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Abstract

This thesis studies the problem of interpolation and model order reduction

for dynamical systems, with the primary objective being the development of

an enhancement of the Loewner framework for general families of nonlinear

differential-algebraic systems. First, an interconnection-based interpretation

of the Loewner framework for linear time-invariant systems is developed.

This interpretation does not rely on frequency domain notions, yielding a

natural approach for enhancement of the Loewner framework to more com-

plex systems possessing nonlinear dynamics. Next, the interconnection-based

interpretation is used to develop the framework, first for systems of nonlin-

ear ordinary differential equations, then for systems of nonlinear differential-

algebraic equations, and interpolants are constructed using the so-called tan-

gential data mappings and Loewner functions. Following this, parameterized

families of systems interpolating the tangential data mappings are given.

The problem of constructing interpolants from tangential data mappings and

Loewner functions is considered in the most general scenario, and a dynamic

extension approach to interpolant construction is developed. As a result,
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all systems matching the tangential data mappings, and having dimension at

least as large as that of the auxiliary interpolation systems, are parameterized

under mild conditions. Hence, if an interpolant exists while possessing ad-

ditional desired properties, then it is contained in the dynamically extended

family of interpolants. Finally, the use of behaviourally equivalent represen-

tations of a system is investigated with the goal of selecting a representation

having less stringent conditions guaranteeing the existence of solution to par-

tial differential equations. This is accomplished for a class of semi-explicit

nonlinear differential-algebraic systems by making use of the explicit alge-

braic constraints to simplify the model of the system.
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Chapter 1

Introduction

In this chapter the motivations and objectives of the thesis are stated, rel-

evant literature is reviewed, and the thesis organization is described. The

chapter is structured as follows. In Section 1.1 the motivations for model

order reduction are discussed and the objectives of the thesis are stated. In

Section 1.2 and Section 1.3 brief reviews of the literature are given for model

order reduction and for the Loewner framework, respectively. In Section

1.4 the organization of the thesis is stated, and in Section 1.5 publications

associated to the results of this thesis are discussed.

1.1 Motivations and Objectives

Mathematical models of high complexity are prevalent in engineering, math-

ematics, and the sciences. Often, systems of interest are those the behaviour
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of which influences, and is influenced by, the external environment that they

operate within. These mathematical models may be appropriately described

by dynamical systems, i.e. systems having internal memory in the form of a

state, for which the future evolution of the state depends on the input to the

system, the initial conditions of the system, and the mathematical equations

which describe the system’s behaviour in time.

Such mathematical models describing dynamical systems often appear in

the form of systems of differential-algebraic equations (DAEs). Systems of

DAEs have been the subject of great interest for several decades, and are

also referred to as implicit systems, singular systems, or descriptor systems.

DAEs consist of both ordinary differential equations (ODEs) and algebraic

constraints. Due to the inclusion of algebraic constraints, the analysis of

DAEs is a complicated task that involves further issues that do not need to

be considered when dealing with a system described only by ODEs. Despite

this additional complexity, the study of DAEs is of great interest for a number

of reasons.

An important motivation for the study of DAE models is that they of-

ten arise naturally when considering the interconnection of multiple systems,

e.g. electro-mechanical systems, or when considering systems having phys-

ical constraints which may be described naturally with algebraic equations

defining a restriction of the state, e.g. the dynamics of a pendulum may

be described in terms of its angular position relative to an equilibrium via

two first order differential equations, or, alternatively, the dynamics may be
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described in translational coordinates via differential equations along with

an algebraic equation describing the restriction of the end of the pendulum

to the unit circle. Furthermore, it may take a significant amount of effort to

manipulate a model described by DAEs into one described by ODEs, and,

while doing so may result in a simpler model, if the algebraic constraints are

completely disregarded this can result in a loss of information as the algebraic

equations may describe physical structure or quantities of interest. For exam-

ple, consider two systems described by ODEs. The interconnection of these

systems can be described by the inclusion of an algebraic constraint which

restricts the input of one system to be equal to the output of the other, and

it may be that retaining knowledge of how the systems are interconnected is

important.

When studying dynamical systems, models of high complexity arise natu-

rally for a number of reasons, for example, due to the modelling of large-scale

network systems (such as power distribution networks, see e.g. [140], [145],

[69], [40]), due to the need for high precision models (such as when per-

forming spatial discretization of partial differential equations describing fluid

dynamics or flexible structures, see e.g. [146], [139]), or due to the use of

automated modelling and analysis software (such as modelling methods used

for physical verification of very large scale integration circuits, see e.g. [72],

[141], [110]). Complexity of a model typically appears in the form of the

model having high dimension, i.e. requiring many state variables and equa-

tions to model the behaviour of the system accurately, and in the form of
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the model having nonlinear equations when a linearized description of the

system does not adequately model the system’s dynamic behaviour.

Analysis and simulation of high complexity mathematical models is often

difficult and costly, typically requiring significant amounts of time and com-

putational resources. It may be difficult to ascertain important properties

of such systems. Furthermore, when applied to models of high complexity,

some methods of control system design may result in a controller of propor-

tionately high, or worse, complexity, which is difficult and costly to design

and implement, e.g. state feedback and observer design which scale with

dimension, model predictive control in which the future behaviour of the

model must be calculated in real time, adaptive controllers which may need

to estimate many system parameters while also constructing a control input.

Given a model of high complexity, the aim of model reduction is to make

analysis, design, and simulation for the system feasible by constructing a

simplified model which approximates the behaviour of the high complexity

model. The dimension of a system yields a quantifiable measure of a system’s

complexity, hence often the considered approach is that of model order re-

duction, where a reduced order model, one of lower dimension, is constructed

to approximate a model of higher dimension’s behaviour.

A number of approaches to accomplish model order reduction of dynam-

ical systems have been developed. Some approaches, such as balanced trun-

cation, seek to construct an approximate model by disregarding states which

have relatively little influence on the input/output behaviour of the higher-

20



dimensional model. This may require intimate knowledge of a system’s in-

ternal model. Other approaches are based on the notion of interpolation,

such as moment matching, in that the reduced order model faithfully repro-

duces the input/output behaviour of the higher-dimensional model subject

to specific operating conditions and stability properties. Due to their ability

to reproduce the system behaviour exactly under particular scenarios, inter-

polatory methods are also strong candidates for data-driven system identifi-

cation tools, as it might be possible to collect the input/output behaviour to

be reproduced from experiments.

The Loewner framework provides another toolset for the interpolation,

and model order reduction, of LTI DAEs. This thesis is concerned with, in

particular, the Loewner framework, and the development of an enhancement

of the framework to general systems of nonlinear DAEs. The objectives of

this thesis are therefore as follows.

� The development of an interpolation and model order reduction frame-

work capable of treating general nonlinear systems of DAEs. This is

accomplished by enhancing, for nonlinear systems, the objects in the

Loewner framework for LTI systems.

� Given nonlinear enhancements of the tangential interpolation data and

the Loewner objects, determine a nonlinear DAE model which inter-

polates these objects. This is accomplished by directly constructing a

model using the given objects.

21



� The construction of parameterized families of systems which interpo-

late the tangential data and Loewner objects. This allows equiping

an interpolant with additional desired properties, and also allows con-

structing interpolants in the absence of any strict conditions on the

Loewner objects. This is accomplished, first, by inclusion of a feedfor-

ward term as a free design parameter in the aforementioned interpolant,

and, then, by dynamically extending the aforementioned interpolant to

parameterize all nonlinear systems which interpolate the objects under

mild conditions.

While a data-driven approach has not yet been completed, the results of this

thesis set the stage for a powerful data-driven interpolation and model order

reduction framework that is capable of treating general systems of nonlinear

DAEs by faithfully reproducing nonlinear system behaviours under specific

operating conditions.

1.2 Model Reduction of Dynamical Systems

Given a high-dimensional mathematical model of a system, the primary goal

of model order reduction is to determine a lower-dimensional model which ap-

proximates the higher-dimensional system. The system of lower-dimension,

referred to as the reduced order model, typically approximates the original

system by preserving some of the properties that the original system pos-

sesses, such as stability or the steady-state response to particular signals,
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by neglecting parts of the system which are relatively uninfluenced by the

input signal and have relatively little influence on the output signal, or by

minimizing the approximation error (in some sense to be specified) of the

reduced order model relative to the original system.

A variety of approaches to accomplish model order reduction have been

developed. Broadly speaking, such methods are typically categorized as ei-

ther being based upon the singular value decomposition (SVD), or being

based upon the concept of Krylov projectors and moment matching [5].

SVD-based methods used to accomplish model order reduction typically

yield error bounds and allow for the preservation of stability and structural

properties. The approach of balanced truncation hinges upon transforming a

system into a balanced representation in which two positive definite matrices

of interest are made to be diagonal and equal, see e.g. [99], [97], [37], [53],

[101], [90]. Classically, the controllabilty and observability Gramians have

been used in the Lyapunov balancing approach [5], [67]. In the balanced

representation it follows that states which take a large amount of input energy

to control also contribute little energy to the output and vice versa, hence

these states are appropriate choices to truncate when reducing the order

of the system. Other positive definite matrices have also been considered

for use in balanced truncation, see e.g. stochastic balancing [63], [62], [24],

and others [50], [102], [148], [147], [32]. Balancing has been extended to

nonlinear systems, see e.g. [122], [123], [61], [70], [71], [46], [26], to time-

varying systems, see e.g. [142], [89], [113], [91], and to linear DAEs, see e.g.
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[107], [138], [73], [41], [68], [25]. The approach of Hankel-norm approximation

involves determining an approximant such that the associated error system is

optimal in the Hankel-norm [1], [85], [52], [17], [18], [112]. The Hankel-norm

approximation approach has been developed for nonlinear systems, see e.g.

[42], [43], [44], [45], for time-varying systems, see e.g. [35], and for linear

DAEs, see [30].

Model reduction by moment matching is an approach in which, for linear

systems, a reduced order model matches the transfer matrix, and some of its

derivatives, for a higher-dimension model at particular points in the complex

plane, see e.g [8], [64], [51], [48], [47], [16], [49], [14], [76], [78], [119], [75], [114],

[104], [103]. Given a state-space model for the higher-dimensional system, the

problem of determining a moment matching model can be solved iteratively

and in a numerically efficient manner [96], [5]. Following the development of

a time-domain interpretation of moments in [13], the approach of moment

matching has been enhanced for many classes of nonlinear systems, see e.g.

[13], [14], [21], [120], [77], [116], [115], [105], [121]. The moment matching

approach has also been developed for linear DAEs, see e.g. [65], [64], [117],

[124].

Some model order reduction methods have been enhanced for special

classes of nonlinear DAEs, see e.g. bilinear systems [9], [22], [3], [36], [57],

[12], and quadratic bilinear systems [2], [23], [54], [74], and for models of

circuits [137], [93]. Relatively few model order reduction methods have been

developed for more general families of nonlinear DAEs. A method based on
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balanced truncation has been developed for semi-explicit nonlinear DAEs in

[136]. Model reduction by moment matching has been developed for nonlin-

ear DAEs in [118]. A technique for model reduction of nonlinear DAEs has

also been developed using a piecewise-linear approximation method, see e.g.

[143], [144], [27].

1.3 The Loewner Framework

The objective of the rational interpolation problem for LTI systems is to

construct an internal or external description of a system the transfer matrix

of which is consistent with finite sets of tangential data in the complex plane,

and the generalized realization problem for LTI systems entails the construc-

tion of a minimal state-space model of a system given the transfer matrix of

the system [17], [5]. The generalized realization problem is closely related to

the partial realization problem [81], [60], [29], [19]. The Loewner framework

was developed as a toolset used for the solution of the rational interpolation

problem and the generalized realization problem for LTI DAEs, see e.g. [4],

[47], [94], [10], [83]. The framework provides another approach to accom-

plish model order reduction via the interpolation, by a lower-dimensional

realization, of tangential data obtained from a higher-dimensional system.

The core object of the Loewner framework is the Loewner matrix, a

divided-difference matrix constructed from two sets of points in the com-

plex plane: the right tangential data and the left tangential data. The sets
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of tangential data are obtained by sampling, along particular directions, a

rational matrix function evaluated at particular points in the complex plane.

The Loewner matrix is related to the Hankel matrix [39], [20], and has been

used to solve rational interpolation problems, see e.g. [6], [7], [8]. The

Loewner matrix has a fine structure that allows its factorization into the

tangential generalized controllability and observability matrices. Once ob-

tained, the tangential generalized controllability and observability matrices

can be used to construct LTI descriptor system realizations interpolating the

sets of tangential data [94], [10].

The Loewner framework has been enhanced, for LTI systems, to solve

the generalized realization problem with an internal delay in [125]. A post-

processing procedure to obtain stable approximate models is proposed in

[56]. The Loewner framework has been used for model reduction of pa-

rameterized linear systems in [79]. In [106] a data-driven model reduction

approach using the Loewner framework is given for linear systems, in which

frequency-response data are inferred from trajectories of the input and output

signals. An approach preserving the original DAE structure in the reduced

order model is given in [59], [11]. As a result of the interpretation of mo-

ments in the time-domain [14], it has been shown in [124] that the Loewner

framework for LTI systems can be viewed as a special case of a two-sided

moment-matching procedure [75].

Classically, the Loewner framework for linear systems has been inter-

preted in the context of interpolating sets of data in the Laplace domain,
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and the Loewner framework of [94] has been enhanced for some classes of

nonlinear systems using a generalized transfer function (Laplace domain)

approach, in which interpolation is accomplished using the kernels of a trun-

cated Volterra series expansion, see e.g. results for bilinear systems [9], [82],

quadratic-bilinear systems [54], linear switched systems [55], and bilinear

time-delay systems [57]. The proposed proceedure has the benefit that it can

be made data-driven by sampling the generalized transfer matrices, however

the nonlinearities that the enhanced framework is applied to are limited, so

when working with state-space models the representation may need to be

significantly manipulated into an appropriate form using a procedure such

as the Carleman linearization approach [111]. The approach has also been

used to enhance the framework to linear parameter-varying systems in [58].

A similar approach has been pursued in [93].

1.4 Thesis Organization and Contributions

The organization and primary contributions of the thesis are as follows. In

Chapter 2, notation and background material regarding systems of differential-

algebraic equations, nonlinear systems, and the Loewner framework for in-

terpolation and model order reduction, are reviewed. In Chapter 3, an

interconnection-based interpretation of the Loewner framework for linear

time-invariant differential-algebraic systems is developed. Classically, impor-

tant objects in the Loewner framework have been interpreted in the Laplace
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domain, however the interpretation developed herein does not require any

frequency domain notions. In Chapter 4, the interconnection-based interpre-

tation of the previous chapter is used to enhance the Loewner framework

to nonlinear systems of ordinary differential equations. In Chapter 5, the

interconnection-based interpretation is used to enhance the Loewner frame-

work to a general family of nonlinear differential-algebraic systems, and a

family of interpolants parameterized by a feedforward term is constructed.

In Chapter 6, the construction of interpolants is considered for the scenario

in which the presented family of interpolants from the previous chapter yields

an underdetermined system. In Chapter 7, the construction of interpolants

is considered in the most general scenario, a dynamic extension approach

to interpolant construction is given, and it is shown that a resulting family

of dynamically extended interpolants parameterizes all interpolants of suffi-

ciently large dimension matching the tangential data mappings. In Chap-

ter 8, the use of simplified behaviourally equivalent representations for ob-

taining the Loewner functions is considered for a class of semi-explicit nonlin-

ear differential-algebraic systems with the goal of selecting a representation

having less stringent conditions guaranteeing existence of solution to par-

tial differential equations. In Chapter 9, a summary of the contributions

in this thesis is stated and some important directions for further research

are given. In Appendix A, it is shown that real-valued interpolants can be

constructed in the Loewner framework as long as the auxiliary systems and

the system generating the tangential data mappings are obtained from coor-
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dinates transformations of real-valued systems. In Appendix B, it is shown

that the existence of a unique solution in the class of analytic functions can

be guaranteed for a class of partial differential-algebraic equations by using

a generalized non-resonance condition.

1.5 Publications

The interconnection-based interpretation of the Loewner framework for lin-

ear time-invariant systems, given in Chapter 3, is based on the conference

paper [126]. The enhancement of the Loewner framework for nonlinear sys-

tems of ordinary differential equations, given in Chapter 4, is based on the

conference paper [15] and the journal publication [130]. The enhancement

of the Loewner framework for nonlinear differential-algebraic systems and

the family of interpolants parameterized by a feedforward mapping, given in

Chapter 5, are based upon the conference paper [129]. The regularization ap-

proach for underdetermined interpolants, given in Chapter 6, is based upon

the conference paper [133]. The dynamic extension approach for construction

of interpolants and the parameterization of all interpolants of sufficiently high

dimension, given in Chapter 7, is developed in the journal submission [132].

The investigation of behaviourally equivalent representations of systems in

the Loewner framework, given in Chapter 8, is based upon the conference

paper [131].

The enhancement of the Loewner framework for linear time-varying sys-
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tems, developed in [127], is omitted from this thesis. Results pertaining to

online estimation of the Loewner matrices in [126] and [128] are also omitted.

Further research based on the results of this thesis, including the parame-

terization of all nonlinear DAE moment matching interpolants, the construc-

tion of interpolants in the Loewner framework with second-order structure,

and an enhancement of the Loewner framework to linear port-Hamiltonian

systems, are developed in the conference submissions [135], [134], and [98].
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Chapter 2

Preliminaries

In order to lay a foundation for results in the following chapters of the the-

sis, preliminary definitions and results regarding the analysis of differential-

algebraic systems and the Loewner framework for interpolation and model

reduction are reviewed in this chapter.

The structure of this chapter is as follows. In Section 2.1 frequently used

notation is introduced. In Section 2.2 regular matrix pencils and general-

ized Sylvester equations are reviewed. In Section 2.3 systems of differential-

algebraic equations are discussed, and basic system properties, such as reg-

ularity, controllability, and observability, are reviewed. In Section 2.4 the

centre manifold theory and Hadamard’s lemma are reviewed. Finally, in

Section 2.5 existing results related to the Loewner framework are discussed.
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2.1 Notation

Standard mathematical notation is used throughout the thesis. This is briefly

reviewed in what follows for the reader’s benefit.

The union and intersection of two sets S and U are denoted by S ∪ U

and S ∩ U , respectively. The empty set is denoted by ∅. The set of natural

numbers is denoted by N. The fields of real numbers and complex numbers

are denoted by R and C, respectively. The set of complex numbers having

zero real part is denoted by C0, and the set of complex numbers having

negative real part is denoted by C−. The set of vectors having n rows, with

entries belonging to a field F, is denoted by Fn. The set of matrices having n

rows and m columns, with entries belonging to a field F, is denoted by Fn×m.

Consider a matrix A ∈ Fn×m. The transpose of A is denoted by A⊤, and

the complex conjugate transpose of A is denoted by A∗. The column vector

with the i-th entry equal to 1 and all other entries equal to zero is denoted by

ei. The entry in the i-th row and j-th column of the matrix A, i.e. e⊤i Aej,

is denoted by Ai,j. For a square matrix A ∈ Fn×n, the determinant of A

is denoted by det(A), and the spectrum, or the set of eigenvalues, of A is

denoted by σ(A). The matrix B ∈ Fn×n such that Bi,i = bi ∈ F and Bi,j = 0

if i ̸= j is denoted by diag[b1, . . . , bn]. The 2-norm of a vector, or the

induced 2-norm of a matrix, A is denoted by ∥A∥2.

The set of functions f(·) for which the first k derivatives f ′(·), f ′′(·), . . . ,

f (k)(·) exist and are continuous is denoted by Ck. For two functions f(·)
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and g(·) having compatible domain and range, respectively, the composition

f
(︁
g(·)
)︁
is denoted by f ◦ g. The Jacobian of a function f(·) is denoted by

∂f
∂x
, and the Jacobian of f(·) evaluated at x̄ is denoted by

(︁
∂f
∂x

◦ x̄
)︁
.

2.2 Regular Matrix Pencils and Generalized

Sylvester Equations

Consider, for a pair of square matrices (A,E), the generalized eigenvalue

problem [33]

Av = λEv, λ ∈ C, ∥v∥2 ̸= 0, (2.1)

where the spectrum of the matrix pencil λE−A, the set containing all λ ∈ C

such that det(λE −A) = 0, is denoted by σ(A,E). The problem can also be

stated in the form

γAv = αEv, γ, α ∈ C, (γ ̸= 0) ∨ (α ̸= 0), ∥v∥2 = 1, (2.2)

with the advantage that the roles of A and E are the same in (2.2). This al-

lows defining the notion of an eigenvalue at infinity, λ = ∞, for the eigenvalue

problem (2.1). Particularly, defining the equivalence relation for quotients

(α, γ) ≡ (δ, β) ⇐⇒ αβ − γδ = 0,
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the spectrum of the pencil αE − γA is given by the equivalence classes of

pairs (α, γ) satisfying det(αE − γA) = 0. When (α, γ), γ ̸= 0, satisfies (2.2),

it follows that λ = α/γ satisfies the generalized eigenvalue problem (2.1) and

λ = α/γ ∈ σ(A,E). Otherwise, when (α, 0) satisfies (2.2), it is said that the

matrix pencil (A,E) has an eigenvalue at λ = ∞.

The following definition of regularity for matrix pairs, given in [34], is

required to guarantee the existence and uniqueness of solutions for gener-

alized Sylvester equations. This is also important in the theory of linear

differential-algebraic equations.

Definition 1. Given two matrices E ∈ Cn×n and A ∈ Cn×n, the pencil

(A,E) is called regular if there exists a constant scalar λ ∈ C such that

det(λE − A) ̸= 0.

The generalized Sylvester equation, a matrix equation of the form

AXB − CXD = E, (2.3)

with A ∈ Rn×n, C ∈ Rn×n, B ∈ Rm×m, D ∈ Rm×m, X ∈ Rn×m, and E ∈

Rn×m, is encountered frequently in the study of linear descriptor systems.

Recall that there exists a unique solution, X ∈ Rn×m, to the generalized

Sylvester equation (2.3) if, and only if, the matrix pencil A− λC is regular,

the matrix pencil D − λB is regular, and σ(A,C) ∩ σ(D,B) = ∅ [33], [38].
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2.3 Differential-Algebraic Systems of Equa-

tions

The most general form of systems of DAEs is given by

F (t, x, ẋ, u) = 0, (2.4)

G(t, x, y, u) = 0, (2.5)

with state x(t) ∈ Rn, input u(t) ∈ Rm, output y(t) ∈ Rp, and continuous

mappings F : I×Dx×Dẋ×Du → Rq and G : I×Dx×Dy×Du → Rp, where

Dx ⊆ Rn, Dẋ ⊆ Rn, Dy ⊆ Rp, and Du ⊆ Rm are open, and I = [t0, tf ] ⊆ R.

The state x : I → Rn is a continuously differentiable mapping, and ẋ(·)

denotes the derivative of x(·) with respect to t ∈ I. In the absence of

additional assumptions or structure, the analysis of general systems taking

the form (2.4)-(2.5) is a challenging problem involving further issues of well-

posedness and consistency that systems of ODEs do not suffer from. The

following definitions are taken from [95].

Definition 2 ([95]). A function x : I → Rn is called a solution of the system

(2.4) if x ∈ C1 and x satisfies (2.4) pointwise for a given input function u.

It is called a solution of the initial value problem consisting of (2.4) and

x(t0) = x0, (2.6)
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if x is a solution of (2.4) and satisfies (2.6). An initial condition (2.6) is

called consistent if the corresponding initial value problem has at least one

solution.

Generalized notions of solution, including discontinuous and impulsive be-

haviour, are considered using the theory of distributions [34]. It is also im-

portant to consider if the system (2.4)-(2.5) is solvable for every input and

initial condition consistent with the input, as a recurring theme in interpo-

lation and model order reduction of dynamical systems is the approximation

of a system output signal when particular input signals are considered.

Definition 3 ([95]). A system of DAEs (2.4) is called consistent if there

exists an input function u for which the system (2.4) has a solution x. It is

called regular (locally with respect to a given pair (x̄, ū) satisfying (2.4)) if

it has a unique solution for every sufficiently smooth input function u in a

neighbourhood of ū and every initial value in a neighbourhood of x̄(t0) that is

consistent for the system with the input function u.

Issues regarding solvability, consistency, and regularity for nonlinear sys-

tems of the form (2.4)-(2.5) are technically complex, see e.g. [86], [87], [88].

Linear time-invariant (LTI) systems of DAEs have been the subject of great

interest in the last several decades. In the LTI setting, systems of DAEs are
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described by equations of the form

Eẋ(t) = Ax(t) +Bu(t), x(0) = x0, (2.7)

y(t) = Cx(t) +Du(t), (2.8)

where x(t) ∈ Rn is the state (or pseudostate), u(t) ∈ Rm is the input,

y(t) ∈ Rp is the output, and the initial condition x0 is “admissible” for the

given system and input signal, i.e. for a sufficiently smooth input u(·), the

system (2.7)-(2.8) with initial condition x0 has a differentiable solution x(·).

Note that the matrix E is not full rank in general, hence the system (2.7)-

(2.8) cannot be put into a standard state-space form, and has to be described

by both differential equations and algebraic constraints.

For DAEs of the form (2.7)-(2.8), regularity is a global property and relies

on the notion of regularity of the matrix pair (A,E). Indeed, regularity of the

matrix pair (A,E) ensures the existence of a unique solution to the system

(2.7)-(2.8) for any sufficiently differentiable input u(·) and admissible initial

condition x0. Hence, the system (2.7)-(2.8) is called regular if the associated

matrix pair (A,E) is regular.

Using the Laplace transform, the system (2.7)-(2.8) can be interpreted in

the Laplace domain as

(sE − A)X(s) = Ex0 +BU(s),

Y (s) = CX(s) +DU(s),
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and if the system is regular, then one can obtain the transfer function de-

scription

Y (s) =
(︁
C(sE − A)−1B +D

)︁
U(s) + C(sE − A)−1Ex0. (2.9)

The pencil sE−A is called asymptotically stable if all of the finite eigenvalues

in σ(A,E) belong to C−, in which case, for u(t) = 0, the solutions of the

system tend to zero.

2.3.1 Equivalence and Canonical Forms

Consider two differential-algebraic systems of the form (2.7)-(2.8), that is

Eẋ(t) = Ax(t) +Bu(t),

y(t) = Cx(t) +Du(t),

and

˜︁E˜︁ẋ(t) = ˜︁A˜︁x(t) + ˜︁B˜︁u(t),
˜︁y(t) = ˜︁C˜︁x(t) + ˜︁D˜︁u(t),

denoted by Σ and ˜︁Σ, respectively. Then the systems Σ and ˜︁Σ are called

restricted system equivalent (RSE) if there exist nonsingular matrices P,Q ∈

38



Cn×n such that

˜︁E = PEQ, ˜︁A = PAQ, ˜︁C = CQ, ˜︁D = D.

If Σ and ˜︁Σ are RSE, then x(t0) = Q˜︁x(t0), and u(t) = ˜︁u(t) for all t ≥ t0,

imply that the states of Σ and ˜︁Σ are related by x(t) = Q˜︁x(t) for all t ≥ t0.

Note finally that if two systems are RSE then the systems have the same

transfer function, although the converse does not necessarily hold.

Analytic solutions for the initial value problem associated to a DAE may

be given in terms of the representation (2.7)-(2.8) using the Drazin inverse,

see e.g. [88]. Alternatively, one can consider some commonly encountered

canonical forms.

Every regular system of the form (2.7)-(2.8) is RSE to a system in the

Weierstrass canonical form. That is, every regular system can be transformed

into an equivalent representation given by the equations

ẋ1(t) = A1x1(t) +B1u(t), y1(t) = C1x1(t), (2.10)

Nẋ2(t) = x2(t) +B2u(t), y2(t) = C2x2(t), (2.11)

y(t) = y1(t) + y2(t) +Du(t), Nk = 0, Nk−1 ̸= 0,

with states x1(t) ∈ Rn1 and x2(t) ∈ Rn2 such that n1 + n2 = n, matrices

A1 ∈ Rn1×n1 , N ∈ Rn2×n2 , B1 ∈ Rn1×m, B2 ∈ Rn2×m, C1 ∈ Rp×n1 , C2 ∈

Rp×n2 , and with k ∈ N the index of nilpotency of the matrix N . The system
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given by (2.10) is typically referred to as the slow subsystem, and the system

given by (2.11) is typically referred to as the fast subsystem. The system in

Weierstrass canonical form has the closed-form solution

x1(t) = eA1(t−t0)x1(t0) +

∫︂ t

t0

eA1(t−τ)B1u(τ)dτ,

x2(t) = −
k−1∑︂
i=0

N iB2u
(i)(t),

and it can be seen that, because the first k−1 time derivatives of u(·) appear

in x2(·), the state associated to a system of differential-algebraic equations

may be discontinuous, or impulsive, if the input is not sufficiently smooth.

Let q := rank(E). Another canonical form is obtained by noting that there

exist nonsingular matrices Q and P such that QEP = diag(Iq, 0), hence

the system (2.7)-(2.8) is RSE to a representation, often referred to as semi-

explicit, given by the equations

ẋ1(t) = A11x1(t) + A12x2(t) +B1u(t),

0 = A21x1(t) + A22x2(t) +B2u(t),

y(t) = C1x1(t) + C2x2(t) +Du(t),

with states x1(t) ∈ Rq and x2(t) ∈ Rn−q. If the matrix A22 is nonsingular

then the system can be simplified to a set of ODEs having the usual closed-

form solution.
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2.3.2 Controllability, Observability, and Minimality

There are multiple notions of controllability for linear systems of DAEs, in-

cluding C-controllability, R-controllability, and impulse controllability [34].

C-controllability corresponds to controllability of both the fast and slow sub-

systems (2.10) and (2.11), while R-controllability corresponds only to con-

trollability of the slow subsystem (2.10). Impulse controllability characterizes

the ability to generate impulses using admissible control signals, and is im-

portant for eliminating discontinuous behaviour that may be detrimental to

a system. In what follows, the discussion of controllability is restricted to

C-controllability, which is a necessary condition for the representation (2.7)-

(2.8) to be minimal.

Definition 4. The system (2.7)-(2.8) is called controllable (or C-controllable)

if, for any t1 > 0, x(0) ∈ Rn, and w ∈ Rn, there exists a control input

u(t) ∈ Ck−1 such that x(t1) = w.

C-controllability of a DAE can be verified using a condition similar to that

of the PBH test for controllability of ODEs.

Theorem 1. The system (2.7)-(2.8) is controllable if, and only if,

rank

[︃
sE − A B

]︃
= n, ∀s ∈ C,
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and

rank

[︃
E B

]︃
= n.

Similarly, there are multiple notions of observability for differential-algebraic

systems, including C-observability, R-observability, and impulse observabil-

ity. C-observability corresponds to observability of both the fast and the slow

subsystems (2.10) and (2.11), while R-observability corresponds only to ob-

servability of the slow subsystem (2.10). Impulse observability characterizes

the ability to determine impulsive behaviour in the state using impulsive be-

haviour of the output signal and discontinuous behaviour in the input signal.

The definition of C-observability is given as follows.

Definition 5. The system (2.7)-(2.8) is observable (or C-observable) if the

initial condition x(0) may be uniquely determined by u(t), y(t), 0 ≤ t <∞.

C-observability of a DAE can be verified using a condition similar to that of

the PBH test for observability of ODEs.

Theorem 2. The system (2.7)-(2.8) is observable if, and only if,

rank

⎡⎢⎣sE − A

C

⎤⎥⎦ = n, ∀s ∈ C,
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and

rank

⎡⎢⎣E
C

⎤⎥⎦ = n.

The transfer function (2.9) of a DAE depends only on the C-controllable and

C-observable parts of the system (2.7)-(2.8), so a system is minimal if, and

only if, it is both C-controllable and C-observable [34].

2.4 Some Tools for the Analysis of Nonlinear

Systems

To aid the analysis of nonlinear systems, some additional tools are required.

In particular, some key results regarding the centre manifold theory and

Hadamard’s lemma are reviewed in this section.

2.4.1 The Centre Manifold Theory

One approach to simplify the analysis of a nonlinear system of ODEs is to

consider the behaviour of the system when restricted to an invariant manifold.

The centre manifold theory is often used for this purpose, provided the system

satisfies some structural properties. The following definitions and theorems
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are recalled from [31]. Consider the system of ODEs given by

ẋ(t) = N(x(t)), (2.12)

with state x(t) ∈ Rn. A set S ⊂ Rn is said to be a local invariant manifold

for (2.12) if, for all x0 ∈ S, the solution x(t) of (2.12), with x(0) = x0, is in S

for all |t| < T , where T > 0. If T = ∞, then it is said that S is an invariant

manifold.

In order to introduce the notion of centre manifold, consider the system

given by the equations

ẋ(t) = Ax(t) + f
(︁
x(t), y(t)

)︁
, (2.13)

ẏ(t) = By(t) + g
(︁
x(t), y(t)

)︁
, (2.14)

with states x(t) ∈ Rn and y(t) ∈ Rm, matrices A and B such that σ(A) ⊂ C0

and σ(B) ⊂ C−, and functions f(·) and g(·) belonging to C2 and such that

f(0, 0) = 0, f ′(0, 0) = 0, g(0, 0) = 0, and g′(0, 0) = 0.

With some abuse of terminology, “the manifold y = h(x)” refers to the

manifold given by the set S = {(x⊤, y⊤)⊤ ∈ Rm+n : y = h(x)}. In general, if

y = h(x) is a (local) invariant manifold for (2.13)-(2.14) and h(·) is smooth,

then y = h(x) is called a (local) centre manifold if h(0) = 0 and h′(0) =

0. The system of equations (2.13)-(2.14) restricted to the centre manifold

describes, locally, the asymptotic behaviour of solutions of the unrestricted
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system modulo the effects of exponentially decaying transient terms.

Theorem 3 ([31]). There exists a centre manifold for (2.13)-(2.14), y =

h(x), |x| < δ, where h(·) is C2.

As a consequence of Theorem 3, it follows that under the same conditions

ensuring existence of the centre manifold for the system (2.13)-(2.14), one

can also ensure the existence of a mapping h ∈ C2 satisfying, locally, the

partial differential equation, with boundary condition, of the form

∂h

∂x

(︂
Ax+ f

(︁
x, h(x)

)︁)︂
= Bh(x) + g

(︁
x, h(x)

)︁
,

h(0) = 0, h′(0) = 0. (2.15)

The flow on the centre manifold is governed by the system

u̇(t) = Au(t) + f
(︁
u(t), h(u(t))

)︁
, (2.16)

with state u(t) ∈ Rn, and the asymptotic behaviour of “small” solutions

of (2.13)-(2.14) are determined by the system (2.16), as shown in the following

theorem.

Theorem 4 ([31]). Suppose that the zero solution of (2.16) is stable (asymp-

totically stable, unstable). Then the zero solution of (2.13)-(2.14) is stable

(asymptotically stable, unstable). Furthermore, suppose that the zero solu-

tion of (2.16) is stable. Let (x(t), y(t)) be a solution of (2.13)-(2.14) with

(x(0), y(0)) sufficiently small. Then there exists a solution u(·) of (2.16) and
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constants γ ∈ R, cx ∈ Rn, and cy ∈ Rm, such that as t→ ∞,

∥x(t)− u(t)∥ ≤ cxe
−γt,⃦⃦

y(t)− h
(︁
u(t)

)︁⃦⃦
≤ cye

−γt,

where γ > 0.

If the zero solution of the system (2.16) is stable, then it follows, by Theo-

rem 4, that the invariant manifold y = h(x) is locally attractive.

Determining an explicit closed-form solution to the PDE (2.15) is equiv-

alent to solving (2.13)-(2.14), which is impossible in general. Despite this, it

is possible to approximate the centre manifold to any degree of accuracy.

Theorem 5 ([31]). Let φ : Rn → Rm be a C1 mapping in a neighbourhood

of the origin with φ(0) = 0 and φ′(0) = 0. Define an operator

(Mφ)(x) =
∂φ

∂x

(︂
Ax+ f

(︁
x, φ(x)

)︁)︂
−Bφ(x)− g

(︁
x, φ(x)

)︁
,

and note that (Mh)(x) = 0. Suppose that1 as x → 0, |(Mφ)(x)| = O (|x|q)

where q > 1. Then as x→ 0, |h(x)− φ(x)| = O (|x|q).

Theorem 5 suggests that one can define a series of functions which converge

to the formal solution of the PDE (2.15) in a neighbourhood of the origin.

1The statement |f(x)| = O (·) is the big O notation denoting the limiting behaviour of
the function f(·).
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2.4.2 Hadamard’s Lemma

Hadamard’s lemma can be used to provide convenient representations for

smooth nonlinear mappings. The lemma is stated as follows [100].

Lemma 1 ([100]). Let f : U → R be a smooth function defined on a starlike

neighbourhood U of a point z in an n dimensional Euclidean space. Then

f(·) can be expressed, for all x ∈ U , in the form

f(x) = f(z) +
n∑︂

i=1

(xi − zi)gi(x),

where each gi(·) is a smooth function on U , z = (z1, . . . , zn), and x =

(x1, . . . , xn).

2.5 The Loewner Framework

In the paper [94] the authors have provided a toolset, known as the Loewner

framework, for the construction of generalized state-space representations

described by equations of the form2

Eẋ(t) = Ax(t) +Bu(t), (2.17)

y(t) = Cx(t) +Du(t), (2.18)

2Signals consisting, pointwise in time, of vectors having entries in the field of complex
numbers, C, are considered for ease of presentation. Matrices having complex entries are
assumed to be obtained from a linear coordinates transformation of corresponding objects
having entries belonging to the field of real numbers, R. A discussion addressing why this
assumption is not restrictive can be found in Appendix A.
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having state x(t) ∈ Cn, input u(t) ∈ Cm, and output y(t) ∈ Cp, and matrices

E ∈ Cn×n, A ∈ Cn×n, B ∈ Cn×m, C ∈ Cp×n, and D ∈ Cp×m that are con-

sistent with sets of so-called tangential interpolation data, i.e. matrix data

obtained by sampling the system’s associated transfer function directionally.

The situation in which the tangential interpolation data is generated by sam-

pling an underlying system of the form (2.17)-(2.18) is also considered. The

following assumptions ensure that the constructed interpolant, or the un-

derlying system to be interpolated, is well-posed, by which it is meant that

solutions exist and are unique for sufficiently smooth inputs.

Assumption 1 (Regularity). The system of equations (2.17)-(2.18) is a reg-

ular realization, i.e. the determinant of the matrix pencil sE − A is not

identically zero.

In the Loewner framework for linear time-invariant systems the notion

of tangential data for interpolation is based on sampling the transfer matrix

of a system, i.e. tangential data are related to the input-output response of

the system and does not rely on a particular system representation. Hence,

for simplicity when considering generalized state-space models, the following

assumption holds.

Assumption 2 (Minimality). The system of equations (2.17)-(2.18) is a

minimal realization, i.e. the triple (E,A,B) is controllable, and the triple

(E,C,A) is observable.
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2.5.1 The Tangential Interpolation Problem

The notion of tangential data is required in order to pose the interpola-

tion problem within the Loewner framework. Tangential data consist of two

disjoint sets of data: the right tangential interpolation data, and the left

tangential interpolation data. The right tangential interpolation data are

represented by the set

{(λi, ri, wi) | λi ∈ C, ri ∈ Cm, wi ∈ Cp, i = 1, . . . , ρ} , (2.19)

and the left tangential interpolation data are represented by the set

{︁
(µj, ℓj, vj) | µj ∈ C, ℓ∗j ∈ Cp, v∗j ∈ Cm, j = 1, . . . , v

}︁
. (2.20)

In what follows, the right tangential data are represented, equivalently, in

matrix form as

Λ = diag
[︂
λ1, . . . , λρ

]︂
∈ Cρ×ρ,

R =

[︃
r1 . . . rρ

]︃
∈ Cm×ρ,

W =

[︃
w1 . . . wρ

]︃
∈ Cp×ρ,
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and the left tangential data are represented in matrix form as

M = diag
[︂
µ1, . . . , µv

]︂
∈ Cv×v,

L =

[︃
ℓ∗1 . . . ℓ∗v

]︃∗
∈ Cv×p,

V =

[︃
v∗1 . . . v∗v

]︃∗
∈ Cv×m.

The following assumption ensures the existence and uniqueness of solution

to a number of generalized Sylvester equations encountered in the thesis.

Assumption 3 (Disjoint Spectra). The matrix pencils sE −A, sI −Λ, and

sI −M have no common generalized eigenvalues, i.e.

σ(Λ) ∩ σ(A,E) = ∅, σ(A,E) ∩ σ(M) = ∅, σ(Λ) ∩ σ(M) = ∅.

When considering tangential data generated by an underlying system of the

form (2.17)-(2.18), the following assumption ensures that the data is sampled

from every input and output channel at least once.

Assumption 4. The matrix R has full row rank and the matrix L has full

column rank.

As a result of Assumption 4, the cardinality of the right tangential interpo-

lation data set (2.19) is greater than or equal to the number of inputs of the

system (2.17)-(2.18), i.e. ρ ≥ m, and the cardinality of the left tangential in-

terpolation data set (2.20) is greater than or equal to the number of outputs
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of the system (2.17)-(2.18), i.e. v ≥ p.

Given the sets of tangential data (2.19)-(2.20) the goal of the generalized

realization problem is to determine a differential-algebraic realization of the

form (2.17)-(2.18) such that the corresponding rational transfer matrix

H(s) = C(sE − A)−1B +D, det(sE − A) ̸= 0 ∀ s ∈ σ(Λ) ∩ σ(M),

interpolates the right and left tangential data. That is, H(s) satisfies the

right tangential interpolation conditions

H(λi)ri = wi, i = 1, ..., ρ,

and the left tangential interpolation conditions

ℓjH(µj) = vj, j = 1, ..., v.

2.5.2 Objects in the Loewner Framework

The primary tools used to accomplish the interpolation objective in the

Loewner framework are the Loewner matrix, L, and the shifted Loewner ma-

trix, σL, which are defined in terms of the tangential data (2.19) and (2.20),

entry-wise, as

Lj,i =
vjri − ℓjwi

µj − λi
, σLj,i =

µjvjri − λiℓjwi

µj − λi
,
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or

L =

⎡⎢⎢⎢⎢⎣
v1r1 − ℓ1w1
µ1 − λ1

· · · v1rρ − ℓ1wρ

µ1 − λρ
...

. . .
...

vvr1 − ℓvw1
µv − λ1

· · · vvrρ − ℓvwρ

µv − λρ

⎤⎥⎥⎥⎥⎦ ,

and

σL =

⎡⎢⎢⎢⎢⎣
µ1v1r1 − λ1ℓ1w1

µ1 − λ1
· · · µ1v1rρ − λρℓ1wρ

µ1 − λρ
...

. . .
...

µvvvr1 − λ1ℓvw1

µv − λ1
· · · µvvvrρ − λρℓvwρ

µv − λρ

⎤⎥⎥⎥⎥⎦ ,

respectively. It is easy to see that if the rational transfer matrix H(s) gener-

ates the data, then the shifted Loewner matrix is exactly the Loewner matrix

associated to the transfer matrix sH(s). In addition, the Loewner matrix is

the unique solution, by Assumption 3, of the Sylvester equation

LΛ−ML = LW − V R, (2.21)

and the shifted Loewner matrix is the unique solution, by Assumption 3, of

the Sylvester equation

σLΛ−MσL = LWΛ−MVR. (2.22)
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Furthermore, these matrices satisfy the relationships3

σL− LΛ = V R, σL−ML = LW, (2.23)

which are important relationships to preserve when enhancing the Loewner

framework to more complicated classes of systems.

When considering the situation in which the tangential data is generated

by an underlying system of the form (2.17)-(2.18), the Loewner and shifted

Loewner matrices can be decomposed into matrices with a system theoretic

interpretation. Consider the tangential generalized controllability matrix,

X ∈ Cn×ρ, defined as

X :=

[︃
(λ1E − A)−1Br1 . . . (λρE − A)−1Brρ

]︃
,

and the tangential generalized observability matrix, Y ∈ Cv×n, defined as

Y :=

⎡⎢⎢⎢⎢⎣
ℓ1C(µ1E − A)−1

...

ℓvC(µvE − A)−1

⎤⎥⎥⎥⎥⎦ .
3This can be seen by noting that σL = LΛ + V R = ML + LW uniquely solves the

Sylvester equation (2.22).
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These matrices are the unique solutions, by Assumption 3, of the generalized

Sylvester equations

EXΛ = AX +BR, (2.24)

and

Y A =MYE − LC, (2.25)

respectively. The tangential data can thus be represented as

W = CX +DR, V = Y B + LD, (2.26)

and it follows, again by uniqueness of solution to the Sylvester equations (2.21)

and (2.22), that

L = −Y EX, σL = −Y AX + LDR. (2.27)

In order to construct an interpolant of the data it is sufficient to know the

matrices L, σL, W , and V . However since by assumption, R has full row

rank and L has full column rank, by (2.26) one needs only to be concerned

with determining L and σL.
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2.5.3 Construction of Interpolants

Square Loewner Matrices

Following [94], if the number of right tangential interpolation points is equal

to the number of left tangential interpolation points, i.e. ρ = v, if the

Loewner matrices, L and σL, and the tangential data matrices,W and V , are

known, and if the matrix pencil sL−σL has full rank for all s ∈ σ(Λ)∪σ(M),

then a system that interpolates the tangential data given by the sets (2.19)

and (2.20) can be given by the system of differential-algebraic equations

Lω̇(t) = σLω(t)− V ur(t),

yr(t) = Wω(t),

with state ω(t) ∈ Cρ, input ur(t) ∈ Cm, and output yr(t) ∈ Cp, and if, in

addition, the Loewner matrix is nonsingular then the system is the unique

strictly proper interpolant of degree ρ and the implicit system can be rear-

ranged into the explicit system of ordinary differential equations

ω̇(t) = L−1σLω(t)− L−1V ur(t), (2.28)

yr(t) = Wω(t). (2.29)

Note now that a feedforward term can be leveraged to provide a family of

differential-algebraic interpolants matching the tangential data. Consider the
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system given by the equations

Lω̇(t) = (σL− LDR)ω(t)− (V − LD)ur(t), (2.30)

yr(t) = (W −DR)ω(t) +Dur(t), (2.31)

with state ω(t) ∈ Cρ, input ur(t) ∈ Cm, and output yr(t) ∈ CP , and

where the matrix D ∈ Cp×m is any matrix such that the matrix pencil

sL − (σL − LDR) is full rank for all s ∈ σ(Λ) ∪ σ(M). Then the sys-

tem (2.30)-(2.31) interpolates the tangential data given by (Λ, R,W ) and

(M,L, V ). To see that this is true, for any D satisfying the regularity con-

dition consider the tangential generalized controllability and observability

matrices, X and Y , respectively, the Loewner and shifted Loewner matri-

ces, L and σL, respectively, and the tangential data matrices, W and V ,

generated when the transfer function associated to the system (2.30)-(2.31)

is evaluated at the interpolation points given by Λ, R, and M , L. Then,

because σ(σL − LDR,L) ∩ σ(Λ) = ∅ and σ(σL − LDR,L) ∩ σ(M) = ∅, it

follows that X and Y are given as the unique solutions to the generalized

Sylvester equations

LXΛ = (σL− LDR)X − (V − LD)R,
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and

Y (σL− LDR) =MY L− L(W −DR),

respectively. Recalling (2.23), it follows that X = I and Y = −I, hence

L = −Y LX = L,

σL = −Y (σL− LDR)X + LDR = σL,

and

W = (W −DR)X +DR = W,

V = −Y (V − LD) + LD = V.

