
IMPERIAL COLLEGE OF SCIENCE AND TECHNOLOGY 

(University of London) 

Department of Electrical Engineering 

CALCULATION OF PROPAGATION CONSTANTS IN NON-UNIFORM WAVEGUIDES  

by 

Cesar Buia 

A Thesis SUbmitted for the 

Master of Philosophy of the University of London 

August, 1975. 



- ii - 

ABSTRACT  

The first chapter analyses different theoretical and numerical 

methods used to determine the propagation characteristic of inhomo-

geneously filled waveguides. The following methods are discussed: 

field theory, network theory, variational and Rayleigh-Ritz procedures, 

reaction concept, finite-difference and finite-element methods, WKB 

approximation, point-matching method, subwaveguide method, transmission-

line matrix and a method based on solution of equations of the form 

of Hill's equation. 

In the second chapter, the method developed by the author is 

presented. Starting from Maxwell's equations, two coupled differential 

equations in H
z 
and E

z
, are obtained for the rectangular waveguide case 

and for a dielectric constant which is a function of the space co-ordinate 

x. The axial field components are then expanded in terms of the wave-

guide zero-frequency modes. These modes are obtained as solutions of 

the previous differential equations as w—t-0. From this, using the 

orthogonal properties of the expanded modes, two matricial expressions 

are obtained. 

In the third chapter it is shown that for the case of a rectangular 

waveguide filled with a dielectric slab placed at one side of the guide 

wall, the dominant mode, TE10  (or LSE10), and higher order modes TEmo.  

are obtained from a relatively easy matricial equation. A computer 

program has been written, and the numerical results for propagation 

constants and cutoff frequencies are in good agreement with analytical 

results obtained by other authors. 

In the last chapter, solutions for LSMmm  and LSE modes are 

discussed and a computer program has been written for evaluating the 

propagation characteristics of these modes. The particular case of a 



square waveguide half-filled with dielectric is again analysed. It is 

also shown how the method can be extended to the analysis of inhomo-

geneously loaded cylindrical waveguides and the cutoff frequency for 

the H01 
mode for a particular configuration is evaluated using a 

computer program. Finally, suggestions for further applications of 

the method are presented. 
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CHAPTER I 
• 1711.1.•■■■■■■•• 	 

METHODS FOR CALCULATING PROPAGATION CHARACTERISTICS  
IN NON-DNIFORM WAVEGUIDES 

1.1 Introduction 

.During the last thirty years many authors have been 

analyzing the problem of calculating the propagation character+ 

istics of microwaves through waveguides containing dielectrics. 

A survey of these methods and their most important 

characteristics is presented below. In some cases it has been 

considered worthwhile to present some significant mathematical 

steps leading to final results in order to provide a deeper 

understanding of the application of the method. 

The distinction between analytical and approximate methods 

is sometimes blurred, but as a guide in the survey the criterion 

is used that an analytical method yields an expression of more 

or less closed form, whereas an approximate method leads to an 

algorithm. 

'1.2 Analytical Methods  

1.2.1 1.222.I.1122a
1,2 

The field components for any mode for the different 

regions in which the waveguide is subdivided, found from Maxwell's 

equations, involve constants which usually are evaluated in terms 

of the peak power flow through the guide and/or using boundary 

conditions. 

Consider a waveguide filled with a medium of dielectric 

constant c and permeability II. Assume that the walls of the waveguide 
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are parallel to the z-axis. 

It is possible to write the electric and magnetic 

field as follows : 

E = (Et 	Ez) exp(iwt - 4z) 
(1.1a) 

H = (Et  + fc Hz) exp(jwt - lz) 

where E Ht  are the components of the field in the directions 

perpendicular to the longitudinal axis, 11 is the unit vector in 

the direction of z increasing. Note that both Et and Ez (Ht and Hz) 

are functions of x and y. 

For sinusoidal fields in a linear, isotropic and 

source free dielectric medium, Maxwell's equations can be written 

as 

curl E = 
( 1 .1b ) 

curl H = jwcE 

where 2,/Zt = jw. 

It is sometimes convenient, especially when dealing 
• 

with boundary value problems, to write the vector differential 

operator V as the sum of the two operators V = Vt  +VZ, where 

N7t is that portion of V which represents differentiation with 

respect to the coordinates perpendicular to the axial direction, 
A 

in this case x and y, and V t  m -lyk . The curl equation 

for the electric field may then be expressed as 

(7t m PT° x (Et 	Ez) m 	(Et 

where the exponential factors have been omitted. 

Similarly, the curl equation for the magnetic field 

then becomes 

(vt 	x (Ht  + 1'Z Hz) 	jwc (Et  + 1'Z Ez) 	(1.1a) 

(1.1c) 
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The parameters c and p, describe the nature of the space 

containing the two field vectors E and H. It will be assumed that 

= p,oand that c = c(x,y). 

It is possible to write explicitly the relationships 

between the field components as follows: 

-a Ez/ y  = 	Ey  - jwp,Hx  

• Ez// 3c = '6-Ex  + jwp.Hy  

jwp.Hz  = 2Ext6y  - 2,Ey/fax  

2tHz/ray  = 	Hy  + jwEx  

'1.1z4x  =Hx jway  

jwcEz  = "611Ax  -/ x'ay 

From the previous set of equations it is clear that 

if E
z and Hz are known, it is possible to deduce the four remaining 

components, Ex, Ey, Hx  and H. 

At a dielectric interface it is known that the axial 

component of the field, Ez  and 	and and the derivatives of the 

transverse components, Et  and Ht, with respect to a direction 

normal to the interface, must be continuous, even if c and II 

change discontinuously across the boundary. 

Equations (1.1c) and (1.1d) may be split into two 

equations respectively; 

k x C7t  Ez 	x Et  = Jo* lit 	(1.2a) 

't  x 	j cop, 11 Hz 	 (1.2b) 

(1.2c) 

(1.2d) 

Taking the vector product 7k x eq.(1.2a) 

rfIXIACXc7t Ez 	2 kxkxEt = jwilVaxLit  

2 or 	77t Ez 	r-G Et 23  j())11211 

x Qt  Hz  + /If{ x Ht  = -jwcE.t  

x Ht 	jwcEz  



Using Eq.(1.2c), the following expression is obtained 

, 2 	2 
ko  e rgt eaVt  Ez 	 (01.1 xcc7t Hz  • 

2 where k2 gl$ 	Ttc
o 

sm co 
2o 

 c 
o 
 and c

r 
 r 

o 

(1.3a) 

Taking the vector product of 7 x Eq. (1.2c), 

,% 
t  Hz  + 

2 
 kxkxHt el 	yiic 	 x Et 

Using Eq. (1.2a), the following expression is obtained 

(1-2  k: cr)Ht  +17t  Hz  mg -jwc,  k xc7t  Hz 	(1.3b) 

Both equations (1.3a) and (1.3b) can be written in a matricial 

form as 

where 

N 

A 

T 

I'Vt 

[ 

- 
si 

. 

A  

0 

0  
E 

0  

p, 

E z 

H 
z 

-111' 0 

t  

t 

(T2 4- 112o :r)A  T 	(1.3o) 

01 

For an homogenous region it is possible to obtain an expression, 

generally known as homogenous Helmholtz equation, that can be 

solved exactly for particular geometric configuration. But, in 

general, for inhomogeneous configurations, an analytical solution is 

not available. The propagation characteristics must then be evaluate 

from different expressions, such as a characteristic equation. 

The characteristic equation is formed by applying 

proper boundary conditions at the interface between any two media 
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inside the guide, In general, this characteristic equation is 

transcendental and must be solved either graphically or using 

iterative methods. Its solution leads to the determination of the 

propagation constant. 

This approach has been used by several authors3,4,5 

to solve the problem for composite rectangular or cylindrical 

waveguides. 

Some results so obtained will be discussed at a later 

stage when they will be compared with the results obtained by the 

method outlined in the next chapter, but it should be emphasised 

that it is not always possible to obtain a solution because of the 

complexity of the characteristic equation. 

1.2.2 Network Theory.  

The composite structure is represented by a network 

comprising a variety of elementary lumped-constant circuits and 

transmission lines. 

TO be more Specific, the composite structure is 

described in terms of a transmission region, characterized by a 

single dominant mode, and a discontinuity region, characterized 

by an infinite set of higher order rapidly evanescent modes, and 

the problem is then formulated in terms of conventional network 

concepts. 

If the structure cross-section possesses an appropriate 

geometrical symmetry, the characteristics of the propagating modes 

may be determined by regarding one of the transverse directions 

perpendicular to the longitudinal axis as a transmission direction. 
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The transmission structure so defined is completely equivalent to 

the original guide: it is composed, in general of elementary 

discontinuities and waveguides and is terminated by the guide walls 

if any. The desired frequencies may be determined by simple network 

analysis of the transverse equivalent network representative of the 

desired mode in the above composite structure. 

As an illustrative example, let us consider the structure 

depicted in Fig. 1.1. At the reference plane T the equivalent 

transverse network for the dominant mode in the guide'is a junction 

-r 
	 T 

 

Zo 	Zo 

	

1 	2 

	

Cl 	x 
2 

	

a 	 
8 

	 a 	 
Cross-sectional view Fig. 1.1 

k a- a .1.  a —.4 
Equivalent network 

of two short-circuited H-mode uniform transmission lines. The 

propagation wavelength\g of all TEon modes is obtained6'7  in 

this case from the resonant condition 

n 2 
Zo- tan 7- (a d) = Z

o 
tan Ad 

1 	c1 	2 	c2 

(1.4a) 

where 	Zo 	Ac 	e - ( o/X ) 

	

1 	1 

	

o2 	c2 c1 	(o/A )2 

and X 
cl 

= X o/V4 -(X o /X )2  ; X 
c2 

X  0//e2 -(Ao/Ag )2  

 

Equation (1.2) is exact provided the conductivity of the guide 

wall is infinite. The slab can be dissipative and characterized 

by a complex dielectric constant, and in this case Xs  is complex. 

An alternative approach is to reformulate the problem 

in terms of a scattering matrix. The formulation of field problems 

either as network problem or as scattering problems provides a 
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fully equivalent and equally rigorous description of the far field 

in a microwave structure. It should, however, be noted that this 

method gives only the propagation constant. But a knowledge of the 

behaviour of fields requires that the solution of Maxwell's 

equations be subjected to the proper boundary conditions at the 

walls of the guide and at the interfaces separating the media. 

Further extensions of the method above mentioned have 

been carried out. Carlin
8'9 used coupled sets of transmission lines 

(not necessarily TEM) to obtain simple models of lossless waveguide 

structures, given that the physical structures are longitudinally 

uniform but transversely inhomogeneous. The uniform coupled line 

system is characterized by a series impedance coupling network per 

unit length whose impedance matrix per unit length is rational and 

Foster (lossless) together with a shunt admittance network per 

unit length whose admittance matrix per unit length is similarly 

rational and Foster. The problem of equivalent circuit represent-

ation for the prescribed waveguide geometry is to find the series 

and shunt network matrices per unit length, Z(p)&Y(p) respectively, 

with the complex frequency variable p 	+ jw, where w is the 

angular frequency. 

According to Carlin's work, it is possible to couple 

together simple TEM, TM and TE scalar lines, and these scalar lines 

can be used to construct models for lossless, longitudinally uniform 

guides. As an example, let us compare the equivalent networks and the 

characteristic equations of a waveguide filled with a dielectric slab 

using Carlin's method9 and Marcuvitz's method
6, as shown in Fig. 1.2. 

(i.e. analytic in that Rep am Re( + jw )> 0, real where p is 

real, and paraskew hermitian, meaning that -AT(-jw) A(jw)) 



T 

z
ol 0

2 
Xc1 
	XC

2 

Coupled line model 

- 8 
T 

co c C 0 

--4.1 2d 14-- 
2a 	 k 	 

14-a-d 	d 

Equivalent network 

Zo tan 2n — (a - d) = Z
02 

cot 2n — d 
1 X

Cl 	C2  -x 

)(tanill 	- x2) d o 
Z
ol 	XC1 	

o/x )2 

Z
o2 	

X
C2 - (Xo 	)

2 

g 
x = X/X 	e 	K = 2a/X 

a) Marcuvitz's method 	b) Carlin's method 

Fig. 1.2 Comparison between Marcuvitz and Carlin's method. 

Another very interesting method is due to Clarricoats 

and Oliver
10• The transverse network representations for inhomo-

geneously filled waveguides supporting pure modes have been mentioned 

before, and they showed that a representation valid for a hybrid 

mode was possible, using a combination of a pure radial-line E mode 

and a pure radial-line H mode. They analyzed the circular wave-

guide containing two isotropic cylindrical regions (or two isotropic 

plasma regions) and the case for the unbounded rod with and without 

an axial inner conductor. The boundary conditions on the rod surface 
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impose a constraint on the total radial-line impedances and 

'admittances. When the constraint is expressed mathematically, 

it leads to the characteristic equation for the propagation 

constant. 

It is also shown that the p/6 dispersion curves 

reflect the constraint necessary to ensure that the transverse 

impedances or admittances are matched at any circumferential 

boundary. 

Details of this paper will not be analyzed deeper 

because in the following chapters only rectangular waveguides will 

be considered; it has been considered worthy to mention it as an 

important reference for any work dealing with inhomogeneous filled 

cylindrical waveguides. 

1.3 .A22s22. 2Eatiiods 

As was mentioned before, an exact solution of the equations 

encountered in problems on dielectric waveguides may be obtained 

for only a limited number of cases. For instance, for the scalar 

Helmholtz equation (V0 + k2 . 0) it is possible to use, for some 

coordinate systems, the method of separation of variables. But 

if the surface on which the boundary conditions are to be satisfied 

is not one of these coordinate surfaces, or, if the boundary 

conditions are not the simple Dirichlet (0 = 0) or Neumann ZO = 0) 

types but of the mixed type 	+ f(s)0 .2 0, where generally f, 2n 

a function of the surface coordinates, varies over the boundary; 

the method of separation of variables fails. This has led to 

theoretical techniques such as the integral equation method and 

other methods developed during the early 19401s. In the case of the 
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integral equation formulation, the transform technique may be used 

to obtain a solution only if the kernel of the integral equation is 

of a particular form. For example, the Fourier transform can be used 

if the kernel is a function of the difference of two variables and 

if the range of integration is from - co to + GO or from 0 to 4-03 

In such cases it is more convenient to use approximate methods 

for the solution. 

Perturbation methods are useful whenever the problem under 

consideration closely resembles one which can be solved exactly. 

This is the theory of the changes which occur in the eigenvalues 

and eigenfunctions in an eigenvalue problem due to small changes 

in the problem, such as surface or volume perturbations. When the 

deviations from the exactly soluble problem become large, the 

perturbation method is not useful any more. In this case it is 

more convenient to use the variational method. In contrast to the 

perturbational procedure, the variational procedure gives an 

approximation to the desired quantity itself, rather than to changes 

in the quantity. The variational procedure differs from other 

approximation methods in that the formula is stationary about the 

correct solution. This means that the formula is relatively 

insensitive to variations in an assumed field about the correct 

field. If the desired quantity is real, the variational formula 

may be an upper or lower bound to the desired quantity'. In order 

to determine the accuracy of a variational calculation, it is 

necessary to have a systematic procedure for improving on the 

original trial function. The method of inserting additional non- 

linear parameters will increase the accuracy, but it cannot be said 

that it will ultimately lead to the correct answer. One way to 

avoid this difficulty is to insert a linear combination of a 



complete set of functions, the coefficients forming a set of linear 

variational parameters. For instance, if an assumed field is 

expressed as a series of functions with undetermined coefficients, 

then the coefficients can be adjusted by the Rayleigh-Ritz procedure. 

In fact, if a complete set of functions is used for the assumed 

field, it is sometimes possible to obtain an exact solution. The 

Rayleigh-Ritz procedure can be utilized to obtain approximations 

for the first N eigenvalues and eigenfunctions in an eigenvalue 

problem. Stationary formulas for electromagnetic problems can 

also be obtained by using the concept of reaction4. 

When the boundary conditions are rather complicated, or in 

the case of coordinate systems where the analytical separation of 

variables technique fails, the approximate variational and perturb-

ational technique are applied but in general information is only 

obtained about the eigenvalue, but none on the characteristics of 

the field itself. It has been shown11 that finite-difference 

techniques in conjunction with matrix calculations on digital 

computers can be used more conveniently in such cases. 

In the last decade, many different approaches have been used 

by several authors, using approximations based on more refined 

mathematical techniques or different basic concepts, such as the 

Wentzel, Kramers and Brillouin (M) approximation, the point-

matching techniques, the moment method (unfortunately in the 

microwave literature the terms point-matching and moment method are 

used interchangeably contrary to what is done in other fields of 

science), and others that have been discussed in previous sections 

of this chapter. 



- 12 - 

1.3.1 221spmtax:1_2.1bion method 

Many physical problems reduce to finding the eigenvalues 

1n and eigenfunctions 0n 0n(x) of an equation of the following 

form 

Lon (. - P)0. - 0 	 (1.5) 

where L is a differential operator and p = p(x), where x represents 

a set of coordinates. It is Often necessary to find solutions under 

circumstances slightly different from conditions for which the 

solutions are known. In some problems, the boundary of the, region 

is deformed slightly and the boundary conditions are assumed to 

be unaltered, whereas, in some cases, the boundary remains unchanged, 

but the boundary conditions for 0 are slightly altered from the 

case when the solutions are known. The problem can be approached 

in several ways12; 

(a) It can be solved by introducing additional terms to the 

differential operator and then employing the usual perturbation 

technique; 

(b) it can also be approached by transforming the differential 

equation to an integral equation by using Green's function. The 

integral equation which includes the boundary conditions is then 

reduced to a standard form, the solution of which is expressed in 

a form suitable for obtaining its value to any approximation13,14. 

This case has been extensively treated in Pelsen and Marcuvitz's 

book, using the characteristic Green's function procedure. The 

method is formulated for the Sturm-Liouville differential operator 

describing propagation on a general non-uniform transmission line, 

even in presence of sources in the media. The singularities of the 

characteristic Green's function in the complex plane are explored, 

answering systematically the questions of mode completeness and 
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normalization for both discrete and continuous eigenfunctions. 

Using analytic continuation of spectral representations is possible 

to construct alternative field representations. Under general 

conditions, explicit construction of the field behaviour requires 

approximation procedures whose success relies on the ability to 

represent the solution to the given problem as a weak perturbation 

of a known solution to a related problem. If the unperturbed 

problem is described by a differential equation that exhibits 

in certain critical regions (near singularities, etc.) the same 

analytical behaviour as the desired problem, solution of the latter 

can be constructed by systematic techniques13 One aspect of this 

procedure involves reformulation of the differential equation 

problem as an integral equation whose kernel constitutes an un-

perturbed Green's function, and subsequent solution by iteration. 

A brief discussion of the method for a rectangular waveguide filled 

with a dielectric slab placed at one side of the guide (H modes in 

x) is given below. 

The dtermination of the eigenfunctions Om  and the eigenvalues 

9km  in the domain xl  x < x2  poses a problem of the Sturm-Liouville 

type (Appendix A): 

d 
LIT p(x) dx - q(x) 	w(x) Om(x) es 0, xl  < x < x2  (1.6a) 

subject to the homogeneous boundary conditions 

dO 
P 
dx 	

a  1 	m 2 	o  X = X1,2 (1.6b) 

where p,q and the weight function w are assumed to be piecewise 

continuous functions of x in xl  < x x2. Multiplying (1.6a) 

by Om  , where * denotes the complex conjugate, and integrating 

between x1 and x2, one finds 



J
x2 
, dx.  p( 0m/dx 2  +jxi

2 	
d x qi0m 1 2 	10 (x )1 + a210m(x ) 	(1.7) 

r x
1

2 dx w  I om  I 2 
jx  

from which it follows that Xm is real for real values of p,q, w, a, 2' 
o   

It is also possible to demonstrate that fx2  0 n dx 1. 0, m n . (1.8) 

1 
For finite intervals and piecewise constant p,q and w, the mode 

spectrum associated with the general Sturm-Liouville eigenvalue 

problem of Eq. (1.6) and Eq. (1.7) is discrete. Hence the direct 

solution of these equations as well as the subsequent normalization 

of the eigenfunctions Om  is straightforward. The present method 

exploits a close relation between eigenvalue solutions and the 

characteristic Green's function. In network terms, the eigenvalue 

problem defines the resonant voltage on a terminated non-uniform 

transmission line while the Green's function display the similar 

resonant responses to excitation by a point voltage or current' 

generator. 

The characteristic Green's function g(x,xt;X ) for the Sturm- 

Liouville problem of eq. (1.6) is defined by 

p(x) 	a q(x) + law (x)] g(x,x'; X ) a  - S(x-x1), 

xl < xt  < x2 
	(1.9) 

subject to the boundary conditions 

(P  d7c 	cc  1,2) g(x/  xi; X) 
	x " 
	 (1.1o) 

The parameter X is arbitrary but so restricted as to assure a 

unique solution of Eq. (1.9). 

A network representation of the characteristic Green's 

function problem is shown in Fig. 1.3: 

X 	„„, 
m 
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Y 
TL 

x1 x2 

Fig. 1.3 Network representation of the characteristic 
Green's function, 

where 

dV(x,xt) 
	j kx(x) Z(x) I(x,x') 	(1.11a) dx 

dx 	
j kx(x) Y(x) V(x-xt) 	S(x-x ) 	(1.11b) 

where Z(x) R 1/Y(x) and kx(x) are the characteristic impedance 

and propagation constant respectively. For an H-mode transmission 

line kx a wu , so that the corresponding second-order differential 

equation for V(x,x') has the form 

2 
Ecic  (17(7-3--c 	7rx) 	ko  cf(x) 	

lit(x) 	
V(x,x') 	jcoll o.S(x-x0 

(1.12) 

where ko
2 	

w2 o o and 

To(x) 5..1c c x ) - uo  , 	q 	cL 
0 

(1.12a) 

By comparison, 

p(x) 	W(X) 	q(x) I= 	ko2  c' (X), k1,2  

	

V(x,x') u jwp,og(x,x'; X) 	(1.13) 

The boundary conditions are rephrased by Eqs. (1.11a) and (1.13) 

in terms of 

. j  p(dg/dx)  
V 	to' °' (1.14a) 

4  

and replaced by terminating admittances YT, and YTL, and x1 and x • 2' 
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I(xl,x1) 	ja 	I(x2,x') 	-j a2  

0 
YTL as 	Y V(xi,x1) 	77(0 	TR 	..111.72717 18 	OIL 0  

(1.14b) 

x1  +A 	 x" +A cl 
Also g(x,x'; X ) 	x' - 	ax = 0 ' p(x) -4.-g(x,xt; ) x, 	A= - 1 

A  

(1.15) 

Since the configuration in Fig. 1.4 can be viewed as a cavity 

' (lossless if j/* 	iYTL' kx
2 
 and Z

2 are real), it is evident that TR  

the voltage response g will be finite and well defined unless the 

parameter X is chosen in such a way that a resonance can exist. 

For fixed values of a 1 2 and  x12' 
resonances will exist for 

, 

parameter values Xm at which the corresponding voltage (or current) 

will be infinite. To assure a unique solution of the network 

problem it is necessary that X / X m. For the lossless situation, 

denoted mathematically as the Hermitian case, where the resonant 

values Xm are real, this restriction can be stated more weakly 

as Im Xyl 0. If X in Eq.(1.9) is now regarded as a general 

complex parameter, g(x,x'; X) is a regular function of X in the 

complex X plane except at points X = Xwhere it becomes m' 

infinite and possesses simple pole singularities. Since the resonant 

condition X ffi X m  implies the persistence of a response even when 

the source is removed, the functional form of the resonant solution 

satisfies the homogeneous equation (1.5). Thus, information 

about the desired eigensolutions of Eq.(1.6) is contained in the 

singularities of the characteristic Green's function g, and the 

problem of determining all possible resonances (i.e. a complete 

set of eigenfunctions) is directly related to the complete invest.;,  

igation of the singularities of g(x,x';X ) in the complex X plane. 

It has been.assumed that the dimensions xl  and x2  are finite so 

that resonances, which occur for discrete values of X m, 

characterize simple pole singularities of g. If one of the dimensions 
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becomes infinite, or if p,qt  or w possesses a singularity, the 

discrete resonances may coalesce into a continuous spectrum; in 

this instance, g(x,x'; X) possesses a branch-point singularity 

giving rise to the necessity of introducing a branch cut in the 

complex X plane to ensure uniqueness of g. 

To relate the complete eigenmode set Om  in Eq.(1.6) to the 

characteristic Green's function in Eq.(1.9), it will be assumed 

that the mode set is known, so that 

g(x,x';X ) m )1 gm(x1 ;X )0m(x) , x1 < x < x2 	(1.16) 

where 	gm(xl  X) 	r2  w.  ( P )0m*  ( P ) g( P ,x'; X ) dP 	(1.17) xl  

Utilizing the delta-function one obtains 

0m(xt) 

m 

so that 

(1.18) 

g (x x ' ; 0m  (x)0m   x') 
X _X m 

(1.19) 

If Eq.(1.19) is integrated in the complex X plane about a contour C 

enclosing all the singularities of g, one obtains 

g(x,x', X )d.X 	211 j x xl (1.20) 

 

   

and this solution can be extended by analytic continuation to 

apply as X 	X m. 

