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Abstract

This thesis addresses the challenge of estimating the gradient of a potentially noisy black-
box function. Accurate gradient estimation is critical in various domains, with applications
ranging from parameter assessment of biological processes to trajectory control. In all of these
applications, function evaluations are costly and should be minimized when possible. However,
there remains only a restricted understanding of the optimal sample set—i.e., the ideal black-box
evaluation locations. This understanding is limited to severely constrained structures or heuristic
stochastic sampling strategies. This thesis aims to make progress toward filling this gap, with
the goal of retaining accuracy while reducing the number of function evaluations, and hence

minimizing the cost of gradient estimation.

We focus on the simplex gradient, the gradient of the best linear approximation of the black-box
function. The simplex gradient is a robust and accurate estimator that generalizes many finite
difference methods and can be seen as the deterministic counterpart to likelihood ratios. We
focus on the two most common forms: the fully-determined simplex gradient, the generalization

of forward differences, and the centered simplex gradient, a generalization of central differences.

For the fully-determined simplex gradient, Chapter 3 derives optimal, non-orthogonal sampling
structures that exploit low-curvature regions, resulting in significant performance gains. The
proposed CASG method achieves accuracy comparable to central differences at half the cost.
Chapter 4 extends this work to the centered simplex gradient, connecting optimal sample sets
to orthogonal roots of homogeneous polynomials. The ORCAS method developed here offers
improved worst-case guarantees and shows numerical performance converging to theoretical

optima, providing orders of magnitude improvement over existing methods.

Together, these contributions deepen our understanding of optimal sets for gradient estimation,

offering practical methodologies to improve accuracy and reduce costs across diverse applications.
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Chapter 1

Introduction

1.1 Motivation and Objectives

The gradient estimation problem focuses on estimating the gradient of a potentially noisy
black-box function by only querying this function. This gradient represents the local change of
a system with respect to the input variables. Being able to estimate this gradient precisely is
crucial for a range of domains, two prominent ones being sensitivity analysis [VAQQ, KIT*19]
and derivative free optimization [BBN19, BKW24, [FH12], each with a range of applications.
In sensitivity analysis the gradient is directly used to assess the change of an output with
respect to some set of parameters. Here use cases range from studying the effect of parameters
on biological processes [QM20, JEB*07, DPV06] to assessing system behaviour and critical
inputs to financial and economic models [GLS00, [Pan97]. In derivative free optimization (DFO)
applications the gradient is used as part of an iterative process to find optimal parameters for
a system. The applications of DFO span chemical product design [SSSC20], optimization of
cardiovascular geometries [METO08], pattern recognition and machine learning [FH75, MRFM20],
and trajectory control and drone swarms [LK17, MCDDKI16, [KBD04]. An exciting aspect is that
many at first seemingly unrelated domains have also been shown to have gradient estimation
implicitly encoded, such as in meta-heuristic algorithms and interacting particle methods

[STW23| [BK9S8, ICCSA20, [DJR13, [O1118, I01119]. The ubiquity of gradient estimation methods

1



2 Chapter 1. Introduction

and its range of applications hence underscores its impact and importance of study.

The key limitation of gradient estimation is that evaluating the system is assumed to be
expensive and should be limited when possible [MRFM20, [Fu06, LMW19, BBN19]. This is
a natural constraint, as most systems where gradients are not immediately available involve
complex simulations and physical processes [LK17, MCDDK16, [KBDO04, [GLS00, [Pan97]. Since
the gradient estimation methods are constructed via information gained from querying the
system, these evaluations have to be done carefully to reduce this cost. Yet, for the most
common gradient estimators there is only a limited and highly constrained understanding
of where the function should be evaluated to achieve the most accurate gradient estimates
[BBN19, LMW19, HIB20, [HIBP22, Regl5]. This is a major limitation, as without such
an understanding many more function evaluations than necessary will be used, significantly

increasing the cost in a range of applications.

To frame the contributions of this thesis, we provide a brief description of the gradient estimation
problem. We focus on a setting where one needs to choose a sample set, that is the locations
at which to evaluate the black-box system as part of the gradient estimation problem. This is
in contrast to methods which purely rely on historical data for the gradient estimate. While
in practice one would want to use all the data available, focusing on the sample set allows for
a principled theoretical study of what an ideal dataset may look like. Furthermore, we focus
on local methods, that is using data that is obtained close to the gradient estimation location.
This setup allows us to require less prior information on the function structure. We note that
while such information is often not present in practice, when more information is available other

assumptions may be appropriate.

Given our setup, we focus on the simplex gradient, which is the gradient of the best linear
estimate of the function. This is a strong estimator to study, since it describes the structure of
the function locally, which is in-line with the assumptions of local sampling. Due to its linear
structure it is also a robust gradient estimator in the presence of noise. Lastly, the simplex
gradient is a generalization of many numerical differentiation methods and occurs in a variety

of application areas as we discuss in Chapter [2 We note that in other settings, where more
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function evaluations may be available and noise is not present, more complex estimators may

be useful.

Depending on the choice and geometry of this sample set, the simplex gradient will have vastly
different approximation properties and performance. We present the two most common ones in
Figure [I.1, which will also be the ones studied in the thesis. Even though these sample sets
provide significant freedom in the selection of sample points, this freedom has not yet been
explored and commonly only restrictive geometries, such as orthogonal ones, have been assumed
[HIBP22, ICH23|, ISXXN22, [CSV08b|. Hence, our core objective will be the study of the optimal

sample set for the simplex gradient.

(a) Fully Determined Simplex (b) Centered Simplex Gradient (c) Simplex Gradient
Gradient

Figure 1.1: The structure of various simplex gradient instances and formulations. Dots repre-
senting sample points.

The challenge in choosing an appropriate sample set is the noise-approximation error tradeoff.
The closer the points are the better the approximation error becomes. However, the error due
to noise increases due to increased variance in the estimates. We provide a closer look at this
problem in Section The important insight is that depending on the placement of the
points, the gradient estimator may have significantly improved error qualities. For this note
that in some directions, the gradient changes more slowly. When placing sample points along
such directions, the distance between sample points can be increased to subsequently decrease

the noise error.

To know where to place the sample points, the function needs to be understood. The benefit of
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using a simplex gradient is that locally most functions can be well approximated by a polynomial
as given by Taylor’s Theorem. So, instead of having to derive an optimal sample set for various
different function classes, it often suffices to only consider low-degree polynomials as they are
able to explain most of the local variance. An added benefit is that polynomials are well
understood and lead to increased interpret-ability in the ultimate choice of the sample set.
However, since the polynomial expansion generally uses no further assumption on the function
class and focuses on local approximations, if further information was available, other expansions

may also be appropriate.

Once a polynomial expansion is used, the description of finding an optimal sample set has a
significantly simplified interpretation. Specifically, in the case of the fully-determined simplex
gradient the problem reduces to finding the optimal sample set for a quadratic function. When
using a centered simplex gradient the problem reduces to a third-order polynomial. This is
because the geometry of the centered simplex gradient fully removes the second order error, but

at the expense of twice the number of function evaluations.

While the problem becomes interpretable, there remains good reason for a lack of answers to the
optimal sample set problem. The study of the sample set is a bit of a chicken-and-egg problem.
To study the optimal sample set we need to know the function. But if we knew the function we

would not need to perform any gradient estimation in the first place.

A different perspective on this dilemma makes the problem approachable. Rather than im-
mediately developing a practical method, we first study what theoretic characteristics make
a good sample set and what properties of the function may inform their optimal choice. For
this, we simply assume to know the function exactly. Methods can then be designed to
estimate function-dependent properties in anticipation of using them to inform the right sam-
ple set. Some methods have already used such approaches by further sampling the system
[GMW19, IGMSWS3, [SXXN22, MW12, [Bar92]. The downside is that they are expensive, do not
use any potential historical knowledge, which may be available in settings such as optimization
or sensitivity analysis, and provide only limited structural information. Hence, an additional

objective will be to address these practical shortcomings in estimating function-dependent infor-
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mation.

1.2 Contributions

The following contributions for the simplex gradient sample set are derived by assuming exact
higher-order information of the function. These results remain valuable for a theoretical study
of good sample set structures. However, as this information is often not available in practice,
we provide the following contribution to prove practical feasibility and address the shortcomings

of other developed methods.

e We introduce the historically informed global model framework for sample set selection.
The method is based on using past function evaluations to fit a surrogate model that
provides a rough sense of the function locally. We can then obtain any higher-order
estimates needed for the sample set selection. This is in contrast to current methods which
rely on further function evaluations and do not explicitly fit a global model to obtain
the required function-dependent information. In Section [3.5.3) we show that our method
outperforms the current state of the art methods used to estimate function-dependent
information without having to further query the system. Furthermore, in Sections and
[4.7 we demonstrate its efficacy in conjunction with our developed sample set selection

methodologies where other methods are not applicable.

The above contribution both justifies the development of optimal sample sets assuming knowledge
of higher-order information and provides a practical framework within which to employ such

methods.

We now present our results from Chapter |3| which focus on the fully-determined simplex gradient
for functions which are at least twice differentiable. Here only d + 1 sample points are used,
with the only restriction being that the point at which the gradient is to be estimated has to be

included in the sample set.
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e We derive the optimal sample set for a fully-determined simplex gradient on any quadratic
function in Theorems [0 and [10] To account for higher-order errors, the result also allows
for constraints on the size of the sample set. This represents the first optimality result for

the simplex gradient which does not impose any constraints on the sample set.

e We provide an analysis of the error rates and geometry of the optimal sample set in Section
Our results show a significant improvement over the standard finite difference errors.
Regarding the geometry, we learn that in some cases the optimal sample set is able to fully
remove the approximation error. In the remaining instances, the sample set exploits low
curvature directions to improve the performance of the gradient estimator. Both insights
are in contrast to finite difference methods. Furthermore, they provide a strong argument
against the common wisdom that orthogonal sample set structures should be preferred.
Overall, these results highlight key properties that can be used to guide the structuring of

sample sets in order to improve performance in practice.

e We introduce the curvature aligned simplex gradient (CASG) which is based on our the-
oretical results in Theorems [9] and [10] and the insights gained in Section CASG also
provides a heuristic extension to arbitrary dimensions, to account for the limitation of
Theorem @ being valid only for dimensions which are multiples of four E CASG heuristically
partitions the space and we prove that under this partition CASG is the optimal sample set

for the full-determined simplex gradient in Proposition

e We numerically evaluate CASG and show that this sample set derived for a second order
approximation of a function improves orders of magnitude on any comparable gradient
estimator. We also evaluate our method via the historically informed sample set selection
framework with similar results. We crucially find to perform similarly to central differences,

the de facto standard, while using only half the number of function evaluations.

Our findings in Chapter |3| hence make a significant step toward understanding optimal sample

Tn fact, the Theorem is true for all dimensions for which the Hadamard matrix exits. The current conjecture
is that this is true for all dimensions which are multiples of four. Currently, the lowest multiple of four dimension
for which no Hadamard matrix has yet been found is 668 [KTR05] — a dimension too large to worry about in
many practical applications.
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set structures in the case when only very few function evaluations are available. As functions
are locally well approximated by a quadratic structure, finding an optimal sample set in this
context directly tackles the bottleneck error encountered by any fully-determined sample set.
Our finding further implies that in many situations we can replace central difference methods,
the de facto standard, with limited loss in performance while reducing the cost by a factor of

two.

In Chapter 4| we focus on the centered simplex gradient for functions which are at least three
time differentiable. Here, 2d points are used with a symmetric layout. This structure removes
the second order error, by removing all even order terms, and a third-order polynomial explains
most of the local variance in the function. For this problem, we have made the following

contributions.

e For the centered simplex gradient we show that the problem reduces to finding orthogonal
roots for a homogeneous third order polynomial. We prove that for any third degree
homogeneous polynomial there exist d — 1 orthogonal roots in Theorem ﬂ We prove
that the above result is tight. Specifically, we prove that there are third-order polynomials
for which no complete orthogonal set of roots exist in Corollary [73] This represents a
novel result on the structure of roots for homogeneous polynomials and is the first to link

them to the optimality of the sample set.

e Based on our results we develop ORCAS. The method finds a complete sample set by finding
d — 1 orthogonal roots and then appending a final orthogonal vector to this set. We prove
that as the dimension increases this approaches a best case performance. We also show
that ORCAS has significantly better worse case guarantees than the best central difference
method. These results are presented in Section We again use a constraint on the
sample set size to account for higher-order errors. Our method is the first to provide such

worst-case guarantees.

e We show that ORCAS can be used as a dimensionality reduction method employed in

2This result also holds for all odd degree homogeneous polynomials, which may be of interest as a more
general result.
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conjunction with a numerical solver. Specifically, ORCAS reduces the problem to a dimension
in which a numerical solver can find an optimal sample set. Without the dimensionality
reduction, the run time of the numerical solver would be prohibitive. We present the
construction in Section [£.5. These methods provide a further practical alternative and
allow a practitioner to select among a range of principled sample set selection methods.
They do so by addressing the constraint of ORCAS, by allowing the last few sample points

to break the orthogonality constraint to allow for a potentially lower approximation error.

e We provide extensive numerical results and a broad study of the gradient estimation
problem within a case study in Section 4.2.4. We show empirically that the improvement
gain of a method follows the best case improvement which we show to be orders of

magnitudes better than existing methods, as seen in Section

e We evaluate the method within the historically informed sample set selection framework
in Section We show up to a three to four fold improvement when using our developed

methods to current methods.

Our methods lead to two important realizations. While for the fully-determined simplex gradient
the conventional orthogonal sample set structure was often not optimal, in the centered simplex
gradient setting this structure is often beneficial. This is due to our result that there exist many
orthogonal roots, itmplying that a near optimal solution is possible with an orthogonal sample set
geometry. Hence, there lies significant use in this conventional structure. So, a careful layout

can lead to multiple magnitudes of improvement when employed correctly.

1.3 Thesis Structure

In Chapter [2| we provide the necessary background and set-up to fully define and address the
gradient estimation problem. We first define the problem and introduce our assumptions. We
then provide a review of gradient estimation methods, with a specific focus on the simplex

gradient being a generalization of many numerical differentiation methods. We conclude with a
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review of the applications of gradient estimation methods and highlight the close connection to
simplex gradient type estimators. Throughout this chapter we highlight the lack of a principled
sampled set and data-selection methodology for the simplex gradient. We argue that due to the
simplex gradient being a crucial component in a range of applications and domains, addressing
this lack of understanding is important as it promises cost-savings and increased accuracy. The

following Chapters aim to make steps towards filling this gap in our knowledge.

In Chapter |3] we address the optimal sample set structure of the fully-determined simplex
gradient. This case covers the most basic setting of the simplex gradient, using the fewest
number of sample points possible. It is important to address this case to study the behaviour
of the simplex gradient when only a small budget is available. In Theorem [ we then present
the optimality conditions of the sample set, representing the basis of the curvature aligned
simplex gradient (CASG). We also discuss the intuition behind the optimality conditions, a
crucial takeaway to construct other methods based on our optimality results. We then provide
extensive numerics showing that both in a theoretical optimal case and in practical applications,
via the use of the historically informed global model framework, CASG is able to provide orders of
magnitude improvements over contemporary methods. Crucially, we show similar performance
to central differences, the de facto standard, while using only half the number of function
evaluations. The caveat of this method is that if a budget of twice the number of function
evaluations is available, any method based on a centered simplex gradient will be able to achieve
similar results as CASG. This is due to a centered method due to its structure fully removing the

approximation error which CASG is addressing.

In Chapter [4| we then focus on the centered simplex gradient, to address the case when twice
the number of function evaluations are available. This problem is crucial when a higher budget
is available and further structures can be exploited to minimize the error in the gradient
estimate. Due to the centered simplex gradient, the gradient estimation problem differs to the
one in Chapter 3| and is significantly more involved. Hence, new methodologies and approaches
have to be developed. Therefore, this Chapter represents a deep study of centered simplex
gradient methods, with a range of results to assess its best-case performance and how these

relate to the specific function structure. The main result of the Chapter is based on a strong
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connection between optimal sample sets and orthogonal roots of third order homogeneous
polynomials. Based on this connection, we develop various results to develop a method, ORCAS,
which approaches the best-case performance of any centered simplex gradient estimator with
an increasing dimension. We also show that ORCAS attains orders of magnitude performance
gains over currently used centered simplex methods. We then introduce further methods based
on ORCAS to alleviate some of the constraints placed on the sample set. We conclude with a
range of numerical experiments to show the improvement gains of our methodology. With this
Chapter, we have studied the most used simplex gradient setting and provided a range of results.
While the results are promising, we did not provide explicit optimality conditions as in Chapter

[, which may be addressed in future work.

We then conclude our work in Chapter [5] We first present a summary of the thesis achievements.
We then give a more holistic view on possible future applications. For this, we summarize
application domains we have found to be closely connected to the simplex gradient but have
not seen more explicit mention of. We then finish with a look forward on potential future
work. Here we consider work to either extend our methods to specific application domains or

strengthen the developed results.

1.4 Publications

Our main work has focused on the gradient estimation problem. One publication has received
Major Corrections form IMA Numerical Analysis. The work which compromises the second

Chapter is currently in preparations.

e D. Lengyel, N. Kantas, P. Parpas, N. R. Jennings. Curvature Aligned Simplex Gradient
(CASG): Optimal Sample Set Selection for Efficient Gradient Estimation, Major Revision

at IMA Numerical Analysis.

e D. Lengyel, N. Kantas, P. Parpas, N. R. Jennings. Orthogonal Roots: Towards the

Optimal Sample Set for the Centered Simplex Gradient, In Preparations.
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To keep updated with the evolving community outside of my field I have worked on a variety of

other topics.

e R. Pandya, P. Parpas, D. Lengyel. From Plateaus to Progress: Unveiling Training

Dynamics of PINNs, NeurIPS Machine Learning for Natural Sciences workshop, 2023.

e D. Lengyel, A. Borovykh. Efficient regression with deep neural networks: how many

datapoints do we need?, NeurIPS Has it Trained Yet? workshop, 2022.

e D. Lengyel, J. Petangoda, I. Falk, K. Highnam, M. Lazarou, A. Kolbeinsson, M. Peter
Deisenroth, N. R. Jennings. GENNI: Visualising the Geometry of Equivalences for Neural

Network Identifiability, NeurIPS Differential Geometry meets Deep Learning workshop,
2020.



Chapter 2

Background Theory

In this chapter, we lay out the foundation and context for the gradient estimation problem. We
begin with Section and [2.2 by defining the problem and the local and adaptive gradient
estimation setting which we will discuss in this thesis. We then discuss the various gradient
estimators that are available for this setting in Section [2.3] We put specific emphasis on linear
models and specifically highlight the relationships between them, showing that the simplex
gradient is a generalization of a range of gradient estimation methods. Lastly, we discuss various
application areas of gradient estimation models, with a specific focus on highlighting the use of
the simplex gradient in Section [2.4. Here we want to argue the ubiquitousness of such models

and hence the impact a more principled sample set selection method can have.

2.1 Basic Gradient Estimation Problem

The core problem we aim to solve is estimate a gradient using only function evaluations, using
as few evaluations as possible. We expand on this briefly and lay out our assumptions. Then we
describe the general methodology and classifications of this problem, in the process highlighting

our focus.

We base the expansion of the general problem on Fu et al. and their description of indirect

gradient estimation methods [Fu06]. For this, we define a black-box function as a random

12
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process to formalize the notion of sequentially evaluating a black-box. The black-box is given

by f : D x Z, where D C R? is an open set. We make the following assumptions.

1. f(x,4) is a random variable, with f(x,4) and f(z, ) iid. for i # 7,
2. E[f(z,9)] = f(z) for all i € Z and f € C',

3. f(z,4) has bounded second moment.

The second assumption is natural, as we will be estimating the mean gradient and hence f.
Although the other two assumptions appear in most texts focused on gradient estimation, they
could be relaxed for more general results in future work [Fu06l [Sch22, [BH12, BDHAHO0S]. These
assumptions then directly lead to writing f(z,7) = f(z) + €(i), where €(i) is a mean zero random
variable with bounded variance and with €(i), €(j) i.i.d. for ¢ # j. As above, we naturally assume

that f is at least differentiable, with stricter conditions listed as needed.

The key assumption is that f is generally expensive to evaluate. This is of course not a rigorous
statement, and the exact cost of generating function evaluations needs to be taken into account
on a per-case basis. Fu et al. lists a range of reasons, such as each individual sample being
expensive to generate or having to generate a lot of samples of f to obtain an approximation of
f to the desired accuracy. It may also be that obtaining a sample takes a long time and is not

easily computed [Fu06].

The description of costly and noisy function evaluations is a key assumption. Otherwise, the
problem will become near trivial to solve. If we could use arbitrarily many function evaluations,
then via simple Monte-Carlo techniques we can increase the precision of the estimate of f to
any desired level. The problem then becomes simple to solve, as even the most basic numerical
differentiation schemes, such as finite differences, will be appropriate [BH12]. However, in many

cases, the system is both corrupted and difficult to evaluate.

To demonstrate the applicability of the above description, consider assessing the sensitivity
of the control parameters in a chemical process [MOV12 [SSSC20]. Via a gradient estimate,

we know how the function changes locally and can then improve the performance by moving



14 Chapter 2. Background Theory

the parameters appropriately. Usually, the chemical process is a system that cannot be simply
mathematically modeled, we may only be able to interact with it via querying the system.
However, each query of the system will likely be slightly corrupted by noise, due to unexplained
factors impacting the system. Hence, we may model it via the process f. Since querying the
systems requires executing a complete chemical process, and each run may additionally be costly,

as few function evaluations as possible are preferred.

The goal of gradient estimation is then providing an accurate estimate of V f(x), while only
using function evaluations of a black-box system f , while minimizing cost. Some aspects remain
open. For example, we need to cover what an accurate estimate means and what access to data
looks like. First, we contrast the above setup to ones where direct methods, such as automatic

differentiation, can be employed.

2.1.1 Direct Gradient Estimation Methods

In our above description, we enforced the condition that gradient estimation should only consist
of function evaluations directly obtained from f . This requirement consolidated the description
of Fu et al. of indirect gradient methods. Specifically, no knowledge of the underlying mechanics
of f is used to derive the gradient estimate and no changes are made in the execution of the
system itself [Fu06]. Otherwise, if these requirements were violated, other methods may be

more beneficial.

Fu et al. describe estimators that do not fall under this category as direct gradient estimators.
Such methods try to “estimate the true gradient using some additional analysis of the underlying
stochastics of the model”. When simple source code is available, then methods such as automatic
differentiation are the first choice [GT89, BPRS18, [SHWA15]. In other cases, methods that use
domain knowledge are used, such as infinitesimal perturbation analysis [Sur87, WCCIS8], score

function estimators [Wil92] or weak derivative estimators [BKIK19].

Direct estimators’ advantages include oftentimes unbiased gradient estimates, eliminating the

need to determine hyper-parameters of indirect methods, and computationally more efficient
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methods. In cases when direct estimators are available, their main downside, compared to
indirect methods, is that they are slower and more difficult to implement. Direct methods
require offline-work, problem-specific analysis, and modifications to how simulations are carried

out.

Still, there are many instances where direct methods cannot be employed. These included
systems where mathematical models are not available, or are difficult to obtain, or legacy code
that cannot be modified. Hence, since such methods are employed precisely in situations when
systems are difficult to interpret and expensive to evaluate, understanding indirect methods

better is crucial to make gradient estimates viable.

2.1.2 General Gradient Estimation Methodology

We now describe the general methodology and components of gradient estimation and provide an
appropriate classification. This will allow us to better describe our approach and assumptions of
the problem. The following will be based on a range of works as we could not find an appropriate

sumimary.

We identify the following four core components used as part of a gradient estimation problem.

A evaluation history £ which is made up of historical function evaluations. Specifically,
let 7 be the current time and letting I be an index set such that ¢ < j for ¢ € I, the

evaluation history is given by & = {(x;, f(24,7) }sc;. Here, x; are the locations of the

historical evaluations and f (z;,1) are the realized observations.

e A sample set given by X'. The sample set specifies the location of function evaluations that
should be performed for the use of a gradient estimate. The size of the sample set should

often be as small as possible, since function evaluations are assumed to be expensive.

e The gradient model given by G. The gradient models uses the evaluation history and the

sample set to construct a gradient.

A loss function to assess the performance of the gradient estimator.
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The first two components describe the data acquisition. They make precise that in any setting
we have access to some past function evaluations, and as part of the gradient estimate we
may conduct further queries [AH17, HJBP22, IBBN19,|AA07, BDHHO5]. The third component
focuses on the model which constructs the gradient estimate. The structure of the gradient model
is often based on fitting a function F to the data available. We present a range of such models
in Section With the last component we make the role of the loss function concrete. While
this could simply be seen as an aspect of the model, we emphasise that the choice of the loss
will greatly influence the type of model and sample set chosen. In our work, we focus on a mean
squared error loss, as it assess both the direction and the magnitude of the gradient estimate and
is the most commonly used measure [BBN19, BH12, [HIBP22]. However, if it is more important
to obtain the correct direction, as may be the case in exact-line search optimization methods,

then a loss such as the cosine similarity may be appropriate [NWO06, ISY06].

For a practitioner, the choices to be made often focus on the sample set and gradient model as
both the evaluation history and loss will generally be fixed depending on the application. Of the
two flexible components, the sample set is usually the one which has most constraints imposed
on it. Based on these constraints, the choice of a gradient model generally follows naturally. We
now briefly categorize the various choices made around the sample set and discuss their uses.

We will then expand on the choices we have made for the thesis.

We first distinguish between a fully adaptive and fully historic setting. While some work has
touched on this distinction for an application of gradient estimation in graphics [SPD18], the
distinction is mostly in the vein of other adaptive methods, especially found in the design of
experiments literature [FEN21, LOCI18, BPL19, LBXY19]. We describe a fully adaptive setting
as one where the gradient model only uses the results from the sample set for gradient estimation.
Crucially, in this setting the sample set selection itself may be informed by the evaluation history,
but the model itself does not receive any data from it. In contrast, a fully historic setting is one
where only past data is used to construct a gradient estimate. Here no more further data needs
to be sampled. The middle ground is using adaptive sampling to complement the historic data.

When appropriately done, this may in practice yield optimal results as all data is utilized.
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The other distinction focuses on a fully local and fully global setting, which follows the spirit
of Ahnert et al. [AAQ7]. A local setting uses data which is close to the location of gradient
estimation. In the local setting, a function can often be well expressed by polynomials, as
justified by Taylor’s Theorem. On the other hand, a global data strategy focuses on utilizing
data that may be spread out. Here often some knowledge of the general function class into
which the system belongs may be necessary as simple structures, such as polynomials, will be
poor approximators. However, in the global setting more data, possible stemming from the

evaluation set, can be employed.

2.1.3 Motivation for our Choice on the Adaptive and Local Setting

For this thesis we focus on the adaptive and local setting. Here we consider gradient estimation
methods which construct gradient based fully on the evaluations from the sample set. The

sample set is also constructed to focus on local function evaluations.

The benefit of a local method is that we can work in a setting where we can use a simple
representation of the problem, namely polynomials, and simplify our assumptions on the noise
structure of the system f . We expand on these properties in more detail in Section [2.2. In
summary, in a local setting, we can treat the variance of noise to be close to constant. Further-
more, we know that the lowest order polynomials explain most of the variance locally, making it
efficient in terms of the number of expansion terms needed to obtain strong approximations.
The natural downside is that we can not yet efficiently incorporate global data into fitting the
gradient model. Hence, a lot of historical data may then be discarded. Future work may focus
on how to incorporate global data. We believe that Mutny et al. have set an interesting direction
where they represent the problem in a reproducing kernel Hilbert space, where a kernel-based

expansion of the function can be used [MK22].

Focusing on an adaptive setting allows us to better understand the impact of the data on
gradient estimation. In the adaptive setting, we assume that for every gradient estimate, a new
sample set is constructed. While in practical applications, previously evaluated locations may

be included in the sample set to reduce cost, in the adaptive setting, we are interested in the
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theoretically optimal choice of the sample set. This will later inform which previously evaluated

locations may be good to include or discard in future sample sets.

Historically Informed Sample Set Selection

While in the adaptive setting, the data used by the gradient model is assumed to come from the
sample set, the sample set selection often requires some estimate of function-dependent properties,
as otherwise it cannot be adapted to a specific problem. Although some methods have focused on
estimating these function-dependent properties, they have generally further sampled the system
to obtain these and hence incurred further cost [GMW19, (GMSWS83, [SXXN22, MW 12| [Bar92].
Even though these methods attempt to reduce the number of function evaluations by estimating
the higher-order information only periodically, the procedure remains expensive as more function
evaluations than strictly needed for gradient estimation are required. Therefore, there remains
significant room for also incorporating the historical sample set, as using it will not incur further

cost.

2.2 Properties of Gradient Estimation in Local Settings

We now discuss some of the key properties and assumptions when working in an adaptive and
local gradient estimation setting. For this, we first discuss the noise structure. We use this to
justify our choice in our contributions to focus on cases with constant variance noise. Then we
consider the local function structure. Here we present the relevant results for approximating
functions locally. Specifically, we introduce the notation around polynomial expansions. Then,
we discuss the key difficulty in this setting that arises from the approximation and noise error
trade-off. An understanding of this problem greatly aids in the discussion of gradient estimation

methods for this setting.
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2.2.1 Function Stochasticity

In the general setting, the function is represented simply as a random process f as given above.
When considering a global setting, there needs to be a strong understanding of the structure of
the noise. Some works have focused specifically on this by considering RKHS settings [MK22].
However, in a local setting, many fewer assumptions are necessary on the random process to
obtain strong approximations. While these assumptions will not hold true for all problems, we
will heuristically argue that for many problems it is reasonable that the following assumptions
are sensible. Furthermore, these assumptions are common in the literature as they cover many

practical applications |[CSV08a, BCCS19, BBN19, BH12].
Let us write the function structure as follows

f(x,z) = f(aj) + (]E(xuz) - f(l’))

where by assumption f (x,i) — f(x) is a random variable with bounded second moment and
zero mean. We can hence think of the noise as being additive. However, the variance of
this noise component may vary at different locations. We now heuristically argue that due
to locality, the variance will vary little in the region of the sample set. Specifically, we want

to argue that for every pair of elements of the sample set, i.e. x,2' € X, we have that

VIf(a,i) = f(a)] = VIf(2',0) — f(')].

The reasoning is based on representing the variance of the random process as a function of x and
that if  and 2’ are sufficiently close together, and the function is well-behaved with a “sensible”
Lipschitz-constant, the variance should not vary too much locally. A common example where
the noise varies based on the location is given by geometric type noise. This type of system is
written as f(x;i) = f(x)(1 + €) where € is a random variable with zero mean and variance o2,
Clearly, the strength of the stochasticity will vary directly proportional to the value of f(x), as

the variance is given by f(z)?c?. When the function does not vary much then the variance will

vary little also.

The above will not hold for all problems, as we can always construct functions for which the
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gradient is high and hence even a small deviation from a point will lead to a great change in
variance. However, we have found our assumption of constant variance to cover many practical
applications and is a common assumption made in the literature [BBN19, ICSV08a, ICSV08b),

BH12, [AAQ7]. We make this assumption precise in the following.

Assumption 1. Let f(z,i) = f(z) + €(i). We assume that €(i) has zero mean and constant
bounded second moment. We additionally assume that for i # j, €(i) is independent of €(j) and

that x(i) is independent of €(i).

Note that we additionally make an implicit assumption explicit, namely that subsequent function
evaluations have independent noise. The last assumption that €(7) is independent of (i) makes

explicit that we cannot choose z by predicting the noise.

While for the purposes of our results we assume constant variance, we believe that there is
room to further investigate the role of different noise structures. Some directions may include
investigating the sensitivity of any sample set constructed to the variance used. Then, we
may gain an understanding of how much a more correct representation of local noise may aid
performance. For settings in which the noise component plays a central role, then a method

which is more granular and incorporates noise more accurately will benefit.

2.2.2 Function Structure

To select good data to be used for gradient estimation, some understanding of the function
structure is needed. This is a delicate dance: If we knew the whole function structure, then
we would not need to estimate gradients. We would know them exactly. Hence, the correct
assumptions have to be made such that a practical method may hope to capture the required

information about the function structure.

In global settings, a strong prior on the function is required. This is needed to understand
the behavior of the function between datapoints and infer the structure through that lens. An

example of this is by assuming the function is given by some kernel structure, or that the
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black-box system f is a Gaussian Process [MK22]. Here, then each sample of the Gaussian
Process should have some understood properties. However, the difficulty is that we would need
to have a good guess on the prior and learn the function structure in the process. Often, we do

not have this luxury.

In a local setting, many difficulties in choosing a prior are removed. Locally, we know that
most of the variance of the function is explained by lower order polynomials. Specifically, by
Taylor’s Theorem, we know that to approximate the function locally well, only the lowest order
polynomials are required. Now, in practice we will not know the higher-order information.
However, we are argue that even very rough information will be helpful. As we have argued
earlier, a local adaptive gradient estimator should always improve on a global model. So, using

it to bias the sample set seems sensible.

Representing Functions as Polynomials

We will be working a lot with this set-up, so we also introduce all relevant notation here.
Specifically, we will think of the function as a polynomial from now on, with the lowest order

being addressed for all problems.

Definition 1 (Homogeneous Polynomial). A d dimensional homogeneous polynomial of order

k is a polynomial p : R? — R with the property that for A\ € R and any v € R? we have

p(Az) = Nep(x).

An example of a homogeneous polynomial in four variables of order two is p(z1, e, T3, 24) =

1T + Tox3 + x3x4. Another example is the quadratic form induced by the Hessian of a function.

We will not make the distinction between a form and a homogeneous polynomial and may
use them interchangeably. In some texts a polynomial refers to an expression in terms of an
indeterminate and a form denotes the induced function. Since we only consider the field of real

numbers, the form and homogeneous polynomial are used interchangeably.

To see the intricate connection between homogeneous polynomials and the functions induced by

the higher-order derivatives we note the following. The kth derivative of a k-times differentiable
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function f defines a form via D®*f|,[s]. Conversely, for every homogeneous polynomial of

order k there exists a function f such that D®*f|,[s] = p(s) with the trivial example being

f(@) =3 0=k 2 cqx® which gives D f|,_o[s] = p(s).

When we want to emphasize that the homogeneous polynomial arises from the derivative of
a function we will use the notation D®* f, otherwise we use the notation p. Given this, we
now state Taylor’s Theorem. While the remainder could be stated to be composed of partial
derivatives of the function, we define it only via being a bounded function of a given order as it

suffices for later analysis.

Theorem 2 (Taylor’s Theorem). Suppose f : R? — R is a k+1 times continuously differentiable
function on a compact set D and let M = sup{|0“f(x)|: |a| = k+ 1,2 € D}. If x € D and
r+seD, then

k

Flot8) = S0 D uls] + Rei(s)

i=1

where R, x(s) is called the remainder and satisfies | R, k()] < (kﬁ),(zdﬂ |s;])F T =: R;qf,?)(s).

