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ABSTRACT

A model of turbulence applicable to free boundary layers
is described which calculates the Reynolds stress — uv from the
expression uv = qﬂ L. 8U/9y; it determines the kinetic energy, k,
and the length scale, L, of the turbulence from differential
transport equations for k_and kL, and obtains the parameter c, from
an empirical function of P/e, where the latter is the ratio oE the
overall production to dissipation of k at each cross section of the
layer. Two simpler versions of the model are also described: one
assumes that y is a constant, and the other takes L as uniform over
the cross section.

The empirical constants and functions involved are
adjusted to give best agreement between predictions and experiments
for a few selected self-similar flows. Predictions are then compared
with experiments for a wide variety of situations, including: plane
mixing layers between streams of various velocity ratios, plane and
axisymmetric jets issuing into still air and into a moving stream,
plane and axisymmetric wakes, and flows behind self-propelled bodies
(far field only).

The main two—equation model predicts most of these flows
with a single set of constants and functions. The agreement is
generally within the experimental accuracy. For free boundary layers,
this model 1s found to be superior to simpler as well as to the

existing more complex models. In common with all other models, it

requires adjustment of some of the constants for the round jet. A
function of the ratio of L to the radius r is introduced to extend
the universality of the model to this flow.

The two simpler versions of the model work well for more
restricted circumstances.

A further, more complex model is described which employs
transport equations for all the Reynolds stresses and for the rate
of energy dissipation. It is applied to one-dimensional flows and
to some of the free flows quoted above. Its constants are found not
to be universal, a feature which is attributed mainly to the
inadequacy of the pressure-strain simulation used.

A comprehensive account is given of the features of free
turbulent boundary layers. In a critical review of experiments, an
attempt is made to identify the most reliable data for each class
of flow considered.

Finally, an experimental investigation is reported in
vhich a new technique of analysing hot-wire signals in highly
turbulent flows was developed and successfully tested in a round jet.
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PREFACE

This thesis represents the main result of the research

which I carried out in the Mechanical Engineering Department of .

Imperial College during the period 1968-1972. The major part

describes a two—-equation model of turbulence, and its application

to free boundary 1ayers.‘ This subject of research was suggested to

me by my supervisor, Professor D.B. Spalding, who recognised that

a turbulence model employing transport equations for both the intemsity
and the scale of turbulence should be considerably more universal

for free flows than are simpler models (Spalding 1967).

My first task was to incorporate the two-equation model
suggested by Spalding into the numerical procedure of Patankar
and Spalding (1967), and to obtain solutions for a few self-similar
free flows having strong strain (jets, mixing layers). This work,
which is'reported in Rodi and Spalding (1970 ) ,revealed that the plane

mixing layer, the plane jet, and the radial jet could be predicted with

a single.set of constants, but that a different set was needed for the

round jet.

I then applied the model to weak-strain flows (e.g. wakes)
and found that yet another set of constants was needed for these flows.

In an attempt to find a more universal model, I simultaneously

" investigated two lines of approach: one was to replace some of the

constants in the two—equation model by functions of suitable parameters;
and the other was td study the performance of more complex models

which solve transport equations for the invididual Reynolds stresses.
At the time, Daly and Harlow (1970) had just proposed such a stress-
equation model. I applied this, in slightly simplified form, to a

few free flows, and found its performance to be unsatisfactory. I then
constructed a new version which embodied alternative treatments of

certain of the terms in the stress equations. This model performed

better in free flows, but it still required the use of different constants

for free flows with strong and weak strain, and for round jets.

During the’last stage of my research I therefore concentrated

on the construction of suitable functions for the two-equation model,

and on its application to a large variety of free boundary layers. '



From October 1970 to July 1971, I interrupted the
theoretical work described above to carry out an experimental study.
After lengthy considerations, I had concluded that, in the very limited
time available, I could not make a worthwhile study of a hitherto
unmeasured free flow situation. I therefore took up a suggestion
of my colleague F. Durst to develop an improved method of evaluating
hot-wire signals in highly turbulent fiows; and I decided to test

this method in the well-documented round jet.

I should now like to acknowledge the help which many
individuals have offered me throughout the research for, and the
writing of, this thesis. I have mentioned already the important role
which Professor Spalding played in initiating the research. His active
intérest and guidance thereafter are also gratefully acknowledged.
Furthermore, he has taught me much on the subject of technical-report
writing, If the presentation of'my work in this thesis is still
inadequate, it would have been much worse but for Spalding's constructive

~criticism.

I should also like to thank Dr.M.M. Gibson and Dr.B.E. Launder
for the advice which they gave me as members of my thesis committee.
In additiom, Dr. Launder provided many helpful discussions on turbulence

models and many valuable comments on the draft of this thesis.

The development of the two—equation model was carried out
in close cooperation with Dr. K.H. Ng. His influence contributed
much to the progress of my work. The research on turbulence models
has benefited also from discussions and correspondence with many
individuals, particularly Mr. P. Bradshaw, Dr. K. Hénjalié, Dr. W.P. Jones,
and Dr. J.C. Rotta. o

I am grateful to Dr. F.Durst for suggesting the
experimental study and for providing the original idea on which it
is based. I should also liﬁe to acknowledge his expert help at all
stages of this study. I am further indebted to Mr. R. Church for
helping to design and for making various pieces of equipment, and to

Mr. A. Robinson for his assistance in constructing the rig.

.



Dr. A.D. Gosman and Dr. J.H. Whitelaw made many
suggéstions to improve the clarity and style of the thesis. I

thank them both for their help.

Space does not allow me to list the names of all the
people who contributed to‘my work. However, two names cannot be
passed over: I should like to thank Miss M.P. Steele for her help in
administrative matters and Miss E.M. Archer for obtaining even the

most obscure of references.

