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Abstract

Reconfigurable intelligent surface (RIS) has been envisioned as a promising and cost-effective

technique to enhance future wireless communications. Extensive research attention has been

drawn to the use of conventional diagonal RIS with diagonal phase shift matrices, where each

RIS element is connected to its own load to ground but not connected to other elements. How-

ever, the simple architecture of conventional diagonal RIS limits its flexibility of manipulating

passive beamforming. To fully exploit the benefits of RIS, a new technical advance, namely,

beyond diagonal (BD) RIS, has emerged by introducing inter-element connections. This thesis

aims to develop novel architectures and modes of BD-RIS with performance enhancements,

study corresponding signal processing solutions, and characterize hardware impairments of

BD-RIS.

First, we propose two new branches of BD-RIS, namely BD-RIS with hybrid transmitting and

reflecting mode, and BD-RIS with multi-sector mode, which enable enhanced channel gain and

enlarged coverage compared to conventional diagonal RIS. Specifically, the modeling, architec-

ture design, discussions, and beamforming design for the proposed two modes are provided.

Second, we study the signal processing techniques for BD-RIS aided multi-antenna systems.

Specifically, we start by synergizing BD-RIS with rate-splitting multiple access, which is a non-

orthogonal technique providing additional flexibility for the interference management. Under

imperfect channel state information conditions at the transmitter, a stochastic optimization

problem is formulated and efficiently solved. Then, we propose an efficient pilot sequence and

BD-RIS design for channel estimation, which theoretically guarantees to achieve the perfor-

mance lower-bound.

Finally, we characterize two important hardware impairments at BD-RIS, namely, mutual cou-

pling and frequency dependence in wideband systems. To evaluate the impact of mutual cou-

pling at BD-RIS, we adopt dipole antennas and model the mutual coupling as a function of

inter-antenna spacing. To evaluate the impact of frequency dependence at BD-RIS, we adopt

lumped circuit models in wideband communication systems.
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Chapter 1

Introduction

The forthcoming next-generation 6G is expected to address 5G drawbacks, improve existing

techniques, and lead new technological trends [1, 2]. Reconfigurable intelligent surface (RIS),

which can build controllable radio environments and improve communication quality in a cost-

effective manner [3–7], is regarded as one of the promising techniques to drive the 6G archi-

tectural evolution [2]. An RIS is a two-dimensional planar surface which consists of numerous

nearly passive elements with ultra-low power consumption. Each element has a multi-layer

structure composed of rectangle patches and tunable components, e.g., positive intrinsic neg-

ative (PIN) diodes, which can be independently switched between “ON” and “OFF” states,

thereby generating different responses, i.e., phase shifts and amplitudes, for incident signals [6].

Thus, RISs can be flexibly deployed into various wireless communication systems to modify the

propagation environment without much power consumption.

1.1 Background and Motivations

1.1.1 Conventional Diagonal RIS

In most existing RIS literature, the simplest architecture, where each element is connected to its

own reconfigurable load but is disconnected from other elements, is considered. Therefore, the

scattering matrix of this kind of RIS, namely conventional diagonal RIS, is modeled as a simple

diagonal phase shift matrix. With this simple architecture, three main research directions,

namely, beamforming design, channel estimation, and modeling of hardware impairments, have

been well studied and are briefly summarized below.

Beamforming Design: With the conventional diagonal RIS, beamforming design for sin-

gle RIS-aided wireless communication systems has been developed using different metrics,

e.g., power minimization, rate maximization, and max-min fairness [8–11]. Considering the

1
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high hardware complexity and cost of realizing RISs with infinite/high-resolution phase shifts,

research on practical finite/low-resolution cases has been developed [12, 13]. To further im-

prove the system performance, multiple RISs and coordination problems have also been stud-

ied [14–16]. In addition, RIS has also been investigated to provide performance enhancement in

various scenarios, e.g., wireless power transfer (WPT) [17], simultaneous wireless information

and power transfer (SWIPT) [18], integrated sensing and communication (ISAC) [19], cognitive

radio [20], and index modulation [21].

Further, the interplay between RIS and rate-splitting multiple access (RSMA), which is a non-

orthogonal transmission strategy enabling more flexible inter-user interference management

comparing to other existing multiple access techniques, such as spatial division multiple ac-

cess (SDMA) [22], has been recently proven to have performance benefits. Specifically, the

synergy among the conventional diagonal RIS and 1-layer RSMA in multiuser systems is most

commonly considered, whose benefits are shown by focusing on various metrics, such as sum-

rate maximization [23], energy efficiency maximization [24], outage probability analysis [25–27],

transmit power minimization [28], and max-min fairness [29]. In addition, the interplay between

conventional diagonal RIS and RSMA beyond 1-layer architectures, such as 2-layer hierarchical

RSMA [30, 31], is also studied. While the abovementioned RIS aided RSMA work [23–31] is

restricted to perfect channel state information (CSI) conditions, a more practical imperfect CSI

scenario is analyzed in [32].

Channel Estimation: It is worth noting that the enhanced performance provided by RIS,

as illustrated in [8–21, 23–31], depends heavily on accurate CSI. Therefore, in addition to

beamforming at RIS, another important research direction on RIS is channel estimation. In

conventional RIS literature on channel estimation, there are in general two strategies to obtain

the instantaneous CSI [33]. The first strategy is to separately estimate the channels between the

base station (BS)/users and the RIS by partially “activating” RIS elements using RF chains.

In this strategy, the separate channels can be estimated by leveraging channel reciprocity and

time division duplex (TDD) and applying conventional estimation approaches, such as the

estimation of signal parameters via rotational invariance technique (ESPRIT) and multiple

signal classification (MUSIC) [34], and compressed sensing (CS) [35,36]. This strategy generally

has low training overhead regardless of the number of RIS elements. However, the drawback is

that the equipment of RF chains will result in additional cost and power consumption, which

violates the original motivation of employing RIS in wireless communication systems. To avoid

the equipment of RF chains at RIS, the second strategy has been proposed, whose main idea

is to estimate the cascaded user-RIS-BS channels relying on purely passive RISs [37]. In this

strategy, the BS estimates the cascaded channel through proper design of the pilot sequence and

RIS patterns, such as the ON/OFF-based design [38] and the orthogonality-based design [39,40].

To reduce the training overhead, other estimation schemes, such as a three-phase framework [41]

and an anchor-assisted channel estimation [42], have been further proposed making use of the

common BS-RIS channels for different users. With the same motivation, a novel cascaded
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Figure 1.1: RIS classification tree.

channel estimation scheme has been proposed by exploiting the sparsity and correlations of

millimeter wave channels [43].

Hardware Impairments: The aforementioned research on conventional diagonal RIS assumes

an ideal RIS model with no hardware impairments, such as mutual coupling between elements,

power loss to realize each element, and dependence on signal frequencies, and focuses on the

purely theoretical analysis. However, those hardware impairments are generally not negligible

in practice and thus ignoring them might cause performance loss for practical implementation

and prototyping. To capture the power loss, practical RIS model analysis based on lumped

circuit models has been proposed in narrowband communication systems [44]. Furthermore,

the frequency dependence of RIS response in wideband systems has been accurately modeled

and analyzed in [45–47], as already experimentally highlighted in [48, 49]. In addition, the

impact of mutual coupling at RIS has been analyzed in [50–52], where the strength of mutual

coupling has been measured based on the spacing between dipole antennas. To evaluate the

performance of RIS in practice, the near- and far-field free-space path loss models for RIS aided

wireless systems have also been theoretically derived [53] and experimentally verified [54].

1.1.2 Beyond Diagonal RIS

Conventional diagonal RIS can only control the phase of incident signal, which limits the ca-

pability for manipulating passive beamforming and thus degrades the performance. To address

the limitation of conventional diagonal RIS, beyond diagonal (BD) RIS has been proposed [55]

by interconnecting elements to mathematically generate nonzero off-diagonal entries of the RIS

scattering matrix. Under the concept of BD-RIS, four main research directions, namely, mod-

eling and architecture design, beamforming design, modeling of hardware impairments, and

mode analysis, have been investigated and are briefly summarized below, together with the

RIS classification tree illustrated in Fig. 1.1.
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Modeling and Architecture Design: The modeling of BD-RIS and the concept of group-

and fully-connected architectures, named according to the circuit topology of inter-element

connections, have been first proposed in [55], followed by the dynamic grouping strategy to

decide how to group elements [56]. To find a better performance-complexity trade-off, BD-RIS

with tree- and forest-connected architectures have been proposed in [57], which can achieve the

performance upper bound with the minimum circuit complexity. In addition, another novel RIS

architecture [58] has been proposed, where the signal impinging on one reconfigurable element

can be reflected from another one, yielding a non-diagonal phase shift matrix that enables more

flexible beam manipulation.

Beamforming Design: Based on different architectures of BD-RIS, the corresponding beam-

forming designs have been studied. Specifically, a closed-form globally optimal solution for

group/fully-connected BD-RIS aided single input single output (SISO) systems has been pro-

posed in [59]. Focusing on the same BD-RIS architecture, a low-complexity design for BD-RIS

aided multiple input multiple output (MIMO) systems has been proposed in [60] and a uni-

fied optimization framework for BD-RIS aided MIMO, adapting to power minimization, energy

efficiency and sum-rate maximization problems, has been proposed in [61]. Applications of BD-

RIS, such as interplaying with ISAC systems [62, 63], interplaying with RSMA [64], enabling

wideband wireless communications [65, 66], enabling the stacked intelligent metasurface [67],

and enabling channel reciprocity attacks [68], have also been investigated.

Hardware Impairments: While the aforementioned works [55–68] primarily focus on BD-RIS

models with perfect hardware, limited works have studied the modeling and impact of hardware

impairments, such as the power loss of interconnections and the discrete-value impedance com-

ponents at BD-RIS. A universal framework has been proposed in [69] which models the mutual

coupling and mismatching at antenna arrays. Meanwhile, the practical loss due to the inter-

element connections has been investigated based on the transmission line theory [70], which

demonstrates the enhanced channel gain provided by BD-RIS over conventional RIS in the pres-

ence of losses. In addition, a practical design considering group/fully-connected BD-RIS with

discrete values has been proposed in [71]. Results suggest that while four resolution bits are

needed in conventional diagonal RIS, only a single resolution bit is sufficient in fully-connected

BD-RIS, simplifying significantly the future development of these promising RIS architectures.

Beyond this, the resistance loss in the BD-RIS circuit design, which is potentially much higher

than that of the diagonal RIS, the mutual coupling between elements, and the frequency varia-

tion of antenna gain and the scattering matrix might also have non-negligible impact on BD-RIS

performance, while none of existing literature has focused on their modeling and analysis.

Mode Analysis: Note that the abovementioned BD-RIS architectures are proposed assuming

the BD-RIS works on the reflective mode, that is the incident signals from the transmitter are

all reflected from the RIS towards the same side as the transmitter. This, however, physically

limits the coverage of BD-RIS. To address this issue, the concept of simultaneously transmitting

and reflecting (STAR) RIS or intelligent omni-surface (IOS) [72–76], has been proposed, which
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allows the impinged signals to partially be reflected towards one side of the RIS and partially

transmit through the RIS to serve users in another side.

1.1.3 Motivations

Although BD-RIS has been investigated from multiple perspectives, there still exist many open

problems, such as exploring novel architecture designs and mode analysis, beyond the STAR-

RIS [72–76] to further enhance the channel gain and enlarge the coverage. More importantly,

it remains challenging to analyze the impact of CSI imperfections in BD-RIS aided systems.

Due to the unique cascaded channel structures and the new constraints induced by BD-RIS

architectures different from conventional diagonal RIS cases, the cascaded channel estimation

schemes for conventional diagonal RISs [37–43] do not work for BD-RIS aided scenarios. There-

fore, it is also challenging, yet more important, to develop efficient channel estimation methods

for BD-RIS aided systems with affordable overhead. In addition, modeling and analyzing other

hardware impairments, such as the effect of mutual coupling at BD-RIS and the frequency de-

pendence of BD-RIS in wideband systems, are not straightforward extensions to conventional

diagonal RISs since the inter-element connections at BD-RIS introduces correlations between

entries of the scattering matrix. This makes it difficult to individually characterize the behavior

of each entry of the scattering matrix as in conventional diagonal RISs [45–47].

1.2 Contributions

Based on the above literature review, this thesis addresses the mentioned open and challenging

problems of BD-RIS by fundamentally modeling its hardware, developing novel signal process-

ing schemes, and providing insights based on theoretical and numerical results. A summary of

each chapter/part, highlighting the main contributions, is given as follows.

Chapter 2: Background Theory lays the foundations for this thesis by providing an

overview of the primary concepts, modeling principle of RIS aided systems, and optimization

techniques used throughout the thesis. Specifically, the modeling of general RIS aided wireless

communication systems using the multi-port network analysis is first explained. Furthermore,

key optimization techniques, including the fractional programming, Karush-Kuhn-Tucker con-

ditions, and Manifold based maethods, are briefly reviewed.

Part I: Mode Analysis of BD-RIS proposes and analyzes two novel modes of BD-RIS.

More specifically:

• Chapter 3: BD-RIS with Hybrid Transmitting and Reflecting Mode proposes

a novel branch of BD-RIS, namely, BD-RIS with hybrid mode, as illustrated in Fig. 1.1.
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This is done by back-to-back placing every two antennas and connecting them to construct

a cell, based on which the STAR-RIS [72–76] is one special case and is further generalized

to more sophisticated architectures, i.e., BD-RIS with cell-wise group/fully/dynamically

group-connected architectures. With the proposed model, the beamforming design prob-

lem is formulated and solved using optimization techniques, followed by the initialization

strategies, convergence analysis, and complexity analysis.

• Chapter 4: BD-RIS with Multi-Sector Mode goes beyond BD-RIS with hybrid

mode and proposes a novel branch of BD-RIS, namely, BD-RIS with multi-sector mode

as illustrated in Fig. 1.1. This is done by placing multiple antennas at each sector of a

polygon and connecting them to construct a cell, based on which BD-RIS with hybrid

mode is one special case with number of sectors equal to 2. With the proposed model,

the corresponding channel model taking into account the antenna gain is derived. The

received power scaling law is derived as a function of the number of sectors, and the

beamforming design is proposed to maximize the sum-rate performance for a multiuser

system.

Part II: Signal Processing of BD-RIS studies the beamforming design of BD-RIS aided

wireless systems under imperfect CSI and the channel estimation schemes. More specifically:

• Chapter 5: Synergizing BD-RIS and Rate-Splitting Multiple Access with Im-

perfect CSI studies the performance benefits of synergizing advanced multiple access

techniques at the transmitter and BD-RIS. Specifically, the CSI imperfections are taken

into account in the bemaforming design, which leads to a stochastic problem. An effi-

cient iterative design is proposed applying the relationship between rate maximization

and mean square error minimization. The proposed design is also analyzed from the

perspectives of initialization, complexity analysis, and convergence.

• Chapter 6: Channel Estimation and Beamforming for BD-RIS studies the chan-

nel estimation and beamforming design for BD-RIS aided wireless systems. Specifically,

the cascaded channel estimation scheme for BD-RIS, which could finely adapt to BD-RIS

with different architectures and modes, and to different scenarios, is proposed based on

rigorous theoretical derivations and analysis. After obtaining the cascaded channel esti-

mate, the beamforming designs relying on only the cascaded channels are proposed by

modifying the algorithms proposed in Chapters 3 and 4. The performance trade-off be-

tween the channel estimation and data transmission is also investigated and highlighted.

Part III: Hardware Impairments of BD-RIS focuses on the effect of two important hard-

ware impairments at BD-RIS. More specifically:

• Chapter 7: BD-RIS with Mutual Coupling focuses on the effect of mutual cou-

pling at BD-RIS. Particularly, the mutual coupling among BD-RIS elements is explicitly
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characterized, as a function of inter-element spacing. Based on this, the corresponding

beamforming design algorithm capturing the mutual coupling is developed.

• Chapter 8: Wideband Effect of BD-RIS focuses on the frequency dependence of

BD-RIS in wideband communication systems. Particularly, this effect is mathemati-

cally modeled based on specific circuit designs, which can widely adapt to BD-RIS with

group/fully/tree/forest-connected architectures. With the proposed wideband model, the

beamforming design algorithms for different BD-RIS architectures are also developed.

Chapter 9: Conclusion provides the concluding remarks of the thesis and suggests potential

future research directions.

The theoretical analysis and algorithms proposed in the six core chapters, i.e., Chapters 3-8,

are evaluated through simulations under various parameter settings. For the sake of readability

and logical smoothness, lengthy proofs of the main results, written as propositions, lemmas,

and theorems, are relegated to the appendices. However, important discussions and insights

drawn from such results are mentioned in the chapters.

1.3 Publications

This thesis is written as a monograph based on the following one magazine paper, eight journal

papers, and two conference papers, that have been accepted and published, or submitted for

future publication.

Magazine and Journal Papers:

• H. Li, S. Shen, M. Nerini, and B. Clerckx, “Reconfigurable intelligent surfaces 2.0: Be-

yond diagonal phase shift matrices,” IEEE Commun. Mag., vol. 62, no. 3, pp. 102-108,

2024. [Chapters 1 and 9]

• H. Li, S. Shen, B. Clerckx, “Beyond diagonal reconfigurable intelligent surfaces: From

transmitting and reflecting modes to single-, group-, and fully-connected architectures,”

IEEE Trans. Wireless Commun., vol. 22, no. 4, pp. 2311-2324, 2023. [Chapter 3]

• H. Li, S. Shen, and B. Clerckx, “A dynamic grouping strategy for beyond diagonal

reconfigurable intelligent surfaces with hybrid transmitting and reflecting mode,” IEEE

Trans. Veh. Technol., vol. 72, no. 12, pp. 16748-16753, 2023. [Chapter 3]

• H. Li, S. Shen, B. Clerckx, “Beyond diagonal reconfigurable intelligent surfaces: A multi-

sector mode enabling highly directional full-space wireless coverage,” IEEE J. Sel. Areas

Commun., vol. 41, no. 8, pp. 2446-2460, 2023. [Chapter 4]
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• H. Li, S. Shen, and B. Clerckx, “Synergizing beyond diagonal reconfigurable intelligent
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1.4 Notations

The following notations are used throughout the thesis.

Boldface lower-case and upper-case letters indicate vectors and matrices, respectively. C, R,

N, and Z denote the set of complex numbers, real numbers, natural numbers, and integers, re-

spectively. (·)T , (·)∗, (·)H , and (·)−1 denote the transpose, conjugate, conjugate-transpose, and

inverse, respectively. ⊗ and � denote the Kronecker product and Hadamard product, respec-

tively. <{·} and ={·} denote the real and imaginary parts of a complex number, respectively.

∠(·) returns the angle of complex variables. E{·} denotes the statistical expectation. Tr(·)
denotes the summation of diagonal elements of a matrix. | · | denotes the absolute-value norm
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of a scalar or the size of a set. ‖ · ‖2 and ‖ · ‖F denote the Euclidean norm and Frobenius norm,

respectively.  =
√
−1 denotes the imaginary unit. diag(a1, . . . , aN) and blkdiag(A1, . . . ,AN)

denote diagonal and block-diagonal matrices, respectively, with diagonal entries a1, . . . , aN and

diagonal blocks A1, . . . ,AN . vec(·) and unvec(·) denote the vectorization and its reverse op-

eration, respectively. circshift(a, N) rearranges vector a by moving the final N entries to the

first N positions. mod(M,N) returns the remainder after M is divided by N . O(·) denotes the

first-order Euclidean gradient operation. ∂(·)
∂(·) denotes the first-order partial gradient operation.

IN denotes the N ×N identical matrix. 0M×N denotes the M ×N all-zero matrix. 1M denotes

an M × 1 all-one vector. [A]i,j and [a]i, respectively, denote the (i, j)-th entry of A and the

i-th entry of a. [A]i:i′,j:j′ extracts the i-th to i′-th rows and the j-th to j′-th columns of A. [a]i:j

extracts the i-th through the j-th entries of a. a ∼ CN (0N×1, σ
2IN) characterizes a column

vector a with entries following the circular symmetric complex Gaussian (CSCG) distribution.

DN denotes the N×N Hadamard matrix. FN and F̄N , respectively, denote the N×N discrete

Fourier transform (DFT) matrix and its normalized DFT matrix with

[FN ]i,j = exp
(
− 2π (i− 1)(j − 1)

N

)
, [F̄N ]i,j =

1√
N

exp
(
− 2π (i− 1)(j − 1)

N

)
. (1.1)

A block-circulant matrix C ∈ CM1N×M2N is defined based on a sequence of blocks C0 ∈
CM1×M2 , . . . ,CN−1 ∈ CM1×M2 , such that all columns are composed of the same blocks and

each M2 columns are rotated one block to the bottom relative to the preceding M2 columns.

That is, C takes the form

C = blkcirc(C0,C1, . . . ,CN−1) =



C0 CN−1 · · · C2 C1

C1 C0 CN−1 C2

... C1 C0
. . .

...

CN−2
. . . . . . CN−1

CN−1 CN−2 · · · C1 C0


. (1.2)

The circulant matrix is a special case of the block-circulant matrix with M1 = M2 = 1.
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Chapter 2

Background Theory

This chapter lays the foundations for this thesis by explaining the modeling of the RIS aided

communication systems using the multi-port network analysis and reviewing the key optimiza-

tion techniques used in this thesis.

2.1 Multi-Port Network Analysis

Multi-port network analysis is a powerful and useful technique for analyzing wireless systems, by

regarding each antenna in the wireless system as a port and characterizing the behavior between

its terminal voltage, current, incident wave, and reflected wave [77]. This technique has been

used in conventional MIMO systems [78–80], where the accurate wireless channel model has

been derived capturing the imperfections at the transmitting/receiving antennas, such as the

mutual coupling and imperfect matching. In this section, this technique, together with its three

important parameters, namely, scattering, impedance, and admittance parameters, has been

used to model the RIS aided multi-antenna system. Physically-consistent assumptions at the

transmitter, receiver, and RIS have been introduced to derive the RIS aided wireless channel,

which will be used throughout Chapters 3-8.

2.1.1 Scattering, Impedance, and Admittance Parameters

Consider an RIS aided multi-antenna system with an N -antenna transmitter, an M -element

RIS, and a K-antenna receiver. The whole system is modeled as an Nall-port network with

Nall = N +M +K, where the incident waves and reflected waves at the ports are respectively

given by a ∈ CNall×1 and b ∈ CNall×1; the voltages and currents at the ports are respectively

given by v ∈ CNall×1 and i ∈ CNall×1. As such, the Nall-port netork can be characterized by

11
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its scattering matrix S ∈ CNall×Nall , impedance matrix Z ∈ CNall×Nall , and admittance matrix

Y ∈ CNall×Nall , each of which relates b and a, or v and i, by [77]

b = Sa, v = Zi, i = Yv, (2.1)

where v and i relate to b and a by

v = a + b, i = (a− b)Z−1
0 = (a− b)Y0, (2.2)

with Z0 the reference impedance and Y0 = Z−1
0 the reference admittance used to calculate the

scattering matrix. Therefore, the three matrices relate to each other by

S = (Z + Z0INall
)−1(Z− Z0INall

) = (Y0INall
+ Y)−1(Y0INall

−Y), Y = Z−1. (2.3)

To model the RIS aided communication system, the vectors a, b, v, and i are formulated in

terms of sub-vectors as

a =

aT

aI

aR

 , b =

bT

bI

bR

 , v =

vT

vI

vR

 , i =

iT

iI

iR

 , (2.4)

where sub-vectors with subscripts T, I, and R, respectively, correspond to the incident/reflected

waves, voltages, and currents at the antenna ports of the transmitter, the RIS, and the receiver.

Accordingly, the matrices S, Z, and Y can be formulated in terms of sub-matrices as

S =

STT STI STR

SIT SII SIR

SRT SRI SRR

 , Z =

ZTT ZTI ZTR

ZIT ZII ZIR

ZRT ZRI ZRR

 , Y =

YTT YTI YTR

YIT YII YIR

YRT YRI YRR

 , (2.5)

where the diagonal sub-matrices refer to the scattering/impedance/admittance matrices that

correspond to the antenna arrays at the transmitter, RIS, and the receiver; the off-diagonal

sub-matrices refer to the transmission scattering/impedance/admittance matrices between the

transmitter, RIS, and the receiver.

Transmitter: At the transmitter, each antenna is connected in series to a voltage source and

a source impedance (or source admittance), yielding a source impedance matrix ZT ∈ CN×N

(or equivalently a source admittance matrix YT = Z−1
T ∈ CN×N). Accordingly, the reflection

coefficient matrix at the transmitter is

ΓT = (ZT + Z0IN)−1(ZT − Z0IN) = (Y0IN + YT)−1(Y0IN −YT). (2.6)

The three parameters relate bT and aT, or vT and iT, by [77]

aT = bs,T + ΓTbT, vT = vs,T − ZTiT, iT = is,T −YTvT, (2.7)
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where bs,T ∈ CN×1, vs,T ∈ CN×1, and is,T ∈ CN×1, respectively, denote the source wave vector,

the source voltage vector, and the source current vector at the transmitter.

Receiver: Each receive antenna is connected to the ground through a load impedance (or

admittance), yielding a load impedance matrix ZR ∈ CK×K (or equivalently a load admittance

matrix YR = Z−1
R ∈ CK×K). Accordingly, the reflection coefficient matrix at the receiver is

ΓR = (ZR + Z0IK)−1(ZR − Z0IK) = (Y0IK + YR)−1(Y0IK −YR). (2.8)

The three parameters relate bR and aR, or vR and iR, by [77]

aR = ΓRbR, vR = −ZRiR, iR = −YRvR. (2.9)

Reconfigurable Intelligent Surface: The M antennas at the RIS are connected to an M -

port reconfigurable impedance/admittance network [55], yielding a reconfigurable impedance

matrix ZI ∈ CM×M (or equivalently a reconfigurable admittance matrix YI = Z−1
I ∈ CM×M).

Accordingly, the scattering matrix of the reconfigurable impedance/admittance network at the

RIS is

Φ = (ZI + Z0IM)−1(ZI − Z0IM) = (Y0IM + YI)
−1(Y0IM −YI). (2.10)

Specifically when the reconfigurable impedance/admittance network is lossless, the correspond-

ing impedance matrix or admittance matrix are purely imaginary, which makes the scattering

matrix unitary, i.e., ΦHΦ = IM . The three parameters relate bI and aI, or vI and iI, by [77]

aI = ΦbI, vI = −ZIiI, iI = −YIvI. (2.11)

According to the circuit topology of the reconfigurable impedance/admittance network, the

RIS can be generally classified as follows.

1) Conventional Diagonal RIS: When each port of the reconfigurable impedance/admittance

network is connected to a reconfigurable impedance/admittance component to ground with-

out interconnecting to other ports, the resulting reconfigurable impedance/admittance net-

work has a single-connected architecture. This corresponds to the conventional diagonal

RIS [3, 7], which mathematically has diagonal impedance/admittance/scattering matrices,

i.e., ZI, YI, and Φ are diagonal matrices.

2) BD-RIS: When part of/all the ports are connected to each other via additional reconfigurable

impedance/admittance components, the resulting network can have group/fully-connected

architectures as introduced in [55], can have forest/tree-connected architectures as intro-

duced in [57], or can support hybrid transmitting and reflecting mode and the multi-sector

mode which will be soon explained in Chapters 3 and 4. This corresponds to the BD-RIS,
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which mathematically has impedance/admittance/scattering matrices not limited to being

diagonal, i.e., ZI, YI, and Φ can have nonzero off-diagonal entries.

2.1.2 Modeling the RIS Aided Communication System

The wireless channel from the transmitter and the receiver for the RIS aided communication

system, denoted by Hall ∈ CK×N , essentially relates the voltage vector vT at the transmitter

and the voltage vector vR at the receiver by

vR = HallvT, (2.12)

such that Hall can be equivalently described as a function of scattering, impedance, and admit-

tance parameters, i.e.,

Hall = FS(S,ΓT,ΓR,Φ), Hall = FZ(Z,ZT,ZR,ZI), Hall = FY(Y,YT,YR,YI). (2.13a)

More detailed derivations and comparisons can be found in [69].

In this thesis, the wireless channel models used in Chapters 3-6, and Chapter 8 are derived

based on the following three assumptions.

Assumption 2.1. The source impedances at the transmitter and the load impedances at the

receiver are equal to the reference impedance Z0, i.e., ZT = Z0IN and ZR = Z0IK, such that

ΓT = 0N×N and ΓR = 0K×K. This corresponds to the best power matching at the transmitter

and receiver, respectively, such that the signals will be transmitted with the maximum power

without reflections.

Assumption 2.2. The distances between the transmitter and receiver, transmitter and BD-RIS,

and BD-RIS and receiver are sufficiently large such that the links from the receiving devices

to the transmitting devices are negligible, i.e., ZTI = 0N×M , ZTR = 0N×K, ZIR = 0M×K.

This corresponds to the unilateral approximation [81],saying that when there are large distances

between the transmitter, receiver, and RIS, yielding large signal attenuation between devices, the

electrical properties at the transmitter are approximately independent of those at the receiver.

The unilateral approximation holds true when the minimum distance between devices, which is

a function of the number of antennas, antenna spacing, and radiation pattern, is guaranteed.

Assumption 2.3. The antennas at the transmitter, RIS, and the receiver are perfectly matched

with no mutual coupling, such that ZTT = Z0IN , ZII = Z0IM , and ZRR = Z0IK. This can be

practically realized by individually matching each antenna to the reference impedance Z0 and

keeping the antenna spacing larger than half-wavelength.

Result 2.1. By Assumptions 2.1-2.3, the scattering, impedance, and admittance parameters
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based expressions of the wireless channel Hall are given by [55, 69]

Hall = SRT + SRIΦSIT, (2.14a)

Hall =
1

2Z0

(ZRT − ZRI(ZI + Z0IM)−1ZIT), (2.14b)

Hall =
1

2Y0

(−YRT + YRI(YI + Y0IM)−1YIT), (2.14c)

The expressions in (2.14a) and (2.14c) are equivalent to each other with the mappings [69]

SRI =
ZRI

2Z0

, SIT =
ZIT

2Z0

, SRT =
1

2Z0

(ZRT −
ZRIZIT

2Z0

), (2.15a)

YRI = −2Y0SRI, YIT = −2Y0SIT, YRT = −2Y0(SRT − SRISIT). (2.15b)

Since the impedance parameters ZRT, ZRI, and ZIT capture the open-circuit radiation patterns

between transmitting and reflecting antennas [77], they essentially characterize the channels

between devices in the wireless communication systems. Therefore, we introduce the following

fresh notations

Hd =
ZRT

2Z0

, H =
ZRI

2Z0

, G =
ZIT

2Z0

, (2.16)

where Hd ∈ CK×N denotes the direct channel from the transmitter to the receiver, H ∈ CK×M

denotes the channel from the RIS to receiver, and G ∈ CM×N denotes the channel from the

transmitter to RIS. Then, (2.14a) can be rewritten as

Hall = Hd + H(Φ− IM)G, (2.17)

In existing RIS literature [7, 9, 11, 12, 14, 15], the following channel model has been widely

adopted:

Hall = Hd + HΦG. (2.18)

Comparing (2.17) and (2.18), the physical meaning of the additional term, i.e., −HG, corre-

sponds to the structural scattering [69], which refers to the “virtual” direct link constructed by

RIS when the RIS is turned OFF, i.e., Φ = 0M×M . The structural scattering exists since the

OFF state of RIS is achieved when ZI = Z0IM . This means there is current flowing within the

RIS circuit, which scatters electromagnetic waves, even when the RIS is stated OFF.

Based on the analysis in [69], the impact of the structural scattering can be negligible with

sufficiently large numbers of RIS elements. Therefore, in this thesis, we apply the expression

in (2.18) throughout Chapters 3-6 to ease the modeling and signal processing of BD-RIS with

hybrid transmitting and reflecting mode and multi-sector mode, while the expression in (2.14c)

will be used in Chapter 8 to facilitate the modeling of hardware impairments at BD-RIS. In

addition, in Chapter 7, by relaxing Assumption 2.3, the impedance parameter based channel

expression of the wireless channel in (2.14b) will be modified to explicitly capture the impact
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of mutual coupling at BD-RIS.

2.2 Optimization Techniques

To solve the mathematical problems formulated in this thesis, various optimization techniques

are utilized, with the aim to transform the original unconvex problems into a series of con-

vex ones, to find the global optimum of convex problems, and to efficiently deal with the

unique constraints induced by BD-RIS architectures. This section briefly describes three key

optimization techniques, namely, fractional programming (FP) [82–84], Karush-Kuhn-Tucker

(KKT) conditions [85,86], and Manifold based methods [87–89], which are utilized in this thesis.

2.2.1 Fractional Programming

FP refers to a family of optimization problems involving ratio terms. The main idea to solve

this kind of problems is to transform the ratio terms into more tractable integral expressions

capturing the subtraction between the numerator and the denominator of each ratio term. In

the following, we review the solutions for three kinds of FP problems, namely, single-ratio FP,

multi-ratio FP, and sum-of-function-of-ratio FP.

Single-Ratio FP: A simple single-ratio FP problem can be formulated as

max
x∈X

Fn(x)

Fd(x)
(2.19)

where Fn(x) ∈ R is a non-negative scalar function, Fd(x) ∈ R is a positive scalar function,

and X ⊆ RX×1 denotes a non-empty constraint set. This problem has been first solved by the

Dinkelbach’s Transform [82] by reformulating (2.19) as

max
x∈X ,τ∈R

Fn(x)− τFd(x) (2.20)

where τ ∈ R is an auxiliary variable, which is iteratively updated by τ o+1 = Fn(xo)
Fd(xo)

in the o-th

iteration. Iteratively updating x by solving (2.20) and updating τ until convergence leads to a

locally optimal solution. Specifically, when Fn(x) is concave and Fd(x) is convex, the iteration

leads to a global optimum.

Dinkelbach’s transform works well for single-ratio FP problems, but it might not be feasible for

multi-ratio FP problems since the transformed problem in this case and the original problem

do not necessarily share the same optimal value. This motivates the Quadratic Transform [83]

to deal with multi-ratio FP problems, as detailed below.
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Multi-Ratio FP: A multi-ratio FP problem can be formulated as

max
x∈X

J∑
j=1

Fn,j(x)

Fd,j(x)
(2.21)

where Fn,j(x) ∈ R, ∀j ∈ J = {1, . . . , J} are non-negative scalar functions, Fd,j(x) ∈ R, ∀j ∈ J
are positive scalar functions. The quadratic transform says the following [83].

Theorem 2.1. Problem (2.21) can be equivalently transformed to the following problem:

max
x∈X ,τj∈R,∀j∈J

J∑
j=1

(2τj

√
Fn,j(x)− τ 2

j Fd,j(x)) (2.22)

where τj ∈ R, ∀j ∈ J are auxiliary variables.

Proof. Please refer to [83,84].

Theorem 2.1 tells that iteratively updating x by solving (2.22) and updating τj, ∀j ∈ J

by τ oj =

√
Fn,j(xo)

Fd,j(xo)
in the o-th iteration until convergence leads to a locally optimal solution.

Specifically, when Fn,j(x), ∀j ∈ J are concave and Fd,j(x), ∀j ∈ J are convex, the iteration

leads to a global optimum. Then we have the following two important corollaries.

Corollary 2.1. Given a multi-ratio complex FP formulated as

max
x∈X

J∑
j=1

|Fn,j(x)|2

Fd,j(x)
(2.23)

where Fn,j(x) ∈ C, ∀j ∈ J are complex scalar functions, Fd,j(x) ∈ R, ∀j ∈ J are positive

scalar functions, and X ⊆ CX×1 denotes a non-empty constraint set, it is equivalent to

max
x∈X ,τj∈C,∀j∈J

J∑
j=1

(2<{τ ∗j Fn,j(x)} − |τj|2Fd,j(x)) (2.24)

where τj ∈ C, ∀j ∈ J are auxiliary variables. Iteratively solving problem (2.24) and updating

τ oj =
Fn,j(x

o)

Fd,j(xo)
, ∀j ∈ J in the o-th iteration leads to a local optimum. Specifically, when |Fn,j(x)|2,

∀j ∈ J are concave and Fd,j(x), ∀j ∈ J are convex, the iteration leads to a global maximum.

Corollary 2.2. Given a sequence of nondecreasing functions Fj(·) ∈ R and a sequence of ratios
|Fn,j(x)|2
Fd,j(x)

with Fn,j(x) ∈ C and Fd,j(x) > 0, ∀j ∈ J , the sum-of-function-of-ratio problem can be

formulated as

max
x∈X

J∑
j=1

Fj

( |Fn,j(x)|2

Fd,j(x)

)
(2.25)
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which, by the quadratic transform, is equivalent to

max
x∈X ,τj∈C,∀j∈J

J∑
j=1

Fj(2<{τ ∗j Fn,j(x)} − |τj|2Fd,j(x)) (2.26)

where the optimal τj ∈ C in the o-th iteration is given by τ oj =
Fn,j(x

o)

Fd,j(xo)
, ∀j ∈ J .

The expression in (2.25) aligns well with the rate expression for multiuser scenarios in wireless

communications, such that the transform from (2.25) to (2.26) is very useful to solve the sum-

rate maximization problem, which will be formulated and solved in Chapters 3-6.

2.2.2 Karush-Kuhn-Tucker Conditions

Consider a general optimization problem in the following standard form:

min
x∈RX×1

F0(x) (2.27a)

s.t. Fi,i(x) ≤ 0, ∀i ∈ J1 = {1, . . . , J1}, (2.27b)

Fe,j(x) = 0, ∀j ∈ J2 = {1, . . . , J2}, (2.27c)

with J1 inequality constraints and J2 equality constraints and all the functions in (2.27) differ-

entiable. Let p? denote the global minimum value of the primal optimization problem (2.27).

Define the Lagrangian of (2.27) as

FL(x,λ,µ) = F0(x) +

J1∑
i=1

λiFi,i(x) +

J2∑
j=1

µjFe,j(x), (2.28)

where λ = [λ1, . . . , λJ1 ]T ∈ RJ1×1 and µ = [µ1, . . . , µJ2 ]T ∈ RJ2×1 are dual variables (also called

Lagrange multipliers). Then the dual function FD(λ,µ) of (2.27) is given by

FD(λ,µ) = min
x
FL(x,λ,µ) (2.29)

which is always concave. Thus, with λi ≥ 0, ∀i ∈ J1 and FD(λ,µ) finite:

1) The weak duality says that for any feasible x and (λ,µ), there holds F0(x) ≥ FD(λ,µ),

which indicates p? ≥ FD(λ,µ). Accordingly, the largest lower bound of p? can be found by

solving the dual problem

max
λi≥0,∀i∈J1,µ∈RJ2×1

FD(λ,µ) (2.30)

which is always a convex problem leading to the maximum value d? ≤ p?.

2) The strong duality says d? = p?, which holds true for most convex optimization problems.
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The KKT conditions then give the necessary conditions for x? to be a local optimal solution of

(2.27), that is, there exists some (λ?,µ?) such that [86]

Fi,i(x
?) ≤ 0, ∀i ∈ J1, (2.31a)

Fe,j(x
?) = 0, ∀j ∈ J2, (2.31b)

λ?i ≥ 0, ∀i ∈ J1, (2.31c)

λ?iFi,i(x
?) = 0, ∀i ∈ J1, (2.31d)

OxFL(x?,λ?,µ?) = 0, (2.31e)

where the first two conditions guarantee the feasibility of x?, the third guarantees the feasibility

of dual variables, the fourth signifies the complementary slackness of the primary and dual

inequality constraints, i.e., Fi,i(x) ≤ 0 and λi ≥ 0, and the last refers to the first-order condition.

In general, the KKT condition is necessary yet not sufficient for optimality, while it is also

sufficient for convex optimization problems. A well-known application of the KKT condition in

wirelss communications is the water-filling algorithm for power allocation. It will also be used

to optimize the transmit precoder in multiuser communication systems in Chapters 3-6.

2.2.3 Manifold

Constrained optimization has been well studied, with various solutions working in the Euclidean

space, such as convexifying the nonconvex contraints and solving the problem by convex opti-

mization methods, and penalizing the original constraints and decoupling the original problem

into several convex sub-problems [85]. Among all constrained optimization problems, a special

class of constraints is called geometric constraints, which can be solved on a manifold [87]. The

main idea of the manifold based algorithm is to construct all available solutions of a certain

constrained problem as a manifold, such that it becomes unconstrained in a constrained search

space. In the following, we first review the definition of the manifold [87], and introduce mainly

used manifolds in wireless communications.

Definition 2.1. A manifold is a topological space which “locally” resembles the Euclidean space.

In wireless communications, the following manifolds have been commonly used in existing

literature [90–92].

1) Complex circle: Mcc = {x ∈ CX×1 : |[x]1| = · · · = |[x]X | = 1};

2) Complex sphere: Mcs = {X ∈ CX1×X2 : ‖X‖F = 1};

3) Complex oblique manifold: Mco = {X ∈ CX1×X2 : ‖[X]:,1‖2 = · · · = ‖[X]:,X2‖2 = 1};
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4) Complex Stiefel manifold: Mcst = {X ∈ CX1×X2 : XHX = IX2}X3 ;

5) Unitary matrices: Mum = {X ∈ CX1×X1 : XHX = IX1}X2 .

Specifically, the complex circle Mcc can be mapped to the constraint set of conventional di-

agonal RIS [92], or that of analog precoder in hybrid beamforming architectures [90], or the

constant envolope constraint in symbol-level precoding [91]; the complex sphere Mcs can be

mapped to the constraint set of the precoder matrix at the transmitter, which has a total power

constraint; the complex oblique manifold Mco can be mapped to the constraint set of the pre-

coder matrix at the transmitter, which allocates equal power to each stream/user. Moreover,

the complex sphere Mcs, the complex Stiefel manifold Mcst, and the unitary matrices Mum

can be mapped to the constraint sets of the scattering matrix at BD-RIS, which will be used

in Chapters 3, 5, and 6 to solve various optimization problems.

Line-search methods well establied on the Euclidean space, e.g., Trust-Region, Conjugate-

Gradient, and Broyden-Fletcher-Goldfarb-Shanno methods [88], can be easily extended to the

manifold space with some necessary projections. Before explaining the principle of line-search

methods on manifold, we give the following definitions.

Definition 2.2. The moving direction of a point on the manifold is referred to as a tangent

vector. All these tangent vectors at this point, which include all possible directions this point

can move to, form the tangent space.

Definition 2.3. Each tangent space can be regarded as a Euclidean space which has one tan-

gent vector, namely, Riemannian gradient, pointing to the direction that the objective function

decreases fastest.

