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1.

ABSTRACT

An extensive survey of the deformation problems in the
field of rock mechanics is presented. The deformation of most
rocks is non-linear and has an irreversible component. This
non-linearity and irreversibility may arise from a macro-
fissure system in what is inherently a linear elastic rock or
it may be intrinsic to a porous micro-fissured rock such as a
sandstone. The results of a series of tests carried out to
investigate the intrinsic non-linearity of a relatively homo-
geneous saadstone are presented. To study the deformation of
the specimens, they have been loaded cyclically in compression
under confining pressures of 0, 150 and 500 p.s.i. The degree
of non-linearity varies with the porosity as does the energy
dissipation under cyclic loading. Compressibility is found
to be essentially path independent and the relationship between
compressibility and the total principal stress constitutes
a real material property. The real behaviour of sandstone
is more complex than that considered in current theories of
composite media. The effects of wetting indicate greater
non~linearity, hysteresis and residual strains on unloading
for a given porosity and pressure.

The finite element method is described and extended
to take into account material non-linear properties. Stresses
in a non-linear flexibly loaded half-space were computed using

the finite element method and a variety of non-linear material



2e

laws. Results reveal a correspondence with results of field
plate bearing tests and the vertical stresses agree remarkably
well with the classical linear solution. The horizontal and
shear stresses differ more.

A lumped parameter model proposed by Ang and Harper
(1963) is used to compute stresses and displacements in an
excavation problem and the development of plastic regions due
to increments of self weight are recorded. This model is
found to be efficient and simple for elastic solutions, but
must be used with considerable caution when accounting for

plastic behaviour.
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CHAPTER 1

INTRODUCTION

141 FIEID OF ROCK MECHANICS

"Rock mechanics is the theoretical and applied science
of the mechanical behaviour of rock; it is that branch of
mechanics concerned with the response of the rock to the force
fields of its physical environment.'*

This definition, given by a group of workers in rock
mechanics emphasizes the field of rock mechanics. Only
recently a considerable effort has been made in many countries
to obtain a better knowledge of mechanical properties and
characteristics of rocks and to develop a proper science of
rock mechanics. The knowliedge in this field is applicable
to such different branches as civil engineering, mining
engineering and geophysics. It is beyond the scope of this
study to elaborate all the problems which can be included in
the field of rock mechanics. Morgenstern (1965), Judd (1964),
Obert and Duvall (1967) illustrate the various problems which
are studied in the field of rock mechanics. As we are mainly
interested in the civil engineering side, some of the problems
where the application of rock mechanics is possible, are

mentioned in the following paragraph.

*

Definition by the Committee on Rock Mechanics,
National Academy of Science in Rock Mechanics Research,
Publication 1466, National Academy of Science, National
Research Council, Washington, D.C., 1966.
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The development of new techniques in concrete
technology and metallurgy allow higher permissible stresses
for civil engineering structures. Hence rocks are being
subjected to ever increasing loads and stresses. For
example, the design stresses in concrete of arch dams are
now far greater than the design stresses used twenty years
ago. In foundation engineering, designers are tending to
transfer their heavy superstructural and foundation loads to
piles which may be taken down to rock where it occurs at an
economic depth below ground level. In hydro-electric projects,
higher heads require that pressure tunnels, surge chambers,
the foundations for penstocks and power house be designed to
meet a new and greater range of pressures. Many applications
of rock mechanics to such problems require a knowledge of
the deformation properties of rocks. Indeed, the stress
level in problems mentioned above, is seldom high engggh to
produce failure of most intact rocks although the strength
along pre-existing discontinuities may be a controlling factor.
These deformation problems are further discussed in the
following chapter.

Thus the development of the field of rock mechanics
will undoubtedly help the civil engineer to design their
structures economically. Various authors like Jacger (1964),
Serafim (1964, 1965), Isaacson (1962) have contributed to
the application of rock mechanics in the design of dams,

the linings of pressure tunnels and so on. Further
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knowledge of the mechanical properties of rocks under different
conditions will certainly contribute to the rational design

of these structures.

1.2 NON-LINEAR BEHAVIQUR OF ROCKS

The linear theory of elasticity is commonly used in
solving rock deformation problems. However, it is well
known that the stress-strain behaviour of rocks is non-linear,
This non-linearity is particularly noticeable in the low
stress range and therefore is of considerable importance in
civil engineering design.

It is helpful to classify the nature of the non-
linearity into two groups. If a specimen say, unweathered
granite or basalt is tested in the laboratory a linear stress-
strain relation may provide an adequate representation of its
mechanical behaviour up to the stress level at which micro-
cracking is initiated. However, in the field the rock may
be jointed and faulted. Its response in bulk to loading
under these conditions is likely to be non-linear. This will
be called extrinsic non-linearity. On the other haund, if a
specimen of sandstone is tested in the laboratory it will often
display a non-linear stress-strain curve even at stress levels
too low to cause local failure. This behaviour will be
called intrineic non-linearity. In nature, it may also be
fissured and its response to loading will then be due to both

intrinsic and extrinsic non-linearity. This distinction
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between intrinsic and extrinsic non-linearity is essentially
a matter of scale. There is no implication here that the
physical basis need differ in the two cases. Intrinsic non-
linearity is however studied more easily and if a clear
understanding of it is obtained it should be possible to
predict, at least qualitatively, how the pattern of joints
and similar discontinuities in a rock mass alters its
deformation properties.

The non-linear behaviour of rock under low stress has
been noted before. For example, Nishihara (1957) reported
the results of uniaxial compression tests at low stresses on
a series of rocks and observed that in general the stress—
strain relation was curved showing increasing stiffness with
increasing strain and displayed hysteresis on unloading.
Moreover, when the stress had been completely removed, it was
observed that the strain had not fully recovered. The non-
linearity was rightly attributed to the influence of cracks
and pores in the specimen. In discussing the irrecoverable
strain, Nishihara considered two alternative explanations,
and concluded that the set of the specimen was due to the
viscoelastic properties of rock giving retarded elastic
rebound. This explanation was favoured over one invoking
intercrystalline friction because the experimental evidence
for a wet sandstone specimen revealed almost complete time-
dependent recovery. Nishihara suggested that permanent

plastic strain would occur at stress levels higher than that
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used in the tests that he described.

The influence of pores and cracks on the elastic
properties of a rock has recently received detailed theoretical
consideration by Walsh (1965). As a model, Walsh considered
an isotropic linear elastic solid filled with a low concentra-
tion of planar elliptical cracks and he derived a relation
between the apparent Young's modulus for the model with cracks
in terms of the Young's modulus and Poisson's ratio of the
uncracked material and the average crack length. Since the
cracks close under increasing compressive stress, the material
becomes stiffer. Walsh also showed that even when the applied
stress is high enough to close all the cracks, the modulus may
still not be that of the uncracked material because of the
possibility of frictional sliding at the faces of cracks.
Another important result that emerged from this study is that
cracks which have slid do not immediately slide in the opposite
sense upon decrease of stress and hence the initial slope of
the unloading curve should be comparable with the Young's
modulus of the uncracked material. These considerations will
be given a more elaborate treatment in Chapter 3.

Various authors such as Handin (1953), Griggs (1936),
Birch (1942), Fatt (1955), Turner et al (1953), Robertson
(1955), have studied the deformation characteristics of rocks
at high to moderate pressure and temperature such as exists
at relatively great depths below the surface of the earth

and most of the experimenters recorded the inelastic
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behaviour of rocks in the low stress level. But there is
hardly any detailed investigation to study the non-linear
behaviour of rocks in the low stress level which is of
considerable importance to civil engineering problems. There-
fore one of the primary objects of this research programme

is to investigate intrinsic non-linearity of rock like sand-
stone at different conditions and to determine the parameters
that influence the non-linear behaviour. It is also possible
to investigate the applicability of the theoretical considera-
tions of Walsh and others. This will help to formulate a
representative non-linear stress-strain relation for rock in
the low stress range which could be used to solve boundary
value problems. This experimental study is presented in

Chapter 4.

13 NUMERICAL METHODS OF SOLUTION

The various numerical methods of solution of plane
and axisymmetric boundary value problems can be categorized
as one of two types.
(1) Methods that depend directly on, or are suggested by
variational techniques. This approach is based directly on
the use of calculus of variations. With the aid of certain
minimum principles which characterize the equilibrium states
of an elastic body, the field equations of the body are
derived in terms of approximate functions. Examples of this

method are: +the Ritz method, the Galerkin method.
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The use of these methods, however, is seriously
hampered by certain limitations. The choice of approximating
functions in the approximate solution is governed by the shape
of the region and by the form of the boundary condition.
Furthermore, even if such functions can be found, the extent
of the computations may become prohibitive.

(ii) Numerical methods which depend on the idea of dis-
cretization of the continuous body. The most universal of
such numerical methods is the method of finite differences.

In this method the governing differential equation is replaced
by an approximate difference equation thus reducing the
problem of solving a partial differential equation to solving
a system of algebraic equations. The main disadvantage of
the finite difference method is that it gives numerical values
for the unknown functions at a set of discrete points instead
of approximating functions defined over a region.

The finite element method offers a compromise
between the above two approaches in the sense that

(a) approximating functions are defined over a

region instead of at a point, while

(b) the problem is reduced to the solution of a

system of algebraic equations.

The basic concept of the finite element analysis is
that a continuum (or solid) is replaced by an assemblage of
a finite number of elements interconnected only at the element

model points. With this idealization, a problem in continuum
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or solid mechanics is transformed into a related problem for
an articulated structure to which standard methods of
structural analysis can be applied. It is important to note
that the replacement of a contimuum or a solid by an equi~
valent assemblage of articulated elements is a physical
approximation and does not involve a mathematical approximaw-
tion at this initial stage. In this sense, the finite
element method differs from the finite difference method
which is an approximate mathematical representation of the
governing differential equations of the solid (Rashid, 1964).

In this study the finite element method is used to
obtain solutions with a non-linear stress-strain relation to
common configurations as engineering interest. Such
solutions could, of course, alsc be used directly in the

design of structures that interact with rock.

1.4 CONTENTS OF THIS THESIS

The research work reported in this thesis may be
divided broadly into three main parts. The first part is
concerned with the analysis of different deformation probjems
in civil engineering and the treatment of mathematical
models which may be conveniently used to explain the bshaviour
of rock containing different structural defects, The second
part of the thesis is the experimental studies of the
deformation of a sandstone at room temperature and at a

stress level which is considered not to induce any cracks
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inside the sample. The third part is devoted to the
numerical analysis of boundary value problems by the finite
element method using non-linear stress-strain relationships.
An extensive survey of the computational work involved is
illustrated and the author's computer programme is presented.
Further, a lumped parameter model developed by Ang and Harper
(1963) is presented to study the stress configuration behind

vertical excavation due to self weight.
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CHAPTER 2

BOUNDARY VALUE PROBLEMS OF INTEREST IN ROCK MECHANICS

2,0 INTRODUCTION

Problems in Rock Mechanics can be classified into two
major groups:

1) deformation problems

2) failure problems
This chapter is devoted to a commentary on only deformation
problems.

Knowledge of both deformations and stresses are re-
quired for a complete solution of problems such as the
foundation and abutments behaviour of dams, design of unlined
or lined pressure tunnels, and other deformation problems.,

To calculate the deformations and stresses induced by different
loading conditions, various rock properties and other factors
are necessary. Many authors (Rocha, 1964; Serafim et al,
1964; Judd, 1964; Moody, 1964; Lauffer et al, 1961; Lang,
1964; Deere, 1967; Cook et al, 1964; Morgenstern, 1967)

have presented valuable information for the analysis of
deformation problems.

Rock is a product of its own history. As such, it
is a formidable task to account for all the features of the
behaviour of a rock mass. Generally, simplified conditions
have to be assumed or applied for practical utilization of

various theoretical and experimental methods both in laboratory
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and field in order to compute the displacements and stresses
that the rock mass or interacting complex will exhibit under
the various boundary conditions.

The most rational approach to the design of a rock
mass or of a structure interacting with a rock mass would be
based upon displacements. Either local or overall displace-
ments limit the utility of the engineering structure and are
therefore the fundamental design criteria. The major aim of
all design calculations is essentially the limitation or
control of the displacements of the rock mass. Moreover,
the displacements can be measured directly in the field. The
control and measurement of stresses may be regarded as an
indirect approach to the displacements and fallure may be
considered as an extreme displacement condition. Therefore
almost all problems in rock engineering are reducible to the
prediction of displacements or stresses (Morgenstern, 1967).
Further, various authors (Hayashi, 1964; Zienkiewicz and
Gerstner, 1960, 1961; Rocha, 1964; Moody, 1964) illustrated
the effect of deformability of rocks on the design of various
structures. Thus deformation analyses are of primary interest

in the field of rock mechanics.

247 OUTLINE OF DEFORMATION PROBLEMS
The deformation problems encountered in the field of
rock mechanics of civil engineering interest can be classified

into the following groups:
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(i) the foundation and abutment of various types of

dams such as arch dam, gravity dam and so on.

(ii) Tunnelling - lined or unlined tunnels of various

shapes

(iii) Excavation - open or underground.

The main interest in the analysis of deformation
problems of type (i) is to determine deformation under both
static and dynamic loadings for the conditions of zero and
full reservoir loading. In type (ii) problems, primary
attention is paid to the stresses on the rock surface exerted
by the various loading conditions such as the hydrostatic
pressure of water in case of a pressure tunnel for the hydro-
electric scheme. Generally stresses and displacements are
both given priority in the analysis of type (iii) deformation
problems.

The factors which govern the analysis of deformation
problems are the mechanical properties of intact rock and the
rock mass as a whole, the natural state of stress inside the
rock mass and the change of stress pattern due to the various
engineering works. The mechanical properties of rock mass
are greatly influenced by the geological aspects such as
joints, faults, bedding planes etc. The natural stresses in
the rock mass may be the result of active tectonic forces or
the residual state after the termination of some geological
process. Excavation open or underground during construction

disturbs the equilibrium of stresses and displacements occur
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which tend to close the opening. The magnitude of these
displacements depend upon: (a) geometry of the excavation;
(b) magnitude of the initial stress and (c¢) properties of rock
itself. The factors mentioned above must be known before a
complete deformation analysis can be done.

The mechanical properties of intact rocks can be
determined in the laboratory. Laboratory studies are
discussed in chapter 4. Out of all mechanical properties,
the modulus of elasticity or the modulus of deformation and
poisson's ratio are of primary concern in deformation analyses.

Much has been accomplished in the fields to measure
the behaviour of rock mass, the initial state of stress and
the change of stress pattern from various measuring techniques
and field tests. Various authors (Hast, 1958; Merrill,
1960; Obert et al, 1962; Alexander, 1960; Cook, 1967;
Ortlepp and Cook, 1964; Serafim, T964; Potts, 1964) have
described the merits and demerits of different field measure-
ment techniques such as plate bearing tests, flat jack testing,
bore hole instruments, stress-relief techniques, seismic
methods and so on. It is beyond the scope of these studies
to go into details of above techniques. As it is clear that
the initial stresses will particularly influence the ultimate
deformations in the deformation problems of type (ii) and
(iii), the only way to get some information for the analysis
is to use stress-relief techniques or bore hole deformation

methods to measure the initial stresses in the rock mass.
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Various assumptions and considerations have to be taken into
account for such measurements (Roberts, 1967).

The field observations and the laboratory studies are
used to formulate the theoretical analysis of deformation
problems. Such an analysis requires the equation of equilibrium
for an element of the rock mass and the constitutive equation

governing the material behaviour.

2.2 IDEAL CONSTITUTE EQUATION

It is already emphasized that the ideal deformation
analysis would predict, in principle, both stresses and dis-
placements of all points composing a rock structure for the
duration of its life and various type of loading that the rock
must endure. And a representative constitutive equation
governing the material behaviour has to be known to accomplish
this task. Generally rock is assumed to be an ideal elastic
material and rock properties are taken to be homogeneous and
isotropic. Such assumptions permit the use of the ideal
equations of linear elasticity or prepared solutions based on
it. A commonly applied solution is that of the problem of
Boussinesq, which considers the effect of a vertical point
load on the surface of a semi~infinite, homogenecous, isotropic,
linearly elastic half space. The expressions for stress are
in a convenient algebraic form which can be found in most
books on elastic theory (e.g. Timoshenko and Goodier, 1951;

Love, 1944). DMorebver the well known bi-harménic equation
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The development of equations (2.1) and (2.2) which
govern the elastic stress distribution in two dimensional
problems in plane stress and plane strain may be found in
standard works of theory of elasticity (e.g. Timoshenko and
Goodier, 1951). Several authors (Zienkiewicz, 1945;
Rydzewksi, 1960; Zienkiewicz and Gerstner, 1960, 1961;
Bishop, 1952; Dibiagio, 1966) have used equation (2.1) for
the solution of deformation problems of type (i) and type
(iii) mentioned in the previous section. Lame's classical
solution (1852) for hollow cylinder submitted to uniform
pressure on the inner and outer surfaces is generally taken
as an ideal equation for the solution of deformation problems

of type (ii) (Moody, 1564). The assumptions that rock
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properties are linear elastic, have the advantage of
simplicity and lead to problems which are soluble with
relative ease by a variety of means. For complex boundaries,
photoelastic techniques are used in the laboratory as well as
in the field for the determination of stresses for deformation
problems (Robert, 1964; Robert et al, 1962; Hawkes and
Holister, 1964; Hiramatsu et al, 1957; Hoek, 1964). A
study of real rock properties reveals that linear elasticity

is seldom a realistic representation.

23 REAL BEHAVIOUR OF ROCKS

The use of linear elasticity for the solution of
various deformation problems is contradicted by the real
behaviour of rocks. From the many static measurements 'in
situ' of deformation from tests using pressure plates, flat
jacks, hydraulic pressure chambers which are reported by
various authors (Serafim et al, 1961; Link, 1964; Lane,
1964; Rocha, 1964) it may be seen that the behaviour of the
rock mass is non-linear. Moreover rock behaves differently
on loading and unloading. The properties of the rock mass
are also non-homogeneous and anisotropic and these character-
istics greatly depend on geological factors. Some of the
results of 'in situ' tests on rock mass are shown in figures
(241) to (2.3). The results indicate the significant features
of non-~linearity, hysteresis and irrecoverable strain on

unloading. The shape, slope and other features of the
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hysteresis loops and the envelope curve can vary considerably
with different types of rock and even in the same rock, with
the nature of joint pattern, whether the joints are initially
open or closed, nature of joint surface, joint filling
material and other characteristics. However, certain features
such as the slope of the envelope curve increases as the rock
mass is composed of more intact rocks with fewer geological
discontinuities. Rock types may be excepted from this more
complex behaviour. It is found that many of the rocks en-
countered in the deep mines of South Africa exhibit elastic
stress-strain behaviour prior to brittle failure (Coock, 1967).

Sometimes it is observed that load-deformation curves
as reported in figures (2.1) to (2.3) are dependent on time.
A typical deformation-time relation is shown in figure (2.4).
It is beyond the scope of the thesis to go into detail about
creep phenomena, It can only be noted that such studies will
help to predict the long term stability of various rock
structures.

Some of the laboratory studies of rocks by Nishihara
(1957), Ualsh (1965) and Phillips (1948) show also that the
real behaviour of many rocks corresponds with the results
observed in field tests. An analysis of the real behaviour
of intact rocks is made in the following chapter.

Since rocks do not, in general, behave elastically,
the deformation of rocks is partly elastic (reversible),

partly plastic (permanent) in nature. The deformation
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modulus determined by the 'secant moduli', is usually taken

in the design of rock structures as opposed to the 'modulus

of elasticity' or 'Young's modulus' (Link, 1964). The inter-
actions between the rocks and concrete of the structure are

of interest in the deformation problems like the behaviour

of foundation and abutments of dams and the design of tunnel
lining, In such cases, the deformability of rocks not only
changes the stresses in the rock mass, but also in the concrete
of the structure itself. It is impossible to lay dowm fixed
rules on how far the behaviour of such structures is in-
fluenced by the deformability of rocks, since this influence
depends on numerous parameters, among which the rigidity of
the structure, geological aspects of rock mass and so on.
Authors (Rocha, 1964; Hayashi, 1964) reported numerous model
studies on the effect of deformability on the structure of
arch dam. It was concluded by Rocha (1964) that the state

of stress in the concrete of the dam varies in function of the
ratio of the deformation modulus of rock (ER) and the
modulus of concrete (E.). TFigure (2.5) illustrates one

C

such study. Further, it was noted that the influence of
E

S is little for values above 1, which seldom occur in
C
practice, the same being true for ratios comprised between

E

1 and 4. For values below g, the influence of EB grows
C

very important and for values below #%3 the behaviour and
even the overall conceptions of structure are basically

dependent on the foundations. For the design of tunnel
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lining, Moody (1964) reported that for the ratio of =—
equal to 1, up to 90% of the load may be expected to be taken
by the rock and when the ratio is equal to .1, 60% of the
load may be absorbed by the rock. Interesting result also
presented by Zienkiewicz and Gerstner (1961) on the effect of
deformability on the stresses of concrete gravity dam. They

E

reported that the variation of the ratio of EE has no effect
C

on the distribution of stresses on the upper portion of the
dam and only near the base there are significant departures.
‘Yhen the ratio ;E is less, the compressive stresses in the
downstream side is reduced, but the tensile stresses increase
in the upstream area. The reverse happens when the ratio

E
£ increases. This point is of considerable importance

showing that a softer foundation is beneficial in reducing
the dangerous tensions which govern the design of gravity

dams.