The characteristic H-mode Green's function can be constructed 

from the knowledge of the two solutions VL(x) and VR(x) of the 

homogeneous equation (1.9) satisfying the required boundary conditions 

at x1 and x2, respectively 
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( d-x-d  p 	)17-L(x) . 0, ( p dx+ a 1) VL  . 0 
at x = x1' 
	(1.21a) 

(-14 p 	q kw )VR(x) = 0, (p -A+ 	Ve 0 

at x x2, 	(1.21b) 

The solution for g satisfying Eq. (1.9) when x j  xt and the required 

continuity condition at x = x, is thus 

	

g(x,xt ; X) n AVL(x <)VR(x > ) 	(1.22a) 

where x < or x > denote, respectively, the lesser and greater 

of the quantities x and xt. The constant A must be so determined 

as to satisfy the jump that occurs on p dg/dx (i.e. the current)at 

x xt: 

Ap(x') 	VL(xt) 714t vR(xt) VR(xt)  dxt VL(xt) 	- 

Thus, 

g(x,x1,X ) 

Where W is the Wronskian determinant, 
dV 

W(VL,VR) 	(ITL  773j—c 	VR dVL ) 
dx 

Let us consider specifically the composite cross section 

shown in Fig. 1.4 

Fig. 1.4 

vL(x <))7.2(x ?) 

(1.22b) 



x=-d 0 
(b) 0 xi  a 
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The various media contain a piecewise constant lossless 

dielectric with 

1'  
e(x) = 

2'  

- d<x< 0 

0 <x <a 

E > e 
' 1 2 (1.24) 

the discOntinuous nature of which leads to a discontinuous 

representation of the eigenfunctions. A constant free.space 
, 

permeability 9,0  is assumed, so 1/ (x) 1, and the surfaces at 

x a, - d are assumed to be perfect conductors. 

The network configuration of the H-mode characteristic 

Green's function problem is shown in Fig. 1.5. The relevant 

propagation constants and characteristic admittances are denoted, 

respectively, by kx, Y1  and k.x , Y2. 1 	2   

(a) - d 	xt 	0 

Fig. 1.5 Network representation for the H-mode 
characteristic Green's function: 

The homogenous equation for the standing-wave functions C and 

S becomes 

	

-  d
2 	C(x) 

	

—2- 	k x  
2(x, X ) 	 0 	 (1.25) 

dx S(x) 

where 

{ kx2  (X) = k22+X I  0 < x < a 

2 , 	_2 k 0) . le X 	d < x < 0 -1 x1 	 2 

k2(x' x ) 	
k1
2
2  w oe 1,2  > 0 

x  

(1.25a) 
2 



where 
YO2 	YL(0)

-  

;2L(0) a 02  + 
L(0) X2 ( a 	30a ) k cot k d' 	02 	wPo  

1 	xl x2 

kx2  jk cot k d x1  x1  
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If one chooses xo 0, one gets from the boundary conditions 

C(x) 	 1 cos(k x), 8(x) a 	sink x) x1  k
x1 	

x d< x < o 

(1.26) 

	

C(x) a cos(kx  x), S(x) a k 	sin(kx x) 0 <x< a 
2 	 x2 	 2 

Since YTLITR  a co for the perfectly conducting terminations at 
m 

 

x a -d, a, it follows that 

co% Ti(0) . -jkx cot(kx a), collo YL(0) a -jk cot(k d), 2 	2 

	

x1 	x1  
(1.27) 

xi wo  being the 1i-mode characteristic admittance, and as 

VR(x.x0) a C(x,x0) 	j wiloYR(x0) gx,;(0) 

(1.28) 

VL(x,xo) a C(x,xo) + joYL(xo)  S(x,xo) 

it follows that 
sin kx (a x) 

V2R(x) 	sinkx 

2  
a oex< a 	(1.29a) 1°̀  

VR(x) 	x2 
k
x 

ViR(x) cosk 	
2 

cot kx  a sin 	x -d <x<o x x - 	
l 2 

	

x1 	(1.29b) 

k
xl 

V2L(x) a cos k 	+ x2
x  kx cost k

xl 	2 
d sin kx  x c) , x<e. ) Vi.,(x) a < 	. 	2 	(1.29c) 

sin k (x + d) xl  

V1L(x) a  sin kx d 	- d<x <0 	(1.29d) 
I 

Sometimes it is more convenient to use, instead of Eq. (1.29c), 

V2L(x)  = 1+T21 

1

,(0) 	
exp(jkx  x) + 	'21,(0) exp(-jkx 	o 4 x< a 

2 	2 (1.30) 
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The H-mode characteristic Green's function g(x,x'; ) can be 

mitten directly from (1.23a). Due to the discontinuous represent. 

ation of V(x) for X -70 and x <o, g is represented discontinuously 

about x = O. 

For the source location as in Fig. 1.5(a), 

g(x,x'; X) 

V1L(x <) Via(x ) 	- d < x < o, 	d < x' < o (1.31a) 

3̀w  oYS(°)  

V1L(x')V2R(x) 
j oYS(0 ) 

o < x < a, 	-d < x' < o; (1.31b) 

for the source location in Fig. 1.5(b), 

ViL (x)V2R(x1) 

777777-  
d < x < 0, 0 < x1  < a 	(1.31c) 

V21,(x<)3.211
(x>) 

0 < x < a, 	o < 	< a 	(1.31d) 
o 

Eqns. (1.31) can be collected under the single formula 

g(x,x'; X) = 	VLB (x4) VRQ (x  )) , Y (0) = YL(0)+YR
(0) (1.32) 

where subscript 0 stands for 1 or 2 if the corresponding variable 

x or x' lies in the range -d to 0 or 0 to a, respectively. To 

assure that the solution for g is unique, the restriction ImX/ 0 

is implied. 

The singularities of g in the complex X -plane consist of 

real simple poles at the zeros of Ys(0). No branch point singular- 

ities exist at x = kxx ' since V01),R' 
Y(0) and therefore 

l' 2 
g are even functions of k 	. From, Eq. (1.27) the zeros  Xl' X2 

of YS'  
(0 X ) are specified implicitly by the transcendental equation 

k cot k a = -k cot k d x2 	x2 	x 1 	x1 
(1.33) 

-757770777-------  5  
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k2 

x 2 
Si X + k2

2  to A 	k2 .3 A. k1
2 

2g .51 + h, h 	k12 	k22  > 0 
1 

(1.33a) 

For the real values of k and k
x2 

(i.e. 	> 0) Eq. (1.33) xl  

has an infinite number of solutions to be denoted by kiln, k2m  

(only positive roots kiln  and k2m  need be considered since negative 

values lead to the zame m). For imaginary values of kx 
and 

1 
kx ( 	h), Eq. (10) becomes • 
2 

 

   

coth( lk 	d), k , k imaginary. x1 	xl x2 
(1.34a) 

k
x2
1 coth( k 

 
a) en k

xl  

 

  

Since the left-hand side of Eq.(1.34a) is positive while the 

right-hand side is negative, no solution exists. However, for real 

kx and imaginary kx (-h(-h < < 0), Eq. (10) can have roots kla k2a I 1 
E 2 ra  cot r 	- t cothG- t ), r

2  + t2 = hd2 .,;(1 - 	)(k d)
2 (1.34b) 

a 	ua a a 	cl x1 

where 

kla d L-71 ra > 0; 	lk2aI d 	to k2a imaginary 	(1.340 

Equation (1.34c) can be interpreted graphically as in Fig. 1.6. 

It is noted that N roots exist for (2N - 1)70 <ffi d < (2N + 1) -n/2, 

with no solution possible when IF d < 71/2. 

0 

Fig. 1.6 Transcendental equation : graphical solution. 
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Although all the derivations of the above example imply a 

cumbersome work for such a relatively simple example, the same 

method can be applied to more complicated composite structures, 

such as semi-infinite and infinite regions filled with dielectric 

angular and radial transmission lines, continuous transitions, etc. 

The eigenvalue problem can also be solved by introducing 

perturbation terms in 0 and X -in Eq. (1.5), and then solving the 

differential equation. A brief discussion of this method when 

has discrete values and when the boundary is slightly deformed but 

the boundary conditions are assumed to be unaltered is given below. 

In waveguides problems the differential operator is a Laplacian 

and the differential equation assumes the form 

2 
V C°21 	( X  n P  ) 	° 

which is assumed to be valid over a certain region S. Let the 

function p(x) be modified to 

P(x) = p(x) 	t(x) 

due to slight deformation of the bOundary, and as a consequence, 

change 0n and Xn 
respectively as follows: 

In(x) 	On(x)  '/ On(1)(x)  '7
2
0n
(2)( x) 

(1.36) 

n(x) 	x n 	xn(1) 	v 2 n(2) 4. 4...  

where the perturbed wave functions 	and eigenvalues nare 

assumed to be analytic for all possible values of the parameter 

which takes only small values including zero. Equation (1.35) is 

then changed to: 

(1.35) 

'7\72 4)21(x) + 	Tn 	p(x) rtt(x)} In(x) a  0 	 (1.37) 



qvz 

n m 

c/n,n O m,n  
n - Xm)2 

-21+- 

Substituting equation (1.36) in the perturbed equation (1.37) 

and equating the coefficients of .11 , the following equations are 

obtained: 

772011(x) + 

2 on  ( 1 ) ) 
	x11 

 

Rn - P(x) 0n  

p(x) on(1)(x) 

0 	(1.38a) 

(1)  - t(x) On(x) 	0  
n 	(1.38b) 

Vo(2)(x) 	p.ii _ p(x) on(2) -÷ /xn(1.)t(x) 0(1)(x) + x
(2)0 (x) . 0 

n  n n (1.380 

Using Eqs. (1.38b) and (1.38c) and the expansions 

(1) 	
00  

 

On  (x) 	> 	0 (x)  
q=0 'q q  

On  ( 2 )(x) (1. 	Sn q Oc(x) 0 	9 	_ 

in terms of the unperturbed wave functions 0q(x), the following 

equations are obtained: 

co 

Zn,q(R
n - Xq q  ) 	(x) 

(4=0 
. 7‘11(1) 	t(x) On(x) ffi  0 

xn X cd0q(X)+ t X n(1) t(x) 

/11=0 

n,q0q(x) Xn(2)0n(x).0 

(1.39) 

which lead to the following relations: 

gnon 

n,n ¢ 0 

mn  tin,m
- 

A 
n  in 

n,n 

(1)  n  
a 
n,n 



-25- 

x  (2) 

where 

a 
n,m ffi  $ t(x)0.(x)/n(x)dx S 

Since SirIA . Sn n + S 	g` T 	Jr u n,m and 	-ir 	....r 

0

, 	ffn,q 	n,n 	n,m = 0 n,m' 

(1)  and 0(2)  can be determined and hence 1n(x) corresponding to T 11 
n 	n  

can be found. The method has been applied successfully for partially 

filled circular waveguides and for the case of material perturbations 

in waveguides at cutoff4, and also in dealing with the electromagnetic 

fields in anisotropic inhomogeneous media15. 

1.3.2 Variational Methods 

Many of the problems which arise in electromagnetic 

wave propagation may be formulated as problems in variational 

calculus17' 18. In differential calculus one is interested to find 

points at which functions of one or more variables possess maximum 

or minimum values, but in the calculus of variations the objective 

is to find the functional forms for which a given integral assumes 

maximum or minimum values. In other words, the calculus of varia-

tions deals with the problem of finding the paths of integration 

for which a given integral assumes maximum or minimum values. A 

variation indicated by the symbol g signifies an infinitesimal 

change by analogy with the differentiation process, but this 

infinitesimal change is imposed externally on a set of variables 

and is not due to the actual change of an independent variable. 

Consider a function y = f(x). Both 6y and dy represent infinitesimal 

changes in y. But dy represents an infinitesimal change of the 
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function f(x) caused by the infinitesimal change dx and cry refers 

to an infinitesimal change of y which produces a new function 

y 	6y. The independent variable x does not take part in the 

process of variation. The problem of finding the position Where a 

function has a relative maximum or minimum requires that the function 

must have stationary value at the point. If the rate of change of 

the function in every possible direction from that point vanishes, 

then the function is said to have a stationary value. The variational 

method is applicable to single and to multiple integrals, and to 

cases where the integrand is a function of one or more independent 

variables and their first or possibly higher order derivatives, and 

to cases where the limits of integration are variable. 

If L is a function of the independent variables xi(i = 1,2,3,....n) 

andthefunctional and their first derivatives 

avi  
"."..*TT 	1,7 

xi 

and if it is assumed that L, u, v are continuous and u3., .??..3.  are also 

continuous or piecewise continuous, then the essence of the variational 

process is to determine u and vl  such that the definite integral in 

the n-dimensional space 

. 	.... 	, i = 1,2,...,N (1.40) 

becomes stationary (Si 0) when there are first-order variations 

En., &v in u and v. The functions u and v satisfy the prescribed 

boundary conditions, so that the variations in u and v vanishes at 

the two extreme limits of integration. The necessary and sufficient 

condition that a function L of N variable shall be stationary at 
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a certain point is that the N partial derivatives of L with respect 

to all the N variables shall vanish at the point considered. In 

order that the integral I may be stationary the function L must satisfy 

independently the Euler...Lagrange partial differential equations 

as follows : 

.0 
0113.. 

L 	0 

(1.41) 

The variational operator & obeys the following laws: 

a) 	6(1,1,1,2) m L1  S L2  + L281$1  

L (SL 	L1 L2 
k 
I  1 \ 	is 	2 	1  
L2)   

L2  2 

etc. 

which are analogous to the corresponding laws of differentiation. 

b) The variational operator 6 and the differential d/dx are 

commutative, i•e• 

du 
alc-(6u) m 	6( d-3-t ) 

c) The variation and the integration processes are commutative, i.e. 

r x
2 	x

2, 

	

SI mSj 	Ldx mvi 61, dx 

	

x1 	x1 
i.e., the variation of a definite integral is equal to the definite 

integral of the variation. 
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In some physical problems which need the determination of 

several functions by a variational method, the variations cannot 

all be arbitrarily assigned but are restricted by some auxiliary 

conditions. if the stationary conditions is of the form 

s jr
x2 

L(x,u,v,I1,i'r)dx 	0 

xl 

where u = u(x), v = v(x). If u and v are not independent but are 

related by the restrictions 

0 (u,v) . 0 

then in the variational integral the variation in u and v must be 

such that 0  . 0 always. The integral of 0 between xl  and x2  also 

vanishes. Any multiple 	or 0 may then be added to the function 

L under the integral sign without changing the value of the integral 

over the prescribed limits; 	is called the Lagrange's undetermined 

multiplier. This method reduces a variational problem with constraint 

to a variational problem without any constraint. In this method, 

the function L is modified by adding the left-hand side of the 

constraint equations after multiplying each by an undetermined 

multiplier X. The modified problem is then treated as a 

variational problem without any auxiliary conditions. The resulting 

conditions, together with the prescribed constraints, determine the 

unknown and the undetermined multiplier "X.. 

The following equations: 

21"' A -21  dx u 	du 0 

0 
dx' 	"av 	av 

with the auxiliary equation 0(u,v) . 0, determine u,v and x. For 

TT-dimensional space, the conditional equations to find the functions 
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u,v and X are 

(L + X1) 	LI- (1' +X 	vz  ° u 	
i=1 x. )1-1. 

(1.42) 

(L+ 	- ill a- (L + 	) 	0 

with the auxiliary conditions 

. 0 

In some cases the auxiliary condition may be of the form 

f x2 
G(x,u,it)dx = k (a constant) 

xl 
If the variational integral is of the form 

I 	q2   L(x,u,A)dx 
xl  

and is stationary (<s I as 0), u and u + 6u satisfy the auxiliary 

condition and u satisfies the prescribed values at x1  and x2, then Su 

is not arbitrary. 

Suppose the relationship between arbitrary fixed 

functions g(x), f(x) is 

6u ..Yf(x) + ag(x) 

both being continuously differentiable functions which vanish at 

the end points, 	and cc constants, then the necessary condition 

that 61 vx 0 is 

 

dfoL 
Z17 \-217 	+ x k22. 	d 

	

-311 	dx ru") j 	mi 0 (1.43) 
The undetermined multiplier is given by the relation 

	

jrx2OL 	d) gdx 

	

‘'3u 	dx 
X = 	Al (1.44) 

 

(R - 	iIdgdx 
xl  
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Before considering an example using this method, let 

us now briefly consider the advantages of a stationary formula 

over a nonstationary one. Figure 1.84 shows the primary advantage. 

Given a resonant cavity formed by a perfect conductor enclosing 

a dielectric, and given a class of trial fields of the form 

E 	=E 	pE = E + pe -trial 

where p is an arbitrary parameter, the parameter w2(p) may be 

determined from a stationary formula like4  

w 2(p) = SSS 	+ P2) ;c7X 11-1 47.7): (P2 	pe) dt 

Sfre(E+ pe) . (E pe) 

and 2 will have a minimum or maximum at p = 0 (if it is complex 

it would have a saddle point at p = 0). This is shown in Fig. 

1.8(a). 

0 pl p 	0 pl  

(a) 	 (b) 

Fig. 1.7 w2 versus p for (a) a stationary formula and 
(b) a nonstationary formula. 
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The parameter m2  is determined from a nonstationary formula must 

have some definite slope at p ffi  0, as shown in Fig. 1.8(b). For 

a given error in the assumed field, say AE = pie, the corresponding 

error in the resonant frequency is determined from the figure as 

(01  . w2, where wr is the resonant frequency. It is evident from 

Fig. 1.7 that for small pl  the stationary formula gives a smaller 

error in w2 than does the nonstationary formula. Thus, a parameter 

determined by a stationary formula is insensitive to small variations 

of the field about the true field. 

As an illustrative example of the method discussed above, 

let us evaluate an expression of propagation constant in variational 

form1849  

The analysis will be confined to LSM waves. Figure 1.8 

represents the inhomogeneously filled waveguide. A possible field 

is given by Equation (1.45) 

12.1 	2.21 

2 
(1.45 E 	H 

ax-ay 	y 

E = "az 	H z Dx 	•6y 

where 0 satisfies 

2d 
+ 	

20 	
-a 20 	D 

20   
?-t2 a0 x2 

	

D y2 	z
2 

In order to satisfy the boundary conditions, 0 must be of the form 

0 = E 0 sin 21241  
n=1 n  

Thus we will consider the field generated by 

0 21 f(x) sin n:Y exp j ( 13 z - wt ) 	 (1.46) 

Ex 13  
Z22 Zy2 X 

, H 0 
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In order that 0 should satisfy the wave equation, f(x) must satisfy 

LI2
dx2

E1 	2 (k2 - p2 - n 	)f(x) = 0 
b22 

 

and the field components are given by 

Ex 	( 02 	n2 n2 )f(x) sin n 	by 
b 

b  Hx a 0 

df  
Y 	77 	

n 	H 	j  we 13 f sin nb7CY E 	1-  . 	
cos 	b  , 

(1.47) 

df 
Ez 	p lia- sin b 	, Hz iwcE-1—tfcos n  by  

(having  dropped the exponential factor). A solution of this type 

is valid in a region p provided k2,1 , C are given their appropriate 

values. 

Multiplying  (1.47) by cpf and integrating  over xp...i <x < xp, 

jpxp  
d2f 	2 2 

cp f 	(k2 p2 n 
- ----) f2  dx = 0 

xp..
1 	

dx2 b2 

Integrating  the first term by parts 

IN7:11 	

x 
P 

c p 	_ ( df )2 
+ 
(k2li 	p2 	ra2n 2. 2 	{ 	df 

	

- ----7)  f 	dx = - cpf dx x , 	 b 	x , 
13-I 

	

	 P-1  
df . However of -..-,— is of the form AH E , where A  is a constant. Then, ax 	z y 

tra 

P 

 C  

	

( :! )2 (k2 	2 n2 n2 	2 (k - 0 - 	) f )dx 
p=1 x 	

p 
p_1 	 xp 

xp_1 

Since Hz, Ey  are continuous at xp, the product HzEy  is also 

continuous there;  in addition E = 0 at x = 0 and x - a. The right-

hand side of Eq. (1.48) then vanishes, and it is possible to write 

A 	[HzEy 
Pa 

(1.48) 
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a 
f 	(k2 - 02 - n2 Tc2 

) 
,2 	(dx  df N2  dx 

b 0 

It follows that 

Let 2 
' k 	P2 	

n2 TE2 1 	k 	k2  and )7 	max max 	
2 

b2 

where k 
2 

is the maximum value of k
2
. max 

a 

{ic2 _ r2 	kcif/dx) 2 
R2 	n2 it 2 

 jra eft dx 
0 

2 

(1.49) 

It follows that 

a 
c (df/dx)2 dx 

-6-2 
u 0(f)  a 

e f2 dx 	R(f) 

where q(f), R(f) are positive definite, and ,-.2 > 0. 
Consider now the variation of the equation 

a 
et( ,16 2 	vi 2) f2 	(ax  df )2 dx 	0. 

0 

(1.52) 

The 	that -62 shall be insensitive to small variations 
Sf in f when f + & f satisfies the boundary conditions, is given by 

c ( 	) 2. fdfdx- fa df d 
c dx dx(S f  

) dx Ne 0 

0 	 0 

Integrating by parts and using the fact that Sf satisfies the boundary 

conditions gives 

f0 a 
	 (c dx) 	c (12 !2 

) f 	S f dx . 0 

Sf is, apart from the fact that it satisfies the boundary conditions, 

arbitrary. It follows that f is that solution of the equation 

fa 



d e ( f  n  dfm 2 fnfm)dx .111-11  ocn, dx dx 
and as J cfnfm dx gran  

a 
, fa 
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df 
dx k  dx)  + 6(  r62 	fl

2)f so 0 (1.53) 

which obeys the boundary conditions on the walls of the guide. 

The problem has thus been reduced to the Sturm-Liouville eigen-

value problem (Appendix A). 

Thus, if g is any function which is piecewise continuous 

in 0 <x< a, it, may be expanded in the form 

g(x) = 

 

an fn(x) 

  

where 
1 f a  an 	a g fn dx 

0 

2 
r
a 

 ei l2g2 (dg/dx)2  dx 

 

g2 dx 

Let 

it follows that 

-62 	n=1 0-54) 
a2 2 n n 

nml 
an  

If g is an approximation to fm, -6-2 is an approximation 

to In 2  and an error in the approximating function generates an error 

of the second order only in 2 or in other words, an error of the 

order of 10 per cent in the assumed field gives an error of the order 

of only 1 per cent in Ic2. 

If one is interested only in the first or dominant mode 

("612), and if g is an approximation to the first mode, 72  will be 

an approximation to 	2 (in which the error is of the second order) 

and 

x2 
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27,2 2 	, 2 whence 	p 12  = kmax 	/-61.2  - n 

2
Tr 
2 	2 

> kmax 	- 
n - 

b2 

. 2r  Only when all the an  0 for n >1 will 7  2 12.  

Thus, if g is an approximation to f, the value of 01  is greater 

than the approximate value obtained and the difference is of the 

second order. If several approximate functions g are taken, the 

best approximation is that which gives the greatest approximate 

value to 	p
1
2
' 

It is also relevant to mention the work by Thomas20 . 

He uses functional (as opposed to numerical) approximations in solving 

electromagnetic boundary value problems. Galerkints method23 

is modified to simplify the choice of trial functions by permitting 

the use of trial functions which do not satisfy certain boundary 

conditions. A test problem is presented in this work20 in which 

the dielectric loaded, rectangular waveguide is worked using both 

the modified and unmodified Galerkin's method with identical results. 

This method is then applied to the arbitrary waveguide. The cutoff 

frequencies and computer, drawn contour plots are presented for 

circular, rectangular, triangular and star-shaped waveguides. 

1.3.3 Rayleiuh-Ritz methocfl  

The method is a systematic procedure for determining 

approximately the eigenvalues and eigenfunctions to problems expressed 

in variational form. These are obtained by means of a variational 

integral, whose stationary values correspond to the true eigenvalues, 

when the true eigenfunctions are used in the integrand. In this 

method the problem of finding the maxima and minima of integrals 

is replaced by that of finding the maxima,andminima of functions of 

several variables. This then reduces the problem to that of the 

calculus of functions. 
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Suppose one is required to determine the functional farm of 

y so that the integral 

b 

I . jr 	F(x,y,k,Y, ...) dx 
a 

becomes stationary. The procedure is to assume that it is possible 

the following expansion 

Cifi(x) 	exists . 

i.1 

The 1.(x) are arbitrarily chosen, such that the expression satisfies 

the specific boundary condition for any choice of Ci, and the Ci  are 

undetermined. Substituting for y and evaluating the integral, we 

obtain an expression in terms of Ci. Using the method of differential 

calculus, I is stationary if the Ci  are such that 	. 0. 

These n equations can then be solved to find the n parameters 

C1, C2, 	Cn,and hence y. In general an approximate result 

is obtained. The accuracy of the result depends on the choice of 

thefunctionsf.(x). A closer approximation can be obtained by 

increasing the value of n. If a large number of fi(x) are used to 

obtain closer approximations, it is desirable to choose a sequence 

of functions which are complete. A function fi(x) is said to be 

complete if for any piecewise continuous function F(x), a set of 

coefficients Ci  can be chosen such that the following relation is 

satisfied. 
b 

lim 	F(x) 
co a 

cf.(x) 2 dx . 0 
i.1 1 1  

Frequently it is convenient to choose as the nth approximation 

a polynomial of degree i satisfying the prescribed boundary conditions. 

In certain cases, it is an advantage in numerical calculations to 

choose sine, cosine harmonics, Legendre polynomials and so on. This 
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This method avoids evaluation of many complicated expressions, 

especially for cases when a waveguide cross-section is divided into 

more than two regions by dielectric media of different dielectric 

constant. 