Line-search methods are based on the updated formula

xo+1 = xo + δoηo, (2.32)

where ηo refers to the search direction, which, on the manifold, could be the Riemannian

gradient at point xo, and δo denotes the step size at the o-th iteration. To guarantee that the

movement of the search direction always stay on the manifold during iterations of the line-search

methods, a retraction is needed to project the updated point back to the manifold. Readers

are referred to [87] for various retractions corresponding to different manifolds.
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Mode Analysis of BD-RIS
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Chapter 3

BD-RIS with Hybrid Transmitting and

Reflecting Mode

In conventional diagonal RIS, the wave manipulation flexibility is limited and only half-space

coverage is supported due to the simple architecture without inter-element connections and the

uniform antenna arrangement. To address the first limitation, BD-RIS [55] has been primarily

proposed by introducing inter-element connections, which mathematically generates beyond

diagonal scattering matrices to provide additional flexibility for wave manipulation. To address

the second limitation, STAR-RIS [72–76] has been proposed to achieve full-space coverage.

However, it remains unknown if BD-RIS can also enable full-space coverage and go beyond

STAR-RIS to further enhance the channel gain. In addition, it remains unknown how exactly

the antenna array should be arranged and the circuits should be designed to simultaneously

achieve such goal. This chapter thus address this research problem by proposing a new branch

of BD-RIS tree in Fig. 1.1, namely, BD-RIS under hybrid mode which provides a full-space cov-

erage, and provides a thorough analysis from modeling, architecture design and mode analysis,

to beamforming design. This leads to the following layouts and contributions.

In Section 3.1, a general BD-RIS-aided communication model using microwave network theory

has been proposed and analyzed. The proposed model is derived by characterizing an RIS as

multiple antennas connected to a group-connected multi-port reconfigurable impedance net-

work. Benefiting from the multi-port network analysis, the hybrid mode of BD-RIS has been

proposed by establishing connections among different ports.

In Section 3.2, three modes (reflective, transmissive, and hybrid) and four architectures (cell-

wise single-, group-, fully-connected, and dynamically group-connected) have been proposed

and summarized, together with implementations and discussions. Specifically, STAR-RIS has

been proven to be a special case of BD-RIS with cell-wise single-connected architectures, where

every two antennas are back to back placed and connected to each other by a reconfigurable

impedance component.

23
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In Section 3.3, with the proposed model, the joint transmit precoder and BD-RIS matrix design

to maximize the sum-rate for an RIS-aided multiuser multiple input single output (MU-MISO)

system has been illustrated. A general solution suitable for different modes/architectures has

been proposed. Then for STAR-RIS case, an efficient solution, which has similar performance,

but lower computational complexity compared to the general one has been proposed. In ad-

dition, a heuristic solution suitable for cell-wise dynamically group-connected case has been

proposed. The initialization and complexity analysis of the proposed designs have been dis-

cussed and compared.

In Section 3.4, simulation results have been provided to evaluate the performance of the pro-

posed design. We compare the sum-rate performance when the BD-RIS is under different modes

and architectures. Simulation results with specific parameter settings show that under Rayleigh

fading conditions, cell-wise fully- and group-connected hybrid BD-RISs can achieve 75% and

37% higher sum-rate than STAR-RIS. In the meanwhile, the sum-rate achieved by cell-wise

fully-connected hybrid BD-RISs over that by cell-wise fully-connected reflective/transmissive

ones can be around 20% for Rician fading channels.

3.1 Hybrid BD-RIS Model

Cell 1

Cell M

Cell 2

Cell M-1

2M-Port 

Reconfigurable 

Impedance Network

RIS

Antenna 1

Antenna 2

Antenna M-1

Antenna M

Antenna M+1

Antenna M+2

Antenna 2M-1

Antenna 2M

Transmitter

User 1

User K1

N

NK1

N1

User K1+1

User K1+K2
NK1+K2

NK1+1

Figure 3.1: Diagram of an M -cell RIS-aided communication system.

Consider an RIS-aided wireless communication system, where an N -antenna transmitter in-

dexed by N = {1, . . . , N} serves K multi-antenna users with the assistance of an RIS. Each

user has Nk antennas, ∀k ∈ K = {1, . . . , K}. In general, we consider an M -cell1 RIS indexed

byM = {1, . . . ,M} where the mth cell consists of antenna m and antenna m+M . Therefore,

in this M -cell RIS, there are 2M antennas connected to a 2M -port reconfigurable impedance

network, as shown in Fig. 3.1. According to [55] and Result 2.1, assuming that the multiple

1Here we use “cell” instead of “element” since in existing works each RIS element contains one antenna,
while in this work each cell has two antennas. The “cell” is illustrated in Fig. 3.1.
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antennas at the transmitter/receiver/RIS are perfectly matched with no mutual coupling, the

overall channel matrix between the transmitter and each user, Hall,k ∈ CNk×N , k ∈ K, can be

expressed as

Hall,k = Hd,k + H̄kΦḠ, ∀k ∈ K, (3.1)

where Hd,k ∈ CNk×N , H̄k ∈ CNk×2M , ∀k ∈ K, and Ḡ ∈ C2M×N denote channel matrices

from the transmitter to user k, from the RIS to user k, and from the transmitter to the

RIS, respectively. Φ ∈ C2M×2M denotes the scattering matrix of the 2M -port reconfigurable

impedance network [55]. According to microwave network theory [55, 77], Φ should satisfy

ΦHΦ � I2M . Particularly, when the 2M -port reconfigurable impedance network is lossless, we

have ΦHΦ = I2M
2. It is worth noting that the structure of the matrix Φ is determined by the

circuit topology of the 2M -port reconfigurable impedance network. Therefore, different from

traditional RIS model with a diagonal matrix, the matrix Φ is not restricted to be diagonal,

which is referred to as BD-RIS.

To show that existing RIS-aided communication model [72–74] is a special case of our proposed

model, we first make the following assumptions:

Assumption 3.1. Each antenna has a uni-directional radiation pattern3.

Assumption 3.2. In each cell, the two antennas are back to back placed so that each antenna

covers half space as shown in Fig. 3.2.

With these assumptions, we can divide the M -cell BD-RIS into 2 sectors, where the first sector

consists of antennas 1-M and the other sector consists of antennas M+1-2M , and thus the

M -cell RIS partitions the whole space into two sides, which are respectively covered by the two

sectors. Accordingly, we partition the overall channel matrix (3.1) as

Hall,k =Hd,k +
[
H̄k,1 H̄k,2

] [ Φ1,1 Φ1,2

Φ2,1 Φ2,2

][
Ḡ1

Ḡ2

]
=Hd,k + H̄k,1Φ1,1Ḡ1 + H̄k,2Φ2,1Ḡ1 + H̄k,1Φ1,2Ḡ2 + H̄k,2Φ2,2Ḡ2, ∀k ∈ K,

(3.2)

where H̄k,i = [H̄k]:,(i−1)M+1:iM ∈ CNk×M , ∀k ∈ K, and Ḡi = [Ḡ](i−1)M+1:iM,: ∈ CM×N , ∀i ∈
{1, 2} are channels between sector i of the RIS and user k, and between the transmitter and

sector i of the RIS, respectively. Φi,j = [Φ](i−1)M+1:iM,(j−1)M+1:jM ∈ CM×M , ∀i, j ∈ {1, 2}.

Without loss of generality, we assume that the transmitter and K1 users, indexed by K1 =

{1, . . . , K1}, 0 < K1 < K, are located at one side of the RIS (covered by sector 1), and

2Here we should explain that matrix Φ is a scattering matrix, which provides an integrated description of a
network as seen at its 2M ports. The scattering matrix associates the voltage of incident waves with reflected
waves from the ports. When the multi-port network is lossless, no power can be delivered to the network so
that the incident and reflected power are equal to each other. In this case, it can be derived that the scattering
matrix satisfies a unitary constraint [77].

3In practice the uni-directional radiation pattern can be achieved by using microstrip patch antennas or by
adding a reflecting ground plane.
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Figure 3.2: An M -cell BD-RIS with 2M back to back placed uni-directional antennas.

K2 = K −K1 users, indexed by K2 = {K1 + 1, . . . , K}, are located at the other side of the RIS

(covered by sector 2). To facilitate understanding, we illustrate the locations of the transmitter,

RIS, and users from a top view as shown in Fig. 3.3. Following Assumptions 3.1 and 3.2, we

can deduce the following two results:

Result 3.1. The channel from the transmitter to sector 2 of the BD-RIS is zero, that is,

Ḡ2 = 0M×N , as the transmitter is not covered by the uni-directional radiation pattern of sector

2 of the BD-RIS.

Result 3.2. The channel from sector i of the BD-RIS to the user belonging to Kj is zero

∀i 6= j, that is H̄k,i = 0Nk×M , ∀k ∈ Kj, ∀i 6= j, as the user belonging to Kj is not covered by

the uni-directional radiation pattern of sector i.

Leveraging Results 3.1 and 3.2, we can simplify the channel matrix (3.2) as

Hall,k =

{
Hd,k + H̄k,1Φ1,1Ḡ1, k ∈ K1,

Hd,k + H̄k,2Φ2,1Ḡ1, k ∈ K2.
(3.3)

We denote users within the coverage of sector 1 of the BD-RIS as reflective users, indexed by

Kr = K1, Kr = K1. Similarly, we denote users within the coverage of sector 2 as transmissive

users, indexed by Kt = K2, Kt = K2 = K −Kr. Then, using auxiliary notations, Hk = H̄k,i,

∀k ∈ Ki, ∀i ∈ {1, 2}, Φr = Φ1,1, Φt = Φ2,1, and G = Ḡ1, we can rewrite (3.3) as

Hall,k =

{
Hd,k + HkΦrG, k ∈ Kr,

Hd,k + HkΦtG, k ∈ Kt.
(3.4)
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Figure 3.3: Top view for the locations of the M -cell BD-RIS partitioning the whole space into
two sides, the transmitter, and multiple users.

Given that ΦHΦ = I2M , Φt and Φr should satisfy the following constraint:

ΦH
r Φr + ΦH

t Φt = IM . (3.5)

Based on the above analysis, we have verified that the communication model utilized in STAR-

RIS [72–74] is a special instance of our models (3.4) and (3.5). In the following section, we will

go beyond STAR-RIS and investigate different cases of constraint (3.5).

3.2 Architecture/Mode Analysis and Design

3.2.1 Architecture Analysis and Design

In [55], various RIS architectures which have different RIS element circuit topologies have been

proposed. In this subsection, we generalize this concept by analyzing and designing the M -cell

BD-RIS architecture4 with different cell circuit topologies as detailed below.

Cell-Wise Single-Connected (CW-SC) Architecture: In this architecture, cells of the

BD-RIS are not connected to each other. Fig. 3.4(a) provides a simple example of CW-SC

BD-RIS with 2 cells. Thus, matrices Φr, Φt are all diagonal, which are given by

Φr = diag(φr,1, . . . , φr,M), Φt = diag(φt,1, . . . , φt,M), (3.6)

4The following single/fully/group-connected architectures refer to the inter-cell circuit topologies. The 2
antennas within the same cell are connected to a 2-port fully-connected reconfigurable impedance network.
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Figure 3.4: Examples of (a) CW-SC BD-RIS, (b) CW-FC BD-RIS, and (c) CW-GC BD-RIS.

where the entries φt/r,m, ∀m ∈M, satisfy the constraints

|φr,m|2 + |φt,m|2 = 1, ∀m ∈M. (3.7)

The BD-RIS with a CW-SC architecture is essentially the STAR-RIS [72–74].

Cell-Wise Fully-Connected (CW-FC) Architecture: We propose and design a gener-

alized RIS architecture referred to as CW-FC architecture where all cells of the BD-RIS are

connected to each other through reconfigurable impedance components. In Fig. 3.4(b), we give

an example of CW-FC BD-RIS with 2 cells. Thus, Φr, Φt are all full matrices satisfying the

constraint

ΦH
r Φr + ΦH

t Φt = IM . (3.8)

CW-FC architecture can achieve the best performance due to the most general constraint (3.8).

Cell-Wise Group-Connected (CW-GC) Architecture: It is obvious that when the num-

ber of cells M gets larger, the circuit topology of the CW-FC BD-RIS will become extremely

complicated. To achieve a good trade-off between the RIS performance and circuit complexity,

we propose and design a generalized BD-RIS architecture referred to as CW-GC architecture.

In the CW-GC BD-RIS, the M cells are divided into G groups indexed by G = {1, . . . , G} with
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each group of cells utilizing the CW-FC architecture. For simplicity, here we assume that all

groups have the same size M̄ = M/G, and we define Gg , {(g − 1)M̄ + 1, . . . , gM̄} as the set

of cell indexes for group g. An example of a 4-cell BD-RIS with CW-GC architecture having 2

groups is illustrated in Fig. 3.4(c). Thus, Φr, Φt are block diagonal matrices:

Φr = blkdiag(Φr,1, . . . ,Φr,G), Φt = blkdiag(Φt,1, . . . ,Φt,G), (3.9)

where Φt/r,g ∈ CM̄×M̄ , ∀g ∈ G satisfies the constraint

ΦH
r,gΦr,g + ΦH

t,gΦt,g = IM̄ , ∀g ∈ G. (3.10)

Cell-Wise Dynamically Group-Connected (CW-DGC) Architecture: We also propose

a CW-DGC architecture of BD-RIS by adapting the grouping strategy to channel environments.

Different from the CW-GC architecture, where M cells are uniformly divided into G subsets

and every adjacent M̄ cells are connected to each other, CW-DGC is based on a dynamic

grouping strategy, which is embodied in two aspects: 1) The number of cells in each group can

be different; 2) the positions/indexes of cells in the same group are not restricted to adjacent

ones. To model this dynamic grouping strategy, we first present the following definition.

Definition 3.1. Define G subsets D1, . . . ,DG which store indexes of RIS cells for each group.

These subsets satisfy the following constraints:

Dg 6= ∅, ∀g ∈ G, (3.11a)

Dp ∩ Dq = ∅, ∀p 6= q, p, q ∈ G, (3.11b)

∪Gg=1 Dg =M, (3.11c)

which indicate that each group contains at lease one cell; that each BD-RIS cell can only be

mapped into one group; and that there is no overlap among different groups5.

Based on Definition 3.1, we have the following result.

Result 3.3. The CW-DGC architecture provides additional flexibility by controlling the con-

nections via switches. This mathematically leads to BD-RIS matrices, Φr and Φt, satisfying

the following constraints

[Φt]m,n = 0, ∀m ∈ Dp, ∀n ∈ Dq, ∀p 6= q, p, q ∈ G, (3.12a)

[Φr]m,n = 0, ∀m ∈ Dp, ∀n ∈ Dq, ∀p 6= q, p, q ∈ G, (3.12b)

ΦH
t,DgΦt,Dg + ΦH

r,DgΦr,Dg = I|Dg |, ∀g ∈ G, (3.12c)

5Herein we provide a simple example to explain Definition 1. For a 4-cell BD-RIS with 2 groups, 2 possible
grouping results could be D1 = {1, 3}, D2 = {2, 4} or D1 = {2}, D2 = {1, 3, 4}.
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Figure 3.5: Example of a 3-cell BD-RIS with hybrid mode and CW-DGC architecture realized
by an impedance-switch network.

where Φt/r,Dg is a sub-matrix of Φt/r which selects rows and columns of Φt/r according to indexes

in the set Dg,∀g ∈ G.

Constraint (3.12) indicates that Φr and Φt of the CW-DGC BD-RIS are essentially permuted

block-diagonal matrices. Specifically, when the BD-RIS has a CW-GC architecture, the M̄ cells

within a fixed group Gg, ∀g ∈ G are connected to each other. In this case, we have [Φr]m,n 6= 0,

[Φt]m,n 6= 0, ∀m,n ∈ Gg, and Φr and Φt are both block diagonal matrices.

Implementation and Discussion: To show the feasibility of the proposed architectures, we

employ an impedance-switch network, which enables a joint control of impedance components

and the ON/OFF states of switches. Specifically, impedance components can be realized by

using inductance and tunable capacitance, such as using varactors. Fig. 3.5 provides an

example of the realization of CW-DGC BD-RIS with M = 3. Specifically, ports m and M +m

are connected to each other by an impedance to support the hybrid mode (as shown in the

left-hand side of Fig. 3.5), while ports m and m′, m′ 6= M +m, are connected by the series of

one impedance and one switch to support the dynamic grouping (as shown in the right-hand

side of Fig. 3.5). Therefore, to realize an M -cell BD-RIS with hybrid mode and the CW-

DGC architecture, M(2M + 1) impedance components and 2M(M − 1) switches are required.

To realize the dynamic grouping, when cells m and n, m < n, are in the same group, the

(m,n)-th, (m,M + n)-th, (n,M +m)-th, and (M +m,M + n)-th switches are turned ON and

the corresponding activated impedance components are tuned by the controller based on CSI,
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Table 3.1: Twelve Cases of Beyond Diagonal RIS

Architectures
Modes

Reflective Transmissive Hybrid

CW-SC |φr,m| = 1, ∀m ∈ M |φt,m| = 1, ∀m ∈ M |φr,m|2 + |φt,m|2 = 1, ∀m ∈ M
CW-GC ΦHr,gΦr,g = IM̄ , ∀g ∈ G ΦHt,gΦt,g = IM̄ , ∀g ∈ G ΦHr,gΦr,g + ΦHt,gΦt,g = IM̄ , ∀g ∈ G
CW-FC ΦHr Φr = IM ΦHt Φt = IM ΦHr Φr + ΦHt Φt = IM

CW-DGC ΦHr,DgΦr,Dg = I|Dg|, ∀g ∈ G ΦHt,DgΦt,Dg = I|Dg|, ∀g ∈ G ΦHr,DgΦr,Dg + ΦHt,DgΦt,Dg = I|Dg|, ∀g ∈ G

which is obtained based on the channel estimation.

We should highlight that, although the number of connected links, referring to the number of

connections between every two ports, of the impedance-switch network as illustrated in Fig. 3.5

scales with M2, the activated links, referring to the connections where the switches are turned

ON with given CSI and G, of the CW-DGC architecture could be much smaller than the total

number of connected links. Based on the above implementation, with a given number of groups

G, the number of activated links for CW-DGC BD-RIS is
∑G

g=1 |Dg|(2|Dg|+1). Meanwhile, the

impedance-switch network is a general framework, which enables CW-FC/GC/SC architectures.

Specifically, the CW-FC architecture is realized when all switches are turned ON, while the

CW-SC architecture is realized when all switches are turned OFF. This finding indicates that

different architectures of BD-RIS could share the same realization, which is preferable for the

implementation of BD-RIS in practice.

3.2.2 Mode Analysis

According to the proportion of energy split for reflection and transmission, the BD-RIS is able

to realize the following three different modes [72]:

Reflective Mode: The BD-RIS only reflects signals towards the same side as the transmitter,

i.e., Φt = 0M×M , ΦH
r Φr = IM .

Transmissive Mode: Incident signals penetrate the BD-RIS, i.e., Φr = 0M×M , ΦH
t Φt = IM .

Hybrid Reflective and Transmissive Mode: Incident signals can both reflect from and

transmit through the BD-RIS, which leads to a dual function of reflection and transmission6,

i.e., Φr 6= 0M×M , Φt 6= 0M×M , ΦH
r Φr + ΦH

t Φt = IM .

3.2.3 Unified Architecture and Mode

Combining four different BD-RIS architectures and three modes, there are in total twelve cases.

For clarity, the BD-RIS models for the twelve cases are summarized in Table 3.1. In [55], an

6Note that reflective/transmissive mode only is the special case of the hybrid transmissive and reflective
mode, and the hybrid mode can efficiently utilize the resources.
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Figure 3.6: (a) 2-cell CW-SC BD-RIS and (b) 4-element group-connected RIS.

M -element RIS is modeled as M antennas connected to an M -port reconfigurable impedance

network. In this work, we further generalize the RIS model by modeling an M -cell RIS as

2M antennas connected to a 2M -port network. Namely, each RIS “element” in [55] contains

a single antenna, while each RIS “cell” in this work contains two back to back placed uni-

directional antennas, which can support reflective and transmissive modes. Particularly, when

the RIS works in the reflective mode, our proposed model boils down to the model in [55], as

shown in the first row (starting from “Reflective”) of Table 3.1. In this sense, prior works on

conventional RIS [8–21] is a subset of group/fully-connected RIS [55] and also a special case

of our model as summarized in Table 3.1. Meanwhile, STAR-RIS/IOS, which is essentially the

CW-SC hybrid BD-RIS as shown in Table 3.1, is a particular instance of the proposed model

when there are no inter-cell connections. More importantly, we go beyond the architecture of

STAR-RIS/IOS and propose more general and flexible CW-GC/DGC/FC architectures. The

proposed architectures are built on the multi-port reconfigurable impedance network [55], which

cannot be derived based on the modeling of STAR-RIS/IOS [72–74] due to the lack of a rigorous

analysis using network theory.

Given that the RIS can be generally modeled as multiple antennas connected to a multi-port

reconfigurable impedance network, the circuit topology of the reconfigurable impedance network

in STAR-RIS is essentially the same as that in the group-connected RIS with group size 2 [55].

To facilitate understanding, we provide a simple example in Fig. 3.6 to show the equivalence in

terms of circuit topologies between the CW-SC 2-cell BD-RIS and group-connected 4-elements

BD-RIS with group size 2. The difference is that all the antennas of the group-connected

BD-RIS with group size 2 are placed in the same direction, while antennas of the CW-SC

BD-RIS are divided into two sectors and back to back placed. Therefore, intra-cell connection

together with the antenna arrangements supports “modes” while inter-cell connection refers to

the “architectures” among different cells.

In the following section, we will focus on the beamforming design for an BD-RIS-aided wireless
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communication system to investigate and compare the twelve cases of BD-RIS.

3.3 Beamforming Design

3.3.1 Problem Formulation

We consider an RIS-aided MU-MISO system with an N -antenna base station (BS), an M -cell

BD-RIS, and K single-antenna users (including Kr reflective users and Kt transmissive ones)

based on Section 3.1. In this section, we have the following assumptions: 1) We assume direct

links between the BS and users are blocked so that there are only BS-RIS-user links7. 2) We

assume exact and instantaneous channel state information (CSI) is available at the BS, and our

proposed design provides an upper bound on the performance of practical systems. Note that

here we assume each user has one antenna to simplify the receiver design, while the following

model can be readily generalized to scenarios where users have multiple antennas.

Let s , [s1, . . . , sK ]T ∈ CK×1 be the transmit symbol vector, E{ssH} = IK . Transmit symbols

are first precoded at the BS by a precoder matrix W , [w1, . . . ,wK ] ∈ CN×K , where wk ∈ CN×1

is the precoding vector for user k, ∀k ∈ K. Then they are up-converted to the radio frequency

(RF) domain via N RF chains. After propagating through the RIS-aided channels, signals are

corrupted by additive Gaussian white noise (AGWN). The received signal for each user is

yk =hkΦiGwksk + hkΦiG
∑

p∈K,p 6=k

wpsp + nk, ∀i ∈ {t, r}, ∀k ∈ Ki, (3.13)

where hk ∈ C1×M denotes the channel vector between the RIS and user k, and nk ∼ CN (0, σ2
k)

denotes the AGWN, ∀k ∈ K.

Define h̃k , hkΦiG, ∀i ∈ {t, r}, ∀k ∈ Ki. Then the signal-to-interference-plus-noise ratio

(SINR) for each user can be calculated as

γk =
|h̃kwk|2∑

p∈K,p 6=k |h̃kwp|2 + σ2
k

, ∀i ∈ {t, r}, ∀k ∈ Ki. (3.14)

Our goal is to jointly design the transmit precoder and BD-RIS matrix to maximize the sum-

rate for the MU-MISO system, subject to power constraint and the BD-RIS constraint shown

7Herein we ignore direct links for simplicity. However, our proposed algorithms still work if the direct link
exists.
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in Table 3.1. Therefore, the problem is formulated as

max
W,Φt,Φr

Fo(W,Φt,Φr) =
∑
k∈K

log2(1 + γk) (3.15a)

s.t. Φt and Φr satisfy Table 3.1, (3.15b)

‖W‖2
F ≤ P, (3.15c)

where P is the total transmit power at the BS. Problem (3.15) is difficult to solve due to the

complex form of the objective and the non-convex constraints of the BD-RIS. To tackle this

difficulty, in the following subsections, we attempt to first transform problem (3.15) into a more

tractable multi-variable/block optimization based on fractional programming theory reviewed

in Section 2.2.1 and then iteratively cope with each block.

3.3.2 Joint Design Framework

We start by taking γk, ∀k ∈ K out of the log(·) function in Fo(W,Φt,Φr). Based on the

Lagrangian Dual Transform [83], [84], Fo(W,Φt,Φr) can be equivalently transformed into:

Fι(W,Φt,Φr, ι) =
∑
k∈K

(
log2(1 + ιk)− ιk +

(1 + ιk)|h̃kwk|2∑
p∈K |h̃kwp|2 + σ2

k

)
, (3.16)

where ι , [ι1, . . . , ιK ]T ∈ RK×1 is an auxiliary vector. It can be seen from (3.16) that we

remove the original fractional terms in the log(·) function of Fo(W,Φt,Φr), but introduce a

summation of new fractional terms. The main difference is that these new fractional terms

are independent of the log(·) function and thus more tractable. Then we can apply Corollary

2.2 to transform these fractional parts into integral expressions and reformulate the objective

function Fι(W,Φt,Φr, ι) as:

Fτ (W,Φt,Φr, ι, τ ) =
∑
k∈K

(
log2(1 + ιk)− ιk + 2

√
1 + ιk<{τ ∗k h̃kwk}

− |τk|2
(∑
p∈K

|h̃kwp|2 + σ2
k

))
,

(3.17)

where τ , [τ1, . . . , τK ]T ∈ CK×1 denotes another auxiliary vector.

Now with newly introduced two auxiliary vectors ι and τ to tackle with the original frac-

tional terms, the original problem (3.15) can be transformed into the following typical multi-
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Algorithm 1 Joint Transmit Precoder and BD-RIS Design

Require: hi,k, ∀i ∈ {t, r}, ∀k ∈ Ki, G, P .
Ensure: Φ?

t , Φ?
r , W?.

1: Initialize Φt, Φr, W, D1, . . . ,DG.
2: while no convergence of objective (3.15a) do
3: Update ι? by (3.19).
4: Update τ ? by (3.20).
5: Update W? by (3.22).
6: Update Φ?

t/r by solving problem (3.23).
7: end while
8: Return Φ?

t/r, W?.

variable/block problem:

max
W,Φt,Φr,ι,τ

Fτ (W,Φt,Φr, ι, τ ) (3.18a)

s.t. (3.15b), (3.15c). (3.18b)

A well-known direction to solve problem (3.18) is to apply the block coordinate descent (BCD)

iterative algorithms [93]. Given appropriate initial values of W and Φt/r, we iteratively update

the above blocks until convergence. The proposed joint design framework is summarized in

Algorithm 1. We will next decompose problem (3.18) into several sub-problems in an iterative

manner and discuss the solution for each block in detail. Specifically, solutions to two auxiliary

vectors, i.e., blocks ι and τ , will be presented in (3.19) and (3.20). Then, the solution to the

transmit precoder, i.e., block W, will be provided in (3.22). Finally, three solutions to the

BD-RIS beamformer, i.e., block {Φt,Φr}, will be proposed.

Solution to Auxiliary Vectors: Blocks ι and τ . When W, Φt, Φr, and τ (or ι) are

fixed, the sub-problem with respect to ι (or τ ) is an unconstrained convex optimization, whose

solution can be easily derived by setting ∂Fτ (W,Φt,Φr,ι,τ )
∂ι

= 0 (or ∂Fτ (W,Φt,Φr,ι,τ )
∂τ

= 0). Then we

can obtain the following optimal solutions for each auxiliary variables ιk and τk as:

ι?k = γk, ∀k ∈ K, (3.19)

τ ?k =

√
1 + ιkh̃kwk∑

p∈K |h̃kwp|2 + σ2
k

, ∀k ∈ K. (3.20)

Solution to the Transmit Precoder: Block W. With given Φt, Φr, τ , and ι, the sub-

problem with respect to W is given by:

max
W

∑
k∈K

(
2
√

1 + ιk<{ḧkwk} −wH
k

(∑
p∈K

ḧHp ḧp

)
wk

)
(3.21a)

s.t. ‖W‖2
F ≤ P, (3.21b)
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where ḧk , τ ∗k h̃k, ∀k ∈ K. Since both the objective function and the constraint of problem

(3.21) are convex, we can check the KKT conditions as illustrated in Section 2.2.2 to find its

optimal solution. To do so, we adopt the Lagrange multiplier method and introduce a multiplier

λ ≥ 0 for the power constraint (3.21b). Then by checking the first-order optimum condition,

we can obtain the optimal solution of precoder W:

w?
k =

(∑
p∈K

ḧHp ḧp + λ?IN

)−1

×
√

1 + ιkḧ
H
k , ∀k ∈ K, (3.22)

where λ? can be obtained by a simple bisection search.

Solution to BD-RIS Matrix: Block {Φt,Φr}. When W, τ , and ι are determined, the

sub-problem with respect to Φt and Φr is written as

max
Φt,Φr

∑
i∈{t,r}

∑
k∈Ki

(
2<{τ̃ ∗khkΦigk} − |τk|2

∑
p∈K

|hkΦigp|2
)

(3.23a)

s.t. Φt and Φr satisfy Table 3.1, (3.23b)

where τ̃k =
√

1 + ιkτk, gk , Gwk, ∀k ∈ K. It can be easily observed from Table 3.1 that both

CW-SC and CW-FC architectures are special cases of the CW-GC architecture. Therefore, we

will first provide a general solution for the CW-GC case, which can easily boil down to other

two cases, and then propose an efficient algorithm for the CW-SC case to further reduce the

complexity. Finally, we will propose a heuristic solution for the CW-DGC case.

1) A General Solution for CW-GC BD-RIS: Problem (3.23) can be written as

max
Φt,Φr

∑
i∈{t,r}

(
2<{Tr(ΦiXi)} − Tr(ΦiYΦH

i Zi)
)

(3.24a)

s.t. ΦH
t,gΦt,g + ΦH

r,gΦr,g = IM̄ , ∀g ∈ G, (3.24b)

Φi = blkdiag(Φi,1, . . . ,Φi,G), ∀i ∈ {t, r}, (3.24c)

where Xi ∈ CM×M , Y ∈ CM×M , and Zi ∈ CM×M are respectively defined as Xi ,
∑

k∈Ki τ̃
∗
kgkhk,

Y ,
∑

p∈K gpg
H
p , and Zi ,

∑
k∈Ki |τk|

2hHk hk, ∀i ∈ {t, r}. It is worth noting that there are

quadratic terms in problem (3.24), which makes different groups of Φt/r,g mingle with each

other. To efficiently solve this problem, we attempt to split out one pair Φt,g and Φr,g for group

g from the objective function (3.24a) with fixed other pairs. This leads to∑
i∈{t,r}

(
2<{Tr(ΦiXi)} − Tr(ΦiYΦH

i Zi)
)

=
∑
i∈{t,r}

(
2

G∑
q=1

<{Tr(Φi,qXi,q)} − Tr

(
G∑
p=1

Φi,p

G∑
q=1

Yp,qΦ
H
i,qZi,q,p

))
,

(3.25)
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where Xi,q = [Xi](q−1)M̄+1:qM̄,(q−1)M̄+1:qM̄ ∈ CM̄×M̄ , Yp,q = [Y](p−1)M̄+1:pM̄,(q−1)M̄+1:qM̄ ∈ CM̄×M̄ ,

and Zi,q,p = [Zi](q−1)M̄+1:qM̄,(p−1)M̄+1:pM̄ ∈ CM̄×M̄ , ∀p, q ∈ G. Then, when we focus on one pair

Φt,g and Φr,g with fixed other pairs, the corresponding sub-objective function is:

Fg(Φt,g,Φr,g) =
∑
i∈{t,r}

(
Tr(Φi,gYg,gΦ

H
i,gZi,g,g)− 2<

{
Tr
(
Φi,g

(
Xi,g −

∑
p 6=g

Yg,pΦ
H
i,pZi,p,g︸ ︷︷ ︸

=X̃i,g

))})
.

(3.26)

Define Φg , [ΦH
t,g,Φ

H
r,g]

H ∈ C2M̄×M̄ , X̃g , [X̃t,g, X̃r,g] ∈ CM̄×2M̄ , Zg , blkdiag(Zt,g,g,Zr,g,g) ∈
C2M̄×2M̄ . Then the sub-problem with respect to Φg is:

min
Φg

F̃g(Φg) = Tr(ΦgYg,gΦ
H
g Zg − 2<{ΦgX̃g}) (3.27a)

s.t. ΦH
g Φg = IM̄ , ∀g ∈ G. (3.27b)

The main challenge of solving problem (3.27) is the unitary constraint (3.27b). One possible

solution is to do some relaxations and solve the relaxed problem. However, it is inevitable that

there will be performance loss since the result is not based on the original problem. Moreover,

when the value of Φg is not that “good”, the convergence of the overall BCD procedure might

not be guaranteed. In order to get a “good” solution of problem (3.27), we adopt a manifold

algorithm [87] as reviewed in Section 2.2.3. In the following we will introduce the procedure of

the manifold algorithm by applying the Conjugate-Gradient method.

Manifold Construction: Constraint (3.27b) forms a 2M̄2-dimensional complex Stiefel manifold

[88], as explained in Definition 2.1, i.e.,

Mcst,g = {Φg ∈ C2M̄×M̄ : ΦH
g Φg = IM̄}, ∀g ∈ G, (3.28)

and then problem (3.27) becomes an unconstrained optimization on the Stiefel manifold, i.e.,

Φ?
g = arg min

Φg∈Mcst,g

F̃g(Φg), ∀g ∈ G. (3.29)

The tangent space of the manifold (3.28) at point Φg, as explained in Definition 2.2, is thus

given as

TΦgMcst,g = {Tg ∈ C2M̄×M̄ : <{ΦH
g Tg} = 0M̄×M̄}, ∀g ∈ G. (3.30)

Riemannian Gradient: In the Conjugate-Gradient method, the Euclidean gradient is required

to calculate the Riemannian gradient as explained in Definition 2.3. Therefore, we first calculate

the Euclidean gradient of F̃g(Φg) as

OF̃g(Φg) = 2ZgΦgYg − 2X̃H
g , ∀g ∈ G. (3.31)
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Then the Riemannian gradient can be calculated by projecting the Euclidean gradient onto the

tangent space [87]:

OMcst,g F̃g(Φg) = PrΦg(OF̃g(Φg)) = OF̃g(Φg)−Φgchdiag(ΦH
g OF̃g(Φg)), ∀g ∈ G, (3.32)

where PrΦg(·) denotes the projection function, and chdiag(·) chooses all diagonal elements of a

matrix to construct a diagonal matrix. Now we can apply the Conjugate-Gradient method. At

the o-th iteration of the Conjugate-Gradient method, we successively do the following steps:

Step 1: Find the descent direction:

Ξo
g = −OMcst,g F̃g(Φ

o
g) + µogPrΦo

g
(Ξo−1

g ), ∀g ∈ G, (3.33)

where µog denotes the Conjugate-Gradient update parameter. There are many choices

for updating this parameter, e.g., Fletcher-Reeves formula, Polak-Ribière formula, and

Hestenes-Stiefel formula [89]. Here we adopt a Riemannian version of the Polak-Ribière

formula, which is given by

µog =
<
{
Tr
(

[OMcst,g F̃g(Φ
o
g)]

H
[
OMcst,g F̃g(Φ

o
g)− PrΦo

g
(OMcst,g F̃g(Φ

o−1
g ))

])}
Tr
(

[OMcst,g F̃g(Φ
o−1
g )]HOMcst,g F̃g(Φ

o−1
g )

) , ∀g ∈ G.

(3.34)

Step 2: Perform a retraction [87]:

Φv+1
g = RetrΦv

g
(δogΞ

o
g) = (Φv

g + δogΞ
o
g)(IM̄ + (δog)

2(Ξo
g)
HΞo

g)
−1/2, ∀g ∈ G, (3.35)

where δog is the step size and can be searched by backtracking algorithms [87]. In

addition, RetrΦo
g
(·) denotes the retraction function which maps a point in the tangent

space into the manifold.

Now with proper initial values, the (at least local) optimal Φ?
g, ∀g can be obtained by iteratively

updating δo−1
g , Φo

g, µ
o
g, and Ξo

g until convergence. After solving problem (3.27) for all groups,

the optimal reflective and transmissive matrices for each group can be split from Φ?
g, i.e.,

Φ?
t,g = [Φ?

g]1:M̄,:, Φ?
r,g = [Φ?

g]M̄+1:2M̄,:, ∀g ∈ G. (3.36)

The procedure of the above BD-RIS matrix design is summarized in Algorithm 2. This design

is also suitable for BD-RIS with CW-FC and CW-SC architectures.

Case 1: For the CW-FC case (G = 1), problem (3.23) can be rewritten as the following form:

min
Φ̄

Tr(Φ̄YΦ̄HZ)− 2<{Tr(Φ̄X)} s.t. Φ̄HΦ̄ = IM , (3.37)
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Algorithm 2 General Solution for CW-GC BD-RIS

Require: hi,k, ∀i ∈ {t, r}, ∀k ∈ Ki, G, ι, τ , W, Φt, Φr, G.
Ensure: Φ?

t , Φ?
r .

1: Calculate Xt/r, Y, Zt/r.
2: Initialize Φ0 = [ΦH

t ,Φ
H
r ]H .

3: Initialize Ξ0
g = −OMg f̃g(Φ

0
g), ∀g ∈ G.

4: while no convergence of Φt, Φr do
5: for g = 1 : G do
6: Set v = 0.
7: while no convergence of ‖OMg f̃g(Φ

v
g)‖F do

8: v = v + 1.
9: Calculate δv−1

g by backtracking algorithms [87].
10: Update Φv

g by (3.35).
11: Update µvg by (3.34).
12: Update Ξv

g by (3.33).
13: end while
14: Obtain Φ?

g = Φv+1
g and Φ?

t/r,g by (3.36).
15: end for
16: end while
17: Return Φ?

t/r by (3.9).

with Φ̄ , [ΦH
t ,Φ

H
r ]H ∈ C2M×M , X , [Xt,Xr] ∈ CM×2M , Z , blkdiag(Zt,Zr) ∈

C2M×2M , which can be solved by steps 6-15 in Algorithm 2.

Case 2: CW-SC BD-RIS matrix can be directly determined by Algorithm 2 with G = M . How-

ever, CW-SC RIS has a friendly characteristic, i.e., Φt/r are diagonal matrices, which

can facilitate the design and thus motivates us to develop a more efficient algorithm.

2) An Efficient Solution for CW-SC BD-RIS: In this case, each non-zero element of Φt/r can

be modeled as φt/r,m =
√
αt/r,me

θt/r,m , θt/r,m ∈ [0, 2π), αt,m + αr,m = 1, ∀m ∈ M [73]. Define

φi , [φi,1, . . . , φi,M ]T , and vk,p , (hkdiag(gp))
H , ∀p ∈ K, ∀k ∈ Ki, ∀i ∈ {t, r}. Problem (3.23)

can be rewritten as

max
φt,φr

∑
i∈{t,r}

(
2<{ṽHi φi} − φHi Viφi

)
s.t. |φt,m|2 + |φr,m|2 = 1, ∀m ∈M, (3.38)

with Vi ,
∑

k∈Ki |τk|
2
∑

p∈K vk,pv
H
k,p, and ṽi ,

∑
k∈Ki

√
1 + ιkvk,kτk, ∀i ∈ {t, r}. We split the

objective and focus on the design for one pair, i.e., φt,m, φr,m, while fixing the others. Therefore,

the sub-objective for φt,m, and φr,m is given by

∑
i∈{t,r}

(
[Vi]m,m|φi,m|2 + 2<

{(∑
n 6=m

[Vi]m,nφi,n − [ṽi]m

)
︸ ︷︷ ︸

=χi,m

φ∗i,m

})
.

(3.39)
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Recall φi,m =
√
αi,me

θi,m , ∀i ∈ {t, r}, ∀m ∈M, the sub-problem for φt,m, and φr,m is

min
αt,m,αr,m

θt,m,θr,m

∑
i∈{t,r}

(
[Vi]m,mαi,m + 2|χi,m|

√
αi,m cos(∠χi,m − θi,m)

)
(3.40a)

s.t. αt,m + αr,m = 1, (3.40b)

θt,m ∈ [0, 2π), θr,m ∈ [0, 2π). (3.40c)

Phase Shift: From problem (3.40) we can observe that the phase shifts θt/r,m and amplitudes

αt/r,m can be separately determined. Therefore, we first directly let the term cos(∠χi,m−θi,m) =

−1 to minimize the objective function. Then we can determine the optimal phase shifts:

θ?i,m =

∠χi,m + π, ∠χi,m ∈ [0, π),

∠χi,m − π, ∠χi,m ∈ [π, 2π),
∀i ∈ {t, r}, ∀m ∈M. (3.41)

Amplitude: With optimal phase shifts, objective (3.40a) becomes a real-value optimization and

problem (3.40) can be formulated as a function of αt,m:

min
αt,m

υmαt,m − 2|χt,m|
√
αt,m − 2|χr,m|

√
1− αt,m s.t. αt,m ∈ (0, 1), (3.42)

where υm = [Vt]m,m − [Vr]m,m, ∀m ∈M.

Proposition 3.1. The objective function in (3.42) is a convex function within αt,m ∈ (0, 1).

Proof. Please refer to Appendix A.

Proposition 3.1 indicates that the minimum of (3.42) is achieved at the minimum point, which

can be efficiently found by one-dimensional search methods, e.g., golden-section search.

After solving problem (3.42) and getting the optimal amplitude α?t,m, we can obtain φ?t/r,m as:

φ?t,m =
√
α?t,me

θ?t,m , φ?r,m =
√

1− α?t,meθ
?
r,m , ∀m ∈M. (3.43)

The details of the single-connected RIS beamforming design are summarized in Algorithm 3.

3) A Heuristic Solution for CW-DGC BD-RIS: In this case, the objective function with respect
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Algorithm 3 Efficient Solution for CW-SC BD-RIS

Require: hi,k, ∀i ∈ {t, r}, ∀k ∈ Ki, G, ι, τ , W, Φt, Φr.
Ensure: Φ?

t , Φ?
r .

