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1. 

ABSTRACT 

An extensive survey of the deformation problems in the 

field of rock mechanics is presented. The deformation of most 

rocks is non-linear and has an irreversible component. This 

non-linearity and irreversibility may arise from a macro-

fissure system in what is inherently a linear elastic rock or 

it may be intrinsic to a porous micro-fissured rock such as a 

sandstone. The results of a series of tests carried out to 

investigate the intrinsic non-linearity of a relatively homo-

geneous sandstone are presented. To study the deformation of 

the specimens, they have been loaded cyclically in compression 

under confining pressures of 0, 150 and 500 p.s.i. The degree 

of non-linearity varies with the porosity as does the energy 

dissipation under cyclic loading. Compressibility is found 

to be essentially path independent and the relationship between 

compressibility and the total principal stress constitutes 

a real material property. The real behaviour of sandstone 

is more complex than that considered in current theories of 

composite media. The effects of wetting indicate greater 

non-linearity, hysteresis and residual strains on unloading 

for a given porosity and pressure. 

The finite element method is described and extended 

to take into account material non-linear properties. Stresses 

in a non-linear flexibly loaded half-space were computed using 

the finite element method and a variety of non-linear material 
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laws. Results reveal a correspondence with results of field 

plate bearing tests and the vertical stresses agree remarkably 

well with the classical linear solution. The horizontal and 

shear stresses differ more. 

A lumped parameter model proposed by Ang and Harper 

(1963) is used to compute stresses and displacements in an 

excavation problem and the development of plastic regions due 

to increments of self weight are recorded. This model is 

found to be efficient and simple for elastic solutions, but 

must be used with considerable caution when accounting for 

plastic behaviour. 
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CHAPTER 1  

INTRODUCTION  

1.1 	FIRTD OF ROCK MECHANICS 

"Rock mechanics is the theoretical and applied science 

of the mechanical behaviour of rock; it is that branch of 

mechanics concerned with the response of the rock to the force 

fields of its physical environment."* 

This definition, given by a group of workers in rock 

mechanics emphasizes the field of rock mechanics. Only 

recently a considerable effort has been made in many countries 

to obtain a better knowledge of mechanical properties and 

characteristics of rocks and to develop a proper science of 

rock mechanics. The knowledge in this field is applicable 

to such different branches as civil engineering, mining 

engineering and geophysics. It is beyond the scope of this 

study to elaborate all the problems which can be included in 

the field of rock mechanics. 	Morgenstern (1965), Judd (1964), 

Obert and Duvall (1967) illustrate the various problems which 

are studied in the field of rock mechanics. As we are mainly 

interested in the civil engineering side, some of the problems 

where the application of rock mechanics is possible, are 

mentioned in the following paragraph. 

Definition by the Committee on Rock Mechanics, 
National Academy of Science in Rock Mechanics Research, 
Publication 1466, National Academy of Science, National 
Research Council, Washington, D.C., 1966. 
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The development of new techniques in concrete 

technology and metallurgy allow higher permissible stresses 

for civil engineering structures. Hence rocks are being 

subjected to ever increasing loads and stresses. For 

example, the design stresses in concrete of arch dams are 

now far greater than the design stresses used twenty years 

ago. In foundation engineering, designers are tending to 

transfer their heavy superstructural and foundation loads to 

piles which may be taken down to rock where it occurs at an 

economic depth below ground level. In hydro-electric projects, 

higher heads require that pressure tunnels, surge chambers, 

the foundations for penstocks and power house be designed to 

meet a new and greater range of pressures. Many applications 

of rock mechanics to such problems require a knowledge of 

the deformation properties of rocks. Indeed, the stress 

level in problems mentioned above, is seldom high enciaeb to 

produce failure of most intact rocks although the strength 

along pre-existing discontinuities may be a controlling factor. 

These deformation problems are further discussed in the 

following chapter. 

Thus the development of the field of rock mechanics 

will undoubtedly help the civil engineer to design their 

structures economically. Various authors like Jaeger (1964), 

Serafim (1964, 1965), Isaacson (1962) have contributed to 

the application of rock mechanics in the design of dams, 

the linings of pressure tunnels and so on. Further 

400 
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knowledge of the mechanical properties of rocks under different 

conditions will certainly contribute to the rational design 

of these structures. 

1.2 	NON-LINEAR BEHAVIOUR OF ROCKS 

The linear theory of elasticity is commonly used in 

solving rock deformation problems. However, it is well 

known that the stress-strain behaviour of rocks is non-linear. 

This non-linearity is particularly noticeable in the low 

stress range and therefore is of considerable importance in 

civil engineering design. 

It is helpful to classify the nature of the non-

linearity into two groups. If a specimen say, unweathered 

granite or basalt is tested in the laboratory a linear stress-

strain relation may provide an adequate representation of its 

mechanical behaviour up to the stress level at which micro-

cracking is initiated. However, in the field the rock may 

be jointed and faulted. Its response in bulk to loading 

under these conditions is likely to be non-linear. This will 

be called extrinsic non-linearity. On the other hand, if a 

specimen of sandstone is tested in the laboratory it will often 

display a non-linear stress-strain curve even at stress levels 

too low to cause local failure. This behaviour will be 

called intrinsic non-linearity. In nature, it may also be 

fissured and its response to loading will then be due to both 

intrinsic and extrinsic non-linearity. This distinction 
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between intrinsic and extrinsic non-linearity is essentially 

a matter of scale. There is no implication here that the 

physical basis need differ in the two cases. Intrinsic non-

linearity is however studied more easily and if a clear 

understanding of it is obtained it should be possible to 

predict, at least qualitatively, how the pattern of joints 

and similar discontinuities in a rock mass alters its 

deformation properties. 

The non-linear behaviour of rock under low stress has 

been noted before. For example, Nishihara (1957) reported 

the results of uniaxial compression tests at low stresses on 

a series of rocks and observed that in general the stress-

strain relation was curved showing increasing stiffness with 

increasing strain and displayed hysteresis on unloading. 

Moreover, when the stress had been completely removed, it was 

observed that the strain had not fully recovered. The non-

linearity was rightly attributed to the influence of cracks 

and pores in the specimen. In discussing the irrecoverable 

strain, Nishihara considered two alternative explanations, 

and concluded that the set of the specimen was due to the 

viscoelastic properties of rock giving retarded elastic 

rebound. This explanation was favoured over one invoking 

intercrystalline friction because the experimental evidence 

for a wet sandstone specimen revealed almost complete time-

dependent recovery. Nishihara suggested that permanent 

plastic strain would occur at stress levels higher than that 
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used in the tests that he described. 

The influence of pores and cracks on the elastic 

properties of a rock has recently received detailed theoretical 

consideration by Walsh (1965). As a model, Walsh considered 

an isotropic linear elastic solid filled with a low concentra-

tion of planar elliptical cracks and he derived a relation 

between the apparent Young's modulus for the model with cracks 

in terms of the Young's modulus and Poisson's ratio of the 

uncracked material and the average crack length. Since the 

cracks close under increasing compressive stress, the material 

becomes stiffer. Walsh also showed that even when the applied 

stress is high enough to close all the cracks, the modulus may 

still not be that of the uncracked material because of the 

possibility of frictional sliding at the faces of cracks. 

Another important result that emerged from this study is that 

cracks which have slid do not immediately slide in the opposite 

sense upon decrease of stress and hence the initial slope of 

the unloading curve should be comparable with the Young's 

modulus of the uncracked material. These considerations will 

be given a more elaborate treatment in Chapter 3. 

Various authors such as Handin (1953), Griggs (1936), 

Birch (1942), Fatt (1955), Turner et al (1953), Robertson 

(1955), have studied the deformation characteristics of rocks 

at high to moderate pressure and temperature such as exists 

at relatively great depths below the surface of the earth 

and most of the experimenters recorded the inelastic 
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behaviour of rocks in the low stress level. But there is 

hardly any detailed investigation to study the non-linear 

behaviour of rocks in the low stress level which is of 

considerable importance to civil engineering problems. There-

fore one of the primary objects of this research programme 

is to investigate intrinsic non-linearity of rock like sand-

stone at different conditions and to determine the parameters 

that influence the non-linear behaviour. It is also possible 

to investigate the applicability of the theoretical considera-

tions of Walsh and others. This will help to formulate a 

representative non-linear stress-strain relation for rock in 

the low stress range which could be used to solve boundary 

value problems. This experimental study is presented in 

Chapter 4. 

1.3 	NUMERICAL METHODS OF SOLUTION 

The various numerical methods of solution of plane 

and axisymmetric boundary value problems can be categorized 

as one of two types. 

(i) 	Methods that depend directly on, or are suggested by 

variational techniques. This approach is based directly on 

the use of calculus of variations. With the aid of certain 

minimum principles which characterize the equilibrium states 

of an elastic body, the field equations of the body are 

derived in terms of approximate functions. Examples of this 

method are: the Ritz method, the Galerkin method. 
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The use of these methods, however, is seriously 

hampered by certain limitations. The choice of approximating 

functions in the approximate solution is governed by the shape 

of the region and by the form of the boundary condition. 

Furthermore, even if such functions can be found, the extent 

of the computations may become prohibitive. 

(ii) 	Numerical methods which depend on the idea of dis- 

cretization of the continuous body 	The most universal of 

such numerical methods is the method of finite differences. 

In this method the governing differential equation is replaced 

by an approximate difference equation thus reducing the 

problem of solving a partial differential equation to solving 

a system of algebraic equations. The main disadvantage of 

the finite difference method is that it gives numerical values 

for the unknown functions at a set of discrete points instead 

of approximating functions defined over a region. 

The finite element method offers a compromise 

between the above two approaches in the sense that 

(a) approximating functions are defined over a 

region instead of at a point, while 

(b) the problem is reduced to the solution of a 

system of algebraic equations. 

The basic concept of the finite element analysis is 

that a continuum (or solid) is replaced by an assemblage of 

a finite number of elements interconnected only at the element 

model points. With this idealization, a problem in continuum 



13. 

or solid mechanics is transformed into a related problem for 

an articulated structure to which standard methods of 

structural analysis can be applied. It is important to note 

that the replacement of a contimuum or a solid by an equi-

valent assemblage of articulated elements is a physical 

approximation and does not involve a mathematical approxima-

tion at this initial stage. In this sense, the finite 

element method differs from the finite difference method 

which is an approximate mathematical representation of the 

governing differential equations of the solid (Rashid, 1964). 

In this study the finite element method is used to 

obtain solutions with a non-linear stress-strain relation to 

common configurations as engineering interest. Such 

solutions could, of course, also be used directly in the 

design of structures that interact with rock. 

1.4 	CONTENTS OF THIS THESIS 

The research work reported in this thesis may be 

divided broadly into three main parts. The first part is 

concerned with the analysis of different deformation problems 

in civil engineering and the treatment of mathematical 

models which may be conveniently used to explain the behaviour 

of rock containing different structural defects. The second 

part of the thesis is the experimental studies of the 

deformation of a sandstone at room temperature and at a 

stress level which is considered not to induce any cracks 
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inside the sample. The third part is devoted to the 

numerical analysis of boundary value problems by the finite 

element method using non-linear stress-strain relationships. 

An extensive survey of the computational work involved is 

illustrated and the author's computer programme is presented. 

Further, a lumped parameter model developed by Ang and Harper 

(1963) is presented to study the stress configuration behind 

vertical excavation due to self weight. 



15. 
CHAPTER 2 

BOUNDARY VALUE PROBLEMS OF INTEREST IN ROCK MECHANICS  

2.0 	INTRODUCTION 

Problems in Rock Mechanics can be classified into two 

major groups: 

1) deformation problems 

2) failure problems 

This chapter is devoted to a commentary on only deformation 

problems. 

Knowledge of both deformations and stresses are re—

quired for a complete solution of problems such as the 

foundation and abutments behaviour of dams, design of unlined 

or lined pressure tunnels, and other deformation problems. 

To calculate the deformations and stresses induced by different 

loading conditions, various rock properties and other factors 

are necessary. Many authors (Rocha, 1964; Serafim et al, 

1964; Judd, 1964; Moody, 1964; Lauffer et al, 1961; Lang, 

1964; Deere, 1967; Cook et al, 1964; Morgenstern, 1967) 

have presented valuable information for the analysis of 

deformation problems. 

Rock is a product of its own history. As such, it 

is a formidable task to account for all the features of the 

behaviour of a rock mass. Generally, simplified conditions 

have to be assumed or applied for practical utilization of 

various theoretical and experimental methods both in laboratory 
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and field in order to compute the displacements and stresses 

that the rock mass or interacting complex will exhibit under 

the various boundary conditions. 

The most rational approach to the design of a rock 

mass or of a structure interacting with a rock mass would be 

based upon displacements. Either local or overall displace-

ments limit the utility of the engineering structure and are 

therefore the fundamental design criteria. The major aim of 

all design calculations is essentially the limitation or 

control of the displacements of the rock mass. Moreover, 

the displacements can be measured directly in the field. The 

control and measurement of stresses may be regarded as an 

indirect approach to the displacements and failure may be 

considered as an extreme displacement condition. Therefore 

almost all problems in rock engineering are reducible to the 

prediction of displacements or stresses (Morgenstern, 1967). 

Further, various authors (Hayashi, 1964; Zienkiewicz and 

Gerstner, 1960, 1961; Rocha, 1964; Moody, 1964) illustrated 

the effect of deformability of rocks on the design of various 

structures. Thus deformation analyses are of primary interest 

in the field of rock mechanics. 

2.1 	OUTLINE OF DEFORMATION PROBTFMS 

The deformation problems encountered in the field of 

rock mechanics of civil engineering interest can be classified 

into the following groups: 
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(i) the foundation and abutment of various types of 

dams such as arch dam, gravity dam and so on. 

(ii) Tunnelling - lined or unlined tunnels of various 

shapes 

(iii) Excavation open or underground. 

The main interest in the analysis of deformation 

problems of type (i) is to determine deformation under both 

static and dynamic loadings for the conditions of zero and 

full reservoir loading. In type (ii) problems, primary 

attention is paid to the stresses on the rock surface exerted 

by the various loading conditions such as the hydrostatic 

pressure of water in case of a pressure tunnel for the hydro-

electric scheme. Generally stresses and displacements are 

both given priority in the analysis of type (iii) deformation 

problems. 

The factors which govern the analysis of deformation 

problems are the mechanical properties of intact rock and the 

rock mass as a whole, the natural state of stress inside the 

rock mass and the change of stress pattern due to the various 

engineering works. The mechanical properties of rock mass 

are greatly influenced by the geological aspects such as 

joints, faults, bedding planes etc. The natural stresses in 

the rock mass may be the result of active tectonic forces or 

the residual state after the termination of some geological 

process. Excavation open or underground during construction 

disturbs the equilibrium of stresses and displacements occur 
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which tend to close the opening. The magnitude of these 

displacements depend upon: (a) geometry of the excavation; 

(b) magnitude of the initial stress and (c) properties of rock 

itself. The factors mentioned above must be known before a 

complete deformation analysis can be done. 

The mechanical properties of intact rocks can be 

determined in the laboratory. Laboratory studies are 

discussed in chapter 4. Out of all mechanical properties, 

the modulus of elasticity or the modulus of deformation and 

poisson's ratio are of primary concern in deformation analyses. 

Much has been accomplished in the fields to measure 

the behaviour of rock mass, the initial state of stress and 

the change of stress pattern from various measuring techniques 

and field tests. 	Various authors (Nast, 1958; Merrill, 

1960; Obert et al, 1962; Alexander, 1960; Cook, 1967; 

Ortlepp and Cook, 1964; Serafim, 1964; Potts, 1964) have 

described the merits and demerits of different field measure-

ment techniques such as plate bearing tests, flat jack testing, 

bore hole instruments, stress-relief techniques, seismic 

methods and so on. 	It is beyond the scope of these studies 

to go into details of above techniques. As it is clear that 

the initial stresses will particularly influence the ultimate 

deformations in the deformation problems of type (ii) and 

(iii), the only way to get some information for the analysis 

is to use stress-relief techniques or bore hole deformation 

methods to measure the initial stresses in the rock mass. 
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Various assumptions and considerations have to be taken into 

account for such measurements (Roberts, 1967). 

The field observations and the laboratory studies are 

used to formulate the theoretical analysis of deformation 

problems. Such an analysis requires the equation of equilibrium 

for an element of the rock mass and the constitutive equation 

governing the material behaviour. 

2.2 	IDEAL CONSTITUTE EQUATION 

It is already emphasized that the ideal deformation 

analysis would predict, in.principle, both stresses and dis-

placements of all points composing a rock structure for the 

duration of its life and various type of loading that the rock 

must endure. And a representative constitutive equation 

governing the material behaviour has to be known to accomplish 

this task. Generally rock is assumed to be an ideal elastic 

material and rock properties are taken to be homogeneous and 

isotropic. Such assumptions permit the use of the ideal 

equations of linear elasticity or prepared solutions based on 

it. 	A commonly applied solution is that of the problem of 

Boussinesq, which considers the effect of a vertical point 

load on the surface of a semi-infinite, homogeneous, isotropic, 

linearly elastic half space: The expressions for stress are 

in a convenient algebraic form which can be found in most 

books on elastic theory (e.g. Timoshenko and Goodier, 1951; 

Love, 1944). Moreover the well known bi-harmbnic equation 
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The development of equations (2.1) and (2.2) which 

govern the elastic stress distribution in two dimensional 

problems in plane stress and plane strain may be found in 

standard works of theory of elasticity (e.g. Timoshenko and 

Goodier, 1951). 	Several authors (Zienkiewicz, 1945; 

Rydzewksi, 1960; Zienkiewicz and Gerstner, 1960, 1961; 

Bishop, 1952; Dibiagio, 1966) have used equation (2.1) for 

the solution of deformation problems of type (i) and type 

(iii) mentioned in the previous section. Lame's classical 

solution (1852) for hollow cylinder submitted to uniform 

pressure on the inner and outer surfaces is generally taken 

as an ideal equation for the solution of deformation problems 

of type (ii) (Moody, 1964). The assumptions that rock 
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properties are linear elastic, have the advantage of 

simplicity and lead to problems which are soluble with 

relative ease by a variety of means. For complex boundaries, 

photoelastic techniques are used in the laboratory as well as 

in the field for the determination of stresses for deformation 

problems (Robert, 1964; Robert et al, 1962; Hawkes and 

Holister, 1964; Hiramatsu et al, 1957; Hoek, 1964). 	A 

study of real rock properties reveals that linear elasticity 

is seldom a realistic representation. 

2.3 	REAL BEHAVIOUR OF ROCKS 

The use of linear elasticity for the solution of 

various deformation problems is contradicted by the real 

behaviour of rocks. From the many static measurements 'in 

situ' of deformation from tests using pressure plates, flat 

jacks, hydraulic pressure chambers which are reported by 

various authors (Serafim et al, 1961; Link, 1964; Lane, 

1964; Rocha, 1964) it may be seen that the behaviour of the 

rock mass is non-linear. Moreover rock behaves differently 

on loading and unloading. The properties of the rock mass 

are also non-homogeneous and anisotropic and these character-

istics greatly depend on geological factors. Some of the 

results of 'in situ' tests on rock mass are shown in figures 

(2.1) to (2.3). 	The results indicate the significant features 

of non-linearity, hysteresis and irrecoverable strain on 

unloading. The shape, slope and other features of the 
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hysteresis loops and the envelope curve can vary considerably 

with different types of rock and even in the same rock, with 

the nature of joint pattern, whether the joints are initially 

open or closed, nature of joint surface, joint filling 

material and other characteristics. However, certain features 

such as the slope of the envelope curve increases as the rock 

mass is composed of more intact rocks with fewer geological 

discontinuities. Rock types may be excepted from this more 

complex behaviour. It is found that many of the rocks en-

countered in the deep mines of South Africa exhibit elastic 

stress-strain behaviour prior to brittle failure (Cook, 1967). 

Sometimes it is observed that load-deformation curves 

as reported in figures (2.1) to (2.3) are dependent on time. 

A typical deformation-time relation is shown in figure (2.4). 

It is beyond the scope of the thesis to go into detail about 

creep phenomena. It can only be noted that such studies will 

help to predict the long term stability of various rock 

structures. 

Some of the laboratory studies of rocks by Nishihara 

(1957), Walsh (1965) and Phillips (1948) show also that the 

real behaviour of many rocks corresponds with the results 

observed in field tests. An analysis of the real behaviour 

of intact rocks is made in the following chapter. 

Since rocks do not, in general, behave elastically, 

the deformation of rocks is partly elastic (reversible), 

partly plastic (permanent) in nature. The deformation 
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modulus determined by the 'secant moduli', is usually taken 

in the design of rock structures as opposed to the 'modulus 

of elasticity' or 'Young's modulus' (Link, 1964). 	The inter-

actions between the rocks and concrete of the structure are 

of interest in the deformation problems like the behaviour 

of foundation and abutments of dams and the design of tunnel 

lining. In such cases, the deformability of rocks not only 

changes the stresses in the rock mass, but also in the concrete 

of the structure itself. It is impossible to lay down fixed 

rules on how far the behaviour of such structures is in-

fluenced by the deformability of rocks, since this influence 

depends on numerous parameters, among which the rigidity of 

the structure, geological aspects of rock mass and so on. 

