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Abstract

In their seminal paper [DT98] Donaldson—Thomas pointed out the possibility of an enu-
merative invariant for Go—manifolds obtained by counting certain connections, called Go—
instantons. This putative invariant is sometimes referred to as the Go Casson invariant,
since it should be formally similar to the Casson invariant for 3—manifolds. In this thesis I
prove existence results for Go—instantons on Ge—manifolds arising from Joyce’s generalised
Kummer construction [Joy96b, Joy0O] as well as the twisted connected sum construction
[Kov03, CHNP12b]. These yield a number of concrete examples of Ga—instantons and may,
in the future, help to compute the Go Casson invariant. Moreover, [ show how to construct
families of Go—instantons that bubble along associative submanifolds. From this construc-
tion it follows that a naive count of Gy—instantons cannot yield a deformation invariant of
Go—manifolds. Nevertheless, there can still be hope for a Go Casson invariant by counting
Go—instantons as well as associative submanifolds (and objects in between) with carefully
chosen weights. I present a promising proposal for the definition of these weights in the low
energy SU(2)-theory.






Introduction

A Gy—manifold is a 7-manifold equipped with a torsion-free Ga—structure or (essentially)
equivalently a Riemannian metric with holonomy contained in Go. Go—manifolds appear as
one of two exceptional cases in Berger’s classification of holonomy groups of irreducible
non-symmetric Riemannian manifolds [Ber55, Theorem 3]; they are Ricci flat and carry
non-trivial parallel spinors which, so I am told, makes them relevant to high energy physics.
Go—manifolds naturally carry two calibrations in the sense of Harvey—Lawson [HL.82]: the
associative and the coassociative calibrations; and they also admit interesting solutions to the

Yang—Mills equations called Gy—instantons.

Examples of Ga—manifolds can be constructed from Riemannian manifolds with holon-
omy SU(2) or SU(3), which themselves can be constructed using Yau’s solution of the
Calabi conjecture [ Yau77, Yau78]. The local existence of Riemannian metrics with holonomy
equal to Go was established by Bryant [Bry87]. By fairly elementary means Bryant-Salamon
[BS89] constructed the first examples of complete metrics with holonomy Ge. Joyce [Joy96b]
was the first to succeed in constructing compact Go—manifolds with holonomy equal to Go.
He proceeds via a gluing construction, inspired by the folklore Kummer construction of
hyperkéhler metrics on K3, and obtains Go—manifolds which are in some sense close to
flat Go—orbifolds of the form T7/T" with smooth singular sets of codimension 4 or 6. In
his book [Joy0O] he generalised this construction to accommodate more general and rather
complicated singular sets. Based on an idea of Donaldson, Kovalev [Kov03] developed a
further construction technique, which produces Go—manifolds with long necks, by gluing a
pair of products of an asymptotically cylindrical Calabi-Yau 3—fold with S! in a non-trivial
manner. This technique has been extended and generalised by Kovalev—Lee [KL11] and
Corti—Haskins—Nordstrom—Pacini [CHNP12b] and can now be used to produce a vast number

of examples of compact Go—manifolds.

It is an interesting question to ask which compact 7—manifolds do admit torsion-free
Go—structures. While it is known that there are a number of topological obstructions, some
of which I will discuss in Chapter 1, there are currently no useful general criteria that would
guarantee the existence of a torsion-free Go—structure. Another interesting problem is to
study the moduli space .# of torsion-free Go—structures on a fixed compact 7-manifold
Y. Joyce [Joy96b, Theorem C] proved that ./ is a smooth manifold of dimension b3(Y);
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however, beyond that very little is known. Both of the above mentioned construction
techniques produce Go—manifolds close to degenerate limits. In particular, in these cases .#
is always non-compact; although it is clear how to (at least partially) compactify it. There
are many interesting and difficult questions to ask: What are the possible degenerations
of a family of smooth Gy—manifolds? How to detect these degenerations? Can we find
meaningful compactifications .# of .# in some generality? What can be said about the
topology of .# (or .#)? Some aspects of these questions can be investigated using current
technology; however, there are very few tools that make use of the special geometry of
Go—manifolds.

In their hugely influential paper [DT98] Donaldson—Thomas noticed that it may be
possible to carry over some of the gauge theoretic tools successfully employed in the study of
3-manifolds to the world of Go—manifolds. In particular, they point out the existence of a Ga
analogue of the Chern—Simons functional whose critical points are Go—instantons. Before
being carried away by this observation into the land of fantasy one should ask some concrete
questions: Are there non-trivial examples of Go—instantons? What do Go—instantons over
generalised Kummer constructions or twisted connected sums look like? Can we find
models for the moduli space of Go—instantons over generalised Kummer constructions
or twisted connected sums? I will (partially) answer these questions in Chapters 2 and
3 using gluing techniques. Very optimistically, one could hope that the count of critical
points of the Gy Chern—Simons functional, i.e., the count of Go—instantons, would yield a
deformation invariant for Go—manifolds. In Chapter 4, however, I will show that under certain
circumstances Ga—instantons can be spontaneously born out of associative submanifolds
and thus a naive count of Go—instantons will not yield an invariant which is invariant under
deformations of the Go—structure; hence, the conjectural G, Casson invariant cannot be
defined as a simple count of the number of Gy—instantons. (The analogous problem in
Spin(7)-geometry is addressed in Chapter 5.) Nevertheless, there can still be hope that a
Gy Casson invariant can be constructed by counting Go—instantons as well as associative
submanifolds (and objects in between) with carefully chosen weights. In Chapter 6 I will
present a promising proposal for the definition of these weights in the low energy SU(2)-

theory.
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Chapter 1

Introduction to Go— and
Spin(7)-geometry

In this preparatory chapter I will review the background material on Go— and Spin(7)-
geometry necessary for understanding the main content of this thesis. A thorough study
of Go— and Spin(7)-geometry requires a good understanding of a number of underlying
algebraic structures. Instead of confronting the reader with this material in bulk I have tried
to keep it at a minimum and will introduce the necessary concepts and state the necessary
result as needed. For detailed proofs I refer the reader to the notes Dietmar Salamon and
I have written [SW10]. My discussion of Spin(7)-geometry will be rather brief as it only
plays a minor rdle in this thesis. The reader who wishes to learn more about this topic is
advised to consult [HL.82, Sal89, Har90, Joy00], which are also the main sources for the

following exposition.

1.1 Gsy—manifolds

Definition 1.1. A 3—form ¢ on a 7-dimensional vector space V is called non-degenerate
if for each v € V' \ {0} the induced 2—form i(v)¢ on V/(v) is symplectic. The space of
non-degenerate 3—forms on V' is denoted by .4 (V).

Example 1.2. The 3—form ¢y on R7 defined by

(1.3) bp = €128 _ Q145 _ Q16T _ 246 | 25T 34T 356

satisfies

(1.4) i(u)do N i(v)do A do = 6 go(u, v)volg

and, hence, is non-degenerate. Here e’!**** is a shorthand for ¢ A ... A e and (e!,...,¢€")

is the standard basis of (R7)*, and g and volg denote the standard inner product and volume
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16 CHAPTER 1. INTRODUCTION TO Ga— AND Spin(7)-GEOMETRY

form on R, respectively.

Definition 1.5. A Go—structure on a 7-dimensional manifold Y is a non-degenerate 3—form
¢ € T(AN(TY)) C Q3(Y). A T-manifold together with a Go—structure is called an almost
Go—manifold.

Theorem 1.6 ([SW10, Theorem 3.2(iii)]). Let ¢ be a non-degenerate 3—form on a 7—

dimensional vector space V. Then there exists a basis of V' in which ¢ takes the form

Po.
Definition 1.7. Gy is the subgroup of GL(R) preserving the 3—form ¢q defined in (1.3).

Proposition 1.8 ([SW 10, Theorem 8.1]). Go is a simple, compact, connected and simply

connected Lie group of dimension 14.

By Theorem 1.6 the notion of Go—structure agrees with the notion of a G—structure for
G = Gao, that is, a reduction of the structure group of the frame bundle of Y from GL(7) to
Go.

Using (1.4) it is quite easy to see that Go is a subgroup of SO(7); hence, by Theorem 1.6,
we can assign to every ¢ € .4 (V') an inner product g4 and an orientation on V' such that
the analogue of (1.4) holds. In particular, every almost Ge—manifold (Y, ¢) is canonically

equipped with a Riemannian metric g4, an orientation and thus also a Hodge—x—operator .

Definition 1.9. Let (Y, ¢) be an almost Go—manifold. The torsion of the Go—structure ¢ is
defined to be

Vi, ®-
If Vy,¢ = 0, then ¢ is called torsion-free and (Y, ¢) is called a Go—manifold.

This notion of torsion can be seen to agree with the notion of torsion of a G—structure
for G = Go. More importantly, however, it is clear from the definition that a Go—manifold

(Y, ¢) is essentially the same as a Riemannian manifold with holonomy Hol(gy) C Go.
Example 1.10. (R7, ¢) is a Go—manifold.

Example 1.11. Let (S, w;,ws,ws) be a hyperkihler surface and denote by (4!, 2, 6%) a

parallel orthonormal frame on R?. Then
(1.12) G=0"NPANS = Aw — 2 Aws — 8 Aws

defines a torsion-free Go—structure on R? x S. The metric and orientation induced by ¢

agree with the standard metric and orientation on R? x S.

Example 1.13. Let (Z,w, ) be a Calabi—Yau 3—fold. Then

(1.14) ¢ :=dt Aw+ Re
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defines a torsion-free Go—structure on R x Z. The metric and orientation induced by ¢ agree

with the standard metric and orientation on R x Z.

The last example can also be seen as a consequence of the fact that the subgroup of Go
stabilising a fixed non-trivial vector in R7 is isomorphic to SU(3), which is also behind
many other connections between the geometry of Ga—manifolds and Calabi—Yau 3—folds.

All of the above examples have Hol(g,) strictly contained in Go.

Example 1.15. In [BS89] Bryant—Salamon found explicit torsion-free Go—structures on
ATS% ATP? and on R* x 3, the total space of the spin bundle on S3, whose associated

metrics are complete and have Hol(gy) = Go.

Examples of compact Go—manifolds with Hol(g,) = G2 are rather complicated to come
by and there is to this day no good understanding of when one would expect a compact

7-manifold to admit a torsion-free Go—structure at all.

Proposition 1.16 ([SW10, Theorem 8.4]). Let ¢ be a non-degenerate 3—form on a 71—
dimensional vector space V and set ¢ := x4¢. Then N*V* splits into irreducible rep-

resentations of G as follows

AIV* — Al,
AV* = A% @ Ai,
ANV = Ao Ao A3,

and correspondingly for A¥V* = AT"FV* with k = 4,5,6. Here dim A* = d and

AZi={a: x(an@) =20} = {i(u): u e V} = AL,
Ay i={ax(ang)=—a} ={a:any =0} =g,
AL = (0),

A= {i(uw):u e V= AL and
AS,={a:an¢=0and aAip =0} = Symy(V) - .

This induces an analogous splitting of A*T*Y for every almost Gy—manifold Y. By
slight abuse of notation we will denote the corresponding summands by Ag as well. It is easy
to see that the torsion of a Go—structure lies in A' ® A2 = End(TY) = R @ Sym,(TY) @
A% & A3,; hence, one can distinguish 16 classes of Go—structures with torsion. These classes

were studied in detail by Fernandez—Gray [FG82]. In particular, they proved the following.

Theorem 1.17 (Ferndndez—Gray [FGS82, Theorem 5.2]). A Go—structure ¢ on a T-manifold
Y is torsion-free if and only if

(1.18) dp=0 and dO(¢)=0.
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Here ©: T(AN(TY)) — QYY) is defined by

@(¢) = *¢¢.

Thus finding a torsion-free Go—structure on a 7-manifold Y is equivalent to solving
the complicated non-linear p.d.e. (1.18). To check whether or not the resulting metric has

holonomy G one can use the following criterion.

Proposition 1.19 ([Joy00, Proposition 10.2.2]). A compact Ge—manifold (Y, ¢) has holon-
omy Hol(gy) = Go if and only if 71 (Y') is finite.

There are currently, broadly speaking, two methods for constructing Go—manifolds. Both
of which rely on gluing techniques and produce Go—manifolds which are in some sense
almost degenerate. The first is Joyce’s generalised Kummer construction introduced in
[Joy96b] and later extended in [Joy0OO] which produces Go—manifolds that are close to flat
Gy—orbifolds. The second is the twisted connected sum construction pioneered by Kovalev
[Kov03] and extended and improved by Kovalev—Lee [KL.11] and Corti—Haskins—Nordstrém—
Pacini [CHNP12b]. The work of Corti—-Haskins—Nordstrom—Pacini in particular provides us
with an ample supply of examples of Go—manifolds. I will describe the geometry of these

constructions in Sections 2.1 and 3.1.

Definition 1.20. Let Y be a compact 7—manifold. Denote by 2~ the space of torsion-free
Go-structures on Y and by Diff(Y") the group of diffeomorphisms isotopic to the identity.
Then the space .# := 2 /Diffo(Y) is called the moduli space of torsion-free Go—structures
onY.

Theorem 1.21 (Joyce [Joy96b, Part I, Theorem Cl). .# is a smooth manifold and the map
7. M — H3(Y,R) defined by ¢ - Diffo(Y) + [¢] is a local diffeomorphism.

Theorem 1.22 (Joyce [Joy00, Proposition 10.4.5]). Let Y be a compact T-manifold. Then
the map .4 — H3(Y,R) x H*(Y,R) = T*H?3(Y, R) defined by

¢ - Diffo(Y) = ([¢], [*¢])

is a Lagrangian immersion.

I will now discuss some aspects of the topology of compact Go—manifolds. The first

observation, which essentially goes back to Chern [Che57], is as follows.

Proposition 1.23. If (Y, ¢) is a Go—manifold, then the spaces of harmonic k—forms H* split
into summands 7—['3 defined by

(1.24) HE = {a e D(AF) : Aa =0}

Moreover, ’H]f ~ HY and ’H]? ~ 4l
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If Y is compact, then this yields an analogous splitting of H*(Y,R) into summands
HY(Y,R) with HF(Y,R) = HO(Y,R) and H¥(Y,R) = H'(Y,R). In particular, a
compact Go—manifold must have bg > 0. Therefore, while one can show that .S 7 does admit
a Ga—structure, see Proposition 1.31, it cannot carry a torsion-free Go—structure.

An immediate consequence of Propositions 1.16 and 1.23 is the following.
Proposition 1.25. If (Y, ®) is a compact Go—manifold, then q: S*H?(Y,R) — R defined
by

(1.26) go([a]. [8]) = /Y aNBAG

is positive definite on H2(Y, R) and negative definite on H3,(Y, R).

Proposition 1.27 (D.A. Salamon [Sall3, Remark 4.1(ii)]). If M is a 3—manifold with first
Betti number by(M) < 2 and S is a K3 surface, then Y := M x S does not admit a

torsion-free Go—structure.

Proof. By Kiinneth’s formula H?(S, R) is a subspace of H?(Y,R) and the intersection
form ¢ on H%(S, R) agrees with g4 up to a non-zero constant factor. Since H% (Y, R) has
codimension b2 = b'(Y) = b} (M) < 2in H*(Y,R)and 2 < b7 (S) =3 < b~ (S) = 19t
must intersect H1 (S, R) as well as H~ (S, R) non-trivially. This contradicts Proposition
1.25. O

Proposition 1.28. If (Y, g) is a compact Go—manifold, then

(129) (V) UL YD = 55 | IRl

In particular, (p1(M) U [¢], [Y]) < O unless (Y, g) is flat.

Proof. By Chern-Weil theory p;(Y) = —# [tr(R A R)]. Since g has holonomy contained
in G2, R € S%g, and thus, by Proposition 1.16, (R A ¢) = —R. This immediately implies
(1.29). O

Proposition 1.30. Let Y be a compact T—manifold with by = 0. If ¢ is a torsion-free

Go—structure, then [¢] lies in the cone

C:={aecHY,R):aABAB<O0foral 3 c H*(Y,R)\ {0}
and (;1 (Y)U o, [Y]) < 0}.

Proposition 1.31 (Gray [Gra69, Theorems 3.1 and 3.2], see also [LM&9, p. 321]). A 7—
manifold admits a Go—structure if and only if it is spin. The spin bundle is isomorphic to

A(l) @ A%. In particular, if ¢ is torsion-free, then (Y, g) carries a non-trivial parallel spinor.
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Proposition 1.32. If (M, g) is a spin manifold which possesses a non-trivial parallel spinor,

then g is Ricci flat.

This result is well-known, but may be folklore; I was unable to locate a reference. It can
be proved by a direct computation using the formula for the curvature of the spin connection
from [LM89, Theorem 4.15], the fact that this curvature acts trivially on the parallel spinor

and some simple manipulations using the algebraic Bianchi identity.
Corollary 1.33. Go—manifolds are Ricci flat.
An application of the Cheeger—Gromoll splitting theorem now yields Proposition 1.19.

Theorem 1.34 (Baraglia [Bar09, Proposition 6.2.1]). Let (Y, ¢) be a compact Go—manifold
with finite fundamental group. Then Y admits no locally trivial fibration w: 'Y — B onto a

3—dimensional base.

This result was known to Bryant and Harvey in the case that Y is a product, but apparently

has never been published. It is worthwhile to recall Baraglia’s proof.

Proof. By passing to universal covers and restricting to single connected components we
may as well assume that Y, B and the fibre ' = 77_1(:1:), for some x € B, are connected
and simply-connected.

It follows that B has cohomology in degrees 0 and 3 while I’ has cohomology in
degrees 0, 2 and 4. The second page of the Leray—Serre spectral sequence of 7 is given
by H*(B) ® H*(F') and the differential on page two is necessarily trivial. A moment’s
thought shows that the differential on page three must be trivial as well, because otherwise
H3(Y') would vanish. The spectral sequence collapses after page three and hence the maps
7*: H3(B) — H3(Y) and i*: H?(Y) — H?(F) are isomorphisms. Here i: F — Y is
the inclusion of the typical fibre.

It follows that [¢] = ¢ - m*[volg] for some non-zero constant c¢. Since 7*[volpg] is
Poincaré dual to the fibre F, the intersection form ¢ on H?(F) is a constant multiple of Qs
thus definite and, hence, by Donaldson’s theorem [Don83] isomorphic to +diag(1,...,1).

Since Y is spin and the normal bundle to F' is trivial, wa(F') = i*w2(Y) = 0 and thus

F'is spin as well. Wu’s formula
g(a,a) = q(a,w2(F)) =0 mod 2

and ¢ = +diag(1, ..., 1) immediately imply that H2(F) = 0. Now, p1(F) = i*p;(Y) and
thus
(V) VLD = < [ p(F) = 3c0(F) =0

by Hirzebruch’s signature theorem. This contradicts Proposition 1.28. O
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The proof of Theorem 1.34 involves gauge theory (on 4-manifolds) via the use of
Donaldson’s theorem. It would be interesting to try to find a way of proving Theorem 1.34

“directly” using gauge theory on Go—manifolds.

1.2 Spin(7)-manifolds

Definition 1.35. A 4—form ® on an 8—dimensional vector space W is called admissible if
there exists a basis of W in which it is identified with the 4—form ®, on R® defined by

(1.36) ®g == e” A do + 1o

with ¢ defined as in (1.3) and 1/ := O(¢p). Here we denote the standard basis of (R®)* by
(€Y ...,e"). The space of admissible forms on W is denoted by .« (W ).

Remark 1.37. An intrinsic characterisation of admissible forms can be found in [SW10,
Theorem 7.4 and Definition 7.5].

Definition 1.38. A Spin(7)—structure on an 8—dimensional manifold X is an admissible
4—form ® € T'(/(TX)) C Q*(X). An 8—manifold together with a Spin(7)—structure is
called an almost Spin(7)-manifold.

Definition 1.39. Spin(7) is the subgroup of GL(R?) preserving the 4—form ®( defined in
(1.36).

Proposition 1.40 ([SW 10, Theorem 9.1]). Spin(7) is a simple, compact, connected and

simply connected Lie group of dimension 21.
Proposition 1.41 ([SW 10, Theorem 7.4]). Spin(7) is a subgroup of SO(8).

It follows that each almost Spin(7)-manifold is canonically equipped with a metric gg

and an orientation.

Definition 1.42. Let (X, ®) be an almost Spin(7)—manifold. The forsion of the Spin(7)-
structure & is defined to be
Ve ®.

If Vg, ® = 0, then ® is called torsion-free and (X, ®) is called a Spin(7)-manifold.
Example 1.43. (R®, @) is a Spin(7)-manifold.

Example 1.44. If (S, w1, w2, ws) and (T, u1, p12, pu3) are a pair of hyperkihler surfaces, then
(S x T, ®) with

3
(1.45) ® :=volg — Zwi A i + volp
i=1

is a Spin(7)-manifold.
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Example 1.46. If (Y, ¢) is a Go—manifold, then (R x Y, ®) with
(1.47) O:=dt Ad+

and ¢ := O(¢) is a Spin(7)-manifold.

Underneath the last example lies the fact the subgroup of Spin(7) stabilising a fixed
non-trivial vector in R® is isomorphic to Gs. The inclusions SU(3) € Gs C Spin(7)
underlie many relations between Calabi—Yau 3—folds, Go—manifolds and Spin(7)-manifolds,

which are analogous to those between Riemann surfaces, 3—manifolds and 4—manifolds.

Examples of compact Spin(7)-manifolds with Hol(gs) = Spin(7) have been con-
structed by Joyce, see [Joy96a,Joy99,Joy00].

Proposition 1.48 ([SW 10, Theorem 9.5]). Let ® be an admissible 4—form on an 8—dimen-
sional vector space W. Then N*W* splits into irreducible representations of Spin(7) as
follows

AW = Ag,

A*W* = A2 @ A3,

NW* = A @ A,

AW* = AT @ AT @ AS, © A%,

and correspondingly for N¥W* =2 AS=FW* with k = 5,6,7,8. Here dim A'j =dand

A2 :={a:x(aA®) =3a} = AL

A% = {a:*(aA®) = —a} = spin(7),
A = {i(w)® :u e W},

Adg :={a:an® =0},

At = (@),

A} = so(W) - ®,

A3, == Symy(W)-® and
Ads = {a:xa = —a}.

Remark 1.49. The action of Spin(7) on A2 gives rise to a double cover Spin(7) — SO(7);
hence, the above definition of Spin(7) agrees with the usual definition as the universal cover
of SO(7).

Proposition 1.48 induces an analogous splitting of A*7T™X for every almost Spin(7)-

manifold. By slight abuse of notation we will denote the corresponding summands by A’fl as
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well. We denote the projection onto A’C} by
g NFT*X — AS.

On a compact Spin(7)-manifold the splitting passes on to the harmonic forms and, hence, to

cohomology. This gives rise to refined Betti numbers b’;.

The following two propositions are easy to check via straight-forward computation.

Proposition 1.50. If ® is the admissible 4—form on a product of two quaternionic lines S
and T defined as in (1.45), then A% splits as

A2 =A2@ A
where
3
A2 = @(wl — i) and
i=1

A% = {(L-7 )€ S*®@T": L € Hom(S,T) satisfying Z J;LI; = —SL} .

Here I; and J; denote the complex structures on S and T corresponding to w; and ji;,

respectively.

Proposition 1.51. If ® is the admissible 4—form on a product of R with a T-dimensional
vector space V' equipped with a non-degenerate 3—form ¢ defined as in (1.47), then A% can
be written as

A ={dtAv* +i(v)p:v eV}

and A2, can be written as
A2 = {dt A sy (aA) —a:a € A2V*Y
where ¢ := ©(¢).

Proposition 1.52 ([Joy00, Proposition 10.5.6]). If ® is a Spin(7)—structure on X, then X

is spin and has a canonical spin structure with
ST=A"@AZ and S =AL
Moreover, if ® is torsion-free, then X admits a non-trivial parallel spinor.

Corollary 1.53. Spin(7)-manifolds are Ricci flat.
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1.3 Calibrated submanifolds

An important concept in the theory of minimal submanifolds is that of calibrated geometries

which was invented by Harvey and Lawson [HL82].

Definition 1.54. Let (M, g) be a Riemannian manifold. A k—form o € QF(M) is called
a calibration of degree k if it is closed and has comass(a) < 1, i.e., da = 0 and for each

x € M and each oriented k—plane F in T, M we have
alp < volg.

If (M, g) is a Riemannian manifold with a calibration « of degree k, then a closed

d—dimensional submanifold N C M is called calibrated with respect to o if

a’TxN = VOlTxN

foreachx € N.

The importance of these definitions stems from the following simple, but incredibly

useful observation.

Lemma 1.55 (Harvey—Lawson [HL.82, Theorem 4.2]). Let (M, g) be a Riemannian manifold
with a calibration o and let N be an oriented submanifold of M calibrated with respect to

a. Then N is volume minimising within its homology class.

Proof. If N’ is homologous to N, then

vol(N):/ volN:/ a:/ ag/ voly: = vol(N'). O
N N !’ !

Remark 1.56. The notion of being calibrated also makes sense for rectifiable currents and

Lemma 1.55 applies mutatis mutandis.

Example 1.57. If (X, w) is a Kdhler manifold, then the 2k—forms ‘2—? are calibrations and

the corresponding calibrated submanifolds are the holomorphic submanifolds of X.

Example 1.58. If (X, w,(2) is a Calabi—Yau n—fold, then Re(2 is a calibration and the
corresponding calibrated submanifolds are the special Lagrangian submanifolds of X (with

phase zero).
1.3.1 Associative and coassociative submanifolds

The relevance of calibrated geometry for Go—geometry comes from the following result.

Theorem 1.59 (Harvey-Lawson [HL.82, Chapter [V Theorems 1.4 and 1.16]). If (Y, ¢) is a
Go—manifold, then ¢ and 1) := O(¢) are calibrations.
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Moreover, P C Y (resp. QQ C Y) is calibrated by ¢ (resp. 1) if and only if at each point
p € P (resp. p € Q) there exists a basis (e, . .., e7) of T,Y with respect to which ¢ is given
by (1.3) and (e1, e2, e3) (resp. (e, ..., e7)) is a positive basis of T, P (resp. T),Q).

Definition 1.60. Let (Y, ¢) be a Go—manifold. Then ¢ is called the associative calibra-
tion and ¢ := O(¢) is called the coassociative calibration. An oriented 3—dimensional
submanifold P C Y that is calibrated by ¢ is called an associative submanifold. An ori-
ented 4—dimensional submanifold () C Y that is calibrated by ¢ is called a coassociative

submanifold.

Example 1.61. R3 x {0} Cc R3 ® R* = R’ is an associative submanifold and {0} x
R* c R?® @ R* = R’ is a coassociative submanifold of the Go—manifold (R, ¢g) from
Example 1.10.

Example 1.62. Examples of associative submanifolds arise as 3—dimensional fixed point
sets of involutions of Y preserving ¢ and examples of coassociative submanifolds arise as
4-dimensional fixed point sets of involutions of Y mapping ¢ to —¢. For concrete examples

we refer the reader to Joyce [Joy96b, Part II, Section 4.2].

Example 1.63. The recent work of Corti—-Haskins—Nordstrom—Pacini [CHNP12b] gives a

large number of concrete examples of associative submanifolds in twisted connected sums.

Proposition 1.64. If P is an associative submanifold of a compact Go—manifold (Y, ¢), then
vol(P) = / ¢ = (PD[P]U [¢]) > 0.
P

Proposition 1.65. An orientable 3—dimensional submanifold P of a Go—manifold (Y, ¢)
can be oriented in such a way that it becomes associative if and only if at each point p € P
and for each basis (e1, ea, e3) of T, P the following holds: 1 (e1, ez, e3,-) = 0.

Using this fact, one can see that associative submanifolds are critical points of a func-
tional, cf. [DT98, Section 8]: Fix an oriented submanifold P, of Y and consider the space of
submanifolds P C Y together with an equivalence class () of 4—chains bounding P — Py
with [Q] ~ [Q'] if [Q — Q'] = 0 € H4(Y,Z). Then the critical points of the functional

(1.66) (P,[Q)) /Q ¥

are essentially the associative submanifolds of Y in the homology class of [FPp].
In the following I will discuss some results due to McLean [Mcl.98] concerning the
deformation theory of associative and coassociative submanifolds. If P is an associative

submanifold, then it follows from Theorem 1.59 that there is a natural identification

(1.67) TP = ATN*P
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given by inserting tangent vectors to P into ¢ (and restricting to N P). Thinking of AT N*P
as a sub-bundle of so(N P) yields a Clifford multiplication v: T'P — End(N P). Denote

by V the connection on N P induced by the Levi-Civita connection on Y.

Definition 1.68. The Fueter operator Fp = Fpg: I'(NP) — I'(N P) associated with P
is defined by

Fpgy(n) := Z v(e;)Vin.

This is a self-adjoint elliptic operator of first order.

Remark 1.69. The Fueter operator F'p can be identified with a twisted Dirac operator as
follows. Pick a spin structure s on P. Because of the identification (1.67) there is a unique
SU(2)-bundle u over P such that s x u is a spin structure on N P. The bundle u also comes
with a connection, such that the resulting connection on s X u is a spin connection. If S and
U denote the quaternionic line bundles corresponding to s and u, then S ®c U has a natural
real structure and its real part can be identified with /N P. With respect to this identification
F'p becomes the twisted Dirac operator D: I'(Re(S ® U)) — I'(Re(S @ U)).

The importance of F'p is that it controls the infinitesimal deformation theory of the

associative submanifold P.

Theorem 1.70 (McLean [McL.98, Section 5]). Let (Y, ¢) be a compact Go—manifold and
let P C 'Y be an associative submanifold. Then there is an open subset U C ker Fp and a
smooth map k: U — coker Fp such that the moduli space of associative submanifolds near

P is given by k= 1(0).

Definition 1.71. An associative submanifold P is called rigid/unobstructed if F'p is injective/

surjective.

Remark 1.72. Since F'p is self-adjoint and thus of index zero, the notions of rigidity and

unobstructedness coincide.

If P is unobstructed, then the moduli space of associative submanifolds near P consists
only of P; in particular, it is smooth at P. The following is a simple consequence of the
implicit function theorem and McLean’s setup for the deformation theory of associative
submanifolds in [McL.98, Section 5].

Proposition 1.73. Let Y be a compact T-manifold and let (¢+).c (1,1 be a family of torsion-
free Go—structures on'Y . Suppose that P is an unobstructed associative submanifold in
(Y, ¢0). Then there is a constant T' € (0, T and a unique family of associative submanifolds
(Pt)te(—1r,17) in (Y, ¢y) with Py = P; moreover, each Py is unobstructed.

The deformation theory of coassociative submanifolds is in some sense tamer than that

of associative submanifolds, because it is always unobstructed.
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Theorem 1.74 (McLean [McL.98, Section 4]). Let (Y, ¢) be a compact Go—manifold and let
Q C Y be a compact coassociative submanifold. Then the moduli space of coassociative

submanifolds near Q is smooth and has dimension by (Q).

This theorem leads one to speculate about Go—manifolds which admit fibrations by
possibly singular coassociative submanifolds and with typical fibre either K3 or 7. It is my
understanding that one should expect that most of the Ga—manifolds arising from the twisted
connected sum construction (see Section 3.1) to have such a fibration. In this direction there
is some as of yet unpublished work by Kovalev [Kov09]; however, to this day some key
technical issues in his approach have not been resolved. The potential existence of such
fibrations is also the basis of some even more speculative ideas about mirror symmetry for
Go—manifolds along the lines of the SYZ approach to mirror symmetry for Calabi—Yau
3—folds, see, e.g., [Ach98,GYZ03].

1.3.2 Cayley submanifolds

Calibrated geometry also plays an important role in Spin(7)-geometry.

Theorem 1.75 (Harvey—Lawson [HL82, Chapter IV Theorem 1.24]). If (X, ®) is a Spin(7)—
manifold, then ® is a calibration. Moreover, (Q C X is calibrated by ® if and only of at
each point p € Q there exists a basis (eq, . . ., e7) of T, X with respect to which ® is given
by (1.36) and (e, . . ., e3) is a positive basis of T, X.

Definition 1.76. Let (X, ®) be a Spin(7)-manifold. Then @ is called the Cayley calibration.
An oriented 4—-dimensional submanifold () C X that is calibrated by ® is called a Cayley

submanifold.

If @ C (X, ®) is a Cayley submanifold, then it follows from Theorem 1.75 that there is

a natural identification
(1.77) ATT*Q = ATN*Q.

We define a subbundle Homg (7'Q, NQ) C Hom(7T'Q, NQ) by L € Homg(TQ, NQ) if
and only if

ZL-LIZ- = —3L.
7

Here I; runs through a local orthonormal basis of so(7'Q) = so(/NQ). Up to multiplication

by a normalising constant
yL:=L-> LLI

(2

defines a projection of Hom(7'Q), N@) onto Homg (7TQ, NQ).
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Definition 1.78. The Fueter operator Fp: T'(Q, NQ) — I'(Q, Homg (T'Q), NQ)) associ-
ated with @) is defined by

Remark 1.79. If eq is a vector in T'Q), then one can compose Iy with evaluation on eq to

obtain the operator
eve, 0 F(n) = Vegn — Z JAVIRD)
i

where e; := I;eq. It is therefore appropriate to think of ' as a Dirac-type operator.

Remark 1.80. Suppose that @) is spin and s is a spin structure on (). Then the normal
bundle N( is also spin, since X is; moreover, there is a spin structure u on N such that
SCS = S]J{,Q because of (1.77). If we set U := S]QQ, then it can be seen that Re(S’Z?r ®
U) = NQ, Re(S; ® U) = Homo(T'Q, NQ) and that Fy) agrees with the twisted Dirac
operator D : F(Re(S’ér ®U)) = I'(Re(Sg ®@ U)). For more details we refer the reader to
[McL98, Section 6] and [Hay12, Section 3.2].

Theorem 1.81 (McLean [McL.98, Section 6]). Let (X, ®) be a compact Spin(7)—manifold
and let () C X be a compact Cayley submanifold. Then there is an open subset O C ker Fg
and a smooth map k: O — coker F such that the moduli space of Cayley submanifolds
near Q is given by k~1(0). The index of Fy is given by

(1.82) index Fg = M

Here 0(Q) := b (Q) — b (Q) denotes the signature of Q.

Remark 1.83. The index formula given by Joyce in [Joy00, Equation (10.32)] is incorrect

and likely a misprint as it also contradicts his remarks at the bottom of p.267.
Definition 1.84. A Cayley submanifold () is called unobstructed if Fy is surjective.

Proof of the index formula. We can assume that () is spin. Then the index of F; agrees with
the index of the twisted Dirac operator Dy;. By the Atiyah—Singer index theorem

index Dy — /Q AQehs(U) = ~0(Q) - /Q e (U).

This is the formula given by McLean. In order to obtain a more useful expression, we
make use of the fact that if £ and F' are a pair of SU(2)-bundles over a 4-manifold and
V =Re(E ® F), then

o
—~
<
~
Il

CQ(F) — CQ(E) and
pl(V) = —2(CQ(E) + CQ(F)).

(1.85)
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To see this, note that there must be universal formulas of the form e(V') = a(ca(E) — c2(F))
and p1 (V) = B(ca(E)+ca(F)), because (V') changes sign when E' and F' are interchanged
since this changes the orientation on V, and p; (V') is independent of the order of E and F'.
The constants can be determined by a simple explicit computation for the spin bundles over

K 3. From these formulae it follows that

1

2(U) = =1 (m(NQ) - 26(NQ)).

To compute p1 (NQ), we combine S5 = S]J{,Q and (1.85) to obtain

PINQ) +2e(NQ) = —dea(Shq) = —4ea(S5) = p1(Q) +2¢(Q);

hence,
(1.86) | p(vQ) =30(Q) +24(@) 210} (@)
Therefore, 5 )
[ exv) = -30Q - 5x@+1Q)- (@)
Q
which implies the claimed index formula. O

Proposition 1.87. Let X be a compact Spin(7)-manifold. Suppose that Q is a compact
Cayley submanifold in X which has self-intersection number zero, is diffeomorphic to a
K3 surface whose induced metric is sufficiently close to a hyperkdihler metric and suppose
that the induced connection on NQ is almost flat. Then X is locally fibred by Cayley K3

surfaces near Q).

Proof. Using the fact that () and hence N is spin as well as (1.85) one can show that
NQ is trivial. The Fueter operator I thus agrees with the (untwisted) Dirac operator
D: T'(ST) = I'(S7). On a hyperkihler K3 surface D is surjective and every non-zero
element of ker D is nowhere vanishing; hence, the same is true on () because its metric is
sufficiently close to a hyperkdhler metric. The existence of the local fibration now follows
from (the proof of) Theorem 1.81. O]

1.4 Gauge theory

Let (Y, ¢) be a Go—manifold, let 1) := O(¢) and let E be a G-bundle over Y where G is a
compact semi-simple Lie group. Denote by ./ (E) the space of connections on E and by
gr := Ad(FE) the adjoint bundle associated with E. We equip g with the inner product
arising from the negative of the Killing form on the Lie algebra g associated with G.
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Definition 1.88. A connection A € </ (E) on E is called a Go—instanton if it satisfies
(1.89) x (Fa N @) =—Fj4.