Thus, the system (2.30)-(2.31) interpolates the tangential data given by

(Λ, R,W ) and (M,L, V ) for any D such that the matrix pencil sL− (σL−

LDR) is full rank for all s ∈ σ(Λ) ∪ σ(M).

Wide Loewner Matrix With Full Rank

The authors of [94] also present a family of interpolants for the scenario in

which the Loewner matrix, L ∈ Cv×ρ, is wide and has full row rank, i.e.

v ≤ ρ and rank(L) = v. Let L# be any right inverse of L, that is LL# = Iv.
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Then the system given by the equations

ω̇(t) =
(︁
Λ + L#(V − LD)R

)︁
ω(t)− L#(V − LD)ur(t), (2.32)

yr(t) = (W −DR)ω(t) +Dur(t), (2.33)

parameterizes, in D ∈ Cp×m, a family of proper interpolants matching the

tangential data (Λ, R,W ) and (M,L, V ) for any matrix D such that the ma-

trix Λ + L#(V − LD)R has no eigenvalues belonging to σ(Λ) ∪ σ(M). This

can be seen by noting that, associated to the tangential interpolation points

given by the matrices (Λ, R,M,L), the system (2.32)-(2.33) has tangential

generalized controllability matrix X = I and tangential generalized observ-

ability matrix Y = −L, resulting in the tangential data matrices W = W

and V = V .

SVD Approach for More General Scenarios

The problem of finding an interpolant of dimension k ≤ min{v, ρ} when

rank(L) = n ≤ k (i.e. when the Loewner matrix contains redundant data) is

also considered in [94]. Suppose that for some x ∈ σ(Λ) ∪ σ(M) there exists
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a matrix D ∈ Cp×m such that the condition

rank
(︁
xL− (σL− LDR)

)︁
= rank

[︃
L σL− LDR

]︃

= rank

⎡⎢⎣ L

σL− LDR

⎤⎥⎦
= k, (2.34)

is satisfied, and the short singular value decomposition (SVD)

xL− (σL− LDR) = Y ΣX,

is performed to construct matrices Y ∈ Cv×k, X ∈ Ck×ρ, and Σ ∈ Ck×k with

Σ nonsingular. Then an interpolant of the tangential data is given by the

equations

Y ∗LX∗ω̇(t) = Y ∗(σL− LDR)X∗ω(t)− Y ∗(V − LD)ur(t),

yr(t) = (W −DR)X∗ω(t) +Dur(t),

with state ω(t) ∈ Ck, input ur(t) ∈ Cm, and output yr(t) ∈ Cp, which is a

minimal realization of an interpolant. The rank condition (2.34) is generically

satisfied as the amount of data increases, however there exist situations in

which an interpolant exists but the short SVD procedure does not yield

an interpolant. Furthermore, the authors of [94] have considered only the
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construction of state-space realizations of interpolants having dimension k ≤

min{v, ρ}.

Building Real Loewner Matrices, Recursive Interpolation, and Post-

Processing Methods

When the underlying system from which the tangential data matrices are col-

lected is real-valued, then it is important to construct an interpolant which

is also real-valued, in which case the matrices Λ, M , W , and V must con-

tain complex conjugate data. An approach to construct real-valued Loewner

objects when the interpolation frequencies are imaginary-valued and these

matrices don’t contain complex conjugate data is presented in [10], wherein

the tangential data matrices are extended by adding the necessary complex

conjugate interpolation points and performing a similarity transformation.

In particular, suppose the sets of right and left tangential data (2.19)-(2.20)

are given such that λi = jλRi , λ
R
i ∈ R, ri ∈ Rm, for i = 1, . . . , ρ, and

µj = jµR
j , µ

R
j ∈ R, ℓ⊤j ∈ Rp, for j = 1, . . . , v. Then one can build the

real-valued block-diagonal matrices

ΛR = diag

⎛⎜⎝
⎡⎢⎣ 0 λR1

−λR1 0

⎤⎥⎦ , · · · ,
⎡⎢⎣ 0 λRρ

−λRρ 0

⎤⎥⎦
⎞⎟⎠ ,
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and

MR = diag

⎛⎜⎝
⎡⎢⎣ 0 µR

1

−µR
1 0

⎤⎥⎦ , · · · ,
⎡⎢⎣ 0 µR

v

−µR
v 0

⎤⎥⎦
⎞⎟⎠ ,

the real-valued matrices

V R =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Re(v⊤1 )

−Im(v⊤1 )

...

Re(v⊤v )

−Im(v⊤v )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, LR =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ℓ⊤1

0

...

ℓ⊤v

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

WR =

[︃
Re(w1) Im(w1) . . . Re(wρ) Im(wρ)

]︃
,

RR =

[︃
r1 0 . . . rρ 0

]︃
,

and solve, for LR and σLR, the Sylvester equations

LRΛR −MRLR = LRWR − V RRR,
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and

σLRΛR −MRσLR = LRWRΛR −MRV RRR.

Then the real-valued objects RR, WR, LR, V R, LR, σLR, can be used in

place of the objects R, W , L, V , L, σL, respectively, to build the real-valued

interpolants given in the previous sections.

The authors of [92] present an approach to build an interpolant recursively

by constructing an interpolant from multiple sets of right and left tangen-

tial data. In particular, consider the first set of right and left tangential

data, given by (Λ1, R1,W1) and (M1, L1, V1), respectively, with associated

Loewner matrix given by L1, and consider the second set of right and left

tangential data, given by (Λ2, R2,W2) and (M2, L2, V2), respectively, with

associated Loewner matrix given by L2. Then a rational transfer function

which interpolates both sets of right and left tangential data is given by

H(s) =

[︃
W1 W2

]︃⎡⎢⎣sL1 − L1Λ1 − V1R1 −L1W2

−V2R1 sL2 − L2Λ2 − V2R2

⎤⎥⎦
−1 ⎡⎢⎣V1

V2

⎤⎥⎦ .
Note that in the construction of this transfer function the Loewner matrices

L1 and L2 must be square.

In [59] the authors present a post-processing approach to preserve the

DAE structure in an interpolant in the Loewner framework. This is accom-

plished by removing from the tangential data the contribution by the coef-
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ficients of the polynomial part of the underlying system’s transfer function,

constructing a modified interpolant associated to the new data, projecting

the modified interpolant to a lower dimension, and then adding polynomial

terms associated to the parts of the data that were initially removed. The

approach ensures that the resulting model preserves the polynomial terms of

the original transfer function while giving up exact matching of the tangential

data. Similarly, at the cost of giving up exact matching of the tangential data,

several post-processing methods to construct stable reduced order models in

the Loewner framework are presented in [56].

2.5.4 Enhancements of the Loewner Framework

Some notable enhancements of the Loewner framework have been developed

for more complicated families of systems than those given by the equations

(2.17)-(2.18). These enhancements are briefly discussed in this section.

Linear Time Delay Systems

In [125] the authors consider the scenario in which the sets of tangential

interpolation data (2.19)-(2.20), with ρ = v, are collected by sampling a

linear time-delay system of the form

Eẋ(t) = A1x(t) + A2x(t− τ) +Bu(t), y(t) = Cx(t), (2.35)
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with state x(t) ∈ Cn, input u(t) ∈ Cm, output y(t) ∈ Cp, time-delay τ ≥ 0,

and transfer function

H(s) = C
(︁
sE − A1 − e−τsA2

)︁−1
B,

with det (sEρ − A1,ρ − e−τsA2,ρ) ̸= 0 for all s ∈ σ(Λ) ∪ σ(M). Then the tan-

gential data is such that wi = H(λi)ri, vi = ℓiH(µi), i = 1, . . . , ρ. Given the

underlying system (2.35), the tangential generalized controllability matrix is

defined as the unique solution to the generalized Sylvester equation

EXΛ = A1X + A2Xe
−τΛ +BR,

so that W = CX, and the tangential generalized observability matrix is

defined as the unique solution to the generalized Sylvester equation

Y A1 + e−τMY A2 =MYE − LC,

so that V = Y B. A family of systems which interpolate the tangential data

is given by

Eρω̇(t) =
(︁
EρΛ− A2,ρe

−τΛ − V R
)︁
ω(t) + A2,ρω(t− τ) + V ur(t), (2.36)

yr(t) = Wω(t), (2.37)
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where Eρ ∈ Cρ×ρ and A2,ρ ∈ Cρ×ρ are any two matrices satisfying

EρΛ−MEρ + e−τMA2,ρ − A2,ρe
−τΛ = V R− LW, (2.38)

such that sEρ −
(︁
EρΛ− A2,ρe

−τΛ − V R
)︁
− e−τsA2,ρ is nonsingular for all

s ∈ σ(Λ)∪σ(M). The equation (2.38) is solved only in terms of the tangential

data and the time-delay τ , hence the interpolant given by (2.36)-(2.37) can

be constructed solely in terms of the tangential data and the time-delay.

Bilinear, Quadratic Bilinear, Linear Switched, and LPV Systems

The Loewner framework has been enhanced for the treatment of bilinear

systems, [9], quadratic-bilinear systems [54], linear switched systems [55],

bilinear time-delay systems [57], and LPV systems [58], using a generalized

transfer function approach. Each enhancement utilizes the same underlying

idea, so, for the sake of brevity, the general approach is described here.

First, for the treated class of nonlinear systems the authors consider the

associated Volterra series, which is, in general, an infinite sum of multivari-

able convolution integrals of the form

y(t) =
∞∑︂
i=1

∫︂ ∞

−∞
· · ·
∫︂ ∞

−∞
hi(τ1, . . . , τi)u(t− τ1) . . . u(t− τi)dτ1 . . . dτi,

for single-input single-output (SISO) systems. Locally, the Volterra series

describes the input-output behaviour of a system, and the series is interpreted

as an enhancement, to nonlinear systems, of the convolution integral solution
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for linear systems.

Generalized transfer functions, which are evaluated for multituple fre-

quencies, are defined as the multivariable Laplace transforms of the Volterra

series kernels, i.e. generalized transfer functions are defined having the form

H1(s1) := L{h1(t1)},

H2(s1, s2) := L{h2(t1, t2)},
...

Hn(s1, . . . , sn) := L{hn(t1, . . . , tn)},
...

which have closed-form solutions for the considered classes of systems.

Considering the first 2ρ generalized transfer functions, generalized Loewner

matrices, L and σL, and tangential data matrices, W and V , are defined,

entrywise, as

Lj,i :=
Hj+i−1(µ1, . . . , µj, λi−1, . . . , λ1)

µj − λi

− Hj+i−1(µ1, . . . , µj−1, λi, . . . , λ1)

µj − λi
,

σLj,i :=
µjHj+i−1(µ1, . . . , µj, λi−1, . . . , λ1)

µj − λi

− λiHj+i−1(µ1, . . . , µj−1, λi, . . . , λ1)

µj − λi
,

W1,i := Hi(λi, λi−1, . . . , λ1), Vj,1 := Hj(µ1, . . . , µj−1, µj),
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with 1 ≤ i, j ≤ ρ, along with any additional required objects for the consid-

ered class of systems, for example, in [9] the additional matrix Ψ is defined

entrywise as

Ψj,i := Hj+i(µ1, . . . , µj−1, µj, λi, λi−1, . . . , λ1).

Tangential generalized controllability and observability matrices, R and O,

respectively, are defined such that matrix factorizations of the generalized

Loewner matrices in terms of R, O, and the underlying system matrices,

can be accomplished, and these matrices are shown to satisfy Sylvester-like

matrix equations after arranging the interpolation points into a particular

form, i.e. for the SISO bilinear system, considered in [9], of the form

Eẋ(t) = Ax(t) +Nx(t)u(t) +Bu(t), y(t) = Cx(t),

the matrices can be factored as

L = −OER, σL = −OAR, Ψ = ONR, W = CR, V = OB,

where R and O satisfy

AR+NRSR +BR = ERΛ, OA+ SLON + LC =MOE,

with Λ and M matrices defined with a special structure based on the se-
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lected multituple interpolation frequencies, and R, L, SR, and SL matrices

containing ones and zeros with a special structure.

Finally, the generalized Loewner matrices are used to construct a reduced

order model in the considered class of systems which satifies particular inter-

polation conditions on the first 2ρ generalized transfer functions associated

to the Volterra series kernels.

The approaches of [9], [54], [55], [57], and [58], have the benefit that data-

driven methods to construct the generalized Loewner matrices are easily

designed; experiments are simple to perform and the generalized Loewner

matrices can be calculated from data entrywise. However, the considered

classes of nonlinear systems are somewhat limited, objects with no association

to objects in the linear setting (such as Ψ in [9]) must be defined in order to

construct interpolants for particular types of nonlinearities considered, and,

due to interpolating only some of the first 2ρ generalized transfer functions,

the input-output response of the constructed interpolants does not exactly

match the response of the original system.
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Chapter 3

An Interconnection-Based

Interpretation of the Loewner

Framework for Linear

Differential-Algebraic Systems

While frequency domain tools provide a simple and powerful approach when

considering the analysis of linear systems and systems possessing “mild non-

linearities”, a more widely applicable enhancement of the Loewner frame-

work should avoid such notions. To this end, the purpose of this chapter

is to present a novel interconnection-based interpretation of the Loewner

matrices. This is based on a conceptual experimental setup consisting of

the cascade interconnection of the underlying system (the system to be in-
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terpolated) with two auxiliary systems encoding the sets of right and left

interpolation points into their dynamics. New objects, the left and right

Loewner matrices, are introduced, and the selection of a particular set of

coordinates reveals that the left and right Loewner matrices are the input

and output “gains” of a parallelized representation of the cascade intercon-

nection. While not necessary for the construction of an interpolant, the left

and right Loewner matrices greatly aid in understanding the interconnection-

based interpretation of the Loewner framework, and these objects are also

crucial for justifying the definitions of the Loewner objects and interpolation

in the nonlinear setting.

The interconnection-based interpretation of the Loewner matrices devel-

oped in this chapter does not require the notion of frequency response, thus

the interpretation will be leveraged in the following chapters to enhance the

classical objects in the Loewner framework to general systems of nonlinear

and/or time-varying differential-algebraic equations.

The results of this chapter are based on [126], in which strictly proper lin-

ear time-invariant systems of ordinary differential equations are considered.

Herein, a more general formulation is considered: the systems are described

by linear time-invariant differential-algebraic equations having a feedforward

term, i.e. when the system (2.7)-(2.8) has E ̸= I and D ̸= 0.

The structure of this chapter is as follows. In Section 3.1 new objects

related to the Loewner and shifted Loewner matrices, the left and right

Loewner matrices, are introduced. In Section 3.2 a conceptual experimental
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setup yielding an interconnection-based interpretation of the Loewner and

shifted Loewner matrices is presented, and a definition of interpolation for-

going frequency domain notions is provided. Finally, in Section 3.3 some

concluding remarks are given.

3.1 The Left and Right Loewner Matrices

Some additional objects are defined to facilitate presenting an interconnection-

based interpretation of the Loewner matrices. The existence and uniqueness

of these matrices are guaranteed by Assumption 3. The left Loewner ma-

trix, Lℓ ∈ Cv×ρ, is defined as the unique solution, by Assumption 3, to the

Sylvester equation

MLℓ − LℓΛ = V R, (3.1)

and the right Loewner matrix, Lr ∈ Cv×ρ, is defined as the unique solution,

by Assumption 3, to the Sylvester equation

LrΛ−MLr = LW. (3.2)

Similarly, the left shifted Loewner matrix, σLℓ ∈ Cv×ρ, is defined as the

unique solution, by Assumption 3, to the Sylvester equation

MσLℓ − σLℓΛ =MVR, (3.3)
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and the right shifted Loewner matrix, σLr ∈ Cv×ρ, is defined as the unique

solution, by Assumption 3, to the Sylvester equation

σLrΛ−MσLr = LWΛ. (3.4)

By uniqueness of solution, again by Assumption 3, to each of the Sylvester

equations (2.21) and (2.22) it readily follows that

L = Lℓ + Lr, σL = σLℓ + σLr. (3.5)

Furthermore, from (3.1) and (3.2) it can be noted that

M(MLℓ)− (MLℓ)Λ =MVR, (LrΛ)Λ−M(LrΛ) = LWΛ,

hence, by uniqueness of solutions to (3.3) and (3.4), it follows that

σLℓ =MLℓ, σLr = LrΛ.

Remark 1. The left and right Loewner matrices are not explicitly required

when constructing an interpolant in the Loewner framework, but rather the

existence of these objects enhances understanding on how an interpolant in

the framework fulfills its purpose. The interpretation that is obtained via

these objects does not require frequency domain notions and can be readily

used to define interpolants for nonlinear systems.

72



3.2 A Conceptual Experimental Setup

The development of the interconnection-based interpretation of the Loewner

matrices relies on a conceptual experimental setup. To this end, consider two

auxiliary systems encoding the tangential interpolation points and given by

the equations1

ζ̇r(t) = Λζr(t) + ∆(t), (3.6)

v(t) = Rζr(t), (3.7)

and

ζ̇ℓ(t) =Mζℓ(t) + Lχ(t), (3.8)

η(t) = ζℓ(t), (3.9)

with states ζr(t) ∈ Cρ and ζℓ(t) ∈ Cv, inputs ∆(t) ∈ Cρ and χ(t) ∈ Cp, and

outputs v(t) ∈ Cm and η(t) ∈ Cv. Consider now a cascade interconnection

of the system (2.17)-(2.18) and the auxiliary systems (3.6)-(3.7) and (3.8)-

(3.9) defined by the interconnection equations v = u and χ = y shown in

Figure 3.1. The interconnected system has the differential-algebraic state-

1Similarity transformations of the auxiliary systems (3.6)-(3.7) and (3.8)-(3.9) produce
the exact same interconnected system, hence the auxiliary systems can be realized under
modest assumptions. This is discussed in depth in Appendix A.
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Figure 3.1: The cascade interconnected system (3.10)-(3.11).

space representation

⎡⎢⎢⎢⎢⎣
ζ̇r

Eẋ

ζ̇ℓ

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
Λ 0 0

BR A 0

LDR LC M

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
ζr

x

ζℓ

⎤⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
I

0

0

⎤⎥⎥⎥⎥⎦∆, (3.10)

η =

[︃
0 0 I

]︃⎡⎢⎢⎢⎢⎣
ζr

x

ζℓ

⎤⎥⎥⎥⎥⎦ , (3.11)

with state

[︃
ζ∗r x∗ ζ∗ℓ

]︃∗
, input ∆, and output η. The interconnected system

given by (3.10)-(3.11) encodes all information on the Loewner matrices and

tangential generalized controllability and observability matrices generated

by the underlying system (2.17)-(2.18) at the tangential interpolation points

given by the systems (3.6)-(3.7) and (3.8)-(3.9). However, it is not readily

apparent in what way these matrices make an appearence in the dynamic be-

haviour of the interconnected system. In order to determine the relationship

between the Loewner objects and the interconnected system one can select

a new set of coordinates that makes explicit the encoding of Lℓ, Lr, X, and

Y in the differential-algebraic state-space representation. In particular, the
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new choice of coordinates allows reinterpreting the series interconnected sys-

tem (3.10)-(3.11) as a parallel interconnection in which the diagonal blocks

of the autonomous system are preserved, i.e. the diagonal blocks are given

by Λ, (E,A), and M .

Theorem 6 (Loewner Coordinates). Consider the interconnected system

(3.10)-(3.11) and the coordinates transformation

⎡⎢⎢⎢⎢⎣
zr

zc

zℓ

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
I 0 0

−X I 0

Lℓ Y E I

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
ζr

x

ζℓ

⎤⎥⎥⎥⎥⎦ .

Then the system in the new coordinates has the differential-algebraic state-

space representation

⎡⎢⎢⎢⎢⎣
żr

Eżc

żℓ

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
Λ 0 0

0 A 0

0 0 M

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
zr

zc

zℓ

⎤⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
I

−EX

Lℓ

⎤⎥⎥⎥⎥⎦∆, (3.12)

η =

[︃
Lr −Y E I

]︃⎡⎢⎢⎢⎢⎣
zr

zc

zℓ

⎤⎥⎥⎥⎥⎦ . (3.13)

Proof. The transformed representation (3.12)-(3.13) for the interconnected

system given by the equations (3.10)-(3.11) is calculated directly. Multiplying

zc = x−Xζr by E on the left side and taking the derivative with respect to
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time yields

Eżc = Eẋ− EXζ̇r

= Ax+BRζr − EXΛζr − EX∆

= Azc − (EXΛ− AX −BR)ζr − EX∆.

The tangential generalized controllability matrix, X, is the unique solution,

by Assumption 3, to the generalized Sylvester equation (2.24), hence

Eżc = Azc − EX∆.

Taking the derivative of zℓ = ζℓ + Y Ex+ Lℓζr with respect to time yields

żℓ = ζ̇ℓ + Y Eẋ+ Lℓζ̇r

=Mζℓ + LCx+ LDRζr + Y Ax+ Y BRζr + LℓΛζr + Lℓ∆

=Mzℓ + (Y A−MYE + LC)x+ (LℓΛ−MLℓ + (Y B + LD)R)ζr + Lℓ∆.

The tangential generalized observability matrix, Y , is the unique solution,

by Assumption 3, to the generalized Sylvester equation (2.25) and the left

Loewner matrix, Lℓ, is the unique solution satisfying the Sylvester equa-

tion (3.1), hence

żℓ =Mzℓ + Lℓ∆.
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Figure 3.2: The “parallelized” interconnected system (3.12)-(3.13).

Finally, the output η in the new coordinates is

η = ζℓ = −Lℓζr − Y Ex+ zℓ

= (−Y EX − Lℓ)zr − Y Ezc + zℓ.

Recalling (2.27) and (3.5), it follows that

η = Lrzr − Y Ezc + zℓ.

Theorem 6 yields the following interconnection-based interpretation of the

Loewner matrices: the left Loewner matrix, the right Loewner matrix, the

tangential generalized controllability matrix, and the tangential generalized

observability matrix are the input and output “gains” of the interconnected

system when observed in coordinates in which the output is produced by

three systems running in parallel, as in Figure 3.2, in which the autonomous

behaviour of each parallel subsystem in (3.12)-(3.13), associated to Λ, A,
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and M , is the same as the autonomous behaviour of each system in the

series interconnection (3.10)-(3.11). This interpretation, which is both sim-

ple and powerful, is the primary motivation underlying particular choices

of definitions for Loewner objects when enhancing the framework to more

complicated classes of systems in later chapters.

Recalling that the shifted Loewner matrices associated to the transfer

function H(s) are exactly the Loewner matrices associated to the transfer

function sH(s), a similar interpretation for the shifted Loewner matrices can

be deduced. Consider now an interconnected system given by the intercon-

nection equations u = v and2 χ = ẏ. The resulting interconnected system

has the differential-algebraic state-space representation

⎡⎢⎢⎢⎢⎣
ζ̇r

Eẋ

ζ̇ℓ − LCẋ

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
Λ 0 0

BR A 0

LDRΛ 0 M

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
ζr

x

ζℓ

⎤⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
I

0

LDR

⎤⎥⎥⎥⎥⎦∆, (3.14)

η =

[︃
0 0 I

]︃⎡⎢⎢⎢⎢⎣
ζr

x

ζℓ

⎤⎥⎥⎥⎥⎦ . (3.15)

The following is a modification of Theorem 2 in3 [126].

2There is no issue with taking the time derivative of y as long as the trajectory of ζr is
smooth, the matrix pencil sE −A is regular, and the initial condition x(t0) is consistent.
By linearity the derivative could also be taken at the output v or at the output η.

3In [126] the dual interpretation for the shifted Loewner matrices was demonstrated by
applying a time derivative to the output of each auxiliary system, (3.6)-(3.7) and (3.8)-
(3.9), then constructing the corresponding interconnected system with (2.17)-(2.18). Thus,
the approach in [126] uses two time derivatives. Here, only a single derivative is used so a
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Theorem 7 (Shifted Loewner Coordinates). Consider the interconnected

system (3.14)-(3.15) and the coordinates transformation

⎡⎢⎢⎢⎢⎣
zr

zc

zℓ

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
I 0 0

−X I 0

σLℓ − LDR Y A I

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
ζr

x

ζℓ

⎤⎥⎥⎥⎥⎦ .

Then the system in the new coordinates has the differential-algebraic state-

space representation

⎡⎢⎢⎢⎢⎣
żr

Eżc

żℓ

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
Λ 0 0

0 A 0

0 0 M

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
zr

zc

zℓ

⎤⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
I

−EX

σLℓ

⎤⎥⎥⎥⎥⎦∆,

η =

[︃
σLr −Y A I

]︃⎡⎢⎢⎢⎢⎣
zr

zc

zℓ

⎤⎥⎥⎥⎥⎦ .

Proof. The proof follows a similar procedure to that in the proof of Theo-

rem 6, however the time derivative of zℓ = (σLℓ − LDR)ζr + Y Ax + ζℓ is

result corresponding to the relationship between (L, H(s)) and (σL, sH(s)) is obtained.
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now

żℓ = (σLℓ − LDR)ζ̇r + Y Aẋ+ ζ̇ℓ

= (σLℓ − LDR)(Λζr +∆) +MYEẋ+ (ζ̇ℓ − LCẋ)

= (σLℓ − LDR)(Λζr +∆) +MY (Ax+BRζr)

+ (LDRΛζr +Mζℓ + LDR∆)

= (σLℓΛ +MYBR)ζr + σLℓ∆+MYAx+Mζℓ

=M(σLℓ − (V − Y B)R)ζr +MYAx+Mζℓ + σLℓ∆

=M((σLℓ − LDR)ζr + Y Ax+ ζℓ) + σLℓ∆

=Mzℓ + σLℓ∆,

and the output η becomes

η = ζℓ = −(σLℓ − LDR)zr − Y A(zc +Xzr) + zℓ

= (−Y AX + LDR− σLℓ)zr − Y Azc + zℓ

= σLrzr − Y Azc + zℓ,

thus completing the proof.

Using the interconnection-based interpretation of the Loewner objects

obtained from the interconnection (3.10)-(3.11) along with its parallelized

representation (3.12)-(3.13), a definition of interpolation can now be given.

This definition avoids the use of frequency domain notions, and thus is read-
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ily enhanced for the purpose of defining interpolation in more complicated

settings.

Definition 6 (Loewner Equivalence). Let Σ and Σ be two systems with left

and right Loewner matrices Lℓ, Lr, and Lℓ
, Lr

, respectively, associated to

the generating matrices Λ, R, M , and L. Then, Σ and Σ are called Loewner

equivalent at (Λ, R,M,L) if Lℓ = Lℓ
and Lr = Lr

.

By considering Theorem 6, the fact that two systems are Loewner equivalent

at (Λ, R,M,L) has an obvious implication regarding the behaviour of their

corresponding cascade interconnections with the auxiliary systems (3.6)-

(3.7) and (3.8)-(3.9). If two systems, Σ and Σ, are Loewner equivalent at

(Λ, R,M,L), then in the Loewner coordinates represented in Figure 3.2 the

responses of the top and bottom branches are exactly matched for corre-

sponding initial conditions. Any difference in behaviour of the corresponding

cascade interconnected system outputs, η and η, respectively, is associated to

the behaviour of the centre branches. Furthermore, if the systems Σ and Σ

possess asymptotically stable equilibrium points at the origin and the input

∆ converges to zero (such as when ∆ sets an initial condition or represents a

transient disturbance) then the respective output trajectories of the intercon-

nected systems differ only by a transient and converge to the same trajectory

that is characterized entirely by the Loewner matrices and the states of the

auxiliary systems (3.6)-(3.7) and (3.8)-(3.9). Thus, under mild conditions

it follows that Loewner equivalent systems induce similar output responses

when interconnected with the same auxiliary systems. This is demonstrated
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by considering the system (3.12)-(3.13) restricted to the invariant (when the

matrix pencil4 sE − A is regular and ∆ = 0) manifold zc = 0, or x = Xζr,

which has the simplified dynamics

żr = Λzr +∆,

żℓ =Mzℓ + Lℓ∆,

η = Lrzr + zℓ.

It should be noted that Loewner equivalence pertains to the behaviour of the

interconnected system (3.10)-(3.11) and, for Loewner equivalent systems Σ

and Σ with transfer functions H(·) and H(·), respectively, right tangential

data matrices W and W , respectively, and left tangential data matrices V

and V , respectively, implies the matching conditions

LH(λi)ri = LWei = LWei = LH(λi)ri, i = 1, . . . , ρ,

and

ℓjH(µj)R = e⊤j V R = e⊤j V R = ℓjH(µj)R, j = 1, . . . , v,

4As discussed in Section 2.3 and [88], the condition that sE − A is a regular matrix
pencil is necessary and sufficient for the property that for every sufficiently smooth input,
the differential-algebraic equation is solvable and the solution is unique for every consistent
initial value. Thus, if ∆(t) = 0 for t ≥ t0 and zc(t0) = 0, then zc(t) = 0 and żc(t) = 0, for
all t ≥ t0, is a unique solution.
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because

LW = LrΛ−MLr = Lr
Λ−MLr

= LW,

and

V R =MLℓ − LℓΛ =MLℓ − Lℓ
Λ = V R.

Thus, in its most general form, Loewner equivalence is a weaker condition

than that of matching the same tangential data W and V . However, under

mild conditions Loewner equivalence is necessary and sufficient for matching

the tangential data.

Theorem 8 (Matching Conditions). Let Σ and Σ be two systems with Loewner

matrices Lℓ, Lr, L, σL, and Lℓ
, Lr

, L, σL, and tangential data W , V , and

W , V , respectively, associated to the generating matrices Λ, R, M , and L.

If σ(Λ) ∩ σ(M) = ∅, R has full row rank, and L has full column rank then

the following statements are equivalent:

i) Lℓ = Lℓ
and Lr = Lr

,

ii) L = L and σL = σL,

iii) W = W and V = V .
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Proof. Clearly, if Lℓ = Lℓ
and Lr = Lr

then

L = Lℓ
+ Lr

= Lℓ + Lr = L,

and

σL =MLℓ
+ Lr

Λ =MLℓ + LrΛ = σL,

hence i) ⇒ ii), trivially. If L = L and σL = σL then

LW = σL−ML = σL−ML = LW,

and

V R = σL− LΛ = σL− LΛ = V R,

and ii) ⇒ iii), because R has full row rank and L has full column rank. If

W = W and V = V then

MLℓ − Lℓ
Λ = V R = V R =MLℓ − LℓΛ,

and

Lr
Λ−MLr

= LW = LW = LrΛ−MLr,
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hence

M(Lℓ − Lℓ)− (Lℓ − Lℓ)Λ = 0, (Lr − Lr)Λ−M(Lr − Lr) = 0,

and iii) ⇒ i), because σ(Λ) ∩ σ(M) = ∅.

Based on the definition of Loewner equivalence, a reduced order model

in the Loewner sense is formally defined as follows.

Definition 7 (Reduced Order Model). Let Σ and Σ be two systems of

order n and v, respectively. Σ is called a reduced order model of Σ in the

Loewner sense if Σ and Σ are Loewner equivalent at (Λ, R,M,L) and v < n.

3.3 Conclusion

In this chapter an interconnection-based interpretation of the Loewner matri-

ces has been presented. To this end, new objects, the left and right Loewner

matrices, have been defined, the introduction of which is instrumental for

revealing how the Loewner matrices are encoded into a conceptual experi-

mental setup. From this interpretation a definition of interpolation which

does not rely on frequency domain notions has been presented. Due to its

system theoretic nature the interpretation can be leveraged to extend the

definitions of Loewner “objects” to nonlinear and time-varying systems, and

hence to extend previously studied tangential interpolation methods to more

general classes of systems.
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Chapter 4

Interpolation of Nonlinear

Differential Systems

In this chapter the Loewner framework is extended to general nonlinear

input-affine systems of ordinary differential equations using the state-space

interpretation of the Loewner matrices developed in Chapter 3. This is ac-

complished by considering auxiliary systems encoding interpolation points

and, along with the underlying system-to-be-interpolated, constructing a

nonlinear enchancement of the conceptual experimental setup discussed in

Chapter 3. Generalizations of the Loewner matrices, the Loewner functions,

are introduced. These functions have definitions motivated by the construc-

tion of a “parallelizing” coordinates transformation for the cascade intercon-

nection. The Loewner functions are then used to build models which pro-

duce the exact same Loewner functions corresponding to the same auxiliary
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systems, thus achieving interpolation in the Loewner sense. Locally, under

mild assumptions, the original model and the interpolant produce the same

steady-state response when cascade interconnected with the same auxiliary

systems, provided that the response exists. Similar to the linear setting, the

Loewner framework for nonlinear systems resembles the two-sided moment

matching procedure of [77].

This chapter is structured as follows. In Section 4.1 the class of systems

that the Loewner framework is enhanced for in this chapter is introduced. In

Section 4.2 the notion of Loewner matrices is generalized to that of Loewner

functions for nonlinear systems interconnected with linear auxiliary systems;

a special set of coordinates is introduced, the Loewner coordinates ; and an

interpolant is presented, achieving interpolation on the basis of the Loewner

functions and matching tangential data functions. In Section 4.3 the re-

sults are further enhanced to allow for nonlinear auxiliary systems. In Sec-

tion 4.4 a demonstrative example is provided wherein a reduced order model

is constructed for the averaged model of a DC-to-DC Ćuk converter, and

in Section 4.5 an example is provided where a system is constructed which

interpolates nonlinear tangential data functions associated to the output re-

sponse induced when a system’s input is driven by a Van der Pol oscillator.

Finally, in Section 4.6 some concluding remarks are drawn.
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4.1 Problem Formulation

To take the first step towards enhancing the Loewner framework to more

general classes of systems, this chapter focuses on the interpolation and model

order reduction of nonlinear systems described by equations of the form

ẋ(t) = f(x(t)) + g(x(t))u(t), (4.1)

y(t) = h(x(t)), (4.2)

with state x(t) ∈ Cn, input u(t) ∈ Cm, and output y(t) ∈ Cp, and mappings

f : Cn → Cn, g : Cn → Cn×m, and h : Cn → Cp of appropriate dimensions,

and such that f(0) = 0, h(0) = 0, and f(·) is differentiable. Let A := ∂f
∂x
(0).

For ease of presentation, as done in Chapter 3, complex valued mappings

and signals are considered and are assumed to have been obtained from

linear coordinates transformations of corresponding real valued mappings and

signals. In addition, with some abuse of terminology, it is said, for example,

that the zero equilibrium of ẋ = f(x), with x(t) ∈ Cn and f : Cn → Cn, is

locally asymptotically stable if the zero equilibrium of the underlying “real”

system is locally asymptotically stable.

The following assumption is made to relate the Loewner functions to the

response of the system when interconnected with auxiliary systems. It is

also used to prove the existence of solution for various PDEs arising in the

Loewner framework via the centre manifold theory.1

1It will also be demonstrated that existence of the various objects in the Loewner
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Assumption 5. The unforced system ẋ = f(x) is locally exponentially stable

at the origin, i.e. all eigenvalues of A belong to C−.

4.2 Linear Auxiliary Systems

To begin leveraging the state-space intepretation of the Loewner matrices

given in Chapter 3, consider again constructing two linear auxiliary systems

of the form

ζ̇r(t) = Λζr(t) + ∆(t), (4.3)

v(t) = Rζr(t), (4.4)

and

ζ̇ℓ(t) =Mζℓ(t) + Lχ(t), (4.5)

η(t) = ζℓ(t), (4.6)

with states ζr(t) ∈ Cρ and ζℓ(t) ∈ Cv, inputs ∆(t) ∈ Cρ and χ(t) ∈ Cp, and

outputs v(t) ∈ Cm and η(t) ∈ Cv, and with matrices Λ ∈ Cρ×ρ, R ∈ Cm×ρ,

M ∈ Cv×v, and L ∈ Cv×p. The matrices Λ, R, M , L, are taken to be

the compact representations of the right and left tangential interpolation

points (2.19) and (2.20) as in the previous chapter.

framework can be guaranteed using nonresonance conditions, hence the Loewner objects
can still be obtained for unstable systems. However, in this case the connection with the
steady-state response of the interconnected system is lost.
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Bounded signals should be considered in order to relate the response of

the system to the Loewner functions, hence the following assumption is made.

Assumption 6. The matrices Λ and M have all eigenvalues on the imagi-

nary axis, and these eigenvalues have geometric multiplicity one.

Consider now the interconnection of the system (4.1)-(4.2) with the auxil-

iary systems (4.3)-(4.4) and (4.5)-(4.6), defined via the interconnection equa-

tions u = v and χ = y. The resulting interconnected system has state-space

representation given by the equations

⎡⎢⎢⎢⎢⎣
ζ̇r

ẋ

ζ̇ℓ

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
Λζr

f(x) + g(x)Rζr

Mζℓ + Lh(x)

⎤⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
I

0

0

⎤⎥⎥⎥⎥⎦∆, (4.7)

η = ζℓ, (4.8)

with state

[︃
ζ∗r x∗ ζ∗ℓ

]︃∗
, input ∆, and output η.

4.2.1 Loewner Functions

Nonlinear enhancements of the tangential generalized controllability and ob-

servability matrices, and nonlinear enhancements of the tangential data ma-

trices and Loewner matrices, can now be defined. These enhancements, from

now on collectively referred to as Loewner functions, or even more generally

as Loewner objects, are defined in terms of the functions and matrices ap-

pearing in the interconnected system (4.7)-(4.8). It is important to note that
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the following statements regarding the existence of Loewner functions, some

of which are defined as the solutions to partial differential equations (PDEs),

are all local.

The tangential generalized controllability function, X : Cρ → Cn, is de-

fined as the solution, provided it exists, to the PDE with boundary condition

∂X

∂ζr
Λζr = f(X(ζr)) + g(X(ζr))Rζr, X(0) = 0. (4.9)

The following proposition follows as a direct consequence of Assumptions 5

and 6 and of the centre manifold theory, see [31].

Proposition 1 (Existence of X). Consider the PDE (4.9) with the bound-

ary condition X(0) = 0. Suppose Assumption 5 and Assumption 6 hold.

Then there exists a function X : Cρ → Cn satisfying the partial differential

equation (4.9) with the given boundary condition.

The tangential generalized observability function, Y : Cn → Cv, is defined

as the solution, provided it exists, to the PDE with boundary condition

∂Y

∂x
f(x) =MY (x)− Lh(x), Y (0) = 0. (4.10)

To prove existence of solution for the PDE with boundary condition (4.10)

the following definition from [84] is leveraged.

Definition 8 ([84, Def. 2]). Given an n × n matrix F , with spectrum

σ(F ) = λ = (λ1, . . . , λn), and constants C > 0 and v > 0, it is said that
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a complex number µ is of type (C, v) with respect to σ(F ) if, for any vector

m = (m1,m2, . . . ,mn) of nonnegative integers, it follows that

|µ− (m · λ)| ≥ C

|m|v
,

where |m| =
∑︁
mi > 0.

The purpose of introducing Definition 8 is to give a nonresonance con-

dition which asserts the existence and uniqueness of an analytic solution

to various PDEs possessing a “Sylvester-like” structure. The type (C, v)

condition can be thought of as a nonlinear enhancement of the well-known

disjoint spectrum condition, which asserts the existence of a unique solu-

tion, for Sylvester equations. The following proposition follows by a direct

application of the main theorem of [84].

Proposition 2 (Existence of Y ). Consider the PDE (4.10) with the boundary

condition Y (0) = 0 and suppose that f(·) and h(·) are analytic. Suppose

there exist constants C > 0 and v > 0 such that all eigenvalues of M are

of type (C, v) with respect to σ(A). Then there exists a function Y : Cn →

Cv satisfying the partial differential equation (4.10) with the given boundary

condition.

Remark 2. An alternative proof of existence of solution to the PDE (4.10)

utilizing the centre manifold theory and an auxiliary object can be found in

[130], however this proof requires an invertibility condition for the auxiliary

object.
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Remark 3. A proof of existence of solution to the PDE with boundary

condition (4.9) that does not require any stability assumptions can be given

by asserting that the eigenvalues of A are of type (C, v) with respect to σ(Λ).

The proof, however, requires a slightly more general existence result than the

enhancement of the main theorem of [84] given later in this chapter, and a

more general result that can be found in Appendix B.

Having defined the tangential generalized controllability and observabil-

ity functions, nonlinear enhancements of the right and left tangential data

matrices, W : Cρ → Cp and V : Cρ → Cv×m, are given by

W (ζr) := h
(︁
X(ζr)

)︁
, V (ζr) :=

(︃
∂Y

∂x
◦X(ζr)

)︃
g
(︁
X(ζr)

)︁
, (4.11)

respectively. The nonlinear Loewner function, L : Cρ → Cv, is defined in

terms of the tangential generalized controllability and observability functions

as

L(ζr) := −Y
(︁
X(ζr)

)︁
,

and the nonlinear shifted Loewner function, σL : Cρ → Cv, is defined in terms

of the tangential generalized controllability and observability functions as

σL(ζr) := −
(︃
∂Y

∂x
◦X(ζr)

)︃
f
(︁
X(ζr)

)︁
.

The left Loewner function, Lℓ : Cρ → Cv, is defined as the solution, provided
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it exists, to the PDE with boundary condition

∂Lℓ

∂ζr
Λζr −MLℓ(ζr) = −V (ζr)Rζr, Lℓ(0) = 0, (4.12)

and the right Loewner function, Lr : Cρ → Cv, is defined as

Lr(ζr) := L(ζr)− Lℓ(ζr).

The following proposition regarding the existence of the left Loewner function

follows, again, by a direct application of the main theorem of [84].

Proposition 3 (Existence of Lℓ). Consider the PDE (4.12) with the bound-

ary condition Lℓ(0) = 0 and suppose that V (·) is analytic. Suppose there exist

constants C > 0 and v > 0 such that all eigenvalues of M are of type (C, v)

with respect to σ(Λ). Then there exists a function Lℓ : Cρ → Cv satisfying

the partial differential equation (4.12) with the given boundary condition.

The following proposition gives some useful relationships between the

Loewner objects introduced thus far.

Proposition 4. Given the functions X(·), Y (·), W (·), V (·), L(·), σL(·),

Lℓ(·), and Lr(·), and the matrices Λ, R, M , and L, the following hold.

i) The Loewner function, L(·), satisfies the PDE with boundary condition

∂L
∂ζr

Λζr −ML(ζr) = LW (ζr)− V (ζr)Rζr, L(0) = 0. (4.13)
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ii) The right Loewner function, Lr(·), satisfies the PDE with boundary con-

dition

∂Lr

∂ζr
Λζr −MLr(ζr) = LW (ζr), Lr(0) = 0.

iii) The shifted Loewner function satisfies the equation

σL(ζr) =ML(ζr) + LW (ζr). (4.14)

iv) The shifted Loewner function satisfies the equation

σL(ζr) =
∂L
∂ζr

Λζr + V (ζr)Rζr. (4.15)

v) The shifted Loewner function satisfies the equation

σL(ζr) =MLℓ(ζr) +
∂Lr

∂ζr
Λζr.

Proof. Multiplying (4.9) by −
(︁
∂Y
∂x

◦X(ζr)
)︁
on the left yields

∂L
∂ζr

Λζr = −
(︃
∂Y

∂x
◦X(ζr)

)︃
∂X

∂ζr
Λζr

= −
(︃
∂Y

∂x
◦X(ζr)

)︃
f
(︁
X(ζr)

)︁
−
(︃
∂Y

∂x
◦X(ζr)

)︃
g
(︁
X(ζr)

)︁
Rζr

= σL(ζr)− V (ζr)Rζr,
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which proves iv). Substituting X(ζr) into (4.10) yields

σL(ζr) = −
(︃
∂Y

∂x
◦X(ζr)

)︃
f
(︁
X(ζr)

)︁
= −MY

(︁
X(ζr)

)︁
+ Lh

(︁
X(ζr)

)︁
=ML(ζr) + LW (ζr),

which proves iii). Equating iii) and iv) yields

∂L
∂ζr

Λζr + V (ζr)Rζr =ML(ζr) + LW (ζr),

and noting that X(0) = 0, Y (0) = 0, and W (0) = 0 proves i). Subtract-

ing (4.12) from (4.13) yields

(︃
∂L
∂ζr

− ∂Lℓ

∂ζr

)︃
Λζr −M

(︁
L(ζr)− Lℓ(ζr)

)︁
=
∂Lr

∂ζr
Λζr −MLr(ζr)

= LW (ζr),

and noting that W (0) = 0 proves ii). Finally, from iv) and (4.12) it follows

that

σL(ζr) =
∂L
∂ζr

Λζr + V (ζr)Rζr

=
∂Lr

∂ζr
Λζr +

(︃
∂Lℓ

∂ζr
Λζr + V (ζr)Rζr

)︃
=
∂Lr

∂ζr
Λζr +MLℓ(ζr),
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proving v).

Remark 4. If the system (4.1)-(4.2) is linear then the solution to the PDEs

(4.9), (4.10), and (4.12) becomes X(ζr) = Xζr, Y (x) = Y x, and Lℓ(ζr) =

Lℓζr, where X, Y , and Lℓ are the solutions to the Sylvester equations (2.24),

(2.25), and (3.1). Thus the linear Loewner objects are recovered.

4.2.2 Loewner Coordinates

Similar to the linear setting considered in Chapter 3, the relationship between

the Loewner functions and the interconnected system (4.7)-(4.8) is exposed

by selecting an appropriate set of coordinates.

Theorem 9 (Loewner Coordinates). Consider the interconnected system

(4.7)-(4.8) and the coordinates transformation

⎡⎢⎢⎢⎢⎣
zr

zc

zℓ

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
ζr

x−X(ζr)

ζℓ + Y (x) + Lℓ(ζr)

⎤⎥⎥⎥⎥⎦ .

Then the system in the new coordinates has the state-space realization

⎡⎢⎢⎢⎢⎣
żr

żc

żℓ

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
Λ 0 0

0 ˜︁A (zc, zr) 0

0 ˜︁G (zc, zr) M

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
zr

zc

zℓ

⎤⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎢⎣
I

−
(︂

∂X
∂ζr

◦ zr
)︂

(︂
∂Lℓ

∂ζr
◦ zr
)︂

⎤⎥⎥⎥⎥⎥⎦∆,

η = Lr(zr)− ˜︁Y (zc, zr) zc + zℓ,
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where zr(t) ∈ Cρ, zc(t) ∈ Cn, zℓ(t) ∈ Cv, and where ˜︁A : Cn × Cρ → Cn×n,˜︁G : Cn × Cρ → Cv×n, and ˜︁Y : Cn × Cρ → Cv×n are obtained via application

of Hadamard’s Lemma.

Proof. The proof proceeds by direct differentiation. Taking the time deriva-

tive of zc yields

żc = ẋ− ∂X

∂ζr
ζṙ

=
(︂
f
(︁
zc +X(ζr)

)︁
− f

(︁
X(ζr)

)︁)︂
+
(︂
g
(︁
zc +X(ζr)

)︁
− g
(︁
X(ζr)

)︁)︂
Rζr −

∂X

∂ζr
∆

= ˜︁A(zc, zr)zc − (︃∂X
∂ζr

◦ zr
)︃
∆,

where ˜︁A(·) is obtained via Hadamard’s lemma and it is such that

˜︁A(zc, zr)zc = (︂f(︁zc +X(zr)
)︁
− f

(︁
X(zr)

)︁)︂
+
(︂
g
(︁
zc +X(zr)

)︁
− g
(︁
X(zr)

)︁)︂
Rzr.

