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The thesis describes an analysis of the stresses in a plane 

sheet which stretches to infinity in all directions and is stiffened 

by a single semi-infinite stringers i.e. one which stretches to 

infinity in one direction only. The stresses are induced by s point 

load applied in the line of the stringer at its end in the finite 

Part of the plane; the reactions are at infinity. 

The thesis is in two parts. The first gives on exact mathematical 

solution of the simplified problem in which the stringer is taken to 

be a "line-stiffener", i.e. to have zero width. The split plane is 

mopped onto the unit circle by a conformal transformation, and 

A.C. Stevenson's complex potentials appropriate to the problem are 

found as infinite series. 

The second part is en account of photoelastic experiments on 

composite models made of C.R. 39 plastic end measuring 12" z 10". 

In addition to an explanation of the technique for making such models 

and a comparison of the experimental results with the theoretical ones, 

there is a description of the photoelostio bench which was designed 

and built as a part of this research. 
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The thesis discusses three problems of the stress-

distribution in an infinite two-dimensional elastic sheet to which 

a semi-infinite elastic stiffener is continuously attached 

throughout its length (fig. 1). The first case has a load 

applied to the end of the stiffener, with its line of action 

along the stiffener and its reactions at infinity. 	In the 

other two cases the stiffener end is unloaded, but a uniform 

tension is applied to the sheet at infinity, in one case parallel 

to the stiffener, in the other perpendicular to it. Analytical 

and photoelastic techniques are presented, suitable to these 

and similar problems. 

The problem of the diffusion of load into stiffened sheet 

has provoked attention from many elosticians (e.g. refs. 1, 2, 3, 

4), and ingenious approximations have been suggested for solving 

practical problems, most of which have so far defied exact 

analysis. But the engineer - rarely a fanatical devotee of 

higher mathematics - is ever dissatisfied in using approximations 

made for mathematical expediency, however ingenious, until they 

are supported either by a solution which does not use them or by 

experiment. Or, preferably, both. 

The present investigation is intended as a step towards a 

surer knowledge of practical structures, an exact solution with 

experimental confirmation of the most fundamental case of 



diffusion: the stress-distribution near the end of a line 

stiffener, undisturbed by the effect of boundaries. The 

infinite structure considered, with its line stiffener, 

is still not an engineering proposition, but it yields to a 
solution free of approximations. The experimental investigation 

will suggest how nearly this solution approaches that of 
practical structures. 
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PART I. 	ANAT.:MU. 

In this section Stevenson's theory of complex potentials 

(ref. 5) is used to find an exact solution for the stress—

distribution when an infinite shoot is stiffened by a "line 
stiffener", a stiffener of finite area but hvin,; only a line 

of attachment to the sheet. Stevenson's basic theory is 

summarised in the Appendix. 

( 

y 

/- 	Thi c moss h 
// 

= x + iy = re 
19 

= x 	iy = re—le 

x 

FIB. 

The coordinate system is shown in fig. 1. We use 

suffixes + and — to specify the upper and lower edges of the 
stiffener respectively. The plane 0!:c49‹25 will be considered 
as one sheet of a Riemann surface, with a cut from the origin 
to infinity along the positive real axis, and z = 1,4, and z = T.+  

will represent the same point (r, 0), often to be written 

simply as z = r. But z = r....represents the point (r, 2TT), and 



on the Riemann surface must be distinguished from z = 	which 

is (r, -27T). Other notation is as follows:- 

h = thickness of sheet; 

A = cross-sectional area of the stiffener, constant 

throughout its length; 

Poisson's ratio for the shoot; 

modulus of rigidity for the sheet; 

Young's modulus for the sheet; 

Es  = Young's modulus for the stiffener; 

(3-1) ) /(l+ 1) ) ; 

load in stiffener; 

Po  = externally applied load = load in stiffener at x = 0; 

xx, YY, 
xy = direct and shear stresses in the sheet; 

zz = xx + yy ; 

xx - yy + 2ixy; 

Cr = uniform tensile stress at infinity; 

u, v = components of displacement; 

w = u + i v ; 

a (z), b (z) = complex potentials (see Appendix); 

Po h + ; 
2 	AEs  

ro  = + k)2 	Eh 

= AEs/P0E 



Any complex quantity 47  may be expressed as RR-1+ 	where 

Rf,c1)} and 	are both real quantities. 

Other notation will be defined in the text as required. 

1. Load A led to the End of a  Stiffener. 

Edge conditions. 

On 	= 0 	v+  = 09   (1) 

	

2h 	= - dP/dr,   (2) 

	

P = AEs  duddr   (3) 

One = 2n' 	v_ = 0, 	.. 	 (4).  

	

2h 	= dP/dr„   .. (5) 

	

P = AEs  du.../dr   (6) 

The signs in eqs. (2) and (5) will be made clear by reference 

to fig. 2. 

At infinity 
6,1 r. 

xx = xy = yy = O p  and P = O. 
Finally 	P = Po when r = 0 . 

(7)  

(8)  



Po  	) 
ritcir+  \ 

Boh shears drawn positiv 

F. 	2. 

Eqs. (1) - (8) together with u = 0' at any arbitrarily 

chosen point - the origin, say,-completely specify the problem. 

The first step is to express them as restrictions on the 

complex potentials a (z) and b (z) (sc;e Appendix). 

Inze conditions in complex form. 

Eqs. (1) and (4) hold for all r, and may be differentiated 

and combined with eqs. (3) and (6) to give 

dm+ = 	= P 
dr 	dr 	AEs   (9) 

The choice of dri_rather than dw...will seem less capricious later; 
dr 	dr 

the two are identical, since dv-/dr = 0. 

Using eq. (7) and the definition of a we may integrate 

eq. (2) to find 

and by eqs. 

4 - 

	

P = 	I h 	4 t224.1 dr, 

(53) and (51) of the Appendix, 

p = :h J
(04,  
[ 	(r) - r 7" 	dr, 

	

= 	j 	+ 7 (r) 	k a (r)/ 1 



• • • • • • • • •• (11)

NoW .4 fw+} = v+ = 0, and$fa (r)r = - 1 f a (I') } , so that

p h (1 + k)
g ,

a ( r) - s (00 ) l' on e = o. • e • (le= ~ i
It may be seen from the expressions derived in the

Appendix that the addition of a constant to the potentials a (z)

and b (z) only affects the displacements, leaving the stresses

unaltered. It is therefore legitimate to put gia (o)} = 0,

since the displacement at the origin may still bo controlled by

constants added to b (z). Then if we wri te P = po/~ (1 + k},

oquation (3) becomes

j [a (00)] = - P on e = 0

By the same argument as derived equation (10) from equation

(2) we may convert equation (5) into

p = - 'h( (1 + k) j f a ( r _) - a (to)} on e = zrr
. •••••••••• (12)

Equations (7) become

P = 0 at infinity • •• • • • • • •• (13)

Equations (1) - (8) hove now been replacod by equations (9) ­

(13) 9 which in turn apec Lf'y tho problem completely.