London, December, 1972 : W. Rodi
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© 'CHAPTER 1

INTRODUCTION

1.1 Background and.objective of the investigation

The flows considered. The present investigation is concerned with

a class of flows called "free turbulent boundary layers". The label
"free'" implies that the'flows are remote from walls; and the label
"boundary layer" is attached to those flow regions in which there

is a single predominant direction of flow, and in which shear
stresses, heat fluxes and diffusion fluxes are significant‘oﬁly in
directions perpendiéular to the predominant direction. Three typical
exémples of free turbulent boundary layers are sketched in'fig;l.lz
the mixing 1ayer; the jet, and the wake. All the flows considered in
this thesis are variations or combinations of these three basic |

_examples. Both plane and axisymmetric situations are included.

Fig.1l.1 The three basic examples of free

turbulent boundary layers.
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The shaded areas in fig.l.1 define the free turbulent
boundary layer regions. The flow outside these regions is called
free stream. Normally, this flow can be considered as uniform and
non—turbulent, Fig.l.i shows that walls often have an indirect
influence on free flows: in all 3 examples, walls (splitter plate,
nozzle lips, or wake body) create the free boundary layer; and in

the example of the jet, walls govern the free stream.

Practical importance. Free turbulent boundary layers play an

important role in many kinds of engineering equipment, in rivers, and
in the atmosphere. Jet engines, jet ejectors, wakes behind aeroplanes
and submarines, cooling water dispersal in rivers, chimney plumes,

and jet streams in the atmosphere are a few examples.

The flows of practical importance may not always be purely
"free" and of the plane or axisymmetric boundary-layer type. However,
the process of free turbulent mixing is prominent in all these flows,
whether it is a mixing of fast and slow moving streams, of hot an&
cold fluid, or of fuel and oxidiser. And, as a first step to study
the real problem, we often study an idealised flow situation (i.e. a
a free boundary layer). TFor example, researchers concerned with the
combustion process in a furnace of ten investigate this process with
the walls absent; that is they consider the furnace flame as a free

boundary layer.

The prediction problem. Because of the practical importance of free

turbulent boundary layers, there is a great need for both engineers

and meteorologists to be able to predict these flows.

The exact equations governing turbulent flows are well known:
they are the unsteady Navier—Stokes éqgations. Procedures exist to
solve these equations numerically; however, because the energy-dissipating
eddies are very small, the computational mesh required is so fine that
realistic flows cannot be calculated with present-day computers (see
§ 2.2). )
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It has therefore become customary to consider only the
statistical properties of turbulence. These propérties are governed
by an infinite number of correlation equations. The usual way to
obtain a closed system of equations is to employ a "turbulence model"
which approximates the turbulence correlations in terms of knowable
quantities. This turbulence-model approach has proved to be the only

practicable one so far.

Because they are approximations, turbulence models involve
empirical constants and functions. Predictions of unknown flows can
be relied upon only when these constants and functions are universal,

at least for the classes of flows considered.

The problem of predicting free turbulent boundary layers
comprises a physical and a mathematical part: the physical problem is
to construct a turbulence model whose constants and functions are
universal for these flows. The mathematical problem is to solve the

equations appearing in the model.

Previous work. Prandtl's (1925) mixing-length hypothesis was the

first turbulence model which was applied with some success to free
turbulent boundary layers. The model relates the turbulent shear stress
uniquely to local mean flow quantities, which can then be determined

by solving the time-averaged equations for momentum and continuity.
These are partial differential equations which could not be solved
until recently, when efficient numerical methods became available. For
self-similar flows, however, the equations can be transformed into more
tractable ordinary differential equations, and analytical sdlutions

for such flows were obtained soon after Prandtl had proposed his model
(Tollmien 1926, Schlichting 1930). These solutions revealed that the
empirical constant associated with the mixing length model varies
considerably from one boﬁndary layer to another (see table 3.1). Other
simple models (e.g. Prandtl 1942, Reichardt 1942) show a similar lack

of universality.

——

Kolmogorov (1942), Prandtl (1945), Chou (1945), and Rotta (1951)
laid the foundations of more complex models which employ differential

transport equations for turbulence quantities. However, the resulting
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systems of equations were even less amenable to analytical solution

than in the case of the mixing-length model; so, at the time this.

-study was started, these models: had not yet been applied to free

boundary layers.

Because partial different ial equations were so difficult to
solve, engineers took recourse to integral methods. These methods
involve assumptions about the shape of the mean velocity profile and
about the global baheviour of turbulence (a review is given in
appendix K). The introduction of these assumptions allows the partial
differential equations to be reduced to ordinary ones, which are
relatively easy to solve. However, integral methods lack flexibility.
For example, they are very cumbersome to use when the mean velocity
profile changes its shape. Moreover, they are very difficult to extend
to high Mach number flows, and to flows with non-uniform temperature

and species concentration.

Recent advances in numerical methods (e.g. Patankar and Spalding
1970) have overcome the mathematical difficulties of solving partial
differential equations. So engineers need no longer be content
with integral methods. However, they still lack an adequate physical

model to describe free turbulent boundary layers.

Objective of the investigation. The advances in numerical methods

have made it possible to apply nearly any turbulence model to any

free boundary layer. Thus, turbulence models can now be tested efficiently;

and it is the objective of this investigation to find an economical
model, and its constants and functions, which gives good agreement with

experimental results for all major free turbulent boundary layers having

uniform density.

1.2 The present contribution

a) . Development and testing of turbulence models.

Because the time-averaged boundary layer equations can now be

solved efficiently with the method of Patankar and Spalding (1970), the

¥
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attention of the investigation'is deliberately confined to the physical

problem, i.e. the modelling of turbulence.

We may classify turbulence models according to the number of
equations they employ for turbulence quantities. Altogether seven
different models are considered in the thesis which range from one-

equation to five—equation models.

The development and testing of a two—equation model fof free
boundary layers constitutes the main contribution of this thesis. The
model is introduced in three versions (I, II, III). It is constructed
with the aid of the work of Kolmogorov (1942), Prandtl (1945), and
Rotta (1951). It employs the eddy-viscosity concept* and relates the
eddy viscosity to the intensity and scale of turbulence. The latter
two duantities are determined from differential transport equations;

hence the name "two-equation" has been appended to the model.

