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Controlling soft continuum manipulators is a challenging
task due to the structural compliance of these systemswhich
results in underactuation. While a variety of control ap-
proaches have been proposed for regulation tasks, tracking
control requires further investigation. To this end, a new
dynamic tube-Model Predictive Control formulation is pre-
sented, which includes an ancillary control law constructed
analytically with an energy-shaping approach. Two differ-
ent models are considered: i ) a rigid-link model with direct-
torque actuation, which is representative of miniature soft
continuum manipulators supplied by digital pressure regu-
lators; i i ) an extended model that includes the pressure dy-
namics of the fluid, which is representative of fluidic actu-
ation by means of a variable flow rate. The effectiveness
of the proposed algorithm is demonstrated with numerical
simulations considering bounded external disturbances, ei-
ther constant or time-varying.
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1 | INTRODUCTION
Soft continuum manipulators are a special class of soft robots characterized by serial strucure, high compliance, light
weight, and affordable cost compared to conventional rigidmanipulators. Themajority of soft continuummanipulators
have been developed at miniature scale, such as the flexible micro actuator [1] and subsequent designs [2]. Typical
applications include inspection [3] and minimally invasive surgery [4, 5]. More recently, larger soft continuum manip-
ulators have been investigated as part of anthropomorphic robots [6]. While all the above systems employ pneumatic
actuation, other continuum manipulators employ cable actuation, which is characterized by a different dynamics and
by specific challenges (i.e., friction of the cables) [7, 8, 9, 10]. Controlling soft continuum manipulators is a challeng-
ing problem since their high compliance results in underactuation [11]. In practice, satisfactory performance can be
achieved with kinematic-based controllers, provided that a fast response is not required [12]. High responsiveness
can be achieved by employing high-gain controllers, such as sliding mode control (SMC) [13], which however comes
at the cost of increasing the stiffness of the system in closed-loop [14]. A promising approach to modeling and control
of soft continuum manipulators involves the use of the port-Hamiltonian formulation and of passivity-based-control
methodologies [15]. In particular, the Interconnection-and-damping-assignment passivity-based-control methodology
(IDA-PBC) [16] provides compelling advantages, including a physical interpretation of the control action in terms of
mechanical energy of the system, and the use of small gains which preserve closed-loop compliance. As a result, IDA-
PBC designs for soft continuum manipulators can yield a smoother transient and a reduced control action compared
to high-gain approaches [11]. However, IDA-PBC is specific to regulation tasks, and it has only been extended to
tracking for some classes of systems. A further challenge associated to soft continuum manipulators, is the presence
of disturbances and model uncertainties, which are ubiquitous in engineering practice. These effects have been ac-
counted for in the literature by introducing in the control law either an adaptive observer [17] or an integral action
[18]. Finally, the use of fluidic actuation, either pneumatic or hydraulic, introduces further control-related challenges,
since the control action is mediated by the dynamics of the pressurized fluid. To overcome this complication, extended
dynamical models and corresponding model-based controllers have recently been investigated [19, 20, 21].

Most literature on the control of soft continuum manipulators, including IDA-PBC designs, has been focused
on regulation tasks. An extension of IDA-PBC for tracking tasks was proposed in [22], however it only applies to
mechanical systems with constant inertia matrix, thus it is not well suited to soft continuum manipulators. Notable
results on tracking control of soft manipulators have employed SMC algorithms [13], which however require high gains.
Data-driven approaches that employmachine learning techniques, such as recurrent deep neural networks, have been
employed with good results for tracking control of mobile robots [23]. However, employing these strategies for soft
manipulators is problematic due to the limited durability of these systems compared to their rigid counterparts, which
makes it impractical to collect large datasets. Conversely, model predictive control (MPC) has proved effective for
the tracking control of soft continuum manipulators without disturbances and considering a smooth trajectory (see
[6] for details). MPC is a feedback control strategy that requires solving an optimal control problem at each iteration
[24, 25, 26, 27], it allows accounting for state and/or control constraints, and it is ideally suited for trajectory tracking.
RobustMPC implementations can account for external disturbances and for state/input constraints [28]. Tube-MPC is
another robust approach that can also account for model/plant discrepancies by employing an ancillary control action
alongside MPC. In [29] the ancillary control was computed using MPC and the resulting algorithm was employed
for nonlinear systems. Subsequent tube-MPC algorithms have demonstrated further advantages, such as generality
and suitability to software implementation [30, 31, 32]. Tube-MPC algorithms have also been employed for linear
systemswith additive disturbances in [33], have been investigated for uncertainmultiagent systems in [34], and for the
tracking control of spacecrafts with external disturbances in [35]. Dynamic tube-MPC promises further performance
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and robustness enhancements compared to tube-MPC thanks to its added flexibility, which results from treating the
tube geometry as a design variable to be optimized [36]. In particular, the dynamic tube-MPC implementation [36]
is intended for fully actuated system, and it involves computing the ancillary control action and the tube dynamics
analytically, based on sliding-mode principles. In our previous work [37], we have proposed a dynamic tube-MPC
algorithm for underactuated mechanical systems by combining the MPC formulation with an ancillary control action
and a tube dynamics derived analytically using energy-shaping principle with the IDA-PBC methodology. In spite
of its potential advantages, to the best of our knowledge, dynamic tube-MPC has not yet been formalized for soft
continuum manipulators. The main technical challenges in this respect include the underactuated nature of this type
of systems, the possible lack of full state feedback, the presence of disturbances and model uncertainties, and the
complex dynamics of the system, which includes the dynamics of the pressurized fluid in case of fluidic actuation.
The latter point results in a dynamical model that is not in affine form, thus employing the approach proposed in [37]
could result in degraded performance.

This work investigates the trajectory tracking problem for a class of soft continuum inextensible manipulators
with fluidic actuation that bend on a plane due to pressurization of one or more internal chambers. To this end, a
dynamic tube-MPC is proposed for soft continuum planar manipulators with either direct-torque actuation achieved
through a regulated pressure source, or with fluidic actuation by means of a variable flow rate. In summary, the main
contributions of this work include the following points.

• A new dynamic tube-MPC implementation for underactuated systems is proposed which, differently from [37],
employs time-varying tube parameters and corresponding constraints hence it is more general.

• The ancillary control and the tube dynamics are formulated with the IDA-PBC methodology for a class of planar
soft continuum inextensible manipulators with bounded disturbances. Both direct-torque actuation through a
regulated pressure and fluidic actuation through a variable flow rate are considered. Convergence conditions are
discussed with a Lyapunov approach in relation to the tuning parameters.