For continui ty at the origin B{a (O)} :::: 0 on e = 2ri' oa wcll

as on e = 0, so that from equation (12) when I'_ = 0, f{a (¢ )}=
+ P on e = 2rr (cf. equation (11) ).

Using equations (10) and (11), (12) becomes'

9{e (r_) ] = Ii - p/h (1 + k) = - 3[a (1')} ~

or 4 ( . .
.1 1a (r )"1 = Sf 0 (r) .f' .- - J "

• • • • • • • • •• (14)



r• 	r• 
For symmetry xx+  = xx_ and yy = yy_, so that from equation (52) 

of the Appendix 

Ria l  (r..)} = R lot 	= R 	at (r)' 

Combining this with the result of differentiating equation (14) 

we have, since dr_/dr = 1, 

a l  (r_) = a1 (r) -  

 

(15) 

 

This conjugate relation must also hold between the second 

derivatives of a (z), since dr_/dr = 1. The first of equations 

(9) in terms of the complex potentials is 
_s_ 

k a' (r).7t(r) 	±.77"(r) + EV) = k a(r..) - at(r..)-ra"(r ) 

+ bt 

giving a term-by-term correspondence and leaving 

b' (r_) = E' (r)   (16) 

Vie may eliminate P and a (0o) between equations (10), (11), 

and the second of equations (9): 

(r)} = ro  E kat (r) 	(r) - r-O"" (r) + 131  (r)I 

	 (17) 

where AEs  r  
4G11(1+k) 

.... 2 

(l+k)2  

AEs 

  

Equations (9) - (12) have now been reduced to equations (15) - 

(17), and we have to find two potential functions satisfying 

these three restrictions and giving zero stresses at infinity. 

Equations (15) and (16) show the nature ofs the discontinuity across 



the stiffener: the imaginary part of both a' (z) and b' (z) 

changes sign when a closed circuit is made around the origin 

starting on 9 = 0 and finishing on 9=2.q. This leads us to 

consider first a transformation of the type 

zl2  = Z9 

which maps the plane 0 9 i 2ir on the half-plane 0 

We then use a bilinear transformation to map this half-plane 

onto the unit circle. 

Conformal transformations. 

The first transformation is made non-dimensional by the 

form 
ro

2 
= z   (18)  

This maps the split s-plane onto the upper half of the zl-plane, 

and e = 0 	= 0, 	e = 	1 = T-T 

If 	a (z) 	al (z1), 

then 	a' (z) 	al' (z1) / 2r0  z1, 

and 	Ott (z) --1,(1/2r0  z1)2  f of  t (z1) 	all  (z1) 	z1 1- 

The second transformation is 
il 	1 + i zi 	1 	. - ?.: = /De / =   y or zi = i. 

1 - 1 z1 	 1 + r  
	  (19) 

2 	1 + r12  - 2 ri  sin el  
1 + ri2  + 2 ri  sin 81 

so that the region 0 < 91<, TT maps within the unit circle, and 

9=0 	g1=0 ---,- 	=1, 	0 	Tr 
9 = 2rr 	e1 = 	fo 	1p 	 ir.  . 



FIG.  

i 	+ r)2  cxt (5), 
(1+ 	{ (1+0  00  (‘-f) 	2c<1(g)( 	• 

If 
then 

8. 

The correspondence of the z- and 	planes is shown in Figure 3. 

We are now ready to transform equations (15) - (17). Let 

b (z)4-4-b1  (z1)-4-12( n. 	Equation (15) becomes 

alf(rieiTII 
2 r r o 

Tit  (-1:11 
2 rot].  

-011 (rleinr) i.e., 	711  (r1) 
Then - i (1 + 0-J-412 c 1(0-14') = es 	- i (1 + ) 

	

	5N e-14), • 
2 	 2 

0 < )// 

i.e., 	act (0-0) 	= 	e.'i4) 9 	0   (20) 

A similar result can be obtained from equation (16) for /2( C); 

it states that the function is equal to its own conjugate if the 



and after taking 
\ icx.0 	= 

e 2iA 0 • iN w/  
+ 

argument is unchanged. This will be satisfied if we restrict 

( ) and /St (<') to real functions : functions which take 

only real values, in the region considered, for real values of 

the argument. 

It remains 

+ 	el (r1) 

to transform equation (17), which becomes 

= (1/411) 	2k al' (r1) 	71,  (r1) 	53." 

+ 2E11  (r1) 

conjugates and some trouble, 

	

i cot 	cost 	04.1( 0-1`k ) 
2 

	

1/7, 	, 
) 2  le2i4 	o<" - el 	le 	+ 

(r1) 

( 21) 
2 

The problem is now solved if we can filed functions cx( ) and,g( ) 

satisfying this functional differential equation, such that 

their derivatives are real functions and the stresses at 

infinity are zero. 

The Solution. 

First consider the behaviour of a (z) when 	. It was 

shown earlier that Ica (0Q)9 	= 1-3 	 } ' and that = 0  
{ a (ac) 	1= 	1!) = 	04 (0-i 7T ) 	. In the 	-plane there- 8= 2n 

fore there is a discontinuity in 0‘(:) ontn = 1 of 2i15  at 	+TT 
A suitable function would be -2(f/11) log (1 +r) , which has an 
imaginary part -2 i 	 - 	( see Fig. 4). 
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This discontinuity in a ( z) across the stiffener at infinity must 

not induce a similar discontinuity in w, and to balance it we must 

have in 15 (Z) a erm - 2k (Pin) log (1 + ) (see Equation (51) 

of the Appendix). Then the combination Ica (z) + r 	) has no 
discontinuity. We may now hope to express the remainder of the 

potentials as power series: 

L)< 	2- n = 0 n 
Orj 

/3 () 	= 	n = - 0  

- 2 (-15/ri) log ( 1 +C" ) 

- 2k (Tyr') log (1 +' ) 
(22: 

For the derivatives to be real functions it is only necessary 

that An  and Bn  be real for n>0. Since a(0) = c>:(1) the earlier 

stipulation thati [0(0)1= 0 requires that Ao  bo real also. Thus 

neither A0 nol Bo  enters equation (21), and their only function 

is to make w = 0 at z = 0. Bo is sufficient for this, and we may 

immediately put A0  = 0. Note that 7 -1c,(e5-751 receives no 



11. 

contribution from the series and retains the value -P. 
Substituting the expressions (22) in equation (21) and 

separating real and imaginary parts, we find 

kn  An + 1.2(n-1)An.1  - (n+1).An+ij 	n Bn7 cos ntk =Warr) cos (fr, 
n=1- 	 4-   (23) 

and 	,c, 
[knA  _ ( ..21(n-1).An_i-(n+1).An+i  + n Bnj sin n 41 	2 (i 

z  
i 	 ii cot ,.-.. cos 	„m. 

n=1 	n 	 ) , 	 ) 

+ n=1 An sin r4  
= (11/41-0-1--  + 2k cos2  4 — cos4 ,k } . 