Authors (Rocha, 1964; Hayashi, 1964) reported numerous model 

studies on the effect of deformability on the structure of 

arch dam. It was concluded by Rocha (1964) that the state 

of stress in the concrete of the dam varies in function of the 

ratio of the deformation modulus of rock (E
R
) and the 

modulus of concrete (Ec). Figure (2.5) illustrates one 

such study. Further, it was noted that the influence of 

E is little for values above 1, which seldom occur in 
C 

practice, the same being true for ratios comprised between 
ER  

1 and i. For values below i, the influence of — grows 
C 

E
R 

very important and for values below 7, the behaviour and 

even the overall conceptions of structure are basically 

dependent on the foundations. For the design of tunnel 
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E
R 
E
C  

equal to 1, up to 9c of the load may be expected to be taken 

by the rock and when the ratio is equal to .1, 60% of the 

load may be absorbed by the rock. Interesting result also 

presented by Zienkiewicz and Gerstner (1961) on the effect of 

deformability on the stresses of concrete gravity dam. They 
E
R 

reported that the variation of the ratio of ER  has no effect C 
on the distribution of stresses on the upper portion of the 

dam and only near the base there are significant departures. 
E
R 

When the ratio — is less, the compressive stresses in the 
C 

downstream side is reduced, but the tensile stresses increase 

in the upstream area. The reverse happens when the ratio 
E
R 

increases. This point is of considerable importance 

the dangerous tensions which govern the design of gravity 

darns. 

2.4 	METHOD OF SOLUTION 

Common solutions of deformation problems make use of 

the linear theory of elasticity. It has already been 

observed that the use of such classical solutions is often 

unrepresentative of the real behaviour of the material. 

The real behaviour of the rock mass is also too complicated 

to be useful, and a deformation analysis can only be carried 

out using an approximate representation of the material 

behaviour. 	With the recent development of digital 

lining, Moody (1964) reported that for the ratio of 

Eb 

showing that a softer foundation is beneficial in reducing 
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computers, more powerful methods of solution can incorporate 

a better representation of material behaviour (Zienkiewicz et 

al, 1967; Clough et al, 1965). 	When the scale of dis-

continuities in the rock mass is small in comparison to the 

whole rock mass, the medium can be represented by a continuum 

for which methods of analysis such as the finite element 

method, finite difference methods can be used to solve the 

various deformation problems encountered. The finite element 

method is found to be a specially powerful tool which enables 

even non-linear behaviour of the material to be considered. 

This discrete method is also used for the solution of the 

deformation problems for the material having elastic-plastic 

behaviour (Reyes, 1966). Moreover, solutions based on 

plasticity are also used for such problems (Jaeger, 1961). 

The finite element method is fully discussed in chapter 5 and 

chapter 6. 
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CHAPTER 3  

ORIGIN AND EVIDENCE FOR NON-LINEAR BEHAVIOUR OF ROCKS  

3.0 	INTRODUCTION 

Many authors like Adams and Williamson (1923), Handin 

(1957), Zisman (1933), Nishihara (1957), Brace (1963) and 

Walsh (1965) have reported the results of various tests on 

rocks in the laboratory and they observed the non-linear 

behaviour of rocks at low stress levels. Further, Link 

(1964), Lane (1964), Rocha(1964), Serafim et al (1964) 

presented at the 8th Internation Congress on Large Dams many 

results from field tests on rock masses. It was also evident 

from the field results that the behaviour of rocks is 

characterized by non-linear stress-strain relations and 

hysteresis. In addition to the non-linear behaviour and 

hyliteresis, the hysteresis loop often does not close at zero 

stress. By analogy with behaviour under pressure (Birch, 

1961), the non-linear behaviour can be attributed to the 

cracked state of rocks. 	At low stress, cracks are open; 

as stress is raised cracks are closed and the rocks become 

stiffer; that is Young's modulus increases with stress. A 

stage is reached where no change in stiffness due to crack 

closure occurs, after which the stress-strain curve is found 

to be linear. The hysteresis observed in the stress-strain 

relation can also be explained by the presence of cracks and 

the effect of friction between the crack surfaces. Although 
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cracks may be closed under compression, some sliding motion 

of opposing crack faces is still possible. This motion is 

hindered by friction and it is easy to show qualitatively that 

this friction causes a hysteresis loop found for rocks. The 

diminution of hysteresis for hydrostatic compression is also 

reasonable, for here there is a lesser tendency for frictional 

sliding (Walsh, 1965). 

The presence of non-linearity and hysteresis in the 

elastic compression of rocks raises the interesting question 

of how elastic constants like Young's modulus and Poisson's 

ratio depend on the cracked state of rocks. In this chapter 

an analysis of the non-linear characteristics of rocks is 

presented with a mathematical model developed by Walsh (1965). 

The elastic properties, Young's modulus, Poisson's ratio and 

compressibility are treated by investigating analytically the 

properties of an elastic continuum filled with cracks of 

various shape which will explain the effects of such cracks 

on the behaviour of natural rocks. 

3.1 	ANALYSIS OF NON-LINEAR BEHAVIOUR 

A model is used for rock which is assumed to be 

elastic and isotropic material. Such a model is an idealiza-

tion for most rocks, which are collections of grains individually 

exhibiting elastic, anisotropic behaviour. Although deformation 

on the scale of individual grains is decidedly anisotropic, 

behaviour of a large group of grains may be considered 
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isotropic if the grains have no preferred orientation. 

Obviously, the cracks, which play an important role in de-

formation, must also have a random orientation if the rock 

is to be isotropic. 

If the effect of cracks is to be qualitatively 

determined, the shape of the cracks must be specified. In 

the present analysis, cracks are assumed to be represented 

by narrow elliptical slits, the width of the crack (in the 

plane of the crack) being equal to the length. The assumption 

of plane stress or plane strain, which greatly simplifies 

the analysis, is considered to be an adequate first approx-

imation to actual cracks in rocks. 

The modulus for a body containing many cracks is found 

by separating the body into regions, each of which contains 

one crack. The reactions of each region to the applied load 

are then found and combined to give the overall reaction. 

The boundary condition assumed is that stress in each region 

is equal to that of the body as a whole. The effect of 

different types of cracks are analysed in the following 

sections. 

3.1.1 	Open cracks 

A general expression for the effect of porosity due 

to open cavities of any shape or concentration upon Young's 

modulus is first found by using the reciprocal theorem 

(Timoshenko and Goodier, 1951;). 	The reciprocal theorem 
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states that, for a body acted upon separately by two states 

of stress, the work done by the first state of stress acting 

upon the deformation produced by the second state is equal 

to the work done by the second state of stress acting upon 

the deformation produced by the first state. Considering 

a porous cylindrical body of length L and cross section 

area At 
(Figure 3.1) stressed by an external uniaxial stress 

cr' and also stressed by a uniform stress 0"u . 

The work done by a-' acting through the deformation 

produced by 0—
u 

= 02 uAt 
	 (3.1) 

Since each element undergoes a uniform compression 

the displacement 

.L 
u 0   - u (3.2) 

where E is the intrinsic Young's modulus. 

So the work done (W) by 07- ' is from equation (3.1) 

The stress .51
u 

does work against both the external 

displacement 61 o  and the displacement IPi  of the 

boundary of the cavity. 	The displacement c(.5'
o can be 

written in terms of the effective Young's modulus E
eff for 

the porous body as ci'L  . 
eff 

Work done by cr'u  through displacement 



0- 1 • Cr 	• At  • L 0-  u . cr 

E 	Eeff 

. At  . L 

' A . L 
0-• u •  0- 	t  
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(3.4) 

Eeff 

Resolving the displacement 	the direction of 61u 

and calling the displacement parallel to or' as u' and 

the component of crack surface area normal to cr' as dAx1  

the work done by cr'u  on the displacement 

= - (3-  ' u dA
x (3.5) 

   

From the reciprocal theorem, we get from equations (3.3), 

(3.4) and (3.5) 

1 	1 	 1 .1 _ or 
Eeff E v 

u u dAx 

2-- dA 6-, x (3.6) 

where v = At  . L 

Equation (3.6) provides a means for calculating the 

effective modulus for any porous body for which the displace-

ments at the cavity boundary due to an extrnally applied 

stress'' can be found. 

cst2v Multiplying equation (3.6) by 	we get 

0.12 
. v + 

2 
udA

x 2Eeff 2E 
(3.7) 

The term on the left is the strain energy 
(Neff)  due 
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to an external uniaxial stress jp-' acting on a porous body 

and the first term on the right is the strain energy (Ws) if 

the body contains no pores. The last term thus can be con-

sidered as the increase in strain energy (We) due to the 

presence of cavities. 	That is, 

W
eff 

= W
s 
+ W

e 
	 (3.8) 

and 

  

 

dr" 
c 	2 

u dAx 

   

Griffith (1924) and others have derived expressions for 

the strain energy for an infinite body containing a crack by 

calculating the work done by the external stress acting through 

the external displacements. Moreover Walsh (1965) using com-

plex variable methods developed by Stevenson (1945) derived 

the strain energy due to the presence of an inclined narrow 

elliptical crack in a body under plane stress or plane strain. 

He gave for plane stress 

27 C3  cr' 2 
Sin2(3  W

c 
-

E  (3.9a) 

The total strain energy We  is found by summing 

equation (3.9a) over the total number of cracks N. 	So, we 

get 

We  _ 2 7 '2 E c3Sin2(6 
	

(3.9b) 

Assuming that the effect of the existing collection 

of N cracks of various lengths is the same as the effect 
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produced by N cracks each having an average length 

The summation of equation (3.9b) can be evaluated by integrating 

over the range of orientations. Assuming each crack differs 

Tr in orientation by the solid angle dc 	
4

< where do(= g 2  

from equation 

(3.90) 

(3.10) 

2 It 	2NZ3  W - 
c 	3E 

- 1 + 4 	Ti NC3  
E
eff 	3V ) 

the integration over all the orientation gives 

(3.9b), 

/E 

Through equations (3.7), (3.8) and (3.9c), we get 

Taking average volume of a region v where Nv = V, 

we get from equation (3.10) 

1 	( 	4ri 63  ) 
Eeff v 

(plane stress) 	(3.11) 

For plane strain conditions, Walsh (1965) derived 

- 	2Nc  3 2 II CT W
c 

_ 	(1-m2) 3E (3.12) 

So for plane strain one finds from equations (3.7), (3.8) and 

(3.12) 

41i / 2 ;3  1 
+ -7- 	) 	J (plane strain) 	(3.13) E

eff 

3.1.2 Closed cracks (Loading) 

A general expression for the effective modulus of a 
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body of volume v which contains a single closed crack 

oriented at an angle 	to the vertical can be found by using 

the reciprocal theorem as above. When a crack has closed, a 

shear stress 14  and a normal stress 	are imposed on the 

crack faces, figure (3.2). Applying the reciprocal theorem, 

we get 

( 
--'

u 
A
t 

+ 	tivfdA = Cr
u 'At 6o,  (3.14) 

where dA is an element area of crack surface and 8f is 

the relative displacement of crack faces. Since 

6 f 	Cr  U . L and 	
071, 

, equation (3.14) can be u - E E
eff 

 

written as 

1 	- 	
r 

1 	' 	4 	fdA — + (3.15) E
eff 	E 	du 6lv 

We have 

P' x. 	Cos2  

= 	CS-  Sin f3 CosiS 

and hence from equation (3.15) 

1 	1 Sin 	Cosi; fdA 
(3.16) E

eff C5  V 

Applying the same analysis used in the open crack 

case above, the strain energy (Wc) associated with a closed 

crack which undergoes sliding is given by 
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cr  , 

Wc 	2 
= 	Sin fi Cos o

f
dA (3.17) 

   

Assuming that the crack is closed for a-4 
small compared to 

and 	= 	071  where je is the friction coefficient, 

Walsh (1965) arrived at the following solution 

211 c3 	2Sin ()) Cos ( Sin Cos (1 - 	in2  )  w c _E (3.18) 

To find the total contribution to the strain energy 

of all the cracks, equation (3.18) is integrated, not over all 

orientations but over only those orientations for which sliding 

is possible. The appendix (A) shows that the sliding dis- 

placement 	is proportional to the difference between the 

applied shear stress on a plane parallel to the crack and the 

frictional shear stress. Thus, for sliding to take place 

f  > 0 or from equation ( A 3.12) (for 6  c 	0) 

Sin i(cos p - 	) > 0 

or 
tan < 
	

(3.19) 

So sliding occurs only for crack orientation up to 

the 'friction angle' tan-1(10P). 	Now the total strain 

energy due to cracks under plane stress is given by 

tan 1
( 1//),  ) 

w
c 
	2it a3 	,2 	Sin Cos( (Sin .Cost 

0 

Sin2lt ) . NCos(; 



or 
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2Ti ;3  (7-1 2  
c  

15E 
2 + 3µ,2  + 2tm

4  _ 2, 

( 1+/A2 )3/2  
(3.20) 

   

From equations (3.16) and (3.20), we get the effective 

modulus in the linear portion of the loading cycle for low 

crack concentration 

11 
E
eff 

=E 1 + ( 2 + 3)(m2  + 2/P4  2),)1 

15i7 	(1+ 2)3/2  

(plane stress) 	(3.21) 

11 
Eeff =E 

1 + 4Tt C3(1-m2 ) 	2 + A,62 214 

15;. 	L (1+?.2)3/2 / 	
- 2y,  

  

(plane strain) 	(3.22) 

3.1.3 Closed crack (Unloading) 

In appendix (A), it is shown that sliding occurs when 

the applied shear stress 	t is greater than the frictional 

shear stress 	f on the crack surface. Let us assume that 

these shear stresses have the values 't 	and 	when 

unloading begins. As soon as unloading begins, the direction 

of it 	changes as shown in figure (3.3). 	We can see that 

for sliding in the opposite sense to occur, the reduction in 

applied stress /its'  must be sufficient to overcome a 

frictional stress of magnitude 	The reduction in 

applied stress L1 6' results in reductions in applied shear 

stress and frictional shear stress 6 151  and A L. 
f.  

is clear from figure (3.4), sliding can occur only on 
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satisfying the inequality, 

A Ti 	21, f ' ) 0 

	 (3.23) 

The parameters of equation (3.23) can be related to 

the stress or" at which unloading begins and to the decrease 

in applied stress 4Scr' by using the analysis in appendix 

(A), we get 

= p 6,sin2(; 

&ft, f  = 1A-6'Sin Cos i6 

f  = per'Sin ros 

From equation (3.23) and (3.24) we get 

a--  / 	2/ tan!  
1+/A.taniS 

(3.24) 

(3.25) 

The equation (3.25) shows that except for 	= 0 and 

= 0, the right hand side is greater than mro. Since fr' 

must be greater than zero and since cracks oriented at 	= 0 

do not decrease the effective modulus, the conclusion can be 

made that cracks do not decrease the modulus because of sliding 

when the unloading cycle is begun. Thus the modulus during 

the initial stages of unloading is equal to the value obtained 

if the body contains no cracks. The slight strain remaining 

in the sample when the applied stress is removed entirely 

can be explained by noting that, according to the argument 

above, cracks which initially closed with a slight compression 
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due to internal stresses would not necessarily return to the 

same state at zero load. 

3.2 	EaFECT OF CRACKS ON THE COMPRESSIBILITY OF ROCKS 

In the previous sections, the effect of various types 

of cracks on the modulus of elasticity is analysed. To 

illustrate further the non-linear behaviour of rocks, the 

compressibility of rocks (K) is treated in terms of homo-

geneous material having different pores. During the studies 

of deformation of rocks, many authors have observed that the 

compressibility of rocks is not constant, but varies with 

pressure and the type of test (Adams and Williamson, 1923; 

Zisman, 1933). Compressibility of samples jacketed with 

material impervious to the pressurizing medium usually 

decreases markedly with increasing pressure, whereas com-

pressibility of unjacketed rocks is nearly constant*. 

Such behaviour is explained by saying that 'solid 

rock' is not solid at all but contains many small fissures. 

These flaws in the rock structure decrease the apparent 

moduli until reapplication of pressure to jacketed samples 

closes the flaws and makes the rock stiffer. When the rock 

sample is not jacketed, the fluid is free to enter most of 

the pores, the cracks have little tendency to close, and 

Actually, compressibility of single crystals and 
other non-porous solids changes slightly with pressure by 
a few per cent in 10 kb which we are ignoring at low stress 
levels (Clark, 1966). 
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measurement reflects the deformation of the rock grains, 

which are nearly perfectly elastic. The presence of flaws 

and their closing under pressure was first suggested by 

Adams and Williamson (1923) and offers qualitative explanation 

for the initial change in the elastic moduli with pressure. 

This is discussed further in chapter 4. 

A model as explained in the previous section is taken 

to evaluate theoretically the effects of cracks on the com-

pressibility of rocks. 

The compressibility of porous elastic material 

(K
eff) can be derived in terms of compressibility of solid 

material (K
s) and the rate of change of porosity (n) with 

external pressure (p). Considering a body whose external 

boundaries enclose a volume (V) containing cavities of total 

volume (V
c). Chree (1892) shows, using the reciprocal 

theorem, that the decrease in volume of the solid material 

.1T-Vc) due to an increase in pressure Ap is given by 

K
sapV. In differential form 

d(V -V ) K
s
Vdp 

or 

dV dVe = K + 
Vdp s Vdp (3.26) 

Assuming small strains so that V may be considered 

constant, the last term of equation (3.26) is the rate of 

decrease of porosity with external pressure. Using the 
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convention that an increase in porosity is positive, we get 

from equation (3.26) 

do K 	= K - -- 
eff s dp (3.27) 

Equation (3.27) is based on the requirement that the 

crystalline framework of the rock be linearly elastic and is 

independent of the shape or total volume of the pores. 

3.2.1 Spherical pores 

The simple case of a body containing spherical cavities 

is taken to illustrate equation (3.27). Consider the body to 

be separated into irregularly shaped regions, each containing 

one pore and each having the same porosity. Assuming that 

the distance between pores is great enough so that the stress 

at the boundary of each region is very nearly the same as that 

at the boundary of the body. Change in the volume (vc) of 

a small cavity due to the application of pressure (P) at the 

boundary of the body, can be determined from Lame's solution 

for thick walled spheres (Timoshenko and Goodier, 1951) by 

approximating the region by a sphere of volume (v') equal 

to that of the region. 	The tangential stress (6.--  ) at (DE) 

the boundary of the cavity (from Lame's solution) can be ex-

pressed in the following form 

( 2  ) 
v 	NJ)  -1 

v' (3.28) 

A The tangential strain is egg  = (1-m)0"- 
Q  
E  , and the 



K
eff 

- 	 
VPdP 

(KsVPdP + PdVc) 
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volumetric strain v - 3eee. 
c 

 

Thus, the fractional change in volume of the cavity 

for a differential change in pressure is 

dv
c - 9 dP 1-m 
v
c 	

2 E 	v
c 

1- 

The rate of change of porosity with pressure is 

do dv
c 	9(1-m)n 

dP = v'dP = - 2E 	1-n (3.29) 

From equations (3.27) and (3.29), we get 

1-m 
Keff Ks 	2 1-2m 

n 
1-n 

I 

(Taking K
s 
 3(1-2m)) E 

(3.30) 

3.2.2 Narrow cracks 

The effect of a random distribution of narrow cracks 

upon the compressibility of an elastic body is treated as in 

the spherical case, by first dividing the body into regions, 

each of which contains one crack. 

Rearranging the equation (3.21) into the following 

form 

or for a single region 
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Keff 	( Ksv'pdp + pdv
c 

/ v'pdp 
	(3.31) 

The first term in the numerator on the right hand side is the 

strain energy associated with the region if there is no crack 

and the second term is the increase in strain energy dWc  

due to the crack. The increase in strain energy due to 

cracks of different shape has been calculated for several 

cases - the penny-shaped crack by Sack (1946) and the elliptical 

crack in plane stress and plane strain by Griffith (1920). 

For very narrow cracks of half-length and half-depth c, 

with uniform pressure p on the region boundary, the ex- 

pressions are 

dW K  16(1-m2)c3  
c s 9(1-2m) P-P  

dW = K 4 Ti (1-m2)c3  c 	s 3(1-2m) 	PdP  

dW K 411 	c3 
Pap C 	S 3(1-2m) 

(penny-shaped) 

(plane strain) 	(3.32) 

(plane stress) 

For total number of regions (N) and defining an 

average crack length Z, where I\1 3  -  c3  and for an N 

average volume v, where N17 = V, the effective compressibility 

is found to be, from equations (3.31) and (3.32) 

16 (1-m2)3  ) K
eff 

=K 
 s 
(1 + 9 (1-2m)17 	(penny-shaped) 

K 	( 1+41 (1-m2)c-3  ) eff 
. K

s \ 	3 (1-2m)1 	(plane strain) 	(3.33) 

K
eff 

= K
s 	+ -5-(1,1-1.4 ) 	(plane stress) 
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The equation (3.33) shows that the compressibility of 

porous elastic material is higher than the compressibility of 

the solid material. But the real behaviour of sandstone 

studied in the laboratory indicates that after a certain stress 

level the compressibility of the porous elastic material is 

equal to its solid material. A better model is necessary 

to account the complex behaviour of porous elastic material. 

This is discussed further in chapter 4. 

3.3 	EF.bECT OF CRACKS IN ROCKS ON POISSON'S RATIO 

The model used for the determination of the effect 

of cracks and pores on the Young's modulus and compressibility 

is taken also to find the effect of cracks in rocks on Poisson's 

ratio. In view of the non-linear deformation characteristics 

of rock, it is necessary to define 'Poisson's ratio' (Walsh, 

1965) in the strain increment form as 

meff = - r4Lat/dt long 
	 (3.34) 

Since d6"  E - 
eff 	dE• long 

we get from equation (3.34) 

meff  - Eeff 	lat 
dE 	/d t5') 
	

(3.35) 

Now, the increase in lateral strain dg 
lat  due to 

an increase in stress de is found by using the reciprocal 
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theorem. Consider a body containing pores and cracks in 

contact to be subjected separately to two applied stresses. 

The first is a uniaxial compression in the x direction 

applied to the exterior of the body. The second is equal 

compression in y and z directions applied to the exterior 

and interior surfaces of the body so that the solid part is 

under uniform biaxial lateral compression. These stresses 

are illustrated in figure (3.5). 	For simplicity, the stresses 

and displacements in the z direction are omitted and only 

one void and one closed crack are shown. Considering the 

porous body to be a cube of unit dimensions, external forces 

and displacements may be replaced by stresses and strains. 

