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ABSTRACT 

Photoelasticity has been used to determine the 

contact stresses in a glass disc, which is in rolling 

contact with a steel disc. By postulating various 

polynomials for the pressure curve in different parts of 

the contact it is possible, by knowing the position of 

the principal stress difference, to find the shape of•the 

complete pressure. curve. An alternative method has also 

been developed, which calculates the pressure curve direct 

from the isochromatics. At the moment this method is 

restricted by the. quality of the experimental stress field. 

A method is foreseen however, of overcoming this difficulty. 

Elastic deformations due to the pressure curves 

have been produced, these have been compared with the film 

shapes obtained from the inverse solution of Reynolds 

equation. The_film thickness was obtained by graphical 

differentiation. 

Oil entrapment effects were demonstrated. The 

stress patterns under these conditions indicated that 

pressures higher than the Hertz maximum were being created. 

Oil starvation effects were also demonstrated. The shape 

of the stress patterns under these conditions gradually 

changed to the shape normally associated with dry rolling. 

Finally, a series of tests were performed to 

investigate the effect of surface roughness on lubricated 

contacts. It was observed that as the roughness increased 

(all other conditions being equal) the shape of the stress 

patterns changed to the shape normally associated with dry 
rolling. These conditions of partial surface contact with 

a lubricant, are probable causes of failure by pitting. 
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SYMBOLS  

Symbols which only arise once, and are defined 

on the spot, are not listed. 

2B 	width of Hertzian contact zone 

Dawson number, defined on page 89 

EslEg  elastic modulii for steel and glass discs 

E' 	effective elastic modulii, defined on page 110 

G per' 

h lubricant film thickness 

hm 	film thickness at point of maximum pressure 

h0 	film thickness on line of centres 

h/hm  

p 	pressure intensity 

p1-p2 principal stress difference 

P normal line load per unit width cf disc 

PM 	maximum Hertz pressure 

q reduced pressure, defined on page 45 

Rs,Rg  radii of steel and glass discs 

R 	effective radius of disc pair, defined on page 110 

s 	additional co-ordinate in x-direction 

u1 u2  surface velocity of solids in x-direction 

u i(ul+u2) 

U %u/E'R 

v 	displacement in y-direction 

W' 	total load per unit width of disc 

W W'/E'R 

x,y,z co-ordinates 

OC 	pressure exponent of viscosity 

v/1 	viscosity 

viscosity at conditions of entry to contact 

Poisson's ratio for steel and glass. 
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CHAPTER 1 	INTRODUCTION 

1.01 Review of previous work. 

The aim of this work is to show how photoelasticity 

can be used to determine the pressure distribution and the 

film shape, in lubricated line contact. 	This form ,of 

lubrication, which involves elastic deformation of the 

rolling elements, is generally known as Elastohydrodynamic 

Lubrication. The development of this subject has progressed 

considerably within the last twenty years, both theoretically 

and experimentally. One of the most recent 

topic was made by Dowson(")  in 1967. This 

with books by Dowson and Higinson(13)  and 

reviews on this 

paper, together 

Cameron(4) form 

a comprehensive survey of work covered up to mid 1967. 

Reference to more recent work will appear later, where 

appropriate. The. purpose of this survey is to show only how 

photoelasticity has been used to study the stresses in 

elastic line contact. 

In general, photoelasticity has been used as an 

off-shoot of their main research projects. A typical 

example of this was Way.(4 61  This paper, published in 1935, 

is often quoted for its valuable work on pitting, but a 

very small section of the report is devoted to a photoelastic 

experiment. This experiment compares the contours of the 

principal stress difference, calculated from a Hertzian 

pressure distribution, with the photoelastic fringes in two 

bakelite cylinders, which were pressed together. Good 

agreement between theoretical and experimental results was 

obtained. 
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Similarly, Liu(31)  in 1950 produced some theoretical 

work on internal stresses due to tangential and normal loads 

on an elastic mediut. Also included in the report were some 

pictures of photoelastic stresses caused by two cylinders in 

line contact subject to traction. Very good fringe patterns 

were obtained showing a distinct tilt of the inner fringes. 

However, no information was given regarding the size of the 

cylinders or of their material. Nor was any attempt made to 

relate the theoretical and experimental work. 

Later in 1959 011erton(37)  examined the contact 

stresses, photoelastically, between curved surfaces under 

radial loads. The surfaces remained stationary and very 

good stress patterns were obtained. This was probaly due to 

the fact that a frozen stress technique was used, this 

enabled thin slices to be examined eliminating possible end 

effects. 

In 1961, Sternlicht, Lewis and Flynn(42)  

investigated the photoelastic stresses in the contact region 

of two discs, for dry rolling contact and for lubricated 

rolling and sliding contact. One disc was made of steel 

6 inches in diameter and 3/8 inch thick. the other was made. 

of a photoelastic material (not specified) also 6 inches in 

diameter but 1/4 inch thick. Only the steel disc was driven, 

which would account for slipping between the discs when 

lubricated. The authors reported that the stress pattern 

obtained under lubricated conditions was asymmetrical or 

'tipped'. They conluded that this tipping was caused by the 

tangential forces acting between the sliding discs. The 

authors did not indicate how close to the contact region 

they made the comparision of the lubricated and dry rolling 



-12- 

stress patterns. Hardly any difference in the stress 

patterns could be detected from the prints of the photographs 

available. No attempt had been made to produce a contact 

pressure curve. 

In 1964, Munnich and Milton(35) examined 

photoelastically, the distribution of load through a roller 

bearing. They were able to show that the height of the chock 

greatly influenced the distribution of load. The paper is 

of interest since the photographs of the stress distribution 

in the rollers, showed severe blurring of the fringes. 

There are a number of factors which may account for this, 

these will be commented on later. 

Remarkable photographs were obtained by Hamilton(25) 

in 1964 when he investigated the rolling contact stresses 

between a glass disc and a flat aluminium plate. Yielding 

occurred in the aluminium plate. The photoelastic stress 

pattern in the glass disc, indicated a distinct tilt of the 

inner fringe in the rolling direction. Dr. Hamilton also 

calculated the contact pressure distribution from the stress 

pattern by a method similar to that adopted later in this 

report. Dr. 011erton, in his communication on Hamiltons' 

paper, had also noted a tilt of fringes in an Araldite 

disc sujected to traction on a steel plate. Experimental 

conditions were, however, completely different. 

Also in 1964, Jones and Reason(28) investigated, 

by a photostress technique, the stress pattern at the end 

faces of two steel discs in line contact. .A stress pattern 

different from the one normally associated with line contact 
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was observed, due mainly to the bulging effects of the ends. 

Rolling contact stresses were to be investigated at a later 

date, but a private communication with Mr. Reason revealed 

that this experiment was abandoned due to failure of a disc 

shaft. However, tilting of fringes had been observed 

before failure. 

In 1965, Jacek Stupnicki(43)  published a 

comprehensive report on the photoelastic stresses in dry 

and lubricated line contact. In high load tests (maximum 

Hertz pressure 3000 kg/cm2 42000 lbf/in2  or 290 MN/m2 ) 

he used flint glass discs 120 mm in diameter, 30 mm thick. 

In low load tests (400 k g/cm 5800 lbf/in2  or 40 MN/m2  ) 

he used composite discs also 120 mm in diameter, 30mm thick. 

Composite discs were used so that the stress patterns in 

the central region of the contact could be observed. The 

inner region of the composite disc was made of Columbia 

Resin 39 (CR-39), while the outer parts were of organic 

glass, made_ especially for the purpose. The author claimed 

that the organic glass (a plastic) had an optical 

sensitivity over 100 times smaller than CR-39, while the 

elastic moduli for the two materials were similar. The 

report stated that a tilt of the fringes was observed in 

the lubricated case and no tilt when rolling dry. It was 

however, very difficult to determine any tilt of the 

fringes from the photographic prints available. From the 

stress patterns, Stupnicki determined the pressure 

distribution in the contact region, by the method of 

Characteristics. The following conclusions were drawn by 

Stupnicki: 
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(1) The presence of an oil film between two rotating 

discs reduces the maximum pressure by an average amount 

of 20% relative to the maximum Hertz value. 

(2) The degree of reduction of pressure is effected by 

the initial viscosity of the oil. 

(3) A pressure spike could not be detected. 

Cope(6) 1968, developed an optical method of 

determining not only the principal stress difference, but 

also the principal stress sum, in the contact region of 

two discs in rolling line contact. The contact pressure 

distribution was obtained directly from the principal 

stress sum at the contact edge. His experiments were 

conducted in the elastohydrodynamic region with high 

surface speeds. The theoretical pressure curve as shown 

in Figure 1, predicted by Dowson, Higginson and Whitaker(16) 

was tore or less confirmed by Cope. He produced experimental 

points from the inlet region to the spike which followed 

the theoretical curve. Points beyond this region were 

however, unreliable. Fortunately, the area under his inlet 

sweep of the curve was slightly less than the applied load. 

Cope therefore reasonably assumed that there would be a 

sudden drop in pressure, so that the total area under the 

pressure curve would equal the applied load. 

Finally Khayyat and Lancaster(30)  in 1969, 

examined photoelastically the effect of rolling a lead 

strip. The lead was rolled between two discs made from 

Columbia Resin 39. The load was large enough to cause the 

lead to yield when passing between the discs. The contact 
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length was about 10 mm., consequently very clear stress 

patterns were obtained. The normal and shear stress 

distributions at the surface were obtained by a Shear 

Difference method. 

Fig. 1. Comparison of experimental and theoretical 

pressure curves. 

1.02 General notes on thotoelasticity. 

Photoelasticity, is the study of the internal 

stresses in an elastic transparent material by observing 

the effects of the passage of polarised light through it. 

The theory of photoelasticity has been described many 

times. Textbooks by Frocht(24)  and also Jessop and Harris(27)  

are two examples. Cnly a brief summary therefore, will be 

given here. 
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Fringe patterns  

When plane polarised light passes through a piece 

of stressed glass, the incident ray is split into two 

components in the directions of the two principal stresses. 

One component is retarded relative the other by an amount 

proportional to the thickness of the glass and to the 

difference of the principal stresses, at that point. The 

two components, on leaving the glass, are resolved at the 

analyser. A resultant ray is formed from which, the 

stresses at a point in the glass can be determined. 

Interference  

Suppose the light wave emerging from the 

polariser can be considered as a vibration of the form: 

21f V = a Sin 	(ct-z), occuring in the plane OP 

as shown in Figure 2. 

Where V = the displacement perpendicular to the axis of 

the polariscope measured in the direction of 

polarisation at a time t. 

a = amplitude of vibration 

c = velocity of lightwave 

X = the wavelength of the light 

z = constant distance along the axis of the 

polariscope. 

As this polarised wave passes into the stressed 

material it is resolved into the planes of principal 

stress Ox and Oy with components x = V Coq and y = V Sind, 
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Fig. 2. Polarised wave components. 

During the passage through the stressed glass  

the waves will be retarded relative to one another by an 

amount r, given by 

r = C (pl-p2) d 

Where pl-p2  is the difference in principal stresses, 

d is the thickness of the glass and 

C is the constant of proportionality, called the 

Stress Optical. Coefficient. 

The two waves emerging from the stressed plate will be 

expressed as 

27T x1 = a Cos g) Sin — (ct-z-r) and 

= a Sin g) Sin ?k.. (ct-z). 

In order to observe the interference caused by 
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the phase difference, the two waves are now resolved 

perpendicular to OP by the analyser, giving components 

V2  = y1  Cos' 	and 	V1 x1  Sin O. 

Therefore, 

V2-V1 a Sin 0 Cos 0 Sin T- 277  (ct-z) 

27r - a Cos 0 Sin 0 Sin 	( ct-z-r)  

a Sin 20 Sin 	 Cos---(ct-z-E) 2 • 

This is a vibration whose amplitude is 

a Sin 20 Sin17r. 

The intensity of light is proportional to the square of 

the amplitude. Therefore, the observed intensity will 

be zero, at the point considered, 

Tr when either 	= nit", 

or 20 = 

Isochromatics  

Tr The first condition 	r  
A 

= nit, can be rewritten 

as; 	r = C (p1-p2) d 

At all points where the relative retardation is 

zero dark spots will occur, forming a dark line. Similar 

dark lines (if monochromatic light is used) will appear 

forming the locus of points where the relative retardation 

is one wavelength, and similarly for n wavelengths. 

These dark lines are called Isochromatics (lines of constant 

colour), or simply, fringes. In the case of monochromatic 

light, complete extinction will occur producing black lines. 
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White light, however, has a continuous spectrum with a 

range of wavelengths from about 3900 A (Violet), to 

7200 A (Red). In this case separate colours will be 

extinguished at slightly differing stresses. Complete 

extinction will not occur. Furthermore, the higher the 

order of fringe, the less clearly defined the stress , 

becomes. 

Isoclinics  

The second condition for zero intensity was 

0 = n7r 	This is the condition that the directions of 

the principal stresses should be along the axes of the 

polariser and analyser. At every point in the glass where 

the principal stresses are parallel to the polariser and 

analyser axes, a dark spot will appear. These spots will, 

in general, form a dark line across the model, called an 

isoclinic line. 

If the glass disc is viewed in plane polarised 

light, isoclinic lines will appear passing through the 

contact region. This obscures the isochromatics in that 

region. The isoclinics can be eliminated, without 

affecting the isochromatics, by using quarter-wave (N/4) 

plates, to give circular polarised light. 

Circular polarised light  

Consider the case of two plane polarised beams 

from the same source, of equal amplitude, emerging from a 

birefringent material out of phase by e 
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That is: 
x = a Sin wt 	and 	y = a Sin (wt-6) 

Eliminating t, gives 

y = a (Sin wt Cos e - Cos wt Sin& ) 

x CosE. - ja2 - x2 Sine • 

(a2 x2) sin2 y2 - 2xy Cos 	+ x2 Cos2e5 

i.e. 	a2  Sin2  6. 	x2 - 2xy Cos 	+ y2 

which is an equation of an ellipse. 

11* Suppose 	7  the equation then becomes x
2 + y2 a2 

which is that of a circle. 

As t increases from 0 to ?T/2w, x increases 

from 0 to a, while y increases from -a to zero. 

The light produced by the two waves out of phase 

by a quarter wavelength, is represented by a point rotating 

in a circular path in an anti-clockwise direction. A plate 

which introduces this amount of retardation in order to 

produce circular polarised light, is called a quarter-wave 

plate. It should be noted that a given quarter-wave plate 

matches only one particular wavelength and that it is not 

possible to produce a quarter-wave plate which suits white 

light. 

There are many kinds of polariscopes in existance. 

The type chosen was a Mixed (light field) Circular 

Polariscope. A schematic layout of the polariscope is shown 

in Figure 3. 
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Light 
source 

45 	cuarter-wave plate 

Fig. 3. 	Schematic diagram - arrangement of elements 

in a Nixed Circular Polariscope. Polariser 

and analyser are, crossed, quarter-wave plates 

are parallel. Light passes through the 

analyser giving a light background. 
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CHAPTER 2 	APPARATUS  

The apparatus consisted of a modified David Brown 

Two-Disc Nachine. A general view of the apparatus with 

sketches is shown in Figures 7 to 10. 

2.01 Discs  

One disc was made from plate glass. Glass was 

chosen because it is photoelastic, and because it is 

capable of withstanding the very high stresses encountered 

in elastohydrodynamic lubrication without yielding. The 

glass disc was 6 inches in diameter and 1 inch thick. The 

other disc was made from steel also 6 inches in diameter 

but only 7/8 of an inch thick. The glass disc was made 

wider than the steel disc for two reasons:- 

(1) The Hertz pressure distribution increases at the ends 

of the contact region, and it was thought that this increase 

in pressure might cause failure at the glass edge. 

(Hamilton(25) reported small chips breaking away from his 

glass disc.) By making the glass disc wider than the steel, 

the high concentration of stress at the edge would be 

avoided. 

(2) Some of the oil passing through the contact region 

is squeezed out axially. The glass disc being wider than 

the steel would prevent the oil from overlapping the glass 

edge and blurring the fringe pattern. 	The oil could be 

prevented from obscuring the fringe pattern by other 

methods, for example by the use of air jets blowing the oil 

away from the glass edge, as shown in Figure 4(a); or by 

the use of thin stationary glass plates at .either side of 
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the two discs, so that the whole enclosure would be filled 

with oil, as shown in Figure 4(b). The oil having the 

same refractive index as the glass would not cause any 

distortion of the fringe pattern. 

Two thin glass plates 

(b) 

oil 

Fig. 4. Methods of preventing oil blurring of 

fringe pattern. 

There would however, still be the tendency for 

the glass edge to chip, so the method of using the discs 

of unequal widths was chosen. Nevertheless, it was 

realised that the effect of having different widths would 

introduce additional 'end effects' which would tend to 

distort the fringes. However as thick discs were used 

the end effects were likely to be small. Unfortunately, 

in the investigation of a pressure spike, the fringe 
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pattern within 0.001 inches from the contact surface would 

have to be analysed. This means that end effects would 

have to be completely eliminated. A method of achieving 

this is proposed on the section on Future Work, page 104. 

The glass and steel discs were specially 

manufactured by Optical Works, Ealing Broadway, London. 

The. steel disc had a surface finish of approximately 2.5 

micro-inches C.L.A. (Centre Line Average). Page 90. 

While the glass disc had a finish so smooth that it was 

not measurable on the Talysurf. 

An additional steel disc was machined in the 

College Workshop in order to investigate the effect of 

roughness on the fringe pattern. The dimensions of this 

disc were similar to the other steel disc apart from the 

surface roughness. The disc surface was initially 

ground giving a C.L.A. value of approximately twenty. 

By using grades '2.5' and '5' emery cloth, a range of 

surface roughnesses were obtained. The Tally Surf traces 

are shown in Figure 33. 

2.02 Load 

The steel disc was mounted on fixed roller 

bearings. The glass disc, which was mounted on self-

aligning bearings, was free to swing on two rocker arms 

as shown in Figure 9. The radial load to the two discs

was achieved by independent lever arms on either side of 

the glass disc shaft. The calibration chart for the loads 

is shown in Figure 57. 
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2.03 Lubricant 

The lubricating oil used was BP 1065. This oil 

was used because of its high pressure exponent of viscosity. 

(0(= 2.1 x 10-9  cm2/dyne: 2.1 x 10-8 m2/N). This was 

necessary in order to make up for the low value, due to the 

glass, of the equivalent elastic modulus (E'). 

Dowson and Higginson(15) have produced theoretical results 

for values of C4E' equal to 2500 and 5000. Using BP 1065 

as a lubricant gives an OCE' value of 2300 	A Kinematic 

viscosity-temperature chart is shown in Figure 58. 

2.04 Drive  

The steel disc was driven, via a Vee belt, by a 

1/4 horse power D.C. shunt wound NECO geared motor. The 

motor speed was adjusted by means of a 'Servo-Tek' NECO 

speed controller. A 'Leindrive' flexible cable was con-

nected from the shaft of the steel disc to the shaft of 

the steel disc so that the two discs would rotate at the 

same speed in opposite directions. Experiments were 

carried out within a speed range of 5 to 80 revolutions 

per minute. 

