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A B S T R A C T 

We present here some contributions to the theory of disordered solids. More 

precisely, we investigate the effects of disorder on the normal modes of certain 

model Hamiltonians. We ask (and partially answer) such questions as whether the 

normal modes are localised within a finite region of the solid or not, and whether 

the damping of the modes caused by the disorder can be found. 

A review of concepts and models in current use in the theory of disordered 

solids is presented, and a new model for a spin glass is introduced. Then work on 

the calculation of the dispersion relation of the Mattis-Heisenberg model in the 

R.P.A. for various strengths of the disorder is presented. The damping of the long-

wavelength modes is found for low concentrations of antiferromagnetic impurities and 

for the case when there is no overall magnetisation. This is followed by a contribution 

to the precise characterisation of localised states and localisation edges for a large 

class of self-adjoint operators. We discuss the possibility of the existence of a 

singular continuous part of the spectrum of the operator and the physical significance 

of this for stochastic Hamiltonians. 

The self-consistent theory of localisation of Abou-Chacra et a I is extended to 

investigate the localisation of magnons. The success of the adaptation is partial, but 

a demonstration that the magnons of the Mattis-Heisenberg model in one dimension 

are all localised for arbitrarily small disorder is found. 

Finally, results of computer calculations of the localisation properties of the 

magnon modes in disordered magnets are presented. This is followed by a conclusion 

which draws together some of the themes developed in the previous chapters. 
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1. 

C H A P T E R 1 

INTRODUCTION 

In this thesis we present an account of contributions made to the theory of 

disordered solids. The physics of disordered solids has been of wide interest, and 

much progress in our understanding of effects and mechanisms peculiar to disorder 

has been made recently. (For reviews see Thouless [ l ] , Weaire and Kramer [2 ] 

and K. Binder [3] and [4 ] ) . 

The motivation for much of the theoretical work has come from the insight 

of P.W. Anderson, who introduced the concept of disorder causing the localisation 

of excitations [ 5 j and who, with S.F. Edwards, introduced a model of a spin-glass 

which has become the accepted model in this discipline. The concept of 

localisation is a central concern of this thesis : in Chapter 5 we advance a 

characterisation of localised and extended states, in Chapter 6 we investigate the 

use of the Bethe lattice method introduced by Abou-Chacra, Anderson and Thouless 

for the problem of magnon localisation in disordered magnets, and in Chapter 7 

results of computer calculations on disordered magnets are presented. The work on 

spin glasses has led to interest in various random Heisenberg models. In particular 

the Mattis-Heisenberg model (Sherrington [8 j , [9 j , p O J and Chapter 2 § 4 ) 

is studied closely in this thesis. 

The question of central interest in the spin glass problem is : what is the 

nature of the spin glass phase transition? This is a lively but still controversial 

field with many differing speculations put forward supported by a greater or lesser 

amount of analysis. As a contribution to the understanding of the Edwards-Anderson 

model for a spin-glass J6J , Sherrington and Kirkpatrick proposed a soluble model of 

a spin glass which is an infinite range Edwards-Anderson-lsing model [ l l ] and [ l 2 j . 
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The Sherrington Kirkpatrick model has so far defied all attempts at a solution except 

at high temperatures where Thouless, Anderson and Palmer [ l 3 j showed that the 

Sherrington Kirkpatrick analysis is correct. There have been many attempts to 

either solve or explain certain properties of this model, Sommers [14J, Bray and 

Moore [ l 5 j and Parisi j l 6 j among others. The phase transition controversy wil l 

not, however, be contributed to in this thesis, we shall be interested exclusively 

in the properties of the magnons in the non-interacting approximation, that is, 

elementary excitations from the ground state. 

As we mentioned above, properties of the Mattis-Heisenberg model wi l l be 

of central concern here. As this model has its thermodynamic properties given by 

those of a Heisenberg ferromagnet (Chapter 2, ?4) , we must go to the theory of the 

magnons to find a problem of interest because of the disorder. Chapters 3 and 4 are 

exclusively concerned with the Mattis-Heisenberg model. In these chapters the theory 

of the long-wavelength dynamic response of the Model is developed. This subject has 

been a major concern of Sherrington [ 8 j , [ 9 j and p O j , who has developed most 

of the theory of the excitations in this model. The reason for studying the Mattis-

Heisenberg model, rather than the Edwards-Anderson model, is that it has a well 

defined classical ground state, in contrast with the Edwards-Anderson model, about 

which the elementary excitations can be treated in the harmonic approximation. 

Chapters 6 and 7 have sections concerned with the localisation of Mattis magnons. 

In Chapter 6 we use the Bethe lattice approximation as developed by Abou-Chacra 

e t a l [ 7 ] , [ l 7 j and [ l8 ] . In Chapter 7 results of computer calculations are 

reported. Although the Mattis-Heisenberg model is much simpler to treat than the 

Edwards-Anderson model it does furnish us with an example of a disordered Heisen-

berg magnet whose excitations can be successfully analysed. It is hoped that it may 
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give some inspiration when dealing with more difficult models. 

As was mentioned above, Chapter 5 is concerned with the characterisation 

of localised and extended states as they appear in the physics of disordered solids. 

The treatment is very general, as we often make statements which are true for a 

wide class of self-adjoint operators. However, a demonstration is given (as a proof 

of relevance) that the Anderson model for the localisation problem [ 5 ] is, in 

particular, an operator for which the R . A . G . theorem holds (Chapter 5 , § 4 , the 

R . A . G . theorem). This leads to many results for the rigorous theory of localisation. 

A distinct difference in style is noticeable between Chapter 5 and the rest of this 

thesis. This is due to the use of Functional Analysis. This may be unfortunate for 

the unity of presentation, but the insight into the physics of localisation achieved 

by this style of presentation is hoped to compensate for this. 

A final word about the overall attitude that is adopted in this thesis. It 

could be summed up by the phrase "model physics", that is, we are concerned with 

the properties of certain model Hamiltonians (see Chapter 2) with which we isolate a 

property and look at its effect. Usually this property is disorder, and we are looking 

at its effect on the spectrum of the magnons of the Heisenberg model. Direct 

applications to experimental measurements and materials are not discussed. 
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CONCEPTS A N D MODELS USED I N THE THEORY OF DISORDERED SOLIDS 

f 1. Introduction 

In this chapter we shall Introduce the various concepts used throughout this 

thesis. These are concepts which have become central to the understanding of dis-

ordered solids. The concepts can be Illustrated by simple models, the physics of which 

is thought to be dominated by one of the concepts. For example, the study of the 

Edwards-Anderson model of a spin-glass gave birth to the concept of frustration [ l9] . 

This frustration is a consequence of competing interactions which cannot all be satisfied. 

This seems to be what destroys the singlet ground state of the ordered Heisenberg magnet 

and creates a large number of low energy long lived metastable states [20 J . 

Although frustration was developed from the study of the Edwards-Anderson model 

it is now often considered as a condition for a disordered magnet to be a "good" model 

for a spin-glass. Thus, we have the situation where the Mattis model £21J and the 

AAattis-Heisenberg model (Sherrington [8 ] and § 6) are not considered to be good models 

for spin glasses because there is no frustration. On the other hand, we have models which 

have too much frustration to be considered as realistic models of a spin-glass. An 

example of this is the Vi l la in model [22 ] which has every plaquette frustrated (see § 3) . 

Another concept which shall be of greater importance than frustration in this thesis 

is localisation. This concept is due to Anderson [5 j and work on the subject of the 

localisation of electron states in a disordered solid (similarly for magnons and phonons, 

but to a lesser degree) has occupied a considerable number of people since 1958. 

The concept of localisation is simple to imagine: a particle moving in a random 

potential may become trapped within a finite region of space by the barriers caused by 

the disorder. Localisation wil l be discussed in £ 2. 
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J f A, 5, 6, 7 and 8 wil l each be concerned with the definition of a model 

Hamiltonian. A review of the work done previously on these models wi l l not be given. 

Properties of the models which are of relevance for our purposes wi l l be discussed, 

however. 

S 2 . Localisation and Band Broadening 

Localisation theory is an extremely active branch of the theory of disordered 

The notion is a simple one. Firstly, consider a particle moving in a periodic 

potential. We know from Bloch's theorem that the particle states are running waves; 

we say that such states are extended. Now, consider turning on the disorder (for 

example, introduce impurities which break the crystalline symmetry). It is the 

contention of Anderson that once the disorder becomes sufficiently strong then all the 

states of the model are localised. 

Given a selfadjoint operator with extended states it is known from a deep 

theorem of Weyl and von Neumann [24] p. 523 that one can always find a small 

perturbation which makes al l the states localised (this is further discussed in Chapter 5) . 

So, we consider a particle which moves in a potential V . The formal Hamiltonian 

is written as 

solids. The concept was introduced into solid state theory by Anderson 

review of progress made since that time see Weaire and Kramer [ 2 ] or, for a more 

mathematical approach, see Kunz and Souillard 

( i ) 

where W is a measure of the randomness. W is, usually, the width of the distribution 

density of the associated stochastic process. We make the choice that for W = 0, 

V (W = 0) is a periodic potential. We ask, what happens as we increase W from zero? 
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If we consider only one band of the spectrum of H, we shall be able to discuss 

the effects of localisation and band broadening with reference to figure 1. 

The number of exact results are small in localisation theory and restricted to 

one dimension where it is known that all the states are localised no matter how small 

the disorder is, with the exception of zero disorder. This result was put forward as a 

conjecture by Mott and Twose [25] but was proved only recently by Goldsheid, 

Molchanov and Pastur [ 2 6 ] , 1977. There are more results available on the spectrum; 

Kunz and Souillard [ 2 3 ] have found the spectrum of the finite difference operator, 

which is an approximation to (1), in arbitrary positive integer dimension. 

An effect that is common to many stochastic one particle Hamiltonians is band 

broadening. It is known that the band broadens with increasing W. So if we compare 

f ig. 1(b) with f ig. 1(a) we see that the band broadens by an amount proportional to W 

(see Chapter 5 , f 5 for a deeper discussion), also we notice that the states associated 

with the band edges become localised. In f ig. 1(b) we see two localisation edges. 

The localisation edge is the boundary between those energies for which the states are 

localised and those energies for which the states are extended. 

Fig. 1(c) shows the band when the disorder is strong enough to localise all 

states. The minimum value of W for which all states are localised is called the critical 

value of W for the Anderson transition. 

We must stress that we have taken the simplest example for the illustration of 

the effects in this section, more complicated behaviour in the band can be imagined 

and is known to exist for certain binary alloys, see Abou-Chacra and Thouless [17 ] . 

^ 3 . Frustration 

The concept of frustration has been developed chiefly by G . Toulouse, [27 ] 

and [ 2 8 ] . This concept has become central to the qualitative and quantitative 
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understanding of spin glass behaviour. Frustration is most easily discussed with reference 

to an Ising model defined on a simple square lattice, but the only requirement for the 

frustration effect is competing exchange interactions. Consider the Ising model 

illustrated in f ig. 2(a). We write the Hamiltonian as 

H = - 2 1 si s i - JXi szs3- + <2) 

We can see from equation (2) and fig. 2(a) that for any arrangement of the spins there 

wil l always be one bond unsatisfied. 

Illustrated in figure 2(b) and (c) we have two triangles which are frustrated. 

Now, we can obtain lattices from the plaquettes shown in figure 2 and we can easily 

write down an Ising Hamiltonian which has a certain density of frustrated plaquettes. 

The usefulness of the concept of a density of frustrated plaquettes was demonstrated by 

Toulouse and Vannimenus [29 ] who performed numerical calculations to find some 

ground state properties of the two dimensional Edwards-Anderson-Ising model. 

The effects of frustration without disorder were investigated long before the 

work of Toulouse. If fig. 2(b) is taken as an elementary plaquette for the two 

dimensional anti-ferromagnetic Ising model defined on a triangular lattice, then 

the work of Newell and Montroll [ 3 0 ] shows that there is no finite temperature 

phase transition for this model. Fig. 2(c), when generalised to a lattice, gives 

the Union Jack lattice considered by Vaks, Larken and Ovchinnikov [ 3 l ] . Vi l la in 

introduced a model of a spin glass in which the disorder could be transformed 

away (as far as the thermodynamics is concerned), leaving an Ising model defined on 

a simple square lattice with every plaquette frustrated. This model was shown, by 

Vi l la in , to be equivalent to the Dimer problem [ 3 2 j which is known to have no phase 

transition in two dimensions [33 j . 

From the cases of the Vi l la in model and the antiferromagnet on a triangular 
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lattice we can see that frustration has the effect of suppressing the phase transition. 

It must be remembered that these models have every plaquette frustrated; such total 

frustration cannot be obtained for an Edwards-Anderson model with the disorder 

governed by the distribution density given by equation (11). 

So, in two dimensions, we have two soluble spin-glasses. For both of them 

the disorder can be transformed away; the Mattis model is not frustrated but it has a 

phase transition in two dimensions given by the phase transition of the Ising model [ 3 4 ] 

and the Vi l la in model, which has no transition and is equivalent to the Dimer problem. 

A large body of opinion arid physical insight holds that we want models for spin 

glasses which have frustration given by the disorder, and the disorder can not be trans-

formed away in a trivial manner. The Edwards-Anderson model (see section 5) is such a 

model, and so is the binary alloy model discussed in J 6 . 

The concept of frustration wil l be used in £ 6 of this chapter and in Chapter 6 

where it is shown that frustration is eliminated when the Edwards-Anderson model is 

defined on a Bethe lattice. 

f 4 . The Mattis-Heisenberg model 

The AAattis-Heisenberg model is an extension of the AAattis model introduced in 

[21 ] . The AAattis model is an Ising model with separable random exchange which can 

take values of + of some exchange strength J. The AAattis-Heisenberg model is a model 

with three dimensional vector spins. Both models have thermodynamic properties given 

trivially by that of the pure system by a change of spin variables which transforms the 

models to and from the pure systems. We write the Hamiltonian as 

where the sums are over all sites in the lattice (simple cubic, simple square, chain and 

(3) 
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Bethe lattice are the choices of lattice which we shall be using). The non-random 

part of the exchange is 

q J = 3"" ̂  O if i are nearest neighbours (4.a) 
U 

<z)[j — O otherwise (4. b) 

The random part of the exchange is determined by the probability distribution density 

for the set of statistically independent, identically distributed random 

variables. The choice of distribution density made for the AAattis-Heisenberg model is 

= { ( - c ) f C e - i ) 4- c Z C e + O (5) 

This form of random exchange is said to be separable. That is, that each site has a 

statistically independent random variable associated with it . This means that we can 

make a transformation T w h i c h eliminates the disorder. This contrasts with 

the Edwards-Anderson model (see § 5) which has non-separable disorder. It is an 

important consequence of the choice of disorder for the AAattis-Heisenberg model that 

there is a well defined classical ground state ( K ^C .J .J . S ) • 

As we can see from the above discussion, the equilibrium statistical mechanics 

of the AAattis-Heisenberg model is equivalent to the study of the equilibrium statistical 

mechanics of the pure (not disordered) Heisenberg ferromagnet. However, in this thesis 

we shall be considering the spin waves (or magnons) in the random phase approximation 

(R. P.A. ) and the theory of AAattis-magnons [35 ] is not equivalent to the study of the 

ferromagnetic magnons. 

As we are interested in studying the magnons of the AAattis-Heisenberg model in 

the non-interacting approximation, we shall proceed to construct an effective Hamiltonian 

for the magnons. This will be accomplished by performing an expansion of the spin vectors, 
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about their classical ground state direction, as boson creation and annihilation 

operators. The derivation of this Hamiltonian is shown in Appendix A , and the 

derivation of Sherrington [ 8 ] is followed. The Holstein-Prlmakoff similarity 

transformations are used. 

S ? = e-, C S - fl-1 a i ) (6.a) 

S ? ^ p s y ^ f H - e ; ) t j (6.b) 

Al l of the symbols have their usual meanings. The Hamiltonian is 

y 

This is the Hamiltonian given by Sherrington f 8 ] . We see that if we always 

haveC; = 1 , then we have the R.P.A. Hamiltonian for a Heisenberg ferromagnet 

and if G; fij =-1 always then we would have a Heisenberg antiferromagnet. For c = 

in equation (5) we obtain the case of Gj = 1 always, but the probability of having 

pure antiferromagnet is zero in the thermodynamic limit. We can think of the 

Hamiltonian as a disordered X - Y model; this was pointed out by Ching Leung and 

Huber [ 3 6 ] . If we have c = i in equation (5) and replace the random elements of 

(7) by their average values ( i . e . €7- = 0) we obtain 
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l j 

which is the R.P.A. effective Hamiltonian for the X - Y model. As this model gives 

a long wavelength dispersion going as q (linear dispersion) we might expect to obtain 

this for the disordered model (7). Indeed, this is what we find for c = i , equation 

(4 .32) . 

The Hamiltonian (7) is written in a form symmetric in the ferromagnetic and 

antiferromagnetic contributions. While this is ideal for the case of c = i , it is not 

the best form for c « 1 or c 1 which are the limits of considering a ferromagnetic 

host to isolated antiferromagnetically coupled impurities. The low concentration 

problem is studied in Chapter 2 . We obtain the required Hamiltonian by the following 

transformation 

(6\ Sj - 0 + 1 (8) 

This transformation is trivial, so we get by a rearrangement of the terms in the 

Hamiltonian 

- i ^ I 3 * Z d l j 3 i j 4 
ij O '/ 

-i X JTj C ^ j « J + )3 « 
'0 

The first line is the R.P.A. form of the Heisenberg ferromagnet Hamiltonian. The 

term on the second line removes a ferromagnetically coupled spin and replaces it 

with an antiferromagnetically coupled spin. 

Now we have obtained the R.P.A. forms of the Mattis-Heisenberg Hamiltonian 

which wil l be used in Chapters 3 , 4 and 7. The Mattis-Heisenberg model wil l be 
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studied in Chapters 6 and 7 by other approximations which wil l be explained in the 

appropriate place. 

§ 5 . The Ed wards-Anderson Model 

In the paper by Edwards and Anderson [ 6 ] a model Hamiltonian was proposed, 

the properties of which, it is hoped, account for the main features of certain experi-

ments done on spin-glasses [37 ] . This paper started a spin-glass industry to which 

many theorists have made contributions [38 ] . There has been an enormous amount 

of work done on the statistical mechanics of the model, and attempts to construct and 

understand a mean field theory for the model, such as the Sherrington Kirkpatrick 

model [ 11 ] , [ l 2 ] . Reviews of this work on equilibrium properties can be found in 

Young [39 ] and Binder [ 3 ] , [ 4 ] . 

