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ABSTRACT

The first chapter analyses different theoretical and numerical
methods used to determine the propagation characteristic of inhomo-
geneously filled waveguides. The following methods are discussed:
field theory, network theory, variational and Rayleigh-Ritz procedures,
reaction concept, finite-difference and finite-element methods, WKB
approximation, point-matching method, subwaveguide method, transmission-
line matrix and a method based on solution of equations of the form
of Hill's equation.

In the second chapter, the method developed by the author is
presented. Starting from Maxwell's equations, two coupled differential
eqpations in HZ and EZ, are obtained for the rectangular waveguide case
and for a dielectric constant which is a function of the space co-ordinate
X. The axial field components are then expanded in terms of the wave-
guide zero-freguency modes. These modes are obtained as solutions of
the previous differential equations as w-—0. From this, using the
orthogonal properties of the expanded modes, two matricial expressions
are obtained.

In the third chapter it is shown that for the case of a rectangular
waveguide filled with a dielectric slab placed at one side of the guide
wall, the dominant mode, TE o (or LSElO), and higher order modes TE
are obtained from a relatively easy matricial eguation. A computer
program has been written, and the numerical results for pr0paggtion
constants and cutoff frequencies are in good agreement with analytical
results obtained by other authors.

In the last chapter, solutions for LSMmm and LSEmm modes are )
discussed and a computer program has been written for evaluating the

propagation characteristics of these modes. The particular case of a
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square waveguide half-filled with dielectric is again analysed. It is
also shown how the method can be extended to the analysis of inhomo-
geneously loaded cylindrical waveguides and the cutoff frequency for

the H.. mode for a particular configuration is evaluated using a

o1

computer program, Finally, suggestions for further applications of

the method are presented.
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CHAPTER I

VMETHODS FOR CALCULATING PROPAGATICN CHARACTERISTICS
IN HOR-UNIFCOUM WAVEGUIDES

1.1 Introduction

JDuring the last thirty years many authors have been
analyzing the problem of calculating the propagation charactere
istics of microwaves through waveguides containing dielectrics.

A survey of these methods and their most important
characteristics is presented below. 1In some cases it has been
considered worthwhile to present some significant mathematical
steps leading to final results in order to provide a deeper
understanding of the application of the method.

The distinction between analytical and approximate methods
is sometimes blurred, but ags a guide in the survey the criterion
is used that an analytical method yields an expression of more
or leas closed‘form, whereas an approximate method leads to an

algorithm,

"1.2 Analytical Methods

l.2.,1 PField Theory1’2

The field components for any mode for the different
regions in which the waveguide is subdivided, found from Maxwell's
equations, involve constants which usually are evaluated in terms
of the peak power flow through the guide and/or using bourdary
conditions,

Consider a waveguide filled with a medium of dielectrie

constant € and permeability ® ., Assume that the walls of the waveguide
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are parallel to the z-axis,

It is possible to write the electric and magnetic

field as follows :

o]

= & T jwt -
&, + kK E,) exp(Jut - yz)

. (1.1a)
E = (8 +k85) exp(jot - 32)

where §¢, g¢ are the components of the field in the directions
perpendicular to the longitudinal axis, g'is the unit vector in

the direction of z increasing. Note that both E, and E, (Ht and Hz)

t
are functions of x and y.
For sinusoidal fields in & linear, isotropic and

source free dielectric medium, Maxwell's equations can be written

ag

curl E ~juonH

(1.1b)

i

curl H Jjwel

where ‘B/ét = jw.
| It is gsometimes convenient, espeqi&lly when dealing
with boundary.value problems, to write the vector differential
operator ¥V as the sum of the two operators V = Vt +V,, where
Y?t is that portion of ¥V which represents differentiation with
respect to the coordinates perpendicular to the axial direction,
in this case x and y, and V. = -fb'_l?_ . The curl equation
for the electric field may then be expressed as
(Vy =58 x @, +£E) = -jouy (&, + &) (2.1¢)
where the exponential factors hgve been omitted.
Similarly, the curl equation for the magnetic field
then becomes

(Vy =5 k) x (B, + £8,) = juc (B + K E,) (1.14)
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The parameters ¢ and p describe the nature of the space
containing the two field vectors E and H. It will be assumed that
» = p and that ¢ - e(x,y).

It is possible to write explicitly the relastionships

between the field components as follows:

’aEZ/gy = pE, - Jed,
OE,/y, = TE, * junlly
JonB, = BB Ly = B
’éHZ/,ay = fﬁHy + wax
’c)HZ/,ax = fKHx - jweEy
jchz = aHy/’ax - ’aHx/,ay

From the previous set of equations it is clear that
if Ez and Hz are known, it is pogssible to deduce the four remaining
components, Ex’ Ey, Hx and Hy'

At a dielectric interface it is known that the axial
component of the field, Ez and Hz, and the derivaiives of the
transverse components, Et and Ht' with respect to a direction
nermal to the interface, must be continuous, even if ¢ and #
change discontinuously across the boundary.

Equations (1l.1lc) and (1.1d) may be split into two

equations respectivelys

~ ) M
ExV, B +ykxE = jouH (1.2a)
V, X Ey = ~jonk B (1.2p)
N A
_Ig_xthz+"gkx§_t=-jwc§_t (1.2¢)
TV, x By = jocB, k (1.24)

Taking the vector product 'B‘_,lg\_ x eq.(1.2a)
A N 2 A i ~
T_I_:_x_lngth+/z§ _I_:_xgxgtstﬁ_lgxgt

2 . A
or - ’th Ez =7 ..E.t = J‘W@”.}.‘. X ..I.{.t
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Using Eq.(1.2¢c), the following expression is obtained
2 2 A .
(5" + X, cr)Ff—t +’5vt E, - . Jon k xvt H (1.38)

2 2 2
vhere k_ = e = 0% e and € uzz/go ]

Teking the vector product of fb*_lg x Eq.(1l.2¢),
Tgxngt H, + ngxgxg_t- - Jue gx_}?gt
Using Eq. (1.2a), the following expression is obtained
.('5-2 + ki SpBy Vg By = =due K xTH, (1.3v)
Both equations (1.3a) and (1.3b) can be written in a matricial

form as

HE xT)F = Ty AP (52 + 2 :r)AT (1.3¢)

where

=

(]
———
Q [y ]
A o
[o—

E
g = i
H
A
(0 -1
A - 1° 0
.
g
E,
T =
g

For an homegenous region it is possible to obtain an expression,
generally known as homogenous Helmholtz equation, that can be
solved exactly for particular geometric configuration. But, in
general, for inhomogeneous configurations, an analytical solution is
not available. The propagation characteristics must then be evaluate
from different expressions, such as a characteristic equation.

The characteristic eguation is formed by applying

proper boundary conditions at the interface between any itwo media
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ingide the guide, In general, this characteristic equation is
transcendental and must be solved either graphically or using
iterative methods. Its solution leads to the determination of the
propagation consitant.

This approach has been used by several author83’4’5
to solve the problem for composite reciangular or cylindrical
waveguides.

Some results so ogtained will be discussed at a later
stage when they will be compared with the resultis obtained by the
method outlined in the next chapter, but it should be emphasised
that it is not always possible to obtain a solution because of the

complexity of the characteristic equation.

1.2.2 Network Theory

The composite sitructure is represented by a network
conmpriging a variety of elementary lumpedeconstant circuits and
transmission lines,

To be more specific, the composite structure is
degscribed in terms of a transmission region, characterized by a
single dominant mode, and & discontinuity region, characterized
by an infinite set of higher order rapidly evanescent modes, and
the problem is then formulated in terme of conventional network
concepta,

If the structure cross-section possesses an appropriate
geometrical symmetry, the characteristics of the propagating modes
may be determined by regarding one of the itransverse directions

perpendicular to the longitudinal axis as a transmission direction.
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The transmission structure so defined is completely equivalent to
the original guide; it is composed, in general of elementary
discontinuities and waveguides and‘is terminated by the guide walls
if any, The desired frequencies may be determinad by simple network
analysig of the transverse equivalent network representstive of the
desired mode in the above composite structure.

) As an illustrative example, let us consider the structure

depicted in Fig., 1.1, At the reference plane T the equivalent

transverse network for the dominant mode in the guide is a junction

T T
\ \ z Z
€ Y\\¢ °1 °2
A A
¢ C
\ 1 2
NN ;
fo— d —yy
b= a - b - e - —o]
Cross~sectional view Fig. 1.1 Equivalent network

of two shortecircuited He-mode uniform transmission lines. The
propagation wavelength %g of all TEon modes is obtainedé’7 in

this case from the resonant condition

7. ten 2 (o -d) = -2 tan %4 (1.4)
OI KC 02 KC
1 2

where Z A A 2
e R B £y = (o)
Z Y - A 2
o, c, € = ( o/Ag)

A = h - 2 : = — 2‘
and o ey (/A2 5 A : A A e (A /Ag)

Equation (1.2) is exact provided the conductivity of the guide
wall is infinite. The slab can be dissipative and characterized
by a complex dielectric constant, and in this case Kg is complex.
An alternative approach is to reformulate the problem
in terms of a scattering matrix. The formulétion of field problems

either as network problem or as scattering problems provides a
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fully equivalent and equally rigorous description of the far field
in a microwave structure. It should, however, be noted that this
methed gives only'the propagation constant. But a knowledge of the
behaviour of fields requires that the solution of Maxwell's
equations be subjected to the proper boundary conditions at the
walls of the guide and at the interfaces separsting the media.
Further extensions of the method above mentioned have

8,9 uged coupled sets of transmission lines

been carried out. Carlin
(not necessarily TEM) to obtain simple models of lossless waveguide
structures, given that the physical structures are longitudinally
uniform but transversely inhomogeneous, The uniform coupled line
system is characterized by a series impedance coupling network per
unit length whose impedance matrix per unit length is rational and
Foster* (lossless) together with a shunt admittance network per
unit length whose admittance matrix per unit length is similarly
rational and Foster., The problem of equivalent circult represent=
ation for the prescrited waveguide geometry is to find the series
and shunt network matrices per unit length, Z(p) &Y (p) respectively,
with the complex frequency veriable p = o + jw, where w is the
angular frequency. '

According to Carlin'!s work, it is possible to couple
together simple TEM, TM and.TE scalar lines, and these scalar lines
can be used to construct models for lossless, longitudinally uniform
guides. As an example, let us compare the equivalent networks and the
charscteristic equations of a waveguide filled with a dielectric slab

9

using Carlin's method” and Marcuvitz's method6, as shown in Pig. 1.2,

*
(i.e. analytic in that Rep = Re( G + jw )> 0, real where p is
real, and paraskew hermitian, meaning that -AT(-jw) = A(jw))
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tan S8 (a~4d) =2 cot 2 4
1 e % e
1 2
1= (tann(l~'§) 1 l—xz)(tann£¥n £ - xz)
1 2 a a €
: - X o
A A 2
T AR,
C 2
2 2 €," (Ao/lg) X = k/%g R 1 = 2a/A
Marcuvitz's method b) Carlin's method

Fig. 1.2 Comparison between Marcuvitz and Carlin's method,

Another very interesting method is due to Clarricoats
and Olivex‘lo. The transverse network representations for inhomo-
geneougly filled waveguides supporting pure modes have been mentioned
before, and they showed that a representation valid for a hybrid
mode was possible, using a combination of a pure radial-line E mode
and a pure radialeline H mode., They analyzed the circular wave=-
guide containing two isotropic cylindrical regions (or two isotropic

plagma regions) and the case for the unbounded rod with and without

an axial inner conductor. The boundary conditions on the rod surface
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impose a constraint on the total radial-line impedances and
'admittances. When the constraint is expressed méthematically,
it leads to the characteristic equation for the propagation
constant,

It is also shown that the B/w dispersion curves
reflect the constraint necessary to ensure that the transverse
inmpedances or admittances are matched at any circunferential
boundafy.

Details of this paper will not be analyzéd deeper
because in the following chapters only rectangular waveguides will
be congidered; it has been congidered worthy to mention it as an

important reference for any work dealing with inhomogeneous filled

¢ylindrical waveguides.

1.3 Approximate Methods

A3 was mentioned before, an exact solution of the equations
encountered in problema on dielectric waveguides may be cbtained
for only & limited number of céses. For instance, for the scaler
Helmholtz equation (Vg + k2¢ = 0) it is possible to use, for some
coordinate systems, the method of separation of variables, But
if the surface on which the boundary conditions are to be satiasfied

is not one of these coordinate surfaces, or, if the boundary

conditions are not the simple Dirichlet (f = 0) or Neumann (%%-= 0)
types but of the mixed type of + f(8)f = 0, where generally f,

Zn
a function of the surface coordinates, varies over the boundary,

the method of separation of variables fails. This has led to
theoretical techniques such ag the integral equation method and

other methods developed during the early 1940's, 1In the case of the
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integral equation formulation? the transform techmique may be used

to obtain a solution only if the kernel of the integral equation is

of a particular férm. For example, the Fourier iransform can be used
if the kernel is a function of the difference of two variables and

lif the range of integration is from -~ to + ® oxr from 0 to +@ .

In such cases it is more convenient to use approximaﬁe methods

for the solution.

Perturbatiqn methods are useful whenever the problem under
consideration'closely resembles one which can be solved exactly4.
This is the theory of the changes which occur in the eigenvalues
and eigenfunctions in an eigenvalue problem due to small changes
in the problem, such as surface or volume periurbations. When the
deviations from the exactly soluble problem become large, the
perturbation method is not useful any more. In this case it is
more convenient to use the variational method. 1In contrast to the
perturbational procedure, the variztional procedure gives an
approximation to the desired quantity itself, rather than to changes
in the quantity. The vsriational procedure differs from other
approximation methods in that the formnle is stationary about the
correct solution, This means that the formula is‘relatively
insensitive to variations in an assumed field about the correct
field. If the desired quantity is real, the variational formula
may be an upper or lower bound to the desired quantity4. In oxder
to deterwine the accuracy of a variational calculation, it is
necessary to have a systematic procedure for improving on the
original trial function. The method of inserting additional none
linear parameters will increase the accuracy, but it cannot be said

that it will ultimately lead to the correct answer, One way to

avoid this difficulty is to insert a linear combination of a
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complete set of functions, the coefficients forming a set of linear
variational parameters. For instance, if an assumed fileld is
expressed as a series of functions with undetermined coefficients,
then the coefficients can be adjusted by the Rayleigh-Ritz procedure.
In fact, if s complete set of functions is used for the assumed
field, it is sometimes possible to obtain an exact solution. The
Rayleigh-Ritz procedure can be ﬁtilized to obtain approximations

for the first N eigenvalues an& eigenfunctions in an eigenvalue
problemn, Stationary formulas for electromagnetic problems can

also be obtained by using the concept of reaction4.

When the boundary conditions are rather complicated, or in
the cage of coordinate systems where the analytical separation of
variagbles technique fails, the approximate variational and perturbe
ational technique are applied but in general informastion is only
obtained about the eigenvalue, but none on the characteristics of
the field itself. It has been shownll that finite=difference
techniques in conjunction with matrix calculations on digital
computers can be used more conveniently in such cases,

In the last decade, many different approaches have been used
by several authors, using approximations based on more refined
mathematical techniques or different basic concepts, such ag the
Wentzel, Kramers and Brillouin (WKB) approximation, the pointe
matching technigues, the moment method (unfortunately in the
microwave literature the terms pointematching and moment method are
used interchangeably contrary to what is done in other fields of

science), and others that have been discussed in previous sections

of this chapter.
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1.3.1 The perturbation method

Many physical problems reduce to finding the eigenvalues
Ny, @nd eigenfunctions ¢n = ¢n(x) of an equation of the following

form
1, + (N, = p), =0 (1.5)

where L is a differential operator and p = p(x), where x represents
g get of éoordinates. It is often necessary ‘o find solutions under
circumstances slightly different from conditions for which the
solutions are known. In some problems, the boundary of the, region
is deformed slightly and the boundary conditions are assumed to
be unaltered, whereas, in some cases, the boundary remains unchanged,
but the boundary conditions for ﬁ are slightly altered from the
case when the solutions are known, The problem can be approached
in several way312;

(a) It can be solved by introducing additional terms to the
differential operator and then employing the usual perturbation

techniques

(v) it can also be approached by transforming the differential
eguation to an integral equation by using Green's function., The
integral egquation which includes the boundary conditions is then
reduced to a standard form, the solution of which is expressed in
a form suitable for obtaining its value to any approximation13’14.
This case has been extengively treated in Felsen and Marcuvitz's
book, using the characteristic Green's function procedure. The
method is formulated for the Sturm-~Liouville differential operator
describing propagation on a general non-uniform transmission line,
even in presence of sources in the media. The singularities of the

characteristic Green's function in the complex plane are explored,

ansvering systematically the questions of mode completeness and
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nermalization for both discrete and continuous eigenfunctions.
Using analytic continuation of spectral representations is possible
to construct al%ernative field representations. TUnder general
conditions, explicit comstruction of the field hehaviour requires
approximation procedures whose success relies on the ability to
repregent the solution to the given problem as a weak perturbation
of a known soluﬁion to & related problem. If the unperturbed
problem is described by a differential equation that exhibits
in certain critical regions (near singularities, etc.) the same
analytical behaviour as the desired problem, solution of the latter
can be constructed by systematic techniquesl5. One aspect of this
procedure involves reformulation of the differential equation
protlem as an integral equation whose kernel constitutes an une
perturbed Green's function, and subsequent solution by iteration,
A brief discussion of the method for a rectangular waveguide filled
with a dielectric slab placed at one side of the guide (H modes in
x) is given below.

The ddermination of the eigenfunctions ¢m and the eigenvalues

%m in the domain Xy £ x € x, poses & problem of the Sturmelicuville

type (Appendix A):

[ Bt - at) + 2y w(x) | fyle) =0, xp < xex, (L6a)

subject to the homogeneous boundary conditions

i
p E§§'+ % 9.2 ¢m =0, x = x, (1.6b)

where p,q and the weight function w are assumed to be piecewise
continuous functions of x in X £ x & Xpe Multiplying {(1.6a)

#
by ¢m , where * denotes the complex conjugate, and integrating

between * and X,y One finds
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%2 *2
- Do s wipg o) o Jx "o alg P = 8,012 5GP o)
" L2 axnl g,

from which it follows that Am is real for real values of p,q, v, a1.2'
]

X
It is also possible to demonstrate that‘{( 2 w¢a¢nfdx =0, m#n . (1.8)

1
Por finite intervals and piecewise constant p,q and w, the mode

spectrum ;ssociated with the general Sturm-liouville eigenvalue
problem of Eq. (1.6) and Eq. (1.7) is discrete. Hence the direct
solution of these equations as well as the subsequeni normalization
of the eigenfunctions ¢m is straightforward. The present method
ex@loits'a close relation between eigenvalue solutions and the
characterigtic Greents function. In network terms, the eigenvalue
problem defines the resonant voltage on a terminated non-uniform
trensmission line while the Greent's function display the similar
resonant responses to excitation by a point voltage or current’
generator,

The characteristic Green's function g(x,x';A ) for the Sturme

Liouville problem of eq. (1.6) is defined by
d a
(2260 & - a) + W @] elnxs 1) = - SGem),
x
% < 4 < Xy (1.9)
subject to the boundary conditions .
d
. (p =t Oﬂl,z) g(x,x'3A) = 0 x=x o, (1.10)
The parameter X is arbitrary but so restricted as to asgsure a

unique solution of Eq. (1.9).
A network representation of the characteristic Green's

function problem is shown in Fig. 1.3:
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iz %
7(x)
.
Yon l Vix,x ) g
K?(X)
*1 x! *2

Fig. 1.3 Network representation of the characteristic
Green's function,

where

- av(x,x') = j kx(x) 7(x) I(x,x') (1.11a)

dx

L alex) k (x) ¥(x) V(x=x') = §(x-x')  (1.11v)

dx

vhere Z(x) = 1/Y(x) and k (x) are the characteristic impedance

and propagation constant respectively. For an Hemode transmission
line kxi = wp , so that the corresponding second-order differeﬁtial
equation for V(x,x') has the form

d 1 d 2 Kg
{a TG Tt K o) - m] Vmxt) = g Slaext)

(1.12)

2 2
where ko = Wy € o and

nt(x) = Eézl , o oer(x) - S (1.12a)

By comparison,

p(x) = Wx) = =y ) = -k (), ke,

V(x,x') = jou g(x,x'5 1) (1.13)

The bourdary conditions are rephrased by Eqs. (1.1la) and (1.13)

in terms of

{m
o4
fe7)
[l

(1.142)

Rt
B
[}
€
(iis

and replaced by terminating adcittances Y. . and Y,

™ TL,and Xl and x.

2
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o o o Wepx) day o T0pE) oy (1)
TL V(xl,x’) o TR V(xz,x') o
x' + 4 , a x*' +4
Also  g(x,x'3 A) | 4 _ A= 97 p(x) 5=5(x, %' IR

(1.15)

Since the configuration in Fig., 1.4 can be viewed as a cavity
(lossless if 3¥pps 3Ty kxz and 72 are real), it is evident that
the voltaée response & will be finite and well defined unless the
parameter A is chosen in such a way that a resonance can exist.

For fixed values of C‘1,2 and X1,2’ resonances will exist for
parameter values Am at which the corresponding voltage (or current)
will be infinite. To assure & unique solution of the network
problem it is necessary that M # A{f For the lossless situation,
denoted mathematically as the Hermitian case, where the resonant
values Am are real, this restriction can te stated more weakly

as Im Ag 0. If A in Eq.(1.9) is now regarded as a general
complex parameter, g(x,x'; A) is a regular function of A in the
complex A plane except at points Aw A n? who?e it becomes
infinite and possesses simple pole gingularities. Since the resonant
conditioﬁ A= A o implies the persistence of a response even when
the source is removed, the functional form of the resonant solution
satisfies the homogeneous equation (1.5). Thus, infomation

about the desired eigensolutions of Eq.(1l.6) is contained in the
singularities of the characteristic Green's function g, and the
problem of determining all possible resonances (i.e. a complete

set of eigenfunctions) is directly related to the complete investw
igation of the singularities of g(x,x'; M ) in the complex A plane.
It has been.agsumed that the dimensions Xq and X, are finite so

that resonances, which occur for discrete values of A o

characterize simple pole singularities of g. If one of the dimensions



- 17 -

becomes infinite, or if p,q, or w possesses a singularity, the
discrete resonances may coalesce inito a continuous specirums in
this instance, g(x,x'; M) possesses a branchepoint singularity
giving rise to the necessity of introducing a branch cut in the
complex A plane to ensure unigqueness of g.