Consider once more the problem analyzed in the previous 

section. In many practical cases the true eigenfunctions are very 

complex, and there is considerable advantage in working with a finite 

set of approximate eigenfunctions instead. In constructing this 

set of eigenfunctions, none of the true eigenfunctions is available 

to make the nth approximate eigenfunction also orthogonal. However, 

if the eigenfunctions given for the empty guide are used for the 

approximation, the approximate eigenfunctions are automatically 

orthogonal. Let us construct a set of N approximate eigenfunctions. 

It has been proved that 

jra 

2 	e{22 f2 (df/dX)2  o  

Jr% f2 dx 

where T 2  is one of the eigenvalues of 

af4( .1.1) 	e „6  2 

	72) f 
is  0 

(1.55) 

(1.56) 

when f is subjected to the appropriate boundary conditions. 

Let 0n(x) be some set of eigenfunctions which is 
complete and orthogonal over o 4 x < a and which satisfies the same 

boundary conditions as the fn. Then f may be written in the form 
co 

f = 	an  :n n = 1 

as mentioned before a convenient set is that composed of the modes 

which exist in the empty guide. Consider the approximation to N terms 

of f, 
\ -7 

f(N) = ) 	an On' 
n = 1 

(1.57) 
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where the a
n are a set of coefficients to be determined, subject to 

the normalization condition 

anasRs = 1 

n=1 s= 

ns 	q O 

fa 	
n Os where R

sn = R 	dx 
0 

(See Appendix A). 

Substituting f(N) in equation (1.52) it follows that an approximation 

to 72 is obtained of the form 

)-1  an  a 2 	
1 	ems 

n=1 s=1 (1.58) 

  

N-1 anasRns 

where the quadratic forms are clearly positive definite, 

Thus, 75 2  is stationary for small variations, and if 

F 	)!L_ ( 
,Qns  Rns)anae = 0 

n=1 s=1 

Waa = 0 for all s. This implies 

2 

(1.59) 

Qnsan - 2  
n=1 

    

R
ns
a
n 

n4=1 	as 

 

nsanas = 0 

  

However, all the partial derivatives 9/ ?a  for n 0,1,... N are 

equated to zero, and the following set of homogeneous equations is 

obtained 

/ 	2 an(9ns  - to- Rils) = 0 

n=1 

s = 0,1,2,... N 	(1.60) 

This set of equations constitutes a matrix eigenvalue problem. 

Because of the symmetry of the G
ns  and Rns matrices, all the eigenvalues - 

2 
are real, and the eigenvectors, whose components are the coefficients 

an, form an orthogonal set with respect to the weighting factors Rns. 

For (1.59) to hold, the determinant of the coefficients must vanish. 

The vanishing of this determinant determines N roots for 2
, which are 
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the first N eigenvalues. For each root a set of coefficients (eigen. 

Vector) an may be deteithined. Thia set of coefficients is unique 

when subjected to the normalization condition. Since the totality of 

eigenvectorsso determined forms an orthonormal set, it is clear that 

there is no need to impose any orthogonality restriction on the functions 

used. The orthogonality relations which hold are 

a a R 
n s sn 

n 8 
ns  

Having found the coefficients an, the approximate eigenfunction is 

given by Eq. (1.57). If N was chosen as infinite, the eigenfunctions 

determined by the above method would be identical with the set of 

true eigenfunctions, since the set of functions 0 is complete, and 

hence able to represent the set of f(x). Choosing N as infinite 

would allow the possibility of finding the field distribution exactly. 

However, it is not possible, except for very few cases, to solve an 

infinite number of equations in an infinite number of unknowns. Thus 

it is necessary to use only a finite number N and the solution will 

be a compromise between small N, which involves comparatively simple 

numerical manipulations and comparatively low accuracy, and large N, 

which is more accurate but involves more troublesome calculations. 

The following example19 shows the degree of approximation 

involved. 

If a waveguide 0 1 y < a is filled with dielectric (c,u) 

in 0 < y < t and dielectric (cell) in t 4 y < a, the propagation 

2 constant may be calculated exactly in the form 3/k0, where ko
2 
 = o 

and ko  = 27E/X0, where X0  is the wavelength in the dielectric (c0,110). 

Now, Ex  must vanish at y s  0, y . a, and so a suitable way of writing 

the field is 

Ex= 	A
nsin(nny/a) 



and the appropriate partial approximations are 

Ex(N) = 

 

An sin(nly/a) 

   

n=1 

With the following values for the constants involved 

o = a, e/E = 2.45, 	t = a/2 

the exact value is given by 

Vico . 1.3585 

and the successive values for Pik°, for the various approximations, are 

N 	 1 	2 	3 

!jko 	1.2145 	1.3497 	1.3546 

%error 	10.6 	0.7 	0.3 

A method based on the Rayleigh-Ritz procedure, but which uses 

the Galerkin's method for solving the differential equations, has been 

presented by Baler
22
. Galerkin's method is a special version of the 

moment method23. For the unknown fields trignometrical series expansions 

with unknown coefficients are given, fulfilling automatically the 

boundary conditions. The series expansions are substituted in the 

differential equations of the problem and the integrations carried out 

by Galerkin's method, resulting in a matrix eigenvalue problem. The 

eigenvalues give the dispersion characteristics and the eigenvectors 

give the expansion coefficients of the fundamental mode and of higher 

order modes. The elements of the matrix are linear combinations of integrals 

of the type 

a b 

ir
Jr (licr) cos (inx/a) cos(knxib) dxdy 

x=0 y=0 

with i and k integers. These integrals must be evaluated before the 

matrix can be constituted numerically. 1/tr is assumed to be an even 

periodic function of x and y with the period lengths 2a and 2b respect- 



ively. This assumption is allowed because lA can be freely disposed 

outside the range 0 < x < a, 0 y < b. So, the integrals which 

constitute the matrix elements are, apart from constant factors, the 

Fourier coefficients of lier. The matrix eigenvalue problem can be 

then formulated by first calculating the Fourier coefficients of 

lAr, substituting the series expansions for the fields and for 1/er  

in the differential equations, and finally making a comparison of 

coefficients. 

The basic mathematical problem in terms of an, eigenvalue problem, 

is described by the two equations that follow, where Ax and A are the 

components of the vector potential A along the x and y axis respectively. 

rb
2  
 A- 	:). Ax  4.  2A  ) 	

-,)(1/er),i)Ax 

-,3x 	2 	W x  3  /cr 	
I 2 

-ay 	
4)-11 c A = o 

2)x 	2›  y 	0 0 X 

( 32A 	
2,A -c)(1/sr) 	x 	y 

t 	2 	-y2 
A
Y 
 ic

r  + 
	 w2P0c0A = 0 

0 	x 	 6y 
x 	y   

Giving the-6
2 
a certain value, prescribing the boundary conditions for 

Ax and Ay, the eigenvalues and eigenfunctions are then represented by 

w
2 
and Ax, Ay  respectively. Every value w and the functions Ax and 

A belonging to it correspond to a different mode. 

If w
2 
and A are evaluated, it is possible to obtain corresponding 

expressions for the component of the electric and magnetic field 

because of the relations 

	

- grad 	- j0.110A 

H 	curl A 

where C1a s j div A/weoer. 

In order to solve the eigenvalue problem, 1/br, Ax  and A 

are expressed in terms of convergent trigonometric series as follows 

bik 
exp pt 

a 	b / 
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A 	
Xmn  exp tin(nE+ 

a b 
x ti 

 

m,n. -co 

A
Y  

SNS 
Y exp j 71(-311-x- M mn 	b 

 

ra,ng, co 

 

1/cr is required to be an even real function of x and y, then 

ik 	b 	kl 

and these coefficients may be evaluated by Fourier analysis. Ax and A 

are calculated using boundary conditions, and it follows that Ax  

has to be even with respect to x and odd with respect to y. Further 

A must be odd with respect to x and even with respect to y. These 

conditions are satisfied if 

X 	(n 0) Xmn   Int 	ImItni 

X 	0 mo 

Y 	Y mn 	(ml 	ImIln1 

Yon = 0 

By substitution of the convergent trigonometric series in the 

two basic equations, a system of linear equations is obtained. As 

the system is infinite, for numerical calculations only a finite 

number of modes can be considered. 

In the paper under discussion22 the method is applied to a 

rectangular waveguide containing a longitudinal semicircular rod. 

The accuracy of the method has been checked by measurements and by the 

calculation of an example with an exactly known solution. 

Another interesting work by Vorst et al24  deals with a procedure 

to improve the use of the Rayleigh-Ritz method. A criterion is established, 

which is a measure of the cumulative improvement:due to the addition of 
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more and more terms in the series expansion. Without calculating the 

exact roots of determinantal equations, the convergence is accelerated 

by skipping unnecessary intermediate steps. The computation time is 

drastically reduced because the final result is obtained after only 

a few (not more than 5 to 7) values of determinants of increasing order. 

The method is applied for evaluation of propagation constants in 

inhomogenedUsly loaded waveguides. Comparison with other approximate 

techniques suggest an advantage for this method. 

The accuracy obtained by using the Rayleigh-Ritt method in the 

case of an E-plane dielectric slab, on the sidewall of a rectangular 

waveguide, for various dielectric constants and filling factors, 

has been investigated25 It is shown that the error is much larger 

than the one obtained for a central loading, because of the coupling 

between even-and odd-order modes. The accuracy is a function of the 

compatibility between the field distribution for each mode takendn the 

expansion and the geometry of the loaded guide. 

1.3.4 Reaction  Concent 

Stationary formulas can also be established by using 

the concept of reaction introduced by Rumsey27. The use of this 

concept simplifies considerably the formulation of boundary value 

problems in electromagnetic theory4. If the volume distribution of 

electric dJa and magnetic dMa  currents represents the source of a 

monochromatic electromagnetic field and the electric and magnetic 

fields generated by these source distributions are represented 

respectively by Ea and Ha, and similarly E
b 
and H

b represent the 

electric and magnetic field due to another set of sources b of the 

same frequency and existing in the same linear medium, the reaction of 

field b on source a is defined as 
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<a,b> = 	
(Eb 	dja 	Hb dMa) 
	(1.61) 

where the integration is performed in a volume containing the source. 

If all the sources can be contained in a finite volume, the reciprocity 

theorem is 

<a,b> = <b,a> 
	

(1.62) 

The linearity of the field equations is reflected in the 

identities 

<a,b + c)= <a,b > + <a,c> 	 (1.63a) 

<Aa,b> 	= A< a,b > = < a,Ab > 	(1.63b) 

where the notation Aa means the,a field and source are multiplied 

by the number A. 

Approximations to the desired reactions can be obtained by 

assuming trial fields (or sources) to approximate the true fields (or 

sources). It is then argued that the best approximation to a desired 

reaction is that obtained by equating reactions between trial fields 

to the corresponding reactions between trial and true fields. Suppose 

an approximation to the reaction <Ca,Cb> (where the symbol C stands 

for correct) is wanted. The approximation < a,b > is then best if 

it is subject to 

< a,b > 	= <Ca
, b> = 	<a,Cb> 	(1.64) 

because all possible constraints have been imposed. In- fact, Eq. (1.64) 

can imply that all trial sources look the same to themselves as to the 

correct sources do. 

The reaction t,a,b> obtained from (1.64) is also stationary 

for small variations of a and b about Ca and Cb
. If 

a = Ca 
+ paea 	

b = Cb + pbeb 

then <a,b> is stationary if 
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-21 	b> 

")Pa Pa=Pb=°  

?<a,b>  

Pb Pa=Pb=0. 

0 	(1.65) 

     

Substituting for a and b into Eqs. (1.64), it follows 

<a,b> = ‹c
a
,cb> 
	

+ Pa < ea'cb > 	Pb < ca'eb>+  

PaPb < ea' eb > 

ca, cb > + Pb < cateb>  

= <ca'
cb
> + p

a 
< e

a
,c
b
> 

Using the last two equations in the first equation, 

< a, b > = < cat  cb> - papb 	ea, eb  > 

It is now evident that Eq. (1.65) is satisfied, proving the stationary 

character of <a,b> . 

For inhomogeneously loaded waveguides, it is possible to derive 

stationary formulas for propagation constants. These can be derived 

from the reaction concept but some modifications are necessary, because 

the sources are not of finite extent. The more direct, but less 

general, approach of constructing stationary formulas from the field 

equations
4 
 will be taken. 

Consider travelling-wave fields of the form 

▪ 4(x,Y)exp(-jPz) 

▪ 4(x,y)exp(-jfi,2)- 

The field equations become 

Vx 4 + jcou 4 = jp,z  x 

C7x 4 - jwc 4 = jpRs  x 4 
as can be verified by direct substitution. Scalar multiplication of 

the first of Eqs. (1.66) by Ht, the second by Et, and taking the 

difference of the two resultant equations, yields 

E x Ht 
 + jco (u H

t
2 + cEt

2) = 2jPE, x H, . -u -z  --t --z 

(1.66) 
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This is now integrated over the cross section of the waveguide and 

rearranged to give 

(witHt2  wcEt2  - j  7. Et  x Lit ) ds 
	.01■•••••■■•■■•••* 

211ExH.0 ds 

Finally, the identity 

V. E-xH ds=SgExH.nde 

will vanish if n x E = 0 on C, hence 

13  = 

= (13  SS (1.1.Ht2 + cEt2) ds 
(1.67) 

  

2 11S E x 	. 1.1.z  ds 

This is stationary if the trial field satisfies n x Et  = 0 on C. 

For the E - field formulation, H
t 
 is eliminated from Eqs. (1.66) 

and from a similar procedure, 

P2 = 	
1(7x E )2  w2  c E 2  1 ds 

Sf -1.1
-1
(u x Et )2 ds 

(1.68) 

which is stationary provided n x Et  = 0 on C. Similarly, the H - field 

formula is 

2 fil =e-1(7x H )2  - 
w27.1 _

nt 
 2 

a 
,s  

c

)  

-1 (u x Ht )2 ds —z — 

which is stationary with no boundary conditions required on Et. 

Equations (1.67) and (1.68) can be extended to obviate the necessity 

of boundary conditions on Et  in the usual manner. Equations (1.67) 

to (1.69) remain stationary in the lossy case, for which jp is 

replaced by 1 = a + 

For an example, consider the centered dielectric slab in a 

rectangular waveguide as shown in Fig. 1.9. As a trial field, take 

E = u sin(Rx/a) --y 

(1.69) 
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Fig.I.9. CompcU'isol1 of 8.~~prOXir'1D.te and exact propagation 

co~st~nts for the rectangular waveguide ~dth 

centered dielectric slab, =2.45 o. (Berk27). 

Using Eq. (1.68), the result is2 

1i 
k o 

= t 1 + (1.70) 

The exact solution requires the'solution of a transcendental equation. 

A comparison of a values obtained from Eq. (1.70) with the exact value 

for ~/k is shown in Fig. 1.9 for the case c = 2.45 c • o 0 

1.3.5 Finite-difference method 

The calculus of finite differences deals with the changes 

that occur in the values of a function f(x) due to changes in the 
I 

independent variable x. Finite differences form the basis of numerical 

differentiation, integration and solution of differential equations. In 

this method it is assumed that f(x) has a specific numerical value f(x ) 
r 

at each of a sequence of equally spaced values x = x. If the common 
r 

interval between any two values xo' xl' x2 ... is denoted by h, the 
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first difference Af(x) of the function f(x) is defined as 

,f(x) = f(x + h) - f(x) 	(1.71) 

i.e. ®f(x) gives the difference in values of the function for two 

neighbouring values of x, h units apart. The difference operator A 

can be regarded as acting upon f(x) in the same way as the operator 

d/dx acts on f(x) in the differentiation process. The operator A like 

the oper'ator d/dx is linear with respect to scalar multiplication, i.e. 

A .1a f(x) + bg(x) 	= aAf(x) + bAg(x) 	(1.72) 

where a and bare constants. The A operation on the product of two 

functions f(x) and g(x) yields 

A _f(x)g(x), 	= 	f(x + h)Ag(x) + g(x)Af(x) 

or, 

A .±.*(x),g(x)\ 	= 	f(x)dg(x) + g(x + h)Af(x) 

to the first order. 

The A operation on the ratio of two functions gives 

	

" 
f(x) 	(x)Af(x) - f(x)ILII 

	

 g(x) 	g x)g x+h) 

(1.73) 

(1.74) 

The second difference ©2f(x) is defined as the difference of the 

first difference of f(x) for two neighbouring values of x,h units 

apart, i.e. 

2 , 
A ftx) = A (IAf(x) 	= Af(x + h) - ©f(x) (1.75) 

Higher differences are deffned similarly, and it is evident that any 

forward difference should be expressible in terms of the function 

values at various abscissae xr
. In general 

Anf(x) 	A  in-1 f(x) 	n = 1,2, ... 	(1.76) 

Problems on inhomogeneous guides need the solution of partial 

differential equations. In the finite difference method, the partial 

differential equation is first converted to a difference equation which 
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is then solved to find the eigenvalues. A difference equation is 

one or more of the differences of the dependent variable. The difference 

quotient is defined as 

f(x + h) - (f(x)  
h 

which is in the limit, if h--4-0, the derivative of a simple function. 

So, if all the derivatives in a differential equation are replaced by 

the corresponding difference quotients, a difference equation is obtained. 

The numerical solution of difference equation is an extensive subject. 

Only partial difference quotients will be discussed. Let the x,y plane 

be divided into a network by two families of parallel lines, as shown 

in Figure 1.10 

x = ah 
a,b = 0,1,2,... 

y = bh 

The points of intersection of these lines are called lattice points 

or nodes. For each of the variables of a function u(x,y), there is 

a forward and a backward difference quotient. Thus, with respect to 

x and y, the forward (u x  ,u  y xy  ) and backward (u-, u-) quotients are 

respectively 

ux = 	
u(x + h,y) 	u(x,y)  

h 

uy  = u(x,y + h) - u(x,y) 
h 

u- a  u(x,y) - u(x -h,y) 
h 

u- 	u(x,y) 	u(x,y -h) 
h 

The second difference quotients of u(x,y) with respect to x and y can 

be defined as the difference quotient of the first difference quotients, 

i.e. u - u- 
- 	x 	x =  u(x + h,y) - 2u(x,y) + u(x - hal  

11X,x 	h 	 h2 
(1.77) 

u - y 	y 	u(x y + h) - 2u(x,y) + u(x,y - 
h 	 h2 • 

u-
Ya 
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a 

Fig. 1.10 

These definitions replace the partial derivatives in a partial 

differential equation, resulting in a difference equation. The 

functions occurring in a difference equation are defined only at the 

nodes, so if a better description of the function is required, it is 

necessary to increase the number of nodal points. As an illustration, 

consider how a two dimensional Laplace's equation is transformed to 

an equivalent difference equation. 

.a  20 	. 0  
ax 	ay 

.21x2 	
YY  - ay2 

Using Eqs. (1.77), the following difference equation is obtained 

lu(x+h,y) 2u(x,y) + u(x-h,y) + S u(x,y+h) 	2u(x,y) + u(x,y - 

which yields 

u(x,y) = 	u(x+h,y) + u(x,y+h) + u(x-h,y) + u(x,y-h) 

The value of u(x,y) at any interior nodal point is the arithmetic mean 

of the values of u(x,y) at the four lattice points surrounding the 

point in question. 
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However, the finite difference method is inherently inefficient 

and unwieldy when applied to dielectric loaded waveguides
28 because, 

in order to obtain sufficient accuracy, a prohibitively large matrix 

eigenvalue problem must be solved. On the other hand, the use of 

Rayleigh-Ritz procedure, although it has the advantage of only requir-

ing the solution of a small matrix eigenvalue problem, has the dis-r 

advantage that each set of trial functions is limited to a particular 

geometry and requires the evaluation of lengthy analytic expressions. 

A method of approximating a function space that does not suffer 

from these deficiencies is the finite-element method. In this method, 

the region of interest is divided into triangular elements and a 

polynomial approximation is made of the function in each triangle. 

In a limited sense, this has been attempted for dielectric loaded 

waveguides by Ahmed and Daly
29. They obtained a variational expression 

for the wavenumber ko
2, such as 

	

J(954)) 23  E i  ll', S iv 0  12 dS. + .D2  T c i S. 
174 	dS. 

-2 	 2 	r f + 2-ri  p 	lz(72) 	xV0. )dS k0
2( f 10i1 2dSi  + Tr e. 	il 

2 
t1 	t1 	 1 S. 	

dSi 
Si Si1 	 2 	 1 

(1.78) 

where 0i  Hzi, 	(co/u
0
)E

zi, 	(0c/w), Ti 	02..1)/(P2 Ci) 

They derived the finite-element equations for the general case of a 

point at the junction of four dielectric quadrants, and the equations 

for the special case of a rectangular waveguide with slab perpendicular 

to the electric field. 

The configuration in question for the latter case is shown in 

Figure 1.11 
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el 

e2 	 e2 

Fig. 1.11 

The vertex 0 is surrounded by six right-triangular elements (i) - (vi), 

the points 1 - 6 forming the corners of a hexagon. As the permittivity 

is constant in each quadrant, there is no discontinuity in the derivatives 

of 0 and 	within each element. Thus 0 and 	can be uniquely 

specified in terms of their values at the vertices. Summing all 

contributions of the elements for the minimisation of the functional 

J(0, /r) at the point 0, the following equations are obtained 

vi 
DJ 1)J 

vi 
Bj = ) 

MI I c.ro 
P-1  

DJ 	= 
a% I p 

where the subscript p refers to a particular element. 

In the first quadrant, with permittivity ei, using a linear 

approximation to 0 and -Np over each element, and following the 

standard procedure30 for finite element discretisation, the partial 

contributions to B J/ 000 by the elements (i) and (ii) are obtained as 

DJ/Dool, 	(T v2)(-01 + 20 - 04) + 	5.2/2)  (4)1 V)4)  
1 

- (k02  h2/24) (01 + 400  04 05) 
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Similarly 

(—P2T1 912) 	7 1 2 Y10 	(13 T1/2) (954 °1)  1 

(ko2h2/24)ci F2  (11 4- 44-1P0 4-1P4 4.1)  

Repeating the procedure for the rest of the quadrants, and if el  = 1 

and c2 2. c, then 

"1-T )(400  - 	- 03) - 04 - TO2 El - T) F2  (11 -T3) *2 
6 

(k02h2/12) (600  + 7, 0i) 
i..1 

ii(l+Tc) (4 *0 '1)1 -qP 	- 	T) (03 - 01)  

(k02h2/12) 3(1÷e) to+(l+c )( )Y1' 3)/2  +( \k4+Y3) c  ( +2+T )  

The appropriate finite-element equations are written at each point 

of the cross-section. If these are n points, the resulting equations, 

in matrix form, are 

AQ s  XBQ 

where X k 2h2/12 and A and B are 2n x 2n square-symmetric matrices. 

2n equations arise because both 0 and 	must be used at each point. 

Coupling between 0 and' i) occurs at points which border two or more 

dielectric regions. If R < 1, matrices A and B are positive definite 

and diagonally dominant, whereas for f3 s? 1, this is not necessarily 

so. In the first case, successive over-relaxation methods lead to a 

converging solution for the lowest eigenvalue of the eigenvalue equation, 

but when R > 1, the successive over-relaxation method fails, and other 

iterative methods become necessary. This condition sets severe 

limitations on the size of matrices which can be handled by the computer. 

For the example analyzed, there is a good agreement between the 

results obtained with this method and the results derived by Earcuvitz.
6 

Owing to its variational nature, this method is inherently superior 

to the more conventional finite-difference method, 
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However, this work seems to be unnecessarily restricted to special 

geometries by imposing a regular mesh spacing and unnecessarily limited 

in computational efficiency by confining their polynomial approximation 

to first order. Two of the great advantages of the finite-element 

method are the freedom to fit any polygonal shape by choosing triangular-

element shapes and sizes and the extremely accurate approximations 

provided by high order polynomials. 

To avoid the restrictions mentioned previously, Csendes and 

Silveater
31 

have developed a general finite-element method. 

It is a well known fact that the determination of the electro-

magnetic field reduces essentially to finding the two quantities Ez  

and Hz. If T and z are orthogonal directions tangent to the interface, 

and n the normal to them, the interface conditions for the field are 

(see Eq. (1.3c) in section 1.2.1) 

1 	- 4)  .4. SI T 

k2 	2 J 	w "  n k 

where 
Ez 

Hz 

Et  

C °1 

0 1 

-1 0 

k2 t.  w 2 	- 02 

Note that and Zy4n  are continuous across a boundary even if c and 

1t change discontinuously there. The axial field components satisfy 

the homogeneous Helmholtz equation which can be written in operator 

(1.79) 

0 V,  
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form as 

M (---1f 	+ 1)i 	0 
k 	. 

The functional 

F(0) '2 	1172\ > + < \MI 0 > 	(1.80) 

is stationary if and only if 0 equals the true physical solution lir. 

Since the functional is stationary only at the true solution, at 

this stationary value Eq. (1.79) may be applied. By using a suitable 

integral definition of the scalar product, two appropriate vector 

identities31, and taking into account the boundary conditions, it is 

possible to obtain an expression for the functional that may be 

written as 

F(0) m -,170T  1 M.70 dR + J 0Tmx dR + 0 r(70T 1 JR 	x V ) z  dR R 	k2 

(1.81) 

where the region of integration is over the whole waveguide cross 

section R, and the Eq. (1.81) is stationary at the true solution. 