2.05 Optical Bench  

The layout of the optical bench is shown in 

Figure 10. 

The monochromatic light unit is shown in Fig. 5. 

An Osram, 250 W, compact source mercury vapour lamp was 

used to produce monochromatic light. 
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Mercury vapour 

lamp with 

asbestos heat 

shield. 

----choke 

Fig. 5 Eonochromatic light unit. 

This lamp produces two visible radiation lines: a green 

line of 5461 A and a violet line of 4358 A. By passing the 

light through a No 77 Wratten filter, the violet ray can be 

absorbed and a strong green line obtained. The electrical 

circuit requires a choke to control the current to the lamp. 

Figure 6 shows the white light unit. White light 

was obtained by using an Atlas tungsten-halogen projector 

lamp 100 ',V, 12 V. 	A 20:1 transformer, variac and voltmeter 

were included in the circuit. The voltmeter was later 

discarded as it was not considered reliable. Instead, a 

lamp voltage-variac dial reading chart was constructed by 

means of an AVO-meter. The calibration chart is shown in 

Figure 59. 
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Tungsten-halogen lamp 

Fig. 6. 	White light unit. 

The polariser and analyser was made from poloriod 

sheeting Ref. HN32. This gives a total luminous transmit-

tance of 32% and an extinction of about 0.005%. It 

represents the best balance between transmission and 

extinction for general use and is recommended for photo-

elastic stress analysis. The quarter-wave plates were 

selected to suit the wavelength of the green line, 

transmitted by the mercury vapour lamp. To prevent their 

damage, the quarter-wave plates were mounted between 1 inch 

diameter glass discs. 

By a trial and error method, it was found that 

the simplest optical arrangement gave the best results. 

Theoretically a parallel beam of polarised light should be 

used, but in practice, it was found that a slightly 

cnverging beam gave better results. The converging beam 
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was obtained by placing a collecting lens at a distance 

from the light source, slightly greater than the focal 

length of the lens. A Beck microscope, with a telescope 

objective, was used to observe the fringes through another 

lens, placed at its focal length from the model. 

Photographs were taken with a 35 mm. Pentax 

camera. For black and white fringes, HP4 film was used. 

The developer was Nicrophen used for 5.5 minutes. The 

fixer was Amphix, used for 3 minutes. For coloured 

fringes, Anscochro:Ile 500 was used, the films were developed 

by the makers. 
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CHAPTER 3 	ANALYSIS  

3.01 Calibration of Isochromatics  

The isochromatic fringes, represent lines of 

constant principal stress difference. As the contact 

pressure distribution changes, so does the shape of the 

fringes. Their values however, remain constant. In otder 

to obtain a pressure curve from a known fringe pattern, the 

value for each fringe must first be asertained. This was 

acheived by assuming a Hertz pressure distribution existed 

between the two discs in static contact. 	Comparing the 

computed values of the principal stress difference with the 

experimental fringes, enabled the calibration to be made. 

It has been shown by Ford(22) that the radial 

stress at the point F, as shown in Figure 11, due to a 

normal line load P can be expressed in polar co-ordinates 

as: 

2P CosQ, 
Pr = r Pg - 0 	and Pr() = 0.  

It is more convenient in the present problem to use 

cartesian co-ordinates. That is; 

-2 P x2  y 
Cr.k w(x2 2) 2 

- 2 P y3  
(ry iv(x2+y2)2 

2 P x y2  
‘-xy ic(x2+y2)2 

where g- and q-  are the 

normal stress components 

in the x and y directions 

and Ifxy  the shear 

stress in the plane xy. 
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Fig. 11. Co-ordinate system for stresses. 

Radzimovsky(0)  showed that the stresses at a 

point, due to a pressure distribution, can be obtained by 

assuming the pressure to consist of a number of concentrated 

loads. The summation of the stresses due to each of the 

concentrated loads would represent the stress for the 

pressure curve. Hence, the principal stress difference 

at a point, due to a distributed load, is: 

P1 - P2 = 
2 + 	2 

0%-y 	x 

2 	2  or 	P1 P2 = 	( 	( 0-x  - Cry  )) 	+ 4 (>: rc-xy) 

For programming details of Calibration Chart see 

Appendix I. 
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3.02 Contact pressure distribution 

One way of obtaining a pressure distribution from 

a pattern of isochromatics, would be by a trial and error 

method. That is, to assume a pressure curve equivalent to 

the applied load, and to obtain from this curve a map of 

contours representing the lines of principal stress 

difference. Comparision of these contours with the experi-

mental isochromatics will enable a modification to the 

assumed pressure to be made. Eventually, after several 

iterations, a pressure curve can be obtained which conforms 

to the experimental stress pattern. 

3.03 Pressure distribution consisting of concentrated loads  

One method of calculation was to assume the 

pressure distribution to be formed out of several concen-

trated loads. (Usually about two to three hundred.) 

By constructing.a fine grid (80 by 40) in the 

contact region, the principal stress difference at the 

mesh points can be computed. Using a contour sub-routine 

developed by Monroe(34) enabled a plot of stress contours 

to be interpolated from the mesh points. 

For programming details see Appendix II. 

3.04 Pressure distribution consisting of parabolas 

There are several disadvantages in this. method 

of contour plotting based on concentrated loads, they are: 

(i) 
	

In order to obtain a smooth pressure 

curve at least two hundred concentrated 
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loads are required, in some cases nearly 

three hundred were used. This meant a 

considerable amount of time being used in 

the preperation of data cards. 

(ii 
	

The principal stress difference very 

near the contact region would be influenced 

by the concentrated load near that point; 

the resulting value would not conform to 

the true value based on a 'smooth' pressure 

curve. 

(iii) 	Computation time was from about two to 

three minutes, which was considered 

excessive when one takes into account that 

up to ten attempts may be required before 

obtaining the correct pressure curve. 

These objections were overcome by adopting the 

method suggested by Dowson, Higginson and Whitaker.(17)  

They showed how the stresses at a point could be calculated 

by formal integration, when the pressure consisted of 

parabolic blocks. Although the expressions are cumbersome 

they can be evaluated on a digital computer. 

This method was tried and it was found that all 

the disadvantages of the previous method were overcome. 

That is; 

(i) 
	

Only about six parabolas were required 

to represent a pressure curve. The number 

of data points being reduced by a factor 

greater than twenty. 
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(ii) The principal stress difference could 

be computed up to the contact edge without 

distortion. 

(iii) Computation time had been reduced to 

about one minute. That is, over one 

hundred per cent saving in computer time. 

For programming details see Appendix III. 

3.05 Pressure distribution from isochromatics  

The trial and error method of obtaining the 

pressure distribution, requires up to about ten attempts 

before a satisfactory solution is obtained. The number of 

tries, depends to a certain extent, upon the skill and 

experience of the investigator. It was decided, therefore, 

to investigate the possibility of obtaining the pressure 

curve, direct from the isochromatics. 

It has already been shown that the isochromatics, 

which represent lines of constant principal stress 

difference (PDIFF), can be expressed in the form: 

2 	2 
PDIFF 	( cyx  - cry) 	+ LI-rrxy  

  

2 
+ /4-tXj, 

   

i,e. PDIFF2 

 

(3.1) 

 

      

      

It has also been shown that (fix, 0'y  and Ifxy  
are functions of P (the load/unit length) so that 

equation (3.1) becomes: 
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12 
a. .Pj  . c. 

 

(3.2) 

 

    

This expression represents a set of SIMULTANEOUS 

QUADRATIC EQUATIONS. 

WhereP . are the loads (to be found) representing a. 

pressure distribution. The ultimate aim was 

one hundred loads. 

aij  and bij  are coefficients, which can be calculated, 

and 	ci  are the experimental values, obtained from the 

isochromatics. 

A digital computer was used to solve equation (3.2) 

using a Newton-Raphson method. The method depended on a 

first approximation to the values of Pj  being supplied. The 

programme was checked using 'experimental' points based on 

a Hertzian pressure curve. It was decided, as a first 

approximation, to assume a uniform pressure curve of value 

about half the maximum Hertz pressure. Such a wild guess 

was thought to be a severe but just check on the programme. 

It was found that the uniform pressure rapidly converged to 

the Hertzian curve in about three iterations, as shown in 

Figure 52. 

For programming details see Appendix IV. 

The programme solved Twelve equations and there 

was no reason why it could not be extended to solve one 

hundred equations. Unfortunately a serious setback was 

encountered in the development of the programme. As the 

number of equations increased, so the experimental values 

had to be taken nearer the contact region in order for 



convergence to occur. For example; for seven equations, 

the experimental points must be within 0.25B of the 

contact surface. For twelve equations, this distance had 

been reduced to 0.05B. Clearly, for the solution of one 

hundred equations the experimental points would have to be 

so close to the contact region as to make their accurate 

reading a practical impossibility. 

It is possible, however, that just as the trial 

and error method had been modified from concentrated loads 

to parabolas; so the quadratic equations, which were based 

on concentrated loads, could also be reformed on the basis 

of parabolas. If this is possible then the number of 

equations required for a smooth pressure curve would be 

drastically reduced. 

3.06 Accuracy of pressure curves  

It is now possible to obtain pressure curves 

from the isochromatics. It was found, however, that the 

accuracy of these curves depends to a large extent, on the 

ability to obtain clear fringes very close to the contact. 

This is in accordance with de Saint Venant's principle, 

which states as follows: "A change in the stress distri-

bution, caused by a change in the pressure distribution at 

the point of contact, is restricted to an area with 

dimensions of the same order as the width of the field of 

contact." 

It was thought that a method of checking the 

accuracy of the pressure curves, apart from comparing with 
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other research workers, would be to compare the elastic 

deflexion with the film shape, both being calculated from 

the same pressure curve. 

3.07 Elastic deflexion 

Dowson and Higginson,(12) expressed the elastic 

equation in the form: 

-2 
rEi p(s) log(x-s) ds 	Constant 

for the configuration shown in Figure 12. 

p(s) 

pressure curve 

deflexion curve 

x 

Fig. 12. Co-ordinate system for deflexion integrals. 
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Cameron(4)  • noted that since the constant could 

be ignored as only the differences in deflexion is 

required, the equation reduces to: 

s2 

V - 	E, 	p( s) log(x-s) -2 ds 

 

(5.3) 

 

s 

Difficulty is encountered in the numerical 

integration of this equation, at the point x=s. Archard, 

Gair and Hirst(2) overcame this difficulty by considering 

the pressure distribution to be uniform for a small region, 

abounding the point at x=s. The integral at that point was 

(47) then solved formally, by Parts. Weber, 	avoided this 

problem by integrating his pressure curve formally. 

Dowson and Higginson(12) also solved the integral formally 

by using their established technique of dividing the pressure 

curve into parabolic blocks and evaluating the integrals. 

The writer has also adopted this method, in a slightly 

modified form. 

For programming details see Appendix V. 

3.08 Film shape - Inverse solution of Reynolds equation 

For the configuration shown in Figure 13, 

Reynolds equation for one dimensional flow can be expressed 

as 

el4
3 
  12) 	dh 

ddx 	dx = 12u aTc  

 

( 3. 4) 

 

where u = i(u1+u2) 
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h +ve 

x +ve 

x 

Fig. 13. Co-ordinate system. 

.Integrating Reynolds equation w.r.t. x and 

substituting the boundary conditions ((+1,..)  = 0, when h.hm 

gives 

h-h 
12 = 12u 

( , 
	m  dx  

 

(3.5) 

 

Rearranging gives, 

3 
K h - h + 1 = 0 	(3.6) 

where K = _pd h2 /12 u4, 
dx 	< and E = h/hm  

This equation can be solved for a given pressure 

curve providing hm  is known. Dowson and Higginson(12) 

•••• 

have shown how hm could be estimated for a constant viscosity 

condition. The method described here extends their 

reasoning to the case where 
	

°LP  

Differentiating the L.H.S. of equation (3.4) gives, 



h3 122 3h2 dh 12 
1-A13  gAi = 12u dh 

dx2 + 
	dx dx2  dx 

i.e• dh [212 12 
dx 	dx 	12u 

 

  

but 

	

?= 	%e°(P 

	

1 d, 	_ 	12 

so that 

then, 

- 	12d 

dx 

dh 

dx 

12 
dx 
ph2 

dx 

113  
+ 	- 

= 

1 d 	dp 
= 

dx 

dx2 

00e  (o
()CID  

dx dx 

0( -)7  dx dx ( dx 

h3  d2p 
dx2  

A possible solution to this condition would be when 

d2p 
dx2 

oC CIE) 2 = 0 	(3.7) 

When this is satisfied 

dh [ 3h2  12 
dx 	dx 12u] = 0 

dh then, either 	= 0 (Minimum film thickness) dx 

2 
.02 12 or 12u dx = 

i.e. h _4u,  
dp/dx 

 

(3.8) 
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Clearly dp/dx must be positive, which implies inlet sweep 

of pressure curve for a solution. 

Equation (3.8) gives the film thickness at the 

point where 

d2p 

dx2 
= 	0. 

The film thickness hm can be obtained by combining equations 

(3.8) and (3.5). 

i  . e  . 	.s.2 
- 

4u  
- h2  dx  

h-h  12u5 	 
( h3 

2 
3 = h-hm 	hence hm  =  -3  h. 

Procedure for finding hm  is as follows. From 

the pressure curve obtain the point where equation (3.7) 

is satisfied. 

At this point h 

2 and then hm  = 3  h. 

Dowson and Higginson in their textbook on 

Elastohydrodynamic Lubrication, noted that the condition 

Li 121 
dx t ? dx  ) 	= 0 	is satisfied at the points of 

inflexion of the reduced pressure curve. (This is defined 

as the pressure curve which would be generated in an 

isovicous lubricant of viscosity ?0). 

Let q equal the reduced pressure, then 

- 	4u 7  
dp/d_x 
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h-h 
la .1211r/7 	-M  = e

--0(P 
dx 	(o h' 	dx 

T(d x) (1a Points of inflexion when Ta  dx) 	0 	(3.9) 

2 c )21 i.e. 	e-" -d—P [ 	- 0((04 

dx2 

agrees with equation (3.7). 

0 which, of course, 

A graphical method of differentiation(1) was 

used to solve equations (3.7) and (3.9). 	A complete 

solution is given in Appendix VI. 

3 
Solution of cubic equation 	 K h - h + 1 = 0 

It is now possible to estimate K for any point 

in the contact region. The solution of the equation yields, 

in general, three values of E for each value of K. A 

practical solution suggests that E must be real and 

positive. The choice between two possible positive roots 

can be determined by considering how the graphical solution 

of the cubic equation, is effected by changes in the value 

of K. 

3 E 
Rearranging equation (3.6) gives h = 17. y 

The solution of E would be the graphical intersection of 

two curves: 

and 1 
Y  = IC - 

as shown in Figure 14. 
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1 Note y F  — 7  represents a family of straight lines 

passing through the point 13 = 1, y = 0. 

Two positive real roots if K is positive (and small). 

One positive real root if K is negative. 

Fig. 14. Graphical solution of the Inverse Reynolds 

equation. 
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Selection of positive root. 

It has been shown in Figure 14 that when K is 

positive, two positive real roots may occur. The roots 

converge as K increases. Clearly, in the inlet region 

the film thickness must decrease. Hence choice of root 

is obvious. By continuing the analysis, a complete 

picture of the film shape can be obtained, as shown in 

Figure 15. 

It is possible to show by this method, that for 

a pressure curve with a spike, the film thickness 

increases just before the final restriction. This has 

been shown experimentally, using optical interferometry 

with point contact, by Westlake.( 49) 

For the programming details of the Inverse 

solution of Reynolds equation see Appendix VII. 
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Fig. 15. Graphical determination of positive root. 
and film shape. 
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3.09 Magnification of fringes 

The following procedure was adopted to obtain 

the magnification of the fringes. 

(1) A radial load was applied to the stationary 

discs, and the camera was adjusted so that the fringes 

were in sharp focus. A photograph of the fringes was taken. 

(2) The load was removed and the two discs were 

seperated to leave a small gap. 

(3) A piece of fine wire of known diameter was 

inserted into the gap. The wire was positioned so that it 

came into sharp focus with the camera. A further picture 

was taken. 

(4) The tests were continued without further 

movement of the camera. 

A photograph showing the wire in focus between 

the two discs and the calculation of magnification is 
shown in Figure 16. 

glass disc 

ire 
//14.0192" dia. 

steel disc 

28 ,Magnification - 0.
0.0192 - 14'6 

Fig. 16. Magnification of fringes.. 
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3.10 Position of 'hairline'. 

Photographs of the fringes were taken without 

a 'hairline' in the eyepiece. The hairline (line of 

centres) was afterwards superimposed on the prints. It 

was possible to do this because the position of the line 

of centres relative to the exposed film is constant for 

each frame. This was because the axes of the discs, the 

optical bench and the camera remained rigid throughout 

the experiment. The line of centres is easily determined 

from the static stress pattern, Hence it's relative 

position for other stress patterns is known. 
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CHAPTER 4 	'SMOOTH DISCS' - EXPERIMENTAL RESULTS 
AND COMPUTATIONS. 

4.01 Complete analysis of the stress patterns to obtain 

the contact pressure distribution and film shape. 

Conditions of experiment. 

Monochromatic light source. 

Steel disc roughness approximately 2.5/yin. C.L.A. 
Oil temperature 24.2°C 

Radial load 265 lbf/in. 	(46.5 KN/m) 

Maximum Hertz pressure 21,200 lbf/in2  (146 NN/m2) 

Photographs of the fringes were taken for the 

following discs speeds: 

0.0, 5.82, 17.5, 36.0 and 58.2 rev/min. 

Analysis of results. 

The fringes were calibrated from a photograph of 

the static stress pattern using the Calibration Chart, 

Figure 48. This calibration enabled the pressure curves to 

be computed from the remaining pictures. Thecomparision of 

experimental with theoretical contours, together with the 

computed pressure distributions, are shown in Figures 17 to 

21. 

Figure 17 compares the theoretical contours 

computed from a Hertz pressure distribution, with the 

isochromatics. Agreement is poor near the contact edge at 

±1.5. This is probably due to the actual pressure curve 

being distributed over a wider range (due to surface 

roughness) than the Hertzian curve. 
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Figure 18 compares the theoretical contours 

computed from a guessed pressure curve (fourth attempt), 

with the isochromatics obtained when the discs were 

rotating at 5.82 revolutions per minute. Fairly good 

agreement has been achieved so that the 'guessed' pressure 

curve represents the actual pressure distribution between 

the discs. For this particular test only, use was made of 

Programme 4a to compute the pressure distribution direct 

from the isochromatics. Seven simultaneous quadratic 

equations were solved. The experimental points were 

interpolated from a photograph of the fringes at a distance 

of 0.2B from the contact edge and 0.4B apart. The computed 

values of P(J) represent the concentrated loads. 