2 
(2L) 

It is legitimate to differentiate infinite series term by term 

in this way provided the resulting series are uniformly convergent. 

This proviso will be met in the present instance if, as 	5o, 

< 0 (n-3) and J B-21  j< 0 (n.-2). 

Multiply through equation (23) by cos mc/i (m = 1, 2, 3, 

and integrate frorti 0 to n, with the notation mn  = 1 if m = n, 

= 0 if m n: 
m r m Bm  = km/1m  + 	(111-1)1i - (m+i).Am+11 	(13/2-fr) S ol  

(25)  

Equation (24.) can now be considerably simplified by using this 

result to eliminate Bn : 
= (15/n) { kit -Tr 2k cos2  it f 1 + 2 kn cot .al  cos2  , 2

' to  sin ntii n n=1 ( 2 	i 
(26)  



••••••••••••••••• 

4(m-n)2-34 

12.. 

If we put k = 1 this equation is identical with one derived 

by Buo71(ref.6.) in finding an Airy stress function for a semi-

infinite plate with a partially stiffened edge, and the same 

method may be used to evaluate the A il! s from it. Although elastic 

stresses are parely susceptible to small changes in Poisson's 

ratio the temptation to put k = 1 and use luellb arithmetical 

results is to be resisted: k = 1 implies a Poisson's ratio of 1 

and a negative bulk modulus. Which is absurd. 

Multiply equation (26) by sin  sin m4,(m integral), and 2 

	

integrate from 0 to Tr . 	Then 
c)c, 

l   

	

g  Cin 	= 411  
n 

3 kn. (-1) where gmn  = 	••••••1••••••••••••. 

14(m+n)2  -9H4(m-n) 91 	f4(m+n 

	

= 2k (-1)m  (14.m2-1) 	2(4m2-9 

(4 m2  - 3)2  (4 m27:7) 

ro+n 

(27) 

2 + 3kn (-1)m+11  

A l n = nrrAmL/P 

When m takes the successive values 1, 2, 3, .... equation 

(27) gives an infinite system of linear simultaneous equations 

for the A'n  'a, and the coefficients of the system depend only 

on k, i.e., on Poisson's ratio. The numerical values were 

computed for 1,1  = 0.3, giving k = 2.07692, by putting A'N+1 = 

A  t  N+2 	 - 0 and discarding all equations for which m 



Table 1.  

I 	A1' A2  

0.120363 

I 0.200976 

0.227153 

0.234601 
1 0.236201 

0.236449 

0.236427 

0.236381 

__-_ 	1 

 ____ 

0.236327 

1  

	3 	- L 	4 

1 

I 

0.100284 
0.146656 

I 

0.168036 

0.168340 

0.168349 

A! 

 5 

1 	A6' 
1 

-0.00887 

-0.016625 

1  

A10
, A 	' 1 

1 

-0.006220-  

A' 12  
1 0.1216071 

0.0702471 

0.044529 
0.03790o, 
0.0364831 
, 

0.034,346 

0.036402 

0.0364521 

0.0364801 
i 

1 	____ 

0.036503 1  

I 

II 

I 

-0.1464971 
-0.209847;1  
-0.232131 

-0.238228 

-0.239809 

-0.240098 

-0.240116 

____ 	1 

 ____ 	I 

-0.2400471 

I 

0.161962 1-0.095852 

0.166794 1-0.106615 

I

8 

I 
1I 

1 

I-0.067071 
1 

-0.109880 

-0.110912 
1 	-___ 

-0.111225 10.067987 

1  

1 

I 

I  

0.039014 

0.064495 

0.066935 

___- 

I 

0.057824 1-0.024272 

1 

I 

1 

-0.035298 

-0.039968 1 0.021069 

___- 

-0.042438 

0.013684 

0.025823 

-__- 

0.010273 1 0.0026081 

1 
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The solutions for the resulting finite systems for N = 1, 2, 3, 041C 

are set out in Table 1. The systems up to and including N = 9 

were solved by the Computing Section of the National Physical 

Laboratory, but the convergence is not very rapid, and it was 

necessary to proceed to N = 12. This final system was solved 

by the writer, using Relaxation and starting from the known 

solutions for N = 9. 

Note that the convergence of the An's is better than that 

of the A:?n t s, for An = (15//r) (A'n/n). The convergence has not, 

of course, been formally demonstrated, but for large values of 

N 	\ m 	hm  = 0 (m"4), gmm = 0 On-1  ), and glare  decreases rapidly as we 

get away from the leading diagonal since (m-n)2  grows, so that 

we may infer that, for large m,A l m  = 0 (m-3), or An  = 0 (m-4). Then 

from equation (25) Bm = 0 (m-4) also. In this case not only 

are the series convergent, but the differentiations leading to 

equations (23) and (24) are justified. 

The values of Bra for m >0 can now be found from equation 

(25), and Bo  from w = 0 at z = 0. Using equation (51) of the 

Appendix with z = 0 we find 

=. 2: (kAn  + Bn) - 4k (P/n) log 2 + Bo  n=1 
or 

Bo = 5.826 (P/n). 

For practical purposes the potentials ore now established 

OS 

0 9  
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a  (z) =x( 	= (15/n){ 
	

(A'n/n) 	- 2 log (1 + )1 p 

	

b (z) =/3( ) = (P/n){ 
/ 

(Bt n/n) 	- 2k log (1 + ) 	5.8261, 

	 (28) 

where B'n = nitar/i5. 

Stresses. 

	

W 	 yy e•k 

C are interested in xx, 	and xy on 8 = Op  217„ Tr and rr 
And P. 

	

= O. 	The general method of finding the stresses is to use 

equations (28) with (52) and (53) of the Appendix to evaluate zz 

and zz. However, more quickly convergent results may be 

obtained along the stiffener from the initial conditions. On A = 0 

=c-:4, where from equations (18) and (19) 	= 2 tan-1  ✓  r/ro  

(0 	< T7) and d /d r = ir/r 0  / r (1 + r/ro ) . Then 	is a 

function of the dimensionless parameter r/ro. 

a (r) =of ( e 	) = (rot) Z(A ltiln)eiq - 2 log (2 cos 

and from equations (10) and (11) 

P/Po = (1/TT ) 	(A 'n/n) sin r4 	+ Tr 	J. 	 (29) 

To obtain dimensionless stress parameters we introduce 

the factor 	= AEs/PoE = 
= (1 + k) 2  

1+ Fr—  • (1 + r/ro) I r/ro • (30) 

From the Appendix, Equation (52) st 	= 2R1 (01= 2R1r(e4). -cqft 1. 
/2 so that - 	A l n.  sin nqi 

ri  ( XX+ 	yy.4.) = 
1 + k ir/ro • 	 

ri 	( 1 + r/ro)  ir/ro  	(.31) 

rc, (1 + k)/211. 	Then from equation (2) 
1 - 	Atn  cos n4, ________ 



 

15. 

