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Abstract

This thesis studies the problem of interpolation and model order reduction
for dynamical systems, with the primary objective being the development of
an enhancement of the Loewner framework for general families of nonlinear
differential-algebraic systems. First, an interconnection-based interpretation
of the Loewner framework for linear time-invariant systems is developed.
This interpretation does not rely on frequency domain notions, yielding a
natural approach for enhancement of the Loewner framework to more com-
plex systems possessing nonlinear dynamics. Next, the interconnection-based
interpretation is used to develop the framework, first for systems of nonlin-
ear ordinary differential equations, then for systems of nonlinear differential-
algebraic equations, and interpolants are constructed using the so-called tan-
gential data mappings and Loewner functions. Following this, parameterized
families of systems interpolating the tangential data mappings are given.
The problem of constructing interpolants from tangential data mappings and
Loewner functions is considered in the most general scenario, and a dynamic

extension approach to interpolant construction is developed. As a result,



all systems matching the tangential data mappings, and having dimension at
least as large as that of the auxiliary interpolation systems, are parameterized
under mild conditions. Hence, if an interpolant exists while possessing ad-
ditional desired properties, then it is contained in the dynamically extended
family of interpolants. Finally, the use of behaviourally equivalent represen-
tations of a system is investigated with the goal of selecting a representation
having less stringent conditions guaranteeing the existence of solution to par-
tial differential equations. This is accomplished for a class of semi-explicit
nonlinear differential-algebraic systems by making use of the explicit alge-

braic constraints to simplify the model of the system.
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Chapter 1

Introduction

In this chapter the motivations and objectives of the thesis are stated, rel-
evant literature is reviewed, and the thesis organization is described. The
chapter is structured as follows. In Section the motivations for model
order reduction are discussed and the objectives of the thesis are stated. In
Section [1.2| and Section [1.3| brief reviews of the literature are given for model
order reduction and for the Loewner framework, respectively. In Section
the organization of the thesis is stated, and in Section publications

associated to the results of this thesis are discussed.

1.1 Motivations and Objectives

Mathematical models of high complexity are prevalent in engineering, math-

ematics, and the sciences. Often, systems of interest are those the behaviour
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of which influences, and is influenced by, the external environment that they
operate within. These mathematical models may be appropriately described
by dynamical systems, i.e. systems having internal memory in the form of a
state, for which the future evolution of the state depends on the input to the
system, the initial conditions of the system, and the mathematical equations
which describe the system’s behaviour in time.

Such mathematical models describing dynamical systems often appear in
the form of systems of differential-algebraic equations (DAEs). Systems of
DAEs have been the subject of great interest for several decades, and are
also referred to as implicit systems, singular systems, or descriptor systems.
DAEs consist of both ordinary differential equations (ODEs) and algebraic
constraints. Due to the inclusion of algebraic constraints, the analysis of
DAEs is a complicated task that involves further issues that do not need to
be considered when dealing with a system described only by ODEs. Despite
this additional complexity, the study of DAEs is of great interest for a number
of reasons.

An important motivation for the study of DAE models is that they of-
ten arise naturally when considering the interconnection of multiple systems,
e.g. electro-mechanical systems, or when considering systems having phys-
ical constraints which may be described naturally with algebraic equations
defining a restriction of the state, e.g. the dynamics of a pendulum may
be described in terms of its angular position relative to an equilibrium via

two first order differential equations, or, alternatively, the dynamics may be
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described in translational coordinates via differential equations along with
an algebraic equation describing the restriction of the end of the pendulum
to the unit circle. Furthermore, it may take a significant amount of effort to
manipulate a model described by DAEs into one described by ODEs, and,
while doing so may result in a simpler model, if the algebraic constraints are
completely disregarded this can result in a loss of information as the algebraic
equations may describe physical structure or quantities of interest. For exam-
ple, consider two systems described by ODEs. The interconnection of these
systems can be described by the inclusion of an algebraic constraint which
restricts the input of one system to be equal to the output of the other, and
it may be that retaining knowledge of how the systems are interconnected is
important.

When studying dynamical systems, models of high complexity arise natu-
rally for a number of reasons, for example, due to the modelling of large-scale
network systems (such as power distribution networks, see e.g. [140], [145],
[69], ]40]), due to the need for high precision models (such as when per-
forming spatial discretization of partial differential equations describing fluid
dynamics or flexible structures, see e.g. [146], [139]), or due to the use of
automated modelling and analysis software (such as modelling methods used
for physical verification of very large scale integration circuits, see e.g. [72],
[141], [110]). Complexity of a model typically appears in the form of the
model having high dimension, i.e. requiring many state variables and equa-

tions to model the behaviour of the system accurately, and in the form of
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the model having nonlinear equations when a linearized description of the
system does not adequately model the system’s dynamic behaviour.

Analysis and simulation of high complexity mathematical models is often
difficult and costly, typically requiring significant amounts of time and com-
putational resources. It may be difficult to ascertain important properties
of such systems. Furthermore, when applied to models of high complexity,
some methods of control system design may result in a controller of propor-
tionately high, or worse, complexity, which is difficult and costly to design
and implement, e.g. state feedback and observer design which scale with
dimension, model predictive control in which the future behaviour of the
model must be calculated in real time, adaptive controllers which may need
to estimate many system parameters while also constructing a control input.

Given a model of high complexity, the aim of model reduction is to make
analysis, design, and simulation for the system feasible by constructing a
simplified model which approximates the behaviour of the high complexity
model. The dimension of a system yields a quantifiable measure of a system’s
complexity, hence often the considered approach is that of model order re-
duction, where a reduced order model, one of lower dimension, is constructed
to approximate a model of higher dimension’s behaviour.

A number of approaches to accomplish model order reduction of dynam-
ical systems have been developed. Some approaches, such as balanced trun-
cation, seek to construct an approximate model by disregarding states which

have relatively little influence on the input/output behaviour of the higher-
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dimensional model. This may require intimate knowledge of a system’s in-
ternal model. Other approaches are based on the notion of interpolation,
such as moment matching, in that the reduced order model faithfully repro-
duces the input/output behaviour of the higher-dimensional model subject
to specific operating conditions and stability properties. Due to their ability
to reproduce the system behaviour exactly under particular scenarios, inter-
polatory methods are also strong candidates for data-driven system identifi-
cation tools, as it might be possible to collect the input/output behaviour to
be reproduced from experiments.

The Loewner framework provides another toolset for the interpolation,
and model order reduction, of LTT DAEs. This thesis is concerned with, in
particular, the Loewner framework, and the development of an enhancement
of the framework to general systems of nonlinear DAEs. The objectives of

this thesis are therefore as follows.

e The development of an interpolation and model order reduction frame-
work capable of treating general nonlinear systems of DAEs. This is
accomplished by enhancing, for nonlinear systems, the objects in the

Loewner framework for LTI systems.

e Given nonlinear enhancements of the tangential interpolation data and
the Loewner objects, determine a nonlinear DAE model which inter-
polates these objects. This is accomplished by directly constructing a

model using the given objects.
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e The construction of parameterized families of systems which interpo-
late the tangential data and Loewner objects. This allows equiping
an interpolant with additional desired properties, and also allows con-
structing interpolants in the absence of any strict conditions on the
Loewner objects. This is accomplished, first, by inclusion of a feedfor-
ward term as a free design parameter in the aforementioned interpolant,
and, then, by dynamically extending the aforementioned interpolant to
parameterize all nonlinear systems which interpolate the objects under

mild conditions.

While a data-driven approach has not yet been completed, the results of this
thesis set the stage for a powerful data-driven interpolation and model order
reduction framework that is capable of treating general systems of nonlinear
DAEs by faithfully reproducing nonlinear system behaviours under specific

operating conditions.

1.2 Model Reduction of Dynamical Systems

Given a high-dimensional mathematical model of a system, the primary goal
of model order reduction is to determine a lower-dimensional model which ap-
proximates the higher-dimensional system. The system of lower-dimension,
referred to as the reduced order model, typically approximates the original
system by preserving some of the properties that the original system pos-

sesses, such as stability or the steady-state response to particular signals,
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by neglecting parts of the system which are relatively uninfluenced by the
input signal and have relatively little influence on the output signal, or by
minimizing the approximation error (in some sense to be specified) of the
reduced order model relative to the original system.

A variety of approaches to accomplish model order reduction have been
developed. Broadly speaking, such methods are typically categorized as ei-
ther being based upon the singular value decomposition (SVD), or being
based upon the concept of Krylov projectors and moment matching [5].

SVD-based methods used to accomplish model order reduction typically
yield error bounds and allow for the preservation of stability and structural
properties. The approach of balanced truncation hinges upon transforming a
system into a balanced representation in which two positive definite matrices
of interest are made to be diagonal and equal, see e.g. [99], [97], [37], [53],
[101], |90]. Classically, the controllabilty and observability Gramians have
been used in the Lyapunov balancing approach [5], [67]. In the balanced
representation it follows that states which take a large amount of input energy
to control also contribute little energy to the output and vice versa, hence
these states are appropriate choices to truncate when reducing the order
of the system. Other positive definite matrices have also been considered
for use in balanced truncation, see e.g. stochastic balancing [63], [62], [24],
and others [50], [102], |148], [147], [32]. Balancing has been extended to
nonlinear systems, see e.g. [122], [123], [61], [70], [71], [46], [26], to time-

varying systems, see e.g. [142], [89], [113], [91], and to linear DAEs, see e.g.
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[107], [138], [73], [41], [68], [25]. The approach of Hankel-norm approximation

involves determining an approximant such that the associated error system is

optimal in the Hankel-norm , , , , , . The Hankel-norm
approximation approach has been developed for nonlinear systems, see e.g.
[42], [43], [44], [45], for time-varying systems, see e.g. [35], and for linear
DAEs, see .

Model reduction by moment matching is an approach in which, for linear
systems, a reduced order model matches the transfer matrix, and some of its
derivatives, for a higher-dimension model at particular points in the complex
, . Given a state-space model for the higher-dimensional system, the
problem of determining a moment matching model can be solved iteratively
and in a numerically efficient manner , . Following the development of
a time-domain interpretation of moments in [13], the approach of moment
matching has been enhanced for many classes of nonlinear systems, see e.g.
[13], [14], [21), [120], [77], [116], [115], [105], [121]. The moment matching
approach has also been developed for linear DAESs, see e.g. , , ,
1124].

Some model order reduction methods have been enhanced for special

classes of nonlinear DAESs, see e.g. bilinear systems [9], [22], [3], [36], [57],

, and quadratic bilinear systems , , , , and for models of
circuits |137], . Relatively few model order reduction methods have been

developed for more general families of nonlinear DAEs. A method based on
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balanced truncation has been developed for semi-explicit nonlinear DAEs in
[136]. Model reduction by moment matching has been developed for nonlin-
ear DAEs in [118]. A technique for model reduction of nonlinear DAEs has
also been developed using a piecewise-linear approximation method, see e.g.

[143), [144), [27].

1.3 The Loewner Framework

The objective of the rational interpolation problem for LTI systems is to
construct an internal or external description of a system the transfer matrix
of which is consistent with finite sets of tangential data in the complex plane,
and the generalized realization problem for LTI systems entails the construc-
tion of a minimal state-space model of a system given the transfer matrix of
the system [17], [5]. The generalized realization problem is closely related to
the partial realization problem [81], [60], [29], [19]. The Loewner framework
was developed as a toolset used for the solution of the rational interpolation
problem and the generalized realization problem for LTT DAEs, see e.g. [4],
[47], [94], [10], [83]. The framework provides another approach to accom-
plish model order reduction via the interpolation, by a lower-dimensional
realization, of tangential data obtained from a higher-dimensional system.
The core object of the Loewner framework is the Loewner matrix, a
divided-difference matrix constructed from two sets of points in the com-

plex plane: the right tangential data and the left tangential data. The sets
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of tangential data are obtained by sampling, along particular directions, a
rational matrix function evaluated at particular points in the complex plane.
The Loewner matrix is related to the Hankel matrix [39], [20], and has been
used to solve rational interpolation problems, see e.g. [6], [7], [8]. The
Loewner matrix has a fine structure that allows its factorization into the
tangential generalized controllability and observability matrices. Once ob-
tained, the tangential generalized controllability and observability matrices
can be used to construct LTT descriptor system realizations interpolating the
sets of tangential data [94], [10].

The Loewner framework has been enhanced, for LTI systems, to solve
the generalized realization problem with an internal delay in [125]. A post-
processing procedure to obtain stable approximate models is proposed in
[56]. The Loewner framework has been used for model reduction of pa-
rameterized linear systems in [79]. In [106] a data-driven model reduction
approach using the Loewner framework is given for linear systems, in which
frequency-response data are inferred from trajectories of the input and output
signals. An approach preserving the original DAE structure in the reduced
order model is given in [59], [11]. As a result of the interpretation of mo-
ments in the time-domain [14], it has been shown in [124] that the Loewner
framework for LTT systems can be viewed as a special case of a two-sided
moment-matching procedure [75].

Classically, the Loewner framework for linear systems has been inter-

preted in the context of interpolating sets of data in the Laplace domain,
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and the Loewner framework of [94] has been enhanced for some classes of
nonlinear systems using a generalized transfer function (Laplace domain)
approach, in which interpolation is accomplished using the kernels of a trun-
cated Volterra series expansion, see e.g. results for bilinear systems [9], [82],
quadratic-bilinear systems [54], linear switched systems [55], and bilinear
time-delay systems [57]. The proposed proceedure has the benefit that it can
be made data-driven by sampling the generalized transfer matrices, however
the nonlinearities that the enhanced framework is applied to are limited, so
when working with state-space models the representation may need to be
significantly manipulated into an appropriate form using a procedure such
as the Carleman linearization approach [111]. The approach has also been
used to enhance the framework to linear parameter-varying systems in [58].

A similar approach has been pursued in [93].

1.4 Thesis Organization and Contributions

The organization and primary contributions of the thesis are as follows. In
Chapter [, notation and background material regarding systems of differential-
algebraic equations, nonlinear systems, and the Loewner framework for in-
terpolation and model order reduction, are reviewed. In Chapter [3| an
interconnection-based interpretation of the Loewner framework for linear
time-invariant differential-algebraic systems is developed. Classically, impor-

tant objects in the Loewner framework have been interpreted in the Laplace
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domain, however the interpretation developed herein does not require any
frequency domain notions. In Chapter [4] the interconnection-based interpre-
tation of the previous chapter is used to enhance the Loewner framework
to nonlinear systems of ordinary differential equations. In Chapter 5 the
interconnection-based interpretation is used to enhance the Loewner frame-
work to a general family of nonlinear differential-algebraic systems, and a
family of interpolants parameterized by a feedforward term is constructed.
In Chapter [6] the construction of interpolants is considered for the scenario
in which the presented family of interpolants from the previous chapter yields
an underdetermined system. In Chapter [7] the construction of interpolants
is considered in the most general scenario, a dynamic extension approach
to interpolant construction is given, and it is shown that a resulting family
of dynamically extended interpolants parameterizes all interpolants of suffi-
ciently large dimension matching the tangential data mappings. In Chap-
ter [8) the use of simplified behaviourally equivalent representations for ob-
taining the Loewner functions is considered for a class of semi-explicit nonlin-
ear differential-algebraic systems with the goal of selecting a representation
having less stringent conditions guaranteeing existence of solution to par-
tial differential equations. In Chapter [0, a summary of the contributions
in this thesis is stated and some important directions for further research
are given. In Appendix [A] it is shown that real-valued interpolants can be
constructed in the Loewner framework as long as the auxiliary systems and

the system generating the tangential data mappings are obtained from coor-
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dinates transformations of real-valued systems. In Appendix [B] it is shown
that the existence of a unique solution in the class of analytic functions can
be guaranteed for a class of partial differential-algebraic equations by using

a generalized non-resonance condition.

1.5 Publications

The interconnection-based interpretation of the Loewner framework for lin-
ear time-invariant systems, given in Chapter [3| is based on the conference
paper [126]. The enhancement of the Loewner framework for nonlinear sys-
tems of ordinary differential equations, given in Chapter [4, is based on the
conference paper [15] and the journal publication [130]. The enhancement
of the Loewner framework for nonlinear differential-algebraic systems and
the family of interpolants parameterized by a feedforward mapping, given in
Chapter , are based upon the conference paper [129]. The regularization ap-
proach for underdetermined interpolants, given in Chapter [6] is based upon
the conference paper [133]. The dynamic extension approach for construction
of interpolants and the parameterization of all interpolants of sufficiently high
dimension, given in Chapter [7] is developed in the journal submission [132].
The investigation of behaviourally equivalent representations of systems in
the Loewner framework, given in Chapter [§] is based upon the conference
paper [131].

The enhancement of the Loewner framework for linear time-varying sys-
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tems, developed in [127], is omitted from this thesis. Results pertaining to
online estimation of the Loewner matrices in [126] and [128] are also omitted.

Further research based on the results of this thesis, including the parame-
terization of all nonlinear DAE moment matching interpolants, the construc-
tion of interpolants in the Loewner framework with second-order structure,
and an enhancement of the Loewner framework to linear port-Hamiltonian

systems, are developed in the conference submissions [135], [134], and [98].
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Chapter 2

Preliminaries

In order to lay a foundation for results in the following chapters of the the-
sis, preliminary definitions and results regarding the analysis of differential-
algebraic systems and the Loewner framework for interpolation and model
reduction are reviewed in this chapter.

The structure of this chapter is as follows. In Section frequently used
notation is introduced. In Section regular matrix pencils and general-
ized Sylvester equations are reviewed. In Section systems of differential-
algebraic equations are discussed, and basic system properties, such as reg-
ularity, controllability, and observability, are reviewed. In Section the
centre manifold theory and Hadamard’s lemma are reviewed. Finally, in

Section existing results related to the Loewner framework are discussed.
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2.1 Notation

Standard mathematical notation is used throughout the thesis. This is briefly
reviewed in what follows for the reader’s benefit.

The union and intersection of two sets S and U are denoted by S U U
and S N U, respectively. The empty set is denoted by @). The set of natural
numbers is denoted by N. The fields of real numbers and complex numbers
are denoted by R and C, respectively. The set of complex numbers having
zero real part is denoted by Cy, and the set of complex numbers having
negative real part is denoted by C~. The set of vectors having n rows, with
entries belonging to a field IF, is denoted by F”. The set of matrices having n
rows and m columns, with entries belonging to a field I, is denoted by F"*™.

Consider a matrix A € F**™. The transpose of A is denoted by A", and
the complex conjugate transpose of A is denoted by A*. The column vector
with the i-th entry equal to 1 and all other entries equal to zero is denoted by
e;. The entry in the i-th row and j-th column of the matrix A, i.e. e, Ae;,
is denoted by A;;. For a square matrix A € F"*", the determinant of A
is denoted by det(A), and the spectrum, or the set of eigenvalues, of A is
denoted by o(A). The matrix B € F**™ such that B;; = b, € F and B, ; =0
if i # j is denoted by diag[by, ..., b,]. The 2-norm of a vector, or the
induced 2-norm of a matrix, A is denoted by ||Al],.

The set of functions f(-) for which the first k& derivatives f'(-), f”(-), ...,

f®)(.) exist and are continuous is denoted by C*. For two functions f(-)
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and ¢(+) having compatible domain and range, respectively, the composition

f(g(+)) is denoted by f o g. The Jacobian of a function f(-) is denoted by

%, and the Jacobian of f(-) evaluated at Z is denoted by (% o i’)

2.2 Regular Matrix Pencils and Generalized
Sylvester Equations

Consider, for a pair of square matrices (A, E), the generalized eigenvalue

problem [33]
Av=ABo, NeC, [l £0, 2.1)

where the spectrum of the matrix pencil AE — A, the set containing all A € C
such that det(AE — A) = 0, is denoted by o(A, E). The problem can also be

stated in the form
VAv=aBu, 7a€C, (yZO)V(@#0), lbl,=1 (22

with the advantage that the roles of A and E are the same in (2.2)). This al-
lows defining the notion of an eigenvalue at infinity, A = oo, for the eigenvalue

problem ([2.1f). Particularly, defining the equivalence relation for quotients

(avly) = (&ﬂ) — a6_76:07
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the spectrum of the pencil aF — «vA is given by the equivalence classes of
pairs (a, v) satisfying det(aE —yA) = 0. When (a,7), v # 0, satisfies (2.2),
it follows that A = a/ satisfies the generalized eigenvalue problem and
A = a/vy € 0(A, E). Otherwise, when («,0) satisfies (2.2)), it is said that the
matrix pencil (A, E') has an eigenvalue at A\ = oc.

The following definition of regularity for matrix pairs, given in [34], is
required to guarantee the existence and uniqueness of solutions for gener-
alized Sylvester equations. This is also important in the theory of linear

differential-algebraic equations.

Definition 1. Given two matrices E € C"™ and A € C"™", the pencil
(A, E) is called regular if there exists a constant scalar X € C such that
det(\E — A) # 0.

The generalized Sylvester equation, a matrix equation of the form

AXB—CXD = E, (2.3)

with A € R, C e R™", B e R™™ D e R™™ X € R™™ and FE €
R™ ™ is encountered frequently in the study of linear descriptor systems.
Recall that there exists a unique solution, X € R to the generalized
Sylvester equation if, and only if, the matrix pencil A — AC' is regular,
the matrix pencil D — AB is regular, and (A, C)No(D, B) = 0 [33], [38].
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2.3 Differential-Algebraic Systems of Equa-
tions

The most general form of systems of DAEs is given by

F(t,z,z,u) =0, (2.4)

G(t,z,y,u) =0, (2.5)

with state z(t) € R", input u(t) € R™, output y(¢t) € RP, and continuous
mappings F' : Z xD, x Dy xD,, = R?and G : T x D, x D, xD,, — RP, where
D, CR", D; CR", D, C R?, and D, C R™ are open, and Z = [to,tf] C R.
The state z : Z — R™ is a continuously differentiable mapping, and z(-)
denotes the derivative of x(-) with respect to t € Z. In the absence of
additional assumptions or structure, the analysis of general systems taking
the form — is a challenging problem involving further issues of well-
posedness and consistency that systems of ODEs do not suffer from. The

following definitions are taken from [95].

Definition 2 ([95]). A function x : Z — R" is called a solution of the system

[2.4) if z € C' and z satisfies (2.4) pointwise for a given input function wu.
It is called a solution of the initial value problem consisting of (2.4) and

x(tg) = mo, (2.6)
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if x 1s a solution of (2.4) and satisfies (2.6). An initial condition (2.6)) is

called consistent if the corresponding initial value problem has at least one

solution.

Generalized notions of solution, including discontinuous and impulsive be-
haviour, are considered using the theory of distributions [34]. It is also im-
portant to consider if the system — is solvable for every input and
initial condition consistent with the input, as a recurring theme in interpo-
lation and model order reduction of dynamical systems is the approximation

of a system output signal when particular input signals are considered.

Definition 3 ([95]). A system of DAFEs is called consistent if there
exists an input function u for which the system has a solution x. It is
called regular (locally with respect to a given pair (z,u) satisfying (2.4)) if
it has a unique solution for every sufficiently smooth input function u in a
neighbourhood of u and every initial value in a neighbourhood of Z(ty) that is

consistent for the system with the input function u.

Issues regarding solvability, consistency, and regularity for nonlinear sys-
tems of the form ({2.4)-(2.5)) are technically complex, see e.g. [86], [87], [88].
Linear time-invariant (LTI) systems of DAEs have been the subject of great

interest in the last several decades. In the LTI setting, systems of DAEs are
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described by equations of the form

FEi(t) = Az(t) + Bu(t), z(0) = x, (2.7)

y(t) = Cx(t) + Du(t), (2.8)

where z(t) € R™ is the state (or pseudostate), u(t) € R™ is the input,
y(t) € R? is the output, and the initial condition x, is “admissible” for the
given system and input signal, i.e. for a sufficiently smooth input u(-), the
system (2.7)-(2.8) with initial condition zy has a differentiable solution z(-).
Note that the matrix F is not full rank in general, hence the system —
(2.8]) cannot be put into a standard state-space form, and has to be described
by both differential equations and algebraic constraints.

For DAEs of the form —, regularity is a global property and relies
on the notion of regularity of the matrix pair (A, £). Indeed, regularity of the
matrix pair (A, E) ensures the existence of a unique solution to the system
([2.7)-(2-8) for any sufficiently differentiable input u(-) and admissible initial
condition xy. Hence, the system - is called regular if the associated
matrix pair (4, F) is regular.

Using the Laplace transform, the system — can be interpreted in

the Laplace domain as

(sE— A)X(s) = Exq+ BU(s),

Y(s) =CX(s)+ DU(s),
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and if the system is regular, then one can obtain the transfer function de-

scription
Y(s)=(C(sE—A)"'B+D)U(s) + C(sE — A)"' Exy. (2.9)

The pencil sE— A is called asymptotically stable if all of the finite eigenvalues
in 0(A, E) belong to C~, in which case, for u(t) = 0, the solutions of the

system tend to zero.

2.3.1 Equivalence and Canonical Forms

Consider two differential-algebraic systems of the form ({2.7))-(2.8)), that is

Ei(t) = Az(t) + Bu(t),

y(t) = Ca(t) + Duft),
and

E%(t) = A% (t) + Bu(t),

y(t) = C(t) + Da(t),

denoted by X and i respectively. Then the systems 3 and 3 are called

restricted system equivalent (RSE) if there exist nonsingular matrices P, Q) €
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C™*™ guch that

E=PEQ, A=PAQ, C(C=CQ, D=D.

If ¥ and ¥ are RSE, then z(ty) = Q%(t), and u(t) = (t) for all t > to,
imply that the states of ¥ and ¥ are related by z(t) = QZ(t) for all ¢ > t.
Note finally that if two systems are RSE then the systems have the same
transfer function, although the converse does not necessarily hold.

Analytic solutions for the initial value problem associated to a DAE may
be given in terms of the representation — using the Drazin inverse,
see e.g. |88]. Alternatively, one can consider some commonly encountered
canonical forms.

Every regular system of the form - is RSE to a system in the
Weierstrass canonical form. That is, every regular system can be transformed

into an equivalent representation given by the equations

#1(t) = Ay (t) + Byu(t), yi(t) = Cra (8), (2.10)
Nig(t) = 22(t) + Bou(t), ya(t) = Caa(t), (2.11)
y(t) = yi(t) +ya(t) + Du(t), N*=0, Nt1#0,

with states z1(t) € R™ and x5(t) € R™ such that ny + ny = n, matrices
Ay e Rmxm o N e R™2*"2 B € Rm*™ By, € R=2*™ () € RP>*™ (5 €

RP*"2 and with k£ € N the index of nilpotency of the matrix N. The system
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given by ([2.10)) is typically referred to as the slow subsystem, and the system
given by ([2.11]) is typically referred to as the fast subsystem. The system in

Weierstrass canonical form has the closed-form solution

and it can be seen that, because the first k—1 time derivatives of u(-) appear
in z5(+), the state associated to a system of differential-algebraic equations
may be discontinuous, or impulsive, if the input is not sufficiently smooth.
Let ¢ := rank(F). Another canonical form is obtained by noting that there
exist nonsingular matrices () and P such that QEP = diag(l,,0), hence
the system — is RSE to a representation, often referred to as semi-

explicit, given by the equations

fUl (t) = Allml(t) + Algﬁg(t) + Blu(t),
0= A21$1(t> -+ AQQCCQ(t) -+ BQU(t)7

y(t) = Craq(t) + Coxa(t) + Du(t),

with states x1(f) € R? and z5(t) € R"9. If the matrix Ay is nonsingular
then the system can be simplified to a set of ODEs having the usual closed-

form solution.
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2.3.2 Controllability, Observability, and Minimality

There are multiple notions of controllability for linear systems of DAEs, in-
cluding C-controllability, R-controllability, and impulse controllability [34].
C-controllability corresponds to controllability of both the fast and slow sub-
systems and , while R-controllability corresponds only to con-
trollability of the slow subsystem . Impulse controllability characterizes
the ability to generate impulses using admissible control signals, and is im-
portant for eliminating discontinuous behaviour that may be detrimental to
a system. In what follows, the discussion of controllability is restricted to

C-controllability, which is a necessary condition for the representation ([2.7))-

(2.8) to be minimal.

Definition 4. The system (2.7)-(2.8)) is called controllable (or C-controllable)
if, for any t; > 0, x(0) € R™, and w € R"™, there exists a control input

u(t) € C*1 such that z(t,) = w.

C-controllability of a DAE can be verified using a condition similar to that

of the PBH test for controllability of ODEs.

Theorem 1. The system (2.7)-(2.8)) is controllable if, and only if,

mnk{sE_A B} =n, Vs e C,
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and

rank [E B} =n.

Similarly, there are multiple notions of observability for differential-algebraic
systems, including C-observability, R-observability, and impulse observabil-
ity. C-observability corresponds to observability of both the fast and the slow
subsystems and , while R-observability corresponds only to ob-
servability of the slow subsystem . Impulse observability characterizes
the ability to determine impulsive behaviour in the state using impulsive be-
haviour of the output signal and discontinuous behaviour in the input signal.

The definition of C-observability is given as follows.

Definition 5. The system (2.7))-(2.8)) is observable (or C-observable) if the

initial condition x(0) may be uniquely determined by u(t), y(t), 0 <t < oo.

C-observability of a DAE can be verified using a condition similar to that of

the PBH test for observability of ODEs.

Theorem 2. The system (2.7)-(2.8) is observable if, and only if,
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and

rank =n.

C

The transfer function ([2.9) of a DAE depends only on the C-controllable and
C-observable parts of the system (2.7)-(2.8), so a system is minimal if, and

only if, it is both C-controllable and C-observable [34].

2.4 Some Tools for the Analysis of Nonlinear
Systems

To aid the analysis of nonlinear systems, some additional tools are required.
In particular, some key results regarding the centre manifold theory and

Hadamard’s lemma are reviewed in this section.

2.4.1 The Centre Manifold Theory

One approach to simplify the analysis of a nonlinear system of ODEs is to
consider the behaviour of the system when restricted to an invariant manifold.
The centre manifold theory is often used for this purpose, provided the system

satisfies some structural properties. The following definitions and theorems
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are recalled from [31]. Consider the system of ODEs given by

#(t) = N(z(t)), (2.12)

with state x(t) € R". A set S C R™ is said to be a local invariant manifold
for (2.12) if, for all zo € S, the solution z(¢) of (2.12), with z(0) = z, isin S
for all |t| < T, where T'> 0. If T' = oo, then it is said that S is an invariant
manifold.

In order to introduce the notion of centre manifold, consider the system

given by the equations

i(t) = Az(t) + f(x(t),y(1)), (2.13)

i(t) = By(t) + g(x(t), y(t)), (2.14)

with states z(t) € R" and y(t) € R™, matrices A and B such that o(A) C Cy
and o(B) C C~, and functions f(-) and g(-) belonging to C? and such that
f(0,0) =0, f'(0,0) = 0, g(0,0) = 0, and ¢'(0,0) = 0.

2

With some abuse of terminology, “the manifold y = h(z)” refers to the
manifold given by the set S = {(z",y")" € R™™ :y = h(x)}. In general, if
y = h(z) is a (local) invariant manifold for (2.13)-(2.14) and h(-) is smooth,
then y = h(z) is called a (local) centre manifold if h(0) = 0 and A/(0) =
0. The system of equations — restricted to the centre manifold

describes, locally, the asymptotic behaviour of solutions of the unrestricted
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system modulo the effects of exponentially decaying transient terms.

Theorem 3 (|31]). There exists a centre manifold for (2.13)-(2.14), vy =
h(x), |z| < &, where h(-) is C*.

As a consequence of Theorem [3] it follows that under the same conditions
ensuring existence of the centre manifold for the system ([2.13])-(2.14)), one
can also ensure the existence of a mapping h € C? satisfying, locally, the

partial differential equation, with boundary condition, of the form

Oh

o= (A2 + f (2. h(2) ) = Bh(x) + g (v, h()).

h(0) =0, R'(0)=0. (2.15)
The flow on the centre manifold is governed by the system

u(t) = Au(t) + f(u(t), h(u(t))), (2.16)

with state u(t) € R™, and the asymptotic behaviour of “small” solutions

of (2.13)-(2.14]) are determined by the system (12.16]), as shown in the following

theorem.

Theorem 4 ([31]). Suppose that the zero solution of (2.16) is stable (asymp-
totically stable, unstable). Then the zero solution of (2.13))-(2.14) is stable

(asymptotically stable, unstable). Furthermore, suppose that the zero solu-

tion of (2.16)) is stable. Let (x(t),y(t)) be a solution of (2.13)-(2.14]) with
(2(0),y(0)) sufficiently small. Then there exists a solution u(-) of (2.16)) and
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constants v € R, ¢, € R", and ¢, € R™, such that as t — oo,

() — u(®)]| < cae™,

ly(®) = A(u®) || < eye™,

where v > 0.

If the zero solution of the system (2.16)) is stable, then it follows, by Theo-

rem [} that the invariant manifold y = h(z) is locally attractive.
Determining an explicit closed-form solution to the PDE (2.15) is equiv-

alent to solving —, which is impossible in general. Despite this, it

is possible to approximate the centre manifold to any degree of accuracy.
Theorem 5 ([31]). Let ¢ : R® — R™ be a C' mapping in a neighbourhood

of the origin with p(0) =0 and ¢'(0) = 0. Define an operator

(M)(x) = 92 (Ar + 1 (a,9(2)) — Bel) — g, o(a).

and note that (Mh)(z) = 0. Suppose thafl] as x — 0, |(My)(x)| = O (|z]9)
where ¢ > 1. Then as v — 0, |h(z) — (x)| = O (|z]7).