The empirical constants and functions contained in the equations
are determined by reference to experimental data, mainly for self-
similar flows. As a test of validity, comparisons between predictions

and experiments are made for the following free turbulent boundary

layers:

‘.
(1) plane mixing layers between streams of various velocity ratios,
(ii)  plane and axisymmetric jets issuing into still air and into

a uniformly moving stream,
(iii) piane and axisymmetric wakes in zero pressure gradient,
(iv) flane jets and wakes in a pressure gradient,
) shear-free layers (occur in the far field of flows behind

I

self-propelled bodies).

As a further contribution to turbulence modelling, a general
model is developed which employs equations for all Reynolds stresses
and for a length scale. This research is undertaken to allow judgement

on the relative merits of models of various levels of complexity. The

*
shear stress = eddy viscosity x mean velocity gradient
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stress—equation model is a?plied to one-dimensional flows to determine
certain of the constants involved. It is then simplified to yield

a two—equafion model for general flows, called "algebraic stress

‘model". This model also allows all the Reynolds stresses to be
calculated; it may be of use when numerical solutions with a stress-~

equation model are difficult, or uneconomical, to obtain.

For boundary layers, the above mentioned stress—equation
model employs five equations. This five-equation model, Daly and
Harlow's (1970) five-equation model, Hanjalié and Launder's (1972)
three—equation model, and a one-equation model obtained by simplifying
the two—-equation model I, are applied to a few free boundary layers.
This contributes to the knowledge about the performance of these models.
A comparison shows that, for free boundary layers, the present two-

equation model appears to be superior to any of the others.

_Limitations. The present investigation is concerned oniy with the
hydrodynamic properties of two-dimensional free boundary layers having
steady mean quantities, high Reynolds number, uniform density, and no
swirl. The investigation is complemented by the researches of Ng (1971)
and Jones (1971): Ng applied a two-equation model similar to the present
one to wall boundary layers, and Jones developed a two—equation model

for low Reynolds number flows.

b) Study of flow characteristics

For a thorough study of a turbulence model, it is essential
to have detailed knowledge about the characteristics of the flows for
which the testing is to be carried out. As a further contribution,
the thesis ‘therefore assembles the available knowledge about free

turbulent boundary layers, and in particular about the flows quoted in a).

Simple momentum and similarity considerations yield qualitative
information about the behaviour of these flows. Quantitative information
is compiled by reviewing critically a large amount of experimental data.
The review recommends, for each flow case, the set of data that appears

most reliable.
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Apart from its importance for the testing of the models considered,

this contribution may be of use to future researchers in this area.

c) Experimental study.

The accuracy of many data on turbulence quantities is rather
poor, particularly when the turbulence intensity is high. This is
due mainly to :the inadequacy of existing measurement techniques. To
develop an improved method of analysing hot-wire signals in highly
turbulent flows, an experimental study is carried out. The test
of this method in a round jet provides additional data for this flow
case. The results are more consistent, and thus probably more reliable

than those obtained with conventional methods.

d) © Lay-out of the thesis.

Main body. The main body of the thesis consists of seven

chapters of which the introduction is the first one.

Chapter 2 introduces exact forms of the equations for momentum,
continuity, and the Reynolds stresses. The closure problem of these
equations is discussed, and it is shown that the turbulence-model
approach is the only practicable one at present. This approach is

described in detail in § 2.5.

Chapter 3 is concerned with the development of the present
two—equation model. First, in § 3.2, the performance and economy of
models of various levels of complexity are compared, and it is
demonstrated that a model employing two equations for turbulence quantities
is the most suitable for free turbulent boundary layers. The remainder of
the chapter elaborates on the details of the present two-equation

model and shows its relations to other models.

Before the model is applied to free boundary layers, the
features of these flows are compiled and discussed in chapters 4 and 5.
Chapter 4 provides qualitaﬁive information mainly about the
momentum and similarity behaviour of the flows. Chapter 5 reviews
the experimental data and selects "target values" against which the

predictions will be compared.
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Chapter 6 concerns the application of the two—equation model.
The boundary conditions are specified, and the empirical constants
ahd functions are determined by comparing predictions and experiments
for a few selected flows. These constants and functions are then
used to predict all the flows quoted in a). The results are compared
with experimental data and with some published predictions obtained
with other methods. The chapter closes with an evaluation of the

universality of the present model.

The last chapter,. chapter 7, summarises the main conclusions

of the thesis and makes some suggestions for future research.

Appendices. The thesis has 12 appendices to which the letters A to
L are ascribed. Appendices A to F give derivations which are too
long to be included in the main body. Appendix G introduces a new _
stress—equation model and shows its application to one-dimensional flows
and to a few free boundary layers. The application of Hanjalic and
Launder's (1972) three-equation model to free boundary'layers is
discussed in appendix H. In appendix I, a two—equation model is
“developed for general -flows which employs algebraic modelling of all
the stresses. Appendix J presents applications of Daly and Harlow's
(1970)stress—equation model to the plane mixing layer and the plane-
jet. Integral methods are reviewed in appendix K. Finally, appendix L

reports on the experimental investigation.
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CHAPTER 2

THE GOVERNING EQUATIONS AND THE

PROBLEM OF CLOSURE

2.1 Introduction

The purpose of this chapter is to present the basic equations
which govern turbulent flows, and to introduce the problems which

their solution poses.