   

From equation (3) 

XX 1-4 	+ -") E 2114. 
dr 

= p PE/Ats =T'/Po  

 

(32) 

 

Equations (29), (31) and (32) combine to give tc xx+  and t4. yy+.  

6 = 211. 	The strkpsses here are found from 

XX ... = XX+  ; 	YY- = YY+; 	xYr = 

For other values of e we use the general expressions for zz 

and zz, transforming equations (52) and (53) to the most 

convenient form. 

zz 1 + k . Ric): ( C )• ro dT /dz = 

1 + k fro dz  
2i5  

   

ro 
z
.  x, 2 d2 	( )3 110 	0 52  2  

C = (1  + irz/ro) / (1  
rod;" /d z = ----------------------

(1 - ivr-z-7;70)2  I2/7o  

3,1"-Z-50  + 
2 (r  z/T0  - iz/r0)3  
sz 

(1/15) ac'  (C ) = 	)t. 	
.41 y. n-1 .... 2/(1 	) I I  

ft-2- 	11  
(VP) oz " ( 5 ) 	(1/fl) 	(n-1) Ant n-2  + 2/ (1 + )2 } 

(1/P) fl t ) = (1/7 r) 	B' n  2k/ (1 + 	) . 

r 215 2C/dz2  = 

• • • ( 3) 

For a fixed value of 9 these expressions are sufficient to 
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4-\ 
estoblishix zz and 	zz, and thus the complete stress system, 

as functions of the single parameter r/r
o
. The stresses on e = 

11/2 and g =17-1 were found by this means and are shown in Figs. 7 

and 8. The load in the stiffener and the stresses on 6 = 0 

are shown in Figs. 5 and 6. 

singularities. 

It is seen from equations (28) that at C = -1 (infinity in 

the z-plane) there is a logarithmic singularity in the potentials, 

giving a pole in the derivatives. Elsewhere the potentials and 

their derivatives w.r.t. 	are regular. Further singularities 

arise from the transformation, and the combined effect on the 

stresses is shown below. 

Stresses when r/ro  

9 = 0 

xx
+  

e") 
l+k r 1 ÷ 3-k (1 - 2EnA )1 1.3. xx , .1 yy, xy 	0 (r/ro  

	

= 0.937 	
rt 	

n  

= 

yy + = 	i+k (1 	nA  
XX 9  t-L yyel  = 0 (r/ro ) 2  

	

="0.212 	 xY 0  
eTh 	 1 

XY+ 	 0 (r / ro)
WM".  

2  

Stresses when r/r 

6 =t!/2 

6 =O 
p. XX+, yy+  = 0 (r/ro) -1  

xy+  = 0 (xiiro)-3/2  

6 = Z2 

/..1. XX 9  1.1 yy 9  L xy 
	

0 (r/ro) -1 

e = 
11...1••••••••••••••••••• 

/...J XX s, /.. yy 	= 0 (r/ro) -1  

x:y 0 
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2. Uniform Tension at InfinitzParallel to Stiffener. 

We first consider the case where such loads are applied 

as will produce a uniform tension xx = Cr everywhere in the 

sheet. 
r\ 	r\ 

xx = Cr 7 	xy = yy = 09 	for all z. 

Then 

	

zz = 2R 	01  (z)1 	= Cr 

	

= ET 	z 3" (1") = 

  

(34)  

(35)  
for all z 

 

  

As z is isolated in equation (35) its coefficient must vanish: 

7" (7) = 0. 
The most general solution of (34) and (35) therefore is 

a 	 . 

	

(z) = ao  + 	4- 1 01) z, (01 is a real constant) 

b (z) = bo  +Crz. 

If we specify no displacement and no rotation at the origin, 

with a(o) = 07 we find 

a (z) = Or z/2 
006 	  (36) 

b (z) = crz 

Now P = o 	du+ = -- 9 	constant for all r. Using the potentials 
AES AEs dr 

(36), together with the expressions for w from the Appendix, we 

find therefore that this state of stress is only possible if the 

uniform tension at infinity is combined with a tensile force at 

the end of the stiffener of 

	

Po =0*AEs/E   (37) 



1$. 

Then the required case of a uniform tension at infinity 

with an unloaded stiffener end is found by superimposing on 

the stress system (36) the system due to a load Po  = - cF AEs/E, 

whose reactions at infinity ore infinitesimal and will not 

disturb the uniform state of tension there. This latter system 

of course is the one already solved, and combining (36) with 

(28) we find the appropriate potentials: 
, 

a  ( z) = 	[ z  _ _ro  (1-1-k) (A 'n!n) 
n - 2 log (1 + C)11 

TT 

b (z) = 	ro  ( l+k) Ez - 	(33 1 21/n)C n  - 2k log (1 	+ 5 	 826k) 
2 rr 

	 (38) 
The stresses, this time considered non-dimensionally as zz/ci.  $ 

Z

TN p 

Z/ 	are also found by superposition. From (34) and (35) 
1.‘ 

zz/cr = Z 
/Th 

 Z/Cr = 1; for the other system zzjcs-  = - zz .AEs/P0E = 

/4. zz, and zz/o-  = 	zz, as plotted in Figs. 6 - 8. Thus 
r-N 	 " , 

xy/o-  and yy/a-  are given by figs. 6 - 8 and PE/GrAE,, and xx/rf 

which are 1 - the previous values, are plotted in Figs. 9 and 10. 

3. Uniform Tension at Infinity Perpendicular to a Stiffener. 

Proceeding exactly as in the last section we first find 

potentials to give yy = cr 	= xr-'y = 0, for all z. The result 

is 

a (z) = 	z/ 
b (z) = -o-z. 

 

(39) 

 



ro (3 	(si t ivri) n 
PI 

ro  (3-k) c 	(B 1 7,/n) 

a (z)  

b (z) =crE-z 
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Again du+/dr = P/AEs  is a constant for all r, and by expressing 

u+ in terms of the potentials we find 

P = Po 	V crAEs/E.   (4o) 

Superimposing on the system (39) the system dre to a load 

Po = +I) crAEs/E, we find the potentials 
2 log (1 + )}1x 

- 2k log (1 +) +5...84611r 
(41) 

This time xx/)cr and x'sr/Ocr are given by Figs. 6 — 8 and 

-PE/Ocr.AEs  is given by Fig 9. 	 yy is not plotted; it can be 

obtained from the formula 
0.1 

YY cr = 1 + 
ev1 

where yy1  is the stress found in 

varies from 0.936 at r/ro  = 0 to 

for other values of 8 yy cr 

nevertheless in the range 0.5 < 

1.06 and 1 for 9 = TT and between  

(42 ) 

Problem 1. 	On 9 = 0, 	 yy 0" 

1 at r/ro  = oo and although 

0 (r/ro) 2  when r/ro 	0, 

r/ro  < co it varies only between 

0.98 and 1 for 9 = T/2. Thus 

P- ir'31\ 

except in the region very close to the end of the stiffener §S.7%' 

is practically constant. 
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PART II. PRACTICAL WORK. 

