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Abstract

The topic of gain/loss and dispersion is fundamental to the construction of various

nanophotonic devices. Through a unique branch of physics called Parity Time Sym-

metry (PTS), the interplay between gain and loss opens many opportunities to make

gain/loss and dispersion necessary parts of the operation of PTS optical devices.

The spatial refractive index profile of an optical PTS system, n(x,y,z) requires

Ÿ{n(x,y,z)} to be spatially symmetric and ⁄{n(x,y,z)} to be spatially antisymmet-

ric. Such a system exhibits exceptional point behaviours which give rise to unusual

physical phenomena including non-reciprocal propagation of light—the operational

principle of optical diodes. Most solid state devices investigated in this thesis are

based on GaAs to supply gain. To apply the concept of PTS to practical optical plat-

forms where high loss/gain exists, it is essential to understand the mechanism behind

the high gain in GaAs and associated gain-induced dispersion.

To assess the feasibility of generating high gain and the extent of dispersion e�ects

in nanooptics, we demonstrate experimentally a practical GaAs plasmonic laser based

on the hybrid gap plasmon waveguide. The analysis of the modal gain and losses in

these nanolasers suggests that even though lasing actions can be obtained in this high

loss environment, the severe e�ects of dispersion pose potential issues in practical PTS

systems.

In PTS coupled waveguides, the detrimental influence of gain-induced dispersion

is counteracted by working with non-identical waveguides and bias pumping of the

optical waveguides. The coupled mode theory provides the necessary formulation

for an in-depth analysis of such a highly dispersive system. The useful application

of dispersion in optical PTS is investigated in a Silicon-based active PTS grating.

The results of these works improve our understanding of the gain/loss and dispersion

mechanism in PTS optical devices and lay the foundation for an e�cient design of

PTS optical diodes.
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Chapter 1
Introduction

1.1 Motivation
Seventy years ago, the information processing landscape of our modern society changed

forever with the arrival of one of the most prominent discoveries of mankind, the

transistor [1, 2]. Smaller, faster and much more energy e�cient than its predecessor

vacuum tubes [3], the transistor has become the building blocks of modern Integrated

Circuits (ICs). Nowadays, electronic devices such as computers, domestic appliances

and smartphones are all built upon fingernail-sized chips. Since its invention, the IC

has revolutionized our computational power. For the last 50 years, researchers have

worked extremely hard to keep up with Moore’s prophecy of fitting twice as many

transistors on a chip every two years [4]. The record set by IBM in 2017 was a densely

packed chip of 30 billion transistors of 5 nanometers in size [5]. ‘Smaller-is-better’ has

been the motto of researchers for many years [6]. However, fundamental scaling laws

will kick in when transistor sizes reach the atomic scale and the device performance

ever deteriorates due to latency and detrimental thermal e�ects [7]. To feed our seven

billion data-hungry inhabitants, unique materials, clever device designs and even novel

physical concepts are required.

With the peak of the electronic age lurking on the horizon, the research community

once again resumes the search for the seed of the next technological advancement.

The intrinsic charge and mass of the electron are the ultimate cause of the fundamen-

tal limitations placed on the performance of electronic devices. This simple argument

1
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might tempt us to believe that photonics is the answer to our problems. Light, as

an information carrier, can overcome the problems of speed, limited bandwidth and

even heating that electronics constantly faces. Indeed, low-loss optical fibers replacing

traditional metal wires as long-range signal transmitters enable a gigantic volume of

data to be transported around the world in less than a second [8]. Nonetheless, when

moving to chip-scale applications, photons themselves are not problem-free. Photonic

integrated circuits (PICs) and intrachip optical interconnects [9, 10] are restricted by

the di�raction limit—the size of a typical photonic device cannot go below half of its

operating wavelength, which is at least 2 orders of magnitude greater than its elec-

tronic counterpart [7]. Better performance comes at a price of larger footprint.

Though the field began more than 50 years ago, recently plasmonics has caught

the attention of the research community as a promising interface to bridge the enor-

mous gap between electronics and photonics [11–13]. Plasmonics o�ers a mean to

circumvent the di�raction limit [14] and the ability to concentrate light into nanoscale

volumes [15]. Surface plasmon polaritons (SPPs)—electromagnetic waves couple to

collectively oscillating electrons in the metal plasma—are surface waves existing at the

metal-dielectric interface [16]. The participation of free electrons in the propagation

of light is the principal element that allows plasmonics to surpass the di�raction limit.

Plasmonics, with its ability to enhance the inherently weak light-matter interactions,

has powered a number of novel applications in bio-sensing [17], spectroscopy [18–20]

and single molecule detection [21,22]. Although, the vital role of electrons in plasmon-

ics is undeniable, they also bring problems. Conduction electrons in metals relentlessly

interact with phonons, their nuclei and amongst themselves [11], leading to significant

ohmic losses which damp the propagation of SPPs. These two aspects of electronic

behaviours compose the famous trade-o� in plasmonics between e�ciency and field

confinement [16].

The huge success of the microelectronic industry comes largely from the replacement

of pure Silicon wafers with SOI (Silicon on Insulator) wafers and their built-in com-

patibility with CMOS (Complementary metal–oxide-semiconductor) processes [23].
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While the metallic element of SPPs allows potential integration into current electronic

platforms, traditional plasmonic materials, noble metals such as silver and gold, are

not CMOS compatible. This complication in plasmonic device fabrication together

with its high ohmic losses have hindered the industrial applications of plasmonics.

However, the unparalleled capability at manipulating light in the nanoscale regime of

SPPs still draws many research projects into developing innovative plasmonic plat-

forms.

Although nanophotonics is not restricted to the world of plasmonics or the broader

field of metamaterials, the high level of losses which increases significantly as the de-

vice size enters the submicron regime, remains the most prevalent issue that needs to

be addressed before truly nanoscale photonic devices can make their ways into our

day-to-day lives. Perhaps the most obvious solution to such a problem is to compen-

sate the operational loss with optical gain. Optical gain is often associated with lasers

which amplify light by stimulated emission, resulting in the generation of powerful

and coherent optical sources. Going beyond compensating for loss is to explore novel

concepts which can bring out useful functionalities of optical losses which have always

been believed to be detrimental in nanophotonics.

In general, the potential solutions to the tenacious aforementioned problems, which

prevent the practical applications of nanophotonics, can be classified into four main

categories: synthesizing new materials with superior low-loss properties [24–28]; adapt-

ing current microelectric fabrication techniques to accommodate plasmonic materials,

e�ciently incorporating optical gain into pragmatic plasmonic designs [29], and most

interesting of all, investigating innovative devices in which losses are desired in their

operation. Although these four approaches are not mutually exclusive, the first two

tackle the problem from an engineering standpoint, while the latter two, evoking many

interdisciplinary notions, concern the fundamental construction of nanophotonic de-

vices. Hence, the interplay between optical loss and gain in practical nanodevices is

the focus of this thesis.
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1.2 Scientific goals

As the interaction of optical loss and gain in nanophotonics lies at the heart of this

work, our aims are firstly to investigate the mechanism of e�cient loss compensation

in practical nanophotonic platforms and secondly to look into new physical concepts

that empower useful manipulation of loss in the context of nanodevices.

Nanophotonics brings with it a plethora of devices, ranging from modulators, waveg-

uides to on-chip light sources. As identified above, plasmonics is the key to the minia-

turization of photonic devices. Thus, plasmonic lasers provide the perfect setting

for our loss-gain balance study in nanophotonics. Furthermore, these nanolasers also

act as a gateway to an unfamiliar territory of physics called Parity-Time Symmetry

(PTS) [30] where unusual loss-induced functionalities lead to useful optical applica-

tions. Although the physics of nanolasers and optical PTS devices has been studied

for many years, the lack of practical considerations in terms of fabrication techniques,

device quality and detrimental dispersion e�ects has stopped these devices from going

beyond proof-of-principle, strongly hindering their industrial applications.

The hybrid gap plasmon laser is the chosen platform to implement the study of

high gain generation in practical nanophotonics. We solve the problems of high sur-

face recombination rate in semiconductor gain media and the poor control over device

location by passivating GaAs suspended membranes [31, 32] and employing the hy-

brid gap plasmon waveguide (HGPW) as our laser cavity [33–35]. With its top-down

construction and a close resemblance to standard SOI platforms, hybrid gap plasmon

GaAs nanolasers achieve confinement and feedback solely through 2D lithographic

patterning of metals on the GaAs membranes and thus eliminate the requirement to

etch the semiconductor in order to define the cavity. The scope of this work extends

beyond the construction of HGPWs and the demonstration of their lasing action; it

also discusses in great detail the role of gain and loss and their associated dispersion

e�ects in the high pump regime of nanolasers.

The results of this loss compensation analysis in a laser environment allow us to
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assess the feasibility of applying PTS to practical devices where high gain/loss and

dispersion coexist. The clever manipulation of gain and loss based on the topical PTS

concept is applied to two familiar optical systems: coupled waveguides and Bragg

gratings which lead to non-reciprocal propagation and unidirectional reflection of light

respectively. These systems can be studied based on the conventional coupled mode

theory (CMT), allowing an in-depth analysis of practical limitations to be carried

out. In order to achieve close to ideal PTS, most of the demonstrated experiments

limited the gain to just a few hundred cm≠1 due to strong gain-induced dispersion

e�ects. This prevents the extension of PTS to more highly functional and practical

optoelectronic or plasmonic platforms where very high loss/gain is present. Thus,

our second goal is to search for strategies that manage gain-induced dispersion in the

context of PTS coupled waveguides.

Any strategy that can e�ectively influence both gain/loss and dispersion requires

an active approach where the refractive index of a material can be dynamically con-

trolled. This leads us to our third investigation which involves turning a passive PTS

system into an active one by pump-induced e�ects. The PTS Bragg grating work by

Feng, et al., proved that a unidirectional reflection device could be established [36];

however, by defining both the real and imaginary parts of the refractive index of the

system at the fabrication level, the occurrence of an exceptional point (EP) cannot be

tuned accurately. Here, we take the first steps in exploring a dynamic manipulation

of PTS on SOI platforms, assessing the viability of using carrier-induced e�ects in

Silicon to construct an active PTS Bragg grating.

The extensive investigation of plasmonic lasers and various optical PTS geometries

in the literature show promising signs that in the coming years, we might be able to

construct a new optical circuitry platform which consists of an on-chip light source

based on plasmonic lasers and optical modulators or diodes built upon PTS devices

[37,38].
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1.3 Thesis structure

The thesis is organized into eight chapters. Chapter 2 puts in place the theoretical

fundamentals of PTS and its optical applications. We begin this chapter with a brief

discussion of quantum mechanics PTS followed by an introduction of PTS in optics.

The mathematical platform of coupled mode theory is then presented in the context

of PTS coupled waveguides and PTS Bragg gratings in order to explain the origin of

non-reciprocal propagation and unidirectional reflection phenomena, which are stud-

ied in this thesis.

Chapter 3 introduces the technological platforms upon which the works presented

in this thesis are built. This chapter provides the device context in which various gain

and loss mechanisms are discussed in subsequent chapters. An outline of the theory of

conventional dielectric waveguides for both the lossless and lossy structures is given.

Plasmonic waveguides are not only able to circumvent the di�raction limit which re-

stricts the application of photonic waveguides at chip-scale, they are also capable of

enhancing light intensity by many orders of magnitude. Amongst various plasmonic

waveguide designs, we focus on investigating the properties of the hybrid gap plas-

mon waveguide configuration: selecting appropriate materials for their construction

and understanding their modal formation.

Chapter 4 is dedicated to the analysis of the gain mechanism in semiconductors

and loss mechanism in cavities. Understanding the origin of gain generation and gain-

induced dispersion in semiconductors is central to our study of hybrid gap plasmon

GaAs nanolasers and PTS coupled waveguides. A review of the basic concepts in

band theory is first given. This provides us with the necessary tools to study light

matter interactions in GaAs using the semi-classical theory of free carriers. This is

followed by a comparison between the results of our simple model and other more

complex models of gain in the literature. The second part of this chapter analyzes

the loss mechanism in the context of photonic cavities and nanolasers.

The next three chapters present the results on the analysis of our three devices of in-
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terest. Chapter 5 outlines the development of hybrid gap plasmon GaAs nanolasers.

The first part focuses on the design, fabrication and characterization of our plasmonic

lasers using passivated GaAs membranes. Results and discussions of our experiments

are presented next. Here, the analysis of GaAs gain and loss mechanism detailed in

Chapter 4 is used to analyze the threshold gain conditions of various nanolaser designs.

Taking a step back from experimental demonstrations, Chapter 6 theoretically

explores the feasibility of recovering PTS in highly dispersive coupled waveguide sys-

tems. The analysis requires the analytic evaluation of coupling coe�cients of coupled

mode theory in PTS coupled systems. We investigate the smooth transitions between

PTS phases under the influence of imbalanced gain/loss and modal mismatch. This

newly gained knowledge of imperfect PTS systems identifies a suitable strategy to

compensate for dispersion e�ects.

Following this line of work, Chapter 7 targets a di�erent kind of PTS devices: an

active PTS Bragg grating whose operation relies on the ability to dynamically con-

trol pump-induced e�ects. A description of conventional passive PTS gratings is first

given. This is followed by a proposal of the construction of an active PTS grating.

Our experimental results on the carrier-induced refractive index change in Silicon are

presented in the next section. The chapter ends with a summary of our preliminary

work on the device construction and fabrication.

Chapter 8 summarizes the main findings presented in this thesis and outlines

several lines of future work which can be developed based on the current results.



Chapter 2
Parity-Time Symmetry: fundamentals

and optical applications

This chapter begins with an overview of experimental demonstrations of Parity-Time

Symmetry (PTS) in optics. We outline the fundamentals of quantum and optical

PTS, with an emphasis on the pertinent aspects of PTS that run parallel with con-

ventional Hermiticity. Optical PTS allows seemingly abstract quantum mechanics

(QM) phenomena to manifest into physical observations. The concept of PTS in op-

tics is described by the well-known coupled mode theory (CMT), providing us with an

intuitive description of the unusual consequences of optical PTS. The last section of

this chapter lays out the mathematical platform of CMT in codirectional and contradi-

rectional mode coupling and uses these results to explain the origin of non-reciprocal

propagation and unidirectional reflection phenomena, the two most prominent optical

PTS applications.

8
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2.1 An overview of the optical PTS applications
In the late 1990s, several theoreticians noticed that there existed a class of non-

Hermitian Hamiltonians which possessed an entirely real eigenspectrum, meaning

they could describe real physical systems [39, 40]. Instead of being Hermitian, these

Hamitonians need only to respect Parity-Time Symmetry (PTS). However, PTS is

only a weak condition and hence can be broken. This symmetry breaking is signi-

fied by a phase transition in the eigenspectrum of the system at an exceptional point

(EP) [41,42]. The behaviour of physical systems often changes drastically around the

EP. This has led to the prediction of various counter-intuitive optical phenomena—a

light beam will see its dynamics greatly modified compared to conventional optics

when passing through a PTS system [43,44].

A PTS optical system requires a particular complex refractive index spatial dis-

tribution: a symmetric distribution of the real part and an antisymmetric distribu-

tion of the imaginary part which can be realized via the incorporation of gain and

loss [41, 42, 45]. Here, our aim is not to present an exhaustive review of optical

PTS but to highlight important findings on the experimental front that have prac-

tical relevance and demonstrate the versatility and uniqueness of PTS applications.

The four most popular configurations of optical PTS are coupled waveguides [46–55],

coupled lasers/absorbers [56–66], PTS Bragg gratings [37, 67–72] and PTS photonic

lattices [42, 43,73–75].

The first experimental evidence of PTS in optics dates back to 2009 when Guo et

al., used an 8 µm core coupled waveguide system made of a multilayer AlxGa1≠xAs

heterostructure to demonstrate PTS breaking [76]. Loss was introduced via the depo-

sition of 100 nm Cr films on one of the waveguides with varying stripe widths, equiv-

alent to an absorption range of 0-14 cm≠1. At the critical Cr stripe width where the

system reached its EP, the total transmission power from both channels increased even

though the overall metal loss of the system also got larger, a phenomenon named ‘loss-

induced optical transparency’. The second convincing demonstration came through

in 2010 when the concept of non-reciprocal propagation of light with respect to left
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and right symmetry was proved to exist in a coupled waveguide system of Fe-doped

LiNbO3 and Ti in-di�usion [46]. A low pump intensity of up to 1 mWcm≠2 was used

to pump the gain arm of the coupled system, while leaving the lossy one untouched.

Two years later, a PTS fibre loop lattice construction was used to show that the re-

flection and transmission of light through this optical network could either experience

a reduction or an enhancement depending on the direction of propagation, e�ectively

turning the visibility of the network on and o� [43]—a demonstration of non-reciprocal

behaviour.

The next experimental evidence achieved the novel PTS property called ‘unidirec-

tional reflection’ by exploiting a modulation of refractive index along the propagation

direction in a waveguide. Unidirectional reflection refers to the significant di�erence

in the reflectivity of a system when the input field is either in the forward or backward

directions. Feng et al., employed a passive PTS structure based on 800x220 nm Si

ridge waveguide with periodic Si and Ge/Cr bars on top to establish the required

index profile. The authors obtained a forward reflectivity of about 7.5 dB stronger

than its backward counterpart. A high contrast ratio of 0.5-0.7 was achieved over

a broad wavelength range of 1520-1580 nm [36]. These unidirectional reflection and

invisibility properties of PTS gratings can be exploited in unconventional designs of

photonic devices such as four-port broadband chip-scale analysers.

The idea of optical PTS was further extended to the spatiotemporal domain follow-

ing the first work on PTS coupled microdisk quantum cascade lasers by Brandstetter

et al. Using transitions between quantized energy levels of semiconductor quantum

wells made of GaAs/AlGaAs, a characteristic reversal of pump dependence near the

vicinity of the EP was observed. The system operating in the THz regime experienced

a strongly decreasing lasing intensity for increasing pump power [58]. The year 2014

saw a burgeoning interest in PTS lasers. Hodaei et al., demonstrated single mode

lasing in a PTS system of coupled InGaAsP microring lasers where only one of the

identical microring lasers was pumped [77]. Stable single mode lasing operation was

also achieved in another PTS configuration which consisted of a ring of InGaAsP/InP
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with a periodic deposition of Cr/Ge on top [57]. In this work, the thresholdless

PTS breaking originating from the rotational symmetry of the system was behind the

selective lasing mechanism. Based on this same configuration, Miao et al., experi-

mentally demonstrated a microring laser which was able to produce a single mode

orbital angular momentum vortex lasing [78]. Further PTS coupled ring resonator

demonstrations include the work of Peng et al., which showed how EP behaviours

could e�ectively turn losses into gain. This mechanism gave rise to loss-induced re-

vival and suppression of lasing, i.e., by adding loss to a resonator, the laser emission is

enhanced [79]. The idea of coupled erbium-doped silica microtoroids was examined by

Peng et al. to demonstrate a transition from reciprocity to non-reciprocity upon PTS

breaking due to an enhancement of nonlinearity in the broken phase [38]. The same

structure was adopted by Chang et al.; here the authors successfully demonstrated

the operation of this PTS device as an optical isolator with a back and forth reflec-

tion ratio ranging from -8dB to +8dB [80]. Non-reciprocal propagation of light, one

of the most prominent consequences of PTS, is the physical mechanism behind the

operation of optical diodes—an essential component of all-optical integrated circuitry.

After 2014, breaking away from microresonator systems, a much wider range of

PTS systems has been explored. Photonic lattices came into the scene with three

impressive works: optically induced atomic lattices formed in a coherently prepared

four level N-type atomic system by Zhang et al., [81] chip-scale Bloch oscillations in a

photonic PTS potential by Xu et al., [75] and reconfigurable non-Hermitian photonic

lattices with PTS characteristics using a novel vector field holographic interference by

Hahn et al., [82]. Going beyond conventional PTS, an anti-PTS optical system was

realised via rapid coherence transport in a warm 87Rb vapour vell [83].

2.2 PTS in Quantum Mechanics

2.2.1 Conventional Quantum Mechanics
The most fundamental QM postulate states that for every observable A, there exists

a corresponding linear, hermitian operator Â in QM. In any measurements of ob-
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servable A, the only values that can be observed are eigenvalues of Â, which follow

the eigen-equation: Â|�(r,t)iÍ = ai|�(r,t)iÍ, where ai and |�(r,t)iÍ are the eigenvalue

and corresponding eigenfunction of Â. Measurements in practical experiments are

expected to be real numbers. The hermiticity property of Â ensures that ai is always

real. The linearity requirement of QM operators is a consequence of another QM

postulate which states that when an arbitrary system is measured with an operator

Â, the wave function of that system will collapse into one of Â ’s eigenfunctions with

a well-defined probability. Thus, a quantum state can only be determined in a prob-

abilistic sense [84].

Hermiticity in fact refers to self-adjoint operators. In Dirac bra and ket notation,

it takes the form:

D
„|ÂÂ

E
=

Z
dx„ú(ÂÂ) =

Z
dxÂ(Âú„)ú =

D
Âú„|Â

E
(2.1)

Formally this means that the e�ects of the self-adjoint operator Â on vectors, Â

and „, in Hilbert space do not depend on which vector it acts on first. However, the

matrix properties associated with self-adjoincy rely crucially on the definition of an

inner product in a vector space. There are an infinite number of ways in which one

can define an inner product in Hilbert space. However, the general requirements for

an inner product are:

1. (p,q) = (q,p)ú

2. An inner product must be bilinear:

• (p,q + w) = (p,q) + (p,w) and (p + q,w) = (p,w) + (q,w)

• (p,cq) = c(p,q) where c is a complex number

• (cp,q) = cú(p,q)

where p and q denote vectors in Hilbert space [84]. As an inner product is interpreted

as a probability in QM, it is required that this value must be positive. If a set of basis

vectors span a vector space, this set and the inner product are related by the kernel:

Ÿij = (ei,ej) with (p,q) = (�piei,�qjej) = �i�jpú
i
Ÿijqj [84]. The chosen basis is said

to be orthonormal if Ÿij = ”ij—the Kronecker delta function. The standard inner
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product of Hermitian conjugate can then be applied where È„|ÂÍ = „†Â. The inner

product of two vectors in Hilbert space is constant in time due to the conservation of

probability, namely the unitary property. Thus, hermitian operators are self-adjoint

with respect to the above definition of the inner product. In matrix representation,

this corresponds to a Hermitian operator having the same form as its complex conju-

gate transpose.

The following properties of Hermitian operators make them suitable to be used in

the description of observables in QM:

• All eigenvalues of a hermitian operator are real.

• All eigenvectors corresponding to distinct eigenvalues are orthogonal.

• Completeness: if an operator in an M-dimensional Hilbert space has M distinct

eigenvalues with no degeneracy, then its eigenvectors form a complete set of unit

vectors.

• Unitarity of time evolution operator ensures that the time-dependent Hamilto-

nian is hermitian: time evolution in QM takes the form of |Â(t)Í = Û(t)|Â(0)Í.

If Ĥ is hermitian, Û †(t)Û(t) = Î at all time t and thus, Û(t) must always be

unitary. Unitary implies that the norm of the state is conserved: È�(t)|�(t)Í =

È�(0)|�(0)Í.

2.2.2 Quantum mechanical formulation of PTS
The Hamiltonian Ĥ, describing the energy evolution of a quantum system, must also

be Hermitian in order to be observable. A class of non-hermitian Hamiltonians which

respects PTS under certain conditions was found to have real eigenvalue spectra and

unitary time evolution. The hermiticity requirement is replaced by the condition that

the Hamiltonian has to obey PTS [41]. In other words, hermiticity is su�cient but

not necessary to obtain real eigenvalue spectra [50].

The operation of P̂ and T̂ operators, i.e., symmetric space and time inversion, is
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described below with x – position, p – momentum, t – time, i – imaginary number:

P̂ |xÍ = |≠xÍ P̂ |pÍ = |≠pÍ

T̂ |xÍ = |xÍ T̂ |tÍ = T̂ |≠tÍ T̂ |pÍ = T̂ |≠pÍ T̂ |iÍ = T̂ |≠iÍ
(2.2)

We know that if Â is a linear operator and
h
Ĥ,Â

i
= 0, the eigenfunctions of Ĥ

are also the eigenfunction of Â.a However, P̂ T̂ is not a linear operator. Even though
h
Ĥ,P̂ T̂

i
= 0, it does not necessarily mean that the two operators share the same eigen-

functions [46]. This distinction plays a central role in defining the di�erent phases

of a PTS system. Ĥ can always be parity-time symmetric since this only requires
h
Ĥ,P̂ T̂

i
= 0; but whether the symmetry remains exact depends on the Hamilto-

nian’s eigenvalue spectrum. PTS of a Hamiltonian is exact if
h
Ĥ,P̂ T̂

i
= 0 and an

eigenfunction of Ĥ is also an eigenfunction of P̂ T̂ , resulting in a purely real eigenvalue

spectrum. PTS is said to be broken if Ĥ and P̂ T̂ have di�erent eigenfunction sets and

the eigenvalue spectrum of Ĥ turns complex even though
h
Ĥ,P̂ T̂

i
= 0 [46]. The point

at which PTS is broken marks a PTS phase transition which results in the formation

of an exceptional point (EP) [76].

We will next examine the requirements of a PTS matrix. Consider an arbitrary

matrix B =

2

4a1 a2

a3 a4

3

5 where a1≠4 are complex numbers. Assume that the spatial

reflection only occurs in the x-direction and represented by Sx=

2

40 1

1 0

3

5 [84]. Hence,

P̂ T̂BÂ =

2

40 1

1 0

3

5 T̂

2

4a1 a2

a3 a4

3

5Â =

2

40 1

1 0

3

5

2

4aú
1 aú

2

aú
3 aú

4

3

5Âú =

2

4aú
3 aú

4

aú
1 aú

2

3

5Âú

BP̂ T̂Â =

2

4a1 a2

a3 a4

3

5

2

40 1

1 0

3

5Âú =

2

4a2 a1

a4 a3

3

5Âú

PTS requires that P̂ T̂BÂ = BP̂ T̂Â. From the above example, we can deduce the

following relationship of the elements of B: a2 = aú
3 and a1 = aú

4. To demonstrate

the di�erences between PTS and Hermiticity, consider the following examples of PTS

aAn operator is linear when: Â (f + g) = Â (f) + Â (g) and Â (tf) = tÂ (f).
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and Hermitian matrices: BP T =

2

4i– —

— ≠i–

3

5 and BH =

2

4– —

— ≠–

3

5 where – and — are

real numbers.

Table 2.1 – Comparison of basic properties of Hermitian and PTS matrices.
Property Hermitian PTS

Eigenvalues Definition ‡± = ±

p
—2 + –2 ‡± = ±

p
—2 ≠ –2

— > – ‡± œ Ÿ ‡± œ Ÿ

— = – ‡± œ Ÿ ‡± = 0
— < – ‡± œ Ÿ ‡± œ ⁄

Eigenfunction Definition

Â≠ =

cos(◊/2)
sin(◊/2)

�
;

Â+ =

≠sin(◊/2)
cos(◊/2)

�

where tan(◊) = —

–

Â =


1
±eûi„

�

where sin(„) = –

—

— > –
◊ œ Ÿ

ÈÂ+|Â≠Í = Â†
+Â≠ = 0

Orthogonal

„ œ Ÿ

ÈÂ+|Â≠Í = 1 ≠ e2i„

Non-orthogonal

— = –
◊ = fi/4

ÈÂ+|Â≠Í = 0
Orthogonal

„ = fi/2

Â± =

1
i

�

Coalescence

— < –
◊ œ Ÿ

ÈÂ+|Â≠Í = 0
Orthogonal

„ œ ⁄

ÈÂ+|Â≠Í = 1 ≠ e2i„

Non-orthogonal
‚: phase
di�erence

between the
elements of

Â±.

Definition

‚ and ◊ have di�erent
meanings. cos(◊) and
sin(◊) œ Ÿ regardless

of the value of ◊.

According to the above
definition of PTS

eigenfunctions, ‚ = „.

— > – ‚± = 0 and fi. ‚ can take any value
between 0 and fi

— = –
‚ = fi/2. Degenerate

supermodes.
— < – ‚ œ ⁄

Table 2.1 summarizes the basic properties of the eigenfunctions and eigenvalues of

BH and BP T . We focus on investigating aspects of PTS eigenspectra and eigenfunc-

tions that are relevant to our subsequent discussion of PTS in optics. A detailed proof

of unitary evolution in PTS is beyond the scope of this thesis as it requires a new

definition of the inner product. A brief introduction to PTS inner product is given in
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Appendix A; for further details, the readers are referred to [84].

For a PTS matrix, as we scan through the parameter space, there exists a region

where its eigenvalues, ‡± defined in Table 2.1, take purely real values. The EP is

defined at ‡± = 0 with — = –. Beyond this point, PTS is said to be broken. The

non-orthogonal eigenfunctions of a PTS system mean that the basic vector space of

such a system is intrinsically skewed. The degree of skewness depends on the value of

the relative phase di�erence, ‚, defined as the phase di�erence between the elements

of Â± [46].b

2.3 PTS in optics
The remarkable resemblance between the Schrödinger equation and the wave equation

has led to the extension of PTS into classical optics regime [85]. Consider the familiar

form of the Schrödinger equation:

Time-dependent: i~ d

dt
�(r,t) = Ĥ�(r,t)

Time-independent: Ĥ�(r,t) = E�(r,t)
(2.3)

where the Hamiltonian takes the form of Ĥ = ≠~2

2m
Ò

2 + V̂ (r,t), E is its eigenvalue and

~ is the usual Planck’s constant and V̂ (r,t) is the potential energy.

In optics, the propagation of a time-varying electromagnetic wave in a medium

where there are no free currents, J = 0 and no free charges fl = 0, is governed by the

macroscopic Maxwell equations [86,87]:

Ò · B = 0 (2.4)

Ò · D = 0 (2.5)

Ò ◊ E = ≠
ˆB

ˆt
(2.6)

bFor example: the eigenmode Â+with the elements ≠ sin(◊/2) and cos(◊/2) has ‚ = fi as the
minus sign can be written as eifi.
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Ò ◊ H = ˆD

ˆt
(2.7)

where B(r,t) is the magnetic induction, H(r,t) is the magnetic field, D(r,t) is the

electric displacement and E(r,t) is the electric field. A medium responds to an incident

electromagnetic field by generating polarization, P(r,t) and magnetization, M(r,t).

The following relations connect these field quantities: B = µ0H + µ0M and D =

‘0E + P = ‘E . The constants ‘0 and µ0 are the usual electric permittivity and

magnetic permeability of free space and ‘ denotes the medium’s electric permittivity.

For non-magnetic materials and at optical frequencies and beyond, M = 0 [88]. The

most general form of the wave equation in Cartesian coordinate is then found by

taking the curl of Eqn. 2.6 and applying the identity Ò ◊ Ò ◊G = Ò(Ò ·G) ≠ Ò
2
G:

✓
Ò

2
≠

1
c2

ˆ2

ˆt2

◆
E(x,y,z) =

✓
Ò

2
≠

Ê2

c2 ‘(x,y,z)
◆

E(x,y,z) = 0 (2.8)

where c is the light speed in vacuum. Table 2.2 elucidates the isomorphic resemblance

between the two equations which govern the quantum and optical worlds [89].

Table 2.2 – Comparison of QM’s Schrödinger equation and classical optics’s wave equation.
QM - Schrödinger Eqn. Optics - Wave Eqn.

Field function Â(r,t) = Â(r)eiEt/~
E(r,t) = A(x,y,z)ei(Êt≠—z)

Ĥ ≠~2

2m
Ò

2 + bV (r,t) Ò
2

≠
Ê

2

c2 ‘(x,y,z)

Assume that the system is homogeneous in y-direction and light is propagating in

a 1D slab waveguide. The paraxial approximation assumes that the variation of the

electric field amplitude A(x,z) in z is small compared to transverse variations and

an optical wavelength [90]; i.e.,
���ˆ

2A
ˆz2

��� π
��2— ˆA

ˆz

�� ,
���ˆ

2A
ˆx2

���. Thus, the propagation of an

optical beam in a system of refractive index distribution n(x,z) = nÕ(x,z) + inÕÕ(x,z)

and ‘ = n2 follows the paraxial equation of di�raction [44,46]:

i
ˆA

ˆz
= 1

2—

ˆ2
A

ˆx2 + K0[nÕ(x,z) + inÕÕ(x,z)]A (2.9)

where K0 = 2fi/⁄ and ⁄ is the wavelength of light in free space. Solving the

Schrödinger Eqn., we get the energy eigenvalues of a quantum system, whereas the

paraxial equation gives us the propagation constants, —, of an electromagnetic wave.
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While energy eigenvalues have to be real in conventional QM, in optics, dissipative

systems are characterized by complex propagation constants. Based on Eqn. 2.9,

we can identify an e�ective optical Hamiltonian of the form Hop = 1
2—

ˆ
2A

ˆx2 + Vop(x,z).

Vop(x,z) is directly related to the refractive index distribution of the system, n(x,z) =

Ÿ{n(x,z)} + i⁄{n(x,z)} = nÕ(x,z) + inÕÕ(x,z).

For
h
Hop,P̂ T̂

i
= 0, it requires that [Vop(x,z),P̂ T̂ ] = 0. By writing the optical

potential as Vop(x,z) = V Õ
op

(x,z) + iV ÕÕ
op

(x,z), under P̂ and T̂ operation, we have,

P̂ T̂ Vop(x,z) = V Õ
op

(≠x, ≠ z) ≠ iV ÕÕ
op

(≠x, ≠ z). Thus, for Hop to be parity-time sym-

metric, we require Vop(x,z) = V ú
op

(≠x, ≠ z), meaning a spatially symmetric Ÿ{n}

distribution and a spatially antisymmetric ⁄{n} profile. In optics, the imaginary

part of a refractive index is associated with either gain or loss. An antisymmetric

⁄{n} profile is hence satisfied by alternatively arranging regions of gain and loss. It

must be emphasized that Vop(x,z) = V ú
op

(≠x, ≠ z) is a necessary but not su�cient

condition to have a real eigenvalue spectrum [44].

Figure 2.1 – Schematics of optical PTS systems: (a) Coupled waveguides (b) Bragg grating
with period �. The corresponding PTS index profile of each configuration is also indicated.
The black dash lines represent modulation in Ÿ{n} and the red dash lines show variation
in ⁄{n}. The black solid lines represent the propagating modes in each system. The black
dash-dot lines indicate the axis of symmetry.

Figure 2.1 identifies two methods to define PTS index profiles. A PTS coupled waveg-

uide system shown in Fig. 2.1(a) has its refractive index modulation along the x axis,

perpendicular to the propagation direction of light. On the other hand, the operation

of a PTS Bragg grating depicted in Fig. 2.1(b) relies on a delicate index profile in

the propagation direction, along the z axis. It is clear from Fig. 2.1 that whether

the index distribution is in the form of a step function (Fig. 2.1(a)) or a sinusoidal
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function (Fig. 2.1(b)), the required symmetric and antisymmetric conditions of Ÿ{n}

and ⁄{n} are satisfied with respect to the symmetry axis of each system.

2.4 Coupled Mode Theory in optical PTS
Coupled mode theory (CMT)—a perturbative treatment of mode propagation relies

on the fact that the spatial distribution of one mode is altered by the presence of

the other [86,91,92]—provides a convenient mathematical platform on which our un-

derstanding of the abstract PTS applications in optics can be built. In the case of

the coupled waveguides shown in Fig. 2.1(a), the two propagating modes are codi-

rectional. The overlap of their evanescent tails leads to the mutual perturbation of

their fields. On the other hand, in an optical grating system (Fig. 2.1(b)), the modes

of interest are contradirectional. In the single mode regime, every time a forward

propagating mode meets a change in the index profile along the grating, part of it

gets reflected and it is this reflected wave that can potentially couple to the initial

incident wave. The periodic arrangement of units in an optical grating results in the

interference of multiple counter-propagating waves [93].

An overview of CMT in coupled optical systems and the calculation of its coef-

ficients are detailed in Appendix B.1. In the next section, we focus on finding the

form of the Hamiltonian, H , that governs the evolution of the physical system of

interest and on making use of CMT results to explain the peculiar e�ects of PTS on

the transmission and reflection properties of coupled waveguides and Bragg gratings.