By visualizing figure (3.5) in three dimensions, we see that 

the uniaxial stress du-' produces a uniform displacement 

dE of the y and z faces, a displacement of d 	of the 

boundary of a pore, and a displacement of d(jf  of the boundary 

of a crack. The only displacement of interest produced by 

the uniform biaxial stress der 	is the displacement
u 

of the x face. The displacement d6 is neither normal 

to the pore boundary nor parallel to the direction of door'. 

dS y  and d 6 	 i6 are assumed as the components of d 	in the z 

y and z directions and dA and dA
z are taken as the y

normal components of a pore surface element. The stress 

dCF ' acting on the crack surfaces is decomposed into u com- 

ponents normal and parallel (el:
u) to the crack surface. 

The component di;12  is of interest and this for a crack at 



angle 	to the x direction is found from Mohr's circle 

to be 

di,'u  = Sin Cos16.  d 6-ti  

From the reciprocal theorem, the work done by the 

uniform biaxial stress d0 u'is 

2E longd  cr' u - 
c 
 dS yd 0 u' dAy  - d b zdo-ludA3 

+ 	d CS f  Sin A Cos (d cru 'dA 
	

(3.36) 

where dA is a differential element of crack surface area. 

The work done by d V acting through displacement dt u  

is 	d6 'd E. u. 	Equating the two, we get 

d cri — 	d 6 dik clo--td&u = 2E.  long—  u 	Y Y 
d b d5' dA z u z 

+ 	d (S f  Sin (..5' Cos d 0-  ' udA (3.37) 

From elasticity theory, 

d C u = - 2(m/E)d 6''u 	 (3.38) 

From equations (3.35), (3.37) and (3.38) we get 

2meff (c (d c) ydAy  + d S zdA j .. 
Eeff 

. 2m  7   j 	  
do- ' 

d 6 fSiq Co4 dA 
	d er (3.39) 
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For a body of volume V with many voids and cracks, equation 

(3.39) becomes 

2m
eff 2m 	

(a 6 ydAy  + d zdA z  
Eeff 	E 	Vd u' 

+ 0 
d 6 fSin; Cos dA 

cs' ( 3 . 0 ) 

From equation (3.6) and (3.16), the effective Young's 

modulus for a porous material of the type considered here is 

given by 

c1.6 dA 	d fSinf Cost dA 1 	1 	x 

	

E
eff 

= E 	Vdcr'
x 	

Vdcr 	 (3.41) 

From equation (3.40) and (3.41), we get 

1-2meff 1-2m 1 
Eeff 	E 	V 

d 6 x  dAx  + dg ydAy + d A Z z 
d Cr ' 

The summation term is the rate of change of the volume 

V
c of all cavities with stress, i.e. 

1-2meff 1-2m 1 dVc  
E
eff V dcrt (3.42) 

The rate of change of the volume of the cavities with 

uniaxial stress is one third that under hydrostatic pressure: 

dV 	dV c 	c 
dcr' - 3 dp (3.43) 



We have from equation (3.26) 

dV 
 K

eff 
= K - 

Vdp 

From equations (3.42), (3.43) and (3.44) we get 

3(1-2meff) K 
E
eff 	

eff 
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(3.1+1+) 

(3.45) 

The relationship between the effective elastic constants 

in equation (5.45) is identical with that for solid isotropic 

elastic bodies as might be predicted. The initial value of 

Poisson's ratio m
o 

can thus be calculated from the initial 

value of compressibility K0  and Young's modulus Eo  as 

follows 

1 
mo 	2 = — (1 - Eo  K

0/3) (3.46) 

It is already shown in equation (3.11) and (3.3) that 

the initial Young's modulus (Eo) and compressibility (Ko
) 

can be obtained from the relation 

   

4TT N-631 
3 

 

 

E
o E 1 

 

and 

   

(3.47) 
4  K

o = K 3(1-2m) V 

3.4 	DISCUSSION OF NON-LINEAR ANALYSIS 

From the above analysis, it is clear that the behaviour 
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of rocks is greatly influenced by the presence of cracks. 

Analysis of the effect of closing of cracks, the effect of 

relative motion of the crack surfaces due to sliding and the 

conditions under which the sliding takes place explains the 

deformation characteristics of the model which appears to 

correspond with the behaviour of many real rocks. 

Equations (3.11) and (3.13) illustrate that Young's 

modulus for an elastic solid containing cracks is less than 

that for an identical solid without cracks. The cracks close 

under increasing compressive stress causing an increase in 

modulus. During the loading cycle, sliding of crack surfaces 

past each other may take place after a crack has closed. 

Thus Young's modulus in the linear portion of a stress-strain 

curve after cracks have closed, expressed analytically by 

equations (3.21) and (3.22), is still less than that for an 

equivalent uncracked solid. 

Equation (3.25) shows that cracks which have under-

gone sliding do not immediately slide in the other sense when 

the load is reduced. Therefore, the unloading Young's 

modulus calculated from the initial unloading curve is found 

to be higher than the Young's modulus calculated from the 

linear portion of the stress-strain curve. The above facts 

have been further supported by the experimental studies in 

chapter 4. 

From the model studies, Walsh (1965) further suspected 

that strain in the unloading cycle can be retained through 
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friction at crack surfaces. This was tested by him with 

vibration at stages in the unloading cycle, while the sample 

was still loaded. He found that the strain in the sample 

had fallen at constant stress (figure 3.6) to nearly the same 

value as obtained in the loading cycle. Apparently the 

additional energy of the vibration was sufficient to overcome 

the friction at crack surfaces. The usual hysteresis loop 

can sometimes be almost eliminated by this procedure. Some 

of the test results reported by Nishihara (1957) and Mogi 

(1959) on sandstone and marble give additional support to 

the results analysed. 

To evaluate the theoretical expressions arrived at 

requires the 'average' crack concentration as expressed in 

the parameters c and v. Such information is not available, 

so the accuracy of predicted magnitudes of reduction in 

modulus due to cracks cannot be determined on an absolute 

basis. However, the behaviour of the model as discussed 

above can be compared in a qualitative way with the behaviour 

of natural rocks. 

From equation (3.33), it is observed that the com-

pressibility of rocks with different cracks varies as the 

cube of the average crack length. So the compressibility 

of rocks is strongly affected by the pressure of long cracks. 

Moreover, the effective compressibility in the case of plane 

stress and plane strain differ by (1-m2) (equation 3.33) 

and the results in both cases will differ by about 10%• 
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Such a difference is negligible in comparison with the overall 

level of approximation in the analysis. 
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CHAPTER 4 

EXPERIMENTAL STUDIES OF DEFORMATION OF A SANDSTONE 

4.0 	PREPARATION AND DESCRIPTION OF SPECIMENS 

The material tested was Bunter Sandstone*. Right 

cylindrical specimens of Ti" diameter were produced from quarried 

blocks of sandstone by use of a standard coring machine with a 

single core bit. The bit was of the impregnated diamond type 

and to reduce the possibility of bit damage, drilling was begun 

at medium speed until the bit was seated, after which the 

vertical alignment was checked and a higher rate of revolution 

was utilized until the drilling was completed. It was necessary 

to maintain a constant bit pressure to produce a smooth-sided 

straight specimen. The cores were then cut to the final length 

of approximately 3 inches with a diamond cutter fitted on a 

lathe. The ends of the trimmed cores were then ground plane 

Blocks of Bunter Sandstones were supplied by British 
Industrial Sand Ltd. from Moneys tone Quarry, Oakamoor, Stafford-
shire. The sandstone deposit is known geologically as the 
First Grit. This bed forms extensive outcrops to the north of 
the river Churnet disappearing under over-lying limestone, and 
to the south the bed dips away under over-lying shales. The 
bed has a maximum thickness of some 120 ft.; this thickness 
tapers away northwards across the outcrop. A typical chemical 
analysis is: 

Si02 . 98.5% 
Fe203 = 0.035% 
Cr203 = 0.0006% 
A1203 = 0.9% 
Ca0 	= Trace 
Na2 0 ) 

= 0.5% K20 ) 
Loss of ignition = 0.% 
(Smith, 1965) 

A study of several thin sections indicated an average grain 
size of 0.2 mm. 
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and perpendicular to the long axis using a rotary carburandum 

wheel. End parallelism to an accuracy of .004 inches, as 

determined with a 4 inch micrometer, was taken as acceptable. 

During the cutting, the blade was cooled with water which means 

that all  specimens tested have undergone at least two periods 

of wetting, one during drilling and one during cutting. 

The specimens thus prepared were then dried in an oven 

at 105°C for 24 hours. The porosities of the dry specimens 

were determined by the method described in a later section and 

the specimens were numbered as a means of control. 

The cylindrical specimens of 1i" diameter and 3 inch 

in length were then checked for homogeneity and isotropy by 

measuring the compressional wave velocity in orthogonal directions. 

No significant differences CI 5%) were observed in any of the 

specimens. It should be noted that this test does not preclude 

the existence of local variations of stiffness within the 

specimen. It is however sufficiently sensitive to pick out 

major departures from homogeneity and isotropy that are persistent 

through the specimen. 

The compressional wave velocity was determined along the 

axis of the cylindrical specimen and perpendicular to the axis 

of the specimen, using a commercially available device for 

testing concrete (Cawkell UCT2). In this apparatus a barium 

titanate trandsucer is excited to emit ultrasonic pulses in the 

compressional mode at a repetition rate equal to the mains 

frequency. The frequency content of the pulse can be varied 
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by use of crystals with differing resonant frequencies. The 

pulses, after transmission through the sample of known length, 

are detected by an identical transducer to that used for the 

transmission. The detected signal is displayed on a cathode 

ray tube, on which a series of time markers (10)V,sec.) are 

being generated. It is a simple matter to adjust the time 

instant of transmission on the cathode ray tube trace, make 

an allowance for the previously measured transducer delay and 

read off the time of travel of a compressional wave in the 

sample. The compressional wave velocity of the specimens 

were obtained and the results are shown in figure (4.3,b). 

As anticipated, (Viksne et al, 1961) the velocity decreases 

with increasing porosity. The apparatus has also been used 

in the study of longitudinal velocities in a clay by Morgenstern 

and Taylor-Smith (1964) and in rocks .by Ganguli and Banerjee 

(1960). 

4.1 	METHOD OF DETERMINING POROSITY OF ROCKS 

The porosity of a natural aggretate of solid grains such 

as sandstone is governed by grain size distribution, angularity 

of the grains, colloidal content and degree of compaction. 

Generally various gas expansion methods (Taliaferro et al,(1937), 

MacGee (1926)), have been used to determine the porosity of 

ceramic materials. In this study as well, apparatus has been 

constructed to find the porosity of the dry specimens using 

the pressure (P) - volume (V) relationship of gas such as air 
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expressed by Boyle's law (PV = constant). As there is hardly 

any change of temperature at the pressure at which the air was 

expanded, the correction factor for the pressure-volume relation-

ship expressed by Charle's law may be neglected. 

Figure (4.1) shows a diagrammatic sketch of the apparatus 

used to determine the porosity of a dry specimen. The specimen 

was connected to a mercury manometer. Initially, the pressure 

in the void space (VS) of the specimen and the void space 

(V0) over the left-hand side of the manometer were both 

atmospheric. The left and right hand limbs of the manometer 

were at B and A respectively. The specimen was then 

surrounded by a rubber membrane and sealed between the top 

and bottom caps with 0 rings so that no air could flow into the 

specimen. The right hand limb of the manometer was lowered to 

C. The left hand limb dropped to D so that there was a pressure 

decrease (LS-P) in the closed off pore space and an associated 

volume increase (71V) both which were readily measured. 

From Boyle's law, we have, 

PA (VS + V0
) = (P

A 
- Li P)(VS  + V0  + AV) 

or 

P V A6  V = 	- S 	0 (4.1) 

where V = the volume of air in the specimen 

V0  = the initial volume of air between the specimen 

and the manometer 

= the change in volume of air due to decrease in 
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pressure 3.P. 
P
A 

denotes the atmospheric pressure and /AP is the 

decrease in pressure in the sealed void space. 

In our measurements, 	was usually equal to 

P
A
/2 and then V is given by (from equation 4.1) 

Vs 	- Vo 
	 (4.2) 

Since V is volume of voids in the specimen, this 

volume divided by the bulk volume of the specimen and multiplied 

by 100, may be considered the true porosity expressed as a 

percentage. 

For the purpose of comparison, equivalent porosities 

determined by 48 hour water absorption tests were also determined. 

Since one hour water absorption tests are sometimes used as a 

classification index (Hamrol, 1957; Mayer, 1963), these values, 

called the alteration index, were also determined. Figure (4.2) 

illustrates the relationship between the porosities and alteration 

index obtained by the above methods. Though there is a good 

correlation between the alteration index and porosity obtained 

by the air expansion method, the range of values given by the 

former is small and, therefore, is not sensitive enough to take 

these values as an index of comparison. The values given by 

the 48 hour water absorption tests are also less sensitive. 

It is observed from the relationship, that the 48 hour water 

absorption method gave values about 2% less. This is undoubtedly 

due to not obtaining complete saturation. Further reference 
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to porosity will mean that found by the air expansion method. 

4.2 	EXPERIMENTAL APPARATUS 

4.2.1 Introduction 

Important advances and refinements of apparatus have 

developed in testing techniques during the past decades. In 

particular, the triaxial apparatus has been improved considerably. 

An extensive survey of the apparatus and testing techniques 

used in the field of rock mechanics has been given in several 

recent symposia (A.S.T.M., 1965; A.S.T.M., 1966). 	Bishop 

and Henkel (1962) give a detailed description of triaxial 

apparatus for the testing of soils. Bridgman (1923), Griggs 

(1936), Handin and Hager (1957), Wilhemi and Somerton (1967) 

and others have designed different types of apparatus to study 

the deformation of rocks under high pressure and temperature. 

Any detailed discussion of the apparatus designed by the various 

authors mentioned above, is beyond the scope of the thesis. 

It is most convenient to study many different aspects of rock 

deformation using triaxial apparatus which has axi-symmetric 

stress conditions. 

4.2.2 Uniaxial Compression Test Frame 

A photograph of the loading frame used for the uniaxial 

compression tests is shown in figure (4.3). The apparatus is 

designed for an allowance maximum load of 5 tons and the capacity 
of the proving ring used was 5000 lbs. It may be noted that 

the loading is manual. 
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4.2.3 Triaxial Test Apparatus 

The equipment used in the triaxial tests consiated 

basically of a triaxial cell, hydraulic pressure maintainers, 

instrumentation neccessary to measure the stress and strains 

involved and a loading frame to apply the axial loads. The 

apparatus used in these investigations is similar to that 

described by Bishop and Henkel (1962) and only slight modifica-

tion has been made to take the terminals of the strain gauges 

fixed on the specimens out of the cell. The figure (4.4a) 

indicates the different parts of the triaxial cell and the 

arrangement for the triaxial testing using confining pressures 

of 150 p.s.i. The triaxial cell consisted of a stainless 

steel cylinder 72 inches in length, machined from 4 inch 

0.D. stainless steel tubing. The wall thickness of the tubing 

available was - inch and the ends of the cylinder were machined 

on the inside to fit 0-ring grooves for standard ‘i inch thick 

tube (Webb, 1966). A cap of 1i inch diameter and 1 inch length 

was fitted to the recess of the pedestal which was screwed 

through the base of the cell. This was the main modification 

made to take out the terminals of the strain gauges fixed on 

the specimen, figure (4.4b). 

To use a confining pressure of 500 p.s.i. in the triaxial 

testing of the specimens, a high pressure generator system as 

developed by Skinner (1968) was adopted. Figure (4.4c) shows 

diagrammatically the arrangement of the high pressure system. 

To generate the high pressure the pump was started which gave 
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oil pressure and this oil pressure was kept constant at the 

required value with the help of an Amsler constant pressure 

spring loaded valve. This oil pressure was fed to a Budenburg 

dead weight pressure tester to measure the pressure supplied 

to the triaxial cell. 

The self compensating mercury control device (Bishop 

and Henkel, 1962) was used to hold the cell pressure constant 

for the tests carried out at a confining pressure of 150 p.s.i. 

Vigure(4.4d). 

The hydraulic pressures were measured on a Bourden-tube 

pressure gauge. The axial load was applied to the specimen 

manually and the load was measured by a high tensile proving 

ring with a total load capacity of 6000 lbs. A photograph 

of the triaxial apparatus with the proving ring is shown in 

figure (4.4e). 

4.2.4 Measurement of Strain 

Longitudinal and transverse strains of the specimens 

were measured by means of PIS-10* electrical resistance strain 

gauges cemented to the test specimens. 	Two strain gauges 

were mounted on the middle third and diametrically opposite 

each other along the length of the sample. A second pair 

PIS-10, polyester gauge of nominal gauge length 10 mm., 
nominal gauge width 1.5 mm., nominal resistance 120 st., gauge 
factor 2.07, base dimension 25 x 4 mm., is a type of resistance 
wire strain gauge which is composed of a grid of resistance 
wire and its supportihg base is impregnated with polyester 
resin. The gauges were cemented to the specimens with P-2 
adhesive and PS adhesive. Gauges and cement were supplied 
by Tokyo Sokki Kenkywjo Co. Ltd., Japan. 
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was mounted circumferentially in the middle of the sample to 

measure lateral strains. The two pairs of gauges were usually 

connected in parallel giving an average result. The strains 

were generally recorded by the strain indicator* in a Dill  bridge 

circuit, figure (4.5). However, it is necessary occasionally 

to read all gauges independently as a check on the homogeneity 

of deformation. Temperature compensation gauges were mounted 

on a dummy core. 

For the wet tests, special precautions had been taken 

to make the strain gauges moisture proof on all sides by coating 

them with a thin layer of P-2 adhesive and PS adhesive. 

P-2 adhesive helped setting in a brief time and PS adhesive 

made the gauges moisture proof. A photograph of a dry sample 

and a wet sample with the strain gauges is shown in figure (4.6). 

4.2.5 Checking of gauge factor 

The gauge factor of the strain gauges as supplied by 

the manufacturer has been checked with respect to whether the 

All strain measurements were made with either a Peekel 
strain indicator or a Budd strain indicator. These instruments 
are suitable for static determination and employ the null 
point method of measurement. In the Peekel type, two in-
dependent input circuits are provided and there are three 
independent circuits in the Budd type. These may be connected 
to two arm or four arm Wheatstone bridges and switched in as 
required. A channel switch balance unit is provided with the 
Budd strain indicator and this helps to read strain gauges 
in ten different channels independently. The Peekel strain 
indicator is designed for a fixed gauge factor of 2 and it is 
therefore necessary to correct readings according to the gauge 
factor of the strain gauges supplied by the manufacturing firm. 
The gauge factor for the Budd indicator is adjustable. 
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gauge factor is relatively constant under loading and unloading 

using a Lamb's roller extensometer. Lamb's roller extensometer 

consists of two elements which are readily clamped on opposite 

sides of the test piece. Each element is a complete extensometer 

in itself and may be used separately. But by using the two 

elements, the mean extension of the specimen is obtained, thus 

averaging any unequal strains due to non-axial loading or lack 

of homogeneity. Each element consists of two hardened and 

lapped steel plates having a knife edge on each; between these 

plates a hardened and lapped steel roller is inserted in such a 

way that as the specimen elongates the plates move relatively 

to each other, giving the roller a small rotatory movement which 

is strictly proportional to the extension. Each roller carries 

a mirror; the angular movement of which is measured by a 

telescope and scale. The telescope fitted with cross wires 

throws a beam of light on to one mirror which is reflected from 

the other mirror to a scale. The extension is given by the 

following expression, 

c . x 

1 D + 7 a 

where e = extension 

x = scale reading 

a = distance between mirrors 

d = mean diameter of the rollers 

c = d/4, a constant for each pair of rollers 

D = distance between mirror and scale 

The strains given by the extensometer and the gauges 

e - 
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during various loadings were recorded and the gauge factor was 

calculated. The ratio of the gauge factor calculated to the 

gauge factor supplied under various strains is plotted in figure 

(4.7) for the dry and wet tests. It was found that for all 

tests the gauge factor is sensibly constant. Moreover, for 

tests on dry specimens the value supplied by the manufacturer 

is correct. In case of wet specimens, the actual strains 

appear underestimated by about 5%. Since reproducibility 

is probably not attainable within this accuracy, the test data 

to be presented will not be corrected for it. 

4.3 	EXPERIMENTAL PROCEDURE 

In order to study the deformation characteristics of 

sandstone both dry and wet specimens were subjected to loading, 

unloading and reloading under uniaxial compression as well as 

triaxial compression using confining pressures of 0, 150 p.s.i. 

and 500 p.s.i. A series of unconfined compression tests was 

also carried out to find the maximum compressive strength of 

Bunter sandstone and the results are shown in figure (4.8). 

They reveal a significant decrease in strength with increasing 

porosity. 

The experimental procedure on the dry and wet specimens 

is best described by dividing the tests into three groups: 

(1) Uniaxial compression test; (2) Triaxial test using confining 

pressure of 150 p.s.i. and (3) Triaxial test using confining 

pressure of 500 p.s.i. In all tests loading was not carried 
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beyond an axial differential stress of 2200 p.s.i. because it 

was desired that no new crack be induced in the specimen. 

This stress was a quarter of the unconfined compressive strength 

of the material. There were eight cycles of loading on each 

test with an increasing stress increment for each cycle of 

approximately 275 p.s.i. The rate of loading on all tests 

maintained essentially constant and the duration of a complete 

test was about three hours. 

In the uniaxial compression test, the specimens with a 

representative range of porosity were subjected to cyclic loading 

and unloading. Stress and strains were recorded at approximately 

100 p.s.i. increments. 

In the case of the tests performed under a confining 

pressure of 150 p.s.i., the specimens were jacketed with a 

rubber membrane and the ends were sealed with 0 rings. They 

were then placed on the base of the pedestal of the triaxial 

cell and the leads of the strain gauges were taken out of the 

cell. The initial readings of the axial and lateral strain 

gauges were recorded. Then the cell was filled with water 

and hydrostatic pressure up to 150 p.s.i. was applied in incre—

ments of 25 p.s.i. At each increment the strain gauge readings 

were noted. The axial load was increased manually in steps of 

approximately 100 p.s.i. and the cyclic load history described 

previously was carried out. As before, the maximum compressive 

stress permitted on any sample was 2200 p.s.i. 