To relate the complete eigenmode set § in Eq.(1.€) to the
cheracteristic Green's function in Fq.(1.9), it will be assumed

that the mode get is known, so that

glx,xt3A ) = g g (xsA ) (x) , x <= < x,  (1.16)

[
where g (x', M) = by (B)g." (B) g(B,x'; 1) ap (1.17)

Utilizing the delta=-function one obtains

g (x"h) = - %{E«;—)— (1.18)

m
so that

g(x,x'; A) = - ; ﬁm(;)ijg: () (1.19)

Ir Eq.(1.19) is integrated in the complex A plane about a contour C

enclosing all the singularities of g, one obtains

‘ég(xrx‘s Aak = = 273 5'—(’“(—‘))'};-3[?' (1.20)

and this solution can be extended by analytic continuation to
apply as X —~ A o

The characterigtic H~-mode Green'!s function can be constructed
from the knowledge of the two solutions VL(x) and VR(X) of the
homogeneous equation (1.9) satisfying the required boundary conditions

at Xy and Xos respectively
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d d a
ot x = x, (1.21a)
a d d  «
(a-}-c-p-d-}-c--q+}xw)VR(x)=O, (pa—i+ Z)VR“O
at x = x,, (1.21p)

The solution for g satisfying Eq. (1.9) when x ¥ x! and the required

continuitjr condition at x = x! is thus
glx,x'; A) = AVL(X <)VR(x v) (1.22a)
where x € or x » denote, respectively, the lesser and greater

of the guantities x and x'. The constant A must be so determined

as to satisfy the jump that occurs on p dg/dx (i.e. the current)at

x = x's
rp(x) | V) =S v (xt) - Vo(xt) =S, Vo(x) | e -2 (1.22b)
P L dxt 'R RV dx' 'L :
Thus,

VL(x < )VR(x >)

g(x,x'y A ) = ——s (1.232)
) Pw (VL! R)
Where W is the Wronskian determinant,
! av
w(vL,vR) - (vL = - Vi de ) (1.23b)

Let us consgider specifically the composite cross section

Sho‘rm in Figa 104

Fig. 1.4
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The various media contain & plecewise constant lossless

dielectric with

- d <x<0
£(x) = s €17 %, (1.24)

52, 0<x <8

the discontinuous nature of which leads to a discontinuous
representation of the eigenfunctions. A constant free-gpace
permeability %  is assumed, so 1;(x) = 1, and the surfaces at
x = a, - 4 are assumed to be perfect conductors.

The network configuration of the Hemode characteristic
Green's function problem is shown in Fig. 1.5. The relevant
propagation constants and characteristic admitiances are denoted,

respectively, by k*l’ Y1 and kkg' Y2.

¥, v Y fl\
-1 k k K\t
X X

1 l

L
< i
X X
d

»
D

o O
0@

= ~d
(a) -

e 0y

x = -d 0 x'
1
X ¢] (b) O x' a

Fig. 1.5 HNetwork representation for the H-mode
characteristic Green's function.

The homogenous equation for the standing=-wave functions € and

3 becomes
2 c(x)
[ <5+ lf:(X,l)] = 0 (1.25)
dx S(x)
where . kx2 (A) = g§+lj‘- d<x<0
0 1 kz =m2p € > 0
kX (x,A) = ’ 1,2 b2
2 2
x2 (A)=k2+}»)0<x<a

(1.25a)
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If one chooses X, = 0, one gets from the boundary conditions

¢(x) = cos(k _x), S(x) = kl
A | x
1
1
o(x) = eonli, x), 5(x) =
2 X
2
Since YTL = YTR = ©

X = ~d, a, it follows that

,.'-‘,:'Ln(kx x) =~ de¢xco

(1.26)

sin{k_ x) - 0<x<a
*2

for the perfectly corducting terminations at

o, Yp(0) = "jkxcht(kxea)’ Wy YL(O) = -jkxlcot(kxld),

(1.27)
k x/ wn, being the H-mode cheracteristic admittance, and as
VR(x,xo) o C(x,xo) - jmpoYR(xo) S(x,xo)
(1.28)
VL(x,xo) = C(x,xo) + jwquL(xo) S(x,xo)
it follows that
gin k_ (a = x)
V2R(x) = T o¢x<a (1.292a)
Vp(x) = 2 .
X2 i
VIR(X) = coskxlx - -l-c:-c- cot kxza sin kxlx ,=d <x<0
1 (1.29b)
k
*1
VZL(X) = cos kx? *E cost k_ d sin k_ x 0<x<a
P x X, ?
vix) = 2 1 2 (1.29¢)
sink_ (x + d)
V,, (x) = 1
1L sin k_ d - d<x<o (1.294)
1
Sometimes it is more convenient to use, instead of Eq. (1.29¢),
1 . .
Vo (%) 5L, (07 [ eXP(kazx) + 51,(0) exp( kazxﬂ’ 0<4x< 8
(1.30)
where Y .Y (0)
02 L kx + jkJI cot kx d kx
Y Y = 2 1 1 2
P - + 1.(0) Y
21,(0) 02 " L k -k cotk_d° 02 (1.302)

2 1

1
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The H-mode characteristic Green's function g(x,x'; A ) can be
written directly from (1.233). Due to the discontinuous represente
ation of V(x) for x7o and x <0, g is represented discontinuously
about x = 0.

For the source location as in Fig. 1.5(a),

V(<) Vip(®2) g ixco, ~d<xt<o (1.31a)
jop Ys(0)

g(xX,x'; A) =

VlL(x‘)VgR(x)
jou Y<(0) ’

0 < x < a, -4 < x' < o5 (1.31Db)

for the source location in Fig. 1.5(d),

Vo (Vo (x1)
l?cuu iR(O) ~d <x<o0, 04{x'< & (1.31¢)
g(X,X', }‘) = o
Vo (x < )V, (x>)
2L 28 ' o<x<a o<x'<a  (1.314)

3 on ¥:(0)
Eqns. (1.31) can be collected under the single formula

S(X,x"; A) = 'VLB (x <) Vre (x>) , Ys(o) = YL(O)+Y.R(O) (1.32)
3 ou ¥5(0)

where subscript B stands for 1 or 2 if the corresponding variable
x or x' lies in the range «d to O or O to a; respectively. To
assure that the solution for g is unique, the restriction Im)¥# 0
is implied,

The singularities of g in the complex A ~plane consist of

real simple poles at the zeros of YS(O). No brench point singulare

. 2
- - A = - . -
ities exist at kxl’ x,’ since VBL,R’ XS(O) aend therefore
g are even functions of k . From Eq. (1.27) the zeros A
: Xys X, n

of YS(O,K ) are specified implicitly by the transcendental equation

X t k = - tx_ d .
X2CO xza kxlco kxl (1.33)



2 = A4 kPe A k§5x+k2-i+h,h=k2-k2>o

1 2
(1.33a)

For the real values of k and k_ (i.e. X > 0) Eq. (1.33)
1 2
has an infinite number of solutions to be denoted by klm’ k2m

(only positive roots klm and k2m need be considered since negative

values lead to the same Xm). For imaginary values of kx and
1

k, ( A< h), Eq. (10) becomes
2

Ky
1

‘ k_ coth(l kle a) = = coth( ]kxl‘ ay, le, kx2 imaginary .

(1.34a)

2

Since the left-~hand side of Eq.(1.34a) is positive while the
right-hand side is negative, no solution exists. However, for real

2 o - a .
kxl and imaginary kx2 (+h < X <0), Eq. (10) can have roots ko ]kzal :

r. cotr ==t coth(Et ) 2 4 t2 = nd? =(1 - -2 )k d)2 (1.34b)
a & o d 04 ’ [0 [0 81 xl

where

k,, imeginary (1.34¢c)

2a o *?

kjgd = Ty » 05 lk

]d-t

Equation (1.34c) can be interpreted graphically as in Fig. 1.6.
It is noted that N roots exist for (2N - 1)7m/2 «<{h 4 < (20 + 1)m /2,

with no solution possible when Yh & < m/2,

r cot r= -t coth(%t)

0 i T 1 25T T
2 2

Fig. 1.6 Transcendental equation : graphical solution.
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Although 211 the derivations of the above example imply a
cumbersome work for such a relatively simple example, the same
method can be applied to more complicated composite giructures,
such as semie=infinite and infinite regions f£illed with dielectric
angular and radial transmission lines, continuous trangitions, etc.

The eigenvalue problem can 21so be solved by introducing
perturbation terms in ¢ and A in Eq. (1.5), and then soi&ing the
differential equation. A brief discussion of tnis method when
has discrete values and when the boundary is slightly deformed but
the boundary conditions are assumed to be unaltered is given below.

In waveguides problems the differential operator is a Laplacian

and the differential equation assumes the form

V24 + (A_-2)g =0 (1.35)
which is assumed to be valid over a certain region S. Let the
function p(x) be modified to

P(x) = p(x) + 1 t(x)
due to slight'deformatién of the boundary, and as & consequence,

change ¢n and A respectively as follows:

OISR FASIORTE ARG
‘ (1.36)

(1) (2)

T(x) = An*QAn +vfkn 4 acoe

where the perturbed wave funciions §:n and eigenvalues ;h are
assuned to be analytic for all possible values of the parameter
which tekes only small values including zero. BEquation (1.35) is

then changed to:

V2ga0) +{ T, = p(0) =)} §ox) =0 (1.37)
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Substituting equation (1.36) in the perturbed equation (1.37)
' and equating the coefficients of \'2 , the following equations are

obtained:

T %)+ (A, -} g, = 0 (1.382)
7% By + {2, - 200 ) g D+ 10, B - 4] g0 =0
(1.38b)

' - @
.2 + a8, ) -1 160 + 2P ) <0

Using Egs. (1.38b) and (. 380) and the expansions

e
) - anqyJ()

2
¢n( )(x) = Z;_—’; ‘S\ﬂyq ¢Q(X)

in terms of the unperturbed wave functions ¢q(x), the following

equations are obtained:

. (1)
Zﬂn,q( re - ) 5+ 10 ol g -0
q=
@® | ] 1) @«
Zo n,q0( *a - A )8, (=) +{>»n( -.t(x)} Z;ﬁ’n affa(x) + A (2 )y; (x)=0
35 q_ﬂ
: (2.39)
which lead to the following relations:
’ﬁ'n,n = 0
Ynm = 7= n 4o
n~ m ’Z{ 5
N
G O wema g
1 Am,gq HAn,g _  Sn,n Xmyn
g1/1,m nm ggn n- q
N (1) . B3



- 25 -

; i 2
o3
A (2) ad 3 n,g

n afn hnf A

q

where

“nm ° .Sy s(x)p () (x)ax

Since '%n,q = Sn,n"' 8n,m and qgn,q = Xn,n +fn,m s /Kn,m’
5251(11) and ¢1(12) can be determined and hence @n(x) correspondirg to T
can be found, .The nmethod has been applied successfully for partially
filled circular waveguides and for the case of material perturbations
in waveguides at cutoff4, and also in dealing with the electromagnetic

15

fields in anisotropic inhomogeneous media™~,

1.3.2 Variational Methods

Many of the problems which arise in electromagnetic
wave propagation may be formulated ag problems in varistional
calculule’le. In differential calculus one is interested to find
points at which functions of one or more variables possess maximum
or minimum values, but in the calculus of variations the objective
ig to fird the functional forms for which a given integral assumes
pmaximua or minimum values. In other words, the calculus of varige
tions deals with the probiem of finding the paths of integration
for which a given intesral assumes maximum or mininum values., A
variation indicated by the symbol § signifies an infinitesimal
change by analogy with the differentiation process, but this
infinitesimal change is imposed externally on a set of variables
and is not due to the actual change of an independent variable,

Consider a function y = f(x). Both Sy and dy represent infinitesimal

changes in y., But dy represents an infinitesimal change of the
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function £{x) caused by the infinitesimal change dx and dy refers

- to an infinitesimal change of y whiich produces a new function

¥ o+ 5yu The jindependent variable x does rnot take part in the
process of variation, The problen of finding the position where s
function has a relative maximum ox ninimum requires that the function
must have stationary value at fthe point. If the rate of change of
the funct&on in every possible direction from that point vanishes,
then the function is said to have a stationary value, The variational
methed is applicable to single and to wuliiple integrals, and to
casges where the integrand is a2 function of one or more independent
variables and their first or possibly higher order derivatives, and
to cases vwhere the limits of integration are variable.

If L is a function of the indeperndent variables Xi(i = 1,2,3,00001)

and the functional u = u(x;), v =v(x;) end their first derivatives

o 3.1.1.'1_. - EAF
i : B . ] . ]
axi i 3%y

end if it is assumed that L, u, v are continucus and ﬁi, ¥. are also

<
continuous or piecewise continuous, then the essence of the veriational
process is to determine u and v, such that the definite integral in

the n~dimensional space

I = 55} o 00 g L(Xi,u,V,'ﬁi,'&i)dXi bl i = 1’2’0.0,N (1040>

beconmes stationary ( $I = Q) when there are first-order variations
8u, §v in u and v. The functions u and v satisfy the prescribed
boundary condifions, go that the variations in u and v vanishes at
the two extreme limits of integration., The necessary and sufficient

condition that a function L of N variable shall be stationary at
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a certain point ig that the N partial derivatives of L with respect
‘to all the N variables shall vanish at the point‘cansidered. In
order that the integral I may te stationary the function L must setisfy
independently the Euler~Lagrange partial differential equations

as follows :

AL
t m— g 4]
a oty
(1.41)
2L ; 3 2L =0
v ox; 9%

The variational operator & obeys the following laws:

a)  §(1,L,) = L15L2 + L,81

é(Ll) L25L1 - L16L2 .
..._]_:. 2 3 2T C,
2 L,

which are analogous to the correspording laws of differentiation.

b) The variational operator & and the differential d/dx are

commutative, i.e.

o (dw = S(F)

c) The variation and the integretion processes are commutative, i.e.

*2 *9
$1 =5 L dx .,f §1 ax
X x
i,e., the variation of s definite integrsl is equal to the definite

integral of the variation.
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In some physical problems which need the determination of
several functions by a variétional method, the varistions cannot
all be arbitrarily assigned but are restricted by some auxiliary

conditions, if the stationary conditions is of the form

*2
8 v[ L(x,u,v,0,¥)dx = O
2

where u = u(x),‘v = v(x). If u and v are not independent but are
related by the_restrictions

g (u,v) =0
then in the variational integral the variation in u and v must be
such that § = O always. The integral of § between x, and x, also
vanishes, Any multiple AZ or @ may then be added to the function
L under the integral sign without changing the value of the integral
over the prescribed limits; “N is ecslled the Lagrange's undetermined
multiplier. This method reduces a variational problem with constraint
to a variational problem without any constraint., In this method,
the function L is modified by adding the left~hand side of the
constraint equations after multiplying each by an undetermined
multiplier A, The modified problem is then treated as a
variational problem without any auxiliary condi{ions. The resulting
conditions, together with the prescribed constraints, determine the
unknown and the undetermiﬁed maltiplier A .

The following equations:

wg. L) - 32._ AL = 0
dx" 1 2 2
4, L 2" h_gié s O
ax* ¥ 2V ov

with the suxiliary equation ¢(u,v) = 0, determine u,v and X. For

Nedimensional space, the conditional equations to find the functions
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u,v and A are

2. (1 +AF) - Ej_’a_. 2 (1+rd) =0 (1.42)
ou i=1 9x, o0,
1 1
? SN 2
2 (L4 AD) - 2 2. (L+23) = 0
’BV @ 1“1 axi a"&i

with the auxiliary conditions

;:},_) (xi,u?v,ﬁi,{ri) = 0

In some cases the auxiliary condition may be of the form

x
2
f G(x,u,0)dx = k (a constant)
x
1

If the variational integral is of the form

61 = ‘Sj : L{x,u, % )dx
1

and is stationary (§I = 0), u and u + & u satisfy the auxiliary
condition and u satisfies the prescribed values at Xy and Xys then &u
is not arbitrary.

Suppose the relationship between arbitrary fixed
functions g(x), f(x) is

$u = qr(x) + ag(x)

both being continuously differentiable functions which vanish at
the end points, | and « constants, then the necessary condition

that §1 = 0 is

2L d 2L 3G 4 , 2G
(- S « B 2B -0 (1.43)

The undetermined multiplier is given by the relation

2,3L d 2L
X | Gs- = 5% edx
= 1
*2 26 d 3G (.44)
%)
j ('E—u  dx :E)gdx



- %0 -

Before considering an example using thds method, let
us now briefly consider the advantages of a stationary formula
over a nongtationary one. Figure 1.84 shows the primary advantage.
Given a resonant cavity formed by a perfect conductor enclosing
‘a dielectric, and given a class of irial fields of the form

=E + AE =E+me

E¢rial

where ﬁ is an arbitrary parameter, the parameter wg(p) may be

determined from a stationary formula 1ike4

w2<p) ., jjj E + pg)wvxu'l X (E + pe) AT
”fe (E+pe) . (B+pe)at

and & will have a minimum or mazimum at p =0 (if it is complex

it would have a saddle point at p = 0). This is shown in Fig.

1.8(a).

g |

m2
!'_-7,/
oo

i
]

: B
|
|
|
|
|
i
|
|
3
P

Fige 1.7 w2 versus p for (a) a stationary formula and
(b) a nonstationary formula .
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The parameter m2 is determined from a nonstationary formula must
have some definite slope at p = 0, as shown in Pig., 1.8(b). For

a given error in the assumed field, say AE = P18 the corresponding
error in the resonant frequency is determined from the figure as

mi u»wi, where wr i8 the resonant frequency. It is evident from
Fig, 1.7 that for small Dy the stationary formula gives a smaller
error in w? than does the nongtationary formula, Thus, a parameter
determined by a stationary formula is insensitive to small variations
of the field about the true field.

As an jllustrative example of the method discussed above,
let us evaluate an expression of propagation constant in variational
formls’lg.

The analysis will be confined to ILSM waves, TFigure 1.8
represents the inhomogenesously filled waveguide. A possible field
is given by Equation (1.45)

¥ 2 52
{ E =28 ~ﬂ,1§==o

b
X 22 ayQ

o

i P ~2
y 2x9oy y otax
0 X
: 2 2
Fig. 1.8 . _ 2°d . ;B g
% OX 02 2z ot 3y

vhere ff satisfies

2 2 2 2
2% . 2% agf_w_.__a_%go

Exz Byz ¥ 522 ot
In order to satisfy the boundary conditions, @ must be of the form
3 in B
g = g;; g, sin ~—

Thus we will consider the field generated by

g = 2(x) sin L exp {j(Bz - 0t )] (1.46)
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In order that @ should satisfy the wave equation, f(x) must satisfy

2
é_.fézcl + (k2 - Bz - 1’12 7[2 )f(X) = 0 (1-47)
dx b2

and the field components are given by

2 n2 ﬂ2 .. nT
B, = (B° + > )f(%) sin w-El . H = 0,
' nmn 4f n nz - s .0 Ty
I»_}y = 5 g% cos 5 Hy Jwe B f gin % ’
E =jpif gin AW g owjoe 81 ¢ oo BEY
Z J dx b ’ Z b ?

(having dropped the exponential factor). A solution of this type
is valid in a region p provided kz,u s & are given their appropriate

values.

Multiplying (1.47) by €pf and integrating over X1 <X Xps

P a%e 2 > n®r, 2
€p {f—-—-—2-+ (k?-B -———E-—)f}dx:-o
X, dx b
p-1

Integrating the first term by parts

fxp af |2 2 n2m? ar 1] 7
£p {-(-—»--dx) +(kp-32 - Z)f .}dxa-{pfdx}

X b X
p.]_ i p—-l

However ¢ef g—f‘ ig of the form AH Ey’ where A is a constant. Then,

f { (E)%+ (P02 - nzb’;fz ) 2 ax =

p=1 x <
A i
“HzEyS (1.48)
p=1 x
-1
Since Hz’ Ey are continuous at x o’ the product HzEy is also

continuous there; in addition Ey =0 at x =0 and x = a. The right-

hand side of Eq. (1.48) then vanishes, and it is possible to write
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a 2

f' R (£ }ax=o0 (1.49)
9

(o]

It follows that

s 2 f e P57 - (af/ax)? | ax

g2, om0 (1.50)
b2 f& f2
el” dx
Let 2 K k2 and 2 x 2 2 . o’ (1.51)
e Yz = —— - arn X‘ = max - . b2 .5

where k 2 ig the maximum value of k2.
max

It follows that

8
f € {ffz + (af/ax)? ax

2

(O a - oD :
f er? ax R(f) (2.52)

where Q(f), R(f) are positive definite, and ,.62 > 0.

Consider now the variation of the eguation
a
2 2y 2 af |2
J e{(fcs -Q)f-(a—x-)}dxuo.

The condition that '62 shall be insensitive to small variations

5;6‘ in £ when £ + (g f satisfies the boundary conditions, is given by
a : a
f c(Tz-Yz)fdfdx-\/‘ Cgéa%(c{f)dxao
0 e]

Tntegrating by parts and using the fact that §f satisfies the boundary

conditions gives
@ ¢ 3 ar 5 5
f {asz(“a;> + (" -1 }5fax=o
o]

Sf ig, apart from the fact that it satisfies the boundary conditions,

arbitrary, It follows that f is tbat solution of the equation



T

m( B+ g ghr=o (1.53)
which obeys the boundary conditions on the walls of the guide,
The problem has thus been reduced to the Sturm-Liouville eigene
value problem (Appendix A).
Thus, if g is any function which is piecewise continuous

in 0 < x< a, it may be expsnded in the form

) = Y e ()

n=l
where ' a.
) f
&, = 2 J g i‘n dx

Let = o
0 -
fcg dx
(o)
and sfacffd 5 f{i e( M, 4f 21 Yax = e
& 3 nm X" Omno o —-ﬁ ?&E +YZ nm/ ¥ me/n m*

T = ==tk (1.54)

n=]

If g is an approximation to fm’ "52 is an spproximation
to ’b‘i ‘and sn error in the approximating function gernerstes an error
of the second order only in /62’- or in other words, an error of the
order of 10 per cent in the assumed field gives an error of the order
of only 1 per cent in 'EZ.

If one is interested only in the first or dominant mode
(’5’12), and if g is an approximation to the first mode, 7 2 i1l ve
an approximation to ’6'12 (in which the error is of the second order)

e i: anz Ibflz + i‘ a’nz(%'nQ - .512) 2

2 =1 =2
n n > ,b,l

T - )
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n27E2

2 2 2 2 2 n
0 oy - k - o
whence B 1 kmax '51 bﬁ 7 max ?5

. 2 2
Only when a1l the a = 0 forn » 1 will ’Z( = Xl .

Thus, if g is an approximation to f, the value of ﬁl is greater
than the approximate value obtained and the difference is of the
second order. If several approximate functions g are taken, the
best approximation is that which gives the greatest approxinate

value to 312.

