their compression goal, though fidelity is calculated without actual language tasks
and thus easier to obtain than accuracy in practice. This phenomenon indicates that most works
believe fidelity is not a shortcut to accuracy and should be considered differently. Note that there
are some works that do not have an optimisation part in their methodologies at all [51, 59, 60, 61],
mainly in the research work with tensor factorisation. This is probably because the fidelity metrics
for tensors (e.g. Frobenius norm) are less indicative of model accuracy than those for matrices,
especially when the compared methodologies have different tensor orders. A more valid way to
obtain the model accuracy is just selecting some hyperparameters (e.g. tensor ranks), running the

compressed models, and evaluating the compressed model predictions.
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Implications for compression. The geometric analysis above suggests that compression strate-

gies should differ based on model architecture:

e For GPT-2-style models where the MLP ratio is lower, attention layer compression (i.e., subspace
dimension reduction in @, K, V) may be more impactful, as these models rely more heavily on

attention mechanisms for their capabilities.

e For Llama-3.1/Gemma-2/Mistral-style models with higher MLP ratios, FFN layer compression
(i.e., reducing latent space dimensions in the feed-forward layers) becomes critical, since the MLP

layers constitute a larger proportion of total parameters.

These architectural differences motivate different geometric operations in our taxonomy (see Tab. 3.3):
models with larger attention ratios benefit from “split one subspace into two lower-dimensional sub-
spaces” operations applied to attention weights, while MLP-heavy models benefit from “shrink

subspace dimensions” operations applied to feed-forward layers.
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Table 3.3: Interpretation of current literature under the proposed taxonomy. Since this section focuses on model compression, only the
experimental model compression results claimed in the sections are extracted, with the compression ratio as defined in Def. 2. The additional
information after the compression ratio, for example, “small”, “large”, etc. reflects the different versions of the base models. The definition of
two optimisation goals, fidelity and accuracy are given in Sec. 3.2.4. “Not mentioned” in the last column means the focus of the investigated
work is not model compression (e.g. acceleration or reduced computations), but intrinsically reduces the model size at the same time. All the
experimental results are comparable to language task performance in the uncompressed models.

Layer Types

Optimisation Goal

Experimental Parameter

‘Work Base Model Emb { Atin { FF #Subspaces Geometric Operations Fidelity { Accuracy Compression Ratio
[52] BERT Y Y, 345 generate 1—O.I‘deI: J 0.98x (base)/ 1.33x (larg'e)
GPT-2 subspaces, projection 0.72x (small)/ 1.15x (medium)
[55] GPT-2 v N4 Vv 3 shrink subspace 0.49x (small)
[56] BERT v V4 Vv 4 dimensions v v 6.6 x —18.3x (base)
[47] 2-layer LSTM Vv 4 x —9x (only Emb)
[53] BERT Vv Vv split one subspace into two v v Not mentioned
49 BERT N 9 lower-dimensional subspaces 0.24x (base)
48 BERT Vv N4 N4 0.69x (base)
. BERT, BART split subspaces, use sparsity to
[54] DeBERTaV3 4 4 reduce subspaces’ dimensions 4 1 =19x
[57] BERT, GPT-3 v Vv N4 reallocate subspace dimensions 0.3 x —162.1x
[104] GPT-2 vV 8 N4 0.67x (small)
[50] Traiig)lfr;ers 4 6,8,12 increase number of subspaces Vv 21'8(%21512?5&2! 5)
51 BERT v 2.3.5.7 0.52 X —0.64x
59 Transformer Vv 3 change the ot 1x —2x
60 Transformer v 3 ge the projection sequence 2.6 x —4.5%
61 Transformer Vv 3 reorganize linear transformations 0.24x
[58] GPT-2 Vv 3-20 generate more l-order subspaces N Not mentioned




Geometric view of the comparison and current research gap. A straightforward idea of
compressing neural networks is to directly break weight matrices into smaller matrices or tensors,
which is equivalent to splitting high-dimensional subspaces into lower-dimensional subspaces. This
idea and its variants can cover all aspects in Tab. 3.3, except for those changing the subspace
projection sequences across layers [59, 60]. From the viewpoint of subspaces on Tab. 3.3, there are

three obvious issues:

1. What are the criteria of constructing subspaces according to a given

neural network;

2. How to identify the less important subspaces, merge such subspaces with

others, or even discard them:;

3. How to reallocate orders and dimensions in a collection of subspaces?

The three questions are rather abstract and should be implemented with specific factorisation
methodologies like those in Sec. 3.2.6, as well as the actual forward pass of the considered neu-

ral networks. We now provide concrete examples connecting each issue to existing methods:

Issue 1: Criteria for constructing subspaces. Different methods implicitly adopt different
criteria. For instance, SVD-based methods [49, 48] construct subspaces based on the spectral
properties of weight matrices, where singular vectors define the basis. Kronecker product meth-
ods [55, 56] impose a hierarchical structure where subspaces are organised as “parent-child” rela-
tionships. Block-diagonal methods [52] partition the parameter space into independent subspaces

that can be processed in parallel.

Issue 2: Identifying less important subspaces. The most common approach is singular value
thresholding: in truncated SVD (Thm. 2), subspaces corresponding to small singular values s; ~ 0
are discarded. For attention mechanisms, recent work on attention head pruning [48] identifies
“less important” heads (subspaces in Q, K, V) based on their contribution to downstream task
performance. Magnitude-based pruning [54] identifies near-zero weight regions as candidates for

removal.

Issue 3: Reallocating orders and dimensions. Adaptive rank selection strategies [57] dynam-
ically adjust the dimensions of factorised matrices based on layer sensitivity analysis. The Tucker
format (Eq. (3.20)) explicitly allows dimension adjustment via the factor matrices M;, where h; # d;
represents a dimension change. Cross-layer methods [59, 60] reallocate parameters by sharing sub-

spaces across multiple layers, effectively changing the “order” of the global parameter tensor.

Furthermore, given that the target of model compression is to maintain comparable model perfor-
mance with fewer parameters, it should be worthwhile to investigate the application requirements
with the above three questions. For example, if the application requires the model to memorise more

diverse data (i.e. more lower-dimensional subspaces in attention layers) or to have better reasoning
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ability (i.e. a few higher-dimensional subspaces in feed-forward layers).

Pack it up. Secs. 3.2.1 to 3.2.7 propose a unified taxonomy related to the interpretation of the
generative model compression, based on matrix and tensor factorisations. To bridge generative
language model research and matrix/tensor factorisation, and also bridge the matrix and tensor
research, this section has reduced the term subspace in geometric algebra as the pivot point to
build these two connections. To ease the understanding of the relevant algebra structure, this section
reduced and simplified the mathematical concepts as much as possible. For example, this section
has induced that the direct product, tensor product, Cartesian product and tensor contraction are
the different sides of the same process - constructing a new vector space from other subspaces to
avoid confusion caused by too many terms. This section has finally provided the interpretation of
the existing literature in the light of the proposed subspace-oriented taxonomy and pointed out a
road when it comes to combining the required model ability (i.e. expressivity and capability) and

the exact vector space implementations (i.e. certain types of matrix or tensor factorisation).

Since the focus has been on a unified taxonomy, this section has not covered as vast amounts of
literature as possible, and the unique details of each investigated work have not been fully dis-
cussed either. Also, some subspace-related insights are not easy to align with specific matrix/tensor

factorisation methods. Both are worthwhile for further investigation.

3.3 Global Information Transmission Through the Generative Lan-

guage Model Computational Graph
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Figure 3.14: Activation flow (with annotated activations) in the LLM transformer.

This section clarifies how the linear representations are transmitted throughout the network, to

analyse the impacts of dimension reduction on this transmission in Sec. 3.3.1.

A central concept in this analysis is the representation dimension (also referred to as the embedding
dimension, model dimension, or the dimension of the residual stream in the relevant literature). This
dimension, denoted d, determines the size of the vector space in which all token representations reside
as they flow through the network. Structured pruning approaches such as SliceGPT [113] directly

reduce the representation dimension to extract subnetworks of varying sizes. Understanding the
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role of the representation dimension is essential because it dominates the linear transformations,
model predictions, and, ultimately, model performance on downstream tasks such as ARC-Easy,
ARC-Challenge [2], WinoGrande [45], and PIQA [4]. By mechanistically analysing the activation
flow during model forward passes, it becomes clear that the representation dimension serves as the

primary bottleneck governing how information is processed and transformed at each layer.

The transformer architecture structure in [5] is used, denoting the LLM transformer module as M.
M contains groups of linear and non-linear transformations in multi-head attention implementation,

as shown in Fig. 3.14.
Proposition 3.1. The mapping M : E;, — @?:1 A; defined by the transformer M, consists of h

groups of the following transformations:

e linear transformations defined by {W norm, Wq, Wi, Wy, W, Woate, Wap, Waoun};

e non-linear transformations involved in {RMSNorm(-), softmaz(-),o(-)}.

With the transformations in Propos. 3.1, the following analysis of the activation flow is provided.

Let d be the embedding dimension. Input a text of I tokens to the embedding layer first, we then
have the encoded texts (embeddings) Ei, € R1*?. Ejy is then processed by a layer norm operation.
Take the current widely-used RMSNorm [114] as a case study, the normalised embeddings after the

layer norm operation is

Ein = WaornEFin - RMSNorm(Fj,) € R4, (3.24)
1 d
RMSNorm(E) = | | = z_; ET[.{E[,i] € R, (3.25)

where Woorm € R? is the weight of the RMSNorm layer, Eiyl[:, 4] is the ith column of Eiy.

The attention layer typically consists of four linear layers with weight matrices W, € R hattnhain
W), € RIXVhan W, € R¥*Vhaim and W, € Rhassmhamxd p_ i the number of the attention heads,
hain is the head dimension, and v is the number of key-value heads®. In the default setting of
Llama®, Rattnhain = d. The hidden states of query @, key K and value V are then obtained as
follows:

Q=W,Ei,, K=WEiy, V=W,FEi, (3.26)

and then the attention weights of parallel attention layers in M, W, and attention outputs A are

obtained as
W, = softmax(QK ' )y € Rhaswxharmxl 4" — W (W,V) € RI*Natwnliaia (3.27)

where 7 is the scaling factor. The attention outputs are then normalised again as A" = RMSNorm(A/),

2The same notation names are used as listed in .
3For simplicity, position encoding, dropout, attention mask, and MLP bias in LLMs are not considered.
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then input to an MLP Myp = {Wgate, Wup, Waoun }, such that we have the hidden state

A = RMSNorm (W goun (0 (Wgate A)(WipA')))) € RIXHasenfiasa (3.28)

where o is the activation function. R*!xd,

Suppose there are h parallel attention layers in M, the attention outputs of the ith attention layer

is A;, so the final output of the transformer module M is

h
PAa=4e40 - ¢ A4,cR anhin (3.29)
i=1

Here, ® denotes the direct sum, which is equivalent to concatenation in the actual implementa-

tion [30, 115]. Since in the default setting, hattnhain = d, the final hidden states output @?:1 A; e
thlxd‘

It can be observed that most of this transmission implemented by the transformer is composed
of linear transformations, which are also the investigated objects in the scaling law [11]. The
representation dimension d dominates the linear transformation throughout the whole

network.

/ .
non-linear .
W Wy A §
2 cer ammm 'Y — ?
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-
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. \ Wy non-linear
o —— Byt "N Y

Figure 3.15: The linear transformations before (solid arrows) and after (dashed arrows) pruning in
the model. The original model maps the input embeddings Ej, from the input space (illustrated
with the shading grey ellipse) to the output embedding Fout in the output space, through a series
of linear transformations (i.e. those defined by the weight matrices Wy, ..., Wy ). After pruning,
W, is converted to W (i € {1,2,...,N}), and the original output Fey is shifted to E, .. The
final predictions (y and §) are generated (normally non-linearly) from Eou and E. .. Denote the

prediction domain of the pruned model as Y and that of the unpruned model Y, the mapping
g :Y — Y shifts the model performance.

3.3.1 Functionality Shifting Caused by Dimension Reduction

This section discusses the functionality shifting caused by the structured pruning, i.e., the mapping
from the unpruned model prediction domain to that of the pruned model (g : Y — Y in Fig. 3.15),
and then the shift in the model performance. SliceGPT is adopted as the structure pruning approach,

since it unifies the reduction of the representation dimension in the attention and feedforward layers.
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Let s denote sparsity as s (0 < s < 1), (1 — s)d € Z" the representation dimension after pruning.

Perplexity. Recall that perplexity, as defined in Eq (2.1), measures how well a language model
predicts a token sequence. Since PPL(S) = exp(— 5 Z‘S‘ Inp(z; | ©<;)), taking the logarithm
yields the average negative log-probability, which connects perplexity to the cross-entropy of the
model’s predictive distribution. Consider a single token sequence X = (x1,x9,...,x;). Each token
in X is assigned to an embedding vector v; = (v 1,vi2,...,04) € R4 and obtaining the stacked
embedding vectors (embedding matrix) E = (v1,va,...,v;) € R4, The differential entropy of the
stacked embedding vectors is H(Ein) = H(Eou) = Id - k(t), where s(t) = — [ p(t) log(p(t)) dt.

After pruning, the entropy of the output embeddings shifts from Id- k(t) to ( —s)ld- k(t), such that

H(Eout)
H(Eout)

we derive the following proposition characterising the relationship between perplexity before and

= 1 — 5. In this entropy-based view, perplexity satisfies PPL(E) = 27(®) From this analysis,

after pruning:

Proposition 3.2. For structured pruning with representation dimension sparsity s, the perplezity of
the pruned model, denoted as PPL(D), and the perplezity of the original model, denoted as PPLy(D),

satisfy

InPPLy(D)
mpPL(D) (3:30)

where D is the test dataset from the same distribution as the dataset used for pruning.

To verify Propos. 3.2, Llama-3-8B-Instruct [116] and Phi-3-mini-4k-Instruct [117] were pruned with
different dimension sparsity with SliceGPT, and were then evaluated on WikiText2, as shown
in Fig. 3.16a. It can be observed that the perplexities fit well with the linear function, which
justifies the analytical expression Eq. (3.30).

Accuracy of generative language models is tied to the sequence probability, while perplexity is
defined as the multiplicative inverse of the sequence probability. A well-generalised model would
assign a high probability to the correct sequence (high accuracy but low perplexity). Therefore,

intuitively, accuracy is inversely related to perplexity.

It is postulated that a logarithmic form like Eq. (3.30) might also exist in the correlation between ac-
curacy and representation dimension sparsity. Note that here the accuracy of short, multiple-choice
answers (e.g. “Yes” /“No”, or “A”/“B” /“C”) is considered, since this accuracy can be computed via
exact match without ambiguity. Possible logarithmic expressions similar to % were tested
with the same LLMs used for perplexity evaluation. Perplexities were replaced with multiple-choice

accuracies on ARC-Easy, ARC-Challenge, WinoGrande and PIQA (see Tab. 2.1 for the task clarifi-

acc
accp’

cation). Among these logarithmic expressions, the best-fitted form is In as shown in Fig. 3.16b,
linking back to the weight- and activation-level trends discussed in Sec. 3.1.2. Based on these
empirical observations, we propose the following proposition, which mirrors the analytical form

of Propos. 3.2:
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(a) Perplexity on WikiText2. (b) Accuracy in reasoning tasks.

Figure 3.16: Fitted evaluation results. The fitting coefficients and errors are in Sec. 3.3.2.

Proposition 3.3. For structured pruning with representation dimension sparsity s, the multiple-
choice accuracy of the pruned model, denoted as acc(D), and that of the original model, denoted as

acco(D), satisfy
acc(D)
In———— x1-— 31
n 2ceo(D) x s, (3.31)

where D 1is the test dataset for evaluating multiple-choice accuracy.

It can be observed that the left-hand side of Eq. (3.31) is almost the multiplicative inverse of

the left-hand side of Eq. (3.30). This is consistent with the fact that -

correlated when the model generalises well, and they have (nearly) the same range (5= € (0, 1]

and acc € [0,1]). The right-hand sides of Eqs. (3.30) and (3.31) are exactly the same, indicating

that the representation dimension dominates the model predictions. Though the multiple-choice

and acc are positively

accuracies fit Eq. (3.31) albeit less accurately than the perplexities, this formula consistency further

empirically justifies what was claimed in Sec. 3.3.

3.3.2 Fitting Error Summary

The fitting details in Fig. 3.16 are clarified in Tab. 3.4. For each sparsity configuration, the least-

squares linear regression parameters are computed between representation dimension sparsity and

perplexity /accuracy. The linear model y = as + b is fitted, where s is the sparsity, y = % for
perplexity, and y = In ;CCCO(ZDD)) for accuracy.