2.l METHOD OF SOLUTION

Common solutions of deformation problems make use of
the linear theory of elasticity. It has already been
observed that the use of such classical solutions is often
unrepresentative of the real behaviour of the material.
The real behaviour of the rock mass is also too complicated
to be useful, and a deformation analysis can only be carried
out using an approximate representation of the material

behaviour. With the recent development of digital
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computers, more powerful methods of solution can incorporate
a better representation of material behaviour (Zienkiewicz et
al, 1967; Clough et al, 1965). VWhen the scale of dis-
continuities in the rock mass is small in comparison to the
whole rock mass, the medium can be represented by a continuum
for which methods of analysis such as the finite element
method, finite difference methods can be used to solve the
various deformation problems encountered. The finite element
method is found to be a specially powerful tool which enables
even non-linear behaviour of the material to be considered.
This discrete method is also used for the solution of the
deformation problems for the material having elastic-plastic
behaviour (Reyes, 1966). Moreover, solutions based on
plasticity are also used for such problems (Jaeger, 1961).
The finite element method is fully discussed in chapter 5 and

chapter 6.
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CHAPTER 3

ORIGIN AND EVIDENCE FOR NON-LINEAR BEHAVIOUR OF ROCKS

3.0 INTRODUCTION

Many authors like Adams and Williamson (1923), Handin
(1957), Zisman (1933), Nishihara (1957), Brace (1963) and
Walsh (1965) have reported the results of various tests on
rocks in the laboratory and they observed the non-linear
behaviour of rocks at low stress levels. Further, Link
(1964), Lane (1964), Rocha(1964), Serafim et al (1964)
presented at the 8th Internation Congress on Large Dams many
results from field tests on rock masses. It was also evident
from the field results that the behaviour of rocks is
characterized by non-linear stress-strain relations and
hysteresis. In addition to the non-linear behaviour and
hygteresis, the hysteresis loop often does not close at zero
stress. By analogy with behaviour under pressure (Birch,
1961), the non-linear behaviour can be attributed to the
cracked state of rocks. At low stress, cracks are open;
as stress is raised cracks are closed and the rocks become
stiffer; that is Young's modulus increases with stress. A
stage is reached where no change in stiffness due to crack
closure occurs, after which the stress-strain curve is found
to be linear. The hysteresis observed in the stress-strain
relation can also be explained by the presence of cracks and

the effect of friction between the crack surfaces. Although
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cracks may be closed under compression, some sliding motion
of opposing crack faces is still possible. This motion is
hindered by friction and it is easy to show qualitatively that
this friction causes a hysteresis loop found for rocks. The
diminution of hysteresis for hydrostatic compression is also
reasonable, for here there is a lesser tendency for frictional
sliding (Walsh, 1965).

The presence of non-linearity and hysteresis in the
elastic compression of rocks raises the interesting question
of how elastic constants like Young's modulus and Poisson's
ratio depend on the cracked state of rocks. In this chapter
an analysis of the non-linear characteristics of rocks is
presented with a mathematical model developed by Walsh (1965).
The elastic properties, Young's modulus, Poisson's ratio and
compressibility are treated by investigating analytically the
properties of an elastic continuum filled with cracks of
various shape which will explain the effects of such cracks

on the behaviour of natural rocks.

241 ANALYSIS OF NON-LINEAR BEHAVIOUR

A model is used for rock which is assumed to be
elastic and isotropic material. Such a model is an idealiza-
tion for most rocks, which are collections of grains individually
exhibiting elastic, anisotropic behaviour. Although deformation
on the scale of individual grains is decidedly anisotropic,

behaviour of a large group of grains may be considered
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isotropic if the grains have no preferred orientation.
Obviously, the cracks, which play an important role in de-
formation, must also have a random orientation if the rock
is to be isotropic.

If the effect of cracks is to be qualitatively
determined, the shape of the cracks must be specified. In
the present analysis, cracks are assumed to be represented
by narrow elliptical slits, the width of the crack (in the
plane of the crack) being equal to the length. The assumption
of plane stress or plane strain, which greatly simplifies
the analysis, is considered to be an adequate first approx-
imation to actual cracks in rocks.

The modulus for a body containing many cracks is found
by separating the body into regions, each of which contains
one crack. The reactions of each region to the applied load
are then found and combined to give the overall reacticn.

The boundary condition assumed is that stress in each region
is equal to that of the body as a whole. The effect of
different types of cracks are analysed in the following

sections.

3.7.1 Open cracks

A general expression for the effect of porosity due
to open cavities of any shape or concentration upon Young's
modulus is first found by using the reciprocal theorem

(Timoshenko and Goodier, 1951;). The reciprocal theorem
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states that, for a body acted upon separately by two states
of stress, the work done by the first state of stress acting
upon the deformation produced by the second state is equal
to the work done by the second state of stress acting upon
the deformation produced by the first state. Considering
a porous cylindrical body of length L and cross section
area At (Figure 3.1) stressed by an external uniaxial stress
' and also stressed by a uniform stress Cf'u .

The work done by o' acting through the deformation

produced by G“'u
= o' & A, (3.1)

Since each element undergoes a uniform compression
the displacement

1
s gk

(S'u = E (302)

where E is the intrinsic Young's modulus.

So the work done (W) by o' is from equation (3.1)

c‘-o—' -A OL
W = L t (3.3)

The stress c?'u does work against both the external
displacement é'o and the displacement 8'i of the

boundary of the cavity. The displacement é'o can be

written in terms of the effective Young's modulus Eeff for
'
the porous body as 2 L.
B
eff

Work done by Cr'u through displacement é '
o
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= (3.44)

Resclving the displacement S'j. to the direction of d*u
and calling the displacement parallel to o' as u' and
the component of crack surface area normal to o' as dAx,

the work done by cr'u on the displacement

r\
- - 1 .
= ‘? G-llu'dAx (3.5)
From the reciprocal theorem, we get from equations (3.3),

(3.4) and (3.5)

= a A [ ] L
t
E Eeff
- 1
§ Sy u dAx
1 i i u
> E E i v % G Wy (3.6)

eff !

where v = At o L

Equation (3.6) provides a means for calculating the
effective modulus for any porous body for which the displace=-
ments at the cavity boundary due to an extzrnally applied

stress G ' can be found.

2
Multiplying equation (3.6) by é ve get
. 2 [al
of '
v, cv e 2 ‘? udA (3.7)
2E 2E 2 x
eff

The term on the left is the strain energy (weff) due
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to an external uniaxial stress ¢ ' acting on a porous body
and the first term on the right is the strain energy (ws) if
the body contains no pores. The last term thus can be con=-
sidered as the increase in strain energy (WC) due to the

presence of cavities. That is,

W =W+ (3.8)

eff
§ u da
by

Griffith (1924) and others have derived expressions for

and

N

the strain energy for an infinite body containing a crack by
calculating the work done by the external stress acting through
the external displacements. Moreover Walsh (1965) using com-
plex variable methods developed by Stevenson (1945) derived

the strain energy due to the presence of an inclined narrow
elliptical crack in a body under plane stress or plane strain.
He gave for plane stress

=2Trc3

'2
o= T sin®p (3492)

W
The total strain energy Wc is found by summing
equation (3.9a) over the total number of cracks N. So, we

get

27 618

W= S5 % c3Sin2(£> (3.9b)

Assuming that the effect of the existing collection

of N cracks of various lengths is the same as the effect
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produced by N cracks each having an average length c.
The summation of equation (3.9b) can be evaluated by integrating

over the range of orientations. Assuming each crack differs

in orientation by the solid angle do{ where do«= Eﬁl,

the integration over all the orientation gives from equation

(3.9b),
- =3
W = 2—”9’3—;&’— (2.9¢)

Through equations (3.7), (3.8) and (3.9¢c), we get

T—3
; - (ﬁ + 5—%g9- ) /B (3.10)

Taking average volume of a region VvV where Nv = V,

we get from equation (3.10)

{ = =3
; - % \.1 + hic ) (plane stress) (3.11)

For plane strain conditions, Walsh (1965) derived

_ 2T 1N

LA 5E (1-m2) (3.12)

So for plane strain one finds from equations (3.7), (3.8) and

(3.12)

=37

L (1-n°) = J (plane strain)  (3.13)

Ly
B 1+

off 3

(ca] B

3+.1¢2 Closed cracks (Loading)

A general expression for the effective modulus of a
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body of volume v which contains a single closed crack
oriented at an angle P to the vertical can be found by using
the reciprocal theorem as above., When a crack has closed, a
shear stress '¥; and a normal stress Cf% are imposed on the
crack faces, figure (3.2). Applying the reciprocal theorem,

we get

G—' 8H'At + ? L"gfdA = du'At 60' (3.1’4’)

where dA dis an element area of crack surface and Sf is

the relative displacement of crack faces. Since

1
o
v 2 . L and & - 2L s equation (3.14) can be
u E o Eeff

written as

PN
| -1+|—-————"éfdA (3.15)
— ] ' o
Eeff B cud vy

We have

c. = caCoszp

b
T 5uSin f?' Cost

and hence from equation (3.15)

] ¥ Sin(&Cos{% 5fdA
B £f = + I CT_' (3-16)
e v

fea | PN

Applying the same analysis used in the open crack
case above, the strain energy (WC) associated with a closed

crack which undergoes sliding is given by
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o' . 4
Wc = -E- S:Lngl COS(Z§ de.A (3.17)

Assuming that the crack is closed for < small compared to

n
~

o' and U = lf“O;, where )f” is the friction coefficient,

Walsh (1965) arrived at the following solution

220 '?sinf CosP (Sinf Cos P - #5in°B )
= 3

W, (3.18)

To find the total contribution to the strain energy
of all the cracks, equation (3.18) is integrated, not over all
orientations but over only those orientations for which sliding
is possible. The appendi x (4) shows that the sliding dis-
placement é.f is proportional to the difference between the
applied shear stress on a plane parallel to the crack and the

frictional shear stress. Thus, for sliding to take place

S £ 7> 0 or from equation ( A4 3.12) (for O ¢ & 0)

Sin A(CosB - fsinf) > ©
or
tan A < 1w (3.19)
So sliding occurs only for crack orientation up to
the 'friction angle' tan” (1/p#). Now the total strain
energy due to cracks under plane stress is given by

-1
(ﬁan (1/}#)

- =3
W o= 2_‘E.9_ 12 sinp COS(‘: (Sinﬁ .005/5

e}

s Sinzfn ) « Ncosp af
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or _
2 L

W = 21 ot 2+ S+ 2;” - 2/*—\ (3.20)

4

(1+}"2)3/2

From equations (3.16) and (3.20), we get the effective
modulus in the linear portion of the loading cycle for low

crack concentration

=% 1+““5312+3)§2;22M'2/”7\
eff 15v (14 @ )? >
(plane stress) (321)
1 1 4T 33(1-m2) 2 + 3;»2 + 2pv4 2
E-"F| ¢ - W2y3/2 7 'aﬂﬂ
eff 15v (14 A7)

(plane strain) (3.22)

3.1.3 Closed crack (Unloading)

In appendix (4), it is shown that sliding occurs when
the applied shear stress hc is greater than the frictional
shear stress ’t P the crack surface. Let us assume that

these shear stresses have the values 7| ' and ' when

\ f
unloading begins. As soon as unloading begins, the direction
of /t £ changes as shown in figure (3.3). Vle can see that
for sliding in the opposite sense to occur, the reduction in
applied stress O.¢' must be sufficient to overcome a
frictional stress of magnitude 2”ﬁf'. The reduction in
applied stress Qo' results in reductions in applied shear
stress and frictional shear stress AT and A T_.. It

f

is clear from figure (3.4), sliding can occur only on
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satisfying the inequality,

AT 4+ /_\,Tf-z’tf'>o (3.23)

The parameters of equation (3.23) can be related to
the stress o " at which unloading begins and to the decrease
in applied stress C™' by using the analysis in appendix

(A), we get

atl - AcrvSina{Zv

A’B /A—AO"SinF Cosf) (3.24)

X
"
1

/u'g-'Sin ‘ZCOS(Q
From equation (3.23) and (3.24) we get

Aot 2 Mtan E

=" 1+ putan £ (3.25)

The equation (3.25) shows that except for /ﬁ =0 and
@ = 0, the right hand side is greater than =ro. Since /”
must be greater than zero and since cracks oriented at ﬁ =0
do not decrease the effective modulus, the conclusion can be
made that cracks do not decrease the modulus because of sliding
when the unloading cycle is begun. Thus the modulus during
the initial stages of unloading is equal to the value obtained
if the body contains no cracks. The slight strain remaining
in the sample when the applied stress is removed entirely
can be explained by noting that, according to the argument

above, cracks which initially closed with a slight compression
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due to internal stresses would not necessarily return to the

same state at zero load.

3.2 EFFECT OF CRACKS ON THE COMPRESSIBILITY OF ROCKS

In the previous sections, the effect of various types
of cracks on the modulus of elasticity is analysed. To
illustrate further the non-linear behaviour of rocks, the
compressibility of rocks (K) is treated in terms of homo-
geneous material having different pores. During the studies
of deformation of rocks, many authors have observed that the
compressibility of rocks is not constant, but varies with
pressure and the type of test (Adams and Williamson, 1923;
Zisman, 1933). Compressibility of samples jacketed with
material impervious to the pressurizing medium usually
decreases markedly with increasing pressure, whereas com=-
pressibility of unjacketed rocks 1s nearly constant*.

Such behaviour is explained by saying that 'solid
rock' is not solid at all but contains many small fissures.
These flaws in the rock structure decrease the apparent
moduli until reapplication of pressure to jacketed samples
closes the flaws and makes the rock stiffer. When the rock
sample is not jacketed, the fluid is free to enter most of

the pores, the cracks have little tendency to close, and

* Actually, compressibility of single crystals and

other non-porous solids changes slightly with pressure by
a few per cent in 10 kb which we are ignoring at low stress
levels (Clark, 1966).
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measurement reflects the deformation of the rock grains,
which are nearly perfectly elastic. The presence of flaws
and their closing under pressure was first suggested by
Adams and Williamson (1923) and offers qualitative explanation
for the initial change in the elastic moduli with pressure.
This is discussed further in chapter 4.

A model as explained in the previous section is taken
to evaluate theoretically the effects of cracks on the come
pressibility of rocks.

The compressibility of porous elastic material
(Keff) can be derived in terms of compressibility of solid
material (Ks) and the rate of change of porosity (n) with
external pressure (p). Considering a body whose external
boundaries enclose a volume (V) containing cavities of total
volume (VC). Chree (1892) shows, using the reciprocal
theorem, that the decrease in volume of the solid material
KS(V-VC) due to an increase in pressure L p is given by

Kséka. In differential form

da(v-v ) = K vdp
c S

or

av_ dve
Vdp = KS + —_‘Vdp (3026)

Assuming small strains so that V may be considered
constant, the last term of equation (3.26) is the rate of

decrease of porosity with external pressure. Using the
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convention that an increase in porosity is positive, we get

from equation (3.26)

K =K -= (3.27)

Equation (3.27) is based on the requirement that the
crystalline framework of the rock be linearly elastic and is

independent of the shape or total volume of the pores.

3.2.1 Spherical pores

The simple case of a body containing spherical cavities
is taken to illustrate equation (3.27). Consider the body to
be separated into irregularly shaped regions, each containing
one pore and each having the same porosity. Assuming that
the distance between pores is great enough so that the stress
at the boundary of each region is very nearly the same as that
at the boundary of the body. Change in the volume (vc) of
a small cavity due to the application of pressure (P) at the
boundary of the body, can be determined from Lame's solution
for thick walled spheres (Timoshenko and Goodier, 1951) by
approximating the region by a sphere of volume (v') equal
to that of the region. The tangential stress (Cgég) at
the boundary of the cavity (from Lame's solution) can be ex-

pressed in the following form
: =1
/’
o =~ &£ /1 e 8

vl

The tangential strain is €gg = (1_m)‘2:%§ , and the



volumetric strain

v
C

v = Beego

Thus, the fractional change in volume of the cavity

for a differential change in pressure is

3e242

The rate of change of porosity with pressure is

dv

dn __c __90i-m) _n_
aP -~ v'aP - T T ZE 1-n (3.29)

From equations (3.27) and (3.29), we get

~ 2lm.  _ny
Keff = Ks(1 * > om 1—n‘) (3.30)
: (1-2m)
(Taking K_ = é——ﬁ-ﬁ Y

Narrow cracks

The effect of a random distribution of narrow cracks

upon the compressibility of an elastic body is treated as in

the spherical case, by first dividing the body into regiomns,

each of which contains one crack.

form

Rearranging the equation (3.21) into the following

(K_VP4P + P4V )
_\'s c
eff ~ VPap

K

or for a single region
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K ogs = ( st'pdp + pdv ) / v'pdp (3.31)

The first term in the numerator on the right hand side is the
strain energy associated with the region if there is no crack
and the second term is the increase in strain energy dwc

due to the crack. The increase in strain energy due to

cracks of different shape has been calculated for several

cases -~ the penny-shaped crack by Sack (1946) and the elliptical
crack in plane stress and plane strain by Griffith (1920).

For very narrow cracks of half-length and half-depth c,

with uniform pressure p on the region boundary, the ex-

pressions are

16(1-n%) >
dWc = KS m— pdp (penny-shaped)
T - 2ys2
ai_ =g —Snid-mDe pdp (plane strain) (3.32)

c s 3(1-2m

. — “ Cc
dW = K_ SComy pdp (plane stress)

For total number of regions (N) and defining an
average crack length 5, where Nc3 Z: 3 and for an
average volume v, where Nv = V, the effective compressibility

is found to be, from equations (3.31) and (3.32)

e 16 (1-m7)c
Keff = KS (1 + 5 Cioams (penny~-shaped)
- _ 3
K op = (\1 ¥ —J— Ty gm)s ) (plane strain) (3.33)

K _K 1 Ll'l\ 3 (
eff ~ s * (1-2m5v plane stress)
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The equation (3.33) shows that the compressibility of

porous elastic material is higher than the compressibility of
the solid material. But the real behaviour of sandstone
studied in the laboratory indicates that after a certain stress
level the compressibility of the porous elastic material is
equal to its so0lid material. A better model is necessary

to account the complex behaviour of porous elastic material,

This is discussed further in chapter 4.

33 EFFECT OF CRACKS IN ROCKS ON POISSON'S RATIO

The model used for the determination of the effect
of cracks and pores on the Young's modulus and compressibility
is taken also to find the effect of cracks in rocks on Poisson's
ratio. In view of the non-linear deformation characteristics
of rock, it is necessary to define 'Poisson's ratio! (Walsh,

1965) in the strain increment form as

—_ - &
Teff = d“S'Lat‘/dz'long (3.34)
Since . L
eff T dg | -

we get from equation (3.34)

Ters = 7 Berr K 9% 1 ¢/8 5') (3.35)

Now, the increase in lateral strain ciélat due to

an increase in stress dg' is found by using the reciprocal
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theorem. Consider a body containing pores and cracks in
contact to be subjected separately to two applied stresses.
The first is a uniaxial compression in the x direction
applied to the exterior of the body. The second is equal
compression in y and =z directions applied to the exterior
and interior surfaces of the body so that the solid part is
under uniform biaxial lateral compression. These stresses
are illustrated in figure (3.5). For simplicity, the stresses
and displacements in the =z direction are omitted and only
one void and one closed crack are shown. Considering the
porous body to be a cube of unit dimensions, external forces
and displacements may be replaced by stresses and strains.

By visualizing figure (3.5) in three dimensions, we see that
the uniaxial stress dg' produces a uniform displacement

d€ of the y and =z faces, a displacement of 45  of the
boundary of a pore, and a displacement of dé.f of the boundary
of a crack. The only displacement of interest produced by
the uniform biaxial stress dO"u' is the displacement & éu
of the x face. The displacement ab is neither normal

to the pore boundary nor parallel to the direction of do'.
déy and déz are assumed as the components of dé in the
Yy and =z directions and dAy and dAz are taken as the
normal components of a pore surface element. The stress
d(Fh' acting on the crack surfaces is decomposed into com-
ponents mormal and parallel (d'Eu) to the crack surface.

The component dfﬁu' is of interest and this for a crack at
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angle F to the x direction is found from Mohr's circle

to be
any = Sin{% ccsF,dcr
u u

From the reciprocal theorem, the work done by the

uniform biaxial stress dcﬁu' is

o

1] — 1 - 1
2€ 1ongd 'y % dzsydcf 8 § dézcw e

+ § aé Sin (@COS ﬁd O‘u'dA (3.36)

where dA 1s a differential element of crack surface area.
The work done by d &' acting through displacement d¢ a

is ds"dﬁlf Equating the two, we get

' _ - ]
do'de, = 28, Aoty §d6ydAy ﬁ)dézda‘udAz

+ § a 6f smFCos(S do' aa (3.37)

From elasticity theory,

déu = - 2(n/B)dc' (3.38)

From equations (3.35), (3.37) and (3.38) we get

am oo Lo g (ad an + dSZdAZ)
E_—zE—-.J ’ do_l

eff

. % a4 fSinp Cos@ da

dd" (3039)



1‘1‘5 .
For a body of volume V with many voids and cracks, equation

(3.39) becomes

an .. oo Z § (déydAx + dészz\

1
Eeff Vd o

L (3.50)

. Z (% défSin'a, Cosﬂodﬁ.