§ 2.2 lists a closed set of exact, time-~dependent equations
and explains why these equations cannot, at present,be solved for
turbulent flows. We then turn to time-averaged equations: §§ 2.3
and 2.4 present the equations of continuity, momentum, and the Reynolds
stresses in exact form. These equations do not constitute a closed
set. The need for additional physical hypotheses to bring about
closure is discussed in § 2.5. Finally, in § 2.6, the time-averaged
equations are presented in the simplified forms applicable to the

boundary layers considered in this thesis.,

2.2 Time-dependent equations

_ Laminar and turbulent flows alike are governed by the laws of
mass and momentum conservation. For a Newtonian fluid with constant
density and viscosity, these laws are expressed by the following
equations: ‘

Mass conservation: continuity equation
5 ,
—— 0’ (20 1)

Momentum conservation: Navier-Stokes equation

3u. U, 1 3P 32y,
L4 U, e m e oy o (2.2)
‘ ot i ij p axi axiaxi

Here, and in all the equations to follow, the summation -convention

applies where repeated indices appear. The symbols are defined in
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the nomenclature, p. 143,

Equations (2.1) and (2.2) constitute a closed set; so all
we need to predict a flow, it seems, are boundary conditions and a
method of solution. For most laminar flows the equations can indeed
be solved by currently.availaﬁle methods, but this is not the case
for turbulent flows of engineering interest. The reasons are that
(i) turbulence is always three-dimensional, and (ii) many of the
important processes take place on very small scales (% 0.1 mm for the
flow in a furnace). The equations can be solved only by means of
numerical techniques which calculate the dependent variables at
discrete points in the flow. So, with a mesh size of 0.1 mm in all
three directions, we would need 10% grid points for a volume of one
cubic centimetre. However, the fast-access storage of the largest
existing computers (e.g. CDC7600) has a capacity of "only" about
150 000 words. This illustrates the impossibility of solving equations
(2.1) and (2.2) for realistic turbulent flows.

Fortunately however, the design engineer is not interested in
every detail of the turbulent motion, but mainly in the time-averaged
-velocity and pressure. The next section will present equations

governing these quantities.

2.3 The time-averaged continuity and momentum equations

Introduction of time-averaged quantities. For steady mean

flow, the time-averaged (or mean) values of U and P are defined by

T | T
=z Lim 1 J Pdt.  (2.3)
) _

Ui T Toe T

Sy,
(=
o
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"
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=
=]
el D

Following common practice, we separate the instantaneous velocity

and pressure into mean and fluctuating components:

U, =T, vu P=P+p . (2.4)

For brevity, the overbars indicating averaged values will be dropped

from U and P frOm'hereon.
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The equations of continuity and momentum. Introduction of (2.4)

into (2.1) and (2.2), and subsequent time-averaging yields (Hinze 1959):

continuity equation:

o, _
'5{—-’-:0 ? (2.5)
- i
Momentum equation:
U, avu.
1 3P - —
U.—a~x—1=——%§ +—g;—(v—a-x—1~uiuj) (2.6)
e S S 3 .

These are two very important equations; they govern the mean motion
and will therefore, in one form or another, be part of any prediction

* . .
method which does not solve the time—dependent equations.

The new unknown uigj. The momentum equation (2.6) contains a product

—_— %
. of the time-averaging process: the Reynolds stress — u,u. This

.

stress represents the transfer of momentum by the turbulent motion.

Because of its appearance, equations (2.5) and (2.6) do not constitute

a closed set. Our basic task is therefore to find a means for

evaluating u,u..
1]

2.4 Equatién for the Reynolds stresses

If we had a transport equation for ;;E;, the most direct _
way to determine u.u, would be to solve this equation. Indeed, such
an equation for uiuj does exist. It can be derived in the following
-way. The momentum equation (2.6) is subtracted from the Navier—Stokes
equations (2.2) for both the components i and j. The resulting
equation for the component i is multiplied with the fluctuating velocity

uj, and the equation for the componment j is multiplied with u,.

for steady mean flows having uniform density and viscosity.

*k —_— e . .
Actually, =-p uiuj is the stress; but when the density is uniform,

p can be put equal to unity without loss of generality.



Summation of the two equations, and subsequent time-averaging yields
the desired equation for uiuj (the details of the derivation can be

found in Hinze 1959). The equation can be written in the following

form:
du.u, du.p  du,p
i 9 1 J i
U = == (yu.u.) - = (—— + ——)
k Bxk Bxk Ui 3 p Bxi ij
\ . ~ ) \, - —_ J
convection diffusion

av. "an » du, du,
T Y% 0%y - ujuk axk * p (ij * Bxi)

« AN ~— J
production ) pressure-strain
azuiu. Bui ou.
+ ve—1 -2y 11 (2.7)
Bxkaxk Bxk Bxk .
- v J \ v )
viscous viscous
diffusion dissipation

Before the prospects of solving (2.7) for E;E; are discussed,
the physical meaning of the terms in this equation will be explained
briefly. The explanation is facilitated by looking at the contraction
of equation (2.7), the equation for the turbulent kinetic energy,

1
k 5 uiui.
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9k 5 u.u. p an
Uiax, ° ‘a"x‘.'[“i(gz ¥ p)] It R T
i i ]
\—W__—J \ -~ A v 7
I=convection IT=diffusion production
9x. 09X, 9X. 09X,
: 1 1 1 -
\___v____J L v— J)
viscousv* _ viscous
diffusion dissipation (2.8)

Term I represents the convective transport of enefgy. Term II
is zero when it is integrated over the whole turbulent flow field
(Whiéh is bounded by either non—turbulent flow or walls). This term
is therefore a diffusion term; it expresses the diffusive transport
of k by the turbulent motion. The "production" - term represents
the exchange of energy between the mean and the turbulent motion. It
appears with opposite sign in the equation for the energy of the mean
motion, '% UiUi' The production term is normally positive because,
in most cases, energy is transferred from the mean to the turbulent
“motion. There are two viscous terms: one represents the molecular
energy diffusion and the other the transfér of kinetic energy to
internal energy*. This latter dissipation term is negative by
definition. The molecular diffusion term is negligible when the local

Reynolds number of turbulence ( = JEL/V, L = length scale) is high.

. The Reynolds-stress equation (2.7) contains terms corresponding

to the ones just discussed. In addition it contains the pressure-strain

A
Corrsin (1953) pointed out that, to be strictly correct, the
viscous terms should be split up as ’

[3%k . azuiuj aﬁi du, Buj
v 9X.0X. + 9X.0X. -V ox. (Bx. + 9x ) 4
i 7i i 73 h| i i

where the first term represents diffusion and the second term
represents dissipation. However, when the turbulence is either
locally isotropic or homogeneous, the two ways of writing become
‘ 32 wu,
jdentical (because then >
R axiaxj
the small-scale turbulence, which is responsible for the dissipation,
is isotropic. It prevails when the Reynolds number is high.