2.4.1 PTS in codirectional coupled waveguides
Considering the coupled system depicted in Fig. 2.1(a), the propagation of two codi-

rectional first order TE modes denoted by the subscript µ = 1,2 with field magnitude

Eµ(x,z) = Eµ(z)Eµ(x) = Aµ(z)Eµ(x)ei—µz follows the partial di�erential equations:

dA1(z)
dz

= iŸ11A1 + iŸ12A2e
i(—2≠—1)z

dA2(z)
dz

= iŸ22A2 + iŸ21A1e
i(—1≠—2)z

(2.10)
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where Ÿ‹µ are the coupling coe�cients. Here, the propagation constants, —1,2 can take

complex values in order to accommodate the gain/loss requirement of optical PTS:

—1,2 = —Õ
1,2 + i—ÕÕ

1,2 = (nÕ
1,2 + inÕÕ

1,2)Ê/c where —Õ
1,2, —ÕÕ

1,2 are real numbers and nÕ
1,2 + inÕÕ

1,2

are the e�ective refractive indices of the propagating modes. Note here that the full

z component of the electric field is Eµ(z) = Aµ(z)ei—µz. Eqn. 2.10 can be recast into

the matrix form of the Hamiltonian with i ˆ

ˆz

2

4AÕ
1(z)

AÕ
2(z)

3

5 = H

2

4AÕ
1(z)

AÕ
2(z)

3

5 via the phasor

—0 = (—1+Ÿ11+—2+Ÿ22)
2 where

2

4E1(z)

E2(z)

3

5 =

2

4A1(z)ei—1z

A2(z)ei—2z

3

5 = ei—0z

2

4AÕ
1(z)

AÕ
2(z)

3

5:c

H =

2

4”mode Ÿeff

Ÿeff ≠”mode

3

5 (2.11)

Here Ÿeff = Ô
Ÿ12Ÿ21 and ”mode = (—2 + Ÿ22 ≠ —1 ≠ Ÿ11)/2. ”mode is often called the

detuning factor, accounting for any modal index di�erence between the two waveguide

modes. The transmission properties of the system are governed by the transfer matrix,

M(z), according to: 2

4E1(z)

E2(z)

3

5 = M(z)

2

4E1(0)

E2(0)

3

5 (2.12)

The elements of M(z) can be found using the standard method outlined in Appendix

B.3 and take the form of:

M(z) =

2

4cos(‡0z) ≠
i”mode

‡0
sin(‡0z) Ÿeff

‡0
sin(‡0z)

Ÿeff

‡0
sin(‡0z) cos(‡0z) + i”mode

‡0
sin(‡0z)

3

5 e≠i—0z (2.13)

where ‡0 =
q

”2
mode

+ Ÿ2
eff

. The eigenvalues of H , ‡± corresponding to the formation

of two supermodes, is related to ‡0 via:

‡± = —0 ±

q
”2

mode
+ Ÿ2

eff
= —0 ± ‡0 (2.14)

cDetails of this basis transformation is given in Appendix B.2.
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The intensity evolution of the fields along the propagation direction is related to

M(z) via I(z)ij = |Mij(z)|2. We consider two situations where the initial excitation

state is in either one of the waveguides, as depicted in Fig. 2.2. With these initial

states, the output intensity of both channels at z = zL can be explicitly evaluated:

I11(zL) = |cos(‡0zL) ≠
i”mode

‡0
sin(‡0zL)|2|e≠i—0zL |

2

I21(zL) = I12(zL) = |
Ÿeff

‡0
sin(‡0zL)|2|e≠i—0zL |

2

I22(zL) = |cos(‡0zL) + i”mode

‡0
sin(‡0zL)|2|e≠i—0zL |

2

(2.15)

The formulation outlined above can be used to describe both Hermitian and PTS

coupled systems.

Figure 2.2 – Di�erent initial conditions correspond to di�erent input channels. The label Iij

indicates the respective magnitude of the field intensity at each output. The corresponding
excitation states in matrix form are also shown.

One of the most peculiar consequences of optical PTS is to generate non-reciprocal

propagation of light without breaking the Lorentz reciprocity [46, 94]. By consider-

ing the phase transition of a PTS eigenspectrum and its e�ects on the transmission

properties, Iij(z), CMT can provide us with an intuitive yet rigorous explanation of

the origin of this unusual propagation phenomenon.

Hermitian coupled waveguide systems

For a Hermitian coupled system, the two coupled waveguides are identical without any

gain and loss incorporated; this implies that —Õ
1 = —Õ

2, —ÕÕ
1 = —ÕÕ

2 = 0; hence ”mode = 0.

According to Eqn. 2.14, ‡0 = Ÿeff . Since Ÿ12 = Ÿú
21 for a Hermitian system, Ÿeff is

purely real (Appendix B.1).
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Similar properties to Hermitian QM are found: H possesses a purely real eigenvalue

spectrum and orthogonal eigenfunctions (symmetric and antisymmetric supermodes).

Eqn. 2.15 gives I11(z) = I22(z) = |cos(‡0z)|2 and I12(z) = I21(z) = |sin(‡0z)|2. This

means that when the input state is switched from the left to right waveguide, the

output fields at the other ends of the waveguides are also switched to reflect this

left-right symmetry. We call this behaviour reciprocal transmission. The field sloshes

back and forth between the two waveguides with a period Lc = fi/2Ÿeff , equivalent

to a complete crossover of fields from one waveguide to the other, Iii(Lc) = 0 and

Iij(Lc) = 1. This lossless system conserves energy at all points along the propagation

direction.

Ideal PTS: perfectly balanced gain and loss in identical waveguides

An ideal PTS coupled waveguide system requires —Õ
1 = —Õ

2, ≠—ÕÕ
1 = —ÕÕ

2 = —ÕÕ, i.e.,

waveguide 1 has gain while waveguide 2 contains loss and the gain/loss magnitudes

are equal. Thus, ⁄{”mode} = i—ÕÕ and Ÿ{”mode} = 0.d The eigenvalues become:

‡0 = ±

q
(Ÿ2

eff
≠ —ÕÕ2). Based on Eqn. 2.15, I11 ”= I22 while I12 = I21. The reality of

‡0 now depends on the di�erence between Ÿeff and —ÕÕ which defines the three regimes

of PTS:

1. Exact PTS: —ÕÕ/Ÿeff < 1. The eigenvalue spectrum of H remains purely real

with two supermode eigenfrequencies: Ÿ(—0 ± ‡0). The corresponding eigen-

vectors,

2

4 1

ûe±i÷

3

5 with eigenvalues ±Ÿeffcos(÷) where sin(÷) = —ÕÕ/Ÿeff , are no

longer orthogonal [46]. This skewed basis is key to the non-reciprocal propaga-

tion behaviour of this system. As the ratio —ÕÕ/Ÿeff increases, the relative phase

di�erence, ‚ defined in Table 2.1, falls in the range 0 æ fi [46].

2. Phase transition – EP: —ÕÕ/Ÿeff = 1 and ‚ = fi/2. The two supermodes coalesce

with the eigenfunction

2

41

i

3

5 and the system becomes degenerate.

3. Broken PTS: —ÕÕ/Ÿeff > 1, the eigenvalue spectrum becomes purely imagi-

dThe e�ect of Ÿ11,22 is negligible (Appendix B.1).
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nary, specified by ûiŸeffsinh(’) with eigenfunctions

2

4 1

≠ie±’

3

5 where cosh(’) =

—ÕÕ/Ÿeff . Above the threshold —ÕÕ/Ÿeff = 1, the eigenvalues of the two super-

modes are either exponentially decaying or exponentially increasing. Conse-

quently, only one supermode survives.

The behaviour of the eigenvalue spectrum of a perfect PTS coupled optical system

is illustrated in Fig. 2.3. The vertical di�erence between ‡0 and ‡± spectra comes

from a constant value of Ÿ{—0}. Since ⁄{—0} = 0, the spectra of ⁄{‡0} and ⁄{‡} are

identical.

Figure 2.3 – Eigenspectra of an ideal PTS coupled waveguide system where gain and
loss are controlled dynamically to maintain equal magnitudes; i.e., scanning value of —ÕÕ

while Ÿeff is constant. (a) The real part of the eigenvalues (b) The imaginary part of the
eigenvalues as a function of —ÕÕ/Ÿeff .

Evaluation of non-reciprocal propagation of light

Now we are fully equipped to understand the non-reciprocal propagation of light in

this PTS coupled system. We can monitor the output fields at the ends of the waveg-

uides as a function of —ÕÕ for a fixed waveguide length zL = 2Lc, Iij(zL), using Eqn.

2.15 for the two excitation states of interest. This result is plotted in Fig. 2.4, demon-

strating the non-reciprocal behaviour with respect to the left and right symmetry of

the PTS system. Beyond the EP, regardless of the input channels, most of the field

comes out at the end of the gain channel (channel 1).
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Figure 2.4 – Normalized output fields at zL of channel 1 (gain channel - blue dash) and
channel 2 (loss channel - orange dot) as a function of —ÕÕ for two excitation state described in
Fig. 2.2 (a) Excitation at channel 1: I11,21(zL)/(I11(zL)+I21(zL)) (b) Excitation at channel
2: I12,22(zL)/(I12(zL) + I22(zL)).

Furthermore, the normalized field magnitudes along the propagation direction are

plotted in Fig. 2.5 for fixed values of —ÕÕ. Recall the Hermitian behaviour discussed

earlier, if the input channel is swapped, we observe the corresponding swapping of the

output fields, as illustrated in Fig. 2.5(a). This swapping behaviour is not observed

in an equivalent PTS coupled system. When —ÕÕ < Ÿeff (see Fig. 2.5(b)), though the

field sloshes back and forth between the 2 coupled waveguides, the field amplitude

is not exchanged in accordance with the swapping of the excitation channel. The

Hermitian reciprocal behaviour with respect to the left and right symmetry ceases to

exist. Interestingly, in the broken PTS phase when —ÕÕ > Ÿeff , the field always prefers

to propagate in the gain channel (channel 1) regardless of the initial excitation states,

as seen in Fig. 2.5(c). This non-reciprocal propagation can also be thought of as the

decoupling of two original single waveguide modes in broken PTS regime.

PTS in fixed gain/loss coupled systems

Coupled optical systems where gain and loss cannot be controlled simultaneously can

still exhibit PTS breaking [36,55,68,95,96]. We consider the case where the loss in one

waveguide is fixed and the gain in the other waveguide can be dynamically controlled

for instance via optical pumping. Here, we assume that —Õ
1 = —Õ

2, —ÕÕ
2 = —ÕÕ

0 is fixed

while —ÕÕ
1 = ≠—ÕÕ can be dynamically varied.
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Figure 2.5 – Normalized field amplitudes along the propagation direction of two excitation
states of interest: upper panel – input in channel 1 with field amplitudes I11,21(z)/(I11(z) +
I21(z)) and lower panel – input in channel 2 with field amplitudes I12,22(z)/(I12(z) + I22(z))
for the three values of fixed —ÕÕ corresponding to (a) Hermitian coupled waveguides – lossless
waveguides with —ÕÕ = 0 (b) Exact PTS – —ÕÕ/Ÿeff < 1 and (c) Broken PTS – —ÕÕ/Ÿeff > 1.

Figure 2.6 – Real and imaginary parts of eigenvalues of the supermodes for the case of
various fixed losses as a function of gain.

The eigenvalues of H become: ‡0 = ±

q
Ÿ2

eff
≠ (—

ÕÕ
1 +—

ÕÕ
0

2 )2. In the ideal PTS case,

—0 is purely real and is not a�ected by the ratio —ÕÕ/Ÿeff ; hence, there is no di�erence

in the shape of the spectra of ⁄{‡±} and ⁄{‡0} (as seen in Fig. 2.3). However, in

the case of PTS with fixed loss, —0 becomes complex. While Ÿ{—0} remains constant,

⁄{—0} = —ÕÕ
1 ≠—ÕÕ

0 varies with —ÕÕ
1 due to the presence of fixed losses. This is the cause of

the tilting of basis in the ⁄{‡±} spectrum in Fig. 2.6(b). The degree of tilting depends

on the relative di�erence between the coupling coe�cient and the fixed loss magnitude.

Although, the phase transition point is still preserved, its position is shifted according
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to —ÕÕ
0 /Ÿeff .e The establishment of an EP allows interesting phenomena such as non-

reciprocal propagation to survive the influence of a deviation from an ideal PTS

system. In arriving at these results, the coupling coe�cients were implicitly assumed

to remain real even when an imbalance in loss and gain was present. However, based on

the CMT formulation of mutual coupling coe�cients outlined in Eqn. B.3, Appendix

B.1, this assumption is not strictly true: the e�ective coupling constant, Ÿeff , turns

complex when gain is not equal to loss. The consequences of complex coupling in non-

ideal PTS systems with unequal gain/loss, non-zero modal mismatch and detrimental

dispersion e�ects will be further explored in Chapter 6.

2.4.2 PTS in contradirectional waveguides — Bragg gratings
General CMT in the context of Bragg gratings

For counter-propagating modes—the incident and reflected waves propagating in a

grating (Fig. 2.1(b))—the coupled mode equations take the form of:

dA1(z)
dz

= iŸ11(z)A1 + iŸ12(z)A2e
i(—2≠—1)z

≠
dA2(z)

dz
= iŸ22(z)A2 + iŸ21(z)A1e

i(—1≠—2)z
(2.16)

Here —1 = ≠—2 = —. As the spatial modulation of the permittivity is periodic in the

propagation direction, the dependence of the coupling coe�cients Ÿµµ(z) and Ÿµ‹(z)

on the permittivity variation means that they are also periodic in z with a grating

period �. This periodicity allows an analysis of the coupling coe�cients based on

Fourier theory to be carried out. The Fourier analysis and CMT dictate that [86,93]:

Ÿµµ(z) = Ê

Z
E

ú
µ
(x)�‘(x,z)Eµ(x)dx =

ŒX

›=±

Ÿµµ(›)e
≠i2fi›z

�

Ÿµ‹(z) = Ê

Z
E

ú
µ
(x)�‘(x,z)E‹(x)dx =

ŒX

›=±

Ÿµ‹(›)e
≠i2fi›z

�

(2.17)

eNote that this tilting does not occur in the spectrum of ⁄{‡0} while the shifting of EP is still
observed.
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where the summation is over all positive and negative integers, ›, and the values of

the Fourier coe�cients are computed as:

Ÿµµ(›) = 1
�

Z �

0
Ÿµµ(z)e

i2fi›z

� dz

Ÿµ‹(›) = 1
�

Z �

0
Ÿµ‹(z)e

i2fi›z

� dz

(2.18)

Due to the spatial harmonics of the system, the coupling between the backward and

forward propagating modes of a grating only occurs at the Bragg condition: � =
fi›

—
. In other words, the spatial index discontinuity allows the energy of the forward

propagating mode to be transferred to the backward one, leading to the decay of waves

in the forward direction, equivalent to the formation of complex propagation constants

within the stop band of the grating [97]. Therefore, only the Fourier terms that

satisfy the Bragg condition —‹ ≠ —µ ≠
2fi›

� = 0 survive; thus,
ŒP

›=±
Ÿµ‹(›)ei(—‹≠—µ≠ 2fi›

� )z

≠æ Ÿµ‹(› = (—‹≠—µ)�
2fi

). A detailed calculation of the coupling coe�cients in the

context of standard Bragg gratings following CMT and Fourier analysis [86, 93] is

given in Appendix B.4. For a Bragg grating, the coe�cients, Ÿ(›), can be simplified

as:

Ÿµµ(› = 0) = 1
�

Z �

0
�‘(z)e

i2fi›z

� dz ◊ Ê

Z
E

ú
µ
(x)�‘(x)Eµ(x)dx = C0–0

Ÿµ‹(› = —�
fi

) = 1
�

Z �

0
�‘(z)e

i2fi›z

� dz ◊ Ê

Z
E

ú
µ
(x)�‘(x)E‹(x)dx = C›Ÿ0

(2.19)

where C› = 1
�
R �

0 �‘(z)e i2fi›z

� dz, › = 0 for C0, Ÿ0 =
R

E
ú
µ
(x)�‘(x)E‹(x)dx and –0 =

R
E

ú
µ
(x)�‘(x)Eµ(x)dx [36]. While �‘(x) determines the transverse modal field pat-

tern of the system, the periodic variations of both real and imaginary parts of the

index profile along the propagation direction are factored into �‘(z) where �‘(z) =

‘(z) ≠ ‘W G = n(z)2
≠ n2

W G
. Here we assume that the slab waveguide without any

index/loss modulation on top is lossless, hence, nÕÕ
W G

= 0. Thus, n(z) = nÕ
W G

+

�nÕ(z) + i�nÕÕ(z). Assuming �nÕ(z) and �nÕÕ(z) π nÕ
W G

, we arrive at �‘(z) ¥

2nW G(�nÕ(z) + i�nÕÕ(z)) = 2nW G�n(z).
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The coupling mechanism of contradirectional modes at the Bragg frequency can be

represented by an e�ective Hamiltonian:

H =

2

4 iC0–0 iC›Ÿ0

≠iC≠›Ÿ0 ≠iC0–0

3

5 =

2

4 ia ib1

≠ib2 ≠ia

3

5 (2.20)

Considering two initial excitation states in Fig. 2.7, the black arrows, If and Ib,

denote the incident beams and the red arrows, Rf and Rb, represent the reflected

beams. The calculation of Rf and Rb requires a similar analysis of the transfer matrix

M(z) to that of codirectional modes where M(z) and H are linked by Eqn. 2.11,

2.12:f

M(z) =

2

4cosh(„z) + a

‡
sinh(„z) ib1

‡
sinh(„z)

ib2
‡

sinh(„z) cosh(„z) ≠
a

‡
sinh(„z)

3

5 (2.21)

where „ = ±
Ô

a2 ≠ b1b2 and ‡ = i„, the eigenvalues of H . Rf and Rb are related to

M(z) via:

Rf =
����
M21
M22

����
2

and Rb =
����
M12
M22

����
2

(2.22)

Explicit forms of Rb,f rely on the index distribution of the gratings of interest, �n(z).

Figure 2.7 – Hypothetical 1D system with periodic arrangement of identical blocks on top
of a slab waveguide. The directions of forward and backward reflections are also defined
here.

Evaluation of unidirectional reflection in PTS gratings

The di�erence in the magnitudes of Rf and Rb in PTS Bragg grating systems gives

rise to the unidirectional reflection phenomenon [36]. In practice, a Bragg grating can

fDetails calculation is given in Appendix B.4.
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have either a periodic index modulation or a periodic structural corrugation [86]. In

the context of PTS, the first design is relevant. Here we consider a hypothetical 1D

system where the modulation of indices is performed by periodically arranged identi-

cal blocks on top of a slab waveguide.

Table 2.3 – Di�erent types of periodic distribution of indices on top of a waveguide.
Properties Conventional

Bragg grating
Periodic loss only
(L)

PTS grating (PT)

Index
profile

�nÕ cos(›2fiz/�) i�nÕÕ sin(›2fiz/�) �nÕ cos(›2fiz/�) +
i�nÕÕ sin(›2fiz/�)

Visual

H


0 i�n

Õ

8 Ÿ0
≠i�n

Õ

8 Ÿ0 0

� 
≠

�n
ÕÕ

2fi
–0 ≠i�n

ÕÕ

8 Ÿ0
≠i�n

ÕÕ

8 Ÿ0
�n

ÕÕ

2fi
–0

�  ≠�n
ÕÕ

2fi
–0 i�n

Õ≠�n
ÕÕ

8 Ÿ0
≠i�n

ÕÕ+�n
Õ

8 Ÿ0
�n

ÕÕ

2fi
–0

�

To compare a PTS grating with a conventional Bragg grating, we assume that this

hypothetical system is able to support any of the three index distributions shown in

Table 2.3. An index period corresponding to the first Bragg order is often very small,

making it di�cult for practical implementation. Here, we choose the second Bragg

order with � = 4fi

q
where q = 2|—|, the grating vector. For the calculation of Ÿµ‹ ,

› = 2 and the index distribution is defined within the range of 4lfi

q
+ fi

q
< z < 4lfi

q
+ 2fi

q
,

where l œ Z. The visualization of these index distributions shows both the theoretical

function of cos(qz) and sin(qz) (dash lines) and the actual spatial index distribution

(filled circles: black denotes Ÿ{n(z)} and red denotes ⁄{n(z)} distribution).

A PTS grating configuration requires the combination of an even spatial distribution

of Ÿ{n(z)} (cosine profile) and an odd spatial distribution of ⁄{n(z)} (sine profile).

The distinction between PTS and conventional Bragg gratings is already reflected

in the form of H . However, it is more useful to look at the explicit expression of

M(z) for each of the index distributions above which directly relate to the reflection
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spectrum of the grating:

MBragg(z) =

2

4cosh(�n
Õ
Ÿ0

8 z) sinh(�n
Õ
Ÿ0

8 z)

sinh(�n
Õ
Ÿ0

8 z) cosh(�n
Õ
Ÿ0

8 z)

3

5

ML(z) =

2

4cosh(„Lz) + –0�n
ÕÕ

2fi„L

sinh(„Lz) 8„LŸ0fi
2

�nÕÕ sinh(„Lz)

≠
8„LŸ0fi

2

�nÕÕ sinh(„Lz) cosh(„Lz) ≠
–0�n

ÕÕ

2fi„L

sinh(„Lz)

3

5

MP T (z) =

2

4cosh(„P T z) + i�n
ÕÕ

–0
2fi„P T

sinh(„P T z) i(�n
Õ≠�n

ÕÕ)Ÿ0
8„P T

sinh(„P T z)
i(�n

Õ+�n
ÕÕ)Ÿ0

8„P T

sinh(„P T z) cosh(„P T z) ≠
i�n

ÕÕ
–0

2fi„P T

sinh(„P T z)

3

5

(2.23)

where „L = �n
ÕÕ

8fi

p
Ÿ2

0fi
2 + 16–2

0 and „P T =
q

�nÕÕ2≠�nÕ2

64 Ÿ0 ≠ (�nÕÕ–0
2fi

)2. For a conven-

tional Bragg grating, there is no distinction between Rf and Rb since |MBragg,12| =

|MBragg,21| and |MBragg,11| = |MBragg,22|. Similar behaviour is observed for the case

of a periodic loss configuration, the system on average acts as a lossy waveguide as

no index modulation is present to facilitate the generation of a backward propagating

mode. Thus, whether the field is incident from the left or the right of the grating, we

achieve the same transmission/absorption results. However, the picture drastically

changes when both of the above periodic modulations are combined to form a PTS

grating. Rf and Rb now have distinct functional forms. This is because |MP T,12|

is no longer identical to |MP T,21|. The reflection coe�cients strongly depend on the

relative magnitudes of �nÕ and �nÕÕ. In particular, when |�nÕÕ
| = |�nÕ

|, either Rb or

Rf becomes zero while the other one obtains non-zero value, achieving the optimal

contrast between Rb and Rf .

Refractive index modulation of practical PTS gratings

Constructing the PTS index distribution depicted in Table 2.3 requires a mechanism

which allows both the distribution of Ÿ{n(z)} and ⁄{n(z)} to be controlled simulta-

neously as desired; this in practice is extremely di�cult as Ÿ{n(z)} and ⁄{n(z)} are

always intrinsically interlinked by the Kramers-Kronig relations. It is important to

realize that the even and odd symmetries of the cosine and sine distributions are the

crucial requirement of optical PTS. Thus, translational shifts of these functions are

allowed as long as these symmetries of the refractive index distribution are retained.
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By performing an in-phase shift of Ÿ{n(z)}, we can spatially separate the real and

imaginary components of the refractive index distribution of interest [36]. Figure 2.8

describes how such an in-phase shift can be visualized. The in-phase shifted Hamil-

tonian has the form:

Hshifted =

2

4
≠�n

ÕÕ≠i�n
Õ

2fi
–0 i�n

Õ≠�n
ÕÕ

8 Ÿ0

≠i�n
ÕÕ+�n

Õ

8 Ÿ0
�n

ÕÕ≠i�n
Õ

2fi
–0

3

5 .

The o�-diagonal terms of Hshifted, which are responsible for the unidirectional reflec-

tion property of a PTS grating, are identical to those of the original HP T in Table

2.3. The only di�erence lies in the expression of C0, which only causes a shift in the

spectral response of the grating but does not have any e�ects on the unidirectionality

property [36].

Figure 2.8 – (a) The original index distribution of a simple PTS grating. (b) In-phase
shifting of the index distribution.

We can extend our model to include the broadband response of this passive PTS

system, which requires small modifications of H and M(z) to accommodate the

phase mismatch, �K = —Bragg ≠ K. The derivation of a broadband PTS grating is

essentially identical to the analysis outlined in this section; the readers are referred

to [36] for further details. We proceed to numerically simulate the three systems of

interest: a conventional lossless Bragg grating, a waveguide with a periodic loss and

a PTS grating with an appropriate laterally shifted index distribution. All three sys-

tems were modeled based on 1D slab Si waveguides with periodic lossless (Si) and

lossy (Ge/Cr) bars on top. Details of this simulation can be found in Appendix C.
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Figure 2.9 – Numerical simulation results of the transmission, reflection and absorption of
(a) conventional Bragg grating (b) Periodic loss only and (c) PTS grating under broadband
excitation. Backward and forward refer to the input propagation directions shown in Fig.
2.7. The top panel of the figure depicts the corresponding structural configuration of each
index modulation. Incident waves were input left to right (forward propagating) and right
to left (backward propagting) in the simulation.

The results of our 2D FDTD broadband simulations for both excitation directions

defined in Fig. 2.7 are presented in Fig. 2.9. Clearly, the excitation direction does

not play a role in manipulating the transmission, reflection and absorption spectra of

the conventional Bragg grating or the periodic loss waveguide: the forward and back-

ward spectra overlap precisely with each other in Fig. 2.9(a) and (b). When these

two index distributions are combined to form a PTS grating, the symmetry between

backward and forward reflection of light is broken. The dimensions of the system
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were chosen such that it operated in the vicinity of the EP where the unidirectional

reflection e�ect is most prominent (|�nÕÕ
| = |�nÕ

|). As seen in Fig. 2.9(c), while the

peak value of Rf reaches 0.3, Rb is greatly suppressed with a maximum value of just

0.07.

Without the addition of lossy materials, the field distribution along the propagation

direction of a Bragg grating is reversed when the excitation direction is swapped from

forward to backward directions, leading to the symmetrical behaviour of Rf and Rb

(Fig. 2.9(a)). When loss is added, the fixed locations of lossy bars mean that the

total amount of absorption in the system depends on how the energy profile of the

propagating waves spatially overlap with this distribution of loss. The antisymmetric

nature of the ⁄{n(z)} distribution breaks the symmetry of the absorption following

backward and forward excitations. Consequently, when the input field is incident in

the forward direction, it experiences much less loss than when the incident direction

is reversed (Fig. 2.9(c)).

2.5 Summary
This chapter reviewed the fundamental concepts of PTS in the context of QM and

classical coupled mode optics. The conventional requirement of an observable being

Hermitian is replaced by the weaker condition of PTS whose symmetry can be broken

at the exceptional point. This broken symmetry, signified by a phase transition, is the

physical mechanism behind many counter-intuitive PTS optical phenonmena that can

potentially be used to construct practical optical devices. The mathematical platform

of CMT provided a rigorous yet intuitive explanation for the origin of two useful PTS

phenomena: non-reciprocal propagation of light with respect to left-right symmetry

in coupled waveguide systems and broadband unidirectional reflection in PTS Bragg

gratings.

Optical PTS is realized by introducing a symmetric spatial distribution of Ÿ{n} and

an antisymmetric distribution of ⁄{n}. In the case of coupled codirectional waveg-

uides with balanced gain and loss, the decoupling of the two single waveguide modes
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occurred when the gain/loss magnitude surpassed the coupling strength, resulting in

dominant transmission of light in the gain waveguide regardless of the input channels.

Non-reciprocity took a di�erent form in PTS Bragg gratings. CMT dictated that

the coupling of forward and backward propagating modes in a conventional Bragg

grating resulted in the decay of the incident waves and the growth of reflected waves,

irrespective of the propagation direction of the input mode. However, the inclusion of

an antisymmetric sinusoidal distribution of lossy materials into a conventional Bragg

grating created a passive PTS grating which allowed the reflection of light from such a

system to be suppressed only in one direction. This unidirectional reflection property

of PTS grating came from a selective spatial overlap between lossy regions and the

field distribution of the propagating mode, leading to a high level of absorption of

light only when the incident wave traveled in a particular direction.

Although the unusual consequences of optical PTS could be explained in the con-

text of CMT, two implicit assumptions were made in arriving at these results. Firstly,

the coupling coe�cients were assumed to remain real even when loss and gain were

present. Secondly, dispersion e�ects were ignored, meaning only systems of low

gain/loss may be considered. In practice, simultaneously controlling both gain/loss

and dispersion is extremely challenging. To extend PTS applications to more practical

platforms where strong dispersion and high gain/loss exist, an understanding of the

complex coupling mechanism and an approach to circumvent detrimental dispersion

e�ects need to be developed. These topics will be the focus of Chapter 6.
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Technology: from photonic to

plasmonic waveguides

This chapter lays out the foundation of the technological platforms on which our in-

vestigation of gain and loss and their interplay is conducted. All devices studied in

this thesis, hybrid gap plasmon lasers, parity-time symmetry coupled waveguides and

Bragg gratings, are built upon optical guiding structures. Thus, we begin the chapter

with an analysis of the modal properties of transverse electric (TE) modes of a con-

ventional lossless dielectric waveguide, which includes the calculation of the e�ective

index of the propagating TE mode and the explicit form of its field distribution. This

study is extended to include an overview of the calculation of modal properties in

lossy photonic waveguides. The discussion of losses in guiding structures brings us to

the final topic of this chapter which focuses on a particular type of plasmonic waveg-

uide: the hybrid gap plasmon waveguide (HGPW). After reviewing the prominent

properties of popular plasmonic waveguides in the literature, the detailed physics of

HGPW is given where both fundamental and practical aspects are considered.
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3.1 Optical Waveguides

3.1.1 Guiding light in lossless waveguides
In a waveguide, propagating waves must travel in only one direction with a well-

defined field distribution in the other two directions. The traveling wave can take the

form E(x,y,z) = u(x,y)ei(Êt≠—z), where u(x,y) describes the electric field distribution

in the structure and — signifies the propagation constant of the guided wave [86, 97].

In its simplest form, a 1D optical waveguide is composed of three lossless dielectric

layers (Fig. 3.1).

Figure 3.1 – Material composition of a typical dielectric slab waveguide with the corre-
sponding refractive indices of each layer.

As there is no loss or gain in the system, the field amplitude does not vary along z and

energy is conserved in the system. Assuming that the structure is homogeneous in

the y-direction, we have ˆE

ˆy
= 0. For an input wavelength, ⁄ = 2fi

K0
, the wave equation

is hence simplified:
ˆ2
u(x)
ˆx2 = (K2

0n2
i

≠ —2)u(x) (3.1)

where the subscript i denotes the di�erent layers of the dielectric waveguide. This

partial di�erential equation has solutions corresponding to transverse electric (TE)

modes with Ex = Ez = Hy = 0. The wave equation also gives rise to a set of transverse

magnetic (TM) solutions with Hx = Hz = Ey = 0. Pure TE and TM modes only

exist in 1D waveguides; in 2D waveguides, in general, optical modes contain both

TE and TM components, forming hybrid modes whose components Ez and Hz are
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both non-zero [86]. In this analysis, we focus on the derivation of an analytic solution

of TE modes as most structures subsequently investigated in this thesis have their

fundamental modes being predominantly TE. For a pure TE mode, the solution of

the wave equation yields a particular form of the y-component of the field amplitude,

uy(x):

uy(x) =

8
>>><

>>>:

De≠qx (x Ø d/2)

B cos(hx) + C sin(hx) (≠d/2 Æ x Æ d/2)

Deqx (x Æ ≠d/2)

where h and q are the transverse wavevectors in the core and cladding regions re-

spectively. For simplicity, we only consider a symmetric dielectric waveguide with

n1 = n3. Substituting these field functions into the wave equation for each layer of

the waveguide, we arrive at:

h =
r⇣Ên2

c

⌘2
≠ —2

q =
r

—2 ≠

⇣Ên1
c

⌘2
(3.2)

The field distribution of a guided mode requires an evanescent field decay outside of

the core layer. Thus, the form of uy(x) defined above and Eqn. 3.2 dictate that to

sustain a TE mode, — > Ên1
c

and — < Ên2
c

; in other words, a guiding structure must

have n2 > n1. The continuity conditions at the boundaries x = ±d/2 requires that

Ey and ˆEy/ˆx are continuous. Imposing these conditions, we arrive at two possible

relationships linking h and q, corresponding to even and odd TE modes:

h tan(hd/2) = q and h cot(hd/2) = q (3.3)

Let ū = 1/2hd and v̄ = 1/2qd, thus, we have a system of 2 simultaneous equations

for each mode which can be solved graphically. For an even TE mode:

ū tan ū = v̄ and ū2 + v̄2 = (n2
1 ≠ n2

2)
✓

Êd

2c

◆2
(3.4)
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As d increases for the same input wavelength, the graphical solution based on Eqn.

3.4 gives results corresponding to higher order modes. The first solution is often

called the fundamental mode. Implementing the above analysis on a waveguide of

ncore = 3.64 and nclad = 1, the electric field of the fundamental TE mode is presented

in Fig. 3.2(a). We can see that most of the field energy is confined in the core region

and as d increases, the amount of field inside the core also increases. For a particular

input wavelength, there exists a cut-o� core thickness at which higher order modes

can no longer propagate in the structure. On the other hand, the fundamental mode

of a symmetric slab waveguide always exists regardless of the core thickness.

Figure 3.2 – (a) Spatial field distribution of a TE symmetric mode for ncore = 3.64 and
nclad = 1. The dash line indicates the thickness of the core region d = 500 nm. (b) E�ective
refractive index of the TE and TM fundamental modes of a symmetric waveguide with
ncore = 3.64 and nclad = 1 as a function of the core width.

Although not presented here, a similar set of solutions for TM modes can also

be obtained [97]. Figure 3.2(b) shows the variation of neff for the fundamental TE

and TM modes as a function of the core width. The e�ective refractive index of a

guided mode is defined as neff = —

K0
. The first order TE mode always has a higher

e�ective index than that of the corresponding TM mode. The refractive indices of the

cladding and the core regions, n1 = nclad and n2 = ncore, define the lower and upper

limits of neff . As n1 < neff < n2, the more field residing in the cladding region,

the faster the mode. Thus, when d becomes larger, both TE and TM solutions have

their speeds approaching the speed of light in the core region, leading to a smaller

di�erence between nT E and nT M in the very large core thickness regime.
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3.1.2 Guiding light in lossy waveguides
When the core layer of the waveguide is made up of a lossy material, the propagation

constant, —, must be expressed as a complex number whose imaginary part signifies the

decay of field in the propagation direction. The procedure to find the exact solution of

the first order guided TE wave changes as many other parameters such as q, h and the

field magnitudes C, B, D can also take complex values. In this lossy environment, the

field normalization is modified as ET E =
q

Êµ0
dT EŸ{—} where dT E = d + 2/Ÿ{q} [86,98].

To solve this transcendental eigen-equation, we employed an iterative steepest descent

method with linear line search [98,99], which is detailed in Appendix D.

3.2 Hybrid gap plasmon waveguide

3.2.1 An overview of plasmonic waveguides
Plasmonic waveguides have many advanced functionalities compared to their pho-

tonic counterparts described above, such as greater modal confinement, higher field

enhancement, and various modulation capabilities. In particular, it is the confinement

characteristic of plasmonics that allows nanoscale devices to be engineered. Di�erent

plasmonic geometries can o�er confinement in 1D (metal-dielectric slab) [100,101], 2D

(nanowires, rectangular) [102, 103] or 3D (nanospheres) [104]. A summary of various

plasmonic waveguide geometries and their field distributions is given in Fig. 3.3.