   

Zct the time this research was started no photoelasticity 

laboratory existed in Imperial College, and as there was no 

suitable polariscope on the English market it wqs resolved to 

purchase the necessary components and build the mounts in the 

College workshop. The first room available for the laboratory 

was rather small and narrow, and to some extent this influenced 

the design of the photcelastic bench, but it is hoped ultimately 

to modify the apparatus to take full advantage of the larger 

room in which it now stands. 

Design of Luaratus. 

A photograph of the photoclostic bench is given in Fig.11. 

The polariscope was designed pri ,,Aarily for research, but the 

teaching of the College was also borne in mind a4i.d the light 

image can betlabown onto a domonstration screen or a camera plate, 

as required. 

FIG. 11. 



S H I2PQ 
Simple tem 

M QPL3 	L4 

S Source P Polaroid 
H Heat absorber Q Quarter-wave plate 
F Pin-hole C.  Camera shutter 

SH L
2 

   

   

   

21. 

The Optical System. 

Fig.12 shows the general layout diagrammatically. It is a 

transmission type system, where a parallel beam of light 

through the model is produced by a point source at the focus of 

a condenser lens. 	500 w. mercury arc lamp with an arc 6 mm. 

long, used as a point source, gives adequate results for most 

purposes, but a fringe pattern involving many lines in a small 

area may necessitate a better definition. At a high cost in 

intensity it can be cortrived, by a pin—hole screen at the focus 

of the condenser with a second lens, to direct as much light from 

the arc as possible through the pin—hole. This produces a much 

better version of parallel light, and the apparatus has been built 

with a movable light s-mrce, so that on optionaextro condenser 

lens and pin—hole screen con be inserted when required. 

Note that no lenses come between the polamld sheets, for 

stresses in the lenses would supLrimpose their effect upon the 

Optional system 

FIG. 12. 
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stress-pattern of the model. 

The field which con be viewed at one instant is limited to 

the sign of the analyser lens, which must be a compensated one of 

good optical quality as it transmits, and must not distort, the 

image of the model. Suitableionses at a reasonable cost ore very 

rare above 6" die., and the present one has a diameter of about 

5i. 
Choice of Lenses. 

The analyser lens L3 (Fig.l2) is an f/6.3 telephoto lens 

with a 36" focal length; it was the largest compensated lens 

available. 

The condenser lens L2  need not be compensated, but the 

extreme edges of single glasses should not be used, for they 

give considerable aberration. The greatest intensity will be 

given, and the least space taken, by the lens wi -;;h the shortest 

focal length. These requirements were met by two -au dia. plane-

convex lenses, mounted with convex faces together and stopped 

down to the right diameter. The effective focal length is about 

6". The eoibination makes up in aberration for what it gains in 

power, but in the original scheme (which had no optical pin-

hole,  system) it was essential to save space wherever possible. 

The camera lens 1,4 is a compensated one, f/8, focal length 
wrrw 

32", giving a diameter large enough to collect the entire beam 

whether the lens is placed to focus the image onto a camera plate 
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o,'? onto the demonstration screen. It has e travel along the 

bench of 15". 

The optional lens Liis required to collect as much light as 

possible and direct it through the pin-hole. Now the pin-hole 

must be at the focus of L2,  and so must the light source when 

the pin-hole is not being used, so that S-F in Fig.12 represents 

the maximum travel of the light source. From practical consider- 

ations this is 15". 

ELIA11. 
1 	 1 

With the notation of Fig.13, 	+ 
1 	

?, and u+ v = e 

1511.  

Then 

D/f2I  = d1/v = (di/f1) (1 - v/e) 

In practice the ratio d/f for any lens is never much grcater than 

1, so that D 22', wheref2t  is the distance from the focus of 

the lens L2 to its nearest face. f21  = 4i", so that the full 



diameter of the condenser L2 cannot be used in the high definit-

ion set-up. The factor (1 - v/e) will be greatest with fl 

as small as possible; i.e., D will be greatest if L1  is a small 

lens with the largest possible taperture t  (d/f value). 

The other consideration affecting the choice of L1  is the 

magnification of the light source b/H (Fig.13), which must of 

course be less than 1 and as small as possible. Now b/H = 

v/u = m, say, and eliminating u and v by the formulae above we 

have 
fi = me / (1 + m)2  

By differentiating twice we see that fl is a maximum when m = 1, 

and when m 	1 f1 and m decrease together. Thus on this 

count also f1 should be small. 

The lens used has a diameter 1.8" and focal length 2.1". 

Details of Polarisco2022222nents. 

The various components of the polariscope are supported 

on a 6 ft. long steel bench, which affords a 7" wide table 

with long edges slightly raised and machined to give two i" wide 

runners. An existing port of the estate, and not designed to 

carry the present polariscope, the bench needed cantilever 

extensions at either end to give a final table 10' 6" long. 

The lam:house is a vertical 2 ft. length of 9" dia. 

asbestos-cement pipe, fitted with light-traps at either end 

to allow a through-draught. Its base-plate has a 15" travel 
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between guides clamped to the bench. 

There are two lamps, mounted on the top plate of the 

light-trap with a shield between them, so that either can be 

brought into use without extinguishing the other by rotating a 

handle beneath the base-plate. The 500 w mercury arc lamp 

already referred to is mostly used with a filter for monochromatic 

work; the other is a 150 candlepower Pointolite, an arc lamp 

with tungsten electrodes giving a much fuller spectrum when 

polychromatic pictures: are required. Although it has not the 

power of the other the Pointolite is particularly useful for rapid 

inspections, for it attains its full brilliance in a few seconds, 

whereas the mercury arc takes 5 minutes. 

The window through which the light emerges is covered 

by a 3" square plate of hoot-absorbing glass. It absorbs some 

of the heat. 

The two 78" dia. condenser lenses arc mounted with convex 

faces adjacent in a short horizontal cylinder, with a stop to 

cut out light from the extreme edges of the lens, where the 

aberration is severe. There is also a light-shield, fitting 

close up to the lamp-house in its forward position; this is 

needed to prevent considerable reflection from the face of the 

lens onto the nearby wall. 

The upper part of the central supporting pillar is 

threaded into the lower part, which rotates to raise the lensiso 
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for vertical alighment. The lenses ore prevented from turning 

by an inner connection to the base-plate. 

This pillar also supports the optional 2112-hole system, 

on a cantilever which may be swung out of the light beam when 

the system is not wonted. The lamp-house is then pulled forward 

and comes against a stop when the arc is at the focus of the 

mein condenser lens. The change-over is simple and immediate. 