Theorem 5| suggests that one can define a series of functions which converge

to the formal solution of the PDE (2.15)) in a neighbourhood of the origin.

!The statement |f(z)| = O (-) is the big O notation denoting the limiting behaviour of
the function f(-).
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2.4.2 Hadamard’s Lemma

Hadamard’s lemma can be used to provide convenient representations for

smooth nonlinear mappings. The lemma is stated as follows [100].

Lemma 1 ([100]). Let f : U — R be a smooth function defined on a starlike
neighbourhood U of a point z in an n dimensional Euclidean space. Then

f() can be expressed, for all x € U, in the form

flz) = f(z) + Z(xz — 21)gi(z),

where each g;(-) is a smooth function on U, z = (z1,...,2,), and x =

($1, ce ,Zlﬁ'n).

2.5 The Loewner Framework

In the paper [94] the authors have provided a toolset, known as the Loewner
framework, for the construction of generalized state-space representations

described by equations of the formP]

Ei(t) = Az(t) + Bu(t), (2.17)

y(t) = Cz(t) + Du(t), (2.18)

2Signals consisting, pointwise in time, of vectors having entries in the field of complex
numbers, C, are considered for ease of presentation. Matrices having complex entries are
assumed to be obtained from a linear coordinates transformation of corresponding objects
having entries belonging to the field of real numbers, R. A discussion addressing why this
assumption is not restrictive can be found in Appendix E}
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having state z(t) € C", input u(t) € C™, and output y(¢) € CP, and matrices
EeCv» AeCv BeC™nr (e CP and D € CP*™ that are con-
sistent with sets of so-called tangential interpolation data, i.e. matrix data
obtained by sampling the system’s associated transfer function directionally.
The situation in which the tangential interpolation data is generated by sam-
pling an underlying system of the form - is also considered. The
following assumptions ensure that the constructed interpolant, or the un-
derlying system to be interpolated, is well-posed, by which it is meant that

solutions exist and are unique for sufficiently smooth inputs.

Assumption 1 (Regularity). The system of equations (2.17)-(2.18) is a reg-

ular realization, i.e. the determinant of the matriz pencil sE — A is not

tdentically zero.

In the Loewner framework for linear time-invariant systems the notion
of tangential data for interpolation is based on sampling the transfer matrix
of a system, i.e. tangential data are related to the input-output response of
the system and does not rely on a particular system representation. Hence,
for simplicity when considering generalized state-space models, the following

assumption holds.

Assumption 2 (Minimality). The system of equations (2.17)-(2.18)) is a

minimal realization, i.e. the triple (E, A, B) is controllable, and the triple

(E,C, A) is observable.
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2.5.1 The Tangential Interpolation Problem

The notion of tangential data is required in order to pose the interpola-
tion problem within the Loewner framework. Tangential data consist of two
disjoint sets of data: the right tangential interpolation data, and the left
tangential interpolation data. The right tangential interpolation data are

represented by the set

{iyriywy) | i €C,r e C™, w; € CPLi=1,...,p}, (2.19)
and the left tangential interpolation data are represented by the set

{(uj. lj,0;) | p; €C, £ €CP vl €C™, j=1,...,v}. (2.20)

In what follows, the right tangential data are represented, equivalently, in

matrix form as

A:diag[)\l, e )\p] e Crr,
R: |i7"1 T'p:| E(mepa
thlmzqewﬁ
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and the left tangential data are represented in matrix form as

M:diag[ul, o ,uv} e C",
L= [z’; é;TeC”“’,

V:[vf vjj] e crm.

The following assumption ensures the existence and uniqueness of solution

to a number of generalized Sylvester equations encountered in the thesis.

Assumption 3 (Disjoint Spectra). The matriz pencils sE— A, s — A, and

sl — M have no common generalized eigenvalues, i.e.
o AM)nNo(AE)=0, o(A,E)No(M)=0, o(A)na(M)=70.

When considering tangential data generated by an underlying system of the
form (2.17))-(2.18]), the following assumption ensures that the data is sampled

from every input and output channel at least once.

Assumption 4. The matriz R has full row rank and the matriz L has full

column rank.

As a result of Assumption [4] the cardinality of the right tangential interpo-

lation data set (2.19)) is greater than or equal to the number of inputs of the

system (2.17))-(2.18]), i.e. p > m, and the cardinality of the left tangential in-
terpolation data set (2.20]) is greater than or equal to the number of outputs
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of the system (2.17))-(2.18]), i.e. v > p.
Given the sets of tangential data (2.19)-(2.20]) the goal of the generalized

realization problem is to determine a differential-algebraic realization of the

form (2.17)-(2.18)) such that the corresponding rational transfer matrix

H(s)=C(sE—A)'B+D, det(sE—A)#0V sea(A)Na(M),

interpolates the right and left tangential data. That is, H(s) satisfies the

right tangential interpolation conditions

H(/\l)Tl = w;, 1= 1,...,p,

and the left tangential interpolation conditions

KJH(,LL]) = vy, j = 1, .., .

2.5.2 Objects in the Loewner Framework

The primary tools used to accomplish the interpolation objective in the
Loewner framework are the Loewner matrix, IL, and the shifted Loewner ma-

trix, olL, which are defined in terms of the tangential data (2.19) and ([2.20)),

entry-wise, as

O']L- o ijjri — )\Z@wz
fj—Ai " i — A

Ujri — iji

Lj; =
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or

V11 — €1w1 . Ulrg — glwg
1 — Ai 1 — Ap
L= : : : ,
v —bw, Wl — Lw,
My — /\1 Hoy — )\p
and
pvirs — ANibiwy  pavir, — Aphw,
pi— A 1 — Ay
ol = L 7
LoUuTt — Mibywi Uy — Aplyw,
My — )‘1 Hy — )\p

respectively. It is easy to see that if the rational transfer matrix H(s) gener-
ates the data, then the shifted Loewner matrix is exactly the Loewner matrix
associated to the transfer matrix sH(s). In addition, the Loewner matrix is

the unique solution, by Assumption [3| of the Sylvester equation

LA — ML = LW — VR, (2.21)

and the shifted Loewner matrix is the unique solution, by Assumption [3| of

the Sylvester equation

oLA — MoL = LWA — MVR. (2.22)
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Furthermore, these matrices satisfy the relationshipsﬂ

oL—LA=VR, oL—ML=LW, (2.23)

which are important relationships to preserve when enhancing the Loewner
framework to more complicated classes of systems.

When considering the situation in which the tangential data is generated
by an underlying system of the form —, the Loewner and shifted
Loewner matrices can be decomposed into matrices with a system theoretic
interpretation. Consider the tangential generalized controllability matrix,

X € C"*? defined as

X = ()\1E — A)_IBT1 . ()\pE — A)_IBTP )

and the tangential generalized observability matrix, Y € C"*", defined as

0O E — A)~

0,C(u, B — A)~!

3This can be seen by noting that ¢ = LA + VR = ML + LW uniquely solves the
Sylvester equation ([2.22)).
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These matrices are the unique solutions, by Assumption [3} of the generalized

Sylvester equations

EXA = AX + BR, (2.24)

and

YA=MYE - LC, (2.25)

respectively. The tangential data can thus be represented as

W=CX+DR, V=YB+LD, (2.26)

and it follows, again by uniqueness of solution to the Sylvester equations (2.21))

and ([2.22), that

L=-YEX, oL =-YAX + LDR. (2.27)

In order to construct an interpolant of the data it is sufficient to know the
matrices I, oL, W, and V. However since by assumption, R has full row

rank and L has full column rank, by (2.26]) one needs only to be concerned

with determining I and oLL.
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2.5.3 Construction of Interpolants
Square Loewner Matrices

Following [94], if the number of right tangential interpolation points is equal
to the number of left tangential interpolation points, i.e. p = v, if the
Loewner matrices, I and olL, and the tangential data matrices, W and V', are
known, and if the matrix pencil sl — oL has full rank for all s € o(A)Uo (M),
then a system that interpolates the tangential data given by the sets

and (2.20]) can be given by the system of differential-algebraic equations

Lw(t) = oLw(t) — Vu,(t),

yr(t) = Ww(t),

with state w(t) € C?, input w,(t) € C™, and output y,(t) € CP, and if, in
addition, the Loewner matrix is nonsingular then the system is the unique
strictly proper interpolant of degree p and the implicit system can be rear-

ranged into the explicit system of ordinary differential equations

W(t) =L oLlw(t) — L™ 'Wu,(t), (2.28)

yr(t) = Ww(t). (2.29)

Note now that a feedforward term can be leveraged to provide a family of

differential-algebraic interpolants matching the tangential data. Consider the
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system given by the equations

La(t) = (oL — LDR)w(t) — (V — LD)u,(t), (2.30)

yr(t) = (W — DR)w(t) + Du,(t), (2.31)

with state w(t) € CP, input u,(t) € C™, and output y,.(t) € CF, and
where the matrix D € CP*™ is any matrix such that the matrix pencil
sl — (oL — LDR) is full rank for all s € o(A) U o(M). Then the sys-
tem (2.30)-(2-31)) interpolates the tangential data given by (A, R,W) and
(M, L,V). To see that this is true, for any D satisfying the regularity con-
dition consider the tangential generalized controllability and observability
matrices, X and Y, respectively, the Loewner and shifted Loewner matri-
ces, L and oL, respectively, and the tangential data matrices, W and V,
generated when the transfer function associated to the system -
is evaluated at the interpolation points given by A, R, and M, L. Then,
because (oL — LDR,L) No(A) = 0 and o(ocL — LDR,L)No(M) = 0, it
follows that X and Y are given as the unique solutions to the generalized

Sylvester equations

LXA = (oL — LDR)X — (V — LD)R,
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and

Y(oL — LDR) = MYL — L(W — DR),

respectively. Recalling (2.23)), it follows that X = I and Y = —I, hence

L=-YLX =L,

oL

~Y (oL — LDR)X + LDR = oL,

and

=

= (W -DR)X +DR=W,

<l
I

~Y(V—LD)+ LD =V.

Thus, the system ([2.30)-(2.31) interpolates the tangential data given by
(A, R,W) and (M, L,V) for any D such that the matrix pencil sL — (oL —
LDR) is full rank for all s € o(A) U a(M).

Wide Loewner Matrix With Full Rank

The authors of [94] also present a family of interpolants for the scenario in
which the Loewner matrix, . € C"*”, is wide and has full row rank, i.e.

v < p and rank(LL) = v. Let L# be any right inverse of L, that is LIL# = I,,.
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Then the system given by the equations

w(t) = (A+L#(V — LD)R)w(t) — L¥(V — LD)u,(t),  (2.32)

Yy (t) = (W — DR)w(t) + Du,(t), (2.33)

parameterizes, in D € CPX™, a family of proper interpolants matching the
tangential data (A, R, W) and (M, L, V) for any matrix D such that the ma-
trix A + L#(V — LD)R has no eigenvalues belonging to o(A) U o(M). This
can be seen by noting that, associated to the tangential interpolation points
given by the matrices (A, R, M, L), the system (2.32)-(2.33) has tangential
generalized controllability matrix X = I and tangential generalized observ-
ability matrix Y = —L, resulting in the tangential data matrices W = W
and V =V.

SVD Approach for More General Scenarios

The problem of finding an interpolant of dimension & < min{v, p} when
rank(L) = n < k (i.e. when the Loewner matrix contains redundant data) is

also considered in [94]. Suppose that for some x € o(A) U o(M) there exists
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a matrix D € CP*™ such that the condition

rank(zL — (oL — LDR)) = rank []L, ol — LER]

L

= rank

oL — LDR

— k, (2.34)
is satisfied, and the short singular value decomposition (SVD)
7L — (6L — LDR) = YYX,

is performed to construct matrices Y € C***, X € C***, and ¥ € C** with
Y nonsingular. Then an interpolant of the tangential data is given by the

equations

Y*LX*0(t) = Y* (oL — LDR)X*w(t) — Y*(V — LD)u,(t),

y:(t) = (W = DR)X"w(t) + D, (1),

with state w(t) € C*, input u,(t) € C™, and output v,(t) € CP, which is a
minimal realization of an interpolant. The rank condition is generically
satisfied as the amount of data increases, however there exist situations in
which an interpolant exists but the short SVD procedure does not yield

an interpolant. Furthermore, the authors of [94] have considered only the
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construction of state-space realizations of interpolants having dimension k <

min{v, p}.

Building Real Loewner Matrices, Recursive Interpolation, and Post-

Processing Methods

When the underlying system from which the tangential data matrices are col-
lected is real-valued, then it is important to construct an interpolant which
is also real-valued, in which case the matrices A, M, W, and V must con-
tain complex conjugate data. An approach to construct real-valued Loewner
objects when the interpolation frequencies are imaginary-valued and these
matrices don’t contain complex conjugate data is presented in [10], wherein
the tangential data matrices are extended by adding the necessary complex
conjugate interpolation points and performing a similarity transformation.
In particular, suppose the sets of right and left tangential data —
are given such that \; = jAE AF € R, r, € R™, for i = 1,...,p, and
My = j,uf, uf € R, KJT € RP, for j = 1,...,v. Then one can build the

real-valued block-diagonal matrices

0 \E 0 A\
AR = dlag ' y T g )
-0 A0

60



and

MP? = diag R

the real-valued matrices

[ Re(u]) | ]
—Im(vy) 0
Re(v, o
| —Im(v, ) | | 0
W = {Re(wl) Im(wy) Re(w,) Im(wp)] ;
RR = |:T’1 0 ... Tp O:| ’

and solve, for ¥ and oL®, the Sylvester equations

LEAR — MRLE = LEWE — VERE,
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and
oLEAR — MESLE = LEWEAR — MRVERE,

Then the real-valued objects RE, W& LB VE LE oLE can be used in
place of the objects R, W, L, V| L, olL, respectively, to build the real-valued
interpolants given in the previous sections.

The authors of [92] present an approach to build an interpolant recursively
by constructing an interpolant from multiple sets of right and left tangen-
tial data. In particular, consider the first set of right and left tangential
data, given by (Aq, Ry, W1) and (M, Ly, V1), respectively, with associated
Loewner matrix given by LL;, and consider the second set of right and left
tangential data, given by (Ag, Ry, W5) and (Ms, Lo, V3), respectively, with
associated Loewner matrix given by L. Then a rational transfer function

which interpolates both sets of right and left tangential data is given by

-1
sy —LiAy — VIR, — LW, Vi
H(s) = Wy Ws
Vo, slly — LoAy — Vo Ry Vo
Note that in the construction of this transfer function the Loewner matrices
IL; and L, must be square.
In [59] the authors present a post-processing approach to preserve the

DAE structure in an interpolant in the Loewner framework. This is accom-

plished by removing from the tangential data the contribution by the coef-
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ficients of the polynomial part of the underlying system’s transfer function,
constructing a modified interpolant associated to the new data, projecting
the modified interpolant to a lower dimension, and then adding polynomial
terms associated to the parts of the data that were initially removed. The
approach ensures that the resulting model preserves the polynomial terms of
the original transfer function while giving up exact matching of the tangential
data. Similarly, at the cost of giving up exact matching of the tangential data,
several post-processing methods to construct stable reduced order models in

the Loewner framework are presented in [56].

2.5.4 Enhancements of the Loewner Framework

Some notable enhancements of the Loewner framework have been developed

for more complicated families of systems than those given by the equations

(2.17)-(2.18]). These enhancements are briefly discussed in this section.

Linear Time Delay Systems

In [125] the authors consider the scenario in which the sets of tangential

interpolation data ([2.19))-(2.20), with p = v, are collected by sampling a

linear time-delay system of the form

Ei(t) = Ajz(t) + Asx(t — 7) + Bu(t), y(t) = Cz(t), (2.35)
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with state x(t) € C”, input u(t) € C™, output y(t) € CP, time-delay 7 > 0,

and transfer function
H(s)=C(sE— A — e_TsAg)_l B,

with det (sE, — A1, —e ™Ay ,) # 0 for all s € 0(A) Uo(M). Then the tan-
gential data is such that w; = H(\)r;, v; = (;H (), i = 1,..., p. Given the
underlying system ([2.35]), the tangential generalized controllability matrix is

defined as the unique solution to the generalized Sylvester equation
EXA= A X + A, Xe ™ + BR,

so that W = (CX, and the tangential generalized observability matrix is

defined as the unique solution to the generalized Sylvester equation
YA +e ™YA, = MYE - LC,

so that V =Y B. A family of systems which interpolate the tangential data

is given by

Ey(t) = (B,A — Ay e ™ = VR) w(t) + Ay jw(t — 7) + Vu,(t), (2.36)

yr(t) = Ww(t), (2.37)
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where F, € C?*? and Ay, € C’*” are any two matrices satisfying
E,N—ME,+e ™Ay, — Ay e ™ =VR— LW, (2.38)

such that sE, — (E,A — Ay ,e”™ — VR) — e ™A, , is nonsingular for all
s € o(A)Uco(M). The equation ([2.38) is solved only in terms of the tangential
data and the time-delay 7, hence the interpolant given by (2.36)-(2.37) can

be constructed solely in terms of the tangential data and the time-delay.

Bilinear, Quadratic Bilinear, Linear Switched, and LPV Systems

The Loewner framework has been enhanced for the treatment of bilinear
systems, [9], quadratic-bilinear systems [54], linear switched systems [55],
bilinear time-delay systems [57], and LPV systems [58], using a generalized
transfer function approach. Each enhancement utilizes the same underlying
idea, so, for the sake of brevity, the general approach is described here.
First, for the treated class of nonlinear systems the authors consider the
associated Volterra series, which is, in general, an infinite sum of multivari-

able convolution integrals of the form

y(t) = g/_c:/_: hi(Ti, .. com)u(t —m) . .ou(t —7)dm ... dr,

for single-input single-output (SISO) systems. Locally, the Volterra series
describes the input-output behaviour of a system, and the series is interpreted

as an enhancement, to nonlinear systems, of the convolution integral solution
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for linear systems.

Generalized transfer functions, which are evaluated for multituple fre-
quencies, are defined as the multivariable Laplace transforms of the Volterra

series kernels, i.e. generalized transfer functions are defined having the form

Hi(s1) := L{h1(t1)},

HQ(Sl, 82) = ﬁ{hQ(tl, tg)},

Hn(sh ceey Sn) = ,C{hn(tl, . ,tn)},

which have closed-form solutions for the considered classes of systems.
Considering the first 2p generalized transfer functions, generalized Loewner

matrices, L and olL, and tangential data matrices, W and V', are defined,

entrywise, as

L. -— Hjvioa(p, - iy, A1y - M)

" My — Ai
_ H]'Jrifl(,ula o ;,Ujfl,)\i, Ce 7)\1)
pi — A; ’
O'L" . /'LjHj“ri—l(:ulJ cee 7ﬂj,)\i_1,. . .,)\1)
7,0 T
My — i
_ NiH i (s o pm1, Ais o5 A1)
i — i ’

Wl,i = Hz(>\7,7 )\i—la sy )\1)a ‘/j,l = Hj(ub R 7“]’—17#]')7
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with 1 < 4,7 < p, along with any additional required objects for the consid-
ered class of systems, for example, in [9] the additional matrix ¥ is defined
entrywise as

‘I/jﬂ' = Hjﬂ-(,ul, Ce ,/.Lj,l, ,uj, )\h )\ifl, ey )\1)

Tangential generalized controllability and observability matrices, R and O,
respectively, are defined such that matrix factorizations of the generalized
Loewner matrices in terms of R, O, and the underlying system matrices,
can be accomplished, and these matrices are shown to satisfy Sylvester-like
matrix equations after arranging the interpolation points into a particular

form, i.e. for the SISO bilinear system, considered in [9], of the form

Ei(t) = Ax(t) + Nz(t)u(t) + Bu(t), y(t) = Cz(t),

the matrices can be factored as

L=-OER, oL=-0OAR, ¥ =ONR, W=CR, V=O0B,

where R and O satisfy

AR + NRSgr + BR = ERA, OA+ SLON + LC = MOFE,

with A and M matrices defined with a special structure based on the se-

67



lected multituple interpolation frequencies, and R, L, Sg, and S, matrices
containing ones and zeros with a special structure.

Finally, the generalized Loewner matrices are used to construct a reduced
order model in the considered class of systems which satifies particular inter-
polation conditions on the first 2p generalized transfer functions associated
to the Volterra series kernels.

The approaches of [9], [54], [55], [57], and [58], have the benefit that data-
driven methods to construct the generalized Loewner matrices are easily
designed; experiments are simple to perform and the generalized Loewner
matrices can be calculated from data entrywise. However, the considered
classes of nonlinear systems are somewhat limited, objects with no association
to objects in the linear setting (such as ¥ in [9]) must be defined in order to
construct interpolants for particular types of nonlinearities considered, and,
due to interpolating only some of the first 2p generalized transfer functions,
the input-output response of the constructed interpolants does not exactly

match the response of the original system.
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Chapter 3

An Interconnection-Based
Interpretation of the Loewner
Framework for Linear

Differential-Algebraic Systems

While frequency domain tools provide a simple and powerful approach when
considering the analysis of linear systems and systems possessing “mild non-
linearities”, a more widely applicable enhancement of the Loewner frame-
work should avoid such notions. To this end, the purpose of this chapter
is to present a novel interconnection-based interpretation of the Loewner
matrices. This is based on a conceptual experimental setup consisting of

the cascade interconnection of the underlying system (the system to be in-
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terpolated) with two auxiliary systems encoding the sets of right and left
interpolation points into their dynamics. New objects, the left and right
Loewner matrices, are introduced, and the selection of a particular set of
coordinates reveals that the left and right Loewner matrices are the input
and output “gains” of a parallelized representation of the cascade intercon-
nection. While not necessary for the construction of an interpolant, the left
and right Loewner matrices greatly aid in understanding the interconnection-
based interpretation of the Loewner framework, and these objects are also
crucial for justifying the definitions of the Loewner objects and interpolation
in the nonlinear setting.

The interconnection-based interpretation of the Loewner matrices devel-
oped in this chapter does not require the notion of frequency response, thus
the interpretation will be leveraged in the following chapters to enhance the
classical objects in the Loewner framework to general systems of nonlinear
and/or time-varying differential-algebraic equations.

The results of this chapter are based on [126], in which strictly proper lin-
ear time-invariant systems of ordinary differential equations are considered.
Herein, a more general formulation is considered: the systems are described
by linear time-invariant differential-algebraic equations having a feedforward
term, i.e. when the system — has £ # I and D # 0.

The structure of this chapter is as follows. In Section (3.1 new objects
related to the Loewner and shifted Loewner matrices, the left and right

Loewner matrices, are introduced. In Section [3.2] a conceptual experimental
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setup yielding an interconnection-based interpretation of the Loewner and
shifted Loewner matrices is presented, and a definition of interpolation for-
going frequency domain notions is provided. Finally, in Section some

concluding remarks are given.

3.1 The Left and Right Loewner Matrices

Some additional objects are defined to facilitate presenting an interconnection-
based interpretation of the Loewner matrices. The existence and uniqueness
of these matrices are guaranteed by Assumption [3] The left Loewner ma-
trix, Lf € C"*?, is defined as the unique solution, by Assumption , to the

Sylvester equation
MLf — LA = VR, (3.1)

and the right Loewner matrix, " € C"*? is defined as the unique solution,

by Assumption 3| to the Sylvester equation
L"A — ML" = LW. (3.2)

Similarly, the left shifted Loewner matrix, oL’ € CV*?, is defined as the

unique solution, by Assumption [3] to the Sylvester equation
MoLf — oA = MVR, (3.3)
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and the right shifted Loewner matrix, olL.” € C"*?, is defined as the unique

solution, by Assumption [3] to the Sylvester equation

ol"A — MoL" = LWA. (3.4)

By uniqueness of solution, again by Assumption [3] to each of the Sylvester

equations (2.21)) and (2.22) it readily follows that

L=L‘+L", oL=oL+0L" (3.5)

Furthermore, from (3.1)) and (3.2)) it can be noted that

M(ML") — (MLYA = MVR, (L"A)A — M(L"A) = LWA,

hence, by uniqueness of solutions to (3.3]) and (3.4)), it follows that

oL = ML, oL" =L"A.

Remark 1. The left and right Loewner matrices are not explicitly required
when constructing an interpolant in the Loewner framework, but rather the
existence of these objects enhances understanding on how an interpolant in
the framework fulfills its purpose. The interpretation that is obtained via
these objects does not require frequency domain notions and can be readily

used to define interpolants for nonlinear systems.
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3.2 A Conceptual Experimental Setup

The development of the interconnection-based interpretation of the Loewner
matrices relies on a conceptual experimental setup. To this end, consider two
auxiliary systems encoding the tangential interpolation points and given by

the equation]|

C(t) = AG(t) + A?) (3.6)
U(t) - RCr(t)a (3 7)
and
Co(t) = MG(t) + Lx(t), (3.8)
n(t) = C(), (3.9)

with states (,.(t) € C? and (,(t) € C?, inputs A(t) € C” and x(t) € C?, and
outputs v(t) € C™ and n(t) € C”. Consider now a cascade interconnection
of the system — and the auxiliary systems — and —
defined by the interconnection equations v = u and x = y shown in

Figure [3.1] The interconnected system has the differential-algebraic state-

LSimilarity transformations of the auxiliary systems (3.6)-(3.7) and (3.8)-(3.9) produce

the exact same interconnected system, hence the auxiliary systems can be realized under
modest assumptions. This is discussed in depth in Appendix E}
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CT:ACT+A
v = R(,

Et = Ax + Bu

Figure 3.1: The cascade interconnected system (3.10])-(3.11]).

space representation

-
Ex
Ce

(o= MCo+ Ly

y=Cx+ Du

n=_C

+ 10| 4,

(3.10)

(3.11)

*
with state {(;‘ T* Cg} , input A, and output 7. The interconnected system

given by (3.10))-(3.11)) encodes all information on the Loewner matrices and

tangential generalized controllability and observability matrices generated

by the underlying system (2.17))-(2.18)) at the tangential interpolation points
given by the systems (3.6))-(3.7) and (3.8)-(3.9). However, it is not readily

apparent in what way these matrices make an appearence in the dynamic be-

haviour of the interconnected system. In order to determine the relationship

between the Loewner objects and the interconnected system one can select

a new set of coordinates that makes explicit the encoding of L¢, L", X, and

Y in the differential-algebraic state-space representation. In particular, the
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new choice of coordinates allows reinterpreting the series interconnected sys-
tem (3.10)-(3.11)) as a parallel interconnection in which the diagonal blocks
of the autonomous system are preserved, 7.e. the diagonal blocks are given

by A, (E,A), and M.

Theorem 6 (Loewner Coordinates). Consider the interconnected system

(3.10)-(3.11) and the coordinates transformation

2 I 0 0| |¢
zZ| = |1-X I 0 T
Ve ]Lg YE I Cg

Then the system in the new coordinates has the differential-algebraic state-

space representation

2 (A 0 0 z I
E:|l=10 A 0] |z]|+ |-EX]|A, (3.12)
%0 0 0 M| |z Lt
_ “r
n=1|L" -YE I| |z]- (3.13)
i i}

Proof. The transformed representation (3.12)-(3.13]) for the interconnected

system given by the equations (3.10))-(3.11)) is calculated directly. Multiplying

z. = x — X, by E on the left side and taking the derivative with respect to
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time yields

E:.= Ei — EX(,
= Az + BR(. — EXA¢ — EXA

= Az, — (EXA — AX — BR)¢, — EXA.

The tangential generalized controllability matrix, X, is the unique solution,

by Assumption (3| to the generalized Sylvester equation (2.24]), hence
Ei.=Az.— EXA.
Taking the derivative of 2, = (, + Y Ex + L‘(, with respect to time yields

f=(+YEBr+1Y%,
= M(,+ LCx + LDRC + YAz + YBR(, + LAA¢, + LA

=Mz + (YA - MYE + LC)x + (LA — ML + (YB + LD)R)(, + L‘A.

The tangential generalized observability matrix, Y, is the unique solution,
by Assumption , to the generalized Sylvester equation (2.25) and the left

Loewner matrix, L, is the unique solution satisfying the Sylvester equa-

tion (3.1)), hence
Zg = MZ( + ]L/A
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. zr(t)
Zr = Az, + A L”
4
A(t) T x Ac(t) B — Az 4 A QI +<>77(t)
+
IL* Aelt) Z0=Mzp+ Ay ze(t)

Figure 3.2: The “parallelized” interconnected system ((3.12)-(3.13).

Finally, the output 7 in the new coordinates is

= (-YEX — LYz —YEz + 2.

Recalling (2.27) and (3.5)), it follows that
n=L"%2 —YEz+ 2. O

Theorem[0] yields the following interconnection-based interpretation of the
Loewner matrices: the left Loewner matrix, the right Loewner matrix, the
tangential generalized controllability matrix, and the tangential generalized
observability matrix are the input and output “gains” of the interconnected
system when observed in coordinates in which the output is produced by

three systems running in parallel, as in Figure in which the autonomous

behaviour of each parallel subsystem in (3.12)-(3.13]), associated to A, A,
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and M, is the same as the autonomous behaviour of each system in the
series interconnection —. This interpretation, which is both sim-
ple and powerful, is the primary motivation underlying particular choices
of definitions for Loewner objects when enhancing the framework to more
complicated classes of systems in later chapters.

Recalling that the shifted Loewner matrices associated to the transfer
function H(s) are exactly the Loewner matrices associated to the transfer
function sH(s), a similar interpretation for the shifted Loewner matrices can
be deduced. Consider now an interconnected system given by the intercon-
nection equations v = v andE| X = ¥. The resulting interconnected system

has the differential-algebraic state-space representation

{, A0 O |G I
Ei =| BR A ol |z|+]| 0 |A, (3.14)

¢, — LCx LDRA 0 M| |¢ LDR

G
n= [0 0 I] z| - (3.15)

Ce

The following is a modification of Theorem 2 inf}| [126].

2There is no issue with taking the time derivative of y as long as the trajectory of ¢, is
smooth, the matrix pencil sE — A is regular, and the initial condition z(ty) is consistent.
By linearity the derivative could also be taken at the output v or at the output 7.

3In |126] the dual interpretation for the shifted Loewner matrices was demonstrated by
applying a time derivative to the output of each auxiliary system, (3.6)-(3.7) and —
(3-9), then constructing the corresponding interconnected system wit. Thus,
the approach in [126] uses two time derivatives. Here, only a single derivative is used so a
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Theorem 7 (Shifted Loewner Coordinates). Consider the interconnected

system (3.14)-(3.15) and the coordinates transformation

2 1 0 0] (¢
Ze| = -X I 0| |z
Zy O']Lé —LDR YA I Cg

Then the system in the new coordinates has the differential-algebraic state-

space representation

Zr _A 0 0 Zr 1
Ex| =10 A 0| |z|+|-EX]|A,
Zy 0 0 M| |z oLt
_ “r
n=|ocl" YA I| |z

2

Proof. The proof follows a similar procedure to that in the proof of Theo-

rem @, however the time derivative of z, = (0L* — LDR)(, + Y Az + (; is

result corresponding to the relationship between (L, H(s)) and (oL, sH(s)) is obtained.
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now

2= (oL — LDR)(, + Y Ai + (,
= (oLL* — LDR)(A¢ + A) + MY Ei + ({, — LC)
= (o' — LDR)(A(, + A) + MY (Ax + BRC,)
+ (LDRA(, + M(, + LDRA)
= (oLA + MY BR)(, + oA + MY Az + M(,
= M(oL" = (V = YB)R)G, + MY Az 4+ M¢; + oL°A
= M((oL" — LDR)(, + Y Az + () + ocL‘A

= Mz + oA,

and the output n becomes

n="C=—(0L' — LDR)z — Y A(z + X2) + 2
= (—=YAX + LDR — oLz, — YAz, + z

=ol"z, — YAz, + z,

thus completing the proof. O]

Using the interconnection-based interpretation of the Loewner objects
obtained from the interconnection (3.10)-(3.11)) along with its parallelized
representation (3.12)-(3.13]), a definition of interpolation can now be given.

This definition avoids the use of frequency domain notions, and thus is read-
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ily enhanced for the purpose of defining interpolation in more complicated

settings.

Definition 6 (Loewner Equivalence). Let ¥ and X be two systems with left
and right Loewner matrices L¢, ", and EZ, L, respectively, associated to
the generating matrices A, R, M, and L. Then, ¥ and ¥ are called Loewner

r

equivalent at (A, R, M, L) if L' = L andL =T

By considering Theorem [6], the fact that two systems are Loewner equivalent
at (A, R, M, L) has an obvious implication regarding the behaviour of their
corresponding cascade interconnections with the auxiliary systems —
and -. If two systems, ¥ and X, are Loewner equivalent at
(A, R, M, L), then in the Loewner coordinates represented in Figure the
responses of the top and bottom branches are exactly matched for corre-
sponding initial conditions. Any difference in behaviour of the corresponding
cascade interconnected system outputs, 1 and 7, respectively, is associated to
the behaviour of the centre branches. Furthermore, if the systems ¥ and ¥
possess asymptotically stable equilibrium points at the origin and the input
A converges to zero (such as when A sets an initial condition or represents a
transient disturbance) then the respective output trajectories of the intercon-
nected systems differ only by a transient and converge to the same trajectory
that is characterized entirely by the Loewner matrices and the states of the
auxiliary systems — and —. Thus, under mild conditions
it follows that Loewner equivalent systems induce similar output responses

when interconnected with the same auxiliary systems. This is demonstrated
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by considering the system ((3.12)-(3.13]) restricted to the invariant (when the
matrix penci]ﬁ sE — A is regular and A = 0) manifold z, = 0, or x = X(,,

which has the simplified dynamics

27‘ == Azr + Aa
20 = Mz + LA,

n=L"z + z.