While all of these plasmonic waveguides are able to confine light to subwave-

length scales, they possess relative advantages in terms of device fabrication, the

amount of loss versus confinement and focusing capabilities [15, 33, 105–107]. These

waveguides can also operate at di�erent wavelengths. The two wavelength regimes

of practical interests are the telecommunication (≥1,300-1,550nm) and the visible

(≥ 400-700 nm). Amongst popular plasmonic waveguide designs, hybrid photonic-

plasmonic waveguides (HWG) show outstanding properties that outperform other

designs [100,108–113]. These hybrid structures consist of a high index semiconductor

layer and a metal slab separated by a low index dielectric spacer, possessing modal

confinement of up to ⁄2/400 and a relatively large propagation length reaching 150
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µm [33,114]. A few examples of HWGs are shown in Fig. 3.4. Going beyond guiding

applications, a passive plasmonic design can be turned into a laser cavity by replacing

the passive core with an active medium. Amongst these three HWG designs, the

hybrid gap plasmon waveguide (HGPW) shown in Fig. 3.4(b) is the only geometry

that supports both easy access to the gain region via optical pumping and simple

top-down lithographic patterning. Thus, it is the appropriate platform to explore the

feasibility of compensating for losses and lasing applications using practical plasmonic

designs, a topic which will be explored further in Chapter 5.

Figure 3.3 – Various plasmonic waveguide geometries. The metal layer is gold (yellow) and
the low index insulator is SiO2 (grey). The numerical simulations of the fundamental modes,
implemented in COMSOL 4.3a – radio frequency module, eigenmode-solver at ⁄ = 1500 nm,
are presented in the lower blue panels. (a) Strip plasmonic waveguide: neff,T M = 1.458 +
i0.013, Au bar dimensions 200 ◊ 50 nm. (b) Mettalic nanowire: neff,T M = 1.367 + i0.005,
nanowire radius 100 nm. (c) Wedge plasmonic waveguide: neff,T M = 1.45 + i0.008, Au
wedge dimensions: base 300 nm, height 400 nm. (d) Dielectric loaded surface plasmon
polariton waveguides: neff,T M = 1.169 + i0.0035, SiO2 bar dimensions 500 ◊ 500 nm. (e)
Metal-Insulator-Metal plasmonic waveguide: neff,T E = 1.738 + i0.0256, gap dimension 100
nm. (f) Channel plasmon polariton waveguide: neff,T E = 1.228 + i0.017, groove angle 37¶.
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Figure 3.4 – Various HWG designs. The metal layer is gold (yellow), the low index insulator
is SiO2 (grey) and the high index semiconductor is Silicon (red). The numerical simulations
of the fundamental modes, implemented in COMSOL 4.3a – RF module at ⁄ = 1500 nm,
are presented in the lower blue panels. (a) Strip HWG: neff,T M = 2.86 + i0.021, Au bar
dimension 200 nm and spacer thickness 10 nm. (b) Gap HWGs: neff,T E = 2.76 + i0.0034,
Au bar dimension 220 nm and spacer thickness 40 nm. (c) Nanowire HWGs: neff,T M =
1.543 + i0.016, wire radius 100 nm and spacer thickness 10 nm.

3.2.2 HGPW: fundamentals and practicalities

Materials for HGPW construction

The cross-section of the material composition of a typical HGPW is shown in Fig.

3.5(a).

Without the metallic bars, the structure looks identical to a conventional slab

waveguide with two low index cladding layers surrounding a high index core, which

confines the field only in 1D. The incorporation of the metallic layers adds another

confinement dimension to the field. The bottom panel of Fig. 3.5(a) gives a summary

of typical material selections for passive and active HGPWs. Both kinds of HGPWs

are governed by the same fundamental physics as they satisfy the requirement of

the index distribution in Fig. 3.5(a). The di�erence between an active and passive

HGPW only lies in their fabrication techniques and potential applications. Thus, for

simplicity’s sake, we will use a passive HGPW made up of a Si core, a SiO2 cladding

and a SiO2 spacer to demonstrate the modal properties of the fundamental hybrid
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Figure 3.5 – (a) Cross-section and material composition/positioning of a typical HGPW.
The blue dash line divides the structure into 2 identical regions (labeled 1) and one central
region (labeled 2). Each region can be thought of as a separate structure with an e�ective
refractive index of its own. The table gives examples of possible selections of materials that
make up passive/active HGPWs. (b) Dispersion property of common plasmonic metals:
Real and imaginary part of the electric permittivity as a function of wavelength. Also
shown here is the calculated values of the plasma frequency, Êp for the corresponding metals
based on Lorentz-Drude model [115].

mode of HGPWs [34].

The selection criteria for the metal layer of a HGPW include low loss, low surface

roughness and room condition operation. Figure 3.5(b) plots the real and imaginary

parts of the permittivity function of common materials considered for plasmonic ap-

plications. The existence of a surface plasmon requires a material with a negative

permittivity in the wavelength range of interest (See Appendix E for details on the

modal calculation of surface plasmon polaritons). When Ê is smaller than Êp, the

plasma frequency of metals, according to the Drude model, ‘Õ becomes negative. An

overview of optical properties of metals is given in Appendix F. Figure 3.5(b) shows
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that Au, Ag, Al, Cu, Ti can exhibit plasmon resonances at visible and lower frequen-

cies [115]. While Al with a relatively large Êp has been used in UV-plasmonics [116],

Au and Ag are restricted to visible and infra-red plasmonic applications because their

interband transitions kick in at ⁄ ¥ 500 nm and 310 nm respectively. ‘ÕÕ tells us about

the lossiness of a material. Au and Ag have their plasmon resonance in the visible

spectrum and conveniently have the lowest loss in this spectral range, making them

the most popular plasmonic materials.

However, Au and Ag are not CMOS (Complementary metal-oxide-semiconductor)

compatible. This is because Au and Ag have high di�usion constants in Silicon.a

There has been recent developments in non-CMOS compatible fabrication which pave

the way for more commercial applications of these two noble metals. Au is often

favoured over Ag as it is more chemically stable, i.e., less susceptible to oxidation,

making it the ideal material for room condition operation. Furthermore, the problem

with surface roughness in Ag deposition can lower the device quality and add im-

perfections to the structures while with Au we can generally achieve higher material

quality deposition [117].

Modal properties of HGPW

Next we investigate how the geometric parameters of HGPWs a�ect their modal

properties. Figure 3.6(a) shows an example of the field distribution of the fundamental

HGPW mode for two extreme values of the waveguide gap, W = 20 nm and W =

2000 nm. At W = 20 nm, most of the field stays in the dielectric gap region between

the metal bars whereas the field resides mainly in the semiconductor region when W

= 2000 nm. In both cases, the field is confined in the central region of the waveguide.

To understand the influence of the core thickness, H, on this lateral confinement

characteristic, the cross-section of the device is divided into 3 regions, as drawn in

Fig. 3.5(a). Each region is considered a separate structureb and their e�ective indices

are found for the fundamental TE modes using COMSOL 4.3a – radio frequency

module, eigen-solver. It was found that for TE waves, nT E2 is always greater than

aTo be CMOS compatible, the metal also needs to have a high melting point.
bSee the photonic mode composition in Fig. 3.8(a).
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nT E1, leading to the confinement of the modal field in region 2. The larger the e�ective

index contrast value nT E2 ≠ nT E1, the greater the lateral field confinement.

Figure 3.6 – (a) Field distribution and e�ective refractive indices of a passive HGPW’s
fundamental mode for two gap width values. The substrate, spacer, capping layers are
SiO2, the semiconductor core is Si and the metal is Au. Here H = 100 nm and G = 20 nm
and ⁄ = 1550 nm. (b-d) Modal properties of the HGPW described in (a) for two spacer
thicknesses G = 20 nm and 50 nm and two di�erent metals Au and Al. (b) E�ective index
contrast between regions 1 and 2 for the TE fundamental mode as a function of the height
of semiconductor core. (c) E�ective index of the HGPW’s fundamental mode as a function
of gap width (W). (d) Propagation length of the HGPW’s fundamental mode as a function
of gap width.

Figure 3.6(b) shows the dependence of the e�ective index contrast on the values of

H. There exists an optimum value of H for which the maximum lateral confinement is

achieved. The thickness of the spacer, G, also influences nT E2 ≠ nT E1: the smaller the

value of G, the greater the magnitude of this index contrast. In this case, an optimum

nT E2 ≠ nT E1 is obtained at H = 88 nm for G = 50 nm and at H = 103 nm for G = 20

nm. The dependence of the hybrid mode e�ective index on the gap width is shown

in Fig. 3.6(c). Clearly, there is a change in the behaviour of the hybrid mode as the
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gap width shrinks below 50 nm. This is represented by a rapid increase in neff with

decreasing W values. This characteristic of the hybrid mode will be studied using the

hybridization theory in the final section of this chapter. Another pertinent property,

often used to characterize the quality of a lossy waveguide design, is the propagation

length, Lp = [2K0⁄{neff}]≠1, where K0 = 2fi/⁄. Figure 3.6(d) shows the variation

of Lp as a function of W. For G = 50 nm, Lp increases with increasing W whereas

for a smaller value of G, G = 20 nm, Lp reaches a plateau once W gets larger than

approximately 200 nm.

The well-known tradeo� between confinement and loss in this plasmonic system

is illustrated in Fig. 3.7(a). This figure shows a parametric plot of the propagation

length of the HGPW as a function of its modal area parameterised by the gap width.

We consider here two definitions of the modal area. The following definition is typ-

ically used in assessing the local light-matter interaction strength with the greatest

interaction occurring where the light intensity is highest:

A1 =
R

UdS

Max{2UE}
(3.5)

U = UE + UM is the total electromagnetic energy density, UE and UM are the electric

and magnetic energy densities respectively, and A0 = ⁄2/4.c While this method is

more applicable to situations where nonlinearities are involved, it does not reflect the

true extent of the mode. To do this, we employ:

A2 =
(
R

UdS)2
R

U2dS
(3.6)

Clearly, an increase in the propagation length comes at a price of rising modal

area. Regardless of the modal area definitions, the curves in Fig. 3.7(a) feature

a kink which signifies the point at which a significant increase in the propagation

length is accompanied by a relatively smaller increase in modal areas. This makes the

HGPW structure very appealing for on-chip guiding applications. When G increases,

the separation between the Si core and the metallic bar increases; hence, the overall

cFurther details on the energy flow in plasmonics is given in Appendix G.
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Figure 3.7 – (a) Propagation length as a function of modal area of the fundamental hybrid
mode for W = 20-2000 nm and two spacer thicknesses G = 20 nm and 50 nm. Plotted here
are the corresponding modal areas calculated based on the two definitions described above.
(b) The amount of electric field in the core region as a function of gap width for G = 20 nm
and 50 nm.

structure experiences less loss. This is why at G = 50 nm, a much longer propagation

length can be achieved at a given W compared to when G = 20 nm. For G = 20

nm, the stronger influence of metallic losses puts a limit to the maximum achievable

propagation length. It is also interesting to look at how the amount of field residing in

the core region changes with increasing W. Figure 3.7(b) shows that when W < 100

nm, the percentage of fields in the core experiences a steep decrease with decreasing

W. Above 100 nm, the amount of fields residing in the Si core increases slowly then

reaches a plateau. For G = 50 nm, the maximum achievable amount of energy in the

Si core is higher than when G = 20 nm, due to a weaker interaction of the fundamental

mode with the metal bars.

Hybridization mechanism in HGPWs

To further explore the dependence of the modal properties of HGPW on its geometric

dimensions, the fundamental hybrid mode can be broken down into its hypothetical

constituent modes, a photonic-like mode and a plasmonic-like mode. The construction

of these constituent modes is shown in Fig. 3.8(a). As explained above, the existence

of a lateral confinement in a HGPW can be attributed to the formation of an e�ective

photonic mode with nT E2 > nT E1 for the fundamental TE modes.
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Figure 3.8(b) shows that as W increases, neff of the hybrid mode approaches that

of region 2 as more and more field sits in the central region. However, when W < 100

nm, the mode obtains an increasingly plasmonic-like character with an exponential

increase in neff with decreasing W. The di�erence between nT E2 and the largest

nT M1—the light blue shaded region in Fig. 3.8(b)—denotes the limits of the lateral

confinement, signifying the existence of a bound photonic mode. The grey shade in

Fig. 3.8(b) indicates the region where 2D confinement is no longer achieved in the

system. The cuto� of the hybrid mode marks the point at which neff of the HGPW

is equal to the e�ective index of the TM mode in region 1. At this point, the hybrid

mode can couple to unbounded modes in region 1. The spacer thickness controls

the e�ective index contrast between regions 1 and 2, and thus the degree of lateral

confinement. However, too thin a spacer can lead to a loss of lateral confinement

through coupling to TM waves in region 1, G > Gcritical ¥ 16 nm [34].

Figure 3.8 – (a) Constituent modes of the fundamental hybrid mode. The TE photonic
mode is built based on the construction of a conventional photonic waveguide mode using
e�ective index approach where G = 50 nm. For TE waves, a guided mode exists if nT E1 <
nT E2. The plasmonic mode is a conventional MIM (metal-insulator-metal) TE mode. (b)
neff of the fundamental hybrid mode and its constituent modes as a function of the gap
width. V denotes the coupling strength. Also shown is the separation of the plasmonic and
photonic like regimes.

The hybridized nature of the HGPW fundamental mode is evidenced by the splitting

between the two constituent modes—this splitting refers to the distance from the

crossing point of e�ective indices of the constituent modes to neff of the hybrid mode.

The theory of mode hybridization can be constructed similarly to the mathematical

formulation of coupled mode theory. Assuming that �photonic and �plasmonic form the
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orthogonal basis of the system, the amplitude of the field of the hybrid mode can

be expressed as a linear superposition of its constituent modes, ignoring higher order

terms [33]:

�± = a±�photonic + b±�plasmonic (3.7)

where a± and b± are the amplitude of the photonic and plasmonic modes respectively.

Normalization of the total field gives: b± =
p

1 ≠ |a±|2. The ± denotes the two

possible hybridized mechanisms in this system: symmetric and anti-symmetric hybrid

modes. The mode can be characterized with an e�ective index, nph and npl. This

subsequently leads to: 2

4nph V

V npl

3

5

2

4a±

b±

3

5 = n±

2

4a±

b±

3

5

where V specifies the strength of the hybridization mechanism. The theoretical e�ec-

tive index of the hybrid mode, n±, is the eigenvalue of the hybridization matrix:

n± = nph + npl

2 ±

r
(nph ≠ npl)2

4 + V 2 (3.8)

Together with the normalization condition of �, we can find an expression for |a+|
2:

|a+|
2 = n+ ≠ npl

(n+ ≠ nph) + (n+ ≠ npl)
(3.9)

This value of |a+|
2 characterizes the degree of hybridization of the two constituent

modes. We consider three regimes of hybridization:

1. |a+|
2 < 0.5 : The hybrid mode is more plasmonic-like.

2. |a+|
2 = 0.5 : Equal contribution of the plasmonic and photonic modes to the

hybrid mode. This is the point of splitting in order to prevent crossing of energy

levels in the hybrid system.

3. |a+|
2 > 0.5 : The hybrid mode obtains a more photonic-like character.

Unlike in usual hybrid systems, here only one possible mode of the hybrid system

exists, n+ > nph, npl. The other branch of the hybrid system is cuto� because n≠ < nph

representing an unbound solution [33]. For this HGPW, the gap width determines the
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relative contribution of the photonic-like and the plasmonic-like constituent modes to

the fundamental mode of a HGPW, which in turn determines its modal behaviour in

the small (W< 50 nm) and the large gap width regimes.

3.3 Summary
The physics of photonic dielectric slab waveguides and hybrid gap plasmon waveg-

uides was outlined. For a lossless slab waveguide, a bound mode required the field

to decay evanescently outside the core layer. The fundamental TE mode was found

to always have an e�ective refractive index larger than that of the corresponding TM

mode. As the core width increased, more field resided in the core layer, and the

speed of the guided modes approached light’s speed in this layer. When loss was

introduced into the core region, the propagation constant turned complex in order to

accommodate the decay of fields in the propagation direction. The numerical method,

iterative steepest descent with linear line search, was used to solve for the equation of

bound TE modes in this lossy environment. The modal distribution of TE dielectric

slab waveguides outlined here is used in the study of Parity-Time symmetry coupled

waveguides in Chapter 6.

In order to achieve a modal size below the di�raction limit, a particular type of

plasmonic waveguides called the hybrid gap plasmon waveguide was investigated. It

was found that the degree of plasmonic and photonic characteristics of the fundamen-

tal hybrid mode of this structure depended on the distance between the metal bars.

At small gap widths, the field resided in the dielectric region between the metals while

at larger widths, most of the field stayed in the high index semiconductor core. The

transition from a dominantly plasmonic character to a dominantly photonic character

was also signified by an increase in the propagation length of the hybrid mode. With

these properties, together with an easy access to the semiconductor layer, HGPWs

can be used as plasmonic cavities by replacing the passive core with a gain medium

and adding appropriate feedback. An experimental demonstration of plasmonic lasers

based on HGPWs is detailed in Chapter 5.



Chapter 4
Loss and Gain mechanism in optical

devices

Most of solid state devices described in this thesis are based on GaAs to supply gain

for the experimental demonstration of plasmonic lasers and for dispersion corrected

parity-time symmetric coupled waveguides. It is essential to understand the mecha-

nism behind the high gain achieved in GaAs and the inevitable dispersion that occurs

by operating in such an extreme regime. We begin this chapter with an overview

of GaAs band structure properties. This is followed by a detailed summary of the

semiclassical free carrier theory upon which our gain model is built. The results of our

gain model are then compared with other more complicated models often used in the

literature. This study of the gain mechanism in bulk GaAs leads us to the second part

of this chapter which focuses on analyzing the role of gain in compensating for loss

in the context of nanophotonic devices and in particular the lasing mechanism. The

fundamental physics of optical cavities and the rate equations of lasers are outlined.

The modification of lasing properties when the laser dimensions shrink down to the

nanoscale regime is also considered.

50
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4.1 Gain mechanism in GaAs

4.1.1 An overview of GaAs properties

GaAs is a typical III-V semiconductor with a direct bandgap of Eg ¥ 1.424 eV, equiva-

lent to a wavelength of ⁄g ¥ 870 nm. The history of GaAs dates back to the year 1929

when the compound was first created [118,119]. However, it took another 20 years for

the first research on the exceptional electronic properties of III-V semiconductors to

be reported [120], stirring up a huge research interest in novel semiconductor devices.

It was not until 1962 when the first semiconductor lasers, whose light emission came

from GaAs [121–123] and GaAs1≠xPx [124], were demonstrated. GaAs is superior

to Silicon in terms of carrier transport as it has higher mobility and saturated drift

velocity—a result of lower lattice and impurity scattering.

While most III-V (GaAs, InGaP, GaN, etc) and II-VI (ZnO, ZnS, ZnSe, etc) semi-

conductors are direct bandgap materials, GaAs is of great importance as its bandgap

falls into the near infra-red range. Commercial semiconductor lasers are commonly

grown on either GaAs substrates or InP substrates. InP-based devices dominate ap-

plications in the range of 1100-2000 nm while GaAs-based lasers emit in the range

of 630 - 1100 nm [125] with applications in optical storage, displays, solar cells and

printing [126]. Since the minima of the conduction band and the maxima of the va-

lence band of a direct bandgap semiconductor occur at the same crystal momentum,

k, conservation of momentum of optical transitions at this point is automatically sat-

isfied without the involvement of phonons, making direct bandgap semiconductors

more e�cient as light emitters, hence suitable candidates for the role of laser gain

media.

The band structure of GaAs is in reality quite complicated. However, at visible

and near infra-red frequencies, it is reasonable to describe GaAs as a direct bandgap

material around k = 0 with a parabolic band structure. GaAs has a single conduction

band made up of 4s-states: l = 0, j = 1/2 gives |j,mjÍ = |1/2, ±1/2Í and three valence

bands made up of 4p-states: l = 1, j = 3/2 and 1/2, leading to |j,mjÍ = |1/2, ±1/2Í,
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|3/2, ±1/2Í and |3/2, ±3/2Í [127]. The lowest valence band often called the split-o�

band corresponding to |j,mjÍ = |1/2, ±1/2Í. The two higher bands come from j =

3/2, are degenerate at k = 0, with the highest band having |j,mjÍ = |3/2, ±3/2Í,

usually called heavy holes, and the middle band |j,mjÍ = |3/2, ±1/2Í, named light

holes. Figure 4.1(a) gives a schematic sketch of the simplified band structure of GaAs

at k = 0.

4.1.2 Fundamental concepts in band structure theory

Formation of band structures in solids

Electrons in an atom occupy discrete energy levels. The orbital of an electron in an

atom can be characterized by its size, shape and orientation using the three familiar

quantum numbers n, l, m. These quantum numbers tell us about the spatial proba-

bility of finding an electron in an atom. Electrons are organized in shells. Each shell

consists of di�erent orbital shapes. A particular orbital shape can be orientated in

several ways. In this picture, there are two kinds of electrons in an atom: valence

electrons which have the lowest binding energy and largest orbitals, and core electrons

which occupy the inner shells and stay under a stronger influence of the nucleus.

In general, the behaviour of an electron whose mass and energy are m and E

respectively in a potential, V (r), is described by the Schrödinger equation:


≠

~2

2m
Ò

2 + V (r)
�

Â(r) = EÂ(r) (4.1)

where Â(r) is the state function. As fermions, electrons follow the Pauli exclusion

principle which prevents two electrons of parallel spins to occupy the same electronic

state or orbital. Quantization and the exclusion principle make up the basis of the

fundamental rule of filling electronic states in a Fermionic system under the potential

V (r).

When N atoms are put next to each other, typically ¥ 1023 cm≠3 atoms in a

solid, their valence electron orbitals overlap (orbitals of core electrons are too small

to overlap) and form N combinations of di�erent shapes and energies which can ac-
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commodate 2N electrons [128]. A given valence orbit combining with those from

neighbouring atoms form an energy band with distinct sublevels of infinitesimal dif-

ference in energy. The splitting due to perturbation e�ects does not only result in

the formation of energy bands but also gives rise to regions separating these bands

where no states exist, called bandgaps. In other words, the familiar discrete electronic

levels in an atom broaden into a band. In particular, the wavefunctions describing

electronic states in the bands extend throughout the solid, rather than being localized

to an atom. In general, the higher the band the greater its width due to a greater

influence of the field perturbation.a

Fermi-Dirac Distribution

When the concentration of fermions in the system is so high such that the average

interparticle separation is smaller than the de broglie wavelength of the particle, we

enter the regime of quantum statistical mechanics.b This is the case for most solids.

In solid state physics, the Fermi-Dirac distribution—a quantum statistical mechan-

ics concept—is used to describe the distribution of electrons among energy levels at

thermal equilibrium, regardless of the electronic state distribution of a system:

fF D(E) = 1
eE≠µ/kBT + 1 (4.2)

where µ is the chemical potential denoting a particular energy state at which the

occupation probability is 1/2: fF D(µ) = 1/2, kB is the Boltzmann constant and T is

temperature. At T = 0, the Fermi-Dirac distribution becomes a step function. The

occupation probability of states below the chemical potential is 1: all states with

E < µ are occupied, and the probability of states above the chemical potential is

zero: all states with E > µ are empty. At absolute zero temperature, µ = Ef where

Ef is the Fermi energy defined as the uppermost energy level filled by carriers. This

behaviour nonetheless changes drastically when temperature increases and carriers

start to fill higher energy levels. However, the Fermi-Dirac distribution retains its

aFor example, 1s orbital is smaller and closer to its own nucleus hence is not a�ected much by
the perturbation of the other atom.

bElectron concentration in solids typically reaches the level of 1015 cm≠3 while the de Broglie
wavelength of an electron is approximately 1.23 nm.
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symmetry property about f(E) = 0.5 (Fig. 4.1(b)).

Figure 4.1 – (a) Simplified band structure of GaAs: 1 Conduction band (CB) and three
valence bands (Heavy Hole (HH), Light Hole (LH) and Spin-orbit (S-O)). (b) Fermi-Dirac
distribution at di�erent temperature — kBT is normalized to µ.

At E ∫ Ef , the system can be described by classical statistical mechanics: the

Fermi-Dirac distribution tends to the Maxwell-Boltzmann distribution in this regime:

(E ≠EF )/kBT ∫ 1, fF D(E) æ eEF /kBT e≠E/kBT
Ã e≠E/kBT . The actual filling process

however depends on the number of electrons available in the solid and the existing

distribution of electronic states in the crystal: two electrons of opposite spins are

used at a time to fill the states from lowest to highest energy levels until all valence

electrons have been accounted for.

4.1.3 Light in gain media

Overview of semiconductor gain theory

Free-Carrier theory pivots on the assumption that the polarization in the medium

induced by the electric field in turn drives this field self-consistently. This theory was

originally derived in the context of a laser field interacting with a gain medium. How-

ever, the essence of the theory lies in the description of the mutual interaction between

light and free carriers: how light creates electric dipoles in a semiconductor and how

these electric dipoles then a�ect the propagating field, giving us the phenomena of
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gain and gain-induced refractive index change. This is a semi classical approach where

the description of the electric field E(r,t) follows the classical Maxwell equations while

the interaction between the field and atoms is examined quantum mechanically. The

derivation of free-carrier theory in this chapter follows [127]. Figure 4.2 summarizes

the logical sequence behind the free-carrier theory.

Figure 4.2 – Sequential steps in the calculation of semiconductor gain in Free-Carrier
theory following reference [127].

Propagation of light in polarized media

The propagation of light inside a polarized medium follows the classical Maxwell

equations, Eqn. 2.4–2.7. D = ‘E = ‘bE + P with ‘b = n2‘0 being the permittivity of

the host medium. The calculation of P—the polarization of the medium—is central

in this gain analysis. P is induced by the interaction of the light field with electrons in

the valence and conduction bands. This polarization then influences the propagating

fields, inducing a complex susceptibility which results in the interrelated generation of

gain and a carrier-induced index change. In a polarized medium, the wave equation

has the form:

≠ Ò
2
E +

⇣n

c

⌘2 ˆ2
E

ˆ2t
= ≠µ0

ˆ2
P

ˆ2t
(4.3)

The electric field can be expressed as a plane wave with a monochromatic field—a

reasonable approximation only when a small volume compared to the transverse vari-

ations of the light field is considered.c This allows us to calculate the local properties
cNote here that by only looking at a monochromatic field, we cannot assess the coherent response

of a gain medium to multimode fields, which is beyond the scope of this thesis.
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of the gain medium hence how these local e�ects change the propagation of the beam.

The light field and its induced polarization take the form of:

E(z,t) = 1
2 x̂E(z)ei[Kz≠Êt≠„(z)] + c.c (4.4)

P(z,t) = 1
2 x̂P(z)ei[Kz≠Êt≠„(z)] + c.c (4.5)

The complex polarization amplitude is related to the electric field amplitude via

P(z) = ‘b‰(z)E(z) where ‰(z), the susceptibility of the gain material, is modified

when a light field travels through the medium. K = nÊ/c = nK0 and K0 = 2fi/⁄.

P(z), E(z) and the phase shift „(z) are assumed to have small variations within the

optical wavelength.d Thus, the terms d
2E(z)
dz2 , d

2
„(z)

dz2 and dE(z)
dz

d„(z)
dz

are neglected in the

explicit form of Eqn. 4.3:

dE(z)
dz

≠ iE(z)d„

dz
= iµ0Ê2

2K
P(z) = iK

2 ‰(z)E(z) (4.6)

Equating the real and imaginary parts of Eqn. 4.6, we arrive at a set of self-consistency

equations with the light field appearing on both sides of the equations:

dE(z)
dz

= ≠
K

2 ‰ÕÕ(z)E(z) = gE(z) (4.7)

d„(z)
dz

= ≠
K

2 ‰Õ(z) = ≠K0”nind (4.8)

where ‰(z) = ‰Õ(z) + i‰ÕÕ(z). The second equality signs in Eqn. 4.7 and 4.8 incor-

porate the notion of gain and carrier-induced refractive change into our analysis for

the first time. The intensity gain coe�cient is defined as twice the value of g. A

change in the magnitude of the field in the propagation direction is often described

as either gain or loss in an optical system and is governed by Eqn. 4.7. The spa-

tial variation of the field is accounted for by the phase term: Kz ≠ „(z). A change

in the phase of the field signifies a change in the index of the medium in which

the field is propagating through. A change in „(z) along the propagation direc-

tion can be incorporated into the overall wave number of the propagating field via:
dOften known as the slow varying envelope approximation.
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Kz ≠ „(z) = (K ≠
d„

dz
)z = (n + ”nind)K0z = nindK0z. Overall, we can see that the

induced polarization influences both the magnitudes of the propagating field and its

phase. These changes are characterized by the gain coe�cient, g and the carrier-

induced refractive index change, ”nind.

Light – matter interactions in semiconductor gain media

In order to quantify g and ”nind, we need to first quantify the polarization that has

been induced by the interaction between the propagating field and the electrons in

the valence and conduction bands of the semiconductor. This semiclassical theory

of semiconductor gain follows a quantum mechanical treatment of the gain medium,

giving rise to a quantum description of the induced polarization.

When electrons are excited from the valence to the conduction band, leaving behind

a positively charged hole in the valence band, a single global Fermi-Dirac distribution

is not su�cient to describe the dynamics of the polarized material. The procedure

implemented to determine the distribution of both positively and negatively charged

carriers in a polarized medium hinges on the assumption that Coulomb interactions

which lead to carrier scattering events are much faster than the field transients. In

other words, an equilibrium is established before the field arrives. Coulomb interac-

tions can be treated as reservoir interactions which force carriers into their respective

intraband thermodynamic quasi equilibrium Fermi-Dirac distributions, characterized

by two quasi-chemical potentials for electrons and holes: µe and µh.

As carriers fill up the energy states available in a band, the total carrier density,

N = 1
V

�statesfF D,–,k, increases where the subscript – denotes the carrier species.

Since the chemical potential defines the point where fF D(E) = 1/2, a change in N

corresponds to a di�erent value of µ. The next step in this analysis is to find the

link between the gain coe�cient, g and the total carrier density, N via the chemical

potential µ.

To solve for the dynamics of electrons and holes in a polarized medium, we need

to find quantum mechanical expressions for the polarization of the gain medium and
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the Hamiltonian of the system. In quantum mechanics (QM), the description of the

polarization follows: P = 1
Vl

�k(µ̄ka†
ck

avk + µ̄ú
k
a†

vk
ack) where µ̄k represents the dipole

matrix elemente between the conduction and valence bands, the operators a†
ck,vk

and

ack,vk are the electron creation and annihilation operators respectively; the subscripts

c and v denote the conduction and valence bands, k is again the corresponding crystal

momentum of a state and Vl is the volume of the gain medium. This expression of P

involves creating a new electron in the conduction band and at the same time anni-

hilating one in the valence band—equivalently to creating a hole having the opposite

momentum and z-component of the particle spin to those of the annihilated electron.

The full Hamiltonian governing the dynamics of carriers includes terms that describe

the free-carrier e�ects, the interactions amongst carriers, pumping conditions and

various relaxation processes. In this analysis, we neglect the Coulomb many-body

interactions amongst carriers. This many-body e�ect leads to the renormalization of

the bandgap and of the electric dipole interaction energy. By neglecting Coulombic

interactions, charge carriers are essentially treated as free carriers in an ideal Fermi

gas. The interaction between a light field and a medium is modeled in QM as Hd =

≠VlP .E . Thus, the Hamiltonian for free carriers is constructed as follows:

H = �k(Ecka†
ck

ack + Ecka†
ck

ack) ≠ �k(µ̄ka†
ck

avk + µ̄ú
k
a†

vk
ack)E(z,t)

= HKE + Hd

(4.9)

where HKE and Hd account for the kinetic energies and the carrier-field dipole in-

teractions respectively. In the electron-hole picture, the missing valence electrons are

referred to as holes and the conduction electrons are simply referred to as electrons

with a†
ck

= a†
k

and ack = ak. The hole annihilation and creation operators are defined

as: b≠k = a†
vk

and b†
≠k

= avk. The evolution of the system can be monitored using:

nek =
D

a†
k
ak

E
, the electron occupation number, nhk =

D
b†

≠k
b≠k

E
, the hole occupation

number and pk = Èb≠kakÍ, the polarization of the medium which is equivalent to the

creation of an electron-hole pair. While the additional factors, such as pumping condi-

tions, radiative and non-radiative emissions, are only present in the equation governing

eNot to be confused with µ denoting the chemical potential.
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the dynamics of the carrier concentration number, collisional processes also influence

the dynamics of pk. Collisions in semiconductors occur between carriers and carriers,

carriers and phonons, carriers and impurities, leading to various relaxation processes.

To investigate the gain mechanism in GaAs, we focus on analyzing the dynamics of pk.

The dynamic evolution of pk obeys the Schrödinger equation. However, the Heisen-

berg picture of QM o�ers a more physical description of a quantum mechanical system

by assuming that operators which represent observables evolve in time while the wave-

functions remain stationary (Appendix H). Following a Heisenberg picture of QM and

adding the collision-dependent term, we achieve the following dynamic evolution of

pk:
dpk

dt
= ≠iÊkpk ≠

i

~ µ̄kE(z,t)(nek + nhk ≠ 1) + ˆpk

ˆt
|collision (4.10)

Collisions result in the polarization decay, thus, ˆpk

ˆt
|collision ¥ ≠“pk where “ = 1/Td

is the decay rate and Td is the dipole lifetime.

Dynamic evolution of material properties

Due to the e�ects of various collision mechanisms, the Fermi-Dirac distribution is

retained in the system, allowing us to track the variation in N via µ(N). We further

make the assumption that the carrier density and the field envelope do not change

significantly in time Td. This means that E(z,t) ƒ E(z) in Eqn. 4.10. Integrat-

ing this equation using the integrating factor e(iÊk+“)t and making the rotating wave

approximation we achieve:f

pk(t) = ≠
i

2~ µ̄kE(z)ei(Kz≠Êt≠„(z))
◊ [nek(t) + nhk(t) ≠ 1] 1

i(Êk ≠ Ê) + “
(4.11)

Combining the classical and quantum description of P(z,t):g

P(z) = 2e≠i[Kz≠Êt≠„(z)] 1
Vl

�kµ̄ú
k
pk

= ≠
iE(z)
2~“Vl

�k|µ̄k|
2[nek(t) + nhk(t) ≠ 1] ◊

✓
1 ≠ i

Êk ≠ Ê

“

◆
fLor(Êk ≠ Ê)

(4.12)

fThe full expression of pk(t) includes terms with 1
i(Êk+Ê)+“ and 1

i(Êk≠Ê)+“ . The rotating-wave
assumption ignores the term with 1

i(Êk+Ê)+“ as this term is negligible in the optical frequecies.
gA summary of the mathematical language used in this formulation is given in Appendix H.
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where fLor(Êk ≠ Ê) = “
2

“2+(Êk≠Ê)2 . Since P(z) = ‘b‰(z)E(z), the modified ‰(z) follows:

‰(z) = ≠
i

2~“‘bVl

�k|µ̄k|
2[nek(t) + nhk(t) ≠ 1] ◊

✓
1 ≠ i

Êk ≠ Ê

“

◆
fLor(Êk ≠ Ê) (4.13)

The function fLor(Êk ≠ Ê) has a Lorentzian shape. This function describes the homo-

geneous broadening process in semiconductor gain. Homogeneous broadening refers to

the process where transitions of electrons from an upper level to a lower level occur at

equal probabilities, leading to an increase in optical linewidths. The force behind ho-

mogeneous broadening is the various collision processes in semiconductors since they

a�ect all carriers equally. However, in a semiconductor gain medium, homogeneous

broadening is better described by a hyperbolic secant lineshape which avoids the e�ect

of absorption below the bandgap: “
2

“2+(Êk≠Ê)2 æ sech
⇣

Êk≠Ê

“

⌘
(See Fig. 4.3) [127].

Figure 4.3 – Lorentzian and Sech lineshapes.

Here, the quasi-equilibrium assumption dictates that nek = fek and nhk = fhk.