For zℓ, taking the derivative yields

żℓ = ζ̇ℓ +
∂Y

∂x
ẋ+

∂Lℓ

∂ζr
ζ̇r

=Mzℓ +

(︃
∂Y

∂x
f(x)−MY (x) + Lh(x)

)︃
+

(︃
∂Lℓ

∂ζr
Λζr −MLℓ(ζr) +

∂Y

∂x
g(x)Rζr

)︃
+
∂Lℓ

∂ζr
∆.
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By the PDEs defining Y (·) and Lℓ(·), that is (4.10) and (4.12), this becomes

żℓ =Mzℓ +

(︃
∂Y

∂x
◦
(︁
zc +X(ζr)

)︁)︃
g
(︁
zc +X(ζr)

)︁
Rζr

−
(︃
∂Y

∂x
◦X(ζr)

)︃
g
(︁
X(ζr)

)︁
Rζr +

∂Lℓ

∂ζr
∆

=Mzℓ + ˜︁G(zc, zr)zc + (︃∂Lℓ

∂ζr
◦ zr
)︃
∆,

where ˜︁G(·) is obtained via Hadamard’s lemma and it is such that

˜︁G(zc, zr)zc = (︃∂Y
∂x

◦
(︁
zc +X(zr)

)︁)︃
g
(︁
zc +X(zr)

)︁
Rzr

−
(︃
∂Y

∂x
◦X(zr)

)︃
g
(︁
X(zr)

)︁
Rzr.

Finally, it follows that

η = zℓ − Y (zc +X(ζr))− Lℓ(ζr)

=
(︁
L(ζr)− Lℓ(ζr)

)︁
−
(︂
Y
(︁
zc +X(ζr)

)︁
− Y

(︁
X(ζr)

)︁)︂
+ zℓ

= Lr(zr)− ˜︁Y (zc, zr)zc + zℓ,

where ˜︁Y (·) is obtained via Hadamard’s lemma and it is such that

˜︁Y (zc, zr)zc = Y
(︁
zc +X(zr)

)︁
− Y

(︁
X(zr)

)︁
,

yielding the desired result.
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Note that, by Assumption 5, for any sufficiently small initial conditions

x(0) and ζr(0), the solution of the interconnected system approaches the cen-

tre manifold x = X(ζr) exponentially fast, hence zc approaches zero provided

∆ is sufficiently small and converges to zero. On the centre manifold, i.e.

when x = X(ζr) or zc = 0, the interconnected system has the simplified

dynamics

żr = Λzr +∆,

żℓ =Mzℓ +

(︃
∂Lℓ

∂ζr
◦ zr
)︃
∆,

and

η = Lr(zr) + zℓ,

hence the system restricted to the centre manifold contains only information

on the Loewner functions. The simplified dynamics allow for an interpreta-

tion of the Loewner functions in a similar fashion to the interpretation of the

Loewner matrices presented in Chapter 3.

4.2.3 Loewner Equivalent Model

Given the definitions of the Loewner functions, and given the simplified in-

terconnected system dynamics when restricted to the manifold zc = 0, the

concepts of interpolation and of model order reduction in the Loewner sense

for nonlinear systems can be developed. Furthermore, a nonlinear system
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which interpolates the Loewner functions defined by the PDEs (4.9), (4.10),

and (4.12) can be constructed. This nonlinear interpolant is reminiscent of

the linear interpolants matching the tangential data in [94] and [127]. The

frequency domain interpretations of the tangential data (2.19) and (2.20)

hold little meaning in the nonlinear context, so, when referring to nonlinear

systems, the definition of interpolation in the Loewner sense is given as an

extension of the definition of Loewner equivalence for linear systems, i.e. as

an enhancement of Definition 6 in Chapter 3.

Definition 9 (Loewner Equivalence). Let Σ and Σ be two systems described

by equations of the form (4.1)-(4.2) admitting left and right Loewner functions

Lℓ(·), Lr(·), and Lℓ
(·), Lr

(·), respectively, associated to the matrices Λ, R,

M , and L. Then Σ and Σ are called Loewner equivalent at (Λ, R,M,L) if

Lℓ(ζr) = Lℓ
(ζr) and Lr(ζr) = Lr

(ζr) in a neighbourhood of the origin.

Consistently, it is said that a nonlinear system interpolates another non-

linear system (in the Loewner sense) at (Λ, R,M,L) if the two systems

are Loewner equivalent at (Λ, R,M,L). That is, for the same matrices

Λ, R,M,L, the interpolating model possesses the exact same left and right

Loewner functions as the system it interpolates.

Just as in the linear setting of Chapter 3, the property of Loewner equiva-

lence at (Λ, R,M,L) has a strong implication on the steady-state behaviour

of the system when interconnected with the auxiliary systems (4.3)-(4.4)

and (4.5)-(4.6). By Theorem 9, and assuming the foregoing stability condi-

tions hold, i.e. Assumptions 5 and 6, if ∆ is sufficiently small, bounded, and
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converges to zero, and if the plant state x has not left the region of attraction

of the origin (i.e. x still approaches the centre manifold x = X(ζr)), then it

is easy to see that the steady-state response, provided it exists, of the system

interconnected with the auxiliary systems is dependent entirely on the aux-

iliary system states and the left and right Loewner functions. Thus, if two

locally exponentially stable systems are Loewner equivalent at (Λ, R,M,L)

then there exist initial conditions2 such that the two systems interconnected

with the auxiliary system have the same steady-state behaviour, provided it

exists.

Along with the notion of Loewner equivalence, which is useful for the

purpose of interpreting the Loewner functions, the following definition of

interpolation related to the tangential data mappings is also considered.

Definition 10 (Interpolant of the Tangential Data). Consider the set of

right tangential data, given by Λ, R, W (·), and the set of left tangential

data, given by M , L, V (·). Let Σ be a system described by equations of the

form (4.1)- (4.2) and admitting right and left tangential data mappings W (·)

and V (·), respectively, associated to the matrices Λ, R, M , and L. Then Σ is

called an interpolant of the tangential data, or is said to match the tangential

data, if W (·) = W (·) and V (·) = V (·).

Remark 5. It is important to note that the property of Loewner equivalence

at (Λ, R,M,L) is weaker than that of matching the tangential data func-

tions W (·) and V (·) in the nonlinear multiple-input setting because different

2These initial conditions correspond to points on the manifold x = X(ζr).
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left tangential data mappings can induce the same left Loewner function.

However, in contrast with the two-sided moment matching problem of [77]

where multiple interconnected systems are considered, the interpretation of

the Loewner objects using the property of Loewner equivalence is simple as

it requires only one interconnected system and it motivates defining the tan-

gential data mapping V (·) as a function of ζr rather than x which is more

conducive to a state-agnostic data-driven approach. Regardless, the Loewner

equivalent interpolants presented in this work always match the tangential

data functions W (·) and V (·).

A reduced order model in the Loewner sense can now be defined using

the definition of Loewner equivalence.

Definition 11 (Reduced Order Model). Let Σ and Σ be two systems of order

n and v, respectively. Σ is called a reduced order model of Σ in the Loewner

sense if Σ and Σ are Loewner equivalent at (Λ, R,M,L) and v < n.

Given that the Loewner functions resulting from the interconnected sys-

tem (4.7)-(4.8) are known, a nonlinear system resembling (2.28)-(2.29) which

is Loewner equivalent at (Λ, R,M,L) to (4.1)-(4.2) can be constructed.

Theorem 10. Consider the interconnected system (4.7)-(4.8) with ρ = v. Let

Lℓ(·), Lr(·), L(·), σL(·), V (·), and W (·) be the associated Loewner functions.

Assume that ∂L
∂ζr

is nonsingular in a neighbourhood of the origin. Define the
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system

(︃
∂L
∂ζr

◦ ω
)︃
ω̇ = σL(ω)− V (ω)ur, (4.16)

yr = W (ω), (4.17)

with state ω(t) ∈ Cρ, input ur(t) ∈ Cm, and output yr(t) ∈ Cp. Then the

system (4.16)-(4.17) is Loewner equivalent at (Λ, R,M,L) to the system (4.1)-

(4.2) and matches the tangential data functions W (·) and V (·).

Remark 6. While the left and right Loewner functions are not explicitly

used in the construction of the presented interpolant, their existence pro-

vides straightforward justification of how the interpolant in the nonlinear

setting works (namely, via the parallelized representation and the definition

of Loewner equivalence). Thus, in the nonlinear setting one does not need to

explicitly solve the PDE (4.12) to determine Lℓ(·) and Lr(·). That being said,

for LTV plants the left and right Loewner functions are explicitly required

within the formulation given in [127] when defining the Loewner equivalent

interpolant.

Proof. Let X(·), Y (·), Lℓ
(·), L(·), Lr

(·), W (·), and V (·) be the Loewner

functions for the system (4.16)-(4.17) interconnected with the auxiliary sys-

tems (4.3)-(4.4) and (4.5)-(4.6). As the Jacobian of the Loewner function

is nonsingular in a neighbourhood of the origin, begin by rearranging (4.16)
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into the explicit state-space form

ω̇ =

(︃
∂L
∂ζr

◦ ω
)︃−1

σL(ω)−
(︃
∂L
∂ζr

◦ ω
)︃−1

V (ω)ur,

for which the Loewner functions have been defined. It follows that the func-

tions X(·), Y (·), and Lℓ
(·) are solutions to the PDEs, with boundary condi-

tions,

∂X

∂ζr
Λζr =

(︃
∂L
∂ζr

◦X(ζr)

)︃−1

σL
(︁
X(ζr)

)︁
−
(︃
∂L
∂ζr

◦X(ζr)

)︃−1

V
(︁
X(ζr)

)︁
Rζr, X(0) = 0, (4.18)

∂Y

∂ω

(︃
∂L
∂ζr

◦ ω
)︃−1

σL(ω) =MY (ω)− LW (ω), Y (0) = 0, (4.19)

and

∂Lℓ

∂ζr
Λζr =

(︃
∂Y

∂ω
◦X(ζr)

)︃(︃
∂L
∂ζr

◦X(ζr)

)︃−1

V
(︁
X(ζr)

)︁
Rζr

+MLℓ
(ζr), Lℓ

(0) = 0, (4.20)

while L(·) and Lr
(·) are defined as

L(ζr) := −Y
(︁
X(ζr)

)︁
,
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and

Lr
(ζr) := L(ζr)− Lℓ

(ζr),

and W (·) and V (·) are defined as

W (ζr) := W
(︁
X(ζr)

)︁
, (4.21)

and

V (ζr) := −
(︃
∂Y

∂ω
◦X(ζr)

)︃(︃
∂L
∂ζr

◦X(ζr)

)︃−1

V
(︁
X(ζr)

)︁
. (4.22)

To prove that (4.16)-(4.17) is a Loewner equivalent model, it is shown that

X(ζr) = ζr, Y (ω) = −L(ω), and Lℓ
(ζr) = Lℓ(ζr) are solutions3 to the set of

PDEs (4.18), (4.19), (4.20). Rearranging (4.18) yields

(︃
∂L
∂ζr

◦X(ζr)

)︃
∂X

∂ζr
Λζr = σL

(︁
X(ζr)

)︁
− V

(︁
X(ζr)

)︁
Rζr,

while letting X(ζr) = ζr yields

∂L
∂ζr

Λζr = σL(ζr)− V (ζr)Rζr,

which holds by (4.15). Thus X(ζr) = ζr satisfies (4.18). Letting Y (ω) =

3If type (C, v) conditions hold, then it follows that the solutions of the PDEs are the
unique solutions in the space of analytic functions.
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−L(ω) in (4.19) yields

−
(︃
∂L
∂ζr

◦ ω
)︃(︃

∂L
∂ζr

◦ ω
)︃−1

σL(ω) = −ML(ω)− LW (ω),

or

σL(ω) =ML(ω) + LW (ω),

which holds by (4.14). Thus Y (ω) = −L(ω) satisfies (4.19). Finally, letting

X(ζr) = ζr, Y (ω) = −L(ω), and Lℓ
(ζr) = Lℓ(ζr) in (4.20) yields

∂Lℓ

∂ζr
Λζr =MLℓ(ζr)−

∂L
∂ζr

(︂ ∂L
∂ζr

)︂−1

V (ζr)Rζr

=MLℓ(ζr)− V (ζr)Rζr,

which holds by the PDE (4.12) defining Lℓ(·). Thus X(ζr) = ζr, Y (ω) =

−L(ω), and Lℓ
(ζr) = Lℓ(ζr) satisfy (4.20). Hence, X(ζr) = ζr, Y (ω) =

−L(ω), and Lℓ
(ζr) = Lℓ(ζr) are solutions to the set of PDEs (4.18), (4.19),

(4.20), and it also follows that

L(ζr) = −Y
(︁
X(ζr)

)︁
= L(ζr),

and

Lr
(ζr) = L(ζr)− Lℓ

(ζr) = L(ζr)− Lℓ(ζr) = Lr(ζr),
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and thus the system (4.16)-(4.17) is Loewner equivalent at (Λ, R,M,L) to

the system (4.1)-(4.2). Finally, substituting X(ζr) = ζr and Y (ω) = −L(ω)

into (4.21) and (4.22) yields

W (ζr) = W (ζr),

and

V (ζr) =
∂L
∂ζr

(︃
∂L
∂ζr

)︃−1

V (ζr) = V (ζr),

respectively, hence the system (4.16)-(4.17) matches the tangential data func-

tions W (·) and V (·).

Remark 7. Reduced order models in the Loewner sense at (Λ, R,M,L) can

be constructed for the system (4.1)-(4.2) using Theorem 10 by simply setting

the dimensions of the auxiliary systems smaller than the dimension of the

underlying system, i.e. setting ρ = v < n, and then determining the nonlinear

Loewner functions associated to the system (4.1)-(4.2) interconnected with

the systems (4.3)-(4.4) and (4.5)-(4.6).

4.3 Nonlinear Auxiliary Systems

Having enhanced the Loewner framework to be able to study nonlinear input-

affine systems of ODEs in the previous section, in this section a more general

scenario is considered in which the system (4.1)-(4.2) is interconnected with
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two nonlinear auxiliary systems of the form

ζ̇r(t) = λ(ζr(t)) + ∆(t), (4.23)

v(t) = r(ζr(t)), (4.24)

and

ζ̇ℓ(t) = m(ζℓ(t)) + ℓ(χ(t)), (4.25)

η(t) = ζℓ(t), (4.26)

with states ζr(t) ∈ Cρ and ζℓ(t) ∈ Cv, inputs ∆(t) ∈ Cρ and χ(t) ∈ Cp, and

outputs v(t) ∈ Cm and η(t) ∈ Cv, and with functions λ(·), r(·), m(·), and

ℓ(·) of appropriate dimensions, and such that λ(0) = 0, r(0) = 0, m(0) = 0,

ℓ(0) = 0, and λ(·), r(·), m(·), and ℓ(·) are differentiable. Let Λ :=
(︂

∂λ
∂ζr

◦ 0
)︂

and M :=
(︂

∂m
∂ζℓ

◦ 0
)︂
, with Assumption 6 still holding.

Within the context of the interconnection-based interpretation of the

Loewner framework given in Chapter 3, considering nonlinear auxiliary sys-

tems of the form (4.23)-(4.24) and (4.25)-(4.26) can be thought of as gener-

alizing the notion of the tangential interpolation points in (2.19)-(2.20). To

motivate the introduction of these systems consider the Van der Pol oscil-

lator, see e.g. [66]. The limit cycle of the oscillator is stable, however its

linearization at the origin is unstable. If one wanted to determine an inter-

polant for (4.1)-(4.2) when its input is excited by the output of a Van der Pol
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Figure 4.1: The interconnected system (4.27)-(4.28).

oscillator then the linearization at the origin would not be appropriate due

to the instability of the approximation. Furthermore, choosing instead a lin-

ear auxiliary system with poles on the imaginary axis to more appropriately

approximate the oscillator would amount to ignoring nonlinear behaviours

that one might be interested in capturing.

Consider now the interconnection of the system (4.1)-(4.2) with the aux-

iliary systems (4.23)-(4.24) and (4.25)-(4.26) defined by the interconnection

equations u = v and χ = y. The resulting interconnected system, depicted

in Figure 4.1, has the state-space representation

⎡⎢⎢⎢⎢⎢⎣
ζ̇r

ẋ

ζ̇ℓ

⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
λ(ζr)

f(x) + g(x)r(ζr)

m(ζℓ) + ℓ
(︁
h(x)

)︁

⎤⎥⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
I

0

0

⎤⎥⎥⎥⎥⎦∆, (4.27)

η = ζℓ, (4.28)

with state

[︃
ζ∗r x∗ ζ∗ℓ

]︃∗
, input ∆, and output η.
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4.3.1 Loewner Functions

The tangential generalized controllability and observability functions and the

Loewner functions can now be further enhanced in order to accommodate the

nonlinear auxiliary systems (4.23)-(4.24) and (4.25)-(4.26). The enhanced

functions are, again, defined in terms of the mappings that constitute the in-

terconnected system (4.27)-(4.28). The tangential generalized controllability

function, X : Cρ → Cn, is defined as the solution, provided it exists, to the

PDE with boundary condition

∂X

∂ζr
λ(ζr) = f

(︁
X(ζr)

)︁
+ g
(︁
X(ζr)

)︁
r(ζr), X(0) = 0. (4.29)

The following claim is a direct consequence of Assumptions 5 and 6 and of

the centre manifold theory, see [31].

Proposition 5 (Existence of X). Consider the PDE (4.29) with the bound-

ary condition X(0) = 0. Suppose Assumption 5 and Assumption 6 hold.

Then there exists a function X : Cρ → Cn satisfying the partial differential

equation (4.29) with the given boundary condition.

The tangential generalized observability function, Y : Cn → Cv, is defined

as the solution, provided it exists, to the PDE with boundary condition

∂Y

∂x
f(x) = −m

(︁
− Y (x)

)︁
− ℓ
(︁
h(x)

)︁
, Y (0) = 0. (4.30)

In order to prove the existence of a solution to the PDE (4.30), consider an
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alternative proof requiring the construction of an auxiliary object as briefly

mentioned in Section 4.2. Consider a system described by the equations

ζ̇ℓ = m(ζℓ) + ℓ(h(x)), (4.31)

ẋ = f(x). (4.32)

By the centre manifold theory and Assumptions 5 and 6 there exists a map-

ping x = Y (−ζℓ) satisfying the PDE with boundary condition

−
(︃
∂Y

∂ζℓ
◦ (−ζℓ)

)︃(︂
m(ζℓ) + ℓ

(︁
h(Y (−ζℓ))

)︁)︂
= f

(︁
Y (−ζℓ)

)︁
,

Y (0) = 0. (4.33)

Proposition 6 (Existence of Y ). Consider the PDE (4.30) with the bound-

ary condition Y (0) = 0. Suppose Assumptions 5 and 6 hold. Suppose that

the map Y (·), solving the PDE (4.33), has a local differentiable left inverse

around the origin. Then there exists a function Y : Cn → Cv satisfying the

partial differential equation (4.30) with the given boundary condition.

Proof. Recall that Y (·) satisfies the PDE

f
(︁
Y (−ζℓ)

)︁
= −

(︃
∂Y

∂ζℓ
◦ (−ζℓ)

)︃(︂
m(ζℓ) + ℓ

(︁
h(Y (−ζℓ))

)︁)︂
,

with boundary condition Y (0) = 0. Let Y (·) be the local left inverse of Y (·),
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which exists by assumption, that is

Y
(︁
Y (−ζℓ)

)︁
= −ζℓ,

in a neighbourhood of the origin. Taking the time derivative of Y (x) =

Y
(︁
Y (−ζℓ)

)︁
= −ζℓ along the trajectories of the system (4.31)-(4.32) yields

∂Y

∂x
ẋ = −

(︃
∂Y

∂x
◦ Y (−ζℓ)

)︃(︃
∂Y

∂ζℓ
◦ (−ζℓ)

)︃
ζ̇ℓ = −ζ̇ℓ,

and substituting (4.31) and (4.32) into this equation yields

∂Y

∂x
f(x) = −

(︂
m(ζℓ) + ℓ

(︁
h(x)

)︁)︂
= −m

(︁
− Y (x)

)︁
− ℓ
(︁
h(x)

)︁
.

Thus, noting that Y (0) = 0, the left inverse of Y (·), i.e. Y (·), solves the

PDE (4.30) in a neighbourhood of the origin with the given boundary con-

dition.

Remark 8. The proofs of existence of solutions for the PDEs in Proposition 5

and Proposition 6 rely on the centre manifold theory, and solutions to the

involved PDEs can be iteratively approximated to any degree of accuracy,

see [31].

Having further enhanced the tangential generalized controllability and

observability functions, the right and left tangential data functions, W :

Cρ → Cp and V : Cρ → Cv×m, respectively, remain defined as in Section 4.2,
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that is

W (ζr) := h
(︁
X(ζr)

)︁
, V (ζr) :=

(︃
∂Y

∂x
◦X(ζr)

)︃
g
(︁
X(ζr)

)︁
.

Similarly, the nonlinear Loewner and shifted Loewner functions remain de-

fined as in Section 4.2. That is, the Loewner function, L : Cρ → Cv, is

defined in terms of the tangential generalized controllability and observabil-

ity functions as

L(ζr) := −Y
(︁
X(ζr)

)︁
,

and the shifted Loewner function, σL : Cρ → Cv, is defined as

σL(ζr) := −
(︃
∂Y

∂x
◦X(ζr)

)︃
f
(︁
X(ζr)

)︁
.

To accommodate the nonlinear auxiliary systems, the left Loewner function,

Lℓ : Cρ → Cv, is now defined as the solution, provided it exists, to the PDE

with boundary condition

∂Lℓ

∂ζr
λ(ζr) = −m

(︁
− Lℓ(ζr)

)︁
− V (ζr)r(ζr), Lℓ(0) = 0, (4.34)

and the right Loewner function, Lr : Cρ → Cv, remains defined as

Lr(ζr) := L(ζr)− Lℓ(ζr).
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A proof that a solution for the PDE (4.34) exists can now be given by extend-

ing the proof of the main theorem in [84]. Note that this theorem requires

analycity of λ(·), m(·), and V (·)r(·) as the proof makes use of a Taylor series

expansion.

Proposition 7 (Existence of Lℓ). Consider the PDE (4.34) with the bound-

ary condition Lℓ(0) = 0 and suppose that λ(·), m(·), V (·), and r(·) are ana-

lytic. Suppose there exist constants C > 0 and v > 0 such that all eigenvalues

of M are of type (C, v) with respect to σ(Λ). Then there exists a function

Lℓ : Cρ → Cv satisfying the partial differential equation (4.34) with the given

boundary condition.

To prove Proposition 7, the following preliminary result, which is an

enhancement of the main theorem of [84], is required.

Lemma 2. Assume that κ : Cρ → Cρ, h : Cρ → Cp, and β : Cp → Cv are,

locally, analytic vector fields such that κ(0) = 0, h(0) = 0, and β(0) = 0,

and ϵ : Cv → Cv is a globally analytic vector field such that ϵ(0) = 0. Let

K = ∂κ
∂x
(0) and E = ∂ϵ

∂z
(0). Suppose that K and E are diagonalizable, and

suppose there exist constants C > 0 and v > 0 such that all eigenvalues of

E are of type (C, v) with respect to σ(K). Then, locally around x = 0, there

exists a unique analytic solution, θ : Cρ → Cv, to the PDE with boundary

condition

∂θ

∂x
κ(x) = ϵ

(︁
θ(x)

)︁
− β

(︁
h(x)

)︁
, θ(0) = 0.
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Proof. The proof of Lemma 2 is similar to the proof given in [84], but here

the nonlinear term ϵ
(︁
θ(·)
)︁
is included. To begin, let H = ∂h

∂x
(0), B = ∂β

∂y
(0),

T = ∂θ
∂x
(0), and, by analycity, expand the functions comprising the partial

differential equation using the Taylor series as

θ(x) = Tx+
∞∑︂
i=2

θ(i)(x), κ(x) = Kx+
∞∑︂
i=2

κ(i)(x),

β
(︁
h(x)

)︁
= BHx+

∞∑︂
i=2

β(i)(x), ϵ
(︁
θ(x)

)︁
= Eθ(x) +

∞∑︂
i=2

ϵ(i)
(︁
θ(x)

)︁
,

where θ(i)(·), κ(i)(·), β(i)(·), and ϵ(i)(·) denote the terms of order i in the

Taylor series expansions of θ(·), κ(·), β
(︁
h(·)

)︁
, and ϵ(·), respectively. Let

σ(K) = {λ1, . . . , λn} be the spectrum of K and let σ(E) = {µ1, . . . , µρ} be

the spectrum of E. For simplicity, and similarly to [84], it is assumed that K

and E are diagonal, however this is not necessary4. Substituting the series

expansions of the functions into the PDE yields

(︂
T +

∞∑︂
i=2

∂θ(i)

∂x

)︂(︂
Kx+

∞∑︂
i=2

κ(i)(x)
)︂

=
(︂
Eθ(x) +

∞∑︂
i=2

ϵ(i)
(︁
θ(x)

)︁)︂
−
(︂
BHx+

∞∑︂
i=2

β(i)(x)
)︂

=
(︂
ET −BH

)︂
x+

∞∑︂
i=2

(︂
Eθ(i)(x)− β(i)(x)

)︂
+

∞∑︂
i=2

ϵ(i)
(︁
θ(x)

)︁
. (4.35)

4A much more general result which includes the undiagonalizable scenario can be found
in Appendix B.
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Note that the series expansion of ϵ(m)
(︁
θ(·)
)︁
contains terms of degree d ≥ m.

Let deg
(︁
ϵ(m)(θ(·)), p

)︁
denote the terms of degree p from the series expansion

of ϵ(m)
(︁
θ(·)
)︁
. The terms of degree d = 1 from the analytically expanded

PDE (4.35) are

TKx =
(︁
ET −BH

)︁
x.

With some abuse of the summation notation when d = 2 (the summation on

the LHS is taken to be 0 in this case), the terms of degree d ≥ 2 in (4.35) are

Tκ(d)(x) +
∂θ(d)

∂x
Kx+

d−1∑︂
k=2

∂θ(k)

∂x
κ(d+1−k)(x)

= Eθ(d)(x)− β(d)(x) +
d∑︂

k=2

deg
(︁
ϵ(k)(θ(x)), d

)︁
.

Rearranging, this becomes

∂θ(d)

∂x
Kx = Eθ(d)(x)− β

(d)
(x),

with

β
(d)
(x) := β(d)(x) + Tκ(d)(x) +

d−1∑︂
k=2

∂θ(k)

∂x
κ(d+1−k)(x)

−
d∑︂

k=2

deg
(︁
ϵ(k)(θ(x)), d

)︁
.

It is important to note that β
(d)
(·) only contains coefficients from the series
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expansion of θ(·) associated to terms of degree less than d. Therefore, the

functions β
d
(·) and θd(·) are further expanded as

β
(d)
(x) =

n∑︂
k=1

∑︂
|m|=d

βk,mekx
m,

and

θ(d)(x) =
n∑︂

k=1

∑︂
|m|=d

θk,mekx
m,

where m = (m1, . . . ,mn), x
m = xm1

1 . . . xmn
n , βk,m and θk,m denote the kth

row of the coefficient corresponding to xm in the series expansions, and ek

denotes a vector of all zeros except a one in the kth row. Since K and E

are diagonal, σ(K) = {λ1, . . . , λn}, and σ(E) = {µ1, . . . , µn}, without loss

of generality regarding the ordering of the eigenvalues it follows that (4.35)

becomes

−
n∑︂

k=1

∑︂
|m|=d

βk,mekx
m =

n∑︂
k=1

∑︂
|m|=d

θk,mek
∂
(︁
xm
)︁

∂x
Kx−

n∑︂
k=1

∑︂
|m|=d

µkθk,mekx
m.

Note also that

∂
(︁
xm
)︁

∂x
Kx = (m1λ1 + · · ·+mnλn)x

m = (m · λ)xm,
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with λ = (λ1, . . . , λn)
⊤, hence

−
n∑︂

k=1

∑︂
|m|=d

βk,mekx
m =

n∑︂
k=1

∑︂
|m|=d

θk,mek(m · λ)xm −
n∑︂

k=1

∑︂
|m|=d

µkθk,mekx
m.

By matching coefficients for powers of x in the series expansion, the equation

θk,m(m · λ)xm − µkθk,mx
m = −βk,mx

m,

is obtained for each power of x, hence the coefficient θk,m can be selected as

θk,m =
(︁
µk − (m · λ)

)︁−1
βk,m.

Because the eigenvalues of E are of type (C, v) with respect to σ(K), the

coefficient θk,m exists and is unique for all k and m. Solving for each k and

for each xm gives θ(d)(·), and then determining θ(d)(·) for d = 2, 3, . . . , yields

a solution to the PDE, that is the function θ(·).

Remark 9. The proof of existence of a solution to the PDE in Lemma 2 is

constructive, i.e. existence of solution is proven by actually building a par-

ticular solution. As such, one can obtain an explicit solution to the PDE by

following the steps of the proof, calculating Taylor series expansions of map-

pings and constructing each β̄
(d)
(·) term, when the involved functions are an-

alytic and the type (C, v) condition holds. Scalability for higher-dimensional

systems is not straightforward, however this is not within the scope of this

thesis.
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Proof of Prop. 7. It is sufficient to substitute Lℓ(·), λ(·), m(·), and V (·)r(·)

into Lemma 2 to complete the proof of Proposition 7. Note that the condi-

tions in Lemma 2 are satisfied by the supposition that all eigenvalues of M

are of type (C, v) with respect to σ(Λ).

Remark 10. A more general result than Lemma 2, meant for the setting of

nonlinear differential-algebraic systems of equations, found in Appendix B,

can be applied to prove existence of solutions for the PDEs (4.29) and (4.30)

defining X(·) and Y (·), respectively, when appropriate type (C, v) conditions

hold. It should be noted, however, that Lemma 2 can immediately be applied

to prove existence of solution for the PDE (4.30), and to prove existence of

solution for the PDE (4.29) when g(·) is constant (which is always locally

achievable via a coordinates transformation, if the distribution spanning g(·)

is involutive). Consequently, if all mappings are analytic and the type (C, v)

conditions hold, then explicit solutions can be constructed for the considered

PDEs via Lemma 2.

Remark 11. Existence conditions based on Lemma 2 have the advantage

that the considered PDEs have solutions even for mappings corresponding

to unstable systems. That is, unstable nonlinear systems can be analyzed in

the nonlinear Loewner framework without stability assumptions by instead

requiring appropriate type (C, v) conditions. However, when considering

unstable systems the relation of the Loewner functions to the output response

of the interconnected system (4.27)-(4.28) is lost.
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Similar to Section 4.2, the following useful relationships hold for the

Loewner objects.

Proposition 8. Given the functions X(·), Y (·), W (·), V (·), L(·), σL(·),

Lℓ(·), Lr(·), λ(·), r(·), m(·), and ℓ(·), the following hold.

i) The Loewner function, L(·), satisfies the PDE with boundary condition

∂L
∂ζr

λ(ζr)−m
(︁
L(ζr)

)︁
= ℓ
(︁
W (ζr)

)︁
− V (ζr)r(ζr), L(0) = 0. (4.36)

ii) The right Loewner function, Lr(·), satisfies the PDE with boundary con-

dition

∂Lr

∂ζr
λ(ζr)−m

(︁
L(ζr)

)︁
−m

(︁
− Lℓ(ζr)

)︁
= ℓ
(︁
W (ζr)

)︁
, Lr(0) = 0.

iii) The shifted Loewner function satisfies the equation

σL(ζr) = m
(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
. (4.37)

iv) The shifted Loewner function satisfies the equation

σL(ζr) =
∂L
∂ζr

λ(ζr) + V (ζr)r(ζr). (4.38)
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v) The shifted Loewner function satisfies equation

σL(ζr) = −m
(︁
− Lℓ(ζr)

)︁
+
∂Lr

∂ζr
λ(ζr).

Proof. The proof proceeds in the same fashion as that of Proposition 4.

Multiplying (4.29) by −
(︁
∂Y
∂x

◦X(ζr)
)︁
on the left yields

∂L
∂ζr

λ(ζr) = −
(︃
∂Y

∂x
◦X(ζr)

)︃
∂X

∂ζr
λ(ζr)

= −
(︃
∂Y

∂x
◦X(ζr)

)︃
f
(︁
X(ζr)

)︁
−
(︃
∂Y

∂x
◦X(ζr)

)︃
g
(︁
X(ζr)

)︁
r(ζr)

= σL(ζr)− V (ζr)r(ζr),

which proves iv). Substituting X(ζr) into (4.30) yields

σL(ζr) = −
(︃
∂Y

∂x
◦X(ζr)

)︃
f
(︁
X(ζr)

)︁
= m

(︁
− Y (X(ζr))

)︁
+ ℓ
(︁
h(X(ζr))

)︁
= m

(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
,

which proves iii). Equating iii) and iv) yields

∂L
∂ζr

λ(ζr) + V (ζr)r(ζr) = m
(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
,

and noting that X(0) = 0, Y (0) = 0, and W (0) = 0 proves i). Subtract-
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ing (4.34) from (4.36) yields

(︃
∂L
∂ζr

− ∂Lℓ

∂ζr

)︃
λ(ζr)−m

(︁
L(ζr)

)︁
−m

(︁
− Lℓ(ζr)

)︁
=
∂Lr

∂ζr
λ(ζr)−m

(︁
L(ζr)

)︁
−m

(︁
− Lℓ(ζr)

)︁
= ℓ
(︁
W (ζr)

)︁
,

and noting W (0) = 0 proves ii). Finally, from iv) and (4.34) it follows that

σL(ζr) =
∂L
∂ζr

λ(ζr) + V (ζr)r(ζr)

=
∂Lr

∂ζr
λ(ζr) +

(︃
∂Lℓ

∂ζr
λ(ζr) + V (ζr)r(ζr)

)︃
=
∂Lr

∂ζr
λ(ζr)−m

(︁
− Lℓ(ζr)

)︁
,

proving v).

Remark 12. As noted in Remark 4, if the system (4.1)-(4.2) is linear, and the

auxiliary systems (4.23)-(4.24) and (4.25)-(4.26) are linear, then the solution

to the PDEs (4.29), (4.30), and (4.34) becomes X(ζr) = Xζr, Y (x) = Y x,

and Lℓ(ζr) = Lℓζr, where X, Y , and Lℓ are the solutions to the Sylvester

equations (2.24), (2.25), and (3.1). Thus the linear Loewner objects are

recovered.
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4.3.2 Loewner Coordinates

As in Theorem 9 and Theorem 6, the relationship between the Loewner

functions and the behaviour of the interconnected system (4.27)-(4.28) can

be exposed by selecting a particular set of coordinates.

Theorem 11. Consider the system (4.27)-(4.28). The coordinates transfor-

mation ⎡⎢⎢⎢⎢⎣
zr

zc

zℓ

⎤⎥⎥⎥⎥⎦ :=

⎡⎢⎢⎢⎢⎣
ζr

x−X(ζr)

ζℓ + Y (x) + Lℓ(ζr)

⎤⎥⎥⎥⎥⎦ ,
is such that the system in the new coordinates is described by the equations

⎡⎢⎢⎢⎢⎢⎣
zṙ

żc

żℓ

⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
λ(zr)˜︁A (zc, zr) zc˜︂M (zℓ, zr) zℓ + ˜︁G (zℓ, zc, zr) zc

⎤⎥⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎢⎢⎢⎣
I

−
(︃
∂X

∂ζr
◦ zr
)︃

(︃
∂Lℓ

∂ζr
◦ zr
)︃

⎤⎥⎥⎥⎥⎥⎥⎥⎦
∆

+

⎡⎢⎢⎢⎢⎣
0

0

m(Lr(zr))−m(L(zr))−m(−Lℓ(zr))

⎤⎥⎥⎥⎥⎦ , (4.39)

η = Lr(zr)− ˜︁Y (zc, zr) zc + zℓ. (4.40)

with zr(t) ∈ Cρ, zc(t) ∈ Cn, zℓ(t) ∈ Cv, and ˜︁A : Cn × Cρ → Cn×n, ˜︁G :

Cv × Cn × Cρ → Cv×n, ˜︂M : Cv × Cρ → Cv×v, and ˜︁Y : Cn × Cρ → Cv×n.
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Proof. The proof proceeds by direct differentiation. Taking the time deriva-

tive of zc yields

żc = ẋ− ∂X

∂ζr
ζṙ

=
(︂
f
(︁
zc +X(ζr)

)︁
+ g
(︁
zc +X(ζr)

)︁
r(ζr)

)︂
−
(︂
f
(︁
X(ζr)

)︁
+ g
(︁
X(ζr)

)︁
r(ζr)

)︂
− ∂X

∂ζr
∆

= ˜︁A(zc, zr)zc − (︃∂X
∂ζr

◦ zr
)︃
∆,

where ˜︁A(·) is obtained via Hadamard’s lemma and it is such that

˜︁A(zc, zr)zc = (︂f(︁zc +X(zr)
)︁
+ g
(︁
zc +X(zr)

)︁
r(zr)

)︂
−
(︂
f
(︁
X(zr)

)︁
+ g
(︁
X(zr)

)︁
r(zr)

)︂
.

For zℓ, taking the time derivative yields

żℓ = ζ̇ℓ +
∂Y

∂x
ẋ+

∂Lℓ

∂ζr
ζ̇r

=
(︂
m
(︁
zℓ − Y (x)− Lℓ(ζr)

)︁
−m

(︁
− Y (x)

)︁
−m

(︁
− Lℓ(ζr)

)︁)︂
+

(︃
∂Y

∂x
f(x) + ℓ

(︁
h(x)

)︁
+m

(︁
− Y (x)

)︁)︃
+

(︃
∂Lℓ

∂ζr
λ(ζr) +

∂Y

∂x
g(x)r(ζr) +m

(︁
− Lℓ(ζr)

)︁)︃
+
∂Lℓ

∂ζr
∆,

By the PDE-based definitions of Y (·) and Lℓ(·), (4.30) and (4.34), this be-
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comes

żℓ =
(︂
m(zℓ − Y (x)− Lℓ(ζr))−m(−Y (x))−m(−Lℓ(ζr))

)︂
+

(︃
∂Y

∂x
g(x)−

(︃
∂Y

∂x
◦X(ζr)

)︃
g(X(ζr))

)︃
r(ζr) +

∂Lℓ

∂ζr
∆

= ˜︂M(zℓ, zr)zℓ + ˜︁G(zℓ, zc, zr)zc + (︃∂Lℓ

∂ζr
◦ zr
)︃
∆

+m
(︁
Lr(zr)

)︁
−m

(︁
L(zr)

)︁
−m

(︁
− Lℓ(zr)

)︁
,

where ˜︂M(·) and ˜︁G(·) are obtained via Hadamard’s lemma and they are such

that

˜︂M(zℓ, zr)zℓ = m
(︁
zℓ + Lr(zr)

)︁
−m

(︁
Lr(zr)

)︁
,

and

˜︁G(zℓ, zc, zr)zc = (︂m(︁zℓ − Y (zc +X(zr))− Lℓ(zr)
)︁
−m

(︁
zℓ + Lr(zr)

)︁)︂
+
(︂
m
(︁
L(zr)

)︁
−m

(︁
− Y (zc +X(zr))

)︁)︂(︃
∂Y

∂x
◦ (zc +X(zr))

)︃
g
(︁
zc +X(zr)

)︁
r(zr)

−
(︃
∂Y

∂x
◦X(zr)

)︃
g
(︁
X(zr)

)︁
r(zr).
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Figure 4.2: The transformed, parallel interconnected, system (4.39)-(4.40).

Finally, it follows that

η = zℓ − Y
(︁
zc +X(ζr)

)︁
− Lℓ(ζr)

= Lr(ζr)−
(︂
Y
(︁
zc +X(ζr)

)︁
− Y

(︁
X(ζr)

)︁)︂
+ zℓ

= Lr(zr)− ˜︁Y (zc, zr)zc + zℓ,

where ˜︁Y (·) is obtained via Hadamard’s lemma and it is such that

˜︁Y (zc, zr)zc = Y
(︁
zc +X(zr)

)︁
− Y

(︁
X(zr)

)︁
,

yielding the desired result.

By Assumption 5, for any sufficiently small initial conditions x(0) and

ζr(0), solutions of the interconnected system (4.27)-(4.28) approach the cen-

tre manifold x = X(ζr) exponentially fast, hence the state in the centre

branch, zc, approaches zero provided the input ∆ converges to zero, and
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the system has a converging input converging state property. On the centre

manifold, that is for x = X(ζr), or zc = 0, the interconnected system has the

simplified dynamics

żr = λ(zr) + ∆,

żℓ =
(︂
m
(︁
zℓ + Lr(zr)

)︁
−m

(︁
L(zr)

)︁
−m

(︁
− Lℓ(zr)

)︁)︂
+

(︃
∂Lℓ

∂ζr
◦ zr
)︃
∆,

and

η = Lr(zr) + zℓ.

As is the case with linear auxiliary systems in Section 4.2, the system re-

stricted to the centre manifold contains only information on the Loewner

functions and the nonlinear auxiliary systems. The transformed system is

depicted in Figure 4.2.

4.3.3 Loewner Equivalent Model

Similar to Section 4.2, given the definitions of the Loewner functions, and

given the simplified interconnected system dynamics when restricted to the

manifold zc = 0, the concepts of interpolation and of model order reduction

in the Loewner sense for nonlinear systems can now be introduced. In addi-

tion, a nonlinear system, reminiscent of the linear systems in [94] and [127],
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which interpolates the Loewner functions defined by the PDEs (4.29), (4.30),

and (4.34), is constructed.

As in Definition 9, the concept of Loewner equivalence can be easily

enhanced for the more general scenario in which the objects defining the

auxiliary systems are mappings rather than matrices.

Definition 12 (Loewner Equivalence). Let Σ and Σ be two systems described

by equations of the form (4.1)-(4.2) admitting left and right Loewner functions

Lℓ(·), Lr(·), and Lℓ
(·), Lr

(·), respectively, associated to the functions λ(·),

r(·), m(·), and ℓ(·). Then Σ and Σ are called Loewner equivalent at (λ, r,m, ℓ)

if Lℓ(ζr) = Lℓ
(ζr) and Lr(ζr) = Lr

(ζr) in a neighbourhood of the origin.

Again, it is said that a nonlinear system interpolates another nonlinear

system (in the Loewner sense) at (λ, r,m, ℓ) if the two systems are Loewner

equivalent at (λ, r,m, ℓ), i.e. for the same mappings λ(·), r(·), m(·), and

ℓ(·) the interpolating system possesses the exact same left and right Loewner

functions in a neighbourhood of the origin.

As in Chapter 3 and Section 4.2, the property of Loewner equivalence, un-

der mild conditions, has a strong implication on the steady-state behaviour

of a system when interconnected with the auxiliary systems (4.23)-(4.24)

and (4.25)-(4.26). Particularly, by Theorem 11, and given that the foregoing

stability assumptions, that is Assumptions 5 and 6, hold, then if ∆ is suffi-

ciently small, bounded, and converges to zero, the steady-state response of

the system interconnected with the auxiliary systems is dependent entirely on

the auxiliary system states and the left and right Loewner functions. Thus, if
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two locally exponentially stable systems are Loewner equivalent at (λ, r,m, ℓ)

then there exist initial conditions such that the two systems interconnected

with the auxiliary systems have the same steady-state behaviour, provided

it exists.

The notion of an interpolant of the tangential data mappings can also be

enhanced by generalizing Definition 10.

Definition 13 (Interpolant of the Tangential Data). Consider the set of

right tangential data, given by λ(·), r(·), W (·), and the set of left tangential

data, given by m(·), ℓ(·), V (·). Let Σ be a system described by equations of

the form (4.1)- (4.2) and admitting right and left tangential data mappings

W (·) and V (·), respectively, associated to the mappings λ(·), r(·), m(·), and

ℓ(·). Then Σ is called an interpolant of the tangential data, or is said to

match the tangential data, if W (·) = W (·) and V (·) = V (·).

Model order reduction in the Loewner sense can now be defined. As with

the enhancement of the notion of Loewner equivalence, this is a more general

version of Definition 11 in which the objects defining the auxiliary systems

are mappings rather than matrices.

Definition 14 (Reduced Order Model). Let Σ and Σ be two systems of order

n and v, respectively. Σ is called a reduced order model of Σ in the Loewner

sense if Σ and Σ are Loewner equivalent at (λ, r,m, ℓ) and v < n.

A nonlinear system which is Loewner equivalent at (λ, r,m, ℓ) to (4.1)-

(4.2) can now be constructed, given that the Loewner functions of (4.27)-
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(4.28) are known. This is a more general version of Theorem 10.

Theorem 12. Consider the interconnected system (4.27)-(4.28) with ρ =

v. Let Lℓ(·), Lr(·), L(·), σL(·), V (·), and W (·) be the associated Loewner

functions. Assume that ∂L
∂ζr

is nonsingular in a neighbourhood of the origin.

Define the system

(︃
∂L
∂ζr

◦ ω
)︃
ω̇ = σL(ω)− V (ω)ur, (4.41)

yr = W (ω), (4.42)

with state ω(t) ∈ Cρ, input ur(t) ∈ Cm, and output yr(t) ∈ Cp. Then the

system (4.41)-(4.42) is Loewner equivalent at (λ, r,m, ℓ) to the system (4.1)-

(4.2) and matches the tangential data functions W (·) and V (·).