It should be noted that Loewner equivalence pertains to the behaviour of the
interconnected system — and, for Loewner equivalent systems X
and Y with transfer functions H(-) and H(-), respectively, right tangential
data matrices W and W, respectively, and left tangential data matrices V'

and V, respectively, implies the matching conditions
LH(\)ri = LWe; = LWe; = LH(\)rs, i=1,...,p,
and

U;H(pj))R=e/VR=¢/VR=U;H(u)R,  j=1,...,v,

4As discussed in Section and [88], the condition that sE — A is a regular matrix
pencil is necessary and sufficient for the property that for every sufficiently smooth input,
the differential-algebraic equation is solvable and the solution is unique for every consistent
initial value. Thus, if A(t) =0 for ¢ > tg and 2.(tg) = 0, then 2.(t) = 0 and 2.(t) = 0, for
all t > tg, is a unique solution.
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because

LW =L"A—ML =L'A— ML" = LW,
and

VR =ML —LA=ML —T'A=VR.

Thus, in its most general form, Loewner equivalence is a weaker condition
than that of matching the same tangential data W and V. However, under
mild conditions Loewner equivalence is necessary and sufficient for matching

the tangential data.

Theorem 8 (Matching Conditions). Let 3 and X be two systems with Loewner
matrices LY, L™, L, oL, and EK, L', L, oL, and tangential data W, V, and
W, V, respectively, associated to the generating matrices A, R, M, and L.

If o(A)no(M) =0, R has full row rank, and L has full column rank then

the following statements are equivalent:

r

i) L =T and L =1L,
i) L =L and oL = oL,

i) W=W and V =V.
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Proof. Clearly, if L =L  and L = L” then
L=L' 4L =L'4+1L" =L,

and

oL = ML +T'A = ML + LA = oL,
hence i) = i), trivially. If L = L and oL = oL then

LW = oL — ML = oL — ML = LW,
and

VR=0L—-LA=0L—-LA=VR,

and i) = iii), because R has full row rank and L has full column rank. If

W =W and V =V then
ML ~TA=VR=VR = ML — LA,
and

L'A-ML =LW =LW =L"A — ML",
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hence
MI -1L)— T -LY%A =0, (L —-L)A-MIT —-L") =0,

and 7ii) = 1), because o(A) N (M) = (). O

Based on the definition of Loewner equivalence, a reduced order model

in the Loewner sense is formally defined as follows.

Definition 7 (Reduced Order Model). Let ¥ and ¥ be two systems of
order n and v, respectively. ¥ is called a reduced order model of ¥ in the

Loewner sense if ¥ and X are Loewner equivalent at (A, R, M, L) and v < n.

3.3 Conclusion

In this chapter an interconnection-based interpretation of the Loewner matri-
ces has been presented. To this end, new objects, the left and right Loewner
matrices, have been defined, the introduction of which is instrumental for
revealing how the Loewner matrices are encoded into a conceptual experi-
mental setup. From this interpretation a definition of interpolation which
does not rely on frequency domain notions has been presented. Due to its
system theoretic nature the interpretation can be leveraged to extend the
definitions of Loewner “objects” to nonlinear and time-varying systems, and
hence to extend previously studied tangential interpolation methods to more

general classes of systems.
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Chapter 4

Interpolation of Nonlinear

Differential Systems

In this chapter the Loewner framework is extended to general nonlinear
input-affine systems of ordinary differential equations using the state-space
interpretation of the Loewner matrices developed in Chapter [8] This is ac-
complished by considering auxiliary systems encoding interpolation points
and, along with the underlying system-to-be-interpolated, constructing a
nonlinear enchancement of the conceptual experimental setup discussed in
Chapter 3] Generalizations of the Loewner matrices, the Loewner functions,
are introduced. These functions have definitions motivated by the construc-
tion of a “parallelizing” coordinates transformation for the cascade intercon-
nection. The Loewner functions are then used to build models which pro-

duce the exact same Loewner functions corresponding to the same auxiliary
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systems, thus achieving interpolation in the Loewner sense. Locally, under
mild assumptions, the original model and the interpolant produce the same
steady-state response when cascade interconnected with the same auxiliary
systems, provided that the response exists. Similar to the linear setting, the
Loewner framework for nonlinear systems resembles the two-sided moment
matching procedure of [77].

This chapter is structured as follows. In Section the class of systems
that the Loewner framework is enhanced for in this chapter is introduced. In
Section [4.2] the notion of Loewner matrices is generalized to that of Loewner
functions for nonlinear systems interconnected with linear auxiliary systems;
a special set of coordinates is introduced, the Loewner coordinates; and an
interpolant is presented, achieving interpolation on the basis of the Loewner
functions and matching tangential data functions. In Section the re-
sults are further enhanced to allow for nonlinear auxiliary systems. In Sec-
tion 4.4] a demonstrative example is provided wherein a reduced order model
is constructed for the averaged model of a DC-to-DC Cuk converter, and
in Section an example is provided where a system is constructed which
interpolates nonlinear tangential data functions associated to the output re-
sponse induced when a system’s input is driven by a Van der Pol oscillator.

Finally, in Section [4.6] some concluding remarks are drawn.
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4.1 Problem Formulation

To take the first step towards enhancing the Loewner framework to more
general classes of systems, this chapter focuses on the interpolation and model

order reduction of nonlinear systems described by equations of the form

2(t) = f(z(t) + g(x(t))u(t), (4.1)

y(t) = h(xz(t)), (4.2)

with state z(t) € C", input u(t) € C™, and output y(¢) € CP, and mappings
f:Cr—=C" g:C*— C"™" and h : C* — C? of appropriate dimensions,
and such that f(0) =0, h(0) =0, and f(-) is differentiable. Let A := %(0).
For ease of presentation, as done in Chapter [3| complex valued mappings
and signals are considered and are assumed to have been obtained from
linear coordinates transformations of corresponding real valued mappings and
signals. In addition, with some abuse of terminology, it is said, for example,
that the zero equilibrium of & = f(x), with z(¢) € C* and f : C" — C", is
locally asymptotically stable if the zero equilibrium of the underlying “real”
system is locally asymptotically stable.

The following assumption is made to relate the Loewner functions to the
response of the system when interconnected with auxiliary systems. It is
also used to prove the existence of solution for various PDEs arising in the

Loewner framework via the centre manifold theory!f]

Tt will also be demonstrated that existence of the various objects in the Loewner
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Assumption 5. The unforced system & = f(x) is locally exponentially stable

at the origin, i.e. all eigenvalues of A belong to C~.

4.2 Linear Auxiliary Systems

To begin leveraging the state-space intepretation of the Loewner matrices

given in Chapter |3 consider again constructing two linear auxiliary systems

of the form
(o (t) = NG () + A(t) (4.3)
o(t) = RG(1), (1.4)
and
Co(t) = M((t) + Lx(t), (4.5)
n(t) = C(?), (4.6)

with states (,.(t) € C? and (,(t) € C?, inputs A(t) € C* and x(t) € C?, and
outputs v(t) € C™ and n(t) € C?, and with matrices A € C**?, R € C™*¢,
M € C"*" and L € C"*P. The matrices A, R, M, L, are taken to be

the compact representations of the right and left tangential interpolation

points (2.19) and (2.20]) as in the previous chapter.

framework can be guaranteed using nonresonance conditions, hence the Loewner objects
can still be obtained for unstable systems. However, in this case the connection with the
steady-state response of the interconnected system is lost.
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Bounded signals should be considered in order to relate the response of

the system to the Loewner functions, hence the following assumption is made.

Assumption 6. The matrices A and M have all eigenvalues on the imagi-

nary axis, and these eigenvalues have geometric multiplicity one.

Consider now the interconnection of the system (4.1)-(4.2)) with the auxil-
iary systems (4.3))-(4.4)) and (4.5))-(4.6)), defined via the interconnection equa-

tions u = v and y = y. The resulting interconnected system has state-space

representation given by the equations

{, A, I

@ | = [f(z)+g(x)RG| + 0] A, (4.7)
¢, M, + Lh(z) 0

77:@, (48>

with state {C: r* g} , input A, and output 7.

4.2.1 Loewner Functions

Nonlinear enhancements of the tangential generalized controllability and ob-
servability matrices, and nonlinear enhancements of the tangential data ma-
trices and Loewner matrices, can now be defined. These enhancements, from
now on collectively referred to as Loewner functions, or even more generally
as Loewner objects, are defined in terms of the functions and matrices ap-

pearing in the interconnected system (4.7))-(4.8). It is important to note that
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the following statements regarding the existence of Loewner functions, some
of which are defined as the solutions to partial differential equations (PDEs),
are all local.

The tangential generalized controllability function, X : C* — C", is de-

fined as the solution, provided it exists, to the PDE with boundary condition

0X

G AG = FX(C) +(X(C)RG.  XO)=0.  (49)

The following proposition follows as a direct consequence of Assumptions

and [6] and of the centre manifold theory, see [31].

Proposition 1 (Existence of X). Consider the PDE (4.9) with the bound-
ary condition X (0) = 0. Suppose Assumption @ and Assumption @ hold.
Then there exists a function X : CP — C" satisfying the partial differential

equation (4.9) with the given boundary condition.

The tangential generalized observability function, Y : C* — C, is defined

as the solution, provided it exists, to the PDE with boundary condition

oY

B (x) = MY (xz) — Lh(z), Y (0) =0. (4.10)

To prove existence of solution for the PDE with boundary condition (4.10)

the following definition from [84] is leveraged.

Definition 8 (|84, Def. 2]|). Given an n x n matriz F, with spectrum

o(F) = X= (A,...,\), and constants C' > 0 and v > 0, it is said that
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a complex number u is of type (C,v) with respect to o(F) if, for any vector

m = (mqy,ma,...,my,) of nonnegative integers, it follows that
C
m”

where |m| =Y m; > 0.

The purpose of introducing Definition [§] is to give a nonresonance con-
dition which asserts the existence and uniqueness of an analytic solution
to various PDEs possessing a “Sylvester-like” structure. The type (C,v)
condition can be thought of as a nonlinear enhancement of the well-known
disjoint spectrum condition, which asserts the existence of a unique solu-
tion, for Sylvester equations. The following proposition follows by a direct

application of the main theorem of [84].

Proposition 2 (Existence of Y'). Consider the PDE with the boundary
condition Y (0) = 0 and suppose that f(-) and h(-) are analytic. Suppose
there exist constants C' > 0 and v > 0 such that all eigenvalues of M are
of type (C,v) with respect to o(A). Then there exists a function Y : C" —
CV satisfying the partial differential equation (4.10]) with the given boundary

condition.

Remark 2. An alternative proof of existence of solution to the PDE (4.10)
utilizing the centre manifold theory and an auxiliary object can be found in
[130], however this proof requires an invertibility condition for the auxiliary

object.
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Remark 3. A proof of existence of solution to the PDE with boundary
condition that does not require any stability assumptions can be given
by asserting that the eigenvalues of A are of type (C,v) with respect to o(A).
The proof, however, requires a slightly more general existence result than the
enhancement of the main theorem of [84] given later in this chapter, and a

more general result that can be found in Appendix [B]

Having defined the tangential generalized controllability and observabil-
ity functions, nonlinear enhancements of the right and left tangential data

matrices, W : C» — C? and V' : C* — C"*"™, are given by

WG =h(X(C) V(&)= (G oX(6))a(x(0), (@)

respectively. The nonlinear Loewner function, I : C» — C", is defined in
terms of the tangential generalized controllability and observability functions

as

L(¢) = =Y (X(¢),

and the nonlinear shifted Loewner function, ol : C?» — CV, is defined in terms

of the tangential generalized controllability and observability functions as

O'L(Cr> = - (g_}; o X(Cr)) f(X<C7")>

The left Loewner function, L : C» — CV, is defined as the solution, provided
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it exists, to the PDE with boundary condition

Lt
o,

ACT - MLZ(CT) = _V(CT)RCT7 LZ(O) = 07 (412)

and the right Loewner function, " : C* — C, is defined as

LT(CT) = L(Cr) - LK(CT)

The following proposition regarding the existence of the left Loewner function

follows, again, by a direct application of the main theorem of [84].

Proposition 3 (Existence of LL*). Consider the PDE with the bound-
ary condition 1L°(0) = 0 and suppose that V (+) is analytic. Suppose there exist
constants C' > 0 and v > 0 such that all eigenvalues of M are of type (C,v)
with respect to o(A). Then there exists a function L : CP — CY satisfying

the partial differential equation (4.12) with the given boundary condition.

The following proposition gives some useful relationships between the

Loewner objects introduced thus far.

Proposition 4. Given the functions X(-), Y (-), W(-), V(-), L(:), oL(),
L(-), and IL7(-), and the matrices A, R, M, and L, the following hold.

i) The Loewner function, IL(+), satisfies the PDE with boundary condition

oL
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it) The right Loewner function, L7 (-), satisfies the PDE with boundary con-

dition

oL"
e

AG — ML (¢) = LW(G,), L"(0) = 0.

iii) The shifted Loewner function satisfies the equation

oL(¢) = ML(G,) + LW(G). (4.14)

iv) The shifted Loewner function satisfies the equation

oL
UL(C?") = a_Q«ACT + V(CT)RCT (4'15>

v) The shifted Loewner function satisfies the equation

oLr
o,

oL(¢) = MLY(,) + ——AG,

Proof. Multiplying ([1.9) by — (%= o X(()) on the left yields

oL oY 0X
a_CrACT = - (% © X(Cr)) 8_QACT

(G o X)) 1(x(6) - (51 0 X(@)) alx(6) 6

= UL(CT) - V(C'I’)RCT7
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which proves iv). Substituting X (¢,) into (4.10]) yields

oy

oL6) = - (G o X(0)) £(X(6)

- _MY(X(Cr)) + Lh(X(Cr>)

= ML(G) + LW(G),

which proves #ii). Equating iii) and iv) yields

g—éLAQ + V(¢)RG = MIL(G) + LW (G),

and noting that X(0) = 0, Y(0) = 0, and W(0) = 0 proves 7). Subtract-
ing (4.12) from (4.13) yields

oL OLf ¢ _ oL’ r
( =- W) AG = M(LIG) ~LA(G) = GEAG = ML)
- LW(Cr)a

and noting that W (0) = 0 proves 4i). Finally, from iv) and (4.12)) it follows

that

15)
oL(G) = X AG + V(G)RG

e
oL’

JL”
= aCr ACT + (8_CTACT + V(CT)R<T>

% .
= AG + MLY(G),
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proving v). O
Remark 4. If the system (4.1)-(4.2)) is linear then the solution to the PDEs

[9), [T0), and (LT3 becomes X(¢,) = XG., Y (x) = Y, and LA(G,) =
LL“¢,, where X, Y, and LL¢ are the solutions to the Sylvester equations (2.24)),

(2.25), and (3.1)). Thus the linear Loewner objects are recovered.

4.2.2 Loewner Coordinates

Similar to the linear setting considered in Chapter [3] the relationship between
the Loewner functions and the interconnected system (4.7))-(4.8)) is exposed

by selecting an appropriate set of coordinates.

Theorem 9 (Loewner Coordinates). Consider the interconnected system

(4.7)-(4.8)) and the coordinates transformation

2 Gr
Ze| = T — X(Cr)
2 Ge+Y(z) +LG)

Then the system in the new coordinates has the state-space realization

%y A 0 0] |z 1
z2.l =10 121/(207 z) 0 | + | ™ <g_§ © Zr) A,
28 0 é (an Zr) M 2e (g;lcf o Zr)

n=0L"(z)—=Y (2c, 2) 2¢ + 20,
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where z,(t) € CP, z.(t) € C", z(t) € C’, and where A : C* x CP — Cr*",
G:CrxCr— Cv>" and Y : C" x CP — C" are obtained via application

of Hadamard’s Lemma.

Proof. The proof proceeds by direct differentiation. Taking the time deriva-
tive of z. yields
0X .
a_CTCr
= (F(ze+ X(6) = F(X()))
0X
+ (g (Zc + X(Cr)) - g(X(gr))>RCT - A

9,
= ‘Z(zc; Z’F)’ZC - (gzi o Zr) A,

Ze =T —

where g() is obtained via Hadamard’s lemma and it is such that

Alze, 2p)2e = (f(zC + X (z)) — f(X(zT))>

- (g(zc + X(z)) — g(X(zT))>RzT_

For z,, taking the derivative yields

.9y . OLY.
Zf:gg‘i‘%.f"_ycr
oY
=Mz + (%f(x) — MY (z)+ Lh(a:))
OL*
ac, A.

aL! . aY
+ (5o = MLAG) + G ao)RG ) +
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By the PDEs defining Y (+) and LLf(+), that is (4.10) and (4.12), this becomes

b= M+ (a—y o (= +X<cr>>) 9(2e+ X(0))RG,

ox
Lt

- (5 0 x0)) a(x(@)RG + GEA

_ ¢
=Mz + G(ze, 2r) 2 + <glé o zr) A,

where G(-) is obtained via Hadamard’s lemma and it is such that

CNJ(zC, 2p)Ze = (g—}; o (zc + X(zr))) g(zC + X(zr))RzT

- (% o X(zr)) 9(X(z,)) Rz

Finally, it follows that

=z — Y(Zc + X(Cr)) - LK(CT)

= (LG) ~1(G) = (Y (2 + X(6)) = Y (X(6)) ) + 2

- ]LT(ZT) - Y(Zm ZT‘)ZC + 24,

where 57() is obtained via Hadamard’s lemma and it is such that

Y (2, 20)2e = Y(zc + X(Zr)) - Y(X(Zr))7

yielding the desired result. O
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Note that, by Assumption [ for any sufficiently small initial conditions
x(0) and ¢.(0), the solution of the interconnected system approaches the cen-
tre manifold x = X ((.) exponentially fast, hence z. approaches zero provided
A is sufficiently small and converges to zero. On the centre manifold, i.e.
when = X((,) or z. = 0, the interconnected system has the simplified

dynamics

Zr=ANz, + A,

)4
20 = Mz + <g]1<4 OZT) A,

and

n=1L"(2) + 2,

hence the system restricted to the centre manifold contains only information
on the Loewner functions. The simplified dynamics allow for an interpreta-
tion of the Loewner functions in a similar fashion to the interpretation of the

Loewner matrices presented in Chapter [3]

4.2.3 Loewner Equivalent Model

Given the definitions of the Loewner functions, and given the simplified in-
terconnected system dynamics when restricted to the manifold z. = 0, the
concepts of interpolation and of model order reduction in the Loewner sense

for nonlinear systems can be developed. Furthermore, a nonlinear system
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which interpolates the Loewner functions defined by the PDEs , ,
and can be constructed. This nonlinear interpolant is reminiscent of
the linear interpolants matching the tangential data in [94] and [127]. The
frequency domain interpretations of the tangential data and
hold little meaning in the nonlinear context, so, when referring to nonlinear
systems, the definition of interpolation in the Loewner sense is given as an
extension of the definition of Loewner equivalence for linear systems, i.e. as

an enhancement of Definition [ in Chapter [3]

Definition 9 (Loewner Equivalence). Let ¥ and X be two systems described
by equations of the form — admitting left and right Loewner functions
LE(-), L7(-), and Ee(-), L' (), respectively, associated to the matrices A, R,
M, and L. Then ¥ and ¥ are called Loewner equivalent at (A, R, M, L) if
L) = EE(Q) and L7(¢,) = L' (¢) in a neighbourhood of the origin.

Consistently, it is said that a nonlinear system interpolates another non-
linear system (in the Loewner sense) at (A, R, M, L) if the two systems
are Loewner equivalent at (A, R, M,L). That is, for the same matrices
A, R, M, L, the interpolating model possesses the exact same left and right
Loewner functions as the system it interpolates.

Just as in the linear setting of Chapter 3] the property of Loewner equiva-
lence at (A, R, M, L) has a strong implication on the steady-state behaviour
of the system when interconnected with the auxiliary systems —
and -. By Theorem |§|, and assuming the foregoing stability condi-

tions hold, i.e. Assumptions 5| and [6] if A is sufficiently small, bounded, and
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converges to zero, and if the plant state x has not left the region of attraction
of the origin (i.e. x still approaches the centre manifold x = X((,)), then it
is easy to see that the steady-state response, provided it exists, of the system
interconnected with the auxiliary systems is dependent entirely on the aux-
iliary system states and the left and right Loewner functions. Thus, if two
locally exponentially stable systems are Loewner equivalent at (A, R, M, L)
then there exist initial conditiong?] such that the two systems interconnected
with the auxiliary system have the same steady-state behaviour, provided it
exists.

Along with the notion of Loewner equivalence, which is useful for the
purpose of interpreting the Loewner functions, the following definition of

interpolation related to the tangential data mappings is also considered.

Definition 10 (Interpolant of the Tangential Data). Consider the set of
right tangential data, given by A, R, W (-), and the set of left tangential
data, given by M, L, V(-). Let ¥ be a system described by equations of the
form — and admitting right and left tangential data mappings W (-)
and V (+), respectively, associated to the matrices A, R, M, and L. Then Y is

called an interpolant of the tangential data, or is said to match the tangential

data, if W(-) = W(-) and V(-) =V (-).

Remark 5. It is important to note that the property of Loewner equivalence
at (A, R, M, L) is weaker than that of matching the tangential data func-

tions W (-) and V/(+) in the nonlinear multiple-input setting because different

2These initial conditions correspond to points on the manifold x = X ().
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left tangential data mappings can induce the same left Loewner function.
However, in contrast with the two-sided moment matching problem of [77]
where multiple interconnected systems are considered, the interpretation of
the Loewner objects using the property of Loewner equivalence is simple as
it requires only one interconnected system and it motivates defining the tan-
gential data mapping V() as a function of (. rather than x which is more
conducive to a state-agnostic data-driven approach. Regardless, the Loewner
equivalent interpolants presented in this work always match the tangential

data functions W(-) and V(-).

A reduced order model in the Loewner sense can now be defined using

the definition of Loewner equivalence.

Definition 11 (Reduced Order Model). Let > and X be two systems of order
n and v, respectively. ¥ is called a reduced order model of ¥ in the Loewner

sense if ¥ and ¥ are Loewner equivalent at (A, R, M,L) and v < n.

Given that the Loewner functions resulting from the interconnected sys-

tem (4.7)-(4.8]) are known, a nonlinear system resembling (2.28))-(2.29) which
is Loewner equivalent at (A, R, M, L) to (4.1)-(4.2) can be constructed.

Theorem 10. Consider the interconnected system (4.7)-(4.8) with p = v. Let
L), Lr(+), L(+), oL(+), V (), and W(-) be the associated Loewner functions.

Assume that g% 15 nonsingular in a neighbourhood of the origin. Define the
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system

(aﬂ" 0 w) o = oL(w) — V(w)u, (4.16)

Yr = W<w)7 (417>

with state w(t) € CP, input u.(t) € C™, and output y,(t) € CP. Then the

system ({4.16))-(4.17)) is Loewner equivalent at (A, R, M, L) to the system (4.1))-
(4.2) and matches the tangential data functions W () and V (-).

Remark 6. While the left and right Loewner functions are not explicitly
used in the construction of the presented interpolant, their existence pro-
vides straightforward justification of how the interpolant in the nonlinear
setting works (namely, via the parallelized representation and the definition
of Loewner equivalence). Thus, in the nonlinear setting one does not need to
explicitly solve the PDE to determine IL¢(-) and IL"(-). That being said,
for LTV plants the left and right Loewner functions are explicitly required
within the formulation given in [127] when defining the Loewner equivalent

interpolant.

Proof. Let X(-), Y (-), EZ(-), L(-), L'(:), W(-), and V() be the Loewner
functions for the system (4.16))-(4.17)) interconnected with the auxiliary sys-

tems (4.3))-(4.4) and (4.5)-(4.6). As the Jacobian of the Loewner function
is nonsingular in a neighbourhood of the origin, begin by rearranging (4.16)
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into the explicit state-space form

o= (aﬂ" ow) L) (Sg ow) V@

for which the Loewner functions have been defined. It follows that the func-

tions X (-), Y(+), and EZ(-) are solutions to the PDEs, with boundary condi-

tions,
09X o — N\
8—2§AQ = <8<r © X(Cr)) U]L‘(X(Cr»
~(fe X)) VEG)R. X0 =0
oY (oL \ 7' - v
% (8@ ow> olL(w) = MY (w) — LW (w), Y(0) =0,
and

—(

Tore=(Zox) (Zoxo) vz

+ME(G), T =0,

while L(-) and L' (-) are defined as

L(G) = =Y (X(),
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and

L'(¢) =L(¢) — L',

and W (-) and V(-) are defined as
W(G) = W(X((), (4.21)

and

T

vie)=- (S ox@) (5 o7<cr>)1V(7<<r>>. (422

To prove that (4.16))-(4.17)) is a Loewner equivalent model, it is shown that
X(¢) = ¢, Y(w) = —L(w), and Eé(g;) = LL4(¢,) are solution to the set of

PDEs (4.18]), (4.19), (4.20). Rearranging (4.18)) yields

(gf‘: ° 7@’“)) %AQ = oL(X(¢)) - V(X(¢)) R

while letting X (¢,) = ¢, yields

oL
a_CTACT = oL(¢) — V(¢ RG,

which holds by (#.15). Thus X(¢.) = (. satisfies (£.18)). Letting Y (w) =

3If type (C,v) conditions hold, then it follows that the solutions of the PDEs are the
unique solutions in the space of analytic functions.
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—L(w) in (4.19) yields

: (Sﬁ" °°"> (2? ’ “’)1 oL(w) = ~ML(w) - LW (w),

oL(w) = ML(w) + LW (w),

which holds by (4.14). Thus Y (w) = —L(w) satisfies (4.19)). Finally, letting
X(¢) =6 Y(w) = ~L(w), and L'(¢,) = L'(¢,) in (E20) yields

oL’
o,

OL ;0L\ 1
(9Cr<3@>
= MLY(¢) = V(¢ RG,

AC’I‘ = MIL‘Z(CT) - V(gr)RCr

which holds by the PDE ({4.12) defining L‘(:). Thus X(¢,) = ¢, Y(w) =
—L(w), and EZ(C) = LY(¢ ) satisfy (£20). Hence, X(¢) = ¢, Y(w) =
—L(w), and EZ(Q) = L*(¢) are solutions to the set of PDEs ([4.18), (4.19),
, and it also follows that

E(Cr) = _Y(X(CT‘)) = L(Cr)a

and

ET(CT) - E(Cr) - Eé(@) = H“(Cr) - LK(CT) - LT(CT):
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and thus the system (4.16)-(4.17) is Loewner equivalent at (A, R, M, L) to
the system (£.1)-(4.2). Finally, substituting X ({,) = ¢ and Y (w) = —L(w)
into (4.21)) and (4.22)) yields

W(Cr) = W(Cr)a

and

oL

vie) =5

JL
¢,

)_1 VG) = V(G),

respectively, hence the system (4.16])-(4.17) matches the tangential data func-
tions W (-) and V' (-). O

Remark 7. Reduced order models in the Loewner sense at (A, R, M, L) can

be constructed for the system (4.1))-(4.2]) using Theorem |10 by simply setting

the dimensions of the auxiliary systems smaller than the dimension of the
underlying system, i.e. setting p = v < n, and then determining the nonlinear

Loewner functions associated to the system (4.1))-(4.2]) interconnected with
the systems (13)-() and (@5)- ().

4.3 Nonlinear Auxiliary Systems

Having enhanced the Loewner framework to be able to study nonlinear input-
affine systems of ODEs in the previous section, in this section a more general

scenario is considered in which the system (4.1))-(4.2)) is interconnected with

108



two nonlinear auxiliary systems of the form

() = MG (1) + A(t), (4.23)
v(t) =r(G(1)), (4.24)
and
Co(t) = m(Ce(t)) + L(x(1)), (4.25)
n(t) = C(?), (4.26)

with states (,.(t) € C? and (,(t) € C?, inputs A(t) € C” and x(t) € C?, and
outputs v(t) € C™ and n(t) € C¥, and with functions A(-), r(-), m(-), and
((-) of appropriate dimensions, and such that A(0) = 0, r(0) = 0, m(0) = 0,
0(0) = 0, and A(+), r(-), m(+), and £(-) are differentiable. Let A := (% o 0)
and M := (g—g o 0), with Assumption |§| still holding.

Within the context of the interconnection-based interpretation of the
Loewner framework given in Chapter [3] considering nonlinear auxiliary sys-
tems of the form — and — can be thought of as gener-
alizing the notion of the tangential interpolation points in —. To
motivate the introduction of these systems consider the Van der Pol oscil-
lator, see e.g. [66]. The limit cycle of the oscillator is stable, however its

linearization at the origin is unstable. If one wanted to determine an inter-

polant for (4.1))-(4.2)) when its input is excited by the output of a Van der Pol
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C’r = )‘(C'r) +A
v = T(Cr)

i = f(z)+ g(z)u
y = h(z)

Y=X | Ge=m(C)+x)

n=_q

— (1)

Figure 4.1: The interconnected system (4.27))-(4.28]).

oscillator then the linearization at the origin would not be appropriate due

to the instability of the approximation. Furthermore, choosing instead a lin-

ear auxiliary system with poles on the imaginary axis to more appropriately

approximate the oscillator would amount to ignoring nonlinear behaviours

that one might be interested in capturing.

Consider now the interconnection of the system (4.1))-(4.2]) with the aux-
iliary systems (4.23)-(4.24)) and (4.25))-(4.26|) defined by the interconnection

equations © = v and y = y. The resulting interconnected system, depicted

in Figure [4.1], has the state-space representation

-
i

Co

Ui

A(Gr)

= | f(@) +g(2x)r(G)

= G,

| m(Ge) + £(h(x)

+ 10| 4,

with state {gj‘ z* Q] , input A, and output 7.
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4.3.1 Loewner Functions

The tangential generalized controllability and observability functions and the
Loewner functions can now be further enhanced in order to accommodate the

nonlinear auxiliary systems (4.23))-(4.24) and (4.25)-(4.26). The enhanced

functions are, again, defined in terms of the mappings that constitute the in-
terconnected system (4.27))-(4.28). The tangential generalized controllability
function, X : C?» — C", is defined as the solution, provided it exists, to the

PDE with boundary condition

0X
¢,

MG = F(X(G) +9(X(G))r(G),  X(0)=0. (4.29)

The following claim is a direct consequence of Assumptions [p] and [6] and of

the centre manifold theory, see [31].

Proposition 5 (Existence of X). Consider the PDE (4.29)) with the bound-
ary condition X (0) = 0. Suppose Assumption @ and Assumption @ hold.
Then there exists a function X : CP — C" satisfying the partial differential

equation (4.29)) with the given boundary condition.

The tangential generalized observability function, Y : C* — C, is defined

as the solution, provided it exists, to the PDE with boundary condition

‘2_5; () = —m(—Y(2)) — e(h(z)),  Y(0)=0. (4.30)

In order to prove the existence of a solution to the PDE (4.30)), consider an
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alternative proof requiring the construction of an auxiliary object as briefly

mentioned in Section [4.2] Consider a system described by the equations

Co=m(Ge) + L(h(x)), (4.31)

i = f(x). (4.32)

By the centre manifold theory and Assumptions [5] and [6] there exists a map-

ping z = Y (—(,) satisfying the PDE with boundary condition

_ <g_z . <_@>) (m(c) + e(hT(~0))) = F(V(~G0).

Y (0) = 0. (4.33)

Proposition 6 (Existence of V). Consider the PDE with the bound-
ary condition Y (0) = 0. Suppose Assumptions @ and@ hold. Suppose that
the map Y (-), solving the PDE , has a local differentiable left inverse
around the origin. Then there exists a function Y : C* — CV satisfying the

partial differential equation (4.30) with the given boundary condition.

Proof. Recall that Y (-) satisfies the PDE

F7=00) = = (Gt 0 (-6 ) (mic) + £V ()

with boundary condition Y'(0) = 0. Let Y (-) be the local left inverse of Y(-),
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which exists by assumption, that is

Y(Y(=G) ==,

in a neighbourhood of the origin. Taking the time derivative of Y (x) =
Y(?(—Cg)) = —(; along the trajectories of the system (4.31))-(4.32)) yields

oY oy — oY - :
= (G oTw) (G o) &=t

and substituting (4.31)) and (4.32)) into this equation yields

T 1@) = —(m(@) + £(h(a))) = —m( = V(@) ~ €(h(a)).
Thus, noting that Y(0) = 0, the left inverse of Y (-), i.e. Y (-), solves the

PDE (4.30) in a neighbourhood of the origin with the given boundary con-

dition. O

Remark 8. The proofs of existence of solutions for the PDEs in Proposition[j
and Proposition [6] rely on the centre manifold theory, and solutions to the
involved PDEs can be iteratively approximated to any degree of accuracy,

see [31].

Having further enhanced the tangential generalized controllability and
observability functions, the right and left tangential data functions, W :

CP — CP and V : C? — C"*™, respectively, remain defined as in Section [4.2]
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that is

oy

WG =h(X(C), V(&)= (G 0 X(6)) a(X(0).