In order to solve Eq. (1.79) by determining the stationary 

condition of the functional, Eq. (1.81), the Rayleigh-Ritz method was 

applied. Seeking for solutions of the form 

Ez 	e.a. ' (x y) 
1.1 
n 

Hz 	joi(x,y) 

i.1 

where the a.(x,y) are a set of linearly independent functions. Sub- 

stituting these values in (1.81), differentiating with respect to ei  

and h.1, and setting the result equal to zero, 2n simultaneous 

equations are obtained 

  

Ski e + 2w i h LI) 
	IC

r r k. 1 	 e 1. k i  	k,  r iml 1 kr 

2 
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)7 1  

n 

 Ski 	
0 u

k. e. 
 r 	h. + P 1  r kr  1=1 	2:0 1 

where 

Sk. -c7cck  . V a . d 
r 

Tk  h
i  

Tk. = I aki dr 

r 1 

(a  
C4k "

r  
k. 	 I • 	IS. )a,. T 

These equations can be written as a matrix equation 

= m2 T 
	 (1.82) 

where V and T are the partitioned matrices 

er Sk. I  S 	/2  Uk.  

	

1 	1 

r 
e 

	

r r 	SUk  /2 	urSk  

(1.83) 

V in 

T = ).  
r 

e T I r ki 	0 

0 ur Tk. 

C . 1 
h. 

   

where &. 	.- At any value of phase velocity, (1.82) may be solved 

for the frequency of propagation and field distribution in the wave-

guide. 

Although the Rayleigh-Ritz expansion has been performed with an 

arbitrary set of trial functions, for each set of trial functions that 

is chosen the integrals in Eq. (1.79) must be evaluated and it is wise 

to choose trial functions that minimize such calculations. The basic 

idea of the finite-element method is to do this by splitting the region 

of integration into a number of simple elements. The integration over 

each element of some particular set of trial functions may then be 

reduced to the evaluation of a few parameters, and the calculation 

of the total integral may be performed by a simple combination of these 
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parameters. If triangular interpolation polynomials
32 are used, the 

approximating functions are 

ct iJk 	pi( 91) Pi ( 9 2 ) Pk( ))3)  

where theYI  . are triangular coordinates and 

P(z ) (Nz 	1)/1 , m 1 

Po(z) ti 1 

The off-diagonal elements of V and T, Sik  and Tik, have been used to 

solve the homogeneous Helmholtz equation and are therefore known and 

tabulated34  for polynomial approximations up to the fourth order. To 

evaluate the remaining element Uik, it is necessary to evaluate 

-aPm(z) 

z 

  

Pm(z) N 

N i 1 
m >'1 

1=1 

 

"dPo(z) 

C) z 

and to use the relationship V 	ss 1, valid on triangular- 

element edges. 

After a little algebra, an expression for -)a.oik 	i follows. The 

Uik 
may then be evaluated to any order of polynomial approximation 

and for any triangular shape by substituting the expression for .acc oik
/ax 1 

in the appropriate integral for Uik  and integrating around the 

perimeter of a triangle using triangular coordinates. The U matrix 

has been evaluated independently and concurrently by Daly33. 

The rest of the paper by Csendes and Silvester31  is dedicated to 

the applications, using a computer programme, to several cases of 

inhomogeneous.waveguides and the results seem to indicate a high 

accuracy. 
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1.3.6 Modal Approximation Techni ue 

Although the finite-element method explained in the previous 

section is easy to work with, it is not very efficient computationally 

as compared with Rayleigh-Ritz method using basis functions that closely 

resemble the expected solutions. Csendes and Silvester have developed 

a method34  that expands the electromagnetic fields above cutoff in 

terms of the waveguide cutoff modes. The variational formulation of the 

problem is similar to that one in the previous section. The trial 

function are of the form: 

e. 0  (i) 

0 (k) 

kvl 

where the I 0 (i)  3 are a set of independent functions and the ei  and 

hk  are real numbers. The Rayleigh-Ritz equations are then obtained by 

equating the expressions aFiei  and 3F/Dhk  to zero. 

Waveguide cutoff modes form an orthogonal set of functions 

that exist exactly over the waveguide cross section and satisfy all 

of the external boundary conditions. For rectangular homogeneous 

waveguides, they are products of sine and cosine functions; in circular 

waveguides the modes are composed of trigonometric and Bessel functions. 

It is possible, therefore, to expand any function in a 

series of waveguide cutoff modes, provided that the function has the 

same region of definition and satisfies the same boundary conditions. 

In particular, it is possible to expand the electric and magnetic 

fields in a waveguide at any value of propagation constant in the cutoff 

modes. Because of the close physical relationship, the cutoff modes are 

near to the field functions, so that relatively few cutoff modes will 

provide a good approximation. 

Ez 
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The waveguide cutoff modes may be represented numerically 

by using the Newton-Cotes interpolation polynomials35. Consequently the 

waveguide cutoff modes may be written as 

0(k) . 	0 
P 
 (k) a P(xty)  

t=1 p=1 

where 0 (k)  is the potential value of point p in triangle t and 
a (x,y) is the interpolation polynomial having a unit value at point p. 

The cutoff modes of arbitrary dielectric loaded waveguides 

may be obtained by conventional finite-element analysis and if the 

triangular elements and polynomial order are chosen to be the same 

in mode expansion as in the finite element analysis, the finite-

element solution will be exactly in the form of 0(k)  • 
Proceeding as in the previous section, a matrix eigenvalue 

equation is obtained in the form 

- 
(i) (k) 

ctpp(i)„, 	.Dpq 	2 
0 	0 	u p 	q 	pq 

6 0  (J)p)u 0 s (e) 

- 	Pq P"t°
00 
 Pq 

where 

and 

	

Pq 	p • .S7  a dr S 

	

Upq 	f ( p 	
a q 

)a ) d'r 
.DT 

Ct 	0(1)  dR = 1 
R 

	

S 	9(k) 0(k) aR 
- 1 

Since the cutoff potential values 0(i) and g(k) are known, this 

matrix equation can be easily assembled for any dielectric loaded 

waveguide and solved for any desired value of phase velocity. From 

these values, the dispersion characteristics of the waveguide can be 

obtained. 

hk 

C. 1 
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According to the authors, this method seems to be superior 

to the finite-element method analyzed in the previous section. 

1.3.7 The Wentzel-Kramers-Brillouin (!IKB approximation 

The M73 approximation for solving the Schroedinger equation 

has proved to be useful for solving electromagentic wave equations, and 

Holmes36 developed a method for analysis of wave propagation in 

dielectric filled rectangular wave-guides based on this approximation. 

TEmn 

	

	mn and TM mode propagation in wholly filled waveguides are analyzed, 

as well the TE130 mode propagation in slab loaded guide. 

Consider the wave equation 

f(x1
) 
	1.f(x) 	 „(x) ,(., 

where 0(x) is the x variation of some field component and f(x) and 

g(x) are slowly varying functions of x. By substituting 

0(x) m 00 exp ljwS(x)i 

in the wave equation, and choosing for S(x) a series expansion as 

on 	
s (x) 

S(x) m 	/ n 
nml 

it is possible37 to obtain an approximate solution for 0(x) as 

0(x) m [ 00 exp 	g(x)dx / Vg(x)f(x)] 

If a dielectric slab occupies the regiOn from xl to x2, in a rect-

angular waveguide, while the rest of the guide is empty, and if only 

the TE modes with no y variation will be considered, then the only 

field components are Ey, Hx and Hz. For this case, 0(x) is the x 

variation of Ey when f(x) m 1 

and 	g
2(x) m -62 ko 

2
ky (x) 

Here 1 is the propagation constant. 

h(x,x1) m 	g(x)dx 
x1 
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The appropriate solutions are 

{ E 

sin (px) 	0 < x < xi  

Ey  = [B sin 1 h(x,x1) i + Cain I h(x2,x1) - h(x,x1)VETTO xl  < x < x2  

D sin 3p(a-x)1 	x
2 

< x < a 

where p2= 2r2  4- k02E, B, C, D are constants and h is defined as above. 

By forcing Ey and 2E/9x to be continuous at the boundaries x = xl  

and x = x2, a system of equations is obtained. Equating the determinant 

of the system of equations to zero, a transcendental equation is obtained, 

g(xl)g(x2) tan 11.1(x2,x1)1 tan(px1) tan L ip(a - x2) 	- p2  tan 	h(x2,x1) 

- pg(x1) tan (px1) - pg(x2) tan .1:)(a - x2) 	= 	0 

Another work based on the WKB approximation for TE mode 

propagation in.:the rectangular waveguide containing longitudinally 

inhomogeneous dielectric has been developed by Kao 38. Using the technique 

of separation of variables, it is shown that the general waveguide solution 

for the transverse variables (x,y) still holds true. An approximate 

method is used to solve the z-variable ordinary differential equation, 

by using an expansion in a Taylor Series. The relation of the Wronskian 

determinant of the solution and the accuracy of the solution is discussed: 

in fact, the deviation of the Wronskian determinant of the wave solutions 

at a certain point z from the initial value is indicative of the accuracy 

obtained. It also checks the power reflected and transmitted in the 

different regions. 

1.3.8 Polarisation - Source Formulation 

In this formulation, developed by Bates and Ng39, all 

diffracting bodies are treated as sources of fields that travel undisturbed 

throughout space. The electric and magnetic field are represented by 

a column matrix f, 

f = 
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According to the diffraction theory, the total field f can 

be split into an incident field f and a field f , scattered or reradiated 
-b 	-p 

from inhomogeneities in the medium 

f = f 	f 
-o 	-1) 

In this formulation all reflecting, refracting and diffracting 

bodies in a region'are treated as perturbationsof anuniform free space 

in which the speed c of electromagnetic waves is constant. Then 10  and 

f travel everywhere with the speed 6, so they can be expressed in 
-0  

terms of the usual retarted integral over their sources. There is a 

source for f at each point in space where the medium is different from 

free space. Such sources are called polarisation sources because the 

amplitude of the source density at each point, apart from being a 

function-of the difference in characteristics between the medium and the 

free space at that point, is also proportional to the total field there. 

If discontinuous media are excluded, the vector wave equation 

for E and H can be written as 

2f 	0-2F 	-w 

where the vector column matrix w, which depends linearly on f, is 

called the polarisation-source density. 

It is then possible to obtain a retarted integral solution 

of the wave equation. In Bates' paper, details of the formulation are 

given and they will not be reported here. In the final section, Bates 

and Ng find an expression for the determination of the cutoff character-

istics of an arbitrary waveguide with circular dielectric tubes or 

rods, and give some numerical results. 

Although this formulation does not seem to be of great help 

for calculating the propagation characteristics of inhomogeneously 

loaded waveguides, it has been pointed out to the author that there 

* 
Mr. H. Tosun, of Imperial College, in a private communication. 
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is the possibility of extending the method. The most important step 

will be outlined below and it is hoped that this can be applied some-

times in order to evaluate the practical difficulties. 

Consider the waveguide of arbitrary cross section loaded 

with dielectric, as shown in Figure 1.12 

Fig. 1.12 

The general expression is39  

Outside the waveguide, the incident.'' 

field is zero39, and this can be 

expressed in mathematical form 

as Ez( S',0) = 0, for all 0, when 

3 	rmax. 

Ez( s ,0) = ss  Jw(c-c0)%( y1,01) 11(02)(koR)as 	(E 	11(2)(k R) - z an 0 	0 
"aE 

H(2)(k o anA R)—dC, where o  
c=cc,H(2) denotes the Hankel function of the second kind of zero r  

order, and a/amis the partial derivative respect to the normal to C, 

and where 

R2 = 

and 

2 - 2 33 cos (0 - 0) for the first integral (over S) 

R2 = 32 + r2 - 2r cos(0 - 0) for the second integral (on C). 

Applying the constraints, the following expression is obtained 

0 = S jw(c - co) Ez( )1, 0')H(2)(k o 	4 R)dS - 	S .1  
1-

22 	H(2)(k oR)dC (1.81) 1 	
1.1 o  C 

for S ''› rmax. 

It must be noted that starting from Eq. (1.81), it should be possible 

to take a different path and applying point-matching methods23' 

For pr it is possible to expand H(2)(ko  R) in a series o  

ko.  

as follows 
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(2) H0 
 (k R) = (2)(k 	) ei m(0 - 0') Jm(k0  c .1  ) Hm 	o   

M= -OD 

and substituting back in the integral equation (1.81), 

jw Hm2)  (k03)eim0 	(c-co)Ez( S)4,01) Jm(ko  )e-jm° dS' 

S 

(  

c° 	(2) 
H111 M=- CO 0 ) 	.ejmg1 dEz j (k dC = 0 	 (1.82) DIl m 0 

C 

Let Am = jqc(c-c0)E_( 9',96 Jm  (k0 ) 9 )e-imra'dst  

S 

B = 
S jm (kor) a-im'  dC 4 	-57iL  
C 

then 

	

N/ 	1  
(Am 	m ) H 	(k 0P) ejmO  1 	) 

M= - CO 

from which it follows that Am = -E/m 

Thus, Eq. (1.82) can be rewritten as 

	

4w E (c-co)Ez( 	Of) Jm(ko3 	dS' = - ,f,;% Jm(k.r)e-ime  dC 
S 	 .c 

(1.83) 

Let us suppose that it is possible to expand Ez  in a series 

CO  

)1,  A (3')eiljr°  
p= 

Ez(9s  )1'1)  = 	P
f 
P 

where on C, 

Ez  
on C 

Thus, 

A f (r)ei°  
P P 

'-c)Ez 	
Ap 

 
(f (r)encre) \  

P= -co 	
-En p 

 

(2) 
0 

like 



r:. max 

and substituting  in Eq. (1.83), 

l

'art 	 911 
(c-co)ei(P-m)  

0 

Jra(ko  of p( Q') 31 d5 ' = 

.6  

p= - 	on p 	
)e-jme 'de  

P 17-4f (r)eilD8) j  (k
or A 

m  

0 
Let 

/RA 1 J (c-co) Jm(ko  Ofp( Oej(13-ra)C61 3'd  s  drP = Cmp  

S 

-(f (r)ejna) J (k r)e-ma dC = D -n p 	m  o 	nip 
C 

Then 
00 	00 

A y---71 	C 	= 	A D 
P P mP 	P m 

P= -co 	p= -co 

and solutions are obtained from det (Cmp Dmp ) = O. 

Obviously, the difficulties seem to be on the evaluation of 

Cmp rather than. in D p, but it is probable that for standard configurations 

the evaluation can be straightforward. 

1.3.9 Transmission-Line Matrix Method 

Johns41 describes inhomogeneous waveguide structures using  

the transmission-line matrix/ method
42. Propagation in a two-dimensional 

medium is represented by the voltages and currents on a Cartesian mesh 

of TEM transmission lines. At each node of the mesh, a submatrix of 

four numbers describes the magnitude of incident voltages along  the 

four coordinate directions. The propagation of pulses is followed 

through the mesh and by observing  the stream of pulses passing through 

some particular point, and taking  the Fourier transform of the output 
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impulse function, it is possible to get the required information, in 

this case the phase constant p. In order to have an analog representation 

of the dielectric, on each node of the mesh there is an open-circuit stub 

of variable characteristic impedance. The stub length is AE/2, half 

the distance between nodes. On each node, now, there are five pulses 

incident, four from the line and one from the stub. Pulses travel from 

one node to the next, and are transmitted and reflected. Each iteration 

in the computer represents a time interval of At/C. For each iteration 

and for each node, the new values of the five incident impulse amplitudes 

are calculated. 

Although the method can only be used in cases where Maxwell's 

equations split into two independent sets of equations of three vaviables, 

Johns applied it successfully to several cases, like evaluation of tha 

LSE mode in a rectangular cavity, cutoff of modes in waveguides with 

dielectric slab or ridge. The advantage in comparison with other methods 

it can be used on a small computer because of small storage requirements, 

and simplicity in the programme. 

1.3.10 The Method of Sub-Waveguides  

This method has been developed by Veszely
43 for 

analyzing inhomogeneous waveguides or waveguides of complicated 

cross-section. The procedure is to divide the cross-section of 

the waveguide into simpler parts: it is done by considering that in 

the "cut-lines" there are electric (sometimes magnetic) walls. 

The starting point is writing as a functional, in 

terms of E.e.., H. the el..?etromagnetic fields in the ith subwave-- 

guide. These fields can then be ex?anded in set of orthonormal 
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TE TM Modes, in such a way that applying the Rayleigh-Ritz method, 

a system of equations is obtained. 

From the dispersion characteristics of the subwaveguides it 

is possible to extract information about the dispersion characteristics 

of the original waveguide. 

1.3.11 Method based on solutions to the Hill s equation44  

Casey45  developed a method for the determination of electro-

magnetic fields in inhomogeneously filled rectangular waveguides. 

If the material filling the rectangular waveguide is an 

inhomogeneous dielectric of permittivity E(x), the LSE modes21 are 

obtained from 

'921 	k2 (x)  	0  

were k2(x) == 406(x) and 	1(x,y,z) f(x) cos(nny/b)exp(-jft) 

and f(x) is a solution of 

d.
2
f 

-7 
dx- 

k2(x)' 	2 
p2 1 f 	0 (1.84) 

subject to boundary conditions f(a) = f(0) = 0 

The LSM modes are obtained from 

V2 	
1 dc "7-Tr k2(x) 
c dx x 

where t(x,y,z) = g(x) sin(nny/b) exp(-j0z) 

= 0 

and g(x) satisfies 

d20. 	1 	dc 	,(2(x) 	nn 	,2 

dx
2 c dx dx 

subject to boundary conditions g'(0) = g'(a) = 0.  

Eas. (1.84) and (1.85) may be solved using 

= TtIV:D,a 

u(V) = 

	

v(v) 	c 2(x)g(x.) 

g = 0 

(1.85) 
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x+ gn  cos 2nv = ( V
2 

t 
c 2 k (x) (1)

2 	132 

 

n=1 

 

FL + 2 

  

iza )2 .,.,  h cos 2ny = 

   

dx 

yielding 

2 
d 2+ (X 
dp2  

g cos 2n).) ) u = 0 (1.86a) 

2 d ir 	- 31,4- 	u 	h)cos 2nV 	v = 0 	(1.86b) 
dv
2 n= 

Eq. (1.86) is of the form of Hill's Equation. Solution may be obtained 

if 	gn (or 	for the LSM case) is absolutely convergent. 
n 

The boundary conditions are 

u(0) = u(1/2) = 0 (1.87a) 

v1(0) = -0(1q2) = 0 (1.870) 

when c'(0) = c1(a) = 0; if not Eq. (1.87) should be modified. 

It has been proved44 that Eq. (1..?_:7a) is equivalent to 

• g  
rt-ra -  gn.+7-1  

det 18n,m 	X - 4n2 	n,m = 1,2,3... 
= 0 

and this last equation constitutes the characteristic equation for 

the L33 mode. As it is expressed more or less directly in terms of 

the Fourier coefficients of the permittivity profile, the propagation 

characteristics can be evaluated numerically in a straight forward 

nanner. C siailar ecuation c?1-1 ba obtained for LEFT rIodr,s. T717,..1 

tr,:t .of Casey's pacer is devoted tn the prssentation of some examples. 

1.3.12 n'ic -at!c 

A techn4?,-13 based on the 1-:onta Carlo method_ for colvirs' 

transmislion-lin problems hF,s been presented by Royer . 
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Although the method presented has been proved to be useful to evaluate 

the characteristic impedance of a guide with an inhomogeneous dielectric, 

when the dimensions of the guide are very small with respect to wave-

length, it could be useful if used in conjunction with other methods 

where the knowledge of potentials on some region is necessary for 

further.  ealculations. 

Bevensee47 uses a variation of the previous method, the 

so called number-diffusion process to obtain probabilistic solutions 

of the wave equation for a finite lossy transmission line sinusoidally 

excited. 

These methods, although theoretically known for a long 

time, are still in a phase of practical development. Their great 

advantage is the use of few computational steps and low computer 

memory. 

1.4 Conclusions 

The numerical methods appearing in recent years on the analysis 

of inhomogeneously loaded waveguides, and which have been covered in 

previous sections, have in common the fact that each one is based 

on a different technique to reduce the problem to one or two dimensions. 

Nothing more will be said about the analytical techniques 

since their applications are restricted to a few particular geometries. 

In the author's opinion the numerical procedures that have the most 

general application are those classified as of Rayleigh-Ritz and 

finite-element type. 

The direct Rayleigh-Ritz approximation method has been known 

for a long time but it was not applied as a standard procedure to 

wave-guide problems until relatively recently. For a large variety 

of wayeguide shapes it is possible to construct the suitable approxiniat. 

ing functions. 
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Approximating functions are typically chosen to be either poly-

nomials in Cartesian coordinates or in polar coordinates20: in the 

former case some difficulty may be encountered for some cross sections, 

while the second choice is best if the cross sections are star shaped 

with respect to a point. 

For some boundary value problems an ecuivalent formulation in 

which a :two-dimensional boundary value problem is replaced by an integral 

equation involving a contour integral has been given39: in this case 

search technique's must be used for determining the eigenvalues. The 

drawback is that the matrix sizes are relatively small, and there is 

then the danger of missing some eigenvalue. 

During the last few years, the finite-element method has gained 

considerable popularity in the solution of boundary value problems and 

at the present time is the method mostly used in the solution of wave-

guide problems. The method has the advantage that it combines the 

high accuracy and short computing time of the Rayleigh-Ritz method 

with the flexibility and simple usage of the finite-difference method. 

It is then expected that the use of this method will become increasingly 

important for solving waveguide problems. 

The drawback of all methods discussed above is that the knowledge 

of the partially filled guide cutoff frequency is not sufficient to 

determine the propagation constant at other frequencies, which is 

necessary to solve the corresponding equations at each frequency. 
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APPENDIX A 

Sturm - Liouville Problems 

A certain type of boundary value problem involves a differential 

equation of the form 

d f, 
	+ (xlf  cOy la 0 

X "' dx 
(A-1) 

with some prescribed boundary conditions at the limits of the interval 

(a,b). In this equation p, w, q are continuous functions of x in the 

interval (a, b) and X is a parameter independent of x. By a suitable 

choice of p, w, q, most of the important equations governing electro-

magentic wave propagation can be obtained from Eq. (A - 1). For example, 

the equation reduces to a simple equation of periodic motion when 

p w 1, q . 0. But when p x, w = x, q -n
2
/xm Eq. (A - 1) leads 

to the Bessel quation, and when p 1 - x2, w = 1, q 0. 0, it reduces 

to the Legendre equation. Mathieu's equation, Gauss' hypergeometric 

equation, Chebyshev's equation, and Hexinite and Laguerre polynomials 

are also special cases of the above equation. 

In order to have a non-trivial solution of equation (A - 1) which 

will satisfy the boundary conditions at the end of the interval (a ,b), X 

must assume one of the eigenvalues X. To each eigenvalue there is 

the corresponding eigenfunction Ø.  The solution may be expressed 

in terms of the eigenfunction as y = cOn(x), where c is an arbitrary 

constant. The boundary conditions of the Sturm-Liouville system 

include the following 

(i) At x 2. a or x b, either y = 0 or 2. 0 or a linear combination 

a  Y 0Sr O. 

(ii) If p(x) 02 0 at x . a or x m  b, y and S,  must remain finite at 

that point and one imposes one of the conditions (i) at the other 

point. 
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(iii) If p(b) p(a), then only y(b) = y(a) and S(a) ® Y(b) are 

required. 

Any continuous function can be developed in terms of Sturm-

Liouville functions which are the solutions of Eq. (A - 1). 

The system possesses the following properties 

(i) There is an infinite set of eigenvalues Xn  and a corresponding 

number of eigenfunctions On, such that 0 X12  < X22  4: 

(ii) There exists a complete normalized set of eigenfunctions 

1
0,1(x) in terms of which a well behaved function f(x) can 

be a convergent series. 

(iii) The eigenfunctions possess orthogonality with respect to the 

weighting function q over the prescribed interval (a, b), i.e. 

(X.m - Xn 	q m On dx 	0 	Xm 	
a
n 

a 

(iv) fa  q Om 	dx = Stan, where S mn mg 1 if m n n and S • 

o 	 mn 

otherwise. 

(v) The solution to the problem may be formulated as the problem 

of finding the function which will make the variational integral 

stationary. 
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CHAPTER 2 

AN APPROXIMATE METHOD FOR THE CALCULA.TION OP PROPAGATION 
CONSTADTS IN NON-UNIFORM WAVE ;HID 

2.1 Introduction '3 

For sinusoidal fields in a linear, isotropic and source-free 

dielectric medium, Maxwell's equations can be written as 

!lx E 

\-7x H 

n211/ t 

c/ Bt 

where the,.two parameters It and e describe the nature of the space 

that contains the two field vectors E and H. 

In dealing with boundary value problems, it is sometimes con-

venient to express the vector differential operator 7(nabla ) as 

c' t 7n 

where t is that component of Vwhich represents differentiation with 

respect to the coordinate of the plane of discontinuity and Vn is 

the component Which differentiates with respect to the coordinates 

normal to this plane. 

If the two field vectors E and H are also expressed in terms of 

their components, i.e. 

E 
	

+ E 

and if it assumed that the time variation is given by exp(st), where 

s = jw, Eqs. (2.1) can be written as :- 

Qt x (Et + En ) + 	x (Et E ) = 	
6 
+ H ) 	(2.2a) 

x (Li + Hn) + n x (Ht + Hl) 	se Et + Hl) 	(2.2b) 



Fig. 2.1 
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Consider now the structure depicted in Fig. 2.1, defined 

by a conducting surface C enclosing a region A, and where n is a 

unit vector normal, at each point, to C. It is assumed, without loss 

of generality, that, within 

the guide, the relative 

permeabilitylir  ms 1, and that 

the permittivity is a function 

of the coordinates in the 

region A but independent of 

the axial coordinate, perpen,. 

dicular to the section A. It is also assumed that the coordinates 

form a right-handed orthogonal system of coordinates. 

