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Abstract

Understanding the spatial and temporal evolution of melt distribution in the crust is crucial in provid-

ing insight into the development of sub-volcanic crustal stratigraphy and composition. A quantitative

model of heat and mass transport through a compacting, highly crystalline crustal mush created

through repetitive intrusions of is presented. In contrast with previous static models of heat trans-

fer in the crust, it is found that realistic, intermediate emplacement rates are capable of forming

persistent high melt fractions in the shallow crust. The structure of the high melt fraction volumes

consists of crystal-poor lenses within a crystalline matrix, where the lenses accumulate through seg-

regation at the top of the system, bounded by the solidus isotherm. Melt distributions predicted

by thermo-mechanical modelling provide evidence for the emerging concept of mushmatism and its

dominant role in the lifecycle of shallow crustal magma reservoirs. Results of the thermo-mechanical

model are benchmarked against those of static models and used to estimate velocities across sub-

volcanic systems. Velocity anomalies are estimated using a combination of Karato’s method and

Berryman’s self-consistent approach. Comparison between the velocity profiles estimated from the

thermo-mechanical model and those developed using a static model to match recorded data from the

SEA-CALIPSO seismic experiment show that lower emplacement rates of only 10 mmpa, compared

with 750 mmpa in the static model, are required to produce the same velocity signature when melt

segregation is accounted for. Resulting velocity models are used to generate synthetic seismic data for

a full waveform inversion (FWI) using a starting model recovered from a synthetic travel-time inver-

sion produced with the software package tomo2d. The resulting velocity model recovered using FWI

investigates its potential use in recovering the fine-scale structure of sub-volcanic plumbing systems

and the maximum inversion frequency at which a full-scale 3D FWI at active volcanic centres could

be implemented.
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Chapter 1. Introduction

1.1 Motivation

Characterising the internal structure and processes of volcanic plumbing systems has long been a

key issue for geoscience. The intricate processes that occur in the Earth’s interior have been widely

studied since the turn of the nineteenth century, when the central importance of igneous petrology

became abundantly clear through work by eminent geologists such as Charles Lyell and James Hutton.

Following Lyell’s prediction that Earth’s crustal diversity was fundamentally derived from igneous

processes, early petrologists studied igneous formations in an attempt to determine the parameters

governing the production of the observed variety of compositions (Lyell, 1833). Their early studies

of magmatic transport and storage have enhanced our understanding not only of how the Earth’s

crust formed but also of Earth’s internal processes and continuous rheological evolution (Middlemost,

1991).

The academic interest in magmatic processes has mainly been driven by a need to understand, predict,

and mitigate the hazardous nature of extrusive igneous activity. Studies of volcanic eruptions date

back well before Lyell’s time to the Roman Empire and the famous eruption of Vesuvius in 79AD,

which led to the destruction of Pompeii and surrounding towns, as documented by Pliny (Sigurdsson

et al., 1982). The current and historical fascination with volcanic eruptions can be attributed to their

wide-spread social, economic, and environmental impacts which have included, but not been limited

to; death, damage to property, long-term climatic changes, and destruction of entire habitats and

ecosystems. The substantial threat posed by eruptions has therefore led to a demand for an in-depth

and robust understanding of volcanic processes. However, despite significant scientific advances made

over the last century, particularly with respect to geophysical techniques and petrological observations,

current understanding of melt distribution within the complex architecture of sub-volcanic systems is

limited (McNutt, 1996; Sparks, 2003). In particular, the dynamics governing magma intrusion, segre-

gation, and storage in the crust are poorly constrained, thereby hampering prediction and mitigation

capabilities (Annen et al., 2008).

Ultimately, for successful forecasts to be made, a quantitative method for eruption prediction and de-

termination of the physical state at active volcanic centres must be developed (Scarpa, 2001; Sparks,

2003). In order to model the dynamics of volcanic systems, accurate estimates of the internal ge-

ometry of the plumbing system are required (Paulatto et al., 2012). To date however, attempts at

constraining the physical and thermal properties of magma systems have had conflicting results from

which no consensus has been able to be drawn (Paulatto et al., 2012; Lees, 2007; Voight et al., 2010;

3



Chapter 1. Introduction

Foroozan et al., 2010). The highly non-linear and dynamic nature of sub-volcanic systems makes

precise forecasting an extremely complex task that relies heavily on a quantitative understanding of

the causative mechanical and chemical interactions (Sparks, 2003).

1.2 Aims and objectives

The driving force behind this thesis is to improve our understanding of the thermo-mechanical pro-

cesses in crustal magma systems by comparing numerical modelling results with synthetic velocity

models obtained using full waveform inversion to investigate melt distribution in the shallow crust

beneath active volcanoes. In addition, this thesis aims to place better physical constraints on crustal

melt fraction, geometry, and interconnectivity with the long-term goal of establishing the foundations

of a framework for quantitative eruption prediction.

One of the aims of this thesis is to provide a method for converting the results of melt distribution

and temperature in the shallow crust, provided by the presented thermo-mechanical model, into

two-dimensional velocity profiles containing the intricate structure of the volcanic plumbing system

predicted from the model. In addition, the impacts of melt fraction and temperature on background

seismic velocity are investigated.

Another key objective of the thesis is to determine the extent to which full waveform inversion is

capable of resolving the fine-scale velocity structure of the shallow crust at volcanic centres. The enor-

mous physical extent of the problem makes running the seismic inversions incredibly computationally

expensive. As a result, the compromise between computation time and recovery is investigated to

assess whether it would be feasible to run a full waveform inversion on geophysical data collected at

active volcanoes.

1.3 Structure of this thesis

This thesis is split into three major sections detailing the progressive stages of determining the structure

of sub-volcanic crust. Relevant literature is reviewed for each individual section, followed by a detailed

discussion of the methods used and results obtained. The first section (chapter 2) describes the

model used to determine the spatio-temporal evolution of melt distribution throughout the studied

4



Chapter 1. Introduction

regions of the crust. This chapter aims to determine the extent of melt produced in various geological

situations based on inputs from case-studies. Benchmarks against previous models are set and then

temperatures and melt fractions are calculated in the shallow crust during simulation of repeated

sill intrusions. The difference between previous purely thermal models and the model incorporating

segregation is shown. The third chapter outlines the model used to convert the temperature and

melt fraction data into seismic velocity profiles, taking into account the elastic moduli properties of

typical igneous petrologies. These synthetic profiles are created for a variety of geological simulations.

Various approaches to reproducing the results from temperature and melt fraction inversions on travel-

time tomography data, using a purely thermal model, and the differences obtained by including melt

segregation are discussed in chapter four. The final velocity models are then used in full wave form

inversions in chapter five. The aim in the fifth chapter is to investigate whether or not the synthetic

seismic data is capable of being inverted to produce geologically sound profiles of volcanic plumbing

systems, and the extent to which FWI is able to resolve the fine-scale detail in the models including

melt segregation. The chapters build successively on one another, culminating in an assessment of the

effect that maximum inversion frequency has on velocity recovery for FWI in sub-volcanic intrusion

zones.
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2.1 Thermo-mechanical modelling

In order to provide insight into the dynamics of volcanic systems, a thermo-mechanical model of

coupled melt segregation and crustal compaction has been adapted from Solano (2011). The original

model was applied by Solano (2011) to deep crustal hot zones (DCHZs) and mobile magma formation

in the lower crust. Specifically, it was used to determine the origin of the observed stratification of

the crust between an evolved, broadly granitic upper crust and the more primitive, mafic lower crust

(Solano, 2011). Buoyancy driven melt segregation through a permeable, deformable pore space was

modelled to determine the effects of melt migration on magma formation, storage, and evolution in

deep crustal hot zones (Solano et al., 2012).

The original model of Solano et al. (2012) built upon various previous models which were static and

purely thermal. Models such as those of Annen and Sparks (2002); Annen et al. (2006); Annen (2009,

2011); Annen et al. (2014) examine only the effect of increasing temperature on melt distribution

in the crust and therefore do not include the effects of melt segregation. While these models have

greatly enhanced our understanding of the spatio-temporal evolution of melt distribution their static

nature means that they neglect a key feature of multi-phase systems. Namely the fact that pressure

gradients arise when there exist multiple phases in a system that have varying densities and viscosities,

which in turn leads to flow along the gradients (Richter and McKenzie, 1984). Static models provide

a useful first-order estimation of melt volumes and distributions in the crust however they are unable

to predict how the melt moves and how the distribution evolves through time when the melt migrates

(Solano, 2011). In contrast, thermo-mechanical modelling adds an extra layer of complexity to the

underlying physics by including the movement of mass through the system (Solano, 2011). Studies

of melt segregation have therefore provided a huge insight into the dynamic processes of sub-crustal

systems.

While various studies of deep igneous processes prior to the work of Solano et al. (2012) have shown

that a wide range of felsic and intermediate magmas could be produced from the same parent stock of

mantle-derived basaltic magma, the mechanism for producing the observed compositional stratification

is less clear (Bergantz, 1989; Rushmer, 1991; Clarke, 1992; Atherton, 1993; Tepper et al., 1993; Brown,

1994; Petford et al., 2000; Petford and Gallagher, 2001; Annen and Sparks, 2002; Jackson et al., 2003;

Chappell et al., 2004; Dufek and Bergantz, 2005; Annen et al., 2006; Annen, 2009, 2011; Solano,

2011; Solano et al., 2012). Solano (2011) determined the conditions under which melt segregates

in DCHZs to produce increasingly more evolved compositions at progressively lower temperatures.
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In contrast with purely thermal models that do not include the physics of melt segregation, the

maximum temperature and the location of highest melt fraction are found to be decoupled due to

magma evolution in the DCHZs (Solano, 2011; Solano et al., 2012, 2014). The modelled influxes

of mantle-derived basaltic melt produced felsic mobile magmas at the top of the DCHZs at depths

ranging from 27-32km, depending on the style of melt emplacement used in the model (Solano, 2011;

Solano et al., 2012). This has considerable implications over the entire depth of magmatic plumbing

systems as it suggests that magma evolution may occur throughout the crust rather than solely in

shallow magma reservoirs, as had previously been postulated (Bowen, 1915a; Bergantz, 1989; Richter

and McKenzie, 1984; McKenzie, 1985; Petford and Gallagher, 2001; Annen et al., 2006; Annen, 2009;

Solano, 2011; Solano et al., 2012).

This model has now been further developed by Solano et al. (2014) to include the effects of reactive

flow on melt distribution. The matrix into which sills are emplaced is allowed to deform through

melt-enhanced creep. A pressure gradient is maintained due to the compositional buoyancy of the

melt which allows the melt to rise upward through the crust during simulations. The relative motion

of melt and crystals allows for continuous chemical differentiation which is modelled using a binary

phase diagram (Solano et al., 2014). Understanding the spatial and temporal evolution of magma, not

only in DCHZs but also in the shallow crust, is important for improving current constraints on the

physical and chemical processes that lead to volcanic eruptions (Daly, 1914; Bowen, 1915a; Sparks,

2003; Hawkesworth et al., 2004; Solano et al., 2012). This code has been modified further for the

simulations shown in this thesis to allow multiple sill intrusion episodes to be modelled. In addition,

the model has been adapted and applied to the shallow crust in order to facilitate tracking of the

process of melt segregation beneath volcanic centres. The adapted thermo-mechanical model has

been used to examine the influence of melt migration on shallow crustal systems and the evolution

of magma reservoirs through time. In addition, the method for enthalpy calculation throughout the

modelling process has been developed to allow for sills with varying crystal fractions to be intruded

in the crust. As a result of these changes, the model is better able to simulate conditions for various

intrusion episodes at volcanic centres as well as for varying degrees of melting, thereby facilitating

benchmarking tests against various purely thermal models.

The thermomechanical model utilises repetitive sill emplacement in the shallow crust to simulate

high temperature, fully molten magma influxes from a deeper melt source. Thermal evolution of the

crust following sill intrusions has been shown to be dominated by conduction, despite the fact that

magma is able to convect within the sills while the interconnected melt volume fraction is high enough

(Brandeis and Marsh, 1989; Marsh, 1989; Bergantz and Dawes, 1994; Jackson et al., 2003). While
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convection within intruded sills has been shown to reduce the overall temperature on a shorter time

scale, the degree of convection is not enough to significantly affect the results (Annen et al., 2014).

Thermal relaxation in between sill emplacements results in melt only being present intermittently

until the background temperature has been perturbed far enough from the initial geotherm to sustain

melt production, and solidus temperatures have been exceeded (Annen et al., 2006; Annen, 2009;

Solano et al., 2012). The numerical description of heat flow in the crust is combined with quantitative

modelling of melt segregation processes which determine the extent of melt migration away from the

site of initial sill intrusion (Jackson et al., 2003, 2005; Solano et al., 2012).

2.2 Calculating elastic moduli

In order to calculate the seismic velocity profile in a domain where vertical and lateral variations

are present in both temperature and melt fraction, the relative contributions to the velocity anomaly

must be dealt with separately (Paulatto et al., 2012). In this case, the effect of temperature on the

background velocity was dealt with first by assuming that melt fraction was zero and that the velocity

anomaly was caused solely by the perturbation to the geotherm (Paulatto et al., 2012). An expression

for seismic velocity based on temperature was taken from Karato (1993), which includes effects on

velocity from anharmonicity and anelasticity. Karato (1993) showed that for a compositionally homo-

geneous medium the main source for lateral seismic velocity anomalies derived from lateral variations

in temperature. Velocity, density, and temperature have been shown to be proportional, with anelastic

and viscoelastic effects on the temperature dependence of seismic wave speeds playing a key role in the

crust (Karato and Spetzler, 1990; Karato, 1993). Once the effects of elevated temperatures have been

determined, it is possible to determine the additional effect on the seismic velocity profile produced

by the presence of melt in the domain.

Estimating the elastic constants in modelled sub-volcanic systems is the first step in converting pre-

dictions of melt fractions to give a seismic wave speed anomaly. For the experimental case of a

single, homogeneous crystal, the relevant physical constants pertaining to seismic velocity are easy

to determine experimentally (Simmons and Wang, 1971; Berryman, 1995). However, in the case

of heterogeneous composites, the computation of elastic constants becomes a lot more complicated

(Berryman and Berge, 1996). The Voigt-Reuss-Hill approximation is one of a number of calculations

which is able to estimate the isotropic polycrystalline elastic moduli of a heterogeneous composite

using the anisotropic single-crystal elastic properties (Chung and Buessem, 1967; Berryman, 1995).
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The V-R-H approximation is an averaging scheme which takes three component factors (the Voigt

average, the Reuss average, and the Hill average), thereby providing upper and lower bounds on the

elastic moduli as well as an average value. The Voigt approximation assumes uniform strain in the

polycrystalline aggregate while the Reuss approximation assumes uniform stress in the polycrystalline

aggregate, thereby giving the upper and lower bounds respectively to the values for bulk and shear

elastic moduli (Sun et al., 2004). The Voigt and Reuss bounds for a polycrystalline medium can be

used to determine the Hill Average, calculated by taking a simple average of the two values.

It was shown by Hashin (1960) that it is possible to derive more rigorous bounds on the upper and

lower estimates for effective elastic moduli of composite materials than the VRH average Hashin

and Shtrikman (1961a,b, 1962, 1963). Hashin’s approach assumes a uniform volume concentration of

particles for a randomly heterogeneous material, effectively producing a quasi-homogeneous material

whose effective elastic moduli can be determined through integration rather than simple averaging

(Hashin, 1960).

In order to determine the elastic properties through integration, the relative compositional proportions

and constituent moduli must first be known (Hashin, 1960; Hashin and Shtrikman, 1961a; Berryman,

1995). For the purposes of this study, where the initial input into the model includes the liquidus

temperature, solidus temperature, enthalpies, and broad composition, and the output includes melt

fraction calculation, it is possible therefore to determine the upper and lower Hashin-Shtrikman bounds

for the effective elastic moduli. While it is theoretically possible to derive more precise estimates for

the composite elastic properties, rather than relying on upper and lower bounds, this would require an

understanding of the internal stress field and the phase geometry, which in most cases are unknown

and not easily determined on the pore scale (Hashin and Shtrikman, 1963; Hill, 1963). The Hashin-

Shtrikman bounds therefore provide the most rigorous upper and lower estimates to date for the

effective elastic moduli of randomly oriented crystal aggregates, falling within the Voigt and Reuss

upper and lower bounds (Watt and Peselnick, 1980; Berryman and Berge, 1996).

The Hill average, which lies between the Hashin-Shtrikman bounds, can be used as a simple estimation

for the elastic moduli values in calculations for cases where the bounds are close (Hill, 1952; Hashin,

1960; Berryman and Berge, 1996; Sun et al., 2004). While this gives a good approximation to the

bulk and shear moduli, it is possible to improve on the Hill average using the iterative self-consistent

approach described by Berryman (2005). Using various assumptions on melt and matrix geometry, it

is possible to rapidly converge on a definite and unique solution for both the bulk and shear moduli

from the Hashin-Shtrikman bounds using the iterative approach of Berryman (2005).
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The inherent benefit of obtaining unique elastic moduli values lies in the ability to convert them to

seismic wave speeds and thereby produce a synthetic velocity model for use in tomographic and full

waveform inversions (Berryman, 1990). Developing a numerical method for determining the elastic

moduli was therefore key in facilitating the final objective of this thesis in calculating synthetic seismic

data that was capable of being inverted to produce profiles of sub-volcanic structure. As such, an

iterative solver was produced for this thesis which used the melt volume fraction results from the

thermo-mechanical model, as well as the other rheological parameters, to solve a pair of coupled

equations for the bulk and shear moduli (Berryman, 1980a, 2005; Paulatto et al., 2012). The medium

is assumed to consist of two phases - one solid phase, and one melt phase, which are effectively

interchangeable within a homogeneous composite (Paulatto et al., 2012). Application of the self-

consistent approach of Berryman (2005) allowed for the velocity anomaly produced by the presence of

melt to be compounded with that produced by elevated temperatures in the modelled domain.

2.3 Seismic inversion

The final result consists of a high-resolution two-dimensional velocity profile of the modelled sub-

volcanic system for both the purely thermal case and the case where the physics of melt segregation is

included. The velocity anomalies provide a comparison to previous travel-time tomography inversions

at Montserrat carried out by Paulatto et al. (2012) and Annen et al. (2014). In both of these previous

studies the seismic velocities calculated from the two way travel times have been used to calculate

inverse estimates of temperatures and melt fractions based on predictions from a purely thermal model

of the crust beneath the Soufrière Hills Volcano in Montserrat. This specific case-study which compares

the results with and without mass transport highlights the importance of including melt segregation

in the estimation of the spatio-temporal distribution of melt in the crust. While the thermal model

is capable of explaining the observed seismic anomaly, the results obtained by inverting output of the

thermo-mechanical model are markedly different. When both the thermal and segregating models are

allowed to run for the same length of time with identical sill emplacement rates, the speed at which

melt accumulates in the segregating model results in the creation of a mobile magma significantly faster

than in the purely thermal case. When segregation and reactionary flow are considered, along with

the use of a binary phase diagram to track compositional changes, the spatial and temporal evolution

of melt distribution is shown to be significantly different. The melt fraction signatures observed

using travel-time tomography and a purely thermal model at Montserrat can be explained with the
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segregating model by using either much lower emplacement rates, shorter timescales of emplacement,

or long periods of cooling after emplacement.

The aim of this thesis is to produce a comparison between modelled and seismic data to investigate the

distribution of melt fractions in the shallow crust beneath active volcanoes. The calculated timeframe

over which the melt fractions accumulate via coupled segregation and compaction greatly enhances

our understanding of melt residence times in sub-volcanic systems. There is seen to be a significant

difference in the volume of melt produced between the simulations with and without active melt

segregation over the same period of time. The speed at which melt accumulates when reactive flow

and melt segregation are accounted for in the model suggests that the time-frame over which magma

is able to become mobile is much shorter than has previously been predicted for the same rate of

intrusion in the shallow crust. Results of melt fraction distribution in the shallow crust from the

thermo-mechanical model are matched with those using only the thermal model at much higher rates

of emplacement and over longer time scales. The reduction in both emplacement rate and timescale

required to form a pre-determined volume of melt, and therefore the respective calculated velocity

anomaly, when using melt segregation rather than a purely thermal model is one of the key findings

of this work.

The results obtained provide a high-resolution model of sub-volcanic temperatures and melt fractions

in the upper crust. One of the key objectives of this thesis is to use these predictions of melt distribution

to construct a p-wave velocity model and investigate whether the fine-scale details in this model can

be recovered using full waveform inversion (FWI). If successful, this demonstrated that we can apply

FWI to obtain high-resolution images of volcanic plumbing systems, which is not currently possible

using traditional travel-time tomography (Lees, 2007; Virieux and Operto, 2009).

Seismic surveys are essentially a means of mapping the structure of Earth’s subsurface by sending

down waves of seismic sound energy which are reflected and refracted back to the surface of the Earth

(Sirgue et al., 2010b). The seismic waves carry information about the internal physical structure of the

Earth to the surface, where the data gathered can be processed to provide information on subsurface

velocity and density profiles (Oldham, 1906; Virieux and Operto, 2009). This technique has been used

since the birth of modern seismology in the early 20th century when travel-time information from

earthquakes, called tele-seismic data, was used to determine the rheological nature of Earth’s interior

layers (Oldham, 1906; Gutenberg, 1914; Lehmann, 1936).
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Seismology has since provided us with a wealth of information about the compositional and struc-

tural nature of the crust. Many of the innovations in seismic techniques have been developed by

the petroleum industry, where three-dimensional imaging of potential oil fields has reduced costs and

improved the efficiency of exploration operations (McQuillin et al., 1984; Haas and Dubrule, 1994).

Historically, the majority of detailed seismic acquisition surveys have been in regions with high eco-

nomic potential for the commercial petroleum industry (McQuillin et al., 1984; Morgan et al., 2013).

As such, there exist relatively few high-resolution seismic surveys in active volcanic regions, which

generally hold little interest with respect to the potential for commercial hydrocarbon exploitation

(Staples et al., 1997).

Seismic imaging beneath igneous rocks is extremely complicated due to the intrinsically multi-component

nature of igneous geological systems (Chironi et al., 2006; Lees, 2007; Paulatto et al., 2012). Passive

and active seismic tomography have been used to delineate broad regions beneath active centres which

exhibit low seismic velocities and are generally interpreted as regions containing relatively high melt

fraction (Paulatto et al., 2010; Annen et al., 2014; Voight et al., 2014). However, data noise and low

spatial resolution lead to poor imaging with few identifying features (Lees, 2007; Christeson et al.,

2008). This is particularly true in the shallow crust, where high-resolution images beneath volcanic

centres are extremely rare (Staples et al., 1997; Brandsdóttir et al., 1997; Christeson et al., 2008;

Paulatto et al., 2012). Passive seismic surveys are hindered by the inhomogeneous nature of sub-

volcanic earthquake distributions, the heterogeneous nature of volcanoes, and low seismic frequencies

used for constructing velocity models (Voight et al., 2010).

While active seismic tomography using marine air-gun sources is well suited to island-arc imaging

using towed streamers, the computational and financial costs involved means that the number of dense

seismic datasets are severely limited (Voight et al., 2010; Paulatto et al., 2012). In addition, seismic

travel-time tomography is unable to resolve fine-scale heterogeneities in sub-volcanic crustal structures

(Hansen et al., 1999; Paulatto et al., 2010; Shalev et al., 2010). The scale of crustal irregularities can

range over several orders of magnitude, from centimetre-scale brecciation to plutons many kilometres

across. Travel-time tomographic inversions are only capable of detecting heterogeneities on the order

of several hundred metres, which means that diffuse regions of low melt-fraction magma and small

scale structures often cannot be identified (Hansen et al., 1999; Lees, 2007).

Full-waveform inversion (FWI) is an advanced data-fitting method which is able to recover high-

resolution, high-fidelity seismic velocity models (Virieux and Operto, 2009; Warner et al., 2013). The

main advantage of FWI when compared to travel-time tomography is that it has the potential to

13



Chapter 2. Literature Review

resolve structures in the crust on the order of half the seismic wavelength (Virieux and Operto, 2009).

In comparison, traditional travel-time tomography approaches are limited in resolution to a Fresnel

width, which is on the order of the square root of the product of the ray path length and seismic

wavelength (Williamson, 1991). Studies have shown that FWI can be used to determine the nature

of small scale velocity structures at large depths (Morgan et al., 2013).

The computationally demanding local optimisation problem, where successive iterations are used in

an attempt to minimise the difference between recorded and modelled seismic velocity data, was first

described in purely theoretical form by Tarantola (1984). The technique has since been developed for

practical use and has subsequently been substantially updated to improve computational efficiency

and to include long-offset data (Pratt, 1999; Virieux and Operto, 2009). The introduction of three-

dimensional multi-azimuth datasets in various studies has also improved the accuracy of recovered

subsurface seismic velocities (Sirgue et al., 2007; Plessix, 2008; Sirgue et al., 2010a; Warner et al.,

2013). While the majority of applications to date have been in the oil and gas industry, which has

been responsible for the rapid advancement of the technology, FWI has been shown to be capable of

providing high-resolution images of sub-sedimentary crystalline crust (Morgan et al., 2013).

Modern applications of FWI use long-offset, low-frequency datasets, with data acquisition from wide-

angled seismic surveys (Sirgue et al., 2010a; Vigh et al., 2011, 2013). Theoretically, FWI accounts for

the entire wavefield, honouring all of the physics of wave propagation, and is therefore in principle

able to recover a subsurface model of any property that affects the recorded seismic wave-field (Operto

et al., 2013; Prieux et al., 2013a,b). In practice however, commercial applications of FWI generally use

an acoustic approximation to the wave equation and only recover the P-wave velocity model (Virieux

and Operto, 2009; Kapoor et al., 2013; Warner et al., 2013).

For the case of synthetic seismic data, where the true velocity model is known prior to carrying out

FWI, building a sufficiently accurate starting model is relatively uncomplicated. While experimental

field data often requires the use of additional complex procedures to build a starting model, such as

stereotomography or Laplace-domain inversions, synthetic datasets only require the true data to be

simplified and smoothed to give a realistic initial approximation (Virieux and Operto, 2009). For this

particular study however, the thermo-mechanical model predicts only the subsurface temperature,

enthalpy, and melt fraction values. As such, prior to a full waveform inversion being implemented, a

synthetic velocity profile had to be derived from the modelled subsurface parameters. The calculated

velocity profile was then used to explore how the maximum inversion frequency used in FWI affects

velocity recovery. This was done by comparing the results after inversions at progressively increasing
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frequencies. The maximum inversion frequency is one of the constraining factors on resolution when

carrying out FWI. FWI run time scales with model sizes, and with large data-sets such as those

that would be expected for sub-volcanic intrusion zones, it is important to explore the potential

improvements to the recovered velocity structure provided by high-frequency inversions as they may

not be affordable.

2.4 Conclusion

On-going research into the dynamics of sub-volcanic systems would greatly benefit from the ability to

use full waveform inversion to investigate the structure of the shallow crust at active volcanic centres.

The methods outlined above and explained throughout this thesis provide a framework for predicting

melt distributions in the shallow crust and using these predictions to develop high-fidelity, high-

resolution seismic inversions at active volcanic centres. While the work in this thesis has been carried

out on synthetic seismic velocity profiles, it is shown that the technique can be used on real seismic

data. In addition, the investigation into domain scale would benefit future studies as it examines the

physical extent of seismic surveys that can realistically be carried out and applied to a full waveform

inversion of the sub-volcanic crust.
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3.1 Background

Magmatic processes have contributed to the nature of Earth’s crust since its formation, providing

the foundations for Earth’s diverse crustal lithologies (Lyell, 1833). As such, the study of igneous

processes gives insight not only into Earth’s formation 4.5 billion years ago, but also into its ongoing

petrological evolution. The early twentieth century saw a marked advancement in theories concerning

igneous petrology and the principles of magma production. Building upon previous works by R. A.

Daly and A. Harker, petrologist N. L. Bowen theorised that for the case of a fully molten magma

chamber, differentiation and evolution of the magma occurred principally through crystallisation and

crystal settling (Harker, 1909; Daly, 1914; Bowen, 1915a,b).

Bowen described the life-cycle of magma formation as a continuous chemical and physical process,

showing that the formation of mobile magmas with diverse rheological profiles was possible from

a single source of mantle derived melt (Bowen, 1915a,b). The mechanism for this evolution was

postulated to be fractional crystallisation, where different compositions solidify and fractionate out

of the mixture as it cools at progressively lower temperatures (Bowen, 1915b). The crystals were

shown experimentally to sink through synthetic mixtures by gravity and to settle at the base of the

modelled reservoirs Bowen (1915b). Consequently, this led to the theory of vast, long-lived liquid

magma reservoirs that reside in the crust and act as the site of magmatic chemical differentiation -

termed magma chambers (Bowen, 1922).

This orthodox view of a molten reservoir of magma is compelling, particularly as it is capable of

accounting for the production of a full range of evolved magmatic compositions, as seen in both

intrusive and extrusive igneous rocks, from a common basaltic stock (Caricchi and Blundy, 2015b). As

a result, the long-standing assumption of the existence of these magma chambers has been perpetuated

by results obtained, and methods used, in various chemical and physical models (Huppert and Sparks,

1988b; Petford et al., 2000; Annen et al., 2006; Annen, 2009). Bowen’s influence has been used to

determine the model domain and style in a wide range of work dedicated to studying magma evolution

in the crust, utilising the traditional liquid-dominated magma chamber as an end-point for these

models (Huppert and Sparks, 1988b; Petford et al., 2000; Annen et al., 2006; Annen, 2009). However,

Bowen’s description of magmatic evolution through the separation of multiple distinct phases from

a fully liquid reservoir, with fractional crystallisation dictating the magma chamber dynamics, has

recently been put into question (Jackson et al., 2005; Solano et al., 2012; Jackson et al., 2018). New

evidence has emerged to suggest that the large liquid vat assumption may not be the principal method
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through which crustal melts evolve, bringing into question the role of magma chambers in the spatial

and temporal evolution of melt composition and distribution.

It has been shown that fractionation resulting in crystal settling is not efficient enough to be the sole

mechanism for separating solids and liquids. Particles held in a dense suspension are in fact subject

to hindered settling, as set out by Davis and Acrivos (1985). As a result, in Bowen’s case of a large

magma reservoir, the increasing crystal fraction in the reservoir with time during cooling would produce

conditions where it would become increasingly difficult for differentiation and settling of crystals to

occur. In the last stages of their evolution the two-phase differential flow required between crystals

and melt, to allow magma to evolve by crystal fractionation, would no longer occur (Bachmann and

Bergantz, 2004). This poses a problem in that ongoing differentiation would result in large volumes

of chemically distinct trapped magma pockets, effectively forming magmatic breccias which are not

observed in field samples or using geophysical sub-surface imaging techniques (Glazner and Bartley,

2006). The conglomerate-style intrusive bodies that would most likely form under hindered settling in

a magma reservoir are therefore inconsistent with both field and geophysical observations of high silica

granites and interleaved mafic-felsic layering in the shallow crust (Cheadle et al., 1987; Bachmann and

Bergantz, 2004; Solano, 2011; Lee and Morton, 2015).

In addition to the difficulties incurred with crystal settling, there is mounting evidence that volcanic

plumbing systems and the chemical evolution of magma in the crust may not be as simple as Bowen’s

reaction series model of crystal fractionation suggests. As discussed by Glazner et al. (2004), there is

little seismic evidence in the crust for melt fractions above 10%. This suggests that there exist very

few large mobile magma bodies, defined by Jackson et al. (2003) as having liquid volume fractions

above the Solid Liquid Transition (SLT), the point at which the bulk rheology changes and melt

becomes fully interconnected along grain boundaries and is able to become mobile, occurring at melt

fraction >0.4-0.6 (Jackson et al., 2003; Rosenberg and Handy, 2005; Solano, 2011). Glazner et al.

(2004) demonstrated that magma volumes with high melt fractions exhibit heterogeneous layering and

further geochronological evidence suggests that they form through incremental accretion as opposed

to being emplaced as a single large liquid vat (Annen, 2009, 2011).

Despite the abounding evidence that crystal fractionation does not dominate magma chamber dynam-

ics as postulated by Bowen, various purely thermal models of magmatic systems have been developed

where fractionation dictates the modelled spatio-temporal melt evolution and distribution. While

the model domains vary according to the study areas, which span a large portion of the crust from

Deep-Crustal-Hot-Zones to shallow (<5 km) emplacements, the models all predict the production of
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expansive molten bodies following incubation of magma intrusions in the crust at high temperature

(Halliday et al., 1989; Petford and Gallagher, 2001; Clemens, 2003; Annen and Sparks, 2002; Annen,

2009). These models require very high one-dimensional emplacement rates (>10mmpa, Annen (2009))

of mantle-derived basaltic melt in order to create bodies of mobile magma similar to Bowen’s liquid

vat hypothesis through repetitive sill emplacement (Petford and Gallagher, 2001; Annen, 2009, 2011).

While geophysical evidence has been found for such high emplacement rates in the crust in the past,

they have been shown to be transient and short lived (Hanson and Glazner, 1995; Spera and Bohrson,

2004). Measured heat fluxes in the shallow crust have been estimated as being due to much lower

average long term melt emplacement rates (Huppert and Sparks, 1988b,a; Hanson and Glazner, 1995;

Spera and Bohrson, 2004; Jackson et al., 2005). When coupled with the lack of observed evidence

in the field for the large, high melt fraction igneous bodies that would be required to maintain these

high liquid volume fractions for extended geological time periods, the argument for the formation of

accumulated long-lived liquid magma chambers appears tenuous (Jackson et al., 2005; Solano et al.,

2014; Caricchi and Blundy, 2015b; Riel et al., 2016, 2018).

While processes such as magma mixing, dehydration melting of amphibolites, and partial melting

of crustal rocks have been shown to be capable of producing highly evolved melts, it has also been

shown that these processes are not efficient when discussing large scale igneous intrusions (Glazner,

1994; Chappell and White, 2001). Granitic melts are commonly produced at low degrees of melting

from their source rock, typically with melt fractions on the order of 0.1-0.4 due to the low melting

temperatures of felsic minerals (Rushmer, 1991; Solano, 2011). As a result, the volume of source rock

required to produce large quantities of in situ granitic melts through magma mixing or partial melting

would result in large mafic cumulates left behind in the crust, often in excess of two thirds of the

parent rock volume (Mahood and Halliday, 1988; Rushmer, 1991; Solano et al., 2012). There is a

distinct lack of geophysical evidence for any such cumulates however, and to date there have been no

field observations of the required large mafic bodies in studies of exhumed crust (Glazner and Miller,

1997; Glazner and Bartley, 2006; Petford et al., 2000).

This suggests that the production of the broadly granitic upper crust does not occur through simple

differentiation of magma mixing in situ but rather begins with a basaltic source emplaced in the lower

crust (Jackson et al., 2003; Solano et al., 2012). Buoyancy coupled with the continuous chemical

evolution of melt as it travels through, and equilibrates with, its surrounding country rock has been

shown to result in stratification of the crust, from a more mafic lower crust to a felsic shallow crust

(Annen, 2009; Solano, 2011; Solano et al., 2012). While it was argued by Glazner and Miller (1997) that

the absence of cumulates may be due to their negative buoyancy and subsequent sinking through the
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crust, this argument lacks observational evidence and has since been retracted in various subsequent

works (Glazner et al., 2004; Glazner and Bartley, 2006). Further petrological studies have shown

that there exists a textural complexity within the fabric of intrusive igneous bodies that cannot be

reconciled with simple fractional-crystallisation (Paterson et al., 2011; Cashman and Blundy, 2013;

Caricchi and Blundy, 2015b). Rather it appears as though large igneous bodies are formed over long

periods of time that allow for continuous chemical and physical interaction in a highly crystalline mush

over a range of temperatures (Solano et al., 2012). This theory is also able to account for the complex

geochemical signatures found in exhumed intrusive bodies (Solano et al., 2014; Caricchi and Blundy,

2015b).