2.2.3 Error Decomposition: Approximation and Noise Error Tradeoff

The centerpiece of local gradient estimation is the approximation and noise error tradeoff. To
provide a first insight we look at the simple case of a directional derivative estimate via forward
differences. Assume that the black box function has constant additive noise with constant
variance. Specifically, it is given by f(z;i) = f(x)+€(i) with e ~ A/(0, 62). We look at the mean

squared error of this estimate and use h as the step-size giving the following decomposition

E[(ﬂ“”}?—f@) —0,f(x))} = (W“};L)_f(x) —avf(a:)) + Qh%
N —~—

~
Approximation Error

Noise Error

The decomposition is a result of the independence of noise and its distribution having zero mean

and constant variance o2.
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Now, using Taylor’s Theorem on f(x + vh) we have that for the approximation error

Fet =T, pla) = L2 s(@pn + 00,

Notice that the first term depends directly on the second derivative of the function and scales

as h. Higher-order errors are encapsulated in the term O(h?).

Before discussing how to choose a good step size, h, we first observe the competing effects of
the noise and approximation errors. For this we observe how the mean squared error depends

on the step-size

Hr oM =), iy = o0 + 00

h2)'

E[(

To reduce the approximation error, we need to decrease h. However, this leads to an increase
in the noise error. This is intuitive, as a smaller A will lead to more variance in the gradient
approximator due to noise. To observe this, consider Figure 2.1l Here we plot regimes in which
either the approximation error is dominating and where the noise error is dominating. When
the approximation error dominates then the gradient estimator has reduced variance but higher

bias. When the noise error dominates, the bias may be lower, but the variance is increased.

To reduce the error, more samples often help. Some methods focus on removing the lowest-order
approximation error. For example, a central difference approach will remove the second-order
error, however, it will require twice the number of samples. Similarly the noise error can be
mitigated by simply sampling more points. Then by a standard central limit argument the

. . . 1
standard deviation will scale as TN

The other approach to reduce this error is to choose the best step size h. For this, if we knew

the second derivative 92 f, we could solve this problem exactly. Here, we would get an optimal
1/2

h = (2\/§|6T'(m)|> . This is simply given by taking the derivative of the truncated mean

squared error, setting it to zero, and solving for h.

Here we clearly see the approximation and noise error trade-off in the size of h. The larger the
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Figure 2.1: Visualizing the approximation and noise error tradeoff. T'wo samples of the black-box
system are used to estimate the gradient at the given location via forward differences.

second-order component, the smaller the A should be to mitigate the increased approximation

error. A similar argument holds for the noise.

Now, for a full gradient estimate, we are not required to sample in the direction of v. So, we
may choose different sample points which may have better second order properties. Specifically,
there may be some directions in which 9?f(x) is close to zero. These directions indicate regions
in which the gradient does not change too much. Then, we can simply increase h in those

directions to mitigate the noise error better.

The above observation will form the basis for the motivation of our two main results. In essence,
we want to exploit the structure of the lowest-order errors to better mitigate the error without

having to sample more points.

2.3 Gradient Estimation Models

We now discuss various existing gradient estimation methods. We distinguish between linear

models and non-linear models. We put specific emphasis on linear models, as many gradient
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estimation methods have an interpretation as a linear model. In the linear model discussion, we

emphasise the role of the simplex gradient and its connection to other methods.

2.3.1 Linear Models

A linear model can often be thought of a model call which uses observations of the function to

fit a function of the form
Fly) =c+uw'y (2.3.1)

to approximate the function locally at x. The gradient estimate at x is then given by w. To

formalize this, the class of fully linear models can be defined |[AH17].

Definition 3. Given f € C', x € R, and A > 0 we say that {Fataco,a) s a class of fully
linear models of f at x parameterized by A if there exists a pair of scalars kg(x) > 0 and

Kg(x) > 0 such that, given any A € (0,A] the model Fa satisfies

1f(y) = Fay)l < kp(x)A*  for all y € Ba(x)

IVF(y) = VGaW)llz < rg(x)A  for ally € Ba(x)

where G(z) = VF(x).

The definition of the linear model becomes clearer when considering f in its Taylor approximation.
Here we see that the fully linear model F ought to approximate the first-order term, that is,

the gradient, of this expansion.

Using a linear model is often beneficial as it is simple to explain and is generally robust to
overfitting. Furthermore, by being linear, it inherently approximates the underlying quantity
of interest, the gradient, well. Higher-order methods will be prone to picking up errors due to
noise. Due to the flexibility of higher-order models, they may attempt to explain the data by

fitting noise, which generally hurts model performance.
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In the following, we first discuss the estimator based on a least-squares linear fit, called the
simplex gradient. We then discuss many related methods which have an interpretation as the

simplex gradient and hence can be seen as an instance of it.

Simplex Gradient

Given a sample set, the gradient obtained by a best linear fit is called the simplex gradient.
Given some data one minimizes the mean squared error of a linear model, such as in Equation
2.3.1] to fit the model. In our discussion, we focus on the case where the simplex gradient is
obtained by a fully adaptive scheme, that is by first selecting a sample set X', then querying
the system f and using the resulting data to obtain the best linear fit 7. We now provide the

notation used.

The sample set is now given by an ordered set X = {z;}o<i<y and by N + 1 elements. Often x
is assumed to be the location of the gradient estimate, but this is not always a requirement. The
difference set is given by S = {x; — x¢}1<;<n and each element is called a difference vector.
The jth difference vector is denoted denoted by s;. The corresponding difference matrix is a
matrix S € R which concatenates all difference vectors, i.e. S;; = (z; — z); = (s;);. The

function vector is given by fy, where each component is set as (fx); = f(x;). The function

difference vector is given by 6fy and is given component-wise as (0fy); = f(z;) — f (o).

We now introduce the only necessary assumption on the sample set such that the simplex gradient

exists. Then we provide the definition of the simplex gradient [AH17, [BCCS22, BK98, |(CT19].

Assumption 2. The difference set S spans the space RY. Or equivalently, N > d and the

difference matrix S has full rank.

Definition 4. Let f : R — R and let X satisfy Assumption @ The simplex gradient of f over
X, denoted Vs f(X)

Vs f(zo) = STIf(X).
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Given the model definition, the choice of the sample set is the central problem of the simplex
gradient. As we have seen in the simple example of the approximation and noise error tradeoff in
Section[2.2.3] the step-sizes can have a significant impact on the accuracy of the gradient estimate.
As we will see in the following sections, many developed methods can readily be interpreted as
simplex gradient, with the only difference between the methods being the choice of the sample
set. Understanding what choice of the sample set is optimal or developing a framework to
assess optimality is then crucial. With such results, we can then assess the performance of other
methods and better understand their relationship to each other. Furthermore, such results then

enable the development of further principled gradient estimation methods.

Two of the most prominent choices of the sample set, and the ones we will study in the thesis, are
presented in Figure The first sample set given in Figure illustrates a fully-determined
sample set. This sample set uses d + 1 sample points and included the point of gradient
evaluation in the sample set in the first position. Given the use of d + 1 function evaluations,
this linear model fully interpolates the data. While some methods have some understanding of
the placement of the sample set, there is no principled methodology available yet which does
not severely restrict the geometry [AH17, BCCS22, BEB15|]. This will be the central study in

Chapter [3]

The sample set in Figure represented the centered simplex gradient. This sample set
uses 2d sample points and does not have the point of evaluation in the sample set. It is
characterized by the symmetry in the sample point selection. This symmetry allows it to obtain
significantly improved error qualities. Once again, there does not exist a principled sample set
selection result beyond either methods which are heuristically derived or restrict the geometry

[HIBP22, I(CH23, BEB15]. This will be the central study in Chapter
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(a) Fully Determined Simplex (b) Centered Simplex Gradient (c) Simplex Gradient
Gradient

Figure 2.2: The structure of various simplex gradient instances and formulations. Dots repre-
senting sample points.

During the discussion of the remaining gradient estimation methods, we pay specific attention
to their relation to the simplex gradient. By seeing that many developed gradient estimation
methods are either direct instances of the simplex gradient or are similar, we further emphasise
the importance of principled sample set selection. Specifically, due to the difference between

simplex gradient based methods lying in the choice of the sample set.

Finite Difference Schemes

Finite differences schemes are at the centre of numerical differentiation schemes. These mostly
focus on estimating a directional derivative in each of the coordinate directions and concatenating
them into a single gradient estimate. Besides defining the methods, we will also provide a

heuristic argument for the relationship between these methods to the simplex gradient.

To estimate the directional derivative, finite difference methods choose a set of step-sizes
{hi}1<i<n and a set of weights {w;}1<;<n [BFB15, BH12, [Cul7l]. They then use these to

estimate the gradient in the e, coordinate direction as follows
N
O, f(2) & Z w; f(x + hieg).

=1

Instead of implicitly concatenating the estimates, we can simply choose a set of weight vectors
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{w; € R} <;cn and a sample set X = {z;}1<;<n to define the estimate via

V() ~ Zw £ (). (2.3.2)

For the canonical examples the generalization via the simplex gradient is immediate. Consider
forward differences given by the weights }—11 and the step-sizes are given by {0,h}. This can
immediately be achieved by a fully-determined simplex gradient with a sample set given by
{z} U {hrer }1<i<a, with ey being the step-sizes in each coordinate direction. Central differences
is given by weights % and step-sizes {—h,h}. Here the centered simplex gradient uses the
sample set {—hre}1<i<a U {hrex }1<i<a. Both methods, severally restrict the geometry of the
sample set by assuming the sample points to be along the coordinate directions. It remains an

open question what a well-chosen sample set without such restrictions may be.

There are various variations to derive these weights and sample sets. One of which is given

by Richardson Extrapolation, which uses increasingly more sample points to improve error

properties [BFB15, [BH12, [KR14, BDHAHOS| [For8§].

We now heuristically argue that the chosen weights and step-sizes naturally imply the use of
a simplex gradient. We will do so by showing that for the model to be a fully linear model
as given in Definition [3] the weights have to stem from an inverse of the difference matrix of

the sample set. For this argument, we assume to take weighted average of the differences of
f(x:) = f(w)
N
V() = sz(f(%) — f(z)).

i=1

Now, let W be the concatenation of all the weights and consider the first order Taylor expansion

!This removes the zeroth order term in the Taylor expansion. When W is zero mean, meaning that
Zil w; = 0, then we do not need to subtract f(z) as the zeroth order term is naturally removed.
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of f(x) yielding

S uire 59— ) = 3w (V1) s+ 301106

=WSTVf(z)+ Rp(X)

where for ¢ there exists \; € (0, 1] such that £ = \;xz + (1 — \;)x; and Ry(X) is the accumulation
of the second order error terms. Also, recall that S provides the difference matrix which we

defined along with the simplex gradient in Section [2.3.1.

To make the method a fully linear model, according to the above definition, we need a relation
in which reducing a parameter A leads to a more accurate estimate. In this case, we let A
be the radius of the sample set, given by R(S). Recall that R(S) is the length of the largest
difference vector. For the error to decrease as the radius is the decreased, we need the first term,
given by W STV f(z), to be exactly equal to the gradient. Otherwise, the systematic error in

the gradient estimate will remain even as the radius is reduced.

For the first-order term to equal the gradient, we need W ST = I. If the number of difference
vectors is given by d, then W = S~7. When there are more sample points, there is no unique
solution. When using the minimum norm solution, then W is simply given by the pseudo-inverse

of ST. Hence, the form now becomes equivalent to the simplex gradient.

Likelihood Ratios and Monte Carlo Estimates

The likelihood ratio provides a range of stochastic gradient estimation methods. It is based on

a simple integration by parts argument which provides the relation
EV/(Y)] =E[f(Y)VIogp(Y;z)]

where p(-;x) is a distribution depending on the gradient estimation location x [Gly90, [TS17]. It
can then be shown that as either the support shrinks around x, or the variance decreases, that

the estimator approaches the exact gradient in V f(x). These methods also often generalize
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general stochastic approximation methods [RK16, RB16), [Bor22] or smoothing techniques, as
the right-hand side can be viewed as the gradient of a function smoothed against the density p

[BCCS19, W96, KO72].

We now want to emphasise the relationship to the above numerical differentiation schemes and
hence the simplex gradient. For this, note that the Monte-Carlo estimates which are often used
to approximate such expectations, will have a form reminiscent of the numerical differentiation
form given in Equation [2.3.2] This is because a finite number of samples from the distribution
will be taken to then evaluate the function and compute the weights. The performance of these
methods will then depend on the choice of the distribution. Hence, the form is not guaranteed
to be exactly as the one of the simplex gradient and of the gradient of a least squares fit.
As we established in the previous section on numerical differentiation, W would have to be a

pseudo-inverse of the sample set produced by sampling from the distribution p.

A commonly used density for which the relation to the simplex gradient is immediate is
for a normal distribution. Expanding the likelihood ratio we obtain E[f(Y)Vlogp(Y;x)] =
YSTYE[f(X)(X — x0)]. This is also the result of Stein’s lemma [DJR13] and of using a smoothing
approach [BBN19].

To see the direct relationship with the simplex gradient, let X be a sample set which has the
same first and second moment as the given normal distribution. Letting S be the corresponding
difference matrix, we can use this as an estimator of the expectation, yielding X156 f(S).
Noting that X! is also equal to the sample variance by construction of X, we obtain that the

estimator is exactly the simplex gradient ST f(S).

When using a true Monte Carlo estimator, the sample set will not exactly match the moments of
the true distribution. So, there will be some variance due to sample set deviation. We may ask
whether this can be helpful. It turns out that the gradient estimator does not benefit from this.
In many cases, the variance due to sampling the sample set from some distribution increases
the gradient estimation error [BCCS19, BBN19, [ BCCS22, [Sch22]. Of course, in some situations
the induced variance may be helpful. We have in fact found that the variance can bias an

optimization method in some beneficial ways. So while it may not be as good of a gradient
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estimator, the induced distribution may be beneficial.

Simultaneous Perturbation Stochastic Approximation and Related Methods

In some applications, only very few function evaluations can be performed. In such a case, the
sample set describes an under-determined system, for which a simplex gradient formulation
exists [CSVO08a, ICSVO8b|, [HIBP22]. While other methods exist, the most famous method is
simultaneous perturbation stochastic approximation (SPSA) which uses only two function
evaluations, regardless of the dimensionality of the parameter space [ST92, [Spa98, BPP13,
BDS17, [FKMO04].

Instead of perturbing each parameter individually, SPSA perturbs all parameters simultaneously
in a random direction. This is done by generating a random perturbation vector y, where
each component is typically chosen from a symmetric distribution (e.g., Bernoulli distribution).

The gradient is estimated using the difference in function values at perturbed points V f(x) &

flatex)—flz—cx)
2c

1

-x 1. Here, c is a small positive constant, and y~! represents the element-wise

inverse of the perturbation vector.

We can see this is a two element Monte Carlo estimate of a likelihood estimator. In expectation,
it can also be shown to be a consistent estimator, that is, in expectation the Monte Carlo
estimates equal the true gradient. However, such methods are often far too inaccurate for
gradient estimation [BZ19] and have been shown to have poorer performance compared to a

deterministic counterpart [Sch22, [ BCCS19, BCCS22].

Design Of Experiments

While previous methods were restrictive in their geometry (numerical differentiation) or stochastic
(likelihood ratio and SPSA) Design of Experiments (DoE) methods place sample points freely
and deterministically [DB03, [BEB15, [ZS91, BDHHO05]. However, they do not have further

optimality conditions associated with them and are heuristically motivated.
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DoE was pioneered in assessing the factors that influence the response of a system by establishing
principles by which to assess the individual and combined impact of changing the parameters of
the system in an efficient way [Fis36]. These methods have resulted in various schemes, such as
the fractional factorial design [Monl7] and the Plackett—Burman design [PB46]. In addition
to the absence of formal guarantees of optimality, their performance is generally comparable
to or worse than standard finite difference schemes, making them so far the preferable option

[BDHHO5].

2.3.2 Non-linear models

Non-linear models are significantly more expressive than linear models and hence can capture
higher-order behaviour which may make the fitted function more accurate. The hope is that
when the right model is chosen, that points can be placed more freely while retaining a good
approximation of the function. An example of this is knowing that the true function may be a
uni-variate cubic. Then, as long as four distinct function evaluations are available, the function
can fit exactly. In this way, we would not require local function evaluations as the function can

be fit with any set of data.

There are two significant difficulties associated with the use of non-linear models. For one, there
has to be a strong understanding of the underlying function and its structure. Furthermore,
the effect of noise may remain to be difficult to mitigate. In the case of very expressive models,
one will often observe a strong overfitting phenomenon, where the model will explain the noise

rather than the true behavior or numerical instability [CL09, [DB03].

To mitigate the effect of noise, not only will the function class have to be understood, but
significant regularization will be required. This type of regularization may be in terms of the
size of the parameters used in the model or a bound on function dependent quantities such
as the Lipschitz constant [HS01, [AA07, ICul71) [KR14, WHO07, VBKB20, BDHdHO0S8]. Hence, a
linear model is often preferable, as it is guaranteed to locally be a strong approximator of any

sufficiently smooth function.
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2.4 Applications of the Simplex Gradient

Gradient estimation is prevalent in multiple domains. We now review two of the most impactful
ones, being sensitivity analysis and derivative free optimization. For these methods, the core
focus remains in having to select appropriate sample sets for a gradient estimate. These methods

also often operate in local and adaptive settings, further justifying our focus in this thesis.

In our study of the simplex gradient we found a prevalence of implicit gradient estimation in
many unexpected fields. This was also the initial motivation for studying gradient estimation
methods, as we were aiming to better understand seemingly tangential methods. We will briefly

outline these more heuristic connections in the conclusions in Chapter

2.4.1 Sensitivity Analysis

The goal of sensitivity analysis is to understand the impact of changes in the output of a
system given changes to the input [VA0O]. A common application is in biology and chemistry
to understand the effect of parameters on treatments and biological processes [QM20, [JEB*07,
DPVO06]. Other applications involve financial and economic models to study system behaviors

and critical inputs [GLS00, [Pan97].

In many cases, where the function to be studied is differentiable, sensitivity analysis considers
the estimation of gradients with respect to some parameter of interest [VA0O, KIT™19]. Here,
one is interested in understanding to first order the impact of the parameters on the output.
The gradient is then often estimated via a best linear fit estimate via regression analysis
[TMZ*13, [Sob09, IL15]. The best linear fit in our notation is simply given by the simplex

gradient, making it a key tool for sensitivity analysis.

2.4.2 Derivative Free Optimization and Meta Heuristic Algorithms

Another core application of the simplex gradient is in derivative free optimization (DFO) and

meta-heuristic algorithms. Here, the goal is to minimize some objective while only having access
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to evaluations of a black-box system [LMW19, ISBK*20, HRR23, ABAFS18| BKW24, Bor22].
Such methods have wide ranging applications from finance [GMS19, [CT06], chemical product
design [SSSC20], optimization of cardiovascular geometries [MFTO8| to trajectory control
and drone swarms [LK17, MCDDKI16, [KBD04]. Common algorithms include trust region
methods and local surrogate models [MWDS18, [SBK*20, (CHJIB24], pattern search methods
[CV07, ICDV08] and other famous method such as the Nelder-Mead algorithm [NM65]. Some of
these methods can also be found in the statistic literature, where a more clear connection to
DFO methods is currently being pursued. Two examples are iterated filtering, where the update
step follows a likelihood ratio update [IBAK11], and the inverse Kalman filter via statistical
linearization |[CCSA20)].

Naturally, a key aspect of many DFO aspects is finding a descent direction. For many algorithms,
the gradient estimation is explicitly defined and studied [BCCS22,Spa98| [Bor22, ICCI16, FCJR17,
SQXON23, [Kelll]. In other cases, gradient estimation is not explicitly defined and only later
found to be a core aspect of the algorithm [BK98, (CCSA20, IDJR13]. Therefore, for many
problems, the core expense involves function observation as part of gradient estimation. By
better understanding optimal sample set structures, we can then hope for the development of
improved derivative free optimization methods. These can then have a large impact on the

aforementioned application domains.

2.5 Summary

In this chapter, we established the gradient estimation problem and laid out our assumption
of studying the problem in a local and adaptive setting. In this context, we have made all
assumptions on function and noise structure explicit and assessed their practical viability. We
then discussed various gradient estimation methods, contrasting linear and non-linear models.
In the linear setting, we argued that the simplex gradient is a generalization of many commonly
used gradient estimation methods. For also discussed the robustness and stability of linear

methods when little about the function structure is known. When the function structure is
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understood better, then non-linear methods may be beneficial. We concluded the chapter with a
summary of applications and the presence of the simplex gradient in these. This presence of the
simplex gradient highlights the importance of studying the optimal sample set structures, as it
leads to cost savings in a range of applications by reducing the number of function evaluations
while retaining or improving on accuracy. The following chapters will focus on the most commons

setting, the fully-determined and centered simplex gradient.



Chapter 3

Optimal Sample Sets Selection for the

Fully-Determined Simplex Gradient

In this chapter we study the optimal sample set of the fully-determined simplex gradient. Recall
from Section that the fully-determined simplex gradient is a best linear approximation
of the function locally and uses d + 1 sample points. Hence, it requires the fewest number of
function evaluations of any valid simplex gradient. This makes it an important subject to study,
as it allows us to understand the properties of gradient estimators which try to reduce cost as

much as possible.

To accomplish the above, we proceed as follows. We recall the background and general problem
statement established in Chapter [2 Due to using the fully-determined simplex gradient, the
expression for the simplex gradient simplifies to ST f(X). In Section E we motivate and
derive a Taylor-expansion based objective function for the optimization problem related to
finding the optimal sampling set for the simplex gradient and derive some crucial simplifications.
In Section [3.2 we present the main results and provide the proof and algorithms for CASG.
We additionally provide some intuition behind CASG and an initial comparison to forward
differences. In Section [3.4.3 we then present the extended curvature aligned simplex gradient.
We provide the global model framework algorithm and the empirical results in Section [3.5 In

Section [3.5 we also discuss in further detail the use of the global model as a separate gradient

37
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estimation method. We also consider the cost of the global model framework when no history

of function evaluation is available.

3.1 Optimization Problem for Optimal Sample Set

In this section we motivate and define the objective function which is used to assess the goodness
of a sample set for numerical differentiation under the simplex gradient. The objective function
is based on the mean squared error and is derived via a Taylor-expansion argument as is common

for finite difference schemes [BEB15].

To better understand the mean squared error, we consider its decomposition into the approxi-

mation and noise error via the following Proposition.

Proposition 5 (MSE Decomposition). Let the sample set X and the black-box function f be
given and given Assumption I on the noise. Let S be the difference set corresponding to the

sample set. Then the mean squared error is given by

E[[|Vsf(20) — Vf (x0)]l3]

= Vs (z0) = Vf(@o)ll3+ oIS I + 0[S~ 13-

-~ -~
Approzimation Error Noise Error

Proof. We expand the mean squared error after which we proceed term by term

E([|Vsf (o) — Vf(x0)[3] = E[|Vsf(x0) — Vs f(x0) + Vs f(zo) — Vf(x0)]|3]
=E[|Vsf(zo) — Vs f(@o)l3] + Vs f(zo) — V (o)l

+2BI(Vsf () ~ Vs (o)) (Vi (o) ~ V(o))

By linearity of the simplex gradient we have that E[|Vsf(zo) — Vsf(z0)]|2] = E[||Vse(0)]3]
where we write Vge(0) = S™7e(X) with de(X) = [e(1) — €(0), ..., e(d) — €(0)]". We then have
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for the first term

E[|Vsell3] = E[0e(X)" S8 de(X)]
=tr (S7'S7T (0% + 0%117))

=o|STE + oS5,

where we used the result from [Ken05] that for any random vector X, with mean g and
covariance matrix A, and symmetric matrix A we have E[XTAX] = uTAp + tr(AA). The
second term ||[Vgsf(zo) — Vf(zo)||3 is already in the correct form. Lastly, the cross term
E[(ng(xo) — ng(x0)>T<ng(a:0) - Vf(:vo)>] is easily seen to equal zero since B[V f(zq)] =
Vs f(@o) 0

While the noise error only depends on the noise level and distribution of points, the approximation
error also depends on the function structure. Since we do not have access to the true function f,
we need use some approximation of f. However, even with an approximation of f, the MSE may

be difficult to minimize directly. Instead, we introduce a bound on the approximation error.

3.1.1 Approximation Error Bound

While there exist multiple methods by which to estimate the approximation error, we proceed
via a Taylor argument as done in many other works [HIJBP22, BEB15, [BH12]. The crucial
difference is that previous works upper bound the second order term, while we retain the second

order term exactly and only bound the higher order terms.
Lemma 6. Let xg € RY, f € C?, H = V(o) and ||S||2 < h for some h € Ry.. Then we have

IVsf(zo) = V. f(zo)llz = ;lHSTpH(S)H% +O(h?).
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Proof. By Taylor’s Theorem for a fixed xg and x € X we have

f(@) = flzo) = (Vf(20))"si + %S?Hsi +O(IS]3)

~ 1
— Vs f(zo) = S™16f = V(o) + QS_Tdiag(STHS) +O(||S13).
We then have the following bound on the difference of the simplex gradient and the true gradient

IVsf (o) = VF(o)l3 = [1S776F — Vf(o)ll3
= |55 Tdiag(s"HS) + O(|S|3)

1o,
= 7157 diag(S" HS)|I3 + O([15]2)

where the last step follows from the triangle inequality and noting that 1S~ diag(STHS)|3 =

O(]|S]|2). Since the norm of S is bounded by h the result follows.

3.1.2 Objective Function

When using the bound on the approximation error and the noise error, the only variables are
the noise level o, the given Hessian matrix H, and the sample difference set S. To control the
error due to higher-order effects, the hyperparameter h is introduced. The optimization problem

is then given by the following.

Definition 7. Let H € R™? be symmetric, o € Ry and h € Ry. Let AE = 1||S~pu(S)|3 be
the approzimation error and NE = o?||S7Y|3 4+ 02||S™T1]|3 be the noise error. We then define

the function Ly o5 : R4 — [0, 00] as

AE+ NE ifh> S|z and S € GLq
EH,J,h(S) =

o0 , else.

When clear from context, we drop the H, o, h subscript and write [(S). Furthermore, we let {2
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be the subset in which the objective function is finite.

Remark 1. The objective function is well defined. The function is continuous on the compact
domain Q given by the intersection of h > ||S|l2 and the closure of GL4 under the topology
for the extended real number line. Hence, it attains its minimum in Q. Note that without an

upper-bound on the size of the difference matriz, the objective function may not be well-defined.

The following Proposition significantly simplifies the objective function and allows us solve the

optimization problem in the basis in which H is diagonal.

Proposition 8. Let H be a symmetric matrix and let R be an orthogonal matriz such that

RTHR = D. Defining S" = RS then ly,(S) = €p,(S"). Furthermore, {p,(S) ={_p,(S).

Proof. Since H is symmetric such an orthogonal matrix R exists. Then ||S7!|r = tr(RT ST S R)
and by the cyclic property of trace ||S7!|p = ||S"'||r. Furthermore, since orthogonal
operations do not change norms ||S~T1]|3 = ||S""T1||3. For the approximation error note
that sT Hs; = s/I' Ds. As established, orthogonal matrices do not change norms and hence
1S~ Tpp(S)|12 = |9 Tpp(S')||3. The invariance to negating the diagonal is due to the absolute

homogeneity property of the norm. O

While more manageable, the objective function is not trivial to minimize due its remaining
non-convexity and non-linearity. This is unlike standard forward difference where the difference
matrix has orthogonal columns which allows the optimization problem to separate into a sum of

one-dimensional convex functions which are easy to solve.

3.2 Theoretical Results

In this section we discuss the solutions to the sample set optimization problem introduced
in the previous section via Definition ??. We focus on finding the optimal solution S* =
arg Mingepaxa {pop(S) for a H,o and h. For this theoretical discussion, we assume these to

be given values. That is, H is some symmetric matrix and o, h > 0. Based on the theoretical
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results, we then develop a methodology in Section [3.4 and numerically evaluate it in Section
[3.5. The benefit of this theoretical discussion is understanding what sample set structure is
beneficial for gradient estimation. The specific properties and intuition of this theoretically

optimal sample set will be further discussed in Section

The optimal sample set structure is derived based on the singular value decomposition (SVD) of
the sample set. The SVD of the sample set is given by UAV* where U, V' are orthogonal matrices
and A is diagonal with the ith entry given by A; = v/\;. We then have that A represents the
square of the diagonal of A in vector form. The first result relates to the singular-vectors of the
sample set. The choice of the singular-vectors is simple, yet allows for a significant simplification
of the loss function. Even without deriving the optimal singular values, this simplification of

the loss can lead to immediate improvements compared to standard methods as we will show in

Section [3.3]

Theorem 9. Assume that o, h > 0, H € R4 is a symmetric matriz with the eigendecomposition
H = RDRT and that there exists a d-dimensional Hadamard matriz. The global minimum
of Lo, S*, is given by RU*A*(V*)T where A* is the solution to the following d-dimensional
optimization problem

A* = argmin (Zzzifijﬁ +o? S N T oinnd Rz A0

A .
00 otherwise

o U=1]

o V* = M, where k = argmax;, A}. Recall that My, is the Hadamard matriz with the entries

of the kth row being 1/+/d.

Note, the result relates to dimensions for which the Hadamard matrix exists. The current
conjecture states that this exists for all dimensions which are multiples of four. When developing
a method in Section [3.4] we address this limitation in more detail. We will also see in the next

result that V* = M, as the first singular value is the largest.
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Given the above Theorem, we have transformed the optimization problem in Definition |7 to be
more interpretable and reduced the number of variables from d? to d. The following theorem
provides a solution to this optimization problem. While the closed form solution is complex,
there are three basic properties providing an intuition for how the optimal singular values are
structured. Furthermore, as we discuss in Section [3.3], this result allows us to study bounds on
the loss function when using an optimal sample set. These results will provide intuition for how
the choice of the singular values lead to an improvement over standard forward differences, and

how other methods could use a similar approach to structure sample sets.

Theorem 10. Let D be a diagonal matriz with increasing entries and K be the number of
non-positive elements in D. Let M* be the solution set to the optimization problem as given in

Theorem[9. Then there exists a solution \* € M* with the following properties

e \* is in decreasing order,
o there exists K < J < d such that \f = h? for 1 <i < J and \f < h?® for J+1<i<d,
o if D; = D; then \} = A} for 2 <i,j <d.

The solution \* is given by the following

(

h2 Zfl S J,
A=
\QQ_Ddl <Z_jl + o*(d + 1)) otherwise;
>
h? if it < J,
A= for2 <1 <d,
oy /2B otherwise,
J

with a given by

o if J=0

d0'2 1/2
1
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with C = Y%, /Di;

e otherwise

3
Ve I NENGE T P R P
a = %/\/gw /276%746%4’901 V18 ! 2=

cos(0/3)2/% otherwise,

_ o [dn2 N~ N 2 _ 9c;
where 1 = o/ 5> i ;1 VDi, ca = ;i Dih® and 0 = arccos( 120%).

Every other solution is a simple permutation of A\*. Specifically, for every A € M* there exists

J € argmax, ;<4 Dj such that \] = A; and \j = Ay and A}, = A\, when k # j for 2 <k <d.

3.2.1 Proof Outline of Theorem [9

To proof Theorem [9] we present three core propositions. We present the proof of each proposition
in the Appendix [3.6.1. To simplify the proof, we make the following assumptions without any
loss of generality. By Proposition [§] it suffices to left multiply a minimizer of {p,, by R to
obtain a minimizer for ¢z, ,—we can then work with a diagonal matrix D rather than the
symmetric matrix H. By the same proposition we know that the objective is invariant under
negation of H, allowing us to assume that the trace of H and hence D is positive. Lastly, since
the eigendecomposition of H is invariant under permutations of the eigenvalues in D, we assume

without loss of generality that the entries in the diagonal of D are in increasing order.

First we derive the lower bound of the objective function ¢. Notice that there is no more

dependence on V| and hence this lower-bound holds for all possible V.

Proposition 11. For a diagonal matriz D € R4 and positive real numbers o, h € R, define

the function

aD,a(UvA)2

2~ 1 2 d .
oo to Zizlk—i%—a—/\mm if hI = A =0

éD,O’,h(U7 A) = (321)

o0 otherwise,
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with orthogonal U € R¥™>?, diagonal A € R™? and ap,(U,A) = tr(AUTDUA). Then we have

ED,a,h<U7 A) S mvin gD,o,h(Ua A7 V)

We now present the optimal solution to the lower bound derived in the previous proposition.
The optimal value for U is given by the identity matrix, while the optimal A is the solution to a

simplified optimization problem and is the focus of Theorem [10}

Proposition 12. The global minimizers U™ and A" of Ly, ,(U, ) are given by U* being the

identity matriz and A" being a diagonal matriz given by miny £y, (1, A).

Remark 2. For an intuitive explanation for the above result, observe that ap,(U,A) =
S Di(Z?:l \UZ;). Since U is orthogonal, ijl A;U?; is a weighted average of A;. Letting
U be the identity matriz allows for the greatest degree of freedom, as each \; can address the
corresponding D;. The most limiting structure would be if U was the Hadamard matriz leading
Z?Zl NUZ = 52?:1 Aj and leaving only one degree of freedom.

We now show that when V' is the Hadamard matrix, the original objective function and the
lower bound can be made equal. Specifically, they are equal when U is the identity and A is

any valid diagonal matrix.

Proposition 13. Let A > 0 be diagonal and My, be the Hadamard matriz with k = arg max; A;.
We then have lp o p(L,A) = lp o n(1, A, My).

Remark 3. To achieve the lower-bound in Proposition [11 we needed 1 to be associated with

the left-singular vector corresponding to the largest singular value of S. Furthermore, the

_r

)\max

approzimation error in ||ST!p(S)||* > Ip(S)||?. Due to a special property of p(S), the

|? is minimized when

sum of the elements is invariant over any orthogonal V' and hence ||p(S)
p(S) = ap (U, A)1. Incidentally, the matrix V which achieves both of these properties when

using U™ is the Hadamard matrix.

Given the three core propositions, we can now prove the first Theorem.
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[d. Notice that U*, A* given by Proposition [12| and V* given by Proposition 13| have the same
form as U*, A* and V* in Theorem [9] Hence, it remains to show that they are in fact the global

minimizers of {p, ;. Consider the following chain of inequalities.

gD,a‘,h(Q*) A*a K*) 2 gD,O’,h(U*a A*7 V*)

I A
min min lpon(UANV)
> min {pon(U,A) by Proposition

= ﬁp,g,h(g*, A") by Proposition

Due to Proposition [13| we know {p (U, A", V") = £, ,(U", A"). Hence the above chain of
inequalities becomes a chain of equalities and specifically {p , ,(U*, A", V*) = lp o n(U*, A", V*).
Hence U*, A" and V" are also the global minimizers of ¢p , . Rotating the result by R completes

the proof and provides a minimizer of {g ;. O

3.2.2 Proof of Theorem [10

Recall that Theorem [10| addresses the minimization of the simplified objective function which
we denote as follows
d .
DA | gasnd Ly g2 g 21 = A 0

4dA'maz =1 )\z

(N =

00 otherwise.
Hence, our objective is to find the set of global minimizers given by M* = argmin, ¢()\).