Remark 1.90. If the Lie group G has a non-discrete centre Z(G), it is sometimes useful
to relax the above definition as follows. The adjoint bundle gg splits into a trivial bundle
with fibre 3, the centre of the Lie algebra, and its orthogonal complement gSEO) = Ad(E x¢
G/Z(@G)) with respect to the Killing form. A connection A € o/ (E) is then called a Go—
instanton if the gg)—component of Fy, instead of Fly, satisfies (1.89) and the 3—component
of F4 is a 3—valued harmonic two-form. These Go—instantons are essentially equivalent to

Go—instantons on £ x¢ G/Z(QG)

The Go—instanton equations first appeared in the physics literature [CDFN83] and were
later brought to wider attention by Donaldson—-Thomas [DT98, Section 3]. Equation (1.89)
can be thought of as a 7—dimensional version of the anti-self-duality condition familiar from
dimension four. As we will discuss shortly, Go—instantons also have a striking similarity

with flat connections over 3—manifolds.
Example 1.91. Flat connections are Gy—instantons.

Example 1.92. Let X be a hyperkéhler 4-manifold, let £ be a G-bundle over X and let A
be an anti-self-dual (ASD) instanton on E, that is, a connection on 2 whose curvature F is
anti-self-dual. Then the pullback of A to the Go—manifold R? x X from Example 1.11 is a

Go—instanton:
*(FA/\¢) = *(FA/\(51A52/\53) =xxF4=—Fjy.

Here we used that F'4 A w; = 0 and *x denotes the Hodge—*—operator on X.

Example 1.93. Let Z be a Calabi—Yau 3—fold, let £ be a G-bundle over X and let A be a
Hermitian—Yang—Mills (HYM) connection on I, that is,

AF4=0 and F}>=0
where A denotes the adjoint of L := w A - or equivalently
FaNwAw=0 and FaAImQ =0.

Let (Y := R x Z, ¢) be as in Example 1.13. Then ¢ := O(¢) = %w Aw —dt ATm € and
using Proposition 1.16 it is not hard to see that the pullback of A to Y is a Gy—instanton,
cf. Proposition 1.98.

'Tt was brought to my attention by Claude LeBrun at the BIRS workshop “Geometric Structures on Manifolds”
that this can be seen as an instance of 7 = 3 + 4.



1.4. GAUGE THEORY 31

Remark 1.94. If £ is a holomorphic vector bundle, then a metric on £ is called a Hermitian—
Yang—Mills (HYM) metric if the associated Chern connection is HYM. If det £ is non-trivial,
it is customary to work with a relaxed definition of HYM connection, cf. Remark 1.90,
so that with a HYM metric one can associated a HYM connection (in the strict sense)
on a PU(n)-bundle. By the work of Donaldson [Don85] and Uhlenbeck—Yau [UY86] a
holomorphic vector bundle over a compact Kihler manifold admits a HYM metric if and

only if it is polystable.

Example 1.95. The Levi—Civita connection on a Ge—manifold (Y, ¢) is a Go—instanton. To
see that, observe that at each point we can think of the Riemannian curvature tensor R as an
element of S?go C A% ® gl(7), since Hol(gy) C Go. It follows from Proposition 1.16 that
x(RN¢)=—R.

Example 1.96. 1 will present construction techniques for Go—instantons on generalised
Kummer constructions and twisted connected sums in Chapters 2 and 3, respectively. In
particular, I will give concrete examples of Gg—instantons on certain bundles with structure
group SO(3) on certain manifolds obtained from the generalised Kummer construction in
Section 2.7.

Since ¢ is closed, it follows from the Bianchi identity that Go—instantons are Yang—Mills
connections, that is, they satisfy d’y 4 = 0 and thus are critical points of the Yang—Mills
functional YM: &/ — R

YM(A) := / |F4)? dvol .
Y

The Yang—Mills functional is the natural energy functional on the space of connections. The
following energy identity shows that Go—instantons are absolute minima of the Yang—Mills

functional.

Proposition 1.97. If A € o/ (E), then
YM(A) = é /Y |Fa + %(F4g A ¢)|? dvol =872(p1(gg) U [¢], [Y]).

Proof. This is a simple consequence of Chern—Weil theory and Proposition 1.16, cf. the
proof of (1.29). ]

It is sometimes convenient to rewrite (1.89) using the following result.

Proposition 1.98. Let A € o/ (E) be a connection on E. Then A is Go—instanton if and
only if A satisfies

(1.99) FaNy =0.



32 CHAPTER 1. INTRODUCTION TO Ga— AND Spin(7)-GEOMETRY

IfY is compact, then A is a Go—instanton if and only if there is a ¢ € Q°(Y, gg) such that
(1.100) x (FaANY) +da€ =0.

Proof. The first statement immediately follows from Proposition 1.16, and (1.99) implies
(1.100) with ¢ = 0. By the Bianchi identity and since d) = 0 it follows from (1.100) that
d%da& = 0. Hence, by integration by parts,

[ s = [ @idace) <o

Therefore, d 1£& = 0 and (1.99) holds. ]

From Proposition 1.98 it becomes apparent that Go—instantons are rather similar to flat
connections on 3—-manifolds. In particular, if Ag is a Go—instanton on F, then there is a Go
Chern—Simons functional C'S¥: < (E) — R defined by

(1.101) CS¥(Ag +a):= —/
Y

<a/\d,40a+1a/\[a/\a]>/\w—/<a/\FAO>/\¢
3 Y

whose critical points are precisely the Go—instantons on E.

Since equation (1.89) is invariant under the action of the group ¢ of gauge transforma-

tions of E, we can consider the moduli space of Go—instantons on E over (Y, ¢):
M(E,¢):={Ac A (E): FyNp=0}/9.

For the construction of local models of moduli spaces in gauge theory it is customary to
work with local slices of the gauge group action. A particularly useful slicing condition is to
require that B € o7 (E) be in Coulomb gauge with respect to a fixed reference connection
A € 4/(F), thatis, d% (B — A) = 0. (The importance of the Coulomb gauge stems from
the foundational work of Uhlenbeck [Uhl82a]. For a careful discussion of how the Coulomb
gauge is used in the construction of moduli spaces we refer the reader to [DK90, Section 4.2]).

For a fixed connection A € o/ (E) we consider the system of equations
(1.102) % (FAtra ANY) +da1e§ =0 and dia=0

for¢ € Q°(Y, gg) and a € QY(Y, gg). This is simply (1.100) for A+ a instead of A together
with the condition that A + a be in Coulomb gauge with respect to A. The linearisation
La=Lag: QY 05) ®Q'(Y,05) » Q(Y,gp) © Q' (Y, gp) of (1.102) is given by

0 d
(1.103) Lag:= (dA . fd@)
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where 1) := O(¢). This is a self-adjoint elliptic operator of first order. If A € &7/ (F) is a

Go—instanton, then L 4 controls the infinitesimal deformation theory of A as a Go—instanton.

Proposition 1.104. Let (Y, ¢) be a compact Ga—manifold, let E be a G-bundle over Y and
let A € o/ (E) be a Ga—instanton on E. Then there is an open subset U C ker L and a
smooth map k: U — coker L4 such that the moduli space of Go—instantons near [A] is

given by k= 1(0)/T 4. Here T4 C 9(E) is the group of gauge transformations fixing A.
Definition 1.105. If A is a Go—instanton, then we denote by
HY = ker L4 NQ°(Y,gp) and HYy :=ker Lo NQY Y, gg)

the space of infinitesimal automorphisms and the space of infinitesimal deformations/ob-
structions, respectively. A is called irreducible if HY = 0 and rigid/unobstructed if 1, = 0.

It is called acyclic if it is both irreducible and rigid/unobstructed.
Remark 1.106. The deformation complex of the Go—instanton equation (1.100) is given by
(Y, gp) 5 QLY. gp) " QO(Y, gp) 5 Q7(Y, ).

Since this complex is self-adjoint, the notions of deformations and obstructions coincide.

If A is an acyclic Go—instanton on E, then the moduli space of Go—instantons near [A]
consists only of [A]; in particular, it is smooth at [A]. If A is only unobstructed, then the
moduli space of Go—instantons near [A] also only consists of [A], but now [A] should be

viewed as a orbifold point.

Proposition 1.107. Let Y be a compact T-manifold and let (¢1)ic(—7,1) be a family of
torsion-free Go—structures on'Y. Suppose that A € o/ (E) is an unobstructed Go—instanton
on a G-bundle E over (Y, ¢g). Then there is a constant T' € (0,T) and a unique family
of Go—instantons (A¢)ie(—1 17y on E over (Y, ¢y) with Ag = A; moreover, each Ay is

unobstructed.

Let us now move on and consider a Spin(7)-manifold (X, ®) together with G—bundle
E over X.

Definition 1.108. A connection A € 7 (F) on E is called a Spin(7)—instanton if it satisfies
*(F AN (I)) =—Fy
or equivalently

(1.109) m7(Fa) = 0.
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This equation originated in the physics literature [CDFN83] and was introduced to a
wider mathematical audience by Donaldson-Thomas [DT98, Section 3]. Spin(7)—instantons
were the topic of Lewis’ thesis [Lew98]; in particular, he constructed one non-trivial example
on a SU(2)-bundle over a Spin(7)-manifold with full holonomy Spin(7), cf. Section 5.6.
Recently, a construction for Spin(7)-instantons on Spin(7)-manifolds arising from [Joy99]
was given by Tanaka [Tan12].

In the situation of Example 1.46 where X = R x Y and with E being the pullback of a
bundle over Y one can see, using Proposition 1.51, that a connection A = A; + &d; on E
over R x Y satisfies (1.109) if and only if

atAt — dAtft = *Y(FAt A\ ’(/J)

Hence, gauge equivalence classes of Spin(7)—instantons on R x Y are in one-to-one corre-
spondence with negative gradient flow lines of the Go Chern—Simons functional C'S¥ on
o/ (F)/9(E) defined in (1.101). This is analogous to the situation in dimension three where
negative gradient flow lines of the Chern—Simons functional over a 3—manifold M are in
one-to-one correspondence with anti-self-dual instantons on R x M, see [Don02, Section
2.5.3]. It should be pointed out here that in a similar way one can view certain Cayley
submanifolds in R x Y as negative gradient flow lines of (1.66), see [SW 10, Section 12.3].

If A € &/(F) is a connection on E, we define La: Q' (X,gp) — Q%X,g5) ®
Q2(X, 95) by

(1.110) Ly(a) := (d}a,m7(dsa)).

This is the linearisation of (1.109) supplemented with the Coulomb gauge condition and also

agrees with the dual of the Dirac operator on X twisted by gg.

Proposition 1.111. If A is a Spin(7)—instanton, then there is an open subset U C ker L 4
and a smooth map r: U — coker L4 such that the moduli space of Spin(7)—instantons
near A is given by k1(0)/T 4. Here T'4 C 9(E) is the group of gauge transformations
fixing A. The index of L 4 is given by

index Ly =dimg - (bl -0~ bg)

(1.112) 1 1

+ 57 [ o Xmiee) — 5 [ piles) ~2ma(an)

If E is a SU(r)-bundle, then
index Ly = (r? — 1)(b* — b° — b2)

(1.113) ,
-5 [ea®m0) - [ (14 5)ealB = Gea(B).
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Remark 1.114. The index formula given by Lewis [Lew98, Theorem 3.2] is incorrect. He

mistakenly couples the Dirac operator to E instead of gg.

Proof of the index formula. The existence of the Kuranishi map « is standard; hence, we
only prove the index formula. Using
Chz(gE X C) = —CQ<gE X C) and

L (ea(op © ) — 2e4(g5 ® ©))

ch4(gE & C) 1

the index theorem yields

indexLg = — /X A( X)ch(ge ® C)
/X (1 X)/24 + 56170( 4pa(X) + 7p1<X>2))
: <dimg +p1(gE) + %(pl(gE)Q - 2p2(9E))>

=dimg- (b' —b° — b?)
1 1

+ pl(X)pl(BE) )

24 / pi(ae)” — 2p2(aE).

If £ is a SU(r)-bundle, then we can use

ch(gr ®C) =ch(E® E*) —1=7r*—1—2rcy + o+ c(E)? — -cy(B). O

r
3
Definition 1.115. If A is a Spin(7)-instanton, then we denote by

HY = ker L N QY (Y, gR),
HY =ker Ly N QY(Y,gp) and
H2 4 = ker LY N Q2(Y, gp)
the space of infinitesimal automorphisms, the space of infinitesimal deformations and the

space of infinitesimal obstructions, respectively. A is called irreducible if ”H% = (0 and

unobstructed if H2. , =

If A(t,xz) = &(z)dt + A¢(x) is a connection over X = R x Y as above, then using the
identification of A27* X with T*Y given by Proposition 1.51 the linearisation L can be

written as

(1.116) La=0:—La,g
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where

ol o)
AT\ da (@ Ada) — [ ]

which agrees with (1.103) if £ = 0.

1.5 Enumerative invariants of Go—manifolds?

It was pointed out by Donaldson—Thomas in their influential paper [DT98] that counting
associative submanifolds and/or Go—instantons could lead to interesting enumerative invari-
ants for Ga—manifolds analogous to the Casson invariant for 3—manifolds. Some formal
credence is lent to this idea by the fact that both associative submanifolds and Ge—instantons

are critical points of a functional. Very roughly speaking one could try to define a number

n(¢) by
(1.117) n(¢) == #.4(p)

where . (¢) is a moduli space of associative submanifolds in or Go—instantons over (Y, ¢)
and “#” is some operation that “counts” the moduli space (possibly with signs). There are
many important technical issues with properly defining “#”. The central problem with trying
to define an invariant via (1.117), however, has to do with the (potential) non-compactness of
moduli spaces of associative submanifolds and Ga—instantons. First of all, we need .# (¢) to
be compact (and thus essentially finite) in order for n(¢) to be defineable and finite. Secondly,
if we want n(¢) to be invariant under deformations of ¢ then we need the parameterised
moduli spaces
Mo teh) = | #6)
te[0,1]

to be compact cobordisms from .# (¢g) to .# (¢p1). There is reasonable evidence, that
generically the compactness of .# (¢) will not be an issue. The parameterised moduli spaces,
however, will be non-compact. For associative submanifolds a compactification can be
constructed within the framework of geometric measure theory and for Go—instantons one
can use the work of Uhlenbeck, Price, Nakajima and Tian, which I will describe at the
beginning of Chapter 4. However, just having some compactification is far from sufficient.
Instead one needs a rather detailed understanding of the degenerations that will occur
generically. A typical degeneration of a family of associative submanifolds was described by
Nordstrom in [Nor13] and I will recall some parts of his work in Section 6.3. In Chapter 4
I will describe a typical degeneration of a family of Go—instantons. As was pointed out
by Joyce in [Joy12b], the degeneration behaviour of associative submanifolds described
by Nordstrom together with the problem of finding consistent orientations for the moduli

space of associative submanifolds essentially rules out the naive way of constructing an
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invariant as described above. Moreover, it follows from my work in Chapter 4, that just
counting Go—instantons cannot yield an invariant in general. From the point of view of
gauge theory it makes sense to try to construct a counter term to the naive count of Ga—
instantons which takes into account contributions from associative submanifolds. For the low
energy SU(2) theory I will present a proposal for the construction of such a counter term
in Chapter 6. Thus, while one cannot expect to obtain an invariant by counting only either
associative submanifolds or Go—instantons, there may be some hope that one can construct a
Gy Casson invariant by considering contributions from both Ge—instantons and associative

submanifolds.
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Chapter 2

Go—instantons on generalised

Kummer constructions

In this chapter I will describe a method to construct Go—instantons on Ga—manifolds arising
from Joyce’s generalised Kummer construction [Joy96b]. To set up the framework for the
construction, let me briefly review the geometry of Joyce’s construction: Equip 77 with
a flat Go—structure ¢y and let I" be a finite group of diffeomorphisms of 77 preserving
¢o. Then Yy :=T 7 /T is a flat Go—orbifold. The singular set S of Yj can, in general, be
quite complicated. In this chapter we restrict to admissible Go—orbifolds Y. That is, we
assume that each of the connected components .S; of S has a neighbourhood modelled on
(T3 x C*/G;)/H;. Here Gj is a non-trivial finite subgroup of SU(2) and H; is a finite
group acting by isometries on 7% as well as on C? /G j; moreover, there is a group extension
H ; of H; by Z3 together with a free affine action of H ; on R3 which is compatible with the
action of Z on R? and induces the action of H j on T3. Suppose we are given resolution
data v = {(Xj, p;)} for Yy, that is, for each j, an ALE space X; asymptotic to C?/G;
together with an isometric action p; of H; on X; which is asymptotic to the action of H;
on C?/G ;. Then using Joyce’s generalised Kummer construction [Joy96b] we can resolve
the singularities in Yy and produce a compact 7—manifold Y together with a family of
torsion-free Go—structures (d)t)te((),T)‘

In order to construct Go—instantons over (Y, ¢;) we will require a set of gluing data
g compatible with the resolution data r for Yj. The notion of gluing data will be defined

carefully in Section 2.3. For now, it suffices to say that g consists of
e a G-bundle Ej over Yj together with a flat connection 6 and
e for each j, a G-bundle E; over X together with a framed ASD instanton A;

as well as various auxiliary data satisfying a number of compatibility conditions. Here we

take G to be a compact connected semi-simple Lie group, e.g., G = SO(3).

39
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Theorem 2.1. Let Yy be an admissible flat Go—orbifold, let v be resolution data for Yy and
let g be compatible gluing data. Suppose that the flat connection 6 is unobstructed (as a
Go—instanton) and that the ASD instantons A; are infinitesimally rigid, see Definition 2.50.
Then there is a constant T' € (0, T| and a G-bundle E overY as well as for each t € (0,T")
a connection A on E that is an unobstructed Go—instanton over (Y, ¢;). If 0 is irreducible,

then so are the connections A;. The adjoint bundle g associated with E satisfies

_ , 1 with ke 2
(2.2) p1(gE) = Zj:kj PD[S]] th kj: 872 /Xj |FAg’
and
(2.3) (wa(gk), [%]) = (w2(g5;), [Z])

for each [X] € Ho(X;)Hi C Hy(Y). Here [S;] € H5(Y, Q) is the rational homology class
arising from S; and Hy(X ;)™ denotes the Hj—invariant part of Hy(X), see Remark 2.15.

The proof of Theorem 2.1 is based on a gluing construction. The analysis involved is
similar to work on Spin(7)—instantons in Lewis’ PhD thesis [Lew98], unpublished work of
Brendle on the Yang—Mills equation in higher dimension [BreO3b] and Pacard—Ritoré’s work
on the Allen—Cahn equation [PR0O3]. From a geometric perspective my result can be viewed
as a higher dimensional analogue of Kronheimer’s work on ASD instantons on Kummer
surfaces [Kro91].

It is not unreasonable to expect that under certain topological assumptions all Go—instant-
ons on Gg—manifolds arsing from Joyce’s generalised Kummer construction close to the
degenerate limit come from a suitable generalisation of my construction. Optimistically,
one could hope that this will some day make the (so far conjectural) G, Casson invariant

accessible to computation. As a first step in this direction I will prove the following result.

Theorem 2.4. Let Yy be an admissible Go—orbifold all of whose singularities S; are mod-
elled on (T® x C?/Zy)/H; and let Y be the compact T-manifold and let (¢y) e (o,1) be the
family of torsion-free Go-structures obtained via Joyce’s generalised Kummer construction
from resolution data for Yy. Suppose that E is a SO(3)—bundle over Y with the property
that
() -~ Seis)
J

where £; = 1 if Ho(X;)"%i C Hy(Y) is non-trivial and wy(E) pairs non-trivially with
Hy(X;)"i and e = 0 otherwise. Suppose that (At)ico,1) is a family of connections on E
such that Ay is a Go—instanton over (Y, ¢1). Then there exists a SO(3)—bundle Ey over Y}
together with a flat connection 0, such that away from the singular set of Yy the family of
connections (A;) converges up to gauge transformations to 0 in C. on Yy \ S as t tends to

zero.
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In order to prove that Theorem 2.1 gives a complete description of the moduli space of
Goy—instantons under the hypothesis of Theorem 2.4 one additionally needs to control the
behaviour of the family (A;) on the resolution locus in Y; and on the neck region between the
resolution locus and the regular part of Y. This appears to be technically very challenging.
Moreover, one would need to either understand under which conditions the flat connection
6 will be unobstructed or extend Theorem 2.1 to handle the case of obstructed 6 as well.
Instead of directly producing Go—instantons this latter generalisation of Theorem 2.1 would
give a local description of the moduli space of Ga—instantons in terms of a Kuranishi model.

In this chapter I have only considered the simplest case of Joyce’s generalised Kummer
construction. Joyce’s construction in [Joy96b] can also handle Go—orbifolds with singular
sets of codimension 6 which are resolved using ALE Calabi—Yau 3—folds. Using the work of
Anda Degeratu and myself on rigid HYM connections over ALE Calabi—Yau 3—folds arising
as moduli spaces of G—constellations on C3 [DW12] much of the work in this chapter can be
extended to this situation. The latest version of Joyce’s construction [Joy0O] can handle very
complicated singular sets which require QALE Calabi—Yau 3—folds in order to be resolved.

Generalising the work in this chapter to this setting is a daunting task.

2.1 Joyce’s generalised Kummer construction

I will now describe in more detail (a special case of) Joyce’s construction: Equip 77 =
R7/Z" with a flat Go—structure ¢, as in Example 1.10, and let I" be a finite group of
diffeomorphisms of 77 preserving ¢g. Then Yy := T /I is a flat Go—orbifold. Denote by S

the singular set of Y; and denote by Sy, ..., S its connected components.

Definition 2.5. Yj is called admissible if each S; has a neighbourhood isometric to a
neighbourhood of the singular set of (T3 x C?/ Gj) /H;. Here G; is a non-trivial finite
subgroup of SU(2) and H; is a finite group acting by isometries on T3 as well as on C2/G s
moreover, there is a group extension H j of H; by Z3 together with a free affine action of H p

on R? which is compatible with the action of Z* on R? and induces the action of H; on T3,

Let Y} be an admissible flat Go—orbifold. Then there is a constant { > 0 such that if we
denote by T the set of points at distance less that { to S, then 7" decomposes into connected
components T, .. ., T such that T} contains S; and is isometric to (7% x Bé /G;)/H;. On

T; we can write
bo=0"NG2NG% -6 Awp — 8% Aws — 82 Aws

where (81, 62, §%) is an orthonormal triple of constant 1—forms on 7" and (w1, w2, w3) is the
triple of Kihler forms associated with the standard hyperkihler structure (g, I1, I2, Is) on
C?~H.
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Definition 2.6. Let G be a finite subgroup of SU(2). Then an ALE space asymptotic
to C?/G is a hyperkihler 4-manifold (X, g, I, I, fg) together with a continuous map
7: X — C?/G inducing a diffeomorphism from X \ 771(0) to (C?\ {0})/G such that

2.7 vk(ﬂ*g —9) = O<7’_4_k) and V* (ﬂ*fz - Ii) = O(r_A‘_k)

asr — oofori=1,2,3and k > 0. Here r: C?/G; — [0, o) denotes the radius function.

We will remove the singularity in Y; along S; by, roughly speaking, replacing each
C?/G; with an ALE space asymptotic to C2/G. Due to work of Kronheimer [Kro89a,
Kro89b] ALE spaces are very well understood.

Theorem 2.8 (Kronheimer [Kro89b, Theorems 1.1, 1.2 and 1.3]). Let G be a non-trivial
finite subgroup of SU(2). Denote by X the real 4—manifold underlying the crepant resolution
C2/G. Then for each triple of cohomology classes a1, an, s € H*(X, R) satisfying

(2.9) (1(8), a(8),a3(8)) #0 € R3

foreachY € Hy(X,Z) with X - ¥ = —2 there is a unique ALE hyperkdhler structure on X
for which the cohomology classes of the Kihler forms [w;| are given by «;. Moreover, each
ALE space asymptotic to C? /G is diffeomorphic to C? /G and its associated triple of Kéihler

classes satisfies (2.9).

—_~—

Remark 2.10. The crepant resolution C2 /G can be obtained from C2/G by a sequence of

blow-ups. The exceptional divisor F of X = C? /G has irreducible components X1, . .., 3.
By the McKay correspondence [McK80], these components form a basis of Hy (X, Z) and
the matrix with coefficients C;; = —[3;] - [¥;] is the Cartan matrix associated with the

Dynkin diagram corresponding to G in the ADE classification of finite subgroups of SU(2).

Definition 2.11. A collection r = {(X}, p;)} consisting of, for each j, an ALE space X
asymptotic to C?/ G together with an isometric action p; of H; on X; which is asymptotic
to the action of H; on C? /G is called resolution data for Yy.

Suppose we are given resolution data r = {(X}, p;)}. Denote by 7;: X; — C?/G,
the resolution map for X ;. For ¢ > 0 define

(2.12) T =t s Xj — C?/G;

and set

2.13) Tie = (T° x 3 (BY/Gy)) /B, and Ty =Ty
j

Using 7;; we can replace each T in Yj by Tj,t and thus obtain a compact 7—manifold Y;.
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Remark 2.14. The diffeomorphism type of Y; is independent of ¢ > 0. Hence, we will
sometimes drop the label ¢ and pretend to be working with a fixed 7-manifold Y. However, at

various points it will be important to remember the precise way in which Y; was constructed.

Remark 2.15. The rational (co)homology groups and the fundamental group of Y can rela-
tively easily be computed from the above construction, the later being especially important in
view of Proposition 1.19. In particular, it can be seen that every [¥] € Ho(X, Z) invariant
under the action of H yields a cohomology class [X] € Ha(Y,Z). Also each component S
of the singular set gives rise to a rational homology class

1
(2.16) S;] -

= @(ij)*(T?) X {x}) € H3(Y,Q)

where ¢ 4 : T3 x W;tl (Bé1 / Gj) — Y denotes the projection to Tj,t followed by the inclusion
into Y and = denotes a point in 7' (B/G;).
On Tj,t there is a torsion-free Go—structure given by

qgjyt =0 NN =25 A (ZJjJ — 1262 A @ij — 253 A (;Jj’g.

Near the boundary of Tj,t the 3—forms ng,t and ¢q are close to each other. In order to patch
them together, note that there are 1-forms 0, on (C? \ {0})/G; such that

2 (m50) g0 = wi + A

with V’“Qjm- = t*0 (7‘_3_’“) for £ > 0, see [Joy0O, Theorem 8.2.3]. Now, fix a smooth
non-decreasing function x: [0,¢] — [0, 1] such that x(s) = 0 for s < (/4 and x(s) = 1
for s > (/2 and set
i =055 — A(xX(mjal) - 77 1050.4)-
Then (7 +)49j ¢4 and w; agree on 7~ +[¢/2, 00) and we can define a 3—form ¢; € Q3(Y;) by
by = ¢poon Yy \ Ty :Y}\Ttandby
gf;t =0 AP A -6 A ‘I}j,t,l — 82 A @j}t’g — 8N (:Jjﬂg,g

on T]t Define the function r;: Y; — [0, (] by

mi(y) forp = [(z,y)] € Ty

2.17) r¢(p) := ’
¢ forp € Vi \ T

and set

(2.18) Rjy =T Nr'[¢/4,¢/2] and Ry :=| R =r;"[¢/4,¢/2).
J
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Outside R; the 3—form qNSt defines a torsion-free Go—structure, while on R;; it satisfies
VE(dr — djt) = O(t*) for k > 0 and similarly, for each fixed £ > 0, on r; ' [¢, (] we have
vk(th — o) = O(t4) for £ > 0. In particular, ggt defines a Go—structure on Y; provided
t > 0 is sufficiently small.

We equip Y; with the Riemannian metric g; := ¢ 5 associated with gz;t.

Remark 2.19. Note that on the complement of Tt the metric g; agrees with the flat metric gg
on (T7/F) \ 7" and on Tj,t \ R; it agrees with the metric 94,, = 9mrs @ t2ng. Here grs
denotes the standard metric on R3 and 9x; denotes the metric on X ;. Moreover, since the
map ¢ — gy is smooth, on R;; we have \% (gt — gRrs D t2ng) = O(t4) for £ > 0 and,
for each fixed € > 0, on r; '[e, ¢] we have V*(§; — go) = O(t*) for k > 0.

Theorem 2.20 (Joyce [Joy96b, Part I Theorem A and Theorem B; Part I Theorem 2.2.1]).
There are constants T, ¢ > 0 and for each t € (0,T) a 2—form n; on Y such that ¢, :=

b + dny defines a torsion-free Go—structure and
2.21) [dn || zoe < ct?/2.

Remark 2.22. In view of Theorem 1.17 the above is tantamount to saying that one can solve

the non-linear partial differential equation
(2.23) e (<th + dm> —0

with estimates on d7;. For small 7, the dominant part of this equation is essentially the
Laplacian on 2—forms. Now, as ¢ > 0 decreases the size of d© (gz;t> becomes smaller and
smaller, but at the same time the mapping properties of the Laplacian degenerate. Solving

(2.23) thus is a rather delicate balancing act.
For our application we need to slightly strengthen the estimate in Theorem 2.20. Let
wi(z,y) :=t +min{ry(z),r(y)}.

For t € (0,T) and a Holder exponent @ € (0, 1) define

[f]CO’a(U) = sup wy(z, y)aw

and
d(x7y)§wt (ac,y) d(x7 y)a

Hchg«g(m = [[fllzeew) + [f]cgf(U)

for a tensor field f over U C Y;. Here we use parallel transport to compare the values of f at
various points of U. If U is unspecified, then we take U = Y;. Sobolev norms with similar

weights were previously used, e.g., in the work of Pacini [Pac12].

Proposition 2.24. The constants T, c > 0 in Theorem 2.20 can be chosen such that for all
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t € (0,T) we have
el oo < ct'? and | ©(¢r) — O(94) logs (7)< /2.
For the proof of this result it will be helpful to note the following.

Proposition 2.25. For each pn > 0 and K € Ny there exists a constant € > 0 such that
the following holds for all t € (0,T) and p € Y;: R := e(t + r¢(p)) is less then the
injectivity radius of (Yz, §:) at p and if we identify T,,)Y isometrically with R and denote by
sg: B1 — Bg(p) the map obtained by multiplication with R followed by the exponential

map, then

(2.26) ’8k (R—Zs’;%gt —gr7)| < p

forallk € {0,...,K}. Here ggr denotes the standard metric on R”.

Proof. From Remark 2.19 it is clear that we can find € > 0 such that the above statement
holds for all p € r;'[¢/8, ¢]. Moreover, for p € 7;1[0, ¢/8] inequality (2.26) is equivalent
to

‘Bk (R’%%(ng ®gx;) — 9R7)

where R := £(1 + |7(y)|) and p = [(z,y)]. Because of (2.7) this holds for all ¢ < 3 as
long as |7;(y)| is sufficiently large, say, |7;(y)| > N. For |r;(y)| < N it can be arranged to

s p

hold by choosing € > 0 sufficiently small. 0

Proof of Proposition 2.24. Note that the second part follows from the first and the construc-
tion of <z~5t, because O is a smooth map. To obtain the estimate on dr); recall from Joyce’s
construction that 7; solves a non-linear partial differential equation that can be written

schematically as
(2.27) d*dny + P(dm, Vdn,) = G(dnt, ...) and d*n, =0,

see [Joy96b, Part I Equation (33)]. The crucial points are that P(z, y) is a smooth function
which depends linearly on y and satisfies P(0,y) = 0 and that there is a constant ¢ > 0 such
that

(2.28) IG(dnr, .. )||zo < et/

Now, define
Do := (d*o + P(dm, Vo), do).

Since dn; is small provided 7" > 0 is small, this a small perturbation of the operator d* & d.
We extend D; to an operator from Q*(Y;) to itself by defining D;o = (d* @ d)o for
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o € QF(Y;) with k # 3, so that it becomes an elliptic operator. We will now prove that there
are constants ¢ > O and € € (0, %) such that for all t € (0,7") and each p € Y; the following
holds

(2.29) R [0)co.a (B0 < C(BIDt0 | (81 + llol e (3 r1)

with R := &(t + r4(p)). From this the asserted bound on [dnt]cgf follows at once using
(2.21), (2.27) and (2.28), since on Bp(p) we have w; < 2e7'R.

For ;1 > 0 choose ¢ > 0 according to Proposition 2.25 with K = 1. Let sg: B] —
Br(p) be as in Proposition 2.25. We define a rescaled operator Dy ,: Q*(B;) — Q*(By)
by

Dy po = (R, si0)

for o € QF(By) where (1,0) := D, (sgl)*a € QFY(By) @ QFL(By). It follows from
Theorem 2.20 and Proposition 2.25 that by choosing T, i > 0 sufficiently small, we
can arrange that for all ¢ € (0,7") and p € Y; the rescaled operator f)t,p is as close to
ded*: Q(By) — Q*(By) as we wish. In particular, we can arrange that the family of
operators f)t,p is uniformly elliptic with coefficients uniformly bounded in C'. Hence, by
standard elliptic theory, we can find a constant ¢ > 0 independent of ¢ € (0,7) and p € Y}
such that the following L7 estimate holds

17 lwra(sy ) < (1Dipollnas,) + lolzas) )-

Combined with the Sobolev embedding W4 —s C'91-7/4 this yields

[U]C’O*O‘(Bl/g) < C(HDt,pUHLOO(Bl) + ”0||Loo(131)>

with ¢ > 0 independent of ¢t € (0,7") and p € Y;. This, however, is equivalent to the estimate
(2.29) for the unscaled operator D;. ]

Remark 2.30. Proposition 2.24 can be viewed as a quantification of Joyce’s proof of the fact
that 7; is smooth. In a similar fashion, one can also obtain estimates on higher Holder norms

of d?’]t .

Remark 2.31. The kind of argument used above goes back to work of Nirenberg—Walker
[NW73, Theorem 3.1]. We will encounter this line of reasoning again in the proofs of

Propositions 2.41 and 2.77 as well as in later chapters.

2.2 ASD instantons on ALE spaces

Let I be a finite subgroup of SU(2), let X be an ALE space asymptotic to C2/T" and let ¥
be a G-bundle over X. We denote by .o/ (E) the space of connections on E.
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Definition 2.32. A framing at infinity of E is a bundle isomorphism ®: E |y — 7. E|y
where F, is a G-bundle over (C?\ {0})/I" and U is the complement of a compact neigh-
bourhood of the singular point in C?/T".

Let 6 be a flat connection on a G-bundle E, over (C? \ {0})/T.

Definition 2.33. Let ®: F. |y — 7. F|y be a framing at infinity of E. Then a connection
A € @/ (E) is called asymptotic to 0 at rate & with respect to ® if

(2.34) VH(@* A — ) = 0(r5—k)
for all £ > 0. Here V is the covariant derivative associated with 6.

Definition 2.35. A framed connection asymptotic to 0 (at rate ) is a connection A € o7 (F)
on F together with a framing at infinity ® of E such that A is asymptotic to € at rate § with
respect to . If no rate J is specified, then we take § = —3.

Proposition 2.36. Let A € o/ (E) be a Yang—Mills connection on E with finite energy, that

is,

/ | F4]? dvol < oo,
X

then there is a G-bundle E., over (C*\ {0})/T together with a flat connection 0 and a
framing ®: E |y — mE|y such that (2.34) holds with § = —3.

Proof. We extend the argument in [DK90, p. 96]. The topological space X :=XU {0}
can be given the structure of an orbifold whose atlas contains the charts of X as well as
a uniformising chart at infinity ¢: B./T" — X which is constructed as follows. Fix an
orientation reversing linear isometry o of R*. Let I" act on B. by (g,z) — o~ !(g - o(x))
and define (0) := oo and p(z) = 7! (o (z)/|z|?). If g denotes the metric on X, then the
conformally equivalent metric g := (1 + |7r\2) ~2g extends to X as an orbifold metric. The
metric is not necessarily smooth, but only C**%; however, that does not cause any problems.
One should think of X as a conformal compactification of X in the same way that S* is a
conformal compactification of R?.

Since the Yang—Mills equation as well as the energy are conformally invariant, we can
think of A as a finite energy Yang—Mills connection on (X \ {oc}, §). By Uhlenbeck’s
removable singularities theorem [UhI82b, Theorem 4.1], the pullback of A to B. \ {0}
extends to a ['-invariant Yang-Mills connection over all of B.. Hence, A extends to a Yang—
Mills connection A on an orbifold G-bundle E over X. Using radial parallel transport from
0o we obtain a trivialisation of F over ©(B:/T") in which the connection matrix representing
A vanishes at co = ©(0). Denote by p: I' — G the monodromy representation associated
with E|.. Associated with p there are a G-bundle E, over ¢((B. \ {0})/I') and a flat

connection @ on E,. The above trivialisation of £ over ©(B:/T") amounts to a bundle
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isomorphism ®: F,, — EA|¢( B.\{o},r) and the fact that the connection matrix representing
A vanishes at co = ¢(0) implies that V¥ (¢*(®*(A) — 0)) = O(z'~") forall k > 0. By
considering the action of the inversion  + o (z)/|x|? on k—fold derivatives of 1—forms one
sees that VF(®* A — ¢) = O(r—37F). O

Let us briefly discuss moduli spaces of framed ASD instantons on £ asymptotic to 6.
For a detailed discussion we refer the reader to Nakajima’s beautiful article [Nak90]. Fix
a framing at infinity ® of E, arate 0 € (—3, —1) and denote by 7 (FE, ) the space of all
connections asymptotic to 6 at rate ¢ with respect to ®. Similarly, define ¥ (F) to be the
group of gauge transformations asymptotic to a constant element of GG at infinity at rate
0 + 1 with respect to ®. Denote by g : 4 (F) — G the homomorphism assigning to each
gauge transformation its asymptotic value at infinity and let % (E) := ker goo C 4(E) be
the based gauge group consisting of gauge transformations asymptotic to the identity. Then
the space

M(E,0) :={A€ o (E,0): F{ =0}/%(E)

is called the moduli space of framed ASD instantons on E asymptotic to 0.