= 0 ). Local isotropy means that
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term which redistributes energy among its components (when i = j)
and reduces shear stresses (when 1 # j). This term therefore tends

to make turbulence more isotropic.

The turbulence diffusion, pressure-strain, and dissipation
. terms in equation (2.7) introduce new unknowns in the form of higher
order correlations; so the use of equation (2.7), together with the
momentum and continuity equations, does again not lead to a closed

system.

2.5 The problem of closure

Exact transport equations can be derived from the Navier—Stokes
equations also for the higher-order correlations appearing in
equation (2.7). However, correlations of the next‘higher order are
thereby introduced; and the example of equation (2.7) shows that the
number of unknowns grows faster than the number of equations. Thus,
we may conclude, closure cannot be achieved by resorting to equations

_for correlations of higher and higher order.

The turbulence model approach. In order to close the system, some of

the correlations are usually approximated in terms of quantities that
can be calculated. '"Model" assumptions about turbulence are thereby
introduced which may not always be entirely realistic. Instead of

the real turbulent fluid we thus consider an idealised "model" ~ fluid
which is governed by the laws prescribed by a "turbulence model".
These laws relate the Reynolds stresses to other time-averaged
quantities; they are expressed in differential and/or algebraic
equations which, together with the momentum and continuity equations,

form a closed set.

This turbulence-model apprbach is the only practicable one
at present. It avoids the difficulty of the Navier—Stokes—equation
approacﬁ, i.e. the requirement of an extremely large number of grid
points, because the time—averaged quantities vary much more gradually

than do the time-dependent ones.

s The next chapter, § 3, will describe a turbulence model

‘suitable for free turbulent boundary layers. For these flows, the
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equations given above can be simplified considerably. The most
important of these simplified equations are listed in the following

section which concludes this chapter.

2.6 The equations for plane and axi-symmetric boundary layers

at high Reynolds numbers.

The flows considered in this thesis are

a) plane or axisymmetric (without swirl),

. _ 3 time-averaged, _

1.e. W =0, 2z ( quantities ) =0, (2.9)
b) of the boundary-layer type,

. d d '

l1.8. U >> V, 3; >> "a'; by (2. 10)
c) - high~Reynolds—number flows,

. ou, .

i.e. iice T

v _axj 1% . 2.11)

Here, and whenever boundary layers are considered in this thesis,
we adopt the notation commonly used for these flows: x, y, z for

the coordinates, and U, V, W for the velocity components.

With (2.9) to (2.11), the equations governing the mean flow
reduce to (Townsend 1956):
Continuity equation:

W, L3 gy -
 * i % &' v = o, . (2.12)

Equation for momentum in x - direction:
W) - 2= (2 - V), (2.13)

where U_ 1s the velocity in the free stream, and

’

0 for plane flows,

e
n

1 for axisymmetric flows.

e s
1t
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' : *
The kinetic energy equation (2.8) reduces to (Rodi 1970) :

. . u.u, e — du. Ju.
k @k | _L 31 5 il iwmll gendl o, i _1
btV ° S ay[y Maraly p)] uvey T WV Y s
J J
\ 4\ L L
: v YT Y vV
convection B diffusion production dissipation
(2.14)

Neglect of normal-stress terms. As a further consequence of the

boundary layer assumption (2.10), we may expect the terms

involving the normal stresses (55-- ;55 to be small compared with

the other térms in equations (2.13) and (2.14). These normal-stress
terms will therefore be neglected in the predictions to follow; so
the turbulence model has to deterﬁine only the shear stress - uv.

The normal stress terms have however been retained in equations (2.13)
and (2.14) so that, by reference to experimental data, their

importance can be evaluated and their neglect can be justified (see
§ 6.2). '

* . . . .
In Rodi (1970), the k- equation is transformed to cylindrical
coordinates.



CHAPTER 3

A TWO-EQUATION MODEL FOR FREE TURBULENT BOUNDARY LAYERS

3.1 . Introduction

Our objective, in this chapter, is to develop a general

and economical turbulence model for free boundary layers.

Our first task is to select the type of model which is to
be employed. Thus, in § 3.2, we review models of various levels
of complexity and we find that the most suitable model employs transport

equations for both the energy and the scale of turbulence.

In § 3.3, the shear stress is related to the energy and
length scale of turbulencé by way of the eddy viscosity concept; and
§ 3.4 discusseé‘the assumptions necessary to model the exact equations
for energy and length scale. The complete model is then presented in
§ 3.6. To give further support to the shear-stress expression
employed, this expression is derived semi-empirically in § 3.7. Finally,
the relation of the present model to other available ones is

discussed in § 3.8.

A two—equation model for general flows, and a general stress-

equation model are developed in appendices I and G respectively.

3.2 Choice of model type

Turbulence models have been proposed which differ greatly
in complexity. For example, Prandtl's(1925) mixing length hypothesis
relates the shear stress directly to the mean velocity gradient,
while Daly and Harlow (1970) employ differential transport equations
for all the Reynolds stresses. To enable a choice of a suitable level
of complexity for the present purposes, thé performance of various
model classes is reviewed briefly. The classes are distinguished by
the number of turbulence quantities which appear as dependent variables

of differential equations.

3.2.1 The performance of various model classes

The writer has given a fairly detailed review on turbulence

models in an earlier publication (Rodi and Spalding 1970). It will
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therefore suffice here to repeat the main conclusions of that review,
together with some further conclusions drawn from the present study.

The conclusions will be supported quantitatively by table 3.1, which
compares predictions due to various models with measured rates of

spread for the plane jet, the radial jet, and the plane wake.

The eddy-viscosity concept. Before we turn to the individual model

classes, we must first familiarize ourselves with the eddy-viscosity
‘concept; for it is an essential component of the majority of those
models which do not solve a shear stress equation. For boundary layers,
this concept may be expressed as (Boussinesq 1877):

— ou

uv = - Vt’a—}j [y " (3:1)

where Vt is the "eddy viscosity". v, is not a fluid property, but
depends on the state of the turbulence; it can vary considerably from

one flow to another and also across the flow.