It is also relevant to mention the work by Thomaszo.
He uses functional (as opposed to numerical) approximations in solving
electromagnetic boundary value problems. Galerkin's zme’cl’zoclz3
is modified to simplify the choice of trial functions by permitting
the use of trial functions which do not satisfy certain bourdary
conditions, A test problem is presented in this workzo in which
the dielectric loaded, rectangular waveguide is worked using both
the modified and unmodified Galerkin's methcd with identical results.
This method is then applied to the arbitrary waveguide. The cutoff

frequencies and computer drawn contour plots are presented for

circular, rectangular, trianguler and stari-shaped waveguides.

1
1.3.3 Rayleigh-Ritz methmf

The method is a systematic procedure for determining
epproximately the eigenvalues and eigenfunctions to problems expressed
in varigtional form., These are obtained by means of 2 variationsl
integral, whose stationary values correspond to the true eigenvalues,
when the true eigenfunctions are used in the integrand, In this
method the problem of finding the maxima and minima of integrals
is replaced by that of finding the maximaand minima of functions of
several variables, This then reduces the problem to that of the

calculus of functions.
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Suppose one is required to determine the functional form of

y so that the integral

b
I = f F(x,y,jr,ff, "')dx
a
becomes stationary. The procedure is to assume that it is possible

the following expansion

y = Eﬁ: Cifi(x) exists .
i=l

The fi(x) are arbitrarily chosen, such that the expression satisfies
the specific boundsry condition for any choice of Ci’ and the Ci are
undetermined, Substituting for y and evaluating the integral, we
obtain an expression in terms of Ci' Using the method of differential
calculus, I is stationary if the C, are such that '91/1aci = O,
Thesc n equations can then be solved to find the n parameters
Cl’ 02, sevey Cn,and hence y. In general an approximate result
is obtained., The accuracy of the result depends on the choice of
the functions fi(x). A closer approximation can be cbtained by
increaging the value of n. If a large muber of f, (x) are used to
obtain closer approximations, it is desirable to choose a sequence
of functions which are complete, 4 function fi(x) is said to be
complete if for any piecewise continuous funétion.F(x), a set of

coefficients Ci can be chosen such that the following reletion is

satisfied,
b ' n
2
1im ur F(x) - E:: C.f.(x) dx = O
N0 & { il 3 }

Frequently it is convenient to choose as the nih spproximation
a polynonial of degree 1 satisfying the prescribed boundery conditions.
In certain cases, it is an advantage in numerical calculations to

choose sine, cosine harmonics, Legendre polynomials and so on., This
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This method aveids evaluation of many complicated expressions,
egpecially for cases when a‘waveguide crogsesection is divided into
more than two régions by dielectric media of different dielectric
constant,

Consider once more the problem analyzed in the previous
section, In many practical cases the true eigenfunctions are very
complex, and there is considerable advantage in working with a finite
set of approximate eigenfunctions instead, In constructing this
set of eigenfﬁnctions, none of the true eigenfunctions is available
to make the nth approiimate eigenfunction also orthogonal. However,
if the eigenfunctions given for the empby guide are used for the
approximation, the approximate eigenfunctions are automatically
orthogonal., Let us construct a set of N spproximate eigenfunctions,
It has been proved that

fac 2 g2 x2 X
g2 . 3 {% £+ (a/ax)%]a 1.55)

a
fﬁfzdx

o

where ’52 is one of the eigenvalues of

a.%(c %‘f?) + € (’(52 - ?2) f = 0 : (1.56)
when f is subjected to the appropriate boundary conditions.
Let ¢;(X> be gome set of eigenfunctions which is
complete and oxthogonal over o < x < a and which satisfies the same
boundary conditions as the fn. Then f may be written in the form

c - ). s f

nel

as mentioned before a convenient set is that composed of the medes
which exist in the empty guide. Consider the approximation to N terms
of T,

(- 2, nfw .51)

ns=1
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where the a, are a set of coefficients to be determined, subject to

the normalization condition

i: } anaSRS I
n

n=1 Sel

8
where R, = R = }[ a ¢n 955 dx (See Appendix &),

Substituting £(N) in equation (1.52) it follows that an approximation

to 752 is obtained of the form

DA

¥ o= n=1 8=l | (1.58)

E §]aaR
n s ns
pet-1 B

where the quadratic forms are clearly positive definite,

Thus, /6 2 is stationary for small variations, and if

ﬁ i (Qq = "6 Ry g )88 ; 0 - (1.59)

n=l 8=l
9F/da , = 0 for all s, This implies

| }j;%san-{ 5 B, - 36 i T

n=l n=1 sel

However, all the partial derivatives 9/ za s for n = 0,1,... N are
equated to zero, and the following set of homogeneous equations is
obtained
i: an(Q,nS - brznm) = 0 s = 0,1,2,0.. ¥ (1.60)
n=l
This set of equations constitutes a matrix eigenvalue problem.
Because of the symmetry of the Qns and Rns matrices, all the eigenvalues
’62 are real, and the eigenvectors, whose components are the coefficients

s form an orthogonal set with respect to the weighting factors Rns'
For (1.59) to hold, the determinant of the coefficients must vanish,

The vanishing of this determinant determines N roots for /52, which are
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the first N eigeuvalues, For each root a set of coefficients (eigenw
vector) a, may be determined. This set of coefficients is unique
when subjected to the normalization condition, Since the totality of
eigenvectorsso determined forms an orthonormal set, it is clear that
there is no need to impose any orthogonality restriction on the functions
used., The grthogonality relations which hold are

i!: f;anasRsn - Sns

n=1 8=
Having found the coefficients a s the approximate eigenfunction is
given by Eq. (1.57). If N was chosen as infinite, the eigenfunctions
determined by the above method would be identical with the set of
true eigenfunctions, since the set of functions ¢n is complete, and
hence able to represent the set of f(x)., Choosing N as infinite
would allow the possibility of finding the field distribution exactly.
However, it is not possible, except for very few cases, to golve én
infinite number of equations in an infinite number of unknowns. Thus
it ﬁs necessary to use only a fipite number N and the solution will
be a compromise between small N, which involves comparatively sgimple
numerical manipulations and comparatively low asccuracy, and large N,
which is more accurate but involves more troublesome calculations.

9

The following examplel shows the degree of approximaiioﬁ
involved.

If a waveguide O ¢y £ a is filled with dielectric (S,n)
in 0 <y £t and dielectric (co,u) in t ¢ y < a, the propagation

2

constant may be calculated exactly in the form Q/ko, where ko2 = UHICO

and k_ = 21:/7\0, where A  is the wavelength in the dielectric (eo,uo).
Now, Ex must vanish at y = 0, ¥y = a, and so a suitable way of writing

the field is

®
E = E A sin(nfy/a)

n=1



- 40 -

and the appropriate partisl approximations are
B () = }f: A sin(nmy/a)
" n=l

With the following values for the constants involved

Ay = 2 e/% = 2,45, t = af2

the exact value ig given by
B/k, = 1.3585

and the successive values for B/ko, for the various approximations, are

N 1 2 3
Bk, 1.2145 1.3497 1.3546
% erTor 10.6 0.7 0.3

A method based on the Rayleigh~Ritz procedure, but which uses
the Galerkin's method for solving the differentisl équations, has been
presented by Baierzz. Galerkin's method is a special version of the
moment method23. Yor the unknown fields trignometfrical series expansions
with unknown coefficients are given, fulfilling automatically tae
boundary conditions. The series expansions are substituted in the
differentiasl equations of the problem and the integrations carried out
by Galerkint's method, resulting in a matrix eigenvalue problem., The
eigenvalues give the dispersion characteristics and the eigenvectors
give the e%pansion coefficients of the fundamental mode and of higher
order modes, The elements of the matrix sre linear combinations of integrals
of the type

8 ,b
\f (1/e,) cos (imx/a) cos(kmx/b) dxdy

x=0 y=0
with i and k integers. These integrals must be evaluated before the
matrix can be constituted numericaslly. 1/'€r ig assumed to be an even

periodic function of x and y with the period lengths 2a and 2b respect=
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ively., This assumption is allowed because 1/8 can be freely disposed
outgide the range 0 ¢ x £a, 0 £y € b. o, the integrals which
constitute the matrix elements axe,.apart from constant factors, the
Fourier coefficients of 1/cr. The matrix eigenvalue problem can be
then formulated by first calculating the Fourier coefficients of
1/;r, substituting the series expansions for the fields and for 1/'&:r
in the differential equations, and finally making a comparison of
coefficients,

The basic mathematical problem in terms of an eigenvalue problem,
is described by the twe equations that follow, where Ax and Ay are the
components of the vector potential A along the x and y axis respectively.

2
+ w.pocoAx = 0

@2A ESA 5 g(l/cr)'an o4y
SL 5+ ?*”5‘Ax3/“r+" EL * }
ox ¥ X 2% 2y

2 ~ A SA
r

2%° 3y2+ L Jx ox oy %+ w%osoAyn °

Giving the'vz a certain value, prescribing the boundary conditions for
Ax.and Ay, the eigenvalues and Qigenfunctions are then represented by
m2 and Ax’ Ay respectively., ZEvery value u? and the functions Ax and
Ay belonging to it correspond to a different mode.
1f u? and A are evaluated, it is possible to obtain corresponding
expressions for the component of the electric and magnetic field
because of the relations
E = -grad $ - jom A
H = curl A
where $= § div Afbe £ .
In order to solve the eigenvalue problem, l/tr, Ax and A

y
are expressed in terms of convergent trigonometric series as follows

1, = i by o | 3T %X)S

ik= =@
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> { 'Tt(EEE ZEC)S
Ax = }E::Z an exp J PR
. M= «Co .
@®
A = Ymn exp { j7{G§§'+'z%§)g
J NyN= =

1/ér is required to be an even real function of x and y, then

CPie = P Kk

and these coefficients may be evaluated by Fourier anslysis, Ax and Ay

are calculated using boundary conditions, and it follows that A,
has to be even with respect to x and odd with respect to y. Further
A_ must be odd with respect to x and even with respect to y. These

‘

conditions are satisfied if

n
Y = w0 Xmm @F0)
Xmo = 0

m
Ym = {ml b {my yny (@f 0)
Ybn = 0

By substitution of the convergent trigonometric series in the
two basic equations, a system of linear eguations is obtained. Ais
the system is infinite, for numerical calculations only & finite
number of modes can be considered,
In the paper under discussion22 the method is gpplied to =
rectangular waveguide containing a longitudinal semicirecular rod.
The accuracy of the method has been checked by measurements and by the
calculation of an example with an exactly known solution,
Another interesting work by Vorst et 3124 deals with a procedure
to improve the use of the Rayleigh-Ritz method, A criferion is established,

which is a measure of the cumulative improvement.due to the addition of
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more and more terms in the series expansion. Without calculating the
exact roots of determinantal equations, the convergence is accelerated
by skipping unnecessary intermediafe steps. The computation time is
drastically reduced because the final result is obtained affer only
a few (not more than 5 to 7) values of determinants of increasing order.
The method is applied for evaluation of propagation consitants in
inhomogéneohsly loaded waveguides, Comparison with other approximate
techniques suggest an advantage for this method,

The accuracy obtained by using the Rayleigh~-Ritz method in the
case of an E-plane dielectric elab, on the sidewzll of a rectangular
waveguide, for various dielectric constantsand filling factors,
has been investigatedzs. It is shown that the error is much larger
than the ore obtzined for a centrsl loading, because of the coupling
between even-and odd-order mocdes, The accuracy is a function of the
compatibility between the field distribution for each mode taken .in the

expansion and the geometry of the loaded guide,

1.3.4 Reaction Concept

Stationary formulass can also be established by using
the concept of reaction introduced by Rumsey27. The use of this
concept siﬁplifies considerably the for@ulation'of boundary value
problens in electromagnetic theory4. If the volume distribution of
electric dgé and magnetic dg? currents represents the socurce of s
monochromatic electromagnetic field and the electric and magnetic
fields generated by these source distributions are represented
respeétively by'gé and g?, and similarly EP and g? represent the
electric and magnetic field due to another set of sources b of the
same frequency and existing in the same linear medium, the reaction of

field b on source a is defined as



- bl -

<a,by = X & . a? - 5 a® (1.61)
where the integrztion is performed in a volume containing the source.
If all the sources can be contained in a finite volume, the reciprocity
theorem is
Za,b> = <b,ay (1.62)
The linearity of the field equations is reflected in the
identities

<a,b + cy= <a,b ¥ + <a,c> (1.63a)

1l

{Aa,b > A¢a,b > = <a,Ab> (1.63Db)
where the notation Aa means the.a field and source are multiplied
by the number A.

Approximations to the desired reactions can be obtained by
assuming trial fields (or sources) to approximate the true fields (or
sources)., It is then argued that the best approximation to a desired
reaction is that obtained by equating reactions between trial fields
to the corresponding reactions between trial and true fields. Suppose
an approximation to the reaction <:Ca,Cb> (where the symbol C stands
for correct) is‘wanted. The approximation ‘<a,k>>' is then best if
it is subject to

<a,b> = <ca,b> = <a,C > (1.64)
because all possible constraints have been imposed. In-fact, Eg. (1.64)
can imply that all trial sources look the same to themselves as to the
correct sources do.

The reaction <a,b> obtained from (1.64) is also stationary

for small variations of a and b about Ca and Cb' If

a = 0y *P.% b= Gy Py

then <a,b> is stationary if
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d da,bd> = 9<a,b> = 0 (1.65)
2P, 9Py,

pa.':pb:O pazpb:Q
Substituting for a and b into Egs. (1.64), it follows
<a,b> = <ca,cb> + p

a < ea’cb> * Py < Ca’eb>+

Papb < eaa eb>

i

<ca,cb> + Py <Ca’eb>

i

<ca,cb> t P, £€,Cy7”
Using the last two equations in the first equation,
{a,by = <ca,cb> - PPy £ ea,eb‘;
It is now evident that Eq. (1.65) is satisfied, proving the stationary
character of <a,b) .

For inhomogeneously loaded waveguides, it is possible to derive
stationary formulas for propagation constants. These can be derived
from the reaction concept but some modifications are necessary, because
the sources are not of finite extent. The more direct, but less
general, approach of constructing stationary formulas from the field
equationsh will be taken,

Consider travelling-wave fields of the form

]
]

E, (x,y)exp(-jBz)

S

B, (x,y)exp(-jBz)’

The field equations become

i

VxE +3jop H = 3fp x E

— =T T (1.66)
Vx_lit - chﬁt = JBE‘Z xgt

as can be verified by direct substitution. Scalar multiplication of

the first of Egs. (1.66) by H, , the second by E,, and taking the

-t =t
difference of the two resultant equations, yields
. 2 2y _ .
AVAS _E‘tx§~t+3w(uﬂt +CEt) = 2JBE, x H, - u
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This is now integrated over the cross section of the waveguide and

rearranged to give

Finally, the identity

”"{7. _@fxgtdszgg_E_xE._rldQ,

will vénish if n x E= 0 onC, hence
2 2
8= w fj‘ (th + e:Et ) ds

ijExH.u ds
- = " =z

This is stationary if the trial field satisfies n x E, = OonC.

For the E ~ field formulation, E‘t is eliminated from Eqs. (1.66)

(1.67)

and from a similar procedure,

82 = ﬂ{“—l(vx 5)° -0’ e85’} as (1.68)
e, < g? e

which is stationary provided n x -E-t = O on C. Similarly, the H ~ field

formula is

52 - ﬁ{c’l(‘?x £)° - 'K ° Yds

DERCETREES

(1.69)

which is stationary with no boundary conditions required on }_I‘t.
Equations (1.67) and (1.68) can be extended to obviate the necessity
of boundary conditions on E, in the usual manner. Equations (1.67)
to (1.69) remain stationary in the lossy case, for which jB is
replaced by fb’ = o + jB.

For an example, consider the centered dielectric slab in a

rectangular waveguide as shown in Fig. 1.9. As a trial field, take

Et = _gys:.n(mc/a)



- 7 -

16 T

74 o dpe
% )
€ tel e
14} 1 d/a=10""]
o> % /Q:OS
c=285¢6 A | ===y 03
12 b~ = =
2 , / P /-s 0.1
N 4 =
/ / 7| -0
y U/
I Exact e
Approximate ~—=—~
| 1 1

0 0.2 0.4 0.6 0.8 10 1.2
a/\g

Fig,1.9., Comparison of approximcate and exact propagation
constants for the rectangular wavegulde with

centered dielectric slab, =2,45 o* (Berk27).

Using Eq. (1.68), the result is°

£ ~-c¢
-1% = { 1+ -—-5--9- [ .g. + %{-sin (Ttd/a)-}- ('Ir/ko;a)z} (1.70)

(o] (¢

The exact solution requires the solution of a transcendental equation.
A comparison of a values obtained from Eq. (1.70) with the exact value

for B/ko is shown in Fig. 1.9 for the case ¢ = 2.45 €.

1.3.5 Finite-difference method

The calculus of finite differences deals with the changes
that occur in the values of a function f(x) due to changes in the
independent variable x., Finite differences form the basis of numerical
differentiation, integration and solution of differential equations. In
this method it is assumed that f(x) has a specific numerical value f(xr)
at each of a sequence of equally spaced values x = X If the common

interval between any two values Xg1 Xps X5 ees is denoted by h, the

2
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first difference Af(x) of the function f(x) is defined as
Af(x) = f£(x +h) - £f(x) (1.71)

i.e. Af(x) gives fhe difference in valuesyof the function for two
neighbouring values of x, h units apart. The difference operator A
can be regarded as acting upon f(x) in the same way as the operator
d/dx acts on f(x) in the differentiation process. The operator A like
the operator d/dx‘is linear with respect to scalar multiplication, i.e.

A {a f(x) + bg(x)g = apaf(x) + bag(x) (1.72)
where a and b are constants. The A operation on the product of two

functions f(x) and g(x) yields

f(x + h)ag(x) + gx)af(x)

A () g(x)}

or,

il

s {£(xrg(x) | £(x)ag(x) + glx + h)af(x) (1.73)

to the first order.

The A operation on the ratio of two functions gives

f(x) _ glx)af(x) - f{x)ag(x)
A g(x) g(x)g(x+h) (1.74)

The second difference Azf(x) is defined as the difference of the
first difference of f(x) for two neighbouring values of x,h units
apart, i.e,

A?f(x) = A {Af()] = Af(x +h) - af(x) (1.75)
Higher differences are defined similarly, and it is evident that any
forward difference should be expressible in terms of the function
values at various abscissae X e In general

e = a A e0], n=1,2, .. (1.76)
Problems on inhomogeneous guides need the solution of partial
differential equations. In the finite difference method, the partial

differential equation is first converted to a difference equation which
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is then solved to find the eigenvalues. A difference equation is
one or more of the differences of the dependent variable. The difference
quotient is defined as

f(x + h) - (£f(x)
h

which is in the limit, if h —0, the derivative of a simple function.
So, if all the derivatives in a differential equation are replaced by
the corresponding difference quotients, a difference equation is obtained.
The numerical solution of difference equation is an extensive subject.
Only partial difference quotients will be discussed. Let the x,y plane
be divided into a network by two families of parallel lines, as shown
in Figure 1.10

x = ah

a,b = 0,1,2,0..
y = bh

The points of intersection of these lines are called lattice points
or nodes. For each of the variables of a function u(x,y), there is
a forward and a backward difference quotient. Thus, with respect to

x and y, the forward (ux,uy) and: backward (ui, u§) quotients are

respectively
u, _ ulx +h,y) - ulx,y)
X =
h
n_ = ulx,y +h) - ulx,¥y)
y I

n: = U(Xay) - u(x _hal)
* I

u- - ulx,y) - ul{x,y ~h)
J h

The second difference quotients of u(x,y) with respect to x and y can
be defined as the difference quotient of the first difference quotients,

ioeo u - U=

. _ X x _ ulx + h,y) - 2u(x,y) +u(x - h,y)
u- = =
1y X h h2
(1.77)
u- = 31_:~2i = u(x,y + h) - 2u(x,y) + u(x,y - h)

NED 4 h h2 .
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3 4
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Hleebou) () (nsh,y)
: (%, y-%)
0 X
Fig. 1.10

These definitions replace the partial derivatives in s partial
differential equation, resulting in a2 difference equation. The
functions occurring in a difference equation are defined only at the
nodes, so if a better description of the function is required, it is
necessary to increase the number of nodal points., As an illustration,
consider how a two dimensional Laplace's equation is transformed to
an equivalent difference equatién.

;éj%g + @jié = 0
ox °y° -

2
us, o 22 ws o 2%

2
sz ay2
Using Egs. {(1.77), the following difference equation is obtained
{u(x+h,y) - 2u(x,y) + u(x—h,y)k + { u(x,y+h) - 2u(x,y) + u(x,y = h) 3“ 0
vhich yields
u(x,y) = % {u(xen,y) + ulx,y+n) + u(x=h,y) + u(x,y—h)}
The value of u(x,y) at any interior nodal point is the arithmetic mean
of the values of u(x,y) at the four lattice points surrounding the

point in question,
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However, the finite difference method is inherently inefficient
and unwieldy when applied to dielectric loaded ma,veieguides28 because,
in order to obtain sufficient accuracy, a prohibitively large matrix
eigenvalue provlem must be solved. On the other hand, the use of
Rayleigh~Ritz procedure, although it has the advantage of only requir-
ing the solution of a small matrix eigenvalue problem, has the dis-’
advantage that each set of trial functions is limited to a particular
geometr& and requires the evaluation of lengthy analytic expressions.

A method of approximating a function space that dées not suffer
from these deficiencies is the finitewelement method., In this method,
the region of interest is divided into triangular elements and a
polynomial approximation is made of the function in each triangle.

In a limited sense, this has been attempted for dielectric loaded
waveguides by Ahmed and Da1y29. They obtained a variational expression

for the wavenumber koz, such as

J(¢,‘ﬁ’) = Zilt{Ti \g}vt ¢i‘2 dsi+ ‘BQTiSi \g !thr\z dsi

o ¥ anOpom < n I Il s P [ o)

(1.78)
where i = H ., Surs = (e u )FE ., B = (Befw), T, = (32=1)/(F2=c.)
i zi’ B\#i o/ Mo’ it LR | B i
They derived the finiteeelement equations for the general case of a
point at the junction of four dielectric quadrants, and the equations
for the special case of a rectangular waveguide with slab perpendicular

to the electric field.