• Simulation results are presented for both direct-torque actuation and fluidic actuation by considering different tra-
jectories and time-varying as well as constant external disturbances, either matched or unmatched. The proposed
algorithm is compared with alternative tube-MPC implementations demonstrating improved performance.

The rest of the paper is organized as follows. Section 2 summarizes the dynamic tube-MPC algorithm outlining
its principle and key components. Section 3 details the ancillary control and the tube dynamics for soft continuum
manipulators. Section 4 presents the simulation results, while Section 5 contains concluding remarks.

2 | DYNAMIC TUBE-MPC FOR UNDERACTUATED MECHANICAL SYSTEMS
2.1 | Overview of dynamic tube-MPC
The principle of dynamic-tube MPC [36], which inspired our previous work [37], is outlined here for completeness.
This approach is intended for fully actuated systems and defines the control policy π as the sum of the control input u ,
which is computed with an MPC implementation that has additional constraints related to the dynamic tube variables
to be optimized (i.e. α is part of the set of design variables), and the ancillary control input usmc, which is an SMC
controller consisting of a continuous term and a switching term. In [36] the optimization problem is formulated for
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the fully actuated system dynamics in the so-called affine form
¤x = f (x ) + u − δ,

where δ is a bounded disturbance, that is |δ | < ε. The dynamic tube-MPC control law is thus
π = u + usmc,

min(J )u,ν = h (x̆ (tf )) +
∫ tf

t i

l (x̆ ,u,usmc, α , ν) dτ,

usmc = −f (x ) − k1s − k2sign(s/φ),
¤φ = ε − αφ,

where s = ¤xd − ¤x − λ (xd − x ) and s = 0 is the sliding surface, xd is the desired trajectory, and φ is the dynamic tube.
The terms k1, k2 are tuning parameters of the SMC, and the MPC optimization is subject to the constraints

¤̆x = f (x̆ ) + u,

¤φ = ε − αφ,

¤α = ν,

in addition to the initial conditions and the final conditions. In particular, the tube geometry depends on the design
variable α and on the tube dynamics ¤φ which is computed analytically.

The dynamic tube-MPC has been extended in [37] to underactuated mechanical systems in affine form by com-
puting the ancillary control law with the IDA-PBC methodology [16] instead of using SMC principles. The system
dynamics for underactuated mechanical systems can be expressed in port-Hamiltonian form by defining the total
energy as

H (q , p) = 1

2
pT M −1p + Γ,

sum of the kinetic energy and the potential energy Γ. The system states are the position q ∈ Òn and the momenta
p = M ¤q ∈ Òn , where M = MT > 0 is the inertia matrix. The open-loop dynamics in the presence of a physical
damping matrix D = DT > 0 and of the matched disturbances δ (i.e. only affecting the actuated states) is then[

¤q
¤p

]
=

[
0 I

−I −D

] [
+qH

+pH

]
+
[

0

G (u − δ)

]
. (1)

The input matrix is G ∈ Òn×m , with rank(G ) = m < n , and the control input is u ∈ Òm . The term +qH is the vector of
partial derivatives in q , and +pH is the vector of partial derivatives in p . The IDA-PBC control law is constructed to
achieve the closed-loop dynamics [

¤q
¤p

]
=

[
0 M −1Md

−MdM
−1 J2 − Dd

] [
+qH

+pH

]
−
[
0

Gδ

]
. (2)

where Hd = 1
2 p

T M −1
d

p + Γd is the desired Hamiltonian, and Γd is chosen so that it has a strict minimizer in q∗, that is
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q∗ = argmin (Γd ) . The closed-loop damping in (2) is defined as Dd = (GkvG
T + DM −1Md ) , with Md = MT

d
> 0 the

closed-loop inertia matrix and kv = kTv > 0 a constant gain matrix, while J2 = −JT2 is a free-parameter matrix. The
IDA-PBC control law that achieves the desired closed-loop dynamics (2) is [16]

ues = G†
(
+qH −MdM

−1+qHd + J2M
−1
d p

)
− kvG

T +pHd , (3)

where G† =
(
GTG

)−1
GT . The terms Md and Γd should satisfy the partial-differential-equations (PDEs) [ (q , p) ∈ Ò2n

G⊥
(
+q (pT M −1p) −MdM

−1+q (pT M −1
d p) + 2J2M

−1
d p

)
= 0,

G⊥
(
+q Γ −MdM

−1+q Γd

)
= 0,

whereG⊥ is such thatG⊥G = 0 and rank (G⊥) = n−m. The dynamic-tubeMPC for underactuatedmechanical systems
[37] consists thus in defining the control policy π as the sum of the MPC control action u , which considers additional
constraints related to the dynamic tube variables (i.e. the parameter α ), and the ancillary control action

u ida-pbc =

ues Hd (q , p) < c,

ues + u0 Hd (q , p) ≥ c,
(4)

where ues is given in (3). The parameter c representing the width of the dynamic tube, and the term u0 are defined as
u0 = −αc

(
GT +pHd

)
,

¤c =
��+pH

T
d
G
�� ε − α

(
+pH

T
d
GGT +pHd

)
c,

(5)

where α is a design variable computed by the MPC optimization problem, while ε is the disturbance bound, that
is |δ | < ε. It follows from Proposition 1 in [37] that (4) and (5) ensure that all system trajectories starting outside
Ωc =

{
(q , p) ∈ Ò2n |Hd (q , p) < c

} converge to Ωc asymptotically, and all system trajectories originating in Ωc remain
in Ωc indefinitely provided that Dd > 0, kv ≥ αc, and that q∗ = argmin(Γd ) . In practice, the feedback control law
corresponding to the dynamic tube-MPC [37] is activated when the output error is larger than a predefined tolerance.
Conversely, the control input corresponds to a feedforward control action uff computed as a stable inversion dynamics
problem with an optimal control approach as in [38], which is outlined in the next subsection.