The procedure for testing the specimens under confining 
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pressure of 500 p.s.i. was the same as that described in the 

previous paragraph. It may be noted that the several pre-

cautions had to be taken to prevent the leakage of water from 

the cell along the terminals of the strain gauges. The holes 

along the side of the base of the cell were sealed with plasticine 

and covered with a thin copper plate. 

For the wet tests, the samples were kept under water 

for 48 hours. 

4.4 	DISCUSSION OF TEST RESULTS 

4.4.1 	Dry tests 

The test results which were obtained from uniaxial 

compression are plotted in figures (4.9) to (4.12). 	These  

results extend over a range of porosity from 10.0 to 16.6%*. 

The results of the triaxial tests using confining pressures 

of 150 p.s.i. and 500 p.s.i. are shown in figures (4.13) to 

(4.19). Some of these have also been duplicated. For the 

sake of clarity of presentation, not all cycles are shown in 

the figures. 

In order to compare the mechanical behaviour of specimens 

with each other, it is best to use a non-mechanical parameter 

and since the behaviour of sandstone is closely linked to the 

structure of the void space, porosity was chosen as an index of 

* 	More tests than are presented here have been carried 
out in this porosity range. They are not presented here since 
they provide no new information being repeats at porosities 
already quoted. 
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comparison. The results plotted in figures (4.9) to (4.12) 

illustrate that the degree of curvature of the virgin loading 

portion of the stress-strain curves varies with their porosity. 

The slope of the stress-strain curve for unloading is not the 

same as the loading cycle and the axial strain does not return 

to zero when the load is completely removed. As such, the 

three significant features of the stress-strain curves are 

non-linearity, hysteresis and the irrecoverable strain on 

unloading. All these characteristic features increase with 

increasing porosity. 

The non-elastic behaviour of the specimens as indicated 

in the uniaxial compression tests, is also observed from the 

triaxial tests of specimens of a confining pressure of 150 

p.s.i. The results indicate the relationship between porosity 

and the curvature of the stress-strain curve as well; but it is 

not so dominant as in the uniaxial tests. The triaxial tests 

using 500 p.s.i. as the confining pressure reveal that the 

specimens behave almost linearly after the first cycle of 

loading, there is practically no hysteresis and negligible 

residual strain after deviatoric loading. 

In the figures which pertain to the confined tests, 

plots are given which show the variation of both axial and 

lateral strain with increasing confining pressure. These 

relationships are generally non-linear. The near identity 

of axial and lateral strains during hydrostatic loading supports 

the isotropic behaviour of the sandstone noted earlier. The 
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other plot in these figures shows the variation of lateral 

strain with axial strain over the complete load history. Some 

hysteresis and irreversibility may be noted in their relation-

ship. 

Restricting consideration to the loading portion of 

the stress-strain curves obtained from the various tests, it 

is of interest to investigate the data within the framework of 

non-linear elasticity. The values of the tangent modulus of 

compressibility (K), were calculated at different stress 

levels and the relationship between K and the sum of the 

principal stresses (CT) is indicated in figures (4.20) and 

(4.21). 	It has been observed that the compressibility of the 

jacketed specimens decreases rapidly as CF increases. 

remains sensibly constant after a certain range of CT-  . 

Adams and Williamson (1923), Zisman (1933) and others have 

observed the same phenomena with many other rocks and minerals 

though generally at much higher pressures. They commented that 

the compressibility of jacketed specimens approaches asymptotically 

the compressibility of unjacketed specimens at high pressure. 

In the case of tests on crystalline rocks, these observations 

are consistent with the idea that a certain degree of porosity 

is associated with cracks along grain boundaries and that the 

large initial decrease in compressibility with pressure is due 

to the closing of these cracks (Birch, 1938). 

From the samples tested under the three groups of cell 

pressure, it is possible to isolate two families of tests with 
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porosities of approximately 12% and 15%. In the case of the 

15% family, data are available from all  these tests paths while 

only 2 tests paths are available for the 12% family. The 

variation of K with 0---  for the three stress paths applied 

to samples with a porosity of about 15% is shown in figure 

(4.21). It is noted that within the accuracy and reproducibility 

of rock testing a path-independent behaviour is found and the 

relationship between K and 0—  constitutes a real material 

property. To further support this finding, similar data for 

the 12% family is given in figure (4.20). Regrettably, only 

two comparable specimens were available in this case. 

It would indeed be surprising if, in the case of the 

confined tests, no effect in the change of compressibility 

occurred at the onset of deviatoric loading. Figures (4.22) 

and (4.23) show that the compressibility increases at this 

stage and hence the behaviour does in fact deviate from the 

path-independence noted above. This is due to the anisotropic 

response of crack closure. Generally, the effect is less than 

that shown in these figures and it disappears after a small 

deviatoric loading. While this constitutes a qualification to 

the conclusions described in the previous paragraph, it is not 

severe enough to negate the proposition that at a given porosity, 

there is a unique relationship between tangent compressibility 

and average principal stress. 

The variations of K with log Cr  for the 12% and 

15% families are shown in figures (4.24) and (4.25). 	While 
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there is some scatter in the data which is mainly attributable 

to the natural variation in the material and small scatter in 

the porosities, a straight line may be drawn through the data 

points as indicated. Over the stress range under consideration 

the compressibility converges on the value for quartz (Clark, 

1966). The variation of K with 0-  takes the form 

K = a - b Log 
	 (4.3) 

For the sandstone tested here, the slope of the line 

is closely related to the porosity of the specimen. Lines 

based on smoothed data and from uniaxial compression tests 

where families are not available are given in figure (4.26) 

for the full range of porosity. An increase in porosity 

coincides with a steeper slope of more compressible behaviour. 

Of particular interest is the convergence of all of the lines 

to the compressibility of quartz at a particular value of c 

(cr-). 	It is expected that this value of (..1-  will vary 

from rock to rock since it undoubtedly reflects the stiffness 

of the cementing material and the internal geometry. The 

termination of the compressible behaviour at the magnitude 

of the dominant mineral for increasing (5---  constitutes the 

end of only the first phase of a loading process to destruction. 

As V increases more stress will be generated in the cementing 

material and cyrstal grains which, even under an all round 

pressure, would lead to structural breakdown and an enhanced 

compressibility. Whether the new structure subsequent 
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loading would display a compressibility converging upon that of 

quartz is not known at present. 

It is of interest to note that at p, we have specimens 

with significantly different porosities each displaying essentially 

the same compressibility. This has implications for current 

theories of composite media which permit the calculations of 

material properties from those of any two phases composing the 

medium. The theories which deal with an elastic medium 

containing holes are applicable to our case (MacKenzie, 1950; 

Hashin, 1959; Holliday, 1966). For porosities greater than 

zero, these relations invariably predict moduli less than that 

of the host medium which vary with porosity. This conflicts 

with the observation of compressibility at or above CT-

which is equal to the host medium and is independent of porosity. 

The real behaviour of sandstone is clearly more complex than 

that considered in current theories of composite media. It 

seems that as the average stress is increased, deformation in 

the cementing matrix occurs until sufficient contacts between 

quartz grains are established to take all the applied stress. 

Since no new cracks are established, the cementing matrix must 

be relatively ductile and observations on the modulus of 

rigidity support this. Hence, at or above CT- , but below 

the hydrostatic pressure required to crack the matrix, the 

sandstone behaviour is dominated by the properties of quartz 

with respect to compressibility and by the properties of the 

cementing material and pore structure with respect to rigidity. 
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At least a three phase model is necessary to account for 

these features. 

The values of the tangent modulus of rigidity (G) 

are also calculated from the loading portion of the stress-

strain curves and they are plotted against 0—  in figures 

(4.27) to (4.29). 	During the uniaxial tests, it is found 

that as 0-  is increased, G also increases up to a stress 

level, CT-, of about 1600 p.s.i. after which G becomes 

constant. The same relationship between G and CT-  is 

also observed with the triaxial tests using a confining 

pressure of 150 p.s.i. The data from the triaxial tests 

with the confining pressure of 500 p.s.i. show that G is 

constant for the range of CT-  investigated. 	iJilhemi and 

Somerton (1967), observed the same phenomena on Bandra, Berea 

and Boise sandstone under different high confining pressure. 

In their case, as the confining pressure was increased the 

value of G also increased and they associated this with an 

increased strength of the samples. 

The variation of G with Cr for the 15% family is 

given in figure (4.28). 	It appears that the stress path now 

has some influence but it is of the same order as the natural 

variability of G at a given porosity. The constant value 

of G which is obtained at higher stresses is plotted against 

porosity in figure (4.30) for the different confining pressures. 

The influence of confining pressure is not clearly defined. 

The variation of G with 5 given in figures (4.27) 
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to (4.29) is much less than that of K. Certainly above 

42 --1L-1600 p.s.i., a material behaviour characterised by a 

non-linear K and a constant G is representative. Indeed, 

to a first approximation, this would be an acceptable 

characterisation over the whole loading range. Finite element 

calculations are, of course, not limited to such restrictions. 

With the preceeding observations, it may be concluded 

that the non-linear stress-strain relationship of sandstone 

is controlled mainly by the compressibility of the material 

until the compressibility of quartz is reached. At this 

stage the rigidity of the sandstone is about one tenth that 

of quartz so that the transmission of shear is controlled 

mainly by the cement matrix and pore structure. Further 

loading would at some stage initiate intergranular fracture. 

Porosity is the main factor that effects the characteristic 

features of non-linearity, hysteresis and irrecoverable strain 

on unloading of sandstone at low stress level. As the 

confining pressure is increased, the rock tends to behave 

more as a linear elastic material. This explanation was 

first suggested by Adams and Williamson (1923) and later Walsh 

and Brace (1965; 1967) investigated in detail the effects of 

the structural defects such as cracks and pores on the 

behaviour of rocks. It is observed during the uniaxial 

stress that at low stress the slope of the stress-strain 

curve is relatively low. An increase in the axial stress 

closes some of the cracks and the rocks become stiffer. So 
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beyond a certain stress level, the stress-strain curve for 

initial loading becomes approximately linear due to closure of 

the cracks with a high aspect ratio which are readily deformed. 

This closure stress varies with porosity as shown in figure 

(4.31). 	In some cases it may be possible to represent the 

non-linear deformation of a sandstone by using a bi-linear 

hysteretic model with the change in slope at this closure 

stress. 

The deformation of the specimens has been further 

analysed in order to explore the non-linear behaviour, by 

determining their energy dissipation properties under cyclic 

loading. If an element is at a given set of stresses and is 

subjected to unloading, the material properties during unloading 

will depend upon the amount of recoverable strain energy. 

For the tests reported here, the energy dissipated in each 

cycle of loading and unloading was computed from the stress-

strain relation of each specimen. Results are shown in figures 

(4.32a) and (4.33a), where the specific energy dissipation, the 

energy dissipated per unit volume (inch-pounds per cu. inch) 

is plotted against the maximum stress level of the cycle. 

The linearity of the relationship over most of the stress 

range is particularly interesting. The departure from 

linearity at high stresses in one case may be associated with 

the onset of new cracks if it is assumed that the linear 

increase of dissipation with stress is due to slip on pre-

existing cracks. It would be expected that for a given 
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confining pressure higher porosity specimens would be more 

dissipative and hence the slope of the stress-dissipation 

relation, which we call the dissipation factor, would decrease 

with increasing porosity. This has been observed for the 

tests reported here and the relation is shown in figure (4.32b). 

The application of confining pressure of 150 p.s.i. has little 

effect on the alteration of the stress-strain characteristic 

of the sample, as a result of which, the energy dissipation in 

each cycle of loading and unloading is comparable with the 

uniaxial tests. The relationship between the dissipation 

factor and the porosity observed from both series of tests is 

plotted in figure (4.32b) and the results confirm this point. 

The use of higher confining pressure (500 p.s.i) virtually 

eliminates the energy dissipation. 	It is likely that the 

cracks close and the normal pressure across them increases to 

such an extent that there is hardly any relative motion possible 

between the crack walls by the sliding of one face past the 

other. Hence there can be hardly any energy dissipation under 

these conditions of high confining pressure and low deviatoric 

loading. 

A few specimens were retested uniaxially about 6 months 

later in order to investigate the influence of elastic 

recovery of the set whose presence was suggested by Nishihara 

(1957). Their stress-strain curve on loading was much closer 

to the penultimate loading curve in the earlier test than to 

the initial loading curve. An example is given in figure 
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(4.34). 	This suggests that the time effects were slight and 

is not in accord with Nishihara's observations. If specimens 

with a set after unloading are subjected to vibration, some of 

the set is relieved (Walsh, 1965). Typically, four minutes 

of vibration produced 257' strain longitudinal expansion and 

20 JO- strain transverse expansion in the cases where this 

influance was investigated. The influence of vibration is 

probably to reduce the normal pressure on some locked cracks 

and allow slip to take place. The existence of the residual 

strain suggests that it is seldom possible to re-use specimens 

in experiments designed to study their deformation properties. 

The non-linear deformation of sandstone is illustrated 

more clearly in figure (4.35), where the tangent modulus from 

the uniaxial tests is plotted against stress for a range of 

porosities. Figure (4.35b) shows the variation of tangent 

Poisson's ratio for the same tests. The variation of tangent 

modulus with stress could be fitted with, say, a power function. 

In any case, in any attempt to solve a boundary value problem 

one is likely to use a piece-wise linear approximation to the 

real data. 

Walsh (1965) suggested that the tangent unloading 

modulus would be higher than the tangent loading modulus at 

the same stress level. This is corroborated in figure 

(4.36) which shows both unloading tangent modulus and 

Poisson's ratio plotted against the stress level for the 

same tests. 
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In discussing the influence of cracks in the uniaxial 

compression of rocks, Walsh (1965) also observed that the 

elastic modulus calculated from sonic velocities would correspond 

to some average slope of the stress-strain loop representing 

the dynamic loading. If this were so, the dynamic modulus 

should be closer to the tangent unloading modulus than the 

initial tangent loading modulus. Since, in our case, velocities 

were determined with no static stresses applied it is necessary 

to compare the dynamic modulus with the tangent moduli at 

zero stress. The static moduli were obtained by extrapolation 

in figures (4.35) and (4.36) to zero stress and are shown 

plotted against porosity in figure (4.37a). The variation 

in compressional wave velocity with porosity is shown in 

figure (4.37b). The, dynamic modulus is given by the formula 

V2P ( 1+m) ( 1-2m) 

	

ED = 	I  

144 g(1-m) 

Since only the wave velocity (v) and density of the 

	

specimens ( 	were known, it was necessary to assume the 

value of Poisson's ratio (m) in order to compute the dynamic 

Young's modulus. The dynamic Poisson's ratio for most rocks 

falls between 0.15 and 0.35 (Morgenstern, 1965; Fairhurst, 

1963; Judd, 1964). Calculations have been carried out for 

values of Poisson's ratio equal to 0.15, 0.20 and 0.35 and 

the resulting variation of dynamic Young's modulus with 

porosity are shown in figure (4.37a). The correspondence 
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with the unloading modulus is particularly good. Indeed, 

values obtained with Poisson's ratio equal to 0.20 fit the 

static unloading values almost perfectly. 

4.4.2 Wet Tests 

The wet tests of samples with a range of porosity 

from 11.0% to 16.3% were investigated in the three groups of 

cell pressure as indicated in the previous section and the 

results are plotted in similar ways as the dry tests for 

comparison. The results of the uniaxial compression tests 

are shown in figures (4.38) to (4.40). 	Figures (4.41) to 

(4.43) illustrate the results obtained during the triaxial 

tests using confining pressures of 150 p.s.i. and 500 p.s.i. 

The results plotted in figures (4.38) to (4.40) show 

also the three significant features of the stress-strain 

curves - non-linearity, hysteresis and irrecoverable strain 

on unloading. As before all these characteristic features 

increase with increasing porosity. In comparison with the 

dry tests, the results of the wet tests presented in the above 

figures show greater non-linearity, hysteresis and residual 

strain for a given confining pressure and porosity. Behaviour 

similar to that observed during the uniaxial tests, is also 

observed in the triaxial tests of specimens at a confining 

pressure of 150 p.s.i. and 500 p.s.i. as shown in figures 

(4.41) to (4.42). 	The use of confining pressure of 500 p.s.i. 

which brought a major change in the stress-strain relationship 
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of the dry samples, has much less influence on the behaviour 

of the wet samples although this observation is based on only 

one test. For a given confining pressure and porosity, it 

appears that both energy dissipation and irrecoverable strain 

are increased when specimens are wetted. 

The relationship between K and cr for the wet tests 

is illustrated in sigures (4.44) and (4.45). Like the dry 

tests, the compressibility of the jacketed wet specimens 

decreases rapidly as 0-  increases. K remains sensibly 

constant after a certain range of 0-- . The figures illustrate 

also that the wet samples were more compressible initially 

than the dry tests. It is important to note that the path-

independent behaviour which is found during the dry tests of 

the samples, is not observed in the case of wet tests. The 

above conclusion is made from only two comparable specimens 

having the same porosity of about 15.0%, which had been tested 

under confining pressures of 0 and 150 p.s.i. The uniaxial 

test results given in figure (4.40) show that the sample failed 

after the application of only 1400 p.s.i. load and the sample 

was also incompressible prior to failure. As a result no 

unique relationship between K and (-3" can be found. 

However, more extensive tests on wet samples must be performed 

before clear conclusions can be drawn. 

Figure (4.46) illustrates the variation of K with 

log Cr-  for the different test results. The compressibility 

of each sample tested also converges on the value of quartz; 
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but the unique result of the dry tests, the convergence of all 

the lines to the compressibility of quartz at a particular 

stress level, is not observed here. Though there is high 

initial compressibility of the wet samples, the slope of the 

lines gradually becomes less steep than the dry specimens for 

a given confining pressure and porosity. The slope of the 

line like the dry tests, is closely related to the porosity 

of the sample and equation (4.3) can be fitted to the above 

results. 

The values of G are also calculated from the loading 

portion of the stress-strain curves and figure (4.47) indicates 

the relationship between G and Cr  for the different tests. 

Like results of dry tests, G increases up to a stress level 

as Cr increases during the uniaxial tests. But G is 

found to be constant during the triaxial tests with confining 

pressures of 150 p.s.i. and 500 p.s.i. 	The range of values 

of G during the wet tests is much less than that of the dry 

tests. 

The non-linear deformation of the wet samples has 

been further analysed also by finding out the energy dissipation 

properties and it is observed that the wet specimens were more 

dissipative and there is some departure from the linear 

relationship, figures (4.48) and (4.49). 	The relationship 

between the dissipation factor and the porosity from uniaxial 

tests and triaxial tests is plotted in figure (4.48b). 	The 

results indicate greater energy dissipation than the dry tests. 
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A possible explanation of such behaviour will be, the crystal 

grains are becoming detached at their grain boundaries during 

wetting, as a result of which there is more internal friction 

between the grain boundaries or the crack surfaces. Hence 

greater energy dissipation and non-elastic behaviour will be 

exhibited. Moreover, the compressive strength of the wet 

samples was greatly reduced and some of the specimens failed 

after the fifth cycle of loading (about 1600 p.s.i.). Colback 

(1965) studied the weakening influence of moisture on the 

compressive strength of rock and he suggested that it was 

due to the reduction of molecular cohesive strength of the 

material. The data presented here shows that the presence 

of moisture weakens the intergranular bonds. 
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CHAPTER 5 

FINITE ELEMENT METHOD  

5.0 	INTRODUCTION 

The 'finite element method' is a general method of 

structural analysis in which a continuum (or solid) is re-

placed by a finite number of elements interconnected at a 

finite number of nodal points or nodes. With this idealisa-

tion, a problem in continuum or solid mechanics is transformed 

into a related problem for an articulated structure to which 

the standard matrix method of structure analysis can be applied. 

From the historical standpoint, Clough (1960) first 

introduced the term 'the finite element' and he presented the 

triangular and rectangular plate elements in plane stress 

analysis. 	However, in 1941 Hrennioff illustrated the idea 

of approximating a continuum by the assembly of a finite 

number of discrete structural members. The analogy was not 

correct and from the practical point of view, it was not 

possible to solve a large number of equations at that time. 

Gradually the development of high speed digital computers 

motivated renewed and more extensive development of numerical 

methods. 	Argyris (1954; 1955) provided the most general 

approach to the computer analysis of structures. Turner, 

Clough, Martin and Topp (1956) introduced the methods of 

calculating stiffness influence coefficients. Martin (1961) 

presented a more direct approach for the calculation of 
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stiffness of a triangular element in a plane stress problem 

of elasticity. 	Finally Wilson (1963), de Veubeke (1964; 

1965), Clough (1965) and Zienkiewicz (1967) presented the 

finite element procedure, its applications and different 

practical solutions of engineering problems. 

Thus, the finite element method involves not only the 

new idea of structural approximation of the continuum, but 

also the use of two or three dimensional elements. Using 

such elements, the structural idealisation is obtained merely 

by dividing the original continuum into segments of approximate 

sizes and shapes, all the material properties of the original 

system being retained in the individual elements. This 

capacity for treating arbitrary material properties is one of 

the principal attributes of the finite element method. 

5.1 	BASIS OF THE FINITE ELEMENT METHOD 

There was some criticism at the time of the early 

application of the finite element method because of its 

apparent lack of a sound theoretical basis. However, theoretical 

studies by de Veubeke (1964; 1965), Jones (1964) have now 

shown that the finite element technique can be developed in 

terms of variational considerations. From this standpoint, 

the finite element technique can be classified into three 

categories: 

(i) 	The displacement models: This method is based on 

parametric displacement fields ensuring compatibility of 
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deformations both internal to the elements and across their 

boundaries; but does not satisfy equilibrium across element 

boundaries. It is generally known as the displacement method 

or the direct stiffness method. 