Equation 4.7 links the susceptibility, ‰(z), to the gain coe�cient:

g = Ê

2‘0nÕ
s
c~“Vl

�k|µ̄k|
2[fek(t) + fhk(t) ≠ 1]sech

✓
Êk ≠ Ê

“

◆
(4.14)

where nÕ
s

is the real part of refractive index of the semiconductor gain material. To

do this sum over all k states, assuming that our system is made up of a continuous

distribution of energy levels. The summation over k can be rewritten as 1
Vl

�k æ

R Œ
0 dED(E). To find the joint density of states D(E) in 3D, we follow:
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1. Volume of a k-state: (2fi/L)3 where L is the typical length scale of the system.

2. The number of k-states in k-space: 4fik
2
dk

(2fi/L)3 = Vlk
2
dk

2fi2

3. The number of k-states per unit volume is: D(E) = 1
2fi2

�2mr

~2

�3/2 Ô
E. Here, mr

denotes the reduced electron-hole mass, defined as 1
mr

= 1
me

+ 1
mh

.

Note that [fe(E) + fh(E) ≠ 1] = fe(E) ≠ (1 ≠ fh(E)) = fe(E) ≠ fv(E). Here, the last

equality sign implies that in the valence band, we only have filled states which are

valence electrons and empty states which are holes.

In the case of GaAs, we have 3 valance bands and 1 conduction band, summing over

all possible spin state transitionsh [129–132] and averaging over polarization states,

the gain coe�cient can be calculated as [133]:

g = 2Ê|µ̄|
2

3nÕ
s
fi2‘0c~“

✓
2mr

~2

◆3/2 Z Œ

0
dE Õ

Ô

E Õ [fe(E Õ) ≠ fv(E Õ)] sech

✓
E Õ + Eg ≠ E

~“

◆

(4.15)

The dipole matrix has been assumed to be k-independent, µ̄k = µ̄. Similarly, the

carrier-induced refractive index change, ”nind can be found based on Eqn. 4.8 and

4.13. However, this calculation of ”nind is no longer accurate when the Lorentzian

lineshape is replaced by a hyperbolic secant function. Nonetheless, we can make use

of the inherent Kramers-Kronig relationship between the real and imaginary parts of

a refractive index to compute ”nind [127]:

�(”nind) = c

fi
Pv

Z Œ

0

�g(ÊÕ)
ÊÕ2 ≠ Ê2 dÊÕ (4.16)

where Pv signifies the principal-value integral.

Calculation of quasi chemical potentials

The calculation of g and ”nind relies on the estimation of the combined chemical

potential of electrons and holes µ = µe + µh. Both g and ”nind are functions of E

and N . To see how a change in the carrier density a�ects g and ”nind, we need to

calculate µe and µh corresponding to each value of N . The total carrier density, N is
hThis summation over all spin states requires the consideration of allowed optical transitions for

each hole band (HH, LH and SO).
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computed as N = 1
Vl

�kfek. Using the joint density of states D(E) described above,

the summation over all k-states leads to:

N =
Z Œ

0
dE–D(E–)f–(E–)

= 1
2fi2

✓
2mr

~2

◆3/2 Z Œ

0
dE–

Ô
E–

e
mr
m–

E–≠µ–

kBT + 1

(4.17)

Here, the functional form of the Fermi-Dirac distribution has been modified to take

into account the reduced electron-hole mass, mr. The subscript – again denotes

the carrier species. To achieve gain, the quasi chemical potentials must fall within

the band of the respective carriers. Furthermore, the energy of a k-state above the

bandgap can be rewritten as E Õ = E + Eg, where the extrema of the bands are used

as reference points. Equation 4.17 then facilitates the conversion of a carrier density

into a set of quasi Fermi levels.

4.1.4 Results and Discussion

Results of free carrier theory

Figure 4.4 summarizes the results on the gain available in GaAs based on Eqn. 4.15.

The di�erence in the calculation of GaAs gain using hyperbolic secant function in-

stead of a conventional Lorentzian lineshape is visible in Fig. 4.4(a,b). A Lorentzian

lineshape tends to overestimate the e�ects of homogeneous broadening, giving a gain

value lower than that of a sech function, especially in the region below the bandgap

leading to a negative value of gain. As the carrier concentration number increases, the

gain spectrum is significantly blue-shifted (see Fig. 4.4(c)). On the other hand, the

dephasing rate, “ does not seem to significantly modify the gain spectrum, as shown

in Fig. 4.4(d).

Similarly, the results of our carrier-induced refractive index change using Eqn. 4.16

are presented in Fig. 4.5. The e�ects of both the hyperbolic secant lineshape and

the higher dephasing rate are barely noticeable in our ”nind results shown in Fig. 4.5

(a,b). An increase in the carrier concentration leads to a downward translational shift

and a blue-shift of the peak of the ”nind spectrum.
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Figure 4.4 – (a) Gain as a function of energy for the 2 lineshapes: hyperbolic secant
function and Lorentzian function. N = 8 ◊ 1018 cm≠3. (b) Peak gain as a function of
carrier concentration N for the 2 aforementioned lineshapes. (c) E�ect of increasing carrier
concentration on the gain spectrum. (d) E�ect of increasing dephasing rate on the gain
spectrum. Here a sech lineshape was used and N = 8◊1018 cm≠3. The material parameters
are me = 0.067 m0, mh = 0.520 m0, Eg = 1.424 eV and µ̄ = 0.473 nm. m0 = 9.1 ◊ 10≠31

kg: mass of a free electron.

Figure 4.5 – (a) Carrier-induced refractive change as a function of energy for the 2 line-
shapes: hyperbolic secant function and Lorentzian function. N = 8 ◊ 1018 cm≠3. (b) E�ect
of increasing dephasing rate on ”nind spectrum. N = 8◊1018 cm≠3. (c) E�ect of increasing
carrier concentration on ”nind spectrum.
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Validity of the semiconductor gain theory

Next, we assess the accuracy of our simplified gain model by comparing our assump-

tions and results with a more sophisticated method detailed in [134]. This model

assumes that the optical gain mechanism of GaAs involves the following three pro-

cesses: band-filling e�ect, bandgap shrinkage and intraband absorption. For more

information on the origin and e�ects of each process, the reader is referred to [134].

Here, only a concise summary of this model is given, outlining the relevant equations

and assumptions.

When carriers are injected into a semiconductor medium, the lowest energy states

in the conduction band are filled first. For semiconductors with low density of states,

a significant depth of the band can be filled by a relatively small number of electrons.

Thus, valence electrons require a much greater energy than Eg to continue being pro-

moted to the conduction band. Consequently, the absorption of photons with energies

slightly larger than Eg is reduced when free carriers are present, leading to a shift in

the absorption edge. This e�ect is more significant in semiconductors with small

bandgaps and e�ective masses [134].i The band filling e�ect, which can be described

by the free carrier theory, assumes that there is no absorption below the bandedge.

In reality, this phenomenon does occur due to the assistance of phonons, excitons

and impurities. This absorption edge is called the Urbach tail. Therefore, these two

methods tend to give an overestimated value of ”nind at high carrier concentrations

¥ 1019 cm≠3.

The second process stems from the many-body e�ect in an interacting Fermi sea.

Bandgap shrinkage, also known as the renormalization e�ect, becomes noticeable

when the wavefunctions of individual carriers start to overlap. In this regime, electrons

repel each other due to Coulombic forces and the Pauli exclusion principle. These two

phenomena combined give rise to the screening of electrons, together with a reduction

in the energies of the conduction band edge. Figure 4.6 shows the magnitude of the

bandgap shrinkage e�ect according to an analytic expression given in [134, 135] and
iAn equivalent argument can be drawn for holes whose e�ective masses and density of states are

larger than that of electrons.
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Figure 4.6 – The analytic and experimental results of bandgap shrinkage e�ect in many-
body interaction analysis.

a fitted experimental model [134]:

Analytic: �Eg(N) = ≠
e

2fi‘0‘s

✓
3
fi

◆1/3
N1/3

Experimental: �Eg(N) = p0
‘s

✓
1 ≠

N

Ncr

◆1/3
for N > Ncr

�Eg(N) = 0 for N < Ncr

(4.18)

where ‘s is the permittivity of the semiconductor, p0 = 0.14 is the fitting parameter

and Ncr ƒ 7 ◊ 1016 cm≠3 for GaAs and e is the electron charge [134]. The cube-root

dependence on N of �Eg(N) does not hold for low carrier concentrations as in this

regime, carriers are too far apart to generate significant correlation e�ects [134]. The

analytic and experimental results of �Eg agree well with each other in the high N

regime.

The final physical process considered in this model is the intraband absorption.

As its name suggests, this process takes into account optical transitions of carriers

within their respective bands. This e�ect is enhanced at energies smaller than the

bandgap. The influence of intraband absorption on the magnitude of ”nind is quanti-

fies as: ”nind = ≠
e

2
⁄

2

8fi2c2‘0nÕ
s

⇣
Ne

me

+ Nh

mh

⌘
.

All of the mechanisms described above are combined and this result is demonstrated

in Fig. 4.7 for a range of carrier concentrations. The intraband absorption always
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Figure 4.7 – The independent e�ects on ”nind of band filling, bandgap shrinkage, intraband
absorption and the sum of them all at (a) N = 1016 cm≠3, (b) N = 1017 cm≠3, (c) N = 1018

cm≠3 and (d) N = 1019 cm≠3.

takes negative values and stays fairly constant across the energy range of interest.

On the other hand, the band filling and the bandgap shrinkage e�ects have dominant

features around the bandgap region. At N < Ncr, the bandgap shrinkage e�ect is

negligible (see Fig. 4.7(a)). At energies above the bandgap, we can clearly see that

the most influential e�ect comes from the band filling process; the combination of all

processes have most of the signature features of the band filling e�ect, especially in the

high concentration regime, N > 1018 cm≠3. Moreover, the spectrum of ”nind shown

in Fig. 4.5(c) resembles closely those in Fig. 4.7(c,d) for energies above the bandgap.

The calculated magnitude of ”nind also agrees with those experimentally measured in

the literature [136,137]. In conclusion, the description of the gain mechanism and the

carrier-induced refractive index change in GaAs based on free carrier theory gives us

results that do not only agree with more complicated modeling of gain materials but

also align with experimental evidences in the energy range greater than the bandgap.
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4.2 Loss compensation in lasing mechanism
The theory of the gain mechanism derived in the previous section allows us to cal-

culate the amount of gain and its associated carrier-induced refractive index change

obtained in bulk GaAs when carriers are injected into the semiconductor. However,

to incorporate this analysis into the photonic device context, we need to understand

the origin of device losses and furthermore how the number of carriers and photons

dynamically evolves in the system. Lasers provide the appropriate platform for a

discussion of loss compensation in photonic devices.

4.2.1 Cavity Modes
A typical example of a photonic cavity of length L is a Fabry-Perot resonator con-

sisting of a pair of parallel mirrors with a reflectivity, R, as shown in Fig. 4.8. The

cavity is made up of a medium with a refractive index n. There are two relevant

physical aspects of a Fabry-Perot cavity we need to consider: the longitudinal mode

generation and the cavity loss [90].

Figure 4.8 – A typical laser cavity with length L and mirror reflection R. An example of
longitudinal modes is also shown with a period ⁄q.

Every time a wave reaches either end of the cavity, part of it gets reflected, leading

to the superposition of two counter-propagating waves. This phenomenon gives rise

to the establishment of a set of standing waves. However, only those standing waves

whose wavelengths are multiples of 2L are allowed to exist: ⁄q = 2nL

q
, where q is an

integer. These standing waves in turn become the basis of a set of longitudinal modes

with discrete frequencies. The spacing between 2 consecutive longitudinal modes of

an optical cavity follows:

�‹ = c

2nL
(4.19)

As the reflectivity of the mirrors is not 100%, this represents a form of loss in the
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system. The point at which the gain provided by the active medium fully compensates

the cavity loss defines the gain threshold for lasing:

–th = ≠
1
L

ln(R) (4.20)

Thus, –th is inversely proportional to the length of the cavity. While longitudinal

modes of a laser system have been defined as a set of standing waves, the transverse

mode refers to the particular distribution of the field in the direction perpendicular

to the propagation direction, also known as the waveguide mode. The transverse

mode propagating between the mirrors can also be lossy with a modal loss –mode; this

modifies the threshold gain condition of the cavity:

–th = –mode ≠
1
L

ln(R) (4.21)

A guiding structure and an active medium together with an appropriate feedback

mechanism make up the essential components of a laser system.

4.2.2 Einstein A and B coe�cients

A detailed description of the gain mechanism in semiconductor materials was out-

lined in Section 4.1. Here, we consider a phenomenological treatment of the basic

interactions between light and matter to understand the fundamental macroscopic

observations of a typical laser [138].

The interaction between an optical field and electrons takes the form of optical ab-

sorption and emission. Regardless of the nature of the electrons, an optical absorption

and transmission of a photon involves a resonant transition of an electron between a

lower energy E1 and an upper energy, E2. Considering the simplest case of a two-level

energy system, this transition has a frequency defined as: Ê = E2≠E1
~ .

According to Einstein, there are three possible optical processes occurring between

two energy levels that can influence the electron number: absorption, spontaneous

emission and stimulated emission. Each process is associated with a transition rate.
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Figure 4.9 – Two-level energy system: lower energy level E1 with a carrier density N1 and
higher energy level E2 with a carrier density N2. Three optical transition processes: ab-
sorption, spontaneous emission and stimulated emission. The red circles represent electrons
while the curled arrows indicate photons.

The key assumption here is that these rates are proportional to the carrier density

of the initial state of a particular optical transition. The schematic sketches of these

three processes are given in Fig. 4.9. We can see that stimulated emission and

absorption require the presence of an optical field with a field density U(Ê). The

physics behind spontaneous emission can be understood in a similar way by treating

this optical field as vacuum fluctuations. While spontaneous emission is allowed by

energy conservation, the opposite process, spontaneous absorption, is forbidden. Note

here that the photon emitted via stimulated process has identical phase, frequency,

polarization and propagation direction with those of the incident photon, leading

to the generation of coherent light in a laser. The following equation shows the

dependence of each of the transition rates on the carrier and field densities:

Absorption R12 = B12U(Ê)N1

Spontaneous emission R21,sp = A21N2

Stimulated emission R21,st = B21U(Ê)N2

(4.22)

where A12, B21,12 are the well-known Einstein coe�cients. A full quantum mechanical

treatment is required to derive these coe�cients from first principle. The focus of the

next section is only to find an interdependent relationship between these coe�cients.

Assume that there are two and only two energy levels in this system. Thus, the

total number of available electrons is simply: N = N1 + N2 and an electron can only
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reside in either one of the two levels. All the above optical processes a�ect the number

of electrons in the system temporally. At any time t, an increase in the number of

electrons in one level must equal to a decrease in the number of electrons in the other

level, leading to the rate equation:

dN1
dt

= ≠
dN2
dt

= A21N2 + B21U(Ê)N2 ≠ B12U(Ê)N1 (4.23)

The carrier concentration becomes time-independent in steady state, hence, Eqn.

4.23 is equal to zero. Furthermore, the occupation of a two-level system obeys the

Boltzmann distribution—an approximation of the Fermi-Dirac distribution in the clas-

sical regime:
N1
N2

= g1e≠E1/kBT

g2e≠E2/kBT
= g1

g2
e~Ê/kBT (4.24)

where g1 and g2 denote the degeneracy of the two energy levels. Rearranging Eqn.

4.23 and substituting for N1 and N2, we obtain the following expression of U(Ê):

U(Ê) = A21
(g1

g2
e~Ê/kBT )B12 ≠ B21

= ~Ê3

fi2c3
1

e~Ê/kBT ≠ 1 (4.25)

The second equality sign corresponds to the expression of the spectral density of the

electromagnetic radiation of a black body at a given temperature according to Planck’s

law. Equating the components of Eqn. 4.25, we achieve the following relationship:

g1B12 = g2B21 and:

A21 = ~Ê3

fi2c3 B21 (4.26)

4.2.3 Rate Equations

Stimulated emission is required for lasing action as this process generates coherent

photons. Furthermore, to reach the lasing threshold, the stimulated process must

dominate the spontaneous emission which emits photons at random intervals and

the optical absorption which represents a loss channel for photons. The dominance

of stimulated emission in turn demands the occurrence of a population inversion—

referring to the state of a system which has more electrons in the upper energy level

than in the lower one.



Section 4.2
Loss compensation in lasing mechanism 71

In a simple two-level system, a population inversion cannot be achieved. This is

because the probabilities of promoting an electron from the ground state to the excited

state and the decay of an electron from the excited state to the ground state via the

absorption/emission of a photon are exactly identical. In other words, at best we can

only achieve the situation where the occupation number of the two levels are equal.

Figure 4.10 – (a) Excitation of electrons from the valence to the conduction band via the
absorption of photons. (b) Thermalization of hot electrons to the band edge in hundreds
of femtoseconds. Interband transitions occur in nanosecond time scale. (c) 3-level energy
system. E3 states have much shorter lifetime than that of E2 states.

To obtain the demanded population inversion, we require a system of three energy

levels or more. Electrons in a semiconductor gain medium of a simple conduction-

valence band structure can be excited to higher energy levels either electrically or

optically. These excited electrons then relax to the bottom of the conduction band

via thermalization. Finally, thermalized electrons decay to the valence band via pho-

ton emissions. The finite spectral width of the pump and the e�ect of homogeneous

broadening lead to the emission of photons with a group of frequencies rather than a

single frequency defined by E2 ≠ E1 (See Fig. 4.10(a,b)). Thermalization occurs in

100s femtosecond time scale while interband transition occurs in nanoseconds, 10,000

times slower than the intraband processes. This di�erence in transition rates im-

plies that such a semiconductor gain medium can be e�ectively described as a 3-level

system depicted in Fig. 4.10(c). In a 3-level system, electrons are pumped from

the ground state with an energy E1 to an excited state with an energy E3. However

E3 states are short-lived and quickly decay to E2 where the electrons are accumulated.

The exchange of electrons amongst the three levels of energy is governed by a set
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of coupled rate equations:

dN3
dt

= PpN1 ≠ A32N3 ≠ A31N3

dN2
dt

= A32N3 + BU(Ê)N1 ≠ A21N2 ≠ BU(Ê)N2

dN1
dt

= A31N3 + A21N2 + BU(Ê)N2 ≠ PpN1 ≠ BU(Ê)N1

(4.27)

where Pp signifies the pump rate and B again denotes the stimulated emission rate.

The occupation number of any level is a result of the di�erence between electrons

injected into that level and those decaying from it through various processes. For

electrons to accumulate in level 2, we require A32 > A21, A31. When the fraction

of population in level 2 reaches 50% or more of the total electrons in the system,

N = N1 + N2 + N3, we achieve the state of population inversion. To further relate

the exchange of electrons amongst energy levels with the gain in bulk semiconductors

described in Section 4.1.4, we simplify our gain model result to a simple linear model:

g(N) = G0(N ≠ N0) (4.28)

where G0 is the gain coe�cient and N0 is the carrier concentration at transparency.

The approximately linear relationship between the peak gain and the carrier concen-

tration, shown in Fig. 4.4(b), justifies the application of such a simple phenomeno-

logical gain model.

4.2.4 Modified light-matter interactions in cavities
Fermi’s Golden Rule is often used to calculate the transition rate from an initial state

|iÍ to a final state |fÍ in the continuum by employing time-dependent perturbation

theory. The detailed derivation of Fermi’s Golden rule can be found in many standard

textbooks [139,140]; here we only quote the final result of this well-known rule:

RF ermi = fi

2~2 e2
|µ̄if |

2
|E0|

2fl(Êif ) (4.29)

The perturbation of the original Hamiltonian originates from the dipole interaction

between the atomic polarization and the incident electric field. The magnitude of this
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dipolar perturbation is proportional to µ̄if , the dipole matrix element of this partic-

ular transition and E0, the magnitude of the electric field. Here, Êif = (Ef ≠ Ei)/~.

The continuum includes all possible directions and polarizations that a photon can

be emitted into. Thus, the calculation of the transition rate, RF ermi, must take into

account the number of optical states that exist at Êif , denoted by fl(Êif ).

The transition rate of stimulated emission can be calculated according to Fermi’s

Golden rule using the assumption that there is only a single final state fl(Ê) = 1:

BU(Ê) = 1
3

fi

2~2 e2
|µ̄if |

2
|E0|

2 (4.30)

where U(Ê) = 1
2‘0‘|E0|

2 is the time averaged optical energy density in the stimulating

mode in a medium with permittivity ‘. The factor 1/3 is included to average out the

three possible orientations of the dipole. Equating both sides of Eqn. 4.30, we have:

B = fie2

3n2‘0~2 |µ̄if |
2 (4.31)

where n =
Ô

‘ is the refractive index. We can now derive an expression for the

spontaneous emission rate between these two energy levels using Eqn. 4.26:

A = ~Ê3

fi2c3 B = ne2Ê3

3fi‘3
0

|µ̄if |
2 (4.32)

In a closed cavity, we have well-defined cavity walls. These walls put certain con-

straints on how the density of optical states is calculated. First of all we take a look

at how the optical density of states is calculated in free space. The volume of a K-state

is VK = (2fi/L)3. In a spherical shell in K-space of volume V0 = 4fiK2dK, the number

of K-states that exist in a unit volume is (2V0/VK)/V = K
2
dK

fi2 where the factor of

2 accounts for the two polarizations. The e�ect of a cavity on the transition rate is

two-fold. Firstly, the reduced volume a�ects the way the electric energy density is

defined in a cavity. Assuming that a single photon occupies the cavity, we arrive at:

UVl = 2UEVl = ‘0‘|E0|
2

2 Vl = ~Ê (4.33)
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where Vl is now the cavity volume. Rearranging Eqn. 4.33, the expression of the

magnitude of the electric field in a cavity is modified as: |E0|
2 = 2~Ê

‘0‘Vl

. Secondly, a

reduced volume also a�ects the density of an optical state but in a more abstract way,

requiring the consideration of the spectral width of a cavity mode in our calculation.

Assuming that the cavity only supports a single mode, the spectral distribution of a

cavity mode has a Lorentzian shape:

fl(Ê) = “/2fi

(Ê ≠ Ê0)2 + “2/4 (4.34)

where “≠1 is the cavity lifetime. At Ê = Ê0, the expression of fl(Ê0) on resonance

becomes: flÊ=Ê0 = 2Q

fi/Ê0
where Q = Ê0/“ the quality factor (or Q-factor) of the cavity.

The modifications of the electric field and the density of states are factored into the

original expression of the transition rate. Substituting these corrected terms into

Eqn. 4.29, we achieve the well-known Purcell factor, Fp which describes how the

spontaneous emission rate, A is enhanced in a cavity, Acavity [141]:

Acavity

A
= Fp = 3⁄3Q

4fi2n3Vl

(4.35)

Now the question is how this enhanced spontaneous emission rate changes when we

consider an emitter in a waveguide. One of the key di�erences between a cavity and a

guiding structure is that in a waveguide, the field is not distributed uniformly across

its geometric extent but concentrates mainly in the core. Thus, the energy density

can be redefined as:

U = 1
2‘(z0)‘0|E0|

2 = ~Ê

AmL
(4.36)

where z0 indicates the position of the emitter within the waveguide. Note here that

the volume of the field has been modified to include the modal area Am. Next we

take a look at the correction to the density of states in the context of a waveguide.

We need to find the optical density states for the case where the system is confined in

2D and thus the region of interest becomes a thin length in K-space. The dependence

of K on Ê takes the form of K(Ê) = nm(Ê)Ê/c where nm is the e�ective refractive
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index of the waveguide mode. Thus, the modified density of states is expressed as:

fl(Ê) = 2dK(Ê)
dÊ

L

2fi
= ngL

fic
(4.37)

where ng = d[Ênm(Ê)]
dÊ

is the group index and the factor of 2 accounts for two possible

directions along a line. Similarly, we can substitute these modified terms into Eqn.

4.29, giving rise in another expression of the Purcell factor:

Aemitter+W G

A
= Fp = ng

fin‘(z0)
(⁄/2)2

Am

(4.38)

Equations 4.35 and 4.38 clearly indicate the inverse relationship between the enhance-

ment of spontaneous emission and the relevant geometrical extent of the structure,

i.e., the area of the waveguide mode or the volume of the cavity. Thus, small cavities

and well confined modes will give rise to a large spontaneous emission enhancement.

We also see that this enhancement is proportional to the Q-factor of a cavity: the

higher quality a cavity is engineered, the larger the spontaneous emission enhance-

ment it can generate. As the coe�cient A is always linked to B, the Purcell e�ect

consequently leads to an enhancement of the stimulated emission.

Another factor that can modify the spontaneous emission rate between two energy

levels is the spontaneous emission factor, —-factor, denoted as —f . —f defines the ratio

between the spontaneous emission into the desired mode and the emission into all

other modes [142–144]. A value of —f = 1 corresponds to the situation where all the

emitted light goes into the desired mode. The e�ect of —f can be analyzed using a

simple 2-level system which is placed inside a cavity with a cavity loss “c, equivalent

to a cavity lifetime of 1/“c. We further make the assumption that carriers only stay

in the lower level briefly, hence N1 = 0 and N = N2. Making use of the linear gain

model described in Eqn. 4.28 together with a constant pump rate, we achieve the

following coupled rate equations:

dN

dt
= Pp ≠ —fA21S(N ≠ N0) ≠ A21N

dS

dt
= —fA21S(N ≠ N0) + —fA21N ≠ “cS

(4.39)
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where S is the number of photons in the cavity. Assuming steady-state conditions, we

can find the explicit relationship between S and N . Figure 4.11 plots the dependence

of the photon number and the upper state occupation number on the pump rate for

four di�erent values of —f .

Figure 4.11 – (a) The dependence of the photon number on the pump rate for various
values of —f . (b) The dependence of the upper state occupation on the pump rate for
various values of —f . Note here that all constants in Eqn. 4.39 take a value of 1 and N0 = 0.

Laser cavities built upon photonic waveguides often have very low —f . 10≠2 [145,

146] while plasmonic ones tend to have higher emission into the desired mode, hence

higher —f > 10≠2. This is because plasmonic modes are in general more confined

than their photonic counterpart. The log-log plot shown in Fig. 4.11(a) clearly

demonstrate the kink signature in most lasers where the laser output shoots up at

threshold. This superlinear behaviour is an indication of the dominance of stimulated

emission over spontaneous emission when lasing action starts occurring. However,

as —f increases, the transition becomes less visible and when —f = 1, any threshold-

related behaviour totally disappears. This high —f regime is often referred to as

thresholdless lasing [147, 148]. Figure 4.11(b) shows the corresponding behaviour of

the upper state occupation. At threshold, we observe a phenomenon called gain

clamping where N reaches a plateau even though the material is continuously being

pumped. The N ≠ Pp plot can also be used to identify the lasing threshold. As —f

increases, the appearance of a threshold-kink becomes smoother in the N ≠ Pp plot.

Thus, even when the kink signature disappears in S ≠ Pp plot for —f = 1, a threshold
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can still be defined based on gain clamping.

4.3 Summary
We introduced in this chapter a gain model based on the free carrier theory and used

Kramers-Kronig relations to estimate the carrier-induced refractive index change as

a function of carrier concentration in bulk GaAs semiconductor. Our gain model

approximated the lineshape function as a hyperbolic secant distribution in order to

remove absorption below the bandgap. Taking into account the spin-orbit interaction,

the result of our modified free carrier theory agreed with those of other complicated

models and also experimental measurements for energies above the bandgap. This is

because in this energy regime the band filling is the dominating e�ect. The math-

ematical formulation of the gain coe�cient and the carrier-induced refractive index

change at di�erent values of carrier concentration allows us to apply this knowledge to

the analysis of high loss plasmonic lasers (Chapter 5) and to the correction mechanism

of dispersion e�ects in parity-time symmetric coupled waveguides (Chapter 6).

The loss compensation mechanism in the context of lasers was also discussed. A

waveguide can be turned into a laser when a gain medium is supplied and su�cient

feedback is provided. The analysis of lasing action in this chapter focused on deriving

the coupled rate equations which governed the dynamics of photons and carriers

in a cavity. The modification of the spontaneous emission of light in a cavity was

shown to depend on the cavity feedback and the area of the transverse mode. The

interrelated relationship between the spontaneous and stimulated emissions meant

that the stimulated process, which gave rise to a population inversion, also experienced

this enhancement. The superlinear increase in the upper level occupation number with

increasing pump power signified a lasing threshold. This signature kink in the laser

behaviour became less prominent as the —-factor—the fraction of emission into the

laser mode—approached unity.
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This chapter explores the viability of hybrid plasmonic-photonic nanolasers constructed

on a suspended GaAs core layer. We begin the chapter with an overview of the

construction of these GaAs nanolasers based on the hybrid gap plasmon waveguide

(HGPW). This hybrid plasmonic design has superior modal properties for laser ap-

plications compared to other plasmonic waveguide designs, including the flexibility in

designing channels to access the gain material, the ease in modifying modal profile for

di�erent applications and the compatibility with standard photonic substrates. Next,

the fabrication process of this novel laser design is detailed, showcasing the advan-

tages of a well controlled top-down fabrication approach. This top-down fabrication

technique does not only overcome common problems associated with bottom-up fabri-

cation, such as a lack of control over device quality and positioning [31,32,102,149,150],

but also avoids issues of in-situ etching of the semiconductor gain element and of using

metallic substrates [151].

The next section of the chapter describes the characterization and the analysis

of the nanolasers. Finally, results and discussions are presented where the simple

III-V gain model described in Chapter 4 is employed to examine the threshold gain

conditions and their associated dispersion e�ects for the various nanolaser designs

considered [152].

78
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5.1 Device design: HGPW-based cavity

5.1.1 Waveguide and taper construction
GaAs was chosen as the gain medium due to its high gain property and direct bandgap

in the near infrared spectrum. However, the epitaxy growth technique for III-V semi-

conductors requires that semiconductors have to be lattice matched with their sub-

strates, limiting the choice of materials for the substrate. Furthermore, a HGPW

design requires this substrate to have a low refractive index, as described in Chapter

3. To satisfy both the lattice and the index criteria, suspended GaAs membranes

were used as the core layer for this HGPW-based cavity. Au was chosen over Ag as

the plasmonic material due to its higher stability when operating at room conditions

(Section 3.2).

Figure 5.1 – (a) Top-down view of a HGPW laser with 3 main sections: waveguide, taper
and grating. Correspondingly shown is the e�ective refractive index of the TE fundamental
hybrid mode along the structure axis. Also shown in (a) are the side view and cross-section
of the fabricated design. (b) Propagation length as a function of modal area for a range
of gap width W = 5-3000 nm with H = 100 nm and G = 20 nm. Insets 1, 2, 3 show the
electric field distribution of HGPW mode of W = 10 nm, 195 nm and 800 nm respectively.
⁄0 = 850 nm [152].

Figure 5.1(a) depicts three viewing angles of the device. The taper sections aim to

mitigate the modal mismatch arising from the abrupt termination of the waveguide.

This adiabatic guiding of the hybrid mode reduces the back scattering and di�raction

of fields while maintaining a close enough e�ective index to that of the waveguide

mode [35, 107] (neff,HGP W = 2.79 and neff,grating = 2.84). Feedback is provided by
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two sets of metallic DBRs (Distributed Bragg reflectors) placed at both ends of the

waveguide. Metallic gratings were chosen to simplify the fabrication process.

Figure 5.1(b) shows the vacuum wavelength normalized propagation length, Lp(⁄0)

versus the normalized modal area, A/A0, for a gap width range of W = 5 ≠ 3000 nm.

The modal area was defined according to Eqn. 3.5 and A0 = ⁄2
0/4. With reference to

the field distributions in the insets of Fig. 5.1(b), it is clear that similar to Fig. 3.6(a)

the increase in propagation length at larger gap widths can be attributed to a larger

contribution of the photonic-like component to the hybrid mode.

Figure 5.2 – (a) Modal loss of the fundamental HGPW mode as a function of gap width.
(b) Eikonal value as a function of gap width for di�erent taper angles (shown in degrees).

The relationship between the modal loss, –loss,wg and W is plotted in Fig. 5.2(a).

Here –loss,wg = 2|⁄{neff}|K0 where neff is the e�ective index of the hybrid mode and

K0 = 2fi/⁄0. The analytic expression of –loss,wg can be found in Appendix G. The

distinction between the plasmonic-like and the photonic-like regimes is manifested

by a change in slope gradient at W ¥ 50 nm. Beyond this width, the modal loss

decreases gradually with increasing gap width. The design of the taper angle must

meet the requirement of the adiabatic guiding condition. Figure 5.2(b) describes the

dependence of the Eikonal parameter, ”E, on W for various angles [34, 153]. The

Eikonal is defined as:

”E = 1
K0

����
dŸ(—(z))≠1

dz

���� (5.1)

where — = neffK0. Adiabatic guiding is ensured when ”E < 1. For this particular

HGPW configuration, unless the gap width goes down to sub 20 nm, the adiabatic

condition is always met for a wide range of tapering angles.
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A waveguide width in the region of 195 nm was chosen. In this regime, the modal

property is dominated by the photonic characteristics while the crossover to domi-

nantly plasmonic mode only occurs at W ¥ 25 nm [35], leading to a large overlap

between the fundamental mode and the gain medium. The relatively larger gap width

also allows an e�cient optical pumping mechanism (Section 5.3) to be incorporated

into the measurement system.

5.1.2 DBR design
The two most important variables when it comes to designing a DBR is the pitch of

the grating and the filling factor (FF).a There are many excellent descriptions of DBRs

used in lasing applications in the literature [86,93,154]. Also, the physics of DBR op-

eration based on coupled mode theory can be found in Section 2.4.1 and Appendix B.4.

The central wavelength of a DBR’s reflection spectrum follows the relationship:

� = ⁄0/2neff where � is the period of the DBR. Thus, for a GaAs gain spectrum

covering the wavelength range 800 - 900 nm, the range of � of interest is: 140 - 160

nm when neff = 2.79 for the HGPW of W = 195 nm. In this particular configuration,

the reflectivity of metallic DBRs also depends on how far they are positioned away

from the GaAs core. While the HGPW mode is constrained by Gcritical,b the DBRs

could be brought closer to the GaAs core to increase the reflectivity. This separation

between the DBRs and the GaAs core is denoted as S to distinguish from the separa-

tion between the waveguide and the GaAs core, G.

Figure 5.3 summarizes the dependence of DBR spectra on �, FF and the number

of metallic bars, Nb. Regardless of the values of � or FF, higher Nb values always lead

to a higher peak reflectivity of the DBRs and a narrower bandwidth of the reflectivity

spectrum. Even though an increase in FF does give rise to a slight blue shift of

the reflection spectra and a reduction in the peak reflectivity, the major factor that

determines the spectral position of a DBR is its period. It is clear that, the reflectivity

spectrum blue-shifts with smaller periods. Accompanying this blue-shifting behaviour
aFF is expressed as a ratio of the grating period. For example: for � = 150 nm and FF = 0.5,

the width of the metallic bar is 75 nm.
bGcritical is the cuto� spacer thickness of a HGPW mode introduced in Section 3.2.2.
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Figure 5.3 – Spectral shift in reflectivity of metallic DBRs for various combinations of
spacer thicknesses (G = 10 nm for 2-step devices and G = 20 nm for 1-step devices), number
of metal bars, filling factor (FF) and di�erent grating periods. (a) S = 10 nm, FF = 0.5,
� = 140 ≠ 160 nm, Nb = 15, 20, 25 bars (b) S = 10 nm, Nb = 20 bars, � = 140, 150, 160 nm,
FF = 0.4, 0.5, 0.6. (c) S = 20 nm, FF = 0.5, � = 140, 150, 160 nm, Nb = 15, 20, 25 bars (d)
G = 20 nm, Nb = 20 bars, � = 140, 150, 160 nm, FF = 0.4, 0.5, 0.6.

is a reduction in the peak magnitude of the DBR reflectivity. Figure 5.3(a,b) show

the results of S = 10 nm and Fig. 5.3(c,d) display those of S = 20 nm. Clearly, the

closer the DBRs are to the GaAs layer, the higher the index contrast between the

filled (metallic bars) and un-filled parts within one period, resulting in a higher peak

reflectivity for a given period, FF and Nb.