As in the proof for Theorem @, We assume that D is diagonal, increasing and Ele D; > 0. For
the current proof, we let K be the number of non-positive elements in D. Given the structure
of D this implies that D; < 0 for 1 <i < K and D; > 0 for K +1 < i <d. If all elements are

positive then K = 0.

We can immediately derive the first properties of the solution set M*.
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Proposition 14. Let M’ = {\ € M* : \| = maxj<;<qa \i} be the set of all solutions with the

first element being mazximal. Then for each N € M’ we have the following properties

1. XN is in monotonically decreasing order,
2. there exists K < J < d such that N, = h? for 1 <i < J and N, < h? for J +1 <i <d,

3. if D; = D; and2§i,j§dthen)\;:)\;.

Lastly, every other solution \* € M* is a permutation of a X' € M’ That is, for every \* € M*
with j € argmax, <, D; and X} = max,<;<q A} there exists \' € M' such that X} = X}, \; = \]

and N, = \f when i # j and 2 <k <d.

We first prove the following Lemma, showing that all eigenvalues corresponding to a non-positive

diagonal element have to equal h2.

Lemma 15. Let \* € M* then X} = h? for 1 <i < K.

Proof. Assume for contradiction that for some 1 < i < K we have \; < h%. Define the function

Ma) € R? for a € [0, 1] as

h? if 1 <i< K or \; +ah® > h?,
Ai(a) =

\; + ah?  otherwise.

Given this definition A(«) > A for any chosen « value, including zero. Hence, the noise error
component of the objective function will have strictly decreased. To complete the contradiction,

we show that there exists an a* for which the approximation error does not increase, that is

(L DiA)? (L, Didi(er))?
AdX = ddi(af)

max max

First, notice that A%, (a*) = h? > X%, hence the denominator did not decrease. It remains to

show that the numerator does not increase. By Lemma and the assumption that 2?21 D; >0

we know that by optimality of \* that S.7, D;A* > 0. Due to A*(0) increasing all elements
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corresponding to negative diagonal elements, it must be that Z?Zl DN > Zle D;\:(0).
It remains to show that this is true in magnitude also. If Zfil D;X;(0) > 0 then we are
done. Tf % | D;A*(0) < 0 then by assumption 3¢ D; > 0 and X*(1) = h*1 it follows that
Z?Zl DAf(1) >0 > Zgzl D;\f(0) > 0. Hence, by the intermediate value theorem there exists
a* such that S2¢ | D;A*(o*) = 0. Therefore, no A* for which the first K elements are not equal

to h? can be a solution. O

Proposition [14 We first prove the last statement, namely that every A\* € M* is a permutation
of some \" € M*. Let \* € M* such that k € argmax;.,.;A\; and A} < A\;. Due to Lemma
this can only happen when all elements of D are positive. Now, let \; = A 4+ A} and consider

the numerator of the approximation error

DiN: + DX, = DiX} + DyA + D)l

> DyA; + DAl

which is true since D; < Dy, by assumption. Since D has only positive elements, D1 A} +DpA7 > 0
and hence the numerator has not increased by swapping A\; and Aj. Let A" be given by swapping

the elements of 1 and & in A*. Then ¢()\) < ¢(\*) making X' € M.

Next, we prove Item [3[ for A € M’. Assume for contradiction that when D; = D, we have

i # Aj for 2 <4, 5 < d. By strict convexity of % we have that

N
NV 1
NN T L

=
+
u>i| =

which leads to reducing the noise error by replacing A and A} by their average. Note that
the approximation error does not change since the sum D;\; + Dj)\;- due to D; = D, remains
constant and the denominator remains unaffected since the maximal element, that is A}, is not

modified.

We now consider Item [I] We know that )] is maximal. Hence, for contradiction assume that
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N, < Xl for 1 < i < j. When D; = D; then we already know by the above proof for Item |3 that
this cannot happen. Then, let D; < D; and by Lemma let D; > 0 as otherwise \; = h? > N

Now, similar to before, let \; = A + A} with the following inequalities

> (N, + A)D; + \.D;

Since D;, D; > 0 we have )\;-Di + A;D; > 0. This implies that we have strictly decreased the
numerator of the approximation error by switching the positions of A} and \}. This leads to a

decrease in /¢, as swapping positions does not affect any other loss component.

We now complete the proof by considering Item 2 By Lemma it is true that for some
K < J < d we have X, = h?. The fact that there do not exist J < i < j < d such that

A\i < \j = h? follows from )\ being decreasing. ]

Here, we see that the position of the elements is decreasing. Also, we see that every element
associated with the maximal element of D has a solution associated with it. Without loss of
generality, we can just assume that the maximal element occurs at the first index then. Based
on this observation, we now introduce a simplified objective function, which we call the proxy
function.

DAY | 25 L 620G 0\ b

) =

00 otherwise.

We denote the set of global solutions as M®™Y) = arg min _ga £P™¥)()). Letting Q = {\: 0 >

A = h?}, it follows that constraining (™) to Q we have differentiability £(Pr)|q,.

With the following we want to state the seemingly obvious, that is all solutions of the proxy
are also solutions of the true loss. Furthermore, all solutions in M’ are solutions of the proxy.

Hence, it will suffice finding the minima of £(Prox),
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Lemma 16. It holds that MPo™) C M* with M®®) = M.

Proof. Note that I(\) < (P9 ()\) for A € R? and I(\) = (P9 ()\) whenever A\p., = Ar.
Consider N € M'’. Since the first element is maximal it holds that £PT¥)(\) = £(\) < £()\) <

(o) (\) for A € R? and hence \' € MProw),

Next, we show that if \Proz¥) e AMEroxy) then \Prezy) ¢ A, Since [ is well defined, there
exists some N € M’ and by the above X' € M®¥)  Since both AP™?%) and X’ are then global
minima for the proxy function it holds that £ (\) = ¢Pro) (X\(Prozy)) - Tt remains to show
that the first element A" is also maximal. If the number of non-positive elements in D is
greater than zero and hence D; < 0, then by an identical proof to Lemma [15( we have that
A1 = h? and hence the first element is maximal. Otherwise, assume for contradiction that
k € argmax; ;<4 AP and 1 ¢ arg max, ; ., A", Consider the numerator in the first term

of the loss, since D; < D, and letting )\,(f rory) — Aot LA we have

legproazy) + Dk)\l(cpro:py) _ Dl)\gpro:py) + Dk)\gproxy) + DkA

2 Dl)\](gproxy) + Dk)\gpro:py) Z 0.

)

Hence, replacing AP with )\,(f ") does not increase the numerator. Furthermore, since

>\§p ") oecurs in the denominator of the first and third term, increasing it will strictly decrease
the loss. Hence A" has to be maximal. Since the first term is maximal it also holds that

I(X) = om0 (\7) = goross) (\Froms)) — (Ao} and hence APo) € A 0

To find the global minimum of the proxy function, we may simply iterate through all constraint
combination. For this, denote the working set by W which is a subset of {1,...,d}. The
complement W€ is such that WU W = {1,...,d} and WNW* = (). We then introduce
A — A such that )\EW) = h? for i € W and /\EW) = \; for 1 € W°. Now, for each working set
we can find the set of candidate solutions, that is T7OV) = {A\) . V(o) (AV)) = 0}. The
minima of all candidate solutions for every working set will be the global minima of £(P*)  as

the set of all candidate solutions provides all the points satisfying the KK'T conditions.
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To better characterize the candidate solutions by relating them to the set of global minima for
each working set given by M%mxy). Specifically, the following proposition tells us that when a

candidate solution exist, then it is the unique global minimum for the working set problem.

Lemma 17. For every working set VW, we have (X)(W) 1s the unique global minimum for

g(proxy) ()\(W)) Zf Vf(p'f”ofby) |Q<<)\/)(W)) =0.

Proof. To show the above, we simply show that the function £ (A\OV) is strictly convex.

When 1 € W this is immediate since it is the sum of strictly convex functions. When 1 € W, it

w
(i, DiAM)?

OV is convex. For this note the Hessian on the domain €2 can be
1

remains to show that

written as

L (0, DAY 1 8d 1 8 & '

Hence, the Hessian is positive semi-definite and the term is convex. Since the other terms are

strictly convex, £ (A\OM)) ig strictly convex. O

Now, we want to show that no global minimum exists that is not also a candidate solution.
This will allow us to use the condition that the gradient vanishes to characterize any solution.
Furthermore, we show with the following that it suffices to only check at most d rather than 2¢

potential working sets. For this, define the working set W, = {1,..., J}.

Proposition 18. Let K < J < d be the smallest integer such that V{P™) | (X)) =0 for

some (N)OV9) . Then (N)W9) is the unique minimizer of (o),

Proof. By the KKT conditions, to find all the global minima of £P*) it suffices to find all points
at which the gradient vanishes given some working set and choose the ones inducing the minimal
loss. By Proposition [14]it suffices to only consider working sets of the form W; for J > K. Let
W; and Wj be two working set for which the gradient vanishes at (\)™2) and (X)™7). By
Lemma 17| the points are the unique global minima for their respective functions. Let J > J’ and
J be the smallest integer for which the above holds. Then ¢Prox) (X)) < pProxy) (\) (W)

since (\')Ms) is a feasible point under the working set W;. By uniqueness of global minima
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for each working set, either (\)0V2) = (X)OV) or ¢roxy) (\)Wa)) < gleroxy) (\YOV))) | making

(X)OY9) the unique global minimum. O

A priori it is not clear which working set will have a valid candidate solution. So, for each
working set we derive the following necessary conditions for a point to be a valid candidate
solution. Using these conditions we can construct a point and then if it is within the domain €2

it is a valid candidate solution.

Proposition 19. Let K < J < d then for (@) (\XW2)) = 0 it is necessary for AOV7) to satisfy

the following equations

i

h? if J =0,
/\gWJ) _
% (% + o%(d + 1)> otherwise;
)
vy _ ) ifi<J, |
AT = for2<i<d
' 2dA (") ,
o O otherwise,
J

\
d J
i=1

i=J+1

The result provides d + 1 equations in as many unknowns. Due to the structure of the equations,
if we can find a solution to a, then the other quantities are immediate. The following results
provides the unique solution for a given some working set V. Note that if a current working
set W, does not provide a candidate solution, then the a given below will make some of the

equations infeasible. Specifically, the predicted A7) = h21 which is not possible.

Proposition 20. Let K < J < d, then for any candidate solution it follows that a is given by

o If J =0 is empty, then we have

1

anﬁ(%ﬁ(Cv%Dﬂd+D+%ﬂ+2Dﬂd+1}+Cﬁ)U2

with C = Y4, /Di;
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e Otherwise,

3
i N NENET T LRSS RRE
0 — %/\/3«/27c%f4c%+901 E ! 2=

cos(0/3)2/% otherwise,

. dh? d - o J 12 _ 9c1
where ¢y = o/ 5= > i ;.1 V' Di, ca =) Dih* and 6 = arccos( 12c§)'

The proofs for the above two propositions are technical and we defer them to Appendix [3.6.2.

Theorem[10. The first three statements follow directly from Proposition [14 The equations
which provide the solution are given by Propositions 19| and Lastly, every other solution in
M* being derived from \* follows from Proposition [14] and Lemma [17| By Proposition M

is made up of permutations of M’. By Lemma [L7, M’ contains only one element. O

3.3 Error Rates and Geometry of Optimal Sample Sets

In this section we aim to provide a better understanding of what the optimal sample set
achieves. We will focus both on the effect of the sample set on the loss ¢ as given in Definition
Furthermore, we focus on the geometry, that is the layout, of the sample set. This focus will
highlight some of the key traits of optimal sample sets and provide an understanding of how

such sets achieve the improved error rates.

To study the problem, we assume that some symmetric matrix H, a noise level o > 0, and a
constraint level h > 0 are given. As in the previous section, this will be based on a theoretical
discussion in which each of these values is known exactly. This is meant to highlight what

structure and properties optimal sample sets may display.

To simplify the discussion, as justified by Proposition |8 we assume that H is diagonal and given
by the diagonal matrix of eigenvalues D. Notice that when discussing the standard basis vectors

in this basis, these coincide with the eigenvalues of H. Furthermore, based on the same result,
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we assume that D is in monotonically increasing order and that 2?21 D; > 0. To study the
properties of the sample set, we will divide the problem into cases where D is indefinite, that
is, the diagonal includes strictly positive and negative elements. The other is the definite case,

where all elements are positive.

3.3.1 Error Rates

We now consider the error rates of a theoretically optimal sample set compared to theoretically
optimal forward differences. For this recall, the loss ¢ provides exactly the mean squared error
for a quadratic function when h = oco. When h < oo, the constraint is aimed at avoiding
higher-order errors which take effect with a larger sample set radius. As we will show in more

detail later, the constraint also helps when we only have noisy estimates of the Hessian.

Before we consider the precise error rates, we consider the qualitative difference of the loss
function induced by the structure of a sample set as given by Theorem [ and one given by

forward differences. For this recall the loss for a sample set is given by

(s) = LS Tpu(S)I3 + oIS 3 + oS TL3 it hl =S -0

00 otherwise.

Now, instead of using the optimality conditions from Theorem [9] we first consider the form when
given a diagonal sample set, which is used for forward differences. For this we simply consider a
diagonal matrix A giving

LS D2 +20250 L iRl = A0

((A) = x (3.3.1)

00 otherwise.

Now, we observe how we transform ¢(S) when using the optimality conditions from Theorem [J]
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for some diagonal A in the form of £(U*A(V*)T).

(=4 :
i—dw o230 OA +ol=d ifhl=A>0

UU*AV*) = (3.3.2)

otherwise.

g

The choice of V* and U* were crucial in this and both Remarks [2| and [3| provide a more intuitive

explanation of how the choice of both led to this loss.

While we will consider a bound on this for an improved A, it is instructive to first focus on the

qualitative differences between Equations|[3.3.1]and [3.3.2. First, the loss is able to utilize the

maximum singular value of S. Specifically, we divide both the approximation error and replace
ZZ 1 /\ by d -, providing an almost immediate improvement whenever not all elements in A

D A ) . Note,

are equal. For the approximation error, the sum Z D?),; is replaced by
the division by d does not immediately provide an improved error, and is simply necessary to
keep the right structure of the loss. That is, when all eigenvalues given by A are equal, then the
two loss-functions have to coincide, which the division by d accomplishes. Notice that the form

(Zle D;\;)? allows for a key benefit not present in forward differences, namely when negative

diagonal elements are present we can force the approximation error to be zero as we explore in

Section [3.3.1.
Before we proceed, we note the optimal finite difference solution and bound its error.

Lemma 21. The forward difference sample set given by \'P) = arg min, cgixa Adiagonal () has
the form AP = min(n2, \/_|D ) for1 <i <d. When AFD) < B2 the bound on the loss is
given by (AFP)) = ©(a S0 | Dil). When AEFP) = h21 then ((AFP)) = 250 D] 4 2024,

Proof. The form is given by differentiating and setting to zero. The error rate is immediate by

plugging in the result and simplifying. m

When AFP) < AT then ((AFP)) = O(c 327, |D;]). Whenever either the noise level o or any
diagonal element D; increases in magnitude, the error increases linearly. Furthermore, note

the implicit dimensional dependence. If an element with the average of the absolute value
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of D is added, then the error increases linearly with dimension. When AP = K, then
(AP = 574 1D;| 42024, Here, when h is large the error will scale with 72 3¢ | D;| while

when h is small the error scales as 02}%. The geometric properties will be contrasted with S* in

Section in Section [3.3.2.

In-Definite Case

Here we consider the case when D is in-definite, and has some positive and negative elements.
As alluded to earlier, some specific properties of the loss can be exploited to remove the
approximation error. Since using the exact optimal A* to derive a bound is difficult, we use this

insight to upper-bound the error that the optimal sample set achieves.

Proposition 22. Let D be in-definite with D; < 0 for 1 <i < K and D; >0 for K+1 <1 <d.

Let S* be optimal for £(S), then we have that

2 \d D

Proof. We consider a heuristic choice of A which is aimed to exploit the specific form of

K \p.
(U*, A, V*). For this, set \; = h? for 1 <i < K and \; = thde;lejl' We then have that

2m=rk+1Dm

Z?Zl A;D; = 0 and hence the approximation error is zero. We then have an upper-bound on
d

the loss in terms of the noise error via ¢(S*) < Z—z (d + K+ (d— K)%) completing
=113

the result. n

We briefly review the error bound. First, the loss scales as % and the larger we can make the
constraint the smaller the error is. Furthermore, note the term % > 1. The closer the
sum of the negative diagonal elements is to the positive elements, the less this multiplier affects
the loss. We have an explicit dimensional dependence in d. When adding positive diagonal
elements, this effect is compounded and can be seen as a quadratic dimensional dependence.

On the other hand, adding negative diagonal elements counteracts this. Lastly, we observe a

quadratic noise dependence.
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The most clear comparison to forward differences occurs when A?) = h21. In the case of a

d
Zm:K+1 D
K
Zj:l |Dj]

When 7 is large we have that hZ?:l |D;| dominates, providing an error rate which does not

small h, the error 02% dominates. Hence, the errors appear identical except for

depend on the noise level but increases linearly with the constraint. When A(*?) < h21 the
differences are more pronounced. Depending on which terms are varied one error may be better

than the other.

Importantly, the optimal sample set will have an error that is upper-bounded by minimum of
both the above and forward differences. The key takeaway is that the loss function given by
Theorem [9) allows for the immediate removal of the approximation error, leading to an error
rate which can be made arbitrarily small when h grows and one that decreases when negative

diagonal elements are increased in magnitude. This is in stark contrast to forward differences.

Definite Case

We now consider a definite cases, where D = 0. To simplify this case, we assume that \* < h%.
Since all diagonal elements are positive, this will always happen when h is large. Here we will
focus on how dividing by the smallest singular value affects the error. Specifically, since A4, is
tightly related to the minimum diagonal element, we expect this quantity to be prominent in an

error bound.

Proposition 23. Let D be positive-definite and S* =< h* be optimal for ((S) as given in
Definition[7]. Then, we have that

(S*) =0 (a\/EZZ’%;/E) .

Proof. Recall from the previous section the definition of C' = ZLQ v D;. To simplify the proof

we define additional constants. First, we define an average of C by C' = dTCr We also define a

ratio of the smallest eigenvalue to the average via v = ‘/571. The final quantity we define does not

have a simple interpretation but greatly simplifies the algebra and is given by M = 8D;(d + 1).

This quantity can also be written as M = 8(d + 1)y>C%. We can now rewrite the expressions for
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a and \; as given in Propositions |19 and [20| yielding a = \/ (C++VC?+ M)? - ;M) and
1:2aD2(C+V02 M)?.

Since the solution A\* is finite and positive, we can plug it into the loss and use the defined

quantities to simplify

2 d 2
s = — +U2Z%+M

Ad); A
_ P ~ 3C +VC2 +
- d\/(0+\/0 +M)? =5 ( RN EST, )).

Notice that \* and a have been replaced with C' and M. To proceed further we note the
following relation which follows by multiplying the denominator on the right hand side and

matching terms

(C+ VT M) - %M) (;gi v gz i%)) — %(03\/W— o)

+C\/C2+M+gc2+ %.

To simplify the above we note two further relations éﬁ = E?R} and 2 =

(d+1 Combining

these we aim to remove all instances of M and obtain the following simplification

8

=0 f—]\} 04(1/1+%—1)+MC’2(Ml+%+5+%)
Ci(d-)* 8(d*)y? ) , 8(d*)y? | 5, (d9)?
:J\/Sd(dﬂ (\/1+ ()2 —1)+8(d_)2’y < 1+ () +§+ (d_>2>

where we used d* =d+ 1 and d~ = d — 1 to keep notation tight.

= a\/%\/%(C?’\/CQ +M—-CYH+CVC?>+ M + 202 + M

To provide a lower and upper-bound on this, recall that 0 <+ <1 and note that d“) < 3 for
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d > 2. Now, notice the following bounds on the individual terms of the expression

7 8(d+1)v2 5  (d+1)y?
§§<\/HW+§+W>SM
18(d + 1)+?
=2 (d—1)?

(@)
A\
Q
—
_l’_
x
QU
_l’_
=3
=
A

where the upper-bound for the last bound comes from /1 4+ x being concave. These bounds

lead to
(d+1 d+1 (d+1) 8(d+1)v2 5 (d+1)y?
2 7(d \/ NP —1)+8<d_1)2’y (\/1+—(d—1)2 +§+—(d—1)2

Now, note the bounds on the various dimension dependent fractions given by é < (ddjll)z < g and

similarly d®5; < 51(d+1 < d?. Hence, we have that the loss is given by £(S*) = ©(cC?*Vdy) =
d

6 (oD E=R). O

We can directly compare the error rate of S* given by © (O’\/D_l ZLZT;/E) to the one given by
forward differences in ©(c Z?Zl |D;|). The similarity is that the noise dependence remains the
same. However, crucially the error bound now depends on the product of /D; and Zf:2 VD;.
This immediately indicates that a smaller Dy, irrespective of the other diagonal elements, leads
to a smaller error. As seen in Theorem [10, a small D; leads to a large A; element and hence a
larger divisor in the loss function given by Equation Another benefit is that if any diagonal
element is increased individually, the error scales as the square root, rather than linearly as in
forward differences. Lastly, we note the improved dimensional dependence due to the division
by V/d. Interestingly, even if all the element are the same, the structure of the optimal sample
set retains this benefit in dimensional dependence. Intuitively, this is again because of being
able to manipulate the interaction of A\; with the remaining singular values to reduce the overall
error. We expand slightly further on this in Remark [4} Notably, if the constraint in & is tight,

then some of this benefit will be lost.
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3.3.2 Geometry of Sample Set

We now focus on the geometric properties of the sample set. This will help us understand what
structure in the sample set leads to the improvements observed in the previous section. We
first observe the following baseline result. This tells us what structure is optimal when we are
fully agnostic to the approximation error. This happens in the presence of no prior information

about the function.

Lemma 24. The noise error given by ||S™!% + ||S™T1||> with a constraint 0 < S < hl is

minimized if and only if S* = hU where U is any orthogonal matriz.

Proof. We have that for the second term, that is [|S™'1||*, to be minimized we simply need 1
to be a right singular vector associated with the largest eigenvalue. Now, we have that the

first term is equal to Zd L by matrix norm properties. This is clearly minimized when each

=12,
\; is maximal, that is \; = h? for 1 < ¢ < d. This constrains the sample set to be S = hU
for U being orthogonal. Notice, that this also minimized the second term as [|S™'1|]> > ——d.

This is minimized when \,,q, = h? also. Since for hU each singular value is given by h we have

achieved the minimum. O

The optimal sample set without any information on the function is orthogonal. Note that this
is similar to forward differences, and hence it often suffices to discuss an orthogonal geometry.
We can now contrast such a structure with the optimal sample set which uses exact information
of the Hessian. Contrasting both extremes provides insight into how a sample set may be

structured in practice, when information is present but imprecise.

To characterize the geometry of the sample set, for each difference vector we consider the length,
that is ||s;||, and the angle with each standard basis vector, that is mKek, si)|. Recall, since
we are working in the eigenbasis of H, the angle formed with the standard basis is equivalent to

the angle with each eigenvector.

Proposition 25. Let S* be the optimal sample set as given by Theorem|[9. Then we have the

following geometric results
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e the norm is ||s}|| = H%;Z?:l A5 for 1 < <d,

e the angle to each coordinate direction is given by m

(e 50)| = e /A for 1<

j=1"j

ki <d.

Proof. This follows immediately from plugging in s; = U*A*(V*)Te; and noticing that |sf| =

1
WS

We observe that both the norm and angle do not depend on the difference vectors. That is,
every difference vector will have the same length and span the same angle to each standard
basis vector. This first result is in contrast to forward differences, where each difference vector
has a different length. This result is chiefly due to the use of V* being a Hadamard matrix, as
the contrast in difference vectors is purely in the sign of each entry rather than the size. Hence,

it enforces symmetry in the geometry of the sample set.

Another consequence of using the Hadamard matrix, and its induced symmetry, is in interpreting
how the error of the gradient estimate is presented. For this, note that p(S*) = (Zle D;\i)1
which says that each (s})T Ds} is on the same level-set of the quadratic form given by D. We will
see a visualization of this in Figure This observation leads to the following result regarding

errors of directional derivatives.

Lemma 26. Let f(x) be a second-order polynomial and let S* be the optimal sample set for

the simplex gradient estimator at xo. Then the mean squared error of the forward-difference

fl@otsH)—f

approximation Mo (z0) of the directional derivative O, f(x¢) has the same mean squared

error for 1 <1 <d.

Proof. The error of a direction derivative estimate is given by

flaxo + s7) — flao)

*\ 2
— 8sff(xo)|2] = flo |T;2” f) - @srf(xo)IQ + QUT

[s7]?
1((s)"Hst\? 2
_1 (@)_8) 12T
4\ sl [Is7]]

(2

7
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where the last step follows from f(x) being a quadratic polynomial. Clearly, since S* is
chosen such that p(S*) = (320, D;\i)1 we have that (s¥)” Hs} = (s5)THs} for 1 <i,j < d.
Furthermore, by Proposition 25 we have that the norm of each difference vector is the same.

Hence, the mean squared errors are the same for 1 <1 < d. O

Note that the simplex gradient can be seen as a change of basis on a set of d directional
derivatives. Then, when disregarding higher-order errors, every directional derivative given by
s; has the same mean squared error. This is because the mean squared error in Definition (7] is
equivalent to the error of a gradient estimate on a quadratic approximating a function locally.
Hence, we can think of them each directional derivative contributing the same error to the

simplex gradient approximation.

In-Definite Case

Just as in Section [3.3.1] it is difficult to provide a precise analysis of the indefinite case. Instead,
we use a similar heuristic scheme to approximate the optimal sample set. This scheme ensures

that the approximation error is removed, leaving only the noise error.

K |p.
Mforf(+1§i§d. We

d
Zm:K+l D'm

Proposition 27. Let \; = h? for 1 <i < K and \; = h?

have that

K .
e the norm grows as ||s;|| = O [ h M 7
Zm:K+1 Dm

° forlSk:SKthat‘\/—%— L |(ek,si>|‘ :O(d_K 2;=11Ds] ),

sl K32\l 32 ki1 Dm

Sm—r 1 Dm
ensil] =0 (= (S 1))

1 1
. andforK—i—lSk:Sdthat‘%—

[l

where the results hold for 1 <i <d.

d-K) X1 |Dl

d .
d m=k+1DPm

Proof. The first result follows immediately from ||s;|| = h\/ £+ (
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For the next result consider 1 < k < K and 1 <1 < d giving

—— — llen sl = | = 1
— €Lk, S; =
S
m=K+1~m
ld— K Zj:l ’Dj|
— d
2 K3/2 Zm:K+1 Dm

where the last step follows from \/11?]0 is a convex function.

We proceed similarly for the last result where K +1 <k < d and 1 <1 < d giving

1 1 ‘ 1
€k, S z

The norm will increase with h. This is intuitive, as once the approximation error is removed,
the sample set is made as large as possible to reduce the noise error. The next results states
that the differences vectors cluster around the directions corresponding to negative diagonal
elements when the relative size of negative elements is small. This occurs since in the heuristic
scheme, more weight has to be place on negative weights to remove the approximation error.
On the other hand, in the next result we see that as the relative size of the weights is close to

one, the difference vectors are now equally spread out.

An orthogonal sample set is then similar to the heuristic scheme when the relative size of the
diagonal elements is close to one. However, crucially the rotation of the heuristic sample set is
such that the approximation error is removed, while this is not the case for a generic orthogonal
matrix. Now, when the size of positive elements is much larger than the negative elements, the
matrix will be ill-conditioned and cluster around the K non-positive diagonal elements. While
the optimal sample set will be less extreme than this heuristic, this is an obvious difference

where the geometry is altered in response to the information gained about the Hessian. In
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Section [3.5.1 we will briefly discuss how such overfitting can be addressed when the Hessian is

iexact.

Definite Case

We now consider the case when D > 0. As in Section [3.3.1, we are able to provide a precise
analysis when assuming that \* < h?, that is the sample set is not affected by the constraints.
While this will not always valid, in situations where the function is well approximated by a
quadratic locally or the constraint can be made large enough, this is a valid assumption. This

also provide intuition by considering an idealized case.

Proposition 28. Let D be positive-definite and \* < h2. Then following geometric properties

on the difference vectors hold

e the difference vector size is given by ||s;|| = © ( ’\71) =0 ( o>, \/Dm(ﬁ)l/‘l),

e the angle to the first standard basis vector is given by ‘1— m“el, 32)|‘ =0 (% S ﬁ)

for1 <1 <d.

To prove the above proposition we present three Lemmas which bound the size of various

quantities. First we need to understand the growth of a central quantity to the solution A\*.

Lemma 29. Let a be as given in Theorem . Then its growth is given by a = © <0C_'d3/2, /D%).

Proof. Recall that a = \/2 (%(C\/8D1(d +1)+C2+2Dy(d+1) + C’2)>, We have an imme-

diate lower-bound by removing occurrences of Dy in the following

C/8D1(d+ 1) + C% 42Dy (d + 1) 4+ C? > 2C*.
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For the upper-bound, first notice that C* > (d — 1)?Dy, since D; < D, for 2 < ¢ < d by

assumption. Also, note that d+1 < 3 for d > 2. Hence, we have

d+1 d+1
2 2< 2 2 2—
C\/8D1(d+1)+C2+2Dy(d+ 1)+ C _C\/8C —(d_1)2+0 +2C d—1y

+C?

< CV24C? + C? +6C% + C? = 12C°.

Next, we consider the growth of the largest singular value.

Lemma 30. Let \* be the solution as given by Theorem [10. We then have that X; =
_ 3/2

e <ac (£) )

Proof. Recall that A} is given by A} = aD (% + o%(d + 1)) Based on Lemma 29| there exist

) and ¢ such that the following bounds hold

(lb)# i (ud) (d — 1)262 <\ < (ub) g i (1b) (d - 1)202 1
’ (d—l)CVDl(c D, SA=Ta eV o\ b, ).

Since C? > D; we have w dominates d 4+ 1 completing the result. O]

Lastly, we require the relative size of the largest singular value to all the other ones. The result

relies on combining the above two Lemmas.

Lemma 31. Let \* be the solution as given by Theorem[10, We then have the following rate on
the sum of fractions given by Z?:z i—l =0 <d%1 Zc.l, L) = O(1). Additionally, we have the

=2 /Dy
T . . Y D, 1 o 1
rate on each individual fraction given by & = © (EC' 3) =0 (3)'
1 1

Proof. We have that 2?22 :\\— =10 a/\* ZZ 9 F and using Lemma 29| and [30/ to bound a and

A] we obtain the result. The result for follovvs similarly. O

We are now ready to provide the proof of the main results.
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Proposition 28 We first consider the norm of each difference vector given by [|s]| = /% S
Notice that we can write ||s;|| = \/71 1+ Zl ) /\* The lower-bound is immediate and the

upper-bound follows from Lemma [3.3.2, leading to ||s1]| = O(y/ %1)

We now prove the result on the angle to r;. For this we use the fact that the function \/11?0 is

convex to obtain

1 d
§§Z

1
‘ - m|<€k»3i>|‘ = ’1

,_.*ls *

1_'_\/21 2)\*

Using Lemma [3.3.2 we have that

Din 1

To obtain a simplified version we make two observations. First, since C' is an average, by

Jensen’s Inequality we have that l— = 4———= < Ll Zf:2 ﬁ. Additionally, due to

ﬁ2?=2\/ﬁi - d-
standard variance and mean properties, that is V[X] = E[X?] — E[X]* > 0, we have that

2
d d :
<_d£1 > o —\/117) < —dil > o —gi completing the proof. m

Remark 4. We have that i—l = @(d% \/DI) When all diagonal elements are the same we have
that :\\—1 = @(é), hence the largest \* will not equal all the others. Subsequently, since the angle
is given by mK@k» si)| = \/ﬁ\//\_f we also know that the sample set will not have a fully
orthogonal structure once we pass some dimension—in practice we find this to be already the
first dimension. This is intuitive as A\ ought to be as large as possible, since we are dividing by
it. So we sacrifice some noise error component to achieve a lower error by making Ay larger

and hence dividing by a larger quantity in the loss.

We first consider the size of the difference vectors. In its simplified form, it scales as the square
root of the ratio of the largest eigenvalue and the dimension. It is notable here that the largest
eigenvalue dominates as we also discuss in the above remark. When expanding, we observe that
as expected, the size also scales with the noise-level. A larger noise-level leads to a large size of

the sample set to mitigate the noise error. However, unlike forward differences, the size also
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scales positively when increasing all diagonal elements except the first one. This is because
these terms appear in the numerator of the approximation error and the first eigenvalue has
to increase in response to reduce the effect of this. Lastly, as expected when the first diagonal
element increases, the eigenvalue decreases as a smaller size is require to mitigate the increased

approximation error.

Next, we focus on the angle to the first standard basis vector. The bound is given by the

d 1
i=2 D;"

product of D; with the average of inverses, that is éz The difference vectors are then
tightly clustered around e; when D; is small or the other diagonal elements are large, making
the average of inverse small also. From the perspective of gradient estimation, this means that
the difference vectors are aligned with the lowest curvature direction. The purpose of this is,
that in the direction of lowest curvature, the difference vector lengths can be increased without
enquiring a large approximation error. This is because in the direction of the smallest curvature,
the gradient will change most slowly. By being able to increase the difference vectors, we can
then mitigate the noise error further. We see this also highlighted in the sizes of difference

vectors. We observed that these depend primarily on the size of the first eigenvalue, which in

turn is highly depended on the relative size of the lowest curvature.

3.3.3 Example: Quadratic Function

We now consider the idealized scenario of estimating a gradient for a quadratic function for
which the Hessian is given. This is to complement the theoretical results on the properties of
the optimal sample set above. In this Section we refer to estimating the gradient based on the
results of Section as the Curvature Aligned Simplex Gradient (CASG)—in the following

Section we will provide a breakdown of the algorithm.

