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Abstract

Groundwater heat pump systems cause thermal anomalies in the aquifer that can impact upon downstream

systems and reduce their efficiency. Therefore, it is important to optimally position the extraction and

injection wells of such systems to avoid negative interactions and maximize the thermal potential of the

aquifer. This paper presents a new method to determine optimal well layouts of groundwater heat pumps

using the adjoint approach, which is an efficient way to solve the underlying PDE-constrained optimization

problem. An integral part of the method is the numerical groundwater simulation, which here is based on

the finite element method. In addition, a multi-start initialization strategy is introduced in an attempt to

better reach the global optimum. The method is applied to a real case study with 10 groundwater heat

pumps, i.e. 20 wells, and two optimization scenarios with different natural groundwater temperatures. In

both scenarios, the optimization method successfully determines a well layout that maximizes groundwater

temperatures at all extraction wells. Comparing the results from these scenarios demonstrates that hydro-

geological conditions can have a significant impact on the optimal well layout. The proposed method is

equally applicable to systems with multiple extraction and injection wells and can be extended to various

other shallow geothermal applications, such as combined heating and cooling systems.
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1. Introduction1

The European Union has set itself the goal of being climate neutral by 2050 [1]. This implies the2

decarbonization of all energy-related sectors, including residential heating and cooling. One of the key3

technologies to decarbonize this sector are heat pumps [2], as they use renewable resources, are highly4

efficient and can provide additional flexibility to the electricity system [3]. In particular, shallow geothermal5

heat pumps are gaining in importance due to their higher efficiency compared to air-water heat pumps [4].6
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Nomenclature

Latin letters

A coefficient matrix of constraints

a, b coefficients of linear constraints

B saturated aquifer thickness [m]

b coefficient vector of constraints

Cm volumetric heat capacity of medium [J/m3K]

Cw volumetric heat capacity of water [J/m3K]

D feasible area for wells

d distance [m]

Dmech tensor of mechanical dispersion [m2/s]

dR regulatory distance [m]

F residual of equations

fµ viscosity relation function [-]

fB aquifer bottom [m]

G penalty field

g inequality constraints

h hydraulic head [m]

hn natural groundwater head [m]

I unity or identity matrix [-]

J functional of interest

Ĵ reduced functional of interest

K tensor of hydraulic conductivity [m/s]

m design/control variables

N number of heat pumps

Ncst number of constraints

niter number of optimization iterations

p penalty function

PR, PT penalty terms

P t depth integrated heat source/sink terms [W/m2]

q Darcy velocity [m/s]

Q depth integrated liquid source/sink terms [m/s]

q pumping rates [m3/s]

R restricted area for wells

r radius of approximate delta function [m]

rp radius of restricted area [m]

S0 aquifer storativity [1/m]

T groundwater temperature [K]

t time [s]

T inj temperature of reinjected water [K]

u state variables

Vnorm normalization volume [m3]

xext coordinates of extraction wells [m]

xinj coordinates of injection wells [m]

xp coordinates of penalty center [m]

Greek letters

α, γ penalty scaling factors [-]

βL longitudinal dispersivity [m]

βT transverse dispersivity [m]

φ adjoint variables

δ 2D Dirac delta function [1/m2]

Λ coefficient of thermal conductivity of liquid

[J/mKs]

Λs coefficient of thermal conductivity of solid

[J/mKs]

Λ tensor of hydrodynamic thermodispersion

[W/mK]

Ω computational domain

∂Ω domain boundary

ψ approximate delta function [1/m2]

ε porosity [-]

εe specific yield [-]

Subscripts and superscripts

ext extraction

inj injection

in inflow

min minimum

i, j counters
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Groundwater heat pumps (GWHPs), along with ground source heat pumps, are one of two main types7

of geothermal heat pumps. GWHPs are open-loop systems, which means that they use heat directly from8

the groundwater and, in contrast to closed-loop systems, do not require any additional heat carrier fluid.9

Residential GWHP systems usually have a single pair of wells in which the groundwater is pumped from10

the extraction well and, after the energy (heat) exchange, the cooled water is returned into the same aquifer11

at the injection well. The returned water causes thermal anomalies, so-called thermal plumes, which spread12

in the aquifer according to the natural groundwater flow direction and can reach neighboring downstream13

GWHP systems [5]. Potential negative interaction events such as this must be avoided because the efficiency14

of GWHPs depends significantly on the groundwater temperature [6].15

On the other hand, urban areas have high shallow geothermal potential, since ground temperatures are16

anthropologically elevated by the subsurface urban heat island (SSUHI) effect [7, 8]. Therefore, in addition17

to being a climate-friendly technology, there is an incentive to install more GWHP systems in urban areas18

due to the potentially increased efficiency and the need to mitigate further groundwater temperature rise.19

However, an increased number of GWHPs can lead to negative interactions between neighboring systems.20

In order to avoid such negative effects, an optimal management of the resource is required [9]. GWHP21

systems can be carefully positioned in an attempt to minimize any negative interactions, i.e. to maximize22

the efficiency of all systems, and at the same time to maximize the shallow geothermal potential of a specific23

region.24

A few research studies discuss negative interactions between GWHPs and their connection to the shallow25

geothermal potential. Attard et al. [10] introduced a new concept to prevent thermal interference between26

neighboring GWHPs based on thermal protection perimeters, which are defined around existing GWHPs.27

These protection zones ensure minimum distances between new and existing systems in order to avoid nega-28

tive interactions. On the other hand, Garćıa-Gil et al. [11] proposed a new management policy for GWHPs29

based on numerical models and a relaxation factor. The factor ensures that part of the geothermal potential30

is available for future GWHP systems and thus prevents its monopolization. Epting et al. [12] presented a31

method for evaluating the theoretical and technical shallow geothermal potential on an urban scale. The32

technical potential is based on the TAP method (Thermal Aquifer Potential) [13], which takes into account33

the legal and operational framework conditions for GWHPs. However, possible negative thermal interac-34

tions between neighboring GWHPs are not part of the TAP method and are therefore only qualitatively35

discussed in [12]. None of these studies consider any optimization method, but there is a clear need for such36

methods to maximize the shallow geothermal potential through optimal placement of GWHP systems, i.e.37

their wells.38

In general, well placement is important for a single GWHP system to avoid hydraulic and thermal break-39

throughs [14] within the system, but optimal well placement can also be used to reduce negative interactions40

with neighboring systems. However, while there exist several research studies on the optimization of bore-41
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hole heat exchanger (BHE) fields [15, 16], there is still a lack of research on the optimization of well layouts42

for GWHPs. Most of the existing studies only use simulation methods to analyze a few possible spatial43

patterns of wells. Zhou and Zhou [17] numerically simulated a GWHP with one well doublet using several44

different spacings between wells (20–100 m) and cooling load variations (± 20%). Gao et al. [18] performed a45

numerical investigation of four different predefined well configurations of a single GWHP system. Similarly,46

Lo Russo and Civita [19] compared five exploration scenarios to find a suitable design, including the spatial47

pattern of extraction and injection wells, for a GWHP serving a large commercial building. All previously48

described scenario (simulation) based designs of well layouts have two major drawbacks: only inferior de-49

signs are found compared to the fully optimized designs, and additional manual work is required for each50

new system to define suitable scenarios. More recently, Park et al. [20] developed a simulation-optimization51

model to find optimal pumping rates of a GWHP system. Their approach is based on the coupling of a52

numerical groundwater simulator with a genetic optimization algorithm. Park et al. [21] further developed53

this model to determine optimal well locations and pumping rates of a single GWHP. Optimal well locations54

are found in such a way that the extraction well is fixed and the injection well is optimally selected from a set55

of predefined locations. The existing methods either evaluate only a relatively small number of predefined56

well layouts using simulation scenarios [17, 18, 19], or, due to the underlying optimization method, enable57

optimization over a small number of discrete (predefined) well positions [21]. As a result, possible well58

layout designs are not fully explored, i.e. only sub-optimal well positions are determined, which can reduce59

the efficiency and lifespan of GWHPs. Furthermore, research so far has only focused on finding optimal60

well locations for a single GWHP system, but has not considered the case of multiple GWHPs in order61

to reduce their mutual negative interactions and thus maximize the geothermal potential of a given area.62

Therefore, existing methods have several limitations and are not suitable to fully optimize well layouts of63