5.2 Fabrication process
For a good overlap with the gain medium, we chose W ¥ 195 nm, giving a mode

overlap with the GaAs core region of ¥ 80%,c a modal area of ¥ 0.048⁄2
0 and a modal

cThe analytic expression of the modal overlap is given in Appendix G.
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loss of ¥ 620 cm≠1 at ⁄0 = 850 nm.

The fabrication process of the GaAs HGPWs is summarized in Fig. 5.4(a). Etch

windows were created using reactive ion etching with a SiCl4/Ar plasma, following by

40% HF etching of a sacrificial 2 µm thick Al0.65Ga0.35As layer to create 100 nm thick

suspended GaAs membranes. The size of the undercut regions was kept to about 25

x 20 µm to ensure membrane integrity. However, these dimensions put a limit on the

size of the grating and the cavity that could be fabricated on the membranes.

The problem of surface recombination in the exposed thin suspended GaAs mem-

brane was overcome by growing two 5 nm thick InGaP layers either side of the GaAs

membrane during MBE (Molecular Beam Epitaxy) [31,32].d In Fig. 5.4(b), photolu-

minescence (PL) intensities as a function of pump power were plotted for the bulk and

membrane regions of passivated and unpassivated samples. PL yields were observed

to improve by more than 2 orders of magnitude for the passivated GaAs membranes.

In particular, the emission from passivated bulk and passivated membrane regions

attained similar PL compared to an order of magnitude di�erence when both were

left unpassivated.

Figure 5.4 – (a) Summary of fabrication steps. (b) Photoluminescence (PL) intensity from
samples with and without passivation layers as a function of pump power at ⁄ = 650 nm
demonstrating the e�ect of surface passivation. These measurements were taken by Dr.
Lucas Lafone [152].

dThe semiconductor growth and etching process were done at the University of She�eld by our
collaborators Dr. Edmund Clarke and Dr. Paul Fry.
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Figure 5.5 shows microscopic images of the undercut membranes grown by two

methods MOCVD (Metal-Organic Chemical Vapour Deposition) and MBE. Circular

and rectangular windows were made to test the integrity of the membranes under HF

etching. Preliminary experiments showed that the use of rectangular windows and

MBE results in better material quality and higher resistance to membrane collapse.

The flow chart shown in Fig. 5.6 summarizes the steps taken to make a finished device

after the suspended membranes were made.

Figure 5.5 – (a) Microscopic images of membranes grown by MOCVD (circular windows)
and (b) MBE (rectangular windows). The blue symbols shown in (b) indicate the spatial
locations of data points shown in Fig. 5.4(b).

Figure 5.6 – Flow chart of fabrication process detailing the patterning of waveguide and
grating and SiO2, Au deposition op top of a suspended GaAs membrane. SAM stands
for self-assembled monolayer. The detail of this fabrication is given in Appendix I. The
fabrication of the devices was done by Dr. Michael P. Nielsen at Imperial College London. I
was in charged of designing the device using a CAD (Computer-aided design) machine and
imaging the devices using SEM.

The use of metallic gold DBRs to define the cavity enables both the waveguide and

the feedback sections to be fabricated in a single lithography step using EBL (Electron

beam lithography). These 1-step devices have S = G = 20 nm: the waveguide and

DBRs are at the same distance from the GaAs core. To improve the DBR reflectivity,

a second device design was considered where the gratings and the waveguide were
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fabricated in two separate lithography steps (referred to as 2-step devices). Here S =

10 nm while G remains at 20 nm. Additionally, following the first lithography step,

DBR-only devices consisting of two sets of metallic gratings spaced 10 nm away from

the GaAs core and without the waveguide section in between, were fabricated. These

DBR-only devices could be used to assess the cavity loss, excluding modal losses. Fig-

ure 5.7(a) illustrates the side view and SEM (Scanning Electron Microscope) images

of all three device designs considered. Two zoom-in SEM images of the metallic cavity

and the metallic bars are shown in Fig. 5.7(b,c).

Figure 5.7 – (a) Sketch of side view and SEM images of fabricated structures: 1-step device
with S = G = 20 nm, DBR-only device with S = 10nm and 2-step device with S = 10 nm,
G = 20 nm. (b) Waveguide width. (c) Metallic Grating.

5.3 Experimental set-up and characterization method
The devices were optically pumped near an absorption peak of the geometry at 725

nm with 150 fs laser pulses at a repetition rate of 100 kHz. A Chameleon Ultra
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Ti-Sapphire mode locked laser of frequency f = 80 MHz was used to pump the de-

vices. At this repetition rate, heating e�ects could lead to irreversible damages to the

membranes and the metal. Thus, we used a pulse selector to reduce the repetition

rate by 1/800. We pumped the laser using an elliptical beam, which was shaped by

a cylindrical lens and was centered along the long axis of the device, as illustrated in

Fig. 5.8(a). The whole region of the device, including the gratings, was illuminated.

These pump photons made their ways to the core GaAs, promoting valence electrons

to the conduction band. The relaxation of these excited electrons leading to photons

being preferentially emitted into the fundamental transverse mode of the system—the

HGPW mode—together with the feedback provided by the DBRs at both ends of the

device (denoted by the red returning arrows in Fig. 5.8(b)) gave rise to a population

inversion and consequently lasing action.

Figure 5.8 – (a) Top-down and (b) cross-section of the pumping and collection method
of hybrid gap plasmon GaAs nanolaser experiment. The elliptical pump beam was centred
along the long axis of the device. The returning red arrows indicate the feedback mechanism
provided by the DBRs. As the reflectivity of the DBRs is not unity, part of the stimulated
emission got lost outside of the cavity or scattered upward by the gratings and imperfections
along the waveguide, indicated by the curled red arrows.

Due to fabrication imperfections and impurities on the sample surface, the in-plane

lasing signals could be scattered upward along the waveguide gap (Fig. 5.8(b)). By

design, the DBRs only gave a high reflectivity to the TE HGPW mode traveling in

the plane of the membranes, while acting as poor out-couplers to the far-field. FDTD
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Figure 5.9 – In-plane reflection and percentage of field scattered from the top of the
devices of various grating periods with Nb = 25 and FF = 0.4 for the existing TE and
TM modes. Simulations were done in Lumerical FDTD Solutions using a mode source of
the slab waveguide and two field monitors above the grating for scattering calculation and
behind the mode source for reflectivity calculation.

simulation results shown in Fig. 5.9 confirm that the DBRs scatter weakly to the

far-field for both TE and TM waves—scattering from the top of the grating has an

e�ciency of < 4%. With the chosen dimensions of the grating, the TM mode is sup-

pressed with negligible feedback or scattering. This scattering property of the TE

wave means that by collecting emission from the top of the device with a limited

collection angle, we e�ectively only access a small fraction of the laser emission.

These upwardly scattered signals were then collected using a low noise liquid nitro-

gen cooled Spec-10 Si detector and Princeton Instruments SP-2300i spectrometer. By

modelling the pump spot as a 2D Gaussian beam and taking into account the geom-

etry of the pumped region, the absorption in the GaAs gain region was estimated to

be 10%, with most of the energy absorbed in the taper regions (¥ 70%). A sketch of
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the experimental set-up is shown in Fig. 5.10. The pump wavelength was chosen to

maximize absorption in the GaAs core based on transfer matrix approach (TMA) (see

inset A in Fig. 5.10) [97]. The TMA treats the structure as a 1D stack of materials.

The absorption of the core layer was found by representing the propagation of plane

waves across interfaces and within materials as a scattering matrix.

Figure 5.10 – Set-up of the experiment. Inset A shows the amount of absorption inside the
100 nm GaAs layer based on TMA as a function of wavelength and ⁄pump = 725 nm. This
calculation assumes that we have a suspended GaAs membrane with an air gap of roughly
2000 nm underneath.

5.4 Results and Discussion

5.4.1 Data analysis method
The 2D CCD (Charge-coupled device) detector allows a 1D spatial vs spectral map

of a device’s response to be created. Figure 5.11 shows an example of the spectral

map of the signal. A typical spectrometer consists of several gratings mounted on

a rotating stage. The resolution power and the spectral range of the spectrometer

depend on the groove spacing of the grating, the grating width and the di�racted

angle. At 0th di�raction order, the grating acts like a mirror reflecting the incoming
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signal onto the 2D CCD. In this case, the obtained image shows a spatial distribution

of the collected light in real space (Fig. 5.11). In our case, the collected signal along

the long axis of the lasers was resolved spatially. The real space image shows that the

collected light came mostly from the DBR areas and beyond the cavity. By changing

the angle of the spectrometer’s grating with respect to the incoming signals, we were

able to resolve the signal both spatially and spectrally. The spectrally resolved image

in Fig. 5.11 shows the corresponding spectrum of the real space image on the left.

While the vertical axis maintains the initial spatial resolution, the horizontal axis now

shows the wavelength dependent property of the signal.

Figure 5.11 – 2D CCD images of spatial and spectral resolution of the signal from a 1-step
device with � = 150 nm. In the 0th order operation, the grating acts as a mirror and has
no spectral resolution power (Real space). Spectral and spatial resolution of the signal at
the central wavelength of 850 nm is shown in the spectrally resolved image.

5.4.2 Lasing action in 1-step devices
The characteristics of a typical 1 step-device with a grating period of � = 150 nm

and W ¥ 195 nm are summarized in Fig. 5.12. The data was taken from a single

horizontal pixel line across the middle of the device. Figure 5.12(a) shows a clear

spectral change in the response of the device when the pump energy is increased. A

peak appears in the broad spectral response of the spontaneous emission as stimulated

emission begins to dominate. The insets show two camera images of the PL response

of the device below threshold (1) and above threshold (2). When the device enters the
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Figure 5.12 – (a) Spectral response of photoluminescence of the device in di�erent pump
regimes. Insets show spatial locations where the signals come from below (inset 1) and
above (inset 2) the lasing threshold (images shown here are subject to comparable intensity
scale). (b) Polarization characteristics of the lasing signal. The data plotted here was taken
from the whole device above threshold. The polarization direction is defined with respect
to the cavity orientation. (c) Integrated intensity of the signal as a function of pump energy
density. (d) FWHM of the lasing signal as a function of pump intensity [152].

stimulated emission regime (2), most of the signal predominantly originates from the

ends of the device rather than being distributed evenly across its whole area (1). The

scattered light is shown to polarize mostly in the direction perpendicular to the long

axis of the waveguide (black double arrow in Fig. 5.12(b)). This is a clear indication

that the lasing response originates from a TE-like hybrid gap mode.

Figure 5.12(c) presents the integrated intensity of the PL spectra, Iint, as a function

of pump energy density, normalized by the simulated pump absorptivity of the device.

The kink signature of the onset of lasing is observed here, with amplified spontaneous
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emission followed by stimulated emission. The lasing characteristic is further em-

phasized by a reduction in the FWHM (full width at half maximum) followed by a

broadening of the lasing peak as the pump continues to increase (see Fig. 5.12(d)).

This phenomenon was also observed in other laser devices [155].

The extent and behavior of the spontaneous emission background in our data is

also influenced by the emission material extending well beyond the lithographically

defined cavity. Although the extension of signals beyond the gratings can be seen in

Fig. 5.11, it is worth noting that our imaging system was not able to spatially resolve

signals in the horizontal direction, transverse to the long axis of the device. While

a laser response will only be achieved in the cavity region, spontaneous emission can

emanate from other areas exposed to the pump beam as well as areas pumped by

emission from the cavity region due to the continuous extent of the gain medium. We

thus observe regions where the carrier concentration does not clamp at the laser cavity

threshold, which has also been observed in other nanoscale laser designs [156,157].

5.4.3 Gain and loss analysis of lasing action
The total cavity losses in these lasers consist of the modal loss –mode(⁄), which is a

function of the HGPW mode field distribution, and the mirrors loss, –mir(⁄), which

defines the feedback e�ciency. To separate these two loss mechanisms and estimate

their individual contributions to the total loss, we further analyze the response of

2-step and DBR-only devices. Owing to the higher DBR reflectivity, 2-step devices

had lower lasing thresholds: in this case, a 25% increase in DBR reflectivity resulted

in a decrease of lasing threshold by nearly half. This suggests that cavity feedback

was the dominant loss mechanism for the 1-step devices.

Our analysis of the material gain and carrier concentration of the lasing condition

was built upon the semiconductor gain model of bulk GaAs and free carrier theory

developed in Chapter 4. Figure 5.13(a) plots the material gain and its associated

induced refractive index, nind, as a function of wavelength. The band-filling e�ect

leads to a blue-shift in the gain spectra of GaAs as the carrier density gets larger.

An increase in carrier concentration, N , results in a substantial reduction of the re-
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Figure 5.13 – (a) GaAs material gain and carrier induced refractive index change as a
function of wavelength for di�erent values of carrier concentration, N. Line colors indicate
di�erent values of carrier concentrations. (b) Peak wavelength of the observed lasing signals
as a function of pump intensity for a typical 2-step device of W ¥ 195 nm and � = 150 nm.
(c) Numerical simulation of the in-plane reflection of the gratings for three di�erent periods:
� = 150 nm, 155 nm and 160 nm of 2-step devices, S = 10 nm, FF = 0.4 and Nb = 25.
Correspondingly shown here are the spectral responses of these devices at a pump density
of ¥ 190 µJ/cm2. Line colors show di�erent values of grating period [152].

fractive index of GaAs across the wavelength range of interest. Figure 5.13(b) shows

the experimentally observed shift of the lasing peak wavelength as the pump intensity

increases for a 2-step device of W ¥ 195 nm and � = 150 nm. Here, the maximum

wavelength value monotonically reduces following the onset of lasing. Meanwhile, a

group index, ng ¥ 6.9 was determined near threshold via �⁄ = ⁄
2

2ngL
, using the three

visible laser modes. This exceeds ng = n ≠ ⁄dn

d⁄
= 4.4—obtained from numerical

simulations where a passive GaAs layer was used. This discrepancy arises from the

increased dispersion in the high gain regime, further emphasizing the role of carrier

induced refractive index change in the operation of these plasmonic lasers.

Using values of nind calculated from our gain model, the in-plane reflection of the
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DBRs simulation was carried out for N ¥ 1019 cm≠3. The simulated reflection of the

gratings and the experimental data of their corresponding HGPW devices are shown

in Fig. 5.13(c-f) for the case of 2-step devices. Without accounting for carrier in-

duced refractive index change, simulated DBR reflection bands would be red-shifted

by roughly 20 nm with respect to those shown in Fig. 5.13(c). It is worth noting that

the gain bandwidth is roughly twice that of the DBR stop band. The lasing wave-

length therefore should fall into the region where the overlap of these two distinct

spectral responses gives su�cient gain to overcome the total loss of the device.

In the case of DBR-only devices, the cavity mode was the TE mode of the slab

waveguide. This low loss photonic mode does not contribute significantly to the total

loss of the device. Here we have assumed that both the HGPW mode and the TE slab

mode have similar reflectivities for a given DBR, hence similar mirror losses. This

assumption is based on the fact that at W ¥ 195 nm, the e�ective indices of the TE

slab mode and the HGPW mode are approximately equal. In this large gap regime,

the photonic component of the hybrid mode starts to dominate over its plasmonic

counterpart as explained in Section 3.2.2.

For 2-step devices, the total loss can be separated into, –tot(⁄) = –mode(⁄)+–mir(⁄)

where –DBR≠only ¥ –mir based on the above argument. Figure 5.13(d-f) suggest DBR

reflectivities of ¥ 65 ≠ 70% at peak reflection for the three periods considered. This

similarity in reflectivities for the di�erent grating periods means that we can approx-

imate all gratings under consideration to have the same mirror loss. By maintaining

identical metal gap widths (W ¥ 195 nm) to ensure similar modal losses, we can

assume that regardless of grating periodicity, all 2-step devices have comparable total

device loss albeit their di�erent lasing wavelengths.

Figure 5.14(a) shows emission spectra for DBR-only and 2-step HGPW devices near

their respective threshold pump conditions. A clear blue-shift of the emerging lasing

peaks (arrows in Fig. 5.14(a)) occurs for each 2-step device relative to the DBR-only

device of the same grating period due to the addition of modal losses. These distinct

lasing wavelengths reflect the di�erent threshold gain and corresponding carrier con-
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Figure 5.14 – (a) Photoluminescence spectra of DBR-only devices (dash lines) and corre-
sponding 2-step devices (solid lines) of the same grating period for � = 150 nm, 155 nm
and 160 nm at power values near thresholds (for the 2-step lasers, W ¥ 195 nm). (b) Peak
gain and gain at particular wavelengths plotted as a function of carrier concentration [152].
Lines of equal gain are represented as horizontal dotted lines.

centrations required. The dependence of gain on carrier concentration for the four

laser wavelengths identified in Fig. 5.14(a) are plotted in Fig. 5.14(b). To estimate

the threshold gain, we need to know the relationship between threshold pump inten-

sity, Pth (⁄) at a given wavelength and threshold carrier concentration Nth. However,

calculating Nth directly from Pth(⁄) would involve speculation of the various hidden

e�ciency factors such as pumping conditions, design geometry and intrinsic gain prop-

erties. Nonetheless, by assuming that Nth is a monotonic function of Pth(⁄), we can

determine bounds for the required threshold gain in our devices.

It should be emphasized here that the gain of bulk GaAs material is a function of

both ⁄ and carrier concentration, N . Thus, two di�erent sets of ⁄ and N can give the

same value of GaAs gain, shown as black dotted lines in Fig. 5.14(b). Assuming that

all 3 gratings (� = 150 nm, 155 nm and 160 nm) lead to the same cavity loss in 2-step

devices, we expect threshold gain to be the same while any di�erences in threshold

power can be attributed to the di�erent operation wavelengths and threshold carrier

concentrations of these devices. The same argument can be applied to DBR-only

devices, implying that these devices can also be assumed to have approximately iden-

tical threshold gain. This is the key assumption in estimating the threshold gain and
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the threshold carrier concentration in this work.

In the case of the DBR-only devices, we observed that the device with � = 160

nm had the lowest lasing threshold. This implies that the threshold power density of

the three devices follows the relationship: Pth(863 nm) < Pth(835 nm) and Pth(848

nm), where the lasing wavelengths of DBR-only devices of � = 150 nm, 155 nm, 160

nm are ⁄ ¥ 835 nm, 848 nm, 863 nm respectively. We can directly deduce Nth(863

nm ) < Nth(835 nm) and Nth(848 nm). This deduction together with the condition

that the threshold material gain, –th, of these three devices must be equal imply that

point A in Fig. 5.14(b), which corresponds to N ¥ 2.55 ◊ 1018 cm≠3, sets an upper

bound for the mirror loss, –mir < 430 cm≠1.e With a cavity length of 6.5 µm, the

estimated DBR reflectivity was 75.6%, in reasonable agreement with the simulated

peak reflectivities of the three DBRs shown in Fig. 5.13(d-f).

A similar observation reveals that for the case of 2-step devices, the device with

� = 155 nm obtained the lowest threshold. Here, the lasing wavelengths of the 2-step

devices for � = 150 nm, 155 nm, 160 nm are ⁄ ¥ 822 nm, 835 nm, 848 nm, respec-

tively. Given that Nth(835 nm) < Nth(822 nm) and Nth(848 nm), the only region,

where the conditions of having similar gain thresholds and obtaining the above Nth

relationship are both satisfied, lies between points B and C—defining upper and lower

bounds, respectively. Therefore, the threshold material gain for a typical 2-step device

must be in the range of 1300 - 2000 cm≠1, which is equivalent to Nth = 3.8≠5.2◊1018

cm≠3. Accounting for the mirror loss, –mir < 430 cm≠1, and with the GaAs/mode

overlap factor of 80%, this suggests a modal loss in the range of 650 < –mode < 1130

cm≠1, where the calculated value is 620 cm≠1.

The question remains is how we can be sure that the mode that lased was the

HGPW mode. A study by Nielsen, et al., illustrated the existence of this mode along

the gap for a width of 24 nm in SOI-based HGPW [35] using selective spatial de-

position of CdSe/ZnS quantum dots. Though not directly, our study of gain/loss

eThis calculation takes into account the overlap factor of the TE slab mode of a DBR-only device,
which is above 90%.
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compensation in these nanolasers confirmed the hybrid mode existence by comparing

the level of losses in photonic and hybrid devices (DBR-only vs 2-step devices). While

a photonic mode has a negligible modal loss, a hybrid mode (HGPW mode) has a

fairly high modal loss. Both our numerical simulation and experimental demonstra-

tion show that the modal loss of lasing modes in 2-step devices is well above 600 cm≠1.

To assess the feasibility of electrical pumping of such a laser, the bounds on Nth

can be linked to the lasing threshold current density, Jth, via: Jth = eNthH/· . Here,

· = 1 ns, representing the carrier lifetime. With Nth ¥ 3.8 ≠ 5.2 ◊ 1018 cm≠3, this

estimation results in a value of Jth ≥ 6 ≠ 8 kAcm≠2.

5.5 Summary
We experimentally demonstrated a hybrid gap plasmon GaAs nanolaser operating at

room temperature, emitting in the near infrared and exhibiting relatively low lasing

threshold carrier densities. The problem of surface recombination in GaAs was solved

by growing two InGaP passivation layers either side of the planar GaAs slab. This is

possible here as our design did not require etching of the semiconductor near the laser

cavity for optical confinement. Laser resonators were defined only by patterning gold

on top of these GaAs membranes, which would introduce additional surface recom-

bination. Our gain analysis suggests that a material gain in the region of 1300-2000

cm≠1 is required to achieve lasing—potentially achievable with a current density of 6

- 8 kAcm≠2. It was found that although the intrinsic high loss of the plasmonic de-

vice could be compensated, dispersion in this high gain regime was severe, requiring

careful consideration in future device design.

Since the scalability of any nanolaser demands a fabrication method that ensures

reproducibility and a device design that can both e�ciently confine light and allow

potential incorporation of electrical injection [101,150,158–160], hybrid gap plasmon

lasers built on suspended GaAs membranes, with their simple yet well controlled

lithographical fabrication, represent a move toward practical plasmonic lasers and

enable potentially greater integration into the current electronic infrastructure.
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The importance of these lasing and dispersion results in the context of applying

Parity-Time Symmetry (PTS) to practical optoelectronic systems is two-fold. Firstly,

although our results confirm the feasibility of achieving su�cient gain in highly func-

tional optoelectronic devices, they also suggest that the strong e�ect of dispersion can

potentially damage the establishment of an exceptional point in a PTS system. The

detrimental consequences of high loss/gain and dispersion in PTS coupled waveguides

is the topic of the next chapter.

Secondly, this demonstration of a functioning plasmonic laser paves the way for

potential applications of spatiotemporal PTS systems based on coupled nanolasers.

As outlined in Section 2.1, coupled lasers obeying PTS can exhibit unusual physical

phenomena such as loss-induced lasing, single mode lasing and perfect laser-absorbers.

Plasmonic lasers with their intrinsic high loss can not only easily satisfy the PTS re-

fractive index distribution requirements but also provide sub-wavelength confinement,

facilitating chip-scale applications of PTS coupled laser systems.
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Recovering PTS in highly dispersive

coupled waveguides

In this chapter, we make use of the coupled mode theory (CMT) formalism to under-

stand the origin of various imperfect Parity-Time Symmetry (PTS) e�ects and hence

propose a mechanism which facilitates the recovery of PTS in highly dispersive optical

systems. Even though various coupled PTS systems have been demonstrated in the

literature, the establishment of the ideal index profile n(x) = n(≠x)ú in practice is

di�cult due to the challenge of controlling gain, loss and material dispersion simulta-

neously, as shown in the plasmonic nanolaser study in Chapter 5, leading to various

observations of imperfect PTS. Consequently, most research has focused on dilute or

low gain optical systems of just a few hundreds cm≠1 where material dispersion is

minimal.

We will first look at how the coupling coe�cients of CMT can be analytically

evaluated. To do this, we study a theoretical 1D model of a PTS system made up of a

GaAs core with potentially high gain (>1,500 cm≠1). We then investigate the smooth

transitions between PTS phases under the influence of imbalanced gain/loss, modal

mismatch and dispersion. This analysis is followed by the introduction of a recovery

mechanism where working with non-identical waveguides and bias pumping, the key

features of PTS optical systems are recovered.

98
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6.1 Components of CMT in 1D coupled systems
To understand the origin of imperfect PTS, we need to look closer at the behaviours

of CMT’s coe�cients and see how a deviation from perfect PTS influences them. By

modeling a coupled optical system as simple 1D waveguides, it is possible to evaluate

the parameters of CMT analytically, and then use them to understand the di�erent

degrees of imperfection in practical PTS devices. Consider the most general case of

coupling between two first order TE modes of semiconductor slab waveguides with

Eµ(x,z) = Aµ(z)Eµ(x)ei—µz (Fig. 6.1). For simplicity, the whole structure is clad

with the same material of refractive index nc, leading to a perturbed permittivity

�‘µ(x) = ‘0(‘‹ ≠ n2
c
)◊‹(x) where ◊‹(x) is the top-hat function defining the spatial

distribution of the refractive indices and ‘‹ = n2
‹
. The subscripts µ, ‹ = 1, 2 are the

mode label. Based on the mathematical expression of Ÿµ‹ outlined in Appendix B.1,

Eqn. B.3, the coupling coe�cients can be computed as [86]:

Ÿ̂µ‹ = Ê‘0(‘µ ≠ ‘c)
Z Œ

≠Œ
E

ú
µ

· ◊µ

✓
x ≠ xµ

dµ

◆
· E‹dx = Ê‘0(‘µ ≠ ‘c)fµ(x) (6.1)

Figure 6.1 – Spatial dimensions of the coupled system. Each individual waveguide is
symmetric with lossless cladding layers of index nc and lossy/gainy cores of indices, nµ =
nÕ

µ ± inÕÕ
µ [161].

In the conventional case of lossless CMT with identical waveguides, Eqn. 6.1 implies

that Ÿ12 = Ÿú
21; in PTS systems with zero net gain/loss, recall that Ÿeff = Ô

Ÿ12Ÿ21,

hence Ÿeff is always real. This condition holds subject to the approximation of weak

coupling of CMT and that no gain-induced dispersion is present. According to the
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form of the Hamiltonian in Eqn 2.11, PTS behaviours also depend on ”mode. In an ideal

PTS situation, Ÿeff must be purely real and ”mode purely imaginary. Any departure

from these upsets the abrupt transition at the exceptional point (EP) [51], as discussed

in Section 2.4.1. Our analysis of non-ideal PTS in this chapter goes beyond the simple

case of unbalanced gain and loss to include a modal mismatch and dispersion e�ects.

6.2 GaAs-AlGaAs coupled waveguides
To facilitate the analysis of practical PTS systems, we use GaAs as our core material.

GaAs exhibits both gain/loss characteristics, making it a suitable material for the

construction of an active PTS coupled waveguide system. Without pumping, GaAs is

a highly lossy material. This loss can become gain by externally pumping the GaAs

layer. Thus, by having a pumping mechanism where the pump power is controlled

separately in each waveguide, we can simultaneously vary the gain/loss level in this

coupled system.

The cladding material is assumed to be Al0.8Ga0.2As of nc = 3.1 at ⁄ = 850 nm.

Al0.8Ga0.2As has a bandgap of 2.07 eV, corresponding to a wavelength of 600 nm [162].

The results of the GaAs gain and carrier-induced dispersion model were presented in

Chapter 4. A summary of relevant characteristics of bulk GaAs in the high gain regime

for emission at 850 nm is given in Fig. 6.2. The focus here is on the gain-induced

dispersion, ”nind. Figure 6.2 (b-d) clearly illustrate the drawback of having high gain

in a PTS device. With more and more carriers made available, the increase in gain

slows down, reaching a saturating region while ”nind continues to change rapidly.

6.3 Analytic and numerical calculations of supermodes

in coupled systems
Explicit calculation of coupling coe�cients discussed in the previous section requires

the modal field distribution of each waveguide and the permittivity perturbation,

�‘(x). The calculation of complex propagation constants and field distributions for

lossy waveguides are outlined in Section 3.1.2 and Appendix D.
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Figure 6.2 – (a) Gain and carrier induced refractive index as a function of photon energy.
Arrows point in the direction of increasing carrier concentration. (b) Real and imaginary
part of nGaAs at ⁄ = 850 nm as a function of carrier density. (c) Available gain versus
carrier concentration at ⁄ = 850 nm and at peak gain values. (d) Ÿ{nGaAs} as a function
of ⁄{nGaAs} at 850 nm [161].

Figure 6.3 shows the COMSOL numerical and analytic calculations of the eigen-

values for the ideal PTS scenario (n1 = nú
2 and f1(x) = f ú

2 (x)) and various waveguide

separations. The mode solver under the RF module in COMSOL v4.3a was used to

solve for the e�ective refractive indices of the supermodes. A maximum element mesh

size of 0.1 µm and a minimum element mesh size of 0.2 nm were implemented to

achieve reasonable convergence. Gain and loss were modeled as negative and positive

values of the imaginary parts of GaAs.

The numerical and analytic results agree well with each other for separations above

s=100 nm. Below this separation, a discrepancy between the two results arises; how-

ever, there is no dramatic breakdown of CMT as the coupling strength increases. CMT

is also robust against loss and gain added to the system. CMT predicts a smaller cou-
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pling compared to numerical solutions for cases of separation smaller than 100 nm.a

This is because at these small separations, the spatial overlap of the two codirectional

TE modes becomes significantly larger and the simple perturbation theory no longer

accurately describes the coupling process. Higher order terms must now be employed

to explain the strength of the coupling mechanism in this regime. Descriptions of

the modified perturbation theory and the strong coupling mechanism are beyond the

scope of this thesis. In this work, the chosen dimensions of our system fall into the

coupling regime in which the physical description of CMT is su�ciently accurate.
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Figure 6.3 – Simulation and analytic results of ±‡0 as a function of ⁄{nGaAs}. The results
are plotted for d1 = d2 = d = 500 nm (a, c) and d1 = d2 = d = 900 nm (b, d) under ideal
PTS configuration for n1 = nú

2 at ⁄ = 850 nm and n1,2 = 3.6468 ± i⁄{nGaAs}. Di�erent
colours correspond to the results of three separation distances, s = 50-200 nm . Here, ‡0,
‡± = neff±, Ÿeff and ”mode have been normalized to K0 = 2fi/⁄ [161].

Having obtained the analytic expressions of CMT’s components and the numerical

simulation of the supermodes, we are now able not only to assess the practical in-
aWhen plotting ‡± as a function of nÕÕ

µ = ⁄{nGaAs} for s < 100 nm, besides a horizontal
discrepancy in the position of the EP there is also a vertical di�erence between CMT and numerical
solutions. This observation further confirms the breakdown of CMT in the close proximity limit of
the two waveguides.
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fluences of various deviations from ideal PTS, but also to evaluate the robustness of

CMT against modifications from its conventional usage in lossless coupled systems.

6.4 Imperfect PTS systems

6.4.1 Imbalance in gain and loss
In practice, it is very di�cult to achieve exactly equal gain and loss in a coupled

system as gain and loss are often controlled by two separate physical mechanisms.

Loss is often introduced via the addition of metals while gain is incorporated via

either electrical or optical pumping of a gain material. Using Eqn. 6.1, it was found

that [161]:

Ÿ12 = Ÿú
21

�‘1
�‘ú

2

f2(x)
f ú

1 (x) (6.2)

In the case of identical waveguides where ‘ÕÕ
π ‘Õ and ”‘ = ‘Õ

1 ≠ n2
c

= ‘Õ
2 ≠ n2

c
, we

arrived at [161]:

Ÿ12 ¥ Ÿú
21(1 + i

‘ÕÕ
1 + ‘ÕÕ

2
”‘

) (6.3)

The modal asymmetry, f2(x)/f ú
1 (x), is assumed to vary weakly in this situation such

that ⁄{Ÿeff}/Ÿ{Ÿeff} ¥ (‘ÕÕ
1 + ‘ÕÕ

2)/”‘. A number of theoretical reports have predicted

that optical PTS systems with net gain/loss are mappable onto the ideal PTS for-

malism [42, 48, 76]. However, it should be strongly emphasized that this mapping is

only strictly feasible if Ÿeff is assumed to be real. The reality of Ÿeff in turn relies

on the assumption that the net gain/loss does not a�ect the symmetry of the mutual

coupling coe�cients, i.e. the condition Ÿ12 = Ÿú
21 is still met. Following Eqn. 6.2

and 6.3, if this assumption is relaxed, the modified complex coupling coe�cient, Ÿeff ,

can be used to quantify the e�ects of imbalanced gain and loss in this non-ideal PTS

system. Here, Ÿeff can take complex value—a departure from the ideal PTS coupled

system.

For an imbalance of gain and loss (nÕ
1 = nÕ

2 and |nÕÕ
1| ”= |nÕÕ

2|), the di�erence in |nÕÕ
µ
|

between the two GaAs core layers is conveniently expressed as: nÕÕ
1,2 = g0,GaAs ±�GaAs

where g0,GaAs can be either negative or positive depending on whether the overall

system exhibits net loss or net gain. g0,GaAs = 0 corresponds to an ideal PTS system.
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Figure 6.4(a,b) show the eigenspectra of the coupled system for various values of

g0,GaAs and the location of the phase transition point is denoted as –EP on the gain

spectrum. For g0,GaAs ”= 0, a residual splitting of the modes near the position of

–EP exists. This residue increases with the magnitude of |g0,GaAs|. The two phases

of the PTS system are no longer well-defined as ‡0 is always complex along the gain

spectrum. A close look at the extracted parameters from CMT (Fig. 6.4(c,d)) reveals

that the splitting is caused by the emergence of the imaginary part of Ÿeff . Here, ‡0

can be approximated as [161]:

‡0 ¥

r
|Ÿ21|2 + ”2

mode
+ i|Ÿ21|2

(‘ÕÕ
1 + ‘ÕÕ

2)
”‘

(6.4)

With the use of a complex Ÿeff , CMT agrees qualitatively with COMSOL numerical
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Figure 6.4 – (a,b) Real and imaginary parts of ±‡0 as a function of �GaAs for three
values of g0,GaAs = g0 (results from each g0 case are shown as a di�erent colour). Here,
d1 = d2 = d = 500 nm, s = 120 nm at ⁄ = 850 nm and n1,2 = 3.6468 + i(g0,GaAs ± �GaAs),
”GaAs = (nÕÕ

1 ≠ nÕÕ
2)/2 = �GaAs. (c-d) Extracted parameters from CMT. Comparison of

the corresponding real and imaginary parts of the components of ‡0. In (c), Ÿ{Ÿeff } and
⁄{”mode} are insensitive to di�erent values of g0, leading to almost overlapping of the three
coloured lines. (e) Assessing the quality of switching close to the EP of coupled system, ÷
vs �GaAs. Black vertical line indicates the position of –EP [161].



Section 6.4
Imperfect PTS systems 105

solutions. We found that the larger the value of g0,GaAs, the larger the discrepancy

between CMT results and COMSOL rigorous solutions. This discrepancy arises as

CMT requires an estimation of the average index of the whole system, which in this

case has been taken to be the lossless cladding index (nc).

Non-zero values of ⁄{Ÿeff} inhibit the occurrence of an ideal EP. The abrupt tran-

sition of an ideal PTS system is replaced by a smooth bifurcation of the supermode

eigenvalues. Any practical application relying on the sharp transitions between the

two PTS phases hence sees its e�ectiveness greatly reduced [79]. We further define

÷ = fi/(2Ÿ{‡0}) to characterize the quality of PTS phase transition. ÷ corresponds

to the familiar coupling length of coupled waveguide systems in a perfect PTS cou-

pled system: ÷ evolves with gain/loss and reaches infinity at the EP where the two

waveguides decouple while having exactly the same modal index. In contrast, in an

imperfect PTS system, the correspondence between the coupling length and ÷ is less

well-defined as ‡0 is always complex. Only when the condition Ÿ{‡0} ∫ ⁄{‡0} is

satisfied, can ÷ be used as an approximation for the true coupling length. According

to Eqn. 6.4, close to –EP where |Ÿ21|
2 + ”2

mode
¥ 0, the value of real and imaginary

parts of ‡0 are equal. Note here that this residual ‡0 exists in all practical optical

systems and quantifies the quality of PTS in those systems. Deviations of such imper-

fect PTS systems from ideal behaviour can be characterized by evaluating the term

|Ÿ21|
2(‘ÕÕ

1 + ‘ÕÕ
2)/”‘. Beyond this point, ÷ can be thought of as an intrinsic residual

modal mismatch between the two resultant decoupled modes. ÷ of an imperfect PTS

system changes smoothly in the region around –EP and slowly increases after. The

value of ÷ increases by one order of magnitude close to –EP (Fig. 6.4(e)).