The set-up is as follows. We estimate the gradient at the origin of a quadratic function corrupted
by additive noise. Specifically, we consider the function f(x,y) = ka® + y* + €, where k € R
is used to control the conditioning of the Hessian and e ~ A/(0,0.012). We provide the exact
Hessian and noise level to the gradient estimation methods. The mean squared error is given

by the objective function in Definition [7| by construction. To obtain error bars for the mean



68 Chapter 3. Optimal Sample Sets Selection for the Fully-Determined Simplex Gradient

20 CASG i .- FD

10° 4 CASG 1 -
P .--FD [1 11 ’ ol FD 102 5 CASG
2 9
10° 3 ” , ]
10' . [1 . w
£ 0l 1 [ S 04 . . = 10 5
Z 100y e 5 I
1] A=k -l F1
o T ]
1072 4 -1 . 10°7
10-3 — s 20 v [ T S
BN “‘””“\ ‘:HHH“ SR L B :“‘””W ““‘””\ T 20 T T T T T 0 T LALEL 1111 11 1 1 L AL AR
10710-*10210"1 10° 10" 10% 10° 10' 15 -1 05 0 05 1 15 1074102107210 10° 10 102 10 10%
k T k
(a) MSE (b) Sample Set (k = 0.1) (c) Sample Set Size
7 2
---FD - CASG 1073
102 4 — CASG - FD ]
r1f[1 0.5 .
10° m’” E § £ 10" 4
& e K :
g T & ole . . g £ ]
= 1072 - SR Oz
1071 ~0.5 o 04
1076 A s 00 " CASG| || "9eeenii .
T T T 'mmm’ . ks . AL e aa e
1071073107210~ 10° 10! 10% 10% 10* —05 0 0.5 10-10-3*10-210-1 10° 10' 102 10° 10*
|F| 7 k
(d) MSE (e) Sample Set (k = —1) (f) Sample Set Size

Figure 3.1: Comparing forward differences (FD) with optimal difference vector lengths [BEB15]
to the curvature aligned simplex gradient (CASG). The first row corresponds to a positive
definite Hessian with k& € [107%,10%]. The bottom row represents an indefinite Hessian with
k € [-10*, —107] and with h = 102.

squared error plots in Figures and we perform 1,000 gradient estimates and plot the
25th and 75th percentile values. While for a quadratic function the mean squared error loss
given in Definition [7]is exact, we set h = 100. While for the definite case we will have S* < hl,
for the indefinite case this is necessary as otherwise the error would vanish by Proposition

and the difference vectors would be made infinitely large as given in Proposition

The observations on error rates are given in Figures and [3.1d. We see that in both scenarios
CASG is able to achieve significantly improved error rates compared to forward differences. For
the definite case, as predicted in Proposition 23| when the condition number is high then the
error rate can be vastly improved compared to FD. This is due to the error scaling directly with
the lowest Hessian eigenvalue. For the indefinite case, we have an overall improvement, since
the approximation error can be removed or made very small due to the improved form of the
loss function as given by Equation [3.3.2. As also given by Proposition 22| when the condition

number is close to unity the error is maximally reduced.
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We now observe the geometric properties of the sample sets in the remaining Figures. We first
note the geometric structure via visualization in Figures and We observe that the
difference vectors are located on the level sets of the quadratic 27 Dz as given by Proposition
This indicates that the directional derivative along each difference vectors has the same error.
Then note that in Figure the differences vectors are along the lowest curvature direction
as predicted by Proposition [28 This is in contrast to forward difference which is constrained
along the standard basis directions and can not exploit low curvature directions. Note in the
indefinite case, the differences vectors are placed along the zero level-set of the function and
hence incur no approximation error loss. In Proposition 27| this was predicted by stating that
all differences vectors have the same angle to the standard basis vectors when the negative
and positive diagonal elements have the same size. Even though both forward differences and
CASG are orthogonal in this specific case, the rotation of FFD does not allow it to exploit this

structure.

Lastly, in Figures and [3.1f we note the size of both methods by taking the average norm of
the difference vectors. Note that as given by Proposition 25| for CASG, each difference vector
has the same norm and hence is equal to the average. Clearly for both cases, CASG is able to
achieve a large size and intuitively mitigate the noise error better. In the definite case, CASG
achieves this by exploiting the low curvature directions directly by aligning the difference vectors
appropriately. In the indefinite case this happens by aligning the difference vectors around the
zero level-sets of the function, done by choosing the singular values in such a way as to cancel

out the approximation error in Equation [3.3.2. These results align with the Geometric results

in Propositions [28 and [27]

3.4 Algorithm: Curvature Aligned Simplex Gradient

We now introduce the Curvature Aligned Simplex Gradient (CASG) based on our theoretical
results in Section [3.2. The naming follows from the intuition presented in Section [3.3 that

differences vectors align with low curvature direction. We first present the base Algorithm
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which assumes that a Hadamard matrix exists for the given dimension. Then we discuss the
algorithm to obtain the optimal singular values based on Theorem As the base algorithm
does not yet address instances where no Hadamard matrix exists for the given dimension, we
then provide a heuristic methods based on partition the space. We conclude with a runtime

analysis of the methodology.

3.4.1 CASG: Base Algorithm

Algorithm [1] is based on Theorem [9] and describes the procedure to construct the minimzer
S* of the objective function given in Definition [} The third line diagonalizes the input H.
Simultaneously, without loss of generality it enforces that D has positive trace by negating
if necessary as justified by Proposition [§l By Theorem [9] we have that U* = I leaving only
the computation of A* and V*. We obtain A* via the function call GetA*(D, o, h) described
further in the next Section. In line five we then obtain a Hadamard matrix. Notably, Sylvester’s
Construction allows us to obtain Hadamard matrices for dimensions which are power’s of two.
A current conjecture states that for all multiples of four a Hadamard matrix exists. The first
dimension which is a multiple of four for which such matrix has not been found yet is 668
[KTRO5] — a dimension too large to worry about in many practical applications. We discuss
the practicalities in Section Lastly, we pre-multiply the result by R to transform the

solution back into the appropriate basis.

Algorithm 1 CASG

1: procedure COMPUTE S*(H,0,h)

2 d < Dimension of H

3 R, D <+ Diagonalize H, with D increasing order and positive trace

4: A+ GetA*(D, o, h) > In descending order.
5: V* + Hadamard matrix with first row all ones
6

7

8:

S*
return S*
end procedure
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3.4.2 Getting A*

Algorithm 2 GetA*
1: procedure GETA*(D, 0, h)

2: d < Dimension of D

3 if 37, D; =0 then

4: return h

5: end if

6 J e [{iD<0,1<i < d)
& €1, C2 < Z?:J—H vD;, Z;‘le D;

8: while True do

9: Ajt1,a < GetAj 1 (J, Do, h,cq,co)

10: c1,¢ =1 —/Dy1,¢0+ Dyyq

11: if A\;;; <h?and J < d then

12: break

13: end if

14: J—J+1

15: end while

16: \; — h? > For1<3<J.
O T >For J+1<j<d

18: return v\

19: end procedure

To compute A* we can naively use Theorem [10| and iterate through K < J < d and compute
a candidate solution X. If ' < h%1 then we know that it is valid solution. We then simply
need to find the smallest J for which this is true, as given by Proposition However, this will
provide quadratic runtime to compute A\* as in worst case we have to compute d candidates and
for each candidate we need to perform d operations to produce \'. While we will see that this is
not the dominating order in the runtime of CASG, we found it empirically useful to improve this

runtime to be linear. For this note the following lemma.
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Algorithm 3 Get A\,

1. procedure GETA;,1(J, D, 0,h,c1,c3)

2 d < Dimension of D

3: if J =0 then

4 J<—c— \/ﬁl

5 a < V2(9(J\/8Dy(d + 1) + J2 + 2Dy (d + 1) + J?))/2

Ao 2L (“—Z+02(d+1)>

2
cr, 0 4 oy Dey, hPe
disc <+ 81c? — 12¢3

10: if disc < 0 then
11: 0 < cos™H(9—2—
(9\/1203)
4 2
12: a ¢ 3 cos(0/3)%c
13: else
14: a4 - Yiee & discrder
\/\/disc+901 V18
15: end if
) 2dh2
16: )\J+1 — 0 aDyi
17: end if
18: return \j,q,a

19: end procedure

Lemma 32. If J > 1 and J > K then if N given by the necessary conditions in Theorem |10 is

such that X, < h* then X' < h?1.

Proof. Tt follows from Proposition where any solution to the equations A7) is decreasing

starting at the J + 1th entry whenever J > 1. Hence, if )\z\jfl < h? then \"7 < h2. m

The above results states that it suffices to compute A1 to know whether a candidate solution

is feasible. In our algorithm it remains to show that this can also be done in constant time.

In Algorithm [2| we iterate through each J and compute the J + 1th entry. J here indicates
the number of elements which have been set to h2. It is initialized in line six to the number of
non-positive elements in D as given by Theorem Then the constants ¢y, co are initialized in
the next line and updated in constant time in line ten. These values are used in line nine to
compute the current Ay, via Algorithm [3] which is then checked in line eleven. If the current

As41 is less than h? the remaining entries are computed. Overall, providing a linear runtime.
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3.4.3 Extending CASG

As discussed in the introduction to this section and as part of the base algorithm in Section
[3.4.1, the Hadamard matrix does not exist for each dimension. The current conjecture is that
it exists for all dimensions which are multiples of four, but there is no known algorithm to do
so. However, for dimensions which are powers of two, Sylvester’s algorithm is guaranteed to
construct a Hadamard matrix. Therefore, we will devise an extension of the base algorithm of
CASG which partitions any space into subspace which are of a dimensions given by a power of
two. Besides the guaranteed algorithm for the construction of the Hadamard matrix in such
dimensions, we as of now found there to be little benefit of using a more granular methodology,
such as referring to all existing Hadamard matrix [KTRO05]. However, we can envision more

elaborate partitioning systems to also have merit.

Partition Set-up

Let {B;}1<i<k be a partition of the standard basis {e; }1<;<q into k sets, with each B; being a cell
of the partition represented as a matrix by B;. We let B be the concatenation of the cells, that
is B=[B; By ... Bygl. Since B is simply a reordering of the standard basis, the matrix is
orthogonal. Using this partition, we enforce that each difference vector is spanned by one of the
cells, that is there exists 1 <7 < k and ¢j; € R? such that Bicj; = s; for 1 < j < d. We can
now write S = BSpg, where the ith column of Sp represents the coefficients of the difference
vector s; in the corresponding cell. It follows that Sp is a block-diagonal matrix, with the ith
block representing the coefficients of the differences vectors spanned by cell B;. It immediately
follows that, if it exists, the matrix Sgl is also a block diagonal matrix, with the ith block of

Sp' being equal to S5

Proposition 33. Given a partition {B;}1<i<x and a block-diagonal matriz Sp with Sp, being
the ith block providing the coordinates of the difference vectors in the space spanned by B;, we

have g[)’g’h(BSB) = Zf:l gDBi,UJL(SBi) with DB¢ = BzDBZT

Proof. If Sp is not invertible then at least one block will not be invertible and hence the two
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sides of the equation are trivially equal as they equal oco. When Spg is invertible the result

follows immediately from the block structure of Sp and orthogonality of B. [

Given the above once result, once we have decided on a partition, we can then use the base
algorithm of CASG to minimize the objective function in each cell of the partition. While the
sample set under this construction will not be optimal, since we have imposed the partition, we

have empirically found that carefully choosing B leads to strong gradient estimates.

Choosing the Partition

To use the base algorithm of CASG a Hadamard matrix has to exist for each cell. As discussed
above, we choose cells that are dimensions of powers of two. We do so by constructing |log(d) ]
cells, where for 1 < i < k we add a cell of dimension 2¢~! for each ¢; = 1 as given in the binary

)]

expansion of the dimension d = Ziuzolg(d ¢;2°. Tt now remains to describe the subspace each cell

will span.

We will base the span of each subspace on the intuition developed in Section [3.3] Recall, when
there exist negative and positive diagonal elements then we would like to pair them together
so that the approximation error can be removed. When only positive elements remain, then
a small diagonal element in each cell is beneficial, as it will help structure the sample set to
exploit low curvature directions. We also make the heuristic assumption that the cell with the
largest dimension will have preference in the choice of elements. For example, if only positive
elements in the diagonal matrix exist, then the cell with the largest dimension obtains the

smallest diagonal element. This helps to reduce the error of the largest space the most.

Subdivision Algorithm

The method is given in Algorithm 4] The algorithm is greedy and continuously adds the smallest
and largest remaining diagonal elements to a given cell. The reasoning for also adding the
largest diagonal element is to keep size of positive and negative elements in a cell close to unity

as given by Proposition For the definite case, the intuition is that the largest remaining
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diagonal element will have to be added to some cell. Since the current cell receives the minimal
element, which has the highest effect given by Proposition [23] it seems reasonable to simply

add the maximal element also to the current cell.

In practice, we line two and three we set up the binary expansions. Then initialize the cells
and set the starting index for the cell enumeration to the cell with largest subspace spanned.
Notice that the set of cell is zero indexed here to conform to the binary expansion and index
update in line 18. We then initialize the indices of the smallest and largest remaining diagonal
elements. We then proceed greedily. Whenever a cell is not yet full, we add the standard basis
vector corresponding to the largest and smallest remaining diagonal elements. In the case when
¢ = 0, that is the cell spans only one dimension, we only add the smallest diagonal element. We
then update the start and end index to indicate the removal of the diagonal elements. We then

update the cell index in line 19.

Algorithm 4 Subdivide Space

1: procedure SUBDIVIDE SPACE(D) > D is sorted in increasing order
2 d <— Dimension of D

3 d®™) < Binary expansion of d > Least significant digit last; Zero-indexed
4: B < Ordered set of cells > Zero-indexed
5: i< |d®™)| — 1 > Cell index starts with most significant digit
6 start,end < 1,d

7 while start < end do

8 if d"™ =1 and |B;| <2' then

9: if i =0 then
10: Bz = Bz U {estart}
11: start < start + 1
12: else
13: Bz = Bz U {estarta eend}
14: start < start +1
15: end < end — 1

16: end if
17: end if
18: i <4 — 1 mod |d®™|

19: end while
20: return B
21: end procedure
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3.4.4 Runtime

The runtime of CASG is dominated by the eigendecomposition of H, which has runtime O(d?).
The computation of A* is done in linear time by Proposition [L0] which we have found to improve
the wall-clock time compared to using a naive quadratic algorithm. The Hadamard matrix is
computed via the Sylvester’s Construction which has runtime O(d?). Lastly, the subdivision
method in Algorithm |4 as presented is a quadratic time algorithm, however in practice we add
the index rather than the full standard basis vector making it a linear time algorithm and
improving wall-clock time. Overall, the method is a O(d?) due to the eigendecomposition of the

given matrix H.

While the runtime of CASG is larger than the linear runtime of many finite difference methods, we
note that for numerical differentiation the assumption is that function evaluations are expensive.
Hence, we trade computational speed for accuracy in gradient estimates and fewer function

evaluations.

3.5 Global Model Framework and Numerical Results

3.5.1 Global Model Framework

We now discuss the global model framework for obtaining the Hessian needed for computing
CASG. The idea behind the framework is simple. In many applications, the function will be
evaluated multiple times in various regions of the domain. While the information we obtain
may not be accurate enough for a gradient estimate, it may still be valuable to guide us in
selecting the right sample set for a local gradient estimate. In our framework we formalize this
via Algorithm [5| For the global model framework several input variables are needed. One is the
evaluation history set £ as described in Section Then we need a model space and a model
fitting function. We let the fitting function be given by ®(€) — ¢ which maps evaluation history
set to a global model ¢ : R — R. In many applications we would not like to use the complete

evaluation history, as some points may be poorly spread out for the chosen model space and
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fitting function. Hence, we allow for a filter function on the evaluation history F(&) — Ex
where £ C £. Lastly, we denote by G the gradient estimator which maps a Hessian estimate
and the current evaluation point to a gradient estimate and also returns the function evaluations
which happened as a consequence of estimating the gradient. We return the gradient estimate

and the new function evaluation history.

Algorithm 5 Global Model Framework

1: procedure GLOBAL MODEL FRAMEWORK(E, ®, F, G, x¢)

2 Er +— F(€) > Filter evaluation history
3 ¢ < O(Ex) > Fit global model
4: Hglobal = VQ(b(:CO)

5: 9, Ecurr < G(H giobal, To) > Grad estimate
6 £+ EUE,,,, return

7 q,&

8:

end procedure

While the framework requires the choice of a model space, fitting function, and an evaluation
history filter, such parameters often arise from the application domain as we will see in the

following applications.

A natural question is that if the global model is good enough as a Hessian estimator, should
it not also be a good gradient estimator. We will empirically demonstrate this to be not true.
The intuition is that a gradient estimator is allowed to sample locally, while the global model
will generally not have these local evaluations present in the evaluation history and hence be

less accurate close to the evaluation point.

Global Model: Cubic Spline

For our experiments we found the cubic spline radial basis function to be a good global model. We
use the implementation by scipy [VGO™20] and extend it to allow for the analytic computation
of the gradient and Hessian once the model has been fit. When some of the points in the
evaluation history are close together, and the fit needs to be regularized, we also used the
smoothing parameter that is part of the fitting procedure. We will specify when we use the

smoothing parameter.
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Preliminary Error Analysis

We briefly observe what happens when the estimate of the Hessian is slightly off and how our
constraints safe-guard against this. In the end we also discuss another regularization method
which can help reduce overfitting to poor Hessian estimates. We first present the following
result on how the true and estimated loss functions are related. Specifically, how our constraint
h allows us to bound the difference. To simplify the results, we focus on the case when the

Hessian is perturbed along the diagonal.

Lemma 34. We have that when D¢ = DY) 1 A where A is also diagonal that

max

AVO.M est) «
gD(true) (S*) = £D<est)(5*) ZZD\I* (221) 2 )\ + ZA Y )

Furthermore, the following bound on the difference of the true and estimated loss holds

max max

d (est)\2 4 d d
4(2 Dz ) * * 3h 2 (est)\2
—hSEEE T < lpnin (87) = Upeen (87) < 5 max (;IAA) (; Dy .

Proof. Since the solution S* is feasible, recall the loss is given by
o _ Lo - -
Cpterue (87) = ZIS™ Pperae (S)II” + 157 [E + 1571,

The matrix D¢ does not affect the noise error terms. Focusing only on the approximation
error first notice that STD("“)& = STD(€St)s~ + STASi for 1 <17 < d. Hence, we have that

p(S*) = (Zf L D (est) /\* - Zl 1 A;A7)1 and subsequently the approximation error decomposes as

1S™ ppare (S = 157" (Ppeesn (™) + pa (S

= 157 Ppean (SHIF + 1187 Pa(S) I + 2(S™ ppen (S7), ST pa(SY))

The noise terms combined with the first term of the above expansion give the loss £t (S*).

We simplify the remaining terms as HS_TpA( IF = (Zl L AA)? and similarly

d>\*

(S Tppeen (), S~ Tpa(S*)) = i (Zi, AN (L, Dﬁ”A,-).
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Now, notice the following bounds on the error added to €=t

~1S™ ppeesn (S)I* < 1S palSHII* + 2(S " ppeesn (8*), S pa(SY))
< 1S pa(EINUS T palSH) + 21 ppeesn (S]]

< 3max(|[S™ pa(S)|I% 1S~ ppesn (SM)?)-

* (est) yxy\2 d (est)\2
(L aN)? 4 (00 A2 (DY) 41D
. S hUERE T and == S h =

mazx max max max

Lastly, notice the following bounds

The first is immediate and the latter follows from knowing that all elements associated with
non-positive diagonal elements in D) are already set to h? and that increasing the remaining

Af elements will increase the magnitude of the sum.

The above result allows us to reason about the error in our estimated loss value £pes) (S*). In
the best case, we have that the true error is lower than the estimated error. However, it can also
happen that error is larger, directly dependent on A, the difference of the true and estimated

Hessian.

h4
A*

max

The main observation in the bound is the dependence on

. We now argue that by reducing
h we have control in maximal error in our estimate of the loss. First we show that we can

assume that \* = h?. By Theorem , if \* < h? and vary h then \*  is not affected.

max max max

*

¥ » = h?, will the maximal eigenvalue decrease

Only when A is made small enough, such that A
with the constraint. This allows us to reason that the bound also grows roughly as h2. While
reducing h leads to control in the error of our estimate, it may also increase the loss function

itself as a worse sample set will be constructed.

Another difficulty with an estimated Hessian is that the sample set may be ill-conditioned. When
the Hessian is accurate, this is not an issue as it is necessary to exploit the geometry. However,
when only poor estimates are available, this will adversely affect the gradient estimates. Recall
that the optimal structure for the noise error, and when no information about the function is

available, is given by an orthogonal matrix as shown in Lemma Hence, when the Hessian
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estimate is poor, we may both not be exploiting the geometry and using a structure that
increases the noise error as it is ill-conditioned. Hence, future work may consider a lower-bound
on the matrix norm of the sample set also. This will may avoid overfitting, as it forces a more

uniform condition number.

3.5.2 Sensitivity Analysis

Sensitivity analysis is used to understand how the response of a system depends on small changes
in the input. Often this is done by computing the gradient locally |[QM20], which provides an
ideal application area under which to assess CASG. To replicate a corrupted system, we add
additive Gaussian noise of which we assume to know the noise level as is common for assessing

gradient estimation methods [SXXN22| [BBN19, BDHHO05].

We compare our method against forward (FD) and central (CD) differences and the gradient
estimate given by the global model, i.e. V¢. For comparison, our method and FFD will be
given both global model information and exact Hessian information. Forward differences will
be used as given in [BCCS22]. We use CD where the difference vector lengths are set to the
step-size parameter h [BEB15]. This is a fair comparison as CD has no second order error and
is used as a best case comparison. For our CASG, FFD and CD, the step-size hyperparameter h
is found by a hyperparameter search. The global model gradient estimate is attained by simply

differentiating the global model.

To assess the goodness of the gradient estimate by our method, FFD and CD, we use the exact
version of the mean squared error as given in Proposition 5} While Proposition [j] is stated
only for the standard simplex gradient, it can be immediately extended for central differences.
The gradient estimate from the global method is assessed by considering the squared norm of
the difference to the true gradient. For the global model there is no noise component as the
randomness is only due to the function evaluation history, which we assume to be given for any

local gradient estimate.

The main results are given in Figures [3.2 and [3.4. For Figures [3.2a, [3.2b] [3.4a and [3.4D] we
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chose 100 points uniformly at random from the domain and for each gradient estimation method

computed the log ratio as in [MWO09] between the respective method and the given version of

CASG, i.e. log,(2 Emethoa )y

MSEcasa

To make the cost of using a function evaluation history more explicit we also plot the error
of each method against the number of points in €. Specifically, for Figures and the
global method was fitted with a variable number of points as given by the x-axis. The error-bars
represent the 25th and 75th percentile of the MSE values at the 100 randomly chosen points,

with the line being the median.

For the global model we use no-smoothing, as the function evaluation points will be sufficiently

spread out to mitigate the effect of noise.

Ackley function

The Ackley function is a common test function due to its high degree of non-linearity and is

given by z; € [-0.5,0.5]

f(130"'$n> =

1« 1
= a2y —exp(= Y cos(2ma)) +20 + .
- ;1 z?) exp(n 2 cos(2mz;)) +20+ e

For the experiment we set the dimension to 8 and the noise level to ¢ = 107°. The set of
step-sizes we consider as hyperparameter is {0.1,0.05,0.01}. For the RBF we sample 10? points

for the global model for the box plots. Since the dimension is 8 we can use CASG directly.

ODE Model: Cell differentiation in the colon

We consider a model for cell differentiation in the colon which has been used for sensitivity

analysis [QM20, JEBT07]. The process tracks three variables and is given by the following
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Figure 3.2: Comparison of gradient estimation methods for Ackley with d = 8 and o = 107°.
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In the dynamics, the time variable ¢ is in units of days, Ny represents the stem cell population,
N the semi-differentiated cell population and N, the fully differentiated cell population. For
the dynamics we fix the initial conditions to be Ny = 1, N; = 100, Ny = 100 and consider a
time-span of 100 days. The remaining coefficients are the independent variables with which
we perform the sensitivity analysis. Their interpretation and recommended values are given in
Table 11 of [QM20]. Ny, the stem cell population, will be the dependent variable against which

the sensitivity analysis is performed.

The domain we use is £10% of the suggested values listed in [QM20]. To evaluate the differential
equation we use the standard one-step explicit Euler scheme with a step size of 0.01, amounting
to 10* steps per equation. To simulate noise in the observation of the final sample, we add noise
with o = 1073 which we found to be significantly more than the numerical error in simulating the
dynamics. To get an understanding of how dynamics can change with different input parameters,

we sample choose different parameters from the specified domain and plot them in Figure |3.3]

The dynamics do not have an analytic gradient easily available. Instead, we use central
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Figure 3.3: Visualization of ODE path with three randomly chosen parameters around the
recommended values.

differences with a step-size of 107! to construct a gradient from the process without noise.
We found the error due to machine precision and the discretization of the dynamics to be
insignificant compared to the artificial noise added. To obtain the true Hessian we apply the
same procedure to the estimated gradient values. The range of step-sizes for the gradient
estimation is {3.16 x 107*,1073,3.16 x 1073,1072,3.16 x 1072,107!}. Since the number of
variables is eleven, we use eCASG as described in Section For Figure [3.4b the global model

is fitted with 1,000 points.
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Figure 3.4: Comparison of gradient estimation methods for sensitivity analysis of cell differenti-
ation in the colon with o = 1073,
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Sensitivity Analysis: Discussion

Our method outperforms the forward difference based methods and the gradient estimates by
the global model by up to an order of magnitude. More interestingly, our method appears to
perform close to central differences. For the ODE problem, eCASG with the exact Hessian even

outperforms central differences.

While outperforming central differences seems like a contradiction, as it supposed to be a
best-case comparison, for some problems it may be the case that the layout of the difference
vectors is not only good for a second-order approximation, but also a third order approximation.
Hence, it may be that the specific sample set geometry also reduces the third-order error and
hence improves upon central differences. Understanding how to purposefully distribute the
sample set for a central-difference type gradient estimator is left for future work. Overall it is
promising that the optimal sample set can achieve a comparable error as central difference with

half the number of samples.

We now note the dependence on the number of sample points. While the box-plots are given a
global model with 10,000 and 1,000 points, this corresponds to roughly 300 and 90 gradient
estimates respectively. When a good understanding of the sensitivity of the system is needed,
these are numbers which can be easily achieved. Furthermore, as seen in Figure [3.2¢ far fewer

points suffice to obtain a strong gradient estimate.

3.5.3 Derivative Free Optimization

Another application in which gradient estimation is crucial is derivative free optimization (DFO).
To compare the gradient estimation methods, we use the bench-marking methodology developed
in [MWO09] and test on a range of CUTEst problems |[GOT15]. For optimization we use a
L-BFGS DFO framework from [BBN19] which allows various gradient estimation methods to

be plugged in while keeping everything else fixed.

Besides the methods considered for Sensitivity Analysis, we also consider the Adaptive Finite
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Difference (AFD) method [SXXN22]. AFD is based on forward differences and computes the
lengths of difference vectors adaptively instead of using a global model. We consider AFD to be
the state-of-the-art method for using finite differences in DFO as it has been shown to be more

accurate and robust than comparable methods [SXXN22].

The sole hyperparameter h is set to 0.1, 0.01, and 0.001. While AFD is designed to not need
such a parameter, to ensure fairness, in addition to leaving AFD with the default parameters we
also assess it when upper-bounding the difference vectors by h as done for FFD and CASG. To
account for noise, for each hyperparameter we obtain ten random runs. We then set the optimal
hyperparameter to be the one given by the random run which achieved the lowest function

value. We then have ten random-runs with the chosen hyperparameter.

To provide some initial global understanding of the function, at initialization we sample
100 x d points randomly in a cube of side-length two, where d is the dimension of the specific
problem. During optimization, we save the function evaluations which happen as part of gradient
estimation. While other points are evaluated as part of L-BFGS, adding them to the function
evaluation history made the global model perform worse. When fitting the global model, we use
the minimum number of 100 x d and 1,000 data-points from the function evaluations along
the optimization path. When using the the global model for gradient estimation, to obtain a
function evaluation history we artificially construct a FFD sample set with difference vector
lengths of 0.1 after each gradient estimation by the global model. We then add these function

evaluation to £. Lastly, the smoothing parameter is set to 0.1.

In Figure @ we plot the data-profiles [MWO09] of each method. To create the plots, for each
CUTEst problem P we let ff be the lowest average function value achieved by any gradient
estimation method for problem P, with the average being taken over the corresponding random
runs. We then let the convergence criterion for the CUTEst problem be (f(zf) — fF) >
(1 —=7)(f(zl) — f(zF), with 2l being the starting position for the problem, =% the first point
which satisfies the condition and 7 being the tolerance. Notice that each random run has a

natural convergence criterion associated via the problem it was executed on. The data-profile

then plots for each gradient estimation method the fraction of random runs which achieved their
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corresponding convergence criterion within a certain number of function evaluations. We use
the unit of simplex gradients, which is simply the number of total function evaluations divided

by the dimension of the problem.
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Figure 3.5: Data profiles for L-BFGS using various gradient estimation methods with noise levels
10711072 and 107°. The top row are the profiles with 7 = 107!, associated with approximate
convergence. The bottom row is 7 = 10™°, under which the convergence criterion is only satisfied
if a random run is able to get very close to the lowest achievable function value.

In Figure [3.5 the lines for methods which use the global methods are shifted by ten simplex
gradient evaluations due to the initialization data. In some cases the initialization data may not
be considered as part of the expense of optimization as the function may have been evaluated at
various locations already. In which case the graph would be shifted over by ten simplex gradient

evaluations, improving our method in terms of budget required.

DFO: Discussion.

In Figure @ we observe that when 7 = 107!, many of the methods perform similarly, as the

convergence criterion is relaxed. So, if an approximate solution is required then CASG and
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FFD may suffice. Especially when the initialization data for the global model is not included,
the methods using the global model may be favorable, as fewer evaluations than CD may be

necessary.

However, when 7 = 107° more accurate methods perform significantly better. When the true
Hessian is used, at first both CASG and FFD perform better, since per gradient estimate fewer
evaluations are needed. However, there comes a point where the lines intersect with CD, as

then the methods can not match the accuracy of CD.

We also observe that CASG with the global model outperforms all other forward difference
based models. Specifically, when higher accuracy is needed the gap between the two methods
is significant. Additionally, even standard forward differences using our framework tends to

outperform AFD, implying that our framework which uses a global model may be more suited

for DFO.

We do note that AFD tends to continue improving after 200 steps. As the other methods have
already long obtained convergence, we decided on a comprise to show the initial variation while
showing the approximate convergence of AFD. However, AFD does not outperform CASG even
when more evaluations are used and tends to eventually become similar to FF'D using the global

model framework.

Overall, CASG using the true Hessian far outperforms all other gradient estimation methods
except for CD once enough function evaluations have been used. In practice only CASG with
the global model framework can be used, which also outperforms all comparable methods.
Importantly, CASG with the global model performs comparable to FFD using the true Hessian.
Hence, even if a better finite difference based method is developed, CASG with our framework

should provide an upper-bound in performance.
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3.6 Proofs

3.6.1 Poofs for Theorem [9

We present here the proof for the three core Propositions which make up the proof of Theorem
O —structured into three subsections. The general layout involves proving any relevant technical

Lemma, concluding with the statement of the original Proposition and the respective proof.

Proving Proposition Proving the lower-bound

Lemma 35. Let ¢ € Ry, then the solution w* to

. 2
min [|wll3

d
s.t. Zwi:c

i=1

is given by wi = < for 1 <1 <d.

Proof. The proof is a simple application of Lagrange multipliers. n

Lemma 36. Let V' be an orthogonal matriz and D a diagonal matriz. Then for any orthogonal

matriz U and diagonal matriz A we have if S = UAVT

Ipn(S)||? = =tr(AUT DUA)?.

IS

[[vf AUTDUAv| ;<415 > = tr(AUT DUA)?.

1
d
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Proof. Due to the cyclic property of the trace we have

d
> vl AUTDUAv; = tr(VAUT DUAVT)

=1

= tr(AUTDUA).

By Lemma [35 the vector w* € R? which minimizes ||Jw||3 under the constraint Zle w; =

tr(AUTDUA) is given by w; = 2tr(AUTDUA). O

Proposition 37 (Restated Proposition . For a diagonal matriz D € R¥™? and positive real
numbers o, h € R, define the function
ape AR 257 Ly o2 iRl = A= 0

4dAmaz Amaz

lpon(U.A) = (3.6.1)

00 otherwise,
with orthogonal U € R4, diagonal A € R™? and ap,(U, ) = tr(AUTDUA). Then we have
ED,a,h<U7 A) < mvin €D7U,h(Ua A7 V)

Proof. Consider the case when hl = A > 0. Otherwise, the functions both evaluate to oo and

the bound trivially holds on the extended real number line.

Recall that ((U, A, V) = 2[|S T pp(S)||3+0?||S7||%+0?||S71||3. By standard norm inequalities

we have that ||S™pp(S)||2 > +—|lpp(S)||% and ||S~71||> > +%—. And from the definition of

- Amaz )\maac :

d 1

the Frobenius norm we have [|S™!||7 = 3.7, +. Combining these we have that

1 d
Ipp(S)I3+0° Y+ —.
i=1 "

)\maac

1
(U A V) >

| =

/\maac

By taking the minimum over V' on both sides completes the proof. [
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Proving Proposition Finding solutions to the lower bound

In the previous section we established a lower-bound to the objective function [ which does
not depend on the right singular vectors V. In this Section we derive the solutions to this
lower-bound. To do so, we need a couple technical lemmas. Lemma 38| focuses on deriving the
form of all stationary matrices U for a given diagonal and positive definite A. While there are
several forms, due to a natural ordering and Lemma [39| we can reduce the number of solutions

and conclude with the proof of Proposition
We now present the first Lemma.

Lemma 38. Fiz a diagonal matriz A = 0 and we have that

e the stationary points of a(-, \) are characterized by the set of permutation matrices and,

e the stationary points of a(-, A)* are characterized by the set of permutation matrices and

all matrices Uy such that a(Uy, A) = 0.

Proof. The Lagrangian for a(U, A) is given by L(U, u) = tr (AUTDUA) — 3 i (uf ug — dij).

Taking the gradient with respect to U and setting to zero we obtain
2UTDVA? = (u+ p").

Due to pu + pu we have the symmetry relation
U'DUA* = A*U"DV

which means that U7 DU and A? commute, implying that they are simultaneously diagonalizable.

Therefore, A2 and U? DU share the same eigenvectors.

Since A? is diagonal, it has the standard basis vectors as eigenvectors. The set of orthogonal

matrices that represent the standard basis are permutation matrices P. Hence, U7 DU can

be diagonalized in the basis of P which results in U7 DU = PDPT. This implies that UT DU
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is equivalent to permuting the diagonal matrix D according to P. While technically U itself
does not have to be a permutation matrix, its action on a(-, A) is equivalent to the action of
the permutation matrix P, i.e. a(U,A) = a(P,A). This allows us to characterize all stationary

points of a(-, A) as permutation matrices.

For minimizing a?(U, A) we have that by setting the gradient of the associated Lagrangian to

zero provides
Atr (AUTDUA> UTDUA? = (i + 1i7).

If it exists, the equation can be satisfied by an orthogonal matrix Uy such that ¢r <AU Tpu A) =
a(Up, A) = 0. Otherwise, just as before, we see that U7 DU and A% commute, implying that U

can be characterized by a permutation matrix. O

Remark 5. Letting Upaz(A) and Unyin(A) be the permutation matriz which respectively maximize
and minimize a(U, A) for a given A, if there exists Uy such that a(Uy, A) = 0 it immediately

follows that

a(Upaz(A),A) >0 > a(Upnnin(A), A).