The optional system consists of a 2" dia. lens, a 22" dia. 

screen with a 1.5 mm ®  dip' central hole, and a tubular light-

shield which fits close up to the lamp-house, The three 

components can independently be adjusted horizontally and 

vertically. 

The Lalaroid sheets and quarter-wave plates are each 

sandwiched between two glass covering sheets in glycerine, which 

has almost the same refractive index as the glass and so reduces 

the effective number of reflecting surfaces. Between the two 

polaroid;: there are thus six sheets of gloss, and the internal 

stresses in them originally resulted in an uneven initial field. 

A uniform field was only finally procured by using 1/16" glass 

sheets, annealed after cutting. 

The mica quarter-wove plates arc correct for mercury 
0 

green light (5461 A.U.); this wave-bond of the mercury arc 

was chosen for its intensity, although the blue light would 

give a higher fringe order for a given model stress. 
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Each of these components is mounted in a steel ring, 

graduated in degrees and rotating in a support of three 

pulleys. The rings are fitted with a chain drive to gear-

wheels on a shaft at bench-top level, and by a lever selector 

system any gear-Wheel can be mode fast either to the shaft or 

to an anchor-housing. Thus any or all of the polaroids and 

quarter-wave plates can be turned together by turning the 

shaft. 

The an 	lens is the only component not adjustable 

for height, and is set with its axis 12" above thviunners 

of the bench. 

The Ilford mercury green chromatic filter, which is 

mounted on a cantilever from the analyser lens support, may 

be locked in position in the light beam or swung down out of 

the way. 

The camera lens is fitted with a 15" dia. light-shield 

disc, and bas its own base plate with a 15" travel along the 

bench. 

The camera is the remains of a 13 x 18 cm. plate camera 

with the lens and frontpioce removed. It has a sliding mount 

on one of the bench extensions, and is quickly removable when 

it is desired to use tho demonstration screen. 

The camera shutter  is a Compur one, with speeds ranging 

from 1/200 sec. to 1 sec., and is mounted separately, so that 
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for any camera position it can be placed where the beam diameter 

is least. 

The Loading Frames 

The loading frame was designed to apply a load of up to 

600 lb. in tension or compression to a specimen up to 12" square. 

The specimen, loaded, was to be capable of both horizontal 

and vertical movemt, so that a 12" x 12" model could be 

brought into the field and examined piecemeal. Finally, the 

load was to be applied and removed smoothly and, if necessary, 

quickly. 

This last requirement led to dead-weight loading by two 

2-gallon. cylinders of water, with a lever system to give a 15:1 

mechanical advantage. The difficulty of the narrow original 

room, was met by a double lever system, as shown in Fig.14. 

The T-piece applies horizontal compression to tho specimen from 

its upper leg or horizontal tension from the lower. The supports 
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to the bridge-piece joining the two primary levers are small ball-

races, which avoid friction when the levers separate slightly 

during rotation. All other pivots are hardened knife-edges. 

Each water Cylinder is fitted with a gauge glass, calibrated 

against a proving-ring in 20 lb. intervals of the load actually 

applied to the specimen. By interpolation it is easy to read the 

load correct to 2 lb. However, as the pivot and loading points 

of the primary levers ore not colinear, and those of the T-piece 

do not enclose a right-angle, the inclination of the levers 

affects the mechanical advantage, and the gauge readings do not 

always represent the true load on the specimen. The levers 

rotate an equal distance on either side of their mean (at which 

themaibration is correct), so that the connection to the 

specimen can move + 1/12" horizontally between stops and the 

cylinders can rise or fall le. The extreme errcr is about 34%, 

and the correction is made by multiplying the apparent load by 

(1 + 6/15), where 6 is the deflection in inches of the inner 

end of the primary lever above the horizontal. 0 16.1:.‹* approx. 

The frame is not suitable for very light loads, for the 

gauge glass method of measurement is not sufficiently accurate. 

The actual frame for mounting the model is 17" x 17", and 

is cantilevered over the bench. Together with the loading 

system it has a horizontal travel of 18" and a vertical one of 
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15", controlled by screw mechanisms connecting to the bench 

and to a crosshead in the main frame respectively. Thus not 

only can a loaded specimen be moved about for piecemeal viewing, 

but the entire frame con be drawn clear of the bench for mounting 

models. 

The loading frame and all the mounts except the original 

bench were built in the College workshop. They are painted in 

black crystalline paint, crackle finished, with bright parts 

lacquered. 

The Models. 

Of the few good photoelastic materials available the plastic 

C.R.39 was chosen; it is the best material which can be 

cemented together to form composite specimens, and moreover. 

it is supplied in glass—clear sheets and does not require 

polishing. Its principal defect is a considerable stress—optical 

creep, which for constant loading produces an increase of fringe 

order of about 10% in 15 minutes and 15% in half on hour (Ref.7.) 

The creep is closely proportioftall to stress, however, so that 

it simply makes the material fringe value (i.e., the photoelastic 

coefficient of the material) a function of the duration of 

loading. After 30 minutes the fringe pattern is reasonably 

settled. 

The value of 0 for C.R.39 remains unknown. Attempts were 

made to measure it but no technique was found to give a consistent 

answer. 
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Each model consisted of a 12" x 10" sheet, with a 6" :;J)ng 

stiffener cemented on either face stretching from the middle 

of the sheet to one of the shorter edges, 	i", 3/16" and 4"  thick 

sheets were used, with various stiffener cross—sections. The 

contact surfaces of the components were roughened with Durex 

Emery paper 240A and cleaned with acetone, and a thin layer 

of cement was applied to each surface; the componts were 

carefully brought together, held under a pressure of about 

3 lb./in,29 baked for 8 hours in a temperature—controll oven 

at 80° C, and allowed to cool slowly, usually overnight, 

The cement is a mixture of the C.R.39 resin itself and 

a catalyst, supplied as a cement by the manufacturers of the 

plastic. It is unstable at room temperature, but may be 

satisfactorily kept for some weeks in a refrigerator below 

32°  F. 

Design of Tests. 

Photoelasticity provides two sets of contours on an image 

of a plastic model. One settthe isochromatic lines or fringes, 

is obtainable on its own, at one polariscope setting; it 

gives the values of the difference between the principal stresses. 

The other set, the isoclinic lines, is only obtainable super— 

imposed on the fringe pattern; it gives the direction of the 

principal stresses, but one polariscope setting only gives a 

contour of Dothts.with one :particular inclination of.principal 
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xes, and for the contour appropriate to another inclinan 

'3he polariscope must be reset. 

Only problem 1 is suitable for photoelastic investigation. 

To give comparable fringe orders in the others h.clruld have 

to be comparable with 11,1D0/A, or the side length of the specimen 

with 5ro, since the load available is the same in each case. 

Such small models are impracticable because a boulay will 

occur at r/ro  = 22, which is an unacceptable substitute for 

infinity. 

FIG.  15.  