The configuration in question for the latter case is shown in

Pigure 1.11
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Fig. 1.11

The vertex O is surrourded by six right-triangular elements (i) - (vi),
the points 1 ~ 6 forming the corners of a hexagon. As the permittivity

is constant in each quadrant, there is no discontinuity in the derivatives
of § and Y within each element. Thus § and r can be uniquely

specified in terms of their values at the vertices., Summing gll
contributions of the elements for the minimisation of the functional

I, yr ) at the point 0, the following equations are obtained

33 Zifﬁ 237 e 0
EARDUE »

p=i P

Vi
2y = 3 ﬁl = 0
B\Po p==i ak’{/o .

where the subscript p refers to a particular element,

In the first quadrant, with permittivity éi

approximation to ¢ and ¥) over each element, and following the
30

» Using a linear

standard procedure for finite element discretisation, the partial

contributions to an/za¢o by the elements (i) and (ii) are obtained as

BJ/Bﬁoc = (11/2)(‘451 + 2¢0 - ¢4) + (Tl F°/2) (\Pl ""*}"4)
1

- (k.7 n%/24) (B + 48, + B, + 4)
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Similarly

BJ/E”{JO 51 ) (‘éz’t‘y 51/2) ( "lh + 2% - w}b4) * (.éz'fl/z) (¢4 - ¢1)

2,2 -2
-~ (k0% 24)e) §° (W +4p, +Y, +R)
Repeating the procedure for the rest of the quadrants, and if €y = 1

and 82 = £, then

FQ 4T )4y - fy - B5) - By - By + A =TI B (g =) =
' 6
(k,2n%/12) (68, + 2 4)

(1) (4, =y W) =Y, = T8 + 21 - T) (F5 - ) =

(k,767/12) § 3(142) Y+ (145 ) (4 p5)/2 +(f gripis) + € (F )

The appropriate finite-element equations are written at each point
of the crossesection., If these are n points, the resulting equations,
in matrix form, are

A = AB@

where * = ko2h2/12 and A and B are 2n x 2n square=-gymmeiric matrices,
2n equations arise because both § and U must be used at each point,
Coupling between o) and'¥/;ccurs at points which border two or more
dielectric regions., If B < 1, matrices A and B are positive definite
and diagonally dominant, whereas for B Y 1, this is not necessarily
so. In the first case, successive over-relaxation methods lead to a
converging solution for the lowest eigenvalue of the eigenvalue eqguation,
but when B > 1, the successive over-relaxation method fails, and other
iterative methods become necessary. This condition sets severe
limitations on the size of matricés which can be handled by the computer,

For the example analyzed, there is a good agreement hetween the
results obtained with this method and the results derived by Marcuvitz.

Owing to its variational nature, this method is inherently superior

1o the more conventional finite-difference method,
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However, this work seems to be unnecessarily restricted to special
geometries by imposing a regular mesh spacing and unnecessarily limited
in computational efficiency by oonfining their polynomial approximation
to first order. Two of the great advantages of the finite~element
method are the freedom to fit any polygonal shape by cheoosing triangulare
element shapes and sizes and the extremely accurate approximations
provided by:high order polynomials,

To avoid the restrictions mentioned previously, Csendegs and
Silvester31 have developed a general finite~element method.

It is a well known fact that the determination of the electroe
mggnetic field reduces essentially to finding the two gquantities Ez
and Hz. If v and z are orthogonal directions tangent to the interface,
and n the normal to them, the interface conditions for the field are

(see Eq. (1.3c) in section 1.2.1)

Louw 2B 5 20, 4, (1.79)
k en Wik 21T w
where "
: B
Vo= i
.HZ4
5. |
\IIT
fc O"
Moo= -
0 1)
A 5 T
2 . w2 _ g2

Note that'g ami'BQVén are continuous across a boundary even if € and
# change discontinuously there, The axial field components satisfy

the homogeneous Helmholtz equation which can be written in operstor
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form as
1 <2 , '
M(—}:,EV +1)y = 0
The functional

@) =3 <h [uFIF> 4 <gumig> (1.80)

is stationary if and only if ¢ equals the true physical solution yr.
Since the functional is stationary only at the true solution, at
this stafionary value Eq. (1.79) may be applied., By using a suitable
integral definition of the scalar product, two appropriate vector
identitiesBl,‘and taking into account the boundary conditions, it is
possible 1o obtain an expression for the functional that may be
written as
F(@) = -| V8T 1 1. ar +f g ar + gf(v;st L, IHE
R 12 R WYR 2 z
(1.81)
where the region of integration is over the whole waveguide cross
section R, and the Eq. (1.81) is stationary at the true solution.
In order to solve Eq. (1.79) by determining the stationary
condition of the functional, Eq. (1.81), the Rayleigh~Ritz method was

applied, Seeking for solutions of the form

Ez = 2 s eiai(xyy)

lel

n
H, = Z hicxi(x,y)
iml
where the ai(x,y) are a set of linearly independent functions. Sube

stituting these values in (1.81), differentiating with respect to e,
and hi’ and zetting the resuli{ equal to zero, 2n simultaneouns

equations are obtained

}fz B £ }fz
1 g S €, 4 == U, h, = r
zz;j 5 T ki i 20 i i é / T K. 8
k
T

el r iml i



n n
Z —-—-—-12 Z‘ﬂr skl h, + _?_ Uk e, = Z ur Z Tkl hl
T kr i=ml 2w i T i=m]
where

" Jai 2a
k. I (e 24 _ o, 9% ),
" a7 aT T

=
¢

A

These equations can be written as a matrix equation
vy o= w1 d (1.82)

where V and T are the partitioned matrices

- r i |
V = L —_L._..—Q RIS
F e M= §U /21 w8,
i i
(1.83)
e. T |
PR Y NG Y R R R S
T o lp m ’ h,
| "'r ki i

where &= B/ .-‘At any vglue of phase velocity, (1;82) may be solved
for the frequency of propagation and field distribution in the wave-
guide,

Although the Rsyleigh~Ritz expansion has been performed with an -
arbitrary set of trial functions, for each set of trial functions that
is chosen the integrals in Eq. (1.79) must be evaluated and it is wise
to choose trial functions that minimize such calculations., The basic
ides of the finite~element method is to do this by splitting the region
of integration into a number of simple elements. The integration over
each element of gome particular set of trial funciions may then be
reduced to the evaluagtion of a few parameters, and the caleculation

of the total integral may be performed by a simple combination of these
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32

parsmeters. If triangular interpolation polynomials”™ are used, the

approximating functions are

d‘ijk = Pi( vl) Pj(l)z) Pk( ))3)

where the Vi are triangular coordinates and

P (z) = jmg{(Nz-i+1)/i} , m 1

P(z) = 1
The offediagonal elements of V and T, Sik and Tik’ have been uged to
solve the homogeneous Helmholtz equation and are therefore known and

X
tabulated’4 for polynomisl approximations up to the fourth crder. To

evaluate the remaining element Uik’ it is necesszary to evaluate

m
'BEh(z) . Eij P (2) ¥ n 31
Sz izl Neiael
BPO(Z) w ¢
2z

and to use the ;elationsh;p ’Vp + ))q = 1, valid‘on triangulare
element edges.

After a little algebra, an expression for"aaoiw/ZTj_follows. The
Uik may then be evaluated to any order of polynomial approximation
and for any triangular shape by substituting the expression for 2Ja oik/aT 1
in the appropriate integral for Uik and integrating around the
perimeter of a triangle using triangular ccordinates, The U matrix

33

has been evaluated independently and concurrently by Daly~”.

31

The rest of the paper by Csendes and Silvester”” is dedicated to
the applications, using a computer programme, to several cases of
inhomogeneous. waveguides and the results seem to irdicate a high

acCUracy.
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1.3.6 todal Avproximation Technique

Although the finite-element method explained in the previous
section is easy to work with, it is not very efficient computationally
28 compared with RayleighRitz methcd usirg basis functions that closely
resemble the expected solutions, Csendes and Silvester have developed
a method34 that expands the electromagnetic fields above cutoff in
terms of the waveguide cutoff modes. The variational formulation of the
problen is similar to that one in the previous section, The trial

function are of the form:

Ez = E:Z ey %) (i)

Ho . Z n 9 (k)

k=1
where the {sa(a)-gare a set of independent functions and the e and

hk are real numbers., The Rayleigh«Ritz equations are then obtained hy
equating the expressions 3F/ Je, and 3F/2n, to zero,
Waveguide cutoff modes form an oxthogonal get of functions
that exist exactly over the waveguide cross section and satisfy all
of the external bourdary conditions. For rectangular homogeneous
waveguides, they are products of sine and cosine functions; in circular
waveguides the modes are composed of trigonometric and Bessel functions,
It is possible, tkerefore, to expand any fuﬁction in a
geries of waveguide cutoff modes, provided that the function has the
same region of definition and satisfies the same bhoundary conditions.
In particular, it is possible to expand the electric and magnetic
fields in a waveguide at any value of propagation constant in the cutoff
modes, Because of the cloge physical relationship, the cutoff modes are
near to the field functions, so that relatively few cutoff modes will

provide a good approximation,
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The waveguide cutoff modes may be represenbted numerically
by using the Newton-Cotes interpolation polynomialsBS. Consequently the
waveguide cutoff modes may be written as

N
S?f(k) = i Z: Q’p(k) o (%)

twl  p=ml
where S?fp(k) is the potential value of point p in triangle t and

ap(x,y) is the interpo;ation polynemial having a unit value at point p.
' 'The cutoff modes of arbitrary dielectric loaded waveguides
may be obtained by conventional finiteeelement analysis and if the
t}iangular elements and polynomial order are chosen to be the same ‘
in mode expansion as in the finite element anslysis, the finitew
element solution will be exactly in the form of ¢(k).
Proceeding as in the previouse section, a matrix eigenvalue

equation is obtained in the form

. $ () () (] '
I N o A T I K
tpg “t't (3) 40 (k) (1) h,
‘%SZ 2, Ueq WP FS |
where : ‘ ) ‘

S = jk7¢ e ar
rq P q
U o= | (2 _o%g -~ @ ‘?jg)d’t
ba P"ﬁ q ST

and
S\St g(1) ﬂ(i) dR = 1
R
5‘ n, g(k) gk} dR

R .

. . (1) (x) .
Since the cutoff potential values ¢ and ¢ are known, this
matrix equation can be easily assembled for any dielectric loaded
waveguide and solved for any desired velue of phase velocity. From

these values, the dispersion characteristics of the waveguide can be

obtained,
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According to the authors, this method seems to be superior

to the finite-element method analyzed in the previous section,

1.3.7 The Wentzel~Xramers«Brillouin (WKB) approximation

The WKB approximation for solving ithe Schroedinger equation
has proved to be useful for solving electromagentic wave equations, and
Holmes36 dgveloped a method for anslysis of wave propagation in
dielectric filled rect@aguiar wave-guldes based on thizg approximation,
TEmn aﬁd TMﬁn mode propagation in wholly filled waveguides are analyzed,
as well the TEno mode propagation in slab loaded guidé.

Congider the wave egquation

—fﬁl;)- -5;; £(x) -2%(3,?-3+ (x) g(x) = 0

where @(x) is the x variation of some field component and £(x) and
g(x) are slowly varying functions of x. By substituting
g(x) = g exp {5us(@)]

in the wave equation, and choosing for S(x) a series expansion as
(x)

O

nsl

it is possible37 to obtain an approximate solution for ¢(x) as
§) = | 8, e \E af aax |/ Ve |

If a dielectric slab occupies the region from Xy to Xy in a recte
angular waveguide, while the rest of the guide is empty, and if only
the TE modes with no y variation will be considered, then the only
field components are E H and H,. For this case, @{x) is the x

y’
veriation of Ey vhen f(x) = 1

2 2 2
and g {x)= " + X, ky(x)
Here '5‘18 the propagastion constant.
X
h(x,xi) = jﬂ g(x)dx
X

1
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The appropriate solutions are

E sin (px) 0 <x <%
Ey - [B sin i h(ﬁ,xl)i + Csin§_h(x2,x1) - h(x,xl)SLA@in X < x< ,
D sin {p(a—x)} X, <X <8

where p2='K2 + ko?,E, B, C, D are constants and h is defined as above.

By forcing E& and EEB/’BX to be continuous at the boundaries x = X

and X = X,, a system of equations is obtained. Equating the determinant
of the system of equations to zero, a transcendental equation is obtained,

g(xl)g(xe) taﬁ %h(xz,xl)g tan(égl) tan {pla - xz)} - p2 tan 2 h(xz,xl)}
- pelxy) tan (px)) - pglx;) tan {pla - XZ)E = 0

Another work based on the WKB approximation for TE mode
propagation in:the rectangular waveguide containing longitudinally
inhomogeneous dielectric has been developed by Ka038. Using the technique
of separation of variables, it is shown that the general waveguide solution
for the transverse variables (x,y) still holds true. An approximate
method is used to solve the z-variable ordinary differential equation,
by using an expansion in a Taylor Series. The relation of the Wronskian
determinant of the solution and the accuracy of the solution is discussed:
in fact, the deviation of the Wronskian determinant of the wave solutions
at a certain point z from the initial value is indicative of the accuracy

obtained. It also checks the power reflected and transmitted in the

different regions.

1.3.8 Polarisation - Source Formulation

In this formulation, developed by Bates and Ng39, all
diffracting bodies are treated as sources of fields that travel undisturbed
throughout space. The electric and magnetic field are represented by

a column matrix f,

=

-:f; =

(Jes]
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According to the diffraction theory, the total field f can
be split into an incident field f and a field ;b, scattered or reradiated
. 0

from inhomogeneities in the medium
LA S

In this formulation all reflecting, refracting and diffracting
bodies in a region'are treated as perturbationsof anuniform free space
in which the speed ¢ of electromagnetic waves is constant. Then io and
Ep travel everywﬁere with the speed p, s0 they can be expressed in
terms of the usual retarted integral over their sources. There is a
source for gp at each point in space where the medium is different from
free space. Such sources are called polarisation sources because the
amplitude of the source density at each point, apart from being a
function-of the difference in characteristics between the medium and the
free space at that point, is also proportional to the total field there,

If discontinuous media are excluded, the vector wave eguation

for E and H can be written as

§7%£ - 0_23 = -w
where the vector column matrix w, which depends linearly on f, is
called the polarisation~source density.

It is then possible to obtain a retarted integral solution
of the wave equation. In Bétes' paper, details of the formulation are
given and they will not be reported here. In the final section, Bates
and Ng find an expression for the determination of the cutoff character-
istics of an arbitrary waveguide with circular dielectric¢ tubes or
rods, and give some numerical results,

Although this formulation does not see% to be of great help
for calculating the propagation characteristics of inhomogeneously

*
loaded waveguides, it has been pointed out to the author that there

*
Mr. H. Tosun, of Imperial College, in a private communication.
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is the possibility of extending the method. The most important step
will be outlined below and it is hoped that this can be applied some-
times in order to evaluate the practical difficulties,

Consider the waveguide of arbitrary cross section loaded

with dielectric, as shown in Figure 1l.12

39

field is zero””, and this can be

expressed in mathematical form

reference as Ez( f,ﬁ) = 0, for all &, when

g 7 T

The general expression 1539
. (2 j 2 (2
Ez( 5) 9) = gaw(suco)Ez( ?"Qj') Ho )(koR)ds +%~£ (Ez _gﬁ Ho )(koR) -

B
(2) o5,
Ho (koR)an )dC, where

€= E €., Héz) denotes the Hankel function of the secondkind of zero

order, and J/@nis the partial derivative respect to the normal to C,

and where
R = 2, 542 ' ' : X
= § 4-5 -2 8? cos (@ -~ @) for the first integral (over S)
and
2 2

+ 1o - 2er cos(@ - 8) for the second integral (on C).

# -

Applying the constraints, the following expression is obtained

OF

0 = Q jule - €)) E,( ¢, QS')HgZ)(kOR)ds —% y =z ng)(koR)dC (1.81)

for g‘>rmax'
It must be noted that starting from Eq. (1.81), it should be possible

to take a different path and applying point-matching methodseB’ho.
For §j>r it is possible to expand HEZ)(kbR) in a series

as follows

Outside the waveguide, the ingident: ™
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m= =

and substituting back in the integral equation (1.81),

- . .
> jo Hr&f)(kog )ed™? Jj (e-€)E_(§4,8') J,(k ¢)e Ind'agr _
S

m= -

@
(2)
. >k s
m:‘aﬁm (ko ) 2)§ m8 46 = o (1.82)
C
Let Am = jw jj\(g—go)Ez( gt’d) Jm(kog ')e-jmg'dsl
S
ot oF, -3jmo
B = —% j\ =7 3 (kor) e ac
C
then
w0
(2) .
E jm@  _
(Am + Bm) H (kof) e = 0
m= -~

from which it follows that Am = -Ek

Thus, Eq. (1.82) can be rewritten as
-jmg? E -jmo
Ly (c—eo)EZ( ?', zn) Jm(ko§ e das = ?;~ m(kor)e dc
-C

(1.83)

Let us éuppose that it is possible to expand EZ in a series

like o
- > ipg"

E,( 3>',¢') = L Apfp( g')e
where on C,

E = AT (r)erg

Zlon ¢
p= -
Thus,
?..E.% = ; AL 2 (5 ()37
on = PoZh MpiFe



.- 65 -

and substituting in Eq. (1.83),

an . VY ax
Ly A (e-¢ )eJ(p—m)ﬂ' 1 ' Y =
Z : pj o Jm(ko§ )fp(g )g' dj =
°

= -0
(o]
. -3mB .
AN f%(fp(r)espe) g (kor)e T ac
p= -0 :
c
Let

Ly ”\ (e-c) Jm(kosj l)fp( S")ej(p“m)ﬁ' g'dg' i N Cmp
S

© jnd ~mf _
- J =4 (fp(r)e )Jm(kor)e ac = Dmp
C
Then
® @
AC = A
P mp P mp
=, Lo
and solutions are obtained from det (C_ - D ) = 0.
mp mp

Obviously, the difficulties seem to be on the evaluation of
Cmp rather than.in Ehp, but it is probable that for standard configurations

the evaluation can be straightforward.

1.3.9 Transmission-Line Matrix Method

Johnshl describes inhomogeneous waveguide structures using
the transmission-line matrix methoduz. Propagation in a two~dimensional
medium is represented by the voltages and currents on a Cartesian mesh
of TEM transmission lines. At each node of the mesh, a submatrix of
four numbers describes the magnitude of incident voltages along the
four coordinate directions. The propagation of pulses is followed
through the mesh and by observing the stream of pulses passing through

some particular point, and taking the Fourier transform of the output
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impulse function, it is possible to get the required information, in

this case the phase constant B. In order to have an analog representation
of the dielectric, on each node of the mesh there is an open-circuit stub
of variable characteristic impedance. The stub length is A¢/2, half

the distance between nodes. On each node, now, there are five pulses
incident, four from the line and one from the stub. Pulses travel from
one node to’the next, and are transmitted and reflected. ZEach iteration
in the éomputer represents a time interval of AJ/C. For each iteration
and for each node, the new values of the five incident-impulse émplitudes
are calculated.

Although the method can only be used in cases wherse Maxwell's
equations split into two independent sets of equations of three variables,
Johns applied it successfully to several cases, like evaluation of tha
LSE mode in a rectangular cavity, cuteff of modes in waveguides with
dielectric slab or ridge. The advantage in comparison with other methods
it can be used on a small computer because of small storage requirements,

and sinplicity in the programme.

1.3,10 The Method of Sub-YWaveguides
. . L3
This method has been developed by Veszely for
analyzing inhomogeneous waveguldes or waveguides of complicated
cross—-section. The procedure is to divide the cross-section of
the waveguide into simpler parts: it is done by coasidering that in

the "cut-lines'" there are electric (sometimes magnetic) walls.,

The starting point is writing as a functional, in
terms of Ei’ Hi, the el>zctromagnetic fields in the ith subwave-

guide. These flelds can then be expanded in set of orthonormal
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TE + TM Modes, in such a way that applying the Rayleigh~Ritz method,
a system of eguations ia obtained.

From the dispersion characteristics of the subwaveguides it
is possible to extract information about the dispersion characteristics

of the original waveguide.

44

1.3,11 Method based on solutions to the Hill's equation

Casey45 developed a method for the determination of electro-
magnetic fields in irhomogeneously filled rectangular waveguides.,

If the material filling the rectangular wavezuide is an
C . . . edsos . 21
inhomogensous dielectric of permittivity &(x), the LSE modes® are

obtained from

V2 s )P = o0
\ 2 . .
wiere kg(x) = uog(x) and é%(x,y,z) = £(x) cos{nny/v)exp(~jPz)

and £(x) is a solution of

2 . 2
o O I L R R
dx™ b

subject to bourdary comditions fla) = £(0) =0

The LSM modes are obtained from

vap. 2 & ¥, B T = 0

€t dx 2x
g(x) sin(nmy/b) exp(-jfz)

where {k'(x,y,z)

and g(x) satisfies

2 2
dg 1 de dg {kz(x) .ot g2 } g = O
2 £ dx  dx b
dx .
(1.85)
subject to boundary conditions g'(0) = g'(a) = O.

Egs. (1.Ch4) and (1.83) may be solved using

)

m,/2a

i

1
L]
P

u(V) -

viv) = € *{x)glx)

+
e e g i s

e — i
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) K2(x) - (-’1%)2 - B?‘}

g cos 2ay = (~g§> 1

i

2 2 :
P+ 2 h cos 2ny = <§5) é%(x) d2 { cu% (x}j
n n dx
yielding
™ . .
a> | ? Z
AR, (A +2 g cos 2nVY ) u=20 (1.86z)
2 n :
ay n=1
fos) .
d%f Qrs
— 4-{3 -n + 2 {g_ - 1 )cos 2ny 3 v=20 (1.85%)
dy2 _ = B il

Eq. (1.85) is of the form of Hill's Bquation. Solution may be obtained
if E:Zgn (or z::hh for the LSM case) is absolutely convergent.
n n

The boundary conditions are

u(Q)

13
i

u(r/2) o] | (1.87a)

i
i

vi(0) = vi(1/2) 0 (1.87%)

vhen £'(0) = £'(a) = 0; if not Eq. (1.87) should be modified.

iy

It has been proved = that Eq. (1.%7a) is equivalent to

B, - 8y -
det 8 . n-m n+r 0

n,m A - gn? n,m = 1,2,3...

and this last equation constitutes the characteristic equation for
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Although the method presented has been proved to be useful to evaluate
the characteristic impedance of a guide with an inﬁomogeneous dielectrie,
when the dimensions of the guide are very small with respect to wavee
length, it could be useful if used in conjunction with other methods
vhere the knowledge of potentials on some region is necessary for
further calculations.
'Bevensee47 uses a variation of the previous method, the
so called number-diffusion process to obtain probabilistic solutions
of the wave equation for a finite logsy transmission line sinusoidally
excited.
These methods, although theoretically known for a long
time, are still in a phase of practical development., Their great

sdvantage is the use of few computational steps and low computer

menory.,

1.4 Conclusions
The numerical methods appearing in recent years on the analysis
of inhomogeneously loaded wavegﬁiaes, and which have been covered in
previous sections, have in common the fact that each one is btased
on a diffe;ent technique to reduce the problem to one or two dimensions.
Nothing more will be said about the analyiical techniques
gince their applications are restricted to a few particular geometries,
In the author's opinion the numerical procedures that have the most
general application are those c¢lassified as of Rayleigh~Ritz and
finite-element type.
The direct Rayleigh~Ritz approximation method has been known
for a long time but it was not applied as a standard procedure to
wave-guide problems until relatively recently. For a large variety
-of waveguide shapes it is possible to construct the suitable approximate

ing functions.
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Approximating functions sre typically chosen to be either polye
nomials in Cartesian coordinates or in polar coordinateszoz in the
former case some difficulty may be encountered for some cross sections,
while the second choice is best if the cross sections are star shaped
with respect to a point,

For some boundary value problems an eguivalent formulation in
which a twow~dimensional boundary value problem is replaced by an integral
equation involving s contour integral has heen given39: in this case
search techniques must be used for determining the eigenvalues. The
drawbgck is that the matrix sizes are relatively small, and there is
then the danger of missing some eigenvalue,

During the last few years, the finite~element method has gained
considerable popularity in the solution of boundary value problems and
at the present time is the method mostly used in the solution of wavee
guide problems, The method has the advantage that it combines the
high accuracy and short computing time of the Rayleigh<Ritz method
with the flexibility and simple usage of the finite~difference method.,
It is then expected that‘the use of this method will become increasingly
important for solving waveguide problems.