As shown in Tab. 3.4, the slope a is consistently negative, confirming that increasing sparsity
degrades model performance. The intercept b is close to the theoretical value (1 for perplexity
ratio, 0 for log accuracy ratio), and the root-mean-squared errors (RMSE) remain small across all
configurations. Specifically, perplexity fitting achieves RMSE values of 0.01-0.03, while accuracy
fitting yields RMSE values below 0.09 across all benchmark datasets. These low errors confirm
that the linear relations in Egs. (3.30) and (3.31) adequately capture the empirical behaviour of

structured pruning with representation dimension reduction.
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Table 3.4: Fitting perplexities in Fig. 3.16a and accuracies in Fig. 3.16b.

y = as + b (y — ]nPPLo(D))

Perplexity (Fig. 3.16a) Dataset (D) o Pliri\l;[PSL](ED)

a
Llama-3-8B-Instruct [ -1.08 | 0.96 | 0.03
Phi-3-mini- 4k Tnstruct | " F Lox2 090 [ 102 | 001

o o acc(D)
Accuracy (Fig. 3.16b) Dataset (D) y= as‘ + l; (T’ - lgﬂ/}g}sf)))

a
Llama-3-8B-Instruct -2.14 | 0.04 0.05
Phi-3-mini-4k-Instruct ARC-Fasy 1.84 | 0.04 0.04
Llama-3-8B-Instruct -2.02 | -0.07 0.09
Phi-3-mini-4k-Instruct ARC-Challenge | —ge——57 0.02
Llama-3-8B-Instruct WinoGrande -0.86 | -0.02 0.02
Phi-3-mini-4k-Instruct ! -0.66 | -0.02 0.02
Llama-3-8B-Instruct PIQA -0.91 | -0.01 0.03
Phi-3-mini-4k-Instruct -0.90 | 0.01 0.01

3.4 Chapter Summary

This chapter develops a geometric and information-theoretic framework for understanding trans-
former based language models. By jointly analysing static weights and dynamic activations, it links
layer-wise parameter structure, representation geometry and information flow to concrete compres-
sion opportunities, motivating later tensor-based algorithms and deployment-oriented design in
Chapter 5.

Analysis of weights and activations. Sec. 3.1 examines parameter distributions and bench-
mark performance across several open source model families. It shows that smaller models allocate
disproportionately many parameters to embeddings, while larger models invest more in feed-forward
layers. The analysis connects these ratios to different capabilities, differentiating memorisation ori-

ented behaviour from higher-level reasoning performance.

Local geometric understanding. Sec. 3.2 proposes a unified taxonomy for interpreting genera-
tive model compression, based on matrix and tensor factorisations. To bridge generative language
model research and matrix/tensor factorisation, and also to connect matrix and tensor research
more broadly, the term subspace in geometric algebra is used as a pivot for building these two con-
nections. To ease the understanding of the relevant algebraic structure, the mathematical concepts
are reduced and simplified as much as possible. For example, the direct product, tensor product,
Cartesian product and tensor contraction are treated as different views of the same process: con-
structing a new vector space from other subspaces, thereby avoiding confusion caused by excessive

terminology. The section finally provides an interpretation of the existing literature in the light of
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this subspace—oriented taxonomy and points out a gap when combining the required model ability
(i.e. expressivity and capability) with specific vector space implementations (i.e. particular matrix

or tensor factorisation methods).

Since the focus has been on a unified taxonomy, the coverage of literature is not exhaustive, and
the unique details of each investigated work are not fully discussed. Some subspace-related insights
are also difficult to align with specific matrix or tensor factorisation methods. Both aspects are left

for further investigation.

Global information transmission. The final section Sec. 3.3 traces how activations propagate
through the full computational graph under this geometric model. It studies representation dimen-
sion, norm growth and information flow across layers, proposes a quantitative way to estimate the
compressed models’ performance without actually compressing them, and herein relates them to

the scaling law.
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Chapter 4

Implementation with Object-Oriented

Programming

This chapter offers an object-oriented software design, aimed at eliminating repeated efforts when

extending new models as much as possible.

Before discussing the implementation requirements and specific details, Sec. 4.1 reviews how similar
open—sourced projects are structured and summarise the current state of the third-party projects
used in this thesis. Then a requirement list is discussed in Sec. 4.2, providing a clearer blueprint
for what the system should be. After that, a detailed solution is given in Sec. 4.3, and finally, the
system is tested with Qwen2/Qwen3 and MiniCPM4, with quantitative results reported in Sec. 4.6.

4.1 Relevant Open-Sourced Projects

The implementation of algebraic compression involves some important third party projects as its
bedrocks, such that the functionalities of this project can be up-to-date and meet the practical
requirements, e.g. cover rich language task evaluation, and use more advanced weights/activation

analysis approaches.

Before talking about these bedrocks third-party projects, this section starts with the open-sourced
projects that implement the similar functionalities as the proposed project in this thesis (Sec. 4.1.1).

Analysing what requirements they meet helps to identify what gaps this project should fill.

Then this section introduces the critical third-party projects, which are further extended how they

are integrated in the proposed project in this chapter in Sec. 4.5.
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4.1.1 Efficient Inference

vLLM' and DeepSpeed? are current well acknowledged open-sourced projects focusing on efficient
inference of deep learning models. vLLM focuses on production-grade LLM inference (with OpenAl-
compatible server, SageMaker deployment), and is a modular, production-oriented build pipeline
for serving LLMs at scale. DeepSpeed is more monolithic, inference-centric. It aims at HPC

environments with OpenMPI, and only involves low-level networking (e.g. Mellanox, nv_peer mem).

vLLM [118] has evolved into a production-grade, engine-centric inference stack whose core design

revolves around KV-cache management and fine-grained request scheduling.

The engine coordinates a first-class scheduler and block manager over single- and multi-GPU ex-
ecutors, exposing a step-based API that upper-layer servers build on. The engine manages KV
memory via a PagedAttention-style, block-based allocator (BlockSpaceManager and BlockTable)
configured through CacheConfig, enabling prefix sharing, sliding-window or long-context behaviour,
CPU/GPU offload, and explicit accounting of cache utilisation. The codebase reflects a coherent,
cache- and scheduler-aware inference architecture that integrates memory layout, batching policy,

compilation into a single, configurable engine.

DeepSpeed has evolved into a highly engineered transformer inference runtime that can con-
vert an ordinary PyTorch model into a multi-GPU, quantised (or mixture-of-experts), kernel-

optimised engine via a single high-level initialisation interface.

Its core is a hierarchy of strongly typed configuration objects that unify tensor and expert parallelism,
optimiser-style memory partitioning, quantisation (including mixture-of-quantisation schemes), GPU-
kernel choices, and checkpoint reshaping under one coherent abstraction. Rather than forcing users
to rewrite their models, DeepSpeed relies on a generic “kernel injection” mechanism that inspects
existing transformer layers and replaces them with specialised inference implementations, so model

code and serving logic remain largely unchanged.

4.1.2 Language Model Evaluation Harness

Language Model Evaluation Harness [36] (denoted as 1m_eval in the following) is an open-
sourced framework maintained by EleutherAI (MIT-licenced, versioned as 1m_eval) that provides a
unified backend for evaluating generative language models across a large collection of standardized
benchmarks. It is the engine behind Hugging Face’s Open LLM Leaderboard and has been adopted

by both academic and industrial labs to compare models under a common, reproducible protocol.

The framework decouples task definitions, model backends, and metrics: tasks are described via

1
2
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configuration and lightweight Python hooks, while models implement a small LM interface exposing

loglikelihood, loglikelihood rolling, generate until, and multiple_choice requests.

This project supports models loaded through transformers, GPT-NeoX, Megatron-DeepSpeed,
vLLM and a variety of commercial or local API endpoints, plus adapters such as LoRA. Evalua-
tion uses public prompts and scripts, making results reproducible, and exposes a CLI (1lm_eval /
lm-eval) as well as a Python API, so that external training frameworks can invoke the same task

suite and reuse cached model outputs.

Coverage of language tasks. Tasks in the harness are organised into families (1m_eval/tasks)

that cover most of the commonly reported LLM capabilities:

1. Knowledge and reading comprehension: benchmarks such as SQuAD-style reading tasks,
RACE, DROP, CoQA, QASPER, and open-domain QA datasets like NQ-Open and Trivi-
aQA.

2. Multi-choice knowledge and exam-style: suites including ARC, MMLU and its variants, CE-
val, AGIEval, HeadQA, and medical and legal exams probing broad factual knowledge and

discipline-specific understanding.

3. Commonsense and reasoning: tasks such as HellaSwag, PIQA, SIQA, WinoGrande, WSC,
ANLI, BIG-Bench-Hard and inverse-scaling tasks that target everyday reasoning, distractor

robustness, and counterintuitive phenomena.

4. Mathematical and symbolic reasoning: GSM8K, MGSM, Minerva-style math sets, Hendrycks-
Math, HRMS8K, and related quantitative benchmarks.

5. Code and program synthesis: HumanEval, MBPP and CodeXGLUE-style tasks focusing on

functional correctness under unit tests.

6. Summarisation, long-context and discourse: SCROLLS datasets, LongBench, document sum-

marisation and report-generation benchmarks.

7. Multilingual and translation: suites such as WMT, XNLI, XQuAD, XStoryCloze, Belebele,
MLQA, and regional GLUE-style benchmarks.

8. Safety, bias and toxicity: RealToxicityPrompts, ToxiGen, WMDP, CrowS-Pairs, BBQ, plus

domain-specific collections in medicine, law and finance.

Task groups and aliases allow users to select entire families (e.g. “leaderboard” or “japanese_leaderboard”)

and to obtain aggregated scores over dozens of subtasks.
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Metrics and integration with model outputs. Internally, each evaluation example is repre-
sented as an Instance (1lm_eval/api/instance.py) holding the document, its request_type (one

of the four output types), model arguments and metadata.

During evaluation, tasks build a list of instances, which are then grouped by request type in
evaluator.evaluate; the selected LM backend is called on each group, and its raw outputs are

stored in Instance.resps.

Filter ensembles defined in the task configuration (e.g. for taking the first generation, normalising

text, or extracting choices) populate Instance.filtered resps under named filter keys.

For each document, the task-specific process_results method receives the original doc together
with the filtered responses and returns a dictionary mapping metric names to per-example scores (for
example, 0/1 accuracy, log-probabilities, BLEU tuples, or structured values). These per-example val-
ues are accumulated in a TaskOutput . sample metrics structure, keyed by metric and filter. Global
metrics are then computed in TaskOutput.calculate_aggregate metric, which looks up aggrega-

tion functions from the task’s aggregation() map and from the metric registry in metrics.py.

Most metric functions registered via @register metric are simple pass-throughs that declare the
metric name, its output type compatibility, an aggregation function (e.g. mean, perplexity, BLEU,
F1), and whether higher values are better. The aggregator functions (@register_aggregation)
compute dataset-level scores and, via stderr_for_metric, optional bootstrap-based standard errors,
so that the final result table contains both point estimates and uncertainty for each metric, task

and group.

simple_evaluate pipeline. The top-level helper simple_evaluate in evaluator.py wraps the

full evaluation lifecycle from a user-facing interface and proceeds as follows:

1. Configure logging and random seeds (Python, NumPy, PyTorch, and a separate few-shot
sampler seed), validate that either a global 1imit or an explicit index list samples is used,
emit warnings when an instruction-tuned model is evaluated without a chat template, and

delete any existing request cache if requested.

2. Instantiate the model: if the model argument is a string, look up the corresponding LM subclass
in the registry and call its creation helpers with model _args, batch size and device; otherwise

validate that a pre-initialised LM object was passed.

3. Optionally wrap the model in a CachinglM with per-rank SQLite databases to enable response

caching.

4. Build a TaskManager and task_dict, adjust each task’s configuration (generation parameters,
number of few-shot examples, predict-only mode), and optionally run task-specific integrity

tests.
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5. Log configuration for experiment tracking (model source, arguments, system prompt, chat
template) to an EvaluationTracker if provided, delegate the core loop to evaluate(), and
on rank O enrich the returned metrics with execution metadata (model name, arguments,
device, batch sizes, seeds, cache path, bootstrap settings, git hash, environment and tokenizer
information, timestamp) before returning a single nested result dictionary, while non-zero

ranks return None.

4.1.3 Representation Quality Metrics

information flow [94] couples a unified, matrix-entropy view of representations with broad layer-
wise experiments. The authors show that a single Gram-matrix entropy lens bridges diversity,
geometry, and invariance and that seven metrics derived from it correlate tightly with downstream
accuracy. Across Pythia decoders, BERT encoders, Mamba state-space models, and finetuned
Llama-3 variants, intermediate layers often outperform final layers, scale amplifies mid-layer com-
pression, and finetuning reshapes entropy profiles. The open-source information_flow codebase
operationalizes this framework, exposing a harness that sweeps layers, computes the metrics, and
evaluates MTEB tasks under a unified configuration so empirical results directly test the theoretical

claims.

RNXD

Matrix-based entropy. Let token (or sample) embeddings form Z € with Gram matrix

K = ¢(Z)#(Z)" using a positive definite kernel. The matrix Rényi entropy of order a > 0 over

Sa(Z) = ﬁlog (; <i\;((5))> ) , (4.1)

providing a shared foundation for all downstream metrics. The trace normalisation makes S,

eigenvalues \;(K) is

invariant to rescaling, while the choice of a controls sensitivity to heavy tails versus uniform spectra,

letting a single expression capture compression, clustering, and smoothness effects.

Prompt entropy. Applying (4.1) to the Gram matrix of token embeddings inside a single prompt,
Z(Prompt) vields S, (Z®P™PY)) which grows when tokens occupy diverse directions and shrinks when
they compress to a few principal components. Higher prompt entropy signals rich, non-redundant

token-level structure; low values indicate aggressive compression or over-regularisation.

Dataset entropy. Averaging token embeddings per prompt produces Z € RV*P. The dataset
entropy S, (Z) measures how broadly prompts spread in representation space, revealing whether
layers cluster inputs tightly or maintain global diversity across samples. In the chapter, entropy

dips mark compression zones that often coincide with peaks in downstream accuracy.
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Effective rank. Taking the Shannon limit a — 1 gives 51, and the effective rank follows as
EffRank(Z) = exp(S1(Z)), (4.2)

which lower-bounds the number of energetic dimensions in K. A high effective rank implies near-
uniform eigenvalues (distributed variance), while a low rank reveals heavy-tailed spectra where
few directions dominate. The authors of information flow point out that RankMe [119] and

LiDAR [120] are effectively reparameterisations of this entropy-derived quantity.

Curvature. Viewing a prompt as a path in R, set v, = z;41 — 2, for consecutive tokens. The
average turning angle

— V;—H"k
Z arccos (4.3)

k ||Vk+1|| ||Vk”

is high when trajectories bend sharply (local features) and low when they move smoothly (global
features). Empirically, curvature spikes in early layers for discrete cleanup and smooths in middle

layers as models integrate longer-range semantics.

InfoNCE [121]. For paired augmentations (z;,z; ) and negatives z , invariance is scored by

] )

N
uance =~y Sk T T m

so a lower loss denotes stronger augmentation invariance. The similarity is cosine in the codebase,
and the temperature 7 (typically 0.1-0.2) tunes how sharply positives must align for a layer to be

considered invariant.

LiDAR. Treating each prompt as a class, LIDAR compares between-class scatter S to within-

class scatter Sy,:
tr(Sp)

LDAR = S ey’

(4.5)

where Sy, uses class means and .S, uses deviations of augmentations around their class mean. Higher
values mean augmentations cluster tightly and are well separated from other prompts. In practice,
LiDAR rises in layers that also show high effective rank, indicating that spread across classes coexists

with tight within-class cohesion.

DIiME [122]. A matrix-entropy analogue of mutual information, DIME compares the joint Gram

matrix of paired augmentations against their marginals:

Z,

DIME(Z1, Zs) = Sa<
Zs

D — %(Sa(zl) + Sa(Z2)). (4.6)
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Figure 4.1: Main pipelines (with involved functions), fundamental resources (models) and third-

party projects in toggle. The functions with background are mutually used functions in
different pipelines. The dependencies with background are the foundation stones for the whole
codebase.

Large DiME indicates that true pairs share structure beyond what either set shows alone, signalling
robust alignment under perturbations. The implementation additionally computes a shuffled base-

line so the gap isolates true cross-augmentation signal rather than spurious batch correlations.

4.2 Requirements and Design Principles

toggle is designed as a unified tooling project to compress model weights and activations with
low-rank factorisation (matrices and tensors) and pruning. It supports a large variety of language

models and also compresses based on entropy or matrix analysis with actual datasets.