Similarly, the nonlinear Loewner and shifted Loewner functions remain de-
fined as in Section 4.2 That is, the Loewner function, L : C* — C”, is
defined in terms of the tangential generalized controllability and observabil-

ity functions as

L(Cr) = _Y<X(Cr))>

and the shifted Loewner function, ol : C* — CV, is defined as

(TL(CT) = (g_?; o X(Q‘)) f(X(Cr))

To accommodate the nonlinear auxiliary systems, the left Loewner function,
Lf: C? — CV, is now defined as the solution, provided it exists, to the PDE

with boundary condition

oLt
¢,

A(Cr) = _m( - LZ(CT)) - v(Cr)T(Cr)v ]LZ(O) =0, (4'34>

and the right Loewner function, " : C# — C", remains defined as

LT(CT) = L(CT) - LZ(CT)
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A proof that a solution for the PDE (4.34)) exists can now be given by extend-
ing the proof of the main theorem in [84]. Note that this theorem requires
analycity of A(+), m(-), and V(-)r(-) as the proof makes use of a Taylor series

expansion.

Proposition 7 (Existence of LL*). Consider the PDE with the bound-
ary condition IL(0) = 0 and suppose that A\(-), m(-), V(-), and r(-) are ana-
lytic. Suppose there exist constants C' > 0 and v > 0 such that all eigenvalues
of M are of type (C,v) with respect to o(A). Then there exists a function
Lt : C? — CV satisfying the partial differential equation with the given

boundary condition.

To prove Proposition [7] the following preliminary result, which is an

enhancement of the main theorem of [84], is required.

Lemma 2. Assume that k : C» — C?, h : C» — CP, and § : CP — C" are,
locally, analytic vector fields such that k(0) = 0, h(0) = 0, and S(0) = 0,
and € : C* — CV is a globally analytic vector field such that €(0) = 0. Let
K = 25(0) and E = %5(0). Suppose that K and E are diagonalizable, and
suppose there exist constants C' > 0 and v > 0 such that all eigenvalues of
E are of type (C,v) with respect to o(K). Then, locally around x = 0, there
exists a unique analytic solution, 6 : CP — C¥, to the PDE with boundary

condition



Proof. The proof of Lemma [2| is similar to the proof given in [84], but here
the nonlinear term €(6(+)) is included. To begin, let H = 2(0), B = 2—5(0),
T = %(0), and, by analycity, expand the functions comprising the partial

differential equation using the Taylor series as

0(x) :Tm—kiﬁ(i)(a:), k(z) = K$+§:l{(i)($),

B(h(x)) = BHz + > p9(x), e(6(x)) = EO(z) + Z e (6(x)),

i— =2

where 9 (.), k@ (-), B9(.), and €?(.) denote the terms of order i in the
Taylor series expansions of 6(-), x(-), 8(h(-)), and €(-), respectively. Let
o(K) = {A,..., A} be the spectrum of K and let 0(E) = {p1,...,1,} be
the spectrum of E. For simplicity, and similarly to [84], it is assumed that K
and E are diagonal, however this is not necessaryﬂ Substituting the series

expansions of the functions into the PDE yields

+ i ¢ (0(z)). (4.35)

4A much more general result which includes the undiagonalizable scenario can be found
in Appendix B}
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Note that the series expansion of ¢™ (6(-)) contains terms of degree d > m.
Let deg(e™(6(-)),p) denote the terms of degree p from the series expansion
of €™ (9()) The terms of degree d = 1 from the analytically expanded
PDE (4.35) are

TKz = (ET — BH)z.

With some abuse of the summation notation when d = 2 (the summation on

the LHS is taken to be 0 in this case), the terms of degree d > 2 in (4.35)) are

90D =1 Hg(k)
Tk (z) + p Kz + Z —— kR ()

Rearranging, this becomes

A —(d)
Kr = E@ _
or 0 (x) — 5 (),
with
d—1
3" ook -
ﬂ( )(33) = 5(d)(x) + Tk@ (z) + E Wﬁ(dﬂ k) ()
k=2

d
=) " deg(eM(0(x)),d).

.o —(d . . .
It is important to note that ﬁ( )() only contains coefficients from the series
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expansion of 6(-) associated to terms of degree less than d. Therefore, the

functions Bd(-) and 69(-) are further expanded as

B =3 Biera™

k=1 |m|=d

and
09 () = Z Z O merx™,
k=1 |m|=d
where m = (mq,...,m,), 2™ = 2" ..., B, and 6, denote the kth

row of the coefficient corresponding to 2™ in the series expansions, and ey
denotes a vector of all zeros except a one in the kth row. Since K and F
are diagonal, o(K) = {\,..., \x}, and o(F) = {p1, ..., in}, without loss
of generality regarding the ordering of the eigenvalues it follows that

becomes

i — n a m n
- Z Z Brmert" = Z Z Ok mex (;; )Kw - Z Z PO mera™.

Note also that

a m
%Km = (miA + -+ mpA,)z™ = (m - N)a™,
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with A = (A1,..., )7, hence

- Z Z Bk,mekxm = Z Z gk,mek(m : )\)l'm — Z Z [Lkek’mek:ljm.

k=1 |m|=d k=1 |m|=d k=1 |m|=d

By matching coefficients for powers of  in the series expansion, the equation
Okm(m - N 2™ — b ma™ = —mawm,
is obtained for each power of x, hence the coefficient 0y ,, can be selected as

ek,m = (ﬂk - (m ' A))_IBk,m'

Because the eigenvalues of E are of type (C,v) with respect to o(K), the
coefficient 8y, ,,, exists and is unique for all £ and m. Solving for each k and
for each 2™ gives (@ (.), and then determining 69 (-) for d = 2,3, ..., yields

a solution to the PDE, that is the function 6(-). O

Remark 9. The proof of existence of a solution to the PDE in Lemma [2] is
constructive, i.e. existence of solution is proven by actually building a par-
ticular solution. As such, one can obtain an explicit solution to the PDE by
following the steps of the proof, calculating Taylor series expansions of map-
pings and constructing each 3 (d)(-) term, when the involved functions are an-
alytic and the type (C,v) condition holds. Scalability for higher-dimensional
systems is not straightforward, however this is not within the scope of this

thesis.
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Proof of Prop.[7 1t is sufficient to substitute L*(-), A(-), m(-), and V(-)r(-)
into Lemma [2] to complete the proof of Proposition [7] Note that the condi-
tions in Lemma [2 are satisfied by the supposition that all eigenvalues of M

are of type (C,v) with respect to o(A). O

Remark 10. A more general result than Lemma [2| meant for the setting of
nonlinear differential-algebraic systems of equations, found in Appendix [B]
can be applied to prove existence of solutions for the PDEs and
defining X (-) and Y'(+), respectively, when appropriate type (C,v) conditions
hold. It should be noted, however, that Lemma[2] can immediately be applied
to prove existence of solution for the PDE , and to prove existence of
solution for the PDE (4.29) when ¢(-) is constant (which is always locally
achievable via a coordinates transformation, if the distribution spanning g(+)
is involutive). Consequently, if all mappings are analytic and the type (C,v)
conditions hold, then explicit solutions can be constructed for the considered

PDEs via Lemma 2l

Remark 11. Existence conditions based on Lemma [2| have the advantage
that the considered PDEs have solutions even for mappings corresponding
to unstable systems. That is, unstable nonlinear systems can be analyzed in
the nonlinear Loewner framework without stability assumptions by instead
requiring appropriate type (C,v) conditions. However, when considering

unstable systems the relation of the Loewner functions to the output response

of the interconnected system (|4.27))-(4.28) is lost.
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Similar to Section the following useful relationships hold for the

Loewner objects.

Proposition 8. Given the functions X(-), Y (-), W(-), V (), L(:), oL(),
L), L), A(+), 7(+), m(+), and £(-), the following hold.

i) The Loewner function, IL(-), satisfies the PDE with boundary condition

L
it) The right Loewner function, " (-), satisfies the PDE with boundary con-
dition
oL”
o,

AG) —m(L(¢)) —m(=LY¢G)) =W (),  L'(0)=0.
iii) The shifted Loewner function satisfies the equation

oL(G) = m(L(G)) + (W (G)- (4.37)
iv) The shifted Loewner function satisfies the equation

_ oL,

TLIG) = GG+ VGIE) (4.39)
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v) The shifted Loewner function satisfies equation

JL"

UL(Q) = _m( - LE(CT)) + aCr

A(Gr)-

Proof. The proof proceeds in the same fashion as that of Proposition [4

Multiplying ([£:29) by — (2 0 X((,)) on the left yields

a—L)\(CT) == <8_Y °© X(Cr)) a_X)\(CT)

e O e
—_ (% oX(Q)) F(X(¢)) - (% oX(Q)) 9(X(¢))r(¢)

= JL(Q) - V(CT)T(CT),

which proves iv). Substituting X (¢,) into (4.30]) yields

O'L(Q«) = — (g_}; o X(Cr)) f(X<Cr)>

m(—Y(X(¢)) + £(h(X(G)))
m(L(G)) + (W (),

which proves #ii). Equating 7ii) and iv) yields

%M@ +V(GIr(G) = m(L(G)) + EL(W(G),

and noting that X(0) = 0, Y(0) = 0, and W(0) = 0 proves 7). Subtract-
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ing (4.34)) from (4.36) yields

oL oL Z
(6@ N 6@) A(G) = m(L(¢)) —m(—1LYG))
OL" Z
= ac, A(Cfr) - m(L(Q)) — m( _ L (Cr))

= (W),

and noting W (0) = 0 proves 7). Finally, from iv) and (4.34)) it follows that

oL(G) = %A(g) VGG
= g]ij:A(Cr) + <%A(Q) + V(Q«)T(Q))
=SNG —m( - L))
proving v). -

Remark 12. As noted in Remark[d] if the system (4.1)-(4.2)) is linear, and the

auxiliary systems (4.23)-(4.24)) and (4.25))-(4.26)) are linear, then the solution
to the PDEs (4.29)), , and (4.34) becomes X(¢,) = X, Y(x) = Yz,
and Lf(¢,) = L., where X, Y, and L’ are the solutions to the Sylvester

equations (2.24)), (2.25), and (3.1). Thus the linear Loewner objects are

recovered.
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4.3.2 Loewner Coordinates

As in Theorem [J] and Theorem [6] the relationship between the Loewner
functions and the behaviour of the interconnected system (4.27)-(4.28) can

be exposed by selecting a particular set of coordinates.

Theorem 11. Consider the system (4.27)-(4.28). The coordinates transfor-

mation
2 Gr
2| = x— X(¢) ;
2 G+ Y(z) +LY¢)

18 such that the system in the new coordinates is described by the equations

A=) !
B 0X

| = A (20, 20) 2 +17\ag °7) | A

— ~ l
20 M(zéazr) Zg—l—G(Zg,Zc,Zr) Ze oL O 2y
- - - - 8C7”

0
n 0 : (4.39)

m(L7 (z)) — m(L(z)) — m(-L(z))

n=L"(z) =Y (2, 2) zc + 20 (4.40)

with z,(t) € CP, z(t) € C*, z(t) € CY, and A : C" x C» — C", G :
C¥ x C" x CP — C**™, M : C* x CP — C**®, and Y : C" x CP — C*".
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Proof. The proof proceeds by direct differentiation. Taking the time deriva-

tive of z. yields

.. 0X,
Ze =T — a—QCT
= (7 + X(0)) + 9z + X))

~ (F(X(0) + a(X(C)re)) - S

¢,
= AV(ZC, ZT)ZC - (gii © ZT‘) Aa

where Z() is obtained via Hadamard’s lemma and it is such that

A(ze, 2r) 20 = (f(zc + X(zr)) + g(zc + X(zr))r(z,«))

— (F(X () + 9(X()r(z).

For z,, taking the time derivative yields

g Y O
ST Gy T T R

= (m(Ze —Y(z) - Le(@r)) - m( - Y(:z:)) - m( - H}(C’")))

+ (g—};f(x) + E(h(x)) + m( - Y($)))

#(FENG)+ Grarc) +m(~L1G) ) +

OL!
A
¢,

o,

By the PDE-based definitions of Y'(-) and L(-), (4.30) and (4.34)), this be-
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comes

2= (mlz = ¥ (2) = L(G) = m(=Y (@) = m(-L!(¢,)))

+(Groto - (G2 0 X(0)) s0xt6n ) ric) + G2

—~ ~ 8
= M(ZZ7 ZT)Z€ + G(Z€7 Zey Z’I‘)ZC + (gc © Zr) A

+m(L7 () = m(L(z)) = m( - L(z)),

where M (-) and G(-) are obtained via Hadamard’s lemma and they are such

that
M(zz, z)ze =m(z + L7 (2,)) — m(L"(2)),
and
Zé Zey Zr) Ze (m Y(ze + X(2)) — ]Le(zr)) —m(Zg—i-LT(ZT)))
+ (mlLt: V(s + X(2))) )
(% (2 + X (=) ) 9z + X(2))r(2)

Y o X ) (20))r(22).
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Zr=Mz) +A 2 () L (2,)

I — i
Y ¥ ; +

0X A, Ze(t ~

A(t)—--> (aCT OZT) A ""(‘t)“’ Zc *A(zc Z7)Z< A ')‘I"(')" Y(ZC,ZT)ZC -->g>—>77(t)
) = M(z¢, 20)2e — m(~L%(2,))
(G en ) AP ) - mue) )
+ é(Zg, Zey Zr)Ze + Dy

Figure 4.2: The transformed, parallel interconnected, system ({4.39))-(|4.40)).

Finally, it follows that

nN=z¢— Y(Zc + X(Cr)) - Le(CT)
=L7(G) = (Y (2 + X(6) — Y (X)) + =

=L"(z) — Y(ze, 20) 2c + 20,

where Y (+) is obtained via Hadamard’s lemma and it is such that

Y (2, 20)2e = Y(zc + X(Zfr)) - Y(X(Zr))’

yielding the desired result. O]

By Assumption [f for any sufficiently small initial conditions z(0) and
¢,+(0), solutions of the interconnected system (|4.27))-(4.28)) approach the cen-

tre manifold x = X((.) exponentially fast, hence the state in the centre

branch, z., approaches zero provided the input A converges to zero, and
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the system has a converging input converging state property. On the centre
manifold, that is for z = X((,), or z. = 0, the interconnected system has the

simplified dynamics

.= Nzp) + A,

3= <m(ze +L"(2)) = m(L(z)) —m( - ]Lz(zr)))

oLt
* (acr ) A

and

n=0L"(z)+ z.

As is the case with linear auxiliary systems in Section [4.2] the system re-
stricted to the centre manifold contains only information on the Loewner
functions and the nonlinear auxiliary systems. The transformed system is

depicted in Figure 4.2

4.3.3 Loewner Equivalent Model

Similar to Section 4.2 given the definitions of the Loewner functions, and
given the simplified interconnected system dynamics when restricted to the
manifold z. = 0, the concepts of interpolation and of model order reduction
in the Loewner sense for nonlinear systems can now be introduced. In addi-

tion, a nonlinear system, reminiscent of the linear systems in [94] and [127],
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which interpolates the Loewner functions defined by the PDEs , ,
and , is constructed.

As in Definition [9] the concept of Loewner equivalence can be easily
enhanced for the more general scenario in which the objects defining the

auxiliary systems are mappings rather than matrices.

Definition 12 (Loewner Equivalence). Let ¥ and X be two systems described
by equations of the form — admitting left and right Loewner functions
LE(-), L7(+), and EZ(-), L'(-), respectively, associated to the functions A(-),
r(-), m(-), and £(-). Then'™ and X are called Loewner equivalent at (\,r,m, ()

if LA(¢) = EE(Q) and L"(¢,) = L' (¢.) in a neighbourhood of the origin.

Again, it is said that a nonlinear system interpolates another nonlinear
system (in the Loewner sense) at (A, r,m, () if the two systems are Loewner
equivalent at (A\,7,m,¥), i.e. for the same mappings A(-), r(-), m(-), and
() the interpolating system possesses the exact same left and right Loewner
functions in a neighbourhood of the origin.

As in Chapter [3land Section[4.2] the property of Loewner equivalence, un-
der mild conditions, has a strong implication on the steady-state behaviour

of a system when interconnected with the auxiliary systems (4.23))-(|4.24)

and (4.25)-([4.26). Particularly, by Theorem [11], and given that the foregoing
stability assumptions, that is Assumptions [f] and [ hold, then if A is suffi-

ciently small, bounded, and converges to zero, the steady-state response of
the system interconnected with the auxiliary systems is dependent entirely on

the auxiliary system states and the left and right Loewner functions. Thus, if
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two locally exponentially stable systems are Loewner equivalent at (A, r, m, £)
then there exist initial conditions such that the two systems interconnected
with the auxiliary systems have the same steady-state behaviour, provided
it exists.

The notion of an interpolant of the tangential data mappings can also be

enhanced by generalizing Definition [10]

Definition 13 (Interpolant of the Tangential Data). Consider the set of
right tangential data, given by A(-), r(-), W(-), and the set of left tangential
data, given by m(-), €(-), V(-). Let ¥ be a system described by equations of
the form - and admitting right and left tangential data mappings
W (-) and V(-), respectively, associated to the mappings \(-), r(-), m(-), and
0(). Then X is called an interpolant of the tangential data, or is said to
match the tangential data, if W(-) = W(-) and V(-) = V(-).

Model order reduction in the Loewner sense can now be defined. As with
the enhancement of the notion of Loewner equivalence, this is a more general
version of Definition (11| in which the objects defining the auxiliary systems

are mappings rather than matrices.

Definition 14 (Reduced Order Model). Let > and X be two systems of order
n and v, respectively. Y is called a reduced order model of ¥ in the Loewner

sense if ¥ and ¥ are Loewner equivalent at (\,r,m,{) and v < n.

A nonlinear system which is Loewner equivalent at (A, r,m,¢) to (4.1)-

(4.2) can now be constructed, given that the Loewner functions of (4.27)-
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(4.28) are known. This is a more general version of Theorem [10]

Theorem 12. Consider the interconnected system (4.27)-(4.28) with p =
v. Let L*(+), L"(+), L(-), oL(-), V(:), and W(-) be the associated Loewner
functions. Assume that % is nonsingular in a neighbourhood of the origin.

Define the system

(aL 0 (,u) & = oL(w) — V(w)u, (4.41)

Yr = W<w)7 (442>

with state w(t) € CP, input u.(t) € C™, and output y,(t) € CP. Then the

system (4.41)-(4.42)) is Loewner equivalent at (X, r,m, () to the system (4.1))-
(4.2) and matches the tangential data functions W(-) and V (-).

Proof. Let X(-), Y (-), EZ(-), L(-), L'(-), W(-), and V() be the Loewner
functions for the system (4.41))-(4.42)) interconnected with the auxiliary sys-
tems (4.23)-(4.24) and (4.25)-(4.26)). By assumption, the Jacobian of the

Loewner function is nonsingular in a neighbourhood of the origin, so begin

by rearranging (4.41)) into the explicit state-space form

-1 -1
w= (g? ow) oll(w) — (SICL ow> V(w)u,,

for which the Loewner functions have been defined. The functions X (-), Y(-),
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and EE(-) are solutions to the PDEs, with boundary conditions,

0X oL -t
aéix(c}) - (ag; oX(Cr)> oL(X(¢))
- (gg: 07(90 V(X(G)r(G),  X(0) =0, (4.43)
and
oY (0L -1 _
D (ag ow) oL(w) = —m(-Y(w)) —L(W(w)),  Y(0)=0, (444)
and

oL
oG,

W6 = (X X)) (B X@) VRO

—m(-T¢), L) =0, (4.45)
while IL(-) and L' (-) are defined as

L(G) ==Y (X(¢),

and

L'(¢) =L(¢) - L',

and W (-) and V(-) are defined as
W(G) ==W(X(¢), (4.46)
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and

76) = (2 o%©) (X oXi6) V@) @

To prove that (4.41))-(4.42)) is a Loewner equivalent model, it is shown that
X(¢) = ¢, Y(w) = —L(w), and EZ(Q) = LY¢,) is a solution to the

PDEs (4.43)), (4.44)), (4.45). Rearranging (4.43)) yields

(2? °7(<'“>> Z—éim = oL(X(¢)) = V(X(¢))r(6),

while letting X (¢,) = ¢, yields

oL
¢,

)‘(Cr) = UL(CT) - V(Cr)'f’<<,,),

which holds by (4.38). Thus X(¢.) = (. satisfies (#.43)). Letting Y (w) =
—L(w) in (4.44)) yields

B @? ‘””) (2? “’) oL(w) = —m(L(w)) — £(W(w)),

oL(w) = m(L(w)) + K(W(w)),

which holds by ([4.37). Thus Y (w) = —L(w) satisfies (4.44)). Finally, letting
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X(¢) = ¢, Y(w) = ~L{w), and L'(¢,) = LA(¢,) in yields

oLt
¢,

A(Cr) = _m( - Le(@‘))

OL [ 0L
e (ag,,

= —m(~L6) - (G o X(6)) o(X(&)r (6,

>_1v<<r>r<g>

which holds by the PDE (#.34) defining L(-). Thus X(¢,.) = ¢, Y (w) =
—L(w), and EZ(Q) = LY(¢,) satisfies (4.45). Hence, X(() = ¢, Y(w) =

—L(w), and Ee(g) = LY(¢,) are a solution to the set of PDEs (4.43)), (4.44]),
(4.45), and it also follows that

E(Cr) = _?(Y(Cr» = L(Cr)a
and
L'(¢) =L¢) - L'(¢) = L(G) - LAG) = L7(G),

and thus the system (4.41)-(4.42)) is Loewner equivalent for (A, r,m,¥¢) to
the system (4.1)-(4.2). Finally, substituting X ({,) = ¢ and Y (w) = —L(w)
into (4.46)) and (4.47)) yields

W(G) =W(G),
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and

oL

7o) =5 (

oL
IGr

-1
) V&)=V
respectively, hence the system (4.41))-(4.42)) matches the tangential data func-

tions W (-) and V(+). O

4.4 Example - A Reduced Order Model for

the DC-to-DC Cuk Converter

The averaged model of the DC-to-DC Cuk converter is given by the system

of equations (see e.g. [14], [109])

di — dv . .
le_tl = —(1—U)U2+E, ng—tz :(1 —U)11+Zgu,
di dv .
L?’d_; = —U4 — VU, C4d_t4 =i3 — Gy,
YroMm = V4,

where i1(t) € R, vy(t) € RT, i3(t) € R™, and vy(t) € R~ describe currents
and voltages, and L1 € R, C, e R, Ly € R, C, € R, E € R, and G € R
are positive parameters, and u(t) € (0, 1) is a continuous control signal used
to control the switch position in the converter. Defining states x; := iy,

To = vy — E, x3 := i3, and x4 := vy, one obtains the implicit state-space
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model

Ei = Az + (By + Biz) u, yrom = Cu, (4.48)
where
T Ly 0 0 0 0 -1 0 O
To 0 Cy 0 0 1 0 0 0
xr = , E = , A= ,
T3 0 0 L3 O 0O 0 0 -1
| 74| I 0O 0 0 C’4_ _O 0 1 —G_
1 0O 1 00
10 -1 0 10
By =F , B; = , C .= [0 0 0 1] )
-1 0 -1 00
0 0O 0 00

The matrix F is nonsingular, thus this representation can be rearranged into

the state-space form
i =FE"1'Ar+ E' (By + Bix)u, yrom = C.

Consider now the problem of determining a reduced order model for the

DC-to-DC Cuk converter associated to the auxiliary systems (£.3)-(@.4) and
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(4.5)-(4.6) with matrices given by

for some m € R. Then the tangential generalized controllability function,
X(+), defined as the solution to the PDE with boundary condition (4.9)), is

the solution to the equation
0=E"AX(G)+ E7 (Bo+ BiX(G)) Gy X(0) =0,

Thus, the tangential generalized controllability function is

G /(¢ — 1)
_1 Enl
X(G) = — (A+ Bi¢) ™ BoG, = —
G T
- 1 -

and the right tangential data mapping, W (-), defined via (4.11]), is

E¢,

W(G) =CX(6) = =2

The tangential generalized observability function, Y(-), defined as the so-

lution to the PDE with boundary condition (4.10f), is the solution to the
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equation

Y
aé?_xE_le =mY (z) — Cu, Y (0) = 0.

This PDE is solved by the linear mapping Y (x) = Y, where Y is the unique

solution, for m ¢ o(E~'A), of the Sylvester equation
YE'A=mY - C,
hence
Y =C(mE — A)'E.
That is,
Y(z) = (14 mGL;s+ m2L304)71L3 [0 0 1 mCZ;] x,
and the left tangential data mapping, V'(-), defined via (4.11)), is

Ve) = (G 0 X(6)) B (Bo+ BX(G)

=YE ' (Bo+ BiX(¢))

E
N (1 + mGL3 + m2L304)((r — 1)

138



The Loewner function, IL(+), obtained as the solution to the PDE with bound-
ary condition (4.13)), and the shifted Loewner function, olL(-), obtained via

(4.15)), are constructed from the tangential data mappings as

L(¢) =m ™ (VGG — W(G)

ELg(G + mC4)Cr
(1 + mGL3 + m2L304)(Cr — 1)’

and

ol(G) = V(GG

B
(1 + mGLg + m2LgC4)(Q — 1)7

respectively. Note that

8Cr N (1 + mGL3 + m2L304)(§r — 1)2’

and

(0L>_1 (1 +mGLs +m2LsCy) (G — 1)
86« N ELg(G + mC'4) '

It follows that an interpolant of the tangential data mappings and the Loewner

functions generated by the DC-to-DC Cuk converter (4.48) at (A, R, M, L),
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obtained using Theorem [10} is given by

cv:(aLow>lamw)_(ggow)lvm@w

YrOM = W(W), w 7& 1a

or

Y ww-1) w—1 "
N L3(G+m04) Lg(G+mC4)
B (w—1)
= LG rmey @
Ew
YrROM = — w#1,
w—1

(4.49)

(4.50)

with state w(t) € R, input u(t) € R, and output yron(t) € R. If m € R is

selected such that —C% < m < 0 then both the interpolant (4.49)-(4.50) and

the auxiliary system

éﬂzmgf—i_Xa 77:@7

have a locally exponentially stable equilibrium point at the origin.

If a system interpolating the tangential data mappings is asymptotically

stable, and if u = r((,), then for sufficiently small initial conditions it follows

that lim;_, o (y — W((T)) = 0. It is harder to show the effect of matching

V(+) in the output response of the system without invoking the mappings
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X(+) and Y (). However, note that for any system of the form (4.1)-(4.2)

tly) = (@) = =0 ()~ m(~ Y ()

_ g_Y + P gleyu—m(— Y (@)
=T - m(=Y@) + Loy,
hence
~ oY

((y)+Y(z) +m(—-Y(z)) = %g(as)u

Recalling that if u = r((,), and the system is locally asymptotically stable,

then for sufficiently small initial conditions it follows that

i (o= X)) =0,

therefore

—~—
lim <€(y) +Y(x) +m(—Y(fv))> = V(¢)r(G),

t—o00

and if the system is single-input and r(¢,) # 0 then

e "G
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In order to demonstrate the effect of interpolating V'(+), define the mappings

Virom(t) == Hyrou(t)) + Yﬁét)&); m(- Y(x(t)))’ r(¢(t)) #0,
and
14 L | L
Virom(t) = Lo lt) = TEZ)((Z)))) = (W(t)))’ r(G(1) # 0,

so that, if the tangential data mappings are matched and the systems (4.48)
and (4.49)-(4.50) are asymptotically stable with sufficiently small initial con-

ditions, then

tlggo yrom(t) = tlgilo yrom(t) = W(((t)),

hm %,FOM(Q = hm ‘/t,ROM(t) = V(Cr(t))
t—o00 t—o00

Consider now the full order model of the DC-to-DC Cuk converter, given

by (4.48), and the reduced order model, given by (4.49)-(4.50), with the

parameters

142



so (4.48)) becomes

0 -1 0 0 1 0 1 00
1 0 0 0 0 -1 0 10
T = T+ + T | u,
0 0 0 -1 -1 0 -1 0 0
0 0 1 -2 0 0 0 00
yrom = (0 0 0 1|7,

and (4.49))-(4.50) becomes

w=2(w—1)(w—u),

W

YrROM = m

Figures[4.3)and [4.4show the responses of the full order model and the reduced
order model to a piecewise constant input signal. It can be seen that the

responses of the systems are consistent with the tangential data mappings.

4.5 Example - An Interpolant of Nonlinear
Tangential Data Mappings

Consider constructing an interpolant for nonlinear tangential data mappings

associated to auxiliary systems of the form (4.23)-(4.24) and (4.25))-(4.26)).

The right tangential data mappings, associated to the output response of an
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Figure 4.3: Responses of the full order model (4.48)) and the reduced order
model (L29)-([L50).
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Figure 4.4: Responses of the full order model (4.48)) and the reduced order
model (4.49)-(4.50]) for ¢ € [190, 350].
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underlying system when interconnected with a Van der Pol oscillator, are

given by

)‘(Cr) = CT72 ) T(Cr) = 1_10§r,2a o= 27

(1 — Cf,l)Cr,Q — G

and

W(Cr) - _gr,l - Cil + 4C7",2'

The left tangential data mappings are given by

0 1 1
m(Ce) = G, X)) = X
-1 0 0
and
20 0 ) —20.03 0 )
V(CT) = + Cr,l + CT,IQT,Q + Cr,Q
—30 10 —0.04 —0.07
20 0.04 0
+ ot iGra + 210G
0.02 0.04 0.06

The Loewner function, IL(-), and the shifted Loewner function, ¢L(-), must be
determined in order to construct a system which interpolates the tangential

data mappings. The Loewner function, determined as the unique solution to
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the PDE with boundary condition (4.36)), is given by

1 1 0.001 5
L(C?") = Cr,l + Cr,2 + r1
0 1 0
1 ) 0.001 ) 0 5
+ CT,ICT',2 + CT,1C7",2 + 2
0.001 0.001 0.001

and the Jacobian of the Loewner function is

oL |11 0.003 1

= + C31
9 1o 1 0 0.001
2 0.002 0001 0 | |
+ C’I‘,lCﬁQ + C’/‘72‘
0.002 0.002 0.001 0.003

The shifted Loewner function, obtained via (4.37)), is

-1 5) —1 5
UL(CT) = Cr,l + CT,Q + 1
1 —1 —0.001
0.001 ) 0.001 ) 0.001 5
+ Cr,lé—ﬁ? + CT,ICT',2 + 2"
-1 —0.001 0

An interpolant of the tangential data mappings and the Loewner functions

at (X, r,m, () is obtained using Theorem [12]
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In order to show the effect of matching V'(+), define the mapping

—_——
Vir(t) := E(yr(t)) — L(w(t)) + m(L(w(t))),

so that if lim;_,o, w(t) = (), then

Jim Vi () = V(G(0)r(G(#)-

Figured.5|shows the response of the interpolant when interconnected with the
auxiliary system (4.23)-(4.24) with initial conditions ¢.(0) = (—1,—0.05)"
and w(0) = (0,0)7. It can be seen that the response of the interpolant is

consistent with the tangential data mappings.

4.6 Conclusion

In this chapter a new method for model order reduction for nonlinear sys-
tems has been presented. This method extends the state-space interpretation
of the Loewner matrices, which are classically interpreted in the frequency
domain, developed for linear systems in Chapter 3| and [126], to nonlin-
ear input-affine systems of ordinary differential equations. New objects, the
Loewner functions, which are solutions to partial differential equations and
are generalizations of the Loewner matrices have been defined. In addition,
given the Loewner functions for an underlying nonlinear system a partic-

ular reduced order model which interpolates the Loewner functions of the
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Figure 4.5: Response of the interpolant interconnected with the auxiliary

system ((4.23)-(4.24).
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underlying system can be constructed. Locally, and under mild conditions,
the two systems produce the same steady-state response, provided it exists,
when interconnected with the same auxiliary systems corresponding to the
Loewner functions. Two examples have been provided, with the first exam-
ple demonstrating the construction of a reduced order model for a nonlinear
underlying system, and the second example demonstrating the construction
of an interpolant using tangential data mappings associated to nonlinear

auxiliiary systems.
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Chapter 5

Interpolation of Nonlinear

Differential-Algebraic Systems

In this chapter the nonlinear Loewner framework of Chapter [4] is further
generalized for the treatment of nonlinear input-affine differential-algebraic
systems possessing a feedforward term. Additionally, a parameterized family
of interpolants is provided by introducing a feedforward term. The enhance-
ment presented in this chapter is accomplished by further generalizing the
definitions of the Loewner functions in such a way that they can be used to
construct a “parallelizing” coordinates transformation. The Loewner func-
tions can then be used to construct an interpolant which yields the same
Loewner functions and therefore achieves interpolation of the underlying sys-
tem in the Loewner sense. Locally, the original model and the interpolant

produce the same response when interconnected with the same auxiliary sys-
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tems associated to the Loewner functions. The enhancement in this chapter
relies on the interconnection-based interpretation of Chapter [3| and builds
upon the results of Chapter [4

This chapter is structured as follows. In Section |5.1] the class of nonlinear
differential-algebraic systems that the Loewner framework is enhanced to
treat in this chapter is presented. In Section[5.2]the definitions of the Loewner
functions are enhanced to handle nonlinear descriptor systems possessing
a feedforward term, and a set of coordinates, the Loewner coordinates, is
introduced which reveals the relationship between the Loewner functions
and the response of the system. In Section [5.3|a differential-algebraic system
is provided which, given the Loewner functions of the underlying system,
interpolates the underlying system in the Loewner sense. In Section a
family of nonlinear Loewner equivalent interpolants is parameterized via the
introduction of a feedforward term. In Section [5.5 a demonstrative example
is provided wherein the averaged model of a DC-to-DC Cuk converter is
treated in implicit form, and a feedforward mapping is utilized to enforce
local exponential stability of the origin for the reduced order model. Finally,

in Section [5.6] some concluding remarks are given.