An electromagentic field, defined by the two field vectors E 

and H, will satisfy Maxwell's equation and 

n xE In 0 	on C . 
Mo. 	••■•• 

If the electric and magnetic field are expressed, respectively, as 

E 	(Et+ Ep  29) exp(st - lc p) 
	

(2.4a) 

H t  * Hp  a ) exp(st - p) 
	

(2.4b) 

where Et  (Ht)is the component of the electric (magnetic) field in the 

region A. Ep(Hp) is the magnitude of the axial component and in 

general it will be a function of the coordinates on the section A. 

as is a unit vector that defines a direction perpendicular to the 

Section.A in the direction of p increasing, exp(st) is the time 

variation and exp(-Tp) is the variation of the field along the 

axial direction defined by ate. lc is known as the propagation constant 

and in general it is defined as 

a + j 13 
	 (2.5) 

(2.3) 

where a is the attenuation constant and 13  the phase constant. For 
a propagating mode 	must be imaginary, then 	j P. 
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Substituting Eq. (2.4) in Maxwell's equations (2.1), and 

taking into account that 	V m a a al 	 8.  ZS.  .%) 
TI7  

) X  (54 	 Ep)•sn(Lit 4. 	2=p) 

(at 	x (tit + ap Hp) • 	sc(gt   + ap  Ep  ) 

where the exponential factors have been omitted. Solving 

Chi t 	x7t Ep - 	x E 	su, + a HP) t 	 t - a p 	 '6 ap 	 t .., - 	(H-G -p p 

7t x Et - 11p x V 	 --P P 

	

t  Hp  - 6 as. )  x Et  .., 	se(Et  + a E ) 

where a x a1) 	t 
• 0 and  7. x a • - a  x 7/t• ....p 	... 	—p 	..-p 

Eqs. (2.7) can be rearranged as 

ap  x Et  + al)  x Vt  EP  • a u Ht  

7t x  Et ... - s p. H P --P 
z 29. x lit  4- ap  x 7t Hp la — 8 e E t 

7 xH • scE t 	 t 	P a  -P 
Multiplying a x Eq. (2.8a) 

=mop 

a
p
xa1) x—t E+a.......p xap x tEp  = sgap x24) 

..... 	_. 	r 

Using Eq. (2.8o) 

/2 as  .. x -p a x Et   + -6 .ap xsp x 	t  

„62 ap  x a x+ s c E • -9 	 t a  
u 

(2.6a) 

(2.6b) 

(2.7a) 

(2.7b) 

(2.8a) 

(2.8b) 

(2.8c) 

(2.8d) 

Ep  sa sp. (— seEz  . 	a xV H ) p t p 

xa xV E -sua x‘7 H t p 	-p 	t p 

Applying the vector identity A x B x C • (tt.  . C)B 	(h. I)C, 

2 (Lit )  . Et  )2s  (ap  . ap )Et i sct c Et  es s ap  x t  Hp  

- -4(Ltip • 7t )-Sp - (ap • .4 ) 71  t 	EP 

where ap  . Et  In 0 , a9  . a9  •• I 9 a • C7t • 0  -1) 
Then, a final expression is obtained as 

2 	2 
 - s -6 

Et 	 IL c  Et ts  " ap x  7it Hp - -'67t Ep 
Similarly, multiplying -.( ap  x Eq. (2.8c) and using Eq. (2.8a), an 

(2.9a) 
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equivalent expression relating Ht, Ep  and H as follows 

,6,2 	. s2uclit 	s 	x 	Ep (7
7t Hp 
	(2.9b) 

Both equations (2;9) can be collected as a matrix equation as follows: 

sm 	x V4  0 	(32p, s 	2)A -47 _ -6 A Vtfa 

where 

M IMP 
c 

   

0 1 

(2.10) 

0 IS 

  

rE  

SI 

A 

1 0 

2.2 Expansion irLrec.th.L2912_ 

In rectangular coordinate, if the region A of Fig. 2.1 is defined 

as the x-y plane, and the axial direction perpendicular to it as the 

z-axis, then it follows that 

Et " E i•  + 

E 	Ez 

a is 

2— + ax 	Jy  

where it  land k are, respectively, unit vectors in the directions of 

x, y, and z increasing. Replacing s as ja) and defining ko2 
 61, 63111 c 

o o 

the matrix equation (2.10) can be rewritten as 
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pm _215. 	, 2 	2 . 	21  ay. .2. k  -6  + ko  cr,A -kir, + IA . 3c  

. ..11. 	, 2 	2 , 	2A awm 	. -k  -6  + ko  cr,A Airy  .- w A ay. 

where MIA and 0 are defined as before, 

(2.11a) 

(2.11b) 

    

    

X 

Ex 

Hx 
; 117, 

    

    

and c = c/co 

In a structure like the one depicted in Pig. 2.1, the electro-

magnetic fields are governed by the source-free Maxwell field equation 

that are, assuming  again a sinusoidal variation in time and in the 

direction of propagation, 

--6Ex  + j It Hy  

- --6Ey  - j w u  Hx  

a Ex ZEy 
21Y 	x 

j co 

z 7xx  jwcE-  

a Hz  
15 	Viy 	j weEx 

DRx 	-‘)11 

ay 	ax 
!is  j (A) CEz  

From the previous set of equations it is evident that if it is 

possible to know Ez and H, all the other components can be determined. 

Hence, the next task will be the determination of an expression for 

Ez and Hz alone. 

Consider the expressions (2.9) in rectangular coordinates, 

( 2  + w 2v, )Et  as j W1S k x 7tHz  - K7tEz 	(2.12a) 

2 + w  2Ic  )./1.t  = -j coc k x 't  Ez 	S-7.tHz 	(2.12b) 
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Now, let us multiply 7t  x Eq. (2.12a), and use the vector identity 

x(a13) 	x B + a 77x$ 

(a is a scalar and B a vector))then the following expression is obtained 

( 62 4.  (0211c )7t  x Et  + w211c0  7tcr  x E = jwp. 	x 	x 7t1z) 

(2.13) 

From Eq. (208b), 

Ci 	-j w 	k t x  Et 

and from Eq. (2.12a), 

Et 	( 	w2")-1 (j wi k x .7tHz 	-)''S7tEz)  

Substituting in Eq. (2.13) 

(op.( •62  + co2ILE)Hz  k + (0211c0 	ter  x ( 	(021.1c)-1  (iwilk x 	tliz 	ao VLEZ 

j0 
74 X (t X  C7t Hz)  

Multiplying by k. 
...imie( 2 	w2110211z 	(42.11c0  . k 	77ter  x (jwp k 

	
Hz 	-6 7tHz)  

jwit(-62  + w2lie)k • qt  x.(1 x 7.0z) 
Using again the identity A x B x C (A C)B (A. B)C 

k . Cher  x k x 	Hz  el 	ter • 7t HZ 

k• 	 xkx 7t  Hz  T. 7t2Hz  

Then 

3"1 
 ft

2 	2 2 	2 	2 	2 	.-, 2 
6 	") HZ (A) lito CC? t Cr • 	t Hz + 	w ") t Hz 

2 
(13 II CO 	IC • ( 'Clt  er x 77-t Ez)  

2  + ko2 77t2Hz  + (12 + ko2er)Hz  - ko2 7ter  . '7tHz  = jwca it • 

(7 tox 7tEz) (2.14) 

From Eq. (2.12b), using the vector identities 

7x (a B) Va x B + a 7x B 

7. (a B) 	B . 7a + a 7. B 

the following expression is obtained 
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—(-5  2  + ko2cr)7 t  x 	k02  vter  x at = jwc. k 	t  . (cr y tEz ) 

Using Eq. (2.8d) 

7t  x H 	jwc c E k t --t 	o r z 
and Eq. (2.12b), we,Obtain 

.4,62 ko2cr,)2  jwcocr  Ez  k ko2 C7ter  x (-17t  Hz  + jwcocr  k x V tEz) 
2 

Jwco ()5 	ko2cr)ic 	t • (crt Ez)i 

Multiplying by k . and rearranging terms, 

( 2  + ko2  cr)vt  . (cr7 t E.)
0
2  + ko2cr)2crEz ko2cr tcr 7tEz  

	

jw,to -6 is • ( 7tcr 	7t Hz)  
( 2 	2 	k-7 2 	2 	2 

	

E 	2  c . 	E + ko  cr)cr  v t  Ez 	#ko  cr)2c  r z 	t r 	t z 

k  • ( 7tcr Ct Hz) 
	

(2.15) 
Equations (2.14) and (2.15) are two differential coupled equations 

in Ez  and Hz. 

To satisfy n x EL . 0 on C, it is required that 

Ez 	0 on C 
	

(2.16a) 

n ,Hz 	0 on C 
	

(2.16b) 

where n is a unit vector normal to C. 

The problem is completely defined by Eqs. (2.14), (2.15) and (2.16). 

2.3 Determination of expansion modes 

It would appear that the solution of Eq. (2.14) and (2.15) is an 

impossible task. In order to evaluate the propagation constant, the 

two field components, Ez  and Hz, can be substituted by an appropriate 

set of trial functions. In the searching for trial functions that are 

the most naturally suited to the dielectric loaded waveguide problem, 

the zero-frequency modes appear to be a good solution. Waveguide zero- 

frequency modes form an orthogonal set of functions that exist exactly 
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over the waveguide cross-section and they satisfy all the boundary 

conditions. Their determination, for the most common geometrical 

structures, is relatively easy. 

If zero order modes have been found, it is then possible to 

expand any function in a series of zero-frequency modes, provided 

that the function has the same region of definition and has to satisfy 

the same boundary conditions. In particular, it is possible to 

expand the axial components of the electric and magnetic field in a 

waveguide, at any value of propagation constant, in the above' 

modes. Because of the close physical relationship between the trial 

field and the exact field, few terms of the expansion should provide 

a good approximation to our solution. 

Consider then, in Eqs. (2.14) and (2.15), w = O. 

Equation (2.15) will thus be 

c7t (cr 77t Ez) 	
2 
er Ez " 0 
	

(2.17a) 

Ez 	0 on C 

 

(2.17b) 

with a corresponding set of solutions 

Ezn 

such that e n  satisfies Eq. (2.17), 

-()" -61,E 

 

2 
7t (r 77t On) .-;11,Ecr #n." o  

n  = OonC.  

Similarly, Eq. (2.14) 

Q2 Hz  + -6
2 Hz  

Hz 	OonC   

with a corresponding set of solutions 

Hz 	 lia 	, 	-1 11  n,H 

where again 
7-72  _1,- 	2 
Nit '111 + -(in,H 	

. 	0 

n . 7-4 -1117 . OonC  . 

Note that, for w . 0, Eqs. (2.14) and (2.15) are uncoupled. 

(2.18a) 

(2.18b) 
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d .1(s.n  constitute a complete set of functions. 

It is possible to express the axial components Ez  and Hz  as 
co 

Ez 	1: an 4n 
n.0 

co  
\ 1  Hz 	bn 

n.0 

Note that Eqs. (2.16) are satisfied. 

The undetermined sets of coefficients an and bn may be determined 

from Eqs. (2.14) and (2.15). 

By substituting Eqs. (2.19) in Eqs. (2.14) and (2.15), and 

using 
2 

7-t • (cr 	cic) 	.s6*  n4E n
e
r 

r---7 	f_ 	2 
vt n 	-Cn,H n 

the following expressions are obtained 

	

/ 2 	2 N, 2 	2 	2. bn  k.k-1 +k er 
u  

)k-A +k cr 	 ) 	ko
2 

n tcr „ 7 n 	o 	o 	0 	n 	t Tn 

jwc 

	

o 	N an 11 . ( 77t Cr x 7t (/)n) 	(2.20a) 
n 

n ancr 	ko r)('jr 	ko 	iSn,E) nko2 c7ter 	t c$1.1i 

k  • ( C7tcr x  Vt 	(2.20b) 

n 
In this section it is apparent that the modes corresponding to 

zero-frequency of a composite structure of regular shape are more 

easily determined than any other mode at any other value of frequency. 

This is because the electrical and magnetic fields in (2.14) and (2.16) 

are uncoupled at zero-frequency and, as a result, the expansion modes 

may be obtained from two separate Helmholtz equations with appropriate 

weighting factors in the dielectric regions. 

This should result in a faster approximation to the true eigen-

values of the problem. 
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2.4 Modes  in dielectric-slab-loaded  rectangular ai.des 

In Fig. 2.2 there are several illustrations of typical slab-

loaded rectangular waveguides. 

Fig. 2.2 

For the cases illustrated it is relatively easy to find an expression 

for the propagation constants. When the configuration is different 

from those illustrated, it is difficult, in general, to find a handy 

solution and it must then be necessary to use an approximate method. 

In general, in a dielectric loaded waveguide, like those in 

Fig. 2.2, the propagating modes are hybrids of E and H modes, except 

for the case when the electric field is parallel to the slab and there 

is no variation of the fields along the. dielectric-air interface. In 

this particular case, the mode propagation is an Hno  mode. 

The configurations of Fig. 2.2 are essentially the same: in 

some cases the air-dielectric interface lies in the y2 plane, in other 

in the x2 plane. Because of this, many authors used to derive the 

electromagnetic types from Hertzian potential functions. The resultant 

modes are usually classified as E(TMx) or H(TEx) modes with respect 

to the interface normal (i.e. x axis). If the mode has no component 

of electric field normal to the interface, then the electric field lies 

in the longitudinal interface plane, and the mode is commonly called a 
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longitudinal-section electric (LSE) mode. Instead, if there is no 

magnetic field component normal to the interface, the mode is called a 

longitudinal-section magnetic (Lam) mode. 
It must be pointed out that, in the lossless case, for a guide 

filled with two dielectrics 11 1 and u2,  c2, the cutoff frequencies 

0) of the various modes always lie between those of the corresponding 

modes of a guide filled with a dielectric Cr  11 3.  and those of a guide 

filled with a dielectric c2'2* The field patterns are similar to 

those of a hollow waveguide, except that the field tends to concentrate 

in the material of higher Candi-1. 

In order to analyse the modes propagating in an inhomogeneously 

filled rectangular waveguide, consider the case where the parameters 

of the medium, P. and e, are both functions of position. Starting 

from Maxwell's equations and following a procedure similar to that 

outlined in the previous sections, the following equation for the 

magnetic field is obtained 

c 	 11  (V 2 
ko
2
cr)H es (7x H.) x 	-- r- ) 	(2.21) 

A similar equation can be obtained for the electric field just inter-

changing H with E, c with 11  and 11  with c. 

Consider now that It and/or c are only functions of y. 

• Thus, 

c 
c 6y

-6 ( to c) 44.   

7711 
® na 7en 3: m 	°-a t 441.  

Dy 

Expanding then Eq. (2.21) in rectangular coordinates, with x and 

y as transverse coordinates, and z as the direction of propagation, the 

following equations are obtained 
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(72 k  2c 	. 	H 	 g 
tar; - 	) (2.22a) o ri x 	x y 	x 	dy 

2 

	

(72 
+ ko2c r)y 	y- Y 

	y enu - H 	tn4  
Y 

	

(72 k  2c )H 	H .2_ in,e  
757  H 	in(p.c ) (2.22o) o r z 	Dy z 7.)y 	

(2.22b) 

Looking for modes in which one of the components of magnetic field 

does not exist, there are three possibilities: 

a) Hz  = 0, then Eq.(2.22c) may be written 

	

H 	7r- 2/1 ( 11 	= 0 y 

and this may occur when 

1.-ile= constant. This is a trivial case 

	

2.- H 	f(z). It is impossible for a wave travelling in the 

z direction unless Hy  = Hz  = 0. This implies a TEM mode 

which cannot exist in a single connected region. 

b) Hx  . 0, and from Eq. (2.22a), 

a  H 	(ne  
x y 	

n 
 y 0 

and this occurs for 

es constant. Trivial case as before. 

2.- H 	f(x). This would correspond to solutions of the TEon 

type with electric field along x. H = 0 is also a solution, 

but as Hz is missing, it is an impossible solution inside 

a waveguide. 

For the electric field, an analogous analysis would lead to 

E 	f(x) which implies E
Y 

0 indicating that again a 

TEon mode is acceptable. 

c) = 0. In this case, as Eq. (2022b) is identically zero, the 

wave equations for the magnetic field are 
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(772  4. k 2er)H 
o x 	x -Oy 

	

k  2c  )Hz 	Hz  iLy. fric 
o 

If a solution for H is found, the electric field will be given by 

Maxwell's equation (2.1b) 

It is then possible to conclude that longitudinal-section (LS) 

modes (E . 0 or H = 0) are the normal modes in the waveguide analysed, 

without any constraint. 

By using a similar argument, it is possible to demonstrate that 

LS modes are not possible solutions when Pc a  f(z). In this case, TM 

and TE modes will be present; this implies that TEon  modes (which are 

both TE and LS types), are valid for waveguides in which the product 

is function of the direction of propagation and of one transverse 

coordinate. 

A similar analysis for the electric field would lead to identical 

results if, in the preceding analysis, 

and the components of H are substituted for those of E. 

In the case of a slab-loaded waveguide, the dielectric constant 
6 

changes abruptly but in a finite amount. It is just not possible 

to choose any mode type and try to match the transverse components at 

the boundary without the danger of inconsistencies in the derived 

eigenvalde equation. Matching only one component, electric or magnetic, ' 

across the interface is not a guarantee that the other transverse 

components will also be matched. This is because, apart from the 

simple dielectric and air region, there is a transition region: when 

this region is so small that it tends to vanish, the retardation across 

it is negligible and it is possible to equate the tangential fields 

through it. 

2,5 2129yeriic depende rousi.ozLzIstco ant 

Carlin7  treated the problem of inhomogeneous waveguides as a zero- 

* 
dimensional problem, describing it with respect to specific types of 

The characterising functions are independent of spatial dimensions. 

TMon  and TEon  are interchanged 
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homogeneous ports. 

Because of the restriction of homogeneity, Rhodes
8 

developed a 

more general theory, where physical constraints are applied to bounded 

guided-wave structures to formulate the basis of generalised uniform 

1-dimensional network theory. Using the constraints of linearity and 

time invariance, and for a guiding structure bounded by a perfect 

magnetic or electric wall and a medium such that a and a are independent 

of the direction of the wave propagation z, it is possible to obtain a 

relationship between the propagation constant ,c and the complex fre-
quency p. This relationship is called the "boundary value equation". 

In general, it is a transcendental equation. As 	is a multivalued 

function, it must be represented on a Riemann surface which will consist 

of an infinite number of p plane sheets, each set representing a mode 

of propagation. 

Some of these sheets will be connected by branch cuts. A mode 

set is defined as a collection of modes which are connected by branch 

points in Re(p) > 0. 

By applying field linearity, reality and causality, it follows 

that in any finite inhomogeneous waveguide, a single mode of propagation 

cannot exist independently of other modes in the same mode set. In an 

infinite guide, the existence of a single mode is assured by mode 

orthogonality. 

The constraints of reality and passivity show that the propagation 

constant belongs to a special class of functions termed "non zero real 

funcions". For a dissipationless medium, r7j-  becomes a "symmetrical non 

zero real function" with symmetry about the axis p 	iw. 

For dielectric-loaded rectangular waveguides, is satisfies the 

following constraints : 
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(i) Re(/ ), Re(0) yi 0 for Re(p) 0. 

(ii) If ri5.. ,ifio  is a solution for p = po, 

1'22 * is a solution for p = po 	Re(p) j  0 

rif exhibits reflection symmetry about cuts through both the real and 

imaginary axes of the Riemann surface, and all the infinities and zero 

exist along Re(p) = 0.-6  may not be complex anywhere along Re(p) - 0, 
and it may be shown that 

(i) must be real from w = 0 to w = ± wc. 

(ii) possesses a branch point at w 	tco
c of the square-root variety 

at which 	0 0. 

(iii) 
' is imaginary for lwl>lweland tends monotonically to 

infinity as w tends to infinity. At infinity, 	must 

possess a simple pole on every plane on the Riemann surface. 

The only zero is at a finite point along p =iwwhich is a 

branch point of the square-root variety. 

Along p - jw, corresponding to steady-state sinusoidal excitations, 

76' is purely real below the branch point (cutoff frequency) and purely 

imaginary above, as it is shown in Figure 2.3. 

Fig. 2.3 Propagation characteristics for slab-loaded 
dielectric waveguides 
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If the macroscopic parameters are varied smoothly into a homo-

geneous state, the branch points that -6.  possesses on the axis, 
converge smoothly to infinity and are absorbed into the poles, such 

that the solutions for 	are of the form 

k(p2 	wZ
)
i 

which are either TE or TM modes. Conversely, if the medium is varied 

from the homogeneous state, these branch points will reappear for 

complex values of p, but they will never touch the imaginary axis 

because of the constraint on the ratio Vp.; 

If may then be shown that for LSE and LGSM modes, a single-mode 

equivalent network representations are possible, with coupling existing 

only at the input and output ports. 

The functional behaviour of the propagation constant has also 

been demonstrated in the frequency domain. 

2.6 Determination of ane.yrer22,19Luktinaimayation  constants  
in dielectric-slab loaded r2cLaular waveuides  

This section will be devoted to the analysis .of a rectangular 

waveguide, the interior of which is filled with two different dielectrics, 

the distribution in all the cross-section being constant. One of the 

dielectrics will be air. In particular, the case of two dielectrics will 

be treated each half filling the guide longitudinally. 

Consider then a rectangular waveguide, with infinitely conducting 

walls, with an axis parallel to the z-axis. The dimensions of the guide 

are a in the x-direction and b in the y direction. The whole length 

of the guide is filled, from x 0 to x t with a non-absorbing 

dielectric of constant c
o (air), and from x = t to x . a with a non-  

absorbing dielectric of constant . The magnetic permeability of both 

media is taken equal to 1. It shall be taken that c > c
o
. The 

described configuration is depicted in Fig. 2.4. 
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Fig. 2.4 System of coordinates and waveguide'structure. 

It was shown that the longitudinal components of the magnetic 

field and of the electric field satisfy respectively Eqs. (2.14) 

and (2.15), which are repeated below. 

(12 ko2cr) vt2Hz (1,2 	ko2cr)2 Hz ko2 s7ter Qt Hz  . 

co k . 	c7t cr x 	 (2.23a) 

, 2 	2 	, 2 	2 
Vs6 	ko

2 c
r)c17 Ez k 	ko cr)2 cr Ez + '62 7tcr 4 C7t Ez 

- j 0)110'6 k . ( 	tcr  x 	Hz) 	(2.23b) 

Here cr is a function of x only. 

As before, supposing that the z and t - dependence of each field 

component is given by a factor exp(jwt - -6z), and assuming that the 

y - dependence is the same as for hollow waveguides3, it is possible to 

write two expressions, one for the magnetic field component and another 

for the electric field component, respectively, 

Hz  . 	f(x) cos (Zitj/b) exp (jwt. -z) 	t. 0,1,2,... (2.24a) 

Ez  = g(x) sin (Un)/b) exp (jwt- lz) 	0,1,2,... (2.24b) 

With Cr a function of x only, and substituting Eqs. (2.24) into 

Eqs. (2.23), the following expressions are obtained. 
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(12 4. ko2cr) 	e(x)  4. (12  + ko2cr  - p2) f(x)i ko2crtft(x) 

• jw  o cliPerg(x) 	(2.25a) 

(c62 4. ko2cr) cr  Stgi(x) 	( 	ko2cr .. p2)g(x) 	"6  2cri g
'  (x) 

jw 1-to'6P cr f(x) 	(2.25b) 
rr 

where and denote, respectively, the first and second order derivative 

with respect to x, p (not to be confused with the complex frequency 

of the previous section) represents (Lit /b), and ko2  - w2R0c0. 

For zero-frequency (ko  - 0) Eqs. (2.25) are transformed to 
If 	2 

f (x) 	p ) f(x) . 0 	(2.26a) 

with boundary conditions given by 

ft(0) 	ft(a) . 0 	 (2.26b) 

and 	cr  t g
ti 
 (x) + (1E2  - p2) g(x) 	+ crigt(x) . 0 	(2.26c) 

with boundary conditions 

g(0) g(a) . 0 	 (2.26d) 

According to Section 2.3, it is possible to expand f(x) and g(x) in 

a series, as follows 

f(x) 	bm  hm  (x) 	(2.27a) 

and 

g(x) 	t an  en(x) 	(2.27b) 

where Eq. (2.27a) and Eq.n(2.27b) will be solutions of Eq. (2025a) 

and. Eq. (2.25b) respectively, 

	 m b 	( -6 2  + k 2  r) ) [h
11 
 m(x) + ( -62 + ko2cr  p2)hm(x)1 - k 2c hm  (x) 0 r 

Jwco 	an 'o P  rt  en x 	(2.28a) 

''an ,1(...6 2 ko2cr) 	erin(x) 	(,o2 ko2cr p2)en(x)] 412eretn(x)  

j410 	bm p  Cr  m(x) 	(2.28b) 

Let us multiply Eqs. (2.28a) and (2.28b) by hs(x) and es(x), 
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respectively, and integrate between x . 0 and x = a, in order to make 

use of the orthogonality properties of the modes in a waveguide. 

A new pair of equations is so obtained 

bmhs(x) 	(-62 ko2cr) hm  (x) a (-6 2 ko
2
cr  - p2)hm(x] - " 

2c 	t, k 	h 	kx)1dx. 	c o r 	m 

a 
anhs  (x) tren(x)dx 	(2.29a) 

0 
ra 

2 	2 	2 anes(x){,  (lko cr) ien(x) 4. (-6 + k p2)e(x)1+ 
o o r  n  

,62cr  en  (x)dx 	j041 bmes(x) perhm(x)dx 

(2.29b) m  o 

Before analysing these expressions, it is necessary to find some 

suitable expressions for the field modes, namely hm, en, he es. 