Bowen’s classical idea of a large liquid magma chamber therefore does not marry well with geophysical

observations or recent modelling. The process of fractional crystallisation, while chemically sound,

cannot be invoked to explain the granitic (sensu lato) upper crust. In addition, the large volumes of

magma produced in numerical models that use Bowen’s approach to form large liquid vats require

temperatures to be maintained above the solidus over long geological timescales (Annen and Sparks,

2002; Annen et al., 2006; Annen, 2009). While this may occur transiently during accretion of a large

shallow igneous body through multiple sill intrusions, maintaining a simultaneously high melt volume

and high temperature body over long timescales would require very fast one-dimensional intrusion

rates of >0.5m/ka to be sustained (Annen and Sparks, 2002; Annen, 2011; Paulatto et al., 2012). Not

only would this result in a large heat signature in the shallow crust, measurable as a thermal anomaly

on the surface, but also in geodynamic uplift, for which there is currently no geophysical evidence

(Annen and Sparks, 2002; Spera and Bohrson, 2004; Chang et al., 2007). Another difficulty with

the traditional liquid-dominated, long-lived magma chamber paradigm is that large liquid volumes,

modelled in various cases to be over 10km in diameter, simply would not be capable of supporting

the over-lying crust on modelled geological timescales (Annen, 2009; Paulatto et al., 2012; Cashman

et al., 2017).

While seismic and magnetotelluric data have identified numerous geophysical anomalies in the crust on

the scale of modelled magma chambers, their signatures are not consistent with large liquid reservoirs

but rather partially molten bodies with low melt fractions (Ward et al., 2014; Comeau et al., 2015).

These intrusive complexes have seismic and geodetic signatures that suggest melt fractions below the

solid-liquid transition (Cooper and Kent, 2014; Ward et al., 2014). Various studies have concluded

from geochronological and geochemical data that high melt fraction reservoirs are simply a transitory

phase in the life-cycle of volcanic plumbing systems, suggesting that differentiation is not the primary
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driver of magma chamber dynamics (Cooper and Kent, 2014; Wotzlaw et al., 2014; Caricchi and

Blundy, 2015b).

Theoretically, mafic magmas with low viscosities are capable of rising buoyantly through dikes at

velocities as high as 0.7 ms−1, thus being capable of producing a large molten magma chamber on

timescales of 101-104 years. However, the emplaced volumes would have to be displacing highly

crystalline, viscous crustal material at the same rate (Clemens and Mawer, 1992; Rutherford and Hill,

1993; Petford et al., 1996; Coleman et al., 2004). Displacement of this magnitude would result not

only in a geodetic signature at the surface but also in substantial tectonic uplift for which there is no

geophysical evidence to date (Spera and Bohrson, 2004; Chang et al., 2007).

Evidence from multiple study areas including the Adamello Batholith in Italy, and both the Tuolumne

Suite and Mount Stuart Batholith in the USA, suggests that the ages of individual zircon crystals span

many millions of years (Coleman et al., 2004; Matzel et al., 2006; Schoene et al., 2012). Despite this,

the physical extents of these intrusive igneous study areas would require timescales of less than 1Ma

from the final emplacement to cool to a temperature below the solidus (Glazner et al., 2004). While

there is still much that is unknown about zircon crystal formation, this evidence appears to make

producing and sustaining a large magma chamber emplaced in one single batch geochronologically

impossible.

Recent models advocate the idea of a crystalline mush beneath volcanoes, defined by Caricchi and

Blundy (2015b) as having a melt volume fraction<40% which accumulates over time through repetitive

cycles of molten magma intrusion and crystallisation (Annen, 2009). This alternate model is based on

evidence from the field and recent studies which modelled the phase change and transport processes

occurring in multi-component crustal matrices using repetitive sill intrusions (Jackson et al., 2003;

Glazner et al., 2004; Jackson et al., 2005; Annen, 2009; Solano, 2011; Solano et al., 2012). It is this

idea of crystalline ’mushmatism’ - rather than liquid dominated magmatism - occurring throughout

the crust that is behind the thermo-mechanical modelling presented in this thesis.

21



Chapter 3. Thermo-mechanical Model - Description and Benchmarking

Figure 3.1: Adapted from Jackson et al. (2018). a) depicts the traditional concept of a sub-volcanic
magma chamber as a liquid reservoir in the shallow crust. b) depicts a mush column with high crystal
fraction with melt segregation occurring between the grain edges of the crystals.

3.2 Early thermal modelling

Early studies of the spatial and temporal evolution of crustal melt employed a single magma emplace-

ment as being responsible for the creation of Bowen’s large liquid vat model (Huppert and Sparks,

1988b). This led to the assumption of rapid ascent of fully molten magma through the crust from the

site of melting to the site of emplacement, which in the case of shallow crustal emplacement would

be a distance on the order of many tens of kilometers (Marsh, 1978). These models assumed that

magma accumulation in the crust occurred over very short timescales in order to produce Bowen’s

picture of a fully molten magma reservoir (Marsh, 1978). This resulted in the formulation of the idea

by Marsh (1981), that the total lifetime of a crustal residual melt of any particular composition must

be inversely proportional to the rate at which the melt cooled. The melt compositions within these

rapidly emplaced magma chambers were predicted to be primarily dependent on the temperature at

any given time (Marsh, 1981). As a result, melt fraction and temperature within the modelled magma

chambers were fully coupled, with the solidus temperature of the melt controlling the point at which

melt fraction reduced to zero, as described by Annen (2009).

Utilising Bowen’s logic of fractional crystallisation, the composition of the remaining melt in the

modelled magma chambers became increasingly felsic during cooling (depicted by Bowen’s series of

fractional crystallisation in Figure 3.2) as temperatures relaxed back to the geotherm after an influx

of melt (Annen, 2009, 2011).
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Subsequent thermal modelling used Bowen’s theory of fractional crystallisation within these shallow

reservoirs to account for the production of highly silicic large intrusive igneous bodies in the shallow

crust (Bowen, 1945; Glazner et al., 2004; Sisson et al., 2005). However, the large scale compositional

zoning that results from invoking fractional crystallisation as the dominant mechanism for melt evolu-

tion in these models is rarely observed in exhumed field specimens or through geophysical observations

(Halliday et al., 1980; Coleman et al., 2004; Annen et al., 2006). Further field evidence of sheeting at

margins of large igneous bodies, coupled with isotope geochemistry data and observed hyper-solidus

deformation, indicates that intrusive bodies assemble through repeated intrusions over geologically

significant timescales, such as at the Tuolumne Intrusive Suite in California and the Ivrea-Verbano

Zone in Italy (Lu et al., 1997; Glazner et al., 2004; Solano et al., 2012).

These key indicators of incremental growth of intrusive igneous bodies bring in to question the validity

of Bowen’s large liquid reservoir theory (Bachmann and Bergantz, 2008; Cashman et al., 2017). In

addition, when coupled with geochronological observations of a trend for regularly diminishing ages

toward the centre of both individual plutons and their respective igneous suites, the evidence heavily

supports emplacement via repeated discrete intrusions as opposed to a single large body (Annen, 2009;

Coleman et al., 2004; Glazner et al., 2004). The chemical and physical evolution of a magma body

emplaced via successive sills is fundamentally different to that of a similar volume of magma emplaced

instantaneously (Coleman et al., 1995, 2004; Annen, 2011). As such, the spatial and temporal evolution

of melt cannot simply occur as a result of fractional crystallisation in a liquid vat. Rather, it must

reflect the processes that occur during the periodic melt influxes and cooling stages that take place

when intrusive igneous bodies are successively emplaced in the crust.

Extensive thermal modelling work has been carried out utilising the method of incremental accretion

of sills in the shallow crust (Huppert and Sparks, 1988b; Petford et al., 2000; Annen and Sparks,

2002; Annen et al., 2006; Annen, 2009, 2011; Paulatto et al., 2012). These models investigate magma

system dynamics in a two-dimensional, axis-symmetric system which produces a pseudo-3D estimation

of melt distribution during thermal evolution (Annen, 2009; Paulatto et al., 2012). Calculations for

the transfer of heat energy in previous models have generally been conducted using explicit finite

difference algorithms, with many employing symmetry conditions at the central axis as described in

Figure 3.3 (Annen, 2009).

The final plutons in the majority of recent thermal models grow via accretion of tabular bodies which

are circular in map view, as shown in figure 3.3 (Annen, 2009). The geometry of the individual
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Figure 3.2: The Bowen Series, showing the evolution of melt content from mafic to felsic during
cooling. Adapted from Bowen (1922).

emplacements are based on field observations and subsequent mechanical modelling of intrusively

emplaced granitic bodies (Vigneresse, 1995; Cruden, 1998). Field and geophysical observations of well

defined vertical outer pluton edges and seismic evidence for their low aspect ratios enable the use of

the simple model geometries in the majority of model domains (McCaffrey and Petford, 1997; Cruden,

1998). These simplifications improve computational efficiency which is paramount when dealing with

large-scale problems such as those defined by Annen (2009), whose numerical simulation emplaces

individual sills up to 10 kilometres in radius and 200 metres thick.

Justification for the accretion dynamics commonly used in this work and by various previous numerical

simulations, involving stacking multiple sills to form a pluton (Figure 3.3), comes from the work of

Menand (2008), who studied the physics of horizontal sill emplacement. Menand (2008) showed that

the rigidity contrast produced by a sill emplaced in the crust results in anisotropic rigidity conditions

which support the successive emplacement of further sills, capable of accreting to form a large intrusive
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Figure 3.3: Adapted from Annen (2009), this shows the model domain and sill emplacement style of
previous purely thermal models. The centre of the domain uses an axis of symmetry to produce a
pseuso-3D domain from the 2D calculations of heat transfer. Drawing is not to scale.

body. The subsequent emplacements occur along the rigidity contrasts either below, above, or in the

middle of the previous sill. This produces the vertical expansion of igneous bodies which has been

adopted in attempts to model magma chamber formation via repetitive sill emplacements (Menand,

2008; Annen, 2009). The model used in this thesis makes space for in-coming sills via downward

displacement of the model domain from the point of emplacement. This method is common practice

for mechanical models of various intrusion styles and is well aligned with geochronological evidence of

field measurements for the ages of strata at exhumed volcanic centres (Paterson et al., 1996; Cruden,

1998).

The majority of early work which was undertaken to study the sub-surface dynamics at active volca-

noes used purely thermal models which were a first-order approximation of the processes involved in
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these complex systems. Heat transfer occurs in these models purely by conduction, with thermal con-

ductivity remaining constant throughout the model domain (Annen, 2009). While it has been shown

that it is possible for convection to occur within the liquid portion of the intruding sills, this is greatly

hampered as soon as crystallisation begins due to cooling (Jackson et al., 2003). Magma convection

is therefore limited to volumes whose melt fraction exceeds the solid-liquid-transition value, thereby

severely restricting the volume through which convection is able to occur and rendering it incapable

of changing the order of magnitude of energy transfer in the system (Annen et al., 2008). In addition,

convective transport of heat away from the sills through gas sparging into the country rock has been

shown to be negligible, thereby justifying the use of conduction as the only form of heat transport

(Bergantz and Dawes, 1994; Jackson et al., 2003; Bachmann and Bergantz, 2006).

Purely thermal models are able to sustain magma volumes with high melt fractions when the tem-

perature of the developing pluton is maintained above the solidus temperature. As the system cools

following the influx of hot molten material, the temperature profile relaxes back to the initial geotherm.

In order to produce and sustain a mobile magma, thermal models therefore require high rates of magma

influx. The first sills, which are emplaced into a relatively cold and brittle crust, cool rapidly and

fully solidify. Each successive sill then incubates the emplacement zone as latent heat is transferred

to the surrounding crust. This reduces the temperature gradient at the point of contact between the

emplaced sill material and the country rock. When the temperature exceeds that corresponding to a

melt fraction above the solid-liquid-transition in between emplacements, the system forms a crystal

mush (Annen, 2009; Solano et al., 2012). The time between the first sill being emplaced and the

formation of a mobile magma is termed the incubation period (Annen, 2009).

When a melt volume fraction of 60% has been surpassed between emplacements melt is able to become

fully interconnected and form a mobile magma body (Solano et al., 2012). It is at this point, when

the total melt volume that exceeds the point of mobile magma formation is greater than the volume

of a single sill, that purely thermal models define the creation of a magma chamber (Annen, 2009). As

temperature is the driving factor in melt production and melt fraction maintenance, models which only

take thermal diffusivity into account find that the point in the magma chamber of highest melt volume

fraction occurs at the point of highest temperature. This can be seen in the work of Annen (2009,

2011), where the large, long-lived magma chambers produced by numerical simulation of thermal

evolution are at temperatures far exceeding the country rock solidus.

For the numerical simulation run by Annen (2009) with 200 metre thick tonalitic sills, emplaced

at their liquidus temperature of 990◦C into a country rock of the same composition and a solidus
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temperature of 760◦C, the temperature at which a magma chamber is sustained was found to be

875◦C. Annen (2009) uses under-accretion of sills at an initial emplacement depth of 5km, resulting

in the formation of a sustained mobile magma after 25,000 years. The one-dimensional emplacement

rates required in order to produce a large magma chamber using this method have been shown in

various thermal studies to exceed 3 x 10-2 myr-1 (Hanson and Glazner, 1995; Yoshinobu et al., 1998;

Annen et al., 2008; Annen, 2009). For the case of one-dimensional accretion rates <3 x 10-2 myr-1 in

simulations that only take in to account thermal diffusivity during the spatial and temporal evolution

of melt, the required time scale over which a mobile magma forms exceeds 100,000 years (Petford

et al., 2000).

For low emplacement rates mobile magmas only form when the emplacement style is intrusion via

under-accretion (Solano, 2011; Solano et al., 2012). As the emplacement depth increases with each

new sill, the intrusions are emplaced into successively hotter crust due to the linearly increasing

geotherm. The increasing background temperature consequently decreases the temperature gradient

between the incoming sill and the surrounding country rock, thereby leading to sustained melting and

the formation of a mobile magma. Due to the nature of thermal models, high melt volume fractions

would not be sustainable if the mobile magma were to migrate upward into the cooler shallow crust.

If the melt migrated to shallower depths the surrounding rock would be below the critical temperature

for sustaining a mobile magma. The crystal fraction would therefore increase due to cooling, and the

magma would stall.

This is clearly a limiting factor in the ability of thermal models to simulate the production of eruptible

volumes of melt. The crust does not usually exist in a partially molten state but thermal models

require large quantities of heat to be supplied via intrusion of hot material for crustal melting to occur

(Solano et al., 2012). While large magma chambers can therefore be modelled thermally using high

emplacement rates, there is little geophysical evidence for continuous high melt fluxes in the crust over

long timescales (Hanson and Glazner, 1995). In addition, measured heat fluxes above active volcanic

centres are much smaller in magnitude than those required by the numerical simulations to form

mobile magmas (Huppert and Sparks, 1988b,a; Spera and Bohrson, 2004). As a first approximation,

thermal models provide a useful estimate to the processes involved in melt evolution however, they are

not able to fully describe the dynamics of mass transfer involved during repeated heating and cooling

of the system.

The key issue with thermal models is that they do not account for mass exchange during melt evolution.

More specifically, they do not take in to account melt migration through buoyancy or compaction of
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the surrounding matrix and so only partially describe the physical and chemical processes involved

in the spatio-temporal evolution of melt distribution in the crust (Jackson et al., 2003; Solano, 2011).

The process of melt segregation was incorporated by Solano et al. (2012) and coupled with melt

compaction to produce a more holistic thermo-mechanical model.

3.3 Melt segregation and reactive flow

Melt segregation has been incorporated in mechanical models of multi-phase systems since the middle

of the twentieth century when melt dynamics from metallurgical studies were applied to geological

systems (Behr and Schroeder, 1942; Sleep, 1974). Melt segregation is defined as the buoyant flow of

partial melt fractions relative to a solid matrix to the point where the partial melt volume accumulates

significantly and forms a mobile magma, thus allowing it to migrate away from its restite and the initial

region of melt production (Wickham, 1987; Brown, 1994; Sawyer, 1996).

In the case of crustal granitic melt production, the interconnected solid matrix through which the melt

flows must be permeable in order for segregation to occur (Jackson et al., 2003). It has been shown

both experimentally and theoretically that the source rock matrix may be permeable at porosities as

low as 4% (Bargen and Waff, 1986; Wolf and Wyllie, 1991; Wark and Watson, 1998; Cheadle et al.,

2004). Given that the degree of melting necessary to produce highly felsic melt fractions is relatively

small (10-40%), this suggests that large, felsic bodies of mobile magma do not form in situ, but rather

that melt segregation through the low porosity, but permeable, source rocks provides a mechanism for

granitic melt to accumulate (Solano, 2011).

For segregation to be possible, a pressure gradient must exist to drive the flow of melt relative to the

surrounding matrix. The natural buoyancy of melt relative to its solid counterpart with the same

chemical composition provides the pressure gradient required for flow (Richter and McKenzie, 1984;

Ingham and Pop, 1998). In order for melt to accumulate the crust must deform to accommodate

it. Evidence for matrix deformation via melt-enhanced diffusional creep can be simulated both in

numerical modelling and observed in cross sections of exhumed crust (Richter and McKenzie, 1984;

Jackson et al., 2018). It is the coupled segregation and compaction, described in figure 3.4, and the

addition of reactive flow which sets the thermomechanical modelling used in this thesis apart from

previous, heat-driven modelling (Solano et al., 2012; Jackson et al., 2018).
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The study by Solano et al. (2012) built upon previous thermal models of melt generation in deep crustal

hot zones (DCHZs) as well as models of matrix compaction during buoyancy-driven upward flow of

melt in multi-phase systems. By linking the thermal and mechanical systems in the context of DCHZs

Solano et al. (2012) were able to include the migration of melt away from the initial emplacement zone

and thereby study the evolution of melt distribution with time.

Solano et al. (2012) used the principles laid out by Richter and McKenzie (1984) to model the physics

involved in melt segregation. Figure 3.4, adapted from Richter and McKenzie (1984), depicts the

formation of high melt fraction layers in a column of initially uniform, low fluid content. The inherent

buoyancy of the melt allows it to move upward through the pore spaces and along grain boundaries

whilst the matrix simultaneously deforms and compacts. The high temperature of the pre-existing

fluid causes melting to occur along the grain boundaries, resulting in increasing melt fractions with

time (figure 3.4 b). This eventually results in three distinct regimes as depicted in figure 3.4 c.

The base of the column exhibits densely packed grains with a compacting boundary layer, followed

by a non-compacting regime where reactive flow of melt occurs, and a top boundary layer where

pure melt accumulates (Richter and McKenzie, 1984). The total amount of compaction is small,

with previous models of coupled segregation and compaction showing on average less than a 10%

reduction in thickness of a compacting column (Richter and McKenzie, 1984; Solano, 2011; Solano

et al., 2012).

The compaction method used in the thermomechanical model of Solano et al. (2012) is a modification of

the McKenzie formulation, which assumes that matrix compaction occurs via melt-enhanced diffusional

creep (McKenzie, 1984, 1985). This assumption is consistent with the idea that mush reservoirs exist at

or above the solidus temperature. Strain rates found for diffusional creep of highly crystalline mushes

are low (<<10-15s-1) and result in a Newtonian style rheology for both the melt and the crystal-rich

mush mixture (Richter and McKenzie, 1984; Jackson et al., 2018).

One aspect of modelling melt segregation is accounting for the reactive flow of melt, which is in contact

with the matrix through which it flows, allowing efficient exchange of both heat and mass through

solid and liquid phases present in the mush reservoir (Jackson et al., 2018). The melt and matrix

are in constant thermal and chemical equilibrium, meaning that the chemical composition of the melt

evolves during melt segregation (Solano et al., 2012, 2014).
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Figure 3.4: Adapted from Richter and McKenzie (1984). a) At low melt volume fractions, below
the SLT, grains remain interconnected and melt accumulates in the pore spaces between the matrix
grains. b) As melting occurs and melt volume fraction increases the melt becomes interconnected along
the grain boundaries. c) Buoyancy driven melt segregation occurs simultaneously with downward
compaction of the solid matrix, producing a high melt fraction layer at the top of the column as the
melt accumulates. The top boundary marks the point where the column is capped at the solidus
temperature. Drawing is not to scale.

The model first developed by Solano (2011) employed the enthalpy method to describe energy transport

and the thermodynamics involved in melting. This sets the condition of thermodynamic equilibrium

across the entire modelled domain (Katz, 2008). Constant release of latent heat during melting is

assumed in the enthalpy method with the thermodynamic properties of the fluid and solid remaining

constant and the same (Solano, 2011).

The thermomechanical model originally developed by Solano (2011) included chemical component

transport to address the change in bulk melt composition through time during segregation. Whilst

being a generalised over-simplification of the dynamic chemical processes occurring in mush systems,

this addition was a great improvement on early thermal models. By including evolving local bulk

compositions in mush reservoir modelling, Solano et al. (2014) were better able to match experimental

melting relationships found for common igneous systems (Jackson et al., 2018).
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Further improvements to the thermomechanical model have since been made by Jackson et al. (2018) to

better understand the effects of chemical mush interactions during reactive flow. Jackson et al. (2018)

included the effects of compositionally dependent melt viscosity, matrix density, and melt-matrix

density contrast in their solution. While Solano et al. (2012, 2014) used a melting relationship similar to

that of Annen et al. (2006), a binary eutectic phase diagram has been utilised in the thermomechanical

model adapted by Jackson et al. (2018). The two-component phase diagram models compositional

changes in local bulk composition under the assumption of local thermodynamic equilibrium within

the mush.

The thermo-mechanical model is currently not set up to include the effects of surface tension, crystallo-

graphic defects, and interphase pressure. In addition, stresses caused by magma chamber over-pressure

and tectonic stresses have been neglected. Due to the complex nature of including the response to all

of these extra stresses, the thermo-mechanical model is consistent with earlier modelling in neglect-

ing them. It is assumed that the pressure gradient which drives buoyant flow dominates the system

during melt segregation and accumulation under the Boussinesq approximation, making the current

formulation of the model more than capable of describing the shallow volcanic systems being studied

(Solano, 2011). Further developments to the model will look to include these additional stresses to

determine the extent of their impact on the spatial an temporal evolution of melt distribution in the

crust.

3.4 Method

The governing equations for matrix compaction and heat conservation were developed initially by

Solano (2011) building on the model of Jackson et al. (2003) to describe the coupled processes of melt

segregation and phase change in the system. The transport of heat and mass, including chemical

components, was modelled in one dimension. This simplification is possible due to the high aspect

ratio nature of sills in the crust. Vertical bi-directional flow of the melt and matrix has been shown to

dominate the advection within intrusive igneous bodies (Petford et al., 2000; Menand, 2008). While

a 1-D modelling approach is not able to capture the dynamics of non-vertical flow paths during melt

segregation which have been shown to occur under mantle conditions. However, this thesis models the

shallow crust down to <30km, resulting in the total depth of the model, and subsequently the vertical

extent of the modelled mush region, being significantly less than the depth over which reactive flow

occurs in the mantle (Kelemen et al., 1995a,b; Jackson et al., 2018). A 1D model therefore provides a
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reasonable approximation to the system dynamics and has thus been used in the thermo-mechanical

modelling presented in this thesis.

The thermo-mechanical model uses a porosity-dependent viscosity for the matrix through which the

melt segregates. The porosity dependency is described by equation 3.1 (Solano et al., 2012). The

value of the exponent β in equation 3.1 was set in the model to be 0.5 (Connolly and Podladchikov,

1998). η is the matrix bulk viscosity (Pas), η∗ is the effective viscosity, and η0 is the effective matrix

viscosity (Pas) (Solano, 2011). The viscosity of the matrix is independent of the strain rate (i.e.

Newtonian) due to the assumption of matrix deformation via melt enhanced diffusional creep (Cooper

and Kohlstedt, 1984; Ranalli, 1987; Solano et al., 2012). φ is the melt fraction and ζ is the matrix

shear viscosity (Pas).

4

3
η + ζ = η∗ = η0φ

−β (3.1)

Conservation of mass in the one-dimensional thermo-mechanical model is given by equation 3.2 (Solano

et al., 2012, 2014). Phase change in the model is accounted for by determining the bi-directional

movement of melt and matrix relative to a fixed reference frame of the mixture (Jackson et al., 2003).

This is given by the final term in equation 3.2 where χ is the static degree of melting and z is the

distance (m) over which melt migrates (Solano et al., 2012). The time (s) is given by t and ws is the

matrix velocity (ms-1).

∂φ

∂t
=

∂

∂z
[(1− φ)ws] +

∂χ

∂t
+
(

2− 1

φ

)
ws
∂χ

∂z
(3.2)

Conservation of energy in the 1D system is given by equation 3.3 (Solano et al., 2014). It can be seen

that this is defined in terms of h, enthalpy (J), with k being the thermal conductivity of the system

(WK-1m-1), ρ is the effective density (kgm-3), T is temperature (K), and Lf is the latent heat of fustion

(Jkg-1).

∂h

∂t
=
k

ρ

∂2T

∂z2
+ Lf

∂

∂z
[(1− φ)ws] (3.3)
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Momentum conservation is given by equation 3.4 (Solano et al., 2012). ρs and ρl denote the solid and

liquid densities. The term kφ is the permeability (m-2) of the matrix, µ is the shear viscosity of the

melt, and g is the acceleration due to gravity (ms-2).

η0
∂

∂z

(
φ−β

∂

∂z
ws

)
= (1− φ)(ρs − ρl)g −

µφ

kφ
ws (3.4)

With the permeability given by equation 3.5:

kφ = ab2φalpha (3.5)

Where a is the grain radius (m), b is the permeability constant, and α is the permeability exponent

as described by Solano et al. (2012).

The governing conservation equations are strictly only valid below the solid-liquid-transition point,

where the system consists of a low melt fraction along the grain boundaries within a highly crystalline

mush. However, the equations are used at all melt fractions due to the transient nature of high melt

fractions within the system (Jackson et al., 2003; Solano et al., 2012, 2014).

3.5 Benchmark: one dimensional column

Before using the thermomechanical model of Jackson et al. (2018) a number of benchmarking tests

were carried out to ensure that the model was able to closely match previous work. The first test

carried out was to ensure that the mathematical formulation for melt segregation was able to produce

comparable results to the numerical solution of a compacting boundary layer found by Richter and

McKenzie (1984).

This early work was chosen due to its geometric simplicity and the analytical tests run by Richter and

McKenzie (1984) on their solution to the compaction problem. The case of an initially homogeneous

melt fraction was chosen due to its simple analytic solution over short time periods. Adaptations were

made to the boundary conditions of the thermomechanical model in order to replicate the column

modelled by Richter and McKenzie (1984). The system was non-dimensionalised using the character-
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istic time and length scales modified from Richter and McKenzie (1984) and defined by Solano (2011)

in his appendix.

Initially the column, where the vertical scale represents depth as positive upwards, was set at dimen-

sionless time t = 0 with uniform dimensionless melt fraction of 0.1. It is important to note that the

non-dimensionalisation of melt fraction by Richter and McKenzie (1984) means that the initial system

had a true, dimensional melt fraction of 0.1 but that this was scaled, as can be seen in figure 3.5, to

be equal to an initial non-dimensional melt fraction of 1. This effectively simulates a column where

the temperature is instantaneously brought above the solidus temperature in a homogeneous manner

throughout the entire column. The velocities of the matrix and melt were uniformly set to 0 ms-1 at

dimensionless time t = 0. The downward flow of the matrix relative to the melt results in negative

matrix velocities. The fluid was set to have a lower density than the surrounding matrix, thereby

allowing buoyancy-driven melt segregation to occur, with the melt travelling upward with positive

velocities.

The Boussinesq approximation was applied over the entire column such that the density difference

between the matrix and melt was neglected in all terms except those involving gravity. The height

of the column was defined, as per Richter and McKenzie (1984), as being 50 non-dimensional charac-

teristic length-scales, or compaction lengths. Compaction length is defined as depending only on the

material properties of the matrix and the melt (McKenzie, 1984, 1985, 1987). More specifically, the

characteristic compaction length is the distance from the lower, impermeable, compacting boundary

within the vertical column over which compaction occurs (McKenzie, 1984). The uppermost surface

of the impermeable matrix defines the compacting regime, as described in figure 3.4, and no solid flux

occurs over the boundary.

The compacting boundary layer thickens with time to compensate for the volume of melt leaving. The

rate of matrix deformation depends on the imbalance between the fluid pressure and the compacting

lithostatic pressure in the column. The governing equations for a system involving bi-directional

flow in partially molten material are derived from the equations for mass, energy, and momentum

conservation from mixture theory (McKenzie, 1984). Darcy’s law governs the buoyant flow of fluid

along the pressure gradient.

The comparison between the results obtained by Richter and McKenzie (1984) and those produced

by the thermomechanical model used in this thesis are shown in figure 3.5. It can be seen that the

thermomechanical model is able to match the solution found by Richter and McKenzie (1984) very
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closely across all three modelled parameters - melt fraction (3.5a), matrix velocity (3.5b), and melt

velocity (3.5c).

Non-dimensional melt fraction is set to be equal to 1 at the start of the modelling (time t = 0)

throughout the column. It an then be seen in figure 3.5a that the melt fraction in the base of the

column decreases rapidly through time. The top of the column becomes fluid saturated, as can be seen

by the decrease in height of the column containing melt fractions within the non-dimensional range of

0-1 from time t = 2 onwards. The column with initial non-dimensional melt fraction of 1 was initially

50 characteristic non-dimensional lengths in height and so, at time t = 10, the height of the fluid layer

can be seen to be approximately equal to 10 characteristic lengths. This results in a decrease in melt

fraction throughout the rest of the column as melt is slowly squeezed out and segregates upwards into

the high melt fraction layer.

The results show good agreement between the numerical solutions used for the compaction problem and

suggest that the governing equations for compaction in the thermomechanical model are valid for the

assumptions used. In particular, the Boussinesq approximation holds in this instance as the thermo-

mechanical model is concerned only with movement of melt in the vertical direction. Additionally,

the thermo-mechanical model uses the discretisation scheme laid out in Richter and McKenzie (1984)

which allows for a fair comparison between the two results for melt segregation in a column. The full

set of equations which govern the mechanics of the model used in this thesis can be found in Solano

et al. (2014).
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3.6 Benchmark: deep crustal hot zones

The second benchmark test carried out to validate the thermo-mechanical model was for the numerical

solution of thermal diffusivity. In this case a comparison has been made against the results of a purely

thermal model described by Annen et al. (2006). Their early model was developed in an attempt to

better understand the generation of intermediate and silicic arc magmas. In particular, the model

was aimed at determining the depth at which chemical differentiation occurred. Annen et al. (2006)

assumed that the majority of chemical differentiation occurred in the deep crust based on the lack of

evidence for mafic cumulates in the shallow crust (DeBari and Coleman, 1989; Kay and Kay, 1993;

Glazner, 1994).

The model emplaced basalt into the deep crust and the site of emplacement was referred to as a deep

crustal hot zone, as depicted in figure 3.6 (Annen et al., 2006). The model addresses the problem of

thermal diffusivity in the deep crust and tracks melt evolution due to partial melting of surrounding

crustal rocks. Mantle-derived basaltic sills are injected at multiple depths at their liquidus temperature

and are allowed to cool in the thermal model.

Repetitive emplacement of 50 metre thick sills every 104 years, to give a one-dimensional emplacement

rate of 5mmpa was used in the thermomechanical model to match the inputs used by Annen et al.

(2006). In order to be able to compare the thermomechanical model results with those of Annen

et al. (2006) the advection terms governing melt segregation were turned off. The sills were emplaced

at a depth of 20km to match the shallowest simulation run by Annen et al. (2006) at the Conrad

Discontinuity. While the deeper models could also have been used as a benchmarking test this would

have involved a much longer computation time due to the greater extent of the domain and the serial

nature of the model, as both the deep and shallow thermal models in Annen et al. (2006) had a

simulation run time of 16Ma.

When analysing the results of the thermo-mechanical model against those of the purely thermal model

developed by Annen et al. (2006), it is important to note that the melting relationships used in the two

models are not directly comparable. The thermomechanical model uses a simple binary eutectic phase

diagram to determine the chemical composition of the melt and the matrix whilst maintaining local

thermodynamic equilibrium in the system. A quadratic function was initially determined by Solano

et al. (2014), and also used by Jackson et al. (2018) to describe the binary phase diagram which has

been used in this thermo-mechanical model and is shown in table 3.1.
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The melt fraction in this instance is then related to the liquidus and solidus compositions by equation

3.6. The solid composition, CS, is bimodal and can take a value of either 1, the least evolved, or 0,

the most evolved, as shown in table 3.1. In practice, only solid compositions corresponding to the

most evolved state were used. This is defined as being where the local bulk composition, C, is less

than a pre-determined value, e (the eutectic composition), as shown in table 3.1. The constants a1-a3

used in the quadratic equation for the liquid composition in the binary phase diagram were chosen

to represent the country rock and intruding sills based on experimental data as described in Solano

et al. (2014).

φ =
C − CS
CL − CS

(3.6)

Where φ is the melt fraction, which takes a non-dimensional value, and C is the local bulk composi-

tion.

In contrast, the purely thermal model uses two linear relationships between melt fraction and temper-

ature based on two different sets of experimental data points, at different temperatures and pressures,

that have been spliced together. The low-temperature relationship used by Annen et al. (2006) and in

subsequent thermal models is linear between the solidus temperature and a fixed temperature value,

Ta, which is defined as the temperature at which crystallisation of amphiboles starts to occur. This

section of the melting relationship is based on experiments carried out on basalt from the Cascades

mountain range by Sisson et al. (2005), where granitic and rhyolitic melts were generated from H2O

rich basaltic compositions (H2O of 1.7-2.3 wt%). The second, high-temperature linear relationship

is fitted between Ta and the liquidus temperature as shown in table 3.2 (Annen et al., 2006; Annen,

2009, 2011; Annen et al., 2014). The melting relationship above Ta is based on experimental data on

amphibolite melting collected by Müntener et al. (2001) on basaltic andesite, also from the Cascades

mountain range.

The second fundamental difference in the calculations between the thermal model and the thermo-

mechanical model is the relation between melt viscosity and dimensionless silica content in the thermo-

mechanical model. The thermal model does not parameterise the SiO2 content due to insufficient

experimental data (Annen et al., 2006). As such, the composition of the melt is not tracked and only

a basic indication of melt composition related to the melting relationship is given. Conversely, the
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silica content of the molten phase in the thermo-mechanical model is linearly related to the logarithm

of the melt viscosity, μ, as described by Solano et al. (2014) and Jackson et al. (2018). The melt

and matrix viscosities relate directly to the melt fraction and composition of the melt throughout

modelling in the thermo-mechanical model.

Figure 3.6: Adapted from Annen et al. (2006). Not to scale. Representation of a deep crustal hot zone
where mantle-derived basaltic sills are emplaced in the deep crust at discontinuities. The influx of
hot material melts the surrounding crust leading to further rise of melt into shallow magma chambers
through sub-volcanic systems.
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C Liquidus or Solidus Composition Validity

CL
−b1−
√

(b1)2−4a1(c1−T )
2a1

C < e

CL
−b2−
√

(b2)2−4a2(c2−T )
2a2

C > e

CS 0 C < e

CS 1 C > e

Table 3.1: Adapted from Solano et al. (2014). During modelling, only compositions C less than
e were used. The values of constants a1-c2 were chosen to relate to typical experimental data for
both intruded basalt and the surrounding crust (Solano et al., 2014). The values for CL and CS

are determined using the quadratic equation for the binary phase diagram and then substituted into
equation 3.6 to determine the melt fraction, φ, for any given temperature value, T.

where a1 = -466, b1 = -135.69, c1 = 1826.5

and a2 = -93.75, b2 = -484.32, c2 = 275.2

as determined by Solano et al. (2014) who fitted a quadratic to experimental data obtained by Weill

et al. (1980).

Temperature Range Melt Fraction

T ≤ TS 0

TS ≤ T ≤ Ta 3.25× 10−3(T − TL) + 1

Ta ≤ T ≤ TL Xa
Ta−TS (T − TS)

T ≥ TL 1

Table 3.2: Adapted from Annen et al. (2006). The melting relationship was chosen to match the
experimental data of Sisson et al. (2005) between the solidus temperature and Ta, defined as the
temperature at which amphibole is produced. TS was 720◦C and Ta was set to be 1040◦C, based on
the data of Foden and Green (1992). The relationship between melt fraction, X, and temperature
above Ta was defined by data from Petford and Gallagher (2001). The liquidus temperature, TL, was
set at 1261◦C based on the experimental work of Müntener et al. (2001).
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Symbol Unit Description Value

ρm kgm-3 Density of emplaced basalt 2830

Cpm Jkg-1 Specific heat capacity of emplaced basalt 1480

Lm Jkg-1K-1 Specific latent heat of emplaced basalt 3.5× 105

k Js-1m-1K-1 Thermal conductivity of the entire system 3.0

Table 3.3: Adapted from Annen et al. (2006), parameters for the thermal model.