(ii) The equilibrium models: These models based on stress 

fields satisfy internal equilibrium and continuous stress 

transmission but not compatibility. 

(iii) Mixed models called 'Hybrid' which do not necessarily 

satisfy either compatibility or equilibrium. 

This classification identifies the basis of the dis- 

placement models as the principle of variation of total 

potential energy and that of equilibrium models as the 

principle of variation of complementary energy (de Veubeke, 

1965). A general formulation for the mixed models in which 

both stresses and displacements can be varied independently 

was described by Jones (1964). 

De Veubeke (1964) proved that the displacement and 

equilibrium models, respectively, yield lower and upper 

bounds on influence coefficients, i.e. a displacement solution 

underestimates the generalized displacements while an equilibrium 

solution overestimates them. 

The equilibrium method is generally not used due to 

its difficulty in forming the stress functions. In practice, 

the usual method the displacement models is utilized with 

minimum size of elements to approach the true representation. 
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5.2 	THE DISPLACEMENT METHOD 

In this study the displacement or the direct st1ffness 

method has been used. Briefly, the method involves the 

following steps: 

(I) 	Structural idealization. 

(ii) Evaluation of the stiffness matrix of the individual 

elements which is expressed in any convenient co-ordinate 

system. 

(iii) Superposition of the individual element stiffnesses 

contributing to each nodal point in order to generate the 

stiffness matrix of the system or the total assemblage nodal 

stiffness matrix. 

(iv) Formulation and solution of the equilibrium equations 

at each nodal point consistent with the imposed loads or 

displacements in order to find the nodal displacements. 

(v) Calculation of the stresses in the elements from the 

computed nodal displacements. 

These steps can be applied directly if the material 

is elastic because the stiffness matrix which depends on the 

elastic constants and on the geometry of the assemblage only 

is constant. The entire prescribed loads can therefore be 

applied to obtain the nodal displacements, from which the 

stresses and strains in the elements can be computed. 

However, if the elastic constants of the material 

are not constant at different stress levels or in other words 

the behaviour of the material is a non-linear one, a new 
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stiffness matrix based on the current stress levels in the 

elements must be computed. In this study a method has been 

developed to handle the non-linear material properties and it 

is discussed in the following chapter. 

The procedure for generating the stiffness matrix of 

a configuration consisting of triangular elements which are 

the most convenient ones in our studies, is well documented 

(Clough (1965), Zienkiewicz (1967)). 	The whole procedure 

is briefly recorded here merely for completeness. Notations 

and technique generally those of Clough (1965) have been 

adopted. 

5.3 	STIFFNESS MATRIX OF THE ELEMENT 

The first step in the development of the stiffness 

matrix of a typical element in -the displacement analysis is 

to assume a general form of the displacement functions subject 

to the requirement that they are continuous throughout each 

element as well as across the boundaries. These functions 

can be quite arbitrary in general. But a linear displacement 

function has been used in most studies. This linear dis-

placement field is defined in terms of U(x, y) and V(x, y) 

by equations of the following form 

U = o<1  + 2
X + 

3
y 	 (5.1) 

v 	+ 5  0< x + o( 6Y (5.2) 
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in which U, V are the generalized displacements, ck 1' 

6 2' 	3' 	' 	5' 
c>(. 	are the constants and X, Y 

4  

are the co-ordinates. 

The geometry of a typical triangular element is 

defined in figure (5.1). This linear displacement field for 

the element has the results that the U and V displacements 

at the nodes completely specify the configuration of the de-

formed element. Moreover, by maintaining the continuity of 

the nodal displacements in the assembled system, continuity 

across the boundaries is automatically satisfied. Hence the 

assumed displacement function conforms to the requirement of 

complete compatibility. 

Each node of the triangle (in plane deformation) has 

two degrees of freedom, the displacement in the x and y 

directions respectively. Therefore for the whole triangular 

element, there are six degrees of freedom; hence six 

generalized constants because it is desirable but not essential 

that the number of unknown coefficients in the assumed dis-

placement functions be equal to the total number of degrees 

of freedom of the element. 

From figure (5.1) introducing successively, the nodal 

co-ordinates into the set of expressions (5.1) and (5.2), the 

generalized constants can be expressed in terms of the nodal 

displacements and the geometry of the element. Thus 
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(5.3) 

in which U., 'V.
a. 
 etc. refer to the nodal displacements and 

a.  

X
1
., Y.

1  etc. refer to the nodal co-ordinates as shown in 

figure (5.1), or in symbolic form 

L6]\__01\ 
or 	

= LA 11 L61 	 (5.4) 

The strains within the element (assumed to be uniform) 

can be obtained from the assumed displacement field, equation 

(5.1) and equation (5.2), by considering the basic definitions 

of strain. 
1 

x 
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'v •u 
b x 	y  

O 1 0 0 0 0 

O 0 0 0 0 1 
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(5.5) 
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or in symbolic form 

U. = CIB1[-(3 
	

(5.6) 

or 	

LE1  = -B] LA 1-) -cb] 	 (5, 6a) 

The stress can be expressed in terms of the strain 

using the stress-strain relations of the material (assuming 

plane strain) 	 - - 	- 

1 m 0 1-m 

m 1 0 
1-m 

1-2m  0 0 
2(1-m) 

E(1-m) 
- (1+m)(1-2m) 

.. 
Y (5.7) 

'17 xy 
.14 

in which E is Young's modulus and m is Poisson's ratio or 

in symbolic form 

[5-1 . Ncel 
or 

[0-3 = OD] V_B --i[s.--Q 
	

(5.8) 

Substituting equation (5.6a) 

EC5-] = ED] Di L A 1] [ (5.9) 

The specific elastic characteristics of the finite 

element material are represented by this stress-strain matrix 

LT)] 
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The stiffness matrix of the element is then obtained 

by introducing a virtual displacement and applying the 

principle of virtual work (Clough (1965)). The internal 

virtual work dw
1 

of any differential volume dv of the 

element is given by the product of the actual stress CY and 

the virtual strain 	through which they move 

rT 
dw1  = 	0-dv (5.10) 

The substitution of equations (5.6) and (5.8) into 

equation (5.9) yields 

dw1 = 
0(T

B
T
DB

ots
dv 
	

(5.11) 

in which '1°4- represents the virtual generalized co-ordinate 

displacements associated with ( . The internal virtual 

work 

w = 0(11[ 	BTDEdvick 
	

(5.12) 
of 

(c4 and ( are extracted from the integral because they 

are independent of x and y co-ordinates). 

The external work associated with the virtual 

generalized displacement ok is given by 

w
E   = °J ig 	 (5.13) 

where ig represents the generalized force components. 
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Introducing a unit value of the virtual displacement 

components in sequence, from the principle of virtual work, 

it follows that 

w = E WI 

and 

BTDBdvAc 

vol 

or 

(5.14) 

By definition V_K] is the (6 x 6) stiffness matrix 

for the triangular element and is given by 

K = 	B
T
DBdv 
	 (5.15) 

vol 

To get the relation between the nodal forces and the 

nodal displacements, the stiffness matrix of the element is 

transformed to the nodal point stiffness, K with the standard 

co-ordinate transformation in which the transformation matrix 

CA-1] relates the generalized co-ordinates 0( to the nodal 

point co-ordinates 6 as shown in equation (5.4). Thus 

nodal point stiffness, 

= [A-1 I - 1] [K] LA 	 (5.16) 

The steps leading to the value of K or K are seen 
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to be purely standard matrix multiplication with the exception 

of the required inversion in equation (5.4). 	A general ex- 

pression is obtained in appendix C for the nodal point stiff-

ness of the triangular element and this expression has been 

used directly for the calculation of the nodal point stiffness 

from the geometry of the element and the elastic parameters 

avoiding the long process of matrix multiplication and in-

version. 

5.4 	ASSEMBLAGE OF STIFFNESS MATRIX OF THE ELEMENT AND 

FORMULATION OF EQUILIBRIUM EQUATIONS AT EACH NODAL 

POINT 

After obtaining the stiffness matrix for the elements, 

superposition of the individual element stiffness contributing 

to each nodal point is done and the equilibrium equation is 

generated at each nodal point to get the relation of nodal 

point forces and nodal displacements. 

In this study the continuum is idealized as shown in 

figure (5.2). 	For simplicity, the assemblage of the stiff- 

ness matrix at any nodal point and the equilibrium equations 

are formulated by the following procedure. 

For any nodal point A, figure (5.2), the forces 

applied in the X direction and Y direction are (say) 

F and G respectively and let us assume f and g are 

the internal forces in an element in the direction of X 

and Y respectively. 
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where K
11 	K66 are the nodal point stiffness coefficients 

obtained from the equation (5.16). 

The equilibrium equation at the nodal point A in 

the U and V directions are 

F = fK + fL  + k + fN. + 	+ f9 j 	k  

KLMNPQ G = gj  + gk  + gk  + gj  + gi  + gi  

(5.18) 

(5.19) 

in which the subscript refers to the nodes and the power refers 

to the element. 

From equation (5.17) we have 

F = K21  UK  
KK  UK 4. KK K 4. KKh vK .4. KK vK 

21 1 	 2 j 	23 	2-1- i 	25 j 

• KK _K KL  1.11.' + KL  UL. + KL uL 4. 
 KL Vi 

+ K35 VL + KLu vk 
 4 K3

1  UM
I  + K32 UM  + KM3  Uk  

+K34  Vivii  + KM  VM + KM6  VMk 	2 
+ KN  UN KN  UN 35 j 	3 1 1 + 22 j 
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+ KN UN  + KN vi  + KN  VN. + KN  VN  + KP  UP  

	

23 k 	24 I 	25 j 	26 k 	11 i 

+ KP  UP. + KP  UP  + KP  VP + KP  VP + KP  VP  

	

12 j 	13 k 	14 i 	15 3 	16 k 

+ Kg g 	 Q Q u: + KQ  u9 + KQ uQ + KQ v9 + K V. 

	

11 1 	12 j 	13 k 	14 	15 3 

+ KQ  0 16 k 

From compatibility condition, we obtain 

	

U1 =Ui= u. 	• 	 i5 v = 	= V1  

	

U2 	

1 1 1 

	

U = UK  UN 	VK  VN 

	

2 	k 	1 	, 	k = 1 = V2 

111  = = 	= 	= 	= 11.  = U3  

1/ = VL  - VM  - VN  - P 	g 

	

3 	k -  k -  j - Vi = Vi = v3 

	

u4 = u/: = e 	; 	1/1! . vm  = v 
3 	1 	4 

U7 

	

UN  = uP 	vN  = vP  = v ; 

	

7 k k 	k k 7 

U = U .P  = UQ ; 	VP  = Vg  = v 

	

6 	k 	j k 6 

	

u = ulf  = u9 	; 	li• vm = 	= v 

	

5 	J 	J 	i 	J 	5 

(5.20) 

(5.21) 

From equation (5.20) we have 

LM P F = (KK 
1 	3 
+KL 

1  ) U1  + (K22 + K33 + K33 + K22 + K11 2  

+ K9  ) U3  + (KK  + KN  U2  + (KL  + K31  ) U4  

+ 

23 21 	32 	4 

+ (K32 
	1 
+ Kg

2  ) U5  + 23 	1 
+ KP

3  ) U7 	1 + (KP2  + K 3  ) 

M 	 N U6  + (44  + K34) V1  + (45 	3 KL 	K
6 	 6 K25 

+ KP4  + K‘,14) v3  + (46  + 024) v2  + (KI5  + Kiv314) 

V + (KM  + Kg V5  + (KN  + KP  ) V + (K P5  35 15 	26 16 7 15 

+ K16) V6 
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or 	F = UU U
1 
+ U

O 
U
3 
+ UL 

U
2 
+ UUR u4  + UR U

5 

+ UDL u7  + UD u6  + vu vi  + vo  v3  + VL  V2  

+ VUR v4  + VR v5  + VDL v7  + DD  v6 	(5.22) 

Similarly we get 

G = UU' U1  + U' U3  + U' U2 	+ UUR' U4 
+ UR' U5  

   5 

+ + UDL' u
7 

+ may U
6 
+ VU' v

1 
 + Vo 

 V3  + VL' V
2 

+ VUR' V4  + VR' V
5 
 + VDL' V

7 
+ VD' V6 
	(5.23) 

The convenient way to obtain the superposition of the 

nodal stiffness coefficients U0  ... VD and 116 ... VD' in 

the equations (5.22) and (5.23) has been recorded in the 

appendix D describing the computational analysis. 

5.5 	RESULTS OBTAINABLE FROM THE SOLUTION OF THE EQUILIBRIUM 

EQUATIONS 

From the equilibrium equations (5.22) and (5.23) 

formed at each nodal point, the nodal displacements in the 

directions of X and Y are obtained. And by using 

equation (5.9) or directly the equation (A5.13), the stresses 

in the elements can be computed. 

5.6 	METHOD OF SOLUTION OF EQUILIBRIUM EQUATION 

For most practical problems, equations (5.22) and 

(5.23) represent a system of several hundred equations. 	The 
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major difficulties which are encountered in a direct solution 

of such a large set of equations are that a big storage is 

required and the time of solution is increased enormously with 

the number of equations. For these reasons, an iterative 

method has to be used to solve such a large number of simultaneous 

equations. It has been found that the well known Gauss- 

Seidel over-relaxation iteration procedure is best suited to 

tackle such equations. 

In this study the digital computer IBM 7090 has been 

used to solve these equilibrium equations by the Gauss-Seidel 

method. The Gauss-Seidel procedure is merely a systematic 

relaxation technique for solving the linear equations (Varga 

1962; Khabaza, 1963; Faddeeva, 1959). 	The set of equilibrium 

equations to be solved at each nodal point can be written in 

the form 

1 X
1 = 	(10

1 ) al 1 	a12X
2 - a13X3  	ainXn 

X
2 	1 (b

2 - a21
X1 - a23X3 	a2nXn 	(5.24) a22  

1 
Xn 	a (bn  - an1

X1 ann-1Xn 

An initial approximation to the solution is taken 

as 

X
1  = 
	X 	--E. 	 X

n 
= a

l 1 2 - 22 

bn 
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The next approximation is obtained by substituting 

these approximations into the right hand side of equations 

(5.24). 	The process is continued until successive approxima-

tions for all unknolm are within some preset tolerance. 

5.7 	OVER-RELAXATION FACTOR AND ERROR CRITERIA 

The rate of convergence of the Gauss-Seidel procedure 

can be greatly accelerated by the use of an over-relaxation 

factor (Lehman, 1960). 	After each iteration, the change in 

the displacement of a nodal point is calculated and then the 

over-relaxation factor is applied. 

Suppose after S cycles of iteration, the change in 

displacement (r,) at any nodal point n 

(S) _ r  (S) _ r (S-1) 
n 	n 	n  (5.25) 

The new displacement of nodal point n is then 

determined from the following equation 

r
n
(S+1) = r

n  S  + (;) z.\rnS 	(5.26) 

where 	is the over-relaxation factor. 

The rate of convergence for a particular solution 

depends greatly on the selection of the over-relaxation factor. 

It has been shown in figure (5.3) how the convergence of a 

particular solution in the study has been obtained with the 

minimum number of iterations. Moreover, it has been found 
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in our solutions that the over-relaxation factor between 1.5 

- 1.6 gives the best convergence. 

In the solution of a given problem, the main error 

lies in the solution of the simultaneous equations (equations 

(5.22) and (5.23)) to determine the nodal displacement. By 

experimenting with different tolerable relative errors, it 

has been concluded that a relative error of .5 x 10-5  gives 

good results. The number of iterations required to reduce 

the relative error depends on the characteristics of the 

problem, mesh size and the boundary conditions. 

The influence of error on the results is investigated 

by a flexible strip loading case on a homogeneous material 

with assumed elastic properties. When the error is reduced 

from 10-3 to 10-5, there is hardly any change in results (up 

to the third decimal point). But the number of iterations 

is increased enormously which can be seen from figure (5.3) 

in which the relationship between the error and the iteration 

is plotted. Even with the optimum over-relaxation factor of 

1.5, it took approximately 100 iterations to get the results 

within the relative error of 10-5, whereas an accuracy of 

10-5  is obtained with about 300 iterations. So, for the 

efficient numerical solution of a problem, the preset tolerance 

to get the convergence has to be examined properly. 

5.8 
	

INFLUENCE OF MESH SIZE 

In order to investigate the influence of mesh size 
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on the accuracy of results, the author solved a flexible 

strip loading problem in an elastic medium with different mesh 

sizes. The three different mesh sizes are denoted A, B 

and C, figure (5.4). 	The mesh size 'A' consists of elements 

of uniform area. 	The mesh size 'B' and mesh size 'C' are 

made of graded elements. But the mesh size 'C' contains 

more nodal points at the regions of high stress gradient in 

comparison with mesh size 'B'. 	Figure (5.5) shows the 

vertical stresses obtained at the centre line of the loading 

by the use of different mesh sizes and the results are compared 

with the elastic solution. 	It is observed from the results 

that there is hardly any difference between the results of 

mesh size 'C' and the elastic solution. Thus as the mesh 

size is refined, the results converge to the true solution. 

It may be noted that the computer programme developed can be 

used for as many nodal points as desired. 

5.9 	STRESS AMBIGUITY 

Equation (5.9) can be used for the determination of 

stresses in the element. This equation can be written as 

where 

fr3 
=CS] 

{(71 	= stresses in element 

 



= nodal displacements for triangle 
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= the so-called stress matrix and depends on 

nodal co-ordinates, Young's modulus and Poisson's ratio. 

Since stresses and strains are constant within any 

given triangle, discontinuities in these terms will occur 

across common edges of adjacent triangles. Hence ambiguity 

arises in interpreting stress data and plotting results. 

The computed nodal point displacements are unambiguous, but 

considerable difficulties may be encountered in plotting and 

evaluating stresses at a point unless a very fine mesh is used. 

Moreover, the stress ambiguity cannot be removed in the stiffness 

finite element method. But various methods may be developed 

to get nodal point stresses. 	Wilson (1963) suggested a 

'weighted average' method which can be used to determine nodal 

point stresses. The method involves the following calculations 

to determine the three components of stress at point i 

figure (5.6). 

a(n)  0- (n) 

a
(n)

+b
(n) 

x n 
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(n) 
(n) 

Cr-3r = 
Sy n a(n)+b(n) 	y 

xy =  N 
n 

c-1  (n) 
xy 

where 

(n) 
a 

 

b(n) 

= Xk(n)  + X.(   n) 

(n) 	(n) 

- 2X.  

S
x 

c:  

Y
k 	+ Y. 

a
(n) 

- 2Y.  

a(n)+b(n)  

b(n) 

Sy = /— a(n)+b(n)  

The summation is performed on all N elements 

connected at nodal point i. 

Generally (Zienkiewicz, 1967) the stresses are assumed 

to concentrate at the centroid of each triangle from which the 

nodal point stresses are calculated. The author has applied 

the method of averaging the element stresses of all stresses 

connected to the nodal point. Figure (5.7) shows a typical 

nodal point 'A' and the stresses at the nodal point 'A' 

are obtained by taking the average stresses contributed by 

the elements 1, 2, 3 and 4. Such averaging gives better 

results than the methods mentioned above. Recently Argyris 

(1965) has suggested the introduction of three more nodal 

points on the sides of the triangle and a linearly varying 

strain distribution in the element. This will produce better 
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results than the elements with constant strain and stress, 

particularly in the case of problems involving large stress 

gradients. 

5.10 	LAYERED SYSTEM 

A two layered problem under a flexible strip loading 

figure (5.8a) has been solved. 	The elastic properties assumed 

are shown in the figure. The stresses obtained at different 

points are compared with the closed form solution given by 

Lemcoe (1060). 	From Fig. (5.811;)it can be observed that there 

is a great difference in results, especially at the interface 

of two layers. It can only be commented that this finite 

element technique (displacement method) does not give good 

results in the solution of such interface problems. Higher 

order approximations are necessary. Alternatively, a finely 

graded mesh on the interface will give more sensible results. 
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CHAPTER 6 

SOLUTION OF A BOUNDARY VALUE PROBLEM BY THE FINITE  

ELP,MENT METHOD USING NON-LINEAR STRESS-STRAIN RELATIONS  

6.0 	INTRODUCTION 

It has already been mentioned that the solution of most 

boundary value problems with non-linear material properties, 

is virtually impossible using classical methods. However, 

the development of the finite element method and other methods 

of analysis using digital computers now makes the solution of 

non-linear problems tractable. The finite element method 

which is discussed in the previous chapter, is extended in 

this chapter to the considerations of non-linear problems. 

A boundary value problem is formulated and solved with assumed 

non-linear material properties. The assumption of the 

material properties is guided by the observations discussed 

in chapter 4. 

Clough (1965) has commented on the extension of the 

finite element method to treat non-linear material properties. 

Further, Clough and Woodward (1967) showed that the incre-

mental construction history can be conveniently accounted 

together with the effect of non-linear properties. 	Wilson 

(1964) suggested two possible solution techniques called a 

step-by-step procedure and a trial and error procedure which 

may be used for the finite element analysis of two-dimensional 

structures with non-linear behaviour. The step-by-step 
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procedure involves the replacing of the non-linear analysis 

by the sum of a sequence of piece-wise linear analyses, each 

subjected to a small increment of load. In the trial and 

error procedure, the equilibrium position of a structure 

subjected to a given set of loads may be determined by a 

trial and error procedure. 	In this case the structure is 

solved repeatedly until the final geometry and stresses agree 

with the assumed geometry and stresses. A similar trial and 

error process is applicable with non-linear material properties. 