5.1 Problem Formulation

The approach of Chapter [4 has a drawback in that, for Theorems [10] and [12]

the Jacobian of the Loewner function must be nonsingular in a neighbour-
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hood of the origin. Furthermore, as in [94] and Chapter [3| in the Loewner
framework for linear systems one typically studies differential-algebraic sys-

tems, or descriptor systems, of the form

Ei(t) = Az(t) + Bu(t),

y(t) = Ca(t) + Du(t),

where FE is generally a singular matrix, so the system contains algebraic
constraints. Furthermore, (E, A) is a regular matrix pencil, so the system is
reqular or solvable.

In the following sections a more general class of nonlinear input-affine
descriptor systems possessing a feedforward term is considered. This class of

systems is described by the equations

B0) = (5, 09(0) 40 = £(x(0) + s(a()u(t), 5(0) = 0,(5.1)

y(t) = h(:L‘(t)) + d(x(t))u(t), (5.2)

with state x(t) € C”, input u(t) € C™, output y(t) € CP, and mappings f :
Cr—-Crg:Cr—-C™ h:C"—=CP,d:C"— CP* and £ : C" — C",
such that f(0) = 0, A(0) = 0, and F(0) = 0, and an initial condition x
which is consistent with the input function w(-) in that, locally, there exists
at least one continuously differentiable solution for —. It is assumed

that f(-) and E(-) are, locally, differentiable, and, in a neighbourhood of the
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origin, the Jacobian of E(-) has constant rank but it is not invertible. Hence,
systems possessing both differential and algebraic equations are considered
and the system — cannot be manipulated into a standard state-space
form.

It is assumed that any system of the form — is reqular (with
respect to the solution z(t) = 0 and u(t) = 0). In the nonlinear setting,
when saying a system is regular it is meant that locally, in a neighbourhood
XxUcCC"xC™of x =0 and u = 0, continuously differentiable solutions
of the system exist and are unique for every sufficiently smooth input u(t) €
U and every initial condition zy € X such that the initial condition xq is

consistent. Furthermore, it is assumed that the trajectory of the auxiliary

system ([4.23)-(4.24) is such that r({.(t)) € U, so the interconnection of

a regular system of the form (5.1)-(5.2) with the auxiliary system (4.23)-
(4.24), via w = v, yields an interconnected system for which there exists

locally unique solutions.

Remark 13. The existence and uniqueness theory for general nonlinear im-
plicit systems is technically complex and beyond the scope of this chapter,

see e.g. |108], [86], [87], or Hypothesis 4.2 and Theorem 4.11 in [88].

Remark 14. As with linear systems having algebraic constraints, the motion
of — need not be continuous, and the states of the system may
exhibit discontinuities and impulsive behaviour if the initial conditions are
not consistent or the input signal is not sufficiently smooth, e.g [88]. This

issue is important only when establishing trajectories based results.
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The purpose of the following sections is to further enhance the Loewner
framework for systems of the form (5.1)-(5.2)). First, the Loewner functions
of Chapter (4] are generalized to include the “descriptor function”, E(-), and
the feedforward term, d(-), and a Loewner equivalent model is presented
forgoing the assumption that % is nonsingular in a neighbourhood of the
origin’l Then, a feedforward term is introduced to the interpolant, thus
parameterizing a family of Loewner equivalent interpolants and giving some

degrees of freedom in the selection of the reduced order model.

5.2 Interconnection With Auxiliary Systems

Consider now, as in Chapter {4 two nonlinear auxiliary systems of the form

(1) = MG (1) + A®), (5.3)
o(t) = r (G (1), (5.4)

and

Colt) = m(Ge()) + £(x(1)), (5.5)
n(t) = ((t), (5.6)

!'The Loewner functions are reinterpreted in the context of differential-algebraic sys-
tems, hence the proof that the interpolant is Loewner equivalent no longer requires in-
verting the Jacobian of the Loewner function, and the interpolant can contain algebraic
constraints.

155



with states (.(t) € C? and (,(t) € C, inputs A(t) € C? and x(t) € CP, and
outputs v(t) € C™ and n(t) € C", and with functions A(-), r(-), m(-), and
¢(-) of appropriate dimensions, and such that A(0) = 0, (0) = 0, m(0) = 0,
£(0) = 0, and A(-), 7(-), m(-), and £(-) are differentiable. Let A := (g% o o)
and M :— (g—g o 0), with Assumption @ still holding.

An additional mapping, derived from /(-), is required due to the addition
of the feedforward term in ([5.2)) and the non-affine choice of ¢(-) in (5.5)). By

Hadamard’s lemma, there exists a function £ : C? x C? — CV*? such that

l(b,a)a = L(b+a) — (b)), (5.7)

where

Furthermore, it follows that

l(b,—a) =(b—a,a), (5.8)

156



because, with v :=1 — T,

Consider the scenario in which the system ([5.1)-(5.2)) is interconnected
with the auxiliary systems (5.3)-(5.4]) and (5.5))-(5.6) via the interconnection

equations v = v and x = y. This interconnection, depicted in Figure [5.1},

has the differential-algebraic representation

¢, G I
Tl =1 f@ag@re) |+ o]a 69

¢ m(Ge) + L (h(z) + d(z)r(G)) 0

n =G (5.10)

*

with state {g: x* g] , input A, and output 7. The Loewner functions are
further enhanced in association with the interconnected system ([5.9)-(5.10)).
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L=Ae)+a | v=u | E@=f@+g@u | V=X | &=mG)+)
v=r(() y = h(a) + d(a)u 0=

()

A(t) ——

Figure 5.1: The interconnected system ([5.9)-(5.10]).
5.2.1 Loewner Functions

One can now define further generalizations for the objects arising in the
nonlinear Loewner framework in order to accomodate differential-algebraic
systems of the form —. These new definitions, which now take into
account the additional mappings F(-) and d(-), are defined in terms of the
functions comprising the interconnected system —. First, the tan-
gential generalized controllability function, X : C?» — C", is defined as the

solution, provided it exists, to the PDE with boundary condition

o(B(x(c)))
G

0E 0X

36 = (G o X)) A6

= f(X(¢) + (X () (G

X(0) =0, (5.11)
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and the tangential generalized observability function, Y : C* — CV, is defined

as the solution, provided it exists, to the PDE with boundary condition

(98_3” o Em) f(2) = —m( - Y(E(@))) - ((h(x)).

Y(0) = 0. (5.12)

Enhancements of the right and left tangential data functions, W (-) and V(+),

respectively, are defined as

W(G) = h(X(G)) +d(X(G)r(G), (5.13)

and

VG)i= (G 0 E(XG) ) 9(X(6)

+7(A(X(C)), AX(C)HE))dX(G),  (5.14)

and enhancements of the Loewner function, L(-), and the shifted Loewner

function, olL(-), are defined as

L(G) ==Y (BE(X(G))),
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and

oL(G) = — (‘Z—Y o E(X(@))) (X))

+1(A(X(6)), d(X(G)r(G) )A(X(G))r(G),

respectively. The left Loewner function, IL‘(-), and the right Loewner func-
tion, L"(+) are unchanged from Chapter . That is, the left Loewner function
is defined as the solution, provided it exists, to the PDE with boundary

condition

oLt
¢,

A(Cr) = _m( - LZ(C?")) - V(Cr)r(Cr)a LK(O) = 07 (515>

and the right Loewner function is defined as

LT(CT) = L(CT) - H}(Cr)'

As in Section the following useful relationships hold for the Loewner

functions.

Proposition 9. Given the functions X(-), Y(-), W(-), V(-), L(:), oL(-),
L), L7(-), A(+), 7(-), m(-), and £(-), the following hold.

i) The Loewner function, IL(-), satisfies the PDE with boundary condition

oL
o,

AG) = m(L(G)) = (W (G)) = VI(G)r(G), L(0)=0. (5.16)
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it) The right Loewner function, L7 (-), satisfies the PDE with boundary con-

dition

oL"
9Gr

A(ér) - m(L(Cr)) - m( - LZ(CT)) = E(W<Cr))7 LT(O) = 0.

iii) The shifted Loewner function satisfies the equation

oLL(¢;) = m(L(¢)) + (W (G)). (5.17)

iv) The shifted Loewner function satisfies the equation

oL

UL(CT) = a_CT)‘(CT) + V(CT>T<C1") (518>

v) The shifted Loewner function satisfies the equation

oL”
¢,

aL(G) = —m( = LY(G)) + 5-AMG)-

Proof. The proof proceeds in the same fashion as that of Proposition [§]

however properties of the function £(-) stated earlier are now required. Mul-
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tiplying by — (%5 0 E(X(())) on the left yields

which proves iv). Substituting X (¢,) into (5.12]) yields

oy

L6) = - (G o BX(G))) £(X(6)

+7(R(X(6)), A(X(6)r(6))d(X(G))r(¢)
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and by recalling (5.7 it follows that

oL(¢,) = m(L(¢) + £(h(X(C)))
+O(M(X(G) + d(X(G))r(G) — E(M(X(G)))

= m(L(¢)) + LW (),

which proves #ii). Equating 4ii) and iv) yields

L
P

SE NG +V(G)(G) = m(L(G)) +E(W(G),

and noting that X(0) = 0, Y(0) = 0, and W(0) = 0 proves 7). Subtract-
ing (5.15) from (5.16) yields

( oL oL

a, ag) MG = m(L(G)) —m( - L))

%
-5

= ((W(G),

)‘(Cr) - m(L(Cr)) - m( - LZ(C?"))

and noting that W (0) = 0 proves i7). Finally, from iv) and (5.15)) it follows
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that

olL(¢,) = S—EA(Q) + V(G)r(¢)
. ¢
- %A(g) + @%A(g) + V(Cr)r(é}))

JL"
= 5M6) = m(~ L)),

proving v). O

Remark 15. The additional mappings F(-) and d(-) do not directly appear
in the relationships for IL(-), oIL(-), L(-), L"(-) in Proposition [0} That is, the
Loewner functions LL(-), olL(-), L*(+), and L"(-) can still be constructed using
only the tangential data functions, W(-) and V(-), and the auxiliary system

mappings, A(+), 7(+), m(-), and £(-).

5.2.2 Loewner Coordinates

Using the Loewner functions associated to the interconnected system (|5.9)-
(5.10]), a specific set of coordinates can be chosen which reveals the relation-
ship between the Loewner functions and the response of the interconnected

system. Consider the new coordinates

Zy Gr
2| = r— X(() . (5.19)
2 G+ Y(E(x) +LY¢)
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The system in the new coordinates, depicted in Figure [5.2] is described by

the equations
2. = Mz) + A, (5.20)

and

(aa_E o (2 + X(zr))) Ze = Alze, 2r) 2

Xz

~ (g_f o (ZC+X(ZT))> (gé ozT) A, (5.21)

and
Z’g = M(Zg, ZT)Zg
+ (m(LT(zT)) —m(L(z)) —m( - LK(ZT))>
+ G20, 20 20) 26 + (%"E o zr) A, (5.22)
and
=L (=) =Y (2, 2)7 + 2, (5.23)

where A(-), M(-), G(-), and Y (-) are obtained via application of Hadamard’s

lemma. Particularly, the function A:C" x CP — C™" is such that
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! +
A(t) — - (g? oz ) INE=UR (?7 o (2 +X(z,‘))) (e — Do) = A(ze, 2)2 y Lt—)f—» Y (20, 20) 26 »g}w‘)

3= M (20, 20) 2 — m(=L ()
(8]Lf o zr> A Adlt) +m(L"(z.)) — m(L(z)) z(t
+ C(22, 7o 2r) 20 + Ay

Figure 5.2: The transformed representation of the interconnected system

@D— in the new coordinates (5.19)), given by the equations (5.20)),
0.21)), (.22), (5.23).

Az z0)ze = (J(@) = F(X(2)) + (9(@) = 9(X(20)) ) rz0)
_ (g_f _ (g_f 0 X(zr))) (‘;_i_i 0 z) A=),

the function M : C¥ x C? — C¥*? is such that

M(Zg, Zr)Zg = m(Zg + LT(Zr)) - m(LT(zr))a
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the function G : C? x C™ x C? — C**" is such that

G (20, 2o, 20) 20 =
QM@—YM@»—UQM—WNQ+U@M>
+ (mL(z) —m( =~ Y (BE@)))
(%ZOE@Og@Q—<%§OECW%D)AX@JOr@H

and the function Y : C* x C? — C" " is such that
Y (26, 20)2¢ = Y (E(x)) = Y (B(X ().

If the system in the new coordinates is, locally, regular with respect to the
origin (which follows by the assumption that X (Q (t)) € Xand r((r(t)) e U),
then z.(0) = 0 and A(¢) = 0 for ¢ > 0 imply that the solution z.(¢) = 0 for
t > 0 is unique. Hence, the manifold given by z. = 0, or x = X((,.), is
invariant. It is now easy to see that the interconnected system restricted to

the invariant manifold z = X (z,), or z. = 0, has simplified dynamics given
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Zr(t
Ze=ANzr) + A 3 L"(2r)

.
At)—— I (=t
+

) 2 = M(24, 2) 2 — m(~L¥(z,)) B
L (Foa)a 2w oy - i) [0
) + Ay

Figure 5.3: The simplified dynamics of the interconnected system ([5.9)-
(5.10) when restricted to the manifold x = X((.), given by the equa-
tions (5.24), (5.25), (5.26).

by the equations

5= Az,) + A, (5.24)

2e=m(z+L"(2)) —m(L(z)) —m(—Lz))

oL*
+ (8@ o Zr) A, (525)
n = LT(ZZ) + 2y, (526)

thus the system restricted to the manifold x = X((,) only contains informa-
tion given by the Loewner functions and the auxiliary systems. The simpli-
fied dynamics that result from restricting the interconnected system to the

manifold z = X ((,) are depicted in Figure [5.3|

Remark 16. The simplied dynamics of the interconnected system in the set-

ting of differential-algebraic systems are identical to the simplified dynamics
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for nonlinear systems of ordinary differential equations given in Chapter [4]
thus the previous definitions of Loewner equivalence and interpolation of the
tangential data given in Chapter {| are still appropriate in the differential-

algebraic systems context.

Remark 17. One explanation for the simplified dynamics being identical
for DAEs and ODEs is that the Loewner framework is based solely on input-
output behaviour (with respect to the interconnection with auxiliary sys-
tems); the Loewner functions can be constructed only from tangential data
and thus do not depend on any particular representation of internal sys-
tem dynamics. As long as the motion of the internal system is sufficiently
smooth, when simply observing input-output trajectories of the system one
cannot distinguish an internal DAE representation from an internal ODE
representation because regular DAEs with admissible initial conditions can

be reduced to lower order ODEs.

5.3 Loewner Equivalent Model

A nonlinear system can now be constructed which is Loewner equivalent at
(A, r,m, 0) to —, and which interpolates the tangential data map-
pings, given that the Loewner functions for the interconnected system (|5.9))-
are known. The following theorem is a more general version of Theo-

rem [12]
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Theorem 13. Consider the interconnected system ((5.9))-(5.10) with p = v.
Let LY(+), L'(+), L(+), oL(-), V(-), and W (-) be the associated Loewner func-
tions, and suppose that the Jacobian of IL(-) has constant rank in a neigh-

bourhood of the origin. Define the system

Tw) = (gg o w) & = oL(w) — V(w)uy, (5.27)
yr = W(w), (5.28)

with state w(t) € CP, input u,(t) € C™, and output y.(t) € CP. Then the

system (5.27)-(5.28) is Loewner equivalent at (\,r,m, ) to the system ({5.1))-
(5.2) and matches the tangential data functions W (-) and V().

Remark 18. In Theorem the presented Loewner equivalent model no
longer requires that the Jacobian of the Loewner function be nonsingular in
a neighbourhood of the origin. That is, rather than an implicitly defined set
of ODEs, the system — is a more general descriptor system which
may contain algebraic constraints and cannot necessarily be put into standard
state-space form. This follows as a result of the further generalization of
the tangential generalized controllability and observability functions and the

Loewner functions in Section [5.2

Proof. Let X(-), Y (), V(-), W(-), L(-), Ee(-), L'(-), and oL(-) be the set
of Loewner functions for the system ([5.27)-(5.28)) interconnected with the

auxiliary systems ([5.3)-(5.4)) and (5.5))-(5.6). The function X (-) is the solution
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to the PDE with boundary condition

omn)) A

oL
IGr

IL(X(S))
aCr

A6 = (

= oL(X(¢)) = V(X(¢)r(¢),  X(0) =0, (5.29)

and letting X ({,) = ¢, yields

oL,

aCr (CT) = O-L(Cr) - V(Cr>r(<r)a

which holds by (5.18). The function Y(-) is the solution to the PDE with

boundary condition

and letting Y (w) = —w yields

—oL(w) = —m(L(w)) — (W (w)),

(5.30)

which holds by (5.17)). The function Eg(-) is the solution to the PDE with
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boundary condition

TG = m(~L(6) + (G o LX) ) VGG,

(0) =0, (5.31)
and letting X(() = ¢, Y(w) = —w, and L' (¢;) = LY(¢,) obtains

OLf
o,

)‘(Cr) = _m( - LZ(CT)) - V(CT)T(Cr)a

which holds by (5.15). Thus X(¢.) = ¢, Y (w) = —w, and EK(Q) =1L4¢,) is
a solution to the system of PDEs (5.29)), (5.30), and (5.31)). It follows that

the Loewner function and the right Loewner function are

L(¢) = =Y (L(X(¢))) = L&),
L'(¢) =L"(¢),

respectively, hence L'(G,) = L/(¢;) and L' (¢,) = 17(¢,), and (5:20)-(528) is
Loewner equivalent to (5.1))-(5.2) at (A, 7, m,¢). Finally, note that

L6) = - (G0 oL(X(6) ) AL (X(6) = oL(6)
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and

W(G) =W(X(¢) =W(G),

and

V(G) =~ (g—Y oL@@))) V(X(6) =V(G),

W

hence the system (5.27)-(5.28) also matches the tangential data functions
W(-) and V(-). O

5.4 Parameterization of Interpolants via a Feed-
forward Term

The authors of [94] utilize a feedforward term to provide the parameterized
family of systems, —, each element of which interpolates the lin-
ear descriptor system —. Such a parameterization provides extra
degrees of freedom when the goal is to select an interpolant with some de-
sired property, e.g. stability or passivity. Having enhanced the Loewner
framework to treat nonlinear differential-algebraic systems possessing a feed-

forward term, in this section a similar parameterization is achieved for the

nonlinear interpolant (5.27)-(5.28) using an input-affine feedforward term.

Theorem 14. Consider the interconnected system ((5.9)-(5.10) with p = v.
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Let LA(-), L™(+), L(-), oL(:), V(-), and W (-) be the associated Loewner func-
tions, and suppose the Jacobian of L(+) has constant rank in a neighbourhood
of the origin. Define the system

—~=

L(w) = [U]L(w) —Z(W(w , —E(w)r(w))gl(w)r(w)]

~—

with state w(t) € CP, input u,.(t) € C™, and output y.(t) € CP, and with
d : C» — CP*™. Then the system — 1s Loewner equivalent at
(A, r,m, £) to the system — and matches the tangential data functions
W(-) and V(-).

Proof. Let X(-), Y(-), V(-), W(-), L(-), L'

of Loewner functions for the system ([5.32)-(5.33)) interconnected with the
auxiliary systems ([5.3))-(5.4) and (5.5)-(5.6). To prove that ([5.32)-(5.33)) is
Loewner equivalent at (X, r,m, ) to (5.1))-(5.2)) it is shown that X () = ¢,

Y (w) = —w, and EE(Q) = LL¢(¢,) is a solution to the interpolant’s system of

PDEs corresponding to (5.11), (5.12), and (5.15). The function X(-) is the

(), L'(-), and oL(-) be the set
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solution to the PDE with boundary condition

(52 o%6)) 2

= oL(X(6,)) = V(X(G)r(c)
1(W(X(6), —d(X(6)r(X(6))AX(G)r(X(6)
(X(¢)), —d(X(¢

-
Lo(w(x X(6))r(X(6)) )X (G)r(G):

X(0) =0,
and letting X (,) = ¢, yields

oL
I

)\(CT) = O-]L’(C’f‘) - V(CT)T<C7‘)7

which holds by (5.18). The function Y(-) is the solution to the PDE with

boundary condition

175



and letting Y (w) = —w yields

which holds by (5.7) and (5.17)). It follows that

Y (L(X(¢))) = L),

&
—~
)
S—

I

and

Furthermore,

UL(CT) = m(E(CT)) + E(W<Cr))
=m(L(G)) +(W(G))
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and V(-) is given by

7(6) = - (G LX) ) V(X))

+ (50 oL (X©)) ) (W (X)), (X (6)r (X(6) )X ()

+ (W (X(Q) = dX () (X)), dX(E)r(6))AX ().
Then, by ,

V(G) = V(G) = H(W(G), —d(6)r(6))d(G)
+ Z<W(Cr) - a(CT)T<CT)7 8(@)7’(@.))8(@)
= V().

The function EZ(-) is the solution to the PDE with boundary condition

oL
oG,

MG) = —m(=L(G)) = V(G (G,

—

L'(0) =0,

and letting L'(¢,) = LY(¢,) yields

oL
¢,

M) = —m(=LYG)) = VGG,
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which holds by (5.15]), hence it follows that

L'(¢) =L(¢) —L(¢)
= L(Cr) - Le(Cr)
=L7(¢).

Thus, EK(Q) = LY¢) and L'(¢,) = L7(¢), and (5.32)-(5.33) is Loewner
equivalent to (5.1)-(5.2) at (A, r,m, £). Furthermore, the system (5.32))-(55.33)

matches the tangential data functions W(-) and V(-). O

Note that the function d : C» — CP*™ is unconstrained (as long as the

system (5.32))-((5.33)) is regular) so the interpolant ((5.32)-(5.33)) now has pxm

free parameters.

5.5 Example - Treating the DC-to-DC Cuk
Converter in Implicit Form, and Enforc-
ing LES Using a Feedforward Term

Recall, from Section , the averaged model of the DC-to-DC Cuk converter

in the implicit form

Ei = Az + (By + Biz) u, yrom = Cu, (5.34)
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where

T Ly 0 0 O 0 -1 0 O
T 0 Cy; 0 0 1 0 0 O
x = , E = , A= ,
T3 0 0 L3 0 0 0 0 -1
EA _O 0 O 04_ _0 0 1 —G_
and
1 0 1 00
_10 -1 0 10
By = F , B, = , C = l() 0 0 1].
-1 0 -1 00
0 0 0 00

This implicit model can now be treated directly without rearranging the

model into an explicit state-space form. Consider again constructing an

interpolant associated to the auxiliary systems ([5.3))-(5.4) and (5.5))-(5.6]

with mappings given by

A(Q‘) =0, T(Cr) = Gr, m(@) = mQy, g(X) =X, m € R.

Then the tangential generalized controllability function, X (-), defined as the
solution to the PDE with boundary condition (5.11)), is the solution to the
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equation

0= AX(CT) + (BO + BlX(C’I’))C’F? X(O) = 07

so it follows that

G /(G- 1)
1 i
X(CT) = _(A + Blgr)ilBOCT = CEETl’
G r
- 1 -

and the right tangential data mapping, W (-), defined via ((5.13)), is

E¢,

W(G) = CX () = ==

The tangential generalized observability function, Y(-), defined as the solu-

tion to the PDE with boundary condition ({5.12)), is the solution to

(g_Y o Ea:) Az =mY (Ez) — Cr, Y (0) = 0.
x

This PDE is solved by the linear mapping Y (x) = Y, where Y is the unique

solution, by assumption, to the generalized Sylvester equation

YA=mYFE - C,
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hence
Y =C(mE — A~
That is,
Y(z) = (1 +mGLs +m*L3Cy) " [0 01 ng] ,

and the left tangential data mapping, V(+), defined via (5.14)), is

=Y By+YBiX(()

E
(1 + mGL3 + m2L304)(C,, — 1) ’

Note that while the tangential generalized observability function is different
than in Section [£.4] the tangential generalized controllability function, and
the right and left tangential data mappings, are identical to what they were
before. It follows that the Loewner function, L.(-), and the shifted Loewner

function, olL(-), are unchanged. That is

EL3(G +mCy)¢,

L(Cr) == (1 +mGLs + m2L3C4)(Cr - 1)7
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and

fold
(1 + mGL3 + m2LgC4)(Q — 1) ’

ol(¢r) =

An interpolant of the tangential data mappings and the Loewner functions
generated by the DC-to-DC Cuk converter (5.34) at (\,r,m, (), obtained

using Theorem (13| and given in implicit form, is

L(w) = <3C o w) w=ol(w) = V(w)u, yr = W(w),
or
(]_ + mGLg + m2L3C4) (w - 1)2
B E "
a (]. + mGL3 + m2L3C4) (CL) — 1)
FE 1
T 0wy i) w1 53)
Ew
Y= w# 1, (5.36)

with state w(t) € R, input u(t) € R, and output y,(¢) € R. Note that,

by arranging the model into an explicit state-space form, the interpolant

(5.35)-([5.36)) is equivalent to the interpolant (4.49)-(4.50)) of Section
If m < —C% then the reduced order model (5.35)-(5.36)) does not have a

locally exponentially stable equilibrium point at the origin. This issue can
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now be resolved by making use of the free parameters given by constructing
an interpolant with a feedforward mapping. Another interpolant of the tan-

gential data mappings and the Loewner functions, obtained using Theorem

[14], is given by

with state w(t) € R, input u(t) € R, and output yron(t) € R, where the

free mapping, d(-), is selected such that

d(w) = cEL3(G +mCy) + E(w—1)
W= (1 4+ mGL3 +m2L3Cy)(w — 1)

c € R, w # 1.
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Then the reduced order model is given by

(1 + mGLg + m2L3C'4) (w — 1)2

E w
(1 + mGL3 + m2L304) (cu — 1)

(cEL3(G+mCy) + E(w—1)) w
(]_ + mGL3 + m2L3C4) (w - 1)2

E 1
- ((1 + mGLg + m2L3C'4) (Cd - 1)

(cEL3(G+mCy) + E(w—1)) 1
 (1+mGLs+m2LsCy)  (w—1)? “

B (cLs(G+mCy) +w —1) (w —u)
yROM_m< N (1 4+ mGL3 +m2L3Cy) (w—l)).

Note that, by rearranging, this model is equivalent to

w cw c

RN A e o

_E _ (eL3(G+mCy) +w—1) (w—u) (5.38)
YROM = () (1+mGL; + m2LyCy) w—1))
which is an interpolant of the tangential data mappings and the Loewner

functions at (A, r,m,¢) that has a locally exponentially stable equilibrium

point at the origin for ¢ > 0.

The effect of matching the tangential data mappings W (-) and V(-) at
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(A, 7,m, ) can be demonstrated by noting, as a generalization of the discus-

sion in Section [4.4] that

0(he) = = (G2 B ) ) - m( - V(5()

_ K% o E(a:)) g(z) + U(h(z), d@)u)d(x)| u. (5.39)

When u = r({.), and when the systems (5.34) and (5.37)-(5.38]) are locally

asymptotically stable, then for sufficiently small initial conditions it follows

that limy o (2(t) — X(¢(1))) = 0 and limy,o (w(t) — (1)) = 0. If, in
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addition, the systems are single-input, define the mappings

14 Y(F ) Y(E
oty = 0s )+ TN (YD) 1 1
and
(ymons(t)) — T +m(Liw(t)
Vt,ROM(t) = JroM ’I“(Zd (t)) - - ) T(Cr(t)) 7é 0

Hence, if the tangential data mappings are matched, and if the systems are
locally asymptotically stable, then for sufficiently small initial conditions it

follows that
tlggo yrom(t) = tlggo yrom(t) = W(¢(1)),
and, by (5.39),
lim ‘/t,FOM<t> = lim ‘/t,ROM(t) == V(Cr(t))
t—o0 t—o0

Consider the full order model of the DC-to-DC Cuk converter (5.34)), and

the reduced order model (5.37))-(5.38)), with the parameters
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Ifm < —C% = —2 then the interpolant (5.35))-(5.36|) (with no feedforward

mapping) is not locally exponentially stable at the origin. The reduced order

model (5.37)-(5.38) (with a feedforward mapping) is

w —cw cu

W12 (=12 (w-1)

1 (w_((2+m)c+w—1)(w—u)>‘

(I+2m+m?)(w—1)

Consider m = —3, so that the interpolant (5.37))-(5.38) is

Finally, selecting ¢ = % > (0 yields

w —w+u

(w—12  5(w—1)%

O (G = )

which is an interpolant of the tangential data mappings and the Loewner
functions at (A, r,m,¢) with a locally exponentially stable equilibrium point
at the origin.

Figures [5.4] and show the responses of the full order model and the
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reduced order model to a piecewise constant input signal. The responses of

the systems are consistent with the tangential data mappings.

5.6 Conclusion

This chapter has presented an extension of the Loewner framework for non-
linear input-affine systems of ordinary differential equations, developed in
Chapter {4 to nonlinear differential-algebraic systems possessing a feedfor-
ward term. The Loewner objects are generalized, once again, to allow for
the construction of a “parallelizing” coordinates transformation when the
differential-algebraic system is interconnected with two auxiliary systems.
Using the Loewner functions, an interpolant which yields the same Loewner
functions when interconnected with the same two auxiliary systems is con-
structed. Locally, and under mild conditions, the response of the plant in-
terconnected with the auxiliary systems and the response of the interpolant
interconnected with the auxiliary systems are the same, provided the re-
sponses exist. A feedforward term is added to the interpolant in order to
parameterize a family of interpolants, providing extra degrees of freedom
which can be used when the goal is to construct an interpolant equiped with
particular properties. Finally, to demonstrate the results of the chapter, the
averaged model of a DC-to-DC Cuk converter is considered again; the model
is treated in implicit form, and the feedforward term is leveraged to enforce

a local exponential stability property for the reduced order model.
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Figure 5.4: Response of the full order model (5.34)) and of the reduced order
model (5.37)-(5.38).
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Figure 5.5: Response of the full order model (5.34)) and of the reduced order
model (5.37)-(5.38)) for ¢ € [190, 350].
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Chapter 6

Regularization of
Underdetermined Nonlinear

Interpolants

In prior chapters the construction of nonlinear interpolants has been con-
sidered only for scenarios in which the two auxiliary systems encoding the
interpolation points have the same dimension. If this is not the case then
the Loewner functions have domain and codomain with different dimensions,
and the families of interpolants presented thus far contain systems having ei-
ther more variables than equations, representing underdetermined systems,
or more equations than variables, representing overdetermined systems.
The assumption that the two auxiliary systems have the same dimen-

sion is restrictive in practice. For instance, it may be desirable to select the
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auxiliary systems such that the interconnected systems of Chapters [] and
correspond to a real operating environment, ¢.e. the auxiliary systems may
be selected as actual signal generators and filters that a system of interest is
interacting with, and these choices may have differing dimension. Further-
more, for the purposes of analysis, design, and simulation, it is important to
construct an interpolant for which, at least locally, solutions exist and are
unique, and an interpolant that has this property is referred to as well-posed.
Solutions for underdetermined systems are generally not unique, and solu-
tions for overdetermined systems generally do not exist. Hence, it is of great
practical importance to address the problem of constructing well-posed inter-
polants in the Loewner framework when the families of interpolants presented
thus far are not well-posed.

In this chapter the first steps are taken toward the construction of inter-
polants possessing, in general, the same number of equations and variables,
and the framework of Chapter [5] is further enhanced by weakening the as-
sumption that the auxiliary systems have the same dimension. In particular,
the scenario in which the families of interpolants given in Theorems |[13[and
in Chapter |5 are underdetermined is addressed. The family of interpolants
is enhanced in a natural way via dynamic extension, in which new equations
are added to the systems in such a way that the properties required to be an
interpolant in the Loewner framework are preserved. The procedure results
in a new family of interpolants that contain the same number of equations

as variables and may be locally well-posed. To guarantee the existence of a
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locally well-posed system contained in this family, it is sufficient (but not nec-
essary) to assert that the Loewner function be surjective with full row rank
Jacobian in a neighbourhood of the origin. Under this condition, a particular
choice of system in the family of interpolants is a nonlinear enhancement of
the interpolant provided in [94] when the Loewner matrix has full row rank.