Figure 3.7 shows a comparison between the results from the model of Annen et al. (2006) and the

thermo-mechanical model for the case of mantle-derived basalt intruding into pelitic and greywacke

crust. Table 3.3 defines the parameters used for this benchmarking exercise, based on Annen et al.

(2006). While the thermal model splits the crust into three regions; upper crust, emplacement zone,

and lower crust, the thermo-mechanical model only defines the intruding material and surrounding

crust. This leads to further differences in the final results, particularly at the boundary of the emplace-

ment zone where the melting behaviour differs due to the different compositions used in the models.

The general shape can be seen to be similar, particularly in the temperature results shown in figure

3.7a-c. Melt fractions shown in figure 3.7d are much lower than those calculated by Annen et al. (2006).

This is due to the different melting relationship, outlined in tables 3.1 and 3.2. The general behaviour

however can be seen to be similar, with high melt fractions at the top of the system and a low melt

fraction column at the base of the system relating to the region of the crust where temperatures have

increased above the solidus due to the heat flux from repetitive sill emplacements.
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Figure 3.7: Adapted from Annen et al. (2006). a) Temperature results of the thermo-mechanical
model used in this thesis, b) and c) temperature results of the thermal model for pelite and greywacke
country rocks respectively. d) Melt fraction results of the thermo-mechanical model, e) and f) melt
fraction results of the thermal model for pelite and greywacke country rocks respectively.
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3.7 Benchmark: thermo-mechanical modelling

The thermomechanical model was initially run using the same inputs as in Jackson et al. (2018) in

order to verify that the same results were obtained. The material properties can be found in table 3.4.

These results are shown in figure 3.8 and were simply used to demonstrate that the changes to the

non-dimensionalisation of the model have not affected the thermo-mechanical solution. Two different

output times have been plotted in figure 3.8 to show that the results of Jackson et al. (2018) for SiO2

content, melt fraction, and temperature can be reproduced through time.

Symbol Unit Description Value

a m Matrix grain radius 2.5 × 10-3

b none Permeability constant 1/500

α none Permeability exponent 3

β none Viscosity exponent 0.5

η Pas Matrix shear viscosity 1016

µ Pas Melt shear viscosity 104

ζ Pas Matrix bulk viscosity 1016

k WK-1m-1 Thermal conductivity 3

Lf Jkg-1 Latent heat of fusion 350000

ρs kgm-3 Density of matrix 2800

ρl kgm-3 Density of melt 2300

Table 3.4: Parameters used to benchmark against Jackson et al. (2018).
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As can be seen in figure 3.8 the final values for SiO2 content, melt fraction, and temperature are the

same when the same input values are used as in Jackson et al. (2018). The model was allowed to

run for 2 Ma. Over accretion was used at an emplacement depth of 18.5 km. The first set of results

shows a high melt fraction layer beginning to accumulate after repetitive emplacement of 50m thick

sills over 1 Ma at a one-dimensional emplacement rate of 5mmpa with sills emplaced every 10ka. As

can be seen from the second set of results at 1.99 Ma, the system was allowed time to cool and the

melt fraction returned to zero after the temperature fell below the solidus along the entire 1D profile.

It is clear from the SiO2 data however that the melt migrated upwards, producing a more silicic layer

at the top of the system, shallower than the initial input depth.

The adaptations made to the thermo-mechanical model have not changed the way in which the en-

thalpy method is implemented. As such, enthalpy is assumed to be released linearly during melting

and is related to temperature through equation 3.7 as outlined in Solano et al. (2014). This results

in the solution to the system of general equations remaining the same as in Solano et al. (2014) and

a full description can be found in the appendix of Solano (2011). There have also been no changes

to the binary eutectic phase diagram used to solve for the evolution of the melt and matrix compo-

sitions. This can be seen from the results for the SiO2 content through the 1D domain. The spatial

and temporal evolution of the SiO2 content, melt fraction, and temperatures are therefore found to

be identical in the two models. Determination of SiO2 content and trace element concentration are

calculated as described in Solano et al. (2014) equations 9 - 12.

h = cpT + Lfφ (3.7)

At the base of the system, minor oscillations are visible in the SiO2 content below 19km depth for

the case at 1000 ka and below 22km depth for scenario shown at 1990 ka. These oscillations are

seen also seen in the results of Jackson et al. (2018) and are due to the numerical approach used

(Jackson, 2017, personal communication). The oscillations do not substantially increase over time

and as a result can be assumed not to affect the numerical solution to the extent that it would inhibit

analysis of the results (Jackson, 2017, personal communication). The small melt fraction waves with

a moderately high frequency in the scenario shown at 1000 ka can be seen to be a true representation

of the mechanics of the system by the number of data points along each wave. The grid spacing used

throughout this thesis for the thermo-mechanical modelling is only 5 metres, which is well below the
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minimum required by testing of the grid resolution shown in the following section. As a result these

waves are considered to be real and not simply numerical. The high contrast in melt fractions across a

relatively small physical space results in steep boundary conditions for the seismic problem discussed

in later chapters.
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Figure 3.8: Adapted from Jackson et al. (2018). The solid orange lines show the results obtained
by Jackson et al. (2018) while the dashed black lines show those obtained by the model used in this
thesis. Two different time steps are shown - one half way through a 2 Ma long run after a 50m thick
sill has been emplaced and allowed to cool for some time. The second set of results is at the end of
the model run time after the system has been given time to cool. Initial SiO2 was set at 61% for the
country rock and 50% for the sills. 46
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3.8 Grid resolution study

A final set of tests was run on the thermomechanical model to investigate the sensitivity of the grid

and the number of time-steps used. Results of the grid resolution study are shown in figure 3.9 and

results of the time-step study are shown in figure 3.10.

The thermomechanical model was set to have a grid spacing of 5 metres for all results shown in this

thesis. In the grid resolution study presented in figure 3.9 the spacing between the nodes in the

grid was initially halved and then doubled for the same input parameters to determine whether the

solution was sensitive to grid spacing. As can be seen in figure 3.9, which shows the results of the grid

resolution study for both temperature and melt fraction values, the solution matches very closely for

5 metre and 2.5 metre node spacing.

For the case where the grid size was doubled to 10 metres there is a clear difference in the calculated

values for melt fraction however the difference is less apparent in the case of temperature. Fractionally

higher temperatures are observed at depths greater than 22km in the sill emplacement zone for the

case of 10 metre node spacing. This marginal increase in the temperature solution is enough to cause

a large variation in melt fractions at these depths. Clearly there is therefore some sensitivity to mesh

spacing in the final solution however the spacing used throughout this thesis of 5 metres between

nodes can be seen to be well refined.

It is also clear from the graph showing sensitivity of the melt fraction results to grid spacing that

instabilities occur in the solution at points of high gradients in melt fraction. However, it is clear that

the convergence analysis yielded similar behaviour, suggesting the numerical method needs further

research and development to remove these. It will be assumed throughout the rest of the thesis that

the solution obtained by the numerical scheme is on average correct.

Results for the study determining the optimum value for the time step in the thermomechanical

model are shown in figure 3.10. It can be seen that as the non-dimensional time step, δt, decreases,

the solution becomes smoother. This is due to the importance of the higher order terms in the non-

dimensionalised finite difference scheme. As both the time step and the grid spacing are refined, the

error in the higher order terms reduces rapidly, since for the second order terms error reduces with

the square of the grid spacing and time step, so halving either of these values reduces the error in the

solution by a factor of four. As such, the higher order terms that have been retained in the explicit
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finite difference scheme approximation to the solution, as laid out in Solano et al. (2014) and Jackson

et al. (2018), produce a grid and time-step independent solution more rapidly than if the solution were

simply a first order approximation.

The maximum size for the time step was determined using the Courant-Friedrichs-Lewy (CFL) con-

dition as described in Courant et al. (1928). The CFL condition, equation 3.8, provides a maximum

time step, δt based on the physical parameters in the model where u is the velocity of the melt, x

is the grid spacing, and C is the Courant number. For explicit schemes such as that used in the

thermo-mechanical model, Cmax is equal to 1. The CFL condition is based on the principal that

during advection, the time step must be less than the time taken for mass transport to occur between

two points on a mesh with discrete spacing. In effect, the CFL condition provides a limit on the speed

at which information can be propagated through the mesh. In order to achieve stability in the model

solution, the CFL condition must be met. If the CFL condition (equation 3.8) is violated (i.e. δt is

too large) the model moves faster than the maximum speed of information propagation through the

model, rendering the system unstable.

C =
uδt

δx
≤ Cmax (3.8)

While the CFL condition provides a necessary condition on the lower bound for the time step it is

often not sufficient to provide stability on the final solution. As a result, the final value for δt used

in finite difference schemes is often much smaller than that prescribed by the CFL condition. For

the purposes of this thesis it was determined that a non-dimensional value of 8 time steps per CFL

condition was optimal. While it would have been possible to run the thermo-mechanical model with

an even smaller non-dimensional time step, the computational expense was deemed too high and

outweighed the benefits from the smoother solution seen in figure 3.10. This is because the thermo-

mechanical model runs in series and decreasing the time-step significantly increases run time. A small

model domain of only 20 km in depth with a simulated run time of 1 Ma took approximately 12 hours

to run with 8 non-dimensional time steps per CFL condition.

Figure 3.10 shows that the solution for the temperature equation remains constant across the range

of tested time steps as this solution is not affected by the advection terms in the equation. The melt

fraction solution however shows sensitivity to the time step used but it is clear from figure 3.10 that

the differences are small. As such, the behaviour was deemed to be similar enough at 8 time steps per

CFL condition to choose this value for δt when running the models.
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Figure 3.9: Grid resolution study carried out on the thermo-mechanical model for the case including
segregation. This thesis used node spacing of 5 metres. Results for both halving and doubling the
node spacing are presented.
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Figure 3.10: Test on the dependence of the solution in the thermo-mechanical model, for the case
including segregation, on time step size. This thesis used 8 time steps per CFL condition.
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3.9 Modelling carried out

A number of scenarios were modelled both with and without melt segregation to investigate the

effect that including melt segregation in the governing equations has on the evolution of melt fraction

distribution in the shallow crust. High, intermediate, and low emplacement rates were modelled to

ascertain the extent to which high melt fractions are able to be sustained in the shallow crust due to

chemical evolution during melt segregation. One-dimensional sill emplacement rates as high as 100

mmpa were used initially to simulate the high emplacement rates during dyke transport (Clemens and

Mawer, 1992; Rutherford and Hill, 1993; Petford et al., 1996; Coleman et al., 2004). Emplacement

rates were then progressively lowered to investigate how this affected the generation, storage, and

evolution of the melt in the shallow crust. Comparisons were then drawn between the thermal and

thermo-mechanical runs of the model to show the impact that including melt segregation and reactive

flow has on the spatial and temporal evolution of melt distribution during modelling.

The 1-D emplacement rates used were 100 mmpa, 25 mmpa, 10 mmpa, and 5 mmpa. Sills 50 metres

thick were emplaced repetitively via under accretion for 100 mmpa and via over accretion for all

of the modelled emplacement rates. Under accretion has not been shown below 100 mmpa because

under-accretion at very low emplacement rates results in sills eventually being emplaced in the deep

crust where the background geothermal gradient produced temperatures that were high enough to

incubate the sills after millions of years. Due to the focus of the modelling in this thesis being in

the shallow crust beneath active volcanic centres this method of sustaining high melt fractions was

deemed inappropriate. The emplacement depth was therefore set to be 5 km for each individual sill

during repetitive intrusion in the shallow crust with an initial geothermal gradient of 50 ◦Ckm-1 to be

consistent with Solano et al. (2014).

3.10 Results

Figure 3.11 is a comparison between the results of the thermo-mechanical model at an emplacement

rate of 100 mmpa for a thermal run (a-d) and when melt segregation is included (e-h). 3.11a and

e show the temperature profiles while panels b and f display the corresponding melt fractions at an

output time of 10 ka. Mantle-derived basaltic sills were 50 metres thick and emplaced via under

accretion. While the temperature profiles are very similar there is a clear distinction between the melt
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fraction results. In the thermal model (b) the location of maximum temperature and the location of

maximum melt fraction occur at the same depth (6 km).

In contrast, panel f shows a high melt fraction layer above a relatively low melt fraction mush column

with the high melt fraction layer occurring at 5.4 km depth, well above the location of maximum

temperature. The high melt fraction layer at the base of the system in panel b occurs where the last

sill was recently emplaced. It is clear from the contrast in the SiO2 % and trace element concentration

results that chemical evolution has occurred in the thermo-mechanical model. The depth of the

maximum melt fraction in panel f corresponds with the depth at which a large increase in silica

content, from a background level of 50% for the intruding rock type to 73.5% in the melt lens, is seen

in panel g.

Initial silica content of the country rock was set at 61% while that of the intruding sills was set to

be 50%. The trace element concentration, in ppm, started with an initial value of 20 ppm. This

can be seen to evolve during thermo-mechanical modelling where component transport generates

compositional variations which result in evolution of local melt composition to produce melt that is

enriched in incompatible elements (Solano et al., 2014). In contrast however, it can be seen to stay

constant in the purely thermal modelling as mass transfer is not accounted for.

The output time of 10 ka shown in figure 3.11 was chosen as this is the time scale required for a

persistent high melt fraction layer to form over the Solid-Liquid-Transition (SLT) at an emplacement

rate of 100 mmpa. The time scale over which incubation occurs and the SLT is reached is very short

in both the thermal and thermo-mechanical runs of the model. For this rate of intrusion the model

eventually became flooded with melt over time due to the large quantities of melt entering the system

and the large increases in temperature associated with each sill emplacement.

The same inputs were used to produce figure 3.12 but the sills were intruded via over accretion at a

consistent shallow crustal emplacement depth of 5 km. The comparison between the thermal results

for melt fraction via under (3.11b) and over (3.12b) accretion at 10 ka shows that the profiles are

similar but almost reversed through approximately 5.9 km depth. The difference in the emplacement

style results in a high melt fraction layer being produced in the thermal model at the top of the

system in figure 3.12b. It can be seen however that the location of highest melt fraction in 3.12b still

correlates with the location of maximum temperature in 3.12a at 5 km, the over accretion emplacement

depth.
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In contrast, the results from thermo-mechanical modelling show that a high melt fraction layer has

accumulated at a shallower depth, with the location of highest melt fraction within this melt lens

occurring at 4.85 km. This is within the country rock and therefore shows that the high melt-fraction

layer has melted the country rock immediately above it despite the lower temperature in this region,

as outlined by the melting relationship in table 3.1, due to the more felsic composition of the country

rock.

Due to the recent emplacement of a sill at 5 km depth it can be seen in panel f that melt fractions

are equal to unity here but only for the thickness of the recently emplaced sill (50 m). The melt in

this region has a low silica content (51% as seen in panel g) as its chemical composition is still that

of the intruding rock type. In contrast, the melt lens between 4.75 - 5.00 km results from melt that

has accumulated in the region following buoyancy driven melt segregation and as such it has a much

higher silica content of 72%. The thin sills have resulted in a large variation in silica content across

the thickness of the emplaced pluton. At 100 mmpa a 50 metre thick sill is emplaced every 500 years,

producing a 1.05 km thick pluton over the time scale shown, with the base seen to be at 6.05 km.

The thermo-mechanical modelling results show the major difference in results when melt segregation

is accounted for and treated as a coupled phase change and phase transport problem through a highly

crystalline, complex mush system. Efficient exchange of heat and mass at the phase boundaries results

in the melt and crystals remaining in constant thermal and chemical equilibrium (Jackson et al., 2005;

Solano et al., 2014). The component transfer leads to changes in the local composition, which is

calculated at each time step in the model and updated to facilitate modelling of melt evolution during

segregation (Solano et al., 2014). As a result, melt evolution can be seen to occur, with melt being

produced and sustained below solidus temperatures at the top of the thermo-mechanically modelled

systems. This is due to the trace element partitioning between crystals and melt that was formulated

by Solano et al. (2014) and used in the thermo-mechanical model.
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Figure 3.11: a)-d) Results using a thermal run of the thermo-mechanical model, e)-h) Results when
melt segregation and matrix compaction terms are considered during thermo-mechanical modelling.
An emplacement rate of 100 mmpa was used with a sill thickness of 50 metres emplaced via under
accretion, results have been output after 10 ka.
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Figure 3.12: a)-d) Results using a thermal run of the thermo-mechanical model, e)-h) Results when
melt segregation and matrix compaction terms are considered during thermo-mechanical modelling.
An emplacement rate of 100 mmpa was used with a sill thickness of 50 metres emplaced via over
accretion, results have been output after 10 ka, with the most recently emplaced sill visible at 5 km
depth.

55



Chapter 3. Thermo-mechanical Model - Description and Benchmarking

The region below the high melt fraction layer in the thermal results (3.12 b) decreases linearly from 0.4

at 5.2 km to 0.18 at 6.05 km and results from the temperature in this region being sufficiently above the

solidus temperature to support the production of a small amount of melt in the system. In contrast,

the region below the shallowest high melt fraction layer in the thermo-mechanical model (panel f) has

much more variation in the resultant melt fractions due to the effects of chemical evolution and melt

segregation. As melt migrates upward buoyantly it accumulates from depth into the observed shallow

high melt fraction layer. This results in a much lower average melt fraction in the mush column

(<0.1). The thin layers of high melt fraction seen between 5.0 and 5.4 km correspond to locations in

panel g where the melt has evolved during migration and the solidus temperature has been lowered

far enough to sustain melt generation.

Figure 3.13 shows a comparison between the results of a thermal (a-d) and thermo-mechanical (e-h)

run of the model at an intermediate emplacement rate of 25 mmpa. The sill thickness was maintained

at 50 metres and intrusions occurred via over accretion at a depth of 5 km with the most recently

emplaced sill visible. While the temperature results of the two models are again very similar in figure

3.13a and e, there is a clear difference between panels b (without segregation) and f (with segregation)

for the melt fraction distribution.

Both models have produced a large volume of eruptible magma with a sustained melt fraction well

above the SLT. However, the thermo-mechanical model has accumulated significantly more melt, with

a maximum melt fraction in the shallow melt lens of 0.91. In comparison, the maximum melt fraction

in the thermal run of the model is only fractionally above 0.6. It can be seen from figure 3.13 that

the location of maximum melt fraction in the thermal model again corresponds with the location of

maximum temperature at 5 km whereas in the thermo-mechanical model these locations are decoupled

and the maximum melt fraction is shallower at 4.87 km. The location of maximum melt fraction in

panel f relates to the region of melt evolution where the percentage of silica is very high (72.5%). Melt

is able to be sustained here at the lower temperature due to its chemical evolution during buoyant

melt segregation through the mush column. The mush column has been depleted of melt in panel f

compared to panel b due to melt migration. As a result, the mush column in the thermo-mechanical

model displays a much higher average crystallinity throughout its thickness than in the thermal column

where melt fraction is linearly related to temperature.
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Figure 3.13: a)-d) Results using a thermal run of the thermo-mechanical model, e)-h) Results when
melt segregation and matrix compaction terms are considered during thermo-mechanical modelling.
An emplacement rate of 25 mmpa was used via over accretion with a sill thickness of 50 metres, results
have been output after 115 ka with a pluton thickness of 2.8 km
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Figure 3.14: a)-d) Results using a thermal run of the thermo-mechanical model, e)-h) Results when
melt segregation and matrix compaction terms are considered during thermo-mechanical modelling.
An emplacement rate of 25 mmpa was used via over accretion with a sill thickness of 50 metres, results
have been output after 300 ka. A pluton 5 km thick was emplaced over 200 ka.
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A large difference can be seen in the results of the thermal and thermo-mechanical modelling when

the system is allowed to cool substantially following the final sill emplacement. Figure 3.14 shows the

same system as in figure 3.13 at an output time of 300 ka. The total thickness of the emplaced pluton

was 5 km at a rate of 25 mmpa over 200 ka. The results in figure 3.14 therefore show the system after

100 ka of cooling. The comparison between panels a and e show that the temperature results remain

fairly similar however a region of slightly elevated temperature is observed at 5.2 km. This relates to

the location of a melt lens with a very high melt fraction of almost unity in the thermo-mechanical

model (figure 3.13f). The melt lens seen in panel f corresponds to the region of high silica content in

panel g (74%) and is bounded on the top surface by the location of the solidus isotherm (700 ◦C) in

panel e. A very low melt fraction column is visible between 5.3 and 6.4 km depth in 3.14f which can

be seen to have been depleted of incompatible trace elements in panel h. In contrast, the melt fraction

distribution predicted by the thermal model in panel b shows a consistent low melt fraction (0.15)

throughout the region where temperatures have not relaxed below the solidus. The melt fraction in

the thermal model is not high enough to be classified as an eruptible volume of melt due to its high

crystallinity however the (approximately 200 metres thick) melt lens in the thermo-mechanical model

is sufficiently large and crystal-poor to be a mobile, eruptible magma.

Similar behaviour is observed at low emplacement rates as at intermediate rates, with the thermo-

mechanical model able to sustain high melt volume fractions after cooling at low emplacement rates.

However, it is important to note that lowering the emplacement rate results in a much longer incubation

time. This is evidenced in figure 3.15 where an emplacement rate of 10 mmpa was used to accumulate

a pluton 15 km thick over 1.5 Ma. The outputs in figure 3.15 are shown after 600 ka, with the most

recent 50 metre thick sill visible at the over accretion emplacement depth of 5 km. Panels a-d show

the results of thermal modelling while e-h show the results when melt segregation is included. At such

a low emplacement rate the incubation time can be seen to have been very similar with both panels

b and f showing a high melt fraction region where the most recent sill has been emplaced and a low

melt fraction zone below where the crust has been incubated and a persistent low melt fraction has

formed. The melt lens observed forming at the top of the system in the thermo-mechanical model is

thicker than that in the thermal model as melt has segregated buoyantly and accumulated at the top

of the pluton. As a result the low melt fraction mush column forming in panel f has a lower overall

melt fraction than that in the thermal model in 3.15b.
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Figure 3.15: a)-d) Results using a thermal run of the thermo-mechanical model, e)-h) Results when
melt segregation and matrix compaction terms are considered during thermo-mechanical modelling.
An emplacement rate of 10 mmpa was used via over accretion with a sill thickness of 50 metres, results
have been output after 600 ka with a pluton thickness of 6 km
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As with intermediate emplacement rates the main difference in melt fraction distribution occurs once

the system has been allowed to cool. Figure 3.16 shows the same system as in 3.15 after a total

pluton thickness of 15 km was emplaced over 1.5 Ma and the system was allowed to cool for 10 ka.

Although the temperature results remain similar for both the thermal (a-d) and thermo-mechanical

(e-h) modelling results the melt fractions and silica contents show a very different evolution. The

thermo-mechanical model can be seen in panel f to have sustained a large region of high melt fraction

at the top of the system despite the cooling period. The location of the large melt volume corresponds

to the region in panel g where silica content is greater than 74%. Whereas in the thermal model the

linear relationship between temperature and melt fraction has resulted in a low melt fraction column

in the region between 5.2 - 11.9 km where temperatures exceed the solidus, chemical evolution in

the thermo-mechanical modelling has resulted in the location of maximum melt fraction not being

aligned with the location of maximum temperature. In addition, the mush column observed in the

thermo-mechanical model has a lower melt fraction (averaging approximately 0.07) than that in the

thermal model (0.18) due to melt migrating through the system and accumulating in the shallow melt

lens.

Modelling results using a very low emplacement rate of only 5 mmpa, with accretion of 50 metre

thick sills via over accretion, are shown in figure 3.17. As can be seen from panels b and f the very

low emplacement rate is not able to produce or sustain a body of melt in either the thermal or the

thermo-mechanical modelling. 3.17a and e show that the temperature of the system remains below

the solidus and as such the crust has not been incubated despite the model run time of almost 2 Ma

producing an emplacement zone 10 km thick. The SiO2 % and trace element concentration results

show that evolution of melt occurred within each individual sill in the thermo-mechanical model,

evidenced by the small-scale variations seen in silica content between 5 and 10 km depths and the

very high percentage of silica observed at the top of the emplacement zone where new sills are emplaced

via over accretion.
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Figure 3.16: a)-d) Results using a thermal run of the thermo-mechanical model, e)-h) Results when
melt segregation and matrix compaction terms are considered during thermo-mechanical modelling.
An emplacement rate of 10 mmpa was used via over accretion with a sill thickness of 50 metres, results
have been output after 1.51 Ma. A pluton 15 km thick was emplaced over 1.5 Ma.
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Figure 3.17: a)-d) Results using a thermal run of the thermo-mechanical model, e)-h) Results when
melt segregation and matrix compaction terms are considered during thermo-mechanical modelling.
An emplacement rate of 5 mmpa was used via over accretion with a sill thickness of 50 metres. A
pluton 10 km thick was emplaced over 2 Ma.

63



Chapter 3. Thermo-mechanical Model - Description and Benchmarking

3.11 Discussion

Results from thermo-mechanical modelling are consistent with previous thermal models when very

low emplacement rates are used. The background temperature of the crust in both cases does not

increase substantially for incubation to occur and so melt is not able to accumulate. This can be seen

in figure 3.17 where emplacement occurred via over accretion and a rate of only 5 mmpa was used.

The results for under accretion in this case were not shown as the pluton thickness eventually became

so large that the sills were no longer being emplaced at shallow crustal depths.

The main difference in the results when melt segregation, matrix compaction, and reactive flow are

included in the thermo-mechanical modelling is the production of a very low melt fraction ’mush’

column as can be seen in figure 3.14 which can be sustained during periods of cooling. Whereas

thermal modelling is only capable of producing high melt fractions through the addition of heat via

sill emplacements, melt segregation allows the melt to migrate through the system while maintaining

thermal and chemical equilibrium. This results in a much lower melt fraction (<0.1) in the region

below the emplacement zone during over accretion as mobile melt migrates upwards along grain

boundaries and accumulates in a high melt fraction lens in the shallow crust at cooler temperatures.

When mass transfer is not included in the modelling the mush column maintains a higher average melt

fraction compared to thermo-mechanical modelling (observed in figures 3.13b and 3.15b), however the

region of highest melt fraction corresponds to the region of highest temperature, resulting in rapid

crystallisation during cooling (figures 3.14b and 3.16b).

The chemical evolution of the migrating melt is evidenced by the change in SiO2 % through the mod-

elled emplacement zones. As silica content increases the region becomes more felsic and subsequently

has a lower solidus temperature. This results in the production of the observed high melt fraction

layers in the thermo-mechanical models that are not seen in the thermal models. Due to the chemical

evolution of the melt during segregation away from the initial site of intrusion it is possible for high

melt fractions to be sustained at low temperatures in the thermo-mechanical model. The mush column

that forms during repetitive sill emplacements is therefore able to remain in a highly crystalline state

without completely solidifying as silica content is increased from 50% in the emplaced melt to >70%

in the highly evolved shallow melt lens. Additionally, the high melt fraction layers that form with

high silica contents remain at the top of the system, bounded by the country rock solidus isotherm,

and can be sustained during periods of cooling (figure 3.14e).

64



Chapter 3. Thermo-mechanical Model - Description and Benchmarking

The results of the thermo-mechanical model show multiple high melt fraction layers which are similar

to the compositional layers found in observations of migmatites (Sawyer, 1994, 1996; Brown, 1994). In

addition, the trace element partitioning method used in the thermo-mechanical model has previously

been shown to match well with observations of melt evolution during buoyancy-driven flow (Quick

et al., 1992, 1994; Sinigoi et al., 1994; Solano et al., 2012, 2014).

It is important to note that the composition of the high melt fraction layers produced by the thermo-

mechanical model relates to only a very small fraction of melting, as found by (Jackson et al., 2003,

2005; Solano et al., 2014). This is because the melt and surrounding rock maintain thermal and

chemical equilibrium during melt segregation resulting in the melt equilibrating with the solid at

progressively lower temperatures as it migrates upwards into the cooler crust. Constant evolution

produces compositional stratification within the shallow crust, evidence for which is supported by

geophysical observations (Jellinek and Kerr, 1999; Kellogg et al., 1999; Warner et al., 2013). In

addition, the small degree of melting required means that large restite cumulates do not get left behind

in the shallow crust during thermo-mechanical modelling which is also consistent with geophysical

observations (Hanson and Glazner, 1995; Petford et al., 1996; Glazner and Miller, 1997; McCaffrey

and Petford, 1997; Glazner et al., 2004).

3.12 Conclusion

At very low sill emplacement rates in the thermo-mechanical model, it is found that the maximum

melt fraction remains well below that required to create an eruptible volume of magma. This result is

consistent with static models published previously. However, at realistic intermediate sill emplacement

rates (deemed as such based on observations of heat and magma fluxes at active volcanoes), the

formation of a high melt fraction layer within a low melt fraction background is observed (Huppert

and Sparks, 1988b,a; Hanson and Glazner, 1995; Spera and Bohrson, 2004; Jackson et al., 2005). The

high melt fraction layer produced via melt segregation migrate upwards toward the top of the mush

column which is defined by the location of the solidus isotherm. Despite having a high melt fraction,

the melt in the layer has a composition corresponding to a progressively larger degree of fractionation,

producing a more felsic melt during upwards migration, because it locally equilibrates with the mush

at progressively lower temperatures. Thus the composition of the melt in the high melt fraction layers

becomes progressively more evolved, with higher silica content.
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The high melt fraction layer produced at the top of the mush column in the thermo-mechanical model

resembles a conventional magma chamber. However, it is important to note that it is produced by

changes in bulk composition in response to melt migration, rather than the addition of heat, which

is used in thermal modelling. Indeed, such a layer can form and be sustained even when the mush is

cooling overall. The magma within the layer is at sufficiently high melt fraction to be eruptible, but

is not located in the hottest region of the mush where the temperature is highest. This is in contrast

with the results of thermal models where the region of highest melt fraction is coupled with the depth

location of the highest temperature.

The results show that high melt fractions need not be associated with high temperature; they also

show that eruptible melt fractions can be created at much lower emplacement rates than predicted

by static models. These high melt fractions are transient, and spatially localised within larger mush

zones. Moreover, chemical differentiation does not require fractional crystallisation in a largely liquid

magma chamber. Thermo-mechanical modelling is consistent with recent geophysical, geochemical

and petrological data that suggest crustal magma chambers are normally largely crystalline, with

high melt fractions present only transiently prior to eruption (Jackson et al., 2003, 2005; Bachmann

and Bergantz, 2006; Solano et al., 2012, 2014; Caricchi and Blundy, 2015a,b). The modelling provides

quantitative estimates of volumes, rates and timescales for the formation of eruptible magma which

can be integrated with data from active volcanic centres to investigate the spatio-temporal evolution

of melt distribution.

Future work using the thermo-mechanical model could include a full 3D cylindrical model of the studied

volcanic plumbing systems. This would provide a much more detailed and holistic understanding of

the evolution of melt distribution. In addition, it would allow for a comparison between previous

pseudo-3D static modelling and the results of the thermo-mechanical model, where lateral movement

of melt could also be accounted for.
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4.1 Background

In order to take the predictions of melt distribution made by the thermo-mechanical model and

compare them with seismic data collected at active volcanic centres, an approach has been developed

to convert melt fraction and temperature values in a 2D domain into seismic velocities. This has

been done by following the procedure set out in Paulatto et al. (2012) who determined the potential

contribution attributed to both temperature and the presence of melt for the velocity anomaly observed

beneath the Soufrière Hills Volcano in Montserrat. Here, the method has been used to provide forward

predictions of P-wave velocity for the modelled temperature and melt fraction distributions.

Velocity of a wave through any material is calculated using the seismic wave equation, based on stress

and strain theory. The three parameters which affect p-wave and s-wave velocity in a homogeneous,

isotropic, solid medium are the shear modulus, µ, the bulk modulus, K, and the density, ρ, as shown

in equations 4.1 and 4.2.

υp =

√
K + 4

3µ

ρ
(4.1)

υs =

√
µ

ρ
(4.2)

All three dependent variables in the wave equation; density, bulk modulus, and shear modulus, can

be shown to be dependent on both melt fraction and temperature (Birch, 1961). Thus, variations in

the lateral and vertical distribution of temperature and melt in the crust result in observed seismic

velocities that depart from the expected background crustal velocity gradient such as that calculated

in the Preliminary Reference Earth Model (PREM) (Dziewonski and Anderson, 1981).

Before the velocity anomaly attributed to either temperature or melt fraction can be determined, the

elastic moduli have to be estimated. The two elastic moduli that we concern ourselves with in this

thesis are the bulk and shear moduli. The bulk modulus of a rock is its relative change in volume

caused by uniform application of compressive, or tensile, stress. Shear modulus is also termed the

shear stiffness of a rock and is the ratio of shear stress to shear strain.
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Dependence of seismic velocity on temperature is derived from both anharmonic (frequency-independent)

and anelastic (frequency-dependent) mechanisms (Karato, 1993). The anharmonic component of the

dependence of seismic velocity on temperature is derived from the change in the shear modulus as-

sociated with a variation in temperature. There is an inverse relationship between temperature het-

erogeneity and seismic velocity, with low temperature regions having high velocities and vice versa

(Karato and Karki, 2001). This is due to the effect that temperature of a medium has on its density

and elastic moduli through thermal expansion. Despite having a low average coefficient of thermal

expansion, the crystalline nature of the crust results in measurable, and significant, velocity anomalies

in regions where the temperature departs from the expected background crustal temperature. As

temperature increases the rigidity of the rocks in the crust reduces, thereby lowering the velocity at

which seismic waves are able to travel through the region. The anelastic component of the depen-

dence of seismic velocity on temperature is due to frequency-dependent visco-elastic relaxation in the

medium through which the wave travels. While the inverse relationship between temperature variation

and seismic velocity is apparent in both the crust and the mantle, it is more complex in the shallow

crust due to the dominant influence of porosity and compositional heterogeneities (Paulatto et al.,

2012).

The presence of melt in the crust and its contribution to vertical and lateral velocity anomalies must be

dealt with separately from the effect of temperature to simplify the problem and avoid over-estimation

of the anomaly. While the effects of temperature and melt fraction could be dealt with together this

would require knowledge about the phase diagram of the melt which is not always available. The

sensitivity of a medium’s elastic moduli to the presence of fluid directly correlates with the effect of

fluid saturation on velocity through the medium (Han and Batzle, 2004). Gassmann’s equations for the

dependence of velocity on fluid fraction are valid in domains where pore-pressure is in equilibrium as is

assumed to be the case in the thermo-mechanical model (Eberhart-Phillips et al., 1989; Batzle et al.,

2006). As such, Gassmann’s equation provides a method of determining the additional contribution

from the presence of melt to the overall velocity anomaly in the domain.

For the purposes of this thesis partially molten rocks, representing a crystal-rich mush, will be treated

as a multi-phase material. There are a number of possible approaches for calculating the elastic

properties of composite, multiphase materials including adoption of scattering theory, use of variational

principles, and assuming pre-defined geometries for the constituents of the composite medium in

question (Watt et al., 1976). The various approaches differ in their results in terms of mathematical

categorisation, with the possibility of determining elastic moduli in the form of upper and lower bounds,

single estimates, and exact results for any particular composite (Berryman, 1995). Effective medium
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estimates can be categorised as either implicit or explicit methods (Kuster and Toksöz, 1974a,b;

Berryman, 1980a; Norris, 1989). While explicit schemes provide expressions that can be easily applied

and inverted, implicit methods need to be solved by iteration (in the case of the self consistent

method) or by integration. The increased stability of implicit schemes in comparison with explicit

schemes makes them extremely useful, particularly in cases where large time steps are required.

The large number of potential methods available for calculating the effective elastic properties of a

heterogeneous composite medium arose from the need in the mid 20th century for composite materials

with specific properties for use in engineering (Watt et al., 1976). As a result, although a wide

variety of methods exists, many of them are applicable only to very specific cases and only a few are

applicable more generally. Effective medium theory was originally developed for application in the

field of dielectrics in composite media by Bruggeman (1935) but has since been applied to geological

studies (Bergman, 1978).