2.2 | Overview of feedforward control
The feedforward control action uff is computed by solving an inverse dynamics problem related to a desired trajectory
yd (t ) for the system’s output y (t ) = h (q (t )) . This is an open-loop control problem used as reference when the
output error is smaller than a predefined tolerance. The equations of motion for mechanical systems expressed using
Newton’s second law are

M (q ) ¥q (t ) + g (q (t ), ¤q (t ), t ) = Gu (t ),

where q is the vector of generalized coordinates in position,M (q ) > 0 is the inertia matrix, and g (q , ¤q , t ) is the vector
of internal and complementary inertia forces. Differential flatness is a powerful concept for the study of inverse
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dynamics problems: a flat system is onewhere states and control input can be determined in a purely algebraic fashion
from the flat outputs and their derivatives. In linear systems, controlability and flatness properties are equivalent
concepts. Thus, considering the output y = GT q and its desired trajectory, the inverse dynamics of the linearized
system is

uff (t ) = G−1 (MG ¥yd (t ) + CG ¤yd (t ) + KGyd (t )),

which is expressed as a function of the output and its derivatives by imposing y (t ) = yd (t ) .
Unfortunately, underactuated systems are often characterized by an unstable internal dynamics related to the

unactuated states. Thus, stable inverse methods, such as those based on optimal control theory, are required to
compute the feedforward action. Defining for illustrative purposes the performance index

J =

∫ tf −d t

t0

( (yd (t ) − y (t ))2 + uff (t )2) d t + (yd (tf ) − y (tf ))2,

a dynamic programming problem can be formulated, which employs a backward iteration startingwith J (tf ) = (yd (tf )−
y (tf ))2. This approach relies on the fact that a sub-arc of an optimal control trajectory is also an optimal sub-arc. Con-
sidering the system dynamics expressed in general form

¤x(t ) = f(x(t ),u (t ), t ), x(0) = x0
where x = [q ¤q ]T , the discretized performance index at the following steps i = Ntot − 1,Ntot − 2, . . . , 1 is thus

J (i ) = min
u
(i )ff

(
[ (yd (t i ) − y (i ) )2 + (u (i )ff )2 ]d t + J (i+1) (x(i ) + f(x(i ) ,u (i )ff )d t

)
.

The feedforward control uff is then computed by solving the optimization problem
u
∗(i )ff = arg min

u
(i )ff

(
[ (yd (t i ) − y (i ) )2 + (u (i )ff )2 ]d t + J (i+1) (x(i ) + f(x(i ) ,u (i )ff )d t

)
.

Since the analytical solution of the above problem can be challenging in general, a direct transcription method [38]
which follows the rule first discretize, then optimize is employed in this work. Alternative approaches for solving the
inverse dynamics of underactuated systems include direct multiple shooting methods, such as [39].

2.3 | Dynamic tube-MPC implementation
The dynamic tube-MPC for underactuated mechanical systems [37] is constructed by including the ancillary control
(4) and the dynamic tube equation (5) as equality constraints. In particular, the variables related to the dynamic tube
α , ¤α , ¥α , c, ¤c, ¥c and uaux, which acts as an auxiliary control variable, are included in the set of design variables at each
time step i (together with the pressure P and its time-derivative ¤P in case of fluidic actuation) thus

χ (i ) =
(
q (i ) , ¤q (i ) , ¥q (i ) , a (i ) , P (i ) , ¤P (i ) , c (i ) , α (i ) , ¤c (i ) , ¤α (i ) , ¥c (i ) , ¥α (i ) , u (i ) , u (i )aux

)T
,
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where i = 1, . . . ,Nt ot , and Nt ot is reduced at each iteration in a receding-horizon optimization problem according to
MPC principles. The total set of design variables isχ = (χ (1) χ (2) . . . χ (Nt ot ) )T and has dimension (Ntot) (4n+4m+6) .
The variables c, ¤c, ¥c are not independent but are computed analytically with (5) thus they could be eliminated in theory.
However, our experience indicates that keeping these variables allows improving convergence due to better numerical
conditioning for the tracking problem (i.e. systems and trajectories) considered here. Differently from the dynamic
tube-MPC algorithm [37], we account for an independent tube variable α with a non-constant time derivative ¤α by
employing a new equality constraint cα thus resulting in a more general implementation. The resulting nonlinear
programming problem is thus

P : min
χ

J =

∫ tf

tk

(γobj (α (t ))2 + βobju (t )2) d t

s.t. cmot (χ) = res(q , ¤q , ¥q , P , ¤P ,u)
ctube (χ) = − ¤c (t ) + εw1 (q , ¤q ) − c (t )α (t )w2 (q , ¤q , P )

caux (χ) = −(uaux + u) + u ida-pbc (q , ¤q , P )
cα (χ) = −α (t + d t ) + α (t ) + ¤α (t + d t )d t + ( ¥α (t + d t ) + ¥α (t ))d t 2/4

Aintgχ − bintg = 0

0 = −q (tk ) + qout
0 = −y (tf ) + yd (tf )

vcineq (χ) ≜ c (t ) > 0

vαineq (χ) ≜ α (t ) > 0

where γobj and βobj are weights of the elements of J . The term res(q , ¤q , ¥q , P , ¤P ,u) is the residual of the dynamic
equation considering the control input u , and cmot ≈ 0 when a solution of this equation is found. The constraint ctube
represents the dynamic tube equation, the constraint caux is related to the ancillary control u ida-pbc (q , ¤q , P ) , and the
constraint cα accounts for the fact that both α and ¤α are time-varying. Thus, differently from [37], accounting for ¥c
and ¥α results in a larger nonlinear programming problem (NLP), that is a larger search domain for the design variables,
which is beneficial for finding optimal solutions to more complex tracking problems. However, the gradient-based
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F IGURE 1 Block diagram of the dynamic tube-MPC algorithm for underactuated mechanical systems.
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search algorithm employed for the NLP yields additional locally optimal solutions, which should be assessed with
respect to the tracking tasks (i.e., confirming that the system follows the prescribed trajectory).

The matrix Aintg and the vector bintg result from the time integration with the generalized−α method [40], which
yields a stable convergence for constrained mechanical systems [41], hence it is well suited for trajectory tracking.
The generalized-α method is a generalization of the Newmark formula [42], and it can be written as

¤q (t + d t ) = ¤q (t ) + (1 − γ)a (t )d t + γa (t + d t )d t (6)
q (t + d t ) = q (t ) + ¤q (t )d t +

(
1

2
− β

)
a (t )d t 2 + βa (t + d t )d t 2 (7)

a (t + d t ) =
−αm a (t ) + (1 − αf ) ¥q (t + d t ) + αf ¥q (t )

(1 − αm )
(8)

where αm =
2ρ∞−1
ρ∞+1 , αf =

ρ∞
ρ∞+1 , γ = 1

2 − αm + αf , β = 1
4 (γ + 1

2 )
2 are numerical parameters that can be freely chosen

to combine unconditional stability and second-order accuracy, and a (t ) is the so-called pseudo acceleration. The
parameters αm , αf , γ, β depend on the spectral radius at infinite frequencies ρ∞ ∈ [0, 1], thus varying ρ∞ from 1 to 0
allows increasing the numerical damping [40]. Note that these equation have a linear structure with respect to the
design variables, thus their differentiation leads to constant matrices which depend on the numerical parameters of
the generalized-α method, that is

Aα
k =

©­­­«
0 −I 0 −(1 − γ)I d t 0

−I −I d t 0 −( 12 − β )I d t 2 0

0 0 −αf I αmI 0

ª®®®¬ ,
and

Aα
k+1 =

©­­­«
0 I 0 −γI d t 0

I 0 0 −βI d t 2 0

0 0 −(1 − αf )I (1 − αm )I 0

ª®®®¬ .
The Jacobian matrix can be computed as

Aintg =

©­­­­­­­«

Aα
k

Aα
k+1Aα
k

Aα
k+1

. . .