The model is a nearest-neighbour Heisenberg model with random exchange. 

H = ~ T J \ ) • (10) :J 
where we choose three dimensional spin vectors, the indices run over all sites of the 

lattice. J.. is zero except for when i and j are nearest neighbours, in which case we 

have a set of statistically independent, identically distributed random variables 

f i* f. / with probability distribution density C JJ.j 

P ( t ) = f i - O S ( K - ^ r ) (11) 

where c varies between zero and one, and K is greater than zero. Edwards and 

Anderson [ 6 ]chose a Gaussian distribution for the J's in the original paper on this 

subject, but the distribution density (11) is often chosen because it has the essential 

feature of producing competing interactions. This model wil l be used in Chapter 6 

with the distribution density given by (11). 
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The model defined by (10) and (11) is (unless c = 1 or 0) frustrated. Now, 

this statement must be qualified because there are choices of lattice for which the 

Edwards-Anderson is not frustrated. These are lattices without closed, non-intersecting 

lattice paths such as the Bethe lattice which is studied in Chapter 6. The Bethe lattice 

has a special simple case when the connectivity is one; this gives the one-dimensional 

chain. 

£ 6 . Binary alloy spin glasses 

The term binary alloy spin glass is used here for a disordered Heisenberg model 

which has exchange disorder due to two species of spin associated randomly with the 

sites of the lattice. 

If we call one species A and the other B and call J^ = the exchange 

between two unlike spins which are nearest neighbours, J ^ is the exchange between 

two nearest neighbour A spins and J is the exchange between two nearest neighbour DD 
B spins. There are no other possibilities. Also, we would like to make our choice so 

that we obtain frustrated plaquettes. 

The choices of exchange wi l l be the simplest which would give us our spin glass. 

J.. = + J where J is a constant greater than zero, and i and j can be either A or B. A 
M ~ 

model we have met before is given by 

= -T s j ZTfi* " 5". (12) 

Inspection shows that this is the Mattis (or Mattis-Heisenberg) exchange. As was shown 

in ^ 4 , this model has no frustrated plaquettes, and this is true for both close packed 

and loosely packed lattices. Now, if we reverse the signs in (12) we get 
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and we do obtain, for this model, frustrated plaquettes if we define our Hamiltonian 

on a closely packed lattice. It is, however, an over-frustrated model (see£ 3) as 

every elementary plaquette is frustrated. 

Now what we are looking for is a model which has frustration due to the same 

causes as that of the Edwards Anderson model, that is, the choice of disorder. Such 

a model is one with exchange constants 

j i ~ (14) 

The Heisenberg Hamiltonian corresponding to this choice of exchange is 

h = E ^ c ^ j - O s . s j (15) 
r~ 'J J j lJ 

where the set of identically distributed statistically independent random 

variables are given by the probability distribution density 

-p6~)=r <= ice') +fi-fc>S'£«-0 (16) 

It can be seen that this Hamiltonian has frustrated plaquettes due to the 

disorder. It helps in our understanding of this Hamiltonian if we notice it can be 

written as the sum of two Heisenberg magnets. 

H - + Wp^ ' 

Hpp is the dilute ferromagnet ( £ 7) with exchange strength 2J and H^p is 

the pure Heisenberg antiferromagnet with exchange - J. This lets us see some of the 

geometry of the disorder. Hpp gives us the percolation problem for the existence of 
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the ferromagnetic ground state, but in this case the dilute ferromagnet is coupled to 

an antiferromagnetic host to which it is coupled ferromagnetically. This means that 

the two components of the alloy are separated by a boundary of frustrated plaquettes. 

Now we have an exact result for the critical percolation concentration for the 

existence of a ferromagnetic ground state in the dilute ferromagnet, and this gives an 

upper bound for the concentration c for which there is a bulk magnetisation for the 

spin glass model (15). We have from [40 ]and [ 4 1 ] that the percolation concentration 

for the two dimension simple square lattice site percolation problem is 0 . 5 9 . This gives 

an upper bound on c , the concentration for which we have a ferromagnetic ground state 
c 

in two dimensions 

c ^ 0-4-1 (18) 

This can be seen to be an upper bound if we consider the picture of the infinite cluster 

near percolation proposed by De Gennes [42] . This picture considers bulk clusters 

connected by chains of sites. In model (15) these chains wil l be bordered by frustrated 

plaquettes. These plaquettes wil l have the effect of stopping the direction of the 

magnetisation in each of the clusters from being the same, and thus destroying the 

magnetisation. 

Thus, we have in model (15) an interesting model of a spin glass which could be 

of greater relevance to certain physical situations than the Edwards-Anderson model. 

The model could, however, be studied by exactly the same methods as have been used 

previously to study the Edwards-Anderson model. For example, a study of the ground 

state properties using a method like that developed by Grinstein et al [ 4 3 ] would 

provide a useful and illuminating comparison with the Edwards-Anderson model. 
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^ 7 . The Dilute Ferromagnet 

The dilute Heisenberg ferromagnet is one of the easier disordered magnets to 

think about. It has no frustration; it does not have any antiferromagnetic bonds. It 

is not a model which wil l be of central importance to this thesis, we shall simply define 

it and refer the reader to Chapter 7 for our report of the computer calculations of its 

properties. 

The Hamiltonian is 

U = - i X I S-.-S) <19> 

where the set a r e statistically independent, identically distributed random 

variables with a distribution density, 

P t e ) = c S Ce-0 + d i - O S Y e ) (20) 

It is possible to use standard Holstein-Primakoff methods to obtain an R.P.A. boson 

approximation to (19). 

H - -S- J T £j (TatAi + o-p (21) 
3 

This is the approximation which is usually used when studying the localisation of non-

interacting magnons [44 j , [45 ] . It is the finding of the above references that 

localisation is weak except near the percolation concentration. 

j 8. Finite Difference Operators 

Finite difference operators are the class of operators which are most often studied 

in the physics of random solids. The earliest studies were on a harmonic random chain 

(see Dyson [ 4 6 ] and Schmidt [ 4 7 ] ), and this continued to be of interest in the 
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seventies (Casher and Lebowitz [ 4 8 ] , and Ishii [ 4 9 ] ) . 

An Important Interpretation of random finite difference operators is the tight 

binding approximation for the electron moving in a random potential which is the Anderson 

model ( [ 5 ]and Chapter 5 , f 5) . Also, the equations of motion for magnons from 

Heisenberg models in the R.P .A. approximation take the form of a finite difference 

operator. 

We shall consider the finite difference operator to be an approximation to a 

particle moving in a potential V for which the Schrodinger equation is 

< J > ^ = - A + V O ) ( 2 2 ) 

where x is a position vector in the d dimensional real Euclidean space, 

• ^he finite difference approximation to (22) is 

i j " ( ^ = 0 = ] / ( * ) 4 - * ^ (23) 

for £ Jt ( 2 1 ) where Z is the d dimension hypercubic lattice of lattice spacing 1 

and the coordination number z = 2d. V (se . ) is given by the distribution of the stochastic 

process which defines the Hamiltonian. We shall recast equation (23) in more familiar 

notation in Chapter 5 , ^ 5, where it shall be discussed as the Anderson model for 

localisation. 

If we want to consider the finite difference operators that spin wave theory gives 

rise to, we must allow for a random hopping term in the equation of motion. 

iJ-dpC^) = 

- ( 2 4 ) 
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where all the terms are the same except that we have introduced a random variable 

T, which is defined by a stochastic process, which is usually (but not always : see 

equation (21) and think of the finite difference operator which can be constructed 

from it) independent of the process which defines V . 

It can easily be seen that if we define our model in a finite box in Z we 

have the model used for most numerical work on the normal modes of disordered 

solids [50] . 

£ 9 . Figure Captions for Chapter 2 

Figure 1 (a) Shown is a band of the Hamiltonian for a particle moving in a periodic 

potential. Al l states associated with energies within the band are extended. 

(b) This picture shows a band for an electron moving in a periodic potential 

which is perturbed by a stochastic potential. The effects of the stochastic perturbation 

are band broadening and the appearance of localised states, associated with energies 

1 2 
near the band edges. E^ and E^ denote the localisation edges. 

(c) Here we show a picture of the band for the same model but with stochastic 

perturbation sufficiently strong to cause the localisation of all states in the band. 

Figure 2 (a) This picture shows a frustrated elementary plaquette as is found for a 

Vi l la in model or an Edwards-Anderson model defined on a simple square lattice. 

(b) Shown here we have a triangular frustrated plaquette which is found in 

an antiferromagnet defined on a triangular lattice. 

(c) Shown is the elementary plaquette of the Union Jack lattice, as studied 

by Vaks et al [ 31 ] . 
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C H A P T E R 3 

LONG-WAVELENGTH DYNAMIC RESPONSE OF THE MATTIS-HEISENBERG 

MODEL : WEAK DISORDER 

f 1. Introduction 

The Mattis-Heisenberg model given by equation (2.3) is here considered in 

the limit where disorder is small. That is, c in equation (2.5) is small, or equi-

valently, (1 - c) is small. With this restriction on the disorder the problem of 

studying the dynamics reduces to an isolated impurity problem. And so, because 

we are considering an isolated antiferromagnetic impurity in a ferromagnetic host, 

our methods are in direct line of descent from the works by Wolfram and Callaway, 

1963 [ 5 1 ] , Izyumov, 1966 [52] , and Wang and Calien [ 5 3 ] . 

We shall use what is called by Wang and Callen the spin wave approximation; 

they attacked the use of this approximation by Ishii et al [ 5 4 ] , but if we consider 

our approximation to be good for large spins and sufficiently low temperatures, we 

can see that use in [54 ] of the approximation to study spin one half impurities is 

well outside the region of validity. 

Edwards and Jones [55 ] developed a diagrammatic perturbation theory for 

the impurity problem and applied it to the diluted Heisenberg ferromagnet. 

The quantities which we shall calculate are the dominant long-wavelength, 

small energy and small c dispersion relation with the dominant imaginary correction 

which gives a measure of the damping of the spin-wave modes due to the disorder, 

the spectral density function can be calculated easily once the dispersion relation 

is known. 

2 . The calculation of the self-energy 

We are considering the Mattis-Heisenberg model in the limit where it is a 
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ferromagnet with isolated anti-ferromagnetic impurities. We study this model by an 

equation of motion method developed by Zubarev [56 ] . The effective Hamiltonian 

appropriate for our problem is given by equation (2.9). The Zubarev Green's function 

which we shall study is t h e r e t a r d e d G . F . w i t h E = W + i S ( S > 0 ) . 

A ( ^ E ) = ; q^I -f a ^ C E } (i) 

where the a's are boson operators and the q's are reciprocal space vectors. This 

Green's function is proportional t o ^ ^ S * ; S^,^where S* is the x spin component. 

The equation of motion technique gives (see App. B. equation (12) ) 

A ° ( E ; $ U T * J ' ) A ( S A \ E ) (2) 

B-2. 
where the free Green's function is 

A° (E J a) = 2.5 ( T f ^ - V t m (3) 

The potential J (q , q") is defined in terms of the parameters of the Mattis-Heisenberg »» 

model as 

J 
(4) 

where the R's are lattice vectors. 

As we are working on an isolated impurity problem the simplification of the 

potential is in real space. So we Fourier transform equation (2) 

Aij - + f I A^d^, ( \-ek£lt>) A - (5) 
kk J 
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where the indices take values on the lattice and we do not write explicitly the E 

dependence. 

We can now define the T-matrix and the self-energy respectively by 

A y - A'j + X I A°ik A\.. (6) 

and 

A i j = A ; , + L A ^ ; (7) 
J J k ^ J 

where bar denotes the operation of taking an average over the disorder (be careful 

not to confuse the sigma for the summation with the sigma for the self-energy). 

It can be shown that for very small c the self energy is given by the 

concentration of antiferromagnetic impurities multiplied by the single impurity T-

matrix. This result was shown previously by Izyumov [ 5 2 ] , but see E l l i o t t e t 

al ^8?] for a more general discussion. 

So let us call the site with the impurity o. We define 

V . . = - SJ/2 when i or j (but not both) are site o 
'I 

V . . = 0 otherwise 
•I 

That is, V . . = J.. (1 - ) S/2 but is negative only if i = 0 and likewise for ®. 

From equations (5) and (6) 

a 
(8) "Tij = V i j + x ; Viic A* k k' Tk-j 

In the following sections we shall use the notation that nearest neighbour sites to the 

site o are denoted by and S . Thus we can write all the elements of the T-

matrix by the following three equations : 

X = Z V.i AVT4'o + X V.s <*••> 
SS' $ 
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Tog = Vcj + r \loS< A V . T , + H VaJ< (9.b) 
v s r 

V * A ° 0 6 X s ' + 2 1 V S o A 0 . & ' n ? Y . (9 =) 
s 

We consider a lattice where every lattice site has 2d (where d is the dimension of 

the lattice) nearest neighbours, and we generalise cubic symmetry to arbitrary 

dimension. This allows us to introduce the notation 

Z'Too;T*ToS - Tfo ; Tl=Tss' o o . a ) 

A , = A"U i A , = A° . s = A° t o i A t = 2"' 71 A°ss. oo.b) 
s 

where z = 2d; the coordination number. 

The elements of the T-matrix can now be written in terms of the elements of 

the free Green's functions. 

t 0 = (".») 

r , = S ^ O - 1 <"•»>> 

where 

= C i - 2 a j x 5 a A x A e . (".<» 

So if the elements of the free Green's function can be evaluated, then we have 
• o 

an expression for the T-matrix. (q, E) can be expressed as (from equation (3) ) 
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Define 

A a = Go(E) + Go(-E) (13.a) 

where 

G0 (E) = J " 03.6) 

ik. W 

and B.Z . denotes the Brillouin zone. 

This procedure can be generalised to give & t a n d 

A , = Q, ( E ) + a , ( - E ) (H.a) 

where 

and 

C,(E) = f j j co<rq..£ (14.b) 

A, = C^E"} H-^C-e) 05.O) 
where 

s a flaO 
(15.b) 

G£(E) and G^(E) can both be expressed in terms of Gq (E) , E and constants. From 

equations (13), (14) and (15) 

Q { ( E ) = to*)-' + f I - 06.-) 
-ScTc1 
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These expressions give 

A , = (Go ( E ) - U - £ ) ) + KtszY' ( i 7 . a ) SiJa* 

A 2 _ = ( I • ( 1 7 . b ) 

Equation (11 .d) takes a simple form when equations (13.a), (17.a) and (17.b) are 

substituted into the expression for D. 

= ( l - I E Q o C t S ) ( 1 + 2 E • 08) 

If we Fourier transform the T-matrix to reciprocal space variables 

T C * ) = X + 1 Z L T c o i < - E , . a ? ) 

Now we can look at the dominant long-wavelength contribution to T(q) 

77<f) - To +lzT, + Z^Ti ~ X T , f - Z i T a . / (20) 

where a is the lattice spacing (a length). Substitute equations (11) into equation (20) 

= 2 3 - y A i ( I - I T S A , ) 

+ 2 W A 0 - U<\*T(Ss c I - ITS A,) 

+ . (21) 

Substitute equations (13), (14) and (15) into equation (21) 
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r d - u- E ) ) + ) 

- b Z z s - s C I ( A o - r e ) - + VS3*)) 

+ ^ z f s A * - 2 f 4« fe^r(I-hxsTA.-.-^. (Qo (G) 
- s x r ^ -

) ) + . (22) 

Equation (22) simplifies to give to the dominant order in q and E 

H A o - XSS E ^ * f(Qa(E-> - £o<- £ j ) . (23) 

We use the relationship between the isolated single impurity T-matrix and 

the self-energy which is valid for the low concentration problem 

x r ^ ) = +• occ^) . (24) 

Thus we obtain the self-energy to dominant order in c. To obtain the self-energy 

to dominant order in c, E and q, we substitute equation (23) into equation (24) 

£ 6 0 = e ? X 3 S E^Ac 

( E ) - C , ( - E ) ) } . (25) 

The Green's functions G (E) and G (-E) are evaluated in appendices D and 
o o 

E. Appendix D deals with the case when d is an odd integer and appendix E the case 

when d is real, greater than zero but not an odd integer. 

So in the following sections we shall consider separately the cases when d is 

allowed to take odd integer values and when it is not. But firstly we consider the 

dominant real contribution to the dispersion relation and this is independent of the 

dimension. 
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§ 3 . The dominant real contribution to the dispersion relation 

We consider in this section the dispersion relation obtained by setting to zero 

the denominator of the expression for the full Green's function averaged over the dis-

order. From equation (7) we obtain by the Fourier transform 

A ^ T e ) = E ) + A 7 I ; E ) I fy) (26) 

where all terms take their long-wavelength form. We make a trivial rearrangement 

A 0 f ; E ) - - — r ^ : — v • (27) 

2 
Equation (3) is used (with the approximation (J(o) - J(q) ) — > J(qa) ) to give 

A G U E ) = X S S - ^ A ^ (28) 

Thus, the dispersion relation is given by 

E = S Z ? c ? ( \ (29) 

We only consider terms up to linear order in c, so equation (29) can be 

approximated by 

E = + 21 (<\) + ° - (30) 

Now because £ (q) is a complex number for any non-zero q we must treat E 

as a complex number, let us write 

E f t ) = +i et<\) . on 
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The dominant real part is evaluated from equations (30) and (25) 

acefi* (32) 

We shall postpone the discussion of this result until we have obtained the full 

body of our results; we shall postpone al l discussion of results until the final section 

of this chapter. 

§ 4 . The dominant imaginary contribution to the self energy 

The dominant imaginary contribution to the self energy gives by equations (30) 

and (31) the imaginary contribution to the dispersion relation. 

We obtain from equations (D.( 3 ) ) and ( 2 5 ) 

The energy in equation (33) is replaced by its dominant real value 05(q) (see 

equation (32) ) . Thus, we have our dominant imaginary contribution 

(34) 
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£ 5. The spectral density function S (g,io) 

The spectral density function S(qrw) is obtained here for the AAattis-Heisenberg 

model. It is this quantity which is measured in neutron scattering experiments. We refer 

the interested reader to AAarshall and Lovesey [57 j for details of the theory of neutron 

scattering. 