GWHP systems, especially in cases where multiple wells need to be optimized simultaneously.64

The main objective of this paper is to introduce a new method for optimizing well layouts of GWHP65

systems that closes the previously identified research gaps. The new method is a significant improvement over66

existing methods because both a continuous variation and large numbers of well locations can be considered67

within the optimization procedure. In addition, the newly proposed method can optimize well locations of68

multiple systems simultaneously, since the number of optimized wells is not a limiting factor. The underlying69

method is a gradient-based optimization and relies on an efficient computation of gradients using the adjoint70

approach. As an integral part of this optimization concept, the numerical simulation of the groundwater flow71

and heat transport is performed using the finite element method (FEM). The applicability of the method is72

demonstrated using a case study where negative interactions between several neighboring GWHP systems73

are minimized, i.e. wells are placed to maximize groundwater temperatures at all extraction wells. It should74

be emphasized that the method can also be directly applied to find optimal well arrangements of individual75

systems.76

4



The paper is structured as follows. Section 2 describes the methodology, i.e. the new optimization77

method. Section 3 provides information about the implementation of the method, as well as the selected78

case study, followed by the results, which are presented and analyzed in Section 4. In Section 5, limitations79

and possible improvements of the method, including future applications, are discussed. Finally, Section 680

provides conclusions for this work.81

2. Methodology82

The methodology can be divided into two parts: simulation and optimization. The forward simulation83

(section 2.1) is a numerical calculation to evaluate a specific well layout, i.e. to calculate the corresponding84

thermal and hydraulic groundwater conditions. The optimization (section 2.2), on the other hand, finds85

the best (optimal) well layout for a given objective, such as maximizing the temperatures at the extraction86

wells.87

2.1. Forward simulation model88

To analyze the impacts of GWHPs on an aquifer, a forward model describing flow and heat transport89

in the groundwater (porous media) is required. This simulation model can be formulated as a system of90

coupled partial differential equations (PDEs), which reads as follows [22]:91

(BS0 + εe)
∂h

∂t
+∇ · (Bq) = Q, (1a)

92

q = −Kfµ · ∇h, (1b)

93

B = h− fB, (1c)

94

BCm
∂T

∂t
−∇ · (BΛ · ∇T ) +BCwq · ∇T = P t. (2)

The given PDE system describes 2D vertically averaged, i.e. horizontal, flow and heat transport in an95

unconfined aquifer. The first set of equations (1) represents flow in porous media, whereas the third PDE96

(2) represents heat transport in porous media, written here in convective form. All symbols from the PDE97

system are described in the nomenclature. The physical meaning of the PDEs as well as the modifications98

and assumptions used in this work are described in the following.99

The first PDE (1a) corresponds to the mass conservation law, where the hydraulic head h and the Darcy100

velocity q are dependent variables. The aquifer’s thickness B is defined as a difference between h and the101

bottom of the aquifer fB. The term Q represents the depth integrated liquid source/sink terms. In this work,102
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it is assumed that the only source and sink terms correspond with the wells of GWHPs, i.e. Q =
∑N

i=1Qi,103

where Qi is the source/sink term of the GWHP i, with N the number of GWHPs. Furthermore, it is assumed104

that each GWHP has two wells: an extraction well (sink term) and an injection well (source term). Wells105

can be modeled (idealized) with well-type singular point sinks or sources at their locations xi = (xi, yi) ∈ R2
106

[22]. Based on this, for each GWHP i:107

Qi = qi(t)δ(x− xinj
i )− qi(t)δ(x− xext

i ), (3)

where qi(t) is the pumping rate of the GWHP, and “inj” and “ext” stand for injection and extraction,108

respectively.109

The second PDE (1b) represents Darcy’s law, which has the same dependent variables as (1a). The110

PDEs (1a)–(1b) can be solved simultaneously or sequentially by introducing (1b) into (1a). To simplify111

the computation, the second approach is followed in this work, where the unknown h is computed first and112

thereafter q is obtained directly from (1b). Moreover, to linearize (1a) and reduce computational costs, the113

effect of wells on the saturated aquifer’s thickness B is neglected, i.e. it is assumed that B only depends on114

the natural groundwater head hn:115

B = hn − fB. (4)

This is an acceptable assumption since the GWHP systems considered in this work are relatively small and116

have low pumping rates, which leads to low groundwater depression cones. It should be noted that the117

effects of wells on the state h are still taken into account in the PDEs, and are only neglected in the term118

B used for vertical averaging.119

The third PDE (2) describes the heat transport in a two-phase (liquid and solid) medium, i.e. groundwa-120

ter. The main dependent variable here is the groundwater temperature T , whereas other terms are constant121

parameters or solutions from the previous PDEs. The second term in (2) describes the heat conduction and122

dispersion, and the third term the thermal advection, respectively. The parameter Λ in the second term is123

the hydrodynamic thermal dispersion, which can be calculated using the following equations [22]:124

Λ = (εΛ + (1− ε)Λs)I+ CwDmech, (5)

125

Dmech = βT ∥q∥I+ (βL − βT )
q⊗q

∥q∥
, (6)

with symbols’ descriptions given in the nomenclature. The term P t in (2) represents vertically averaged126

heat sink/source terms. In this work, it is assumed that the only heat sinks/sources correspond with the127

wells of GWHPs, i.e. P t is given by:128

P t =

N∑
i=1

qi(t)Cw[T
inj
i (t)− T ]δ(x− xinj

i ), (7)
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where T inj
i (t) is the temperature of re-injected water at the injection well of GWHP i. It should also be129

noted that since the energy exchange only takes place at injection wells of GWHPs, only the injection wells130

appear as heat sinks in (7).131

The flow PDEs (1) and the heat transport PDE (2) are coupled only in one direction. Hence, they132

can be solved sequentially, first the flow problem, and then the heat problem. Strictly speaking this is not133

realistic as the water density and hydraulic conductivity also depend on the temperature of the groundwater.134

However, neglecting these dependencies simplifies the problem significantly and is a reasonable assumption135

for the considered application since temperature differences occur over a small range of approximately 5K136

[23]. Finally, it should be emphasized that in this initial work only the steady state is considered within the137

optimization process. Thus, all the time dependent components in the previously described system of PDEs138

are discarded. This means that the PDEs (1a) and (2) take the following form:139

∇ · (Bq) = Q, (8)

140

−∇ · (BΛ · ∇T ) +BCwq · ∇T = P t, (9)

whereas (1b) remains the same.141

2.2. Optimization142

The optimization objective is to maximize the groundwater temperatures at extraction wells of GWHPs,

since the efficiency of GWHPs increases with increasing groundwater temperature at those wells. The

underlying problem can be described as a PDE-constrained optimization (PDECO) problem, since the

groundwater flow and heat transport are modeled with the previously described system of PDEs. In general,

PDECO problems can be formulated as follows:

min
u,m

J(u,m), (10a)

subject to F(u,m)= 0, (10b)

g(u,m) ≤ 0, (10c)

where J(u,m) ∈ R is the functional of interest and is used to describe mathematically the objective of143

the optimization, u are the state variables that are the solution of a PDE or a system of PDEs represented144

in a residual form by F(u,m) = 0, m are the design/control variables, and g any additional inequality145

constraints on controls and/or states.146

The problem (10) can be solved in two ways: using full space or reduced space methods [24]. In the

former, states and controls are considered both as optimization variables within the optimization algorithm

(solver) and changed directly and simultaneously in each optimization iteration. In the latter, the mapping
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m 7→ u(m), which is implicitly defined by the PDE constraint(s) F(u,m) = 0, is used to obtain the reduced

problem [24]:

min
m

Ĵ(m) := J(u(m),m), (11a)

subject to g(u(m),m) ≤ 0, (11b)

where Ĵ(m) is termed the reduced functional of interest. The reduced problem is suitable for use with147

the adjoint approach for computing functional gradients. In this work, a gradient-based optimization is148

used together with the adjoint approach, which is the most efficient technique of computing the required149

gradients in each optimization iteration [25].150

In each iteration, gradient-based optimization algorithms require computation of the gradient of the151

functional with respect to the control variables:152

dĴ

dm
=

dJ(u(m),m)

dm
=

∂J

∂m
+
∂J

∂u

du

dm
. (12)