In problem 1 the reactions to the load were supplied by 

dia. steel pins at 1" centres, which passed through the model 

on lines 	inside each edge and supported it in the loading 
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'came (Fig.15) 	The boundary is now at r/ro  = c. 50. However, 

She problem stated earlier specified zero stresses at infinity 

and as the loading frame was made of i" thick steel the 

present condition approximates to zero displacement on the lines 

of pins. To find the effect of these different conditions we 

first use the analysis to find u for the points x Y =0, 

and v for the points x = 0, y = + 4244. Take ro  = 

which is of the right order for all the specimens tested. Then 

from the analysis 

u = 4.7 15/riG and 4.4 T/rid- 	at z = 5.5 and -5.5 respectively 

v = -0.19 r)/iiG and +0.19 1"/i-0- at z = 4.5i and -4.5i respectiveV 

If these displacements were constant along their resepctive 

boundaries the secondary stresses required to annul them in an 

unstiffened plate would be approximately 
r"\ 

ti-XX = ''0•004 9 ftr = 0.005 

If these stresses are now considered as applied at infinity 

the resulting stress-distributions can be found from Figs. 6 - 10 

with.0-x  = -0.004/FL p  Cr y  = 0.005/m . The results are 

negligible compared with the primary stresses. On 8 = 0 the 

only appreciable secondary stress is XX
+9 

which reaches 14.% 

of the primary value at r/ro = 10, and increases in importance 

with increasing r/ro. 

The effect of v-displacements on the lines x = +51" and 

u-displacements on y = 444" is even less serious, for the forces 



:-eciuired to annul them on each boundary individually form a 

statically equipollent system, and so by St. Venantts 

Principle the effect in the middle of the sheet will be very 

small. 

The bogus reaction conditions have thus only a minor 

effect, and we may still hope for agreement between theory and 

experiment. 

The first attempts to apply load to small pilot models 

were by steel L-shaped straining bars running along th 

stiffeners and gripping the end at the loading point as shown 

in Fig.16. This was unsuccessful. At quite low loads fan-

shaped fractures spread down inside the sheet at about 20°  to 

the face, and experiments with fillet radii on the end of the 

stiff4ner gave no better results. The stress-concentration 

in this region was clearly 3-dimensional, and Z,o produce 

uniformity through the section the load had to be spread across 

the section at its point of application. 	There was thus no 

alternative to drilling a hole through the sheet at the end of 

the stiffener for a stiff loading beam in contact with the 

sp3cimen throughout the stiffener-sheet-stiffener combination. 
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)>/// //x/  sheet 
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/ / / 

 

  

  

   

p:',anes of fracture 
FIG. 16. 
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The arrangement now is shown in Fig. 17. 

77.g. 17. 

The pilot models however were still fickle in taking 

load. The failures were clean cracks through the shee, 

starting between the stiffeners at the loading point and 

running out at about 600  to the direction of the applied load. 

This might happen with a maximum fringe value in the sheet 

anywhere between L. and 12. (All the pilot models were 3/16" 

thick A/b 	0.5"). The difficulty was finallzr overcome by 

changing the loading beam from a circular rod to a shaped bar 

with a flatter contact surface, and filing the end of the 

stiffener to match. With this arrangement, after a little 

experimenting, a fringe order of 8 before fracture could be 
relied upon. This technique was now applied to the full size 

specimens. 

The effect of the loading hole on the stress distribution 

can only be guessed at. For large values of r/ro  it will be 

small, but in its own vicinity the hole may well be dominant. 
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The writer feels (but could not justify the feeling mathemati-

cally) that the stresses alongside the stiffener will be very 

little affected, and the experimental measurements have 

accordingly been limited to values on the upper and lower 

edges of the stiffener, which ore fortunately the most 

interesting values. They will serve well as on experimental 

check on the analysis, and will show how far a theory based 

on a line stiffener in an infinite sheet can be applied to 

finite sheets with stiffeners of finite width. 

The Tests. 

The photographs of the fringe pattern gave, to an 

arbitrary enlargement, pictures of a .5:i" dia. area of the 

middle of the specimen, and the scale of the pictures was fixed 

by two lines scratched on the sheets before test, 3" apart. 

The test procedure was first to apply a l:)0 lb. or 200 lb. 

load, and hold it constant while the isoclinics were token 

(isoclinics do not vary with load). The load was then 

increased by 50 lb. intervals to failure, with isochromatic 

photographs token after each increment. Seven specimens 

were tested, and only two reached and held the machine's 

maximum load. 

The details of the specimens are set out in Table 

Po  being the maximum load at which an isochromatic photograph 

was taken. The values of A arc calculated as (width of 
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z2tiffener) x (total thickness of stiffener + sheet + 

stiffener). 

••••••••Milip.•••••••....•61•••••mol.•01.1111.........,-1  
•••••blemq•as•••• 	...0.•...11.0'1•=.1••••*m.10•••••••••.•••••=1.1•••••••!••••YONm....•W••••••••%........ 

Specimen 
Stiffener 
Width 

Total 	Failing 
Thickness 	Load P 

o 
—_----ml  

.A 0.243 ins. 

trion.o.*••••••• 

1/5 ins. 0.617 ins. ONO 554 lb 

B 0.185 	3/10 0.308 306 lb. 300 

C 0.263 1/4 0.497 450 400 

D 0.239 1/3 0.358 550 

0.185 1/6 0.552  420 400 

F 0.244 1/3 o.6o6 590 590 

0.131 1/3 0.618 500 500 
m.s101•1•00.**1•Dig 

Table II. 

In the first five tests isoclinic photographs were taken 

for angles of 0, 10, 20, 30, 4o, 45, 50, 60, 70 and 80°  to the 

line of action of the load. The developed negatives showed that 

the isoclinics run into the stiffener almost tangentially, and 

they ore impossible to read with any accuracy on the actual edge 

of it. On the remaining two specimens therefore a scale was 

scribed on the plastic against the stiffener, for isoclinic values 

to be found at particular points by looking at the model directly 

through the onalySer lens. This is a much more accurate technique. 

but in tie present instance it too failed, for the points 
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concerned were on the stiffener boundary, and it was impossible 

to say with confidence at what poloriscope setting a line 

nearly parallel to the boundary dust disappeared at such 

a point. 

Consequently the only certain results for comparison 

with the theory are the. isochromatic lines, giving the 

difference between the principal stresses, or the mox:mum 

shear stress, 

The photographs were taken on Ilford Thin-film Half-tone 

Orthochromatic plates, which ore slow and of very high contrast. 

They were developed in a hydroquinone contrast developer 

(formula Ilford I.D. - 13), and the results are firm block and 

white negatives with practically no greys. 

The isochromotic photographs were taken using the mercury 

are lamp and green filter and allowing an exposure of 2 secs. 

The isoclinics were photographed using the Pointolite lamp 

and no filter, with an expveure of 4 secs; this gives a 

degree of over-exposure at which the isochromatics develope out. 

Results. 