P(J) 
The equivalent pressure ratio = 

area x PM 

reduces to 
P(J) 

PM 	68 

The pressure curve, obtained from only seven 

experimental points is shown in Figure 18(b). 

Figure 19 compares the theoretical contours 

computed from a guessed presstire curve (eigth attempt), 

with the isochromatics obtained when the discs were 

,rotating at 17.5 revolutions per minute. Good agreement 

has been achieved except in the region (1.5, 0.5). This 

could be corrected by extending the pressure curve very 

slightly in the outlet region. 
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Figures 20 and 21 compare the theoretical 

contours computed from guessed pressure curves (third and 

sixth attempt), with the isochromatics obtained when discs 

were rotating at 36.0 and 58.2 revolutions per minute 

respectively. Very good agreement  was achieved. 

It can be seen that as the speed increases, so 

the pressure distribution spreads over a wider contact 

region, with a consequent reduction in maximum pressure. 

This has been illustrated in Figure 22. 

It was suggested in Chapter 3.06 that one method 

of checking the accuracy of a pressure curve would be to 

compare the elastic deflexion with the film shape; both 

being calculated from the same pressure curve. Figure 23 

makes this comparision for a pressure curve obtained when 

the discs were rotating at 5.82 revolutions per minute. 

Agreement is poor at the inlet and outlet regions. This is 

to be expected since the solution of Reynolds equation 

suggests that when dp/dx is zero, the film thickness is 

either infinite or equal to hm. This has been illustrated 

in Figure 15. 

Figure 24 shows how the film thickness and shape 

changes with the speed for a constant load. The centre 

line and minimum film thickness values have been compared 

with the theoretical film thickness based on formulae 

produced by Martin(33)  and also by Dowson and Higginson(14) 
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The Martin formula gives 
h0  4.9 "0  u 

R 	WI  

for 	770  = 35 poise 	(3.5 kg/m.s., 	0.073 Slug/ft.s.) 

W' = 265 lbf/in. (46.5 kN/m.) 

then 

i.e. 

ho 	4.9 x 0.073 	u  
	 x 72 	Note u in inches/sec. 

R 	265 x 12 

ho  = 9.4u x 10-6 
R 

The Dowson and Higginson formula for minimum 

film thickness is 

h 	1.6 0(. 6  (770u)*7  (E')'°3  

R 	(14')/13  R*57  

for E' = 15.9 x 106 lbf/in2 
	

and R = 1.5 in. 

h 
then — = 27.2 u.7 x 10-6 

R 

The relationship between these theoretical 

curves and the experimental points is shown in Figure 25. 
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PRESSURE AND ELASTIC DEFLEXION CURVES 
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Fig. 23. Comparison of deflexion curves. 

(a) Elastic. 
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Maximum Hertz Pressure = 21,200 lbf/in2  

1. Static load only 
2. Speed = 5.82 rev/min. u = 1.83 in/s. 
3. 17.5 rev/min 	5.5 in/s 
4. 36.0 rev/min 	11.32in/s 
5. 58.2 rev/min 18.3 in/s 

	
I h/R 

3 x 10-4  

2 x 10-4 

	

I 	I 

	

-3 
	-2 

X/B 

Fig. 24. Effect of speed on film shape. 
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u in/s. 

Fig. 25. Theoretical and experimental relationship 

between film thickness and surface speed. 
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4.02 Pressure spike 

Conditions of experiment. 

White light source. 

Steel disc roughness approximately 2.5 ,/ain. C.L.A. 

Oil temperature 25°C. 

Radial load 388 lbf/in. 	(68.0 KN/m.) 

Maximum Hertz pressure 25,800 lbf/in2. (177 MN/m2) 

Photographs, shown in Figure 26, were taken when 

the discs were 
	

(a) stationary 

(b) rotating at 5.1 revolutions 

per minute. 

With these experimental conditions; the values 

of the Load, Speed and Material parameters become: 

W = 
W' 

= 1.63 x 10-5  
E'R 

U 
ou 

= 3.4 x 10-11  
E'R 

G = oCE' = 2300 

A chart has been devised by Dowson and Whitaker (21) 

which enables a particular problem to be located in the 

'rigid', 'intermediate' or 'elastic' zones. Use of this 

chart indicated that elastic conditions probably existed 

for this experiment. 



(a) Stationary 

(b) Rotating at 5.1 rev/min. 

Fig. 26. Coloured fringes. 
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Three pressure curves (similar in shape except 

for the outlet region) together with their corresponding 

stress contours are compared with the experimental stress 

pattern, in Figures 27 (a) to (d). 

It would appear that the second pressure curve 

(Fig. 27(b) ) gives the best fit to the experimental 

pattern. The choice of curve, however, is dependent on 

the shape of part of the inner stress line. Although 

aware that the experimental evidence is not absolutely 

conclusive, it is nevertheless gratifying to record that 

other experimenters, such as Orcutt(38)  and Kannelc29)  

have obtained experimental pressure curves with a slight 

pressure rise in the exit region. 
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4.03 Dry and Lubricated Rolling Contact  

The series of pictures shown in Figure 28 shows 

the effect on the stress pattern of dry and lubricated 

rolling contact. Figure 28(a) shows the stress pattern 

obtained when the two discs are in static contact. The 

pattern is typical of the shape associated with a Hertzian 

contact pressure distribution. The sixth (inner) fringe 

is just ai_pearing as a dark patch. Picture (b) shows the 

effect of rotating the discs without a lubricant. The 

shape of the fringes remains basically unchanged although 

it is noted that the sixth fringe has now become clearly 

defined. This could be due to the surface asperities 

becoming less pronounced due to wear. The effect of this 

would be to reduce the contact area and so increase the 

pressure intensity. The increase in pressure intensity 

would tend to increase the number of fringes. 

Pictures (c), (d) and (e) show the effect of stopping, 

rotating and stopping again, the discs without a lubricant. 

The shape remains basically unchanged. The final picture 

(f) shows the dramatic change in the stress pattern when 

the discs rotate with a lubricant. The number of fringes 

has been reduced to three, indicating that the pressure 

distribution has been spread over a wider contact area. 



(a) Static(dry   (b) Rotating (dry) 

(c) Stopped (dry) (d) Rotating again 
(dry) 

(e) Stopped again 
	

(f) Rotating (lubricated) 
(dry) 

Fig. 28. Dry and Lubricated Rolling Contact. 
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4.04 Oil Entrapment  

Oil entrapment can occur when two lubricated 

surfaces are impacted together. It is thought by the 

writer, that one of the first persons to comment on this 

phenomenon was Rabinowicz(3c1)  in 1952. Rabinowicz observed 

that the transfer of metal occurred when a sphere was 

impacted against a steel plate, both for dry and lubricated 

conditions. However, in the lubricated case a small region 

in the centre of the indentation was free of metal transfer. 

Rabinowicz concluded from this, that a small amount of oil 

must have been trapped between the two impacting surfaces. 

Ten years later, Christensen(5)  analysed the 

effect of two elastic cylinders approaching each other in 

lubricated line contact. He showed that oil could be 

trapped between the two cylinders at a pressure higher than 

the maximum Hertz pressure. Since then, several experi-

menters have shown by optical interferometry the existence 

of oil trapped between two impacting surfaces. 

Dowson and Jones(18) found it when dropping a steel ball on 

to a glass plate. Westlake and Cameron(50)  also found it 

by dropping a steel ball on to a glass plate, and by using 

high speed photography and multiple beam interferometry 

the formation and dispersion of trapped oil was observed. 

Finally Roberts and Tabor(41)  using a rubber hemisphere 

and hemicylinder against glass, also observed the entrap-

ment effects. 

It has been shown that there is no change in the 

stress pattern when stopping and starting dry discs (Fig.28) 
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However, if the discs are lubricated the number of fringes 

increases considerably when the rotating discs are 

suddenly stopped. Several minutes then elapse before the 

fringes gradually revert to the form normally associated with 

static contact. This phenomenon may be due to the oil 

being trapped between the two surfaces. A series of , 

pictures showing the possible entrapment and dispersion of 

oil is shown in Figure 29. Pictures (a) and (b) show the 

stress patterns for lubricated static and rolling contact 

respectively. Eight fringes are visible for the static 

contact, reducing to six fringes for the rolling contact. 

The stress pattern, three seconds after the discs were 

stopped, is shown in picture (c). It can be seen that the 

number of fringes has increased over the static case by 

about fifty per cent. This would suggest that the maximum 

pressumis greater than the Hertz maximum. Unfortunately 

it is not possible to calculate the pressure distribution 

due to the entrapment, because of the dark patch which 

obscures the fringe pattern in the contact region. As the 

trapped oil gradually leaks away, so the pressure is 

reduced and the stress pattern changes, as shown in 

pictures (d) and (e), until the normal Hertz contact is 

obtained. This can be seen by comparing pictures (e) and 

(a). It was also observed that the dark patch gradually 

disappeared. The cause of this dark patch may be the 

uneven axial film shape and pressure caused by the 

entrapment of the oil. A similar occurrence has been 

commented on in the section on Oil Starvation. 
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The design of rolling elements subjected to 

starting and stopping conditions, should allow for the 

fact that pressures greater than the Hertz maximum can 

occur if the rolling surfaces are lubricated. 	In some 

cases, perhaps dry operating conditions may be 

appropriate. 



Maximum Hertz pressure 21,200 lb . 2 

(a) 

Static 

8 fringes 

(b) 

Rotating 17 rev/min. 

6 fringes 

C) 

Time t 	3s. from 
stopping discs 

at least 12 fringes 

(d) 

t 10s. 

at least 10 fringes 

(e) 

t 3min. 

8 fringes 

X 30 

Fig. 29. Oil Entrapment. 
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4.05 Oil Starvation 

The series of pictures shown in Figure 32 shows 

the effect on the stress pattern of cutting off the oil 

supply. Pictures (a) and (b) show the stress patterns 

for dry static contact and lubricated rolling contact 

respectively. With the removal of the lubricant, the 

stress patterns gradually changed to the shape normally 

associated with dry rolling contact, as shown in pictures 

(c) and (d). After running for about 45 minutes without 

additional oil being added, the discs were stopped. 

Continuation of the test seemed unnecessary since it was 

noted that after a time the shape of the stress pattern 

remained more or less constant. The noise caused by the 

experiment was also a governing factor which decided the 

stopping of the test. The sound was similar to that 

experienced when unrolling rapidly, a strip of self-

adhesive tape. It was feared that permament damage to 

the discs would result if the test continued for too long 

a time. 

It might appear from the pictures that a rough 

estimation of the amount of oil on the discs could be 

obtained by direct measurement. This however, was not 

possible as the glass was wider than the steel disc. 

This meant that the oil thickness observed on the 

photographs was really the thickness of the oil on the 

glass edge and not on the contact surface. This is 

illustrated in Figure 30. 
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Surplus 
oil 

Fig. 30. Surplus oil film. 

The surplus film of oil gradually disappears so 

that either it spreads over the sides of the steel disc, 

or it acts as a reservior of oil which partially helps to 

lubricate the contact zone. 

Another interesting feature that can be observed 

from these pictures is that the stress pattern is even 

more blurred than usual in the contact region. This may 

be due to the oil meniscus being curved at entry so 

causing a variable axial pressure distribution, as shown 

in Figure 31. 

oil meniscus 

Fig. 31. Axial oil meniscus. 
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In 1958, Crook(?)  carried out an experiment on 

a Two-Disc machine in which he measured the film thickness 

and the oil inlet temperature, during the period when the 

oil supply was cut off. This period lasted about 25 minutes, 

and he found that while the oil film thickness decreased, 

the oil temperature increased. This increase in temperature 

with the resulting decrease in viscosity was sufficent to 

account for the reduced film thickness. 

Wedeven(48) has recently investigated, for rolling 

point contact, the effect of oil starvation on film thick-

ness. Optical interferometry was used to observe, not only 

the film shape, but also the amount of oil in the outlet 

region. It was noted that the starvation of oil did not 

effect the film thickness, until the amount of oil in the 

inlet region fell below a certain value, after which the 

film thickness decreased. It was not thought possible, as 

in Crooks' experiment, for the reduced film thickness to be 

accounted for by the increase in the oil inlet temperature, 

since the rolling speed was about one tenth of the value 

used by Crook. However, the point to remember is that any 

reduction in film thickness, whether due to the oil 

starvation or the temperature rise, may result in asperity 

contact with the subsequent risk of wear. 



-87- 

Tiaximum Hertz pressure 21,200 lbf/in 	speed 17.5 rev/min. 

8 fringes 

(a) _Dry static contact 

fringes 

(b) Lubricated rolling contact 

8 fringes 

(c) After 10 mins. without additional oil 

8 fringes 

(d) After 45 mins. 	X 16.5 

Fig. 32. Oil Starvation. 
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CHAPTER  5 	EXPERIMENTAL RESULTS - EFFECT of ROUGHNESS. 

5.01 Object and reasons for tests  

The object of these tests, was to observe the 

change in the contact stress patterns with the change in 

the roughness of the discs. It was thought that some 

evidence might be forthcoming on the effect of film 

thickness and asperity heights on pitting. 

Most of the initial work on pitting was carried 

out by Way
)(46) 

who demonstrated that pitting was a surface 

fatigue phenomenon that could only occur if a lubricant 

was used. He also showed that rough discs were more likely 

to fail due to pitting than smooth discs. In a later paper 

entitled 'How to Reduce Surface Failure', Way(45) suggested 

that a very high alternating shearing stress below the 

contact surface, is not necessarily dangerous as far as 

fatigue is concerned. This was verified by Dawson(9)(10) 

who produced evidence that even for a high load, (maximum 

Hertz pressure 175 x 103  lbf/in2) in the complete absence 

of metallic contact pitting does not occur. It would 

therefore appear that surface contact must exist if pitting 

is to start. It was suggested by Cameron in a discussion 

of the paper by Beeching and Nicholls,(3)  that the higher 

local stresses at asperity contact may account for the 

increased pitting with roughness.. These higher local 

stresses have been shown, theoretically to exist, by 

Fowles.(23) 

( 9 ) Dawson 	noted that increasing the oil film 



-89- 

thickness has the same effect as reducing the surface 

roughness. A dimensionless ratio was defined as: 

The total initial surface roughness of the two 
D 
	mating discs. (Peak to Valley) 

Elastohydrodynamic oil-film thickness between 
the discs. 

The Dawson experiments indicated that pitting 

did not occur when D < 0.1 so that a range of tests 

were conducted for 0.025 	D < 7.0 

5.02 Details of surface finish 

The Talysurf trace for each disc is shown in 

Figure 33. 

Surface finish C.L.A. P to V 

lapped 2.5 5.0 

ground 20.0 60.0 

grade '2--' emery paper 90.0 250.0 

grade '5' emery paper 125.0 350.0 

5.03 'D' Values  

'D 	Values 

surface 
speed 
in/s 

film 
thickness 
x 10-6  

lapped ground 
'22' '5' 

1.83 54.3 .093 1.128 4.6 6.46 

11.32 194.0 .026 .308 1.286 1.8 
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'Lapped' 

2.5 	in. C.L.A. 

'Ground' 

20 	in. C,L.A. 

'2i' grade 

emery paper 

90 	in. C.L.A. 

'5' grade 

emery paper 

125 in. C.L.A. 

Fig. 33. Talysurf traces for steel discs. 
(across track) 
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5.04 Results  

Figure 34 shows the change in the static stress 

pattern as the surface roughness increases, as in pictures 

(a) to (d). As the roughness increases, the apparent 

contact width increases and the number of fringes decreases. 

This is to be expected since the rough surface would' 

distribute the applied load over a wider area, reducing the 

maximum pressure and hence the number of fringes. 

The corresponding stress patterns are shown in 

Figure 35 for the same load and degrees of roughness, as in 

the previous case, but with the discs rotating with a 

surface speed of 1.83 in/s. These pictures indicate that 

as the roughness increases, so the stress pattern reverts 

to the shape normally associated with its equivalent static 

shape. This is clearly seen by comparing Figure 35(c) 

with 34(c) and also Figure 35(d) with 34(d). 	The 

similarity between the static and dynamic stress patterns 

is to be expected, since increasing the roughness increases 

the possibility of surface contact. It has been shown in 

Chapter 4.03 that the stress patterns remain unchanged from 

static to dry rolling contact. Thus two conditions ideal 

for pitting are present, namely, a lubricant and surface 

contact. 

Increasing the speed of the discs increases the 

film thickness, which delays the tendency for surface 

contact to be made. This has been illustrated in pictures 

(a) to (d) of Figure 36 where the speed of the discs has 
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been increased to 11.32 in/s. Picture (a) shows the stress 

pattern when a fully developed oil film exists. Pictures 

(b),(c) and(d) show how the stress pattern gradually 

changes to the shape normally associated with dry rolling. 

The change, of course, is not so noticable as in Figure 35 

due to the higher disc speed. 

The results suggest that almost complete surface 

contact is obtained for 'D' values greater than two. 



haximum hertz pressure 21,000 lbf/in2 
	-93- 

(a) 

2.5 tin,C.L.A. 

(b)  

(c)  
90.0 pin, C.L.A. 

(d) 

125 rin.C.L.A. 

X 28 

Fig. 34. Effect of roughness on 
static fringe pattern. 

 



Surface speed u = 1.83 in/s. 	 -94-- 

(a)  

D = .093 

(b)  

D = 1.13 

(c) 

D = 4.6 

(d) 

D = 6.46 

X 28 

 

Fig. 35. Effect of roughness 
- discs rotating. 



Surface speed u = 11.32 in/s. 	 -95- 

(a) 

D - .02E.  

cb, 

D = .31 

(c) 

D = 1.29 

•Iir:..1151111  (d) 

= 1.8 

X 28 

Fig. 36. Effect of roughness 
- increased speed. 
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5.05 Effect of large asperity contact on the static  

stress pattern  

It was noted when investigating the effect of 

surface roughness, that the inner fringe would tend to 

'float about' for different contact positions. It was 

thought that this may have been due to an unusually large 

surface protrusion. 

A typical stress field is shown in Figure 37 

where the inner fringe is distorted. A slight movement of 

the discs caused this fringe to change its shape completely. 

An analysis of this picture would clearly be inappropriate, 

as the axial pressure distribution would not be uniform. 

However, a contour plot has been produced in Figure 38 

which shows the effect on the stress field of an undulating 

pressure curve. The curve was spread over a wide contact 

length to show the corresponding reduction in contours. 

Applied 
load 265k,/,k 

Roughness 
125 C.LA.iyin. 

your fringes 
instead of 
the usual 
eight for 
'smooth' 
contact. 

Fig. 37. Isochromatics - very rough surface contact. 
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CHAPTER 6 

6.01 Errors  

 

SUMMARY 

  

    

The errors arising from the project can be 

classified into two groups; namely, errors in the physical 

measurements and errors in the theoretical computatigns. 