2.6.1 Magnetic field case  

An appropriate solution for hm  seems to be a solution of the 

form 

hm(x) . Am  cos (mIlVa)x 	U 1,2,3 	(2.30) 

112 (mnia)2 2.  where 	p 	
It is obvious, by direct substitution, that 

Eq. (2.30) satisfies Eq. (2.26a). It must also be noted that the boundary 

conditions are automatically fulfilled. 

The constant Am is evaluated using the orthogonal condition 

fa 

 
hm(x) hn(x) dxs gran  

m n 
where >nan  is the Kronecker delta, and 	,Sran  = 	

0 	m,‘ n 

Using these conditions, it is found that Am . (2/0k 

0 
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Finally, 

hm(x) 	(2/a)*  cos (mTic/a) 	(2.31) 

2.6.2 Electric field case  

For the electric field, an adequate solution will be 

..(.. 

• en(x) . 

An sin k x n 

Bn sin kn(a - x) 

0 < x <t 

t <x Ea 

(2.32) 

where Eqs. (2.26c) and (2.26d) are satisfied, with kn2  = 

The boundary conditions at the interface (x a t) allow to write 

An sin knt = Bn sin kn(a - t) 

An cos kntrBn cos kn(a - t) 

where Cr=  c/co a relative dielectric constant of second medium. 

Note that a transcendental equation can be obtained by dividing the 

previous expressions, 

c tan knt = co tan kn(a - t) 

Before evaluating the constants An  and Bn, the particular case 

t = a/2 must be considered for which an inconsistency arises. For this 

case, the conditions at the interface can be written as 

(An - Bn) sin (kn a/2) a 0 	(2.33a) 

(An Cr Bn) cos (kn a/2) a 0 	(2.33b) 

Then, if 

(i) sin (kn  a/2) 	0 , then kn  a/2 = n TE 	ken nia 

and Bn  = - (1/c 2) An  

Thus, for this case 

An sin (271 n x/a) 
	

0 x t 
ex(x) a 
	

(2.34) 
- An(1/cr) sin {.(21n/s,) (a - x) 	t .‹.--, x < a 

It is known that the orthogonal condition for the electric field 

can be expressed as 



-98- 

fa c r en(x) em(x) dx = g mn (2.35) 
0 

Thus, using Eq. (2.35), it. is possible to obtain an expressions 

for. An, 
  ot 	 a 

AnAm  sin(2n7tx/a) sin(2m7tx/a)dx + 	cAnAm(l/e2 )2. 

- sin 1(2nTE/a)(a - x)3 sin ;(2nrru/a)(a 

A2  I (t/2) + (a t)/2c2 	=1 

An2 	2e2  / {c 2t (a - 

and, as t = a/2, 

An = 2 2  /(c2  + 1)a )? *  t.  
then 

2 1,c 2/( c2  + 1)e. 	sin (2Ttnx/a) 	0 x a/2 

en(x) 	 (2.36) 

	

- 2 [2./e2(e2, + 1)a13 -fr  sin 	(211n/a) (a - x)7sa/2.4-,.'x 	a 

(ii) cos (kn  a/2) as 0, then kn  a/2 = (n - 	kn  (2n - 1)7t/a 

and An  Bn. 

Thus, for this case, 

	

An  sin (2n - 1)7t xia 3 	0 .“ t 

en(x) 
sin .1(2n - 1)n (a - x) 	t < x a 

Again using the orthogonal relation Eq. (2.35), it is possible to 

evaluate An; after some algebraic manipulations, it follows 

An 	2/ 1.(1 + 92)6;1*  

such that 

+ cda S4  sin (2n - 1)'n x/a 	0 L-x 
en(x) 	 (2.37) 

2 	(1 + c2)a. 2  sin 	(2n - 1) Tr(a - x)/a, a/2 x 

It is thus possible to assume that the expansion is a linear combination 

of cases (i) and (ii), 

- x) dx = mn  



n even 

(c2)1sin(nnx/a)1 

n even 
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(e2  + 1)a] 4  / 	sin (nrix/a) + 
n odd 

n odd sin {nr(a x)/sA 

sin(nnx/a)i 

0 x a/2 
(2. 38a) 

n even(  2 )kincinn(a-x)/ai 

a/2 x a (2.38a) 

If t y  a/2 

(An Bn cos kna) '6.1in  knt + Bn sin kna cos kn
t m 0 

(coAn + an cos kna) cos knt + eBn 
sin kna sin knt . 0 

A similar analysis.leads to 

2/ {e2t + (a - t) 	sin(nnx/a) + 

n odd 

2/ ze2t + (a - t) 
n odd 

0 ■-• x.., t (2.38b) 

sinnn(a - x)/a ,.. 	(1/e2)2sin nn(a-x)/a 
i 

n even 

t 	a 

Before substituting  these expansions, Egs. (2.35) and(2.38a),into 

the-integro-differential equations (2.29), let us analyse these. They 

can be written in a compact form as 

 

bM ms 

      

     

an IC 

bin M Ms 

(2.39a) 

       

       

an Lns 
n 

    

(2.39b) 

     

where 
a 

2 	2 .1 	1 2 	2. 
G 	+ k 	) h oc)  + kis  + k 

2e - p )h kx) 	(x) 4x — 
0 

ms 	r m 	o r 	m 	s 

iNI  ko
2  er  hm  (x) hs (x) dx 

o , a 
i Kns 	oc oz p 	c  r  en(x) hs(x) dx 

0 

(2.40a) 

(2.40b) 
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a 
11 

Lns 	( ,6
2 
+ ko

2cr) sr en (x) + (
2 + ko  2cr  - p2)en(x) ies(x)dx + 

0 

2 5

a 
 Cyan (x) es(x) dx 

0 
a 

1 
NIS is 	j(0114p 	or m(x)  cs(x)dx = (11,40,/o0)

c0)  
Kam  

0 

(2.40c) 

(2.40d) 

2.7 Evaluation of Gms  

In Eq. (2.39a), substitute hm  by (p2 - 2 	(Eq. (2.26a), 
a 

G 	‘i.c/2 	2 	2 	2 	2 k 	ks  cr) (, + ks  cr  - B4m)hm(x) hs(x)dx 
o V a 

ks2 or  h:(x) he(x)dx 	(2.41a) 
0 

where 7a2tm  . (ran/a) 2  p2. 

In Eq. (2.40a) there are integrals of the type 

a 
jrcr h m(x) hs(x) dx, 
0 

where a in an integer, positive value, such that a ® 0,1,2,... 

The above-mentioned integral can be split into 
t 	 a 

1a  in  hm(x) hs(x)dx + c2a  jr- hm(x) hs(x) dx 

a  S ins 	cc1)air e2  	hm(x) hs(x) dx 
0 

where c2 m coo . relative dielectric constant of medium 2. 

Using Eq. (2.26a), the following relationships can be established 

p2)st  hm(x) hs(x) dx 	- 	h: (x) hs(x) dx 
H,m 

• hs(t) h:(t) +f h:(x) hts  (x) dx 



hm(t) h:(t) 

Finally, combining both 

and t 

(16J:s - P2) j hs(x).hm(x) dx 

• 

+./ hs 
(x) hm (x) dx 

relationships, 

-Shs(x) hm(x) dx 
0 

t 
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ct  
h m (x) hs(x), 	jhm(t) h's(t) - hs(t) hra(t) 	(6H2m  

jo 

The second term appearing in Gms  

a cr t 	a (x S 	hm(x) hs(x) dx gra (c2  14 0 k - t) h:(x) hs(x) dx 

o (c2 - 1) h: (t) hs(t) 

where cr  a u(x) 	(c2  - 1) u (x - t) c2u (x - a) 

We must differentiate the two cases m s and m s. 

(i) m ° 

mm ST 

ja 
( 2  ko2cr) ( 	kc O r MM 2 (x)dx - 

0 

k 2f h (x) h (x) dx o r m 	m 
where 

h s  (2/a) cos (mTc/a) 

There are integrals of the type 

st h
m
2(x)dx 	(2/a) ir cos2(mnx/a)dx 	sin(2m TC T)/2M TL 

where t t/a. 

There also integrals of the form 

cr  hm  2(x)dx 
ir 2 1a hm (x)dx 
0 

a ra 
c2 
	hm  2(x)dx 

a c 	
a t 

(1  - c2)
I 

hm2dx 0 
2 • 

c2.4. (1 e 2) + (sin 2m7tT)/2 MTh Mt 

cc c2(2. -T) + (1 	Cc25 (sin 2mIET)/2mir 
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And finally, 

hm
2(x)dx 	1 

'Thus, 
2 2 

mm   7  ( - 6H,m2  ) + ko2(2 -622Hon) 	+ C2(1 - 	+ (1 - c2) . 

(sin 2mItt)/2mit + ko4  t + C:(1 	) + (1 - C22 )(sin 2MILT )/2miti+ 

k0
2(c 2 - 1) (mom/a2) ain(2" mrr) 

(2k Gmm 	4  + 2  02  T + c2(1 --r) + (1 	c2)(sin 2mitt)/2m71- 2iitH ) + 

ko4  "C e:(3. - ) + (1 	C22)(Sin 2mlt T)/211111- 	k 	(e2-1)(eVa.2)sin(2mIlt 

r6 2Htm 	C 2(1 t ) + (1 - e2)(Sin 2m7r9/2m IT]) 	 (2.41b) 

(ii) m ¢ s 
a 	 a 

, 2 	 c  Gms  a 5 kr4 	ko2 cr  ) ( -62 + ko2 er  n 2  i,m)hm(x)hs  (x)dx ko 2 	t rhm(x)hs  (x)dxa0o  
a 	 a 	 a 

ko2(2 2 - 2  ) il  c h (x)h (x)dx + k 4 S e 2h (x)h (x)dx -2 Se th t (x)h (x)cbca i 0H,m 	r m 	s 	o 	r m 	sz. 	o 	rms 
0 	 0 	 0  

it- 
2 (1- c2) ..mcos en sin mr_rn.  r -scos ml_..L_._l_tL...1_1sTcr 	k02  2 ic - Z ra,1211- (l+c2)ko

2 
 

2 	2 

m2 - s2 

2 MTC 
- ko

2 (1 - 2  ) a a sin(mnT) cos(snr) 

G 	2(1-c2) k0
2 	^62  

MB 	
m,}1

+O.+ -2 )ko2] [tacos (sirr)sin(mrr)-scos (mnrisin(sItT)  
2 

2 , r 

	

M 	s  

- to(7ga)2 sin(mIrr)cos(snr) 	 (2.41c) 
where again T = that. 

2.8 Evaluation of L n$  

Ls 	
t jack 2  +k 	) (+ko r 2e - )( )e nkx)eskx)dx-k 2 Sa crCr en(x)es(x)dX n 	ru o

2 
 r uE

2
,n 

(i) n a $ a 

a 

0 

For this case, 	eren
2(x)dx a 1 



51 (1 4. c 2 )a 

A 

S3  

(c2 	if it even 

{ 1 if n odd 
where (2.43) 
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a 

o 
ca 
r  en  2

(x)dx .. j 
o 

t 	 a 	 t 	
a-1 

e
n
2(x)dx.  + c

2 S en
2(x)dx ... f eii(x)dx+

2 
t 	

o 

t 

(1- f ei i(x)dx) 
o 

i 	 . 	 a-1 	
t 

 - 
+ 

	

?-3. 1 	0-1\ 5 2 	
2 	

2 5 	2 
(nnx/a)dx 

2 	‘ 	2 i 
en  (x)dx n ca-1 +(1 -c

2 
)A

n 	
sin 

 
o o 

where 

for 21 odd. 

for n even 

(2.42) 

a 	 a -1 2 

	

(1 -1 	 )A 	(V2) - sin(2nTr)/(4n7t/a) ji 
r 
a 2 

n c e(x)dx .. c
2 	

+ (1 - c 2 	n  
o 

a -1 
C2 	+ (1 - c2-1) 

Ant  (a/WI) /L2nirr - sin(2nrr) 

E2-1 	 ca-1 2 	 N-1 2 	+ (1 - 2  ) 	(1 + c2 ) 	.21.111't - sin(2nitt) 	inn 

and 	of > 1 . 

a 

cr
t 
 (cren  (x)) en(x)dx = f (c 2  - 1) S (x t) (crent (x)) en(x)dx 

(21) (crenI KI 	en(x)1 (nnia) An
2
(c

2
-1) sin(2nnt) 

x=t 

where A
n 

is still defined as in Eq. (2.42). 

Finally, 

Lnn 	-6 	ko k2.6 	1c2+(._ c2)(1+c2)-3. 0
2(2,17,_ 

 nE 	
T 	sin2nirr )in it 3 -I- 4 	2, 

k 
o  4 
 {c2  + 2 	(l-c22)(14-c2)-1  132(2n rc - - sin 2n79in 	+k

o
2(n TE/a)An

2 
 

(1 - c 	sin(2n "r) 
	

(2.44) 

where 13  is defined in Eq. (2.43) 
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(ii) n yi 8 

There are integrals of the type 

a 
cr  en(x)e (x)dx Ing (1- cc''2-1) 	en(x)es(x)clx 	ors 

t 
(1 c2 1) AnAs ir sin(nItx/a) sin(snx/a)dx 

a- 

(1-cm-1)AA 	sin(n - Orr  - 	sin(n + sin(
) 2 	 n s 	 n + s 

• 

Thus, 

(2.45) 

2 , 	2 	2 	2 ( (1- c2 ).A.nAsz ko 	k2-6 - 	..).+(l+c-)k 	Itta2 1Dr 	sin(n+s)nr 	+ Lns 	 V nt; 	z o 1 noms 	n+s 

ko2  AnAs(nTri2a)(1-c2) sin(swr) cos(nIrr) 

2.9 Evaluation of Mms  and K 

a 
W11 pi C 	h

m 	 Oki 
(x)e (x)dx p i* `r p(c2  -1)h m  (t)e a(t) 

0 

	

ms 	o aty 	
I'  

	

Mms 	0410  r6 p (c 2-1) (2/a) cos(mlrr) As  sin(sTr) 

M 	 p(e2  -1)(2/a) 	sin(2mnr) 

	

ram 	o  

(2.46) 

(2.47) 

ms au  ( coh• 0  )11am 	03% i?j P ( C2 •• 1)(2/a) Am  sin(mirt) cos(srt) 	(2.48) 

, 
Kmm 	jwco7P(c2  1)(2/a)2  Am  sin(2mwr) (2.49) 

2.10 Determination of 7  
Once the expressions for Guts, Lns,Kns  and Mras  are known, Eqs. 

(2.39) must be used in order to evaluate 9 for a given frequency 

(or a given value of k0). 

0 



- 105 - 

Thus 

bm Gms 	an n Kns 
n
) 

an Lns wm 	b M m ms 

can be written, omitting suffixes, as 

K 

- L 

G is a square matrix, then 

b 	G-1  Ka 

Hence 

(11G 1K-L)a = (0) 

det 

 

b 
	

0 
13 
	

(2.50) 

a 	0 

Thus 
G 	-K 

 -L 
	0 	implies 	(2.51) 

det (MG-1K-L) m 0 	 (2.52) 

Solutions for is may be obtained either from Eq. (2.51) or Eq. (2.52). 

The advantage of Eq. (2.52) is that this determinant is smaller than 

the determinant of Eq. (2.51), the disadvantage being on the cost of 

inverting G. 

In the following Chapter some numerical examples will be shown and 

all the possible complications will be pointed out. 
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CHAPTER 3 

NUMERICAL DETERMINATION OF PROPAGATION CONSTANTS IN A DIELECTRIC-
LOADED RECTANGULAR WAVEGUIDE FOR THE DOMINANT MODE  

3.1 Structure configuration 

The cross-section of the structure that will be analysed is 

shown in Fig. 3.1 

where the thickness of the slab is (a - t) and its relative dielectric 

constant is 421.. 

It is known1'2 that for this configuration, the dominant mode is the 

H10  mode or longitudinal-section electric mode LSE10, characterised 

by the electric field parallel to the slab and no variations of the 

fields along the dielectric-air interface. 

In order to simplify the problem, the values of the dimensions 

and of the parameters will be as follows, 

a = b = IC 

t = a/2 = n/2 

E2  = 2.45 

Thus, the problem is really the determination of the propagation 

constants of a square waveguide filled with a dielectric slab, of 

relative dielectric constant equals to 2.45, and placed at one side 

of the waveguide wall. 



- 108 - 

3.2 	 EriaLL229121L2m)ression for evalu 

Instead of using the general expressions derived in the previous 

chapter, it will be much easier, for this particular case, to derive 

a particular expression. 

The starting point will be Eq. (2.25a), with p = 0, giving 

 2 ' (x) = 0 (3.1) ( 2  +k c)f
ft
(x) + 	2 + k 2c )2f(x) - Er '  k. f 

o2 r 	o r 	o 
where 

Hz  = f(x) cos(py) exp(jwt - Tz). 

From Eq. (3.1), rearranging terms, 

( U 2 + k o 2c  r ) f (x) - Er,  ko
2  f(x) 

( 1̂6 2 + k o 
2c r) 

f(x) = d f
i
(x)  

"a7 L ( 2 .2 
Ko c)  r 

(3.2) 

Integrating both sides of Eq. (3.2) between 0 and x, and remembering 

that f
1 
 (0) = f (a) = 0, 

x f(x)ax 

0 

f (x) (3.3) 
ko2cr  

 

and 

!la  f(x)dx = 0 
	 (3.4) 

Eq. (3.4) implies that if for f(x) it is possible an expansion of the 

form 

f(x) = 

 

an cos le x, In (3.5) 

   

n= 

then ao = 0; thus 

OD 

f(x) = 	 an cos ^v x on 
n=1 
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where -Y
n  = 	= n, o 

f(x) 
	

an cos nx 
	 (3.6) 

n=1 

and, for numerical evaluations, the f(x) expansion is truncated such 

that 
N 

f(x) = 	an cos nx 
	 (3.6b) 

n=1 

Rearranging Eq. (3.3), 

f
1
(x) = 

x 
2 - (^6 + k o 2c r) $f(x)dx 0 

Using Eq. (3.6), and solving 

 

an . n sin nx = 
-62 + ko

2cr) an 
. (1/n)sin nx 	(3.7) 

   

n=1 
	n=1 

Now, multiply Eq. (3.7) by sin mx and integrate between 0 and a = n, 

a 
OD 

7-7  an . n 	sin nx sin mx dx 1  	= 

n=1 

a 

/0.1(,..52+ k2c r
)sin nx sin mx. 

o  
.dx 

(3.8) 

Due to the orthogonal condition 

fa 
0 

sin nx sin mx dx = 	S 2 mn 

it is possible to obtain the following relation 

m am = (am
/m)'-62 + ko2 E (an,n) Pmn n 

where 	a 

Pmn 
= 

a 	
c
r 
 sin nx sin mx dx 
	(3.9) 

0 
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Thus, it is possible to write a final expression, in matrix form, as 

follows 

2 r k„.. 	- D2 +ko
2 D P DD (a) 	= 	CO) (3.10) 

where:- 

I is the identity matrix defined as that matrix with the main 

diagonal filled with l's and the other elements equal to zero. 

D is a diagonal matrix defined as diag (1,2,3,...n] , although 

in general it could be defined as diag C-6H, 1 ' 	2°  • • • ' ?CH, n) • 
P is a general matrix with elements Pmn  as defined by Eq. (3.9). 

Eq. (3.10) is still susceptible to further simplification as follows 

42  I - D2 + ko2  DPD-1] a = D [12 I - D2 + ko2F1 D i 	= [0] 

(3.11) 

Solutions for this equation can be obtained from 

det( _62 	_ D2 ÷ ko2 p) 	0 	 (3.12) 

Notice that Eq. (3.12) is of the form 

det(XI - A) = 0 

which is the standard equation for the solution of an eigenvalue 

problem, where the X are the eigenvalues to be obtained. For our 

case, X = -6 2  and A = D2 ko
2P. It is for this reason that Eq. (3.12) 

can be solved by computer using standard subroutines for eigenvalue 

problems. Before doing so, an expression for Pmm  and Pmn will be 

obtained, 
a 

Pmm = (2/a) sr cr sin
2 mx dx = t 	c2(1 - t) + (cr-1)(sin2mitT)/(2mn) 0 

where T = t/a = 1/2 
a 

Pmn = (2/a) 	cr sin mx sin nx dx = (2/a)(1-c2) 	
sin mx sin nx dx = 

(1 	c /a) ;. sin (m - n)t 	sin (m + n)t  
2 	m n 	 m n 

and for our particular case 



Pmm 	= 	0.5 + 0.5 

Pmn = - (1.45/'1") 

* 2.45 	= 	1.725 

sin (m - n)n/2 sin (
m  
m + n)n/2 \ 

(3.13) 

(3.14) m - n  +  n 

The cutoff frequency can be evaluated by equating I= 0 in Eq. (3.12), 

then k
c 
is obtained from 

det(k
c
2P D2) = 0 

or 	det(kc
2I - D2P 1) = 0 	(3.15) 

3.3 Properties of ( -62I - D2  + ko2P) 

For the case we are considering, Eq. (3.12) satisfies the 

condition 

M = (-62I D2 + ko
2P) = MT 

where MT is the transpose, if -6 2  is real. In fact it is so because M 
is a real and symmetric matrix. Also, because M is real and symmetric, 

it is also Hermitian3'4. 

It is well known that the eigenvalues of an Hermitian matrix are 

real, and eigenvectors belonging to different eigenvalues are orthogonal. 

Obviously, as I and D2 are always real and symmetrical, and 

since the eigenvalue problem is of the form 

det (XI - A), 

where X = 12 and A = D - ko2P, the matrix A is determined. Since P 

issYgunetricandreal,"asymetricmatrixisothata'a. and aid 	ji 

A =AT.IfXi  and X.3 
 are eigenvectors that belong to the eigenvalues 

Xi 	J 	1 	J 
and X., where X. / X., then X. and X. are orthogonal vectors, then 1 	J  

their scalar product vanishes, or 

X.1  Xj  . 211 X. X1  
. gm 0 	 (3.16) 

J  



since A = AT. Postmultiplying Eq. (3.18) by X., 

Xi 

• 

A - X.X. 
(3.18) 
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By definition, Xi  satisfies the eigenvector equation 

AX1 	X1X.1 	 (3.17) 

Taking the transpose of Eq. (3.17) and using the reversal law of 

transposed products, it follows 

X A X. - -X.X%1  X 1 	j 	,A1 	j 

The vector X. satisfies the eigenvector equation 

AXi  . 	ffi 	X. X. 
J J 

(3.19) 

(3.20) 

Subtracting Eq. (3.20) from 14. (3.18) 

O . (Xi  - Xj)XT Xj 	(3.21) 

Since X.1  i X., the following relation is obtained 

Xi Xj . 0 
	

(3.22) 

Then X.1  and X1 
 are orthogonal. 

As A is a real symmetric matrix, all of its eigenvalues are real, 

If X is a typical eigenvector of A, then 

A X - X X 
	

(3.23) 

The complex conjugate of this equation is 
* * 

AX 	A X (3.24) 

where the symbol * denotes the complex conjugate. As A is real, is 

unchanged. The transpose of Eq. (3.24) is 

XT* A - A X T* 
	

(3.25) 

Postmultiplying Eq. (3.24) by X, the following relation is obtained 

T* X A X - X*  XT*  X 	 (3.26) 

Premultiplying Eq. (3.23) by XT , 

XT*  AX=XXT*  X 	 (3.27) 

Subtracting Eq. (3.27) from Eq. (3.26) 

O - (X*  - X )1e1"  X 
	

(3.28) 
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. If X consists of the elements x1,  x2,  x3'...,xn, then X X is the 

sum of the square of the absolute values of the elements of X. 

Hence, X X is a nonzero positive quantity and, therefore, satisfies 

Eq. (3.28), 

i.e. X
* 	

(3.29) 

Eq. (3.29) implies that X is real. 	Since X is a typical eigenvalue„ 

all the eigenvalues of A are real numbers. 

The eigenvalues of C B-1AB are equal to the eigenvalues of A. 

The characteristic polynomial of C is given by 

(c - XI) = (B-LAB - XI) . B-1(A 	xI)B 

Therefore the characteristic polynomial of C, q(X), is given by 

q(X) det(C -XI) . (det B-1) det (A . XI) det B 

and since det B-1 = 1/det(B), 

q(X) = det(A 	X1) = p(X) 

where p(X) is the characteristic polynomial of A, then it is evident 

that the matrices A and C have the same characteristic equations 

q(X) m p(X)  m 0  

Thus the eigenvalues of C and A are equal. The step from Eq. (3.10) 

to Eq. (3.11) is then justified, and all the eigenvalues obtained from 

Eq. (3.12) are real. 

3.4 Program description 

In this section information is given which should enable the 

reader to apply the programme included in the Appendix to specific 

configurations of interest. Examples of its use are given in Section 

3.4. The programme is written in Fortran IV and has been applied with 

a CDC 6400 computer. 

3.4.1 Data input  

The values of the parameters are given as separate instruct.. 

ions El and E2 are the relative dielectric constants in medium 

1 (air) and 2 respectively. A is the width of the waveguide and B 
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is the height. The value of B is not necessary for the evaluation of 

the propagation constant of the dominant mode, but.it will be necessary 

when, as shown in Section 3.4, the'cutoff frequencies of higher order 

modes Eno are to be calculated. T is the width of guide filled with 

air. 