The drawback of all methods discussed above is that the knowledge
of the partially filled guide cutoff frequency is not sufficient to
deternine the propégafion constant at other freguencies, which is

necessary to solve the corresponding equations at each frequency.
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APPENDIX A

Sturm « Liouville Problens

L]

A certsin type of boundary value problem involves a differential

equation of the form

<X+ w-ay =0 (a-1)
with some prescribed boundary conditions at the limits of the interval
(a,b). In th;s equation p, w, ¢ are continuous functions of x in the
interval (a, b) and A is a parameter independent of x. By a suitable
choice of p, w, q, most of the important equations governing eleétro-
magentic wave propagation can be obtained from Eq., (A = 1). For example,
the equation reduces to a simple equation of periodic motion when
pm=w=1l, gm0, Butvhenpex, wex, q= -nz/xm Eq. (A = 1) leeads
10 the Bessel quation, and wvhen p = 1 =~ x2, w=l, q=0, it reduces
to the lLegendre equation, Msthieu's equation, Gauss! hypergeometric
equation, Chebyshev's equation, and Hermite and Laguerre polynomials
are also special cases of the above equation,

In order to have a non~trivial solution of equation (A - 1) which
will satisfy the boundary conditions at the end of the interval (a ,b), A
must assume one of the eigenvalues An‘ To each eigenvalue there is
the corrésponding eigehfunction ¢n’ The solution may be expressed
in terms of the eigenfunction as y = cf (x), where ¢ is an arbitrary
constant, The boundary conditions of the Sturm-Liouville system
include the following
(i) Mt x=aor x=b, either y = 0 or ¥ = 0 or a linear combination
%y + By = O,
(ii) If p(x) = Oat xmwa or x = b, y and ¥ must remain finite at
that point and one imposes one of the conditions (i) at the other

point,
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(1i1) If p(b) = p(a), then only y(b) = y(a) and §(a) = F(bv) ave
required.
Any continuous function can be developed in terms of Sturme
Tiouville functions which are the solutions of Eq. (A - 1),

The system possesses the following properties

(1) There is an infinite set of eigenvelues A and a corresponding

nunmber of eigenfunctions ¢n’ guch that 0 £ llz < 7\22 L eee

(ii) There exists a complete normalized set of eigenfunctions

{¢n(x)§ in terms of which a well behaved function f(x) can

be & convergent series.

(iii) The eigenfunctions posgess orthogonality with respect to the

weighting function g over the prescribed interval (a, b), i.e.
b
( ‘p - ln);fn 1 ¢§ ¢n dx = 0 M # An
a

(iv) fa af, B, dx = b _, where Smn-lifm-nemdgmn- 0
O

otherwise,

(v) The solution to the problem may be formulated as the problenm
of finding the function which will make the variational integral

stationary,
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CHAPTER 2

AN APPROXIMATE METHOD FOR THE CALCUIATION OF PROPAGATION
CORSTANTS IN NON-UNIFORM WAVEGUIDES

2.1 Introductionl +3

For sinusoidal fields in a linear, isotropic and source-free

dielectric medium, Maxwell's equations can be written as

TxE = - pl/2t (2.12)
VxH = e2E/ 2t (2.1v)
where the-two )para.meters 1 and £ describe the nature of the space
that contains the two field vectors £ and H,
In dealing with boundary value protlems, it is sometimes cone

venient to express the vector differential operater </ (nabla ) as
V = vt + Vn

where Y, is that component of < which represents differentiation with

t
regspect to the coordina.te' of the plane of discontinuity and Vn is
the component which differentiates with respect to'the coordinates
normal to this plane,

If the two field vectors E and H are also expressed in terms of

their components, i.e,

E = B +E,
= B +1

and if it assumed that the time variation is given by exp(st), where
s = jw, Eqs. (2,1) caen te written as ;-

Vt _X (-Ei-t + _}:,“_'n) + 7, x (gt +E) =~ su(g_t + gﬂ) (2.2a)

Vt X @-t + H) ~1-'\7n x (B + E-n) = sc(B, + _I_Zm) (2.2v)
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Consider now the structure depicted in Fig. 2.1, defined
by a conducting surface C enclosing a region A, and where n is s
unit vector normal, at each point, to C, It is assumed, without loss
of generality, that, within
the guide, the relative
permeabilitymxr = 1, and that
the permittivity is a function

of the coordinates in the

region A but independent of

Fig. 2.1

the axial cocrdinate, perpenw
dicular to the section A, It is also assumed that the coordinates
form & right-handed orthogonsl system of coordinates. |
An electromagentic field, defined by the two field vectors B
and H, will satisfy Maxwell's equation and
nxE = 0 onC, (2.3)

If the electric and magnetic field are expressed, respectively, as

E = (By+ E,2) exp(st - {p) (2.4¢)
HE = (@B, a) exp(st - yp) - (2.4b)

where|§t(§t) is the component of the electric (magnetic) field in the
region A. EP(HP) is the magnitude of the axial component and in
general it will be a function of the coordinates on the section A.
E@ ig a unit vector that definea g direction perpendicular to the
Section A in the direction of p increasing, exp(st) is the time
variation and exp(-*&p) is the variation of the field along the
axial direction defined by’g?. T is known as the propagation constant
and in general it is defined as

T o= o« + JB (2.5)
where « is the attenuation constant end P the phase constant, For

a propagating mode 7f must be imaginary, then ﬁ'- jB.
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Substituting Eq. (2.4) in Maxwell's equations (2,1), and

teking into account that Vn "= g J = vp =-y '%P

. o
(Y, - ¥ap) * By +2,B) = - oulEy+E a) (2.62)
(Vt - )SEP) x (;I_{.t + &, Hp) = Bs(:_E_t + 2, Ep) (2.6b)

' where the exponential factors have been omitted. Solving

vtxgt-g_p x Vt Hp- zs_g,‘pxg_t - ss(_E_lt+_§._pEp) (2.7v)

where%x%=0wd Vtxgp..-ﬁvat.

Eqs. (2.7) can be rearranged as

By X By + 2, X Vi E, = suly (2.8a)
Vtxgt = - suH & (2.81b)
T ep FH fa, X "\‘Jt Hy = = 8cB, (2.8c¢)
VixHBy = 8 cE, 8, (2.84)
Multiplying 8, * Eq. (2.8a)
a X a x_F_,t+ gpx_a_’px tEp= S}L(_a_p}igt)

Using Eq. (2.8¢)
,6 _a_p“:x -8-'-p x_P_l_t + U_a_._pxg,_px vtEp- su‘-scgt'ivatﬂp)
2

2
\5 '?"P gﬁp xgtfs‘ucgt = -B%x%xvt}?}p-sugvatﬂp

Applying the vector identity AxBxC = (A.C)B - (A.B),
2 2
T {@p ¢ Bplap - (g« 2p)B )+ SR, = - ongy x Yy By
- Py N as »
T« Vidap - (5 - 2) Uy | By

wheregi).gtno sy 8&_ s 8 = 1 , _a_.p.vt-O

Then, a final expression is obtained as

2 2

Y E, -~ sueE, = sna, X vt HP - \C{Vt Ep (2.9a)

Similerly, multiplying ~6_a_.p x BEq. (2.8c) and using Eg. (2.8a), an
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equivalent expression relating _Iit, E p and Hp &8 follows

2 2 ’
¥ Hy - sheE = -sca x Vs EP-XVth (2.91b)
Both equations (2.9) can be collected as a matrix equation as follows:
2 2
M &, x V8 = (sue - % Ny - D/Avt¢ (2.10)
where
M = € 0
0 wu
p o EP
it
\ P
.
B
=t
V =
He
(0 1
A =
=1 ©

2.2 Expansion in rectangular coordinates

In rectangular coordinate, if the region A of Fig. 2.1 is defined
as the x-y plane, and the axial direction perpendicular to it as the
z-axis, then it follows that

E, = Ei + E_j

Ep - Ez

Btk

T = L2, 52
t 5% +  J >y

where i, j and k are, respectively, unit vectors in the directions of
2
X, ¥, and z increasing, Replacing s = j® sand defining ko - wzhoFo’

the matrix equation (2,10) can be rewritten as
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¢ -22 o 2 2 —aﬁ
JoM = (v +k Sr)A et YASE | (2.11a)
" 28 2 )2 Y wa 28
Jut == -(5 +k, cr)A Yy < TAST (2.11v)
where M,A and ¢ are defined as before,
Ex Ey
4’x = - ! 'qry = B
x J

€ = EfE
and r /F e
In a structure like the one depicted in Fig, 2.1, the electro=
magnetic fields are governed by the source-free Maxwell field equation
that are, assuming again a sinusoidal variation in time and in the

direction of propagation,

’aEZ .

oy = - 75Ex + Jop Hy
'aE:a

R & SRR RS
2B E

— - a—l o= Jon H
oY ox Z
OH

.ax - -ﬁHx - J(.UCE

OH :

oH oH

- X - - y = - ijE

oY 9% 2

From the previcus set of equations it is evident that if it is
possible to know Ez and Hz, all the other components can be determined,
Hence, the next task will be the determingtion of an expression for
Ez and Hz alone.

Consider the expressions (2.9) in rectangular coordinates,

2 2 .
(”6 + p,c)gt =  Jjop k x thz - EVth (2.12a)

(52 . 2W;)_f;t = =dockx Ny B, -yNH (2.12v)
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Now, let us multiply Vt x Eq. (2.12a), and use the vector identity
Vx(aB) = Va x B + a Vx3B

(2 is a scalar and B a vector),then the following expression is obtained

2 2 2 .
( 5+ ome )Vtxgt + wpe Vtcrxgtﬂamvtx (k x \7,6112)
(2.13)
From Eq. (2.8b),
| Vt X-E-t' —jwuﬁzg
and from Eq. (2.12a),
2 2 =1 . '
B, = (3% + Aot Gemkx U, - (V)
Substituting in Eq. (2.13)
-] (2+2€)H k+w25 AV x(2+m28)-1('kaH-—VEz)
Joplyy +wmne)t, 2 o Nt § o JME tz T 0V
Multiplying by k.
. ,2 2 \2 2
-Jw(-b + wpe) H, + wne k. vtcr x (Jun Exvt Hz - \6§7th)
. 2
= :qu(“62 +wpedk s Vyx(kx VH)
Using again the identity AxBxC= (A . C)B~ (A . B)C
koeVyspxkx Vi H, = Ve .o ViB
_1&, vtx.l_c_x thz vvt%z
Then
. 2 2 \2 2 2 2 2
-Jumi(?g +wu€)H2~quQV'§;sr° Vi B, + (fé + wpe) Vo Hzg -
2
W ne, % k. Ve, ® Ny Ez)
2 2 2 2 2 2 .
(\6 + ks Cr) My By + (“6 + Xk, cr)Hz -k vtsr - Vi, = JUESY k.
(Ti8p x V4E,) (2.14)
From Eq. (2.12b), using the vector identities
Tx(aB) =Va x B+a Vx3B
Ve (@B = 3.Va + a V. B

the following expression is obtained
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2 2 2 :
"(“6 + ko cr)wt x By = X, vtcr * By = J‘”%E%Vt ¢ (crv‘bEz)}
Using Bg. (2.84)
Vtxgt = jwcocr Ez_lg
and Eq. (2.12b), we. obtain
,2 2 2, 2 .
-(b +k e ) Jue e B kek Ve, x (—6§7t H, + joe e kx YV E )=
2 2
- ;ju)co (\6 +k° cr)-]i:-%_vt . (crvt Ez)‘f{
Multiplying by k . and rearranging terms,
2 2 2 2 \2 2
(\6 + cr)szvt . (e, 4 Ez)%( + (\6 +k e )el -k Ve R
- Jomg g k. (Vyep x V4 B
2 2 2 2, 2 2 2
(-6 +k e )e V., + ('U vk Ce ) B, 4 v Ty e VLB, =
- Jon, oy k. (Ve x Vi H) (2.15)
Equations (2.14) and (2.15) are two differential coupled equations
in EZ andHZ.
To satisfy n xE = O on C, it is required that
E, = Oong (2.16a)
n. <7tHz = 0 onC _ (2.16b)

where nis s unit vector normal to C.

The problem is completely defined by Egs. (2.14), (2.15) and (2.16).

203 Determination of expansion modes

It would appear that the solution of Eq. (2.14) and (2.15) is en
impossible task, In order to evaluate the propagation constant, the
two field components, Ez and Hz, can be substituted by an appropriste
set of trial functions. In the searching for trial functions that are
the most naturally suited to the dielectric loaded waveguide problem,
the zero—freqﬁeney modes appear to be a goed solution, Waveguide zeroe

frequency modes form an orthogonal set of functions that exist exaétly
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over the waveguide cross-section and they satisfy all the boundaxry
conditions. Their determination, for the most common geometrical
structures, is relatively easy.
If zero order modes have been found, it is then possible to
expand any function in a series of zero-frequency modes, provided
that the function has the same region of definition and has to satisfy
the same boundery conditions. In particular, it is possible to
expand th; axial components of the electric and magnetic field in a
waveguide, at any value of propagation constent, in the above .
modes., Because of the close physical relationship between the trial
field and the exact field, few terms of the expansion should provide
a good approximation to our solution.
Consider then, in Egs. (2.14) and (2.15), w = 0,
Equation (2,15) will thus be
Vt ¢ (cr vt EZ) + ‘5281‘ Ez =0 (2’178)
E = OongC (2.17p)

2

with a corresponding set of solutions
E, = ¢n ’ T= Un,E
such that b satisfies Eq. (2.17),
2 .
Vg o (e Yy ?’én) * ¥n,B% ?Sn =0

C#n = 0 op c.

Similarly, Eq. (2.14)

Vi H, + “62 H, = (2.18a)
n. Vt H, = OonGC (2.18b)
with a corresponding set of solutions
B, = Yn ’ T= Pn,m
where again
Y]i “Ph +'N§n?H = 0
n. Y= O0OongC .

Note that, for ® = 0, Egqs. (2.14) and (2.15) are uncoupled.
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Cfgn and " a constitute a complete set of functions,
It is posaible to express the axial components Ez and H 5 28

Ez = Z\ 2 qsn (2°193)

n=0

e8]

H, = Z b, Y (2.19b)

‘ n=0
Note that Egs. (2.16) are satisfied ,
The undet_ermined sets of coefficients a and bn may be determined
from Eqs. (2.14) and (2.15).
By substituting Eqs. (2.19) in Eqs. (2.14) and (2.15), and
using

Vt d (er Vy C}An) =" \631,}43 ?énar

Vtg\gfn = "'Zfrfﬂ\#n

the following expressions are obtained

2; L { (‘()2 * kozsr)( 62 * kozgr - ?fn?H) Y- k02 Vife + Vi Yn g =
jwsofzjzan_}_c_ . (Vt% x Yy (/én) (2.20a)

2 2 2 2 2 _
Znancr &(‘6 + kg Cr)(zf + R fr = Yn,E) <f>n - k02 Vite © Vi Qén% -
. j”“o'{ﬁzbn'l{' . ( Vtcr x 7, \/,-n) (2.20b)

In this section it is apparent that the modes corresponding to
zero-frequency of a composite structure of regular shape are more
egsily determined than any other mode at any other value of frequency.
This is because the electrical and magnetic fields in (2.14) and (2.16)
are uncoupled at zero-frequency and, as a result, the expansion modes
may be obtained from two separate Helmholtz equations with appropriate
weighting factors in the dielectric regions.

Thig should result.in a fasgter approximation to the true eigene

values of the problem.
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2,4 Modes in dielectric-gslabe-loaded rectangular guides

In Fige. 2,2 there are several illustrations of typical slabe

loaded rectangular waveguides,

N\ \
N LN
\\\\\\\\\Q IR

Fig. 2.2

For the cases illustrated it is relatively easy to find an expression
for the propagétion constants. When the configuration is different
from those illustrated, it is difficult, in general, to find a handy
solution and it must then be necessary to use an approximate method,
In general, in a dielectric loaded waveguide, like those in
Fig. 2,2, the propagating modes are hybrids of E and H modes, except
for the case whén the electric field is parallel to the slab and there
is no variation of the fields slong the dieleciriceair interface, In
this particular case, the mode propagation is an Hno mode,
The configurstions of Fig. 2.2 are essentially the same: in
‘some cases the air-dielectric interface lies in the yz plane, in other

in the xz plane. Because of this, meny authors used to derive the

electromagnetic types from Hertzian potential functions, The resultant
modes are usually clessified as E(TM,) or H(TE,) modes with respect
to the interface normal (i.e. x axis)., If the mode has no component
of electric field normal to the interface, then the electric field lies

in the longitudinal interface plane, and the mode is commonly called a
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longitudinal-section electric (ISE) mode. Instead, if there is no
magnetic field component normal to the interface, the mode is called a
longitudinalesection magnetic (LSM) mode.

It must be pointed out that, in the lossless case, for a guide
filled with two dielectrics1ll, 51 and Loy 5y the cutoff frequencies
(Y= 0) of the various modes always lie between those of the corresponding
modes of a guide filled with a dielectric 81,111 and those of a guide
filled with a dielectric &, néi The field patterns are similar to
thoze of a hollow waveguide, except that the field tends to conmcentrate
in the material of higher € and u,

In order to analyse the modes propagating in an inhomogeneously
filled rectargular waveguide, consider the case where the parameters
of the medium, ¢ and €, are both functions of position. Starting
from Maxwellts equations and following a procedure similar to that
outlined in the previous sections, the following equation for the
magnetic field is obtained

Ve Al y

(v2+k02€r>_f£ = (VxH) X = -V(_H_. T (2.21)

A similar equation can be obtained for the electric field just inter=
changing H with E, £ with % and ¥ with €,
Consider now that p and/or € are only functions of y.

Thus,

Ve .
= =V . g5 ()

AVait :
T .V - 52 duy
it ay‘
Expanding them Eq. (2.21) in rectangular coordinates, with x and

y a8 transverse coordinates, end z as the direction of propagation, the

following equations are obtained



2 2 2 o 2 ©
(9° + ko Cr)Hx 55 H -é:? fne = =% Igr 5T ﬁ‘n (ne) (2.22a)
2
2 2 = =
(V + ko r)Hy = - -5-5; Hy -;é-—y- J?nu - Hy Byz ﬁnn (2.22b)
2 2 > > ; = D
(K:/ + ko 1‘)Hz = =7 Hz =7 ne - == Hy =7 ffn(uc ) (2.220)

Looking for modes in which one of the components of magnetic field

does not exist, there are three possibilities:

a) H, = O, then Eq.(2.22c) may be written

5 e
= 2 sy <o

and this may occur when

liene = congstant, This is a trivial case,

2.~ Hy # £(z). It is impossible for a wave travelling in the

z direction unless Hy = Hz = 0, This implies a TEM mode

which cannot exist in a single connected region,

b) H_ =0, and from Eq. (2.22a),

D 2
3y Ty nlee) =0

and this occurs for

l,=1£ = constant, Trivial case as befora,

2= H& # £(x). This would correspond to solutions of the TEon

type with electric field along x. H_ = 0 is also a solution,

but as Hz is missing, it is an impossible solution inside
a waveguide,
For the electric field, an analogous analysis would lead to
Ey # £(x) which implies Ey = O indicating that again a

TEon mode is acceptabls,

c) H& = 0. In this case, as Eq. (2.22b) is identically zero, the

wave equations for the megnetic field are



(P + k0?.51;)11z - <=u, = _
If a solution for H is found, the electric field will be given by
Maxwell!s equation (2.1b)

It is then possible to conclude that longitudinale-section (LS)
modes (Ey = 0 or gy = 0) are the normal modes in the waveguide analysed,
without any constraint.

By using a similar argument, it is possible to demonsirate that
IS modes are ﬁot possible solutions when »t = £(z), In this case, T
and TE modes will be present; this implies that TEon modes (which are
both TE and IS types), are valid for waveguides in which the product
is function of the direction of propagation and of one transverse
coordinate,

A similar analysis for the electric field would lead to identical
results if, in the preceding analysis, TMbn and TEon are interchanged
and the components of H are substituted for those of E.

In the case of a slabeloaded waveguide, the dieleciric constant
changes abruptly but in a finite amount, It is just not possible
to choose any mode type and try to match the transverse components at
the bourdary without the danger of inconsistencies in the derived
eigenvalue equatioé. Matching only one component, electric or magnetie, -
across the interface is not a guarantee that the other transverse
components will also be matched., This is because, apart from the
simple dielectric and air region, there is a transition region: when
this region is so small that it temnds to vanish, the retardation across
it is negligible and it is possible to equate the tangential fields
through it.

2,5 Frequency dependence of the propagation constant

7

Carlin’ treated the problem of inhomogeneous waveguides as a zero-

. . ¥* R
dimensional” problem, degcribing it with respect to specific types of

* : . ; : : . .
The characterising functions are independent of spatial dimensions.
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homogeneous ports.

Because of the restriction of homogeneity, Rhodes8 developed a
more general theory, where physical constraints are applied to bounded
guided-wave structures to formulate the basis of generalised uniform
l-dimensional network theory. TUsing the constraints of linearity and
time invariance, and for a guiding structure bounded by a perfect
magnetic or electric wall and a ﬁedium such that B and &€ are independent
of the direction of the wave prépagation z, it is possible to obtain a
relationship between the propagation constant T and the complex free
quency p. This relationship is called the "boundary value egquation".

In general, it is a tranascendentsl eguation. As T is a multivalued
function, it must be represented on a Riemann surface which will consist
of an infinite number of p plane sheets, each set representing a mode

of propagation.