Errors in the physical measurements  

Load 

A simple lever using standard weights, was used 

to apply the load to the discs. 	The error in the standard 

weights can be considered negligible. The length of the 

shortest arm of the lever was 1.5 inches. If the maximum 

error in measuring this length was±o.o15 inches. Then 

the possible error in measuring the load was ±1.0% 

Speed 

The range of speed covered in the tests was from 

about 0.1 to 1.0 rev/s. For this range, it was considered 

that the most economical method of measuring the speed 

(without sacrifice of accuracy) was by simply noting the 

time taken to count a set number of revolutions. This 

method produces errors less than 1.0%. Unfortunately a 

certain amount of slip occurred at the fastest speed, 

due probably to the flexible cable. A more realistic 

estimation of the error would be ± 3.0%. 

Temperature  

The temperature of the oil entering the contact 

region was recorded. This value would be slightly less 
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than the disc surface temperature required for estimating 

the oil inlet viscosity. Since however, very low speeds 

and only moderate ldads were used, the difference in 

temperature was thought to be less than one degree. The 

effect of this error on the oil viscosity reading was 

estimated to be 1-  4.0%. 

Surface roughness  

The specification of the surface roughness was 

not a straightforward matter. Several' Talysurf readings 

were taken in order to obtain a representative value. 

Readings deviated by as much as 	12.056. 

Film thickness and 'D' values  

The effect of these errors on the calculation of 

the film thickness and 'D' values was estimated to be 

± 5.0% and ±-17.0% respectively. 

Errors in the theoretical computations  

Calibration Chart  

The validity of this chart is based on the fact 

that the magnitude and position of the maximum shearing 

stress, corresponds with the values obtained by other 

writers.(44)( 3)  

Contour plot - parabolas  

Stress values on the centre line of the contour 

plot, based on a Hertz pressure curve, correspond to the 

values on the Calibration Chart. On this basis, the 
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programme was considered reliable for other pressure curves. 

Extreme care must be taken however when splitting the 

pressure curve into parabolic blocks. It is possible that 

the shape of the computed parabola, based on three points, 

would be different from the shape required. This has been 

illustrated in Figure 39. The possibility of this happening 

undetected was overcome by instructing the computer to plot 

the pressure curve so that a visible check on its shape 

• could be made. 

Three selected points 

Required pressure curve 

\ 	Computed parabola which 
fits the three selected 

----------- points but is not of 
the required shape. 

Fig. 39. Possible source of error - required and 

computed pressure curves. 
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Elastic deflexion 

The elastic deflexion programme was used to 

compute and plot the deformed surface, caused by a Hertz 

pressure distribution effect. The result, shown in 

Figure 54 shows the flat deformed surface justifying the 

use of the programme. The programme would have to be_ 

modified however, if extremely narrow parabolic sections 

were to be used. This is because small differences would 

then be involved in the calculations of the deflexions. 

The_method of modifying the programme under these 

circumstances has been admirably explained by Dowson and 

Higginson.(13) 

Inverse solution of Reynolds equation 

The accuracy of this programme depends mainly 

on the accuracy of the computed pressure gradients. The 

pressure profiles is made up of several parabolic curves 

so that discontinuities in the pressure gradients. are 

inevitable. The differences in the Elastic deflexion 

curve and Reynolds curve shown in Figure 23(a) and (b) 

are thought to be due to errors in calculating the 

pressure gradient. 
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6.02 Discussion 

Some of the experimental pressure curves and 

film shapes found by Dowson and Longfield,(19)(20) 

Longfield(32)  and Niemann and Gartner,(36)  show a 

marked similarity with those obtained in this report. 

Absolute agreement is, of course impossible, because.of 

the difficulty of ensuring the similarity of the various 

parameters. 

The slight pressure rise in the outlet zone of 

the pressure curve (shown in Figure 27(b)) is of interest, 

since it is an experimental indication of a pressure spike. 

However, too much reliance should not be placed on this 

section, because the prediction of the pressure rise. 

depended on the observation of part of an isochromatic 

fringe. One of the experimental difficulties of obtaining 

clear isochromatic fringes, is that their observations 

are required over a very small area and through a very 

long line of contact. The line of contact could be reduced 

considerably to give sharp fringes, if the method of 

reducing end effects suggested in Chapter 7.01 is successful. 

The effect of the tangential surface stresses on 

the contours was considered negligible, since pure rolling 

was assumed to exist. 	Even if a small amount of sliding 

was present, the tangential stresses would be small in 

comparison with the direct stresses. Calculations of the 

tangential stresses for pure rolling and sliding contacts 

have been given by Dowson and Higginson.(12) 
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6.03 Conclusions  

The photoelastic technique has been shown to be 

suitable for investigating the pressure distribution and 

film shape in rolling line contact. 

The Trial and Error method of determining the 

pressure distribution is simple in concept but may be 

lenghtly in application, depending on the 'turn around' 

time of the computer. The other method of computing the 

pressure curve direct from the Isochromatics requires 

very careful measurement of the experimental stresses. 

This method, which has yet to be developed to its full 

potential, is capable of producing a result in a fraction 

of the time taken by the Trial and Error method. 
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CHAPTER 7 	FUTURE WORK 

It should be pointed out that the suggestions 

listed below for future work are not entirely those of the 

writer. They are the result of general discussions with 

staff and students of the Lubrication Laboratory and 

visiting research workers. 

7.01 Elimination of end effects 

A sketch of a stress pattern corresponding to 

a pressure with a spike is shown in Figure 40 reproduced 

from a paper from Dowson and Higginsonc15)  

'-B 
1 
+B 

Fig. 40. Effect of pressure spike on stress 

contours. 
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If this stress pattern is to be observed 

experimentally then 'end effects' must be eliminated. One 

way of achieving this would be to combine the polariser, 

analyser and quarter-wave plates with the glass disc; 

together with supporting glass discs on each side, as 

shown in Figure 41. ",hen stressed, only the centre glass 

disc would show photoelastic fringes, which should be free 

from 'end effects'. 

+ 

X/4 

glass 

A/4 

disc P 

A 

X/4 

polariser 

analyser 

quarter-
wave plate. 

steel disc 

(a) Existing arrangement 

glass disc 

supporting 

glass discs 

steel disc 

(b) Proposed arrangement 

Fig. 41. Optical layout. 



compound glass block 

steel roller 
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There is however, a possibility that local 

distortion may be suffered by the polariser, analyser and 

quarter-wave plates when in contact with the steel disc. 

Or indeed, that the polarising properties of the plates 

may be affected when stressed. These factors could cause 

distortion of the fringe pattern. To check this possibility 

it would be first advisable to make a compound glass block, 

and to load it against a steel roller, as shown in Fig. 42. 

Fig. 42. Experiment to check clarity of 

photoelastic contact stresses. 
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Another way in 

which 'end effects' may 

be eliminated would be 

by blending the ends of 

the steel disc, shown in 

Figure 43. The object of 

blending the steel disc 

is to ensure that when 

it is loaded against the 

glass the axial pressure 

distribution between them 

remains uniform. 

glass disc 

steel disc 

Fig. 43. Blended steel 

disc. 

7.02 Combination of optical methods  

The optical interferometry method of determining 

the film shape in point and line contact has been developed 

to a fine art; particularly in the Lubrication Laboratory 

at Imperial College. An experiment which combines the 

interference film shape with its photoelastic stress 

pattern would be worth developing. The suggested apparatus 

shown in Figure 44 would be basically a four-disc machine 

the inner disc being made of glass. 

Hamilton and Moore(26)  combined Crook's(8)  method 

for obtaining the film shape, with Kannel's(29)  method for 

obtaining the pressure distribution in line contact, into 

one gauge. The gauge consisted of a thin manganin strip 

vapour-deposited on to the. rolling surface of a glass disc. 



-17 ) 
steel 

4-  ) 

::steel 

Observe optical 
interference 
fringes 

Observe 
isochromatics 

air pads 
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If a similar metallic strip was vapour-deposited on to 

the glass at A, as shown in Figure 44, then the effect 

of its presence as it passed through the contact region, 

could be observed optically. 

Part view in direction 
of arrow B. 

Fig. 44. Four disc machine, combination of optical methods. 



reflecting 
surface 

sapphire 
insert 

sapphire insert 

- 

reflecting 
surface 

Observe optical 
interference 
fringes 

— Observe 
isochromatics 
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7.03 Sapphire insert  

Another way in which the two optical methods 

could be combined is by using a sapphire insert as shown 

in Figure 45. Sapphire has the advantage of having a 

much higher elastic modulus than glass. It would therefore 

be able to withstand a much higher contact stress. 

steel disc 	steel disc 

Fig. 45. Sapphire insert. 
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APPENDIX I  

Calibration Chart 

This chart calibrates the Isochromatics due to 

a Hertz pressure distribution. The chart has been devised 

in nondimensional form to enable one curve to cover the 

whole range of experimental conditions. 

The programme computes and then plots the ratio 

of Principal stress difference to maximum Hertz pressure; 

against the ratio, radial distance from contact, to half 

the Hertzian contact width. 

04) According to Hertz, 	the pressure distribution 

on the surface of two compressed elastic bodies, as in 

Figure 46, is defined by the expression: 

11 - B x2 
2 	i W

7T 
 'R p = PM 	 and B = 2 E' 

where Ei 

[1-A2

Eg  

1 -)Js2.] 

Es 	 • 7 

s -steel 
B 
	

B 

Fig. 46. Hertz pressure curve. 

and 
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+B 	+B 
WI = 	p dx 	= Prif [1 - 

-B 	-B 

i.e. 7r-  B PM W' - 	2 

PM . 2W'  

Given that 
	

Rg Rs  = 3.0 in. 

/-g u__ = 0.35 

0.25 

Eg  = 9.5 x 106 lbf/in
2 

Es 	29.0 x 106 lbf/in
2 

then B = 0.000485,17 in. 

and FM = 1310]-7 lbf/in2  

when W' is measured in lbf/in. 

Notation and method of computation 

The distribution of concentrated loads within 

the Hertz pressure curve, together with the positions in 

which the values of the principal stress difference have 

to be calculated, are shown in Figure 47. 

From this Figure it can be seen that 

2 B P 	p d(X/B) 	PM,' 1 - (X/B) .5-(7 
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i.e. PM  2 2 
P 50 (B - x ) 

which, in Fortran, becomes 

P.26.2*SQRT((.00049*W)**2-X*X*11) 

00(I) loads 

YY Y 

1/50 

X/B 

At each point 

PRR is computed. 

PRR - principal stress difference  

maximum Hertz pressure 

GX 

Y/B 

Fig. 47. Distribution of concentrated loads. 

160(J) points 



-113- 

Flow chart 1 

1 
Calculate PM B 

50 
.1=1 

Start)  

\ Read in VV/ 

Call subroutines to plot 
scales & title etc 

1 
Put GX= —•075 

I  

I GX=GX-H1 

Y=GXe B 

	1 
r 
	 Put X= —1.023EB 

SIGMX=O, SIGMY=0. TAUZ= O. 
1  

1=1 
51 

X= X -I- B/50 

I Calculate PRR 

Plot GX, PRR 

--I J=J+1 

H  1 =1 +1 
yes 

no 

1 

Calculate ox , og' & t'xo 
& add to S IGMX (y) etc 

End 

see Fig.47 



Programme 1 
// JOB 	WHOO1 	 —114- 
// FOR 
*IOCS(PLOTTER,TYPEWRITER) 	1130 IBM 

West Ham College *LIST SOURCE PROGRAM 
** 	B KLEMZ. 	MECH DEPT. 
C CALIBRATION CHART 
C INSTRUCT OPERATOR TO SET PLOTTER AT CENTRE 

WRITE(1,99) 
PAUSE 3 

99 FORMAT(1H,'PLEASE LOCATE PLOTTER IN CENTRAL POSITION') 
PI =3.14159 
TH=PI/2410 
W=388. 
B=.00049*SQRT(W) 
PM=1310*SQRT(W) 

C----TO FIX SCALES AND ORIGIN 
CALL SCALF(1.0.10.0..-1.0.0.4) 

C....-DRAW GRID 
C----PLOT +X AXIS 

CALL FGRID (0.0.0.0.0.1.0.16) 
C 	—PLOT +Y AXIS 

CALL FGRID(1.0.0.0.0.0.1.6) 

CALL FCHAR(640.0.7.0.2.0.2.0.0) 
WRITE(7,200) 

200 FORMAT(17HCALIBRATION CHART) 
CALlt  FCHAR(6.8.0•67.0.1.0.1.0.0) 
WRITE(7,201) 

201 FORMAT(17H(NON—DIMENSIONAL)) 
C--TO TABULATE X SCALE 

IX=O 
DO 20 I=1,17 
CALL FCHAR(XN.0.03.0.2.0.2.0.0) 
WRITE(7,202)IX 

202 FORMAT(I2) 
XN =XN+1.O 
IX=IX+1 

20 CONTINUE 
CALL FCHAR(5.0....0.09.0.2.0.2.0.0) 
WRITE(7,203) 

203 FORMAT(16HDEPTH RATIO Y/B) 
CALL FCHAR(10.0.-.0.09.0•15.0.15.0.0) 
WRITE(7.204) 

204 FORMAT(29HB=HALF HERTZIAN CONTACT WIDTH) 
C--TO TABULATE Y SCALE 

YN=0.0 
YA=0.0 
DO 21 I=1.7 
CALL FCHAR(-0.4.YN.0.1.0.1.0.0) 
WRITE(7.205)YAU 

205 FORMAT(F3.1) 
YN=YN+0.1 
YAnYA+0.1 
YAU=YA+04,01 

21 CONTINUE 
CALL FCHAR(...0.7.0.1.0.1.0.1.TH) 
WRITE(7.206) 

206 FORMAT(50HPRINCIPAL STRESS DIFFERENCE/MAXIMUM HERTZ PRESSURE) 
GX=0.075 
DO 50 J=1.160 
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GX=GX+0,1 
Y=GX*B 
X=1•02*B 
SIGMX=0. 
SIGMY=0. 
TAUZ=0* 
DO 51 1=1,100 
X=X+(B/5060) 
P=26,2*SORT((o00049*W)**2...X*X*W) 
C=(-2.*Y*P)/(PI*((X**2+Y**2)**2)) 
SIGMX=SIGMX+C*(Y*Y) 
SIGMY=SIGMY+C*(X*X) 
TAUZ=TAUZ+C*(X*Y) 

51 CONTINUE 
PDIFF=SORT((SIGMX...SIGMY)**2+48*TAUZ**2) 
PRR=PDIFF/PM 
CALL FPLOT(-2•GX,PRR) 

50 CONTINUE 
CALL EXIT 
END 

FEATURES SUPPORTED 
IOCS 

CORE REQUIREMENTS FOR 
COMMON 	0 VARIABLES 	50 PROGRAM 616 

END OF COMPILATION 	- 
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APPENDIX II  

Contours - pressure curve based on concentrated loads 

Data fed into the computer was magnitude and 

position of each load. 

The programme plots the pressure curve and from 

this curve computes and then plots, the contours of 

principal stress difference/maximum Hertz pressure. 

Provision was made in the programme to: 

(i) move the pressure curve either to the left or right 

of the line of centres, 

(ii) check and modify the area under the pressure curve 

to agree with the applied load. 

Notation and method of computation 

The distribution of concentrated loads within 

the pressure curve, together with the mesh points in 

which the values of the principal stress difference have 

to be calculated, are shown in Figure 49. 



(I) loads 

I I  

	 IY points.  

points 

S 

Co-ordinates at the 

point S relative to 

D(I) is A-X(I),Y. 

2B 
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2B 

A 

x(T) 

pressure curve 

D(I) 

Fig. 49. Co-ordinate system for contours. 

Mesh details. 

Number of mesh points 40 x 80 = 3,200 

Mesh constructed from 0.1 inch squares to 

give a contour plot 4 inches by 8 inches. 



no 
IY- IY+1 

Y=Y+ 05 x 

SIGMX = 0 SIGMY= Os TAUZ= O. 

I=1 
8 

no I-I t1 

Calculate PRR (IY IA) 

Calculate 05., 6-4 
& add to 	SIGMX(-) etc 

no 

yes 
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Flow chart 2 

Start 

Read in W., KOUNT 
X(I), DX(I) , D(I) 

Calculate 	PM 

A= 2.0 x B 

IA 	
11 

A= A — •05 x 

— •025 x 

IY= 
10 

yes 

IA= IA1-1 
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Write Force 

Call subroutines to 
plot scales 8, title etc 

Plot pressure curve 
do loop 88 

Plot Contours 

( End ) 

1=1+1 

I =1 

Force = 0, 

Cal. conc. load & add to Force 
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1'103 61. 7n 	 DATE r 

	 _ 	 

 	Programme 2 	 7094 IBM  Imperial College_ 	 

 	- 	 1:fiTq1- -1  

1TXST(4),TYCT(4C - ) 

EW=2( 

AAAA=:).275 
-tax 	 

28 FORfIAT(3(3F7.4,3X,))  

W 765. '• 
	$  

P;1=1311.! .S()R1*( 1,() 

00 11 I = 1, 91 

Y= 

Y=Y+.-15**, 
 	 --A- TX 

S1 GP-111=0  

DO 18 I=1,V0WIT 

	 c I 	 Y 
CI (1:1Y 	m +C 	( 	- .ICA-A7V ) 	- A **2 

	 TAIJZ=TAUL4E-*(1_XIT)AAAAA-AA:--4-AT-7AY 	  
18 CONT I '1E 

11--11±1:4-• 	 _L-171 
PRR(TY,TA)=PDIFF/DM 

	ATV C.-a-Fa-TN rit- 
1 1 CO N T T.IE 

DO 59 I=1,K1ANT 

59 CONT I 11.(17 

	 58 FJPMAT(P'XOPLIRADTAL FORCE BETWEEN OISC -p- IN PCUNDS =F6.1) 
	C-kI  1- STAL3 	  

DO 55 iJ=1,2  

Yj =7.( 
	1 	0T-TYog Yr1 I  -71 _ 

CALL. AXTC(() .(,-,«.,14 X/B,31 8.0790.0,-2.0,0.5) 

	CALL  PLDT(4.(,-4.,) 
 	CAittRE474.74T42A 	 

CALL AXIS(44.( 14.C,15HDEPTH RATIO Y/3,-.15,34,0,180.1,2.),-(1.5) 



B 2202 
	

10016170 
	

DATE  
	 #EF- TIMP ET=E.-11F 	 C_S--) 

CALL PLOT co 	4. 	2) 

CALI. [ LOT(-'i.75, C.0,2) 

CALL SYtA.:-!01 	75 ,l. 5, :1. 1,10HCI I_ 13IJTLET 0-90.0,10 )  
. 

CALL SYMBOL(-1.251).751C.1 ,21HP?ESSURE 	STRID.JT 	 21)  
E.REt-Lt 

1E,Q0.2,3 
	_ 	 Tjzzy 	  

CALL PLUT(O.( ,-4.C, 3) 

CALL PUTT( 	• 4-5, -5.0, 3) 

XA=-2.C*D( T  )*FtqrAt., 
1-Xf_-1--1,77-_AA A-}-- 

CALL 7i_n-r(xA,Y,7) 

C--MOVE PLOT  ORIGIN TO LOWER L H CC'NE.P 

XTEST=n.5c 4; 

XTEST=;-  . 525 
fiSC 	A N 	  

	 N-47TXST_--i_iY_ Sri400-0A _ _ --= _ _ 
XTPST=r.'. 455 

	  i,=,  1-SC  A N ILXS 	'Y ST 40-0 -in  	 
XTEST="'. 