By showing that we can discard Uy, which means that we only have to work with permutation
matrices, we can significantly simplify the problem. To show this, we first present the following
result which tells us that for the optimal (U", A*) the sign of a(A*, Uey) is the same for all

extrema Uegy;.

Lemma 39. Without loss of generality assume that Zle D; >0 and let (U*,A*) be optimal.

Then for all extrema Uy

o if U Di =0 then a(A*,Uuy) = 0 and A* = hI and U* = I;

o if Zle D; > 0 then a(A*,Ueyy) > 0.

Proof. We proceed by cases.
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(i) Letting Zle D; = 0 we have that for any A and all extrema U,

1 (Uexta A : 1
4)\maat X_: /\_

maz

To minimize o2 Zl 1 )\ + o Kd we want to maximize each element along the diagonal A,
which is achieved when A = hI. Hence, A* = hl as this will minimize the loss for all extrema

U,z chosen. Specifically, I is a permutation matrix and hence U* = I.

(ii) Assume that Z?:l D; > 0. If D > 0 the result is immediate. Hence, assume that at least one
entry of D is negative. For contradiction, assume that for A* we have a(A*, Upin) < 0, where
Upmin is the permutation matrix which minimizes a(A*, U). For ease of notation and without
loss of generality, we assume that A* is sorted such that U,,;, = I. We proceed by showing
that we can find a A = A* which results in a reduction of the objective function leading to a

contradiction.

For the proof we introduce some notation. Recall K is the number of non-positive elements and
since D is increasing we have D; < 0 for 1 <i < K. Let ¢ = (3.0, [Di|A)) /(K |Dy]) where

¢ < h since by assumption A* < hI. Lastly, define a function A(a) : [0, 1] — R%*? such that
Ve y p y, :

Ai(or) =

Ai otherwise.

We show that given this construction a(A*(1), Unin) > 0 > a(A*(0), Upin). The lower bound is

immediate by assumption. Letting a =1

d

d
DM Z
i=K+1
K
> Z A

The last step follows from the definition of ¢ and Zfil |D;| < Zf: k41 Di due to the assumption

S°¢  Di > 0. By the above 30 . DiAf(1) — S [Di]Af > 0 which by definition implies
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By the above and continuity of a(A(-), Umin)), we have that due to the intermediate value
theorem there exists an ag € (0, 1] such that a(A"(ao), Unin) = 0. Combined with the fact that
A" (ap) = A", and hence noise error has not been increased, the objective function has been

strictly decreased by using A*(«y) leading to a contraction. O]

Proposition 40 (Restated Proposition. The global minimizers U™ and A* of £, (U, A) are

given by U* being the identity matriz and A* being a diagonal matriz given by miny éD,a,h(L A).

Proof of Proposition|[14. If Y. D; = 0 we are immediately done as by the first part of Lemma

U =1. When ), D; > 0, we have that a(A*,U") > 0 which implies that even if U, exists
a(Upaz(A), A) > a(Ug(A),A) > a(Upin(A),A) >0

and hence U,,;, is optimal. If Uy does not exist, then trivially U* = U, ;. If U, is not the
identity matrix, we can permute U,,;, and any A without changing the objective function. Hence,

U*=1and A" = argmin, {(I,A). O

Proving Proposition Making the objective function and the lower-bound equal
Proposition 41 (Restated Proposition . Let A >~ 0 be diagonal and My be the Hadamard

matriz with k = argmax; A;. We then have that L, ,(I,A) = lpon(1, A, My).

Proof. We proceed by showing that the terms in the respective objective functions I(1, A, My)

and (I, \) can be matched up and shown to be equal. For this, let S = A(M;)T.
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To show that the first term of the objective functions are equal note that

d
s; Ds; = Z((Mk)z,J)2DJ (AJ>2
j=1
1
= Z Dj(A;)? Due to M} being a Hadamard matrix.
j=1
1 T
= atr(A DA) = —a(l,A).

Hence, we have that the vectorized quadratic form is constant, specifically pp(S) = éa([ ;A1

Now, recall that M1 = e, by construction of the k-th row being all ones and M) being

orthogonal. Therefore, we have that |[|S~™pp(S)||3 = ‘l(il;;\)QHA_lelH% = a(;;\%f and hence the

first term of the objective function [ matches the corresponding term of the lower-bound /.

The second terms are trivially equal since the Frobenius norm is the sum of the squares of
singular values. The third terms are equivalent due to a similar argument as the first term.

Here we have that [|[S™T1|]? = ||[A~!M1|]? = % completing the result. O

3.6.2 Proofs for Theorem [10

We now present the proofs for Propositions (19 and We first present the equations that any

solution has to satisfy.

Proposition 42 (Restated Proposition . Let K < J < d then for {®Pom)(\OV1)) =0 it is

necessary for \V9) to satisfy the following equations

(

h2 if J =0,

- (% + o%(d + 1)) otherwise;
;
h? if i < J,
;= for 2 <1 <d,

(WJ)

2d\ )

o L otherwise
aDj )

\
d J
i=J+1 =1
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The proof of this proposition follows immediately from setting the gradient of the proxy function

to zero and rearranging terms.

Proof. Leta = Zf: T4l Di)\z(»w)—i—h? Zij:l D; and 1 be the indicator function. Then the stationary

points are simply all the points which satisfy

DLProxy) (\OV)) D, 1 d+1
=1(1¢W a— a?—o*————1=0 3.6.2
M ( 7) 20 4d(APV)2 (A2 (362)
Hpproxy) ( )\(W)) ) D; , 1

To manipulate the above equations we note that if not all constraints are set, that is J < d, it
holds that a > 0 for every stationary point. This is because a is non-negative due to Lemma
and a # 0 as otherwise the stationary point can not exist since Equation can not be
satisfied. It also holds that D; > 0 for all J +1 <7 < d since K < J. The result then follows

by simple algebra. O

To find a valid X to satisfy the above equations, it suffices to find the solution to a. The following
result provides this. Note that if a current working set ¥W; does not provide a candidate solution,
then the a given below will make some of the equations infeasible. Specifically, the predicted

AOVa) w h21 which is not possible.

Proposition 43 (Restated Proposition . Let K < J < d, then for any candidate solution it

follows that a 1s given by

o If J =0, then we have

a=v2 <%‘2 (C\/8D1(d+ 1) +C2+2Dy(d+1) + 02))1/2

1

with C = Y4, /Di;
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e Otherwise,

3
%CQ + \/\/5\/27c%f4cg+9c1 ’Lf 2702 . 403 > O
0 — %/\/3\/27c%f4c§+901 E ! 2=

cos(0/3)2/% otherwise,

_ dh? d _ J 2 _ 9c1
where ¢y = o/ 5> i1V Di, o = Dih® and 0 = arccos( : ).

3
2c5

The following Lemmas prove Proposition [20| by splitting it into two cases.

Lemma 44. When J = 0 then the unique non-negative solution to a as given by the equations

in Proposition [19 is

d0'2 1/2
a=v2 <F <C’\/8D1(d+ 1)+ C2+2Dy(d+1) + 02))
1

Proof. Let A be given by the equations in Proposition . We rewrite a = Zle D;\; by plugging

in A; to obtain

[2d); &
a=ao aliz:;\/ﬁi—l—/\lDl.

Letting C' = Z?:z v D;, substituting A; and simplifying we get

o= é <a\/12)—‘j (%2 +20%d(d + 1))0 + (%2 +20%d(d + 1))) |

The equation can be rewritten as solving for the roots of a fourth-order polynomial

2 2 2 2
2d
<%—202d(d+1)) iy utisd (a

— +25%d(d+1) ) =0.
D, 2+a(+)>0

However, during the algebraic manipulation, additional roots may be have been introduced.
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The potentially complex roots of the fourth order polynomial are given by two pairs

d 2 1/2
d, = +/2 (Dil <C’\/8D1(d T +CZ4+2D,(d+1) + 02))

d 2 1/2
dy = +£v2 (Dil <—C’\/8D1(d T 1)+ C2 42Dy (d 1)+ 02>)

which can be easily verified by plugging into the polynomial.

It is easy to verify that while @} satisfies the original equation, a}, will not. Of the pair a}, by
assumption only the non-negative can be valid. Since all terms under square root are positive,

the solution is also real and hence provides the unique solution

a=v2 (dDiz (C\/8D1(d+ 1)+ C2 42Dy (d+1) + 02))1/2.

1

]

Lemma 45. When J > 1 the solution for a given by the equations in Proposition[19 is given by

3/2, 3 2_ 1.3 )
a = \/\/3 27ci—4c5+9c1
cos(0/3)2/% otherwise,

2 ~d J
where ¢; = /2= V/Di and 3 =Y, D;h?.

a

For the proof we note the following Lemma

Lemma 46. For c; > 0 and cs € R there exists only one positive real root for the polynomial

f(x) = 2% — cow — 1.

Proof. Since ¢; > 0 and for any polynomial the negative of the order zero coefficient is the
product of the roots, the product of the roots is positive and no root is zero. Furthermore, the
second order term presents the sum of the roots, which is zero. For the sum of the roots to be

zero, at least one root has to have a negative real component. For the product to be positive



98 Chapter 3. Optimal Sample Sets Selection for the Fully-Determined Simplex Gradient

there has to exist another root with negative real component and one positive real root. Hence,

there exists a unique real positive root. O

Poof of Lemma[45. Again, let X be given by the equations in Proposition [I9] Plugging the

equations for \; into a = Zle D;)\; and after some simplification we get

d J
a*? = ov2dh? Y \/Di++a) Dih*.
=1

i=J+1

Letting ¢; = o QdahQ Zf: J41VDi, ¢ = Z?:o D;h?, and x = /a the equation becomes
3

r° = 1 + Cox

when restricting © > 0. By Lemma 46| and ¢; > 0, there exists a unique positive x satisfying the

equation which provides the solution \/a.

We assert the root is given by

Q/%@ f/ﬁ\/27c% —4c3 +9¢
T = + 3 .
YVBV/2TE 4 + 9c, V18

We now need show that the root is always well-defined, real, and non-negative. The root can be

easily verified to be a root by plugging it into the polynomial.

To show well defined, real, and non-negative we split in two cases: 27¢? — 4¢3 > 0 and

27¢2 —4e3 < 0.

(i) Assume that 27¢; — 4¢3 > 0. Tt is well defined because then f/\/§\/27c% — 4¢3 +9¢; > 0
since ¢; > 0. Furthermore, this quantity is real since every individual term is real. We now need

to show non-negativeness. If ¢ > 0 it is trivial, hence assume ¢y < 0 for which we have
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¢/ 2c) {5/\/3\/270% —4c3 +9¢;
+ 3
YVBV/2TE —4d + 9c, V18
el VBl
+ X —0
VBTGP V18

(i) 27¢; — 4¢3 < 0 implies ¢ > 0 since ¢; > 0, which yields

>_

V34/27¢2 — 4¢3 4 9ey = i3y /4 — 2762 + 9¢y

= r(cos(0) + isin(0))

where § = arccos(**) and after simplifying r = \/12¢3. Since ¢; > 0 we have r > 0 and hence

the root is well-defined. Substituting and simplifying yields that

= cos(€/3)2\/%.

which shows that the root is real. The root is non-negative because cos() = 9% > 0 and hence

0 € (=%, %), which implies that /3 € (=%, %) and cos(6/3) > 0. O

Proof of Proposition |20, The result follows from combining Lemma [44] and [45] O

3.7 Summary

In this chapter we addressed the optimal sample set for the fully-determined simplex gradient.
As claimed in our contributions, in Theorem [ we provided the first optimality result for this
simplex gradient which does not impose any constraints on the sample set. Based on our
results, we introduce CASG and eCASG as sample set construction methods. We then evaluated

our methods via the historically informed global model framework on sensitivity analysis and



100  Chapter 3. Optimal Sample Sets Selection for the Fully-Determined Simplex Gradient

derivative free optimization applications. We demonstrated an order of magnitude improvement
over current methods. Importantly, in all sensitivity analysis experiments we are comparable to
central differences, the de facto gradient estimator, for half the cost. With the above results, we
were able to dispel the commonly held notion that the optimal sample set structure is orthogonal.
In fact, we found that the structure is aimed at exploiting directions of low curvature. A crucial
insight into optimal sample set structures when using few sample points, as it allows for more

principled development of gradient estimators aimed at minimizing cost.



Chapter 4

Optimal Sample Sets Selection for the

Centered Simplex Gradient

In this chapter we study the centered simplex gradient. For this setting, we assume that 2d
function evaluations can be performed, which is in contrast to the setting of Chapter |3| where
only half the budget was available. The benefit of using more function evaluations is that
a symmetric structure can be imposed, which immediately removes the approximation error,
which was the central study of the previous chapter. So far, no systematic study of this sample

set has been performed, a gap we aim to address.

To study the centered simplex gradient we proceed as follows. As in Chapter [3, we describe
the optimization problem in Section [£.2. We also provide an extensive case study in Section
to further motivate and describe this optimization problem. This study provides insight
into the best-case performance of any centered simplex gradient estimator and is used to assess
our following results. In Section we make the link between the optimal sample set and
a set of orthogonal roots of a third order homogeneous polynomial. In the same section, we
immediately provide the result via Corollary [73| that such a sample set does not exist for every
polynomial, and hence for every gradient estimation problem. In Section we then provide
Theorem [75| which asserts that d — 1 orthogonal roots do exist for any homogeneous polynomial

of odd degree. The negative result from Corollary [73| then makes this result tight. In the same

101
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section, we describe ORCAS , a complete methodology based on Theorem We then provide
worst-case guarantees on our method which show that with increasing dimension the performance
approaches the best-case performance and provide concrete bounds on the improvement over
standard central difference methods. In Section [4.5 we discuss the impracticality of naive
numerical optimal sample set solvers. Subsequently, in Section we discuss how to use
ORCAS as a dimensionality reduction method to be used in conjunction with a numerical solver
for the sample set. This combination allows us to circumvent the orthogonality constraints
imposed on ORCAS. We conclude this chapter with numerical results in Sections [{.6] and

Here, we demonstrate both theoretical and practical performance of our methods.

4.1 Background

Although the problem definition and basic setup have been presented in Chapter [2 here we
present results specific to the discussion of the centered simplex gradient. We first cover a
reformulation of the centered simplex gradient which will significantly ease the presentation and
discussion in this chapter. We then present further technical results relating to homogeneous

polynomials, which will lie at the core of our main results.

4.1.1 Centered Simplex Gradient

We work with a reformulated version of the centered simplex gradient. To define this version,
we first introduce the standard centered simplex gradient and then introduce the equivalent

reduced version.
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(a) Simplex Gradient (b) Centered Simplex Gradient (c) Reduced CSG

Figure 4.1: The structure of various simplex gradient instances and formulations. Dots repre-
senting sample points.

Centered Simplex Gradient

The centered simplex gradient is the simplex gradient given a sample set satisfying the following
two conditions
1. N=2d+1[]

2. S9; = —s; for 1 <i <d.

When a sample set, difference set or difference matrix satisfy these conditions we call them

centered and we denote them by an over-bar, i.e. the centered sample set is X.

The centered simplex gradient is then given by

Vsf(xo) = 5+%2?

where the function difference vector was replaced with the function vector due to the symmetry
of the sample set removing the requirement of evaluation f at 9. An instance of a centered
simplex gradient is the commonly used central differences|HJB20]. However, while central

differences uses orthogonal difference vectors, this is not a requirement as we see in Figure 4.1b.

'In practice, only 2d points are required, since zg is not needed to fit the centered simplex gradient.
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As long as a sample set satisfies the above symmetry conditions it is a centered simplex gradient
and obtains significantly improved error qualities. Specifically, the approximation error, the
power of the simplex gradient to approximate the true gradient in the absence of noise, improves
from O(R(S)?) to O(R(S)?). This is a significant improvement and immediately removes the
error that was minimized in [LPKJ23] at the expense of adding twice the number of function

evaluations.

Reduced Centered Simplex Gradient

In the centered simplex gradient formulation only the first d 4+ 1 elements of the sample set are
needed to fully define the set. The remaining points are simply reflected around the central

evaluation point. This is apparent in Figures and [4.1c.

To simplify the study of the centered simplex gradient, we introduce the reduced centered
simplex gradient. For this formulation, we consider sample sets with d + 1 elements. To
emphasize that they are used for the reduced simplex gradient we may call them reduced.
The reduced sample set will be assumed to satisfy Assumption [2] as for the standard simplex

gradient.

To obtain the centered sets from reduced sample sets we introduce a centering operator L.
The operator in matrix form is given by L € R%?? and is defined component-wise as L; ; = d;;
for 1 <i,j <dand L;; = —0;; when 1 <7 < dand 1 < j < 2d. In other words, we horizontally
concatenate the identity matrix with the negative of the identity matrix. We indicate a quantity

which was centered by a lower-case L. Here S;, = SL = S and the centered sample set is then

given by X = X U {xg — 25;}1<ica = X.

We now list a few useful properties of the centering operator which significantly simplify future

discussion.

Proposition 47. Let X' be a sample set with d + 1 elements satisfying Assumption|d. We then

have that

o LILT =21,



4.1. Background 105

e [1=0,

o (St =35"TL.

Proof. The first and second are immediate. For the third property we use the first property and

note that S is invertible by assumption of being full-rank and square.

(ST)" =(s8")7's
= (SLL*ST)7'SL
_ Lorga
= 557TSTISL

1
=-S5
2

We now introduce the reduced simplex gradient. We emphasize that in contrast to the standard
simplex gradient, this only requires specifying a sample set of d+ 1 points and implicitly converts

this set into a centered set, simplifying later discussion.

Definition 48. Let X' be a sample set with d+ 1 elements satisfying Assumption|[d The reduced

centered simplex gradient is given by
. 1 -
VP f(zg) = 55 L. (4.1.1)

Remark 6. Using Proposition |{7 it is immediate that Vg, f(xo) = VgR)f(xo). Hence, the two

formulations are equivalent.

4.1.2 Homogeneous Polynomials and Taylor’s Theorem

The simplex gradient is a local operation and hence suggests that instead of working with generic
functions we approximate them via polynomials. The polynomials of interest are homogeneous

polynomials as they are strongly connected to the functions induced by the derivatives of a



106 Chapter 4. Optimal Sample Sets Selection for the Centered Simplex Gradient

function. The basic definitions and setup for this have been presented in Section [2.2.2. In the

following we state and prove technical results which will be central to the following discussion.

Technical Results for Homogeneous Polynomials

The following two results will be referred to throughout the paper and will also provide the

basis for our main result.

Proposition 49. Let p be a homogeneous polynomial in d variables of order k. Let T € R&>™

where m € Z. Then pr(-) = p(T-) is a homogeneous polynomial in m variables of order k.

Proof. Notice that (T'z)* = (3_71, T jz;)" - (3252, Tayxs)g*. Which is a polynomial as it
is the product of polynomials. Hence pr is a polynomial. To show that it is homogeneous

of order k consider pr(Ax) = p(ATz) = p(\y) for y = Tx. Since p is homogeneous we have

pr(dz) = Nepp(z). n

Proposition 50. Let p be a homogeneous polynomial of order k with k being odd. Then there

exists x # 0 such that p(x) = 0.

Proof. Let v be a non-zero vector. If v is a root we are done. Otherwise p(v) = ¢ and
p(—=v) = (—=1)kp(v) = —p(v) by homogeneity and assuming that k is odd. Define a continuous
path v : [0,1] — R? such that v(0) = v and (1) = —v which does not pass through the origin.
Consider the continuous function p(v(t)). By the intermediate value theorem there exists ¢/

such that p(y(¢')) = 0 and y(¢') is a non-zero root. O

4.2 Optimization Problem for Optimal Sample Set

In this Section we develop an objective function to assess the performance of a sample set for
the centered simplex gradient. The objective function can then be minimized to find an optimal
sample set. Since the function evaluations are stochastic, we use a mean squared error and use

a Taylor approximation to motivated a simplified objective function. We then proceed with a
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case-study to further argue the usefulness of this objective function as a surrogate for the true
gradient estimation problem. In the case-study we also develop crucial theory for the discussion
of the gradient estimation problem. Specifically, on how to assess the potential performance
gains any method based on minimizing the proposed objective function can achieve. These will

be fundamental for the numerical discussions in Sections [4.6] and 4.71

Mean Squared Error Expression

The objective is to find the sample set X which on average will produce the best gradient
estimate. Since the simplex gradient is a random quantity, due to relying on the evaluation of
the black-box function f , we consider the mean squared error. To work with this error, we show

that it can be decomposed into an approximation error and noise error term.

Proposition 51 (Mean Squared Error). Let the sample set X satisfy Assumption@ and the
black-box function f be given with Assumption E on the noise. The mean squared error of the

centered simplex gradient can be decomposed as follows

B[V f(2') — V(')

2
/ / 9 -
= IV$"f(') = VS5 + 11577
~ N——

Approxzimation Error .
pp Noise Error

where we take the expectation with respect to the noise €.

The noise error is simple to interpret, as it depends solely on the form of the sample set via
the difference set S. In a real world setting, we can therefore estimate the noise error purely
by considering the form of S. However, the approximation error relies on understanding the
true function f. Even if we knew the true function, developing a methodology to construct the
optimal sample set which can account for all possible functional forms is difficult. Instead, we

alm to approximate the true function and estimate the true approximation error.
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4.2.1 Approximation Error Estimate via Polynomials

We choose to approximate the approximation error via a truncated Taylor Expansion. The
choice is based on the fact that locally the first few terms of the Taylor Expansion are able to
explain most of the variation in a function. The specific statement is given via Taylor’s Theorem
as stated in Theorem [2] Other methods, such as kernel methods, have been considered, however
the choice of the kernel will matter greatly. It is then not immediately obvious how many terms

are needed to sufficiently represent the true function.

Of course, in any application it is unlikely that we will have the exact third-order derivative
available, as we assume here. However, to study the problem, we need to assume properties
about the problem which may not be practical. In Section |4.7| we then show that these insights

can be used for problems where we do not have access to the exact third-order derivatives.

Now, by using the polynomial basis and a centered simplex gradient, we obtain the following

relation on the approximation error.

Proposition 52. Let f be a five times continuously differentiable function on a compact domain
D. Let X be a sample set satisfying Assumption|d fully contained in D. Then the approzimation

error satisfies
IV (o) = Vo)l = SIS DE L, [SII + O(RES)’) + O(R(S)Y)

where O(R(8)%) = O(R(S)*|S~ D3 f|.,[S]|)-

Notably the O(R(S)®) order term is controlled by ||.S~7 D®3 f|, [S]||. Hence, when we can make

1S~T D3 f1,,[S]|| close to zero the dominating order term will be O(R(S)?).

We use the following Lemma to understand how each term in the Taylor expansion is affected.

Lemma 53. Let X be a sample set satisfying Assumption 2. Then for any homogeneous
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polynomial p of order k we have

S~Tp(S) if k is odd,
%STLP(SL) =

0 otherwise.

Proof. By definition of a function vector and properties of homogeneous polynomials we have

(p(S1))i = (=1)*(p(S))a for 1 < i < d. Applying L the result follows. O

Proposition |59 Applying Taylor’s Theorem up to order five we have
11 1
R _ _
VO f(ao) =D 1155 LD 1 [Sc] + 557 LR 5(S1)
By Lemma |53| we know that all the even terms vanish yielding

1 1
IV§7(20) = V(@) [P = 155" D% fluy[S] + 55" LRy 5(S1)]”

1, . 1o .
< 26157 D Lo [SIIP + SIS™ DF  Lag SIS ™ L Rag (S

1
+ IS T LR, 5 (S

The remainder term is not homogeneous as given, hence we cannot immediately extract the
radius for the final result. To provide a bound we use Cauchy-Schwartz on matrix norms to
obtain [|S™TLR,, 5(S)|| < ISP | LRyxy5(SL)||. For the remainder term we use the bound
from Taylor’s Theorem giving us | Ry, 5(s)| < %(ZL |s:])° =: R;zb%(s) For completeness we

note that a similar argument leads to |D®3 f|,, [s]| < 32 (320 | |s;])? where N = sup{|9° f ()| :

la| = 3,z € D}. Using this bound we obtain ||LRg, 5(S.)|| < 2|RM(S)]].

0,5

Finally, using the homogeneity of D®3f|,, and Rg(féb% and letting S = R(S)S we have

R(S)* 4 4
IV f(ao) ~ Vo < B0l gt pes )P
R(S)®, o A
+ TSR g pen 1, 191187 1o RYS) |

+ R(S)¥|1STIIRM(S)].

0,5
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[]

4.2.2 Optimization Problem

We are trying to solve the following optimization problem, which is based on the motivation above.
For the formulation, we use homogeneous polynomials, with the immediate understanding that
there is a one-to-one relationship to the forms defined by derivatives of a function as discussed
in Section Using homogeneous polynomials disentangles the problem formulation from
the idea that we are required to use exact higher-order derivative information. We define the

problem on the extended real-number line as it is then well-defined as a minimization problem.

Definition 54 (Objective Function). Let p be a homogeneous polynomial of degree three, o € R,
and h € R,. Let

AB= |15 plsr) . plsa)] B
be the approximation error and
NE = 10°15 7|}
be the noise error. We then define the function l, 5 : R¥>*® — [0, 00] as

AE+ NE ifh> R(S) and S € GLg
gp,a,h<s) =

00 , else.

4.2.3 Solution when the difference matrix is orthogonal, Approxima-

tion and Noise error trade-off

We consider the case of finding the optimal orthogonal sample set. More concretely, we write the
difference matrix as Sy = UA, where U is a fixed orthogonal matrix and A is a diagonal matrix

with A; = v/A; and \; > 0 for 1 <4 < d. This sheds important insight into the trade-off between
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noise and approximation error. The famous example of such a centered simplex gradient is

central differences.

Proposition 55. Let p be a degree three homogeneous polynomial, U be a given orthogonal
matriz and h,o € Ry. Letting M; = p(u;) and Sy = UN. We then have that A*, such that

S(A*) = argmingy.cgaxa bpo,n(Sa), s given by

1/3
A? = min (h 5o )
|M;|v/2

with the loss given by

with the lower-bound achieved when A} = ‘Aj“’ﬂl/z)’ for1 <1 <d.

Proof. To have finite objective function value, we enforce that no element on the diagonal of A
is zero and all elements are less than h in absolute value. Given this and assuming that S = UA,
we first expand the approximation error and then the noise error. For the approximation
error, by the homogeneity of p we have p(s;) = A?M; for 1 < i < d. Furthermore, we have
S71(S™HT = (A1)2. Hence, we have [|[(S~H)Tp(S)|> = 2%, AX2M?2. For the noise error, we

have that ||S7![|% = Zf 1 /\ by the definition of the Frobenius norm.

In combination, we see that the form of the objective function is £, ,4(S) = 30| = AZM? + % -

Since the A terms appear as powers of two, it suffices to consider A > 0. We find by setting

On, pah(SA) = 0 that the extremum of A; is at o, I\fl/g. Since the function is convex, the

optimal value is obtained by taking the minimum of the extremum and k. Plugging the minimizer

into ¢, ,,(Sx) completes the proof. O

The above provides some valuable intuition for the gradient estimation problem. Each optimal

difference vector length is achieved through a balance of the approximation error and the noise
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error, that is, the ratio 7. The larger the noise error relative to the approximation error, the
larger the length has to be. However, it is clear via the lower-bound on the loss that increasing
either quantity will decrease the performance of the gradient estimator as the problem is made
more difficult. We now consider a case-study where higher-order errors are included. Through
the study we can better understand how the objective function given above relates to the

gradient estimation problem.

4.2.4 Case Study: Gradient Estimation

We want to study a more complete description of the gradient estimation problem and see how
well the objective function given in Definition [54) approximates it. To make this more concrete,
consider a fifth order polynomial p(x) = 3°,_, p*)(2). Notice that LD®kplo[s] = p®)(s). While
we provide a specific function p, notice that the above can also be viewed as an upper-bound on

the error for a generic function f as given in Proposition

As we study the problem, we require a notion of the average size of each homogeneous polynomial.
We let M®) ~ p*)(z) for ||z|| = 1. One interpretation of this approximation is as an upper-
bound on the polynomial in the unit ball. The other interpretation is that M®*) is the value of
an average polynomial at an average unit distance. The latter interpretation is made precise in
Section [4.6 where we construct such polynomials. An assumption we make often throughout
the case study is that we only have access to the average size of the fifth-order polynomial
rather than the full structure. This imitates the set-up of the objective function where, besides
constraining the size of the sample set, we optimize agnostic to higher-order structures. We will

consider the impact of this assumption throughout the case study.

Letting S = R(S )S” , using the homogeneity property, and using the results from Propositions

and [52| we have for a given sample set S satisfying Assumption [2] that

E[IVE5(0) — Vp(0)|2] = RS)HMP)? + 2R(S)S(MEV) + RS (MY +

~

where we define the terms (]\45(;’))2 = [|S~p®(S)I?, Mé3’5) = 2S5 1p3)(8), S 1pB)(8)), (MP)2 =
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A A 0.2 A
157 PP (S)I3, and 74 = F[|S~H1E

We can now think of this as an optimization problem with respect to the radius and structure

: AN o 67038 soaree L L GEy, @
ig(l‘lél)l:lr}l;élr (MS )+ 2r M +r (MS )+ 575 = bpo (r,S). (4.2.1)
We then let 7% := min, &(DiE) (r, S ), i.e. the optimal radius for a given structure S. An immediate

observation is that when p® (z) = 0, then this problem reduces to the objective function given

in Definition [54] when we set h to infinity.

The problem is generally not easy to interpret. It can be difficult to understand how the
structure S affects the error. In the following case study, we consider various properties of this

problem.

A simplifying assumption we make is that Mé‘%) = CgMég)MS) where 1 > (¢ > 0. Due to
Cauchy-Schwarz, we have Mé?’)MS) > MS’E’) > _Mé3)Mé5)' Only very negative values of Mégé)
affect the following analysis. These values are unlikely since Még’g’) ~ 0 often. This happens
when we sample two uncorrelated odd-degree polynomials and take an inner-product. This
argument will be made rigorous in Section [4.6. Furthermore, we will often assume that we do

not have the exact structure of p®® and hence cannot actively use the cross-term to reduce the

gradient-estimation error.

Gradient Estimation as a Multi-Objective Problem: Assessing Dominating Errors

We first study the objective function when S is fixed. For this we introduce two central quantities

for the gradient estimation problem.

Definition 56. Let p be given and S satisfy Assumption ﬁ We then let iNLS = (2(1\;%)2)1/6 which
S

is the optimal radius when p® is set to zero. Similarly, we let hg = (4(A;f5))2)1/10 which is the
S

optimal radius when pg) is zero. We then let hY = min(izg, hg).

Using the above definition we want to fully cast the problem as a multi-objective problem.

Specifically, if 715 = h} then the lower-order error in Mé?’) will be dominating the objective
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function and similarly for hg. Hence, focusing on the dominating term will accomplish most of

the improvement in performance.

We first argue that in fact by ~ r%. This is a summary of Lemma [57| which we defer to Section

18HS.T
Lemma 57. Let (¢ GE) and S be gwen. If hg > h and letting ”th = hg we have that i 5 sl
O(C47°) + O(y'). When hg < hg and Yhg = hg we have that " > gl O(Cey?) + O(7° ) An
S

h *
absolute bound is given by Q < %
S

While the above tells us that h* is close to r it remains to show that this also leads to a

negligible change in the observed loss. For this, we present the following lemma.

Lemma 58. Let EI([,%E) and S be given. Then we have that
85F) (hg, S 1‘_ (|h’§,—rg|>2 |
b (r ,S> P

In aggregate, we have established that considering the gradient estimation problem in two parts
is a sensible approximation. More precisely, h*g tells us to a high accuracy the true optimal
radius for a fixed S. The further apart ;LS and hg are the better the approximation. This is

natural, as this means that one error will more strongly dominate the problem.
We now show how modifying S will affect the problem via the following Lemma.

Lemma 59. Given @(,iE) and S which satisfies Assumption@ we have that
géGE)(hE,g) =0 ( 3 2) :
’ (h%)

Given this result, the dependence on S is via the noise error and hg. While the noise error

occurs explicitly, the approximation error only occurs via h%. Interestingly, when modifying S
only the smaller of h ¢ and hg will have an affect on the loss. Hence, given a S we focus solely

on reduce the dominating error. We follow now with a result on the best case improvements.
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Best Case Improvement Compared to Baseline

We study the best case improvement to a baseline. The set-up will resemble the assumptions we
also make for the objective function given in Definition For this we assume that by varying
S we are able to modify p® but assume that p® remains constant. We will then see that this

is also a good approximation for most cases.

The baseline sample set is an orthogonal sample set, which we denote by S. We also assume
that for all sample points x in the baseline p® (z) = M® and p®(x) = M®). This indicates an
upper-bound or an average size of the polynomials, since for a baseline we assume to have no
knowledge of the structure of the polynomial yet. Since S is orthogonal we have M 5’) = VdM®,
M S’) =VdM® and Ty = d%f. This sample set also minimizes the noise error among all sample

sets with radius one as we will see in Lemma [64]

For this case the optimal radii simplify significantly and will be useful for intuition throughout
- 1/6 1/10

the text. Specifically, we have h = (W) and h = <W) . Notice we dropped the

subscript because h and h is only in terms of central quantities of the given gradient estimation

problem. We will shortly see that the given h here and the hyperparameter in Definition |54] are

in a certain sense equivalent.

The best case improvement is then given by a sample set S* which minimizes the noise error
and fully removes the error due to Mé?’). We cannot remove the higher-order error in MS) since
we assume to be agnostic to it. Due to the later Lemma S* is assumed to be orthogonal.

Due to these assumption it remains that hg. = h.

Lemma 60. Let S be a baseline sample set and S* be the optimal sample set as described above.

Assume that h < h and h= ~vh then
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Assume h > h and hg = vﬁg then we have

G (h, 8) 6 ;
2o 02 = O 4+ O(CP).
LRI (") (Cs7”)

Interestingly, to understand the best-case improvement we solely need the ratio of 4 and h.
Hence, these quantities can be used to describe the problem properties as we will also do in the
Numerics section. Of course, even if two problems have the same ratio of h and 71, depending

on the specific problem we may or may not be able to achieve this performance.

When h < h the improvement that can be achieved is substantial, especially as h < h. We will
see that in many cases we can achieve this performance or get close to it. Even if we cannot
fully achieve this, even getting close to it can significantly improve performance. On the other

hand, when A > h it is not worth-while to seek S* as the baseline will perform just as good.

Validity of the Objective Function given in Definition

The goal of the optimization problem is to get as close as possible to the best-case improvement
under the same assumptions. Specifically, we assume to optimize while being agnostic to how
p® varies with the sample set, that is letting p®(S) = M®)1. We argue that optimizing
with a constant p® is similar to finding the minimum of the objective function in Definition
while letting h be defined as in the previous section. Of course, if h is simply tuned as
a hyperparameter, there exists a value for which the optimization problems overlap exactly.
Hence, this section simply focuses on showing that h can have the interpretation of the optimal

radius as given above.