Due to their inherently heterogeneous nature, rocks present a complex problem when attempting to

determine their elastic properties. The various mineralogical components of rocks are anisotropic

and can have very different compositional and elastic properties. In addition, the variation in grain

sizes not only between different rock types but also between the minerals found in rocks results in

heterogeneity of elastic properties on a number of length scales (Watt et al., 1976). For the estimation

of the elastic moduli carried out in this thesis the effect of variation in grain size is assumed to be

negligible due to the large wavelengths of surface seismic data. The problems laid out in this work

were further simplified by assuming the effect of anisotropy to also be negligible.

For the composites studied in this thesis it is most practical to look at initially defining upper and

lower bounds on the elastic moduli due to the inherent uncertainty in the constraints on parameters

associated with melt segregation and crustal properties. Various bounds have been determined for

the physical constants of heterogeneous composites based on variational principles and criteria for

thermodynamic stability (Berryman and Milton, 1991).

The best known bounds for elastic moduli are the Voigt (upper) and Reuss (lower) variational bounds

(Man and Huang, 2011). The Voigt bound described by Voigt (1928) is often referred to as the rule of

mixtures, as it takes a volume average of the different constants attributed to the component parts of

a heterogeneous composite. It is calculated under the assumption that strain is uniform throughout

the composite in question. The equation for the Voigt bound for the bulk modulus, Kv, is shown in

equation 4.3, and the shear modulus, μv, is shown in equation 4.4. In contrast, the Reuss bound, as
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described by Reuss (1929) is a harmonic mean of the constituent physical constants of a heterogeneous

composite. The Reuss bound assumes constant stress throughout the entire medium and therefore

represents the case of a fluid suspension. The equation for the Reuss bound on the bulk modulus, Kr,

in shown in equation 4.5, and the Reuss bound for the shear modulus, μr, is given in equation 4.6. It

can be seen from the equations that both bounds use a weighted average for the constituents where

f i describes the volume fraction of the ith constituent.

Kv =
i=n∑
i=1

fiK i (4.3)

µv =
i=n∑
i=1

fiµi (4.4)

Kr
-1 =

i=n∑
i=1

fiK i
-1 (4.5)

µr
-1 =

i=n∑
i=1

fiµi
-1 (4.6)

Due to the nature of these two means, they provide upper and lower estimates for the effective elastic

moduli of a medium. Hill (1952) used variational principles to prove the rigour of these two bounds

for elastic constants and later produced a self-consistent approach which produced an estimate that

was also shown to fall between the two bounds (Hill, 1965). In the case where a single estimate of

the true value is required for the elastic moduli, the Voigt-Reuss-Hill (VRH) average is often taken as

the average of the Voigt and Reuss bounds as shown in equation 4.7, where either the bulk or shear

moduli can be substituted for M.

Mh =
Mv + Mr

2
(4.7)
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It is possible to provide stricter bounds on the elastic moduli of a composite than the Voigt and Reuss

bounds but only when the volume fractions of the constituents are known. The Hashin-Shtrikman

bounds, calculated using variational principles in elastic theory, have been shown to fall within the

Voigt and Reuss bounds (Hashin and Shtrikman, 1962). The VRH average has also been shown to

lie within the Hashin-Shtrikman bounds in nearly all cases except where the fluid fraction nears unity

(Watt, 1980).

Hashin-Shtrikman bounds apply to quasi-homogeneous and quasi-isotropic multiphase materials (Hashin

and Shtrikman, 1963). A general form of the bounds was found by (Berryman and Berge, 1993) to

be applicable in the case of two or more phases being mixed. Equation 4.8 and equation 4.9 give

the upper and lower Hashin-Shtrikman bounds respectively for the bulk modulus, K. The upper and

lower bounds for the shear modulus can be calculated using equations 4.10 and 4.11. The indices

μ,Kf and µ, Ks refer to the moduli for the fluid and solid phases respectively and the melt fraction is

represented by φ.

K+
HS = Ks +

φ

(Kf −Ks)−1 + (1− φ)(Ks + 4
3µs)

−1 (4.8)

K−HS = Kf +
φ

(Ks −Kf )−1 + (1− φ)(Kf + 4
3µf )−1

(4.9)

µ+HS = µs +
φ

(µf − µs)−1 + 2(1−φ)(Ks+2µs)

5µs(Ks+
4
3
µs)

(4.10)

µ−HS = µf +
φ

(µs − µf )−1 +
2(1−φ)(Kf+2µf )

5µf (Kf+
4
3
µf )

(4.11)

Another set of bounds have been determined using an explicit scheme by Kuster and Toksöz (1974a,b)

which can be shown to be identical to the Hashin-Shtrikman bounds for the case of spherical inclusions

and long wavelengths (Kuster and Toksöz, 1974a,b; Berryman, 1980a). The Kuster-Toksöz method
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replaces the composite medium for which elastic constants are being estimated with a large sphere

containing inclusions, as shown in figure 4.1. The matrix and the inclusions in the sphere are given

distinct compositional properties. Kuster and Toksöz (1974a) performed hypothetical experiments to

determine the scattering within a large sphere caused by the smaller spherical inclusions. It was found

that the total amount of scattering from the inclusions depended on their total volume concentration

(Kuster and Toksöz, 1974a; Berryman, 1980a).

The Kuster-Toksöz effective elastic moduli however are only valid at low inclusion concentrations,

i.e. low melt fractions because they ignore interactions between adjacent pore spaces (Berryman,

1980a). In the case of low inclusion concentration, the total scattering is equivalent to that which

would occur in a homogeneous large sphere with the same effective elastic constants as the composite

sphere containing the matrix and inclusions of two different rock types (Kuster and Toksöz, 1974a).

The method is limited in its usefulness for the thermo-mechanical modelling presented in this thesis

due to the high melt fraction sills that are input into the system and the melt layers that accumulate

over time via melt segregation.

This thesis uses a self-consistent scheme modified by Berryman (1980a, 1995, 2005), which in itself

uses checks on the bounds of the elastic moduli following the methods of Hashin and Shtrikman (1962,

1963) and Hill (1963). Berryman’s approach to the self-consistent method is symmetric in that none

of the constituents making up the multi-phase material are treated preferentially. Rather, the liquid-

filled pores and the solid grains must be added to the effective background in the correct proportions.

As such, Berryman’s method is superior to other potential self-consistent schemes that could be used

such as the approach of Schmeling (1985). The method has been tested computationally by Berryman

(1995) and stress-tested under various conditions. Results of the tests provide convincing evidence that

the method is consistent with the most rigorous bounds on elastic moduli known for inhomogeneous

materials and therefore a viable method for use in this thesis (Berryman, 1995, 2005).

The mixture theory described by Berryman (1995) can only be used if the mineral content and relative

volume fractions of each constituent of the heterogeneous composite are known. This is the case for

the thermo-mechanical model used in this work as the petrological parameters are defined by the user

and are specified for the different rock types used. The main difference between the self-consistent

method of Berryman (1995) and that of Kuster and Toksöz (1974a,b) can be seen schematically by

comparing the structures of the modelled composites in figures 4.1 and 4.2.
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Figure 4.1: Adapted from Berryman (1980a). Schematic diagram of the composite used in the Kuster-
Toksöz explicit estimation of the effective elastic moduli of a composite medium. The true composition
of the heterogeneous composite is replaced in this instance by the large circle which denotes the matrix
of rock type 1 and within which inclusions of rock type 2 are found. Drawing is not to scale.

Mixture theory, as applied specifically to rocks, can produce both bounds and estimates on the elastic

constants for a composite rock (Berryman, 1995). In cases which include porosity, as in the thermo-

mechanical model, studies have generally gravitated toward the use of estimates rather than bounding

methods (Berryman, 1980a). Bounds are able to provide useful estimates for polycrystalline materials

due to the small variations in the elastic moduli of the various constituents. However, due to the effect

that porosity has in bringing one of the bounds either to infinity or to zero in multi-phase media, the

calculated bounds end up being so far apart that they do not provide a useful range and so single

estimates are preferred (Berryman, 1980a).
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Figure 4.2: Adapted from Berryman (1980a). Schematic diagram of the composite used in the Berry-
man self-consistent estimation of the effective elastic moduli of a composite medium. The true com-
position of the heterogeneous composite is replaced in this instance by the large circle which contains
inclusions of both rock type 1 and 2. Drawing is not to scale.

4.2 Method

The estimates for the bulk and shear moduli were calculated using an iterative numerical model based

on the original results from the 1D thermo-mechanical model for temperature and melt fraction.

Initially, a background velocity profile was created across the entire 2D section, including a sea depth

of 1km at the top of the profile and a flat bathymetry for the sea floor. The P-wave velocity in

the sea water was set to be constant at νw = 1.50kms-1. The velocity gradient of the crust between

the surface and the depth of the Moho was set to vary between νc = 3.50kms-1 and νc = 7.50kms-1

based on average values from PREM and studies of upper crustal seismic velocities (Dziewonski and

Anderson, 1981; Christensen and Mooney, 1995; Dunn et al., 2000). The P-wave velocity gradient

across the Moho and upper mantle were set to be 1.00 and 0.08 km s-1 respectively. These deeper
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values are essentially nominal due to the shallow nature of the models which do not reach the average

depth of the continental Moho as determined by Cook (2002).

Karato’s method was then used to determine the contribution of temperature variations along the

1D profile to the calculated seismic anomaly (Karato, 1993). As can be seen in equation 4.14, the

derivative of ln(vp) with respect to temperature depends on temperature itself and as such has been

solved iteratively. The iterative approach involves continuously updating the velocity anomaly over

a large number of increments until the least squares difference between two successive values was

determined to be sufficiently small (on the order of 10-4). Once the elastic moduli and P-wave velocities

were calculated they were then extrapolated laterally to give an estimated 2D velocity profile.

Temperature derivatives of both P-wave velocity and density have been determined by many studies to

be due mostly to anharmonic effects (Kumazawa and Anderson, 1969; Isaak, 1992; Karato, 1993). In

the case of the model domain used in this thesis, anharmonicity can be defined as a departure from the

assumption that the specific heat capacity, thermal expansion coefficient, and pressure-dependent bulk

modulus are independent of temperature variations when volume is kept constant (Stacey and Isaak,

2003). Thermal expansion and the pressure dependence of a material’s bulk modulus are considered to

be first-order anharmonic effects, while temperature dependence of a material’s specific heat capacity

and the product of bulk modulus and the thermal expansion coefficient are higher-order anharmonic

effects (Karato and Karki, 2001; Stacey and Isaak, 2003).

While anharmonicity has been determined to have a large effect on the temperature dependence of P-

wave velocity, the studies by Kumazawa and Anderson (1969) and Isaak (1992) were conducted at high

frequencies of approximately 1MHz while seismic surveys are conducted at frequencies<1MHz. P-wave

velocity at these lower frequencies depends more strongly on anelastic effects caused by temperature

variations (Karato, 1993). In addition, it has been shown that anharmonic effects alone are too

small to account for observed seismic velocity anomalies due to temperature and cannot explain the

low velocity heterogeneity ratio between shear to compressional waves observed (Karato and Karki,

2001).

Anelastic effects therefore also had to be taken into account when calculating the contribution of

temperature variations in the modelled domain to the predicted seismic velocity anomaly but are

secondary to the effects of anharmonicity in this study. This is because anelasticity is most important

when considering the effect of temperature on shear wave velocity and only the P-wave, or compres-

sional wave, velocity was estimated to produce a P-wave velocity profile. In addition, anharmonic
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effects have been shown to decrease with increasing pressure and so dominate in the upper crust but

decrease through the mantle, making anharmonic effects more significant in shallow crustal modelling

(Chopelas and Boehler, 1989, 1992; Chopelas, 1992). It has been shown that when both the anelastic

and anharmonic effects are considered while determining the thermal dependence of seismic velocity

in the crust, the majority of an observed velocity anomaly can be accounted for (Karato and Karki,

2001). The remaining anomaly in geophysical observations must then be accounted for through com-

positional heterogeneity and structural anisotropy. Due to the synthetic nature of the problem in this

thesis lateral compositional heterogeneity in the modelled profile can be ruled out. As a result, the

method of Karato (1993) was determined to be sufficient for use in this thesis to calculate only the

thermal contribution to the seismic P-wave velocity anomaly.

The P-wave velocity, ν, at any particular point can be calculated using equation 4.12 (Kanamori and

Anderson, 1977; Karato and Spetzler, 1990; Karato, 1993). T is the temperature, ν0 is the background

velocity (as calculated using the velocity gradient method described above), ω is the frequency, and

τ is a temperature-dependent relaxation time (Karato, 1993). In this instance the attenuation, Q, is

set at 200 and is assumed to be independent of frequency (Paulatto et al., 2010).

ν = ν0(T ) · (1 + (
Q−1

π
) lnωτ(T )) (4.12)

The relaxation time, τ is determined by equation 4.13, where τ0 is a set factor, R is the gas constant

(8.314), and Ha is the activation enthalpy of the system, set to be 2.76 × 105 kJmol−1 (Caristan,

1982).

τ = τ0exp(
Ha

RT
) (4.13)

Finally, the velocity anomaly due to thermal inhomogeneity is found by taking the partial temperature

derivative of equation 4.12 as is shown in equation 4.14. The anharmonic effects are described by

the first term in equation 4.14, while the second term in the equation describes the temperature

contribution from anelastic and viscoelastic effects (Karato, 1993). F (κ) is a factor that describes the

exponential dependence of attenuation, or the quality factor, Q, on frequency.

∂ln ν

∂T
=
∂ln ν0
∂T

− F (κ) · Q
−1

π

Ha

RT 2
(4.14)
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Equation 4.14 was solved iteratively, following the technique used by Paulatto et al. (2012). The an-

harmonic term was assumed to be constant at -8.5 x 10−1K−1 (Christensen, 1974). The anelastic part

of equation 4.14 was calculated by assuming that F (κ) = 1, equivalent to there being no dependence

on frequency (Paulatto et al., 2012). The velocity anomaly attributable to temperature variations was

then added to the background velocity profile for the sill-emplacement region where the 1D thermo-

mechanical solution for temperature and melt fraction distribution had been calculated. This gave a

1D P-wave velocity solution for the solid matrix in the thermo-mechanical model.

The S-wave velocity was then calculated from the P-wave velocity using an empirical relation deter-

mined by Brocher (2005). Brocher (2005) determined S-wave velocity as a function of P-wave velocity

for a range of common lithologies from various field sources using simple linear regression. The rela-

tionship used in this thesis is shown in equation 4.15, and is referred to as ’Brocher’s regression fit’

in Brocher (2005). Equation 4.15 is valid between 1.5 and 8.0 kms-1 with a calculated coefficient of

determination, R2, of 0.979 (Brocher, 2005). This forms the basis for the highest value for P-wave

velocity used in the background 2D velocity profile at depths shallower than the Moho discontinuity.

Velocities in Brocher’s regression fit are input in units of kms-1.

Vs = 0.7858− 1.2344Vp + 0.7949V 2
p − 0.1238V 3

p + 0.0064V 4
p (4.15)

Initial values for the bulk and shear moduli of the partially molten region were then calculated along

the 1D profile from the Vp, Vs, and matrix density (ρs) values. The initial matrix bulk modulus, Ks0

was calculated using equation 4.16, and the initial matrix shear modulus, µs0 using equation 4.17.

Both equations 4.16 and 4.17 can be derived from equation 4.1 for P-wave velocity.

Ks0 = ρc(V
2
p −

4

3
V 2
s ) (4.16)

µs0 = ρcV
2
s (4.17)

Melt geometry is an important consideration in this approach however it is poorly constrained for melt

accumulation during repetitive sill emplacement in the crust (Berryman, 1980a; Paulatto et al., 2012).
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The most significant differences in seismic velocity due to geometry occur according to whether pockets

of melt are assumed to be isolated or interconnected within the medium (Berryman, 1980a).

The self-consistent approach considers each individual pocket of melt as being embedded within a

homogeneous material which is assumed as having the elastic properties of the composite medium

being determined (Berryman, 1980a). Each constituent within the medium is therefore treated in the

same manner, rather than separating the calculations out for the matrix and the melt phases. This

makes the two phases essentially interchangeable within the equations and results in the self-consistent

approach being valid even at very high melt fractions (Paulatto et al., 2012). This is useful for the

cases studied in this thesis where melt segregation occurs and melt is able to accumulate very quickly

into high melt fraction layers.

It has been shown that melt pocket shape is directly correlated with melt fraction such that the melt

pocket shape evolves through time as melt fractions change (Smith, 1964). Melt begins to form in

tubular shaped pockets along grain edges and in pore spaces during melting at low melt fractions

(Smith, 1964; Waff and Bulau, 1979; Mavko, 1980). As melt accumulates or as temperatures rise and

melt fraction increases the distance between grains increases and the geometry of the melt resembles

wider pipes (Waff and Bulau, 1979). In order to capture this behaviour in the modelling, the aspect

ratio, A, of the melt pockets was set to be dependent on the melt fraction, φ, using the method of

Kiddle (2011) as can be seen in equation 4.18. This results in spheroidal melt pockets which are oblate

when equation 4.18 is >1 and prolate when equation 4.18 is <1.

A =
1

2
· 1√

φ
(4.18)

The seismic velocity anomaly in a medium containing melt pockets is also significantly affected by

velocity dispersion mechanisms which occur due to the presence of the fluid, such as the flow of melt

along grain boundaries and between interconnected pore spaces (Annen et al., 2014). Elastic moduli,

and therefore seismic velocities, are dependent on frequency. While ideally it would be possible to

calculate the full frequency-dependent values for the elastic moduli of a medium this is rarely possible

due to the complexity of the problem. As such, the moduli are estimated in the limits of infinitely

low and infinitely high velocities (Kiddle, 2011). It has been shown by Budiansky and O’Connell
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(1976) that for low seismic velocities, flow between interconnected pockets of melt equalises pressure

imbalances caused by the passing wave and dissipates energy. This is referred to as a low-frequency

approximation to the solution for the velocity anomaly, corresponding to a long wavelength of the

incident plane-wave travelling through the medium. In contrast, the high-frequency approximation

occurs when melt pockets are not interconnected and melt is not able to flow between the pore spaces

and accumulate (Budiansky and O’Connell, 1976; O’Connell and Budiansky, 1977). The low-frequency

approximation leads to reduced values for seismic wave velocities and larger negative velocity anomalies

than the high-frequency approximation. The microscopic processes that cause dispersion (frequency

dependence) have relaxation frequencies that are mostly higher than the seismic band (0.1 - 10 Hz),

therefore the low-frequency approximation is more appropriate (Kiddle, 2011).

In the case of the high-frequency approximation, the initial bulk modulus of the melt, Km0, was set to

be 12.7 MPa, consistent with the work of Paulatto et al. (2012) and the studies on silicic melt by Rivers

and Carmichael (1987). For cases where the low-frequency approximation was used, the initial bulk

modulus of the melt was set to a nominal value of 0.1 MPa. This value was chosen by attempting to

minimise the mis-fit between the results found by this work and that of Paulatto et al. (2012) shown

in figure 4.4 for the relationship found at constant temperature between seismic velocity and melt

fraction. The initial shear modulus of the melt, µm0, in both the high-frequency and low-frequency

approximations was set to be 0 MPa.

Effective density values were set in regions where the melt fraction, φ was >0 using the calcula-

tion shown in equation 4.19. This was done to ensure that the densities used to calculate the final

elastic moduli through Berryman’s iterative method were consistent with the homogeneous medium

approach.

ρeff = ρmeltφ+ ρsolid(1− φ) (4.19)

The velocity anomaly corresponding to the presence of melt in the 1D section was then calculated

and added to the background velocity of the profile. This was done by initially calculating the Voigt

(upper) and Reuss (lower) variational bounds and the Hill average for the bulk and shear moduli of

the composite medium as an initial guess for the iterative approach of Berryman (1980a). Equations

4.3 - 4.7 were used, with the melt and the solid fractions used respectively as the constituents fm and

fs.
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The Hill averages for both the shear and bulk moduli were then used as initial estimates for the true

shear and bulk moduli of the composite medium in an iterative solver. The method uses a least-

squares convergence between the values for the bulk and shear moduli calculated using Berryman’s

self-consistent method and the bulk and shear moduli initially set using the Hill average. On each

successive iteration the initial values were updated until convergence was reached.

The self-consistent method described by Berryman (1980a,b, 1985, 1995, 2005) that was adapted

for use in this thesis provides options for determining the effective elastic moduli of a heterogeneous

material for a number of different inclusion geometries. The original study carried out in 1980 outlined

the new approach to calculating effective elastic moduli and was used for the simple case of spherical

inclusions. Further studies applied the same method to various cases of ellipsoidal inclusions, each

with different aspect ratios, as well as to polycrystals. Spherical and ellipsoidal approaches were

also used by Paulatto et al. (2012) and Annen et al. (2014) to determine a possible range of melt

fractions from travel-time tomography data. In order to be able to make a direct comparison with

these previous results, which are purely thermal and assume a linear relationship between melt fraction

and temperature, the conversion from temperature and melt fraction values to seismic P-wave velocity

values developed for this thesis also allowed for a number of melt geometries to be used.

The geometry-specific calculations followed the self-consistent approach of Berryman (1980a,b) and

were implemented using the method of Paulatto et al. (2012). Melt pocket geometries were specified

at the start of the conversion process by user-inputted values and the relevant calculations were then

carried out within the iterations. Four options for melt pocket geometry were calculated, as described

in table 4.1, in order to be comparable with those calculated by Paulatto et al. (2012). The coefficients

P and Q are defined in equations 4.20 and 4.21 respectively, where T is a tensor which relates two

static strains for the case of spherical inclusions, as defined by Te Wu (1966) in equation 4.22. εPQ

is the strain field within the inclusions in the multiphase medium, and εPQ
0 is the uniform strain at

infinity (Te Wu, 1966; Berryman, 1980b).

P =
1

3
TPPQQ (4.20)

P =
1

5
(TPQPQ − P ) (4.21)
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TPQRS =
εPQ
ε0RS

(4.22)

Berryman (1980a) was used to determine the impact of spherical inclusions on the relationship between

P-wave velocity and melt fraction. The three further options in table 4.1 were all based on the

parameters provided in table 1 of Berryman (1980b) which considers the cases of prolate and oblate

spheroidal inclusions as well as that of melt-dependent variable aspect ratio. Spheroidal inclusion

geometries are in essence simply a more general case of the spherical melt pocket geometries. The

cases of prolate and oblate spheroids, referred to by Berryman (1980b) as ’needles’ and ’disks’, were

originally derived by Te Wu (1966). Derivation of the case for spheroids with variable aspect ratio,

referred to by Berryman (1980b) as ’penny-shaped cracks’, was first carried out by Walsh (1969). This

case can be seen to be dependent on the aspect ratio, α.

Inclusion Shape P Q

Spheres
Km+ 4

3
µm

Ki+
4
3
µm

µm+Fm
µi+Fm

Needles
Km+µm+ 1

3
µi

Ki+µm+ 1
3
µi

1
5( 4µm
µm+µi

+ 2µm+γm
µi+γm

+
Ki+

4
3
µm

Ki+µm+ 1
3
µi

)

Disks
Km+ 4

3
µi

Ki+
4
3
µi

µm+F i
µi+F i

Penny-shaped cracks
Km+ 4

3
µi

Ki+
4
3
µi+παβm

1
5(1 + 8µm

4µi+πα(µm+2βm) + 2
Ki+

2
3
µi+

2
3
µm

Ki+
4
3
µi+παβm

)

Table 4.1: Taken from Berryman (1980b). The subscripts m and i refer to the matrix and the inclusions
respectively. The characters F, γ, and β are defined as: F = µ

6
9K+8µ
K+2µ , γ = µ 3K+µ

3K+7µ , and β = µ 3K+µ
3K+4µ

The coefficients determined using table 4.1 are then used in the implicit equations 4.23 and 4.24 to

determine the bulk (K) and shear (µ) moduli respectively. These two equations form the iterative

self-consistent scheme as set out by Berryman (1980b). P and Q are as set out in table 4.1, while c is

the elastic tensor of the multiphase medium and the star denotes the parameters for the background

matrix of the medium.

(K∗)n+1 =

∑N
i=1 ciKi(P

∗i)n∑N
i=1 ci(P

∗i)n
(4.23)
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(µ∗)n+1 =

∑N
i=1 ciµi(Q

∗i)n∑N
i=1 ci(Q

∗i)n
(4.24)

Finally, Gassmann’s equation for fluid substitution was used to include the effects of filling the pore

spaces with melt for the low-frequency case of interconnected melt pockets (Gassmann, 1951a,b; Smith

et al., 2003). This is an important step when considering the low-frequency case and requires first

removing the effect of the melt found in the previous calculations. The method of Berryman (1980a),

if used on its own, gives a result only for the high-frequency approximation (unrelaxed modulus).

To get the low-frequency approximation (relaxed modulus) the modulus of the dry matrix was first

calculated by setting the bulk modulus of the fluid to essentially 0, and Gassmann’s equation was

used to perform the fluid substitution. Gassmann’s equation relates the bulk modulus of the matrix

when saturated with melt to the elastic properties of both the matrix and the melt alone (Smith et al.,

2003). It is only valid for the low-frequency approximation as the equation assumes not only that the

medium is homogeneous and isotropic, but also that the pore spaces are completely interconnected

(Gassmann, 1951a; Smith et al., 2003).

Gassmann’s equation does not take into consideration the geometry of the pore spaces and is therefore

a relatively simple assumption to implement, as can be seen by equations 4.25 - 4.26. Despite its

simplicity, this approach has been shown to be incredibly accurate (Mavko et al., 2009; Misaghi

et al., 2010). The equations assume that the melt phase is homogeneously distributed throughout the

pore spaces in the modelled medium. This is a valid assumption to make for cases where modelling

occurs over geologic time as the system will come to equilibrium and the melt will become evenly

distributed.

Implementing Gassmann’s equation only affects the final value of the bulk modulus for the composite

medium in the low-frequency approximation. This is because the bulk modulus may vary according

to the composition of melt in the pore spaces whereas the shear modulus is insensitive to pore fluid

composition as it is by definition zero for a fluid (Smith et al., 2003). As a result, the shear modulus

is left unchanged after applying Gassmann’s equation for fluid substitution.

Ksaturated =
Ks0(Ks + f0)

Ks0 + f0
(4.25)
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f0 =
Km0

(Ks0−Ks)
φ

Ks0 −Km0
(4.26)

Final p-wave velocity values were then calculated for each grid cell in the 1D domain from the estimates

for the corresponding elastic moduli. This was done using equation 4.1, with the effective density,

ρeff , calculated in equation 4.19 substituted for ρ.

Once all of the velocity values had been calculated for the 1D section, the 2D velocity profile was

calculated. The 1D section was repeated across the width of the sill emplacement zone. As a result,

the 2D profile does not account for the lateral movement of melt or temperature within the sill

emplacement zone.

A linear geothermal gradient was used to determine the background temperature of the crust for the

thermo-mechanical model. The 1D temperature outputs were then used to calculate the lateral diffu-

sion distance of heat outwards from the edge of the sills in the profile over the total run time of the

model from the first sill emplacement. This was done individually at each node in the temperature

profile using equation 4.27, taken from Carslaw and Jaeger (1959). D is the non-dimensional charac-

teristic diffusion distance within the model (expressed as a number of grid nodes), κ is the thermal

conductivity of the country rock into which heat is diffusing, ρc is the density of the country rock,

C p is the specific heat capacity, Lf is the latent heat of fusion (or enthalpy of crystallisation), τ is

the time (in seconds) over which temperature perturbation occurred, δT is the temperature difference

between the sill and the background geotherm, and δx is the width (in metres) of a single grid cell. A

discussion of the use of equation 4.27 can be found in the Appendix to this thesis.

D =

√
τ · κ

ρc·(Cp+
Lf
δT

)

δx
(4.27)

The diffusion distance was then used as the basis for a bi-linear interpolation of P-wave velocity

values from the edge of the sill emplacement zone into the surrounding country rock. Due to the

perturbation of the geotherm by the influx of melt, the calculated diffusion distances were largest in the

sill emplacement zone and decreased with distance from the emplacement zone until the background

temperature profile was reached. The interpolation was assumed to be symmetrical either side of the

central axis of the emplacement zone.
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Results from the thermo-mechanical model were modified to reduce the total domain depth in 1D

and thereby make the final 2D velocity profile more manageable for post-processing. This was pos-

sible partly due to the nature in which new sills are brought in to the thermo-mechanical model, by

shifting down the domain below the emplacement depth by the thickness of the new sill and thereby

incrementally increasing the domain size, resulting in extra cells at the base of the system.

4.3 Results

A number of tests were carried out on the method outlined above to ensure that it was valid in

the situations for which it was used. In addition, the results were benchmarked against the work

of Paulatto et al. (2012) to ensure that the estimations for P-wave velocity found using the code

developed by the author for this work are able to match those of previous studies. In all three tests

carried out and displayed in figures 4.3 - 4.5, the temperature was kept constant and only the melt

fraction was varied. This was done to test the implementation of Berryman’s self-consistent method

for the effect of melt fraction on seismic velocity used in this thesis.

The high-frequency approximation to the P-wave velocity solution was tested to ensure that the

calculation of the bounds for the elastic moduli matched those found by Paulatto et al. (2012) across

the full range of possible melt fractions from φ = 0 to φ = 1. The results are shown in figure 4.3 which

plots the final P-wave velocity value against melt fraction.

The dashed lines in figures 4.3 and 4.4 represent the velocity solution determined by the author for this

thesis while the solid lines show the solution presented by Paulatto et al. (2012). The two solutions

match perfectly for the case where the Hashin-Shtrikman upper and lower bounds for the elastic moduli

were used to determine upper and lower bounds to the velocity solution. Figures 4.3 and 4.4 show

a slight discrepancy in the results using both the high-frequency and low-frequency approximations

when different melt geometries are considered and the iterative method of Berryman (1980a) is used

to solve for the elastic moduli, with the Hill averages for the bulk and shear moduli taken as the initial

values for use in the calculations.

The differences between Paulatto et al. (2012) and the results in this thesis can be explained by the

use of different initial parameters in the two solutions. The temperature at which the melt-velocity

relationships are calculated by Paulatto et al. (2012) is not given but has been assumed to be the

solidus value of andesite (approximately 700◦C). In addition, the convergence criterion in Paulatto
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et al. (2012) for the least squares of the elastic moduli, at which the iterations are stopped and the

velocity is calculated, is not known. This could affect the results due to the possibility of either of the

solutions not reaching adequately small convergence criteria.

The main difference between the two melt-velocity relationships most likely arises from differences in

the calculation of aspect ratio for the various melt pocket geometries tested. Paulatto et al. (2012)

investigate four different melt pocket geometries; spheres, oblate spheroids, prolate spheroids, and

spheroids whose aspect ratio is dependent on melt fraction. These four cases relate to the geometries

studied by Berryman (1980a) and Berryman (1980b).

The estimation in this work of seismic velocity using prolate spheroidal melt pocket geometry can be

seen in figure 4.3 to deviate furthest from the estimation (up to 4%) carried out by Paulatto et al.

(2012) when the high-frequency approximation is used. In contrast, the low-frequency approximation

results in figure 4.4 show the greatest deviations (up to 6%) in the cases of variable aspect ratio and

oblate spheroids.

In the low-frequency case, the difference in shape between the two sets of results is most likely to be

associated with the initial values used for the bulk and shear moduli of the melt phase when starting

the iterative calculations of the self-consistent method. The initial bulk modulus chosen for use in this

work was set at 0.1 MPa. The value was determined by trying to minimise the misfit seen between

the results of Paulatto et al. (2012) and those found in this thesis for all four different options of

melt pocket geometries. For the high-frequency case, the discrepancy is most likely to be due to a

difference in the final calculations used to determine the exact aspect ratio for the prolate spheroids

as well as the exact relationship used for the case of melt fraction dependent variable aspect ratio.

Therefore, the overall match between the two models shown in figures 4.3 and 4.4 was deemed to be

acceptable.

Figure 4.5 shows the results of a convergence test for the least-squares difference in the elastic moduli

calculations. The graph shows the results for the dependence of seismic velocity on melt fraction at

constant temperature. The value for the least-squares difference at which convergence was said to

have been attained was decreased by a factor of 10 from 1000 to 0.1Pa successively. This effectively

reduces the value which was considered as an acceptable difference between the values of the iteratively

updated moduli between two successive time steps. The smaller the difference, the closer the moduli

are to converging on a constant value. As a result, it is expected that the values for the elastic moduli
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are more stable and converge on a global minimum if the least squares difference value is able to

converge to a very small number.

As can be seen from the results, the solution depends strongly on the chosen convergence criterion.

High values for the convergence criterion (>10) stop the calculation too early, resulting in too few

iterations being carried out and an over-estimation of the seismic velocity. As the final value that

the least-squares was required to reach reduces in absolute value, the result for the estimated seismic

velocities converges to a stable final result. Based on these tests the final convergence criterion

for the least-squares calculation, at which convergence is said to have been attained, was set to be

0.01Pa.

The following images show the results from the elastic modulus and seismic velocity estimation method

developed for this thesis. The first two images, figures 4.6 and 4.7, are the results of a conversion

from 1D temperature and melt fraction profiles calculated by the thermo-mechanical model into 1D

velocity profiles through the centre of the modelled pluton.

Figure 4.6 is for a purely thermal numerical simulation carried out by the thermo-mechanical model

using the low-frequency approximation to the solution for elastic moduli. Melt segregation terms in

the governing equations were switched off so as to produce results that were directly comparable with

previous models, specifically that of Paulatto et al. (2012) figure 12a. The simulation was run for a

total of 23 ka and used two separate episodes of repetitive sill emplacements.

The first set of emplacements began at t = 0 and ran for 4 ka emplacing 300 m thick sills every

400 years to give a total 1D emplacement rate of 750 mmpa. 3 km of melt were emplaced in total

via under accretion starting at 5.5 km depth in the first intrusion episode. A resting period of 15

ka then occurred during which the equations for heat diffusion were still solved and the resulting

melt fractions from the purely thermal calculations were updated over time. At a run time of 19 ka

a second emplacement episode began in the numerical simulation exactly identical to the first. Sills

from the second set of emplacements via under accretion displaced deeper nodes by the thickness of an

individual sill at each intrusion, thereby pushing down the remnants of the first emplacement episode

in the process. This gave a final total intruded pluton thickness of 6 km. Intruded sills were set to

have an initial melt fraction of 0.35.

Outputs from this purely thermal simulation in the thermo-mechanical model are produced at the end

of the total 23 ka run time. At approximately 8.5 km depth evidence of the final sill emplacement can
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be seen in the middle graph showing the final melt fractions. The two emplacement episodes give a

distinct profile in the final temperature solution, which has two clearly defined perturbations to the

standard geotherm.

Melt fraction values in figure 4.6 also have two clearly defined regions; 6 - 9 km depth where the most

recent intrusions occurred and melt fraction is close to the original sill melt fraction (0.35), and 9 - 12

km depth where the melt fraction has decreased below 0.2 due to cooling. Due to the nature of the

purely thermal model and the linear relationship between temperature and melt fraction, the depths

of the perturbations in the melt fraction and temperature solutions directly correlate.

Seismic wave velocity results estimated from the 1D temperature and melt fraction profiles also show

two distinct regions in the shallow crust. At 6 - 9 km below the surface the P-wave velocity decreases

significantly due to the inverse relationship between increasing presence of melt and seismic velocity.

A second, less pronounced low velocity zone exists between 9 - 12 km depth, relating to the first

intrusion episode which has cooled and has a significantly lower melt fraction.

Bulk modulus values were calculated only in the emplacement zone and the region immediately sur-

rounding the emplacement zone to increase the efficiency of the calculations. This can be seen from

figure 4.6 to correspond to the region where a velocity anomaly was calculated. The bulk modulus

increases with depth due to the increase in pressure. The final result can be seen to be highly depen-

dent on the temperature and melt fraction results, with the region of high melt fraction (0.35) and

high temperature between 6 - 9 km depth having a lower bulk modulus than the deeper region where

melt fractions are much lower, <0.2.

Results shown in figure 4.7 are at a run time of 23 ka for a numerical simulation identical to that

in 4.6 where melt segregation and reactive flow have been accounted for by including those terms

in the governing equations of the thermo-mechanical model. Despite the initial sills having a melt

fraction of 0.35, as in figure 4.6, much higher average melt fractions can be seen in figure 4.7 when

melt segregation is included in the calculations. All inputs for the models used to create figures 3.6 -

3.10 are given in table 4.2.