Some of thesge sheets will be cormnected by braneh cuts. A mode
set is defined as a collection of modes which are connected 5y branch
points in Re(p) > O.

By applying field linearity, reality and causality, it follows
that in any finite inhomogeneous waveguide, a single mode of propagation
cannot exist independently of other modes in the same mode set, In an
infinite guide, the existence of a single mode is agsured by mode
orthogonality.

The constraints of reality and passivity show that the propagation
constant'ﬁ‘belongs to a special class of functions termed "non zero real
funcions®, For a dissipationless medium,rz‘becomes a "symmetrical non
zero real function®” with symmetry about the axis p = Jw.

For dielectric-loaded rectangulsr waveguides, QY satisfies the

following constraints 3
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(1) Re(y)s Re(y/p) # O for Re(p) 4 O.
(ii) 1If u= 'b/o is a solution for p = p_,

A= '50* is a solution for p = p: » Re(p) #0
fo’ exhibits reflection symmetry about cuts through both the real and
imaginary axes of the Riemann surface, and all the infinities and zero
exist along Re(p) = O. 7 bey not be complex enywhere along Re(p) = 0O,
and it may b;a shown that
(1) ry must be real from =0 to © = : @ .
(ii) 7 possesses & branch point at v = tmc of the square=-root Variety
at wvhich = 0.

(iii) 'K is imaginary for |w} > !wcl and tends monotonically to
infinity as ® tends to infinity. At infinity, G muat
possess a simple pole on every plane on the Riemann surface,
The only zerc is at a finite point along p = jwwhich is a
branch point of the square-rocot variety.

Along p = Ju, corresponding to steady-state sinusoidal excitations,
’\0' is purely real below the branch poinit (cutoff frequency) and purely
imaginary above, as it is shown in Figure 2.3,

A D
i

AL

Fig. 2.3 Propagation characteristics for slab-loaded
dielectric waveguides
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If the macroscopic parameters are varied smoothly into a homo-
geneous state, the branch points thsat 7§ Ppossesses on the axis,
converge smoothly to infinity and are absorbed into the poles, such
that the solutions for fb' are of the form

’zf = k(p2 + (.02)%
which are either TE or T™ modes. Conversely, if the medium is varied
from the homogeneous state, these branch points will reappear for
complex values of p, but they will never touch the imaginary axis
because of the comstraint on the ratio Qf/Pf

If may then be shown that for ISE and ILSM modes, a single-mode
equivalent network representations are possible, with coupling existing
only at the input and output ports.

The functional behaviour of the propagation constant has also

been demonstrated in the frequency domain.

2.6 Determination of an expression for calculsting propagation constants
in dielectric=slab loaded rectangular waveguides

This section will be devoted to the analysis of a rectangular
waveguide, the.interior of which is filled with two different dielectrics,
the distribution in all the cross-section being constant. One of the
dielectrics will be air., In particular, the case of two dielectrics will
be treated eacﬁ half filling the guide longitudinally, |

Consider then a rectangular waveguide, with infinitely conducting
walls, with an axis parallel to the z-axis. The dimensions of the guide
are a in the xedirection and b in the y direction. The whole length
of the guide is filled, from x = 0 to x = t with a non-absorbing
dielectric of constant 50 (air), and from x = t 4o x = & with a none
absorbing dielectric of constant . The magnetic permeability of both
media is taken equal to 1. It shall be taken that © 7> Co' The

degcribed configuration is depicted in Fig. 2.4,
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yA

Fig. 2.4t System of coordinates and waveguide structure,

It was shown that the longitudinal components of the magnetioc
field and of the electric field satisfy respectively Eqs. (2.14)

and (2.15), which are repeated below.
(’52 + kozcr) <7t2Hz + (/Ka + k0261')2 Hz - kb2 §71;8'1' * <7t Hz -
jue y ko (Vi x Y, E) (2.23a)
(\62 + 1-{ozﬁ’l‘)‘:rvzl'}z M (’Xz + k02‘:1:)2 °r B +252 vtcr ‘ Vt E, =
-Juryk.( Vtér x g Hz) (2.23b)
Here € is a function of x only,
As before, supposing that the z and t -~ dependence of each field
component is given by a factor exp(jot - - % z), and assuming that the

3

¥y - dependence is the same as for hollow waveguides”, it is possibie +to

write two expressions, one for the magnetic field component and another
for the electric field component, respectively,

H, = £(x) cos (Iny/v) exp (jut- z) , L=0,1,2,... (2.242)

E, = g&(x) sin (Iny/v) exp (jut= yz) y 1=0,1,2,... (2.240)

with ¢ a function of x only, and substituting Egs. (2.24) into

Eqs. (2.23), the following expressions are obtained,
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(/52.+k ») SLi‘(x)+(g+k02r—p)-.f‘(x)g--k "#'(x) -
jue AP, g(x) (2.25a)

(,62 + kozsr) srskgh(x) + ('62 + k02€r - 1)e(x) E + 5’28r' g (x) =

§o noy P &y £(x) (2.25b)
where ' and " denote, respectively, the first and second order derivative
ﬁith respect to x, P (not to be confused with the complex frequency
of the previous secfion) represents (L7 /b), and k02 = wguoco,

For zero-frequency (k0 = 0) Egs. (2.25) are transformed to
£'(x) + (§a-17)£(x) = 0 (2.26a)

with boundary conditions given by

£'(0) = £'(a) = 0  (2.26b)
and € Etg"(x) + (Y5 = 7)) g(X)E +8'g' (x) =0 (2.26¢)
with boundary conditions

g(0) = gla) = 0 (2.264)

According to Section 2.3, it is possible to expand f(x) and g(x) in
a series, as follows

£(x) = ;bm h_(x) (2.272)
and

gx) = ) a e (x) (2.27b)
where Eq. (2.27a) and Eq.”(2.27b) will be solutions of Eq. (2.25a)

and Eq. (2.25b) respectively,

L b (Pt [ s (of il - oPm®]- kom0 |-

Jog, Z % P Lo (x) (2.28s)
Zan {(.62.;1(0251.) [ o(X) + (,6 +k e = P )e (x)X +7 ae;(x)g -
’ I Z n G P =y By(x) . (2.26b)

Let us multiply Eqs. (2.28a) and (2,28b) by h_(x) and e (x),
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respectively, and integrate between x = 0 and x = a, in order to make

use of the orthogonality propérties of the modes in a waveguide,

A new pair of equations is so gbtained

0 i vh () {(752 vk %) [y () 5 (42 + % - 9POm ()]
ko Cr ' (X)}dx = jw £ Zf& h (x)/sza e (x)dx (2.29a)

Lf

ae(x) (,\624-1{‘0261‘)[ (x)+(rb( +k np)e (x)}
/ZI er'en'(x)xdx - jwp'o ZJ bmes(x) /K pcrhm(x)dx

(2.29b)

Before analysing these expressions, it is necessary to find some

suitable expressions for the field modes, namely hm, e ha’ ee'

2,6,1 Magmetic field case

An appropriate solution for hm seems to be a solution of the
form
hm(x) = A cos (mYa)x , m = 1,2,3... (2.30)
where ’5}12 = (m% /a.)2 + p2. It is obvious, by direct substitut ion, that
Eq. (2.20) satisfies Eq. (2.26a). It must also be noted that the bourdary

conditions are automatically fulfilled.

The constant Am igs evaluated using the oxrthogonal condition
a
f h(x) b (x) dx = &
0

where gmn is the _Kronecker delta, and gmn =

Using these conditions, it is found that A (2/8.)%0
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Finally,

hm(x) - (2/3.)% cos (mTx/a) | (2.31)

2.6,2 Electric field case

For the electric field, an adequate solution will be
A 8in k- x 0<x<t
“n n
B, sin k (a ~ x) t <x <a
o . 2 2 2
vhere Eqs. (2.26¢) and (2.26d) are satisfied, with k" = 'b’E -p e
The boundary conditions at the interface (x = t) allow to write
A sinkt = B sink (a=t)
A coskt =-cB cosk(a=t)
where € = C/to = relative dielectric constant of second medium,
Note that a transcendentsl equation can be obtained by dividing the

previous expressions,

€ tankt = € tank (a~ t)
Before evaluating the constants An and Bn, the particular case
t = a/2 must be considered for which an inconsistency arises. For this

case, the conditions at the interface can be written as

(An - Bn) sin (kn 8/2) = 0 . (2.32a)
(A, +5,B ) cos (k 2a/2) = O (2.33%Db)

Then,if
(i) sin (kn a/2) = 0, then k, 8/2 = nTM kn=2n'n/a

and B, = = (1/:2) A

Thus, for this case
A sin (2nn x/a) O4£x &t
e (x) = (2.34)
- An(l/cr) sin {(mn/a.) (a - x)g t<¢x¢a
It is known that the orthogonal condition for the electric field

can be expressed as
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a
f €. en(:s:) e (x) dx = Smn : (2.35)
[s] .
Thus, using Eq. (2.35), it. is possible to obtain an expressions

for An’

t a
. . 2
J\ A A sin(2nmx/a) sin(2mmx/a)dx + J chnAm(l/CZ) .
() Co- : t ‘

sin {(Znn/a)(a - X)S sin {(2mﬂ/a) (a - x)% dx =0
Ai { (t/2) + (a = t)/z¢2‘5 = 1
R EVILEDURENLE

and, as t = a/2,

A, = 2'%82 /(c,2+1)a15%

mn

then
2 {62/(62 + l)a}% sin (2ntnx/a) 0 £ x 4a/2
en(x) - (2.36)

-2 {1/5:20:2 + l)ag‘% sin {(QKn/a) (a - x)g a/24 x< a

(ii) cos (kn a/2) = 0, then k a/2 = (n=-%m , k = (2n = 1)n/a
a-nd An = Bno
Thus, for this case, _
AnsinﬁL(Zn-l)nx/aj 0¢x <t

en(x)n . -
A sin %(2n- 17 (a - x) /a} t 4dx<a

Again using the orthogonal relation Eq. (2.35), it is possible to

evaluate An; after some aslgebraic manipulations, it follows

= 2/ [0r epe]
such that

2 {(1+82)a§‘é sin SL(?En- 1)1tx/a.1J 0 £x £2/2
e (x) = (2.37)
! 2 {(l + Cz)ag % sin {((Zn - 1) T(a - x)/ag a/24x &a

It is thus possible to assume that the expansion is a linear combination

of cases (i) and (ii),
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2 {(e:2 + l)a] % % Z sin (nnx/a) + 2 (52)% sin(nnx/a)j

n odd n even
e(X)ﬂi 0 éx 53/2
L - (2.38a)
2 [(52 + l)a] -2 % ;E;;; sin {nn(a - x)/a} - gz;;;n(Léé)%éin{ﬁn(a-x)/a} :
a/2 ¢ x ¢<a (2.38a)
If t # a/2

-~ i i t =
(An B, cos kna) sink t + B sinka cos k¥t =0

(e b, + €8, cos ka) cos k t +¢eB sinka sinkt =0

A similar analysis-léads to

n odd

2/ {cat + (a = t)g 2 {Z sin(nmx/a) + Z (5 )%sin(nﬂx/a)g

e(x)=

n even

£
03 x £ (o, 38p)

2/ %cat + (a = t) g %g Z sinznn(a - x)/a.}q- Z (l/t:2 )%sin nﬂ(a—x)/%

n odd

n

even

t $<x La

Before substituting these expansions, Eqs. (2.35) and(2,38s),into

the integro-differential equations (2.29), let us analyse these. They

can be written in a compact form as

by Ops = Zan Ks
)

n
o a L = b M
}:nns Emma
m

n

where

(2.39a)

(2.39b)

um | B 0+ (7 e e = 30 [ ) e -

& s
ke, By (x) h, (x) ax

o a
K = i ]
ns doe oJ? j(;cr en(x) hs(x) dx

(2.402)

(2.400)
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a

2 2 "
L = i (»6 +k "€) sr{en (x) + ("52 + kozcr - pz)en(x) jes(x)dx +

ns

,0,2 i e;a;l (x) es(x) dx | . (2.40¢)
a
Mo = jwo/ﬁ pJ c; h (x) e (x)ax = (uo/co) Kom (2.403)

0

2.7 Evalustion of G

In Eq. (2. 39a), substitute h by (p - Ju, m)h (BEq. (2.262),
j (,«/ + kg r) (»O/ + kozsr - 'b'H’m)hm(x) hs(x)dx -
ko jc h' (x) h (x)dx (2.41a)

2
where A&H,m = (mﬂ/a) + p .
In Eq. (2.40a) there are integrals of the type

a8

o
f €, hm(x) hs(x) dx,
o
where @ in an integer, positive value, such that o = 0,1,2,...

The above-mentioned integral can be split into
t a

1°‘J () B+ %" [ () ny0) ax -

(v} t

(¢4 (04 t
25 4 - €2>f h_(x) h_(x) dx
o]

vhere €, = 7 €, = relative dielectric constant of medium 2.
Using Eq. (2.26a), the following relationships can be established
2 2 t . \? "
(@H - )\ b (x) b (x)dx = - f b (x) hy(x) dx =
?
o

0
t

- 1 (%) b (%) +_f B (x) b, (x) ax
(o]
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and. t 1t
(’5153 - p2) L hs(x)'hm(x) dx = «-J:h:(x) hm(x) ax =

i t
0 )
- b () h_(t) +J h (x) b (x) ax
0
Finally, combining both relationships,

* { ! ' 2 2
X B (x) By(x) dx = 3hy (%) by (t) = By (%) hm(t)} / Yam= ¥

(o)

The second term appearing in Gms

I

[o)

ae; h;(x) hs(x) dx = (&, = 1)fa§ (x = %) hl;(x) b (x) dx -

(e = 1) h; (t) n (%)

where Crhn u(x) + (5, = 1) u (x - t) -« Sou (x = a)

We must differentiate the two cases m = s and m ¥ s.

(i) m=s
G = r (52 sk 28 ( 52 + kozcr - Jnfm) h2 (x)dx =
[¢)
koej ch' (x) b _(x) ax
where

h = (2/3,)% cos (mT/a)

m
There are integrals of the type

jt hmz(x)é.x | = (2/a) th cosz(mﬂx/a)dx = T+ sin(2nTT)/2m 7
()

where T = t/a.

There also integrals of the form
t

a
a 2 o 2 o4
f e h %(x)ix = I fhm (x)ax + nga hmz(x)dx )

[+ (o] (o)

« a pt
R N U NS
2 2 ] h "dx = €, +(1-%) { + (sin 2mm 7 )/2 mn i -

T 4 c°2‘(1 “T) + (1=~ Cg) (sin 2n™7)/2mn
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And finally,
a

2
f h (x)dx 1
. [»]
Thus, -

Sum © 71‘2( 2{2 - ZTH,;) * k02(2752 - \62H,m) free(1-1)+ (1-5y).
(sin 2mmT)/2mm S + ko4 {'r + cg(l =1)+ (1= c‘g)(sin 2mmT )/2mn3+

k02(82 - 1) (mn/az) sin(émn:r)

G = /64 + \62(21{02 {'r + 82(1 -Tj + (1 - 82)(8111 2m7t'r)/2m1tj Y m, H) +

k4 frr 2(1-1) + (1 - 5)(sin 207 T)/207 | & k 2 {(82-1)(mn/a2)sin(2ﬁwc) -

0 2H,m [t + 52(1 -7) + (1 = 5)(sin 2n™)/2m ’I:P] (2.41v)

(ii) mg s

G = _2 (»62 + k% )( 32 sk e - ’O’Hfm)hm(x)hs(x)dx -k ? Joc;h;(x)hs(x)dxa

a :
k(27 - Yu, 29 y e_h (x)h (x)ax + k 4j ¢ ®n_(x)h, (x)ax =i i b (x)h (x)dx= |

2 (1-82) {mcos(sn'f)éin(mm)-s;:os(mﬁ‘v)sin(sm) 3 %2 Yf 6 + (148 2)k 3

n 2 2
m L 8

2 (1=~-¢ )3_ E}E sin(n™7) coa(s™T)

6, 2(1-€2) k, {EE? - zgm?H-i-(l-i- 52)k02}[mcos(snr)sig(mm)-sgos(mm:)sin(s‘m)} .

‘II m -
- m(ﬂ/a.)2 sin(mm)cos(sm)k (2.41¢)
where againt = t/a.

2.8 Evaluation of L

L, = j\aer(A62+ko )(\6 +k 5E n)e (x)eg (x)axek f € 8 e (x)e (x)dx

ns

(i) n=s a

For this case, 5 Crenz(x)dx = 1
o
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t a + a-1

a t
@ P 2 . 2 2 ¢ 2
f e, e (x)dx = j e, (x)ax + ¢, J e, (x)dx = f e, (x)dx+%, (1= fe;n(x)dx)
o o 4 o o

: t . %1 t
a” -
- cagl +(1 - g;l) ienz(x)dx = €, 1 +(1 -5, ,)An2 J: sin2(n75x/a)dx

_where 3
. 2 %.(l +€2)8‘} for n odd
A = % (2042)
2 {8.2/ 1+ Ca)aS for n even

fer 1, oI (2) - sin@n™ (4mr/e) |

T n(x)dx" 82

X =]
=c 4 (1= 82”1) An2 (a/4nm) SLZnTET - sin(2nm)}

ln 2

where 1 if n odd
B = (2.43)

(62)% if n even

100 E e e - s |

and A71,
a8 8
[ et @) o= [ €, -1 Stxm ) (o0, () oy(ax
(o) 0

- (1) Cpo G| @) = () 4,7(5m10h sin(eam)

where A is still defined as in Eq. (2.42).

Finally,

L ™ 754 + k02(2 ?32 - 6nfE) {82“(1- %)+ 82).1 #2(2nT7 - ein2 )/,ﬂt} +

k4 {522 + (1-5,2)(14€,)"t B3(2n 7T < gin 20™T)/n }+k02(n m/a)a ? *

1- 62)% sin(2n R T) (2.44)

where B is defined in Eq. (2.43),
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(i1) n¢ s
There axe integrals of the type

¥

a 1
f €. en(x)es(x)dx = (1- ccé'l) J en(x)es(x)dx -
0

o)

t
(1 - sg"l) AA J sin(nfx/a) sin(sMx/a)dx =

[+]

n~3 n+s

(1—83"'1)%1! 3 &Sin(n - g)T . _ sin(n + 87T }

Thus,

Lpg = (1-52)%1&8%; k02 {(2*62 - 6n?%+(1+52)k02§{sing;s)mr - siann.;s)Wt +

k°2 AnAS(nrr/2a)(1~c2) sin(smr) cos(nmr) (2.45)

2.9 Evaluation of Mm and Kns

ag = 30 [ 2, (e, (K)ax = 39T B(%, L g (H)oy 1) =

o
Hag = I, 2(e57) (2/9.)%( cos(umr) A_ sin(smr) (2.46)
My = Jome p(cé—l)(Z/a)% A_% sin(2n7r) (2.47)
Ko™ (aOAOJMm = jmco/zs p(e, - 1)(2/a)% A_ sin(mmr) cos.(sT.VL’) (2.48)
K, = jwco%fp(cz - 1)(2/a)'3°=‘ A_ % sin(2nmr) (2.49)

2,10 Determination of v ,

Once the expressions for Gms' I‘ns’ Kns and M g 8T known, Egs.
(2.39) must be used in order to evaluate 'K for a given frequency

(or a given value of ko).



Thus

= (2.50)

G is a square matrix, then

b = GLxa
Hence
¢ 1%-L)a = (0)
Thus
BRI -K
det = 0 implies (2.51)
M -L ‘
det (MG"lx-L) = 0 : (2.52)

Solutions for 7 may be obtained either from Eq. (2.51) or Eq. (2.52).
The advantage of Eq. (2.52) is that this determinant is smaller than
the determinant of Eq. (2.51), the disadvantage being on the cost of
inverting G.

In the following Chapter some numerical examples will be shown and

all the possible complications will be pointed out.
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CHAPTER 3

NUMERICAL DETERMINATION OF PROPAGATION CONSTANTS IN A DIELECTRIC-
LOADED RECTANGULAR WAVEGUIDE FOR THE DOMINANT MODE

3,1 Structure configuration

The cross-section of the structure that will be analysed is

shown in Fig. 3.1

vA

b

\

A

o
X

o
o+

Fig. 3.1
where the thickness of the slab is (a - t) and its relative dielectric
constant is §2¥

1,2

It is known '" that for this configuration, the dominant mode is the

HlO mode or longitudinal-~section electric mode LSElO, chéracterised
by the electric field parallel to the slab and no variations of the
fields along the dielectric-air interface.

In order to simplify the problem, the values of the dimensions

and of the parameters will be as follows,

a = b = T
t = a/f2 = me
52 = 2.1‘}5

Thus, the problem is really the determination of the propagation
constants of a square waveguide filled with a dielectric slab, of
relative dielectric constant equals to 2.45, and placed at one side

of the waveguide wall.
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3.2 Determination of an expression for evaluating %.

Instead of using the general expressions derived in the previous
chapter, it will be much easier, for this particular case, to derive
a particular expression.

The starting point will be Eq. (2.25a), with p = O, giving

(q® +xe) () + (32 +k %e )PE(x) - e, kL (O = 0 (3.1)
where
HZ = f(x) cos(py) exp(jot - 'yz).
From Eq. (3.1), rearranging terms,
(% +x %) £ (x) - ar' k % £(x)
2 2 .2 = -t
(r6 + ko 5r)
1
d £ (%)
) = - & { (3.2)
dx (_52 + k02€r) }

Integrating both sides of Eq. (3.2) between O and x, and remembering

that f'(o) = f'(a) = 0,

X 1
J fax = - £(x) (3.3)
of '62 + ko2€r ’
and
a
J- f(x)dx = 0 (3.4)
0

Eq. (3.4) implies that if for f(x) it is possible an expansion of the

form

oo}
f(x) = ? a cos 7§n X, (3.5)
n=0
then a, = 0; thus
®

f(x) = }:; a_ cos 'Hn X
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where Tn = nt/a = n,
@
f(x) = ; a_ cos nx
VAN
n=1

(3.6)

and, for numerical evaluations, the f(x) expansion is truncated such

that
\N.
f(x) = zz: a cos nx (3.6Dv)
n=1
Rearranging Eq. (3.3),
x
' 2 2
f(x) = = ( +k “e ) J\ f(x)dx
12 rle) )
Using Eq. (3.6), and solving
.2 2
Ejf a, «n sin nx = }:: (-6 + ko cr) a, -« (l/g)sin nx  (3.7)

n=1 n=1

Now, multiply Eq. (3.7) by sin mx and integrate between O and a

T

2 i - Y s
g a, n.J\ sin nx sin mx dx = } (an/n{f OB + koer)51n nx sin mx.
n=]1 [o) n=1 0 . dx
(3.8)
Due to the orthogonal condition
a
. . _a
js:mnxsn.nmxdx = 25mn
(o]
it is possible to obtain the following relation
ma = (a/m)g%+k? ) (a/m)P
m m ’6 o = n mn
where
a
(3.9)

2 . .