 

58Err=-' 

 

A.Q. 	 : 	 AN IST1YSTflft,iJr- 	

   

X FE ST= 

  

SCAN, TAST - TYST_ I   	— 	  
XTEST=C .21(  

	 C A N-,--r_xs77,---1.Y 
XTEST='7 . 

 	CAL 	 -   A IfiT-XS.rf-4.4Y-ST4-4Tin  -I  

	

ii  	
XTEST=C'ir 54 

N  
CALL PI OT(-C. -Iri,it.o v - 

2 Y3=14. (' 

GO TO 

55 	CO N T r.P.IE 

STr_iP 



pressure 
curve p(x) = a + b* + c11/2  

s1 2 s3 

Y 

x 

A 

S 

Fig. 50. Co-ordinate system for parabolas. 
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APPENDIX III  

Contours - pressure curve based on parabolic sections 

Data fed into computer was position and magnitude 

of three ordinates for each parabola. The pressure curve 

is divided into sections of differing size, according. to 

the shape of the curve. Each section is represented by a 

parabola with respect to an origin at the centre of the 

base of the section, as shown in Figure 50. 
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By modifying the equations shown on page 34 it 

is possible to show that the stresses at the point S 

(Figure50 ) due to a pressure curve, is given by the 

following integrals. 

Cric 
= 

7r 

)/((s3 

- 2 	
( -x)2  Y P(x) 

[A-x)2  + Y2
]2 

s3  

2 	(A-x) Y2  p(x) 

F-x) 2  + Y 

Si  

Si 

Y3  p(x) 

 

[(A-x)2  + Y 23 2  

dx (A3.1)  

(A3.2) dx 

dx (A3.3) 

The general equation of the parabola is 

p(x) = a + bit/ + cy? 

the boundary conditions required to calculate the 

coefficients a, b and c are: 

P(x) = P1 	at Ili = _ e 

p(x) = p2 	at 	= 0 

and 
	

P(x) = P3  at 	= 
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•• 	a = p2 	in Fortran IV this becomes 

SA.P(I+1) 

b - P3 P1  
2.e 

this becomes 

SB=(P(I+2)-P(I))/(2*SIJ(I)) 

and c - P3 + P1 	2P2 
2P2 

i.e. SC.(P(I+2)+P(I)-2*P(I+1))/2*SL(I)**2) 

From Figure 49 it can be seen that 	x- s2  

and dlk= dx therefore equation (A3.1) becomes: 

 

(A-s2-1  )2  (a+b1P+42) 

2 	2] 2 	 dr 
(A-s2-1?) + Y 

 

(A3.4) x 

 

but X = A-s2  

therefore, if a+b1f+cy2 	= 0(. ±,g(x-Ip)±1((x-A02  

then 	= a + bX + cX2  in Fortran IV this becomes 

ALPA=SA+SB*BX+SC*BX*BX 

g - (2cX+b) 	this becomes 

BETA.-(2.0*SC*BX+SB) 

and. 	= c 
	i.e. GAMA.SC  
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equation (113.4) becomes 

[ot+A(x— 	+ 1((x.-.1)) 2 ] 	Y 

[(X- qb2 	1 y 2  

The solution of this integral has been noted 

by Dowson, Higginson and Whitaker(17)  to be: 

05 
1 

 = 	— (N I2. + (2 Y13 + cY2I4) a-  

Tr ( o + R YI1 + cY2I2) 

+ 	YI2  + cY2I3) 

where Io = [tan
-1 ?(-NV 	(X- 9 Y 

Y 	(X-9f/) 	+ Y2  
1  Fortran 

• . BIO 

 

1 	[ (X- Iff)2  + Y2 
-Y  

cup 

BIl 

I2 = [tan

-1 

X 	(X Y  
(X-10 + Y2] _.e 

• • • • BI2 

+J 
Y 	

2 
2 

1 
= 	 2 logaX-le2 + Y2) + 	• . B13 

1 	
(X—ip) 2  + Y`• 

3 tan-1 X- Y ]* . BI4 4 	
4 	(X- 1g 	Vi) 	 X-1= 

(X -11,) 	+Y _.e 
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+P 

let Cl . [tan-1  .31-7-21 

i.e. C1=ATANUEX-SL)/Y-ATAN((BX+SL)/Y) 

let C2 = (X-10 
y2] 

()C 2  10 	+ 

i.e. C2.(BX-SL)/((BX-SL)**2+Y*Y)-(BX+SL)/((BX+SL)**21-Y*Y) 

let C3 - (x.1.)  ÷ y2 ,e  

i.e. C3.Y*YMBX-SL)**2+Y*Y)-Y*YMBX+SL)**2+Y*Y) 

let C4 = log((X-q)2  + Y2)] 

i.e. C4.ALOG(((EX-SL)**2+YzY)/((BX+SL)**2+Y*Y)) 

Therefore 

BI0.C1+C2*Y 
BI1.-C3 
BI2.C1-C2*Y 
BI3.C4+03 
BI4.(-4.0*SL/Y)+C2*Y-3.0*C1 

It is therefore possible to write a programme 

which will compute tr;"cl  03,, and T;3, at a point in a 

elastic medium due to a parabolic load distribution. By 

repeating the procedure for other parabolas a summation 

of 05c, 	and 	can be obtained. Hence the 

principal stress difference. 

_ 

+P 
[ 	y2  

2 
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Flow chart 3 

( Start 

\ Read in KOUNT 
SO) ,1311) SEW  

A =2.05 

IA=1 
11 

A= A- 05 

Y=-.05 

Y=1 
10 

Y =Y • 05 ke.contact edge 

   

SIGMX= O. S IGMY= O. TAUZ = 

     

        

 

area under 
pressure curve 

                  

       

AREA= 0. 

          

                   

                    

       

KOU = KOUNT — 

99 

       

              

              

              

              

                    

                    

       

Cal. a „ c, 1.,1,1. etc 

       

                   

     

AREA = AREA 	j:1,64911.• 

     

                   

       

Is 
KOU no 

yes 

       

              

              

              

              

               

 

Write AREA 

            

               

               

Plot scales 
& title eic. 

Plot pressure curve 
Do loops I &2 

Plot CONTOURS 

( End 1 

IY =1Y 

IA - A + 



	 Programme 3 
	

703.4 IBM Imperial College 	
• • 	 • 
_ . 	. 	

IBFTC BLK 	  

- 	EF N 
	

SOURCE STATEMENT - IF!( S) 

0 I MEN S  I 	(25 ) 	2 5 L!  SE( 25),P RR (4 0 0 1) ISCAN (46 ) r 	 
IKST(A00)IIISTt4101 -- 

C--TES 

20 

1 cie 
_4(p UN 1=23 — 
LINES =1 
READ (5,20 / --1 
WR ITE(6,21) 
FORMAT( 3LF  

tS (1  
(S (1 ) 7 P(1) ,SE(I) ,I=I IKCUNT)  
E 	) )  	 

21 FURMAT(4(11_) X,3F7.3)) 

A=2.05 
1A 	E1 	  

A=A-0.05 	 

CO 10 IY=1.1 40 
Y=Y+0.05 
SIGP Y=0.0 

- 

• 14U) Y=0.0 	  
AREA =0.0. 
KU 	KC UN 1-2 	  
DO 	9c 1=1 j  K C L-72 	  
SL=SE (I) 	  

- - -..SA=P(1f1) 
5B=(R(1+2)-13  (I ) )/(2.0*SL) 

tP t1+21+FAI 	 1+141 /12.40#SL*Sti 	  
 	BX=A- St I+1 ) 

Al-RA=SA+SB*BY+SC*BX*B1(' 	 
flF TA =-(2.0*.!0*B)(4 SB )  

 	GAM A = SC. 
C1=ATAN( (13N -SL) /Y)-ATAN( ( BX+SL)/Y) 

	 = C2=( BX- 	/t (BY-S1.)**2+Y*Y)- (8X+SL)/( tBX+SL4**2+YAY-4- 
C3=V*Y/((B X-SL )**2+ Y*Y )-Y*Y/I (BX+SL )**2+Y*Y  ) 	  
C4= A L CG t t t B X!,S LI*42-+Y*Yi /A.C-BX1+SL-1*•*2+1*Y 1 	  
810=C1+C2*Y 

 	61 1=-C - 
EI2=C1-(7,2*Y 
BI 3=C4+C 
814=(-4.04-- S 
SI GMY=SI GMX 
SIGMY=SIGMY 
TAUXY=TAUXY 
AREA=AREA+2 

  

ifff_ ---- --- 

L/Y)+02*Y-3.0*C1 
+tALPA*B12+BETA*N4 
+(ALPA*BIO+dETA*Y* 

+tAl-P-Atilj+BETAggY* 
.0*SA*SL 4-(SC*SL**3 

B12+SC*Y*Y*B14)1131- 
e I 1+SC 4'Y*Y*812)/P1 
EI2+SYtY13 1/ PL-- 
)*_2__. 0/3.0 	  

	 Sc. CONTINUE 
  PRPAIV / IA). SCRT( (5I(MX-SIG\IY) **2+4.0*TAUXY**2 )  

	

CON 1 NUE 	 
	 11 CONTINUE 

	

- 	(IR 1TE (6,22)AREA- 	



	

22 FORMAT( 1CX,51-AP.EA=E16.8) 	 
CALL START 	- 	  

	 DO 55 JJ=1 7 LINES 
'21'7  X0=5.0 	— 
	 YO=7.0 

CALL 	- 	 _ 

CALL AXIS((:.0,-4.07 3HX/13_7 3_7 .0,90.01-2.01 0.5) 	  
CALL PLCT 
CALL PLCT(4.Dy-4 .C12)  

	 CALL PLCTc,.C,Z---- 
	CALL

- 
AXIS(4.00.( 1 11HOEFTH RATIOL711,J1A01180.0 t2.01  —0.5) 	 

 

	

	CALL PLOT(1.C74.0      _ 	 _  
CALL PLCT (C .C,'-. C72)  

	 CALL F L 1 ( 4.1140, C 	_ 	
	 CALL PLOT 	C.0 )  

C"Tfl (RITE TITLES 	 
CALL SYMBOL (—.7.511.570..11_1111CIL CUT LEI:1+91.01 10 ) 	 
CALL SYMBOL (—.75_1±4.040.11-91-ICIL:' I NLET 1.140.0.9 ) 
CALL SYMBCL (-1.25 7 2.751 C.11 21HPRESSURE EISTRIBUTIONiqD0,21)___ 

_ 

	

	CCALL SYMBOL (4.2 /-151 0.1,301-1CCNTOURS  CF—PR INC IPAL STRESS,_ DIFFERENCT 
1E29C .01 39) 

C--IC PLOT PRESSURE CURVE 	 
CALL PLO-1(0.0 1 -3.C1 3) 

S3=(P(I+2)—P(I))/(2.0*SL) 
. 	_SC= (PC I+2 )1•P (I )-2..0*Pi I+11 

- - CO 2 K=1140- 
X=S( I) 	 

	TYA=X*2.0 
TXA=-2.0*( SA+SB* (Y—StI4:1/).+SC*(X—S( I+1) )**2 ) 	  

4 CALL ENPLCT  (8.0 ) 	 
STOP 	--- 
END 



-131- 

APPENDIX IV  

Solution of Simultaneous Quadratic Equations  

It was shown in Chapter 3.05 that a pressure 

curve could be obtained from the isochromatics by solving 

a set of simultaneous quadratic equations. The set of 

equations to be solved are: 

[

n 	i2 n 

aij  Pj 	+ 	
l 
b. 

a  
. 13

J  
. 

.1 	j=1  

c. 

i = 1 to n 

where n is the number of equations 

Method of solution. 

 

i2 
a1, .. P 	 0 , 	ij Let f(P) 

 

Expanding to the linear term of Taylor's series gives 

f(P) = f(P') 

where 

+ 

P 

i 	
= 	0 

P.P' 

value of 	P. 

2)(f(P))16 -,-- 9 i  
[ 

is the guessed 

Z(f(P))16. 	- f(P') 
P=P 
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i•e. 
[ 	0 I 
2ai j 	aij  Pij  + 2b

1
.. P

0 
 4:-".. 
 0 

 

E[ 

 

„.2] + 
4 	

1 
	 ij a = C. 

1 
a..ij P! 

  

Let 	.. = 2a.. 	Pt + 2b.. Pt Alj 	
13 13 3 	la 

2 
and 	B. = ci  - 	 la [ra. . Pa  + 

2] 

i.e. 	A. . 	= B. ij j B1 

This represents a set of simultaneous linear 

equations. Solution of Ej  is obtained by the Gauss- 

Jordan method. The new value of P. becomes Pt,  = p! 
J.  

ProcedureisrepeatedulatilE.is considered 

sufficiently small. 

Fortran symbols: 

AA(IJ) = 

BB(I) = 

BB(J) 

P(J) = 

DX = 

DXX = 

YY = 

Aii  

Bi  

a 
Pi  

distance between P(J) loads 

distance between experimental stress 
points 

distance of stress points from contact 
surface 



-133- 

L 	= n (the number of equations) 

K 	= number of iterations 

PD(I) 	= experimental stress values 

See Flow Chart 4altand Programme 4a. 

Programme 4adheck. 

A set of experimental values of the principal 

stress difference were required in order to test 

Programme 4d. However, the use of experimental values 

was not suitable at this stage, since an accurate know-

ledge of the pressure curve producing the values would 

be unknown. It was therefore decided to compute 

'experimental values' from a known pressure curve. 

Hence Programme 4b 

In this programme twelve 'experimental values' 

were calculated from twelve concentrated loads. The loads 

were distributed in order to approximate to a Hertzian 

curve as shown in Figure 51. 



 

130 

    

     

          

     

X X,f-DX 

 

          

          

     

Cal AA(IJ) 

 

          

          

          

          

 

no 

  

Is 
J= L 

  

        

        

= —1.3 B 
1 

	_ 140 

E= SIGMX—SIGMY 

P(s) s  P(S) +BB()) 

yes 

1 14-11-- 

C End yes 

X=X+DX 

C a I 	, Py vtig  
8/- add to SIGMX0 

etc 

Wrte 
P69,BBCJ) 

— 

120 
1=J4-1 I 
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Flow chart 4a 

( Start 

Read in W L, DXX, DX, YY 
GUESSED P(J) 
Expi  PDIFF solves 

SIM. LIN.Eqs. 

I 
K=1 1 

1 
1 !60 Kt 

1 A:=1.3Y(B 

1=1+1 

yes 

Cal BB(I) 

IS 
O no  I 

yes. 

150 

SIGMX=0. SIGMY-,-- 	TAUL=C, 

X= A -4- DXX 
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C---SOLJiION OF 12 SIMULTANEOUS QUADR 6 TIC EQUATIONS 
DimENSIONAA(12,12),3B(12),P(12),PD(12),AAA(12,12) 
wRiTE(6,22) 

220FORmAT(10x,52H,FXPERIMENT4LI VALUES OF PRINCIPAL STRESS 
1) 	 —ENCE 
w=403. 
B=.,00349*SQRT(w) 
DXX=.2*3 
DX=.24,3 
YY=.35*B 
L=12 
PI=3.14159 
READ (5,27)(P(J),J=1,L) 

27 FORMAT(12F6.2) 
READ (5125)(PD(I),I=1,L) 

25 FORm47(6F8.2) 
wRiTE (6,26)(PD(I),I=1,L) 

26 FORMAT(2X,6F10.21/20x,6F10.2) 
wR1TE(6,21) 

21 FOkmAT(10x,30HP4ITIAL GUESSED VALUES OF P(J)) 
wRITE(6,24)(P(J),J=1,L) 
DO 163 ,c=1,6 
A=-1.3*E5 
DO 150 1=1,1_ 

SIGY=0. 
TAJZ=3. 
A=i4+0Xx 
X=-1.3*B 
DO 140 J=1,L 

C THIS CALS. E FOR P J 
X=x+DX 
C=(-2.*YY*P(J))/(PI*((A—x)**2+YY*Yy)**2) 
SIGYX=SIGmX4C*(t—x)*(A—x) 
SIuv.Y=SIGmY+C*YY*YY 
TAuZ=TAUL+Dr-(A—X)*YY 
F=SIGX—SIGmY 

143 CONTINUE 
x=-1.3* 
DO 130 J=I,L 

C TO CAL THE P.ARILL DIPF TERmc 
X=X+Dx 
CD=-2./(PI*((A—X)*(4—X)+Yy*YY)**2) 
OAA(I,J)=2.*CD*((;:4—X)*(4—X)*YY—YY*3)*E+8.*P(J) 
1*((CCJ*(t—x))*2)1=-YY**L 

133 CONTINUE 
C CAL Eit- 	SPC—SEPD 

2S(11=CPC(I)2)—(E**2)—(4.*(TAUL**2)) 
150 CONTINUE 

DO 173 I=1,L 
DO 170 J=1,L 

170 1.-AA(J,I)=A;AI,J) 
wRiTE 

33 FORT(10x,2OHSOLUTION OF SIMQE IS,) 
CALL SIY,0(zA4A1),L,JU) 
IF(Jj)1,2,1 

I iNRITE (6,31) 
2 WRITE (6,32)(BB(J),J=1,L) 

32 FORNIAT(6(2x,E16.8,)) 
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31 FORMAT(10X,11HNO SOLUTION') 

DO 12.) J=IIL 
P(J)=D(J)+3B(J) 
IF(P(J))12,12,:20 

12 P(J)=0.0 
123 CONTINjE 

WRITE(6,20) 
20 F3RAT(10X,1bHNEn VtLUES OF P(J)) 

WRITE (6,24)(P(J),J=1,L) 
24 FORv47(5(2X,E10.8),/10X,6(2X,E16.8),//) 

160 C9i,JINUE 
STUD 
E'JD 

SU6ROUTINE SIM;)(A16,N,KS) 
DIhE\SI3\ 	(144),3(12) 

C 
C 
	

FORRD SDLjTION 
C 

TOL=J.J 
KS=0 
JJ=-1 
D3 65 J=1, 
JY=J+1 
JJ=JJ+'.1+1. 