This chapter is structured as follows. In Section|6.1|a brief overview of the
results and theorems in the Loewner framework of Chapter |5]is given for the
scenario in which the considered systems are allowed to be underdetermined
or overdetermined, and the possibility of constructing underdetermined or
overdetermined interpolants is discussed. In Section [6.2] underdetermined
families of Loewner equivalent systems are considered and, given the un-
derdetermined interpolant, a family of augmented systems which maintain
the property of Loewner equivalence is constructed; a particular well-posed
interpolant is presented for the scenario in which the Loewner function is sur-
jective with full row rank Jacobian in a neighbourhood of the origin. Finally,

in Section [6.3] some concluding remarks are given.
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6.1 Problem Formulation

In Chapter [5| the Loewner framework has been enhanced for the treatment

of nonlinear input-affine differential-algebraic systems of the fornl]

E(a:(t)) = (g—f o J?(t)) x(t) = f(x(t)) + g(m(t))u(t), (6.1)

y(t) = h(a(t)) + d(x(®)u?), (6.2

with state x(t) € C", input u(t) € C™, output y(t) € CP, and functions
f:Cv - CF g:C" = CH> h:C" = CP,d:C" — CP* and
E : C* — CF, such that f(0) = 0, h(0) = 0, and E(0) = 0, and an initial
condition xy which is consistent with the input function u(-) in that, locally,
there exists at least one continuously differentiable solution for —.
Furthermore, it is assumed that f(-), g(-), h(-), d(-), and E(-) are, locally,
differentiable, and, in a neighbourhood of the origin, the Jacobian of E\(-)
has constant rank but it is not invertible, so the system — cannot
be put into a standard state-space form. Chapter [5| considered the scenerio
wherein the system possesses the same number of equations as variables, i.e.
k = n. In this chapter, in order to consider the treatment of interpolants
when the auxiliary systems do not have the same dimension, the definitions

of the Loewner objects must be considered for the more general situation

Tt is possible to produce underdetermined or overdetermined interpolants in the
Loewner framework, hence when defining objects the possibility that k& # n is taken into
consideration here. The main result of this chapter is the regularization of an interpolant
when it has dimensions such that k£ < n.
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in which k& # n. Hence, when considering a system of the form -
generating the tangential data functions it is assumed that the system is
regular (with respect to the solution z(t) = 0 and u(t) = 0), however when
constructing an interpolant of the form — with k # n the system
cannot be regular in general, as either no solution for the system exists or
any particular solution for the system is not unique.

As in Chapter [3], objects in the Loewner framework for systems of the
form (6.1)-(6.2) are defined in terms of the interconnection with two addi-

tional systems of the form

and

Cot) = m(Gl)) + £(x (1)), (6.5)
n(t) = Ce(t), (6.6)

with states (,(t) € C? and (y(¢t) € C, inputs A(t) € C? and x(t) € CP,
and outputs v(t) € C™ and n(t) € C¥, and with functions A : C» — C7,
r:C’ - C"™ m:C"— C" and ¢ : C*» — C" such that A\(0) =0, r(0) = 0,
m(0) =0, £(0) =0, and A(+), 7(-), m(-), and ¢(-) differentiable.

The interconnection of the system — with the systems —
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and -, defined via the interconnection equations u = v and y = y,

has the representation

CT /\<Cr) I
ol =1 @) |+ o] A (6.7)

n =G, (6.8)

with state {CTT z" Cﬂ T, input A, and output n. With respect to the
Loewner objects in Chapter 5, some of the definitions for the Loewner objects
associated to — change, superficially, for the scenario in which k # n.
In particular, the tangential generalized observability function, Y : C¥ — CV,

is defined as the solution to the PDE with boundary condition

(g_Y - E@;)) f(2) = —m( = Y(E(@))) — ((h(x)).

Y (0) = 0, (6.9)

where Y(-) is now a function of a variable x € CF, rather than x € C",
in order to accommodate the differing number of equations and variables
in (6.1)-(6.2), i.e. the domain of Y(-) must be consistent with the range
of E(-) in order to treat underdetermined and overdetermined systems, and
dim(E(z)) # dim(x) for any = € C", hence the new input variable r is

introduced. The left tangential data function, V : C* — C*™, is modified
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accordingly as

V6)i= (5 0 E(XG) ) a(X(6)

+Z<h(X(Q)), d(X(Q))r(Q))d(X(Cr)),

and the shifted Loewner function, oL : C?» — C", is modified accordingly as

oL(G) = — (Z—Y o E(X(@)) (X))

+1(A(X(G), d(X(G)r(G))AX (G))r(G).

Considering the underlying system — with k = n, all other objects
of Chapter |5 are unchanged, and the results of Chapter |5 hold with the ex-
act same proofs. Thus, given the functions L‘(-), L"(-), L(-), oLL(:), V(-),
and W(-) associated to the system (6.1)-(6.2) interconnected with the sys-

tems (6.3)-(6.4) and (6.5)-(6.6), when p # v the system of equations

L) = (oLiw) ~ AW (W), ~dw)r(w))dw)r())

_ (V(w) — E(W(w), —d(w)r(w))a(w))ur, (6.10)

Y = (W@) - a(w>r(w)) +d(w)uy, (6.11)

with state w(t) € C?, input u,(t) € C™, and output y,(t) € CP, with d : C* —
Crx™ a free parameter, still matches the tangential data functions and it is

still Loewner equivalent at (A, r,m,¢) to the system (6.1)-(6.2) in the sense
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that the Loewner functions are matched, and the system still matches the
tangential data functions W(-) and V/(-). However, the system (6.10)-(6.11))
is not well-posed because the number of equations differs from the number
of variables, i.e. p # v.

The condition in Theorem [14] of Chapter [5| that the dimensions of the
systems — and — be the same, i.e. p = v, is restrictive.
When p > v the proposed interpolant — is underdetermined, in
the sense that it possesses more variables than constraints, and when p < v
the proposed interpolant is overdetermined, in the sense that it possesses
more constraints than variables.

The purpose of the remainder of this chapter is to take the first step
towards weakening the assumption that p = v by constructing interpolating
systems in the particular scenario in which p > v. The construction begins
by considering the underdetermined system of equations — as a
basis to which new dynamics, p — v new equations, are added in such a way
that the “dynamically extended interpolant” still possesses the property of
Loewner equivalence at (A, 7, m, {) to the system —, and still matches
the tangential data functions W (-) and V(:). The scenario in which p < v
is treated in the following chapter via an approach inspired by the results in

the remainder of this chapter.
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6.2 Extension of the Underdetermined Inter-
polant

Consider now the scenario in which p > v, so the system of equations —
(6.11) is underdetermined, and the Loewner function, . : C» — Cv, has
constant rank in a neighbourhood of the origin. Using the Loewner func-
tions associated to the interconnected system - another family of
nonlinear systems can be constructed with the property that each system in
the family is Loewner equivalent at (A, 7, m, ¢) to — and matches the
tangential data functions W (-) and V'(+). The following theorem considers the
underdetermined system of equations — as a foundation, however
new dynamics are added in such a way that the properties of Loewner equiv-
alence at (X, r,m, () to (6.1)-(6.2) and matching of tangential data functions

are preserved.

Theorem 15. Consider the interconnected system - with p > v. Let
L), L7(+), L(+), oL(-), V(-), and W (-) be the associated Loewner functions.
Furthermore, consider functions P : C» — CP7%, N : C» — CP7", and T :
CP — Cl=x™ where P(-) is a differentiable mapping such that the Jacobian

of (IL()T, P(-)")" has constant rank in a neighbourhood of the origin, and

N(w) = g—i)\(w) + T(w)r(w). (6.12)
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Define the system

~ — - =
L(w) _ JIL.(LU)—E(W(w), —d(w)r(w))d(w)r(w)
P@) N()
V) - 1(Wiw), —dw)rw))dw) .
T(w)
Y = (W(w) - 3(w)r(w)) +d(w)uy, (6.14)

with state w(t) € CP, input u,(t) € C™, and output y,(t) € CP, and d : C* —
Cr>x™_ Then the system - is Loewner equivalent at (X\,r,m,{) to
the system — and matches the tangential data functions W(-) and
V().

Remark 19. The dynamically extended system — has the same
number of equations as variables, p. Furthermore, the functions d(-), P(-),
and T'(-) are unconstrained, with the exception of P(:) being differentiable
and the Jacobian of (L(-)", P(-)") " having constant rank in a neighbourhood
of the origin, giving the possibility of constructing a regular, or well-posed,
interpolant.

£

Proof. Let X(), Y (), V(-), W(-), L(-), L'(:), L' (), and oLL(-) be the set of

Loewner functions for the system ((6.13))-(6.14] interconnected with the sys-
tems ([6.3)-(6.4) and (6.5)-(6.€]). To prove that the extended interpolant ([6.13)-
(6.14) is Loewner equivalent at (A,r,m,¢) to the system (6.1)-(6.2)) it is
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shown that X ((.) = (., Y(k1, ko) = —k1 where x; € CY and sy € CP77, and

EZ(Q) = LY(¢,) is a solution to the interpolant’s system of PDEs correspond-

ing to (5.11), (6.9), and (5.15). The function X(-) is the solution to the PDE

with boundary condition

5 L(X(¢))
P(X(¢))
AG)

e
[ oL@ =2(w(©). —dr(©)dr(©) X
N(Q)
Vo= 2w, ~d©r©)d) %o | e
()

and letting X ({,) = ¢, yields

% )\(C ) _ 0L(<T> - V(Cr)r(Cr>
(80 ¢,) N(G) = T()r(&)

which holds by (5.18)) and (6.12)). The function Y (-) is the solution to the
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PDE with boundary condition
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and

v = (|2 2| cwen.rEen)

HW(Q), =dr(©))dQ) = V(Q)
~T(¢)
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and by (5.8) it follows that

V(G) = V(S).

The function EZ(-) is the solution to the PDE with boundary condition

oL

s M 6) = =m(=L'(6) = V(Gr(6),

L'(0) = 0.

Letting X(¢,) = G, Y(k1,/2) = —#r, and L'(¢,) = LY(G,) yields

oL
¢,

A(Cr) = _m( - LE(CT)) - V(CT)T(CT),

which holds by (5.15)). It follows that

L'(¢) =L¢) -T'(¢)
= L(Cr) - LZ(CT)
=L"(¢).

Therefore, EK(Q) =L4¢) and L' (¢) = L7(,), and (6.13)-(6.14) is Loewner
equivalent at (A, r,m,¢) to (6.1))-(6.2]) and matches the tangential data func-

tions W (-) and V' (-).

The authors of provide the linear interpolant (2.32))-(2.33)) for the sce-
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nario in which the Loewner matrix has full row rank, 7.e. when the Loewner
matrix has a right inverse. One should expect this interpolant to belong to
the family of interpolants given in Theorem [I5] Indeed, a particular choice

of system in Theorem [15| yields a nonlinear enhancement of the interpolant

2:32-@33).

Corollary 16. Consider the interconnected system (6.7)-(6.8). Let L*(-),
L"(+), L(-), oL(-), V(:), and W(-) be the associated Loewner functions. Sup-
pose that the Loewner function, IL(+), is surjective with full row rank Jacobian

in a neighbourhood of the origin, and thus has a right inverse, L#(-), such

that L(L#(k)) = k. Then the system

with state w(t) € CP, input u,(t) € C™, and output y,(t) € CP, where d :
Cr — CP*™, is Loewner equivalent at (A\,r,m,{) to the system (6.1])-(6.2)

and matches the tangential data functions W (-) and V(-).

Proof. Consider the interpolant (6.13)-(6.14) in Theorem [15] and let P(-)
be any differentiable function such that (L(w)", P(w)")" is bijective with
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nonsingular Jacobian in a neighbourhood of the origin. Set

1) = 2 (2 o) (Vi) ~ 208 ), -Ter)e),
so that

N(w) = %)\(w)

+ g—f (gg; ow)# (V(w) - E(W(W), —d(w)r(w))a(w)>7“(W)-

Then, by using ([5.18]) and rearranging, the interpolant (6.13])-(6.14]) becomes

0 (gél‘r ow)
of | #
. A oL # .
A (agr Ow) (@)(r(w) = w)
oL \*_ B )
(agr 0“) ((W(w), —d(w)r(w))d(w)r(w)
oL \*_ - )
_ (8Q ow) (W (w), —d(w)r(w))d(w)uT>, (6.17)
yr = (W(w) = d(w)r()) + dw)ur, (6.18)

and because (L(w)", P(w)")" has a full rank Jacobian in a neighbourhood

of the origin, (6.17))-(6.18)) is equivalent to (/6.15])-(6.16]). O

Remark 20. As a consequence of Corollary [I6] to guarantee existence of a
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locally well-posed interpolant in the family of systems given by Theorem
it is sufficient (but not necessary) to assert that the Loewner function be

surjective with a full row rank Jacobian in a neighbourhood of the origin.

Remark 21. A dynamically extended family of interpolants in the linear

setting follows immediately from the nonlinear family given in Theorem [I5]

When the systems —, —, and — are linear time-
invariant, i.c. A(G.) = AG., 7(G) = RG m(¢) = MGy, 0(x) = L, B(x) =
Ez, f(x) = Az, g(z) = B, h(z) = Cx, d(z) = D, the Loewner functions
become X(¢;) = Xy, Y (k) = Vi, L) = LG, L(G) = LG, L(G) = LG,
oL(¢r) = oG, V(G) =V, W(G) = W Setting P(w) = Pw, N(w) =
Nw, and T'(w) = T, the dynamically extended family of interpolants given

by (6.13])-(6.14)) of Theorem [15| becomes

L oL — LDR V — LD
w: W — u7’7

P N T
y, = (W — DR)w + Du,,

N =PA+TR,

and the interpolant (6.15))-(6.16)) becomes the interpolant ([2.32))-(2.33)) given

in [94] provided the Loewner matrix has full row rank.

In the linear setting, if one selects a square matrix F with o(F)No(A) =0
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and solves the Sylvester equation

PA+TR=FP,

then the added dynamics become

Pw = Nw—Tu,,

= FPw—Tu,.

The following lemma makes clear that, under mild conditions, the added
dynamics can always be chosen such that the manifold Pw = 0 is invariant
and attractive (when u, = 0), with P full row rank, while preserving the
Loewner equivalence and matching the tangential data functions; p — v poles

of the interpolant can be assigned freely.

Lemma 3. Suppose (R, A) is observable and consider scalars u; € C\ o(A),
i €{1,2,...,p—v}. Then there exist matrices P € Clr=v)xr T g Clr—v)xm

and F € CP=0x(=2) gsych that

PA+TR=FP, (6.19)

where o(F) = {1, ..., pp—v} and P has full row rank.

Proof. Suppose (R, A) is observable. Then there exists a nonsingular matrix

@, and matrices A; € ClP=v)x(e=v) A, ¢ Cle=v)xv Ay € CV¥, Ry € C™x(p—v),
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Ry € C™*_ such that

Ay Ay _
A= Q o Qil, R = |:R1 R2:| Qila
0

As

where (R;,A;) is observable. The Sylvester equation (6.19) becomes

A Az = 5| -1
PQ . Q +T R, R, Q :FP,
0 As
or
xR -
PQ +T{R1 32] = FPQ.
0 As

or

lel + Tﬁl - Fﬁl, (620)

leg + ngg + TEQ - F?Q (621)
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By observability of (R;, A;), choose T such that o(A1+TRy) = {11, -+, ftp—o},
and select ' := A; + T'R;. Tt follows that (6.20) becomes

(Py—I)Ay — F(P,—1I)=0,

which is uniquely solved by P; = I because o(A) No(F) = (). Finally, (6.21))

becomes
KQ + FQK:J, + TRQ - Fﬁg,

which has a unique solution Py because o(A)No(F) = (). It follows that the
unique solution of (6.19)), P = {] F2] Q! has full row rank. Hence, by
construction, there exists a matrix 7', a full row rank matrix P, and a matrix

F with o(F) = {1, ..., ptp—v} satisfying the Sylvester equation (6.19). O

Remark 22. A similar result is obtained, locally, in the nonlinear setting

by solving the PDE

2N + Twirlw) = F(P),  F(0) =0

and employing the centre manifold theory or type (C,v) nonresonance con-

ditions, with F'(-) chosen such that the system
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has desired stability properties.

6.3 Conclusion

This chapter has presented an approach for regularization of underdeter-
mined interpolants in the Loewner framework for nonlinear DAEs, building
on the results in Chapter[5] The result relies on the construction of a dynam-
ically extended family of interpolants preserving the properties of Loewner
equivalence and matching of tangential data functions. It is sufficient (but
not necessary) that the Loewner function be surjective with a full row rank
Jacobian in a neighbourhood of the origin to guarantee the existence of a
locally well-posed interpolant. Finally, it has been shown that the p — v
poles introduced in the extended interpolant can be assigned freely if an

observability condition holds for one of the auxiliary systems.
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Chapter 7

Construction and
Parameterization of Nonlinear
Interpolants in the Loewner

Framework

In Chapters [l and [5| the construction of nonlinear interpolants in the Loewner
framework has been considered. The approach, however, has a limitation in
that the two auxiliary systems used for interpolation are required to have the
same dimensions.

For the linear setting, [94] has provided two methods to construct inter-
polants for the scenarios in which the Loewner matrix is not square, i.e. for

the scenarios in which the auxiliary systems have different dimensions. The
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first method, reviewed in Chapter [2| requires that the Loewner matrix be
full row rank. The second method, also reviewed in Chapter [2], requires that
a more general rank condition hold, and the construction procedure relies on
the use of the singular value decomposition yielding an approach that may
not be the most natural or convenient for enhancement to nonlinear systems.
Furthermore, the approach of [94] does not consider building interpolants of
larger dimension which would introduce extra degrees of freedom when the
construction of an interpolant with additional properties, such as stability or
regularity, is desired.

An approach to nonlinear interpolant construction in the case in which
the Loewner functions produce an underdetermined interpolant is provided
in Chapter [6] This approach uses an underdetermined interpolant and adds
constraints in a natural way such that the properties of Loewner equivalence
and matching of tangential data functions are preserved. The approach,
however, only considers adding new equations, rather than adding both new
equations and new states, and the existence of a well-posed system belong-
ing to the constructed family is difficult to guarantee in general, with the
Jacobian of the Loewner function having full row rank in a neighbourhood
of the origin being a sufficient condition.

In this chapter the applicability of the nonlinear Loewner framework given
in Chapters [4] and [5| is greatly enhanced by further extending, to the most
general case, the approach for well-posed interpolant construction of Chap-

ter [6] Particularly, the situation wherein an ill-posed family of interpolants
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of the form given in Chapter [5|is known is considered and the family of inter-
polants is augmented in a natural way by adding an arbitrary number of new
equations and variables such that the properties of Loewner equivalence and
matching of tangential data functions are preserved. The approach results in
a new family of interpolants, and existence of locally well-posed interpolants
can be guaranteed for sufficiently high dimension which provides an approach
to construct interpolants for both the underdetermined and the overdeter-
mined scenarios within the same formalism. The results are specialized to
the linear setting and it is proven that under mild conditions the family of
dynamically extended systems contains, or parameterizes, all interpolants
of the associated dimension. Taken with the complementary results of [94],
the parameterization provides a more broad theory for the construction of
linear interpolants. Inspired by the linear parameterization, an enhanced
parameterization is given for the nonlinear setting.

This chapter is structured as follows. In Section the problem of con-
structing well-posed Loewner equivalent nonlinear interpolants is formally
stated. In Section the problem is considered in the most general setting
in which the sizes of the auxiliary systems are arbitrary, and a family of aug-
mented systems which maintain the properties of Loewner equivalence and
matching of tangential data functions based on an ill-posed interpolant is
presented. Two particular well-posed interpolants are presented for scenar-
ios in which the Loewner function is surjective, or injective, with full rank

Jacobian, respectively. In Section[7.3|the linearized forms of the results in the
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preceeding section are presented, and it is proven that under mild conditions
the dynamically extended family of systems contains, or parameterizes, all
interpolants of the associated dimension. In Section an enhanced param-
eterization is presented for the nonlinear setting. In Section an example
is considered for the linear setting wherein it is not possible to construct a
stable interpolant of minimal order; a system of higher dimension must be
considered, and a general approach to choosing such an interpolant is demon-
strated by “embedding” an observer and estimated state-feedback controller
using free parameters. In Section an example is considered wherein a
reduced order model is constructed for the averaged model of a DC-to-DC
Cuk converter when the auxiliary systems do not have the same dimension.

Finally, in Section [7.7 some concluding remarks are given.

7.1 Problem Formulation

In Chapters[5|and [6] the Loewner framework has been developed for nonlinear

input-affine differential-algebraic systems of the form

B = 2k = fa) + gla (1)
y = h(z) + d(z)u, (7.2)

with state z(t) € C", input u(t) € C™, and output y(t) € CP, and map-
pings f : C" - CF, g: C* — CF>™ h:C" — CP, d: C* — CP*™, and
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E : C* — C*, such that f(0) = 0, h(0) = 0, and E(0) = 0, and initial
condition xy which is consistent with the input function u(-) in that, locally,
there exists at least one continuously differentiable solution for —.
It is assumed that f(-), g(+), h(:), d(-), and E(-) are, locally, differentiable
and, in a neighbourhood of the origin, the Jacobian of E(-) has constant
rank but is not invertible, hence systems consisting of both differential and
algebraic equations are considered and the system — cannot be put
in general into a standard state-space form. As in Chapter [6] when con-
structing an interpolant in the Loewner framework it is possible to produce
an underdetermined or overdetermined system, hence when defining objects
the possibility that & # n is taken into consideration in order to generalize
the notion of Loewner objects for such systems. The consideration of this
situation is of great importance in practice and it is the primary concern of
Chapter [6] and this chapter. The original system to be interpolated, from
which the tangential data mappings have first been collected, is considered
to be regular (with respect to the solution z(¢) = 0 and u(t) = 0) and is
not underdetermined or overdetermined so that the obtained set of tangen-
tial data objects is unique, ¢.e. the system generating the tangential data
functions is well-posed, and k = n.

As in Chapters [5] and [6] to discuss the Loewner objects for differential-

algebraic systems of the form ([7.1)-(7.2) consider two auxiliary systems de-
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fined by the equations

G =AG) + A, (7.3)
v=r(G), (7.4)
and
Co=m(¢) + (x), (7.5)
n =G, (7.6)

with states (,(t) € C? and (y(¢t) € C, inputs A(t) € C? and x(t) € CP,
and outputs v(t) € C™ and n(t) € C¥, and with functions A : C» — C7,
r:Cr—C"™ m:C"— C" and ¢ : C* — C" such that A(0) =0, r(0) =0,
m(0) =0, £(0) =0, and A(+), 7(-), m(-), and ¢(-) differentiable.

In Chapter [6] the problem of constructing well-posed nonlinear inter-
polants when p > v is considered. The proposed approach provides only
a sufficient condition for the existence of a well-posed interpolant and, if
the condition does not hold, then existence of a well-posed interpolant in
the constructed family of systems is not guaranteed. The remainder of this
chapter considers the general case of regularizing a nonlinear interpolant, or
constructing a well-posed interpolant, when p # v by considering the ad-
dition of new equations and/or variables to the interpolant of Theorem .

This “dynamic extension” is perfomed while adhering to conditions which
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preserve the properties of Loewner equivalence at (A, r,m,¢) and matching
of the tangential data functions. This yields a parameterization of a family
of interpolants with dimension & > max{p, v} such that both the scenarios
of regularizing an underdetermined interpolant and an overdetermined in-
terpolant are dealt with simultaneously, i.e. the construction of well-posed
interpolants is performed for p = v, p < v, and p > v within the same for-
malism. The dimension of the constructed model can be increased arbitrarily
and, as a result, an upper bound on the minimum number of states k required
to guarantee the existence of a well-posed interpolant is given by k& < p + v.
Furthermore, the addition of new equations and/or variables may allow for
the selection of particular properties of an interpolant, e.g. stability and
regularity. The proposed approach begins, as in Chapter [6 by constructing
the interpolant —. Both new equations and new variables are then
added in such a way that the properties of Loewner equivalence at (A, r,m, )

to ((7.1)-(7.2) and matching of tangential data functions are preserved.

7.2 Regularization of Nonlinear Interpolants

Consider the dimensions of the auxiliary systems, p and v, arbitrary. Given

the Loewner objects associated to the interconnected system — one
can “augment” the interpolant (6.10))-(6.11)) in Theorem [14] to produce more

families of interpolants by adding new constraints and/or variables in such

a way that the property of Loewner equivalence at (A, r,m,¥) to the sys-
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tem ((7.1)-(7.2)) is preserved. Consider now the augmented system described
by the equations (7.8)), (7.9), (7.10), (7.11), (7.12), (7.13), and (7.14) at the

top of the next page, with state w(t) € C? and v(¢) € Ck=*, input u,(t) € C™,

and output y,.(t) € CP, where Q : C*» x C** — C¥, P : C* x Ck=° — CF,
Z :CPxCkPr - C N:CPxCFkr — CkY U :CPxCFr — Cvm,
T:CPxCkr — Ch=v>m [ . CPxCFP — CP,and K : CP x CF=P — CP*™,
and k > max{p, v}, where Q(-) and P(-) are differentiable and the Jacobian

of

L(w) + Q(w,7)
P(w,v)

: (7.7)

has constant rank in a neighbourhood of the origin. The following theorem

shows that the augmented system is still an interpolant in the Loewner sense.

Theorem 17. Consider the interconnected system (6.7)-(6.8). Let L*(-),
L7(-), L(-), oL(-), V(:), and W (+) be the associated Loewner objects. Then the
system ((7.8))-(7.14), with P(-) and Q(-) chosen such that the Jacobian of (7.7))

has constant rank in a neighbourhood of the origin, is Loewner equivalent at
(A, 7, m, 0) to the system (7.1))-(7.2) and matches the tangential data functions
W () and V(-).

Proof. Let Xe(')a Yé(')? Vve(')a We('>7 Le(')a Lﬁ()? LZ()? and ULe(') be the
Loewner functions for the system ([7.8))-(7.14) interconnected with the aux-
iliary systems ([7.3))-(7.4) and (7.5))-(7.6)). To prove that the extended inter-
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, _ lUL(w) - Z(W(w) + H(w,v), —K(w,7)rw) )| K (w,y)r(w) + Z(w,w)]
N(w,7)
fe(wyy):=
V@) = 7(wiw) + Hw, ), - K@, 1)r(@)) K @,7) + U, w] .
T(w,7)
—ge(@,)i=
(7.8
b= (W) + Hw,7) = K@) + K@) u, (79)
he(@)im ke(w,y):=
Q(w,0) =0, (7.10)
U(w,0) =0, (7.11)
H(w,0) =0, (7.12)
Z(w,7) = (m(Lw) + Qw, ) = m(L(w)))
+ (z(W(w) + H(w, 7)) — €(W(w))), (7.13)
N(w,0) = (gi o (w, 0)) AMw) + T(w, 0)r(w), (7.14)
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polant (7.8)-(7.14) is Loewner equivalent at (\,r,m,¢) to the system (7.1])-
it is shown that Xc(¢) = (¢, 00_,)x,)" Ye(k1,h2) = —k1 where
k1 € CY Ky € CF7? and LE(¢) = LY(¢,) is a solution to the interpolant’s
system of PDEs corresponding to , , and . The tangential
generalized controllability function, X.(-), is the solution to the PDE with

boundary condition

0 (Ee(w,) © Xe(Gr))
ag’l"

)\(Q) - (fe(w>7) © Xe(Cr)) + (ge(w77) © Xe(gr))r(gr)a

where E.(-), fe(+), and ge(-) are defined as in ([7.8]), and letting X.(¢,) =

(G5 00— p)xp)" Yields

8E€(CT7 O)

NG = FG0) + 06 0)r(C).

or

_ e+ 20| Ve
N(G,0) (. 0) ’

which holds by (5.18]) and (7.10))-(7.14). The tangential generalized observ-
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ability function, Y.(-), is the solution to the PDE with boundary condition

(kﬁ %ﬂOEMMWOjJMV%Z—mCJQOEﬁww)—KMJ%VD,

where h.(-) is defined as in ([7.9)). Setting

R1
Ye(ki1, ke) = =K1 = — [I 0] )
K2

yields
10| o) = ([1 0] Bwn) + 0t
Using this simplifies to

olL(w) + Z(w,v) = m(}L(w) + Q(w, ’y))

+ (W (w) + H(w,7)),
which holds by (5.17) and (|7.13)). The equation for W,((,) becomes then

We(Cr) - he(<r7 0) + ke(Cm O)T(Cr>

= W(G) + H(¢0),
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where k,(-) is defined as in (7.9), and, by (7.12),
W) = W(G).
The equation for V,((,) is
V(G) = - {1 0} 906+ 0) + £, 0), kelG 0 (Gr) (G, 0),
and using and this simplifies to
VelG) = V(G) + UG 0) = V().

If follows that the Loewner function is

]L’e(Cr) = _Y; © Ee o Xe(Cr)

[M

L(¢) + Q¢ 0) = L(¢r),
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and the shifted Loewner function is

olle(Gr) = m (Le(¢r)) + £ (We(Gr))
=m (L(G)) + £ (W(S))
= oLL(¢).

The left Loewner function, IY(-), is the solution to the PDE with boundary

condition

l
gﬂg:)\(g) = —m (-Lﬁ(Cr)) - ‘/e(CT)T(Q‘% Lﬁ(O) = 0.

Letting X.(¢,) = (¢*, 0%)*, Yo(k1, k2) = —k1, and LE((,) = LY(¢,) yields

oL
¢,

)‘(Cr) =—-m (_LZ(CT)) - %(CT)T<CT)
=—-m <_Le(<r>) - V(Cr)r(<r>7

which holds by (5.15]). It follows that

]LZ(CT) - H—‘e(Cr) - Li((r)
= H“(Cr) - LK(CT) = LT(CT)'

Thus, the system (7.8)-(7.14)) is Loewner equivalent at (A, r,m,{) to the
system ([7.1)-(7.2) and matches the tangential data functions W(-) and V' (-).
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Remark 23. The functions K(-), P(-), Q(:), U(-), T'(-), and H(-) in Theo-
rem (17| are “free”, with P(:) and Q(-) having only to satisfy some mild dif-
ferentiability conditions, and the requirements that Q(-,0) = 0, U(-,0) = 0,

and H(-,0) = 0.

Remark 24. The conditions and on Z(-) and N(-), respectively,
closely resemble the relations and . This is not surprising as the
mappings Z(-) and N(-) play a similar role to olL(-) in satisfying the PDEs
in the proof of Theorem [I7}

Theorem is of great practical importance when constructing inter-
polants in the Loewner framework for nonlinear systems as it removes the
requirement p = v. Also of significance is that if the Loewner objects are
already known, then generating interpolants of higher complexity does not
require solving any further PDEs as long as — hold. Theorem
allows for an approach to the treatment of both underdetermined and overde-
termined interpolants, and the ability to construct interpolants of an arbi-
trarily given dimension k& > max{p,v} further allows for an upper bound
on the minimum number of states required to guarantee that a well-posed
interpolant exists, namely p 4+ v. To see this, consider the scenario in which
L(w) = 0. It may be that a locally well-posed differential-algebraic inter-
polant of dimension k& < p 4 v exists by considering a regularity condition

and retaining algebraic constraints, however one could instead augment the
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system in such a way that the equations are purely differential by choosing
Q(w,v) =~ and P(w,7y) = w. Such a choice makes

L(w) + Q(w,7) v

P(w,7) w

a bijective map on C*” with nonsingular Jacobian, and thus a locally well-
posed interpolant of dimension k& < p + v always exists. The upper bound
on the minimum number of states required to guarantee the existence of a
locally well-posed interpolant can be enhanced by considering the situation in
which rank% = r in a neighbourhood of the origin. By the same argument,
there always exists a locally well-posed interpolant of dimension £ < p4v—r.
Suppose, for example, that

Ir Orx (p—r
L(w) = S )

0(’[}71”) Xr 0(1)77") X (p—r)

Then choosing v = (V1,. .., Vo_r) ',

and

P(w’ 7) = |:O(p—7’)><7‘ I(p—’l‘):| W,
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yields

I, 0 0
L(w) + Q(w,7) w
= 0 -[(v—r) - | >
P(w,7) v
0 fp-ry| O

which is a bijective map on C’"~" with nonsingular Jacobian. From this
discussion the following corollary, the proof of which relies on a simple appli-
cation of the constant rank theorem [80, pp. 472] on the Loewner function,

holds.

Corollary 18. Consider the interconnected system (6.7)-(6.8). Let L*(-),
L"), L(), oL(), V(-), and W (-) be the associated Loewner objects. Sup-
pose rank g—g; = r in a neightbourhood of the origin. Then there exists an

integer k € {max{p,v}, p+ v —r} such that a locally well-posed interpolant
of dimension k of the form (7.8)-(7.14) ezists.

7.2.1 Right Invertible (Surjective) Loewner Function

As discussed in Chapter |§|, when the Loewner function, L.({,.), is surjective
with full row rank Jacobian in a neighbourhood of the origin then there
exists a right inverse, ¥ (¢), such that ]L(]L#(w)) = 1), and for the purposes
of regularizing the system one can simply se v =0 and K(w,v) = dw),
yielding P(w,v) = P(w,0), and Q(-), Z(-), U(-), and H(-) identically equal

1Setting v = 0 in the system (7.8)-(7.14)) corresponds to the scenario in which only new
equations, and no new variables, are added.
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to zero. Setting

yields

and the interpolant of Theorem (17| becomes ([7.15))-(|7.16]).