The partial derivatives ∂J/∂m and ∂J/∂u can be computed analytically and are, thus, computationally153

cheap to evaluate. On the other hand, the derivative du/dm is computationally expensive for high-154

dimensional states u and controls m. In general, the discretized state space is high-dimensional in PDECO155

problems, whereas the dimension of the control space depends on the number and type (a constant, or a156

spatially or time-varying function) of controls. In the adjoint approach, the direct computation of du/dm157

is avoided and the functional gradient is obtained as follows [24]:158

dĴ

dm
=

∂J

∂m
−φ∗ ∂F

∂m
, (13)

where φ are the adjoint variables, and ∗ denotes the Hermitian operator. The adjoints are obtained from159

the adjoint equation:160

∂F
∂u

∗
φ =

∂J

∂u

∗
. (14)

Therefore, the computation of the functional gradient involves two steps: solving (14) for the adjoint variables161

and using the obtained values in (13). Since the adjoint equation does not contain derivatives with respect to162

controls and is a linear PDE, the computational effort for its solution is independent of the size of the control163

and if implemented efficiently is generally less or as expensive as solving the forward problem described by164

F . As a result, the adjoint approach enables an efficient computation of functional gradients independent165

of the dimension of the control variables.166

2.2.1. Optimization variables and the functional of interest167

The main objective of the optimization procedure is to design the placement of the GWHP systems,168

i.e. their extraction and injection wells, in a way that the efficiency of all GWHPs is maximized and169
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all regulatory conditions are met. Therefore, the control optimization variables are the Cartesian170

coordinates (positions) of wells: xext
i = (xexti , yexti ) ∈ R2 represents the extraction well coordinates of the171

heat pump i and xinj
i = (xinji , yinji ) ∈ R2 represents the injection well coordinates of the same heat pump.172

All control variables can be described using the following vector:173

m = [xext1 , ..., xextN , yext1 , ..., yextN , xinj1 , ..., xinjN , yinj1 , ..., yinjN ]T . (15)

The state optimization variables are the solutions of the governing PDEs, i.e. the hydraulic head h,174

Darcy velocity q and the groundwater temperature T .175

The optimization goal is to maximize the groundwater temperatures at all extraction wells. Thus, the176

corresponding functional of interest J0 reads as follows:177

J0(u,m) =

N∑
i=1

T (xext
i ) =

N∑
i=1

∫
Ω

T (x) · δ(x− xext
i ) dΩ. (16)

The point evaluation of the function T , i.e. sampling of the groundwater temperature field at the extraction178

well, can be formulated as an integral of the product of the function T and the corresponding 2D Dirac delta179

function. In this work, the short notation for the point evaluations of functions (states) will be used from180

now on, but the implementation is based on the previously described multiplication with delta functions.181

2.2.2. Optimization constraints182

The underlying PDECO problem includes control constraints, which are based on the regulations and183

physical conditions when placing (installing) new GWHP systems. The first set of constraints corresponds184

to the fact that the wells of a GWHP can be placed only inside a plot (property) that belongs to the owner185

of that GWHP. In addition, approval regulations for new systems usually stipulate a minimum distance186

between the wells and the plot boundaries. For instance, this distance is 3 meters in Bavaria (Germany)187

[26], where the considered case study is located. Thus, for each GWHP i the constraints state that both188

wells, extraction and injection, must be restricted to the feasible area Di that corresponds to the plot area189

excluding a minimum-distance buffer zone:190

xext
i ,xinj

i ∈ Di, ∀i ∈ {1, ..., N}. (17)

In the case of idealized rectangular plots aligned with the coordinate system, these constraints would take191

a particularly simple form as upper and lower bounds on controls. However, in this work, a more realistic192

and general case with convex plots is considered. The constraints are then formulated as follows:193

gji (x
w
i , y

w
i ) = aji,1x

w
i + aji,2y

w
i ≤ bji , ∀i ∈ {1, ..., N}, ∀j ∈ {1, ..., ni}, (18)

where w stands for extraction or injection, i.e. w ∈ {ext, inj}; i is the counter for plots (GWHPs); j counts194

the linear segments of the plot boundary, assumed to be a polygon; ni is the total number of boundary195
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segments for plot i; aji,1, a
j
i,2, b

j
i are the coefficients of the linear inequality constraint that corresponds to196

the boundary segment j of plot i. These constraints can be also written in matrix form:197

Am ≤ b, (19)

where the matrix A contains the coefficients aji,1 and aji,2, and the vector b the coefficients bji . The total198

number of constraints in (18), N cst
1 , depends on the number of segments of plot boundaries and is given as:199

N cst
1 =

N∑
i=1

ni. (20)

The coefficients in (18) are derived using analytical formulae and geometric relations, as described in Ap-200

pendix A.201

The second set of constraints corresponds to regulation over the minimum distance between wells of the202

same GWHP system. The injection well is usually placed downstream and far enough from the extraction203

well to avoid hydraulic and thermal breakthroughs [14]. Breakthroughs reduce the efficiency of GWHPs204

because the altered groundwater circulates back to the extraction well [27]. For this reason, there is usually205

a defined minimum distance between two wells of a system. For example, in Bavaria, Germany, this distance206

is 10 meters according to current best practice in local water protection authorities. The corresponding207

constraints can be defined as follows:208

d(xext
i ,xinj

i )2 = (xexti − xinji )2 + (yexti − yinji )2 ≥ d2min, ∀i ∈ {1, ..., N}, (21)

where d is the distance function and dmin = 10 [m] is the predefined minimum distance. The total number209

of these control constraints is equal to the number of considered GWHPs, i.e. N cst
2 = N .210

The regulations also specify minimum distances between GWHP wells and existing objects on a property,211

such as a house or a garage. The wells cannot be placed within such objects and the minimum distance212

provides a buffer zone that is necessary from a safety and technical point of view. This regulatory distance213

dR is 3 meters [26] in the area of interest (see section 3.1). The corresponding constraints can be summarized214

as follows:215

xext
i ,xinj

i /∈ Rj
i , ∀i ∈ {1, ..., N}, ∀j ∈ {1, ..., ri}, (22)

where Rj
i is the restricted area j for wells within the plot i, which is for example a house and its surrounding216

3-meter buffer zone; ri the number of restricted areas in the plot i. Figure 1 shows an example plot with a217

restricted area and minimum-distance buffer zones. The control constraints in (22) cannot be mathematically218

formulated as convex linear constraints, such as (18), even when the restricted areas Rj
i are convex polygons.219

For this reason, these constraints are integrated into the optimization problem via penalty terms, as explained220

in the following section.221

Finally, it should be noted that if the order of installation of GWHPs is defined, i.e. there are some222

existing GWHPs in the area and the new ones should be optimally placed accordingly, an additional set223
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Figure 1: Example of a plot with one building and the corresponding buffer zones (dR = 3 m).

of constraints is required. These constraints correspond to regulations over negative interference between224

neighboring GWHPs. The details of such constraints and how they can be included in the optimization are225

given in Appendix B, but they are not considered further in the present study.226

2.2.3. Penalty terms227

In general, penalty terms (functions) can be used to convert constrained optimization problems into228

unconstrained ones or to replace only a certain number of constraints. These functions are added to the229

original objective function and are formulated in such a way that they become zero if the corresponding230

constraint is met, or otherwise take a positive value in the case of a minimization problem [28]. In the231

PDECO framework, the penalty functions can be used to replace state constraints or control constraints232

that are difficult to express in a suitable form for the selected optimization algorithm and/or its software233

implementation.234

Since the control constraints (22) cannot be formulated mathematically as convex linear constraints, they235

are replaced by penalty functions. The corresponding penalty term PR, which is added to the functional of236

interest (16), contains penalty functions for the positions of all extraction and injection wells:237

PR = α ·
N∑
i=1

(
p(xext

i ) + p(xinj
i )