Proof. Let X(·), Y (·), Lℓ
(·), L(·), Lr

(·), W (·), and V (·) be the Loewner

functions for the system (4.41)-(4.42) interconnected with the auxiliary sys-

tems (4.23)-(4.24) and (4.25)-(4.26). By assumption, the Jacobian of the

Loewner function is nonsingular in a neighbourhood of the origin, so begin

by rearranging (4.41) into the explicit state-space form

ω̇ =

(︃
∂L
∂ζr

◦ ω
)︃−1

σL(ω)−
(︃
∂L
∂ζr

◦ ω
)︃−1

V (ω)ur,

for which the Loewner functions have been defined. The functionsX(·), Y (·),

131



and Lℓ
(·) are solutions to the PDEs, with boundary conditions,

∂X

∂ζr
λ(ζr) =

(︃
∂L
∂ζr

◦X(ζr)

)︃−1

σL
(︁
X(ζr)

)︁
−
(︃
∂L
∂ζr

◦X(ζr)

)︃−1

V
(︁
X(ζr)

)︁
r(ζr), X(0) = 0, (4.43)

and

∂Y

∂ω

(︃
∂L
∂ζr

◦ ω
)︃−1

σL(ω) = −m
(︁
− Y (ω)

)︁
− ℓ
(︁
W (ω)

)︁
, Y (0) = 0, (4.44)

and

∂Lℓ

∂ζr
λ(ζr) =

(︃
∂Y

∂r
◦X(ζr)

)︃(︃
∂L
∂ζr

◦X(ζr)

)︃−1

V
(︁
X(ζr)

)︁
r(ζr)

−m
(︁
− Lℓ

(ζr)
)︁
, Lℓ

(0) = 0, (4.45)

while L(·) and Lr
(·) are defined as

L(ζr) := −Y
(︁
X(ζr)

)︁
,

and

Lr
(ζr) := L(ζr)− Lℓ

(ζr),

and W (·) and V (·) are defined as

W (ζr) := W
(︁
X(ζr)

)︁
, (4.46)

132



and

V (ζr) := −
(︃
∂Y

∂ω
◦X(ζr)

)︃(︃
∂L
∂ζr

◦X(ζr)

)︃−1

V
(︁
X(ζr)

)︁
. (4.47)

To prove that (4.41)-(4.42) is a Loewner equivalent model, it is shown that

X(ζr) = ζr, Y (ω) = −L(ω), and Lℓ
(ζr) = Lℓ(ζr) is a solution to the

PDEs (4.43), (4.44), (4.45). Rearranging (4.43) yields

(︃
∂L
∂ζr

◦X(ζr)

)︃
∂X

∂ζr
λ(ζr) = σL

(︁
X(ζr)

)︁
− V

(︁
X(ζr)

)︁
r(ζr),

while letting X(ζr) = ζr yields

∂L
∂ζr

λ(ζr) = σL(ζr)− V (ζr)r(ζr),

which holds by (4.38). Thus X(ζr) = ζr satisfies (4.43). Letting Y (ω) =

−L(ω) in (4.44) yields

−
(︃
∂L
∂ζr

◦ ω
)︃(︃

∂L
∂ζr

◦ ω
)︃−1

σL(ω) = −m
(︁
L(ω)

)︁
− ℓ
(︁
W (ω)

)︁
,

or

σL(ω) = m
(︁
L(ω)

)︁
+ ℓ
(︁
W (ω)

)︁
,

which holds by (4.37). Thus Y (ω) = −L(ω) satisfies (4.44). Finally, letting
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X(ζr) = ζr, Y (ω) = −L(ω), and Lℓ
(ζr) = Lℓ(ζr) in (4.45) yields

∂Lℓ

∂ζr
λ(ζr) = −m

(︁
− Lℓ(ζr)

)︁
− ∂L
∂ζr

(︃
∂L
∂ζr

)︃−1

V (ζr)r(ζr)

= −m
(︁
− Lℓ(ζr)

)︁
−
(︃
∂Y

∂x
◦X(ζr)

)︃
g
(︁
X(ζr)

)︁
r(ζr),

which holds by the PDE (4.34) defining Lℓ(·). Thus X(ζr) = ζr, Y (ω) =

−L(ω), and Lℓ
(ζr) = Lℓ(ζr) satisfies (4.45). Hence, X(ζr) = ζr, Y (ω) =

−L(ω), and Lℓ
(ζr) = Lℓ(ζr) are a solution to the set of PDEs (4.43), (4.44),

(4.45), and it also follows that

L(ζr) = −Y
(︁
X(ζr)

)︁
= L(ζr),

and

Lr
(ζr) = L(ζr)− Lℓ

(ζr) = L(ζr)− Lℓ(ζr) = Lr(ζr),

and thus the system (4.41)-(4.42) is Loewner equivalent for (λ, r,m, ℓ) to

the system (4.1)-(4.2). Finally, substituting X(ζr) = ζr and Y (ω) = −L(ω)

into (4.46) and (4.47) yields

W (ζr) = W (ζr),
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and

V (ζr) =
∂L
∂ζr

(︃
∂L
∂ζr

)︃−1

V (ζr) = V (ζr),

respectively, hence the system (4.41)-(4.42) matches the tangential data func-

tions W (·) and V (·).

4.4 Example - A Reduced Order Model for

the DC-to-DC Ćuk Converter

The averaged model of the DC-to-DC Ćuk converter is given by the system

of equations (see e.g. [14], [109])

L1
di1
dt

= −(1− u)v2 + E, C2
dv2
dt

=(1− u)i1 + i3u,

L3
di3
dt

= −v4 − v2u, C4
dv4
dt

=i3 −Gv4,

yFOM = v4,

where i1(t) ∈ R+, v2(t) ∈ R+, i3(t) ∈ R−, and v4(t) ∈ R− describe currents

and voltages, and L1 ∈ R, C2 ∈ R, L3 ∈ R, C4 ∈ R, E ∈ R, and G ∈ R

are positive parameters, and u(t) ∈ (0, 1) is a continuous control signal used

to control the switch position in the converter. Defining states x1 := i1,

x2 := v2 − E, x3 := i3, and x4 := v4, one obtains the implicit state-space

135



model

Eẋ = Ax+ (B0 +B1x)u, yFOM = Cx, (4.48)

where

x :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

x1

x2

x3

x4

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, E :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

L1 0 0 0

0 C2 0 0

0 0 L3 0

0 0 0 C4

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, A :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 −1 0 0

1 0 0 0

0 0 0 −1

0 0 1 −G

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

B0 := E

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

0

−1

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, B1 :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

−1 0 1 0

0 −1 0 0

0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, C :=

[︃
0 0 0 1

]︃
.

The matrix E is nonsingular, thus this representation can be rearranged into

the state-space form

ẋ = E−1Ax+ E−1 (B0 +B1x)u, yFOM = Cx.

Consider now the problem of determining a reduced order model for the

DC-to-DC Ćuk converter associated to the auxiliary systems (4.3)-(4.4) and

136



(4.5)-(4.6) with matrices given by

Λ = 0, R = 1, M = m, L = 1,

for some m ∈ R. Then the tangential generalized controllability function,

X(·), defined as the solution to the PDE with boundary condition (4.9), is

the solution to the equation

0 = E−1AX(ζr) + E−1
(︁
B0 +B1X(ζr)

)︁
ζr, X(0) = 0.

Thus, the tangential generalized controllability function is

X(ζr) = − (A+B1ζr)
−1B0ζr =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Gζr/(ζr − 1)

−1

G

1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
Eζr
ζr − 1

,

and the right tangential data mapping, W (·), defined via (4.11), is

W (ζr) = CX(ζr) =
Eζr
ζr − 1

.

The tangential generalized observability function, Y (·), defined as the so-

lution to the PDE with boundary condition (4.10), is the solution to the
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equation

∂Y

∂x
E−1Ax = mY (x)− Cx, Y (0) = 0.

This PDE is solved by the linear mapping Y (x) = Y x, where Y is the unique

solution, for m /∈ σ(E−1A), of the Sylvester equation

Y E−1A = mY − C,

hence

Y = C(mE − A)−1E.

That is,

Y (x) =
(︁
1 +mGL3 +m2L3C4

)︁−1
L3

[︃
0 0 1 mC4

]︃
x,

and the left tangential data mapping, V (·), defined via (4.11), is

V (ζr) =

(︃
∂Y

∂x
◦X(ζr)

)︃
E−1

(︁
B0 +B1X(ζr)

)︁
= Y E−1

(︁
B0 +B1X(ζr)

)︁
=

E

(1 +mGL3 +m2L3C4)(ζr − 1)
.
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The Loewner function, L(·), obtained as the solution to the PDE with bound-

ary condition (4.13), and the shifted Loewner function, σL(·), obtained via

(4.15), are constructed from the tangential data mappings as

L(ζr) = m−1
(︁
V (ζr)ζr −W (ζr)

)︁
= − EL3(G+mC4)ζr

(1 +mGL3 +m2L3C4)(ζr − 1)
,

and

σL(ζr) = V (ζr)ζr

=
Eζr

(1 +mGL3 +m2L3C4)(ζr − 1)
,

respectively. Note that

∂L
∂ζr

=
EL3(G+mC4)

(1 +mGL3 +m2L3C4)(ζr − 1)2
,

and

(︃
∂L
∂ζr

)︃−1

=
(1 +mGL3 +m2L3C4)(ζr − 1)2

EL3(G+mC4)
.

It follows that an interpolant of the tangential data mappings and the Loewner

functions generated by the DC-to-DC Ćuk converter (4.48) at (Λ, R,M,L),
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obtained using Theorem 10, is given by

ω̇ =

(︃
∂L
∂ζr

◦ ω
)︃−1

σL(ω)−
(︃
∂L
∂ζr

◦ ω
)︃−1

V (ω)u,

yROM = W (ω), ω ̸= 1,

or

ω̇ =
ω(ω − 1)

L3(G+mC4)
− ω − 1

L3(G+mC4)
u

=
(ω − 1)

L3(G+mC4)
(ω − u), (4.49)

yROM =
Eω

ω − 1
, ω ̸= 1, (4.50)

with state ω(t) ∈ R, input u(t) ∈ R, and output yROM(t) ∈ R. If m ∈ R is

selected such that − G
C4
< m < 0 then both the interpolant (4.49)-(4.50) and

the auxiliary system

ζ̇ℓ = mζℓ + χ, η = ζℓ,

have a locally exponentially stable equilibrium point at the origin.

If a system interpolating the tangential data mappings is asymptotically

stable, and if u = r(ζr), then for sufficiently small initial conditions it follows

that limt→∞
(︁
y −W (ζr)

)︁
= 0. It is harder to show the effect of matching

V (·) in the output response of the system without invoking the mappings
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X(·) and Y (·). However, note that for any system of the form (4.1)-(4.2)

ℓ(y) = ℓ
(︁
h(x)

)︁
= −∂Y

∂x
f(x)−m

(︁
− Y (x)

)︁
= −∂Y

∂x
ẋ+

∂Y

∂x
g(x)u−m

(︁
− Y (x)

)︁
= −

⏟ ⏞⏞ ⏟
Y (x)

̇
−m

(︁
− Y (x)

)︁
+
∂Y

∂x
g(x)u,

hence

ℓ(y) +
⏟ ⏞⏞ ⏟
Y (x)

̇
+m

(︁
− Y (x)

)︁
=
∂Y

∂x
g(x)u.

Recalling that if u = r(ζr), and the system is locally asymptotically stable,

then for sufficiently small initial conditions it follows that

lim
t→∞

(︁
x−X(ζr)

)︁
= 0,

therefore

lim
t→∞

(︄
ℓ(y) +

⏟ ⏞⏞ ⏟
Y (x)

̇
+m

(︁
− Y (x)

)︁)︄
= V (ζr)r(ζr),

and if the system is single-input and r(ζr) ̸= 0 then

lim
t→∞

⎛⎜⎝ℓ(y) +
⏟ ⏞⏞ ⏟
Y (x)

̇
+m

(︁
− Y (x)

)︁
r(ζr)

⎞⎟⎠ = V (ζr).
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In order to demonstrate the effect of interpolating V (·), define the mappings

Vt,FOM(t) :=
ℓ
(︁
yFOM(t)

)︁
+
⏟ ⏞⏞ ⏟
Y
(︁
x(t)

)︁̇
+m

(︁
− Y (x(t))

)︁
r
(︁
ζr(t)

)︁ , r
(︁
ζr(t)

)︁
̸= 0,

and

Vt,ROM(t) :=
ℓ
(︁
yROM(t)

)︁
−
⏟ ⏞⏞ ⏟
L
(︁
ω(t)

)︁̇
+m

(︁
L(ω(t))

)︁
r
(︁
ζr(t)

)︁ , r
(︁
ζr(t)

)︁
̸= 0,

so that, if the tangential data mappings are matched and the systems (4.48)

and (4.49)-(4.50) are asymptotically stable with sufficiently small initial con-

ditions, then

lim
t→∞

yFOM(t) = lim
t→∞

yROM(t) = W
(︁
ζr(t)

)︁
,

lim
t→∞

Vt,FOM(t) = lim
t→∞

Vt,ROM(t) = V
(︁
ζr(t)

)︁
.

Consider now the full order model of the DC-to-DC Ćuk converter, given

by (4.48), and the reduced order model, given by (4.49)-(4.50), with the

parameters

L1 = C2 = L3 = C4 = E = 1, G = 2, m = −1.5,
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so (4.48) becomes

ẋ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 −1 0 0

1 0 0 0

0 0 0 −1

0 0 1 −2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
x+

⎛⎜⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

0

−1

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

−1 0 1 0

0 −1 0 0

0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
x

⎞⎟⎟⎟⎟⎟⎟⎟⎠
u,

yFOM =

[︃
0 0 0 1

]︃
x,

and (4.49)-(4.50) becomes

ω̇ = 2(ω − 1)(ω − u),

yROM =
ω

ω − 1
.

Figures 4.3 and 4.4 show the responses of the full order model and the reduced

order model to a piecewise constant input signal. It can be seen that the

responses of the systems are consistent with the tangential data mappings.

4.5 Example - An Interpolant of Nonlinear

Tangential Data Mappings

Consider constructing an interpolant for nonlinear tangential data mappings

associated to auxiliary systems of the form (4.23)-(4.24) and (4.25)-(4.26).

The right tangential data mappings, associated to the output response of an
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Figure 4.3: Responses of the full order model (4.48) and the reduced order
model (4.49)-(4.50).
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Figure 4.4: Responses of the full order model (4.48) and the reduced order
model (4.49)-(4.50) for t ∈ [190, 350].
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underlying system when interconnected with a Van der Pol oscillator, are

given by

λ(ζr) =

⎡⎢⎣ ζr,2

µ(1− ζ2r,1)ζr,2 − ζr,1

⎤⎥⎦ , r(ζr) =
1

10
ζr,2, µ = 2,

and

W (ζr) = −ζr,1 − ζ3r,1 + 4ζr,2.

The left tangential data mappings are given by

m(ζℓ) =

⎡⎢⎣ 0 1

−1 0

⎤⎥⎦ ζℓ, ℓ(χ) =

⎡⎢⎣1
0

⎤⎥⎦χ,
and

V (ζr) :=

⎡⎢⎣ 20

−30

⎤⎥⎦+

⎡⎢⎣ 0

10

⎤⎥⎦ ζ2r,1 +
⎡⎢⎣−20.03

−0.04

⎤⎥⎦ ζr,1ζr,2 +
⎡⎢⎣ 0

−0.07

⎤⎥⎦ ζ2r,2

+

⎡⎢⎣ 20

0.02

⎤⎥⎦ ζ4r,1 +
⎡⎢⎣0.04
0.04

⎤⎥⎦ ζ3r,1ζr,2 +
⎡⎢⎣ 0

0.06

⎤⎥⎦ ζ2r,1ζ2r,2.
The Loewner function, L(·), and the shifted Loewner function, σL(·), must be

determined in order to construct a system which interpolates the tangential

data mappings. The Loewner function, determined as the unique solution to
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the PDE with boundary condition (4.36), is given by

L(ζr) =

⎡⎢⎣1
0

⎤⎥⎦ ζr,1 +
⎡⎢⎣1
1

⎤⎥⎦ ζr,2 +
⎡⎢⎣0.001

0

⎤⎥⎦ ζ3r,1

+

⎡⎢⎣ 1

0.001

⎤⎥⎦ ζ2r,1ζr,2 +
⎡⎢⎣0.001
0.001

⎤⎥⎦ ζr,1ζ2r,2 +
⎡⎢⎣ 0

0.001

⎤⎥⎦ ζ3r,2,
and the Jacobian of the Loewner function is

∂L
∂ζr

=

⎡⎢⎣1 1

0 1

⎤⎥⎦+

⎡⎢⎣0.003 1

0 0.001

⎤⎥⎦ ζ2r,1

+

⎡⎢⎣ 2 0.002

0.002 0.002

⎤⎥⎦ ζr,1ζr,2 +
⎡⎢⎣0.001 0

0.001 0.003

⎤⎥⎦ ζ2r,2.
The shifted Loewner function, obtained via (4.37), is

σL(ζr) =

⎡⎢⎣−1

1

⎤⎥⎦ ζr,1 +
⎡⎢⎣ 5

−1

⎤⎥⎦ ζr,2 +
⎡⎢⎣ −1

−0.001

⎤⎥⎦ ζ3r,1

+

⎡⎢⎣0.001
−1

⎤⎥⎦ ζ2r,1ζr,2 +
⎡⎢⎣ 0.001

−0.001

⎤⎥⎦ ζr,1ζ2r,2 +
⎡⎢⎣0.001

0

⎤⎥⎦ ζ3r,2.
An interpolant of the tangential data mappings and the Loewner functions

at (λ, r,m, ℓ) is obtained using Theorem 12.
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In order to show the effect of matching V (·), define the mapping

Vt,r(t) := ℓ
(︁
yr(t)

)︁
−
⏟ ⏞⏞ ⏟
L
(︁
ω(t)

)︁̇
+m

(︁
L(ω(t))

)︁
,

so that if limt→∞ ω(t) = ζr(t), then

lim
t→∞

Vt,r(t) = V
(︁
ζr(t)

)︁
r
(︁
ζr(t)

)︁
.

Figure 4.5 shows the response of the interpolant when interconnected with the

auxiliary system (4.23)-(4.24) with initial conditions ζr(0) = (−1,−0.05)⊤

and ω(0) = (0, 0)⊤. It can be seen that the response of the interpolant is

consistent with the tangential data mappings.

4.6 Conclusion

In this chapter a new method for model order reduction for nonlinear sys-

tems has been presented. This method extends the state-space interpretation

of the Loewner matrices, which are classically interpreted in the frequency

domain, developed for linear systems in Chapter 3 and [126], to nonlin-

ear input-affine systems of ordinary differential equations. New objects, the

Loewner functions, which are solutions to partial differential equations and

are generalizations of the Loewner matrices have been defined. In addition,

given the Loewner functions for an underlying nonlinear system a partic-

ular reduced order model which interpolates the Loewner functions of the
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underlying system can be constructed. Locally, and under mild conditions,

the two systems produce the same steady-state response, provided it exists,

when interconnected with the same auxiliary systems corresponding to the

Loewner functions. Two examples have been provided, with the first exam-

ple demonstrating the construction of a reduced order model for a nonlinear

underlying system, and the second example demonstrating the construction

of an interpolant using tangential data mappings associated to nonlinear

auxiliiary systems.
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Chapter 5

Interpolation of Nonlinear

Differential-Algebraic Systems

In this chapter the nonlinear Loewner framework of Chapter 4 is further

generalized for the treatment of nonlinear input-affine differential-algebraic

systems possessing a feedforward term. Additionally, a parameterized family

of interpolants is provided by introducing a feedforward term. The enhance-

ment presented in this chapter is accomplished by further generalizing the

definitions of the Loewner functions in such a way that they can be used to

construct a “parallelizing” coordinates transformation. The Loewner func-

tions can then be used to construct an interpolant which yields the same

Loewner functions and therefore achieves interpolation of the underlying sys-

tem in the Loewner sense. Locally, the original model and the interpolant

produce the same response when interconnected with the same auxiliary sys-

151



tems associated to the Loewner functions. The enhancement in this chapter

relies on the interconnection-based interpretation of Chapter 3 and builds

upon the results of Chapter 4.

This chapter is structured as follows. In Section 5.1 the class of nonlinear

differential-algebraic systems that the Loewner framework is enhanced to

treat in this chapter is presented. In Section 5.2 the definitions of the Loewner

functions are enhanced to handle nonlinear descriptor systems possessing

a feedforward term, and a set of coordinates, the Loewner coordinates, is

introduced which reveals the relationship between the Loewner functions

and the response of the system. In Section 5.3 a differential-algebraic system

is provided which, given the Loewner functions of the underlying system,

interpolates the underlying system in the Loewner sense. In Section 5.4 a

family of nonlinear Loewner equivalent interpolants is parameterized via the

introduction of a feedforward term. In Section 5.5 a demonstrative example

is provided wherein the averaged model of a DC-to-DC Ćuk converter is

treated in implicit form, and a feedforward mapping is utilized to enforce

local exponential stability of the origin for the reduced order model. Finally,

in Section 5.6 some concluding remarks are given.

5.1 Problem Formulation

The approach of Chapter 4 has a drawback in that, for Theorems 10 and 12,

the Jacobian of the Loewner function must be nonsingular in a neighbour-
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hood of the origin. Furthermore, as in [94] and Chapter 3, in the Loewner

framework for linear systems one typically studies differential-algebraic sys-

tems, or descriptor systems, of the form

Eẋ(t) = Ax(t) +Bu(t),

y(t) = Cx(t) +Du(t),

where E is generally a singular matrix, so the system contains algebraic

constraints. Furthermore, (E,A) is a regular matrix pencil, so the system is

regular or solvable.

In the following sections a more general class of nonlinear input-affine

descriptor systems possessing a feedforward term is considered. This class of

systems is described by the equations

⏟ ⏞⏞ ⏟
E
(︁
x(t)

)︁̇
=

(︃
∂E

∂x
◦ x(t)

)︃
ẋ(t) = f

(︁
x(t)

)︁
+ g
(︁
x(t)

)︁
u(t), x(0) = x0, (5.1)

y(t) = h
(︁
x(t)

)︁
+ d
(︁
x(t)

)︁
u(t), (5.2)

with state x(t) ∈ Cn, input u(t) ∈ Cm, output y(t) ∈ Cp, and mappings f :

Cn → Cn, g : Cn → Cn×m, h : Cn → Cp, d : Cn → Cp×m, and E : Cn → Cn,

such that f(0) = 0, h(0) = 0, and E(0) = 0, and an initial condition x0

which is consistent with the input function u(·) in that, locally, there exists

at least one continuously differentiable solution for (5.1)-(5.2). It is assumed

that f(·) and E(·) are, locally, differentiable, and, in a neighbourhood of the
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origin, the Jacobian of E(·) has constant rank but it is not invertible. Hence,

systems possessing both differential and algebraic equations are considered

and the system (5.1)-(5.2) cannot be manipulated into a standard state-space

form.

It is assumed that any system of the form (5.1)-(5.2) is regular (with

respect to the solution x(t) = 0 and u(t) = 0). In the nonlinear setting,

when saying a system is regular it is meant that locally, in a neighbourhood

X × U ⊂ Cn × Cm of x = 0 and u = 0, continuously differentiable solutions

of the system exist and are unique for every sufficiently smooth input u(t) ∈

U and every initial condition x0 ∈ X such that the initial condition x0 is

consistent. Furthermore, it is assumed that the trajectory of the auxiliary

system (4.23)-(4.24) is such that r
(︁
ζr(t)

)︁
∈ U, so the interconnection of

a regular system of the form (5.1)-(5.2) with the auxiliary system (4.23)-

(4.24), via u = v, yields an interconnected system for which there exists

locally unique solutions.

Remark 13. The existence and uniqueness theory for general nonlinear im-

plicit systems is technically complex and beyond the scope of this chapter,

see e.g. [108], [86], [87], or Hypothesis 4.2 and Theorem 4.11 in [88].

Remark 14. As with linear systems having algebraic constraints, the motion

of (5.1)-(5.2) need not be continuous, and the states of the system may

exhibit discontinuities and impulsive behaviour if the initial conditions are

not consistent or the input signal is not sufficiently smooth, e.g [88]. This

issue is important only when establishing trajectories based results.
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The purpose of the following sections is to further enhance the Loewner

framework for systems of the form (5.1)-(5.2). First, the Loewner functions

of Chapter 4 are generalized to include the “descriptor function”, E(·), and

the feedforward term, d(·), and a Loewner equivalent model is presented

forgoing the assumption that ∂L
∂ζr

is nonsingular in a neighbourhood of the

origin1. Then, a feedforward term is introduced to the interpolant, thus

parameterizing a family of Loewner equivalent interpolants and giving some

degrees of freedom in the selection of the reduced order model.

5.2 Interconnection With Auxiliary Systems

Consider now, as in Chapter 4, two nonlinear auxiliary systems of the form

ζ̇r(t) = λ
(︁
ζr(t)

)︁
+∆(t), (5.3)

v(t) = r
(︁
ζr(t)

)︁
, (5.4)

and

ζ̇ℓ(t) = m
(︁
ζℓ(t)

)︁
+ ℓ
(︁
χ(t)

)︁
, (5.5)

η(t) = ζℓ(t), (5.6)

1The Loewner functions are reinterpreted in the context of differential-algebraic sys-
tems, hence the proof that the interpolant is Loewner equivalent no longer requires in-
verting the Jacobian of the Loewner function, and the interpolant can contain algebraic
constraints.
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with states ζr(t) ∈ Cρ and ζℓ(t) ∈ Cv, inputs ∆(t) ∈ Cρ and χ(t) ∈ Cp, and

outputs v(t) ∈ Cm and η(t) ∈ Cv, and with functions λ(·), r(·), m(·), and

ℓ(·) of appropriate dimensions, and such that λ(0) = 0, r(0) = 0, m(0) = 0,

ℓ(0) = 0, and λ(·), r(·), m(·), and ℓ(·) are differentiable. Let Λ :=
(︂

∂λ
∂ζr

◦ 0
)︂

and M :=
(︂

∂m
∂ζℓ

◦ 0
)︂
, with Assumption 6 still holding.

An additional mapping, derived from ℓ(·), is required due to the addition

of the feedforward term in (5.2) and the non-affine choice of ℓ(·) in (5.5). By

Hadamard’s lemma, there exists a function ℓ : Cp × Cp → Cv×p such that

ℓ(b, a)a = ℓ(b+ a)− ℓ(b), (5.7)

where

ℓ(b, a) :=

∫︂ 1

0

(︃
∂ℓ

∂χ
◦ (b+ τa)

)︃
dτ.

Furthermore, it follows that

ℓ
(︁
b,−a

)︁
= ℓ
(︁
b− a, a

)︁
, (5.8)
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because, with v := 1− τ ,

ℓ
(︁
b− a, a

)︁
=

∫︂ 1

0

(︃
∂ℓ

∂χ
◦
(︁
b− a(1− τ)

)︁)︃
dτ

=

∫︂ 1

0

(︃
∂ℓ

∂χ
◦ (b− va)

)︃
dv

= ℓ
(︁
b,−a

)︁
.

Consider the scenario in which the system (5.1)-(5.2) is interconnected

with the auxiliary systems (5.3)-(5.4) and (5.5)-(5.6) via the interconnection

equations u = v and χ = y. This interconnection, depicted in Figure 5.1,

has the differential-algebraic representation

⎡⎢⎢⎢⎢⎢⎣
ζ̇r⏟ ⏞⏞ ⏟

E(x)
̇

ζ̇ℓ

⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
λ(ζr)

f(x) + g(x)r(ζr)

m(ζℓ) + ℓ
(︁
h(x) + d(x)r(ζr)

)︁

⎤⎥⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎢⎣
I

0

0

⎤⎥⎥⎥⎥⎥⎦∆, (5.9)

η = ζℓ, (5.10)

with state

[︃
ζ∗r x∗ ζ∗ℓ

]︃∗
, input ∆, and output η. The Loewner functions are

further enhanced in association with the interconnected system (5.9)-(5.10).
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Figure 5.1: The interconnected system (5.9)-(5.10).

5.2.1 Loewner Functions

One can now define further generalizations for the objects arising in the

nonlinear Loewner framework in order to accomodate differential-algebraic

systems of the form (5.1)-(5.2). These new definitions, which now take into

account the additional mappings E(·) and d(·), are defined in terms of the

functions comprising the interconnected system (5.9)-(5.10). First, the tan-

gential generalized controllability function, X : Cρ → Cn, is defined as the

solution, provided it exists, to the PDE with boundary condition

∂
(︂
E
(︁
X(ζr)

)︁)︂
∂ζr

λ(ζr) =

(︃
∂E

∂x
◦X(ζr)

)︃
∂X

∂ζr
λ(ζr)

= f
(︁
X(ζr)

)︁
+ g
(︁
X(ζr)

)︁
r(ζr),

X(0) = 0, (5.11)
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and the tangential generalized observability function, Y : Cn → Cv, is defined

as the solution, provided it exists, to the PDE with boundary condition

(︃
∂Y

∂x
◦ E(x)

)︃
f(x) = −m

(︁
− Y (E(x))

)︁
− ℓ
(︁
h(x)

)︁
,

Y (0) = 0. (5.12)

Enhancements of the right and left tangential data functions, W (·) and V (·),

respectively, are defined as

W (ζr) := h
(︁
X(ζr)

)︁
+ d
(︁
X(ζr)

)︁
r(ζr), (5.13)

and

V (ζr) :=

(︃
∂Y

∂x
◦ E
(︁
X(ζr)

)︁)︃
g
(︁
X(ζr)

)︁
+ ℓ
(︂
h
(︁
X(ζr)

)︁
, d
(︁
X(ζr)

)︁
r(ζr)

)︂
d
(︁
X(ζr)

)︁
, (5.14)

and enhancements of the Loewner function, L(·), and the shifted Loewner

function, σL(·), are defined as

L(ζr) := −Y
(︁
E(X(ζr))

)︁
,
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and

σL(ζr) := −
(︃
∂Y

∂x
◦ E
(︁
X(ζr)

)︁)︃
f
(︁
X(ζr)

)︁
+ ℓ
(︂
h
(︁
X(ζr)

)︁
, d
(︁
X(ζr)

)︁
r(ζr)

)︂
d
(︁
X(ζr)

)︁
r(ζr),

respectively. The left Loewner function, Lℓ(·), and the right Loewner func-

tion, Lr(·) are unchanged from Chapter 4. That is, the left Loewner function

is defined as the solution, provided it exists, to the PDE with boundary

condition

∂Lℓ

∂ζr
λ(ζr) = −m

(︁
− Lℓ(ζr)

)︁
− V (ζr)r(ζr), Lℓ(0) = 0, (5.15)

and the right Loewner function is defined as

Lr(ζr) := L(ζr)− Lℓ(ζr).

As in Section 4.3, the following useful relationships hold for the Loewner

functions.

Proposition 9. Given the functions X(·), Y (·), W (·), V (·), L(·), σL(·),

Lℓ(·), Lr(·), λ(·), r(·), m(·), and ℓ(·), the following hold.

i) The Loewner function, L(·), satisfies the PDE with boundary condition

∂L
∂ζr

λ(ζr)−m
(︁
L(ζr)

)︁
= ℓ
(︁
W (ζr)

)︁
− V (ζr)r(ζr), L(0) = 0. (5.16)
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ii) The right Loewner function, Lr(·), satisfies the PDE with boundary con-

dition

∂Lr

∂ζr
λ(ζr)−m

(︁
L(ζr)

)︁
−m

(︁
− Lℓ(ζr)

)︁
= ℓ
(︁
W (ζr)

)︁
, Lr(0) = 0.

iii) The shifted Loewner function satisfies the equation

σL(ζr) = m
(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
. (5.17)

iv) The shifted Loewner function satisfies the equation

σL(ζr) =
∂L
∂ζr

λ(ζr) + V (ζr)r(ζr). (5.18)

v) The shifted Loewner function satisfies the equation

σL(ζr) = −m
(︁
− Lℓ(ζr)

)︁
+
∂Lr

∂ζr
λ(ζr).

Proof. The proof proceeds in the same fashion as that of Proposition 8,

however properties of the function ℓ(·) stated earlier are now required. Mul-
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tiplying (5.11) by −
(︁
∂Y
∂x

◦ E
(︁
X(ζr)

)︁)︁
on the left yields

∂L
∂ζr

λ(ζr) = −
(︃
∂Y

∂x
◦ E
(︁
X(ζr)

)︁)︃(︃∂E
∂x

◦X(ζr)

)︃
∂X

∂ζr
λ(ζr)

= −
(︃
∂Y

∂x
◦ E
(︁
X(ζr)

)︁)︃(︂
f
(︁
X(ζr)

)︁
+ g
(︁
X(ζr)

)︁
r(ζr)

)︂
= −

(︃
∂Y

∂x
◦ E
(︁
X(ζr)

)︁)︃
f
(︁
X(ζr)

)︁
+ ℓ
(︂
h
(︁
X(ζr)

)︁
, d
(︁
X(ζr)

)︁
r(ζr)

)︂
d
(︁
X(ζr)

)︁
r(ζr)

−
(︃
∂Y

∂x
◦ E
(︁
X(ζr)

)︁)︃
g
(︁
X(ζr)

)︁
r(ζr)

− ℓ
(︂
h
(︁
X(ζr)

)︁
, d
(︁
X(ζr)

)︁
r(ζr)

)︂
d
(︁
X(ζr)

)︁
r(ζr)

= σL(ζr)− V (ζr)r(ζr),

which proves iv). Substituting X(ζr) into (5.12) yields

σL(ζr) = −
(︃
∂Y

∂x
◦ E
(︁
X(ζr)

)︁)︃
f
(︁
X(ζr)

)︁
+ ℓ
(︂
h
(︁
X(ζr)

)︁
, d
(︁
X(ζr)

)︁
r(ζr)

)︂
d
(︁
X(ζr)

)︁
r(ζr)

= m
(︁
− Y (E(X(ζr)))

)︁
+ ℓ
(︁
h(X(ζr))

)︁
+ ℓ
(︂
h
(︁
X(ζr)

)︁
, d
(︁
X(ζr)

)︁
r(ζr)

)︂
d
(︁
X(ζr)

)︁
r(ζr),
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and by recalling (5.7) it follows that

σL(ζr) = m
(︁
L(ζr)

)︁
+ ℓ
(︁
h(X(ζr))

)︁
+ ℓ
(︁
h(X(ζr)) + d(X(ζr))r(ζr)

)︁
− ℓ
(︁
h(X(ζr))

)︁
= m

(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
,

which proves iii). Equating iii) and iv) yields

∂L
∂ζr

λ(ζr) + V (ζr)r(ζr) = m
(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
,

and noting that X(0) = 0, Y (0) = 0, and W (0) = 0 proves i). Subtract-

ing (5.15) from (5.16) yields

(︃
∂L
∂ζr

− ∂Lℓ

∂ζr

)︃
λ(ζr)−m

(︁
L(ζr)

)︁
−m

(︁
− Lℓ(ζr)

)︁
=
∂Lr

∂ζr
λ(ζr)−m

(︁
L(ζr)

)︁
−m

(︁
− Lℓ(ζr)

)︁
= ℓ
(︁
W (ζr)

)︁
,

and noting that W (0) = 0 proves ii). Finally, from iv) and (5.15) it follows
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that

σL(ζr) =
∂L
∂ζr

λ(ζr) + V (ζr)r(ζr)

=
∂Lr

∂ζr
λ(ζr) +

(︃
∂Lℓ

∂ζr
λ(ζr) + V (ζr)r(ζr)

)︃
=
∂Lr

∂ζr
λ(ζr)−m

(︁
− Lℓ(ζr)

)︁
,

proving v).

Remark 15. The additional mappings E(·) and d(·) do not directly appear

in the relationships for L(·), σL(·), Lℓ(·), Lr(·) in Proposition 9. That is, the

Loewner functions L(·), σL(·), Lℓ(·), and Lr(·) can still be constructed using

only the tangential data functions, W (·) and V (·), and the auxiliary system

mappings, λ(·), r(·), m(·), and ℓ(·).

5.2.2 Loewner Coordinates

Using the Loewner functions associated to the interconnected system (5.9)-

(5.10), a specific set of coordinates can be chosen which reveals the relation-

ship between the Loewner functions and the response of the interconnected

system. Consider the new coordinates

⎡⎢⎢⎢⎢⎣
zr

zc

zℓ

⎤⎥⎥⎥⎥⎦ :=

⎡⎢⎢⎢⎢⎣
ζr

x−X(ζr)

ζℓ + Y
(︁
E(x)

)︁
+ Lℓ(ζr)

⎤⎥⎥⎥⎥⎦ . (5.19)
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The system in the new coordinates, depicted in Figure 5.2, is described by

the equations

żr = λ(zr) + ∆, (5.20)

and

(︃
∂E

∂x
◦
(︁
zc +X(zr)

)︁)︃
żc = ˜︁A(zc, zr)zc

−
(︃
∂E

∂x
◦
(︁
zc +X(zr)

)︁)︃(︃∂X
∂ζr

◦ zr
)︃
∆, (5.21)

and

żℓ = ˜︂M(zℓ, zr)zℓ

+
(︂
m
(︁
Lr(zr)

)︁
−m

(︁
L(zr)

)︁
−m

(︁
− Lℓ(zr)

)︁)︂
+ ˜︁G(zℓ, zc, zr)zc + (︃∂Lℓ

∂ζr
◦ zr
)︃
∆, (5.22)

and

η = Lr(zr)− ˜︁Y (zc, zr)zc + zℓ, (5.23)

where ˜︁A(·), ˜︂M(·), ˜︁G(·), and ˜︁Y (·) are obtained via application of Hadamard’s

lemma. Particularly, the function ˜︁A : Cn × Cρ → Cn×n is such that
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Figure 5.2: The transformed representation of the interconnected system
(5.9)-(5.10) in the new coordinates (5.19), given by the equations (5.20),
(5.21), (5.22), (5.23).

˜︁A(zc, zr)zc = (︂f(x)− f
(︁
X(zr)

)︁)︂
+
(︂
g(x)− g

(︁
X(zr)

)︁)︂
r(zr)

−
(︃
∂E

∂x
−
(︃
∂E

∂x
◦X(zr)

)︃)︃(︃
∂X

∂ζr
◦ zr
)︃
λ(zr),

the function ˜︂M : Cv × Cρ → Cv×v is such that

˜︂M(zℓ, zr)zℓ = m
(︁
zℓ + Lr(zr)

)︁
−m

(︁
Lr(zr)

)︁
,
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the function ˜︁G : Cv × Cn × Cρ → Cv×n is such that

˜︁G(zℓ, zc, zr)zc =(︂
m
(︁
zℓ − Y (E(x))− Lℓ(zr)

)︁
−m

(︁
zℓ + Lr(zr)

)︁)︂
+
(︂
m
(︁
L(zr)

)︁
−m

(︁
− Y (E(x))

)︁)︂
+

(︃(︃
∂Y

∂x
◦ E(x)

)︃
g
(︁
x
)︁
−
(︃
∂Y

∂x
◦ E
(︁
X(zr)

)︁)︃
g
(︁
X(zr)

)︁)︃
r(zr)

+

(︃
ℓ
(︂
h(x), d(x)r(zr)

)︂
d(x)

− ℓ
(︂
h
(︁
X(zr)

)︁
, d
(︁
X(zr)

)︁
r(zr)

)︂
d
(︁
X(zr)

)︁)︃
r(zr),

and the function ˜︁Y : Cn × Cρ → Cv×n is such that

˜︁Y (zc, zr)zc = Y
(︁
E(x)

)︁
− Y

(︁
E(X(zr))

)︁
.

If the system in the new coordinates is, locally, regular with respect to the

origin (which follows by the assumption thatX
(︁
ζr(t)

)︁
∈ X and r

(︁
ζr(t)

)︁
∈ U),

then zc(0) = 0 and ∆(t) = 0 for t ≥ 0 imply that the solution zc(t) = 0 for

t ≥ 0 is unique. Hence, the manifold given by zc = 0, or x = X(ζr), is

invariant. It is now easy to see that the interconnected system restricted to

the invariant manifold x = X(zr), or zc = 0, has simplified dynamics given
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Figure 5.3: The simplified dynamics of the interconnected system (5.9)-
(5.10) when restricted to the manifold x = X(ζr), given by the equa-
tions (5.24), (5.25), (5.26).

by the equations

żr = λ(zr) + ∆, (5.24)

żℓ = m
(︁
zℓ + Lr(zr)

)︁
−m

(︁
L(zr)

)︁
−m

(︁
− Lℓ(zr)

)︁
+

(︃
∂Lℓ

∂ζr
◦ zr
)︃
∆, (5.25)

η = Lr(zℓ) + zℓ, (5.26)

thus the system restricted to the manifold x = X(ζr) only contains informa-

tion given by the Loewner functions and the auxiliary systems. The simpli-

fied dynamics that result from restricting the interconnected system to the

manifold x = X(ζr) are depicted in Figure 5.3.

Remark 16. The simplied dynamics of the interconnected system in the set-

ting of differential-algebraic systems are identical to the simplified dynamics
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for nonlinear systems of ordinary differential equations given in Chapter 4,

thus the previous definitions of Loewner equivalence and interpolation of the

tangential data given in Chapter 4 are still appropriate in the differential-

algebraic systems context.

Remark 17. One explanation for the simplified dynamics being identical

for DAEs and ODEs is that the Loewner framework is based solely on input-

output behaviour (with respect to the interconnection with auxiliary sys-

tems); the Loewner functions can be constructed only from tangential data

and thus do not depend on any particular representation of internal sys-

tem dynamics. As long as the motion of the internal system is sufficiently

smooth, when simply observing input-output trajectories of the system one

cannot distinguish an internal DAE representation from an internal ODE

representation because regular DAEs with admissible initial conditions can

be reduced to lower order ODEs.

5.3 Loewner Equivalent Model

A nonlinear system can now be constructed which is Loewner equivalent at

(λ, r,m, ℓ) to (5.1)-(5.2), and which interpolates the tangential data map-

pings, given that the Loewner functions for the interconnected system (5.9)-

(5.10) are known. The following theorem is a more general version of Theo-

rem 12.
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Theorem 13. Consider the interconnected system (5.9)-(5.10) with ρ = v.

Let Lℓ(·), Lr(·), L(·), σL(·), V (·), and W (·) be the associated Loewner func-

tions, and suppose that the Jacobian of L(·) has constant rank in a neigh-

bourhood of the origin. Define the system

⏟ ⏞⏞ ⏟
L(ω)

̇
=

(︃
∂L
∂ζr

◦ ω
)︃
ω̇ = σL(ω)− V (ω)ur, (5.27)

yr = W (ω), (5.28)

with state ω(t) ∈ Cρ, input ur(t) ∈ Cm, and output yr(t) ∈ Cp. Then the

system (5.27)-(5.28) is Loewner equivalent at (λ, r,m, ℓ) to the system (5.1)-

(5.2) and matches the tangential data functions W (·) and V (·).

Remark 18. In Theorem 13 the presented Loewner equivalent model no

longer requires that the Jacobian of the Loewner function be nonsingular in

a neighbourhood of the origin. That is, rather than an implicitly defined set

of ODEs, the system (5.27)-(5.28) is a more general descriptor system which

may contain algebraic constraints and cannot necessarily be put into standard

state-space form. This follows as a result of the further generalization of

the tangential generalized controllability and observability functions and the

Loewner functions in Section 5.2.

Proof. Let X(·), Y (·), V (·), W (·), L(·), Lℓ
(·), Lr

(·), and σL(·) be the set

of Loewner functions for the system (5.27)-(5.28) interconnected with the

auxiliary systems (5.3)-(5.4) and (5.5)-(5.6). The functionX(·) is the solution
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to the PDE with boundary condition

∂L
(︁
X(ζr)

)︁
∂ζr

λ(ζr) =

(︃
∂L
∂ζr

◦X(ζr)

)︃
∂X

∂ζr
λ(ζr)

= σL
(︁
X(ζr)

)︁
− V

(︁
X(ζr)

)︁
r(ζr), X(0) = 0, (5.29)

and letting X(ζr) = ζr yields

∂L
∂ζr

λ(ζr) = σL(ζr)− V (ζr)r(ζr),

which holds by (5.18). The function Y (·) is the solution to the PDE with

boundary condition

(︃
∂Y

∂ω
◦ L(ω)

)︃
σL(ω) = −m

(︁
− Y (L(ω))

)︁
− ℓ
(︁
W (ω)

)︁
,

Y (0) = 0, (5.30)

and letting Y (ω) = −ω yields

−σL(ω) = −m
(︁
L(ω)

)︁
− ℓ
(︁
W (ω)

)︁
,

which holds by (5.17). The function Lℓ
(·) is the solution to the PDE with
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boundary condition

∂Lℓ

∂ζr
λ(ζr) = −m

(︁
− Lℓ

(ζr)
)︁
+

(︃
∂Y

∂ω
◦ L
(︁
X(ζr)

)︁)︃
V
(︁
X(ζr)

)︁
r(ζr),

Lℓ
(0) = 0, (5.31)

and letting X(ζr) = ζr, Y (ω) = −ω, and Lℓ
(ζr) = Lℓ(ζr) obtains

∂Lℓ

∂ζr
λ(ζr) = −m

(︁
− Lℓ(ζr)

)︁
− V (ζr)r(ζr),

which holds by (5.15). Thus X(ζr) = ζr, Y (ω) = −ω, and Lℓ
(ζr) = Lℓ(ζr) is

a solution to the system of PDEs (5.29), (5.30), and (5.31). It follows that

the Loewner function and the right Loewner function are

L(ζr) = −Y
(︁
L(X(ζr))

)︁
= L(ζr),

Lr
(ζr) = Lr(ζr),

respectively, hence Lℓ
(ζr) = Lℓ(ζr) and Lr

(ζr) = Lr(ζr), and (5.27)-(5.28) is

Loewner equivalent to (5.1)-(5.2) at (λ, r,m, ℓ). Finally, note that

σL(ζr) = −
(︃
∂Y

∂ω
◦ L
(︁
X(ζr)

)︁)︃
σL
(︁
X(ζr)

)︁
= σL(ζr),
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and

W (ζr) = W
(︁
X(ζr)

)︁
= W (ζr),

and

V (ζr) = −
(︃
∂Y

∂ω
◦ L
(︁
X(ζr)

)︁)︃
V
(︁
X(ζr)

)︁
= V (ζr),

hence the system (5.27)-(5.28) also matches the tangential data functions

W (·) and V (·).

5.4 Parameterization of Interpolants via a Feed-

forward Term

The authors of [94] utilize a feedforward term to provide the parameterized

family of systems, (2.30)-(2.31), each element of which interpolates the lin-

ear descriptor system (2.17)-(2.18). Such a parameterization provides extra

degrees of freedom when the goal is to select an interpolant with some de-

sired property, e.g. stability or passivity. Having enhanced the Loewner

framework to treat nonlinear differential-algebraic systems possessing a feed-

forward term, in this section a similar parameterization is achieved for the

nonlinear interpolant (5.27)-(5.28) using an input-affine feedforward term.

Theorem 14. Consider the interconnected system (5.9)-(5.10) with ρ = v.
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Let Lℓ(·), Lr(·), L(·), σL(·), V (·), and W (·) be the associated Loewner func-

tions, and suppose the Jacobian of L(·) has constant rank in a neighbourhood

of the origin. Define the system

⏟ ⏞⏞ ⏟
L(ω)

̇
=

[︃
σL(ω)− ℓ

(︂
W (ω), −d(ω)r(ω)

)︂
d(ω)r(ω)

]︃
−
[︃
V (ω)− ℓ

(︂
W (ω), −d(ω)r(ω)

)︂
d(ω)

]︃
ur, (5.32)

yr =

[︃
W (ω)− d(ω)r(ω)

]︃
+ d(ω)ur, (5.33)

with state ω(t) ∈ Cρ, input ur(t) ∈ Cm, and output yr(t) ∈ Cp, and with

d : Cρ → Cp×m. Then the system (5.32)-(5.33) is Loewner equivalent at

(λ, r,m, ℓ) to the system (5.1)-(5.2) and matches the tangential data functions

W (·) and V (·).

Proof. Let X(·), Y (·), V (·), W (·), L(·), Lℓ
(·), Lr

(·), and σL(·) be the set

of Loewner functions for the system (5.32)-(5.33) interconnected with the

auxiliary systems (5.3)-(5.4) and (5.5)-(5.6). To prove that (5.32)-(5.33) is

Loewner equivalent at (λ, r,m, ℓ) to (5.1)-(5.2) it is shown that X(ζr) = ζr,

Y (ω) = −ω, and Lℓ
(ζr) = Lℓ(ζr) is a solution to the interpolant’s system of

PDEs corresponding to (5.11), (5.12), and (5.15). The function X(·) is the
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solution to the PDE with boundary condition

(︃
∂L
∂ζr

◦X(ζr)

)︃
∂X

∂ζr
λ(ζr)

= σL
(︁
X(ζr)

)︁
− V

(︁
X(ζr)

)︁
r(ζr)

− ℓ
(︂
W
(︁
X(ζr)

)︁
, −d

(︁
X(ζr)

)︁
r
(︁
X(ζr)

)︁)︂
d
(︁
X(ζr)

)︁
r
(︁
X(ζr)

)︁
+ ℓ
(︂
W
(︁
X(ζr)

)︁
, −d

(︁
X(ζr)

)︁
r
(︁
X(ζr)

)︁)︂
d
(︁
X(ζr)

)︁
r(ζr),

X(0) = 0,

and letting X(ζr) = ζr yields

∂L
∂ζr

λ(ζr) = σL(ζr)− V (ζr)r(ζr),

which holds by (5.18). The function Y (·) is the solution to the PDE with

boundary condition

(︃
∂Y

∂ω
◦ L(ω)

)︃(︃
σL(ω)− ℓ

(︂
W (ω), −d(ω)r(ω)

)︂
d(ω)r(ω)

)︃
= −m

(︁
− Y (L(ω))

)︁
− ℓ
(︁
W (ω)− d(ω)r(ω)

)︁
,

Y (0) = 0,
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and letting Y (ω) = −ω yields

σL(ω)−m
(︁
L(ω)

)︁
= ℓ
(︂
W (ω), −d(ω)r(ω)

)︂
d(ω)r(ω) + ℓ

(︁
W (ω)− d(ω)r(ω)

)︁
= ℓ
(︁
W (ω)

)︁
,

which holds by (5.7) and (5.17). It follows that

L(ζr) = −Y
(︁
L(X(ζr))

)︁
= L(ζr),

and

W (ζr) =
(︂
W
(︁
X(ζr)

)︁
− d
(︁
X(ζr)

)︁
r
(︁
X(ζr)

)︁)︂
+ d
(︁
X(ζr)

)︁
r(ζr)

= W (ζr).