0 _ %ow
0 g—iow,O)
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If P(w,0) is chosen such that (L(w)*, P(w,0)*)* is bijective with nonsingular
Jacobian in a neighbourhood of the origin, then this is equivalent to the
system —. The system — is in a standard state-space
form and makes explicit the encoding of the auxiliary system — and
the tangential data function W (-) into the interpolant, i.e. setting u, = r(w)

yields

7.2.2 Left Invertible (Injective) Loewner Function

A similar result can be obtained for the situation in which the Loewner
function is injective with full column rank Jacobian in a neighbourhood of
the origin. Particularly, when the Loewner function, L.({.), is injective with
full column rank Jacobian then there exists a left inverse, L# (1)), such that
L# (]L((T)) = (,, and for the purposes of regularizing the system one can set
the functions’] P(-), N(-), and T() to zero. Choosing Q(-) such that

= Lw) +Qw,7),

2Setting P(w,y) = 0, N(w,v) = 0, and T(w,v) = 0 in the system (7.8)-(7.14) makes
the newly added k — v equations 0 = 0. This, effectively, corresponds to the scenario in
which only new variables, and no new equations, are added.
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is bijective with nonsingular Jacobian in a neighbourhood of the origin, and

setting

H(w,y) = W(L*(¥)) = W(w) + d(L* (1)) (r(w) — r(L* (1)),

and

K(w,7) = d(L* (1)),

yields the interpolant

b = (m() + (WL @) - dAL* @) (LH ) )

— (VLA @) = 1WA W), ~dLAW)rIL* ) AL# W) )u,
(7.17)

g = (WL () — AL ) (LF () ) + AL# () ) (7.18)
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Similar to the case in which the Loewner function is surjective with full
row rank Jacobian, this system is in a standard state-space form and makes
explicit the encoding of the auxiliary system ((7.5))-(7.6) into the interpolant,

i.e. setting u, = 0 yields

W =m() + (y,).

7.3 Regularization of Linear Interpolants

Specializing the results of Section [7.2|to the linear differential-algebraic set-
ting yields an alternative approach to that given in [94] when considering the

construction of well-posed interpolants. Consider again the linear auxiliary

systems
(= AG + A, (7.19)
v = R(,, (7.20)
and
(=M + Ly, (7.21)
n= G (7.22)
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and the linear system

Ei = Az + Bu, (7.23)

y = Cx + Du, (7.24)

generating the tangential data.

Considering Theorem [17] and noting that, by the conditions —,
for linear systems Q(w,v) = Qv, P(w,v) = Pw+ Gv, N(w,v) = Nw + F7,
Uw,vy) =0, T(w,7) =T, Hw,v) = Hy, and K(w,v) = D, it follows that
the interpolant — becomes

L Q| |w olL— LDR Z| |w V — LD
— — u.,  (7.25)
P G| |% N F| |~y T
r o w _
Y= |\W —-DR H + Du,, (7.26)
- Y
with
Z =MQ+ LH, (7.27)
N =PA+ TR, (7.28)

where the matrices P, Q, G, D, F, T, and H are free parameters. Hence,

the following result is obtained directly from Theorem [I7]
Corollary 19. Consider the interconnected system resulting from the sys-
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tem (T-23)-(24) and the auailiary systems ([T19)-(T-20) and (7-21)-(7:22)

with the interconnection equations w = v and x =vy. Let LY, L", L, oL, V,

and W be the associated Loewner objects. Then the system (7.25)), (7.26)), (7.27),
and (7.28) is Loewner equivalent at (A, R, M, L) to the system (7.23))-(7.24))

and matches the tangential data matrices W and V.

Similarly, the following result is obtained directly from Corollary

Corollary 20. Consider the interconnected system resulting from the sys-

tem (7.23)-(7.24) and the auxiliary systems (7.19)-(7.20) and (7.21)-(7.22)

with the interconnection equations w = v and x =vy. Let LY, L", L, oL, V,
and W be the associated Loewner objects. Suppose rank 1. = r. Then there

ezists an integer k € {max{p, v}, p+v—r} such that a well-posed interpolant

of dimension k of the form (7.25)-(7.28) ezists.

7.3.1 Right Invertible Loewner Matrix

Similar to Section [7.2.1] consider the scenario in which the Loewner matrix,
L, has full row rank, i.e. L. € C"*?, p > v, rank L. = v. Let L# be any right
inverse of IL. Setting @), G, Z, F, and H equal to zero, letting P be any

matrix such that [L* P*]* is nonsingular, and setting

T :=PL* (V- LD),
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yields
N=P(A+L* (V- LD)R).
Thus the interpolant of Corollary [19| becomes

L L _ L _
W= (A+L#(V - LD) R)w — L# (V — LD) u,,
I% P I%

Yr = (W — ER) w + Du,,
which is equivalent to

&= (A+L# (V- LD)R)w—L* (V- LD) u,,

Yr = (W —ER) w + Du,,

that is the interpolant (2.32)-(2.33)) given in [94] for the scenario in which

the Loewner matrix has full row rank.

7.3.2 Left Invertible Loewner Matrix

In [94] a similar result regarding construction of an interpolant for the sce-
nario in which the Loewner matrix has full column rank has not been explic-
itly presented. Such a result is easily obtained from Corollary . Let L be

any left inverse of L. Setting P, G, N, F, and T equal to zero, letting ) be
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any matrix such that [ @)] is nonsingular, and setting
H:= (W - DR)L*Q,
yields
Z=(M+L(W-DR)L%)Q.

The interpolant of Corollary (19| thus becomes

{L Q] : — (M+L(W—DR)L¥) {L Q] : (V- LD)u,

y, = (W — DR) L* {L Q] “| + Du,.
Y

and defining the new set of coordinates ¥ := Lw + Q)7 yields

b= (M+L(W —DR)L¥)¢ — (V- LD)u,,
= Mlb‘i‘Lyr—VUm

y. = (W — DR) L¥¢ + Du,.
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7.3.3 Parameterization of All Linear Interpolants

Suppose that R has full row rank and L has full column rank. Then the
family of systems given by (7.25)-(7.28)) allows for the parameterization of
all Loewner equivalent interpolants having an arbitrarily given dimension
k > max{p,v} and possessing full column rank tangential generalized con-
trollability matrix and full row rank tangential generalized observability ma-

trix, as is shown in the following theorem.

Theorem 21. Consider the interconnected system resulting from the sys-

tem ([T23)-(T22) and the ausiliary systems (T-19)-(7-20) and (7:21)-([7-22)

with the interconnection equations w = v and x = y. Let L!, L™, L, oL,

V', and W be the associated Loewner objects. Let k be any integer such that

k > max{p,v}. Then the system (7.25))-(7.28) parameterizes all systems of
order k that are Loewner equivalent at (A, R, M, L) to the system (7.23])-

(7.24) and possess full rank tangential generalized controllability and observ-

ability matrices.

Proof. Let k > max{p, v}, and let
Jn=Kn+ Su, y=Un+ Au, (7.29)

with state n(t) € C*, input u(t) € C™, and output y(t) € CP, be any system
of dimension k£ having full column rank tangential generalized controllability

matrix, X , and full row rank tangential generalized observability matrix, }/},

236



which are solutions to the generalized Sylvester equations
JXA=KX+SR, YK=MYJ—-LU,
such that
L=-YJX, oL=-YKX+LAR.
It then follows that
VR=0oL-LA=VR, LW =oL— ML= LW,

so V =V and W = W because R has full row rank and L has full column
rank. Furthermore, V=YS+LAand W = UX + AR. Consider now the

system ([7.25)-(7.28) and select

P=BJX, T=-8S, Q=-YJo,

H=U#, G=pJ0, F=pBKO, D=A,

where 8 and 6 are any matrices such that [—Y* #*]* and [X 6] are nonsingular.
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Then

L Q| |w oL —LDR Z| |w V- LD
P G| |4 N Fl |y T
- S
yr = |W — DR H} + Du,,
- o

can be rewritten as

-y N w -y R w
e A (vl 4
B ¥ g gl
w
Y

v g
w

Yy = U |:X 9:| + Aur;
Y
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which, defining the new coordinates 7 := Xw+ 07, yields
Jij=Kn+ Su,, vy,=Un+ Au,.

Thus, the family of systems given by ([7.25))-(7.28)) contains the system ([7.29)).
]

Remark 25. As a consequence of Theorem [21] to build any interpolant
of an arbitrarily given order k£ > max{p,v} it suffices to solve the gener-
alized Sylvester equations (or build the Loewner objects) just once. Every
other interpolant of the same order having full rank tangential generalized

controllability and observability matrices may then be constructed in a com-

putationally cheap algebraic fashion using the equations ((7.25))-(7.28)).

Remark 26. Consider the problem of constructing an interpolant possessing
some desired properties. If an interpolant of order k > max{p,v} having
full rank tangential generalized controllability and observability matrices and
possessing the desired properties exists, then it is realizable in the form —
(7.28)).

Remark 27. The approach provided by [94, Theorem 5.2] considers the
construction of interpolants having dimension & < min{p,v}, whereas the
results of this section provide a method for the construction of interpolants
having dimension k& > max{p, v}. Hence, the results are complementary, and
taken together they provide a more broad framework for the construction of

interpolants in the linear setting.
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7.4 Parameterization of All Nonlinear Inter-
polants

A slightly modified generalization of the parameterization result in Theo-
rem [21| can be given. While the interpolant — matches the tangen-
tial data functions W (-) and V' (), the property of Loewner equivalence alone
is weaker in some situations than matching the tangential dataEL hence the

following result considers parameterization of systems matching the functions

W (-) and V(-).

Theorem 22. Consider the interconnected system (6.7)-(6.8). Let L*(-),
L7(-), L(-), oL(:), V(:), and W(-) be the associated Loewner objects, and
suppose LL(-) is the unique analytic solution of the PDE (5.16)). Let k be any
integer such that k > max{p,v}. Then the system — parameter-
izes all systems of order k that match the tangential data V (-) and W(-) at
(A, 7, m, 0), while possessing tangential generalized controllability and observ-
ability functions with full row and column rank Jacobians in a neighbourhood

of the origin, respectively.

3Loewner equivalence is necessary and sufficient for matching the tangential data ma-
trices in the linear setting when R and L have full row and column rank, respectively,
and it is equivalent to matching the tangential data functions for single-input nonlinear
systems when r(-) and ¢(-) are surjective and injective, respectively. In the nonlinear
multiple-input setting this may not be the case since r(-) and V() may be such that

V(C’I‘)T(C’F) = V(Cr)r(gr) S V(Cr) = ‘7<<r)
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Proof. Let k > max{p, v}, and let

~
J(m) =T(n) +Shu, y==Gn)+ ANy,

with state n(t) € C*, input u(t) € C™, and output y(t) € CP, be any well-
posedﬁ system of the form (7.1)-(7.2)) of dimension k, and having tangential

generalized controllability function, X (), with full column rank Jacobian

and tangential generalized observability function, 5/}(), with full row rank

Jacobian, which are solutions to the PDEs

o(J(X()

5o MG =T(X(G) + S(XG)rG), X =0,

+(G(R(G), AXG)r(E) AR(G)

1The system (7.1)-(7.2) is well-posed if k¥ = n and solutions (locally) exist and are

unique.
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and

W(G) = G(X(G)) + AX(G))r(&) = W(G).

Then the corresponding Loewner function, IE(), is I/[:(Q) = —?(J()?(Q)))
and satisfies the PDE

~

JL

5c (@) = m(L(G) = (7 (6) = V(@)

= K(W(C’I‘)) - V(Cr)r(gr)
Because L(-) is the unique solution of the PDE (5.16)), it follows that
L) = =V (J(X(&) = L&),

and

Let 6(-) be any function such that )A((w) + O(w,v) has a nonsingular Ja-
cobian at the origin and 6(w,0) = 0, and let 5(-) be any function such

that [—Y ()* B(n)*]* has a nonsingular Jacobian in a neighbourhood of the
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origin. Consider now the system ([7.8))-(7.14)), choose a set of coordinates

7= X(w) + 0(w,), and select

P(w,y) = B(J(@),
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and

K(w, 7)== A).

It follows that Q(w,0) =0, U(w,0) =0, H(w,0) =0,
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and

—?(}(ﬁ)) Ly ()
- o (v + S,
B(1(m) o, ° 70

which is equivalent to
AN e A
J@) =T@+SMur, v =GM) + AM)uy,

because the Jacobian of [~Y(n)* B(n)*]* is nonsingular. Thus, the sys-
tem ([7.8))-(|7.14)) parameterizes the system ((7.30)). O
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7.5 Example - When A Stable Interpolant
Can Only Be Constructed by Dynamic
Extension

Since, for any D € CP*™, the poles of the interpolant ([2.30)-(2.31)), i.e. the

poles of the system

L& = (o — LDR)w — (V — LD)u,

y= (W — DR)w + Du,

are given by the generalized eigenvalues of (L, oL — LDR), then selecting a
stable interpolant using the free parameter D is only possible if one can solve

a static output feedback problem for the system of equations
Lw=olLw+ L7, 7=—-Rw.

It is well-known that there exist controllable and observable systems which
are not static output feedback stabilizable, hence there exist sets of tangential
interpolation data for which a stable interpolant of minimal dimension cannot

be constructed. Consider now the set of right tangential interpolation data
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given in the form of the real-valued matrices

2 0

and the set of left tangential interpolation data given in the form of the

real-valued matrices

respectively. The Loewner matrix and the shifted Loewner matrix resulting

from the tangential data, determined as the unique solutions to the Sylvester

equations (2.21)) and ([2.22)), respectively, are

By Theorem all interpolants of dimension k£ = 2, parameterized by the

feedforward term D, are given by

L& = (oL — LDR)w — (V — LD)u,

YROM1 = (W — ER)w + Eu,
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or

U:)l 0 1 w1 -3
= o + |y, (7.31)
wWa 2 —(1+D)| |w2 1+D
o w1 —
YroM1 = [3 —(1+ D)} + Du. (7.32)
)

Unfortunately, it is easy to see that for any D € R the resulting interpolant

is unstable because

det(sL — oL + LDR) = s* + (1 + D)s — 2.

Hence, it is only possible to obtain a stable interpolant if it is of dimension
larger than 2.

It turns out that an observer and state-feedback controller can be “embed-
ded” into an interpolant of higher dimension. Consider the parameterization

of interpolants in Theorem with dimension k£ = 4, given by

L Q| |w olL—LDR MQ+LH| |w V — LD
= — u’
P G| | PA+TR F v T
B o w —
y=|W -DR H + Du,
- g
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and select
P =050, Q=050 G=L,  F=0L—-LDR—-TR+LH,

where

and

H = |:H1 H2:| GRlXZ,

are the observer and state-feedback gains, respectively. This yields

w1 0 1 0 0 w1 -3
u.}g 2 —(]_ +E) H1 H2 W9 1—|—E
= —I— u’

Y1 0 T 0 1-1T M -1

_"}/2_ _0 Tg 2+ Hl HQ —1- ﬁ — TQ_ _’}/2_ i —TQ i
%1
wWa I

y=13 —(1+D) H, H + Du

g
_72_

Defining a new set of coordinates corresponding to the state estimation errors,
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e := 7 — w, yields the representation

W oL — LDR+ LH LH
é 0 olL— LDR —TR
V — LD
— . u’
T—-V+LD
J— w ppe—
y=\W-DR+H H + Du,

(&
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or

_Wl_ | 0 1 0 0 | _wl_
wo| |2+ H, H,— (1+D) H, H, Wy
é1 o 0 0 1-Ty e
&2 | O 0 2 —(T2~|—1+5)_ e |
) y _
1+D
+ u, (7.33)
3-T)
(b +1+ D))
_w1_
y=|H, +3 Hy—(1+D) H, H, “| 4+ Du. (7.34)
€1
_62_

If the free parameters are selected such that
H1<—2, H2<1—|—5, T1>1, T2>—(1—|—E),

then the interpolant of the tangential data and Loewner matrices given by

(7.33)-(|7.34)) is exponentially stable.
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For example, consider setting

D=0, H, = —10, Hy, = —1, T, =2, T, = 4,

in (7.33)-(7.34]) to obtain

Wy 01 0 0] |w -3
W 2 —1 =10 —1| |w, 1
= + u, (7.35)
44 0 2 0 -1 |m 9
Yy 0 4 -8 —6| |7 —4
w1
w2
Yrom2 = |3 —1 —10 —1 , (7.36)
7
_72_
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or

W1 0 1 0 0 w1 -3
Wa -8 -2 —-10 -1 Wy 1
ey —|— u’
€1 0 0 0 —1 €1 1
€9 0 0 2 =5 €9 -5
w1
w2
Yrom2 = |7 -2 —-10 -1 )
€1
€2

which is a controllable and observable system with poles at —0.4384, —1 +

72.6458, and —4.5616, and which matches the tangential data by construc-

tion.

Alternatively, consider setting

D =0, H, = -3, Hy, = —1, T, =2, T, =4,
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in ([7.33)-(7.34)) to obtain

w1 0 1 0 0 w1 -3
Wo 2 -1 -3 -1 Wy 1
= + u, (7.37)

Y1 0 2 0 -1 "1 —2

Yy 0 4 -1 —6]| |7 —4
w1
Wa

YroM3 = [3 -1 -3 —1} ; (7.38)
T
_72_
or
w1 0 1 0 0 w1 -3
Wo -1 -2 -3 -1 Wo 1
= —'— ’LL’

e1 0 0 0 -1 e 1

€9 0 0 2 =5 €9 -5
w1
%)

YROM3 = [O -2 =3 —11 )

€1
€2

which is controllable and observable, has poles at —0.4384, —1, —1, and

—4.5616, and which matches the tangential data by construction.
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It turns out that an exponentially stable interpolant of dimension k = 3

can also be constructed. Consider, for £ = 3 in Theorem [2I] the parameter-

ized family of interpolants given by

1 0 Qi |un _0 1 Q2 Wi —3
0 1 Qyf |be|=|2 —(1+D) H-Qi| |wo|*+ |1+D|u,
PP G| |5 2P, T —2P F v -T
_ Wi
y=13 —(1+D) H| |w,| +Du,
_ gl

where Py, P», Q1, Q2, D, T, H, F, G € R. Selecting the parameters

Pi=P=0Q1=Qy=D=0,

yields
wl 0 1 0 W1 -3
wo|l =12 -1 H o)) + 1 u,
0 0O T F| |~y =T

and by setting

F =0.75,
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one obtains

6n 0 1 0 wi -3
ol =12 =1 2 | |w|+]|1]|uw (7.39)
5 0 —10 0.75| |~ 10
- w1
Yroma = |3 —1 2| |wal (7.40)
_ o

which is controllable and observable, has poles at —0.0815 4+ j4.1508 and
—0.087, and which matches the tangential data by construction.
The individual tangential interpolation data points, obtained by consider-

ing the auxiliary systems in their diagonalized representations (see Appendix

, are given by

(A1, 1, w1) = (24, —0.7071, 0.7071 — j2.1213),
(Ag, 2, we) = (=24, —0.7071, 0.7071 + j2.1213),
(1, 61, 01) = (§, —j0.7071, 2.1213 + j0.7071),

(42, €2, v2) = (—j, 70.7071, 2.1213 — j0.7071),

meaning that the transfer function associated to each interpolant should

256



satisfy

—0.7071H (2j) = 2.2361e7"*¥ H(2j) = 3.1624¢718926

—0.7071H(~2j) = 2.2361e’"2 H(—2j) = 3.1624¢ 789,

—j0.7071H (j) = 2.23617*'® H(j) = 3.1624¢7159%

L

jO.7071H (—j) = 2.2361¢ /%1% H(—j) = 3.1624¢ 71892

Note that

20 log,((3.1624) ~ 10,  1.8926 rad ~ 108.4 deg.

Bode plots of ROMI, given by the equations (7.31)-(7.32) with D = 0,
ROM2, given by the equations ((7.35)-(7.36), ROM3, given by the equations

—, and ROM4, given by the equations —, are shown
in Figures and [7.2l The Bode plots indicate that all four constructed
interpolants match the tangential interpolation data at the frequencies s = j
and s = 27, where ROM1 is an unstable system of dimension 2, ROM2 and
ROMS3 are exponentially stable systems of dimension 4, and ROM4 is an

exponentially stable system of dimension 3.
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Bode Diagram
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7.1: Bode plots of ROM1, ROM2, ROM3, and ROM4.
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Bode Diagram
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Figure 7.2: Bode plots of ROM1, ROM2, ROM3, and ROM4.
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7.6 Example - An Interpolant for the DC-to-
DC Cuk Converter When pFU

Recall, from Sections and the averaged model of the DC-to-DC Cuk

converter in the implicit form

Ei = Az + (By + Biz) u, yrom = Cz, (7.41)
where
1 Ly 0 0 0 0O -1 0 O
To 0 Cy 0 O 1 0 0 0
x = , E = , A= ,
T3 0 0 L3 0 0O 0 0 -1
| 74| I 0O 0 0 04_ _0 0 1 —G_
and
1 0 1 00
_ 10 -1 0 10
By =F , B, = , C .= {() 0 0 1} .
-1 0 -1 0 0
0 0O 0 0O

It is now possible to construct an interpolant for this system at (\,r,m,¢)

when p # v. Consider constructing a reduced order model associated to the
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auxiliary systems ([7.3))-(7.4)) and (7.5)-(7.6) with mappings given by

0 0.5 1
)\(Cr) = 07 T(Cr) = Cra m(CZ) = CZ? E(X) = X-
—0.5 0 0

Then the tangential generalized controllability function, X (-), defined as the
solution to the PDE with boundary condition ({5.11f), and the right tangential
data mapping, W(-), defined via (5.13), are unchanged from Section [5.5]

That is
¢/ - )]
1| B B,
X r) = ) r) —
@=1 o me=gy
- 1 -

The tangential generalized observability function, Y(-), defined as the solu-
tion to the PDE with boundary condition ({5.12)), is the solution to

@_Y ° Ex) Az = MY (Ez) — LC,  Y(0)=0.
s

This PDE is solved by the linear mapping Y () = Y, where Y is the unique

solution to the generalized Sylvester equation

YA=MYE - LC.
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That is, with k := L2C% — 8L3Cy + 4G*L3 + 16,

0 0 24— LsC 2G L2
Y(x)—2 ( 3 4) 3

z,

10 0 4GLy  Ly(LsCy —4)

and the left tangential data mapping, V(-), defined via (5.14)), is

oYy

V() = (% ° EX(Q)) (Bo + B1X(¢))

4 — L3Cy AE
QGL?) k(gr - 1)

The Loewner function, LL(+), obtained as the solution to the PDE with bound-

ary condition ([5.16)), and the shifted Loewner function, olL(-), obtained via

(5.18)), are constructed from the tangential data mappings as

L(¢) = M (V(G)G — LW(G))

8G 2EL 3C7”

L4C2 — 4C, + ALyG2 | F(G —1)
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and

olL(¢r) = V(GG

4—L3Cy|  4EC,
QGL3 k‘(Q - 1) 7

respectively. Note that the Jacobian of the Loewner function is

06 | L4240, + 4Lyc2 | F(G = 1)

The Jacobian of the Loewner function is not a square matrix function, so
the interpolant in Theorem (13| of Chapter [5| can not be used as it would, in
general, be overdetermined. The Jacobian of the Loewner function has full
column rank in a neighbourhood of the origin, hence the interpolant —
(7.18) can be considered. A local left inverse for the Loewner function, L#(-)

such that L#(IL(¢,)) = ¢, is required in order to construct the interpolant

(7.17)-(7.18]). A particular left inverse is given by

e
 9ELy+kL7¢

L#(Ce)
where

L = (64G? + (L3C2 — 404 + 4LsG*)?) 7 |8G LyC2 — 4C, + ALsG2| -
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Consider the parameters

L1:CQZL3:C4:E:1, G:2,
so that
26,/(. 1)
-1
X(CT) = 5 (Crci 1)7 W(Cr) = CTC: 1
- 1 .
210 0 6 4 4 |3 1
Y<x>:% 00 8 -3 T, V(Cr):% A (Cr_1>7
2 |16] ¢ 4 G
]L(Q,) - _2_5 13 (Qr _ 1)7 UL(C?") - % 1 (Cr — 1)7
oL 2 |16 ] {16 13} G
L#(¢) =

¢ 25 |43 (¢ — 1) it [16 13} @'

The system of equations given in Theorem [13| of Chapter [3] is

2 |16 W 4 3] (w—u) w

which is consistent because the solution (w(t),w(t),u(t)) = (0,w(to),w(to))
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always exists, however it is not regular due to the system of equations being
overdetermined: the input wu(-) must be constant, so there does not exist a
unique solution for every sufficiently smooth input function in a neighbour-
hood of u(t) = w(tp) and every initial value in a neighbourhood of w(ty) that

is consistent for the input function u(-).

The system of equations ((7.17)-(7.18) has the form

= My + LW (L#(4)) — Ld(L#(4)) RL* ()
— (VILAW) - LA (@) )u.

YrOM = W(L#(W) - a(L#(¢))RL#(¢) + E(L#(d’))%
hence

Uy —8/17 2/17| |y 1
by —1/2 0 | |¥2 0

4 13 2 148 39| [y 1

= | +==
25 | 4| 425

YroM = —3%1 [16 13} zl — d(L#(0))L#*(v) + d(L*(¥))u,

is an interpolant of the tangential data mappings and the Loewner functions
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at (\,r,m, () for any mapping d(-). Setting the free parameter d(-) = 0 yields

U, —8/17 2/17| | 4 |3 9 (48 39| [
= _ —|—— QIL7
by 12 0 | | 25 14| 425 64 52| |
(7.42)
1 Py
Yrom = —z1 {16 13} ; (7.43)
P

with state ¥ (t) € R? input u(t) € R, and output yrom(t) € R, which
is a regular interpolant of the tangential data mappings and the Loewner
functions at (A, r,m, ) with a locally exponentially stable equilibrium point
at the origin.

With mappings V; poum () and Vi gon(-) defined in the same way as Sec-
tion [5.5] Figures and show the responses of the full order model and
the reduced order model to a piecewise constant input signal. The responses

of the systems are consistent with the tangential data mappings.

7.7 Conclusion

In this chapter an approach for the regularization of ill-posed nonlinear in-
terpolants in the Loewner framework has been developed. This method
eliminates the restrictive requirements for interpolant construction given in

Chapters (4| and [5| namely that p = v and that rank g—g;(()) = p. The ap-
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proach is based on taking the ill-posed interpolant and augmenting it with
additional constraints and/or variables in such a way that the properties of
Loewner equivalence and matching of tangential data are preserved. Under
mild conditions this family parameterizes all interpolating systems of dimen-
sion larger than or equal to the dimension of the larger auxiliary system,
i.e. of dimension larger than or equal to max{p,v}. Thus, the family of
systems allows one to build any other larger interpolant in a simple algebraic
fashion without solving any additional partial differential equation. The lin-
ear results, taken along with the results given in [94] regarding construction
of interpolants with dimension less than or equal to max{p,v}, provide a
complete method for generating interpolants of any dimension for which an
interpolant exists. Two demonstrative examples are given, with the first ex-
ample demonstrating how the parameterized family of interpolants of higher
order can be used to construct stable interpolants when a stable interpolant
of minimal order doesn’t exist, and with the second example demonstrating
the construction of a reduced order model for a nonlinear underlying system

when the auxiliary systems do not have the same dimension.
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Chapter 8

On Equivalence of the Loewner

Functions for Behaviourally

Equivalent DAEs

In the nonlinear settings of Chapters [4] and [5] the tangential data functions
and the Loewner functions are defined in terms of the tangential general-
ized controllability and observability functions. The tangential generalized
controllability and observability functions are defined as the solutions to a
set of PDEs, and in the setting of nonlinear systems of ODEs, developed in
Chapter [4] simple conditions ensuring the existence of unique analytic so-
lutions for the PDEs have been given in terms of type (C,v) nonresonance
conditions. However, in the setting of nonlinear systems of DAEs developed

in Chapter [5| conditions regarding the existence of solutions for the PDEs
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have not been discussed.

In the nonlinear DAE setting, conditions ensuring the existence of a solu-
tion for the PDE defining the tangential generalized controllability function
can be stated, simply, in terms of an enhanced notion of type (C,v) non-
resonance condition for matrix pencils, see Appendix [B] In stark contrast,
conditions guaranteeing the existence of a solution for the PDE defining the
tangential generalized observability function are much more involved. This
difficulty arises when not all variables are “locally accessible” to the solu-
tion of the PDE, and the consistency of the PDE must be considered. As
a result, simple existence conditions cannot be given in general. That is,
the PDE defining the tangential generalized observability function may be
too difficult, or impossible, to solve, and it may be necessary to leverage the
algebraic constraints of the system to simplify the PDE by eliminating some
variables. Indeed, in the differential-algebraic setting a system’s algebraic
constraints can be used to obtain “behaviourally equivalent” representations
of the systemﬂ7 and some representations may be more difficult to work with
than others.

This chapter considers the PDEs defining the tangential generalized con-
trollability and observability functions for a simplified class of nonlinear
differential-algebraic systems for which the algebraic constraints are explicit

and are independent of the input. Three additional systems which are be-

"When referring to “behaviourally equivalent” representations of a system, it is meant
that for consistent initial conditions the representations yield the same input-output re-
sponse despite the fact that they are not related to each other by a diffeomorphism.
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haviourally equivalent to the original system are considered with the goal
of simplifying the construction of the Loewner functions. These four sys-
tems possess different tangential generalized observability functions, some of
which have more strict existence conditions than others. Despite this, the
Loewner functions are defined based on the input-output behaviour of the
system interconnected with auxiliary systems and should not depend on the
system having a particular internal representation. Indeed, it is shown that
even though each system possesses a different tangential generalized observ-
ability function, each representation still results in the same tangential data
functions, the same Loewner functions, and the same families of interpolants,
provided that the functions exist. As a result, if the PDE defining the tan-
gential generalized observability function associated to the original system is
too difficult, or impossible, to solve, then, without restricting the resulting
family of interpolants, one can manipulate the algebraic constraints of the
system to produce a behaviourally equivalent representation with associated
PDEs having less stringent existence conditions.

This chapter is structured as follows. In Section [8.1] conditions ensuring
the existence of solution for a family of PDEs are stated, the class of systems
considered for the remainder of the chapter is introduced, and difficulties
regarding existence of solutions to the tangential generalized observability
PDE are discussed. In Section [8.2] three differential-algebraic systems which
are behaviourally equivalent to the class of systems being considered are in-

troduced. It is shown that all four systems possess the exact same tangential
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data functions and Loewner functions, and therefore the exact same family
of Loewner equivalent interpolants. Finally, in Section [8.3| some concluding

remarks are given.

8.1 Preliminaries

The following theorem, which is a special case of the existence of solutions re-
sult in Appendix [B] is used when discussing the existence of unique solutions

in the space of analytic functions for various PDEs.

Theorem 23. Assume that k : C» — CP, o : C* — C"*™, 3. CF — C™, and
€ : C" — CV are, locally, analytic vector fields such that k(0) =0, 5(0) =0,
€(0) =0. Let K = 8%(0) and E = 25(0). Suppose there exist constants C' > 0
and v > 0 such that all eigenvalues of E are of type (C,v) with respect to
o(K). Then, locally around x = 0, there ezists a unique analytic solution,

0(-), to the PDE

%“@ = ¢(0(x)) +a(8(x))B(x),  6(0) =0.

Theorem [23|is an enhancement of Lemma [2{in Chapter {4 as it allows a(-) to
be a function of #(-) and does not require K to be diagonalizable. The former
enhancement is dealt with, as in Chapter [d] by managing some extra terms
in the series expansion, while the latter requires the selection of a non-trivial

ordering in which to solve coefficients in the series expansion of 4(-).
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8.1.1 Problem Formulation

The remainder of this chapter considers a simplified class of systems of the
form (5.1))-(5.2) in which the algebraic constraints are represented explicitly
and are independent of the input u. Particularly, consider DAEs described

by equations of the form

(

Ty fi(xy, z2) g1(x1, x2)
= + u)

0 xo — o(11) 0

y = h(x1, o) + d(x1, 22)u,

2a(to) = p(21(to)),

\

with states z1(t) € C™ and x,(t) € C*™™, input u(t) € C™, output y(t) €
CP, and functions f; : C" x C"™™ — C™, g, : Cm x C"™™ — Cm>™
h:ChxCr™m = CPd:Cm" xC"™ — CP and ¢ : C — C'™™
such that f1(0,0) = 0, h(0,0) = 0, ¢(0) = 0. Furthermore, it is assumed
that f1(-), g1(+), h(-), d(+), and () are differentiable. If the Jacobian of E\(-)
in — has constant rank n; in a neighbourhood of the origin, and if
the algebraic constraints can be obtained without taking derivatives and are
independent of the input, then the representation ¥ may be obtained, locally,
from — by performing a coordinates transformation obtained via
application of the constant rank theorem and the implicit function theorem
28], [80].

Let F, A, and M be the Jacobians of fi(z1,¢(z1)), A(¢.), and m(() eval-
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uated at the origin, respectively. The following assumption, which enables

the use of Theorem [23], is used throughout this chapter.

Assumption 7. The eigenvalues of F are of type (C,v) with respect to (),

and the eigenvalues of M are of type (C,v) with respect to o(F).

Consider now the problem of determining the right and left tangential
data functions, W (-) and V(-), and the Loewner and shifted Loewner func-
tions, IL(-) and olL(-), for the system Y interconnected with the auxiliary
systems — and —. In order to construct these functions the
tangential generalized controllability function, X (-), and the tangential gen-
eralized observability function, Y'(-), must be determined as solutions to the
PDEs and , respectively. For the function X (-) it is generally
easy to ascertain the existence of a unique analytic solution by leveraging a
type (C,v) non-resonance conditionEL similar to that of Assumption , and
applying Theorem as in Chapter {4 In stark contrast, the function Y(-)
is generally difficult to determine without simplifying the problem. The dif-
ficulties arise due to the fact that if F(-) is not bijective then Y(-) “does not
have access” to all independent variables in the PDE ; the PDE ([5.12))
may be too general and one may need to leverage the algebraic constraints
of the DAE in order to simplify the problem.