IT=JJ-J 
DO 3D I=J,N 

C 
C 
	

SE,',2CH F32 MAXIMUM COEFFICIENT IN COLUMN 

IJ=IT+I 
IF(1e,S(BIG;.)-4e,S(A(IJ))) 20,30,30 

20 EIGA=L(IJ) 
IMAX=I 

30 CO:4TI`jjE 
C 
C 
	

TEST F32 PIVOT LESS THAN TOLERANCE (SINGULAR MATRIX) 
C 

IFV3S(F,IGA)-TOL) 35,35,4C 
35 KS=1 

REIJ2N 
C 
C 
	

INTE4CHGE ROWS IF NECESSARY 

4D II=J+N*(J-L) 
IT=IMAX-J 
DO 50 K=,),N 
I1=11+N 
I2=I14IT 
SAVE=A(I1) 
A(i1)=;,(12) 
A(1?)=SAVE 

C 
C 
	

DIVIDE EOUATION BY LEADING COEFFICIENT 
C 

50 A(I1)=A(I))/3IG 
SAVE=:AIMAX) 
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C 
C 
C 

C 
C 
C 

B(IMAX)=B(J) 
B(J)=SAVE/RIGA 

ELIMINUE NEXT VLRIABLE 

IF(J—N) 55,7j,55 
55 I0'.)=*(J-1) 

Di 65 IX=JY,N 
IXJ=I0E+IX 
II=J—IX 
DO 60 JX=JY,N 
TXJX=N*(JX-1)+IX 
JJX=IXJX+IT 

60 ;AIXJX)=A(iXJX)—(A(IXJ)*(JJX)) 
65 B(iX)=6(IX)—(B(J)*A(IXJ)) 

BACK SDLUTION 

70 NY=N-1 
IT=N*N 
DO 80 J=1,NY 
IA=IT—J 
IB=N—J 
IC=N 
DO 83 K=1,J 
8(iB1=6(IB)-4(P1 
IA=IA—N 

80 IC=IC-1 
RETURN 
ENLd 
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**D** 	GxE7,0TION 

'EXPERImEvTALI VALUES OF PUNCIPtL ST RESS DIFFEENCE 
3286.35 21759.00 37802.14 53520.39 54466.6D 57894.61 

57894.61 54466.60 50520.38 37902.1 4  21769.00 3296.35 
GUESSED v.I.LUES OF P(J) 

3.3000000.0E D2 	0.3000300E 02 	0.30003000E 02 	0.300)0000E 02 	0.30000000E 02 	0.30000000E 02 

	

0.30000000E 02 	0.30000000E 02 	(:).3no1,o0 02 	0.30000000E 02 	0.30000000E 02 	-0. 

SOLUTION OF SImDE IS 
-0.13529630 02 	-0.73392966E 01 	0.50487256E 01 	0.19368161E 02 	0.25428048E 02 	0.30406721E 02 

	

0.30365903E 02 	0.25296694E 02 	0.1911781 7E 02 	0.46962469E 01 	-0.77426587E 01 	-0.96065071E-01 
L'- W v;:LUES OF P(J)  

	

0.16470369E )2 	0.22691703E 02 	0.35048725E 02 	0.49368162E 02 	0.55428047E 02 	0.60406721E 02 

	

0.60363939E 02 	0.55296684E 02 	0.49117916E 02 	0.34696246E 02 
	

0.22257341E 0? 	0.  

S0LJTION OF SIMOE IS 
-0.72149490E 01 	-0.22929070E 01 	-0.97947764E 00 	-0.41047435E 01 	-0.59866317E 01 	-0.76981139E 01 
-0.76739934E 01 	-0.59138932E 01 	-0.39724196E 01 	-0.85110085E 00 	-0.24344534E 01 	0.30047763E 01 

NF6 vi-LUGS OF P(J) 

	

0.92554203E 01 	0.20399996E 02 	0.34069248E 02 	(.45263417E 02 	0.49441416E 02 	0.52708607E 02 

	

0.52699914E 02 	0.49382790E 02 	0.451 45397F 02 	0.33845145E 02 	0.19822879E 02 	0.30047763E 01 

SOLUIIDN OF SImDE 1S 

	

-0.30163377E 01 	0.35407240E-01 
	

0.78707150=-01 
	

-0.19922291E 00 	-0.39243029E 00 	-0.66594630E 00 
-0.653841 45h DO 	-0.35558598E 00 

	
-0.11725955E 00 

	
0.20333540E 00 	0.34937436E 00 	0.47322825E 01 

NEw VALUES OF P(J) 

	

0.62390831E 01 	3.20434303E 02 	0.34147954= 02 	0.45075194E 02 	0.49048986E 02 	0.52042660E 02 

	

0.52336073E 02 	0.49027205E 02 	0.4502E1 :7E 02 	0.34048481E 02 	0.20172252E 02 	0.77370588E 01 

SOLUTTO\1 OF SIMOE IS 
-D.117237. 792 31 	--0..9o3'?448E-01 	-0.25719'15E-31 	-0.95030410E-02 	-0.39404429E-02 	-0.45013002E-02 

	

0.28157945E-37 	0.2.3545959E-31 	0.43042114E-01 	0.89087614E-01 	3.23011906E 00 	-0.20713965E 01 
NEW vALULS OF P(J) 

	

D.50667552= DI 	0.23334663E 02 	0.34122235E 02 	0.45065691E 32 	0.49045146E 02 	0.52039159E 02 

	

3.52039889C 02 	3.49047749E (32 	0.45071179c: 02 	0.34137568E 02 	0.20402.370E 0? 	0.56656623E 01 

SOLU110%1 Of- SLIDE IS 
-0.25352053L DO 	-0.54967627F-01 	-0.22053504E-01 	-0.12125096E-01 	-0.84719004E-02 	-0.72157821E-02 

	

-0.73293549E-02 	-0.89990161F-02 	-0.13007886E-01 	.27122814E-01 	-0.95382296F-01 	-0.75919503E 00 
NEw VALU ES OF P1J) 

	

0.48132 3471 01 	3.2.0279696E 02 	0.34100181E 02 	c,.45053566E 02 	0.49036673E 02 	0.52030943E 02 

	

0.52033559E 02 	0.49333760F 02 	3.45059171E 02 	0.34110446E 02 	0.20306988E 0? 	0.49064772E 01 

SOLUTION OF SPIDE IS 

	

D.46243101L-02 	-3.1171770E-01 	-0.57927079E-07 	,.3707863$1F-32 	-0.28763742E-02 	-0.29420763E-02 
-0.33255351E-D2 	-0.45245551E-02 	-0.73394195E-02 	.14311336E-01 	-0.34990193E-01 	-0.95595232E-01 

'4E1.: VALUES OF P(J) 

	

0.481785860 01 	0.20267979E 02 	0.34094389E 02 	0.45049959E 02 	0.49033797E 02 	0.52028101E 02 

	

8.52029233E 02 	0.49034236E - 02 	0.450508.31E 02 	0.34096333E 02 	0.20271998E 02 	0.48109919E 01 

see Fig,. 52. 
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52 

P lb.f. 

4 	- 
Position of 
'experimental A  
values' 

B 
111.14.1 

Fig. 51. Co-ordinate system for concentrated loads. 

The values of the principal stress difference 

(page 142) computed from Programme 4b was used to check 

Programme 4a. The guessed pressure curve was assumed to 

be uniform and approximately half its known maximum value. 

This curve converged to the correct shape within three 

iterations as shown in Figure 52. 

r  

f// 

20 

4, 

34 
lbf  

\20 
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Flow chart 4b 

( Start 

\ Read in LE ,W, PI , P(J) 

Cal B & PM 

= •05*-B & A =—I.34B 

1=1 

         

11 

        

                   

                   

                   

    

A= A+. 3/5 

            

                   

                   

     

X —I.34,B 

            

SIGMX=O. 	SIGMY=0. TAUZ ,---  O. 

   

     

J=1 

            

         

12 

        

                   

                   

     

X= X+ B/5 

            

                   

                   

                   

 

Cal cr;,, cr; g 	& 
add to SIGMX0') etc 

        

  

J-J 

     

       

       

  

Cal & write PDIFF 

        

   

no 

         

            

             

             

             

End - 
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C---C4LCULATION OF PDIFF FOR 12 CONCENTRATED LOADS. 

DIMENSION P(12) 
wRiTE(6,102) 
LE=12 
W=400. 
PI =3.14159 
6=.00349*SQRT(w) 

Pm=1310.*SORT(4) 
READ (5,100)(P(J),J=1,LE) 
ORiTE (5,131)(P(J),J=1,LE) 
WRiTE(6,105) 
WRITE( 6, 106) 
WRiTE(6,107) 

A=-1.3*B 
WRITE(6,103) 
DO 11 1=1,12 
A=A+3/5. 
X=-1.3*B 
SIGv,X=0. 
SIGMY=0. 
TAu7=3. 
DO 12 J=1,LE 
X=x+.2*D 
C=(-2.*Y*P(J))/(PI*((X-A)**2+Y*Y)**?) 
SIGX=SIGmx+C*y*y 
SIG,1Y=SIGmY+C*(X-A)*(X-A) 
TAJZ=TAUL+C*(X-)*Y 

12 CONTINUE 
PDIFF=S01T((SIGmX-SIGmY)*=12+4.*TAUL**2) 
E=AiB 
WRITE(6,104)E,PDIFF 

1) CONTINUE 
103 FORf,IAT(12F6.2) 
131 FORMAT(10X,612X,F6.2),//) 
132 FOW4AT(13X,29HDATA--CONCEMTRATFD LOADS P(J)) 
133 FORviAT(23X,3HA/!3,21X,5HPDIFF) 
104 FORAT(17x,F1D.3,15X,F13.2) 
105 FOrtmAT(10X,11HCLCULATIDN) 
135 F9Rv.AT(20x,3DHA/B- SPAN 	1!1-1'0 ACRD SS CONTACT) 
107 FORAT(20X,34HPDIFF- PRINCIPAL STRESS DIFFERENCE,//) 

ST0P 
ENL 

4R 

EXECUTION 
DATA—CONCENTRATED LOADS P(J) 

u. 	20.00 	34.00 	45.00 	49.00 	52.00 

52.03 -  49.u0 45.33 34.00 20.00 	0. 
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*it-0** 

CALCULATIDN 
4/E- 	SPAN RATIO ACROSS CONTACT 
PDIFF- 	PRINCIPAL 	STRESS DIFFERENCE 

ti./B 	 PDIFF 
-1.10G 3286.35 
-0.900 21769.00 
-3.703 37802.14 
-j.503 50520.38 
-0.300 54466.60 
-0.10G 57894.61 
0.100 57894.61 
0.30G 54466.60 
0.500 .50520.38 
0.700 17802.14 
0.900 21769.00 
1.130 3286.35 

EXECUTION TERv:INATED BY STOP --- AT OCTAL 60537 
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Solution of Twelve Simultaneous Equations 

2 

P 

a 
.] 

12 

ci  b. . P a 
0.1 

i = 1 to 12 

352 lbi 

r - computa-0.pns-see- page 138 
. 

Fig. 52. Iteration of Loads. 

-1-'- 

1 7 	• 

LI 



**o** 	EXECUTION 
'EXPERIMENTAL, 	VALUES 	OF 	PPINCIPAL 	STRESS 

	

5100.00 	1J6: J0.00 	18550.00 	20100.00 	8650.00 
INITIAL 	GUESSED 	VALLES 	OF 	P(J) 

	

30.00 	30.c. 	30.00 	• 	30.00 	3U.00 
SOLUTION 	OF 	SIVOE 	IS 

-0.42159767E 	01 	0.14790261E 	02 	0.55583596E 
NEW VALUES OF 	P(J) 

25.78 	44.7S 	85.58 96.26 	40 	73 . 
SOLUTION 	OF 	SIMQE 	IS 

-0.1561527LE 	C2 	-0.1J561717E 02 	-0.1S1ti 
NEW 	VALUES OF 	P(J) 

10.17 	33.83 	66.48 72.69 	24.21 
SOLUTION 	OF 	S100E 	IS 

0.4E052413E C2 	-1 .74773566E CO 	,-0.63881426E 
NEW 	VALUES OF 	P(J) 

58.22 	33.0E 	60.CS 63.37 	25.82 
SOLUTION 	Oh 	SIQE 	IS M 

-0.22145463E 	102 	0.98S04122E Cl 	0.1S851391F 
NEE: 	VALUtS 	OF 	P(J) 

 

35.1E 	42.'37 	62.C7 64.57 	38.77 
SOLUTION 	OF 	SIM0F 	IS 

-C.11449027E 	02 	-0.1152E311E 01 	0.15050117F 
NEW 	VALUES 	OF 	P(J) 

24.63 	41.62 	63.58 66.63 	35.65 

	

SOLUTION 	OF 	SIVCE 	IS 
-0.4625429LE 	{;1 	-0.16268538E Cu1 	-0.76853258F 

NEW 	VALUES 	OF 	P(J) 
20.00 	46.15 	62.81 65.85 	34.37 

SOLUTION 	OF 	SIM(,;E 	IS 
-0.80011791E 	i.): 	-0.62iAi6874E oc.i 	-n.56580105F 

NC:w 	VALUES 	OF 	P(J) 
19.21') 	39.37 	62.24 65.33 	33.89 15.42 	7.78 . 

SOLUTION 	OF 	SIMUE 	IS 
0.33155195E 	0v 	-0.1218E478E LO 	-0.19046506E 03 -0.18401)221E 	0-)0 

NEW VALUES OF P(J) 

	

19.53 	39.25 	62.05 	65.14 	33.82 	I 15.38 	8.19 
SOLUTION OF SIMQE IS 

	

0.12728S14E 66 	0.10144221E C0 	6.11310426F-01 	0.60092150E-02 	0.82376761E-C1 	0.1958n15PF CO 	11.4419 23(7:F nn 
NEw VALUES OF P(J) 

	

19.67 	35.3 	62.07 	65.15 	33.SC 	15.76 	8.63 
SOLUT1OA OF SIMQE IS 

	

0.3C53787SE-62 	6.46541G28E-j1 	0.43E64941E-31 	0.53785184E-01 	0.12754691E 71 	r„19622726F , 0 	-0.12289663c (7. 
NEW VALUES OF P(J) 

	

19.67 	35.4C 	62.11 	65.20 	34.03 15. 	8.51 

	

SOLUTION OF SIMQE IS 	
96_ 

	

-0.261394c8h-01 	-0.1457S365E-02 	0.14C23130E-.2:1 	0.25531714F-01 	P.26785498F-01 	-0.1115823F (-, 	-t71.22q96P69F 00 
NEW VALUES OF P(J) 

	

19.65 	35.4L: 	62.12 	65.23 	34.06 	15.85 	8.28 
SULUTIM OF SIMQE IS 

	

-0.1785941EE-C1 	-0.14981547E-C1 	-0.90712892E-02 	-0.10801777E-01 	-0.48117920E-:;1 . -n.139 966911F- T0 	-.1.7c_f,47c52r_T11 
NEW VALUES OF P(J) 

	

19.63 	35.3E 	62.11 	65.22 	34.01 

	

19.71 	8.20  
SOLUTION OF SIMQE IS 

-C.51953e45E-C13 -0.81671686E-02 -0.10764916F-01 -0.17568215E-01 -0.37211124F-91 -0.31n95R9nP-01 0_.821n10:73r-01 _ 
NEW VALUES OF P(J) 	_ 

	

19.62 	39.37 	62.10 	65.20 	33.97 19.68 	8.28 
SOLUTION OF SI M3 E IS 

 

0.80233523E-C2 0.20497935E-C2 -0.16750457E-02 -0.42881729E-02 0.1993453F-C2 0.5713484PF-rA rt.732F664P-n1 
NEw VALUES OF P(J) 

	

19.64 	39.38 	62.10 	 15.73 

	

65.19 	33.97 	8.35 
SOLUTION OF SIMQE IS 

 

	

0.4818831.9E-02 	0.4S92C914E-02 	 0.41768980E-02 	0.60542026E-02 	0.19852244F-11 	0.416r.193558-01 	-71.77777281F-n3 
NEW VALUES OF P(J) 

	

19.64 	35.38 	62.11 	65.20 	33.99 	15.78 	8.35 5ae Fi,. 18 (0. 

DI 
3 

FFEPENCE 

	

31.00 	1850.00 

	

30.00 	30.00 

02 0.66257018F 	(72 0.10732574F 0? 

26.21 	20.34 

02 -0.23564737F 02 --'.16521670E 02 

6.35 	4.67 

01 -1-2.93190240F 	01 .. 0.16140045F 01 

15.72 	31.44  

C 1 0.11970701E C1 0.1294C650E 02 

16.73 	19.13 

01 0.20632212E 	01 -0.31199319F (1 

16.97 	12,99 

-0.78339265E CO -0.12799.179F 01 

 15.73 	9.35 

nq -0.52455871E (0 -0.4P166084E 
00 

-0.641Q67q4P-1 

-1.37905351E 01 -0.9f-5751L6F n1 

-0.19855244F 02 -0.1567:-655c n2 

 0.93672755F ;)I n.2r-.7~71 378 rl2 

0 	,1 .101q762F ^1 -n.1231,""15 8c r'2 

f.).238956n3F ro -0.1301P96r r:11 

-0.12423279F 01 -r).3638991F n1_ 

-0.31098819F 00 -0.157195919 01 

-0.398210679-01 n.40:404726,F 01 



+g 

(a+b1P+c1Y2) log(X-1/,) dr  v = - irE1 2 
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APPENDIX V 

Elastic Deflexion 

The deflexion diagram shown in Figure 12 has 

been modified to incorporate the use of the parabolas, 

as shown in Figure 53. 

p ,v 

pressure curve 

p(1/1) = a+byii-c1112  

3 deflected 
surface 

X 

A 

Fig. 53. Modified deflexion diagram. 

Equation (3.3) then becomes: 

i.e. 

     

(A5.1) 

     

     

       



+e 
Where I1 = /a log(X-1fr) 

12 
	log(X-f) 

+e 
13 =c 
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These integrals can be solved by Parts, giving: 

II  = a [(e+x) loglX4 - (x-t) 1 gIX-PI - 2.e] 

in Fortran IV, this becomes BIl 

b [ 2 	_ osin 12  = 	(x -2 ) 	2X/2] 	i.e BI2 

3 	(043) logix+21- (x3-0) loglx-PI - 	22X2  

which becomes, in Fortran B13 

Substituting into equation (A5.1) gives the 

elastic deflexion from a flat surface. If it is assumed 

that similar deflexions would occur on a curved surface, 

then the total deflexion would equal vi-(A2/R) where 

R equals the effective radius of the two discs. 
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The programme was tested by fitting eleven 

parabolas.to a Hertz pressure curve. The computed 

deflexion curve became flat in the contact region, so 

justifying the use of the programme for other pressure 

curves. A print of this computer plot is shown in 

Figure. 54. 