8

From equation (3.6) and (3.16), the effective Young's

modulus for a porous material of the type considered here is

given by
11,5 dd _dh .5 défslnf, COS{% dA (5.61)
E E Vdo ! Vac ! .
eff
From equation (3.40) and (3.41), we get
e deom 1 5 as dr_+ab JA ad A
E E v a5
eff

The summation term is the rate of change of the volume

VC of all cavities with stress, i.e.

120 pp  qe2m dv

g
= = ) (3.42)
B rr E Vdo!

The rate of change of the volume of the cavities with

uniaxial stress is one third that under hydrostatic pressure:

dv dv
c

1
ac' T 3 ap

C

(3.43)
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We have from equation (3.26)

av

(o]
Kepr = X - Tap (3.44)

From equations (3.42), (3.43) and (3.44) we get

3(1-2me )

ff
— &L ¢ (3.45)
Eeff eff

The relationship between the eifective elastic constants
in equation (3.45) is identical with that for solid isotropic
elastic bodies as might be predicted. The initial value of
Poisson's ratio m_ can thus be calculated from the initial

value of compressibility KO and Young's modulus B, as

follows

(1~ E, KO/3) (3.46)

Q
ol

It is already shown in eqguation (3.11) and (3.3) that
the initial Young's modulus (EO) and compressibility (KO)

can be obtained from the relation

_ L Nc
B, =E|1-=5

O ~
and (3.47)
bW NG
K = —_—
o =K tﬁ t30em) v
3.4 DISCUSSION OF NON-LINEAR ANALYSIS

From the above analysis, it is clear that the behaviour
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of rocks is greatly influenced by the presence of cracks.
Analysis of the effect of closing of cracks, the effect of
relative motion of the crack surfaces due to sliding and the
conditions under which the sliding takes place explains the
deformation characteristics of the model which appears to
correspond with the behaviocur of many real rocks.

Equations (3.11) and (3.13) illustrate that Young's
modulus for an elastic solid containing cracks is less than
that for an identical solid without cracks. The cracks close
under increasing compressive stress causing an increase in
modulus. During the loading cycle, sliding of crack surfaces
past each other may take place after a crack has closed.

Thus Young's modulus in the linear portion of a stress-strain
curve after cracks have closed, expressed analytically by
equations (3.21) and (3.22), is still less than that for an
equivalent uncracked solid.

Equation (3.25) shows that cracks which have under-
gone sliding do not immediately slide in the other sense when
the load is reduced. Therefore, the unloading Young's
modulus calculated from the initial unloading curve is found
to be higher than the Young's modulus calculated from the
linear portion of the stress-strain curve. The above facts
have been further supported by the experimental studies in
chapter 4.

From the model studies, Walsh (1965) further suspected

that strain in the unloading cycle can be retained through
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friction at crack surfaces. This was tested by him with
vibration at stages in the unloading cycle, while the sample
was still loaded. He found that the strain in the sample
had fallen at constant stress (figure 3.6) to nearly the same
value as obtained in the loading cycle. Apparently the
additional energy of the vibration was sufficient to overcone
the friction at crack surfaces. The usual hysteresis loop
can sometimes be almost eliminated by this procedure. Some
of the test results reported by Nishihara (1957) and Mogi
(1959) on sandstone and marble give additional support to
the results agnalysed.

To evaluate the theoretical expressions arrived at
requires the 'average' crack concentration as expressed in
the parameters ¢ and V. Such information is not available,
so the accuracy of predicted magnitudes of reduction in
modulus due to cracks cannot be determined on an absolute
basis. However, the behdaviour of the model as discussed
above can be compared in a qualitative way with the behaviour
of natural rocks.

From equation (3.33), it is observed that the com-
pressibility of rocks with different cracks varies as the
cube of the average crack length. So the compressibility
of rocks is strongly affected by the pressure of long cracks.
Moreover, the effective compressibility in the case of plane
stress and plane strain differ by (1-1) (equation 3.33)

and the results in both cases will differ by about 10%.
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Such a difference is negligible in comparison with the overall

level of approximation in the analysis.
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CHAPTER &4

EXPERIMENTAL STUDIES OF DEFORMATION OF A SANDSTONE

4.0 PREPARATION AND DESCRIPTION OF SPECIMENS

The material tested was Bunter Sandstone*. Right
cylindrical specimens of 131" diameter were produced from quarried
blocks of sandstone by use of a standard coring machine with a
single core bit. The bit was of the impregnated diamond type
and to reduce the possibility of bit damage, drilling was begun
at medium speed until the bit was seated, after which the
vertical aligmment was checked and a higher rate of revolution
was utilized until the drilling was completed. It was necessary
to maintain a constant bit pressure to produce a smooth-sided
straight specimen. The cores were then cut to the final length
of approximately 3 inches with a diamond cutter fitted on a

lathe. The ends of the trimmed cores were then ground plane

* Blocks of Bunter Sandstones were supplied by British

Industrial Sand Ltd. from Moneystone Quarry, Oakamoor, Stafford-
shire. The sandstone deposit is known geologically as the
First Grit. This bed forms extensive outcrops to the north of
the river Churnet disappearing under over-lying limestone, and
to the south the bed dips away under over-lying shales. The
bed has a maximum thickness of some 120 ft.; this thickness
tapers away northwards across the outcrop. A typical chemical
analysis is:

Si0> = 98.5%
Fep03 = 0.03%
Cr20% = 0.0006%
A1203 = 0.9%
Ca0 = Trace
Na»0 ) .
Kag y = 0.5%

Loss of ignition = 0.2%

(Smith, 1965)
A study of several thin sections indicated an average grain
size of 0.2 mm.
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and perpendicular to the long axis using a rotary carburandum
wheel. End parallelism to an accuracy of .00k inches, as
determined with a 4 inch micrometer, was taken as acceptable.
During the cutting, the blade was cooled with water which.means
that all specimens tested have undergone at least two periods
of wetting, one during drilling and one during cutting.

The specimens thus prepared were then dried in an oven
at 10500 for 24 hours. The porosities of the dry specimens
were determined by the method described in a later section and
the specimens were numbered as a means of control.

The cylindrical specimens of 13" diameter and 3 inch
in length were then checked for homogeneity and isotropy by
measuring the compressional wave velocity in orthogonal directions.
No significant differences (Z 5%) were observed in any of the
specimens, It should be noted that this test does not preclude
the existence of local variations of stiffness within the
specimen. It is however sufficiently sensitive to pick out
major departures from homogeneity and isotropy that are persistent
through the specimen.

The compressional wave velocity was determined along the
axis of the cylindrical specimen and perpendicular to the axis
of the specimen, using a commercially available device for
testing concrete (Cawkell UCT2). 1In this apparatus a barium
titanate trandsucer is excited to emit ultrasonic pulses in the
compressional mode at a repetition rate equal to the mains

frequency. The frequency content of the pulse can be varied
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by use of crystals with differing resonant frequencies. The
pulses, after transmission through the sample of known length,
are detected by an identical transducer to that used for the
transmission. The detected signal is displayed on a cathode
ray tube, on which a series of time markers (10)h sec.) are
being generated. It is a simple matter to adjust the time
instant of transmission on the cathode ray tube trace, make
an allowance for the previously measured transducer delay and
read off the time of travel of a compressional wave in the
sample. The compressional wave velocity of the specimens
were obtained and the results are shown in figure (4.34b).

As anticipated, (Viksne et al, 1961) the velocity decreases

with increasing porosity. The apparatus has also been used

in the study of longitudinal velocities in a clay by Morgenstern
and Taylor-Smith (1964) and in rocks.by Ganguli and Banerjee

(1960).

4,9 METHOD OF DETERMINING POROSITY OF ROCKS

The porosity of a natural aggretate of solid grains such
as sandstone is governed by grain size distribution, angularity
of the grains, colloidal content and degree of compaction.
Generally various gas expansion methods (Taliaferro et al,(1937),
MacGee (1926)), have been used to determine the porosity of
ceramic materials. In this study as well, apparatus has been
constructed to find the porosity of the dry specimens using

the pressure (P) - volume (V) relationship of gas such as air
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expressed by Boyle's law (PV = constant). As there is hardly
any change of temperature at the pressure at which the air was
expanded, the correction factor for the pressure~volume relation-
ship expressed by Charle's law may be neglected.

Figure (4.1) shows a diagrammatic sketch of the apparatus
used to determine the porosity of a dry specimen. The specimen
was connected to a mercury manometer. Initially, the pressure
in the void space (VS) of the specimen and the void space
(VO) over the left-hand side of the manometer were both
atmospheric. The left and right hand limbs of the manometer
were at B and A respectively. The specimen was then
surrounded by a rubber membrane and sealed between the top
and bottom caps with O rings so that no air could flow into the
specimen. The right hand limb of the mancmeter was lowered to
C. The left hand limb dropped to D so that there was a pressure
decrease (&P)  in the closed off pore space and an associated
volume increase (/AV) both which were readily measured.

From Boyle's law, we have,

P (VS + VO) = (pA - AP)(VS + V. + AV)

A 0
or
PAZLV
Vg = - - AV (4e1)
S Ap 0
where VS = the volume of air in the specimen

<
I

0 the initial volume of air between the specimen
and the manometer

AV = the change in volume of air due to decrease in
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pressure AP,
P, denotes the atmospheric pressure and /A P is the
decrease in pressure in the sealed void space.
In our measurements, & P was usually equal to

PA/Z and then V. is given by (from equation 4.1)

S

Vg = AV -V (4.2)

Since VS is volume of voids in the specimen, this
volume divided by the bulk volume of the specimen and multiplied
by 100, may be considered the true porosity expressed as a
percentage.

For the purpose of comparison, equivalent porosities
determined by 48 hour water absorption tests were also determined.
Since one hour water absorption tests are sometimes used as a
classification index (Hamrol, 1957; Mayer, 1963), these values,
called the alteration index, were also determined. Figure (4.2)
illustrates the relationship between the porosities and alteration
index obtained by the above methods. Though there is a good
correlation between the alteration index and porosity obtained
by the ailr expansion method, the range of values given by the
former is small and, therefore, is not sensitive enough to take
these values as an index of comparison. The values given by
the 48 hour water absorption tests are also less scnsitive.

It is observed from the relationship, that the 48 hour wator

absorption method gave values about 2% less. This is undéubtedly

due to not obtaining complete saturation. Further reference
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to porosity will mean that found by the air expansion method.

b,2 EXPERIMENTAL ARPPARATUS
4,2.1 Introduction

Important advances and refinements of apparatus have
developed in testing techniques during the past decades. In
particular, the triaxial apparatus has been improved considerably.
An extensive survey of the apparatus and testing techniques
used in the field of rock mechanics has been given in several
recent symposia (A.S.T.M., 1965; A.S.T.M., 1966). Bishop
and Henkel (1962) give a detailed description of triaxial
apparatus for the testing of soils. Bridgman (1923), Griggs
(1936), Handin and Hager (1957), Wilhemi and Somerton (1967)
and others have designed different types of apparatus to study
the deformation of rocks under high pressure and temperature.
Any detailed discussion of the apparatus designed by the various
authors mentioned above, is beyond the scope of the thesis.
It is most convenient to study many different aspects of rock
deformation using triaxial apparatus which has axi-symmetric

stress conditions.

4,2,2 Uniaxial Compression Test Frame

A photograph of the loading frame used for the uniaxial
compression tests is shown in figure (4.3). The apparatus is
designed for an allowance maximum load of 5 tons and the capacity
of the proving ring used was 5000 lbs. It may be noted that

the loading is manual.
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L,2,3 Triaxial Test Apparatus

The equipment used in the triaxial tests consiamted
basically of a triaxial cell, hydraulic pressure maintainers,
instrumentation neccessary to measure the stress and strains
involved and a loading frame to apply the axial loads. The
apparatus used in these investigations is similar to that
described by Bishop and Henkel (1962) and only slight modifica-
tion has been made to take the terminals of the strain gauges
fixed on the specimens out of the cell. The figure (4.4a)
indicates the different parts of the triaxial cell and the
arrangement for the triaxial testing using confining pressures
of 150 pe.s.i. The triaxial cell consisted of a stainless
steel cylinder 7% inches in length, machined from 4 inch
O0.D. stainless steel subing. The wall thickness of the tubing
available was % inch and the ends of the cylinder were machined
on the inside to fit O-ring grooves for standard % inch thick
tube (Webb, 1966). A cap of 14 inch diameter and 1 inch length
was fitted to the recess of the pedestal which was screwed
through the base of the cell. This was the main modification
made to take out the terminals of the strain gauges fixed on
the specimen, figure (4.4b).

To use a confining pressure of 500 p.s.i. in the triaxial
testing of the specimens, a high pressure generator system as
developed by Skinner (1968) was adopted. Figure (4.kc) shows
diagrammatically the arrangement of the high pressure system.

To generate the high pressure the pump was started which gave
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oil pressure and this oil pressure was kept constant at the
required value with the help of an Amsler constant pressure
spring loaded valve. This oil pressure was fed to a Budenburg
dead weight pressure tester to measure the pressure supplied
to the triaxial cell.

The self compensating mercury control device (Bishop
and Henkel, 1962) was used to hold the cell pressure constant
for the tests carried out at a confining pressure of 150 p.s.i.
Figure (4.4d).

The hydraulic pressures were measured on a Bourden-tube
pressure gauge. The axial load was applied to the specimen
manually and the load was measured by a high tensile proving
ring with a total load capacity of 6000 lbs. A photograph
of the triaxial apparatus with the proving ring is shown in

figure (L4.khe).

h.2.k Measurement of Btrain

Longitudinal and transverse strains of the specimens
were measured by means of PLS-10* electrical resistance strain
gauges cemented to the test specimens. Two strain gauges
were mounted on the middle third and diametrically opposite

each other along the length of the sample. A second pair

*®

PLS-10, polyester gauge of nominal gauge length 10 mm.,
nominal gauge width 1.5 mm., nominal resistance 120 5., gauge
factor 2.07, base dimension 25 x 4 mm., is a type of resistance
wire strain gauge which is composed of a grid of resistance
wire and its supportihg base is impregnated with polyester
resin. The gauges were cemented to the specimens with P-2
adhesive and PS adhesive. Gauges and cement were supplied
by Tokyo Sokki Kenkywjo Co. Ltd., Japan.
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was mounted circumferentially in the middle of the sample to
measure lateral strains. The two pairs of gauges were usually
connected in parallel giving an average result. The strains
were generally recorded by the strain indicator* in a full bridge
circuit, figure (4.5). However, it is necessary occasionally
to read all gauges independently as a check on the homogeneity
of deformation. Temperature compensation gauges were mounted
on a dummy core.

For the wet tests, special precautions had been taken
to make the strain gauges moisture proof on all sides by coating
them with a thin layer of P-2 adhesive and PS adhesive.
P-2 adhesive helped setting in a brief time and PS adhesive
made the gauges moisture proof. A photograph of a dry sample

and a wet sample with the strain gauges is shown in figure (4.6).

4,2.5 Checking of gauge factor
The gauge factor of the strain gauges as supplied by

the manufacturer has been checked with respect to whether the

* All strain measurements were made with either a Peekel

strain indicator or a Budd strain indicator. These instruments
are suitable for static determination and employ the null
point method of measurement. In the Peekel type, two in-
dependent input circuits are provided and there are three
independent circuits in the Budd type. These may be connected
to two arm or four arm Wheatstone bridges and switched in as
required. A channel switch balance unit is provided with the
Budd strain indicator and this helps to read strain gauges

in ten different channels independently. The Peekel strain
indicator is designed for a fixed gauge factor of 2 and it is
therefore necessary to correct readings according to the gauge
factor of the strain gauges supplied by the manufacturing firm,
The gauge factor for the Budd indicator is adjustable.
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gauge factor is relatively constant under loading and unloading
using a Lamb's roller extensometer. Lamb's roller extensometer
consists of two elements which are readily clamped on opposite
sides of the test piece. Each element is a complete extensometer
in itself and may be used separately. But by using the two
elements, the mean extension of the specimen is obtained, thus
averaging any unequal strains due to non-axial loading or lack
of homogeneity. Each element consists of two hardened and
lapped steel plates having a knife edge on each; between these
plates a hardened and lapped steel roller is inserted in such a
way that as the specimen elongates the plates move relatively
to each other, giving the roller a small rotatory movement which
is strictly proportional to the extension. Each roller carries
a mirror; the angular movement of which is measured by a
telescope and scale. The telescope fitted with cross wires
throws a beam of light on to one mirror which is reflected from
the other mirror to a scale. The extension is given by the
following expression,

C . X

e ==

D + E a

where e = exXtension

X = scale reading

a = distance between mirrors

d = mean diameter of the rollers

¢ = d/4, a constant for each pair of rollers
D = distance between mirror and scale

The strains given by the extensometer and the gauges
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during various loadings were recorded and the gauge factor was
calculated. The ratio of the gauge factor calculated to the
gauge factor supplied under various strains is plotted in figure
(4.,7) for the dry and wet tests. It was found that for all
tests the gauge factor is sensibly constant. Moreover, for
tests on dry specimens the value supplied by the manufacturer
is correct. In case of wet specimens, the actual strains
appear underestimated by about S5%. Since reproducibility
is probably not attainable within this accuracy, the test data

to be presented will not be corrected for it.

4,3 EXPERIMENTAL PROCEDURE

In order to study the deformation characteristics of
sandstone both dry and wet specimens were subjected to loading,
unloading and reloading under uniaxial compression as well as
triaxial compression using confining pressures of 0, 150 p.s.i.
and 500 p.s.i. A series of unconfined compression tests was
also carried out to find the maximum compressive strength of
Bunter sandstone and the results are shown in figure (4.8).
They reveal a significant decrease in strength with increasing
porosity.

The experimental procedure on the dry and wet specimens
is best described by dividing the tests into three groups:
(1) Uniaxial compression test; (2) Triaxial test using confining
pressure of 150 p.s.i. and (3) Triaxial test using confining

pressure of 500 pes.i. In all tests loading was not carried
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beyond an axial differential stress of 2200 p.s.i. because it
was desired that no new crack be induced in the specimen.

This stress was a quarter of the unconfined compressive strength
of the material. There were eight cycles of loading on each
test with an increasing stress increment for each cycle of
approximately 275 p.s.i. The rate of loading on all tests
maintained essentially constant and the duration of a complete
test was about three hours.

In the uniaxial compression test, the specimens with a
representative range of porosity were subjected to cyclic loading
and unloading. Stress and strains were recorded at approximately
100 pes.i. increments.

In the case of the tests performed under a confining
pressure of 150 p.s.i., the specimens were jacketed with a
rubber membrane and the ends were sealed with O rings. They
were then placed on the base of the pedestal of the triaxial
cell and the leads of the strain gauges were taken out of the
cells The initial readings of the axial and lateral strain
gauges were recorded. Then the cell was filled with water
and hydrostatic pressure up to 150 p.s.i. was applied in incre-
ments of 25 p.s.i. At each increment the strain gauge readings
were noted. The axial load was increased manually in steps of
approximately 100 p.s.i. and the cyclic load history described
previously was carried out. As before, the maximum compressive
stress permitted on any sample was 2200 p.S.i.

The procedure for testing the specimens under confining
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pressure of 500 p.s.i. was the same as that described in the
previous paragraph. It may be noted that the several pre-
cautions had to be taken to prevent the leakage of water from
the cell along the terminals of the strain gauges. The holes
along the side of the base of the cell were sealed with plasticine
and covered with a thin copper plate.

For the wet tests, the samples were kept under water

for 48 hours.

4,4 DISCUSSION OF TEST RESULTS
L.4,1 Dry tests

The test results which were obtained from uniaxial
compression are plotted in figures (4.9) to (4.12).  These
results extend over a range of porosity from 10.0 to 16.6%*.
The results of the triaxial tests using confining pressures
of 150 pes.i. and 500 p.s.i. are shown in figures (4.13) to
(4.19). Some of these have also been duplicated. For the
sake of clarity of presentation, not all cycles are shown in
the figures.

In order to compare the mechanical behaviour of specimens
with each other, it is best to use a non-mechanical parameter
and since the behaviour of sandstone is closely linked to the

structure of the void space, porosity was chosen as an index of

* More tests than are presented here have been carried

out in this porosity range. They are not presented here since
they provide no new information being repeats at porosities
already quoted.
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comparison. The results plotted in figures (4.9) to (4.12)
illustrate that the degree of curvature of the virgin loading
portion of the stress-strain curves varies with their porosity.
The slope of the stress~strain curve for unloading is not the
same as the loading cycle and the axial strain does not return
to zero when the load is completely removed. As such, the
three significant features of the stress-strain curves are
non-linearity, hysteresis and the irrecoverable strain on
unloading. All these characteristic features increase with
increasing porosity.

The non-elastic behaviour of the specimens as indicated
in the uniaxial compression tests, is also observed from the
triaxial tests of specimens of a confining pressure of 150
Pes.i. The results indicate the relationship between porosity
and the curvature of the stress-strain curve as well; but it is
not so dominant as in the uniaxial tests. The triaxial tests
using 500 p.s.i. as the confining pressure reveal that the
specimens behave almost linearly after the first cycle of
loading, there is practically no hysteresis and negligible
residual strain after deviatoric loading.