1: Calculate Vt/r and ṽt/r.
2: while no convergence of Φt, Φr do
3: for m = 1 : M do
4: Update θ?t/r,m by (3.41).
5: Update α?t,m by golden-section search.
6: Calculate φ?t/r,m by (3.43).
7: end for
8: end while
9: Return Φ?

t/r = diag(φ?t/r,M , . . . , φ
?
t/r,M).

to Φt and Φr is∑
i∈{t,r}

(
Tr(ΦiYΦH

i Zi)− 2<{Tr(ΦiXi)}
)

(3.44a)

(a)
=
∑
i∈{t,r}

∑
g∈G

(
Tr(Φi,Dg

∑
p∈G

YDg ,DpΦ
H
i,DpZi,Dp,Dg)− 2<{Tr(Φi,DgXi,Dg)}

)
(3.44b)

(b)
≈
∑
g∈G

∑
i∈{t,r}

(
Tr(Φi,DgYDg ,DgΦ

H
i,DgZi,Dg ,Dg)− 2<{Tr(Φi,DgXi,Dg)}

)
(3.44c)

=
∑
g∈G

F̄g(Φt,Dg ,Φr,Dg), (3.44d)

where (a) holds by defining matrices Xi,Dg , YDp,Dg and Zi,Dp,Dg , ∀g ∈ G, ∀i ∈ {t, r}, which

are sub-matrices selecting rows and columns according to Dg from Xi, and selecting rows

according to Dp and columns according to Dg from Y and Zi, ∀i ∈ {t, r}, respectively;

(b) holds by the finding (based on large amount of simulations) that the value of the term∑
p 6=g YDg ,DpΦ

H
i,DpZi,Dp,Dg is negligible compared to Xi,Dg due to the severe double fading of

the cascaded BS-RIS-user channels. This approximation generally holds true for Rician fading

channels with around 10% difference between the original objective (3.44a) and the approxi-

mated objective (3.44d). Based on the above derivations, the sub-problem with respect to Φt

and Φr is

min
Dg ,∀g∈G

Φt,Dg ,Φr,Dg ,∀g∈G

∑
g∈G

F̄g(Φt,Dg ,Φr,Dg) s.t. (3.11), (3.12). (3.45)

Problem (3.45) is still difficult to solve due to the coupling of grouping D1, . . . ,DG and non-zero

parts of the BD-RIS matrices Φt/r,Dg , ∀g ∈ G. To further simplify the design, we propose to

iteratively8 update Dg, ∀g ∈ G and Φt/r,Dg , ∀g ∈ G, until the convergence is achieved.

8Note that the initialization of the dynamic grouping subsets, the BD-RIS matrices and the transmit precoder
is required. For simplicity, we initialize dynamic grouping sets as Dg = Gg, ∀g ∈ G, the BD-RIS matrices as
diagonal ones with non-zero entries having constant magnitude 1√

2
and random phase, and the transmit precoder

as zero-forcing precoder.
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Specifically, when BD-RIS matrices are fixed, the grouping problem is

min
Dg ,∀g∈G

∑
g∈G

F̄g(Φt,Dg ,Φr,Dg) s.t. (3.11). (3.46)

We propose a simple yet practical iterative algorithm to solve the grouping problem. Given a

proper initialization of D1, . . . ,DG, we aim to successively determine which group each RIS cell

should belong to based on the following steps.

Step 1: For cell m, ∀m ∈M, we first check which group this cell belongs to and tag the exact

position as gtag. To guarantee each group contains at least one BD-RIS cell, we check

the size of Dgtag . When |Dgtag | > 1, the following Steps 2-4 are executed.

Step 2: We calculate the value of objective (3.46), which is marked as ¯̄Fm,g, when cell m is

either in group gtag, i.e., g = gtag or moved to other G − 1 groups, i.e., g 6= gtag,

according to (3.47):

¯̄Fm,g =


∑

p∈G F̄p(Φt,Dp ,Φr,Dp), g = gtag,

F̄gtag(Φt,D̃mgtag
,Φr,D̃mgtag

) + F̄g(Φt,D̂mg
,Φr,D̂mg

)

+
∑

p∈G,p 6=g
p 6=gtag

F̄p(Φt,Dp ,Φr,Dp), g 6= gtag,

(3.47)

where D̃mgtag
= Dgtag \ {m}, D̂mg = Dg ∪ {m}.

Step 3: Among all f̄m,g, ∀g ∈ G, we find the index with the minimum value, i.e.,

g?m = arg min
g

¯̄Fm,g. (3.48)

Step 4: When g?m 6= gtag, we update the corresponding dynamic subsets as

Dg?m = Dg?m ∪ {m}, Dgtag = Dgtag \ {m}. (3.49)

Successively updating positions of all M RIS cells gives dynamic grouping subsets D1, . . . ,DG.

With fixed grouping subsets, the BD-RIS matrix design problem for each group is separated,

which is given by

min
ΦDg

Tr(ΦDgYDg ,DgΦ
H
DgZDg)− 2<{Tr(ΦDgXDg)} (3.50a)

s.t. ΦH
DgΦDg = I|Dg |, (3.50b)

where the fresh notations are respectively defined as ΦDg , [ΦH
t,Dg ,Φ

H
r,Dg ]

H ∈ C2|Dg |×|Dg |, XDg ,

[Xt,Dg ,Xr,Dg ] ∈ C|Dg |×2|Dg |, and ZDg , blkdiag(Zt,Dg ,Dg ,Zr,Dg ,Dg) ∈ C2|Dg |×2|Dg |. Problem (3.50)

has the same form as (3.37), which can be solved by steps 6-15 in Algorithm 2.
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Algorithm 4 Heuristic Solution for CW-DGC BD-RIS

Require: hk, ∀k ∈ K, G, ι, τ , W, Φt, Φr, D1, . . . ,DG.
Ensure: Φ?

t , Φ?
r .

1: Calculate Xt/r, Y, Zt/r.
2: while no convergence of objective (3.44d) do
3: for m = 1 : M do
4: Find m ∈ Dg and set gtag = g.
5: if |Dg| > 1 then
6: Calculate f̄m,g, ∀g by (3.47).
7: Find g?m by solving g?m = arg ming f̄m,g.
8: if g?m 6= gtag then
9: Update Dg?m = Dg?m ∪ {m} and Dgtag = Dgtag \ {m}.

10: end if
11: end if
12: end for
13: Set Φt = 0, Φr = 0.
14: for g = 1 : G do
15: Split XDg , YDg ,Dg , ZDg and solve problem (3.50) by Algorithm 2.
16: Obtain Φ?

t,Dg and Φ?
r,Dg by (3.51), and restore Φ?

t and Φ?
r by (3.52).

17: end for
18: end while
19: Return Φ?

t , Φ?
r .

After solving (3.50), BD-RIS matrices for each group are given by

Φ?
t,Dg = [Φ?

Dg ]1:|D?g |,:, ∀g ∈ G, Φ?
r,Dg = [Φ?

Dg ]|D?g |+1:2|D?g |,:, ∀g ∈ G. (3.51)

With Φ?
t,Dg and Φ?

r,Dg , ∀g ∈ G, we need to perform a restoring operation to get the original Φ?
t

and Φ?
r . To this end, we introduce G vectors dg ∈ R|Dg |, ∀g ∈ G, which list the indexes in Dg

in ascending order. Then we have

[Φ?
t ]dTg ,dTg = Φ?

t,Dg , [Φ
?
r ]dTg ,dTg = Φ?

r,Dg , ∀g ∈ G. (3.52)

After iteratively updating grouping subsets and BD-RIS matrices until some convergence thresh-

olds are achieved, we can get D?1, . . . ,D?G and corresponding BD-RIS matrices. For clarity, the

CW-DGC BD-RIS design is summarized in Algorithm 4.

3.3.3 Analysis

Initialization: Choosing an appropriate initialization of BD-RIS coefficients Φt, Φr and trans-

mit beamformer W is important for the proposed algorithm. Unfortunately, it is not that easy

to quickly find different and good initial values of Φt, Φr satisfying different modes/connections.

Therefore, we simply adopt CW-SC cases and assume initial Φt, Φr are all diagonal matrices,
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i.e., Φt/r = diag(φt/r,1, . . . , φt/r,M). Each non-zero element has constant amplitude 1√
2

and

random phase shift within the range [0, 2π).

Then with the above initial BD-RIS coefficients, we use a typical minimum mean square error

(MMSE) precoder to initialize W, which is given by

W̃ = (GHΦHHHHΦG + σ2IN)−1GHΦHHH , (3.53)

where Φ = [ΦH
t ,Φ

H
r ]H , H = blkdiag(Ht,Hr) with Ht/r = [ht/r,1; . . . ; ht/r,Kt/r

], σi,k = σ,

∀i ∈ {t, r}, ∀k ∈ Ki. Finally, an additional normalization is performed to satisfy the power

constraint, i.e., W =
√
PW̃
‖W̃‖F

.

Complexity Analysis: We provide a broad complexity analysis for algorithms proposed in

the previous section. Four blocks are iteratively updated to find a convergent solution. In

each iteration, updating blocks ι and τ require O{K2M2} operations; updating block W has

a complexity of approximately O{K(M2 + IbsN
3)}, where Ibs is the number of iterations for

bisection search. The complexity of the proposed two algorithms for designing block Φt, Φr

will be discussed as follows.

1) The General Solution for CW-GC BD-RIS: As summarized in Algorithm 2, the optimization

of CW-GC BD-RIS is based on an iterative design. In each iteration, the objective is divided

into G sub-problems, each of which is solved by a manifold version of the CG method (steps 7-13

in Algorithm 2) with complexity O{IcgM̄
3}, where Icg denotes the number of iterations for the

conjugate-gradient method. Therefore, calculating CW-GC BD-RIS requires O{IgcIcgGM̄
3}

operations, where Igc denotes the number of iterations for Algorithm 2. The overall complexity

is O{I(K2M2 +IbsKN
3 +IgcIcgGM̄

3)}, where I denotes the number of iterations in Algorithm

1. Since CW-FC and CW-SC BD-RIS are special cases of CW-GC ones, we can easily derive

the corresponding complexity as follows:

Case 1: For the CW-FC case, i.e., G = 1, there is no need to do iterations for BD-RIS design

so that the complexity of updating BD-RIS beamformer is O{IcgM
3}. The overall

complexity is thus O{I(K2M2 + IbsKN
3 + IcgM

3)}.

Case 2: For the CW-SC case, i.e., G = M , optimizing BD-RIS requires O{IgcIcgM}. And the

overall complexity is O{I(K2M2 + IbsKN
3 + IgcIcgM)}.

2) The Efficient Solution for CW-SC BD-RIS: Updating {Φt,Φr} by Algorithm 3 requires

O{IscM} operations, where Isc denotes the number of iterations. Thus, the overall complexity

is O{I(K2M2 + IbsKN
3 + IscM)}.

3) The Heuristic Solution for CW-DGC BD-RIS: The computational complexity of the pro-

posed dynamic grouping optimization mainly comes from the matrix multiplication, which

requires around O(
∑G

g=1 |Dg|2.37), yielding a worst-case total complexity O(M
∑G

g=1 |Dg|2.37).



3.4. Performance Evaluation 45

Table 3.2: The Circuit Topology Complexity and Overall Optimization Complexity for BD-RIS
with Different Architectures

Architecture
No. of
Groups

Group Size
No. of Non-

Zero Elements
Circuit Topology

Complexity
Optimization Complexity

CW-SC M 1 2M 3M
O{I(K2M2 + IbsKN

3 + IgcIcgM)} by by Alg. 2

O{I(K2M2 + IbsKN
3 + IscM)} by Alg. 3

CW-GC G M̄ 2GM̄2 M(2M̄ + 1) O{I(K2M2 + IbsKN
3 + IgcIcgGM̄

3)}
CW-FC 1 M 2M2 M(2M + 1) O{I(K2M2 + IbsKN

3 + IcgM
3)}

CW-DGC G |Dg |, ∀g ∈ G 2
∑G
g=1 |Dg|

2 2
∑G
g=1 |Dg|(2|Dg | + 1) O{I(K2M2 + IbsKN

3 + Idgc
∑G
g=1 Icg,g |Dg |3)}

dBI dIU

BS Transmissive User Reflective UserRIS

dBI dIU

BS Transmissive User Reflective UserRIS

Figure 3.7: An illustration of the relative position among the BS, RIS, and users.

Meanwhile, the BD-RIS matrix optimization has a complexity O(
∑G

g=1 Icg,g|Dg|3) by Algorithm

2. Thus, the overall complexity is O{I(K2M2 + IbsKN
3 + Idgc

∑G
g=1 Icg,g|Dg|3)}, where Idgc

denotes the number of iterations of Algorithm 4.

To summarize, the group size of the cell-wise group M̄ , the number of cells M , the number

of iterations, and the numbers of transmit antennas and users jointly determine the compu-

tational complexity of the proposed algorithms. Specifically, the complexity of designing the

CW-SC architecture is dominated by the number of iterations; the complexity of designing

the CW-FC architecture is dominated by the number of cells M ; the complexity of design-

ing group-connected architectures depends on the group size. To provide a clear comparison,

we summarize the circuit topology complexity and optimization complexity for different archi-

tectures in Table 3.2, showing that the performance improvement (as illustrated in the next

section) of cell-wise group/fully-connected BD-RIS is at the expense of higher circuit topology

complexity and optimization complexity.

3.4 Performance Evaluation

In this section, we present simulation results to demonstrate the performance of the BD-RIS-

aided MU-MISO system when the BD-RIS has different modes/architectures. We model the

channels from the BS to the RIS and from the RIS to users as a combination of small-scale

and large-scale fading in accordance with existing RIS works [9]. Specifically, the distance-

dependent pathloss model PLi = ζ0(di/d0)−εi , ∀i ∈ {BI, IU} accounts for the large-scale fading
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Figure 3.8: Sum-rate versus transmit power P (N = K = 4, Kt = Kr = 2, M = 32, G = 8).

with ζ0 referring to the signal attenuation at a reference distance d0, dBI and dIU referring to

the distance between the BS and the RIS, and between the RIS and users, and εi, ∀i ∈ {BI, IU}
referring to the path loss exponent. Regarding the small-scale fading, we use both Rayleigh

fading and Rician fading models with κi, ∀i ∈ {BI, IU} referring to the Rician factor. In the

following simulations, we fix the Rician factor for Rician fading channels to κBI = κIU = 5 dB

for BS-RIS and RIS-user links. The signal attenuation is set as ζ0 = −30 dB at a reference

distance d0 = 1 m for all channels. The path loss exponent of BS-RIS and RIS-user channels

are all set as εBI = εIU = 2.2. The noise power at each user is set as σ2
k = −80 dBm, ∀i ∈ {t, r},

∀k ∈ Ki. These parameter settings are typically adopted in sub-6GHz wireless communications.

The relative position among the BS, BD-RIS, and users is shown in Fig. 3.7. In Figs. 3.8 and

3.9, the distance between the BS and the RIS is set as dBI = 50 m, and K users are randomly

located close to the RIS with the same distance dIU = 2.5 m, while in Figs. 3.10 and 3.11, we

set dBI = 100 m and dIU = 10 m. Here we assume the users to be located close to the RIS

based on the results in [7].

Now we examine the sum-rate performance of the BD-RIS-aided MU-MISO system when BD-

RIS has different modes9 and architectures10. Fig. 3.8 shows the sum-rate performance versus

the transmit power. From Fig. 3.8 we can obtain the following conclusions: First, with the

same architecture, the “hybrid” scheme can outperform other modes. For example, for Rician

fading channels, the “hybrid, CW-FC” scheme can achieve around 20% higher sum-rate than

“Transmissive/Reflective, CW-FC” schemes. This is because the hybrid BD-RIS can serve

all the users and flexibly control the signal power split to different users, while part of users

are blocked under other modes. Therefore, the “hybrid” scheme can realize a full-dimensional

service coverage, which indicates that the scope of application for hybrid RISs can be much

9We can easily obtain the RIS beamformer under the reflective (transmissive) mode based on the proposed
algorithms by removing transmissive (reflective) users and forcing Φt (Φr) to zero.

10In the following simulations, CW-SC BD-RIS beamformer is designed by the efficient solution.
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Figure 3.9: Sum-rate versus the number of RIS cells M (N = K = 6, Kt = Kr = 3, G = 8,
P = 5 dBm).

more flexible than “transmissive/reflective” ones. Second, under the same mode, the “full”

scheme always achieves the best sum-rate performance. For example, for Rayleigh fading

channels, the sum-rate of “hybrid, CW-FC” and “hybrid, CW-GC” schemes is around 75%

and 37% higher than that of the “hybrid, CW-SC” scheme. Third, when the transmit power is

relatively small (the sum-rate performance is more related to the BD-RIS matrix than to the

BS precoder), with the same inter-cell architecture, the performance gap between the hybrid

RIS and transmissive/reflective RIS for Rician fading channels is larger than that for Rayleigh

fading channels. It is because in Rician fading channels with strong LoS components, two

separate beams of the hybrid BD-RIS can be “sharper” to finely direct to users from different

sides. Therefore, hybrid RISs are more suitable in Rician fading environments. Fourth, when

RISs are under the same mode (in low transmit power case), the performance gap between

CW-FC/GC RISs and CW-SC ones for Rayleigh fading channels is larger than that for Rician

fading channels. This fact shows that the advantage of CW-FC/GC RIS is more prominent in

Rayleigh fading propagations, therefore confirming results in [55].

Then in Fig. 3.9, we plot sum-rate as a function of the number of cells M . It can be observed

from Fig. 3.9 that the sum-rate for all schemes grows with the increase of M . More importantly,

the slope of the sum-rate-versus-M curve for CW-FC/GC BD-RIS is larger than that for CW-

SC BD-RIS. This phenomenon can be explained by Table 3.2, which demonstrates that the

number of non-zero elements grows in a quadratic manner with increasing M for CW-FC/GC

BD-RIS, but grows linearly for CW-SC case: The more the number of non-zero elements, the

higher the beam control flexibility.

Fig. 3.10 shows a simulation result when BD-RIS has 36 cells (6 × 6 square). Three fixed

grouping strategies, namely “Horizontal”, “Vertical”, and “Interlaced”, are used in the simu-

lation as illustrated in 3.10(a), where cells with the same color belong to the same group. For

comparison, we also add the performance of CW-FC and CW-SC architectures as upper- and
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(a) Three fixed grouping strategies with G = 18 and G = 12
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Figure 3.10: Comparison among different grouping strategies (M = 36, N = K = 6, Kt =
Kr = 3).

lower-bounds, respectively. We plot sum-rate performance achieved by different architectures

of BD-RIS in Fig. 3.10(b). It can be shown that our proposed dynamic grouping strategy out-

performs three CW-GC cases. In addition, there are no obvious performance gaps among three

CW-GC architectures. These two observations can be explained as follows. 1) With Rayleigh

fading channels between the RIS and users and fixed group size, the positional information for

users is not a decisive factor. 2) The change of group size, however, boosts the performance

by adapting to the strength of different channel coefficients. Therefore, we can deduce from

Fig. 3.10 that the performance of CW-GC BD-RIS in this case depends more on the change of

group size than on locations of cells.

Finally, in Fig. 3.1111, we show the sum-rate performance as a function of the number of

groups G. With increasing number of groups, equivalently the decrease of the number of non-

zero elements of the BD-RIS matrix, the performance gap between CW-DGC and CW-GC

architectures becomes larger. For example, the performance achieved by a 36-cell CW-DGC

architecture improves by 12% when G = 12 while by 15% with G = 16; the performance of a

64-cell CW-DGC architecture improves by 13% when G = 16 and by 21% when G = 32. This

fact demonstrates that the benefit of dynamic grouping is much more obvious when the size of

each group is relatively small.

11Given that three fixed grouping strategies have similar performance, in Fig. 3.11 we only plot the horizontal
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Figure 3.11: Sum-rate versus the number of groups G. Left: M = 36; right: M = 64.
(N = K = 6, Kt = Kr = 3, P = 38 dBm)

3.5 Summary

This chapter analyzes and proposes a general BD-RIS-aided communication model unifying

three modes, namely, reflective, transmissive, and hybrid, and three architectures, namely,

CW-SC, CW-GC, and CW-FC architectures, totally twelve cases. Particularly, we first prove

that the STAR-RIS (hybrid CW-SC RIS) is a special case of our proposed model. Then we go

beyond STAR-RIS and propose more flexible CW-GC/FC/DGC architectures.

With the proposed model, we consider the joint transmit precoder and BD-RIS matrix design

to maximize the sum-rate for an RIS-aided MU-MISO system. We first transform the original

problem into a multi-block optimization based on fractional programming theory. For the design

of BD-RIS block, we propose a general algorithm, which is suitable for different architectures,

an efficient algorithm specifically for CW-SC BD-RIS, and a heuristic solution suitable for

CW-DGC BD-RIS.

Finally, we provide a comprehensive comparison for BD-RIS with different modes/architectures.

Simulation results show that under specific parameter settings and channel conditions, CW-FC

and CW-GC hybrid BD-RISs can achieve around 75% and 37% higher sum-rate performance

than CW-SC hybrid BD-RISs. Meanwhile, using CW-FC hybrid BD-RISs can improve the sum-

rate performance by around 20% compared with using CW-FC transmissive/reflective ones. In

addition, with Rayleigh fading channels between the RIS and users, the change of group size

has a greater impact than that of cell locations on the achievable performance.

case, which is marked as “CW-GC”.
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Chapter 4

BD-RIS with Multi-Sector Mode

While the proposed BD-RIS with hybrid mode and different architectures in Chapter 3 achieves

significant performance improvement, it is achieved at the expense of heavily increasing circuit

complexity. This motivates the exploration of different architectures of BD-RIS with different

antenna array arrangements to achieve full-space coverage, enhance performance, and simplify

the circuit design. This chapter thus proposes a new branch of BD-RIS tree in Fig. 1.1,

namely, BD-RIS under multi-sector mode, and provides a thorough analysis from the modeling,

architecture design and mode analysis, to the scaling law and beamforming design. This leads

to the folowing layouts and contributions.

In Section 4.1, a multi-sector BD-RIS has been proposed, which is modeled as a polygon as

shown in Fig. 4.1(a). With full-space coverage, highly directional beams, and adaptive struc-

tures (based on different numbers of sectors), multi-sector BD-RIS can be flexibly deployed

into various situations and is particularly favorable to millimeter wave/Terahertz scenarios and

cell-free networks. The constraints of multi-sector BD-RIS have been derived when its recon-

figurable elements have either continuous amplitudes/phase shifts or discrete values selected

from finite codebooks. The corresponding channel model has also been derived by taking into

account the impact of beamwidth and antenna gain.

In Section 4.2, the scaling law of the received signal power as a function of the number of sectors

for a multi-sector BD-RIS-assisted single user (SU) SISO system has been derived to show the

benefits of using multi-sector BD-RIS.

In Section 4.3, the proposed multi-sector BD-RIS has been applied in MU-MISO systems.

Specifically, efficient algorithms have been proposed to maximize the sum-rate performance of

the multi-sector BD-RIS-assisted MU-MISO system. The closed-form solution of the multi-

sector BD-RIS has been first proposed when its scattering matrix has continuous values. Then,

an efficient algorithm has been proposed to obtain the discrete solution.

In Section 4.4, the sum-rate performance of the multi-sector BD-RIS-aided MU-MISO sys-

51
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tem has been evaluated. Numerical results show that with the same sum-rate performance

requirement, the number of antennas for the whole multi-sector BD-RIS can be reduced by

increasing the number of sectors. In addition, the resolution of the finite codebooks for the

multi-sector BD-RIS with discrete values can be reduced with increasing number of sectors,

which is beneficial for controlling cost for practical RIS realizations.

4.1 Multi-Sector BD-RIS Model

In this section, we propose the multi-sector BD-RIS-assisted communication model based on

[55], [94], and specify the channel model based on antenna theory [77].

We consider a general wireless communication system consisting of an N -antenna transmit-

ter, K multi-antenna users, each of which has Nk antennas, and an M -cell RIS. Denote

N = {1, . . . , N}, K = {1, . . . , K}, and M = {1, . . . ,M} as the set of indices of transmitting

antennas, users, and cells, respectively. Each cell in this RIS consists of L antennas, L ≥ 2.

Particularly, cell m contains antennas belonging to the set Lm = {m,M+m, . . . , (L−1)M+m},
∀m ∈ M. Therefore, the M -cell RIS is modeled as LM antennas connected to an ML-port

passive reconfigurable impedance network1 [55]. By Result 2.1, the channel between the trans-

mitter and user k without mismatching and mutual coupling among antennas is [55]

Hall,k = Hd,k + H̄kΦḠ, ∀k ∈ K, (4.1)

where Hd,k ∈ CNk×N is the channel matrix for the transmitter-user link, H̄k ∈ CNk×LM , ∀k ∈ K
and Ḡ ∈ CLM×N are channel matrices for the transmitter-RIS-user link. Φ ∈ CLM×LM is the

scattering matrix of the LM -port reconfigurable impedance network satisfying [77]

ΦHΦ = ILM , (4.2)

when the LM -port reconfigurable impedance network is lossless. The scattering matrix Φ is

solely used to characterize the reconfigurable impedance network, which is independent of the

characteristics of the antenna array. More details regarding the impact of mutual coupling from

the antenna array can be found in [55], [77].

The channel model (4.1) and the constraint for an M -cell RIS (4.2) are general expressions

regardless of architectures of RIS, spatial arrangements and radiation pattern of RIS antenna

elements. In the following, we will propose a novel multi-sector BD-RIS model and derive corre-

sponding multi-sector BD-RIS-assisted channel model by specifying the spatial arrangement of

RIS antenna elements and the architecture of the RIS. To this end, we first make the following

two assumptions.

1The proposed RIS model in this work is purely passive without power consumption since the reconfigurable
impedance network of the RIS consists of passive circuit components.
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Figure 4.1: (a) A multi-sector BD-RIS with LM uni-directional antennas modeled as an L-
sector polygon. (b) Illustration of cells 1 and 2 taking the first row of the multi-sector BD-RIS
(stretched in a straight line) as an example.

Assumption 4.1. Each antenna of the RIS has a uni-directional radiation pattern with the

same beamwidth 2π
L

.

Assumption 4.2. The L antennas in each cell are respectively placed at the side of the polygon

such that each antenna covers 1
L

space, as illustrated in Fig. 4.1 (a).

Based on Assumptions 4.1 and 4.2, we divide the M -cell RIS into L sectors. Specifically, sector l

covers 1/L space containing M antennas, each of which belongs toMl = {(l−1)M+1, . . . , lM},
∀l ∈ L = {1, . . . , L}. The M -cell RIS is thus modeled as a polygon with L-sectors, which is

referred to as multi-sector BD-RIS as shown in Fig. 4.1(a). For clarity, in Fig. 4.1(b), we

also illustrate the “cell” of the multi-sector BD-RIS, where every L antennas in the set Lm
are connected to an L-port fully-connected reconfigurable impedance network to support the

multi-sector mode.

In this work, we focus on a 2D polygon for illustration and tractability. In Fig. 4.2(a), we

provide a simple example when the multi-sector BD-RIS is modeled as a 2D polygon with 6

sectors. In this case, we assume the multi-sector BD-RIS has a 2D horizontal coverage at the

azimuth plane. However, the concept is also applicable to 3D polygon where antennas are

placed on a “sphere”. For ease of understanding, we provide an example when the multi-sector
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Figure 4.2: Multi-sector BD-RIS modeled as (a) a 2D polygon with 6 sectors and (b) a 3D
polygon with 12 sectors.

BD-RIS is modeled as a 3D polygon with 12 sectors in Fig. 4.2(b). In this case, the multi-sector

BD-RIS enables a 3D full-space coverage.

With Assumptions 4.1 and 4.2, we can partition channel (4.1) as

Hall,k =Hd,k +
[
H̄k,1 H̄k,2 . . . H̄k,L

]


Φ1,1 Φ1,2 · · · Φ1,L

Φ2,1 Φ2,2 · · · Φ2,L

...
...

. . .
...

ΦL,1 ΦL,2 · · · ΦL,L




Ḡ1

Ḡ2

...

ḠL


=Hd,k +

∑
l∈L

∑
l′∈L

H̄k,lΦl,l′Ḡl′ , ∀k ∈ K,

(4.3)

where H̄k,l = [H̄k]:,(l−1)M+1:lM ∈ CNk×M , and Ḡl = [Ḡ](l−1)M+1:lM,: ∈ CM×N , ∀k ∈ K, ∀l ∈ L are

channels between sector l of the multi-sector BD-RIS and user k, and between the transmitter

and sector l, respectively. Φl,l′ = [Φ](l−1)M+1:lM,(l′−1)M+1:l′M ∈ CM×M , ∀l, l′ ∈ L. To derive the

multi-sector BD-RIS-assisted channel model, we further make the following assumption.

Assumption 4.3. The transmitter and K1 users with K1 = {1, . . . , K1}, 0 < K1 < K

are located within the coverage of sector 1 of the multi-sector BD-RIS; Kl users with Kl =

{
∑

i∈{1,...,l−1}Ki + 1, . . . ,
∑

i∈{1,...,l}Ki}, 0 < Kl < K are located within the coverage of sector l

of the multi-sector BD-RIS, ∀l ∈ L, l 6= 1, as illustrated in Fig. 4.3.

Based on Assumptions 4.1-4.3, we can deduce two results.

Result 4.1. The transmitter is out of the coverage of the uni-directional radiation pattern of

sector l of the multi-sector BD-RIS, ∀l ∈ L, l 6= 1, that is Ḡl = 0M×N , ∀l ∈ L, l 6= 1.

Result 4.2. The users in K′l are out of the coverage of the uni-directional radiation pattern of

sector l of the multi-sector BD-RIS, ∀l 6= l′, that is H̄k,l = 0Nk×M , ∀k ∈ Kl′, ∀l 6= l′, ∀l, l′ ∈ L.
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Figure 4.3: Top view for the locations of the M -cell multi-sector BD-RIS partitioning the whole
space into L sectors, the transmitter, and multiple users.

With Results 4.1 and 4.2, we can simplify (4.3) as

Hall,k = Hd,k + H̄k,lΦl,1Ḡ1, ∀k ∈ Kl, ∀l ∈ L. (4.4)

For simplicity, we use auxiliary notations Hk = H̄k,l, Φl = Φl,1, G = Ḡ1, ∀k ∈ Kl, ∀l ∈ L. We

also ignore the channel from the transmitter to the receiver (Hd,k = 0Nk×N , ∀k ∈ K). Then we

can rewrite the simplified channel (4.4) as

Hall,k = HkΦlG, ∀k ∈ Kl, ∀l ∈ L. (4.5)

According to the general constraint (4.2), the constraint of matrices Φl, ∀l ∈ L of the multi-

sector BD-RIS becomes ∑
∀l∈L

ΦH
l Φl = IM . (4.6)

Now we establish the multi-sector BD-RIS-assisted communication model (4.6) and (4.5). In

the following subsections, we will show the specific descriptions of matrices Φl, ∀l ∈ L when

the cell-wise single-connected architecture is applied and channels Hall,k, ∀k ∈ K including the
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Table 4.1: Three Architectures of Multi-Sector BD-RIS

(Cell-Wise) Architectures Constraint

Single-Connected
Φl = diag(φ(l−1)M+1, . . . , φlM)∑

i∈Lm |φi|
2 = 1, ∀m ∈M

Group-Connected†
Φl = blkdiag(Φl,1, . . . ,Φl,G)∑
∀l∈LΦH

l,gΦl,g = IM̄ ,∀g ∈ G
Fully-Connected

∑
∀l∈LΦH

l Φl = IM
† G is the number of groups. G = {1, . . . , G}, M̄ = M/G.

impact of antenna gain.

4.1.1 Cell-Wise Single-Connected Multi-Sector BD-RIS

In this work, we assume the multi-sector BD-RIS has a cell-wise single-connected architecture,

that is, different RIS cells are not connected to each other. Similar to the BD-RIS with hybrid

mode in Chapter 3, with different inter-cell circuit topologies, the multi-sector BD-RIS can

also have different architectures, namely, cell-wise single/group/fully-connected architectures,

which are summarized in Table 4.1. The cell-wise group/fully-connected architectures can

provide higher performance gains thanks to the more general constrains as shown in Table 4.1,

but at the expense of higher circuit topology complexity. Here we focus only on cell-wise single-

connected multi-sector BD-RIS and investigating cell-wise group/fully-connected architectures

is left for future work. In the cell-wise single-connected case, Φl, ∀l ∈ L can be modeled as

diagonal matrices:

Φl = diag(φ(l−1)M+1, . . . , φlM), ∀l ∈ L, (4.7)

and constraint (4.6) becomes ∑
i∈Lm

|φi|2 = 1, ∀m ∈M. (4.8)

We should clarify here that the proposed cell-wise single-connected multi-sector BD-RIS is an

application of group-connected reconfigurable impedance network with group size equal to L.

When antennas with different spatial arrangements are connected to the same reconfigurable

impedance network, we have RIS models with different modes and architectures. In Fig. 4.4 we

provide a simple example to facilitate understanding. We can observe from Fig. 4.4 that the

circuit topology of the impedance network for a 2-cell 4-sector BD-RIS with cell-wise single-

connected architecture is exactly the same as that for an 8-element group-connected RIS with

group size equal to 4 [55]. The difference is that antennas within each cell of the multi-sector

BD-RIS are placed at the side of the polygon, while antennas of the RIS in [55] are placed

towards one direction. Therefore, the freedom induced by the group-connected reconfigurable

impedance network is utilized to support the multi-sector mode of the multi-sector BD-RIS, but

to realize more flexible signal reflection for the group-connected RIS [55]. In addition, as per
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Figure 4.4: Examples of (a) cell-wise single-connected multi-sector BD-RIS and (b) group-
connected RIS.

the circuit topology in Fig. 4.4(a), to realize an M -cell L-sector BD-RIS with cell-wise single-

connected architecture, ML antennas and M fully-connected L-port reconfigurable impedance

networks, each of which consists of L(L+1)
2

impedance components, are required. Therefore, the

increasing performance with increasing L is achieved at the expense of higher circuit complexity

and cost.

We model φi as φi =
√
βie

ϑi , ∀i ∈ Lm, ∀m ∈ M, where 0 ≤
√
βi ≤ 1 and 0 ≤ ϑi ≤ 2π

denote the amplitude and phase shift of φi, respectively. Next, we will consider two cases of

the multi-sector BD-RIS: 1) continuous case, that is both the amplitude and the phase shift

have continuous values2; 2) discrete case, that is both the amplitude and the phase shift are

chosen from finite codebooks3.

2To implement continuously controllable multi-sector BD-RIS, varactors could be used to realize the recon-
figurable impedance network.

3To implement discrete-value BD-RIS, PIN diodes can be used to realize the reconfigurable impedance
network.
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Figure 4.5: Relative locations among the multi-sector BD-RIS, the transmitter, and users.

Continuous Case: In this case, constraint (4.8) is transformed into

(4.8)⇒


φi =

√
βie

ϑi , ∀i ∈ Lm, ∀m ∈M,

0 ≤ βi ≤ 1, ∀i ∈ Lm, ∀m ∈M,∑
i∈Lm βi = 1, ∀m ∈M,

0 ≤ ϑi < 2π, ∀i ∈ Lm, ∀m ∈M.

(4.9)

Discrete Case: We propose a simple quantization strategy when φi has discrete values. Specif-

ically, the amplitude square βi is uniformly spaced within the range [0, 1], i.e., βi ∈ A =

{ a
2A−1
|a = 0, 1, . . . , 2A− 1} controlled by A bits. The phase shift ϑi is uniformly spaced around

the unit circle, i.e., ϑi ∈ B = {2πb
2B
|b = 0, 1, . . . , 2B − 1} controlled by B bits. In this case,

constraint (4.8) is transformed into

(4.8)⇒


φi =

√
βie

ϑi , ∀i ∈ Lm, ∀m ∈M,

βi ∈ A, ∀i ∈ Lm, ∀m ∈M,∑
i∈Lm βi = 1, ∀m ∈M,

ϑi ∈ B, ∀i ∈ Lm, ∀m ∈M.

(4.10)

Herein we assume the amplitude and phase shift of each φi are independent of each other

to simplify the design and to provide a theoretical performance upper-bound. In practice, the

amplitude and phase shift of each φi might couple with each other due to specific circuit designs.

4.1.2 Channel Model

We start by analyzing the path loss of the multi-sector BD-RIS-assisted communication system,

which will be used to model the multi-sector BD-RIS-assisted channel (4.5).
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The relative locations among the transmitter, the multi-sector BD-RIS, and users are illustrated

in Fig. 4.5. The power captured by each antenna in sector 1 of the multi-sector BD-RIS from

the transmitting antenna is [94]4

PIT = P̄T

(
λ

4π

)2

d−εITIT GT(θT, ϕT)GI(θIT, ϕIT), (4.11)

which is a generalization of the well-known free-space Friis transmission equation, where the

power is allowed to decrease at a rate of d−εITIT [95] with distance dIT between the transmitter

and multi-sector BD-RIS and the path loss exponent εIT. Specifically, in free-space propaga-

tions, the path loss exponent is 2, while in complicated propagations with obstacles, the path

loss component is usually larger than 2. In (4.11), P̄T is the power radiated from the transmit-

ting antenna5. GT(θT, ϕT) (GI(θIT, ϕIT)) is the gain of each transmitting antenna (each RIS

antenna)6, where θT (θIT) and ϕT (ϕIT) are elevation and azimuth angles from the transmitter

to sector 1 of the multi-sector BD-RIS (from sector 1 of the multi-sector BD-RIS to the trans-

mitter), respectively. Then the power scattered from RIS antenna m, ∀m ∈ Ml in sector l,

∀l ∈ L can be represented as

PI,m = PIT|φm|2 = PITβm, ∀m ∈Ml, ∀l ∈ L. (4.12)

Similarly, the power received by user k, ∀k ∈ Kl from RIS antenna m, ∀m ∈ Ml in sector l,

∀l ∈ L is given by

PU,m,k = PI,m

(
λ

4π

)2

d
−εUI,k

UI,k GI(θUI,k, ϕUI,k)GU(θU,k, ϕU,k), ∀m ∈Ml, ∀k ∈ Kl, ∀l ∈ L, (4.13)

where θUI,k (θU,k) and ϕUI,k (ϕU,k) are elevation and azimuth angles from RIS antenna m to user

k (from user k to RIS antenna m), respectively. dUI,k is the distance between the multi-sector

BD-RIS and user k, and εUI,k is the path loss exponent. Combining equations (4.11)-(4.13), we

can obtain

PU,m,k =P̄Tβm

(
λ

4π

)4

d−εITIT d
−εUI,k

UI,k GT(θT, ϕT)GU(θU,k, ϕU,k)

×GI(θIT, ϕIT)GI(θUI,k, ϕUI,k), ∀m ∈Ml, ∀k ∈ Kl, ∀l ∈ L.
(4.14)

To separate factors related to the transmitter/users and to the multi-sector BD-RIS, and focus

only on the impact from the multi-sector BD-RIS, we assume antennas at the transmitter/users

exhibit constant gain, that is GT(θT, ϕT) = GT and GU(θU,k, ϕU,k) = GU, ∀k ∈ Kl, ∀l ∈ L.

4In this paper, we consider a far-field case, that is the distance between the transmitter/users and the multi-
sector BD-RIS is much larger than the size of the transmitter/RIS/users. In this case, we ignore the antenna
spacing at the transmitter/RIS/users and the distance among different sectors of the multi-sector BD-RIS.

5We assume each transmitting antenna radiates the same power.
6We assume antennas at the same device (transmitter/RIS/user) have the same normalized power radiation

pattern.
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Then with equation (4.14), we define the cascaded path loss of the multi-sector BD-RIS-assisted

communication system as

ζk =
(4π)4

λ4GTGU

×
dεITIT d

εUI,k

UI,k

GI(θIT, ϕIT)GI(θUI,k, ϕUI,k)︸ ︷︷ ︸
Vary with RIS antenna gain

, ∀k ∈ Kl, ∀l ∈ L. (4.15)

It can be observed from equation (4.15) that the path loss is highly associated with the gain of

RIS antennas. In the following we will introduce two expressions of the gain of RIS antennas

which are suitable for the multi-sector BD-RIS-assisted communication system.

Idealized Radiation Pattern: We first consider an idealized radiation pattern function for

each antenna of the L-sector BD-RIS, which is given by

F Idealized
I (θI, ϕI) =

 1, 0 ≤ θI ≤ π
L
, 0 ≤ ϕI ≤ 2π,

0, π
L
< θI ≤ π, 0 ≤ ϕI ≤ 2π.

(4.16)

According to antenna theory [94], by assuming 100% radiation efficiency, we can calculate the

corresponding antenna gain as

GIdealized
I (θI, ϕI) =

 2
1−cos π

L
, 0 ≤ θI ≤ π

L
,

0, π
L
< θI ≤ π.

(4.17)

With 0 ≤ θIT ≤ π
L

, and 0 ≤ θIU,k ≤ π
L

, ∀k ∈ Kl, ∀l ∈ L, the corresponding path loss is given by

ζIdealized
k =

43π4dεITIT d
εUI,k

UI,k (1− cos π
L

)2

λ4GTGU

, ∀k ∈ Kl, ∀l ∈ L. (4.18)

Practical Radiation Pattern: We then choose a proper and popular radiation pattern func-

tion for each antenna of the L-sector BD-RIS, which is given by [94]

FPractical
I (θI, ϕI) =

 cosαL θI, 0 ≤ θI ≤ π
2
, 0 ≤ ϕI ≤ 2π,

0, π
2
< θI ≤ π, 0 ≤ ϕI ≤ 2π,

(4.19)

where αL > 0. Then we can obtain the half-power beamwidth (HPBW) of an L-sector BD-RIS

by setting FI(θI, ϕI) = 0.5, which yields7

HPBWPractical
I = 2 arccos

αL
√

0.5 =
2π

L
, (4.20)

7Here we set the HPBW of each BD-RIS antenna as 2π
L to guarantee the full-space coverage. In this case,

adjacent sectors are slightly overlapped with each other.
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where αL can be determined by solving the equation function αL
√

0.5 = cos π
L

8. The antenna

gain with η = 1 is

GPractical
I (θI, ϕI) =

 2(αL + 1) cosαL θI, 0 ≤ θI ≤ π
2
,

0, π
2
< θI ≤ π.

(4.21)

With 0 ≤ θIT ≤ π
L

, and 0 ≤ θIU,k ≤ π
L

, ∀k ∈ Kl, ∀l ∈ L, the path loss is given by

ζPractical
k =

43π4dεITIT d
εUI,k

UI,k

λ4GTGU(αL + 1)2 cosαL θIT cosαL θUI,k

, ∀k ∈ Kl, ∀l ∈ L. (4.22)

With the path loss model (4.18) or (4.22), we can model the multi-sector BD-RIS-assisted

channel Hk (4.5) as a combination of large-scale and small-scale fading, i.e.,

Hall,k =
√
ζ−1
k H̃kΦlG̃, ∀k ∈ Kl, ∀l ∈ L, (4.23)

where ζk, ∀k ∈ Kl, ∀l ∈ L denote path loss components accounting for the large-scale fading.