Thus, the goal of this chapter is to show that it is sufficient to solve

a simplified set of PDEs by presenting relationships between the Loewner

2For the tangential generalized controllability PDE (5.11]) a simple existence condition
may be stated without the selection of a particular set of coordinates, i.e. stated directly
in terms of £(-), f(-), and (), see Appendix [B]
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functions associated to X and the Loewner functions associated to three

simplified systems that are behaviourally equivalent to .

8.2 Equivalent Representations

Towards the goal of simplifying the PDE (5.12)) consider, in addition to X,

three additional DAE systems. The system X is defined as

ol

/

T _ fi(z1, (1)) N g1 (1, (1)) u

0 xe — (1) 0

y= h(iﬁh <P(5‘f1)) + d(llfl, 90@1))“7

l’g(to) = 80(371(750))7

\

which is derived from ¥ by substituting x5 = ¢(x1) into fi(-), ¢1(), h(-), and

d(-). The system S is defined as

o}

(

\

Ty I
i = 8%% (fl (5131, 90(5171)) + g1 (:Ul, gD(fL’Q)u),

y = h(zy,x9) + d(x1, 22)u,

22 (to) = ¢ (21(to)),

which is derived from ¥ by differentiating the algebraic constraint and rewrit-

ing the resulting equations into a state-space form. Finally, the system 3 s
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defined as

) .
T fl(ffhxz) 91(%,%2)
= + u’
- Ty — 90(951) 0 0

Yy = h(l’l, 1’2) + d(xlv ZL‘Q)U,

a(to) = @ (x1(t0)),

which is obtained from ¥ by differentiating the algebraic state without writ-
ing the resulting equations into a state-space form.

Given that the systems have consistent initial conditions, it is clear that
¥, %, i, and % exhibit equivalent input-output behaviour. The tangential
data functions and the Loewner functions encode information on the response
of a system to interconnection with auxiliary systems so %, 3, f], and ¥
will produce the same functions W (-), V(-), L(:), and oL(-), and thus the
same interpolant as in Theorem [14] Despite this, it is easy to see that
there is no diffeomorphism relating all four models, as such a mapping would
need to change the rank, when evaluated at the origin, of the Jacobian of
E(:) in —. Given that the solution, if it exists, to the tangential
generalized observability PDE is the most difficult function to obtain,
and given that each representation of the system yields a different tangential
generalized observability PDE, the goal of this section is to show that it is
sufficient to solve the set of PDEs given by any of the representations ¥, ¥,
i, and X
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The following theorem makes clear the relationship between the tangential
generalized controllability functions and the right tangential data functions

associated to each system.

Theorem 24. Consider each of the systems ¥, %, f), and Y interconnected
with the auxiliary system -, and suppose that Assumption @ holds.
Let X(+), X(-), X(-), and X (-) be the resulting tangential generalized control-
lability functions, respectively, provided they exist locally in a neighbourhood
of the origin, and let W(-), W(-), /W(), and W (-) be the resulting right

tangential data functions, respectively. Then

X(G) =X(¢) = X(6) = X (&),

and

W(G) =W(G) = W(G) =W(G),

i a neighbourhood of the origin.

Proof. The function X (¢.) = (X1(¢) ", X2(¢)")T is defined as the solution,
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provided it exists, to the PDE with boundary condition

00X,
fl (X1<C7‘)7X2(€T>> an (Xl(CT)7X2(CT))
%) = v "G,
0 X2(Cr) - @(Xl(CT)) 0
X(0) = 0. (8.1)

By Assumption [7| the eigenvalues of F' are of type (C,v) with respect to
o(A), so by Theorem [23| there exists a solution to the PDE with boundary

condition

X,
e

AG) = fi(Xi(G), 0(X1(G)) + 91 (X1 (G, (X1 (6)r(G),

hence a solution X (-) exists and has the form

Xl r Xl r
X(¢G) = I (©) . (8.2)

XQ(CT‘) @(Xl(ér»

The functions X(-), X(-), and X(-) are the solutions to the PDEs, with
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boundary conditions,

0X, _ _ _ _
1 Xl r) Xl r 1 Xl )y Xl r
% | e f_( (6)s 9(X1(6)) N (X160 (X1 (6)) o,
0 XZ(C?") - 90(71({7")) 0
X(0) =0, (8.3)
X,
¢, I R
RS do ] fi(X1(6), Xa(6r)
8X2 — O Xl((l)
- ox
¢, !
I o~
+ (X1 (Gr)s Xa(Gr))r(6r)
g—z o X1(G1) n )
X(0) =0, (8.4)
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and

ac, A(X1(G), Xa(6))
- MG =
0X, _ 890(X1(<r)) 0
¢, ¢,
91 (jzl(gr)? 552((7"))
+ (¢,
0
X(0) =0, (8.5)

respectively. With X (-) of the form (8.2), it is easy to see that setting
X(6) =X(G) = X(6) = X (G,
in (8.3), (8.4), and ({8.5) solves each PDE. Finally, it is easy to see that

W(Cr) - h(Xl(Cr)v XQ(Q‘)) + d(Xl(CT)>X2<C7")>r(€r)

= h(yl (Cr): @(71 (CT))) + d(71(<r>7 @(71 (Cr)))T<Cr) - W(Cr)
w

= h(X1(¢), Xa(G)) + d(X1(G), Xa(G))r(G) =W(¢)
— 1(X1(¢), Xa(G) + d(X (G, Xa(G))r(G) — W(C),
thus proving the result. O

In the proof of Theorem the conditions for existence of a solution
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to each of the tangential generalized controllability PDEs (8.1)), (8.3)), (8.4),
and (8.5) are the same. This is not the case for the tangential generalized

observability PDEs, for which conditions ensuring existence of a solution for
one representation are easier to satisfy than conditions ensuring existence
of solution for others. For example, existence of the tangential generalized
observability function can be guaranteed for the system ¥ with Assumption ,
allowing one to construct a solution by following the procedure in the proof of
Lemma[2in Chapter 4 while existence conditions pertaining to the system 3
are more strict. The following theorem exposes the relationship between the

tangential generalized observability functions for each system interconnected

with the auxiliary system (5.5))-(5.6}).

Theorem 25. Consider each of the systems ¥, 3, f], and 3 interconnected
with the auxiliary system —, and suppose that Assumption @ holds.
Let Y(-), Y (), Y (), and Y (-) be the resulting tangential generalized obseru-
ability functions, respectively, provided they exist locally in a neighbourhood
of the origin, and let V(-), V(-), V(-), and V(-) be the resulting left tangential

data functions, respectively. Then

Y (21,0) = V(21,0) = Y (21, 0(21)) = Y (21,0),

and

I
<l
I
et

V(Cr) (Cr) (Cr) = ‘7(@)7
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i a neighbourhood of the origin.

Proof. The function Y (ky, ko) is defined as the solution, provided it exists,

to the PDE with boundary condition

(3Y o (23170)) fl ($1a 90<$1)) - —m (_7(331’0)) . E(h(xl,go(xl))),

Or To — 90(5171)

Y (0,0) =0,

and setting Y (k1, ko) = Y (k1,0) yields

%;I,O)fl (561790(1171)) =-—-m (_?(55'1,0)) - E(h(ml’ 90(331)))’ (8.6)

for which existence of a solution can be guaranteed by Theorem since,
by Assumption , the eigenvalues of M are of type (C,v) with respect to
o(F). The functions Y (k1 k2), Y (K1, k2), and Y (k1, ko) are defined as the

solutions, provided they exist, to the PDEs, with boundary conditions,

<8a—Y o (1, 0)> fila, ) = —m(—Y(21,0)) — £(h(z1,22)),
" zy — (1)

Y (0,0) =0, (8.7)
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S I
oY ~
(& O (x1,$2)> 330 fl(.’ﬂl, Z’Q) = —m( — Y(.Z'l,ll?g)) — f(h(xl,xg)),

81’1

~

Y (0,0) =0, (8.8)

and

(86—Y o (z1, 22 — cp(xﬁ)) frlwr,z2) = —m(—Y(z1, 22 — p(z1)))
k 0

- g(h(l’l, 5132)),

Y (0,0) = 0. (8.9)

Existence of a solution to the PDE cannot be guaranteed by Theo-
rem [23] because Y'(-) does not have access to all variables in the equation.
The PDEs and can be put into the form required by Theorem ,
however the non-resonance condition needed to guarantee existence of solu-
tion is stronger than that of Assumption [7] Note that for each system one
has z5(t) = ¢(z1(t)) for all ¢ because z5(to) = ¢(z1(to)). Considering
and restricting each of the PDEs , , and along this trajectory
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yields

O(h(zr, p(21))) = —%ﬁvi’o)h (z1,0(21)) = m( =Y (21,0))
= D) ) — o~ T 0)
_ _3%5; f@"l)) fulan () —m(— Pl p(a)))
= D) 0y o)) = (- P, ),

and, because the eigenvalues of M are of type (C,v) with respect to o(F), it

follows that

Y (21,0) = Y(21,0) = )/}(xl, o(z1)) =Y (21,0),

provided that the functions exist. Finally, recalling from Theorem [24] that
each system induces the same tangential generalized controllability function,
X(+), when interconnected with the auxiliary system ([5.3))-(5.4), it follows

that
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7i6) = (P52 0 (41(6.0)) (X6 Xel6)

+ Z(h(Xl(CT)? XQ(CT‘))a d(Xl (Cr)v XQ(CT))T<CT))d(X1 (Cr)a XQ(CT))a

P(6) = (ay(g;f(x”) . X1<<T>> 91 (X1(6), X%2()

+ Z(h(Xl(CT)v X2(Q’))a d(Xl (C’I‘)? X2(<r))r(gr)>d(X1 (Cr)a X2(<r))a

V(CT) = (ayézll’()) © (X].(CT)7 O)) 251 (Xl(gr)7X2(C7"))

+ Z<h‘(X1(<T‘)? XZ(CT))? d(Xl (Cr)a XQ(CT))T(CT))d(Xl (Cr)a XQ(CT))a

hence

proving the result. O

When constructing the functions W(-), V(-), L(-), and oL(-) the input

of the tangential generalized observability function is always restricted as
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in Theorem This leads to the following result implying that, despite
possibly having different tangential generalized observability functions, each

representation yields the same family of interpolants given in Theorem [14]

Theorem 26. Consider each of the systems X, ¥, i and 3 interconnected

with the auxiliary systems — and —, and suppose Assump-
tion [ holds. Let X(-), Y (-), X(-), Y(-), X(-), V(-), X(-), and Y(-) be the
resulting tangential generalized controllability and observability functions, re-
spectively, provided they exist locally in a neighbourhood of the origin, and
let L(-), oL(-), L(-), oL(:), L(-), oL(:), L(-), and oL(-) be the Loewner and

shifted Loewner functions, respectively. Then
L(¢) =L(¢) = L(¢) = L(G),
and
oL(¢;) = 0L(G;) = oL(G;) = oL(G),
in a neighbourhood of the origin.

Proof. The result is obtained by constructing each of the Loewner functions

and applying Theorems [24] and 25 By Theorem [24] it follows that

X1(¢r _ ~ ~
X(¢r) = )| X(G) = X(¢) = X(G),
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and by Theorem [25] it follows that

Y (21,0) = Y(21,0) = Y (21, 0(z1)) = Y (21,0).

Hence,

L(¢) = —Y (X1(¢),0) = =V (X1((,), 0) =L(¢)
— V(KRG (K (G))) =L(¢)
== —}7()’21(@)75{'2(9) - @()’EI(CT)» = E(CT)

By Theorem R4, W(¢,) = W(¢,) = W((,) = W((,), hence

oL(¢) = m(L(¢)) + (W (S)
=m(L()) + (W () = oL(¢)
= m(L(¢) + L(W(G) = oL((,)

= m(L(G)) + LW () = oL(G),

proving the result. O]

Remark 28. As a result of Theorems , and , the systems 3, 3, i\],
and ¥ produce the exact same family of Loewner equivalent interpolants,
provided that the solutions to the PDEs exist, despite each system yielding a

different tangential generalized observability PDE, and therefore a different
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mapping solving the PDE, of the form ([5.12]).

Remark 29. Conditions for existence and uniqueness of analytic solution to
the PDEs , , and defining the tangential generalized observ-
ability functions Y (-), Y'(-), and Y (-) can be easily obtained via type (C,v)
non-resonance conditions. Hence, if the PDE defining Y'(+) associated
to the original representation ¥ is difficult, or impossible, to solve then one
can instead work with the simplified systems ¥, f], or & without any change

to the obtained family of interpolants.

8.3 Conclusion

In this chapter the Loewner functions associated to four behaviourally equiv-
alent DAE systems have been considered with the goal of simplifying the
PDE defining the tangential generalized observability function. Particularly,
it has been shown that, provided solutions to the PDEs exist, all four sys-
tems yield the exact same family of Loewner equivalent interpolants given
by Theorem despite possibly having different tangential generalized ob-
servability functions. Thus, if the observability function associated with one
representation is difficult or impossible to obtain, it is shown that one may
instead solve a simplified set of PDEs without changing the resulting family

of interpolants.
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Chapter 9

Conclusion

9.1 Thesis Contributions

The Loewner framework has been enhanced towards the goal of develop-
ing a data-driven interpolation and model order reduction framework for
general nonlinear systems. This enhancement has been accomplished in mul-
tiple steps. First, an interconnection-based interpretation of the Loewner
framework has been developed for linear time-invariant differential-algebraic
systems. The interconnection-based interpretation has then been leveraged
to enhance the framework, first for nonlinear input-affine systems of ordi-
nary differential equations, then for general systems of nonlinear differential-
algebraic equations. Following this, families of systems interpolating the
tangential data mappings have been parameterized, and the construction of

well-posed interpolants via dynamic extension has been developed. As a re-
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sult of the dynamic extension approach to interpolant construction, all inter-
polants of dimension greater than or equal to the dimensions of the auxiliary
interpolation systems are parameterized. Hence, if an interpolant with some
additional desired properties exists, then it is contained in the parameterized
family. Finally, the use of simplified representations when determining the
Loewner functions for a class of nonlinear semi-explicit differential-algebraic
systems has been discussed with the goal of selecting a behaviourally equiv-
alent representation having less stringent conditions guaranteeing existence

of solution to partial differential equations.

9.2 Future Work

Exploiting the results of this thesis, there is a plethora of further research
directions to be investigated. Of great importance is the completion of a
data-driven approach, including an experimental procedure for obtaining the
tangential data mappings so that interpolants can be constructed without
having to solve the partial differential equations defining the tangential gen-
eralized controllability and observability mappings. The left tangential data
mapping, V(-), is challenging to obtain, and the development of an experi-
mental procedure to accomplish this would be a significant result.
Following the methodology of Chapters 4| and |5, the Loewner framework
may be enhanced for more general families of DAEs, including nonlinear time-

varying systems and nonlinear discrete-time systems. The enhancement for
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nonlinear discrete-time systems would be particularly interesting when taken
with the development of the data-driven approach where data is most likely to
be sampled periodically. An enhancement of the framework for systems with
multiple time-delays could further lead to an enhancement of the framework
for infinite-dimensional systems, however initial investigations have shown
that the approach of Chapters[4 and [f]is not sufficient on its own, and further
steps need to be taken. Another research direction is the enhancement of the
framework for more general implicit systems, where the “descriptor function”
E(+) is allowed to be a more general mapping of the system’s state, the state’s
time-derivative, and the system’s input.

Another direction to be investigated is using the extra degrees of freedom
in the parameterized families of interpolants introduced in Chapters [6] and [7]
to assign additional desirable properties to the constructed interpolants. Such
properties could include the asymptotic stability of an equilibrium point, the
assignment of desirable transient behaviour to input signals, or structural
properties relating the interpolant to some family of physical systems, e.g.
interpolants possessing the structural properties of a mechanical system or
an electrical system.

Finally, it would be interesting to further generalize the behaviourally
equivalent representation results of Chapter [§ For example, by taking the
parameterization results of Chapter [7| it may be possible to assign a con-
venient parameterized internal representation for experimentally collecting

tangential data in a data-driven approach.
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Appendix A

On the Use of Complex Valued

Signals

The restriction of A and M to diagonal matrices seems, at first, prohibitive.
When discussing the interconnection of physical systems, or the time-domain
response of the cascade interconnections in an experimental setup, many im-
portant interpolation points, such as those on the imaginary axis of the com-
plex plane, would not be achievable under such an assumption. Furthermore,
it is desirable to construct interpolants using only real-valued objects. In this
appendix it is shown that diagonality of the auxiliary system matrices is not
actually required, and that such interpolation points can, in fact, be achieved
using real-valued systems. As a result of what follows, the interpolants pre-
sented in Chapters [2] [l and [5] have equivalent real-valued realizations as

long as the auxiliary systems have associated real-valued realizations.
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A.1 Linear DAEs (Chapter 2| and Chapter [3)

Let P € C?*? and @ € C"*Y be nonsingular matrices. Consider auxiliary

systems of the form (3.6)-(3.7) and (3.8)-(3.9)) defined by the equations

¢, =PAPZ G+ A, (A1)
=:A
V= RP:1 Gy (A.2)
=R
and
(o =QMQ " ¢+ QL y, (A.3)
— ~
=M =L
n =G, (A.4)

where A € CP*P, R € C™*?, M € C"*", and L € C"*P are complex-valued
matrices, and A, R, M, and L are real-valued matrices, and therefore im-
plementable. Let X, Y, W,V 1L, and oL denote the Loewner objects asso-

ciated with the auxiliary systems (3.6))-(3.7) and (3.8))-(3.9) interconnected
with a real-valued system of the form (2.17)-(2.18). The real-valued matrices

in (A.1)-(A.2) and (A.3)-(A.4) will now be used to construct a new set of

real-valued Loewner objects, which are represented in terms of the former

the new set of Loewner matrices associated with the auxiliary systems (A.1])-
(A.2) and (A.3))-(A.4) interconnected with the system ([2.17)-(2.18]), solving
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the associated generalized Sylvester equations yields

X=XP! W=WP! Y=QV V=QV,

from which the real-valued Loewner matrices

L=QLP', oL=QoLP,

are obtained. Constructing a model of the form (2.30)-(2.31]) using the real-

valued objects yields the system

Lo = (oL — LD R)w— (V — L D)u,

= Q(oL — LDR)P™*w — Q(V — LD)u, = QLP ™,

y, = (W — D R)w + Du,

= (W — DR)P'w + Du,,

where the feedforward matrix D is a free parameter. This system is simplified

to

LP % = (¢L — LDR)P™'w — (V — LD)u,,

y, = (W — DR)P'w + Du,..
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The new interpolant (A.5))-(A.6) is obtained by a coordinates transforma-
tion of the complex-valued interpolant (2.30))-(2.31), hence the auxiliary

systems (3.6)-(3.7) and (3.8)-(3.9), and the auxiliary systems (A.1])-(A.2)

and (A.3)-(A.4)), interconnected with the system ([2.17))-(2.18) produce the
same interpolant, albeit in different coordinates, with the system (A.5))-(A.6)

being real-valued if D is a real-valued matrix.

A.2 Nonlinear ODEs with Linear Auxiliary

Systems (Chapter [4))

In a similar fashion, consider the set of Loewner functions associated with

the auxiliary systems (A.1)-(A.2]) and (A.3)-(A.4) interconnected with a real-

valued system of the form (4.1)-([4.2), denoted by X(-), Y (-), W(-), V (), L(-),
L'(), T'(-), and gL(). Let X(), Y(-), W(), V(), L(), L(), L(), and

olL() denote the set of Loewner functions associated with the interconnected

system ([3.6))-(3.7), (3.8)-(3.9), and (4.1))-(4.2). Then, by solving the associ-

ated PDEs, it follows that

X(G) =X(P7I¢), W(G) =W(PT'G),

?<I> - QY<$>? V(CT) = QV(P_ICT)y
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from which the real-valued Loewner functions

L(¢) = QL(P'¢), L(¢) = QLY(P'¢),

L'(¢) = QL (P7'¢), oL(¢) = QoL(P™'¢),

are obtained. Note also that

oL (oL =
a@‘@(acfp CT)P |

Constructing a model of the form (4.16))-(4.17) using the real-valued objects

yields the system

This is simplified to

(g? o P_lw) P~ ' = oL(P'w) — V(P w)u,,

Yr = W(P_lw)’

which is obtained from the complex-valued interpolant (4.16))-(4.17) via a

coordinates transformation.
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A.3 Nonlinear ODEs with Nonlinear Auxil-
iary Systems (Chapter [4))

Consider now auxiliary systems of the form (4.23)-(4.24) and (4.25))-(}4.26]

defined by the equations

(o= PAPTG) +A, (A7)
5/_/
=:A(Cr)
V= T<P71<r>7 (A 8>
——
=7(Cr)
and
Co=Qm(Q7'¢) + QUy), (A.9)
———— N~
=m(Ce) ::Z(y)
n =G (A.10)

where A : C» — C? and m : C" — CV are such that 86_3(0) = A and

3—2(0) = M are complex-valued, and A(-), 7(-), m(-), and £(-) are real-

valued maps. The set of Loewner functions associated with the auxiliary

systems (A.7)-(A.8) and (A.9)-(A.10) interconnected with a real-valued sys-
tem of the form (E.1)-(E.2) is denoted by X(-), Y(-), W (), V(-), L(-), (),
L'(-), and oL(-). Let X(-), Y(-), W(-), V(-), L(-), L), L"(-), and oL(-)

denote the set of Loewner functions associated with the interconnected sys-

tem (4.23)-(4.24), (4.25)-(4.26]), and (4.1)-(4.2)). Then, by solving the asso-
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ciated PDEs, it follows that

X(G) =X(P7I¢), W(G) =W(PT'¢),

?<I> = QY(I), V(Q) = Qv(Pilgr)a

from which the real-valued Loewner functions

L(¢) = QL(P'¢), L'(¢) = QLY(P'¢),

L'(¢) = QL"(P7Y¢), oL(() = QoL(P7'¢),

are obtained. Note also that

oL oL .
a@‘Q(mrf)Q)P'

Constructing a model of the form (4.41)-(4.42)) using the real-valued objects

yields the system
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This is simplified to

L
(SC o P_lw) P Y% = oL(P'w) — V(P w)u,,

y, = W(P 'w),

which is obtained from the complex-valued interpolant (4.41))-(4.42) via a

coordinates transformation.

A.4 Nonlinear DAEs (Chapter [5))

Consider the set of Loewner functions associated with the auxiliary sys-

tems — and - interconnected with a real-valued system
of the form (5.1)-(5.2), denoted by X(-), Y(-), W(-), V(-), L(-), L'(-), L'(-),
and oL(+). Let X(-), Y(-), W(-), V(-), L(-), L*-), L"(-), and oLL(-) denote the
set of Loewner functions associated with the interconnected system —

(4.24), (4.25)-(4.26), and (5.1))-(5.2). Then, by solving the associated set of

PDEs, it follows that

X(G) =X(P7IG), W(G) =W(P¢),

V() =QY(z), V(G)=QV(P(),
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from which the real-valued Loewner functions

L(¢) = QL(P'¢), L(¢) = QLY(P'¢),

L'(¢) = QL (P7'¢), oL(¢) = QoL(P™'¢),

are obtained. Note also that

oL (oL =
a@‘@(acfp CT)P |
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Constructing a model of the form (5.32))-(5.33)) using the real-valued objects

yields the system

/'/‘\ —_~

L(w) = [E(w) —QZ<W(w), —d(w)?(w))d(w)?(w)]

- {V(w) - QZ(W(M), —d(w) (A.11)

=L
£
N—
=
&
L
<

~-Q {UL(P—IM) - Z(W(P‘lw), —J(w)r(P‘M))d(w)r(P_lw)}

yr = | W(w) — d(w)?(w)} + d(w)u, (A.12)
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where the feedforward mapping c?() is a free parameter. Setting the mapping

d(w) := d(P~'w), this is simplified to

which is obtained from the complex-valued interpolant (5.32))-(5.33) via a

coordinates transformation. For any mapping d(-) there is an associated
choice of mapping d(-), and if the mapping d(-) is selected such that 67() is a
real-valued mapping, then the interpolant (A.11))-(A.12) is real-valued.
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Appendix B

On the Solutions to Some
Partial Differential-Algebraic

Equations

Consider the problem of determining a solution, X : C* — C", to the partial

differential-algebraic equation with boundary condition

— M) = f(X(0),r(©),  X(0)=0, (B.1)

with functions £ : C* — C", A : C» - C?, f : C" x C" — C", and
r: CP — C™ obtained via linear coordinates transformation of real-analytic
functions, and such that E(0) = 0, A(0) = 0, f(0,0) =0, and r(0) = 0. It

is assumed that, in a neighbourhood of the origin, the Jacobian of E(-) has
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constant rank but is not invertible.

In order to state conditions ensuring the existence of a solution for the
PDE given by , consider the following definition introducing the notion
of type (C,v) conditions for matrix pencils, which can be seen as a general-

ization of Definition 2 in [84].

Definition 15. Given a pxp matriz A, with spectrum o(A) = X = {\1,..., A, },
a pair of n x n matrices E and F', and constants C > 0 and v > 0, it is
said that the matriz pair (E, F) is of type (C,v) with respect to o(A) if for
any vector m = (my, mo, ..., m,) of nonnegative integers it follows that the
matriz ((m - \)E — F) is invertible and

|U

Im
<

H <(m NE - F) B

Y

where |m| = > m; > 0.

Conditions ensuring the existence of a solution to the PDE (B.1)) can now

be given in terms of Definition [L5 and the mappings E(-), A(-), f(-), and 7(-).

Theorem 27. Consider the PDE with the boundary condition X (0) =
0 and suppose that \(-) and r(-) are obtained via linear coordinates trans-
formation of, locally, real-analytic functions, and E(-), f(-), and g(-) are
obtained via linear coordinates transformation of, globally, real-analytic func-
tions. Let B = 22(0), F := 9(0,0), G := 2L(0,0), and A := g—’C\(O), and

suppose that there exist constants C > 0 and v > 0 such that the matriz pair
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(E, F) is of type (C,v) with respect to o(\). Then, locally around ( = 0,
there exists a unique analytic solution, X : C* — C", satisfying the partial

differential equation (B.1)) with the given boundary condition.

Proof. By analycity expand the functions comprising the PDE (B.1]), includ-

ing the solution X (-), using the Taylor series as

=Bz + Y E(), X(Q)=X¢+ ) X9)
=2 1=2

=AC+ YA, fle,u)=Fz+ Gu+ Y fO(z,u),
=2 1=2

= R(+ i rt
=2

where E@(x), XD(¢), XO(¢), fO(z,u), and r¥(¢) denote the terms of
order 7 in the Taylor series expansions of E(z), X((), A(C), f(z,u), and r((),
respectively. Substituting the series expansions of the functions in the PDE

yields

(E + i (ags) )) (X + Z oX U) (A( + f; W(C))

- XGPS XU+ (x >+G(R<+Zr“ )

=2
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and rearranging yields

0= <EXA—FX . GR)C

HE®
ox

+ i (EaX v A= FXD(¢) + EXAD(C) + (
=2

o oX(C)) XAC

— fX(©).7(¢) - GT(“(C))

2 Lox0 oEW) o Hx )
+ZZ<E 5 M<>+< o OX(C)) (XA (©+ % Ac)

= (%) ()
FE Y (T o x(@) BN, (B2)

A solution to the PDE is constructed explicitly by matching coefficients for
powers of ¢ in (B.2). The terms of degree d = 1 from the analytically
expanded PDE (B.2) are

0= (EXA—FX — GR),

which is a generalized Sylvester equation having a unique solution, X, be-
cause the matrix pair (E, F) is of type (C,v) with respect to o(A). For an

analytic function y(¢), let deg(y(¢),p) denote the degree p terms of ¢ in y(¢).
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For degree d > 1 the terms of degree d are

0X@

_py@ry — 39
ac AC— FXY(C) =B (¢),

E

-S> e (B e x() BA00.4).

i=2 j=2 k=2

which, with some abuse of the summation notation when d = 2 (in which

case the double and triple summations are taken to be zero) and d = 3 (in
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which case the triple summation is taken to be zero), simplifies to

BY(¢) = Gr(¢) — EXAD(Q)

d
2 (deg (fX (), (). d)

e (2520300 vac)

d—2 d—2 d—2 OE® 0X W (k)
5> 2deg<( = oX<<>)5)—gA @’d)’

where the summations only contain a finite number of terms after eliminating
terms of deg(+,d) that are equal to zero. It is important to note that B(d)(~)
contains only coefficients in the series expansion of X (-) associated to terms
of degree less than d, thus B(d)(-) is not a function of X@(-) and B(d)(-)
is completely determined given that the functions X®(-), i = 1,...,d — 1,
are known. Hence, the remainder of the proof is concerned with solving the

simplified PDE

oX (@)
¢

E 4

AC— FXD () =F0), (B.3)
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for each d > 1. Suppose now that the coefficients in the series expansion of

X(+) up to degree d — 1 are known, and let

X)) = > X", XpecCn

Imll,=d
B = > B.("  Bh,eCh
lmll,=d
where m = (mq,...,m,)", m; € NU{0} Vi € {1,...,p}, and (™ =
7™M ...¢p", so the PDE (B.3)) becomes
acm . o
DL BXnprAC— D FXu("= 30 Bl

llmll,=d lmll,=d lmll,=d

Suppose, without loss of generality, that A has an arbitrary Jordan block

structure, so

om0 - 0 0
0 A ng -+ 0 0
A 0 0 >\3 0 0 ., n;€{0,1}Vi=1,...,p— 1.
0O 0 O Ap—1 Mp1
0 0 0 0 A
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Then it follows that

a m
aLCAC = ml)\lgm +---t mp—lAp—lgm + mpApCm
+ mlnlqnl_l 2m2+1 e C;l_pl_lcglp 4+ ...
mi ~m mp— —1.m
+mp-1np-1G GG ' Cp ot
m GGG
= (m ) )‘)Cm +m:- )
e (MG GG
0
where A = (\1,...,,)". The PDE (B.3)) becomes

> (- NE - F)X, ~B,,)¢" =

llmll,=d

nlCl

m1—1Cm2+1

2 .

mMp—1 ~Mm
'Cp—pl1 Pp

EX,,.

JE— E m .
mi ~m my—1—1 -my+1
Im|,=d (TS G P ’

p—1 P

0

As a result of this, the coefficient X, is a function of any X5 such that, for

ie{l,...,p—1},

mi=mi+1, M =mip—1, my=m;Vje{l,....p}\{ii+1}
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A potential issue with such dependencies arises if a circular dependency ex-
ists, as such a dependency would change the nonresonance condition required
to guarantee existence of a solution. To prove that no such dependency exists,

consider now constructing an ordered set in which to solve the coefficients

X,,. Define the set

M:{m:Ogmigd, m; e NU{0} Vie{l,...,p}, m1+--~+mp:d},

and define an order on the set M such that for any elements m,m € M

(i) m > m if

(iii) m < m otherwise.
This order is well-defined as exactly one of (i), (i7), (¢i7) holds for any m,m €
M, and m > m, m > m implies that m > m.

Equiped with the ordered set M, existence of a solution to the PDE can

be proven by explicitly determining the coefficients of X(@(-), i.e. X,, for all
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|lm||, = d, in the correct order. At any step in the procedure, let S be the
set of m € M such that the coefficient X7 is known, and let U be the set of

m € M such that the coefficient X,,, is unknown. It follows that
M=SuUU SnU-=0,

and | M| is finite and not empty for any particular d = ||m||,. Furthermore,
S and U inherit the well-defined ordered set property of M. To proceed,
partition the procedure for solving the coefficients into three cases: the base
case where S = () and U = M, the final (trivial) step where S = M and
U = (), and intermediate steps S # () and U # §).

First, suppose that S = () and U = M. Consider the element m =
(d,0,...,0) € U, and note that m = sup(U). It can be seen that X,,
depends on no X5 such that m € U, m # m, because no m can be chosen

such that, for any i € {1,...,p— 1},
mlzml+17 mi+1:mi+l_17 m]:m]‘v’je{l,,p}\{z,z—i—l},

without setting one of m; < 0. Collecting the coefficients of (™ = (¢ in the

PDE (B.3)) yields

<(m-)\)E—F>Xm B )

m
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so the coefficient X4, ) is uniquely determined to be

.....

Soew = {(4,0,...,0)},  Unew = M\ {(d,0,...,0)}.

Suppose now that S # (). If U = () then S = M and X@(.) is uniquely
determined, thus only U # () needs to be considered. Let m € U be the
largest element of U, so m > m for all m € U. The order on M is well-
defined and |U| is finite, so m = sup(U) € U exists and is the unique upper

bound of U. The coefficient X,, is a function only of X5 such that, for some

ie{l,...,p—1}

mlzml+17 mi+1:mi+l_17 m]:mj‘v’je{l,,p}\{z,z—l—l},

where m;,m; > 0 and m € M. It follows that determining X, depends only
on having determined Xz such that m > m. At least one such m exists for
any m # (d,0,...,0), but because m is an upper bound of U and m > m it

must be that m € M\ U = S, so X5 is known and collecting the coefficients
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of " yields

where

Because the matrix pair (E, F') is of type (C,v) with respect to o(A) the

coefficient X, is uniquely determined to be

X, = ((m NE - F) . Y mnmEXn
)

meD(m
The coefficient X,, of ("™ in X@(.) is now determined, so in the next step
one can take

Soew = SU{m}, Upew = U\ {m}.

Repeating this procedure until U = {) yields the solution X@ () to the
PDE (B.3). Applying the procedure inductively for X@(.), i > d, yields
the formal series solution to the PDE (B.1f). Local analycity of the solution

follows by an argument similar to that of [84]. O
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