Furthermore,

σL(ζr) = m
(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
= m

(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
= σL(ζr),
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and V (·) is given by

V (ζr) = −
(︃
∂Y

∂ω
◦ L
(︁
X(ζr)

)︁)︃
V
(︁
X(ζr)

)︁
+

(︃
∂Y

∂ω
◦ L
(︁
X(ζr)

)︁)︃
ℓ
(︂
W
(︁
X(ζr)

)︁
, −d

(︁
X(ζr)

)︁
r
(︁
X(ζr)

)︁)︂
d
(︁
X(ζr)

)︁

+ ℓ
(︂
W
(︁
X(ζr)

)︁
− d
(︁
X(ζr)

)︁
r
(︁
X(ζr)

)︁
, d
(︁
X(ζr)

)︁
r(ζr)

)︂
d
(︁
X(ζr)

)︁
.

Then, by (5.8),

V (ζr) = V (ζr)− ℓ
(︂
W (ζr), −d(ζr)r(ζr)

)︂
d(ζr)

+ ℓ
(︂
W (ζr)− d(ζr)r(ζr), d(ζr)r(ζr)

)︂
d(ζr)

= V (ζr).

The function Lℓ
(·) is the solution to the PDE with boundary condition

∂Lℓ

∂ζr
λ(ζr) = −m

(︁
− Lℓ

(ζr)
)︁
− V (ζr)r(ζr),

Lℓ
(0) = 0,

and letting Lℓ
(ζr) = Lℓ(ζr) yields

∂Lℓ

∂ζr
λ(ζr) = −m

(︁
− Lℓ(ζr)

)︁
− V (ζr)r(ζr),
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which holds by (5.15), hence it follows that

Lr
(ζr) = L(ζr)− Lℓ

(ζr)

= L(ζr)− Lℓ(ζr)

= Lr(ζr).

Thus, Lℓ
(ζr) = Lℓ(ζr) and Lr

(ζr) = Lr(ζr), and (5.32)-(5.33) is Loewner

equivalent to (5.1)-(5.2) at (λ, r,m, ℓ). Furthermore, the system (5.32)-(5.33)

matches the tangential data functions W (·) and V (·).

Note that the function d : Cρ → Cp×m is unconstrained (as long as the

system (5.32)-(5.33) is regular) so the interpolant (5.32)-(5.33) now has p×m

free parameters.

5.5 Example - Treating the DC-to-DC Ćuk

Converter in Implicit Form, and Enforc-

ing LES Using a Feedforward Term

Recall, from Section 4.4, the averaged model of the DC-to-DC Ćuk converter

in the implicit form

Eẋ = Ax+ (B0 +B1x)u, yFOM = Cx, (5.34)

178



where

x :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

x1

x2

x3

x4

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, E :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

L1 0 0 0

0 C2 0 0

0 0 L3 0

0 0 0 C4

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, A :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 −1 0 0

1 0 0 0

0 0 0 −1

0 0 1 −G

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

and

B0 := E

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

0

−1

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, B1 :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

−1 0 1 0

0 −1 0 0

0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, C :=

[︃
0 0 0 1

]︃
.

This implicit model can now be treated directly without rearranging the

model into an explicit state-space form. Consider again constructing an

interpolant associated to the auxiliary systems (5.3)-(5.4) and (5.5)-(5.6)

with mappings given by

λ(ζr) = 0, r(ζr) = ζr, m(ζℓ) = mζℓ, ℓ(χ) = χ, m ∈ R.

Then the tangential generalized controllability function, X(·), defined as the

solution to the PDE with boundary condition (5.11), is the solution to the
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equation

0 = AX(ζr) +
(︁
B0 +B1X(ζr)

)︁
ζr, X(0) = 0,

so it follows that

X(ζr) = −(A+B1ζr)
−1B0ζr =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Gζr/(ζr − 1)

−1

G

1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
Eζr
ζr − 1

,

and the right tangential data mapping, W (·), defined via (5.13), is

W (ζr) = CX(ζr) =
Eζr
ζr − 1

.

The tangential generalized observability function, Y (·), defined as the solu-

tion to the PDE with boundary condition (5.12), is the solution to

(︃
∂Y

∂x
◦ Ex

)︃
Ax = mY (Ex)− Cx, Y (0) = 0.

This PDE is solved by the linear mapping Y (x) = Y x, where Y is the unique

solution, by assumption, to the generalized Sylvester equation

Y A = mY E − C,
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hence

Y = C(mE − A)−1.

That is,

Y (x) = (1 +mGL3 +m2L3C4)
−1

[︃
0 0 1 mL3

]︃
x,

and the left tangential data mapping, V (·), defined via (5.14), is

V (ζr) =

(︃
∂Y

∂x
◦ EX(ζr)

)︃(︁
B0 +B1X(ζr)

)︁
= Y B0 + Y B1X(ζr)

=
E

(1 +mGL3 +m2L3C4)(ζr − 1)
.

Note that while the tangential generalized observability function is different

than in Section 4.4, the tangential generalized controllability function, and

the right and left tangential data mappings, are identical to what they were

before. It follows that the Loewner function, L(·), and the shifted Loewner

function, σL(·), are unchanged. That is

L(ζr) = − EL3(G+mC4)ζr
(1 +mGL3 +m2L3C4)(ζr − 1)

,

181



and

σL(ζr) =
Eζr

(1 +mGL3 +m2L3C4)(ζr − 1)
.

An interpolant of the tangential data mappings and the Loewner functions

generated by the DC-to-DC Ćuk converter (5.34) at (λ, r,m, ℓ), obtained

using Theorem 13 and given in implicit form, is

⏟ ⏞⏞ ⏟
L(ω)

̇
=

(︃
∂L
∂ζr

◦ ω
)︃
ω̇ = σL(ω)− V (ω)u, yr = W (ω),

or

EL3(G+mC4)

(1 +mGL3 +m2L3C4)

ω̇

(ω − 1)2

=
E

(1 +mGL3 +m2L3C4)

ω

(ω − 1)

− E

(1 +mGL3 +m2L3C4)

1

(ω − 1)
u, (5.35)

yr =
Eω

ω − 1
, ω ̸= 1, (5.36)

with state ω(t) ∈ R, input u(t) ∈ R, and output yr(t) ∈ R. Note that,

by arranging the model into an explicit state-space form, the interpolant

(5.35)-(5.36) is equivalent to the interpolant (4.49)-(4.50) of Section 4.4.

If m < − G
C4

then the reduced order model (5.35)-(5.36) does not have a

locally exponentially stable equilibrium point at the origin. This issue can
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now be resolved by making use of the free parameters given by constructing

an interpolant with a feedforward mapping. Another interpolant of the tan-

gential data mappings and the Loewner functions, obtained using Theorem

14, is given by

⏟ ⏞⏞ ⏟
L(ω)

̇
= σL(ω)− ℓ

(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)r(ω)

−
(︂
V (ω)− ℓ

(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)

)︂
u

= σL(ω)− d(ω)ω −
(︁
V (ω)− d(ω)

)︁
u,

yROM = W (ω)− d(ω)r(ω) + d(ω)u

= W (ω)− d(ω)ω + d(ω)u,

with state ω(t) ∈ R, input u(t) ∈ R, and output yROM(t) ∈ R, where the

free mapping, d(·), is selected such that

d(ω) :=
cEL3(G+mC4) + E(ω − 1)

(1 +mGL3 +m2L3C4)(ω − 1)2
, c ∈ R, ω ̸= 1.
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Then the reduced order model is given by

EL3(G+mC4)

(1 +mGL3 +m2L3C4)

ω̇

(ω − 1)2

=
E

(1 +mGL3 +m2L3C4)

ω

(ω − 1)

− (cEL3(G+mC4) + E(ω − 1))

(1 +mGL3 +m2L3C4)

ω

(ω − 1)2

−

(︄
E

(1 +mGL3 +m2L3C4)

1

(ω − 1)

− (cEL3(G+mC4) + E(ω − 1))

(1 +mGL3 +m2L3C4)

1

(ω − 1)2

)︄
u,

yROM =
E

(ω − 1)

(︃
ω − (cL3(G+mC4) + ω − 1)

(1 +mGL3 +m2L3C4)

(ω − u)

(ω − 1)

)︃
.

Note that, by rearranging, this model is equivalent to

ω̇

(ω − 1)2
= − cω

(ω − 1)2
+

c

(ω − 1)2
u, (5.37)

yROM =
E

(ω − 1)

(︃
ω − (cL3(G+mC4) + ω − 1)

(1 +mGL3 +m2L3C4)

(ω − u)

(ω − 1)

)︃
, (5.38)

which is an interpolant of the tangential data mappings and the Loewner

functions at (λ, r,m, ℓ) that has a locally exponentially stable equilibrium

point at the origin for c > 0.

The effect of matching the tangential data mappings W (·) and V (·) at
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(λ, r,m, ℓ) can be demonstrated by noting, as a generalization of the discus-

sion in Section 4.4, that

ℓ
(︁
h(x)

)︁
= −

(︃
∂Y

∂x
◦ E(x)

)︃
f(x)−m

(︁
− Y (E(x))

)︁
= −

(︃
∂Y

∂x
◦ E(x)

)︃⏟⏞⏞ ⏟
E(x)

̇
+

(︃
∂Y

∂x
◦ E(x)

)︃
g(x)u−m

(︁
− Y (E(x))

)︁

= −
⏟ ⏞⏞ ⏟
Y (E(x))

̇
−m

(︁
− Y (E(x))

)︁
+

(︃
∂Y

∂x
◦ E(x)

)︃
g(x)u,

for any system of the form (5.1)-(5.2), hence

ℓ(y) +
⏟ ⏞⏞ ⏟
Y
(︁
E(x)

)︁̇
+m

(︁
− Y (E(x))

)︁
= ℓ
(︁
h(x) + d(x)u

)︁
+
⏟ ⏞⏞ ⏟
Y
(︁
E(x)

)︁̇
+m

(︁
− Y (E(x))

)︁
= ℓ
(︁
h(x), d(x)u

)︁
d(x)u+ ℓ

(︁
h(x)

)︁
+
⏟ ⏞⏞ ⏟
Y
(︁
E(x)

)︁̇
+m

(︁
− Y (E(x))

)︁
=

[︃(︃
∂Y

∂x
◦ E(x)

)︃
g(x) + ℓ

(︁
h(x), d(x)u

)︁
d(x)

]︃
u. (5.39)

When u = r(ζr), and when the systems (5.34) and (5.37)-(5.38) are locally

asymptotically stable, then for sufficiently small initial conditions it follows

that limt→∞
(︁
x(t) − X(ζr(t))

)︁
= 0 and limt→∞

(︁
ω(t) − ζr(t)

)︁
= 0. If, in
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addition, the systems are single-input, define the mappings

Vt,FOM(t) :=
ℓ
(︁
yFOM(t)

)︁
+
⏟ ⏞⏞ ⏟
Y
(︁
E(x(t))

)︁̇
+m

(︁
− Y (E(x(t)))

)︁
r
(︁
ζr(t)

)︁ , r
(︁
ζr(t)

)︁
̸= 0,

and

Vt,ROM(t) :=
ℓ
(︁
yROM(t)

)︁
−
⏟ ⏞⏞ ⏟
L(ω(t))

̇
+m

(︁
L(ω(t))

)︁
r
(︁
ζr(t)

)︁ , r
(︁
ζr(t)

)︁
̸= 0.

Hence, if the tangential data mappings are matched, and if the systems are

locally asymptotically stable, then for sufficiently small initial conditions it

follows that

lim
t→∞

yFOM(t) = lim
t→∞

yROM(t) = W
(︁
ζr(t)

)︁
,

and, by (5.39),

lim
t→∞

Vt,FOM(t) = lim
t→∞

Vt,ROM(t) = V
(︁
ζr(t)

)︁
.

Consider the full order model of the DC-to-DC Ćuk converter (5.34), and

the reduced order model (5.37)-(5.38), with the parameters

L1 = C2 = L3 = C4 = E = 1, G = 2.
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If m < − G
C4

= −2 then the interpolant (5.35)-(5.36) (with no feedforward

mapping) is not locally exponentially stable at the origin. The reduced order

model (5.37)-(5.38) (with a feedforward mapping) is

ω̇

(ω − 1)2
=

−cω
(ω − 1)2

+
cu

(ω − 1)2

yROM =
1

(ω − 1)

(︄
ω −

(︁
(2 +m)c+ ω − 1

)︁
(ω − u)

(1 + 2m+m2)(ω − 1)

)︄
.

Consider m = −3, so that the interpolant (5.37)-(5.38) is

ω̇

(ω − 1)2
=

−cω
(ω − 1)2

+
cu

(ω − 1)2
,

yROM =
1

(ω − 1)

(︃
ω − (ω − c− 1)(ω − u)

4(ω − 1)

)︃
.

Finally, selecting c = 1
5
> 0 yields

ω̇

(ω − 1)2
=

−ω + u

5(ω − 1)2
,

yROM =
1

(ω − 1)

(︃
ω −

(ω − 6
5
)(ω − u)

4(ω − 1)

)︃
,

which is an interpolant of the tangential data mappings and the Loewner

functions at (λ, r,m, ℓ) with a locally exponentially stable equilibrium point

at the origin.

Figures 5.4 and 5.5 show the responses of the full order model and the
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reduced order model to a piecewise constant input signal. The responses of

the systems are consistent with the tangential data mappings.

5.6 Conclusion

This chapter has presented an extension of the Loewner framework for non-

linear input-affine systems of ordinary differential equations, developed in

Chapter 4, to nonlinear differential-algebraic systems possessing a feedfor-

ward term. The Loewner objects are generalized, once again, to allow for

the construction of a “parallelizing” coordinates transformation when the

differential-algebraic system is interconnected with two auxiliary systems.

Using the Loewner functions, an interpolant which yields the same Loewner

functions when interconnected with the same two auxiliary systems is con-

structed. Locally, and under mild conditions, the response of the plant in-

terconnected with the auxiliary systems and the response of the interpolant

interconnected with the auxiliary systems are the same, provided the re-

sponses exist. A feedforward term is added to the interpolant in order to

parameterize a family of interpolants, providing extra degrees of freedom

which can be used when the goal is to construct an interpolant equiped with

particular properties. Finally, to demonstrate the results of the chapter, the

averaged model of a DC-to-DC Ćuk converter is considered again; the model

is treated in implicit form, and the feedforward term is leveraged to enforce

a local exponential stability property for the reduced order model.
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Figure 5.4: Response of the full order model (5.34) and of the reduced order
model (5.37)-(5.38).
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Figure 5.5: Response of the full order model (5.34) and of the reduced order
model (5.37)-(5.38) for t ∈ [190, 350].
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Chapter 6

Regularization of

Underdetermined Nonlinear

Interpolants

In prior chapters the construction of nonlinear interpolants has been con-

sidered only for scenarios in which the two auxiliary systems encoding the

interpolation points have the same dimension. If this is not the case then

the Loewner functions have domain and codomain with different dimensions,

and the families of interpolants presented thus far contain systems having ei-

ther more variables than equations, representing underdetermined systems,

or more equations than variables, representing overdetermined systems.

The assumption that the two auxiliary systems have the same dimen-

sion is restrictive in practice. For instance, it may be desirable to select the
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auxiliary systems such that the interconnected systems of Chapters 4 and 5

correspond to a real operating environment, i.e. the auxiliary systems may

be selected as actual signal generators and filters that a system of interest is

interacting with, and these choices may have differing dimension. Further-

more, for the purposes of analysis, design, and simulation, it is important to

construct an interpolant for which, at least locally, solutions exist and are

unique, and an interpolant that has this property is referred to as well-posed.

Solutions for underdetermined systems are generally not unique, and solu-

tions for overdetermined systems generally do not exist. Hence, it is of great

practical importance to address the problem of constructing well-posed inter-

polants in the Loewner framework when the families of interpolants presented

thus far are not well-posed.

In this chapter the first steps are taken toward the construction of inter-

polants possessing, in general, the same number of equations and variables,

and the framework of Chapter 5 is further enhanced by weakening the as-

sumption that the auxiliary systems have the same dimension. In particular,

the scenario in which the families of interpolants given in Theorems 13 and 14

in Chapter 5 are underdetermined is addressed. The family of interpolants

is enhanced in a natural way via dynamic extension, in which new equations

are added to the systems in such a way that the properties required to be an

interpolant in the Loewner framework are preserved. The procedure results

in a new family of interpolants that contain the same number of equations

as variables and may be locally well-posed. To guarantee the existence of a
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locally well-posed system contained in this family, it is sufficient (but not nec-

essary) to assert that the Loewner function be surjective with full row rank

Jacobian in a neighbourhood of the origin. Under this condition, a particular

choice of system in the family of interpolants is a nonlinear enhancement of

the interpolant provided in [94] when the Loewner matrix has full row rank.

This chapter is structured as follows. In Section 6.1 a brief overview of the

results and theorems in the Loewner framework of Chapter 5 is given for the

scenario in which the considered systems are allowed to be underdetermined

or overdetermined, and the possibility of constructing underdetermined or

overdetermined interpolants is discussed. In Section 6.2 underdetermined

families of Loewner equivalent systems are considered and, given the un-

derdetermined interpolant, a family of augmented systems which maintain

the property of Loewner equivalence is constructed; a particular well-posed

interpolant is presented for the scenario in which the Loewner function is sur-

jective with full row rank Jacobian in a neighbourhood of the origin. Finally,

in Section 6.3 some concluding remarks are given.

193



6.1 Problem Formulation

In Chapter 5 the Loewner framework has been enhanced for the treatment

of nonlinear input-affine differential-algebraic systems of the form1

⏟ ⏞⏞ ⏟
E
(︁
x(t)

)︁̇
=

(︃
∂E

∂x
◦ x(t)

)︃
ẋ(t) = f

(︁
x(t)

)︁
+ g
(︁
x(t)

)︁
u(t), (6.1)

y(t) = h
(︁
x(t)

)︁
+ d
(︁
x(t)

)︁
u(t), (6.2)

with state x(t) ∈ Cn, input u(t) ∈ Cm, output y(t) ∈ Cp, and functions

f : Cn → Ck, g : Cn → Ck×m, h : Cn → Cp, d : Cn → Cp×m, and

E : Cn → Ck, such that f(0) = 0, h(0) = 0, and E(0) = 0, and an initial

condition x0 which is consistent with the input function u(·) in that, locally,

there exists at least one continuously differentiable solution for (6.1)-(6.2).

Furthermore, it is assumed that f(·), g(·), h(·), d(·), and E(·) are, locally,

differentiable, and, in a neighbourhood of the origin, the Jacobian of E(·)

has constant rank but it is not invertible, so the system (6.1)-(6.2) cannot

be put into a standard state-space form. Chapter 5 considered the scenerio

wherein the system possesses the same number of equations as variables, i.e.

k = n. In this chapter, in order to consider the treatment of interpolants

when the auxiliary systems do not have the same dimension, the definitions

of the Loewner objects must be considered for the more general situation

1It is possible to produce underdetermined or overdetermined interpolants in the
Loewner framework, hence when defining objects the possibility that k ̸= n is taken into
consideration here. The main result of this chapter is the regularization of an interpolant
when it has dimensions such that k < n.
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in which k ̸= n. Hence, when considering a system of the form (6.1)-(6.2)

generating the tangential data functions it is assumed that the system is

regular (with respect to the solution x(t) = 0 and u(t) = 0), however when

constructing an interpolant of the form (6.1)-(6.2) with k ̸= n the system

cannot be regular in general, as either no solution for the system exists or

any particular solution for the system is not unique.

As in Chapter 5, objects in the Loewner framework for systems of the

form (6.1)-(6.2) are defined in terms of the interconnection with two addi-

tional systems of the form

ζ̇r(t) = λ
(︁
ζr(t)

)︁
+∆(t), (6.3)

v(t) = r
(︁
ζr(t)

)︁
, (6.4)

and

ζ̇ℓ(t) = m
(︁
ζℓ(t)

)︁
+ ℓ
(︁
χ(t)

)︁
, (6.5)

η(t) = ζℓ(t), (6.6)

with states ζr(t) ∈ Cρ and ζℓ(t) ∈ Cv, inputs ∆(t) ∈ Cρ and χ(t) ∈ Cp,

and outputs v(t) ∈ Cm and η(t) ∈ Cv, and with functions λ : Cρ → Cρ,

r : Cρ → Cm, m : Cv → Cv, and ℓ : Cp → Cv such that λ(0) = 0, r(0) = 0,

m(0) = 0, ℓ(0) = 0, and λ(·), r(·), m(·), and ℓ(·) differentiable.

The interconnection of the system (6.1)-(6.2) with the systems (6.3)-(6.4)
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and (6.5)-(6.6), defined via the interconnection equations u = v and χ = y,

has the representation

⎡⎢⎢⎢⎢⎢⎣
ζ̇r⏟ ⏞⏞ ⏟

E(x)
̇

ζ̇ℓ

⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
λ(ζr)

f(x) + g(x)r(ζr)

m(ζℓ) + ℓ
(︁
h(x) + d(x)r(ζr)

)︁

⎤⎥⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
I

0

0

⎤⎥⎥⎥⎥⎦∆, (6.7)

η = ζℓ, (6.8)

with state

[︃
ζ⊤r x⊤ ζ⊤ℓ

]︃⊤
, input ∆, and output η. With respect to the

Loewner objects in Chapter 5, some of the definitions for the Loewner objects

associated to (6.7)-(6.8) change, superficially, for the scenario in which k ̸= n.

In particular, the tangential generalized observability function, Y : Ck → Cv,

is defined as the solution to the PDE with boundary condition

(︃
∂Y

∂κ
◦ E(x)

)︃
f(x) = −m

(︁
− Y (E(x))

)︁
− ℓ
(︁
h(x)

)︁
,

Y (0) = 0, (6.9)

where Y (·) is now a function of a variable κ ∈ Ck, rather than x ∈ Cn,

in order to accommodate the differing number of equations and variables

in (6.1)-(6.2), i.e. the domain of Y (·) must be consistent with the range

of E(·) in order to treat underdetermined and overdetermined systems, and

dim(E(x)) ̸= dim(x) for any x ∈ Cn, hence the new input variable κ is

introduced. The left tangential data function, V : Cρ → Cv×m, is modified
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accordingly as

V (ζr) :=

(︃
∂Y

∂κ
◦ E
(︁
X(ζr)

)︁)︃
g
(︁
X(ζr)

)︁
+ ℓ
(︂
h
(︁
X(ζr)

)︁
, d
(︁
X(ζr)

)︁
r(ζr)

)︂
d
(︁
X(ζr)

)︁
,

and the shifted Loewner function, σL : Cρ → Cv, is modified accordingly as

σL(ζr) := −
(︃
∂Y

∂κ
◦ E
(︁
X(ζr)

)︁)︃
f
(︁
X(ζr)

)︁
+ ℓ
(︂
h
(︁
X(ζr)

)︁
, d
(︁
X(ζr)

)︁
r(ζr)

)︂
d
(︁
X(ζr)

)︁
r(ζr).

Considering the underlying system (6.1)-(6.2) with k ̸= n, all other objects

of Chapter 5 are unchanged, and the results of Chapter 5 hold with the ex-

act same proofs. Thus, given the functions Lℓ(·), Lr(·), L(·), σL(·), V (·),

and W (·) associated to the system (6.1)-(6.2) interconnected with the sys-

tems (6.3)-(6.4) and (6.5)-(6.6), when ρ ̸= v the system of equations

⏟ ⏞⏞ ⏟
L(ω)

̇
=
(︂
σL(ω)− ℓ

(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)r(ω)

)︂
−
(︂
V (ω)− ℓ

(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)

)︂
ur, (6.10)

yr =
(︂
W (ω)− d(ω)r(ω)

)︂
+ d(ω)ur, (6.11)

with state ω(t) ∈ Cρ, input ur(t) ∈ Cm, and output yr(t) ∈ Cp, with d : Cρ →

Cp×m a free parameter, still matches the tangential data functions and it is

still Loewner equivalent at (λ, r,m, ℓ) to the system (6.1)-(6.2) in the sense
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that the Loewner functions are matched, and the system still matches the

tangential data functions W (·) and V (·). However, the system (6.10)-(6.11)

is not well-posed because the number of equations differs from the number

of variables, i.e. ρ ̸= ν.

The condition in Theorem 14 of Chapter 5 that the dimensions of the

systems (6.3)-(6.4) and (6.5)-(6.6) be the same, i.e. ρ = v, is restrictive.

When ρ > v the proposed interpolant (6.10)-(6.11) is underdetermined, in

the sense that it possesses more variables than constraints, and when ρ < v

the proposed interpolant is overdetermined, in the sense that it possesses

more constraints than variables.

The purpose of the remainder of this chapter is to take the first step

towards weakening the assumption that ρ = v by constructing interpolating

systems in the particular scenario in which ρ > v. The construction begins

by considering the underdetermined system of equations (6.10)-(6.11) as a

basis to which new dynamics, ρ− v new equations, are added in such a way

that the “dynamically extended interpolant” still possesses the property of

Loewner equivalence at (λ, r,m, ℓ) to the system (6.1)-(6.2), and still matches

the tangential data functions W (·) and V (·). The scenario in which ρ < ν

is treated in the following chapter via an approach inspired by the results in

the remainder of this chapter.
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6.2 Extension of the Underdetermined Inter-

polant

Consider now the scenario in which ρ > v, so the system of equations (6.10)-

(6.11) is underdetermined, and the Loewner function, L : Cρ → Cv, has

constant rank in a neighbourhood of the origin. Using the Loewner func-

tions associated to the interconnected system (6.7)-(6.8) another family of

nonlinear systems can be constructed with the property that each system in

the family is Loewner equivalent at (λ, r,m, ℓ) to (6.1)-(6.2) and matches the

tangential data functionsW (·) and V (·). The following theorem considers the

underdetermined system of equations (6.10)-(6.11) as a foundation, however

new dynamics are added in such a way that the properties of Loewner equiv-

alence at (λ, r,m, ℓ) to (6.1)-(6.2) and matching of tangential data functions

are preserved.

Theorem 15. Consider the interconnected system (6.7)-(6.8) with ρ > v. Let

Lℓ(·), Lr(·), L(·), σL(·), V (·), and W (·) be the associated Loewner functions.

Furthermore, consider functions P : Cρ → Cρ−v, N : Cρ → Cρ−v, and T :

Cρ → C(ρ−v)×m, where P (·) is a differentiable mapping such that the Jacobian

of (L(·)⊤, P (·)⊤)⊤ has constant rank in a neighbourhood of the origin, and

N(ω) =
∂P

∂ω
λ(ω) + T (ω)r(ω). (6.12)
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Define the system

⎡⎢⎣
⏟⏞⏞⏟
L(ω)

̇

⏟ ⏞⏞ ⏟
P (ω)

̇

⎤⎥⎦ =

⎡⎢⎣σL(ω)− ℓ
(︂
W (ω), −d(ω)r(ω)

)︂
d(ω)r(ω)

N(ω)

⎤⎥⎦
−

⎡⎢⎣V (ω)− ℓ
(︂
W (ω), −d(ω)r(ω)

)︂
d(ω)

T (ω)

⎤⎥⎦ur, (6.13)

yr =
(︂
W (ω)− d(ω)r(ω)

)︂
+ d(ω)ur, (6.14)

with state ω(t) ∈ Cρ, input ur(t) ∈ Cm, and output yr(t) ∈ Cp, and d : Cρ →

Cp×m. Then the system (6.13)-(6.14) is Loewner equivalent at (λ, r,m, ℓ) to

the system (6.1)-(6.2) and matches the tangential data functions W (·) and

V (·).

Remark 19. The dynamically extended system (6.13)-(6.14) has the same

number of equations as variables, ρ. Furthermore, the functions d(·), P (·),

and T (·) are unconstrained, with the exception of P (·) being differentiable

and the Jacobian of (L(·)⊤, P (·)⊤)⊤ having constant rank in a neighbourhood

of the origin, giving the possibility of constructing a regular, or well-posed,

interpolant.

Proof. Let X(·), Y (·), V (·), W (·), L(·), Lℓ
(·), Lr

(·), and σL(·) be the set of

Loewner functions for the system (6.13)-(6.14) interconnected with the sys-

tems (6.3)-(6.4) and (6.5)-(6.6). To prove that the extended interpolant (6.13)-

(6.14) is Loewner equivalent at (λ, r,m, ℓ) to the system (6.1)-(6.2) it is
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shown that X(ζr) = ζr, Y (κ1, κ2) = −κ1 where κ1 ∈ Cv and κ2 ∈ Cρ−v, and

Lℓ
(ζr) = Lℓ(ζr) is a solution to the interpolant’s system of PDEs correspond-

ing to (5.11), (6.9), and (5.15). The function X(·) is the solution to the PDE

with boundary condition

∂

⎡⎢⎣L(︁X(ζr)
)︁

P
(︁
X(ζr)

)︁
⎤⎥⎦

∂ζr
λ(ζr)

=

⎛⎜⎝
⎡⎢⎣σL(ζ)− ℓ

(︂
W (ζ), −d(ζ)r(ζ)

)︂
d(ζ)r(ζ)

N(ζ)

⎤⎥⎦ ◦X(ζr)

⎞⎟⎠
−

⎛⎜⎝
⎡⎢⎣V (ζ)− ℓ

(︂
W (ζ), −d(ζ)r(ζ)

)︂
d(ζ)

T (ζ)

⎤⎥⎦ ◦X(ζr)

⎞⎟⎠ r(ζr),

X(0) = 0,

and letting X(ζr) = ζr yields

⎡⎢⎣ ∂L
∂ζr(︁

∂P
∂ω

◦ ζr
)︁
⎤⎥⎦λ(ζr) =

⎡⎢⎣σL(ζr)− V (ζr)r(ζr)

N(ζr)− T (ζr)r(ζr)

⎤⎥⎦ ,
which holds by (5.18) and (6.12). The function Y (·) is the solution to the
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PDE with boundary condition

(︃[︃
∂Y
∂κ1

∂Y
∂κ2

]︃
◦
(︁
L(ω), P (ω)

)︁)︃⎡⎢⎣σL(ω)− ℓ
(︂
W (ω), −d(ω)r(ω)

)︂
d(ω)r(ω)

N(ω)

⎤⎥⎦
= −m

(︂
− Y

(︁
L(ω), P (ω)

)︁)︂
− ℓ
(︁
W (ω)− d(ω)r(ω)

)︁
,

Y (0, 0) = 0.

Setting Y (κ1, κ2) = −κ1 yields

[︃
−I 0

]︃⎡⎢⎣σL(ω)− ℓ
(︂
W (ω), −d(ω)r(ω)

)︂
d(ω)r(ω)

N(ω)

⎤⎥⎦
= −m

(︁
L(ω)

)︁
− ℓ
(︁
W (ω)− d(ω)r(ω)

)︁
,

and utilizing (5.7) one obtains

σL(ω) = m
(︁
L(ω)

)︁
+ ℓ
(︁
W (ω)− d(ω)r(ω)

)︁
+ ℓ
(︂
W (ω), −d(ω)r(ω)

)︂
d(ω)r(ω)

= m
(︁
L(ω)

)︁
+ ℓ
(︁
W (ω)

)︁
,

which holds by (5.17). It now follows readily that

L(ζr) = −Y
(︂
L
(︁
X(ζr)

)︁
, P
(︁
X(ζr)

)︁)︂
= L(ζr),
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and

W (ζr) = W
(︁
X(ζr)

)︁
− d
(︁
X(ζr)

)︁
r
(︁
X(ζr)

)︁
+ d
(︁
X(ζr)

)︁
r(ζr)

= W (ζr).

Additionally, it follows by (5.17) that

σL(ζr) = m
(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
= m

(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
= σL(ζr).

The function V (·) is given by

V (ζr) =

(︃[︃
∂Y
∂κ1

∂Y
∂κ2

]︃
◦
(︁
L(X(ζr)), P (X(ζr))

)︁)︃

×

⎛⎜⎝
⎡⎢⎣ℓ
(︂
W (ζ), −d(ζ)r(ζ)

)︂
d(ζ)− V (ζ)

−T (ζ)

⎤⎥⎦ ◦X(ζr)

⎞⎟⎠
+ ℓ
(︂
W
(︁
X(ζr)

)︁
− d
(︁
X(ζr)

)︁
r
(︁
X(ζr)

)︁
, d
(︁
X(ζr)

)︁
r(ζr)

)︂
d
(︁
X(ζr)

)︁
.

This simplifies to

V (ζr) = V (ζr)− ℓ
(︂
W (ζr), −d(ζr)r(ζr)

)︂
d(ζr)

+ ℓ
(︂
W (ζr)− d(ζr)r(ζr), d(ζr)r(ζr)

)︂
d(ζr),
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and by (5.8) it follows that

V (ζr) = V (ζr).

The function Lℓ
(·) is the solution to the PDE with boundary condition

∂Lℓ

∂ζr
λ(ζr) = −m

(︁
− Lℓ

(ζr)
)︁
− V (ζr)r(ζr),

Lℓ
(0) = 0.

Letting X(ζr) = ζr, Y (κ1, κ2) = −κ1, and Lℓ
(ζr) = Lℓ(ζr) yields

∂Lℓ

∂ζr
λ(ζr) = −m

(︁
− Lℓ(ζr)

)︁
− V (ζr)r(ζr),

which holds by (5.15). It follows that

Lr
(ζr) = L(ζr)− Lℓ

(ζr)

= L(ζr)− Lℓ(ζr)

= Lr(ζr).

Therefore, Lℓ
(ζr) = Lℓ(ζr) and Lr

(ζr) = Lr(ζr), and (6.13)-(6.14) is Loewner

equivalent at (λ, r,m, ℓ) to (6.1)-(6.2) and matches the tangential data func-

tions W (·) and V (·).

The authors of [94] provide the linear interpolant (2.32)-(2.33) for the sce-
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nario in which the Loewner matrix has full row rank, i.e. when the Loewner

matrix has a right inverse. One should expect this interpolant to belong to

the family of interpolants given in Theorem 15. Indeed, a particular choice

of system in Theorem 15 yields a nonlinear enhancement of the interpolant

(2.32)-(2.33).

Corollary 16. Consider the interconnected system (6.7)-(6.8). Let Lℓ(·),

Lr(·), L(·), σL(·), V (·), and W (·) be the associated Loewner functions. Sup-

pose that the Loewner function, L(·), is surjective with full row rank Jacobian

in a neighbourhood of the origin, and thus has a right inverse, L#(·), such

that L
(︁
L#(κ)

)︁
= κ. Then the system

ω̇ =

(︄
λ(ω) +

(︃
∂L
∂ζr

◦ ω
)︃# (︂

V (ω)− ℓ
(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)

)︂
r(ω)

)︄

−
(︃
∂L
∂ζr

◦ ω
)︃# (︂

V (ω)− ℓ
(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)

)︂
ur, (6.15)

yr =
(︁
W (ω)− d(ω)r(ω)

)︁
+ d(ω)ur, (6.16)

with state ω(t) ∈ Cρ, input ur(t) ∈ Cm, and output yr(t) ∈ Cp, where d :

Cρ → Cp×m, is Loewner equivalent at (λ, r,m, ℓ) to the system (6.1)-(6.2)

and matches the tangential data functions W (·) and V (·).

Proof. Consider the interpolant (6.13)-(6.14) in Theorem 15, and let P (·)

be any differentiable function such that (L(ω)⊤, P (ω)⊤)⊤ is bijective with
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nonsingular Jacobian in a neighbourhood of the origin. Set

T (ω) :=
∂P

∂ω

(︃
∂L
∂ζr

◦ ω
)︃# (︂

V (ω)− ℓ
(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)

)︂
,

so that

N(ω) =
∂P

∂ω
λ(ω)

+
∂P

∂ω

(︃
∂L
∂ζr

◦ ω
)︃# (︂

V (ω)− ℓ
(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)

)︂
r(ω).

Then, by using (5.18) and rearranging, the interpolant (6.13)-(6.14) becomes

⎡⎢⎣0
0

⎤⎥⎦ =

⎡⎢⎣
(︂

∂L
∂ζr

◦ ω
)︂

∂P
∂ω

⎤⎥⎦
×

(︄
ω̇ − λ(ω)−

(︃
∂L
∂ζr

◦ ω
)︃#

V (ω)
(︁
r(ω)− ur

)︁
+

(︃
∂L
∂ζr

◦ ω
)︃#

ℓ
(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)r(ω)

−
(︃
∂L
∂ζr

◦ ω
)︃#

ℓ
(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)ur

)︄
, (6.17)

yr =
(︁
W (ω)− d(ω)r(ω)

)︁
+ d(ω)ur, (6.18)

and because (L(ω)⊤, P (ω)⊤)⊤ has a full rank Jacobian in a neighbourhood

of the origin, (6.17)-(6.18) is equivalent to (6.15)-(6.16).

Remark 20. As a consequence of Corollary 16, to guarantee existence of a
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locally well-posed interpolant in the family of systems given by Theorem 15

it is sufficient (but not necessary) to assert that the Loewner function be

surjective with a full row rank Jacobian in a neighbourhood of the origin.

Remark 21. A dynamically extended family of interpolants in the linear

setting follows immediately from the nonlinear family given in Theorem 15.

When the systems (6.1)-(6.2), (6.3)-(6.4), and (6.5)-(6.6) are linear time-

invariant, i.e. λ(ζr) = Λζr, r(ζr) = Rζr, m(ζℓ) = Mζℓ, ℓ(χ) = Lχ, E(x) =

Ex, f(x) = Ax, g(x) = B, h(x) = Cx, d(x) = D, the Loewner functions

becomeX(ζr) = Xζr, Y (κ) = Y κ, Lℓ(ζr) = Lℓζr, Lr(ζr) = Lrζr, L(ζr) = Lζr,

σL(ζr) = σLζr, V (ζr) = V , W (ζr) = Wζr. Setting P (ω) = Pω, N(ω) =

Nω, and T (ω) = T , the dynamically extended family of interpolants given

by (6.13)-(6.14) of Theorem 15 becomes

⎡⎢⎣L
P

⎤⎥⎦ ω̇ =

⎡⎢⎣σL− LDR

N

⎤⎥⎦ω −

⎡⎢⎣V − LD

T

⎤⎥⎦ur,
yr = (W −DR)ω +Dur,

N = PΛ + TR,

and the interpolant (6.15)-(6.16) becomes the interpolant (2.32)-(2.33) given

in [94] provided the Loewner matrix has full row rank.

In the linear setting, if one selects a square matrix F with σ(F ) ∩ σ(Λ) = ∅
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and solves the Sylvester equation

PΛ + TR = FP,

then the added dynamics become

Pω̇ = Nω − Tur,

= FPω − Tur.

The following lemma makes clear that, under mild conditions, the added

dynamics can always be chosen such that the manifold Pω = 0 is invariant

and attractive (when ur = 0), with P full row rank, while preserving the

Loewner equivalence and matching the tangential data functions; ρ− v poles

of the interpolant can be assigned freely.

Lemma 3. Suppose (R,Λ) is observable and consider scalars µi ∈ C \ σ(Λ),

i ∈ {1, 2, . . . , ρ− v}. Then there exist matrices P ∈ C(ρ−v)×ρ, T ∈ C(ρ−v)×m,

and F ∈ C(ρ−v)×(ρ−v) such that

PΛ + TR = FP, (6.19)

where σ(F ) = {µ1, . . . , µρ−v} and P has full row rank.

Proof. Suppose (R,Λ) is observable. Then there exists a nonsingular matrix

Q, and matrices Λ1 ∈ C(ρ−v)×(ρ−v), Λ2 ∈ C(ρ−v)×v, Λ3 ∈ Cv×v, R1 ∈ Cm×(ρ−v),
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R2 ∈ Cm×v, such that

Λ = Q

⎡⎢⎣Λ1 Λ2

0 Λ3

⎤⎥⎦Q−1, R =

[︃
R1 R2

]︃
Q−1,

where (R1,Λ1) is observable. The Sylvester equation (6.19) becomes

PQ

⎡⎢⎣Λ1 Λ2

0 Λ3

⎤⎥⎦Q−1 + T

[︃
R1 R2

]︃
Q−1 = FP,

or

PQ

⎡⎢⎣Λ1 Λ2

0 Λ3

⎤⎥⎦+ T

[︃
R1 R2

]︃
= FPQ.

Define

[︃
P 1 P 2

]︃
:= PQ, P 1 ∈ C(ρ−v)×(ρ−v), P 2 ∈ C(ρ−v)×v, so that

[︃
P 1 P 2

]︃⎡⎢⎣Λ1 Λ2

0 Λ3

⎤⎥⎦+ T

[︃
R1 R2

]︃
= F

[︃
P 1 P 2

]︃
,

or

P 1Λ1 + TR1 = FP 1, (6.20)

P 1Λ2 + P 2Λ3 + TR2 = FP 2. (6.21)
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By observability of (R1,Λ1), choose T such that σ(Λ1+TR1) = {µ1, . . . , µρ−v},

and select F := Λ1 + TR1. It follows that (6.20) becomes

(P 1 − I)Λ1 − F (P 1 − I) = 0,

which is uniquely solved by P 1 = I because σ(Λ)∩ σ(F ) = ∅. Finally, (6.21)

becomes

Λ2 + P 2Λ3 + TR2 = FP 2,

which has a unique solution P 2 because σ(Λ)∩σ(F ) = ∅. It follows that the

unique solution of (6.19), P =

[︃
I P 2

]︃
Q−1, has full row rank. Hence, by

construction, there exists a matrix T , a full row rank matrix P , and a matrix

F with σ(F ) = {µ1, . . . , µρ−v} satisfying the Sylvester equation (6.19).

Remark 22. A similar result is obtained, locally, in the nonlinear setting

by solving the PDE

∂P

∂ω
λ(ω) + T (ω)r(ω) = F

(︁
P (ω)

)︁
, F (0) = 0,

and employing the centre manifold theory or type (C, v) nonresonance con-

ditions, with F (·) chosen such that the system

⏟ ⏞⏞ ⏟
P (ω)

̇
= F

(︁
P (ω)

)︁
− T (ω)ur,
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has desired stability properties.

6.3 Conclusion

This chapter has presented an approach for regularization of underdeter-

mined interpolants in the Loewner framework for nonlinear DAEs, building

on the results in Chapter 5. The result relies on the construction of a dynam-

ically extended family of interpolants preserving the properties of Loewner

equivalence and matching of tangential data functions. It is sufficient (but

not necessary) that the Loewner function be surjective with a full row rank

Jacobian in a neighbourhood of the origin to guarantee the existence of a

locally well-posed interpolant. Finally, it has been shown that the ρ − v

poles introduced in the extended interpolant can be assigned freely if an

observability condition holds for one of the auxiliary systems.
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Chapter 7

Construction and

Parameterization of Nonlinear

Interpolants in the Loewner

Framework

In Chapters 4 and 5 the construction of nonlinear interpolants in the Loewner

framework has been considered. The approach, however, has a limitation in

that the two auxiliary systems used for interpolation are required to have the

same dimensions.

For the linear setting, [94] has provided two methods to construct inter-

polants for the scenarios in which the Loewner matrix is not square, i.e. for

the scenarios in which the auxiliary systems have different dimensions. The
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first method, reviewed in Chapter 2, requires that the Loewner matrix be

full row rank. The second method, also reviewed in Chapter 2, requires that

a more general rank condition hold, and the construction procedure relies on

the use of the singular value decomposition yielding an approach that may

not be the most natural or convenient for enhancement to nonlinear systems.

Furthermore, the approach of [94] does not consider building interpolants of

larger dimension which would introduce extra degrees of freedom when the

construction of an interpolant with additional properties, such as stability or

regularity, is desired.

An approach to nonlinear interpolant construction in the case in which

the Loewner functions produce an underdetermined interpolant is provided

in Chapter 6. This approach uses an underdetermined interpolant and adds

constraints in a natural way such that the properties of Loewner equivalence

and matching of tangential data functions are preserved. The approach,

however, only considers adding new equations, rather than adding both new

equations and new states, and the existence of a well-posed system belong-

ing to the constructed family is difficult to guarantee in general, with the

Jacobian of the Loewner function having full row rank in a neighbourhood

of the origin being a sufficient condition.

In this chapter the applicability of the nonlinear Loewner framework given

in Chapters 4 and 5 is greatly enhanced by further extending, to the most

general case, the approach for well-posed interpolant construction of Chap-

ter 6. Particularly, the situation wherein an ill-posed family of interpolants
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of the form given in Chapter 5 is known is considered and the family of inter-

polants is augmented in a natural way by adding an arbitrary number of new

equations and variables such that the properties of Loewner equivalence and

matching of tangential data functions are preserved. The approach results in

a new family of interpolants, and existence of locally well-posed interpolants

can be guaranteed for sufficiently high dimension which provides an approach

to construct interpolants for both the underdetermined and the overdeter-

mined scenarios within the same formalism. The results are specialized to

the linear setting and it is proven that under mild conditions the family of

dynamically extended systems contains, or parameterizes, all interpolants

of the associated dimension. Taken with the complementary results of [94],

the parameterization provides a more broad theory for the construction of

linear interpolants. Inspired by the linear parameterization, an enhanced

parameterization is given for the nonlinear setting.

This chapter is structured as follows. In Section 7.1 the problem of con-

structing well-posed Loewner equivalent nonlinear interpolants is formally

stated. In Section 7.2 the problem is considered in the most general setting

in which the sizes of the auxiliary systems are arbitrary, and a family of aug-

mented systems which maintain the properties of Loewner equivalence and

matching of tangential data functions based on an ill-posed interpolant is

presented. Two particular well-posed interpolants are presented for scenar-

ios in which the Loewner function is surjective, or injective, with full rank

Jacobian, respectively. In Section 7.3 the linearized forms of the results in the
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preceeding section are presented, and it is proven that under mild conditions

the dynamically extended family of systems contains, or parameterizes, all

interpolants of the associated dimension. In Section 7.4 an enhanced param-

eterization is presented for the nonlinear setting. In Section 7.5 an example

is considered for the linear setting wherein it is not possible to construct a

stable interpolant of minimal order; a system of higher dimension must be

considered, and a general approach to choosing such an interpolant is demon-

strated by “embedding” an observer and estimated state-feedback controller

using free parameters. In Section 7.6 an example is considered wherein a

reduced order model is constructed for the averaged model of a DC-to-DC

Ćuk converter when the auxiliary systems do not have the same dimension.