In the figures which pertain to the confined tests,
plots are given which show the variation of both axial and
lateral strain with increasing confining pressure. These
relationships are generally non-linear. The near identity
of axial and lateral strains during hydrostatic loading supports

the isotropic behaviour of the sandstone noted earlier. The
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other plot in these figures shows the variation of lateral
strain with axial strain over the complete load history. Some
hysteresis and irreversibility may be noted in their relation-
ship.

Restricting consideration to the loading portion of
the stress=strain curves obtained from the various tests, it
is of interest to investigate the data within the framework of
non-linear elasticity. The values of the tangent medulus of
compressibility (K), were calculated at different stress
levels and the relationship between K and the sum of the
principal stresses (O7) is indicated in figures (4.20) and
(4.21). It has been observed that the compressibility of the
jacketed specimens decreases rapidly as ¢ increases. K
remains sensibly constant after a certain range of O .
Adams and Williamson (1923), Zisman (1933) and others have
cbserved the same phenomena with many other rocks and minerals
though generally at much higher pressures. They commented that
the compressibility of jacketed specimens approaches asymptotically
the compressibility of unjacketed specimens at high pressure.
In the case of tests on crystalline rocks, these observations
are consistent with the idea that a certain degree of porosity
is associated with cracks along grain boundaries and that the
large initial decrease in compressibility with pressure is due
to the closing of these cracks (Birch, 1938).

From the samples tested under the three groups of cell

pressure, it i1s possible to isolate two families of tests with
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porosities of approximately 12% and 15%. In the case of the
15% family, data are available from all these tests paths while
only 2 tests paths are available for the 12% family. The
variation of K with (o~ for the three stress paths applied
to samples with a porosity of about 15% is shown in figure
(4.21). It is noted that within the accuracy and reproducibility
of rock testing a path-independent behaviour is found and the
relationship between K and O~ constitutes a real material
property. To further support this finding, similar data for
the 12% family is given in figure (4.20). Regrettably, only
two comparable specimens were available in this case.

It would indeed be surprising if, in the case of the
confined tests, no effect in the change of compressibility
occurred at the onset of deviatoric loading. Figures (4.22)
and (4.23) show that the compressibility increases at this
stage and hence the behaviour does in fact deviate from the
path~independence noted above. This is due to the anisotropic
response of crack closure. Generally, the effect is less than
that shown in these figures and it disappears after a small
deviatoric loading. While this constitutes a qualification to
the conclusions described in the previous paragraph, it is not
severe enough to negate the proposition that at a given porosity,
there is a unique relationship between tangent compressibility
and average principal stress.

The variations of K with log O for the 12% and

15% families are shown in figures (4.24) and (4.25). While
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there is some scatter in the data which is mainly attributable
to the natural variation in the material and small scatter in
the porosities, a straight line may be drawn through the data
points as indicated. Over the stress range under consideration
the compressibility converges on the value for quartz (Clark,

1966), The variation of K with & takes the form
K=a=-b Logo™ (4a3)

For the sandstone tested here, the slope of the line
is closely related to the porosity of the specimen. Lines
based on smoothed data and from uniaxial compression tests
where families are not available are given in figure (4.26)
for the full range of porosity. An increase in porosity
coincides with a steeper slope of more compressible behaviour.
Of particular interest is the convergence of all of the lines
to the compressibility of quartz at a particular value of &
(Cfb). It is expected that this value of < will vary
from rock to rock since it undoubtedly reflects the stiffness
of the cementing material and the internal geometry. The
termination of the compressible behaviour at the magnitude
of the dominant mineral for increasing &  constitutes the
end of only the first phase of a loading process to destruction.
As © increases more stress will be generated in the cementing
material and cyrstal grains which, even under an all round
pressure, would lead to structural breakdown and an enhanced

compressibility. Whether the new structure subsequent
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loading would display a compressibility converging upon that of
quartz is not known at present.

It is of interest to note that at O’é, we have specimens
with significantly different porosities each displaying essentially
the same compressibility. This has implications for current
theories of composite media which permit the calculations of
material properties from those of any two phases composing the
medium. The theories which deal with an elastic medium
containing holes are applicable to our case (MacKenzie, 1950;
Hashin, 1959; Holliday, 1966). For porosities greater than
zero, these relations invariably predict moduli less than that
of the host medium which vary with porosity. This conflicts
with the observation of compressibility at or above CT;
which is equal to the host medium and is independent of porosity.
The real behaviour of sandstone is clearly more complex than
that considered in current theories of composite media. It
seems that as the average stress is increased, deformation in
the cementing matrix occurs until sufficient contacts between
quartz grains are established to take all the applied stress.
Since no new cracks are established, the cementing matrix must
be relatively ductile and observations on the modulus of
rigidity support this. Hence, at or above Cr;, but below
the hydrostatic pressure required to crack the matrix, the
sandstone behaviour is dominated by the properties of quartz
with respect to compressibility and by the properties of the

cementing material and pore structure with respect to rigidity.
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At least a three phase model is necessary to account for
these features.

The values of the tangent modulus of rigidity (G)
are also calculated from the loading portion of the stress-~
strain curves and they are plotted against ¢~ in figures
(4.27) to (4.29). During the uniaxial tests, it is found
that as ¢  is increased, G also increases up to a stress
level, © , of about 1600 p.s.i. after which G becomes
constant. The same relationship between G and O is
also observed with the triaxial tests using a confining
pressure of 150 p.s.i. The data from the triaxial tests
with the confining pressure of 500 p.s.i. show that G is
constant for the range of <~ investigated. Wilhemi and
Somerton (1967), observed the same phenomena on Bandra, Berea
and Boise sandstone under different high confining pressure.
In their case, as the confining pressure was increased the
value of G also increased and they associated this with an
increased strength of the samples.

The variation of G with O for the 15% family is
given in figure (4.28). It appears that the stress path now
has some influence but it is of the same order as the natural
variability of G at a given porosity. The constant value
of G which is obtained at higher stresses is plotted against
porosity in figure (4.30) for the different confining pressures.
The influence of confining pressure is not clearly defined.

The variation of G with & given in figures (4.27)
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to (4.29) is much less than that of XK. Certainly above
0 == 1600 p.s.i., a material behaviour characterised by a
non-linear K and a constant G is representative. Indeed,
to a first approximation, this would be an acceptable
characterisSation over the whole loading range. Finite element
calculations are, of course, not limited to such restrictions.
With the preceeding observations, it may be concluded
that the non-linear stress-strain relationship of sandstone
is controlled mainly by the compressibility of the material
until the compressibility of quartz is reached. At this
stage the rigidity of the sandstone is about one tenth that
of quartz so that the transmission of shear is controlled
mainly by the cement matrix and pore structure. Further
loading would at some stage initiate intergranular fracture.
Porosity is the main factor that effects the characteristic
features of non-linearity, hysteresis and irrecoverable strain
on unloading of sandstone at low stress level. As the
confining pressure is increased, the rock tends to behave
more as a linear elastic material. This explanation was
first suggested by Adams and Williamson (1923) and later Walsh
and Brace (1965; 1967) investigated in detail the effects of
the structural defects such as cracks and pores on the
behaviour of rocks., It is observed during the uniaxial
stress that at low stress the slope of the stress-strain
curve is relatively low. An increase in the axial stress

closes some of the cracks and the rocks become stiffer. So
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beyond a certain stress level, the stress-strain curve for
initial loading becomes approximately linear due to closure of
the cracks with a high aspect ratio which are readily deformed.
This closure stress varies with porosity as shown in figure
(L4.31). In some cases it may be possible to represent the
non-linear deformation of a sandstone by using a bi-linear
hysteretic model with the change in slope at this closure
stress.

The deformation of the specimens has been further
analysed in order to explore the non-linear behaviour, by
determining their energy dissipation properties under cyclic
loading. If an element is at a given set of stresses and is
subjected to unloading, the material properties during unloading
will depend upon the amount of recoverable strain energy.

For the tests reported here, the energy dissipated in each
cycle of loading and unloading was computed from the stress-—
strain relation of each specimen. Results are shown in figures
(4¢32a) and (4.33a), where the specific energy dissipation, the
energy dissipated per unit volume (inch-pounds per cu. inch)

is plotted against the maximum stress level of the cycle.

The linearity of the relationship over most of the stress

range is particularly interesting. The departure from
linearity at high stresses in one case may be associated with
the onset of new cracks if it is assumed that the linear
increase of dissipation with stress is due to slip on pre-

existing cracks. It would be expected that for a given
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confining pressure higher porosity specimens would be more
dissipative and hence the slope of the stress-dissipation
relation, which we call the dissipation factor, would decrease
with increasing porosity. This has been observed for the
tests reported here and the relation is shown in figure (4.32b).
The application of confining pressure of 150 pe.s.i. has little
effect on the alteration of the stress-strain characteristic
of the sample, as a result of which, the energy dissipation in
each cycle of loading and unloading is comparable with the
uniaxial tests. The relationship between the dissipation
factor and the porosity observed from both series of tests is
plotted in figure (4.32b) and the results confirm this point.,
The use of higher confining pressure (500 p.s.i) virtually
eliminates the energy dissipation. It is likely that the
cracks close and the normal pressure across them increases to
such an extent that there is hardly any relative motion possible
between the crack walls by the sliding of one face past the
other. Hence there can be hardly any energy dissipation under
these conditions of high confining pressure and low deviatoric
loading.

A few specimens were retested uniaxially about 6 months
later in order to investigate the influence of elastic
recovery of the set whose presence was suggested by Nishihara
(1957).  Their stress-strain curve on loading was much closer
to the penultimate loading curve in the earlier test than to

the initial loading curve. An example is given in figure
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(4.34), This suggests that the time effects were slight and
is not in accord with Nishihara's observations. If specimens
with a set after unloading are subjected to vibration, some of
the set is relieved (Walsh, 1965). Typically, four minutes
of vibration produced 25/P’ strain longitudinal expansion and
ZOl/b strain transverse expansion in the cases where this
influance was investigated. The influence of vibration is
probably to reduce the normal pressure on some locked cracks
and allow slip to take place. The existence of the residual
strain suggests that it is seldom possible to re-use specimens
in experiments designed to study their deformation properties.

The non-linear deformation of sandstone is illustrated
more clearly in figure (4.35), where the tangent modulus from
the uniaxial tests is plotted against stress for a range of
porosities. Figure (4.35b) shows the variation of tangent
Poisson's ratio for the same tests. The variation of tangent
modulus with stress could be fitted with, say, a power function.
In any case, in any attempt to solve a boundary value problem
one is likely to use a piece-wise linear approximation to the
real data.

Walsh (1965) suggested that the tangent unloading
modulus would be higher than the tangent loading modulus at
the same stress level. This is corroborated in figure
(4.36) which shows both unloading tangent modulus and
Poisson's ratio plotted against the stress level for the

same tests.
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In discussing the influence of cracks in the uniaxial
compression of rocks, Walsh (1965) also observed that the
elastic modulus calculated from sonic velocities would correspond
to some average slope of the stress-strain loop representing
the dynamic loading. If this were so, the dynamic modulus
should be closer to the tangent unloading modulus than the
initial tangent loading modulus. Since, in our case, velocities
were determined with no static stresses applied it is necessary
to compare the dynamic modulus with the tangent moduli at
zero stress. The static modull were obtained by extrapolation
in figures (4.35) and (4.36) to zero stress and are shown
plotted against porosity in figure (4.37a). The variation
in compressional wave velocity with porosity is shown in

figure (4.37b). The dynamic modulus is given by the formula

B - Ve (14m) (1-2m)

144 g(1-m)

Since only the wave velocity (V) and density of the
specimens (F ) were known, it was necessary to assume the
value of Poisson's ratio (m) in order to compute the dynamic
Young's modulus. The dynamic Poisson's ratic for most rocks
falls between 0.15 and 0.35 (Morgenstern, 1965; Fairhurst,
1963%; Judd, 1964). Calculations have been carried out for
values of Poisson's ratio equal to 0.15, 0.20 and 0.3%5 and
the resulting variation of dynamic Young's modulus with

porosity are shown in figure (4.37a). The correspondence
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with the unloading modulus is particularly good. Indeed,
values obtained with Poisson's ratio equal to 0.20 fit the

static unloading values almost perfectly.

hoh,2 Vet Tests

The wet tests of samples with a range of porosity
from 11.0% to 16.3% were investigated in the three groups of
cell pressure as indicated in the previous section and the
results are plotted in similar ways as the dry tests for
comparison. The results of the uniaxial compression tests
are shown in figures (4.38) to (4.40). Figures (4.41) to
(4.43) illustrate the results obtained during the triaxial
tests using confining pressures of 150 pes.i. and 500 pesSeis

The results plotted in figures (4.38) to (4.40) show
also the three significant features of the stress-strain
curves -~ non-linearity, hysteresis and irrecoverable strain
on unloading. As before all these characteristic features
increase with increasing porosity. In comparison with the
dry tests, the results of the wet tests presented in the above
figures show greater non-linearity, hysteresis and residual
strain for a given confining pressure and porosity. Behaviour
similar to that observed during the uniaxial tests, is also
observed in the triaxial tests of specimens at a confining
pressure of 150 p.s.i. and 500 p.s.i. as shown in figures
(h41) to (h.42). The use of confining pressure of 500 PeSeis

which brought a major change in the stress—-strain relationship
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of the dry samples, has much less influence on the behaviour
of the wet samples although this observation is based on only
one test. For a given confining pressure and porosity, it
appears that both energy dissipation and irrecoverable strain
are increased when specimens are wetted.

The relationship between K and g~ for the wet tests
is illustrated in sigures (4.44) and (4,45). Like the dry
tests, the compressibility of the jacketed wet specimens
decreases rapidly as ¢ increases. K remains sensibly
constant after a certain range of & . The figures illustrate
also that the wet samples were more compressible initially
than the dry tests. It is important to note that the path-
independent behaviour which is found during the dry tests of
the samples, is not observed in the case of wet tests. The
above conclusion is made from only two comparable specimens
having the same porosity of about 15.0%, which had been tested
under confining pressures of O and 150 p.s.i. The uniaxial
test results given in figure (4.40) show that the sample failed
after the application of only 1400 p.s.i. load and the sample
was also incompressible prior to failure. As a result no
unique relationship between K and O can be found.

However, more extensive tests on wet samples must be performed
before clear conclusions can be drawn.

Figure (4.46) illustrates the variation of K with
log O  for the different test results. The compressibility

of each sample tested also converges on the value of quartz;
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but the unique result of the dry tests, the convergence of all
the lines to the compressibility of quartz at a particular
stress level, is not observed here. Though there is high
initial compressibility of the wet samples, the slope of the
lines gradually becomes less steep than the dry specimens for
a given confining pressure and porosity. The slope of the
line like the dry tests, is closely related to the porosity
of the sample and equation (4.3) can be fitted to the above
results.

The values of G are also calculated from the loading
portion of the stress-strain curves and figure (4,47) indicates
the relationship between G and ¢~ for the different tests.
Like results of dry tests, G increases up to a stress level
as O  increases during the uniaxial tests. But G is
found to be constant during the triaxial tests with confining
pressures of 150 p.s.i. and 500 p.s.i. The range of values
of G during the wet tests is much less than that of the dry
tests.

The non-linear deformation of the wet samples has
been further analysed also by finding out the energy dissipation
properties and it is observed that the wet specimens were more
dissipative and there is some departure from the linear
relationship, figures (4.48) and (4.49). The relationship
between the dissipation factor and the porosity from uniaxial
tests and triaxial tests is plotted in figure (4.48b). The

results indicate greater energy dissipation than the dry tests.
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A possible explanation of such behaviour will be, the crystal
grains are becoming detached at their grain boundaries during
wetting, as a result of which there is more internal friction
between the grain boundaries or the crack surfaces. Hence
greater energy dissipation and non-elastic behaviour will be
exhibited. Moreover, the compressive strength of the wet
samples was greatly reduced and some of the specimens failed
after the fifth cycle of loading (about 1600 pes.i.). Colback
(1965) studied the weakening influence of moisture on the
compressive strength of rock and he suggested that it was

due to the reduction of molecular cohesive strength of the
material. The data presented here shows that the presence

of moisture weakens the intergranular bonds.
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CHAPTER 5

FINITE ELEMENT METHOD

5.0 INTRODUCTION

The 'finite element method' is a general method of
structural analysis in which a continuum (or solid) is re-
placed by a finite number of elements interconnected at a
finite number of nodal points or nodes. With this idealisa-
tion, a problem in continuum or solid mechanics is transformed
into a related problem for an articulated structure to which
the standard matrix method of structure analysis can be applied.

From the historical standpoint, Clough (1960) first
introduced the term 'the finite element' and he presented the
triangular and rectangular plate elements in plane stress
analysis. However, in 1941 Hrennioff illustrated the idea
of approximating a continuum by the assembly of a finite
number of discrete structural members. The analogy was not
correct and from the practical point of view, it was not
possible to solve a large number of equations at that time.
Gradually the development of high speed digital compugers
motivated renewed and more extensive development of numerical
methods.  Argyris (1954; 1955) provided the most general
approach to the computer analysis of structures. Turner,
Clough, Martin and Topp (1956) introduced the methods of
calculating stiffness influence coefficients. Martin (1961)

presented a more direct approach for the calculation of
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stiffness of a triangular element in a plane stress problem
of elasticity. Finally Wilson (1963), de Veubeke (1964
1965), Clough (1965) and Zienkiewicz (1967) presented the
finite element procedure, its applications and different
practical solutions of engineering problems.

Thus, the finite element method involves not only the
new idea of structural approximation of the continuum, but
also the use of two or three dimensional elements. Using
such elements, the structural idealisation is obtained merely
by dividing the original continuum into segments of approximate
sizes and shapes, all the material properties of the original
system being retained in the individual elements. This
capacity for treating arbitrary material properties is one of

the principal attributes of the finite element method.

5.1 BASIS OF THE FINITE ELEMENT METHOD

There was some criticism at the time of the early
application of the finite element method because of its
apparent lack of a sound theoretical basis. However, theoretical
studies by de Veubeke (1964; 1965), Jones (1964) have now
shown that the finite element technique can be developed in
terms of variational considerations. From this standpoint,
the finite element technique can be classified into three
categories:
(i) The displacement models: This method is based on

parametric displacement fields ensuring compatibility of
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deformations both internal to the elements and across their
boundaries; but does not satisfy equilibrium across element
boundaries. It is generally known as the displacement method
or the direct stiffness method.

(ii) The equilibrium models: These models based on stress
fields satisfy internmal equilibrium and continuous stress
transmission but not compatibility.

(iii) Mixed models called 'Hybrid' which do not necessarily
satisfy either compatibility or egquilibrium.

This classification identifies the basis of the dis-
placement models as the principle of variation of total
potential energy and that of equilibrium models as the
principle of variation of complementary energy (de Veubeke,
1965) . A general formulation for the mixed models in which
both stresses and displacements can be varied independently
was described by Jones (1964).

De Veubeke (1964) proved that the displacement and
equilibrium models, respectively, yield lower and upper
bounds on influence coefficients, i.e. a displacement solution
underestimates the generalized displacements while an equilibrium
solution overestimates them.

The equilibrium method is generally not used due to
its difficulty in forming the stress functions. 1In practice,
the usual method the displacement models is utilized with

minimum size of elements to approach the true representation.
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5.2 THE DISPLACEMENT METHOD

In this study the displacement or the direct sitfffness
method has been used. Briefly, the method involves the
following steps:

(1) Structural idealization.

(i1) Evaluation of the stiffness matrix of the individual
elements which is expressed in any convenient co-ordinate
system.

(iii) Superposition of the individual element stiffnesses
contributing to each nodal point in order to generate the
stiffness matrix of the system or the total assemblage nodal
stiffness matrix.

(iv) Formulation and solution of the equilibrium eqguations
at each nodal point consistent with the imposed loads or
displacements in order to find the nodal displacements.

(v) Calculation of the stresses in the elements from the
computed nodal displacements.

These steps can be applied directly if the material
is elastic because the stiffness matrix which depends on the
elastic constants and on the geometry of the assemblage only
is constant. The entire prescribed loads can therefore be
applied to obtain the nodal displacements, from which the
stresses and strains in the elements can be computed.

However, if the elastic constants of the material
are not constant at different stress levels or in other words

the behaviour of the material is a non-linear one, a new
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stiffness matrix based on the current stress levels in the
elements must be computed. In this study a method has been
developed to handle the non-linear material properties and it
is discussed in the following chapter.

The procedure for generating the stiffness matrix of
a configuration consisting of triangular elements which are
the most convenient ones in our studies, is well documented
(Clough (1965), Zienkiewicz (1967)). The whole procedure
is briefly recorded here merely for completeness. Notations
and technique generally those of Clough (1965) have been

adopted.

5e3 STIFFNESS MATRIX OF THE ELEMENT

The first step in the development of the stiffness
matrix of a typical element in "the displacement analysis is
to assume a general form of the displacement functions subject
to the requirement that they are continuous throughout each
element as well as across the boundaries. These functions
can be quite arbitrary in general. But a linear displacement
function has been used in most studies. This linear dis-
placement field is defined in terms of U(x, y) and V(x, y)

by equations of the following form

= o4 24
U= 1 + 2X +0(3Y (5-1)

V:D{L’_ + X X+0<6Y (5-2)

5



in which U, V are the generalized displacements, qu,
A pr O 3 A g 5 A g are the constants and X, Y
are the co-ordinates.