Aα
k

Aα
k+1

ª®®®®®®®¬
,

which has a block diagonal structure, while bintg = 0. In addition, boundary conditions are established for q at
the beginning and for y at the end of the time horizon. The complete set of equality constraints is thus given
by ceq = (c(1)mot, c(1)tube, c(1)aux, c(1)α . . . , c(Ntot )mot , c(Ntot )tube , c(Ntot )aux , c(Ntot )

α ) , and the set of inequality constraints is given by
vineq = (vαineq (1) , vcineq (1) , . . . , vαineq (Ntot ) , vcineq (Ntot ) ) , where vαineq and vcineq impose positive values for α and c. In
particular, minimizing the tube variable α is equivalent to minimizing the output error in the objective function of the
dynamic tube-MPC implementation.

In summary, the feedforward control is computed as a stable inversion dynamics problem with an optimal control
approach as in [38], and the feedback control law is activated and computed according to P when the output error is
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larger than a predefined tolerance (see Figure 1, where Hd (q , ¤q ) is the mechanical energy of the closed-loop system).
Compared to the IDA-PBC control (3), the ancillary control includes an additional dissipative term u0 (q , ¤q ) , which is
accounted for in the optimization problem. Thus, the tracking error is minimized indirectly in the performance index,
and additional equality constraints based on the tube dynamics (5) are introduced in the MPC optimization problem.
The resulting dynamic tube-MPC control policy is

π = ufb = kbu + kauaux, (9)
where the gains kb and ka affect the responsiveness of the system and should be chosen appropriately to achieve a
satisfactory performance.

3 | SOFT CONTINUUM PLANAR MANIPULATORS

The main contribution of this work is the formulation of the dynamic-tube MPC for a class of soft continuum inexten-
sible manipulators with fluidic actuation that bend on a plane due to pressurization of one or more internal chambers,
which is achieved either with a regulated pressure or a variable flow rate. In the former case, the ancillary control
and the tube dynamics only depend on the outputs y = θ and ¤y = ¤θ rather than on the full state (q , p) which may
not be measurable. In the latter case, the control input is not affine in the momenta p thus the design of the ancillary
control and the dynamic tube equations need to be modified accordingly. Similarly to [36, 37], the ancillary control is
obtained analytically and is accounted for in the optimization, and its role is to ensure that the output θ remains in a
robust control-invariant tube around the nominal trajectory.
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of them being pressurized), and corresponding rigid-link model with n = 3. The manipulator always bends on a plane
due to pressurization of either one (as shown in the section view) or multiple internal chambers, while extension is
prevented by a central intextensible element [11]. The parameters of the rigid links are defined in the Appendix.
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3.1 | Dynamical model for direct-torque actuation with regulated pressure
The system dynamics is approximated with a series of rigid-links connected in series by n virtual elastic joints with
stiffness k and damping b as in [15, 43, 11] (see Figure 2). This approach is based on the so-called pseudo rigid body
model, which approximates compliant structures by introducing an arbitrary number of virtual elastic joints (see [44]
for details). Since the model has n degrees of freedom (DOFs) and m = 1 control input (i.e. in case only one internal
chamber is pressurized) it is underactuated. This model is representative of miniature soft continuum manipulators
with a uniform cross section actuated by digital pressure regulators [11]. In such case, neglecting the pressure dynam-
ics of the fluid and assuming that the control input corresponds to the bending moment generated by the pressure
is a reasonable approximation, provided that the digital pressure regulator is much faster than the soft manipulator
itself. The following assumptions are introduced for controller design purposes.

Assumption 1: The tip rotation θ = GT q =
∑n

i=1 qi and its time derivative ¤θ are known at any instant and are
bounded. In addition, all sections of the soft manipulator bend in the same direction, that is qi q j > 0 [i , j , however
qi and ¤qi are not directly measurable since they refer to virtual joints.

Assumption 2: The bending stiffness k and the physical damping D = bI > 0, where I is the identity matrix of
dimensions n × n , are uniform along the length and accurately known. The system moves on an horizontal plane, thus
gravity forces are negligible. The disturbances δ ∈ Òm are matched (i.e. they affect the system dynamics in the same
way as the control input) and bounded, that is |δ | ≤ ε, where ε > 0 is known.

The Hamiltonian corresponding to the rigid-link model is H = 1
2 p

T M −1p + k
2 q

T q . In the absence of disturbances,
the energy-shaping control law that achieves the regulation of the tip angle θ = θ∗ (i.e., y = yd ) computed according
to the IDA-PBC methodology (3) is

ues = k

n
θ + kpkm

(
θ∗ − θ

)
− kv

km
¤θ, (10)

where the tuning parameters are km and kp , which refer to the kinetic energy shaping and to the potential energy
shaping respectively, and kv , which refers to damping assignment [11]. Note that (10) does not depend on the damping
b , which therefore can be uncertain. The closed-loop dynamics of the system obtained by applying the control input
(10) and expressed in port-Hamiltonian form is[

¤q
¤p

]
=

[
0 kmI

−kmI −kmD −GkvG
T

] [
+qHd

+pHd

]
−
[
0

Gδ

]
, (11)

where the total energy is Hd = 1
2km

pT M −1p + k
2km

(∑n
i=1 q

2
i
+ kp km

k (θ − θ∗)2 − θ2

n

) , which has a strict minimizer at
the equilibrium (θ, ¤θ) = (θ∗, 0) and verifies the matching PDEs (see Section 2.1) with Md = kmM and J2 = 0, while
GT = [1, 1, 1] if n = 3 (see [11] for details).

3.2 | Ancillary control and tube dynamics for direct-torque actuation
The ancillary control is defined here for soft continuum manipulators with direct-torque actuation by employing (5).
To this end, we define a sub-domain of attraction for the closed-loop system (11), that is

Ωc =
{
(q , p) ∈ Ò2n |Hd (q , p) < c

}
, (12)
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where c is a positive scalar time-varying parameter representing the width of the dynamic tube. Once the system
trajectory enters the sub-domain of attraction (11) it should remain there indefinitely. To this end, the closed-loop
energy Hd should decrease at a faster rate than the scalar c. Conversely, in case the system trajectory lies outside the
sub-domain of attraction, the additional control action u0 is introduced to bring the system trajectories to Ωc .