The next data statements are:- 

'The values of the incremental step for ko, DELKO; the 

maximum number of terms used in the expansion,(i.e. the value of N in 

Eq. (3.66)) and indicated as KJ; finally, the number of points on the 

ko axis (or different frequencies) where the propagation constant 

should be evaluated. 

3.4.2 Dimensions  

The required dimensions of all the matrices and arrays 

are related to KJ, the maximum number of terms used in the expansion 

for the field. For the program annexed in the Appendix, it was • 

supposed that the maximum value for KJ is 10 and the matrices are 

accordingly dimensioned. 

Table 1 lists the matrices that must be dimensioned and 

indicates how the dimensions relate to KJ. 

Table 

a. Main Program  

Matrix 	 Dimension 

P, DI, Q, DD 	 KJ, KJ 

DET, Z, D, R, PIPI, ER, EI, ITS 	KJ x KJ 

BETA 	 2KJ 

b. Subroutine MINV 

Matrix  

A, L, M 
	

KJ x KJ 
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. 3.4. 3 assylp- mA922...2ssma 
As was mentioned earlier, the program will be used to 

evaluate cutoff frequencies and propagation constants for different 

frequencies. As the value of the cutoff frequency is used for deter-

mining at which frequencies the propagation constant is to be evaluated, 

the first part of the programme will calculate the cutoff frequency 

of the dominant mode of the particular configuration, according to 

Eq. (3.15). The determination of the cutoff frequency, using different 

terms in the expression, or in other words, expanding each time the 

matrices D
2 
and P-1, is done inside the DO loop 50, where KON indicates 

the number of terms used in each expansion. 

Note that in this DO loop, the matrices D2  and P-1  in Eq. (3.15) 

correspond to DI and Q, respectively, in the loop. In DO 21, the 

elements of the matrices D2 and p are obtained. In DO 22 the matrix 

P is stored columnwise in a matrix Z, and is then inverted using the 

subroutine MINV. This subroutine is a standard one in a subroutine 

Package% and the reader is referred to the reference for more details. 

In DO 33 the inverted column matrix Z is transformed again to a square 

matrix and stored in Q. 

DO 24 is used to multiply the two matrices DI and Q. Hence 

subroutine FO2AFF is used to evaluate the eigenvalues of the product 

matrix. The general declarative statement of this subroutine is 

FO2AFF (A, IA, N, ER, EI, INT, IFAIL) where 

- A is a two dimensional array N x N that contains the matrix 

which eigenvalues are to be calculated. The original matrix 

is destroyed in the computation: in our case DD is equal to A. 

- IA is an integer which states the first dimension of A as declared 

(in our case, IA cm 10 because the dimension of DD is (10,10)). 
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• N is an integer, equal to the order of the matrix. It is a 

varying value given, in the programme, by KON. 

- ER is an array of dimension N, in which the real part of the 

eigenvalues are stored. 

• ET is an array equal to ER, in which the imaginary parts of the 

eigenvalues are stored. 

INT(N) is an array used as working space. 

If two simultaneous eigenvalues are found, the first will 

be indicated with a positive sign and the second with a negative one. 

IFAIL (LZ in the programme) is an integer that can be 

either 0 or 1. On the entry stage, a 0 means a failure of entry; a 1, 

means error detected, but no message is written. On the exit, a 0 

means success and a 1 means that no eigenvalue was found after thirty 

iterations. 

In the following steps, the smallest eigenvalue is stored 

in PIPI(1), and this is the value of the cutoff frequency for the 

dominant mode in the waveguide analysed. 

Different values of cutoff frequency, each corresponding 

to a given number of terms in the expansion, are printed. 

The best approximation tQ the cutoff frequency is stored 

in WIN. After this all the digits after the first significant digit 

are eliminated and this number is stored in VKO (which stands for value 

of k). For instance, if the cutoff frequency is 0.74596639,  the number 

stored in VKO will be 0.7000. Adding to this number the value of the 

incremental step stored in DELKO, the first value of ko, at which the 

propagation constant is to be calculated, is obtained. 

The propagation constants at different frequencies and 

using a varying number of terms in the expansion are evaluated in the 

DO loop 1. 
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The first value of ko is fixed and stored in VKO, and 

printed. Then, in DO 2, the elements of the matrices D
2 and P, that 

appear in Eq. (3.12), are evaluated. The resultant matrix corresponding 

to (-D2 ko
2 
 P) is stored in a matrix called P. This matrix is then 

stored columnwise into the array D, and its eigenvalues are then 

calculated by means of the subroutine EIGEN6. An improved version of 

the subroutine that appears in the reference has been used. The calculated 

eigenvalues are stored in the array BETA using DO 3, and the number of 

terms used in the expansion and the corresponding value of S2 are printed. 

Likewise, the associated value of the eigenvector, stored in the array 

R, is printed. 

The process is repeated, for the same value of k0, increasing 

each time the number of terms in the expansion. When the maximum 

number of terms is reached, a new value of ko is fixed and the process 

is repeated. 

3.5 Exam11.e2 . 

3.5.1 a= n, t . a/2, e2 	2.45 

The output of the program in the Appendix corresponds to 

this case. The results are compared with analytical results obtained 

from solving the corresponding transcendental equation for this case 

and with the curves obtained from Harrington7. Table 2 shows the 

results for the cutoff frequencies and the differences between them 

and the analytical solution. In Table 3 are the results for the 

analytical value of p for different values of ko  and the corresponding 

values of 0 calculated with the programme, using 1 to 5 terms in the 

expansions. Differences between the analytical value and the values 

using 5 terms in the expansion are also shown. 
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Table 2 

Cutoff Free 

Analytical Solution kc  .., 	0.745925 Differences 

Number of terms in 
the expansion , 

0.761387 0.015462 1 

2 	. 	• 0.74650705 0.000582 

3 0.74648319 0.0005582 

4 0.74604502 0.0001202 

5 0.74604417 0.00011917 

6 0.74596639 0.0000414 

From Table 2 and 3 it is evident that a good approximation is 

rapidly achieved with a few terms. It can also be seen that as the 

frequency increases more terms should be used in order to get an 

approximation as good as the one obtained at lower frequencies. 

To give an idea of the computing time, on the CDC 6400 

computer, 5 different values of cutoff frequency and the evaluation 

of the Propagation constant at 10 different frequencies, and at 

each frequency evaluating 5 different values of the propagation constant 

(taking 1 to 5 modes), takes 3.4 seconds. If the programme is not 

listed and the propagation constants are evaluated at 12 different 

frequencies, the time is about 3.5 seconds. 



Value 
of ko 

3 terms 	4 terms 1 term 	2 terms Analytical 

0.39664 

0.693827 

0.92296 

1.12695 

1.31793 

1.5023 

1.68175 

1.85817 

2.03255 

2.20526 

0.3224903 

0.6302777 

0.8514693 

1.042713 

1.2181954 

1.3839256 

1.543049 

1.6974245 

1.8482424 

1.996309 

0.39350427 

0.691308 

0.9199623 

1.123346 

1.3138542 

1.4968404 

1.6750539 

1.850036 

2.0226976 

2.1935933 

0.393649 

0.691513 

0.9203058 

1.1239171 

1.3147694 

1.4982475 

1.6771284 

1.8529766 

2.026718 

2.1989173 

0.3956722 

0.6953226 

0.922322 

1.1262505 

1.3174727 

1.501347 

1.680631 

1.8568734 

2.030988 

2.2035287 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

Table 3  

Propagation Constants  

5 terms Difference 
between columns 

2 and 7 

0.3956774 0.0009626 

0.69333 0.000497 

0.922335 0.000128 

1426271 0.000679 

1.3175064 0.000694 

1.5014 0.0009 

1.68071 0.00104 

1.8569857 0.001184 

2.0311436 0.001406 

2.2037385 0.0015215 



- 120 - 

3.5.2 Wt....1yeaiiectelysttrLLELandcoletelfilledt=mn .._..2(q 

Both cases can be solved exactly, so exact results can be 

used as a comparison. In fact, Eq. (3.12) for these cases, reduces the 

same exact equation and obviously the results obtained match perfectly 

with the analytic ones. 

Table 4 and 5 show the results obtained. 

Table 4  

22....rtalfmxenc and Propagation Constants 
of the 27121.1 

1.00 0 

1.10 0.4582576 

1,20 0.6633249 

1.30 0.8306624 

1.4o 0.9797959 

1.50 1.1180339 

1.6o 1.2489996 

1.70 1.3747727 

1.80 1.496663 

1.90 1.6155494 

2.00 1.7320508 

2.10 1.8466185 

2.20 1.9595918 

Computer time for evaluating Table 4 : 2.9 sec. 
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Table 

Cutoff Fruu21227 and Propagation Constants 
of a Guide Fillet 

Dielectric Constant = 2.45 

ko  

0.63887656 0. 

0.7 0.4477723 

0.8 0.75365774 

0.9 0.99221973 

1.0 1.20415945 

1.1 1.40160622 

1.2 1.58996855 

1.3 1.77214559 

1.4 1.94987179 

1.5 2.12426457 

1.6 2.2960836 

1.7 2.46586698 

1.8 2.63400835 

Computer time for evaluating Table 5 : 2.8 sec. 

3.5.3 t a/4 and t 3E1/4 

In Tables 6 and 7 results are found for the case 

when the slab occupies 4  of the width of the guide and -71-, respectively. 

ielectric of Relative 
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Table 6 

Cutoff Frequenc, and Propagation  Constants 
of a Guide  Filled with a Slab of Relative 
Dielectric Constant = 2.45 and Occupying  

j of the width 

ko 8 

0.6553772 0. 

0.7 0.3760836 

0.8 0.7020235 

0.9 0.94449508 

1.0 1.15733046 

1.1 1.3546684 

1.2 1.542547 

1.3 1.72412516 

1.4 1.90125892 

1.5 2.07512597 

1.6 2.24651478 

1.7 2.4159749 

1.8 2.58390168 

Number of terms used in the expansion = 5 

Computer time for evaluating results in Table 6 = 3.64 sec. 



- 123 - 

Table 7  

Cutoff Frequencies  and Propagation Constants  
of a 	e Filled with a Slab of Relative 
Constant  .- 2.45 and Occupyir 	of  the width 

ko 

0,92989087 0. 

1.0 0.4012898 

1.1 0.6433766 

1.2 0.83392935 

1.3 1.00367868 

1.4 1.1627602 

1.5 1.3161177 

1.6 1.466699 

1.7 1.6164902 

1.8 1.76690976 

1.9 1.91896154 

2.0 2.0732875 

2.1 2.23019568 

Number of terms used in the expansion . 5. 

Computer time for evaluating results in Table 7 = 3.72 sec. 

All the results of Sections 3.5.1 to 3.5.3 are plotted in Fig. 3.2. 

Guid 



- 124 - 

1.2 	1,6 	2, 
; 	 - 

- Fig.3.2„ Propagation  constant fora rectangular waveguide,partially 

6,4 

filled with dielactric, 6::7-'2.-4.5 60 



Casey's method This method 

k 
0 5 

0.685 0 

0.7 0.185 

0.8 0.62 

1.0 1.12 

1.2 1.53 

1.4 1.94 

0 
0.19625 
0.61538 
1.110073 
1.527906 
1.923186 

k 
0 
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3.5.4 c2 	3' t = a/2 

This case was analysed in order to compare the results 

obtained by this method with the results obtained by Casey8. The 

data read from Casey's graph are very approximate because of the 

size of it. 

Table .8 

3.5.5 Eal2Lfka...aE1221E122s...ssEiu:...L.,,a2eits- 
For -6. 0 (13 ag 0), the expressions for K and M in 

Eq. (2.50) become zero, such that G and L are zero independently. 

This characteristic allows us to evaluate the cutoff frequencies 

for higher order modes LSEne. 

Eq. (3.15) can still be used, but now the matrix D2  

will be affected by the quantity p 	tTE /b; so, 

D2 . diag(d12  d22. 	dr,2) 

where dn
2 
. (27c/a)2 + p

2, where n = 1, 2, 

The case that will be analysed is that of a square waveguide (a  . b) 

half-filled with a dielectric slab of relative dielectric constant 

c2 . 2.45. For this case, if a m I and we are interested in the 
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cutoff frequency of the mode LSE11. 

dn
2 = n

2 + 1, such that 
dig 2, d2

2 
ma 5, etc. 

The results obtained are in Table 9. 

Table 9  

Cutoff frequency for LSE mode 

k 
 

Analytic solution 1.0369 

1 term 1.07676 

2 terms 1.03834 

3 terms 1.0381366 

4 terms 1.0371013 

5 terms 1.0370939 

6 terms 1.0369082 

3.6 Amplitudes of the modes  

For the case analysed in Section 3.5.1, when t a/2, the eigen- 

values corresponding to p.
2  
 were evaluated and these values give 

information about the amplitude of the expansion modes, according 

to Eq. (3.11). In other words, it is possible to evaluate the 

an 
s of the expression 

f(x) . 	an cos nx. n.21 

All eigenvectors are automatically given by the computer 

programme if wanted. For a particular frequency (k0  im 1) the 

following eigenvalues were obtained. 
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Table 10 

Number of 
terms 1 2 3 4 5 

Eigen- 
vectors 1.0 0.981113 

-0.1934354 

0.9808833 

-0.1943963 

0.0088376 

0.9808384 

-0.1940336 

0.0077985 

0.0156905 

0.9808326 

-0.19405835 

0.00779793 

0.01571682 

-0.00097442 

......_..-.. 

0.80931457 
Amplitude 
of 	f(0) 1.0 0.7876947 0.79532463 0.81029384 

It may be seen that the most important modes are the first two. 

In Fig. 3.3 the total amplitude of f(x) is plotted versus the number 

of terms in the expansion. -It should be noted how the total amplitude 

tends toward the value (2/n) . 0.797885. In the same figure the 

differences between the amplitude for each n and the value (2/T) 

are tabulated. 
Amplitude 

5 

Al = 0.202115 
A2 = -0.0101902 
A3 = -0.0025603 
A4 = 0.012409 
A
5  

= 0.00114297 

Fig. 3.3 Amplitude of f(x) as function of the 
number of terms in the expansion 
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3.7 Other eigenvalues 

In the solution of the eigenvalue problem, if N terms are used 

in the expansion, we will obtain N values for 32. For instance, for 

the case analysed in Section 3.5.1., with N = 5 and ko  = 1, the 5 

eigenvalues are 

0.85070155 

-2.3686235 

-7.2630827 

-14.299926 

-23.294070 

The reader will notice that as these values correspond to R2, only 

the first one will correspond to a propagation constant and the other 

four to an attenuation constant. There is then no possibility of 

confusion. 

Unfortunately, this is not always the case. In fact, for some 

values of ko and N, it is possible to get more than a possible propagation 

constant 	> 0). Obviously, only one of these values will correspond 

to the propagation constant of the mode under analysis and the other 

values could correspond to higher order modes or to extraneous roots. 

For instance, for the same case treated in Section 3.5.1, with N = 5 

and ko 1.7, the 5 values for p2 are,. 

4.8564633 

0.40738049 

-3.9498531 

-11.213766 

-20.173975 

Although this kind of ambiguity will not arise in the output 

of the programme, where only the propagation constant is given, it 
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has been mentioned because the occurrence of multivalued propagation 

constants has been analysed by Rhodes9. He showed that for the same 

frequencies there can be different values of (real or imaginary). 

All these facts show how much work must still be done on this 

subject and how many questions are still not answered. For instance, 

if from a given configuration a set of values for rX is obtained, is 

it possible, given a set of values for .r, at a fixed frequency, to 

' obtain a correspondingly unique configuration? Although this analysis 

is out of the scope of this work, it was considered noteworthy 'to 

mention it. 

3.8 Conclusions  

A new method and a user-oriented computer programme have been 

presented and described for calculating propagation constants for the 

dominants mode (TEon) in dielectric-slab loaded rectangular waveguides. • 

Detailed instructions for using this programme were given and an example 

is included to illustrate its use. Data for other examples are also 

given, and all the results show a good agreement with the analytic 

results. The evaluation of the amplitudes of the expanded modes is 

also discussed, as well as the implications of obtaining different 

eigenvalues as solutions of the problem. 
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CHAPTER 4 

Other Applications  

4.1 Introduction 

In this chapter other applications of the method described in 

Chapter 2 are discussed. Some numerical applications are analysed 

as well as the possibility of an extension of the method for dealing 

with different structures, in particular cylindrical waveguides 

and microstrips. 

4.2 A numerical example : the LSMil  mode 

It is a well known fact1 that apart from the Hno  mode (165E10) 

analysed in the previous chapter, the modes of propagation for 

guides loaded with dielectric slabs are combinations of E and H 

mode. Our attention will be devoted to a half-filled dielectrid 

loaded square waveguide as shown in Figure 4.1. 

Fig.4.1. 

As was mentioned at the end of Chapter 2, the values of the 

propagation constants can be obtained from 

det(GI, - MK) in 0 
	

(4.1) 
where G, L, M and K are defined by Eqs. (2.40). 



value of 
determinant 

or = 	- ( 02 - 01) 1 A21 /(t6'11  + 1°21  ) 

\(31- (32 

Pr 
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Although Eq. (4.1) does not look very complicated, its 

numerical evaluation is rather difficult. In fact, we are dealing 

with matrices whose elements are polynomials in P4, P2  and P°, 

where 13 is the unknown to be determined. Obviously when we are 

dealing with matrices of the order greater than 3, approximate 

methods must be applied. 

The method we followed was first to evaluate the cutoff 

frequency for the mode under analysis. This will provide the starting 

point for the initial value for 0. In fact, knowing the cutoff 

frequency, a slightly greater frequency is chosen and S is allowed 

to vary between 0 and another value that we choose as 0.5. For 

increasing values of 0, Eq. (4.1) is evaluated, seeking for a change 

of sign of the determinant. If such a change occurs, the determinant 

must be zero for avalue between the last two p estimates. This 

implies that there is a value of 0 that satisfies Eq. (4.1). It 

is then possible to subdivide the interval, seeking for a better 

approximation for 3. Then a linear approximation can be taken 

as shown in Fig. 4.2. 

FiL7.4.2. Evaluation of roots of Eq.(4.1). 
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Unfortunately, this method is not very accurate as was reported 

'by several authors2'3. There is also the danger of including in the 

solutions extraneous roots, without any physical meaning. It is then 

evident that a more accurate method for determining the roots of 

Eq. (4.1) should be found. Section 4.3.4 suggests alternative methods 

to tackle the problem. 

As was mentioned before, the case to be analysed is that of the 

LSM11 mode for the case of a square waveguide of width n, half—filled 

with a dielectric of relative dielectric constant equal to 2.45. The 

programme and the results are described in the next section. 

4.3 Ziagrammedeascrition 

In the first instructions, the parameters of the configuration 

to be analysed are specified and some constants are evaluated. The 

arrays are properly dimensioned: for this programme the maximum 

order of the matrices is 10. The arrays AL, AG, AM, AK will be used 

to store, respectively, the elements of the matrices L, G, M and K. 

The functions of the other arrays will be specified in the description. 

4.3.1 Cutoff frequency evaluation  

The evaluation Of the cutoff frequency of the mode is 

performed in the'first part of the programme. From the theoretical 

analysis, it follows that when p a 0, the cutoff frequency may be 

evaluated from det(GL) = 0 or from det(L) = 0. In fact, for p ® 0, 

the equations for the axial electric and magnetic field components 

are uncoupled. It is then possible to evaluate the cutoff frequency 

from det(L40) = O. By using DO 1, the elements of L for p 0, are 

evaluated. As these elements are polynomials in k
o
2 and k °, what 

we have done is to evaluate the coefficients of ko
2 and ko°. The 
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order of the matrix L is given by NT. 

Once all the coefficients of ko
2 
and ko°  are evaluated, 

the value of ko  that makes the det(L) = 0 is determined by using 

DO 5. An initial value for ko
2 is given and stored in VIN, where 

YIN < (1/e2). The values of the elements of det(L) for ko2  

(VKOS in the programme) equal to VIN are evaluated and stored in an 

array D .of dimensions (NT, NT) inside the DO 3. When this process 

has been completed, the determinant is evaluated using the subroutine 

F 03 AAF which will be described in Section 4.3.2. The value of the 

determinant is stored in an array DET(K), where K is an integer 

varying between 1 and a number NUF; NUF %41 - (1ie2)j  /VIM, where 

VINT is the value of the increment for the next value of k
o
2 

The value of ko
2 is now incremented by a quantity VINT 

and a new value for the determinant evaluated. This value of the 

determinant is multiplied by the previous one and checked if the 

product is less than 1. If the product is less than 1, this implies 

a change of sign in the determinant. Then it is checked whether the 

absolute value of one of the two determinants is less than 10-5. If 

so, the value for ko
2 
at cutoff will be the one used for evaluating 

that determinant. If not, the interval between the two last ko
2 

is subdivided in three parts and the process is repeated. 

Finally, a value for ko 	is evaluated using the expression 
cutoff 

ko
2 k

o2 

2 - (k22  - k = 	
01
2)IA21 	+1 1lI  cutoff 	

) 

where 	and /A2 1 	are the values of the determinant for ko l2  

Using a matrix of 3rd order, the result obtained for the 

cutoff frequency was 

k
o = 0.76138699 

and ko
2 respectively. 
2 
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compared with the analytical value of 0.761386. Obviously for this 

case the agreement is quite good. 

Before analyzing the second part of the programme, used 

for evaluating the propagation constants, a description of the sub-

routine FO3AAF is presented. 

4.3.2 Subroutine FO3AAF
4 

The general form of the subroutine is 

FO3AAF(D, N, NT, DI, P, IFAIL). 

It calculates the determinant of D using the Crout 

factorisation D = LU where L is lower triangular and U is unit 

upper triangular. The determinant of D is the product of the 

diagonal elements of L. Double precision accumulation of inner 

products is used throughout. 

2222tEL.2iLoLapeters. 

- D is a two dimensional real array which on entry contains the real 

matrix and on exit, unless an error has occurred, will contain 

the Crout factorisation D = LU. 

- N is the name of an integer containing the order of the matrix 

as dimensioned the intial time. 

-. NT is the name of an integer containing the actual order of the 

matrix. 

-. DI is the name of a real variable. On exit it will contain the 

value of the determinant of D unless an error has occurred. 

- P is a one-dimensional working array, of dimension N x N. 

- IFAIL is the name of an integer variable. On entry the value 

of IFAIL determines the mode of failure in the routine. On exit, 

IFAIL indicates the successful use of the routine or acts as an 

error indicator. 
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If, on entry, IFAIL = 0 (hard failure), the programme will terminate 

with with a failure message if any error is detected. 

If, on entry, IFAIL = 1 (soft failure), control returns to the calling 

sequence within the programme if any error is detected by the routine. 

No failure message will be printed. 

On exit, IFAIL = 0 for a successful call of the routine. 

IFAIL = 1, the matrix is singular, possibly due to rounding errors. 

IFAIL = 2, the value of the determinant is outside the range of the 

6400 element. 

Auxiliary subroutines used: FO3A/?, FOlARF and POlAAF. 

The computation of a matrix of order 10 took approximately 0.2 seconds. 

4.3.3 Evaluation of propagation constants  

The evaluation of the propagation constants, at each frequency 

of interest, is done in the DO loop 7. The number of different frequencies 

where 0 is evaluated, is determined by IFIKO. The value of the initial 

frequency is stored in VKO, and the increment in VKO is given by DELKO, 

The initial value for p is stored.in BETIN. The number of terms used 

in the expansion is determined by KK and its maximum value is given by 

NTS. 

In DO 9, the elements of the matrices G, L, M, K are evaluated 

for the corresponding 0 and ko, and stored in the arrays AG, AL, AM and 

AK respectively. As explained in Section 4.1, the value of 0 is changed 

on an iterative basis until a change in the sign of the deterMinant in 

Eq. (4.1) is found. In DO 28 the operation (GL - MK) is performed, and 

using the subroutine FO3AFF the det(GL - MK) is evaluated and stored in 

the array DET of dimension K. If K = 1, the value of 0(BETA) is incremented 

by an amount DELB and the process is repeated. The new determinant so 

obtained is multiplied by the previous determinant. If the product is 

greater than 0, which means that both determinants have the same sign, the 
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process is continued, evaluating a new determinant for a new value of 3. 

If the product is not greater than 0, it implies that the two deter-

minants have different signs and in this interval of P's, there is a 

particular value of 13 that makes the determinant null. Then the 

interval is subdivided by 10 and the complete process is repeated 

until the absolute value of one of the determinants is less than 10-5, 

or until the process has been performed 4 times. In the former case, 

the value of 3 corresponds to the same p that makes the determinant 

10 5, and'in the latter, the value of 3 is obtained using a linear 

approximation as shown in Fig. 4.2. The values of ko  and p are then 

printed, the number of terms incremented, and the whole process 

repeated. 

4.3.4 Results 

For this case, and for the configuration shown in Fig. 

4.1 with c = 2.45 co, the propagation constants for the LSM11  mode 

have been evaluated using the programme in the Appendix. The numerical 

results are shown as output of the programme and in Fig. 4.3-they are 

compared with the analytical results. 

It may be seen that the convergence 	quite good for the 

cutoff frequency, but not as good for the propagation constant. Most 

of the problem appears to be due to the numerical evaluation of the 

roots of Eq. (4.1). 