Finally, in Section 7.7 some concluding remarks are given.

7.1 Problem Formulation

In Chapters 5 and 6 the Loewner framework has been developed for nonlinear

input-affine differential-algebraic systems of the form

⏟ ⏞⏞ ⏟
E(x)

̇
=
∂E

∂x
ẋ = f(x) + g(x)u, (7.1)

y = h(x) + d(x)u, (7.2)

with state x(t) ∈ Cn, input u(t) ∈ Cm, and output y(t) ∈ Cp, and map-

pings f : Cn → Ck, g : Cn → Ck×m, h : Cn → Cp, d : Cn → Cp×m, and
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E : Cn → Ck, such that f(0) = 0, h(0) = 0, and E(0) = 0, and initial

condition x0 which is consistent with the input function u(·) in that, locally,

there exists at least one continuously differentiable solution for (7.1)-(7.2).

It is assumed that f(·), g(·), h(·), d(·), and E(·) are, locally, differentiable

and, in a neighbourhood of the origin, the Jacobian of E(·) has constant

rank but is not invertible, hence systems consisting of both differential and

algebraic equations are considered and the system (7.1)-(7.2) cannot be put

in general into a standard state-space form. As in Chapter 6, when con-

structing an interpolant in the Loewner framework it is possible to produce

an underdetermined or overdetermined system, hence when defining objects

the possibility that k ̸= n is taken into consideration in order to generalize

the notion of Loewner objects for such systems. The consideration of this

situation is of great importance in practice and it is the primary concern of

Chapter 6 and this chapter. The original system to be interpolated, from

which the tangential data mappings have first been collected, is considered

to be regular (with respect to the solution x(t) = 0 and u(t) = 0) and is

not underdetermined or overdetermined so that the obtained set of tangen-

tial data objects is unique, i.e. the system generating the tangential data

functions is well-posed, and k = n.

As in Chapters 5 and 6, to discuss the Loewner objects for differential-

algebraic systems of the form (7.1)-(7.2) consider two auxiliary systems de-
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fined by the equations

ζ̇r = λ(ζr) + ∆, (7.3)

v = r(ζr), (7.4)

and

ζ̇ℓ = m(ζℓ) + ℓ(χ), (7.5)

η = ζℓ, (7.6)

with states ζr(t) ∈ Cρ and ζℓ(t) ∈ Cv, inputs ∆(t) ∈ Cρ and χ(t) ∈ Cp,

and outputs v(t) ∈ Cm and η(t) ∈ Cv, and with functions λ : Cρ → Cρ,

r : Cρ → Cm, m : Cv → Cv, and ℓ : Cp → Cv such that λ(0) = 0, r(0) = 0,

m(0) = 0, ℓ(0) = 0, and λ(·), r(·), m(·), and ℓ(·) differentiable.

In Chapter 6 the problem of constructing well-posed nonlinear inter-

polants when ρ ≥ v is considered. The proposed approach provides only

a sufficient condition for the existence of a well-posed interpolant and, if

the condition does not hold, then existence of a well-posed interpolant in

the constructed family of systems is not guaranteed. The remainder of this

chapter considers the general case of regularizing a nonlinear interpolant, or

constructing a well-posed interpolant, when ρ ̸= v by considering the ad-

dition of new equations and/or variables to the interpolant of Theorem 14.

This “dynamic extension” is perfomed while adhering to conditions which
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preserve the properties of Loewner equivalence at (λ, r,m, ℓ) and matching

of the tangential data functions. This yields a parameterization of a family

of interpolants with dimension k ≥ max{ρ, v} such that both the scenarios

of regularizing an underdetermined interpolant and an overdetermined in-

terpolant are dealt with simultaneously, i.e. the construction of well-posed

interpolants is performed for ρ = v, ρ < v, and ρ > v within the same for-

malism. The dimension of the constructed model can be increased arbitrarily

and, as a result, an upper bound on the minimum number of states k required

to guarantee the existence of a well-posed interpolant is given by k ≤ ρ+ v.

Furthermore, the addition of new equations and/or variables may allow for

the selection of particular properties of an interpolant, e.g. stability and

regularity. The proposed approach begins, as in Chapter 6, by constructing

the interpolant (6.10)-(6.11). Both new equations and new variables are then

added in such a way that the properties of Loewner equivalence at (λ, r,m, ℓ)

to (7.1)-(7.2) and matching of tangential data functions are preserved.

7.2 Regularization of Nonlinear Interpolants

Consider the dimensions of the auxiliary systems, ρ and v, arbitrary. Given

the Loewner objects associated to the interconnected system (6.7)-(6.8) one

can “augment” the interpolant (6.10)-(6.11) in Theorem 14 to produce more

families of interpolants by adding new constraints and/or variables in such

a way that the property of Loewner equivalence at (λ, r,m, ℓ) to the sys-
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tem (7.1)-(7.2) is preserved. Consider now the augmented system described

by the equations (7.8), (7.9), (7.10), (7.11), (7.12), (7.13), and (7.14) at the

top of the next page, with state ω(t) ∈ Cρ and γ(t) ∈ Ck−ρ, input ur(t) ∈ Cm,

and output yr(t) ∈ Cp, where Q : Cρ × Ck−ρ → Cv, P : Cρ × Ck−ρ → Ck−v,

Z : Cρ × Ck−ρ → Cv, N : Cρ × Ck−ρ → Ck−v, U : Cρ × Ck−ρ → Cv×m,

T : Cρ×Ck−ρ → C(k−v)×m, H : Cρ×Ck−ρ → Cp, and K : Cρ×Ck−ρ → Cp×m,

and k ≥ max{ρ, v}, where Q(·) and P (·) are differentiable and the Jacobian

of ⎡⎢⎣L(ω) +Q(ω, γ)

P (ω, γ)

⎤⎥⎦ , (7.7)

has constant rank in a neighbourhood of the origin. The following theorem

shows that the augmented system is still an interpolant in the Loewner sense.

Theorem 17. Consider the interconnected system (6.7)-(6.8). Let Lℓ(·),

Lr(·), L(·), σL(·), V (·), andW (·) be the associated Loewner objects. Then the

system (7.8)-(7.14), with P (·) and Q(·) chosen such that the Jacobian of (7.7)

has constant rank in a neighbourhood of the origin, is Loewner equivalent at

(λ, r,m, ℓ) to the system (7.1)-(7.2) and matches the tangential data functions

W (·) and V (·).

Proof. Let Xe(·), Ye(·), Ve(·), We(·), Le(·), Lℓ
e(·), Lr

e(·), and σLe(·) be the

Loewner functions for the system (7.8)-(7.14) interconnected with the aux-

iliary systems (7.3)-(7.4) and (7.5)-(7.6). To prove that the extended inter-
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⎡⎣⏟⏞⏞⏟L(ω)
̇

+
⏟ ⏞⏞ ⏟
Q(ω, γ)

̇

⏟ ⏞⏞ ⏟
P (ω, γ)

̇

⎤⎦
⏞ ⏟⏟ ⏞⏟ ⏞⏞ ⏟

Ee(ω, γ)
̇

:=

=

[︄
σL(ω)− ℓ

(︂
W (ω) +H(ω, γ),−K(ω, γ)r(ω)

)︂
K(ω, γ)r(ω) + Z(ω, γ)

N(ω, γ)

]︄
⏞ ⏟⏟ ⏞

fe(ω,γ):=

−

[︄
V (ω)− ℓ

(︂
W (ω) +H(ω, γ),−K(ω, γ)r(ω)

)︂
K(ω, γ) + U(ω, γ)

T (ω, γ)

]︄
⏞ ⏟⏟ ⏞

−ge(ω,γ):=

ur,

(7.8)

yr =
(︂
W (ω) +H(ω, γ)−K(ω, γ)r(ω)

)︂
⏞ ⏟⏟ ⏞

he(ω,γ):=

+K(ω, γ)⏞ ⏟⏟ ⏞
ke(ω,γ):=

ur, (7.9)

Q(ω, 0) = 0, (7.10)

U(ω, 0) = 0, (7.11)

H(ω, 0) = 0, (7.12)

Z(ω, γ) =
(︂
m
(︁
L(ω) +Q(ω, γ)

)︁
−m(L(ω))

)︂
+
(︂
ℓ
(︁
W (ω) +H(ω, γ)

)︁
− ℓ
(︁
W (ω)

)︁)︂
, (7.13)

N(ω, 0) =

(︃
∂P

∂ω
◦ (ω, 0)

)︃
λ(ω) + T (ω, 0)r(ω), (7.14)
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polant (7.8)-(7.14) is Loewner equivalent at (λ, r,m, ℓ) to the system (7.1)-

(7.2) it is shown that Xe(ζr) = (ζ∗r , 0
∗
(k−ρ)×ρ)

∗, Ye(κ1, κ2) = −κ1 where

κ1 ∈ Cv, κ2 ∈ Ck−v, and Lℓ
e(ζr) = Lℓ(ζr) is a solution to the interpolant’s

system of PDEs corresponding to (5.11), (6.9), and (5.15). The tangential

generalized controllability function, Xe(·), is the solution to the PDE with

boundary condition

∂ (Ee(ω, γ) ◦Xe(ζr))

∂ζr
λ(ζr) = (fe(ω, γ) ◦Xe(ζr)) +

(︁
ge(ω, γ) ◦Xe(ζr)

)︁
r(ζr),

Xe(0) = 0,

where Ee(·), fe(·), and ge(·) are defined as in (7.8), and letting Xe(ζr) =

(ζ∗r , 0
∗
(k−ρ)×ρ)

∗ yields

∂Ee(ζr, 0)

∂ζr
λ(ζr) = fe(ζr, 0) + ge(ζr, 0)r(ζr),

or ⎡⎢⎣ ∂L
∂ζr
λ(ζr) +

(︁
∂Q
∂ω

◦ (ζr, 0)
)︁
λ(ζr)(︁

∂P
∂ω

◦ (ζr, 0)
)︁
λ(ζr)

⎤⎥⎦

=

⎡⎢⎣σL(ζr) + Z(ζr, 0)

N(ζr, 0)

⎤⎥⎦−

⎡⎢⎣V (ζr) + U(ζr, 0)

T (ζr, 0)

⎤⎥⎦ r(ζr),
which holds by (5.18) and (7.10)-(7.14). The tangential generalized observ-
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ability function, Ye(·), is the solution to the PDE with boundary condition

(︃[︃
∂Ye

∂κ1

∂Ye

∂κ2

]︃
◦ Ee(ω, γ)

)︃
fe(ω, γ) = −m (−Ye ◦ Ee(ω, γ))− ℓ (he(ω, γ)) ,

Ye(0) = 0,

where he(·) is defined as in (7.9). Setting

Ye(κ1, κ2) = −κ1 = −
[︃
I 0

]︃⎡⎢⎣κ1
κ2

⎤⎥⎦ ,
yields

[︃
I 0

]︃
fe(ω, γ) = m

(︃[︃
I 0

]︃
Ee(ω, γ)

)︃
+ ℓ (he(ω, γ)) .

Using (5.7) this simplifies to

σL(ω) + Z(ω, γ) = m
(︁
L(ω) +Q(ω, γ)

)︁
+ ℓ
(︁
W (ω) +H(ω, γ)

)︁
,

which holds by (5.17) and (7.13). The equation for We(ζr) becomes then

We(ζr) = he(ζr, 0) + ke(ζr, 0)r(ζr)

= W (ζr) +H(ζr, 0),
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where ke(·) is defined as in (7.9), and, by (7.12),

We(ζr) = W (ζr).

The equation for Ve(ζr) is

Ve(ζr) = −
[︃
I 0

]︃
ge(ζr, 0) + ℓ

(︂
he(ζr, 0), ke(ζr, 0)r(ζr)

)︂
ke(ζr, 0),

and using (5.8) and (7.11) this simplifies to

Ve(ζr) = V (ζr) + U(ζr, 0) = V (ζr).

If follows that the Loewner function is

Le(ζr) = −Ye ◦ Ee ◦Xe(ζr)

=

[︃
I 0

]︃
Ee(ζr, 0)

= L(ζr) +Q(ζr, 0) = L(ζr),
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and the shifted Loewner function is

σLe(ζr) = m (Le(ζr)) + ℓ (We(ζr))

= m (L(ζr)) + ℓ (W (ζr))

= σL(ζr).

The left Loewner function, Lℓ
e(·), is the solution to the PDE with boundary

condition

∂Lℓ
e

∂ζr
λ(ζr) = −m

(︁
−Lℓ

e(ζr)
)︁
− Ve(ζr)r(ζr), Lℓ

e(0) = 0.

Letting Xe(ζr) = (ζ∗r , 0
∗)∗, Ye(κ1, κ2) = −κ1, and Lℓ

e(ζr) = Lℓ(ζr) yields

∂Lℓ

∂ζr
λ(ζr) = −m

(︁
−Lℓ(ζr)

)︁
− Ve(ζr)r(ζr)

= −m
(︁
−Lℓ(ζr)

)︁
− V (ζr)r(ζr),

which holds by (5.15). It follows that

Lr
e(ζr) = Le(ζr)− Lℓ

e(ζr)

= L(ζr)− Lℓ(ζr) = Lr(ζr).

Thus, the system (7.8)-(7.14) is Loewner equivalent at (λ, r,m, ℓ) to the

system (7.1)-(7.2) and matches the tangential data functions W (·) and V (·).
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Remark 23. The functions K(·), P (·), Q(·), U(·), T (·), and H(·) in Theo-

rem 17 are “free”, with P (·) and Q(·) having only to satisfy some mild dif-

ferentiability conditions, and the requirements that Q(·, 0) = 0, U(·, 0) = 0,

and H(·, 0) = 0.

Remark 24. The conditions (7.13) and (7.14) on Z(·) and N(·), respectively,

closely resemble the relations (5.17) and (5.18). This is not surprising as the

mappings Z(·) and N(·) play a similar role to σL(·) in satisfying the PDEs

in the proof of Theorem 17.

Theorem 17 is of great practical importance when constructing inter-

polants in the Loewner framework for nonlinear systems as it removes the

requirement ρ = v. Also of significance is that if the Loewner objects are

already known, then generating interpolants of higher complexity does not

require solving any further PDEs as long as (7.10)-(7.14) hold. Theorem 17

allows for an approach to the treatment of both underdetermined and overde-

termined interpolants, and the ability to construct interpolants of an arbi-

trarily given dimension k ≥ max{ρ, v} further allows for an upper bound

on the minimum number of states required to guarantee that a well-posed

interpolant exists, namely ρ+ v. To see this, consider the scenario in which

L(ω) = 0. It may be that a locally well-posed differential-algebraic inter-

polant of dimension k < ρ + v exists by considering a regularity condition

and retaining algebraic constraints, however one could instead augment the
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system in such a way that the equations are purely differential by choosing

Q(ω, γ) = γ and P (ω, γ) = ω. Such a choice makes

⎡⎢⎣L(ω) +Q(ω, γ)

P (ω, γ)

⎤⎥⎦ =

⎡⎢⎣γ
ω

⎤⎥⎦
a bijective map on Cρ+v with nonsingular Jacobian, and thus a locally well-

posed interpolant of dimension k ≤ ρ + v always exists. The upper bound

on the minimum number of states required to guarantee the existence of a

locally well-posed interpolant can be enhanced by considering the situation in

which rank ∂L
∂ζr

= r in a neighbourhood of the origin. By the same argument,

there always exists a locally well-posed interpolant of dimension k ≤ ρ+v−r.

Suppose, for example, that

L(ω) =

⎡⎢⎣ Ir 0r×(ρ−r)

0(v−r)×r 0(v−r)×(ρ−r)

⎤⎥⎦ω.
Then choosing γ = (γ1, . . . , γv−r)

⊤,

Q(ω, γ) =

⎡⎢⎣0r×(v−r)

I(v−r)

⎤⎥⎦ γ,
and

P (ω, γ) =

[︃
0(ρ−r)×r I(ρ−r)

]︃
ω,
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yields

⎡⎢⎣L(ω) +Q(ω, γ)

P (ω, γ)

⎤⎥⎦ =

⎡⎢⎢⎢⎢⎣
Ir 0 0

0 0 I(v−r)

0 I(ρ−r) 0

⎤⎥⎥⎥⎥⎦
⎡⎢⎣ ω

γ

⎤⎥⎦ ,

which is a bijective map on Cρ+v−r with nonsingular Jacobian. From this

discussion the following corollary, the proof of which relies on a simple appli-

cation of the constant rank theorem [80, pp. 472] on the Loewner function,

holds.

Corollary 18. Consider the interconnected system (6.7)-(6.8). Let Lℓ(·),

Lr(·), L(·), σL(·), V (·), and W (·) be the associated Loewner objects. Sup-

pose rank ∂L
∂ζr

= r in a neightbourhood of the origin. Then there exists an

integer k ∈ {max{ρ, v}, ρ + v − r} such that a locally well-posed interpolant

of dimension k of the form (7.8)-(7.14) exists.

7.2.1 Right Invertible (Surjective) Loewner Function

As discussed in Chapter 6, when the Loewner function, L(ζr), is surjective

with full row rank Jacobian in a neighbourhood of the origin then there

exists a right inverse, L#(ψ), such that L
(︁
L#(ψ)

)︁
= ψ, and for the purposes

of regularizing the system one can simply set1 γ = 0 and K(ω, γ) = d(ω),

yielding P (ω, γ) = P (ω, 0), and Q(·), Z(·), U(·), and H(·) identically equal

1Setting γ = 0 in the system (7.8)-(7.14) corresponds to the scenario in which only new
equations, and no new variables, are added.
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to zero. Setting

T (ω, 0) :=

(︃
∂P

∂ω
◦ (ω, 0)

)︃(︃
∂L
∂ζr

◦ ω
)︃#

×
(︂
V (ω)− ℓ

(︁
W (ω),−d(ω)r(ω)

)︁
d(ω)

)︂
,

yields

N(ω, 0) =

(︃
∂P

∂ω
◦ (ω, 0)

)︃
λ(ω)

+

(︃
∂P

∂ω
◦ (ω, 0)

)︃(︃
∂L
∂ζr

◦ ω
)︃#

×
(︂
V (ω)− ℓ

(︁
W (ω),−d(ω)r(ω)

)︁
d(ω)

)︂
r(ω),

and the interpolant of Theorem 17 becomes (7.15)-(7.16).

⎡⎢⎣0
0

⎤⎥⎦ =

⎡⎢⎣ ∂L
∂ζr

◦ ω
∂P
∂ω

◦ (ω, 0)

⎤⎥⎦
×

(︄
ω̇ − λ(ω)−

(︃
∂L
∂ζr

◦ ω
)︃#

V (ω)
(︁
r(ω)− ur

)︁
+

(︃
∂L
∂ζr

◦ ω
)︃#

ℓ
(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)r(ω)

−
(︃
∂L
∂ζr

◦ ω
)︃#

ℓ
(︁
W (ω), −d(ω)r(ω)

)︁
d(ω)ur

)︄
, (7.15)

yr =
(︂
W (ω)− d(ω)r(ω)

)︂
+ d(ω)ur. (7.16)
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If P (ω, 0) is chosen such that (L(ω)∗, P (ω, 0)∗)∗ is bijective with nonsingular

Jacobian in a neighbourhood of the origin, then this is equivalent to the

system (6.15)-(6.16). The system (6.15)-(6.16) is in a standard state-space

form and makes explicit the encoding of the auxiliary system (7.3)-(7.4) and

the tangential data function W (·) into the interpolant, i.e. setting ur = r(ω)

yields

ω̇ = λ(ω), yr = W (ω).

7.2.2 Left Invertible (Injective) Loewner Function

A similar result can be obtained for the situation in which the Loewner

function is injective with full column rank Jacobian in a neighbourhood of

the origin. Particularly, when the Loewner function, L(ζr), is injective with

full column rank Jacobian then there exists a left inverse, L#(ψ), such that

L#
(︁
L(ζr)

)︁
= ζr, and for the purposes of regularizing the system one can set

the functions2 P (·), N(·), and T (·) to zero. Choosing Q(·) such that

ψ := L(ω) +Q(ω, γ),

2Setting P (ω, γ) = 0, N(ω, γ) = 0, and T (ω, γ) = 0 in the system (7.8)-(7.14) makes
the newly added k − v equations 0 = 0. This, effectively, corresponds to the scenario in
which only new variables, and no new equations, are added.
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is bijective with nonsingular Jacobian in a neighbourhood of the origin, and

setting

H(ω, γ) = W
(︁
L#(ψ)

)︁
−W (ω) + d

(︁
L#(ψ)

)︁(︁
r(ω)− r(L#(ψ))

)︁
,

U(ω, γ) = V
(︁
L#(ψ)

)︁
− V (ω)

+ ℓ
(︂
W
(︁
L#(ψ)

)︁
+ d
(︁
L#(ψ)

)︁(︁
r(ω)− r(L#(ψ))

)︁
,

− d
(︁
L#(ψ)

)︁
r(ω)

)︂
d
(︁
L#(ψ)

)︁
− ℓ
(︂
W
(︁
L#(ψ)

)︁
, −d

(︁
L#(ψ)

)︁
r
(︁
L#(ψ)

)︁)︂
d
(︁
L#(ψ)

)︁
,

and

K(ω, γ) = d
(︁
L#(ψ)

)︁
,

yields the interpolant

ψ̇ =
(︂
m(ψ) + ℓ

(︁
W (L#(ψ))− d(L#(ψ))r(L#(ψ))

)︁)︂
−
(︂
V
(︁
L#(ψ)

)︁
− ℓ
(︁
W (L#(ψ)), −d(L#(ψ))r(L#(ψ))

)︁
d
(︁
L#(ψ)

)︁)︂
ur,

(7.17)

yr =
(︂
W
(︁
L#(ψ)

)︁
− d
(︁
L#(ψ)

)︁
r
(︁
L#(ψ)

)︁)︂
+ d
(︁
L#(ψ)

)︁
ur. (7.18)
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Similar to the case in which the Loewner function is surjective with full

row rank Jacobian, this system is in a standard state-space form and makes

explicit the encoding of the auxiliary system (7.5)-(7.6) into the interpolant,

i.e. setting ur = 0 yields

ψ̇ = m(ψ) + ℓ(yr).

7.3 Regularization of Linear Interpolants

Specializing the results of Section 7.2 to the linear differential-algebraic set-

ting yields an alternative approach to that given in [94] when considering the

construction of well-posed interpolants. Consider again the linear auxiliary

systems

ζ̇r = Λζr +∆, (7.19)

v = Rζr, (7.20)

and

ζ̇ℓ =Mζℓ + Lχ, (7.21)

η = ζℓ, (7.22)
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and the linear system

Eẋ = Ax+Bu, (7.23)

y = Cx+Du, (7.24)

generating the tangential data.

Considering Theorem 17 and noting that, by the conditions (7.10)-(7.14),

for linear systems Q(ω, γ) = Qγ, P (ω, γ) = Pω +Gγ, N(ω, γ) = Nω + Fγ,

U(ω, γ) = 0, T (ω, γ) = T , H(ω, γ) = Hγ, and K(ω, γ) = D, it follows that

the interpolant (7.8)-(7.14) becomes

⎡⎢⎣L Q

P G

⎤⎥⎦
⎡⎢⎣ω̇
γ̇

⎤⎥⎦ =

⎡⎢⎣σL− LDR Z

N F

⎤⎥⎦
⎡⎢⎣ω
γ

⎤⎥⎦−

⎡⎢⎣V − LD

T

⎤⎥⎦ur, (7.25)

yr =

[︃
W −DR H

]︃⎡⎢⎣ω
γ

⎤⎥⎦+Dur, (7.26)

with

Z =MQ+ LH, (7.27)

N = PΛ + TR, (7.28)

where the matrices P , Q, G, D, F , T , and H are free parameters. Hence,

the following result is obtained directly from Theorem 17.

Corollary 19. Consider the interconnected system resulting from the sys-
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tem (7.23)-(7.24) and the auxiliary systems (7.19)-(7.20) and (7.21)-(7.22)

with the interconnection equations u = v and χ = y. Let Lℓ, Lr, L, σL, V ,

andW be the associated Loewner objects. Then the system (7.25), (7.26), (7.27),

and (7.28) is Loewner equivalent at (Λ, R,M,L) to the system (7.23)-(7.24)

and matches the tangential data matrices W and V .

Similarly, the following result is obtained directly from Corollary 18.

Corollary 20. Consider the interconnected system resulting from the sys-

tem (7.23)-(7.24) and the auxiliary systems (7.19)-(7.20) and (7.21)-(7.22)

with the interconnection equations u = v and χ = y. Let Lℓ, Lr, L, σL, V ,

and W be the associated Loewner objects. Suppose rank L = r. Then there

exists an integer k ∈ {max{ρ, v}, ρ+v−r} such that a well-posed interpolant

of dimension k of the form (7.25)-(7.28) exists.

7.3.1 Right Invertible Loewner Matrix

Similar to Section 7.2.1, consider the scenario in which the Loewner matrix,

L, has full row rank, i.e. L ∈ Cv×ρ, ρ ≥ v, rank L = v. Let L# be any right

inverse of L. Setting Q, G, Z, F , and H equal to zero, letting P be any

matrix such that [L∗ P ∗]∗ is nonsingular, and setting

T := PL#
(︁
V − LD

)︁
,
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yields

N = P
(︁
Λ + L#

(︁
V − LD

)︁
R
)︁
.

Thus the interpolant of Corollary 19 becomes

⎡⎢⎣L
P

⎤⎥⎦ ω̇ =

⎡⎢⎣L
P

⎤⎥⎦(︁Λ + L#
(︁
V − LD

)︁
R
)︁
ω −

⎡⎢⎣L
P

⎤⎥⎦L#
(︁
V − LD

)︁
ur,

yr =
(︁
W −DR

)︁
ω +Dur,

which is equivalent to

ω̇ =
(︁
Λ + L#

(︁
V − LD

)︁
R
)︁
ω − L#

(︁
V − LD

)︁
ur,

yr =
(︁
W −DR

)︁
ω +Dur,

that is the interpolant (2.32)-(2.33) given in [94] for the scenario in which

the Loewner matrix has full row rank.

7.3.2 Left Invertible Loewner Matrix

In [94] a similar result regarding construction of an interpolant for the sce-

nario in which the Loewner matrix has full column rank has not been explic-

itly presented. Such a result is easily obtained from Corollary 19. Let L# be

any left inverse of L. Setting P , G, N , F , and T equal to zero, letting Q be
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any matrix such that [L Q] is nonsingular, and setting

H :=
(︁
W −DR

)︁
L#Q,

yields

Z =
(︁
M + L

(︁
W −DR

)︁
L#
)︁
Q.

The interpolant of Corollary 19 thus becomes

[︃
L Q

]︃⎡⎢⎣ω̇
γ̇

⎤⎥⎦ =
(︁
M + L

(︁
W −DR

)︁
L#
)︁ [︃

L Q

]︃⎡⎢⎣ω
γ

⎤⎥⎦−
(︁
V − LD

)︁
ur,

yr =
(︁
W −DR

)︁
L#

[︃
L Q

]︃⎡⎢⎣ω
γ

⎤⎥⎦+Dur,

and defining the new set of coordinates ψ := Lω +Qγ yields

ψ̇ =
(︁
M + L

(︁
W −DR

)︁
L#
)︁
ψ −

(︁
V − LD

)︁
ur,

=Mψ + Lyr − V ur,

yr =
(︁
W −DR

)︁
L#ψ +Dur.
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7.3.3 Parameterization of All Linear Interpolants

Suppose that R has full row rank and L has full column rank. Then the

family of systems given by (7.25)-(7.28) allows for the parameterization of

all Loewner equivalent interpolants having an arbitrarily given dimension

k ≥ max{ρ, v} and possessing full column rank tangential generalized con-

trollability matrix and full row rank tangential generalized observability ma-

trix, as is shown in the following theorem.

Theorem 21. Consider the interconnected system resulting from the sys-

tem (7.23)-(7.24) and the auxiliary systems (7.19)-(7.20) and (7.21)-(7.22)

with the interconnection equations u = v and χ = y. Let Lℓ, Lr, L, σL,

V , and W be the associated Loewner objects. Let k be any integer such that

k ≥ max{ρ, v}. Then the system (7.25)-(7.28) parameterizes all systems of

order k that are Loewner equivalent at (Λ, R,M,L) to the system (7.23)-

(7.24) and possess full rank tangential generalized controllability and observ-

ability matrices.

Proof. Let k ≥ max{ρ, v}, and let

Jη̇ = Kη + Su, y = Uη +∆u, (7.29)

with state η(t) ∈ Ck, input u(t) ∈ Cm, and output y(t) ∈ Cp, be any system

of dimension k having full column rank tangential generalized controllability

matrix, ˆ︁X, and full row rank tangential generalized observability matrix, ˆ︁Y ,
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which are solutions to the generalized Sylvester equations

J ˆ︁XΛ = K ˆ︁X + SR, ˆ︁Y K =M ˆ︁Y J − LU,

such that

L = −ˆ︁Y J ˆ︁X, σL = −ˆ︁Y K ˆ︁X + L∆R.

It then follows that

ˆ︁V R = σL− LΛ = V R, Lˆ︂W = σL−ML = LW,

so ˆ︁V = V and ˆ︂W = W because R has full row rank and L has full column

rank. Furthermore, ˆ︁V = ˆ︁Y S + L∆ and ˆ︂W = U ˆ︁X + ∆R. Consider now the

system (7.25)-(7.28) and select

P = βJ ˆ︁X, T = −βS, Q = −ˆ︁Y Jθ,
H = Uθ, G = βJθ, F = βKθ, D = ∆,

where β and θ are any matrices such that [−ˆ︁Y ∗ β∗]∗ and [ ˆ︁X θ] are nonsingular.
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Then ⎡⎢⎣L Q

P G

⎤⎥⎦
⎡⎢⎣ω̇
γ̇

⎤⎥⎦ =

⎡⎢⎣σL− LDR Z

N F

⎤⎥⎦
⎡⎢⎣ω
γ

⎤⎥⎦−

⎡⎢⎣V − LD

T

⎤⎥⎦ur,

yr =

[︃
W −DR H

]︃⎡⎢⎣ω
γ

⎤⎥⎦+Dur,

can be rewritten as⎡⎢⎣−ˆ︁Y
β

⎤⎥⎦ J [︃ ˆ︁X θ

]︃⎡⎢⎣ω̇
γ̇

⎤⎥⎦ =

⎡⎢⎣−ˆ︁Y
β

⎤⎥⎦
⎛⎜⎝K [︃ ˆ︁X θ

]︃⎡⎢⎣ω
γ

⎤⎥⎦+ Sur

⎞⎟⎠ ,

yr = U

[︃ ˆ︁X θ

]︃⎡⎢⎣ω
γ

⎤⎥⎦+∆ur.

Since the matrix [−ˆ︁Y ∗ β∗]∗ is nonsingular this is equivalent to

J

[︃ ˆ︁X θ

]︃⎡⎢⎣ω̇
γ̇

⎤⎥⎦ = K

[︃ ˆ︁X θ

]︃⎡⎢⎣ω
γ

⎤⎥⎦+ Sur,

yr = U

[︃ ˆ︁X θ

]︃⎡⎢⎣ω
γ

⎤⎥⎦+∆ur,
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which, defining the new coordinates η := ˆ︁Xω + θγ, yields

Jη̇ = Kη + Sur, yr = Uη +∆ur.

Thus, the family of systems given by (7.25)-(7.28) contains the system (7.29).

Remark 25. As a consequence of Theorem 21, to build any interpolant

of an arbitrarily given order k ≥ max{ρ, v} it suffices to solve the gener-

alized Sylvester equations (or build the Loewner objects) just once. Every

other interpolant of the same order having full rank tangential generalized

controllability and observability matrices may then be constructed in a com-

putationally cheap algebraic fashion using the equations (7.25)-(7.28).

Remark 26. Consider the problem of constructing an interpolant possessing

some desired properties. If an interpolant of order k ≥ max{ρ, v} having

full rank tangential generalized controllability and observability matrices and

possessing the desired properties exists, then it is realizable in the form (7.25)-

(7.28).

Remark 27. The approach provided by [94, Theorem 5.2] considers the

construction of interpolants having dimension k ≤ min{ρ, v}, whereas the

results of this section provide a method for the construction of interpolants

having dimension k ≥ max{ρ, v}. Hence, the results are complementary, and

taken together they provide a more broad framework for the construction of

interpolants in the linear setting.
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7.4 Parameterization of All Nonlinear Inter-

polants

A slightly modified generalization of the parameterization result in Theo-

rem 21 can be given. While the interpolant (7.8)-(7.14) matches the tangen-

tial data functionsW (·) and V (·), the property of Loewner equivalence alone

is weaker in some situations than matching the tangential data3, hence the

following result considers parameterization of systems matching the functions

W (·) and V (·).

Theorem 22. Consider the interconnected system (6.7)-(6.8). Let Lℓ(·),

Lr(·), L(·), σL(·), V (·), and W (·) be the associated Loewner objects, and

suppose L(·) is the unique analytic solution of the PDE (5.16). Let k be any

integer such that k ≥ max{ρ, v}. Then the system (7.8)-(7.14) parameter-

izes all systems of order k that match the tangential data V (·) and W (·) at

(λ, r,m, ℓ), while possessing tangential generalized controllability and observ-

ability functions with full row and column rank Jacobians in a neighbourhood

of the origin, respectively.

3Loewner equivalence is necessary and sufficient for matching the tangential data ma-
trices in the linear setting when R and L have full row and column rank, respectively,
and it is equivalent to matching the tangential data functions for single-input nonlinear
systems when r(·) and ℓ(·) are surjective and injective, respectively. In the nonlinear
multiple-input setting this may not be the case since r(·) and V (·) may be such that

V (ζr)r(ζr) = ˆ︁V (ζr)r(ζr) ̸⇒ V (ζr) = ˆ︁V (ζr).
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Proof. Let k ≥ max{ρ, v}, and let

⏟⏞⏞⏟
J(η)
̇

= Γ(η) + S(η)u, y = G(η) + ∆(η)u, (7.30)

with state η(t) ∈ Ck, input u(t) ∈ Cm, and output y(t) ∈ Cp, be any well-

posed4 system of the form (7.1)-(7.2) of dimension k, and having tangential

generalized controllability function, ˆ︁X(·), with full column rank Jacobian

and tangential generalized observability function, ˆ︁Y (·), with full row rank

Jacobian, which are solutions to the PDEs

∂
(︂
J
(︁ ˆ︁X(ζr)

)︁)︂
∂ζr

λ(ζr) = Γ
(︁ ˆ︁X(ζr)

)︁
+ S

(︁ ˆ︁X(ζr)
)︁
r(ζr), ˆ︁X(0) = 0,(︄

∂ ˆ︁Y
∂η

◦ J(η)

)︄
Γ(η) = −m

(︂
−ˆ︁Y (︁J(η))︁)︂− ℓ

(︁
G(η)

)︁
, ˆ︁Y (0) = 0,

such that

ˆ︁V (ζr) =

(︄
∂ ˆ︁Y
∂η

◦ J
(︁ ˆ︁X(ζr)

)︁)︄
S
(︁ ˆ︁X(ζr)

)︁
+ ℓ
(︂
G
(︁ ˆ︁X(ζr)

)︁
, ∆
(︁ ˆ︁X(ζr)

)︁
r(ζr)

)︂
∆
(︁ ˆ︁X(ζr)

)︁
= V (ζr),

4The system (7.1)-(7.2) is well-posed if k = n and solutions (locally) exist and are
unique.
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and

ˆ︂W (ζr) = G
(︁ ˆ︁X(ζr)

)︁
+∆

(︁ ˆ︁X(ζr)
)︁
r(ζr) = W (ζr).

Then the corresponding Loewner function, ˆ︁L(·), is ˆ︁L(ζr) = −ˆ︁Y (︁J( ˆ︁X(ζr))
)︁

and satisfies the PDE

∂ˆ︁L
∂ζr

λ(ζr)−m
(︁ˆ︁L(ζr))︁ = ℓ

(︁ˆ︂W (ζr)
)︁
− ˆ︁V (ζr)r(ζr)

= ℓ
(︁
W (ζr)

)︁
− V (ζr)r(ζr).

Because L(·) is the unique solution of the PDE (5.16), it follows that

ˆ︁L(ζr) = −ˆ︁Y (︁J( ˆ︁X(ζr))
)︁
= L(ζr),

and

ˆ︂σL(ζr) = −

(︄
∂ ˆ︁Y
∂η

◦ J
(︁ ˆ︁X(ζr)

)︁)︄
Γ
(︁ ˆ︁X(ζr)

)︁
+ ℓ
(︂
G
(︁ ˆ︁X(ζr)

)︁
, ∆
(︁ ˆ︁X(ζr)

)︁
r(ζr)

)︂
∆
(︁ ˆ︁X(ζr)

)︁
r(ζr)

= σL(ζr).

Let θ(·) be any function such that ˆ︁X(ω) + θ(ω, γ) has a nonsingular Ja-

cobian at the origin and θ(ω, 0) = 0, and let β(·) be any function such

that [−ˆ︁Y (η)∗ β(η)∗]∗ has a nonsingular Jacobian in a neighbourhood of the
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origin. Consider now the system (7.8)-(7.14), choose a set of coordinates

η := ˆ︁X(ω) + θ(ω, γ), and select

P (ω, γ) := β
(︁
J(η)

)︁
,

T (ω, γ) := −
(︃
∂β

∂η
◦ J(η)

)︃
S(η),

Q(ω, γ) := −ˆ︁Y (︁J(η))︁+ ˆ︁Y (︁J( ˆ︁X(ω))
)︁

= −ˆ︁Y (︁J(η))︁− L(ω),

N(ω, γ) :=

(︃
∂β

∂η
◦ J(η)

)︃
Γ(η),

H(ω, γ) :=
(︂
G(η)−G

(︁ ˆ︁X(ω)
)︁)︂

+
(︂
∆(η)−∆

(︁ ˆ︁X(ω)
)︁)︂
r(ω)

= G(η) + ∆(η)r(ω)−W (ω),
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U(ω, γ) :=

(︄
∂ ˆ︁Y
∂η

◦ J(η)

)︄
S(η)−

(︄
∂ ˆ︁Y
∂η

◦ J
(︁ ˆ︁X(ω)

)︁)︄
S
(︁ ˆ︁X(ω)

)︁
+ ℓ
(︂
G(η), ∆(η)r(ω)

)︂
∆(η)

− ℓ
(︂
G
(︁ ˆ︁X(ω)

)︁
, ∆
(︁ ˆ︁X(ω)

)︁
r(ω)

)︂
∆
(︁ ˆ︁X(ω)

)︁
=

(︄
∂ ˆ︁Y
∂η

◦ J(η)

)︄
S(η)− V (ω) + ℓ

(︂
G(η), ∆(η)r(ω)

)︂
∆(η),

and

K(ω, γ) := ∆(η).

It follows that Q(ω, 0) = 0, U(ω, 0) = 0, H(ω, 0) = 0,

N(ω, 0) =

(︃
∂β

∂η
◦ J
(︁ ˆ︁X(ω)

)︁)︃
Γ
(︁ ˆ︁X(ω)

)︁
=

(︃
∂β

∂η
◦ J
(︁ ˆ︁X(ω)

)︁)︃(︃∂J
∂η

◦ ˆ︁X(ω)

)︃
∂ ˆ︁X
∂ω

λ(ω)

−
(︃
∂β

∂η
◦ J
(︁ ˆ︁X(ω)

)︁)︃
S
(︁ ˆ︁X(ω)

)︁
r(ω)

=

(︃
∂P

∂ω
◦ (ω, 0)

)︃
λ(ω) + T (ω, 0)r(ω),
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and

Z(ω, γ) =
(︂
m
(︁
L(ω) +Q(ω, γ)

)︁
−m

(︁
L(ω)

)︁)︂
+
(︂
ℓ
(︁
W (ω) +H(ω, γ)

)︁
− ℓ
(︁
W (ω)

)︁)︂
= m

(︂
−ˆ︁Y (︁J(η))︁)︂− σL(ω) + ℓ

(︂
G(η) + ∆(η)r(ω)

)︂
= −

(︄
∂ ˆ︁Y
∂η

◦ J(η)

)︄
Γ(η)− σL(ω)

+ ℓ
(︂
G(η), ∆(η)r(ω)

)︂
∆(η)r(ω).

Then the system (7.8)-(7.14) becomes

⎡⎢⎢⎣
⏟ ⏞⏞ ⏟
−ˆ︁Y (︁J(η))︁̇

⏟ ⏞⏞ ⏟
β
(︁
J(η)

)︁̇

⎤⎥⎥⎦ =

⎡⎢⎢⎣−
∂ ˆ︁Y
∂η

◦ J(η)

∂β

∂η
◦ J(η)

⎤⎥⎥⎦(︂Γ(η) + S(η)ur

)︂
,

yr = G(η) + ∆(η)ur,

which is equivalent to

⏟⏞⏞⏟
J(η)
̇

= Γ(η) + S(η)ur, yr = G(η) + ∆(η)ur,

because the Jacobian of [−ˆ︁Y (η)∗ β(η)∗]∗ is nonsingular. Thus, the sys-

tem (7.8)-(7.14) parameterizes the system (7.30).
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7.5 Example - When A Stable Interpolant

Can Only Be Constructed by Dynamic

Extension

Since, for any D ∈ Cp×m, the poles of the interpolant (2.30)-(2.31), i.e. the

poles of the system

Lω̇ = (σL− LDR)ω − (V − LD)u,

y = (W −DR)ω +Du,

are given by the generalized eigenvalues of (L, σL− LDR), then selecting a

stable interpolant using the free parameter D is only possible if one can solve

a static output feedback problem for the system of equations

L ω̇ = σLω + Lu, y = −Rω.

It is well-known that there exist controllable and observable systems which

are not static output feedback stabilizable, hence there exist sets of tangential

interpolation data for which a stable interpolant of minimal dimension cannot

be constructed. Consider now the set of right tangential interpolation data
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given in the form of the real-valued matrices

Λ =

⎡⎢⎣0 −2

2 0

⎤⎥⎦ , R =

[︃
0 1

]︃
, W =

[︃
3 −1

]︃
,

and the set of left tangential interpolation data given in the form of the

real-valued matrices

M =

⎡⎢⎣ 0 1

−1 0

⎤⎥⎦ , L =

⎡⎢⎣0
1

⎤⎥⎦ , V =

⎡⎢⎣ 3

−1

⎤⎥⎦ ,
respectively. The Loewner matrix and the shifted Loewner matrix resulting

from the tangential data, determined as the unique solutions to the Sylvester

equations (2.21) and (2.22), respectively, are

L =

⎡⎢⎣1 0

0 1

⎤⎥⎦ , σL =

⎡⎢⎣0 1

2 −1

⎤⎥⎦ .
By Theorem 21, all interpolants of dimension k = 2, parameterized by the

feedforward term D, are given by

Lω̇ = (σL− LDR)ω − (V − LD)u,

yROM1 = (W −DR)ω +Du,
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or ⎡⎢⎣ω̇1

ω̇2

⎤⎥⎦ =

⎡⎢⎣0 1

2 −(1 +D)

⎤⎥⎦
⎡⎢⎣ω1

ω2

⎤⎥⎦+

⎡⎢⎣ −3

1 +D

⎤⎥⎦u, (7.31)

yROM1 =

[︃
3 −(1 +D)

]︃⎡⎢⎣ω1

ω2

⎤⎥⎦+Du. (7.32)

Unfortunately, it is easy to see that for any D ∈ R the resulting interpolant

is unstable because

det(sL− σL+ LDR) = s2 + (1 +D)s− 2.

Hence, it is only possible to obtain a stable interpolant if it is of dimension

larger than 2.

It turns out that an observer and state-feedback controller can be “embed-

ded” into an interpolant of higher dimension. Consider the parameterization

of interpolants in Theorem 21, with dimension k = 4, given by

⎡⎢⎣L Q

P G

⎤⎥⎦
⎡⎢⎣ω̇
γ̇

⎤⎥⎦ =

⎡⎢⎣σL− LDR MQ+ LH

PΛ + TR F

⎤⎥⎦
⎡⎢⎣ω
γ

⎤⎥⎦−

⎡⎢⎣V − LD

T

⎤⎥⎦u,
y =

[︃
W −DR H

]︃⎡⎢⎣ω
γ

⎤⎥⎦+Du,
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and select

P = 02×2, Q = 02×2, G = L, F = σL− LDR− TR + LH,

where

T =

⎡⎢⎣T1
T2

⎤⎥⎦ ∈ R2×1,

and

H =

[︃
H1 H2

]︃
∈ R1×2,

are the observer and state-feedback gains, respectively. This yields

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω̇1

ω̇2

γ̇1

γ̇2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

2 −(1 +D) H1 H2

0 T1 0 1− T1

0 T2 2 +H1 H2 − 1−D − T2

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

γ1

γ2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−3

1 +D

−T1

−T2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
u,

y =

[︃
3 −(1 +D) H1 H2

]︃
⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

γ1

γ2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+Du.

Defining a new set of coordinates corresponding to the state estimation errors,
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e := γ − ω, yields the representation

⎡⎢⎣L 0

0 L

⎤⎥⎦
⎡⎢⎣ω̇
ė

⎤⎥⎦ =

⎡⎢⎣σL− LDR + LH LH

0 σL− LDR− TR

⎤⎥⎦
⎡⎢⎣ω
e

⎤⎥⎦
−

⎡⎢⎣ V − LD

T − V + LD

⎤⎥⎦u,

y =

[︃
W −DR +H H

]︃⎡⎢⎣ω
e

⎤⎥⎦+Du,
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or

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω̇1

ω̇2

ė1

ė2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

2 +H1 H2 − (1 +D) H1 H2

0 0 0 1− T1

0 0 2 −(T2 + 1 +D)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

e1

e2

⎤⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−3

1 +D

3− T1

−(T2 + 1 +D)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
u, (7.33)

y =

[︃
H1 + 3 H2 − (1 +D) H1 H2

]︃
⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

e1

e2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+Du. (7.34)

If the free parameters are selected such that

H1 < −2, H2 < 1 +D, T1 > 1, T2 > −(1 +D),

then the interpolant of the tangential data and Loewner matrices given by

(7.33)-(7.34) is exponentially stable.
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For example, consider setting

D = 0, H1 = −10, H2 = −1, T1 = 2, T2 = 4,

in (7.33)-(7.34) to obtain

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω̇1

ω̇2

γ̇1

γ̇2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

2 −1 −10 −1

0 2 0 −1

0 4 −8 −6

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

γ1

γ2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−3

1

−2

−4

⎤⎥⎥⎥⎥⎥⎥⎥⎦
u, (7.35)

yROM2 =

[︃
3 −1 −10 −1

]︃
⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

γ1

γ2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (7.36)
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or

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω̇1

ω̇2

ė1

ė2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

−8 −2 −10 −1

0 0 0 −1

0 0 2 −5

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

e1

e2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−3

1

1

−5

⎤⎥⎥⎥⎥⎥⎥⎥⎦
u,

yROM2 =

[︃
−7 −2 −10 −1

]︃
⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

e1

e2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

which is a controllable and observable system with poles at −0.4384, −1 ±

j2.6458, and −4.5616, and which matches the tangential data by construc-

tion.