Proposition 1: Consider system (1) with Assumptions 1 and 2 in closed-loop with the IDA-PBC control law (4)
where ues is given in (10), while u0 and the tube dynamics ¤c are defined as

u0 = −αc 1
km

¤θ,
¤c = 1

km

�� ¤θ�� ε − αc 1
k 2m

¤θ2 .
(13)

Assume that the parameter α verifies the condition kv ≥ αc. Then, all system trajectories originating in Ωc remain in
Ωc indefinitely. In addition, all system trajectories starting outside Ωc converge to Ωc asymptotically.

Proof: Computing the time derivative of Hd and substituting (11) yields
¤Hd = −

(
M −1p

)T (
D

km
+G

kv

k 2m
GT

) (
M −1p

)
− 1

km

(
M −1p

)T
Gδ,

and substituting ¤θ = GT M −1p gives
¤Hd ≤ −

(
M −1p

)T (
D

km

) (
M −1p

)
− kv

k 2m

¤θ2 + 1

km

�� ¤θ�� |δ | . (14)

To prove the first claim we compute the inequality ¤Hd < ¤c, or equivalently ¤Hd − ¤c < 0, while substituting (13) and (14),
which yields

¤Hd − ¤c ≤ −
(
M −1p

)T (
D

km

) (
M −1p

)
− kv

k 2m

¤θ2 + 1

km

�� ¤θ�� |δ | − 1

km

�� ¤θ�� ε + αc
1

k 2m

¤θ2 . (15)

Since D > 0 and |δ | < ε by hypothesis, it follows from (15) that
¤Hd − ¤c ≤ −

(
M −1p

)T (
D

km

) (
M −1p

)
− kv − αc

k 2m

¤θ2 ≤ 0.

which is verified for all αc ≤ kv , thus the system trajectories starting in Ωc remain in Ωc indefinitely.
To prove the second claim we define the Lyapunov function candidate W = Hd − c which according to (12) is

positive definite outside Ωc . Computing its time-derivative while introducing u0 and substituting ¤c from (13) yields
¤W ≤ −

(
M −1p

)T (
D

km
+G

kv

k 2m
GT

) (
M −1p

)
+ u0
km

¤θ + 1

km

�� ¤θ�� ( |δ | − ε) + αc
1

k 2m

¤θ2 . (16)

Substituting u0 from (13) into (16) yields
¤W ≤ −

(
M −1p

)T (
D

km
+G

kv

k 2m
GT

) (
M −1p

)
− 1

km

�� ¤θ�� (ε − |δ |) ≤ 0,

where |δ | < ε, thusW converges to zero and the system trajectories starting outsideΩc converge toΩc asymptotically
concluding the proof ■
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3.3 | Dynamical model for fluidic actuation through variable flow rate
In case the soft continuum manipulator is actuated by a variable flow rate through an appropriate valve arrangement,
a different systemmodel is employed which includes the pressure dynamics of the fluid. In addition, a further assump-
tion is introduced.

Assumption 3: The fluid is isentropic and inviscid, and the bulk modulus Γ0, which characterizes its compressibility,
is known. The pressure P of the fluid, its density ρ, and its speed v are uniform. In addition, the pressure P is known
at any instant and bounded. Finally, the disturbances δ act on the system dynamics in the same way as the pressure,
that is, they are matched with respect to the pressure but they are not affine in the control input.

For inextensiblemanipulators, the volume of the fluid in the internal chamber can be approximated asV =V0+Ar θ,
where A is the area of the cross section of the internal chamber and r is the distance from the centroid of the chamber
to the center of the section, while the constantV0 includes the volume of the supply pipes (see Figure 2). It follows
that the speed of the fluid flow can be approximated as v = r ¤θ. In case of incompressible fluids, the total mechanical
energy is given by H = 1

2 p
T M −1p + 1

2 q
T Kq + Φ, where Φ =

(
−P + Γ0 (eP /Γ0 − 1) + 1

2 ρr
2 ¤θ2

)
(V0 + Ar θ) is the sum of

the internal energy and of the kinetic energy of the fluid [20]. The system dynamics in port-Hamiltonian form is thus

¤q
¤p
¤P

 =

0 I 0

−I −D Γ0Ar
V G

0 − Γ0Ar
V GT 0



+qH

+pH

+PH

 +


0

−Gδ
Γ0
V u

 , (17)

where the system states are the position q ∈ Òn , the momenta p = M̂ ¤q , where M̂ = M + ρr 2VGGT includes the
inertia of the fluid, and the pressure P ∈ Ò in case of a single pressurized chamber. In the absence of disturbances,
the control law for the regulation of the tip angle θ = θ∗ computed with an energy-shaping procedure [20] is

ues = Ar ¤θ − (V0 + Ar θ)
Γ0

(
1 + km

(
− k

n + kpkm

))
kmAr

¤θ + (V0 + Ar θ)
Γ0

k i

(
k

n
θ + kpkm

(
θ∗ − θ

)
− PAr

)
, (18)

where the tuning parameters are km , kp , k i . Note that in this case the parameter kv is missing, since the energy-shaping
procedure does not include a damping assignment. Instead, the parameter k i refers to the internal energy of the fluid.
Similarly to (10), the control law (18) depends on θ, ¤θ, and does not depend on the damping parameter b .

The closed-loop dynamics resulting from (18) expressed in port-Hamiltonian form is given as in [20]

¤q
¤p
¤P

 =


0 kmI 0

−kmI −kmD
1+km

(
− k
n +kp km

)
Ar G

0 −
1+km

(
− k
n +kp km

)
Ar GT − ki

Ar



+qHd

+pHd

+PHd

 −

0

Gδ

0

 , (19)

where Hd = 1
2km

pT M̂ −1p+ k
2km

(∑n
i=1 q

2
i
+ kp km

k (θ − θ∗)2 − θ2

n

)
+ς2/2, and ς = − k θ

n −kpkm (θ∗ − θ) +PAr . In particular,
Hd has a strict minimizer at the equilibrium (θ, ¤θ, P ) = (θ∗, 0, P ∗) , where P ∗ = k θ∗

nAr in the absence of disturbances.
Since system (17) has an extended dynamics compared to (1), the control law (18) is more complex than (10), and the
closed-loop Hamiltonian also depends on the pressure P .
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3.4 | Ancillary control and tube dynamics for fluidic actuation
Similarly to (12), the sub-domain of attraction for the closed-loop system (19) is defined as

Ωc =
{
(q , p, P ) ∈ Ò2n+1 |Hd (q , p, P ) < c

}
, (20)

where c is the width of the dynamic tube. Note that in this case Ωc depends also on the pressure P .
Proposition 2: Consider system (17) with Assumptions 1 to 3 in closed-loop with the control law

u ida-pbc =

ues Hd (q , p, P ) < c,

ues + u0 Hd (q , p, P ) ≥ c,
(21)

where ues is given in (18), while u0 and ¤c are defined as
u0 = −αcς V

Γ0Ar
,

¤c = 1
km

�� ¤θ�� ε − αcς2 .
(22)

Assume that the parameter α verifies the condition k iAr ≥ αc. Then, all system trajectories originating in Ωc remain
in Ωc indefinitely. In addition, all system trajectories starting outside Ωc converge to Ωc asymptotically.