Equation (3.1) expresses the assumption that the shear stress,
- uv, has the same sign as the velocity gradient, dU/dy. Experiments
have shown that this appears to be a valid assumption in all free

boundary layers.

a) Zero—equation models

The models of this group do not employ equations for turbulence
quantities. They relate the shear stress uniquely to the local mean
flow conditions. Probably the most familiar example is Prandtl's (1925)

mixing-length hypothesis which reads:

= g2 |20
Ve T E layl . _ (3.2)

The mixing length, 2, is normally taken as proportional to the width

of the shear layer.

Zero—-equation models work well for boundary layers where the
turbulence structure changes but slowly in the main flow direction.
However, the empirical constants involved vary from one flow situation

to another and are thus valid for restricted flow regions only. This



lack of universality is illustrated for the example of the mixing-
length model in table 3.1. When the mixing length £ is taken as a
fixed proportion of the flow width (see table 3.1 for details),
agreement with experiments can be achieved for only one of the

three flows considered in table 3.1.

Table 3.1 Spreading parameters: Comparison of predictions obtained

*
with various models.

FLOW p}ane r§d1a1 plane
jet jet wake

Spreading parameter d d U, d
P g P ) Y% YE “E Y!
dx dx Uo dx

Zero—equation model

mixing length hyp. & = .254 yl* -114 -0568 +0503
2

*
One-equation model L = .125 y, 114 .0557 .069
2
(see § 6.6)

Two—-equation model

(model I, § 3.5) 114 .13 .09

PREDICTIONS

Three-equation model (tke)

(appendix 1) 114 .069

i vo— 1 d .u.
Five-equation model (uluJE) 114 .069

(appendix G)

EXPERIMENTS (for references see
table 6.5) .11 .11 .098

” The symbols are defined in fig. 4.2 (P.60 ). The constants in the
" zero—and one-equation model were adjusted to give the same rate
of spread for the plane jet as the two—equation model.
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b) One-equation models

The members of this class employ either a transport equation
for the kinetic energy of turbulence, k, or an equation for the eddy

‘viscosity v_. Those which employ an equation for k assume either

t
that (Kolmogorov 1942, Prandtl 1945)

v, K L, (3.3)

where L is a length scale of turbulence, or that uv is proportional
to k (Bradshaw et al 1967). All the models require empirical

specification of the length scale L.

One-equation models take better account of changes in turbulence
structure than do zero-equation models*. However, because they require
empirical length-scale specifications, they still lack universality.
This is illustrated in table 3.1 which includes predictions with
two models which are distinguished only by the way in which the length
scale is determined: the two-equation model, which solves a length-
scale equation, gives much better general agreement than does the
one-equation model, which assumes that L is a fixed proportion of the
flow width.

Finally, the requirement of a prescription for the length-scale
distribution makes it very difficult to apply one-equation models to
more complex flows; for it is only for well documented boundary layers

that these distributions are known.

c) Two—equation models

These models determine both the intensity (k) and the scale (L)
of turbuience from transport equations. All the models proposed so
far employ the eddy viscosity concept and the relation (3.3). All the
length-scale equations proposed have Z = k® L™ as dependent variable,
where m and n vary from one author to another (for further details,
see § 3.8).

*
Note the improved prediction for the plane wake, table 3.1.



Spalding (1967a) suggested that two-equation models should predict,
with a single set of constants, the spreading of the free flows for
which the mixing-length hypothesis requires different constants. For
these flows, the superiority of two—equation models over simpler

. models is made manifest by table 3.1.

The present study, complemented by Ng's (1971) study on wall
flows, will show that two—equation models appear to be sufficiently
universal for most boundary layers. Also, they are the simplest

.models which promise some success in more complex flows.

d) Three-equation models

Three-equation models do not employ the eddy-viscosity concept.
Instead, they solve a transport equation for the shear stress, in
addition to equations for kinetic energy and length scale (Rotta 1969,
>1971, Hanjali€ and Launder 1972). For the calculation of boundary
layers with significant regions in whiéh shear stress and velocity
grad{;;ts'have opposite signs, employment of such a model seems
necessary. For other boundary layers, the existing three equation
models are not superior to two-equation ones (see table 3.1,and for

more details Appendix H).

e) Models employing equations for all Reynolds stresses and for

a length scale

(for boundary layers: five-equation models)

In flows where all the Reynolds stresses need to be calculated,
and which are highly anisotropic (e.g. strongly swirling jets),
the models reviewed so far will fail. For these flows, models employing
transport equations for all the Reynolds stresses are likely to be
needed. TFor boundary layers, however, these models are not, at present,
superior to two-equation models. “This is exemplified in table 3.1

and, more extenéively, in appendices G and J.

£) Other models

s

Even more complex models employing differential equations for

up to 16 correlations have been proposed (e.g. Kolovandin and Vatutin 1969).
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However, these models have not as yet reached the stage of application.

Deardorff's (1970) approach does not fit into the present scheme
of classification: he solved numerically the timé—dependent Navier-
Stokes equations for the three-dimensional large scale motion in a
plane channel. He modelled the motion of scale smaller than his
computational mesh with a "turbulent viscosity" assumption. This
method is very expensive of computer storage and time; and, in its
present form, it predicts the mean flow features no better than much
_simpler methods. Although it is of great interest to the turbulence
researcher, it is unlikely to become a practical tool for engineers

for many years to come.

Economical aspects. The computation time increases with the number
of equations to be solved. Thus, the fewer equations a model employs,
the more economical it is. Also, it should be mentioned here, multi-
equation models need more experiments and computer optimisation to

determine the empirical constants than simpler models.

3.2.2 The choice

From the foregoing considerations we may conclude that a two-
equation model will meet best our requirements of generality and
economy. The two equations to be employed are for the kinetic energy,
k, and for the product of energy times length scale, kL. The choice
of kI as dependent variable for the length-scale equation will be

discussed in § 3.8a.