H̃k and G̃ denote the small-scale fading, such as Rician fading, i.e.,

H̃k =

√
κk

κk + 1
H̃LoS
k +

√
1

κk + 1
H̃NLoS
k , ∀k ∈ Kl, ∀l ∈ L,

G̃ =

√
κ

κ+ 1
G̃LoS +

√
1

κ+ 1
G̃NLoS,

(4.24)

where κk and κ denote the Rician factor, channels with superscript “LoS” and “NLoS” refer

to line-of-sight (LoS) component modeled based on the steering vector and non-line-of-sight

(NLoS) component modeled as i.i.d. Rayleigh fading, respectively. Specifically, the transmitter

and receiver k are modeled as an N -antenna uniform linear array (ULA) and an Nk-antenna

ULA with half-wavelength antenna spacing, yielding the steering vectors

aT(θT) = [1, ejπ sin θT , . . . , ejπ(N−1) sin θT ]T ,

aU,k(θU,k) = [1, ejπ sin θU,k , . . . , ejπ(Nk−1) sin θU,k ]T .
(4.25)

Each sector of the multi-sector BD-RIS is modeled as an M -antenna uniform planar array

(UPA) with Mx antennas in the x-direction and My antennas in the y-direction, yielding the

8For positive cos πL , the parameter αL can also be calculated analytically as αL = log(0.5)
log(cos πL ) .
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steering vector

aI(θIT, ϕIT) = [1, ejπ sin θIT cosϕIT , . . . , ejπ(Mx−1) sin θIT cosϕIT ]T

⊗ [1, ejπ sin θIT sinϕIT , . . . , ejπ(My−1) sin θIT sinϕIT ]T ,

aI(θUI,k, ϕUI,k) = [1, ejπ sin θUI,k cosϕUI,k , . . . , ejπ(Mx−1) sin θUI,k cosϕUI,k ]T

⊗ [1, ejπ sin θUI,k sinϕUI,k , . . . , ejπ(My−1) sin θUI,k sinϕUI,k ]T ,

(4.26)

Therefore, the LoS components for the transmitter-RIS channel and for the RIS-user channels

are respectively given by

G̃LoS = aI(θIT, ϕIT)aT(θT)H , H̃LoS
k = aU,k(θU,k)aI(θUI,k, ϕUI,k)

H , ∀k ∈ K. (4.27)

Note that there are twofold differences between STAR-RIS/IOS [73,74] and the proposed multi-

sector BD-RIS.

1) STAR-RIS/IOS is a special instance of our proposed multi-sector BD-RIS with L = 2.

2) Our model includes the effect of antenna beamwidth (and gain). Since the coverage of each

sector of the multi-sector BD-RIS decreases with the growth of the number of sectors L, the

antennas utilized to realize the multi-sector BD-RIS have narrower beamwidth, and thus

higher gains. The antenna gain has a significant influence on the fading channels and thus

on the system performance as illustrated in the following sections.

Now with the channel model (4.23), together with the path loss model (4.18) or (4.22) and the

small-scale fading model (4.24)-(4.27), and the cell-wise single-connected multi-sector BD-RIS

model with continuous values (4.9) or discrete values (4.10), we finally establish the multi-sector

BD-RIS-assisted communication model. In the following, we will first discuss the potential

applications of the multi-sector BD-RIS and then use this model to evaluate the performance

of multi-sector BD-RIS-assisted communication systems.

4.2 Scaling Law

In this section, we analyze how the received power of the multi-sector BD-RIS-assisted system

scales as a function of the number of sectors L to show the benefit of the proposed multi-sector

BD-RIS. Different from the scaling law in [13], where the impact of the number of RIS elements

to the received power is investigated, here we focus on the impact of the number of sectors L,

which is a novel factor based on the proposed multi-sector BD-RIS model.

We consider a multi-sector BD-RIS-assisted SU-SISO system (N = K = Nk = 1) for simplicity.

The single-antenna transmitter is allocated within the coverage of sector 1 of the multi-sector
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BD-RIS with θIT = 0. The single-antenna user is randomly allocated around the multi-sector

BD-RIS, e.g., within the coverage of sector l′, ∀l′ ∈ L. The transmitting symbol is s ∈ C with

E{|s|2} = 1. According to equation (4.23), the received signal is expressed as

y =
√
PThΦl′gs+ n =

√
PTζ−1h̃Φl′g̃s+ n, (4.28)

where PT denotes the transmitting power, h ∈ C1×M and g ∈ CM×1 denote channels from

sector l′ of the multi-sector BD-RIS to the user and from the transmitter to sector 1 of the

multi-sector BD-RIS with small-scale fading components h̃ and g̃, respectively. ζ is the path

loss and n is the noise. The received signal power at the user side is given by

PU =
∣∣∣√PTζ−1h̃Φl′g̃

∣∣∣2 = PTζ
−1|h̃Φl′g̃|2. (4.29)

To achieve maximum received signal power, we assume that when the user is within the coverage

of sector l′, ∀l′ ∈ L, the corresponding sector is activated. In this case, we have

Φl =

 diag(φ(l−1)M+1, . . . , φlM), l = l′,

0, l 6= l′,
∀l ∈ L, (4.30)

with |φj| = 1, ∀j ∈Ml′ . Then, the received power is maximized to

Pmax
U = PTζ

−1

( ∑
∀m∈M

|[h̃]m[g̃]m|

)2

. (4.31)

We assume h̃ and g̃ are LoS channels for simplicity, i.e., h̃ = [eψUI,1 , . . . , eψUI,M ] and g̃ =

[eψIT,1 , . . . , eψIT,M ]T , while the following scaling laws can be easily generalized to different small-

scale fading conditions. Then with φ(l′−1)M+m = e−(ψUI,m+ψIT,m), ∀m ∈M, we have

Pmax
U = PTζ

−1M2. (4.32)

It can be observed from equation (4.32) that with fixed PT, the maximum received power is

determined by the number of cells M and the path loss, both of which are highly associated

with the number of sectors L. In the following, we will derive the relationship between the

maximum received power and L by considering both idealized and practical radiation patterns.

Idealized Radiation Pattern: In this case, the path loss is independent of the location of

the user. Therefore, the maximum received signal power is given by

P Idealized
U =

PTM
2λ4GTGU

43π4d2
ITd

2
UI(1− cos π

L
)2
, (4.33)

where dUI denotes the distance between the multi-sector BD-RIS and the user and the path

loss components are set as εIT = εUI = 2 for LoS propagations. From (4.33) we can deduce
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(a) Number of antennas for each sector M = 32
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(b) Total number of antennas ML = 180

Figure 4.6: Average received power versus the number of sectors L for the multi-sector BD-RIS.
(GT = GU = 1, PT = 10 W, dIT = 10 m, dUI = 2 m, λ = c/f with f = 2.4 GHz.)

that the maximum received power is proportional to the number of sectors L(L ≥ 2) when

other terms in equation (4.33) are fixed. However, when the number of antennas for the whole

multi-sector BD-RIS, i.e., ML, is fixed, the number of antennas for each sector M is inversely

proportional to the number of sectors L. There might be a trade-off between M and L, which

will be discussed in the following simulations.

Practical Radiation Pattern: The maximum received signal power with θIT = 0 in this case

is given by

PPractical
U =

PTM
2λ4GTGU

43π4d2
ITd

2
UI

(αL + 1)2 cosαL θIU. (4.34)

Given that the user is randomly allocated around the multi-sector BD-RIS, we have θUI ∼
U(0, π

L
), where U(0, π

L
) denotes the continuous uniform distribution with boundaries 0 and π

L
.

Therefore, the average of PPractical
U is given by

P̄Practical
U = E{PPractical

U }

=
PTM

2λ4GTGU

43π4d2
ITd

2
UI

(αL + 1)2E{cosαL θUI}

(a)

≤ PTM
2λ4GTGU

43π4d2
ITd

2
UI

(αL + 1)2 cosαL E{θUI}

=
PTM

2λ4GTGU

43π4d2
ITd

2
UI

(αL + 1)2 cosαL
π

2L
= P̃Practical

U ,

(4.35)

where (a) holds following the Jensen’s inequality. From the relationship αL
√

0.5 = cos π
L

we can

obtain that the number of sectors L is proportional to αL. In addition, with the growth of L,

cosαL π
2L

is always within the range 0.5 < cosαL π
2L
< 1, while αL grows significantly, such that

P̃Practical
U is proportional to the number of sectors L (with fixed M). Similarly, when we fix

the number of antennas ML for the whole multi-sector BD-RIS, the relationship between the

maximum received power and the number of sectors L might not be that straightforward.

To clarify the relationship between the received power and the number of sectors L, in Fig.

4.6(a) we first plot the received power P Idealized
U using an idealized radiation pattern, P̄Practical

U
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with a practical radiation pattern, and its upper bound P̃Practical
U versus the number of sectors

L when the number of antennas for each sector is fixed to M = 32. It can be observed from

Fig. 4.6 that the received power increase with the growth of L, and that P̄Practical
U can finely

approach its upper bound P̃Practical. Then in Fig. 4.6(b), we plot the received power versus the

number of sectors when the number of antennas for the whole multi-sector BD-RIS is fixed as

ML = 180. In this case, the dimension of each sector of the multi-sector BD-RIS decreases

with the growth of the number of sectors L. The received power still increases significantly,

which indicates the impact of the antenna gain is more dominant than that of the dimension of

RIS sectors. Based on the above analysis, the proposed multi-sector BD-RIS-assisted system is

expected to achieve better performance when the number of sectors gets larger. To verify this

conjecture, in the following section we will focus on the beamforming design to maximize the

sum-rate performance for the multi-sector BD-RIS-assisted system.

4.3 Beamforming Design

In this section, we apply the multi-sector BD-RIS in MU-MISO communication systems and

propose algorithms to design the multi-sector BD-RIS when its scattering matrices have con-

tinuous and discrete values.

4.3.1 Problem Formulation and Optimization Framework

We consider a multi-sector BD-RIS-assisted MU-MISO system (Nk = 1, ∀k ∈ K). The trans-

mitting symbol vector is defined as s , [s1, . . . , sK ]T ∈ CK×1 with E{ssH} = IK . The transmit-

ting symbols are precoded by a precoder matrix W , [w1, . . . ,wK ] ∈ CN×K with wk ∈ CN×1

for user k, ∀k ∈ K. With equations (4.5) and (4.7), the received signal yk for user k is thus

expressed as follows

yk = hkΦlGWs + nk = vHk,kφlsk +
∑
p∈K
p 6=k

vHk,pφlsp + nk, ∀k ∈ Kl, ∀l ∈ L,
(4.36)

where vk,p = (hkdiag(Gwp))
H , ∀p, k ∈ K, φl = [φ(l−1)M+1, . . . , φlM ]T , ∀l ∈ L, hk ∈ C1×M ,

∀k ∈ K is the channel vector between the multi-sector BD-RIS and user k, and nk ∼ CN (0, σ2
k)

is the noise. The sum-rate maximization problem can be formulated as

max
W

{φl}∀l∈L

∑
l∈L

∑
k∈Kl

log2

1 +
|vHk,kφl|2∑

p∈K
p 6=k
|vHk,pφl|2 + σ2

k

 (4.37a)

s.t. (4.9) or (4.10), (4.37b)

‖W‖2
F ≤ PT. (4.37c)
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Problem (4.37) is a typical sum-of-functions-of-ratio optimization, which can be solved by the

general algorithm proposed in Chapter 3. However, phase shifts and amplitudes of non-zero

multi-sector BD-RIS elements are partitioned based on the illustration in the previous section,

which will facilitate the multi-sector BD-RIS design. Therefore, in this work we follow the

framework in Chapter 3, whose main idea is to first transform the original problem into a multi-

block optimization and then iteratively design each block until convergence, but reconsider the

design of the multi-sector BD-RIS block. Specifically, we first apply 2K auxiliary variables, ιk

and τk, ∀k ∈ K, and transform (4.37) based on the fractional programming theory [83] reviewed

in Section 2.2.1 into the following four-block optimization:

max
W,{ιk}∀k∈K

{τk}∀k∈K,{φl}∀l∈L

∑
l∈L

∑
k∈Kl

(
log2(1 + ιk)− ιk + 2

√
1 + ιk<{τ ∗kvHk,kφl} − |τk|2

(∑
p∈K

|vHk,pφl|2 + σ2
k

))
s.t. (4.37b), (4.37c).

(4.38)

Solutions to blocks {ιk}∀k∈K, {τk}∀k∈K, and W are similar to that in Chapter 3 with simple

scaling of matrix dimensions, which are thus omitted. In the following subsection, we will

propose efficient algorithms to determine block {φl}∀l∈L for both continuous and discrete cases.

4.3.2 Solution to Multi-Sector BD-RIS

When blocks {ιk}∀k∈K, {τk}∀k∈K, and W are given, we can remove the constant terms in problem

(4.38) and formulate the sub-problem with respect to {φl}∀l∈L as

max
{φl}∀l∈L

∑
l∈L

(
2<{ṽHl φl} − φHl Vlφl

)
s.t. (4.37b), (4.39)

where ṽl = (
∑

k∈Kl

√
1 + ιkτ

∗
kvHk,k)

H , and Vl =
∑

k∈Kl |τk|
2
∑

p∈K vk,pv
H
k,p, ∀l ∈ L. We succes-

sively design each cell of the multi-sector BD-RIS with fixed other cells until the convergence is

guaranteed. Specifically, the sub-problem for the design of cell m, i.e., φi, ∀i ∈ Lm while fixing

the rest of M − 1 cells is given by

min
{φi}∀i∈Lm

∑
i∈Lm

(
νi|φi|2 + 2<{φ∗iχi}

)
s.t. (4.37b), (4.40a)

⇔ min
{βi}∀i∈Lm
{ϑi}∀i∈Lm

∑
i∈Lm

(
νiβi + 2|χi|

√
βi cos(∠χi − ϑi)

)
s.t. (4.37b), (4.40b)

where χ(l−1)M+m =
∑

n 6=m[Vl]m,nφ(l−1)M+n− [ṽl]m, and ν(l−1)M+m = [Vl]m,m, ∀l ∈ L, ∀m ∈M.

In the following we will consider the phase shift and amplitude design for both continuous and

discrete cases.

Continuous Case with Constraint (4.9): In this case, phase shifts ϑi, ∀i ∈ Lm can be
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easily obtained by setting cos(∠χi − ϑi) = −1, ∀i ∈ Lm, which yields

θ?i = ∠χi ± π, ∀i ∈ Lm. (4.41)

Substituting θ?i , ∀i ∈ Lm into objective (4.40b), we can obtain a real-value problem with respect

to βi, ∀i ∈ Lm as

min
{βi}∀i∈Lm

∑
i∈Lm

(
νiβi − 2|χi|

√
βi

)
(4.42a)

s.t. 0 ≤ βi ≤ 1, ∀i ∈ Lm, (4.42b)

βTmβm = 1, (4.42c)

⇔ min
βm

βTmΨmβm − 2χTmβm︸ ︷︷ ︸
=F (βm)

s.t. (4.42b), (4.42c), (4.42d)

where βm = [
√
βm,

√
βM+m, . . . ,

√
β(L−1)M+m]T ∈ RL×1, Ψm = diag(νm, νM+m, . . . , ν(L−1)M+m) ∈

RL×L, and χm = [|χm|, |χM+m|, . . . , |χ(L−1)M+m|]T ∈ RL×1. Since |χi| > 0, ∀i ∈ Lm, constraint

(4.42b) can always be satisfied when problem (4.42) achieve its minimum. This observation

motivates us to ignore constraint (4.42b), which yields

β?m = arg min
βTmβm=1

F (βm). (4.43)

The optimal solution to problem (4.43) can be determined by the following lemma [96].

Lemma 4.1. βm is the optimal solution to problem (4.43) if and only if there exists µ ∈ R
such that (Ψm + µIL)βm = χm, Ψm + µIL positive semi-definite, and βTmβm = 1.

Proof. Please refer to Appendix B.1.

According to Lemma 4.1, βm has a closed-form solution as a function of µ constrained by

F ′(µ) = β?Tm β
?
m = χTm(Ψm + µIL)−2χm

= Tr{(Ψm + µIL)−2χmχ
T
m}

(a)
= Tr{(UmΣmUT

m + µIL)−2χmχ
T
m}

= Tr{(Σm + µIL)−2UT
mχmχ

T
mUm}

(b)
=
∑
l∈L

χ̃2
m,l

(εm,l + µ)2
= 1,

(4.44)

where (a) holds by performing the eigenvalue decomposition Ψm = UmΣmUT
m with Σm =

diag(εm,1, . . . , εm,L), εm,1 ≤ εm,2 ≤ . . . ≤ εm,L, and Um = [um,1, . . . ,um,L]; (b) holds by defining

χ̃m,l = χTmum,l, ∀l ∈ L. Recall that |χ|i > 0, νi > 0, ∀i ∈ Lm. We have χ̃m,l 6= 0 and thus

εm,l +µ 6= 0. In addition, according to Lemma 4.1, Ψm+µIL is positive semi-definite such that
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εm,l +µ ≥ 0. Therefore, the optimal value of µ should be chosen such that εm,l +µ > 0, ∀l ∈ L
and g(µ) = 1. In the following lemma, we derive the upper bound and lower bound of µ [96].

Lemma 4.2. Define E = {l|εm,l = εm,1, ∀l ∈ L}. The optimal solution of µ is chosen within

the range
√∑

∀l∈E χ̃
2
m,l − εm,1 ≤ µ ≤ ‖χm‖2 − εm,1.

Proof. Please refer to Appendix B.2.

After determining the upper and lower bounds of µ according to Lemma 4.2, we can use efficient

methods, such as bisection search, to find the optimal µ? such that F ′(µ?) = 1. The optimal

solution of problem (4.43) is given by

β?m = (Ψm + µ?IL)−1χm. (4.45)

Combining (4.41) and (4.45), we finally obtain φ?i =
√
β?i e

ϑ?i , ∀i ∈ Lm.

Discrete Case with Constraint (4.10): In this case, we first find the solution of phase shifts

ϑ?i , ∀i ∈ Lm for continuous case by (4.41). Then we apply a simple quantization operation to

obtain the discrete phase shifts as

ϑ]i =
⌈ ϑ?i
4B

⌋
×4B, ∀i ∈ Lm, (4.46)

where 4B = 2π
2B

denotes the resolution of phase shift and d·c denotes the rounding operation.

Then we substitute (4.46) to problem (4.40), which yields

β]i = arg min∑
i∈Lm βi=1

βi∈A

∑
∀i∈Lm

Fi(βi), (4.47)

where Fi(βi) = βiνi + 2|χi|
√
βi cos(∠χi − ϑ]i), ∀i ∈ Lm. Ignoring the discrete constraint and

following the procedure for the design of continuous case, we can obtain the continuous solution

β?i , ∀i ∈ Lm, which is further quantized by

β]i =
⌈ β?i
4A

⌋
×4A, ∀i ∈ Lm, (4.48)

where 4A = 1
2A−1

denotes the resolution of amplitude square. It is worth noting that there is

no guarantee of
∑

i∈Lm β
]
i = 1. More specifically, we have

∑
i∈Lm β

]
i = 1 + ς4A, ζ ∈ Z due to

the rounding operation. In the following, we will propose a simple yet efficient algorithm to

adjust the quantization result (4.48) so that the constraint is satisfied. The proposed algorithm

is described in Phases 1-3.

Phase 1: Let ς =
1−

∑
∀i∈Lm β]i
4A

. If ς = 0, the procedure stops; if ς > 0, go to Phase 2; if ς < 0,

go to Phase 3.
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Phase 2: Set ς ′ = 1. In the ς ′-th loop, do the following procedures until ς ′ > ς: For ∀i ∈ Lm, if

β]i < 1, calculate

δi = Fi(β
]
i +4A)− Fi(β]i ). (4.49)

Otherwise, set δi to a sufficient large number, e.g., ∞. Then find i′ such that

δi′ = min
∀i∈Lm

δi, (4.50)

and replace β]i′ with β]i′ +4A. Update ς ′ = ς ′ + 1.

Phase 3: Set ς ′ = 1. In the ς ′-th loop, do the following procedures until ς ′ > −ς: For ∀i ∈ Lm,

if β]i > 0, calculate

δi = Fi(β
]
i −4A)− Fi(β]i ). (4.51)

Otherwise, set δi to ∞. Then find i′ satisfying

δi′ = min
∀i∈Lm

δi, (4.52)

and replace β]i′ with β]i′ −4A. Update ς ′ = ς ′ + 1.

After processing Phases 1-3, we can obtain the modified β]i , ∀i ∈ Lm satisfying the constraint∑
∀i∈Lm β

]
i = 1, and the solution of problem (4.40) as φ]i =

√
β]ie

ϑ]i , ∀i ∈ Lm.

4.4 Performance Evaluation

In this section, we evaluate the performance of the multi-sector BD-RIS-assisted MU-MISO

system. Antenna gains for transmitter antennas and user antennas are fixed to GT = GU = 1.

The frequency of the transmit signal is set as f = 2.4 GHz. Distances between the transmitter

and the multi-sector BD-RIS and between the multi-sector BD-RIS and users are dIT = 100

m and dUI,k = 10 m, ∀k ∈ K, respectively. The path loss exponents are set as 2.5 when the

Rician factors are set as κ1 = · · · = κK = κ = 0 dB, and 2 when the Rician factors are

set as κ1 = · · · = κK = κ = 10 dB, given that the richer scattering environment leads to

a higher path loss exponent. The noise power is σ2
k = −80 dBm, ∀k ∈ K. In the following

simulations, we assume K users are uniformly divided into L groups, each of which contains

K/L users randomly located within the coverage of one sector. We also fix the total number of

multi-sector BD-RIS antennas ML for fair comparison, i.e., the antenna gain of each antenna

increases with increasing L, while the dimension of each sector M decreases with L.

Fig. 4.7 shows the sum-rate performance versus the total number of antennas of multi-sector

BD-RIS. We consider different numbers of sectors and different Rician factors. We have the

following observations from Fig. 4.7. 1) Even with a reduced dimension for each sector, the
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Figure 4.7: Sum-rate versus total number of antennas of multi-sector BD-RIS (N = K = 6,
My = 4).
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Figure 4.8: Sum-rate versus total number of antennas of multi-sector BD-RIS (N = K = 6,
My = 4, κ = 0 dB, PT = 30 dBm).

sum-rate performance achieved by the multi-sector BD-RIS with an increasing number of sectors

L still enhances, which is in accordance with the conclusion in Fig. 4.6(b). This observation

indicates that the higher antenna gain due to narrower beamwidth compensates for the reduced

dimension of each sector, the reduced power split to each sector, and boosts the performance. 2)

Given the same fading conditions, the multi-sector BD-RIS with a smaller number of antennas

but a larger number of sectors can achieve similar performance to that with a larger number of

antennas but a smaller number of sectors. For example, when the practical radiation pattern is

adopted, the sum-rate performance with ML = 120 and L = 3 is similar to that with ML = 96

and L = 6 as shown in Fig. 4.7(a). This phenomenon implies the number of antennas for

the whole multi-sector BD-RIS can be reduced by increasing the number of sectors, which is

meaningful for practical realizations of the multi-sector BD-RIS. 3) With the fixed number of

sectors, the sum-rate performance based on the idealized radiation pattern is always better

than that based on the practical radiation pattern, which, again, matches with the result in

Fig. 4.6(b).

In Fig. 4.8, we compare the sum-rate performance with existing RIS architectures. Specifically,

STAR-RIS is essentially a special case of L = 2 of our proposed model. We also add the perfor-

mance of BD-RIS with L = 2 and cell-wise group/fully-connected (CW-GC/FC) architectures

proposed in Chapter 3, where the group size of CW-GC is fixed as 6, indicating that the CW-
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(d) Practical (κ = 10 dB, L = 3, PT = 10 dBm)
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(e) Idealized (κ = 0 dB, L = 6, PT = 20 dBm)
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Figure 4.9: Sum-rate versus total number of antennas of multi-sector BD-RIS with different
resolutions for amplitudes and phase shifts, different numbers of sectors, and different Rician
fading factors (N = K = 6, My = 4).

GC scheme and the proposed model with L = 6 have the same circuit complexity. From Fig.

4.8 we observe that when the idealized radiation pattern is adopted, the proposed multi-sector

BD-RIS outperforms both STAR and CW-GC/FC schemes; when the practical radiation pat-

tern is adopted, the proposed multi-sector BD-RIS outperforms STAR and CW-GC schemes,

and achieves almost the same performance as the CW-FC scheme. More importantly, with

the same circuit complexity of the ML-port reconfigurable impedance network, the proposed

model (with L = 6) can achieve much better sum-rate than the CW-GC scheme (with L = 2).

This observation highlights the benefit of antenna arrangements in boosting performance.

In Fig. 4.9 we plot the sum-rate performance as a function of the total number of antennas

of multi-sector BD-RIS when each nonzero element of the multi-sector BD-RIS has discrete

amplitudes and phase shifts controlled by different resolutions. Similar conclusions as Fig. 4.7

can be obtained from Fig. 4.9. Moreover, we have the following additional observations. 1)
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The sum-rate performance achieved by multi-sector BD-RIS with discrete values increases with

the growth of resolutions. Specifically, when the idealized radiation pattern is applied for the

modeling of fading channels, the sum-rate with A = 3 and B = 3 is close to that for the

continuous case; when the practical radiation pattern is applied for the channel model, the

sum-rate with A = 2 and B = 2 is sufficient to achieve satisfactory performance. 2) When

the total number of antennas of multi-sector BD-RIS is fixed, the performance gap between

multi-sector BD-RIS with different resolutions become smaller with the growth of the number

of sectors L. Recalling that the sum-rate performance increases with L, we can deploy the

multi-sector BD-RIS with a larger number of sectors and lower resolutions to achieve the same

performance as that with a smaller number of sectors and higher resolution. For example, the

sum-rate performance with L = 3, A = B = 2, and M = 40 in Fig. 4.9(b) is almost the same

as that with L = 6, A = B = 1, and M = 20 in Fig. 4.9(f). Such reduction of resolutions is

beneficial for reducing the cost of multi-sector BD-RIS realizations.

4.5 Summary

This chapter proposes a novel multi-sector BD-RIS model. Particularly, we derive the con-

straints of the cell-wise single-connected multi-sector BD-RIS for both continuous and discrete

cases. We also derive the multi-sector BD-RIS-aided channel model including the impact of

antenna gain. The existing STAR-RIS/IOS is a special instance of our proposed multi-sector

BD-RIS model.

With the proposed model, we derive the scaling law of the received power as a function of the

number of sectors for the multi-sector BD-RIS-aided SU-SISO system. We show that there is

a positive correlation between the maximum received power and the number of sectors.

We then apply the multi-sector BD-RIS in the MU-MISO system and propose simple yet

efficient algorithms to maximize the sum-rate of the multi-sector BD-RIS-aided MU-MISO

system when amplitudes/phase shifts of the RIS have either continuous values or discrete

values selected from finite codebooks. Simulation results show that given the same sum-rate

requirement, the number of antennas for the whole multi-sector BD-RIS can be reduced by

increasing the number of sectors, and that the codebook resolutions can also be reduced by

increasing the number of sectors.
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Chapter 5

Synergizing BD-RIS and Rate-Splitting

Multiple Access with Imperfect CSI

In the previous chapters, the benefits of BD-RIS in enhancing the channel strength and en-

larging the coverage has been theoretically and numerically analyzed, based on perfect channel

conditions and simple transmitter designs, i.e., SDMA. An important and unexplored direc-

tion is if synergizing advanced transmitter designs and BD-RIS could be a win-win solution

in further enhancing the wireless service while easing the requirement of perfect CSI. Due to

the potential advantages of RSMA in achieving higher degree of freedom [97], spectral and

energy efficiency [98] than SDMA, and being robust to CSI uncertainty [97] and mobility [99],

the synergy among RSMA and BD-RIS has recently gained much attention. On one hand,

to realize full-space coverage in wireless networks, there are a few results on STAR-RIS aided

RSMA considering spatially correlated channels [100], hardware impairments [101], PHY layer

security [102], and the coupling of transmission and reflection phases [103]. On the other hand,

to enhance the spectrum efficiency of wireless communications, there is only one work [104] con-

sidering the employment of BD-RIS with fully-connected architecture and reflective mode in

RSMA transmission network, where the sum-rate enhancement compared to SDMA schemes is

highlighted. Nevertheless, none of the existing work investigates the integration of BD-RIS and

RSMA to simultaneously enlarge the coverage, boost the rate performance [104], and reduce the

required number of transmitter/RIS antennas to improve energy efficiency. More importantly,

the effect of imperfect CSI at the transmitter has not been captured. This chapter thus focuses

on synergizing BD-RIS and RSMA under imperfect CSI conditions to simultaneously achieve

the above goals. This leads to the following layouts and contributions.

In Section 5.1, the multi-sector BD-RIS and 1-layer RSMA at the transmitter have been adopted

in a multiuser system to provide high performance gains, achieve additional degrees of freedom

over conventional multiuser linear precoding and enable better inter-user interference manage-

ment, and potentially save on the number of both active and passive antennas.

75
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In Section 5.2, a beamforming design algorithm has been proposed to maximize the average

sum-rate for multi-sector BD-RIS aided RSMA under imperfect CSI conditions. To solve the

stochastic problem, we first approximate it as a deterministic optimization by sample average

approximation (SAA) methods [105], and then transform the deterministic problem into a

more tractable three-block optimization based on the weighted minimum mean square error

(WMMSE)-rate relationship [106]. Initialization, complexity analysis, and convergence analysis

of the proposed design are also provided.

In Section 5.3, simulation results have been provided to evaluate the ergodic sum-rate perfor-

mance of the multi-sector BD-RIS aided RSMA compared to the SDMA scheme. Simulation

results show that multi-sector BD-RIS aided RSMA always outperforms multi-sector BD-RIS

aided SDMA. More importantly, with the same ergodic sum-rate requirement and quality of

service (QoS) thresholds, we show the required numbers of transmitting and BD-RIS anten-

nas can be reduced compared to the SDMA scheme by synergizing BD-RIS with RSMA. Such

reduction of antenna numbers leads to a potential energy efficiency gain.

5.1 Multi-Sector BD-RIS Aided RSMA

In this section, we describe the multi-sector BD-RIS aided MU-MISO system, explain the

architecture of 1-layer RSMA, and illustrate the modeling of CSI uncertainty.

5.1.1 Multi-Sector BD-RIS Aided MU-MISO

Consider a MU-MISO system operating in the downlink as illustrated in Chapter 4, where

the transmitter equipped with N antennas communicates to a set of single-antenna users K =

{1, . . . , K} with the aid of an M -cell multi-sector BD-RIS1. We assume the transmitter is

within the coverage of sector 1 of the multi-sector BD-RIS and Kl users in Kl = {
∑l−1

i=1 Ki +

1,
∑l−1

i=1 Ki + 2, . . . ,
∑l

i=1 Ki} are located within the coverage of sector l, ∀l ∈ L of the multi-

sector BD-RIS2, ∪lKl = K, as illustrated in Fig. 4.3. For the multi-sector BD-RIS aided

downlink MU-MISO, the signal received by user k, ∀k ∈ Kl covered by sector l, ∀l ∈ L is

yk = hkΦlGx + nk, (5.1)

1In this work, we ignore the direct links between the transmitter and users for simplicity, while the proposed
design in the following section is still feasible when direct links exist.

2In this work, we consider the scenario that the relative location between each user and each sector of BD-RIS
is fixed for simplicity such that there is no user selection issue. We also assume the sidelobe of each BD-RIS
antenna is negligible compared to the mainlobe such that both transmitter and each user are covered by only
one sector of the BD-RIS.
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where hk ∈ C1×M and G ∈ CM×N , respectively, are the channel between the multi-sector BD-

RIS and user k, ∀k ∈ K, and the channel between the transmitter and the BD-RIS, x ∈ CN×1

is the transmit signal vector, and nk ∼ CN (0, σ2
k), ∀k ∈ K is the noise. The transmit signal

vector x is subject to the power constraint E{xHx} ≤ P , where P is the maximum transmit

power. As explained in Chapter 4, the multi-sector BD-RIS is characterized by L matrices,

Φl ∈ CM×M , ∀l ∈ L = {1, . . . , L}, corresponding to L sectors, which are sub-matrices of

the scattering matrix Φ ∈ CLM×LM for the LM -port reconfigurable impedance network, i.e.,

Φl = [Φ](l−1)M+1:lM,1:M . They satisfy a combined unitary constraint given by∑
l
ΦH
l Φl = IM . (5.2)

As discussed in previous chapters, reconfigurable impedance networks with different circuit

topologies have scattering matrices with different mathematical characteristics. In this work,

we focus on a cell-wise single-connected architecture of the multi-sector BD-RIS, where the

inner-cell antennas are connected to each other by reconfigurable impedance components while

the inter-cell antennas are not connected to each other. This architecture of the multi-sector

BD-RIS results in diagonal matrices of Φl, ∀l ∈ L, each of which can be described as Φl =

diag(φl,1, . . . , φl,M) with φl,m ∈ C, ∀l ∈ L, ∀m ∈ M. Therefore, the constraint (5.2) can be

re-written as ∑
l
|φl,m|2 = 1, ∀m, (5.3)

which indicates that the transmit wave impinging on one sector of BD-RIS is flexibly split and

reflected by other sectors, where the proportion of energy split to different sectors is determined

by constraint (5.3). With Φl = diag(φl,1, . . . , φl,M), we can rewrite equation (5.1) as

yk = φTl QH
k x + nk, (5.4)

where Qk = GHdiag(hHk ) ∈ CN×M , ∀k ∈ K denotes the cascaded channel between the trans-

mitter and user k, φl = [φl,1, . . . , φl,M ]T ∈ CM×1, ∀l ∈ L.

5.1.2 Rate-Splitting

In this work, we adopt an 1-layer RSMA architecture at the transmitter. Fig. 5.1 illustrates

the transceiver architectures with 1-layer RSMA, where the splitting, combining, encoding, and

precoding of transmit signals at the transmitter and the decoding, splitting, and combining of

received signal at the user side will be described in detail.

Transmitter: The message Wk intended to user k, ∀k ∈ K is split into a common part

Wc,k and a private part Wp,k. As shown in Fig. 5.1(a), the common parts Wc,k from all K

users are merged into a common message Wc and further encoded into the common stream

sc, which will be decoded by all users, by a common codebook. K private parts are encoded



78 Chapter 5. Synergizing BD-RIS and Rate-Splitting Multiple Access with Imperfect CSI





















k



(b)




































 (a)







K










K










1W

2W

KW

p,1W

c,2W

c,KW

cW

p,2W

p,KW

c,1W

cs

p,1s

p,2s

p,Ks

1x

2x

Nx

ky
c,kg

c,
ˆ
ks c,kW c,

ˆ
kW

ˆ
kW

p,
ˆ
kW

p,
ˆ
ks

p,kg

Figure 5.1: (a) Transmitter and (b) receiver architectures with 1-layer RSMA.

into private streams sp,1, . . . , sp,K and individually decoded by different users. The common

stream and K private streams, s = [sc, sp,1, . . . , sp,K ]T ∈ CK+1, are linearly precoded by P =

[pc,pp,1, . . . ,pp,K ] ∈ CN×(K+1), where pc ∈ CN is the common precoder and pp,k ∈ CN is the

private precoder for user k. The resulting transmit signal is

x = Ps = pcsc +
∑

k
pp,ksp,k. (5.5)

Assuming E{ssH} = IK+1, the transmit power constraint becomes E{xHx} = Tr(PPH) =

‖P‖2
F ≤ P .

Receiver: Substituting (5.5) into (5.4), we obtain the received signal at user k covered by

sector l, ∀k ∈ Kl,∀l ∈ L as

yk = φTl QH
k pcsc + φTl QH

k

∑
k′

pp,k′sp,k′ + nk. (5.6)

Therefore, the average received power of user k covered by sector l for given CSI is given by

τc,k = E{|yk|2} = |φTl QH
k pc|2 + |φTl QH

k pp,k|2 +

=ιp,k︷ ︸︸ ︷∑
k′ 6=k
|φTl QH

k pp,k′ |2 + σ2
k︸ ︷︷ ︸

=τp,k=ιc,k

. (5.7)



5.1. Multi-Sector BD-RIS Aided RSMA 79

At the user side, the signal process, taking user k covered by sector l, ∀k ∈ Kl, ∀l ∈ L as an

example, is summarized as following three steps and also illustrated in Fig. 5.1(b).

Step 1: User k covered by sector l decodes the equalized common stream ŝc,k = gc,kyk with

equalizer gc,k ∈ C into W̄c,k by regarding the interference induced by all K private

streams as noise, i.e., τp,k or ιc,k in (5.7). After performing SIC, W̄c,k is subtracted

from the received signal.

Step 2: User k decodes the equalized private stream ŝp,k = gp,kyk with equalizer gp,k ∈ C into

Ŵp,k by regarding the interference induced by remaining K−1 private streams as noise,

i.e., ιp,k in (5.7).

Step 3: User k splits its contribution to the common message, Ŵc,k, from the decoded W̄c,k,

and combines Ŵc,k with Ŵp,k to reconstruct Ŵk.

Based on the above signal process, the instantaneous SINRs of the common stream and private

streams at user k covered by sector l, ∀k ∈ Kl, ∀l ∈ L are given by

γc,k = |φTl QH
k pc|2ι−1

c,k, γp,k = |φTl QH
k pp,k|2ι−1

p,k. (5.8)

Assuming Gaussian inputs, the instantaneous common rates and private rates for user k are

Rc,k = log2(1 + γc,k), Rp,k = log2(1 + γp,k). (5.9)

To guarantee the common message Wc is successfully decoded by all K users, the common

rate should not exceed min∀k Rc,k. Given the architecture of RSMA as illustrated above, the

common rate min∀k Rc,k is split into K parts, yielding min∀k Rc,k =
∑

k Ck. Each part Ck ∈ R+

corresponds to the common part of the achievable rate for user k. Finally, the total rate for

user k is a summation of common part and private part, i.e., Rk = Ck +Rp,k, ∀k ∈ K.

5.1.3 Channel State Information

Perfect CSI acquisition in RIS aided systems is challenging due to the passive property of

RIS. Therefore, in this work, we assume the transmitter has an imperfect instantaneous CSI

Q̂ = [Q̂1, . . . , Q̂K ] ∈ CN×MK . To model the CSI uncertainty, the perfect cascaded channel

matrix Q = [Q1, . . . ,QK ] ∈ CN×MK is expressed as a summation of the channel estimate

and channel estimation errors, that is Q = Q̂ + Q̃, where the estimation error matrix is

defined as Q̃ = [Q̃1, . . . , Q̃K ] ∈ CN×MK . The channel estimation error could come from the

noise and limited uplink training in TDD settings based on the typical MMSE criterion [37]3.

3The existing popular and effective channel estimation strategy, where the cascaded channel is estimated by
pre-defining the RIS pattern during the uplink training process to minimize MSE, can be easily extended to the
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In this case, the channel estimation error generally follows the CSCG distribution, that is

vec(Q̃k) ∼ CN (0, δ2
kIMN), ∀k ∈ K, where δ2

k measures the estimation inaccuracy of the cascaded

channel between the transmitter and user k.

5.2 Beamforming with Sample Average Approximation

In this section, we formulate the sum-rate maximization problem for BD-RIS aided RSMA

based on imperfect CSI conditions and propose efficient algorithms to jointly design the transmit

precoder and BD-RIS.

5.2.1 Problem Formulation

Beamforming design for RIS aided systems highly relies on the CSI among the transmitter,

RIS, and users. When perfect CSI is available at the transmitter, beamforming design can

be developed according to perfect channels such that the instantaneous sum-rate,
∑

k Rk, is

maximized, and thus the long-term ergodic sum-rate given by EQ{
∑

k Rk}. However, when

the transmitter has only partial instantaneous CSI as illustrated in Section 5.1.3, beamforming

design that maximizes instantaneous sum-rate as in perfect CSI case is not possible, which

makes it difficult to measure the long-term ergodic sum-rate. One robust approach to tackle

this issue is to perform the beamforming design based on the fact that the transmitter has

access to the average rate, which captures the statistical property of the channel estimation

error with a given estimate. The average rate is defined as follows.

Definition 5.1. The average rate is a measure of the expected performance over a distribu-

tion of the channel estimation error, e.g., the distribution of Q̃, with determined estimate

Q̂ [97]. Mathematically, the average common and private rates for user k, ∀k ∈ K, de-

pend on the channel estimate Q̂, and are, respectively, defined as R̄c,k = EQ|Q̂{Rc,k|Q̂} and

R̄p,k = EQ|Q̂{Rp,k|Q̂}, where Rc,k and Rp,k are instantaneous rates determined by the perfect

channel Q as illustrated in (5.9).

With Definition 5.1, we can connect the ergodic rates EQ{Rc,k}, EQ{Rp,k} with average rates

R̄c,k, R̄p,k as

EQ{Rc,k} = EQ̂{EQ|Q̂{Rc,k|Q̂}} = EQ̂{R̄c,k}, (5.10a)

EQ{Rp,k} = EQ̂{EQ|Q̂{Rp,k|Q̂}} = EQ̂{R̄p,k}, (5.10b)

multi-sector BD-RIS case with cell-wise single-connected architecture. The key and main difference compared
with conventional RIS case is the RIS pattern design due to the new constraint of multi-sector BD-RIS. A
simple choice is to set identical amplitude for non-zero elements of the BD-RIS matrix, i.e., |φl,m| = 1√

L
. Then

orthogonal matrices, such as DFT matrix and Hadamard matrix, can be adopted to construct the RIS pattern.
The detailed channel estimation scheme will be discussed in Chapter 6.
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which indicate that ergodic rates can be characterized by the expectation of average rates

over varied channel estimate Q̂. Accordingly, maximizing the ergodic sum-rate EQ{
∑

k Rk}
with partial CSI is transformed into maximizing the average sum-rate for each Q̂, given by∑

k C̄k +
∑

k R̄p,k, where C̄k ∈ R+, ∀k ∈ K referring to the common part of the average rate

should satisfy
∑

k C̄k = min∀k R̄c,k. Therefore, the average sum-rate maximization problem can

be formulated as

max
{P,c̄},{φl,∀l}

∑
k
C̄k +

∑
k
R̄p,k (5.11a)

s.t.
∑

l
|φl,m|2 = 1, ∀m, (5.11b)

‖P‖2
F ≤ P, (5.11c)∑
k′
C̄k′ ≤ R̄c,k, ∀k, (5.11d)

c̄ � 0, (5.11e)

R̄k ≥ Rth,k, ∀k, (5.11f)

where φl = [φl,1, . . . , φl,M ]T ∈ CM , ∀l ∈ L, c̄ = [C̄1, . . . , C̄K ]T ∈ RK , and Rth,k ∈ R+ is

the threshold rate for user k, ∀k ∈ K, to guarantee the QoS. Problem (5.11) is a challenging

stochastic optimization different from existing optimization problems due to the new constraint

(5.11b), the constraint of common rates (5.11d), and the QoS constraint (5.11e), where the BD-

RIS matrix and the precoder are always coupled. One reliable solution is to transform problem

(5.11) into a deterministic one based on SAA [105], and to deal with the deterministic problem

by well-known WMMSE-rate relationship [106]. Details of the two-step transformation will be

illustrated in Section 5.2.2.