The geometry of a typical triangular element is
defined in figure (5.1). This linear displacement field for
the element has the results that the U and V displacements
at the nodes completely specify the configuration of the de-
formed element. Moreover, by maintaining the continuity of
the nodal displacements in the assembled system, continuity
across the boundaries is automatically satisfied. Hence the
assumed displacement function conforms to the requirement of
complete compatibility.

Each node of the triangle (in plane deformation) has
two degrees of freedom, the displacement in the x and ¥y
directions respectively. Therefore for the whole triangular
element, there are six degrees of freedom; hence six
generalized constants because it is desirable but not essential
that the number of unknown coefficients in the assumed dis-
placement functions be equal to the total number of degrees
of freedom of the element.

From figure (5.1) introducing successively, the nodal
co-ordinates into the set of expressions (5.1) and (5.2), the
generalized constants can be expressed in terms of the nodal

displacements and the geometry of the element. Thus
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in which Ui’ Vi etc. refer to the nodal displacements and

Xi, Yi etc. refer to the nodal co-ordinates as shown in

figure (5.1), or in symbolic form
Lol = [alie]
\__A”] 1§11 (5.4)

The strains within the element (assumed to be uniform)

or

(=}

can be obtained from the assumed displacement field, equation

(5.1) and equation (5.2), by considering the basic definitions

of strain.
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or in symbolic form

el - (e[ (5.6)

or

€] - BIe] (5.62)

The stress can be expressed in terms of the strain

using the stress-strain relations of the material (assuming

plane strain) _ ar 1
- _
m .
o 12 0 €,
o0_ {_ _E(1-m) mo, g € (5.7)
Y T ) Gi—2m) | 1-m J .
~ 1=-2m ~
l’xy °© 0 2(1-m bxy

in which E is Young's modulus and m is Poisson's ratio or

in symbolic form

1 = (o]C€l

or

(o1 = () s ]iet] (5.8)

Substituting equation (5.6a)

1 = (o] (] (" J[4] (5.9)

The specific elastic characteristics of the finite

element material are represented by this stress-strain matrix

(o]
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The stiffness matrix of the mlement is then obtained
by introducing a virtual displacement and applying the
principle of virtual work (Clough (1965)). The internal
virtual work dw1 of any differential volume dv of the

element is given by the product of the actual stress O and

the virtual strain ‘E_ through which they move

dw,l =g ¢ av (5.10)

The substitution of equations (5.6) and (5.8) into

equation (5.9) yields

dw, = o4 BIDB oAy (5¢11)

in which % represents the virtual generalized co-ordinate

displacements associated with é . The internal virtual

work

W, = of\TE BTDBav |4 (5.12)
ol

(o and ©X are extracted from the integral because they
are independent of x and y co-ordinates).
The external work associated with the virtual

generalized displacement o{ is given by
T
wp = ok fo (5.13)

where F represents the generalized force components.,
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Introducing a unit value of the virtual displacement
components in sequence, from the principle of virtual work,

it follows that

and
p =\__S B'DBdv | A&
vol
or
(J_, = KA (5.14)

By definition i;K] is the (6 x 6) stiffness matrix

for the triangular element and is given by

K = S B DBdv (5.15)

vol

To get the relation between the nodal forces and the
nodal displacements, the stiffness matrix of the element is
transformed to the nodal point stiffness, E with the standard
co-ordinate transformation in which the transformation matrix

(~A-1J relates the generalized co-ordinates ©X to the nodal

point co-ordinates 6 as shown in equation (5.4). Thus

nodal point stiffness,

K =ia T k] [a ] (5.16)

The steps leading to the value of K or K are seen
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to be purely standard matrix multiplication with the exception
of the required inversion in equation (5.4). A general ex-
pression is obtained in appendix C for the nodal point stiff-
ness of the triangular element and this expression has been
used directly for the calculation of the nodal point stiffness
from the geometry of the element and the elastic parameters
avoiding the long process of matrix multiplication and in-

version.

SJht ASSEMBLAGE OF STIFFNESS MATRIX OF THE ELEMENT AND

FORMULATION OF EQUILIBRIUM EQUATIONS AT EACH NODAL

POINT

After obtaining the stiffness matrix for the elements,
superposition of the individual element stiffness contributing
to each nodal point is done and the equilibrium eguation is
generated at each nodal point to get the relation of nodal
point forces and nodal displacements.

In this study the continuum is idealized as shown in
figure (5.2). For simplicity, the assemblage of the stiff-
ness matrix at any nodal point and the equilibrium equations
are formulated by the following procedure.

For any nodal point A, figure (5.2), the forces
applied in the X direction and Y direction are (say)

F and G respectively and let us assume f and g are
the internal forces in an element in the direction of X

and Y respectively.
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L < -

g Ka1 Kaz g3 K Fas g6 U3

Y Ko Kop Koz Koy Kog Ko u,

£, Ky Kop Koz Koy Kup Kig U,
g || Ky Ko Kig Ky Kug Kig v, (5.17)

£ 51 52 K53 K51 K55 Nsg | '3

& | | Kgq Koo Koz Kgy Kgs K66__ I v,
where_ K11 -« Ko are the nodal point stiffness coefficients

obtained from the equation (5.16).

The equilibrium equation at the nodal point A in

the U and V directions are

]
I

fg + fL + fM + fN + f? + fg
J k k J i i

K, L M_N_ P Q
By * & t Bt Byt B tE

[®]
H

(5.18)

(5.19)

in which the subscript refers to the nodes and the power refers

to the element.

From equation (5.17) we have
K K K
=Ky U? + Ky U? * Ka
R

26
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N N N N P
+ Ky Uﬂ + Koy Vg K5 Vs * Kg6 Vﬂ * K4 Ui
P P P P P P P
+ K12 Uj + K13 Ui + K14 Vi + KﬁB V? + K16 Vk

Q Q Qe +Q Q 9 Q 49
+ K11 Ui + K12 Uj + K13 Uk + K,IL+ Vi + K15 Vj

Q 9
+ K3 Vo (5420)

From compatibility condition, we obtain

U1=UI.{=UL H VI,{=_=V
i i i i 1
_ _ _ b - Qo
U? =T = Uﬁ = U§ =l =0 =04
_ L _ _ 4P _ 49 _
V? = Vk = Vﬁ = V? = Vi = Vi = V3
U=U]:I=Ub.4 3 VL=VM=V
b B i B i L
P
U, = Uﬂ = U vﬂ - vi = v,
_ P _ 9 _ @ _
Ug = Uy = UY v? =V = Vg
Q Q
—_ =U - = ('Y
U5 U? ; v? vj v5 (5.21)
From equation (5.20) we have
K L K L M N P
F = (K21 + K31) U+ (K22 + KB3 + KBB + K, + K11

Q K L
+ K11) U3 + (K23 + Kg1) U2 + (K32 + K§1) U4

+ (KI;2 + K?Z) U5 + (Kl;_3 + K?B) U7 + (K$2 + K$3>
Ug + (KI;.L+ + th) v, o+ (K};5 + K§6 + K§6 + Kg5
* K?h * K$4> Vg * (K§6 *E) Vo (K§5 + Ky
v, + (Kﬁs . K$5) U+ (g + Kre) U, + (Kf5

Q
+ Kie) g
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or F = UU U + UO 3 L U2 + UUR U4 + UR U5

+ UDL U7 + UD U6 + VU V1 + Vo V3 + V V

+ VUR V), + VR v5 + VDL v7 + Dy Vg (5.22)

Similarly we get

G =U0'U, + UL U, + U U, + UUR! U4 + UR'" U

1 0 3 L 2 5
+ UDL! U7 + UD' Ug + VU' V, + V] v3 + VL'V,
+ VUR! v, + VR! v5 + VDL! v7 + VD' V¢ (5¢23)

The convenient way to obtain the superposition of the
nodal stiffness coefficients UO «»» VD and Ué se. VDY din
the equations (5.22) and (5.23) has been recorded in the

appendix D describing the computational analysis.

55 RESULTS OBTAINABLE FROM THE SOLUTION OF THE EQUILIBRIUM
EQUATIONS
From the equilibrium equations (5.22) and (5.23)
formed at each nodal point, the nodal displacements in the
directions of X and Y are obtained. And by using
equation (5.9) or directly the equation (AS5.13), the stresses

in the elements can be computed.

5.6 METHOD OF SOLUTION OF EQUILIBRIUM EQUATION
For most practical problems, equations (5.22) and

(5.23) represent a system of several hundred equations. The
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major difficulties which are encountered in a direct solution
of such a large set of equations are that a big storage is
required and the time of solution is increased enormously with
the number of equations. For these reasons, an iterative
method has to be used to solve such a large number of simultaneous
equations. It has been found that the well known Gauss-
Seidel over-relaxation iteration procedure is best suited to
tackle such equations.

In this study the digital computer IBM 7090 has been
used to solve these equilibrium equations by the Gauss-Seidel
method. The Gauss-Seidel procedure is merely a systematic
relaxation technique for solving the linear equations (Varga
1962; Khabaza, 1963; Faddeeva, 1959). The set of equilibrium
equations to be solved at each nodal point can be written in

1

I
X, = s (bz - ay%, - a23X3 cerere = aanXh‘) (5.24)

- -
X, =3 (bn 0 SUPPR .o - %_1xn_1)

nn
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b
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The next approximation is obtained by substituting
these approximations into the right hand side of equations
(5.24). The process is continued until successive approxima-

tions for all unkncyn are within some preset tolerance.

5.7 OVER-RELAXATION FACTOR AND ERROR CRITERIA

The rate of convergence of the Gauss-Seidel procedure
can be greatly accelerated by the use of an over-relaxation
factor (Lehman, 1960). After each iteration, the change in
the displacement of a nodal point is calculated and then the
over-relaxgtion factor is applied.

Suppose after S cycles of iteration, the change in

displacement (1) at any nodal point n

Ap 8) _ L8 _ _ (s=1)
n = T, r (5.25)
The new displacement of nodal point n is then
determined from the following equation
(8+1) S ; S
r = A
n ry P oy (5.26)

where ﬂ is the over-relaxation factor.

The rate of convergence for a particular solution
depends greatly on the selection of the overfrelaxation factor.
It has been shown in figure (5.3) how the convergence of a
particular solution in the study has been obtained with the

minimum number of iterations. Moreover, it has been found
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in our solutions that the over-relaxation factor between 1.5
- 1.6 gives the best convergence.

In the solution of a given problem, the main error
lies in the solution of the simultaneous equations (equations
(5.22) and (5.23)) to determine the nodal displacement. By
experimenting with different tolerable relative errors, it
has been concluded that a relative error of .5 x 10-3 gives
good results. The number of iterations required to reduce
the relative error depends on the characteristics of thé
problem, mesh size and the boundary conditions.

The influence of error on the results is investigated
by a flexible strip loading case on a homogeneous material
with assumed elastic properties. When the error is reduced
from ’IO-3 to 10-5, there is hardly any change in results (up
to the third decimal point). But the number of iterations
is increased enormously which can be seen from figure (5.3)
in which the relationship between the error and the iteration
is plotted. Even with the optimum over-relaxation factor of
1.5, it took approximately 100 iterations to get the resulis
within the relative error of 10_3, whereas an accuracy of
107 is obtained with about 300 iterations. So, for the
efficient numerical solution of a problem, the preset tolerance

to get the convergence has to be examined properly.

5.8 INFLUENCE OF MESH SIZE

In order to investigate the influence of mesh size
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on the accuracy of results, the author solved a flexible

strip loading problem in an elastic medium with different mesh
sizes. The three different mesh sizes are denoted A, B

and C, figure (5.4). The mesh size 'A' consists of elements
of uniform area. The mesh size 'B' and mesh size 'C' are
made of graded elements. But the mesh size 'C' contains
more nodal points at the regions of high stress gradient in
comparison with mesh size 'B'. Figure (5.5) shows the
vertical stresses obtained at the centre line of the loading
by the use of different mesh sizes and the results are compared
with the elastic solution. It is observed from the results
that there is hardly any difference between the results of
mesh size 'C' and the elastic solution. Thus as the mesh
size is refined, the results converge to the true solution.

It may be noted that the computer programme developed can be

used for as many nodal points as desired.

5.9 STRESS AMBIGUITY
Equation (5.9) can be used for the determination of

stresses in the element. This equation can be written as

o1 =51 {9

where %FT§

N
Cy = Stresses in element
Sy

LXY
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nodal displacements for triangle

[oe]
[N
1l

[oe]
=
I}

1

Y:S} = the so-called stress matrix and depends on
nodal co-ordinates, Young's modulus and Poisson's ratio.

Since stresses and strains are constant within any
given triangle, discontinuities in these terms will occur
across common edges of adjacent triangles. Hence ambiguity
arises in interpreting stress data and plotting results.
The computed nodal point displacements are unambiguous, but
considerable difficulties may be encountered in plotting and
evaluating stresses at a point unless a very fine mesh is used.
Moreover, the stress ambiguity cannot be removed in the stiffness
finite element method. But various methods may be developed
to get nodal point stresses. Wilson (1963) suggested a
'weighted average' method which can be used to determine nodal
point stresses. The method involves the following calculations
to determine the three components of stress at point i

figure (5.6).

— (n)
_ 2 > a s (n)
% =8 o a(n5 (n) X

X +b
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(n)
1 b o (n)
&, - 2 B
y Sy - a(n +b n) ¥
T2 S 4 (n)
ny - N 2; ny
where
a(n) = Xl((n) + Xgn) 2}{1
pm) |y ) oy
k J i

S =r\——3—_—
y éi’ a(n +b(n)

The summation is performed on all N elements
connected at nodal point i.

Generally (Zienkiewicz, 1967) the stresses are assumed
to concentrate at the centroid of each triangle from which the
nodal point stresses are calculated. The author has applied
the method of averaging the element stresses of all stresses
connected to the nodal point. Figure (5.7) shows a typical
nodal point 'A' and the stresses at the nodal point 'A!
are obtained by taking the average stresses contributed by
the elements 1, 2, 3 and 4. Such averaging gives better
results than the methods mentioned above. Recently Argyris
(1965) has suggested the introduction of three more nodal
points on the sides of the triangle and a linearly varying

strain distribution in the element. This will pwoduce better
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results than the elements with constant strain and stress,
particularly in the case of problems involving large stress

gradients.

5.10 LAYERED SYSTEM

A two layered problem under a flexible strip loading
figure (5.82) has been solved. The elastic properties assumed
are shown in the figure. The stresses obtained at different
points are compared with the closed form solution given by
Lemcoe (1060). From Fig. (5.8b) it can be observed that there
is a great difference in results, especially at the interface
of two layers. It can only be commented that this finite
element technique (displacement method) does not give good
results in the solution of such interface problems. Higher
order approximations are necessary. Alternatively, a finely

graded mesh on the interface will give more sensible results.
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CHAPTER 6

SOLUTION OF A BOUNDARY VALUE PROBLEM BY THE FINITE

BLEMENT METHOD USING NON~LINEAR STRESS-STRAIN RELATTONS

6.0 INTRODUCTION

It has already been mentioned that the solution of most
boundary value problems with non-linear material properties,
is virtually impossible using classical methods. However,
the development of the finite element method and other methods
of analysis using digital computers now makes the solution of
non-linear problems tractable. The finite element method
which is discussed in the previous chapter, is extended in
this chapter to the considerations of non-linear problems.

A boundary value problem is formulated and solved with assumed
non-linear material properties. The assumption of the
material properties is guided by the observations discussed
in chapter 4.

Clough (1965) has commented on the extension of the
finite element method to treat non-linear material properties.
Further, Clough and Woodward (1967) showed that the incre-
mental construction history can be comveniently accounted
together with the effect of non-linear properties. Wilson
(1964) suggested two possible solution techniques called a
step-by-step procedure and a trial and error procedure which
may be used for the finite element analysis of two-dimensional

structures with non-linear behaviour. The step-by-step
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procedure involves the replacing of the non-linear analysis
by the sum of a sequence of piece-wise linear analyses, each
subjected to a small increment of load. In the trial and
error procedure, the equilibrium position of a structure
subjected to a given set of loads may be determined by a
trial and error procedure. In this case the structure is
solved repeatedly until the final geometry and stresses agree
with the assumed geometry and stresses. A similar trial and
error process is applicable with non-linear material properties.
King (1965) and Raphael and Clough (1965) used the
incremental procedure mentioned above for the analysis of
temperature and creep effects in the construction of concrete
gravity dams. Another method is used by Reyes (1965) for
the determination of stresses around underground openings
where the material behaviour is elastic-plastic. This
method also involves the incremental process. But for the
plastic range the yield condition of perfectly plastic material
as given by Drucker and Prager (1952) is utilized. This
yields a stress-strain relationship in the plastic range from
which the stress-strain matrix, D*, may be expressed as a
function of the current stress components. Zienkiewicz and
Cheung (1966) listed the three ways of using the finite
element method in rock mechanics to consider non-linear

behaviour for a uniaxial situation. These were noted earlier

Equation (5.8 ) in the previous chapter.
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by Argyris (1965) and are:
(1) direct iterative process
(ii) incremental-initial strain process
(iii) incremental=varying elasticity process.

In the first approach, it is assumed that the stress-
strain relationships are unique and that, therefore, a
hypothetical set of elastic (secant) constants can be associated
with every value of stress. This method is similar to the
trial and error procedure mentioned above. In the second
process, the load is applied incrementally with the initial
elastic properties which are kept constant throughout the
process. Figure (6.3c) illustrates this method in which the
non-linear relationship is replaced by the elastic-plastic
behaviour. The inelastic strains are found for each incre-
ment and these are used to find the stress increment for the
next increment of loading. The third method is the same as
method (ii), but the elastic properties are allowed to vary
in each increment of loading.

The author's approach to the solution of non-linear
problems is the 'step-by-step' procedure with the direct
iterative technique. A computer programme is developed for
the solution of an example of this type of problem and without

any major changes this programme may be used for other problems.

6.1 NON-LINEAR ANALYSIS BY THE FINITE ELEMENT METHOD

Clough (1965; 1967), Wilson (1964), Argyris (1965),
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Zienkiewicz and Cheung (1967) have all considered the ex-
tension of the finite element method to treat non-linear
problems. Non-linearity due to geometric changes and the
material behaviour, both can be treated in this method. This
can be further elucidated from the equation (5.16), mentioned
in the previous chapter. This relation

T o=

F(force) = VM (displacement)

(in matrix form)dearly illustrates how the above two factors
may be treated in the finite element analysis. For a linear
material, the matrix A and K are constant and hence the
solution of linear problems is straightforward in the finite
element method. For material non-linearity, K is a function
of the element properties and in the case of geometric non-~
linearity, A is a function of geometry. The non-linearity
due to geometric changes will not be considered further in
this study.

The main relation where the non-linear material
properties enters into the finite element method may be in-
dicated by equation (5. 9). In this relation the matrix
[D] is the prominent form which has to be generated according
to the material behaviour and this matrix [D) ultimately
changes the stiffness matrix I;K} which can be seen from
equation {(5.15).

It is assumed at the outset that the non-linear

relationship can be approximated by a bi-linear model and
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a hypothetical set of elastic (secant) constants can be
associated with every value of total stress. A direct
iterative process is then as follows,
(1) compile stress distribution based on the initial
values of elastic constants.
(ii) a new set of elastic constants is found for each
element based on values obtained from (i) when the stress in
the elements exceeds the 1limit at which the change of elastic
properties takes place.
(iii)  the stages (i) and (ii) are repeated until convergence
is obtained.

As a whole, the analysis of non-linear problems by
the finite element method on the basis of material non-
linearity, is to create a new stiffness matrix for load under
which the change of material properties takes place. The
method by which the new stiffness is generated in order to
solve non-linear problems, is discussed in the following

section.

6.2 FORMULATION OF THE PROBLEM AND METHOD OF SOLUTION

A flexible strip loading problem with defined
boundary conditions as shown in figure (6.1) is taken as an
example to illustrate the use of the finite element method
using non-linear material properties. Conditions of plane
strain are assumed and the non-linear behaviour of the

material under the loads is given by the following models,
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(i) Bi-linear model (1) as shown in figure (6.2a)
(ii) Bi-linear model (2) as shown in figure (6.2b)
(iii) Tri-linear model (3) as shown in figure (6.2c)

The assumed values of the elastic constants are in-
dicated in the figures. The magnitude of loading is varied
from 500 p.s.i. to 3000 p.s.i. and the stress at which the
elastic parameters changes is also noted in figure (6.2).

The first step in using the finite element method
is to idealize the continuum with elements which will adequately
represent the geometry and provide more detail in the region
of larger stress changes. The most commonly used, tri-
angular elements are adopted with their nodal points commected
together as illustrated in figure (6.1b). There are altogether
275 nodal points and 392 elements in the mesh which has re-
presented the domain over which the displacements and stresses
are to be obtained. Naturally, the smaller the mesh size,
the more accurate would be the answer, but this is limited
by cbvious practical considerations such as the storage
available in the computer used and time of execution required
for the programme.

With the mesh size shown in figure (6.1b), the
problem is fed to the computer IBM 7090 with the appropriate
instructions and assumed material properties. This computer
programme is discussed in appendix D. The whole process of
the finite element technique as mentioned in the previous

sections is performed to obtain displacements and stresses
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at the nodal points using the step~by-step method with the
direct iterative procedure to account for the non-linear material
properties. In essence, the material under the load is
assumed to behave linearly up to a certain total stress* with
stiffness properties in each element defined on the basis of
total local stress. The stiffness of the element is re-
evaluated on the basis of whether the stress in the element
has exceeded the stress at which the elastic properties are
assumed to alter before the final results are obtained. So,
the analysis involves the following sequence of operations:
(1) determination of the state of stress in the element
with the initial elastic parameters.