According to the relevant open-sourced projects discussed in Sec. 4.1, and the required functionalities
mentioned in Chapter 3, toggle should contain pipelines of compression, NLP task evaluation, and

runtime profiling, summarised in Fig. 4.1.

In Fig. 4.1, there is significant reuse of several functions (e.g. load models, model forwarding)
and resources (i.e. models). Pipelines that involve these functions and resources should avoid
redundancies as much as possible. Moreover, the involvement of third-party projects (1lm_eval and

information_flow) spans multiple functions. Interfaces between these two third-party projects and
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toggle functions should also avoid redundancies.

In summary, the design principles for toggle are:

1. Avoid two kinds of redundancies:

(a) re-used functions across different pipelines;

(b) interfaces with third-party dependencies and functions.

2. Frequently accessed resources (i.e. models) should be managed

independently from any pipeline.

For reducing redundancies, factory mode and plugins are the ideal practice in software engineering,
which will be discussed in Sec. 4.3. For model management, except for defining a specific class
ModelManager, the internal components of different models should also be investigated for compact

and easy-to-extend implementation, which will be discussed in Sec. 4.4.

4.3 Factory Mode

toggle follows a set of registries (model loaders, compressors, evaluators, profilers) and factory
functions that stitch them together according to the configuration. Each pipeline is assembled by
the factory so that cross-cutting concerns—logging, reproducible random seeds, device/dtype policy,
and checkpoint paths—are handled once and shared. Plugins supply new compression algorithms
or adapters to third-party projects (lm_eval, information flow) by implementing a thin interface;
the factory then wires them into the existing pipeline without touching other components. This
pattern eliminates copy-pasted initialisation code across pipelines and reduces the surface area that

must change when adding a model family or swapping third-party dependencies.

Workflow. In the context of software engineering, a workflow denotes an ordered set of tasks
with explicit dependencies, predicates, and failure semantics, capturing how discrete computational
units advance state. In toggle, is the executable graph that organises plugin invocations
into ordered nodes (see Fig. 4.2) with explicit dependencies, readiness checks, and
lifecycle states (pending, ready, running, completed, failed, skipped). Each step carries configuration,
retry and timeout policy, optional parallelism, and emits execution metadata. The workflow object
aggregates these steps, validates the dependency Directed Acyclic Graph (DAG), tracks completion

and failure sets, and produces execution summaries.

Pipeline. Compared with workflow, a pipeline represents a broader, end-to-end data or model

processing path, often spanning data acquisition, transformation, analysis, and reporting. A pipeline
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provides the broader operational context in which workflows run. In toggle, it is represented by
the and PipelineOrchestrator: shared configuration, workspace, and state

persistence ( via ).

A pipeline run proceeds in four phases. (1) The controller builds (workspace,
config, state) and loads a description. (2) Available plugins are registered in the registry,
then the is handed to the scheduler. (3) The scheduler normalises settings, binds status
defaults, and primes the EventBus with pipeline.started. 4 Model/tokenizer handles are registered

once through so subsequent steps share the same resources.

Event. An event is a discrete, timestamped notification that something occurred, often broadcast
to decouple producers from consumers via publish /subscribe. In toggle, events serve pipelines, flow-
ing through EventBus as EventMessage objects carrying payloads and source metadata. Standard
event names are enumerated in PipelineEvent (pipeline, workflow, model, compression, evaluation,
system), and plugins use PluginEventManager to emit started/progress/completed/failed signals.
This synchronous bus enables observability, coordination, and lightweight extensibility without hard-

wired caller/callee dependencies.

Relationships between Workflow, Pipeline and Event. In this system, pipelines, workflows,

and events form complementary layers of coordination.

A pipeline establishes the operational context: shared configuration, workspace, and state managed
by and executed under the PipelineOrchestrator. Within that context, a
encodes the executable control flow as a dependency-resolved graph of nodes,
each binding a plugin, configuration, and execution policy (retry, timeout, parallelism). The
provisions resources and lifecycle boundaries; the specifies the sequence and concurrency

of tasks that realise the pipeline’s objective.

Events provide the communication fabric that links these layers without tight coupling. The
EventBus transports EventMessage instances tagged by event_type, source, and timestamp. Core
event types are enumerated in PipelineEvent, covering pipeline lifecycle (started, completed,
failed), workflow progression (step started/completed/failed), and domain-specific signals (model,
compression, evaluation). The orchestrator emits pipeline and workflow events to track progress
and failure, while plugins use PluginEventManager to publish started/progress/completed/failed
signals during step execution. Handlers can subscribe by event type (or wildcard), enabling logging,
monitoring, or adaptive behaviour (e.g., conditional retries or cancellation) without modifying the

emitting components.
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The functionalities and relationship between pipeline, workflow, and event can be summarised as

1. supplies scope and resources;
2. provides structured execution;

3. event system mediates observation and coordination across both.

This separation of concerns yields modularity - steps can be added or reordered without altering
observers, and extensibility, as new event consumers can introduce analytics, dashboards, or policy
enforcement without invasive code changes. Together, they support reproducible, observable, and

resilient end-to-end runs.

Plugins. A plugin is an extensible execution unit that encapsulates pipeline logic behind a uni-
form lifecycle. Specifically, D The plugin registry/factory materialises extension objects by name,
keeping discovery out of hot-path execution. (2) Each plugin follows a uniform lifecycle (initialize,
execute — do_execute, cleanup) and emits telemetry via standardized event helpers. ) Algo-
rithm choice is delegated to a strategy factory so compression/evaluation/analysis behaviours are
injected, preserving polymorphic substitution. (@ Lightweight metadata attaches category/version

labels to plugins for reflective inspection without coupling to execution logic.

In toggle, supplies registration, discovery, and instantiation, while execution
telemetry is mediated by the event system. The plugins span compression (low-rank/pruning), eval-

uation (LM harness adapters), analysis (weight/activation metrics), model loading, and reporting.

As shown in Fig. 4.2, is the factory and registry that materializes Plugin sub-
classes by name, enforcing discoverability and decoupled creation. Each implements a
uniform lifecycle (initialize, execute — do_execute, cleanup) and emits metrics and events.

carries classification data (category, version) to keep reflective operations out of

hot-path execution.

Strategy. A strategy is a narrower, reusable computational policy - e.g., a compression algorithm,
an evaluation routine, or an analysis method: subclassing StrategyBase and exposing an execute
method. UnifiedStrategyFactory resolves strategy names to concrete implementations, validates
parameters, and returns configured strategy instances across compression, evaluation, and analysis

domains.

In toggle, strategies cover (D) compression methods (tensor_train, svd, tucker, cp), @ evalua-
tion routines (LM harness, perplexity, accuracy), and (3) analysis types (weight metrics, activation
metrics), all resolved through the unified factory UnifiedStrategyFactory. Strategy selection
is delegated to UnifiedStrategyFactory so that compression/evaluation/analysis algorithms are

injected rather than hard-coded, allowing polymorphic substitution.
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The relationship between plugins and strategies. Plugins and strategies support each other
by decoupling orchestration concerns from algorithmic policy. Plugins orchestrate 1/0, state up-
dates, and event emission inside workflow steps, and delegate core computation to strategies ob-
tained via the factory. This division allows plugins to remain thin coordinators, while strategies
remain more focused, testable components. It also enables dynamic substitution (e.g., selecting svd

vs. tensor_train without altering plugin code) and shared reuse across multiple plugins.

Separating plugins and strategies yields several benefits: (1) single-responsibility alignment: plug-
ins manage lifecycle, context, and observability; strategies only encapsulate algorithmic behaviour;
@ reduced code redundancy: common orchestration boilerplate resides in the base plugin, while
algorithm implementations are centralised in strategy classes; (3) configurability and extensibility:
factories admit registration of new strategies without refactoring plugin call sites; @ improved
testability: strategies can be unit-tested independently of workflow execution, and plugins can be
exercised with mock strategies; (B clearer dependency management - dynamic imports in the factory

avoid circular references and constrain coupling between orchestration and algorithm modules.

“Communication” in Pipelines. The shared context objects in pipelines split three duties. (1)

is the facade for configuration, workspace resolution, and the EventBus, hold-
ing plus its for persistence. 2) EventBus and PluginEventManager
provide pub-sub and standardised payloads, enabling loose coupling among orchestrator, plugins,
and observers. 3 centralizes model/tokenizer acquisition and validation, preventing
duplicated device/dtype policy in plugins. These context objects separate ownership (state/re-
sources) from behaviour (plugins), while enforcing safe access to scarce resources. A more detailed

clarification for this kind of “communication” will be introduced in Sec. 4.4.

Scheduling and lifecycle during execution. The scheduler loop repeats three actions. (1
Query to select dependency-satisfied steps. (2 Drive each

through PENDING — READY — RUNNING — COMPLETED/FAILED/SKIPPED with retries
and timeouts, dispatching in parallel when allowed. (3) Emit workflow.step.* events on each transi-

tion so observers (e.g., profilers) react without in-band coupling.

Plugin invocation and resource coordination Step execution couples four coordinated op-
erations. (D Instantiate the named plugin via the registry/factory. (@ Initialise with the shared
context, pulling the appropriate model/tokenizer variant via . @ Load strategy im-
plementations through the strategy factory and write artifacts into . @ Emit events
via PluginEventManager; failures surface as plugin.failed without corrupting shared state because

updates are scoped per step.
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Feedback, persistence, and reporting. System feedback is concentrated in three channels. (1)
The scheduler aggregates per-step results into .get_execution_summary. 2)

persists snapshots for reproducibility or later inspection, while EventBus retains
a bounded history for timeline reconstruction. 3) Report builders (e.g., statistics managers) read
state and emit JSON/CSV artifacts without knowing workflow internals, reinforcing separation of

concerns between orchestration and analytics.

Summary. This architecture minimises redundancy by centralising shared resources (models,
state, events) and delegating behaviour to interchangeable plugins and strategies, aligning with
the requirements in Sec. 4.2. Avoiding duplicated interfaces to third-party tooling and isolating fre-
quently accessed resources satisfy the stated design principles, while the clear lifecycle boundaries

improve extensibility and fault isolation needed for compression, evaluation, and profiling pipelines.

4.4 Resource Management

In object-oriented programming, a class named *Manager is usually a sign that the class controls,
coordinates, or owns other objects or system resources. In toggle, such frequently used resources

are

1. fundamental resources: language models;
2. orchestration resources (as introduced in Sec. 4.3): plugins and pipeline state;

3. analyser resources: weight and activation statistics used by information_flow.

ModelManager provides a central facade over shared model/tokenizer resources in the pipeline;
it controls retrieval/setting for baseline vs compressed checkpoints, validates structure (including
compressed-layer detection), computes comparisons, retrieval, validation, and lifecycle for plugins.

It provides:
1. unified loading with consistent dtype/device policy and cache reuse across runs;

2. lightweight adapters that map model-specific attribute names to the common handles used by

compression code (e.g. model.layers).

Unlike existing projects like SliceGPT [113] and ASVD [123], which write specific hooks for each
model family, toggle uses the common components of the language models to avoid case-by-case
hooks. In other words, toggle implements compression algorithms in a model-agnostic

manner.

The reason we can do this is that the shared components across different model families take
the dominant portions of model inference runtime. Many recent decoder-only models share the

same core building blocks, the manager can present one consistent interface while still honouring
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family-specific switches (e.g. sliding attention or logits softcapping). These shared components are

summarised in Tab. 4.1.

For instance, toggle normalises access to the main transformer blocks through a unified path,
typically model.layers, regardless of the underlying model’s specific naming conventions (e.g.,
model.transformer.h or model.model.layers). This abstraction allows compression strategies
like layer pruning and low-rank factorisation to be applied uniformly. As a result, extending toggle
to support a new model family that adheres to this common architectural pattern becomes a matter
of configuration rather than significant engineering effort, primarily involving mapping the model’s
unique layer names to toggle’s standardised representation. A more detailed common blocks sum-

mary is in Tab. 4.1.

System orchestration relevant Managers contain and PluginEventManager. (D

owns persistence lifecycle for , serializing/deserializing with locking
and metadata to disk. It centrally controls how the state is saved/loaded rather than just exposing
the raw state. (2 PluginEventManager mediates event emission for a plugin, standardises event
names/payloads and routes through the shared EventBus. Acts as a registrar/dispatcher layer,

matching the registration/dispatch heuristic.

Statistics-relevant Managers serve with information flow to assist hyperparameter setting for
model compression. (1) StatisticsManager coordinates sampling and aggregation runs and per-
sists statistics artifacts for reuse instead of scattering ad-hoc files. (2) WeightsStatisticsManager
shapes raw weight-metric samples into structured reports and aggregated reductions, defining re-
porting policies across layers/module types/global summaries and coordinating multiple objects’
data into one artifact. (3) ActivationsStatisticsManager plays the same role for activation met-
rics, aggregating series, shape histograms, and reductions into reports, and centralising complex

aggregation logic and output schema.

Table 4.1: Common building blocks of Llama3, Qwen3 and Gemmad family models.

Feature | Llama | Qwen3 | Gemma3
Decoder-only text LM Vv / (text backbone)
RMSNorm vV vV Vv

Gated MLP (gate/up/down) vV Vv N4

RoPE + rope_scaling Vv Vv Vv
GQA/MQA via num_key_value_heads v Vv vV

Cache support (Cache/DynamicCache) vV Vv 4

Causal mask support vV vV vV
Attention backend switch (_attn_implementation) vV Vv Vv
Generation head (ForCausallM + GenerationMixin) | / v V4

Logits slicing (logits_to_keep) v Vv Vv
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Table 4.2: Managers and the resources they coordinate in toggle.

Managered Manager Responsibilities Key Functions in toggle
Resources/Objects
Model Centralizes model/tokenizer retrieval, vali- | get_model, set_model,
dation, and lifecycle for plugins. get_tokenizer,
set_tokenizer,
validate_model,
compare_models,
get_model_info
PluginEvent Standardizes plugin event emission and dis- | emit_started, emit_progress,
patch via the shared EventBus. emit_completed, emit_failed
State Persists and restores pipeline state snap- | save_state, load_state
shots to controlled storage.
Statistics Provides workspace-aware report pathing | build_report_path,
and JSON/CSV persistence helpers. save_json, save_csv,
load_json
WeightsStatistics Shapes weight-metric results into layered/- | build_report,
global summaries with reductions. aggregate_by_module_type,
aggregate_global,
extract_csv_rows
ActivationsStatistics | Aggregates activation metric series, shapes, | build_report,
and reductions across modules. aggregate_by_module_type,
aggregate_global,
extract_csv_rows

4.5 Integration with Third-Party Projects

The integration with third parties mainly lies in the subclasses of (except for foundation

dependencies like torch and transformers, which are as the same layer as ).

Weights/activation analyser with information flow. ExternalMetricsBackend functions
as a reflection-driven integration layer that enables this codebase to incorporate third-party metrics
providers without tight coupling. It extends the MetricsBackend abstraction, preserving a stable
interface for metric discovery and invocation while permitting late binding to external code. The
design treats external metrics as dependencies resolved at runtime via configuration or ambient
environment, aligning with dependency injection principles and minimising build-time assumptions
about available metric libraries. This approach is essential for both activation-level and weight-level
analyses described in the implementation plans, where metric functions are treated as pluggable

computation kernels rather than built-ins.

The backend’s resolution strategy follows a deterministic multi-stage pipeline. First, it attempts to
honour explicit configuration by importing a module path or loading a file path supplied at con-
struction. If neither is provided or the import fails, it evaluates dedicated environment variables
that specify equivalent module or file targets. Should those sources be absent or invalid, it probes

predefined default module paths associated with a canonical third-party metrics library. Only after
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these attempts fail does it fall back to an empty registry while signalling failure via provenance
metadata. This ordered resolution embodies a clear precedence model: user configuration super-
sedes environment hints, which in turn supersede curated defaults, ensuring predictable dependency

binding while maintaining robustness in heterogeneous deployment environments.

Two complementary import mechanisms operationalise this resolution. For module-based inte-
gration, the backend delegates to the runtime import system, relying on the interpreter’s module
search semantics to locate the external dependency. For file-based integration, it constructs a loader
through the import machinery, synthesises a module specification from the concrete file location,
materialises a module object, executes it in a controlled scope, and registers it in the process mod-
ule cache. This method enables ad hoc integration of metrics shipped as standalone files outside
the standard package boundaries while preserving module-level semantics such as global state and
subsequent imports. Error handling is intentionally permissive: any exception during import is
absorbed, and the backend proceeds to the next resolution stage, preventing a failed third-party

binding from cascading into system-wide failures.