King (1965) and Raphael and Clough (1965) used the 

incremental procedure mentioned above for the analysis of 

temperature and creep effects in the construction of concrete 

gravity dams. Another method is used by Reyes (1965) for 

the determination of stresses around underground openings 

where the material behaviour is elastic-plastic. This 

method also involves the incremental process. But for the 

plastic range the yield condition of perfectly plastic material 

as given by Drucker and Prager (1952) is utilized. This 

yields a stress-strain relationship in the plastic range from 

which the stress-strain matrix, D*, may be expressed as a 

function of the current stress components. Zienkiewicz and 

Cheung (1966) listed the three ways of using the finite 

element method in rock mechanics to consider non-linear 

behaviour for a uniaxial situation. These were noted earlier 

Equation (5.8 ) in the previous chapter. 
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by Argyris (1965) and are: 

(i) direct iterative process 

(ii) incremental-initial strain process 

(iii) incremental-varying elasticity process. 

In the first approach, it is assumed that the stress-

strain relationships are unique and that, therefore, a 

hypothetical set of elastic (secant) constants can be associated 

with every value of stress. This method is similar to the 

trial and error procedure mentioned above. In the second 

process, the load is applied incrementally with the initial 

elastic properties which are kept constant throughout the 

process. Figure (6.3c.) illustrates this method in which the 

non-linear relationship is replaced by the elastic-plastic 

behaviour. The inelastic strains are found for each incre-

ment and these are used to find the stress increment for the 

next increment of loading. The third method is the same as 

method (ii), but the elastic properties are allowed to vary 

in each increment of loading. 

The author's approach to the solution of non-linear 

problems is the 'step-by-step' procedure with the direct 

iterative technique. A computer programme is developed for 

the solution of an example of this type of problem and without 

any major changes this programme may be used for other problems. 

6.1 	NON-LINEAR ANALYSIS BY THE FINITE ELEMENT METHOD 

Clough (1965; 1967), Wilson (1964), Argyris (1965), 
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Zienkiewicz and Cheung (1967) have all considered the ex-

tension of the finite element method to treat non-linear 

problems. Non-linearity due to geometric changes and the 

material behaviour, both can be treated in this method. This 

can be further elucidated from the equation (5.16), mentioned 

in the previous chapter. This relation 

T F(force) = 1
K A-1 u (displacement) 

(in matrix form)clearly illustrates how the above two factors 

may be treated in the finite element analysis. For a linear 

material, the matrix A and K are constant and hence the 

solution of linear problems is straightforward in the finite 

element method. For material non-linearity, K is a function 

of the element properties and in the case of geometric non-

linearity, A is a function of geometry. The non-linearity 

due to geometric changes will not be considered further in 

this study. 

The main relation where the non-linear material 

properties enters into the finite element method may be in-

dicated by equation (5. 9). In this relation the matrix 

LD] is the prominent form which has to be generated according 

to the material behaviour and this matrix [D3 ultimately 

changes the stiffness matrix LK3 which can be seen from 

equation (5.15). 

It is assumed at the outset that the non-linear 

relationship can be approximated by a bi-linear model and 
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a hypothetical set of elastic (secant) constants can be 

associated with every value of total stress. A direct 

iterative process is then as follows, 

(i) compile stress distribution based on the initial 

values of elastic constants. 

(ii) a new set of elastic constants is found for each 

element based on values obtained from (i) when the stress in 

the elements exceeds the limit at which the change of elastic 

properties takes place. 

(iii) the stages (i) and (ii) are repeated until convergence 

is obtained. 

As a whole, the analysis of non-linear problems by 

the finite element method on the basis of material non-

linearity, is to create a new stiffness matrix for load under 

which the change of material properties takes place. The 

method by which the new stiffness is generated in order to 

solve non-linear problems, is discussed in the following 

section. 

6.2 	FORMULATION OF THE PROBLEM AND METHOD OF SOLUTION 

A flexible strip loading problem with defined 

boundary conditions as shown in figure (6.1) is taken as an 

example to illustrate the use of the finite element method 

using non-linear material properties. Conditions of plane 

strain are assumed and the non-linear behaviour of the 

material under the loads is given by the following models, 
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(i) Bi-linear model (1) as shown in figure (6.2a) 

(ii) Bi-linear model (2) as shown in figure (6.2b) 

(iii) Tri-linear model (3) as shown in figure (6.2c) 

The assumed values of the elastic constants are in-

dicated in the figures. The magnitude of loading is varied 

from 500 p.s.i. to 3000 p.s.i. and the stress at which the 

elastic parameters changes is also noted in figure (6.2). 

The first step in using the finite element method 

is to idealize the continuum with elements which will adequately 

represent the geometry and provide more detail in the region 

of larger stress changes. The most commonly used, tri-

angular elements are adopted with their nodal points connected 

together as illustrated in figure (6.1b). There are altogether 

275 nodal points and 392 elements in the mesh which has re-

presented the domain over which the displacements and stresses 

are to be obtained. Naturally, the smaller the mesh size, 

the more accurate would be the answer, but this is limited 

by obvious practical considerations such as the storage 

available in the computer used and time of execution required 

for the programme. 

With the mesh size shown in figure (6.1b), the 

problem is fed to the computer IBM 7090 with the appropriate 

instructions and assumed material properties. This computer 

programme is discussed in appendix D. The whole process of 

the finite element technique as mentioned in the previous 

sections is performed to obtain displacements and stresses 
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in (i). 

(iii) 

parameters as determined from stresses calculated 

the final solution for displacements and stresses at 
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at the nodal points using the step-by-step method with the 

direct iterative procedure to account for the non-linear material 

properties. In essence, the material under the load is 

assumed to behave linearly up to a certain total stress* with 

stiffness properties in each element defined on the basis of 

total local stress. The stiffness of the element is re-

evaluated on the basis of whether the stress in the element 

has exceeded the stress at which the elastic properties are 

assumed to alter before the final results are obtained. So, 

the analysis involves the following sequence of operations: 

(i) determination of the state of stress in the element 

with the initial elastic parameters. 

(ii) formulation of new stiffness matrix on the basis of 

the required nodal points. 

The basis on which the new elastic parameters are 

assigned to the elements can be explained from figure (6.3). 

The compressibility (K) which is a function of total stress, 

is assumed to vary as shown in figure (6.3a) and (6.3b), 

whereas the modulus of rigidity (G ) is taken to be in-

dependent of total stress. This hypothesis seems to be 

quite reasonable from the experimental studies discussed in 

This term is used in chapter 4 to correlate the 
non-linear behaviour. 
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chapter 4. According to the state of stress, the elastic 

parameters are alloted to the elements and the new stiffness 

is calculated from the new secant moduli mentioned above. 

The convergence of a solution using Gauss-Siedel 

iteration with over-relaxation, has already been discussed 

in the previous chapter. It can only be mentioned here that 

the over-relaxation factor of 1.6 is found to be the optimum 

value for these solutions. 

6.3 	DISCUSSION OF RESULTS 

The magnitudes of the stresses and displacements 

obtained under the flexible strip loading at different sections 

mentioned in figure (6.1) using model 1 and model 2 are shown 

in figures (6.4) to (6.7). 	The vertical and horizontal dis-

placements of selected points for different surface loads are 

indicated in figures (6.8) to (6.22). 	The horizontal, 

vertical and shear stresses expressed as the percentage of 

the surface load intensity of 1000 p.s.i. as well as 2000 

p.s.i. are illustrated in figures (6.23) to (6.28). 	The 

results obtained from the linear elastic solution are plotted 

also in the above figures. In a similar way, the results 

obtained by using model 3 are plotted in figures (6.29) to 

(6.31). 	Moreover, model 1 has been studied in further detail, 

figure (6.34), to see the effect of Poisson's ratio on the 

distribution of stresses under the loading. The results are 

given in figures (6.32) to (6.34). 
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6.3.1 Results of model 1 and model 2. 

The vertical displacements of point (1) to point (9) 

(figure (6.1)) vary with the surface loading as plotted in 

figures (6.8) to (6.16) and indicate a non-linear behaviour 

up to approximately a load level of 1500 p.s.i. Then the 

slopes of the load-displacement lines are parallel to the 

bounded lines which have been obtained from the linear 

solutions as mentioned in the figures. The distinct non-

linear relation between the vertical displacement and the 

applied load has an interesting correspondence with results 

of field plate bearing tests mentioned in chapter 2, and which 

illustrates the non-linear behaviour of rocks. The maximum 

non-linear effects are found at the surface where the stress 

concentration is high and as the influence of stress is re-

duced, the influence of non-linearity becomes quite negligible. 

Moreover, the maximum effect of surface loads on the vertical 

displacement is found to be up to a depth equal to B, after 

which the vertical displacements are reduced by 50 to 60% of 

the surface displacements. 	At distances equal to 2B, the 

vertical displacements at different depths do not change at 

all. 

The horizontal displacements obtained at the selected 

points and plotted against the loads in figures (6.17) to 

(6.22) also show non-linear behaviour. But the results are 

different from the vertical displacements in the sense that 

the horizontal displacements under the two models do not 
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behave well within the bounded lines obtained from the elastic 

solution. 	It is seen from figures (6.4) and (6.5) that the 

non-linear effect is more prominent at depths than at the 

surface and the horizontal displacement increases up to a 

depth equal to B. Some of the model tests on dry sand 

reported by Eggestad (1963) show that the maximum lateral 

strains occur at a depth of about B near the centre line 

of loading which clearly agrees with the results obtained in 

these solutions. The linear solutions do agree to the 

above findings. Some of the lateral strains obtained by him 

at different depths are plotted against the loading ratio in 

figures (6.35) and (6.35). 	The nature of the relationship 

obtained between lateral strain and the loading ratio bears 

an interesting qualitative correspondence with some of the 

results from the bi-linear model. 

The stresses obtained at different depths which are 

shown in figures (6.23) to (6.28), indicate that the stresses, 

especially the vertical stresses, are in good agreement with 

the results predicted by the theory of elasticity. There 

is about a maximum of 10% difference between the horizontal 

stresses obtained from these models and the results obtained 

by the elastic solution. 	In the case of shear stresses, 

there is about a maximum difference of 5%. The important 

result is found that the vertical stresses obtained by 

using two different models give practically the same results 

which agree remarkably well with the elastic solution based 
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on Boussinesq's formula. Some of the field tests reported 

by Turnbull et al (1961), Plantema(1953), show that the 

Boussinesqbsolution for the vertical stresses is in good 

agreement with the field measurements. Moreover, the field 

tests obtained by the Waterways Experimental Station (1951-

1954) on different soils arrived at the same conclusion. 

So, it can be concluded from our results also that the elastic 

solution can be used for the calculation of vertical stresses 

which are used for the prediction of settlements. Moreover 

the close agreement between the results obtained from two 

different models with varying elastic parameters indicates 

that the vertical stresses are independent of the stress-

strain relation of the material to a reasonable degree of 

approximation. This accounts, in part, for the success of 

current methods of predicting settlements in normally con-

solidated clays. 

6.3.2 Results of model 3. 

The stresses obtained by using this model figure 

(6.2c) are plotted in figures (6.29) to (6.31). 	The results 

of the vertical stresses compared with the elastic solution 

further illustrates the good agreement achieved in the 

previous section. Only the magnitudes of horizontal stresses 

are about 10% less than the elastic solution at different 

depths. The values of the shear stresses also agree well 

with the elastic solution. The computer programme as 
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developed can be readily extended to any number of components 

simulating a non-linear curve. The only limitation is one 

of computation time. 

6.3.3 Results of model 1 with varying Poisson's ratio. 

Model (1) is used with varying Poisson's ratio in 

order to investigate the effect of Poisson's ratio on the 

distribution of stresses at different depths. Figures 

(6.32) to (6.34) illustrate the results obtained with the 

surface load of 750 p.s.i. only. 	The vertical stresses, 

figure (6.33), at different depths are found to be unaffected 

with the variation of Poisson's ratio and the results also 

agree with the elastic solution. The distribution of shear 

stresses at different depths (figure (6.34)) shows that there 

is hardly any effect of Poisson's ratio. 

of Poisson's ratio has 

of horizontal stresses 

observed in this case, 

But the variation 

a great influence on the distribution 

(figure (6.32)). 	The important result 

is that when there is no change in 

Poisson's ratio, the horizontal stress obtained agrees quite 

well with the elastic solution. The greater is the variation 

of Poisson's ratio between piece-wise linear steps, the 

greater is the deviation of results from the solution of 

elasticity. This can be explained from the fact that in order 

to maintain the continuity of displacement within the element 

with bi-linear properties, the horizontal stresses are changed 

according to the variation of Poisson's ratio. This can be 



explained from figure (6.37). Let figure (6.37a) represent 

position of two elements before the load is applied. After 

the application of loads, the elements will deform which is 

indicated in figure (6.37b). If there is greater variation 

of Poisson's ratio in the material properties, the differential 

displacements between the elements will be more in comparison 

to the stage when there is hardly any alteration of Poisson's 

ratio. 	Therefore, the element with lesser Poisson's ratio 

has to pull out to maintain the continuity between the 

elements. 

6.4 	PRACTICAL ASPECTS OF NON-LINEAR SOLUTION 

From a practical point of view, there are many aspects 

which should be considered for the solution of non-linear 

problems. The representation of the material properties and 

the time of execution of computer programmes, should be noted. 

It is obvious that as the behaviour of the material is better 

represented, the results will converge to the actual solution. 

As there is a limitation to such representation, practical 

experience and experimental results have to be used to meet 

practical requirements. In this finite element method, the 

nature of the mesh size which represents the whole problem, 

is one of the main factors which should be kept in mind. 

Within the capacity of the computer available, the mesh size 

has to be fixed in such a way which will offer more nodal 

points in the region where the stress gradient is expected 
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to be high. 

The time of execution of different solutions are 

mentioned in table (6.1). This is greatly influenced by the 

number of equations to be solved and iterations required to 

obtain the convergence limit. The number of equations are 

obviously fixed by the type of mesh size used with boundary 

conditions at different nodal points. The convergence limit 

of the solution has to be determined which will give acceptable 

results. 	It is already noted, figure (5.3 ) that as the 

convergence limit is reduced, the number of iterations in-

creases. So before going into the details of a particular 

solution, a trial run has to be performed to find the reason-

able convergence limit which will offer an acceptable time of 

execution of the programme and correct results. It is 

beyond the scope of this study to go into the details of con-

vergence of numerical solutions. From the experience gained 

here the relationship between the convergence limit and the 

number of iterations required figure (5.3 ), will definitely 

help to fix the acceptable convergence criterion. 



TABLE (6.1)  

COMPUTATION TIME OF DIFFERENT SOLUTIONS  

Type of Solution 	Time taken 

1) Linear solutions 	maximum 5 mins. 

2) Non-linear solutions 

a) Bi-linear models 	12 mins. 
b) Tri-linear model 

	
15 mins. 

113. 
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CHAPTER 7  

STRESSES IN AN EXCAVATION USING A 

LUMPED PARAMETER MODEL  

7.0 	INTRODUCTION 

When a material is subjected to general loading con-

ditions and constraints, it is expected that the highly stressed 

regions of the material will fail or yield first and as the 

applied load is increased, the plastic regions may enlarge 

or new yield regions may be developed. The quantitative 

analysis or prediction of such progressive yielding of plastic 

regions in rock or soil under different loading conditions and 

boundary constraints, is an extremely difficult and analytically 

unsolved problem of continuum mechanics. In this chapter a 

numerical method called a lumped parameter model developed by 

Ang and Harper (1963), is presented to study the stress con-

figuration and development of the plastic region behind a 

vertical excavation under plane strain conditions due to self 

weight. The material is assumed to be elastic - perfectly 

plastic but the method may be applied to materials with other 

mechanical behaviour. 

Many authors (Panek, 1951; Barton, 1954; Roy, 1956; 

Savin, 1961) reported the analyses of stresses in a con-

tinuous medium or in load bearing structural components with 

various shapes of holes such as semi-circular, V-shaped and 

elliptical notches. The analyses were generally restricted 
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to simple uniaxial loading and were not concerned with body 

forces. Allen and Southwell (1950) noted that the approximate 

solutions of contained problems of plastic flow were possible 

through a finite difference determination of a stress function 

and Schjodt (1958) used such a method with a relatively coarse 

grid to obtain a solution for an open excavation in an elastic 

medium with weight. De No (1966) presented a dissertation in 

which he attempted to compute the plastic flow in a vertical 

excavation. As will be noted, his approach may be subjected 

to serious criticism. Finn (1966) also presented some data 

about the stresses behind a vertical excavation due to self 

weight. His solution is for an elastic medium and he used 

a relatively coarse mesh size. Some of his results which 

are obtained by the finite element method are compared with 

the present model. Dibiagio (1966) reported a solution for 

an open trench in an elastic medium with weight computed with 

finite differences. The same sample problem is solved here 

with the lumped parameter model and the results are compared. 

Sturgul and Scheidegger (1967) also presented the finite 

difference method for the determination of tectonic stresses 

in the vicinity of a wall in a homogeneous elastic field. 

Wang and Singh (1965) reported the use of the lumped parameter 

model as mentioned here, to obtain stress distribution at the 

bottom of a bore hole for an elastic - perfectly plastic 

medium. The solution takes into account loads due to the 

overburden, fluid pressure in the hole due to the circulating 
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medium and stresses induced by a bit tooth at the hole bottom. 

They showed also that the development of the yielded region 

under such stress configuration encountered in rock drilling 

can be traced. 

7.1 	DESCRIPTION OF LUMPED PARAMETER MODEL 

A lumped parameter model is used as a substitute 

system in place of a plane continuum. Such a substitution 

in the physical system is mathematically equivalent to the 

use of finite difference approximations to governing 

differential equations (Ang and Harper, 1964). 

The discrete model is described symbolically in figure 

(7.1a). 	Essentially, it is composed of mass points and 

stress points that are arranged into a square grid with sides 

of length, say h. The mass points are located at the corner 

of the squares and the stress points at the centre. The dis-

placements are defined at mass points, whereas the strains 

and corresponding stresses are defined only at stress points. 

The X and Y axes of the model system make an angle of 

45°  with the centre line or line of symmetry of the physical 

problem and the boundaries of the model contain mass points 

only. 

This model provides a physical basis for discretization 

of a plane continuum. In addition, the model satisfies the 

requirement that the relationships and equations of the model 

are identically the same as the usual finite difference 
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approximations to the differential relationships and equations 

of the corresponding continuum. With such a property, the 

convergence of a sequence of solutions (corresponding to a 

decreasing sequence of mesh sizes of the model) toward the 

true solution of the continuum may be inferred on the basis 

of mathematical theories relating to the convergence of linear 

finite difference systems (Courant et al, 1928). 

Referring to figure (7.1a), the strain-displacement 

relationship for a typical stress point "1" can be expressed 

from the model as follows: 

Ua-Ub 
E x1 - D 

Vd-Vc 
(- 	= 	

(7.1) 
Y1 	

D 

and -Ud-Uc 
V
a
-V

b 
cy

1 
 

in which (- , 	and 	are the strain components 
x1  

Y1 	xyl 

at the stress point "1"; U
a 

Ub, U
c 

and Ud are the 

component of displacements in the X direction at the mass 

points a, b, c and d respectively; Va, Vb, Ve  and 

V
d are the component of displacements in the Y direction 

at the mass points a, b, c and d respectively; D is 

the diagonal distance between mass points. 

These relationships are identically the same as of 

the finite difference approximation of the differential 
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relationship 

x- ax 

• v 
y 1 y 

and. 	
▪ u 	v 
b y + fix  

The normal and shearing forces acting on a regular 

mass point "1" as shown in figure (7.1b) are related to the 

stresses defined at the neighbouring stress point as follows: 

F
x 
 = C5 

x 
 . D/2 

FY 	Y 
= Cr . D/2 

F 
xy  . 1: . D/2 xy 

(7.2) 

where Fx, F
y  and F

xY 
 are the forces. The thickness 

of the model is taken as unity. 

The equations of equilibrium for the forces acting on 

the mass point nau in figure (7.1b) in the absence of body 

forces are 

and 

F 	- F + F 	- F 	0 x3  x1 
xY4 xY2 

F 	- F + F 	- F 	= 0 
Y4 Y2 xY3 xY1 

(7.3) 

Thus with this model, the equations of equilibrium 
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are found at mass points of the problem at all levels of 

applied loads and through the appropriate stress-strain 

relationship (discussed in the later section) and through 

equation (7.1), the whole problem is transformed into the 

determination of displacements at all mass points. But it 

does not satisfy the conditions of oompatibility. 

7.2 	FORMULTION OF THE PROBLEM 

The problem with the assumed elastic parameters, 

geometry and other assumed material constants, is shown in 

figure (7.2). The material properties assumed in the analysis 

is elastic - perfectly plastic with zero friction. The con-

stitutive relationships of such material may be conveniently 

divided into the following parts: 

(i) A stress-strain relationship in the elastic range 

(ii) a yield criterion for defining the initiation of 

plastic yielding and 

(iii) a stress-strain relationship in the plastic region. 

The unloading and relaoding criteria are not considered 

in the above relation and are not taken into account for the 

solution of the problem. 

7.2.1 Elastic stress-strain relation 

Within this elastic range, the material is assumed 

to follow Hooke's linear relationship and under plane strain 

conditions, the elastic stresses are expressed as 



\ 
	 (1-m) 	 1 

	

(1+m)(1-2m) 	
m 5r 

7 y  + m E  
(1 	(1) 

	

y - (1+m) (1-2m) 	
-m  
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(7.4) 

= G 0 
xy 	xy 

in which E is Young's modulus, m is Poisson's ratio and 

G is the shear modulus. 

7.2.2 Yield criterion 

The yield condition known as the Von Mises is used 

to define the limit of the elastic behaviour and the initiation 

of plastic straining under all possible combinations of stresses. 

For a plane strain condition, this criterion, can be expressed 

as 

 

-c5.- )2 	xy2 k2 

2 ) 

(7.5) 

  

where k is the yield stress in simple shear. 