5.2.2 Two-Step Transformation

Sample Average Approximation: To facilitate SAA, we give the following definition.

Definition 5.2. Given an estimate Q̂k of user k, a sample of i.i.d. channel realizations is

constructed based on Qk = {Qa
k = Q̂k + Q̃a

k|Q̂k, ∀a ∈ As = {1, . . . , As}}, where Q̃a
k follows the

CSCG distribution, i.e., vec(Q̃a
k) ∼ CN (0, δ2

kIMN), ∀a ∈ As. The SAA of average common and

private rates are, respectively, defined as R̂c,k = 1
As

∑
aR

a
c,k and R̂p,k = 1

As

∑
aR

a
p,k, ∀k ∈ K4.

The SAA of average rate in Definition 5.2 is a tight approximation of the average rate with

sufficient large number of samples5, i.e., limAs→∞ R̂c,k = R̄c,k, limAs→∞ R̂p,k = R̄p,k, ∀k ∈ K,

4In the following illustrations, notations with superscript “(·)a” have the same expressions as that without
“(·)a”, except that the term Qk is replaced by Qa

k, ∀k ∈ Kl, ∀l ∈ L, ∀a ∈ As.
5In this paper, we fix As = 50 to save on the computational time without sacrificing performance based on

simulations using the proposed algorithm and the results in [97].
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which motivates us to approximate the stochastic problem (5.11) into a deterministic problem

max
{P,c̄},{φl,∀l}

∑
k
C̄k +

∑
k
R̂p,k

s.t. (5.11b), (5.11c), (5.11e),∑
k′
C̄k′ ≤ R̂c,k, ∀k,

C̄k + R̂p,k ≥ Rth,k, ∀k.

(5.12)

Problem (5.12) can be further transformed into a more tractable form as detailed below.

WMMSE-Rate Relationship: Let ŝac,k = gac,ky
a
k be the estimate of sc with equalizer gac,k from

user k covered by sector l, ∀k ∈ Kl, ∀l ∈ L, ∀a ∈ As. The estimate of sp,k with equalizer gap,k
after removing the common stream is given by ŝap,k = gap,k(y

a
k−φTl (Qa

k)
Hpcsc), ∀k ∈ Kl, ∀l ∈ L,

∀a ∈ As. Define MSE functions regarding the common and private streams for user k covered

by sector l at channel sample a as εac,k = E{|ŝac,k−sc|2} = |gac,k|2τac,k−2<{gac,kφTl (Qa
k)
Hpc}+1 and

εap,k = E{|ŝap,k − sp,k|2} = |gap,k|2τap,k − 2<{gap,kφTl (Qa
k)
Hpp,k} + 1. Then optimal unconstrained

equalizers for the common stream and private streams which achieve minimum MSEs are

(gac,k)
? =

pHc Qa
kφ
∗
l

τac,k
, (gap,k)

? =
pHp,kQ

a
kφ
∗
l

τap,k
, (5.13)

and the corresponding minimum MSEs are (εao,k)
? = mingao,k ε

a
o,k = (τao,k)

−1ιao,k = (1 + γao,k)
−1,

∀o ∈ {c, p}, ∀k ∈ K, ∀a ∈ As. Introducing weights λac,k ∈ R+ and λap,k ∈ R+ associating

common and private MSEs for user k, we can establish the WMMSE-rate relationship Ra
o,k =

maxλao,k log2 λ
a
o,k − λao,k(ε

a
o,k)

? + 1, ∀o ∈ {c, p}, ∀k ∈ K, ∀a ∈ As, where the maximum of the

right-hand problem is achieved when weights λc,k and λp,k satisfy

(λac,k)
? = 1 + γac,k, (λap,k)

? = 1 + γap,k. (5.14)

Based on the above derivations, we reformulate problem (5.12) as a three-block optimization

max
{λao ,gao ,∀a,∀o}
{P,c̄},{φl,∀l}

∑
k

(
C̄k +

1

As

∑
a
(log2 λ

a
p,k − λap,kεap,k)

)
s.t. (5.11b), (5.11c), (5.11e),

1

As

∑
a
(log2 λ

a
c,k − λac,kεac,k + 1) ≥

∑
k′
C̄k′ , ∀k, (5.15a)

C̄k +
1

As

∑
a
(log2 λ

a
p,k − λap,kεap,k + 1) ≥ Rth,k, ∀k, (5.15b)

where λao = [λao,1, . . . , λ
a
o,K ]T and gao = [gao,1, . . . , g

a
o,K ]T , ∀o ∈ {c, p}, ∀a ∈ As. Although problem

(5.15) is not convex in a joint design manner, the sub-problem regarding one block with fixing

other blocks is either convex or more tractable than directly dealing with the original objective.

Specifically, the unconstrained solution to block {λao,gao , ∀o, ∀a} have been given in (5.13) and
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(5.14). Solutions to {P, c̄} and {φl, ∀l} will be respectively given in Sections 5.2.3 and 5.2.4.

5.2.3 Solution to Block {P, c̄}

With fixed equalizers, weights, and BD-RIS matrix, the sub-problem regarding block {P, c̄} is

min
{P,c̄}

1

As

∑
k

∑
a
λap,kε

a
p,k −

∑
k
C̄k s.t. (5.11c), (5.11e), (5.15a), (5.15b). (5.16)

With the following definitions

ψa
c,k = λac,k(g

a
c,k)
∗Qa

kφ
∗
l , ψ

a
p,k = λap,k(g

a
p,k)
∗Qa

kφ
∗
l , (5.17a)

Ψa
c,k =

ψa
c,k(ψ

a
c,k)

H

λac,k
, Ψa

p,k =
ψa

p,k(ψ
a
p,k)

H

λap,k
, (5.17b)

ξac,k = log2 λ
a
c,k − λac,k|gac,k|2σ2

k − λac,k + 1, ξap,k = log2 λ
a
p,k − λap,k|gap,k|2σ2

k − λap,k + 1, (5.17c)

and their averages over As samples, i.e., ψc,k = 1
As

∑
aψ

a
c,k, ψp,k = 1

As

∑
aψ

a
p,k, Ψc,k =

1
As

∑
a Ψa

c,k, Ψp,k = 1
As

∑
a Ψa

p,k, ξc,k = 1
As

∑
a ξ

a
c,k, ξp,k = 1

As

∑
a ξp,k, ∀k ∈ K, problem (5.16) is

rewritten as

min
c̀,pc,{pp,k,∀k}

∑
k

(
C̀k +

∑
k′

pHp,k′Ψp,kpp,k′ − 2<{ψH
p,kpp,k}

)
(5.18a)

s.t. ‖pc‖2
2 +

∑
k
‖pp,k‖2

2 ≤ P, (5.18b)

pHc Ψc,kpc +
∑

k′
pHp,k′Ψc,kpp,k′ − 2<{ψH

c,kpc} ≤
∑

k′
C̀k + ξc,k, ∀k, (5.18c)

c̀ � 0, (5.18d)∑
k′

pHp,k′Ψp,kpp,k′ − 2<{ψH
p,kpp,k}+ C̀k ≤ ξp,k −Rth,k, ∀k, (5.18e)

where c̀ = [C̀1, . . . , C̀K ]T = −c̄. Problem (5.18) is a convex second-order cone program

(SOCP) and can be solved by interior-point methods with computational complexity bounded

by O((NK +N +K)3.5) [85].

5.2.4 Solution to Block {φl, ∀l}

Recall that (5.15b) in problem (5.15) is the QoS constraint, which can be guaranteed in the

design of block {P, c̄}. To simplify the design of block {φl, ∀l}, we temporarily ignore constraint

(5.15b). Then, without the QoS constraint (5.15b), we can remove the term c̄ by putting

constraint (5.15a) into the objective. In this case, the original problem (5.15) can be simplified
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as the following form

max
{λao ,gao ,∀o,∀a}

P,{φl,∀l}

{
min∀k

1

As

∑
a
(log2 λ

a
c,k − λac,kεac,k + 1)

}
+

1

As

∑
k

∑
a
(log2 λ

a
p,k − λap,kεap,k)

s.t. (5.11b), (5.11c), (5.11e).

(5.19)

With given equalizers, weights, and the transmit precoder, the sub-problem regarding the

multi-sector BD-RIS is

min
{φl,∀l}

{
max∀k

1

As

∑
a
(λac,kε

a
c,k − log2 λ

a
c,k − 1)

}
+

1

As

∑
a

∑
k
λap,kε

a
p,k

s.t.
∑

l
|φl,m|2 = 1, ∀m.

(5.20)

With the following definitions

vac,k =(Qa
k)
Tp∗c, vap,k,k′ = (Qa

k)
Tp∗p,k′ , (5.21a)

Xa
c,k =λac,k|gac,k|2vac,k(vac,k)H + λac,k|gac,k|2

∑
k′

vap,k,k′(v
a
p,k,k′)

H , (5.21b)

Xa
p,k =λap,k|gap,k|2

∑
k′

vap,k,k′(v
a
p,k,k′)

H , (5.21c)

xac,k =λac,k(g
a
c,k)
∗vac,k, xap,k = λap,k(g

a
p,k)
∗vap,k,k, (5.21d)

and their averages over As samples, i.e., Xc,k = 1
As

∑
a Xa

c,k, Xp,k = 1
As

∑
a Xa

p,k, xc,k =
1
As

∑
a xac,k, xp,k = 1

As

∑
a xap,k, ∀k ∈ K, problem (5.20) can be rearranged as

min
{φl,∀l}

{
max∀k

(
φHl Xc,kφl − 2<{φHl xc,k} − ξc,k

)}
+
∑

l

(
φHl X̄p,lφl − 2<{φHl x̄p,l}

)
s.t.

∑
l
|φl,m|2 = 1, ∀m,

(5.22)

where X̄p,l =
∑

k′∈Kl Xp,k′ and x̄p,l =
∑

k′∈Kl xp,k′ , ∀l ∈ L. We observe from problem (5.22)

that the objective regarding each cell of the multi-sector BD-RIS is coupled with each other,

while the constraints for different cells are independent of each other. This fact motivates us

to successively design each cell while fixing the rest cells. Therefore, we introduce the following

fresh notations

νc,k,m = [Xc,k]m,m, νp,l,m = [X̄p,l]m,m, (5.23a)

χc,k,m = [xc,k]m −
∑

n 6=m
[Xc,k]m,nφl,n, (5.23b)

χp,l,m = [x̄p,l]m −
∑

n 6=m
[X̄p,l]m,nφl,n, (5.23c)

ξk,m = ξc,k −
∑

n 6=m

∑
n′ 6=m

[Xc,k]n,n′φ
∗
l,nφl,n′ + 2<

{∑
n 6=m

φ∗l,n[xc,k]n

}
, (5.23d)

φ̄m = [φ1,m, . . . , φL,m], ∀m ∈M, ∀k ∈ Kl, ∀l ∈ L, (5.23e)
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and formulate the sub-problem regarding cell m, ∀m ∈M, with fixed other cells as

min
φ̄m

max∀k νc,k,m|φl,m|2 − 2<{φ∗l,mχc,k,m} − ξk,m︸ ︷︷ ︸
=Fc,k(φl,m)

+
∑

l
νp,l,m|φl,m|2 − 2<{φ∗l,mχp,l,m}︸ ︷︷ ︸

=Fp,l(φl,m)

s.t. ‖φ̄m‖2
2 = 1.

(5.24)

Problem (5.24) is a non-smooth optimization with a non-convex constraint. To solve this

problem, we introduce the well-known LogSumExp (LSE) function to transform the non-smooth

part of the objective function into a smooth form, and adopt the manifold theory reviewed in

Section 2.2.3 to transform the constrained problem on the Euclidean space into an unconstrained

optimization on the manifold space. Each of the two steps is described as follows.

LogSumExp Approximation: To facilitate the LSE approximation, we give the following

definition.

Definition 5.3. Given a set F = {Fc,k ∈ R|∀k ∈ K}, an LSE function is defined as the

logarithm of the sum of the exponentials of Fc,k, ∀k, i.e., log
∑

k exp(Fc,k), which is a smooth

approximation of the maximum max∀k Fc,k with a lower bound max∀k Fc,k and an upper bound

max∀k Fc,k + log |K|, i.e., max∀k Fc,k ≤ log
∑

k exp(Fc,k) ≤ max∀k Fc,k + log |K|.

Proof. Let Fmax
c = max∀k Fc,k. Then we have exp(Fmax

c ) ≤
∑

k exp(Fc,k) ≤ |K| exp(Fmax
c ).

Performing the logarithm to the inequality gives the result max∀k Fc,k ≤ log
∑

k exp(Fc,k) ≤
max∀k Fc,k + log |K|.

With Definition 5.3, we have the following result to obtain an approximation to max∀k Fc,k(φl,m)

in problem (5.24).

Result 5.1. max∀k Fc,k(φl,m) has the following bounds

max∀k Fc,k(φl,m)
(a)

≤ ε log
∑

k
exp

(
Fc,k(φl,m)

ε

)
︸ ︷︷ ︸

=F̄ (φ̄m)

(b)

≤ max∀k Fc,k(φl,m) + ε log |K|,
(5.25)

with ε > 0, where (a) achieves its equality when |K| = 1 and (b) achieves its equality when

Fc,1(φl,m) = . . . = Fc,K(φl,m).

Proof. Based on Definition 5.3, by replacing each Fc,k with
Fc,k

ε
, ∀k ∈ K, we have max∀k

Fc,k

ε
≤

log
∑

k exp(
Fc,k

ε
) ≤ max∀k

Fc,k

ε
+ log |K|. Multiplying by ε gives the inequality (5.25).

In Result 5.1, F̄ (φ̄) refers to the LSE function of max∀k Fc,k(φl,m) with ε a scalar to make the

bounds tighter. In addition, we can easily deduce that the smaller the ε, the tighter the LSE
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Figure 5.2: The impact of ε to the tightness of LSE approximation.

approximation. To get some insights of how the ε influences the tightness of the bounds, we

compare the values of Fmax
c = max∀k Fc,k(φl,m), its LSE approximation F̄ (φ̄m), and the upper

bound Fc +ε log |K| with different ε in Fig. 5.2, which verifies that a smaller ε leads to a smaller

gap between Fmax
c and the corresponding LSE function.

With Result 5.1, problem (5.24) can be approximated as

φ̄?m = arg min
‖φ̄m‖22=1

∑
l
Fp,l(φl,m) + F̄ (φ̄m)︸ ︷︷ ︸

=F (φ̄m)

. (5.26)

Now problem (5.26) has a smooth objective function F (φ̄m) and only one constraint, which

can be solved by the manifold method as explained below.

Manifold Construction: We construct the feasible region of problem (5.26), i.e., ‖φ̄m‖2
2 = 1,

as a complex sphere manifold Mcs as reviewed in Section 2.2.3. More specifically, we say φ̄m

is a point on the complex sphere manifoldMcs, yielding problem (5.26) an unconstrained opti-

mization on Mcs, which can be solved by many classic algorithms with necessary projections.

The algorithm we use here to solve problem (5.26) is the Riemannian Conjugate-Gradient

algorithm similar to Algorithm 2 in Chapter 3, where the key is to determine the descent

direction of the objective function. Specifically, the Riemannian gradient, which can be obtained

from the Euclidean gradient, is required to calculate the descent direction. Therefore, we first
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Algorithm 5 Riemannian Conjugate Gradient

Require: νc,k,m, νp,l,m, χc,k,m, χp,l,m, ξc,k,m, ξp,l,m, ∀k, ∀l, φ̄m, ε, m, ζ, omax.
Ensure: φ̄?m.

1: Initialize φ̄0
m = φ̄m, β0 = −OMcsf(φ̄0

m), o = 0.
2: repeat
3: Update o = o+ 1.
4: Calculate stepsize ςv−1 by Armijo backtracking [87].

5: Set φ̄om by retraction: φ̄om = φ̄o−1
m +ςo−1βo−1

‖φ̄o−1
m +ςo−1βo−1‖2

.

6: Update Polak-Ribière formula µo =
<{Tr([OMcsF (φ̄om)]H [OMcsF (φ̄om)−Prφ̄om (OMcsF (φ̄o−1

m ))])}
Tr([OMcsF (φ̄o−1

m )]HOMcsF (φ̄o−1
m ))

.

7: Update search direction βo = −OMcsF (φ̄om) + µoPrφ̄m(βo−1).
8: until ‖OMcsF (φ̄vm)‖2 ≤ ζ or o ≥ omax

Algorithm 6 Multi-Sector BD-RIS: Manifold Based Solution

Require: Xc,k, X̄p,l, xc,k, x̄p,l, ξc,k, ∀k, φl, ∀l, ε, ζ, omax.
Ensure: φ?l , ∀l.

1: Initialize φ0
l = φl, ∀l ∈ L, o = 0.

2: repeat
3: Update o = o+ 1.
4: for m ∈M do
5: Update χoc,k,m, χop,l,m, and ξok,m, ∀k ∈ K by (5.23).

6: Update φ̄om by Algorithm 5.
7: end for
8: until

∑
l ‖φol − φ

o−1
l ‖2

2 ≤ ζ or o ≥ omax

calculate the Euclidean gradient of the objective function F (φ̄m), which is given by

OF (φ̄m) =

[
∂F (φ̄m)

∂φ1,m

, . . . ,
∂F (φ̄m)

∂φL,m

]
=
[
OFp,1(φ1,m) +

∂F̄ (φ̄m)

∂φ1,m

, . . . ,OFp,L(φL,m) +
∂F̄ (φ̄m)

∂φL,m

]
, (5.27a)

OFp,l(φl,m) = 2νp,l,mφl,m − 2χp,l,m, (5.27b)

∂F̄ (φ̄m)

∂φl,m
=

∑
k∈Kl exp

(
Fc,k(φl,m)

ε

)
OFc,k(φl,m)∑

k∈K exp
(
Fc,k(φl,m)

ε

) , (5.27c)

OFc,k(φl,m) = 2νc,k,mφl,m − 2χc,k,m. (5.27d)

Then, we obtain the Riemannian gradient, which projects the Euclidean gradient onto the

tangent space, i.e., OMcsF (φ̄m) = Prφ̄m(OF (φ̄m)). The Riemannian version of the Conjugate-

Gradient method to solve problem (5.26) is summarized in Algorithm 5.

Summary: With solutions to each cell of the multi-sector BD-RIS, the procedure of the suc-

cessive design is straightforward and summarized in Algorithm 6. The complexity of Algorithm

6 is given by O(I1L
1.5), where I1 is the number of iterations of Algorithm 6.
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Algorithm 7 Joint Design: Block Coordinate Descent

Require: Qk, σk, Rth,k, ∀k, ∀l, P , ζ, vmax.
Ensure: φ?l , ∀l, P?.

1: Initialize φ0
l , µl = 0, ∀l, P0, v = 0.

2: repeat
3: Update v = v + 1.
4: Set weights {λao, ∀o, ∀a}v−1 by (5.14).
5: Set equalizers {gao , ∀o, ∀a}v−1 by (5.13).
6: Update BD-RIS matrix {φvl , ∀l} by Algorithm 6.
7: Update precoder Pv by solving SOCP (5.18).

8: until |R̂
v−R̂v−1|
R̂v−1

≤ ζ or v ≥ vmax

5.2.5 Algorithm and Analysis

Framework of the Algorithm: The above three blocks are updated in an iterative manner

until convergence as summarized in Algorithm 7, where R̂v = min∀k R̂
v
c,k +

∑
k R̂

v
p,k.

Initialization: In Algorithm 7, φl, ∀l ∈ L are initialized as φ0
l = 1√

L
[eϕl,1 , . . . , eϕl,M ]T ,

where ϕl,m is randomly selected within the range [0, 2π], ∀l ∈ L, ∀m ∈ M. The transmit

power allocated to the common streams is initialized as Pc = 0.7P , and thus that allocated

to the private streams is Pp = 0.3P . Accordingly, the common precoder is initialized as

pc =
∑

a

∑
k Qa

kφ
∗
l , followed by a normalization p0

c =
√
Pcpc

‖pc‖2 . The private precoder is initialized

as pp,k =
∑

a Qa
kφ
∗
l , followed by p0

p,k =
√

Pp

K

pp,k

‖pp,k‖2
, ∀k ∈ K.

Complexity Analysis: The complexity of Algorithm 7 mainly comes from the update of three

blocks (steps 4-7). Specifically, updating block {λao,gao , ∀o, ∀a} requires complexityO(MNKLA).

Updating block {P, c̄} by solving SOCP has complexity O((NK +N +K)3.5), while updating

block {φl, ∀l} by Algorithm 6 requires O(I1L
1.5). The overall complexity of Algorithm 7 is

thus O(I(NK +N +K)3.5), where I is the number of iterations of Algorithm 7 to achieve the

convergence threshold. The overall complexity of the proposed algorithm does not scale with

the increasing dimension of BD-RIS, i.e., M and L. Hence, the proposed algorithm has benefits

in readily being applied in scenarios where the BD-RIS has numerous elements.

5.3 Performance Evaluation

In this section, we evaluate the performance of the proposed robust beamforming design for

multi-sector BD-RIS aided RSMA under different CSI conditions. The perfect channels are

generated as a combination of small-scale fading and large-scale fading as given in (4.23)-(4.27).

Sectors of the multi-sector BD-RIS are modeled as Mx×My = M uniform planar arrays and the

transmitter is modeled as a uniform linear array with half-wavelength inter-antenna spacing.
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Table 5.1: Simulation Settings
Parameters Value

Rician Factor κ = κ1 = . . . = κK = 0 dB
Transmit/Receive Antenna Gain GT = GU = 1

Transmit Signal Frequency f = 2.4 GHz
Transmitter-RIS Distance dIT = 100 m

RIS-User Distance dUI,1 = . . . = dUI,K = 10 m
Path Loss Exponent εIT = εUI = 2

Transmitter-RIS Angle θIT ∈ [0, π
L

]
RIS-User Angle θUI,k ∈ [0, π

L
], ∀k ∈ K

Noise Power σ2
1 = . . . = σ2

K = −90 dBm
Estimation Uncertainty δ ∈ {0, 0.15}

No. of Samples A = 50
No. of Sectors L = 3

No. of Users per Sector K1 = . . . = KL = 2
No. of BD-RIS antennas per Sector M = Mx ×My = 5× 4 = 20

No. of transmit antennas N = 4
QoS Threshold per User Rth,1 = . . . = Rth,K = Rth

The channel estimation error for each channel realization Q̃k is generalized such that vec(Q̃k) ∼
CN (0, δ2

kIMN), where the channel estimation uncertainty δ2
k is set as δ2

k = ζ−1
k δ2, ∀k ∈ K with

a scalar δ ∈ [0, 1). Specifically, the value δ = 0 refers to the perfect CSI case. For each channel

estimate Q̂k = Qk−Q̃k, the a-th sample in the set (available at the transmitter) Qk is given by

Qa
k = Q̂k + Q̃a

k, where Q̃a
k follows the same error distribution, that is vec(Q̃a

k) ∼ CN (0, δ2
kIMN),

∀k ∈ K, ∀a ∈ A. For each channel realization, the precoder and BD-RIS are designed based

on sets Qk, ∀k ∈ K and the maximization of the average sum-rate as summarized in Algorithm

7, while the sum-rate is calculated based on the perfect instantaneous channel Q. The ergodic

sum-rate is plotted as an average of sum-rates for 50 perfect channel realizations. The simulation

settings, unless otherwise stated, are summarized in Table 5.1.

5.3.1 Convergence of the Algorithm

The convergence of Algorithm 7 cannot be theoretically proved since the design of BD-RIS

matrix block does not lead to a global optimal solution. Instead, we provide numerical results

to show the proposed algorithm can converge within limited iterations. Fig. 5.3 plots the

sum-rate versus the number of iterations of Algorithm 7 for different CSI conditions and pa-

rameter settings. We can observe from Fig. 5.3 that the proposed algorithm always converges

within finite iterations regardless of simulation settings, such as channel conditions (perfect and

imperfect CSI), the number of transmit antennas, and QoS requirements.
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Figure 5.3: Sum-rate versus the number of iterations (P = 35 dBm).
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Figure 5.4: Impact of QoS threshold with idealized radiation pattern and different CSI condi-
tions (P = 35 dBm).

5.3.2 Impact of QoS Threshold

Then, in Fig. 5.4, we show the impact of the QoS requirement for each user to the achievable

ergodic sum-rate under different CSI conditions when each multi-sector BD-RIS antenna has

an idealized radiation pattern. From Fig. 5.4 we have the following observations. 1) The

multi-sector BD-RIS aided RSMA always outperforms the SDMA scheme with various QoS

thresholds and different CSI conditions. 2) The achievable ergodic sum-rate for both schemes

decreases with the growth of the QoS requirement, which can be explained as follows. Since we

focus on the sum-rate maximization problem, when the number of transmit antennas is smaller

than the number of users (4 = N < K = 6), the weakest N −K users tend to be turned off. In

this case, increasing the QoS requirement for all users violates the aim of maximizing sum-rate.

3) The performance gap between the RSMA scheme and the SDMA scheme becomes larger
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Figure 5.5: Ergodic sum-rate versus the total number of antennas of BD-RIS with idealized
radiation pattern (P = 35 dBm, Rth = 0.2).

with increasing QoS threshold for each user, and thus the RSMA scheme is able to achieve

both higher sum-rate and better QoS than the SDMA case, e.g., the comparison between

RSMA scheme with Rth = 0.5 and SDMA scheme with Rth = 0.1. This is because in RSMA

scheme, the power allocated to the common precoders increases with the QoS requirement.

This phenomenon demonstrates that the common precoders play an increasingly important

role to guarantee the fairness while achieving better sum-rate performance.

5.3.3 Impact of Numbers of Transmitter and BD-RIS Antennas

In Fig. 5.5, we plot the ergodic sum-rate versus the total number of antennas of the multi-sector

BD-RIS under different CSI conditions. We observe from Fig. 5.5 that the ergodic sum-rate

of both RSMA and SDMA schemes grows with increasing number of BD-RIS antennas, and

that the RSMA scheme always achieves better performance than the SDMA scheme. More

importantly, to achieve the same sum-rate, the required number of BD-RIS antennas can be

reduced compared to the SDMA scheme by adopting RSMA at the transmitter. For example,

in perfect CSI case, to achieve an ergodic sum-rate of 15 b/s/Hz, the required number of

antennas can be reduced by 16%; in imperfect CSI case, to achieve an ergodic sum-rate of 13

b/s/Hz, the required number can be reduced by 14%. This observation highlights the benefit

of synergizing BD-RIS and RSMA in saving on BD-RIS antennas, which is friendly to the

hardware implementation of multi-sector BD-RIS.

Finally, in Fig. 5.6, we plot the ergodic sum-rate versus the number of transmit antennas under

different CSI conditions. Similar conclusions that the RSMA scheme always outperforms the

SDMA scheme can be obtained from Fig. 5.6. More importantly, to achieve the same sum-rate,

the required number of active antennas at the transmitter can also be reduced compared to the

SDMA scheme when RSMA is adopted at the transmitter. For example, an 1-antenna RSMA-
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Figure 5.6: Ergodic sum-rate versus the number of transmit antennas when BD-RIS antennas
have idealized radiation pattern (P = 35 dBm, Rth = 0.15).

enabled transmitter supports the same sum-rate performance as an 2-antenna SDMA-enabled

transmitter. Such reduction of the number of transmit antennas demonstrates the benefit of

synergizing BD-RIS and RSMA in reducing power consumption and cost, which leads to an

energy efficiency gain.

5.4 Summary

This chapter considers the integration of multi-sector BD-RIS and RSMA in a MU-MISO com-

munication system. Specifically, we assume a multi-sector BD-RIS and an RSMA-enabled

transmitter. Given that the channel estimation for RIS and BD-RIS aided scenarios is chal-

lenging, we model the channel estimation error when only partial/imperfect CSI is available at

the transmitter.

With the multi-sector BD-RIS aided RSMA model and CSI uncertainty model, we propose a

robust design to jointly optimize the transmit precoder and multi-sector BD-RIS for a MU-

MISO system. Specifically, SAA and WMMSE-rate relationship are adopted to transform

the stochastic problem into a more tractable deterministic multi-block problem. Regarding

the design of the BD-RIS matrix block, we adopt the RCG algorithm after transforming the

corresponding problem into a smooth optimization.

Finally, we present simulation results, which demonstrate the performance enhancement of

multi-sector BD-RIS aided RSMA compared to SDMA schemes with different radiation pattern

of BD-RIS antennas and various parameter settings, such as CSI conditions and QoS threshold

for users. More importantly, with given sum-rate requirement, the numbers of transmitter and

BD-RIS antennas can be effectively reduced by synergizing RSMA with multi-sector BD-RIS.

Such reduction of the number of antennas is beneficial for practical implementations.



Chapter 6

Channel Estimation and Beamforming

for BD-RIS

The enhanced performance achieved by BD-RIS with different modes and architectures highly

depends on accurate CSI, while none of the existing works study the channel estimation of BD-

RIS. This chapter thus focuses on the channel estimation and beamforming design for BD-RIS

aided wireless communication systems. This leads to the folowing layouts and contributions.

In Section 6.1, the uplink-downlink reciprocity of BD-RIS aided channels have been reviewed,

which lays the foundation for the uplink channel estimation and downlink data transmission.

In Section 6.2, a novel channel estimation scheme for a reflective BD-RIS aided MIMO system

has been proposed, where the joint design of pilot sequence and BD-RIS matrix during the

training process has been investigated. The proposed pilot sequence and BD-RIS design differs

from that for conventional RIS cases due to the new structure of the cascaded channel and

new constraints originating from the unique BD-RIS architectures. The proposed design is

applicable for general time-invariant channel models, such as commonly used i.i.d Rayleigh

fading and Rician fading channels. Specifically, a closed-form pilot sequence and BD-RIS design

which theoretically guarantees to achieve the MSE of the least square (LS) estimator has been

proposed. A comprehensive analysis of the training overhead of the proposed channel estimation

scheme has also been provided. In addition, the proposed scheme is readily generalized to

multiuser scenarios and to BD-RIS with hybrid transmitting and reflecting mode and multi-

sector mode by assuming each sector of the hybrid/multi-sector BD-RIS works in turns.

In Section 6.3, the beamforming designs for a reflective BD-RIS aided point-to-point MIMO

system and for a hybrid/multi-sector BD-RIS aided MU-MISO system have been proposed

based on the cascaded channel estimates.

In Section 6.4, simulation results have been provided to verify the effectiveness and accuracy of

the proposed channel estimation scheme and evaluate the performance of the proposed beam-
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forming design algorithms. Simulation results verify that the proposed channel estimation

scheme achieves the theoretical minimum MSE. Simulation results also show that with the esti-

mated channel obtained by the proposed channel estimation scheme, the proposed beamforming

design algorithms can achieve satisfactory performance close to the perfect CSI cases. More im-

portantly, there exists a practical trade-off between the channel estimation performance and the

rate performance, indicating that the improved beamforming flexibility of BD-RIS architectures

is achieved at the cost of increasing the training overhead.

6.1 Channel Model and Transmission Protocol

In this section, we illustrate the uplink and downlink channel models of general BD-RIS assisted

MIMO systems, and introduce the transmission protocol of the whole system.

6.1.1 Channel Model

We consider a narrowband system which consists of an N -antenna BS, an M -antenna BD-RIS

with reflective mode, and a K-antenna user, as illustrated in Fig. 6.1. The M antennas of the

BD-RIS are connected to an M -port group-connected reconfigurable impedance network [55],

where the M ports are uniformly divided into G1 groups with each containing M̄ = M
G1

ports

connected to each other1. Mathematically, the BD-RIS with group-connected architecture has

a block-diagonal scattering matrix2 Φ̄ ∈ CM×M with each block Φ̄g ∈ CM̄×M̄ , ∀g ∈ G1 =

{1, . . . , G1}, being unitary [55], i.e.,

Φ̄ = blkdiag(Φ̄1, . . . , Φ̄G1), Φ̄H
g Φ̄g = IM̄ , ∀g ∈ G1. (6.1)

In practice, the unitary matrix Φ̄g might involve further constraints determined by the circuit

topology of the reconfigurable impedance network, such that its entries are jointly controlled

by specific numbers of the reconfigurable impedance components. More details about different

circuit designs and corresponding mathematical constraints can be found in [55,57].

In this work, we assume the direct user-BS channel is blocked and focus purely on the estimation

of the cascaded user-RIS-BS channel3. In the uplink scenario, we denote Ḡ ∈ CN×M and

H̄ ∈ CM×K as the channel from the BD-RIS to BS, and from the user to BD-RIS, respectively.

1In practice, the uniform linear or planar array can be utilized for antenna deployment. Besides, varactors
or PIN diodes can be used to implement the reconfigurable impedance network.

2The group-connected architecture is a general case including both single- and fully-connected architectures
as special cases. Specifically, G1 = M boils down to single-connected architecture with diagonal scattering
matrices; G1 = 1 represents fully-connected architecture with full scattering matrices.

3When the direct BS-user channel exists, the direct channel can be effectively obtained by turning off the
BD-RIS and using conventional channel estimation strategies.
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Figure 6.1: A paradigm of a BD-RIS assisted MIMO system.

By Result 2.1, the uplink user-RIS-BS channel Hup ∈ CN×K is

Hup = ḠΦ̄H̄ =
∑
g∈G1

ḠgΦ̄gH̄g = unvec
(∑
g∈G1

H̄T
g ⊗ Ḡg︸ ︷︷ ︸

=Q̄g∈CNK×M̄2

vec(Φ̄g)
)
,

(6.2)

where Ḡg = [Ḡ]:,(g−1)M̄+1:gM̄ ∈ CN×M̄ and H̄g = [H̄](g−1)M̄+1:gM̄,: ∈ CM̄×K , ∀g ∈ G1. Al-

ternatively, in the downlink scenario, we denote G = [GT
1 , . . . ,G

T
G1

]T ∈ CM×N and H =

[H1, . . . ,HG1 ] ∈ CK×M , respectively, as the channels from BS to BD-RIS, and from BD-RIS to

the user. The downlink BS-RIS-user channel Hdown ∈ CK×N is

Hdown
(a)
= HΘ̄G =

∑
g∈G1

HgΘ̄gGg
(b)
= unvecT

(∑
g∈G1

(Hg ⊗GT
g )vec(Θ̄T

g )
)
, (6.3)

where (a) holds by defining the BD-RIS matrix for downlink data transmission as Θ̄ =

blkdiag(Θ̄1, . . . , Θ̄G1); (b) holds by the property of vectorization.

When the communication occurs with TDD and the reciprocity between the uplink and down-

link user-RIS and RIS-BS channels exists, i.e., H = H̄T and G = ḠT , we have

Hdown = unvecT
(∑
g∈G1

Q̄gvec(Θ̄
T
g )
)
, (6.4)

which indicates that the channel estimate Q̄ = [Q̄1, . . . , Q̄G1 ] ∈ CNK×M̄2G1 obtained by the

uplink training can be used for downlink data transmission4. This motivates us to estimate Q̄

4We should clarify here that Θ̄ 6= Φ̄T since the BD-RIS matrices are designed focusing on different metrics,
i.e., minimizing the channel estimation error and maximizing the data transmission rate.
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Figure 6.2: Illustration of BD-RIS antenna ports, groups, and tiles. Left: BD-RIS with M = 36,
G1 = 18 and G2 = 9; right: BD-RIS with M = 36, G1 = 12 and G2 = 4. For example, the
left figure says BD-RIS antenna ports with indices {1, 2} and {3, 4} form two different groups,
each of which consists of antenna ports connected to each other by reconfigurable impedance
components. These two groups further form one tile, within which the groups share the same
BD-RIS pattern.

instead of separate channels H̄ and Ḡ, and design the BD-RIS beamforming with the knowledge

of Q̄ for data transmission.

From (6.2) and (6.3) we observe that the BD-RIS aided cascaded channel for both uplink and

downlink, i.e., Q̄, is constructed relying on the non-zero parts of the scattering matrix at BD-

RIS, i.e., Φ̄ or Θ̄, which characterizes inter-element connections in BD-RIS architectures. That

is, the channel to be estimated depends on the BD-RIS architectures. In addition, estimating

Q̄ relies on the variation of Φ̄ during the uplink training, with new constraints (6.1) instead

of being diagonal as in conventional RIS. As a result, the passive channel estimation schemes

for conventional RIS [38–40] do not work for BD-RIS aided scenarios. Therefore, new passive

channel estimation methods adaptive to BD-RIS architectures and Q̄ are needed.

6.1.2 Tile-Based Channel Construction

Estimating Q̄ requires extremely high complexity and training overhead due to the large number

of channel coefficients growing linearly with G1 and quadratically with M̄ . To effectively reduce

the channel estimation complexity and training overhead, we generalize the methods used in

conventional RIS channel estimation works [38, 107, 108] by introducing the concept of tile,

which consists of adjacent groups, each having M̄ ports connected to each other. The groups in

the same tile share the same BD-RIS pattern during the training. To ease understanding, we

provide two examples in Fig. 6.2 to illustrate antenna ports, groups, and tiles. Here, we define
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G2 as the number of tiles and Ḡ = G1

G2
as the tile size. We further define the shared pattern

Φi ∈ CM̄×M̄ for tile i with ΦH
i Φi = IM̄ , ∀i ∈ G2 = {1, . . . , G2} and rewrite the BD-RIS matrix

Φ̄ as

Φ̄ = blkdiag(IḠ ⊗Φ1, . . . , IḠ ⊗ΦG2). (6.5)

The user-RIS-BS channel (6.2) can thus be re-written as

Hup = unvec
(∑
i∈G2

∑Ḡ

j=1
Q̄(i−1)Ḡ+j︸ ︷︷ ︸

=Qi∈CNK×M̄2

vec(Φi)
)
. (6.6)

As such, we estimate the combined cascaded channel of each tile, referred to as the tile-based

channel. Specifically, a larger tile size leads to the reduction of training overhead since the chan-

nel parameters to be estimated reduces from Q̄ to Q = [Q1, . . . ,QG2 ] ∈ CNK×M̄2G2 . However,

this is achieved at the expense of obtaining reduced CSI, which will limit the beamforming flex-

ibility of BD-RIS and further degrades the performance for data transmission. In other words,

although we focus on different objective functions for uplink channel estimation and downlink

data transmission, the two designs are tightly related to each other due to the tile-based channel

construction. The impact of estimating the tile-based channel instead of the original cascaded

channel on the beamforming flexibility of BD-RIS is mathematically reflected in the downlink

channel Hdown, which is re-written as

Hdown = unvecT
(∑
i∈G2

Qivec(Θ
T
i )
)
, (6.7)

with a reformulation of the BD-RIS matrix as

Θ̄ = blkdiag(IḠ ⊗Θ1, . . . , IḠ ⊗ΘG2). (6.8)

This indicates that with the knowledge of Q, we should design Θi, i ∈ G2, which provides less

beam manipulation flexibility compared with designing Θ̄g, ∀g ∈ G1 as in perfect CSI cases,

resulting in performance loss for downlink data transmission.

Note that the trade-off between the training overhead for channel estimation and the perfor-

mance for data transmission comes from twofold perspectives. On the one hand, due to the

tile-based channel construction, the larger Ḡ reduces the dimension of channels to be estimated,

i.e., from Q̄ to Q, which further reduces the overhead. Meanwhile, the larger Ḡ reduces the

dimension of BD-RIS matrices to be designed, i.e., from Θ̄g, ∀g ∈ G1 to Θi, ∀i ∈ G2. On the

other hand, due to the BD-RIS architectures, the larger M̄ increase the dimension of channels

to be estimated and further the overhead. Meanwhile, the larger M̄ provides more flexibility to

BD-RIS design, which further enhances the performance. This overhead-performance trade-off

will be qualitatively and quantitatively studied in the following sections.
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Figure 6.3: One transmission frame consisting of three phases with T = T1 + T2 + T3 symbol
durations.

6.1.3 Transmission Protocol

With the tile-based channel construction, we instead estimate the reduced dimensional cascaded

channel Q and design the beamforming with the estimate of Q for data transmission. This re-

sults in the following protocol [37,38,40] with each transmission frame divided into three phases

as illustrated in Fig. 6.3, based on the assumption that user-RIS and RIS-BS channels remain

approximately constant within one transmission frame. In this protocol, we propose channel es-

timation and beamforming designs which are feasible for general time-invariant channel models,

while the performance of the proposed designs are evaluated based on commonly-used Rician

fading models in Section 6.4.

Phase 1: The BS estimates Q by uplink training, where the pilots are consecutively transmitted

from the user and reflected by the BD-RIS with varied Φi, ∀i ∈ G2 within T1 symbol

durations. In this phase, the difference compared to conventional RIS comes from the

design of the varied BD-RIS pattern due to the different constraint of the scattering

matrix, whose details will be given in Section 6.2.

Phase 2: The BS optimizes the beamformers and Θi, ∀i ∈ G2 based on the estimated channel Q,

and feeds back the optimized Θi, ∀i ∈ G2 to BD-RIS requiring T2 symbol durations.

This phase is also different from conventional RIS cases due to the more general

unitary constraint of the BD-RIS, whose details will be given in Section 6.3.

Phase 3: The BS performs the downlink data transmission for T3 symbol durations based on

the optimized beamformers and Θi, ∀i ∈ G2 in Phase 2.