Remark 2.37. The space M (E, ) does not depend on the choice of 6 € (—3, —1). Thisis a

consequence of Proposition 2.36.

Remark 2.38. If we denote by p: I' — G the monodromy representation associated with 6
and by G, := {g €G:gpg! = p} the stabiliser of p, then G, C G = Y (F) /% (E) acts
on M(E,0).

Theorem 2.39 (Nakajima [Nak90, Theorem 2.6 and Proposition 5.1]). The moduli space
M(E,0) is a smooth hyperkdiihler manifold.

Formally, this can be seen as an infinite-dimensional instance of a hyperkéhler reduction
[HKILR87]. The space <7 (E, 0) inherits a hyperkihler structure from X and the action of
the based gauge group % has a hyperkihler moment map given by pu(A) = FX. To make
this rigorous one needs to set up a suitable Kuranishi model for M (FE, §) along the lines
of [DK90, Section 4.2.5]. This can be done using weighted Sobolev space completions of
o (E,0) and 9 (E), see [Nak90, Section 2] for a detailed discussion. An important rdle is
played by the operator §4: Q' (X, gg) — QY(X,gr) ® QT (X, gg) defined by

(2.40) da(a) = (d%a,d}a)

which governs the infinitesimal deformation theory of the ASD instanton A.

Proposition 2.41. Let A € <7 (E) be a finite energy ASD instanton on E. Then the following
holds.

1. If a € kerda decays to zero at infinity, i.e., im0 SUP,(y)=y |al(z) = 0, then
Vka = O(|x|737%) forall k > 0.
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2. If (§,w) € ker 6% decays to zero at infinity, then (§,w) = 0.

Remark 2.42. From the second part of this proposition one can deduce that the deformation
theory of framed finite energy ASD instantons is always unobstructed; hence, M (E, 0) is a
smooth manifold, see also [Nak90, Proposition 5.1]. By the first part the tangent space of
M (E, ) at [A] agrees with the L? kernel of 6 4 and thus the formal hyperkihler structure is
indeed well-defined.

The proof of Proposition 2.41 rests on the following refined Kato inequality.

Proposition 2.43. Let A € </ (E) be an ASD instanton on E. If a € QY (X, gg) satisfies
daa = 0, then

3
(2.44) dla]] < \/;yvAay

on the complement of the vanishing locus of a.

Proof. Recall that the Kato inequality follows from the Cauchy—Schwarz inequality
[(Vaa, a)| <[Vaallal.

If 64a = 0, then it is not hard to see that equality can only hold if V 4a = 0. This shows
that (2.44) holds with some constant € < 1 instead of \/3/7

To see that one can take £ = \/ﬂ we follow an argument of Feehan [FeeOl, Section 3];
however, also note that we could simply read off the value from the table given in [CGHOO,

Appendix]. We can write d 4 as a Dirac type operator
daa = Z ’y(ei)Véa.
i

Here (e;) is a local orthonormal frame and the Clifford multiplication v is defined by
y(v)a := (—iya, (v* A a)t) where v* denotes the dual of v with respect to the metric on
X. For z € X with a(x) # 0 and d|a|(x) # 0 pick an orthonormal basis (e;) of T, X with
e1 = Vla|/|V]a||. Since d4a = 0 and |y(v)a| = |v||a|, we have

2
dlalf? = [Valall < [VAal* = e) VA =[S 1) Via| <33 |Vl

1
i>2

and therefore
Aldja|* = 4Vial* <3 |Vial> =3|Vaal’.

(2

This finishes the proof. O

Proof of Proposition 2.41. First of all note that (1) implies (2), because if % ({,w) = 0,
then d%daé = — = [F} Aw] = 0and dfda& = [F},¢] = 0; therefore dpé& = O(|r|~3).
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Thus integration by parts yields d4¢ = 0 and, hence, £ = 0. Similarly, one shows that

w=0.

We will first explain why (1) for £ = 0 implies the asserted estimates for k£ > 0 as well.
The argument is similar to that in Proposition 2.24. For z € X set R := 3(1 + |n(z)|). We
claim that there is a constant ¢ = ¢(k) > 0 independent of x € X such that

(2.45) R¥(|Vhall 1 (B (@) < Cllall oo (Br))

for all a € kerd 4. This clearly implies (1) for £ > 0 given the statement for £ = 0. For
|7 (x)| sufficiently large, say |m(x)| > Ry, the restriction of A to Bgr(z) is arbitrarily close
to a flat connection by Proposition 2.36. We rescale to a ball of radius one and denote the
rescaled connection by A and the rescaling of d4 by D,. Then the family of operators D, is
uniformly elliptic with coefficients uniformly bounded in C". Therefore, there is a constant

¢ > 0 independent of x € X such that the following Schauder estimates holds
IV5alzes,2) < (I Datllcrn s, + lalliegs) )

If a is in the kernel of Dy, the first term vanishes. Rescaling this inequality yields (2.45)
for a € kerd 4 and |7(z)| > Ry. For |7(z)| < Ry, (2.45) follows from standard Schauder

estimates.

Let us now prove (1) for £ = 0. Recall, e.g., from [FU91, Equation (6.2.5)], that the
operator 6 4: Q1(X, gr) — Q%X gr) ® QT (X, gg) defined by d4(a) := (d%a, v2d}a)
satisfies a Weitzenbock formula of the form

(2.46) Shdaa = V4V aa + {Ric,a} + {Fy,a}.

Here {-,-} denote certain universal bilinear forms, whose precise form, however, is not
important for our purposes, and Ric denotes the Ricci tensor of X. In our situation, since X
is hyperkihler and thus Ricci flat, this term vanishes. Now, suppose that j 4a = 0 and thus
daa = 0. Then Proposition 2.43, the identity Ala|?> + 2|V 4a|? = 2(a, V¥,V aa) and the
Weitzenbock formula (2.46) yield the following estimate on the complement of the vanishing

locus of a

381 < ol =3 AlaP + JlalalP
< Ja| 43 (AJaf? + 219 aaf?)
= 2|a|~Y3(a, VV 4a)
— 20|~ ({53010, 0) + ({F7,a},a))
< O(alla?’*
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In the last step we used 04a = 0 and |Fy| = O(|x|™*), which is a consequence of
Proposition 2.36.

Now, let U := {z € X : a(z) # 0} and set f := |a|?/3. We will show that f =
O(W—2) which is equivalent to the desired decay estimate for a. It follows from the above
that on U

cf
1+ |m*
for some constant ¢ > 0. Since f is bounded, by [Joy0O, Theorem 8.3.6(a)] there is a
g = O(|n|™") such that

Af <

(Af)t onU
0 on X \ U.

Ag =

Here (-)™ denotes taking the positive part. Since g is superharmonic and decays to zero
at infinity, the maximum principle implies that g is non-negative. The function f — g is
a subharmonic on U, decays to zero at infinity and is non-positive on the boundary of U;
hence, by the maximum principle f < g = O(|x|™!). Now, (Af)" = O(|x|™®) on U and
an application of [Joy00, Theorem 8.3.6(b)] shows that we could, in fact, have chosen g such
that g = O(|m|2). It follows that f = O(|r|~2) as desired. O

The dimension of M (FE, #) can be computed using the following index formula.

Theorem 2.47 (Nakajima [Nak90, Theorem 2.7]). Let A be a framed connection asymptotic
to 0. Then the L? index of § 4 is given by

_di
(2.48) index 4 = —2 / p1(g5) Z Xg Xolg) — MG
Mo

Here pi(gE) is the Chern—Weil representative of the first Pontryagin class of E and x4
is the character of " acting on g, the Lie algebra associated with G, via the monodromy
representation p: I' — G of 0. Moreover, if A is an ASD instanton, then indexds =
dim ker 6 4.

Proof. Let us briefly explain how to derive (2.48) from Nakajima’s formula which can be

written as
indexdy = —/ (dimg + p1(gE)) ch(S'*')/Al(X)
X
(2.49) _ 1 tr
+dimg" + — Z Xg(9) J_
T 2—tryg
gel\{e}

Here g' denotes the I'—invariant part of g, S denotes the positive spin bundle on X, and
ch(S™) and A(X ) denote the Chern—WEeil representatives of the Chern character of St and
the A—genus of X, respectively.
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If A is the product connection on the trivial bundle rank 1 bundle and « lies in the L?
kernel of d 4, then it follows from the fact that X is Ricci flat and the Weitzenbock formula
(2.46) that V*Va = 0, and then by integration by parts, which is justified by Proposition 2.41,

that Va = 0. Since a lies in L?, it necessarily vanishes. Therefore dimkerd, = 0 and

(2.49) yields
N 1 trg
h(STHAX)=1+ — )
[ansic =1+ g 3 0
gel\{e}

By plugging this back into (2.49) we obtain

1
indexdg = —2/ pi(gr) +dimgl —dimg + — Z (xg(g) — dimg) L9
b T 2—tryg
g€l\{e}
Since )
£ 2 (xa(9) — dimg) = dimg” — dimg,
gel
this leads to the index formula (2.48) given above. L]

There is a rich existence theory for ASD instantons on ALE spaces. Gocho—Nakajima
[GN92] observed that for each representation p: I"' — U(n) there is a bundle R, over X
together with an ASD instanton A, asymptotic to the flat connection determined by p, and if
o is a further representation of I, then A g, = A, ® A,. Kronheimer—Nakajima [KN90]
took this as the starting point for an ADHM construction of ASD instantons on ALE spaces.

One important consequence of their work is the following rigidity result.

Definition 2.50. An ASD instanton A is called infinitesimally rigid if the L? kernel of the

linear operator 0 4 is trivial.

Theorem 2.51 (Kronheimer—Nakajima [KN90, Lemma 7.1]). For each p: T' — U(n) the
ASD instanton A, is infinitesimally rigid.

By combining this result applied to the regular representation with the index formula
Kronheimer—Nakajima derive a geometric version of the McKay correspondence [KIN90,
Appendix A]. Let A(T") denote the Dynkin diagram associated to I in the ADE classification
of the finite subgroups of SU(2). Each vertex of A(I") corresponds to a non-trivial irreducible
representation. We label these by p1, ..., p; and denote the associated bundles by R ; and
the associated ASD instantons by A;.

Theorem 2.52 (Kronheimer—Nakajima [KN90, Appendix A]). The L? harmonic 2—forms
a(Rj) = 5= tr F 4, form a basis of L*H*(X) = H*(X,R) and satisfy

/ e1(R) A er(Ry) = —(C )y
X
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where C'is the Cartan matrix associated with A(I"). Moreover, there is an isometry k €
Aut(Hy(X,Z),-) such that {c1(R;)} is dual to {k[¥;]}, where ¥; are the irreducible
components of the exceptional divisor E of EQ\/JF If X is isomorphic to 62\//F as a complex
manifold, then k = id.

This result is very useful for computing the index of §4 when A is constructed out of

ASD instantons of the form A, (by taking tensor products, direct sums, etc.).

Proposition 2.53. Let X be an ALE space asymptotic to C? | Zy. Denote by p;: Zj, — U(1)
the irreducible representation defined by p;({) = exp(27” jé) Forn,m € Zy, let By, p, be
the SO(3)-bundle underlying R ® (R}, ® Ry+m) and denote by A,, , the ASD instanton
on By, induced by Ay, and Ay .. Then Ay, p, is infinitesimally rigid, asymptotic at infinity

to the flat connection associated with p,, and
A7L ’”L -
k

w2(9E, ) = c1(Rntm) — c1(Ry) € H(X, Zy).

Proof. To see that A, ;,, is infinitesimally rigid apply Theorem 2.51 to A,, ® A, ., and

as well as

observe that gz, ., = R @ (R}, ® Ry ) is a parallel subbundle of gr,,¢R,, .-
The energy of A,, ,,, can be computed by noting that the first term in the index formula

(2.48) is precisely twice the energy and the second term is given by (—%)—times

k—1 ,
Z Xg —dimg Z 1 — cos(2mmyj/k) — (k= m)m
ot —trg = 1 — cos(2mj/k) '

The statement about the second Stiefel-Whitney class is clear. O

2.3 Approximate G,—instantons

Throughout this section, let Y be an admissible Go—orbifold, let r = {(X}, p;)} be reso-
lution data for Yy and denote by (Y%, ¢¢):c (0,1 the family of Go—manifolds obtained from
r via Theorem 2.20. Denote by 1y := O(¢;) the coassociative calibration on Y;. If 6 is a
flat connection on a G-bundle Ej over Y, then the monodromy of 6 around S; induces a
representation yu;: m (1}, 2;) = G5 % H ; — G of the orbifold fundamental group of 7’
based at z; € T} \ S;.

Remark 2.54. For a general definition of orbifold fundamental group we refer the reader
to [ALRO7, Definition 1.50 and Section 2.2]. All orbifold fundamental groups 1 (X)
encountered in this chapter can be identified with the fundamental groups 71 (X ") of the
regular part of the orbifold in question. This is a consequence of the next proposition which

is a special case of [TT04, Lemma 5.2].
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Proposition 2.55. If B is an open ball in R™ and S C B is a closed subset of Hausdorff

codimension at least four, then w1 (B \ S) = 1.

Proof. Note that for any given Lipschitz loop v : S' — B\ S, the set of 2 € B\ S such that
the cone C(7,x) = {€y (5 (t) : 5,t € [0,1]}, where £y () = (1 — t)x + ty, is contained
in B\ S has Hausdorff codimension at least 2. Since any continuous loop is homotopic to
a Lipschitz loop in B \ S it follows that any continuous loop is homotopic to a constant

one. OJ

Definition 2.56. A collection g = ((Eo,0), {(z;, f;)}, {(E;, Aj,m;)}) consisting of Ey

and 0 as above as well as, for each j, the choice of
e apoint z; € T} \ S; together with a framing f;: (Ep).;, — G of Ep at zy,

e a G-bundle E; over X; together with a framed ASD instanton A; asymptotic at
infinity to the flat connection on the bundle E, ; over (C?\ {0})/G; induced by the

representation 1|, and

e an action m,; of H j on E; which lifts the action of H j induced by p;

is called gluing data compatible with r = {(X}, p;)} if the following compatibility condi-

tions are satisfied:

e The action of H j on E; preserves Aj.

e The action of H j on I; is asymptotic at infinity, with respect to the framing associated
with A;, to the action of H; on E., ;. Note that the lift of the action of H; on Ew j to
the trivial bundle G x (R? x C?\ {0}) is given by & - (g,2) = (u;(h) - g, h - @).

We should point out here that it is by far not always possible to extend a choice of (Ey, 6)
and {(E}, A;)} to compatible gluing data. This will become clear from the discussion in
Section 2.7.

Before we proceed to construct approximate Geo—instantons, we introduce weighted
Holder norms. It will become more transparent over the course of the next sections that these

are well adapted to the problem at hand. We define weight functions by
w(z) ==t +r(x) and wi(z,y) := min{w(z), wi(y)}.

Fort € (0,7, a Holder exponent o € (0, 1) and a weight parameter 5 € R we define

_plf(z) = fy)l
fl 00, = sup wi(x, y)® B—,
[ ]Cg’t w) d(z,y)<wi(z,y) t( ) d(CL‘, y)a

| £z, @) = Il fllqw) - and
k
1fllehow) = ZO IV flleg o) + V' flooe -
]:
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Here f is a section of a vector bundle over U C Y; equipped with an inner product and a
compatible connection. On tensor bundles associated with Y; we use the metrics induced
by g:; however, in view of Proposition 2.24, we could equivalently use those induced by
b = dr + dn;. We use parallel transport to compare the value of f at different points in
Y. If U is not specified, then we take U = Y;. We denote by C’g? the Banach space C*®
equipped with the norm | - || k.«

Bt
Remark 2.57. For fixedt € (0,7") and 8 € R, the norms ||- ”CE:? and || - || k.« are equivalent,
but not uniformly so as ¢ > 0 tends to zero.

Note that, if 3 = (1 + (32, then
258 ° « < a @ .
@.58) 17 - gl < 1Flose, - ol
Also for 5 > ~y we have
2.5 o <P o
2.59) I7logs < 0N fll o

Proposition 2.60. Ler g be gluing data compatible with x. Then there is a constant ¢ > 0
and for each t € (0,T) a G-bundle E; over Yy together with a connection Ay satisfying

1/2
(2.61) 1F3, A dellog < ct /2,

The adjoint bundle gg, associated with E, satisfies

. 1
(2.62) pl(gEt) = —;kj PD[S]'] with kj = @ Aj |FAj’2
and
(2.63) (wa(8p,), [Z]) = (w2(gm;), [Z])

for each [X] € Ho(X;)Hi C Hy(Y3).

Proof. The choice of m; defines a lift of the action of H j on R x X j to the pullback of
E; to R? x Xj. Passing to the quotient yields a G-bundle over (T° x X;)/H; which we
denote by £, by abuse of notation. It follows from the compatibility conditions that the
pullback of A; to R3x X j passes to the quotient and induces a connection on E; which we
denote by A;, again by abuse of notation.

Fixt € (0,T). Let Rj; := Tj, Nr; *[¢/4,¢/2] as in (2.18) with T}, and 7; as defined
in (2.13) and (2.17), respectively. By the compatibility conditions the monodromy of A;
along S; on the fibre at infinity matches up with the monodromy of 6 along Fj|s;. Thus, via
parallel transport the framing of Ej at x; and the framing of E; yield an identification of
Ey| Ry, with E; ] Rjq- Patching Ey and the E; via this identification yields the bundle £;.
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Under the identification of Ej| Ry with E;| R;4» W can write

(2.64) Aj=60+a; with Vkaj _ t2+k0(7“t_3_k),

because of Remark 2.19 and Proposition 2.41. Fix a smooth non-increasing cut-off function
x: [0,¢] — [0,1] such that x(s) = 1 for s < (/4 and x(s) = 0 for s > (/2. Set
Xt := X o r¢. After cutting off A, to 6 + x; - a; it can be matched with 6 and we obtain the

connection /Nlt on the bundle F.

To estimate F'; A 1); note that on Y; \ T, + the connection /Nlt is flat. Thus we can focus

our attention on T]t By the definition of flt we have

X?—Xt

Fi =xiFa; +dxe Naj + la; A aj).

The last two terms in this expression are supported in I ; and of order 2 in C%° by (2.64).

By Example 1.92 and Proposition 2.24 we have

1Ea, Al (2, = | Eay A (= 1) |

1/2
< 2| Fy, oo,

C25.(T)

It follows from Proposition 2.36 and Remark 2.19 that
VEF, = 27RO (r747h).

This implies that || Fa, || 0.« < ct?® and, hence, || Fa, || 0. o < ¢ by (2.59) with
c 4t( Jt) co (TJ )
¢ > 0 independent of ¢ € (0,7"). Now, putting everything together yields (2.61).

Let¢j1: T3 x L (B4/G ) — Y be as in Remark 2.15. Then .7, gp, is isomorphic
to the pullback of gz, to T% x 7 (B4 /Gj;). This implies (2.63) by naturality of Stiefel—
Whitney classes. To compute p; (g Et) we use Chern—Weil theory to represent it as p1 (gg,) =

812 tr(F4, A Fz,). We can write this as p1(gg,) = >_; p; Where p; are compactly
supported 4—forms on T] +. Recalling the definition of [S;] in (2.16) and considering the
behaviour of Poincaré duality with respect to coverings we see that in order to prove (2.62)

we have to show
iaps = K PD [T% x {2}] € HE(T% x n7} (BY/Gy), R).

From our construction of A, it follows that the form L7 4p; is the pullback of a compactly
supported 4—form on X; which we can write as —8% tr(F AN F A]-) where flj =Ai+a
and, by slight abuse of notation, & = (1 — x¢)a;. Consequently, Lj4pj is a multiple of
PD [T?’ X {x}] To see that the multiplicity is precisely k; we use the Chern—Simons
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3—form, see [DK90, Equation (2.1.17)], to write

1
tr(FAj A FA],) —tr(Fa; ANFa,) = dtr<a ANda o+ 3 Ao A oz]>.
By Proposition 2.41 the 1-form « decays sufficiently fast to conclude from Stokes’ theorem
that

1 1
—— | t(F; ANF; )=——= [ tr(Fa. ANF4.)= —_|F4.]? =k,
872 Jx, t 4; AJ') 82 /X]. H(Fa; A Fay) /Xj 8772‘ 4l J

This completes the proof. O

Remark 2.65. If we identify all Y; with one fixed Y, then the isomorphism type of the
bundles E; does not depend on ¢t € (0,7"). We can therefore think of them as one fixed
G-bundle E over Y.

2.4 The model operator on R?> x ALE

Because of Proposition 1.98, in order to prove Theorem 2.1 we need to find & € Q°(Y;, gg,)
and a; € Q'(Y;, g,) such that

(2.66) 5t (Fipya At) + g 6 =0

for t € (0,7") provided T" € (0,T] is sufficiently small. Here ; denotes the Hodge—*—
operator associated with ¢;. Equation (2.66) together with the Coulomb gauge condition

d:’z1 a; = 0 can be written as
t

(2.67) Lia, + Qi(a,) + * (FAt A ¢t) = 0.

Here we use the notation a, := (&, a;), the linear operator L; := L A, is defined as in (1.103)
with ¢ = ¢; and Q) is defined by

(2.68) Qila) = % v ([aha] Ady) + [, €].

The key to solving (2.67) is a good understanding of the linearisation L;. In this section, we
study a model for L; on r; ([0, ¢)).

Let X be an ALE space, let A be a G-bundle over X and let A be a finite energy ASD
instanton on F. Fix an orthonormal triple (5 152,63 ) of constant 1-forms on R3 and denote
by (w1, ws,ws) the triple of Kéhler forms associated with X. Consider R3 x X asa Go—
manifold as in Example 1.11. Denote by pgs: R x X — R?andpx: R3 x X — X the
projection onto the first and second factor, respectively. Slightly abusing notation, we denote
the respective pullbacks of F and A to R? x X via px by F and A as well. As in (1.103) we
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define L4: Q°(R3 x X, gp) ® QY(R3 x X, gp) — Q°(R3 x X, g5) ® Q'(R? x X, gr)

by
0 d*
La= A
da *(w A\ dA)
with 1) defined by
1
(2.69) Y= -wi Awyp — A Awp — B A Awy — LA G2 Aws.

2
Proposition 2.70. If we identify pps T*R3 with pi ATT* X via §' — —w; and accordingly

Q"R3 x X, gp) @ QYR? x X, gp)
=R x X,pk [ROATT* X 6 T*X) ® gg)),

then the operator L 4 can be writtenas Ly = F + D 4 where

3
F(§w,a) =Y (—(0w,wi), 0: - wi, [;dha) and Dy = (O 5A> :

i=1 0y 0

Here §4: QY(X,g95) — QUX, g5) ® QT (X, gg) denotes the linear operator defined in
(2.40). Moreover,

2.71) L%La = Ags + 040}
5564

where Agsz = — Z?:l 0? and O; denotes taking the derivative of a section of i [(R @
ATT*X © T*X) ® gg)] in the direction of the i~th coordinate on R3.

Proof. 1t is a straight-forward computation to verify that L 4 = F' 4+ D 4. It is also easy to
see that F*F' = Ags and that F* D4 + D% F' = 0. This immediately implies (2.71). [

To understand the properties of L 4 we work with weighted Holder norms. We define

weight functions by
w(z) =1+ |ropx(z)] and w(z,y):= min{w(z),w(y)}.

Here 7: X — C?/G denotes the resolution map associated with the ALE space X . For a
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Holder exponent v € (0, 1) and a weight parameter § € R we define

a—plf (@) = Fy)]

floa,n = sup  w(z,y) ,
[ ]CB ) d(z,y)<w(z,y) ( d(.%', y)a
1fllzs ) = lw™P f|| ooty and

k
£ty = NSz 0+ 19l o
J:

Here f is a section of a vector bundle over U C R3 x X equipped with an inner product and
a compatible connection. We use parallel transport to compare the values of f at different
points. If U is not specified, then we take U = Y;. We denote by Cg’o‘ the subspace of
elements f of the Banach space C* with || f|| oke < 00 and equip it with the norm || - || ;.0
Under the assumptions of Section 2.3 and with g denoting compatible gluing data
suppose that X = X and that A = A;. Define 7;;: R? x ﬂj_; (Bé/Gj) — @7t by

G(,y) = [(tz, y)].

For a parameter 3 € R and a = (§,a) € Q°(Yy, gg,) @ Q1(Y;, gg,) we define

(2.72) sai(& a)(@,y) =71 (t(T50)%E, (Tj4)%a).

Proposition 2.73. There is a constant ¢ > 0 such that for t € (0,T)

||557tQ||C’510‘(R3Xﬂ;tl(le/Gj)) ~ ||Q||C§:?(Tj,t) and

_ 1 B 1/2 5
| Lia sﬁ—l,tLAjSﬁthHCgfl)t(Tj,t) <ct HQHC;’;’(E,Q

where ~ means comparable uniformly in t.

Proof. The map ;; pulls back the metric on Tj,t associated with (th, that is g 5 = 9m3 O
t2g X, tO t? (gR3 ® gx; ) This implies the first estimate in view of Remark 2.19. The second
estimate is now immediate from the construction of A; and Proposition 2.24. O

Proposition 2.74. Let 3 € (—3,0). Thena € Cy® is in the kernel of La: Cy™ — Cg° if
and only if it is given by the pullback of an element of the L? kernel of §4 to R3 x X.

The proof of Proposition 2.74 relies on the following lemma whose proof I will present

in the next section.

Definition 2.75. A Riemannian manifold X is said to be of bounded geometry if it is
complete, its Riemann curvature tensor is bounded from above and its injectivity radius is
bounded from below. A vector bundle over X is said to be of bounded geometry if it has

trivialisations over balls of a fixed radius such that the transition functions and all of their
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derivatives are uniformly bounded. We say that a complete oriented Riemannian manifold X
has subexponential volume growth if for each x € X the function r — vol(B,(z)) grows

subexponentially, i.e., vol(B,(x)) = o(exp(cr)) as r — oo for every ¢ > 0.

Lemma 2.76. Let E be a vector bundle of bounded geometry over a Riemannian mani-
fold X of bounded geometry and with subexponential volume growth, and suppose that
D: C®(X,E) —» C*(X, E) is a uniformly elliptic operator of second order whose coeffi-
cients and their first derivatives are uniformly bounded, that is non-negative, i.e., (Da,a) > 0
forall a € W22(X, E), and formally self-adjoint. If a € C®°(R" x X, E) satisfies

and ||a|| Lo is finite, then a is constant in the R"—direction, that is a(x,y) = a(y). Here, by
slight abuse of notation, we denote the pullback of E to R" x X by E as well.

Proof of Proposition 2.74. Suppose a € Cé’a satisfies L4a = 0. Then a is smooth by
elliptic regularity and satisfies L’y Lsa = 0. By Definition 2.6 and by Proposition 2.36
both R? x X and gz have bounded geometry. Moreover, by Proposition 2.70), Ly Ly =
Ags + D% D 4 and D7 D 4 is uniformly elliptic of second order and its coefficients and their
first derivatives are uniformly bounded as can be seen from Proposition 2.36. Therefore, we
can apply Lemma 2.76 to conclude that @ is invariant under translations in the R3—direction
and, hence, by Propositions 2.41 and 2.70 must be the pullback of an element in the L?
kernel of 6 4. ]

Proposition 2.77. For $ € R there is a constant ¢ > 0 such that
lallgre < e(ILalgne, + lallz).

Proof. This is a standard result, see Remark 2.31. The desired estimate is local in the sense

that is enough to prove estimates of the form
ot < c(lZaalloge, +lalzz)

with ¢ > 0 independent of i, where {U;} is a suitable open cover of R? x X.

Fix R > 0 suitably large and set Uy := {(z,y) € R?® x X : |r(x)| < R}. Then there
clearly is a constant ¢ > 0 such that the above estimate holds for U; = Uy. Pick a sequence
(i,y:) € R® x X such that r; := |7 (y;)| > R and the balls U; := B, js(x;,y;) cover the

complement of Uy. On U;, we have a Schauder estimate of the form

lall oo () + 7§ @l co.e ) + 7ill Vaall ooy + 78IV ad]co.e

< ¢ (ril Laall vy + it [Laalcoa vy + llallzevs))
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where V; = Bri/4(xi, y;) and a = (&, a). By arguing as in Propositions 2.24 and 2.41 one
shows that the constant ¢ > (0 can be chosen to work for all ¢ simultaneously. Since on V;
we have %ri < w < 27;, multiplying the above Schauder estimate by r, p yields the desired

local estimate. OJ

2.5 Proof of Lemma 2.76

Lemma 2.76, whose proof I will present in the current section, is an abstraction of various
results that have appeared in the literature, e.g., in Pacard—Ritoré’s work on the Allen—Cahn
equation [PR0O3, Corollary 7.5] and in Brendle’s unpublished work on the Yang—Mills
equation in higher dimension [Bre(3b, Proposition 3.3].

Let me first give a heuristic argument which is sometimes given as though it would
constitute a proof. Denote by a the partial Fourier transform of a in the R"—direction. Then
a solves (D + |k|*)a = 0. But D + |k|? is invertible for k& # 0. Thus a is supported on
{0} x X and hence must be a linear combination of derivatives of various orders of I'( E')—
valued d—functions. Reversing the Fourier transform shows that ¢ must be a polynomial in
R™. But then it follows from the assumptions that a is constant in the R"—direction. The
actual proof will be slightly more pedestrian.

First we need to set-up some notation. We fix a point p € X and denote by p: X —
[0, 00) a smoothing of the distance from p, as in [Kor91, Proposition 4.1]. For 6 € R we
introduce a weight function ws := e ~%° and weighted Hilbert spaces W; ’2(X , E) consisting
of locally integrable sections f such that ws - f lies in W*2(X, E) with inner product defined
by (-, ->W§,2 := (ws, ws-)yys.2. As usual we set L2(X, E) := W (X, E).

Proposition 2.78. For each ko > 0 there is a constant ¢ = (ko) > 0 such that for
all § € (—¢,¢) and k € [ko, <) the operator D + k*: W§’2(X, E) — L3(X,E) is an

isomorphism. Moreover, for £ > 0 there is a constant c¢; = c¢(ko) > 0 such that

(2.79) Haﬁ (D + k2)_1aHW2Y2 < co(1+ ) lall 2

5
forall k € [ko,o0) and a € L3(X, E).
Proof. By standard elliptic theory we have

lallw22 < c([[Dall 2 + [lall £2)-
Since D is non-negative, we have

|Dal|r2 < H(D—i—k:Q)aHL2 and k?||a 2 < H(D—FkQ)CLHLQ.
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Putting everything together yields
lallw22 <e(1+ 1//{:8) H (D + kz)aHLQ

for k € [ko, o0). This implies that D + k?: W22 — L2 is an injective operator with closed
range. It is also surjective, since its co-kernel can be identified with the L? kernel of D + k?
which is trivial.

We now argue as in [Kor91, Proposition 4.4]. Via the Hilbert space isomorphism
W; 2 o W2 defined by multiplication with w; the operator D + k?: W; 2 Lg is
equivalent to D + k%: W22 — L2 where Ds := wsDwj '. We can write Dj as

Ds =D+ 6P;
with Ps: W22 — L2 bounded independent of . Therefore,
1((D + &%) = (D5 + k%)) (D + ) "al| 2 < 10le(1 + 1/k5) lall 2.

If we choose ¢ = e(kg) > 0 sufficiently small, then for § € (—¢,¢) the factor on the
right-hand sight is less than %; thus, the series

(D5 + K%)= (D+K) 7 S [((D+K) = (D5 + ) (D +4) ]

120

converges and the operator norm of (Ds + k?) ! is bounded by 2¢(1 + 1/k3). This estab-
lishes (2.79) for £ = 0. For £ > 0, we have

£ 041 '
H(D+E)T =" iy K [(D+E))
i=0 j=2
for universal constants ¢; ; ¢. Thus (2.79) for £ > 0 can be reduced to the case £ = 0. ]

Lemma 2.76 can now be proved using an argument similar to the one used by Brendle
in [Bre03b, Proposition 3.3]. This is essentially the proof of the ingredients from classical

distribution theory used in the heuristic proof adapted to our infinite dimensional setting.

Proof of Lemma 2.76. We proceed in 3 steps.

Step 1. Let x € .7 (R") be a fast decaying function whose Fourier transform X vanishes
in By, (0) and let b € L3(X, E) for some § € (—¢,e) with ¢ = (ko). Then there exists
ac (R, W52’2(X, E)) such that (Ag» + D)a = xb.

We construct a € .7 (R", Wg 2(X, E)) using Fourier synthesis. By assumption x (k) =
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0 for |k| < ko. For |k| > ko set
ag := (D + |k[*) "'

and define
alz,y) == / ) 3y ()% (k) AL (F).

Here £™ denotes the n—dimensional Lebesque measure on R™. Then
(Ar» + D)a(z,y) = bx.

Moreover, one can verify that = — ||a(z, -)|| ;2.2 is in . (R"™) using a slight variation of the

Iy
proof that the Fourier transform maps fast decaying functions to fast decaying functions and

the estimate ||8,€&kHW§2,2 <1+ |k‘)€”b”L§'

Step 2. Let x € (R"™) with x(0) = 0. Then there is a family (x¢)->0 of fast decaying

functions such that X vanishes on B:(0) and lim._,q ||x= — x||z1 = 0.

Pick a smooth function p: R — [0, 1] such that p(k) = 0 for |k| < 1 and p(k) = 1 for
|k| > 2. Set x-(k) := p(|k|/e)x(k) and denote its inverse Fourier transform by .. Then
Xe clearly satisfies the first part of the conclusion. To see that the second part also holds,
note that from x(0) = 0 it follows that

~ N 1
IV (e — )l ponsan1) = O(m)

and therefore

Ixe = xllzr < [0+ 12D 7| f2ns@n—n - 1A+ [2)™ (xe = )l f2n
~ N ~ N 1
< c([[Xe = Xl p2n/@n-n + [V (Xe = X)) p2n/2n-1)) = O(’EQ)

where ¢ > 0 is a constant depending only on n. Here we used that the inverse Fourier

(2n—1)

transform is a bounded linear map from L*"/ to L?" and the Fourier transform’s

behaviour with respect to derivatives.
Step 3. Suppose that (Arn + D)a = 0. Then for o0 € S"(R"), 6 € R" and b €
C*(X, E) we have

[ @) by (oo +8) - o(a)) 4L () = 0
In particular, the conclusion of the lemma holds.

Set x(x) := o(x + ) — o(z). Then x(0) = 0. Let x. be as in Step 2. According to
Step 1, for each € > 0 there is some small § > 0 and c. € .%(R", WE?(X, E)) such that
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(Arr + D)ce = x:b. By the assumptions on a and since X has subexponential volume

growth we have

/n<a(9¢7 ), b)x () dL™(x) = lim [ (a(z,-), b)xe(x) AL" ()

e—0 R"

= lim / § /){(a(m,y), (Arn + D)c.) AL (x) dvol(y)

e—0

= lim / i /}(((ARn + D)a(z,y), c.) dL™(x) dvol(y)

e—0

=0.

Since o, § and b are arbitrary, it follows that a is invariant in the R™—direction. This finishes
the proof. 0

Remark 2.80. 1t is clear from the proof that in Lemma 2.76 one can replace the assumptions
that X has subexponential volume growth and that ||a|| . is finite by the assumption that

a(x,-)||;2 is bounded independent of x € R™ for all § > 0.
lat, ).z p

2.6 Deforming to genuine Go—instantons

We continue with the assumptions of Section 2.3 and we suppose that the connection A; on
G-bundle E; over Y; was constructed using Proposition 2.60 from a choice of compatible
gluing data g. In this section we will prove the following result which will complete the
proof of Theorem 2.1 under the additional assumption that 6 is irreducible. At the end of this

section, I will explain how to remove this hypothesis.

Proposition 2.81. Suppose that 0 is acyclic and that each A; is infinitesimally rigid. Then
there are constants T' € (0,T| and ¢ > 0 as well as, for each t € (0,T'), a;, = (&, at) €
O0(Yy, 0r,) & Q' (Y, 05, ) such that

(2.82) ” (FAWR A wt) +dg& =0

and ||la,|[ 1.0 < ct'/2. Moreover, the Go—instanton A; := A; + ay is acyclic.
1t

As discussed in Section 2.4 it is crucial to understand the properties of the linear operator
L;. The key to proving Proposition 2.81 is the following result.

Proposition 2.83. Given 8 € (—3,0) there are constants T' € (0,T] and ¢ > 0 such that
fort € (0,T7") we have
@ < , o .
H@Hcé:t < CHLtQHCg;M

Before we move on to prove this, let us quickly see how this is used to establish
Proposition 2.81. Recall the following elementary consequence of Banach’s fixed point

theorem.
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Lemma 2.84 (Donaldson—Kronheimer [DK90, Lemma 7.2.23]). Let X be a Banach space
and let T: X — X be a smooth map with T'(0) = 0. Suppose there is a constant ¢ > 0
such that

1Tz = Tyll < e(llz) + lyDll - yll

Then if y € X satisfies ||y|| < %OC, there exists a unique x € X with ||x|| < é solving

x4+ Tx=y.
Moreover, this x € X satisfies ||| < 2]y||.