We shall evaluate S(cj, Ui) in the long-wavelength limit. The spectral density 

function is obtained from the imaginary part of the full Green's function 

[ ~ j r s ^ 1 ( 3 5 ) 

The self-energy will be written as 

) = 2 c S a r i c l T Y ( d ) £-3-cf*Z c? +1- (36) 

where ̂  (d) is determined by equation (33) . 

We use equation (38) to obtain the dominant long-wavelength small energy low 
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concentration spectral density function 

3 -
. ( 3 7 ) 

Now In the final section we shall discuss the results obtained In this chapter. 

£ 6. Discussion 

The results of this chapter are summarised by the expression for the spectral 

density function equation ( 37) f this is also the directly measurable quantity. We see 

that the function has a maximum at energies given by equation (32) and peaks have 

d + 2 

widths which disappear as q as q tends to zero. This means that the peaks become 

sharper as q tends to zero. 

It is of interest to compare this result to that obtained by Edwards and Jones f 55 J 

who obtain the same q dependence as us, but they perform their calculation for the weakly 

diluted Heisenberg ferromagnet. The results differ in the coefficients obtained for the 

terms in q. This is not surprising because we expect antiferromagnetic impurities to 

increase the spin wave stiffness, as they do (see equation (32) ), while dilution 

decreases the spin wave stiffness, as is shown in ^55 J . 

It should be pointed out that this calculation for the Mattis-Heisenberg model 

is valid for the binary alloy introduced in Chapter 2 £ 6 . When c is small in equation 

(2.16) we have a model of a ferromagnetic host with isolated antiferromagnetic 

impurities which is identical to the Mattis-Heisenberg model in the small c limit which 2 

we have used here. Notice that if we were to take into account terms of order c or 

higher, then the models would no longer be equivalent because the model given by 

(2.15) wil l have frustrated plaquettes whereas the Mattis-Heisenberg model is never 

frustrated. 
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C H A P T E R 4 

THE LONG-WAVELENGTH DYNAMIC RESPONSE OF THE MATTIS-HEISENBERG 

MODEL FOR STRONG DISORDER 

| 1. Introduction 

Once again we treat the AAattis-Heisenberg model as Introduced In Chapter 2, 

f 4 . The first five sections reproduce the results of Sherrington [ 9 J and £ 10J . The 

approach is somewhat different because we start with the quadratic approximation to 

the Hamiltonian (2.3) and (A.5) , which has been studied before by Sherrington [ 8 ] , 

who introduced the Hamiltonian. 

The results of [10 jare rederived here because they are essential to the 

extension given in this chapter to arbitrary disorder. Also, there was a question 

(Nozieres : remark in a seminar) about the effective Hamiltonian for the analysis in 

[ 10 ] once we get into the details of the calculation. So the analysis of an effective 

Hamiltonian is presented here. 

The results are presented for three dimensions only. This is sufficient to illustrate 

the method and because the AAattis-Heisenberg model has no phase transition in one and 

two dimensions, [ 8 ] , we want our results to be valid at low but not necessarily zero 

temperatures. We obtain the effective Hamiltonian (App. A) by linearising the spin 

operators about the classical ground state to obtain the effective Hamiltonian as a 

quadratic form in Bose operators. Because the model (2.3) has antiferromagnetic 

exchange terms present we know that the classical ground state would be a bad 

approximation for the ground state of the Quantum AAattis-Heisenberg model except 

when the spin length is large. This can be thought of as a semi-classical approximation. 

It has been pointed out by Ching et a I [36 ] that in its bilinear form the AAattis-

Heisenberg model resembles a random X - Y model. The X - Y model has q like dispersion 
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at long-wavelengths and this q dependence of the dispersion is found in section 3 , 

equation (32). However, in no limit do we have a pure X - Y model, so there is an 

2 

imaginary correction to the dispersion relation which goes as q for c = i . This is 

due to the disorder and causes damping of the spin-waves. 

§ 2 . The derivation of the Dyson equation ; Green's function and scattering 

The Green's function which we shall study is the <<S^; Zuburev 

Green's function [56] in the R.P .A. approximation. The transformation defined 

by equations (2.6) can be used to give 

± ( 4 + a . o . a ) 

As we shall be studying the Hamiltonian (App. A . (5 ) ) we consider the Green's 

_ ^ X function which is proportional to ) S. 

A y C E ) ~ « ( & ] + . ® 

The spectral density function E) is defined by (Marshall and Lovesey [57 J ; and 

(3.38) ) 

£ A ( ^ i E ) } (3) 

where the bar denotes the average over the disorder. The Fourier transform is performed 

after the average in real space, which restores translational invariance. 

The Dyson equation is derived in App. B and is given by equation (App. B.8) 

) = S w 

- s. f > 
a i r y 
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where d is the dimension of the lattice, B .Z . is the Brillouin Zone, A (E; q,q ) is the 

Fourier transform of equation (2) and J(q, c^) 's 9 ' v e n ky 

Equation (4) can be Fourier transformed to the real space representation, 

( 5 ) 

(6) 

where 

where A ( E ; q) in equation (4) is given by (App. B. 10) : 

-a) = 3LS (^-(O^-Z-W) 

B3-- (3- to*)-s ( 
(8) 

The free propagator (8) has some low energy properties which we shall exploit 

in subsequent sections of this chapter. Consider an energy so small that the following 

is true : 

( 9 ) 

This means that a geometric expansion of (E ; q) is allowed. 

Now we shall Fourier transform (10) to real space and consider the local free 

propagator 

" J ^ i + ( § ? X o f v J + 0 ( ^ ) 1 (ID 
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where W Is Watson's integral (Mattis [59 J p. 146) ; 

W a r 0 r f f r Y — - y i n - i . . 
}Jt J-TT I ~ ^ (a>&<\*. + Col^+cas ̂  ) 

= I.5"I63 02) 

where we use this value throughout because we are only interested in three dimensions, 

The method is not limited to three dimensions because of this (see Sherrington £l0 J 

equation (3.11) ) . 

2 

The important point to notice is that when E is so small that terms of order E 

are negligible, we have a simplification of fp^) * > / \ j j 0 J 
(0) = • 

That is in the limit of E tends to zero, the free propagator is diagonal. 

We now go on to define the self-energy and the T-matrix. From equation (4) 

we define 

A 0 ( % - % ' ) 

where T(q, q') is the T-matrix in the reciprocal space representation. The averaged 

Green's function is written as, 

J r i T r ) 3 

The operation of averaging over the disorder restores the translational invariance, so 

we have from equation (14) 
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A C E ^ = A f y + f A°(g.) T(E; A ° ( E j . 0 4 

The self-energy Is defined to be the quantity ; q) which satisfies the relationship 

A ( E ^ = A ( f c < p + A A f i E j ^ ) • ( ' 7 ) 

This equation is rearranged to give 

a / p -s x s feeq)—g~(^S) n 8 ) 

The self-energy can in turn be expressed as a function of the averaged T-matrix 

Z(E,<l)= T ( E ^ ) ( 1 9 ) 

^ I + t ^ E ) 

The T-matrix shall be studied in real space, so, by the Fourier transform, 

Atj (E) = A y (E) tik(E)Tkl (E)A° t j ( E ) (20 

we shall obtain an expansion for T ^ in the low energy limit which can be averaged. 

j 3 . The dominant real part of the dispersion relation : c = j 

We are going to evaluate the dominant real part of the self-energy when c 

(equation (2.5) ) is equal to half. This is the only concentration for which the overall 

magnetisation disappears for the Mattis-Heisenberg model in its classical ground state. 

The T-matrix T.. wil l be expanded in a series which we shall represent graphi-

cally as 

- - # '€[ (21.a) ./WN/V. ~ 1 j 
o J 

- A Li (21. b) 
* J J 
.C3333. - "Til (21.c) 

J J 



37. 

So, by using equations (6) and (20) we obtain the infinite series 

' j L J L k k' J 

^ f~k J ? ^ P ^ j + *'" ^ 

where summation over internal indices is assumed. 

T..(E) must be evaluated in the limit of E—>0. We use the fact from (13) 

that A ..(0) is diagonal to evaluate T..(0). The series (22) becomes 

. j * J k k J 

-F- .^N^VS . . -f- (23) 
i k * k' k' J 

The set statistically independent identically distributed random variables 

has some useful properties when c = i in equation (2 .5) . We have from (2.5) 

= I (24.a) 

On+I 
=• 1 - 2 c = S" (24.b) 

for all n = 0, 1 , 2 , . . . ; where the bar denotes the average. We can now perform 

the average. The averaging process introduces two new lines in our diagrammatic 

representation of the series. 

• w * • • 

(25.a) 

J 

(25. b) 

The averaged T-matrix is given by (for E = 0), 



38. 

, •• *••• 
. , 

I W V s ] =: 
i ; I k k i i k k k' k' i. 

| .•* ••*••. 4- . . (0A\ 

t k k V It' Jc" !c" L 

This series is summable and we have from equation (13) 

T W = C a t f * K Z ( A - i ( o ) T ( ^ r . (27) si. 
We can use the properties of the geometric series to sum inside the integral of (27) 

(28) T W - f t B f f ^ . 

This expression can be rearranged using the fact that J.. = 0 

• ( 2 9 ) 

For the evaluation of this expression see Appendix F. We have equation (F.2) 

= ( W - 1 ) . ( 3 0 ) 

w h e r e W = 1.516386 ( [ 5 9 ] p . 146). 

Substitute equation (30) into equation (19) for the self-energy to obtain, 

Z ( o ) = - s u - f o ) f w - 0 / a w • <3l> 
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The above equation Is used In the expression for the Green's function (18) to give 

the dispersion relation by equating the denominator to zero. 

E ^ i V ^ V C S T f o ) - S T t o ^ ( I - V J - 1 ) ) 

giving 

-

e: - S3~fo~) c[ w . (32) 

Equation (32) gives the dominant part of the dispersion relation for c = j in the small 

energy long wavelength l imit . If we take the ^ of Sherrington ( f l O j equation (3 .16) ) 

to be J (0) as it is for our choice of nearest neighbour exchange, Ihen our equation (32) 

is the same as his equation ( 3 . 1 9 ) . (We chose a = 1 from the beginning). 

Notice that E is a linear function of q. This is a direct consequence of there 

being no overall magnetisation. This shall be seen in § 6 where the dominant part of 

2 
the dispersion relation wi l l be seen to go as q for q sufficiently small. 

^ 4 . The dominant imaginary part of the dispersion relation for c = j 

To evaluate the imaginary part of the self-energy in the low energy small 

wavelength limit we must keep a non-zero energy dependence in the free propagator. 

This would mean that we should lose the simplicity of the diagrams of (26) and would 

be forced to consider al l the diagrams f o r £ ? . . (E) not diagonal and isolate the 

dominant energy part. This would be a very much more diff icult problem. We can, 

however, keep the series of diagrams (26) and it can be argued ( [ 1 0 ] ^ 3 and App.2) 

o 2 

that these give the dominant contribution. We must consider £^ . . (E ) to the order E . 

This is given by equation (11) 
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So we obtain from equation (29) 

- T 7 ? ) l ] • 03) 
B&. 

This expression Is evaluated In Appendix F equation (F .6 ) . 

=C7e)= - s z ® f w - O - i X f E l u ^ E (34) 
x S i r 

The equation above is substituted into equation (19) to give to dominant order in 

energy the self-energy 

Z f c ) - (W- / 4 ) . 05) 

Equation (35) gives, when substituted into equation (18) and the denominator is 

put equal to zero, the dispersion relation ; 

E-= SZTZo^W^fl-iArElEjV^^ 
n 1 3 7 o ) 4 . t r s 

let 

= 6 ( j ) 

then we obtain an expression for 

(36) 

S"TT V n I ^ 

X 
(37) 

2 
This is the dominant imaginary part. We notice that it goes as q and so the damping 

on the modes becomes less as q — > 0 , and so the very long wavelength modes have 

long life times. 
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We can see that 10 (q) as a function of q is given by equation (32) 

-'/a 
U) ^ = S 3 " ( c O <J W (38) 

The equation (32) was evaluated by assuming that the imaginary part of E(q) was small 

enough to be neglected. 

^ 5 . The spectral density function for long-wavelengths and c = jr 

The spectral density function S(q,E) which is evaluated at small q and small E 

is derived from the results of sections 3 and 4 . The equation (3) gives S(q,E) as being 

proportional to the imaginary part of ^ i ( q , E ) . So, we have 

(39) £ (ct E ) = • E l / r r r 

[E1'- + 

which has a peak structure which sharpens as q is reduced to zero. 

Ityvv 6 ( c j ) ~ Q (40) 

It must be remembered that this is a zero temperature calculation. The damping 

which we have found is a result of the disorder only. This should be compared with 

5 
the results of Chapter 3 that the damping goes as q in three dimensions. As the 

4 

damping due to f inite temperature effects and spin wave interaction goes as q , we 

see that in this case for c = i we have a dominant order damping which would be of 

greater effect (for sufficiently low temperatures and sufficiently long wavelengths). 
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£ 6 . The dominant real part of the dispersion relation for arbitrary c except c = j 

The results of Sherrington J 9 J and [ 1 0 ] wi l l be extended in this section to 

general c . That is, we shall calculate the dominant long-wavelength and small energy 

real contribution to the dispersion relation for a l l possible strengths of the disorder. 

We shall use the diagrammatic method developed in J 3 . We shall also use 

the same approximation as before by taking for a l l the free propagators. A 

new symbol must be introduced in the diagrammatic notation; this is because for c ^ i 

the average O . So, we introduce 
* 

e « S s i (4D 

where £ = 1 - 2c from equation (24. b). So, in the E = 0 approximation we have for 

T..(0) the series of diagrams 

1 * * * 

= . S W ^ ' , /kVKA*/ J ^ v W . + (42) 

J ^ 

as wel l as diagrams (26); where i = j . This gives for the full E = 0 T-matrix 

r ( o , 4 ) = - 4 ^ V r ^ f : ( - d M & w T 
rtso 

B.2. 
This series is summed to give 

r fc . < n - - + f h O i ' f d i ^ i e t i T t t (43) 
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The second term in equation (43) ( R . H . S . ) is given by equation (28) and so from 

equation (30) we have 

T O s % ) = - S Y ^ O - J - A - ^ Q V O V U - I Y (44) 

We now use this equation for the T-matrix in equation (19) to obtain an expression 

for the self-energy. 

- ( W - O ) ) ( 1 5 ) 

w + - W - t l ) 

Equation (45) is substituted into equation (18) ; the denominator of which is equated 

to zero to give 

\ (46) 
w - h - / V - 0 ) J 

Now this expression can be evaluated in various limits. Consider = 1; this should 

be a pure ferromagnet and we look for the wel l -known dispersion relation as a check 

on the method. Equation (46) with S = 1 becomes 

E =• s ( T i ^ - i r c v ) (47) 

and this is the standard results for a Heisenberg ferromagnet in R . P . A . 

We now go on to consider some more interesting consequences of equation (46) 

2 
We shall consider the long-wavelength approximation so that (J (0 ) - J(q) ) = J(0)q 
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2 2 2 
and consider the regime q / £ < < 1. This is a forbidden regime only for S = 0 , 

that is when c = J . 

E T ^ r s V ^ ( ( | + W f ) + O 0 V ) ) (48) 

2 

This equation is interesting because if we consider S we are in the low 

concentration limit considered in Chapter 3 . In this limit we have 

S ^ C o f f / f t - X c y -

to dominant order. Now consider the dominant order in c , which is taken to be very 

much smaller than 

£ T = (i+a.c) . (49) 

This is the same as equation (3 .32) (we have chosen a = 1 in this chapter). This 

result shows that the method can reproduce the results of an independent method 

for low concentrations. It should be remembered that the method shown in this 

chapter was originally formulated for c = \ only. Equation (48) tells us that the 

very long wavelength q dispersion is true for c = i only. For any other value of 

2 
c we can find a regime (at long enough wavelength) where we have q dispersion. 

^ 7 . The dominant imaginary correction to the dispersion relation for general c 

We should like to be able to find the dominant imaginary correction to the 

dispersion relation given by equation (46) . This is not, however, an easy extension 

of the process shown in J 4 . If we go ahead and use the approximation ..(E) = 

Zl^..(E) £ . . to obtain £ (q) we find a dispersion relation which goes as q^ at long 

wavelengths with the exception of the concentration c = This cannot be correct 
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because we know from equation (3 .34) that 6 (q) goes as q in the limit when c is 

very small. If the q^ result is correct it would mean that for a concentration of 

impurities which is not small the damping would be weaker, at sufficiently long 

wavelengths, than the damping obtained for very small c . This result goes against 

a l l physical intuition, and so we must reject the correction which goes as q^ because 

it does not give a reasonable result. 

The answer to our problem must be that by using the diagonal approximation 

to the free propagator we do not obtain the relevant set of diagrams to sum. The 

solution is to consider diagrams with off-diagonal free propagators; (E) (• ^ j ) . 

This allows more complicated diagrams to contribute to the series for the T-matrix. 

This complication means that we can no longer find a simple summation of the series. 

So the dominant imaginary correction has only been found in the cases of c = i and 

c very small. 

£ 8 . The spectral density function S (g,E) for c ^ ? 

We do not have much to say about this function except that it shall have a 

peaked structure and the peaks are at energies given by equation (48) for cqk j . 

We can say nothing about the widths of the peaks except when c « 1 or c or 

c = i (look at Chapter 3 and § (4 and 5 of this chapter for the discussion of the widths 

which have been found). 

$ 9 . Discussion 

The results that we have reached in this chapter have been obtained before by 

Sherrington [ 9 J and £ 10 J except for those reported in £ 6 which are reported for 

the first time here. 

It is now possible to give a review of the results obtained for the long-wavelength 
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dynamic response of the Mattis-Heisenberg model. We notice that for c 

c < < 1 and c = i we can find arbitrarily long-l ifed modes by going to sufficiently 

long wavelengths. The damping for intermediate c is not known, but it would be 

physically reasonable to imagine that it should be stronger for c 1 or c < < 1 but 

weaker than that found for c = 

We should like to compare our results with those obtained by Ching et al 

[36 ] and [ 5 8 ] . They find for c = i the long-wavelength peaks in S(q,E) at 

energies given by our formula (32) and once we take account of their computational 

procedures there is agreement with our results for the width given by equation (37). 