There are still two pronounced perturbations to the geotherm in the final temperature solution but

the shallower solution, resulting from the most recent intrusion episode shows a much more complex

and less smooth profile. This is also true of the melt fraction solution which shows seven distinct high

melt fraction layers. The first three high melt fraction layers, between 5.5 - 6.5 km are separated only
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by very thin low porosity layers. Below this, between 6.5 - 9 km depth we see three very distinct high

melt fraction layers. The final sill emplacement, with a melt fraction of 0.35, at approximately 8.5 km

depth is less pronounced in this profile due to the higher melt fractions in the system that mask its

presence.

The most notable feature of the melt fraction results shown in figure 4.7 is the final, and deepest, high

melt fraction layer that occurs between 9 - 10 km. The melt has accumulated over time and is at a

much shallower depth than in figure 4.6. The melt fraction profile in 4.7 is also a lot less smooth due

to the dynamic nature of melt segregation and the binary eutectic phase diagram used to calculate

the evolution of melt fraction through time from the enthalpy and temperature results. The high

melt fraction layer between 9 - 10 km depth varies in the value of melt fraction throughout the layer

and this can be seen to correlate with the SiO2 results shown in figure 4.8. In particular, the high

silica content correlates with high melt fractions where temperatures are lower due to cooling after

the first emplacement episode at 9 - 10 km depth. The initial silica content of the emplaced melt

was set to be only 50% however the silica content of the country rock was set at 62.5%. As the melt

migrates through the system it comes into contact with progressively cooler temperatures and evolves

chemically with the silica remaining in the melt phase due to its low solidus temperature. Variation

in the bulk modulus values throughout the emplacement zone correlates with the layers seen in the

melt fraction results.

Results from the method for interpolation of the 1D velocity results from figure 4.6 into a 2D velocity

profile can be seen in figure 4.9. The velocity results show a large low velocity zone in the shallow

crust between 6 - 9 km and another, less pronounced low velocity zone between 9 - 12 km. These

regions where the seismic wave speed has been calculated to be lower than the background velocity

correlate with the emplacement zone. The velocity anomaly (figure 4.9 is 2 km wide, corresponding

with the dimensions of the pluton produced by purely thermal modelling and shown in figure 12a of

Paulatto et al. (2012). The extent of the velocity anomaly can be seen in figure 4.9 b). The largest

value for the velocity anomaly is -1.32 kms−1, at the point of the most recent sill intrusion at 9 km

depth.

Interpolation between the 1D velocities and the background velocity gradient results in the smoothed

edges of the intruded pluton that can be seen in figure 4.9. The diffusion distance from the edge of

the pluton resulting from calculations made by the purely thermal model is less than 500 m across

the entire height of the low velocity zone. The vertical extent of the velocity anomaly is much greater

than the size of the emplacement zone, extending from approximately 3 km depth to 13.5 km.
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Figure 4.10 shows the result of interpolating the 1D velocity results from figure 4.7 where melt seg-

regation was taken into account. The most recently emplaced sill can be seen at approximately 9

km depth in the 2D velocity profile. The layers observed in figure 4.7 can clearly be seen in the 2D

velocity profiles. The largest velocity anomaly, -2.49 kms−1, is much larger when melt segregation is

taken into account compared to that of the purely thermal model. Rising porosity waves can clearly

be seen as individual low velocity anomaly regions in both figure 4.10 a) and b).

The background velocity gradient can be seen from both figure 4.9 and 4.10 to be high for the shallow

crust, with a maximum value of 7.5 kms−1 reached at a depth of 21 km. This is due to the steep

gradient used in the numerical simulation and the velocity conversion. The Moho for these examples

was set to be shallow at 21 km depth, at the base of the plotted profiles, with the background velocity

gradient set at 0.2 s−1.

Figures 4.6 and 4.7 use the low-frequency approximation to the solution for the elastic moduli calcu-

lation. The low-frequency approximation assumes that melt pockets are connected via flow along the

grain boundaries, resulting in pressure imbalances caused by the passing wave being dissipated. As a

result, the main difference between the high- and low-frequency approximation results is that the final

estimation of the P-wave velocity anomaly is marginally reduced when Gassmann’s fluid substitution

is used in the low-frequency approximation. The seismic velocities calculated in both the purely ther-

mal low-frequency model (figure 4.9b) and the thermo-mechanical low-frequency model (figure 4.10b)

have slightly lower bulk modulus values when calculated using the low-frequency approach described

above in the method for the composite.

P-wave velocity in the purely thermal model is reduced by as much as -1.32 kms−1, while in the

thermo-mechanical model, an anomaly as large as -2.49 kms−1 can be seen in the lower half of the

profile between 9 - 10 km. This corresponds to the region in figure 4.7 where the bulk modulus is

reduced to 12.7 GPas. The overall trend of a broad low velocity zone in the purely thermal results

compared to layers of high and low velocity anomalies in the thermo-mechanical results prevails across

both the high- and low-frequency approximations.
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Figure 4.5: Least squares convergence test on velocity approximation. Calculated seismic velocities
can be seen to be strongly dependent on the value at which convergence of the least-squares difference
is determined to have been reached. The smaller the value of the least-squares convergence criterion,
the lower the final estimated seismic velocities.
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Figure 4.8: Melt fraction and silica content (%) of the system between 5 - 10 km depth at the final
run time of 23 ka. The high melt fraction layers can be seen to correlate with the high silica content
regions in the crust.
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Unit Value

Sill thickness (m) 300

Emplacement rate (mmpa) 750

Melt fraction 0.35

Initial emplacement depth (m) 5000

Time interval between emplacement (yrs) 400

Total run time of simulation (yrs) 23000

Time interval between episodes (yrs) 15000

Thermal conductivity (Js-1m-1K-1) 3.0

Latent heat of fusion (Jkg-1K-1) 550000

Pluton width (m) 1000

Total emplaced thickness (m) 6000

Liquidus temperature (K) 1223.15

Solidus temperature (K) 973.15

Density of solid (kgm-3) 2500

Density of melt (kgm-3) 2000

Density of sea water (kgm-3) 1000

Bulk modulus melt (GPa) 12.7

Shear modulus melt (GPa) 0

Table 4.2: Parameters used to produce figures 3.6 - 3.10 using inputs taken from Paulatto et al. (2012)
in order to be able to make a fair comparison.
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4.4 Discussion

Estimating seismic velocity values in the crust from temperature and melt fraction results requires

a number of assumptions to be made for parameters including, but not limited to, the background

velocity gradient, the background temperature gradient, the thermal conductivity of country and

intruded rocks, and the density of the country and intruded rocks. When coupled with the uncertainties

in the calculation of the elastic moduli it is clear that seismic velocity estimates are associated with

quite large error bars. Differences in initial input values and adopted methods make it difficult to

benchmark exactly against previous work however figures 4.3 and 4.4 show a good match to the

elastic moduli calculations of Paulatto et al. (2012).

Due to the uncertainties involved, the 2D P-wave velocity profile calculated in figure 4.10 is considered

to be a first order approximation to the true velocity anomaly. Further tests, carried out in chapter

4 of this thesis, are required to determine the extent to which the velocity estimates are capable of

matching observed data.

The velocity anomaly found using segregation is a lot more complex than the broad low velocity zone

seen in both purely thermal models. Layers of high melt fraction correspond to the largest absolute

velocity anomalies in figure 4.10, where segregation was accounted for in the modelling process. The

grid spacing for the velocity model is chosen to be 15 metres both horizontally and vertically as,

later in the thesis (chapter 5), recovery of the fine-scale velocity structure will be attempted using

full-waveform inversion. For crustal scale travel-time tomography grid spacings are generally much

larger than this, on the order of 50 to 100 metres, in accordance with the resolution of the technique

(Morgan et al., 2016).

There is also a clear difference in the final interpolation between purely thermal modelling and thermo-

mechanical modelling results. In particular, the regions in the thermo-mechanical model where high

melt fractions have accumulated via segregation result in a smaller diffusion distance and less smooth-

ing at the edges of the intrusion zone. This is due to the lower residence time of the melt in the high

melt fraction layer in comparison to the overall modelling time. A thin low velocity layer with sharp

edges can clearly be identified at approximately 9 km depth in figure 4.10. This layer corresponds to

the high melt fraction layer seen at 9 km in figures 4.8, and 4.6. As melt has accumulated over time in

the region during continuous melt segregation, the time for which melt has been present in this layer

is significantly less than the total time over which emplacements have occurred.
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In addition, the high level of SiO2 in this layer (75%) means that the melt at 9 km depth is more

felsic, with a rhyolitic composition, and therefore has a lower melting temperature than both the

surrounding country rock and the originally emplaced basalt. This melt-rich layer therefore exists for

a longer duration during cooling as can be seen from the corresponding 1D temperature values at

9 km in figure 4.7. Calculated diffusion distances for the interpolation depend on the temperature

difference as well as the residence time (equation 4.27), resulting in a smaller diffusion distance and

less smoothing for the high melt fraction layer.

Comparison between figures 4.6 and 4.7 clearly shows the extent to which the bulk modulus val-

ues depend more strongly on the presence of melt rather than on changes in temperature for the

high-frequency approximation. Sensitivity in the bulk modulus calculation directly translates into a

stronger dependence on melt fraction for the final velocity values. The dependence of the velocity

anomaly on melt fraction is even more pronounced in the low-frequency approximation. This relation-

ship justifies the separate treatment of the anomalies caused by variations in temperature and melt

fraction distribution. The difference in the melt fraction at 9 km between the purely thermal and

the segregating cases is 0.65, whereas the difference in temperature is negligible. The influence of the

presence of melt on final velocity values can therefore be seen to be very strong, with small changes

in melt fraction values having a large effect on the P-wave velocity estimation.

Sensitivity of the elastic moduli and estimated seismic velocity values to the presence of melt is

even more pronounced in the low-frequency approximation simply because the relaxed modulus is

always lower than the unrelaxed modulus. Due to the dissipation of energy through interconnected

melt pockets, the seismic velocity is greatly affected by the presence of melt in the low-frequency

approximation. Modelling interconnected melt pockets results in negative velocity anomalies as large

as -4.3 kms−1 in figure 4.10 in the accumulated high melt fraction layer between 9 - 10 km. This

compares to a maximum velocity anomaly in this region of only -1.2 kms−1 for the purely thermal

case in figure 4.9.

The low temperature values resulting from heat diffusion away from the region after the final high

temperature, high melt fraction emplacement in the purely thermal model results in low melt fractions

and a smaller negative velocity anomaly. In contrast, the same temperatures are able to sustain a

large accumulation of melt in the thermo-mechanical model due to the use of the binary eutectic

phase diagram for the melting relationship. As heat diffuses away from the region after the final

sill emplacement of the first repetitive sill emplacement episode at 4 ka, the purely thermal model

is no longer able to generate melt. However, the thermo-mechanical model continues to allow the
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melt to segregate at low melt fractions and accounts for the compositional evolution of the melt as it

maintains thermal and chemical equilibrium of the system, producing the observed high melt fraction

lenses.

While the purely thermal modelling results in figure 4.6 show direct correlation between the regions

of high temperature and those of high melt fraction due to the direct correlation in the linear melting

relationship used, the segregation modelling results in figure 4.7 show decoupling between the location

of highest melt fraction and the location of highest temperature. It is therefore difficult to separate the

influence of temperature from that of melt fraction in the purely thermal cases whereas in figure 4.7

the different contributions to the final velocity anomaly from the two effects can clearly be seen.

4.5 Conclusion

The self-consistent approach of Berryman (1980a) was used in this thesis as it is valid for cases

with high melt fractions such as those estimated in the thermo-mechanical model and it allows the

simulation of realistic geometries by changing a single parameter: the aspect ratio of the spheroids.

The fit of the benchmarking results against those of Paulatto et al. (2012) provides confidence in

the approach used for the elastic moduli calculations. While discrepancies between the two results

exist they most likely result from difference in initial input parameters in the models and the fact

that Paulatto et al. (2012) were estimating the elastic moduli using a model derived from travel-time

tomography coupled with a purely thermal model as opposed to from synthetic temperature and melt

fraction data from a thermo-mechanical model.

While the interpolation from the 1D velocity estimations into a 2D profile is simply a first-order

approach involving many simplifications, the results show that the method allows for clear distinction

between the velocity anomaly caused by variations in melt fraction and those caused by variations

in temperature. While Karato’s equation to determine the effect of temperatures higher than the

background temperature is an important step in the process, the overall anomaly due to temperature

has been found to be much smaller than that due to the presence of melt. The method has been shown

to be highly sensitive to the melt distribution due to the effect of the presence of melt on calculation of

the elastic moduli and the effectiveness of the heterogeneous composite medium in transmitting seismic

waves. As such, the results suffer from a degree of uncertainty because of the strong sensitivity of

p-wave velocity to the melt geometry.
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The governing equations have been shown to be sensitive to the geometry of the melt in the system. In

particular, interconnected melt pockets have been shown to have a significant impact in reducing the

estimated seismic velocities. Energy dissipation through interconnected melt pockets results in large

negative velocity anomalies in regions of high melt fractions. During purely thermal modelling this pro-

duces large low velocity zones in the shallow crust. In contrast, thermo-mechanical modelling produces

layered velocity anomalies corresponding with the high and low melt fraction layers. The following

chapters build on the method outlined in this chapter to determine whether the seismic anomalies

predicted by the thermo-mechanical model are distinguishable with seismic tomography.
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5.1 Background

The spatial and temporal evolution of melt distribution in Deep Crustal Hot Zones (DCHZs) has been

modelled extensively using both thermal and thermo-mechanical modelling (Annen and Sparks, 2002;

Jackson et al., 2003, 2005; Annen et al., 2006; Solano, 2011; Solano et al., 2012, 2014). These studies

of DCHZs have provided a wealth of information about magma ascent through the crust and the

production of chemically evolved magmas from a single basaltic stock. While it is possible for mobile

magmas to form within DCHZs and subsequently be capable of migrating upwards into the cooler,

shallow crust without crystallising and stalling, the vast majority of pre-eruptive magmas have been

found to have originated from storage regions in the shallow crust (Blundy and Cashman, 2001, 2008;

Annen et al., 2015). The shallow zone, <8 km, in which eruptible magmas are stored in the crust

is therefore of utmost significance when attempting to understand the spatio-temporal evolution of

pre-eruptive melt distribution in the crust (Blundy and Cashman, 2008). For this reason, the following

chapter focusses on modelling the shallow crust to enhance our understanding of the spatio-temporal

evolution of melt distribution.

It is possible to obtain velocity models of the shallow crust using active source seismic data, which

means we are able to make first-order comparisons between predicted seismic velocity models, like

those presented in chapter 3, and tomographic velocity models from refraction data (Paulatto et al.,

2012). Resolution is limited to half of the first Fresnel zone in travel-time tomography, where the

Fresnel zone is defined as the volume around a ray, sampled by waves that all arrive in phase (within

half a cycle) with the first arrival (Williamson, 1991; Williamson and Worthington, 1993; Rypina and

Brown, 2007). As can be seen from equation 5.1, where t is the depth in time and v is the seismic

velocity, the radius of the Fresnel zone, Fr, is inversely dependent on the seismic frequency, f , at which

the waves travel through the Earth.

Fr = v

√
t

f
(5.1)

For deep experiments where the source-transmitter distance is large, velocities are higher, and the

frequency of the wave is small, the Fresnel width becomes very large and the maximum possible

resolution is compromised (Woodward et al., 2008). A refracted ray with a turning point at 12

km and a frequency of 10 Hz has an estimated Fresnel width of only approximately 5 km, making

travel time tomography more suitable for imaging shallow velocity structure (Williamson, 1991). In
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addition, there is relatively a much larger number of shallow seismic data-sets with which potential

comparisons could be made between observed and modelled data. As such, shallow testing provides

a better method for assessing the viability of the thermo-mechanical model in re-creating observed

sub-volcanic structures.

This thesis concerns itself with the application of active refraction travel-time tomography to sub-

volcanic exploration in the shallow crust. In essence, travel-time tomography is a model-building

process where a forward problem is solved for synthetic travel times of seismic rays through a pro-

posed model of seismic velocities. The inverse problem then involves comparing synthetic travel times

with observed travel times from a seismic survey of the target region in the crust. Seismic energy

from the source travels through the Earth and can be modelled as discrete rays. The travel time

contains information about the nature of the media through which the ray travelled. By attempting

to iteratively decrease the mis-match between the observed and synthetic travel times, a mathematical

representation that is close to the true structure of the sub-surface can be reached (Rawlinson and

Sambridge, 2003).

Final velocity models that are obtained from reduction of the misfit function in travel time tomography

can be used to make interpretations about the composition of the imaging target (Zelt et al., 2003).

Information about the thickness of sub-surface strata and their structural geometry can be determined

from the velocity inversions produced, as well as estimates of various physical properties (Zelt, 1999;

Rawlinson and Sambridge, 2003; Zelt et al., 2003). However, the final velocity and structural models

produced using travel time tomography can be adversely affected by inadequate sampling of the target

region (White and Boland, 1992; Zelt, 1999; Korenaga et al., 2000, 2002; Zelt et al., 2003). In addition,

there is an inherent non-uniqueness of solutions, with a wide range of possible models being capable of

satisfying the observed data (Zelt, 1999). Accuracy of the final results from travel time tomographic

imaging therefore relies heavily on assumptions made in producing the original synthetic data for the

forward problem as well as on the density of ray coverage (Tarantola, 1987; Zelt et al., 2003).

Application of travel-time tomography to sub-volcanic imaging has been a fairly recent development

that has followed primarily from improvements in model resolution and improvements in coverage

through the use of more closely spaced sources and receivers as well as by 3D surveys (Hole et al., 2005;

Woodward et al., 2008). The design of seismic array geometries which are able to image beneath the

complex overburden produced by igneous rocks in volcanic environments has made seismic tomography

a viable method for sub-volcanic imaging (Ward et al., 2014). The highly crystalline nature of igneous

rocks coupled with the sharp vertical lithological boundaries associated with volcanic plumbing systems
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have made even shallow active volcanic sites difficult to image in the past. Crystalline structures and

heterogeneous lithologies cause scattering of seismic energy as it travels through the media (Ziolkowski

et al., 2003). The complex structural geologies in active volcanic regions and the associated steep

velocity contrasts are problematic for conventional reflection seismic surveys but less so for refraction

surveys (Mackenzie et al., 2005). However, rays from wide-angle surveys penetrate deeper into the crust

and are able to sample beneath highly crystalline or partially molten overburdens at volcanic centres

(Fliedner and White, 2001; Bouska, 2008; Morgan et al., 2013). As a result, wide-angled seismic data

is capable of returning information to the surface about the internal structure of volcanic plumbing

systems at a resolution of 102 − 103 metres (Lizarralde et al., 2002; Mackenzie et al., 2005).

High-resolution travel-time tomography images of regions containing significant quantities of molten

material in the shallow crust, which would potentially provide direct comparisons with synthetic results

from the thermo-mechanical model, are rare (Alfaro et al., 2007; Lees, 2007; Paulatto et al., 2012).

While a few seismic surveys have been conducted in island-arc settings, the majority have concentrated

on large-scale crustal structure at relatively low resolutions (Shillington et al., 2004; Kodaira et al.,

2007b,a; Takahashi et al., 2007; Calvert et al., 2008; Christeson et al., 2008). However, there have

been a number of recent seismic surveys which were focussed on active volcanic centres in an attempt

to quantify magma storage (Paulatto et al., 2012; Annen et al., 2014). In particular, a variety of work

has been carried out at the Soufrière Hills Volcano, Montserrat, where recent activity, ongoing since

1995, has resulted in intensified interest in the region (Young et al., 1998; Mattioli et al., 2010; Kenedi

et al., 2010; Paulatto et al., 2010, 2012; Annen et al., 2014).

5.2 Background of the study area

The Soufrière Hills Volcano is located on the southern end of the island of Montserrat in the Lesser

Antilles (16◦45’N, 62◦12’W). The island is approximately 16 km in length from N-S and only 10 km

wide E-W, making it an easily viable target for wide-angled seismic surveys with offshore shots and

onshore-offshore receivers. Its dimensions make it possible for marine seismic vessels to circumnavigate

the island and for surveys to be carried out with relative ease.

There are three main volcanic centres on Montserrat and the island is comprised almost exclusively of

volcanic deposits (Le Friant et al., 2004; Paulatto et al., 2010). The most southerly volcanic centre,

Soufrière Hills Volcano, is the youngest (dating to at least 250 ka) and is currently still active while

the more northerly Centre Hills and Silver Hills volcanoes have been extinct for the last 0.55 Ma
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and 1.2 Ma respectively (Rea, 1974; Loughlin et al., 2010). Various studies have been conducted on

the Soufrière Hills Volcano since the latest volcanic eruption started in 1995, including geological,

geochemical, and geophysical observations in an attempt to better quantify the magma fluxes and

understand its internal magmatic system (Le Friant et al., 2004; Kiddle et al., 2010; Paulatto et al.,

2010; Shalev et al., 2010; Annen et al., 2014).

Evidence suggests that prior to the 1995 eruption, the Soufrière Hills Volcano had been dormant for

over 300 years, with the last eruption resulting in the collapse of an andesitic dome (Young et al.,

1998; Kiddle, 2011; Annen et al., 2014). Cycles of volcanic activity have been inferred to last between

103 − 104 years, interspersed with much longer periods of inactivity (Le Friant et al., 2008). The last

period of intense volcanic activity occurred between 31 - 17 ka ago, with the most recent period of

volcanic activity having started approximately 6 ka ago with the collapse of the 1 km wide English’s

Crater on the east flank of the volcano (Roobol and Smith, 1998; Harford et al., 2002; Trofimovs et al.,

2013). Four periods of increased seismic activity preceded the events of 1995, starting as early as 1897,

with the most immediate seismicity prior to the onset of the 1995 eruption recorded between 1992-

1994 (Shepherd et al., 1971; Aspinall et al., 1998). Activity in 1995 began with increased seismicity

followed by phreatic eruptions, pyroclastic flows, and large scale collapse of an andesitic lava dome

(Aspinall et al., 1998).

Between 1995 and 2008, activity was ongoing with three main episodes of lava-dome growth recorded

using a combination of ground-based LiDAR data, photographic measurements, and seismic data

from the Montserrat Volcano Observatory (Loughlin et al., 2010). Over-pressurisation of a magma

chamber beneath the active centre at Soufrière Hills Volcano, caused by intrusion of molten material

and degassing, has been invoked to explain the cycles of seismicity, uplift, and eruptions (Loughlin

et al., 2010; Paulatto et al., 2010).

Geochemical and geological observations of amphiboles in the erupted material at the Soufrière Hills

Volcano suggest that magma storage occurs primarily at depths of between 6 - 8 km (Barclay et al.,

1998). This has been supported by deformation modelling carried out by Mattioli et al. (1998) using

a point-source located at a depth of 6 km (Mogi, 1958). The broad-scale geology and structure had

been modelled using gravity measurements and a large-scale 2D seismic refraction survey by Boynton

et al. (1979) prior to the start of the latest eruption episode in 1995. Constraints for early modelling

at Soufrière Hills Volcano came from a monitoring of volcano-tectonic swarms which resulted in a joint

hypocentre-velocity structure inversion carried out by Villasenor et al. (1996). Further modelling by

Hautmann et al. (2010b,a) has indicated that there may be a deeper magma storage reservoir located
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at approximately 12 - 14 km depth. The presence of a deeper chamber has been supported by geodetic

studies as well as by geochemical data that suggests shallow magma mixing.

Interpretation of various petrological data has inferred that there exist large variations in the temper-

atures at which distinct magmas have been stored over long periods of time, supporting the theory

of a second, deeper magma reservoir (Murphy et al., 2000; Harford and Sparks, 2001; Couch et al.,

2003; Humphreys et al., 2009; Annen et al., 2014). In addition, the petrology of erupted material is

extremely heterogeneous, implying that there have been multiple episodes of cooling and reheating,

most likely due to repetitive sill emplacements, which have resulted in complex mineral zoning and

assimilation of the surrounding country rock (Devine et al., 1998; Murphy et al., 2000). It is impor-

tant to note that stable isotope data collected by Zellmer et al. (2003a,b) has been used to conclude

that crystal residence times in the shallow chamber at the Soufrière Hills Volcano are relatively short

(<320 years). Erupted material which is of a broadly andesitic composition suggests that the parental

magmas were generally of basaltic composition and have been mixed through convective stirring and

magma movement through the complex volcanic plumbing system (Annen et al., 2014).

In December 2007, a small-scale, 3D active-source seismic survey termed the SEA-CALIPSO project

was conducted in 3D to investigate the nature of the sub-volcanic system at the Soufrière Hills Volcano

(Foroozan et al., 2010; Shalev et al., 2010). The aim of the experiment was to gain insight into the

migration and distribution of melt between the mantle and the crust, and to investigate the geometry

of the underlying geology at the active cone (Shalev et al., 2010). It followed the original Caribbean

Andesite Lava Island Precision Seismogedetic Observatory (CALIPSO) project, set up in 2002, which

was a collaborative effort across seven institutions, including the Montserrat Volcano Observatory,

which investigated the dynamics at the Soufrière Hills Volcano (Linde et al., 2010).

The CALIPSO experiment used an array of equipment across four separate 200 metre deep boreholes

as well as a number of shallower sites and monitoring stations at the surface (Mattioli et al., 2004).

Data from three-component seismometers, tiltmeters, broadband dilatometers, and continuous GPS

stations were integrated with strain-meter observations from the bore-holes, and surface geodetic and

gas measurements to study the ongoing activity on Montserrat (Linde et al., 2010; Shalev et al.,

2010; Voight and Sparks, 2010). Strain measurements from the 200m deep bore-holes provided an

unprecedented insight into the potential geometry of the volcanic system. However, the non-uniqueness

of the model geometries used to explain the observed strain measurements, and inconsistencies with

geochemical evidence for the depth at which melt storage occurred, led to the conclusion that a seismic
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survey was required to help distinguish between competing models (Linde et al., 2010; Annen et al.,

2014).

The SEA-CALIPSO seismic survey was subsequently carried out to complement data from the original

CALIPSO experiment and to give a better understanding of the nature of magma storage and variable

seismic velocity zones in the crust below the Soufrière Hills Volcano. Given the limited resources

available, the experimental array of seismometers was made to be as dense as possible and included

both onshore and offshore active-source seismic stations. A marine seismic vessel was used with an

eight-component GI airgun which shot at average intervals of 1 minute over the course of 77hrs to

fire 4414 shots in total (Paulatto et al., 2010; Shalev et al., 2010). The array was towed at a depth

of 10m below the sea surface at a speed of 2.3 ms−1, to give a mean shot spacing from the offshore

experiment of 139m (Paulatto et al., 2010). Ten ocean-bottom seismometers were deployed and the

survey covered a total area of 50 x 40 km (Shalev et al., 2010).

The onshore component of the SEA-CALIPSO experiment included the deployment of two different

seismic arrays; 28 three-component, short-period, 2 Hz seismograms were deployed over a regularly

spaced grid in addition to 209 one-component, 4.5 Hz, geophone seismograms which were deployed

along five separate transects that crossed the island (Paulatto et al., 2010; Shalev et al., 2010). Pre-

existing seismic stations from the Montserrat Volcano Observatory also recorded shots fired during

the SEA-CALIPSO project. The final geometry of the station arrays, ship track, and shot positions

can be seen in figure 5.1 which has been adapted from Paulatto et al. (2010) and Shalev et al. (2010).

Due to the ongoing activity at the Soufrière Hills Volcano it was not possible for seismometers to be

deployed within the hazardous exclusion zone to the south of the island, so land-based seismometers

are concentrated on the northern end of the island and the path taken by the marine vessel was

focussed around the south-east of the island, as can be seen in figure 5.1 (Shalev et al., 2010).

Results from the SEA-CALIPSO seismic survey, figure 5.2, have been used for various travel-time

inversions which span multiple different transects across the island (Paulatto et al., 2010, 2012; Annen

et al., 2014). Consequently, there exists a variety of different 2D p-wave velocity models from the SEA-

CALIPSO experiment which can be compared with the synthetic p-wave velocity profiles created by

the thermo-mechanical model. The majority of the first-arrival travel time data observed was of

relatively high quality and easily identifiable from the recorded seismograms (Paulatto et al., 2010,

2012). Ambient noise levels from ocean waves was found to be quite high, and stations in the north

were affected less by attenuation of the signals as the volcanic deposits there are much older (Kenedi

et al., 2010).
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Figure 5.1: Adapted from Kenedi et al. (2010). Locations of the ocean bottom seismometers are
shown as purple circles. The white triangles show the positions of the one-component seismometers,
black triangles show the positions of the three-component seismometers. The ship tracks are shown
surrounding the island and the major fault lines are depicted as thick dashed black lines running
through the island. Volcanic centres are denoted on the southern half of the island with red circles
and the Soufrière Hills Volcano is marked with an arrow labelled SHV.

Ray coverage for the inversion by Paulatto et al. (2012) is shown in figure 5.3 at both 2 and 7 km

depth. This gives a good first estimate for the resolution of the model, with the densest coverage of

rays found to be in the area immediately beneath the island at approximately 3 km depth (Paulatto

et al., 2012). Resolution was determined to be highest between 2 - 6 km and deteriorated sharply

below 7.5 km. Paulatto et al. (2012) used the regularised least squares approach of Hobro et al. (2003)

to generate a seismic p-wave velocity model from travel time data recorded by the SEA-CALIPSO
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sesmic survey. The inversion process used an initial velocity model estimate based on work from

previous studies, and then iteratively updated the starting model to reduce the misfit between the

observed and modelled data.

In the velocity model obtained by Paulatto et al. (2012) there is a low-velocity anomaly beneath the

Soufrière Hills Volcano between 6 and 8 km depth (figure 5.2) suggesting the presence of melt at these

depths. Paulatto et al. (2012) found a large low velocity zone with a volume of approximately 100

km3 beneath the active volcanic centre at the Soufrière Hills Volcano. P-wave velocities were found

to have been reduced by more then 0.5 kms−1 across 20 km3 of the low velocity zone, corresponding

to melt fractions of between approximately 6 - 10% in the region (figure 5.4). The low velocity zone is

thought to correspond to the main region of magma mixing and storage at the Soufrière Hills Volcano

and is approximately 4 km in diameter. It has been hypothesised that a second low-velocity zone,

corresponding to a deeper reservoir, lies below this at approximately 12 km.

The p-wave velocity model was firstly used to estimate temperature across the volcano using the

process outlined by Karato (1993). A self-consistent approach for determining the effective elastic

moduli of multi-phase composites was then used which followed the method described by Berryman

(1980a). The estimates for the bulk and shear moduli were then used to determine the corresponding

range of possible melt fraction distributions beneath the Soufrière Hills Volcano. For a full description

of the method see Paulatto et al. (2012). In effect, the process is exactly the opposite of that used

in chapter 3 of this thesis which takes the results for temperature and melt fraction distribution from

the thermo-mechanical model and solves for the elastic moduli and p-wave velocities. Final results for

temperature and melt fraction estimates for the sub-volcanic region at Soufrière Hills calculated from

the velocity model by Paulatto et al. (2012) are shown in figure 5.4.

Results from the analyses of the seismic velocities were then compared to numerical models of the

evolution of melt distribution at the Soufrière Hills Volcano to investigate magma storage in the sub-

volcanic crust (Paulatto et al., 2012). The numerical model of heat transfer and melt accumulation in

the shallow crust at Montserrat developed by Paulatto et al. (2012) solves the heat diffusion equation

using a finite difference scheme as described in equation 5.2, following the work of Annen (2009)

(Annen, 2011; Paulatto et al., 2012; Annen et al., 2014). ρ is the density, Cp is the specific heat

capacity, T is the temperature in Kelvin, t is time in seconds, φ is the melt fraction (dimensionless),

Lf is the latent heat of fusion (or enthalpy of crystallisation), and κ is the thermal conductivity.
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ρCp
∂T

∂t
+ ρLf

∂φ

∂t
= κ∆2T (5.2)

Paulatto et al. (2012) discovered that high one-dimensional sill accretion rates, >102 mmpa, were

required using repetitive sill intrusions in their thermal model to produce the volumes of crystal-

poor magma needed to create a mobile magma capable of erupting (Annen, 2009). They determined

that high intrusion rates of 750 mmpa were required in order to produce a velocity anomaly signature

comparable to the one obtained by the inversion of the SEA-CALIPSO data shown in figure 5.2.

The high emplacement rates required in the model of Paulatto et al. (2012) were needed because the

low temperatures within the shallow crust inhibit incubation of the pluton. Repetitive emplacements

are eventually able to incubate the shallow crust over a long period of time when the background

temperatures are increased within the shallow crust and can therefore sustain the generation of large

volumes of melt (Annen, 2009, 2011).

Petrological data has determined that it is theoretically possible for melt to have been emplaced

at the high one-dimensional rate of 750 mmpa used by Paulatto et al. (2012) to reproduce the low

velocity signature seen in the travel time tomography inversion at the Soufrière Hills Volcano shown

in figure 5.2a. Evidence for high rates greater than 102 mmpa has been found using geochemical and

petrological data in certain cases before the onset of large, caldera-forming eruptions (Wilson et al.,

2005). In the specific case of a caldera forming eruption, the volume of mobile eruptible magma is

usually >102 km3 and is often crystal-poor and highly evolved in nature (Jellinek and DePaolo, 2003;

Cashman and Giordano, 2014).

However, geochronologic data suggests that average 1D pluton emplacement rates over geological

timescales are much lower than 102 mmpa and on the order of <10 mmpa (Annen, 2009). Plutons

which have been uplifted and eroded down at the surface of the Earth, thereby making it possible

to study them, have been determined by geochronology to result from emplacement episodes lasting

many millions of years at low emplacement rates, much less than 750 mmpa (Coleman et al., 2004;

Schoene et al., 2012). Various studies have determined that the shallow crust would not be capable of

accommodating sustained high intrusion rates >102 mmpa over geological time scales due to the lack

of space available in the crust (Weinberg, 1996; Vigneresse and Clemens, 2000). The large volumes

of intruded melt at such high rates would produce a substantial, but as yet not observed, level of

uplift per annum that would be measurable using synthetic aperture radar interferometry (Petford,

1996; Klügel et al., 2005). Furthermore, models of lithospheric flexure have shown that a key limiting

113



Chapter 5. Modelling the Shallow Crust

Figure 5.2: 2D travel time tomography inversions for p-wave velocity along two transects through the
Soufrière Hills Volcano in Montserrat, taken from Paulatto et al. (2012). The 2D profiles relate to
transects shown in figure 5.3. a) shows the results from the east-west transect along line A-A’ through
the Soufrière Hills Volcano, b) shows the results from the east-west transect along line B-B’, c) shows
the results from the east-west transect at the northern tip of the island along line C-C’, d) shows the
results from the north-south transect along line D-D’. The white dashed lines mark out high seismic
velocity zones found at the core of each volcanic centre by Paulatto et al. (2012).

factor on the rate at which melt is able to be emplaced in the shallow crust is its cold and brittle

nature (Vigneresse and Clemens, 2000; Galgana et al., 2011). Thus, it appears that models of melt

distribution and accumulation in the shallow crust developed by Paulatto et al. (2012) and Annen et al.

(2014) are incompatible with the low rates of crustal melt emplacement found using geochronology

for igneous intrusions (Jackson et al., 2003, 2005).

Evidence suggests that both small eruptions and caldera-forming eruptions can be better explained

by the evacuation of magma from multiple crystal-poor lenses of melt rather than from a single

large chamber (Cashman and Giordano, 2014). In addition, the existence of compositional spatial

variability in studied eruption sequences suggests that the melt resides in a transient sub-volcanic

mush as opposed to the large, long-lived body of magma used to produce estimates of melt fraction
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Figure 5.3: Horizontal sections showing ray density at 2km and 7km depths calculated by Paulatto
et al. (2012). The transects from figure 5.2 are shown, with A-A’, B-B’, and C-C’ running east-west
and D-D’ running north-south. Taken from Paulatto et al. (2012).

distribution to explain the velocity anomaly found at the Soufrière Hills Volcano by thermal models

(Paulatto et al., 2012; Gualda and Ghiorso, 2013; Annen et al., 2014; Cashman and Giordano, 2014).