Once a module is successfully materialised, ExternalMetricsBackend performs reflective introspec-
tion to construct its registry. It enumerates public attributes, filters for callables with at least one
positional parameter, and applies optional name normalisation by stripping a configured prefix. The
resulting mapping is stored with lowercased keys to enable case-insensitive lookup, yet it retains
original callable references to preserve third-party behaviour. This introspective curation decouples
the system from specific naming schemes used by external libraries, facilitating interoperability even
when third-party functions expose prefixes or stylistic conventions divergent from the host codebase.
The registry thereby acts as an adapter that translates a foreign metric surface into a normalised

internal contract, consistent with the MetricsBackend interface.

Provenance tracking accompanies registry construction to maintain observability over dependency
resolution. The backend records whether an external source was found, which import path or file
was used, and which resolution stage succeeded. This metadata is exposed through a property for
downstream components to embed in analysis reports, enabling reproducibility and auditability of
metric computations. In scenarios where no external dependency is available, the BasicMetricsBack-
end provides a deterministic fallback set of scalar computations over tensors, ensuring analytical
routines remain functional albeit with a reduced metric vocabulary. The dual-backend pattern
thus satisfies fault tolerance requirements while promoting optimal utilisation of richer third-party

metrics when present.

Integration with the weight-only analysis workflow leverages this backend to supply metric functions
to the analyser and subsequent reporting pipeline. The WeightMetricsAnalyzer receives callable
metrics from ExternalMetricsBackend (or the fallback) and executes them over selected parameter
tensors under no-gradient contexts, ensuring computational efficiency and immutability of model
parameters. The resulting scalar outputs are aggregated by the statistics manager into structured

per-layer, per-module-type, and global summaries, with provenance annotations that capture ex-
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ternal metric resolution outcomes. This arrangement exemplifies inversion of control: the analyser
is agnostic to the origin of the metric functions, depending solely on the abstract backend con-
tract, while the plugin orchestrator configures the concrete backend according to user configuration,

environment, or defaults.

In the activation metrics workflow, the same backend underpins runtime metric computations ap-
plied to intermediate activations captured via forward hooks. The ActivationMetricsAnalyzer
invokes metrics provided by ExternalMetricsBackend on tensors emitted during model forward
passes, enabling real-time statistical instrumentation without modifying model code. Reports gen-
erated from these metrics include provenance data describing whether third-party metric sources
were engaged, thereby supporting experimental reproducibility and comparative evaluation across
runs with differing metric providers. Because the activation pipeline uses standardised strategy and
plugin abstractions similar to the weight analysis, the backend’s pluggable design ensures consis-
tent metric semantics across both tensor categories while maintaining decoupling from any specific

external library implementation.

Architecturally, the backend’s behaviour embodies reflective loading, runtime binding, and grace-
ful degradation. By encapsulating import logic and registry normalisation, it isolates third-party
integration concerns from the analytical algorithms themselves, reducing the surface area for com-
patibility issues when upgrading external libraries or altering deployment environments. The use of
environment-variable fallbacks acknowledges operational contexts where configuration files cannot
be modified, while the inclusion of default search paths targets common third-party packages to
streamline onboarding. In combination, these mechanisms illustrate a design that balances extensi-

bility, resilience, and operational pragmatism within a plugin-based analytics architecture.

This integration model also addresses software engineering concerns of maintainability and testabil-
ity. The backend’s deterministic resolution order and explicit provenance facilitate unit testing of
import scenarios and behaviour under missing dependencies, as outlined in the weight-only testing
plan. Its separation from computation logic allows analytical components to be validated indepen-
dently using the fallback metrics, while integration tests can assert correct binding to third-party
metrics in controlled environments. Consequently, ExternalMetricsBackend serves as a cohesive
adapter layer that harmonises third-party metric sources with the system’s analytical pipelines,
ensuring that both weight-centric and activation-centric analyses can exploit external metric ecosys-

tems without sacrificing reliability or clarity of execution.

Language task evaluation with 1m_eval. The analysis subsystem integrates with the LM eval-
uation stack by orchestrating model forward execution through the LMHarness abstraction defined in
the evaluation plugin layer. Within the activation analytics pathway, the ActivationMetricsPlugin
treats the evaluation component as a driving mechanism that triggers forward passes while capture
hooks are active. This design decouples metric computation from data generation: evaluation infras-

tructure supplies semantically meaningful inputs and batching policy, whereas the analyser remains

94



CompressedModelEvaluationPlugin

BaselineModelEvaluationPlugin

CompressedModelProfile

UncompressedModelProfile

uses

PluginRegistry

creates/registers

Plugin

i

ModelEvaluationPlugin

uses

ResultComparator

LMEval

)

T

creates

v

LMEvaluator

ModelEvaluationResult

|

uses

v

ModelEvalinterface

uses uses uses
CSVLogger
creates/creates creates creates
ExperimentSession ModelRecord EvaluationRecord CompressionRecord

Figure 4.4: Workflow wired with Language Model Evaluation Harness (1m_eval) in toggle.
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focused on tensor instrumentation. The arrangement leverages dependency injection; the plugin
resolves evaluation parameters from runtime configuration, passes them to LMHarness, and relies

on the harness to materialize the appropriate task workload.

The integration follows a guarded resolution strategy. The plugin attempts to import LMHarness
and its availability flag from the evaluation module. If the optional dependency is present and the
configuration provides a task and tokenizer, the plugin constructs a harness instance parameterised
by task name, batch size, sample limit, and device auto-selection. The harness then executes the
specified benchmark, invoking model forward passes in a manner consistent with the EleutherAl
LM Evaluation Harness semantics. Hooks registered by the analyser intercept the model outputs
during these passes, enabling activation-level metric computation without altering the evaluation
workflow. This coupling is intentionally loose: the plugin does not assume a particular evaluation
backend beyond the harness interface, thereby preserving architectural modularity and enabling

substitution or extension.

In the absence of the external LM evaluation dependency, or when required inputs such as the
tokenizer are missing, the plugin degrades gracefully to a minimal forward-driving routine. This
fallback synthesizes a small random input based on introspected linear layer dimensions to trigger
at least one forward path, ensuring that metric capture does not deadlock the pipeline. Although
this path lacks semantic task alignment, it preserves system liveness and supports smoke-testing
scenarios where full evaluation resources are unavailable. The fallback is encapsulated within the
same plugin to retain a unified control surface for both comprehensive and minimal execution

contexts.

The hook-based analyser, ActivationMetricsAnalyzer, operates independently of the evaluation
source. Prior to hook registration, the plugin assembles a metric registry by merging contributions
from BasicMetricsBackend and ExternalMetricsBackend, preferring externally supplied imple-
mentations when they overlap. The analyser receives this registry alongside compute and reduction
directives, then registers forward hooks on selected modules according to declarative selection cri-
teria. During evaluation, each hook normalises the module output, optionally migrates tensors to
CPU to standardize metric execution, and dispatches the tensor to the metric functions. The anal-
yser aggregates results as time series, captures shape statistics for non-scalar outputs, and produces
raw layer-wise records for subsequent reporting. LM evaluation is thus one of several orchestrated
triggers; the analyser itself remains agnostic to whether activations originate from benchmarked

text or synthetic input.

The interaction with LMHarness preserves measurement provenance. The plugin records whether the
external LM evaluation pathway was utilised, the task identifier, and runtime characteristics. This
metadata is conveyed to the statistics manager, ActivationsStatisticsManager, which embeds
it into the final report under analysis and provenance sections. Downstream utilities such as the
report loader parse the LM evaluation task field to support summarisation and filtering, evidencing

the system’s concern for traceability when external evaluation sources influence activation statistics.
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From a control-flow perspective, the plugin adheres to the framework’s plugin lifecycle. It resolves
models and tokenizers via the model manager, configures metric backends, initialises the analyser,
registers hooks, delegates forward execution to LMHarness when available, and finally invokes the
statistics manager to construct and persist reports. The hook removal is guaranteed via a finaliza-
tion step, preventing resource leakage regardless of evaluation success. This lifecycle underscores
separation of concerns: evaluation drives data, analysis computes metrics, and reporting persists

structured artifacts.

The weight-centric analysis pathway (WeightMetricsPlugin) omits LM evaluation entirely, under-
scoring that the LM harness integration is purposefully scoped to activation capture where semantic
inputs affect intermediate representations. Weight analysis operates purely on static parameters un-
der inference-mode safeguards, sourcing metrics from the same backend abstraction but requiring
no task-driven stimuli. This contrast highlights the architectural flexibility afforded by shared ab-
stractions: a common metric backend and statistics manager can serve both dynamic and static
measurement contexts, while evaluation coupling is engaged only when dynamic activations are of

interest.

The evaluation module itself provides the LMHarness class as a fagade over the EleutherAl har-
ness, handling model/tokenizer resolution, backend selection (either HuggingFace-provided models
or in-memory adapters), task validation, and metric extraction. It wraps the harness results into
the framework’s standardized evaluation result object and optionally logs to CSV. The adapter
class, LMLMHarnessModelAdapter, bridges the framework’s ModelEvalInterface to the harness ex-
pectations, implementing tokenization, detokenization, loglikelihood, rolling loglikelihood, and text
generation functions. These capabilities allow activation analysis to benefit from a mature evalua-
tion workload generator without reimplementing dataset handling or scoring logic. By depending
on this adapter, the analysis plugin gains uniform access to task-conditioned forward passes across

both baseline and compressed models.

Architecturally, the integration embodies inversion of control and optional dependency patterns.
The analysis plugin does not embed task logic; instead, it delegates to LMHarness, which in turn may
rely on the adapter when operating on in-memory models rather than externally hosted checkpoints.
Conditional imports and feature flags shield the analysis stack from hard failures when the optional
library is absent. Provenance emission and structured reporting ensure that any reliance on LM

evaluation is explicit in downstream artifacts, supporting reproducibility and auditing.

Finally, the integration is designed with testability and maintainability in mind. Because the plugin
can operate with a minimal forward path, unit and integration tests can exercise activation capture
and metric aggregation without installing the LM evaluation dependency. When the dependency is
present, end-to-end tests can validate that hooks fire during benchmark execution and that reports
annotate the chosen task and evaluation parameters. This dual-mode capability balances robustness
with feature richness, allowing deployments to exploit LM evaluation when available while retaining

functional analysis in constrained environments.
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4.6 Case Study: A Full Compression-and-Evaluation Process for
Qwen and MiniCPM Models

This section gives a representative case study - a full compression-and-evaluation pipeline for a
MiniCPM4-0.5B, Qwen2.5-0.5B and Qwen3-0.6B models, with the actual pipeline in Sec. 4.6.1 and

experimental results in Sec. 4.6.2.

4.6.1 Actual Workflow

In this section, the involved classes in Fig. 4.2 are highlighted in different colours.

It leverages the orchestration layer - , , and ,
and the plugin substrate defined by , , together with event handling via

EventBus and

The following stepwise description mirrors a conceptual workflow composed of a list of
instances, each bound to a instance, while the (state, resources, workspace)

anchors shared execution metadata.

Step 1: Configuration and Context Initialisation The script loads YAML configuration, ex-
tracting model identifiers, compression policy, and evaluation tasks. A is instan-
tiated, provisioning (D) a fresh for cross-step artifacts, 2) an EventBus to propagate
lifecycle notifications, and (3) workspace bookkeeping. In a full orchestration, PipelineOrchestrator
.execute_workflow would emit .WORKFLOW_STARTED, while would

later consume this context for step execution.

Step 2: Tokenizer/Model Loading Compatibility shims are applied (via
import _ALL PARALLEL STYLES), followed by model and tokenizer construction. In a registered

workflow, this would correspond to a using a loader plugin (e.g., a class derived from
that wraps ) and emitting .MODEL_LOADING_STARTED/LOADED.
The can cache these objects for downstream steps.

Step 3: Baseline Profiling Random input IDs are generated (random_ids_inputs), and

MemoryProfiler measures GPU/CPU memory during a forward pass. This phase could be framed

as a “profiling” , with the plugin publishing analysis.started and analysis.
completed events through PluginEventManager (constructed inside .initialize). Results
would be persisted under state.plugin results.<name> by the base .execute.
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Step 4: Evaluation (Original Model) An evaluation plugin (inheriting the plugin
contract) is configured with tasks such as wikitext and arc_easy, respecting batch size and device
constraints. In a workflow, .execute_step would instantiate via

.create_plugin, honour step-specific timeouts, and emit
.WORKFLOW_STEP_STARTED/COMPLETED. The plugin emits evaluation.started/completed events,
enabling auditability.

Step 5: Compression via ModelConsolidator The compression step uses

(category: compression plugin helper) configured for SVD with a fixed rank/policy. On initialize,

the consolidator receives , thereby gaining access to UnifiedStrategyFactory
(for strategy resolution), , and . During compress_model _with surgery,

it may emit .COMPRESSION_STARTED/COMPLETED and plugin-scoped events compression
.progress. Successful completion writes compression results into (e.g., replaced lay-

ers, factorisation parameters), enabling subsequent steps to read from state.

Step 6: Activation Metrics is initialised with the same

. It installs lightweight evaluation driving (_drive_evaluation) to collect activa-
tions. Its execute() method wraps do_execute(), emitting analysis.
started and analysis.completed events, while storing metrics reports (shape histograms, per-
layer statistics) into . The plugin’s lifecycle mirrors other plugins: standardized

progress (.progress), error propagation (.failed), and result persistence.

Step 7: (Optional) Serialization The script comments illustrate saving and reloading com-
pressed artifacts via save_compressed_to_safetensors and load _compressed from safetensors.
In a workflow, this would be a dedicated whose plugin emits

.COMPRESSION_COMPLETED upon successful serialization and .MODEL_LOADED when

reconstructing the compressed model.

Step 8: Compressed Profiling and Evaluation A second profiling pass (MemoryProfiler)
runs on the compressed model to compare memory footprints. Evaluation repeats using ,
now on the compressed model, preserving identical task configuration. Each step continues to emit

standardized events and record execution time ( .execution_time) via

Step 9: Metrics, Ratios, and Timing Report Final metrics include parameter counts
(params_count), compression ratio, and JSON-formatted memory traces for baseline and com-
pressed runs. The script aggregates timing measurements; in a fully declared workflow, these would
correspond to per-step .execution_time values exposed through

and surfaced by PipelineOrchestrator.get_workflow_status().
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Event-driven control flow Throughout, the EventBus transports notifications, enabling decou-
pled monitoring. The orchestrator subscribes to .WORKFLOW_STEP_COMPLETED/FAILED
for logging, while plugins publish plugin.<name>.started/progress/completed via
PluginEventManager. This event spine ensures that retries, skips, or conditional branches

( .condition, evaluated by ._evaluate_condition) remain ob-

servable and auditable.

Above all, the given process in this section embodies a reproducible, stepwise pipeline: config-
uration ingestion, model/materialization, profiling, evaluation, compression, activation analysis,
optional serialization, and post-compression evaluation. FEach stage is encapsulated as a plugin
instance executing within a workflow step, coordinated by and overseen by
PipelineOrchestrator. The centralizes state, resources, and events, while

abstractions guarantee uniform lifecycle semantics. The result is a modular, event-driven
architecture that couples compression research workflows with transparent observability and con-

trolled concurrency.

4.6.2 Quantitative Experimental Results and Discussion

Zero-shot reasoning scores. To understand which linguistic capabilities different compression
approaches preserve, the training—free tensor-based method is compared with SliceGPT [113], a
representative training-free pruning approach. This comparative analysis reveals that different
compression methods preserve complementary capabilities rather than uniformly degrading all per-
formance. Fig. 4.5 reports accuracy on six zero-shot reasoning benchmarks: BoolQ [3], ARC-Easy
and ARC-Challenge [2], HellaSwag [1], PIQA [4], and WinoGrande [45]. These benchmarks span in-
ferential, scientific, commonsense, and physical reasoning, as detailed in Tab. 2.1. For each multiple-
choice question, accuracy is computed as the proportion of questions answered correctly (Eq. (2.3)),
where the model’s prediction is determined by selecting the candidate completion with the highest

log-probability, following the LM Evaluation Harness [36] protocol described in Sec. 2.1.

The performance differences among the evaluated models sharpen this picture. MiniCPM4-0.5B’s
dense layers, for instance, are overparameterized for ARC-Challenge — performance improves
only when the model is shrunk to under 20% of its original size, a surprisingly aggressive level of
compression. For Qwen2.5-0.5B and Qwen3-0.6B, the tensor-based method competes more closely
with SliceGPT: it outperforms on BoolQQ and ARC-Challenge, but trails on HellaSwag and Wino-
Grande, with Qwen3-0.6B peaking around 50% parameter retention. On ARC-Easy and PIQA,
the tensor-based method excels at mid-range compression levels (20-50%) but falters out-
side that band. A closer look at task-relevant traits that contribute to these differences between
the tensor—based method and SliceGPT leads to the summary of tasks, compression results and

interpretation in Tab. 4.3.