It may be noted that the left-hand side of equation 

(7.5) is identical to the square of the maximum shear stress 

in the X-Y plane and hence we get 

T 	m = k max (7.6) 

where T
x
m 
 is the maximum shear stress. ma 

7.2.3 Plastic stress-strain relationship 

During plastic flow, the material is assumed to obey 
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the stress-strain rate relationship of the Prandtl-Reuss 

theory (Prager and Hodge, 1951). The theory assumes that in 

an elastic - plastic deformation there is no plastic volume 

change and the plastic strain rate is proportional to the 

deviator stress. 

For an elastic - perfectly plastic solid under plane 

plastic flow, it can be shown that the plastic stress-strain 

equations expressed in incremental form (after Harper and Ang, 

1963) are 

L\-0- 
= 	LG3+3K 	CF-)-491 

 2 _ 

K 

Y  L 	
3 	

k2 	2  

G 	(O-x- C5Ty  
- k2 	k' xy 	2 

2 
= A E 	-2G-I-3K 	(15-x 

y 	x 	3 	k2 C 2 

	

+ A( 	G (LTZ(5.-5T 2-\  
Y 	3 	k2 	2 

/ 

G 
xy k2 L xY 	2 	I 

r 	= 	72- °X-  Cry  )_\ 

xY 	x 	k2 u xY 	2 

+ 1\E \- 2  (Tx-  Cry 
Y  k2 xy 2  

xy2 )] 

	

+ L-6 	G (1 	 xy 
k2 

(7.7) 
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in which K is the bulk modulus. 

At a yielded stress point, these incremental stresses 

are added to the stresses at the previous load level to 

obtain the total stresses. 

7.3 	BOUNDARY CONDITIONS 

By symmetry only half of the physical problem as 

shown in figure (7.2) need be considered. The following 

boundary conditions are assumed: 

(i) 	It is assumed that the bottom row of mass points is 

fixed, i.e. 

U.. = V. . = 0 
1,3 	1,3 

=M 
= 1, ... N 

(ii) 	To simulate the model for a semi-infinite body, it 

is assumed that the horizontal displacement of the rightmost 

column of mass points is zero and that the vertical displace-

ment will be equal to the vertical displacement of mass points 

immediately to the left of this end column. 

If these displacements are resolved in the X and 

Y directions, the boundary conditions on the right-hand edge 

of the model become (refer figure 7.2) 

U. 
	

1. 
,3  
. = 2 

	 U1,3-1 
+ Vi,3 .-1 ) 

for c i = 1, ... M-1 

V.. = U. 
	 (j = N 

193 	17J 
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(iii) The boundary conditions on the left edge of the model 

(from the condition of symmetry) are 

U
i  = 1 V. . ,j 	,3+2 

V
i 	= U . ,j 	i,j+2 

for 5i = MA'  ... 
t j = 1 

7.4 	EQUATIONS OF EQUILIBRIUM 

In the problem analysed here, the excavation is 

assumed to have been previously open, the weight of the 

material is applied to each mass point, Therefore the 

equations of equilibrium of a typical mass point Itail as 

noted in equation (7.3), are reformulated as 

.-6h
2 

F -F +F -F + 	=0 
X3 X

1 
 xy4  xy2 

W27 

(7.8) 
and 

F 	- F + F 	- F 
Y4 Y2 XY3 

÷ 	h2 = 
Ari 

0 

Using equation (7.2) and dividing by D/2, we get 

cy-x3 - 0-- 	- T, 	+ -6 = o x1 
	xy4 	xy2  

(?.9) 
and 

y- cr + 1:1 	- 1 

	

71, 	+/c h 0 	= 	) 
4 	Y2 	xY 	xy

1  

Through equations (7.4) and (7.1), the equations of 

equilibrium may be expressed in displacements of different 

mass points. 
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7.5 	PROCEDURE FOR THE SOLUTION OF THE PROBLEM 

As shown in figure (7.2), the geometry is replaced 

by conveniently spaced mass points and stress points. The 

use of different mesh sizes is discussed in the following 

section. The method of computation is essentially a step-

by-step procedure of determining a set of displacements of 

mass points for each loading which produce a compatible set 

of stresses at the stress points and that satisfy the require-

ments of statical equilibrium, as given by equation (7.9). 

The self weight of the material at each mass points is in-

creased in small increments and at each load level the dis-

placements of mass points which satisfy the equilibrium 

equations and boundary conditions, are determined. At each 

load level, whether any mass point has gone to the plastic 

range is examined by equation (7.6). The calculations of 

the stress increments at stress points that are within the 

elastic range are based on equation (7.4), whereas for regions 

that have yielded, the stress increments are calculated using 

equation (7.7). To calculate the stress increment in the 

plastic range, incremental strains and instantaneous stresses 

are required. The strains are calculated from the displace-

ments as shown in equation (7.1) and the difference between 

the total strains of two consecutive loads is taken as the 

strain increment and the stresses at the last load level are 

substituted for the instantaneous stresses. 

Thus the whole problem is reduced to the problem of 
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solution of linear equations at each mass points to determine 

the displacements which satisfy the equilibrium equations (7.9) 

and boundary conditions noted in section (7.3). These linear 

equations are solved with the Gauss-Seidel iteration method. 

The details of the numerical procedure with the computer 

programme are described in appendix E. 

7.6 	DISCUSSION OF RESULTS 

The problem as illustrated in figure (7.2) is solved 

with a grid of (28 x 21) mass points. The density of the 

material is increased from 100 lbs. per cu. ft. by an increment 

of 2 lbs. per cu. ft. The different density at which the 

stress points have yielded are noted in figure (7.3). The 

first yielding developed at the toe of the excavation and as 

the density increased, the plastic regions spread. Up to 

the density of 150 lbs. per cu. ft., the development of the 

plastic region is quite fast. Then the load has to be in-

creased significantly to obtain further spreading of the plastic 

zone. At the density of 380 lbs. per cu. ft., no equilibrium 

is obtained and the solution could not be pursued. The max-

imum shear stress (as percentage of the yield stress) obtained 

at the end of loading of 370 lbs. per cu. ft., are shown in 

figure (7.4). An interesting result is the development of 

a tension region at the upper part of the model, figure (7.2). 

The development of such tension regions which have reached 

the plastic zone may produce the critical situation of failure. 
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This problem has also been solved with a grid of (55 x 41) mass 

points and practically the same results are obtained as 

mentioned above. 

De No (1966) submitted a report on the development of 

plastic flow behind a vertical excavation with the same material 

behaviour as discussed here. In his analysis he assumed that 

the shear strength of the material increased suddenly at a 

certain depth so that the material underlying the horizontal 

surface of the excavation remained elastic. When first yield-

ing occurred at the toe of the excavation, the increment of 

weight was computed so that the yield condition be again 

reached at a new stress point. The plastic zone was permitted 

to develop horizontally and the procedure is repeated in such 

a way that in every increment of loading the yielding condition 

was reached in a different stress point at a different row and 

column until the plastic zone reaches the surface of the model. 

Therefore the whole procedure of the plastic flow is influenced 

by the decisions of the programmer. 

The problem mentioned in figure (7.2) is solved again 

with Poisson's ratio of 0.25 and .45. But the regions below 

the horizontal surface of the excavation are not allowed to 

yield. The density of the material is increased from 

100 lbs./cu. ft. in increments of 10 lbs./cu. ft. 	The results 

obtained with Poisson's ratio of 0.25 are shown in figure (7.50 

and figure (7.6) shows the results with Poisson's ratio of 

0.45. From the above results, it is found that the development 
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of the plastic zone is greatly influenced by Poisson's ratio. 

Both results show a tension zone at the top of the model. 

No equilibrium is reached with a density of 210 lbs./cu. ft. 

in the case of Poisson's ratio of .25 and a density of 

310 lbs./cu. ft. is the critical value for Poisson's ratio 

of .45. An interesting result with Poisson's ratio of 0.25 

is the development of one complete plastic zone at the base 

of the excavation as shown in figure (7.5). This can be 

explained from figure (7.7). The strength of the material 

is constant which is shown by the dotted lines. The maximum 

shear stress increases with depth and at the region where 

there is a complete plastic zone, the maximum shear stress 

exceeds the allowable stress in the material. 

A problem considered by Dibiagio (1966) is shown in 

figure (7.8). He solved the problem with unit weight of 

the material using the finite difference equations. The 

same problem is solved here by the lumped parameter model 

and a comparison of the stresses obtained is shown in figures 

(7.9) to (7.11). 	In figures (7.9) to (7.11) stress contours 

are drawn which illustrate the stress pattern for a portion 

of the region investigated. The stresses are expressed in 

dimensionless quantities by expressing them in terms of the 

unit weight of the material and the grid spacing parameter 

"h". The figures represent the changes in stress brought 

about by unloading of the bottom and sides of the excavation. 

These results are compared with the results obtained by 
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Dibiagio (1966) and there is no significant difference in the 

results. The deformed network of grid points due to self 

weight of 100 lbs. per cu. ft. are portrayed by the displace-

ment grid in figure (7.12). There is sideways displacement 

of the grid points in the sides of the excavation and the 

badly deformed grid squares in the vicinity of the corner of 

the excavation are observed. Such deformation was also re-

portedin the photoelastic study of a vertical slope by means 

of a gelatine model (La Rochelle, 1960). 

Figure (7.13) shows a problem solved by Finn (1966) 

with the finite element method. The problem was also 

analysed for the gravity stress field and he tabulated the 

results of stresses obtained at different points as mentioned 

in the figure. The same problem is solved with this lumped 

parameter model. As Finn (1966) used a relatively coarse 

mesh size, there is a difference in results between the two 

methods. But the development of tension region is indicated 

at the upper part by both the methods. The magnitude of the 

stresses at the boundary in Finn's solution are suspect. 

Figure (7.14) shows the comparison between the results obtained 

by the two methods. 
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CHAPTER 8 

CONCLUSIONS  

The use of linear elasticity for the solution of 

various deformation problems is in accord with the real 

behaviour of rocks. The deformation of most rocks is non-

linear and has an irreversible component. This non-linearity 

and irreversibility may arise from a macro-fissure system in 

what is inherently a linear elastic rock or it may be intrinsic 

to a porous micro-fissured rock such as a sandstone. 

From the experimental studies of Bunter sandstone at 

different confining pressures, it may be concluded that the 

three significant features of the stress-strain relation of 

such a relatively homogeneous porous rock are non-linearity, 

hysteresis and the irrecoverable strain on unloading. Porosity 

is the main factor that influences the non-linear deformation 

of rock at stress levels which are of primary interest to the 

Civil Engineer. All these characteristic features increase 

with increasing porosity. The compressional wave velocity 

is also found to vary with porosity. All specimens tested 

came from the same location and therefore the variation in 

porosity is representative of a natural condition. This 

variation in porosity has accounted for a variation in rock 

stiffness of several hundred percent and it demonstrates that 

sufficient specimens from any site should be tested in order 

to determine the variation of rock deformation properties. 
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The behaviour of the sandstone is best interpreted in terms 

of micro-cracks closing on compression and energy being 

dissipated by friction due to relative movement along their 

interface. The model developed by Walsh (1965) can be used 

to explain qualitatively the deformation characteristics of 

many rocks and the interesting question of how elastic constants 

like Young's modulus, Poisson's ratio and compressibility 

depend on different shapes and types of cracks can be evaluated. 

The experiments on the sandstone reveal that the change 

in compressibility is essentially path independent at low 

stress level and the relationship between compressibility 

and the total stress constitutes a real material property. 

The real behaviour of sandstone is more complex than that 

considered in current theories of composite media. It may 

be concluded that the non-linear stress-strain relationship 

of sandstone is controlled by the compressibility of the 

material until the compressibility of quartz is reached. 

The use of different confining pressures in the ex-

perimental studies reveal that when the confining pressure 

is high enough to close the micro-cracks in the rocks, the 

stress-strain relationship is linear. The effects of wetting 

show greater non-linearity, hysteresis and residual strains 

for given porosity and pressure and the presence of moisture 

reduces the strength of the material. 

The non-linear behaviour of rocks can be approximated 

by the bi-linear, tri-linear or any suitable models and the 
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finite element method may be used to solve different boundary 

value problems with such material behaviour. A method by 

which the non-linear problems can be solved with the finite 

element technique is developed. The studies of a flexible 

strip loading on material having non-linear properties, reveal 

an interesting correspondence with results of field plate 

bearing tests and the vertical stresses obtained by using 

different models give practically the same results which agree 

remarkably well with the elastic solution based on Boussinesq's 

formula. But the horizontal and the shear stresses are 

different. It is concluded that the elastic solution can be 

used for the prediction of settlements. A computer programme 

is developed for the solution of non-linear problems and 

without any major changes this programme can be used for many 

configurations. 

The displacement approach of the finite element method 

is now well developed whereas the equilibrium model of the 

finite element (the derivation of stiffness depending on the 

stress distribution) has to be studied further to get a complete 

solution of a problem. 	Pian (1965), Khanna (1966), Marcel 

and Hayes (1967) considerations of the equilibrium model 

deserve to be extended for the solution of non-linear problems. 

A lumped parameter model developed by Ang and Harper 

(1963) is found to be a useful numerical approach for the 

solution of various elastic or non-linear problems. In 

comparison with the finite difference approach for the solution 
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of excavation problems with gravity stress fields, this 

lumped parameter model is found to be efficient and simple. 

From the practical point of view also, it takes less time 

for the execution of the computer programme. The use of 

this model for the studies of the propagation of plastic regions 

in excavations due to self weight needs further investigation 

and it would be of interest to couple it with experimental 

data. Christian's (1966) analysis leading to incremental 

stress-strain relations for different yield criterions may 

be extended for the solution of excavation problems as noted. 

The development of the computer programmes in this 

study and other available computational schemes will surely 

make it possible to use complicated stress-strain relations 

for the prediction of stresses and displacements under different 

loads and boundary conditions applied to rock masses. This 

suggests that laboratory and theoretical research into the 

stress-strain behaviour of rocks aimed at developing general 

models is important. The two dimensional studies have to be 

extended to the three dimensional case to represent the actual 

conditions in the field. The lumped parameter model approach 

is only particularly useful for two dimensionsal problems. 

Some effort has already been spent on extending the finite 

element method to three dimensions (Argyris, 1965; Zienkiewicz1  

1967). Further effort of this nature will make practical 

the computation of stresses in realistic rock masses. 
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APPENDIX A 

SLIDING AFTER CRACKS CLOSE 

A crack which has closed under an applied uniaxial 

compression G.  ' can support a normal stress Crn and a 

frictional shear stress f 	
Finding the relative displace- 

ment of the crack faces after closing is most easily done by 

dividing the applied stress by means of Mohr's circle into 

components normal and parallel to the crack as shown in figure 

(A3.1). 

The stress system of figure (A3.1) can be separated 

into superposable simple stress system as shown in figure 

(A3.2). 	It is seen from the various stress states figure 

(A3.2) sliding motion at the crack surface is represented by 

applied shear stress L
xY  - f and stress free crack 

surface. 

The frictional shear stress 15 	can be related to 

the normal stress cr
n on the crack surface by the usual law 

of dry friction 

f = J n 
	 ( A3.1) 

where I, is the coefficient of friction. 

The assumption is now made that the crack remains 

open until the applied stress c"-y  normal to the crack 

reaches a value 	The normal stress clr-n on the crack 

surface is assumed to increase linearly with c-71- 	after the 
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crack has closed, i.e. 

0-n = 0-  - 0 
	

(A3.2) 

The equation (A3,1), (A.3.2) and the expressions for 

xy  and 	are combined to give 
r-,  

xy 	f  = 0-Sin IS (Cosi23 -tv  Sin g) + 
	(A3.3) 

  

  

Yf 

I 

.4-;5. A 3.1 

cfc). A3.2  



135. 

APPENDIX B  

COMPRESSIBILITY AS A FUNCTION OF ROCK COMPOSITION 

We are considering here a mathematical expression which 

can be obtained to show compressibility as a function of rock 

composition also. 

Chree (1892) showed using reciprocal theorem, that the 

decrease in volume of the solid material 	(Vo  -V c
), due to 

an increase in pressure AP  (external) is given C.rLPV o. 

In differential form, 

d (V
b 
- V

p) 
= Crd5-Vb 

where V
b 

is the bulk volume of the rock material 

Vp  is the volume of the pores of the rock material 

Cr is the grain compressibility 

Cr is the external pressure 

or 

C 	 -2- V
bdo- 	r + Vbdo- 

or 
dV 	V 

C = C + 
b 	r 	V dor — V

b 

where Cb is the bulk volume compressibility 

or 

C
b 

= C
r + f . C 
	

(A4.1) 

dV
b 	

dV 



where f is the porosity of the rock material. 

We have 

C
r 
=G.0 +Mg . C  

where G = grain content 

C = grain compressibility 
g 

M = intergranular material content 

C
m 
= intergranular material compressibility 

and 

G = (1 - M) 

or 

M = 1 + G 

From equation (A4.1), (A4.2) and (A4.3) we get 

C
b 
=GC + (1 + G)C +f g 	m . Cp  

Or 

C
b 
= (C

g 
+ C

m
)G + C

m 
+ f . C

p 
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(A4.2) 

(A4.3) 

(A4.4) 

The equation (A4.4) shows that the composition of rock 

is a great factor on the measurement of compressibility. 



137. 

APPENDIX C  

DERIVATION OF STIFFNESS FOR AN  

ARBITRARILY ORIENTED TRIANGULAR KraiIENT 

- 7 
The matrix LAJ in the final stiffness expression 

(equation (5.16)) requires to be inverted. This can be done 

by partioning the matrix so as to exclude as much as possible 

most of the zeros. Partioning it into a set of (3 x 3) 

matrix, the matrix LAA symbolically becomes (equation (5.3)) 

= 

and 	LA j=  

a
l 1 

0 

0 

0 

a11 

0 
-1 
a
11_ 

(A5.1) 

(A5.2) 

Thus the matrix [A] is reduced to finding all 

This can easily be evaluated by making use of the principle 

of matrix inversion by means of the adjoint matrix. 

By definition 

r 	Adj a11* 

a11 	det a
ll 

or 
Adj a

ll 
Lail 	'a111 

(A5.3) 

An adjoint matrix is defined as the transposed matrix 
of its co-factors and a11.1 is obtained by multiplying 
elements of all and adj all. 
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From equation (A5.1) and.through equation (5.3), we have 

138. 

1 X Y 
K k 

= 

Co-factors of 
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J
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I
) 

I 3  
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(XjYk-XkYj) 

-Ykj 

-Xjk  

  

where X. j  = X-Xk  

Xki  = Xk-Xi  

X .. = X .-X. 
33- 	I 

From equation (A5.5) and equation (A5.6) we get 
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We have element stiffness from equation (5.15) 

K = 	[13T) L
D] LP] dv 

vol 

Taking unit thickness 

K = EBTJ LDJ CB] * Area of the element 

- Xik 	- Xki 
	x31..  
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1 Xk  Y k 

1 Area of the element = - 2 
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= 	[a11] 

K  = CBTJ 	* 

From equation (5.7), putting 

E(1-m)  
(1+m)(1-2m) 

(A5.9) 

Em  
(1+m)(1-2m) 

and 	E 
2(1+m) 

we get 

[DJ = 

'›\ 	0 

0 

0 0 

From equation (A.5.9) we get 

O 0 0 0 0 0 

O - 000 

K = O o 	0 	0 

O 0 0 0 0 0 

O oN o N o 

O )1A, 0 0 0 

(A5.10) 

Ca 1 2 L 11j (A5.11) 

  



'XY2  

Xki 

Y 	Y 
ji ki 

X jiXki  
)'‘ Y 2L 

.\\ + v X.. 
31  

Symmetrical_ 

INN 

••• 

- X31 I 31  

141. 

Through equation (A5.8) and equation (A5.10) we get 

the expression for the nodal point stiffness as follows: 

K 	CK1 
1  

2.[,11 
x
.1 

y
2 

4.--4x2 
kj 	jk 

-\XYkiYkj 
+1X X. 

kl jk 

'>‘ Y ..Y ji kj 
-"AXiiX jk  

YkjX jk 
+14,XikYki  

Y .. X ji jk 

-14,X jkYki  

- YkiXki 
- XkiYki  

YjiXki 
+),AljiYki  

- VkjXji 
IrjkY ji  

"-sY X ki ji 

- Y.. 
j 

X ji i 
- µX Y 
/ 31  J1  

%,44  y2 
J 

+)\ X
k  j 

- .Y 
kj 

-0\XkiX jk  

Y 	..mj ji  
- )‘ XiiX jk  

MAI 

IMO 

(A5.12) 

From this equation (A5.12), the nodal point stiffness of any 

element has been calculated directly by putting the co-

ordinates of the nodal points and the elastic parameters. 

CALCULATION OF STRESS IN AN ELEMENT 

From equation (5.9) we have 
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L3] = 	[B] [.-11 L] 

Through equation (A5.10), equation (5.6) and equation (A5.8) 

we can get the stress in an element. 

-))./ Xjk -f"ki / 31 
U. 

--N"jk U.  

Yki  1 Yki Yki Uk 

V.  

V. 

Vk 

	

-Ykj 	Yki 

14sYki -rYji 

	

Xik 	Xki 	X ji  

(A5013) 
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APPENDIX D  

COMPUTER PROGRAMME: FINITE ELEMENT METHOD 

The programme which is listed here, is coded in the 

Fortran language and has been used with the IBM 7090 computer. 

The maximum mesh size that can be used is governed by the 

availability of computer storage. The programme listed here 

is for the solution of the non-linear problem as discussed 

in chapter 6. The maximum number of nodal points used in 

this programme is 225 and the maximum number of elements is 

398. The programme consists of a main programme and nine 

subroutines. The programme performs three major tasks in 

the complete analysis of a problem with two dimensional tri-

angular elements. First, the equilibrium equations for the 

system are formed from a basic numerical description of the 

system. Second, this set of equations is solved for the dis-

placements of the nodal points by an iterative procedure. 

And third, the internal stresses are determined from these 

displacements. The main sequence of operations of the computer 

programme is shown in a flow diagram, figure (A6.1). 

The following main operations are performed for the 

solution of the non-linear problem. 