Those comparisons were made by Sherrington [10 ] . It is unfortunate that no data 

is avai lable for concentrations other than c = i because it is to this regime that our 

new results are relevant. The completion of this work depends on whether it is 

possible to find the dominant imaginary contribution to the dispersion relations for 

a l l concentrations. This is something which can only be decided in the future. 
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C H A P T E R 5 

THE CHARACTERISATION OF LOCALISED A N D EXTENDED STATES 

§ 1 . Introduction 

In this chapter we shall not be concerned with calculations of quantities, but 

wi th the precise definition of the quantities we want to calculate. It has been a 

problem with localisation theory since Anderson's work [5 J that localisation of the 

wavefunction of a particle moving in an infinite disordered potential is intuitively 

grasped with ease, but giving mathematical precision to this concept has been much 

more di f f icul t . The step from the qualitative concept of localisation to the mathematical 

criterion used in evaluating localisation properties of the wavefunction, at best, carry 

heuristic conviction, usually. The criterion introduced by Anderson [5 ] is based on 

the convergence or not of the renormalised perturbation series for the local self-energy 

and this is used also by Economou and Cohen [60 ] who argue its relation to spectral 

properties of the Hamiltonian in the thermodynamic l imit. 

The spectral characterisation of Economou and Cohen wi l l be of concern to us 

here because it states a widely held view among localisation theorists. They consider 

the Anderson model and they argue that if the support of the density of states ( i . e . the 

spectrum) is a continuous interval on the real l ine, then the states associated with it 

are extended, and if the spectral points are a dense but denumerable subset of the 

interval, then the associated states are localised. We have an indication that this 

view neglects some of the more sophisticated possibilities that spectral theory offers 

us from the work of Casher and Lebowitz [ 4 8 ] , who show for the disordered mass 

harmonic chain that, although there are no intervals of the real line for which each 

point is an element of the spectrum, the spectrum is not a denumerable set of points, 

e i ther. The fault with [ 6 0 ] is that a complete spectral theory was not developed. 
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Ishii [49 ] Introduced some concepts and theorems from spectral analysis of 

linear operators Into the analysis of the Anderson localisation problem. He proved 

for the Anderson model, defined on the semi-infinite chain, the absence of fast 

diffusion with one probability, but he could not prove the absence of slow diffusion 

and thus that al l states are localised with probability one. 

Work by Pastur [61 ] , Goldsheid and Molcanov [ 6 2 ] , [ 6 3 ] lead to rigorous 

results for random Jacobi matrices which include as a special case the one dimensional 

Anderson model. This includes the first proof that a l l states are localised in one 

dimension, [62 ] and [63 ] . The interpretation of their results seems to need the 

fact that their operator obeys the R . A . G . theorem; see f 4 . 

Another approach to the localisation problem is to study the D . C . conductivity. 

This method was applied to electrons moving in a one-dimensional random potential by 

Halperm [ 6 4 ] , who presented an argument to show the D . C . conductivity is zero for 

arbitrarily weak disorder. Recently a rigorous argument was given by Kunz and 

Souillard [23 ] who proved that the D . C . conductivity is zero when al l the states are 

exponentially localised. 

In this chapter we shall consider an approach to the problem which is based on 

functional analysis, but we shall derive consequences, from the analysis, for two wel l 

known localisation cr i ter ia; the disappearance of the imaginary part of the local 

Green's function for almost every energy (see £ 6) and the inverse participation ratio 

which was introduced by Bell and Dean [ 6 5 ] . 

These criteria compare with each other in an interesting way . The first was 

shown not to be a localisation criterion (see Ishii [ 4 9 ] , Kimball [ 6 6 ] and ^ 6 ) , 

whereas the second is shown here in £ 7 and £ 8 to be a good localisation criterion 

for the case of the operator defined on an infinite latt ice. The proof of the results 
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depends on a theorem which characterises localised and extended states by the spectral 

properties of the operator. We shall cal l this theorem the R . A . G . theorem, which may 

be thought of as the earlier contributions to the RAGE theorem (see [ 6 7 ] V o l . I l l , page 

341) . The contributors to the RAG theorem are Ruelle [68 ] , Amrein and Georgescu 

[ 6 9 ] and a statement, with discussion, of their theorem wi l l be presented in £ 4 . 

The localisation edge is made into a precise concept by the use of some simple 

properties of spectral projection operators (see £ 2 for a definit ion). These properties 

enable us to define an operator which is restricted to a certain subset of the spectrum 

of the full operator (see ^ 8 ) . 

The l itt le Functional Analysis which is necessary for the derivations in this 

chapter is presented in the next section ( § 2 ) . This can only be a bare outl ine, so 

we supply detailed references to texts and proofs. 

£ 2 . Spectral Analysis 

We shall consider the spectral analysis of a bounded self-adjoint operator H 

which acts on a separable Hilbert space There is a spectral representation of such 

operators which is a generalisation of the wel l known matrix algebra result that a 

Hermitian matrix can be diagonalised and that its eigenvalues are real . First, we 

must define projection valued measures (see [ 6 7 ] Volume 1, page 234) . 

Definit ion 1. Let H be a bounded self-adjoint operator and A . a Borel set of J R . 

I ? S (H) is called a spectral projection of H 

where /R is the real line and the characteristic function of the set A 

Definit ion 2 . A family of spectral projections a bounded self-adjoint 

operator H obeying (a) - (c) is called a bounded projection-valued measure ( p . v . m . ) . 

(a) Each ^ is an orthogonal projection. 

(b) R- = 0 ; P, . = I for some a . 
* * ( - a , a) 
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(c) if A = U A n with A * v f ^ f o r a " n m / t h e n 

N 

PA (X ^ ) 
where denotes the empty set, and I the identity operator. 

Notice that is a p . v . m . then we have that for y 's a n 

ordinary measure. 

Thus, we have a form of the spectral measure theorem ( [ 6 7 ] , Volume 1, 

page 235). 

Theorem I (spectral theorem - p . v . m . form). There is a one to one correspondence 

between (bounded) self-adjoint operators H and (bounded) projection valued measures 

r Ik } given by 

H <- f P » } - r x A CH)} 

H - L ><*Px '(R 
where A >s a Borel subset of 1R and is the characteristic function of H on 

' A 

A - From the definit ion of P^ , where X is a point in 1R we have a spectral 

u ( > ) given by f f \ = ( H ) 
measure 

urx) = > <pe$4 . 0) 

The Lebesgue decomposition theorem ( [ 6 7 ] , Volume 1, page 22) tells us that u ( X ) 

is uniquely decomposable as : -

U ( > 0 = U ( X \ C + W ( > ^ (2.a) 
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where the subscripts wi l l now be explained. u ( X ) is pure point relative to 
P 

Lebesgue measure, that is 

T Z u f r ^ } ) 

for any Bore I set X . u ( A ) is singular relative to Lebesgue measure; 

diufx^ __ r^ 
T F x = ° 

where a . e . means almost everywhere, that is, with a possible exception of a set of 

measure zero. u ( ) 0 S C is b°th singular and continuous relative to Lebesgue measure. 

u ( X ) c is continuous relative to Lebesgue measure, u ( X ) ^ q is absolutely 

continuous with respect to Lebesgue measure. 

If U ( X V U f X ^ P we say that <J> 6 ; if U ( X V J &SC 

That is, the Hilbert space on which the operator H is defined is completely reduced 

by the action of H into three mutually orthogonal subspaces. 

where, if Pp is the spectral projection which projects onto the complete set of eigen-

functions of H, 

~ f p (J? 
and similarly we have P , P etc . 

c s .c . 

The resolvent of the operator H wi l l be denoted where z € C (the 

set of complex numbers). The spectral representation theorem can be used to write 

the resolvent as 

JH 
(i- H ) " ' = J 

at 
(4) 
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For values of z for which ^ ( z ) is not defined, we say that z is in the pure point 

spectrum of H 0 ~ ( H ) ; w h e n ^ ( z ) is defined but unbounded, then z is in the 
P 

continuous spectrum of H y 

Another theorem of interest comes from perturbation theory for linear 

operators, as it is found in the monograph by Kato [24 J . The theorem is due 

to original work by Weyl and was later generalised by Von Neumann ( [ 2 4 j page 

523) . 

Theorem II ( W e y l - V o n Neumann). Let H be a self-adjoint operator in a separable 

Hilbert space JJJ?. For a n y £ > 0 , there exists a self-adjoint operator A 

W ith |Ia112 < £ " such that H + A has a pure point spectrum. 

w h e r e ' s Schmidt class of operators ( [ 2 4 ] pages 262, 519) and W a J ) ^ 

is the Schmidt norm ( { 2 4 ] , page 262) . 

This theorem was generalised by Kuroda, who realised that the presence of 

the Schmidt norm condition in Th. II is not essential. We have ( [ 2 4 ] , page 525) 

the following theorem. 

Theorem III . In Theorem I I , A can be chosen in such a way that |||A|1| Here 

Mis any (unitarily invariant) cross norm, with the single exception of the trace 

norm or its equivalent. 

This finishes our development of the Functional Analysis central to this chapter. 

It is not, however, self contained, and the interested reader is referred to [ 2 4 ] a n d 

[ 6 7 J for background and proofs. 

It can easily be seen that the expectation value of the resolvent (equation (4) ) 

gives the one particle Green's function when H is interpreted as the Hamiltonian 

operator and z = E + i o + is interpreted as the energy. We shall begin to study our 

operators from this point of view now. 
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f 3 . The theorem of Wiener 

The central purpose of this section is the statement of a theorem by Wiener 

2 

on the L -mean value of the Fourier transform of a measure. However, to underline 

the applications of this theorem, we outline the interpretation which we give to the 

measure and its Fourier transform. Consider a bounded self-adjoint operator H (the 

Hamiltonian); its time evolution operator is given by exp ( - itH) where*t€ 1R is the 

time variable. We have from Theorem I 

0 0 = G ( t) (5) 

where So we can consider the function G (t) given by 

equation (5) as being the time dependent single particle Green's function. 

So, we state Wiener's theorem (for a proof we refer to [ 6 7 ] volume I I I , page 

340) . 

Theorem IV (Wiener's theorem). Let u be a f inite Baire measure on 1R and let 

be its Fourier transform (up to a factor of (2 ) • Then 

(6) 

We see that if H has no pure point spectrum, then the limit is zero. So the L -mean 

value of G (t) provides important information on the spectrum of H , and as a consequence 

(see £ 4) provides information on the localisation of the states of H. 
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f 4 . The RAG theorem 

The RAG theorem is the earlier part of the RAGE theorem named after Rue l ie , 

Amrein, Georgescu and Enss ( [ ^ 7 ] , Volume I I I , p .340) . The theorem was developed 

in the context of non-relativistic quantum scattering theory to characterise bound 

states and scattering states which are given a geometric definition by equation (7) , 

by the Hilbert subspace (H s i i 9 ) with which the states are associated, that is the 

continuous or the pure point Hilbert subspaces. 

The statement of the theorem shall follow that of Amrein and Georgescu [69 ] . 

Two subspaces are defined; M is the sub-space of bound states, 
o 

M 0 = Tf ejt I s * H K r - f v ) V t f If- o } <7.a) 
t K 

and M ^ is the subspace of scattering states. 

M - - f f e t f | ^ f e s t d t IIFvV tf if-o.Vr-yu....}. (7.b) 
J 0 

The set^" are the orthogonal projections acting on the separable Hilbert space ^ , 

(In subsequent applications of the theorem F̂  is the projection on to the subspace of 

states spatially localised in a given spherical region, J x j < r . V^ denotes the 

unitary evolution operator exp ( - iHt ) . ^ H ^ (in i) of theorem V ) denotes the 

commutant of H, that is to say that S commutes with H and belongs to the set of 

a l l linear operators on 

that are bounded and defined everywhere. 

We can now state the RAG theorem. 

Theorem V (Ruelle, Amrein and Georgescu). Let H be a self-adjoint operator and 

^F^ } , r = 1 , 2 , . . . . , be a family of orthogonal projections such that f y ! - I " 

(the identity operator). Suppose there exists a family n = 1, 2 , . . . , of 

linear operators acting in / a separable Hilbert space, such that 
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?) S n e { h } ' for a l l n 

i i) The sequence J*S f converges strongly to an operator S, such that c pi 

s - lim 
n-^ oo n 

i i i ) The range of S is dense in 

iv) F S P is compact for a l l r , n ^ 
r n c r 

(P is the spectral projection onto 
c c 

Then i f p = M o a n d $ c = A A e o 

where i f and are as defined in (3) . 
p c 

We can see by examination of equations (7 a , b) that M^ is the subspace of 

functions localised in a region of space of diameter r , where r is taken to infinity 

at the end. So a l l localised states of H are in M which is identified wi t h t f by 

o p ' 

the theorem, and Mqq is the subspace of extended states. The operator H must, 
however, have the properties demanded by the theorem. We show this in § 5 for 

the Anderson model. 

§ 5 . The Anderson Model 

The finite difference operator was defined in chapter 2 , £ 8 . We shall now 

rewrite this operator in the form familiar in localisation theory, that is, as the 

Anderson model [ 5 ] . 

(H a.) (x) =? £Ma(x)- ^ t ( l x - ^ a i ^ ) (8) 

> 
.4 d d 

for a £ (Z ) where Z is the d dimensional generalisation of the simple cubic latt ice, 

f i l l ing a l l space and with unit lattice spacing. The hopping term can be taken to be a 

random variable, but we shall consider the example where it is not taken to be random; 

t ( l x - y l ) = 1 if t x - y l = 1 

t ( J x " y \ ) = 0 otherwise 
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x , y are points in Z . G (x) is the random potential defined by the probability 

distribution density ^ ( 6 O^Y*) for each X g Z ^ . The distribution density which 

we choose as an example is the rectangular distribution 

.-I 

which was used by Anderson [ 5 ] . The Schrodinger equation which we obtain from 

(8) can be seen to be bounded. The bounds are given by 

l n f < W H } ) = - I d f l n f f S u ^ / ' e ) ! (9) 

S u ( o l<sr(H))= Z A •+• (10) 

So we have that (8) is a bounded self-adjoint operator acting on a separable Hilbert 

space, and from Th. I that (8) has a spectral representation of p . v . m . form. If we 

use the family of spectral projections to define a S^ (see Th. V ) as 

Sn = P n " P n 0 1 > n n - n 

we see that this S has al l the properties of S in Th. V i ) , i i) and i i i ) . If we now 
n n 

consider part iv) , F S P = F P S using (11) and the commutation property of the 
r n c r c n 

projection operators. The operator defined by (8) is compact when restricted to a 

finite lat t ice, therefore F P S is compact. Thus, by Th. V we have : -
r c n 

The random, finite difference operator (the Anderson model) (8) has al l its 

localised states \ r \ M and a l l its extended states in which are 
P c 

mutually orthogonal subspaces of ^ , the cartesian sum of which gives"J^ . 

We have as the result of this section that the Anderson model for localisation 

has its localised and extended states characterised by the RAG theorem as belonging 

to iJI and respectively. 
P c 
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It is an Interesting aspect of the random operator (8) that it is the sum of two 

operators : -

f H , a) (sl) •= e f a O c K f a / ) 

has a purely pure point spectrum, which is dense in the support of the probability 

distribution density supp ^ p y and 

which has purely absolutely continuous spectrum ( [67 ] , Volume IV , page 309) . 

Now we know from the theorem of Weyl and Von Neumann (Theorems II and I I I ) 

that we can find an operator which perturbs H^ and has arbitrarily small norm, which 

gives a pure point spectrum for the sum of the two operators. It has been proved [ 6 3 ] 

that H^ satisfies these conditions for H j in one dimension. The norm of H^ is pro-

portional to the size of the interval which is the support of ) ; ^ ( S ) } 

- [ £ s • d l 

The result is : for a l l W ^ 0 the one dimensional Anderson model has purely pure point 

spectrum, that is a l l states are localised. So, we have shown that the result of [63] 

provides an example of an operator which obeys the theorem of Weyl and Von Neumann, 

^ 6 . The imaginary part of the one particle local Green's function 

Let us denote by S x t h e element of (Z^) such that ~ 

then we have if P^ is the spectral measure of H defined by equation (8), 

d u a ) 02) 

This allows us to write the one particle local Green's function as 

c e + « ) . r 
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which comes directly from the expectation value n a ^ (equation ( 4 ) ) . 

The imaginary part of G ( £ + ' 5 ) can be written as 

(13) 

Now it has been proved for a large number of choices of potential for model (8) , by 

Ishii [ 49 ] ( d = l ) 

^ 5 n * f ( E + i O j - 0 a . e . (14) 

This is equivalent to saying that ( f^ ^ ^ is empty. It does not mean t h a t ^ t ^ is empty 

because (14) holds when ^ ^ ^ - see Ishii [ 4 9 ] and KitnbalI [ 6 6 ] . Equation 

(14) is a localisation criterion only for an operator with no singular continuous spectrum. 

That the existence of singular continuous spectrum is possible for some models was 

suggested by Casher and Lebowitz (who studied the disordered mass harmonic chain) 

and examples of models with singular continuous spectrum have been constructed by 

Pearson [ 7 0 ] (see the example in § 9 ) . 

We see from this section that we need to define a good localisation criterion, 

which works even in the presence of the singular continuous spectrum. This wi l l be 

the purpose of the next two sections ( § 7 and £ 8 ) . 