110 

A = A4-'05 

Vz 

1.1 

100 

CAL a,b,c. 	I, • 1% 13  
DEF 

V=V± DEF 

V=V1- Al/R 

PLOT &WRTE a , V 

J 

KOUKOUNT — 

PLOT scales title etc 

PLOT pressure cur 

DO LOOPS 1 & 2 

=-2-55 & 	K=100 

CALCULATE B PM 
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Flow chart 5 

( Start 

READ in scow so) 
W KOUNT  

yes 

( END  



E-031.1D- 	1.u0361 	 —DVW 

Programme  5 	7094 IBM Imperial College 	 

   IBF7C7Ertly 	-  

 	BLK 	tit/  	 -ST  A1-+__4EitIl_ 	 

C --- PRE S SURY 	At-_;D1.SIANE-E- 	- 	— 	 
C--- SI: I STEflTST7iC 	bTWEEN PR-ES-SURE POI 	MI 

DI ME NSITINST251 	 - 	 
W. I TFI-6119) 

18 ED RM A TIA.114 X-4=1= ft SLTX 	 
C--HEP TZ I ANPRE-SSURI: 

KO11=KOUIVT-2 
	 - 	RE AD ( 	 OUNI3---- 

10R I TE 61-21).  ISII1 IPT11 ISL-11) t I=19K-CtINITT 
20 FORMAT( 313F 0.372-XIT,, 	 
21 F1AT(4(10XT3FT.T3) )  

WR I TE(6-117 ) 
17 FD R T(11-i0,11-rt 1-FiA 16 't 	1-87( 3HG111Tr61(-1-9}1TJETLLX-Ioi,i) 

2(35- 0 
B= 0.0014')--SORT( 
P M -131?).--D*SQR.T-“it 	 
P I =3.1415'4 

I S=a. 25 	- 	- - - 	- 
CC = . ')* P M* 	 /113-1-*-753ri-0-0-07T1 

START - 	 
DO 55 J3=1,2 

YJ =3.5 
	- =-7-7-W7-C Ut 71:71-17 (X0 f.ya I-  3) 	  

, - 

- -CALL ?LC:T(0.-0,-3.501r 	  
CALL PunT(0.0i1.0,3) 

- 	 tALL PLOT tOf.121==- 	 
OCALL syrinoc 	0.--Frig. 15,3 MPRI: S SURE—A ND -EL-ASTI TJFFEEX ION—C1MT.  

CAI"-  PLOTI=3. u t  3.7,31 
CA 	 PI.73T11-.7771-3.77) 
CA Li SY1BIT-1-2-.1 11.6 t 071 

	 CA LI- SYMB oz. (-----70-71,4:0 
CATL SY130L (0 	/ 

_  	-PITS - 	t=t-1  4-0  I 3MK113  

,1 f WIT PTZ 
11-2-HDISTR 
4TPIP "-)0 

-15-. 0 

I AN PRESSURE- 1-.-0171 
I BUTTON 0.0,171 	 
• 

.11T73,14y101=,-. 	  
C---TE-P LOT- TYRES SURE—CIRVE 

03-1 -- I =1:1KOU T Z 
rrrrr 5t  =SI ( I ) 

SA=P(I+1)- 

	

P I 	+2)- P (T-)--1:t1 	 - 	 
SC =I P(I+2)+P(I)-2.C*P(I+1))7(-2.0-*Sh:) 

	

X S Uri 	, -- 
DO 2 KL=114-0 



_PY =-SA+ SBV 	 41;StS TX:=7..S1-1.+1/1-*2-_ 	 
CA LI PLZ)TIX,PY72)  
x= 	sE /into 	  
IF (X-.6T.S( I +2) ) Gtr 	TIT 1. 

	

T1EETTL TH2:COIqT 1 fl!IE 	  
I 	C31\IT I "ItiE 

1111-0,171-2-. 3.-0 
CALL -S \MOLI-? 	3.51  T) 	THELASTTC,0-.0,7-1.  

 

	

	CA-L-L=SYM B 	.0, 3 	7331{DEFEEX1ral I 0. 
L L SYMrSOL (n2 , . 4 ). 1 T31-19/Tli 90. 0 

ALCM_ A T!tiN N L STIC-MEFURIATICIT— 

	

= A = k-±n .735 	  
V= 0. 0 

=Tilklafft2 	  
	SE =SL1 
	_ 	  

SC = P 1+ 2) +13.111=-72=. 0 -411;q11--1-1 E 	F 
3X=t A-S( 1+1) )--̀-'13 

=A 	A3S (3X+1 
-L2 =A LOC' ( ABS ( I3X-SE) ) 

	 _ L3=SE±3X 	 
 	C4 =3X- SE: 

C 7=f3 	SE*3 	- 	 

	

1 = L 3*C. C4-4=C2 	0*St: ri•rS A 
= 	 n;ttiX*SE  

ItC6*C1-C7tcC2-(2.0/3.0).1;--SE**1-2.1*SE*9X-4= 4'2)*SCP3.0 
	OTf jL+3II24-3L3) - 	   

-- 100 _CON T I t-it 1E 

	

s4=CA...-3 -)**2t) 	 

	

o:Fri =C. I N+ V  	
	YED=f LIEF.4/1 .51-tz.21(.1. 

	

AST1C 	Fu-(Lc  	
tA+2.5 )71,72171 

   7 2 CALL PLOT ( A t  VP) ?  i) 	  
	 71 CALL- 	 ,2 )  

	

IN=GLIltli TR IC AL-  I "1 	 I 11 FR0t-11H,FL AT SLIREACE 	 
OFF V =TFITA L DE FL!: X I t:N=--AT-itttl 'AI -FROM-ORIGIN 

, 1 	/77:ri 	 ftriThCZPitrO'PT- _ 

10 F,DPMAT(10X- iF6--.-3,4(5XI-Efti.8) ) 	 
 	110 L3:1 T INItE 	  

I FA Yt.:- 	513 7 4T5 	  
	 4 V1=20.0 

X3=0.0 
Ga 

5 CA-L- L-13L'IT 4 -0--7 -=-1-75-.-5,-3 )  

 	_   	55 --Cf.1:11- 1I1IIE 
3 -  CALI:- 	 1_•7T (5. 01 

- - 	T 	- - 	- 
ENID 
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03T1-0 	1-0036T70 
	

--TAT E---0/1/167 69 	TIE 3.0 
	

MINS 
	

PAGE 	3 

I'D - =EXEC UT 
(I-left-LH - TA I. L S S I 

	Si - 
00-  0--  -07000 ;7) -0.950 0.11.2 	--D-.050 0-7436 	07. 050 0.050

0 
-0.850 0.2l 

.:71)0 1-47:=4..)100  	 n 0  	r n 	
-0.400 0.91-6 0.100 -0.300 0.95-4--0.-t00- -07Z0Y09800T200 

_0. 
0.000 1.000 0.200 

- OZ• 1_0()----,- 	qt_t)-- 
0.600 0. 3()0 6.100-- 	 0.700 0.714- 	-0.100 -0.800 	0.600 	0.050 0.850 0.527 • 0.03D 

	-0 . 90 	it.V, 	)fl  	 079 50--, J-0; 3172 7-7=IY:050_-_ --- 

A  --GIN _ _ 	_ 
-2. 500 1 .10 542-21-5E-0 -4 0 • 132-5 5520E-0-1 	 - b 129-8-8E-01 

- - - 	- - -E 27 -T7--04 	 2730602 E=03- 	 1)3 -0-._- -3,-17,7- 
- 	- 	 -  

Z.400 '.).87“F-4-8-236E-04-- 0-T12716237F-7=0-1 	-0.20661. r 1-6L -03 0.275-48154E 	01  
	0.13 49±1_  	. 11-7-T2577 L 

-2. 300 -0. B53 9-6240f: -04 0 . 	r21 94-72 	-07197591 0 	- 03 0. 2-F3-4-546S L 	01 
	_ 	_ 	_ 722 0 . 107_3 6-971  

-2.200 )..b6-39-r55-3E-04 0.10265074r:-0 	---0.71-8-91-4229E-03 
- =0 

0. 25205639E 01 
0.9303781SE -04 	.-1B4946200  	 -0- 2-,165-9494L 01 	  

7.100 1.- 8743-ff962E-=-04 0.93530941E-04 	0 •13096990E--03 0 24 1 29 3 2-0E-0- 1 
. -04=-- == .89130107 E15.?2-_34--01 	 

. 98544-431 0 . 8-4-83-531-7E =- 0-4-- 	.173 179-B1 E--03 0.23117307E 	01 
-1.950=-- 	 1-21-14--391E-E04 - 	 0. 806-46574F-04 = 
-17900 0-..£9715942E--04 . 76563374 E 	16-6-27 	03 0 . 22T-T0642E 01 

- 	 . 72587 21-7E=70:45:7-_--_-=,-±="1:631-61-41- 
'1.800 	---1.1.91961930F -04 	- 	0.68716604E-04 	0-T.-1-596785-3E--=03 0.21-290471E 	01 

.916 6-45104 =-_----==0 49 52035 1 5 75-6-849E 
--=-17700 07922 04111 	-04 0.61293511E=04- 	0.1535876-2E=03 O. 20-4783-4-9E 	01 

- 	_ _ _______ 	-7717-650 	_ 	 . 577410 32 I 
-1 . 600 0.93727065E-04 0 . 54294595E - 04-- 0 . 1-9-73-62-2-1 	01 

_ 075095420 0-.15-39/143E=r0l 	 
-i.00 0.95279513E=04 0.47719358E-04 	-0.1-4299937E-=-03 0.1906-6537F 01 

Q96:i3.tt 0. 44-5-9-r 554E---- 	47-7-7--_77-7)TY-4-1:56-C 97_5 0T1 	797G1 	 
- I .-400 J. 9697 T3-1-.TE=04 	- 0.41569296E=04 ----071-335-46.61E=03 0.1 b 4 (2-138T7 	01 

	71.;978_4-177-2:1E=704-- - -.7s-8-65308 I 	- 	=====-_-_= _=-_,_-0i.--1736774T-80E_ 2-_-053 	 L 	 
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=0896072l 	 97.1,1273901 
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Fig. 54. Hertz deflexion curve. 



J•20312975E C-1 
	 0.15C64478E-G3 

	

=7-7 _-_-f4; --.-149C6882E -03 	=- 
C.1476167CE -03 

C.2CC8597CE Cl 
-987 42E CI 

C.1S682227E Cl 
_1,14626521 E -03 • C.145C7C5CE-C3 

-=';C .195- C.46S4E±-01 
C.19342733E Cl 

	

0.I43816E_C3l 1  7C.19195755ECI 	7_ 	

C.14297324E -C3 
	C.19063CSSE Cl 

L03815---- 	c13e rrc   	 IELC 	 03/2 5/6S 	TINE 3.0 	NIRS PAGE 3  

CATA--CETAILS  OF PRESSURE CURVE 	N 5.82. 
	 S- TI 	P: SL - 77  	T 	- 	_P 	SL  	

-2.200 0.CCO C.3C0 	 -1.9CC 0.068 C.300 	-1.6CC 0.1E0 0.300 	-1.3C0 C.33C C.3CC  
I . 	5-6 	 CC .3 	_ •-84C r1C_. 3C 07.17-1-17. 	 

C.12G 	 -0.C8C 1.22C C.12C 
'C . 2 C 	- 

1.080 C.CGO -C.CCC  

C.C4C 1.162 C.C4C 	 C.CEC 1.C55 C.C4C  
	0.52CL=f1=0--..260.-__ffC';-Z110-- 	C. at CE---=7---0 

L. 	 V 	 G N 	 CEFLEXICN 
J-3013_262 

-3.150 0.84565346E-C4 C.21044464E-C3  	0.29500998E-C3 C.39334664E 	Cl 
	07.76T1-49148--9_E=04 38507781 E GL 

-3.03D 0.857-126756E-C4 C.19729516E-C3 C.28272191E-C3 0.37696255.E 	Cl 	 
 	C7.1S0-8-794-EE-C3:C.27675087E-03.--- --- 

C.270E5576E-C3 
--r-C-.36SC- 0:1-15E_ 	Cl 	  

-2.950 0.8-6 -3259C9E-C4 C.184569E5E-C3 	- C.36119435E 	Cl  
t-C 0917 EC4 	  	C.1783 6627 E -.C3 - -;265:157-18E037--- 	 -775354291 

-2.850 C.87266796EC4 = 0-a7226873E-C3 C.25953551E-C3 0.346C4735E 	Cl 
	-2. auk) eTt8,(7_5_4- 291 	 - 	662.7-72' (; 

=2...750 0.88253SS4E-C4 C.16C3917EE-C3 C.24864577E-C3 C.3315276SE 	Cl 
0.8876-65860 	 _t,-.15461237E-03 - _ _ .24337896E-03-7-_-:77=== 0-.3245052,7 E---- C1  	

-2.650 0-.-8S292G6CE-C4 C.14893SC1E-C3 C.23823197E-C3 C.31764262E 	Cl 
 	---0-.7-8-13833926E=C-4------- 	 41..14337_169 CI 

-2.550 0.9C39C562E-C4 C.13791C41E-C3 	• C.2283CCS8E-C3 	 C.3C44C13CE 	Cl 	  
 	2.50U -0.9-C-564CC9E=04=-7=------=-  -0.13255518E-C3 

-2.450 C.91.555635E-C4 C.1273C6CCE-C3 C.21E86163E-03 C.29181551E 	Cl 	  
   2.400 	 0--,L921-6695-1E-='0-47-- _ 07.11-2216285E- C E7 C3 0.72 E5-77307 

-2.350 0.9279SSE4E-C4 C.11712576E-C3 	• C.2CS92574E-03 C.2799CCS8E 	Cl  
	 -2.300-  C. ,93-45--7C63E-=_-Czt 	  	0.1-121947CE-03 	 

-2230 C.54141543E-C4 C.1C736S6SE-C3 	C.2C151123E-03 	 C.26868164E 	Cl 
---0.94E-5SC82E-=C4 	- - C1C265C72EG3 ----= - C- ;1975C981E7G3_ 

-2.15G 0.95619394E-C4 C.S8C37803E-C4 	-0.1936572CE-03 C.25E20959E 	Cl 
	 2.1C0 	 0-i796417748E--C4 	_ _ 0.9353C925E-C4 - _-  18S94867E-03---- =_-_ - C;25-326489E7C1 	  
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=7- 48353C3E- 0-.29545CEC-3 	 --- 24319-3g33 
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EXECUTION 
DATA-DETAILS OF PRESSURE CURVE (NI= 17-5 rev/w0A) 

S 	P 	SL 	 S 	P 	SL 

	

-2.500 0.000 0.750 	-1.750 0.250 0.750 

	

-0.100 0.85C C.750 	 0.650 0.212 ).75' 
SL 

-1.000 0.680  
1.400 0.000 -0.000 

S 

-0.550  
P 	SL 

f!. Q5+0 1.45' 

A 
-2.700 
-2.650 
- 2.600 
-2.550 
-2.500 
- 2.450 
-2.400 
- 2.350 
-2.300 
-2.250 
-2.200 
-2.150 
-2.100 
- 2.050 
- 2.000 
-1.950 .  
- 1.900 
-1.850 
-1.800 
-1.750 
- 1.700 
-1.650 
-1.600 
-1.550 
-1.500 
-1.450 
- 1.400 
-1.350 
-1.300 
- 1.250 
-1.200 
-1.150 
- 1.100 
- 1.050 
- 1.000 
-C.S50 
-0.soo 
-o.e5o 
-0.800 
- 0.750 
- 0.700 
-0.650 
- 0.600 

V 
0.919733005-04 
0.92588670E-04 
0.93227885E-C4 
0.93894591E-04 
0.945953515-04 
0.95341687E-04 
0.96125095E-04 
0.96940666E-04 

.0.97785808E-C4 
0. 9 86 5 858 6F-04 
0.995573775-04 
0.10048069E-03 
0.10142709E-03 
0.10239515E-03 
0.103383455-03 
0.10439051E-03 
0.10541480E-03 
0.106454745-03 
0.1C7508665-03 
0.10857482E-03 
0. 1096513 8E-C3 
C.110736405-03 
0.11182782E-C3 
C.11292347E-03 
0.114021055-03 
0.11511812E-03 
0.11621207E-03 
0.11730015F-C3 
0.11837942F-03 
0.11944676E-C3 
0.12049887E-03 
0.12153227E-C3 
0.122543435-03 
0.123529005-C3 
0.12448775E-C3 
0.12542049E-03 
0.126298385-03 
0.127103756-C3 
0.127825065-03 
0.1284535 7E-03 
0.1289823 6E-C3 
0.12940591E-03 
0.12971983E-C3 

GIN 
0.15461238E-03 
0.148939025-03 
0.143371705-03 
0.137910435-03 
0.13255520E-03 
0.12730601E-03 
0.12216287E-03 
0.11712577E-03 
0.11219471F-03 
0.10736970E-03 
0.10265074P-03 
0.98037814E-04 
0.93530936E-04 
0.89130102P-04 
0.84835313E-:1 4 
0.80646569E-04 
0.765638695-04 
0.72587212E-04 
0.687165995-04  
0. 64952032E-04 
0.61293507E-04 
0. 57741027r-04 
0.54294592 E-04 
0.509542015-04 
0.47719854F-04 
0.44591551F-04  
0.41569292E-04 
0.386530785-04 
0.358429075-04 
0.331387815-04 
0.31540699E-04 
0.280486626-04 
0.25662669F-04 
0.23382720E-04 
0.21208815E-04 
0.1914095 5E-04  
0.17179133F-04 
0.15323366F-04 
0.13573638E-04 
0.11929954F-04 
0.10392315E-04 
0.89607195F-05 
0.76351683F-15 

DEFLEXION 
0.24658568F-03 
0.24152760E-03 
0.23659959F-03 
0.23180502E-03 
0.22715055F-03 
0.22264769F-03 
0.21828796E-03 
0.214066437-03 
0.20998052E-03 
0.20602829E-03 
0.202208115-03 
0.19851850E-03 
0.194958035-03 
0.191525255-03 
0.188218765-C3 
0.185037085-03 
0.18107867E-03 
0.17914105F-03 
0.176225265-03 
0.17352685F-03 
0.17094489E-03 
O.168477425-03 
O.16612241E-03 
0.16387767E-03 
0.16174090E-03 
0.15970967E-03 
0.15778136F-03 
0.155953225-03 
0.154222325-03 
0.15258554F-03 
0.15103057F-03 
O.14958093E-03 
0.14820609E-03 
0.14691172E-03 
0.14569656F-03 
O.14456144P-03 
0.14347752E-03 
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--1„IaEaaT66EnJ01.4 	  --- 	 

	

C.3C54C685E-C4 
	

C.14882216E-C3 	0.1G242S54E Cl 

C.35842892E-C4  

- 07i=25R8092_95 	 
C.33934257E-05 

W ri-TW2j4A-78026EfrAt_t___ 	 
C.1C6C233 1 E-C3
QI1.L59-9 f3331-& 	C1 4121TItECL 

C.1413645CE Cl 
- - 	 4  

	 C_I1335108Er-037717- 	i 1-37-4-4t 
C.21208862E-C4 	C.1148283.2E7_073 

	
C.1531C443E Cl 

-,1233_82±768E--:7_ C4   L1.63:34 
C .25662719E - C4 	C.1_179651?E7S.- 3 	 

	C 
C .3_C54 5 3.E_I-7_CZ,  	C 	91.0 E- C 3  

tt.47=TffT 	 
C.16215E8CE  Cl 	 

0.  121 791 81E-C4 	 	 C. l231SEr03 	 0.14938277E Cl 

A 
	_11,1113-4J1L98-G31-7- 

-1.700 	0.114C4264E-C3 	 

-1.6CC 	0.11512382E-_03 _ 
	 AQ7:5150- 

-1.500 	0.1161C269E-C3  

-1.4C0 	0.11696626E-C3 	 

-1.3L0 	0.1176S910E-C3  
	  1 	

 
	0.-aL8GI06-11G=CL,- 

-1.200 	0.11E28147E-C3 
	-0..1185-011240:3 	

-1.100 	0.11868229E-C3.  
	0hilledaLfrE1g.,;-01_ 	

-lac() 	C.11887G28E-C3  
	0-.118_7TZLEC3_ 	

-0.900 	0.11882977E-C3  

0.11855343E-C3  

DERLExiosi 

gi61293486E-C4 

0.54294572E-C4 

C . 4 77 19 835 E - C 4 

	4655i5 &EC=r- 	r----17S-5-4f-F7t5;E-E:=C-1  

	