G—1(2
1513
15712

1/10
Given this assumption and expanding, we have that hg = h ( ) . The first observation
is that for any S that is orthogonal, potentially not orthonormal, ||S~||% = [|S~71||? as both
reduce to the sum of the eigenvalues. Hence, for methods which deal with orthogonal sets, such

as the one introduced in Proposition [55], the upper-bound will be appropriate.

We now provide an error rate for how the gradient estimation error behaves when h # hg.
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We recall that 4 < 157112, ||S71% < ﬁ. Letting the condition number be given by

K = 322 we have h—rm < hg < hx'/'°. To understand the effect of using h instead of hg on the

¢85 (min h,hz),S E(?E)(h’iﬁ)
= (éE) (Buhg),5) e = Recall, from
ZP,G (h*sns) [p,d (TE:S)
' ; 05 (n%,8) .
previous Sections that we already have a bound on T So, we now provide a Lemma for
p,o Ta

S

e;?‘;_E) (mln(hvﬁ;’;‘)vg)
GE % &
ZI(%U )(TSﬂS)

loss consider , which we can rewrite as

() (min(h,hg),5)

¢
the growth of P03

~ (GE) min(h,hs),9
Lemma 61. When h > he we have that o (E (hg),5)
5 0 (r2.9)

©B) ) g - ©B)
e 18— O(4261/5). When h < hg < hg we have 255 — O(k'/5). Lastly, when
T (5GP (n+,9)

- (GE),, &
he < h < hg we have 2550 — O(x4/5),
)

=1. When h < BS < hg we have

Note, when Bs < h there is no change in the error. So, for all S for which this is true the
proposed objective function is appropriate. While when BS > h there may be some error
associated, we have shown in the above Lemma that the error grows mostly slowly with an
increased condition number. Furthermore, in these cases the problem exhibits a bias to sample
sets with low condition number. Consider, the cases where hg < ﬁg, which also captures the
case where the error grows almost linearly. By Lemma , modifying S we see that there is no
gain from further increasing Bs and hence the noise error will dominate. Since the noise error is
minimized when the sample set is orthogonal this will bias the optimal sample set S* to have a
lower condition number. The case when h < BS < hg reduces to the above when v ~ 1. When
v < 1 the error is also minimal except in cases with extreme condition numbers. These cases
will only be achieved if i < h as otherwise a orthogonal sample-set would suffice as seen in the
previous section. Hence, we may conclude that in many cases the error incurred from using a

fixed upper-bound of h is insignificant compared to the improvement that can be gained.

What is left is to argue that it is worth-while to study the simplified objective function in
Definition that is o < h. To argue this we claim that for many problems it is unlikely that

h = h. For this note that h = h when
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There are two observations. For one, for a given noise level M®) will grow as roughly the square
of M®). Hence, the size of p® has to increase significantly more. The other insight is that M ()
is inversely proportional to the noise error. This makes intuitive sense, as for example with
low-noise errors the optimal radii will be smaller. In regions of smaller radius the lower-order
terms dominate. On the other hand, as the noise-error increases, so will the radii, which is

where higher-order errors dominate.

Overall, the choice of the approximation of the gradient estimation problem as given in Definition
will be problem dependent. Nevertheless, it appears reasonable given the above calculations
for a large set of problems the assumption that h < h is reasonable and hence the approximation

used for this paper is appropriate.

4.3 Global minimum: d orthogonal roots do not always

exist

In this Section we study the global minimum problem. We first show that the structure of the
global minimum is given by a set of d orthogonal roots. We then briefly discuss its relation
to other fields in mathematics, specifically algebraic geometry, and the immediate challenges
faced with solving such a problem. We then prove that such a set of d orthogonal roots cannot
always exist for every homogeneous polynomial. While we can not guarantee to find the global

minimum, we will in the next Section develop a methodology which uses the insights built here.

4.3.1 The Global Minimum: Orthogonal Roots

The intuition behind the gradient estimation problem is that sample points should be along
directions in which the approximation error does not increase too much. These are precisely
the roots of the homogeneous polynomials. Then we can increase the difference vector length

and hence mitigate the noise error. The complete set of elements then should also follow an
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orthogonal structure to completely minimize the noise error. We make this precise with the

following proposition.

Proposition 62. Let S € R4 be such that the following conditions are satisfied

e p(s;) =0 for1<i<d,
o <3i7 8j> = h25ij fOT 1< Z,j < d,
for a homogeneous polynomial p. Then S is a global minimum of the objective function [54.

Furthermore, the lower bound on the objective function is given by

1,1
gp,a,h = ZO- dﬁ

This lower bound is achieved if and only if S satisfies the above conditions.

We prove this statement by introducing two lemmas. One will tell us that the approximation
error requires roots, the other will discuss that orthogonality is important for the noise error.
Lemma 63. The approximation error is zero if and only if s; are roots of the homogeneous
polynomial p.

Proof. For the following, assume that S is invertible and R(S) < h so that the objective function

value is finite.

For the approximation error, notice that ||[(S™!)"p(S)||* > 0. A sufficient condition for this
lower bound to be met is p(s;) = 0 for 1 < i < d. However, this is also necessary, as S is

invertible by assumption and hence has empty kernel. O]

The next is more elaborate and tells us that orthogonality is important to minimize noise error.

Lemma 64. For S satisfying Assumption @ the noise error, gwen by ||S™Y|%, under the

constraint R(S) < h is minimized if and only if ST.S = h?I4.4.
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Proof. For the objective function to be finite, we assume that S is invertible and R(S) < h. By
properties of the Frobenius norm, we have that ||S||% = Z?Zl A; where the set {\; }1<i<q is the
set of real non-negative eigenvalues of S7S. Furthermore, ||S||% = 27, ||s]|> which has to be

less than dh? by assumption that R(S) < h. Hence, we have the constraint on the eigenvalues

that 330\ < A2

We now solve the problem of finding S such that Zle % under the constraint Cll Z?Zl i < h?

is minimized. We used the fact that |S~![|% = 30, /\i Notice that the feasible region contains
the region constrained by R(S) < h. Hence, any solution to this problem which also satisfies
R(S) < h is also a minimizer for the original problem. Furthermore, they are then also the only
solutions to the original problem as R(S) < h is strictly contained in the set of all S such that

i N <A

Writing the Lagrangian we have £(Ay,...,\g, 1) = S0, )\i + u(X% N — h?). Taking the
partial derivative with respect to A; and setting to zero we have that % =L for 1 <i<d. This

implies that \; = \; for 1 < 4,5 < d. Using the constraint we have immediately that \; = h%.

Since every eigenvalue of STS is the same, STS = h?I;,4. Any S satisfying this condition is

clearly a valid solution to minimizing the noise error under R(S) < h. O
Proposition [69. Combine Lemmas [63] and O

4.3.2 Context and First Challenges

While for even degree homogeneous polynomials the prospect of finding a set of d orthogonal
roots is unlikely to be fruitful, for odd degree polynomials there is more hope. For even degree
homogeneous polynomials, there are obvious counter-examples where there do not even exist
any roots, such as for positive-definite quadratic forms. However, by Lemma [50| there exist
infinitely many roots for odd degree homogeneous polynomials. Hence, it may be sensible to
study the properties of such polynomials in slightly more generality, identify any useful tools

and potential challenges.
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The study of roots of real polynomials is tackled by real algebraic geometry. While the question
of whether a set of orthogonal roots exist for homogeneous polynomials may be of independent
interest, we solely focus on solve-ability. For this, we note that the global minimum problem

can be fully reformulated as finding the roots of a set of polynomial equations.

We now outline the reformulation of the global minimum problem as a solution to a system of
polynomial equations over d? variables {s; € R?},<;<4. The condition {p(s;) = 0},<i<q ensures
that all s; are roots, {320 (s:)i(2;); = 0}1<ij<diz; ensures orthogonality, {d20  (s;)? — 1 =
0}1<i<q ensures that the zero vector is not included and makes the problem non-degenerate.
The union of all polynomials then provides the system of equations that fully defines the global
minimum problem. ﬂ The condition only prevents degenerate solutions. Simple counting shows

that there are d + d(d + 1)/2 polynomial equations that need to be satisfied.

Based on standard results, over a closed algebraic field, this problem will always have a solution
for d > 2, as there will be more equations than variables [Harl3]. However, we are working over
the reals and such a solution cannot be guaranteed immediately. Consider Figure 4.2 where we
show instances of roots of homogeneous polynomials. We specifically demonstrate instances

where d orthogonal roots exist and some for which they do not.

However, there are results in real algebraic geometry which may allow us to tackle this problem.
Specific methods, such as cylindrical algebraic decomposition, based on the Tarski-Seidenberg
Theorem [SB16]. For polynomial systems over the reals, these methods can both decide whether
solutions exist and find them. However, the key difficulty is that these algorithms have prohibitive
doubly exponential runtime. Even for moderate problems of three and four dimensions, such
a method will not work as it will require one to solve a polynomial system over a quadratic
number of variables. Hence, further study of the problem is required in order to develop a

methodology with a feasible runtime.

2The last property, making the roots have unit norm, does not constrain the problem. This is because the
polynomials are homogeneous and a scaled root remains a root.
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b

(a) 2D with orthogonal roots ) 3D with orthogonal roots indicated by arrows
(c) 2D with no orthogonal roots ) 3D with no orthogonal roots

Figure 4.2: Visualization of the set of unit roots for two and three dimensional polynomials.
For the three dimensional case we show the same set of roots but from perspectives rotated by
some amount.

4.3.3 There do not always exist d orthogonal roots

While at this point it may appear premature to provide a negative result, we do so as it aids
later exposition. Also, the results are beneficial for studying the properties of homogeneous

polynomials and provide the tools needed to study the problem in depth numerically in Section

4.6l

The main result for this section states that there do not always exist d orthogonal roots
for a homogeneous polynomial of any order. In fact, for any distribution over homogeneous
polynomials of a given order, there exists a new one which has a positive probability of sampling
a polynomial that does not have d orthogonal roots. Unfortunately, this is mostly an existence

proof and we can not methodologically construct polynomials which are guaranteed to have
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this property a-priori. The lead-up to this is somewhat technical and builds all the necessary

machinery.

Introduce the linear transformation

We now introduce a transform which will allow us to transform a polynomial to increase the

sensitivity.

Definition 65. Let a € R, and v € R? be a unit vector. Then we let the transform T, be

given by

Too(®) = (I + (a — D)vo")z,

Furthermore, given a homogeneous polynomial p : RY — R of order k we let pyo(7) = p(Ty.(2)).

We immediately not that by Proposition the newly defined polynomial p,, remains a

homogeneous polynomial of order k.

While the inverse of T;, will be crucial, the following result states that any results on the

transform also apply to its inverse.

Lemma 66. The inverse of Ty, s T1/a,-

Proof. We require T, , T} /q, = I which is given due the following steps

I+ (a— Do) T + (1/a— Do) =T+ ((a= 1)+ (1/a— 1)+ (a — 1)(1/a — 1)) v’

=1

as (a—1)(1/a—1)=(1—a)+ (1 —1/a). O

We now present the geometric effect of the transform.

Lemma 67. Let x € R%. The norm is given by | Tu.(2)|| = v/I|z]|2 — (v, 2)2 + a2(v, )2,
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If x and v are orthogonal to each other then the same holds true for (I, ,(z),v). Otherwise, the

- 1))

: » (Taw( ||
angle is derived from @l x)|| = \/1 a2 o)

Proof. For the length of T, ,(z) we write

|1 Tew(@)]z = 2]z + (2(a — 1) + (a = 1)*) (v,2)*

= ||'I||g - <’U,I>2 + CL2<U,ZE>2
since (a — 1)? = a®> — 2a + 1.

We now compute the angle of T;, ,(x) to v. For this we need to compute <”T (())”> Notice that

(Tow(z),v) = afv,z). If x and v were already orthogonal they remain orthogonal. For (v, x) # 0

we obtain that

2 2_1 2
R N Y ey

which completes the proof. O]

Sensitivity

We now discuss the effect of the transform on the sensitivity of the polynomial. Let x € R?
be some unit vector and assume that on average |p(x)| & M. We will discuss the precise

meaning of this and related constructions in Section [4.6.1 Then for a unit vector y we have

that p,.(y) = ||Tav(y)||kp(“§zzgz;“) Hence, we have that p,,(y) ~ || Tu.(y)||*M.

By Lemma we know that [|T,.,(y)|| = /1 — (v,y)? + a*(v,y)?. Clearly, if a{v,z) >> 1 we
have that ||T,.(y)|| = |a(v,y)|. Hence, the sensitivity is roughly scaled by a factor of a* which
is enhanced the closer y is to v. Notably, for all vectors that are orthogonal to v, the transform

does not have any impact.



4.3. Global minimum: d orthogonal roots do not always exist 125

Transform and affect on roots and structure

The transform more crucially allows us to ‘move’ roots and hence increase a region with no roots.
The primary object with which we will work is the cone that we define by Cj, = {z] 2L ”U”” H > [}
We work with g directly instead of the angle arccos 5. We will often refer to 3 as the angle,

understanding this relation.

Cones are a good representation for sets in our input space because they inhabit the following
structure. We only need to look at one element in every line. We often will only look at the

unit vectors. So, if no root is found, we know that none is a root.

1
Now define S(a \/1 a2 52 —1) which leads to Cg), = Cp,. This is because Ty, is a
bijection by Lemma (66 . and for any = € Cs, we have T, ,(x) € Cga),» and y & Cg, we have
Tuw(y) € Cs,p by Lemma If a > 1 then the angle of the cone decreases and the cone is more

centered around v. The opposite occurs when a < 1.

Now, we are interested in studying how the roots of p and p,, are related. Clearly, if z* is a
root of p we then have T/, ,(x*) is a root for p,, due to Tj,,, being the inverse of T, , as given
by Lemma [66f . If we then consider Cg,, = Cp(1/q),» then if Cg, has no roots then Cjg(y/4),, also
has no roots. So, if @ > 1 we have increased the region of no roots for p,, by increasing the

angle the cone Cg(y/q),, makes with v.

We now use the above construction and show immediately how it allows us to guarantee the

absence of d orthogonal roots.

Proposition 68. Let p be a homogeneous polynomial such that there exist unit-vector v € R?

and value B € [0,1) such that there exist no roots in Cg,. Let a > \/(d — 1)/(% — 1) then the

polynomial p, ., has no set of d orthogonal roots.

We first prove the following lemma, which tells us how large a cone has to be such that no

orthogonal basis can be constructed in its complement.

Lemma 69. Let v € R? be a unit vector. Then there do not exist d orthogonal vectors {b;}1<i<a

such that b; € C 1, for 1 <i<d.
\/37
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Proof. Let {b;}1<i<q be an orthogonal set. Then |[v|* = Z?Zl W(U, b;)?. Now assume that

b; & C% , for 1 <4 < d. This implies that 3¢, ”b1“2<v,bi>2 < ||v||? Zleé = ||v||* which is a
d’ 7

contradiction. ]

Proposition [68 By Lemma |69 we know that if we can ensure that in the cone C Jow there are
no roots, then there cannot exist a set of d orthogonal roots. By assumption there is no root in
the cone Cp,. By applying the T, transform to the input of the polynomial, we know if there
are no roots in the cone Cj,, then there will be no roots in Cg(1/q),,- We now simply need for

B(l/a) = \/L&‘ Solving for a we obtain the result. O

While there may not exist a set of d orthogonal vectors in the complement of a cone Cg,, it is
easy to see that there do exist d — 1 orthogonal vectors in the complement. Whether those are
roots will have to be seen. As in later discussion we consider sets of d orthogonal vectors with
the first d — 1 vectors enforced in the complement of a given cone, we now present a general
result on the relation between elements in the complement of such a subspace. We make precise
the obvious observation that the larger the angle of the cone the closer the elements of the

complement have to be to v.

Lemma 70. Let W be a m-dimensional subspace such that there exist b- € W such that

b & Cg, for 1 < i < d—m. Then the closest vector w € W to v satisfies ”i—”(v,w> >

V1= (d—m)B? when ? < .

Proof. Let v = w + w* where w € W and wt € W+. Note that w is the closest vector to
v in the subspace W. Let ||w|@w = w which then yields taking the inner-product of @ with
v = W|lw| + wt that (w,v) = ||w|. Expanding w' in terms of {bi}i<j<q_m and taking the

inner-product with v we obtain

T
3

(v,v) = (b, v)* + (b, v)2.

=1

Since we know that b & Cj, we have that (b}, v) < 3 yielding the result. O
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For later discussion we also require a result on the intersection of a cone with a subspace. We

observe that the intersection is a cone in the subspace and has an easily interpretable angle.

Lemma 71. Let a cone Cg, C R? and a subspace W C R? be gwen. Let w be the closest point

to v in the subspace and define By = v (v, w). If By > B then the intersection Cg, NW is

[[w]]

empty. Otherwise, the intersection is given by the cone C’é ={z:zeW, HwIIIIZH (w,z) > B}

with § = m -

Proof. Let w be the closest point to v in the subspace given by W. If |w|<w,v) < (B then
w is not in the cone. Furthermore, no other element in W is. To observe this consider
v — w|]* = ||v]]* — 2(v,w) + ||w||?. If z € Cs, then since all positive re-scalings leave z in the
cone we assume that ||z|| = ||w]||. This then immediately implies that z must have been closer

than w since (v, z) > (v, w).

Now, consider the case when w is in the cone. We show that Cg/z) = C,p3 NW. For this,
use the following insight. Choose an arbitrary vector z € W. We want to now establish a

relationship between the angles of each of these points. For this, let 0, ., = arccos(m@, w)),

0,.= arccos(ﬁ(v, z)) and 0, ., = arccos(m(w, 2)).

Recall, since w is the closest point to v in the subspace W we have that v —w is orthogonal to each
vector in W. Specifically, it is orthogonal to w giving us ||w|| = cos(f,,) and ||w —v|| = sin(b, ).

We then have since v — w L z that

Iz = wl® + lv — w|]* = ||z — v|?
= ||z||2 — 2|2]| cos(By ) cos(Oy, ) + COS(QWU)2 + sin(Qv,w)2 = ||z||2 — 22| cos(,,.) + 1
= c08(0y,2) cos(0y) = cos(by,2).

Now, we show that C(}Z) = C, 3 N'W recalling that B = Assume z € C, 3 N W, which

B
B
=) =

cos(0y,2) > B _ B and hence

implies that cos(f,.) > (. By the above relation cos(6,, o) = Bow

(W)
z € CB,w )

cos(0y,2)

Now, let z € ") and hence cos(0y,.») > B . From the above relation we have that =
B,w ) cos(Ou,w)
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cos(By.) > B = Bfw and hence cos(6,.) > 5. Due to this and every element in C’g/z) also being

in the subspace W we have that z € C, g N W. O

Existence Results

We conclude by proving that first for any polynomial there exists such a v and 8. In conclusion,
we extend this to show that we can sample from a distribution with probability q. The

distribution statement is important to justify later experiments where we set v but guess .

Proposition 72. For any non-zero homogeneous polynomial p there exists a unit vector v € R

and B € [0,1) such that under the polynomial for x € Cz, we have p(x) # 0.

Proof. Since p is not a zero polynomial, there exists a v such that p(v) # 0. Due to p being a

homogeneous polynomial, we can assume that v is a unit vector. Due to continuity there exists a

closed ball of radius R such that for y € B, (R) we have p(y) # 0. Let 8 = minycp, (r) ©8) which
is well defined since 0 ¢ B, (R) and we are taking the minimum of a continuous function on a
compact domain. Let ys = argmin,cp (g ﬁ We now want to show that the cone Cjp, contains
no roots. Due to the homogeneity of the polynomial, we only need to show that for w € Cjg, there

is a rescaling which is in the ball B,(R). Note that all 2 € R? such that ||z|| = ||y|| and

el >
are in the ball B,(R). This is because ||z —v||* < ||lysl|* — 28]lysll + |v]|* = |lv — s> < R%. So,

any element in the cone can be re-scaled to have norm ||ys|| and hence is not a root. O

Combining Propositions [68] and [72] we have the following Corollary.

Corollary 73. For any non-zero homogeneous polynomial p there exists a € R and v € R? such

that p,» has no set of d orthogonal roots.

Clearly by the above result, there always exist polynomials which do not have d orthogonal
roots. To provide a more constructive method to generate such polynomials we provide the
following result. The difficulty with the above proposition is that there is no constructive way
to find both v and (. Instead, we us a probabilistic construction to avoid having to estimate v.

Estimating § remains difficult and will rely on heuristics.
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Proposition 74. Let w € R? be a unit vector and P be a random homogeneous polynomial of
order k and let it be distributionally invariant under rotations of the input space. Specifically,
for any two vectors x,x’ such that ||x|| = ||2'|| we have that P(x) ~ P(z'). Then there exist
a € R, and g € (0,1] such that with probability q there does not exist a set of d orthogonal roots

for the random polynomial P,,,.

Proof. By Corollary [73| for any instance p of the random polynomial P there exist § and v
such that the cone U3, have no roots. To make the dependence on P clear we write Bp and
vp. Since Bp < 1 and by properties of the cumulative distribution function there has to exist
f" such that with probability ¢’ > 0 we have P(8p < ') = ¢’. For the direction vp, since P is
distributionally invariant under input rotations, we have that vp is uniformly distributed on the

unit ball.

Now, consider 3 = HTfB, We claim that if (v, w) > 8 we have that for Cy ,, N Cg, = Cs ., that
is, no element in the cone Cj,, is a root. Let z € Cs,,. Then due to the triangle inequality
|lv—z|| < ||Jv—w]|| + ||w— z|| we have that (v, w) + (w, z) —1 < (v, z). Now, if 5 < (v, w), (w, z)

we have that

and hence z € Cg .

Now, as long as v falls in the cone C,, 3 we can ensure that no element in the cone is a root.
The probability of this happening is given by the area of the set {z|z € Cg, ||2|| = 1} relative
to the total area of the unit ball. We denote the probability by g2, which will be non-zero since
B < 1. Hence, the probability of there being no roots in the cone Cj,, is lower bounded by

= ¢'q2. To obtain the a which achieves this cone-size simply solve for f(a) = a where (a) is

defined in Section [4.3.3. m
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4.4 ORCAS: Finding d — 1 orthogonal roots

We now present our main theoretical result relating to the number of orthogonal roots that can
be obtained. This will provide a satisfying answer to the more general question about finding
roots for homogeneous polynomials. We then introduce a method based on this insight for the
construction of a sample set. While the proof for Theorem [75|is mostly constructive, we make
explicit how to numerically find roots. Then, we compare our method to the centered simplex
gradient. In the case where higher-order terms have significantly less influence than the current

term, our improvement scales with the dimension d.

4.4.1 Main Theorem and Proof

We now provide the existence result for the maximal guaranteed set of orthogonal roots. In the
previous Section we showed that any more orthogonal roots are not guaranteed. Note that the
proof is constructive and will provide the basis for the numerical method finding a sample set

for the centered simplex gradient.

Theorem 75. Let p be an odd degree homogeneous polynomial with d > 1 variables. Then there

exists a set of d — 1 orthogonal roots.

Proof. We prove the above by induction. Let d = 2 and by Proposition 0] there exists a root since
we are given a homogeneous polynomial of odd degree. Now assume that d > 2. By Proposition
there exists a root x* for the polynomial. By Gram-Schmidt, let U be an orthogonal matrix
such that Uz* = e;. Now, let U € U 1%4 he constructed by removing the first row of U. Note
that UU” = I;_1.4_1. By Proposition 49| the polynomial in d — 1 variables pgr(-) = p(U”") is
also a homogeneous polynomial of odd order k. By the induction hypothesis, there exists a set
of d — 2 orthogonal roots Sq—2 = {Z;}1<a—2. Now, consider the set S;_; = {ﬁTxi}lgigd_g u{z*}.
Clearly, every element is a root of p. Furthermore, for 7;,z; € Sq_» such that &; # z; we
have jiTUUTij =0as UUT = Iy 1xq-1 and Sy_o is an orthogonal set. Lastly, for * and each

#; € Sq_g we have #7Ux* = 0 since Uz* = 0 by construction of U. O
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While we showed in Section [4.3.3] that we cannot have a universal statement that a set of d
orthogonal roots exists, we obtain the next best result. Furthermore, the proof is remarkably
simple and suggests flexibility in how these d — 1 roots are chosen. Specifically, we invoke
Proposition |50| at every step of the induction showing that a root exists. However, Proposition
is proved by finding a root on a path between two points which have opposite sign under the

polynomial. However, there are arbitrarily many paths and hence as many roots.

4.4.2 ORCAS: Orthogonal Roots Centered (Almost) Simplex

F| We now introduce ORCAS, based on Theorem [6, which serves both as a tool to obtain a set

of samples for the simplex gradient and can serve as a dimensionality reduction tool.

Notice that in Theorem [75] we only obtain a set of d — 1 vectors. However, we need d vectors to
find the minimum of the objective function presented in Definition Hence, the last vector
is free to choose. Therefore, we make the choice of making the final vector orthogonal to the
set of d — 1 orthogonal roots given by Theorem This way, we are guaranteed to condition
the set well, in terms of being orthogonal. However, it will also clearly expose us to situations

where the final orthogonal direction has high sensitivity.

Furthermore, ORCAS can be used as a dimensionality reduction method. Specifically, we can
specify a stopping dimension d**P), where ORCAS produces d — d®**P) orthogonal roots and
a change of basis U. Given U, we define py which is now a d**®P)-dimensional homogeneous
polynomial. We can then apply the objective function defined in Definition |54] on this problem
and then use the change of basis transform U to obtain the resulting sample set in the original

space. We will discuss this use case in Section [4.5]
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Algorithm 6 ORCAS

1: procedure ORCAS(p,d, h, d**P))

2 U <+ Ijxq > Set the initial rotation matrix to the Identity
3: S+ {} > Difference Vectors
4: while d > d®*P) do

5 if d =1 then

6 M + pU(l)

7 h (% K

8: h* < min(h, h)

9: S+ SuU{nU} > Recall when d = 1 the variable U stores a vector.
10: U+ 0

11: else

12: x* < GetRoot(py)

13: S +— Su{hUz*}

14: U « GramSchmidt(z*,e1, ..., eq)[2 ]

15: U+« UU"

16: end if

17: d<—d—1

18: end while

19: return S, U
20: end procedure

4.4.3 Finding Root

We base our root finding method on a combination of a bisection method and a Newton-Rhapson
method. The bisection method allows us to guarantee a solution close to a root. While the
Newton-Rhapson method is significantly more efficient and can be shown to always converge
to a root, it may also converge to the zero root, i.e. x = 0. We found that the likelihood
of converging to the zero-root is drastically reduced when the starting point is close to a
root. Hence, Algorithm [7] first computes a point guaranteed close to a root via the bisection
method and then uses this point as the starting point for the Newton-Rhapson method. As
the Newton-Rhapson may still converge close to the zero-root, it is important to normalize
the solution, as any non-zero root will remain a root under normalization by the properties of
homogeneous polynomials. We then compare the solutions from both methods and return the

one with the lowest function value. We now discuss the implementation details of both methods.

3The ” Almost” is a bit tongue in cheek and refers to the fact that almost all sample points are roots. Also,
this sounds much better than ORCS.



4.4. ORCAS: Finding d — 1 orthogonal roots 133

Algorithm 7 Find Root

1. procedure FIND ROOT(p, d, Nyis, Ny, €pis, €nr, tol)
2 Tpis < Bisection(p, d, Nyis, €pis)
3 Ty <— Newton-Rhapson(p, d, x5, Ny, €nr)
4 if p(ajm‘) < p(zbis) then
5: return z,,
6 else

7 return z;,
8 end if

9: end procedure

Bisection Method

Algorithm 8 Bisection

1: procedure BISECTION(p, d, Ny;s, €pis)

2 ~(0) < [cos(0),sin(0),0, ..., 0]

3 0,0, < 0,7

4: 0,, < (91+9u)/2

5: while p(6,,) > €s & Nys > 0 do

6 if sign(p(y(6m))) = sign(p(v(6:))) then
7

8

9

91 — 9m
else
: 0, < 0.,
10: end if
11: O < (0,4 0,)/2
12: Npis ¢ Npis — 1
13: end while

14: return v(0,,)
15: end procedure

In Algorithm [8| we present our implementation of the bisection method. We use the insight that
for an odd degree homogeneous polynomial p we have p(x) = —p(x). Hence, to find a nonzero
root, we only need to construct a path « : [0,1] — R? such that v(0) = x and (1) = —x and ~

do not pass through 0.

We then run the bisection method on the function p((+)) and find a ¢ € [0, 1] such that v(c)
is close to a root. Since we half the space at each iteration, we require —log,(¢) iterations to

reach a root to a § < 1 tolerance.

We note that the choice of v is arbitrary. While we choose a parametrization on a semi-circle,

other paths may be constructed as well. However, we found the choice to matter little to the
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final ORCAS algorithm and found the semi-circle to be most interpretable.

Newton-Rhapson Method

Algorithm 9 Newton-Rhapson

: procedure NEWTON-RHAPSON(p, d, xo, Ny, €1r)
T < Xo
while p(z) > €,, & N, >0do
I R G (x)

1

2

3

& W@ el
5: end while

6 if x = 0 then

7 return zg

8 else

9 return W
10: end if

11: end procedure

The Newton-Rhapson which we use is given in Algorithm [9] We found that when the method is
initialized close to a root, it finds a root close to machine precision within only a few iterations.
The method has two defining properties that we present. One is generic to the method and is

presented for general motivation and the other is specific to homogeneous polynomials.

We use a Newton-Rhapson method for problems with more variables than equations. As it is

less commonly studied, we briefly state its defining property which justifies its general use.

Proposition 76. Let f be a function and x be such that V f(x) # 0. Then the Newton-Rhapson

update step given by — |VV;”(90 |2f( ) is the solution to mina, ||Ax||? such that f(z)+V f(z)Az = 0.

Proof. The Lagrangian is given by L(Az) = [|Az|]* + A(f(x) + (Vf(z), Az)) and the gradient
when set to zero gives 2Ax + AV f(z) which implies that Az o< V f(x). The constraint then
yields that f(x) + A||V f(x)]|?> = 0 which implies that \ = \Vf( )HQf( ). O

We now state a result relating to the convergence of the method for homogeneous polynomials

and the well-definedness of the update step.

Proposition 77. Let p be a homogeneous polynomial of degree k. Then Vp(x)p(x) =0 if and

only if p(x) = 0.
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Proof. The direction when p(z) = 0 is trivial. For the other direction we use Euler’s homogeneous

function theorem which states that for a homogeneous function

(z, Vp(z)) = kp(z).

Then clearly if Vp(z) = 0 we have p(x) = 0. O

Hence, the update-step is always well defined for points which are not roots. Furthermore, if

the method converges, then it has converged to a root.

The issue with the method is that it may also converge to the zero root, i.e. x = 0. This is a
general problem, as simply by moving closer to zero, the function value is reduced. To address
this, any non-zero solution needs to be normalized to make it comparable to any other root
candidates. This will allow us later to detect whether the output simply appears to be a root

due to proximity to the origin. Any zero-solution is replaced with the initial starting point.

4.4.4 Runtime

The runtime at every step of ORCAS in Algorithm [6] is dominated by the constant number
of evaluations of the homogeneous polynomial as part of the GetRoot subroutine defined in
Algorithm lﬂ Since for any homogeneous polynomial there are (df) terms in a degree three

homogeneous polynomial, each evaluation is of order O(d®). The iterations happen d times.

Hence, the final runtime is O(d*).

4.4.5 Worst-Case Performance and Comparison to Central Differ-

ences

We want to think of ORCAS and how it compares the optimum and the most used method in
CD. For CD, there is no consideration for the direction of the difference vectors. Hence, in the

worst case in every direction the error behaves as M. Similarly for ORCAS, the last difference
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vector is fixed given the selection of the previous ones. However, there is no control over that
direction, and hence could again be in the worst case direction. The crucial result of ORCAS is

that it has significantly improved worst-case properties compared to central differences.

Most of the intuition will be drawn from the Case Study in Section [4.2.4. This is because the
results have to be in relation to the hyperparameter h, which represents the optimal radius of
the sample set if only higher-order errors mattered. That is, the error due to the third-order
term vanished. We then let / = %1/ ? based on Proposition [55| which represents the radius of
a sample set with a third-order error of M in each direction. The benefit of ORCAS is that

only along one difference vector this error will be incurred. Consequently, h*é = min(h, 71) and

represents the radius which a method will truly be using.

As both ORCAS and CD are based on orthogonal sets we present the following Corollary based

on Proposition
Corollary 78. Let M = maxy.|,|=1 p(u) then the worst case error for central differences is

0 (Sop) = LAy + T4 > 0, (Sep)
p,a,h \P CD) - 36 4 (E)Q = tp,0,h\PCD

and for ORCAS is

y 1 -, o2 fd—1 1
f;:?h(SOROAS) = %]WQUL)4 + Z ( + ~—) Z Epjgjh(SORCAS).

Comparison to the optimum

In the best case, the lower-bound of the error is given by f;{?’ b = %2}%. We look at the ratio of

this error and the error for both ORCAS and CD.

For ORCAS we have the following ratio, where we have replaced the occurrences of M and o

with h
Ib
LZl(f>4{l_21+ h? l—l-d_l 1
g;(::,)h(SORCAS) 205 pod - (hy)?2d d  dooo
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Hence, in large dimensions, we are approaching the optimum. How quickly will depend on h.
The bigger we could have made h, if we were to remove the third-order error, the faster we

would also converge to the optimum.

CD does not have this asymptotic property as it is independent of d

gg(yl,lc)f),h _l(h*)4h—2—|— h’2
(O (Sep) 20 b8 ()

This ratio also tells us that if & can be made close to h, then the error becomes significantly

more balanced. If hg = h, then as h > h we have that this also approaches 1.

Compare directly to each other

Intuitively, since we removed d — 1 terms for M, we reduced the approximation error. And, we
could increase the difference vector lengths for the other ones to the maximal size considering

the higher-order terms as represented by h. We now take the ratio of both errors to obtain

u _h®_
0. (Sep) d(1 +255)
(ub) B 76, (h%)? :
oo (SorCAS) 1+ 2%(;1—52@ —1)+1)

In the case when the lower-order approximation error dominates, that is h < h and h*s = 71, the

ratio is given by

E;Sf:,)h(SCD) B 3d 3 B2
g;(;f:,)h(SORCAS) 3+ QZ—z(d _ 1) d—oo 2 2

In the case when higher-order terms dominates, that is h > h and hg = h, we obtain

7 (Sep) 142

fpon(Sorcas)  §+215

Notice, that for any d, when h > h the ratio tends to one. Hence, in this case the sample
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148

sets will have the same performance. Even for moderately large d the ratio behaves as 1 + 276

making it more clear that with an increasing h the errors converge to each other.

4.5 Numerical Solvers

We have seen in the previous section that ORCAS offers improved worst-case performance.
However, we are also constrained by the choice of making the set orthogonal. While this is a
justified choice to minimize the noise error, it is natural to consider violating the orthogonality

constraint to obtain a better final sample point.