6.2 Channel Estimation for BD-RIS

In this section, we describe the proposed channel estimation strategy based on the LS method,

formulate the BD-RIS design problem to minimize the MSE of the LS estimator, and provide

the closed-form solution.
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6.2.1 LS Based Channel Estimation

Assuming the user sends pilot symbol vector x̄t ∈ CK×1 with |[x̄t]k| = 1, ∀k ∈ K = {1, . . . , K},
at time slot t, ∀t ∈ T = {1, . . . , T1}, the signal received at the BS is

yt =
√
PupG

¯̄ΦtHx̄t + nt =
√
Pup(x̄Tt ⊗ IN)

∑
i∈G2

Qivec(Φt,i) + nt

=
√
Pup(x̄Tt ⊗ IN)Qφ̄t + nt =

√
Pup (φ̄Tt ⊗ x̄Tt ⊗ IN)︸ ︷︷ ︸

=Φ̂t∈CN×NKM̄2G2

vec(Q) + nt, ∀t ∈ T ,
(6.9)

where Pup denotes the transmit power at each user antenna, ¯̄Φt = blkdiag(IḠ ⊗Φt,1, . . . , IḠ ⊗
Φt,G2) with Φt,i ∈ CM̄×M̄ denoting the i-th tile of the BD-RIS matrix at time slot t, and

nt ∈ CN×1 with nt ∼ CN (0N×1, σ
2IN), ∀t ∈ T denotes the noise. The vector φ̄t is defined

as φ̄t = [vecT (Φt,1), . . . , vecT (Φt,G2)]T ∈ CM̄2G2×1, ∀t ∈ T . To uniquely estimate the cascaded

channel Q in (6.9), T1 ≥ KM̄2G2 pilot symbols should be transmitted from the user. Combining

the data from such pilots together, we have

y = [yT1 , . . . ,y
T
T1

]T =
√
Pup [Φ̂T

1 , . . . , Φ̂
T
T1

]T︸ ︷︷ ︸
=Φ̂∈CNT1×NKM̄2G2

q + [nT1 , . . . ,n
T
T1

]T︸ ︷︷ ︸
=n∈CNT1×1

,
(6.10)

where q = vec(Q) ∈ CNKM̄2G2×1. The simplest way to estimate q is to use the LS method,

yielding the LS estimator of q as the following form

q̂ = (
√
Pup)−1Φ̂†y = (

√
Pup)−1(Φ̂HΦ̂)−1Φ̂Hy = q + (

√
P up)−1(Φ̂HΦ̂)−1Φ̂Hn︸ ︷︷ ︸

=qe∈CNKM̄2G2×1

.
(6.11)

It is worth noting that the LS estimator treats each channel element as an independent unknown

parameter, regardless of the strength of each channel coefficients and the correlations between

coefficients. Thus, the channel estimation error does not depend on channel models, but only

on the transmit power Pup, the concatenated pilot matrix Φ̂, and the noise. The MSE of the

LS estimator is

eq̂ = E{‖q̂− q‖2
2} = E{‖qe‖2

2} =
σ2

Pup

Tr((Φ̂HΦ̂)−1), (6.12)

which implies that the MSE of channel estimation depends on the values of x̄t and φ̄t, ∀t ∈ T ,

such that a proper design of them is required. As such, we formulate the following MSE

minimization problem

min
{x̄t,φ̄t}∀t

Tr((Φ̂HΦ̂)−1) (6.13a)

s.t. ΦH
t,iΦt,i = IM̄ , ∀t ∈ T , ∀i ∈ G2, (6.13b)

|[x̄t]k| = 1, ∀t ∈ T , ∀k ∈ K, (6.13c)

rank(Φ̂) = NKM̄2G2, (6.13d)



100 Chapter 6. Channel Estimation and Beamforming for BD-RIS










 



 
 



Figure 6.4: Training breaking the training time into Ts blocks of length K.

where we set T1 = KM̄2G2 to minimize the overhead without introducing estimation ambigu-

ities, which yields Φ̂ a full-rank square matrix. Problem (6.13) is difficult to solve due to the

inverse operation in the objective and the non-convex constraints of group-connected BD-RIS.

In the following subsection, we will first simplify the objective function and then propose an

efficient approach for optimal x̄t and φ̄t, ∀t ∈ T .

6.2.2 Solution

We start by simplifying the inverse operation in objective (6.13a). To this end, we derive the

minimum of the objective (6.13a) based on the following lemma.

Lemma 6.1. The objective function in (6.13a) achieves its minimum, i.e., minTr((Φ̂HΦ̂)−1) =

NM̄ , with the condition Φ̂HΦ̂ = Φ̂Φ̂H = KM̄G2INKM̄2G2
.

Proof. Please refer to Appendix C.1.

With Lemma 6.1, we deduce that achieving the minimum MSE in problem (6.13) is equivalent

to finding a scaled unitary matrix Φ̂, i.e., Φ̂HΦ̂ = Φ̂Φ̂H = KM̄G2INKM̄2G2
. Problem (6.13) is

thus transformed into a feasibility-check problem

find Φ̂ ∈ CNKM̄2G2×NKM̄2G2 (6.14a)

s.t. Φ̂HΦ̂ = KM̄G2INKM̄2G2
, (6.13b), (6.13c). (6.14b)

Given the large dimension and complicated structure of matrix Φ̂, which is constructed by a

coupling of φ̄t and x̄t, ∀t ∈ T , it is difficult to directly find such a matrix to simultaneously

satisfy the three constraints in problem (6.14). To decouple the design of φ̄t and x̄t, ∀t ∈ T , we

apply the most common training approach [109], which breaks the training time into Ts = T1

K
=

M̄2G2 blocks of length K, as illustrated in Fig. 6.4. Specifically, the same BD-RIS pattern,

φs, is repeated K times within each block s ∈ S = {1, . . . , Ts}, while it varies from block to

block. Meanwhile, the pilots X = [x1, . . . ,xK ]T are chosen as an orthogonal sequence, i.e.,

XHX = KIK , and are repeated over the Ts blocks. In other words, we establish the BD-RIS
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pattern set φs, ∀s ∈ S, and the pilot sequence set xk, ∀k ∈ K, for periodicity. Specifically, we

have the mappings between φ̄t and φs, and between x̄t and xk, respectively, as

φ̄(s−1)K+k = φs, x̄(s−1)K+k = xk, ∀k ∈ K, ∀s ∈ S. (6.15)

This allows us to rewrite Φ̂HΦ̂ in the following form

Φ̂HΦ̂ =

KM̄2G2∑
t=1

(φ̄∗t φ̄
T
t )⊗ (x̄∗t x̄

T
t )⊗ IN

(a)
=
( Ts∑
s=1

φ∗sφ
T
s

)
⊗
( K∑
k=1

x∗kx
T
k

)
⊗ IN

(b)
= K(Φ̈HΦ̈)⊗ INK ,

(6.16)

where (a) holds due to the mappings in (6.15); (b) holds with XHX = KIK , and by defining

Φ̈ = [φ1, . . . ,φTs ]
T ∈ CM̄2G2×M̄2G2 . Based on (6.16), we transform designing φ̄t and x̄t in (6.14)

into designing matrices Φ̈ and X. Specifically, the feasible solution of X can be easily obtained,

such as using DFT or Hadamard matrices, such that the x̄t is given by (6.15). The design of

Φ, meanwhile, can be formulated as the following feasibility-check problem

find Φ̈ ∈ CM̄2G2×M̄2G2 (6.17a)

s.t. Φ̈HΦ̈ = M̄G2IM̄2G2
, (6.13b). (6.17b)

Problem (6.17) is a generalization of that for conventional RIS when M̄ = 1, in which case the

solution can be directly obtained by DFT or Hadamard matrices. However, problem (6.17) is

also a new formulation different from conventional RIS case and difficult to solve due to the

constraint from BD-RIS architectures, resulting in the complicated construction of Φ̈ involving

both inter- and intra-row orthogonality and having a large dimension.

To simplify the design of the large-dimensional matrix Φ̈, we propose to decouple problem

(6.17) into two reduced-dimensional sub-problems with simpler constraints. This leads to the

following lemma.

Lemma 6.2. The feasible matrix Φ̈ from problem (6.17) can be constructed as Φ̈ = A ⊗ Φ̆,

where A ∈ CG2×G2 is obtained by solving the following problem:

find A ∈ CG2×G2 (6.18a)

s.t. AHA = G2IG2 , (6.18b)

|[A]i,i′ | = 1, ∀i, i′ ∈ G2. (6.18c)
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Φ̆ ∈ CM̄2×M̄2
is obtained by solving the following problem:

find Φ̆ ∈ CM̄2×M̄2

(6.19a)

s.t. Φ̆HΦ̆ = Φ̆Φ̆H = M̄IM̄2 , (6.19b)

Φ̆H
mΦ̆m = IM̄ , ∀m ∈ ¯̄M, (6.19c)

where Φ̆m = unvec([Φ̆T ]:,m) and ¯̄M = {1, . . . , M̄2}.

Proof. Please refer to Appendix C.2.

With Lemma 6.2, we decouple problem (6.17) into two reduced-dimensional problems (6.18)

and (6.19). The feasible solution to problem (6.18) can be easily obtained by using a G2 ×G2

DFT matrix FG2 or a Hadamard matrix DG2 , i.e., ADFT = FG2 or AHadamard = DG2 . However,

the solution to problem (6.19) is not a straightforward extension from conventional RIS since

we need to find a matrix Φ̆ such that each row constructs a unitary matrix, i.e., constraint

(6.19c), and that different rows are orthogonal to each other, i.e., constraint (6.19b). In other

words, the matrix Φ̆ should include two-dimensional (intra- and inter-row) orthogonality, which

motivates us to construct Φ̆ with two orthogonal bases, Z1 ∈ CM̄×M̄ and Z2 ∈ CM̄×M̄ . The

former guarantees the orthogonality within each row of Φ̆; Z2 and the circular shift of Z1

guarantee that Φ̆ has orthogonal rows. This brings the following theorem.

Theorem 6.1. The matrix Φ̆ satisfying (6.19b) and (6.19c) can be constructed such that each

row, i.e., [Φ̆](m−1)M̄+n,: = φ̆m,n, ∀m,n ∈ M̄ = {1, . . . , M̄}, has the following structure:

φ̆m,n = circshift(vecT (Z1), (n− 1)M̄)� ([Z2]m,: ⊗ 1TM̄), (6.20)

where Z1 ∈ CM̄×M̄ and Z2 ∈ CM̄×M̄ are referred to as base matrices satisfying the following

constraints:

1) Z1 is a scaled unitary matrix, i.e., ZH
1 Z1 = Z1Z

H
1 = α1IM̄ with α ∈ R, α1 6= 0 a scalar;

2) Z2 is a scaled unitary matrix whose entries have identical modulus, i.e., ZH
2 Z2 = Z2Z

H
2 =

α2IM̄ with α2 ∈ R, α2 6= 0 a scalar, |[Z2]m,n| =
√

α2

M̄
, ∀m,n ∈ M̄;

3) The product of two scalars is a constant, i.e., α1α2 = M̄ .

Proof. Please refer to Appendix C.3.

Based on Theorem 6.1, we transform problem (6.19) into finding two base matrices Z1 and

Z2 satisfying the above three constraints in Theorem 6.1, which can be easily satisfied using

DFT/Hadamard matrices. More specifically, we can simply set ZDFT
1 = FM̄ or ZHadamard

1 = DM̄
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Algorithm 8 Channel Estimation for BD-RIS

Require: N , M , M̄ , Ḡ, K.
Ensure: q̂.

1: Generate pilot sequence X such that XHX = KIK .
2: Generate A by ADFT = FG2 or AHadamard = DG2 .
3: Set Z1 by ZDFT

1 = FM̄ or ZHadamard
1 = DM̄ .

4: Set Z2 by ZDFT
2 = 1√

M̄
FM̄ or ZHadamard

2 = 1√
M̄

DM̄ .

5: Construct Φ̆ by (6.20) from Theorem 5.1.
6: Construct Φ̈ by Φ̈ = A⊗ Φ̆ from Lemma 5.2.
7: Map X and Φ̈ to x̄t and φ̄t, ∀t ∈ T by (6.15).

8: Construct Φ̂ by (6.9) with φ̄t and x̄t, ∀t ∈ T .
9: Obtain q̂ by (6.11).

Table 6.1: Training Overhead, Estimation MSE, and Circuit Complexity of BD-RIS with
Group-Connected Architectures

Metrics Value Property

Training Overhead T1 = KMM̄Ḡ−1 ↑ with M̄ ; ↓ with Ḡ

Estimation MSE emin
q̂ = σ2

Pup
NM̄ ↑ with M̄

Circuit Complexity C = (M̄ + 1)M
2

[55] ↑ with M̄

and ZDFT
2 = 1√

M̄
FM̄ or ZHadamard

2 = 1√
M̄

DM̄ to construct Φ̆, and further construct Φ̈ = A⊗ Φ̆

with ADFT or AHadamard.

With solutions to construct pilot sequence X and matrix Φ̈, the procedure of the proposed

channel estimation scheme is straightforward, which is summarized in Algorithm 8.

Note that either using DFT matrices or Hadamard matrices to generate Φ̈, we achieve the

minimum MSE of the LS estimation, i.e., emin
q̂ = Nσ2P−1

up M̄ , and avoid the time-consuming

inversion by Φ̂† = (KM̄G2)−1Φ̂H . Nevertheless, the two ways have pros and cons from different

aspects. On one hand, the matrix Φ̈ constructed by Hadamard bases has the additional advan-

tage of requiring only two states of each entry, which indicates that practical group-connected

BD-RIS with discrete values can be effectively tuned to perform accurate channel estimation.

However, the values of G2 and M̄ should be chosen from the set {1, 2, 4n, n ∈ N} to guar-

antee the existance of Hadamard matrix. On the other hand, Φ̈ constructed by DFT bases

requires more states of each entry of group-connected BD-RIS, which complicates the practical

implementation of BD-RIS, while there is no such limitation of the values of G2 and M̄ .

6.2.3 Overhead, MSE, and Circuit Complexity

The training overhead T1 to estimate q, the estimation error emin
q̂ , and the circuit complexity

C of the group-connected BD-RIS indicated by the number of impedances to realize the circuit
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topology, are summarized in Table 6.1. We can observe that with fixed number of RIS antennas

M and other parameters, the training overhead, estimation MSE, and circuit complexity all

increase with the group size M̄ of the group-connected architecture. Interestingly, the training

overhead can be effectively reduced by introducing tiles (increasing tile size Ḡ), although the

larger M̄ decreases the number of possible Ḡ. More importantly, the larger M̄ provides more

beam manipulation flexibility to BD-RIS to enhance the transmission performance, while the

larger Ḡ leads to reduced CSI and further limits the transmission performance. This phe-

nomenon will be numerically studied in Section 6.4. Therefore, it is important to properly

choose the values of M̄ and Ḡ to achieve satisfactory channel estimation performance and data

transmission performance with affordable training overhead and circuit complexity.

6.2.4 Multi-User Scenarios

The proposed channel estimation scheme can be easily generalized to multi-user cases by as-

suming all users transmit orthogonal pilot sequences such that channels from all users can

be simultaneously estimated by the BS. This can be simply done by setting K as the total

number of antennas at all users. Alternatively, cascaded channels from different users can be

successively estimated by assuming users transmitting pilots in a TDD manner. In this case,

each user can transmit the same pilots and adopt the proposed channel estimation scheme to

estimate the cascaded channel.

6.2.5 BD-RIS with Hybrid/Multi-Sector Modes

While the proposed channel estimation is based on BD-RIS with reflective mode, that is the user

is located at the same side as BS, it is also readily generalized to BD-RIS with hybrid/multi-

sector modes. Assume that an L-sector BD-RIS with M antennas in each sector, L ∈ L =

{1, . . . , L}, L ≥ 2, is adopted in a downlink MU-MISO system with an N -antenna BS and K

single-antenna users. Each sector covers Kl users indexed by Kl = {
∑l−1

i=1 Ki+1, · · · ,
∑l

i=1 Ki},∑
l∈LKl = K. In addition, the L-sector BD-RIS with group-connected architecture is, math-

ematically, characterized by matrices Φ̃l = blkdiag(Φ̃l,1, . . . , Φ̃l,G1) ∈ CM×M , ∀l ∈ L with

Φ̃l,g ∈ CM̄×M̄ , ∀g ∈ G1, satisfying the following constraint∑
l∈L

Φ̃H
l,gΦ̃l,g = IM̄ , ∀g ∈ G1. (6.21)

Let Ḡ = [Ḡ1, . . . , ḠG1 ] ∈ CN×M and h̄k = [h̄Tk,1, . . . , h̄
T
k,G1

]T ∈ CM×1 denote the channel from

BD-RIS to BS, and from user k, ∀k ∈ K, to BD-RIS, respectively. Then the user-RIS-BS uplink
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channel can be expressed as

hup,k =
∑
g∈G1

h̄Tk,g ⊗ Ḡg︸ ︷︷ ︸
=Q̄k,g∈CN×M̄2

vec(Φ̃l,g), ∀k ∈ Kl, ∀l ∈ L. (6.22)

There are two strategies to estimate the above cascaded channels for users covered by different

sectors. The first strategy is to successively estimate the channels for users covered by each

sector. In this sense, the estimation process for each sector boils down to the case for reflective

BD-RIS such that the proposed method can be directly adopted. The second strategy is to

simultaneously estimate the channels from users covered by different sectors, while a new BD-

RIS pattern design should be considered to adapt to the constraint (6.21). Therefore, in this

work, we focus on the first strategy and leave the second one as an interesting future work.

Applying the tile-based channel construction5 proposed in Section 6.1, we instead estimate the

channels

Qk,i =
Ḡ∑
j=1

Q̄k,(i−1)Ḡ+j, ∀i ∈ G2, ∀k ∈ Kl, ∀l ∈ L. (6.23)

This can be done according to the following steps.

Step 1: In every T1,l = KlM̄
2G2 time durations, the Kl cascaded channels Qk,i, ∀i ∈ G2, ∀k ∈

Kl, can be simultaneously estimated assuming

a) that Φ̃l′ = 0M×M , ∀l′ 6= l, within the T1,l durations,

b) that Φ̃l and the pilots transmitted by Kl users are designed using the proposed

scheme in Algorithm 8.

This yields the channel estimates Q̂k,i, ∀i ∈ G2, ∀k ∈ Kl.

Step 2: Repeat Step 1 for all L sectors.

To facilitate understanding, we provide a simple example for how to estimate the cascaded

channels for BD-RIS with hybrid mode (L = 2) as illustrated in Fig. 6.5. Based on the above

strategy, we can obtain the cascaded channels for BD-RIS with hybrid/multi-sector modes with

a total training overhead T1 =
∑

l∈L T1,l =
∑

l∈LKlM̄
2G2 = KM̄2G2 = KMM̄Ḡ−1.

6.3 Beamforming Design for BD-RIS

In this section, we formulate two beamforming design problems for BD-RIS with reflective and

hybrid/multi-sector modes and different scenarios, and propose efficient beamforming design

methods relying on the cascaded channel estimates. The considered problems are different from

5For BD-RIS with hybrid/multi-sector mode, the group is formed by the antenna ports from the same sector
which are connected to each other. The tile is formed by groups from the same sector.
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Figure 6.5: Illustration of channel estimation for BD-RIS with hybrid mode.

that in previous chapters since, in this work, only cascaded channel estimate is available, while

the proposed algorithms in Chapters 3 and 4 rely on separated BS-RIS and RIS-user channels.

6.3.1 Reflective BD-RIS Aided Point-to-Point MIMO

We first consider a point-to-point MIMO system aided by a BD-RIS with reflective mode.

Assume the N -antenna BS transmits the symbol vector s ∈ CNs×1 to the K-antenna user,

E{ssH} = INs , where Ns denotes the number of data streams, Ns ≤ min{N,K}. Based on

(6.7) and (6.8), the processed signal at the user is given by

ŝ = WHHdownPs + WHn′, (6.24)

where W ∈ CK×Ns and P ∈ CN×Ns denote the combiner at the user and the precoder at the

BS, respectively, and n′ ∈ CK×1 with n′ ∼ CN (0K×1, σ
′2IK) denotes the noise.

Problem Formulation: Based on the channel estimate q̂ = vec(Q̂), Q̂ = [Q̂1, · · · , Q̂G2 ] with

Q̂i being the estimate of Qi, the joint transceiver and BD-RIS design problem to maximize the

spectral efficiency is given by6

max
θ,W,P

(
1− T1 + T2

T

)
log2

(∣∣∣INs + (σ′2WHW)−1WHĤdownPPHĤH
downW

∣∣∣) (6.25a)

s.t. ΘH
i Θi = IM̄ , ∀i ∈ G2, (6.25b)

‖P‖2
F ≤ Pdown, (6.25c)

where Pdown denotes the transmit power at the BS and Ĥdown = unvecT (Q̂θ) with the fresh

6Here, and in the following subsection, we involve the term 1− T1+T2

T to account for both channel estimation
efficiency and data transmission accuracy, while we ignore the effect of channel estimation error for simplicity and
directly solve the optimization problem based on channel estimates. However, the effect of channel estimation
error will be taken into account in the performance evaluations.
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notation given by θ = [vecT (ΘT
1 ), . . . , vecT (ΘT

G2
)]T . Problem (6.25) is not easy to solve due to

the non-convex constraint (6.25b) and the coupling of the BD-RIS constraint, the precoder, and

the combiner. To simplify the joint design, the objective function is decoupled into two separate

optimizations. Specifically, we first design the BD-RIS to maximize the channel strength. Then,

having the effective channel, we determine the precoder and the combiner to further maximize

the spectral efficiency.

Solution to Problem (6.25): With determined θ, it is well-known that the optimal uncon-

strained precoder and combiner for point-to-point MIMO are obtained from the unitary right

and left singular vectors of the effective channel Ĥdown. Specifically, for the case of N = K = Ns

and equal power allocation for all streams at the BS, we have PPH ∝ IN and WWH ∝ IK .

This motivates us to have the approximations W(WHW)−1WH ≈ IK and PPH ≈ ζ2IN , where

ζ2 denotes the normalization factor. Based on the above discussions, the objective function in

(6.25a) has an upper bound as

log2

(∣∣∣INs + σ′−2ζ2ĤdownĤ
H
down

∣∣∣) (a)
= log2

( Ns∏
n=1

(1 + λn)
)

=
Ns∑
n=1

log2(1 + λn)
(b)

≤ 1

ln 2

Ns∑
n=1

λn =
ζ2

ln 2σ′2
Tr(ĤdownĤ

H
down),

(6.26)

where (a) holds by defining λ1, . . . , λNs as the eigenvalues of the matrix σ′−2ζ2ĤdownĤ
H
down, (b)

holds since λn ≥ 0, ∀n. In addition, the objective function in (6.25a) has a lower bound as

log2

( Ns∏
n=1

(1 + λn)
)

= log2

(
1 +

Ns∑
n=1

λn +
Ns∑
n=1

Ns∑
n′=1

λnλn′ + . . .
)

≥ log2

(
1 +

Ns∑
n=1

λn

)
= log2

(
1 +

ζ2

σ′2
Tr(ĤdownĤ

H
down)

)
.

(6.27)

The above derivations indicate that maximizing the sum of eigenvalues helps in increasing both

the lower and upper bounds of the rate. This motivates us to develop a two-stage design,

where we first design the BD-RIS to maximize the channel strength, i.e., sum of eigenvalues,

and then design the precoder and combiner to manage the inter-stream interference once θ is

determined. As such, we formulate the following BD-RIS design problem

θ? = arg max
ΘH
i Θi=IM̄ ,∀i

Tr(ĤdownĤ
H
down)

(a)
= arg max

ΘH
i Θi=IM̄ ,∀i

∑
i′∈G2

∑
i∈G2

θTi Vi,i′θ
∗
i′ , (6.28)

where (a) follows with θi = vec(ΘT
i ) and Vi,i′ = [Q̂T Q̂∗]Ii,Ii′ , Ii = (i − 1)M̄2 + 1 : iM̄2,

∀i, i′ ∈ L. Note that θi and θi′ , ∀i 6= i′, i, i′ ∈ G2, have separate constraints, while they are

coupled in the objective function (6.28), which makes it difficult to determine θi, ∀i ∈ G2. To

simplify the design, we split the objective with respect to each θi out from (6.28) with fixed
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others. This results in the sub-problem for θi as

max
θi

θTi Vi,iθ
∗
i + 2<{θTi χi} (6.29a)

s.t. unvec∗(θi)unvec
T (θi) = IM̄ , (6.29b)

where χi =
∑

i′ 6=i Vi,i′θ
∗
i′ ∈ CM̄2×1, ∀i ∈ G2. Constraint (6.29b) constructs a M̄2-dimensional

complex Stiefel manifold such that problem (6.29) can be formulated as an unconstrained

optimization on the Stiefel manifold. Then, the problem can be effectively solved by the

conjugate-gradient methods on the manifold space [87].

After the BD-RIS has been designed, we obtain the effective channel as H?
down = unvecT (Q̂θ?).

To obtain the precoder and combiner, we adopt the singular value decomposition (SVD) of the

effective channel H?
down as H?

down = U1ΣUH
2 , where U1 ∈ CK×K and U2 ∈ CN×N are unitary

matrices, and Σ ∈ CK×N is a rectangular diagonal matrix containing eigenvalues of H?
down on

the diagonal. Accordingly, we have the precoder and combiner as

P? =
√
Pdown

[U1]:,1:Ns

‖[U1]:,1:Ns‖F
, W? = [U2]:,1:Ns . (6.30)

6.3.2 Hybrid/Multi-Sector BD-RIS Aided MU-MISO

In this subsection, we consider a MU-MISO system aided by a BD-RIS with hybrid/multi-

sector mode, as illustrated in Section 6.2. Assume the N -antenna BS transmits the symbols

s̃ = [s1, . . . , sK ] ∈ CK×1 to K single-antenna users, E{s̃s̃H} = IK . Based on (6.22) and (6.23),

the received signal at each user covered by sector l, ∀l ∈ L, is given by

yk =
∑
i∈G2

vecT (ΘT
l,i)Q

T
k,ipksk +

∑
k′ 6=k

∑
i∈G2

vecT (ΘT
l,i)Q

T
k,ipk′sk′ + nk, ∀k ∈ Kl, (6.31)

where Θl,i ∈ CM̄×M̄ , ∀l ∈ L, satisfies
∑

l∈LΘH
l,iΘl,i = IM̄ , ∀i ∈ G2, pk ∈ CN×1 denotes the

precoder for user k, and nk ∈ C with nk ∼ CN (0, σ′2) denotes the noise.

Problem Formulation: Based on the channel estimates Q̂k,i, ∀k ∈ K, ∀i ∈ G2, the joint

transmitter and BD-RIS design problem to maximize the spectral efficiency is

max
θ̃l,∀l,pk,∀k

(
1− T1 + T2

T

)∑
l∈L

∑
k∈Kl

log2(1 + γk) (6.32a)

s.t.
∑
l∈L

ΘH
l,iΘl,i = IM̄ , ∀i ∈ G2. (6.32b)∑

k∈K

‖pk‖2
2 ≤ Pdown, (6.32c)
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where γk =
|θ̃Tl Q̃T

k pk|2∑
k′ 6=k |θ̃Tl Q̃T

k pk′ |2+σ′2
denotes the signal-to-interference-plus-noise ratio (SINR) with

the fresh notations θ̃l = [vecT (ΘT
l,1), . . . , vecT (ΘT

l,G2
)]T and Q̃k = [Q̂k,1, . . . , Q̂k,G2 ], ∀k ∈ Kl,

∀l ∈ L. Although problem (6.32) is a challenging optimization with complicated ratio terms in

the log(·) function and non-convex constraints of BD-RIS, we show that the algorithm proposed

in Chapter 3 can be easily adapted to solving (6.32) with slight modifications.

Solution to Problem (6.32): By introducing auxiliary variables ιk and τk, ∀k ∈ Kl, ∀l ∈ L
to each ratio term in (6.32a) based on the fractional programming [83] reviewed in Section

2.2.1, we can transform (6.32a) into a four-block optimization with the objective function

f({θ̃l}∀l, {pk}∀k, {ιk}∀k, {τk}∀k) =
∑

l∈L
∑

k∈Kl(log2(1 + ιk) − ιk + 2
√

1 + ιk<{τ ∗k θ̃Tl Q̃T
kpk} −

|τk|2(
∑

k′∈K |θ̃Tl Q̃T
kpk′ |2 + σ′2)). The four blocks are iteratively updated in sequential until

convergence. Under the iterative design framework, the solutions to the blocks {ιk}∀k and {τk}∀k
can be easily obtained by checking the first-order conditions of f({θ̃l}∀l, {pk}∀k, {ιk}∀k, {τk}∀k).
Meanwhile, the solution to block {pk}∀k can be obtained based on the KKT conditions. The

detailed derivations can be done following Section 2.2.2.

When blocks {ιk}∀k, {τk}∀k, and {pk}∀k are determined, the sub-problem for designing {θ̃l}∀l
can be formulated as

{θ̃?l }∀l = arg max∑
l∈L

ΘH
l,iΘl,i=IM̄ ,∀i

∑
l∈L

(
2<{θ̃Tl vl} − θ̃Tl Vlθ̃

∗
l

)
= arg max∑

l∈L
ΘH
l,iΘl,i=IM̄ ,∀i

∑
l∈L

(
2
∑
i∈G2

<{θTl,ivl,i} −
∑
i∈G2

∑
i′∈G2

θTl,iVl,i,i′θ
∗
l,i′

)
,

(6.33)

where vl =
∑

k∈Kl

√
1 + ιkτ

∗
k Q̃T

kpk, Vl =
∑

k∈Kl |τk|
2Q̃T

k

∑
k′∈K pk′p

H
k′Q̃

∗
k, ∀l ∈ L, θl,i =

vec(ΘT
l,i), vl,i = [vl]Ii , and Vl,i,i′ = [Vl]Ii,Ii′ , ∀i, i

′ ∈ G2. Analogous to the derivation in previous

subsection, we propose to split the objective with respect to each {θl,i}∀l from the objective in

(6.33) with fixed others. Defining χ̈i = [χT1,i, . . . ,χ
T
L,i]

T with χl,i = vl,i −
∑

i′ 6=i Vl,i,i′θ
∗
l,i′ , and

V̈i = blkdiag(V1,i,i, . . . ,VL,i,i), we construct the sub-problem for θ̈i = vec([ΘT
1,i, . . . ,Θ

T
L,i]) as

max
θ̈i

2<{θ̈Ti χ̈i} − θ̈Ti V̈iθ̈
∗
i (6.34a)

s.t. unvec∗(θ̈i)unvec
T (θ̈i) = IM̄ , (6.34b)

where constraint (6.34b) constructs a M̄2L-dimensional complex Stiefel manifold. Therefore,

problem (6.34) can be solved by the manifold based methods [87].

6.4 Performance Evaluation

In this section, we perform simulation results to verify the effectiveness of the proposed channel

estimation scheme and evaluate the performance of the proposed beamforming design.
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Figure 6.6: Normalized MSE versus SNR (M = 32, Ḡ = 4, N = K = 2).

The simulation setup is illustrated as follows. Both BS-RIS and RIS-user channels are assumed

to have Rician fading with Rician factor κ = 0 dB accounting for the small-scale fading and

distance-dependent path loss model in Chapter 4 accounting for the large-scale fading. Specif-

ically, we assume each BD-RIS antenna has an idealized radiation pattern, such that the path

loss model is expressed as7 ξ = %(1 − cos π
L

)2, where % = 43π4dε11 d
ε2
2 λ
−4G−1

t G−1
r is calculated

by the BS-RIS distance d1 = 30 m and RIS-user distance d2 = 10 m, path loss exponents

ε1 = 2.5 and ε2 = 2.5, wavelength λ = c
f

with f = 2.4 GHz, antenna gains at the BS side

Gt = 1 and the user side Gr = 1. The noise powers for uplink channel estimation and downlink

transmission are set as σ2 = σ′2 = −100 dBm. In the following simulations, we set the group

size M̄ of the group-connected architecture for BD-RIS as M̄ ∈ {1, 2, 4} with an affordable

circuit complexity. More comprehensive studies of different BD-RIS architectures and their

circuit complexities can be found in [57].

6.4.1 Performance for Channel Estimation

We evaluate the channel estimation performance by plotting the normalized MSE versus signal-

to-noise ratio (SNR) with different group size of group-connected BD-RIS and different numbers

of BS/user antennas8. Specifically, the normalized MSE is calculated by ēq̂ = E{‖q̂−q‖22
‖q‖22

}. For

7For the case of BD-RIS with reflective mode, we calculate the path loss by setting the number of sectors as
L = 2, which indicates that BD-RIS with reflective mode covers half of the space.

8Here we only plot the case of BD-RIS with reflective mode since, as explained in Section 6.2, the same
scheme can be used in BD-RIS with hybrid/multi-sector modes with the same closed-form MSE performance.
The effect of channel estimation error will be studied in the performance evaluation of beamforming design.
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Figure 6.7: Rate versus the number of BD-RIS elements M(N = K = Ns = 2, Pup = 250 mW,
Pdown = KPup).

fair comparison, the SNR is defined as the ratio between the total power received at each antenna

from each transmit antenna through each RIS element for the whole uplink training and the

noise power, i.e., γ̄ = PupT1

ξσ2 . From Fig. 6.6, we have the following observations9. First, the

matrix Φ̂ with DFT base or Hadamard base to generate Z1, Z2, and X achieves exactly the same

performance, which verifies Theorem 6.1. Second, the matrix Φ̂ with DFT/Hadamard bases

achieves exactly the same performance as the theoretical minimum, which verifies Lemma 6.2.

Third, the normalized MSE performance increases with the group size M̄ of group-connected

BD-RIS, which verifies Lemma 6.1. This indicates that, with the same power budget, BD-

RIS leads to higher channel estimation error than conventional RIS. The intuition behind is

that the same amount of power is split to estimate more channel coefficients, which leads to

increasing channel estimation error. Fourth, the normalized MSE decreases with SNR, which

indicates that larger received SNR leads to smaller channel estimation error. Fifth, the matrix

Φ̂ designed by the proposed scheme achieves better MSE performance than that constructed

by random unitary matrices, which demonstrates the effectiveness of the proposed design for

channel estimation.

9In Fig. 6.6, the benchmark scheme, referred to as “Random Pattern”, is generated by replacing
Steps 2-6 of the proposed channel estimation method with Φrand. Specifically, Φrand is constructed with
[Φrand]i,(l−1)M̄2+1:lM̄2 = vecT (Ui,l), where Ui,l ∈ CM̄×M̄ , ∀i, l are randomly generated unitary matrices.
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Figure 6.8: Sum-rate versus the total number of BD-RIS elements ML (N = K = 4, Pup = 250
mW, Pdown = KPup).

6.4.2 Performance for Beamforming Design

Reflective BD-RIS Aided Point-to-Point MIMO: We start by evaluating the performance

of the proposed beamforming design algorithm from Section 6.3 in Fig. 6.7. For comparison,

we simulate the performance achieved by perfect CSI Q as an upper bound. We also ignore the

term 1 − T1+T2

T
in the objective function (6.25a), that is, to evaluate the rate performance for

the ease of analyzing the effect of beamforming design. From Fig. 6.7, we have the following

observations. First, the rate performance achieved based on both the perfect CSI and the

estimated CSI increases with increasing group size M̄ of the group-connected architecture, that

is, BD-RIS outperforms conventional RIS, which aligns with the results in previous chapters.

Second, with the fixed group size M̄ , increasing the tile size Ḡ during the channel estimation

induces the rate performance degradation due to the reduction of CSI, which further limits

the BD-RIS design. Third, the rate performance gap between the perfect CSI case and the

estimated CSI case increases with increasing number of BD-RIS elements. This comes from

the fact that more BD-RIS elements provide more flexibility in beamforming design, while the

rate performance is more sensitive to CSI conditions.

Hybrid/Multi-Sector BD-RIS Aided MU-MISO: We next evaluate the sum-rate perfor-

mance of the proposed algorithm in Fig. 6.8, where the term 1− T1+T2

T
in the objective function

(6.32a) is also ignored to obtain the sum-rate. In addition, in the following simulations, we fix

the total number of elements ML for BD-RIS with hybrid mode (L = 2) and multi-sector mode

(L = 4). For BD-RIS with hybrid and multi-sector modes, every K/L users are located within

the coverage of each sector. From Fig. 6.8, we have the following observations. First, for both
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(a) Conventional RIS (M̄ = 1)
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(b) BD-RIS (M̄ = 2)
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(c) BD-RIS (M̄ = 4)

Figure 6.9: Spectral efficiency versus tile size Ḡ (M = 64, N = K = Ns = 2, Pup = 250 mW,
Pdown = KPup).

perfect and estimated CSI cases, BD-RIS with multi-sector mode outperforms BD-RIS with

hybrid mode thanks to the use of antennas with narrower beamwidth in the multi-sector mode,

which aligns with the results in Chapter 4. Second, the sum-rate performance achieved by BD-

RIS with hybrid/multi-sector modes increases with M̄ due to the increasing beam manipulation

flexibility, which aligns with the results in previous chapters.

6.4.3 Overhead and Transmission Performance Trade-Off

To get more insights on the trade-off between the training overhead for channel estimation and

the performance for data transmission, we take into account the term 1− T1+T2

T
in the following

simulations to evaluate the spectral efficiency. For simplicity, we ignore the symbol duration

for processing and feedback, i.e., T2 = 0, since the channel estimation overhead T1 and the

symbol duration for data transmission T3 are generally much larger than T2. In addition, we

set the symbol duration for one transmission frame T as T ∈ {600, 1000, 2000}. In practice,

the value of T depends on multiple factors, such as the carrier frequency of transmit signals,

phase differences in the multipath propagation, and mobility [110].

Reflective BD-RIS Aided Point-to-Point MIMO: We first plot the spectral efficiency

defined in (6.25a) versus the tile size Ḡ for BD-RIS with different architectures in Fig. 6.9,

from which we have the following observations10. First, for a relatively small symbol duration,

10In Fig. 6.9, the benchmark scheme, referred to as “Random BD-RIS”, is realized by estimating the channel
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Figure 6.10: Spectral efficiency versus tile size Ḡ (ML = 128, N = K = 4, Pup = 250 mW,
Pdown = KPup).

e.g., T ∈ {600, 1000}, the spectral efficiency achieved by the proposed design in general first

increases and then decreases with the increasing tile size Ḡ. This is because a larger tile

size leads to a smaller training overhead T1 but a reduced beam manipulation flexibility of

BD-RIS. For example, when T = 600, the best spectral efficiency is achieved at Ḡ = 2 for

group-connected BD-RIS with M̄ = 2, and at Ḡ = 8 with M̄ = 4. In this case, the rate

performance improvement by more flexible BD-RIS design is overwhelmed by the large training

overhead. Second, for a relatively large symbol duration, e.g. T = 2000, the spectral efficiency

achieved by the proposed design decreases with the increasing tile size. This is because the

large T weakens the impact of the long training overhead at the small tile size during channel

estimation, while the rate performance keeps decreasing with increasing tile size. Third, with

fixed BD-RIS architectures and training overhead, a larger symbol duration leads to better

spectral efficiency performance. These observations highlight the importance of adjusting the

time slot allocation for uplink and downlink to ensure satisfactory overall performance. Fourth,

for a relatively small tile size, e.g. Ḡ ∈ {1, 2}, the spectral efficiency achieved by BD-RIS

with a larger group size performs worse due to the significant training overhead consumption

in channel estimation, which overwhelms the rate performance enhancement provided by more

flexible BD-RIS architectures. Fifth, for a relatively large tile size, e.g. Ḡ ∈ {8, 16}, the spectral

efficiency achieved by BD-RIS outperforms the conventional RIS thanks to the additional beam

manipulation flexibility supported by the group-connected architecture. Therefore, the tile size

Ḡ and M̄ should be carefully chosen to balance the training overhead for channel estimation,

the rate performance, and the circuit complexity for BD-RIS implementation.

Hybrid/Multi-Sector BD-RIS Aided MU-MISO: In Fig. 6.10, we plot the spectral

efficiency defined in (6.32a) as a function of Ḡ for BD-RIS with hybrid/multi-sector modes.

From Fig. 6.10 we observe that, in addition to the findings obtained from Fig. 6.9, BD-RIS

with multi-sector mode is more robust to the symbol durations T and the tile size. This is

because the significant channel gain enhancement provided by high-gain antennas compensates

for the effects of the training overhead and the beamforming flexibility.

based on the proposed method, randomly generating a block-diagonal unitary matrix Θ, and performing the
SVD based on the effective channel for downlink transmission.
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6.5 Summary

This chapter proposes a novel channel estimation scheme for BD-RIS aided multi-antenna

systems. Specifically, the BD-RIS has different (single/group/fully-connected) architectures

and (reflective/hybrid/multi-sector) modes, which, mathematically, generate unique constraints

and complicate the channel estimation. To tackle this difficulty, we propose an efficient pilot

sequence and BD-RIS design to estimate the cascaded BD-RIS channel, which achieves the

minimum MSE of the LS estimator. The analysis and extensions of the proposed channel

estimation scheme are also illustrated.

With the cascaded channel estimates, we consider two BD-RIS scenarios, that is reflective

BD-RIS aided point-to-point MIMO, and hybrid/multi-sector BD-RIS aided MU-MISO, and

propose efficient algorithms to design the transceiver and BD-RIS with different architectures

and modes.

Simulation results demonstrate the advantages of the proposed design. Specifically, the effec-

tiveness of the proposed channel estimation scheme and beamforming algorithms are verified

by comparing with the design for perfect CSI cases. In addition, the trade-off between the

training overhead for channel estimation and the performance for data transmission is analyzed

with different parameter settings.
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Part III

Hardware Impairments of BD-RIS
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Chapter 7

BD-RIS with Mutual Coupling

In Chapters 3-6, modeling and signal processing of BD-RIS with idealized hardware have been

studied, while, in practice, the hardware impairments, such as mutual coupling, of BD-RIS

cannot be simply ignored and will have non-negligible impact on the system performance. The

impact of mutual coupling at conventional diagonal RIS has been analyzed in [50–52], which

highlighted the importance of accurately capturing the mutual coupling at RIS for optimiza-

tion. Its impact at BD-RID, however, remains unexplored. This chapter thus focuses on the

modeling and beamforming of BD-RIS with the mutual coupling effect, and provides a thor-

ough analysis from mathematical modeling to optimization. This leads to the following layouts

and contributions.

In Section 7.1, the BD-RIS aided wireless communication model has been derived, which cap-

tures the mutual coupling among the RIS elements. This is done by leveraging the equivalence

between the scattering and impedance parameters.

In Section 7.2, with the derived model, a general and efficient optimization algorithm has been

proposed to maximize the channel gain for a BD-RIS aided SISO system, which can be applied

to BD-RIS with single-, group-, and fully-connected architectures.

In Section 7.3, simulation results have been provided to verify the effectiveness of the proposed

algorithm and show the performance enhancement of BD-RIS with group/fully-connected ar-

chitectures when taking into account the mutual coupling at the optimization stage.

7.1 Communication Model

In this section, we review the general RIS aided communication model derived in [55] and

simplify it while still modeling the mutual coupling among the RIS elements.
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Figure 7.1: Schematic circuit topologies for a 4-element BD-RIS with (a) single-connected, (b)
group-connected, and (c) fully-connected architectures.