Tab. 4.3 implies that the tensor-based compression is better at maintaining higher—level logical
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(a) MiniCPM4-0.5B compressed using the proposed approach on embedding and dense layers, with comparison
to the performance of the original models (with dashed lines).
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(b) Qwen2.5-0.5B compressed using the proposed approach on embedding and dense layers, with comparison
to a pruning approach SliceGPT with different sparsity settings.
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(c) Qwen3-0.6B compressed using the proposed approach on embedding and dense layers, with comparison
to a pruning approach SliceGPT with different sparsity settings.

Figure 4.5: Model compression with the proposed approach on embedding layers (left side) and
dense layers (right side, including feed forward layers and attention layers), for MiniCPM4-0.5B,
Qwen2.5-0.5B, Qwen3-0.6B
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Table 4.3: Summary of the Comparison of Our Approach and SliceGPT

Task Traits Tasks ‘ Compared with SliceGPT ‘ Interpretation
Our approach filters out
. lower-level redundant
LOglC?l BoolQ, Outperforms SliceGPT dense capacity while
Reasoning ARC-Challenge . .
keeping higher-level
reasoning capabilities.
Faf:t Better than SliceGPT Moderate compression
Retrieval removes redundancy but
ARC-Easy, when 20-50% params .
& . preserves distributed
. PIQA are retained, worse than .
Lexical . commonsense priors;
SliceGPT for the rest.
Co-occurrence too much harms them.
Adversarial These tasks rely on wide,
Commonsense | HellaSwag, Underperforms SliceGPT weak lower-level feature
/ Broad WinoGrande P
. coverage.
Correlation

reasoning capabilities, but weaker than SliceGPT in retrieval and commonsense tasks, which has a

theoretical guarantee in lower-level language modelling tasks [124].

Findings. In the zero-shot reasoning evaluation in Fig. 4.5, compressing the embedding lay-
ers is consistently effective—and sometimes even improves model performance. At simi-
lar parameter ratios, the tensor—based method outperforms the SliceGPT baseline for both Qwen2.5-
0.5B and Qwen3-0.6B. MiniCPM4-0.5B even surpasses the original model on ARC-Challenge when
more than 90% of parameters are retained. This suggests that embedding layers contain modest re-
dundancy, and that a structured, task-aware compression method can enhance generalisation rather
than just reduce size. In contrast, dense-layer compression behaves much less predictably.
Performance does not simply drop as models are compressed — instead, each task has a “sweet spot,”
where moderate compression maintains or boosts accuracy, while going too far in either direction

hurts. This highlights that not all layers, or all tasks, carry the same amount of redundancy.

The performance differences among the evaluated models sharpen this picture. MiniCPM4-0.5B’s
dense layers, for instance, are overparameterized for ARC-Challenge — performance improves
only when the model is shrunk to under 20% of its original size, a surprisingly aggressive level of
compression. For Qwen2.5-0.5B and Qwen3-0.6B, the tensor-based method competes more closely
with SliceGPT: it outperforms on BoolQQ and ARC-Challenge, but trails on HellaSwag and Wino-
Grande, with Qwen3-0.6B peaking around 50% parameter retention. On ARC-Easy and PIQA, the
tensor—based method excels at mid-range compression levels (20-50%) but falters outside that
band. Again, the task—specific traits that drive these differences between the tensor—based method
and SliceGPT are summarised in Tab. 4.3.

Why tensor decomposition preserves different capabilities? Tensor decomposition enforces
a low-rank factorisation structure that compresses by finding regularities across multiple modes

simultaneously. This structured compression tends to preserve:
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1. Abstract reasoning patterns that generalise across contexts (e.g. BoolQ, ARC-Challenge);

2. Higher-order feature interactions captured by multi-mode tensors.
In contrast, pruning methods like SliceGPT remove individual connections, which tends to preserve:

1. Distributed lower-level features stored redundantly (e.g. HellaSwag);

2. Statistical co-occurrence patterns robust to sparse removal.

4.7 Chapter Summary

This chapter presents the object oriented implementation that operationalises the proposed alge-
braic compression approach for practical language model deployment. It first reviews relevant open
sourced infrastructures, then establishes concrete requirements for a reusable system, before de-
tailing the factory style software design and validating it through case studies on modern small

language models.

Relevant open sourced projects. Sec. 4.1 surveys existing efficient inference stacks and eval-
uation frameworks that motivate the design of the implementation. Projects such as vLLM and
DeepSpeed illustrate production grade engines for scalable inference, while the Language Model
Evaluation Harness (1m_eval) provides a unified, benchmark rich evaluation backend. The analy-
sis clarifies which capabilities can be reused and which integration gaps the implementation must

address.

Requirements. The requirements section Sec. 4.2 translates the high-level goals into concrete
software constraints. It specifies support for multiple model families and tokenizers, training-free
compression workflows, pluggable metrics backends, and explicit separation between core algebraic
logic and deployment-specific plugins. These requirements guide the subsequent architectural deci-

sions and ensure the system remains extendable as new models and evaluators emerge.

Solution design. The solution sections detail the object-oriented architecture centred on factory
and registry abstractions (Sec. 4.3), resource management (Sec. 4.4) and third-party integration
(Sec. 4.5). Core interfaces describe models, compression pipelines, metrics backends and plugins,
while concrete implementations bind to third party libraries such as transformers, vllm and ex-
ternal metrics packages. The design emphasises late binding, dependency injection and inversion of

control, so that new model families or analysis tools can be added with minimal code changes.

Case study. The final section Sec. 4.6 demonstrates the implementation on representative sub-
billion models, including MiniCPM4-0.5B, Qwen2.5-0.5B and Qwen3-0.6B. It instantiates the fac-

103



tory based workflows, runs end to end compression and evaluation pipelines, and reports quanti-
tative results on language modelling and reasoning benchmarks. These case studies confirm that
the implementation faithfully realises the theoretical design while remaining practical for real-world

deployments.
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Chapter 5

Resource-Constrained Deployment
and Algebraic LLMs Runtime
Analysis

Based on the theoretical discussion about the algebraic nature of transformer-based language models
(Chapter 3) and the implementation with software engineering concerns (Chapter 4), this chapter
will focus on actual deployment issues and quantitative experimental results. This section first

suggests a fine-grained FLOPs profiler LLM-Profiler, then proposes an algorithm TensorSLM.

5.1 LLM-Profiler: a Fine-Grained LLM FLOPs Calculator

FLOPs (floating point operations), which often dominate inference latency, are one of the most
important optimisation objectives in model compression. Though on the hardware level the exact
FLOPs of matrix multiplication can be very different (e.g., matrix multiplication strategies may
shift during the ARM architectural evolution [125]), higher-level FLOPs estimation (i.e., estimation

based on Python implementation) is still a valuable guidance for the model compression.

5.1.1 Core Arithmetic Operations in Model Forward Passes

This section introduces the actual calculation of several commonly used PyTorch operations, in-
cluding (D operator *, (2) operator @, and torch.matmul(-), in the forward pass LLMs, based on
the open-sourced Python and C code of PyTorch! and the official Python documentation®. For

simplicity, the cases like Python broadcasting, which handle dimension mismatches of operands, are

1
2
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not considered in 11lm-profiler.

Python operator *. There are typically two cases for the Python operator *, which are cate-

gorised according to the dimension of the operands.

1. If the two operands are 1-D arrays (vectors), the operation is the dot product, also known
as the scalar product. The equivalent PyTorch function is torch.dot(-). Given two vectors
a € R" and b € R", axb involves ADD = n — 1 and MULT = n.

2. If the two operands are 2-D arrays (matrices), the operation is the Hadamard product, also
known as the element-wise product. Given two matrices A € R™*™ and B € R™™, AxB
involves ADD = 0 and MULT = nm.

PyTorch matrix multiplication operator @. Matrix multiplication is also known as Cayley
matrix multiplication, and has been comprehensively discussed in Sec. 3.2.7. Given two matrices
A eR™™ and B € R™*P A@B (or torch.mm(A, B)) involves ADD = np(m — 1) and MULT = nmp.

torch.matmul(:). Used as matrix product of two tensors®, torch.matmul(-) is more complex than
the other two arithmetic operations in this section. Given two operands A and B, there are five

different cases as follows.
1. A€ R? and B € R? the operation is equivalent to torch.dot(-), used for dot product. Thus
ADD = d — 1, and MULT = d.

2. A e R™™ and B € R™*P, the operation is equivalent to torch.mm(-), used for Cayley matrix

multiplication, thus ADD = np(m — 1) and MULT = nmp.

3. A e R and B € R™, the operation is equivalent to torch.mv(:), used for matrix-vector
product, thus ADD = n(m — 1) and MULT = nm.

4. A e Rhrxdex-xdn B < RIN there are three steps for such operation:

(a) reshape A into A’ € RATS di)xdy .

(b) get matrix-vector product result ' = torch.mv(A’, B);

(c) get the final result via reshaping C’ into C € R >dz2x-xdn -1,

where the torch.mv(A’, B) decides ADD = (]_[]k\[:_l1 di)(dy — 1), and MULT = H]kvzl dg.
5. A€ Rhixdexxdy 1B c RINXAN+1 there are three steps for such an operation:

(a) reshape A into A" € RITS de)xd,
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(b) get matrix multiplication result C’ = torch.mm(A’, B);

(c) get the final result via reshaping C’ into C € R >d2xxdn-1xdn+1,

where the torch.mm(A’, B) decides ADD = ([T~ di)(dy — 1)dn11, and MULT = [[o ! dy.

These three arithmetic operations are the core of calculating FLOPs. The source code of the model’s
forward passes is analysed based on the appearances of these three operations, and ADD and MULT
are accumulated to obtain the final FLOPs.

5.1.2 Measurement for Llama3 Models

FLOPs and other statistics of Llama-3.x-{1B,3B,8B,70B }-Instruct* measured by 11m-profiler are
shown in Fig. 5.1. The profiling results reveal several scaling patterns across the Llama3d model
family. For the 1B model, addition and multiplication operations total approximately 117.5 bil-
lion FLOPs, with 1.24 billion parameters requiring 59.1 million cache entries and 327.2 million
activation values. Scaling to 3B parameters increases computational load to 315.6 billion FLOPs,
with proportional growth in cache to 193.5 million and activations to 848 million. The 8B model
demonstrates near linear scaling with 567 billion FLOPs, while the 70B variant exhibits substantial
computational demands of 3.91 trillion FLOPs, 69.5 billion parameters, 551 million cache entries,
and 6.43 billion activations. These measurements provide quantitative baselines for compression

algorithm and deployment cost estimation across different hardware platforms.

,]1OADD @MUT @DV @ SQRT 10"
102 1 O PARAMS @ CACHE (@ ACT
10°— 0%
6 ]
10 i 109?
10° 1
g 108
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1B 3B 8B 70B 1B 3B 8B 70B

Figure 5.1: FLOPs and other statistics of Llama-3.x-{1B,3B,8B,70B}-Instruct forward passes mea-
sured by 11lm-profiler. The input text length is 200, and the batch size is 16.

5.1.3 Comparative Analysis of 11m-profiler and Other Profilers

The rapid advancement of Large Language Models (LLMs) necessitates precise tools to analyse their

computational behaviours and resource requirements. As these models become integral to diverse

“More precisely, these models are meta-llama,/Llama-3.2-1B-Instruct, meta-llama/Llama-3.2-3B-Instruct,
meta-llama/Llama-3.1-8B-Instruct and meta-llama/Llama-3.3-70B-Instruct
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applications, distinguishing between the capabilities of various analysis instruments is crucial for
effective optimisation. The profiling of LLMs is a multifaceted task, wherein various tools offer
insights into distinct aspects of model performance and resource consumption, as illustrated in
Tab. 5.1. 1lm-profiler is distinguished by its provision of a fine-grained, model-centric analysis,
contrasting with other more general-purpose or hardware-centric profilers. This section clarifies
these distinctions, categorising them by the level of abstraction, granularity, and the primary focus

of the profiling tool.

Table 5.1: Differences between 1lm-profiler and other profilers.

DeepSpeed FLOPs

PyTorch ProfilerSor

Holistic Trace

Aspect llm-profiler R 7 i 8
Profiler® torch.autograd.profiler’ | Analysis
. Algorithmic, Model implementation System and End to end
Abstraction
model level level framework level system level
. Layer and Per layer FLOPs, Operator and kernel Timeline and module
Granularity

operation type

aggregated ops

timelines, model level

level, no math counts

Main metrics

ADD, MULT,
DIV, SQRT,
PARAMS, ACT,
CACHE

Total FLOPs and MACs,
no separation of ADD,
and MULT, no cache

tracking

Wall time, CUDA time,
memory, coarse FLOPs

on specific hardware

Latency breakdown,
overlap, throughput
and utilisation for
LLM pipelines

Typical use

Compare architectures and
compression, hardware

agnostic analysis

Estimate training and
inference costs for
parallel LLM workloads

Debug runtime bottlenecks
and optimise kernels

on concrete systems

Visualize and tune
system-wide performance
for LLM deployments

Level of abstraction (algorithmic vs. system-level profiling).

A primary distinction of

llm-profiler lies in its focus on the algorithmic level of the model, rather than the system or

hardware level.

llm-profiler: Operating at a high level of abstraction, this tool analyses the theoretical com-
putational cost of the LLM architecture. It computes the number of algorithmic operations (e.g.,
additions, multiplications), parameter counts, and memory requirements for cache and activations.

This hardware-agnostic approach provides a pure measure of the model’s intrinsic complexity.

System-Level Profilers: These general-purpose profilers monitor program execution on specific
hardware configurations. They trace function calls, measure CPU cycles, and identify code bot-
tlenecks. Although effective for optimising model implementation, their output depends heavily
on the underlying hardware and software stack. The insights provided pertain to the execution

of the model rather than its inherent computational structure.

Hardware-Specific Profilers: Offering the lowest level of abstraction, these tools provide deep

insights into the utilisation of specific hardware components, such as GPU kernels, memory band-

® N o
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width, and tensor core usage. While indispensable for performance engineering on a particular
hardware target, the findings lack portability and do not directly translate to the algorithmic

complexity of the model itself.

Granularity of analysis (fine-grained vs. coarse-grained). The granularity of analysis con-

stitutes another critical point of comparison.

e llm-profiler: Facilitates fine-grained analysis by decomposing computational costs into individ-
ual layers or specific operations within the model. This granularity enables a detailed comprehen-
sion of which LLM components (e.g., attention mechanism, feed-forward network) are the most

computationally intensive.

o Coarse-Grained Profilers: These tools yield a high-level overview of resource consumption. For
instance, the time command measures the total execution time of a script, while a basic memory
profiler might report peak memory usage. Although useful for rapid assessment, they lack the

detail required to pinpoint specific areas for optimisation within the model architecture.

Primary focus (model-centric vs. performance-centric). The primary objective of the

profiling tool also shapes its functionality.

e llm-profiler: Fundamentally model-centric, its primary purpose is to analyse and comprehend
the LLM architecture. This characteristic renders it an ideal instrument for researchers and
model designers seeking to compare the theoretical efficiency of different model designs or to

predict model performance on novel hardware platforms.

e Performance-Centric Profilers: Designed to optimise model implementation, these tools provide
detailed timelines of operations, identify GPU idle time, and suggest improvements for data
loading and kernel execution. Emphasis is placed on the runtime performance of the model

rather than its theoretical complexity.

Scope (LLM-specific vs. general-purpose). Finally, the intended scope constitutes a major

differentiator.

e 1llm-profiler: As a specialised tool designed for LLMs, it incorporates knowledge of the unique
architectural components of transformers (e.g., self-attention, layer normalisation) and provides

analysis tailored to these models.

e General-Purpose Profilers: While applicable to diverse program types, general-purpose profilers
lack the domain-specific knowledge required to provide LLM-centric insights. For instance, dis-
tinguishing between the computational cost of the attention mechanism and the feed-forward

network is often infeasible without significant manual interpretation of the results.
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By focusing on the intrinsic, hardware-agnostic properties of LLMs, 11lm-profiler occupies a unique
and critical niche in the landscape of profiling tools, serving as a bridge between theoretical model

design and practical performance engineering.

5.2 Facing Resource-Constrained On-Device Compression
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(a) Embedding layer parameter count ratio for the sub-billion language mod-
els involved in this chapter, which typically take one-fourth to one-third of
the total model parameters.
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(b) The workflow of SLM compression in an edge computing scenario with the proposed approach. Details
about this pipeline are clarified in Sec. 5.2.1.

Figure 5.2: Typical SLM layer composition and the SLM application requirement of adaptability.
Memory and storage efficiency currently prohibit unlocking the full potential of lightweight appli-
cations of generative language models for low-end devices. A straightforward approach to solving

memory and storage problems in a unified manner is deep learning model compression, which re-

duces the parameters of a deep learning model.