§ 7 . The inverse participation ratio 

The inverse participation ratio was introduced by Bell and Dean [ 6 5 ] and 

has become a criterion for localisation, which is popular for its abi l i ty to measure 

directly the localisation properties we are interested in. It was introduced for an 

operator defined on a finite lattice which consequently is compact, and so any function 

belonging to the Hilbert space on which H acts can be written as a linear 

combination of eigenvectors. Let us call the d-dimensional finite lattice Q . We 
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have by analogy with § 6 

N 

T . AcA O A 
Oiml 

N 
where N is the rank of the operator H, and is its set of eigenvectors. 

yr I 

The inverse participation ratio is defined to be 

iV 
SL 

P, = £ I A* I (16) 
ot - / 

and the local Green's function is 

NT 
/ A c r 

(17) a /1— \ V " I A oc 1 

fNi 
where ^ ^ ^ ^ is the set of eigenvalues of H. Thus, we can use (17) to write 

Jl 
in terms of the local Green's function 

i f - ^ ' f C ^ ' 1 

ft* 
(18) 

SL 
and by Fourier transforming G X X ( E + is) we obtain 

-ft. 
- E t . (19) 

We want to consider the infinite lattice Z ^ . We can write the Hamiltonian 

defined in the box.Q. as H** = F a H ^xl where F j ^ is a projection operator which 

acts on "iA, and projects out the functions localised in the box-fi* . If we take what 

s | i rn j v 

we shall cal l the strong thermodynamic l imit, [ 7 l ] J^^ijJrfH = H we obtain the 

infinite volume inverse participation ratio 

(20) 
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w here 

t O = - 1 ( r * , e 1 H ) - - L f t ' x t a ^ (21) 

1R 
so we obtain from Wiener's theorem (Th. IV) 

P « = Z . (22) 

3 e i R 

Thus, the inverse participation ratio is only zero if there is no pure point 

spectrum. That is 

H . - 0 < = d f x £ , (23 .a ) 

S x £ = > Q > O . (23.b) 

We can see that as it stands the inverse participation ratio is a condition for 

the existence of the pure point Hi I bert subspace We want to find a condition 

for the disappearance of the continuous Hilbert subspace . This wi l l be done by 
c 

a modification of the inverse participation ratio which we shall perform in £ 8 . 

^ 8 . The localisation edge and the Anderson transition 

The concepts that we discuss in this section were developed with the theory 

of localisation from [5 ] to [ l J . We shall discuss the theory of localisation edges 

and the Anderson transition with reference to the Anderson model (equation (8) ) . 

We shall write our Hamiltonian as H(W) where W has the same meaning as in the 

definition of p ( 6 ) in f 5 . 

We know that, when W = 0 , H(0 ) has purely absolutely continuous spectrum 

( [67 ] V o l . IV , p. 309) and that a l l states are extended; by the R . A . G . theorem, if 

W is very much greater than one, we expect a l l of the states to be localised because 
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the diagonal term of the Anderson model would dominate the hopping term, and the 

diagonal term has pure point spectrum. 

We denote a Bore I subset of R by A when it is a subset of which is 

the spectrum of H. Now we choose A so that if < $ £ < H is associated with energies 

in l \ only, then it is an extended state, whereas if is associated with 

energies in ( S "(H (W) ) \ / \ o n l y , then is a localised state. So the boundary 

values 

of A are the localisation edges. A - (W) ) by the R . A . G . theorem. 

The usual picture of two localisation edges is shown in Chapter 2 , figure 1(b), but 

our definition is more general and takes account of the possible existence of more 

than two localisation edges. 

The Anderson transition is defined to be at the smallest value of W for which 

there are no extended states. To be able to find the Anderson transition or the 

localisation edges we need to find a good localisation criterion. As we saw in £ 7 , 

the inverse participation ratio is a criterion for the existence of the pure point 

spectrum. This criterion can be refined to look at only a subset of the spectrum. 

To do this we use a theorem (Roman [ 7 2 ] p .644 ) . 

Theorem V I . If H is a self-adjoint operator, then its spectral family P^ completely reduces H. 

This means that if M ^ is a subspace of Jt onto which P^ projects, then M ^ 

and MjJ" are both invariant under H. The restriction of H to M^ is given by 

H x s f H P X t x e 1 R . (24> 

If A 's a Borel subset of 7R, then an operator can be defined such that 

projects onto M ^ , which is invariant under H. 

, A c 1 K • (25) 
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H ^ is self-adjoint and bounded, <5~(HA ) C A ; by the properties of orthogonal 

spectral projections. 

The spectral representation theorem ( p . v . m . form) can be used to give 

H t « ( f h i f x d f P ^ 

=> H A £ X . <*) 

Thus, Hyŷ  is related to the spectral representation of H by a simple restriction 

of the range of the integral to the set A . H ^ has al l the properties which are 

necessary for the results of § 7 to remain valid for i t . 

We can divide /R into two non-intersecting sets, 

A and ft\A . Thus, by 

equation (26) the operator H can be reduced by this partition of the real l ine. H - H a + H r x / S • (27) 

Now it is possible to define the localisation edges. Let J \ b e a Borel subset of 

< T ( H ( W ) ) , so t h a t C T ( H A (W) ) = ( H ^ (W) ) and C S ^ ^ (W) ) = S p ( H ^ W ) ) . 

We have ) = C 1 ; ( H ) a n d C 5 - ( H ^ ^ ) = GT^(H). We define the localisation edges 

as the set of points on the real line 

f E ^ A A A ° (28) 

where E ^ is one of the edges, the bar denotes the closure of the set, and ° denotes 

the interior of the set. 

The Anderson transition is given when A shrinks to a set of measure zero ( i . e . 

no open interval can be found which is a subset of ( W ) ) ) . 

We can now define a modified inverse participation ratio. We use H^ as 
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defined by equation (26), 

p * - ^ ^ j j <»> 

So we can say that the operator H has purely pure point spectrum when no 

open interval of CT(H) can be found such that P^ = 0 . The Anderson transition 

takes place at the smallest value of W for which 0 for a l l open subintervals 

A of tT (H ) . 

So we have obtained a precise characterisation of localised and extended 

states, and we have shown that the inverse participation ratio, when it is weighted 

to look at intervals of the spectrum, is a good localisation criterion which we compare 

with (14) which is not a good localisation criterion. 

f 9 . Consequences for the theory of localisation 

The results of this chapter have put the theory of localisation in solid state 

physics onto a firm rigorous base. There have been other results in this f ield of 

research mainly in one dimension, where the absence of < ^ h a s been proved for 

the Anderson model for a large choice of probability densities [62 j and [ 6 3 j . 

This means that the heuristic arguments of Mott and Twose [ 2 5 ] have been justified 

because we know from the results of this chapter that if cKcis empty, then a l l states 

are localised. 

It would be of interest to know whether the singular continuous Hilbert sub-

space plays any part in localisation theory or whether it is a technical d i f f icul ty , as 

it is when discussed in quantum scattering theory ( ^67 ] Vols. Il l and IV) . We should 

like to know how a particle in a singular continuous state behaves, and this subject 

has been investigated by Pearson [ 7 0 ] . It is known in quantum scattering theory 

that a particle moving in a potential which satisfies the no bump condition (Lavine 
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[73 ] ) has no singular continuous spectrum. So Pearson considered a potential with 

a series of bumps, and found under some conditions on the separation of the bumps 

the Hamiltonian of the system has singular continuous spectrum. The bump condition 

which we have described gives us some hope that disordered solids may provide 

systems in which we can observe singular continuous states. The behaviour of a 

particle in a singular continuous state is that it is not localised in a given region of 

space, but it takes an infinite amount of time to escape from a region. This can be 

illustrated by saying that if <j> S then 

l f t , e * H t * ) f t L t = 0 0 00) I 

but 

Q0 

(30. b) 

Pearson provides an example which may be of interest to solid state theorists 

and we shall reproduce it here : 

Example : If V ( r ) is any locally !_' periodic potential, plus a sequence of bumps, 

-d
2 

that is a periodic lattice with impurities, then — « + V has a singular continuous 
dr 

spectrum (for energies in the absolutely continuous spectrum of the unperturbed 

Hamiltonian without bumps). 

It must be remembered that there is a special condition on the spacing of these 

bumps (see [70 ] Proposition 3 , p .35 ) which means that their density must decrease 

sufficiently rapidly as one moves along the real line (or chain). 

Now we shall advance a conjecture. The problem we want to consider is an 

electron moving in a two-dimensional tight-binding random potential (the Anderson 

2 model defined on Z ) . There have been many recent claims about localisation in two 
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dimensions; Abrahams et al [ 7 4 ] , Opperman and Wegner [ 7 5 ] and Wegner [ 7 6 ] 

have put forward various arguments which lead to the conclusion that a l l states are 

localised for arbitrarily weak disorder. However, numerical calculations appear to 

show that there is a transition when a l l extended states vanish, and that it is 

necessary to have a sufficiently strong disorder to localise a l l of the states. For 

example, the calculation by Weaire and Srivastiva [77 ] of the weighted inverse 

participation ratio and the real-space renormalisation group calculation of Lee [78 ] 

give the Anderson transition at the same crit ical value of the disorder in two dimensions. 

Now, none of the above results are rigorous, and the computer calculations are 

performed on f inite sized samples. However, an interesting possibility suggests itself; i f , 

for arbitrarily weak disorder, the Hilbert subspace disappears, but q 's n o * 

empty, then at some sufficiently large d i s o r d e r ^ ^ q disappears too, and we have 

the localisation transition. 

The above picture suggests an interesting analogue between the localisation 

problem and that of phase transitions in two dimensional spin systems. The disorder 

parameter plays the same role as the temperature (W <—* T); a l l states being localised 

correspond to the paramagnetic phase; the existence of extended states corresponds to 

an ordered phase; the ^ states correspond to a topologically ordered phase (such 

as the Kosterlitz-Thouless phase [ 7 9 ] ) and the (J^ ^ states correspond to a phase 

with long range order (such as a ferromagnetic phase). 

It must be stressed that the last paragraph is a speculative picture of localisation 

which draws upon the much better understood theory of phase transitions in lattice gases 

and spin systems. If we could make the above analogue precise, then we could use 

the wealth of knowledge developed in rigorous statistical mechanics [ 8 0 ] to clarify 

the problems in localisation theory which seem, however, to be much more d i f f icul t . 
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C H A P T E R 6 

THE LOCALISATION OF M A G N O N S DEFINED O N A BETHE LATTICE 

§ 1 . Introduction 

The localisation problem for an electron moving in a random potential which 

is defined to be on a Bethe lattice was first formulated by Abou-Chacra, Anderson 

and Thouless £ 7 ] . Their purpose was to construct a self-consistent theory of 

localisation as the Bethe-Peierls approximation is for the Ising model [81 ] . The 

method was developed in a series of papers (see Abou-Chacra et al [ 7 ] , [ l 7 ] and 

[18 ] ) and we shall follow their method closely as we adapt it for the magnon 

problem. 

The Bethe lattice is used because a great simplification in Feenberg 

perturbation theory [ 8 2 ] is obtained (see the expansion for the local self energy 

given by equation (4) and the surrounding discussion). The Bethe lattice has yet 

another advantage for the Edwards-Anderson model because when this model is 

defined on a Bethe lattice it has no frustration (for a discussion of frustration, see 

Chapter 2 , § 3 ) . 

We shall complete our introduction with a brief survey of the method developed 

by Abou-Chacra et a l . They study the Anderson model (see [ 5 ] and Chapter 5 § 5 ) , 

which can be written as a time independent Schrodinger equation 

E a - € i a . - £ V L j a j 0 ) 

where i and j take values on some infinite lattice A , the variables € and V are 

chosen by some stochastic processes, in general, and the sum is over the nearest 

neighbour sites of i . The one particle Green's function is defined by the.equation 

( E - eL)Cik(E)+ZI V ^ k ( E ) = Sik (2) 
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from which a local self-energy can be defined, 

S , C E ) = Q ° ( E ) " ' - [ C u ( E n } ' (3) 

where G? (E) = ( E - €$) ^. The local self-energy can be expressed as a sum of terms 

each of which corresponds to a self avoiding closed path (this is the Feenberg expansion 

[ 8 2 ] for S.(E) ) . 

S J E ) * Z 
j f i J J J 

- z s v l k ? c r - s ^ f v k j 

f c ; - , - s J " , } H v J l + . . . . 

where S. is the self-energy for a Hamiltonian given by equation (1) but with 

equal to infinity and for both € ; and € j are equal to inf ini ty. It is obvious 

that if the potential is infinite at a given site, then that site is forbidden to the 

particle. 

The series in equation (4) is simplified by defining our model on a Bethe 

latt ice. As we can think of the first term in the series as being given by f ig . (1 . a ) , 

the second term by f ig . (1 .b ) , and the third term by f ig. (1 . c ) , we can see that for 

a Bethe lattice only the first term is avai lable, and so the full series is 

S ^ J : ) . Z v , , r c f - S f ( E ) } ^ o> 
j t i J J J 

Notice that this is not in fact a self-consistent equation because S.(E) is not the 

same as S . ^ ( E ) . The equation for s / ' ^ is 
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Both equation (5) and equation (6) have the same structure. The argument [ 7 ] is 

that if we calculate the probability distribution density of the self energy, then we 

can replace S. by S. in equation (5 ) ; so we obtain the self-consistent equation 

S; (E) V i j T (7) 

Abou-Chacra et al [ 7 ] use this equation to obtain information on the distribution 

density of the real and imaginary parts of S£(E). The reason for choosing this quantity 

to study is because of the localisation criterion chosen, which is that if the imaginary 

part of the local self-energy is zero on the real energy axis with probability one, then 

al l states are localised with probability one. We have not been able to give a rigorous 

analysis of this localisation criterion in Chapter 5 , but we must be careful to consider 

the possibility that it is only a condition for the absence of the absolutely continuous 

spectrum [83 J . 

The method of Abou-Chacra et al is followed closely in the next two sections. 

So, to avoid repetition, we shall develop the method for the magnon problems o f J £ 2 

and 3 . 

^ 2 . The Ed wards-Anderson model 

In this section we consider the localisation of Edwards-Anderson magnons 

defined on a Bethe lattice using the spin-wave approximation. This method can 

be used for the Edwards-Anderson model when it is defined to be on a Bethe lattice 

because the classical ground state, about which we linearise the Green's function 

equations of motion, is easily found. To find the linearised equations of motion, we 

need to know the ground state expectation value of the z-component of the spin at 

each site ^ S Z ^ . 
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Let us define 

= ( 8 ) 

where J.. Is the random exchange interaction of the Edwards-Anderson model (see 
H 

Chapter 2 £ 5 ) . Choose without any loss of generality the site o to have 

< S o > = S . (9) 

We shall show that because the Bethe lattice is a tree the classical ground 

state direction for a spin at site i , n lattice spacings away from o , is obtained by 

multiplying al l of the linking Ŷ  's together. That is define 

< S i > = S \ i . do) 

Then the X 's are a set of random variables which are defined as : -

x . - 7 T n . <"> 
1 q J(\ rvM 

We can further illustrate this by figure (2) which shows the path from site o to site i . 

We can now construct the linearised equations of motion for the Zubarev 

Green's functions [ 5 6 ] , < < S . + ; S . " » and « S . " ; S . + » (which we shall call 

G.T and G . . respectively). 
'I 'I 

The equations of motion are derived in Appendix G , where they are obtained 

in the time independent form (equations ( G . 4 ) and ( G . 5 ) ) . 

E c t j ^ I X i S k j + S T X f X ^ - X ^ } 02) 

- E C u ] = xx^Sij + S 3 - I f A L G r j - 1 • 03) 

It is not the A ' s which are the statistically independent random variables, but the ^ 's. 
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We obtain a closed equation in terms of the i) 's by deriving a more complicated 

expression which combines equations (12) and (13). An equation is constructed for the 

two by two matrices constructed from G * a n d G . . in the following manner; 
M M 

G . . -£r»J 

«SiJ S\ » 

and 

J J 

(14) 

h- - r 

c i+xi) 

The Green's function matrix with which we shall work is given by 

=r t j r=. =r J - J 

Thus we obtain from equations (12) and (13) 

iCffr1- j - ^ i j I E m + £ E 9-., L ] 

- 1 

(15) 

(16) 

(17) 

where® - Z is the z component of the set of Pauli matrices, the 2 is the two by two 

unit matrix, J (0) = z ) J J and Q . . is given by 
^ 1 ' 

" ( O u + o rtsr'i 

Q u = 
rv 

(18) 

From equation (17) we want to obtain an equation for G. . (E) (the local Green's 

function matrix). The free Green's function is defined by 

- 2 { f C - * - T(o)i } 

-I 
(19) 
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and the local self-energy S.(E) is defined by 

C 6 f e ) " ' - S . ( E ) = [ £ u ( E ) f . (20) 

O "" 

G (E) and 0 . . ( E ) are diagonal matrices, therefore JS.(E) is also diagonal, so we 

can obtain, by analogue with equation (7), the local self-energy by a self-consistent 

equation 

^ (E)« L vjtf1- S{(E))VL] (2D 

where - j- Q i j 

We use the above self-consistency equation to generate the probability 

distribution for the real and imaginary parts of the self-energy matrix, and we follow 

Abou-Chacra et a I in taking as our localisation criterion the condition that the 

imaginary part of the local self-energy is zero with probability one for localised 

states. 

We shall now introduce a notational change. Consider the matrix V in 

equation (21) . The off-diagonal elements are always equal ; call them V q ^ and 

the diagonal elements are always equal; call them V p . We shall from now on put 

Va
X , V and V0l = (-V+fX) (22) 

where the V is given by the probability distribution density, 

PCV)= cSW- F ' W i - ^ f f V ) . (23) 
The energy E and the local self-energy are split into their real and imaginary 

parts 

SJE)= H;(E)-iAJE) R + . (24) 
— i s 
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We can easily obtain equations for H.(E) and A .(E) from equation (21), 

H i - I Z Yi) r e R r - ign - wj f + <<) f f ' 

Ob 

A i - X T Yi-. < V V r r R < r * - T f - W O f 
= - J - ; - J = — - J 

Now define, 

X - V, ( R ^ - X M l - U O r f f t c r ^ T ^ i - U - f 
= ' J — ' J - -=L J 

+ { + ^ j V j 

+ A , f l f V j . 
The diagonal matrices are to have their elements denoted by 

2 * o 

O 

The non-diagonal matrix V is to be notated as we explained above 

(27) 

(28) 

(29) 

V - V a n 

V. 
(30) 

' O D 

We use the above notation to write the following relationships among the matrix 

elements, from equations (27) and (28) : -

- (31) 
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v * , _ u ) ) v i ( 3 2 ) 

y 1 _ r^+A'-, )v D
v M + ̂ Q V . P ( 3 3 ) 

(r-^- r + / 0 , ti} )x ( - R ^ (• o * &y)'4 

1 2 1 2 

We can now construct an integral equation for the distribution of (X , X , Y , Y ) ; 

we obtain from equations (31), (32), (33) and (34) 

S(x'~ ( 3 0 ) S ( S i t ) ) (35) 

where P(V) is that distribution density which is given by equation (23), f (H^, H 

is the distribution density we want to obtain, and the numbers within the delta 

functions are the right hand sides of the so-numbered equations. 