Proof of Proposition 2.81 assuming Proposition 2.83. By Proposition 2.83 the linear opera-
tor Ly : C’if‘ .= C’g’; . 1s injective and has closed range. Therefore its cokernel is isomorphic
to the kernel of the dual operator L;. By elliptic regularity any element in the kernel of L; is
smooth and thus, since L, is formally self-adjoint, an element in the kernel of L;, which is
trivial. This shows that L is invertible. Denote its inverse by Ry : Cﬂ’gft — Ci’fft.

If we set a, := R.b,, then (2.82) becomes

(2.85) by + Qu(Riby) = — % (FAt A m).

It follows from (2.58) and Proposition 2.83 that

|Qu(Riby) = QuRib)ll o < (allcog, + Balloog ) 16 = bl o
with a constant ¢ > 0 independent of ¢ € (0,7"). Since by Proposition 2.60
: 1/2
13, Al gog, < et

Lemma 2.84 provides us, for each ¢ € (0,7”), with a solution b, of (2.85) satisfying
I @t”c%gt < ct'/? provided T’ € (0, T] was chosen sufficiently small. Then a, = (&, a;) =
Rib, € Cif‘t is the desired solution of (2.82) and satisfies ”QtHCi’ft < ctl/2,

It follows from elliptic regularity that a; and thus A; := At + th is smooth. To see that
Ay is acyclic, i.e., L 4, is surjective, note that ||R; L4, — idHC&ﬁt < ct'/? and thus L, is
invertible for ¢ € (0,7") provided T" € (0, T'] was chosen sufficiently small. O

Before embarking on the proof of Proposition 2.83, it will be helpful to make a few
observations. On Y; \ Tt the operators L, and Ly agree. For fixed ¢ > 0, the norms
|| are uniformly equivalent to the corresponding unweighted Holder norms.

Cply (ry " [e,00))

Moreover, the restriction of L; to r;, ![e, 00) becomes arbitrarily close to Ly restricted to
{z € Yo : d(z,5) > €} as t goes to zero. These observations and standard Schauder

estimates combined with Propositions 2.73 and 2.77 yield the following Schauder estimate.
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Proposition 2.86. Given 3 € R there is a constant ¢ > 0 such that for all t € (0,T") we

have

lallgye < e(ieallcoe |+ llallzg,)-
This reduces the proof of Proposition 2.83 to the following statement.

Proposition 2.87. Given 3 € (—3,0) there are constants T' € (0,T) and ¢ > 0 such that
forallt € (0,T") the following holds

lallzg, < clLuallcas

Proof. Suppose not. Then there exists a sequence (g;) and a null-sequence (;) such that

1

HQiHL;ftizl and HLtin'Hcgfui ;

Hence, by Proposition 2.86, we have
. il 1e < 2e¢
(2.88) lailoye <2

Pick z; € Y}, such that

Wi, (xi)_B’Qi(xiN =1.

After passing to a subsequence we can assume that one of the following three cases occurs.

We will rule out all of them, thus proving the proposition.
Case 1. The sequence (x;) accumulates on the regular part of Yy: limry, (x;) > 0.

Let K be a compact subset of Yy \ S. We can view K as a subset of Y;. As t goes to
zero, the metric on K induced from the metric on Y; converges to the metric on Yy, similarly
we can identify Ey|x with Ey|x and via this identification flt converges to § on K. By
(2.88) the sequence (a;|x ) is uniformly bounded in C'™*. We can thus extract a convergent
subsequence using Arzela—Ascoli. Using a diagonal sequence argument over a sequence of
compact sets (K;) exhausting Yp \ S, we can pass to a further subsequence which converges
in C’llo’f/z toalimita € Q°(Yp \ S, 95,) ® Q1 (Yo \ S, g5, ). This limit satisfies

(2.89) la| < ¢-d(-,S)"

as well as
Lga = 0.

Since 5 > —3, it follows from (2.89) that a satisfies Lya = 0 in the sense of distributions
on all of Y and, therefore, is smooth by elliptic regularity. Because 6 is assumed to be

acyclic, a must be zero. However, by passing to a further subsequence we can arrange that
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(z;) converges to some point z € Y \ S. At this point we have |a|(z) = d(z, S)? # 0. This

is a contradiction.
Case 2. The sequence (x;) accumulates on one of the ALE spaces: limry, (x;)/t; < oc.

There is no loss in assuming that each ; lies in T}, for some fixed j. With s3;, as in
(2.72) we define @; := 5,,0; and denote by #; a lift of z; to R® x 7} (BY/G;). This

rescaled sequence satisfies, in the notation of Section 2.4,

N

HéiHC;»a <d4c and (1+|m;(E)])"Pla(i)| >
as well as
(2.90) ”LA]'QZ‘HCgfl <2/i.

Arguing as in the previous case, we can extract a subsequence of (a;) which converges
to alimita € Cg’a/ % in Cﬁ)’g onR3 x X ;. It follows from (2.90) that a satisfies

La.

J

=0.

s}

By Proposition 2.74, @ must be zero since 5 € (—3,0) and A; is infinitesimally rigid.
However, by translation we can arrange that the R3—-component of Z; is zero and thus
we can view ; as a point in X;. Then the condition lim 7, (x;)/t; < oo translates to
lim |7;(Z;)| < oo. Therefore, we can assume without loss of generality that Z; converges to
some point # € X;. But then |a(Z)| > 3(1 + |r;(Z)])? > 0, which contradicts G = 0.

Case 3. The sequence (x;) accumulates on one of the necks: limr,(z;) = 0 and at the

same time lim ry, (x;) /t; = oc.

As in the previous case, we rescale to obtain (a,) and (Z;), and we arrange it so that
the R3—component of 7; is zero. Since limr,(z;)/t; = oo, we have lim |7;(Z;)| = oo.
Fix a sequence (R;) tending to infinity such that ¢; := R;/|m;(Z;)| goes to zero. Using
mj: X — C?/G, we can think of the sets R? x (C? \ B, )/Gj as subsets of R? x Xj;.
Restricting to these sets and rescaling everything by 1/|7;(Z;)| we obtain, without changing
notation, a; € O (R3 x (C?\ B2)/G;) & Q' (R? x (C?\ B2)/G;) and &; € C*\ B
satisfying

NG

IIQiIIC;,a <8c and |%;| "|a;(%)| >
as well as

128l gae, < 4/i
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Here the norms || - || ;.o are defined like those in Section 2.4 except with the weight function
8

now defined by w(z,y) := |y| for (x,y) € R?® x C?/G;. The operator L is defined by
L(, a) := (d"a,d§ + #(¢o A da))

with g 1= 2w Aw; — 2 A Awy — 03 A G Aws — 6T A 6% Aws and w; € O (C?) asin
Section 2.1.

As before, we can extract a subsequence converging in Cllo’s‘/ ? to a limit a defined over
R? x (C2%\ {0})/G; satisfying

(2.91) la < cw”

as well as
La=0.

Since § > —3, it follows from (2.91) that a satisfies La = 0 in the sense of distributions
on all of R3 x C?/ G and therefore a is smooth by elliptic regularity. It also follows
from (2.91) that a is uniformly bounded: This is clear outside a tubular neighbourhood of
R3 x {0}. If By is a ball of radius one centred at some point in R3 x {0}, then (2.91) gives a
uniform bound on ||@|z»(p,), for some fixed p € (1, 00). Using elliptic estimates this yields
a uniform WP estimate on the ball of radius one-half; hence, using Sobolev embedding,
uniform bounds on a. Because L*L = Ars + Ace, if follows from Lemma 2.76 that a is
invariant under translations in the R3—direction. Thus we can think of the components of &
as harmonic functions on C?. Since 3 < 0, they decay to zero at infinity and thus vanish
identically. However, we know that |%;| = 1 and thus a subsequence of (#;) converges to a
point & € C?/G; with |Z| = 1 at which |a|(Z) > }, contradicting @ = 0. O

Let me now explain how to remove the hypothesis that 6 is irreducible. From the above
proof we see that the main issue in that situation is that Ly is not invertible. The operator
Ly: Q°(Yo, 05,) ® ' (Yo, 05,) ® H) — Q°(Yo, 0,) @ ' (Yo, 05,) @ Hy) defined by

(2.92) Lo(a,n) := (Lga +n,ma),

however, is invertible. Here 7 denotes the L? projection onto ’Hg. Now, instead of (2.67) we

solve

Li(ay, ne) + Qiay) + *¢ (th A 1/)1&) =0

where

Li(a,n) = (Lia + un, ma),

with o0 Hy — Q0(Ys, gg,) and m 2 Q°(Y;, g, ) — Hj being appropriately cut-off versions
of the inclusion of and L2 projection to ’Hg. Then A; := flt ~+ ay still solves (2.82), i.e., is a
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Ga—instanton; however, it is not necessarily in Coulomb gauge with respect to A;. Moreover,

Ay is still unobstructed, but not necessarily irreducible.

2.7 Examples with G = SO(3)

I will now explain how to use Theorem 2.1 to construct a few concrete examples of Go—
instantons on the Go-manifolds from [Joy00, Section 12.3 and 12.4]. The flat Go—structure
$o on T'" defined by

(2.93) o = €12 M5 4 Q16T | (246 _ 257 _ 34T _ 356

is preserved by «, 5,y € Diff (T 7) defined by

Oé(l'l, ceey .T7) = (xth; X3, —T4, —T5, —T6, —.%'7> )
B(w1,... 7)== (v1, —x2, —¥3, T4, T5, 5 — g, —27) and
’Y(iUb ceey 1'7) = (_x17x27 —Z3,T4, —T5, L6, % - 1'7) .

It is easy to see that I" := (o, 3,7) = Z3.

To understand the singular set S of 77 /I" note that the only elements of I" having fixed
points are «, 5 and ~y. The fixed point set of each of these elements consists of 16 copies of
T3. The group (B,~) acts freely on the set of 7 fixed by a and {(«, ) acts freely on the set
of T2 fixed by 3, while a8 € {(«, ) acts trivially on the set of 7 fixed by ~. It follows that
S consists of 8 copies of T3 coming from the fixed points of o and 3 and 8 copies of T2/ Zs.
Near the copies of T3 the singular set is modelled on 72 x C?/Z, while near the copies
of T /Zs it is modelled on (T3 X Cz/Zg)/Zg where the action of Zy on T3 x C?/Zs is
given by

(21,2, 23, £(21, 22)) — (xl,mg,xg + %,:I:(zl, —22)).
The 8 copies of 7% can be desingularised by any choice of 8 ALE spaces asymptotic to
C?/Z,. To desingularise the copies of 72 /Zs we need to chose ALE spaces which admit
an isometric action of Zy asymptotic to the action of Zy on C2/Zy given by +(21, z2) +
+(21, —22). Two possible choices are the resolution of C2/Zs or a smoothing of C?/Zs.
See [Joy00, pp. 313-314] for details.

We construct our examples on desingularisations of quotients of 77 /T". To this end we
define o1, 02, 03 € Diff (T7) by

— 1 1 1
0'1('7;17 B 7%7) = ({El,JIQ, b) + 3, b) + 24, b + IL’5,ZII6,$7) )
— 1 1
oa(w1,...,27) = (961, 5 2,73, 3 +964,965,906,967) and

(1 1 1
o3(x1, ..., 27) = (5 + 21, T2, 3, T4, 5 + T5, 5 + T, T7) .
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The elements o; commute with all elements of I" and thus act on 77 /T". Moreover, this

action is free.

Example 2.94. Let A := (09, 03). By analysing how A acts on the singular set of 77 /T
one can see that the singular set of Yy := 77 /(T x A) consists of one copy of T3, denoted
by S1, and 6 copies of T /Zs, denoted by So, . .., S7. Si has a neighbourhood modelled
on T2 x C?/Z,, while Ss, . .., S have neighbourhoods modelled on (T3 X C2/Z2)/Z2
where Zs acts by £(21, 22) + %(z1, —22) on C2?/Zs. As before, S; can be desingularised
by any choice of an ALE space asymptotic to C?/Zs. Ss. .., Sg can be desingularised by
the resolution of C2/Z5 or a smoothing of C?/Zs.

To compute the orbifold fundamental group 71(Yp), note that it is isomorphic to the
fundamental group 71 (Yy \ S) of the regular part of Yy. Denote by p: R7 — Y the
canonical projection. Then p: p~1(Yy\ S) — Yy \ S is a universal cover. Up to conjugation

we can therefore identify 71 (Y() with the group of deck transformations
m(Y) = (o, B,7,02,03,71,...,77) C Aff(7) = GL(7) x R'.

Here we think of «, 3,7, 09, 03 as elements of Aff(7) defined by the formulae above and 7;

translates the i—th coordinate of R by one. The group 71 (Yp) is a non-split extension
02" ->m(Yy) =T xA—0.

To work out the orbifold fundamental group 71(7}) of T}, again up to conjugation, one
simply has to understand the subgroup of deck transformations preserving a fixed component
of p~1(T}) C p~ (Yo \ ). In this way one can compute

m1(Th) = (o, 71,72, 73),

m1(T) = (B, 0300, 71, T4, T5), m1(T3) = (138, 030, 71, T4, T5),

7T1(T4) = <’77a/3a0—277_477_6>7 WI(T5) - <7—3777—3a670277—477—6>7

m1(T6) = (1757, 508,02, 74, 76), w1 (T7) = (1173757, T3T5Q3, 072, T4, T).-
Here 73 does not appear explicitly in 71 (T}), for j = 4,..., 7, because 03 = T274.

Denote by V' := <a, becla?=0>=c?=1,ab= c> = 73 the Klein four-group. V
can be thought of as a subgroup of SO(3): a = diag(1, —1,—1), b = diag(—1,1,—1) and
¢ = diag(—1,—1,1). We define p: m(Yy) = V C SO(3) by

viYaTla"°7T7’_> 17

ar>a, og+—a and og+—>b.

To see that the flat connection 6 induced by p is acyclic we use the following observation.
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Proposition 2.95. A flat connection 6 on a G-bundle Fy over a flat Go—orbifold Yy corre-
sponding to a representation p: w1 (Yy) — G is irreducible (resp. unobstructed) if and only

if the induced representation of 1 (Yo) on g (resp. R7 @ g) has no non-zero fixed vectors.

Proof. Since Yj is flat as a Riemannian orbifold and 6 is a flat connection
LyLg = VyVy.

Therefore, all elements in the kernel of Ly are actually parallel sections of the bundle
95, @ (T*Yy ® gk, ) and these are in one-to-one correspondence with fixed vectors of the
representation of 71 (Yp) on g & (R7 ® g). O

The elements o9 and o3 act trivially on R and their action on s0(3) has no common
non-zero fixed vectors. Therefore the action of 71 (Yy) on g & (R7 ® g) has no non-zero
fixed vector and thus 6 is acyclic.

The monodromy representation jij|g,: Gj = Zg — SO(3) associated with the flat
connection 6 is non-trivial only for j = 1. Let A; := Ag  be the infinitesimally rigid
ASD instanton on E; := Ej 1 given in Proposition 2.53. For j = 2,...,6 we choose A; to
be the product connection on the trivial SO(3)-bundle £;. We take m; to be trivial. For
J =2,...,6 we can choose m; accordingly to satisfy the compatibility conditions. Thus we
obtain examples of Ga—instantons on each of the desingularisations of Y by appealing to
Theorem 2.1.

Note that any choice of resolution data for 77 /(T x A) lifts to an A—invariant choice of
resolution data for 77 /T'. We can then carry out Joyce’s generalised Kummer construction
in a A-invariant way and lift up the Go—instanton constructed above. However, we could not
have constructed this Go-instanton directly using Theorem 2.1, since the lift of @ to 77 /I is

not acyclic.

Example 2.96. Here is a more complicated example. Let Yy := 77 /(I' x A) be as before.
Define p: m1(Yy) — V € SO(3) by

"y,7'1,...,7'7l—>1,

ar—a, pP+—b oo—b and o3+ a.

Again, the resulting flat connection 6 is acyclic. For j = 1,2,3 let A; := A be the rigid
ASD instanton on F; := Ej 1. By adapting the framings of F> and E3, we can arrange
that Ao and A3 are asymptotic at infinity to the flat connection with monodromy given by
be V. Forj=4,...,7let A; be the product connection on the trivial bundle ;. To
be able to extend this to compatible gluing data we need a lift of the action of Z on X;
to E; preserving A; and acting trivially on the framing at infinity for j = 2,3. If X isa
smoothing of C?/Z, then the Zy action on X ; does lift to F; preserving A;. However,
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the action does not lift if X is the resolution of C?/Zs. The reason for this is that in the
first case the action of Zo on H?(X, R) is given by the identity, while in the second case it
acts via multiplication by —1, see [Joy0O, pp. 313-314]. Thus we can only find compatible
gluing data if we resolve both Sy and S3 using a smoothing of C2/Zs.

Here is a small modification of this example. Define p: m1(Yy) — V C SO(3) by

Yy Tly .-y T7 — 1,

ar>a, pB+—b o9—b and o3+~ c.

To find compatible gluing data, one simply has to compose the lift of the action of Z, as
above with multiplication by b € 4 (Ej;), for j = 2,3.

Example 2.97. Let B := (01,02,03) and Yy := T7 /(I x B). Then the singular set of Yy
consists of 4 copies of T3 /Zs, denoted by S1, .. ., Sy, each of which has a neighbourhood
modelled on (T3 X Cz/ZQ)/ZQ where Zs acts on C2/Zy by +(21, 22) — £(21, —22) .
The orbifold fundamental group 71 (Yp) is given by

m(Yy) = (o, 8,7,01,02,03,71,...,77) C Aff(7).
Up to conjugation the fundamental groups of the neighbourhoods 77 of S; are given by

m(T1) = (o, 7y "5 Borosos, 71,72, 73),  mi(Te) = (B, 030, 71, Ta, T5),

m1(T3) = (v, af, 02, T4, T6), T (Ty) = (137, 1303, 02, T4, T5) -
Define p: m1(Yy) — V C SO(3) by

047570377_17"'77—7'_> 17

o1+ a, og—b and v+~ b.

The induced flat connection 6 is clearly acyclic. We choose A; and As to be trivial and
Az = A4 := Ag 1, as in the previous example. As before, for j = 3, 4, we require S; to be
desingularised using a resolution of C?/Zs in order to be able to find a lift of the Z action
on X;. Also note that, for j = 3,4 we can choose m; to satisfy the compatibility conditions,
since b € V lies in 4 (E;) and preserves A;.

Again, the resulting Go—instanton can be lifted to appropriate o1—invariant desingular-
isations of 77 /(" x A); however we could not have constructed the lifted Go—instanton
directly, since the lift of § to 77 /(I x A) it is not acyclic.

This list of examples is not exhaustive. The reader will have no difficulty to find more

examples, e.g., by modifying the ones given above.
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2.8 Proof of Theorem 2.4

The key to proving Theorem 2.4 is the following observation.

Proposition 2.98. Let X denote an ALE space asymptotic to C?|Zs, let E be a SO(3)—
bundle with non-trivial wy(E) and let D C X be a discrete subset. Then every connection
Aon E|x\p satisfies
YM(A) = / |Fal? > 4r”.
X\D
Equality is achieved if and only if A is gauge equivalent to the rigid ASD instanton Ay 1 from
Proposition 2.53.

The proof requires some knowledge of Sedlacek’s work on weak compactness in 4—
dimensional gauge theory [Sed82]. For the reader’s benefit I will briefly recall his main

results.

Theorem 2.99 (Sedlacek [Sed82, Theorem 3.1]). Let M be a Riemannian 4—manifold
and let E be a G—-bundle over M where G is a compact Lie group together with a fixed
embedding G C U(n) C C"*". Suppose that (A;) is a sequence of connections on E whose
energy is uniformly bounded, i.e., YM(A;) = |Fa, |12 < cfor some fixed finite constant
c. Then, after passing to a subsequence, there exists a finite subset D C M and a cover
{Ua} of M\ D consisting of small geodesic balls over which E is trivialised, such that
on each U, the sequence (A;|y,) converges up to gauge transformations to a connection
Ay € WH2(U,, T*U, ® gg) weakly in W2 and on Uap = Uy N Upg the connections A,
and Ag are related by a transition function g,z € W22(Uys, G).

Sedlacek derived this result in a rather straight-forward manner from the work of Uhlen-
beck [Uhl82a]. A proof of the same result using a different method can be found in Kessel’s
PhD thesis [Kes08, Chapter 3].

Definition 2.100. In the situation of Theorem 2.99 we say that the sequence (A;) converges
weakly to the W12 connection A = (A,) on the W22 G-bundle E = (ga3).

In the case G = SO(3) the main result of [Sed82] can stated as follows.

Theorem 2.101 (Sedlacek). Let M be a Riemannian 4—manifold. Then for each w €
H?(M,Zs) the infimum

m(w) = inf{YM(A) : A is a connection on a SO(3)-bundle E with ws(E) = w}

is attained.

Proof Sketch. Let (A;) sequence of connections on SO(3)-bundles E; with we(E;) = w
and denote by A = (A,) a limiting W connection on a %2 SO(3)-bundle E = (§up).
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Then each Aa is weakly Yang—Mills [Sed82, Theorems 4.1]; hence, each fla and thus
also each g, is smooth [Sed82, Proposition 4.2]. By Uhlenbeck’s removable singularities
theorem [Uhl82b, Theorem 4.1] A extends to a smooth connection A on a smooth bundle F
over M. By lower semi-continuity of the Yang—Mills functional under weak convergence,
YM(A) < m(w). According to [Sed82, Theorem 5.5] the second Stiefel-Whitney class is
preserved in this limit procedure, i.e., wa(F) = w and thus YM(A) = m(w). O

Proof of Proposition 2.958. We already know that the asserted minimum is achieved for
A = Ap ;. Now, let A be any connection on a SO(3)-bundle E with non-trivial wy(E).
By Theorem 2.101 we may assume that the energy of A realises the infimum m(w) where
w € H?(X,Zsy) is the unique non-trivial element. By Proposition 2.36 it follows that in
some framing A is asymptotic to a flat connection § over (C?\ {0})/I". By Theorem 2.47
the L? index of d 4 is given by

Xso(3) (-1)-3

indexdq = —2/ p1(A) +
X 4

Here X0(3) is the character of the representation of Z on s0(3) associated with 6. Depending
on whether 6 is trivial or not the second summand, which we denote by ¢ in the following, is
either 0 or —1. Since § 4 is quaternionic linear, the index of d 4 is divisible by four. We can

write the energy of A as

M) =2 [ (FEP s [ pia)

= 2/ |FE12 + 4n?(index 54 — €).
X

If index 64 > 0, then indexds > 4 and thus YM(A) > 1672, If indexds < 0, then
index§4 < —4 and thus YM(A) > 1272. In both cases A cannot be a minimiser for the
energy; therefore, indexdq = 0. If ¢ = 0, then f ¥ p1(A) = 0 and 0 is trivial; however,
this is impossible: The whole situation is conformally invariant and we may thus think
of X as having a cylindrical end. Now, we can double X to obtain a compact manifold
W and construct a SO(3)-bundle F' over this manifold which coincides with E over one
half of W and is trivial over the second half of W. This bundle will have p;(F) = 0
and wo(F)? = 2 mod 4 which contradicts the identity p1(F) = wz(F)? mod 4, see
[DK90, Equation (2.1.36)]. We therefore have ¢ = —1 which implies that YM(A) > 472,
Moreover, it follows that # has precisely one non-trivial parallel section, A is anti-self-dual
and, hence, dim ker § 4 = indexd4 = 0 and J 4 is invertible, say, from W12 to L2. The fact
that d 4 is invertible can be used to extend the non-trivial parallel section of 8 to a non-trivial
parallel section of E. Therefore E is of the form R @& £ and A comes from a U(1) ASD

instanton on £; hence, it must be gauge equivalent as a SO(3) ASD instantonto Ag;. [
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The above combined with a contradiction argument based on Sedlacek’s work yields the

following.

Proposition 2.102. In the situation of Proposition 2.98 suppose that (U;) is an exhaustion
of X by increasing compact sets. Then for each € > 0, there is an 1o > 0 such that for v > i
the following holds: If A is a smooth connection on E|y;,, then

YM(A) = / |Fal? > 47% — ¢
U;

Now, as in the hypothesis of Theorem 2.4, let Y be an admissible Go—orbifold all
of whose singularities S; are modelled on (7% x C?/Z5)/H; and let Y be compact 7—
manifold and (¢)¢c (o, 7y be a family of torsion-free Ga-structures on Y obtained via Joyce’s
generalised Kummer construction from resolution data for Y{). Suppose that E is a SO(3)-

bundle over Y with the property that

(2.103) p(E)=-> %J PD[S)]
j

where ¢; = 1 if Hy(X;)i C Hy(Y) is non-trivial and wo(E) pairs non-trivially with
H>(X;)™i and &; = 0 otherwise. Suppose that (At)te(o,r) is a family of connections on £
such that A; is a Go—instanton over (Y, ¢;).

By Proposition 1.97, (2.103) and Theorem 2.20 we have

YM(A,) = 473" ejvol(S)) + o(tl/2).
J

Moreover, it follows from Proposition 2.102 that
YM (At\r;l[om) > 4n® " ejvol(S)) — o(1)
J

with 7, as in (2.17) and § € (0, 1/4] fixed, that is, the energy of A; is mostly concentrated
inside the resolution locus. Consequently, the energy outside the resolution locus goes to

Z€1ro
(2.104) YM (At\rgl(égoo)) = o(1).

Theorem 2.105 (Nakajima [Nak88, Lemma 3.1]). Let M be a Riemannian n—manifold and
let E be a G-bundle over M. Then there are constants c,rg,eq > 0, such that the following
holds. Let A be a Yang—Mills connection on E. If x € M and 0 < r < rg are such that

(2.106) €:= 7“4_"/ |F4|? dvol < e,
By (x)
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then
sup |Fal*(y) < cer™.
yeBz ()
Remark 2.107. This result is one of the cornerstones of compactness theory for the Yang—
Mills equation in higher dimensions. Its proof heavily relies on Price’s monotonicity formula
[Pri83] which says that the quantity € = £(r) defined in (2.106) is (essentially) monotonically

increasing in 7.

It follows from (2.104) and Theorem 2.105 that on every fixed closed ball in Yj \ S the
L*°—norm of F4, will be arbitrarily small provided ¢ > 0 is sufficiently small; hence, we
can put A; into Uhlenbeck gauge [Uhl82a, Theorem 1.3]. In this gauge the Go—instanton
equation becomes elliptic and, using standard elliptic theory, one can show that on every
closed ball in Yj \ S there exist gauge transformations (g;) such that (g; A;) converges to a
flat connection on this ball. As in [DK90, Section 4.4.2] these local gauge transformations
can be patched to yield global gauge transformations (g;) such that (g; A;) converges to a
flat connection 6 in C2 (Yp \ S).

From Proposition 2.55 it follows that 6 extends to an orbifold flat connection on Yj. This

completes the proof of Theorem 2.4. 0



Chapter 3

Go—-instantons on twisted connected

sums

In this chapter I will describe how to construct Go—instantons on Ga—manifolds arising from
Kovalev’s twisted connected sum construction [Kov03]. This project was begun by Sa Earp
in his PhD thesis [SE09], see also [SE11a]. An extended version of this chapter will appear
in a joint article by Sa Earp and myself [SEW 13].

To begin with I will recall the idea behind Kovalev’s twisted sum construction using the
terminology introduced by Corti—-Haskins—Nordstrom—Pacini [CHNP12b]: A building block
(Z,S) consists of a compact 3—fold Z and an anti-canonical K 3 surface S C Z with trivial
normal bundle satisfying some additional properties specified in Definition 3.13. Given a
hyperkihler structure (wr, ws, wr) on S such that [wy] is the restriction of a Kéhler class on
Z,one can give V := Z\ S the structure of an asymptotically cylindrical (ACyl) Calabi—Yau
3—fold with asymptotic cross section (S, wr,w s, wg ), see [HHN12]. Then Y := St x Vis
an ACyl Go—manifold with asymptotic cross section 72 x S. Given a pair of building blocks
(Z+, S+ ) and hyperkihler structures (wr +, w4, wk,+) on S+ as above, this yields a pair
of ACyl Go—manifolds Y. Gluing Yy and Y_ in the naive way can at most produce the
product of a compact Calabi—Yau 3—fold with S'; however, it was pointed out by Donaldson
that if one interchanges the S* factors in 72 = S x S, the resulting manifold can have
finite fundamental group and thus carry a torsion-free Go—structure with full holonomy Go,
see Proposition 1.19. In order to be able to match the Go—structures on Y, one requires
a hyperkdhler rotation v: S; — S_. The collection {(w; +,wj+,wrk +),t: Sy — S_}
is called matching data for the pair of building blocks (Z4, S+ ). Given such data, it was
shown by Kovalev in [Kov03] that one can construct a compact 7-manifold Y together with

a family (¢7)7¢(7,,00) Of torsion-free Go—structures on Y.

By the work of Sa Earp [SE09, SE11a] holomorphic bundles £+ — Z. whose restriction
to S is stable yield HYM connections on V. and thus Go—instantons on Y. The following

theorem gives sufficient conditions for being able to glue such a pair of Ge—instantons to

77
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obtain a Go—instanton over (Y, ¢r).

Theorem 3.1. Let (Z1,S+) be a pair of building blocks for which there exists matching
data {(wr+,wj+,wK +),t: S+ — S_}. Denote by Y the compact T-manifold and by
(¢>T)Te(To,oo) the family of torsion-free Go—structures obtained via the twisted connected
sum construction from this pair of buildings blocks and matching data. Let £+ — Z be
holomorphic bundles such that € |s, is stable, H*(S+,Endy(Ex]s.)) = 0 and

(3.2) H*(Zy,Endy(Ex)) = 0.

Denote by A + the unique ASD instanton on E+|s, compatible with the holomorphic
structure. Suppose that there exists an isomorphism of U(n)-bundles v: Ey|s, — E_|s_
covering the hyperkdhler rotation v and denote by 1 the map

HY(Zy,Endo(Ex)) — H' (S+,Endo(Elsy)) = Hy_, =kerda, .
where 04, . is as in (2.40). If
(3.3) im(t4) Nim(z* o) = {0},

then there exists a non-trivial U(n)-bundle E over 'Y, a constant Ty > Ty and for each
T > T an acyclic Go—instanton Ar on E over (Y, é).

Remark 3.4. 1f dim H'(S+, Endy(€|s.)) = 0, then (3.3) is trivially vacuous.

Remark 3.5. By Serre duality (3.2) is equivalent to H'(Z4, Endo(E+)(—S+)) = 0 which

means that there are no infinitesimal deformations of £ that preserve the restriction to S.

Remark 3.6. A version of Theorem 3.1 without the hypothesis (3.2), but with the additional
assumption H'(S+, Endy(€|s,)) = 0 was first claimed in [SE11b]; however, in this form
the statement is likely not true and the proof given there has a mistake in [SE1 1b, Proposition
8].

It was noticed by Tyurin [Tyu08, p. 176 ff.] that if Z is a projective 3—fold, £ is a

holomorphic vector bundle over Z and S is an anti-canonical divisor, then the exact sequence

HY(Z,End(E)(—S)) = HY(Z,End(E)) — H(S,End(E|s))
— H*(Z,End(E)(—S)) — H*(Z,End(E))

is self-dual with respect to Serre duality and, therefore, if S is a K3 surface and
HY(Z,End(E)(—S)) = H*(Z,End(£)) = 0,

then the image of H'(Z,End(€)) in H'(S, End(E|s)) is a complex Lagrangian subspace

with respect to Mukai’s complex symplectic form. One can thus view (3.3) as a transverse
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intersection condition for two subspaces which are Lagrangian with respect to two different

symplectic structures.

In the analogy between Go—manifolds and 3—manifolds Calabi—Yau 3—folds take the
place of Riemann surfaces. A Go—manifold Y obtained from gluing a pair of asymptotically
cylindrical Ga—manifolds Y3 with asymptotic cross section a Calabi—Yau 3—fold Z can then
be thought of as the analogue of a 3—manifold with a fixed Heegaard splitting. One can then
ponder the idea of a Gy Atiyah—Floer conjecture. 1 dare not make a precise formulation of
what this conjecture should be; however, the contents of this chapter will shed some light on

this conjectural conjecture.

3.1 The twisted connected sum construction

In this section I will review the twisted connected sum construction using the language
introduced by Corti—-Haskins—Nordstrom—Pacini [CHNP12b].

3.1.1 Gluing ACyl Gy-manifolds

We begin with gluing matching pairs of ACyl Go—manifolds.

Definition 3.7. Let (Z,w, 2) be a compact Calabi—Yau 3—fold. A Go—manifold (Y, ¢) is
called asymptotically cylindrical (ACyl) with asymptotic cross section (Z,w, Q) if there exist
a constant 6 < 0, a compact subset K C Y, a diffeomorphism 7: Y\ K — R} x Z and a
2—form p on R} x Z such that

T =dt Aw+ ReQ+dp

and
VEp = O(e&)

for all kK € Ny. Here ¢ denotes the coordinate on R, .

Definition 3.8. A pair of ACyl Gy—manifolds (Y, ¢1) with asymptotic cross sections
(Z4, w4, Qy) is said to match if there exists a diffeomorphism f: Z, — Z_ such that

ffw_=—-wy and f*ReQ_ =ReQ,.

Let (Y4, ¢+) be a matching pair of ACyl Go—manifolds. Fix 7' > 1. Define F': [T,T +
1| xZy = [T, T+ 1] x Z_ by

F(t,z) = 2T +1—t, f(2)).
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Denote by Y7 the compact 7-manifold obtained by gluing together
Yr4 = KeUn (0,7 +1] x Zg)

via F'. Fix a smooth non-increasing function x: R — [0, 1] with x(¢) = 0 for ¢ < 0 and
x(t) = 1fort > 1. Define a 3—form ¢; on Y7 by

¢t = ¢z —dlmi(x(t =T +1)ps)]

onYr 4. If T > 1, then ggt defines a closed Go—structure on Y7. Clearly, all the Y7 for

different values of 1" are diffeomorphic; hence, we sometimes drop the 7" from the notation.

Theorem 3.9 (Kovalev [Kov03, Theorem 5.34]). In the above situation there exists a constant
To > 1 and for each T € [Ty, o) there exists a 2—form nr on Y such that ¢p := ¢~>T +dnr

defines a torsion-free Go—structure and for some § < 0

(3.10) [dnz||coe = O(T).

3.1.2 ACyl Calabi-Yau 3—folds from building blocks

The twisted connected sum construction is based on gluing ACyl Go—manifolds arising from
ACyl Calabi—Yau 3—folds.

Definition 3.11. Let (S, wr,wy, wk ) be a hyperkihler surface. We call a Calabi—Yau 3—fold
(V,w, Q) asymptotically cylindrical (ACyl) with asymptotic cross section (S, wr,wy,wr) if
there exist a constant § < 0, a compact subset K C V, a diffeomorphism 7: V' \ K —
R, x S! x S, a 1-form p and a 2—form o on R, x S' x S such that

mew = dt Ada 4+ wy + dp,
mQ = (da — idt) A (wy + iwg ) + do

and

Vkp = O(e&> aswellas VFo = O(e‘%>
for all k € Ny. Here ¢ denotes the coordinate on R.; and « denotes the coordinate on S*.
If (V,w, ) is an ACyl Calabi—Yau 3—fold with asymptotic cross section (S, wr, ws, wg),
then (S! x V,dB A w + Re) is an ACyl Go—manifold with asymptotic cross section
(T? x S,da A df3 + wi, (da — idB) A (wy + iw;y)), see Example 1.13. Here 3 denotes the

coordinate on S*.

Definition 3.12. Let (S+,wr +,wy+,wk, +) be a pair of hyperkihler /3 surfaces. A diffeo-
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morphism t: St — S~ is called a hyperkéihler rotation if it satisfies
t*wL_ = WJj+, t*WJ7_ = Wi+ and t*wK,_ = —WK,+-

Let V. be a pair of asymptotically cylindrical Calabi—Yau 3—folds with asymptotic cross
section Sy and suppose that t: S, — S_ is a hyperkihler rotation. Then Yy := Vi x St
match via the diffeomorphism f: T2 x S, — T? x S_ defined by

fla, B,2) := (B, o, v(x)).

Note that it is this interchange of « and [ that makes it possible for 71 (Y7) to be finite.

Definition 3.13 (Corti—-Haskins—Nordstrom—Pacini [CHNP12a, Definition 5.1]). A building
block is a smooth projective 3—fold Z together with a projective morphism f: Z — P such
that the following hold:

e The anticanonical class — Kz € H?(Z) is primitive.
e S := f~1(c0)is asmooth K3 surface and S ~ — K.
e If N denotes the image of H?(Z) in H?(S), then the embedding N — H?(S) is
primitive.
e H3(Z) is torsion-free.
Theorem 3.14 (Haskins—Hein—Nordstrom [HHN12, Theorem D]). Let (Z, S) be a building
block, let (wy,w,wr) be a hyperkihler structure on S. If [wy] € HYY(S) is the restriction

of a Kdihler class on Z, then there is an asymptotically cylindrical Calabi—Yau structure

(w, Q) on'V := Z \ S with asymptotic cross section (S, wy,w, Wk ).