Estimations for the long term average and maximum melt fluxes predicted by Annen et al. (2014) at

the Soufrière Hills Volcano, using thermal modelling to reproduce the measured velocity anomaly, are

significantly lower (average 1D flux of 30 mmpa) than those originally predicted by Paulatto et al.

(2012). However, over intrusion time-scales greater than 100 ka, this thermal model is unable to

match the temperature of the volcanic system inferred by petrological observations (Barclay et al.,

1998; Devine et al., 1998; Murphy et al., 2000). As the thermal model cools it is unable to sustain melt

production and so the entire modelled system solidifies (Annen et al., 2014). Therefore, it appears

that attempting to reproduce the melt fraction and temperature distribution from a seismic velocity

inversion at the Soufrière Hills Volcano using a purely thermal model would not capture the full

nature of the dynamic system. In particular, the sill emplacement rates that are required in the

thermal model shown in Paulatto et al. (2012) to produce the estimated melt signature calculated

from the derived elastic moduli are likely to be substantially higher than the average rate at which

melt intrudes into the shallow crust at the Soufrière Hills Volcano. Thermo-mechanical modelling,

115



Chapter 5. Modelling the Shallow Crust

Figure 5.4: Final estimates for temperature and melt fraction beneath the Soufrière Hills Volcano
calculated by Paulatto et al. (2012) from their p-wave velocity inversion of the SEA-CALIPSO seismic
data. Melt pocket geometry was assumed to be spherical and interconnected. Adapted from Paulatto
et al. (2012).

integrating melt segregation and reactive flow, has the potential to produce a result for melt content

and geometry that is very similar to the purely thermal model using significantly lower emplacement

rates.

To test this hypothesis it was necessary to first compare the thermo-mechanical model results of

simulations in the shallow crust to those produced by Paulatto et al. (2012) using their purely thermal

model. The method by which this was carried out and the results from the tests are described in the

following sections of this chapter.
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5.3 Method

5.3.1 Numerical modelling

Two significant adaptations were made to the thermo-mechanical model developed by Jackson et al.

(2018) in order to model the shallow crust and benchmark the thermal solution against previous

modelling. First, the input routine to the model, as shown in figure 2.3, was adjusted to allow for

multiple emplacement episodes during the run time of the modelled scenarios. This was a simple

adjustment that was made in order to match the input routines used by Paulatto et al. (2012) and

Annen et al. (2014). Both studies utilise rest periods between separate episodes of repetitive sill

emplacements in the shallow crust in order to try and match the recovered velocity model at the

Soufrière Hills Volcano in Montserrat.

Secondly, the enthalpy solver in the thermo-mechanical model was changed to allow for sill emplace-

ments to occur at melt fractions <1. Previous versions of the thermo-mechanical model developed by

Solano et al. (2012) and Jackson et al. (2018) only allowed for initial sill melt fractions of unity due

to the method used to non-dimensionalise the system of general equations (Solano, 2011). However,

the modelling conducted by Paulatto et al. (2012) used sill emplacements with initial melt fractions of

0.35 to reproduce the melt fraction distribution estimated by the conversion from the seismic velocity

inversion of the SEA-CALIPSO data. As such it was necessary to re-design the non-dimensionalisation

process to accomodate emplacements at melt fractions of less than one. This was done by scaling the

non-dimensional enthalpy and temperature to the solidus values.

5.3.2 Seismic travel-time tomography

The first step was to reproduce the results of Paulatto et al. (2012) using the thermo-mechanical model

with the same initial inputs. Table 5.1 shows the inputs used. These are taken from Paulatto et al.

(2012). The next step was to convert the models of temperature and melt fraction obtained from the

numerical simulations into seismic velocity using the approach described in Chapter 3. It was necessary

to filter the final outputs of the derived velocity models to take into account the resolution of velocity

models obtained from travel-time tomography. The numerical simulations used a very fine grid spacing

to calculate the coupled system of equations for advection, diffusion, compaction, and segregation and

produced a fine-scale velocity model with node spacing on the order of 10−1−100 metres. In contrast,
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the seismic velocity profile determined from the SEA-CALIPSO travel-time tomography inversion at

Montserrat had a grid spacing on the order of 102−103 metres. As a result, the high resolution velocity

models produced from the thermo-mechanical modelling results were filtered using the tomo2d package

developed by Korenaga et al. (2000).

The 2D p-wave velocity model developed using the method outlined in chapter 3 from the melt fraction

and temperature distribution results from the thermo-mechanical model was first parameterised as a

shear mesh in order to be used in the tomo2d inversion. Travel times and ray paths were then calculated

by the tomo2d package which uses a combination of the ray-bending method and the shortest-path

method (Korenaga et al., 2000). This hybrid approach makes tomo2d very efficient both in terms of

the time taken for the calculations and the memory required (Korenaga et al., 2000, 2001).

The shortest-path, or graph, solution is initially used by tomo2d to develop a forward star represen-

tation of the ray paths (Korenaga et al., 2000). This essentially produces a map of the possible node

connections along the grid and is able to provide a good first order estimate of the travel times between

source and receiver pairs (Van Avendonk et al., 1998; Van Avendonk, 1998; Zhang and Toksöz, 1998;

Korenaga et al., 2000). The order of the forward star approach is calculated by tomo2d based on

the complexity of the initial velocity model supplied and the node spacing. A more complex model

with a finer initial grid requires a higher order forward star, and therefore more computation time, to

produce an initial estimate of the travel times (Korenaga et al., 2000). Due to the dominance of the

vertical velocity gradient in the crust, the tomo2d software uses a forward star that searches in the

vertical direction preferentially so as to reduce computation time (Korenaga et al., 2000). The initial

estimate provided by the shortest-path method is then refined using the ray-bending method of Moser

et al. (1992).

The ray-bending procedure converges on a final solution by iteratively minimising the travel times

along ray paths using a conjugate gradient method (Moser, 1991; Moser et al., 1992). While it would

have been possible to use a finite difference method to calculate the ray paths, the sharp velocity

contrasts at the pluton edges would have caused significant inaccuracies in the travel time results

(Vidale, 1988). Combining the shortest-path and ray-bending methods allows the tomo2d software

to converge efficiently on a global minimum for the ray paths and final travel time estimates in the

model without compromising on grid resolution (Korenaga et al., 2000).

A 2D velocity model was created from the background velocity profile for the calculations in chapter 3

and used as an initial reference velocity model for the inverse problem in tomo2d. A vector containing
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Symbol Unit Value

z Sill thickness (m) 300

r Emplacement rate (mmpa) 750

φ0 Melt fraction 0.35

x0 Initial emplacement depth (m) 5000

dt0 Time interval between emplacement (yrs) 400

tfinal Total run time of simulation (yrs) 23000

tint Time interval between episodes (yrs) 15000

k Thermal conductivity (Js-1m-1K-1) 3.0

Lf Latent heat of fusion (Jkg-1K-1) 550000

ω Pluton width (m) 1000

ztotal Total emplaced thickness (m) 6000

TL Liquidus temperature (K) 1223.15

TS Solidus temperature (K) 973.15

ρs Density of solid (kgm-3) 2500

ρm Density of melt (kgm-3) 2000

ρw Density of sea water (kgm-3) 1000

vw Seismic velocity in sea water (ms-1) 1500

Km Bulk modulus melt (GPa) 12.7

µm Shear modulus melt (GPa) 0

Table 5.1: Parameters used in the thermal run of the thermo-mechanical model to benchmark against
the results of Paulatto et al. (2012). The simulation used two emplacement episodes separated by a
time interval, tint. Sills were emplaced via under accretion.
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the first arrivals is then mapped iteratively onto the Frechet derivative matrix by the tomo2d software

until the model converges on a final velocity model (Korenaga et al., 2000). Inversions are often

unstable when fine-scale grids are used, such as those employed in the calculations of the thermo-

mechanical model, due to the restrictive singularity of the relationship on such small grid cells between

the travel time residuals, the Frechet derivative matrix, and the perturbations in the velocity model

(Toomey et al., 1994). Not only does an very fine mesh result in large calculation times but it is also

often not possible for tomo2d to calculate the travel time residuals. As a result, smoothing constraints

are applied both horizontally and vertically to the velocity model based on pre-defined correlation

lengths in the tomo2d calculations (Korenaga et al., 2000). This smoothing acts to reduce the grid

resolution, making it representative of the typical resolving power of travel time tomography and

thereby filtering the 2D velocity model calculated from the elastic moduli estimates of the thermo-

mechanical model. Tomo2d uses Gaussian smoothing within one decay length individually in the

horizontal and vertical directions, based on the work of Toomey et al. (1994). In addition, when there

is found to be a large residual between iterations, the inversion is repeated without outliers using a

winsorisation procedure to avoid instabilities in the solution (Korenaga et al., 2000).

Smoothed p-wave velocity results from the thermo-mechanical modelling of both the purely thermal

case and the melt segregation case, with inputs from table 5.1, were then compared against the velocity

inversion of the travel time tomography data recorded by Paulatto et al. (2012). The comparison

between the resulting velocity fields allowed for a prediction to be made of the inputs required in the

thermo-mechanical model to reproduce the observed SEA-CALIPSO travel time tomography data. It

was considered that there were several possible methods by which the thermo-mechanical model could

reproduce the observed velocity anomaly while incorporating melt segregation, matrix compaction,

and reactive flow in the system of governing equations. These include experimenting with: cooling

times after intrusion, emplacement volumes, model run times, and emplacement rates.

5.3.3 Parameter testing and benchmarks

5.3.3.1 Cooling post intrusion

The first parameter tested was post-intrusion cooling time. The initial inputs were the same as in

table 5.1 however the system was allowed to cool after the second set of repetitive intrusions. Sills were

emplaced in two input routines over 23 ka but the system was then allowed to cool with no further sills

emplaced during this time in order to allow the geotherm to relax such that crystallisation took place.
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While this method aimed to keep the model inputs constant to provide a direct comparison it has a

major drawback in that the total run time of the model was significantly extended. Due to the amount

of melt that accumulates in high melt fraction layers in the shallow crust during melt segregation,

evolution, and assimilation, the time required for cooling was much greater than the initial run time

of the model.

Once the system had cooled to the point where the average melt fraction had reduced to levels similar

to those inferred from field observations of erupted material from the sub-volcanic crust beneath the

Soufrière Hills Volcano, the thermo-mechanical model was stopped and the outputs were converted

into a smoothed velocity model using tomo2d. These results were then compared to the modelled

and observed results of Paulatto et al. (2012). Cooling times post intrusion of 60 ka and 120 ka were

investigated to give total model run times of 83 ka and 143 ka respectively.

5.3.3.2 Constant volume

The second parameter tested was model run time, in which the same total volume of melt was emplaced

over a much longer time period. This has the effect of dramatically reducing the average emplacement

rate of melt in the crust. The total pluton volume was kept constant in an attempt to keep the initial

inputs as directly comparable as possible to those of Paulatto et al. (2012). Thickness of the intruded

sills was kept the same but the time interval between sill emplacements was significantly increased.

One dimensional emplacement rates of 375 mmpa, 75 mmpa, and 7.5 mmpa were investigated which

are equivalent to 1/2, 1/10, and 1/100th of the rate employed by Paulatto et al. (2012) to explain the

observed velocity anomaly with the purely thermal model.

5.3.3.3 Constant run time

The third parameter tested was emplacement volume. For these tests the same total model run time

was used but the total volume emplaced was reduced. This has the same effect as the constant volume

method in that it reduces the rate of emplacement of melt.

Due to the hypothesised existence of a double magma storage system at Montserrat it was determined

that two emplacement episodes should still be used in the constant run time model. In addition, it

was possible to use the updated version of the thermo-mechanical model to investigate the use of
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different emplacement volumes across the two emplacement episodes. Annen et al. (2015) suggested

that the intrusion rate at volcanic centres can fluctuate dramatically over the total period of growth

of an intrusive igneous body, making this a credible modelling scenario.

Total pluton thicknesses of 3 km and 2.1 km were modelled using individual sills 300 m thick. For

the 3 km thick pluton the first and second intrusion episodes both consisted of a 1.5 km thick zone

being emplaced over the course of 2 ka with an interval of 400 years between repetitive intrusions. For

the 2.1 km thick pluton the two intrusion episodes required a marginal difference in total emplaced

thickness in order to maintain the 300 metre thickness of individual sills. The first intrusion episode

involved 4 emplacements to total 1.2 km over 1.6 ka. The second episode of intrusions was for 3

repeated injections to total a 0.9 km thick pluton over 1.2 ka. In both instances, the interval time

between emplacement episodes was increased in order to maintain the total model run time of 23 ka

used by Paulatto et al. (2012).

5.3.3.4 Minimum emplacement rate

Finally, the minimum emplacement rate during melt segregation was determined that would produce

the same velocity anomaly as that observed at the Soufrière Hills Volcano. Both the emplaced volume

of melt and the time frame over which melt was emplaced were varied to try and match the predicted

melt fractions and temperatures of Paulatto et al. (2012). Unlike the previous three methods this

approach required adapting a number of the input variables. One dimensional rates of emplacement

<75 mmpa were investigated using a variety of sill thicknesses to investigate the dependence of the

final melt distribution on both average emplacement rate and the volume of individual emplacements.

Emplacement rates used corresponded to rates at less than a tenth of that used by Paulatto et al.

(2012), with emphasis on the use of 10 mmpa which fits with estimated emplacement rates in DCHZs

and shallower reservoirs (Coleman et al., 2004; Solano, 2011).

Modifications were made not only to the thickness of the emplaced sills, which was reduced to 100

metres, but also to the time interval between emplacements so as to reduce the emplacement rate even

further while maintaining an efficient grid spacing of 15 metres. The time step was maintained at a

tenth of the CFL condition. In addition, a number of scenarios with initial sill melt fractions higher

than 0.35 were used to explore how this parameter affected the ability of the thermo-mechanical model

to reproduce the final velocity anomaly recovered at Montserrat.
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5.4 Results

Figure 5.5 shows the comparison between the velocity anomaly from the SEA-CALIPSO seismic

experiment by Paulatto et al. (2012), the results of the inversion from their purely thermal model, and

those of the thermo-mechanical model when only heat diffusion is accounted for, hereafter referred to

as the static model. The velocity anomaly shown in figure 5.5a is the difference between the recovered

velocity model and background reference velocity of Paulatto et al. (2012). The low velocity anomaly

is approximately 4 km wide directly beneath the Soufrière Hills Volcano between 6 - 9 km depth

and has a maximum value of - 0.7 kms-1 (Annen et al., 2014). There is a positive velocity anomaly

immediately below the surface between 0 - 2 km depth which has been associated with the presence

of lava domes and cooled intrusions (Paulatto et al., 2012; Annen et al., 2014).

The velocity anomaly shown in figure 5.5b from Paulatto et al. (2012), is generated using a multiple sill

intrusion model with velocities obtained from the conversion of the modelled temperatures and melt

fractions into elastic moduli data. Corresponding smoothed values, that represent the velocity anomaly

that would be expected to be recovered using travel-time tomography, are shown in figure 5.5c and

can be seen to produce a much lower absolute value for the large negative velocity anomaly between

6 - 9 km depth. The match between the smoothed velocity anomaly in figure 5.5c and the recovered

velocity model in figure 5.5a is quite good. Figure 5.5d shows the velocity profile calculated from the

elastic moduli estimations derived from the temperature and melt fraction distribution results of the

thermo-mechanical model when the melt segregation terms in the governing equations are turned off.

It is clear from figure 5.5d that the location of the low velocity anomaly in this static simulation run

by the thermo-mechanical model is comparable to that seen in the original travel-time tomographic

model.

Figure 5.5e and f show the velocity anomaly associated with a low-frequency approximation to the

solution for melt distribution for the original and smoothed results respectively. Comparing figures

5.5b and e, and figures 5.5c and f shows that the thermo-mechanical model is capable of broadly

reproducing the results of the purely thermal model used by Paulatto et al. (2012) to a high standard

when the same inputs are used. The large low velocity anomaly can be seen at 6 - 9 km depth in

both sets of modelled results and smoothing has reduced the absolute value of the velocity anomaly

to approximately -0.5 kms−1 in the interpolation for the tomo2d inversion software. It is apparent

that the smoothing method used by Paulatto et al. (2012) resulted in a stronger vertical smearing

effect in comparison with the results interpolated for tomo2d. Paulatto et al. (2012) used a depth
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dependent Gaussian filter which had a width equal to the approximate Fresnel radius for a signal with

a dominant frequency range of 6 - 25 Hz. The difference in smoothing techniques and the vertical

smearing in Paulatto et al. (2012) has resulted in a narrower velocity anomaly for the final result of

the purely thermal model in comparison to that of the thermo-mechanical model.

Figure 5.6 shows the stark contrast between the results of the purely thermal model and the thermo-

mechanical model when the same initial parameters are used and melt segregation is allowed to occur

in the thermo-mechanical model. Panels a), b), and c) in figure 5.6 are the same results from Paulatto

et al. (2012) that were shown in figure 5.5 and are included here for direct comparison. Figure 5.6d is

the resultant velocity profile from the thermo-mechanical model when melt segregation is accounted

for and all other parameters are kept the same as in figure 5.5d. The results produce a much stronger

negative velocity anomaly, as can be seen in panel e) where the scale has been modified, with a

significantly different geometry.
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Figure 5.5: Comparison between purely thermal results of the thermo-mechanical model and those
of Paulatto et al. (2012) for the velocity anomaly beneath the Soufrière Hills Volcano. a) Velocity
anomaly inverted from the SEA-CALIPSO experiment by Paulatto et al. (2012), b) velocity anomaly
estimated using the low-frequency approximation by Paulatto et al. (2012) from the purely thermal
model, c) corresponding filtered velocity anomaly estimated by Paulatto et al. (2012), d) velocity profile
calculated from the thermo-mechanical model using the static governing equations, e) corresponding
velocity anomaly using the low-frequency approximation, f) re-sampled, filtered results of the velocity
anomaly from the thermo-mechanical model.
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Figure 5.6: Comparison between the results of the thermo-mechanical model when melt segregation
is accounted for in the solution and the results of Paulatto et al. (2012) for the velocity anomaly
beneath the Soufrière Hills Volcano. a) Velocity anomaly inverted from the SEA-CALIPSO experiment
by Paulatto et al. (2012), b) velocity anomaly estimated using the low-frequency approximation by
Paulatto et al. (2012) from the purely thermal model, c) corresponding filtered velocity anomaly
estimated by Paulatto et al. (2012), d) velocity profile calculated from the thermo-mechanical model
when melt segregation, compaction, and reactive flow are accounted for in the governing equations,
e) corresponding velocity anomaly using the low-frequency approximation, f) filtered results of the
velocity anomaly from the thermo-mechanical model. Note difference in dvp scale for e) and f).
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Figure 5.7: Overlay of the 1D temperature and melt fraction results over the corresponding estimated
2D velocity profilie from the thermo-mechanical model using the same inputs as for figures 5.5 and
5.6 with melt segregation terms in the system of general equations turned on. The colour scale shows
the range of seismic velocities in the 2D profile. The red solid line is the 1D melt fraction profile and
the black solid line is the 1D temperature profile taken through the centre of the intruded pluton.

While the width of the anomaly is the same as for the static model at approximately 2 km radius,

the vertical distribution is comparatively heterogeneous. Segregation of melt away from the emplaced

sills into the surrounding country rock has resulted in large low velocity bands in areas of melt

accumulation. This is more easily recognisable in figure 5.7 which shows a direct overlay of the 1D

temperature and melt fraction results through the centre of the intrusion zone on the 2D velocity

profile. It can be seen that the locations of high melt fraction correspond with the regions of the
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the lowest seismic velocities in the high-resolution 2D p-wave velocity profile. Individual layers in the

centre of the model with melt fractions of 0.3 - 0.35 can be seen to have significantly reduced the

seismic velocities from the background gradient by almost 2.5 km-1.

Unlike the static thermal model, figure 5.6 has a very low velocity zone at the base of the second

emplacement region at 9 km. This large negative velocity anomaly does not correspond with a region

of high temperatures in figure 5.7 as would be the case in the purely thermal model. In fact, the

temperature in this region is lower than in the surrounding crust. The temperature profile shows

a decoupling of the location of highest melt fraction and the location of highest temperature in the

bottom half of the model. At the top of the model it is also evident that melt has accumulated above

6 km but is bounded by the location of the solidus for the country rock which is 700◦C.

Smoothing the results of the thermo-mechanical model using tomo2d produces a reduced velocity

anomaly as can be seen in figure 5.6f. The two low velocity zones at 6 and 9 km are still easily

identifiable however the magnitude of each low velocity zone is approximately half that in panel

e). The individual low velocity layers in the centre of the model demarcated by melt accumulation

are also less apparent. While it is clear that there is a low velocity region with a negative velocity

anomaly between -0.5 - -2.0 kms-1, the zone is broader than in the high resolution model and more

uniform.

It is clear that there is a significant difference between the velocity anomaly calculated from the SEA-

CALIPSO data and the filtered result for the tomo2d tomography software on the velocity profile

calculated from the thermo-mechanical model. This suggests that when melt segregation, matrix

compaction, reactive flow, and melt evolution are taken into consideration, a different emplacement

history would be required to explain the velocity anomalies beneath Montserrat.

5.4.1 Cooling post intrusion

The 1D profiles in figures 5.8 and 5.9 show the bulk modulus and estimated velocities resulting from

the calculation of temperature and melt fraction using the thermo-mechanical model. In this instance

the initial parameters were kept the same as in table 5.1 but melt segregation was accounted for in

the equations. In addition, the system was allowed to cool following the final sill emplacement at 23

ka for time periods of 60 ka and 120 ka respectively.
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Figure 5.10: 1D silica content results through the centre of the pluton when initial parameters of
the thermo-mechanical model are the same as for figures 5.6 after cooling for a) 60 ka and b) 120 ka
following the final sill emplacement.

There is a clear correlation between the calculated velocities and estimated bulk modulus values in

both figures. While both temperature profiles are largely smooth, there is a distinct difference in the

melt fraction profiles between figures 5.8 and 5.9. Both 1D melt fraction profiles show a lot of variation

throughout the system which is due to evolution of the melt composition over time as it segregates

and as the system cools, and resulting changes in local silica content, shown in figure 5.10. The steep

boundaries between regions of high and low melt fraction create sharp gradients in seismic velocity

which can be difficult to image using geophysical techniques.

The longer cooling time in figure 5.9 has evidently resulted in relaxation of the temperature gradient

and a reduction in total melt volume. Lower overall temperatures in figure 5.9 have resulted in cooling

below the country rock solidus temperature at the base of the model resulting in solidification below

9 km. The largest negative velocity anomaly is marginally smaller after 120 ka in comparison to only

60 ka of cooling but is still almost twice as large as that seen in Paulatto et al. (2012) of only -0.5

kms-1.
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Distribution of silica appears to be fairly similar between both figure 5.10a and b, with 75% SiO2 in

the main region of melt accumulation at the top of both of the models. The melt has accumulated in

this region to produce a large melt lens via segregation. At the base of the emplacement zone between

8 - 10 km, average levels of silica are marginally higher in figure 5.10a after only 60 ka of cooling. The

main difference between the two models at this depth is the lack of melt in the region after prolonged

cooling. Evolution of the melt results in sustained high melt fraction lenses at the locations of high

silica content at 9.2 and 9.8 km depth, as can be seen in figures 5.8 and 5.10. The presence of deep

melt lenses was not identified in the tomographic velocity models across Montserrat by Paulatto et al.

(2012), although, if they did exist, they may have been too small to have been detected (Byerly et al.,

2010).

The lowest velocity in figure 5.9 is only 2.50 km-1 and occurs in the regions where melt fraction is at

unity. This is very evident from the 2D velocity profiles and velocity anomalies shown in figure 5.11.

The 2D velocity profiles for both 60 ka and 120 ka of cooling following the final sill emplacement have

been plotted, overlain by the 1D temperature and melt fraction results from the centre of the pluton

in figure 5.11a and d respectively. Panels b) and e) show the velocity anomaly for the high-resolution

grid from the thermo-mechanical model while panels c) and f) are the smooth inverted results from

the tomo2d tomographic package.

While both cooling periods of 60 ka and 120 ka produce anomalies that are closer in style to that

seen in figure 5.5 in comparison with the segregation example that only ran for 23 ka (figure 5.6,

neither are able to reproduce the anomaly recorded by the SEA-CALIPSO seismic experiment. The

absolute value of the velocity anomaly is simply too high across the large low velocity zone, both in

the high-resolution 2D profile calculated from the results of the thermo-mechanical model and in the

results following filtering. Even when the system is allowed to cool for a long period of time at 120

ka and the result is smoothed using the course grid spacing interpolation required for the tomo2d

package (figure 5.11f) the large anomaly seen at the top of the emplacement zone is over four times

larger (-2.4 kms−1) than that of the smoothed model shown in figure 5.5.

The broad zone over which the anomaly exists in figure 5.11b and e is much wider and has a larger

vertical extent despite the cooling time than in figure 5.5. The high melt fractions shown in figures

5.8 and 5.9 persist over these short time scales as the temperature gradient has not had sufficient time

to relax. Longer episodes of cooling were not tested due to the time scales over which shallow magma

emplacement and eruption cycles have been observed to have occurred historically at the Soufrière

Hills Volcano.
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5.4.2 Constant volume

Figure 5.12 shows the results of maintaining the same total pluton volume as Paulatto et al. (2012)

but reducing the 1D emplacement rate to 75 mmpa (panels a - c) and 7.5 mmpa (panels d - f). The

thickness of emplaced sills was maintained at 300m but the time between emplacements was increased

ten-fold and one hundred-fold respectively. An emplacement rate of 375 mmpa was also tested but

results have not been shown as it is clear from 5.12b that the velocity anomaly would be too large to

match the observed anomaly at the Soufrière Hills Volcano.

It is clear from figure 5.12a that the significant reduction in emplacement rate from 750 mmpa in

Paulatto et al. (2012) to 75 mmpa is not sufficient to reduce the maximum melt fraction when melt

segregation occurs. Melt has still accumulated near the top of the system, bounded at 6.5 km by

the location of the country rock solidus. Accumulation is so efficient during buoyant segregation of

melt that a thick high melt fraction layer persists. The velocity anomaly calculated on the high

resolution grid is still very large and negative, with a maximum value of -2.09 kms−1 due to the high

melt fractions which reach unity between 6.5 - 7 km depth. The filtered anomaly recovered using

the tomo2d software has a maximum value of -1.07 kms−1 which is twice that calculated by Paulatto

et al. (2012).

The 1D profiles shown in figure 5.13 show that the bulk modulus calculated in the emplacement zone

is significantly reduced in the region of high melt fraction. It is important to note however that the

bulk modulus value increases sharply to 20 GPa in the highly crystalline region between the high melt

fraction layers at 7 km despite the high temperatures. This behaviour can also been seen between 9 -

10 km depth where low melt fractions, <0.25, can be seen. Despite the high crystallinity in this region

the bulk modulus, and consequently the seismic velocity, is observably reduced from the background

value of 26 GPa to 22 GPa despite the temperatures in the crystalline regions being high. The resulting

effect on velocity is to reduce the values in these low melt fraction lenses by <0.5 kms-1.
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Further reducing the emplacement rate to only 7.5 mmpa with 300 metre thick sills required an

emplacement interval of 40 ka compared to the 400 year interval used by Paulatto et al. (2012). While

the melt in individual sills evolved slightly in between repetitive emplacements, as can be seen from

the variation in SiO2 % throughout the domain corresponding to emplaced sill locations in figure 5.15,

the total emplaced volume was not sufficiently incubated over the run time of 815 ka to produce a

persistent melt fraction. This can be seen in figure 5.14 where the temperature and velocity profiles

have relaxed back to the original background gradients despite the long duration of sill emplacements.

The bulk modulus in this case has not been shown as it is only calculated in the instance where a

velocity anomaly must be accounted for due to temperatures above the solidus or the presence of

melt.

As a result of the cooling period and solidification between emplacements, the velocity anomaly pro-

duced in figure 5.12e is very broad and low with a maximum negative value of -0.31 kms-1. This

is much closer in value to the observed velocity anomaly at the Soufrière Hills Volcano of -0.5 kms-1

shown in Paulatto et al. (2012) however it is caused only by an increase in the background temperature

of the system rather than by the presence of melt. In addition, the velocity anomaly was not able to

be recovered by the travel-time tomography package tomo2d, evidenced by the lack of structure seen

in figure 5.12f despite the increased temperatures in the system. The long time between emplacements

when large individual sill thicknesses are modelled means that a much longer over-all model run time

would be required for incubation to occur and for a persistent melt layer to form.

Figure 5.15: 1D silica content results through the centre of the pluton when initial parameters of the
thermo-mechanical model are the same as for figure 5.6 but the emplacement rate is reduced to 7.5
mmpa by increasing the interval between emplacements of 300 metre thick sills to 40 ka.
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5.4.3 Constant run time

The following results show the case where the total emplaced pluton thickness was reduced but all

other parameters were kept the same as in Paulatto et al. (2012). Initial thickness of the incoming

sills was maintained at 300 metres and the emplacements occurred over two intrusion episodes. The

interval time between sills was kept the same at 400 years but the interval between the two intrusion

episodes was increased to maintain the same total model run time of 23 ka.

Figure 5.16a - c shows the results when the total thickness of the two emplacement episodes is 3 km, half

that used by Paulatto et al. (2012). In order to maintain the 300m thickness of individual intrusions

at a rate of 750 mmpa and two separate emplacement episodes, the time interval between the two

emplacement episodes was lengthened to 19 ka. Due to the high volume of melt being emplaced over

a short time span in the second emplacement episode the residual melt from previous emplacements

has not had time to fully cool. Melt has accumulated at the top of the system with a maximum melt

fraction of unity at a depth of 5.97 km. The sharp contrast between high porosity layers when a total

pluton volume of 3 km is emplaced results in distinct layering in both the high resolution and tomo2d

recovered velocity anomalies in panels b) and c). The recovered anomaly in panel c) however is missing

a great deal of structure, particularly between 7 - 8 km where there are two thin lenses in which melt

fraction reaches 0.25, separated by a slightly more crystalline layer. The lenses in this instance are

too narrow to be differentiated by the travel-time tomography and so produce an anomaly with a

maximum negative value of -0.7 kms-1. The melt fractions are much higher than those calculated in

the thermal modelling of Paulatto et al. (2012), resulting in a final filtered velocity anomaly with a

maximum amplitude more than twice the size of that observed at the Soufrière Hills Volcano of -1.15

kms-1.

Reducing the total emplaced pluton thickness further to only 2 km, a third of the thickness used

by Paulatto et al. (2012), produces still less pronounced layers, particularly after smoothing was

applied (4.14f), where only one low velocity layer is recovered using tomo2d. The maximum negative

velocity anomaly in panel f) is -0.8 kms-1 which is still significantly larger than that observed at the

Soufrière Hills Volcano. The significant reduction in melt fraction seen in figure 5.16 panel d), to

a maximum value of only 0.51 at 6 km, produces a total melt fraction and temperature signature

with a corresponding velocity anomaly more similar to that detected by the SEA-CALIPSO seismic

experiment. 1D results for temperature, melt fraction, p-wave velocity, and bulk modulus are shown

for the case of a 2 km thick intruded pluton in figure 5.17.
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The clear correlation between reduction in bulk modulus with the presence of melt can be seen in the

1D profiles. The dependence of seismic velocity on crystallinity is very apparent from the increase in

velocity in regions where melt fraction reduces to zero due to compaction despite temperatures being

maintained well above the solidus. At 6.5 km depth the bulk modulus remains high at 18 GPas in

between the high melt fraction layers.

Figure 5.18: 1D temperature, melt fraction, and silica content results through the centre of the pluton
when initial parameters of the thermo-mechanical model are the same as for figure 5.6 but the total
thickness of emplaced plutons are a) - c) 3 km and d) - f) 2.1 km.

Figure 5.18 shows the 1D temperature, melt fraction, and SiO2 % results for a) - c) 3 km total emplaced

volume and d) - f) 2.1 km total pluton thickness. It is clear from the melt fraction comparison (b)

and e)) that the difference in total emplaced volume has resulted in a significant difference in the

maximum melt fraction values at the top of the system. The reduction in total pluton thickness to

only 2.1 km produces a lower maximum melt fraction value after 23 ka and therefore a signature that

is more similar to the purely thermal modelling results. The SiO2 % results show a large spike in the

concentration to 73.5% at the base of the emplaced plutons where the compacting boundary is found
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and the melt fraction is zero. There is a significant increase in SiO2 concentration at the top of the

system in figure 5.18c where the larger total intruded volume of melt has resulted in accumulation of

melt at the top of the system.

5.4.4 Minimum emplacement rate

In sections 5.4.1 - 5.4.3 the initial parameters of the thermo-mechanical modelling were kept as close

as possible to those of Paulatto et al. (2012) and only one variable was changed at a time in order to

explore the sensitivity of the results to that variable. In contrast, the simulations shown in this section

deviate from the initial model inputs across a number of parameters simultaneously. This was done

to try to find the lowest possible emplacement rate at which the observed seismic velocity anomaly at

the Soufrière Hills Volcano could be reproduced when segregation and reactive flow were included in

the modelling process.

Figure 5.19 shows the results when 100 metre thick sills were emplaced at a) - c) 5 km below the sea

floor, and d) - f) 3 km initial emplacement depth. The 1D emplacement rate used was 10 mmpa with

two emplacement episodes separated by 15 ka to give a total emplaced thickness of 6 km over a time

frame of 0.615 Ma. All other initial model parameters describing the properties of the country and

intruding rock types were maintained the same as those used by Paulatto et al. (2012) in their static

model.

While previous results using reduced emplacement rates were unable to reduce the maximum melt frac-

tion while maintaining a large low velocity zone, figure 5.19a shows that the maximum melt fraction in

this scenario is only 0.41. This matches closely with the maximum estimated melt fraction determined

by Paulatto et al. (2012) from the observed SEA-CALIPSO seismic survey beneath Montserrat. The

melt fraction varies with depth and a distinction can be seen between the first and second emplace-

ment batches at a depth of 8.8 km. The use of thinner intruding sills in comparison with previous

attempts of the thermo-mechanical and static models to reproduce the observed velocity anomaly has

resulted in thinner high fraction melt lenses interspersed with more crystal-rich regions as opposed to

the porosity waves seen in previous results such as figure 5.16 where average melt fractions were a lot

higher and the melt lenses were thicker. The difference in thickness of the low velocity regions between

figures 5.16 and 5.19 is most likely a factor of the difference in run time for the two scenarios. The

longer total model run time in figure 5.19 provides a longer time for diffusion to occur and therefore

results in a lower overall crystal fraction and thinner melt lenses.
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In addition, the velocity anomaly shown in panel b of figure 5.19 shows a much large horizontal and

vertical extent than those of either figures 5.12 or 5.16. This is due to the diffusion of heat over the

long emplacement time from the many individual sills. Filtering the velocity anomaly in figure 5.19c

using tomo2d has a much reduced effect compared to previous examples of smoothing. While three

distinct melt lenses are visible in panel b, with a largest negative velocity anomaly at 7.865 km depth

of -1.56 kms-1, they have been smoothed in panel c to give a reduced maximum negative velocity

anomaly of only -0.83 kms-1. In comparison with the observed velocity anomaly at the Soufrière Hills

Volcano, the synthetic anomaly produced from the thermo-mechanical model in figure 5.19b has a

much deeper velocity anomaly, with the top of the low velocity zone marked by the shallowest melt

lens at 7.685 km. The unfiltered results show a deeper broad anomaly averaging -0.8 kms-1 from 9 km

depth to the base of the plotted system which correlates with the melt and temperature distributions

in panel a). In addition, a very thin low velocity zone can be seen on this high resolution grid at 9.8

km with a value of -1.2 kms−1. The depth of the high melt fraction region in figure 5.19a is much

greater than the estimated depth at which melt exists at the Soufrière Hills Volcano due to the nature

of the method of under accretion by which the melt was emplaced.

Figure 5.19d - f shows the results from the same initial input parameters but with an initial em-

placement depth 3 km below the sea floor. This was tested to ascertain whether shallower initial

emplacements would lead to a more similar velocity profile as that recorded by the SEA-CALIPSO

seismic survey. The cooler temperatures of the surrounding country rock have resulted in lower final

melt fractions and a longer incubation period. While the broad low velocity zone has a similar average

value as the static model the emplacements are too shallow to produce the deeper mush column seen

in panels a) - c). In addition, the final melt fractions are much lower than those observed in the

thermal model. The smoothed anomaly is very similar to the final estimate for the velocity anomaly

on the high-resolution grid but appears marginally shallower due to the coarse interpolation.