Proof: Computing the time derivative of Hd and substituting (19) yields
¤Hd = −

(
M̂ −1p

)T (
D

km

) (
M̂ −1p

)
− 1

km

(
M̂ −1p

)T
Gδ − k iAr ς

2 .

and thus
¤Hd ≤ −

(
M̂ −1p

)T (
D

km

) (
M̂ −1p

)
− k iAr ς

2 + 1

km

�� ¤θ�� |δ | . (23)

To prove the first claim we compute the inequality ¤Hd < ¤c, or equivalently ¤Hd − ¤c < 0, while substituting (22) and (23),
which yields

¤Hd − ¤c ≤ −
(
M̂ −1p

)T (
D

km

) (
M̂ −1p

)
− k iAr ς

2 + 1

km

�� ¤θ�� |δ | − 1

km

�� ¤θ�� ε + αcς2 . (24)

Since D > 0 and |δ | < ε by hypothesis (see Assumption 2), it follows from (24) that
¤Hd − ¤c ≤ −

(
M̂ −1p

)T (
D

km

) (
M̂ −1p

)
− (k iAr − αc)ς2 ≤ 0,

which is verified for all αc ≤ k iAr . Thus, the trajectories of the closed-loop system starting in Ωc will remain in Ωc

indefinitely.
To prove the second claim we define the Lyapunov function candidateW = Hd − c similarly to (16). Computing

its time-derivative while introducing u0 and substituting ¤c from (22) yields
¤W ≤ −

(
M̂ −1p

)T (
D

km

) (
M̂ −1p

)
− k iAr ς

2 + u0
Γ0Ar

V
ς + 1

km

�� ¤θ�� ( |δ | − ε) + αcς2 . (25)
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Substituting u0 from (22) into (25) yields
¤W ≤ −

(
M̂ −1p

)T (
D

km

) (
M̂ −1p

)
− k iAr ς

2 + 1

km

�� ¤θ�� ( |δ | − ε) ≤ 0,

thusW converges to zero and the system trajectories starting outside Ωc converge to Ωc asymptotically ■
Remark 1. Differently from (5) which requires full state feedback, (13) only depends on the output ¤θ. Inspecting

(13) shows that the term u0 modifies the damping assignment, which is governed by the parameter kv , by introducing
a further damping term proportional to the tube width c. Instead, the control u0 in (22) introduces a term proportional
to ς which contains the position error (θ∗ − θ) but does not depend on the velocity ¤θ. Thus u0 in (22) increases the
parameter k i by the amount αc yielding a stronger proportional-control action. Inspecting (19) however, reveals that
k i is also associated to dissipation, but this effect is related to the pressure dynamics rather than to the velocity. In
conclusion, the term u0 is associated to dissipation for both system models, which results from employing energy-
shaping principles based on IDA-PBC. However, the type of dissipation depends on the specific model and does not
necessarily correspond to damping.

Remark 2. It follows from Assumptions 2 and 3 that only the effect of matched disturbances is considered in
either (13) or (22). In principle, unmatched disturbances could be accounted for by including an adaptive observer
(see Proposition 2 in [37]). However, the limitations imposed by Assumption 1 (i.e. that only θ and its time derivative
are directly measurable) precludes this possibility. To highlight this point we rewrite (15) for the case of matched and
unmatched disturbances, which yields after factoring common terms

¤Hd − ¤c ≤ −
(
M −1p

)T (
D

km

) (
M −1p

)
− kv − αc

k 2m

¤θ2 + 1

km

(���M −1p
��� |δ | − �� ¤θ�� ε) .

Note that the inequality ��M −1p
�� |δ | − �� ¤θ�� ε < 0 resulting from the last term is not verified for any ε in case ¤θ = 0

and ��M −1p
�� , 0. This condition can occur if the angular velocities of different virtual joints have opposite sign, that is

¤qi ¤q j < 0 for some i , j . In addition, defining the tube dynamics as ¤c = 1
km

��M −1p
�� ε−αc 1

k 2m

¤θ2 yields a non-implementable
expression, in case the position q and the velocity ¤q of the virtual joints which appear in M −1p are not measurable.
This limitation might be overcome by estimating q and ¤q with a state observer, which shall be investigated in future
work. Conversely, if ¤qi ¤q j > 0, there exist some ε such that |M −1p | |δ | < | ¤θ |ε, which suggests that the ancillary control
laws (13) and (22) actually have some ability to reject unmatched disturbances (see Section 4).

4 | SIMULATION RESULTS
This section illustrates the proposed dynamic tube-MPC for a soft continuummanipulator, which is an underactuated
mechanical system. Both direct-torque actuation through a regulated pressure and fluidic actuation through a variable
flow rate are considered. The system is subject to parametric uncertainty and external disturbances, either constant
and matched or time-varying and unmatched.

Simulations have been conducted for a model with n = 3DOFs andm = 1 control input, resulting in an underactu-
ation degree n −m = 2. This choice is motivated by our experimental work (see [5, 11]) which has demonstrated that
this approximation is appropriate for our soft continuummanipulator prototypes. Note however, that the control laws
(10), (13) and (18), (22) are valid for any value of n . The position vector is q = (q1, q2, q3)T , and the initial configuration
corresponds to all links aligned, that is q (t0) = (0, 0, 0)T . The system output is y = GT q = q1 + q2 + q3 = θ. The time
discretization has been implemented with 150 points, the initial time is t0 = 0.0s , the final time is tf = 5.0 s, thus the
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time interval is tf − t0 = 5.0 s, and the time step is d t = 0.0336 s. The tuning parameters in (10) have been chosen
empirically as kp = 0.1, kv = 0.6, km = 22.0, and ε = 1.0 in (13). The weights in the performance index of the nonlinear
programming problem have been tuned empirically as βobj = 0.1 and γobj = 1.0.