The difference between the principal stresses (p - cl) along 

the edge of the stiffener for the seven specimens is shown in 

Figs. 18 - 20. The dheoretical curve is also drawn in each 

figure for comparison; the values were found from the relation 
r, 

p 	q = zz . The experimental curves were plotted from 
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14(1? 	q) = 2AEsfn / Po  Era, 

where f is the material fringe value, taken as 42, and 

n is the fringe order. 

The agreement between theory and experiment is in 

general good, especially for high values of r/ra' but specimens 

A and C (Fig. 18) show a considerable variation for rt20.<3. 

The most probable causes of the discrepancies arc the 

finite width of the stiffener and the possibility of its 

initially plane cross—sections distorting under load. Both 

of these will hove their greatest effect nearest to the load; 

the width of the stiffener >ro  in every case, so that 8 > 300  

for r/r0 <1, whereas the line—stiffener theory has g = 0 

along the entire length of the stiffener. 

Other possible sources of error are the loading hole, 

which again is most important for smell r/r0, the effect of 

Poisson's ratio $ 0.3 (unlikely to be serious), and the uncertain 

value of f. As hos already been mentioned, f is'inconstant. 

It falls about 15(/." in the first half—hour of loading. In each 

test the photograph from which the(p Ograph was drawn was 

token last, within a few moments of failure. By this time 

isoclinics had been dealt with, plate—holders had been 

reloaded, and several other isochromatic photographs had been 

taken ot increasing loads. It was never less then half on hour 

from the first application of load to the final photograph, so 
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that f, which for C.R.39 starts at 49 - 50, must have fallen 

to about 42 by the time failure occurred. In some experiments 

it is possible to find the instantaneous value of fg  eithor by 

means of a calibrating strip of the same material in series with 

the load or by integrating numerically across some section to 

find the applied load. Neither of those methods is o.-ailable 

in the present :Lnstonce9  so we must assume that f = 42 and 

admit to a possible error of 2 to 3%. 
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CONCLUSIONS. 

The analysis is exact for an impossible, idealised 

structure, but it agrees well with experiments on Problem 1 with 

a variety of practicable specimens. When r/rc;>4 the agreement 

is very good on all models. Thus except for very low —alues 

of r/ro the solution, borne out by the experiments, will hold 

for practical stress—diffusion problems, 

The solution predicts an infinite stress concentration 

at the end of a stiffener, whether a load is applied there or 

whether it is a free end in a tonsioh field. Except insofar as 

the order of the singularity in this idealised problem may be a 

guide in other investigations, this result is of no interest. 

Practical structures, with three—dimensional stress—distributions 

and three—dimensional stiffeners, will be subject to some lesser 

concentration, as the load life of the brittle O.R.39 models 

showed. 	Nevertheless there will still be a stress concentration 

at on abrupt stiffener end, and the nearer a stiffener approaches 

a line contact with its sheet the nearer will be the stresses 

to those predicted here, 



(43) 
o, 

= o. 

Eox 

BeY = YY 

/2(14) = 

YY, 

XX, 
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APPENDIX. 

Stevenson's Theory_efOoMplex Potentials. 

Stevenson showed (ref. 5) that problems of plane strain 

and generalised plane stress can be reduced to the choice of 

two analytic functions (e complex potentials') of a 

complex variable, with no restrictions other than the 

externally applied conditions at the boundaries or elsewhere. 

It is not necessary, for example, to solve a biharmoni,3 equation. 

StovUnnont s analysis is not couched in the terms and 

notation most familiar to engineers, so we derive his results 

afresh, using a different route but reaching expressions of 

only a slightly different form. 

Thb - equilibvium equations for generalised plane stress 

with no body forces are 

Hooke's Law connects the stresses and strains: 

(44) 



and the strains ore expressed in terms of the displacements by 

ex  = 6u/ !fix , 
ey = 	"‘/I 

= r)v/r)x + 	u/6y. 	 000000• (45) 

Now writing z = x + iY, Z = x iY, we have c)/ x = ,V6z + 

(Vcy = i ( aA)z 	E). We use two stress combi:o.ution.s 

to express the three stress components: 

zz 	= xx + yy 
, rte. 	n 

ZZ 	= xx 	 yy + 21 xy. J 	000000 e • • • •• .) EP ( 46) 

."1 Clearly zz and zz ore sufficient to specify a stone of stress 

completely. 

The two equilibrium equations con now be expressed as 

the real and itnaginary parts of a single complex equation: 

+ L ) ( 	+ i xy) + 
az 	3-z- 

	

() 	3 

	

c7 	(xr± i ft) = 

or , 	/Th 
SZ 	ZZ 

C)Z 	(\ Z 
= O. 

 

(47) 

 

We could at this point introduce a stress function Z (z, 
, which would solve (47) if ,)Z/Oz = zz, 	= —zz. But 

functions of both z and z are not simple to manage. 

From equations (44) and (46), 

zz = 

zz = 

—5— (ex  + 00 0  

(ex - Cy + 	exy) 

1-11  

1+1) II • 0 • 6 	• • • • 	(48) 



We introduce the complex displacement w = u + iv, 	Eu - iv, and 

find 

x + 	4. 	2R 1 	1 1  
y - 	a z 	z 

ex 	ey + i exy = 2 V  
z 

• • e 00•••• 9 

(50) 

  

Then, combining (L1.8),  (49)  and (50), and substituting in (47), 

we have 
7...1)  62w  

4. 	-1 	 = 0 , 

az 2 	71.44.) azaE 

Put (3-V )/(1 +v1 ) = k and integrate w.r.t. E: 

k aw 	(2,7/* = A (z), an arbitrary function of z. 

The conjugate of this may be written 

1 a V/ + 	
"." 
	 1 W (E) 

Subtract, and integrate 	z: 

(k 	1/k)w = f a (z) d z 	z `/ +B (z), 

where B (z) is an arbitrary function of z 

Put 	___14.G 	f A (z) dz = a ( z) 
k2  1 

and 	__4Gk__ E (E) = E (7) 
k2 1 

Then 
4G w = k a (z) 	z 71  (7) + E Z) 	0041,0 OOOOOOO (51) 



45. 

rN 

z7 . 	( 	, e 
Y 	 k ) = 2G  (1±k) dw 817 

1-L) 1-1) 	z 	z 

at (z) + 	(E)   (52) 

zz = 1+)
) 
	e + i exy  ) = 2G cla 

Et 	(E) 	z 	(E) , 

 

(53) 

 

Equations (51), (52) and (53) give all the stresses and 

displacements in terms of two 'complex potentials' 9  each a 

function of a single complex variable. The solution to any 

particular problem lies in choosinc a (z) and b (z) to fulfil 

the external conditions. 

It is also useful to express the rotation at any point 

in terms of the potentials. It is denoted by CA) , where 

2r..) =ay/6x ou/ay 

= 	(6w/3z - 6w/YE) 

= 2 liar/D- z 

(1 + k) I it  at (z)1 

 

(54) 
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