)
, (23)

where p denotes the penalty function, and α is a penalty scaling factor that determines how severely the238

objective will be penalized if the constraints are not met. The penalty function p should be positive if the239

well under consideration lies within one of the restricted areas Rj
i and otherwise be zero. In this work, the240
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functions p are defined as a point evaluation of a predefined penalty field:241

p(xi) =

∫
Ω

G(x) · δ(x− xi) dΩ, (24)

where G(x) is the penalty field constructed using the restricted areas Rj
i . The penalty field is defined as242

follows:243

G(x) =


0 if x /∈ Rj

i , ∀i ∈ {1, ..., N}, ∀j ∈ {1, ..., ri}

1 + cos
[
d(x,xp

i,j)

rpi,j
· π
2

]
if x ∈ Rj

i ,
(25)

where x = (x, y) ∈ Ω is an arbitrary point in the domain Ω; d the distance function from (21); xp
i,j and244

rpi,j are the penalty center and the radius of the corresponding restricted area Rj
i , respectively. The penalty245

field G for an example restricted area is depicted in Figure 2. The idea behind this particular choice of246

shape for G is that the more a well is within a restricted area, the larger the penalty term and, conversely,247

the penalty should be smaller the closer the well is to the boundary of the area. This leads to a non-zero248

gradient, which is important for the gradient-based optimization approach. The radii rpi,j are selected as249

the maximum distance between any point belonging to the corresponding area Rj
i and its penalty center250

xp
i,j . This ensures that the minimum value of G(x) inside restricted areas is 1 + cos(π/2) = 1. On the251

other hand, the selection of the centers xp
i,j is a non-trivial task, since it depends on the relative positions252

of the restricted areas Rj
i and the corresponding plots Di. The centers must be chosen in such a way that253

the points representing the well positions are not “trapped” in a restricted area during the optimization254

iterations. This type of situation is depicted in Figure 3, where the well i cannot escape the restricted area255

anymore and reach the feasible part of the domain. Therefore, a distinction is made between three baseline256

scenarios, as depicted in Figure 4, when selecting penalty centers:257

1. the restricted area Rj
i overlaps with only one edge (boundary section) of the plot Di: the penalty258

center corresponds to the middle point of overlapping section of that edge;259

2. the restricted area Rj
i overlaps with exactly two edges of the plot Di, including the corner of the plot260

that is between those two edges: the penalty center corresponds to that particular corner;261

3. all other cases: the penalty center corresponds to the geometrical centroid of Rj
i .262

These baseline scenarios are usually sufficient to cover many cases, but also provide the general concept for263

selecting penalty centers in all other cases.264

It should be emphasized that by combining penalty functions for restricted areas and inequality con-265

straints for convex plots, any type of plot geometry can be defined. For example, if the original plots are266

non-convex, they can be converted to convex hulls first and then additional restricted areas can be defined267

to cover the difference between the original plots and the new (convex) ones. This is important because in268

the real world, plots have many different geometries, including non-convex ones.269
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Figure 2: Penalty field for an example restricted area plotted in 2D (a) and 3D (b). If a well is placed in the feasible part (blue

color), the penalty field G is 0, otherwise the penalty has a positive value if a well is within the restricted area (red colors).

Figure 3: Example of improper selection of a penalty center. The well i cannot reach the feasible area because of the selected

position of the penalty center and the underlying shape of the penalty functions.

Finally, it should be noted that the penalty factor α is usually applied in an iterative way. The iterative270

optimization procedure means that α is increased at the end of each “outer” iteration, i.e. after the opti-271

mization algorithm has converged or reached the predefined number of optimization iterations. The solution272

from the previous outer iteration is used as the starting point for the next iteration. The whole procedure273

starts with a relatively small value of α and ends when α is considered to be sufficiently large. In general,274

this iterative approach should help to improve the convergence of optimization algorithms and ideally has275

the same solution as the original optimization problem, which includes constraints instead of penalties [28].276

Also in this work, an iterative optimization with increasing penalty factors is applied (see section 3).277
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Figure 4: Baseline scenarios for the selection of penalty centers.

2.2.4. Approximated delta functions278

The Dirac delta functions are present in two places in the underlying PDECO problem: in the repre-279

sentation of wells, i.e. sink and source terms in PDEs, as well as in the sampling of functions (states and280

penalty fields), such as the evaluation of the groundwater temperature at extraction wells. The delta func-281

tion is a non-smooth function and is therefore problematic for gradient-based optimization, which requires282

information about gradients in each iteration. One approach to address this problem is to replace the delta283

function with a smooth approximation. A similar approach is used in [29] to represent production wells of a284

deep geothermal system. In other energy-related applications, such as the layout optimization of wind [30]285

and tidal turbines [31], the approach of representing the corresponding turbines with approximate smooth286

functions is already well established. These smooth approximations are usually based on exponential func-287

tions and are often referred to as bump functions. The one used in this work is depicted in Figure 5 and288

defined as follows:289

δ(x− xi) ≈ ψ(x, y, xi, yi) = e−
(x−xi)

2+(y−yi)
2

r2 , (26)

where xi = (xi, yi) is the center of the bump function ψ and r its radius. The radius r = 0.1 [m] is chosen290

based on the well dimensions of real GWHPs. For this reason, it can be argued that the well representation291

in this work is actually more realistic than the usual use of single point sources for wells. Finally, the volume292

Vnorm below the surface of the function ψ must be used to normalize the values of the “smoothed” delta293

function:294

Vnorm =

∫ ∞

−∞

∫ ∞

−∞
ψ(x, y, xi, yi) dxdy = r2π. (27)
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Figure 5: Smooth approximation ψ of the Dirac delta function with center xc = (0, 0) and radius r = 0.1 [m].

2.2.5. Problem formulation295

Based on the previous definitions of constraints, penalty functions and the functional of interest, the

optimization problem reads as follows:

min
m

− Ĵ0(m) + PR(m), (28a)

subject to g1(m) ≤ 0, (28b)

g2(m) ≤ 0, (28c)

where Ĵ0(m) = J0(u(m),m) is the reduced form of the functional of interest J0 defined in (16); PR(m) the296

penalty term from (23); g1(m) = Am− b corresponds to the linear inequality constraints (19), and g2(m)297

to the minimum distance constraints (21). Since the sense of optimization is changed from maximization in298

(16) to minimization in (28), a negative sign is introduced in front of Ĵ0. The underlying problem represents299

a PDECO problem with control constraints.300

2.2.6. Problem initialization301

The underlying optimization problem is non-convex, which means that gradient-based algorithms con-302

verge towards a local optimum. Therefore, the selection of the initial optimization candidate is important, as303

those that are close to the global optimum are more likely to converge to it. Figure 6 shows the multi-start304

initialization strategy used in this work to achieve the global optimum or to come sufficiently close to it. In305

the first step, different combinations of initial GWHP well positions, i.e. samples, are generated using the306

Latin Hypercube Sampling (LHS) method [32]. The LHS implementation in Python [33] provides only lower307

and upper limits on sampling points, i.e. well coordinates in this case. Therefore, the obtained LHS samples308

are in general not feasible, since they do not satisfy the optimization constraints (17), (21) and (22). In the309
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Figure 6: Multi-start initialization strategy.

second step, the LHS samples are filtered and mutually combined to obtain feasible samples that meet all310

optimization constraints. The feasible samples are combinations of well positions that are within feasible311

areas (plots), with sufficient spacing between wells of the same GWHP and outside of restricted areas. In312

addition, for each well pair, it is required that the injection well is located downstream of the extraction313

well for the samples to be considered feasible. In the third step, a forward simulation is carried out for314

each feasible sample and the functional of interest (16) is computed. Based on the value of this functional,315

all samples are sorted in ascending order. Finally, two smaller sets of feasible samples are selected for the316

initialization: the top-most samples, which have the smallest functional values, and a set of random samples.317

In addition to improving the optimal solution, these different starting points are also used to investigate318

the influence of the initialization on the optimization process. To adequately explore the design space, 1000319

feasible samples are generated in this work and then the top 10 top samples and 5 random samples are used320

for initialization.321

3. Implementation322

The forward simulation model is implemented in Firedrake [34], which is an open-source tool for solving323

PDEs using the finite element method (FEM). Firedrake provides high-level abstractions for defining and324

solving PDE problems in the Python environment. Further advantages are MPI parallelization and com-325

patibility with dolfin-adjoint [35], which can automatically provide adjoint solution fields based purely on326

the forward numerical model defined in Firedrake. These two tools are used to implement and solve the327