We shall call F the Fourier transform of f and G that of g. We shall define 

the Fourier transform by 

L ( k , * 4 - k , X - f (36) 

r f * f * r 
-oO 

If we were considering a one dimensional system, we should have the relationship 

G ( n k 2 ) k J . (38) 

On a crystalline lattice the relationship would be very complicated, but on a Bethe 
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lattice the connectivity K (the coordination number minus one) enters to give a 

simple relationship 

•sK 

F ( k ( J = ]Ci ] (39) 

Equations (35), (36), (37) and (39) give 

K F ~ » 1,> V a C i , H n fl+ 

+ l3L)-kJZ3)-£j3H)])] (40) 

So, we have derived the full integral equation for the distribution density F, it is, 

however, intractable in its full form given by equation (40). 

We now try to simplify equation (40) by using our localisation condition to 

look at the stability of the localised states. If we assume we are in a region of our 

parameter space where a l l states are localised, then and A wi l l disappear with 
rw 

probability one as f^ tends to zero. So we shall assume that , & and are a l l 

very small, this simplifies equations (31) , (32), (33) and (34) in the following way . 

a - f f t ^ - H V v + f - ^ ^ ' f ^ - v ) ( 4 i ) 

(42) 
iT H '*-

Y <" •) +-A )V fa-j^-H J" + (-R-^-b)' * (43) 

( R - ^ - H H ( - t y ^ V f - P - j y - P l f (44) 

We substitute the right hand sides of equations (41), (42), (43) and (44) for the right 

hand sides of equation (32), (33), (34) and (35) in equation (40), which then simplifies 
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to 

l/K 
[ r e k . X k ^ k j ] = ( i T r f ^ v p ( v ) d n d h ^ 

X 

ti.fc{( H + \ H - k , C - R - ^ - H 

-v)l -1<([ te^-nttf-v)H-*&) V ] -
a. 

•f J V V £ X ) 1 - L f o f r v ) - ^ V l l (45) 

We introduce two small variables, - is and - is which replace k^ and k^ and we expand 

to the first order in s and s , 

+ B r u . j l c , ( 4 6 ) 

where F^ ( k , > Ic, ) is obtained self-consistently by 

FjTflc.J?,) - T ^ r j d W(v) d MH ^ ( ^ f i ) 

^ i r h - k r ^ - ^ - H j
1
 v + f - ^ - R V ' f i ' - v ) ] 

- ^ [ ( f e - U ) " ' f | - V ) ^ ( - ^ H ) ' ' V ] ) f . (47) 

From equations (45), (46) and (47) we construct a self-consistent equation for F 

R k . & . - i f , - ^ ^ ( i i f f a v l M v U u d u d ^ 
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- h r ' ( C - v ) ] - k , c * ) 

• v n } . (48) 

We can further simplify equation (48) to dominant order in s and s*, 

(—/ V ^(K-O/K 
H k . ^ - i ^ - f f ) - F ^ k , / , ) - K j F ^ k , ^ , ) ] 

^ f J W w H r - ^ ^ f e M . ) 

/ R - 3 W - H ) V f f - R - 3 W - H ) f C - V ) ] - k [ C R - 37o)/. 

- H ^ - ? t o - H ) V ] ] . (49) 
* x 

Introduce 

A t y , ^ * ( t i f f B f t , k , ) ^ r - t k , M t M ' < , (50) 

e ^ I - ' k . M H t . j ' J J k ^ k , (51) 

We can obtain self-consistent expressions for the A's from equations (46) and 
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and (49) . 

p V P M ^ / H ^ C ^ ^ ^ f A ^ ff) 4 

(-X-2to-H) J r 

- v ) ) + U £ ft ft ^ H ) 1 ' ( f - V ) 

+ C-R-13-H) V ) H . (52) 

This is not a simple generalisation of the equation obtained by Abou-Chacra 

et a l [ 7 ] . For the case of one dimension, that is K = 1, equation (52) simplifies 

to give 

s* 

T f f u . f i u f 1 
1
 (R-SlsW-O 3 M - fi) *-

0 

a h m m u - r r e i a - H r ' v 
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Unfortunately, this equation too has defied further analysis. The source of 

the diff iculty is that we have to deal with two by two matrices, and this is directly 

responsible for the complexity of equations (52) and (53). So, we have derived the 

stability equations for the localisation edge for the magnons of the Edwards-Anderson 

model, but the complexity of the equations is such that no further progress has been 

made. So the question of the localisation properties of the Edwards-Anderson model is 

left unanswered by this analysis. We shall see, however, in the next section that the 

situation with the Mattis-Heisenberg model is different, and that we obtain a theory 

which is of the same order of diff iculty as the random binary al loy potential for the 

Anderson model as it was obtained by Abou-Chacra and Thouless f 17 J . 

<5 3 . The AAattis-Heisenberg model 

The methods of Abou-Chacra et a I are applied in this section to the spin-wave 

equations of motion for the AAattis-Heisenberg model. This model can be treated by 

these methods because it reduces to a problem of the same order of diff iculty as the 

binary al loy potential for the one electron problem ( [ l 7 ] and [ l 8 ] ) . 

The equation of motion for the one magnon Zubarev's Green's function 

^ ^ S t ; S. is derived in Appendix H using the technique of Zubarev [ 5 6 ] . 

Thus, we obtain the equation (from equation ( H . 7 ) ) 

Z l f ^ f - p ^ K a + ± e i ^ J U } « i - (54) 

This equation has the peculiar property that it is like an equation for a random 

harmonic oscillator problem but with the possibility of having a negative mass. 

The method of Abou-Chacra et al can be applied exactly as it is developed in [ 7 ] 

and [ l 7 ] . It may be thought that the random hopping term could cause some 
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diff icult ies, but we show (equation (57) ) that it cancels out of the calculation. 

From equation (54) we can define a local self-energy S.(E) by 
i 

-I 

f f S L ( £ ) = ( « > 

This equation should be compared with equation (3) and equation (2 .3 ) of [ 7 ] and 

the close similarity should be noticed. 

Feenberg perturbation theory [ 8 2 ] gives by analogue with equation (7) 

-I 

Si IE) = J" J M - e, €i 
j J i i s Q- J J 

(56) 

Now, because for the Mattis-Heisenberg model the £ 's take the values + 1 randomly 

2 
(see chapter 2 , £ 4) C . = 1 which gives from (56) 

S i f E ) = f f f * - ^ ~Sj (E)f <*> 

We now define E = R + i f j and S. (R + i / j ) = E. - l A . . We start to construct 

the distribution density for E and & and our localisation condition is that the 

imaginary part of the self energy is zero with probability one for energies R in the 

region of the spectrum for which the associated states are localised. The equations 

for E. and A . can be found from equation (57) 

p- = re*i fag,o 
1 * C h s - ) V a £ ) + A ; J 

J 2 S j 

A . = f l 
(59) 

4 
J I S J / J 

and we further define 
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3-J (M-~Ji _ 
V =r ^ 
A C S e - ^ - E T + ^ + A f 

(60) 

y _ 

We know from [ 7 ] that if we try to construct the full probability distribution 

density for E and & using equation (58), (59), (60) and (61), we shall obtain an 

equation which cannot be solved (see equation (4 .6 ) of [ 7 ] ) . So, we assume that 

we are in the regime of localised states and test for the stability of the assumption. 

If we have localised states, then tends to zero as IJ tends to zero, so we consider 

both j} and & to be small, and this simplifies both equations (60) and (61) 

X -

y = ( i e A s A 1 m 

From the unknown distribution density f ( E , A ) we write 

3 = J d e t y e ) At J f c f ( E , A W s - j " ( f I 

- E ) " ' ) S ( y g Q + M g ' ET1) <«> 

Define the Fourier transform of g (x, y) by 

QO O0 

G fcM - j j ^ d x ^ ^ ( - i U - l k ^ f a , ^ (65) 

and cal l F the Fourier transform of f which is defined as in equation (65). 

We obtain from equations (64) and (65) 
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CCk.^V ^TT)-' ( d<£ Ptodxdk: FCkn 

where x = — E I ; it should not be confused with the x in equation (65). 

k^j is related to G ( k ^ , k^) by the connectivity K of the lat t ice. 

F 7 k „ k 0 = y C f k ^ Y j (67) 

So, by taking equations (66) and (67) together we have a self consistent 

equation for F, but to obtain an equation which can be solved we must make some 

further simplifications. 

We put t^ = 0 , and we assume that we are at an energy in the spectrum where 

the associated states are localised. Thus, we obtain a self consistent equation for F^ 

defined by 

Fe ( k,} «I^jdeP(e U* <4 k! ( f § 

K 

We shall now take the Fourier transform of the distribution density P ( € ) 

V(e) - M d k exjp ( l k £ ) ^ k ) . 
-'-oO 

This equation is substituted into equation (68), to give 

(68) 

(69) 

F o ( [ ( x r ) 1 j a * a k( tf-MS.) • F o ( k : ) 

(70) 

Now we want to find the limit of the stability of our assumption that the states are 

localised. This is done by replacing k^ by - is in F ( k j , k w h e r e s is very small 
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and expand F (k^ , - is) 

n ^ - t s W E d O - s ^ f O * . - - - . (71) 

We use equations (66), (67) and (71) to obtain ^ ^ 

J c U d k ; M - J L E W U M x ^ t C i V i i - ^ 

- * x . ) - i k . T / ^ x ) (72) 

We equate terms of order S ^ to obtain a self-consistent equation for B 

I-Vic c 
ft ( - ( l J f t - ' k ( k ) l J ^ ^ K ' ^ ^ 

• (73) 
l+OL 

We shall define two distributions A and Q 

These expressions give when they are substituted into equation (73) 

M f t ) = K ( f f (76) 

where Q (x) is the probability distribution density of 

^ = a e , _ ^ _ (77) 
x r ~2T J - 3 

J 1-S T T J 
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/ 

and denotes the sum over K - 1 neighbours of i . These expressions should be 

compared with equations (6 .5 ) and (6 .6) of [ 7 ] . The similarity is not surprising 

because we have followed their method very closely. 

The value of ^ is taken to be j because of this formal similarity, and we 

obtain the integral equation 

^ [ A M Q ^ + ^ J U f ' d * . (78) 

The condition for finding the localisation edge is that a solution to this equation 

must exist. That is, this equation (78) has a solution at the limit of stability of 

localised states. 

We can now obtain the result that a l l states are localised in one dimension, 

that is, when K = 1. The demonstration of this result wi l l follow that given by Abou-

Chacra and Thou less [ l 7 ] . We square both sides of equation (78) and integrate with 

respect to y 

We use the Schwartz inequality to give 

Q (x) Is a normalised distribution density, so we have 

1 ( 

(81) 
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In one dimension K = so we must have equality, but it is a property of the Schwartz 

inequality that equality holds only when Q (x) is a delta function. Q (x) is a delta 

function only in the limit of zero disorder; so we have that for arbitrarily small dis-

order in one dimension, the Mattis-Heisenberg has al l R . P . A . magnon states localised 

with probability one. 

The next result we want to obtain is the breakdown of the localisation assumption 

in the limit when there is no disorder. The calculation is performed in Appendix I, and 

the results are that the localisation edges are at 

E = 0 and E = 2 z J S (82) 

as is given by equation (1 .8) . This is a good result for a lattice such as the simple 

cubic because these energies are the band edges for the magnons of a Heisenberg 

ferromagnet on a simple cubic latt ice, for example, when z = 6 . A Bethe lattice 

gives a different result for the pure ferromagnet's band width which is narrower than 

that for a standard latt ice, particularly the band edge does not reach down to zero 

energy, which is a great worry when we remember that Goldstone's theorem tells us 

that E = 0 must be a generalised eigenvalue of the Heisenberg system. However, our 

calculation on the Bethe lattice for the localisation properties obtains E = 0 as the 

zero disorder localisation edge which would normally be the pure band edge. 

There are great difficulties involved in trying to find out whether a solution 

to equation (78) exists for K > 1 and 0 < c < 1 in the distribution density. The 

Mattis-Heisenberg model has a two delta function distribution function, as has the 

binary al loy problem. So, the Fredholm method is not applicable to equation (78) 

because we have a Q (x) which is a pathologically fluctuating function of x . The 

other method would be a small concentration expansion in the antiferromagnetic 

impurity concentration, but we would not expect this to give much information for 



the Mattis-Heisenberg model because we do not expect to have strong localisation 

effects for small c in other than one dimension (see Chapter 7 for a further discussion 

of the extent of the localisation in this model). The reason why Abou-Chacra et al 

[ l 8 jwere able to show strong localisation for their low concentration expansion is 

that they were able to make the impurity energy arbitrarily large, whereas the 

corresponding quantity in the Mattis-Heisenberg model is fixed (that is Q = + 1). 

So we did not give sufficiently high priority to the low concentration 

expansion approach to carry it out. Therefore, the main result of this section is the 

demonstration that a l l states are localised in one dimension with probability one. The 

self-consistent condition for the localisation edge has been derived for al l K, and 

could be solved numerically if enough computer time is spent on i t . 

£ 4 . Figure Captions for Chapter 6 and Figures 

Figure 1 (a) We show here the only type of self avoiding path on a Bethe latt ice. 

(b) This shows a closed three step self avoiding path. 

(c) This shows a closed four step self avoiding path. 

Figure 2 We show here the only self-avoiding path between the site o and the site 



Figure 1 
\ 
\ / 

Figure 2 

O-l ntl 

\ 
\ 

\ 

\ 
\ 

\ 

• N 



87. 

C H A P T E R 7 

THE LOCALISAT ION OF M A G N O N S - NUMERICAL CALCULATIONS OF THE 

INVERSE PARTICIPATION RATIO 

J 1. Introduction 

Most of the numerical work on the localisation problem has been concerned 

with electron localisation, usually In the context of the Anderson model (see Chapter 5 

^ 5 for a discussion of this model). This is because it is widely believed that the 

Anderson model is the simplest non-trivial model to demonstrate the full range of 

localisation effects. This seems to be true but as we shall see, in the magnon problem 

we study finite difference operators, so there is a formal similarity between the magnon 

and the electron problems. We also find some physically interesting characteristics 

which arise more naturally in the magnon problem. These characteristics are correlated 

disorder (see equations (10), (14) and (16) ) , and next nearest neighbour hopping 

(equation (10) ) . One of the effects of the correlation we should expect is to leave 

the zero energy mode extended, because we know from Go Ids tone's theorem that the 

zero energy mode of any Heisenberg model must be extended. 

There has been some previous work on the localisation of magnons. Walker 

and Walstedt [ 8 4 ] studied an R. K. K. Y . interaction spin glass and found a fair ly 

strong localisation ef fect . There is, however, an interval of the spectrum centred 

on the zero energy mode for which the associated eigenstates are extended. We would 

like to see whether the localisation effects on non-frustrated models have the same 

degree of localisation or not. 

We shall be calculating the inverse participation ratio by two independent 

methods : the method of Weaire and Williams [85 ] and a method using the N . A . G . -

F 0 2 A G F library routine, which FINDS ALL THE EIGENVALUES A N D E I G E N -
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VECTORS OF A REAL UNSYMMETRIC MATRIX. 

We shall outl ine, for the original electron problem, the method as it was 

developed by Weaire and Srivastiva [ 8 6 ] and [ 7 7 ] . The adaptation to the magnon 

problem wi l l follow in f 2 and § 3 . 

The Anderson model (Chapter 5 , § 5) can be formulated as a time dependent 

Schrodinger equation 

1 s : a t - 6 l a L ~ Z l 0 ) 
" < j > J 

where £ G i is a set of N statistically independent random variables and 

J a i 's a s e * s ' * e amplitudes. If we adopt as our basis set that given in 

Chapter 5 § 6 we can write a . as 

M 

a L Sc - 2 1 A * (2) 
ot-s-l 

where 1 <t> r is a complete set of eigenvectors for equation (1). The inverse 

participation ratio to the site i of a l l the eigenvectors is given by 

N 

r = z i a: r 
i 

1A 
I 

The site averaged inverse participation ratio is given by 

(3) 

< P > = T 3 - Z Z l A i l (4) 

L 2 

When a l l the states are extended each [ A ^ [ 1 / N , so ^ P ^ but when 

some states are localised, then ^ P ^ ^ l / N and tends to a non zero limit as N tends 

to infinity (there are possible exceptions to this - see the discussion in Chapter 5 ) . 

To obtain a criterion for localisation edges we must construct an inverse participation 

ratio which is weighted to be sensitive to states associated with only a sub-interval of 
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the spectrum. The philosophy is the some as that adopted in Chapter 5 § 8 ; a 

weighting function is introduced, equation (5), which acts on our randomly chosen 

init ial state 

< V ° ( o ) = ^ m p ) ^ 
L-i 

where the a.(0)'s are chosen by an exponential probability distribution. Let ^f ( O ^ 

denote the weighted init ial state which is obtained from Mf by 

T ( o ) = p - C * f H - E . n V ^ ( 5 ) 

u h e r e B i s t h e l a r g e s t e i g e n v a l u e o f t h e o p e r a t o r H 

and H denotes the operator defined by the right hand side of equation (1) . The 

function 

is used to start the Runge-Kutta integration of the state and so we 

obtain the time dependence of the site amplitudes. We write the time dependence 

expl ici t ly as N - A L N — ' (6) « i f t ) = I I A l . ^ c - I E ^ O 

and use equation (6) to obtain an equation for the inverse participation ratio (under 

the assumption, known to be true, for a wide class of distributions for the disorder, 

that there are no degenerate states with probability one) 

* A 

Z j A i r = 2 _ ( K P ) - 1 a , ! * 

where the bar denotes the time average. The inverse participation ratio of a normalised 

i th 
eigenvector which is labelled by^< , which has squared modulus f^ on the i site, is 

M -L i. 
defined as ^ ^ ^ . There is no correlation between the inverse participation ratio 

U l 

of an eigenvector and its weight in our randomly constructed wavevector, so it follows 

that, in the thermodynamic limit 
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N ^ i, , IN/ rJ : o 

x E Z i A ^ M ' z r c p ; ) 
1=1 ©<= I 

We have that the weighted Inverse participation is calculated by the formula 

PCE> 4 tl (X ( l ^ - ' u T ' O (9) 
Ld 

It can be seen in [ 7 7 ] that this method gives extremely good results for the Anderson 

transition in the electron problem, and this is the reason for its choice as a method for 

the investigation of the magnon problem. 