Alternatively, consider setting

D = 0, H1 = −3, H2 = −1, T1 = 2, T2 = 4,
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in (7.33)-(7.34) to obtain

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω̇1

ω̇2

γ̇1

γ̇2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

2 −1 −3 −1

0 2 0 −1

0 4 −1 −6

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

γ1

γ2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−3

1

−2

−4

⎤⎥⎥⎥⎥⎥⎥⎥⎦
u, (7.37)

yROM3 =

[︃
3 −1 −3 −1

]︃
⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

γ1

γ2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (7.38)

or

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω̇1

ω̇2

ė1

ė2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

−1 −2 −3 −1

0 0 0 −1

0 0 2 −5

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

e1

e2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−3

1

1

−5

⎤⎥⎥⎥⎥⎥⎥⎥⎦
u,

yROM3 =

[︃
0 −2 −3 −1

]︃
⎡⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2

e1

e2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

which is controllable and observable, has poles at −0.4384, −1, −1, and

−4.5616, and which matches the tangential data by construction.
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It turns out that an exponentially stable interpolant of dimension k = 3

can also be constructed. Consider, for k = 3 in Theorem 21, the parameter-

ized family of interpolants given by

⎡⎢⎢⎢⎢⎣
1 0 Q1

0 1 Q2

P1 P2 G

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
ω̇1

ω̇2

γ̇

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
0 1 Q2

2 −(1 +D) H −Q1

2P2 T − 2P1 F

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
ω1

ω2

γ

⎤⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
−3

1 +D

−T

⎤⎥⎥⎥⎥⎦u,

y =

[︃
3 −(1 +D) H

]︃⎡⎢⎢⎢⎢⎣
ω1

ω2

γ

⎤⎥⎥⎥⎥⎦+Du,

where P1, P2, Q1, Q2, D, T , H, F , G ∈ R. Selecting the parameters

P1 = P2 = Q1 = Q2 = D = 0, G = 1,

yields

⎡⎢⎢⎢⎢⎣
ω̇1

ω̇2

γ̇

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
0 1 0

2 −1 H

0 T F

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
ω1

ω2

γ

⎤⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
−3

1

−T

⎤⎥⎥⎥⎥⎦u, y =

[︃
3 −1 H

]︃⎡⎢⎢⎢⎢⎣
ω1

ω2

γ

⎤⎥⎥⎥⎥⎦ ,

and by setting

F = 0.75, T = −10, H = 2,
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one obtains ⎡⎢⎢⎢⎢⎣
ω̇1

ω̇2

γ̇

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
0 1 0

2 −1 2

0 −10 0.75

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
ω1

ω2

γ

⎤⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
−3

1

10

⎤⎥⎥⎥⎥⎦u, (7.39)

yROM4 =

[︃
3 −1 2

]︃⎡⎢⎢⎢⎢⎣
ω1

ω2

γ

⎤⎥⎥⎥⎥⎦ , (7.40)

which is controllable and observable, has poles at −0.0815 ± j4.1508 and

−0.087, and which matches the tangential data by construction.

The individual tangential interpolation data points, obtained by consider-

ing the auxiliary systems in their diagonalized representations (see Appendix

A), are given by

(λ1, r1, w1) = (2j, −0.7071, 0.7071− j2.1213),

(λ2, r2, w2) = (−2j, −0.7071, 0.7071 + j2.1213),

(µ1, ℓ1, v1) = (j, −j0.7071, 2.1213 + j0.7071),

(µ2, ℓ2, v2) = (−j, j0.7071, 2.1213− j0.7071),

meaning that the transfer function associated to each interpolant should
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satisfy

−0.7071H(2j) = 2.2361e−j1.249 ⇒ H(2j) = 3.1624ej1.8926,

−0.7071H(−2j) = 2.2361ej1.249 ⇒ H(−2j) = 3.1624e−j1.8926,

−j0.7071H(j) = 2.2361ej0.3218 ⇒ H(j) = 3.1624ej1.8926,

j0.7071H(−j) = 2.2361e−j0.3218 ⇒ H(−j) = 3.1624e−j1.8926.

Note that

20 log10(3.1624) ≈ 10, 1.8926 rad ≈ 108.4 deg.

Bode plots of ROM1, given by the equations (7.31)-(7.32) with D = 0,

ROM2, given by the equations (7.35)-(7.36), ROM3, given by the equations

(7.37)-(7.38), and ROM4, given by the equations (7.39)-(7.40), are shown

in Figures 7.1 and 7.2. The Bode plots indicate that all four constructed

interpolants match the tangential interpolation data at the frequencies s = j

and s = 2j, where ROM1 is an unstable system of dimension 2, ROM2 and

ROM3 are exponentially stable systems of dimension 4, and ROM4 is an

exponentially stable system of dimension 3.
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7.6 Example - An Interpolant for the DC-to-

DC Ćuk Converter When ρ ̸= ν

Recall, from Sections 4.4 and 5.5, the averaged model of the DC-to-DC Ćuk

converter in the implicit form

Eẋ = Ax+ (B0 +B1x)u, yFOM = Cx, (7.41)

where

x :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

x1

x2

x3

x4

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, E :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

L1 0 0 0

0 C2 0 0

0 0 L3 0

0 0 0 C4

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, A :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 −1 0 0

1 0 0 0

0 0 0 −1

0 0 1 −G

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

and

B0 := E

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

0

−1

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, B1 :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

−1 0 1 0

0 −1 0 0

0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, C :=

[︃
0 0 0 1

]︃
.

It is now possible to construct an interpolant for this system at (λ, r,m, ℓ)

when ρ ̸= ν. Consider constructing a reduced order model associated to the
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auxiliary systems (7.3)-(7.4) and (7.5)-(7.6) with mappings given by

λ(ζr) = 0, r(ζr) = ζr, m(ζℓ) =

⎡⎢⎣ 0 0.5

−0.5 0

⎤⎥⎦ ζℓ, ℓ(χ) =

⎡⎢⎣1
0

⎤⎥⎦χ.
Then the tangential generalized controllability function, X(·), defined as the

solution to the PDE with boundary condition (5.11), and the right tangential

data mapping, W (·), defined via (5.13), are unchanged from Section 5.5.

That is

X(ζr) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Gζr/(ζr − 1)

−1

G

1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
Eζr
ζr − 1

, W (ζr) =
Eζr
ζr − 1

.

The tangential generalized observability function, Y (·), defined as the solu-

tion to the PDE with boundary condition (5.12), is the solution to

(︃
∂Y

∂x
◦ Ex

)︃
Ax =MY (Ex)− LC, Y (0) = 0.

This PDE is solved by the linear mapping Y (x) = Y x, where Y is the unique

solution to the generalized Sylvester equation

Y A =MYE − LC.
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That is, with k := L2
3C

2
4 − 8L3C4 + 4G2L2

3 + 16,

Y (x) =
2

k

⎡⎢⎣0 0 2(4− L3C4) 2GL2
3

0 0 4GL3 L3(L3C4 − 4)

⎤⎥⎦x,
and the left tangential data mapping, V (·), defined via (5.14), is

V (ζr) =

(︃
∂Y

∂x
◦ EX(ζr)

)︃(︁
B0 +B1X(ζr)

)︁

=

⎡⎢⎣4− L3C4

2GL3

⎤⎥⎦ 4E

k(ζr − 1)
.

The Loewner function, L(·), obtained as the solution to the PDE with bound-

ary condition (5.16), and the shifted Loewner function, σL(·), obtained via

(5.18), are constructed from the tangential data mappings as

L(ζr) =M−1
(︁
V (ζr)ζr − LW (ζr)

)︁
= −

⎡⎢⎣ 8G

L3C
2
4 − 4C4 + 4L3G

2

⎤⎥⎦ 2EL3ζr
k(ζr − 1)

,
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and

σL(ζr) = V (ζr)ζr

=

⎡⎢⎣4− L3C4

2GL3

⎤⎥⎦ 4Eζr
k(ζr − 1)

,

respectively. Note that the Jacobian of the Loewner function is

∂L
∂ζr

=

⎡⎢⎣ 8G

L3C
2
4 − 4C4 + 4L3G

2

⎤⎥⎦ 2EL3

k(ζr − 1)2
.

The Jacobian of the Loewner function is not a square matrix function, so

the interpolant in Theorem 13 of Chapter 5 can not be used as it would, in

general, be overdetermined. The Jacobian of the Loewner function has full

column rank in a neighbourhood of the origin, hence the interpolant (7.17)-

(7.18) can be considered. A local left inverse for the Loewner function, L#(·)

such that L#(L(ζr)) = ζr, is required in order to construct the interpolant

(7.17)-(7.18). A particular left inverse is given by

L#(ζℓ) :=
kL#

ζℓ

2EL3 + kL#
ζℓ
,

where

L#
:=
(︁
64G2 + (L3C

2
4 − 4C4 + 4L3G

2)2
)︁−1
[︃
8G L3C

2
4 − 4C4 + 4L3G

2

]︃
.
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Consider the parameters

L1 = C2 = L3 = C4 = E = 1, G = 2,

so that

X(ζr) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

2ζr/(ζr − 1)

−1

2

1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
ζr

(ζr − 1)
, W (ζr) =

ζr
ζr − 1

,

Y (x) =
2

25

⎡⎢⎣0 0 6 4

0 0 8 −3

⎤⎥⎦x, V (ζr) =
4

25

⎡⎢⎣3
4

⎤⎥⎦ 1

(ζr − 1)
,

L(ζr) = − 2

25

⎡⎢⎣16
13

⎤⎥⎦ ζr
(ζr − 1)

, σL(ζr) =
4

25

⎡⎢⎣3
4

⎤⎥⎦ ζr
(ζr − 1)

,

∂L
∂ζr

=
2

25

⎡⎢⎣16
13

⎤⎥⎦ 1

(ζr − 1)2
, L#(ζℓ) =

[︃
16 13

]︃
ζℓ

34 +

[︃
16 13

]︃
ζℓ

.

The system of equations given in Theorem 13 of Chapter 5 is

2

25

⎡⎢⎣16
13

⎤⎥⎦ ω̇

(ω − 1)2
=

4

25

⎡⎢⎣3
4

⎤⎥⎦ (ω − u)

(ω − 1)
, yr =

ω

ω − 1
,

which is consistent because the solution (ω̇(t), ω(t), u(t)) = (0, ω(t0), ω(t0))
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always exists, however it is not regular due to the system of equations being

overdetermined: the input u(·) must be constant, so there does not exist a

unique solution for every sufficiently smooth input function in a neighbour-

hood of u(t) = ω(t0) and every initial value in a neighbourhood of ω(t0) that

is consistent for the input function u(·).

The system of equations (7.17)-(7.18) has the form

ψ̇ =Mψ + LW
(︁
L#(ψ)

)︁
− Ld

(︁
L#(ψ)

)︁
RL#(ψ)

−
(︂
V
(︁
L#(ψ)

)︁
− Ld

(︁
L#(ψ)

)︁)︂
u,

yROM = W
(︁
L#(ψ)

)︁
− d
(︁
L#(ψ)

)︁
RL#(ψ) + d

(︁
L#(ψ)

)︁
u,

hence⎡⎢⎣ψ̇1

ψ̇2

⎤⎥⎦ =

⎡⎢⎣−8/17 2/17

−1/2 0

⎤⎥⎦
⎡⎢⎣ψ1

ψ2

⎤⎥⎦−

⎡⎢⎣1
0

⎤⎥⎦ d(︁L#(ψ)
)︁
L#(ψ)

+

⎛⎜⎝ 4

25

⎡⎢⎣3
4

⎤⎥⎦+
2

425

⎡⎢⎣48 39

64 52

⎤⎥⎦
⎡⎢⎣ψ1

ψ2

⎤⎥⎦+

⎡⎢⎣1
0

⎤⎥⎦ d(︁L#(ψ)
)︁⎞⎟⎠u,

yROM = − 1

34

[︃
16 13

]︃⎡⎢⎣ψ1

ψ2

⎤⎥⎦− d
(︁
L#(ψ)

)︁
L#(ψ) + d

(︁
L#(ψ)

)︁
u,

is an interpolant of the tangential data mappings and the Loewner functions
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at (λ, r,m, ℓ) for any mapping d(·). Setting the free parameter d(·) = 0 yields

⎡⎢⎣ψ̇1

ψ̇2

⎤⎥⎦ =

⎡⎢⎣−8/17 2/17

−1/2 0

⎤⎥⎦
⎡⎢⎣ψ1

ψ2

⎤⎥⎦+

⎛⎜⎝ 4

25

⎡⎢⎣3
4

⎤⎥⎦+
2

425

⎡⎢⎣48 39

64 52

⎤⎥⎦
⎡⎢⎣ψ1

ψ2

⎤⎥⎦
⎞⎟⎠u,

(7.42)

yROM = − 1

34

[︃
16 13

]︃⎡⎢⎣ψ1

ψ2

⎤⎥⎦ , (7.43)

with state ψ(t) ∈ R2, input u(t) ∈ R, and output yROM(t) ∈ R, which

is a regular interpolant of the tangential data mappings and the Loewner

functions at (λ, r,m, ℓ) with a locally exponentially stable equilibrium point

at the origin.

With mappings Vt,FOM(·) and Vt,ROM(·) defined in the same way as Sec-

tion 5.5, Figures 7.3 and 7.4 show the responses of the full order model and

the reduced order model to a piecewise constant input signal. The responses

of the systems are consistent with the tangential data mappings.

7.7 Conclusion

In this chapter an approach for the regularization of ill-posed nonlinear in-

terpolants in the Loewner framework has been developed. This method

eliminates the restrictive requirements for interpolant construction given in

Chapters 4 and 5, namely that ρ = v and that rank ∂L
∂ζr

(0) = ρ. The ap-
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Figure 7.3: Response of the full order model (7.41) and of the reduced order
model (7.42)-(7.43).
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Figure 7.4: Response of the full order model (7.41) and of the reduced order
model (7.42)-(7.43) for t ∈ [190, 350].
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proach is based on taking the ill-posed interpolant and augmenting it with

additional constraints and/or variables in such a way that the properties of

Loewner equivalence and matching of tangential data are preserved. Under

mild conditions this family parameterizes all interpolating systems of dimen-

sion larger than or equal to the dimension of the larger auxiliary system,

i.e. of dimension larger than or equal to max{ρ, v}. Thus, the family of

systems allows one to build any other larger interpolant in a simple algebraic

fashion without solving any additional partial differential equation. The lin-

ear results, taken along with the results given in [94] regarding construction

of interpolants with dimension less than or equal to max{ρ, v}, provide a

complete method for generating interpolants of any dimension for which an

interpolant exists. Two demonstrative examples are given, with the first ex-

ample demonstrating how the parameterized family of interpolants of higher

order can be used to construct stable interpolants when a stable interpolant

of minimal order doesn’t exist, and with the second example demonstrating

the construction of a reduced order model for a nonlinear underlying system

when the auxiliary systems do not have the same dimension.
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Chapter 8

On Equivalence of the Loewner

Functions for Behaviourally

Equivalent DAEs

In the nonlinear settings of Chapters 4 and 5 the tangential data functions

and the Loewner functions are defined in terms of the tangential general-

ized controllability and observability functions. The tangential generalized

controllability and observability functions are defined as the solutions to a

set of PDEs, and in the setting of nonlinear systems of ODEs, developed in

Chapter 4, simple conditions ensuring the existence of unique analytic so-

lutions for the PDEs have been given in terms of type (C, v) nonresonance

conditions. However, in the setting of nonlinear systems of DAEs developed

in Chapter 5, conditions regarding the existence of solutions for the PDEs
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have not been discussed.

In the nonlinear DAE setting, conditions ensuring the existence of a solu-

tion for the PDE defining the tangential generalized controllability function

can be stated, simply, in terms of an enhanced notion of type (C, v) non-

resonance condition for matrix pencils, see Appendix B. In stark contrast,

conditions guaranteeing the existence of a solution for the PDE defining the

tangential generalized observability function are much more involved. This

difficulty arises when not all variables are “locally accessible” to the solu-

tion of the PDE, and the consistency of the PDE must be considered. As

a result, simple existence conditions cannot be given in general. That is,

the PDE defining the tangential generalized observability function may be

too difficult, or impossible, to solve, and it may be necessary to leverage the

algebraic constraints of the system to simplify the PDE by eliminating some

variables. Indeed, in the differential-algebraic setting a system’s algebraic

constraints can be used to obtain “behaviourally equivalent” representations

of the system1, and some representations may be more difficult to work with

than others.

This chapter considers the PDEs defining the tangential generalized con-

trollability and observability functions for a simplified class of nonlinear

differential-algebraic systems for which the algebraic constraints are explicit

and are independent of the input. Three additional systems which are be-

1When referring to “behaviourally equivalent” representations of a system, it is meant
that for consistent initial conditions the representations yield the same input-output re-
sponse despite the fact that they are not related to each other by a diffeomorphism.
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haviourally equivalent to the original system are considered with the goal

of simplifying the construction of the Loewner functions. These four sys-

tems possess different tangential generalized observability functions, some of

which have more strict existence conditions than others. Despite this, the

Loewner functions are defined based on the input-output behaviour of the

system interconnected with auxiliary systems and should not depend on the

system having a particular internal representation. Indeed, it is shown that

even though each system possesses a different tangential generalized observ-

ability function, each representation still results in the same tangential data

functions, the same Loewner functions, and the same families of interpolants,

provided that the functions exist. As a result, if the PDE defining the tan-

gential generalized observability function associated to the original system is

too difficult, or impossible, to solve, then, without restricting the resulting

family of interpolants, one can manipulate the algebraic constraints of the

system to produce a behaviourally equivalent representation with associated

PDEs having less stringent existence conditions.

This chapter is structured as follows. In Section 8.1 conditions ensuring

the existence of solution for a family of PDEs are stated, the class of systems

considered for the remainder of the chapter is introduced, and difficulties

regarding existence of solutions to the tangential generalized observability

PDE are discussed. In Section 8.2, three differential-algebraic systems which

are behaviourally equivalent to the class of systems being considered are in-

troduced. It is shown that all four systems possess the exact same tangential
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data functions and Loewner functions, and therefore the exact same family

of Loewner equivalent interpolants. Finally, in Section 8.3 some concluding

remarks are given.

8.1 Preliminaries

The following theorem, which is a special case of the existence of solutions re-

sult in Appendix B, is used when discussing the existence of unique solutions

in the space of analytic functions for various PDEs.

Theorem 23. Assume that κ : Cρ → Cρ, α : Cv → Cv×m, β : Cρ → Cm, and

ϵ : Cv → Cv are, locally, analytic vector fields such that κ(0) = 0, β(0) = 0,

ϵ(0) = 0. Let K = ∂κ
∂x
(0) and E = ∂ϵ

∂z
(0). Suppose there exist constants C > 0

and v > 0 such that all eigenvalues of E are of type (C, v) with respect to

σ(K). Then, locally around x = 0, there exists a unique analytic solution,

θ(·), to the PDE

∂θ

∂x
κ(x) = ϵ

(︁
θ(x)

)︁
+ α

(︁
θ(x)

)︁
β(x), θ(0) = 0.

Theorem 23 is an enhancement of Lemma 2 in Chapter 4 as it allows α(·) to

be a function of θ(·) and does not require K to be diagonalizable. The former

enhancement is dealt with, as in Chapter 4, by managing some extra terms

in the series expansion, while the latter requires the selection of a non-trivial

ordering in which to solve coefficients in the series expansion of θ(·).
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8.1.1 Problem Formulation

The remainder of this chapter considers a simplified class of systems of the

form (5.1)-(5.2) in which the algebraic constraints are represented explicitly

and are independent of the input u. Particularly, consider DAEs described

by equations of the form

Σ :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎣ẋ1
0

⎤⎥⎦ =

⎡⎢⎣ f1(x1, x2)
x2 − φ(x1)

⎤⎥⎦+

⎡⎢⎣g1(x1, x2)
0

⎤⎥⎦u,
y = h(x1, x2) + d(x1, x2)u,

x2(t0) = φ
(︁
x1(t0)

)︁
,

with states x1(t) ∈ Cn1 and x2(t) ∈ Cn−n1 , input u(t) ∈ Cm, output y(t) ∈

Cp, and functions f1 : Cn1 × Cn−n1 → Cn1 , g1 : Cn1 × Cn−n1 → Cn1×m,

h : Cn1 × Cn−n1 → Cp, d : Cn1 × Cn−n1 → Cp×m, and φ : Cn1 → Cn−n1 ,

such that f1(0, 0) = 0, h(0, 0) = 0, φ(0) = 0. Furthermore, it is assumed

that f1(·), g1(·), h(·), d(·), and φ(·) are differentiable. If the Jacobian of E(·)

in (5.1)-(5.2) has constant rank n1 in a neighbourhood of the origin, and if

the algebraic constraints can be obtained without taking derivatives and are

independent of the input, then the representation Σ may be obtained, locally,

from (5.1)-(5.2) by performing a coordinates transformation obtained via

application of the constant rank theorem and the implicit function theorem

[28], [80].

Let F , Λ, andM be the Jacobians of f1
(︁
x1, φ(x1)

)︁
, λ(ζr), and m(ζℓ) eval-
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uated at the origin, respectively. The following assumption, which enables

the use of Theorem 23, is used throughout this chapter.

Assumption 7. The eigenvalues of F are of type (C, v) with respect to σ(Λ),

and the eigenvalues of M are of type (C, v) with respect to σ(F ).

Consider now the problem of determining the right and left tangential

data functions, W (·) and V (·), and the Loewner and shifted Loewner func-

tions, L(·) and σL(·), for the system Σ interconnected with the auxiliary

systems (5.3)-(5.4) and (5.5)-(5.6). In order to construct these functions the

tangential generalized controllability function, X(·), and the tangential gen-

eralized observability function, Y (·), must be determined as solutions to the

PDEs (5.11) and (5.12), respectively. For the function X(·) it is generally

easy to ascertain the existence of a unique analytic solution by leveraging a

type (C, v) non-resonance condition2, similar to that of Assumption 7, and

applying Theorem 23, as in Chapter 4. In stark contrast, the function Y (·)

is generally difficult to determine without simplifying the problem. The dif-

ficulties arise due to the fact that if E(·) is not bijective then Y (·) “does not

have access” to all independent variables in the PDE (5.12); the PDE (5.12)

may be too general and one may need to leverage the algebraic constraints

of the DAE in order to simplify the problem.

Thus, the goal of this chapter is to show that it is sufficient to solve

a simplified set of PDEs by presenting relationships between the Loewner

2For the tangential generalized controllability PDE (5.11) a simple existence condition
may be stated without the selection of a particular set of coordinates, i.e. stated directly
in terms of E(·), f(·), and λ(·), see Appendix B.
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functions associated to Σ and the Loewner functions associated to three

simplified systems that are behaviourally equivalent to Σ.

8.2 Equivalent Representations

Towards the goal of simplifying the PDE (5.12) consider, in addition to Σ,

three additional DAE systems. The system Σ is defined as

Σ :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎣ẋ1
0

⎤⎥⎦ =

⎡⎢⎣f1(︁x1, φ(x1))︁
x2 − φ(x1)

⎤⎥⎦+

⎡⎢⎣g1(︁x1, φ(x1))︁
0

⎤⎥⎦u,
y = h

(︁
x1, φ(x1)

)︁
+ d
(︁
x1, φ(x1)

)︁
u,

x2(t0) = φ
(︁
x1(t0)

)︁
,

which is derived from Σ by substituting x2 = φ(x1) into f1(·), g1(·), h(·), and

d(·). The system ˆ︁Σ is defined as

ˆ︁Σ :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎣ẋ1
ẋ2

⎤⎥⎦ =

⎡⎢⎣ I

∂φ
∂x1

⎤⎥⎦(︂f1(︁x1, φ(x1))︁+ g1
(︁
x1, φ(x1)

)︁
u
)︂
,

y = h(x1, x2) + d(x1, x2)u,

x2(t0) = φ
(︁
x1(t0)

)︁
,

which is derived from Σ by differentiating the algebraic constraint and rewrit-

ing the resulting equations into a state-space form. Finally, the system ˜︁Σ is
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defined as

˜︁Σ :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⏟ ⏞⏞ ⏟⎡⎢⎣ x1

x2 − φ(x1)

⎤⎥⎦
̇

=

⎡⎢⎣f1(x1, x2)
0

⎤⎥⎦+

⎡⎢⎣g1(x1, x2)
0

⎤⎥⎦u,
y = h(x1, x2) + d(x1, x2)u,

x2(t0) = φ
(︁
x1(t0)

)︁
,

which is obtained from Σ by differentiating the algebraic state without writ-

ing the resulting equations into a state-space form.

Given that the systems have consistent initial conditions, it is clear that

Σ, Σ, ˆ︁Σ, and ˜︁Σ exhibit equivalent input-output behaviour. The tangential

data functions and the Loewner functions encode information on the response

of a system to interconnection with auxiliary systems so Σ, Σ, ˆ︁Σ, and ˜︁Σ
will produce the same functions W (·), V (·), L(·), and σL(·), and thus the

same interpolant as in Theorem 14. Despite this, it is easy to see that

there is no diffeomorphism relating all four models, as such a mapping would

need to change the rank, when evaluated at the origin, of the Jacobian of

E(·) in (5.1)-(5.2). Given that the solution, if it exists, to the tangential

generalized observability PDE (5.12) is the most difficult function to obtain,

and given that each representation of the system yields a different tangential

generalized observability PDE, the goal of this section is to show that it is

sufficient to solve the set of PDEs given by any of the representations Σ, Σ,ˆ︁Σ, and ˜︁Σ.
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The following theorem makes clear the relationship between the tangential

generalized controllability functions and the right tangential data functions

associated to each system.

Theorem 24. Consider each of the systems Σ, Σ, ˆ︁Σ, and ˜︁Σ interconnected

with the auxiliary system (5.3)-(5.4), and suppose that Assumption 7 holds.

Let X(·), X(·), ˆ︁X(·), and ˜︁X(·) be the resulting tangential generalized control-

lability functions, respectively, provided they exist locally in a neighbourhood

of the origin, and let W (·), W (·), ˆ︂W (·), and ˜︂W (·) be the resulting right

tangential data functions, respectively. Then

X(ζr) = X(ζr) = ˆ︁X(ζr) = ˜︁X(ζr),

and

W (ζr) = W (ζr) = ˆ︂W (ζr) = ˜︂W (ζr),

in a neighbourhood of the origin.

Proof. The function X(ζr) = (X1(ζr)
⊤, X2(ζr)

⊤)⊤ is defined as the solution,
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provided it exists, to the PDE with boundary condition

⎡⎢⎢⎣
∂X1

∂ζr

0

⎤⎥⎥⎦λ(ζr) =
⎡⎢⎣ f1

(︁
X1(ζr), X2(ζr)

)︁
X2(ζr)− φ

(︁
X1(ζr)

)︁
⎤⎥⎦+

⎡⎢⎣g1
(︁
X1(ζr), X2(ζr)

)︁
0

⎤⎥⎦ r(ζr),
X(0) = 0. (8.1)

By Assumption 7 the eigenvalues of F are of type (C, v) with respect to

σ(Λ), so by Theorem 23 there exists a solution to the PDE with boundary

condition

∂X1

∂ζr
λ(ζr) = f1

(︁
X1(ζr), φ(X1(ζr))

)︁
+ g1

(︁
X1(ζr), φ(X1(ζr))

)︁
r(ζr),

X1(0) = 0,

hence a solution X(·) exists and has the form

X(ζr) =

⎡⎢⎣X1(ζr)

X2(ζr)

⎤⎥⎦ =

⎡⎢⎣ X1(ζr)

φ
(︁
X1(ζr)

)︁
⎤⎥⎦ . (8.2)

The functions X(·), ˆ︁X(·), and ˜︁X(·) are the solutions to the PDEs, with
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boundary conditions,

⎡⎢⎢⎣
∂X1

∂ζr

0

⎤⎥⎥⎦λ(ζr) =
⎡⎢⎣f1
(︁
X1(ζr), φ(X1(ζr))

)︁
X2(ζr)− φ

(︁
X1(ζr)

)︁
⎤⎥⎦+

⎡⎢⎣g1
(︁
X1(ζr), φ(X1(ζr))

)︁
0

⎤⎥⎦ r(ζr),

X(0) = 0, (8.3)

⎡⎢⎢⎢⎢⎣
∂ ˆ︁X1

∂ζr

∂ ˆ︁X2

∂ζr

⎤⎥⎥⎥⎥⎦λ(ζr) =
⎡⎢⎢⎣ I

∂φ

∂x1
◦ ˆ︁X1(ζ1)

⎤⎥⎥⎦ f1(︁ ˆ︁X1(ζr), ˆ︁X2(ζr)
)︁

+

⎡⎢⎢⎣ I

∂φ

∂x1
◦ ˆ︁X1(ζ1)

⎤⎥⎥⎦ g1(︁ ˆ︁X1(ζr), ˆ︁X2(ζr)
)︁
r(ζr),

ˆ︁X(0) = 0, (8.4)
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and

⎡⎢⎢⎢⎣
∂ ˜︁X1

∂ζr

∂ ˜︁X2

∂ζr
−
∂φ
(︁ ˜︁X1(ζr)

)︁
∂ζr

⎤⎥⎥⎥⎦λ(ζr) =
⎡⎢⎣f1
(︁ ˜︁X1(ζr), ˜︁X2(ζr)

)︁
0

⎤⎥⎦

+

⎡⎢⎣g1
(︁ ˜︁X1(ζr), ˜︁X2(ζr)

)︁
0

⎤⎥⎦ r(ζr),
˜︁X(0) = 0, (8.5)

respectively. With X(·) of the form (8.2), it is easy to see that setting

X(ζr) = X(ζr) = ˆ︁X(ζr) = ˜︁X(ζr),

in (8.3), (8.4), and (8.5) solves each PDE. Finally, it is easy to see that

W (ζr) = h
(︁
X1(ζr), X2(ζr)

)︁
+ d
(︁
X1(ζr), X2(ζr)

)︁
r(ζr)

= h
(︁
X1(ζr), φ(X1(ζr))

)︁
+ d
(︁
X1(ζr), φ(X1(ζr))

)︁
r(ζr) = W (ζr)

= h
(︁ ˆ︁X1(ζr), ˆ︁X2(ζr)

)︁
+ d
(︁ ˆ︁X1(ζr), ˆ︁X2(ζr)

)︁
r(ζr) = ˆ︂W (ζr)

= h
(︁ ˜︁X1(ζr), ˜︁X2(ζr)

)︁
+ d
(︁ ˜︁X1(ζr), ˜︁X2(ζr)

)︁
r(ζr) = ˜︂W (ζr),

thus proving the result.

In the proof of Theorem 24 the conditions for existence of a solution
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to each of the tangential generalized controllability PDEs (8.1), (8.3), (8.4),

and (8.5) are the same. This is not the case for the tangential generalized

observability PDEs, for which conditions ensuring existence of a solution for

one representation are easier to satisfy than conditions ensuring existence

of solution for others. For example, existence of the tangential generalized

observability function can be guaranteed for the system Σ with Assumption 7,

allowing one to construct a solution by following the procedure in the proof of

Lemma 2 in Chapter 4, while existence conditions pertaining to the system Σ

are more strict. The following theorem exposes the relationship between the

tangential generalized observability functions for each system interconnected

with the auxiliary system (5.5)-(5.6).

Theorem 25. Consider each of the systems Σ, Σ, ˆ︁Σ, and ˜︁Σ interconnected

with the auxiliary system (5.5)-(5.6), and suppose that Assumption 7 holds.

Let Y (·), Y (·), ˆ︁Y (·), and ˜︁Y (·) be the resulting tangential generalized observ-

ability functions, respectively, provided they exist locally in a neighbourhood

of the origin, and let V (·), V (·), ˆ︁V (·), and ˜︁V (·) be the resulting left tangential

data functions, respectively. Then

Y (x1, 0) = Y (x1, 0) = ˆ︁Y (x1, φ(x1)) = ˜︁Y (x1, 0),

and

V (ζr) = V (ζr) = ˆ︁V (ζr) = ˜︁V (ζr),
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in a neighbourhood of the origin.

Proof. The function Y (κ1, κ2) is defined as the solution, provided it exists,

to the PDE with boundary condition

(︃
∂Y

∂κ
◦ (x1, 0)

)︃⎡⎢⎣f1(︁x1, φ(x1))︁
x2 − φ(x1)

⎤⎥⎦ = −m
(︁
−Y (x1, 0)

)︁
− ℓ
(︁
h(x1, φ(x1))

)︁
,

Y (0, 0) = 0,

and setting Y (κ1, κ2) = Y (κ1, 0) yields

∂Y (x1, 0)

∂x1
f1
(︁
x1, φ(x1)

)︁
= −m

(︁
−Y (x1, 0)

)︁
− ℓ
(︁
h(x1, φ(x1))

)︁
, (8.6)

for which existence of a solution can be guaranteed by Theorem 23 since,

by Assumption 7, the eigenvalues of M are of type (C, v) with respect to

σ(F ). The functions Y (κ1, κ2), ˆ︁Y (κ1, κ2), and ˜︁Y (κ1, κ2) are defined as the

solutions, provided they exist, to the PDEs, with boundary conditions,

(︃
∂Y

∂κ
◦ (x1, 0)

)︃⎡⎢⎣ f1(x1, x2)
x2 − φ(x1)

⎤⎥⎦ = −m
(︁
− Y (x1, 0)

)︁
− ℓ
(︁
h(x1, x2)

)︁
,

Y (0, 0) = 0, (8.7)
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(︄
∂ ˆ︁Y
∂κ

◦ (x1, x2)

)︄⎡⎢⎢⎣ I

∂φ

∂x1

⎤⎥⎥⎦ f1(x1, x2) = −m
(︁
− ˆ︁Y (x1, x2)

)︁
− ℓ
(︁
h(x1, x2)

)︁
,

ˆ︁Y (0, 0) = 0, (8.8)

and

(︄
∂ ˜︁Y
∂κ

◦
(︁
x1, x2 − φ(x1)

)︁)︄⎡⎢⎣f1(x1, x2)
0

⎤⎥⎦ = −m
(︁
− ˜︁Y (x1, x2 − φ(x1))

)︁
− ℓ
(︁
h(x1, x2)

)︁
,

˜︁Y (0, 0) = 0. (8.9)

Existence of a solution to the PDE (8.7) cannot be guaranteed by Theo-

rem 23 because Y (·) does not have access to all variables in the equation.

The PDEs (8.8) and (8.9) can be put into the form required by Theorem 23,

however the non-resonance condition needed to guarantee existence of solu-

tion is stronger than that of Assumption 7. Note that for each system one

has x2(t) = φ
(︁
x1(t)

)︁
for all t because x2(t0) = φ

(︁
x1(t0)

)︁
. Considering (8.6)

and restricting each of the PDEs (8.7), (8.8), and (8.9) along this trajectory
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yields

ℓ
(︁
h(x1, φ(x1))

)︁
= −∂Y (x1, 0)

∂x1
f1
(︁
x1, φ(x1)

)︁
−m

(︁
− Y (x1, 0)

)︁
= −∂Y (x1, 0)

∂x1
f1
(︁
x1, φ(x1)

)︁
−m

(︁
− Y (x1, 0)

)︁
= −

∂ ˆ︁Y (︁x1, φ(x1))︁
∂x1

f1
(︁
x1, φ(x1)

)︁
−m

(︁
− ˆ︁Y (x1, φ(x1))

)︁
= −∂

˜︁Y (x1, 0)

∂x1
f1
(︁
x1, φ(x1)

)︁
−m

(︁
− ˜︁Y (x1, 0)

)︁
,

and, because the eigenvalues of M are of type (C, v) with respect to σ(F ), it

follows that

Y (x1, 0) = Y (x1, 0) = ˆ︁Y (︁x1, φ(x1))︁ = ˜︁Y (x1, 0),

provided that the functions exist. Finally, recalling from Theorem 24 that

each system induces the same tangential generalized controllability function,

X(·), when interconnected with the auxiliary system (5.3)-(5.4), it follows

that

V (ζr) =

(︃
∂Y (x1, 0)

∂x1
◦
(︁
X1(ζr), 0

)︁)︃
g1
(︁
X1(ζr), X2(ζr)

)︁
+ ℓ
(︂
h
(︁
X1(ζr), X2(ζr)

)︁
, d
(︁
X1(ζr), X2(ζr)

)︁
r(ζr)

)︂
d
(︁
X1(ζr), X2(ζr)

)︁
,
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V (ζr) =

(︃
∂Y (x1, 0)

∂x1
◦
(︁
X1(ζr), 0

)︁)︃
g1
(︁
X1(ζr), X2(ζr)

)︁
+ ℓ
(︂
h
(︁
X1(ζr), X2(ζr)

)︁
, d
(︁
X1(ζr), X2(ζr)

)︁
r(ζr)

)︂
d
(︁
X1(ζr), X2(ζr)

)︁
,

ˆ︁V (ζr) =

(︄
∂ ˆ︁Y (︁x1, φ(x1))︁

∂x1
◦X1(ζr)

)︄
g1
(︁
X1(ζr), X2(ζr)

)︁
+ ℓ
(︂
h
(︁
X1(ζr), X2(ζr)

)︁
, d
(︁
X1(ζr), X2(ζr)

)︁
r(ζr)

)︂
d
(︁
X1(ζr), X2(ζr)

)︁
,

and

˜︁V (ζr) =

(︄
∂ ˜︁Y (x1, 0)

∂x1
◦
(︁
X1(ζr), 0

)︁)︄
g1
(︁
X1(ζr), X2(ζr)

)︁
+ ℓ
(︂
h
(︁
X1(ζr), X2(ζr)

)︁
, d
(︁
X1(ζr), X2(ζr)

)︁
r(ζr)

)︂
d
(︁
X1(ζr), X2(ζr)

)︁
,

hence

V (ζr) = V (ζr) = ˆ︁V (ζr) = ˜︁V (ζr),

proving the result.

When constructing the functions W (·), V (·), L(·), and σL(·) the input

of the tangential generalized observability function is always restricted as
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in Theorem 25. This leads to the following result implying that, despite

possibly having different tangential generalized observability functions, each

representation yields the same family of interpolants given in Theorem 14.

Theorem 26. Consider each of the systems Σ, Σ, ˆ︁Σ, and ˜︁Σ interconnected

with the auxiliary systems (5.3)-(5.4) and (5.5)-(5.6), and suppose Assump-

tion 7 holds. Let X(·), Y (·), X(·), Y (·), ˆ︁X(·), ˆ︁Y (·), ˜︁X(·), and ˜︁Y (·) be the

resulting tangential generalized controllability and observability functions, re-

spectively, provided they exist locally in a neighbourhood of the origin, and

let L(·), σL(·), L(·), σL(·), ˆ︁L(·), ˆ︂σL(·), ˜︁L(·), and ˜︂σL(·) be the Loewner and

shifted Loewner functions, respectively. Then

L(ζr) = L(ζr) = ˆ︁L(ζr) = ˜︁L(ζr),
and

σL(ζr) = σL(ζr) = ˆ︂σL(ζr) = ˜︂σL(ζr),
in a neighbourhood of the origin.

Proof. The result is obtained by constructing each of the Loewner functions

and applying Theorems 24 and 25. By Theorem 24 it follows that

X(ζr) =

⎡⎢⎣ X1(ζr)

φ(X1(ζr))

⎤⎥⎦ = X(ζr) = ˆ︁X(ζr) = ˜︁X(ζr),
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and by Theorem 25 it follows that

Y (x1, 0) = Y (x1, 0) = ˆ︁Y (︁x1, φ(x1))︁ = ˜︁Y (x1, 0).

Hence,

L(ζr) = −Y
(︁
X1(ζr), 0

)︁
= −Y

(︁
X1(ζr), 0

)︁
= L(ζr)

= −ˆ︁Y (︁ ˆ︁X1(ζr), φ( ˆ︁X1(ζr))
)︁

= ˆ︁L(ζr)
= −˜︁Y (︁ ˜︁X1(ζr), ˜︁X2(ζr)− φ( ˜︁X1(ζr))

)︁
= ˜︁L(ζr).

By Theorem 24, W (ζr) = W (ζr) = ˆ︂W (ζr) = ˜︂W (ζr), hence

σL(ζr) = m
(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
= m

(︁
L(ζr)

)︁
+ ℓ
(︁
W (ζr)

)︁
= σL(ζr)

= m
(︁ˆ︁L(ζr))︁+ ℓ

(︁ˆ︂W (ζr)
)︁
= ˆ︂σL(ζr)

= m
(︁˜︁L(ζr))︁+ ℓ

(︁˜︂W (ζr)
)︁
= ˜︂σL(ζr),

proving the result.

Remark 28. As a result of Theorems 24, 25, and 26, the systems Σ, Σ, ˆ︁Σ,
and ˜︁Σ produce the exact same family of Loewner equivalent interpolants,

provided that the solutions to the PDEs exist, despite each system yielding a

different tangential generalized observability PDE, and therefore a different

288



mapping solving the PDE, of the form (5.12).

Remark 29. Conditions for existence and uniqueness of analytic solution to

the PDEs (8.6), (8.8), and (8.9) defining the tangential generalized observ-

ability functions Y (·), ˆ︁Y (·), and ˜︁Y (·) can be easily obtained via type (C, v)

non-resonance conditions. Hence, if the PDE (8.7) defining Y (·) associated

to the original representation Σ is difficult, or impossible, to solve then one

can instead work with the simplified systems Σ, ˆ︁Σ, or ˜︁Σ without any change

to the obtained family of interpolants.

8.3 Conclusion

In this chapter the Loewner functions associated to four behaviourally equiv-

alent DAE systems have been considered with the goal of simplifying the

PDE defining the tangential generalized observability function. Particularly,

it has been shown that, provided solutions to the PDEs exist, all four sys-

tems yield the exact same family of Loewner equivalent interpolants given

by Theorem 14 despite possibly having different tangential generalized ob-

servability functions. Thus, if the observability function associated with one

representation is difficult or impossible to obtain, it is shown that one may

instead solve a simplified set of PDEs without changing the resulting family

of interpolants.
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Chapter 9

Conclusion

9.1 Thesis Contributions

The Loewner framework has been enhanced towards the goal of develop-

ing a data-driven interpolation and model order reduction framework for

general nonlinear systems. This enhancement has been accomplished in mul-

tiple steps. First, an interconnection-based interpretation of the Loewner

framework has been developed for linear time-invariant differential-algebraic

systems. The interconnection-based interpretation has then been leveraged

to enhance the framework, first for nonlinear input-affine systems of ordi-

nary differential equations, then for general systems of nonlinear differential-

algebraic equations. Following this, families of systems interpolating the

tangential data mappings have been parameterized, and the construction of

well-posed interpolants via dynamic extension has been developed. As a re-

290



sult of the dynamic extension approach to interpolant construction, all inter-

polants of dimension greater than or equal to the dimensions of the auxiliary

interpolation systems are parameterized. Hence, if an interpolant with some

additional desired properties exists, then it is contained in the parameterized

family. Finally, the use of simplified representations when determining the

Loewner functions for a class of nonlinear semi-explicit differential-algebraic

systems has been discussed with the goal of selecting a behaviourally equiv-

alent representation having less stringent conditions guaranteeing existence

of solution to partial differential equations.

9.2 Future Work

Exploiting the results of this thesis, there is a plethora of further research

directions to be investigated. Of great importance is the completion of a

data-driven approach, including an experimental procedure for obtaining the

tangential data mappings so that interpolants can be constructed without

having to solve the partial differential equations defining the tangential gen-

eralized controllability and observability mappings. The left tangential data

mapping, V (·), is challenging to obtain, and the development of an experi-

mental procedure to accomplish this would be a significant result.

Following the methodology of Chapters 4 and 5, the Loewner framework

may be enhanced for more general families of DAEs, including nonlinear time-

varying systems and nonlinear discrete-time systems. The enhancement for
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nonlinear discrete-time systems would be particularly interesting when taken

with the development of the data-driven approach where data is most likely to

be sampled periodically. An enhancement of the framework for systems with

multiple time-delays could further lead to an enhancement of the framework

for infinite-dimensional systems, however initial investigations have shown

that the approach of Chapters 4 and 5 is not sufficient on its own, and further

steps need to be taken. Another research direction is the enhancement of the

framework for more general implicit systems, where the “descriptor function”

E(·) is allowed to be a more general mapping of the system’s state, the state’s

time-derivative, and the system’s input.

Another direction to be investigated is using the extra degrees of freedom

in the parameterized families of interpolants introduced in Chapters 6 and 7

to assign additional desirable properties to the constructed interpolants. Such

properties could include the asymptotic stability of an equilibrium point, the

assignment of desirable transient behaviour to input signals, or structural

properties relating the interpolant to some family of physical systems, e.g.

interpolants possessing the structural properties of a mechanical system or

an electrical system.

Finally, it would be interesting to further generalize the behaviourally

equivalent representation results of Chapter 8. For example, by taking the

parameterization results of Chapter 7 it may be possible to assign a con-

venient parameterized internal representation for experimentally collecting

tangential data in a data-driven approach.
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trix functions. Birkhäuser Verlag Basel, 1990.

[19] J. A. Ball, I. Gohberg, and L. Rodman, “Rational matrix functions,”

in Interpolation of Rational Matrix Functions, Springer, 1990, pp. 86–

133.

[20] V. Belevitch, “Interpolation matrices,” Philips Research Reports, vol. 25,

no. 5, pp. 337–369, 1970.

295



[21] P. Benner and T. Breiten, “Two-sided projection methods for nonlin-

ear model order reduction,” SIAM Journal on Scientific Computing,

vol. 37, no. 2, B239–B260, 2015.

[22] P. Benner and P. Goyal, “Multipoint interpolation of Volterra series

and H2-model reduction for a family of bilinear descriptor systems,”

Systems & Control Letters, vol. 97, pp. 1–11, 2016, issn: 0167-6911.

[23] P. Benner and P. Goyal, “An iterative model reduction scheme for

quadratic-bilinear descriptor systems with an application to Navier-

Stokes equations,” in Reduced-Order Modeling (ROM) for Simulation

and Optimization, Springer, 2018, pp. 1–19.

[24] P. Benner, E. S. Quintana-Ort́ı, and G. Quintana-Ort́ı, “Efficient nu-

merical algorithms for balanced stochastic truncation,” International

Journal of Applied Mathematics and Computer Science, vol. 5, no. 11,

pp. 1123–1150, 2001.

[25] P. Benner and T. Stykel, “Model order reduction for differential-

algebraic equations: A survey,” in Surveys in Differential-Algebraic

Equations IV, Springer, 2017, pp. 107–160.

[26] B. Besselink, N. van de Wouw, J. M. A. Scherpen, and H. Nijmei-

jer, “Model reduction for nonlinear systems by incremental balanced

truncation,” IEEE Transactions on Automatic Control, vol. 59, no. 10,

pp. 2739–2753, 2014.

296



[27] B. N. Bond and L. Daniel, “Stable reduced models for nonlinear de-

scriptor systems through piecewise-linear approximation and projec-

tion,” IEEE Transactions on Computer-Aided Design of Integrated

Circuits and Systems, vol. 28, no. 10, pp. 1467–1480, 2009.

[28] W. M. Boothby, An Introduction to Differentiable Manifolds and Rie-

mannian Geometry. Academic Press, 1975.

[29] O. H. Bosgra, “On parametrizations for the minimal partial realization

problem,” Systems & Control Letters, vol. 3, no. 4, pp. 181–187, 1983.

[30] X. Cao, M. B. Saltik, and S. Weiland, “Hankel model reduction for de-

scriptor systems,” in 54th IEEE Conference on Decision and Control

(CDC), 2015, pp. 4668–4673.

[31] J. Carr, Applications of Centre Manifold Theory. Springer Science &

Business Media, 2012, vol. 35.