Typical language models for low-end devices, which are called Small Language Models (SLMs),
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can have less than one billion parameters, yet they are still a burden for low-end devices. In
the composition of the language model parameters, the embedding layers account for a significant
portion, especially for sub-billion language models. For the current typical sub-billion language
models, the smaller the language models, the higher the embedding layer portion, which can be up
to 48.08%, as shown in Fig. 5.2a.

Low-rank factorisation, which means breaking matrices or higher-dimensional tensors into smaller
units, has recently been recognised as a promising solution for language model efficiency, since
its successful application in parameter-efficient fine-tuning. There are already efforts aiming to
utilise such a technique in language model compression; some are specialised for embedding layers
while others are not. However, most of these require an extra training process (as summarised
in Tab. 5.3), such as fine-tuning, meta-learning and training from scratch. In the real practice,
training-free is a crucial requirement in model compression, with the reasons summarised in the
following Tab. 5.2. In short, the reasons for training-free include () extra training involves additional
computation and training data, which may be unavailable for low-end devices; (2 training the
language model from scratch discards the valuable knowledge stored in the weights of the original
models. The actual instances can be multiple models deployments (e.g. 5 models instead of 3 on 8GB
devices), bandwidth-constrained distribution (e.g. saving 20 more minutes per 150MB reduction
over 1 Mbps networks), and privacy-critical deployments (e.g., local data contains sensitive personal

information).

Given these deployment contexts and benefits of training-free, a critical question arises:

Without extra training, how can the compressed models retain their language

task performance?

To answer this question, this section proposes an approach that induces a high—dimensional tensor
structure to capture the information stored in the embedding parameters, named as TensorSLM.
The Tensor—Train Decomposition (TTD) [111], which excels in factorising high—order tensors, is
used to represent embeddings in a lower-rank Matrix Product State (MPS) format. Due to the
look—up table nature of the embedding layer, each token embedding is treated individually (i.e. each
row of the token embedding matrix) rather than taking the token embedding matrix as a whole. This
design prevents damaging the individual information of each token, and even applies to use cases
with ever—changing vocabulary. A comprehensive discussion of the proposed approach is provided,
including general perspectives such as compression ratio and language task performance, as well as
technical perspectives such as the impact of different hyperparameter choices in TensorSLM and

the effects of the original model size.

Taking GPT family, OPT models and MiniCPM4-0.5B as case studies, the contributions of this

work are as follows:
1. This work comprehensively investigates which linguistic capabilities different compression meth-
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Table 5.2: Training-free is a crucial requirement in model compression.

Why . Deployment
“training-free”? Evidences Scenarios
Emergency

. Training memory costs deployment:
M . .
co:szfa tion are typically 2x to 4x rapidly compress and
cos t: for those of inference costs deploy a newly released
reSOUrce [126, Figure 1], which domain-specific language
constraints is usually unaffordable model to edge devices
scenarios for lower-end devices in the field within hours,

like Raspberry Pi.

with no access to
training infrastructure.

Benefits for
industrial
developments.

In production environments,
training-free methods:

(1) eliminate the need for
expertise in training dynamics,
thus being more accessible

to practitioners; and

(2) integrate better into
existing machine learning
deployment pipelines [127].

Dynamic model
switching:

swap between multiple
task-specific models
on the same hardware,
compressing each
on-device as needed.

Data privacy
and
availability
issues

Well-prepared training data
are not always available,

as low-cost data labelling
can be challenging [128].
Additionally, collecting
training data can result in
privacy violations [129].

Privacy-critical
on-premise: compress
proprietary or sensitive
models on-premises
without sending data

to cloud training services.

ods preserve. Tensor-Train Decomposition excels at preserving higher-level reasoning (BoolQ,
ARC-Challenge), while pruning methods maintain lower-level lexical features (HellaSwag, Wino-

Grande), revealing complementary capability preservation.

. As far as we know, TensorSLM is the first to provide training-free low-rank compression for
low-end device. Tensor-Train Decomposition is adapted for token-by-token operations where
block-wise approaches [52, 130] are incompetent, trading latency (no more than 0.5 ms/token

overhead on Raspberry Pi) for storage and memory reduction.

. Both simple language tasks (language modelling and sentiment classification) and complex lan-
guage tasks (zero-shot reasoning) are evaluated, with comparison to matrix-based SVD and a
representative pruning approach SliceGPT [113]. Embedding layers compress consistently (0.5x-
2.0x), while dense layers exhibit task-specific “sweet spots” (20-50% retention optimal for fact

retrieval).

. A set of ablation studies is provided on on-board inference latency, compression on different
layer types (embedding and dense layers), and the extra finetuning efforts required for recovery
of language task performance. Latency of various compressed cases is measured on the low-end

Raspberry Pi 57, and a detailed systematic analysis is given for running TensorSLM on low-end
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edge devices like Raspberry Pi and higher-end servers.

5.2.1 Adaptability for SLM Applications

Unlike the current LLM applications, which are mostly running on high-end GPU servers (e.g. in
the data centres with numerous NVIDIA A100), SLMs are mainly for edge (or mobile) applications
that require adapting to the environment with limited resources on lower-end devices. A common
approach to adapting to the dynamic environment is updating the vocabulary according to the
changes in input text distribution [47]. The reasons for this distribution change vary from case
to case. For example, new user registration, or the frequently used tokens update with the users’
changing daily lives. There are some existing works summarised in Tab. 5.3. It can be observed

that none of them addresses the application scenario as just discussed.

Table 5.3: Comparison with our approach and the relevant research.
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To cope with the ever-changing input tokens and vocabulary, a straightforward strategy is to build
a cloud-edge system, as shown in Fig. 5.2b, which is similar to the workflows in the field of edge
computing, e.g. [139, Fig.1]. There are two kinds of devices in this workflow: 1) the central server,
which is possibly a server in public or private cloud services, or a higher-end personal computer, and
2) the low-end edge device. The focus here is on a typical edge device — Raspberry Pi. Over a fairly
long period (e.g. months or years), the central server only communicates with the edge device once
to provide a brand-new pre-trained language model. Afterwards, the edge device should update the

vocabulary on board according to the changes in the environment.

A detailed explanation of Fig. 5.2b is as follows:

Step 1. The central server compresses the whole token embedding matrices on the token embedding

level, according to Sec. 5.3.1.
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Step 2. The compressed vocabulary and other parts of the language model (e.g. the decoder) are

downloaded and then deployed on a low-end device.

Step 3. During the application runs, the vocabulary updates for two cases:

1. a new token is required according to the actual application requirements, it will be registered
by the service on the edge device. Jump to Step 4.

2. an old token is required to be removed (e.g. it has not been used for a long time), the edge
device simply deletes the corresponding token embedding vector. Meanwhile, the application

deregisters this token.
Step 4. The low-end device compresses the added token embedding vector as described in Sec. 5.5.1.

Step 5. The current vocabulary of the language model. The compression process of a single token

embedding follows a pipeline of (D) tensorisation and (2) decomposition.

5.2.2 Energy Efficiency for SLM Applications

From the workload of the high-end GPU servers (e.g. those equipped with NVIDIA A100) and low-
end edge devices (e.g. Raspberry Pi 5) described in Sec. 5.2.1, it is clear that the edge device only
takes charge of light-weight essential tasks, since it has strict limitations in computation, memory
and communication. Furthermore, since battery life directly impacts the user experience, energy

consumption is also a significant concern.

Table 5.4: Approximate energy consumption of different operations (1nJ=1000pJ). For servers,
communication with the wired network (e.g. ethernet or optical fibre) is preferred; for edge devices,
it is preferred to use wireless networks (e.g. Wi-Fi or cellular network).

. Raspberry Pi 5 GPU server
Energy Consumption

(Cortex-A76 CPU) | (A100 GPU)

Computation Add 1.0-2.5 ‘ 5-12

(pJ/£loat32) Mult 1.2-3 \ 6-15

Memory (pJ/float32) \ 70-260 | 100-450
Communication Wired 50-350
(nJ/float32) Wireless 400-6000

The actual energy consumption of a device depends on various factors, like the semiconductor
temperature, system workload, operating environment, etc. Thus, it is hard to precisely calculate
the exact energy consumption of an algorithm on a certain hardware. However, it is still possible
to estimate the range of energy consumption in the system as Tab. 5.4, which leads to the following

remarks:

Remark 5.1. Memory operations are more “expensive” than computation in terms of energy.
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Figure 5.3: An overview of empirical results of the proposed approach. Significant proportion of the
sub-billion LLMs; in around half of the common sub-billion LLMs, their embedding layer parameters
take one-third of the total model parameters. (a) Language task performance (perplexity, the
lower the better) for DistilGPT2 when the compression ratio is within 3.0x. From the empirical
evaluation on 1BW [6], when the tensor order increases, the language task performance tends to
improve first, then decrease after order 3. (b) The compression trade-off of TensorSLM on different
sizes models in GPT-2 and CerebrasGPT series models. This trade-off is roughly measured by the
ratio between perplexity and compression ratio of embedding layers; the lower the ratio value, the
better the compression. It was found that the larger the model size, the better the trade-off, where
CerebrasGPT has a smoother trend compared with GPT-2. (c) Finetuning for MiniCPM4-0.5B
performance recovery after embedding layers are compressed. With the finetuning sample number
increases, the compressed model performance increases first, then declines.

Remark 5.2. Non-essential communication should be avoided for energy concerns.

The workflow in Fig. 5.2b already satisfies Remark 5.2. For Remark 5.1, if real-time is not the
most important concern in the edge application, memory can be “exchanged” for computation to
obtain longer battery life. Further discussion and evaluation around these aspects are in Sec. 5.3.1
and Sec. 5.4.

5.3 Methodology

This section clarifies the technical cornerstones of the proposed approach. A practical pipeline of
this approach is depicted in Fig. 5.2b. The whole vocabulary is processed on higher-end servers,

while inference and vocabulary updates happen on lower-end edge devices.
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5.3.1 Individual Embedding Vector Compression

For the compression of the embedding matrix, rather than decomposing the whole embedding weight
matrix, each embedding vector is decomposed separately. The lower half of Fig. 5.2b is a simplified

illustration of such a process, with a detailed description in Sec. 5.3.1.

Tensorisation. Each token embedding x € R? is reshaped (or folded, tensorised) into an order-
N tensor. Denote reshape(-) as the reshape function, X = reshape(x,{I1,l2,...,In}) and X €
RI>*IN guch that d = Hszl I.. As an example, a token embedding vector x is a 27-dimensional
vector, d = 27. In this way, vector x is reshaped into an order-3 (N = 3) tensor X, with tensor size

for each mode I} = I, = I3 = 3.

Tensor decomposition. Tensor X is then decomposed and stored in a Matrix Product State
(MPS) form as X = g® X5 oo x4 G| with hyperparameters as TT ranks ro,71,...,7y. In-
stead of storing the entire token embedding vector x € R%, the corresponding MPS cores, HONS
R7e-1%I:X7% for k= 1,..., N, are stored. parameter count of the MPS cores {G®*)} is Zszl IGR)| =

Zszl r,—11TE, where | - | represents the parameter count.

Given the vocabulary size V', the original parameters of the embedding layers are compressed from

Vd to Vzgzl re—11,7s, and the compression ratio can be obtained via nrp = —xy—4—— — 1

chvzl Te—11kTk
The computation and memory complexities for all the above processes are summarised in Tab. 5.5.

Table 5.5: Computation and memory complexity during compression and inference. The key trade-
off: storage complexity reduces from O(Vd) to O(VNIr3) (where V > [ for vocabulary size vs.
input length), while inference reconstruction incurs O(NIr?) overhead per token. This tradeoff
favors scenarios where the memory and storage are the bottleneck.

Original ‘ Compressed | Encoded Texts ‘ Input to Myrans
Memory 3 5
O(Vd) | O(VNIr?) O(INIr?) | O(1d)
C tati TT-SVD Reconstruction
omputation
P O(NT?) O(NIr?)

5.3.2 Language Model Inference Process with the Compressed Embeddings

The original inference process with embedding vectors is as follows: when the encoded texts (sepa-
rated as tokens) are forwarded to the embedding layer, the embedding layer outputs the embedding
vectors according to the input tokens; the embedding layer here acts like a look-up table. The
embedding vectors are then forwarded to the hidden layers of the transformer, whose size is the
same as the dimension of the embedding vectors. Thus, if there is no internal change in the hidden

layers, the dimension of the embedding vectors should compile with the dimension of the hidden
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layers. So, the compressed embeddings should be reconstructed to the original dimension to enable
the forwarding process. This inference happens at the application phase shown in the upper right
part of Fig. 5.2b.

Thus just before forwarding embedding vectors to the hidden layers, the memory usage increases
from [ Zivzl re—11xrr to ld. However, given that the vocabulary size V' is normally much larger
than the input token number [, that means V' > [. Thus the proposed approach can still signifi-
cantly reduce the memory usage if the embedding layer takes a significant part of the whole model
parameters. The reconstruction process follows the tensor contraction in Eq. (3.17), turning the
TT cores {G*)} into a N-order tensor X according to Eq. (3.18), and then vectorizing X into a

full-size embedding vector according to Sec. 3.2.8.

Proposition 5.1. For an order-N tensor whose dimension for each order is I, its TT-format yields

the highest compression ratio when I =2 and TT rank r = 1.

Proof. Assume the tensor size [I1, ..., Iy] for the tensor X' to achieve the highest compression ratio,

next the proof of this hyperparameter selection is given.

The compression ratio in Sec. 5.3.1 can be represented as

V xd
n= v N (51)
21 2an=1(Tn—1 X In X 1)
V xd
- . (5.2)
Ly +rilorg + - - +ry_oly_1rN—1 +TN-1dN
V xd
RS (5.3)
Yokt Tok—1 (rok—2lop—1 + IogpTorg1)
For the simplest case, assume [y =---=Iy =T andri =---=ry =r. Given d = Hfj:l I, =1V,
we have N =log; D, and
V xd V xd
U = (5.4)

TR+ (N=2)r]  rT2+ (logrd—2)]

In Equation Eq. (5.4), the numerator is a constant, and in the denominator, R is a hyperparameter

for the Tensor-Train Decomposition. Thus the objective function for the highest compression ratio

n is

min ] 2+ (N —2)] s.t. N =log;d (5.5)
I,N,r€Z* (5.6)
2<T<N <|logyd] (5.7)

Regarding Eq. (5.5), if we eliminate N then we have a function h = rI [2 + (log; d — 2)]. Regarding
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din Eq. (5.7), the largest token embedding size of recent GPT-3 [140] is 12,888. Thus, for the GPT
series models no later than GPT-3, Eq. (5.5) should be 2 < I < N < 13. In this range, h is a

monotonically increasing function, where the minimum A occurs at I = 2.

Therefore, for the simplest case, we have the best hyperparameter selection of Iy = o =--- = Iy =
2, and N = [log, d].

5.3.3 Dense Layer Compression

For the dense layers (feed-forward layers and attention layers), this thesis adopts the view in [130],
taking weight matrices as two-order tensors, and directly using Tensor-Train Decomposition to

compress them.

5.4 Empirical Evaluation for Language Task Performance

This section presents empirical results on compression, language task performance, and latency

across representative sub-billion models on both high-end servers and low-end edge devices.

5.4.1 Experimental Setup

Models, tasks and dataset. The sub-billion models considered are DistilGPT2 [68], GPT2,
GPT2-M/L [33], CerebrasGPT-111M/256M/590M [141], OPT-125M /350M, Qwen2.5-0.5B [10], Qwen3-
0.6B [142] and MiniCPM4-0.5B [143] .

Regarding the language tasks, two different levels of language tasks are considered:

e Simple Tasks: language modelling and sentiment classification. For language modelling, the
considered datasets are WikiText2, WikiText103 [44] and 1BW [6]. For sentiment classification,
the considered dataset is IMDB [35].

e Complex Tasks: zero-shot common sense reasoning tasks. The common sense reasoning datasets
include ARC-Easy and ARC-Challenge [2], BoolQ [3], HellaSwag [144], PIQA [4] and Wino-
Grande [45].

Hardware. Our main experiments were completed on a GPU workstation with an RTX A6000
48GB GPU and AMD Ryzen Threadripper PRO 5955WX CPU. The GPU resource was mainly

used to fine-tune language modelling models for sequence classification, which is the requirement of
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the sentiment classification task. The inference latency of the low-end devices was measured on a
Raspberry Pi 5, with a 64-bit Arm Cortex-A76 CPU and 8GB SDRAM.