£ 2 . The application of the method of Weaire and Williams to the Matt is- Heisenberg 

model 

We want to use a method which needs an equation of motion. The equation of 

motion for the site amplitudes is derived in Appendix J and is given by equation (J .3 ) 

a-k = - 2 1 t * ( \ + ) 
j 

- 2 1 } ftj (10) 

where the sum on j is over the nearest neighbours of i , the sum on k is over the nearest 

neighbours of each j , and € takes the value + 1 with probability c and the value of - 1 

with probability of (1 - c ) . Notice that we have a next nearest neighbour term and that 

the differential is of second order in equation (10). We should prefer to have a first 

order equation with only diagonal and nearest neighbour terms, but if we take the root 

of equation (10) and write it in a form which is equivalent to equation (1), we obtain 

an unsymmetric equation which is unstable when integrated by the Runge-Kutta method. 

Equation (10) is manifestly symmetric and is stable when integrated by the modified 
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Runge-Kutta method for second order differential equations. The other modification 

which is necessary is to the weighting operator, which becomes 

v 7 o ) = o - f C ^ H - c n t t o o.) 
II»o 1 0 m 

where t: and y have the same meanings as in the previous section. It is easily 

seen that E = 2z (z is the coordination number of the lattice and 2z is the maximum 
max 

generalised eigenvalue in the thermodynamic l imi t ! ) . H is obtained from the right hand 

side of equation (10), and E is the central energy of the weighting. The averaged 
o 

inverse participation ratio is found by using equation (9). We must know the half width 

of the weighting operator if we are going to interpret the data we obtain. Let us call 

the half-width at the half height A and we derive from equation (11) 

/ , /i V * 
A « 2 . a ( I - i - k ) J 02) 

The problem with this function is that A decreases very slowly as we increase m; for 

m = 11 (2z), that is, al l energies are given strong weighting, so m = 11 is the 

smallest m which can be used (m = 4 was used in [ 7 7 ] ) . We could not afford the time 

to use more than m = 20, so we h a d < ^ 0 . 3 (2z) . With such a width we are sampling 

at least 0 . 6 of the band with a strong weighting. 

We should expect with such a crude weighting to see only strong localisation 

effects, such as a transition in which al l states become localised. We studied a system 

of 31 x 32 sites on a square lattice with periodic boundary conditions. E^ was varied 

across the band, and the disorder parameter c was varied between zero and one. We 

* 

found no localisation effects, but because of the crudeness of the weighting operator 

this is only evidence for the absence of a localisation transition. That is, three factors 

conspire to make the localisation effects unobservable : i) the size of A , i i) the 

weakness of the localisation, and i i i ) the finite size of the system. 

* see t h e comment on t h i s s e c t i o n on page 1 0 0 
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It is di f f icul t , from this negative result, to obtain estimates of what proportion 

of the spectrum has localised eigenstates associated with i t , but we expect that a region 

around the zero energy has extended states for arbitrarily strong disorder. 

We need an independent method of investigating the localisation properties of 

this model, and this is provided by the work reported in § 4 . 

£ 3 . The application of the method of Weaire and Williams to the dilute Heisenberg 

ferromagnet 

The dilute Heisenberg ferromagnet is discussed briefly in Chapter 2 , f 7 , where 

the R . P . A . Hamiltonian is given by 

H - 5 € i e . a V i ) 03) 
<Cp J j d 

The construction of the equation of motion for this model from (13) is trivial 

where J and S are put equal to one, and ^ takes the values 1 or 0 randomly. Equation (14) 

is a first order equation like equation (1), and so no modification to the method developed 

in [ 7 7 ] and outlined in £ 1 is necessary. We should note that the diagonal disorder and 

the hopping disorder are strongly correlated. It is thought that the major effect of such 

correlations is to decrease the tendency of the states to localise, [ 45 ] , and the result 

we obtain does not contradict this. 

We looked at a 31 x 32 simple square lattice with periodic boundary conditions. 

The number of sites occupied was varied through the percolation concentration (see [ 4 l ] ) 

and we studied al l regions of the band. No evidence of localisation was found, not even 

as we pass through the crit ical percolation concentration. Now, we know that the magnons 
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must be localised when we are below the percolation concentration, so what is the 

answer to this paradox? The answer lies In our method of calculating the averaged 

inverse participation ratio. Consider the case when we are wel l above the percolation 

point. The inverse participation must go as N ^ as N tends to infinity. 

Now, we shall consider the case when there are an infinite number (of the order 

of N) of f inite clusters. There are less than a fraction of sites occupied, and they 

form X clusters of size n. where ^ ^ n. ^ N . A cluster with n. sites has n. normal-

modes and so the inverse participation ratio of normal-mode wi l l be of order n. 

th 

if it is localised in the i cluster. But consider the averaged inverse participation 

ratio . We have that 
-I <P> ~ N Z Vn* 

where n * is the number of sites in the cluster in which the o t ^ normal-mode is 

localised. The number of normal-modes belonging to a cluster of n°* sites is n * , so 

2 1 ^ n * - l ^ O / r ? ) - X . Therefore < P > ^ - X ' N " 1 / and so i f ue a r e t o 
<4. 

k n o u u h e t h e r < P > i s s e n s i t i v e t o t h e p e r c o l a t i o n t r a n s i t i o n o r 

n o t , ue n e e d t o k n o u hou X v a r i e s u i t h c a n d N . 

If we had used a fine enough weighting function we should have been able to 

find out whether there are any localised modes in the infinite cluster as the crit ical 

point is approached from above. We used the weighting operator shown in equation (5) 

but with the H obtained from equation (14). The maximum energy in the band is ^ m a x
 = 

2z , and we used m = 20 . 

As we said, this method is not ideally suited to an investigation of the 

localisation of the modes in this model. This is because the main cause of localisation 

is the percolation transition. However, the weakness of the localisation of the modes 
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above the crit ical concentration (that is when there is an infinite cluster) is in 

has an arbitrarily fine width to the weighting given to the different eigenmodes. The 

straightforward way of doing this is to find a l l the eigenmodes of the equation of 

motion, and this is what we do. The most convenient equation to use is the time 

independent normal mode equation which is derived in appendix J, equation (J .4 ) 

(If we obtain a time independent equation from equation (10) and then take the square 

root of both sides, in an operator sense, we obtain equation (15) ) . 

We write a program to obtain the inverse participation ratio of each eigenmode 

of equation (15) defined on a one-dimensional or simple square lattice with periodic 

boundary conditions. When we construct the matrix from equation (15), we find it 

more convenient to move a l l of the disorder over to the right hand side, 

where we use the fact that £ is + 1 randomly. The matrix obtained from the right 

hand side of equation (16) is unsymmetric; therefore, the appropriate sub-routine 

for finding the complete sets of the eigenvalues and the eigenmodes is the N . A . G . 

£ 4 . The application of the N . A . G . library F02 A G F routine to the Mattis-

Heisenberg model 

The purpose of the work presented here is to check and clarify the results 

reported in ^ 2 . We want to obtain an averaged inverse participation ratio which 

(15) 

(16) 
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library F02 A G F routine. We can write each eigenmode as 

N 

4> - H A ' Si d7) 

rO 
where 's ^ e complef"e s e t of basis vectors for the site representation, 

S.(\) - S j j . The inverse participation ratio of an eigenmode measures the order 

of the number of sites to which the eigenmode contributes (or in which it participates) 

and we write it in the notation of equation (17) 

e ^ z r i A i r 

The N . A . G . subroutine gives the eigenmodes in the representation shown in equation 

(17), so we use equation (18) in our program to evaluate the set ^ T ^ 

Although we are interested in checking and clarifying the results of § 2 , the 

results for the one-dimensional lattice are also of interest, and we shall discuss these 

results first. We ran the program for c = 0 . 1 and c = 0 . 5 for 25 and 50 spins in the 

chain. The reason for running the program for two sizes of system for each value of 

c was to see how each P^ changed as the size of the system increased. If P^ 

decreased at least as quickly as N ^ (where N is the number of spins) as N increases, 

then the state is said to be extended. From our examination of the results we find that 

one state is unambiguously extended, and that is the zero energy mode. We notice 

that although a l l the states seem to be localised (or at least our evidence points in 

this direction), with the exception of the zero energy mode in one dimension the P^ 's 

for c = 0 . 5 are on the whole much larger than those for c = 0 . 1 . That is, as the dis-

order becomes stronger, the eigenmodes are more strongly localised. 

In the two dimensional case, we ran the program for c = 0 . 5 for 7 x 7 and 

10 x 10 spins (see the results in figure 1), and for c = 0 . 7 5 for 7 x 7 and 10 x 10 sites. 
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The reason for using the two sizes of sample is that the change in the inverse 

participation ratios as we increase N (the number of spins) gives us information 

on whether an eigenmode is localised or extended. The histograms shown in figures 

1 and 2 are constructed by taking the average of the inverse participation ratio over 

the eigenvalues in each interval of one tenth of the band width. We notice, in 

figure 1, the change in behaviour after the third interval as we go from 49 to 100 

sites. The averaged inverse participation ratio in the first three tenths of the band 

decrease substantially as N is increased (an indication that the states are predominantly 

extended), whereas in the following fourth interval there is a slight increase in the 

averaged inverse participation ratio. So, we can say that, for c = 0 . 5 , the best 

candidate which we have for the localisation edge is 2 . 4 (on the scale shown in 

figure 1). 

We ran the program only once for each c and N , so we do not have a set of 

systems with which we obtain an average over the disorder. The reason for not 

obtaining an average over the disorder in this manner is one of cost, and we thought 

it was better to obtain the largest possible system with the resources and method, 

rather than obtaining good statistics on systems which would be too small to show 

the localisation effects. So it seems that for c = 0 . 5 (the strongest disorder which is 

possible for the AAattis-Heisenberg model) we have a region from zero energy to about 

one quarter of the band width for which the associated states seem to be predominantly 

extended. This conclusion is not at variance with the results of £ 2 . 

As we wanted to obtain some notion as to how the localisation properties change 

as we decrease the disorder, we performed the same calculation but with c = 0 . 7 5 . If 

we look at figure 2 , we see that this time, as we increase N , the first four tenths of the 

histogram have an averaged inverse participation ratio which decreases, whereas in the 

f i f th interval it increases. This means that an energy about 3 . 2 is our best candidate 
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for a localisation edge. Notice also that we have a substantial decrease of the 

averaged inverse participation ratio for the eighth and ninth intervals, which suggests 

that the modes associated with these energies are predominantly extended. The data 

for the tenth interval is more ambiguous, so we cannot decide with the present data 

whether the modes are localised or not. 

We should point out that within each interval of energies over which we 

average the ^ 's the values of the P^ 's vary widely. There is evidence that some 

of the modes in regions of the spectrum which we have designated as predominantly 

localised may well be extended. The localised and extended modes may be so mixed 

that we can only speak of a localisation edge in the sense of dominant behaviour. So 

we have from figure 2 that the evidence is that for c = 0 . 7 5 less than half the modes 

are localised (compare this with three-quarters of the modes for c = 0 . 5 ) . 

In Chapter 6 £ 3 we mentioned that the Mattis-Heisenberg model is analogous 

(in R. P . A . ) to the one-electron binary al loy problem on a formal level . We see in 

figure 2 evidence for a block of localised states in the band between energies 3 . 2 and 

5 . 6 , and similar behaviour was found in [ l 8 ] for an electron moving in a binary-a l loy-

tight-binding potential. The electron calculation was on a Bethe latt ice, but the 

comparison is nonetheless an interesting one, because it indicates that the discrete 

probability distribution density may be the necessary condition for such behaviour. 

^ 5 . A comparison of the results 

The Mattis-Heisenberg model does have localised modes for the magnon 

equation of motion in two dimensions. The result o f ^ 2 is that the modes are too 

weakly localised for the effect to be observable by the method of Weaire and 

Wil l iams, and so the results of £ 4 are needed to show that some of the modes are 

localised. The results of S* 4 also gave us more insight into the effects of the disorder 
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such as is found in equation (15), even though the systems which were studied were 

one tenth of the size of those studied in J 2 . 

The F02 A G F method ( ^ 4) showed that there is a substantial amount of 

localisation but no transition to a l l states being localised in two dimensions. In 

one dimension almost a l l states seem to be localised; the calculations have, however, 

shown clearly that the zero energy mode is extended (P = 0 . 0 2 N = 50 , and P^= 0 . 0 4 

for N = 25) . 

In one dimension only the zero energy mode seems to be extended. In two 

dimensions, however, we have a large set of modes which appear to be extended. For 

c = 0 . 5 about one quarter of the modes are extended, and for c = 0 . 7 5 about one half 

of the modes seem to be extended. It should be noticed that for c = 0 . 5 the extended 

modes are associated with energies about the zero energy mode, whereas for c = 0 . 7 5 

the extended modes are associated with a set of energies near the band edge too. 

We have seen that the normal modes of a two dimensional random finite 

difference operator (as given by equation (15) ) are not al l localised for arbitrarily 

weak disorder. In fact , the evidence says that some states are never localised, even 

for c = 0 . 5 which is the strongest disorder which we can have for this model. This 

merely underlines the point that statements about al l states being localised in two 

dimensions (see Chapter 5 § 9) are dependent on the model and the distribution of 

the stochastic process. 

The normal mode equation of motion for the dilute Heisenberg ferromagnet 

(equation (14) ) seems to have no strong localisation effect either. This model was 

studied only by the method of Weaire and Wil l iams. The reason why it was not studied 

by the F02 A G F method is that obtaining good results for the Mattis-Heisenberg model 

was given priority. We simply note that the results of 3 are consistent with previous 

results, [ 4 4 ] and [ 4 5 ] . 
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If we want to consider the results of this chapter as a contribution to a 

general theory of stochastic finite difference operators, we see that the processes 

considered here are discrete ( i . e . the probability distribution densities are sums of 

two delta-functions) and the diagonal disorder is correlated to the off-diagonal disorder. 

Now we see that the effect of such disorder is to decrease the tendency for the 

modes to localise. This tendency must be due, to a great extent, to the correlations, 

because if we consider a disordered Heisenberg model with a continuous distribution 

density, then we should still expect at least the zero energy mode to be extended in 

a l l dimensions because of the Goldstone theorem and the symmetry of any Heisenberg 

model. So, from the point of view of the study of the theory of stochastic operators 

we see that the theory of correlated disorder and discrete distribution densities are 

subjects worthy of systematic investigation, both numerically and analyt ical ly , because 

we see evidence for delocalisation mechanisms in these properties. 

^ 6 . Figure Captions for Chapter 7 and Figures 

Figure 1 (a) This figure shows the inverse participation ratio averaged over each tenth 

of the bandwidth (P) against the energy for the Mattis-Heisenberg model on a 7 x 7 

square lattice with periodic boundary conditions. The concentration is c = 0 . 5 , which 

is the strongest disorder possible for this model. 

(b) P is the inverse participation ratio which is averaged over each tenth of 

the bandwidth. The Mattis-Heisenberg model is defined on a 10 x 10 square lattice 

with periodic boundary conditions. The concentration c = 0 . 5 . 

Figure 2 (a) This figure shows the P which is constructed as above for the Mattis-

Heisenberg model on a 7 x 7 square lattice with periodic boundary conditions, 

c = 0 . 7 5 . 
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(b) c = 0 . 7 5 . The lattice is a 10 x 10 square lattice with periodic boundary 

conditions. P is constructed as shown above for the Mattis-Heisenberg model. 

Comments on f 2 

It is perhaps useful to explain uhat is meant in f2 

by the statement "Ue found no localisation effects". 

Ue calculated the time averaged inverse participation ratio 

(over a certain number|T°f integration steps). Ue then printed 

the averaged value up to that time, then ue continued the 

process in time for^the same number/Tsteps and again ue printed 

the value obtained and so ue continued for as long as possible. 

This alloued us to estimate, by extrapolating to infinite time, 

the time averaged inverse participation ratio. The extra-

polated value should change as ue move from a choice of para-

meters E f cand c for uhich the states are extended to a choice 

for uhich the states are localised. Lie uould expect the 

averaged inverse participation ratio to increase. Ue did not 

see this and this is uhat uas meant by our statement above. 
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C H A P T E R 8 

THE C O N C L U S I O N 

The effects of disorder on the modes of one particle equations of motion have 

been Investigated. Our main concern has been with the investigation of non-interacting 

magnons for disordered Heisenberg magnets, but we have also considered the character-

isation of localised states for general stochastic operators, and, in particular, the 

Anderson model for an electron moving in a random potential. 

The calculations in Chapters 3 and 4 of the long-wavelength dynamic response 

of the AAattis-Heisenberg model are important because we calculate the experimentally 

measurable quantities, that is the spectral density function. The results to be obtained 

for this domain (long-wavelength, small energy and low temperature) are almost complete 

in the work presented in Chapters 3 and 4 . The only quantity left to be found in this 

regime is the width of the peaks of the spectral density function for concentrations c 

(see equation (2.5) for a definition of c) which are not very small ( c « 1), nor almost 

one (c ~ 1), nor equal to one half (c = 0 . 5 ) . An interesting bonus of the work in 

Chapter 3 is that the results are valid for the binary alloy Heisenberg spin glass discussed 

in Chapter 2 ^ 6 , for c (c is defined by equation (2.16) ) very small ( c « 1). Thus, we 

have information on the spectral density function for a spin-glass which can have 

frustrated plaquettes, but we can only use the results of Chapter 3 in the limit where the 

frustrated plaquettes are not observable. So, the calculation originally for the AAattis-

Heisenberg model has given us a small foothold in the theory of the long-wavelength 

dynamic response of a spin-glass. 

The localisation of the non-interacting magnon modes is a less well studied 

problem than the localisation of an electron. This is because we obtain hopping disorder 

which is much more difficult to deal with than purely diagonal disorder, and also the 
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hopping disorder is usually correlated with the diagonal disorder. The reason why this 

is more difficult from the point of view of the analysis of the equations in one dimension 

is that if we use a transfer matrix technique to solve the problem, then the transfer 

matrices are no longer statistically independent random variables, but are correlated 

to their neighbours. This is a more complicated stochastic process for which no exact 

results are known at the moment. 