7.1.1 General RIS Aided Communication Model

Consider a BD-RIS aided multi-antenna system with an N -antenna transmitter, an M -element

BD-RIS, and a K-antenna receiver. The whole system is modeled as an Nall = N+M+K-port

network characterized by its scattering, impedance, and admittance parameters as illustrated

in Section 2.1.

Specifically, the M scattering elements at the BD-RIS are connected to an M -port group-

connected reconfigurable impedance network [55], where the M ports are uniformly divided

into G groups, each containing M̄ = M
G

ports connected to each other. Mathematically, BD-

RIS with a group-connected architecture is characterized by a block-diagonal impedance matrix

ZI ∈ CM×M , i.e.,

ZI = blkdiag(ZI,1, . . . ,ZI,G), (7.1)

where each block ZI,g ∈ CM̄×M̄ , ∀g ∈ G = {1, . . . , G}, is symmetric and purely imaginary for

reciprocal and lossless reconfigurable impedance networks [55], i.e.,

ZI,g = ZT
I,g, <{ZI,g} = 0M̄×M̄ , ∀g ∈ G. (7.2)

Specifically, the cases with G = 1 and G = M refer to the fully- and single-connected architec-

tures of BD-RIS [55], where the corresponding impedance matrices become full matrices and

diagonal matrices, respectively. To facilitate understanding, we provide the schematic circuit

topologies of BD-RIS with single-, group-, and fully-connected architectures in Fig. 7.1. The

impedance matrix in (7.2) results in a symmetric and unitary matrix Φ ∈ CM×M .

Using the definitions given in Section 2.1 and the multiport network theory based on the

scattering parameters, the general RIS aided channel, Hall ∈ CK×N , which relates the voltages
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at the receiver ports with those at transmitter ports, is given by [55]

Hall = (ΓR + IK)TRT(IN + ΓTTTT + TTT)−1, (7.3)

where TTT ∈ CN×N and TRT ∈ CK×N are sub-matrices of T = S(IL − ΓS)−1 ∈ CL×L with

Γ = blkdiag(ΓT,Φ,ΓR). Specifically, TTT = [T]1:N,1:N and TRT = [T]N+M+1:L,1:N . The channel

model in (7.3) is general enough to include the impact of antenna mismatching and mutual

coupling at the transmitter, BD-RIS, and receiver. However, it is too complicated to get

insights on the role of BD-RIS, which motivates us to apply further simplifications.

7.1.2 Mutual Coupling Aware RIS Aided Communication Model

To simplify the general communication model (7.3), we explore the relationship between the

impedance parameter analysis and the scattering parameter analysis. Then, we keep Assump-

tions 2.1 and 2.2, and relax Assumption 2.3 as follows.

Assumption 7.1. The antennas at the transmitter and receiver are perfectly matched with no

mutual coupling, such that ZTT = Z0IN and ZRR = Z0IK.

Based on Assumptions 2.2 and 7.1, and the relationship (2.3), we obtain the following result.

Result 7.1. The transmission scattering matrices from the receiver to the transmitter are zero,

i.e., STI = 0N×M , STR = 0N×K, SIR = 0M×K. The scattering matrices at the antenna arrays

of the transmitter and receiver are zero, i.e., STT = 0N×N , SRR = 0K×K.

Applying Assumption 2.1 and Result 7.1, the expression in (7.3) can be simplified as follows:

Hall = SRT + SRI(IM −ΦSIT)−1ΦSIT. (7.4)

However, (7.4) is still too complex, since the matrix Φ of reflection coefficients appears inside

and outside the inverse. To further simplify the expression in (7.4), so as to facilitate the

optimization of BD-RIS in the presence of mutual coupling, we leverage Assumptions 2.1, 2.2,

and 7.1, and the relationship between S and Z, and obtain the following result.

Result 7.2. The nonzero sub-matrices of S and those of Z are related to one another as

SRI =
ZRI

2Z0

(IM − (ZII + Z0IM)−1(ZII − Z0IM)), (7.5a)

SII = (ZII + Z0IM)−1(ZII − Z0IM), (7.5b)

SIT = (ZII + Z0IM)−1ZIT, (7.5c)

SRT =
ZRT

2Z0

− ZRI

2Z0

(ZII + Z0IM)−1ZIT. (7.5d)
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Plugging (7.5) and (2.10) into (7.4), we obtain a more tractable and convenient expression

equivalent to (7.4) as

Hall =
1

2Z0

(ZRT − ZRI(ZII + ZI)
−1ZIT). (7.6)

Equation (7.6) is in accordance with the model in [50], which was derived using the impedance

parameter analysis1. In (7.6), the role of the beyond-diagonal network of tunable impedances in

BD-RIS and the impact of mutual coupling and mismatching at the RIS elements are explicitly

visible. The physical meaning of each term in (7.6) is explained as follows.

1) ZRT, ZRI, and ZIT refer to the channels from the transmitter to the receiver, from the

BD-RIS to the receiver, and from the transmitter to the BD-RIS, respectively.

2) ZII characterizes the mismatching and mutual coupling at the RIS elements. Specifically,

the diagonal entries of ZII refer to the self impedance; the off-diagonal entries of ZII account

for the mutual coupling, which depends on the inter-element distance. Generally, the larger

the inter-element distance, the smaller the mutual coupling.

With the communication model in (7.6) at hand, which explicitly accounts for the mutual

coupling at the BD-RIS, in the following section, we aim to design the beyond-diagonal matrix

ZI of tunable impedances to maximize the system performance.

We clarify that we start from the general channel model derived in [55], but go beyond that

by deriving the new expression in (7.4), which captures explicitly the mutual coupling among

the RIS elements. For the first time, more importantly, we show the equivalence between the

scattering parameter based channel in (7.4) and the impedance parameter based channel in

(7.6) derived in [50]. In addition, only the conventional RIS with single-connected architecture

is considered in [50], i.e., ZI is diagonal, while in this work we consider BD-RIS with ZI not

limited to being diagonal.

7.2 Mutual Coupling Aware Optimization

For simplicity, we consider a SISO system and focus on the optimization of ZI, which is not

limited to being diagonal in BD-RIS. The analysis of the multiple-antenna case is postponed to

a future work due to the complexity of considering a joint optimization including the precoder at

the transmitter, the beyond-diagonal matrix ZI at the BD-RIS, and the combiner at the receiver.

1The end-to-end model derived in [50] relates the voltage at the receiver ports and the source voltage, which
can be easily transformed into (7.6) using the relationship between the source voltage and the voltage at the
transmitter.
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The corresponding optimization problem to maximize the channel gain can be formulated as2

max
ZI

|zRT − zRI(ZII + ZI)
−1zIT|2 s.t. (7.1), (7.2), (7.7)

where zRT ∈ C, zRI ∈ C1×M , and zIT ∈ CM×1. The main difficulties when solving the problem

in (7.7) are the following:

1) The matrix ZI appears in the inversion (ZII + ZI)
−1.

2) The matrix ZI needs to fulfill the constraints (7.1) and (7.2), instead of being diagonal as

in conventional RISs.

The first difficulty has been tackled in [51] for diagonal RISs. However, the optimization with

mutual coupling among the RIS elements and the unique constraints of BD-RIS have never

been investigated. To effectively solve problem (7.7), we apply the idea introduced in [51] and

propose to iteratively optimize ZI subject to the constraints (7.1) and (7.2) until convergence.

This results in the following optimization framework.

7.2.1 Optimization Framework

The main idea of the iterative design in [51] is to slightly modify the value of ZI in each iteration,

in order to increase the channel gain. Inspired by this approach, we first introduce an auxiliary

variable Ω ∈ CM×M as a small increment to ZI in each iteration. To facilitate the iterative

design, we construct Ω based on the following two properties.

Property 1: Ω is chosen in compliance with the mathematical structure of the impedance matrix

ZI, such that the updated impedance matrix always satisfies the optimization

constraints in each iteration. Specifically, we have

Ω = blkdiag(Ω1, . . . ,ΩG), Ωg = ΩT
g , ∀g. (7.8)

Property 2: Each nonzero entry of Ω is chosen sufficiently small, such that the convergence of

the optimization framework is guaranteed [51]. For ease of optimization, we assume

that each nonzero entry of Ω has the same amplitude but a different phase, i.e.,

|[Ωg]m,n| = δ, ∀g, ∀m,n ∈ M̄ = {1, . . . , M̄}, (7.9)

where δ controls the increment of ZI in each iteration, which will be soon explained.

2Here, we assume that channel state information (CSI) is perfectly known at the transmitter to better focus
on and highlight the impact of mutual coupling.
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Based on these two properties for Ω, the proposed iterative design is summarized by the fol-

lowing steps.

Step 1: At the l-th iteration, we optimize Ωo, while keeping Zo
I fixed, by solving the following

problem:

max
Ω
|zRT − zRI(ZII + Zo

I + Ω)−1zIT|2 s.t. (7.8), (7.9). (7.10)

Step 2: Given Ωo as the optimal solution to the problem in (7.10), the impedance matrix at

the (o+ 1)-th iteration, i.e., Zo+1
I , is updated using the following rule:

Zo+1
I = Zo

I + ={Ωo}, (7.11)

where we only use the imaginary part of Ωo to guarantee that the impedance matrix

is purely imaginary.

Then, ZI is optimized by iteratively solving the problem in (7.10) and updating (7.11) until

convergence. The solution of the problem in (7.10) is detailed next.

7.2.2 Solution to Problem (7.10)

In (7.10), instead of optimizing ZI as in (7.7), we optimize the small increment Ω, such that Ω

can be removed from the matrix inversion in the objective function. Specifically, we apply the

Neumann series approximation [51] to the matrix inversion, i.e.,

(ZII + Zo
I + Ω)−1 ≈ (ZII + Zo

I )
−1 − (ZII + Zo

I )
−1Ω(ZII + Zo

I )
−1, (7.12)

which achieves a tight approximation provided that the condition δ � 1
M̄‖(ZII+ZoI )−1‖∞ is fulfilled

in each iteration3. Accordingly, we have

|zRT − zRI(ZII + Zo
I + Ω)−1zIT|2 ≈ |ao + boΩco|2 = |ao +

∑
g∈G

eogvec(Ωg)|2, (7.13)

where ao = zRT − zRI(ZII + Zo
I )
−1zIT, bo = zRI(ZII + Zo

I )
−1, co = (ZII + Zo

I )
−1zIT, bog =

[bo](g−1)M̄+1:gM̄ , cog = [co](g−1)M̄+1:gM̄ , and eog = (cog)
T ⊗ bog, ∀g ∈ G. As a result, the problem in

(7.10) becomes

max
Ωg ,∀g

∣∣∣ao +
∑
g∈G

eogvec(Ωg)
∣∣∣2 s.t. Ωg = ΩT

g , (7.9). (7.14)

The solution to the problem in (7.14) is not straightforward due to the symmetric and constant

modulus constraints of Ωg, ∀g. Fortunately, the symmetric constraint of each Ωg implies that

3For simplicity, in this work, we fix the value of δ as δ � 1 to achieve a tight Neumann series approximation.
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we do not need to optimize the whole matrices Ωg, ∀g. In other words, instead of optimizing

the symmetric matrices Ωg, ∀g with M̄2 variables, we can optimize M̄ diagonal variables and
M̄(M̄−1)

2
lower-triangular (or upper-triangular) variables of Ωg, and reconstruct them to obtain

Ωg, ∀g. Mathematically, this transformation can be done by introducing the following notations:

1) A vector ωg ∈ C
M̄(M̄+1)

2
×1, which contains the diagonal and lower-triangular entries of Ωg.

2) A binary matrix R ∈ {0, 1}M̄2× M̄(M̄+1)
2 , which maps ωg into vec(Ωg), ∀g.

Specifically, there is only one nonzero entry in each row of the binary matrix R defined as

[R]M̄(m−1)+n,k =


1, k = m(m−1)

2
+ n and 1 ≤ n ≤ m,

1, k = n(n−1)
2

+m and m < n ≤ M̄,

0, otherwise,

(7.15)

where ∀m,n ∈ M̄. Accordingly, we obtain the relationship vec(Ωg) = Rωg, ∀g, and the

problem in (7.14) becomes

max
ωg ,∀g

∣∣∣ao +
∑
g∈G

eogRωg

∣∣∣2 s.t. |[ωg]i| = δ, ∀g, ∀i ∈ M̈, (7.16)

where M̈ ∈ {1, . . . , M̄(M̄+1)
2
}. Applying the triangle inequality to the objective function in

(7.16), we have

|ao +
∑
g∈G

eogRωg| ≤ |ao|+ δ
∑
g∈G

∑
i∈M̈

|[eogR]i|, (7.17)

where the equality is achieved by rotating each [eogR]i such that the resulting [eogR]i[ωg]i, ∀i,
are collinear to ao on the complex plane. Therefore, the optimal solution of ωg, ∀g in the l-th

iteration can be determined element-by-element as

[ωog ]i = δe(∠a
o−∠[eogR]i), ∀i. (7.18)

With the solution (7.18), we can reconstruct Ωg in the l-th iteration by Ωo
g = unvec(Rωog),

∀g. We should highlight that the proposed approach is different from that in [51] since we

introduce the auxiliary variable Ω to simplify the design of BD-RIS matrix and the binary

matrix R to deal with the unique constraint in (7.8) based on BD-RIS architectures, instead

of being diagonal as in conventional RISs.

7.2.3 Algorithm and Analysis

Algorithm: The complete algorithm for solving the problem in (7.7) is summarized in Algo-

rithm 9.
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Algorithm 9 Mutual Coupling Aware BD-RIS Design

Require: zRI, ZII, zIT, R, M , M̄ , omax, ζ.
Ensure: Z?

I .
1: Initialize Z0

I by solving the problem in (7.7) considering the conventional diagonal RIS with
no mutual coupling, Ω0 = 0, and o = 0. Calculate a0, b0, and c0.

2: repeat
3: Update o = o+ 1.
4: Update Zo

I using (7.11), ao, bo, and co.
5: Update ωog , ∀g using (7.18), and Ωo

g = unvec(Rωog), ∀g.
6: Calculate Co = |ao + boj={Ωo}co|2.

7: until |C
o−Cv−1|
Co−1 ≤ ζ or o ≥ omax

Complexity: The complexity of the proposed algorithm mainly comes from the matrix in-

version operation for updating ao, bo, and co, which requires O(M3) complex multiplications.

Therefore, the total complexity is O(IM3), where I denotes the number of iterations to ensure

convergence.

Convergence: The convergence of Algorithm 9 is proven in the following proposition.

Proposition 7.1. The convergence of the proposed algorithm is theoretically guaranteed by

appropriately setting the value of δ.

Proof. Please refer to Appendix D.

7.3 Performance Evaluation

In this section, we perform simulation results to evaluate the performance of the proposed

algorithm. The simulation parameters are the same as in [51] and are summarized as follows.

Free-space propagation is assumed. The transmitter and receiver are located at (5,-5,3) and

(5,5,1), respectively. BD-RIS is located on the y-z plane and is centered at (0,0,0). All the

radiating elements are thin wire dipoles that are parallel to the z-axis and have radius r = λ
500

and length ι = λ
32

, where λ = c
f

denotes the wavelength with frequency f = 28 GHz. Thus, the

mutual impedance between any two dipoles a and b with center-point coordinates (ax, ay, az)

and (bx, by, bz) (and the self impedance at any dipole if a = b) is computed as [50]

za,b =

∫ az+ ι
2

az− ι2

∫ bz+ ι
2

bz− ι2

η0

4πκ0

(
(a′z − b′z)2

d2
a,b

( 3

d2
a,b

+
3κ0

da,b
− κ2

0

)
−
κ0 + d−1

a,b

da,b
+ κ2

0

)
× exp(−κ0da,b)

da,b

sin(κ0( ι
2
− |b′z − bz|)) sin(κ0( ι

2
− |a′z − az|))

sin2(κ0
ι
2
)

db′zda
′
z,

(7.19)

where η0 = 377 Ω denotes the free-space impedance, κ0 = 2π
λ

is the wavenumber, and da,b

denotes the distance between the dipoles a and b, i.e., da,b =
√

(dx,ya,b )
2 + (a′z − b′z)2, dx,ya,b =
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Figure 7.2: Channel gain versus the number of iterations (M = 16).

√
(ax − bx)2 + (ay − by)2 for a 6= b and dx,ya,b = r for a = b. The elements of zRI, ZII, and zIT are

computed using (7.19), and we set zRT = 0 to focus on the role of BD-RIS.

Fig. 7.2 evaluates the convergence of the proposed algorithm for different values of the inter-

element distance d and for different BD-RIS architectures. In addition, we observe that, when

the number of RIS elements is fixed, the end-to-end channel gain decreases when decreasing the

inter-element distance due to the increased mutual coupling. When the aperture (size) of the

RIS is kept fixed, on the other hand, a smaller inter-element distance enables the deployment

of more RIS elements within the surface, which results in better beamforming gains provided

that the mutual coupling is considered in the RIS design [51].

Fig. 7.3 illustrates the channel gain of BD-RIS with different architectures and different inter-

element distances. The schemes marked as “FC/GC/SC” refer to the performance achieved

by BD-RIS with fully/group/single-connected architectures. We set M̄ = 4 for the group-

connected case. The value of δ is set to 6 × 10−4 to ensure convergence. We observe that

the proposed algorithm converges, which verifies our theoretical derivation. In Fig. 7.3, the

schemes marked as “w/ MC” are obtained by computing ZI with ZII using (7.19); the schemes

marked as “w/o MC” are obtained by setting the off-diagonal entries of ZII to zero. In both

cases, the channel gain is |zRI(ZII + ZI)
−1zIT|2. We have the following observations. First,

ignoring the mutual coupling when designing ZI, BD-RIS with single/group/fully-connected

architectures achieves exactly the same performance, which is consistent with the conclusion

in [55]. Second, by taking into account the mutual coupling when designing ZI, BD-RIS with

different architectures achieves better performance than the “w/o MC” schemes. Third, the

performance gap between fully/group-connected BD-RIS and conventional RIS increases when
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Figure 7.3: Channel gain versus the number of BD-RIS elements.

decreasing the inter-element distance. This can be attributed to the impact of mutual coupling,

which becomes more prominent when decreasing the inter-element distance. This, in fact,

results in larger values for the off-diagonal entries of ZII, which is better exploited by BD-RIS

architectures for performance improvement.

7.4 Summary

This chapter studies the modeling and optimization of BD-RIS aided wireless communication

systems in the presence of mutual coupling among the RIS elements. Specifically, we first derive

a mutual coupling aware BD-RIS aided wireless communication model based on the scattering

and impedance parameters, proving their equivalence. We then propose a general algorithm to

maximize the channel gain of BD-RIS for SISO systems.

We finally illustrate simulation results to analyze the effectiveness of the proposed design and

the impact of mutual coupling on BD-RIS architectures. The numerical results show that the

larger the mutual coupling the larger the gain offered by BD-RIS.



Chapter 8

Wideband Effect of BD-RIS

Since a RIS can be realized using lumped elements, such as inductor, capacitors, and resis-

tors, its scattering matrix is naturally influenced by the signal frequency. This is an intrinsic

phenomenon that cannot be simply ignored. The frequency dependence of diagonal RIS in

wideband systems has been accurately modeled and analyzed in [45–47]. However, the pro-

posed methods by individually modeling the response of each RIS element [45–47] cannot be

generalized to BD-RIS architectures with interconnections and thus coupled response among

RIS elements. Therefore, this chapter focuses on the modeling and beamforming of BD-RIS

with the wideband effect. This leads to the following layouts and contributions.

In Section 8.1, the signal model for BD-RIS aided SISO orthogonal frequency division multi-

plexing (OFDM) systems has been first derived. Specifically, we start from the time-domain

channels between the transmitter to the receiver, and then bridge them to the frequency-domain

forms to gain a comprehensive understanding of the behavior of BD-RIS in both domains.

In Section 8.2, a novel wideband model of BD-RIS based on lumped circuit models has next

been proposed. The proposed model has simple linear expressions while capturing accurately

the frequency dependence of the BD-RIS admittance matrix within practical frequency ranges.

The proposed model is also sufficiently general to adapt to any BD-RIS architecture, such as

group- and forest-connected architectures.

In Section 8.3, based on the proposed wideband BD-RIS model, the admittance matrix of BD-

RIS with group- and forest-connected architectures has been optimized to maximize the average

rate for BD-RIS-aided SISO-OFDM when each tunable admittance has either continuous or

discrete values.

In Section 8.4, results show that BD-RIS always outperforms conventional RIS whether the

wideband modeling of RIS is taken into account in the optimization process or not. In addition,

BD-RIS with the proposed wideband modeling and optimization outperforms that with the

frequency-independent model [66]. Furthermore, the impact of accurately modeling BD-RIS

129
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Figure 8.1: Diagram for the BD-RIS-aided SISO-OFDM system.

in wideband scenarios becomes more significant for BD-RIS with more tunable admittance

components in the architecture. That is, when using conventional RIS and simple BD-RIS

architectures such as group/forest-connected with group size no more than 3, it is reasonable

to directly adopt the frequency-independent BD-RIS model; for more advanced architectures

such as group-connected with group size 6, proper wideband modeling is advised.

8.1 System Model for BD-RIS Aided SISO-OFDM

We consider an M -element BD-RIS-aided wideband SISO-OFDM system with Nc subcarriers1.

The signal model for the BD-RIS-aided SISO-OFDM system is explained below and illustrated

in Fig. 8.1.

At the transmitter, we denote sn ∈ C the transmit symbol associated with subcarrier n,

E{|sn|2} = 1, ∀n ∈ Nc = {1, . . . , Nc}. The transmitter allocates power pn ≥ 0 to symbol

sn, and has a total power budget P such that
∑

n∈Nc
pn ≤ P . This leads to the discrete-time-

domain signal s̄ ∈ CNc×1 as

s̄ = F̄H
Nc

s, (8.1)

where s = [
√
p1s1, . . . ,

√
pNcsNc ]

T ∈ CNc×1 is the frequency-domain transmit symbol vector.

After adding the cyclic prefix (CP), the time-domain signal is up-converted to the RF domain by

the RF chain and radiated to the wireless environment through the transmit antenna [111,112].

In the BD-RIS-aided SISO-OFDM system, we define the channel from the transmit antenna to

the receive antenna as a DRT-tap finite-duration impulse response sequence {h̄d,i ∈ C | ∀i =

0, . . . , DRT − 1}. In addition, the channel from the transmit antenna to BD-RIS is modeled

as a DIT-tap impulse response sequence {ḡi ∈ CM×1 | ∀i = 0, . . . , DIT − 1}. The channel

1In this work, we focus on BD-RIS-aided SISO-OFDM systems for the ease of illustration, while the signal
modeling in this work can be readily extended to multiple input multiple output (MIMO) OFDM systems.
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from the BD-RIS to the receive antenna is modeled as a DRI-tap impulse response sequence

{h̄i ∈ C1×M | ∀i = 0, . . . , DRI − 1}. The response of BD-RIS can be regarded as the channel

between the BD-RIS elements and themselves, which is manipulated by the BD-RIS tunable

circuit. In contrast to conventional RIS where each element is not connected with each other,

in BD-RIS, different elements are connected to each other by additional tunable impedance

components [55] such that multiple paths between elements exist. More details about the

circuit model of BD-RIS can be found in [55, 57], and will be briefly explained later. The

fact that those connections generate multiple paths between BD-RIS elements motivates us to

describe BD-RIS as a DI-tap impulse response sequence {Φ̄i ∈ CM×M | ∀i = 0, . . . , DI − 1}
with Φ̄i not being limited to be diagonal thanks to the inter-element connections. As such,

the time-domain channel from the transmitter through BD-RIS to the receiver is the series

convolution between h̄i, Φ̄i, and ḡi.

At the receiver, the discrete-time-domain received signal after down-converting to the baseband

and removing the CP is the convolution of the time-domain channels and the time-domain

symbols [111, 112]. Since the circular convolution of discrete sequences can be expressed as

a matrix multiplication by introducing (block) circulant matrices, we write the discrete-time-

domain received signal ȳ ∈ CNc×1 in the following compact form

ȳ = (H̄d + H̄Φ̄Ḡ)s̄ + z̄, (8.2)

where z̄ ∼ CN (0Nc×1, σ
2INc) is the noise. H̄d ∈ CNc×Nc , H̄ ∈ CNc×NcM , Φ̄ ∈ CNcM×NcM , and

Ḡ ∈ CNcM×Nc are (block) circulant matrices constructed as in (1.2), based on respectively the

following sequence entries/blocks:

H̄d = blkcirc(h̄d,0, . . . , h̄d,DRT−1, 0, . . . , 0︸ ︷︷ ︸
Nc−DRT copies

),

H̄ = blkcirc(h̄0, . . . , h̄DRI−1,01×M , . . . ,01×M︸ ︷︷ ︸
Nc−DRI copies

),

Φ̄ = blkcirc(Φ̄0, . . . , Φ̄DI−1,0M×M , . . . ,0M×M︸ ︷︷ ︸
Nc−DI copies

),

Ḡ = blkcirc(ḡ0, . . . , ḡDIT−1,0M×1, . . . ,0M×1︸ ︷︷ ︸
Nc−DIT copies

).

(8.3)

After operating DFT, the received signal y ∈ CN×1 in the frequency-domain is given by

y = F̄Ncȳ = F̄Nc(H̄d + H̄Φ̄Ḡ)F̄H
Nc︸ ︷︷ ︸

=Hall∈CNc×Nc

s + F̄Nc z̄︸ ︷︷ ︸
=z∈CNc×1

, (8.4)

with the frequency-domain SISO-OFDM channel Hall and the noise z ∼ CN (0Nc×1, σ
2INc). In

the following proposition, we show that the frequency-domain channel Hall can be equivalently

described by the frequency-domain channels from the transmitter to the receiver, from the
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transmitter to the BD-RIS, and from the BD-RIS to the receiver, as well as the frequency-

dependent scattering matrix of BD-RIS.

Proposition 8.1. The frequency-domain BD-RIS-aided SISO-OFDM channel Hall is a diag-

onal matrix, i.e., Hall = diag(hall,1, . . . , hall,Nc). Specifically, each diagonal entry hall,n ∈ C
denotes the BD-RIS-aided channel at subcarrier n, ∀n ∈ Nc and is given by

hall,n = hd,n + hnΦngn, ∀n, (8.5)

where hd,n ∈ C, hn ∈ C1×M , and gn ∈ CM×1, respectively, are the frequency-domain channels

from the transmitter to the receiver, from the BD-RIS to the receiver, and from the transmitter

to the BD-RIS, and Φn ∈ CM×M is the scattering matrix of BD-RIS at subcarrier n. These

frequency-domain channels are obtained from the time-domain ones based on the mappings:

hd,n = [F̄NcH̄dF̄
H
Nc

]n,n, [hn]i = [F̄NcH̄iF̄
H
Nc

]n,n, ∀i ∈M, ∀n,
[gn]j = [F̄NcḠjF̄

H
Nc

]n,n, [Φn]i,j = [F̄NcΦ̄i,jF̄
H
Nc

]n,n, ∀i, j ∈M, ∀n,
(8.6)

where M = {1, . . . ,M}. H̄i ∈ CN×N , Ḡj ∈ CN×N , and Φ̄i,j ∈ CN×N are circulant matrices

extracted respectively from H̄, Ḡ, and Φ̄, with [H̄i]:,p = [H̄]:,(p−1)M+i, [Ḡj]q,: = [Ḡ](q−1)M+j,:,

[Φ̄i,j]p,q = [Φ̄](p−1)M+i,(q−1)M+j, ∀i, j ∈M, ∀p, q ∈ Nc.

Proof. Please refer to Appendix E.

From Proposition 8.1, we observe that

1) the obtained BD-RIS-aided wideband channel aligns with the intuition in conventional

OFDM systems, i.e., the wideband channels in OFDM systems can be described as par-

allel narrowband channels at different subcarriers;

2) the obtained channel has the same expression as the conventional RIS-aided wideband chan-

nel [46], except that the BD-RIS response is not limited to being diagonal;

3) the scattering matrix of BD-RIS is frequency-dependent, i.e., in general Φn 6= Φm for

different subcarriers n 6= m.

It is worth noting that in conventional RIS with diagonal phase shift matrix Φn, it is possible

to individually model the phase and amplitude response of each diagonal entry of Φn [46].

However, this method does not work for BD-RIS with scattering matrices Φn, ∀n ∈ Nc, not

limited to being diagonal, since their entries are highly coupled with each other due to the

inter-element connections. To address this challenge, we instead model the frequency-dependent

admittance matrix of BD-RIS [69], where each entry of the admittance matrix can be expressed

as the linear combination of tunable admittance components with each being independently
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controlled by circuit models. As such, the modeling of the scattering matrix with coupled

entries boils down to that of each tunable admittance component. To that end, we map the

scattering matrix Φn to the admittance matrix YI,n ∈ CM×M , which directly characterizes the

circuit model of BD-RIS, by the relationship in (2.10):

Φn = (Y0IM + YI,n)−1(Y0IM −YI,n), ∀n, (8.7)

where Y0 refers to the characteristic admittance, e.g. Y0 = 1
50

siemens (S). The modelling of

YI,n, ∀n ∈ Nc will be elaborated based on the circuit model of BD-RIS as follows.

8.2 Circuit-Based Wideband Modeling of BD-RIS

In this section, we first introduce the BD-RIS modeling using admittance parameter analysis,

and then establish the wideband BD-RIS model by characterizing its frequency dependence

based on the circuit model.

8.2.1 Admittance Matrix of BD-RIS

Consider an M -element BD-RIS modeled as M antennas connected to an M -port reconfig-

urable admittance network [55]. There are various architectures of the reconfigurable admit-

tance network determined by the circuit topology design. We focus on the wideband modeling

and optimization of two representative architectures, namely group-connected [55] and forest-

connected [57], which, respectively, include the fully- and tree-connected architectures as special

cases. The mathematical descriptions are explained below.

Group-Connected Reconfigurable Admittance Network: For a general group-connected

reconfigurable admittance network with G uniform groups, the M̄ = M
G

ports in each group are

all connected to each other by tunable admittance components, while ports in different groups

are not connected to each other [55]. To facilitate understanding, an illustrative example of a

6-element BD-RIS with the group-connected architecture (of group size 3) is illustrated in Fig.

8.2(a). According to the circuit topology of the group-connected reconfigurable admittance

network, the corresponding admittance matrix YI ∈ CM×M has a block-diagonal structure as

YI = blkdiag(ȲI,1, . . . , ȲI,G), (8.8)

where ȲI,g ∈ CM̄×M̄ , ∀g ∈ G = {1, . . . , G} is symmetric and purely imaginary for reciprocal

and lossless reconfigurable admittance networks, that is

ȲI,g = ȲT
I,g, <{ȲI,g} = 0M̄×M̄ , ∀g. (8.9)
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Figure 8.2: Examples of a 6-element BD-RIS with (a) group-connected and (b) forest-connected
reconfigurable admittance network of group size 3, and the equivalent circuit for each admit-
tance.

In group g of the group-connected reconfigurable admittance network, each port mg = (g −
1)M̄+m is connected to port m′g = (g−1)M̄+m′, with a tunable admittance2 Ymg ,m′g , ∀m,m′ ∈
M̄ = {1, . . . , M̄}, which satisfies Ymg ,m′g = Ym′g ,mg for m′ > m. Accordingly, ȲI,g, ∀g ∈ G writes

as [77]

[ȲI,g]m,m′ =

−Ymg ,m′g , mg 6= m′g∑gM̄

k=(g−1)M̄+1
Ymg ,k, mg = m′g

. (8.10)

Forest-Connected Reconfigurable Admittance Network: The circuit complexity of

group-connected architecture, that is the number of tunable admittance components, is M̄(M̄+1)
2

G,

which grows quadratically with the group size M̄ . This makes it difficult to implement group-

connected architecture with larger group size, e.g., M̄ > 4. To simplify the circuit design and

reduce the circuit complexity while maintaining the beam manipulation flexibility, the forest-

connected architecture of BD-RIS is proposed in [57]. Different from the group-connected

architecture where every two ports in the same group are interconnected via an admittance,

the forest-connected architecture is constructed such that in each group, every port is only

connected to one other port within the same group, thereby reducing the required number

of admittance components. For a forest-connected reconfigurable admittance network with G

uniform groups, every two adjacent ports of the M̄ ports in each group are connected via one

tunable admittance component, referred to as tree-connected, while ports from different groups

2Ymg,mg refers to the admittance which connects port mg to ground.
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are disconnected [57]. As such, the circuit complexity reduces to (2M̄ − 1)G. To facilitate

understanding, an example of a 6-element BD-RIS with the forest-connected architecture is

illustrated in Fig. 8.2(b). In this case, the admittance matrix YI still satisfies (8.8)-(8.10).

The difference compared to the group-connected architecture is that in each group g, ports mg

and m′g are not connected if |mg −m′g| > 1, ∀m,m′ ∈ M̄, ∀g ∈ G. This leads to the following

additional constraint:

Ymg ,m′g = 0, ∀mg,m
′
g, |mg −m′g| > 1. (8.11)

Based on the above illustrations, we observe that group-connected BD-RIS includes conven-

tional RIS (single-connected with M̄ = 1) and fully-connected BD-RIS (M̄ = M) as two

special cases. Meanwhile, forest-connected BD-RIS includes conventional RIS (M̄ = 1) and

tree-connected BD-RIS (M̄ = M) as two special cases. Group- and forest-connected BD-RISs

with M̄ = 2 share the same circuit topology.

In equations (8.8)-(8.11), we have general expressions of the admittance matrix for BD-RIS

without specifying its frequency dependence, which will be identified in the following subsection

based on the circuit model of each tunable admittance.

8.2.2 Wideband Modeling of Tunable Admittance

In this work, we model each tunable admittance component as a lumped circuit consisting of

two inductors L1 and L2, and one tunable capacitor C [113], as illustrated in Fig. 8.23. The

admittance of the circuit is thus a function of the value of the capacitor and the frequency f

for the incident signals, which is given by4

Ymg ,m′g =
1

ωL1

+
1

ωL2 + 1
ωCmg,m′g

, ∀mg,m
′
g, (8.12)

where ω = 2πf denotes the angular frequency. This yields the corresponding susceptance as

Bmg ,m′g = ={Ymg ,m′g}, ∀m,m′ ∈ M̄, ∀g ∈ G. From (8.12) we can observe that the tunable

admittance values at different frequencies are coupled to each other, that is for a certain value

of capacitor C, the admittance will have different values at different frequencies. More impor-

tantly, this is an intrinsic phenomenon coming from the hardware implementation of BD-RIS

elements, which cannot be simply ignored in BD-RIS-aided wideband communication systems.

This phenomenon is also numerically illustrated in Fig. 8.3(a), where we consider a wideband

system with center frequency fc = 2.4 GHz and adopt a practical varactor diode according to

the data sheet for the diode SMV1231-079. Interestingly, the susceptance can be regarded as

a linear function with respect to frequency for different values of Cmg ,m′g within some practical

3Here we remove the equivalent resistance in the circuit to make the admittance network lossless.
4In this model, we set fixed and same values of inductors L1 and L2 for each admittance component, while

making the value of the capacitor tunable and different, i.e., Cmg,m′
g
, for different admittance components.
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Figure 8.3: The susceptance as a function of (a) frequency and (b) the value of susceptance at
the center frequency fc = 2.4 GHz with L1 = 2.5 nH, L2 = 0.7 nH, and C ∈ [0.2, 3] pF for a
practical varactor diode.

bandwidth for wideband communication systems, such as the range from 2.25 GHz to 2.55 GHz

as highlighted in Fig. 8.3(a).

To obtain more insights of how the value of susceptance varies in wideband systems, we define

Bc,mg ,m′g as the susceptance at the center frequency fc. According to (8.12), we have the

following relationship

Cmg ,m′g =

(
ω2

cL2 +
ωc

Bc,mg ,m′g + 1
ωcL1

)−1

, (8.13)

where ωc = 2πfc. Plugging (8.13) into (8.12), we can rewrite Bmg ,m′g , ∀m,m′ ∈ M̄, ∀g ∈ G, as

a function of Bc,mg ,m′g and ω, that is

Bmg ,m′g(Bc,mg ,m′g , ω) =
((ω2 − ω2

c )L2 + ω2L1)
(
Bc,mg ,m′g + 1

ωcL1

)
− ωc

ωL1

(
ωc − (ω2 − ω2

c )L2

(
Bc,mg ,m′g + 1

ωcL1

)) . (8.14)

It is difficult to characterize the relationship between Bmg ,m′g and Bc,mg ,m′g due to the compli-

cated expression of (8.14). Fortunately, when focusing on the linear range highlighted in Fig.

8.3(a), we observe that Bmg ,m′g can be regarded as a linear function of Bc,mg ,m′g , as illustrated in

Fig. 8.3(b). Additionally, its slope and intercept can both be regarded as linear functions of ω,

which are shown in Figs. 8.4(a) and 8.4(b). The above observations motivate us to model the

frequency dependence of each admittance component for BD-RIS in wideband communication



8.2. Circuit-Based Wideband Modeling of BD-RIS 137

2.25 2.3 2.35 2.4 2.45 2.5 2.55

Frequency (GHz)

0.8

0.9

1

1.1

1.2

1.3

S
lo

p
e

Theo.

Fitt.

(a) Slope of equation (8.14)

2.25 2.3 2.35 2.4 2.45 2.5 2.55

Frequency (GHz)

0

5

10

In
te

rc
e

p
t

10
-3

Theo.

Fitt.

(b) Intercept of equation (8.14)

-0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05 0.06

Susceptance at Center Frequency (S)

-0.02

0

0.02

0.04

0.06

0.08

S
u

s
c
e

p
ta

n
c
e

 (
S

)

 f = 2.25 GHz, Theo.

 f = 2.25 GHz, Fitt.

 f = 2.4 GHz, Theo.

 f = 2.4 GHz, Fitt.

 f = 2.55 GHz, Theo.

 f = 2.55 GHz, Fitt.

(c) Fitted model of equation (8.14)

Figure 8.4: (a) The slope and (b) the intercept of equation (8.14) as a function of ω; (c) the
fitted result based on equation (8.15). The parameters αj, βj, ∀j ∈ {1, 2} in the linear model
(8.15) are set as α1 = 2.0046× 10−10, α2 = −1.9968, β1 = 6.2775× 10−12, β2 = −0.0942.

systems as a simplified linear function, which is given by:

Bmg ,m′g(Bc,mg ,m′g , ω) = F1(ω)Bc,mg ,m′g + F2(ω), ∀mg,m
′
g,

F1(ω) = α1ω + β1, F2(ω) = α2ω + β2,
(8.15)

where parameters αj, βj, ∀j ∈ {1, 2} are determined by L1, L2, and ωc
5. For the highlighted

curves in Fig. 8.3(a), the theoretical results given by (8.14) and fitted results using the linear

model (8.15) are shown in Fig. 8.4. The results in Fig. 8.4(c) guarantee a 0.27% normal-

ized mean square error between the fitted values and theoretical ones, which demonstrate the

accuracy of the proposed linear model.

We should highlight that the linear model (8.15) is a generalization of the narrowband model

utilized in existing BD-RIS literature [55, 57]. Specifically, the narrowband scenario refers to

the case that ω ≈ ωc, yielding F1(ω) ≈ 1 and F2(ω) ≈ 0, such that the susceptance of each

tunable admittance component is approximately frequency-independent.

8.2.3 BD-RIS with Frequency-Dependent Admittance Matrices

In the BD-RIS-aided SISO-OFDM system, each sub-band n has a carrier frequency fn, within

which we assume the admittance matrix of BD-RIS is constant in frequency, and only dependent

on the carrier frequency fn. Therefore, we characterize BD-RIS in the OFDM system by Nc

frequency-dependent admittance matrices YI,n, ∀n ∈ Nc, each of which refers to the admittance

5In this work, we obtain the values of αj , βj , ∀j ∈ {1, 2} by fitting the slope and intercept of (8.14) as linear
functions of ω such that each of them can be characterized based on arbitrary two points on the lines.
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matrix of BD-RIS at subcarrier n. In addition, each YI,n is constructed based on equations

(8.8)-(8.11) and the linear model (8.15) of each tunable admittance component. In the following,

we will summarize the constraint of YI,n for BD-RIS with different architectures.

Group-Connected BD-RIS: Given the carrier frequency fn for subcarrier n, YI,n is

YI,n = blkdiag(YI,1,n, . . . ,YI,G,n), ∀n, (8.16a)

YI,g,n = Bg,n, Bg,n = BT
g,n, ∀g, n, (8.16b)

[Bg,n]m,m′ =

−Bmg ,m′g ,n, mg 6= m′g∑gM̄

k=(g−1)M̄+1
Bmg ,k,n, mg = m′g

, (8.16c)

Bmg ,m′g ,n = F1(ωn)Bc,mg ,m′g + F2(ωn), ∀mg,m
′
g, n, (8.16d)

Bc,mg ,m′g ∈ [Bmin, Bmax], ∀mg,m
′
g, (8.16e)

where ωn = 2πfn, Bmin and Bmax are determined by the practical range of capacitor values.

More specifically, we consider the following two cases.

Case 1: When the capacitor has continuously tunable values, each Bc,mg ,m′g is arbitrarily se-

lected within [Bmin, Bmax];

Case 2: When the capacitor has finite tunable values, each Bc,mg ,m′g is selected from the set

Bc =
{
Bmin +

Bmax − Bmin

2b − 1
x|x = 0, 1, . . . , 2b − 1

}
, (8.17)

where b denotes the number of resolution bits.

Forest-Connected BD-RIS: Given the carrier frequency fn for subcarrier n, YI,n is con-

structed based on (8.16a)-(8.16c) and the following constraints:

Bmg ,m′g ,n =

 0, if |mg −m′g| > 1,

F1(ωn)Bc,mg ,m′g + F2(ωn), otherwise,
(8.18a)

Bc,mg ,m′g ∈ [Bmin, Bmax] or Bc,mg ,m′g ∈ Bc. (8.18b)

From (8.16) and (8.18) we observe that YI,n for all carrier frequencies are dependent to each

other and jointly tuned by Bc,mg ,m′g . In [65, 66], however, the frequency-independent BD-RIS

model is adopted in wideband systems. That is, the constraint (8.16d) has always F1(ωn) = 1

and F2(ωn) = 0, such that YI,n = YI, ∀n ∈ Nc. This simplified model facilitates the BD-RIS

design but will cause performance loss due to the ignorance of frequency dependence of BD-RIS

admittance matrices. The performance comparison will be given later.
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8.3 Optimization for BD-RIS Aided SISO-OFDM

In this section, we apply the proposed wideband BD-RIS model in a SISO-OFDM system to

formulate the rate maximization problem and develop corresponding algorithms to optimize

BD-RIS admittance matrices.