Remark 3.15. This result was first claimed by Kovalev in [Kov03, Theorem 2.4]; however,

his proof is erroneous, see the discussion in [HHN12, Section 4.1].

Definition 3.16. Matching data for a pair of building blocks (Z4, S+ ) consists of hyperkéh-
ler structures (wy 4+, W +,wk,+) on Sy such that [wy 1] is the restriction of a Kéhler class

on Z together with a hyperkéhler rotation t: Sy — S_.

From the above it is clear that given a pair of building blocks and matching data one can
construct a one-parameter family of Go—manifolds. This is called the twisted connected sum

construction.

3.1.3 Constructing building blocks

Kovalev’s original construction [Kov03] was based on building blocks arising from Fano
3—folds. In their recent work [CHNP12b, CHNP12a] Corti-Haskins—Nordstrom—Pacini have

been able to extend Kovalev’s construction to the much larger class of semi-Fano 3—folds.
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Definition 3.17. A weak Fano 3—fold is a smooth projective 3—fold Y with big and nef anti-
canonical bundle —Ky. A semi-Fano 3—fold Y is a weak Fano 3—fold whose anticanonical
morphism is semi-small, i.e., it may contract divisors to curves, curves to points, but not
divisors to points. Here the anticanonical morphism is the birational morphism corresponding
to —nKy forn > 0.

Proposition 3.18 (Corti—Haskins—Nordstrém—Pacini [CHNP12a, Propositions 4.24 and 5.7]).
Let Y be a semi-Fano 3—fold and let |Sy, Seo| C | — Ky | be a generic pencil with (smooth)
base locus C and S, generic. Denote by Z = BleY the blow-up of Y along C. Then Z is
a building block with f: Z — P given by the strict transform of the pencil | Sy, Sso|.

Definition 3.19. A building block obtained from a (semi-)Fano 3—fold by Proposition 3.18

is said to be of (semi-)Fano type.

In [KL11] Kovalev—Lee explained how to construct building blocks from K 3 surfaces

with non-symplectic involutions.

Definition 3.20. Let S be a K3 surface. A holomorphic involution 7: S — S is called

non-symplectic if 7* acts as —1 on H>°(S).

Proposition 3.21 (Kovalev—Lee [KL11, Section 4]). Let S be a K3 surface with a non-
symplectic involution 7. Then Z := Blc (P! x S) /(7)) is a building block. Here we extend
7 to act on P! by [z : w] = [~z : w] and C denotes the singular set of (P x S) /().

Remark 3.22. The fixed point set Fix(7) of the action of Zy on P! x S consist of two copies
of the fixed point set of the action of Zy on S which is either empty or a disjoint union of
smooth curves. It is often convenient to construct Z by first blowing-up P! x S along Fix(7)

and then taking the quotient by the lifted action of Zs.

Definition 3.23. Building blocks obtained from K 3 surfaces with non-symplectic involutions

are said to be of non-symplectic type.

Let L := —2Fg 1 3H denote the K3 lattice. Let S be a K3 surface with a non-
symplectic involution 7. Fix a marking h: L — H?(S,Z). Denote by L" the sublattice
fixed by 7. For a non-symplectic building block N in Definition 3.13 is given by L".

Remark 3.24. Attached to L™ there are three invariants r := rk ", a € Ny defined by
(L7)*/L™ = Z$ and

0 ifz? € Zforeachz € (L7)*

1 otherwise.

The invariants (7, a, ) uniquely determine 7* and L” up to the action of O(L). The possible
values (7, a, ) which occur in the above setting have been classified by Nikulin. There are

75 possibilities. See [KL11, Appendix] for a summarising diagram.
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For building blocks of non-symplectic type the matching problem has the following inter-
esting interpretation, which I learned from Johannes Nordstrom. Suppose we have matching
data for Sy and S_. Then via the hyperkihler rotation the non-symplectic involution 7_
on S_ corresponds to a real structure on Sy . Thus S := S carries a hyperkéhler structure

(wr,wys,wk ) and two involutions 71 which act on the hyperkihler structure by
T:T:wI = :l:wfa T:T:WJ = Fwy and 7_:T:UJK = —WK.

Conversely, whenever we have this structure on a K 3 surface we can construct two matching
building blocks of non-symplectic type. In this case, the Ga—manifold arising from the
twisted connected sum construction can be seen as a resolution of (7% x S)/(7,,7_) where
Fr(ti,to, ts, ) i= (—t1, te, 5 —t3, 74 (2)) and 7_ (1, o, t3,2) := (5 —t1,ta— 15, t3, 7 ().
By taking S to be a Kummer surface with a real structure and a non-symplectic involution,
one can obtain a deformation class of Go—manifolds that can be constructed using the twisted
connected sum as well as the generalised Kummer construction, see also Kovalev—Nordstrom
[KN10].

3.1.4 Matching building blocks

Using the Torelli theorem it was shown by Corti—-Haskins—Nordstrom—Pacini in [CHNP12b,
Proposition 6.2] that matching data in the sense of Definition 3.16 is equivalent to the

following.

Definition 3.25. A set of matching data for a pair of building blocks (Z, S1) consists of
a triple (k4, k_, ko) of classes in Lg := L ® R for which there are markings hy: L —
H?(S,Z) such that (k=, +ko) is the period point of the marked K3 surface (S4, h+) and
hy (k) is the restriction of a Kihler class on Z.

Given matching data (k, k_, ko) for (Z4,S+) we can, in a unique way up to the action
of O(L), form the push-out diagram

(3.26) R /M \ w
N

where R = N N N_, W = N, + N_, all maps are primitive embeddings and W embeds
into L. Since N1 C Pic(S4), see [CHNP12b, Lemma 3.6], we have
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o ky € Ny NTy with Ty := N,
o ko eI, NT_ and
o (ki,=xko) lies in the Griffiths domain Dy, .

Definition 3.27. Given a sublattice N C L, the Griffiths domain Dy of N is the set of
oriented positive 2—planes II C Nﬁ C Lg.

Let me briefly recall Corti—-Haskins—Nordstrdm—Pacini’s orthogonal gluing method to

find matching data.
Definition 3.28. The push-out (3.26) is called is orthogonal if Ni C Nz

Definition 3.29. Let N C L be a primitive sublattice and let Amp be an open subcone of
the positive cone in Ng. Let Z be a deformation family of building blocks with N(Z) = N.
Z is called (N, Amp)—generic if there exists Uz C Dy

e which is the complement of a locally finite union of complex analytic submanifolds of

positive codimension and

e forany Il € Uz and k € Amp there exists a building block (Z, S) € Z and a marking
h: L — H?*(S,Z) such that h(IT) = H?9(S) and h(k) is the restriction to S of a

Kihler class on Z.

Corti—Haskins—Nordstrom—Pacini [CHNP12a, Proposition 6.9] proved that for a family
of building blocks of semi-Fano type obtained from a full deformation type of semi-Fano
3—folds Z one can always find Amp such that Z is (N, Amp)-generic. If Z is a full
deformation type of non-symplectic building blocks, then it is (N = L7, Amp)-generic
with Amp denoting the Kahler cone of a generic ample L”—polarised K 3 surface, that is, all

positive classes in Ng that are orthogonal to all (—2)—classes in N.

Proposition 3.30 (Corti—-Haskins—Nordstrom—Pacini [CHNP12b, Proposition 6.18]). Let
Ny C L be a pair of primitive sublattices of signature (1,ry — 1) and let Z4 be a pair of
(N+, Amp, )—generic families of building blocks. Suppose we that W := N, + N_ is an
orthogonal push-out and suppose that R := N N N_ is negative-definite. Assume that

(3.31) Amp, NWi #0

where Wy := Ni NT%. Then there exists (Z+,5+) € Z+ and matching data for Z
compatible with the given embeddings N — L.

Remark 3.32. If Z_ are of non-symplectic type, then (3.31) is equivalent to R not containing

any (—2)-classes.
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The orthogonal gluing now reduces finding a matching pair of building blocks, given a

pair Z; of (N1, Amp, )—generic families of building blocks, to the following steps:

e Construct an orthogonal push-out W = Ny 1 p N_ with R negative definite, e.g.,
N, 1 N_,in which case R = {0}.

e Embed W primitively into L.
e Make sure that (3.31) holds.
For the second step the following result is very useful.

Theorem 3.33 (Nikulin [Nik79, Theorem 1.12.4 and Corollary 1.12.3]). Let W be an even
non-degenerate lattice of signature (t4,t_) and let L be an even unimodular lattice of
signature ({4, L_). Then there exists a primitive embedding W — L ift, <l ,t_ </{_

and
e 2rkW <rk L or
o tkW +¢(W) < rk L.

Here ((W) denotes the minimal number of generators of the discriminant group W* /W.

3.2 Gluing Go—instantons over ACyl G,—manifolds

Definition 3.34. Let (Y, ¢) be an ACyl Go—manifold with asymptotic cross section (Z, w, 2).
Let A, be a HYM connection on a G-bundle E, over Z. A Go—instanton A on a G—bundle
FE overY is called asymptotic to A if there exist a constant § < 0 and a bundle isomorphism

T: Ely\g — Eoo coveringm: Y\ K — Ry X Z such that
(3.35) VF(7 A — A) = o(e‘”)

for all £ € Ny. Here by a slight abuse of notation we also denote by F, and A, their
respective pullbacks to R4 x Z.

Note, that we know from Example 1.93 that the pullback of a HYM connection from Z
to (R x Z, ¢) as in Example 1.13 is a Go—instanton.

Definition 3.36. Let (Y, ¢) be an ACyl Go—manifold and let A be a Go—instanton on a
G-bundle over (Y, ¢). For § € R we define the space of infinitesimal deformations of A of
rate 0 by

Tas = {Q €kerLy: VFr.a= O<66t> forall k € NO}

where L4 is asin (1.103) and @ = (&, a). Set T4 := Ta .
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The infinitesimal deformation spaces 7 s associated with a Go—instanton A asymptotic
to A are closely related to the infinitesimal automorphism and deformation spaces of the
HYM connection 4.

Definition 3.37. Let A be a HYM connection on a G-bundle E over a Kihler manifold Z.
Then
HY = ker(da: Q°(Z,98) — Q"N(Z, 98))

is called the space of infinitesimal automorphisms of A and
H}Ll = ker(éA S2) 5:2 : QOJ(Zv gE) — 9072(Z7 gE) D QO(Za gE))

is called the space of infinitesimal deformations of A.

Proposition 3.38. Let (Y, ¢) be an asymptotically cylindrical Go—manifold and let A be
a Go—instanton asymptotic to As. Then there are constants 0+ > 0 and a linear map

v: Tas, — 7—[?400 @ 7—[}400 such that
VF(7ea — 1(a)) = O<65*t>

forall k € Ng and
kert =Ty .
Moreover, Tas = Ta forall 0 <6 < 4.
The proof of Proposition 3.38 requires some preparation.
Proposition 3.39. If (Z,w, Q) is a compact Calabi—Yau 3—fold and A is a HYM connection
on a G—bundle E over Z, then
HY ©HY Zker Dy

where Da: Q%Z,gp) Q% (Z, 95) ® W (Z,95) = Q°(Z,95) ® Q°(Z,98) ® Q(Z, 9E)
is defined by

di
(3.40) Dy = Ady
dg —Idg —=x (ImQ/\dA)
Proof. 1f s = HY and o € HY, then D4(Re s,Im s, + &) = 0. Conversely, if

da& — Idan — *(ImQ/\dAa) =0,

then applying d’ (resp. d’j o I), using that I = % % (WA w A ) on 1-forms, taking the L2
inner product with & (resp. 1) and integrating by parts yields d 4§ = 0 (resp. d 4n = 0). Thus
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& +in € HY and
d%ja=0 and ImQAdga=0.

which implies a := a%1 € H},. O
It is a straight-forward computation to verify the following.

Proposition 3.41. Let (Z,w, Q) be a compact Calabi-Yau 3—fold, let A be a HYM connection
on a G-bundle E over Z, let (Y := R x Z,¢) be as in Example 1.13 and denote by
p: R x Z — Z the canonical projection. Then the operator Ly« 5 defined in (1.103) can be

written as
La=10;+ Da

where
-1
I

We can therefore write L4 = I (0 — D A) where Dy := ID4. It is also immediate that
Dy is still self-adjoint. Operators of this form are very well understood. In particular, we
have the following results, see [Don02, Section 3.1] and [MP78].

Proposition 3.42. Let X be a compact Riemannian manifold, let . be a vector bundle
over X and let D: C>®(X,E) — C*(X, E) be a self-adjoint linear elliptic differential
operator of first order. Define the linear operator L: C*(R x X, E) — C*(R x X, FE)
by

L:=0;,—D.

Denote by A\ and \_ the first positive and negative eigenvalue of D, respectively. If
a € ker L and

(3.43) a= O<65t> ast — oo
for some § < Ay, then there exists ag € ker D such that
a—ag= O(e)“t> ast — oo.

Ifa € LR x X, E), then a = ay.

Note that by standard elliptic theory (3.43) implies analogous decay estimates for V*a
forall k > 0.

Theorem 3.44 (Maz’ya—Plamenevskii [MP78, Theorem 5.1]). Assume the situation of
Proposition 3.42. For§ € R, k € Z and a € (0,1) we define || - || jr.0 = le™% - || gk
S

where t denotes the coordinate function on R and denote by C’(I;’a (R x X, E) the closure
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of C3°(R x X, E) with respect to this norm. Then L extends to a bounded linear operator
L: C’§+1’a — Cf’a which is invertible if and only if 6 ¢ spec(D).

It is a consequence of Theorem 3.44 that L: C§° — C§° is invertible if 6 ¢ spec(D).
Here C5° := (), O3

Proof of Proposition 3.38. Let A1 be the first positive/negative eigenvalue of D A, and
let § < 0 be as in Definition 3.34, but not too small. Pick §; € (0,\;) so that §_ :=
d+ 06y € (A_,0)and . Givena € Tas,, set a := x(t)T.a+ with x as in Section 3.1.1.
Then Laa € C5°(Z x R, gg,.). Thus by Theorem 3.44, there exists b € C5° such that
L. (@—b) = 0. By Proposition 3.42 (@ —b)o € ker Da__ and @ — b — (d@ —b)g = O(e*-?)
as t tends to infinity. This establishes the proposition with ¢(a) := (@ — b)o. O

The main theorem of this section can now be stated as follows.

Theorem 3.45. Let (Y1, ¢+) be a pair of asymptotically cylindrical Go—manifolds that
match via f: Z; — Z_ and denote by (Y1, d1)re(Ty,00) the resulting family of Go—
manifolds arising from the twisted connected sum construction. Let Ay be a pair of Go—
instantons on E over (Y1, ¢+ ) asymptotic to A +. Suppose that f: Eswt+ — Eoo,—
is a bundle isomorphism covering f such that f*Aco— = Acot, the maps 1 Ta, —

ker D4, . constructed in Proposition 3.38 are injective and
(3.46) im(vy) Nim(f*or_) = {0} CkerDa__ .

Then there exists Ty > Ty and for each T' > T} there exists an acyclic Go—instanton Ap on
a G-bundle Ep over (Yr, ¢7).

Proof. The proof proceeds in three steps. We first produce an approximate Go—instanton Az
by an explicit cut-and-paste procedure. This reduces the problem to solving the non-linear

partial differential equation
(3.47) #7 (Fippq NUT) +dg 4,6 =0

fora € Q(Yr, gg;) and ¢ € QY(Yr, gg;) where 17 := O(¢7). Under the hypothesis of
Theorem 3.45 we will show that we can solve the linearisation of (3.47) in a uniform fashion.
The existence of a solution of (3.47) then follows from a simple application of Banach’s

fixed-point theorem.

Step 1. There exists a § < 0 and for each T > Ty there exists a connection Ap ona
G-bundle Er over Yp such that

(3.48) IFx, Adllcoa = O().
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The bundle E7 is constructed by gluing E. |y, , via f and the connection A7 is defined
by
AT = Ay — ﬁl[X(t —T+ 1)ai]

over Y7 + where

at = Ty s Ar — Ao+

Then (3.48) is a straight-forward consequence of (3.10) and (3.35).

Step 2. Define a linear operator Lp: CY® — C%* by (1.103) with A = Ap and ¢ = ¢r.
Then there exist constants Tl, c > 0 such that for all T > Tl the operator Lt is invertible

and

1]
(3.49) Iz o < et 7 laflcoe
Step 2.1. There exists a constant ¢ > 0 such that for all T > T

(3.50) lallcre < e(l[Lralcoe + llallLe).-

This is an immediate consequence of standard interior Schauder estimates because of
(3.10) and (3.35).

Step 2.2. There exist constants T 1 > Ty and ¢ > 0 such that for T’ € [Tl, 00)
ol
3.51) lallre < ce || Lrallco..

Suppose not. Then there exist a sequence (7;) tending to infinity and a sequence (a;)
such that

[8] .
(3.52) lagllze =1 and  lim 75| Lya;|con = 0.
71— 00
Then by (3.50)
(3.53) lla;]lone < 2¢.

Hence, by Arzela—Ascoli we can assume (by passing to a subsequence) that on compact
subsets of Y, the sequence Qi\yT_ . converges in C Le/2 o some Ooo + which is bounded

and satisfies

LAﬂ:Qoo,:l: =0

because of (3.10) and (3.35). Using standard elliptic estimates it follows that a., ; € Ta,.

Proposition 3.54. In the above situation lim; . ||a;|y;. , — @oo 1 |lLoo (v, ) = 0.
i ) B
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The proof of this proposition will be given at the end of this section. Accepting it as a

fact for now, it follows immediately that

L+(Qoo,+) = f* o L*(Qoo,—)'

Now, by (3.46) it follows that ¢+ (a., ;) = 0; hence, a, ; = 0, since ¢ are injective.
However, by (3.53) there exist x; € Y7, such that |ar, |(x;) = 1. By passing to a futher
subsequence and possibly changing the r6les of + and — we can assume thateach z; € Y7, 4

hence, by Proposition 3.54, a, , # 0 contradicting what was derived above.
Step 2.3. We complete the proof of Step 2.

Combining (3.50) and (3.51) yields
ol
lallcre < ce T |[Lrallco..

Therefore, L is injective and hence also surjective, since L is formally self-adjoint.

Step 3. There exists a constant Ty > Ty and for each T’ > I a smooth solution a = ap of
(3.47) such that limp_,~ ||ar| c1.e = 0.

We can write (3.47) as
(3.55) Lra+ Qr(a) +er =0

where Q7 (a) := 3 *7 ([aAa] AYr) +[a,&] and e := #7(F 1, Ar). We make the ansatz
a= L}lb. Then (3.55) becomes

(3.56) b+ Qr(b) +er =0.

where Q7 = Qr o L. By (3.49)

- - L]
1Q7(b1) = Qr(by)ll e < ce = ([[byllcoa + [lballco) Ity — by llco.a

for some constant ¢ > 0 independent of 1" > Tl. Now, Lemma 2.84 yields the desired
solution of (3.56) and thus of (3.47) provided 1" > T} for a suitably large 77 > Tl. By

elliptic regularity a is smooth. O

The proof of Proposition 3.54 requires a bit of preparation. Denote by ¢+ : Yy — [1, 00)
a smooth function which agrees with the R—coordinate function on 73 ([1,00) x Z4.) C Y.

Fory € R, k € Z and a € (0,1) we define || - || k.o := [[e77** - ||gr.0 and denote by
ol
Cé”’o‘ (Y4, E) the closure of C§°(Y4., E) with respect to this norm.
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Proposition 3.57. There is a 9 > 0 such that for each v € (0,7) the linear operator
La,: C’%’a — C’g’a has a bounded right inverse.

Proof. Using standard elliptic estimates and Theorem 3.44 one shows that L 4, : Ci’a —
Cg’a is Fredholm whenver v > 0 is sufficiently small, cf. [HHN12, Proposition 2.4]. Also,
the cokernel of L 4, can be identified to be 74, _ which is trivial by hypothesis. O

Proof of Proposition 3.54. We restrict to the + case; the — case is identical. It follows from

the construction of a.,  that for each fixed compact subset K C Y, +

zlggo lailyr, + = @oo 4 llzoe () = 0-

To be able to strengthen this to a estimate on all of Y7,  the factor 1T in (3.52) is will be
important, even though it is clearly not optimal.
With x as in Section 3.1.1 define a cut-off function yr: Y, — [0,1] by x7r(z) :=

1 — x(t4(x) — 3T). For each sufficiently small v > 0 we have
_3
||LA+ (XTZ'Qi)Hcg’a(YJr) = O(e Q’YTZ')

because of (3.10), (3.35), (3.52) and (3.53). Using Proposition 3.57 we construct b; € Ci’o‘
such that a’, | = x7,a; + b; € Ta,  and Hbz”oé$ = O(e_%VTi). Hence,

; _1
la; — e il () = Ole™ 97T,

Moreover, lim;_,o [|lal, ; — oo 4 || 1oo(5) = 0 and since both || - || oo () and || - || ooy,

are norms on the finite dimensional vector space T4, , = T4 it also follows that

lim [lab ;= oo+ [l (vy) = 0.

1—00

Therefore,

Jim {la; = G 4 |l Loo(ve, 1) = O- -

3.3 Holomorphic bundles over building blocks and Gs—instant-

ons over ACyl Go—-manifolds

Definition 3.58. Let (V,w, 2) be an ACyl Calabi—Yau 3-fold with asymptotic cross section
(S,wr,wy,wk). Let A, be an ASD instanton on a G-bundle E, over S. A HYM connec-
tion A on a G-bundle E over V is called asymptotic to A, if there exist a constant § < 0
and a bundle isomorphism 7: Ely\ g — Eoo covering m: V \ K — Ry X S1 xS such
that

VR, A — An) = O (e5t)
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for all £ € Ny. Here by a slight abuse of notation we also denote by F, and A, their
respective pullbacks to R x S x .

The following theorem of S4 Earp can be used to produce examples of HYM connections
A asymptotic to ASD instantons A, over ACyl Calabi—Yau 3—folds and, hence, by taking
the product with S' examples of Go—instantons ¢* A asymptotic to p* A, on the ACyl
Go-manifold S x V. Here p: T? x S — Sand q: S' x V — V denote the canonical

projections.

Theorem 3.59 (Sa Earp [SE11a, Theorem 59]). Let Z and S be as in Theorem 3.14 and
let (V,w, Q) be the resulting asymptotically cylindrical Calabi—Yau 3—fold. Let £ be a
holomorphic vector bundle over Z and let h be a HYM metric on E|g. Then there exists a
HYM metric H on (£] Z\5, W, Q) whose corresponding Chern connection is asymptotic to

the Chern connection associated with h.

Theorem 3.1 is now an immediate consequence of Theorems 3.45 and 3.59 and the

following result.

Proposition 3.60. In the situation of Theorem 3.59 suppose that H°(S, Endy(E|s)) = 0
and denote by A and A the PU(n)-connections associated with H and h, respectively.
Then

(3.61) Hyen, =Hi,

and there exist injective linear maps ri_: Tgea —5 — HY(Z,Endo(E)) for some small § > 0
and k: Tpa — HY(Z,Endy(E)) such that the following diagram commutes:

1

(3.62) Ko K ~

HY(Z, Endo(€)(—S)) — H'(Z, Endo(€)) — H(S, Endo(E]s)).

Equation (3.61) is a direct consequence of H%m = 0 and the fact that all holomor-
phic functions on 72 are constant. The proof of the remaining assertions requires some

preparation.

Proposition 3.63. If A is a HYM connection asymptotic to Ao, over an ACyl Calabi—Yau
3—fold then there exists a 4 > 0 such that for all § < 4

(3.64) Toras = {Q €ker Dy : VFa,a = O(eét) forall k € No}

with D 4 as in (3.40).
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Proof. Note that we can write

(3.65) La=]0, + Dy
19,

where o denotes the coordinate on S'. For § < 0, (3.64) follows by an application of
Lemma 2.76. By (the argument in the proof of) Proposition 3.38 both the left and the right
hand side of (3.64) are independent of § for 0 < § < d. for some § > 0. This completes
the proof. O

Proposition 3.66. In the situation of Proposition 3.60 there exists a constant 4 > 0 such
that for all § < 6+

Toas = 7—[11475 = {oz € HYy: VFr.a = O(edt) forallk € NO} .
Proof. 1t 6 < 0, then obviously
7-[10475 = {a e HY : VFr.a = O(e(st) forall k € No} =0

and it is clear that the proof of Proposition 3.39 goes through without modification since the
necessary integration by parts is justified.

If § < 64 with 0 > 0 sufficiently small, cf. Proposition 3.38, and (£, 71, a) € T4 s, then
(& m,a) € {0} @ th. Hence ¢ and 7 decay exponentially and one can argue as in the
proof of Proposition 3.39. Note also that again 7—[%7 s=0 O

Proof of Proposition 3.60. In view of Proposition 3.66 we only need to establish (3.62) with
’H,l4 s instead of Ty« 4 5.
For k € Ny and § € R define a complex of sheaves (A}, d) on Z by

3.67) A5(U) = {a € Q" (VN U, Endy(€)) :
e 'ViT.a € L®((0,00) X Z,gp..) forall k € N[)} :

There is an obvious map r;5: H}y 5 — H' (T'(A$),0).

Proposition 3.68. For every 6 € R\ Z the complex of sheaves (A$,0) is an acyclic
resolution of Endy(E)([J]9).

Proof. The sheaves Aj§ are acyclic because they are C°°(Z)-modules and thus soft. Let
x € Z and let U C Z denote a small open neighbourhood of the point z. An element s €
ker(0: T'(U, A}) — ['(U, Aj)) corresponds to a holomorphic section of Endo(E)|yn(z\s)

such that |z|~%s stays bounded. Here z is a holomorphic function on U vanishing to first
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order along S N U. Then 2z~ %) is weakly holomorphic in U. By elliptic regularity z~ %
extends across U N S and thus s defines an element of I'(U, Endy(E(|0]S)). Conversely,
it is clear that I'(U, Endy(£)(|6]S)) C ker(9: T'(U, AY) — T'(U, A;j)). We are thus left
with proving that ( 5, 5) is exact. It is easy to see that the usual argument for proving the

0-Poincaré Lemma, see, e.g., [GH94, p. 25], goes through provided the linear operator
(3.69) d: C°Q°%(St x R) = C°Q%1(S! x R)

is invertible. This, however, is a simple consequence of Theorem 3.44 since 0 = J; + 10,
and the spectrum of i9,, on S = R/Z is Z. O

By Proposition 3.68 we have linear maps s : 7-[114’5 — HYZ,Endy(£)(|5]8)) for
§ € R\ Z; hence, linear maps maps x_: HY s — HY(Z,Endo(E)(—S)) and k: HY =
HY s = HY(Z,Endy(€)) for some small § > 0 making the following diagram commute:

1 1 L 1
Ha s Hy Ha,

H'(Z, Endo(E)(—S)) —— HY(Z, Endo(E)) — HY(S, Endo(E]s)).

The map «_ is injective, because if x_a = 0, then a = Os for some s € .A%(Z) and thus

/ lall? 2/ (a,0s) :/ (0%a,s) =0.
Z\S Z\S Z\S

Since H(S, Endy(E|s)) = 0, the first map on the bottom is injective and a simple diagram

chase proves shows that « is injective. O



Chapter 4

Go—instantons, associative

submanifolds and Fueter sections

As I have already mentioned in Section 1.5 the main obstacle to defining a Gy Casson
invariant is that the moduli spaces of Go—instantons .# (E, {¢;}) need not be compact in
general. There are a number of important results regarding the compactness problem in higher
dimensional gauge theory: In [UhI82a] Uhlenbeck showed the existence of good gauges in
dimension n provided the L™/?—norm of the curvature is sufficiently small. Using Price’s
monotonicity formula for the renormalised Yang—Mills energy [Pri83] Nakajima was able to
show that a sequence of Yang—Mills connections over a compact Riemannian manifold with
uniformly bounded Yang—Mills energy converges, after passing to a subsequence, outside a
closed subset of Hausdorff codimension four [Nak88]. Tian analysed this subset in detail.
He was able to show that it is rectifiable and that at each point of this subset the sequence of
Yang—Mills connections loses energy via bubbling and/or develops a singularity [Tia00]. The
question of which singularities are removable and which are not was addressed by Tao—Tian
[TTO4]. In the context of gauge theory on Ga—manifolds the combined effort of these authors

can be summarised as follows.

Theorem 4.1 (Uhlenbeck, Price, Nakajima, Tian, Tao-Tian). Let Y be a compact T—manifold,
let (t;) be a null-sequence, let (¢,) be a sequence of torsion-free Gao—structures on 'Y
converging to a Go—structure ¢q, let E be a G—-bundle over Y where G is a compact Lie
group and let (Ay,) be a sequence of connections on E such that A, is a Ga—instanton over
(Y, ¢1,). Then there exist subsets sing(Ag) C S C'Y and a connection Ay on E|y\g such

that after passing to a subsequence the following holds:

e S is closed, countably H3-rectifiable and satisfies H>(S) < oco. Moreover, for
H3-a.e. x € S, ¢o|1,5 is a volume form on T,S.

95
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o Ay is a Go—instanton over (Y \ S, ¢o) and the current p1(Ao) defined by

1

(42) <p1(A0),Ck> = —@ /Ytl“(FAO AN FAO) N«

is closed.

e The connection Ag extends to a Go—instanton on a G-bundle E over (Y \sing(Ay), ¢o)
which is isomorphic to E over Y \ S; moreover, H3(sing(Ag)) = 0.

o There exists a sequence of gauge transformations (g,) of E |y\ s such that gf Ay,

converges to Ag in C7 on'Y \ S.

e For H3-a.e. © € S there exists a non-trivial ASD instanton J(x) on TS+ whose

pullback to T,Y is the limit of a blowing up of the sequence (A,) around the point .

e There is an upper semi-continuous function ©: S — [0, 00) which satisfies

(4.3) O(x) = YM(J(x))

for H3—a.e. x € S and is such that the rectifiable current p1(S, ©) defined by

1
872

(11(5,0),0) = /5 (bolrs, ) OdH

is closed. Moreover, the instanton charge density is conserved, i.e.,

4.4) p1(gE) = p1(Ao) + p1(S, O).

o S =sing(Ag) Usupp(pi1(S, 0)).

The function © measures the amount of energy density lost around a point x € S. If at
x € S there is not just one ASD instanton bubbling off in the direction transverse to S, but
a whole bubbling tree of ASD instantons, then the inequality in (4.3) is necessarily strict.
It is reasonable, to expect that if one replaced J(z) by the entire tree of ASD instantons
bubbling off, then (4.3) becomes an identity. It would then also follow that © takes values in
8727 and thus that p; (S, ©) is an integral current. A special case of the analogous result for

harmonic maps was proved by Lin—Riviere in [LRO2].

Remark 4.5. In [Tia00, Chapter 5] Tian mentions some ideas for studying the singular set of
Ag based on a stratification according to the least number of directions a tangent instanton
to Ag at x € sing(Ag) splits off, cf. [Sim96, Chapter 3]. In particular, he conjectures that
sing(Ap) has Hausdorff dimension at most one. However, to this day there has been no

significant progress in this direction as far as I know.
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Remark 4.6. In certain very special situations one can rule out bubbling in Theorem 4.1
using an idea that goes back to Fintushel-Stern [FS84]. Let (Y, ¢) be a compact 7-manifold
and let E be a SO(3)-bundle over Y. If a sequence of Ga—instantons on E bubbles, then
we can write p1(gg) as in (4.4). Since every SO(3)-bundle on S* lifts to a SU(2)-bundle
and for a SU(2)-bundle E over a 4-manifold p;(gg) = —4ca2(E), the energy of an SO(3)
ASD instanton on S* is a multiple of 4 - 872. Hence, assuming that J(z) denotes the entire
bubbling tree at = € .S and equality holds in (4.3), it follows that p; (S, ©) is divisible by 4
in H*(Y, Z). Denote by m(¢) the infimal volume of an associative integral current in (Y, ¢).
Because the first term on the right-hand side (4.4) pairs non-positively with [¢] it follows
that (p1(gr) U [¢], [Y]) < —4m(¢). Conversely, if this inequality is violated, then there can
be no bubbling. In general, m(¢) is hard to control precisely; however, we know that

m(¢)2min{/A¢>O:AeH3(Y,Z)}.

In particular, if [¢] is (almost) integral, then m(¢) > 1(—¢).

Let us now assume that sing(Ap) = (. One would expect that typically the subset
P := supp(pi1 (S, ©)) is a smooth associative submanifold in (Y, ¢¢), the ASD instantons
J(x) can be arranged to form a smooth section J of an instanton moduli bundle 9 as
described in Section 4.1 and equality holds in (4.3). It is important to understand which
triples (Ao, P, J) arise as a limit of a sequence of Go—instantons. Donaldson—Segal [DS11]
argued that J should be a Fueter section. Here a section J is called a Fueter section if it
satisfies a certain non-linear Dirac equation associated to ¢y and the restriction of Ay to P
called the Fueter equation, see Section 4.1. In the course of this chapter I will prove that this

condition is indeed sufficient if Ay, P and J satisfy certain “transversality conditions”.

Theorem 4.7. Let Y be a compact T-manifold equipped with a family of torsion-free Go—

structures (¢ )e(—1,1)- Suppose we are given

e an unobstructed Go—instanton Ay on a G-bundle Ey over (Y, ¢y),
e an unobstructed associative submanifold P in (Y, ¢o) and

e a Fueter section J of an instanton moduli bundle 9t associated with P and Ey|p

which is unobstructed with respect to (¢y).

Then there is a constant A > 0, a G-bundle E together with a family of connections
(Ax)re(0,a] and a continuous function t: [0, A] — (=T, T) such that t(0) = 0 and Ay is
a Go—instanton on E over (Y, ¢y)) for all X € (0, A]. Moreover; as X tends to zero Ay
converges to Ag on the complement of P and at each point x € P an ASD instanton in the

equivalence class given by J(x) bubbles off transversely.

Remark 4.8. The notion of unobstructedness for Fueter sections will be introduced in
Definition 4.24.
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Remark 4.9. In Theorem 4.7 we need to work with families of Go—structures, because the
Go—instanton equation has index zero and, hence, one cannot expect to produce a family of

Go—instantons depending on a gluing parameter A € (0, A] over a fixed Ga—manifold.

It is clear from Theorem 4.7 that the naive definition of the conjectural Go Casson

invariant as the signed count

cannot be expected to be invariant under deformations of ¢, in general. This was already
anticipated by Donaldson—Segal [DS11]. They suggest that one should try to construct
a counter term, say m(E, ¢), as a weighted count of associative submanifolds and Ga—
instantons on bundles of “smaller” topological type than E, so that the sum n(F, ¢) +
m(E, ¢) is invariant under deformations. The crucial point here is to find out what these
weights should be. I will discuss a promising candidate for the definition of these weights
for the low energy SU(2)-theory in Chapter 6.

One may be tempted to try to use Theorem 4.7 to produce bubbling families of Go—
instantons. Unfortunately, I currently have no examples of the required input. There is,
however, reason to hope that this situation will improve in the future with the help of
recent work of Corti—-Haskins—Nordstrom—Pacini [CHNP12b, Section 5] on associative
submanifolds in Geo—manifolds obtained by (a generalisation of) Kovalev’s twisted connected
sum construction [Kov03] and possibly further progress in the work on Ge—instantons over
twisted connected sums [SE11a,SE11b] begun by S4 Earp, see also Chapter 3. It should be
pointed out that using methods from this chapter we will construct concrete examples of
families of Spin(7)-instantons bubbling along Cayley submanifolds in Chapter 5, some of
which were previously constructed in Lewis’ thesis [Lew98].

The proof of Theorem 4.7 is based on a gluing construction and the analysis involved is an
extension of that in Chapter 2; as such it shares some similarities with Lewis’ construction of
Spin(7)-instantons [Lew98], unpublished work by Brendle on Spin(7)—instantons [Bre03a],
see also [Bre03b], and Pacard—Ritoré’s work on the Allen—Cahn equation [PRO3].

4.1 Fueter sections of instanton moduli bundles over associative

submanifolds

Let M be a fixed moduli space of framed ASD instantons on a G-bundle E over R* as
in Section 2.2. Clearly, A* := AT(R*)* = 50(4) acts SO(4)—equivariantly on R* and on
R @ AT, Itis a straight-forward computation to verify that the corresponding actions of
AT on QY(R?, gg) and on Q°(R?, gg) ® O (R?, gg) commute with the linear operator
5= (d},df): QYR gg) — Q°(RY, gr) ® QT (RY, g) which controls the infinitesimal
deformation theory of the ASD instanton I. This yields an SO(4)—equivariant action of A™
onTM.
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Remark 4.10. If we fix an identification R* = H and correspondingly A* = Im H, then the
above defines a hyperkihler structure on 7'M . However, for our purpose it is more natural

not to fix such an identification.

M carries an action of R* x R* where R* acts by translation and R acts by dilation,
i.e., by pullback via s, where

sx(z) == Az

for A € R. Since the centre of mass of the measure | F|? dvol is equivariant with respect
to the R*-action, we can write M = M x R* where M is the space of instantons centred at
zero. The action of AT preserves this product structure and A acts on the factor R* in the

usual way.