So, consider a numerical method which can solve the original problem in Definition [54] Given
that d — 1 roots always exist, we may expect that the objective function may be solvable by
such a method. The key difficult is that the dimensionality of the problem scales quadratically
and that the solution has no worst-case guarantees. We proceed by presenting the numerical
method. We conclude with introducing a combination of the numerical solver and ORCAS,

where ORCAS is used as a dimensionality reduction method.

4.5.1 BFGS as a Numerical Solver

We have found that running the classic BFGS algorithm on a slight modification of the original
problem provided the best results. We specifically run the BFGS method on the function defined
onSeGLy

d
an(S) = AE+NE+ ) (|lsil* = n%)°

p,0;h
i=1

which is simply the original objective function plus a quadratic penalty term. We set © = 0.1

and find consistent results. We use the scipy implementation of BFGS [VGO™20].

We have tried various other methods which included explicit constraint handling. However, we

found BFGS with the simple constraint to be most reliable. Once reason for this may be that
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the quadratic penalty terms helps the problem be in a more stable regime. Specifically, consider
a root x as the whole set of points cx for ¢ € R. Then close to 0, an optimization step may
cover multiple roots, while further away it may not. Hence, enforcing the sample points to be
within a specific radius band may help with step-size selection. Of course, it may then be more
difficult to find the exact optimal step-size when not all sample points are located at a root.

However, this does not generally seem to be an issue numerically.

Lastly, to avoid the issue of no-guarantees, we also perform ORCAS simultaneously. We then
return the sample set which has the lowest objective function value and use this sample set
for gradient estimation. given a solution to this problem, we perform manual clipping of the

difference set to enforce the constraint R(S) < h.

4.5.2 ORCAS as a Dimensionality Reduction Method

Since the numerical solver may be prohibitively slow in higher dimensions we can use ORCAS
as a dimensionality reduction tool. We call the method ORCAS-NS. We append d**P) to indicate
the dimension to which the problem will be reduced. The benefit is that ORCAS reduces the

stop

problem to the given dimension, d**?), by providing orthogonal roots for the reduced dimensions

from d to d**P). In Figure [4.3) we see the benefit of using such a method to avoid the increased

run-time of the numerical solver.

Let SOEC4S5 be the sample set and U be the change of basis provided by ORCAS for dimensions
d to d®*P) + 1 and SW9 provided by the numerical solver for the remaining dimensions. Then

S = SORCAS y{Us : s € SV we have that the objective function is given by
| (NS)\||2 o’ (NS)\—12 o’ (stop)
SIS Tpu(SOD)? 4+ T (SO i 4 T (d — ),

For SORCAS there is no approximation error contribution and the noise error is minimized since

the difference vectors are by construction orthogonal roots.

We now state two fundamental properties of the reduced problem. To do so, we rely on the
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formalism developed for making a polynomial more sensitive and increasing the region with no
roots in Section [4.3.3] Recall, that there we introduced a transform T, which increases the
sensitivity in the direction v. Furthermore, it increases the cone of no roots. We assume that

there is a cone of no roots given by Cj,.

Now, assume that ORCAS has reduced the problem to a d***P)-dimensional subspace W, with
W+ such that there exist b; € W+ with b; & Cpypfor1 <i<d-— dtor)  This will be the case
because ORCAS up to dimension d**?) will have found d — d**P) orthogonal roots. Since Cj,

has no roots, no element will be in the cone.

Given this, invoking Lemma [70| we have a relation on how close at least one vector has to be
to v. This immediately tells us that we will retain some increased sensitivity in the reduced

problem. The worst case is when the subspace W directly includes v.

Furthermore, invoking Lemma |71/ we have that a cone of no-roots is retained in the subspace.
For this, we can use the previous result on the closest vector in W to v to obtain a bound on

the size of the cone. Again, in the worst case the full cone may be included.

Overall, if 3 is large in the original space, the difficulty will generally be retained in the reduced
problem. However, no additional difficulty will be introduced and in some cases the problem

may become easier.

2 4

1024 __p

1004 — N8
2 © — ORCAS
£ 10°3 — ORCAS-NS-5
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T
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Dimension

Figure 4.3: Wall Cock Time of Gradient Estimation methods.



4.6. Numerics: Exact Third Order Information 141

4.6 Numerics: Exact Third Order Information

We first study the behavior of the various gradient-estimation methods provided exact third-order
information. While unrealistic in practice, it allows us to both properly study the behavior of
these methods and observe their best-case performance. To do so, we devise a method to sample
random-polynomials allowing us to control various aspects of the problem. Specifically, this
allows us to both adjust the impact of lower and higher-order errors and adjust the conditioning
of the problem. We then consider the performance of each gradient estimation as a function of

this random polynomial.

4.6.1 Sampling random polynomials

We write the random homogeneous polynomial of order k as P®*)(z) with a realization written
as p®)(x). A random polynomial of order k is then simply the sum of all random homogeneous

polynomials with order less than or equal to k.

For the experiments we want the random homogeneous polynomial to satisfy the following

properties where M, and a are tunable parameters.

1. The average size of P%*) is My, more specifically, Vx p[P®)(X)] = M? with X ~

N0, L laca).

2. For x and 2’ such that ||z|| = ||2’|| we have that P®*)(z) ~ P®)(2") which is equivalent to

the polynomial being distributionally invariant to rotations.

3. To make the polynomial ill-conditioned we write P.% (z) = P®(T, ,(x)) with v being a
unit vector and a a given sensitivity level, where the T, , transform is as introduced in

Definition [65]

The first property relates to the average size of the polynomial. Here we choose the size to be

measured by averaging over the domain as weighted by a Gaussian distribution. We choose the

variance to scale as \/lg so that the average size of X is one. In conjunction with the second
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property we can then reason about the average size of the polynomial a unit distance away from

the origin as given by the following result.

Lemma 79. Let X ~ N(0, \/Lgfdxd) and p be a random polynomial of order k such that
P(z) ~ P(2) if ||z|| = ||«'||. Then for any unit vector & we have

dk

VP[P<:%)] :VX’P[P(X)]d(d+2)(d+2<k'— 1))

The proof is given in Section 4.8.2, The above result tells us that the size of the polynomial
a unit distance from the origin is approximately /Vp[P(Z)], becoming tighter as the dimension

Increases.

When the condition number a is one, then the average size of the polynomial is simply given by
M. To reason about the size when the condition number is not equal to one, we present the
following result using the third property. Since we will only vary the condition number for the
third order homogeneous polynomial, we present the result only for such cases. The proof can

be extended to more general dimensions if needed.
Lemma 80. Let p be a homogeneous polynomial of order 3 and let it have the property that
P(X) ~ P(x') where ||z|| = ||2'|| then we have

Vx p[P(X)]
dd+2)(d+4

o (w(5) () v2(5) )

The proof is given in Section We observe that if the condition number «a is fixed, that

Vx p[Pov(X)] =

) (15a° + 9a*(d — 1) + 3a*(d — 1)(d + 1) + (d — 1)(d + 1)(d + 3))

Vx.p[Pav(X)] will approach the variance if the condition number is one as the dimension is
increased. For a fixed dimension, the size of the polynomial is dominated by the cube of a.

Observe that to keep the size constant with the dimension, a has to grow proportional to v/d.
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First Property: Sample Homogeneous Polynomials of Average Size M

The randomness of the polynomial arises from the choice of coefficients ¢. To make this explicit,

we write p(z;c) = Zm‘:k cor®. We denote the upper-case letter C' to be the random coefficients.

We choose C, ~ N(0,0,) and find o, such that for X ~ N(0, Idxd) and o # o/ we have
Vx.p[Coz?®] = Vx p[Corz®']. So, each term contributes the same amount on average. This is
to ensure symmetry in the random polynomial and hence no direction will be more sensitive
than all others. Due to the symmetry, heuristically orthogonal roots may be more likely as we

confirm in the Numerics.

Lemma 81. Let C, ~ N(0,02) where o, = M\/ 7 5
za >0 Qg

—1)!!

and X ~ N (0, é]dxd) we
have Vx p[P®)(X)] = M2,

Proof. Using the law of total variance we have that
V. p[PH(X)] = Ex[Vp[P®(X)]] + Vx[Ep[P® (X)]].

Since each C, is mean zero we have that Ep[P*)(x)] = 0. Due to C,, and C, being independent
when a # o' and z being given we have that Vp[P®) (X)] = Dok T2V p[Cy]. Taking the

expectation with respect to X we have

Vx p[P ZVP WEX[X 2
—Za — T @a; =11
7,0, >0
where Ex[z??] = deHi,ai>0(2ai — 1! is due to independence and properties of Gaussian

moments.

Notice that there are (djiil) monomial elements in the homogeneous polynomial of order k.

The result immediately follows. m

Remark 7. Since the number of coefficients grows exponentially as we increase the order of the

polynomial, we also allow for sub-sampling of the coefficients. Letting Ng, be the number of
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(")

& . This results in a
sub

coefficients sampled, we simply multiply the resulting polynomaial by

polynomial with identical properties to a polynomial using all coefficients.

Second Property: Rotational Invariance

As it stands, the random polynomial is not yet guaranteed to be distributionally invariant to

rotations. For this we would need P*)(x) ~ P®)(2') when ||z|| = ||2/].

To accomplish this, let U be a random rotation matrix, such that for any x we have that
Uz is uniformly distributed among all vectors with norm given by ||z||. We use the scipy

special_ortho_group function to accomplish this [VGO™120].

Consider now the random polynomial P*)(Uzx). To see this transform leads to the random
polynomial being distributionally invariant simply note that the input to P%*) is uniformly
random overall all vectors with the same norm. From now on, we let the random polynomial

function be given by P®)(z) := P® (Ux).

Third Property: Control Conditioning

The last property is easily satisfied. We simply write Pa(li,)(x) = P®(T,,(x)). If we let v be a
random vector V' which is uniformly random among all unit vectors, then it easy to see that the

resulting polynomial remains distributionally invariant to rotations.

While this transform increases the sensitivity in a given direction, we cannot guarantee that
there do not exist orthogonal roots. Using Proposition [74 we can only state the existence of an
a such that with some non-zero probability the polynomial will not have a set of d orthogonal

roots.

It is not trivial to decide which a is appropriate. Proposition 68| tells us that if the size of the
region with no-roots does not change with dimension, we have to increase a Vd. However,
it may be the case that regions with no-roots also grow with dimension. Lemma |80] indicates

furthermore, that the induced sensitivity due to the transform diminishes with the dimension.



4.6. Numerics: Exact Third Order Information 145

To keep the sensitivity constant a would have to again grow as v/d. In the experiments we both

present the results when we keep a constant and when we grow it as v/d.

4.6.2 General Methodology

We can now use the random polynomials to assess the performance of various gradient estimation
methods. We will only consider polynomials of fifth order. We do so because that is the first
error-order which we do not explicitly optimize for. The benefit of the current set-up is that
we can express the mean squared error exactly and use all the previous results to reason
about the experiments. We will specifically lean on the case study presented in Section
Throughout the set-up we write P*) for a random polynomial and do not yet distinguish

between a polynomial which has or has not been ill-conditioned.

Note that for a given instance of a fifth-order polynomial have the expression

2
~ _ o _
E[[V§Y5(0) — Vp(0)[2] = [[STpP(S)|* + - I8 HiE
(4.6.1)

+(S7p(S), STTPS)) + ST (S)I?

We chose 7y = 0 as then we have that D®*p(x)|,,—0[s] = k! p¥)(s), leading to the above

simplified mean squared error.

We are now interested in the performance of gradient estimation methods over the distribution
of polynomials. Notably, here the optimal sample set is then also a random variable as it is
becomes a function of P. We denote this random variable by Sp. We then want to compare

methods via the summary statistic ]EP,E[HVE;?P(O) — VP(0)|.

While the above description is reminiscent of the description in the case study in Section [4.2.4]
by taking the average over the polynomials, we lose some interpretability. This is due to the
lack of a closed formed solution due to the difficult to interpret distribution of Sp. Instead, we

use a Monte Carlo estimator of the above summary statistic.

While the summary statistic is difficult to immediately interpret, we can structure the experiments
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in a way to reason about the possible best-case performance of each method. The following will

then rely on results from the case study, specifically Section 4.2.4.

Comparison to Baseline

We now want to compare the methods in various regimes based on the best-case performance
attainable. The issue remains that due to taking an average of the distribution of polynomials,
we cannot easily construct a baseline, since it will itself be a function of the random polynomial.
Instead, we look at a baseline based to an average polynomial. In other words, we want to find

a baseline S independent of P which minimizes the mean squared on average.

For the baseline we choose S = rU where U is an orthogonal matrix and r > 0 will depend on
the problem parameters. The choice of an orthogonal matrix is due to an orthogonal matrix
a-priori minimizing the noise error as given in Lemma We then have that the mean squared

error simplifies to

2

Er JIVEP(0) ~ VPO)?] = HER[IPO@) 7] + PER PO + T

72

The cross-term disappeared due to the coefficients of the polynomials being independent and

mean zero.

Now, observe that Ep|[[|P®)(U)|?] = Z?Zle[P(k) (u;)]. Since w; are all unit-vectors, we can
directly invoke Lemmatelling us that Vp[P®)(2)] is the same for all unit vectors #. Hence, we
can write Ep[||P® (U)||?] = dVp[P®(2)] where & is any unit-vector. Hence, we can significantly

simplify the mean squared error for the baseline

2

~ d ase
Er[[Vi P(0) = VP(O)|] = r'd Vp[PD ()] + 1% Vo[ PP (@)] + T o= 5 (r).

We now define the two central quantities to assess what the best baseline improvement may be.

To obtain a more in-depth discussion see the case study, specifically Section We have that

2

1/10 . 1/10
h = (m) and h = (WM) . Here h represents the optimal radius when
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there is no third-order error and h represents the error when the fifth order error is zero. We
have shown in the case-study section that the minimum of the two closely approximates the

true optimal radius of the above error.

We compare the loss achieved by the baseline to a loss given by
(50 (r) == r8d Vp[PO(2)] + —=.

We argue that this is very close to the best case a method which does not explicitly optimize for
the fifth-order error can achieve. Here the noise error has been minimized and the third-order
error fully removed. The r which minimizes this will then be given by h, by definition of h.
The true error may be slightly off, but we hope that on average the fifth-order contribution is
Vp[P® ()] which would then yield the above.

Since the result is equivalently derived we restate the result from Section to conform to

the notation used here.

(Base) r
Lemma 82 (Restated Lemma |60)). Assume that h<h and h = ~vh then EBW& =0(4).
L () ()

E:,BC(TZSE (7‘) h)

Now, when b > h and hg = fyﬁg then we have W()Eh)
—PU r

— 11 =00").

Objective Function Performance

In conjugation to studying the performance on the full gradient estimation problem, we also
consider the performance of the method based on solving the problem designed to solve, that
is minimizing the objective function presented in Definition [54] Of course, we here need to
choose a fixed parameter h to make the problem well-defined. The A chosen will be the one
presented above. That is, it will be the best-case improvement under only fifth-order errors. As
argued in the case study, specifically Section [4.2.4] the objective function loss should mimic the
gradient estimation performance already. Specifically, in a setting where we do not incorporate

the structure of the higher-order errors.

For the objective function we can use the results we have found for the worst-case performance
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in Section [4.4.5] where the central difference case reduced to having the form rU just the above
g(lb)

baseline. Here we then have the following. Recall that £, /

, 1s the best case error for a fixed

upper-bound h.

o, 1, k2 R

B = ()
lpon(W50) — 248 5 T ()2

. . o : - T
Similar to the gradient estimation case, we again have that h > h that % = O(Z—z)
p,o,h g

(1b)
Ep,o',h

. ﬁ6 .
Ty (20 1| = O(3 ). So the same regimes occur.

Otherwise, the error behaves as

Set-up

To study the gradient estimation problem systematically, we recall that there are five parameters
given by M®) M®) a o,d, which fully specify the problem. We will discuss each parameter
and discuss how we vary them in the following. At the end, we discuss the hyperparameter in
the objective function in Definition , which we denote by AP to distinguish it from the h

derived directly from the problem properties.

The ill-conditioning level a fundamentally alters the properties of the problem. Hence, the
experiments will be split in two sections, each investigating a different regime. The first regime
will focus on the well-conditioned case, that is @ = 1. The latter will consider the ill-conditioned

case. For the remainder of the set-up, it will suffice to assume that we have fixed an a.

We do this in various dimensions, as many results, such as the worst-case performance of
ORCAS presented in Section rely on the dimensionality. Specifically, we consider all even
dimensions from two to twenty. For each dimension, we sample 100 polynomials and compute
the mean squared error. The mean squared error can be analytically computed using Equation
given the sample set provided by a gradient estimation method. Hence, the variation which
we will be plotting solely arises from the differences in performance on sampled polynomials. In
the plots, we plot the median performance with error-bands representing the 25th and 75th

percentiles.
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Next, we discuss how for a given a and d we investigate the regimes given by the relative sizes
of h and h. We fix h and then will vary h to achieve the various regimes. The guiding principle
will be to have a regime h < h where we expect large improvement gains. Then a regime where
h ~ h to investigate the potential gain in the borderline case. Lastly, we consider h > h to

confirm that there is little gain in removing the third-order error.

To understand how to adjust i and h, notice that each depends on V[P® (£)], where k provides
the corresponding order. Given Lemma (79| we have that V[P*)(#)] is a function of both the
average size of the polynomial given by Vp x[P®*)(X)] and the dimension d. The result states
that for large dimensions the size of the polynomial at a unit-vector is equal to the average
size of the polynomial. In the case when the polynomial is well-conditioned, that is a = 1, the

average size of the polynomial is directly given by M®*). Otherwise, we use Lemma

Since we only vary a for the third-order homogeneous polynomial, the average size of the

fifth-order homogeneous polynomial is given by M ®*). Hence, we have using Lemma |79 that

B o2 dd+2)---(d+8)\""
h‘(16<M<5>>2 & ) |

We make the choice to not vary M®) as we vary the dimension. Hence, h will vary with the
dimension also. The choice is based on the fact that we interpret M®) as a fundamental property

of the polynomial and would like to keep it fixed.

For the quantity h we can perform a similar analysis, which will simply be complicated by the
condition number in a. Using Lemma [80| we will address this in each of the Sections where we

vary the condition number.

We now discuss which parameters to choose to accomplish different relative sizes of h and
h. Notice here that o is arbitrary, since we can simply scale P%*) by a constant so that via
Vp[P® (%)) the noise is adjusted. However, since o = 0.001 is a common noise-level, we choose
the same here. We then also choose M®*) = 150 to achieve h ~ 0.07 for large dimensions. It

now remains to choose M® to place the problem into the relevant regimes. Since the dimension

slightly changes both the size of h and h, we cannot have the ratio be exactly equal for each
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~ 1 and for h > h

SHEN

~ 0.1, for h ~ h we have

S |S

dimension. We will aim that for h < h that

we have % ~ 10.

To accommodate for the varying h with dimension and for the fact that A is unlikely to be the
optimal radius for samples from the random polynomial, we select a range of values for the
hyperparameter h'. We have that in the range of dimensions we consider that 0.07 < h < 0.11.
Hence, we choose the hyperparameter accordingly, with a bit of extra room below 0.7 to allow

for variance in the samples from the random polynomials.

Here we provide a summary of the above.

e We split the problem into two parts depending on the conditioning of the polynomial.
e We consider all even dimension from two to 20.

e We fix 0 = 0.001 and M® = 150 which yields h ~ 0.07.

We consider three performance regimes and will adjust M ®) accordingly. Specifically for

iL<<hthat%%O.l,forﬁ%hwehave%zlandforﬁ>>hvvehave%zl().

e Since h varies with dimension we choose the corresponding hyperparameter in the objective
function to be selected from AP € [0.11,0.1,0.09, 0.08,0.07,0.06]. We then select the best

hyperparameter for every sample.

hHP

e For the objective function plots we use = 0.08 as this is what h evaluates to for most

dimensions.

e For the MC estimate we sample N = 100 random polynomials. We then plot the median

and the 25-75 percentile.

e Subsample coefficients, where we let N, = d®. So, of the same order as the degree three

polynomials.

Gradient Estimation Methods

We are considering various gradient estimation methods. We summarize them in the list below.
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e Numerical Solver (NS): We use the numerical solver as described in Section

e Central Differences (CD): We use an orthogonal set with the difference vectors adjusted

optimally as given in Proposition
e ORCAS: We described the method in Section [4.4.2 and is used for the complete method.

e ORCAS-NS-5 and ORCAS-NS-8: We use ORCAS as a dimensionality reduction method
to then use the numerical solver on a smaller problem. We describe this methodology
in Section [£.5. We use two different stopping dimensions to assess the difference in

performance.

e Lower and Upper Bound: Uses the bounds as provided by the baseline methods in Section

14.6.2 and 4.6.2l Recall, besides the lower-bound on the objective function, they are not

strict bounds as they are derived only for a baseline method. However, we would expect

them to closely match the true lower and upper bounds on performance.

4.6.3 Well-Conditioned Polynomials

In the case when there is equal conditioning, that is a = 1, we recall that by construction

Vx.p[P®(X)] = M® . Combined with Lemma |79 we have that

- dd+2)(d+4a)\"°
h‘(8<M<3>>2 & ) |

To achieve the appropriate ratios of h and h, we simply let M®) e [0.01, 1, 100].

Performance Regime: h<h

In Figure [4.4 we observe an order of magnitude improvement of all newly developed methods
compared to the baseline and the standard central difference method—justifying the development

of such methods.
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In Figure [4.4a, the methods based on the numerical solver reach the best-case performance
by the fourth dimension. ORCAS approaches this performance with increasing dimension as
was predicted by the results in Section discussing its worst case performance. Notably,
the lower-bound performance is not a strict lower-bound on the performance, it only indicates
the best-case performance of a method which fully removes the third order error while being

agnostic to the structure of higher-order errors.

In Figure the lower-bound is a strict lower-bound. The methods that achieve this lower
bound provide optimal solutions to the optimization problem given in Definition[54, Furthermore,
by Proposition solutions which achieve this lower bound can only be given by sets of d
orthogonal roots. Due to numerical inaccuracies, it may be that these solutions are not exactly

orthogonal roots; however, they appear to be very close.

Lastly, an important observation is that the dimensionality reduction methods perform equivalent
to the purely numerical method. Indicating that in such situations these are advantageous,

especially in even higher dimensions.
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Figure 4.4: Mean squared error as a function of dimension for the performance for well-
conditioned polynomials in the performance regime h < h.
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Performance Regime: h ~ h

In Figure we observe the performance difference be smaller as now the higher and lower
order approximation errors contribute similarly. ORCAS in this case is very close to optimal

performance also. Central differences retains its poor performance.
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Figure 4.5: Mean squared error as a function of dimension for the performance for well-
conditioned polynomials in the performance regime h = h.

Performance Regime: h>h

In Figure 4.6/ we observe no more performance difference between the methods. The higher-order
errors are dominating and hence reducing the lower-order errors has little effect. The optimal
method is simply an orthogonal sample set, as reducing the noise error has the biggest impact

on performance.
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Figure 4.6: Mean squared error as a function of dimension for the performance for well-
conditioned polynomials in the performance regime h > h.

4.6.4 Ill-Conditioned Polynomials

Increasing the condition number a has two effects. For one, it increases the sensitivity of the
polynomial in a random direction. This hinders the performance of gradient estimation methods
as in such directions difference vectors cannot be made as long to mitigate the noise-error. The
other effect is that an increased condition number also increases the region of no roots. By
Proposition when the condition number is large enough the polynomial will not have a set
of d orthogonal roots. With this, a gradient estimation method will have to make a trade-off

between sample points that are roots and ones which conform to orthogonality.

The effect of the condition number differs depending on the dimension. Hence, we consider two
separate experiments. One focuses on keeping the condition number constant while the other

increases the condition number proportional to v/d.

Keeping the condition number constant retains the same sensitivity in a given direction. However,
as the dimension increases, the size of the polynomial decreases as is given by Lemma This
happens because the relative volume of the sensitive region decreases with an increasing

dimension. Based on the Lemma, for large enough d the size of the polynomial will remain
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constant when increasing the condition number proportional to v/d. Justifying the strategies

for varying a.

Discussing the impact of the condition number on the existence of orthogonal roots is more
heuristic. For this, recall that an increase in the condition number increases a region with no
roots, as we have discussed in Section [4.3.3. When the region is enlarged enough there cannot
be any orthogonal roots via Proposition [68, The difficulty is that it is not a-priori clear how

large the original region of no-roots is and hence how vary the condition number.

While by trial and error we may find a condition number that appears to ensure that no-
orthogonal roots exist, it remains unclear how to adjust this number as the dimension increases.
We know by Proposition [68 that if the region of no-roots remains constant we need to increase
a proportional to v/d. However, it may be that as we increase the dimension, the size of regions
without roots increase. This case is then addressed by experiments keeping the condition number

constant, as here the regions without root may not have to be further increased.

To better discuss the results, we note a few properties of the gradient estimation methods in

relation to the increased condition number.

Methods which enforce an orthogonal sample set, such as ORCAS and CD, will suffer more
from increased condition numbers. This is because one sample point is likely to be significantly
along the sensitive direction and hence need to be shorter and unable to offset the noise error.
For ORCAS, Lemma [70| makes this concrete, as it provides the relation that with an increased
condition number the final sample point will be increasingly close to the sensitive direction.
The benefit of a numerical solver is then apparent, as it can better avoid such sensitive regions.

However, this will sacrifice orthogonality and potentially overfit. A trade-off we discuss in

Section |4.7]

Furthermore, we recall the properties of ORCAS as a dimensionality reduction method. Note
from Section that when using ORCAS-NS, the problem solved by the numerical solver
at dimension d®*P) will likely have similar properties as the original d dimensional problem.

Specifically, the sensitivity and the size of the region without roots in the lower-dimensional space
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will be in terms of the same properties of the original polynomial. Hence, we may intuitively
think of the d**?) dimensional problem as having the same difficulty as the base problem. When
a is proportional to v/d this is important, as a problem that had been reduced from a d to a
d®*P)_dimensional problem will be more difficult to solve than if the base problem had been

d®*°P) dimensional.

4.6.5 Fixed condition number

We first fix a = 10 and keep it constant as we increase the dimension. We found this value
to be a good trade-off in difficulty and solve-ability. In the random direction v the sensitivity
will then be increased by 10%. Since the average size of the polynomial is increased, we choose
M®) € {0.35,0.0035,0.000035}, which for a polynomial of dimension four provides the same

average polynomial size as earlier. Specifically, this will yield % € {0.1,1,10}.

Notably, the average size of the polynomial decreases with dimension as seen by Lemma
This leads h to increase. Therefore, if A < h then as the dimension increases it will get closer to
h, making the potential performance gain smaller. However, it will also allow for potentially

more separation between CD and ORCAS as the sensitive region will matter relatively less.

Performance Regime: h < h

In Figure 4.7 we again observe an order of magnitude improvement compared to baseline
performance. However, as suggested above, we confirm that the performance gap narrows as the
dimension increases. This is due to & increasing based on the size of the third order polynomial

decreasing as proved in Lemma [80]

We also observe that while at first ORCAS performs similarly to CD, as the dimension increases they
seperate in performance and ORCAS approaches the lower bound. This is due to the sensitivity
impacting the models relatively more for lower dimensions. As the dimension increases, the one
sensitive direction will matter relatively less and hence the performance gap between ORCAS and

CD becomes more apparent.
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While the numerical solver based methods struggle attaining the lower bound at first, they also
improve as the dimension increases. While the methods can adjust the sample set to avoid the
sensitive regions, they can not hit the lower-bound unless they find a set of d orthogonal roots.
They appear to do so as the dimension increases as seen in Figure [4.4b. This may indicate that
the methods are either not able to find orthogonal roots or that they do not exist anymore for

these lower dimensions.

Lastly, we note the separation between the numerical solver based methods depending on the
stopping dimension d**?). As observed above and in Section , the reduced problem’s
characteristics will be in terms of the characteristics of the original problem. As we fixed the
condition number, the characteristics are the same for all problems. This allows us to argue that
even for higher-dimensions, the performance of ORCAS-NS will be similar to the performance
of the numerical solver when solving a base problem of dimension d***P). A caveat being that
as the dimension increases, the difficulty of the reduced problem may reduce by chance, which
is also why with increasing dimension many of the methods start improving compared to the

lower-bound.

1072 1 1072 5
-3 |
2 10 ] B 107° 4
= 1 = 1
1074 4
. 10~ E
h T T T T k T T T T
5 10 15 20 5 10 15 20
Dimension Dimension
(a) Gradient Estimation Performance (b) Objective Function Performance

@~ NS —— CD —« ORCAS ORCAS-NS-5 —%— ORCAS-NS-8 —4— Lower Bound —v— Upper Bound

Figure 4.7: Mean squared error as a function of dimension for the performance for ill-conditioned
polynomials with a fixed condition number and in the performance regime h < h.



158 Chapter 4. Optimal Sample Sets Selection for the Centered Simplex Gradient

Performance Regime: h ~ h

In Figure 4.8 we observe the performance of all methods to be very similar. The stand-out
observation is that ORCAS is performing slightly worse than all the other methods. This is
because ORCAS will force the last orthogonal vector to be very close to the sensitive direction by
Lemma [70} This is due to it selecting only roots, which all lie in the complement of the sensitive

region. Hence, the last sample point will be close to the sensitive region.

This was not observed in the previous plot, as the benefit of choosing roots for the other
dimensions was outweighed by the deficit of being slightly more along the sensitive region than
CD. However, when modifying the third order error contributions matters little, this trade-off is

not worth it anymore.
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Figure 4.8: Mean squared error as a function of dimension for the performance for ill-conditioned
polynomials with a fixed condition number and in the performance regime h & h.

Performance Regime: h>>h

We see in Figure [4.9 no performance difference between the methods. The higher-order errors

are dominating and hence reducing the lower-order errors has little effect.
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Figure 4.9: Mean squared error as a function of dimension for the performance for ill-conditioned
polynomials with a fixed condition number and in the performance regime h > h.

4.6.6 Growing Condition Number with Dimension

In this section we let a = 5v/d and let M® € {0.35,0.0035,0.000035} as before. We choose
the relation a = 5v/d as then for a four dimensional problem the polynomial properties will be

identical to the previous experiments where we fixed the condition number.

We note that increasing the condition number with the dimension will also lead to the average
size of the polynomial changing, simply due to the size itself depends on the dimension as seen
in Lemma However, we have found the increase to be minimal, and therefore Vp[P3(%)]

and h can be considered roughly constant.

Performance Regime: h<h

In Figure 4.10 we again see a potential performance improvement of an order of magnitude.
Unlike the previous case where we fixed the condition number, here the performance gap remains.
By increasing the condition number the size of the polynomial is retained and hence h also

remains constant. Leading to the performance gap remaining constant.
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The first observation is that ORCAS does not improve on CD anymore. This behavior follows
directly from the increasing condition number. Intuitively, the sensitive region retains its impact
as the dimension is increased. Since both methods will necessary have a sample point along the
sensitive region, this impact will dominate any other improvement the methods make in the

sample set selection.

We also observe that the numerical methods need more dimensions to obtain performance close
to the lower-bound. Hence, increasing the condition number further increases the difficulty of
solving the gradient estimation problem. Recall that this difficulty stems from an increased
condition number leading to larger regions with no roots. Now, looking at Figure [4.10b we see
that NS is still slowly approaching the lower bound. This means that it is able to find solutions
that are compromised of sample points that are close to being orthogonal roots. This can
only happen when the condition number was not large enough to make the region of no roots
large enough. Then, even as the condition number is increased, it may be that large regions of

no-roots become increasingly unlikely with higher-dimensions.

The last observation focuses on the performance of the ORCAS-NS methods. Just like in the case
where the condition number is fixed, the methods depending on different stopping dimensions
d®'°P) separate from the numerical solver. The difference is that now the difficulty of the solving
the reduced problem may increase as the condition number of the base problem increases. This
explains why the ORCAS-NS methods do not approach the lower-bound as quickly as in the fixed

condition number case and may even become worse.
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Figure 4.10: Mean squared error as a function of dimension for the performance for ill-conditioned
polynomials with an increasing condition number and in the performance regime h < h.

Performance Regime: h ~ h

In Figure [4.11] we see the performance gap reducing drastically again. As in the fixed condition
number case, ORCAS performs slightly worse than the other methods due to it aligning its final

sample point more closely along the sensitive direction.
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Figure 4.11: Mean squared error as a function of dimension for the performance for ill-conditioned
polynomials with an increasing condition number and in the performance regime h = h.
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Performance Regime: h > h

As before, we see in Figure no performance difference between the methods. This is because

the higher-order errors are dominating and hence reducing the lower-order errors has little effect.
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Figure 4.12: Mean squared error as a function of dimension for the performance for ill-conditioned
polynomials with an increasing condition number and in the performance regime h > h.

4.7 Numerics: Estimated Third Derivatives via a Global

Model

In the previous Section, we only focused on the case when the third derivative is available
exactly. This is not a realistic situation, as it is unlikely that gradient estimation is unavailable
in the presence of third order information. To assess the performance of the above methods, we
consider a framework that uses a surrogate model built from historical function evaluations to
obtain approximate third order information. Such a set-up is sensible as in many real world
situations some historical function evaluations are already available and can then be used for
further local computations and explorations. We then view this Section as a proof of concept

for the viability of such an approach.

The core of this framework rests on the idea that global information, given by historical function
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evaluations, can inform the selection of local sample points. A local method will generally
always obtain more information for a gradient estimate than global information alone, however,
without any knowledge of the function itself the sample point selection may be very poor. Given
this perspective, it becomes more clear why combining both methods may be beneficial over
using each individually. We will confirm this by comparing methods using a global model to the
gradient estimates given directly by the global model and to a baseline estimator which does

not use any global model information.

The key difficulty is that it is not clear how accurate the information obtained by the global model
is. Methods such as the numerical solver may overfit to the structure of the inaccurate third
derivative. More concretely, the sample set may sacrifice orthogonality, and hence incur a higher
noise error, in order to achieve a lower approximation error. However, as the approximation
error information given by the third derivative is itself inaccurate, this may be done in vain.
Therefore, more robust structures, such as ORCAS, which are biased towards orthogonality
may be useful. We note that this observation also justifies the use of a linear model for gradient

estimation, as they are more robust to overfitting.

The final observation relates to the use of the hyperparameter A7) used in the objective
function given in Definition We have had extensive discussions on the interpretation of
this parameter as approximating higher order errors as seen in the case study in Section [4.2.4.
However, when using inaccurate third order derivatives, it can also be interpreted as a tuning
parameter on the radius of the sample set in accordance with the third order error. This is
because an estimated third order derivative may provide an inaccurate estimate of the size of
the approximation error. When the size is overestimated the effect is clear, the bound simply
enforces a solution to have the correct smaller radius. In the case when the size is underestimated
the bound may still be useful. Specifically, methods which are designed to find roots will scale
each difference vector to have a size given by the hyperparameter. Then, even if the sample
point is not a root for the true third order derivative, the corresponding difference vector will

have the correct size as given by the hyperparameter.

We will not estimate the noise level in these experiments. This choice was made to focus on the
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more difficult problem of estimating the higher order information. A strategy to estimate the
noise level may be a Monte Carlo estimate at a given location. However, the specific method

will inherently depend on the application use-case.