There could be a simplification which would allow an analysis of the Mattis-

Heisenberg model in one-dimension if we use equation (J.4) and develop a continued 

fraction method in which the hopping term enters squared, then we eliminate the hopping 

disorder because ( C ; G j ) - \ always. This was, in fact, used in our analysis in 

Chapter 6 . 

We have obtained a non-rigorous but exact result (this description of their 

method was used by Abou-Chacra, Anderson and Thouless [ 7 ] , but there are points 

of the analysis which need further justification) for the Mattis-Heisenberg model. This 

result says that al l states are localised in one dimension with the possible exception of 

a set of states associated with a set of energies of measure zero. This result is supported 

by numerical calculations reported in Chapter 7 ^ 4 which show that all states seem to 

be localised with the exception of the zero energy mode. So all the evidence points 

to the conclusion that the normal modes associated with almost al l energies are localised 

in one dimension for the Mattis-Heisenberg model. 

The results in two dimensions are more complicated and we refer the reader to 

Chapter 7 for a detailed discussion. We notice that the combined effects of the 

correlated disorder and the discrete probability distribution density are to decrease 

the tendency for the modes to localise. This should be compared with the claims 

made recently (see Chapter 5 ^9 ) on localisation in two dimensions. We learn from 

this that such statements as "all modes are localised in two dimensions for arbitrarily 
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small disorder" must be placed in the context of a model or an ensemble of models. 

Magnon equations such as equation (J.4) could be studied by analytical 

methods, and because the equation is similar to an equation for the modes of a dis-

ordered mass harmonic chain, the rigorous method for obtaining information on the 

spectral properties developed by Casher and Lebowitz [48 ] may be adapted to deal 

with the Mattis-Heisenberg problem. The fact that equation (J.4) has some masses 

negative, if it is interpreted as a harmonic oscillator chain problem, may lead to 

technical difficulties because Casher and Lebowitz seem to use the positivity of the 

mass in their method. 

The results presented in Chapter 5 can be thought of as posing precisely the well 

known problems of localisation theory. This precision has more than one pay-off; our 

understanding of the phenomena of localisation has been improved, the recent work by 

mathematicians on stochastic processes can be used, formal ideas developed in quantum 

scattering theory can be used, developing localisation theory from a general point of 

view could lead to a contribution to the other trapping and confinement problems in 

theoretical physics, and we have a rigorous foundation on which we can develop our 

theory and calculate the properties of specific models. 

The work on the magnon modes has provided evidence that correlations in the 

disorder, and discrete stochastic processes may provide important mechanisms for the 

delocalisation of modes. So this suggests that a systematic investigation of different 

stochastic processes and various correlations would be an interesting program for research 

in probability theory. There are, to my knowledge, few rigorous results in this field at 

present, and certainly there are no such results for correlated disorder and discrete 

probability distribution densities. 

The work of Anderson in 1958 introduced the localisation problem into solid 

state theory. Since then much progress has been made in the understanding of the 
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phenomena. There rests, however, a great deal of work to do in this discipline. 

Some areas of future research are outlined above, but the logical next step, now 

that so much progress has been made in the one dimension electron problem, is to 

tackle the two dimensional problem and to try to obtain some rigorous results. A 

period of almost twenty years has passed since the heuristic arguments for localisation 

in one dimension were proposed by Mott and Twose. Only recently have rigorous 

results been obtained for this problem, proving that all states are localised. No 

complete proof has as yet been published. It is hoped that we do not have to wait 

a further twenty years for rigorous results for the two dimensional problem. Much 

of the work in the past twenty years has been towards developing a sufficiently deep 

understanding of the localisation problem to pose the questions precisely. Now that 

the precision is achieved, we can expect more rapid progress. 
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A P P E N D I X G 

THE R.P .A . EFFECTIVE H A M I L T O N I A N FOR THE MATTIS-HEISENBERG MODEL 

The Mattis-Heisenberg model given by equation (2 .3) can be rewritten as 

H = - i Z ^ j e t € j C i s t s : H ^ s f s J ) a ) 

where al l of the symbols have their standard meaning. We make a Holstein-Primakoff 

transformation to Boson creation and annihilation operators introduced by Sherrington 

[ 8 ] . For al l i in the lattice we have 

S j * - 6 ; ( 5 T - a t a i) (2-a) « 

where al l spins J s . ^ have the same length S. The equations (2) are substituted into 

equation (1) to give an effective Hamiltonian for the magnons. We expect this trans-

formation to be a good approximation for the non-interacting magnon dynamics at 

sufficiently low temperatures in three dimensions. We know that the Mattis-Heisenberg 

does not have a non-zero temperature phase transition in one and two dimensions [ 8 ] . 

So, for one and two dimensional lattices the approximation defined in equations (2) is 

only valid at zero temperature. The other assumption which we need for the approxi-

mation to be good is that the spin is large, that is, the spin vector is almost a classical 

spin vector. So, with these restrictions on the validity of our analysis we have the 

effective Hamiltonian from equation (1) 
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H * - k " 3 7 : 6 ; h (isl(\+£i)ajz+(t-e,.)at/23 
ij J J 

[ 0 + 6 j ) a j / 2 . +(i-ei)a}/i]+2Sl(l + e-,) at/* 

+ (f - £.t i ct;/i_ 1 C O * £j) flj/a. 1- n - 9 ) a j /x 1 ) 

- a r K - S " - a j" a . ) J . (3) 

This expression simplifies to give 

H = - i s ^ Z ^ T i - , + 3 2 ! fltfli 

1) J t/ 

- S T ^ r ^ - a ^ a^j-Oj. - - f T J J l j ft|+ e.€j) A T AJ 

- (1-eiCj) ftj •+ a v ^ V O - ( 4 ) 

As we stated above, we shall only be considering sufficiently low temperatures 

so that the magnons can be considered to be non-interacting; that is, we use an 

independent particle approximation. This means that we shall neglect the two particle 

interaction term a . + a . ^ ^ approximation gives us our effective Hamil-

tonian, which has been studied previously by Sherrington [ 8 J , [ 9 ] and [ l o j ; Ching, 

Leung and Huber [ 3 6 ] , and Ching and Huber [ 5 8 ] . 

W = f S Z L ^ V , a T a t 
.. J .j 

r f i * 6 i e j } * t « j - c i - C i f i j ) 

( a t 4 - i - a ; a - ) / ? _ J (5) 

This Hamiltonian is studied in Chapters 3 , 4 and 7 . It is further discussed in Chapter 2 

^ 4 , where it is given by equation (2 .7 ) . 
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A P P E N D I X G 

THE GREEN's F U N C T I O N EQUATIONS FOR THE MATT IS- HEISENBERG MODEL 

The equation for the Zubarev Green's function 

* j (at + A 0 ) 

wi l l be calculated by the equation of motion method developed in [ 5 6 ] . The 

equation is calculated using the effective Hamiltonian derived in Appendix A 

equation ( A . 5 ) . Notice that we can see from the transformations used from spin 

operators to boson operators in Appendix A that 

cu+d; » i V i s r - S * (2) 

This means that & (E) is proportional to S X ; S So it is easy.from 
nm r n m r ' 

this relation ;to see the physical relevance of (E) given by (1) and we do not 

have to do any decoupling approximation in our calculation if we want to calculate 

(E) using the Hamiltonian ( A . 5 ) . 

nm 

The derivation of the Dyson equation for the Green's function from the 

eff 

effective Hamiltonian H is now presented in some detai l . 

E T A n m ( E ) = « r f o t + a n } , 3 o ) 

Evaluation of the commutator gives 

k 

where J ( 6 ) • To obtain a closed form expression f o r l ^ we must 

go to second order in E. 



n o 

E \ j E ) --T(0)s(-2£n„+sl.7„ye»£y A j ' m 

k 

+ sZ J k.€k £j A)m-3To)SAtM). (5) 

We rearrange this equation as 

§- Z^o J + k ek 

(6) 

We find that there is a great simplification when the Fourier transform is 

performed. The Fourier transform is defined by 

Thus, we obtain from equation (6) 

<r-2.iT) 
B-2. 

where d is the dimension of the lattice, and B . Z . denotes Brillouin zone, 

; j 

and 
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We Fourier transform equation (8) back Into real space 

A t j ( E ) o u 

Thus, we have obtained our equation for & j j ^ ) ' 

Another equation can be constructed for this Green's function. This wil l be 

in a form more convenient for the problem considered in Chapter 3. The method is 

similar to that used to derive equation (11) and so it shall not be reported here. The 

equation is 

V f y 4)A ( & , 4' f 0 0 2 , 

2-2. 
where 

(13) 

V 

and 

^ C - S ^ l o V T f ^ 
(14) 

Notice that equation (14) is not the same as equation (10). We Fourier transform 

equation (12) 

A^E) = X A [ ° u ( B ) 3 - u . ( I E ) . (15) 
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We shall show that equation (12) with JS^given by equation (14) is equivalent to 

equation (8) wi th£^ given by equation (10). Firstly notice that from equation (13) 

we have 

substitute this expression into equation (12) 

- 4 A f y J ^ ^ O A t e 

where by equation (14) 

A°'f %) = 1 S f o f e > ) - 3 V » ) ) ( 1 7 ) 

( i - ±A1<$)t(%)) h - S V ^ O ) f j ^ o ) 

equation (17) should be compared with equation (10). So we have shown that by 

a change of variables the equations (8) and (12) are equivalent. 
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APPENDIX G 

THE EVALUATION OF THE DOMINANT IMAGINARY PART OF THE SELF-

ENERGY IN CHAPTER THREE 

The equation for the self-energy in the long-uavelength 

limit, equation (3.25), shous us that ue can evaluate the 

imaginary part of the self-energy from the terms c E ^ A ^ f E ) 

(uhere L j B ) ^ Co/E^KoZ-E) ) a n d ( ^ ( G J e V 

Ue take E.= S uhere both w and $ are real and £ > 0 

(see page 22). Ue are interested in the complex poles of 

defined by equation (3.28), in the limit as % tends 

to zero; evaluated for small l£T| and cj . The poles give 

the quasi-excitations and ue find 'Set for small cj . 

G^andG^-tJare defined by equations (3.13a) and (3.13b); 

equation (3.13a) gives us 

uhere B.Z. denotes the Brillouin zone. Ue make the long-

uavelength approximation for equation (l) as ue are only 

interested in the dominant long-uavelength behaviour. 

(i) 

uher 

Ue nou use the uell knoun formula 

V«.ia ' .-9 ( > \ -iTTSfw-SJY^f) 
to— ' & J 
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where ^ denotes the Cauchy principal value (seep7j 

Volume 1 page 137 for a discussion of this relation from 

the point of view of the theory of distributions). 

Thus, ue obtain for the imaginary part of Q b (JE^ 

SJ.0 s J- J" 

uhere fo = W / ^ j . Therefore 

^ W u U ^ s V - i T T c a Ik)'* 1 1 (2) 

i s g 

CT0(-E) makes no contribution to the imaginary part of the 

self-energy. So ue obtain the imaginery part of 

from equations (2) and(3.25). 

Ue replace (*) in equation (3) by its dominant long-

uavelength value uhich is given by equation (3.32); = 

rjVpa1. Thus ue obtain for the dominant (long-uavelength, 

small concentration) imaginary part of the self-energy 

Q S J ( ^ ) (4) 
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A P P E N D I X G 

THE EVALUATION OF E Q U A T I O N (4.29) A N D (4.33) I N THE L O N G W A V E -

LENGTH LIMIT 

The equation to be evaluated is that of the averaged T matrix of Chapter 4 

| 3 . This is given by equation (4 .29) 

Tte) = f A ° u (o)} E far)"1 J ^ ( I 10)71$) )mi-1 ] . 

The integral which must be evaluated is 

a m * 1 J ( i + f A \ . j o ) T ( W . 0) 

This is, when the equation (4 .13) is used, simply the Watson integral ( [ 5 9 ] p. 146). 

So we have that 

T ( f l ) - - ^ ( l J - l ) . (2) 
0-

Notice that in the evaluation of (2) no longwave length assumption was used. 

If we introduce the energy into equation (4.29) we obtain equation (4 .33) 

t i e ) =• 1J. 
zz. 

The integral to be evaluated is 

j * Z-(o) ' 

The dominant small energy real part of this integrand is given by equation (1). So, 

we must evaluate the integral in the longwave length limit to obtain the dominant 
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imaginary part of the integral, I becomes 

»ir 
u ^ y ' r < * i ? 

S O efr- £ x 

1 . - i r (4) 

A t E 2 - x 2 
where E = ( ) J (0) W and we have used the fact that E « 1. 

b ^ i ) , - i ^ L 
4 - T T / £ - H ) 

where \ (E) = sign £ J . 

Thus we have for the dominant parts of T(E), we write 

X 
f 7 £ ) = - i M E ) W * ^ 

(5) 

(6) 

This gives the evaluation of equation (4 .33) in the limits of small E and small |c[ 
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A P P E N D I X G 

THE LINEARISED GREEN'S F U N C T I O N EQUATIONS FOR THE EDWARDS-

ANDERSON MODEL DEFINED O N A BETHE-LATTICE 

The Edwards-Anderson model in a lattice with closed paths does not have 

an easily found classical ground state or long lifed metastable state about which 

we could define spin-wave oscillations. There is a classical ground state for the 

model defined on a Bethe lattice, as we have discussed in Chapter 6 £ 2 . We 

shall now derive the Green's function equations which are linearised about this 

ground state. 

The Edwards-Anderson model (Chapter 2 § 5) can be reformulated as 

H - i f o i j f i ^ s r ^ i . oi 

The method of derivation for the Green's function follows the equation of motion 

method developed by Zubarev {56 ] . We have for « S . ; S. » 

A decoupling approximation is used to obtain an equation in closed form, 

« S * S T » S; j Sf » where < S * > takes its classical ground 

state value S ̂  and A t is defined by equation (6.11) . So we obtain the linearised 

equation 

- X L « S c ; S p > J . (3) 
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We Fourier transform to obtain 

To obtain the equation for S. ; we take the conjugate of equation (3) and 

then we Fourier transform again 

ix-.sfc; + s-r 
> ) <i> i ' 

- A e « j sj » ] . <5> 
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A P P E N D I X H 

THE LINEARISED GREEN'S F U N C T I O N EQUATIONS FOR THE MATTIS-

HEISENBERG MODEL 

The Mattis-Heisenberg model can be rewritten as 

H=-z I I ^ T j f i r t s f ^ s f s / t s f s f ] . (i) 

The equation of motion for the Green's function S*; S. wil l now be derived 

by the method of Zubarev. 

l J t S P > > * l < + ? ^ ^ 
l <•< Sf X) - « iT;* S p > > } . (2) 

We close the above equation by making the following decoupling approximation 

« xts+j sfy> = < ^ > « r [ J - S j » 

- €lS « S* • S j > > O) 

which gives, when substituted into equation (2) 

J S j " » = 1 6 i S + S £ . « S ? ; S f » 

- . (4) 

We perform a Fourier transform to obtain 

J ^ 

- . (5) 
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In Chapter 6 £ 2 we shall use this equation in its local form, which we 

shall obtain from equation (5) 

-- st) + i Z . - j l C l « s ! j s : » 
L 

- £ L £ L « S S j S j ~ » ] (6) 

and we rearrange equation (6) to get 

X i C j SJ» 
t 1.S J 

S (7) 

which is the Green's function equation in its local form. 



A P P E N D I X I 

THE LOCALISATION OF MATTIS-MAG N O N S O N A BETHE LATTICE - THE 

LIMIT OF ZERO DISORDER 

We want to show that the condition for the localisation edge in Chapter 6 

§ 3 gives the band edges in the limit of zero disorder. Consider equation (6.57) 

s s ( 0 - r ¥ 
which becomes in the limit of zero disorder, 

J L - Z ? - 5 
X 

where K is the connectivity of the Bethe lattice. We obtain for S, from equation (1) 

(2) 

In the limit of zero disorder the distribution density Q (x) is a delta function, 

Q(oc)= SY X - A ) (3) 

where, from equation (6.77) 

a = M - - ULzL) S . (4) 
i s a k 

We substitute equation (3) into equation (6.78) to obtain 

The above equation has a delta-function solution 



J i Z T f - f l - O 

0 

and this gives a solution 

A ' i k S / l . (7) 

from which we find 

E = 0 AnJ £ = V=t ~S S (8) 

where z = K + 1. The peculiar thing about the above result is that It does not give 

the band edges for the ferromagnetic spin waves on a Bethe lattice, but the result 

which would be expected for a lattice such as the simple cubic. That we obtain 

the result of equation (8) is fortunate because we should want, from Goldstone's 

theorem, that E = 0 is a generalised eigenvalue of any Heisenberg model. 
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A P P E N D I X J 

THE SITE AMPLITUDE E Q U A T I O N OF M O T I O N FOR THE MATTIS-HEISENBERG 

MODEL 

We construct our equation of motion from the one magnon Green's function 

equation shown in Appendix B equation (B.5) . The method we use is shown in Ishii 

( ] pages 118 and 119). We have our set of site amplitudes f a j V t - , anc* w e 

define the Laplace transform 

f r s ) - f d t e ^ c M t ) ( i ) 
^ o 

where 

i i ( s ) * i • (2) 

The & is the Green's function defined by equation (B. 1) and the site j is an arbitrary 

member of the set of N sites. The equation for & (equation (B.5) ) gives through the 

relationship (2) an equation for the f's and then through equation (1) we obtain, after 

some manipulation, an equation of motion for the site amplitudes, 

- Z . T i f e X t j € t 6j \ a
j . 

As we shall be using this equation to perform a numerical integration we shall choose 

J(0) = z a n d J.. = S = 1 . 
•I 

1 ^ 
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If we Fourier transform equation (3) we obtain 

E \ i * ( l * e - . £ j - 2 1 €v.£j } a-. 
j J J J 

This equation has a square root given by 

where we have used the fact that £ = + 1. The other root is 

- £ L E O . - = a a . t - £ e , £ j aj . (5) 

Equation (3) wil l be used in Chapter 7 $ 2 and equation (4) wil l be used in Chapter 7 

^ 4 . Equation (5) is solved when equation (4) is solved, so it is not necessary to solve 

both equations independently. 
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