Finally, a simulation was run which used a shallower emplacement depth than most of the previous

models of 4km. The intrusion rate was maintained at 10 mmpa, as in figure 5.19 and sill thickness

was kept at 100 metres to give the final temperature and melt fraction profiles shown in figure 5.20

superimposed on the velocity profile. The results of this run of the thermo-mechanical model were

determined to show the best correlation with the recorded and modelled anomalies at Montserrat by

Paulatto et al. (2012). Figure 5.21 shows the direct comparison between the SEA-CALIPSO observed

velocity anomaly, the synthetic results from the purely thermal model, and the final results of the

thermo-mechanical model, where emplacement has occurred at an initial depth 4 km below the sea

floor. The velocity anomaly from the thermo-mechanical model has a greater vertical and horizontal
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extent but both the maximum negative velocity anomaly (-1.61 kms-1) in 5.21e and the maximum

negative filtered anomaly from tomo2d (-0.65 kms-1) in panel f) closely match the recorded values in

panel a). 1D profiles for the temperature, melt fraction, velocity, and bulk modulus results for the

case shown in figure 5.21 can be seen in figure 5.22. The bulk modulus values calculated in the pluton

emplacement zone where melt fractions are greater than one shows the dependence of bulk modulus

and consequently seismic velocity on the presence of melt. The temperature profile is very smooth and

although there is a variation in temperature values throughout the emplacement region, the locations

of high melt fractions can be seen to correspond with drops in bulk modulus and seismic velocity to

a greater extent than changes in temperature. A comparison between the 1D temperature and melt

fraction profiles through the centres of the final thermal and thermo-mechanical models is shown in

figure 5.23. The temperature profile can be seen to be much smoother in the thermo-mechanical model

due to the significantly increased total model run time which allows for a greater amount of diffusion

and therefore sharp contrasts are no longer present.
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Figure 5.20: The final 1D temperature and melt fraction profiles are shown superimposed over the
final 2D velocity profile for the case of 100 metre thick sills emplaced at 10 mmpa at a depth of 4 km.
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Figure 5.21: Comparison between the results of the thermo-mechanical model when melt segregation
is accounted for in the solution and the results of Paulatto et al. (2012) for the velocity anomaly
beneath the Soufrière Hills Volcano. a) Velocity anomaly inverted by Paulatto et al. (2012), b)
velocity anomaly estimated using the low-frequency approximation by Paulatto et al. (2012) from the
purely thermal model, c) corresponding filtered velocity anomaly estimated by Paulatto et al. (2012),
d) velocity profile calculated from the thermo-mechanical model when melt segregation, compaction,
and reactive flow are accounted for in the governing equations and initial emplacement is 4 km below
the sea floor using 100 metre thick sills at 10 mmpa, e) corresponding velocity anomaly using the
low-frequency approximation, f) filtered results of the velocity anomaly from the thermo-mechanical
model.
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5.5 Discussion

Sections 5.4.1 - 5.4.3 show that it is quite difficult to exactly replicate the observed large negative

velocity anomaly when including melt segregation in the system of governing equations. As sills are

brought into the sub-volcanic system in the shallow crust in the purely thermal model they must

incubate for a long period of time before a large volume of eruptible melt is able to form. In contrast,

as seen in figure 5.6, the thermo-mechanical model is capable of producing much larger volumes of

melt in the shallow crust at lower crystal volume fractions when the same input parameters are used.

The melt is concentrated in melt lenses which are interspersed with a low melt fraction mush volume.

The high melt fraction layers correspond to regions where chemical evolution has resulted in a lower

solidus temperature for the melt which can therefore stay liquid at much lower temperatures.

The difficulty in replicating the observed velocity anomaly at Montserrat is due to the non-uniqueness

of the problem. Multiple potential models exist that would be capable of explaining the anomaly and

are dependent on the initial inputs used in the modelling process. By varying the multiple parameters

of the model one at a time this work has attempted to determine a fit for the observed anomaly using

a fundamental understanding of the region and its volcanic history. A qualitative ’Occam’s Razor’

approach was used to determine whether the results produced from different variations on the input

parameters were a suitable fit to the observed seismic data. It is therefore important to note that

while care has been taken to consider the likely scenarios based on knowledge of Montserrat’s volcanic

history and its geology, the modelled scenarios only represent a ’best fit’ to the observed anomaly.

The only way to determine whether either the thermo-mechanical modelling predictions or the static

predictions of the evolution of the spatio-temporal distribution of melt fraction are correct would be

to undertake a more detailed geophysical study on Montserrat.

Varying the model parameters one by one narrowed the wide range of potential inputs for the modelling

process, thereby providing a deeper insight into the mechanics of the system and the non-uniqueness

of the solution when attempting to replicate a seismic velocity anomaly using the thermo-mechanical

model. Long cooling times had the desired result of lowering the absolute final velocity anomalies,

such as those seen in figure 5.11 for the shallow volcanic system. However, the high melt fractions

which accumulated in the porosity waves observed in figure 5.9 suggest that the melt would have

been mobile with the potential for an eruption before the end of the 23 ka intrusion sequence used by

Paulatto et al. (2012) in their static model, let alone after the full 120 ka of cooling had taken place.

In addition, the long time scale is not consistent with the cyclical activity seen at the Soufrière Hills
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Volcano in Montserrat which usually experiences activity over cycles of 103− 104 years. This suggests

that the melt would have been evacuated from the volcanic plumbing system long before the required

amount of cooling would have taken place for the melt fraction to reduce to the levels seen in figure

5.11.

Maintaining the total emplaced pluton thickness at 6 km but increasing the total run time of the

model to lower the emplacement rate was similarly incapable of producing a synthetic velocity anomaly

similar to the recorded anomaly observed by Paulatto et al. (2012). Reducing the emplacement rate

to only 7.5 mmpa produced a velocity anomaly resulting solely from the effect of temperature. The

thickness of the incoming sills, kept at 300 metres, required that the interval between emplacements

be increased to 40 ka. As a result, the system did not incubate and despite the chemical evolution

observed in figure 5.15, temperatures fell below the country rock solidus between emplacements and

persistent melt fractions were not able to form. It is important to note from the comparison between

figure 5.12b and 5.12d that the presence of melt has a much greater effect on reducing the velocity

at which p-waves travel through the crust than temperature. The lack of melt in panel d) results in

a broad but very low negative velocity anomaly whereas the regions of high melt fraction in panel a)

show a significant decrease below 3.5 kms−1 in regions where the melt fraction approaches unity.

Due to the speed of melt accumulation and chemical evolution in the system, when the sill thickness

was maintained and the emplacement rate was increased such that persistent high melt fractions

formed, the crystallinity never reduced to match that predicted by Paulatto et al. (2012). As a

result, the melt fraction signature predicted from the observed low seismic velocity zone beneath the

Soufrière Hills Volcano could not be reproduced by emplacing 300 metre thick sills to form a 6 km

thick pluton.

Lowering the emplacement rate by reducing the total volume of melt emplaced in the shallow crust

over the 23 ka run time of the model (figure 5.16) produced pronounced porosity waves. The thickness

of the emplaced sills was kept at 300 metres and the frequency of emplacements was kept the same

with a period of 400 years between individual intrusions. This high emplacement rate allowed the

system to maintain high temperatures capable of sustaining high melt volume fractions well beyond

those predicted by Paulatto et al. (2012) from the SEA-CALIPSO data. Using 300 metre thick sills

slowed their cooling rate, allowing rapid melt segregation and accumulation into high porosity waves,

with fresh melt entering the system before the previously emplaced sills cooled below their solidus

temperature.
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Reducing the total emplacement thickness by a third, to 2 km over the 23 ka run time, still left the

maximum melt fraction at the top of the system well above that estimated from the Montserrat velocity

model. In addition, the volume of the velocity anomaly was reduced significantly in comparison to

that obtained from the SEA-CALIPSO seismic data. The total depth over which partial melt is found

at the Soufrière Hills Volcano has been hypothesised as extending to depths beyond 12 km (Paulatto

et al., 2012; Annen et al., 2014). Whether this were in the form of the double reservoir volcanic system

used in purely thermal modelling or a ’mush’ column as described by Caricchi and Blundy (2015b),

the evidence for the presence of melt at depth suggests that the method of intruding smaller volumes

using melt segregation would not be capable of matching the observational data.

It was considered therefore that multiple parameters had to be adjusted to reduce the melt fraction

that accumulated during segregation to effectively reduce the synthetic velocity anomaly. Sill thickness

was reduced and the interval between sill emplacements was increased in order to subsequently reduce

the emplacement rate of melt in the shallow crust. This had the effect of substantially increasing the

incubation time beyond the 23 ka model run time used for the purely thermal modelling by Paulatto

et al. (2012).

The interval time between repetitive sill emplacements used in the purely thermal model of Paulatto

et al. (2012) was based on observed data at Montserrat from lava flows and tilt-meter measurements.

Field data suggested an historic interval of 400 years between eruptions during periods of relatively

high activity at the Soufrière Hills Volcano (Paulatto et al., 2012; Annen et al., 2014). While the

occurrence of an eruption during static modelling can only be associated with either a second boiling,

or fresh influxes of melt and an over pressurisation of the system, it has been shown by previous

modelling using melt segregation that melt accumulation is possible at the top of a plutonic system

without having to bring in a large volume of molten material (Solano, 2011; Solano et al., 2012, 2014).

Smaller intruded volumes are capable of yielding mobile, eruptible melt volume fractions when melt

segregation is accounted for in the system due to the voracity with which melt accumulates (Jackson

et al., 2005; Solano et al., 2012).

Results in section 5.4.4 verify the hypothesis that it would be possible to produce, and sustain, high

melt volume fractions at emplacement rates much lower than those used in previous purely thermal

modelling. In particular, it is clear from the results in figure 5.21 that the thickness of emplaced

sills need not be large for melt to eventually accumulate once the shallow crust has been incubated.

Emplacement rates in one-dimension of only 10 mmpa were capable of sustaining melt over a long
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period of time, even when the initial emplacements were tested at much shallower depths, in cooler

surroundings, than were used in the static model.

While eruption frequency may give an indication as to the frequency with which fresh melt fluxes occur

in volcanic systems it is important to note that the total life time of the volcano must equate to the

total time over which the system has experienced melt influxes. Therefore, chemical evolution would

have been occurring over the total life time of the volcanic plumbing system, producing heterogeneous

layers of SiO2 content in the shallow crust as evidenced by figure 5.15. The resultant layers would

have varying liquidus temperatures and would therefore be more susceptible to melting during the

influx of fresh, high temperature melt into the system. As a volcanic system evolves over time it

would therefore be possible for small volumes of intruding melt to result in large-scale melting of

a mush column residing beneath an active volcanic centre. This would produce large volumes of

mobile, eruptible melt in the shallow crust through melt segregation, without relying on extremely

thick repetitive intrusions such as those used in static modelling.

The results shown in figure 5.21 most closely match the recorded velocity anomaly at the Soufrière

Hills Volcano as can be seen from the comparison between panels a and e. There is a clear difference

in the geometry of the low velocity zone however between the match from the purely thermal model

and that of the thermo-mechanical model (panels b and e respectively). The main difference is due

to the high dependence of seismic velocity on melt fraction and the difference in the melt fraction

distributions between the two models. While the static model is only capable of producing a large

liquid vat of melt in the high temperature region of the model, as shown in figure 5.23, melt segregation

in the thermo-mechanical model has decoupled the locations of highest melt fraction and highest

temperature. Additionally, the difference in the shape and size of the velocity anomaly can partly

be attributed to the approximation used in estimating the lateral extent of diffusion. The original

thermo-mechanical modelling was carried out in 1D and then extended into 2D using the equations

described in chapter 4. This has led to a potential underestimation of the lateral extent of the velocity

anomaly. The magnitude of this underestimation is estimated in the Appendix. As a result it is

possible that a smoother geothermal signature and velocity anomaly may be predicted in the shallow

crust when using the thermo-mechanical model with the inputs described for figure 5.21. This is

because the higher lateral diffusion would result in lower overall temperatures of the system and may

reduce the presence of melt lenses on the time scales used.

Another important factor to note is the difference in the resolution of the models. While the SEA-

CALIPSO seismic experiment was shown by Paulatto et al. (2012) to have a maximum resolution at
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depths of 6 km of only 2 × 5 km the high resolution thermo-mechanical model produces a velocity

profile with grid spacing of only 15 × 15 metres. This resolution is greatly reduced by the interpolation

used to smooth the model for use by the tomo2D package but it still remains higher than that used by

the static model in the SEA-CALIPSO seismic experiment in order to make sure that the final results

were not affected by a reduction in resolution.

Due to the lower emplacement rate used by the thermo-mechanical model, the temperature profile is

a lot smoother and lower on average across the region (figure 5.23). The melt fraction distribution

produced over 615 ka of 100 metre thick intrusions is much narrower vertically and suggests that it

is possible to produce a broad seismic velocity anomaly, such as that observed by the SEA-CALIPSO

experiment, with very low melt fractions. This supports the idea of a crystal rich mush column beneath

sub-volcanic centres which only forms a transient magma chamber with a high volume of mobile melt

immediately prior to eruptions (Annen et al., 2014).

The total model run time used in the final scenario plotted in figures 5.21 and 5.23 of 615 ka is much

larger than the suggested age of the Soufrière Hills Volcano. The first eruption has been determined

to have occurred over 250 ka (Rea, 1974; Loughlin et al., 2010). However, it is important to note that

the time frame over which volcanism has been occurring on the island of Montserrat is between 11 - 25

Ma (Harford et al., 2002). Emplacements would have begun to occur within the sub-volcanic system

beneath the Soufrière Hills Volcano well before it would have first erupted due to the incubation period

required in the shallow crust to form eruptible melt volumes. While we would have expected some

mafic melt to have risen through the crust during this time it may not have reached the surface. In

addition, the Centre Hills Volcano is estimated to have gone extinct over 500 ka, suggesting that the

time frame used for the thermo-mechanical model fits well with the time frame of historical activity

and emplacements beneath the active volcanic centres on Montserrat.

5.6 Conclusion

Due to the static nature of purely thermal modelling, the only way to produce eruptible melt volume

fractions in the crust is to use high melt emplacement rates which form crystal poor reservoirs. As a

result, the observed seismic velocity anomaly from the SEA-CALIPSO survey at the Soufrière Hills

Volcano has been explained by Paulatto et al. (2012) using high emplacement rates that produce large

liquid vats as predicted by Bowen (1915a,b). In contrast, thermo-mechanical modelling is capable of

producing highly evolved high melt fractions in the shallow crust that can be maintained at lower
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temperatures. Accumulation of crystal poor melt in sub-volcanic systems therefore occurs over much

shorter time scales when melt segregation, matrix compaction, and reactive flow are accounted for at

the emplacement rates employed by static models.

The results shown in section 5.4.4 show that it is possible to produce a synthetic seismic velocity

anomaly similar to that observed in the field beneath the Soufrière Hills Volcano when melt segregation

is accounted for. However, it is important to note that the problem is not well bounded and the

solution is non-unique. It would be possible to use a large variety of combinations of intrusion rates

and emplacement styles to produce a final estimated velocity anomaly matching the observed anomaly

from synthetic melt fraction and temperature distributions. 1D results show that the dependence of

bulk modulus and seismic velocity on melt fraction dominates the sub-volcanic systems over the

corresponding calculated temperature dependence.

Using a low emplacement rate of only 10 mmpa by intruding 100 metre thick sills via under accretion

leads to a deep negative velocity anomaly estimated from the thermo-mechanical model results that

closely resembles the recorded anomaly beneath the Soufrière Hills Volcano when filtered using the

tomo2d package which has a resolution of 300 x 300 metres as seen in figure 4.21. The results shown in

this thesis are for a total model run time of 0.615 Ma, which is more than the age of the Soufrière Hills

Volcano but much less than the total amount of time over which volcanism has been occurring on the

island of Montserrat (over 11 Ma). A longer run time for a larger number of separate emplacement

episodes, all with an initial emplacement depth of only 4 km below sea level, would have developed a

large sub-volcanic mush column. As the Soufrière Hills Volcano has only been active for approximately

250 ka, future work would benefit from a seismic survey over both a very young and a much older active

volcano in order to be able to make a comparison and investigate the vertical extent and evolution of

sub-volcanic mush columns.

Due to the non-uniqueness of the solution to the problem of attempting to replicate an observed

seismic velocity anomaly using numerical modelling it is not possible to determine a single set of

modelling parameters that describe the current state of the internal dynamics of the volcanic plumbing

system at Montserrat. It is important to note however that the addition of melt segregation in the

thermo-mechanical modelling better reflects the full physical system as it incorporates melt evolution

and the movement of mass through the system. The only way to further narrow the bounds of the

model would be for future work to include further field measurements from outcrops on Montserrat

and where possible to take drill cores to assess the geology of the volcanic plumbing system. It is

therefore concluded that future seismic surveys both at Montserrat and other volcanic sites should

156



Chapter 5. Modelling the Shallow Crust

include full geological surveys. This would not only benefit the academic community in deepening

our understanding of volcanic processes but would also further the ability of numerical modelling to

assess the internal structure of shallow volcanic systems and therefore improve forecasts of volcanic

activity.
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6.1 Background

Seismic reflection and refraction data are sensitive to subsurface velocity and have long been used to

provide information about sub-surface strata, for shallow and whole-crustal targets. In the case of

deeper targets, the acquisition of seismic reflection and refraction data is relatively expensive compared

to other geophysical techniques, but has the advantage of having a better resolution than potential field,

resistivity, and electromagnetic induction methods which additionally may not be possible (Morgan

and Rebolledo-Vieyra, 2013). The resolution of seismic refraction data, when only travel-times are

inverted to obtain a velocity model is approximately equal to the Fresnel width, but can also be

further limited by the acquisition geometry (Williamson, 1991). Using a regularized 3D tomographic

inversion of first-arrival travel-time data, Zelt (1998) showed that, in areas of good ray coverage, the

lateral resolution was approximately equal to half the shot or receiver spacing, whichever is the largest.

Thus, quite densely-spaced 3D surface arrays are critical for maintaining the horizontal resolution of

the method. The petroleum industry regularly uses dense arrays however, academic active seismic

experiments are historically much less frequent due to the high costs involved (McQuillin et al.,

1984).

There exist relatively few seismic data sets over active volcanic regions, simply because they hold little

interest for petroleum prospectors (Staples et al., 1997). The difficulty involved in imaging below active

volcanoes has also had an impact on the number of studies that have been conducted in the past.

Geologically complex overburdens and highly crystalline structures in shallow sub-volcanic regions

of the crust result in scattering of seismic rays, leading to poor resolution images which hold little

useful information on the velocity structure of the target site (Ziolkowski et al., 2003; Mackenzie et al.,

2005). The poor information obtained from seismic surveys from academic studies has historically been

a limiting factor when weighed against the costs involved in setting up and conducting conventional

travel time tomography seismic surveys (Mackenzie et al., 2005).

Ordinarily, the extensive scattering from crystalline igneous structures coupled with attenuation of

high frequencies impedes the recovery of sub-surface velocity when using classic travel-time inversion

to image the subsurface (White et al., 2003, 2005). Wide-angled seismic studies have been successful

in improving travel-time inversions in regions where the crustal composition is dominated by large

igneous formations (Fruehn et al., 2001; Fliedner and White, 2001; Spitzer et al., 2005; Chironi et al.,

2006). The use of wide-angle configurations and dense acquisition geometries has led to significant

improvements in seismic reflection images (Pratt et al., 1996). However, wide azimuth data alone is
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not sufficient for producing detailed high-resolution images of the sub-surface below active volcanoes

(White et al., 2005). While the long offsets allow for deeper penetration and improved resolution,

the inherently crystalline nature of the igneous rocks and the presence of basaltic sills still inhibits

the imaging technology (White et al., 2005; Chironi et al., 2006). Despite numerous improvements in

travel-time tomography over the last two decades, when used alone, the method is inherently incapable

of producing the detailed images required for accurate measurement of sub-volcanic melt distribution

(Hansen et al., 1999; Christeson et al., 2008; Virieux and Operto, 2009; Mattioli et al., 2010; Foroozan

et al., 2010).

Inverted results from the wide-angle SEA-CALIPSO experiment carried out at the Soufrière Hills Vol-

cano in Montserrat illustrate the limitations imposed on resolution using traditional seismic methods

(Paulatto et al., 2012). The experiment included a total of 4414 shots and 247 seismometers, and

checkerboard tests show that the resolution of the p-wave velocity model was only 8 × 8 × 4 km (in

the x, y, and z directions respectively) at depths between 2 - 6 km (Paulatto et al., 2012). At depths

shallower than 2 km the resolution suffered further due to the sub-parallel nature of seismic rays.

Below 6 km the resolution decreased significantly due to a lack of rays reaching these depths, as most

turning points were between 5 - 6 km (Paulatto et al., 2012; Annen et al., 2014).

Full-waveform inversion (FWI) is a highly advanced, computationally expensive data-fitting method

that is able to recover high-fidelity velocity models to a much higher resolution than travel-time

tomography (Virieux and Operto, 2009; Warner et al., 2013). The vertical resolving power of FWI is

on the order of only half the propagated seismic wavelength, making it capable of imaging fine-scale

structures, including thin melt lenses, in sub-volcanic systems (Virieux and Operto, 2009).

The velocity model produced using FWI essentially represents the velocity field where a misfit function,

defined as the difference between recorded and modelled seismic data, is at a minimum throughout

the computational domain (Menke, 1984). The recorded and modelled seismic data have a non-

linear relationship and, hence, the technique uses multiple iterations of the inversion, making the

assumption that, for small updates, the relationship is close to being linear (Virieux and Operto,

2009). A linearised local inversion is used to update the starting model for each iteration with the

calculated velocity field from the previous iteration, thereby eventually converging on a final model

(Morgan et al., 2013).

FWI was first described theoretically by Tarantola (1984). The iterative approach outlined by Taran-

tola (1984) was thought to be too computationally demanding, but improvements in computer hard-
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ware and advancements in FWI algorithms have dramatically reduced the computation time, making

it a commercially viable technique for geophysical exploration (Sirgue et al., 2010a; Vigh et al., 2013;

Warner et al., 2013). FWI is able to account for the entire seismic wavefield through honouring all of

the physics involved in calculating wave propagation through a medium (Operto et al., 2013; Prieux

et al., 2013a,b). The resulting solution is therefore theoretically capable of recovering a subsurface

model describing any property that affects the propagation of seismic energy and, most importantly,

the recorded seismic wave-field (Virieux and Operto, 2009; Kapoor et al., 2013; Operto et al., 2013;

Warner et al., 2013).

While it would be possible to develop alternative sub-crustal parameter models, such as density or

s-wave elastic models, commercial use of 3D FWI in the petroleum exploration industry commonly

uses an acoustic approximation to the wave equation in order to be computationally efficient and

effective, and therefore only p-wave velocity is usually recovered (Virieux and Operto, 2009; Kapoor

et al., 2013; Warner et al., 2013; Morgan et al., 2016). FWI generally uses long-offset, low-frequency

datasets in order to achieve and maintain a high resolution final velocity model at depths required

for petroleum reservoir modelling (Sirgue et al., 2010a; Vigh et al., 2011, 2013). Applications of FWI

for the petroleum industry focus mainly on improving the seismic reflection images produced from

pre-stack or reverse-time depth migrations (Plessix and Perkins, 2010; Ratcliffe et al., 2011; Warner

et al., 2013).

Until recently, academic studies principally used 2D FWI to obtain velocity models in order to inves-

tigate and improve understanding of various scientific targets (Collier and Singh, 1997; Kamei et al.,

2012; Morgan and Rebolledo-Vieyra, 2013; Brenders and Pratt, 2007). A principal issue is that aca-

demic data are typical much sparser than industry data. In a recent 3D application of FWI to a

sparse OBS dataset across an ocean spreading centre finer-scale velocity structures were recovered at

resolutions of up to 4 times better than obtained using travel-time tomography (Morgan et al., 2016).

While the SEA-CALIPSO seismic survey used a number of ocean bottom seismometers at large offsets

to image beneath the active centre at the Soufrière Hills Volcano, the final dataset cannot be used

for a full-waveform inversion, since the shot and receiver spacings were not dense enough, and the

frequencies used were not low enough for FWI to be carried out on the recorded seismic data.

One of the most significant drawbacks of FWI is that the initial starting model used in the inversion

process must be quite close to the true model for FWI to be successful (Sirgue, 2006; Warner et al.,

2013). Due to the nature of local optimisation problems, FWI is sensitive to the accuracy of the

starting model, with potential for an incorrect match between observed and predicted data being
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high. As a result, making an accurate starting model is one of the key challenges to be overcome

when attempting a high-resolution, high-fidelity recovery (Sirgue, 2006; Morgan et al., 2013). The

starting model for FWI must be able to generate synthetic data that lies within half a cycle of

the observed data at the lowest frequency used in the inversion (Sirgue, 2006). If a less accurate

starting model is used cycle-skipping may occur where the inversion settles on a local rather than

global minimum of the objective function (Sirgue, 2006; Morgan et al., 2013). There are a number of

techniques available for building starting models for a full waveform inversion including first-arrival

travel-time tomography, stereotomography, and reflection tomography (Woodward et al., 2008; Virieux

and Operto, 2009).

In the case of synthetic tests, building a sufficiently accurate starting model poses less of a problem

than with observed seismic data because the true velocity model is known. Synthetic starting models

can be developed simply by filtering the true synthetic datasets to remove fine-scale structure and

give a realistic initial approximation, or they can be obtained using travel-time tomography (Virieux

and Operto, 2009). The key objective in this chapter is to use synthetic tests to investigate the ability

of FWI to recover subsurface velocity structure at a hypothetical multiple-sill intrusion site in order

to explore how well FWI is able to recover the detailed structure across a relatively complex site of

magma storage. Synthetic data are generated using a source wavelet and a p-wave velocity model for

the volcanic intrusion zone, termed the true velocity model. FWI is then applied using these synthetic

data as inputs and a simple, smooth starting model. The performance of FWI is then verified by

comparing the true and recovered velocity models. In particular, a key issue which is investigated is

the maximum frequency to which such a large dataset must be inverted to produce a high quality,

high fidelity recovery of the velocity model.

6.2 Method

The ’true’ velocity model was created from the temperature and melt fraction distribution predictions

of the thermo-mechanical model shown in figure 5.23 of chapter 5. The starting parameters for the

thermo-mechanical model are listed in table 6.1, and the resulting p-wave velocity model is shown

in figure 5.21. Travel-time tomography was used to obtain a starting velocity model for FWI. The

C++ 2D joint refraction and reflection travel-time tomography package developed by Korenaga et al.

(2000) called ’tomo2d’ was used to generate synthetic travel time data, and a 1D starting velocity

model (figure 5.23) was used for the travel-time inversion. It is not possible to use very small grid
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sizes in tomo2d, which meant that the true velocity model had to be resampled from a 15-m to a

300-m grid spacing, hence, the true velocity model for the travel-time tomographic inversion (6.1) did

not contain fine-scale structure (anything >300 metres wide) across the sill intrusion zone and was,

thus, much smoother than the ’true’ model used for comparison in FWI. The ’true’ model for FWI is

shown in figure 6.3b alongside the starting model taken from tomo2d (6.3a) which has been converted

from depth on the y-axis into travel-time in milliseconds.

For FWI, a 2D, isotropic, acoustic code developed by the Imperial College FWI Research Team was

used in order to be computationally efficient. Although the Imperial fullwave code has the capability

to analyse 3D datasets, be elastic, and include the effects of anisotropy and attenuation, all of these

significantly increase the run time (Warner et al., 2013). For the synthetic tests shown here, the

purpose is to investigate how well FWI can recover subsurface p-wave velocity structure across a sill

intrusion zone, and there is no additional benefit in using the full physics. In addition, the synthetic

test is designed using a dense shot and receiver spacing in order to ensure that the experimental

geometry does not adversely affect the resolution. There are 274 shots, spaced 90 m apart, located at

15 m below the sea surface; and 137 receivers, spaced 180 m apart, located on the sea-bottom at 1005

m depth.

The grid spacing of the velocity model is 15 m across the domain which was 14 km wide in total,

which means that the maximum inversion frequency is approximately 25 Hz (minimum velocity/(4 ×

grid size)) (Davy et al., 2017). One of the constraining factors on resolution when running FWI is

the maximum inversion frequency, since resolution is approximately half the seismic wavelength and

this gets smaller with increasing inversion frequency. The FWI run-time scales with the number of

cells in the model, with run time increasing by an order of magnitude when the grid resolution is

halved. Hence, for large 3D model sizes such as expected for the case of sub-volcanic intrusion zone,

high-frequency inversions up to the maximum inversion frequency may not be affordable. For this

reason the results after inversions of 4 Hz, 6 Hz, 10 Hz and 17.5 Hz are shown in order to explore how

maximum inversion frequency affects velocity recovery.
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Symbol Unit Value

z Sill thickness (m) 100

r Emplacement rate (mmpa) 10

φ0 Melt fraction 1

x0 Initial emplacement depth (m) 400

dt0 Time interval between emplacement (yrs) 10000

tfinal Total run time of simulation (yrs) 615000

tint Time interval between episodes (yrs) 15000

k Thermal conductivity (Js-1m-1K-1) 3.0

Lf Latent heat of fusion (Jk-1K-1 550000

ω Pluton width (m) 1000

ztotal Total emplaced thickness (m) 6000

TL Liquidus temperature (K) 1223.15

TS Solidus temperature (K) 973.15

ρs Density of solid (kgm-3) 2500

ρm Density of melt (kgm-3) 2000

ρw Density of sea water (kgm-3) 1000

vw Seismic velocity in sea water (ms-1) 1500

Km Bulk modulus melt (GPa) 12.7

µm Shear modulus melt (GPa) 0

Table 6.1: Parameters used in the segregating case of the thermo-mechanical model to compare against
the static results of Paulatto et al. (2012). The simulation used two emplacement episodes separated
by a time interval, tint. Sills were emplaced via under accretion.
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6.3 Results

Figure 6.2 shows a comparison between the starting (a), recovered (b), and true (c) velocity models

for tomo2d from the thermo-mechanical model shown in figure 5.21. The starting model used was

simply the background velocity gradient from the thermo-mechanical model with no velocity structure

in the sub-volcanic zone as can be seen in panel a. The true model was a smoothed version of the final

results of the conversion of the thermo-mechanical modelling results into seismic velocities using the

methods outlined in chapters 3 and 4. Grid spacing for the true model was reduced from 15 metres to

only 300 metres so as to be more in keeping with the resolution observed in Paulatto et al. (2012). The

difference between the starting and recovered model is very clear, with a low velocity zone recovered

between 6 - 8 km depth. However, the recovery can be seen to be of a much smaller magnitude

than the ’true’ model shown in figure 6.2c. In particular, it can be seen that the deeper low velocity

anomaly in the true model between 7.2 - 8 km depth has not been well recovered. The horizontal

extent of the recovered anomaly is also smaller than the true anomaly using the synthetic travel-time

tomography inversion software package. The recovered model shown in panel b was subsequently used

as a starting model for FWI.

Figure 6.2: Starting (a), recovered (b), and true (c) models for the synthetic travel-time tomography
inversion carried out using the software package tomo2d on the results from the thermo-mechanical
model shown in figure 5.21.
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Figure 6.3 shows a comparison between the starting model used for the FWI (6.3a), recovered using the

tomo2d package, and the ’true’ velocity model used for comparison in the FWI, which was produced

from the thermo-mechanical model using the methods outlined in chapters 3 and 4. The wider grid

spacing used in the travel-time inversion (300 metre wide grid spacing) has resulted in much of the

fine-scale velocity structure, which can be seen in the high-resolution true model (15 metre wide grid

spacing), not being recovered. The final recovered velocity model using FWI can be seen in figure

6.4 which shows a comparison between the central section of the recovered velocity model domain

(between CDP 580 and 1120) from both tomo2d (6.4a) and FWI (6.4b). This section contains the

velocity anomaly produced by the modelled pluton emplacement zone. The FWI was run using a

maximum frequency of 17.5 Hz in 2D. While both models show a similar background structure, with

a low velocity zone between 7000 - 9000 ms, the recovery using FWI clearly contains a number of

narrow low velocity layers, with p-wave velocities as low as 3.09 kms-1 that can be seen between 7000

- 8000 ms and were too small to be recovered using the tomo2d travel-time inversion package. The

resolution in the recovered velocity model using FWI can be seen in figure 6.4 to be approximately 4

times better than that obtained using the tomo2d travel-time tomography package.

Figure 6.5 shows a comparison between the final recovered velocity anomalies using FWI at frequencies

of a) 4 Hz, b) 6 Hz, c) 10 Hz, and d) 17.5 Hz. The true velocity anomaly is shown in panel e)

along with the true velocity model in panel f). The recovered velocity anomalies were calculated by

subtracting the final result from the inversions at increasing frequencies from the initial starting model

to determine the extent to which the fine-scale velocity structure could be recovered at the various

frequencies used.

Panel a) can be seen to be contain less structure, with only three very thin velocity anomalies recovered

at 7900 ms, 9000 ms, and 9500 ms. This inversion was run only to 4 Hz and the anomaly here can be

seen to be much narrower, only approximately 100 CDPs or 500 metres wide, than the ’true’ anomaly

shown in 6.5e and has not been able to recover the shallow melt lenses seen in the ’true’ anomaly

immediately below 7000 ms. While this result shows that higher frequencies are required to produce

meaningful final velocity anomalies, it is helpful in that it shows that the velocity perturbations

recovered up to this point are of the correct sign and in the correct approximate location. The

absolute size of the recovered anomaly improves immediately when the inversion is run up to 6 Hz as

shown in 6.5b. The fine-scale structure is immediately more apparent, with the locations of three thin

melt lenses recovered between 7000 ms and 7500 ms. The anomalies again have the correct sign and

location however they are thinner than those seen in the true model and the structure between 7500

- 8000 ms has not been recovered. In addition, the absolute value of the anomaly seen in panel b) is
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Figure 6.3: Starting (a) and true (b) models for the FWI. The starting model has been converted into
milliseconds from depth results of the tomo2d inversion.
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smaller than that of the true model, with the recovered positive anomaly at 7100 ms reaching only

200 ms-1. This is most apparent in the deeper negative anomaly at 9000 ms which can be seen to be

much smaller in absolute value (only -100 ms-1) than that in the true model (-250 ms-1).

Figure 6.4: Comparison between the recovered velocity models from a) tomo2d and b) FWI after
being run up to 17.5 Hz.

Further improvements to the size of the recovered velocity anomaly can be seen once the inversion has

reached 10 Hz (6.5c). The width of the anomaly shown in panel c) is approximately 350 CDPs wide,

corresponding to over 1.5 km. The absolute values of the alternating negative and positive anomalies

recorded between 7000 ms and 7500 ms are also closer to those in the true model, reaching up to +/-

200 ms-1. It is clear however that the anomaly at 7900 ms is too large in comparison to that in the

true model and there is a lack of fine-scale structure at 10 Hz observed between 7500 ms and 8000

ms.
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Following this, the inversion was then run using a much higher frequency of 17.5 Hz, shown in 6.5d.

The recovered velocity model in panel d) shows the great improvements provided by increasing the

maximum inversion frequency. The top-most negative velocity anomaly matches well in location, size,

and absolute value with that seen in the ’true’ model. In addition, the upper-most positive anomaly

recorded at 7100 ms can be seen to be very similar to that in the ’true’ model, with a width between

CDP numbers 680 - 1020. Below this, the recovered anomaly reduces in width in 6.5d in comparison

to the true model, with the positive anomaly recorded at 7500 ms being only approximately 200

CDPs wide as opposed to 350 CDPs wide in the true model. The absolute values of the anomalies at

these depths however match very closely with the true model at +/- 230 ms-1. The fine-scale velocity

structure between 7600 - 7800 ms is underestimated in the recovery at 17.5 Hz, with the negative

velocity anomaly at 7600 ms being only partially recovered both in terms of its width and the size of

the anomaly, which can be seen in panel d) to be only - 50 ms-1 in comparison with the true anomaly of

- 230 ms-1. Conversely, the positive anomaly recorded in panel d) at 7900 ms has been overestimated

and can be seen to be larger than that in the true model. The deeper anomaly recorded at 9000 ms

is smaller than that seen in the true model, being only 250 CDPs wide, and 100 ms thick however the

absolute value of the centre of the anomaly matches well with the true model in 6.5e.