C.25662655E-C4 
	

C.14434495E-03 	C.19245S93E CI 
10T2l33 8J 0 6E 	  

	

0.21208802E-C4 
	

C.14007908E-03 	0.18677211E Cl. 
-91-40943 	G-.  124 Ci-z--68--C-E---=C-1  

	

C.17179127E-C4 	0.1360089CE-03 	0.1813452CE Cl 

	

C.13573628E-C4 	C.132127C6E-C3 	C.17616541E Cl 

	 -61  

	

C.17533613E-03 	0.2337815CE Cl 

	

C.16941835E-C3 	C.2258911EE Cl  
- 	  

	

G.16382252E-03 	0.21843CC2E Cl  

	  -118326274E-7013--  	 r.1736-7-4-c=i,  
-0.700 
	

0.118C4C05E-03 	0.1C392306E-04 
	

C.1284236E-C3 	C.17124314E Cl 

	

Ebtil-R-PEZ771.12EITAI-1- 	
-C.600 
	

C.11729307E-C3 
	

C.76351607E-05 
	

C.12492823E-C3 	C.16657CS7E Cl 
- 

-0.5C0 
	

0.11632317E-C3 	0.53C21922E-05 
	

C.12162536E-C3 	C.16216715E Cl 
	tr--7,-111_5167.3-IE=C 	-._4494,-P7-438 	  = 

-0.400 
	

0.1151652CE-C3 	C.33934C04E-05 	C.1185626CE-C3 
	

0.15r.C8347E Cl 
- C-1-5  

-0.300 
	

0.11385235E-C3 
	

0.19087854E-05 	C. 11516713E-03 
	

C.15435618E Cl 
	f11.-1131151- Z-c=4--4 	=Tra7,117=b_44CiE 	 1_ I -4 7 

- 0.2C0  	0.1124136SE-C3 	C.8483469CE-06 
	

C.11326204E-03 	C.151C1605E Cl 

C.84835967E-C6 

	

-0.100 	0.11085863E-C3 
	 -T5=0 	 .11CCI47±74- 03 	 

	

0.000 	C.1C921971E-C3 
	0.1CF3-79-65E-=;073 --- 

	

0. 1u0 
	

0.10753283E-C3 
	-431 0 6fi83 E- 

	

G.200 
	

0.10583672E-C3  

	

C.11107071E-03 	C.148C9428E 	Cl 	  
	- 	  

	

C.10921971E-C3 	C.145E2627E Cl  
- 	r-.144r,---TEEETC1  	

	

C.1C774492E-C3 	0.1436598SE  Cl 	  
   ---1747.--EFI'LEtt=C- 

	

C.106685CEE-C3 	C.14224677E Cl 	  

C.21208513E-C6 

0.12039656E-
37 	

16 
C2679 E -701- 	 

0.212C9152E-C6  

	0- 104S-SqA-6-E01-3=-7===-- -G7.7132556-00E- __ 	 
0.300 
	

0.10417513E-C3 	 0.19089044E-05 
	

C.1o6un393E-C3 	C.14144524E Cl 
- 

0 . 4 C 	0.1C262S95E-C3  

0. 5C0 
	

0.10C792C5E-C3 	0.51022236E-05 
	

C.10609427E-C3 
	

C.14145SC3E Cl 
----   	.9997 21h-:0'r 	- 	44171. 5E887E 	 L.1 	  

0•6C0 
	

0.99 0.99178616E-04 	C. 	7635198CE-5 
	

C.106_81381E-C3 	C.1424IE42E Cl 
 	br.-67.5-U 	 E 	 .4-.31-5. 779 Er.:=70. 	 

0.7C0 	0.97657719E-04 	C.10392349E-C4   	C.1C809CC7F.-C3 	C.144C6676E Cl 	  
	  0t7-.  	96.917811 	 ,1:45A43.773ECTI- 

0.800 	C.96217683E-C4 	0 11573677E-C4 	C. 	1C97913617-03 	 0.14638E48E Cl 	 

	0.9485787CE-C4 	 
	U-4794212083F047- 

1.000 	C.93619463E-C4 	 

1a00 	0.923C246ZE7C4 	 

1.2Q0 	0.91C72349E-C4___ 	 
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APPENDIX VI 

Graphical determination of film thickness at maximum 
pressure  

It was shown in Chapter 3.08 that the film 

thickness could be obtained at the section which was 

satisfied by equation (3.7). 

i.e. 
2 

dx2 
1_2 mr 
'
1
dx
1.2
)
2  = 

' 0 

or by equation (3.9) 

i.e. 	
dx dx; = 0 

The pressure curves are available in non- 

dimensional form, so that equation (3.7) could be 

expressed as 
2 

PM d(-1?-) Em2 [d(ik)] PM  

B d(B)2 — 7  0 

i • e 

at  
 d2p 	dp 

- 	ccr)2 

 

dxr 

0 	 (A6.1) 

where pr - PM 
x 

= xr 	B 

= 0(PM 

The graphical method of differentiation()  is 

shown in Figure 55. The application of this method in 



-163- 

solving equations (3.7) and (3.9) is shown in Figure 56. 

The solution of both equations are of course, identical. 

That this is bourne out in practice indicates, to a certain 

extent, the degree of accuracy of the graphical method. 

The intersection of the curves at point E 

satisfies equation (A6.1). Similarly, equation (3.9) is 

satisfied at the point F. 

Scales (with reference to Figure 55) 

It can be shown that n(c) m(B)  
N101 h(A) 

and 	o(D) n(c)  
- N202 h(A) 

Calculation of  hm 

Figure 56 shows the'actual application of 

graphical differentiation to the pressure curve shown in 

Figure 18(a). 

Points E and F occur when pr  = 0.19 

dp 
and 

Relevant information: 

load W' = 265.0 lbf/in. 

speed N ='5.82 rev/min. 

disc radius r = 3.0 in. 

B = = 0.0079 in. .0004854J-77  

PM = 13107T = 21,300 lbf/in2  

0( = 2.1 x 10-9  cm2/ dyne 

r  - 0.45 dxr 



3 
2 • 

• • hm 
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and also 	3550 centi-poise 

[Note: 1 lbf/in
2  = 6.88 x 104 dynes/cm2] 

2TrN 	x 3 x 5.82  u=-60— - 60 

i.e. 	u = 1.83 in/s. 

-4 35 x 10 e(2.1 x 10-9x21300x.19x6.88x104) 
6.88 

i.e. = 0.00091 lbf  s in-2 

12 	_ PM dp  r 
dx 	B dx 

21300  n 4, 
.0079 

i.e. 12 	1,215,000 lbf/in3  dx 

Substituting into equation (3.8) 

i.e. h 4u 
= d7 71x 

gives h = II 4 x 1.83 x 0.00091  in. 
1215000 

i.e. h = 74.5 x 10-6 in. 

h = 49.6 x 10-6  inches. 
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It is now possible to solve the cubic equation 

3 
Kh - h + 1 =0 

at any section within the pressure curve, since K at any 

point can now be computed. 

Subroutine CALL POLRT was used to solve the 

cubic equation in' the form 

A + Bx + Cx2 + Dx3  = 0. 

Where A = 1 
	

in Fortran XCOF(1)=1.0 

B = -1/hrn. 	XCOP(2)=-1.0/HM 

C=0 
	

XC0F(3)=0.0 

D = K/hr3a 	XCOF(4).C/HM**3 



scale 

T'= n(c) units 

scale 

1"= o(D) units 

xr 

scale 

1". m(B) units 

scale 1"= h(A) units 	xr 

dpr  

dxr 
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NOT TO SCALE 

Fig. 55. Graphical Differentiation. 
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Pr  

scale 
=, 

pr=0.19 

scale It= xr 

= 0.45 • dxr 

dpr  

dxr 
scale 
1"= 

xr 

2 d pr 

dx 

scale.  

i 
7 

7 

2" 

Fig. 56. Graphical Differentiation - application 

to pressure curve. 

E 

F 

2" 



I 
KOU=KOUNT- 
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X=-- S(I) 
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1=1 
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Cal Pressure & Slope 

       

                    

                    

     

Cal XCOF(4) 

           

     

CALL POLRT 

           

                    

   

WRITE ROOTS 
real & imag  

r-- 

           

              

            

     

1=1+1 

    

         

         

     

1=1+1 

    

         

         

     

(END) 
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Flow chart 6 

START ) 
1  

READ in KOUNT SPEED HM 
f-,S(;), P(I), SL(I) W  

1 
Cal B PM 

READ in XCOF(1)2,3 



ramme 
amVH1601 

 1130 IBM West Ham College 
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// FOR 
*IOCS(CARD.1132 PRINTERtTYPEWRITER)._ 
*LIST SOURCE PROGRAM 
** 	B.KLEMZ. 	MECH. DEPT. 
C--FILM THICKNESS FROM REYNOLDS EQUATION. 

DIMENSION.S(25),P(25).5L(25),XCOF(4),C0F(4),ROOTR(3),ROOTI(3) 
C--TEST 4A 

KOUNT=17 
READ (2,20)(S(I),P(I),SL(I),I=1,KOUNT) 
WRITE(3,19) 	. 

19 FORMAT(10X,19HPRESSURE CURVE DATAt/) 
WRITE(3,21) 

21 FORMAT(2(12X.'S't5X0P 1 15X0SLIt2X)) 
WRITE(3,99)(5(I),P(I).SL(I),I=1,KOUNT) 

20 FORMAT(3(3F6.3t2X)) 
99 FORMAT(2(10Xt3F6.3)) 

WRITE(3,22) 
22 FORMAT(//t10X,29HCALCULATION OF FILM THICKNESS,/) 

WRITE(3,53) 
53 FORMAT(22X0(ZEAL PART.',12Xt'IMAGINARY PART'). 

W=265.0 
B=0.00049*SORT(W) 
PM=1310.0*SORT(W) 
PI=3.14159 
AL=3.06 
HM=0.0000496 
XCOF(1)=1.0 
XCOF(2)=.-1•0/HM 
XCOF(3)=0.0 
ZETA=0.095*35.5/45.0 
SPEED=5.82 
U=PI/120.0*SPEED 
CONST=(HM**2)*PM/(B*U*ZETA) 

C--CALCULATION OF PARABOLA 
KOU=KOUNT-2 
X=-2.2 
DO 100 I=1,KOUt2 
SA=P(I+1) 
58=CP(I+21—P(I))/(2.0*SL(I)) 
SC=CP(I+2)+P(I)-2•0*P(I+1))/(2•0*SL(I)**2) 
DO 101 J=1,50 

C--CALCULATION OFPRE5SURE,SLOPE AND C 
R=SA+SB*(XS(I+1))+SC*(X—S(I+1))**2 
SLOPE=SB+2.0*SC*(X-5(I+1)) 
C=CONST*SLOPE*EXP(—AL*R) 
XCOF(4)=C/HM**3 
CALL POLNT(XCOF,COFt3oROOTRtROOTItIER) 
IF(IER)2,1,2 

2 WRITE(3,51)IER 
51 FORMAT(10XtI3) 
1 WRITE(3,49)X 

49 FORMAT(10X,4HX/B=F7.3) 
52 FORMAT(20X,E16.8t5XtE16.8) 

WRITE(3152)(ROOTR(J)JROOTI(J),J=1,3) 
X=(+0.1 
IF(X—S(I+2))101.100,100_ 

101 CONTINUE 
1J0 CONTINUE 

CALL EXIT . 
END 

     

     



P 	SL ._ 
0.000.0,300 
06180_0,300. 

-1.900 
-1.300 

0.068 
0.330 

SL 
0.300 
0.300 

0.560 	0,300_ -0.700 0.840 0.300 
-0.300 1.145 0.100 

1.192 	0.120 1.220 0.120 
14162_0,040 0.080 1.095 0.040 
1.0420.200 0.320 0.500 0.200 
0.260 	0.280 0.800 0.065 0.280 
_0,000 	04000 

S 
-2.200 
-1.600 
-1.000 
-0.430 
-0.200 
.0.040 
.0.120 
_0.520 
1.080 
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PRESSURE CURVE DATA 	 

CALCULATION OF FILM THICKNESS 

REAL PART _ 	_ 
X/B= .24,200 

-0.18766563E-03 
0.55855234E-04 
0.13180973E-03 

X/B= 
-..0.16976057E-03 
.0.58642348E-.04 
_0.11111820E03 

X/B= -1.999 

X/B=_•..14.899 

0.15892827E...03 
0,61951752E04 
0,96976742E-04 

.-0.15243151E03 
0.66076216E-04 
0.66076216E04 

X/B= -1.799 
-0.14896612E-03 
_0,71055197E04 
0.71055197E-04 

X/B= -1.699 
-0.14785170E-03 
0.73241171E04 
0.73241171E-04 

X/B= -1.599 
-0,16241180E...03 
0,60629281E04 
_0.10178203E03 

X/B= -1.499 
..-0,15592121E03 
.0,63458836E-04 
0.63458836E04 

X/B= -1.399 
....0,15417562E=.03 
0,64598643E04 

__0•89607740E.-04 
X/B= -1.299 

-70615618040E-03 
0,63309722E04 
0,63309722E04 

X/B= -1.199 
0.16157981E-03•..  

IMAGINARY PART 

0.00000000E 00 
0,00000000E 00 
0.00000000E 00 

0.00000000E 00 
0.00000000E 00.  
0.00000000E 00 

0.00000000E 00 
0,00000000E 00 
0.00000000E 00 

0.00000000E 00 
-0.38753803E-07 
0,38753803E07.  

0.00000000E 00 
-0.12934970E-05 
0.12934970E.-05 

0.00000000E 00 
-.0,30861042E-05 
04,30861042E05 

0.00000000E 00 
0.00000000E 00 
0.00000000E 00 

0.00000000E 00 
0,77509430E08 

.-0.77509430E....08 

0,00000000E 00 
0,00000000E 00 
0.00000000E 00 

0.00000000E 00 
0,74315957E08 

-0.74315957E-08 

0.00000000E_00 



-1 1- 
--0.60915117&..04 

._ 0.10066415E-03 
X/B= -1.099 

-0.17039975E03 
0.58503486E04 
0.11189626E.-.03 

X/B= 0.999 

0.00000000E 00 
0.00000000E 00 

0.00000000E 00.  
0.00000000E 00 
0.00000000E 00 

  

-0.17343059E-03 
________0•57898156&•04 

0.11553245E...03 
-0.899 

-0.20375943E-03 
0.54429037E...04 
0.14933012E03 

0600000000E 
0.00000000E 
0000000000E 

0.00000000E 
0.00000000E 
0.00000000E 

00 
00 
00 

00 
00. 
00 

 

X/B= 

_X/B=.04.799 
-0.23838720E-03 
0.52713883E-04 

.0.18567292E03 
X/B= -0.699 

-0.27769064E-03 
0.51713839E-04 
0.22597672E03 

X/B= ..0.599 
-0.32205070E-03 
0.51083166E-04 
0.27096748E03 

X/B= -0.499 
.04,37185603E...03 

0.50666065E-04 
0.32118993E...03 

X/B= -0.399 
-0.38600387E-03 
_0•50580070E04 
0.33542380E.-.03 

X/B= 0o299 
.-0.50955824E...03 

0.50132497E-04 
0.45942567E-03 

X/B= -0.199 
-0.54961117E03 
0.50052585E-04 
0.49955863E03 

X/B= _-0.099 
0,49596215E04 

-0.24798118E-04 
.•.04124798118E04 

X/B= 0.000 
0.49161608E-04 

-0.24580807E-04 
-0.24580807E-04 

X/B= 0.100 
04,48266629E04 

-0.24133318E-04 
-0.24133318E-04 

_X/B= 0.200 
-0.22183874E-04 
.0.22183874E-.04 

0.44367749E-04 
X/B= 0.300 

-0.21204243E-04 
-0.21204243E-04 

0.00000000E 00 
0.00000000E 00 
0.00000000E 00 

0.00000000E 00 
0000000000E 00 
0000000000E 00 

0.00000000E 00 
0.00000000E 00 
0.00000000E 00 

0.00000000E 00 
.04,00000000E 00 
0000000000E 00 

0.00000000E 00 
0.00000000E 00 
0.00000000E 00 

0.00000000E 00 
0.00000000E 00 
0.00000000E 00 

0.00000000E 00 
0.00000000E 00 
0.00000000E 00 

0.00000000E 00 
-0.56747067E-02 
0.56747067E-02 

0.00000000E 00 
- (:).52233762E.-.03 
0.52233762E-03 

0.00000000E 00 
.04,29339140E03 
0.29339140E-03 

....0.13479078E-.03 
0.13479078E03 
0.00000000E 00 

-0.10933657E-03 
0010933657E03 



7172- 
0.42408435E-04 

X/B= 0.400 
.-04,20998661E04 
-0.20998661E-04 
0.41996587E-04 

X/B= 0.500 
0.22148844E-04 

-0.22148844E-04 _ 
0.44297688E."04 

64,00000000E 00 

"*0810518764E03 
0810518764E03 
0.00000000E 00 

-0.13366167E-03 
0.13366167E03 
0.00000000E 00 

X/B= 0.600 
-0.20969644E-04 

_ 0.20969644E-04 
0.41938692E.-.04 

.-.0810462934E03 
0010462934E03 
0.00000000E 00, 

X/B= 0.700 
-0.21007792E-04 
....0821007792E....04 
0.42014864E04 

X/B= 0.800 
-0.21337702E-04 
....0821337702E04 
0842675565E04 

X/B= 0.900 
-0.22041327E-04 
.-0.22041327E04 
0.44085289E...04 

X/B= 1.000 
_."0623261593E...04 
-0.23261593E-04 
0.46523135E.-.04 

-0.10536510E-03 
0.10536510E....03 
0.00000000E 00- 

-0.11220497E-03 
0011220497E03 
0.00000000E 00 

-0.13036371E-03 
0813036371E-'03 
0.00000000E 00 

0818533665E03 
0.00000000E 00 

r 
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ig. 57. Calibration Chart - lever arm.. 
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A.s.T.m. STANDARD VISC.,OSMkr-TEMPERATURE CH ARTS- 
FORLIQUID PETROLEUM PRODUCTS (D   341-43) 

CHART C: KINEMATIC `.1SCOSITY, HIGH RANGE 
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Fig. 58. Viscosity—Temperature Chart. BP 1065. 
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