Example 4.11. If E is the unique SU(2)-bundle over S* with c3(E) = 1, then up to scaling,
translation and changing the framing at infinity there is a unique ASD instanton I on F,
commonly called “the one-instanton”. Hence, M = M x R* = RT x SU(2)/Z; x R%.
Moreover, we can write M = (Re(ST ® C?) \ {0})/Z, where Spin(4) acts in the natural
way on S, the positive spin representation associated with R*, and SU(2) acts on C2.

Example 4.12. In general, if E is an SU(n)-bundle over S*, then M can be understood
rather explicitly in terms of the ADHM construction [DK90, Section 3.3].

Now, let (Y, ¢) be a Go—manifold, let P be an associative submanifold in Y, let M be a
fixed moduli space of framed ASD instantons over R* and let F, be a G-bundle over P

together with a connection A.,. In the context of Theorem 4.7 we take F, := Ey|p and
Aoo = AQ‘P.

Definition 4.13. The instanton moduli bundle 9t — P associated with P, E., and M is
defined by
M = (FI‘(NP) X Eoo) XSO(4)><G M.

Example 4.14. Let M = (Re(S* ® C?) \ {0})/Z2 x R* be the moduli space of framed
ASD instantons from Example 4.11. If we pick s and u as in Remark 1.69, then

M = (s X u X Exo) Xspin(ayxsu@) M = (Re(S ® Ex) \ {0})/Z x NP.

Here we used the fact that the SO(4) action on M lifts to an action of Spin(4).

Denote by Noo P := Fr(NP) xgo(4) S4 the sphere-bundle obtained from NP by

adjoining a section at infinity.

Theorem 4.15 (Donaldson-Segal [DS11] and Haydys [Hay12]). To each section T € T'(9N)
we can assign a G-bundle E = E(3J) over Noo P together with a connection I = 1(J) and
aframing ©: E|o — Eoo such that:
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e Foreach x € P the restriction of I to N, P represents J(x).
o The framing ® identifies the restriction of I to the section at infinity with Ax.

The actions of RT on R* and M lift to fibre-wise actions on NP and 9. The
construction in Theorem 4.15 is equivariant with respect to these actions. In particular,

I(s3J) = s3I (3J). It will be convenient to use the shorthand notations
I = I(s;‘/p) and Ty := s7,,0.

If a section J € I'(9M) does arise from a sequence of Go—instantons bubbling along P,
then it is reasonable to expect that in the limit as A goes to zero the connection [} is “close
to being a Go—instanton”. To make sense of that notion we define the 4—form )y on N P to
be the zeroth order Taylor expansion of ¢ := ©(¢) = *4¢ off P. More explicitly, we can

write g as
(4.16) Yo :=volyp — ' N e Awe, — 2 A Awe, — €3 Nel Awe,.

Here (e;) is a local positive orthonormal frame on P, (') is its dual frame, voly p is the fibre-
wise volume formon NP andv € TP + w, € AT N*P is given by the identification (1.67).

With this notation set up, the natural requirement is that
(4.17) lim A"2s3(Fr, Abo) = Fr A (Yo — volyp) = 0.
—

If we introduce a bi-grading on k—forms on N P according to the splitting I’N P = ©{T'P &
w5 N P corresponding to the connection on NP with 7;: TP — Pand mp: NP — P
denoting the canonical projections, then it is easy to see that equation (4.17) splits into two
parts. The first one is simply the condition that the anti-self-dual part of FI0 2 must vanish,
while the second part is given by

FPh Aqpg = 0.

This condition can be understood as a partial differential equation on J as follows. Define
the vertical tangent bundle VI to 1 by

VI .= (FI‘(NP) X Eoo) XSO(4)><G TM.

If J is a section of 9, then the action of AT on M induces a Clifford multiplication
~v: TP — End(J*VIM) in view of the identification (1.67). Moreover, the connections on
NP and E, induce a connection on )1 assigning to each section J its covariant derivative
V3 e QLI Vm).
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Definition 4.18. The Fueter operator § = §4 associated with 91 is defined by

JETM) > T = y(e)ViJ € T(TVM)

where (e;) is a local orthonormal frame on P. A section J € I'(9) is called a Fueter section

if it satisfies
FI=0.

Example 4.19. If M is as in Example 4.11, then the Fueter operator § lifts to the twisted
Dirac operator D: T'(Re(S ® (Eo ® U)) — TI'(Re(S ® (Fo @ U)). Here U is as in
Remark 1.69.

The Fueter operator § is compatible with the product structure on 91 = M x NP
corresponding to M = M x R%. Its restriction to the second factor is given by the Fueter

operator F'p associated with P.

Theorem 4.20 (Donaldson—Segal [DS11] and Haydys [Hay12]). If 3 € I'(9N), then we can
identify T (J*VIN) with a subspace of Q" (N P,g E(j)). With respect to this identification we
have the identity

53 =+ (Fy2) A o)
where x( is the Hodge—x—operator on N P. In particular, 1(3J) satisfies equation (4.17) if

and only if J is a Fueter section.

Definition 4.21. The linearised Fueter operator Fy = F; 4: T'(3*VI) — I'(T*VIN) for
J € I'(9M) is defined by
Fj7¢(j) = Zy(eZ)VZJ
i

where (e;) is a local orthonormal frame on P.

Example 4.22. If M is as in Example 4.11, then the linearised Fueter operator F7 lifts to
the twisted Dirac operator D: I'(Re(S ®¢ (Foo ® U)) — T'(Re(S ®¢ (Ex @ U)). In

particular, it only depends on the spin structure s and not on J.

The operator F7 is self-adjoint and elliptic; however, it can never be invertible if J is a
Fueter section. This is because Fueter sections come in 1-parameter families (J) ) er+- In
particular, taking the derivative at A\ = 1 yields an element in the kernel of F5. If o € T'(VIN)
denotes the vector field generating the action of R on 9], then we can succinctly write this
element of the kernel as © o J.

Let (¢t)t€(,T7T) be a family of torsion-free Go—structures on Y, let Ag be an unob-
structed Go—instanton on a G-bundle E over (Y, ¢o) and let Py be an unobstructed as-
sociative submanifold in (Y, ¢p). Then by Propositions 1.107 and 1.73 we obtain a fam-

ily of Go—instantons (A¢).e(—7v 77y over (Y, ¢;) and a family of associative submanifolds
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(Pi)ie(—117y in (Y, ¢¢) for some T" € (0, T]. Now, carry out the above construction with
P =P, Ex = E|p,, Axw = A¢|p, and a fixed moduli space M of framed finite energy
ASD instantons on R? to obtain a family of instanton moduli bundles (Qﬁt)te(,T/’T/) along

with a family of Fueter operators (St)te(—T’,T’)- If Jg is a Fueter section of 9ty with
dim ker F5, =1,

then, using the implicit function theorem, we obtain a family (J;),c(_7v 77 of sections of

M, satisfying
(4.23) §tJe+p(t) - 003, =0
where 11: (=T",T") — R is a smooth function vanishing at zero.

Definition 4.24. In the above situation we say that Jg is unobstructed with respect to (¢;) if

ou

5|, £ 0.

Example 4.25. If M is as in Example 4.11, then equation (4.23) can be viewed as the
spectral flow of a family of twisted Dirac operators and Jy is unobstructed if and only if this

spectral flow has a regular crossing at Jg.

4.2 Overview of the proof of Theorem 4.7

Suppose that Y, (¢t)ie(—7,7), Ao, P and J € I'(9M) are as in the hypothesis of Theorem 4.7.
To simplify the exposition we work under the additional hypothesis that Ay is irreducible,
i.e., we assume that Ay is acyclic. This assumption can be removed by arguing as before at
the end of Section 2.6.

Convention 4.26. We fix constants 7" € (0, 7] and A > 0 such that all of the statements
of the kind “if t € (=T, T") and X € (0, A], then ...” appearing in the following are valid.
This is possible since there is only a finite number of these statements and each one of them
is valid provided 7" and A are sufficiently small. By ¢ > 0 we will denote a generic constant
whose value depends neither on ¢ € (—7",7”) nor on A € (0, A] but may change from one

occurrence to the next.
As discussed at the end of Section 4.1, Ag and Py := P give rise to
e afamily (A¢)ie(—7v 77) of Go—instantons on Ep over (Y, ¢1),

e a family of associative submanifolds (P;).c(—7v 7y in (Y, ¢¢) and, hence,
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e a family of instanton moduli bundles (9M;),c(_7v /) with 9y = 9 and Fueter
operators (¢ )se(—7v 7y together with sections (J;).e(—7v 77y satisfying Jo = J and

4.27) 33+ (o 03, =0

where p1: (=7",T") — R is a smooth function vanishing at zero with

op
— 0.

It [, 7
The proof of Theorem 4.7 proceeds via a gluing construction. As a first step we explain how

to construct approximate solutions.

Proposition 4.28. For eacht € (=T',T') and A € (0, A] we can explicitly construct a
G—-bundle E; ) together with a connection A; x = A#J; from Ey, Ay € o/ (Ey) and J;.

The bundles Ey y are pairwise isomorphic.

Before we embark on the proof, let us set up some notation. Fix a constant ¢ > 0 such
that for all t € (—T",T") the exponential map identifies a tubular neighbourhood of width
8o of P, in Y with a neighbourhood of the zero section in N P,. For I C R we set

Up:={ve NP, :|v|el} and Vi;:={zxeY :r(zx)ecl}.

Here 7, := d(-,P;): Y — [0,00) denotes the distance from P;. Fix a smooth-cut off
function 0,00) — [0, 1] which vanishes on [0, 1] and is equal to one on [2, c0). For

x|
€ (—1',T') and X € (0, A] we define x;,: Y — [0,1] and x; : ¥ — [0, 1] by

Xea(7) = x(re(2)/2)) and [ (2) := 1 = x(r(2)/20),

respectively.

Proof of Proposition 4.28. Via radial parallel transport we can identify £(J;) over U(pg o) ¢
for some R > 0 with the pullback of E(J;)| to said region and similarly we can identify F
over Vg ¢ with the pullback of Fy|p,. Hence, via the framing ® we can identify s} / ZE(Tt)
with Ejy on the overlap V() ), for A € (0, A]. Patching both bundles via this identification
yields Ej y.

To construct a connection on E} y note that on the overlap I ) := s} / I (J;) and A; can
be written as

Iy = A¢lp, + iy and Ay = Ay|p, + as.

Here and in the following, by a slight abuse of notation, we denote by A;|p, the pullback of
Ay|p, to the overlap. We define A; ) by interpolating between I, and A; on the overlap as
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follows
(4.29) Apx = Adlp, 4 X0t + X i O

Remark 4.30. Note that in equation (4.29) we interpolate in such a way that there is a
relatively large region in which Xy and X;r are equal to one simultaneously. This will turn
out to be very useful later on, since it minimises the error introduced by derivatives of the
cut-off functions, when measured at the appropriate scale, and the construction crucially

hinges on this error to be rather small.

Now, in view of Proposition 1.98, the task at hand is to solve the equation

(4.31) 0 (Fayy+a ANt) +da, y+a€ =0

where 1y == O(¢r) = 4,0, t = t(A), a = a(X) and § = £(N). If we could find an
appropriate analytic setup in which (a, ) = 0 becomes closer and closer to being a solution
of equation (4.31) while at the same time the linearisations L; \ := L iasdes A8 defined in
(1.103), possess right inverses that can be controlled uniformly in t and A, then it would
not be too difficult to solve equation (4.31) for all ¢t € (—=7",7") and A € (0, A]. Since the
properties of L; y are closely linked among other things to those of F5, and since I has a
one-dimensional cokernel, however, we will only be able to solve equation (4.31) “modulo
the cokernel of F,”. More precisely, when t € (=7, T") and A € (0, A] we will be able to

solve the equation
(4.32) Lipa+n-ux00J3;+ Qia(a) +e0=0

fora = (£,a) € Q(Y,gg,,) ® Q' (Y, g5, ) and ) € R with Qy » and e, ) defined by

(4.33) Qur(a) = % s ([ana] Ady) +[E al.

and
e\ = *(FAt,A AN g) + pu(t) - L a0 0 Ty,

respectively. Here the map ¢, \: D(T; V) — QL(Y, g E, ) is defined by

where we first identify J € T'(J*VN,) with an element of Q' (NP, E(J;)), then view
the restriction of its pullback via s)_\1 to Ujp,¢),+ as lying in Ql(V[O,U),t, 9E, ) and finally
extended it to all of Y by multiplication with x;". After solving (4.32) we are left with the

residual scalar equation
u(t) +n(t, ) = 0.
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It will turn out that 7 and 9;n go to zero as A goes to zero. Since 9 (0) # 0, finding ¢ = t(\)
such that equation (4.31) is satisfied is then a simple consequence of an implicit function

theorem.

Let us now discuss some aspects of the analysis. First of all we will introduce appropriate
weighted Holder spaces in Section 4.3. One should think of these weighted spaces as a
convenient framework to deal with different local scales simultaneously. In our case they
are constructed to counteract the fact that the curvature of the connection A, 5 around P;
becomes larger and larger as A goes to zero. We will see in Section 4.4 that the amount by
which our approximate solutions A,  fail to be solutions of equation (4.31) “modulo the
cokernel of F7,” measured in our weighted Holder norms goes to zero at a certain rate as A
goes to zero. The key difficulty then lies in analysing the linearisation L; ). As is the case in
most adiabatic limit constructions, the linearisation L; y is rather badly behaved on an infinite
dimensional space: For every Je (3 V) the appropriate norm of ¢, AT is essentially
independent of A, while the appropriate norm of L; »¢;, ,\’3 tends to zero as A tends to zero.
To overcome this issue it is convenient to split the problem at hand into a part coming from
['(JfVON,) and the part orthogonal to it. We define 7, x: Q' (Y, g, ,) — [(J;VIN;) by

(raa)@)i= Y [ (@ eanis

for z € P;. Here k runs through an orthonormal basis of (V0;)5(,) with respect to the
inner product (¢ x-, ¢, x-). Clearly 7yt » = id and hence 7, ) := ¢4\ ) is a projection.
We denote the complementary projection by p; » := id — 7 ». If we define

A x = (Y, g5, ,) ® kerm 5,
then we can write
QY. 05,,) ® Q' (Y, g5,,) = Aer DT(TTVI)

and decompose L; ) accordingly into a 2-by—2 matrix of operators. We will see in Sec-
tion 4.5 that the diagonal entries can be controlled in terms of certain models on R7, L 4,
and the linearised Fueter operator F5,, while the off-diagonal terms are negligibly small.
In Section 4.6 we discuss how to control the non-linearity (); » in equation (4.32). The

completion of the proof of Theorem 4.7 in Section 4.7 will then be rather straight-forward.
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4.3 Weighted Holder norms

Fort € (=T',7") and A € (0, A] we define a family of weight functions wy s on Y’

depending on two additional parameters ¢,J € R as follows

)\5()\ + rt(x))*hé if ry(z) < v

Wy s (T) 1=
7y (2) 60 if r(x) > VA

and set wy 5. ) (2, y) := min{wg s 1 (x), we 52 () }. For a Holder exponent o € (0, 1) and
£,6 € R we define (semi-)norms

1fllzes,, @) = llweseafllzew),
— [f(z) = f(y)]
[f]C?,’gft,A(U) = xi:lfu wé—a,d;t,A(‘Tvy)W and
d(z,y)<A+min{r¢(z),r¢ (y)}
k
— k k
Wl s = 2 IV i 0+ 7 e,
j:

Here f is a section of a vector bundle over U C Y equipped with an inner product and a
compatible connection. We use parallel transport to compare the values of f at different
points. If U is not specified, then we take U = Y. We will primarily use this norm for

9B, ,—Vvalued tensor fields.

Remark 4.34. The reader may find the following heuristic useful. Let f be a k—form on Y.
Fix a small ball centred at a point x € P;, identify it with asmallballin T, Y =T, P,& N, P,

and rescale this ball by a factor 1/\. Upon pulling everything back to this rescaled ball

k—o

the weight function w_g 5, \ becomes essentially A\*(1 + |y[)*~°, where y denotes the

N, Pr—coordinate. Thus as A goes to zero a uniform bound || fx[[z>, ., |

k—forms ensures that the pullbacks of fy decay like || =%+ in the direction of N, P;. At the

on a family (fy) of

same time it forces f) not to blowup at a rate faster than r;, k=0 along P;. The “discrepancy”

in the exponents can be seen to be rather natural by considering the action of the inversion
2
y = Ay/lyl

Proposition 4.35. If (f,g) — f - g is a bilinear form satisfying | f - g| < |f||g|, then

17 gllgre

<
1+42,61+825t,A - HfHCégl’,ole’t’)\”gucféaé

2;t,>\.
Proof. This follows immediately from the above definition. O
Corollary 4.36. If 6 < 0, then there is a constant ¢ > 0 which is independent of t €

(=T",T") and X € (0, A] such that

< eN\/? d <
||f||(;5§5M <c ||f||c§,bc:cM an ”f”CZ}i},A < CllJ"IIC;,;;M
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Proof. Use Hchg,gx'“ < cX%? and HlHCég,f&“ < cforé <0. O

Proposition 4.37. For { < —1 and § € R such that { + 6 € (—3,—1) there is a constant
¢ > 0 such that for all t € (=T",T") and X € (0, A] we have

A~ —1—4 A~ 1+l—«
||Lt7)\J||Cg,§:t7A <A |Tlco.a  and || nal|coa < €A ||a||02,§:tyx(v[o’g);t).

In particular, 7\ = 1 \m\ and pg  are bounded by c\™“ with respect to the Cgﬁ‘t’ A

normis.

Proof. From Proposition 2.41 it follows at once that

q 214
IsT330coe , (Viowys) < N Pllcoa.

< e 3t

The first inequality thus is a consequence of Proposition 4.35 since || x;"
for¢ +6 > —3.

To prove the second inequality, note that by Proposition 2.41 for k € (V)5 () WE
have ‘ST/AI{,‘(JI) < eA?/(A+ |z|)3||k|| 2 and thus

Hcgfz,s;t,x

VA
/N {andsipe) <c /O XD+ )T fall g, el

g
+e / N0 1) BSdr - lal| o, (1] 1
. .

< N allzgs,, [l 12

since / < —1land ¢ + § < —1. If s is an element of an orthonormal basis of (Vimt)gt(x)
with respect to (¢4, ¢,x-), then ||k 2 < ¢/ since for k1, k2 € (VIN)3, ()
N (1, Ka) L2 ~ <xf81/wl,x?8’f/wz>m

where ~ means comparable uniformly in ¢ and A. Therefore,

Imeaallz= < X lallzz, -

The estimates on the Holder norms follow by the same kind of argument. 0

4.4 Pregluing estimate

In the following we will need to differentiate various tensors over Y and N P, depending on
t € (=T,T). For tensors over Y we could simply differentiate using d;; however, 9; does
not drag P, along in a parallel fashion, which causes some additional error terms to show up,

and also it is preferable to differentiate tensors over Y and N P; in way that is consistent with
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the identification V7, = Uy, for I C [0, 20). Therefore we use a fixed set of connections
constructed as follows: For each ¢ we can write P; = {exp,(v;) : p € Py} for some unique
normal vector field v; € T'(Fy, N Fy); hence, the bundle [ [, _q. 7y P2 — (=T, T") comes
with a canonical connection. Pick a connection on A" := [[,c_pmy NPr — (=T,7T)
such that for each parallel path ¢ — p; € P its lift to the zero section t — 0, € NF; is
also parallel. Moreover, we pick a connection on Y x (=7,T7) — (=T, T) which agrees
with the connection on /" on Ute(fT’,T’) Vio2o)t = Ute(fT/,T,) Ujo,20),+ and with 9; on
Y\Ute(_T,’T,) V)0,40),t- These connections induce various connections on bundles of tensors

over Y and N P;; we denote the associated covariant derivatives by V.

Proposition 4.38. There is a constant ¢ > 0 such that for t € (=T",T") and X € (0, A] we
have

”et’)\HCO,a < e\ and Hvtet’)\HCO,a < e
—2,05¢,\ —2,05¢,A
The proof of this result requires some preparation.

Proposition 4.39. In the tubular neighbourhood Vg 5, of Pr we can write 1 := O(¢) =

*¢, Pt AS
Yt = Yoy + Y10 + P>o2q

where 1o, is defined as in equation (4.16), 11, takes values in A2T* P.@ AT N*P,. Moreover,
Yost, V1,6 and P>o.4 depend continuously differentiably on t, and there is a constant ¢ > 0
such that for all t € (=T',T") we have

<c¢ and

IWoitllcoe, | (vig oy T 1¥1tllcoe Vo) =

Vo) T ||1/’22;t||cg;;;t
) + ||vt7/11;t‘|cfﬁt’A(

IIVtwo;tHcgﬁm( ) + ||vt¢22;t||co,a (Viowoyse) <ec.

V[U»cf):t V[O,cf);t 2,05,

Proof of Proposition 4.39. Let P = P, and ¥ = 1. If we pull the identity map of a tubular
neighbourhood of P back to a tubular neighbourhood of the zero section of NP via the
exponential map, then the Taylor expansion of its derivative around P can be expressed in
the splitting TN P = 7T P & m5 NP as

(z,y) = (2,y) + (L, (x),y) + O(ly*)

where II is the second fundamental form of P in Y which we think of as a map from N P
to End(7'P). This immediately yields the desired expansion of ) near P, with ¢, taking
values in A2T*P @ AT N*P, since we know that 1 is given by ¢y along P. Moreover, we
have V¥ = O(|y|'%) and V*¢>5 = O(|y|*>~*) for k = 0,1 which implies the first
estimate and, since everything depends smoothly on ¢, also the second estimate. O

The same reasoning also proves the following result.
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Proposition 4.40. There is a constant ¢ > 0 such that for all t € (=T",T") and X € (0, A]

we have

” *0 — HC?,’(()X;t,)\(Vv[OvU)ﬁ

4+ V20 =)o

1,0;t,A(V[0,o);t) -

Proposition 4.41. There is a constant ¢ > 0 such that for allt € (=T",T") and X € (0, A]

we have

2,0 2,0 2
F; —F + |Vl Fy — F < cA

I At‘P 0,0 t I At'P 0, — ’

H A K C—Q,o;t,A(V[Oyo);t) A i C—2,0;t,A(V[0,U);t)

1722 e + | o <c\? and

AHCZS 000 (Vio,o)st) P25 0. A Vio,oit)
1702 . + w2 o < e\,

AHCZE 050 (Vio,o)st) AN 04 Vio,oit)

Proof. Theorem 4.15 asserts that the restriction of I; = I(J;) to the section at infinity agrees
: 2,0
with A¢|p,. Hence, F7™" — Fy,

when viewed from the zero section in N P; means that

I, vanishes to first order along the section at infinity which

C

2,0
P10 = Fa, < TP

P,

The first estimate now follows from a simple scaling consideration and by realising that the
above reasoning also applies to V; (FIZt 0 Fa, Pt).

The last two estimates follow from Theorem 4.15, Proposition 2.41, the fact that the
curvature of a finite energy ASD instanton decays at least like |y|~* and simple scaling

considerations. O

Proposition 4.42. There is a constant ¢ > 0 such that for all t € (=T",T") and X € (0, A]

we have

) + Hdlt,)\ity)\HCE’”‘ <cA\ and

||Zt,)\||cgv"‘ 470;&/\(‘/()\‘0)”5) =~

3,0;z,A(V(/\vU);t
| Veiz A

- 2
’ngo;z,x(v&o);t) + Hvt(dlt’ﬂt’)‘)Hcgzo;t,x(v(/\,a);t) <ecA

as well as

HatHC%(()l;t,)\(Vv[O,o');t) + ”dA”PtatHCS,’éit,A(V[o,a);t) <c and

IVear oo

AMo,0):) + Hvt(dAt\Pt at)Hcg’»&ty)\(V[O’U);t) <e.

Proof. The first two estimates follow from the fact that we put I; into radial gauge from the
section at infinity in N P; and a simple scaling consideration, while the last two estimates

follow from the fact that we put A; into radial gauge from zero section in N P;. O

Proof of Proposition 4.38. We proceed in four steps. First we estimate an approximation
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€t of e; x. Then we estimate the difference e; \ — €, ) separately in the three subsets V[O, A)sts
Viro/2);t and Vig /2 o4 constituting Vig »,; which contains the support of e .

It will be convenient to use the following shorthand notation

Ifllew = fllcoe, @)+ IVefllooe, | @y

Note that if (f, g) — f-gis abilinear map satisfying | f-g| < | f||g| and the Leibniz rule with
respect to Vy, then it follows from Proposition 4.35 that || f - gll¢,+0,.0 < || flles.v - 9]l eo,0

Step 1. The term

€\ 1= % [(FIM Fayp ) /\lbt} +pu(t) - 90Ty

2
2v00)t SCA

satisfies ||é;,
Because of Theorem 4.20, the fact that F 1s anti-self-dual and Proposition 4.39 we can
write €; \ on Vjg ¢ as

ein =% [ (Fron = Fautp, )20 Ate] 5 [F2 A (o + 0320)]
+ *<FO Abza) + (= +0) (Fih Avdoy).

Using Propositions 4.39 and 4.41 as well as ||1|[-1,v, ,,, < ¢ we estimate ||, x[|-2,v;, ).,
by

2,0
(P =P )], o
) NN
L (Iseltig e + I - I 234,00, )
3V[0,0)t
+ H It)\ 4‘/[0’0_);75 : Hw22§tH27‘/[0,a);t

I\ [[Yoselo, Vio,o)st < A%,

1,1
+ || * —*o 1,\/0.'HF’
=0 v [FEL e

Step 2. We prove that e, — ét,AHVO e S cA2.

Since

< =2,V HFAt|pt M/ft” < eX?,

P M|
H t|Pt 0‘/[0)\);15

=2,Vio,n)it

it suffices to estimate Fa, , — F7, , in Vig 5. Now, in V]g y).; the curvature of A; ) is given
by
_ 1 _ _
Fa,, = Fp, + Xt,)\d]t’kat + §(Xt,/\)2[at A ag] + dXt,)\ A ay.

Using Proposition 4.42 and the fact that the cut-off functions x, |, where constructed so that



4.4, PREGLUING ESTIMATE 111

[z Allo,Vig.o) + lldXgAll-1,Vjg ) < € we obtain

||FAt,)\ - FIt,A ||—27V[0,/\);t

S H1||_27V'[O,/\);t ’ HX;)\ O)V'[O,A);t ’ ||dAt‘Pt at’|07‘/[0,/\);t

+ HX;)\HO,V[(),A);t ) Hit,)\H—&Vp\/z,a);z : Hat”l,V[o,,\);t
1 — |12 2

¥ XA Bt -l

+ HlH*Q,V[o,)\);t ’ HdX;)\H*LV[O,A);t ’ HatHLV[o,A);t < O

Step 3. We prove that ||le; x — €xx|lvi, /0 < cA2.

This is an immediate consequence of F4, A ¢; = 0 and Proposition 4.42 since in V] ,/2).¢

the curvature of Ay ) is given by Fa, , = Fa, + [t A ag] + F1, , — Fa,

lp,*

Step 4. We prove that |le; x — €ialvi, p. 00 < eA2.

In V|;/2,5); the curvature of A; ) is given by

)

. 1 . ) .
FAt,A = Fy, + X?_dAtlt,)\ + 5()(:_)2[115,)\ A Zt)\] + dX?_ A g ).

Since szr‘|e:‘/[a'/2,o');t + ||dXZF||Z,V[U/27G);t < ¢, it follows that

||FAt7)\ - FAt H_2,V[a/2,o');t
< HXt+||2,V[a/2,0)¢ ) Hd[t,AithH*4"/[0/270)#

+ ||er”0"/[o'/2,a);t ’ ||atH17‘/[o'/2,o');t ’ Hitv)‘||737‘/[o'/2,o');t

1
12 Cn2
+ §”Xt HQ,V[[,/Q,U);,f : HZt,A||—3,V[a/27(,);t

+ HdX;rHl’V[G/?yff);t ’ |it’>‘ ’*3:‘/[0/2,0);:: < C)‘2'

We are thus left with estimating

HLtv)‘@ © jt - @ © jthH_Qv‘/[o'/Z,a);t S CHX?_ - 1H17‘/[o'/2,o');t ’ H® © jtvku_gv‘/[o'/&a);t‘

To conclude the proof we observe that ||x;” — 1]| LV < c and that

o/2,0);t

(4.43) HﬁAHCW < X3 grea
YN

it V[O,a);t)

as a consequence of Proposition 2.41 and a simple scaling consideration. O
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4.5 Linear estimates

We denote by X; ) and 2); ) the Banach spaces C Le g R and C%* @ R equipped with the
norms
Il = A Ipoaaliore +Almeralonn + Al and

(@, M, = Yﬁ/QHPt,AQIICg;M T Almeaallcoe + Alnl,
respectively. Here we fixed 0 € (—1,0) and 0 < o < ||. For concreteness one may take
= —% and o = ﬁ. It will become apparent in the course of this section that the choice of

the relative weights between terms involving p; ya and those involving 7; ya is quite natural.

One consequence of the choice of the factor A\~%/2 is that
) et < eA2°2,

because of Propositions 4.37 and 4.38 as well as Corollary 4.36. We consider the linear
operator L;  : X¢ \ — )¢, defined by

Lia(a,n) == (Lix +n- 1200 Ty, (mpaa, 00 Ty)).

Proposition 4.45. Forallt € (—T',T") and X € (0, A] the linear operator Ly ) is invertible,
L;A1 depends continuously differentiably on t and continuously on \ and, moreover, there
exists a constant ¢ > 0, which is independent of t € (—=T',T") and X € (0, A, such that

(4.46) LA @ Ollx, s < el Oy, and
(4.47) IV Ly (B Ol < el (B Ol s

The key to this proposition is the following estimate which we will prove in the course

of this section.

Proposition 4.48. There exists a constant ¢ > 0, which is independent of t € (—T",T") and
A € (0, A, such that

(4.49) 1@ Mz, x < ellLea(@n)ll, 5

Proposition 4.50. The family of operators Ly »: X x — D¢\ depends continuously dif-
ferentiably on t and continuously on \ and there exists a constant ¢ > 0 such that for all
te (=T',T") and \ € (0, A] we have

HLt,)\(Q777)HQ.)t,>\ < C”(Q’”)H%t,x and
HVtLt,/\(QaU)H@t,x < CH(Q777)th,A'
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Proof of Proposition 4.45. By Proposition 4.48 the operator L; , is injective and has closed
range. Hence, we can identify its cokernel with the kernel of L;‘, \- Since Ly  is formally
self-adjoint, it follows from elliptic regularity that the kernel of L; y agrees with the kernel of
L; y and thus is trivial. Therefore, L; ) is invertible. Now, (4.46) follows at once from (4.49).
Since L; ) depends continuously differentiably on ¢ and continuously on A, so does Ly ».
Since VtL;Al = —L;AlvtLt, ,\L;Al, (4.47) follows from (4.46) and Proposition 4.50. [

4.5.1 The model operator on R’

Let I be a finite energy ASD instanton on a G-bundle E over R*. By a slight abuse of
notation we denote the pullbacks of 7 and E to R” = R? @ R* by I and E as well. We
define L;: Q°(R", gp) © Q' (R, gp) = Q(R7, gp) ® Q'(R', gp) by

0o
ds *(wo AN d[)

where

1
Py = le Awy — dz® A wy — dz3t A Wy — dz'? A ws and

wy = dz® + dx67, wy :=dz% — dz*" and ws := dz?" + d2°C.

We have already studied this operator in Section 2.4. I will briefly recall the main results
here. Denote by mr4: R? @ R* — R? the projection onto the second summand and define

weight functions
4.51) w(x) :=1+|rga(z)] and w(z,y):= min{w(x),w(y)}.

For a Holder exponent o € (0, 1) and a weight parameter § € R we define

a—p lf (@) —f(y)!7

flAva, = sup w(z,y
[ ]CB ) d(z,y)<w(z,y) ( ) d(xv y)a
Ifllee @) = lw™ P f| ooy and

k
Hch’g’“(U) = ZO IV fllzge 0y + [V]f]cgfj(U)‘
=

Here f is a section of a vector bundle over U C R equipped with an inner product and a
compatible connection. We use parallel transport to compare the values of f at different
points. If U is not specified, then we take U = R”. We denote by Cg’a the subspace of
elements f of the Banach space C*< with || f|| ol < oo equipped with the norm || - || ol
The linear operators L; can serve as a model for L; ) in the following sense: Fix

t € (-T7,T)and x € P,. SetI := I(J)|n,p, and E := E(J;)|n,p,. Identify T,Y =
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T,P; ® N, P, with R” = R? ® R* in such a way that the summands are preserved and
|1,y is identified with 1y. For £1, 2 > 0 we define

‘/:51,52;t = BEl (x) N ‘/[0752);t‘

Using the exponential map we can identify V;, .,.; with a small neighbourhood UEhEQ of the
origin in R7. With respect to this identification a g B, y—valued tensor field f on V;, ¢, is
identified with a s7 /A0 p—Vvalued tensor field f on 051,82 and if £ € N is a scaling parameter,
then with f we can associate a g p—valued tensor field sy f on Ug, ¢,.) 1= )\*1[751752 defined
by
(k) (@, y) = A F (A, M)

Proposition 4.52. There are constants c,e9 > 0 such that for e € (0,0, t € (=T',T")
and X\ € (0, A] we have

Akt
)\ ||f||Lzo5;t’/\ (X/;’ﬁ;t)’

)\k-i—@
SECLT{y

S
lsea e (0 )
s o and
l k,AfIICﬁg (V. in,) Vo)
<ele+ VA . .
- C( ) HQHCELM,A (Veﬁt)

—1
HLM@ - 827,\L151,,\Q’ 0.0
0—2,6;15,/\ (Veﬁt)

Here ~ means comparable uniformly in ¢ € (0,0, t € (=1",T") and X € (0, A].

We use Proposition 2.70 to write L7 L as

575
(4.53) LiLp=Ags + | 7
5501

and apply Lemma 2.76 to obtain the following result.

Proposition 4.54. Ifa € Q°(R7,gp) ® Q' (R7, gg) satisfies L1 = 0 and ||a| 1~ is finite,
then a is the pullback of an element in the kernel of ;.

Furthermore, we have the following Schauder estimate from Proposition 2.77.

Proposition 4.55. For $ € R there is a constant ¢ > 0 such that
lallcye < C(llLlﬂllcgv_a1 +llallzz)-

4.5.2 Schauder estimate
Proposition 4.56. There is a constant ¢ > 0 such that for all t € (=T",T") and X € (0, A]

the following estimate holds

(4.57) lallere, < e(ILeadleos  +llalix, ,,,):

—1,6;t,A
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Proof. Tt suffices to show that there is a constant ¢ > 0 such that for all t € (—=T",T"),
A € (0,A] and x € Y there exist open sets U and V' such that

lalere, @) < e(ILaleos, @)+ lali,, 0)):

For z € Y with 74(2) < v/ such an estimate follows from Propositions 4.52 and 4.55. For
x € Y with r¢(2) > /X one can take U = B, (z)/8(z) and V = B, (;)/4() and argue as
in the proof of Proposition 2.77. O

4.5.3 Estimate of ||p; \a/| 1~

1,85t,A

Proposition 4.58. There is a constant ¢ > 0 such that for all t € (=T",T") and X € (0, A]
the following estimate holds

(4.59) lalli, < c(IBalioos . +Imeadllex, ).
Proof. 1f not, then there exist sequences (¢;), (A;) and (a;) such that lim;_,, A\; = 0,

HQZ HLiol,E;t,L-,A,L- = ]"

Zli)Igo ||Ltb,Ale||Cg,ZCV’5t \ e 0 and

i

(460) lll)n;) ||ﬁ-tu/\1Q2HL301757tw)\1 =0.

After passing to a subsequence we can assume that (¢;) converges to a limit t. From

Proposition 4.56 it follows that

(4.61) lallpre  <ec

—1,85t5,;

Pick a sequence (x;) of points in Y such that
wo1si;,7 (wi)|ag | (2i) = 1.

After passing to a subsequence we can assume that one of the following cases occurs. We

will show that each of them leads to a contradiction, thus proving the proposition.
Case 1. The sequence (x;) accumulates away from P;: im;_,o 14, (x;) > 0.

By (4.61) the sequence (a;) is uniformly bounded in C1*® on each compact subset of Y\ P;.
Arzela—Ascoli and a diagonal sequence argument thus yield a subsequence of (a;) which
converges to a limitaon Y\ P, in Cﬁ)’g/ ?_ Since we can also arrange that the corresponding

subsequence of (z;) converges to a limit 2 € Y\ P; for which r;(x)'*|a|(x) = 1, it follows



116 CHAPTER 4. G9—INSTANTONS, ASSOCIATIVE SUBMANIFOLDS ...

that @ cannot vanish identically. However, g also satisfies

(4.62) |ritoal e <1 and
(4.63) La,pa=0 onY\P,.

Since § < 2, it follows from (4.62) that a satisfies (4.63) on all of Y in the sense of
distribution and hence is smooth by elliptic regularity. This contradicts the hypothesis that
Ap and hence A; is acyclic, i.e., that L 4, 4, has trivial kernel.

Case 2. The sequence (x;) quickly accumulates near Py: lim;_,oo 71, (i) /Ai < 00.