4.1 | Direct-torque actuation through regulated pressure
The equations of motion for the model with direct-torque actuation through regulated pressure is

M (q ) ¥q + D ¤q + Kq = Gu (26)
where M ,D ,K ,G are defined in the Appendix. The dynamic tube-MPC problem P is defined by the constraints and
equations in Table 1: the residual equation ofmotion corresponding to the constraint cmot; the dynamic tube constraint
ctube; the IDA-PBC control law used in the auxiliary constraint caux, where kp , kv , and km are tuning parameters (see
Section 3.1). Note that P and ¤P are not included in the design variables in this case. To assess the effectiveness of
the proposed algorithm, model uncertainties and bounded external disturbances have been considered in addition to
the inherent numerical optimization errors. In particular, the model uncertainties are related to the damping b in the
virtual joints, such that the difference between model and plant is ∆b = 0.0001 Ns/rad, while the external matched
disturbances are δ = δ0 × [1; 1; 1] Nm with δ0 > 0 corresponding to a bending moment applied to the distal link.

Figure 3 shows the simulation results for an output trajectory corresponding to an hyperbolic tangent, that is
yd (t ) = π

12 (1 + tanh( 52 (t − 2.5))) . In this case, we have set kb = 800, ka = 1, and ρ∞ = 0.5, while the output
error tolerance is 0.0195 rad. Figure 3(a) shows the reference trajectory and Figure 3(b) shows that the control policy
corrects the output during the time interval 2.4 ≤ t ≤ 2.6. Figure 3(c) shows the output error yd − y , which has a
maximum amplitude of approximately 0.023 rad. Figure 3(d) shows the angular positions of the virtual joints, which are
almost coincident, Figure 3(e) shows the corresponding angular velocities, and Figure 3(f) shows the phase diagram.
Figure 3(g) and Figure 3(h) show the time history of the tube variable α and of its time derivative ¤α , which is not
constant differently from our previous implementation [37]. Figure 3(i) shows the tube geometry that is updated
when the dynamic tube-MPC is activated. The parameter c decrease exponentially when the output error falls below
the predefined tolerance and uf b is deactivated. In summary, oscillations in the tube variables (α , ¤α ) and in the tube
geometry (c) are indicative of the complexity of the tracking problem. The sudden variation of the tube variables results
in a corresponding change of the control policy which has the effect of reducing the output error. Thus, a suitable
choice of the tuning parameters for the specific tracking problem is essential for good tracking performance. In this

Constraints Equation/function Soft manipulator with direct-torque actuation
cmot res(q , ¤q , ¥q ,u) M (q ) ¥q + D ¤q + Kq −Gu

ctube w1 (q , ¤q ) ; w2 (q , ¤q ) w1 (q , ¤q ) = 1
km

| ¤θ |; w2 (q , ¤q ) = 1
k 2m

¤θ2

caux ues (q , ¤q ) ues = k
n θ + kpkm (θ∗ − θ) − kv

km
¤θ

u0 (q , ¤q ) −αc 1
km

¤θ

Hd (q , ¤q ) 1
2km

pT M −1p + k
2km

(∑n
i=1 q

2
i
+ kp km

k (θ − θ∗)2 − θ2

n

)
TABLE 1 Constraints and functions related to the optimization problem P for direct-torque actuation.
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respect, higher complexity due to the system dynamics or to the specific trajectory can pose numerical challenges.
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F IGURE 3 Simulation results for direct-torque actuation (ρ∞ = 0.5) .
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F IGURE 4 Simulation results illustrating the effect on performance of the parameter kb in (5).

Figure 4 illustrates the effect on performance of the parameter kb in (5) considering the values kb = 1300, 800. In
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this case/problem, convergence is achieved by 330 ≤ kb ≤ 1300. Note that the values of kb and ka are specific to the
model parameters and to the target trajectory. The effect of different matched disturbances has been assessed using
δ = 0.00001 × [1; 1; 1] as reference and three multiplicative factors (i.e, factor = 1, 200, 1000) with the same tuning
parameters. The system response is illustrated in Figure 5: while the simulation results indicate that the dynamic tube-
MPC can cope with different disturbances, a constant output error is nevertheless present. In particular, the error is
smaller for the reference representing the smallest disturbance since the controller parameters have been tuned for
this condition, which corresponds to Figure 3. Note that further performance improvements can be obtained for the
larger disturbances (i.e., factor= 200 and 1000) by appropriately tuning the control policy gains. A further set of results
is shown in Figure 6 in order to compare the dynamic tube-MPC with a simpler tube-MPC that employs fixed values
of α and c, as in [29]. The results indicate that the proposed dynamic tube-MPC yields a smaller output error and a
reduced control action.
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F IGURE 5 Simulation results illustrating the sensitivity to external disturbance.
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F IGURE 6 Simulation results comparing the proposed dynamic tube-MPC with a tube-MPC that has fixed tube
parameters.
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4.2 | Fluidic actuation through variable flow rate
For the soft manipulator with fluidic actuation achieved through a variable flow rate (see Section 3.3), the equations
of motion employed in the MPC optimization problem also include the pressure dynamics, that is

M̂ (q ) ¥q + D ¤q + Kq −GP = 0

(V0 + Ar (GT q )) ¤P /Γ0 + Ar (GT ¤q ) = u,
(27)

where u [mm3/s ] is the volumetric flow rate, ¤P is the time derivative of the pressure P , and M̂ (q ) has been de-
fined previously (see Section 3.3). The model parameters in (27) have been chosen for illustrative purposes as A =

28.27mm2,V0 = 24.74mm3, r = 3× 10−3 m, and Γ0 = 2× 104 bar, ρ = 1 g/cm3 corresponding to water. The constraints
and the functions that define the MPC optimization problem P are given in Table 2. Note that P and ¤P are included
in the design variables in this case.

Constraints Equation/function Soft manipulator with fow-rate actuation
cmot res(q , ¤q , ¥q , P , ¤P ,u) ©­­«

M̂ (q ) ¥q + D ¤q + Kq −GP

(V0 + Ar (GT q )) ¤P /Γ0 + Ar (GT ¤q ) − u

ª®®¬
ctube w1 (q , ¤q ) ; w2 (q , ¤q , P ) w1 (q , ¤q ) = 1

km
| ¤θ |; w2 (q , ¤q ) = ς2

caux ues (q , ¤q ) Ar ¤θ − (V0+Ar θ)
Γ0

(
1+km

(
− k
n +kp km

))
kmAr

¤θ + (V0+Ar θ)
Γ0

k i

(
k
n θ + kpkm (θ∗ − θ) − PAr

)
u0 (q , ¤q ) −αcς V

Γ0Ar

Hd (q , ¤q ) 1
2km

pT M̂ −1p + k
2km

(∑n
i=1 q

2
i
+ kp km

k (θ − θ∗)2 − θ2

n

)
+ ς2/2

TABLE 2 Constraints and functions defining the optimization problem P for fluidic actuation through a variable
flow-rate.