8.3.1 Problem Formulation

According to [69] and Section 2.1, by modeling the transmitter, BD-RIS, and receiver as a multi-

port network, the wireless channel can be characterized by its admittance matrix, where the

admittance matrix of BD-RIS, YI,n, ∀n ∈ Nc, is visible in the BD-RIS-aided wireless channel.

Specifically, by Result 2.1, the BD-RIS-aided wireless channel hn in (8.5) can be re-written

as [69]

hn =
1

2Y0

(−yRT,n + yRI,n(YI,n + Y0IM)−1yIT,n), ∀n, (8.19)

where yRT,n ∈ C, yRI,n ∈ C1×M , and yIT,n ∈ CM×1, respectively, refer to the channels from

transmitter to receiver, from BD-RIS to receiver, and from transmitter to BD-RIS based on

the admittance parameters [69]. According to the discussions in [69], these channels are a

characterization of the wireless channels equivalent to the widely used models based on the

scattering parameters [7]. The detailed mapping between the channels based on the scattering

parameters and those based on the admittance parameters can be found in [69], and is given

based on (2.15b) as follows

yRI,n = −2Y0hn, yIT,n = −2Y0gn, yRT,n = −2Y0(hd,n − hngn), ∀n. (8.20)

We aim to jointly design the power allocation at the transmitter and the susceptances Bc,mg ,m′g

at the center frequency to maximize the average rate for the SISO-OFDM system. This yields

the following problem:

{B?
c,mg ,m′g

, p?n}∀mg ,m′g ,n = arg max
(8.16) or (8.16a)-(8.16c),(8.18),∑

n pn≤P

1

Nc

∑
n∈Nc

log2

(
1 +

pn|hn|2

σ2

)
, (8.21)

where the constraints in (8.16) are considered for group-connected architectures while the con-

straints in (8.16a)-(8.16c) and (8.18) for forest-connected architectures. Problem (8.21) is a

challenging joint optimization mainly due to the coupling constraints of BD-RIS in wideband

systems. To simplify the design, we decouple problem (8.21) into two sub-problems and solve

each of them individually.
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8.3.2 Two-Stage Optimization

Since the wideband modeling of BD-RIS couples the admittances for different subcarriers,

which are embedded in the log(·) function, it is difficult to directly design the BD-RIS with

the original objective function in problem (8.21). In addition, the power allocation and the

admittance matrices of BD-RIS are coupled, which further complicates the optimization. To

simplify the problem, we decouple the design of BD-RIS and power allocation. This leads to

the following two-stage optimization framework:

Stage 1: We first simplify the objective function in (8.21) by using Jensen’s inequality, which

yields 1
Nc

∑
n∈Nc

log2(1 + pn|hn|2
σ2 ) ≤ log2(1 + 1

Nc

∑
n∈Nc

pn|hn|2
σ2 ). In addition, we remove

the impact of power allocation when designing BD-RIS by setting p1 = · · · = pNc , while

the power allocation will be designed after the admittance matrices of BD-RIS have

been determined. Therefore, we solve the following sum channel gain maximization

problem:

{B?
c,mg ,m′g

}∀mg ,m′g = arg max
(8.16b)-(8.16e) or

(8.16b),(8.16c),(8.18)

∑
n∈Nc

∣∣∣− yRT,n

+
∑
g∈G

yRI,g,n(Bg,n + Y0IM̄)−1yIT,g,n

∣∣∣2, (8.22)

where yRI,g,n = [yRI,n](g−1)M̄+1:gM̄ , and yIT,g,n = [yIT,n](g−1)M̄+1:gM̄ , ∀g ∈ G, ∀n ∈ Nc.

Stage 2: When B?
c,mg ,m′g

, ∀m,m′ ∈ M̄, ∀g ∈ G, are determined, the BD-RIS-aided wideband

channels, h?n, ∀n, can be obtained by (8.16), (8.18), and (8.19). Then, problem (8.21)

boils down to the following conventional power allocation problem:

{p?n}∀n = arg max∑
n pn≤P

1

Nc

∑
n∈Nc

log2

(
1 +

pn|h?n|2

σ2

)
, (8.23)

which can be solved by the well-known water-filling method.

In the following, we will elaborate on solving problem (8.22) for both group- and forest-

connected BD-RISs when each Bc,mg ,m′g has either continuous values or discrete values controlled

by the set Bc.

8.3.3 Solution to Problem (8.22): Continuous-Value Admittance

We propose to rewrite (8.22) into an unconstrained optimization and solve it using the quasi-

Newton method. The detailed mathematical transformations for group- and forest-connected

architectures are explained below.
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Group-Connected BD-RIS: We start by re-describing (8.16c) as a function which maps

the matrix B̄g,n ∈ CM̄×M̄ with entries [B̄g,n]m,m′ = Bmg ,m′g ,n to the matrix Bg,n, i.e., Bg,n =

F3(B̄g,n), where F3(·) is given such that

[Bg,n]m,m′ =

−[B̄g,n]m,m′ , m 6= m′∑
k∈M̄[B̄g,n]m,k, m = m′

. (8.24)

In addition, the symmetric constraint of each Bg,n in (8.16b) and the linear mapping (8.16c)

imply that each B̄g,n should be symmetric, i.e., B̄g,n = B̄T
g,n. In other words, each B̄g,n is

essentially determined by its M̄ diagonal and M̄(M̄−1)
2

lower-triangular (or upper-triangular)

entries. This motivates us to rewrite B̄g,n as B̄g,n = unvec(Rbg,n), where bg,n ∈ R
M̄(M̄+1)

2
×1

contains the diagonal and lower-triangular entries of B̄g,n. R ∈ {0, 1}M̄2× M̄(M̄+1)
2 is the binary

matrix mapping bg,n into vec(B̄g,n), ∀g ∈ G defined in 7.15, where ∀i, i′ ∈ M̄. According

to (8.16d), these vectors bg,n for all subcarriers are jointly controlled by bc,g ∈ R
M̄(M̄+1)

2
×1

constructed with the entries Bc,mg ,m′g for m′ ≥ m.

Based on the above illustration, we can reformulate problem (8.22) as the following form:

max
bc,g ,∀g

∑
n∈Nc

∣∣∣− yRT,n +
∑
g∈G

yRI,g,n(F3(unvec(Rbg,n)) + Y0IM̄)−1yIT,g,n

∣∣∣2︸ ︷︷ ︸
=F (bc)

(8.25a)

s.t. bg,n = F1(ωn)bc,g + F2(ωn), ∀n, g, (8.25b)

[bc,g]l ∈ [Bmin, Bmax], ∀g, l ∈ M̈, (8.25c)

where bc = [bTc,1, . . . ,b
T
c,G]T ∈ C|M̈|G×1, and M̈ = {1, . . . , M̄(M̄+1)

2
}. The linear constraint

(8.25c) of each entry of bc,g can be further removed by one-to-one mapping variables with

arbitrary real values into the range [Bmin, Bmax]. This can be done by introducing a tractable

mapping function [bc,g]l = F4([xg]l), xg ∈ R
M̄(M̄+1)

2
×1, ∀l ∈ M̈, with the following properties.

Property 1: F4([xg]l) is continuous, differentiable, and monotonously increasing in the full range

[xg]l ∈ (−∞,+∞);

Property 2: lim[xg ]l→+∞ F4([xg]l) = Bmax;

Property 3: lim[xg ]l→−∞ F4([xg]l) = Bmin.

An example of such a mapping function is given by:

[bc,g]l = F4([xg]l) =
[xg]l√

[xg]2lB
−2
− + 1

+B+, ∀g, l, (8.26)
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where B− = Bmax−Bmin

2
and B+ = Bmax+Bmin

2
. By this mapping function, we can transform

problem (8.25) into the following unconstrained optimization:

{x?g}∀g = arg max
(8.25b), (8.26)

F (bc), (8.27)

which can be directly solved by the quasi-Newton method.

Forest-Connected BD-RIS: The proposed optimization method for group-connected BD-

RIS with continuous-value admittance components can be easily adapted to forest-connected

BD-RIS. This can be easily done by modifying the mapping B̄g,n = unvec(Pbg,n) for group-

connected architecture based on (8.16b), (8.16c), and (8.18a) to align with the forest-connected

architecture. More details are explained below.

For forest-connected BD-RIS, (8.16b), (8.16c), and (8.18a) imply that each matrix B̄g,n with

entries [B̄g,n]m,m′ = Bmg ,m′g ,n is tridiagonal and symmetric. That is, B̄g,n is determined by its

M̄ diagonal and M̄ − 1 non-zero lower/upper diagonal entries. This motivates us to extract

these 2M̄ − 1 entries from each B̄g,n to construct the vector b̆g,n ∈ R(2M̄−1)×1. For ease of

illustration, we define the mapping B̄g,n = F5(b̆g,n), where F5(·) is given such that

[B̄g,n]m,m′ =


[b̆g,n]m, m = m′

[b̆g,n]M̄+m, m′ = m+ 1

[b̆g,n]M̄+m′ , m = m′ + 1

0, otherwise

. (8.28)

According to (8.18a), these vectors b̆g,n for all subcarriers are jointly controlled by b̆c,g ∈
R(2M̄−1)×1 constructed with the entries Bc,mg ,mg and Bc,mg ,m+1g , ∀m ∈ M̄. Thus, we can

transform problem (8.22) into the following form:

max
b̆c,g ,∀g

∑
n∈Nc

∣∣∣− yRT,n +
∑
g∈G

yRI,g,n(F3(F5(b̆g,n)) + Y0IM̄)−1yIT,g,n

∣∣∣2︸ ︷︷ ︸
=F̆ (b̆c)

(8.29a)

s.t. b̆g,n = F1(ωn)b̆c,g + F2(ωn), ∀n, g, (8.29b)

[b̆c,g]l ∈ [Bmin, Bmax], ∀g, l ∈ L̆, (8.29c)

where b̆c = [b̆Tc,1, . . . , b̆
T
c,G]T ∈ C|M̆|G×1, and M̆ = {1, . . . , 2M̄ − 1}. The constraint (8.29c) can

be further eliminated by the mapping [b̆c,g]l = F4([x̆g]l) with x̆g ∈ R(2M̄−1)×1, ∀l ∈ M̆, such

that problem (8.29) can be transformed into an unconstrained optimization

{x̆?g}∀g = arg max
(8.29b),[b̆c,g ]l=F4([x̆g ]l)

F̆ (b̆c), (8.30)

and solved by the quasi-Newton method.
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8.3.4 Solution to Problem (8.22): Discrete-Value Admittance

We propose to iteratively optimize the discrete-value tunable admittance components of BD-RIS

using the greedy algorithm. The detailed solutions for group- and forest-connected architectures

are explained below.

Group-Connected BD-RIS: In this case, the sum channel gain maximization problem (8.25)

writes as

b?c = arg max
(8.25b), [bc,g ]l∈B

F (bc). (8.31)

To efficiently solve the problem, we propose to uniformly block the variable vector bc into U

sub-vectors, i.e. bc = [bT1 , . . . ,b
T
U ]T , where bu = [bc](u−1)Ū+1:uŪ ∈ CŪ×1, Ū = |M̈|G

U
, ∀u ∈

U = {1, . . . , U}. Accordingly, we construct the codebook for each sub-vector bu based on the

original constraint [bc,g]l ∈ Bc, as

B̄ = {x ∈ CŪ×1 | [x]i ∈ Bc, ∀i = 1, . . . , Ū}, (8.32)

with |B̄| = 2bŪ .

Then, the greedy algorithm is explained as follows. We first define the initialization b0
c =

[(b0
1)T , . . . , (b0

U)T ]T , where each sub-vector b0
u is randomly chosen from the codebook B̄. In

the successive optimization of bou, ∀u ∈ U , where the superscript denotes the o-th iteration, we

aim to maximize the objective function F ([(bo1)T , . . . , (bou−1)T ,bTu , (b
o−1
u+1)T , . . . , (bo−1

U )T ]T ) with

bu being the only variable vector to be optimized and other entries fixed. Then we have the

following sub-problem:

bou = arg max
(8.25b), bu∈B̄

F ([(bo1)T , . . . , (bou−1)T ,bTu , (b
o−1
u+1)T , . . . , (bo−1

U )T ]T ), (8.33)

which can be efficiently solved by the exhaustive search over the set B̄ with proper options of

Ū and b. By iteratively solving problem (8.33) until the convergence of the objective function

is achieved, we finally obtain the solution b?c to problem (8.31).

Forest-Connected BD-RIS: The proposed optimization for group-connected BD-RIS with

discrete-value admittance components is also readily extended to forest-connected BD-RIS. In

this case, the sum channel gain maximization problem (8.29) writes as

b̆?c = arg max
(8.29b), [b̆c,g ]l∈B

F̆ (b̆c), (8.34)

where each b̆u = [b̆c](u−1)Ŭ+1:uŬ , Ŭ = |M̆|G
U

, ∀u ∈ U is iteratively optimized by the exhaustive

search over B̆ given by

B̆ = {x ∈ CŬ×1 | [x]i ∈ Bc, ∀i = 1, . . . , Ŭ}, (8.35)
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such that the b̆?c is obtained by the greedy algorithm.

8.4 Performance Evaluation

In this section, we evaluate the performance of the BD-RIS-aided SISO-OFDM system to show

the impact of the wideband modeling for BD-RIS with different architectures.

In the considered SISO-OFDM system, we assume the center frequency as fc = 2.4 GHz, the

bandwidth as B = 300 MHz, and the number of subcarriers as Nc = 64. Therefore, the carrier

frequencies are given by fn = fc + (n − Nc+1
2

) B
Nc

, ∀n ∈ Nc. The OFDM channels from the

transmitter to the receiver, from the transmitter to BD-RIS, and from BD-RIS to the receiver,

are modeled with the maximum delay spread of DRT = DRI = DIT = 16 taps using CSCG

random variables. The length of the CP is set to be 16. The distance-dependent channel

pathloss is modeled as ζs = ζ0d
−εs
s , ∀s ∈ {RT,RI, IT}, where ζ0 = −30 dB refers to the

signal attenuation at reference distance 1 m, ds denotes the distance between transmitter/BD-

RIS/receiver, and εs denotes the pathloss exponent. In the following simulations, we set dRT =

33 m, dRI = 5 m, dIT = 30 m, εRT = 3.8, εRI = 2.2, and εIT = 2.5. The noise power is set as

σ2 = −80 dBm.

Benchmark Scheme 1: Frequency-Independent BD-RIS. To show how the wideband

modeling of BD-RIS impacts the system performance, we include the case where the BD-RIS

admittance matrices are designed such that they remain the same for all subcarriers. That is,

we assume YI,n = YI, ∀n ∈ Nc as in [65, 66] where the narrowband BD-RIS model is adopted

in wideband scenarios. In other words, we have

h̄n =
1

2Y0

(−yRT,n + yRI,n(YI + Y0IM)−1yIT,n), ∀n. (8.36)

Then the proposed algorithms for either continuous or discrete-value admittance components

can also be adopted to solve the following problem:

{{Y ]
mg ,m′g

}∀m,m′,g, {p]n}∀n} = arg max
(8.8)-(8.11),

∑
n∈Nc

pn≤P
={Ymg,m′g}∈[Bmin,Bmax]

1

Nc

∑
n∈Nc

log2

(
1 +

pn|h̄n|2

σ2

)
,

(8.37)

where constraints (8.8)-(8.10) refer to the group-connected architecture and (8.8)-(8.11) refer

to the forest-connected architecture. The obtained solutions Y ]
mg ,m′g

, ∀m,m′ ∈ M̄, ∀g ∈ G are

further plugged into (8.16d) or (8.18a), such that we can obtain

1) the admittance matrices Y]
I,n, ∀n ∈ Nc by (8.8)-(8.11);

2) the channels h]n, ∀n ∈ Nc by (8.19),
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(f) Group- and forest-connected BD-
RIS with wideband modeling (M =
48)

Figure 8.5: Average rate versus transmit power P with BD-RIS having different architectures
(M ∈ {36, 48}, M̄ ∈ {1, 3, 6}). The legend “WM” is short for wideband modeling; “GC”
is short for group-connected; “FC” is short for forest-connected. For both “GC” and “FC”
architectures, the case of M̄ = 1 refers to the conventional RIS.

together with p]n, ∀n ∈ Nc to be plugged into the original objective function (8.21) for fair

performance comparisons.

Benchmark Scheme 2: Conventional RIS. To show how the performance of BD-RIS

compares to that of conventional RIS in the presence or absence of wideband modeling, we

include the case where the BD-RIS has diagonal admittance matrices. In other words, the

conventional RIS is a special case of the group or forest-connected BD-RIS with M̄ = 1 such

that the proposed methods can be directly implemented.

8.4.1 Continuous-Value Admittance

We evaluate the performance of the proposed wideband modeling and algorithm design by plot-

ting the average rate of the BD-RIS-aided SISO-OFDM system versus the transmit power P in

Fig. 8.5, from which we have the following observations. First, when taking into account the

wideband modeling, BD-RIS with larger group size of the group-connected architecture achieves

better performance within all the considered range of transmit power. This is attributed to
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M̄ = 3)

Figure 8.6: Average rate versus transmit power P with BD-RIS having different architectures
and discrete-value admittance components (M ∈ {36, 48}, M̄ ∈ {1, 3}, b ∈ {1, 2}. Ū = 4 for
b = 1; Ū = 3 for b = 2). The legend “WM” is short for wideband modeling; “GC” is short for
group-connected; “FC” is short for forest-connected. For both “GC” and “FC” architectures,
the case of M̄ = 1 refers to the conventional RIS.

the increasing wave manipulation capabilities offered by more complex circuit topologies of

BD-RIS. When ignoring the wideband effect for designing group-connected BD-RIS, BD-RIS

architectures with larger group size cannot always provide better performance. For example,

BD-RIS with group size M̄ = 3 outperforms that with M̄ = 6 when M = 36. This is because

the variation for BD-RIS matrices between different subcarriers becomes more significant with

increasing number of admittances, such that directly designing BD-RIS ignoring this variation

will lead to increasing performance loss. Second, for the cases of both with or without wide-

band modeling, BD-RIS with larger group size of the forest-connected architecture achieves

better performance within all the considered range of transmit power, while the performance

enhancement is not as significant as the group-connected architecture due to the reduced num-

ber of tunable admittance components. This also demonstrates that the impact of wideband

modeling for BD-RIS to the system performance is proportional to the circuit complexity of

BD-RIS architectures: The higher the circuit complexity of BD-RIS architectures, the larger

the performance gap between schemes with and without including wideband modeling of BD-

RIS. Third, when taking into consideration the wideband modeling of BD-RIS, BD-RIS having

group-connected architectures outperform that having forest-connected architectures with the
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same group size. While group- and forest-connected architectures achieve the same perfor-

mance in narrowband point-to-point systems [57], wideband OFDM systems benefit from more

tunable admittance components in BD-RIS to deal with the frequency selectivity.

8.4.2 Discrete-Value Admittance

In Fig. 8.6, we plot the average rate of the BD-RIS-aided SISO-OFDM system versus the

transmit power when the BD-RIS has discrete-value admittance components controlled by b

bits. From Fig. 8.6, we have the following observations. First, when taking into account the

wideband modeling, for both group-connected and forest-connected BD-RIS, increasing the

number of resolution bits for each discrete-value admittance leads to better performance. In

addition, BD-RIS with 2-bit resolution for each discrete-value admittance can achieve satisfac-

tory performance close to that with continuous-value admittance components. Second, similar

to the continuous-value admittance cases, in discrete-value cases, there also exists performance

gap between including or ignoring the wideband modeling of BD-RIS in the optimization stage.

More importantly, with relatively small numbers of resolution bits b and small group size M̄

of BD-RIS architectures, the performance loss coming from ignoring the wideband modeling

is negligible. This observation indicates that it is efficient to directly adopt the narrowband

BD-RIS model in wideband scenarios when using simple BD-RIS architectures with limited

freedom in tuning admittance components.

8.5 Summary

This work studies the wideband modeling and optimization of BD-RIS in a SISO-OFDM sys-

tem. Particularly, we first derive the system and signal model for BD-RIS-aided OFDM systems,

which bridges the time and frequency-domain channels and shows explicitly the frequency de-

pendency of the scattering matrix for BD-RIS. We next characterize this frequency dependency

by modeling each tunable admittance of BD-RIS based on lumped circuits. Taking into account

the practical frequency bands, we propose a simple linear model with respect to frequency.

With the proposed BD-RIS model and BD-RIS-aided signal model, we consider the optimization

of a BD-RIS-aided SISO-OFDM system with the aim of maximizing the average rate. For

BD-RIS with continuous-value admittance components, we propose to transform the original

problem into an unconstrained optimization problem to be solved by the well-known quasi-

Newton method. For BD-RIS with discrete-value admittance components, we adopt the idea

of the greedy algorithm to successively design each tunable admittance.

Finally, we provide simulation results to evaluate the effectiveness of the proposed algorithms

and the impact of the wideband modeling. Results show that BD-RIS always outperforms
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conventional RIS whether the wideband modeling is taken into account during the optimization

process or not. In addition, the higher the circuit complexity of BD-RIS, the larger the impact

of the wideband modeling on the system performance. This demonstrates the importance of

accurately capturing the frequency-dependent response of BD-RIS with complex architectures

in wideband communication systems.
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Conclusion

This chapter summarizes the main achievements of this thesis, and sheds light on various future

directions based on the current results.

9.1 Summary of Thesis Achievements

This thesis solved three key open problems of BD-RIS, that is, novel architecture design and

mode analysis of BD-RIS to achieve enhanced channel gain and enlarged coverage; signal pro-

cessing techniques of BD-RIS considering different CSI conditions; and the modeling and anal-

ysis of BD-RIS hardware impairments.

Part I focused on the architecture design and mode analysis of BD-RIS by proposing two

novel modes, namely hybrid mode, and multi-sector mode. Specifically, Chapter 3 started

by presenting a general BD-RIS aided communication model unifying reflective, transmissive,

and hybrid modes, and single/group/fully/dynamically group-connected architectures, which

include conventional diagonal RIS and STAR-RIS as special cases. To evaluate the performance

of the proposed model, the joint precoder and BD-RIS design algorithm has been developed.

Simulation results showed the significant sum-rate gains achieved by the proposed BD-RIS

with hybrid mode and group/fully/dynamically group-connected architectures compared to

conventional diagonal RIS and STAR-RIS. Then, Chapter 4 went beyond BD-RIS with hybrid

mode and proposed a novel multi-sector mode by fully exploiting the flexibility of antenna

arrangements and circuit topology designs. It has been proven that BD-RIS with hybrid mode

was essentially a special case of BD-RIS with multi-sector mode, while the latter generally

outperforms the former, benefiting from antennas with higher gains. Theoretical analysis of the

power scaling law was provided and beamforming design algorithms for sum-rate maximization

were developed. Simulation results verified the theoretical derivations and, more importantly,
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highlighted the benefit of multi-sector BD-RIS in enhancing channel gains and reducing the

circuit complexity.

Part II focused on the beamforming and channel estimation techniques for BD-RIS. Specifically,

Chapter 5 studied the synergy between multi-sector BD-RIS and RSMA under imperfect CSI

conditions. A stochastic problem was first formulated, which was transformed to a determin-

istic problem and solved by iterative solutions. Simulation results showed the benefits of this

synergy in saving on the required number of transmitter and BD-RIS antennas. Furthermore,

Chapter 6 proposed a novel cascaded channel estimation scheme for BD-RIS and corresponding

beamforming design algorithms based on cascaded channel estimates. The proposed channel es-

timation scheme was developed based on a closed-form solution, which theoretically guaranteed

to achieve the MSE lower-bound of the LS estimation. With the cascaded channel estimate,

the corresponding beamforming design algorithms were proposed considering different BD-RIS

architectures and modes. Simulation results highlighted the performance trade-off between

channel estimation and data transmission within one transmission frame.

Part III focused on the modeling and analysis of the hardware impairments of BD-RIS by focus-

ing on the impact of mutual coupling and that of frequency dependence at BD-RIS. Specifically,

Chapter 7 modeled the mutual coupling at BD-RIS based on the dipole antennas, followed by

the efficient beamforming design. Simulation results demonstrated the importance of taking

into account the mutual coupling at BD-RIS in the optimization. Chapter 8 modeled the fre-

quency dependence at BD-RIS based on the lumped circuit model of each tunable admittance.

The beamforming design for BD-RIS aided OFDM systems was then developed. Simulation

results, again, emphasized the importance of accurately capturing the frequency dependence of

BD-RIS architectures.

9.2 Future Work

In conclusion of this thesis, some future research directions are proposed.

Dimensioning of BD-RIS Modes and Architectures: The size, the number of antenna

elements, and the number of sectors of BD-RIS with hybrid/multi-sector modes are jointly

determined by the operating frequency of incident waves, the performance requirement, the

circuit complexity/cost. Therefore, one meaningful future direction is to carefully determine the

dimension of BD-RIS to balance performance in different scenarios, the hardware complexity,

and the cost.

Hardware Implementation of BD-RIS: The hardware implementation of BD-RIS is a fun-

damental issue. Currently, only RIS with STAR-RIS/IOS [76] has been implemented, which

indicates the physical availability of modeling RIS as antenna arrays connected to reconfig-

urable impedance network, while the comprehensive hardware implementation of BD-RIS with
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different architectures is still on its way. As shown in previous chapters, the reconfigurable

impedance network is the key to implement the BD-RIS with different modes and architec-

tures. We can utilize tunable inductance and capacitance, e.g. varactors, to construct the

reconfigurable impedance network, so that the continuous value BD-RIS can be implemented.

Alternatively, we can use PIN diodes as switches to reconfigure the impedance network to im-

plement discrete value BD-RIS. However, as the group size increases, the circuit complexity and

cost also increase, which is unique in BD-RIS due to the inter-element connections that conven-

tional diagonal RIS does not have. Hence, it is challenging but worthwhile to implement and

prototype different BD-RIS architectures, taking into account practical hardware impairments,

to find the best performance-complexity trade-off.

BD-RIS Based Beam Training: Recall that the performance benefits of BD-RIS heavily

depend on accurate CSI, which requires appropriate and effective channel estimation strategies.

In this thesis, we have developed a novel channel estimation scheme adapting to BD-RIS ar-

chitectures, which could obtain the cascaded channel for further beamforming design. Instead

of acquiring the CSI and designing the beamforming, another direction is to perform BD-RIS

based beam training, i.e, to “train” the beam formed by BD-RIS to align with the unknown

wireless channel. As such, by letting the transmitter consecutively transmit pilot signals with

pre-defined codebooks at BD-RIS, the receiver could obtain the best codeword at BD-RIS which

leads to the highest received power without knowing the CSI. Therefore, the requirement of

accurate CSI is eased. To facilitate the BD-RIS based beam training, the key open problem is

to properly design the codebook for BD-RIS architectures, consisting of codewords which could

effectively cover the whole beam space.

Applications of BD-RIS: One promising application of BD-RIS is to deploy it in the power

grid to relay wireless power. With proper power levels, suitable deployments and locations of

BD-RIS, the BD-RIS could effectively aid the wireless power transfer, guaranteeing that the

power can be transferred to all receivers. In this case, the transmit waveform and the BD-RIS

should be carefully designed. Another interesting application of BD-RIS is to enable flexible

and scalable integrated access and backhaul (IAB) [114]. Specifically, the wireless backhauling

usually have complicated propagation environments and various obstacles, e.g. trees and high

buildings. BD-RIS with full space coverage and high gain performance can be easily incorpo-

rated into real environments to bypass the obstacles and assist/enhance the wireless backhaul.

Meanwhile, wireless access, especially in millimeter wave or Terahertz wireless frequencies, usu-

ally has sparse and highly-directional channels, suffers from high path loss, and is vulnerable

to blockages. In this case, BD-RIS is more appealing in providing highly-directional beams to

align with low-rank channels, compensate for the severe path loss, and enlarge coverage.
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Appendix A

Proofs for Chapter 3

This chapter gives the proof for Proposition 3.1. To do so, we first abstract objective in (3.42)

as a real-value function

F̄ (x) = ax2 + bx+ c
√

1− x2, (A.1)

with one-to-one correlations, i.e., x =
√
αt,m ∈ (0, 1), a = υm ∈ R, b = −2|χt,m| < 0,

c = −2|χr,m| < 0. Then the proof is given as follows:

Proof. Calculate first- and second-order derivatives of F̄ (x) as

OF̄ (x) = 2ax+ b− cx√
1− x2

, (A.2a)

O2F̄ (x) = 2a− c

(1− x2)
3
2

. (A.2b)

Then we discuss OF̄ (x) under the following two conditions:

Case 1: When a ≥ 0, it is obvious that O2F̄ (x) > 0 so that OF̄ (x) is a monotonically increasing

function with x ∈ (0, 1). Based on the above discussion, we have

lim
x→0

OF̄ (x) = b < 0, lim
x→1

OF̄ (x) = +∞ > 0, (A.3)

which indicate that F̄ (x) is first monotonically decreasing and then monotonically

increasing for x ∈ (0, 1).

Case 2: When a < 0, calculate the third-order derivative of F̄ (x) as

O3F̄ (x) = −3cx(1− x2)−
5
2 , (A.4)

which is always larger than zero when x ∈ (0, 1). Thus, O2F̄ (x) is monotonically
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increasing with x ∈ (0, 1). Then we calculate

lim
x→0

O2F̄ (x) = 2a− c, (A.5)

whose value has the following two cases:

Case 2.1: When 2a− c ≥ 0, O2F̄ (x) > 0 for x ∈ (0, 1). Thus, OF̄ (x) is monotonically

increasing for x ∈ (0, 1) and the same conclusion as Case 1 can be obtained.

Case 2.2: When 2a− c < 0, examine

lim
x→1

O2F̄ (x) = +∞ > 0, (A.6)

which proves that OF̄ (x) is first monotonically decreasing and then increas-

ing for x ∈ (0, 1). Therefore, we can derive that F̄ (x) has the same trend as

OF̄ (x) for x ∈ (0, 1).

To summarize, F̄ (x) is a convex function with only one minimum point for x ∈ (0, 1), which

completes the proof.
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Proofs for Chapter 4

B.1 Proof of Lemma 4.1

Proof. By applying the Lagrange method, we can easily obtain (Ψm + µIL)βm = χm with

βTmβm = 1, where µ ∈ R is the Lagrange multiplier. Now it remains to show Ψm + µIL is

positive semi-definite. Suppose β′m is a feasible solution of problem (4.43) with β′Tmβ
′
m = 1.

Then we have F (β′m) ≥ F (β?m). Given that (Ψm + µIL)β?m = χm, we have

β′TmΨmβ
′
m − 2β?Tm (Ψm + µIL)β′m ≥ β?Tm Ψmβ

?
m − 2β?Tm (Ψm + µIL)β?m. (B.1)

Rearranging (B.1), we have

(β′Tm − β?Tm )(Ψm + µIL)(β′m − β?m) ≥ µ(β′Tmβ
′
m − β?Tm β?m) = 0, (B.2)

which completes the proof.

B.2 Proof of Lemma 4.2

Proof. With εm,l + µ ≥ εm,1 + µ > 0, we have

1 = F ′(µ) =
∑
l∈L

χ̃2
m,l

(εm,l + µ)2
≤
∑
l∈L

χ̃2
m,l

(εm,1 + µ)2
=

‖χm‖2
2

(εm,1 + µ)2
, (B.3)

which yields µ ≤ ‖χm‖2 − εm,1. Meanwhile, we have

1 = F ′(µ) =
∑
l∈L

χ̃2
m,l

(εm,l + µ)2
≥
∑
l∈E

χ̃2
m,l

(εm,l + µ)2
=

∑
∀l∈E χ̃

2
m,l

(εm,1 + µ)2
, (B.4)

and thus µ ≥
√∑

∀l∈E χ̃
2
m,l − εm,1.
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Appendix C

Proofs for Chapter 6

C.1 Proof of Lemma 6.1

Proof. The objective (6.13a) has the following lower bound

Tr((Φ̂HΦ̂)−1) =

NKM̄2G2∑
i=1

[(Φ̂HΦ̂)−1]i,i (C.1a)

(a)

≥
NKM̄2G2∑

i=1

[Φ̂HΦ̂]−1
i,i (C.1b)

(b)

≥ N2K2G2
2M̄

4∑NKM̄2G2

i=1 [Φ̂HΦ̂]i,i
=
N2K2G2

2M̄
4

Tr(Φ̂HΦ̂)
(C.1c)

=
N2K2G2

2M̄
4

Tr(
∑KM̄2G2

t=1 (φ̄∗t ⊗ x̄∗t ⊗ IN)(φ̄Tt ⊗ x̄Tt ⊗ IN))
(C.1d)

(c)
=

N2K2G2
2M̄

4

Tr(
∑KM̄2G2

t=1 (φ̄∗t φ̄
T
t )⊗ (x̄∗t x̄

T
t )⊗ IN)

(C.1e)

(d)
=

NKG2
2M̄

4∑KM̄2G2

t=1 Tr(φ̄∗t φ̄
T
t )

(e)
= NM̄, (C.1f)

where the equality of (a) can be attained when Φ̂HΦ̂ is a diagonal matrix [115]; (b) holds due

to the relationship between the harmonic mean and the arithmetic mean with equality achieved

when Φ̂HΦ̂ has identical diagonal entries; (c) holds by the property of the Kronecker product;

(d) holds due to the property of the trace operation and the assumption that |[xt]k| = 1, ∀k,

yielding Tr(x∗tx
T
t ) = K, ∀t; (e) holds due to the constraint (6.13b) which yields Tr(φ̄∗t φ̄

T
t ) =

G2M̄ , ∀t. Based on the above derivations, we have that minTr((Φ̂HΦ̂)−1) = NM̄ with the

condition Φ̂HΦ̂ = Φ̂Φ̂H = KM̄G2INKM̄2G2
, which completes the proof.
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C.2 Proof of Lemma 6.2

Proof. With A satisfying (6.18b), (6.18c) and Φ̆ satisfying (6.19b), (6.19c), we have Φ̈ = A⊗Φ̆

such that
Φ̈HΦ̈ = (AH ⊗ Φ̆H)(A⊗ Φ̆) = (AHA)⊗ (Φ̆HΦ̆)

= (G2IG2)⊗ (M̄IM̄2) = G2M̄IG2M̄2 ,
(C.2)

which aligns with (6.14b).

In addition, we define the i-th sub-block rows of the s-th row of Φ̈ by φs,i, ∀s ∈ S, ∀i ∈ G2,

that is

φs,i = [Φ̈]s,(i−1)M̄2:iM̄2 = [φTs ](i−1)M̄2:iM̄2 . (C.3)

Meanwhile, from (6.15) we have

φs,i = [φ̄Tt ](i−1)M̄2:iM̄2 = vecT (Φt,i), (C.4)

where t = (s − 1)K + k, ∀k ∈ K. Furthermore, from Lemma 2 we have φs,i = [A]i′,i[Φ̆]m,:,

where s = (i′ − 1)M̄2 +m, ∀m ∈ ¯̄M. Hence, (6.13b) is satisfied, i.e.,

ΦH
t,iΦt,i = |[A]i′,i|2Φ̆H

mΦ̆m = IM̄ , (C.5)

where Φ̆m = unvec([Φ̆T ]:,m). The proof is completed.

C.3 Proof of Theorem 6.1

Proof. We start by proving φ̆m,n, ∀m,n ∈ M̄ satisfies (6.19c). To this end, we define φ̆m,n,i =

[φ̆m,n](i−1)M̄+1:iM̄ , ∀i ∈ M̄. We have

φ̆m,n,i = [Z2]m,i[Z
T
1 ]mod(i−n,M̄)+1,:. (C.6)

Then we calculate

φ̆∗m,n,iφ̆
T
m,n,i′ = [ZH

1 ]mod(i−n,M̄)+1,:[Z1]:,mod(i′−n,M̄)+1︸ ︷︷ ︸
=z1,i.i′,n

[Z2]∗m,i[Z2]m,i′︸ ︷︷ ︸
=z2,i,i′,m

,
(C.7)

yielding the following two conditions:

1) when i = i′, we have z1,i,i,n = α1 and z2,i,i,m = α2

M̄
such that φ̆∗m,n,iφ̆

T
m,n,i′ = 1;

2) when i 6= i′, we have z1,i,i′,n = 0 such that φ̆∗m,n,iφ̆
T
m,n,i′ = 0.

Therefore, (6.19c) is guaranteed.
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We next prove Φ̆ constructed by φ̆m,n satisfies (6.19b). To this end, we calculate

φ̆∗m,nφ̆
T
m′,n′ =

∑
i∈M̄

φ̆∗m,n,iφ̆
T
m′,n′,i =

∑
i∈M̄

[ZH
1 ]mod(i−n,M̄)+1,:[Z1]:,mod(i−n′,M̄)+1︸ ︷︷ ︸

=z1′,n,n′,i

[Z2]∗m,i[Z2]m′,i︸ ︷︷ ︸
=z2′,m,m′,i

,
(C.8)

yielding the following three conditions:

1) when m = m′ and n = n′, we have z1′,n,n,i = α1 and z2′,m,m,i = α2

M̄
such that φ̆∗m,nφ̆

T
m,n = M̄ ;

2) when n 6= n′, we have z1′,n,n′,i = 0 such that φ̆∗m,nφ̆
T
m′,n′ = 0;

3) when m 6= m′ and n = n′, we have z1′,n,n,i = α1 such that φ̆∗m,nφ̆
T
m′,n′ = α1

∑
i∈M̄ z2′,m,m′,i =

α1[Z∗2]m,:[Z
T
2 ]:,m′ = 0.

Therefore, (6.19b) is guaranteed. The proof is completed.
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Appendix D

Proofs for Chapter 7

This chapter gives the proof for Proposition 7.1.

Proof. To check the convergence of the proposed algortithm, we have the following relationship

of the objective function in (7.16) between iterations:

Co = |ao + bo={Ωo}co|2 (D.1a)

= |ao + 
∑
g∈G

eogR={ωg}|2 (D.1b)

(a)
= |δ

∑
g

∑
i

|[eogR]i| sin(∠ao − ∠[eogR]i) cos(∠ao − ∠[eogR]i)

+ |ao|+ δ
∑
g

∑
i

|[eogR]i| sin2(∠ao − ∠[eogR]i)|2 (D.1c)

≥ |ao|2 (D.1d)

= |zRT − zRI(ZII + Zo
I )
−1zIT|2 (D.1e)

= |zRT − zRI(ZII + Zo−1
I + ={Ωo−1})−1zIT|2 (D.1f)

(b)
≈ |ao−1 + bo−1={Ωo−1}co−1|2 = Co−1, (D.1g)

where (a) follows by plugging (7.18) into Co; (b) follows from the Neumann series approxima-

tion. We have Co ≥ |ao|2 ≈ Co−1, which proves that the objective function Co is monotoni-

cally non-decreasing after each iteration. Therefore, we conclude that the proposed algorithm

converges since the value of the objective function Co is bounded from above. The proof is

completed.
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Appendix E

Proofs for Chapter 8

This chapter gives the proof for Proposition 8.1.

Proof. We first rewrite the frequency-domain channel Hall by re-arranging the block-circulant

matrices. This yields

Hall = F̄Nc(H̄d + H̄Φ̄Ḡ)F̄H
Nc

(a)
= F̄Nc(H̄d + H̄ΓΓT Φ̄ΓΓT Ḡ)F̄H

Nc
,

(E.1)

where (a) holds by introducing the permutation matrix Γ ∈ {0, 1}NcM×NcM with ΓΓT = INcM ,

which transforms a block-circulant matrix into a row-wise concatenation of circulant matrices

[116]. Specifically, we have

[Γ]i,j =

 1, i = (n− 1)M +m, j = (m− 1)Nc + n

0, otherwise
, (E.2)

with ∀n ∈ Nc and ∀m ∈M, such that

H̄Γ = [H̄1, . . . , H̄M ], ΓT Ḡ = [ḠT
1 , . . . , Ḡ

T
M ]T , ΓT Φ̄Γ =

 Φ̄1,1 · · · Φ̄1,M

...
. . .

...

Φ̄M,1 · · · Φ̄M,M

 , (E.3)

where H̄i ∈ CNc×Nc , H̄j ∈ CNc×Nc , and Φ̄i,j ∈ CNc×Nc , ∀i, j ∈ M, respectively, are circulant

matrices with entries
[H̄i]:,p = [H̄]:,(p−1)M+i, ∀i, ∀p ∈ Nc,

[Ḡj]q,: = [Ḡ](q−1)M+j,:, ∀j, ∀q ∈ Nc,

[Φ̄i,j]p,q = [Φ̄](p−1)M+i,(q−1)M+j, ∀i, j, p, q.

(E.4)
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Then, we can rewrite Hall as

Hall =F̄NcH̄dF̄
H
Nc

+ F̄Nc

∑
i∈M

∑
j∈M

H̄iΦ̄i,jḠjF̄
H
Nc

(b)
=F̄NcH̄dF̄

H
Nc

+
∑
i∈M

∑
j∈M

F̄NcH̄iF̄
H
Nc

F̄NcΦ̄i,jF̄
H
Nc

F̄NcḠjF̄
H
Nc
,

(E.5)

where (b) holds due to the property of the normalized DFT, i.e., F̄H
Nc

F̄Nc = INc . Since a

circulant matrix can be diagonalized by DFT [117], we have that

F̄NcH̄dF̄
H
Nc

= diag(hd,1, . . . , hd,Nc), F̄NcH̄iF̄
H
Nc

= diag(hi,1, . . . , hi,Nc),

F̄NcḠjF̄
H
Nc

= diag(gj,1, . . . , gj,Nc), F̄NcΦ̄i,jF̄
H
Nc

= diag(φi,j,1, . . . , φi,j,Nc),
(E.6)

where hd,n ∈ C, hi,n ∈ C, and gj,n ∈ C, respectively, denote frequency-domain channels from

the transmitter to receiver, from the i-th element of BD-RIS to the receiver, and from the

transmitter to the j-th element of BD-RIS at subcarrier n, ∀i, j ∈ M, ∀n ∈ Nc. φi,j,n ∈ C
denotes the scattering parameter from the j-th element to the i-th element of BD-RIS at

subcarrier n. By introducing the frequency-domain channels hn ∈ C1×M , gn ∈ CM×1, and the

scattering matrix of BD-RIS Φn ∈ CM×M at subcarrier n with entries

[hn]i = hi,n, [gn]j = gj,n, [Φn]i,j = φi,j,n, ∀i, j, n, (E.7)

we finally have

Hall = diag(hd,1 + h1Φ1g1, . . . , hd,Nc + hNcΦNchNc). (E.8)

The proof is completed.
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