After passing to a subsequence we can assume that (x;) converges to a point z € P;. With

the notation of the paragraph preceding Proposition 4.52, set

b@ = 81,)\2‘ (QZ|V\/XZ,\/XL,15)

This sequence satisfies

15:0 e

< d 1 b | .
_1+6(Uﬁivﬁi?)\¢) S c an Ziglon I,ZHCBS_HS ,

and if (y;) denotes the sequence of points in U, 5 5 ., corresponding to the sequence (z;),
then

w(y) 70 1bl (yi) >

N

where w = 1 + |wRa| as in (4.51). Since the sequence of subsets U\f/\mﬁ\i;/\i C R'is
exhaustive, Arzela—Ascoli and a diagonal sequence argument yield a subsequence of (b;)
which converges to a limit b on R7 in C’llo’?/ 2, By translation we can arrange that the R3—
component of y; is zero and thus |y;| is bounded. After passing to a further subsequence (y;)
converges to a limit y € R7. At this point we must have w(y)'~°|b|(y) > 1/2 and thus b

cannot vanish identically. It follows from Proposition 4.52 that b satisfies
|w =Bz <2 and Lib=0.

Moreover, using (4.60) and arguing as in the proof of Proposition 4.37, making use of the
hypothesis § < 0, one can show that each restriction of b = 0 to a slice {x} x R* is

L?—orthogonal to ker 67. This, however, contradicts Proposition 4.54.
Case 3. The sequence (x;) slowly accumulates near Py: lim;_o0 ¢, (i) /Ni = 00.

In a similar manner as in the previous case we set

b; i= 51 (Qih/ﬁmt)
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and denote by (y;) the sequence of points in U Voo, Again, we can assume that the
R3—component of y; is zero. After passing to a subsequence we can assume that one of the

following two cases occurs.
Case 3.1. We have |y;| < 1/v/\; forall i € N.

Set
b= [yl b (lyil - =) and G == wi/|uil-
Again, Arzela—Ascoli and a diagonal sequence argument yield a subsequence of @Z) converg-
ing to a limit b on R”\ (R? x {0}) which cannot vanish identically, since |§|'~%|a|(7) > 1/4
with ¢ := limy_, o y;. However, é also satisfies

(4.64) [ ~°b||L~ <4 and
(4.65) Lb=0 onR"\ (R?x {0}).

Here w := |mR4| and L is defined by
(4.66) La := (d%a,d¢ + *(¢p A da)).

Since § > —2, it follows from (4.64) that é solves (4.65) on all of R7 in the sense of
distributions and hence is smooth by elliptic regularity. Moreover, using standard elliptic
estimates one can show that b is uniformly bounded near R? and therefore by (4.64) on all of
R7 since § < 1. Because L*L = Ags + Aga, we can now apply Lemma 2.76 to conclude
that é is invariant under translations in the R*—direction. We can thus think of ﬁ as a vector
of harmonic functions on R*. Since § < 1 it follows that the components of b decay to zero
at infinity and thus vanish by the maximum principle. This, however, contradicts the fact that

b cannot vanish identically.
Case 3.2. We have |y;| > 1//\; forall i € N.

If we set
b = Ny TOb;(Jysl - =) and  §i == yi/lyil,

then we obtain the desired contradiction by arguing, mutatis mutandis, as the previous case.

The relevant constraint on J is easily seen to be that § € (—1,2). O

4.5.4 Comparison with 7,

The connection on Hte(—T,T) N P, induces connections on the bundles over (—7",7") whose
fibres are Cova(jz" L\VI,) and Cl’a(§; L VN,), respectively. We denote the corresponding

covariant derivatives by V.
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Proposition 4.67. There is a constant ¢ > 0 such that for all t € (=T",T") and X € (0, A]
the following estimate holds

ILeatend — 5,3 o0 < eAN?[3]lcre  and
—2,05t,A

[(VeLer)iend = ua(ViFs)lgns < NIl

Proof. Consider the operator L;: QV(NP;, gg,) ® Q' (NP, gg,) — QNP gg) @
QYNP,, gg,) defined by

Lija = (d7, \a,dr, & + *0(Yoir Adp, ya)).

If we identify J € T'(3XVON,) with an element of Q! (N P, g, ), then since d5 (@) Gln.p) =
0 we have
Et,)\ﬁ = (0, *0 [%;t A (dlmj)l’l})

which is the same as 57 o F5, o s3(J).

In order to prove the first estimate it thus suffices to control the following terms

Lt,,\bt,Aj - Lt,)\FStj = Lt,/\(bt,,\ﬁ ~ 3+ (Lix — it,A)ﬁ/\ +(sin e P53 - Lt,/\Fth)

=1+ 11+ 1II
on V), Itis easy to see that

< N3

[T o A Vo) <

- ,o;t,/\(v[()ya);t

)+ Lo
by using that fact that I and III are supported in V|, 2 ).+ and the estimates

[Leaallgoe and || F5,3][con < cl|Tfcre-

i (Vio,o)st) < CHQHCi’ﬁm

t,A(V[Oyff):t)

as well as

[t 2T — j’\HCf’ZO (

it Vie/2,0);t HJAHCE’;M

+ _
) <l = ere v

a/2,o’);t) . 7/\(‘/[o'/2,o');t)

< N3] gn o
To estimate II we expand it as

II= *(% A (Aex — Tia) A ﬁ/\) + *<(¢1;t + Pzo) A dlmjk>

+ (= %0) (Yoyr A dp, ,3n)
=: IIl =+ IIQ + 113
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It follows from Proposition 4.42 that

468)  [Aip —Iiallcos

AVo,0):¢) - HX;)\at + (X?_ - l)it,)\HCOva

1,0;t,)\(V[0,U);t) -

which in conjunction with (4.43) yields

|11, < eX?| 3ot
A

|| 0,
072,0;75,

From Proposition 2.41 and simple scaling considerations it follows that

1(dr, \33) "l oo < eI

—3,0;t,A(V[010');t

) + ” (dlt,)\jA)OJ ||00’CY

—4,0;t,/\(V[0v0):t)
Since 0y, (z) (3|n,p,) = 0, we have
Yo A (dr, I3 = i A (dr, ,32)? = 0.
These facts together with Proposition 4.39 imply that
Il3| 0.0 3]l 00 < NI e
Mallgog,  +IMallgog, < eX?3len

This finishes the proof of the first estimate. To prove the second estimate note that the

individual terms of

(ViLiaten)T — ViF5,3 = (ViLix) (1603 = T0) 4+ Vie(Ley — Len) Ty
+ (ST/A o Vtthﬁ — L,;)\Vtthﬁ)

can be estimated just as above. 0
Proposition 4.69. There is a constant ¢ > 0 such that for allt € (=T",T") and X € (0, A]

we have
3l < e(limeaLeateadlioon +

<ﬁ, o jt> D .
Proof. By hypothesis we have

13lere < (112 3loon +

(3,003)|)
for t = 0 and thus also for t € (—T",T"). Together with
1B 3llcoe < elImaLentendlicon + X llore ),

which is an immediate corollary of Propositions 4.37 and 4.67, this immediately implies the

asserted estimate by rearranging. O
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4.5.5 Cross-term estimates

Proposition 4.70. There is a constant ¢ > 0 such that for all t € (=T",T") and X € (0, A]

we have

lpeaLeten T oe <A "|3||cra  and
—2,0;t,

HPt,A(vtLt,A)Lt,AfTHCE;O.t < A3 e

as well as

ImesLiaperallcon < A lpraalore — and

17\ (VeLes)piaalcoe < eA™%peaafcre

Proof. The first two estimates are immediate consequences of Propositions 4.37 and 4.67

because

Pt ALyt \T = pt,)\(Lt,/\Lt,)\j - Lt,/\thj)

and similarly for VL ».
To prove the last two estimates first note that we can assume without loss of generality
that a is supported in Vg ;) and that @ = p; xa. Define 7 ) : QY NP, gg,) — LTV

by
(Tepa)(x) = ;/prt<a, ST/AK>ST/>\/{

where, at each point # € P;, x runs through an orthonormal basis of (VI;);,(,) with
respect to <s*{/)\-, s*{/)\-> and set p;  := id — 7 . One can check 7; xa = 0 implies that

T, Af/,; ya = 0 where it, » s as defined in the proof of Proposition 4.67. Therefore

T L ape e = T A (L x — f/t,)\)pt,)\g + (T — ﬁt,A)th,APt,AQ + 7~Tt,/\it,)\(,0t,>\ — pea)a

—: Al + 11+ IIL

Define 7:rt, A like 7y but take the inner product with ¢; \x instead of s] AR and let k run
through an orthonormal basis with respect to (¢ -, ¢z, x+) 2. If I and III denote the same
expressions as II and III but with 7:rt, » in place of 7; » and id — 7:rt7 A in place of p; », then
IT and III are supported in Vis/2,0) and one can argue as in the proof of Proposition 4.67 to
show

[l coa + [con < eA™all o

1,85t

The eigenvalues of the quadratic form (¢4 y-, ¢4 x-) with respect to <s’l‘ /AT s} / )\-> differ from
one by O(\*); hence, the differences between II and IT as well as between 111 and II1 are

negligibly small.
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To estimate I we write it as

L= (Y A (Agx — L) A peaa) + * (W1 + ¥s24) Adp, , praa)
+ (x — *0) (Yo A dr, \peaa).

Using Propositions 4.37, 4.39 and 4.40 as well as and (4.68) it follows that

<c\ ¢ <c\“
Imeplllcoe < A= Mlgoe (v, 00 < A lallore -

This finishes the proof of the third estimate. The last estimate is proved along the same

lines. O

4.5.6 Proof of Proposition 4.48

Applying Propositions 4.56 and 4.58 to p; ya and using Proposition 4.37 yields

Hpt”\g”cﬂﬁg;t,A < cHLt,APt,AQHCE’;&M

<
<c (Hpt,)\Lt,)\QHC(};&t’A

HpeaLiafiaaleos  +NmaLiapiaalcoe ) -
By Proposition 4.69

Imeaalore < cllmalialgoe + (e aa, 0 0 Tu)| + [[maLspeaallcoe).

Recalling the definitions of || - ||x, ,.
that

“[l9),., and Ly », and using Proposition 4.70 it follows

(@, mllz.n < c(Leala, )l + A (@ n)llx,,)

which yields (4.49) by rearranging. O

4.5.7 Proof of Proposition 4.50

It is clear that L; 5 depends continuously differentiably on ¢ and continuously on A. By

Propositions 4.67 and 4.70 as well as Corollary 4.36 and Proposition 4.37 we have

L o < (L oy o . )
”Pt,A t,AQHCE’z,a;t,A <cl|l t,/\Pt«\QHCEz,s;t,A+)\ Hm,)\ Mpt’AQHCO
Liswealeos )
+lpe t,Aﬂt»A@”CE’g,a;t,A

< . 2+46/2—0r a)
< c(lloeaalione,  +3 " maaln
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and

ImeaLepalcoa < 1By maallcon + [ImeaLepeaalcon + X ™| ma] coe

< c(lImaallore + A lpiaalors, )

1,0;t,A

This yields [|Ly zally, . < cllallx, . In a similar way one shows that [|[V:L; xally, , <
cllallz, - O

4.6 Quadratic estimate

By a slight abuse of notation we denote by Q; \ the quadratic form defined in (4.33) as well

as the associated bilinear form.

Proposition 4.71. The bilinear form Q) depends continuously differentiably on t and
continuously on \ and there exists a constant ¢ > 0 such that for t € (=T",T") and
A € (0, A] we have

lpeaealar,a)los,

< c>\_0‘(||P1t,/\Q1Hcgﬁé;t’A ' ||Pt,/\Q2Hcgft’5M + Hpt”\QlHCg’ﬁg;m [l aasllcoa

Flmiagillone - lpiagsllcoe,  + ITiagilloo - [7iagallcoe )

and
||Pt,,\VtQt,/\(Q1aQQ)HCO_,QC«’&M
<A (lpaalleos - loaasllons,  +loaaillcos | - lImergallco
+lmeaasllcoe - HPt,AQQHCgﬁ&M + |17 a0 || coe - Hm,x@zHcoya)
as well as

AT Qe (s, as)llco.o

< (loaallong, - loeaaallcos,  +lotaaillcns, - Imiagslcoe

Hlmeaaillone - Ipoagslcon,  +Almaa loos - Imrgsllons
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and

A meAViQi(ay, as)l| o
< ck‘“(\lpt,xgﬂ\og»ﬁm Noiagallon  Flleaallcon - Imeagsllcos

+”7Tt,)\Q1HCO»a : HPt,,\QQHCgfc&M + /\Hﬂt,A%HCOva : H7Tt,AQ2HCOva>~

Proof. The first two estimates are immediate consequences of Propositions 4.35 and 4.37.
For the last two estimates we only have to explain why we get a factor \ (instead of A?) in

front of |7, [|co.e - |7 Aas||co.o. Note that

. . 0,1
[*o (Lt,,\31 AtgpJa A ¢O;t)} =0

on grounds of simple bi-degree considerations. Therefore, using Propositions 4.37, 4.39 and
4.40,

17t AQe (122 T1, 112 T2) o0 <A™ (H(* —#0)(1AJ1 A 12Tz A Vlicog, |
4 H *0 [Lt,)\jl A Lt,Aﬁ2 A (wlst + wZQ?t)]HCE’?&t A)

< ATt goa - [Tallgoa- O

4.7 Conclusion of the proof of Theorem 4.7

Proposition 4.72. There is a constant ¢ > 0 and for t € (=T",T") and A € (0, A] there
are a(t,\) € CH(Y, (A ® AY) @ gg, ) and n(t, \) € R depending continuously dif-
ferentiably on t and continuously on \ such that the connection flm A= A+ oa(t,N)

satisfies
4.73) * (FAM A wt) +dg, (6 A) + (u(t) + 0t A) - 1aD0 Ty =0
and

la(t, Mllx,, < eA*™ and |9t )| + |9 (t, N)] < AT

The proof relies on the preceding analysis and the following simple consequence of
Banach'’s fixed point theorem, cf. [DK90, Lemma 7.2.23].

Lemma 4.74. Let X be a Banach space and letT: X — X be a smooth map with T'(0) = 0.

Suppose there is a constant ¢ > 0 such that

1Tz — Tyl < c(ll=ll + lylDllz = yll
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Then if y € X satisfies ||ly|| < 15, there exists a unique x € X with ||z|| < & solving

4+ Tz =y.

The unique solution satisfies ||x|| < 2|ly||. Moreover, if T and y depend continuously or
continuously differentiably on a parameter in an open subset of R", then so does the solution

xX.

Proof of Proposition 4.72. We solve (4.73) with the additional constraints
dzt/\(l =0 and <7Tt7)\Q,’LA)Ojt> = 0.

This can be written as
Lix(a,n) + Qeala) +e,n = 0.

With (a,7) = L; | (b, ) this becomes

(4.75) (b, ¢) + Qe (b, C) + ern = 0.

where Qt, A i=Qpa o0 Lt_)\1 It follows from Propositions 4.45 and 4.71 that

||Qt,)\(bla Cl) - Qt,)\(b% C2)||5?~jt,,\
< AT (bys Gl + (B2 )l ) 1 (Brs 1) = (B2, Go)l -

and we recall from (4.44) that
Het,)\Hng\ S C)\Q_a.

Hence, we can solve (4.75) using Lemma 4.74 since § € (—1,0) and 0 < o < |0|. The
solution satisfies |(b, ¢) |y, , < cA2=% and (V,;b, 9;¢) solves the equation

(4.76) (Vib, 0:Q) + ZQt,)\((ba (), (Vib,0:C)) + (tht,/\)@ () + Vie) =0.

since [2Q1 (b Y,y < 21+l and [(Ve@en) (B, ) + Vierallp,, < A2, it follows
that [|(Vb, 3:¢)|lp, , < ¢A*~*. This implies the desired estimates on (a,7) = L, (b¢)
and its derivative by Proposition 4.45. 0

The problem of finding A, is now reduced to constructing ¢: [0, A] — (=T",T") such
that £(0) = 0 and

pu(t(A) +n(t(A), A) =0

for t € (0,A]. But this is an immediate consequence of the following implicit function
theorem, because 1(0) = 0, 9;1(0) # 0 and || + || < A=,

Proposition 4.77. Let ¢, > 0 and suppose that f: [—¢, €] x [0,] — R is a continuous
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function such that for each y € [0, 0] the function f(-,y) is strictly monotone and f(0,0) = 0,
then there is a &' € (0,0] and a continuous function x: [0,0'] — [—e, €] such that (0) = 0
and f(z(y),y) = 0 forall y € [0,5'].

The proof is elementary, but for lack of a good reference I give the details here.

Proof. Note that for each y € [0, d] there is at most one = € [—¢, £] such that f(z,y) = 0.
On the other hand there is such an z if y € pry(U™F)Npry(U~) where U™ := f71[0, 00) # 0,
U™ := f1(~00,0] # () and pro(UT) N pry(U~) denote the projection onto the second
factor. Since U* are open sets and pr, is an open map the set pro(U ™) N pry(U ) is open
as well and thus contains an interval of the form [0, §'] for some ¢’ € (0, §]. This defines the
map x: [0,0'] — [—e,¢].

If (y;) is a sequence in [0, §’'] converging to y, then f(limz(y;),y) = 0 because f is
continuous. However, there is precisely one « € [—¢, €] such that f(x,y) = 0 and therefore

2(y) = lim(y;). 0

The resulting connection Ay := At( A),» Will be smooth by elliptic regularity. That Ay
converges to Ag on the complement of Py and that at each point z € Py an ASD instanton
in the equivalence class of J(x) bubbles of transversely is clear, since we constructed
Ay ) accordingly and Ay is a small perturbation of Ag x. This concludes the proof of
Theorem 4.7. 0
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Chapter 5

Spin(7)—instantons, Cayley
submanifolds and Fueter sections

One may be tempted to try to build an analogue of Donaldson theory for Spin(7)-manifolds.
Again the main obstacle is that moduli spaces of Spin(7)—instantons need not be compact in
general. The possible non-compactness phenomena are similar to those for Ga—instantons
described in Theorem 4.1. In particular, we expect to encounter bubbling along Cayley

submanifolds. In this chapter I discuss the following Spin(7)-analogue of Theorem 4.7.
Theorem 5.1. Let (X, ®) be a compact Spin(7)—-manifold. Suppose we are given

o an unobstructed Spin(7)—instanton Ao on a G-bundle Ey over X,

o an unobstructed Cayley submanifold () and

e an unobstructed Fueter section J of an instanton moduli bundle O associated with Q)

and Ey|q.

Then there exists a constant A > 0 and a G-bundle E together with a family of unobstructed
Spin(7)—instantons (Ax)xe(o,a] o E. Moreover, as \ tends to zero Ay converges to Ag on
the complement of Q) and at each point © € @ an ASD instanton in the equivalence class

given by J(x) bubbles off transversely.

Remark 5.2. The notions of instanton moduli bundle and Fueter section, and what it means

for a Fueter section to be unobstructed will be defined in Section 5.1.

The proof of Theorem 5.1 is very similar to the proof of Theorem 4.7 and we thus
keep our discussion rather brief; After presenting the proof over the course of the next four
sections, I will give concrete examples of situations in which Theorem 5.1 can be applied
and mention a potential application to Spin(7)-manifolds with K3 Cayley fibrations (with
singular fibres) in Section 5.6; in particular, I recover some results earlier obtained by Lewis
[Lew98].

127
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5.1 Fueter sections of instanton moduli bundles over Cayley sub-

manifolds

Let ) be a Cayley submanifold in a Spin(7)-manifold (X, ®). As in Section 4.1 we fix a
moduli space M of framed ASD instantons on a G-bundle E over R* and denote by E a

G-bundle over () together with a connection A.

Definition 5.3. The instanton moduli bundle 9t — (@ associated with ), E, and M is
defined by
M = (Fr(NQ) x Ex) Xso()xa M.

Example 5.4. If M = (Re(ST ® C?) \ {0})/Z2 x R?, as in Example 4.11, and we pick

spin structures as in Remark 1.80, then
M = (5 X u X Ex) Xspin@yxag M = (Re(ST ® Ex) \ {0})/Z2 ® NQ

Denote by Noo P := Fr(NQ) xgo(4) 5% the sphere-bundle obtained from NP by

adjoining a section at infinity.

Theorem 5.5 (Donaldson—Segal [DS11] and Haydys [Hay12]). To each section J € T'(9N)
we can assign a G-bundle E = E(J) over NooQ together with a connection I = I(J) and
aframing ©: E|o — Eoo such that:

e For each x € Q) the restriction of I to N,Q represents J(x).
o The framing ® identifies the restriction of I to the section at infinity with A...

It is natural to impose the condition that
: lim 87,79 (Fp,) =
(5.0) )\1_>H551/A7T7( n) =0

where 7Y denotes the zeroth order Taylor expansion of 77 off ). It can be read off from
Proposition 1.50 that equation (5.6) splits into two parts. The first part is just the condition

that the restriction to the slices to be ASD, while the second part can be written as
(5.7) (Fh =o0.

Equation (5.7) can be understood as a partial differential equation on J as follows. Define
the vertical tangent bundle VO to 1 by

V.= (FI“(NQ) X Eoo) XSO(4)><G TM.

If J is a section of 9, then ® selects a subbundle Homg (7°Q), T*VON) C Hom(7'Q, T*VIN)
and there is a “Clifford multiplication” map v: Hom(7'Q, V) — Home (7T'Q,VIN) as
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discussed before in Section 1.3.2. Moreover, the connections on NP and F, induce a

connection on 9 assigning to each section J its covariant derivative VI € Q' (J*VIN).

Definition 5.8. The Fueter operator § = §o associated with 901 is defined by
JeT' (M) — FoJ :=~(VI) € I'(Home (TQ,T*VIM)).
A section J € T'(9MN) is called a Fueter section if it satisfies
§J=0.
Example 5.9. If M is as in Example 5.4, then the Fueter operator § lifts to the twisted Dirac

operator D: T'(Re(ST ® (Foo ®U)) — I'(Re(S™ @ (Ex ® U)).

The Fueter operator § is compatible with the product structure on 9 = M x NP
corresponding to M = M x R%. Its restriction to the second factor is given by the Fueter

operator F{ associated with ().

Theorem 5.10 (Donaldson-Segal [DS11] and Haydys [Hay12]). If J € T'(ON), then we can
identify T'(Homg (T'Q, J*VIN)) with a subspace of Q> (NQ, gE(j)). With respect to this

identification we have the identity
53 =)

where x is the Hodge—x—operator on N P. In particular, 1(3J) satisfies equation (4.17) if

and only if J is a Fueter section.

Definition 5.11. The linearised Fueter operator
Fj = Fj@ : F(J*Vﬁ)ﬁ) — F(Honm;(TQ,TVSﬁ))
for 3 € I'(9M) is defined by

A~

) :=7(VJ) € I'(Homg(TQ, T*VIM)).

»

F5a(

Definition 5.12. A Fueter section J is called unobstructed if the linearised Fueter operator

F5 is surjective.

Example 5.13. If M is as in Example 4.11, then the linearised Fueter operator F5 lifts to
the twisted Dirac operator D: I'(Re(ST ® (Eoo ® U)) — I'(Re(S™ @ (Eso ® U)). In
particular, it only depends on the spin structure s and not on J. Using the Atiyah—Singer

index theorem we can compute that in the current situation

(5.14) index F% = —iU(Q) —/ c2(Foo)
Q
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where Fj is the restriction of F5 to V.

5.2 Approximate Spin(7)-instantons

Throughout the next three sections we assume the hypothesis of Theorem 5.1. For simplicity

we will also assume that A is irreducible. This assumption can be removed as in Section 2.6.

Proposition 5.15. For each \ € (0, A] we can explicitly construct a G-bundle E) together
with a connection Ay = A#,J from Ey, A € o/ (Ey) and 3. The bundles E) are pairwise

isomorphic.

Before we embark on the proof, let us set up some notation. Fix a constant ¢ > 0 such
that the exponential map identifies a tubular neighbourhood of width ¢ of ) in X with a
neighbourhood of the zero section in N@Q. For I C R we set

Ur:={veNQ:|v|el} and Vi:={zxeX:r(x)el}

Here r :=d(-,Q): X — [0, c0) denotes the distance from (). Fix a smooth-cut off function
x: [0,00) — [0, 1] which vanishes on [0, 1] and is equal to one on [2, c0). For A € (0, A]
we define xy : X —[0,1] and x™: X — [0,1] by

Xx (@) = x(r(z)/2A) and x*(z) =1 - x(r(z)/20),
respectively.

Proof of Proposition 5.15. Using radial parallel transport we can identify £(J) over U g )
for some R > 0 with the pullback of E(J)| to said region and similarly we can identify E
over V|o ) with the pullback of Ep|q. Hence, via the framing ® we can identify s} nE (9)
with Ej on the overlap V|, . for A € (0, A]. Patching both bundles via this identification
yields E).

To construct a connection on E) note that on the overlap I, := s} / W (J) and A can be
written as

In=Alg+iy and A=Alg+a.

Here and in the following, by a slight abuse of notation, we denote by A|¢g the pullback
of A|q to the overlap. We define A) by interpolating between I and A on the overlap as

follows
(5.16) Ay = Alg+xya+ xTix O
In order to prove Theorem 5.1 we will solve the p.d.e.

(5.17) (dh,a m7(Fay+a)) = Laa + Q(a) + m7(Fa,) =0
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with Ly := Ly,, see (1.110), and Q(a) := 3m7([a A a]) for a € Q'(X, gp,). Recall, that
we made the additional assumption that Ay is irreducible. In case Ay is reducible, we would

only solve dy @ = 0 “modulo H .

Convention 5.18. We fix a constant A > 0 such that all of the statements of the kind “if
A € (0,A], then ...” appearing in the following are valid. This is possible since there
are only a finite number of these statements and each one of them is valid provided A is
sufficiently small. By ¢ > 0 we will denote a generic constant whose value does not depend

on A € (0, A] but may change from one occurrence to the next.

For A € (0, A] we define a family of weight functions wy s.» on X depending on two
additional parameters £ € R and § € R as follows

NN +r(x)"0 ifr(z) < VA

wy s (T) = T(x)7£+§ if r(x) > VA

and set wy 5.\ (z,y) := min{wy s5.\(z), we g2 (x)}. For a Holder exponent o € (0, 1) and

£,6 € R we define (semi-)norms

1fllzes, ) = Nlwesaf |y,
_ |f(z) = f(y)]
At = 30, tresale ) g o
d(z,y)<A+min{r(z),r(y)}
k
o k k
I lere, ) = ZOHV g, sa@) T IV flgga
J:

Here f is a section of a vector bundle over U C X equipped with an inner product and a
compatible connection. We use parallel transport to compare the values of f at different
points. If U is not specified, then we take U = X. We will primarily use this norm for
g£,—Vvalued tensor fields.

The norms || - || o have the same general properties as the norms || - || che introduced
in Chapter 4; in particular, Proposition 4.35 and Corollary 4.36 hold mutatis mutandis.
We introduce maps py: I'(T*VIN) — QN(X,gg,) and vy: ['(Home(TQ,T*VIN)) —
Q2(X, gg, ) defined by

and

V)\‘i = 777(X+s’1k//\‘§),

respectively. Here we first identify J € T'(J*V90) with an element of Q' (NQ, E(J)), then
view the restriction of its pullback via sy, to Upg o) as lying in Ol (V[OJ) ,8E, ) and finally

extended it to all of X by multiplication with xT; similarly we proceed with <. Moreover,
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we define my: Q'(X,gp,) — D(T*VIM) and oy : Q3(X, gp,) — ['(Home(TQ,T*VM))

by
w,\a / a u;ﬁ
Z N

and

(ora)( Z/r (o, vAB)8

respectively. Here x runs through an orthonormal basis of V)5, with respect to the
inner product (giy-, x-) and S runs through an orthonormal basis of Homg (TIQ, meg(x))
with respect to the inner product (vy-,vy-). Clearly, mypuy = id and o\vy = id; hence,
Ty := pmy and 7 := v)0o) are projections. We denote the complementary projections by
px = id — 7y and 7) := id — 7). By arguing as in the proof of Proposition 4.37 one can

show the following result.

Proposition 5.19. For { < —1 and § € R such that { + 6 € (—3,—1) there is a constant
¢ > 0 such that for all and \ € (0, A] we have

1-¢ 1+l—a
H/L,\JHCO(x <cA™ ”J”C()a and ||myal|coe < cA ”aHC?él)\(‘/[O,U))

as well as

1-¢ 1+l—a
Elgpe <A Tlore and oralcnn < A algne g

In particular, 7y, py, ) and Ty are bounded by cA™ with respect to the C’?’(S(),‘A—norms.

We denote by X and 9 the Banach spaces C1*Q (X, g, ) and C%*0°( X, gp, ) @
C%*0%(X, gg, ) equipped with the norms

)

lallxy := A7 llprallgre +Allmaallgre and

—6 -6
1€ @)l = A2l o+ A" Imaall o+ Allorallcoe,

respectively. Here we fixed 6 € (—1,0) and 0 < o < |d|. For concreteness one may take

_ _1 _ 1
0= 5 and o = 5z.

Proposition 5.20. There exists a constant ¢ > 0 such that for all A € (0, A]
l7m7 (Fay) lpy < eX®7.

We leave the details of the proof to the reader since it is completely analogous to that
of Proposition 4.38 making use of the analogues of Propositions 4.40, 4.41, 4.42 and the

following result whose proof proceeds in the same way as that of Proposition 4.39.
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Proposition 5.21. In the tubular neighbourhood Viy ¢y of Q we can write 77 as

>2
7r7:ﬂ$+7r%+7r7— .

where 7k vanishes on A~ N*Q and there is a constant ¢ > 0 which is independent of
A € (0, A] such that

0 1 >2
Imzllcos ooy F1mrllcrs i) H 177 leoe (.00 < &

5.3 Linear analysis

Proposition 5.22. For A € (0, A] the linear operator Ly: Xy — 2 has a right inverse
Ry: Y — X and there exists a constant ¢ > O which is independent of A € (0, A] such
that

[BA(E )z, < €l (€, )l

This is the key to proving Theorem 5.1. The proofs of Proposition 5.22 and Proposi-
tion 4.45 are similar in many details; however, in the current situation it is more convenient

to produce R) by gluing various local right inverses “by hand”. We decompose L) as
R
Ly — SN DY
qr £

Ry = 0\LaTy, £ :=T7\Lypy,

where

pr:i=0xLapx, and qy:=TAL\TA.

In the course of this section we will show that ) is essentially the linearised Fueter operator
F5, which has a right inverse by assumption, and that local right inverses for £, can be
seen to exist by considerations of model operators on R® and on the complement of Q,
while p) and g, are negligibly small terms. An approximate right inverse R) can then
be constructed by carefully patching together the local right inverses. Finally, a simple

deformation argument will yield R ).

5.3.1 The model operator on R®

Let I be a finite energy ASD instanton on a G-bundle E over R*. By a slight abuse of
notation we denote the pullbacks of I and E to R® = R* @ R* by I and E as well. We
define Ly : QO(R87 gE) - QD(R87 gE) ©® Q%(Réga gE) by

L;(a) := (d}a,m7dga).
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Here 77 is taken with respect to the standard Spin(7)-structure ®y on RS2, see (1.36). By

(1.116) we can, with the appropriate identifications being made, write
Lr=0—-L;

where we think of I as a Go—instanton on {0} @ R3? @ R* and L; is as in (1.103). In
particular, using Proposition 2.70 we see that

516%
(5.23) LLi=LiL;=Aga+ | 1
5167

and, hence, we can argue using Lemma 2.76 as in Section 4.5.1.

For a Holder exponent v € (0, 1) and a weight parameter S € R we define [f] oy
8
HfHL%o(U) and HfHCk,a(U) as in Section 4.5.1, but with weight functions defined by
8

(5.24) w(z) :=1+|pry(x)| and w(z,y) = min{w(z),w(y)}

where pr,: R* @ R* — R* denotes the projection onto the second summand. If U is not
specified, then we take U = R®. We denote by C’]g’a the subspace of elements f of the
Banach space C*® with HfHC;/;,a < oo equipped with the norm || - Hcg,a.

The linear operator L can serve as a model for L in the following sense: Fix z € (). Set
I:=1(3)|n,0 and E := E(J)|n,q- Identify T, X = T,Q & N,Q with R® = R*® R*in
such a way that the summands are preserved and @ |7, x is identified with ®. For 1,2 > 0
we define

V617€2 = Be, (x) N V[0762)'

Using the exponential map we can identify V, ., with a small neighbourhood 051,52 of the
origin in R®. With respect to this identification a gp, —valued tensor field f on V., ., is
identified with a s} /20 g—valued tensor field f on 051,52; xand if k£ € N is a scaling parameter,
then with f we can associate a g p—valued tensor field s \ f on Ue| ¢,.) 1= )\_1U51752 defined
by

(skf) (@) = A F(Az, Ay).

Proposition 5.25. There are constants ¢,y > 0 such that for € € (0, 0] and X € (0, A] we

have

1
- ”f”LZ"a;A(VE,Nﬁ) < k,AfHLm( ) S [RA

Ua,Nﬁ;Ai 0,651 (Va,Nﬁ)’
) S NN

£,8:) (Va,Nﬁ) and

1
7)\k+£ o < s o
C ||f”cf,’5,>\ (V;:,Nﬁ) o ” k)\fHC?-;—é (UE,N\/X;)\i

%5 (Ve,zvﬁ) selet ﬁ) HaHC&l&vM (V&Nﬁ) ‘

HL)\CL — SQ_&LISLACL‘
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For 3 < —1 we define ; : Cg’a — CF(R*, ker 67) by

wr(z) = Z(a(x, )y K) 2R K

K

where « runs through an L? orthonormal basis of ker 7 and set
ng’a = kermr N C’;’a.

The projection operators 7y and o) can be viewed as “global versions” of ;. It follows from
the discussion at the beginning of Section 4.1 that Li; defines a linear operator Lj : 2[[13’0‘ —

07
A%

The key result of this section is the following.
Proposition 5.26. For € (—2, —1) the linear operator Ly : Ql;’a — Ql%’fl is invertible.
The proof rests on the following estimate.

Proposition 5.27. For € (—3,—1) there is a constant ¢ > 0 such that for all a € Qlé’a
the following holds

oy < llbsalegs,  and

Hchéva < CHL?GHCgfl.

Proof of Proposition 5.26 assuming Proposition 5.27. From Proposition 5.27 it follows that
L;: Q[}i’a — Ql%’fl is injective and its image is closed. Thus we can identify its cokernel
with the kernel of L7 : <2(%’f‘1>* — <Qléa>* Since 8 € (—2,—1), the image of 7 is
contained in Cgf‘l and thus Cgf‘l = ng’fl @ im ;. Via this splitting we can extend any
b € ker L, to an element of (Cg’fl)* which still satisfies Lb = 0. By elliptic regularity
b is smooth and it follows from Lemma 2.76 that b is invariant under translations in the
R*-direction. Now b must be contained in C’i’g‘f 5 Since —3 — 3 € (-3, —1), it follows

that b = 0 by Proposition 5.27. Therefore L; is also surjective; hence, invertible. O

Proof of Proposition 5.27. By now we have seen the argument used to prove Proposition 5.27
a number of times, so we will go through the steps quickly and restrict to the case of L as
the case L7 differs only be a slight change in notation. First it is easy to see that there are

Schauder estimates
lall g < e(ILrallse, +lallzs )
with ¢ = ¢(8) > 0. The crucial step is then to show that if 5 € (—3, —1) there is a constant

¢ > 0 such that for all a € Qlé,’a we have

lallg < ellLrallco..
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Again, this is proved by contradiction: Suppose the estimate does not hold. Then there exists
a sequence a; € Ql}j’a such that

1
lailley =1 IILrailleoe <=

Hence, by the above Schauder estimate
a; ey < 2C.
lailoye <
Pick (z;,1;) € R* ®@ R? such that
w(s, yi)Plai(zs, yi)| = 1.
By translation we can assume that x; = 0. Without loss of generality one of the following
two cases must occur. We rule out both of them thus proving the estimate.

Case 1. The sequence |y;| stays bounded.

Let K be a compact subset of R®. When restricted to K, the elements a; are uniformly
bounded in C1. Thus, by Arzela—Ascoli, we can assume (after passing to a subsequence)
that a; converges to a limit a in C*/2. Since K was arbitrary, this yields a € Q! (R, gg)
satisfying

lal () < c(1+]y))?

as well as

L]a:() and ma:O.

It follows from Lemma 2.76 that a = 0. On the other hand we can assume that y; converges
to some point y € R* for which we would have |a|(0,y) = w(0,y)? # 0. This is a

contradiction.
Case 2. The sequence |y;| goes to infinity.
Define a rescaled sequence a; by
ai(w,y) == |yl =7 (&, ai)(|yil, lyily)
and set §; = y;/|y;|. The rescaled sequence then satisfies
laillge < 2¢, |ILaillcoe <2/i and @(0,5;) 1@ (0, 5i)| > 1/2

where the norms || - || k.« are defined like those above, cf. Section 4.5.1, but with weight
8
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function w(z) = |pry(x)| instead of w(x) = 1 + |pry(z)|, and where L is defined by
L:.= 815 —L

with L as in (4.66).
We can now pass to a limit using Arzela—Ascoli as before to obtain a defined over
R* x (R*\ {0}) satisfying

la|(x,y) < cly/® and La=0.