PDECO problem (28), where dolfin-adjoint provides interface to optimization algorithms. The implemented328

forward model is verified against corresponding simulation results obtained using FEFLOW [22, 36], an329

established commercial software package for groundwater simulations. The Sequential Least SQuares Pro-330

gramming (SLSQP) algorithm [37] and its implementation in the SciPy Python library [38] are used to solve331

the underlying optimization problem. The penalty factor α is applied iteratively as described previously332
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Figure 7: Location of the case study domain in Munich with a detailed view of the relevant features.

in section 2.2.3, using the following increasing values: 0, 0.1, 1, 10, 100. For each of the five α values, the333

maximum number of optimization iterations is set to 50.334

3.1. Case study335

The method is applied in a 1.3-hectare study area in the City of Munich, Germany. Munich offers an336

exceptional hydro-geological database acquired in predecessor projects, namely GEPO and GeoPot [39].337

As shown in Figure 7, the study area comprises 10 plots of land with a typical building structure of 11338

single-family detached houses. With the simplifying assumption that the heat demand of every plot can339

be supplied and re-injected by one extraction and one injection well, the optimal positions of 10 well pairs340

are determined in the case study. Geologically, the case study area is situated in the so-called Munich341

Gravel Plain which provides favorable conditions for the thermal use of groundwater [13]. Generally, the342

fluvio-glacial sandy gravels have a high hydraulic conductivity and they host a productive shallow aquifer343

(cf. Figure 8). Beneath the Quaternary gravels, intersecting Tertiary sandy, silt and clay layers confine344

the aquifer to the bottom [40]. The study area was selected because it offers favorable hydro-geological345
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conditions and a low depth to groundwater of around 3.5 m that would additionally support an economical346

installation of groundwater heat pumps. The elongated shape from south to north was chosen for this347

test case so as to trigger negative thermal interactions between injection and extraction wells of potential348

systems, as groundwater flow is also directed towards the North, and thus to demonstrate the value of an349

PDE-constrained optimization based design approach.350

Penalty field
0
0.5

1.0
1.5
2.0

Saturated thickness
7.0 [m]
7.5

8.0
8.5
9.0

Hydraulic conductivity
3.4e-3 [m/s]
3.6e-3

3.8e-3
4.0e-3
4.2e-3

Groundwater 
contours
[masl]

N

(a) Penalty field (b) Groundwater conditions (c) Hydraulic conductivity

Figure 8: Case study domain with penalty field, initial groundwater conditions and hydraulic conductivity.

Figure 8a shows the penalty field for restricted areas in the study case (see section 2.2.3). In addition,351

the saturated thickness of the Quaternary aquifer, the groundwater contours and the hydraulic conductivity352

are depicted in Figure 8b and Figure 8c, respectively. The aquifer basis was derived by geostatistical relief353

modeling of the entire Munich Gravel Plain [41]. Within the domain of the case study, a northward directed354

groundwater flow with a homogeneous hydraulic gradient of 2.8 per mill is present. The saturated thickness355

is computed by subtracting the base of the Quaternary aquifer from the shown groundwater table, which356

was measured at mean low water conditions in April 2014. As observable in Figure 7, this represents the357

common regional conditions in the Northwest of Munich. The saturated thickness decreases from 9 m to 7358
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Table 1: Constant pumping rates and the heating power of the domain’s 10 GWHP systems.

Plot ID 1 2 3 4 5 6 7 8 9 10

Pumping rate [L/s] 0.65 0.49 0.42 1.03 0.84 0.51 0.76 0.56 0.58 0.44

Heating power [kW] 13.65 10.29 8.82 21.63 17.64 10.71 15.96 11.76 12.18 9.24

m towards the Northwest. Thus, the domain offers slightly higher values compared to the median thickness359

of 6.3 m over the entire city area. The hydraulic conductivity of the domain was derived by an interpolation360

of pumping test data and represents the highly conductive and homogeneous gravels of the area [42].361

To solve the underlying PDE system that describes the heat transport and groundwater flow in the362

aquifer, the pumping rates of all 10 GWHPs have to be defined. These are calculated from the annual363

heating demand and assuming 2400 full load hours per year, as well as a constant annual performance factor364

of 4 and a temperature difference of -5 K at the injection well. The heating demand of each system, i.e.365

each building, is estimated using an open source tool UrbanHeatPro [43]. The obtained values of pumping366

rates and the heating power are summarized in Table 1, with the system labels corresponding to those in367

Figure 9.368

Figure 9: Case study area with its boundary and GWHP (plot) labels and sections of the corresponding finite element mesh.

For the numerical modelling of the groundwater source, the domain is discretized with approximately369

3 · 106 triangular elements using the open source mesh generator Gmsh [44]. Element sizes range from 0.08370

m within plots to 3 m further away from plots, as shown in Figure 9. The fine mesh resolution within371
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plots is necessary because the wells can be placed anywhere in plots during the optimization iterations, and372

the approximated delta functions representing wells require a relatively fine spatial discretization. Mesh373

sensitivity testing shows that the element size of 0.08 m is required to generate an acceptable discretization374

error for the delta functions and the application considered in this work. Piece-wise linear finite element375

basis functions (P1) are used for all state variables, as they provide sufficiently accurate results and are376

computationally less expensive than higher-order basis functions. For the interpolation of the smooth delta377

functions (cf. (26)), piece-wise quadratic basis functions (P2) prove to be sufficient.378

As shown in Figure 9, Dirichlet type boundary conditions were assigned at the upstream ∂Ωin and379

downstream ∂Ωout border to represent a constant hydraulic head at 503.492 masl for inflow and 503.064 masl380

for outflow, respectively. At the remaining borders parallel to the groundwater streamlines, no boundary381

condition was assigned, which corresponds to a Neumann type boundary condition without fluid flux [22].382

Extraction and injection wells are hydraulically represented through single node sink and source terms383

approximated by smooth delta functions (see section 2.2.4), where abstraction and injection rates are always384

equal within one well pair. Due to the assumption of a constant natural groundwater temperature, the heat385

transport simulation can be solved with only one Dirichlet type boundary condition at the upstream border386

∂Ωin. The assigned temperature depends on the optimization scenario, as described in section 3.2. The387

thermal impact of the injection wells is represented with an assignment of 5◦C to the temperature of re-388

injected water at those wells T inj
i (cf. (7)). Normally, injection well temperatures are assigned based on389

extraction well temperatures by subtracting a constant predefined temperature difference. However, since390

the extraction well temperatures are changing with the well positions during the optimization, it is assumed391

for the sake of simplicity that the injection well temperatures T inj
i are independent of the extraction well392

temperatures. The predefined value of 5◦C is based on the expected average extraction well temperatures393

of 10◦C (see section 3.2) and a temperature difference of -5 K.394

3.2. Optimization scenarios395

Two optimization scenarios are used to demonstrate the ability of the optimization process to produce396

suitable results based on different hydro-geological conditions, as well as to show how these conditions affect397

the optimal well layout. These two scenarios differ in the natural temperature of the inflowing groundwater.398

In the first scenario, the groundwater temperature at the inflow boundary of the domain is set to be constant,399

i.e. Tin = 10◦C. In the second scenario, the groundwater temperature is higher in the middle of the inflow400

boundary and lower at its edges:401

Tin(x) = Tmin
in +∆Tin · cos

[d(x,xin)

rin
· π
2

]
, x ∈ ∂Ωin, (29)

where Tmin
in = 8◦C is the temperature at the boundary edges, ∆Tin = 4◦C the temperature difference402

between the maximum and minimum temperature at the boundary, d(x,xin) distance between a point x403
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at the inflow boundary ∂Ωin and its geometric center xin, and rin the “radius” of the boundary, i.e. the404

distance between its center point and one of the edges. The groundwater temperature at the boundary405

center corresponds to the maximum temperature of 12◦C. Conceptually, optimization scenario 2 represents406

the case where groundwater flowing into the domain has been altered in the upstream area, for example, by407

other GWHPs, while scenario 1 represents the case where no GWHPs are present in the upstream area.408