6.4.2 Imbalance in modal index
An imbalance in the phase evolution of the modes of this coupled system can be

represented as a geometric asymmetry of unequal corewidths. While the material

parameters are kept the same as in the ideal PTS case where n1 = nú
2, with unequal

corewidths, the modal indices of each waveguide are no longer complex conjugates of

each other; a phase mismatch thus arises in the coupled system, Ÿ{”mode} = nÕ
1 ≠
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nÕ
2 ”= 0. Figure 6.5(a,b) show the sensitivity of the coupled system to geometric

mismatch. Again a departure from ideal PTS setting leads to a residual splitting

in the real eigenspectrum. The magnitude of the splitting approaches the value of

|Ÿ{”mode}| beyond –EP . Correspondingly, ⁄{‡0} has non-zero values throughout the

gain spectrum. Figure 6.5 (c,d) reveal that |Ÿ{”mode}| reaches 10% and 20% of the

coupling strength for �d = 10 nm and ≠5 nm respectively.
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Figure 6.5 – (a,b) Real and imaginary parts of ±‡0 as a function of ⁄{nGaAs} for various
values of �d = d1 ≠ d2 (di�erent colours correspond to the results of three �d cases consid-
ered) where d1 = 500 nm and s=120 nm at ⁄ = 850 nm. Here, n1,2 = 3.6468 ± i⁄{nGaAs}.
(c-d) Extracted parameters from CMT. Comparison of the corresponding real and imaginary
parts of the components of ‡0. In (c), Ÿ{Ÿeff } and ⁄{”mode} are insensitive to di�erent
values of �d, leading to almost overlapping of the three coloured lines. (e) Assessing the
quality of switching close to the EP of coupled system, ÷ vs �GaAs. Black vertical line
indicates the position of –EP [161].

It was found that for each coupling strength level, there is a maximum geometric

mismatch that the system can tolerate before the detuning e�ect due to unequal

modal indices of the two waveguides takes over. For instance, when d1 = 700 nm

and s = 200 nm, an equivalence of only 10% of the coupling strength mentioned

above, the mismatch tolerance goes down to 2 nm, making this device impractical
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due to fabrication limitations. The stronger the coupling, the greater the mismatch

tolerance the system can take. Similar to an imbalance in gain and loss, geometric

asymmetry also causes a smooth variation of ÷ near the position of –EP (Fig. 6.5(e)).

While CMT still produces results closely resembling the numerical solutions, the slight

disagreement can again be attributed to the estimation of the average index of the

system.

6.4.3 Material dispersion e�ects
The third deviation from the ideal PTS considered here is an important one as it is

not a practical limitation but rather an inherent constraint of material physics, the

gain-induced dispersion e�ect.

Figure 6.6 shows ‡0 for the PTS coupled system where both semiconductor waveg-

uides have the same corewidth of d = 500 nm and a separation of s = 150 nm between

them. When the gain induced dispersion is included in the material property, we no

longer observe the formation of an exceptional point in this system. Once the dy-

namic change of Ÿ{nGaAs} with ⁄{nGaAs} is incorporated, the coupling mechanism is

totally destroyed by dispersion e�ects. Compared to the e�ects described in Section

6.4.1 and 6.4.2, the e�ect of carrier-induced refractive index change is definitely the

most detrimental. Furthermore, its inherent nature means that the consequences of

”nind are inevitable regardless of how perfect our fabrication and experiment tech-

niques can be. In the next section, we investigate a mechanism which recovers the

EP behaviour of PTS even in this highly dispersive regime.

6.5 Recovering PTS in highly dispersive systems
In this section, we consider the use of asymmetries in gain/loss and waveguide ge-

ometry to compensate the gain-induced dispersion and recover the abrupt dynamics

of PTS near –EP . This is the compensation that would have to be used to realize

PTS in semiconductor based nanophotonic systems where severe gain-induced disper-

sion exists. Firstly, we investigate the dispersion of waveguides with di�erent core

thicknesses. The dispersion curves for waveguides of d = 450 - 550 nm are shown



108
Chapter 6

Recovering PTS in highly dispersive coupled waveguides

ℑ{n
GaAs

}
0 0.005 0.01

ℜ
{σ
0
}

-0.02

-0.01

0

0.01

0.02

Numerical
CMT
δ
mode

ℑ{n
GaAs

}
0 0.005 0.01

ℑ
{σ
0
}

-0.01

-0.005

0

0.005

0.01

Figure 6.6 – Real and imaginary part of ‡0 in the case where two identical waveguides with
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Modal index manipulation is destroyed by the huge carrier induced refractive index change
[161].

in Fig. 6.7(a). Waveguides of di�erent core thicknesses follow di�erent dispersion

curves which are vertically shifted from each other on this plot. The monotonically

decreasing nature of these curve implies that there exist no two values of ⁄{nGaAs}

which give equal modal indices.
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Figure 6.7 – (a) neff of single waveguide as a function of ⁄{nGaAs} for di�erent values
of corewidth. Vertical and horizontal dash lines correspond to the values of g0,GaAs and
Ÿ{neff } respectively. The length of the double-headed arrows indicates the magnitude of
2�GaAs. Ÿ{”mode} = 0 along the horizontal dash lines. (b) Coupling of two waveguides
with d1 = 500 nm and d2 = d1 + �d for �d = 50 nm (black lines), �d = ≠50 nm (green
lines). Shown here are the corresponding values of |”mode| (solid lines) as we sweep through
the gain spectrum. Also plotted are two values of Ÿeff corresponding to s = 200 nm (dotted
lines) and s = 150 nm (dash lines) for each �d case. The circles specify the coordinates
(g0,GaAs,”mode) at which Ÿ{Ÿeff } = |”mode| [161].

Nonetheless, we can see that by working with waveguides of dissimilar core widths,
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it is possible to find two equal modal indices at two distinct points on the gain spec-

trum. The values of ⁄{nGaAs} at these points are denoted as: g1,2 = g0,GaAs ± �GaAs.

The two sets of green and black double-headed arrows indicate the magnitude of

�GaAs when sweeping through the values of ⁄{nGaAs}. Even though g0,GaAs varies

for each �GaAs value, the di�erence in material index between the two waveguides

only depends on ±�GaAs. This is the key to establishing a PTS-like gain/loss profile.

Figure 6.7(b) plots the variation of |”mode| with g0,GaAs for two cases of �d = ±50 nm.

The points where Ÿeff cuts |”mode| lines represent the occurrence of an abrupt change

in the properties of these systems.

For any pair of waveguides with dissimilar core widths, we can always achieve per-

fect phase matching by using suitable pumping conditions. The gain range in which

splittings in the eigenspectra of our coupled system occur, depends on the separa-

tion distance between the two waveguides. This gives us great flexibility in choosing

geometric parameters to tune the operating gain range of the system for di�erent

applications.

We implemented the recovery process for �d = ±50 nm, d1 = 500 nm and s = 150

nm, and 200 nm. The evolution of ‡0 of the supermodes as a function of �GaAs is

shown in Fig. 6.8(a,c) and the change in their neff is given in Fig. 6.8(b,d). Figure

6.8(a,c) confirms that an abrupt bifurcation of the two branches in both real and

imaginary planes can be achieved with this recovery method. While maintaining zero

modal index di�erence between the two waveguides (Ÿ{”mode} = 0), their absolute

values vary with �GaAs. Despite the net gain/loss and a geometrical asymmetry, bi-

furcations in the eigenspectra can still be observed. The excellent agreement between

CMT and numerical solutions suggests that the recovery of the abrupt bifurcation is

robust.

Taking a closer look at the behaviour of this recovered system at the EP, we notice

a small residual splitting in the real and imaginary planes of ‡0 beyond –EP . This

residual splitting comes from the imbalance in gain and loss required to achieve equal

modal indices for unequal core thickness. An imbalance in gain/loss gives rise to



110
Chapter 6

Recovering PTS in highly dispersive coupled waveguides
ℜ

{σ
0}

×10-3

-5

0

5

Numerical
CMT
s=150 nm
s=200 nm

∆GaAs

-0.01 -0.005 0 0.005 0.01

ℑ
{σ

0}

-0.02

-0.01

0

0.01

0.02

ℜ
{σ

s1
,s

2} =
 ℜ

{n
ef

f}

3.5

3.52

3.54

3.56

3.58

3.6

∆GaAs

-0.01 -0.005 0 0.005 0.01

ℑ
{σ

s1
,s

2} =
 ℑ

{n
ef

f}

-0.04

-0.02

0

0.02
×10-3

-2 -1.5
3.545

3.55

3.555

×10-3
2 2.4

3.54

3.545

3.55

∆d=-50nm∆d=50nm ∆d=50nm∆d=-50nm
(a)

(d)

(b)

(c)
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the corresponding enlarged locations where bifurcation of the system occurs. g1,2 lie in the
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agree very well, leading to almost overlapping dash and dotted lines [161].

the familiar limitation of finite ÷ value close to –EP . The magnitude of the term

|Ÿ21|
2(f2(x)(‘ÕÕ

1 +‘ÕÕ
2))/(f ú

1 (x)”‘) in Eqn. 6.5 determines the e�ectiveness of the recovery

mechanism described above [161]:

‡0 ¥

s

|Ÿ21|2
f2(x)
f ú

1 (x) + ”2
mode

+ i|Ÿ21|2
f2(x)
f ú

1 (x)
(‘ÕÕ

1 + ‘ÕÕ
2)

”‘
(6.5)

Figure 6.9 describes the evolution of ÷ with �GaAs. The increase in ÷ value reaches

three orders of magnitude. For the case of s = 200 nm, a spike appears in the evolution

of ÷. As both �GaAs and g0,GaAs are varied, the value of ⁄{Ÿeff} also changes.

The point where ⁄{Ÿeff} = 0 signifies a crossing of the two branches, equivalent to

the two supermodes; whether this crossing occurs in real or imaginary planes of the

eigenspectrum depends precisely on the interplay between coupling strength and ”mode
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at that point. Thus, the asymptote seen in Fig. 6.9 indicates a perfect crossing point

in the real plane of the eigenspectrum. We also observe that no similar asymptote

exists for s = 150 nm—implying that the crossing point occurs in the imaginary

plane [161].

Figure 6.9 – Characteristic parameters of the coupled system after recovery procedure (a)
÷—a property of the eigenspectrum. Here, the di�erent colours correspond to the cases of s
= 150 nm (black lines), and s = 200 nm (green lines) with dotted lines showing the results
for �d = ≠50 nm and dash lines for �d = 50 nm [161].

6.6 Mode coalescence and phase rigidity
To further investigate the e�ectiveness of this recovery mechanism, we take a look at

another property of non-Hermitian systems, commonly used in the literature to dis-

tinguish the two supermodes, called the phase rigidity, r±. When non-Hermiticity is

present, the conventional inner product of eigenvectors of the Hermitian Hamiltonian—

defined as È�(x)|�(x)Í = (�ú
i
)T �i where |�iÍ is an eigenfunction of H corresponds

to eigenvalue Qi—is replaced by a more generalized formulation:

⌦
�L

i
|�R

i

↵
= �T

i
�i (6.6)
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where
⌦
�(x)L

i
| and |�(x)R

i
Í are the left and right eigenfunctions of H respectively. In

a Hermitian system, H = H
†, so the left and right eigenvectors are complex conjugates

of each other, i.e., (|�(x)R

i
Í)† =

⌦
�(x)L

i
| . However, in a non-Hermitian system, this

is not true, (|�(x)R

i
Í)† = (�ú

i
)T

”=
⌦
�(x)L

i
| . In general, left and right eigenfunctions

are defined as follows:
H|�(x)R

i
Í = Qi|�(x)R

i
Í

⌦
�(x)L

i
|H =

⌦
�(x)L

i
|Qi

(6.7)

For a Hermitian system, Qi is always real and È�(x)i|�(x)jÍ = ”ij—forming the

well-known orthonormal basis vector—where ”ij here denotes the conventional Delta

function. In the non-Hermitian case, Qi can take complex values and an orthogonal-

ity relationship is established with a clear distinction between right and left eigen-

vectors:
⌦
�(x)L

i
|�(x)R

j

↵
= 0 for i ”= j. The two sets of È�(x)i| and |�(x)jÍ form

the so-called bi-orthogonal basis [163, 164]. The normalization condition is defined

as
⌦
�(x)L

i
|�(x)R

i

↵
= 1. Thus, for a non-Hermitian Hamiltonian, we can always es-

tablish a bi-orthogonal basis with respect to a new inner product space that gives

rise to positive definite norms [165, 166]. For our non-Hermitian coupled system, the

field amplitude takes the explicit form |�(z)Í =

2

4 „1(z)

„2(z)

3

5, with „(z)1,2 are the cor-

responding field in each channel. The left and right eigenvectors of H are written

as:

|�R

±Í =

2

4 1

±aeûi◊

3

5 and È�L

±| =
h
1 ± aeûi◊

i

where ±aeûi◊ = ±‡0≠”mode

Ÿeff

and a œ R.b Clearly, with this representation, the or-

thonormal definition of a bi-orthogonal system is fulfilled:

È�L

+|�R

≠ Í = [1 ae≠i◊]

2

4 1

±aeûi◊

3

5 = 0 (6.8)

È�L

±
�� =

È�L

±|
Ô

1 + a2eû2i◊

���R

± Í =
���R

± Í
Ô

1 + a2eû2i◊
(6.9)

bNote here that ”mode denotes the detuning between the two channels. It should not be confused
with ”ij the Delta function.
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The phase rigidity, r±, is defined as [167–169]:

r± =
⌦
�L

±|AR

±
↵

È�R
±|�R

±Í

|r±| varies between 0 and 1 with |r±| = 1 corresponding to orthogonal modes and

|r±| = 0 for the perfect coalescence of the two modes.
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Figure 6.10 – Phase rigidity as a function of gain in the case of (a) perfect PTS systems
as described in section 6.1: the di�erent colours correspond to di�erent separations between
the two waveguides. Two waveguide widths are considered: d1 = d2 = 500 nm (dash lines)
and d1 = d2 = 900 nm (dotted lines); (b) an imbalance in gain/loss introduced to the
coupled system as discussed in section 6.4.1: here, three values of g0 are considered, leading
to very di�erent behaviours of |r±| = |r|; (c) unequal core widths of the coupled waveguides
considered in section 6.4.2 where three values of �d are investigated; (d) material dispersion
taken into account without recovery procedure [161].

In the case of a lossless coupled system, i.e. ⁄{nGaAs} = 0, the two supermodes

are distinct and orthogonal as the system is Hermitian. Once gain/loss is introduced

into the system, the phases of the eigenfunctions are no longer fixed [167–169]. For

our ideal PTS coupled system with equal gain and loss and zero modal detuning, the
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value of |r+| = |r≠| = |r| decreases as the modes become highly mixed and |r| sharply

approaches zero at the EP where the two eigenfunctions are perfectly coalesced. This

is clearly seen in Fig. 6.10(a). However, these characteristics of |r| are significantly

suppressed in imperfect PTS systems: |r| does not reach 0 at –EP and a smoother

minimum occurs instead of a sharp one observed for perfect PTS (Fig. 6.10(b,c)).

In particular, Fig. 6.10(d) shows that |r| remains very close to 1 across the gain

spectrum when the material dispersion is incorporated. The disappearance of key

features in the phase rigidity evolution means that the huge e�ect of modal detuning

generated by the gain-induced dispersion overpowers any coupling e�ects and thus the

two modes remain isolated throughout the gain spectrum. This observation agrees

with our analysis of the gain-induced dispersion e�ect in Section 6.4.3.

Figure 6.11 – Characteristic parameter of the coupled system after recovery procedure: |r|,
the phase rigidity. Here, the di�erent colours correspond to the cases of s = 150 nm (black
lines), and s = 200 nm (green lines) with dotted lines showing the results for �d = ≠50 nm
and dash lines for �d = 50 nm [161].

As the phase rigidity has well-defined characteristics in an ideal PTS system, |r| can

also be used to assess the e�ectiveness of the recovery process described in Section 6.5.

Figure 6.11 shows that with our recovery procedure, the sharp minimum behaviour of

the phase rigidity near –EP is recovered. However, due to an existing small imbalance

in gain/loss, |r| does not reach zero at the –EP .
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6.7 Summary
Deviations from ideal PTS coupled waveguide systems are inevitable in practice as

controlling gain/loss and dispersion simultaneously are extremely challenging. Once

an imbalance in gain/loss or modal index appears, strictly speaking, the system is

no longer Parity-Time symmetric. However, interesting physical phenomena arise

whenever there exists an abrupt change in a system’s behaviour. Thus, a smooth

bifurcation of the eigenvalues near the original EP in imperfect PTS systems can still

give rise to useful applications. Nonetheless, this smooth phase change reduces the

e�ectiveness of any application based on PTS mechanism.

Our analysis made use of CMT’s parameters to quantify smooth transitions between

PTS phases under imperfect conditions. The complex coupling coe�cient associated

with asymmetric coupled waveguides was produced with an imbalance in gain and

loss and a modal detuning. Coupled mode theory shows excellent agreement with

numerical solutions, proving the robustness of coupled mode theory in describing var-

ious degrees of imperfection in PTS systems.

Gain-induced dispersion in GaAs completely overpowered any PTS coupling mech-

anism. Nonetheless, we found that by introducing a net gain/loss into the system

together with a geometric asymmetry, we could shift the dispersion curve of a sin-

gle waveguide and thus retrieve the condition of phase matching even when the core

medium is highly dispersive. In practise, this recovery mechanism requires a bias

pumping strategy that can deliver di�erent pump powers to each waveguide. Such a

bias pumping strategy can be implemented based on our optical pumping approach

outlined in Chapter 5 . The e�ectiveness of this recovery mechanism relies on our abil-

ity to engineer suitable modal asymmetry with bias pumping of the two waveguides

such that (f2(x)(‘ÕÕ
1 + ‘ÕÕ

2))/(f ú
1 (x)”‘) π 1. In this case, the characteristic sharp phase

transition of PTS systems is recovered with ÷ increasing by three orders of magnitude

near the position of the original EP. The e�ectiveness of the recovery procedure is

also confirmed by a sharp minimum observed in the phase rigidity spectrum of the

system at –EP .
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While an ideal Parity-Time Symmetry (PTS) system requires a perfect balance of

gain and loss, Chapters 5 and 6 show that in practice this is not only challenging to

obtain but is also accompanied by gain-induced dispersion. Passive PTS gratings are

ubiquitous in the literature with many theoretical and experimental works proving

the versatility of such devices [37,67–72]. The main drawback of these devices is their

inability to tune any exceptional point (EP) behaviour dynamically and accurately

due to a rigid EP construction at the fabrication level. To make PTS gratings more

applicable, a mechanism which can actively control the index modulation is needed.

Unlike lasers which require a gain material as the core layer, a PTS grating can

be made up of transparent and lossy materials only. Stepping away from GaAs, we

investigate a PTS grating whose core layer is made up of Silicon—one of the most

relevant materials in nanophotonics. In order to establish an active control of PTS

gratings, we require a material whose real and imaginary parts of the refractive index

are relatively independent of each other under pumping. While the properties of

an active PTS grating are essentially identical to those discussed in Chapter 2, the

more fundamental question needs to be answered is whether Silicon is capable of

producing the required PTS index modulation when it is optically pumped. We will

start the chapter by describing the physical construction of a potential active Silicon-

based PTS grating using free carrier absorption and dispersion. This is followed by

an experimental investigation, assessing the feasibility of using Si as an active PTS

material in a waveguide configuration. More specifically, we measure the magnitude of

116
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the change in the real and imaginary parts of the refractive index of the propagating

mode, �nÕ
m

and �nÕÕ
m

, with increasing pump power then infer the corresponding

changes in Silicon, �nÕ
Si

and �nÕÕ
Si

via an overlap factor. The final section presents

the results of our preliminary work on the device construction and fabrication.
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7.1 Passive vs active PTS gratings
The practical implementation of a passive PTS grating was first introduced in Chapter

2. A conventional PTS grating has a symmetric modulation of Ÿ{n(z)} and an asym-

metric modulation of ⁄{n(z)}. Controlling both Ÿ{n(z)} and ⁄{n(z)} independently

is extremely challenging as they are always interlinked by Kramers-Kronig relations.

As discussed in Section 2.4.2, an in-phase shift of Ÿ{n(z)} distribution partly miti-

gates this problem by spatially separating the lossless and lossy units which control

Ÿ{n(z)} and ⁄{n(z)} respectively.

Figure 7.1 – The index modulation and schematic sketch of a typical passive PTS grating
as demonstrated in [36]. Blue denotes Silicon, yellow indicates Ge and red is Cr. Ÿ{n(z)}
and ⁄{n(z)} are modulated by the Si bars and Ge/Cr bars respectively.

The construction of a typical passive PTS grating is shown in Fig. 7.1. This con-

figuration was adopted for the demonstration of unidirectional reflection in [36]. In

this paper, the authors established an index modulation of the whole structure of

n(z) = nW G + �nÕ cos(qz) + i�nÕÕ sin(qz) where nW G = 2.69 is the e�ective index

of the ridge waveguide without the an index modulation on top, �nÕ = 0.15 and

�nÕÕ = -0.15 at the EP. The device operates at ⁄ = 1550 nm and the grating period

corresponds to the second order of the Bragg grating with 2�nW G

⁄
= 2. Ÿ{n(z)} is

modulated by adding Si-bars on top of a Si ridge waveguide whereas ⁄{n(z)} is mod-
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ulated by depositing the composite block of Ge/Cr next to the Si bars. It is the shape

of the Si-bars and the Ge/Cr bars that gives rise to the sinusoidal shape of the index

modulation. The periodicity of these bars satisfies the PTS grating conditions as

described in Section 2.4.2. The thicknesses of the bars, TSi,Ge,Cr determine the value

of �nÕ and �nÕÕ. Adding materials on top of a Si ridge waveguide will inevitably

a�ect the real part of the refractive index of the propagating mode. While this e�ect

is desirable for Si bars, PTS index modulation requires that the lossy units (Ge/Cr

bars in this case) must not perturb Ÿ{n(z)}. Since Ge has a higher refractive index

than Si and Cr is a metal with a non-zero imaginary part of the refractive index at

1550 nm, an appropriate combination of Ge and Cr thicknesses results in a slight

redistribution of the modal field across the material layers such that Ÿ{n(z)} is not

disturbed. This PTS grating was fabricated to investigate the physics of the device

only at the exceptional point (EP) where |�nÕ
| = |�nÕÕ

| = 0.15 (See Appendix C and

Section 2.4.2). To inspect another point on the eigenspectrum of the passive device,

a new sample is needed with di�erent values of �nÕ or �nÕÕ. An active PTS device

can potentially solve this problem. An active PTS grating has a dynamic range of

either �nÕÕ or �nÕ or both, allowing the control over refractive index modulations to

be implemented at the experimental stage.

The refractive index of a material can be changed dynamically by a variety of tech-

niques. The interactions between light and a medium strongly depend on the carrier

density of that medium. By either optically or electrically pumping a material, mod-

ifications to the real and imaginary parts of its refractive index (Ÿ{n} and ⁄{n}) can

be made. However, as mentioned above, only influencing either Ÿ{n} or ⁄{n} without

perturbing the other to achieve an ideal PTS index distribution is not physical due to

the fundamental limitation placed by Kramers-Kronig relations.a In practice, for an

optically pumped PTS grating, it is su�cient to have carrier-induced e�ects strongly

influence either Ÿ{n} or ⁄{n} while having negligible impact on the other component.

Silicon—an indirect bandgap semiconductor—is a candidate for active PTS grating

aIn the case of the passive PTS grating mentioned above, this inevitable perturbation has a
magnitude of about 20% of the actual index modulation.
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since Silicon is a poor emitter of light, i.e, ⁄{nSi} at ⁄ > ⁄bandgap is negligible. The

questions remaining are what magnitude of �nÕ
Si

at the wavelength of interest we can

achieve by generating free carriers in Silicon and how large this magnitude of �nÕ
Si

is

compared with its accompanied �nÕÕ
Si

.

7.2 Optical properties of Silicon

7.2.1 Excited carriers in semiconductors and metals
To understand the response of Silicon to high laser powers, we take a look at the time

dependence of the energy transfer of excited electrons and phonons—conveniently

described by their temperature, Te, Tphonon—in the context of band structure for a

typical indirect semiconductor and a metal (See Fig. 7.2).

Figure 7.2 – Temporal response of excited electrons and phonons in a typical indirect
bandgap semiconductor (a) and metal (b). Correspondingly shown below each T(t) plot is
the schematic sketch of the relevant optical processes in each kind of materials.

Silicon has an indirect bandgap of 1.1 eV, corresponding to a wavelength of ⁄bandgap

= 1130 nm. When optically excited with a photon energy higher than its bandgap,

electrons from the valence band of Silicon are promoted into the conduction band,

establishing a new quasi-Fermi level which corresponds to a pump-induced occupation
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of the conduction band. Here we are assuming that the pump photons come from a

pulse laser with pulse width ·p. Multiple electron-phonon scattering events then occur:

electrons lose their energies to phonons and subsequently relax to the bottom of the

conduction band (denoted as process ‘a’ in the band diagram shown in Fig. 7.2(a)).

Before this initial carrier relaxation process, a non-thermal carrier population exists

for 10s fs while electron-electron scattering establishes a thermal population with a

well-defined Te(t). After its peak, Te starts to decrease while Tphonon rises. The de-

cay of the long-time response is limited by nanosecond-scale interband recombination

(denoted as process ‘b’ in Fig. 7.2(a)).

The temporal response of excited electrons in noble metals is also discussed here.

This knowledge will be useful for our data analysis in the later sections of this chapter.

For gold, interband transitions occur for ⁄ < 515 nm, thus for a near IR pump wave-

length of >700 nm, no interband transitions can take place. Instead, upon optical

excitation, electrons available in the conduction band of gold are promoted to higher

energy levels within the band. They then get scattered through electron-phonon in-

teractions which occur in the picosecond timescale and phonon-phonon interactions

which are slower, in the range of 10s of picoseconds. The di�erent carrier decay mech-

anisms in semiconductors and noble metals lead to very distinct behaviour of Tphonon.

While in metals, most of the energy from carrier relaxation is given to phonons,

leading to the establishment of a thermal equilibrium between Te and Tphonon; in a

semiconductor, phonon-assisted recombination is not the dominant process [170].

7.2.2 Pump-induced refractive index change in Silicon
Free electrons in Silicon exist in the conduction band for a few nanoseconds before

they recombine with available holes in the valence band. Within this time frame,

if another pulse of light is sent in with an energy smaller than the Silicon bandgap,

this new beam will interact with the free electrons in the conduction band and will

have its propagation properties modified as a result. In the experiments described

below, a pump beam of ⁄pump = 820 nm was used to excite electrons in Silicon from
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the valence band to the conduction band and a time-delayed probe beam of ⁄probe

= 1500 nm was also propagating through the material. Since ⁄probe = 1500 nm <

⁄bandgap = 1130 nm, interband transitions can only occur via two-photon absorption

(TPA). TPA originates from a third order nonlinear process in Silicon which also leads

to a modification in the real part of the refractive index, known as the Kerr e�ect.

The probe beam can also interact with free electrons in the conduction band via free

carrier absorption (FCA) and the carrier plasma e�ect, also known as the carrier-

induced refractive index change. FCA promotes free electrons in the conduction band

to higher energy levels within the band, changing the absorption coe�cient hence

⁄{nSi}. These features are well understood and can be found in [171]. Here, we

are more concerned with the potential magnitude of �nÕ
Si

and �nÕÕ
Si

that can be

achieved in theory and the practicality of obtaining these values in experiments. The

expressions for �nÕ
plasma

and �nÕÕ
F CA

are taken from [170,171]:

�nÕ
plasma

= [≠8.8 ◊ 10≠22Ne ≠ 8.5 ◊ 10≠18N0.8
h

]( ⁄

1.55)2

�nÕÕ
F CA

= (2 ◊ 10≠18⁄2Ne)/(2 ◊ 2fi/⁄)
(7.1)

where Ne and Nh are the electron and hole densities.

We consider also the Kerr and the TPA e�ects alongside the FCA and dispersion.

The magnitudes of third order nonlinear e�ects in Silicon are taken from a theoretical

investigation of nonlinear properties of Silicon detailed in [172]. While the strength

of FCA and the plasma e�ect depends on the excited carrier concentration in Silicon

which is in turn a function of the pump power at ⁄pump = 820 nm, the magnitude

of the third order nonlinear e�ects depends on the intensity of the probe beam at

⁄probe = 1500 nm, Iprobe. To calculate �nÕ
Kerr

and �nÕÕ
T P A

, we need an estimation

of the field density of the probe beam. With a probe beam of approximately 300

µW, a laser system of repetition rate 80 MHz, a pulse duration of 150 fs and a spot

area of approximately 16 µm2, we achieve a beam intensity of 1.5 ◊ 1012 Wm≠2. The
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dependence of �nÕ
Kerr

and �nÕÕ
T P A

on the beam intensity takes the form of [171]:

�nÕ
Kerr

= nKerr(⁄ = 1500nm)Iprobe

dIprobe

dz
= ≠—T P A(⁄ = 1500nm)I2

probe

(7.2)

The values of nKerr and —T P A, the Kerr and TPA coe�cients, are taken from [172].

We arrive at approximate values of �nÕ
Kerr

and �nÕÕ
T P A

in the order of 10≠6.b Figure

7.3 shows a loglog plot of the magnitude of �nÕ
Si

and �nÕÕ
Si

as a function of carrier

density. Carrier e�ects play a dominant role over third order nonlinear e�ects in

manipulating �nÕ
Si

and �nÕÕ
Si

when N> 1018 cm≠3. Thus, we can approximate that

�nÕ
Si

¥ �nÕ
plasma

and �nÕÕ
Si

¥ �nÕÕ
F CA

in this regime. In this high carrier concentration

regime, �nÕ
Si

is always two or more orders of magnitude larger than �nÕÕ
Si

at the

wavelengths considered. In this limit, we can assume that the e�ect of pumping

Silicon mainly influences Ÿ{nSi} without disturbing ⁄{nSi} much. For an active PTS

system, �nÕ
Si

∫ �nÕÕ
Si

is very useful as this facilitates the independent control of

Ÿ{nSi} and ⁄{nSi}.

Figure 7.3 – Various e�ects on the refractive index of Silicon as a function of carrier
concentration at ⁄ = 1500 nm. Note that the absolute values have been plotted.

bTo solve Eqn. 7.2, the probe beam intensity is expressed as Iprobe = Ie≠–z where – =
4fi�nÕÕ

T P A/⁄probe.
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7.3 Waveguide integrated pump-probe spectroscopy
Here, we aim to investigate how a typical indirect bandgap semiconductor changes

its relevant optical properties when being exposed to light well above its bandgap.

By performing two waveguide integrated pump-probe experiments, we are able to

measure the magnitude of the modal index changes as a function of power, �nÕ
m

and �nÕÕ
m

. The corresponding values of �nÕ
Si

and �nÕÕ
Si

can be inferred from these

measurements via an overlap factor which links material properties in a waveguide

environment to modal characteristics. While the inferred index changes of Silicon

with pump power can be compared with theoretically predicted values to assess the

accuracy of our measurement method, it is the modal index modulation, �nÕ
m

and

�nÕÕ
m

that determines the e�ectiveness of the unidirectional reflection phenomenon.

7.3.1 Waveguide geometry and fabrication
A simple set of metallic gratings on top of a SOI wafer was used to experimentally

investigate the pump-induced refractive index change of Silicon. The fabrication tech-

nique of the metallic gratings on top of a SOI wafer is identical to the description in

Section 5.2. The SOI platform operated as a standard dielectric slab waveguide and

the metallic gratings were responsible for coupling free space waves to the waveguide

mode and vice versa. Figure 7.4(a) shows the theoretical simulation of the metallic

grating e�ciencies. Here the propagating mode is the fundamental TE mode of a slab

waveguide with a core thickness of 220 nm. The fabricated devices were designed to

have a grating period of approximately 540 nm with a filling factor of 0.4. For these

grating parameters, we expect an in-coupling e�ciency at ⁄probe = 1500 nm of roughly

10%. Two grating configurations were employed: 2-coupler for �nÕÕ
Si

characterization

and 3-coupler for �nÕ
Si

characterization. SEM images of these configurations are

shown in Fig. 7.4(b) and (c).

7.3.2 Experimental apparatus
In order to characterize the dependence of the modal response �nÕ

m
and �nÕÕ

m
and

hence the material response �nÕ
Si

and �nÕÕ
Si

on the carrier concentration, we utilized

a time-resolved setup depicted in Fig. 7.5.
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Figure 7.4 – (a) Numerical simulation of the grating’s in-coupling e�ciency for a range of
input wavelength from 1350 to 1650 nm. Various filling factor values were simulated. (b)
SEM images of a 2-coupler configuration on SOI platform. (c) SEM images of a 3-coupler
configuration on SOI platform.

Figure 7.5 – Time-resolved pump probe setup. Abbreviations: PH – pinhole, FM – flipper
mirror, DMSP – shortpass dichroic mirror, LP – long pass filter.

Two beams of di�erent wavelengths were sent down two independent lines and

combined at the sample stage. The retro-stage as part of the probe line (brown lines)



126
Chapter 7

Active PTS gratings

was responsible for varying the path di�erence between the pump (red lines) and

the probe, hence creating a temporal delay between them. The signal line (yellow

lines) sent signals from the sample to either an imaging system consisting of an IR

camera or a photo-detector. This photo-detector was connected to a Lock-in amplifier

whose signal was modulated by mechanically chopping the pump beam. The Lock-in

Amplifier facilitates low-noise measurements, allowing very small signal variations to

be detected. However, it cannot resolve the signals spectrally and only measures the

total integrated temporal response from the device. Along the signal line, a set of

long pass filters was used to filter out the pump, leaving us with just the signal from

the interaction between the probe and the pumped medium. This setup allowed an

optimization procedure of the coupling processes and spatial separation of the pump

and the probe on the sample to be performed.

7.3.3 The physics of pump-probe spectroscopy
When a pump beam and a probe beam are sent to the sample, temporally delaying the

probe beam with respect to the pump can provide di�erent snapshots of the system as

carrier relaxation occurs. We define the delay time between the pump and the probe

as the di�erence between their arrival time, ·d and the temporal overlap of the two

beams is ·overlap. A temporal scan of the overlap of the two beams is implemented:c

• t < ·overlap, ·d < 0: the probe arrives before the pump. No change in the

behaviour of the material should be observed as the probe is not seeing any

electronic modification in the material.

• t > ·overlap, ·d > 0: the probe arrives after the pump and has its propagation

properties modified. As the carrier life time in Silicon is a few nanoseconds, we

can assume that the excited carriers have already decayed substantially by the

time the next pump pulse arrives.

cThe range of this scan must fall within a single laser pulse temporal separation of 12.5 ns.
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7.3.4 Experimental and data extraction procedure

�nÕÕ
Si

measurement

Figure 7.6 shows a sketch of the measurement method implemented on a 2-coupler

configuration to determine the influence of pumping above the bandgap (⁄bandgap =

1130 nm, equivalent to 1.1 eV) on the absorption of Silicon at ⁄probe = 1500 nm, i.e.,

the e�ects of FCA in Silicon.

Figure 7.6 – Side view and top-down view of metallic gratings on a standard SOI platform
with a Si core thickness of 220 nm. Position of pump and probe beams on gratings.