[32] X. Cheng and J. M. A. Scherpen, “Introducing network gramians

to undirected network systems for structure-preserving model reduc-

tion,” in 55th IEEE Conference on Decision and Control (CDC), 2016,

pp. 5756–5761.

[33] K. E. Chu, “The solution of the matrix equations AXB−CXD = E

and (Y A−DZ, Y C − BZ) = (E,F ),” Linear Algebra and its Appli-

cations, vol. 93, pp. 93–105, 1987.

[34] L. Dai, Singular Control Systems. Springer, 1989.

297



[35] P. Dewilde and A. J. Van der Veen, Time-varying systems and com-

putations. Springer Science & Business Media, 1998.

[36] I. P. Duff, P. Goyal, and P. Benner, “Balanced truncation for a special

class of bilinear descriptor systems,” IEEE Control Systems Letters,

vol. 3, no. 3, pp. 535–540, 2019.

[37] D. F. Enns, “Model reduction with balanced realizations: An error

bound and a frequency weighted generalization,” in 23rd IEEE Con-

ference on Decision and Control (CDC), 1984, pp. 127–132.

[38] Y. Feng and M. Yagoubi, Robust control of linear descriptor systems.

Springer, 2017, vol. 194.

[39] M. Fiedler, “Hankel and Loewner matrices,” Linear Algebra and its

Applications, vol. 58, pp. 75–95, 1984.

[40] L. Fortuna, G. Nunnari, and A. Gallo, Model order reduction tech-

niques with applications in electrical engineering. Springer Science &

Business Media, 2012.

[41] F. D. Freitas, J. Rommes, and N. Martins, “Gramian-based reduc-

tion method applied to large sparse power system descriptor models,”

IEEE Transactions on Power Systems, vol. 23, no. 3, pp. 1258–1270,

2008.

[42] K. Fujimoto and J. M. A. Scherpen, “Model reduction for nonlinear

systems based on the differential eigenstructure of Hankel operators,”

298



in 40th IEEE Conference on Decision and Control (CDC), vol. 4,

2001, pp. 3252–3257.

[43] K. Fujimoto and J. M. A. Scherpen, “Nonlinear balanced realization

based on singular value analysis of Hankel operators,” in 42nd IEEE

Conference on Decision and Control (CDC), vol. 6, 2003, pp. 6072–

6077.

[44] K. Fujimoto and J. M. A. Scherpen, “Balancing and model reduction

for discrete-time nonlinear systems based on Hankel singular value

analysis,” in 16th Int. Symp. Mathematical Theory of Networks and

Systems, 2004.

[45] K. Fujimoto and J. M. A. Scherpen, “Nonlinear input-normal real-

izations based on the differential eigenstructure of Hankel operators,”

IEEE Transactions on Automatic Control, vol. 50, no. 1, pp. 2–18,

2005.

[46] K. Fujimoto and J. M. A. Scherpen, “Balanced realization and model

order reduction for nonlinear systems based on singular value anal-

ysis,” SIAM Journal on Control and Optimization, vol. 48, no. 7,

pp. 4591–4623, 2010.

[47] K. A. Gallivan, A. Vandendorpe, and P. Van Dooren, “Model reduc-

tion of MIMO systems via tangential interpolation,” SIAM Journal

on Matrix Analysis and Applications, vol. 26, no. 2, pp. 328–349, 2004.

299



[48] K. A. Gallivan, A. Vandendorpe, and P. Van Dooren, “Sylvester equa-

tions and projection-based model reduction,” Journal of Computa-

tional and Applied Mathematics, vol. 162, no. 1, pp. 213–229, 2004.

[49] K. A. Gallivan, A. Vandendorpe, and P. Van Dooren, “Model reduc-

tion and the solution of Sylvester equations,” 2006.

[50] W. Gawronski and J.-N. Juang, “Model reduction in limited time

and frequency intervals,” International Journal of Systems Science,

vol. 21, no. 2, pp. 349–376, 1990.

[51] T. T. Georgiou, “The interpolation problem with a degree constraint,”

IEEE Transactions on Automatic Control, vol. 44, no. 3, pp. 631–635,

1999.

[52] K. Glover, “All optimal Hankel-norm approximations of linear multi-

variable systems and their L∞-error bounds,” International Journal

of Control, vol. 39, no. 6, pp. 1115–1193, 1984.

[53] K. Glover, R. F. Curtain, and J. R. Partington, “Realisation and ap-

proximation of linear infinite-dimensional systems with error bounds,”

SIAM Journal on Control and Optimization, vol. 26, no. 4, pp. 863–

898, 1988.

[54] I. V. Gosea and A. C. Antoulas, “Data-driven model order reduction

of quadratic-bilinear systems,” Numerical Linear Algebra with Appli-

cations, vol. 25, no. 6, e2200, 2018.

300



[55] I. V. Gosea, M. Petreczky, and A. C. Antoulas, “Data-driven model

order reduction of linear switched systems in the Loewner framework,”

SIAM Journal on Scientific Computing, vol. 40, no. 2, B572–B610,

2018.

[56] I. V. Gosea and A. C. Antoulas, “Stability preserving post-processing

methods applied in the Loewner framework,” in 20th IEEE Workshop

on Signal and Power Integrity (SPI), 2016, pp. 1–4.

[57] I. V. Gosea, I. P. Duff, P. Benner, and A. C. Antoulas, “Model order

reduction of bilinear time-delay systems,” in 18th European Control

Conference (ECC), 2019, pp. 2289–2294.

[58] I. V. Gosea, M. Petreczky, and A. C. Antoulas, “Reduced-order mod-

eling of LPV systems in the Loewner framework,” in 60th IEEE Con-

ference on Decision and Control (CDC), 2021, pp. 3299–3305.

[59] I. V. Gosea, Q. Zhang, and A. C. Antoulas, “Preserving the DAE

structure in the Loewner model reduction and identification frame-

work,” Advances in Computational Mathematics, vol. 46, no. 1, pp. 1–

32, 2020.

[60] W. B. Gragg and A. Lindquist, “On the partial realization problem,”

Linear Algebra and its Applications, vol. 50, pp. 277–319, 1983.

[61] W. S. Gray and J. Mesko, “General input balancing and model re-

duction for linear and nonlinear systems,” in European Control Con-

ference (ECC), IEEE, 1997, pp. 2862–2867.

301



[62] M. Green, “A relative error bound for balanced stochastic truncation,”

IEEE Transactions on Automatic Control, vol. 33, no. 10, pp. 961–

965, 1988.

[63] M. Green, “Balanced stochastic realizations,” Linear Algebra and its

Applications, vol. 98, pp. 211–247, 1988.

[64] E. J. Grimme, K. A. Gallivan, and P. M. Van Dooren, “On some recent

developments in projection-based model reduction,” ENUMATH-97,

no. 98–113, 1998.

[65] E. J. Grimme, Krylov projection methods for model reduction. Univer-

sity of Illinois at Urbana-Champaign, 1997.

[66] J. Guckenheimer and P. Holmes, Nonlinear oscillations, dynamical

systems, and bifurcations of vector fields. Springer Science & Business

Media, 2013, vol. 42.

[67] S. Gugercin and A. C. Antoulas, “A survey of model reduction by

balanced truncation and some new results,” International Journal of

Control, vol. 77, no. 8, pp. 748–766, 2004.

[68] S. Gugercin, T. Stykel, and S. Wyatt, “Model reduction of descrip-

tor systems by interpolatory projection methods,” SIAM Journal on

Scientific Computing, vol. 35, no. 5, B1010–B1033, 2013.

[69] Y. Guo, D. J. Hill, and Y. Wang, “Nonlinear decentralized control of

large-scale power systems,” Automatica, vol. 36, no. 9, pp. 1275–1289,

2000.

302



[70] J. Hahn and T. F. Edgar, “An improved method for nonlinear model

reduction using balancing of empirical Gramians,” Computers & chem-

ical engineering, vol. 26, no. 10, pp. 1379–1397, 2002.

[71] J. Hahn and T. F. Edgar, “Balancing approach to minimal realiza-

tion and model reduction of stable nonlinear systems,” Industrial &

engineering chemistry research, vol. 41, no. 9, pp. 2204–2212, 2002.

[72] H. Heeb, A. E. Ruehli, J. E. Bracken, and R. A. Rohrer, “Three dimen-

sional circuit oriented electromagnetic modeling for VLSI intercon-

nects,” in Proceedings 1992 IEEE International Conference on Com-

puter Design: VLSI in Computers & Processors, IEEE, 1992, pp. 218–

221.

[73] M. Heinkenschloss, D. C. Sorensen, and K. Sun, “Balanced truncation

model reduction for a class of descriptor systems with application to

the Oseen equations,” SIAM Journal on Scientific Computing, vol. 30,

no. 2, pp. 1038–1063, 2008.

[74] M. Ilyas Ahmad, P. Benner, and L. Feng, “A new two-sided projec-

tion technique for model reduction of quadratic-bilinear descriptor

systems,” International Journal of Computer Mathematics, vol. 96,

no. 10, pp. 1899–1909, 2019.

[75] T. C. Ionescu, “Two-sided time-domain moment matching for linear

systems,” IEEE Transactions on Automatic Control, vol. 61, no. 9,

pp. 2632–2637, 2015.

303



[76] T. C. Ionescu and A. Astolfi, “Moment matching for linear systems -

overview and new results,” IFAC Proceedings Volumes, vol. 44, no. 1,

pp. 12 739–12 744, 2011.

[77] T. C. Ionescu and A. Astolfi, “Nonlinear moment matching-based

model order reduction,” IEEE Transactions on Automatic Control,

vol. 61, no. 10, pp. 2837–2847, 2015.

[78] T. C. Ionescu, A. Astolfi, and P. Colaneri, “Families of moment match-

ing based, low order approximations for linear systems,” Systems &

Control Letters, vol. 64, pp. 47–56, 2014.

[79] A. C. Ionita and A. C. Antoulas, “Data-driven parametrized model

reduction in the Loewner framework,” SIAM Journal on Scientific

Computing, vol. 36, no. 3, A984–A1007, 2014.

[80] A. Isidori, Nonlinear Control Systems (3rd edition). Springer-Verlag

London, 1995.

[81] R. E. Kalman, “On minimal partial realizations of a linear input/output

map,” Aspects of network and system theory, pp. 385–408, 1971.

[82] D. S. Karachalios, I. V. Gosea, and A. C. Antoulas, “On bilinear

time-domain identification and reduction in the Loewner framework,”

in Model Reduction of Complex Dynamical Systems, Springer, 2021,

pp. 3–30.

304



[83] D. S. Karachalios, I. V. Gosea, and A. C. Antoulas, “The Loewner

framework for system identification and reduction,” in Model Order

Reduction: Volume I: System-and Data-Driven Methods and Algo-

rithms, De Gruyter, 2021, pp. 181–228.

[84] A. J. Krener and M. Xiao, “Nonlinear observer design in the Siegel

domain,” SIAM Journal on Control and Optimization, vol. 41, no. 3,

pp. 932–953, 2002.

[85] S. Kung and D. Lin, “Optimal Hankel-norm model reductions: Multi-

variable systems,” IEEE Transactions on Automatic Control, vol. 26,

no. 4, pp. 832–852, 1981.

[86] P. Kunkel and V. Mehrmann, “Regular solutions of nonlinear differential-

algebraic equations and their numerical determination,” Numerische

Mathematik, vol. 79, no. 4, pp. 581–600, 1998.

[87] P. Kunkel and V. Mehrmann, “Analysis of over-and underdetermined

nonlinear differential-algebraic systems with application to nonlin-

ear control problems,” Mathematics of Control, Signals and Systems,

vol. 14, no. 3, pp. 233–256, 2001.

[88] P. Kunkel and V. Mehrmann, Differential-algebraic equations: anal-

ysis and numerical solution. European Mathematical Society, 2006,

vol. 2.

305



[89] S. Lall and C. Beck, “Error-bounds for balanced model-reduction of

linear time-varying systems,” IEEE Transactions on Automatic Con-

trol, vol. 48, no. 6, pp. 946–956, 2003.

[90] J. Lam and B. D. O. Anderson, “L1 Impulse response error bound

for balanced truncation,” Systems & control letters, vol. 18, no. 2,

pp. 129–137, 1992.

[91] N. Lang, J. Saak, and T. Stykel, “Balanced truncation model reduc-

tion for linear time-varying systems,” Mathematical and Computer

Modelling of Dynamical Systems, vol. 22, no. 4, pp. 267–281, 2016.

[92] S. Lefteriu and A. C. Antoulas, “A new approach to modeling mul-

tiport systems from frequency-domain data,” IEEE Transactions on

Computer-Aided Design of Integrated Circuits and Systems, vol. 29,

no. 1, pp. 14–27, 2009.

[93] H. Liu, L. Daniel, and N. Wong, “Model reduction and simulation of

nonlinear circuits via tensor decomposition,” IEEE Transactions on

Computer-Aided Design of Integrated Circuits and Systems, vol. 34,

no. 7, pp. 1059–1069, 2015.

[94] A. J. Mayo and A. C. Antoulas, “A framework for the solution of the

generalized realization problem,” Linear algebra and its applications,

vol. 425, no. 2-3, pp. 634–662, 2007.

306



[95] V. Mehrmann and T. Stykel, “Descriptor systems: A general math-

ematical framework for modelling, simulation and control,” Automa-

tisierungstechnik, vol. 54, no. 8, 2006.

[96] V. Mehrmann and H. Xu, “Numerical methods in control,” Journal

of computational and applied mathematics, vol. 123, no. 1-2, pp. 371–

394, 2000.

[97] B. C. Moore, “Principal component analysis in linear systems: Con-

trollability, observability, and model reduction,” IEEE Transactions

on Automatic Control, vol. 26, no. 1, pp. 17–32, 1981.

[98] A. Moreschini, J. D. Simard, and A. Astolfi, “Model reduction for

linear port-Hamiltonian systems in the Loewner framework,” in 22nd

World Congress of the International Federation of Automatic Control

(IFAC), submitted, 2023.

[99] C. Mullis and R. Roberts, “Synthesis of minimum roundoff noise fixed

point digital filters,” IEEE Transactions on Circuits and Systems,

vol. 23, no. 9, pp. 551–562, 1976.

[100] J. Nestruev, Smooth Manifolds and Observables. Springer, 2020.

[101] R. J. Ober and D. McFarlane, “Balanced canonical forms for minimal

systems: A normalized coprime factor approach,” Linear Algebra and

its Applications, vol. 122, pp. 23–64, 1989.

307



[102] R. Ober, “Balanced parametrization of classes of linear systems,”

SIAM Journal on Control and Optimization, vol. 29, no. 6, pp. 1251–

1287, 1991.

[103] A. Padoan, “On model reduction by least squares moment match-

ing,” in 60th IEEE Conference on Decision and Control (CDC), 2021,

pp. 6901–6907.

[104] A. Padoan and A. Astolfi, “Model reduction by moment matching

at isolated singularities for linear systems: A geometric approach,” in

56th IEEE Conference on Decision and Control (CDC), 2017, pp. 4807–

4812.

[105] A. Padoan and A. Astolfi, “Singularities and moments of nonlinear

systems,” IEEE Transactions on Automatic Control, vol. 65, no. 8,

pp. 3647–3654, 2019.

[106] B. Peherstorfer, S. Gugercin, and K. Willcox, “Data-driven reduced

model construction with time-domain Loewner models,” SIAM Jour-

nal on Scientific Computing, vol. 39, no. 5, A2152–A2178, 2017.

[107] K. Perev and B. Shafai, “Balanced realization and model reduction of

singular systems,” International Journal of Systems Science, vol. 25,

no. 6, pp. 1039–1052, 1994.

[108] S. Reich, “On an existence and uniqueness theory for nonlinear differential-

algebraic equations,” Circuits, Systems and Signal Processing, vol. 10,

no. 3, pp. 343–359, 1991.

308



[109] H. Rodriguez, R. Ortega, and A. Astolfi, “Adaptive partial state feed-

back control of the DC-to-DC Cuk converter,” in Proceedings of the

American Control Conference, 2005, pp. 5121–5126.

[110] A. E. Ruehli and A. C. Cangellaris, “Progress in the methodologies

for the electrical modeling of interconnects and electronic packages,”

Proceedings of the IEEE, vol. 89, no. 5, pp. 740–771, 2001.

[111] W. J. Rugh, Nonlinear System Theory. Johns Hopkins University

Press Baltimore, 1981.

[112] M. G. Safonov, R. Y. Chiang, and D. J. N. Limebeer, “Optimal Han-

kel model reduction for nonminimal systems,” IEEE Transactions on

Automatic Control, vol. 35, no. 4, pp. 496–502, 1990.

[113] H. Sandberg and A. Rantzer, “Balanced truncation of linear time-

varying systems,” IEEE Transactions on Automatic Control, vol. 49,

no. 2, pp. 217–229, 2004.

[114] G. Scarciotti and A. Astolfi, “Model reduction by matching the steady-

state response of explicit signal generators,” IEEE Transactions on

Automatic Control, vol. 61, no. 7, pp. 1995–2000, 2015.

[115] G. Scarciotti and A. Astolfi, “Data-driven model reduction by mo-

ment matching for linear and nonlinear systems,” Automatica, vol. 79,

pp. 340–351, 2017.

309



[116] G. Scarciotti and A. Astolfi, “Nonlinear model reduction by moment

matching,” Foundations and Trends® in Systems and Control, vol. 4,

no. 3-4, pp. 224–409, 2017.

[117] G. Scarciotti, “Model reduction by moment matching for linear sin-

gular systems,” in 54th IEEE Conference on Decision and Control

(CDC), 2015, pp. 7310–7315.

[118] G. Scarciotti, “Steady-state matching and model reduction for sys-

tems of differential-algebraic equations,” IEEE Transactions on Au-

tomatic Control, vol. 62, no. 10, pp. 5372–5379, 2017.

[119] G. Scarciotti and A. Astolfi, “Model reduction by moment matching

for linear time-delay systems,” IFAC Proceedings Volumes, vol. 47,

no. 3, pp. 9462–9467, 2014.

[120] G. Scarciotti and A. Astolfi, “Model reduction of neutral linear and

nonlinear time-invariant time-delay systems with discrete and dis-

tributed delays,” IEEE Transactions on Automatic Control, vol. 61,

no. 6, pp. 1438–1451, 2015.

[121] G. Scarciotti and A. R. Teel, “On moment matching for stochastic

systems,” IEEE Transactions on Automatic Control, vol. 67, no. 2,

pp. 541–556, 2021.

[122] J. M. A. Scherpen, “Balancing for nonlinear systems,” Systems &

Control Letters, vol. 21, no. 2, pp. 143–153, 1993.

310



[123] J. M. A. Scherpen, “H∞ balancing for nonlinear systems,” Interna-

tional Journal of Robust and Nonlinear Control, vol. 6, no. 7, pp. 645–

668, 1996.

[124] P. Schulze, T. C. Ionescu, and J. M. A. Scherpen, “Families of moment

matching-based reduced order models for linear descriptor systems,”

in European Control Conference (ECC), IEEE, 2016, pp. 1964–1969.

[125] P. Schulze and B. Unger, “Data-driven interpolation of dynamical

systems with delay,” Systems & Control Letters, vol. 97, pp. 125–131,

2016.

[126] J. D. Simard and A. Astolfi, “An interconnection-based interpretation

of the Loewner matrices,” in 58th IEEE Conference on Decision and

Control (CDC), 2019, pp. 7788–7793.

[127] J. D. Simard and A. Astolfi, “Loewner functions for linear time-

varying systems with applications to model reduction,” IFAC-PapersOnLine,

vol. 53, no. 2, pp. 5623–5628, 2020.

[128] J. D. Simard and A. Astolfi, “Online estimation of the Loewner matri-

ces,” in 59th IEEE Conference on Decision and Control (CDC), 2020,

pp. 3425–3430.

[129] J. D. Simard and A. Astolfi, “Loewner functions and model order

reduction for nonlinear input-affine descriptor systems,” in 60th IEEE

Conference on Decision and Control (CDC), 2021, pp. 6887–6894.

311



[130] J. D. Simard and A. Astolfi, “Nonlinear model reduction in the Loewner

framework,” IEEE Transactions on Automatic Control, vol. 66, no. 12,

pp. 5711–5726, 2021.

[131] J. D. Simard and A. Astolfi, “Loewner functions for a class of nonlin-

ear differential-algebraic systems,” in 61st IEEE Conference on Deci-

sion and Control (CDC), 2022.

[132] J. D. Simard and A. Astolfi, “On the construction and parameteriza-

tion of well-posed nonlinear interpolants in the Loewner framework,”

Automatica, 2022, submitted.

[133] J. D. Simard and A. Astolfi, “Regularization of underconstrained in-

terpolants in the Loewner framework,” in European Control Confer-

ence (ECC), 2022, pp. 1684–1689.

[134] J. D. Simard, X. Cheng, and A. Moreschini, “Interpolants with second-

order structure in the Loewner framework,” in 22nd World Congress

of the International Federation of Automatic Control (IFAC), submit-

ted, 2023.

[135] J. D. Simard, A. Moreschini, and A. Astolfi, “Parameterization of

all moment matching interpolants,” in European Control Conference

(ECC), submitted, 2023.
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Appendix A

On the Use of Complex Valued

Signals

The restriction of Λ and M to diagonal matrices seems, at first, prohibitive.

When discussing the interconnection of physical systems, or the time-domain

response of the cascade interconnections in an experimental setup, many im-

portant interpolation points, such as those on the imaginary axis of the com-

plex plane, would not be achievable under such an assumption. Furthermore,

it is desirable to construct interpolants using only real-valued objects. In this

appendix it is shown that diagonality of the auxiliary system matrices is not

actually required, and that such interpolation points can, in fact, be achieved

using real-valued systems. As a result of what follows, the interpolants pre-

sented in Chapters 2, 4, and 5, have equivalent real-valued realizations as

long as the auxiliary systems have associated real-valued realizations.
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A.1 Linear DAEs (Chapter 2 and Chapter 3)

Let P ∈ Cρ×ρ and Q ∈ Cv×v be nonsingular matrices. Consider auxiliary

systems of the form (3.6)-(3.7) and (3.8)-(3.9) defined by the equations

ζ̇r = PΛP−1⏞ ⏟⏟ ⏞
=:Λ

ζr +∆, (A.1)

v = RP−1⏞ ⏟⏟ ⏞
=:R

ζr, (A.2)

and

ζ̇ℓ = QMQ−1⏞ ⏟⏟ ⏞
=:M

ζℓ + QL⏞⏟⏟⏞
=:L

y, (A.3)

η = ζℓ, (A.4)

where Λ ∈ Cρ×ρ, R ∈ Cm×ρ, M ∈ Cv×v, and L ∈ Cv×p are complex-valued

matrices, and Λ, R, M , and L are real-valued matrices, and therefore im-

plementable. Let X, Y , W , V , L, and σL denote the Loewner objects asso-

ciated with the auxiliary systems (3.6)-(3.7) and (3.8)-(3.9) interconnected

with a real-valued system of the form (2.17)-(2.18). The real-valued matrices

in (A.1)-(A.2) and (A.3)-(A.4) will now be used to construct a new set of

real-valued Loewner objects, which are represented in terms of the former

complex-valued Loewner objects. Letting X, Y , W , V , L, and σL denote

the new set of Loewner matrices associated with the auxiliary systems (A.1)-

(A.2) and (A.3)-(A.4) interconnected with the system (2.17)-(2.18), solving

316



the associated generalized Sylvester equations yields

X = XP−1, W = WP−1, Y = QY, V = QV,

from which the real-valued Loewner matrices

L = QLP−1, σL = QσLP−1,

are obtained. Constructing a model of the form (2.30)-(2.31) using the real-

valued objects yields the system

Lω̇ = (σL− LDR)ω − (V − LD)ur (A.5)

= Q(σL− LDR)P−1ω −Q(V − LD)ur = QLP−1ω̇,

yr = (W −DR)ω +Dur (A.6)

= (W −DR)P−1ω +Dur,

where the feedforward matrixD is a free parameter. This system is simplified

to

LP−1ω̇ = (σL− LDR)P−1ω − (V − LD)ur,

yr = (W −DR)P−1ω +Dur.
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The new interpolant (A.5)-(A.6) is obtained by a coordinates transforma-

tion of the complex-valued interpolant (2.30)-(2.31), hence the auxiliary

systems (3.6)-(3.7) and (3.8)-(3.9), and the auxiliary systems (A.1)-(A.2)

and (A.3)-(A.4), interconnected with the system (2.17)-(2.18) produce the

same interpolant, albeit in different coordinates, with the system (A.5)-(A.6)

being real-valued if D is a real-valued matrix.

A.2 Nonlinear ODEs with Linear Auxiliary

Systems (Chapter 4)

In a similar fashion, consider the set of Loewner functions associated with

the auxiliary systems (A.1)-(A.2) and (A.3)-(A.4) interconnected with a real-

valued system of the form (4.1)-(4.2), denoted byX(·), Y (·),W (·), V (·), L(·),

Lℓ
(·), Lr

(·), and σL(·). Let X(·), Y (·), W (·), V (·), L(·), Lℓ(·), Lr(·), and

σL(·) denote the set of Loewner functions associated with the interconnected

system (3.6)-(3.7), (3.8)-(3.9), and (4.1)-(4.2). Then, by solving the associ-

ated PDEs, it follows that

X(ζr) = X(P−1ζr), W (ζr) = W (P−1ζr),

Y (x) = QY (x), V (ζr) = QV (P−1ζr),
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from which the real-valued Loewner functions

L(ζr) = QL(P−1ζr), Lℓ
(ζr) = QLℓ(P−1ζr),

Lr
(ζr) = QLr(P−1ζr), σL(ζr) = QσL(P−1ζr),

are obtained. Note also that

∂L
∂ζr

= Q

(︃
∂L
∂ζr

◦ P−1ζr

)︃
P−1.

Constructing a model of the form (4.16)-(4.17) using the real-valued objects

yields the system

(︃
∂L
∂ζr

◦ ω
)︃
ω̇ = σL(ω)− V (ω)ur,

yr = W (ω).

This is simplified to

(︃
∂L
∂ζr

◦ P−1ω

)︃
P−1ω̇ = σL(P−1ω)− V (P−1ω)ur,

yr = W (P−1ω),

which is obtained from the complex-valued interpolant (4.16)-(4.17) via a

coordinates transformation.
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A.3 Nonlinear ODEs with Nonlinear Auxil-

iary Systems (Chapter 4)

Consider now auxiliary systems of the form (4.23)-(4.24) and (4.25)-(4.26)

defined by the equations

ζ̇r = Pλ(P−1ζr)⏞ ⏟⏟ ⏞
=:λ(ζr)

+∆, (A.7)

v = r(P−1ζr)⏞ ⏟⏟ ⏞
=:r(ζr)

, (A.8)

and

ζ̇ℓ = Qm(Q−1ζℓ)⏞ ⏟⏟ ⏞
=:m(ζℓ)

+Qℓ(y)⏞ ⏟⏟ ⏞
=:˜︁ℓ(y)

, (A.9)

η = ζℓ, (A.10)

where λ : Cρ → Cρ and m : Cv → Cv are such that ∂λ
∂ζr

(0) = Λ and

∂m
∂ζℓ

(0) = M are complex-valued, and λ(·), r(·), m(·), and ˜︁ℓ(·) are real-

valued maps. The set of Loewner functions associated with the auxiliary

systems (A.7)-(A.8) and (A.9)-(A.10) interconnected with a real-valued sys-

tem of the form (4.1)-(4.2) is denoted by X(·), Y (·), W (·), V (·), L(·), Lℓ
(·),

Lr
(·), and σL(·). Let X(·), Y (·), W (·), V (·), L(·), Lℓ(·), Lr(·), and σL(·)

denote the set of Loewner functions associated with the interconnected sys-

tem (4.23)-(4.24), (4.25)-(4.26), and (4.1)-(4.2). Then, by solving the asso-
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ciated PDEs, it follows that

X(ζr) = X(P−1ζr), W (ζr) = W (P−1ζr),

Y (x) = QY (x), V (ζr) = QV (P−1ζr),

from which the real-valued Loewner functions

L(ζr) = QL(P−1ζr), Lℓ
(ζr) = QLℓ(P−1ζr),

Lr
(ζr) = QLr(P−1ζr), σL(ζr) = QσL(P−1ζr),

are obtained. Note also that

∂L
∂ζr

= Q

(︃
∂L
∂ζr

◦ P−1ζr

)︃
P−1.

Constructing a model of the form (4.41)-(4.42) using the real-valued objects

yields the system

(︃
∂L
∂ζr

◦ ω
)︃
ω̇ = σL(ω)− V (ω)ur,

yr = W (ω).
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This is simplified to

(︃
∂L
∂ζr

◦ P−1ω

)︃
P−1ω̇ = σL(P−1ω)− V (P−1ω)ur,

yr = W (P−1ω),

which is obtained from the complex-valued interpolant (4.41)-(4.42) via a

coordinates transformation.

A.4 Nonlinear DAEs (Chapter 5)

Consider the set of Loewner functions associated with the auxiliary sys-

tems (A.7)-(A.8) and (A.9)-(A.10) interconnected with a real-valued system

of the form (5.1)-(5.2), denoted by X(·), Y (·), W (·), V (·), L(·), Lℓ
(·), Lr

(·),

and σL(·). LetX(·), Y (·),W (·), V (·), L(·), Lℓ(·), Lr(·), and σL(·) denote the

set of Loewner functions associated with the interconnected system (4.23)-

(4.24), (4.25)-(4.26), and (5.1)-(5.2). Then, by solving the associated set of

PDEs, it follows that

X(ζr) = X(P−1ζr), W (ζr) = W (P−1ζr),

Y (x) = QY (x), V (ζr) = QV (P−1ζr),
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from which the real-valued Loewner functions

L(ζr) = QL(P−1ζr), Lℓ
(ζr) = QLℓ(P−1ζr),

Lr
(ζr) = QLr(P−1ζr), σL(ζr) = QσL(P−1ζr),

are obtained. Note also that

∂L
∂ζr

= Q

(︃
∂L
∂ζr

◦ P−1ζr

)︃
P−1.
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Constructing a model of the form (5.32)-(5.33) using the real-valued objects

yields the system

⏟ ⏞⏞ ⏟
L(ω)

̇
=

[︃
σL(ω)−Qℓ

(︂
W (ω), −˜︁d(ω)r(ω))︂˜︁d(ω)r(ω)]︃

−
[︃
V (ω)−Qℓ

(︂
W (ω), −˜︁d(ω)r(ω))︂˜︁d(ω)]︃ur (A.11)

= Q

[︃
σL(P−1ω)− ℓ

(︂
W (P−1ω), −˜︁d(ω)r(P−1ω)

)︂˜︁d(ω)r(P−1ω)

]︃
−Q

[︃
V (P−1ω)− ℓ

(︂
W (P−1ω), −˜︁d(ω)r(P−1ω)

)︂˜︁d(ω)]︃ur
= Q

⏟ ⏞⏞ ⏟
L(P−1ω)

̇
,

yr =

[︃
W (ω)− ˜︁d(ω)r(ω)]︃+ ˜︁d(ω)ur (A.12)

=

[︃
W (P−1ω)− ˜︁d(ω)r(P−1ω)

]︃
+ ˜︁d(ω)ur,
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where the feedforward mapping ˜︁d(·) is a free parameter. Setting the mapping˜︁d(ω) := d(P−1ω), this is simplified to

⏟ ⏞⏞ ⏟
L(P−1ω)

̇
=

[︃
σL(P−1ω)

− ℓ
(︂
W (P−1ω), −d(P−1ω)r(P−1ω)

)︂
d(P−1ω)r(P−1ω)

]︃
−
[︃
V (P−1ω)− ℓ

(︂
W (P−1ω), −d(P−1ω)r(P−1ω)

)︂
d(P−1ω)

]︃
ur,

yr =

[︃
W (P−1ω)− d(P−1ω)r(P−1ω)

]︃
+ d(P−1ω)ur,

which is obtained from the complex-valued interpolant (5.32)-(5.33) via a

coordinates transformation. For any mapping ˜︁d(·) there is an associated

choice of mapping d(·), and if the mapping d(·) is selected such that ˜︁d(·) is a
real-valued mapping, then the interpolant (A.11)-(A.12) is real-valued.
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Appendix B

On the Solutions to Some

Partial Differential-Algebraic

Equations

Consider the problem of determining a solution, X : Cρ → Cn, to the partial

differential-algebraic equation with boundary condition

∂E
(︁
X(ζ)

)︁
∂ζ

λ(ζ) = f
(︁
X(ζ), r(ζ)

)︁
, X(0) = 0, (B.1)

with functions E : Cn → Cn, λ : Cρ → Cρ, f : Cn × Cm → Cn, and

r : Cρ → Cm obtained via linear coordinates transformation of real-analytic

functions, and such that E(0) = 0, λ(0) = 0, f(0, 0) = 0, and r(0) = 0. It

is assumed that, in a neighbourhood of the origin, the Jacobian of E(·) has
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constant rank but is not invertible.

In order to state conditions ensuring the existence of a solution for the

PDE given by (B.1), consider the following definition introducing the notion

of type (C, v) conditions for matrix pencils, which can be seen as a general-

ization of Definition 2 in [84].

Definition 15. Given a ρ×ρ matrix Λ, with spectrum σ(Λ) = λ = {λ1, . . . , λρ},

a pair of n × n matrices E and F , and constants C > 0 and v > 0, it is

said that the matrix pair (E,F ) is of type (C, v) with respect to σ(Λ) if for

any vector m = (m1,m2, . . . ,mρ) of nonnegative integers it follows that the

matrix ((m · λ)E − F ) is invertible and

⃦⃦⃦⃦(︂
(m · λ)E − F

)︂−1
⃦⃦⃦⃦
≤ |m|v

C
,

where |m| =
∑︁
mi > 0.

Conditions ensuring the existence of a solution to the PDE (B.1) can now

be given in terms of Definition 15 and the mappings E(·), λ(·), f(·), and r(·).

Theorem 27. Consider the PDE (B.1) with the boundary condition X(0) =

0 and suppose that λ(·) and r(·) are obtained via linear coordinates trans-

formation of, locally, real-analytic functions, and E(·), f(·), and g(·) are

obtained via linear coordinates transformation of, globally, real-analytic func-

tions. Let E := ∂E
∂x
(0), F := ∂f

∂x
(0, 0), G := ∂f

∂u
(0, 0), and Λ := ∂λ

∂ζ
(0), and

suppose that there exist constants C > 0 and v > 0 such that the matrix pair
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(E,F ) is of type (C, v) with respect to σ(Λ). Then, locally around ζ = 0,

there exists a unique analytic solution, X : Cρ → Cn, satisfying the partial

differential equation (B.1) with the given boundary condition.

Proof. By analycity expand the functions comprising the PDE (B.1), includ-

ing the solution X(·), using the Taylor series as

E(x) = Ex+
∞∑︂
i=2

E(i)(x), X(ζ) = Xζ +
∞∑︂
i=2

X(i)(ζ),

λ(ζ) = Λζ +
∞∑︂
i=2

λ(i)(ζ), f(x, u) = Fx+Gu+
∞∑︂
i=2

f (i)(x, u),

r(ζ) = Rζ +
∞∑︂
i=2

r(i)(ζ),

where E(i)(x), X(i)(ζ), λ(i)(ζ), f (i)(x, u), and r(i)(ζ) denote the terms of

order i in the Taylor series expansions of E(x), X(ζ), λ(ζ), f(x, u), and r(ζ),

respectively. Substituting the series expansions of the functions in the PDE

yields

(︄
E +

∞∑︂
i=2

(︃
∂E(i)

∂x
◦X(ζ)

)︃)︄(︄
X +

∞∑︂
i=2

∂X(i)

∂ζ

)︄(︄
Λζ +

∞∑︂
i=2

λ(i)(ζ)

)︄

= FXζ + F
∞∑︂
i=2

X(i)(ζ) +
∞∑︂
i=2

f (i)
(︁
X(ζ), r(ζ)

)︁
+G

(︄
Rζ +

∞∑︂
i=2

r(i)(ζ)

)︄
,

328



and rearranging yields

0 =
(︂
EXΛ− FX −GR

)︂
ζ

+
∞∑︂
i=2

(︄
E
∂X(i)

∂ζ
Λζ − FX(i)(ζ) + EXλ(i)(ζ) +

(︃
∂E(i)

∂x
◦X(ζ)

)︃
XΛζ

− f (i)
(︁
X(ζ), r(ζ)

)︁
−Gr(i)(ζ)

)︄

+
∞∑︂
i=2

∞∑︂
j=2

(︄
E
∂X(i)

∂ζ
λ(j)(ζ) +

(︃
∂E(j)

∂x
◦X(ζ)

)︃(︃
Xλ(i)(ζ) +

∂X(i)

∂ζ
Λζ

)︃)︄

+
∞∑︂
i=2

∞∑︂
j=2

∞∑︂
k=2

(︃
∂E(i)

∂x
◦X(ζ)

)︃
∂X(j)

∂ζ
λ(k)(ζ). (B.2)

A solution to the PDE is constructed explicitly by matching coefficients for

powers of ζ in (B.2). The terms of degree d = 1 from the analytically

expanded PDE (B.2) are

0 = (EXΛ− FX −GR)ζ,

which is a generalized Sylvester equation having a unique solution, X, be-

cause the matrix pair (E,F ) is of type (C, v) with respect to σ(Λ). For an

analytic function y(ζ), let deg
(︁
y(ζ), p

)︁
denote the degree p terms of ζ in y(ζ).
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For degree d > 1 the terms of degree d are

E
∂X(d)

∂ζ
Λζ − FX(d)(ζ) = β

(d)
(ζ),

where

β
(d)
(ζ) := Gr(d)(ζ)− EXλ(d)(ζ)

+
∞∑︂
i=2

(︄
deg

(︁
f (i)(X(ζ), r(ζ)), d

)︁
− deg

(︃(︃
∂E(i)

∂x
◦X(ζ)

)︃
XΛζ, d

)︃)︄

−
∞∑︂
i=2

∞∑︂
j=2

(︄
deg

(︃
E
∂X(i)

∂ζ
λ(j)(ζ), d

)︃

+ deg

(︃(︃
∂E(j)

∂x
◦X(ζ)

)︃(︃
Xλ(i)(ζ) +

∂X(i)

∂ζ
Λζ

)︃
, d

)︃)︄

−
∞∑︂
i=2

∞∑︂
j=2

∞∑︂
k=2

deg

(︃(︃
∂E(i)

∂x
◦X(ζ)

)︃
∂X(j)

∂ζ
λ(k)(ζ), d

)︃
,

which, with some abuse of the summation notation when d = 2 (in which

case the double and triple summations are taken to be zero) and d = 3 (in
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which case the triple summation is taken to be zero), simplifies to

β
(d)
(ζ) = Gr(d)(ζ)− EXλ(d)(ζ)

+
d∑︂

i=2

(︄
deg

(︁
f (i)(X(ζ), r(ζ)), d

)︁
− deg

(︃(︃
∂E(i)

∂x
◦X(ζ)

)︃
XΛζ, d

)︃)︄

−
d−1∑︂
i=2

d−1∑︂
j=2

(︄
deg

(︃
E
∂X(i)

∂ζ
λ(j)(ζ), d

)︃

+ deg

(︃(︃
∂E(j)

∂x
◦X(ζ)

)︃(︃
Xλ(i)(ζ) +

∂X(i)

∂ζ
Λζ

)︃
, d

)︃)︄

−
d−2∑︂
i=2

d−2∑︂
j=2

d−2∑︂
k=2

deg

(︃(︃
∂E(i)

∂x
◦X(ζ)

)︃
∂X(j)

∂ζ
λ(k)(ζ), d

)︃
,

where the summations only contain a finite number of terms after eliminating

terms of deg(·, d) that are equal to zero. It is important to note that β
(d)
(·)

contains only coefficients in the series expansion of X(·) associated to terms

of degree less than d, thus β
(d)
(·) is not a function of X(d)(·) and β

(d)
(·)

is completely determined given that the functions X(i)(·), i = 1, . . . , d − 1,

are known. Hence, the remainder of the proof is concerned with solving the

simplified PDE

E
∂X(d)

∂ζ
Λζ − FX(d)(ζ) = β

(d)
(ζ), (B.3)
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for each d > 1. Suppose now that the coefficients in the series expansion of

X(·) up to degree d− 1 are known, and let

X(d)(ζ) =
∑︂

∥m∥1=d

Xmζ
m, Xm ∈ Cn,

β
(d)
(ζ) =

∑︂
∥m∥1=d

βmζ
m, βm ∈ Cn,

where m = (m1, . . . ,mρ)
⊤, mi ∈ N ∪ {0} ∀ i ∈ {1, . . . , ρ}, and ζm =

ζm1
1 . . . ζ

mρ
ρ , so the PDE (B.3) becomes

∑︂
∥m∥1=d

EXm
∂ζm

∂ζ
Λζ −

∑︂
∥m∥1=d

FXmζ
m =

∑︂
∥m∥1=d

βmζ
m.

Suppose, without loss of generality, that Λ has an arbitrary Jordan block

structure, so

Λ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ1 n1 0 · · · 0 0

0 λ2 n2 · · · 0 0

0 0 λ3 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · λρ−1 nρ−1

0 0 0 · · · 0 λρ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, ni ∈ {0, 1} ∀ i = 1, . . . , ρ− 1.
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Then it follows that

∂ζm

∂ζ
Λζ = m1λ1ζ

m + · · ·+mρ−1λρ−1ζ
m +mρλρζ

m

+m1n1ζ
m1−1
1 ζm2+1

2 . . . ζ
mρ−1

ρ−1 ζmρ
ρ + . . .

+mρ−1nρ−1ζ
m1
1 ζm2

2 . . . ζ
mρ−1−1
ρ−1 ζmρ+1

ρ

= (m · λ)ζm +m ·

⎡⎢⎢⎢⎢⎢⎢⎢⎣

n1ζ
m1−1
1 ζm2+1

2 . . . ζ
mρ−1

ρ−1 ζ
mρ
ρ

...

nρ−1ζ
m1
1 ζm2

2 . . . ζ
mρ−1−1
ρ−1 ζ

mρ+1
ρ

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

where λ = (λ1, . . . , λρ)
⊤. The PDE (B.3) becomes

∑︂
∥m∥1=d

(︂(︁
(m · λ)E − F

)︁
Xm − βm

)︂
ζm =

−
∑︂

∥m∥1=d

m ·

⎡⎢⎢⎢⎢⎢⎢⎢⎣

n1ζ
m1−1
1 ζm2+1

2 . . . ζ
mρ−1

ρ−1 ζ
mρ
ρ

...

nρ−1ζ
m1
1 ζm2

2 . . . ζ
mρ−1−1
ρ−1 ζ

mρ+1
ρ

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
EXm.

As a result of this, the coefficient Xm is a function of any Xm such that, for

i ∈ {1, . . . , ρ− 1},

mi = mi + 1, mi+1 = mi+1 − 1, mj = mj ∀ j ∈ {1, . . . , ρ} \ {i, i+ 1}.
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A potential issue with such dependencies arises if a circular dependency ex-

ists, as such a dependency would change the nonresonance condition required

to guarantee existence of a solution. To prove that no such dependency exists,

consider now constructing an ordered set in which to solve the coefficients

Xm. Define the set

M =
{︂
m : 0 ≤ mi ≤ d, mi ∈ N ∪ {0} ∀ i ∈ {1, . . . , ρ}, m1 + · · ·+mρ = d

}︂
,

and define an order on the set M such that for any elements m,m ∈M

(i) m = m if mi = mi ∀ i ∈ {1, . . . , ρ},

(ii) m > m if

(m1 > m1)

∨ (m1 = m1,m2 > m2)

∨ . . .

∨ (m1 = m1, . . . ,mρ−1 = mρ−1,mρ > mρ),

(iii) m < m otherwise.

This order is well-defined as exactly one of (i), (ii), (iii) holds for any m,m ∈

M , and m > m, m > m implies that m > m.

Equiped with the ordered set M , existence of a solution to the PDE can

be proven by explicitly determining the coefficients of X(d)(·), i.e. Xm for all
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∥m∥1 = d, in the correct order. At any step in the procedure, let S be the

set of m ∈M such that the coefficient Xm is known, and let U be the set of

m ∈M such that the coefficient Xm is unknown. It follows that

M = S ∪ U, S ∩ U = ∅,

and |M | is finite and not empty for any particular d = ∥m∥1. Furthermore,

S and U inherit the well-defined ordered set property of M . To proceed,

partition the procedure for solving the coefficients into three cases: the base

case where S = ∅ and U = M , the final (trivial) step where S = M and

U = ∅, and intermediate steps S ̸= ∅ and U ̸= ∅.

First, suppose that S = ∅ and U = M . Consider the element m =

(d, 0, . . . , 0) ∈ U , and note that m = sup(U). It can be seen that Xm

depends on no Xm such that m ∈ U , m ̸= m, because no m can be chosen

such that, for any i ∈ {1, . . . , ρ− 1},

mi = mi + 1, mi+1 = mi+1 − 1, mj = mj ∀ j ∈ {1, . . . , ρ} \ {i, i+ 1},

without setting one of mi < 0. Collecting the coefficients of ζm = ζd1 in the

PDE (B.3) yields

(︂
(m · λ)E − F

)︂
Xm − βm = 0,
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so the coefficient X(d,0,...,0) is uniquely determined to be

X(d,0,...,0) =
(︂
dλ1E − F

)︂−1

β(d,0,...,0).

The coefficient X(d,0,...,0) is now known, so in the next step one can consider

Snew = {(d, 0, . . . , 0)}, Unew =M \ {(d, 0, . . . , 0)}.

Suppose now that S ̸= ∅. If U = ∅ then S = M and X(d)(·) is uniquely

determined, thus only U ̸= ∅ needs to be considered. Let m ∈ U be the

largest element of U , so m ≥ ˜︁m for all ˜︁m ∈ U . The order on M is well-

defined and |U | is finite, so m = sup(U) ∈ U exists and is the unique upper

bound of U . The coefficient Xm is a function only of Xm such that, for some

i ∈ {1, . . . , ρ− 1},

mi = mi + 1, mi+1 = mi+1 − 1, mj = mj ∀ j ∈ {1, . . . , ρ} \ {i, i+ 1},

where mi,mi ≥ 0 and m ∈M . It follows that determining Xm depends only

on having determined Xm such that m > m. At least one such m exists for

any m ̸= (d, 0, . . . , 0), but because m is an upper bound of U and m > m it

must be that m ∈M \U = S, so Xm is known and collecting the coefficients
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of ζm yields

(︂
(m · λ)E − F

)︂
Xm = βm −

∑︂
m∈D(m)

miniEXm.

where

D(m) :=
{︂
m ∈ S : (∃i ∈ {1, . . . , ρ− 1}) mi = mi + 1, mi+1 = mi+1 − 1

}︂
.

Because the matrix pair (E,F ) is of type (C, v) with respect to σ(Λ) the

coefficient Xm is uniquely determined to be

Xm =
(︂
(m · λ)E − F

)︂−1

⎛⎝βm −
∑︂

m∈D(m)

miniEXm

⎞⎠ .

The coefficient Xm of ζm in X(d)(·) is now determined, so in the next step

one can take

Snew = S ∪ {m}, Unew = U \ {m}.

Repeating this procedure until U = ∅ yields the solution X(d)(·) to the

PDE (B.3). Applying the procedure inductively for X(i)(·), i > d, yields

the formal series solution to the PDE (B.1). Local analycity of the solution

follows by an argument similar to that of [84].
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