P = - £ sin nx sin mx dx

mn a r
0
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Thus, it is possible to write a final expression, in matrix form, as

follows

C(fr-Fexloro™) (&)

where:—

(o) (3.10)

i

I is the identity matrix defined as that matrix with the main
diagonal filled with 1's and the other elements equal to zero.
Dis a diagdnal matrix defined as diag fl,Z,B,...n) , although
in general it ccfuld be defined as diag (:75}{,1’ \ KH,ZQ cons ?J(H,n) .
P is a general matrix with elements P, as defined by Eq. (3.9).
Eq. (3.10) is still susceptible to further simplification as follows
2 2 2 -1 _ 2 2 2 -1 _
fg I-0°+k° DPD 1 [a] - D[% I-D +koP) bt [a]) ={o]
(3.11)
Solutions for this equation can be obtained from

2 2 )

det(~62 1-0°+k%P) = 0 (3.12)

Notice that Eq. (3.12) is of the form
det(AI - 4A) = O
which is the standard equation for the solution of an eigenvalue
problem, where the A are the eigenvalues to be obtained. For our
case, A = 2 and A = D° - k °P. It is for this reason that Eq. (3.12)

can be solved by computer using standard subroutines for eigenvalue-

problems. Before doing so, an expression for P and Pmn will be

obtained,
a
- . 2 _ _ _ .
P = (2/a) i €, sin” mx dx = v + 82(1 T) + (sr 1) (sin2mmy) /(2mm)
where v = t/a = l/é
a t
P = (2/a)-f €. sin mx sin nx dx = (2/&)(1—52)‘S sin mx sin nx dx =
o
sin (m - n)t sin (m + n)t
(1 52/a) % m-n m+n }

and for our particular case
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P = 0.5 + 0.5 * 2.45 = 1,725 (3.13)

mimn

P = - (1.45/m) { sin (m - n)n/2  _ sin (m + n)w/2 % (3.14)

mn m-n m+n

The cutoff frequency can be evaluated by equating 7$= 0 in Eq. (3.12),

then kc is obtained from

-

det(kczP -0 = o
or det(kczl -ph = o . (3.15)

3.3 Properties of ('621 - D% 4 kOZP)

For the case we are considering, Eq. (3.12) satisfies the

condition
M o= ("621-D2+k02P) = MU

where MT is the transpose, if'@ 2 is real.s In fact it is so because M
is a real and symmetric matrix. Also, because M is real and symmetric,
it is also HermitianE’h.

It is well known that the eigenvalues of an Hermitian matrix are
real, and eigenvectors belonging to different eigenvalues are orthogonal.

Qbviously, as I and D2 are always real and symmetrical, and
since the eigenvalue probleﬁ is of the form

det (AL - 4),
2 2

where A = ’5 and A =D - ko P, the matrix A is determined. Since P

is symmetric and real, A is a symmetric matrix, so that a,, = and

ij aji
A= AT. If Xi and Xj are eigenvectors that belong to the eigenvalues
Ai and Aj, where Ai b Aj, then Xi and Xj are orthogonal vectors, then

their scalar product vanishes, or

X X, = XX = 0 (3.16)
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By definition, Xi satisfies the eigenvector equation

o= MX (3.17)

Taking the transpose of Eq. (3.17) and using the reversal law of

AX

transposed products, it follows

: XA o= AX (3.18)
since A = AT, Postmultiplying Eq. (3.18) by Xj’
T T
XA X = AgXs Xy (3.19)
The vector Xj satisfies the eigenvector equation
A X. o= A-. X. 02
LT’ (3.20)
Subtracting Eq. (3.20) from H. (3.18)
T
0 = (A - Aj)xi X, (3.21)
Since Ai # hj, the following relation is obtained
T
Xy Xy = 0 (3.22)

Then Xi and X, are orthogonal.

J
As A is a real symmetric matrix, all of its eigenvalues are real,
If X is a typical eigenvector of A, then

AX = AX (3.23)
The complex conjugate of this equation is

AxT = A XS (3.24)
where the symbol * denotes the complex conjugate. As A is real, is
unchanged. The transpose of Eq. (3.24) is

XA e AT (3.25)

Postmultiplying Eq. (3.24) by X, the following relation is obtained

X ax o= MElx (3.26)
Premultiplying Eq. (3.23) by X0,
T OAX = AXD X (3.27)

Subtracting Fq. (3.27) from Eq. (3.26)
0 = (AT A X (3.28)
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If X consigts of the e¢lements Xy5 Xp» xs,...,xn, then XT*X is the
sum of the square of the absolute values of the elements of X.

Hence, XT*X is & nonzero positive‘quantity and, therefore, satisfies

Eq. (3.28),

e AT = A (3.29)
Eq. (3.29) implies that A is real. Since A is a typical eigenvalue,
all the eigenvalues of A are real numbers,
The eigenvalues of C = B™1AB are equal to the eigenvalues of A.
The characteristic polynomial of C is given by

(C = AL) = (B"lAB -~ AL) = B"l(A - AI)B
Therefore the characteristic polynomial of C, gq(A), is given by
a(A) = det(C =AI) = (det B’l) det (A =~ AI) det B

and since det B~. = 1/det(B),

a(A) det(a = A1) = p(7)
where p(A) is the characteristic polynomial of A, then it is evident
that the matrices A and C have the same characteristic equations

a(r) = p(x) = 0

Thus the eigenvalues of C and 4 are equal. The step from Eq. (3.10)

to Eq. (3.11) is then justified, and all the eigenvalues obtained from

Eq. (3.12) are real.

3.4 Program description

In this section information is given which should enable the
reader to apply the programme included in the Appendix to specific
configurations of interest., Examples of its use are given in Section
3.4. The programme is written in Fortran IV and has been applied with

a CDC 6400 computer.
3.4.1 Data input
The values of the parameters are given as separate instructe
ions, El and E2 are the relative dielectric constants in medium

1 (air) and 2 respectively. A is the width of the waveguide and B
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is the height, The value of B is not necessary for the evaluation of
the propagation constant of the dominant mode, but it will be necessary
when, as shown in Section 3.4, the cutoff frequencies of higher order
modes Hno are to be calculated. T is the width of guide filled with
air,

The next data statements are;=

‘The values of the incremental step for ko, DELRO3 the
maximum. number of terms used in the expansion,(i.e. the value of N in
Eq. (3.66)) and indicated as KJ; finally, the number of points on the
k, axis (or different frequencies) where the propagation constant

should be evaluated,

3.4.2 Dimensions
The required dimensions of all the matrices and arrays
are related to KJ, the maximum number of terms used in the expansion
for the field., For the program annexed in the Appendix, it was
supposed that the maximum value for KJ is 10 and the matrices are
accordingly dimensioned.
Table 1 lists the métrices that must be dimensioned and

indicates how the dimensions relate to XKJ.

Table 1
8. Main Program
Matrix Dimension
P, DI, Q, DD X7, XJ
DT, 72, D, R, PIPI, ER, EI, IS KJ x KJ
BETA 2KJ

b. Subroutine MINV

Matrix

A, L, M KJ X KJ
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3e4.3 Description of the program

A3 was mentioned e;rlier, the program will be used to
evaluate cutoff fréquencies and propagation constants for different
frequencies, As the value of the cutoff frequency is used for deter=
mining at which frequencies the propagation constant is to be evaluated,
‘the first part of the programme will calculate the cutoff frequency
of the dominant mode of the particular configuration, according to
Eq. (3.15). The determination of the cutoff frequency, using different
terms in the exPréssion, or in other words, expanding each time the
matrices D> and P'l, is done inside the DO loop 50, where KON indicates

the number of terms used in each expsunsion.

1 in Bq. (3.15)

Note that in this DO loop, the matrices D% and B”
correspond to DI and Q, respectively, in the loop., In DO 21, the
elements of the matrices D2 end P are obtained., In DO 22 the matrix

P is stored columnwise in g matrix 7, and is then inverted using the
subroutine MINV. This subroutine is a standard one in a subroutine
Package5, and the reader is referred to the reference for more details,
In DO 33 the inverted column matrix Z is transformed again to a square
matrix and stored in Q.

DO 24 is used to multiply the two matrices DI and Q. Hence
subroutine FO2AFF is used to evaluate the eigenvalues of the product
matrix. The general declarative statement of this subroutine is
FO2AFF (A, IA, N, ER, EI, INT, IFAIL) where

- A is a two dimensional array N x N that contains the matrix
which eigenvalues sre 10 be calculated. The original matrix
ig destroyed in the computation: in our case DD is equal 1o A.

- IA is an integer which states the first dimension of A as declared

(in our case, IA = 10 because the dimension of DD is (10,10)).
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~ N is an integer, equal to the order of the matrix. It is a
varying value given, in the programme, by KON,
= ER is an array of dimension N, in which the real part of the
eigenvalues are stored,
« EI is an array equal to ER, in which the imaginary parts of the
eigenvalues are stored.
INT(N) is an array used as working space.

If two simultaneous'eigenValues are found, the first will
be indicated with a positive sign and the second with a negative one,

IFAIL (LZ in the programme) is an integer that can be
either 0 or 1. On the entry stage, a O means a failure of entrys; a 1,
means error detected, but no message is written, On the exit, a O
means success and a 1 means that no eigenvalue was found after thirty
iterations.

In the following steps, the smallest eigenvalue is stored
in PIPI(I), and this is the value of the cutoff frequency for the
dominant modes in the waveguide analysed.

Differant values of cutoff frequency, each corresponding
to a given num#er of terms in the expansion, are printed.

The best approximation to the cutoff frequency is stored
in VKIN, After this all the digits after the first significant digit
are eliminated and this number is stored in VKO (which stends for value
of ko). For instance, if the cutoff frequency is 0,74596639, the number
stored in‘VKD will be 0,7000. Adding to this number the value of the
incremental step stored in DEIKQ, the first value of ko’ at which the
propagation constant is to be calculated, is obtained.

The propagation constants at different frequencies and

using e varying number of terms in the expansion are evaluated in the

D0 loop 1.
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The first value of kO is fixed and stored in VKO, and
printed. Then, in DO 2, the elements of the matricés D2 and P, that
appear in Edq. (3.12), are evaluated, The resultant matrix corresponding
to (-D2 + k02 P) is stored in a matrix called P, This matrix is then
stored columnwise into the array D, and its eigenvalues are then
calculated by rneans of the gubroutine EIGENG. An improved version of
the subroutine that appears in the reference has been used. The calculated
eigenvaiuea are stored in the array BETA using DO 3, and the number of
terms used in the expansion and the corresponding value'of 52 are printed.
Likewisge, the associated value of the eigenvector, stored in the array
R, is printed.

The process is repeated, for the same value of ko, increasing
each time the number of terms in the expansion. VWhen the maximunm
nunber of terms is reached, a new value of ko is fixed and the process

is repeated,

5.5 Examples .
3.5.1 a= T, %a=a/2, 52 = 2,45

The output of the program in the Appendix corresponds to
this case., The results are compared with analytical results obtained
from solving the corresponding transcendental equation for this case
and with the curves obtained from Harrington7. Table 2 shows the
results for the cutoff frequencies and the differences between them
and the analytical solution. 1In Table 3 are the results for the
analytical value of B for different values of ko and the corresponding
values of 8 calculated with the programme, using 1 to 5 terms in the

expansions. Differences between the analytical value and the values

using 5 terms in the expansion are also shown.
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Table 2

' Cutoff Prequencies

Analytical Solution kc = 0.745925 Differences
Number of terms in
the egpansion .

1 0.761387 0.015462
2 0. 74650705 0.000582
3 0.74648319 0.0005582
4 0.74604502 0.0001202
5 0.74604417 0.00011917
6 0.74596639 0.0000414

From Table 2 and 3 it is evident that a good approximation is
rapidly achieved with a few terms, It can also be seen that as the
frequency increases more terms should be used in order o get an
approximation as good as the one obtained at lower frequencies,

To give an idea of the computing time, on the CDC 6400
computer, 5 different values of cutoff frequency and the evaluation
of the propagation constant at 10 different frequencies, and at
each fregquency evaluating 5 different values of the propagastion constant
(taking 1 to 5 modes), takes 3.4 seconds. If the programme is not
listed and the propagation constants are evaluated at 12 different

frequencies, the time is about 3.5 seconds.



Table
Propagation

3

Constants

SRV ER

ﬁ?lij Analytical 1 term 2 terms 3 terms 4 terns 5 terms giﬁgiégzgslumns
0.8 0.39664 0.3224903 0.39350427 0.393649 0.3956722 0.3956774 0.0009626
0.9 0. 693827 0.6302777 0.691308 0,691513 0.6933226 0.69333 0.000497
1.0 0.92296 . | 0.8514693 0.9199623 0.9203058 0.922322 0.922335 0.000128
1.1 1.12695 1.042713 1.123346 1.1239171 1.1262505 1.126271 0.000679
1.2 1.31793 1.2181954 1, 3138542 1.3147694 1.3174727 1.3175064 0.000694
1.3 1.5023 1.3839256 1.4968404 1.4982475 1.501347 1.5014 0.0009
1.4 1.68175 1.543049 1.6750539 1.6771284 1.680631 1.68071 0.00104
1.5 1.85817 1.6974245 1.850036 1.8529766 1.8568734 1.8569857 0.001184
1.6 2,03255 1.8482424 | 2,0226976 2.026718 2.030988 2,0311436 0.001406
1.7 2.20526 1.996309 2.1935933 2,1989173 2,2035287 2,2037385 0.0015215

- 61T -
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3.5.2 Waveguide completely empt

v (t = a) and completely filled (t = 0)

Both cases can be solved
used as a comparigon, In fact, BEq.
same exact equation and obviously th
with the analytic ones,

Table 4 and 5 show the re

Table 4

exactly, 80 exact resulis can bhe
(3.12) for these cases, reduces the

e results obtained match perfectly

sults obtained,

Cutoff Freguency and Provagation Constants

of the Empiy Guide

k, B
1.00 0
1.10 0.4582576
1.20 0.6633249
1.30 0.8306624
1.40 0.9797959
1.50 1.1180339
1.60 1.2489996
1.70 1.3747727
1.80 1.496663
1.90 1.6155494
2,00 1.7320508
2,10 1.8466185
2,20 1.9595918

Computer time for evaluating Table 4

s 2.9 sec.
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Table 2

Cutoff Frequency snd Propagation Constants
of a Guide Filled with a Dielectric of Relative
Dielectric Constant = 2.45

k_ . B
0.63887656 . o

0.7 0.4477723

0.8 0.75365774
0.9 0.99221973
1.0 1.20415945
1.1 140160622
1.2 1.58996855
1.3 1.77214559
1.4 1.94987179
1.5 212426457
1.6 , 2.2960836

1.7 2.46586698
1.8 2.63400835

Computer time for evaluating Table 5 : 2.8 sec.

3.5.3 t = 28/4 and t = 3a/4

In Tables 6 and 7 results are found for the case

when the slab occupies & of the width of the guide and 4, respectively.
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Table 6

Cutoff Frequency and Propsgation Constants

of a Guide Filled with a 3lab of Relative

Dielectric Constant = 2,45 and Occupying
2 of the width

k, B
0.6553772 : 0.
0.7 0.3760836
0.8 0. 7020235
0.9 0.94449508
1.0 1.15733046
1.1 1.3546684
1,2 1.542547
1,3 1,72412516
1.4 1,90125892
1.5 2,07512597
1.6 2,24651478
1.7 2,4159749
1.8 2.58390168
Number of terms used in the expansion = 5,

Computer time for evaluating results in Table 6 = 3.64 sec,
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Table Z

Cutoff Freguencies and Propagation Constants
of a Guide Filled with a Slab of Relative
Constant = Z2.45 and Occupying = of the width

— Ko ' B
092989087 0.
1.0 | 0.4012898
L1 0.6433766
1.2 : 0.83392935
1.3 1.00367868
1.4 1. 1627602
1.5 1.3161177
1.6 1.466699
1.7 1.6164902
1.8 - 1.76690976
1.9 | 1,91896154
2,0 2,0732875
2.1 : 2.23019568

Rumber of terms used in the expsnsion = 5,

Computer time for evaluating results in Table 7 = 3,72 sec,

A11 the results of Sections 3,5.1 to 3.5.3 are plotted in Fig. 3.2.
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3.504 €, = 3, t = a/2

Thig caaé was analysed in order to compare the results
obtained by this method with the results obtained by Caseya. The
data read from Casey's graph are very approximate because of the

size of it.

Table . 8
Casey's method This method
ko B ko B

0.685 0 0.6881418 0

0.7 0.185 C.7 0.19625

0.8 0,62 0.8 0.6153%8

1,0 1.12 1.0 1.110073

1.2 1.53% 1.2 1.527906
( 1.4 1.94 1.4 1,923186
i

3,5.5 Cuboff freqﬁencies for higher order ISE modes.

For Y= 0 (B= 0), the expressions for K and M in
Eq. (2.50) become zero, such that G and L are zero independently.
This characteristic allows us to evaluate the cutoff fregquencies
for higher order modes ISEnQ.

Bq. (3.15) can still be used, but now the matrix D2
will be affected by the quantity p =47 /b3 so,

p° - diag(dla, d22

: 2
’ LA K dn )
2 2 2
where d ° = (am/a)” + p°, where n = 1, 2, ...
The case that will be analysed is that of a square waveguide (a = b)
half=-filled with s dielectric slab of relative dielectric constant

€, = 2,45. TFor this case, if a T and we sre interested in the
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cutoff frequency of the node LSEll'

g% =041, such thet a,% = 2, 4, = 5, etc.
The results obtained are in Table 9.
Table 9
Cutoff frequency for LSE11 mode
ko
Analytic solution 1.0369
1 term 1.07676
2 terms 1.03834
3 terms 1.0381366
4 terms 1.0371013%
5 terms © 1.0370939
6 terms 1.0369082

3,6 Amplitudes of the modes

For the case analysed in Section 3%.5.1, when t = a/2, the eigene
values corresponding to 52 were evaluated and these values give
information about the amplitude of the expansion modes, according
to Eq. (3.11). In other words, it is possible to evaluate the

)
a_ 8 of the expression
n N

f(x) = EZ: a  ©OS nX.

n=l
All eigenvectors are automatically given by the computer

programme if wanted. For a particular frequency (ko = 1) the

following eigenvalues were obtained.



- 127 -

Table 10
Number of
terms 1 2 3 4 >
Figen=
NI 1.0 0.981113 | 0.9808833 |0.9808384 | 0.9808326
-0-1934354 ~0.1943963 }=0.,1940336 | ~0,19405835
0.0088376 | 0.0077985 | ©.00779793
0.0156905 | 0.01571682
~0.00097442
ﬁ?91§?3§e 1.0 0.7876947 | 0.79532463] 0.81029%84| 0.80931457

It may be seen that the most important modes are the first two.

In Fig. 3.3 the total amplitude of f£(x) is plotted versus the number

of terms in the expansion,

-It should be noted how the total amplitude

tends toward the value (2/#)% = 0,797885, 1In the same figure the

differences between the amplitude for each n and the value (2ﬁt)%

are tabulated.

Amplitude

(2/3)%

1

5
Ay
Ay = 0.202115
A2 = -0.0101902
AB = -0.0025603
by, = 0.012L09
A5 = 0,00114297
T 1 i T I
1 2 3 L 5 n

Fig. 3.3 Amplitude of f(x) as function of the
number of terms in the expansion
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2.7 OQOther eigenvalues

In the solution of the eigenvalue problem, if N terms are used
in the expansion, we will obtain N values for a?. For instance, for
the case analysed in Section 3,5.1., with N = 5 and ko = 1, the 5
éigenvalues are

0.85070155
~2,3686235
~7.2630827
~14.299926
-=23,294070
The reader will notice that as these values correspond to 32, only
the first one will correspond to a propagation constant and the other
four to an attenuationAconstant. There is *then no possibility of
confusion.

Unfortunately, this is not always the case, In fact, for sbm§
values of ko and N, it is possible to get more than a possible propagation
cons tant (8 > 0). Obviously, only one of these values will correspond
to the propagation constant of.the mode under anslysis and the other
values could correspond to higher order modes or to extraneous roots.
For instance, for the sasme case treated in Section 3.5.1, with ¥ = 5

and ko = 1,7, the 5 values for 52 are, .

4.8564633
0.40738049
-3.9498531
-11,213766
=20,173975
Although this kind of ambiguity will not arise in the output

of the programme, where only the propagation constant is given, it
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has been mentioned because the occurrence of multivalued propagation
constants has been analysed gy Rhodesg. He showed that for the same
frequencies there can be different values of ﬁ(real or imaginary).

A1l these facts show how much work must still be done on this
subject and how many questions are still not answered., For instance,
if from a given configuration a set of values for ?y is obtained, is
it possible, given a set of values for 5’, at a fixed frequency, to
" obtain a correspondingly unique configuration? Although this analysis

is out of the scope of this work, it was considered noteworthy to

mention it,

3,8 Conclusions

A new method and a uger-oriented computer prograﬁme have bheen
presented and described for calculating propagation constants for the
dominants mode (TEon) in dielectric-slab loaded rectangular waveguides.
Detailed instructions for using this programme were given and an example
is inecluded to illustrate its use, Data for other examples are also
given, and all the results show a good agreement with the analytic
results, The evaluation of the amplitudes of the expanded modes is
also discussed, as well as the implications of obtaining different

eigenvalues as solutions of the problem,
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CHAPTER 4

Other Applications

4,1 Introduction

In this chapter other gpplications of the method described in
Chapter 2 are discussed., Some numerical applications are analysed
as vwell as the possibility of an extension of the method for dealing
with different structures, in particulsr cylindrical waveguides

and microgstrips.

4.2 A numerical exauple : the ISMll mode

It is a well known factl that epart from the H = mode (LSElo)
analysed in the previous chapter, the modes of propagation for
guides loaded with dielectric slabs are combinations of E and H
mode. Our attention will be devoted to a half-filled dielectric
loaded square waveguide as shown in Figure 4.1.

yh

\\\\ N
W

H"

%t a

Figa h,1.
As was mentioned at the end of Chapter 2, the values of the

propagation constants can be obtained from

det(GL = ¥K) = 0 (4.1)

where G, L, M and K are defined by Egs. (2.40).
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Although Eq, (4.1) does not look very complicated, its
'numerical evaluation is rather difficult. In fact, we are dealing
with matrices whose elements are polynomials in B4, 32 and BO,
where B is the unknown to be determined. Obviously when we are
dealing with matrices of the order greater than 3, approximate
methods must be applied,

The method we followed was first to evaluate the cutoff
frequency for the\mode under analysis. This will provide the starting
point for the initial value for f. 1In fact, knowing the cutoff
frequency, a slightly greater frequency is chosen and B is allowed
to vary between O and another value that we choose as 0.5, For
incressing values of B, Eq. (4.1) is evaluated, seeking for a change
of sign of the determinant. If such a change occurs, the determinant
must be zero for avedlue between the last two p estimates. This
implies that there is a vdlue of B that satisfies Eq. (4.1). it
is then possible to subdivide the interval, seeking for a better
approximation for g. Then a linear approximation can be taken

as shown in Fig. 4.2.

value of
determinant)‘ . ) )
A '
B =B, = (B, - B[4, /A + A1)

L
1 P2
G \GE"' /—-\ .