4. Results409

In this section, the results of the optimization scenarios are presented and analyzed. Table 2 summarizes410

the results of the optimization scenario 1. For all 15 different initializations, i.e. the first 10 top and 5411

random LHS samples (see section 2.2.6), the number of optimization iterations niter as well as the initial412

and final values of the functional of interest are provided. In addition to the total number of iterations,413

the number of iterations for each value of the penalty factor α is also given. For the first two values of α,414

i.e. α = 0 and α = 0.1, the number of iterations almost always reaches the predefined maximum number415

of 50. Thereafter, the number of iterations tends to decrease as the value of α increases, and is usually416

lowest for the largest α. This means that the main progress in optimization, i.e. the largest changes in the417

well layout, are achieved during the stages with smallest penalty factor, where violation of the constraints418

related to restricted areas (see 2.2.3) carries little or no penalty. Considering the functional of interest, its419

final values are always smaller than the initial values. Since the functional is defined as the negative sum420

of the groundwater temperatures at all extraction wells, this means that the sum of these temperatures is421

maximized and increases by a few degrees, e.g. from approx. 89◦C to 93◦C for the 1st top sample. The only422

exception to functional improvement is the 6th top sample, where the final value is positive. This means423

that the solution is not feasible and some of the wells are located within restricted areas, resulting in an424

increased penalty and therefore shifting the functional into positive range. A further analysis of this special425

case is carried out later in this section with the help of visualizations. The blue color in Table 2 indicates the426

two best optimal solutions, which are obtained for the 1st top and the 4th random initialization samples.427

While these two samples lead to almost identical solutions, it is evident that initialization plays a significant428

role and that the problem has many local minima. However, using multiple top samples for initialization429

seems to be a good strategy for reliably reaching or getting close to the global optimum. This is further430

supported by the fact that the 4th random sample in this case is actually equal to the 13th top sample,431

which means that this sample would also be one of the top initialization samples if 15 instead of first 10 top432

samples were used for initialization.433

The well layout changes during the optimization iterations for the 1st top sample in optimization scenario434

1 are depicted in Figure 10a. Extraction and injection wells are denoted with circles and crosses, and the435

dark blue and yellow colors represent the first and last iterations, respectively. This notation of wells and436
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Table 2: Results for optimization scenario 1.

Sample Nr. of iterations Functional of interest

Type Nr. α = 0 α = 0.1 α = 1 α = 10 α = 100 Total Initial Final

Top 1 50 47 4 14 1 116 -89.0773 -93.0678

2 50 50 50 27 8 185 -88.4074 -92.7604

3 50 50 37 14 12 163 -88.2872 -92.2075

4 50 50 33 4 5 142 -87.8936 -88.6561

5 50 50 50 25 6 181 -87.8581 -91.6815

6 50 50 50 37 6 193 -87.6945 14.8968

7 50 50 50 50 16 216 -87.6555 -92.3777

8 50 50 18 50 18 186 -87.5232 -92.8066

9 50 50 50 50 44 244 -87.4092 -91.9520

10 50 50 42 7 7 156 -87.4081 -92.1422

Random 1 50 50 44 3 5 152 -84.8632 -90.0143

2 50 50 50 48 6 204 -85.3343 -90.6592

3 50 50 50 37 9 196 -85.8546 -92.7686

4 50 50 25 14 1 140 -87.3253 -93.0817

5 50 50 33 4 5 142 -82.7233 -88.6561

iterations is used throughout the work. The corresponding groundwater temperature field and well locations437

for the initial and final (optimal) well layout are presented in Figure 10b. In the optimal solution, wells are438

placed mainly on the edges of the plots or in their corners. The extraction wells are placed within the regions439

of high groundwater temperature. To establish such regions, in the optimal well layout all injection wells440

are grouped within an interior region of the domain. As a result, negative well interactions are minimized441

and temperatures at the extraction wells are maximized, which is the optimization goal.442

To further compare different initialization patterns, changes in well layout during optimization for three443

samples are shown in Figure 11. The following samples are presented: 4th random, which yields one of the444

two best optimal solutions in addition to the 1st top sample; 6th top, where the solution is not feasible; and445

1st random, with one of the inferior feasible solutions. Comparing the 4th random (see Figure 11a) and446

1st top (see Figure 10a) samples, it can be seen that they result in nearly identical optimal well layouts,447

particularly in the case of extraction wells. For this reason, the final value of the functional of interest448

is almost the same for the two cases. As mentioned earlier, the 6th top initialization sample produces a449

positive final functional of interest, i.e. an infeasible solution. The extraction well of system 2, which is450

marked with a red circle in Figure 11b, is placed within the restricted area, i.e. too close to a building.451

This causes a large penalty and thus increases the functional of interest. The reason why the extraction well452

is “captured” in a restricted area is the combination of hard and soft optimization constraints. The hard453

constraints, such as the minimum distance constraint (21), are those that are imposed directly within the454

optimization algorithm and, therefore, must be satisfied in each optimization iteration. The soft constraints,455

such as the constraint over restricted areas (22), are represented with penalty terms and do not have to456
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Figure 10: Optimal well layout for optimization scenario 1: (a) Well positions through optimization iterations. Extraction and

injection wells are depicted with circles and crosses, respectively. The colors in the legend represent optimization iterations,

with dark blue and yellow corresponding to the first and last iteration (solution), respectively. (b) Groundwater temperature

field and well locations for the initial (left) and final/optimal (right) well layout.

be satisfied in all optimization iterations. Nevertheless, by increasing the penalty factor, soft constraints457

should be also met in the final solution. This can be seen in Figure 11b, where the considered extraction458

well initially “moves” more into the restricted area and after a certain number of iterations tries to leave it.459

However, the “escape” is not successful, since the distance between the extraction and the corresponding460

injection well reaches the minimum value, which is represented by a hard constraint and must be always461

fulfilled. Figure 11c shows the optimal well layout for one of the inferior local optima. Compared to the462

best optimal solutions, i.e. the 4th random and 1st top, the final well layout differs significantly.463

Table 3 summarizes the results of the optimization scenario 2 (see section 3.2). The number of optimiza-464

tion iterations and the initial and final functional of interest are provided for all 15 initialization samples.465

Similar to optimization scenario 1, the number of iterations almost always reaches the maximum for the two466

lowest penalty factors, α = 0 and α = 0.1, and thereafter tends to decrease as α increases. The two best467

optimal solutions are indicated in blue color and correspond to the 7th and 5th top samples. In addition,468

the three subsequent best solutions are also obtained from the top samples, namely: 6th, 10th and 1st,469

respectively. These results reaffirm that using multiple top samples for initialization rather than randomly470

selecting feasible samples is a valid strategy leading to the global optimum. A feasible solution is found for471

all 15 samples and the functional of interest has evidently improved. The sum of groundwater temperatures472
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Figure 11: Well positions through optimization iterations for optimization scenario 1. Extraction and injection wells are

depicted with circles and crosses, respectively. The colors in the legend represent optimization iterations, with dark blue and

yellow corresponding to the first and last iteration (solution), respectively.

at all extraction wells increases by a several degrees, e.g. from approx. 93.3◦C to 99.6◦C for the 7th top473

sample. Comparing initial and final functional, the improvement in scenario 2 is larger on average than474

in scenario 1. This means that the potential for improving well layouts is generally influenced by hydro-475

geological conditions. However, it should be noted that the final functional values between the two scenarios476

are not comparable, as the temperature of the groundwater flowing into the area is different.477

Changes in well layout during optimization for the 7th top sample, which results in the best optimum478

in optimization scenario 2, are shown in Figure 12a. The accompanying initial and optimal temperature479

fields, including well locations, are presented in Figure 12b. Similar to optimization scenario 1, the injection480

wells are grouped in an interior region of the domain. The only exception is the injection well of the481

system 1, which does not belong to this cold region. The extraction wells are “moved” to regions with482

higher groundwater temperatures. The extraction wells on the left side of the domain are not placed in483

the plot corners as in scenario 1, but follow the patterns in the groundwater temperature field, as shown484

in Figure 13a. These results demonstrate that: first, hydro-geological conditions, such as the natural485

groundwater temperature, can significantly influence the optimal well layout; and second, the proposed486

optimization approach successfully integrates such conditions. Moreover, the temperature fields shown in487

Figure 10b and 12b indicate that thermal advection plays a significant role in heat transport, which was488

expected given that the groundwater velocity is relatively high in the study area.489
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Table 3: Results for optimization scenario 2.