5.4.2 Evaluation Metrics

Compression ratio. Denote M as a model block set containing a list of model modules like
embedding layers and attention layers. With Mg as the original model block set, Mcgp, as the
compressed version of My, and | M| as the parameter count of M. The compression ratio 7 is
defined as

— |M0| - |Mcmpr| ‘

5.8
Mene] (58)

Specifically, the embedding compression rate is Nemp = %, where T only contains the token
embedding layer and the position embedding layer. In addition, when comparing the compression
of different layer types, a unified proportion is used of the compressed model parameter counts in

the original model parameter counts lj‘\;\lfl“g‘r‘.

Perplexity and logarithmic perplexity for language modelling. Perplexity, as defined
in Eq. (2.1), is used as a performance evaluation metric of the language modelling task. When

explicitly associating perplexity with a specific model M, the notation becomes

|S| _1/‘5‘
PPL(S, M) = | [[pm(zi | 21,22, ..., 2i 1) , (5.9)
i=1
where S is an ordered set (token sequence), consisting of a set of tokens {z;}, t =1,2,...,|5], and

M is the model block that contains all the modules of the language model under evaluation.

Notice that the compression ratio (5.8) has a linear form, while perplexity (5.9) has an exponential
form, so it is hard to combine them as a description of a model compression result, since when

compression ratio n linearly increases, the perplexity PPL explodes exponentially.
To this end, the following logarithmic form is used to describe the language modelling performance

S|

ZIHPM(%‘ | 1,29, ..., @i1) (5.10)
i=1

InPPL(S, M) = IS

Now, the language modelling performance change before and after compression is given by
AInPPL(S, M) = InPPL(S, Mcnpr) — In PPL(S, M) (5.11)
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which can be expressed as

S|

AlInPPL(S, M) = 1 Zln Mo (i | 21,22, Tic) (5.12)
pMcmpr ("Ei | .'1:17 ‘T27 A 7xi—1)

Observe that (5.11) exhibits linearity, like (5.8).

Metrics for sentiment classification. Four common evaluation metrics for classification are
used — accuracy, precision, recall and F1-Score for sentiment classification — to comprehensively
analyse the classification performance of the compressed model. between the metric values after

and before the compression.

Zero-shot reasoning scores. The scores obtained by Language Model Evaluation Harness'? are

directly used as zero-shot reasoning evaluation metrics. The evaluated benchmarks are BoolQ [3],
ARC-Easy and ARC-Challenge [2], HellaSwag [1], PIQA [4], and WinoGrande [45], as introduced
in Tab. 2.1.

5.4.3 Experimental Results

Compression ratio and language task performance The language modelling performance
and the compression ratio of different tensor orders and models are shown in Fig. 5.4. There is
no general conclusion as to whether higher-order tensors are better than lower-order tensors, but
roughly speaking, compression ratio and language modelling performance in Fig. 5.4e-Fig. 5.4h
are better than those in Fig. 5.4i-Fig. 5.4j. This implies that there may exist (most probably)
three-dimensional representation in the weight of embedding layers that can best generalise the
investigated language tasks. On the other hand, due to the combination of tensor size and TT
ranks exponentially exploding, not all possible combinations can be tested. However, the results
still show that independent of the tensor orders and the models used for the compression, significant
language modelling performance loss tends to appear when the compression ratio exceeds 2.0x. The
proposed method is further compared with the Tucker decomposition in Fig. 5.4k with the same
tensorisation strategy in Sec. 5.3.1, and the adopted Tensor-Train Decomposition outperforms the

Tucker Decomposition in perplexity.

The results of the sentiment classification task also show that the robustness of larger-scale models
(Cerebras-590M and Cerebras-1.3B) is better than that of the smaller models (Cerebras-111M and
Cerebras-256M), similar to the trend in language modelling tasks mentioned above. The compressed
larger-scale models tend to outperform the original model in precision and F1-score, indicating that

the proposed compression improves the ability of the larger models to recognise the positive texts. In

10
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Figure 5.4: Language task performance change after the compression. (a)-(d): The accuracy, pre-
cision, Fl-score and recall of sentiment classification, with the increasing compression ratio of the
CerebrasGPT models. The higher the values, the better the classification performance. (e)-(j):
The language modelling performance and compression ratio of the GPT-2 series models, where N
denotes the tensor order. The best compression cases (higher compression ratio with negligible drop
in accuracy) occur when N = 3, implying the optimal feature representation of the token embed-
ding vectors may be three-dimensional. (g): Different tensor decomposition approaches, where PPL

means perplexity.
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contrast, the smaller models tends to have worse performance when the compression ratio increases.

A notable observation is that in both language modelling (Figs. 5.4e to 5.4j) and sentiment classifi-
cation (Figs. 5.4a to 5.4d), the larger models (GPT-2-M, GPT-2-L, GPT-2-XL, CerebrasGPT-590M
and CerebrasGPT-1.3B) are more robust to the compression ratio increase, compared with smaller
models (DistilGPT2, GPT-2, CerebrasGPT-111M and CerebrasGPT-256M), especially when the
compression ratio is less than 1.0x. This is probably because the embedding layers take a smaller
proportion of the entire model, and also sheds light that TensorSLM might be used to improve the

language task performance for large-scale models.

Sentiment classification. For sentiment classification, the common evaluation metrics for clas-
sification are adopted to comprehensively analyse the classification performance of the compressed
model. To investigate the performance change before and after compression, this section uses the

difference between the metric values after and before the compression.

Zero-shot reasoning. The comparison between TensorSLM with matrix-level SVD for embed-
ding layer compression. The results and the discussion are in Tabs. 5.6 and 5.7. TensorSLMis
compared with matrix-level SVD for embedding layer compression. The results are in Tabs. 5.6
and 5.7. The best result in each column (among compressed models) is shown in bold, and the

second best is underlined.

Our approach has a higher chance of achieving better average reasoning task scores than the SVD-
based approach, which implies that our tensors are better at extracting implicit representations in
small-size models than matrices. Moreover, in our evaluation, our approach generally has higher
scores than the SVD-based approach in ARC-challenge and BoolQ. Both of these datasets are more
unprompted and unconstrained compared to the other evaluated datasets. This fact implies that

our approach may be better at these difficult, unconstrained reasoning tasks.
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Table 5.6: Zero-shot reasoning performance for OPT-125M, OPT-350M and their compressed ver-
sions. The best result in each column is shown in bold, and the second best is underlined.

| Param (%) | ARC-c | ARC-e | BoolQ | HellaS. | PIQA | WinoG. | Avg.

OPT-125M
Original | 100.00 | 2338 | 5711 | 57.74 | 41.53 | 7171 | 59.35 | 49.33
| 0.13 | 21.5 | 25.84 | 37.83 | 25.81 | 525 | 49.01 | 35.06
SVD | 26.57 | 2005 | 3114 | 37.83 | 2659 | 56.31 | 50.59 | 36.65
(matrices) | 53.01 | 1817 | 3426 | 37.83 | 26.96 | 57.56 | 52.88 | 37.35
| 79.45 | 1877 | 39.9 | 45.63 | 27.38 | 59.9 | 50.83 | 39.54
| 92.67 | 18.77 | 43.14 | 4737 | 28.51 | 63 | 513 | 40.89
| 2.47 | 2133 | 26.39 | 37.83 | 2563 | 5294 | 50.59 | 35.53
Ours | 29.17 | 2022 | 28.66 | 39.14 | 2617 | 53.54 | 49.88 | 35.92
(vectors) | 50.78 | 2125 | 2955 | 40.15 | 26.19 | 549 | 50.12 | 36.50
| 71.88 | 19.37 | 35.31 | 47.09 | 27.78 | 59.58 | 50.59 | 39.01
| 87.11 | 19.03 | 39.6 | 59.51 | 28.41 | 6115 | 33.78 | 41.80
OPT-350M
Original | 100.00 | 2082 | 4419 | 57.68 | 32.03 | 64.64 | 52.09 | 43.49
| 0.20 | 21.5 | 25.25 | 37.83 | 25.67 | 51.36 | 49.17 | 34.87
SVD | 19.93 | 2082 | 25.93 | 3853 | 25.94 | 53.92 | 51.07 | 35.62
(matrices) | 39 66 | 2022 | 258 | 38.62 | 2622 | 53.26 | 50.59 | 35.41
| 59.39 | 19.2 | 25.55 | 385 | 2654 | 53.97 | 51.46 | 35.61
| 79.12 | 19.2 | 2753 | 37.83 | 27.16 | 55.93 | 49.33 | 35.80
| 98.85 | 20.73 | 41.37 | 3789 | 30.47 | 62.95 | 49.25 | 39.48
| 3.52 | 21.08 | 2492 | 45.47 | 25.66 | 531 | 51.14 | 36.58
Ours | 18.75 | 2039 | 26,01 | 62.17 | 259 | 53.16 | 48.7 | 38.50
(vectors) | 2813 | 2005 | 2487 | 62.17 | 26.08 | 53.54 | 49.33 | 38.60
| 42.19 | 2005 | 25.25 | 48.44 | 2618 | 53.7 | 49.09 | 36.58
| 70.31 | 2048 | 25.42 | 62.17 | 26 | 53.16 | 51.62 | 38.87
| 94.53 | 21.42 | 3615 | 459 | 2059 | 61.92 | 52.33 | 40.21
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Table 5.7: Zero-shot reasoning performance for CerebrasGPT-111M, CerebrasGPT-256M, and
CerebrasGPT-590M and their compressed versions. The best result in each column is shown in
bold, and the second best is underlined.

| Param (%) | ARC-c | ARC-e | BoolQ | HellaS. | PIQA | WinoG. | Avg.

CerebrasGPT-111M

Original | 100.00 | 16.64 | 37.88 | 62.14 | 26.76 | 59.41 | 49.01 | 40.82
| 0.13 | 20.9 | 2652 | 37.86 | 25.46 | 52.45 | 48.93 | 35.10
SVD | 26.57 | 17.49 | 3144 | 3777 | 26.53 | 562 | 50.99 | 36.28
(matrices)
| 53.01 | 17.06 | 35.27 | 44.16 | 26.57 | 56.75 | 50.28 | 37.74
| 79.45 | 16.55 | 37.08 | 59.88 | 26.76 | 58.81 | 49.72 | 40.38
| 92.67 | 1544 | 37.92 | 6177 | 26.84 | 59.19 | 49.17 | 40.56
| 2.47 | 19.97 | 2824 | 61.93 | 26.09 | 54.13 | 50.36 | 39.32
Ours | 29.17 | 2048 | 29.84 | 59.85 | 26.26 | 55.66 | 50.04 | 39.55
(vectors)
| 50.78 | 19.8 | 8148 | 49.11 | 26.78 | 57.51 | 49.09 | 38.17
| 71.88 | 17.92 | 34.51 | 58.32 | 26.74 | 58.05 | 50.28 | 40.05
| 87.11 | 20.99 | 24.07 | 61.04 | 25.66 | 52.67 | 49.49 | 38.27
CerebrasGPT-256M
Original | 100.00 | 16.89 | 4095 | 615 | 27.44 | 6137 | 51.3 | 40.82
| 0.09 | 21.16 | 26.73 | 37.83 | 25.74 | 52.20 | 51.22 | 35.40
SVD 28.26 | 1775 | 33 | 38.2 | 26.48 | 58.05 | 50.43 | 36.84
(matrices)
| 47.05 | 1715 | 35.61 | 39.97 | 26.83 | 59.03 | 51.78 | 37.79
| 75.22 | 18.09 | 39.44 | 6101 | 27.4 | 60.83 | 51.62 | 41.77
| 94.00 | 1817 | 40.74 | 59.94 | 27.4 | 61.04 | 50.91 | 41.70
| 2.67 | 2022 | 2462 | 3774 | 255 | 54.57 | 50.75 | 35.37
Ours | 38.60 | 20.9 | 2757 | 37.83 | 25.8 | 53.48 | 49.96 | 35.57
(vectors)
| 50.37 | 1894 | 3152 | 5235 | 2676 | 56.86 | 50.67 | 38.72
| 61.40 | 2005 | 35.02 | 59.91 | 27.3 | 57.94 | 50.59 | 40.67
| 98.90 | 19.28 | 40.74 | 61.5 | 27.39 | 61.43 | 52.01 | 42.33
CerebrasGPT-590M
Original | 100.00 | 19.03 | 46.42 | 59.17 | 29.12 | 6273 | 49.8 | 43.08
| o.07 | 2133 | 271 | 37.92 | 25.79 | 52.45 | 47.99 | 35.23
SVD | 26.91 | 18.09 | 35.98 | 37.83 | 26.82 | 58 | 50.59 | 37.35
(matrices)
| 47.03 | 1724 | 39.31 | 37.83 | 27.56 | 59.74 | 50.83 | 38.18
73.87 18.86 44.11 49.45 28.42 61.64 50.75 41.15
| | | | | | | |
| 94.00 | 19.8 | 46.17 | 5272 | 28.97 | 62.19 | 49.88 | 42.19
| 137 | 23.38 | 24.87 | 56.61 | 25.59 | 5267 | 52.17 | 38.43
Ours | 19.21 | 19.97 | 26.81 | 49.82 | 25.66 | 52.72 | 4917 | 36.91
(vectors)
| 46.88 | 19.54 | 35.9 | 40.89 | 27.04 | 57.83 | 49.72 | 37.92
| 66.41 | 2031 | 38.09 | 58.87 | 28.21 | 60.28 | 49.88 | 41.42
| 94.34 | 22.1 | 44.7 | 56.42 | 29.02 | 61.64 | 49.49 | 42.70
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5.5 Low Energy Consumption

From the workload of the high-end GPU servers (e.g. those equipped with NVIDIA A100) and low-
end edge devices (e.g. Raspberry Pi 5) described in Sec. 5.2.1, it is clear that the edge device only
takes charge of light-weight essential tasks, since it has strict limitations in computation, memory
and communication. Furthermore, since battery life directly impacts the user experience, energy

consumption is also a significant concern.

Energy Consumption Analysis. Following the methodology of [145], this section estimates
the energy consumed when an SLM processes an input token through the embedding layer, prior
to the decoder stage. Assuming in the same operating environment and other conditions (e.g.
temperature), the memory energy cost of each float32 is v, and the computation energy cost of

each float32 is 7, all the model weights are represented in float32.

Cost comparison heuristic A heuristic comparing memory and compute costs guides design

choices at runtime.

When inputting a text of length [, denote original model energy cost regarding memory as &,,, model
energy cost regarding computation is &;,

& =v(dV +1d), & =0, (5.13)
and after compressing with TensorSLM, the energy costs are

E =v(VNIr? +INI? +1d), & =7NIr?, (5.14)

Denote the SVD rank k, the energy cost after compressing with matrix-based SVD is

17 "

E =v[k(V+2d+1+1)+1d, &

T

= 7(2ldk — 1d + kd). (5.15)

Therefore, the ratio of inference energy w between the compressed language models and the un-

! / 11 "
compressed models. Denote wir = % as the ratio with TensorSLM, and wsyp = % :[? as

the ratio with SVD. This thesis will give the estimated values of wrr and wsyp according to the

hyperparameters of the investigated open-source SLMs.

The estimated inference energy costs are shown in Fig. 5.5. The Y-axis indicates the ratio between
the inference energy costs of the compressed model and that of the uncompressed model; the lower,
the better energy saving. For each language model, the compression case that has a similar language

task performance.

Note on evaluation protocol. Here, the other configurations (evaluated datasets) are aligned

across models to ensure comparable language-task performance for reporting. The results show that
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Figure 5.5: Inference energy costs of different models.

the tensor—based approach mostly outperforms the SVD-based approach. Furthermore, TensorSLM
supports adaptivity in edge applications, while the SVD-based approach does not.

5.6 On-Device Latency

While TensorSLM significantly reduces the model parameters and even improves the language tasks

performance, in practice it also introduced latencies - compression latency and inference latency.

Compression Latency

For the compression latency, the compression latency on the token level was investigated, as shown
in Tab. 5.8. Here, “original” means the uncompressed model, while PPL, means the compressed
model with a negligible task performance drop. In this case, “negligible task performance drop”
means in the language modelling task, the perplexity is no more than 100.0. The notation (pyax refers
to the compressed model with maximum compression ratio. It was observed that for individual token
embeddings, there was no significant latency difference between high-end servers and Raspberry Pi,
typically no more than 2 milliseconds for each token. Thus, it is acceptable for the Raspberry Pi to

compress the individual token embeddings.
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Table 5.8: The latency (ms/token) of tensorisation & decomposition token embedding vectors and
reconstruction on the high-end and lower-end devices. PPL, means the compressed model with a
negligible task performance drop, and the symbol ¢« represents the case with a maximum com-
pression ratio. demp is the embedding dimension of the token embedding vector, and the tested
models are GPT-2 and GPT-2-M. On the CPU level, for single token embedding vector decompo-
sition and reconstruction, both server and edge devices have no significant computation overhead.

tensorisation

Device (CPU) . reconstruction
demb | & decomposition
(ms/token)
PPLo ®max PPLa Pmax
768 0.627 1.429 0.117 | 0.238
Server

1024 | 0.452 1.512 0.114 | 0.261

768 0.760 1.948 0.330 | 0.468

Raspberry Pi 5
1024 | 0.612 2.148 0.364 | 0.614

Inference Latency

For the inference latency of a single text with a typical length of 50 tokens (as shown in Tab. 5.10),
the configurations “original”, PPL,, and pmnax were used, same as those in Tab. 5.8, to represent
the uncompressed model, the compressed model with a negligible task performance drop, and the
model with a maximum compression ratio. A typical induced latency for an input text was no more

than 0.3 seconds, which is acceptable for edge applications.