A narrow positive anomaly can be seen at approximately 9500 ms in all of the velocity anomalies

recovered using FWI which does not exist in the true model. This occurs at the location of the steep

velocity contrast at this depth seen in 6.5f at the base of the emplacement zone.
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6.4 Discussion

Figure 6.4 displays a significant improvement between the recovered velocity models using FWI over

the travel-time tomography package developed by Korenaga et al. (2000), tomo2d. Recovery using

FWI can be seen to be up to ten times better than that using tomo2d, with the three thin melt

lenses observed in figures 5.21 and 5.23 clearly visible in 6.4b. The high melt fraction lenses can be

seen in 5.23 to be less than 100 metres wide and as such were not able to be recovered using travel-

time inversion, which has a resolution of approximately 1000 metres at these depths and velocities.

At the highest frequency used in the FWI, 17.5 Hz, the resolution at these depths and velocities is

approximately 120 metres although it is important to note that it is possible for smaller structures

such as the melt lenses to be detected but their widths may not be accurately recovered. Evidence for

the recovery of most of the fine-scale structure in the inversion run using FWI suggests that the dense

shot-receiver spacing used in the synthetic inversion could be applied in real case studies to achieve

high-fidelity, high-resolution recovery of sub-volcanic velocity structures if the model predictions are

correct. It is also important to note that testing at various frequencies showed that the inversion run

using FWI does not suffer from effects such as cycle-skipping. This is mainly due to the accuracy

of the model recovered by tomo2d used in the inversion and shows that the travel-time inversion is

capable of producing well recovered FWI starting velocity models despite its low resolution.

The results shown in figure 6.5 examine the potential improvement in the recovered velocity model

provided by inverting to high frequencies. It is clear that the recovered models that were run only

to low frequencies (6.5b and c) lack the fine-scale velocity structure recovered in figure 6.5e and are

less close to true model. FWI is not able to recover the full scale or size of the anomalies created

by the high melt fraction lenses at these frequencies despite the 15 metre grid block size and the

dense shot and receiver spacing used. However, inverting at 10 Hz and at 17.5 Hz shows a significant

improvement in the match between the recovered velocity model and the true model shown in 6.5.

The amplitude of the anomaly is well recovered at depth and the scale of the anomaly matches the

true model well. Much of the fine-scale velocity structure included in the true model can be observed

to have been resolved at 17.5 Hz in the centre of the emplacement zone.

Total run time of the FWI carried out to 17.5 Hz to produce the final recovered velocity models

shown in figures 6.4 and 6.5 was approximately 6 hours on Imperial College’s CX1 computer, for a 2D

inversion on a grid spacing of 15 metres over a model domain size of 20 × 16 km. The 2D inversions

used a maximum inversion frequency of 17.5 Hz over 150 iterations. The 3D inversions shown in
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Morgan et al. (2016), which had a model size of 27x20x6 km, a 50 metre grid spacing, and 21 Ocean

Bottom Seismometers (OBSs). This used a similar computational resource in terms of the allocated

nodes and CPUs on the CX1 cluster as the 2D FWI inversions shown in figure 6.5 to invert up to

a maximum frequency of 5 Hz over 50 iterations. Despite having a much lower maximum inversion

frequency, using fewer iterations, and having a wider grid spacing, the 3D model shown in Morgan

et al. (2016) took approximately 24 hours to run due to the increase in model parameters attributable

to running in 3D.

While the results in 2D at 17.5 Hz show the best match with the true velocity model it is apparent

from the time taken for the 3D model to run that it would be computationally expensive to perform

FWI on a large-scale dataset beneath an active volcanic centre. As maximum inversion frequency is

increased, the node spacing and sample times must be reduced for the FWI. Consequently, doubling

the maximum inversion frequency increases the run time by a factor of 24, or 16 times in 3D. Thus

for the model shown in Morgan et al. (2016), doubling the maximum inversion frequency used from

5 Hz to 10 Hz would result in a total run time of the FWI of approximately 16 days if the same

computational resources were used. If this were applied to a FWI of a sub-volcanic system, the total

model domain dimensions would need to be substantially increased in order for the full plumbing

system to be imaged at depth. In addition, the number of sources and receivers used would have to

be increased to achieve a dense enough array such that the resolution of the recovered velocity model

would not be adversely affected. Once all of these considerations are taken into account the total

model run time would be on the order of 10 - 102 days to run FWI only up to 10 Hz, depending

on the computational resources allocated to the inversion. As a result, it would be computationally

expensive to achieve the resolution shown in figure 6.5 when inverting a real dataset beneath an active

volcano.

Furthermore, the signal-to-noise ratio at active volcanic centres for seismic experiments is generally

quite high due to the complex crustal geometry (Paulatto et al., 2012). This proved to be a serious

problem for the SEA-CALIPSO experiment where it was found that the long history of volcanic

activity made it incredibly difficult to detect a consistent reflection for the acoustic basement in the

region (Paulatto et al., 2010, 2012). The issues related to signal-to-noise ratio would be expected to be

prevalent at all volcanic centres however the use of simple windowing on early arrivals in FWI would

dramatically improve the signal-to-noise ratio (Morgan et al., 2013). In addition, it would be possible

to improve the signal at lower frequencies for FWI by towing the airguns for the marine acquisition

at greater depth (Morgan et al., 2013).
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6.5 Conclusion

Using the velocity model recovered from the travel-time tomography package, tomo2d, as a starting

model for FWI resulted in a final inversion which showed no evidence of issues such as cycle-skipping.

The final 2D inversion showed a good match in the resulting velocity anomaly recovered from the

synthetic data of a sub-volcanic plumbing system. The fine-scale structure of the thin melt lenses

predicted by the thermo-mechanical modelling was well recovered when the FWI was run up to high

frequencies (above 10 Hz).

The lateral extent of the seismic velocity anomaly predicted by the thermo-mechanical model has been

underestimated due to the 1D nature of the modelling process. The magnitude of this underestimation

is estimated in the Appendix. It has been determined that the effect of this on the recovery of the

fine-scale velocity structure using FWI is negligible due to the nature of seismic imaging. Steep

velocity gradients may cause issues with seismic imaging (although the effect is greater for reflection

tomography than for refraction tomography which is used for the synthetic imaging carried out in this

thesis), and therefore the underestimation of the lateral diffusion results in a more complex recovery

process using FWI. Seismic energy generally struggles when it comes to penetrating basalts, which

causes challenges for travel time tomography and large lateral velocity variations can introduce non-

normal moveout that further distorts imaging (Planke et al., 1999; Chironi et al., 2006). However,

when imaging sharp lateral gradients, it has been shown that FWI is far more capable at resolving high-

fidelity images than travel time tomography, this is supported by the good recovery of the individual

melt lenses using FWI (Warner et al., 2013; Morgan et al., 2016; Martin et al., 2017).

Low seismic frequencies are required in order to image long wavelength features such as the individual

melt lenses predicted by the thermo-mechanical model. The synthetic tests started at 3.4 Hz and were

therefore able to recover both lateral and vertical velocity gradients very well. Sharp contrasts are

often simply not picked up by travel time tomography, as can be seen from the synthetic modelling

using tomo2d as well as in Paulatto et al. (2012). Sharp contrasts may also cause problems in FWI

starting models, and Warner et al. (2013) have shown that they ought to be smoothed in starting

models in order to avoid the inversion from converging on a local minimum during early iterations

of the FWI. In effect this is already handled by using the synthetic travel time tomography tomo2d

results in this thesis because the starting model for FWI is already smooth and also comparatively

accurate. This means that the location of the sharp boundary is already well represented and so when
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starting at low frequencies it is possible to have good recovery of the velocity structure despite the

high true velocity gradients.

Warner et al. (2013) showed that if the contrast is less than half a wavelength at the lowest frequency

then recovery should be possible. So, for the case of the final modelling carried out in this thesis,

starting the inversion at 3.4Hz coupled with the shallow depths at which there are steep contrasts

(where the sills are emplaced, 4 km), the background velocity can be estimated to have been 4.3 km/s,

so respectively half the wavelength can be calculated to have been 720m (2sf). In the modelling used

in this thesis, the lateral distance for heat diffusion is on this scale so the velocity gradient can be

show to be able to be well recovered. In addition, in the final model inverted using FWI, the lateral

distance over which we see a velocity anomaly is much greater than this (on the order of kms) as the

model ran for a longer time with smaller sill intrusions and so the sharpness of the lateral velocity

gradient presented no challenge to FWI which was able to recover the low frequency, long wavelength

information from the starting model in the first stages of the iterations. Underestimation of the lateral

extent of the anomaly therefore poses no problem to FWI in this thesis. A greater diffusion distance

across the horizontal extent of the model may in fact improve recovery due to shallower velocity

gradients.

There is a clear trade off between the improvements to the recovered velocity model using FWI

resulting from inverting up to high frequencies, and the computational expense involved. Doubling

the maximum inversion frequency for a 3D inversion results in an increase in computation time on the

order of 24. As a result, it is concluded that the additional computational time makes it challenging

to invert to high frequencies on real, 3D datasets across an active volcano. The improvement seen

between recovered velocity models in 2D at 10 Hz and 17.5 Hz suggest that the recovery is sufficient

at 10 Hz to provide a good understanding of the fine-scale velocity structure at active volcanic centres.

The majority of the internal structure within the emplacement zone could be seen to have been well

recovered at 10 Hz and the size of the anomaly was a good fit with the true model.
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7.1 Summary and conclusions

The main hypothesis underlying the work presented in this thesis was that the geometry and evolu-

tion of magma storage systems beneath active volcanoes could be modelled using a thermo-mechanical

model using substantially lower melt emplacement rates than has historically been used in purely ther-

mal, static modelling. Further, it was hypothesised that the predicted temperature and melt fraction

distributions determined by the thermo-mechanical model could be converted into an estimated seismic

velocity field and compared to velocity models obtained from seismic refraction data.

With these aims, the results of the purely thermal model were benchmarked against those of the

thermo-mechanical model when the melt segregation and matrix compaction terms in the system of

governing equations were turned off. This was done to show that the thermo-mechanical model was

capable of reproducing the results of the purely thermal model in a static scenario. Once the thermo-

mechanical model had been shown to have satisfied a number of benchmarking tests it was used to

reproduce the inverted temperature and melt fraction profiles calculated by Paulatto et al. (2012) for

the shallow crust beneath the Soufrière Hills Volcano in Montserrat. Repetitive intrusions of sills into

the shallow crust were simulated at a variety of emplacement rates and over a number of time scales to

determine the best match of resulting temperature and melt fractions with velocity models obtained

using the SEA-CALIPSO seismic data.

Temperature and corresponding melt fraction distributions in the shallow crust predicted from simu-

lations that included melt segregation, reactive flow, and matrix compaction were then converted into

estimations of bulk and shear moduli. The conversion was carried out using a combined approach

of Karato’s method for the effect of temperature on seismic velocity and Berryman’s self-consistent

method for calculating the effect of melt fraction on seismic velocity. Tests were run on the esti-

mated values for bulk and shear moduli to ensure that they lay within the Hashin-Shtrikman bounds.

Benchmarking against previous work provided a clear indication that the method used in this thesis

was valid for the systems under consideration. While small discrepancies existed between the results

obtained in this thesis and those derived from previous work it was determined that these could be

accounted for by the use of different input parameters in the modelling.

Following determination of the elastic moduli at each point in the modelled sub-volcanic system, a

corresponding estimation of p-wave velocity was carried out. A 2D velocity profile was then interpo-

lated from the 1D results using the method as laid out in the Appendix for lateral diffusion of heat
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from the edge of the pluton. The final 2D velocity profile was then compared against the velocity

models obtained from the SEA-CALIPSO seismic experiment. In addition, it was compared with the

velocity models derived from temperature and melt fraction distribution estimations at the Soufrière

Hills Volcano calculated by Paulatto et al. (2012) using a purely thermal model.

The final results of the thermo-mechanical modelling carried out in this thesis show that the predicted

spatial and temporal evolution of melt fraction distribution in shallow-crustal sub-volcanic systems is

significantly different from that found in previous static modelling. When melt segregation coupled

with matrix compaction is taken into account in the system of governing equations it is possible to

accumulate high volume, eruptible mobile magmas at much lower emplacement rates than those used

in purely thermal modelling. The results also suggest that with melt segregation, emplacement rates

>750 mmpa used in Paulatto et al. (2012) and in various results shown in Annen et al. (2014), would

result in the formation of unsustainably vast liquid reservoirs. Large quantities of crystal poor melt

in the crust are buoyant relative to the surrounding solid country rock and would produce an over-

pressurised system that would be likely to erupt (Petford and Koenders, 1998; Annen and Sparks,

2002). They are therefore unlikely to be sustained in a shallow sub-volcanic system. Rather, they are

transient features that signify an imminent eruption. As a result, if the thermo-mechanical model is

correct, the average rate at which melt intrudes so that highly crystalline, low melt fraction lenses

reside in the shallow crust must be low to reproduce the velocity signature seen at Montserrat.

The necessary changes to the input parameters when segregation was accounted for included using an

emplacement rate of only 10 mmpa (in contrast with 750 mmpa for the static model), with repetitive

emplacement of sills only 100 metres thick. These low emplacement rates were required in order

to avoid producing a large, liquid filled magma chamber which does not match field or geophysical

observations for Montserrat. This resulted in a longer incubation period in the shallow crust and

a total model run time of 615 ka. However, this time frame was shown to fit well with the time

scale over which the island of Montserrat, and the Soufrière Hills Volcano, have been active (Rea,

1974; Loughlin et al., 2010). Results from the conversion of temperature and melt fraction profiles

into seismic velocities using the methods outlined in chapters 3 and 4 show that the dependence of

velocity on melt fraction is greater than that of velocity on temperature. Locations of high melt

fraction lenses dominated the calculated velocity anomalies. This was particularly evident in the

thermo-mechanical model where the location of highest melt fraction was decoupled from the location

of highest temperature and the effect of melt fraction on the bulk modulus and velocity profiles could

be clearly distinguished from that of temperature.
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Reducing the emplacement rate of melt in the shallow crust resulted in a final velocity profile similar to

that obtained by travel-time tomographic inversion of the SEA-CALIPSO data, with a broad average

velocity anomaly of -0.51 kms-1. However, the fine-scale structure present in the high resolution veloc-

ity profile estimated from the thermo-mechanical model results included thin high melt fraction lenses

with a maximum negative velocity anomaly of -1.81 kms-1 are too small to be detected with travel-

time tomography. When a filter was applied to generate a velocity model of appropriate resolution,

a maximum negative velocity anomaly of -0.61 kms-1 was observed which matches more closely with

the observed velocity anomaly beneath the Soufrière Hills Volcano. Most significantly, it is concluded

from the thermo-mechanical modelling that the average 1D rate at which melt is emplaced into the

shallow crust can be dramatically lower (on the order of 102 mmpa lower) than has historically been

predicted by static modelling to still produce large low velocity zones beneath volcanic centres.

Finally, an inversion was carried out using the recovered velocity profile from the synthetic travel-time

tomography as a starting model for FWI. The aim was to determine whether substantial improvements

in the recovered seismic velocity profile could be obtained from inverting the full seismic wavefield.

The maximum inversion frequency is one of the key limiting factors when running FWI since the

final resolution is approximately equal to half the seismic wavelength, which is inversely correlated

with increasing inversion frequency. FWI run time scales with model size, increasing by an order

of magnitude when the grid resolution used is reduced by half. Subsequently, large datasets such as

those expected for 3D inversions of sub-volcanic plumbing systems would be computationally extremely

expensive. Inversions at various increasing frequencies were compared to explore how the maximum

inversion frequency affects velocity recovery and thus the viability of running a large-scale, 3D FWI on

a sub-volcanic target. The results were also used to determine the extent to which FWI could improve

the resolution of the recovered anomaly in comparison with travel-time tomography and therefore

improve our understanding of the target site. FWI was performed on the synthetic velocity profile

estimated from the thermo-mechanical model using the smooth profile recovered from tomo2d as the

starting model.

It was found that the recovery using FWI was much improved in comparison to the travel-time

tomography results, with a great deal of the fine-scale velocity structure seen in the final image despite

the high velocity contrasts at the edges of the magmatic system. The recovered model using travel-

time tomography showed only a broad low velocity zone at the depth of the emplaced pluton whereas

FWI was able to recover the position of multiple thin, individual high melt fraction lenses. It was

therefore concluded that FWI would be able to provide a much greater understanding of sub-volcanic

structure and could be used in future academic studies at active volcanic centres to improve imaging
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of the spatial distribution of melt in volcanic plumbing systems. Underestimation of the lateral extent

of the seismic velocity anomaly was determined not to have impacted the ability of FWI to recover

the fine-scale detail of the velocity structure due to the use of an accurate starting model produced

using tomo2d and low initial inversion frequencies.

Comparing the inversion using travel-time tomography with that using FWI on the synthetic data

shows that the final velocity anomaly using FWI has approximately ten times the resolution of the

traditional travel-time inversion. While the resolution of FWI may be reduced on real data sets if

they use comparatively sparse shot and receiver spacings, the improvement suggests that it would

be possible to obtain very high resolution images using FWI if dense acquisition geometries are used

in academic surveys. In addition, the results show that building starting models from travel-time

tomography produces a good initial fit for the iterative approach used in FWI, avoiding common

issues such as cycle-skipping and the introduction of noise in to the data.

A comparison between the synthetic ’true’ model and results of inversions run using FWI up to

frequencies of 4 Hz, 6 Hz, 10 Hz, and 17.5 Hz was then made to examine the effect of maximum

inversion frequency on velocity recovery. It is clear from the results that the inversion at 4 Hz was not

able to recover the predicted shallow fine-scale velocity structure. The width of the positive anomaly

at 7900 ms was underestimated to be less than 100 common depth points wide (approximately 500

metres). Increasing the final inversion frequency to 6 Hz and subsequently to 10 Hz immediately

improved the recovery, with three narrow anomalies seen between 7000 - 8500 ms. The width of the

recovered shallow anomaly improved to be more realistic in comparison to the true velocity anomaly

however, the deeper negative anomaly at 9000 ms was seen to still be much smaller than in the true

model. The maximum inversion frequency used was 17.5 Hz which showed a very good recovery of

the fine-scale structure. Increasing the inversion frequency produced a final anomaly whose size and

depth matched closely to the true model and was determined to be a very good fit. The final inversion

took approximately 6 hours to run at 17.5 Hz in 2D with a grid spacing of 15 metres. While the

maximum inversion frequency for a 15 metre grid size was calculated as being approximately 25 Hz

it was determined that this would be challenging to run inversions up to these frequencies using 3D

FWI on a real sub-volcanic target with model sizes of a few 10s to 100s of kilometres.
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7.2 Future work

The results shown in this thesis were carried out on synthetic velocity profiles developed using the

methods outlined in chapters 3 and 4. In order to investigate the true resolving capabilities of FWI on

academic datasets in the sub-volcanic crust it is necessary for a long-offset seismic survey to be carried

out at an active volcanic centre using a dense acquisition geometry. The results using a recorded

dataset would provide a detailed understanding of the true recovery resolution of FWI.

Implementing FWI on datasets from a number of active volcanic centres with varying ages would also

give insight into the spatio-temporal evolution of melt fraction distribution in volcanic plumbing sys-

tems. It is hypothesised that a comparison between volcanic systems of different ages and at different

stages in volcanic cycles would give a better understanding not only of average melt emplacement

rates but also of the time scale over which melt is sustained in the shallow crust immediately prior to

an eruption.

Broad negative velocity anomalies that have been shown using travel-time tomography to extend to

large depths in the crust may denote the presence of mush column, as predicted by previous models

of melt segregation. Carrying out FWI at active volcanic centres in future studies would improve

imaging of these mush columns and enable scientific researchers to determine their vertical extent. An

advantage of FWI over travel-time tomography is that its resolution capacity is as small as half the

propagated wavelength, as opposed to only half a Fresnel width. As a result, it would theoretically

be possible to image the mid crust to a high enough resolution using FWI to determine the fine-scale

velocity structure of the mid-crust. Detailed images of the mid-crust would give a much improved

understanding of the feeding system for volcanic plumbing systems. In addition, it would provide

evidence to determine the validity of the hypothesis for highly crystalline mush columns existing

below volcanic centres. Future work could use the methods outline in this thesis to estimate the

melt fraction distributions, emplacement rate, and emplacement style of melt required in the mid-

crust to produce the observed velocity structure to depths well beyond those previously imaged using

travel-time tomography.

The thermo-mechanical model used in this thesis extends only in 1D whereas recent purely thermal

models such as that developed by Annen (2009) use a 2D half-width domain with a mirrored edge

through the centre of the modelled section to provide a full 2D profile. The extrapolation into 2D

that has been used in this thesis was deemed sufficient and valid for the purposes of this work due
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to the estimations involved in the calculations. However, converting the full system of equations into

2D would provide a much more in depth understanding of the dynamics in sub-volcanic systems. A

further extension into 3D would further improve the modelling by including lateral movement of heat

and mass. This would provide a more detailed physical estimation of the spatio-temporal evolution of

melt distribution in the system and improve the mechanics of the modelling process.

On-going work is being under-taken to convert the thermo-mechanical model into a pseudo-3D system

with cylindrical symmetry and it can be seen in figure 7.1a that the 2D thermo-mechanical model is

able to closely reproduce the temperature results of static modelling by Annen (2009) when extended

into 2D. However, further tests need to be carried out on the 2D model as there are differences in the

melting relationships used in the thermal and thermo-mechanical models. These differences result in

observable variations in the final results as evidenced by the lower melt fractions seen in 7.1b. Future

work could use a final pseudo-3D version of the thermo-mechanical model to develop the elastic moduli

and velocity conversion code into further dimensions. In addition, it would be useful to carry out a test

to determine the bounds for the validity of both the thermo-mechanical and purely thermal models.

While it is clear from current modelling as well as from testing by Solano et al. (2012, 2014) that

the thermo-mechanical model incorporates additional complexities and so is helpful in providing an

improved insight into sub-volcanic processes, it is important to determine the bounds of the model

by running monte-carlo simulations to check the consistency of results under varying conditions and

geometries. While this was not within the scope of this current work, it would be useful for future

work to gain an improved understanding of the limitations of the themomechanical model.

Further on-going work is currently investigating joint inversions using gravity data alongside seismic

inversions at active volcanic centres. Gravity data has been collected both onshore and offshore

at the island of Montserrat. It would therefore be possible to conduct further seismic surveys to

enable implementation of FWI at the Soufrière Hills Volcano and use the results alongside a gravity

inversion to better constrain the structure of the lithology in the sub-volcanic crust (Moorkamp et al.,

2011). Observed measurements from Kiddle et al. (2010) on crustal xenoliths from Montserrat could

be used to determine the relationship between velocity and density in the region. In addition, the

general empirical relationship described by Brocher (2005) could be used to provide estimated gravity

anomalies from the results of melt fraction distribution from the thermo-mechanical model. This

would enable gravity data to be jointly inverted with the seismic data and provide a more in depth

understanding of the spatio-temporal evolution of melt in the volcanic plumbing system.
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Figure 7.1: Comparison between a) the temperature results and b) the melt fraction results of the
thermo-mechanical model (top) and the purely thermal model of Annen (2009) (bottom, taken from
Annen (2009)) in 2D showing a good match in the static results.

Interferometric synthetic-aperture radar (InSAR) has been used to monitor surface displacements

associated with active volcanoes, including taking measurements of dome growth at the Soufrière Hills

Volcano in Montserrat (Wadge et al., 1999). It is suggested that future work include not only joint

gravity inversions but also data collected using InSAR. Measurements of ground deformation could

be included not only as a joint inversion but also to help constrain initial parameters for modelling

the melt fraction and temperature distributions. The cyclic expansion of lava domes gives insight

into melt emplacement rates in the upper crust and subsequent subsidence provides information on

cooling rates of the upper 100 metres of the volcanic plumbing system. This information would help

constrain lithological structure which in turn would provide tighter constraints on the parameters used

for thermo-mechanical modelling.

In addition, broad scale InSAR observations of strain gradients, on the scale of kilometres, would

provide more detailed information on the emplacement rate of melt in the mush reservoirs beneath

active volcanoes. In the case of Montserrat this knowledge could be used to provide a more accurate

thermo-mechanical model of the spatial distribution of melt fraction. The periodic collection of InSAR

data could also be used to provide a constraint on the temporal evolution of melt fraction distribution.

At the Soufrière Hills Volcano, InSAR has already been used to observe the temporal variability in sub-

volcanic magma fluxes (Wadge et al., 2006). Future work could include this information to produce
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a velocity field from a thermo-mechanical model which incorporates more realistic patterns of melt

emplacement in the shallow crust.
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Diffusion Check

It has been determined that the conversion of the 1D thermo-mechanical modelling results for the

spatio-temporal evolution of melt distribution in the shallow crust into a 2D profile for the estimation

of a seismic velocity profile has resulted in an underestimation of the lateral extent of diffusion in

the model. The following work attempts to address this problem and estimates the magnitude of

the underestimation of heat diffusion away from the centre of the zone of sill emplacements in the

model.

Problem formulation:

Figure .2: Schematic of the temperature diffusion gradient to be solved. Drawing is not to scale. The
solid line shows the geotherm at 50 Kkm-1 while the dashed line shows the gradient produced by the
emplacement of heat as sills after 23 ka residence time.
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First we will solve an analogous problem:

Figure .3: Schematic of the analogous diffusion gradient problem to be solved. Drawing is not to scale.

Our boundary conditions are as follows:

θ = 1 when y = 0, t > 0 (.1)

θ = 0 when y > 0, t = 0 (.2)

θ → 0 as y →∞ (.3)

θ → 1 as t→∞ (.4)
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The diffusion equation, taken from Carslaw and Jaeger (1959) can be written out in terms of θ as

follows:

∂θ

∂t
= κ

∂2θ

∂y2
(.5)

where we define κ, from Carslaw and Jaeger (1959) as:

κ =
k

Cpρ
(.6)

We then do a transformation of the variables:

s =
y

2
√
κt

(.7)

Since
√
κt is the only scale length in the problem, so the solution cannot depend on y and t separately.

We substitute in and use the chain rule to get:

∂θ

∂t
=

dθ

ds

∂s

∂t
=

−s
2t

dθ

dt
(.8)

∂2θ

∂y
=

d2θ

ds2

(
ds

dy

)2

=
1

4κt

d2θ

dt2
(.9)

Which means that equation .5 becomes:

− 2s
dθ

ds
=

d2θ

dt2
(.10)

We have converted a PDE to an ODE. This can be solved using integration.

Let φ = dθ
ds

188



Chapter 7. Conclusion and Future Work

So now we have

− 2sφ =
dφ

ds
(.11)

Whose solution is:

φ = ce−s
2

=
dθ

ds
(.12)

Where c is the constant of integration. So we integrate again to get:

θ = d+ c

∫ s

0
e−σ

2
dσ (.13)

Where d is the second constant of integration and σ is a dummy variable. The limits of the integration

will give the value of θ(s).

We have said from equation .1 that θ = 1 when y = 0, so d = 1

θ = 1 + c

∫ s

0
e−σ

2
dσ (.14)

And from equation .3, θ → 0 as y →∞, so s =∞

So:

0 = 1 + c

∫ ∞
0

e−σ
2
dσ (.15)

Where the integral is the standard integral =
√

π
2 , so equation .15 becomes

0 = 1 + c

√
π

2
(.16)

189



Chapter 7. Conclusion and Future Work

Therefore the constant of integration, c = − 2√
π

and we can now say for θ:

θ = 1− 2√
π

∫ s

0
e−σ

2
dσ (.17)

Where the second term on the right hand side of equation .18 is called the error function, which is

written erf(s). The error function has no analytical solution but is tabulated.

So we can now use this to figure out how far a thermal anomaly would extend.

Define the thickness of the thermal boundary layer, h, as the distance where θ = 0.1, i.e. the

temperature deviation is 10% of the maximum.

From equation .18

0.1 = 1− erf(s) (.18)

And from tables of the error function, this gives s = 1.16

Because, from equation .7, s = y

2
√
κt

so 1.16 = h
2
√
κt

we see h = 2.32
√
κt

Now, going back to the original problem, using figure 4.7 of the thesis where the vertical and lateral

temperature gradients are easily comparable; we have a sill intrusion zone with sills being injected

at 5km below sea level which marks the top of the zone. The original geotherm is 500 Ckm-1, which

gives an initial temperature at this depth of 2500 Ckm-1 and a temperature difference of 7000 Ckm-1

for sills intruded at 1223 K, or 9500 Ckm-1 over a time scale of t = 23 ka = 7.3 × 1011 seconds.

Substitute into equation .6 the values for the country rock through which the heat is diffusing, values

taken to be the same as the amphibolite used by Paulatto et al. (2012):

k = 3 Js-1m-1K-1, Cp = 1000 Jkg-1K-1, ρ = 2500 kgm-3,

Which gives κ = 1.2× 10-6 m2s-1

So h = 2.32
√
κt, substituting in from above gives:
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h = 2160m (3sf)

Looking at figure 4.7 in my thesis it can be seen that the vertical distance over which heat has diffused

to 10% of its maximum (a 700 C deviation from the original geotherm) is over 2000 metres. This is

because at a depth of 3 km below sea level (4 km on the absolute scale in figure 4.7), the temperature

is approximately 2200 C whereas from the original geotherm it would have been at 1500 C. Therefore,

as can be seen from the calculation for h, the vertical heat diffusion distance is well estimated in the

model adapted from Jackson et al. (2018) and Solano et al. (2012, 2014). The modelled system does

not lose heat through the upper boundary layer at a faster rate than would be expected suggesting

that the sub volcanic systems are at the correct temperatures within the modelled 1D emplacement

zones.

Using the same calculation, we can see that the lateral distance over which heat is shown to diffuse

has been underestimated in figure 4.7. The diffusion distance calculated for the horizontal calculation

over the run time of the model has been taken from Carslaw and Jaeger (1959). It is important to note

that the lateral diffusion distance does not affect the final spatio-temporal distribution of melt that

Figure .4: Schematic of the analogous diffusion gradient problem being solved. Drawing is not to
scale.
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was predicted by the 1D thermo-mechanical model. The 2D extrapolation was simply used to produce

a viable, working estimate for a 2D profile over which the calculations for elastic moduli and seismic

velocities could be carried out. An extension into 2D modelling is still an on-going process and work

is being carried out on the thermo-mechanical model to produce a full 2D cylindrically symmetrical

model.

The sharper boundaries produced on the edge of the emplacement zones in the velocity profiles would

cause them to be harder to detect using both the FWI and refraction travel time tomography that

were used in my thesis. If the lateral diffusion had not been underestimated there would have been a

more gradual velocity gradient on the edges of the sill emplacement zone which would have improved

recovery using both synthetic FWI and the tomo2D travel time tomography software. This further

supports the main conclusion that FWI would be capable of resolving the fine-scale velocity structure

at active volcanic centres and that studies would not need to go up to the maximum possible inversion

frequency in order to produce useful images for the purpose of investigating the dynamics of the

shallow crust beneath volcanoes.
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L., Win, C., et al. (2013). Anisotropic 3D full-waveform inversion. Geophysics, 78(2):R59–R80.

Watt, J. P. (1980). Hashin-Shtrikman bounds on the effective elastic moduli of polycrystals with

monoclinic symmetry. Journal of Applied Physics, 51(3):1520–1524.

Watt, J. P., Davies, G. F., and O’Connell, R. J. (1976). The elastic properties of composite materials.

Reviews of Geophysics, 14(4):541–563.

Watt, J. P. and Peselnick, L. (1980). Clarification of the Hashin-Shtrikman bounds on the effective

elastic moduli of polycrystals with hexagonal, trigonal, and tetragonal symmetries. Journal of

Applied Physics, 51(3):1525–1531.

Weill, D., Stebbins, J., Hon, R., and Carmichael, I. (1980). The enthalpy of fusion of anorthite.

Contributions to Mineralogy and Petrology, 74(1):95–102.

Weinberg, R. F. (1996). Ascent mechanism of felsic magmas: news and views. Geological Society of

America Special Papers, 315:95–103.

White, D. and Boland, A. (1992). A comparison of forward modeling and inversion of seismic first

arrivals over the Kapuskasing Uplift. Bulletin of the Seismological Society of America, 82(1):304–

322.

White, R. S., Smallwood, J. R., Fliedner, M. M., Boslaugh, B., Maresh, J., and Fruehn, J. (2003).

Imaging and regional distribution of basalt flows in the Faeroe-Shetland Basin. Geophysical Prospect-

ing, 51(3):215–231.

White, R. S., Spitzer, R., Christie, P., Roberts, A., Lunnon, Z., Maresh, J., iSimm Working Group,

et al. (2005). Seismic imaging through basalt flows on the Faroes Shelf. In Proceedings of the 1st

Faroe Islands Exploration Conference: Annal. Soc. Scient. Færoensis, Supplementum, volume 43,

pages 11–31.

216



Bibliography

Wickham, S. (1987). The segregation and emplacement of granitic magmas. Journal of the Geological

Society, 144(2):281–297.

Williamson, P. (1991). A guide to the limits of resolution imposed by scattering in ray tomography.

Geophysics, 56(2):202–207.

Williamson, P. R. and Worthington, M. (1993). Resolution limits in ray tomography due to wave

behavior: Numerical experiments. Geophysics, 58(5):727–735.

Wilson, C., Blake, S., Charlier, B., and Sutton, A. (2005). The 26· 5 ka Oruanui eruption, Taupo

volcano, New Zealand: development, characteristics and evacuation of a large rhyolitic magma body.

Journal of Petrology, 47(1):35–69.

Wolf, M. and Wyllie, P. (1991). Dehydration-melting of solid amphibolite at 10 kbar: textural de-

velopment, liquid interconnectivity and applications to the segregation of magmas. Mineralogy and

Petrology, 44(3):151–179.

Woodward, M. J., Nichols, D., Zdraveva, O., Whitfield, P., and Johns, T. (2008). A decade of

tomography. Geophysics, 73(5):VE5–VE11.

Wotzlaw, J.-F., Bindeman, I. N., Watts, K. E., Schmitt, A. K., Caricchi, L., and Schaltegger, U. (2014).

Linking rapid magma reservoir assembly and eruption trigger mechanisms at evolved Yellowstone-

type supervolcanoes. Geology, 42(9):807–810.

Yoshinobu, A. S., Okaya, D. A., and Paterson, S. R. (1998). Modeling the thermal evolution of fault-

controlled magma emplacement models: implications for the solidification of granitoid plutons.

Journal of Structural Geology, 20(9):1205–1218.

Young, S. R., Sparks, R. S. J., Aspinall, W. P., Lynch, L. L., Miller, A. D., Robertson, R. E., and

Shepherd, J. B. (1998). Overview of the eruption of Soufrière Hills volcano, Montserrat, 18 July

1995 to December 1997. Geophysical Research Letters, 25(18):3389–3392.

Zellmer, G., Hawkesworth, C., Sparks, R., Thomas, L., Harford, C., Brewer, T., and Loughlin, S.

(2003a). Geochemical evolution of the Soufrière Hills volcano, Montserrat, Lesser Antilles volcanic

arc. Journal of Petrology, 44(8):1349–1374.

Zellmer, G., Sparks, R., Hawkesworth, C., and Wiedenbeck, M. (2003b). Magma emplacement and

remobilization timescales beneath Montserrat: insights from Sr and Ba zonation in plagioclase

phenocrysts. Journal of Petrology, 44(8):1413–1431.

217



Bibliography

Zelt, C. A. (1998). Lateral velocity resolution from three-dimensional seismic refraction data. Geo-

physical Journal International, 135(3):1101–1112.

Zelt, C. A. (1999). Modelling strategies and model assessment for wide-angle seismic traveltime data.

Geophysical Journal International, 139(1):183–204.

Zelt, C. A., Sain, K., Naumenko, J. V., and Sawyer, D. S. (2003). Assessment of crustal velocity models

using seismic refraction and reflection tomography. Geophysical Journal International, 153(3):609–

626.
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