Sample Nr. of iterations Functional of interest

Type Nr. α = 0 α = 0.1 α = 1 α = 10 α = 100 Total Initial Final

Top 1 50 50 41 34 3 178 -94.9388 -99.0102

2 50 50 32 23 1 156 -94.2972 -98.1109

3 50 50 13 25 1 139 -93.8563 -98.2430

4 50 50 50 35 8 193 -93.5070 -97.9084

5 50 50 32 50 50 232 -93.4840 -99.6244

6 50 50 7 50 22 179 -93.4203 -99.4235

7 50 50 50 7 47 204 -93.3522 -99.6396

8 50 50 28 1 1 130 -93.3488 -97.1548

9 50 50 24 22 1 147 -93.3085 -98.7915

10 50 50 7 50 11 168 -93.2896 -99.1492

Random 1 50 50 43 38 6 187 -91.8329 -97.9626

2 50 50 50 50 12 212 -91.4544 -97.4910

3 50 47 2 40 8 147 -91.7123 -98.8106

4 50 50 10 50 22 182 -92.2810 -98.9850

5 50 50 45 7 6 158 -88.8350 -97.4986

Figure 13 also depicts changes in well layout during optimization for the following two samples: 1st490

top, which has the best initial functional but does not yield the best optimal solution and 3rd random that491

delivers an inferior feasible solution. The example in Figure 13c also demonstrates that wells, such as the492

injection well of GWHP 8, can switch sides of the restricted areas during optimization. This is an advantage493

in the context of global optimization, since the well placement is not limited by the initial relative position494

to restricted areas.495

Figure 14 shows the optimization progress over all iterations. Results obtained with the 1st and 7th496

top initialization samples are presented for optimization scenarios 1 and 2, respectively. In addition to497

the evolution of the functional of interest J , changes in groundwater temperatures T at all extraction wells498

during the optimization are displayed. Iterations with different penalty factors α are indicated with different499

background colors. Comparing the initial values (iteration 0) with the final values, it is noticeable that the500

temperatures at extraction wells have increased and at the same time the functional has decreased. This501

inverse behavior of temperatures and the functional follows from the definition of the functional. According502

to its definition in (28a), the functional of interest consists of a negative sum of the temperatures at all503

extraction wells and a penalty term related to restricted areas. The main advance in temperature rise takes504

place during the α = 0 and partially during the α = 0.1 stages. Thereafter, the temperatures change only505

slightly for higher α values. The largest value drop of the functional also occurs at α = 0. Additionally,506

oscillations occur in the functional for some larger α values. The reason for this is that the optimization507

algorithm uses too large an optimization step and some of wells end up in one of restricted areas, which508

activates the penalty and increases the functional drastically. However, the algorithm automatically reacts509
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Figure 12: Optimal well layout for optimization scenario 2: (a) Well positions through optimization iterations. Extraction and

injection wells are depicted with circles and crosses, respectively. The colors in the legend represent optimization iterations,

with dark blue and yellow corresponding to the first and last iteration (solution), respectively. (b) Groundwater temperature

field and well locations for the initial (left) and final/optimal (right) well layout.

to this and quickly reduces the functional again. Furthermore, it should be noted that the computational510

cost increases with increasing α values. As an indicative example, one optimization iteration takes about 2511

min and up to 7-9 min for α = 0 and α = 100, respectively, when running in parallel on 20 cores of Intel512

Xeon Processor (Skylake, IBRS), 2394 MHz, 88GB of RAM. There is potential for a further reduction in513

computational time by tuning the parameters of the optimization algorithm, improving the parallelization,514

or introducing mesh adaptivity techniques to more efficiently focus resolution where needed [45].515

Finally, to quantify the well layout improvements after optimization, a benchmark, i.e. non-optimized516

well layout, is required. It should be noted here that the initial well layouts are generally not the non-517

optimized benchmark as they are part of the optimization, i.e. the strategy to reach the global optimum.518

Therefore, for each optimization scenario, the initial sample with the highest functional value of all feasible519

samples (see section 2.2.6) is used as the non-optimized benchmark. Comparing this benchmark to the520

final solutions, the functional of interest has changed from approx. −79.3◦C to −93.1◦C and from −85.7◦C521

to −99.6◦C in the scenario 1 and 2, respectively. This means that the sum of groundwater temperatures522

at all extraction wells has increased by almost 14◦C in both scenarios after the optimization, which can523

significantly improve the efficiency of GWHPs.524
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Figure 13: Optimal well layout: (a) Final well positions for optimization scenario 1 (black) and 2 (red) for the samples top 1

and 7, respectively. (b) Well positions through optimization iterations for optimization scenario 2. Extraction and injection

wells are depicted with circles and crosses, respectively. The colors in the legend represent optimization iterations, with dark

blue and yellow corresponding to the first and last iteration (solution), respectively.

5. Discussion525

The results demonstrate that the proposed method can successfully determine the optimal well layout of526

multiple GWHPs that maximizes groundwater temperatures at all extraction wells. The comparison of the527

results between optimization scenarios shows that the hydro-geological conditions are an important factor528

for the optimal well layout and are correctly considered by the method. Furthermore, the proposed multi-529

start initialization strategy is successful in robustly supporting the attainment of an optimal solution that530

is closer to the global optima than that obtainable from a random or naively chosen starting configuration.531

However, the new method has some limitations, which are discussed in the following sections along with532

future work.533

5.1. Critical reflection534

The assumptions used to simplify the optimization problem in this work can be divided into two groups:535

those related to physical phenomena and the conceptual ones. The first are described in section 2.1 and536

represent reasonable assumptions for the problem under consideration, such as the approximation that the537

water density remains constant. The conceptual assumptions are the main assumptions that significantly538

reduce the problem complexity and are therefore discussed in the following.539
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Figure 14: Optimization progress: groundwater temperatures at all extraction wells and the functional of interest J through

optimization iterations. Different background colors correspond to different values of the penalty factor α.

In this work only a steady state solution for the groundwater simulation is considered within the opti-540

mization procedure. This simplifies the optimization and speeds up the entire process considerably, since541

only stationary forward and adjoint PDEs are solved in each optimization iteration. In the time-dependent542

case, both the forward and adjoint PDEs are time-dependent and require appropriate time discretization.543

Depending on the selected time horizon and time steps, each optimization iteration becomes more time-544

consuming and memory-intensive compared to the steady state. The time-dependent case, however, is more545

realistic, as the seasonal changes in GWHP use, e.g. an increased heating demand in winter, as well as the546

environmental conditions, such as heat fluxes from the surface, can be taken into account [46]. Furthermore,547

this work assumes a constant, predefined temperature of the re-injected water at injection wells. This should548

be replaced by a constant temperature difference between extraction and injection wells of each system to549

improve the representation of GWHPs in the numerical simulation model [47]. If this temperature difference550

is kept constant, the heating power provided for each GWHP corresponds to that from Table 1.551

The approach introduced here uses a vertically averaged 2D representation of the aquifer. To fully take552

into account all the complexities present in urban aquifers, a 3D numerical model is required [48]. However,553

the 2D model is, on the one hand, significantly less computationally complex and, on the other hand, should554

deliver sufficiently good results. It should also be noted that many aquifer parameters, such as the hydraulic555

conductivity or thermal dispersion factors, are based on indirect measurements and are therefore subject to556

28



uncertainties [49]. It is important to analyze how these parameter uncertainties affect the optimal solution.557

Such an analysis can be done in two ways, either by including the uncertainties in the optimization, i.e.558

solving a stochastic PDECO problem, or by performing a parameter-based sensitivity analysis with the559

optimal solution. This could help to find the minimum data quality required for optimization purposes or560

to define robust optimal solutions.561

5.2. Outlook562

One of the first future steps is to include the time dependencies into the optimization, i.e. to consider563

time-dependent PDECO problem. The solution to this problem can then be compared with the optimal so-564

lution from the stationary PDECO to assess how sufficient and robust the stationary case is for optimization565

purposes. Furthermore, since the groundwater simulation has been simplified by considering a 2D vertically566

averaged aquifer, a future goal is to use a full 3D model to analyze optimal solutions from the 2D model.567

For example, one can introduce random vertical heterogeneities in the aquifer to evaluate the robustness of568

the 2D-based optimal well layout.569

Finally, the presented method has several other possible future applications, such as:570

• Optimization of large GWHPs with more than one extraction and injection well, which means finding571

the optimal number and positioning of wells as well as optimal pumping rates. The method can already572

be used to find optimal well locations of an individual GWHP with any number of wells. However, if573

the number of wells and their pumping rates are unknown, these can also be defined as optimization574

variables.575

• Optimization of aquifer thermal energy storage (ATES) systems as these systems have the same work-576

ing principle as GWHPs, with the exception of utilizing the aquifer as energy storage. Similar to577