Since 8 > —3, La = 0 holds on all of R?8 in the sense of distributions. Hence, by
standard elliptic theory, @ extends to a bounded smooth solution of La = 0 on R2. Since
L*L = ARs + ARa, it follows from Lemma 2.76 that @ is invariant in the R*—direction.
Therefore, we can think of the components of @ as harmonic functions on R*. Since they
decay to zero at infinity as 8 < 0, they must vanish identically. On the other hand we know
that |g;| = 1 and thus without loss of generality ; converges to some point ¢ in the unit

sphere for which |a|(0,7)| > 3, contradicting & = 0. O

5.3.2 The model away from ()

Define weighted Holder norms || - || .x.« for tensor fields (with values in g,) on X \ @ as in
8
Section 5.2 by

ws I @) = F)]

[fleoe = sup  w(w,y)
CB d(z,y)<w(z,y) d(.’E, y)a
Il = lw " fllz~ and

k
1fll e = Z; IV Fllage, + [V flene -
J:

with weight functions given by
w(z) :==r(x) and w(z,y):=min{w(z),w(y)}.

If we fix a constant N > 0, then over V[ VA/N,00) WE can view a tensor field f with values in

gk, as one which takes values in gg and vice versa.

Proposition 5.28. There is a constant ¢ > 0 such that for X € (0, A] with respect to the

above identification we have

1 -
~lall < |lall < eN"?llal| .0

s (Vivarme) o (Viva/noo)) s (Mvamoo)
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and

ILxa — Laall < eVA/N|a| 1.0

%5 5a (Vivamio)) Pia (Vvasmon)

Proposition 5.29. For 5 € (—3,0) the operator Ly : C’g{a — C’gf‘l has a right inverse
Ra.

Remark 5.30. If A was reducible, we would work with an extended operator L 4 analogous
to Ly in (2.92).

Proof of Proposition 5.29. Denote by 7 : Cé’a — ker L 4 the L2—projection to the (smooth)
kernel of L 4. This is well defined, because 8 > —3. We will shortly prove the estimates

HaHCé‘a < C(”LACLHCgfl + HWGHL‘;") and

”aucé»@ < CHLZ&HC‘gfl‘

From the first estimate it follows immediately that the image of L 4 : C’é’a — CB’_O‘I is closed
and its kernel is finite-dimensional (in fact, it can be seen to agree with the smooth kernel
of L4). To show that L 4 has a right inverse it suffices to prove that coker L 4 = 0. Let
b € ker L% = coker L 4. Then using elliptic regularity it can be seen that b represents an
element in the kernel of L% : C’i’g‘_ 5= CE’Z‘_ 5- But then b = 0 by the second estimate.
Now we are left with proving the above estimates. We will only prove the first estimate,
since the proof of the second estimate is similar, but slightly easier. First of all we have the

following Schauder estimate
lallgye < cllLaallcoe, + lallz,):

To prove that

lallzg, < e(lLeallgos, , + lmallzs,)
one argues by contradiction. If a; is a sequence of counterexamples as before, then we can
assume that it either gives rise to a non-trivial element a in the kernel of L 4 : C’é’a — C’g’_al
which also satisfies ma = 0 or localises in smaller and smaller neighbourhoods of ). To
see that the first case cannot occur observe that if a € C’é’a solves Laa = 0 on X \ @,
then it follows that L 4a = 0 on all of X in the sense of distributions and thus a extends
smoothly to X, since 8 > —3. This contradicts 7a = 0. Thus we must be in the second
case. Rescaling a; near @ as before yields a non-trivial harmonic function on R* x R*\ {0}
which is bounded by a constant multiple of |y|®. Since 3 > —3 the function extends to R®
and by Lemma 2.76 it is in variant in the R*—direction. Hence, it corresponds to a decaying
harmonic function on R?, since B < 0, and must vanish identically. So the second case does

not occur as well, proving that the claimed estimate must hold. O
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5.3.3 Comparison of K, with F5

Proposition 5.31. There is a constant ¢ > 0 such that for all X € (0, A] we have
[ (Lapxn — Vxll‘?l)ﬁllog,;mA < eA?||T| .

Corollary 5.32. There is a constant ¢ > 0 such that for all X € (0, A] we have
[(oaLatir — F5)3]|co.e < X3 cra.

Proof of Proposition 5.31. The argument is analogous to the one in the proof of Proposi-

tion 4.67; however, we now use the model operator Ly defined by
Lya := (d7,a, W?(d[ka)).

If we view T'(J*VON) as a subspace of Q' (NQ, gz), then on this subspace L agrees with

the linearised Fueter operator F5. We thus have to estimate the terms in the expression

L)\/L)\ﬁ - V)\ijj = L)\(/L)\j — fj,\) + (L)\ — E)\)ﬁ + ST/)\Fjﬁ — VAFjﬁ
=T+ II+4+1III

on Vo). Again, it is clear that
I[| 0.0 I 0. < eX?| 3|
H HCE‘Q,O;A(V[O,C)) + H Hcoﬁz,o;)\(V[O,C)) - e HJHCL
The key for the estimate of II is to notice that
0 ((d,3)°%) = 7 ((d1,3)°?) =0,
because dy(,) (3ln,@) = 0 and 72 and 7+ vanish on A“NQ. One can now prove that

[ITL]| 0,0 Vo) < ¢X2||3||c1.o arguing as in the proof of Proposition 4.67. O
—2,0;)\ y

5.3.4 Estimate of p, and g,

Proposition 5.33. For § € (—1,0) there exists a constant ¢ > 0 such that for all A € (0, A]

we have

loxprallcoa < eA™|lpallgre — and

HqAchggM < AP Imyal| e

Proof. This proof proceeds along the lines of the proof of Proposition 4.70. First note that
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the second estimate is an immediate consequence of Propositions 5.31 and 5.19, because

qra = Ta(Lapx — vaFy)paa,

since T\vy = 0. Now, to estimate p) we define 7 : QQ(NQBEO)\)) — T(T*VIM) C
QY(NQ,gp(3,)) and 6y, : QQ(NQQE(:;A)) — T'(Home(TQ,7*VIM)) C Q*(NQ, 95(3,))
by

(ora)(x) :—Z/ Q<a, K)k, and
(Ba)e) =3 /s

respectively, where, at each point = € @,  runs through an orthonormal basis of V95,

with respect to the inner product <s*1‘ AT s} / A-> and S runs through an orthonormal basis
of Homg (7,Q, VI (,) with respect to <3T/)\~, s}‘/)\~>. We set py := id — 7y and 7 :=

id — &. One can check that &,\f/ AP = 0. Therefore

paa = x(Ly — Ly)pra + (65 — ) Lapra + GaLa(py — pr)a
=mI+ II + 7, I11.

The terms I, IT and III can now be handled as in the proof of Proposition 4.70. O

5.3.5 Patching local inverses

Proof of Proposition 5.22. Fix y € %), and set
u:=0)y and v:=T)\Y.

Step 1. An approximate inverse for u.

Denote by (G5 a fixed right inverse of F% and set

z = pu\Grou.

Then by Proposition 5.19 we have
(5.34) 12llx, < cllyll,
and by Corollary 5.32 and Proposition 5.33 we have

(5.35) | Laz — ully, <eA7%ylly,-
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Step 2. Choice of cut-off functions.

We construct an approximate inverse for v by finding local approximate inverses and
then patching these together. This requires two kinds of cut-off functions. The first kind is
constructed as follows: Let x: [0, 00) — [0, 1] denote the smooth-cut off function chosen in
Section 5.2 which vanishes on [0, 1] and is equal to one on [2, 00). We define x»: X — [0, 1]
by

xXa(z) = x(r(@)/VA).
Then
||X>\||ngg;A <ec
Fix a small constant € > 0, a large constant N >> 1, and note that in the following we can
choose the constant ¢ > 0 independent of € and /N. Throughout, we will make use of A < ¢
and A < 1/N. We can pick a finite number of points {x., : v € '} C @ such that the balls
Bc(x~) cover all of () and a partition of unity 1 = nyer X~ subordinate to this cover such

that

XA llcoe oupp(1—xay) < €

v:Zvy—i-vo

yel’

We can now write

with
vy = (1= xa)xyv and vy = x)v.

Although vy and the v, depend A we choose not to make this dependence explicit in order

not to clutter the notation any more. By construction we have

. e @ < e & :
(5.36) ; losllgog,  +lvollgog, < e lvllgog

The second kind of cut-off functions is constructed as follows: We choose 65\5 N X =
[0, 1] such that

r(z) < 2V

+ () =
Bin(x) @) > 2NV

and

r(x) < \F)\/N

BA,N($) = r(2) > VA
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as well as

(5.37) 1085y los < c/loa(N) and ||y llgoe < e

This can be arranged by interpolating between 0 and 1 logarithmically, i.e., by defining
BY v as an appropriate smoothing of log(2Nv/A/r)/ log(N) in the intermediate region and
similarly 3;  as a smoothing of log(N7/v/A)/log(N). Moreover, we choose ¥,: Q@ —

, 1] such that x., equals one on B.(x~), X~ vanishes outside By (z~) and satisfies
0,1 h that ., equal B:(x), X~ ish ide B ~) and satisfi

<ec.

(5.38) HdXVHCi’f,O;A(SHPPBIN) <cNVA/e and HX,Y”CS:(()I;A(SUPPB;N) <

Step 3. Construction of local approximate inverses.

Let I, be the ASD instanton obtained by restricting I = I(J) to N, Q. Using the
identifications and the notation of Section 5.3.1 we define

s lp-l S R
Wy 1= Sl,ALIW pL,S2 Uy and  wy = pAXVﬁ&way.

where pr, :=id — 7z . Under the identifications employed in Section 5.3.1 the projections

7y and o) are identified. From oyv = 0 one can deduce that

||771752,/\Uv||c§;75 < 05H52,/\U7||cg’2{5 < CgHU'yHC(};M-

Using Proposition 5.25 we conclude that

(5.39) ||1D7‘|Cg’ﬁ6;x(v25,g) = CHSI’AID'YHCi’ﬂé(Uzs,oo;A) = CHU'YHCE’;(S;,\
and
s 1@, = sl 0 < sl

Since 77 (s1,01) = 0, it follows that

Hﬁ-l’ysl’)\wyHciyii,g(UZE,oo;)\) S CgHsL)ﬂIJVHCi‘ﬁfg(UQE,OO;)\)
here 77 is defined like 77, but with ker 67, instead of ker 67, . Therefore,
2 R IlNexpl,Y(/\-—)Q I|Nac»yQ
5.41 T a < o
(5.41) [Axwyllgre < eellesllora

and it follows that

; e llgre, < c; losllcog, < ece™lvllre, -
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By Proposition 5.28 wg := 3, R avg, with R 4 as in Proposition 5.29, satisfies
(5.42) [wollz, < cllvolly,-
Combining all of the above we see that the Ry: ) — X, defined by

R,\y ::z+2w7+wo.
Y

[0}

is bounded by cs ™.
Step 4. R, is an approximate right inverse to L.

We need to estimate the three types of terms

I:=|[Lxz — ully,,
117 = HL)\w,\ — UAHS}JX and

IIT := ”L)\wo — UOHSDA'
We have already treated I with (5.35). Now,

—5/2 ~ ~
IL, = [|Lxwy — vally, < A2 Lapaxs By iy — vwllcg,zciM
+ )\_6/2||0_')\Lp)\)~(7ﬁ;CNlD,Y - 5A“’y||03720‘5_>\
+ )\HU)\LP)\X'yBINU?'y - O'Av'yHCO’O‘
Using (5.39), Proposition 5.33 and the fact that myv = 0 the last two terms can be seen to be

bounded by cA!~*||v ||y, . To control the first term use the fact that on the support of v, we
have ¥,8; y = 1, (5.37), (5.38), (5.39), (5.40) and (5.41) to derive

~ + ~ ~
I LAPAXA By N~y — Uchg,;’M < cf[Lawy — U’YHCE’;&)\(VQEC)
~ + ~
+ CHd(X)\ﬁ)‘vN)”C%io,/\(suf)pﬂj\—,N)vaucg’ia,)\(v’?s,()
+ C”ﬂ)\f(’YB;\:NwVHCEf‘&/\
< ele+1/log(N) + Nﬁ/e)nwncg,gw.

Similarly,
1T < ¢(VA + 1/log(N) Iyl

Putting everything together we obtain

ILARAy = ylly, < ce™(e +1/log N + NVA/e)ylly,-
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By choosing ¢ small enough, IV large enough and A small enough we can make this factor in

front of |||y, arbitrarily small.
Step 5. Construction of R).

We can arrange that
- 1
ILARAY — yllp, < §Hy\|2)x

for all A € (0, A; hence, the series

Ry = R)\(L)\R)\)_l = R)\ Z(id — L,\R,\)k
k=0

converges and constitutes a right inverse for L. Clearly, I?) is bounded uniformly with
respect to A € (0, A]. O

5.4 Conclusion of the proof of Theorem 5.1

In the model discussed in Section 5.3.1 if both a, b € ker d7, then w777 ([a A b]) = 0. Hence,

one can argue as in Section 4.6 to show that
(5.43) |Q(@)lly, < eA™*72lal,
If we set QA = () o Ry, then (5.17) becomes

b+ Qx(b) + m7(Fa,) = 0.

In view of (5.43) and Propositions 5.20 and 5.22 this equation can be solved by appealing to
Lemma 4.74. O

5.5 Theorem 5.1 and the index formula

Proposition 5.44. Let (X, ®) be a compact Spin(7)-manifold, let Q) be a Cayley submani-
fold of X and let Ey and E be SU(2)—bundles over X which are related by

c2(F) = c2(Ep) + PDI[Q)].
If A is a connection on E and Aq is a connection on Ey, then

(5.45) index L 4 = index Ly, + index Fy + index Py — 2/ e(Re(S&S ® Ep))
Q
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where Ly and L, are as in (1.110) and Fy = D: T'(Re(ST ® Eylg)) = I'(Re(S™ ®
Ey|q)) as in Example 5.13.

Proof. By Proposition 1.111 and (1.86) we have

index L, — index L4, = —é/@pl(X) - g[Q] Q] —S/QCQ(EO)

= 0@~ (@ - [Q)-[@l ~ 5 | (k)

By (1.82) and (5.14) we have

o 1 1
index Fy + index Fy = ZO’(Q) + §X(Q) —-1Q]- Q] — /QCQ(EO).
Using (1.85) and (1.86)
n 3 1
| etre(s5 9 Bu)) = [ alBn)+ §0(@) + 5x(Q).
Q Q
Verifying (5.45) is now straight-forward. O

In the situation of Proposition 5.44 whenever Theorem 5.1 can be applied e(Re(SC'S ®E)p))
vanishes and (5.45) can be taken as evidence that my construction gives a description of an
open subset of the moduli space of Spin(7)—instantons. (Note that the gluing parameter A is

already contained in index ﬁg.)

5.6 Local K3 Cayley fibrations and Spin(7)—instantons

Proposition 5.46. Let X be a compact Spin(7)-manifold with Hol(gg ) = Spin(7). Suppose
that Q is a Cayley submanifold in X which has self-intersection number zero, is diffeomorphic
to a K3 surface whose induced metric is sufficiently close to a hyperkdhler metric and
suppose that the induced connection on N Q) is almost flat. Then there exists a 5—dimensional
family of Spin(7)—instantons on a SU(2)-bundle E over X.

Moreover, if Q1, ..., Qu is a collection of k disjoint Cayley submanifolds as above, then

there exists a (8k — 3)—dimensional family of Spin(7)—instantons over X.

Proof. Since Hol(ge) = Spin(7), bt = b2 = 0 [Joy00, Proposition 10.6.5] and thus the
product connection # on the trivial SU(2)-bundle is unobstructed. We have index Ly = —3.
It was shown in the proof of Proposition 1.87 that () is unobstructed and locally deforms in a
4—dimensional family. If we choose M as in Example 5.4, then 91 = 5’5 . If @ is equipped
with a hyperkéhler metric, the Dirac operator is surjective and has four-dimensional kernel;

hence, the same is true provided the metric on @ is sufficiently close to a hyperkihler metric.
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We can thus apply Theorem 5.1 and obtain a 5—dimensional family of Spin(7)—instantons

over X. A similar argument also proves the last assertion of the proposition. O

In [Joy00, Example 14.3.3] Joyce gives an example of a Spin(7)-manifold which con-
tains two disjoint Cayley submanifolds )1 and ()2 of the kind required by above. Applying
Proposition 5.46 recovers the example of a Spin(7)—instanton described in Lewis’ the-
sis [Lew98]. Since by Proposition 1.87 every Cayley submanifold as above gives rise to
a local fibration of X by Cayley submanifold of this kind, we can use Proposition 5.46 to
produce arbitrarily large families of Spin(7)-instantons.

Suppose that X is a compact Spin(7)-manifold together with a fibration 7: X — B
to a compact base whose generic fibre is a K3 Cayley submanifold. In view of the above
one could hope (very optimistically) that one can show that the moduli space .# of Spin(7)-
instantons on the SU(2)-bundle F obtained by applying Proposition 5.46 to a generic fibre
of 7 is smooth (or only mildly singular), 5—dimensional and can be compactified by adding
B to the boundary. Then we can use .# to construct a cobordism between B and the link of
the singular set of .# much as in the original proof of Donaldson’s theorem [Don83]. In
particular, if .# U B is smooth and compact, then B is null-cobordant and, hence, o(B) = 0.
There are of course a large number of problems with this idea beginning with the fact that
there are currently no known examples of Spin(7)-manifolds with K3 Cayley fibrations;
however, it might serve as an indication what could be achieved using gauge theory on

Spin(7)-manifolds.



Chapter 6

Proposal for a counter term for the
low energy SU(2)-theory

Let Y be a compact 7-manifold and let £ be an G—bundle over Y. Denote by .7 the space of
connections on ' and by ¢ the group of gauge transformations of E. Given a torsion-free Go—
structure on Y, we denote by .Z (E, ¢) the moduli space of Go—instantons on E over (Y, ¢).
We fix a set @ of torsion-free Go—structures on Y and make the following transversality
assumption: For every ¢ € ® and every [A] € .# (F, ¢), A is irreducible and unobstructed.
It follows that all moduli spaces under consideration are smooth manifolds (or orbifolds).
It may be possible to achieve transversality by perturbing ¢ and allowing ¢ to have some
torsion using arguments similar to those used by Joyce for special Lagrangians with conical
singularities [Joy04, Section 9]. In order to ensure that only “generic”’ non-compactness
phenomena need to be considered it would be desirable to have a perturbation scheme that
also provides some transversality “up to the boundary”. Frameworks for handling intricate
transversality problems in a more direct fashion have been constructed or are currently under
construction by Fukaya—Oh—Ohta—Ono [FOOO09a, FOOO09b], Hofer—Wysocki—Zehnder
[HWZ07] and Joyce [Joy12a]. It is my understanding that in order to apply these machines
one needs a detailed knowledge of all non-compactness phenomena that could possibly
occur. While this maybe within reach for applications involving J—holomorphic curves, it

currently appears to be in the far distance for higher dimensional gauge theories.

6.1 Orienting moduli spaces of Go—instantons

We make the following compactness assumption: For every ¢ € ®, .# (F, ¢) is compact.
Now, each .Z (E, ¢) is a finite set and we intend to define

6.1) n(E.¢):= Y. (4,9

[Ale# (E,9)

147
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where £([A], ¢) = £1. To define &, we follow the classical approach to construct coherent
orientations on moduli spaces, see [Fl088]. Fix a reference connection A, € o/ (FE) and a
reference Go-structure ¢, (not necessarily torsion-free), such that L 4, 4, is invertible. Given
a connection A € <7 (E) and a Ga-structure ¢ we pick paths (A¢)e(o,1) and (¢t)i<o,1) from
A, to A and ¢, to ¢, respectively. We can the consider the spectral flow SF(L 4, 4,) of the
family of operators L 4, ¢,. If the parity of this spectral flow is independent of the choice of
paths and, moreover, only depends on the gauge equivalence class [A], then we can attach to
([A], ¢) the sign

62) e([A],¢) = (—1)5F (Faver),

If we make a different choice of reference connection and reference Go—structure, then
either all the £([A], ¢) stay the same or all of them change sign; that is to say, this approach

produces coherent orientations on all the moduli spaces .Z (E, ¢).
Proposition 6.3. The following assertions hold.

1. The spectral flow SF(L 4, 4,) is independent of the choice of paths (At)te[o,l] and
(Dt)ecpo,1)-

2. If G = SU(r), then SF(L 4, 4,) mod 2 only depends on the gauge equivalence class
[A] of A. In particular, €([A], ¢) is well-defined.

3. If G = SO(3) and p1(E) = p1(gE) = 1p1(Y), then SF(La, 4,) depends only on the
gauge equivalence class [A] of A. In particular, £([A], ¢) is well-defined.

4. Suppose that € is well-defined. If f € Diffo(Y'), then e([A], ¢) = e([f*A], f* ).

Proof. To prove (1), note that %/ ([E) is contractible and, hence, SF(Ly, ¢,) is clearly
independent of the choice of (A¢).¢(o,1]- To see that it also does not depend on the choice of
(ét)1e[o,1) it suffices to show that the spectral flow of L4 4, along a loop of Go—structures
{¢¢ : t € S} is even. It is well-known that this spectral flow coincides with the index of
the operator L := 0y — La g, : QYUY x St gr) — QLY x St gg). This is simply the
deformation operator associated with the Spin(7)—instanton equation on Y x S, see (1.116),

and its index can be computed using the Atiyah—Singer index theorem
index L = —/ A(Y x SYch(gg ® C).
Y xSt

However, the integrand is the pullback of a class on Y and thus index L = 0.

We prove (2). Let A € <7 (E) be a connection and let g € ¢ be a gauge transformation
of E. Fix a path (A;);[o,1] from A to g* A. Denote by E; the SU(r)-bundle over Y x St
obtained by identifying the pullback of F to Y x [0, 1] over the boundary components via g.
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Then (A;) defines a connection A4 on E, and the spectral flow of (L4, 4) can be computed
as the index of the operator Ly, := 9 — L4, ¢: QNY x St gg,) = QY x S gg,):

. 12 + 2r 2r 2r
index LgEg = /Y @ T 02(E9)2 + EC4(E9) - ﬂ@(Eg)pl(Y)a
X

see Proposition 1.111. The index of the analogue of Ly By coupled to £ instead of gp, is

. 1 , 1 1
mdexL, = [ — B+ galB) - jialEny),
and therefore
1
indexLL = (12 + 2r)index L, — 2/ cy(E) + / c2(E)p(Y).
Y xSt 2 Jyxst

By [CN13, Lemma 2.6], p1 (Y') is divisible by four and hence index Ly B, is even.
We prove (3). If G = SO(3), then p2(gg,) = 0 and

p1(oE,) = pi(gr) + [dt] U~(g)

for some y(g) € H3(Y); hence

1

index Ly, = o

[ 010) = @) 0).

We prove (4). Denote by 7 := Y x [0, 1]/~ with (0,z) ~ (1, f(x)) the mapping torus
of f and denote the bundle over 7'y induced by E with E¢. Then the relevant spectral flow is
given by the index of L B Since f is homotopic to the identity, there is a cobordism from
TrtoY xS ! together with a bundle which restricts to £ r respectively E on the ends; hence
index LgEf = index Lg,, = 0. O

Suppose that £([4], ¢) is well-defined. If f € Diff(Y, ¢) preserves E, then f acts on
A (E,¢). If index Ly, is odd, then for every [A] € #(E,¢), [f*A] has the opposite
sign and, hence, the overall count n(FE, ¢) must be zero. Hence, the existence of such a

diffeomorphism would obstruct the well-definedness of the conjectural Go Casson invariant.

6.2 Construction of the counter term

It is clear from the work presented in Chapter 4 that n(F, ¢) cannot be invariant under
deformations of ¢, in general. The goal is now to produce a counter term m(E, ¢) which
precisely cancels the jumps in n(E, ¢). (The trivial choice m = —n does not lead to any
interesting mathematics.) The jumps in n(E, ¢) are caused by associative submanifolds P

in Y and Ga—instantons on G—bundles with “less” topology. We thus make the following
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ansatz for the counter term m(E, ¢):

where w(P, [A]) are weights and the sum is over a certain class of P and [A], both of which

are to be determined.

Remark 6.4. Instead of thinking of m as a counter term, one can also understand this
procedure as extending the objects counted by n(FE, ¢) to a larger space which contains
connections, submanifolds and mixtures of both (and possibly also some decorating data). In
the world of differential geometry these objects are usually seen as different things; however,

in algebraic geometry they all can be thought of as certain types of sheaves.

I will now explain an idea due to Donaldson [DS11, Section 6.2, first paragraph] for
how to define w in the case of G = SU(2) and under the hypothesis that only charge
one instantons bubble off. Let Ay be a connection on a SU(2)-bundle Ey, let P be an
associative submanifold in (Y, ¢) and let J € I'( P, 91) be a section of an instanton bundle
9 over P with M as in Example 4.14. For A € (0, A], let Ag#J be as in Proposition 4.28.
The counter-term m(E, ¢) has to take into account those (Ao, P, J) such that Ao#,J is a
connection on the bundle SU(2)-bundle E. Since each element of I'( P, 1) lifts to a section
of Re(S ® Ep \ {0}) for a unique spin structure s on P and up to homotopy the sections of
Re(S ® Ey \ {0}) are classified by the degree d, we have 7o (T'(P,9N)) = Hy (P, Zs) X Z.

Proposition 6.5. In the above situation assume that P connected and that Fp, Ij’j and L 5,

all have trivial kel’nel, then
l.nl & A J (b
;M) ([ 0#)\ ]a )

depends only on s and d. In particular, we can define
1. -
(66) U)(P, [AO]vﬁada ¢) = 751){?018([‘40#)0]]’@5)

Remark 6.7. Note that 153 depends only on s.

Remark 6.8. In general, the right-hand side of (6.6) gives the same value for Jy and J; if
they can be joined by a path (J;) in T'(P,9t) such that each %, is invertible.

Remark 6.9. If P is not connected, then the factor —1/2 should be adjusted to (—1/2)#m0(F),

Proof. We have to show that for A > 0 sufficiently small the operator L 4,4, 5 has trivial
kernel. This is straight-forward from the discussion in Section 4.5. One only has to realise
that now, because }%3 is invertible, the second term in the estimate in Proposition 4.69 can
be omitted. If Jy and J; have the same associated spin structure s and degree d they can be
joined by a section Jy, and by compactness we can find A > 0 such that L 4,4, 3, is invertible
forallt € [0,1]. O
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I expect that in the situation of Proposition 6.5 w(P, [A], s, d, ¢) is independent of d.
Here is one possible approach to investigate this question: Let Jg, J; be any two Fueter
sections as above with the same associated spin structure s. Let (Bt)te[o,l] be a path of
connections from Ag#,Jo to Ao#,JT1. We need to show that the spectral flow of L, is even.
(Note, we cannot join Jy and J; by a path of sections of 90t and, hence, the argument used
above does not apply.) We promote (B;) to a path of connections (B;) on the SU(4)-bundle
Ey @ C2. It is not hard to see that the spectral flow of L 5, has the same parity as that of
Lp,. The moduli space of framed charge one SU(4) ASD instantons can be seen to be
Mgy = SU(4)/(SU(2) x S1); it is generated by the lift of “the one-instanton” whose
stabiliser is SU(2) x S*. Mgy4) includes the moduli space of framed charge one SU(2) ASD
instantons Mgy 2) = SU(2)/Zs2. The obstruction to joining Jg to J; lies in 73(Mgy(2)) = Z.
After lifting Jo and J; to sections of Mgyy(4), the instanton bundle associated to Mgy (y), this
obstruction disappears because 73(Msy(4)) = m3((S7 x $°)/S') = 0. We can thus join
the lifts of Jp and J1 by a path J; of section of Mgy (4). By Proposition 6.3 we can assume
that Bt = flo# ,\i. The spectral flow of L B, is given by the index of L = 0, — L B, over
Y x R. (Here t and s are related by an appropriate reparameterisation of (0, 1) as R..) Using
the arguments employed in Chapter 5 one can see that

index L = index 13'3.

Here J is the section of the instanton bundle 90t over P x R given by the path J,. This
reduces the question of how w(P, [Ao), s, d, ¢) depends on d to analysing the index of 13’5.

In what follows I will assume that w(P, [Ag], s, d, ¢) is independent of d; if it does in
fact depend on d, then further thought would be necessary. We define

w(P7 [A()Ld)) = Zw(Pv [Ao],ﬁ, ¢)

S

Proposition 6.10. Let (¢1), Ao, P and J be as in the hypothesis of Theorem 4.7 and suppose
that 9 is as in Example 4.14. Let (A:), (P;) and (3;) be as in Section 4.2. Denote by s the

spin structure on P; associated with J;. Then for t > 0 sufficiently small we have

w( Ay, P_t,5 4, ¢—¢) = —w(Ay, Py, 8¢, b1).

Proof sketch. Fix A\ > 0 sufficiently small and set L; ) := L 4,#,7,,4,- Then a simplification
of the argument in Proposition 4.38 shows that

| Lepte 00 Jp + pu(t) e 20 0 3,5||@M < e\,
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Hence, using Proposition 4.45 we can solve the equation
Li(un0 0 Jp + a) + (u(t) +na(t)) (0 0 Ty 4 a) = 0.

for a = a, (t) and n = N (t) with [|al|x, , < eX*7® and [ (£)] 4 |9 (t)| < A~ This

gives one regular crossing solution to the spectral flow
Ly aay(t) + fa(t)ay(t) = 0

where @y (t) := 1, 30 0 Jp + ay (t) and fi)(t) := p(t) + na(t). To see that up to scaling this
is the only solution to the spectral flow for A\ > 0 crossing zero in (—7",T"), suppose that
(@), 1) is a further solution which satisfies [|a) (to)[|x,, , = 1 and (a(t),a,(t)) = 0 for
all z. Then for some ¢ = to we must have Ly, ,\g’/\(to) = 0. However, then it follows from
Proposition 4.48 that

1= [lah(to)llx,\ < ¢ |(moah(to), o0 Ty
which contradicts (@) (to), @y (to)) = 0if A > 0 is sufficiently small. O

It is reasonable to expect that generically the function A — ¢(\) obtained from Theo-
rem 4.7 takes on only positive (or negative) values for A > 0 sufficiently small, that the
spectral flow from Ly, o to L 4g#13,05) 611, 18 trivial and that P is connected. Under
these hypotheses the jump in n(E, ¢) at ¢ is precisely compensated by the jump in m(E, ¢)
at ¢ according to Proposition 6.10. This means that m(F, ¢) with w as in (6.6) precisely
compensates the jumps in n(E, ¢) arising from low energy bubbling in the SU(2)-theory.

6.3 Degenerations of associative submanifolds

While (under certain hypothesis) the definition of m(E, ¢) counters the jumps in n(E, ¢) it
might quite well introduce new problems arising from the non-compactness of the moduli
space of associative submanifolds. I will now explain why there can be hope that these
phenomena do not create additional jumps in m(E, ¢).

There are (at least) two model singularities of associative submanifolds which can occur
in generic 1-parameter families of associative submanifolds, both of which have one singular
point with tangent cone modelled on S? [ S and T2, respectively. In the context of special
Lagrangian 3—spheres these models have been studied by Joyce [JoyO2].

Consider two families of associative submanifolds (P )cg in a family (Y, ¢;)ser of
Go-manifolds. By dimension considerations one can see that in this family one can expect to
have a non-trivial intersection P;" N P;~ only in isolated points and only for discrete values of
t. Let us assume that this happens precisely at ¢ = 0 at precisely one point. Nordstrom proved

that out of this intersection a new one-parameter family (P;\)) A>0 of associative submanifolds
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in (Y, ¢4(»)), which is modelled on the connected sum P #POJr , can spontaneously be

created.

Theorem 6.11 (Nordstrom [Nor13]). Let Y be a compact T-manifold and let (¢t )ie(—c c)
be a family of torsion-free Go—structures on Y . Suppose that (Pti) is a pair of families of as-
sociative submanifolds in (Y, ;) such that P := Ute(ee{tt % P intersect transversely
at precisely one point (0,z) € (—¢e,¢) X Y. Then there exists A > 0, a continuous function
t: [0,A) — (—¢,€) with t(0) = 0 and for each X\ € (0, A] an associative submanifold P}
in (Y, by ,\)) modelled on P0+ #PB, . As X tends to zero Pt0 converges to P(;r U Py as integral

currents.

For simplicity let us assume that ¢(A) = A or ¢(\) = —A\. For each pair of spin structures
S+ on PSE we can construct a spin structure so = s, #s_ on P, for t > 0. For m(E, ¢;)
not to jump at t = 0 we need that for ¢ > 0 sufficiently small

612 w(Ag, PT,UP st Us™, ¢_y)
. :w(AO,Pt+UPt_,5+U57,¢t) j:w(A()aPit?sO?(éﬂ:t)
For simplicity let us assume that Pti are connected. In this situation, I will outline a
programme to show that (6.12) should read
1 1

t-—=7F

1
+ -
4 2

W

Consider the manifold R x Y together with an almost Spin(7)-structure & which is asymp-
totic to dt A ¢ + ©(¢) at infinity. Now, try to construct a Cayley submanifold @ in R x Y’
which, for some small value of ¢ > 0, is asymptotic to PT, U P, at —oo and to P;* U P;" at
+00 (or the other way around) by resolving the straight interpolation using a Lawlor neck.
There is some promising work in progress in this direction by Jason Lotay. (In the case of
special Lagrangians the analogous situation was studied by Joyce [Joy(03, Section 9] and Lee
[Lee04].) If this can in fact be done, we can construct an instanton moduli bundle 9t as in
Example 5.4 on () and find a section J asymptotic to J+ at 00. Then, for sufficiently small
A > 0, the spectral flow from L 44,75, is given by the L? index of the operator L Ap#,3- By

a slight extension of the analysis in Chapter 5 one can show that
(6.13) index L g,4,5 = index L 4, + index Fy + index Fj.

Here the indices are taken to be LZ indices. Now, the individual term on the right-hand side
of (6.13) can be computed using the Atiyah—Patodi—Singer index theorem. It is not hard to
see that the contributions from oo cancel each other and thus we can use the analogues of
(1.112), (1.82) and (5.14). A moment’s thought shows that the only non-trivial contribution
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arises from index Fi) and gives

1

>x(Q) —[Q] - [Q] =1 (mod 2)

index LAO#/\j = 5

because [@Q)] - [@Q] is even and x(Q)) = £2. This means that
w(Ag, PT,UP st Us™,¢_y) = —w(Ag, BT UP 5T Us™, ).

Next, one has to show that if P exists for positive/negative ¢ then the spectral flow from
P;" U P to P is even/odd. If this can be done, then m(FE, ¢) will not jump at t = 0.

The second situation that is likely to arise in generic 1-parameter families of Ga—
structures is as follows: At ¢ = 0 there is a associative submanifold P with a point singularity

atp € P which is modelled on a cone over T2

Lo ={(0,21,2,23) ER® C’:

1212 = | 20| = |23)%, Im(212223) = 0, Re(z12223) > 0}.
This singularity model can be resolved in 3 ways:

L; ={(0,21,22,23) e R® C*

|z1]? — t = |22]? = |23]?, Im(212223) = 0, Re(212223) > 0},
Lt2 ={(0,21,22,23) e R® C? .

217 = |22|* — t = |23]*, Im(212223) = 0, Re(212223) > 0} and
L} ={(0,21,22,23) e R& C? -

|,2:1|2 = |22|2 = |2'3]2 —t,Im(z12923) = 0, Re(z12223) > 0}.

Hence, it is reasonable to expect that out of P three families of associative submanifold
(Pi)xso (G = 1,2,3) in (Y, t;()\)) are created. I expect that the analogue of Nordstrom’s

theorem applies in this situation.

Remark 6.14. In the special Lagrangian case studied by Joyce, the creation of certain of
these families are obstructed by symplectic considerations; however, these don’t apply in the

Go—situation.

For simplicity we can assume that ¢;(\) = &; A where ¢; = £1. In order for m(E, ¢) not

to jump at t = 0 we need that for ¢ > 0 sufficiently small

(6.15) > eiw(Ao, Plyide) =Y > eiw(Ag, Pl s, ¢er) = 0.
i 7 5

Each of the weights e;w( A, Pgit, S, Peit) 18 :l:(%) ‘”O(ﬁ)‘. A necessary condition for (6.15)
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to hold is thus that

(6.16) > #H' (P}, Z3) = 0mod 2.

I will now show that this condition is always satisfied. An application of the Mayer—Vietoris

theorem yields the exact sequence
0 — HY(PL, Zy) —» H'(P\ {p}, Z2) ® H' (L}, Zo) "% H' (T2, Z,).

The image of f is one-dimensional; hence, im f = Zy - k for some k = (k1, k2) # (0,0) €
Z% =~ H'(T? Z5). It can be checked that g;: Zo = H'(L%,Zy) — Z3 = HY(T?%,Z,) is
given by
(1,0) fori=1,
gi(1) = ¢ (0,1) fori=2and
(1,1) fori=3.

From the above exact sequence it now follows that H' (P}, Zo) = ker f if g;(1) # k and
HY(P},Zs) = ker f ® Zy if g;(1) = k. Hence, (6.16) becomes

#kerf-(1+1+2)=0mod?2

which clearly holds.
In this chapter we have seen that while m(F, ¢) could fail to exhibit the desired jumping
behaviour in numerous ways, it at least passes some of the most obvious sanity checks.

Whether this is a good sign or simply the artefact of wishful thinking remains to be seen.
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