4 Fir.4.2, Evaluation of roots of Eg.(4.1).
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Unfortunately, this method is not very accurate as was reported
"by several author82’3. There is also the danger of including in the
solutions extraneous roots, without any physical meaning. It is then
evident that a more accurate methed for determining the roots of
Eqe. (4.1) should be found. Section 4.3.4 suggests alternmative methods
to tackle the problem.

As was mentioned befére, the case to be analysed is that of the
ISMll‘mode for the case of a square waveguide of width T, hglf-filled
with a dielectric of relative dielectric conastant equal to 2.4%., The

programme and the results are described in the next section,

4.3 Programme description

In the first instructions, the parameters of the configuration
to be analysed are specified and some constants are evaluated. The
arrays are properly dimensioned: for this programme the maximum
order of the matrices is 10. The arrays AL, AG, AM, AK will be used
to store, respectively, the elements of the matrices L, G, M and K.

The functions of the other arréys will be specified in the description.

4.3.1 Cutoff frequency evaluation

The evaluation of the cutoff frequency of the mode is

-performed in the' first part of the programme. From the thecretical
analysis, it follows that when 8 = 0, the cgtoff frequency may be
‘evaluated from det(GL) = 0 or from det{L) = O, In fact, for B = O,
the equations for the axial electric and megnetic field components
are uncoupled., It is then possible to evaluate the cutoff frequency
from det(Lé__:o) = 0, By using DO l,’the elements of L for B = 0, are
evaluated. As these elements are polynomials in k02 and koo, what

we have done is to evaluate the coefficients of koz and koo. The
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order of the matrix L is given by NT,

| Once all the coefficients of k°2 and koo are evaluated,
the value of k_ that makes the det(L) = O is determined by using
DO 5. An initial value for k°2 ig given and stored in VIN, where
VIR £ (1/52). The values of the elements of det(L) for k02
(VKOS in the programme) equal to VIN are evaluated and stored in an
array D of dimensions (NT, NT) inside the DO 3., When this process
has been completed, the determinant is evaluasted using the subroutine
F 03 AAF which will be described in Section 4.3.2. The value of the
determinant is stored in an array DET(K), where K is an integer
varying between 1 and a number NUF; NUF ?/ftl - (1/&:2)11 /VINT, where
VINT is the value of the increment for the next value of koz.

The value of ko2 is now incremented by a quantity VINT
and a new value for the determinant evaluated., This value of the
determinant is multiplied by the previous one and checked if the
product i# less than 1, If the product is less thgn 1, this implies
a change of aign in the determinant. Then it is checked whether the
absolute value of one of the two determinants is less than 10-5. If
80, the value for k02 at cutoff will be the one used for evaluating
2

that determinant, If not, the interval between the two last ko

is subdivided in three parts and the process is repeated.

Finally, a value for ko " is evaluated using the expression
cutoff
k02 = ko ? - (k.?2 - ko 2)1A2‘ /( IAl‘ + IAZ‘D
cutoff 2 1
where A\ and A are the values of the determinant for k 2
1 2 2

and ko 2 respectively,

2

Using a matrix of 3rd order, the result obtained for the

cutoff frequency was

ko = 0.76138699
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compared with the analytical value of 0.761386. Obviously for this
case the agreement is quite éood.

Before analyzing the second part of the programme, used
for evaluating the propagation constants, a description of the sub-

¢

routine FO3AAF is presented.
L

4,3.,2 Subroutine FO3AAF

The géneral form of the subroutine is

_ FOZAAF(D, N, NT, DI, P, IFAIL).

Ié calculates the determinant of D using the Crout
factorisation D = LU where L is lower triangular and U is unit
upper triangular. The determinant of D is the product of the
diagonal elements of L. Double precision'accumulation of inner
products is used throughout.,

Description of parameters.

~-. D is a two dimensional real array which on entry contains the real
matrix and on exit, unless an error has occurred, will contain
the Crout factorisation D = 1U.

- N is the name of an integer containing the order of the matrix
as dimensioned the intial time.

-. NT is the name of an integer containing the.actual order of the
matrix.

~, DI is the name of a real variable., On exit it will contain the
value of the determinant of D unless an error has occurred.

~. P is a one-dimensional working array, of dimension N x N,

- IEAIL is the name of an integer variable, On entry the value
of IFAIL determines the mode of failure in the routine. On exit,
IFAIL indicates the successful use of the routine or acts as an

error indicator.
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‘ If, on entry, IFAIL = O (hard failure), the programme will terminate
with a failure message if any error is detected.'
If, on entry, IFAIL = 1 (soft failure), control returns to the calling
sequence within the programme if any error is detected by the routine.
No failure message will be printed.
On exit, IFAIL = O for a successful call of the routine.

IFAIL

it

1, the matrix is singular, possibly due to rounding errors.

IFATL

i

2, the value of the determinant is outside the range of the

6400 element.
Auxiliary subroutines used: FO3ZAFF, FOLARF and POLAAF.

The computation of a matrix of order 10 took approximately 0.2 seconds.

L,3,2 Evaluation of propagation constants

The evaluation of the propagation constants, at each frequency
of interest, is done in the DO loop 7. The number of different frequencies
where B is evaluated, is determined by IFIKO. The value of the initial
frequency is stored in VKO, and the increment in VKO is given by DELKO.

The initial value for B is stored.in BETIN. The number of terms used
in the expansion is determined by KK and its maximum value is given by
NTS.

" In DO 9, the eleﬁents of the matrices G, L, M, K are evaluated
for the correspondihg B8 and ko, and stored in the arrays AG, AL, AM and
AK respectively. As explained in Section 4.1, the value of B is changed
on an iterative basis until a change in the sign of the determinant in
Eq. (4.1) is found. In DO 28 the operation (GL - MK) is performed, and
using the subroutine FO3AFF the det(GL - MK) is evaluated and stored in
the array DET of dimension K. If K =1, the value of B(BETA) is incremented
by an amount DELB and the process is repeated. The new determinant so
obtained is multiplied by the previous determinant. If the product is

greater than 0, which means that both determinants have the same sign, the
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process is continued, evaluating a new determinant for a new value of B.
If the product is not greate£ than O, it implies that the two deter-
minants have different signs and in this interval of B's, there is a
particular value of B that makés the determinant null. Then the
interval is subdivided by 10 and the complete process is repeated
until the absolute value of one of the determinants is less than 1045,
or until the procéss has been performed 4 times. In the former case,
the value of B corresponds to the same B that makes the determinant

£ 10-5, and'iﬁ the latter, the value of § is obtained using a linear
approximation as shown in Fig. L4.2. The values of ko and § are then
printed, the number of terms incremented, and the whole process

repeated,

L4,3,4 Results

For this case, and for the configuration shown in Fig.
4,1 with ¢ = 2.45 €. the propagation constants for the LSM;, mode
have been evaluated using the programme in the Appendix. The numerical
results are shown as output of the programme and in Fig. b.3-they are
compared with the analytical results.

It may be seen that the convergence is quite good for the
cutoff frequency, but not as good for the propagation constant, Most
of the ﬁroblem appéars to be due to the numerical evaluation of the
roots of Eq. (4.1).

It was earlier (Chapter 2) suggested that a better
approximation, but with an increase in the computer time, could
possibly be achieved using the expression

det(MG YK - L) = 0 (4.2)

because this determinant is smaller than the one of Eg. (4.2).
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Analytical
Numericii/ .

‘102 -]
0.8 ..

0.4

1 ¥

[ T
0.4 0.8 1.2 1.6 ky

Fig.h.3, Propagation constants of LSMy3 mode in a

square waveguide half filled with a slab of §F2-45-

Another interesting possibility would be the evaluation
of the roots of Eg. (k.1) but this seems a cumbersome task unless some

kind of simplification could be achieved.

4,4 H-modes in inhomogeneously loaded cylindrical waveguides

Consider the structure shown in Fig. 4.4 consisting of a perfect
conducting cylinder of radius R and a concentric dielectric rod of -

radius r and dielectric constant €.

Figehtelte Dielectric rod in 2 cylindrical waveguide: cross-section.
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Let us rewrite Eq. (2.1h).

2 2 2 2 2 \2 2 o o
(Y * ko cr) v‘t H.z +("l" * ko sr) Hz - ko vtcr' thz" JOEoy Eo'( Vtsrx vtr"z)
(k.3)
It is known that in cylindrical coordinates(5)
- Q0 ) (L. ba)
w = u + u . ba
Vi =P 3p 2 o 3
. 3 2
V2, = - (p2Y . L 2o (L. 4b)
t P % dp pe  of 2

where AL and t_1¢ are unit vectors in the radial and azimuthal directions
respectively.
Using the relations (4.ka) and (4.4b), the Eq. (L4.3) is rewritten

as

( 2+k2g) lL(PaHZ)le aZHZ + ( 2+k2c)2H—k2 e JNJH
Y o r p 3 3 p p2 aﬂz Y o Sr! BpKy ViEre N,
jue y ko (Ve x V,E) (4.5)

As £ is only a function of § , such that Eq. (4.5) is

: oH 3 H
(Y2+k028){% 2Pz 4 L zg_,_ (Y2+kozer)zﬂz'

r 3p 3p —;2 ) ¢2
5 dcr aHz dcr
ko "a-;- -a-—P—'- = ;]U)COY k. ( v _1_1? x vth) (4.6)
The solution for Hz for H-modes is of the form(G?
B = £( p) cos mg (4.7)

where the variation with z, given by exp(- vyz) is implicit.

Substituting in Eq. (4.6),

2
2 2 1 3 df(p) m 2 2 _
(v +ko Cr) {5— 'é-P-( P 5 ) - 2 f(p)} cos mg@ +(Y +ko cr)f(P)cos ng
de de
2 “r d4f(p) o T
K dp 4 cos mf = jue_ Tk . (———dp B, X Vt E) (4.8)
For w = 0 (k= 0), Eq. (4.8) is
1 2 £(0) 2.
( P—=—%) + (Y, - —) ) = 0 (4.9)

p op 3p H 02
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If we are only interested in the H. . mode, m = 0 such that

01
1.2 2£(0) 2 - '
. (e ” ) + gy £(p) = 0 | (4.10)
£'(p) + };f'(P)+ Y E(P) = 0 (4.11)

where £(P) = 4 J( Yy ), subject to the boundary conditions
]

'@ - AJO'(YH’n R) = 0 (4.12)

which implies Jl( L R) = O and, omitting the subindex H
9

YRSP,OI'

n n
_ D
T -2 , n=1, 2, 3 e (4.13)

where the pn's are the zeros of the Bessel function of the first
kind, or order 1.

Then £(P) can be expanded in a series

£p)y = ) a £ (P) - (4.14)
n
The following relation holds

jgy £(p) £ (P)parag = & (4.15)
or R _

Aphp2® S pIolynp) To(vy P)ap = 8mn (4.16)

‘ 0
is T g% § ! 2 R 2

Pl (Yn PlAP = Fl {‘To( YﬁR)S 7 XLJo( "n R)} (4.17)

0

vut J (Y R) = 0O, so
2
2 R 2
Foaz Flolmi? =

= YR (e, B (0F) (4.18)
Then, EqQ. (4.8) can be written as ()
af (p 21 9
Z &, SL( v+ kozer)‘?fn(p) v (v2 4 kozar)g- gp( P :P )=k e £ (P)}" 0

n

(4.19)
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Multiplying the previous equation by fm( p) and integrating over the

cross-section,
R
) anj §L< Y2+ k2 ) (0) £,(0) + (% + k2e) 22,00 = (p 2alP))
n 3 P op op
21 v
ko g " fn fm(p) p dp} = 0 (4.20)

From Eq. (4.10),
Lo gt

p o op
so Eq. (4.200) is transformed to

Zn: anf{[('fz * ko2£r)2__( Y2+k025r) Ynzlfn( P 9)-k025;f:1( p)1,(p) pdpi" 0
0

) = - Ynz £.(0)

R R
Y an{'fz( 2 - w2 5 P2, (P2, (p) ap+ k1 f R p)fa(p)dp +

0 0
R
2/ .,2 2 20 . 'e !
k(27" - vy )5 £p PE(P)E,(p)dp = K f&r £, ()(p) dp = 0
0 0 (4.21)
The integral
R
) T,
I = fsr £, (p)E (p) pdp
0

can be integrated by parte to give

R .
I = srpfm(P)fn'(P)r- far&fm(p)fni(P) + pt, (p)2, (p) +
0

0

"
pe (p)z,"(9)] ap
and, as f_'(R) = 0, and using Eq. (4.11),

R
2 .:.L. ! 0 ' +
. isr.{““‘(m [- i - 2570 ] 506 6)
ot (o), (0)} ap

R

= 6{ € ol *{nzfm(p)fn(p) - fm'(p)fn'(p) ) p (4.22)
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Substituting Eq. (4.22) into Eq. (4.21),
R
2, 2 2 2
IR Rt X ADY k‘f: oL ()E (p)dp +
n 0 0
R R

2, 2 2 2 t 1

2 2(F - >§ o ot (000 + 57 [epe, (e (0)ap =0
0 (4.23)

Let us evaluate the integrals that appear in Eq. (4.23).

R
j pf () (P)ap = & /27 (4.2ka)
0

f&r pf (p)f (p)ap = AmAnf g, PI (0N (Y plap =

0

- AA f €p PI( Y, P) (T p)a p+fl. pI (7, 0T (¥, P)ap
0 r
(4.240)

where
Ep 0 €p<Kr

E’r = | '
1l r <P <R
Using the relation

x {23 (Bx) 3. @x) - B3 (x)3, @x)
jx I (@x)3 Bx)ax = { 0 ST 5 }

¢4

Eq. (4.2Lb) is transformed to

e [v g (v 3, (v ) - v I (v 3, ()
) 2 2 +

AA {(e“-l
mn T y - v
m n

R [r, 3 (v R) 3, (v R) - ¥ a,(vR) 3 (¥ R)] }

y 2 oy 2
m n

1 ¥
but the last term is zero because J (‘YnR) = J, ('Y'mR) = 0
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So, if m ¥ n
? 1
R (5 = D g 3,0, Cogmde 3o (o ()
= i 2
j er P (P (P)ap R % 3,18 T (YN 7l - 1)
0
(4.25)
Ifman
R R
2 2
js;’f pf(p)dp = Anj s;" pI (y,pld p =
0 0
r
=An2{fe§f pI 2( v, P )dp jfﬂ (y P)dp}
o]
. aE - F [0, e e 3 20em] s Fa (e m]
Then, form = n
R € -2 {lra(r@]1 2+ 3 2o}, L
€fl' an (P)dp = ) ] 2 q
5 2" J (¥ R)
(L.26)
The last integral is of the form '
R . .
1 ¥
f g, P L (R)E, (P)d p
0
Ifmgn
R
Anamj‘ £, PT, 20T P)T, (¥ ) pe AnAmvmvnferin(rmp)Jl('rnp)dp»
0 0

1
vhere J_*( Y P) = =¥ 3( Y P), where the indicates the first

derivative with respect to p.
r

R
= AnAmYmYn{j. E,rPJl(YmP) Jl(‘i’nP)dP + J‘ PJl(YmP) Jl(YnP)dP§
é b4

1 1
AR (E l)r n JZL(Ymr) Jl (an) -Ym Jl( an) J1 (Ymr)
® Sn’m m n < " 2 v 2
m n
'
= Y Y (6. -1) r{*fn 3, (7, ) 3y (v =) -7, Jl( unr) Jl( 'rmr)j

2
xR 3,0 Y R) 3, (T R) (¥m2 - ¥,) (4.27)
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But 3, ( Tx) = 30 {3 (¥ r) - 3y t2)} , then

o (e L8 72040 L300 0] 120y L )3,
2 ™ RS I (Y R) I (R ¥, %) (4.28)

Ifm=n

R
2 2
Jjer Pe, () ap wAnzferP 3. (v P) “ap = a farw (7_P)ap
0

3 5
2.2 22 fr_ 2 1 2,.
B2 2= D E R (D)2 ¢ G =) a2l

2
2 2 R t 2
Ay Yn 2 {Jl ( YHRH

2,2 2 2
o n (81, & ';; %%— n [Joa( an) - 2Jo( an) J2( an) g ( an)-_\ +

1
1 - vz ) 3 ] - A2Yn48{J (YR) - 23,0 8) 3,0 0

J22( TnR) }

1

o RZJOZ( YnR)

%Yn4(€r-1) %2 E;o?( Y z) - 23 (Tr) 3,0 T2 Y] +

(¥ 22 - 1)(s, - D3 2(Y,) + 70 %2 (5207, R) = 2 3,( T RIT(TR) +

, . , .
AL (5.29)
Finally, Eq. (4.23) can be written as a matrix equation
2 2
{Y (Y - Y‘n2) I + 21Ik°4Q + 47$°2( ‘(2 - Yn2) + ZﬂkozR g { 8.25 -203
(4.30)

vhere I is the unit matrixz, Q_ is given by Eq. (4.25) with ® = 2,
Qg i8 given by Eq. (4.26) with qa= 2, P, end B are given by
Egs. (4.25) and(4.26) with o« = 1, respectively, R, end R are

given by Eqs. (4.28) and (4.29) respectively.
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. Solution of Eq. (4.3 ) can be obtained from

2, 2 2 4 2,.2 2 2
det{Y(“{ - Yn.)I+2ﬂkoQ+ 47&0(«;' - “;’n)P+21cko %. 0

(4.31)

4.4.1 Cutoff freguency

The cutoff fregquency for the H., mode can be evaluated from

: 01
Eq. (4.31) with ¥ = 0, obtaining
Y 2 2
det (k,° = 2¥,P+R) = 0 (4.32a)
or ‘

det{kozz - (2 vnzp - R)Q’lg = 0 (4.322)

where, in general,det(Q) # O.
4 short programme has been written for evaluating the

cutoff frequency of the H .. mode, and is shown in Appendix B, A

0l
description of the programme can be found in the next section.

For the particular case of a circulsr waveguide of
radius 1 with a concentric circuler rod of radius 0.2 and relative
dielectric constant 20, the vglue read from curves given by Waldron(T)

was 2.51327, and the numerical result using the programme in Appendix

B using four terms in the expansion, was 2.58558;

4.4.2 -Deécription of the programme

The maximum nunmber of terms to be used in the expansion
is given by NS. The waveguide radius R is stored in RE and the
dielectric rod radius r in RI. The values of the zeros of Jo.(x)
and stored in G(NS).

By using DO 1, the Bessel's functions J ( Yn?), Jo( YnR),

Jl( Y£;), J2( Yn;) and J2( TnR) are calculated using the subroutine
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BESJ and stored in the srrays BJOI(NS), BJOE(NS), BJLI(NS), BJ2I(NS)
and BJ2E(NS), respectively.

In the DO loop 2, the elements of the matrices P, Q, and
R of Eq. 4.3 b) are calculated. They are stored respectively in the
arreys P(NS,NS), Q(WS,NS) and R(NS,NS).

Ingide the same DO loop, the difference 2 YEP - R is
" evaluated and stored in the array DIFF(NS,NS).

Using DO loops 5 and 9 and the subroutine MINV, Qfl is
evaluated and stored in Q(NS,HES).

The multiplication (2 *{fp - R)q"! is performed using the
DO loops 11 and 13, and the result stored in the array DD(NS,NS). As
Eq. (4.3 b) has the same form of the standard eigenvalue equation, the
values of k°2 are obtained by evaluating the eigenvalues of the array
DD(NS,NS). This is done using the subroutine FO2AFF.

Finally the number of terms used in the expansion and the
values of the eigenvalues are printed,

Subroutines MINV and FO2AFF have been discussed previously,
80 no further comment will be made on them.

Subroutine BESJ8 computes the J Bessel function for a
given argument and integer order. It is called as BESJ(X,N,BJ,D,lER),
where:

-s X is the argument of the J Bessel function desired,
~. N iz the order of the J Bessel function desired.

«. BJ is the resultant J Bessel function.

~, D is the required accuracy.

~, 1ER is an error code, such that
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i) 1ER = 0, no error ,
ii) 1ER = 1, N is negative,
iii) 1ER = 2, X is negative or zero.
iv) 1ER = 3, the range of N compared to X is not correct (see below),
N must be greater or equal to zero, but it must be less than
204+ 10*X-X*2 /3 for X 15
‘90+x/2 for X > 15

For thé particular case analysed, the computer time for running the

prograume was about 2.6 seconds.
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L,5 " Conclusions

In this chapter further applications of the method developed in
Chépter 2 have been presented.

In the first part, the method was applied for evaluating the
propagation characteristics of a dielectric loaded rectangular waveguide.
In particular, the\LSMll mode was analysed. A computer programme was
written,.and the numerical results have shown a very good agreement with
the analytical values for the cutoff frequency. Good agreement is
observed in thé region between the frequency of cutoff and the frequency
for which ko = 1,0, For other values, the numerical values start
diverging from the analytical solution. No attempt has been made to
optimise the programme. |

In the second part, the method is applied to dielectric loaded
cylindrical waveguides, in particular for the HOl mode. A computer
programme has been written for evaluating the cutoff frequency of the
H01 mode for a nearly arbitrary variation in permittivity across the

waveguide., The numerical results show a good agreement with results

obtained either analytically or by other authors.

L,6 Future work

The, first task should be the optimisation of the programme for
determining any mode in a dielectric loaded rectangular waveguide.
Related to this, there is also the problem of determining which eigenvalue
corresponds to the mode under analysis, what is the meaning of the
others, and what information, if any, can be extracted from this set
of eigenvalues. )

The second task would be to analyse the case of dielectric loaded
cylindrical waveguides, obtaining a general expression both for H and

E modes, and comparing the accuracy of the numerical results obtained

with the analytical ones.
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Another application could be the analysis of junctions of empty
and dielectric loaded waveguides, a problem encountered in many
practical situations.

Finally, the last objective would be trying to apply the basic
ideas of this method to the analysis of microstrips. In fact, a
shielded microstrip can be regarded as the problem of a rectangular
dielectrié-slab loaded waveguide, with a metallic strip placed upon
the dielectric slab. Of equal interest is the problem of open

microstrip.
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