GWHPs, optimal well locations and their pumping rates can be found for ATES systems. In addition,578

the method can be used to find optimal locations of multiple ATES systems in the areas with high579

density of such systems [50, 51].580

• Finding optimal arrangements of neighboring GWHPs that operate in both modes, i.e. heating and581

cooling. Since these modes change the groundwater temperature in opposite directions, positive inter-582

actions between neighboring systems can arise [52]. Thus, it would be useful to optimally place wells583

so that the positive synergies are maximized. The method can be applied in this case by including the584

time dependencies and additional heat sources, i.e. cooling wells.585

• Improved quantification of the thermal groundwater potential of the area of interest. This means, for586

example, determining the maximum number of GWPHs that can be installed in a certain area while587

complying with all regulatory conditions. Such potential assessments could be integrated into energy588
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system optimization models [53], which are used to find optimal energy transition paths towards CO2589

reduction targets.590

6. Conclusions591

In this work, a new method for determining the optimal well layout of groundwater heat pumps is592

presented. The method is a gradient-based optimization that relies on an efficient calculation of the required593

gradients using the adjoint approach. This enables a large number of continuous optimization variables,594

i.e. well locations, to be considered simultaneously. An integral part of this optimization concept is the595

numerical simulation of the groundwater flow and heat transport based on finite elements. The new method596

is implemented using Firedrake and dolfin-adjoint, which are open-source frameworks for numerically solving597

PDEs using FEM and generating adjoints, respectively. Since the underlying PDE-constrained optimization598

problem is non-convex and has many local optima, a robust initialization strategy is also proposed. The599

strategy is to use multiple starting well layouts, which are obtained from Latin Hypercube Sampling and600

have the best values of the functional of interest.601

The new method is tested on a case study in Munich, Germany, with real data and 10 GWHPs, each602

with a single well pair. A total of 10 extraction and 10 injection wells are optimally placed to maximize603

groundwater temperature at all extraction wells. To analyze the influence of hydro-geological conditions604

on the optimization results, i.e. the optimal well layout, two optimization scenarios were considered, which605

differ in the temperature of the inflowing groundwater. The results show that the proposed methodology606

successfully finds optimal well layouts in both scenarios and that hydro-geological conditions can significantly607

alter the optimal well layout. In both scenarios, the sum of groundwater temperatures at all extraction wells608

in the optimal well layout is almost 14◦C higher than in the non-optimized benchmark.609

It should be emphasized that the proposed method is the first well layout optimization method that allows610

for continuous well locations and is not limited by the number of wells. This is a significant improvement611

compared to the existing methods, which can only consider predefined (discrete) well locations and a small612

number of wells. In addition, this is the first method used to optimize the well layout of multiple neighboring613

GWHPs to maximize thermal groundwater potential. The method can also be applied to find optimal well614

layouts of individual systems with multiple extraction and injection wells. Moreover, the method can be used615

in various other applications in the future, such as the optimization of ATES systems or the quantification of616

the thermal potential of aquifers. Finally, the introduced method can serve as a basis for the future optimal617

management and planning of the geothermal resource groundwater.618
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Appendix A. Coefficients for linear control constraints755

Linear control constraints (18) are generated automatically in the code using the following steps:756

1. The geometry of plots is read from shape files using the Python library GeoPandas [54]. The result is757

a list of vertices for each convex plot.758

2. The vertices are then used to define linear functions that correspond to the edges of plots.759

3. Inequality constraints are defined based on geometric relations and the linear functions obtained pre-760

viously.761

In the second step, the linear function corresponding to the edge eij between two vertices vi and vj is762

obtained from the equation of a line through two points:763

y = kij · x+ nij (A.1a)

764

kij =
yj − yi
xj − xi

(A.1b)

765

nij =
yi · xj − yj · xi

xj − xi
(A.1c)

where vi = (xi, yi) and vj = (xj , yj). It should be noted that in the case of xi = xj = x⊥ the previous766

formulas for kij and nij are not applicable since the function becomes y = x⊥.767

In the third step, the inequality constraint for each edge is obtained from the function (A.1a) by replacing768

the equality sign with ≤ or ≥. The inequality sign is selected based on a relative geometric positions of the769

corresponding edge eij and an arbitrary point pc = (xc, yc) within the convex plot (polygon). An example770

plot with an internal point pc and an edge eij is depicted in Figure A.15a. If the edge eij lies “below”771

the point pc then = in (A.1a) is replaced by ≥ and, otherwise it is replaced by ≤ if the edge is “above”772

the point. The “below” and “above” means respectively negative and positive y-axis sections mc = y(xc)773

of the function corresponding to that edge on an auxiliary coordinate system, whose origin is the point pc774

(Figure A.15b). The special case y = x⊥ must be separately considered, since there is no intersection with775
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y-axis here (Figure A.15c). In this case, if xc ≤ x⊥ the inequality constraint reads as x ≤ x⊥ and, otherwise,776

the constraints becomes x ≥ x⊥. It should be noted that the point pc can be chosen arbitrarily as far as777

it is inside the plot, but here the geometrical centroids of plots are used since they are easy to obtain from778

shape files.779

Figure A.15: Geometric relations between an edge eij and a point pc within the plot.

Appendix B. State constraints780

Once the order of installation of GWHPs is established, a new set of constraints should be added to781

reflect the regulations on negative interference between neighboring GWHP systems. As already mentioned,782

neighboring GWHPs can influence each other in such a way that upstream GWHPs change the groundwater783

temperature at extraction wells of downstream GWHPs. In some countries, the approval ordinance stipulates784

that the temperature change (due to the new upstream systems) at the extraction well of an existing GWHP785

must be less than a specified constant threshold value Tdiff . In this work, the area of interest is located in786

Bavaria, Germany, where Tdiff = 1 [K] [26]. The corresponding constraints are given as follows:787

Tn(x
ext
i )− T (xext

i ) ≤ Tdiff ∀i ∈ {1, ..., Nexis} (B.1)

where Tn(x
ext
i ) is the natural groundwater temperature at the extraction well of GWHP i; T (xext

i ) the788

temperature after new systems have been installed upstream; Nexis the number of existing GWHPs. The789

temperature field Tn can be obtained by solving the underlying PDE system without any new GWHPs790

and, thus, represents a constant parameter in the optimization problem. It is important to note that the791

current system for installing (licensing) new GWHPs works on a first-come-first-served basis. Therefore, the792

regulation described above is only applied to new systems to check whether they have a negative impact on793

already existing downstream GWHPs.794

In (B.1) the temperature fields (functions) are evaluated at the positions of extraction wells, which means795

that the Dirac delta function is applied in the same way as in (16). However, it should be noted that xext
i796
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in (B.1) are no longer control variables, but only constant values, since the existing GWHPs are “fixed”797

and not part of the optimization. Moreover, the constraints (B.1) include the state T and, thus, cannot798

be explicitly defined in the reduced formulation (11). There are several approaches to dealing with state799

constraints in PDECO problems, including the penalty-based approach.800

The state constraints (B.1) can be replaced by adding a penalty term PT to the original functional of801

interest (16). In the first step, the constraints are reformulated as follows:802 ∫
Ω

s1(x
ext
i ) dΩ ≤

∫
Ω

s2(T,x
ext
i ) dΩ (B.2)

where s1(x
ext
i ) = (Tn(x) − Tdiff) · δ(x − xext

i ) and s2(T,x
ext
i ) = T (x) · δ(x − xext

i ). Thereafter, the penalty803

term is defined as:804

PT = γ ·
N∑
i=1

∫
Ω

(max{0, si1 − si2})2 dΩ (B.3)

where si1 = s1(x
ext
i ), si2 = s2(T,x

ext
i ), and γ is a penalty scaling factor. This type of penalty is similar to805

the Moreau-Yosida type of regularization terms used in state-constrained optimization problems [55]. The806

penalty term PT becomes zero when the constraints (B.1) are met, and otherwise scales quadratically with807

the constraints violation. The maximum function in (B.3) is squared to obtain a smooth function, which is808

advantageous for gradient-based optimization.809
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