It should be noted that the embedding reconstruction latency depends on both tensor shapes and
FLOPs, and the on-device memory management varies when models of different sizes are loaded.
Consequently, in Tab. 5.10, FLOPs alone does not provide a complete predictor of on-device infer-

ence latency.

The cases of ¢« are typically slower than the cases of PPL,. It has been demonstrated
in Tab. 5.9 that the ¢max (the maximum compression ratio) corresponds to cases where embedding
vectors are compressed into TT-formatted tensors of the highest orders. During the forward passes,
the TT-format of these tensors is decompressed order by order. For example, for an N-order TT-

formatted tensor, the decompression process involves (N — 1) serial matrix multiplications.

This implies that the higher the tensor order, the more matrix multiplication rounds are executed,
potentially resulting in slower decompression. A non-representative exception is the compression
for CerebrasGPT-256M, which has the 5-order tensor shape 4 x 2 x 17 x 4 x 2 for PPL,,, and 7-order
tensor shape 2x2x2x2x17x2x2 for pmax. The decompression process for each embedding vector
involves 4 and 6 matrix multiplications respectively, which differ by only two matrix multiplications
— a relatively small gap compared to other cases (e.g. 3-order for PPL, and 10-order for ¢pax).
Thus, for CerebrasGPT-256M, the on-device inference latencies of PPL, and ¢max are similar, as
shown in Tab. 5.10.
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Table 5.9: Parameters, number of floating-point operations (FLOPS) of the compressed and uncom-
pressed sub-billion models, and latency on Raspberry Pi CPU. For FLOPs, the token number of
the input texts is 100, while for latency on Raspberry Pi, the token number is 50.

| GPT2 | CerebrasGPT
GPT Models
| DistilGPT2 | GPT-2 | GPT-2-M | GPT-2-L | 111M | 256M 590M
original | 81.9 124.44 354.82 774.03 111.05 255.98 590.31
# Params
o) PPL, 67.06 106.36 326.45 734.28 101.78 226.69 543.45
Pmax 43.45 85.99 303.88 710.83 71.87 200.59 511.07
FLOP original | 20250 40490 142250 330980 14470 40400 103060
S
(10° text. ) PPL, +1.65 +1.88 +3.11 +2.30 +0.38 +1.63 +2.30
ex 50 996 s 209 —_6RY 939 2407
Pmax +0.13 7% | 40137 40.207 7 | 40.25 5| 40.13 %) 4+0.127 7% +0.26 17
Latency on | original | 0.1940.02 0.50+0.19 | 1.23+0.12 3.01+0.47 0.4740.21 | 0.7140.02 | 1.8140.25
Raspberry PPL, 0.36+0.19 0.50+0.16 | 1.26+0.22 3.014+0.29 0.48+0.23 | 1.01+0.29 | 1.8940.28
Pi (s/text) | omax | 0194003 ) | 0.7140ss)| 1552036 ) | 35200400 | 0.7220.42)| 0.9540.27)| 19150241
—47% +42% +23% +16% +50% —6% +1%

Though this compression approach does not provide latency reduction benefits, it does offer advan-

tages in the reduction of memory usage and energy consumption.

DistilGPT2 exhibits different FLOPs-latency trends from the others. In Tab. 5.10 the
compression for DistilGPT2 has significantly less latency for ¢max than PPL,, which contradicts the

analysis in the preceding paragraph. A possible reason is the different memory scheduling processes

of embedding layers and non-embedding layers. DistilGPT has the same embedding layer weight

matrix size (50257 x 768) as GPT-2, yet has significantly fewer non-embedding layer parameters

(and hence ~ 50% fewer non-embedding memory pages during inference). This difference may lead

to distinct memory management dynamics.
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Table 5.10: Parameters, number of floating point operations (FLOPs) of the compressed and un-
compressed sub-billion models, and latency on Raspberry Pi CPU. For FLOPs, the token number
of the input texts is 100, while for latency on Raspberry Pi, the token number is 50.

Series Model Variant Params | FLOPs Latency(s)
(M) (10%)
original 81.9 20250 0.19+0.02
DistilGPT2 | PPL, 67.06 +1.65 0.36+0.19
Pmax 43.45 +0.13 0.19+0.03
original 124.44 40490 0.50+0.19
GPT-2 PPL, 106.36 +1.88 0.50+0.16
GPT2 apmmx 85.99 +0.13 0.71+0.38
original 354.82 142250 1.2310.12
GPT-2-M PPL, 326.45 +3.11 1.26+0.22
©max 303.88 +0.20 1.5540.36
original 774.03 330980 3.01+0.47
GPT-2-L PPL, 734.28 +2.30 3.0140.29
Pmax 710.83 +0.25 3.5210.44
original 111.05 14470 0.47+0.21
111M PPL, 101.78 +0.38 0.48+0.23
Pmax 71.87 +0.13 0.7240.42
original 255.98 40400 0.7140.02
CerebrasGPT 256 M PPL, 226.69 +1.63 1.0140.29
Pmax 200.59 +0.12 0.95+0.27
original 590.31 103060 1.8140.25
590M PPL, 543.45 +2.30 1.8940.28
Pmax 511.07 +0.26 1.9140.24

5.7 Chapter Summary

In the context of generative language models with a parameter count of fewer than one billion,
the embedding layers take significant proportions of the total model parameters. The low-rank ap-
proach is a promising technique for parameter reduction, however, the existing low-rank approaches
to compressing language models all involve an extra training process. Based on the Tensor-Train
Decomposition, this work aims to find the low-rank structure without the need for extra training.
The experimental evaluation covers GPT-2/CerebrasGPT and OPT series models, more advanced
architectures like Qwen (2.5-0.5B, 3-0.6B) and MiniCPM4-0.5B, as well as both simple language
modelling/classification and more complex zero-shot reasoning tasks. The experimental results of
embedding and extensional dense layer compression point toward a practical takeaway for Ten-
sorSLM: effective compression with this approach should be layer-aware and task-adaptive. Embed-
ding layers can be safely compressed, while dense layers often hide excess capacity. The best results

come from tuning compression levels to the sweet spots that balance efficiency and performance.

This section has found that for the larger models, the language task performance was maintained and
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even improved while reducing the model size. Additionally, this section has obtained an empirical
compression bound for the proposed approach, achieving a compression ratio of 0.5x to 2.0x in the
embedding layers, without compromising language task performance. This section measured the
latency of the proposed approach on a typical low-end device (i.e. Raspberry Pi). With a significant
parameter reduction, the on-device compression latency was typically no more than 2 ms for each

token, highly competent for edge applications.

There are both design tradeoffs inherent to the proposed approach and a broad range of future
work following this line of work. Future directions include: (1) hybrid compression: combining
tensor decomposition with pruning; (2) accelerated tensor operations: hardware-optimised
kernels; (3) architecture extensions: applying the approach to other model families (LLaMA,
Mistral) and modalities; (4) adaptive compression: dynamically adjusting compression based

on deployment constraints.
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Chapter 6

Conclusion

This chapter summarises the main theoretical and practical contributions of this thesis and their
implications for controllable compression of language models, before outlining promising directions

for future research and deployment.

6.1 Contribution

Overall contributions. This thesis develops a unified algebraic perspective on generative lan-
guage model compression, connecting interpretability, software design, and deployment on resource
constrained devices. It shows that transformer based language models admit low dimensional ge-
ometric structure that can be exploited for controllable, training free compression, and that these
abstractions can be realised in a reusable tooling framework. Across Chapters 3 to 5, the work
demonstrates that tensor based factorisation is not only theoretically justified, but also practically

effective for sub billion parameter models in realistic runtime environments.

Interpretation and analysis of LLM mechanism. Chapter 3 reframes transformer based
language models as compositions of linear operators acting on structured subspaces, rather than
opaque stacks of parameters. The analysis in Sec. 3.1 quantifies how different model families dis-
tribute parameters across embeddings, attention and feed forward layers, and relates these choices to
memorisation oriented versus reasoning oriented behaviour. Building on this, the geometric formal-
ism in Sec. 3.2 introduces a subspace based taxonomy that treats matrix and tensor factorisations
as first class modelling tools for compression. Finally, Sec. 3.3 establishes log-linear relationships
between representation sparsity, perplexity and accuracy, providing explicit targets for how far one

can compress before model functionality shifts.

The significance of Chapter 3 is twofold. Conceptually, it connects interpretability, geometric deep

learning and compression into a single language based on subspaces and information flow, moving
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beyond purely empirical pruning heuristics. Practically, it offers a way to reason about compression
budgets in terms of representation dimension rather than ad hoc hyperparameters. These results
invite further work on linking the introduced algebraic structure with safety critical behaviours, for
example, by studying how subspace reallocation under compression affects factuality, robustness

and alignment. The highlights for this part include:

e Sec. 3.1 shows that larger models devote more capacity to feed forward layers, clarifying why

their reasoning abilities improve under increased depth and width.

e Sec. 3.2 reinterpret attention and MLP blocks as projections between subspaces, revealing where

low rank structure is most compatible with model semantics.

e Sec. 3.3 derives and validates analytic laws that tie dimension sparsity to perplexity and accuracy,

turning compression into a controllable design choice.

Implementation with object oriented programming. Chapter 4 operationalises the alge-
braic framework as a flexible software system for compression and evaluation. After surveying
existing inference engines, evaluation harnesses and representation metrics in Sec. 4.1, the require-
ments in Sec. 4.2 distil concrete design principles: avoid duplicated logic across pipelines, separate
model management from compression algorithms, and treat evaluation and profiling as first class
citizens. The factory based architecture in Secs. 4.3 to 4.5 realises these principles through registries

and plugins that assemble compression, evaluation and profiling workflows on demand.

Chapter 4 is significant because it turns abstract algebraic ideas into reproducible infrastructure
that other researchers can extend. By encapsulating compressors, profilers and evaluators behind
stable interfaces, it enables systematic comparisons between different low rank and pruning methods,
rather than one off experimental scripts. The case studies in Sec. 4.6 illustrate this point: they show
that the same pipeline can support multiple model families and benchmarks while exposing nuanced
trade offs between compression ratio, reasoning accuracy and engineering complexity. Future work
can build on this framework to incorporate new modalities, hardware specific kernels and online

adaptation mechanisms without redesigning the core system. The highlights for this part include:

e Sec. 4.2 frames compression tooling as a software engineering problem, emphasising extensibility,

reproducibility and separation of concerns.

e Secs. 4.3 to 4.5 introduce registry based factories and model managers that allow new models,

algorithms or third-parties to be added with minimal boilerplate.

e Sec. 4.6 demonstrate end to end pipelines on Qwen and MiniCPM models, quantifying how

algebraic compression interacts with real benchmarks.

Deployment and runtime analysis. Chapter 5 addresses the practical question of whether al-

gebraic compression can make small language models viable on resource constrained hardware. The
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analysis in Sec. 5.1 derives fine grained FLOPs counts for core PyTorch operators and transformer
components, providing a hardware agnostic baseline for reasoning about latency. On top of this,
Secs. 5.2 and 5.3 introduce TensorSLM as a training free tensor train based compression scheme

that targets embedding and dense layers while respecting the structure of the forward pass.

The empirical study in Sec. 5.4 shows that embedding layer compression with TensorSLM consis-
tently preserves, and sometimes improves, performance on language modelling and reasoning tasks
across GPT—-2, OPT and MiniCPM models. Dense layer compression exhibits task specific sweet
spots, highlighting that compression policies must be adapted to evaluation objectives. Runtime
measurements in Secs. 5.5 and 5.6 demonstrate that on a Raspberry Pi 5, TensorSLM reduces in-
ference energy by roughly half with negligible per token latency overhead, suggesting a concrete
deployment path for edge applications. These results raise further research questions about co de-
signing algebraic structure, hardware and scheduling policies to unlock even more efficient on device

reasoning. The highlights for this part include:

e Sec. 5.1 provides a reusable FLOPs accounting toolkit, allowing compression schemes to be com-

pared on computational as well as statistical grounds.

e Secs. 5.2 and 5.3 clarifies the specification of resource-constraint deployment, Sec. 5.4 show that
tensor based embedding compression outperforms matrix-based SVD and structured pruning on

several reasoning benchmarks at comparable parameter budgets.

e Secs. 5.5 and 5.6 quantify latency and energy on real hardware, demonstrating that algebraic

compression can achieve meaningful efficiency gains for small language models in edge settings.

6.2 Future Work

Overall future directions. Looking beyond the specific contributions of this thesis, several
broader directions emerge for advancing controllable compression of language models. The algebraic
viewpoint developed here suggests treating model design, compression algorithms and deployment
strategies as a single co-designed system. Future work should therefore link subspace-level under-
standing, analytic performance laws and software infrastructure into an iterative loop that supports
principled, data-driven compression decisions across model families and hardware platforms. The

main cross-cutting research directions include:

e Closing the gap between algebraic taxonomy and practical model design by systematically map-
ping subspace constructions to concrete matrix and tensor factorisation schemes used in generative

language models.

¢ Extending analytic laws that relate representation dimension, sparsity and performance to more

diverse tasks, architectures and compression regimes, especially in low-data and safety-critical
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settings.

e Integrating the compression framework, profiling tools and deployment workflows into an end-
to-end system that can recommend compression policies conditioned on hardware, latency and

energy constraints.

Interpretation and theory. From the perspective of interpretation, the subspace-oriented view
of transformers and the taxonomy developed in Sec. 3.2 can be deepened in several ways. A natural
extension is to expand the coverage of existing compression and interpretability literature, position-
ing each method within the same geometric language and clarifying which subspace manipulations
it implicitly implements. More ambitious directions include linking these algebraic structures to
phenomena such as in-context learning, robustness under distribution shift and safety-relevant be-
haviours by analysing how subspace reallocation under compression affects factuality, calibration
and failure modes. Finally, the linear laws studied in Sec. 3.3 invite theoretical work that derives
them from optimisation dynamics and generalisation theory rather than treating them as purely

empirical regularities. Key future research topics in this area include:

e Building systematic benchmarks that test whether subspace-based predictions about which lay-
ers are compressible match observed changes in behaviour across diverse tasks, languages and

prompting setups.

¢ Relating subspace structure to mechanistic circuits by combining the algebraic framework with
causal intervention methods and sparse probes, aiming to distinguish genuinely mechanistic com-

pression from mere parameter removal.

e Exploring task- and user-conditioned subspace allocation, where compression budgets are dy-
namically reallocated to components most relevant for factuality, alignment or domain-specific

reasoning.

Tooling, deployment and runtime. On the systems side, the compression framework in Chap-
ter 4 and the runtime analysis in Chapter 5 open several avenues for practical and methodological
work. One direction is to broaden the range of model families, tasks and hardware targets supported
by the tooling, turning it into a general-purpose platform for evaluating compression policies under
realistic deployment constraints. Another is to push tensor-based methods such as TensorSLM be-
yond embeddings, exploring tensorisation of dense layers, attention blocks and even optimisers in
ways that remain compatible with modern inference engines and compilation stacks. The FLOPs
accounting in Sec. 5.1 also invites closer collaboration with hardware and compiler communities to
co-design kernels, scheduling strategies and quantisation schemes that exploit the algebraic structure
exposed by factorisation. Finally, deploying compressed models in user-facing applications creates
opportunities for longitudinal studies of reliability, calibration and user trust in resource-constrained

settings. Promising directions for future systems work include:
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e Turning the current research code into a robust, open-source framework with configuration, log-
ging and experiment-tracking capabilities that make compression studies reproducible for other

researchers and practitioners.

e Designing and evaluating tensor-friendly kernels and compilation strategies for tensor-train and
related factorisations on CPUs, GPUs and emerging accelerators, guided by the FLOPs models
developed in Sec. 5.1.

¢ Running end-to-end deployment case studies on diverse edge platforms, measuring not only la-
tency and energy but also user experience, failure recovery and maintainability of compressed

model pipelines.
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