The next sections are devoted to a detailed description of the

model.

3.3 The shear stress expression

The original Kolmogorov-Prandtl formula. When we sﬁecify the state

%
of turbulence by the intensity {k and the length scale L , dimensional

arguments require that the eddy viscosity N be proportional to the

%
L may be defined by equation (3.12).
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product of Vi'and L; thus:
v, = cu\/?c . : (3.4)

This equation was proposed by Kolmogorov (1942), Prandtl (1945),

and others. These authors assumed that the proportionality factor cu
is a universal constant: here we do not. Later however we shall
consider a simpler version of the present model, called model II, which

employs (3.4) with c, as a constant.

The behaviour of cu. The use of a constant cu has proved successful

for many boundary layers, notably those near walls (Ng 1971). However,
the predictions with model II will show (table 6.5) that flows with
weak strain (e.g. wakes) require a different value of cu from flows

with strong strain (e.g. jets, wall flows).

In order to investigate the behaviour of cu s we make reference
to experimental data. Here it is necessary to anticipate the

following assumption made in § 3.4:

where cp is a constant. With this assumption, equation (3.4) can

be rewritten as

v, =cec,— , ‘ (3.5)

and cpcD can now be determined from measurements of Ve k,'and

€ . In fig. 3.1, the results are shown for various self-similar
boundary layers. The local values of cucD are plotted versus the
ratio of production to dissipation of kinetic energy, P/e. The
importance of this ratio will be explained later. Flows are included
only in fig. 3.1 for which all the data were found to be consistent*.
Fig. 3.1 shows that cucD
;another, even if we allow for a large experimental scatter.

can vary considerably from one flow to

*
For consistency checks see §5.
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In an attempt to understand the behaviour of cucD, we turn
to the transport equation governing the shear stress. When the
convection and diffusion terms in the shear-stress equation (3.20)

derived in appendix G are neglected, there results

el
1
Q
qul
o=
N

, | ' (3.6)

rt
€

where o and w are constants in the pressure—strain simulation of
"the shear-stress equation (3.20). Comparison of (3.5) and (3.6)

reveals that (3.6) becomes the Kolmogorov-Prandtl relation (3.5) when

|

v2

’E .

oy
1
Q

(3.7)

b=
=]
€

We ﬁay therefore conclude that cucD can be a constant only when:

a) convection and diffusion of uv are negligible,
b) v2/k is everywhere a constant,
c) ¢ and w are everywhere constants.

We will now examine briefly whether, in the flows of interest,
these conditions are satisfied. Figs. 3.3 to 3.6 display measured
shear~stress balances of various boundary layers. - They show that
convection and diffusion of uv are indeed negligible in flows with
strong strain (jets, wall flows), but that the convection of uv is very
important in a round wake (weak strain). Thus, condition a) is not

satisfied for flows with weak strain.

In fig. 3.7 is plotted the.measured distribution ofrvsz across
various self-preserving boundary layers. The figure indicates that
v2/k can vary from about .4 to .8 in these flows. Condition b) is

therefore also not generally satisfied.

The pressure-strain simulation in which the constants a and
w appear 1s an important component of the five—equation model
described in appendix G. Because this model solves transport equations
for the individual stresses, it accounts for the influence of convection
zand diffusion of uv and for the variation of v2/k. However, it_still
predicts rather boorly flows with weak strain (see table 3.1). This

indicates that the pressure—strain constants a and w are not universal.
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We may conclude therefore that the observed variation of
cucD is a consequence of finite convection and diffusion of E; and
of the lack of constancy of v2/k, & and u .

cu das a function of P/e. Evidently, if we want to predict flows

with weak strain, our model must take account of the variation of
cucD. One way to do this, withip the framework of a two—equation .
model, is to make c, @ function of a suitable turbulence parameter.

‘The parameter P/ec appears suitable because it is a measure of the degree
of strain: it represents the ratio of production of turbulence energy
(by the straining action of the mean flow) to the dissipation of

energy into heat. P/e can also be thought of as a measure of the
importance of convection and diffusion; for it indicates how close’

turbulence is to a state of local equilibrium (for which P/e = 1).

cy is therefore chosen to be a function of P/e in the present
model. When we bear in mind the experimental scatter, fig. 3.1
suggests that an empirical function of this kind may exist which is
effectively universal in large regions of many flows. This function
may be thought of as'accounting for the influence of convection and

diffusion of uv, and for the variation of v2/k, a and w.

It is clear however from fig. 3.1 that this function is
certainly inadequate near symmetry lines. This was confirmed by
preliminary predictions employing this function c, = f€P/e). We
eliminate this problem by replacing the local parameter P/ec by the
integral parameter P/e given by:

g

J luv|p/e ylay

, (3.8)

Y

%
Actually, cyc should be made a function, but we can keep
constant without loss of generality. It would be equally
possible to fix c and vary c,
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where Y1 and Vg represent respectively the inner and outer boundary
of the layer. P/e.is weighted with IG?I in {3.8) to ensure that
regions with large shear stress have a dominating influence on the

determination of c .

The use of the integral parameter P/e implies the assumption

that ¢, is constant over any cross section. This practice is a

departure from the general practice of using only local quantities.
It was suggested by the finding that the model using a single constant
c, (model II) predicts correctly the profile shapes for all flows

considered.

The principal model of this investigation, called model T,
determines the shear stress from the relation (3.4), with cu = ff§7z§.

The actual form of the function employed will be determined in § 6.

It is evident from fig. 3.1 that a function suitable for most
flows is not suitable for the round jet. The special treatment which

this case requires is discussed in § 3.5a.