A free space wave of intensity Iin was coupled into the slab waveguide at one

grating. This wave propagated along the waveguide and coupled out of the system

via the second grating with an intensity, Ino when there was no pump and Ip when

the pump was at work. We expected Ip to reduce in value from Ino as there were

free carriers available in the conduction band to interact with photons from the probe

beam. The relationship between Ino and Ip takes the form of:

Ino = Iin÷in÷out|e
i(nÕ

1+in
ÕÕ
1 )KL

|
2 = Iin÷in÷oute

≠2n
ÕÕ
1 KL

Ip = Iin÷in÷out|e
i(nÕ

2+in
ÕÕ
2 )KL

|
2 = Iin÷in÷oute

≠2n
ÕÕ
2 KL

(7.3)

where ÷in,out signifies the in and out coupling e�ciencies of the grating, K = 2fi/⁄probe
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and n1,2 = nÕ
1,2 +inÕÕ

1,2 is the refractive index of the ‘no-pump’ and ‘with-pump’ Si slab.

The transmission along the waveguide was modeled according to the Beer-Lambert

relationship. An overlap factor between the modal field and the core layer, � ¥ 60%

was found. Thus, we could relate a change in the modal property, �nÕ
m

and �nÕÕ
m

,

to a change in the material property, �nÕ
Si

and �nÕÕ
Si

, via �: �nÕ
m

= ��nÕ
Si

and

�nÕÕ
m

= ��nÕÕ
Si

[133] (See Appendix G).

In deriving these relationships, we have made a few approximations. We assumed

here that the coupling e�ciency was not a�ected by the presence of the pump, which

is valid when there is no spatial overlap between the pump spot and the grating.

Even though the pump beam had a Gaussian profile, the power at the focus of the

beam was averaged over the entire area illuminated in between the couplers. Thus,

we assumed that the Silicon region between the gratings was illuminated uniformly,

allowing us to treat this pumped area as an e�ective material with a new modal index

of n2 = nÕ
2 + inÕÕ

2.

The signal was spatially selected by closing a pinhole just around the second grating

and spectrally filtering out the pump before reaching the photo-detector. The chopper

played the role of a periodic beam block. When the pump hit the blade of the chopper,

this corresponds to the configuration labelled ‘1. No pump’ in Fig. 7.6; and when the

chopper let the pump pass through, this is equivalent to ‘2. With pump’ in Fig. 7.6.

The Lock-in amplifier recorded a small di�erence between these two configurations,

often denoted as �T

T
. The time-resolved experiment was implemented by running a

scan of the probe’s path length with respect to the fixed pump line, quantified by

the delay time ·d. A time evolution of �T

T
with respect to the relative pump-probe

arrival time, as explained in Section 7.3.3, was recorded. At ·d > 0, we could use the

information of �T

T
at this point to quantify the magnitude of �nÕÕ

Si
via:

�T

T
= Ino ≠ Ip

Ino

= 1 ≠ e2��n
ÕÕ
Si

KL

�nÕÕ
Si

= ln

✓
1 ≠

�T

T

◆
/2�KL

(7.4)
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�nÕ
Si

measurement

Since an interference pattern is sensitive to changes in the phase of initial light sources,

this o�ers us a way to measure �nÕ
Si

. To measure the e�ects of pumping above the

bandgap on �nÕ
Si

, we employed an optical setup which allowed small spatial shifts

of the interference pattern of three beams to be detected. The temporal response of

this system was investigated by combining this 3-beam interference setup with the

pump-probe experiment described above.

Figure 7.7 – Two operational modes of the optical system: imaging and Fourier transform
(FT) systems. L1 and L2 are lenses with focal lengths F1 and F2 respectively. Lens L2
was mounted on a flipper mount to facilitate the switching between the two operational
modes. The object to image under the Fourier transform mode can be thought of as the
back focal plane of lens L1. z0,1,2 indicate the distance from source S0,1,2 to lens L1 where
its di�raction pattern is formed.

The schematic of our 3-beam interference setup is depicted in Fig. 7.7. The second

waveguide configuration shown in Fig. 7.4(c), a 3-coupler system, was used for these

measurements. The probe beam was coupled into the system at the middle grating,

then propagating in both directions with similar intensities and finally coupled out

of the system at the end gratings. Our setup was able to operate in two modes: the
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imaging mode and the Fourier transform mode. The imaging mode consists of a single

lens which simply images the three light sources S0,1,2 onto an IR camera. Note here

that S0 is not the input amplitude of the probe beam, but rather its reflection and

S1,2 are the electric field amplitudes of the transmitted light that has been scattered

upward from the end gratings.

The three sources identified in the imaging mode were made to interfere via a

projection onto the Fourier plane of lens L1. Fourier optics dictates that using a thin

lens, we can project the di�raction pattern of an object onto the back focal plane of

that lens which is located at a distance equal to a focal length away from the lens

itself. Using a second lens, L2, we can image this di�raction pattern at the back

focal plane of L1 onto an IR camera, as seen in Fig. 7.7 ‘Fourier transform mode’.

The fringe contrast of the interference pattern could have been improved by totally

blocking S0. However, this was not a simple task since the dimensions of the gratings

were only a few microns across, making it di�cult to accurately implement selective

spatial blocking. We attempted to reduce the e�ect of S0 by using a cross polarization

technique. The gratings were designed to predominantly scattered TE light, defined

as having an electric field parallel to the metallic bars. By using a 45 degree polarized

input probe beam with respect to the metallic bars and installing a linear polarizer

along the signal line, we could minimize the influence of S0 on the final interference

pattern. The mathematical formulation of our 3-source interference pattern has the

form of:

|S0e
iKz0 + S1e

iKz1 + S2e
iKz2|

2

= |S0|
2 + |S1|

2 + |S2|
2

| {z }
0th order

+ S0S1 cos(KL) + S0S2 cos(KL)| {z }
1st order

+ S1S2 cos(2KL)| {z }
2nd order

(7.5)

The interference of three light sources leads to the superposition of three frequencies

denoted as 0th, 1st and 2nd orders in Eqn. 7.5. The existence of these di�erent orders

could be further proven by performing a simple trick. An adjustable pinhole placed at

the image plane of our optical system allowed us to select the individual light source

that we would like to image. The schematic of such a selection process is presented
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Figure 7.8 – Selective interference of the three sources. When the adjustable pinhole is
opened , we observe the interference pattern of all three sources at the camera; whereas
when only two sources are selected (S0 and S1 in this case), the second order interference
disappears.

in Fig. 7.8. When only S0 and S1 were selected (Closed pinhole configuration in Fig.

7.8), we could see that the second order interference coming from the interference of

S1 and S2 disappeared, leaving just the first and the zeroth orders.

Taking this analysis a step further, using the fast fourier transform (FFT) and its

inverse (iFFT), we recovered each component of the combined 3-source interference

pattern both in frequency and time. Figure 7.9 demonstrates the process of FFT and

iFFT. Firstly, an image of the interference pattern was taken. We then summed the

counts along each column of pixels to get the total intensity plot. Next, the FFT was

applied to this intensity pattern to determine its constituent frequency components.

To recover the time variation of each component, we defined a bandpass filter around

the frequency region of each interference order and implemented iFFT. It is worth not-

ing that ideally the frequencies appear in FFT plots have the form of a Delta function.

However, due to the limited data points available, i.e., the number of pixels on our

camera (320x256), the FFT procedure only produced a frequency peak with a fairly

broad linewidth, making it di�cult to precisely define the di�raction order frequencies.

This process was applied to three interference patterns denoted as OP (Opened

pinhole), CP (Closed pinhole) and Di� = (OP - CP). Depending on the relative mag-

nitudes of the three orders, di�erent components emerge in the FFT plots. For the

case of OP, the 1st order was suppressed as the magnitude of the other two orders
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Figure 7.9 – FFT and iFFT process of the three-source interference pattern for three
measurements of interest: Opened pinhole (OP), closed pinhole (CP) and the di�erence
between these two spectra (Di�).

dominated the spectrum. On the other hand, when the pinhole was closed, the inter-

ference of two sources only resulted in the generation of 0th and 1st orders. When the

magnitude of the 0th order was reduced by taking the di�erence between OP and CP,

all three interference orders showed up in the FFT plot.

The 3-beam interference measurement was then combined with the time-resolved

experiment in order to record the interference images at crucial temporal points,

revealing the modified property of carrier-induced e�ects with respect to the temporal

overlap of the two beams. The pump light was placed only at one arm of the three

gratings, i.e., between S0 and S1 gratings as seen in Fig. 7.10.d Using the pump-probe

method described above, the pump and the probe must also be overlapped temporally

dHowever, ⁄pump = 820 nm cannot be e�ectively imaged using an IR camera. Instead the position
of this beam was confirmed by using a visible camera and referencing the pump location with the
gratings.
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Figure 7.10 – Schematic sketch of 3-beam interference when the pump is at work. The red
and green arrows indicate the incoming probe and the pump beams respectively. The blue
arrows describe the three interfering sources at the camera. SÕ

1 only di�ers from S1 when
the probe arrives after the pump.

in order to characterize pump-induced e�ects on the 3-beam interference pattern.

Before the temporal overlap, the pump arrives after the probe; this is equivalent to

the case where there is no pump at all, we expect to see results similar to Fig. 7.7. In

contrast, when the probe arrives after the pump, the interference pattern is modified

compared to Eqn. 7.5:

|S0e
iKz0 + S2e

iKz2 + S Õ
1e

iKz1|
2

= |S0e
iKz0 + S2e

iKz2 + S1e
i(�n

Õ
Si

+i�n
ÕÕ
Si

)�KLeiKz1 |
2

= |S0|
2 + |S1|

2 + |S2e
≠�n

ÕÕ
Si

�KL
|
2 + S0S1 cos(KL + �„)

+ S0S2 cos(KL) + S1S2 cos(2KL + �„)

(7.6)

where �„ = ��nÕ
Si

KL and � ¥ 60% is the overlap factor.

7.3.5 Results of temporal responses of pumped silicon

Spatial and temporal overlap of the pump and probe beams

To find the temporal overlap of the pump and the probe, we first spatially overlapped

both beams on a clean piece of Silicon and recorded the change in the reflection of

the probe beam when the pump continuously supplied energy to the Silicon slab.
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Figure 7.11 – Finding the overlap of the pump and the probe beams on a piece of Silicon:
spatially overlapping the two beams and scanning over the path length di�erence. A change
in the �T

T
signal signifies the overlap of the 2 beams.

Figure 7.11 shows the measured �T

T
as a function of time for a Silicon substrate.e

The scanning time corresponds to the position of the probe beam on the retro-stage.

A change in the �T

T
temporal spectrum signifies a change in the reflection of the probe

beam. The onset of the rise of the step-function in Fig. 7.11 signifies the temporal

overlap of the two beams. However, in this experiment, we are particularly interested

in the magnitude of �T

T
, denoted by the length of the double arrow in Fig. 7.11.

Within the scanning range of just above 1 ns, we did not observe significant decay of

the �T

T
signal as carrier life time in Silicon is a few nanoseconds [170].

�nÕÕ
Si

results

To measure �nÕÕ
Si

, the pump and the probe were spatially separated as depicted in Fig.

7.6. A similar temporal scan to the above was done and the change in the transmitted

signal at the second grating was recorded (Fig. 7.12(a)). The background noise was
eThere was no grating involved in this measurement. The reason why this Silicon only measure-

ment is not su�cient is because the change in both Ÿ{nSi} and ⁄{nSi} cannot be separated from
this single measurement [173].



Section 7.3
Waveguide integrated pump-probe spectroscopy 135

measured by moving both the pump and the probe away from the grating region and

detecting a signal at the photo-detector (Fig. 7.12(b)).

Figure 7.12 – �T

T
as a function of time for (a) when the probe is on the grating and

(b) when both the probe and the pump are moved away from the grating area but remain
spatially separated. The black arrows indicate the direction of increasing pump power from
15-70 mW while the probe power was kept at 150 µW. The blue arrows labeled A, B and C
in (a) indicate 3 temporal points of interest. Note that feature B is missing in (b).

The temporal spectrum of �T

T
possesses a few interesting features. Firstly, the

magnitude of the base line, i.e., before the temporal overlap of the two beams occurs,

increases with pump power. This increasing baseline can be associated with heating of

the Silicon slab, which is not accounted for in the simple model of pump-probe. Heat

dissipation might have taken longer than the pulse cycle of 12.5 ns between pulses.

However, as we are only interested in the magnitude of the maximum rise of �T

T
, this

o�set does not contribute to the di�erence between Ino and Ip.

Even though the magnitude of �T

T
increases with pump power as expected, we no-

ticed another unexpected feature in our �T

T
temporal spectrum. Around 50 ps, a peak

in the temporal response of the system appears (labeled B in Fig. 7.12(a)). When �T

T

starts to decay, instead of a step-function-like decay as seen in Fig. 7.11, we observed a

much faster decay in Fig. 7.12(a), suggesting another kind of light-matter interactions

was at work. These fast decays can be associated with either intraband transitions

in semiconductors or scattering processes in gold (Section 7.2.1). The femtosecond
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regime of intraband transition reaches the limit of the resolution of our measurement

method, thus, unlikely to be the mechanism behind this observation. However, the

appearance of the metallic-like response in the temporal spectrum of �T

T
suggests that

the grating might have also been pumped by the 820 nm beam.

A typical laser beam has a Gaussian shape, regardless of how well the pump beam

was positioned right in the middle of the two gratings, its tail could easily extend and

touch the grating. This speculation is further confirmed by the behaviour of �T

T
in

Fig. 7.12(b). The fact that we actually detected a change in �T

T
even when the probe

was o� the grating means that we had the pump and the probe spatially overlapped.

The pure Silicon response from Fig. 7.12(b) resembles the result in Fig. 7.11 and

has a larger amplitude of �T

T
base lines compared to the mixed response of gold and

silicon in Fig. 7.12(a).

We can single out this e�ect due to carriers in Silicon by decomposing the composite

decay in Fig. 7.12(a) into its constituents. Figure 7.13 shows a typical example of how

we can fit a triple exponential model to our data to separate the di�erent components

of the combined decay:

�T

T
= B1e

≠ t

·1 + B2e
≠ t

·2 + B3e
≠ t

·3 (7.7)

Three temporal regimes were identified, together with three time constants: ·1 =

2.4 ps, ·2 = 10 ps and ·3 = 2.4 ns. These time constants were found by averaging

the fitting coe�cients across di�erent pump powers. ·1 and ·2 can be associated with

electron-phonon and phonon-phonon scattering in gold respectively while ·3 indicates

the signature carrier recombination in Silicon. The time scale associated with Silicon

response (·3) is selected and the maximum change in �T

T
due to this e�ect only is

used to calculate �nÕÕ
Si

according to Eqn. 7.4 (see Fig. 7.14(a)). The pump power

can be converted into the carrier concentration, N by evaluating the pump energy

density and assuming that each pump photon absorbed by the Silicon slab creates an

electron-hole pair. A calibration factor was also included to account for the absorption
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Figure 7.13 – Fitting a three temperature model onto �T

T
data, decomposing this combined

decay e�ect into its three temporal regime: ·1,2,3.

e�ciency of the measuring system, < 5%. This includes the absorption factor of the

220 nm Si core based on transfer matrix method and the aperture coupling e�ciency.

The number of absorbed photons is then averaged over the beam path between the

two gratings, leading to an approximated value of N . As expected, the magnitude of

�nÕÕ
Si

increases with the carrier concentration (Fig. 7.14(a)).

Figure 7.14 – (a) �nÕÕ
Si

as a function of carrier concentration for both experimental data
and theoretically predicted values. (b) Experimental values of �nÕÕ

m as a function of carrier
concentration. The power of the injected pump was converted into the number of photons
fed into the system. This photon number is assumed to be equal to the number of electron-
hole pair generated by the pump beam between the coupling gratings. L was taken to be
20 µm.
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However, compared to the theoretical prediction of �nÕÕ
Si

, our result is approx-

imately one order of magnitude smaller. Referring to Eqn. 7.4, the discrepancy

between the experimental and theoretical values of �nÕÕ
Si

suggests that the overlap

between the pump and the grating might have reduced the in and out-coupling e�-

ciencies of the grating. Since the e�ect of �nÕÕ
Si

is expected to be small and is hence

very sensitive to any changes to the resultant light intensity, a small reduction in the

grating’s coupling e�ciency can greatly reduce the accuracy of our �nÕÕ
Si

measure-

ment. The one order of magnitude di�erence mentioned above can be accounted for

by a decrease in the in and out coupling e�ciency of the grating by less than 2%.

Figure 7.14(b) shows the corresponding experimental values of �nÕÕ
m

as a function

of carrier concentration. Above a carrier concentration of 5 ◊ 1017 cm≠3 as shown in

Fig. 7.14(b), the magnitude of �nÕÕ
m

is on the order of 10≠6.

�nÕ
Si

results

The interference pattern of the three sources described above was taken at the tempo-

ral points A, B and C which are illustrated in Fig. 7.12. When the pump arrives after

the probe; this is equivalent to point A. In contrast, at positions B and C, the probe

arrives after the pump, influencing the resultant interference pattern. The biggest

changes, a lateral shift and a decrease in the amplitude of the interference pattern,

were found between the interference patterns recorded at A and B. No significant

di�erence was observed when the pump beam was placed at locations equivalent to

points B and C on the retro-stage.

The results of �nÕÕ
Si

measurements suggest that the technique su�ers from the spatial

overlaps between the pump and the probe and also between the pump and the grating.

These experimental limitations led to various uncertainty factors in estimating the

intensity change of the interference pattern between points A and B. Thus, our 3-

beam interference method could not give a reliable evaluation of �nÕÕ
Si

. Nonetheless,

the magnitude of the lateral shift of the interference pattern could still be used to

estimate �nÕ
Si

as this value depended on the phase rather than the amplitude of the

detected fields.
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Figure 7.15 – (a) �nÕ
Si

as a function of carrier concentration for both experimental data
and theoretically predicted values. (b) Experimental values of �nÕ

m as a function of carrier
concentration. L was taken to be 20 µm.

After decomposing the interference pattern into its constituent frequencies, FFT

allows us to extract the phase of each component. Using the 2nd order di�raction,

the phase di�erence between point A and point B was converted into �nÕ
Si

; this re-

sult is shown in Fig. 7.15(a).f We observed a general trend of increasing �nÕ
Si

with

increasing carrier concentration. More importantly, the magnitude of �nÕ
Si

matches

the predicted values within one order of magnitude. Figure 7.15(b) shows the mea-

sured modal response of the carrier-induced dispersion e�ect, with a maximum value

of |�nÕ
m

| being ≥ 0.007. In the high carrier concentration regime, the increase of

�nÕ
Si

with pump power slowed down. When pumping above N = 1.5 ◊ 1018 cm≠3,

we noticed that the fringes became blurry at point B and no distinct fringes were

formed. This phenomenon could either be attributed to the degenerate point of Si or

to the enormous thermal energy in the material at high pump power. Since our carrier

concentration calculation suggests that the maximum carrier concentration achieved

was < 2 ◊ 1018 cm≠3, five times smaller than the degenerate point of Silicon at 1019

cm≠3, it is likely that heating e�ects played the central role in diminishing the index

response of Si. A higher accuracy was achieved in �nÕ
Si

measurements compared to

�nÕÕ
Si

measurements because a phase dependent measurement is less susceptible to the

pump-grating overlap problem than one that relies on the field intensity evaluation.

fNote here that we can implement similar procedure on the 1st order as its interference pattern
was also influenced by the pump, however, we found that as the amplitude di�erence between S0
and S1 was so large that this phase change was not as dominant as in the 2nd order interference,
hence giving less accurate results.
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In theory, we can also directly convert a spatial shift seen on camera to a change

in phase without invoking FFT and iFFT. Although these lateral shifts could be

seen by eyes in the experiment, the actual shift was only within 2 to 3 pixels due

to experimental limitations, rendering this direct calculation impractical. However, a

quick back-of-the-envelope conversion between a physical lateral shift and �nÕ
Si

gives

us a value that has the same order of magnitude as those shown in Fig. 7.15, further

confirming the validity of FFT approach.

7.4 Preliminary work

7.4.1 Construction of Si-based active PTS gratings

Figure 7.16 – (a) Cross-section of the active PTS grating: 1. Ridge waveguide: neff =
2.663 without index perturbation; 2. Lossless unit: pumping Si to create a change in �nÕ;
3. Lossy unit: depositing MgF2 and Cr with appropriate thicknesses to achieve desired PTS
grating index profile. For TCr = 10 nm and TMgF2 = 79 nm, we achieved a mode of neff =
2.663 + i0.02. (b) Pumping strategy to establish the required Ÿ{n} distribution for active
PTS gratings.

Section 7.3.5 shows that the magnitude of �nÕ
Si

is above 2 orders of magnitude

larger than �nÕÕ
Si

in the high pump regime; hence, pumping e�ects on ⁄{nSi} can be

neglected. This result is encouraging, proving the feasibility of constructing a similar

PTS index profile as that shown in Fig. 7.1 using an active control, albeit the smaller
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magnitudes of �nÕ and �nÕÕ. Here �nÕ and �nÕÕ are equivalent to the modal chara-

teristics �nÕ
m

and �nÕÕ
m

described in Section 7.3.

Assuming that the maximum achievable magnitude of �nÕ
m

in Silicon active configu-

ration is only on the order of 0.02 at the high carrier concentration regime (N ≥ 1019

cm≠3), much less than �nÕ = 0.15 demonstrated in passive PTS [36], we require

very delicate design of the lossy units to achieve the EP at |�nÕ
| = |�nÕÕ

|. A similar

approach to [36] can potentially be followed: using two materials of appropriate thick-

nesses to obtain perfect phase matching with a loss amplitude of �nÕÕ on the order

of 0.02.g The cross-section of the ridge waveguide, lossless units (pumped regions)

and lossy units are depicted in Fig. 7.16(a). Owing to the availability of fabrication

facilities in our group, MgF2/Cr bars were considered for the construction of the lossy

units. Figure 7.16(b) shows a schematic sketch of the spatial positioning of the optical

pumping mechanism that generates a similar index distribution to that described in

Fig. 7.1. The Si bars of passive PTS gratings are replaced by a spatially selective

pumping strategy.

With these values of �nÕÕ and �nÕ, using a simple 1D analytic model of PTS gratings

described in Section 2.4.2, we can approximate potential values of the backward and

forward reflections, Rb and Rf , based on Eqn. 2.22. Here, a slab waveguide of 220

nm Si core thickness clad with SiO2 and an index modulation of |�nÕÕ
| = |�nÕ

| = 0.02

were simulated. Figure 7.17(a) shows the theoretical prediction of the spectra of Rf

and Rb. With the current grating length, Lg = 50� ≥ 27 µm, a maximum contrast

ratio, defined as Cm = |max(Rf ) ≠ max(Rb)|, of just above 10% is achieved. The

small red-shift of the peak value from ⁄Bragg = 1500 nm due to the lateral shift of the

grating units (discussed in Section 2.4.2) is also seen here. The contrast ratio can be

improved by increasing the length of the grating, Lg, as illustrated in Fig. 7.17(b).

The increase in the contrast ratio with longer Lg slows down once the grating length

reaches approximately 80 µm, equivalent to a grating of 160 periods.

gThere are many ways in which materials and shapes of these lossy units can be chosen.
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Figure 7.17 – (a) Theoretical prediction of the potential forward and backward contrast
ratio when |�nÕÕ

| = |�nÕ| = 0.02 and the grating length, Lg = 50�. (b) Maximum contrast
ratio between Rf and Rb as a function of grating length.

7.4.2 Fabrication
The first step in our preliminary work on device fabrication was carried out. An SEM

image of the fabricated device is shown in Fig. 7.18.h The design consists of a long

ridge waveguide with two U-shape couplers. In-couplers and out-couplers, numbered

1 and 6 in Fig. 7.18(a), are placed at the ends of the waveguide. The symmetric

U-shape couplers, numbered 2-5, allow backward and forward reflection properties to

be examined. The PTS index modulation will be positioned within the two blue dash

lines which define the boundaries of the actual grating region. The detailed dimensions

are given in Fig. 7.18(b-d), listing the required dimensions for a 50/50 U-shape beam

splitter. For an initial input at the in-coupler 1, the transmission at the out-coupler

3 represents 50% of the initial input while the output at the out-coupler 2 measures

50% of the forward reflection, Rf . Similarly, for an initial input at the in-coupler 6,

the measurement at the out-coupler 5 signifies 50% of the backward reflection, Rb.

Since this is only the first round of our fabrication work, there remains a few

problems with our samples including residues on sample surfaces, rough side walls,

overetching of the Silicon ridge and misalignment of EBL write fields. Though, our

current PTS grating has Lg ¥ 27 µm (indicated by blue dash lines in Fig. 7.18(a)),

this particular design of a ridge waveguide and couplers can be further optimized

hThe fabrication of these devices using Si-etching was done by Dr. Michael P. Nielsen. I was in
charge of designing the devices using CAD and imaging them using SEM.
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Figure 7.18 – SEM images of potential designs of active PTS gratings. (a) Two full PTS
gratings. The blue dash lines indicate the potential PTS region. (b) A single U-shape
coupler. (c-d) Dimensions of detailed structures.

to achieve a longer value of Lg. Also, the complete design of an active PTS is not

restricted to the index modulation based on the second order of Bragg di�raction

presented in Fig. 7.1 or the device design shown in Fig. 7.16.

7.5 Summary
In this chapter, we investigated the feasibility of constructing an active PTS grating

on a standard SOI platform. The two most important aspects of turning a conven-

tional passive PTS grating into an active one are materials and device designs. As

part of the preliminary work on active PTS, we focused on the experimental vali-

dation of optically pumping Silicon to generate PTS index modulation. Our time-

resolved pump-probe and 3-beam interference experiments showed that in the high

pump regime, the magnitude of �nÕ
Si

is about two orders of magnitude larger than

�nÕÕ
Si

, making Silicon a promising material for active PTS control. While �nÕ
Si

results

agreed reasonably well with theoretical prediction, our results for �nÕÕ
Si

di�ered from

theoretical values by one order of magnitude. We associated this discrepancy with

the problem of overlapping pump beam and gratings.

The design aspect of active PTS was also discussed. The proposed design was based

on the second order of Bragg di�raction. The experimental demonstration of such a
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design requires the construction of an amplitude mask, which adds extra complication

to the current fabrication flow, though readily fabricated using our current technique.

The beauty of a PTS grating lies in the freedom in configuring an index modulation

that matches the symmetry requirement of the system. If an appropriate modulation

satisfying these requirements is found, a simple light induced photorefraction pumping

strategy [174] can be used to actively control the index modulation, further proving

the versatility and usefulness of active PTS gratings.

It is important to emphasize that the analysis of PTS gratings in this chapter as-

sumed a purely real e�ective coupling coe�cient between the forward and backward

propagating modes even when only loss was present, resulting in the prediction of

total elimination of reflection in one direction (Fig. 7.17(a)). However, as discussed

in Chapter 6, this assumption can be refined further to include a complex coupling

description which takes into account the asymmetry of the mutual coupling coe�-

cients when non-ideal PTS situations arise. In practice, the magnitude of Rf does not

quite reach zero [36], due to the di�culty in precisely building the PTS index require-

ment and also the intrinsic limitation originated from complex coupling mechanism

in imbalanced gain and loss PTS systems.
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8.1 Summary
The scientific goals first mentioned in Chapter 1 were to investigate the practicalities

of nanophotonic devices where loss could be compensated by gain and loss manipula-

tion played a role in the device operation.

Plasmonic lasers were chosen as a suitable platform to analyze the interplay be-

tween loss and gain in achieving lasing action. The problems associated with bottom-

up approach were eradicated by employing a top-down hybrid gap plasmon waveg-

uide (HGPW) design which enabled both the plasmonic cavity and feedback to be

lithographically defined in the same fabrication step. Passivated suspended GaAs

membranes provided sub-di�raction limit confinement and at the same time greatly

reduced detrimental e�ects of surface recombination in semiconductors. Clearly, the

gain supplied by our 100 nm thin GaAs membranes, in the range of 1300 - 2000 cm≠1,

was su�cient to overcome the high cavity and modal losses of such a design. The gold

slabs allow potential electrical injection with a required current density of approxi-

mately 6 - 8 kAcm≠2 to be realized. It was found that in the high pump regime, the

e�ect of carrier-induced refractive index change in GaAs was severe, leading to devi-

ations of the laser behaviour from numerical simulations. Though, a significant step

was made in bringing plasmonic nanolasers closer to practical applications by having

a flexible design, simple fabrication steps and e�cient lasing actions, a few problems

still need to be addressed including the use of non-CMOS compatible materials and

145
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concerns over membrane snapping and its quality in the extremely high pump regime.

The second objective was to explore novel physical concepts that empower use-

ful operation of loss. We investigated the physics of Parity-Time Symmetry (PTS)

and its application in optics, focusing once again on problems that prevent PTS op-

tical devices from making it to practice. Two main problems were identified. The

first, associated with gain-induced dispersion e�ects which are prevalent in the high

gain/loss regime, was theoretically investigated in the context of PTS coupled waveg-

uides. The smooth transition at the EP was quantitatively analyzed using CMT

parameters, showing excellent agreement with numerical solutions. A method to re-

cover PTS characteristics in this highly dispersive system was found by introducing a

net gain/loss into the system together with a geometric asymmetry in order to satisfy

the condition (f2(x)(‘ÕÕ
1 + ‘ÕÕ

2))/(f ú
1 (x)”‘) π 1. The e�ectiveness of such a recovery

mechanism was confirmed by quantitatively assessing the phase rigidity and the ÷

factor.

The other issue with practical passive PTS devices was its inflexible operation that

hindered an active control of gain and loss. In the context of passive PTS Bragg

gratings, their application as optical diodes was greatly impeded by the inability to

tune the EP dynamically. The first few steps in assessing the feasibility of imple-

menting SOI-based PTS active Bragg gratings were made. The most fundamental

question we needed to answer was whether pump-induced e�ects in Silicon could es-

tablish the required PTS index profile. A two orders of magnitude di�erence between

�nÕ
Si

and �nÕÕ
Si

was found in the high pump regime using our waveguide integrated

pump-probe spectroscopy and 3-beam interference experiments. This finding makes

Silicon a promising material for an active PTS control. The preliminary results on the

device fabrication using Si-etching were also presented, further proving the versatility

and usefulness of active PTS gratings.

The device footprints of PTS coupled waveguides and Bragg gratings can be further

reduced by working with plasmonic guiding structures. The observation of lasing in

hybrid gap plasmon GaAs lasers confirms the viability of extending optical PTS to
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plasmonic platforms where high gain can be e�ciently generated to compensate for

the relatively large losses. Optical PTS with its clever manipulation of gain and loss

o�ers a variety of configurations which do not only make use of loss for useful photonic

applications but also allow carrier-induced e�ects to be part of the device operation.

8.2 Future work
A few subsequent lines of work stemmed from the results presented in this thesis

can be implemented to confirm the validity of our approach and further improve our

understanding of the systems of interest.

8.2.1 Plasmonic lasers
Though, lasing actions were demonstrated in hybrid gap plasmon GaAs lasers, several

characteristics of lasing actions can be further investigated such as coherence. The

device width was restricted to ≥ 195 nm in order to draw comparisons amongst di�er-

ent designs: 1-step, 2-step and DBR-only. However, the study of width dependence

lasing actions based on HGPWs can shed light into the behaviour of the system in

the extreme plasmonic regime of small widths. As the hybrid mode gains a more

plasmonic character with decreasing gap width, we would expect the modal loss to

increase significantly. Our insights into the strong carrier-induced refractive index ef-

fects in GaAs can help us improve the e�ciency of the lasing process. Laser feedback

is directly linked to the cavity loss. Future studies can also look into ways of reducing

the current cavity loss such as using curved gratings instead of conventional Bragg

gratings as reflectors.

One key feature of our laser designs was the taper that aided the adiabatic guid-

ing of light from the grating region to the gap. Also, the DBRs were designed to

give the highest reflectivity to the fundamental mode. Thus, by extending our cur-

rent study to cover a wider range of widths and even di�erent spacer thicknesses,

together with our knowledge of the theory of optical loss/gain in GaAs, we can map

out the loss profile of the HGPW mode, further consolidating the work presented here.
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The adiabatic nature of our taper can also be explored further by fabricating lasers

of di�erent taper lengths and widths and measuring their back reflection. A truly

adiabatic taper would have a back reflection coe�cient close to zero. Non-adiabatic

guiding of the taper could hamper the e�ciency of our lasers. Finding the theoreti-

cal/experimental limit at which the guiding of light in such a hybrid structure stops

being adiabatic can help us optimize the taper length of our laser designs.

Tackling the issue of large dispersion in the high gain regime identified in Chapter

5 is also an interesting direction that subsequent work can follow. Currently, the large

dispersion originates from the material aspect of the design. High gain often asso-

ciates with large dispersion. Composite multilayer semiconductor gain materials can

be considered to tailor the desired spectral response of the laser device in the required

threshold regime. Correspondingly, the DBR stopband also needs to be engineered

to match the spectral response of the gain medium. Here, the gain analysis outlined

in Chapter 4 and Chapter 5 can provide us with insightful information about the

threshold gain, the peak gain and its spectral characteristics to design the necessary

DBR’s spectral properties.

Going beyond this current hybrid plasmonic-photonic structure, the idea of a nanolaser

based on GaAs membranes can be combined with the Tamm state notion where a com-

bination of a vertical cavity and a plasmonic gap structure can further simplify the

fabrication procedure and improve the durability of the membranes.

8.2.2 PTS optical devices
As explained earlier, the investigation of an active PTS Bragg grating is an ongoing

project. The following aspects of Silicon-based active PTS gratings can be further

investigated to achieve optimum operations.

Firstly, several aspects of the experimental method can be improved to increase

the accuracy of �nÕ
Si

and �nÕÕ
Si

measurements. The estimation of carrier-induced ef-

fects depends on the approximation of the shape of the pump beam. The problem of

overlapping pump and gratings can be reduced by using optical elements to shape the
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beam as desired. However, the 20 µm length separation between the gratings is rather

short for e�cient shaping to be implemented. It should be emphasized here that there

is a trade-o� between reducing the pump-gratings spatial overlap and increasing the

uniformity of the intensity density of the pump beam without using an amplitude

mask to aid the pumping process.

The heating e�ect that damages the carrier-induced refractive index change in Silicon

at the high pump regime can be reduced by pulse picking the pump beam—similar to

the experimental method used in Chapter 5 to lessen thermal influences on the GaAs

nanolasers.

Secondly, the implementation of a pumping mechanism that can establish the re-

quired spatial distribution of Ÿ{n(z)} is challenging. This is because our proposed

grating has a filling factor of 0.25. A standard method of creating a photorefractive

grating of arbitrary filling factors is to employ an amplitude or phase mask. An am-

plitude mask can spatially block the pump beam in the region where �nÕ = 0. On the

other hand, a phase-shift mask has non-uniform optical thickness; hence light passing

through this mask will experience a phase change. Light from di�erent regions of

the mask interferes and with appropriate thicknesses, an interference pattern with

a periodicity and a filling factor equivalent to the desired index modulation can be

achieved. Even though amplitude masks can give us exactly what we need for a PTS

index modulation, it adds an extra complication to our fabrication flow and somewhat

takes away the active component of the device as the mask would be created at the

fabrication level. This mask must be made out of a material that transmits light at

1500 nm while absorbing or reflecting at 820 nm. One candidate could be Titanium

Oxynitride [175].

A simpler pumping method is called light-induced dynamic grating. In brief, instead

of a single pump beam, we can split this beam into two and make them interfere

on the sample to create regions of dark fringes and bright fringes, thus, selectively

pumping di�erent regions of silicon. However, this mechanism will always result in

a light-induced dynamic grating of a filling factor of 0.5, regardless of the incident
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angle [174]. Recall that the 0.25 filling factor arises from the fact that we proposed a

PTS Bragg grating based on the second order Bragg grating. A clever design of the

PTS index profile using the first order di�raction can potentially allow such a 2-beam

interference pumping mechanism to be implemented.

Thirdly, going beyond Si, we can explore other materials which have strong de-

pendence of either the real or imaginary parts of their refractive indices on optical

pumping and possess interesting non-linear optical properties.