(i) All input data are read. All the nodal points are 

located in the two dimensional array and the elements are 

numbered with their elastic properties. 

(ii) The nodal point stiffness matrix for each element 
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from equation (5.16) is formulated with the help of the sub-

routine STFNO. 

(iii) The coefficients of the stiffness matrix are formulated 

with the help of four subroutines FORMU 1 to FORMU 4 according 

to the position of the nodal points and the equations of 

equilibrium are formed at all nodal points with their boundary 

conditions. 

(iv) These equilibrium equations are solved by the Gauss-

Seidel over-relaxation iteration method until an acceptable 

error is achieved and the displacements of all nodal points 

are noted with the element number (subroutine DISPL). 

(v) From the nodal point displacements, the stresses are 

calculated by using the equation (A5.13) in subroutine STRESS. 

The stresses obtained in each element are checked whether 

they have exceeded the limit at which the elastic properties 

change or not. If so, the appropriate elastic properties 

are alloted to the elements and the operations (ii) to (v) 

are repeated until convergence to the acceptable error is 

obtained. The convergence criteria is given in two sub-

routines called subroutine COMP and subroutine COMPP. The 

relative error can be found from the following expression 

) relative error - (New value - old value} 
New value 

(vi) The desired displacements and stresses are printed. 

The computer programme thus developed can be used for 

other cases with minor changes. The programme is listed in 

figure (A6.2). 



	V  
Set initial values of U, V 

Enter iteration loop to obtain 
displacements at each nodal point 

No 

< 	Yes 

Take 
appropriate 
elastic 
properties ges— 

Print all results i 

	4/ 	 
1 Store appropriate data in magnetic tape 

for further load increment 

IStart I 

Yes 
	F- 

Are material properties 	
No 

checked with stress level 

Do the stresses in the elements 
exceed the limit for the 

change of elastic properties 
— No 

1,1 

Calculate nodal stiffness of each 
element with initial assumed properties 

Apply load 

Is maximum error acceptable 1 

Calculate stresses in each element 1 

Read in data 

Store data in magnetic tape 

FIGURE (A6.1) 
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FLOW DIAGRAM OF NUMERICAL COMPUTATION 

FINITE ELEMENT METHOD  

Stop 
6.1. 
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1  	 -- (- EB*BB*SS ( I K 	+Eii*BC*SS K-ii2=4-1-1=EB*BD*SS- 
1 IK 94 /1 )7EA*AC*SS ( IK*5 *1 )_+EA*AD*SS ( I K • 6*  1 ) ) /CE 

----SXY ( 1N=- 	- 	-- ---- 	- 1 	 ( I K + 1_,_1_)_17EC*AC*SS ( I K •2 	+1 )+EC*AD*SS 	- 	- - 	- 	- 	- - - -  
--UK* tv*-_1_) +EC*BC*SSzLIK_v_5_*=1:)__L-E.C*BCOESS C1-K.;* 
	IF ( S ITER • Ea, 2 •_)__GOT_O__52_ 	  
	S-Z=P0 IS CI 	 - 	- - 

TS=ABS (SX(1N) +SY ( 
-IF-1-TS•GT • BTC )--_GO--  TO z-   7=-= 

	

(Ts. GT • BMC1 	TO 51 	 
	 6CF=ITO-1752-  _    - - 

( I K_*31-,1 ) -EA*AB*SS (--=1 

( I 	K 3 + 1 )-EC*BB*SS(  

- - -  --=- 	- - 

- 	 - 	- 

51 pois(IN)=PR 
----_—_sr_i_L-,Ats-cTs7s0000.--;crs---Ap_o_o44/ 00000.)- 	_ 
	 E( 	IN ) =TS/ST 

_ - 	 - 	  

GO TO 52 
- 	 

 	S_T_1=ABS  t(T_S-1500  • ) /100000 •-1-1_•/60• ) 

EP=1  • 
_ _ _52=-1:RETTJRN - - 

END  	 

=  



- _ - --------- 

  	._COMMON=SM-( 612352)._ •_E-(.--392.,)- •  PO_I S 	 I_T_ ERA MX.LTERt_SI_TER_ 
 	SUB R-OUTTNE=D-TSPLC 

NB_iNC4ND'iMA-iiM13*MC---.ME:fta57•T=1 
	1 • SN 	• Is j • UP • ULt  UR UU • UUR2___• UP • UDL VO • VL • VR • V U • VUR 

_ ____ 3 l*T-VaiirVDLE3MC4i EP • Eq:•--- 	 _ _ 	_ 	 
 	IK=1_ 	 

	SS(J-KV-S-r-r-)==U   - 	- 
K 4_•_1=) V (1  • J ) 

	SS(IK.5,-1)-=V-( I ii-J+1 
= V 11+1 • 	 

   SS LI 	 ) 	- -  

SS (__/ 	=U (1+1_ e_J_) 	 
&Scatt-,--3=-•=-14-T=U 	 - 
	SS (. K • 4 1_1=V ( • J ) 

	

s-ct 	iv C=11-1747J1- 	  
SS( IK• 6,1 )=V( I+L•J-1 ) 

1F(IK.EQ•MC) GO TO 601 

60_1 RE TURN 
	END- 



	&0) 

	- 	51.161:MUT:I NE-COMP-( 	 
_=C_OMMO. 	t_6 *2352_3_, E 39211 P_O_I Srt392_1_e_C_Lt__LL* Jd_o  KE_Y I TER*MX 	LI_GR :-5 I TER 

	- 	fv +.4 iN-44Niii-NC *ND-*Mki-MELINIC*14D-i-cucr-is--.73Lay-Lii-NL 	 iss 
 	)_*sN  to, 6 )_t_CA__L: 	UL,UR  • UU • UUR_t U_D  •    VL • VR • VU • VUR  

-3 *VD* VDL tBNICT.EP • ER-4.L* DE *u-rurs-mil. b1=-IN,z1 C15*--15 /:*MLTER-iLOAD--*ZSX 	)-SSYT 
	4.092}_SSXY__(_392 SX 	SYA_39_210_SX1/t392 	PR •  Y M 	 

5 	 • E3L-1-132) 	 
C - 	 /_/R  

= 16-U 1_J) Y*141+ 

	

) -60+60 *61 	 
	6  I___C-1_=C 

	 _ 	 
	END 	 

- 	- - 



	SUBROUTFNE—COMPP-(t- 
 	,GOMMON=SM16 	• 2352 ),E.,4,392 ) . PO 	I S (392_)_s C I_t_L_Le_JJA_KG_Y_t_l__TERA9MXI_TER t S_I_TER__ 

- - 	NA9iNBC 	 Ks7I=N4SS - 
6_1619C9J • U0 • UL_9URUU9UUR_. UD s UDL VO9V_L • VR9 VU • VUR  

3 SAM'S 	iBMC-• EP * ER-9L; DE * U-lEt-45--77-_454±9NI:(-4 5-9715 )-4t4 LIERsLOAD9SX1_392 
_t_3_92-)_s_.S,SX_V_3924_s_SX_L392.1_9_S Y_13921_9SXY__(_392 

 

	

'PR cY/4 	

   31:3i9,e ) 

	

I-11,1)/F ) 	  
I i---CsGT_0_,40.0t14351-- 
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APPENDIX E  

NUMERICAL METHOD OF COMPUTATION: 

LUMPED PARAMETER MODEL  

The numerical method of solution of the problem as 

discussed in chapter 7, can be summarized by means of a flow 

diagram shown in figure (A7.1). Initially ass mass points 

are in equilibrium under a set of initial displacements 

(assumed to be zero) with no applied load. The first incre-

ment of load is applied at all mass points, thus disturbing 

the statical equilibrium of the loaded mass points. The 

Gauss-Seidel iteration method is used to solve the equilibrium 

equations of each mass point. The following steps are per-

formed for each mass point of the model. 

(i) With equation (7.1) and using the current displacements 

available, the strains of the stress points surrounding a mass 

point are computed. 

(ii) The stresses acting on the mass point are determined 

by using equation (7.4) for the stress points that are in the 

elastic region and equation (7.7) for the stress points that 

are in the plastic region. 

(iii) The stresses are added to see whether the equilibrium 

equations (7.9) for this mass point is satisfied. Generally, 

the equations (7.9) will not be satisfied and unbalanced 

stresses in the two co-ordinate directions will result. 

(iv) To satisfy the general situation in step (iii), the 
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mass point is relaxed by giving an additional displacement 

which is equal to the product of an unbalanced stress and a 

flexibility of the mass point. Such corrections are performed 

for the two co-ordinate directions. 

(v) 	Steps (i) to (iv) are repeated for all  the other mass 

points. This constitutes one cycle of computations. 

Then the computational cycle is repeated to limited 

number of iterations which will give reasonable accuracy to 

satisfy the equilibrium equations (7.9). Then the stresses 

are calculated at each stress point to see whether any stress 

point has yielded by equation (7.6) and the necessary informa-

tion is recorded for the next increment of loading. This 

constitutes the solution at a particular load level and the 

entire process is repeated until the whole problem is solved. 

A computer programme has been written for this 

solution and a listing of the programme is given in figure 

(A7.1). The programme consists of a main programme and two 

subprogrammes, subroutine elast and subroutine plast. Sub-

routine elast computes the elastic stresses, residuals and 

displacements, whereas the subroutine plast computes the 

incremental stresses. The maximum dimensions in this programme 

are 28 rows and 21 columns of mass points. The whole programme 

was run on IBM 7090 and it takes about 12 minutes for 600 

iterations to solve a particular load increment. The output 

from the programme consists of the following data: 

(i) 	parameters and properties of the model 
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(ii) horizontal and vertical displacements of each mass 

point 

(iii) vertical, horizontal and shear stresses at each 

stress point 

(iv) principal stresses and direction at each stress point 

(v) maximum stresses expressed as the percentage of yield 

stress and the locations of yielded stress points. 

All the displacements, normal stresses and locations 

of yielded stress points are stored in a magnetic tape for 

use in the next increment of loading. 



Read  in data  

iCompute constants 

stresses all stresses 
t 

Check all stress points 
for yielding and record i 

plastic region  

L Start with first mass point  

\t 

Take next mass 
point 

Has this stress point acting 
on this mass point yielded  

Yes 	 

Is this last mass point 

Are all mass points in 
equilibrium or maximum 

error acceptable  

Yes 

Yes 

&Impute 
elastic 
stresses 

ompute incre-
mental and total 
stress  

Compute residuals in 
X and Y directions 

Compute improved values of 
iterated displacements  

FLOW DIAGRAM OF NUMERICAL COMPUTATION  

LUMPED PARAMETER MODEL 

Set initial values of diplacements 

Avply increment of load 

( Enter iteration loop [ 

[ Print all results 

ore .isp acement, 
stresses and yielded 

stress point record in 
a ma:netic ta.e 

Sto 

FIG. CAr.1) 
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F1 	-(A- 7 • 2.) LISTINGOP This. COMPUTER PRZCLRAMIttE 	  
 	 V:PWLWCIA---14a16.41‘'Ltti u' • 	 

.14. a z.T:.•. =.*1-.N.M.:.: e....7.--'1*  fi •Z 	:gra ft:: :7 N.  V ---• % -.7-:,  71 z  !.-..m  till -. 1  :-.; I 7.16 is 	7. la 11 EV- 7113.1= AN eXtRik  IN -.'••=-•.t1  
COMMON U(26.21),V428,21),SX(27•20)+SY(27•20) ,TXY(27•20),UU(281121)  

I-, 	 iFailf(4'." 71I- 8  
2CM,C9W1J(1218).WV(13.20)+ITER,MXITER.EP(27•20),AU(5)•AV(5),SUMR(900 
	1 	- -IT'4717-A--.:Elar--r.:•alz--=r---=. zi-C1,,:=5"--. 2̀,12=51=-S. 	=•=7.- 2.E"r"-eli—j a 7  ' 

READ(5e10) 
	...::=7:-. rim-f.77.---'"-: 71 .*:.71. 7. . -v.: • : .......=-.7.;:: 	' i 'N°"'''''.'1:1-- 
RE AD ( 5 t I 1 ) EO(KrITER,MXITER  

 	- 7C-711:1;%isi-' MR=L-Tir-1=:..1:-••za-riliZrair 	  
10 FORMAT(10I7) 

—VF-IFRMT,t_ 
12 FORMAT(110,F10.311F10.3 liF10.0•110) 

--8-40-----r  a •...,- 	= 	e: 	-:  z a t: 	a  E.5== a Et 7÷:=---  gi ' a-...-i-11•1*.1.-7 	--.:. Es—  t=ie fig_ . 	PCEMEXa41 ,4  - 	- - . 	 --- .ta - 
	10324F10.3,5X+141-1 GRID SPACINGw.F10.0)  
---ten'Uov-8  

	

DO 51 J*1+21  
--tifia-- 	Cit-- 

51 	V(I,J)*O• 
	- 	CLCPEI,  

DO 200 1=1.27 

DIIIM*SORT(2.0) 	.  

BM= ( E*P0 / S ) / (D* ( le+PO I S )* ( 1 4.-2 .*P0 IS ) ) 
-- CM1-11E-U-27--- 

AU(2)=AM+CM 	
A4al*A-4Wq 
AU(4)=AU(2)4CM 

- -------SAM 
AU(1)2112•*AU(2) 

AV(2)*AU(2) 
	AV(3)-AUt3 ) 	

AV(4)=AU(2)+AM 

CIRCM/tXKCOO 
	 iffirEcriertuti 	 

WRITE(611840) LPS,DER,POIS,H 

PF*P*M 
 	PM 	 

IsaMA 
	tX0V51___ _ 

251 WV4II,JImPF*PN 

DO 260 JmNBINC 

J=NA 

252 Wit/4J/mPF*PN 

9 ITERmITER+1 

CALL ELAST(1sNA•NA$1.1,5) 
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DO 201 1=2.ME  

CALL ELAST(100,NC.2112.1)  
t7,----CAtitEINUt 

CALL ELAST(MA.20NE.1.2.2)  
......-,.=-==•7...-=.=:.::.r..:K7.-:z7.m.:-..zsre-ht -.L- 
CALL ELAST(MA•NB.NC.212.1) 
sias4. .1_ff:s.!Li.r1-*L. 
CALL ELAST(1.2.NC.2.2111) 

GO TO TO 8/ 1  
" 	1.-aSZIV..  • ' -`e ' Me 	-417":::;:f...-7.•  ..m.= BE .n.. .472. 

811 IF(SUMR(JL).LE.ER) IF(SUMR(JL).LE.ER) GO TO 24  
*4 

IF(MXITER—ITER) 24.24.9 
--__AviRE1718-7(X.XMIMEL. 	
80 FORMAT(10E13.6)  
	-4 

LYIELPS 
	--lwarritcs 	 	

211 FORMAT(IM0.6H 	I 	J.10X,2HDV,10X•2HDH.10X.2HSV.10X.2HSU.10X.3HPS111  
	 LUOXiii3HR _X±V3HT ELV_ - Kitirm•" 	ini,_= 	S' 	IF 	PPP  -- _____ 	 

J5aNA  
-- J'MaMlitglv-MC  

IF(I—MA) 205,206.206  
-1:24Z 	2-- 
205  DO 204 J=J5.NC  

14=110, 7:2) --IGO---W=208-- 
IF(EP(IsJ)) 208,208,209  

209 CALLELASMCkmale5---- 
cm tw_ 	It ..CAf I I' - • • _k.rit 

	SfE(A.,EL-19EF 
TXY(I,J)=TXY(I,J)+ DXY 

208 8X(10.1)*AM*(U(1+1.J+1)—U(1.J))+BM*(V(I+1,J)—V(10J+1)) 

 

7:Ti —3 

 

9- 

 

     

TXY(I,J)u 

210 DV.2(U(14.1)+V(111J))/1.4142136 
 	Catiza 

 

Tx= 	- 2.= 	 v.: 

 

TEMP=CSX(1,J)+SY(I•J))/2. 

SVIsTEMP+TXY(14,J) 

TMAXaSORT(TXY(I,J)*TXY(I.J)+A*A) 
-;/.2-11r.17 

701 IF(TMAX—XK) 61,60,60 
..11\1.-7  	

IFtTMAX.GT.XK) GO TO 820 
	 C.-1)=TAZ 	 

820 ERRoW/TMAX 

SX(/..))91(5X(I,J)*(141+ERR)+5Y(1,J)*(1..-ERR))/246 
= C. r. = 	": 	=.= =. 	a-a= 	7. 4 



	  i 

tow(SX(I.J)—SY(11J))/20  

PRIgTMAX*100•/XK 
	 —  	== 	=  23:V. 	2=-•  " 

821 FORMAT(4E13.642110) 

PS227EMP—TMAX 

IF(TXY(I.J))212.212.213 

214 THETA=THETA-90. 

215 THETAngTHETA+90• 

	

7-1.-1 .3 3 S -4  .7" r7,-7-' 	--.-=7"7.1."="1.t...1: 	- -.1- 	• -= 	3-7 st-2 	3 3-  -A.3•31g' 	.1=1:J" 	
207 FORMAT(4X113,13•2F144,4s5F11.4.5X0F8.2,2)(112F5.0) 

,----7=- aZNAA.=114rtgi4E 	  
00 54 J=I+16 
	D.0 	 
UU(I•J)*U(1q0J/ 

ITER*0 
	LP 

IF(LPS.E0./D) GO TO 25 
	GOTO"--=5P- 

25 REWIND 9 
	w14=a— 
WR/TE(9) ((V(I$J)•J*1•16),I=1.14/ 
	WIT 

WRITE(9) ((SY(I.J),J221e15)1111m1 ,13) 
- 

WRITE(9) ((EP(111J),J01.15),In1913) 

END 



SX(I•J)+DSX(110)+TXY(I$J-1)+DTXY(1.2) +WV(1•J) 9 RXis 

--...: 	 - 	- - 	Ta  	__ 

	

Eizt 	"Z. 	't 	- -=-.--•;- 	7. --72 	: 2 	 .- 	= .- .-= t. : 2 	7= 

	

i 	. .- 2-.'-' - .- 2 = = =i2 

	COMMON_PS26211101(284,21)•SX(27,20)sSY(27,20),TXY(271120),UU(28+21)  

	2CWICIIWU(121,8).WV(1.3.20)91TER,MXITER,EP(27,20),AU(5),AV(5),SUMR(900  
=-..1. 	 - 	- 	:21,-,...7..1..x---m...-.7%;==-_:=2-=--,7.11- 	 A. 	/r2'22. 1  •=21.  . 	  

DO 12 JEJS*JE 

1081+1-1A 

LIRJ.1.1-JA  
 	IF,tes -ctik)s)-L--t*z4 	  

1 TXY(101-)sCM*(U(K+14.)-U(K.L+1)+V(K+IilL+1)-V(101L)) 

	IF(IA-JA) 362,3  
	2--__,S €.8.' 	- .11"17== WE. -- .=:..27E-7-=-TEE--.31= 2.71--1 .F3- -._--=---T  r="1"---  	

DSX(IA9JA)*O. 
- 	G  .(:T05-------- 
3 SY(KoL)=AM*(V(C+111L)-V(K,L+1))+8M*(U(K+101.4.1)...U(K9L)) 
	CLEf-- I- VAIELV-• 	  

GO TO 5 
	A_C m 	FltsZa!A-tc-ittpo___ 	

DSX(IAIIJA)11DX  
OSYrtkCJJVLIYIn--- _ 
DTXYCIA,JAIIRDXY 

GO TW10,9118,7,06),JK 
 	4 -R - --_--40- =-= 2 Ir. '• 21.- 	 -,...."::..r:z 

 	RY=TXY(1,J)+DTXY(1.1)tdo25*P*H  

7 RX=SX(I*J)+DSX(1111)+TXY(19J--1)+DTXY(1.2)-TXY(1-1.J)-DTXY(2s1)+  

RY=SY(1,J-.1)+DSY(1+2)-5Y(I.-1.J)-DSY(2•1)+TXY(1 ,J)+DTXY(1 , 1)+.75*P* 
	PA 	

GO TO 11 

R Vs 	-SY(1-1•J)*DS1(2,1)+TXY(1,J)+DTXY(1411) +WU(141J) 
	 GO_-_-_T14 	  

_ 

VAN 2s-3 	
GO TO 11 

a - ===.% =.  	 - 	 a's". " =3 	 5 3r.  

111J-1)-DTXY(2,2) +P*H 
-- 2.•17.42.72,---eil..:r,1:7-.7,-WE.1-1.4---iif.E.4723.3...i'Z'Fli_VE, 	1—Ski  

13 U(IsNC+1)*(U(IeNC)+V(1,NC))/2. 

V(191)=1)(1.3) 



	 (Y)  



(vi 

COMMON U(28s21)sV(28+21)+SX(27+20),SY(27+20)'TXY(27+20),UU(28s21)  
' 	 ===_3- - CtriactiVvE 	 

2CM,COW(I2418),WVC13.20)41ITER.MXITER,EP(27,20)*AU(5).AV(5).SUMR(900  

EX=U(K+111L+1)—U(K,L)—UU(K+1.L+1)+UU(KIL) 

EXY=U(K+111L)—U(KoL+1)+V(K+1,L+1)—VtKcIL)—UU(K+1•L)+UU(KoL+1)....VV(K+1  
 	W- 3 =  371.71 l";="1  

Tu(SX(KoL)-...SY(K,L))/2. 

DXYft(EY—EX)*C*TXY(KtL)*T+EXY*(CM—C*TXY(K,L)*TXYIKeL)) 

1 WifsgEX*(BM+C*TT)+EY*(AM—C*TT)+EXY*C*TXY(KoL)*T 

2 OXIBEX*(AM—C*TT)+EY*(BM+C*TT)--EXY*C*TXY(KeL)*T 
	 3TZLEMN)-RfsL-- 

END 
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DIAGRAM SHOWING YIELDED STRESS POINTS AT DIFFERENT DENSITIES  
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SAMPLE SOLUTION — PROBLEM GEOMETRY AND LOADING CONDITIONS 
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