(ii) formulation of new stiffness matrix on the basis of
new elastic parameters as determined from stresses calculated
in (1).

(iii)  the final solution for displacements and stresses at
the required nodal points.

The basis on which the new elastic parameters are
assigned to the elements can be explained from figure (6.3).
The compressibility (K) which is a function of total stress,
is assumed to vary as shown in figure (6.3a) and (6.3b),
whereas the modulus of rigidity (G ) is taken to be in-
dependent of total stress. This hypothesis seems to be

quite reasonable from the experimental studies discussed in

* This term is used in chapter 4 to correlate the

non-linear behaviour.
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chapter 4. According to the state of stress, the elastic
parameters are alloted to the elements and the new stiffness
is calculated from the new secant moduli mentioned above.

The convergence of a solution using Gauss=-Siedel
iteration with over-relaxation, has already been discussed
in the previous chapter. It can only be mentioned here that
the over-relaxation factor of 1.6 is found to be the optimum

value for these solutions.

6.3 DISCUSSION OF RESULTS

The magnitudes of the stresses and displacements
obtained under the flexible strip loading at different sections
mentioned in figure (6.1) using model 1 and model 2 are shown
in figures (6.4) to (6.7). The vertical and horizontal dis-
placements of selected points for different surface loads are
indicated in figures (6.8) to (6.22). The horizontal,
vertical and shear stresses expressed as the percentage of
the surface load intensity of 1000 p.s.i. as well as 2000
psS.i. are illustrated in figures (6.23) to (6.28). The
results obtained from the linear elastic solution are plotted
also in the above figures. In a similar way, the results
obtained by using model 3 are plotted in figures (6.29) to
(6.31).  Moreover, model 1 has been studied in further detail,
figure (6.34), to see the effect of Poisson's ratio on the
distribution of stresses under the loading. The results are

given in figures (6.32) to (6.34).
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6.3.1 Results of model 1 and model 2.

The vertical displacements of point (1) to point (9)
(figure (6.1)) vary with the surface loading as plotted in
figures (6.8) to (6.16) and indicate a non-linear behaviour
up to approximately a load level of 1500 p.s.i. Then the
slopes of the load-displacement lines are parallel to the
bounded lines which have been obtained from the linear
solutions as mentioned in the figures. The distinct non-
linear relation between the vertical displacement and the
applied load has an interesting correspondence with results
of field plate bearing tests mentioned in chapter 2, and which
illustrates the non-linear behaviour of rocks. The maxdmum
non~linear effects are found at the surface where the stress
concentration is high and as the influence of stress is re-
duced, the influence of non-linearity becomes quite negligible.
Moreover, the maximum effect of surface loads on the vertical
displacement is found to be up to a depth equal to B, after
which the vertical displacements are reduced by 50 to 60% of
the surface displacements. At distances equal to 2B, the
vertical displacements at different depths do not change at
all,

The horizontal displacements obtained at the selected
points and plotted against the loads in figures (6.17) to
(6.22) also show non-linear behaviour. But the results are
different from the vertical displacements in the sense that

the horizontal displacements under the two models do not
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behave well within the bounded lines obtained from the elastic
solution. It is seen from figures (6.4) and (6.5) that the
non-linear effect is more prominent at depths than at the
surface and the horizontal displacement increases up to a
depth equal to B. Some of the model tests on dry sand
reported by Eggestad (1963) show that the maximum lateral
strains occur at a depth of about B near the centre line
of loading which clearly agrees with the results obtained in
these solutions. The linear solutions do agree to the
above findings. Some of the lateral strains obtained by him
at different depths are plotted against the loading ratio in
figures (6.35) and (6.35). The nature of the relationship
obtained between lateral strain and the loading ratio bears
an interesting qualitative correspondence with some of the
results from the bi-linear model.

The stresses obtained at different depths which are
shown in figures (6.23) to (6.28), indicate that the stresses,
especially the vertical stresses, are in good agreement with
the results predicted by the theory of elasticity. There
is about a maximum of 10% difference between the horizontal
stresses obtained from these models and the results obtained
by the elastic solution. In the case of shear stresses,
there is about a maximum difference of 5%. The important
result is found that the vertical stresses obtained by
using two different models give practically the same results

which agree remarkably well with the elastic solution based
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on Boussinesq's formula. Some of the field tests reported
by Turnbull et al (1961), Plantema(1953), show that the
Boussinesgbsdlution for the vertical stresses is in good
agreement with the field measurements. Moreover, the field
tests obtained by the Waterways Experimental Station (1951-
1954) on different soils arrived at the same conclusion.

So, it can be concluded from our results also that the elastic
solution can be used for the calculation of vertical stresses
which are used for the prediction of settlements. Moreover
the close agreement between the results obtained from two
different models with varying elastic parameters indicates
that the vertical stresses are independent of the stress-
strain relation of the material to a reasonable degree of
approximation. This accounts, in part, for the success of
current methods of predicting settlements in normally con-

solidated clays.

6.3.2 Results of model 3.

The stresses obtained by using this model figure
(6.2c) are plotted in figures (6.29) to (6.31). The results
of the vertical stresses compared with the elastic solution
further illustrates the good agreement achieved in the
previous section. Only the magnitudes of horizontal stresses
are about 10% less than the elastic solution at different
depths. The values of the shear stresses also agree well

with the elastic solution. The computer programme as
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developed can be readily extended to any number of components
simulating a non-linear curve. The only limitation 1s one

of computation time.

6.3.3 Results of model 1 with varying Poisson's ratio.

Model (1) is used whdth varying Poisson's ratio in
order to investigate the effect of Poisson's ratio on the
distribution of stresses at different depths. TFigures
(6.32) to (6.34) illustrate the results obtained with the
surface load of 750 p.s.i. only. The vertical stresses,
figure (6.33), at different depths are found to be unaffected
with the variation of Poisson's ratio and the results also
agree with the elastic solution. The distribution of shear
stresses at different depths (figure (6.34)) shows that there
is hardly any effect of Poisson's ratio. But the variation
of Poisson's ratio has a great influence on the distribution
of horizontal stresses (figure (6.32)). The important result
observed in this case, is that when there is no change in
Poisson's ratio, the horizontal stress obtained agrees quite
well with the elastic solution. The greater is the variation
of Poisson's ratio between plece-wise linear steps, the
greater is the deviation of results from the solution of
elasticity. This can be explained from the fact that in order
to maintain the continuity of displacement within the element
with bi-linear properties, the horizontal stresses are changed

according to the variation of Poisson's ratio. This can be
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explained from figure (6.37). Let figure (6.37a) represent
position of two elements before the load is applied. After
the application of loads, the elements will deform which is
indicated in figure (6.37b). If there is greater variation
of Poisson's ratio in the material properties, the differential
displacements between the elements will be more in comparison
to the stage when there is hardly any alteration of Poisson's
ratio. Therefore, the element with lesser Poisson's ratio
has to pull out to maintain the continuity between the

elements.

6.4 PRACTICAL ASPECTS OF NON-LINEAR SOLUTION

From a practical point of view, there are many aspects
which should be considered for the solution of non-linear
problems. The representation of the material properties and
the time of execution of computer programmes, should be noted.
It is obvious that as the behaviour of the material is better
represented, the results will converge to the actual solution.
As there is a limitation to such representation, practical
experience and experimental results have to be used to meet
practical requirements. In this finite element method, the
nature of the mesh size which represents the whole problem,
is one of the main factors which should be kept in mind.
Within the capacity of the computer available, the mesh size
has to be fixed in such a way which will offer more nodal

points in the region where the stress gradient is expected
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to be high.

The time of execution of different solutions are
mentioned in table (6.1). This is greatly influenced by the
number of equations to be solved and iterations required to
obtain the convergence limit. The number of equations are
obviously fixed by the type of mesh size used with boundary
conditions at different nodal points. The convergence limit
of the solution has to be determined which will give acceptable
results. It is already noted, figure (5.3 ) that as the
convergence limit is reduced, the number of iterations in-
creases. So before going into the details of a particular
solution, a trial run has to be performed to find the reason-
able convergence limit which will offer an acceptable time of
execution of the programme and correct results. It is
beyond the scope of this study to go into the details of con-
vergence of numerical solutions. From the experience gained
here the relationship between the convergence limit and the
number of iterations required figure (5.3 ), will definitely

help to fix the acceptable convergence criterionm.



TABLE (6.1)

COMPUTATION TIME OF DIFFERENT SOLUTIONS

Type of Solution Time taken

1) Linear solutions maximum S mins.

2) Non-linear solutions
a) Bi-linear models 12 mins.

b) Tri-linear model 15 mins.

113,
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CHAPTER 7

STRESSES IN AN EXCAVATION USING A

LUMPED PARAMETER MODEL

7.0 INTRODUCTION

When a materiazl is subjected to general loading con-
ditions and constraints, it is expected that the highly stressed
regions of the material will fail or yield first and as the
applied load is increased, the plastic regions may enlarge
or new yield regions may be developed. The quantitative
analysis or prediction of such progressive yielding of plastic
regions in rock or soil under different loading conditions and
boundary constraints, is an extremely difficult and analytically
unsolved problem of continuum mechanics. In this chapter a
numerical method called a lumped parameter model developed by
Ang and Harper (1963), is presented to study the stress con-
figuration and development of the plastic region behind a
vertical excavation under plane strain conditions due to self
weight. The material is assumed to be elastic - perfectly
plastic but the method may be applied to materials with other
mechanical behaviour.

Many authors (Panek, 1951; Barton, 1954; Roy, 1956;
Savin, 1961) reported the analyses of stresses in a con-
tinuous medium or in load bearing structural components with
various shapes of holes such as semi-circular, V-shaped and

elliptical notches. The analyses were generally restricted
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to simple uniaxial loading and were not concerned with body
forces. Allen and Southwell (1950) noted that the approximate
solutions of contained problems of plastic flow were possible
through a finite difference determination of a stress function
and Schjodt (1958) used such a method with a relatively coarse
grid to obtain a solution for an open excavation in an elastic
medium with weight. De No (1966) presented a dissertation in
which he attempted to compute the plastic flow in a vertical
excavation. As will be noted, his approach may be subjected
to serious criticism. Finn (1966) also presented some data
about the stresses behind a vertical excavation due to self
weight. His solution is for an elastic medium and he used
a relatively coarse mesh size. Some of his results which
are obtained by the finite element method are compared with
the present model. Dibiagio (1966) reported a solution for
an open trench in an elastic medium with weight computed with
finite differences. The same sample problem is solved here
with the lumped parameter model and the results are compared.
Sturgul and Scheidegger (1967) also presented the finite
difference method for the determination of tectonic stresses
in the vicinity of a wall in a homogeneous elastic field.

Wang and Singh (1965) reported the use of the lumped parameter
model as mentioned here, to obtain stress distribution at the
bottom of a bore hole for an elastic - perfectly plastic
mediume. The solution takes into account loads due to the

overburden, fluid pressure in the hole due to the circulating
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medium and stresses induced by a bit tooth at the hole bottom.
They showed also that the development of the yielded region
under such stress configuration encountered in rock drilling

can be traced.

761 DESCRIPTION OF LUMPED PARAMETER MODEL

A Jumped parameter model is used as a substitute
system in place of a plane continuum. Such a substitution
in the physical system is mathematically equivalent to the
use of finite difference approximations to governing
differential equations (Ang and Harper, 1964).

The discrete model is described symbolically in figure
(7.1a). Essentially, it is composed of mass points and
stress points that are arranged into a square grid with sides
of length, say h. The mass points are located at the corner
of the squares and the stress points at the centre. The dis-
placements are defined at mass points, whereas the strains
and corresponding stresses are defined only at stress points.
The X and Y axes of the model system make an angle of
45° with the centre line or line of symmetry of the physical
problem and the boundaries of the model contain mass points
only.

This model provides a physical basis for discretization
of a plane continuum. In addition, the model satisfies the
requirement that the relationships and equations of the model

are identically the same as the usual finite difference
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approximations to the differential relationships and equations
of the corresponding continuum. With such a property, the
convergence of a sequence of solutions (corresponding to a
decreasing sequence of mesh sizes of the model) toward the
true solution of the continuum may be inferred on the basis
of mathematical theories relating to the convergence of linear
finite difference systems (Courant et al, 1928).

Referring to figure (7.1a), the strain-displacement
relationship for a typical stress point "1" can be expressed

from the model as follows:

6 _ Ua—Ub
x1 D
L - YaVe (71)
¥4 D
and ‘X ) Ud-Uc . Va-Vb
xy1_ D D

in which é s é and ~ are the strain components
%1 1 x4
at the stress point "1"; Ua’ 4] Uc and Ud are the

b?
component of displacements in the ¥ direction at the mass
points a, b, ¢ and d respectively; Va, Vb, Vc and
Vd are the component of displacements in the Y direction
at the mass points a, b, ¢ and d respectively; D is
the diagonal distance between mass points.

These relationships are identically the same as of

the finite difference approximation of the differential
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relationship
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The normal and shearing forces acting on a regular
mass point '"" as shown in figure (7.1b) are related to the

stresses defined at the neighbouring stress point as follows:

F = G_.D/2

x x

Fy = CY& . D/2 (7.2)
1

ny U xy D/2

where ¥ , F and F are the forces. The thickness
X y xy

of the model is taken as unity.
The equations of equilibrium for the forces acting on

the mass point "a" in figure (7.1b) in the absence of body

forces are

(7.3)

and

Thus with this model, the equations of equilibrium
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are found at mass points of the problem at all levels of
applied loads and through the appropriate stress-strain
relationship (discussed in the later section) and through
equation (7.1), the whole problem is transformed into the
determination of displacements at all mass points. But it

does not satisfy the conditions of ocompatibility.

72 FORMUIZATON OF THE PROBLEM

The problem with the assumed elastic parameters,
geometry and other assumed material constants, is shown in
figure (7.2). The material properties assumed in the analysis
is elastic ~ perfectly plastic with zero frictiom. The con-
stitutive relationships of such material may be conveniently
divided into the following parts:
(i) A stress-strain relationship in the elastic range
(ii) a yield criterion for defining the initiation of
plastic yielding and
(1ii) a stress-strain relationship in the plastic region.

The unloading and relaoding criteria are not considered
in the above relation and are not taken into account for the

solution of the problem.

7e2e1 Flastic stress-strain relation
Within this elastic range, the material is assumed
to follow Hooke's linear relationship and under plane strain

conditions, the elastic stresses are expressed as
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_ -
S = Tt |0y éyj

oy = Trm iy |0 €, e m € ] (7.4)
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in which E is Young's modulus, m is Poisson's ratio and

G is the shear modulus.

7+2.2 Yield criterion

The yield condition known as the Von Mises is used
to define the limit of the elastic behaviour and the initiation
of plastic straining under all possible combinations of stresses.
For a plane strain condition, this criterion, can be expressed

as
2 ~ 2 2
(o;{-c‘) + | = K (7.5)

where k is the yield stress in simple shear.
It may be noted that the left-hand side of equation
(7.5) is identical to the square of the maximum shear stress

in the X-Y plane and hence we get

Tmax =k (7.6)

m .
where 7T is the maximum shear stress.

7¢2.3 Plastic stress-strain relationship

During plastic flow, the material is assumed to obey
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the stress-strain rate relationship of the Prandtl-Reuss
theory (Prager and Hodge, 1951). The theory assumes that in
an elastic - plastic deformation there is no plastic volume
change and the plastic strain rate is proportional to the
deviator stress.

For an elastic - perfectly plastic solid under plane
plastic flow, it can be shown that the plastic stress-strain
equations expressed in incremental form (after Harper and Ang,

1963) are
poy - D, [“—Gz—“;-%(—o_-*‘;—oi)a]
i il
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in which K is the bulk modulus.
At a yielded stress point, these incremental stresses
are added to the stresses at the previous load level to

obtain the total stresses.

7e3 BOUNDARY CONDITIONS

By symmetry only half of the physical problem as
shown in figure (7.2) need be considered. The following
boundary conditions are assumed:
(1) It is assumed that the bottom row of mass points is

fixed, i.e.

U =V =0 foryi = M
173 l’J J = 1, o N
(ii) To simulate the model for a semi-infinite body, it

is assumed that the horizontal displacement of the rightmost
column of mass points is zero and that the vertical displace-
ment will be equal to the vertical displacement of mass points
immediately to the left of this end column.

If these displacements are resolved in the X and
Y directions, the boundary conditions on the right-hand edge

of the model become (refer figure 7.2)

(o=}
i

1
1,572 (Ui,j-'l * Vi,j—‘l)
forgi 1’ L Y M"1
u. . (J=H
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(iii) The boundary conditions on the left edge of the model

(from the condition of symmetry) are

Uiaj - Viaj+2
forgj: = MA’ e M
€3 =1
V. . =T, .
i3 i,Jj+2
7ol EQUATIONS OF EQUILIBRIUM

In the problem analysed here, the excavation is
assumed to have been previously open, the weight of the
material is applied to each mass point, Therefore the
equations of equilibrium of a typical mass peint "a' as

noted in equation (7.3), are reformulated as

2
F_-F_ +F _ -F_ + Th o _ g
*3 1 Py Xy e
(7.8)
and 2
F - F + F - F + Tgh =0
Using equation (7.2) and dividing by D/2, we get
,.J -~
. - . + L - L + Yh =0
X3 X1 XyLI' Xy2
(72.9)
and o »
-oy T =T +¥n=0(n=0g)

Through equations (7.4) and (7.1), the equations of
equilibrium may be expressed in displacements of different

mass points.
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745 PROCEDURE FOR THE SOLUTION OF THE PROBLEM

As shown in figure (7.2), the geometry is replaced
by conveniently spaced mass points and stress points. The
use of different mesh sizes is discussed in the following
section. The method of computation is essentially a step=-
by-step procedure of determining a set of displacements of
mass points for each loading which produce a compatible set
of stresses at the stress points and that satisfy the require-
ments of statical equilibrium, as given by equation (7.9).
The self weight of the material at each mass points is in-
creased in small increments and at each load level the dis-
placements of mass points which satisfy the equilibrium
equations and boundary conditions, are determined. At each
load level, whether any mass point has gone to the plastic
range is examined by equation (7.6). The calculations of
the stress increments at stress points that are within the
elastic range are based on equation (7.4), whereas for regions
that have yielded, the stress increments are calculated using
equation (7.7). To calculate the stress increment in the
plastic range, incremental strains and instantaneous stresses
are required. The strains are calculated from the displace-
ments as shown in equation (7.1) and the difference between
the total strains of two consecutive loads is taken as the
strain increment and the stresses at the last load level are
substituted for the instantaneous stresses.

Thus the whole problem is reduced to the problem of



125.

solution of linear equations at each mass points to determine
the displacements which satisfy the equilibrium equations (7.9)
and boundary conditions noted in section (7.3). These linear
equations are solved with the Gauss-Seidel iteration method.
The details of the numerical procedure with the computer

programme are described in appendix H.

76 DISCUSSION OF RESULTS

The problem as illustrated in figure (7.2) is solved
with a grid of (28 x 21) mass points. The density of the
material is increased from 100 1lbs. per cu. ft. by an increment
of 2 1bs. per cu. ft. The different density at which the
stress points have yielded are noted in figure (7.3). The
first yielding developed at the toe of the excavation and as
the density increased, the plastic regions spread. Up to
the density of 150 1bs. per cu. ft., the development of the
plastic region is quite fast. Then the load has to be in-
creased significantly to obtain further spreading of the plastic
zone. At the density of 380 1lbs. per cu. ft., no equilibrium
is obtained and the solution could not be pursued. The max-
imum shear stress (as percentage of the yield stress) obtained
at the end of loading of 370 lbs. per cu. ft., are shown in
figure (7.4). An interesting result is the development of
a tension region at the upper part of the model, figure (7.2).
The development of such tension regions which have reached

the plastic zone may produce the critical situation of failurec.



126,
This problem has also been solved with a grid of (55 x 41) mass
points and practically the same results are obtained as
mentioned above.

De No (1966) submitted a report on the development of
plastic flow behind a vertical excavation with the same material
behaviour as discussed here. In his analysis he assumed that
the shear strength of the material increased suddenly at a
certain depth so that the material underlying the horizontal
surface of the excavation remained elastic. When first yield-
ing occurred at the toe of the excavation, the increment of
weight was computed so that the yield condition be again
reached at a new stress point. The plastic zone was permitted
to develop horizontally and the procedure is repeated in such
a way that in every increment of loading the yielding condition
was reached in a different stress point at a different row and
column until the plastic zone reaches the surface of the model.
Therefore the whole procedure of the plastic flow is influenced
by the decisions of the programmer.

The problem mentioned in figure (7.2) is solved again
with Poisson's ratio of 0.25 and .45. But the regions below
the horizontal surface of the excavation are not allowed to
yield. The density of the material is increased from
100 1lbs./cu. ft. in increments of 10 lbs./cu. ft. The results
obtained with Poisson's ratio of 0.25 are shown in figure (7.5)
and figure (7.6) shows the results with Poisson's ratio of

0.45.  From the above results, it is found that the development
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of the plastic zone is greatly influenced by Poisson's ratio.
Both results show a tension zone at the top of the model.