Figure 7 considers an output trajectory corresponding to an hyperbolic secant, that is yd (t ) = π
24 sech( 73 (t −2.5)) ,

and shows the effect of the time-varying unmatched disturbances δ = 0.001 × [sin(4t ) ; sin(4t + π/10) ; sin(4t + π/8) ],
where the phase shifts π/10 and π/8 are related to the second and third virtual joint, in addition to the uncertain
damping. The same tuning parameters have been employed as in Figure 3, while the control policy gains have been
set to kb = −3.0 and ka = 0.06 and a different reference trajectory has been used. In summary, the feedforward
control is different due to the new trajectory, and the tube geometry is more complex due to the pressure dynamics
of the fluid, and the time-varying unmatched disturbances considered.

A further set of results is shown in Figure 8 in order to compare the proposed dynamic tube-MPC implementation
(i.e. v2), which accounts for the fact that both α and ¤α are time-varying in the modified equality constraints cα of P,
with our previouswork [37] (i.e. denoted by v1) in the presence of amore complex dynamics, a different trajectory, and
time-varying external disturbances. The results show that the proposed dynamic tube-MPC yields a smaller tracking
error compared to [37] (i.e. the output error for v2 goes to zero in Figure 8(a)) thanks to amore complex tube geometry
(see Figure 8(c)). In addition, Figure 8(d)) to Figure 8(f)) correspond to smaller values of the gains ka and kb in (9) (i.e.
the values are 40% smaller compared to Figure 8(a)). In this respect, the results indicate that the proposed dynamic
tube-MPC implementation is less sensitive to the tuning parameters and yields a more consistent response, which
can be beneficial in engineering practice. Figure 9 shows a set of simulation results related to a non-smooth trajectory,
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F IGURE 7 Simulation results for the case of fluidic actuation with ρ∞ = 0.5 and unmatched disturbances.

where six intermediate points were taken from the reference trajectory in Figure 7 and were connected with a linear
interpolation method. The control policy gains were tuned as kb = −10 and ka = 0.2. The results highlight the ability of
the proposed algorithm to deal with non-smooth trajectories for the class of soft continuum manipulators considered
in this work. Additional results for the tracking control of different underactuated mechanisms with non-smooth
trajectories have been presented in our previous work [37]

5 | CONCLUSION
This work presented a dynamic tube-Model Predictive Control formulation for the tracking control of soft continuum
planar inextensible manipulators with fluidic actuation. In particular, the ancillary control was derived analytically with
energy-shaping principles, and it introduces a dissipative action when the trajectories are outside the sub-domain of
attraction corresponding to the dynamic tube. Simulations results indicate that the proposed control policy yields
satisfactory tracking performance in the presence of either time-varying or constant bounded disturbances, and it
performs better than a fixed tube-Model Predictive Control yielding smaller output errors across different types of
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F IGURE 8 Simulation results comparing the proposed dynamic tube-MPC (i.e. v2) with our previous
implementation [37] (i.e. v1). Figure 8(a)-8(c) employ the same tuning parameters of Figure 7. Figure 8(d)-8(f) employ
40% smaller values of ka and kb for both v1 and v2.
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F IGURE 9 Simulation results for a non-smooth trajectory.

disturbances, and exhibiting lower sensitivity to the tuning parameters, which is beneficial in engineering practice.
Nevertheless, a number of aspects require further investigation. First of all, the ancillary control and the tube

dynamics have been designed assuming that the disturbances are matched. In principle, this assumption could be
relaxed by estimating the position and the velocity of the virtual joints with a state observer at the cost of higher
complexity of the control algorithm. Furthermore, the proposed models do not account explicitly for the effect of
gravity, even though this can be included in the lumped disturbance. In principle, including the effect of gravity within
the potential energy of the system is expected to yield faster response and better tracking performance, thus it shall
be investigated in future work. The class of systems considered in this work shall be extended to include different
types of soft continuum robots and different actuation strategies. Finally, we aim to study the effect of the tuning
parameters on performance and on stability, to investigate the stability of the proposed algorithm, and to conduct
experimental tests with our prototypes.
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APPENDIX
The matrices in equation (26) are

M (q ) =
©­­­«

c1 + c2 cos(q2) + c3 cos(q3) + c4 cos(q2 + q3) ∗ ∗
c8 + c9 cos(q2) + c10 cos(q3) + c11 cos(q2 + q3) c5 + c6 cos(q3) ∗

c12 + c13 cos(q3) + c14 cos(q2 + q3) c15 + c16 cos(q3) c7

ª®®®¬ ,
D =

©­­­«
b 0 0

0 b 0

0 0 b

ª®®®¬ ,K =
©­­­«

k 0 0

0 k 0

0 0 k

ª®®®¬ ,G =
©­­­«

1

1

1

ª®®®¬ ,
(A1)

and the constant parameters in the inertia matrix are
c1 = l 21m1/4 + l 21m2 + l 21m3 + c5, c2 = l1 l2m2 + 2l1 l2m3,

c3 = l2 l3m3, c4 = l3 l1m3, c5 = l 22m2/4 + l 22m3 + c7,

c6 = c3, c7 = l 23m3/4, c8 = c5, c9 = c2/2, c10 = c6,

c11 = c4/2, c12 = c7, c13 = c3/2, c14 = c4/2,

c15 = c7, c16 = c3/2.

(A2)

The numerical values of the parameters are given in Table 3, where the total length of themanipulator is l0 = l1+l2+l3+l4
and its total mass is m0 = m1 +m2 +m3 +m4. In particular, the first link l1 is static [11].

Parameter Value
total length: l0 l0 = 100/1000 m

length: l1 l012.5/100 m
length: l2 l037.5/100 m
length: l3 l037.5/100 m
length: l4 l012.5/100 m

total mass: m0 m0 = 1.5/1000 kg
mass: m1 m012.5/100 kg
mass: m2 m037.5/100 kg
mass: m3 m037.5/100 kg
mass: m4 m012.5/100 kg
spring: k 5.0 N/rad
damper: b 0.015 N.s/rad

TABLE 3 Parameters of the rigid-link model (see model schematics in Figure 2).