Fourthly, an extended complex coupling mechanism investigation in contradirec-

tional mode coupling can be carried out. The theoretical analysis of complex cou-

pling mechanism in the context of PTS coupled waveguides can well be applied to

PTS optical gratings, providing a convenient practical platform to assess the degree

of imperfect PTS and the e�ectiveness of potential healing processes. An active PTS

grating facilitates various tuning mechanisms of the parameter space, bringing us

ever closer to the actual exceptional point and allowing the intrinsic limitations put

in placed by the complex coupling mechanism to be experimentally quantified.

Finally, the simple coupled GaAs waveguides can be turned into lasers by adding

appropriate feedback mechanism, facilitating the study of PTS in the spatiotemporal

domain of nanophotonics. It would also be very interesting to apply the aforemen-

tioned PTS optical concept to plasmonic waveguides such as the HGPW, combining

the novel concepts of sub-di�raction limit confinement and optical non-Hermiticity.

Since the theoretical investigation of recovering PTS in coupled waveguides provided

us with a thorough understanding of the physics in the highly dispersive regime, we

can now design devices with high gain/loss functionalities without upsetting the del-

icate PTS index profile.

PTS coupled lasers can be studied using the suspended GaAs membrane configura-

tion. The demonstration of plasmonic nanolasers based on suspended GaAs mem-

branes presented in Chapter 5 and the bias pumping mechanism of PTS coupled

waveguides proposed in Chapter 6 lay the foundation for PTS coupled nanolasers. By
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bias pumping these two codirectional couplers, we can control their coupling length,

which in turn allows us to tune the amount of energy being transferred between the

two waveguides at the spatial locations of the laser feedback, e�ectively turning the

lasing action on and o� at will.
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Appendix A
Parity-time inner product
Parity is a linear operator, defined as P̂Â = QÂ where Q = Q

ú, Q
2 = I. The

time reversal operator is assumed to turn a wavefunction into its complex conju-

gate: T̂Â = Âú. P̂ is a linear operator and T̂ is an antilinear operator. As P̂ T̂

now plays the role of hermiticity in QM, one way to define the inner product is

(„,Â)P T = (P̂ T̂„)T Â = „†
QÂ. With this above definition, there will be vectors with

negative norm, contradicts one of the most fundamental postulates of QM. The correct

inner product used in PTS is defined slightly di�erently in order to ensure positive

definiteness of the norm of a vector by introducing a new linear operator Ĉ which

turns any state of the Hamiltonian with negative norm under the above P̂ T̂ inner

product into positive. Ĉ is a linear operator with Ĉ2 = 1 and [Ĉ,P̂ T̂ ] = 0, ĈÂ = KÂ.

Thus, the new CPT inner product used in PTS QM has the form [84]:

(„,Â)CP T = (ĈP̂ T̂„)T Â = „†KT SÂ (A.1)

Operator Ĉ is determined according to the specific Hamiltonian being used. Any

operator in Hilbert space that represents an observable must be self-adjoint. In con-

ventional QM, these operators are hermitian with respect to standard inner product.

However, in a PTS QM framework, CPT adjoint of Â, ÂCP T is defined such that

(„,ÂÂ)CP T = (ÂCP T „,Â)CP T . To be self-adjoint with respect to CPT inner product,

Â = ÂCP T . The use of CPT inner product ensures both positive norm of vectors and

unitary time evolution. Thus, it is feasible to construct a QM framework with respect

to this new inner product (For further details, refer to [84]).
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Appendix B
Detailed calculation of CMT
B.1 Calculation of CMT coe�cients

Whether the coupled modes travel in the same direction or in opposite directions,

their coupling mechanism can be modeled using the familiar coupled-mode theory

approach. The formalism of CMT outlined here follows the standard CMT description

in [86,91–93]. CMT applies to weakly coupled systems where the field of one mode can

be treated as a perturbation to the field of the other. The electric field of a mode in a

waveguide takes the form of Eµ(x,z) = Aµ(z)Eµ(x)ei—µz, where the amplitude, Aµ(z),

varies in the propagation direction [91, 92, 176] and the subscript µ marks a specific

mode in the system. The field perturbation is then modeled by a linear polarization

term, �P = �‘ · E , which can be input into the Lorentz reciprocity theorem:

Ò · (Eµ ◊ H
ú
‹

+ E
ú
‹

◊ Hµ) = ≠iÊ(Eµ · �P
ú
‹

≠ E
ú
‹

· �Pµ) (B.1)

By integrating both sides of Eqn. B.1 over the cross-section of the waveguides, the

familiar CMT equations and explicit functional forms of coupling coe�cients are re-

trieved:

±
dA‹(z)

dz
=

X

µ

iŸ‹µAµei(—µ≠—‹)z (B.2)

and the explicit functional forms of the CMT coupling coe�cients are

Ÿµµ =
Ÿ̂µµ ≠

cµ‹ Ÿ̂‹µ

c‹‹

1 ≠ cµ‹c‹µ/cµµc‹‹

¥ Ÿ̂µµ(1 ≠
cµ‹ Ÿ̂‹µ

c‹‹ ˆŸµµ

) π Ÿ̂µ‹

Ÿµ‹ =
Ÿ̂µ‹ ≠

cµ‹ Ÿ̂‹‹

c‹‹

1 ≠ cµ‹c‹µ/cµµc‹‹

¥ Ÿ̂µ‹(1 ≠
cµ‹ Ÿ̂‹‹

c‹‹ Ÿ̂µ‹

) ¥ Ÿ̂µ‹

(B.3)
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with the analytic functions of the coe�cients taking the form of:

Ÿ̂µ‹ = Ê

Z Œ

≠Œ
E

ú
µ

· �‘‹(x) · E‹dx cµ‹ =
Z

(Eú
µ

◊ H‹ + E‹ ◊ H
ú
µ
) · zdx

(B.4)

Ÿ‹µ are the coupling coe�cients and ± denotes the propagation direction of the

waves, either backward or forward, and the summation runs through all modes of ev-

ery waveguides involved in the coupling system. The approximations in Eqn. B.3 are

valid when the two coupled modes are in the weak coupling limit. This implies that

the overlap coe�cients cµ‹ π 1, the field normalization cµµ ¥ 1, and self-coupling is

ignored for the case where Ÿµ‹ ∫ Ÿµµ.

For simplicity’s sake, consider the case where there are only two modes involved in

the coupling process, the indices µ and ‹ take only values of 1 and 2, Eqn. B.2 leads

to a set of coupled di�erential equation:

±
dA1(z)

dz
= iŸ11A1(z) + iŸ12A2(z)ei(—2≠—1)z

±
dA2(z)

dz
= iŸ22A2(z) + iŸ21A1(z)ei(—1≠—2)z

(B.5)

However, CMT is often used for lossless coupled systems. This means that conven-

tional CMT requires reasonable modifications to be used in loss/gain PTS systems.

Going beyond standard CMT, in this analysis, we allow the propagation constants,

—1,2 to take complex values in order to accommodate the gain/loss requirement of

optical PTS: —1,2 = —Õ
1,2 + i—ÕÕ

1,2 = (nÕ
1,2 + inÕÕ

1,2)Ê/c. Here —Õ
1,2, —ÕÕ

1,2 are real numbers

and nÕ + inÕÕ is the e�ective refractive index of each propagating mode.

B.2 The simplified Hamiltonian of coupled codirection

modes

To recast Eqn. 2.10 into its well-known CMT form, the self coupling coe�cient can

be absorbed into the overall magnitude expression: A =

2

4A1(z)

A2(z)

3

5 =

2

4a1(z)eiŸ11z

a2(z)eiŸ22z

3

5.
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This has led to a significant simplification of Eqn. 2.10:

da1(z)
dz

= iŸ12a2(z)ei2”modez

da2(z)
dz

= iŸ21a1(z)e≠i2”modez

(B.6)

where ”mode = (—2 + Ÿ22 ≠ —1 ≠ Ÿ11)/2. We further make the substitution

2

4a1(z)

a2(z)

3

5 =
2

4u1(z)ei”modez

u2(z)ei”modez

3

5. Thus, the original E(z) can be rewritten using a phasor with propa-

gation phase —0 = (—1+Ÿ11+—2+Ÿ22)
2 as:

E =

2

4E1(z)

E2(z)

3

5 =

2

4ei—0z 0

0 ei—0z

3

5A
0 where A

0 =

2

4u1

u2

3

5 and i
ˆ

ˆz
A

0 = HA
0

Consider the case where Ÿ11,22 are negligible. The Hamiltonian that governs the

propagation of the two coupled codirectional modes can now be recast into:

H =

2

4”mode Ÿeff

Ÿeff ≠”mode

3

5 (B.7)

B.3 Finding the transfer matrix of coupled codirection

modes
The following manipulation is then carried out to analyze the system [91,92]:

1. Finding eigenvalues of H : The eigenvalues of H , corresponding to the formation

of two supermodes, are:

‡± = —0 ±

q
”2

mode
+ Ÿ2

eff
= —0 ± ‡0 (B.8)

2. Finding the eigenfunctions of H :

A
0 =

2

4u1

u2

3

5 =

2

4cos(◊/2)

sin(◊/2)

3

5 or

2

4≠sin(◊/2)

cos(◊/2)

3

5
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where tan(◊) = Ÿeff

”mode

. Thus, cos(◊) = ”mode

‡0
and sin(◊) = Ÿeff

‡0
.

3. Finding the transfer matrix, M(z), which governs the propagation of fields:

2

4E1(z)

E2(z)

3

5 = M(z)

2

4E1(0)

E2(0)

3

5

• Diagonalizing the Hamiltonian: Q
†
HQ = B where

Q(z) =

2

4cos(◊/2) ≠sin(◊/2)

sin(◊/2) cos(◊/2)

3

5 and B(z) =

2

4‡0 0

0 ≠‡0

3

5

• Transforming into another basis: i ˆ

ˆz
K = BK where A

0 = QK. Since B

is a diagonal matrix, the obvious solution of K would be:

K(z) =

2

4e≠i‡0z 0

0 ei‡0z

3

5K(0)

• Transforming back to A
0 basis we achieve:

M
0(z) = Q

2

4e≠i‡0z 0

0 ei‡0z

3

5Q
≠1 (B.9)

• Find the corresponding transfer matrix in E(z) basis [48, 50]:

M(z) =

2

4ei—0z 0

0 ei—0z

3

5M
0(z)

=

2

4cos(‡0z) ≠
i”mode

‡0
sin(‡0z) Ÿeff

‡0
sin(‡0z)

Ÿeff

‡0
sin(‡0z) cos(‡0z) + i”mode

‡0
sin(‡0z)

3

5 e≠i—0z

B.4 Fourier analysis and CMT in contradirectional

coupled modes
The rich physics and applications of Bragg gratings have been illustrated in many

excellent textbooks [86,93,154]. Combining all equations B.5, 2.17 and 2.18, we have
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the following coupled di�erential equations in terms of Fourier coe�cients:

dA1(z)
dz

= iA1(z)
ŒX

›=±

Ÿ11(›)ei(—1≠—1≠ 2fi›

� )z + iA2(z)
ŒX

›=±

Ÿ12(›)ei(—2≠—1≠ 2fin

� )z

≠
dA2(z)

dz
= iA2(z)

ŒX

›=±

Ÿ22(›)ei(—2≠—2≠ 2fi›

� )z + iA1(z)
ŒX

›=±

Ÿ21(›)ei(—1≠—2≠ 2fi›

� )z

(B.10)

Only one term in the Fourier transform that yields the minimum value of |” =

—µ ≠ —‹ ≠ 2fi›�| = 0 is kept because only this term e�ectively contribute to the

coupling of the two contradirectional modes of the grating. Equating the exponential

terms on the LHS and RHS of Eqn. B.10, we arrive at:

• For Ÿ11,22(›): the only Fourier term that satisfies the above condition is › = 0,

giving rise to a DC term.

• For Ÿ12,21(›): the only Fourier term that satisfies the above condition is 2fi›

� =

±|—2 ≠ —1| = 2— for the case of contradirectional modes with |—1| = |—2| = — =

2fineff/⁄ where neff is the e�ective index of the propagating mode.

This result gives rise to the familiar Bragg condition: � = fi›

—
. The first Bragg order

occurs at q = 2|—| where q is the grating vector and � = 2fi/q = fi/— with › = 1.

Higher order Bragg occurs at › > 1 and a grating vector of ›q corresponding to a

grating period of � = 2fi›/2— = ›fi/—. From Eqn. 2.17, we can see that for a given

index distribution, we can separate the dependence of the permittivity in transverse

and along propagation directions as �‘(x,z) = �‘(x)�‘(z). For a Bragg grating, the

coe�cients, Ÿ(›), can be simplified as:

Ÿµµ(›) = 1
�

Z �

0
�‘(z)e

i2fi›z

� dz ◊ Ê

Z
E

ú
µ
(x)�‘(x)Eµ(x)dx = C›–0

Ÿµ‹(›) = 1
�

Z �

0
�‘(z)e

i2fi›z

� dz ◊ Ê

Z
E

ú
µ
(x)�‘(x)E‹(x)dx = C›Ÿ0

(B.11)

where C› = 1
�
R �

0 �‘(z)e i2fi›z

� dz. Note that we only keep the Fourier term that gives

rise to the coupling of backward and forward propagating modes:
ŒP

›=±
Ÿµ‹(›)ei(—‹≠—µ≠ 2fi›

� )z

≠æ Ÿµ‹(› = (—‹≠—µ)�
2fi

). To find the transmission matrix of this Bragg grating, M(z),

we follow similar steps as outlined in the analysis of H mentioned in Section 2.4.1.
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Detailed calculation of CMT

According to Eqn. B.10, the Hamiltonian of a Bragg grating takes the form of:

H =

2

4 iC0–0 iC›Ÿ0

≠iC≠›Ÿ0 ≠iC0–0

3

5 (B.12)

1. Recast the above wavefunction into:

ˆ

ˆz
A =

2

4 iC0–0 iC›Ÿ0

≠iC≠›Ÿ0 ≠iC0–0

3

5A =

2

4 ia ib1

≠ib2 ≠ia

3

5A

2. Finding eigenvalues of H : ‡1,2 = ±
Ô

b1b2 ≠ a2 = ±‡.

3. Finding the eigenfunctions of H :

2

4u1

u2

3

5 =

2

4 1
ia≠‡

b1

3

5 or

2

4 1
ia+‡

b1

3

5

4. Analysing the transfer matrix which governs the propagation of fields.

• Diagonalize the Hamiltonian using:

Q(z) =

2

4 1 1
ia≠‡

b1
ia+‡

b1

3

5 hence, Q(z)≠1 = b1
2‡

2

4
ia+‡

b1
≠1

‡≠ia

b1
1

3

5

• Finding the transfer matrix M(z). Rewrite ‡ = i„ where „ =
Ô

a2 ≠ b1b2.

M(z) = Q(z)

2

4e≠i‡z 0

0 ei‡z

3

5Q(z)≠1

=

2

4cosh(„z) + a

‡
sinh(„z) ib1

‡
sinh(„z)

ib2
‡

sinh(„z) cosh(„z) ≠
a

‡
sinh(„z)

3

5

5. The forward and backward reflections are defined as follows:

Rf =
����
M21
M22

����
2

Rb =
����
M12
M22

����
2 (B.13)



Appendix C
FDTD simulation of PTS and

conventional gratings

The backward and forward propagation of light in the following three configurations

were simulated, details shown in Fig. C.1.

The simulation was implemented for a wavelength range input of 1500 - 1700 nm.

For each structure, 2 simulations of forward and backward propagation were imple-

mented. A fairly course mesh of 20x20 nm was used. The thickness of the bars is a

quarter of the grating period, as indicated in Fig. C.1. Note here that the grating

period was chosen to meet the second order Bragg condition. For a propagating TE

mode slab waveguide of e�ective index, nBragg = 2.69, the second order Bragg period

is, � = ⁄Bragg/nBragg = 1550/2.69 = 575.5 nm. The height of the bars were chosen

to satisfy the symmetric Ÿ{n(z)} and antisymmetric ⁄{n(z)}profiles of PTS. In this

case, it requires that Ÿ{nBragg} = Ÿ{nlossy}. The exceptional point behaviour of the

system occurs when we achieve |Ÿ{nBragg} ≠ Ÿ{nlossless}| = |⁄{nlossy}| by choosing

the appropriate dimensions of the bars (Lossless, lossy and Bragg modes are defined

in Fig. C.1(e)). Note here that, the perfect suppression of reflection in one direction

at the EP of the system only occurs at the point where the above conditions are ful-

filled exactly. Results shown in Fig. 2.9 with a non-zero magnitude of Rb implies that

the system dimension can be further tuned to achieve perfect unidirectional reflection

e�ect.
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FDTD simulation of PTS and conventional gratings

Figure C.1 – FDTD numerical simulation of (a) conventional Bragg grating (b) Periodic
loss only and (c) PTS grating under broadband excitation. Backward and forward refer to
the input propagation directions shown in Fig. 2.7. (d) Table shows the details of the simu-
lation setup. The simulated system is composed of 15 periods of lossy and lossless bars. (e)
The cutlines L1,2,3 shown in (c) represent the cross-section of the e�ective modes of interest:
L1,2,3 correspond to the lossless, lossy and Bragg modes whose material compositions are
shown in (e).



Appendix D
Iterative steepest descent method

with linear line search
The iterative steepest descent method with linear line search detailed in [98,99] follows:

1. Rewrite the transcendental eigen-equation as: fT E(h) = h tan(hd/2) ≠ [K2
2 ≠

K2
1 ≠ h]1/2 where K1 and K2 are the wavevectors in the cladding and the core.

2. Find the first derivative of fT E(K): f Õ
T E

= dfT E

dK
= hd/2 sec2(hd/2)+tan(hd/2)+

h[K2
2 ≠ K2

1 ≠ h2]≠1/2.

3. Execute the following iterative algorithm where l denotes the iteration number:

fl = fT E(h,l) (D.1)

f Õ
l

= dfT E(h,l)
dk

(D.2)

Tl = f Õú
l

fl (D.3)

Gl = ≠f Õ
l
fl (D.4)

pl = TlT ú
l

GlGú
l

(D.5)

hl+1 = hl ≠ plTl (D.6)

4. Define the error function „ = fl(h)fl(h)ú. When „ < „tolerance ¥ 10≠9, the

algorithm is terminated. The above algorithm can lead to divergence when the

value of pl is overestimated. To force the next iteration to give a smaller value

of „, we can simply make the search step size smaller by halving the value of pl

before starting the next iteration.
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Appendix E
Surface Plasmon Polariton

The interesting optical properties of metals below its plasma frequencies led to the

prediction of the existence of surface plasmon (SPs) in 1957 [177]. Since then SPs has

been extensively studied, forming the foundation of plasmonics. SPs are the collective

oscillations of electrons at the interface between a metal and a dielectric. Movement of

this electron cloud results in the generation of field inside and outside the metal slab.

The coupling between a SP and its associated photon gives rise to surface plasmon

polariton (SPP). The schematic sketch of a SPP is shown in Fig. E.1.

Figure E.1 – Interface of two slabs. Blue: metal; Yellow: dielectric. An incident field of
energy ~Ê move the electron cloud collectively.

In this section, we take a look at the classical treatment of SPPs following an

analysis of plasmonic mode in [16,178]. Consider a general system of two slabs made

of di�erent materials in contact with each other (Fig. E.1). For a confined surface

mode to exist, we assume that the field propagating in the z direction with a single
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propagation constant —, and its components in the x direction are evanescent waves.

For a TM mode, the field components have the following form where the subscript i

takes the value 1 or 2:

Hy = Cie
i—zeûKix

Ez = ≠
i

Ê‘0‘

ˆHy

ˆx
= iCiKi

‘0‘2
ei—zeûKix

Ex = ≠
—

Ê‘0‘i

Hy = ≠
Ci—

Ê‘0‘i

ei—zeûKix

(E.1)

The û corresponds to an evanescent field in x > 0 and x < 0 respectively. Imposing

the continuity of Hy, Ez across the interface, we deduce that:

C1 = C2

K2
‘2

= ≠
K1
‘1

(E.2)

For a mode to exist, K1,2 must be positive according to the definition of a decaying

field in Eqn. E.1. Therefore, ‘1,2 must have opposite signs. Applying these conditions

to Eqn 3.2 for a waveguiding structure, we have:

K2
1 = —2

≠ K2‘2
1

K2
2 = —2

≠ K2‘2
2

(E.3)

Note that a similar derivation for TE modes results in C1 = C2 = 0, hence, a slab

plasmonic mode is always of TM nature. Combining Eqn. E.2 and E.3, we arrive at

the familiar SPP dispersion expression:

— = K

r
‘1‘2

‘1 + ‘2
(E.4)

We know that metals can have negative permittivity when Ê < Êp, while most di-

electric materials have positive permittivity [16]. Thus, using the result from Drude

model for metals, ‘1 = ‘m ¥ 1≠
Ê

2
p

Ê2 and ‘2 = ‘d. Our dispersion relation is simplified to

— = K

s
‘d(1≠

Ê
2
p

Ê2 )

‘d+1≠
Ê

2
p

Ê2

(Fig. E.2(a)). We take a SPP system consisting of a silver slab in air

as an example. At small frequencies, the dispersion curve is very close to the lightline.
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Surface Plasmon Polariton

Figure E.2 – (a) Dispersion of SPP without consideration of losses. (b) Dispersion of SPP
with experimental data of the permittivity of silver [115]. In both cases the dielectric layer
is taken to be air with ‘d = 1 and the plasma frequency of silver is 8.9 eV [179].

This means that ⁄SP P ¥ ⁄ where ⁄ is the wavelength in the dieletric material and

⁄SP P = 2fi

Ÿ{—} . As the input frequency increases, — increases and the dispersion starts

to diverge from the light line, leading to a decrease in ⁄SP P . — tends to infinity when

Ê = Êsp =
q

Ê2
p

‘2+1 , called the surface plasmon frequency. At this point ⁄SP P æ 0 and

the group velocity reaches 0, vg = ˆÊ

ˆ—
= 0, the mode in theory becomes stationary.

There is a gap between Êsp and Êp where SPP mode does not exist. This energy gap

corresponds to purely imaginary solutions of —.

However, the e�ects of electronic collisions and interband transitions at visible fre-

quencies of noble metals lead to losses in the propagation of the plasmonic mode.

This means that ‘m is complex and — is no longer purely real. These losses damp

the traveling SPPs resulting in a finite propagation length, Lp = 1
2⁄{—} . Figure E.2(b)

describes the dispersion of SPP when the experimental data of the permittivity of

silver is used [180]. The presence of the imaginary part of ‘ leads to a finite SPP

wavevector at Ê = Êsp. Moreover, the forbidden region of the dispersion spectrum

shown in Fig. E.2(a) now can accommodate quasibound modes.

Next, we take the full expression of the permittivity of metal in Eqn. F.2 (See
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Appendix F) to account for collisional losses, the expression for — is greatly modified:

— = k

r
‘d‘Œ

‘d + ‘Œ

s
Ê(Ê + i“) ≠ Ê2

p
/‘Œ

Ê(Ê + i“) ≠ Ê2
p
/(‘Œ + ‘d) (E.5)

Here, ‘Œ denotes a residual polarization and “ signifies the collision rate.

The main problem in plasmonics is the trade-o� between confinement and prop-

agation length [181]. To quantify confinement, we need to calculate the extent of

field in the dielectric and metal layers. Ld,m. This field penetration is evaluated as

Ld,m = 1
2⁄{Kd,m} . Clearly, the greater the confinement, the smaller the value of Ld,m:

Ld

⁄
=

Ô
‘d + ‘Œ

4fi‘d

Ÿ

2

4 1q
Ê2

sp
/Ê(Ê + i“) ≠ 1

3

5
≠1

Lm

⁄
=

Ô
‘d + ‘Œ

4fi
Ÿ

2

4 Ê2
p
/Ê(Ê + i“) ≠ ‘Œq

Ê2
sp

/Ê(Ê + i“) ≠ 1

3

5
≠1 (E.6)

• Ê π Êsp: Lm æ 0 and Ld æ Œ. Metals are reflective at these frequencies.

The penetration of field inside the material is not beyond its skindepth, which

is usually in the µm range. In this limit, the solutions are called Sommerfeld-

Zenneck waves. They are distinguished from SPPs which are considered to be

more confined.

• Ê æ Êsp: as — æ Œ, Kd,m also tends to explode, leading to extreme confine-

ment. Here, more light can penetrate into the metal, and less in the dielectric

layer, resulting in an increase in optical momentum, which corresponds to a re-

duction in wavelength and thus a greater confinement is achieved. Close to Êsp,

Lm ¥ Ld. At high frequencies, electrons in the metals become more involved in

the propagation of SPPs, and more energy is stored as electronic polarization

within the metal slab. Due to the existence of losses in metals, — does not reach

infinity at Êsp, limiting our ability to access extreme confinement.



Appendix F
Optical properties of metals

The distinction between metals and dielectrics lies in the sign of their permittivity

which describes how the materials react to an electromagnetic field. Whenever a

material is exposed to an electromagnetic field, since atoms are made up of charged

particles, these particles are acted upon by the electric and magnetic fields, and thus,

they can start to move. The positively charged ions are assumed to be immobile or

rigid, whereas the electron clouds can be moved by these forces. Electrons in atoms

are bound; in solids, electrons can move between atoms. Depending on the particu-

lar material, two possible processes can occur. Electrons can move directionally and

create a current. Or they are only displaced from their equilibrium position, leading

to a shift in the centre of mass of the positive and negative charges. This is called

polarization. Dielectric response is dominated by polarization whereas the abundance

of free electrons in metals allow them to conduct a DC electrical current. In an AC

field, they will oscillate.

The plasma model describes the optical behaviour of metals. The model depicts

solids as a structure of rigid positively charged ionic background surrounded by a

cloud of negatively charged electrons of number density, ne. The interaction of this

electron cloud with an electric force is described by a damped harmonic oscillator or

a Lorenz oscillator [16]:

meẍ + me“ẋ = ≠eE (F.1)

where e, me are the charge and mass of an electron, “ = 1/· is the collision rate

and · is the relaxation time between collisions, leading to energy dissipation. For
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an applied field, E = E0e≠iÊt, we can find an expression for the displacement of the

electron cloud, assuming that the motion matches the driving frequency, x = x0e≠iÊt,

thus, x0(t) = eE
me(Ê2+i“Ê) . It is worth noting that the propagation of light in a metal is

still described by the Maxwell equations 2.4-2.7, albeit the presence of free charges.

This is because the field due to these free electrons is incorporated via the polarization

P = ≠neex = ≠‘0‰E ; thus, the free charge density is no longer needed. We arrive at

an expression for the permittivity of a metal:

‘ = 1 + ‰ = 1 ≠
Ê2

p

Ê2 + i“Ê
=

✓
1 ≠

Ê2
p
· 2

1 + Ê2· 2

◆
+ i

✓
Ê2

p
·

Ê(1 + Ê2· 2)

◆
(F.2)

where Ê2
p

= nee
2

me‘0
, often called the plasma frequency. For metals, typically Êp ¥ 1015

Hz, corresponding to the UV range. To understand the behaviour of metal under

di�erent excitation energies, we consider the following cases:

• Ê < Êp

– Ê π “, ‘ÕÕ
∫ ‘Õ. Here, nÕÕ = nÕ =

q
‘ÕÕ

2 with n = nÕ + inÕÕ =
Ô

‘, the

material is mainly absorbing. Following the Beer-Lambert’s law of intensity

variation: I = I0e≠–z, the absorption coe�cient has the form – = 2nÕÕK.

The distance the field can penetrate the metal is given by the skin depth,

”d = 2
–
.

– Ê = “, ‘Õ
¥ ‘ÕÕ where ‘ = ‘Õ + i‘ÕÕ [175,182,183].

– Ê ∫ “ => Ê· ∫ 1: ‘ = 1 ≠
Ê

2
p

Ê2 . The permittivity is pure real and nega-

tive, leading to a purely imaginary refractive index. Hence, the reflection

coe�cient R = |
1≠n

1+n
|
2 = 1. For metals, this reflective regime occurs in the

in the infra-red to visible range. However, at visible frequencies, interband

transition in noble metals starts to take an active role. Interband absorp-

tion of the bluer end of the spectrum results in the yellow colour of gold

we often see.

• Ê = Êp. At this point, the real part of the permitivity becomes 0.

• Ê > Êp. The permittivity approaches 1 and the metal becomes transparent.

In this regime, for noble metals, however, we have to take into account the
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fact that electrons in the inner orbits can react to this large input field. At low

input energies, the behaviour of noble metals is dominated by s-orbital electrons.

At higher energies, the filled d-band causes a highly polarizable environment,

generating a residual polarization ‘Œ which is added to the permitivity such

that D = ‘0E + Ps + PŒ, where Ps now denotes contribution from the s-orbital

electrons [16,184,185]. Hence ‘ = ‘Œ ≠
Ê

2
p

Ê2+i“Ê
.

Bound electrons can be displaced when acted upon by an incident field. The dis-

placement amount is dependent on the applied field in a metal and a dielectric. In

dielectrics, the electrons are bound and this leads to a restoring force, which is not

present in metals. In turn this creates a resonant response, whereby the amplitude

of motion is aided by more e�cient energy transfer to electrons. This leads to the

polarization of the material in the direction of the applied field. Most dielectrics are

transparent at visible frequencies and have positive permittivity.



Appendix G
Energy and power flow in plasmonics

Poynting’s theorem describes the relationship between power flow out of a bound

surface, W = E ◊ H and the field that is induced by the polarization inside the

volume, V enclosed within that surface:

≠

I
E ◊ HdS = 1

2
ˆ

ˆt

Z
(‘0E

2 + µ0H
2)dV +

Z
E .

ˆP

ˆt
dV (G.1)

The polarization, P has a defined frequency response: P(r,Ê) = ‘0‰(r,Ê)E(r,Ê)

where ‰(r,Ê) denotes the susceptibility of the material. However, the time response

of the polarization is more complicated due to the principle of causality. The po-

larization at one point in time depends on the electric field at an earlier point:

P(r,t) = ‘0
R

‰(r,t ≠ ·)E(r,·)d· . Due to losses in dispersive media, the electric field

decays as the wave propagates, E(r,t) = E0(r,t)eiÊt. E0(r,t) describes the temporal

envelope of the electric field, having a di�erent frequency response from the carrier

frequency Ê. Providing that the loss is small, the time variation of the envelope is

much slower than the carrier frequency. Making use of the slow varying envelope

approximation, we can approximate the time derivative of the polarization as [178]:

ˆP(r,t)
ˆt

= i‘0Ê‰(r,Ê)E(r.t) + ‘0
d[Ê‰(r,Ê)]

dÊ

ˆE0(r,t)
ˆt

eiÊt (G.2)

For a dispersive system where the permittivity becomes frequency-dependent, the

average stored energy and power flow in the system are expressed as:

U(r,t) = 1
2

✓
‘0

d(Ÿ{Ê‘(Ê)})
dÊ

|E0|
2 + µ0|H0|

2
◆

(G.3)
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where H0 denotes the temporal envelope of the magnetic field and:

≠

I
Ÿ{E0 ◊ H

⇤
0}dS = 1

2

Z
ˆU

ˆt
dV + ‘0Ê

Z
⁄ {‰(r,Ê)} |E0|

2dV (G.4)

The modal loss in a plasmonic system leads to an exponential decay of the initial

power, P0, in the propagation direction, P (z) = P0e≠–z. Note here that power is

denoted as P to distinguish from the polarization, P . In steady state, there is no

temporal change in the power flow, dU

dt
= 0, and integrating over the mode volume

gives us an expression of the absorption coe�cient:

– = Ê

R
‘0⁄{‰(r,Ê)}|E|

2dA

Ÿ{E0 ◊ H
⇤
0}.ẑdA

(G.5)

The velocity at which the mode energy flows, vE, is well-defined based on the Poynting

vector relating the power and total energy in the mode:

vE =
R

Ÿ{E0 ◊ H
⇤
0}.ẑdAR

UdA
(G.6)

Let U = 2UE, rearranging Eqn. G.3, we have |E0|
2 = 2UE

‘0
d(Ÿ{Ê‘(Ê)})

dÊ

. Assuming that

most of the modal losses originated from the metal, – can be approximated as:

– = 4fi

⁄

c

vE

R
metal

UEdAR
total

UdA

⁄{‰m}

Ÿ{d(Ê‘m)/dÊ}
(G.7)

As indicated in Eqn. G.7, the slower the energy moves, the higher the loss the system

will encounter. The amount of loss also depends on the proportion of the mode resid-

ing in the lossy medium,
R

metal
UEdAR

total
UdA

. Taking
R

metal
UEdAR

total
UdA

¥
Lm

Lm+Ld

, we can see that near

Êsp, this ratio is 1/2. With this approximation, – Ã ‘3/2
d

. This finding has an impor-

tant implication for practical construction of plasmonic waveguides: the higher the

refractive index of the dielectric layer, the greater the propagtion loss of the waveguide.

Even though the energy is moving at vE, information equivalent to a modulation of

signals can only move at the group velocity, vg. In the case of low losses, the group

velocity and energy velocity are the same. We define the group index as:

ng = c

vg

=
d[ÊŸ{

p
‘(Ê)}]

dÊ
(G.8)
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The overlap factor, � which defines the spatial confinement of the propagating mode

relates a material property to a modal property, is formulated as:

� = ngns

d(‘sÊ)
dÊ

R
As

2UEdA
R

UdA
(G.9)

where ‘s and ns are the real part of the permittivity and the refractive index of the

semiconductor layer. With this expression, both the modal and the material dispersion

properties are accounted for based on ngns

d(‘sÊ)
dÊ

. Clearly, when a non-dispersive media

and fairly weak confinement is considered, U = 2UE = n2
s
‘0E

2, the overlap factor only

describes the proportion of the modal field in the core layer [133].



Appendix H
Semiconductor gain formulation

Schrödinger picture Heisenberg picture

Definition

Operators are stationary and

eigenvectors evolve in time

under U(t)

Wavefunctions are stationary, the

transformation using U(t) make

operator evolves in time. This pic-

ture makes more physical sense as

observables in reality do have a

time-dependence characteristic.

Operators

and Eigen-

vectors

Time-dependent eigenvector

|ÂS(t)Í = U(t)|Â(t0)Í where

U(t) = e≠iĤt/~. Time-

independent operator: dÂ

dt
=

0

Time-independent eigenvector:

|ÂH(t)Í = U †(t)|ÂS(t) = |Â(t0)Í

Time-dependent operator:

ÂH(t) = U †(t)ÂU(t)

Equation

of motion

Schödinger equation:

i~ d

dt
|ÂÍ = Ĥ|ÂÍ

Equation of motion of ex-

pectation value:

i~ d

dt
ÈÂÍ =

i~ d

dt
ÈÂS(t)|Â|ÂS(t)Í =

ÈÂ|[A,H]+|ÂÍ

Equation of motion: i~dÂH

dt
=

[ÂH ,HH ]+
H

where HH = U †HU

Table H.1 – A comparison between the Schrödinger and Heisenberg QM descriptions.

The semiconductor gain analysis using the second quantization is summarized below:
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Appendix I
Fabrication details of hybrid gap

plasmon nanolasers

The following procedure was carried out by Dr. Michael Nielsen to fabricate the

hybrid gap plasmon nanolasers using EBL at Imperial College London.
1. Clean sample in acetone and IPA. Dry in air for at least 10 minutes. Avoid

using nitrogen gun for drying at all time.

2. Sputter 20 nm SiO2.

3. Spin coat PMMA: pre-bake at 180¶C for 3 minutes. Spin 950 A4 at 3000 RPM

for 1 minute, 3000 acceleration, 5 minutes post-bake at 180¶C.

4. EBL: using 20 µm aperature at 20 kV, step size: 10 nm.

5. Develop 1 minute in MIBK/IPA 1:3, rinse 30 seconds in IPA.

6. Plasma ash for 0.2 minute at 40% power.

7. Deposit SAM: mix 0.3 mL SAM in 5 mL ethanol. Put on sample for 30 seconds,

rinse in ethanol for 30 seconds. Dry in air for 10 minutes. Place on hot plate at

90¶C for 15 minutes.

8. Evaporate 40 nm Au.

9. Lift-o�: place in acetone overnight. Periodically wash using acetone squeeze

bottle and move to new fresh acetone while spraying on it. Remove from acetone

once lift-o� is completed and dry in air for 10 minutes.
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