4.7.1 Global Model Framework

We use the global model framework from [LPKJ23]. In summary, what we do is sample some
number of points from a set domain uniformly. We then fit a global model to it. We choose
use a cubic-spline model as it provides a good trade-off between flexibility and robustness. We
then simply use the third order derivative from this model as an estimate of the true third
order derivative. We use the implementation by scipy [VGO™20] and extend it to allow for the
analytic computation of the gradient and third order information once the model has been fit.

We do not using a smoothing parameter since all points are sufficiently far apart.

Once a global model has been fit, we use it for a number of gradient estimates on a fixed domain
of the function. While possible, we will not refit the global model given any new information
incurred during gradient estimation to avoid any path-dependencies between the models. Other
use-cases, such as in optimization, may benefit from different strategies. However, here we want

to focus solely on the performance of each method as a gradient estimator.

4.7.2 Numerical Results: Ackley

The Ackley function is a common test function due to its high degree of non-linearity and

flexibility in scaling to higher dimensions. It is given by

n

1 1
=3 a2) —exp(= Y cos(2may)) + 20+ .
P x3) exp(n cos(2mx;)) + 20 + e

i=1

Notably, it is not-differentiable at 0, so the function will not be evaluated there.
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Set-Up

We use the following setup for the experiments.

We consider dimensions given by d € {4, 8,12}.
e The domain is given by the unit cube [—0.5,0.5]%4.

e The number of global model fitting points is N (@) € {100, 250, 500, 750, 1000, 1250, 1500}.
These are sampled at the beginning of the experiment and the global model is fixed for

the remainder. The fitting points are sampled uniformly on the entire domain.

e One hundred evaluation points are used; that is the points at which each gradient estimation
method is evaluated. They are sampled uniformly on [—0.45,0.45]%¢. This is to mitigate

any boundary effects arising from the global model.

e We let h#P) ¢ {0.1,0.075,0.05,0.025}. At every evaluation point we retain the best

performing hyperparameter.

e The noise level is set to 0.001 as in the previous section.

Gradient Estimation Methods

We use all the gradient estimation methods that we have already introduced in Section
except for the lower and upper bounds as we do not have access to their analytic computation.
Instead, we introduce a Basline method, which uses the sample set A", ;. This baseline
assesses the performance of a method that does not use any global information. Generally this
would be called central differences, however, we reserve the name to the method which adjusts

the difference vectors according to higher order information.

Any method that uses a global model estimate has a -GM appended. The method without
this suffix use the exact third order derivatives to provide a best case comparison. With these
methods we can assess how much better a method could be if the third order information was

more accurate.
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Lastly, we denote the gradient estimate that arises directly from the global model simply by GM.
Note, this method does not receive any further local samples as there is no well-defined sample

set construction strategy for this case.

Observations: Ackley in Dimension 4

In Figure we see that almost all methods using exact higher-order information are roughly
an order of magnitude better than the baseline. The exception is CD which barely improves on
the baseline. As the global model improves with increasing number of samples points, the models
using the global model also improve significantly. They appear to approach the performance
of the methods using the exact higher-order information before plateauing. The difference in
performance between ORCAS and numerical solvers is marginal when using the global model.
The benefit of slightly better performance is removed by the inaccuracy due to the higher-order

estimates.

Notably, the global model improves quickly. Towards 1,500 fitting points it also starts to

improve on the Baseline.
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Figure 4.13: Mean squared error as a function of the number of sample points used to fit the
global model for the Ackley function in dimension d = 4.
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Observations: Ackley in Dimension 8

The observations for Figure are similar to the case when the dimension is four but due
to the higher dimensionality the global model is unable to improve sufficiently. Nevertheless,
some improvement can be observed for all models with an increasing number of sample points.
Importantly, even with very few sample points, methods using the global model outperform the

baseline.

Interestingly, ORCAS is now doing better than the numerical solver when using global model
information. Here we may see the first signs of the numerical solver overfitting to a noisy

estimate.
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Figure 4.14: Mean squared error as a function of the number of sample points used to fit the
global model for the Ackley function in dimension d = 8.

Observations: Ackley in Dimension 12

In Figure we see essentially no improvement in the global model with more datapoints.
Still, the models using the global model remain better than the baseline. Crucially, ORCAS-based
models using the global model are now distinctly better than the numerical solver, further

confirming that the numerical solver is overfitting.
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Figure 4.15: Mean squared error as a function of the number of sample points used to fit the
global model for the Ackley function in dimension d = 12.

4.8 Proofs

Proof. We expand the means squared error after which we proceed term by term

E[|Vsf(2") = V(23] = EllVsf(2') = Vsf(2') + Vs f(a') = Vf(2)|[3]
=E[|Vsf(2") = Vsf (@3] + | Vsf(2') = V(@3

+28](Vsfa') = Vsf(")) (Vsf ) = V)]

By linearity of the simplex gradient we have that E[|Vsf(z') — Vsf ()3 = E[||Vse(0)[3]
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where we write Vge(0) = (ST)*e(X) with e(X) = [e(1),...,e(2d)]" [| We then have

E[|[Vse(0)|I3] = E[e(X) ST (ST)e(X)]
= tr (ST(S")"0?)

=’ S*I%

where we used the result from [Ken05] that for any random vector X, with zero mean and

covariance matrix 3, and symmetric matrix A we have E[XTAX] = tr(AY).

Lastly, the second term [|[Vgf(2') — Vf(2')||3 does not need to be further reduced. And, the
. T

cross term E[(ng(x’) - st(x’)> (st(m’) - Vf(x’))] is easily seen to equal zero since

E[Vsf(2')] = Vs f(a). H

4.8.1 Extended Case Study Results

Lemma 83. Let M (3:5) CSM(3)M( ) and r = n-h If hg =h%, and hg = fyﬁg then we have

A & 6 1 1
((GE) __T3 (v1r) L S B (I
D0 (Ta S) (7’]7«h>2 2 + \/§C57 nr + 4771" +

Otherwise, when fzs = h’; and }NLS = vhg then we have

KGE)( g) 73 (77_§+igﬁsn8 17107710%_1)‘
D,0 (ﬁrh§)2 2 \/5 S T 4 r

Lemmal83. For the first part we have
1 3 3,5 5
. (T‘G(Mé ))2 + 27’8Mé )+ TlOMé )+ TS)
7S (ynr)° 1 38, 1 19 )
— P o+ 1)
e (3 g g

4We abuse notation slightly, and see € as both a function of time with domain R and input domain R?. The
idea is that if we evaluate the noise at different locations, in practice there is a temporal aspect to this, as the
function cannot be evaluated at both locations at the same time.

E(GE)(T S)

p,o
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For the second part we have

0GB (7, S) =

p, o

1 (3) (3.,5) (5)
o (7’6(]\/15, )2 + 27“8M5, + rlOMS + Tg)

6
S Ny 1 1 10 10
= = - - = & 1 .
. ( 2 \/ECS/Y 777’ 4’}/ 777‘

Lemma 84 (Extended Lemma. Let a &giE) and S be gwen. If hg > BS and letting ’yﬁg = hg

we have that L Sh Ar sl O(Cs7°) + O(Y'Y) with a tighter bound given by
S

1 )1/6) r*
1+C§%75+710 S

:‘z

hg max(0.83, (

lhg—rel

When hg < fzs and yhg = 715 we have that = O(Ls7?) + O(°) with a tighter bound given

by

< hg.

Up *

1, g 3 4\
A . 1— = (o <
h g max(0 83,( (7 +G 50 )) )<

Lemma |84 The derivative of Equation 4.2.1 with respect to r for a given S is given by

ey (r, 9)

3 3 5
- = (MD)r® + 120 MO MO 7" + 8(MY)7 — 25

: - (4.8.1)

First we consider hg > h ¢ which gives us yhg = Bs We want to find 7 such that ry = nﬁg for

0 <~ < 1. Plugging niLg into Equation 4.8.1 and setting to zero we get

6

o
77 \/5577

,y + nlO,le 1=0.
If we let n = 1 then the left hand side will be greater than one. Now, consider

3 3
6 10,10 6 5 10
+ — (s f)/_‘_ y 1< 1+ — &y + 7y — 1

~1/6
and let n) = <1 + \%C &+ 710) making the left hand-side equal to zero. Hence, we know
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that n(lb)ﬁg <71 < fLS by the intermediate value-theorem. Using a first-order Taylor-bound we

have that n® > 1 — 1 (%CSVS + 710)) which provides the order terms.

We proceed similarly for the case hg < l~zs where we say h = vyh. Plugging in nhg into the

derivative and setting to zero we have

3
6.6 8.3 10

Letting n = 1 it is again clear that the left hand side is greater than zero. Now consider
A U (76 + i<ﬁ3> +7'0 -1
\/5 S = \/5 S

where we can solve the right-hand side to equal zero. We do so by substituting #° and using the

1/5
quadratic formula to obtain ((—(76 + Qg\%v?’) + \/(76 + %§§73)Q + 4)%) which we lower-

X 2\ 175
bound with (1 — (" + \%%73)) = n®. We then have n™hg < ry < hg. Using a

first-order Taylor bound we have that |1 — | = O((¢v®) + O(7°).

To see that 0.83 hz, <7 for all v and (g note that setting v = 1 we upper-bound the derivative
for all n. Setting n = 0.83 we obtain an upper-bound that is less than zero, and since the

function is increasing this implies that the true root must have been bigger. O]

Lemma 85 (Restated Lemma . Let éﬁ,E) and S be given. Then we have that

2
z

Lemma 58, For the first part let Ty = niNLS. Using Lemma [83| we can write

60, 8) 5, GG+

N = ’]7 5 .
GE * *
657 (5 5) (% + 5GP e 4+ 000 4+ 1)

We now bring everything under the same denominator and focus on the numerator. For this, let

n =1 — ¢, justified by Lemma [57] given that n < 1. We expand all powers of 7 to first order,
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where the higher order terms are collected in R,, yielding

1 1 1 n° 1 1
2 5 10 5,8 10,.10
1

1
\/5%75 —(1— 10677)1’)/10 -1+R,

1 1 1 1
=(1- 257})(5 + E<§75 + 1710 +1)—-(1- 667})5 — (1 —8¢)

6
= —=€e,(s7° + 267" + Ry

V2
= (9(6,7(375) + O(en'ylo)

= 0(G") + 0(C7") + O(7*") = O(ey)

n

where the last lines follow from Lemma [57 The denominator can be bounded by a constant,

which yields the first result.

We proceed similarly for the second result, where we assume that Ty = nhg providing

60,8, G+ R i)
A~ - 6 .
63705, 8) (50 + S5l + it + 1)

We proceed as before letting n =1 — ¢,

2L 6 1 3, 1 1° 1 38, L 10

(57 +EC§7 +1 D= (5 +EC§’Y77 +qn+1)
1 1 1 1 1 1

=(1- 267;)(576 + ECSVE) ty T -01- 667;)576 —(1- 867;)%%75 = (1= 10e)7 — 1+ R,
6

= 4€n’76+ Egswg + R,

= O(e®) + OlenCer®)

— 0(7?) + 0(¢”) + O(CH°) = O()

where the last line again follow from Lemma[57, Bounding the denominator yields the result. O

Lemma 86 (Extended Lemma. Let S be a baseline sample set and S* be the optimal sample

set as described above. Assume that h < h and h = ~vh then

(6 +2v2¢ey° +4'0).
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Assume h > h and hg = vﬁg then we have

————— 1| < — (e
é (h S* L
Lemmal8d. The result follows from a simple application of Lemma [33] m

Lemma 87 (Restated Lemma . When h > h we have that “Z(émEl)n(h ];S)) 5)

3’

= 1. When

j G (,S) j G (h.S)
h < hg < hg we have m = O(v*k'). When h < hg < hg we have m = O(k'?).

()
Lastly, when hg < h < hg we have fGT(hhSS)) = O(kY?).

Lemmal61l. The proof will proceed by cases, where we have six different combinations in which
to order h, hg and iLS

Kl(o GE>(m1n(h he 3)s S)

GE)(h*yS) - 1.

Consider the cases when h > Bs and hg > i’s then trivially we have

- (GE) (i & -
65 (hg,8 hg .

For the case when hg < hg < h we have m where TS = hg. We now expand using
D0 S

Lemma 83

N 1 1 — —101
to(hs/7,8) _ o3+ 587+ i+

~ v
65 (hs. ) Pt e’ it

where bounding the denominator we have that % = O(i). Given that iL < h and
S7

B)
h 1/10 > h we ha:Ve that h,S = —S h < Hl/loh y1eldlng < /{;1/10 and hence PU (hs/’y S)

~ (GE)(hS’S)
O(K*?).

Now, consider hg < h < l~zS which follows almost the identical analysis to the above only

1/10 6 (h8) (9(/14/5).

. 1 .
replacing = with & and hence we have
placiie o AP (he %)

Next, consider h < hg < hg. We have that hx'/1% < hg. Since the objective function is convex

in 7 we have that £ (h, S) < (537 (hg, S). Then we have

E)(h -k 1/10 5~> _51/5765_6/10%+\/L§CS'73’£_8/10+’1_1%+1
bia (hg, 8) 5+ 56+ i+ 1

which yields % = O(k'/?).
S
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IN
>

Lastly, consider h ¢ < hg. Here we have that h < r}u)hg = El—}m%ﬁs Then we have that

_6/10%—i—\/%Cg’y_gfﬁ_S/w—i—/ﬁ_li—i-l

-6
Y K
2.1/5
SV'{/ 1+LCA5+1 10 41
2 T 5587 T 37

We can again bound the denominator. Also, notice that 0 < = 6576/10 =35=8/10 < 1 gince
1 7 0he” (h,9) 2,.1/5
v < 70 due to h < hg. Hence, we have that E(gg)m = O(?k/7). O
p,0 ISl

4.8.2 Variance of ill-conditioned polynomial

To prove the following results we will be working in hyper-spherical coordinates. For this we

will introduce some notation and preliminary results.

We have a set of variables r and ¢1,...,¢4s_1. The mapping is then given by z; = rcos ¢y,

XTo = rsin ¢y cos @y, -+, Tg = rsin @y - - -sin Pg_s sin ¢pg_1. The volume element is given by

AV = 1 sin® 2 ¢, - sin dy_odrddy - - - ddy_1.

We denote this surface area by Sy_1. The closed-form solution to this is Sy = % with T’
2

being the gamma function. The only property we need for the I'-function is that I'(z+1) = 2I'(2)

Notice that

2 T
/ - / S by + - sin dg_oddn -+ - dbus
0 0

is simply the surface area of a (d — 1)-ball.

Lemma 88. The following relations hold for the I'-function and the surface area of a ball

o B =(@)(i+1)--(i+j—1),

S 7 1 y
o 52 = Y mmraregny-
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Proof. The first result follows simply by applying the base case given by applying ['(z+1) = 2I'(z)

and applying the appropriate induction hypothesis

Pii+j) _ Tl+j) TE+j-1)
NG Lii+j—1) T()
Li+j—1)

['(4)

=(+j-1)

We now use the above result to prove the second statement. Here we have

(i+25) i
S(i+2j)—1 . 27 i F(i)

Si—1 F(@) ot

TG
F((HZZJ))
j2 2 2

P2 i+2(—1)

]

Lemma 89 (Restated Lemma . Let X ~ N(0, \/ialdxd) and p be a random polynomial of
order k such that Vx p[P(X)] = M? and P(X) ~ P(2') if ||z|| = ||2/||. Then for any unit vector
x we have

dk

Vp[P(X)] = MQd(d+2)---(d+2(k_ 1)

Lemma[79. Writing X = || X || X and by the law of total variance we have that Vy p[P(X)] =
Ex|[|| X||*Vp[P(X)]. Since P(X) ~ P(z') if ||z| = ||’ and since the random vector X is a
unit-vector we have that Vp[P(X)] is a constant which we denote by ¥. Now, computing this

term, ¥, will provide the result

We write the expression WEx[|| X ||**] = M? in hyper-spherical coordinates to obtain

& 1 _x?
v (/ (27m2)d/27*2ke o ldr) S =M
0

where the term S;_; arises immediately since the integrand only depends on the radial component



176 Chapter 4. Optimal Sample Sets Selection for the Centered Simplex Gradient

and hence is independent of the angular terms. We are left computing the radial term to then

immediately obtain W.

For this we compute using standard results for moments of normal distributions

= 1 o — L% d-1 = 1 td—1 Ly
P(Qk-‘rd}

( e 1)/202k+d—12(2k+d—1)/2 2
2mo?)la— V2T
2k2k71 1 2k + d)

The final result is a product of this and Sy_; which we can further simplify by using Lemma

r(2sd)
o)

2k2kflil'\ 2k + d

d/2 ( 2 ) =02

Sd,10'

= o (d(d+2) - (d+2(k — 1))).

We then have

J— M2
Cokd(d+2)---(d+2(k—1)

and plugging in 0 = \/La yields the result. ]

Lemma 90. Let p be a homogeneous polynomial of order 3 and let it have the property that
Vx p[P(X)] = M? and that P(X) ~ P(x') where ||z|| = ||2'|| then we have

M2
d(d+2)(d + 4) (

6 4 2
§M2<—15a 4 +31+1).

Vx,p[Pov(X)] = 15a° 4+ 9a*(d — 1) + 3a*(d — 1)(d + 1) + (d — 1)(d + 1)(d + 3))

B2 d
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Proof. Let X = || X||X and by law of total variance and linearity of T}, we have

Ve xv[Payv(X)] = Ex[Vp[Pyv(X)]]

5 116 6 T,v(X)
=Ex|||T,v(X X||° Vp|P | —————— .
7oy (OI° [|1X)° Ve[ (”Ta,V(X)H)]]

We have by assumption that for any y and ' such that ||y|| = ||y/|| we have that P(y) ~ P(v/).

Ta,V()gv) Ta,V():()
1T, v (Xl 1T, v (Xl

by W. In Lemma [79| we provide a closed-form expression for this quantity.

Since )] is a constant which we denote

is a unit-vector we have that Vp[P (

Next, we observe that Ex v [||Ta.v (X)|[® || X]|? ] = Ex[||Ta., (X)||° | X|* ¥] which follows from
the distribution of X being rotationally invariant. Specifically, for any given v we can rotate the
coordinate system such that v in the given basis is equal to e; without changing the distribution.

Hence, we say that without loss of generality v = e;.

We now write ||T, ., (2)||* in hyper-spherical coordinates. For this notice that ||T,.,(Z)[]* =

1+2,%(a®>—1) by Lemma By definition of the coordinate system and since % is a unit vector

we then have ||T,(£)[|? = 1 + cos ¢12(a® — 1) =: ||T.(1) %

We are now ready to write the expectation as an appropriate integral and decompose it into

three independent components

Ex[||Toer (X)11° 1X1° 0]

v _l=?
~ [ It quﬁme 2y

2 -2
/ / / IT.(60)1% )M et sinT 2 oy - sin g adidey -+ Ay

- ( / ||Ta<¢1>||6sind—2¢1d¢) ( / / Wsind—%---sin¢d_2d¢2---d¢d_1)
0 0 0
> \\J
(/0 —(QWOZ)d/QTGB 257 rd= ldr)

The integral nicely decomposes into three terms. We immediately observe that the middle term

is simply S(g—1)-1. We now compute the remaining terms.
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For the radial term, we use the observation that by construction of p we have that Vx p[P(X)] =

Ex[| X|PVp[P(X)]] = Ex[|| X|?¥] = M2. Written in hyper-spherical coordinates we have

/ / / 2 ) d/ZT (& 252 Td_l Sind—Q gbl ... Sin ¢d_2d7’dd)1 .o dﬁbd—l
Yiyea

— (/ (27m2)d/2r e 2o2rd 1dr) / / sin? =2 ¢y - - - sin Py_odedy - - - ddy_ 1)
0

= v 6 — 1o d-1
~([| ) e

= M?.

Hence, the radial part is equal to Lzl

We are left with the first term where we use 1 — sin® ¢; = cos? ¢; which yields

| Imaoniesint= oo,
0

= / (1 + (1 — sin® ¢y) (a® — 1))381116!72 Or1doy

0

= / (a® — 3a"(a® — 1) sin® ¢1 + 3a®(a® — 1)*sin® ¢y — (a® — 1)®sin® ¢y ) sin® > 1 dhs.
0

To evaluate this, we need an expression for fO7r sin™(x)dx. For this, we use the following

27 T
S(m+2)—1 = / T / sin(m+2)-2 ¢1---sin ¢(m+2)—2d¢1 T d¢(m+2)—1
0 0
= / sin™ ¢1d¢1 (m+1)—1

0

S(m+2)—1

and hence we have [ sin™(x)dx = .
f() ( ) S(m+1)—1

Using this, we can now simplify the previous integral and get

/ (a® = 3a*(a® — 1) sin® ¢; + 3a*(a® — 1)*sin* ¢; — (a® — 1)*sin® ¢ ) sin? > ¢y dgy
0
Sa— S _ S _ S _
Sta-1)-1 Std+1)—1 S(d+3)—1 S(d+5)-1

(d 1)1

Notably, to obtain the final result, we will multiply the above integral by arising from
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the other two integrals.

. . . Siara 1 Sa_1y_ N
Using Lemma on the resulting ratios we have ¢, = SEZ*—?;i% = dTl and ¢y =
o -

Stara—1 S—p-1 _ (d=1)(d+1)

S(a+3)—1  Sa—1 d(d+2)

S S _
_ S@+6)—1 Od-1)—1 __ (d—1)(d+1)(d+3)
and c3 = S@+s)—1 Sa—1 — d(d+2)(d+4)

We use this to succinctly

group together all orders of a as in the following and simply the resulting coefficients

a® — 3a*(a® — 1)c; + 3a*(a® — 1)%cy — (a® — 1)c3

= a®(1 — 3¢y + 3¢y — ¢3) + a*(3c; — 6cy + 3cs) + a*(3cy — 3¢3) + 3

- T 21>(d+ 5 (156 +90'(d = 1) + 30*(d —1)(d +1) + (d = 1)(d + 1(d + 3)).

Multiplying by M? we have the result

M2
d(d+2)(d + 4) (

Vx.p[Pay(X)] = 15a° 4+ 9a*(d — 1) + 3a*(d — 1)(d+ 1) + (d — 1)(d + 1)(d + 3)) .

4.9 Summary

In this Chapter we provided a comprehensive study of the sample set for the centered simplex
gradient. As claimed in our contributions, in Section we presented Theorem [75] providing a
novel result on the structure of odd homogeneous polynomials and a first link to the optimality
of the sample set. In the same section, we introduced ORCAS and prove a range of worst-
case guarantees. For one, we showed that with increasing dimension we approach best-case
performance. Further, we provide Big-Theta rates on the performance of ORCAS compared to
standard central differences—in the process indicating order of magnitude performance gains
depending on function structure. In Section we showed that ORCAS can be used as a
dimensionality reduction method used in combination with numerical solvers. Without the use
of ORCAS the numerical solver would be prohibitively slow. The benefit of this method is due

to it allowing the last few sample points to break the orthogonality constraint, leading to a
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potentially lower approximation error. In Sections [4.6] and we presented extensive numerical
results proving both theoretical and practical viability of our methodologies. Depending on the
function structure, we show order of magnitude improvement over the current gold standard
method. Hence, without increasing the cost of gradient estimation, we are able demonstrate
orders of magnitude improvement in performance, implying that adapting insights and results
from our work can significantly improve upon current methodologies. A key take-away of the
study is that unlike the fully-determined simplex gradient, we have found that orthogonal sample
sets are often preferred. This has to do with our theoretical proof of the ubiquity of orthogonal
roots of third-order homogeneous polynomials. This result translates to being able to find
many directions in which the approximation error, as discussed in the background Section [2.2.3]
changes little and hence the difference vector lengths can be increased to mitigate the noise

error.



Chapter 5

Conclusions

5.1 Summary of Thesis Achievements

In this thesis we have set out to study the sample set, that is, the location at which to evaluate
a black-box system, as part of gradient estimation. Due to the prevalence of gradient estimation
in a range of fields and applications, ranging from sensitivity analysis on parameters of biological
processes [QM20, JEBT07, [DPV06] to trajectory control and drone swarms |[LK17, MCDDKI6,
KBDO04], understanding how to reduce cost and improve accuracy can have a wide-ranging

impact.

We specifically studied the sample set of the simplex gradient, based on a best linear estimator
of the function. Here, we tackled how to optimally distribute the sample locations in the
context of the approximation and noise error trade-off. We considered locations at which the
approximation error is reduced, such that the distance between sample points can be increased

in order to mitigate the noise error.

In Chapter |3| we focused on the fully-determined simplex gradient, a setting where the sample
points are maximally reduced. We derived the optimal sample set for a quadratic function, which
represents the best lower-order approximation of the function locally. We showed that unlike

conventional wisdom, the sample set should often not be orthogonal, in order to exploit low
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curvature directions. A crucial insight that may guide future gradient estimation developments.
We validated these findings in practical settings via our historically informed global model
framework, showing strong improvements. From these findings, we found that in many settings
our methodology can replace central difference, the gold standard gradient estimator, for half the

cost.

In Chapter {4, we provide a comprehensive study of the sample set for the centered simplex
gradient. A gradient estimator that uses 2d sample points and a symmetric geometry. At a
higher expense, this gradient estimator removes the lower-order approximation error which was
considered in the previous chapter. We showed that the problem can be reduced to finding d
orthogonal roots for a third order homogeneous polynomial. We then provided a constructive
proof for the existence of d — 1 orthogonal roots for any odd homogeneous polynomial, including
third order polynomials. We showed that this is tight, as we can always construct polynomials
for which there does not exist a complete set of d orthogonal roots. We then introduced
ORCAS, a gradient estimation method and a dimensionality reduction method to be used in
conjunction with a numerical solver. For the methodology, we provided extensive theoretical
results that evaluated its performance, proving that in higher dimensions it approaches the best-
case performance and that has significantly improved worst-case guarantees than contemporary
methods. We validate these results with empirical experiments, for which we developed a
polynomial sampling strategy. Finally, we prove the practical viability of our methods in the
context of our historically informed global model framework. Overall, we show that our methods

significantly improve performance, often order of magnitude, for no additional cost.

In summary, we have made several advances in the study of the optimal sample set for the
simplex gradient. We have provided a study of the structure of the sample set and provided a
first set of methodologies based on these results. These results have empirically been shown to be
highly promising in improving the accuracy of gradient estimation methods without increasing

cost.
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5.2 Applications

We have discussed both applications of gradient estimation in sensitivity and derivative free
optimization applications of gradient estimation in Section Throughout the thesis, we have
also hinted towards implicit definitions of gradient estimation which we have found during our
studies. We want to briefly lay these out to demonstrate further potential use-cases of our
techniques. These connections are specifically interesting, as they imply that many novel methods
may have implicitly converged to use gradient estimation methods, specifically the simplex
gradient, even though they were not explicitly designed to do so. By better understanding
sample set properties and the connection to various fields, we may be able to unify many

methods and develop a systematic framework in future works.

5.2.1 Interacting Particle Methods

Interacting particle methods are commonly designed to sample from complex high-dimensional
probability distributions. This is done by using a large cloud of random samples termed
particles. Practically, these particles evolve randomly around the space via the use of a potential
function [DMD14]. Interacting particle methods have a range of applications from tracking and
swarm optimization for trajectory planing [LK17, [KBD04, MCDDKI16], combinatorial counting
[AV94], molecular and polymer simulation [Gra97], rare events simulation [CDMGI11, [GHSZ99]

to quantum Monte Carlo methods [ACK00, Het84, MAN99].

As discussed in the context of derivative free optimization, in many situations where positions
and particles are iteratively evolved a gradient is involved to compute the steepest descent
update step. So, it may not be surprising that there is a strong connection to particle methods.
In some cases the connection is laid out more clearly, such as for the Inverse Kalman Filter or
general interacting particle based estimation and optimization use cases [CCSA20) IGTHLS20),
MTV15, WVDMO00, WSG*14]. Another clear link has been made by Schillings to demonstrate
the use of particle methods for ensemble-based gradient inference [STW23|. Then for an

example where the gradient is not as clearly spelled out is for iterated filtering [IBAKI11],
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where the update step can be considered as coming from a likelihood ratio gradient estimator
which has been touched upon by Doucet et al. [DJR13]. Lastly, Ollivier has pioneered the
connection of many methods to natural gradient methods. These connections touch on Kalman
Filters [OI118, [O1119] and methods such as the CMA algorithm and natural evolution strategies
[OAAH17, WSGT14, [Han16].

5.2.2 Function Approximation

Another area where the methods may be useful is in function approximation. Piecewise linear
functions are currently a focal point in research as many deep learning architectures represent
this function class [PV18, TLH*22, [PPL] and are trying to understand it [LPF*20]. Other
application domains include modeling biological responses [Vie89], control allocation problems
[BD04| and for problem formulations in optimization problems used for problem such as inventory
allocation [MF10, [AJD16]. The prelevance of this function class, seems to suggest that it has
strong robustness and representation properties. Similar to how we described the benefit of

using a local method to approximate gradients.

The importance of the function class has also led to a range of research. The difficulty in the
piecewise linear problem is the selection of the interpolation points and the triangulation. There
has been a focus on faster triangulation [CWL*18]. Other work then focuses on good selection

of sample points such that the function is well represented [TLH"22, RK20, (CN*15, [LB22].

We hope that our methods can be applied in these settings as well. Each linear function in the
piecewise linear functions can be seen as a locally best linear approximation. This is reminiscent
of the gradient estimation problem. Here, we want to fit the gradient, which can in many
instances also be seen as a local best linear approximation. Using our understanding of a good
sample set, we may be able to better inform or understand the choice of interpolation points. We
think this may be pretty interesting to explore in connection with deep learning methods, which
do this implicitly via optimization. The networks show a strong approximation performance
even for difficult problems [Yarl8| [ZCZG20, [KSH12], implying that something interesting is

happening, even though it had been a very difficult problem before.



5.3. Future Work 185

5.3 Future Work

Given our work in the thesis, we see a range of potential future work. We divided the work into
three core areas. One is to use our insights and methodologies in the context of the discussed
application domains. The other is a continued study of approximating function dependent
information to inform sample set selection. The last is to further study the geometry of the

sample set for the simplex gradient. We briefly expand on each in the following.

5.3.1 Applications

As we have seen throughout the thesis, there is a range of domains in which gradient estimation
is used. In this work, we have mainly worked in an idealized setting and studied the properties
of the sample set. While our applications in Derivative Free Optimization and Sensitivity
Analysis in Section were insightful, there remain many more intricacies that can be explored
and methods that can be developed which leverage domain knowledge. Future work would
then included focusing on a specific application domain and use the insights gained to develop
specialized methods. Such specialized methods then promise to further increase performance.
Hence it is crucial to strengthen the connection between gradient estimation and a range of
domains in which it may have only been implicitly deployed so far. To provide some starting

points we present the following.

e Develop a more foundational connection to Design of Experiment (DoE) schemes as used for
Sensitivity Analysis. In Chapter [3| we have developed the optimal sample set structure for
the fully-determined simplex gradient which immediately leads to an interesting connection
to the Plackett—Burman design in DoE [PB46, BDHHO05] via the use of the Hadamard
matrix. Understanding how the optimal structures which we have derived can be used to

augmented domain specific designs may be promising.

e In derivative free optimization and interacting particle schemes, particles and positions

are evolved iteratively according to some update rule. When a gradient estimate is used
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to inform the update, we naturally want that the particles which inform this estimate
are appropriately distributed to provide an accurate yet cheap gradient estimate. The
natural constraint is that moving particles may be expensive and hence movements should
be minimized [FZL722, [FTL*24]. A valuable study is to then understand how to evolve
particles to retain a geometry which allows for accurate gradient estimates while adhering

to any movement constraints.

e Finally, we would like to use our insights for the sample set selection to understand the
selection of data for piecewise linear function approximation. As discussed above, this
is an immensely important area due to the prevalence of such function approximation
methods in the current deep learning age. By using the understanding that a gradient
estimate is a best-linear fit, there is an immediate connection to our developed methods

for the simplex gradient. We expect this to be an involved but highly rewarding study.

5.3.2 Historically Informed Sample Set Construction

To practically apply our methodologies, we require estimates of function dependent information.
To address this in our work we have developed the historically informed global model framework
to improve on other work done in this area [GMW19, IGMSW83, [SXXN22, MW12| [Bar92].
However, we believe that there may be significantly improved methods to allow informed sample

set selection methods.

We still do not know exactly when a global model estimate will be informative enough for
improved sample set selection. For example, in Section [3.5.3] which addresses a derivative free
optimization application, the use of the Hessian model from BFGS may be useful, we found
that this is far inferior to using a global model as used in our framework. We do not yet know
why this is true. Hence, a further study on the sensitivity of the sample set to various function

dependent information estimates may provide a more complete understanding.

Overall, exploiting problem specific properties to design methods which allow for informed

sample set selection is a promising avenue to produce improved methods in a range of application
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domains. We hope that our insights will provide a better guideline for which estimates may be

needed to construct such improved methods.

5.3.3 Further Study of Optimal Sample Sets

Lastly, there remain a range of directions for the study of optimal sample set. While we have
studied the sample set for the two most commonly used instances of the simplex gradient, we
have made some assumptions which may be relaxed. Furthermore, we believe that there is more
room left to study the dependence of our methods on variations in the problem set-up, which

may aid in developing more principled gradient estimation methods.

e In Chapter |3| we studied the fully-determined simplex gradient, but made the assumption
that the point at which the gradient is to be evaluated is included in the sample set.
We conjecture that relaxing this assumption could lead to a significant performance
improvement. This relies on an intuitive understanding that for a positive definite
quadratic function we can now draw a hyperplane which has the same slope as the
gradient. However, this best-fit function would not interpolate the location of gradient

estimation.

e We believe that it would also be highly important to study the sensitivity of the sample
set. Here, one may investigate what the sensitivity of varying the sample set slightly
would be on the performance of the gradient estimation method. Then, one may study
the sensitivity of the sample set on the accuracy of estimating the noise level and the
approximation error. Understanding these sensitivities will significantly help with gradient
estimation development. One will want to avoid sample sets with high-sensitivity, as then
a method may overfit to an inaccurate estimate of either the approximation error or noise

level and hence lead to poor performance.

e In Chapter [4] we used a numerical method to find the last few sample points. While this

appears to work in our extensive numerical results and provide near optimal performance,
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one may aim to devise a method which does not rely on a numerical solver and directly

provides good sample point locations.

In all of our studies we assume constant noise level. While for many settings this is
appropriate, relaxing this assumption will lead to significantly increased generality. Here,
considering settings where functions are drawn from Gaussian Processes may be of great

interest, as they provide additional function structure which may be exploited [MK22].

Lastly, we only considered a mean squared error function. However, there are a range of
other metrics which may be used to assess the accuracy of the gradient estimate. One
interesting extension may be to consider the cosine similarity. Here, all the weight is placed
on obtaining the right direction. Specifically in a derivative free optimization setting,
where line-search methods are deployed, this may significantly improve the performance

of the gradient estimate.
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