It was earlier (Chapter 2) suggested that a better 

approximation, but with an increase in the computer time, could 

possibly be achieved using the expression 

det(MG
1K - L) = 0 
	

( 4.2) 
because this determinant is smaller than the one of Eq. (4.2). 
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0.4 	0.8 1.2 	1.6 

Fig.4.3. Propagation constants of LSMil mode in a 

square waveguide half filled with a slab of c=2.45. 

Another interesting possibility would be the evaluation 

of the roots of Eq. (4.1) but this seems a cumbersome task unless some 

kind of simplification could be achieved. 

4.4 H-modes in inhomogeneously loaded cylindrical waveguides  

Consider the structure shown in Fig. 4.4 consisting of a perfect 

conducting cylinder of radius R and a concentric dielectric rod of 

radius r and dielectric constant c. 

2r 	2R 

Fig.4.4. Dielectric rod in a cylindrical wave Guide: cross-section. 
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Let us rewrite Eq. (2.14). 

( 2 1, 2 	:21.1 	( 	/, 2 	2H  _ k  2t7  
Y 	-o cr' Vt 	+( 	-o cr' z 	o vtcr.  

It is known that in cylindrical coordinates(5)  

7t 	P -C111-0p 	a  o;)  

2= 	
1, 	

a ( P 
, 	

a
2w 

t 

	

P 	aP 	ap P 2 	
2 

= iweoy  k( Vterx VtEz) 

(4.3) 

(4.4a) 

(4.4b) 

where u P 	10  and u, are unit vectors in the radial and azimuthal directions 
• - 

respectively. 

Using the relations (4.4a) and (4.4b), the Eq. (4.3) is rewritten 

as 
a H 	a 2H  

( 1.2 + 	 z  k o 
2c 

 r ) 
	

P oP  ( 
P
a p' 

Z‘  + 

P2 	802 

z + ( Ir 2+ ko2er)2Hz-ko2 :ter.7U.tH 
 

jWCoy k. (Vter  x 7tEz) 	 (4.5) 

As e is only a function of p , such that Eq. (4.5) is 
2 

	

OH
1 	

1  a z 	
\

H Ilan 	, 2 
(r2  + k 

2e 
) - — (P --) + -- ---i-2 	o  r z  a  5. + 	y + k

2cil )2 - 
0 r p ap 	4 	p2   

	

de a 	de 
k 2 dp 

r 
 op - 

z _ 	jwedy li . ( -df. 11  x  VtEz) 	(4.6) 
o  

The solution for Hz for H-modes is of the form
(6) 

	

Hz  = f( p) cos MO 
	 (4.7) 

where the variation with z, given by exp(- yz) is implicit. 

Substituting in Eq. (4.6), 

2 	2  , 1- _.2. ( PLIE4 ( y + ko  c ) 	
m2 --77 f(p) cos mo +( ,r2+ ko2edf(p)cos m0 r p op 	dp 	P= 

	

2 der df(P) 	
de k cos m0 = jwe lek . (-2: 	x C7

t 
Ez) 	(4.8) 

o dp 	dp 	
o 	

di) -p 

For w = 0 (k0  = 0), Eq. (4.8) is 

1 
P aP 

	

2 	2 

	

P-L(P-1) + (YH 	-211— ) f(P) = 0 	(4.9) 
Op 
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If we are only interested in the H01  mode, m = 0 such that 

1 	3 ( p  ar(  )) 	f(p) 

P aP 	ap 
Or 

P 
where f(P) = A Jo( YH,n  P ), subject to the boundary conditions 

fl(R) . A Joy( 11,n  R) = 0 

which implies J1( YH,n R) . 0 and, omitting the subindex H 

f (p)
1 
 f (P) + H

2
f(P) = 0 

YnR = pn, or 

Yn 	
Pn 	• 	n = 1, 2, 3 ... 	(4.13) 

where the pn/s are the zeros of the Bessel function of the first 

kind, or order 1. 

Then f(P) can be expanded in a series 

f(P). 	anfn(P) 

The following relation holds 

fn(P) fm(P)P dP dO . 6 mn  

(4.14) 

(4.15) 
or 	R 

AmAn2n 	p.10( yn  p) Jo( 	p) d p = 8mn 	(4.16) 

0 

As 	
.r Pjo2( 	P 	P 	12i2  tjlo( Yn-R) 2  + 112  .1j0(.*r n 11)1 2 (4°17)  
0 

I , 
but Jo  k n 	= 0, so 

s4 
R  f An 7  1 okyn  R)i. 2  . 1 

An  = 1/1R Jo("(n  R) (191) 

Then, Eq. (4.8) can be written as 	

1(4.018) 

E 	t( y2 + ko2Er)2fn(p) + ( y2  + k02&/,) if7( P 35-57n(P) )- ko2 c fn  (1. 
n 	 (4.19) 
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Multiplying  the previous equation by fm( p) and integrating  over the 

cross-section, 
R k  2 12f 1,,,t 	( 	- 2 	1 _ • . a 	( 

an 	4 
lv 	o 	n‘ri m(P) 	 Er) m(P) 	 P 

of 
n( P)) 

aP 	aP 
0 

ko2E  fn9  fm(p) p dp . 0 
	

(4.20) 

P aP 	ap 
so Eq. (4.20) is transformed to 

) an rR 	ko2er)2.0(  7.24k02 Er) yn2 fn( p)fm( 0.402 _If 9 f  
m( P) PuP " 0  n 

0 

	 a  t y2( y2 	y  2 )  SR pfn(p)fm(p) dp+ kolf Er2 p In( p)fm(p)dp + 
n n 

0 	 0 

	

k0
2(2 y2 - n

2 )c 	pfn(p)fm(p)dp - k2 r f 	( p) pip 	az 0 n m 

	

0 	 0 	 (4,21) 

The integral 

I re 
S 

 6 I f 1 ( )f 	) 

	

rn Pm 	dPPP 
0 

can be integrated by parts to give 

R R 
I £r P fm( p)f;(p) 	ff,r N(P)fn g (P) 	Pfmt (Ofni (P) + 

0 0 

P fm(P)f:(P) dP 
and, as fnl(R) . 0, and using  Eq. (4.11), 

R 

I 	- Er  tPf
m 	

p  (P) 	Yn2fn  (P) - 	filt (s) 	+ c(P)-fn'(p) + 
0  

Pcn I (P)f211(01 dP 

From Eq. (4.10), 

1 	a fy  afn(F) 	2 
) I.  - • 	Irn fn(P) 

R 

f P(  Th2fm(P)fn(P) - 	 "fri t  (P) )(1-  P 0 (4.22) 



- 154 - 

Substituting Eq. (4.22) into Eq. (4.2i), 

E an  1. ,y,?(  y2 
Yn2 )e  Pfn(P )fm(P )d  P 	k o

4 
 r 

n0 	 0 
fri(P )fra(P)d P 

 

R R 
P fn( p)fm( p)dp + k02 	Er  p fma (P)fn' (p)d p - 0 

0 (4.23) 

2k0
2( y2 - yn2 

Let us evaluate the integrals that appear in Eq. (4.23). 

R 
Pfn(P)fm(P)d P = 	8m11,42 n 

	 (4,24 a)  

0 

t‘R 
	

IEr  prn(p)frn(p)d p as AmAn  er  13J0( Yn  p )J0( Ym  p )d p 

= AmAn 6r P Jo( Yzi P )Jo( Ym P) d P+  1. pJ0( Ynr)J0 (Ym p)dp 

(4.24b) 

  

where 

Er  = 
alr  

Using the relation 

0 < p < r 

r < p < R 

x laJ0(3x) Jo a (ax) -PJ0(ccx)Jo a (c3x)i 
S x Jn(ax)Jn(f3x)dx 2 	2 R - 

Eq. (4.24b) is transformed. to 

AmAn  (E; - 1) r  [YnJo( Ymr) Jo'  ( Ynr) 	Y mjo( Ynr) Jot(  Ynir)] 
Y 2 - Y 2  in 	n 

R LYn Jo(  m  Jo t 
o R) 	a ( Yn  R) 	Y m Jo(  n R)  Jo  a ( Y m  R)1 

Y 2 Y 2 
in 	n 

 

but the last term is zero because Jo t ( YnR) R) 	0 0 m 
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So, if m )1 n 

R 	 ( E; - 1)r tyn  Jo( ymr)J;( ynr).. ynio(ynr)Jo(ymr)i  
Er  P fn(P)fm(P)d- P s• "C 	

2., R2 n Jo( ynR) Jo( YmR)( m 	Yri ) 

0 
(4.25) 

If m as n 

S c c< c, 
fn  2

ic Na. 	An2f 6,;( p Jo( ynp  )d.  p 

0 	 0 . 

r  An2  I j Er  p J02( Yn p )dp 	pi02( yn p )dpi 
o 	 r 

2 	 2 
An2 (E: - 1) I [(So l ( Ynr))2  + J02( ynr)] + ;1. J02( YnR) 

Then, for m - n 

-1)r2  [YnJ1( 
P fn2(P)dP 	 2 	2 

0 	 2/111 Jo  YnR) 

The last integral is of the form 

R 

Er  P 	( Ofn  (P)a P 
0 

If m n 
R 

AnAm  SEr  P302( Y m P)J0 t  ( Y np)d. p AnAm  Y rn  Y n  

0 	 0 
P 	Y mP)j1(  YnP)a  P ' 

where J01 ( Ymp) 	Y inJ1( Yrap), where the t  indicates the first 

derivative with respect to p. 

AnAmYmYn/f r pj 
 1 	

p) 	p 	p ty y mp) 	y np)d p 
 m r 

ssAA Y 	- 1)r Y"cl j(lr mr)jt(41r nr) - rm jl( Ynr)j'(r mr)  
nmmn r 	 2 

Y ia 	Ar n 

= Y m Y n(Er  - 1) r{Y n  Ji(Y mr) Ji t(inr) 	m  J1( r 	Ymr) 

(4.27) R J0( YnR) j0( YmR) (Y m2 - Y n  ) 
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But Jlt( Ynr) 	Ynijo( Ynr) J2(  Ynr)} 	
, then 

=
Mn
( 
r-1)r 

"ffi  0.1  (Ymr)[Jo(Ynr)-J2(Yfir)]_ YM2Ji(Yrir 

2 u  R2  Jo(YrIR) Jo(rukR)(Y2... Irla2) 

[Ij r-J2(YMr)]1 
Y  

(4.28) 

If in n 

eR 

Er  P f( P ) 2d P An2  I E
r

P J
o
t( Y

n
P) 2dP se An

2 
  Y 2  
 n 

0 0 
4s. P 312  ( YnP)cIP  

0 

= 

' 

A 	Y
2 
 (5 	- 1) 

An2 
	

nr 

2 

2 1 

r 
 

( Y
n 
 r)1 

2 
 + (1 	2) J

1

2( nr) + y2r  

n 

2 Y 2 R 
2  

A n n 2 	311( YnR) 
2 

= A
n2 

(1 - 

2 	,5 y 2(8 

r 

..1) 	
Yn kC( 

 r2 1  n  

Tr2 ) 312( ynr)1 + An2  

mr) 230( Ynr) J2( Ynr) + J22( Ynr)-1 + 

Y 4 112t 2( R) ® 2Jo n ( R) J2 n ( R) + n 73- 	 Y  

J22( 1.0)1 

1 

	 Y 4(5 -1) r2FJ 2( Y r) - 2 J0( Y
n
r) J

2
( Y

n
r)+J

2
2( Y

n
r)1 + 

gE 2  R2 T  2( 	R) 	n r 	L.  0 	n 
" 	n 

(
y 2r2 ..1)(€1r. 	1)0.12( 1,1J,N y 4 D211., 21,  y RN 	2  jo(ynR)j2( ynR) 
n 	 I  n Qo n 

j22 (Y0)11 

	

(4.29) 

Finally, Eq. (4.23) can be written as a matrix equation 

5 1(2( y2 	y 
n2 I 	2n o

49, 4. 4 lixo2( y2 	
n2) + 2tk02R 	aj 21,10- 

( 4 . 3 0) 

where I is the unit matrix, Qmn  is given by Eq. (4.25) with a 2, 

Qmm  is given by Eq. (4.20 with a= 2, Pmn  and P are given by 

Eqs..(4.25) and(4.26) with a = 1, respectively. Rmn  and Rmm  are 

given by Eqs. (4.20 and (4.29) respectively. 
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. Solution of Eq. (4.3 ) can be obtained from 

, 	, 	, det If(
2
(1(

2 
Yn

2
)I + 21(ko

4Q + 4Tko2k Y2  — y 2  )P 211co
2R 	0 

(4.31-) 

4.4.1 Cutoff  frequency 

The cutoff frequency for the Hol  mode can be evaluated from 

Eq. (4.31) with y 0, obtaining 

distko
2Q - 2 Yn

2P R) In 0 	(4.32P.) 

or 

detico2I - (2 Yn2P - R)Q 1 a 0 	(4.32b) 

where, in general,det(Q) O. 

A short programme has been written for evaluating the 

cutoff frequency of the H01 mode, and is shown in Appendix B. A 

description of the programme can be found in the next section. 

For the particular case of a circular waveguide of 

radius 1 with a concentric circular rod of radius 0.2 and relative 

dielectric constant 20, the value read from curves given by Waldron(7) 

was 2.51327, and the numerical result using the programme in Appendix 

B using four terms in the expansion, was 2.58558. 

4.4.2 Description of the programme 

The maximum number of terms to be used in the expansion 

is given by VS. The waveguide radius R is stored in RE and the 

dielectric rod radius r in RI. The values of the zeros of Jot  (x) 

and stored in G(NS). 

By using DO 1, the Bessel's functions J0( Ynr), J0( YnR), 

J1( Ynr), j2( Ynr) and J2( YnR) are calculated using the subroutine 
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BESJ and stored in the arrays BJOI(NS), BJOE(NS), BM(NS), BJ2I(VS) 

and BJ2E(NS), respectively. 

In the DO loop 2, the elements of the matrices P, Q, and 

R of Eq. 4.3 b) are calculated. They are stored respectively in the 

arrays P(NS,NS), Q(NS,NS) and R(NS,NS). 

Inside the same DO loop, the difference 211P R is 

evaluated and stored in the array DIFF(NS,NS). 

Using DO loops 5 and 9 and the subroutine MIND, - 1 is 

evaluated and stored in Q(NS,NS). 

The multiplication (2 1.12P R)Q1  is performed using the 

DO loops 11 and 13, and the result stored in the array DD(NS,NS). As 

Eq. (4.3 b) has the same form of the standard eigenvalue equation, the 

values of ko
2 are obtained by evaluating the eigenvalues of the array 

DD(NS,NS). This is done using the subroutine FO2AFF. 

Finally the number of terms used in the expansion and the 

values of the eigenvalues are printed. 

Subroutines MINV and FO2AFF have been discussed previously, 

so no further comment will be made on them. 

Subroutine BESJ8 computes the J Bessel function for a 

given argument and integer order. It is called as BESJ(X,N,BJ,D,1ER), 

where: 

- X is the argument of the J Bessel function desired. 

• N is the order of the J Bessel function desired. 

• BJ is the resultant J Bessel function. 

• D is the required accuracy. 

• lER is an error code, such that 
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) lER = 0, no error . 

ii) lER st,  1, N is negative. 

iii) lER ca 2, X is negative or zero. 

iv) lER = 3, the range of N compared to X is not correct (see below). 

N must be greater or equal to zero, but it must be less than 

20 + 10 * X - X ** 2 / 3 for X 	15 

90 + X / 2 	for X > 15 

For the particular case analysed, the computer time for running the 

programme was about 2.6 seconds. 
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4.5 'Conclusions  

In this chapter further applications of the method developed in 

Chapter 2 have been presented. 

In the first part, the method was applied for evaluating the 

propagation characteristics of a dielectric loaded rectangular waveguide. 

In particular, the 10411  mode was analysed. A computer programme was 

written, and the numerical results have shown a very good agreement with 

the analytical values for the cutoff frequency. Good agreement is 

observed in the region between the frequency of - cutoff and the frequency 

for which ko = 1.0. For other values, the numerical values start 

diverging from the analytical solution. No attempt has been made to 

optimise the programme. 

In the second part, the method is applied to dielectric loaded 

cylindrical waveguides, in particular for the H01  mode. A computer 

programme has been written for evaluating the cutoff frequency of the 

H
01 

mode for a nearly arbitrary variation in permittivity across the 

waveguide. The numerical results show a good agreement with results 

obtained either analytically or by other authors. 

4.6 Future work  

The. first task should be the optimisation of the programme for 

determining any mode in a dielectric loaded rectangular waveguide. 

Related to this, there is also the problem of determining which eigenvalue 

corresponds to the mode under analysis, what is the meaning of the 

others, and what information, if any, can be extracted from this set 

of eigenvalues. 

The second task would be to analyse the case of dielectric loaded 

cylindrical waveguides, obtaining a general expression both for H and 

E modes, and comparing the accuracy of the numerical results obtained 

with the analytical ones. 
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Another application could be the analysis of junctions of empty 

and dielectric loaded waveguides, a problem encountered in many 

practical situations. 

Finally, the last objective would be trying to apply the basic 

ideas of this method to the analysis of microstrips. In fact, a 

shielded microstrip can be regarded as the problem of a rectangular 

dielectric-slab loaded waveguide, with a metallic strip placed upon 

the dielectric slab. Of equal interest is the problem of open 

micro strip. 
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APPENDIX A  

i. 	 FO' ;Ri'in P,.,:dP(TNPU-1011 'P' ';,T i1 r..,177 INPVI,TI P.7 3= OUID V T I 
..1_11 	 Elj P.NS.IU1',' AL (1. 	0-) ,::"' L (1 r.,11- ) ..AGfiC.I.:') . 	(1,...ir ) .AK (l'Ilif1) 
3. DIMENSION 0 (i r.1,10) ; FPrO (1; , lc) ,ni.-T(ioL),pFpE(i -J) ,PAPA (109) 
4.  

6 -7 i • 	 ? :17.  PI 

9. 	 E2=2,45 
IC'. 	 T -.7-- /1 /2. 
11.  
1.2. 	 Nf=1 
13.  
14.  
15. 1N11-'-'2 

or 1 OC FFIr Ir  NT OF KO 
16. CO 1  
17. T2.6'  1 Jr-- 11tiT 
1 3. 	 2,117 .)-1 

27 a 	 Gr! '::::::: ( Z1*PI /A) **2+ UP-4  PI/3) **2 
21.  
.:,,,, 	 7 T--:1. 
23 	 KAPP,r'=-.- ZT 
24. 	 IF ( ( ( 1</A °Pr,  /2) *2 -KAPPA) • Er J. :3) ET ---:::72 
-)- 	 IF ( 7. 7,-1 . 9) Gu -r n 2 (._::,,, 
26, 	Z.1)  
27 	 7:-.-:"(,;(2.1*1 '-'"(1 *COL (7T.411.-= ) 
23. 	 AL CI, Ji :=CL * (El+E2) *S 
2". 	 ( L(SO) =CL*  (T-s Atc,E ,r) 
33. 	GO -0 i 

11. 	" 	 T) =( '2 ': 2- (L2* -.2-"11-'".  1) A` 7T/( f 1+E2)) 
12 • 	 EL (iy T) 7- ( ( E2-L-1.) * ?T/ t'T--..1+'72) - 2) 4- GNES 
35. 	1 GeJ-JT I ts1 05' 

	

C E VtLtlf"Iot? OF 	HE ,CLiTCFF F+F.-:F.N0IFc'  
34 	 V.IN:=:,  3 
35.  
36. TAr OL=.1 . 
37. NUF.:1.7 
33 	6 VK0'.7=VIN 
39. 	 00 5 K=1 INUF 
Y..' . 	 DO 3 T=1,INT 
41 . 	 CO 7  J=1 ,70T 
4? 	' C(T,J)="(i (1- 0)* VKC'!:4-3̀1_ (Iv 3) 
43. L7=7 1 
44. CALL F rI3AAF(0.101,NT,DT,PEPE.12) 

46 	 IF (K 'CZ 1) GO - 0 5 
47. 	 IF ((WIT (K) *OE1 (K-1.) .) .1 '.77..3.) GO TO 4 
Y . • 	5 VK0/KOS+ VINT 
4'96 

 
TA 1,7  1.....7..1-  A; LL +1. 

..)71 	 Ni 4 F----..3"  .. 
51. VINT:= VT.. "7/3. 
52. IF UT A -LIL.L...1.0 GO TO 6 . 
53. GC TO '399 
54, 

 
'. IF( 	(0 	(K)), 1..',.:. 	1-  J  

c---  ), 	 TF (°  
)6, 	 IF ( J.N7).L T .2)GO TO 8 
57. 	 VI - fKOS-VTNT 
5g 	 VItT, = ( 1/ KOS-  kin) /11 , 
59. 	 GO TO 5 
63, 	 IF( TNn. F.o. 1 ) VKO=SOFT ( VKIS) 
61 . 	 IF (1.NP.'70. 3̀ 1 1/K0.7.-ZOR''  ( ,./K3.7 - VTNI) 
62 	 71:LO= vi W, *r i:. -, (r --: (TO )/ ( c'''' (O r  I (K) ) +A 	ri;: 	(K'- ))) 

63. IF (IND, ,•;E.,.1 ,1:4-7,  oii,,Dolvc. ,1)1/K0 7-SORT iV)C5-ZULU) 
64. w - ITE(3,31, 1) riT, VKo 
65. 74.,i Ft71:1,,:; -rf iHr, 5 *-i,V),-.PEr:: OF 7 :::.--:,:,1:;*,I2,5XIP7OFF FPEOltr)ir1--- * o F12. 
66 	 TF (qKn-1 r)) J.Z. '12,12 
670 	1'  UKO--AKO *1C . '7 
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68. 	01\/KO 

	

61. 	GC; --0 14 
12 M1-71/K0411f 1 	 . 

71. I14 VKO:=FLOAT(T-i) /ie. 
72. DELK0773 .1 
73. N1 Sz-  5 

	

74 	IFTKC=1... 
75. el-T:TY.Iltz 3 .1 
76. Co' 7 TJ19IFTKCr 
77.  

	

7fJ, 	VKP10-i-r.:1.1<r) 

	

79. 	IKOS4K04 VKO 

	

'8'2. 	1,67 317F, ( 3 1  ..172) VKP 

	

'ti. 	3....!?, Firp"A"-  (1H3 1 1rJX, 4-1,....0 IF5.2) 

	

-, 	26 K:=-1 32 

	

83. 	DELr-111 .32 

	

35. 	:..ETA-7-7LFTIN 

	

86 	KK=KK+1 87.• 7. 

	

. 	
K=K+1. 
DO 9 7=11KK 

	

39. 	00 9 „iz=liKK. 

	

9,1: 	Z1=J-1 

	

91. 	71=I-1 

	

02. 	ZN=J-1 

94  
95*  

	

'16 . 	TF.TA=1 0.3*182. 

	

97, 	r,'.•=1. " 

	

Si..:). 	K, PPZT 

	

99. 	IF ( f t KAPP A >?) 4? -KAPPA) • 	 .,A f;T---- E2 

	

1)1  . 	IF( T .F0 .j) GO TO 16 
111.  

	

1;32 	- 'n\;(7...V*1 -:' 	; ) -*Cr.`-. (7.T*i- --;'-'- ) 

	

1C13. 	U-.7 f7K;1 0,0F.4 7.r 4TETA)*SP CZK*TF_TA)-ZN*COS(7.K*TE.TA )'F, T;s1f 7N*TETA ) 1 /(714 
iZK-7N*ZN) 

	

114. 	Vz-  -7K 4T. IN ( 7_K*IFTAI 	 0'..  ( TN*TE'l ) 

	

115- 	Z=VK9`31̀  (C 4 *PI/E)*(,..2-.:1)*SCI I t2.11, 4 f:-TRE9 4-E.1) )*. f7TS(7K*TE.TA)*Tt' 
1*.: -774) /PT 

il.?.C,.  
1 V) 

	

107. 	AL (J ,J)--zt L'/KC5-7 -4( ( (- 7 *27", *61- 7A-Gt.z.inf (1+ 2) 4 1KnS )*S+- ) 

	

118. 	4.:-.(T ,J) '11 FTA*7 

	

inc  • 	1.  K (J,T) =c ET;141Z/ 'JOS 
112. GO n-O 9 

	

111 	1E) AG(T,T)(E)7 L') 	2- ":i.. A 41:---'se 4  ( (r1+r2)*VKOc'-Gt-IFS)+  

112.  

113.  
114.  
115.  
116.  
117.  
IL 
119 

121.  
122.  
123.  
124 
125.  
126.  
127.  
128 
129. 

131. 
112 
133.  
134.  
115. 
136 
17'7, 
13 
13). 
1Y 
141.  
142.  
143, 

1 1̀ 4KOS*VKPS*I At.)- tFi.-“--:2) 	 VK(c"! 

	

(19 I) 	ETP*1-  FT.8) *4-7- ETA*f ET14 VKOS*2 	CE.2- (E2-7:1)*rT/0:14-F?) ; 

2/ (71+ 2)34-7 Trf 

	

) 	• 
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117 - JK--='K1..) 
111. JI 7 Jr +J 
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1-01_,C:!P ( 1K) 
16'2 ,- 	JI ,-- ..F74-J 
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162. 11' A Lir) =HOLD 
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169. 	JT=KT-K4.J 
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197 	Gil 'T O 7' 
195. 

7 14;"=t-!41- FTX( 7 ) /4+2 
2.1J. 	V 7 'PC 7--  t''",Yr (MAIM") 2'31 	 iv 4 r X-t:N; "Tf 
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213 	
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215. PAl= r +AK 
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221 
22-7 8 	IF (N)13 .1;17 11.RT3 
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