No equilibrium is reached with a density of 210 lbs./cu. ft.
in the case of Poisson's ratio of .25 and a density of

310 1lbs./cu. ft. is the critical value for Poisson's ratio
of J45. An interesting result with Poisson's ratio of 0.25
is the development of one complete plastic zone at the base
of the excavation as shown in figure (7.5). This can be
explained from figure (7.7). The strength of the material
is constant which is shown by the dotted lines. The maximum
shear stress increases with depth and at the regicn where
there is a complete plastic zone, the maximum shear stress
exceeds the allowable stress in the material.

A problem considered by Dibiagio (1566) is shown in
figure (7.8). He solved the problem with unit weight of
the material using the finite difference equations. The
same problem is solved here by the lumped parameter model
and a comparison of the stresses obtained is shown in figures
(7.9) to (7.11). In figures (7.9) to (7.11) stress contours
are drawn which illustrate the stress pattern for a portion
of the region investigated. The stresses are expressed in
dimensionless quantities by expressing them in terms of the
unit weight of the material and the grid spacing parameter
"h'", The figures represent the changes in stress brought
about by unloading of the bottom and sides of the excavation.

These results are compared with the results obtained by
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Dibiagio (1966) and there is no significant difference in the
results. The deformed network of grid points due to self
weight of 100 1lbs. per cu. ft. are portrayed by the displace-
ment grid in figure (7.12). There is sideways displacement
of the grid points in the sides of the excavation and the
badly deformed grid squares in the vicinity of the cormer of
the excavation are observed. Such deformation was also re-
portedin the photoelastic study of a vertical slope by means
of a gelatine model (La Rochelle, 1960).

Figure (7.13) shows a problem solved by Finn (1966)
with the finite element method. The problem was also
analysed for the gravity stress field and he tabulated the
results of stresses obtained at different points as mentioned
in the figure. The same problem is solved with this lumped
parameter model. As Finn (1966) used a relatively coarse
mesh size, there is a difference in results between the two
methods. But the development of tension region is indicated
at the upper part by both the methods. The magnitude of the
stresses at the boundary in Finn's solution are suspect.
Figure (7.14) shows the comparison between the results obtained

by the two methods.
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CHAPTER 8

CONCLUSIONS

The use of linear elasticity for the solution of
various deformation problems is in accord with the real
behaviour of rocks. The deformation of most rocks is non-
linear and has an irreversible component. This non-linearity
and irreversibility may arise from a macro-fissure system in
what is inherently a linear elastic rock or it may be intrinsic
to a porous micro-fissured rock such as a sandstone.

From the experimental studies of Bunter sandstone at
different confining pressures, it may be concluded that the
three significant features of the stress-strain relation of
such a relatively homogeneous porous rock are non-linearity,
hysteresis and the irrecoverable strain on unloading. Porosity
is the main factor that influences the non-linear deformation
of rock at stress levels which are of primary interest to the
Civil Engineer. All these characteristic features increase
with increasing porosity. The compressional wave velocity
is also found to vary with porosity. All specimens tested
came from the same location and therefore the variation in
porosity is representative of a natural condition. This
variation in porosity has accounted for a variation in rock
stiffness of several hundred percent and it demonstrates that
sufficient specimens from any site should be tested in order

to determine the variation of rock deformation properties.
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The behaviour of the sandstone is best interpreted in terms
of micro-cracks closing on compression and energy being
dissipated by friction due to relative movement along their
interface. The model developed by Walsh (1965) can be used
to explain qualitatively the deformation characteristics of
many rocks and the interesting question of how elastic constants
like Young's modulus, Poisson's ratio and compressibility
depend on different shapes and types of cracks can be evaluated.
The experiments on the sandstone reveal that the change
in compressibility is essentially path independent at low
stress level and the relationship between compressibility
and the total stress constitutes a real material property.
The real behaviour of sandstone is more complex than that
considered in current theories of composite media. It may
be concluded that the non-linear stress-strain relationship
of sandstone is controlled by the compressibility of the
material until the compressibility of quartz is reached,
The use of different confining pressures in the ex-
perimental studies reveal that when the confining pressure
is high enough to close the micro-cracks in the rocks, the
stress-strain relationship is linear. The effects of wvetting
show greater non-linearity, hysteresis and residual strains
for given porosity and pressure and the presence of moisture
reduces the strength of the material.
The non-linear behaviour of rocks can be approximated

by the bi-linear, tri-linear or any suitable models and the



1317,
finite element method may be used to solve different boundary
value problems with such material behaviour. A method by
which the non-linear problems can be solved with the finite
element technique is developed. The studies of a flexible
strip loading on material having non-linear properties, reveal
an interesting correspondence with results of field plate
bearing tests and the vertical stresses obtained by using
different models give practically the same results which agree
remarkably well with the elastic solution based on Boussinesq's
formula. But the horizontal and the shear stresses are
different. It is concluded that the elastic solution can be
used for the prediction of settlements. A computer programme
is developed for the solution of non-linear problems and
without any major changes this programme can be used for many
configurations.

The displacement approach of the finite element method
is now well developed whereas the equilibrium model of the
finite element (the derivation of stiffness depending on the
stress distribution) has to be studied further to get a complete
solution of a problem. Pian (1965), Khanna (1966), Marcel
and Hayes (1967) considerations of the equilibrium model
deserve to be extended for the solution of non-linear problems.

A lumped parameter model developed by Ang and Harper
(1963) is found to be a useful numerical approach for the
solution of various elastic or non-linear problems. In

comparison with the finite difference approach for the solution
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of excavation problems with gravity stress fields, this
lumped parameter model is found to be efficient and simple.
From the practical point of view also, it takes less time
for the execution of the computer programme. The use of
this model for the studies of the propagation of plastic regions
in excavations due to self weight needs further investigation
and it would be of interest to couple it with experimental
data. Christian's (1966) analysis leading to incremental
stress-strain relations for different yield criterions may
be extended for the solution of excavation problems as noted.
The development of the computer programmes in this
study and other available computational schemes will surely
make it possible to use complicated stress~strain relations
for the prediction of stresses and displacements under different
loads and boundary conditions applied to rock masses. This
suggests that laboratory and theoretical research into the
stress-strain behaviour of rocks aimed at developing general
models is important. The two dimensional studies have to be
extended to the three dimensional case to represent the actual
conditions in the field. The lumped parameter model approach
is only particularly useful for two dimensionsal problems.
Some effort has already been spent on extending the finite
element method to three dimensions (Argyris, 1965; Zienkiewicz,
1967).  Further effort of this nature will make practical

the computation of stresses in realistic rock masses.
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APPENDIX &

SLIDING AFTER CRACKS CLOSE

A crack which has closed under an applied uniaxial
compression < ' can support a normal stress Crn and a

frictional shear stress L Finding the relative displace-

£
ment of the crack faces after closing is most easily done by
dividing the applied stress by means of Mohr's circle into
components normal and parallel to the crack as shown in figure
(43.1).

The stress system of figure (A3.1) can be separated
into superposable simple stress system as shown in figure
(43.2). It is seen from the various stress states figure
(A3.2) sliding motion at the crack surface is represented by
applied shear stress zjy - rUf and stress free crack
surface.

The frictional shear stress T;f can be related to

the normal stress o, on the crack surface by the usual law

of dry friction
T-:f = /L"O’n (A3‘1)

where ol is the coefficient of friction.

The assumption is now made that the crack remains
open until the applied stress O—y normal to the crack
reaches a value CT;. The normal stress Crn on the crack

surface 1s assumed to increase linearly with cﬁ‘y after the



134,

crack has closed, i.e.

o, = .- G (A3'2)

The equation (43,1), (A.3.2) and the expressions for

'T, and r{) are combined to give
Xy N
~ v s _ .2 o
\’xy- \,f_O'”S:Ln(‘J(CosJFJ /U’S:Lnl )+1P" n (43.3)
) Ay

_‘Hs. A 3.1

> | %
i
—+ T + ___

f-tg . A3 ’ ‘ T
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APPENDIX B

COMPRESSIBILITY AS A FUNCTION OF ROCK COMPOSITION

We are considering here a mathematical expression which
can be obtained to show compressibility as a function of rock
composition also.

Chree (1892) showed using reciprocal theorem, that the
decrease in volume of the solid material (VO-VC), due to
an increase in pressure /AP (external) is given CfékPVO.

In differential form,

d (Vb - Vp) = C doV

where v is the bulk volume of the rock material

b
Vb 1s the volume of the pores of the rock material
Cr is the grain compressibility

o~ 1is the external pressure

or
R 1
el b
or
av ZB
C = * TEIF XV
P b

where C.  1is the bulk volume compressibility

or

cb =C_ +f. cp (A4.1)
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where f 1is the porosity of the rock material.

We have
C,=G.C +M.C (A4,2)
where G = grain content
Cg = grain compressibility
M = intergranular material content
Cm = intergranular material compressibility
and
G=(01-M
or
M=1+G (A4,3)

From equation (A4.1), (A4.2) and (A4.3) we get

@}
I

GC +(1+G) +f .C
g m p

or

S

(C +C)X+C +f.C (Abolt)
g m m p

The equation (AL4.4) shows that the composition of rock

is a great factor on the measurement of compressibility.
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APPENDIX C

DERIVATION OF STIFFNESS FOR AN

ARBITRARILY ORIENTED TRIANGULAR ELEMENT

The matrix [Aj in the final stiffness expression
(equation (5.16)) requires to be inverted. This can be done
by partioning the matrix so as to exclude as much as possible
most of the zeros. Partioning it into a set of (3 x 3)

matrix, the matrix {:A} symbolically becomes (equation (5.3))

- - a o]
lay = M (45.1)
_© &19
" 3
o e a o
ana  [a7"=q M _1 (A5,2)
L° 291

Thus the matrix iﬁj is reduced to finding \_d;}l,
This can easily be evaluated by making use of the principle
of matrix inversion by means of the adjoint matrix.

By definition

r a_1] Adj a11
11 det a11

or
Adj a,

{ ] \11[ (45,3)

* An adjoint matrix is defined as the transposed matrix

of its co-factors and | a11.| is obtained by multiplying
elements of aqq and adj at1.



From equation (A5.1) and .through equation (5.3), we have

Co-factors of

Adj

 211)

1X Y.
1 L
- T\ ‘
\-a,] 1} = 1 Xj Yj
RN
(ijk—kaj) -(Yk—Yj)
[aq{] = | -(X,Y, ¥ ¥,) (¥,-1,)
(Xin-X.Yi) -(Yj-Yi)
N
(xJ.Yk-kaj) ‘(XiYk'kai)
a11 = —(Yk-Yj) (Yk-Yi)
(xk-xj) -(xk-xi)
- -
VY| T (Y- )
1 xj Yj -(Yk—Yj) (Yk—Yi)
1X T (xk-xj) -(xk-xi)

e

(Xij—ijk)
-Xi(Yk—Yj)
+¥. (X -X.)
it R Xy (KT =Y X )-K, (1, =Y )
Q +Yi(Xk—Xj)

0 0

(Xk—Xj)
—(Xk-Xi)

(X.=X.)
J i

-

(X.Y.-XY.)
e N -

-(Yj-Yi)

(xﬁ-xi)

(xin-iji)

~(Y.-Y.)
Jj 1

(xj-xi)

0

(Xij‘Yij)"Xi(Yk'Yj)
+Yi(Xk—Xj)

138.

(AS.4)

-

(A5.5)

-

(A5.6)

-t
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From equation (A5.5) and equation (A5.6) we get

-

(Xij'Xij) -(xiYk-kai) (Xin-XjYi)
-1 1
a = = |-Y . Y . Y. (A5,7)
[ 11_J [;aqu kj ki JL
Xk Xy Xss
where X K = Xj-Xk ; YkJ = Yk-YJ
Xes = Xk'Xi P Yy = oYy
X = X.- ; Y., =Y =Y
A 31 Ji 3 i
~ |
(Xij -(XiYk (xin 0 0 0
'Xij) ~XkYi) -XjYi)
- - 0
ij s in 0 0
_ -X. =X . X.. 0 0 0
(A_1] _a jk Xk; ji
—[?1ﬂ 0 0 0 (X.Y (XY (XY
ik ik i3
‘Xij) -XkYi) -iji)
0 0 0 -ij Y. -in
0 0 0 R “Xq %i

(A5.8)

We have element stiffness from equation (5.15)

K = f [7) BJ [b] dv

vol

Taking unit thickness

K =[B")[D] (B] * Area of the clement
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Area of the element

-1 X Y
= {a11]
W lCICREIh

-

]
AV N

From equation (5.7), putting

3 o EQ-m)
= Cim) Ciom)

Em
/A' = (ivm) (1-2m)

and E

*=2(1+m)
we get
’>\/u/ o |
< > o
o o N

From equation (A.5.9) we get

o
o
Z
o
< o

rﬁ
o
“x
o
o
o
» O
t

% {a11}
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(45.9)

(A5.10)

(A5.11)
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Through equation (45.8) and equation (A5.10) we get

the expression for the nodal point stiffness as follows:

SN T ) LR
K = [A J LKJ[} ]

= "‘1_ X

2 [a,l 1J

N 7o 2 - - - -

ﬁhij+\§Xjk
2
'\AYkiij ﬁ\YEi - Symmetrical_
NXuXg  NEy
Y *y2

b 0 \ T 3 Yé.i _ )

WgKpe Vg% VX
2

N Y%y Wt W% .iiY 3 )

ffuxjkYki i/hxjkYki ffvxjiji + Xjk

2
Nha¥g VX, NTLX ARy \)\Ygi
Py PRala PRali D ke PG
\inxjk ARZR T b \Y..Yj -iyjiyki
.j,,xjiykj + )»xtiki - inin -)xjixjk - inxki

2
~N Yé.i
+T\in

(A5.12)

From this equation (A5.12), the nodal point stiffness of any

element has been calculated directly by putting the co=

ordinates of the nodal points and the elastic paragmeters.

CALCULATION OF STRESS IN AN ELEMENT

From equation (5.9) we have
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Through equation (45.10), equation (5.6) and equation (A5,8)

we can get the stress in an element.

7=

-
kJ

'}”ij .}UYki

- Xk - Xei

-}iji
3 Xss

- by 2O -
NY, . Y. \%i )”ﬁk

Oy,

X Y

e M
-\xxki Txxji
*\Yki -T\in

-y — —

(A5,13)
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APPENDIX D

COMPUTER PROGRAMME: FINITE ELEMENT METHOD

The programme which is listed here, 1s coded in the
Fortran language and has been used with the IBM 7090 computere.
The maximum mesh size that can be used is governed by the
availability of computer storage. The programme listed here
is for the solution of the non-linear problem as discussed
in chapter 6., The maximum number of nodal points used in
this programme is 225 and the maximum number of elements is
298. The programme consists of a main programme and nine
subroutines. The programme performs three major tasks in
the complete analysis of a problem with two dimensional tri-
angular elements. First, the equilibrium equations for the
system are formed from a basic numerical description of the
system. Second, this set of equations is solved for the dis-
placements of the nodal points by an iterative procedure.
And third, the internal stresses are determined from these
displacements. The main sequence of operations of the computer
programme is shown in a flow diagram, figure (A6.1).

The following main operations are performed for the
solution of the non-linear problem.
(1) A1l input data are read. All the nodal points are
located in the two dimensional array and the elements are
numbered with their elastic properties.

(ii) The nodal point stiffness matrix for each element
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from equation (5.16) is formulated with the help of the sub-
routine STFNO.
(iii) The coefficients of the stiffness matrix are formulated
with the help of four subroutines FORMU 1 to FORMU 4 according
to the position of the nodal points and the eguations of
equilibrium are formed at all nodal points with their boundary
conditions.
(iv) These equilibrium equations are solved by the Gauss-
Seidel over-relaxation iteration method until an acceptable
error is achieved and the displacements of all nodal points
are noted with the element number (subroutine DISPL).
(v) From the nodal point displacements, the stresses are
calculated by using the equation (A5.13) in subroutine STRESS.
The stresses obtained in each element are checked whether
they have exceeded the limit at which the elastic properties
change or not. If so, the appropriate elastic properties
are alloted to the elements and the operations (ii) to (v)
are repeated until convergence to the acceptable error is
obtained. The convergence criteria is given in two sub-
routines called subroutine COMP and subroutine COMPP. The

relative error can be found from the following expression

relative error =(§ew value - old value
New value
(vi) The desired displacements and stresses are printed.
The computer programme thus developed can be used for
other cases with minor changes. The programme is listed in

figure (46.2).



FIGURE (46.1)

FLOW DIAGRAM OF NUMERICAL COMPUTATION

FINITE ELEMENT METHOD
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APPENDIX E

NUMERICAL METHOD OF COMPUTATION:

LUMPED PARAMETER MODEL

The numerical method of solution of the problem as
discussed in chapter 7, can be summarized by means of a flow
diagram shown in figure (A7.1). Initially ass mass points
are in equilibrium under a set of initial displacements
(assumed to be zero) with no applied load. The first incre-
ment of load is applied at all mass points, thus disturbing
the statical equilibrium of the loaded mass points.  The
Gauss-Seidel iteration method is used to solve the equilibrium
equations of each mass point. The following steps are per=-
formed for each mass point of the model.

(1) With equation (7.1) and using the current displacements
available, the strains of the stress points surrounding a mass
point are computed.

(ii) The stresses acting on the mass point are determined
by using equation (7.4) for the stress points that are in the
elastic region and equation (7.7) for the stress points that
are in the plastic region.

(iii) THe stresses are added to see whether the equilibrium
equations (7.9) for this mass point is satisfied. Generally,
the equations (7.9) will not be satisfied and unbalanced
stresses in the two co-ordinate directions will result.

(iv) To satisfy the general situation in step (iii), the
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mass point is relaxed by giving an additional displacement
which is equal to the product of an unbalanced stress and a
flexibility of the mass point. Such corrections are performed
for the two co-ordinate directions.
(v) Steps (i) to (iv) are repeated for all the other mass
points. This constitutes one cycle of computations.

Then the computational cycle is repeated to limited
number of iterations which will give reasonable accuracy to
satisfy the equilibrium equations (7.9). Then the stresses
are calculated at each stress point to see whether any stress
point has yielded by equation (7.6) and the necessary informa-
tion is recorded for the next increment of loading. This
constitutes the solution at a particular load level and the
entire process is repeated until the whole problem is solved.

A computer programme has been written for this
solution and a listing of the programme is given in figure
(A7.1). The programme consists of a main programme and two
subprogrammes, subroutine elast and subroutine plast. Sub-
routine elast computes the elastic stresses, residuals and
displacements, whereas the subroutine plast computes the
incremental stresses. The maximum dimensions in this programme
are 28 rows and 21 columns of mass points. The whole programme
was run on IBM 7090 and it takes about 12 minutes for 600
iterations to solve a particular load increment. The output
from the programme consists of the following data:

(1) parameters and properties of the model
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(ii) horizontal and vertical displacements of cach mass
point
(iii) vertical, horizontal and shear stresses at each
stress point
(iv) principal stresses and direction at each stress point
(v) maximum stresses expressed as the percentage of yield
stress and the locations of yielded stress points.

A1l the displacements, normal stresses and locations
of ylelded stress points are stored in a magnetic tape for

use in the next increment of loading.
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FLOW DIAGRAM OF NUMERICAL COMPUTATION

LUMPED PARAMETER MODEL

IRead in daté]
1.
{ Compute constants !
[Set initial values of dlsplacementsj

I
] Apply 1ncrement of load |
{_Enter 1terat10n 1loop |

<
[ Start with TIret moss point | o
= ~
Has this stress point acting i
Yes on this mass point yielded
ompute incre-
mental and total
stress stresses
Compute residuals in
X and Y rgirections'
Compute improved values of
iterated displacements
%
[Yes ] |_Is this last mass point | —
Take next mass
v pOint "

Are all mass points in
Yes equilibrium or maximum { No b—>
error acceptable

\/

. .
| Compute all stresses |
T_

Check all stress points
for yielding and record
plastic reglon

| Print all results |

Store dlspiécement
stresses and yielded
stress point record in
a magnetic tape

Fia. (AZ.1)
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| R Y Yo =3 [ d
) t— Ofp| ——m ]
LAYER 1 < T - a
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’e/ 'f, gl R P
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(. ek Conbinuily of  Mspasamends
af %6 inteyface)
< |
LAYER 2 S
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N J K. L
a‘{‘l ;-—'V
|
TWO LAYER SYSTEM SHOWING LOCATIONS OF COMPUTED STRESSES
FI1G.5.8a
PROBLEM: Ef E5= 002 ; a/h=1 ; POIS=0.25
L A.S ? F-E.S A-S —[ F.£.5 A .S F.E.S
ocATIoN Q¢ /LoabinTanaiTy Oy /LOAD INENSITY o s / LOAD INTENSITY
a. - 4.8925 -4.0394 | -4.000| -0-92 0.0 - 0. 044
b - 4.3034 - -1.p00 - 0.0 -
c —3.4033 -3.1642 ~-1.000 | -0-94 0.0 -0, %40
A -2.%654 —0-6220 0.00 0.0 0.0 — 0. 432
e 2.8802 ,2.810 —0.- 2048 —-p. 2251 0.0 —0.0614.
£ 2.7259 - ~0-2013 - -0 .047% -
g 2.2978 4-866 ~0.4925 -0-2031 | —0-0314 —0. 175
h 1.2979 0.672 —0.4642| -0-0930 | —0.0448 -0.576
e’ -0.0078 o0.0064 | —0.2048 -0. 2251 0.0 —6. pby
{l —0.0404 - f ~0-2013 - -0.017% -~
3’ ~0 .016d ~0.00671 —0-4925| —0.2034 -0.0331 | —o0. 1750
W ~0.0265 ~6.0293] -~0-4li2| -0.0930 | —&.04yg -0 $76
{ 0.0040 0067 —0-053y| —6.0S4( 0.0 — ©0.000%
J 0. 0040 - -0 .054y — —0.0044 -
Kk 0.0038 ¢.009 -0.6543 ~0. 0S40 —0. 0022, —0. 0011
L 0. 0035 0.0 02, —‘0'0507 -0 - 0520 —0O- oolfL'l -0 . 0060

F1G.58b

A.S =ANALYTICAL SOLUTION ( LEMCOE,1960)
F.ES = FINITE ELEMENT SOLUTION
-VE COMPRESSION
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DIFFERENT MODELS WITH ELASTIC PARAMETERS
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SECTION 1 SECTION2 SECTIONS SECTION 4 SECTIONS

DEPTH LoAD L 4 ) Vv U v U y U .
(_«NCH) L1 (o) 0.059 -0.0007 0.059 -0.0022 0-055% -0.00 44 6.041 -o,o—oq;l_ O,—013
L2 o] o0- 082 -0.0006 0 .082 ~-0.0017 o0.078 —0.0025 0.059 _o.0044 T
o L3 (o] 6.103% -0.0006 0.40% -0.0018 6.098g ~0.0017 0-074 5005 0.026
Ly o 0-430 -0.0002 0.129 -0.0006 o0©0.123 ©.0006 0.09%0 0-001% 0. 027
Ls o o. 145 0.0 0002 0. 1h 4 0.0002 0.4%7 0.0028 0-097 0.0066 B BES3
Le @) 0.188 0.0 0010 0.188 ©.0006 o0-1717 0. 0037 0.122 0.0444 5 058
L1 o 0.058 - 0,0002 0.057 0.0002 0-054 0.006% 0.040 -00019 0.013
La o 6.081 0.0003% 0.081 0.0014 0.017 0-0044 0.067 - 0.0040 5.6 B0
0'5 Lz o 0.102 0.000%5 0.102 0-00416 6.097 6.006% o0.072 S otEs 0026
La o 0127 eSS 0-127 0.0046  0-.120 ©0-0118 o -088 0. 00 64 0-028
=S °© 0.152, Q-bortg 6.141 0.0066 0. 133% 0-0464 0.093 0.0124 0-022
Le 6 L0418k 0.0024  0.183 0-0089 ©0.172 0.0222 0.247 0.0188 0.020
La o) 0.057 0.0002 0.056 0.0042 0. 052, 0.0027 0.038 6.0007 5. 543
L2 o] 0.079 0.0041 0.079 0-0039 0.0T4 0.0080 o.055 0.0017 P
104 L3 9 ©G.im0 8. 0012 0-099 0-0054  0.094 0.0109  ¢.677 0.0041 ©0.026
L4 o 0-124 0.0025 0-125 0-0086 o .40% 0.01475 0.085 0.0410 0.028
Ls o 0- 437 0.0034 0.13%6 0.01415 0. 127 0.023%2 0.090 0.0479 0.022
Le o 0-178 6.0046 0-176 0-045S5 6-164 0.0%13 0.142 0.0260 0.020
La O 0.054 0.0008 0-0%3 0.0025 0.049 0. 0043 0-036 0.0016 0.043%
La 0 6-077 0.0047 0.076 0.00%57 0.071 0.0093 0.054 6.0040 0.020
1.5 4 Ly 0O ©.097 0.0023% 0.-096 0.0076 0.090 0.04%7 0.068 6.0070 ©0.026
L4 0o 0-1319 0.0036 0-1418 0.0445 0. 4411 0.0210 0.082 0.0450 ©0.026
LS 0 0.131 0. 0047 0-130 0.0148 0.124 0.0274 0.086 0.0226 0.023
Leé 0 o0-470 0.0063% 0-1468 0.0200 0-155 0- 0366 o0-108 6-0321 0.0.%
L1 0o 0.050 Q0011 0.049 0.0032 0.046 0cosz  0.035 0.0030 0.013
La 0 0-074 06,0022 0.013% 0.0069 0 068 0.0404 0.051 0.0059 0.020
20 - L= 0 0.093 ©0.0029 0.092 0.0089 0.086 0.0455 0. 066 0.0094 O-026
L4 0 o-114 0.0043  0.113% 0-0482 0. 105 © 0232 0.079% 0.0483 0. 029
Ls 0 o0 124 0.0055  0.12% 0.0187 o0.1214 0.0295 ©0.08% 00264 ©0.023
Le 0 0-160 0.0075 0-158 00225 0-44% 0.0395 o0.10% 6.0374 0.02.1
La 0 O0.043 0.0043  0.042 0.0037 0.039 0.0061 0-031 0.0049 ©0.01%
L2 O 0.06% 0.002.4 p.064 0.0066 0. 060 0.040% 0.047 0.0083% 0.020
3.0 L3 o 0 084 0-00%4  0.084 0.0049 ©0-018 0.04168 O 061 0.0423 (.026
Ly o 0.1i01 0.0050 0.100 0.0444 ©0.094 0.024% 0.07% 0.0229 0.029
Ls 0 o©.40% 0-0061 ©-108 0.0178 0.400 0.0309 0.075 0 0319 O©.o024
Le 0 0.14o 0.0082 O-138 0-0237 0.426 0.0408 0.093 0.0434  0.020
L1 o 0.026 0.0040 0.026 0.0029 0.024 00051 0.021 0.0061 ©0.011
La o 0.039 0.0015% 0.03>»6 0.0045 ¢.037 0-0079 0.034 0- 0095 O 047
6.0 4 Ls o 0052 0-0022 0.05% 0-00685 0.050 ! 0.011Z 0.042 0.043%1 0-022
Lo o 0.066 0- 0037 0.06S5 0.0i25 o0.064 0.0216 0-053 0.0228 0.026
Ls o] C. o067 0- 0047 0.066 0-043%7 0.062 0.02.47 0-049 0.03%1 0.0418
Le o 0.084 0-0060 0.08% 0.0475  0.077 0:0%43 0.064 0.0406 0.048
L1 o 0007 6-0004  0.007 0 0014  0.007 0.0026 0.006 Q0035 0004
L2 0 o0014% 60.0007 0.011 0-0021 0011 00038 0.010 00053 0-006
41.0 | L3 o 0.045 00009 0.045 0-0028 0.01h 00052 0013 0.0072 0-00%
Ly 0 0.045 6.0029 o0.015 0.00BY4 0-01y 00420 0.01% 0.0422 0.040
Ls 0 0-047 0-0025 0.-016 0-00 T4 0015 00136 0 013 0.0377 ©-008
Le o 0020 0-0032, 0 00 0-0092  0-049 b. 0466 0046 00229 0.008
U= HORIZONTAL DISPLACEMENT LoAD Note: Rer fl& (6-1)ALS0
V= VERTICAL DISPLACEMENT L1 = 500P <1

Lz - TsoesI
.z = 1000 PL.L
Ly = asoopst Fla 64
Lg = 20006PSI

Re SULT or DierPLACEMENTS BiLiNEAR MODE Ll (_B.M~1)

Lg = 3000 PST



SECTION4 SECTION 2 SECTION3 SECTION 4 SECTIONS
DEPTH LOAD U Vv U v 9] v v v [ v
ONcn)
L1 o ©0.023 - 0-0006 0.023% -06.0013% 0.0620 -6.0048 0.044 ©.00028 o
La o 0.043 —0. 0014 0-042 —0 0049 ©-6138 —0-00%3 06.020 —0. 0040 8.007
o= Ls o 0-067 —0.00273 00464 —6.0067 6.064 —~0.031p0 0032} —-0. 0030 —
Ly o 0.124 -0-004% 0-12) —0-0923 o.114 —0.01\89 6.067 —0.0084 o 013
Ls O o-18%4 —~0.0062. 0183} —0.04719 ©.469 —-0-0283 6-10S -0.04138 0.02%
Le © 0-3%09 —0.0098 0307 —0.0282. ©.28%5 —0.0461 0.185 —0.0249 0.0S2
Ly © 0.021 —-0.00008 0O-®24 0.oc0047 0.019 ©.00098 0.014 0 -0014 o
L= © o0.040 —0.0005 ©-039 —~06-0042 ©0.037% —0.00013 0.0319 0- 0002 ©.000S
o5} Le © 06-062 -0 0009 O-062. —6.0025 06.06S¢ —0.00 47 ©-034 —0. 0o0ia 0.002
Ly o o-117 —6. 0019 6 114 —0.06052 ©.406 —o- 004k o064 —0. 00Yy2 6.012
tg © ©-175 —0. 06029 0-173 —0-0077 o0-159 0. 0084, ®.0499 —0. 00806 ooLYy
Le O ©0-294 —0- 004¢ 0.293 —0-0321 ©0-270 —0 - 0139 0-174 —0 . 06354 ©0.049
L1 o o0.020 0-0005¢ 0.0z20 0-00140 ©-018 o000z a.010 0-001R o)
' L © ©0.03%¢ O.00014 O6-03( ©.00060 ©-032 ©.002%4 0.018 o 0018 0.000S
1.04 Ls O 0p-0S8 O - 000085 ©6.057 O.0o004¢ O©0-0S4. ©0-0023% 0.030 Q-0D09 6.002
Ly o o.109 —0.00019 o-108 O-0000) ©-09g oc.o002Yy O-062 —0.0002 6-012
Ls o o-16y4 -0 oooyYy 0-ip2 —0-00040 ©- 148 6-002Yy 6-09L -6, 00272 0.02.3
Le 0o 6.2717 —0-00051 6-274 —0- pvool ©- 252, 0-0029 o .11,9 - 0. 0058 o0Yy8
La o 0.018 0.00079 0.048 0.00243 O -03.( O-0036 6.040 D.0025 o
La o o0-.03% ©-060059 6-032 &-0018 o5.028 0.0041 o 017 6-00 24 0.0004
1.5 | Ls o o©0.052 0-000e7( 0-052. 6-002%x o.0Y44 0-00yy 0.0L8 00026 0.002.
Ly o o-101 ©-00310 ©-100 ©.e°34 o5.09%0 0-0068  0.059 6.6 030 0042
Ls o 0.453 6-00140 ©-164 ©-o0o4y  o-137 ©-0087 0093 0.0029 0.02%
Le © ©0.259 O 00258 0-25¢ & o094 0-23Y4 0-0133 6-16 o 6.0024 o.o4g
Li o o0.017 0.0009 4 0.047 0.002L ©0.0145 0.0042 p.009 0.0030 o
La o0 o0.029 6.00082 0.029 0.-0022. @#.02¢ 600514 0016 00035 0-0007
2.0 | Ls o o0.048 6.00110 0-047 0.0033 O0-0Y42 00063 0-027 00039 0.003%
Ly o ©0.093 6-004193 6-09, ©.00SS 6-083 0-009 4y 06-056 0.0054 0.012.
Ls o ©-1414 000260 6-339 o 0074 o-124 0-012( ©.089 o070 6024
Le o 6-240 0-o00440 Q-237 o011 ©-217 0-039¢( 0 15¢C 0-0102 0049
L1 o 0014 0.00091 0-014 8.0026 ©-04} oooy 3 0.008 6.0036 o
La o0 0.023 0-000695 0-023 0 00134 0.0214 0.00S7 o-0l4 0-0047 0.001
3.0 Ly O 0.038 0. 00140 0038 6 -00 39 6-03Yy o.oo7Lf 6-0L4 0.00 S§ 0.003
Ly o 0.077 0.00260 6-07¢L 60074 0-069 6 0116 06-054 00603 0013
Lg o o6.118 O .00350 0.147 0.0401. 0.107 6-0353 6.080 0.0130 0.025
L, 0 0-z20Y4 0. 00610 0-202. 0-0174 0-18¢ ©.0152 o-3140 6-02.2) ©0%0
L1 o o0.008 0.00060 6. 008 0-0017 ©-007 0.0030 6.005 00033 6 .001
Lz o 0.014 0.00078 0043 o-0024  ©0-012 0-00%2 0.009 000506  ©.00L
6.0 Lz o 0.019 6. 00110 ®- 019 ©.0033 0-018 6.006Y o-ollj 00062 0-004
Ly 0 o6.040 O- 00300 O o040 O -00662 °.059 0.009¢6 ©-032 60123 0-013
Ls o 0.06¢ 0-00280 0.065 0-0079 ® .06 60434 0-0S1L 00168 6-02y
Leg O o0.338 G- oo47T0 0117 0.0435 O-3114 0-0213p 6.093 °‘°?-‘9q o 047
L1 o 0002 0-60028 o0.002 0-0008 0.0041 0-001Y 6.004 00017 0.00¢
L2 0 0-00y 6.0004u{ b-00Y 0- 0013 o-00¥4 o-oo02Yy ©.00 2. - 0029 6-009
11,0 Ly 6 0.p05 6-00043  ©-005 0-0012.  6.005 ©-0022 ®.oo0sg 6.003% 0004
Ly ¢ ©0.009 ©.0008, 0.009 ©.00L5"  0.009 O-0046 6 008 00070 0-005
Ls o o0-915 O-0c0o0 60185 o-004g 6. 015 0-008%0 o.0\S 6-0093 0.014
L, o ©0:029 0.o0030 0-029 ©0-0068 0-030 0-0107 0022 0-0429 0019
U = HORIZONTAL DISPLACEMENT. LOAD Note: Ref {;36.1

VERTICAL DISPLACE MENT Ly 2 SooPsI
Lo = 7So PsI
Lz =31000psT
L._' = 1S00P 5T
Lg = 2000ps5.T

L( = Booobs I

N =
DiseraceMent Requits

BiLiNeaAR. ModeL 2 (B.M-Z)

Fia. 6.5



Derm

LOAD

41 14Y))

0-5 -

1.8

La

494.3
6246
bi14. 6

1101.3

1398 .6

21S4.0

4640
402-0
491.3
640-3
g00-6
1253.3

4b-6
20.0
2296
247.0
289.0
466-3

10.8
4.4
1.8
22 4
184.0
278.0

SECTIONY
Sy Tay
s43.6 -12.0
748 -0 -12-3
9976 —17.0
14923 -243
19820 —30-3
2992.0 —43.0
L4740 12-0
714.0 $3
96S-6 60
1449.0 17.0
1918-6 226
28960 353
3974 6.0
6850 333
Ay 3 183
1LSR.3 263
1650-3 353
24850 $4-3
169.8 -0
S3B.0 e
S78.0 L3Ry
84S0 17-3
119-3 160
16653 246

LoAaD

Ly= SocobPs.1
La=> 50 ¢8.1
L= 3000PsT
LL, = 4Soof-s.1
Lg = 20006P5s.1
Ly = docors. T

ho2.5
S41.6
693 .3
900-¢
113586
183§

1343
3234
2,85.%
48R-8
£30.0
9656

by s
y2.0
2114.2
22444
269.8
438-8

171

20'S

4150
477-0
269.5
413.2

SECTIONZ,

5

4764
ns3
49514
4281
190. 2,
287.4

t86-0

686-1

§09.0
13686
ig24.0
27501

386%
$901
%001
12094
15933
2401.1

262 .4
3935
$33)
$93.3
1105.0
1717.0

Txy

7-0
-4.6
-2.D
—4.4
-2.-0
-1.3

31%
258
2890
52.3
738
li4.o

31.4
1.4
(1.0
B4-1
118-6
184.0

169
25.4
361
$¢1
643
toé.o

¥

4250
Sob -4
642§
8%0.8
10943
{6841.0

109 -1
287.0
337.6
419.-%
Sy
g13%.8

494
Sb-3
2171
2323
2813
4s3.-0

22-
-0
30-5°
178
2174
4153

Fla. 6.6 BiLiNeaR MoDer 4 (B.M.1)

SECTION 3

5

437.0
143. §
990. 6
14y83.0
1974.0
2975.8

4344
4.3
£74.1
13091
1743.1
2624 .5

3494
Y
7293
16883

Lyty-3

11746

LY5.6
3681
4973
8314
10738
15941

Try

19.0
28.0
% 8
1
723
1115

7114
2.0
i11.0
1754
2'40-6
369.0

74.1
134.0
1400
1986
2191
433.8

ho.5”
43.0
9.3
104.3
1575
thy.¢

1y.3
2480
33].8
Yol .3
b1+
I1é-5

16-5°
{96-0
2930
Y344
4713
7793

731
1060
(93.8
3683
3694
S740

383
<58
J2.-0
171.2
315.0
4845

Note :
+ Ve CoMpRessIoN

SECTION 4
S Txy
242. 3 145t o
3566 184. 8
S1$. 6 217§
26460 3285
10053 4LS73
1si4.0 L3R
241.4 143.4
S44-4 Y23
sba. s Us-o
747-8 3881
9450 5233
148Y.¢ 311-8
232.3 nN7-£
335.0 1893
4sb-3 168-5
1.5 % 3264
956 5 4394
14%)- 57 6941
199.4 (S-3
294 & 99.5
yo7. L t2--3
LY 1748
852.¢ 240-8
64.% L¢3
ReESuULTS

OF STRESSKS

ih.0
334
9.4
3.5~
91.0
9.8

.8
$7.0
130. 6
191-3
2341
248 -6

L9-s
{1o-o
5% 8
2638
S
3903

(3.0
93
1293
w0 L
1854
$13.6

SECTION S

N

43
6-0
8.0
s-6
-8
19-1

22-0
Y4
Lo-3
S3.0
L84
]04-3

Sb.o
76 -0
9 -3
123.8
1526
297.5

9.8
139.3
1328
1345
149.8
S13+3

ReF. Fle. 6.1

Txy

74
206.0
258
12-3
24-S
4.1

35
£3.8
£98
141
7L}
943

94
27-3
hy.3
129.5
19 .sv
2115 3

SsL

BY.2
1184
LsS-0
\s$-0
253.3



DEPTH

LoAD

CINCH)

0-51

1.8

La
Lo
Lg
Ly
Ls
Le¢

Ly
La
Ls
Ly
Ls
L¢

226 0
468 -0
b63.-L
loyg.0
14303
2154.3

1¢69.%
170-L
3363
SYy.L
£32.3
12233

S1.8
1oy 3
1S3.0
286
3]12.0
431.6

£9-3
14%. 4
(90-3
480
336
1j2-6

SecTion 1

4s0- 6
T3 -0
98¢,
1482.3
1973.0
2974-0

4 84.0
2V 6
9%1.0
1923.3
189s-6
L351.0

394.6
612 L
186
(RN EYYA
|6l3.0
14363

274 3
418 (
883
9.0
|1 Sb.o
16633

Txy

233

g0
66
60
83
3¢

2L
7L
104
2_73
R RYA
334

2.0
Y
63

ly.6
2.0

203

y.o
73
Y3

=30
83
17

272.1
4361
143
930.8

1310.0

(9605~

222.(
248 L
3s0-3
SYy L
139.0
lo72-%

433.(
lo- £
1443
n3s
295-L
Yol.0

91- &
893
138-L
ty.0
lz-o
145§~

L
L2
Ly
Ly
LS
Lé

SeCTioN &
B Ty

Sb1-1_ 14.2
146.3 §10
992.2 I-s
14821 3s.0
1974.0 245
29531 2zl 3
L 201
7031 354
943 .1 4s.o
14033 6L
18651 901
1795.S 1316
Loy o 2s%
58S © 3.8
1%7-3 s1-¢
1761 4.3
(5621 133
23505 175
2335 17-C
EN A 294
318-3 244
332 % 2L
lobr L gl
(S6R-3Y 96y

LoAD -

= SO0 B.5.T

= 750 p.5. X

= 10006 T

1So0 P-¢.T
2000 £S5 x

/Y

3000 5.1

h

-

250.3
3776
SHYy-o0
859 .4
1344, 8
(717>

190.0
207.8
3006
3.5
bso-L
9185

Ié-3
606
S-S
2363
343
y36-5

.0
1Yk
(Ll O
913
1384
(83.0

Fle ¢.7 BILINE;R Moder 2 ( R.M.2)

SecTioN 3

Sy
He7.0
12, 4
9781
1436-5
(869 -3
2944-S

H70-14

6553

2701
130¢3
\732.L
2016-1

EYANKY
60%.0
7lo. s
1648 -8
(342-4-
20944

26355
793.%
496 L
7301
9615
| 474

Txy
76-0
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MODULUS OF ELASTICITY =10 PSI
POISSONS RATIO = 0.45
DENSITY =100 LBS.PER.CU.FT

SAMPLE SOLUTION - GRAVITY STRESSES IN A SLOPE
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Vose Tx (Ps.§) Sy (Ps-f) Txy (Ps£)
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NOTE :REF. FIG 7.13

FOR LOCATION

OF NODES

F.ES=FINITE ELEMENT SOLUTION ( FINM,1966

L.P.S= LUMPED PARAMETER SOLUTION

-VE

COMPRESSION

FIG.7.14 COMPARASION OF RESULTS - STRESSES INA 30 VERTICAL

SLOPE
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