3.4 The equations for k and kL

The use of the Kolmogorov-Prandtl expression (3.4) requires
knowledge of the quantities k and L over the whole flow field. We
acquire this knowledge by solving differential transport equations for

the quantities k and kL.

a) The k- equation

The exact equation for k as derived from the Navier-Stokes
equations is given by equation (2.8). For boundary layers at high

Reynolds numbers, this equation reduces to (see § 2.6):

. - NI du. Ju.
"9k ok 1 3 ] Y%y P — U = i i
—_— V== ==, — - — — .
U vV oy i 3y [y VEET Y T Wy T w89
Yy ] ]
\—_v____.-l — — Sy J S . I\ ~ -
’ P = e =

convection » diffusion production dissipation
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The meaning of the individual terms was discussed already in
§ 2.4. We must now make assumptions about the correlations in the
diffusion and dissipation terms in order that the equation contains

only knowable quantities.

Diffusion of k. We assume that k diffuses down its gradient; thus

we write for the diffusion flux: .

u.u, v

i1 t 3k
v (5 +§) 5 By (3.10)

* ,
where o, 1s a diffusion constant. This expression was suggested by

Kolmogorov (1942), Prandtl (1945), and many others.

Dissipation of k. When the local Reynolds number of turbulence

( EVEL/v) is large, the dissipation of turbulence energy by viscous
action occurs mainly in the smallest eddies. However, the rate at
which energy is fed into these eddies (which is equal to the rate of
dissipation) is governed by the larger energy containing eddies. At
large Reynolds numbers, the rate of dissipation,.,e , is therefore

independent of the molecular viscosity, and Kolmogorov (1941) suggested

that it can be expressed by ‘
e = _k_3_/2 , (3.11)
DL

- . N *
where CD 1s a constant.

Introduction of the assumptions (3.10) and (3.11) into (3.9)
yields the final k- equation (3.14).

are not universal constants in the present model.

*
O and CD

They will be allowed to vary in special cases (see § 3.5a, b).
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b) The kL - equation

kL is defined here as

1, A
Vv

where Qi : is the correlation between the velocity fluctuations u,
b
at two points separated by the distance r, and V is the whole domain

of interest (for an illustration, see appendix A).

The exact equation for kL is derived in appendix A in the
*
following way : Hinze's (1959) equation for Qi i is divided by
?

r2 and then integrated over V. The resulting equation (A.8) takes

the form
okL okL
U ot v 5y DFkL + PRkL _f T + DISkL .
L - s N ! e ] S e
convection diffusion production tramsfer dissip.

The actual expressions for the individual terms are very cumbersome
and are therefore mot listed here (they are given in appendix A).
Like the k- equation, the kL- equation contains terms representing
convection, diffusion, production, and dissipation. In addition it
contains a term, T, which originateé from the energy transfer between
eddies of various sizes. This term acts as a destruction term,

while the dissipation term, DISkL’ is negligible at high Reynolds

numbers (see § A.5).

The diffusion, production, and destruction terms contain
new unknowns which are related to kmowable quantities by model

assumptions in § A.4. The following key assumptions are made:

®
Rotta (1951) was the first one to derive an equation for kL. He
did this by way of the spectral energy balance (see alternative
definition of kL: equation (A.3))
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’ %
1) All macro scales are proportional to one another,

2) The two—point correlations are symmetric (this is exactly true
only in homogeneous turbulence),

3) The diffusion of kL is of the gradient type.

Equation (A.15) presents the resulting modelled kL-equation.
It is identical to Rotta's kl-equation and contains the four constants
cps Cgs G, and L The diffusion term consists of two parts: the
first one involves the gradient of kL and the second one the gradient of

k (and the constant c . ). This form was suggested by Rotta and was

kL
employed in the earlier work of Rodi and Spalding (1970). The second part
is neglected in the model described here (i.e. S = 0) because, for

the flows considered, the writer found that it has no appreciable

influence on the predictions.

The final form of the kL-equation, applicable to free boundary

layers, is given by equation (3.15).

3.5 The final form of model I

The following equations constitute the present two-equation

model I of turbulence

- _ .?ll. -
E i Ve = ey VKL, (3.13)
convection diffusion production destruction
3
.V /.
3k ok _ 1 3 t 9k U2 k2
v % v 3y yj 3;‘(yj ck 3y * vt(ay 9T (3.14)
— —
=P =€
.V
OKL _ . OKL 1 3 ,j_t BKL 3Uy2 ¥,
s+ Vo — = yJ 5y (y .ckL By) + chtL(ay) ek, (3.15)

Different scales can be ascribed to the processes of convection,
diffusion, and production. They are called "macro scales" because
these processes are associated with the larger, energy containing
eddies.
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where Chs Cps cs,<rk, and ¢ are constants except for the flows

kL —
discussed below, and q, is a function of the parameter P/e.

This parameter was defined in equation (3.8).

Exceptions

We will see in chapter 6 that the model presented above 1is
applicable to most free boundary layers with a single set of constants
and a single function for cy . There are, however, the following

two exceptions which need special treatment:

a) The round jet

Fig. 3.1 indicates that a funmction & Cp = f €P/ ¢ ¥ suitable
for most flows, including some axisymmetric flows (pipe flow,
round wake), is not suitable for the round jet. Preliminafy test
predictions have confirmed this finding, and they have shown that
cg must also take a different value in order to obtain the measured
level of kinetic energy. The reasons for this lack of universality
are not yet fully understood; the‘reader will find a discussion on

this matter in § 6.7.

In order to make the model applicable also to the round jet,
*

we replace the comnstants p and Cg by functions of the parameters
r/L and Zg_fgﬁ . The symbols appearing in these parameters are

U dx :

)

explained in fig. 4.2 (p. 60). The parameter r/L accounts for the
presence of the axis of symmetry in round jets and distinguishes

these flows from plane flows. The second parameter, ZE dUi s

U0 dx
distinguishes the round jet from axisymmetric flows where the change

of U with x is zero or very small (pipe flows, round wake).

~The following empirical functions are proposed:

* Actually, the function c ¢ = £ £P/e¥ should be altered. _
However, to separate thetinfluences of P/c and r/L, the function

cu = f €P/e¥ is retained and ch 1s altered. ..
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, “p1
D7 e T G F oy, (3.16)
2 -
ch
CS = cS°° - W £ y (3.17)
S2
y. duy, du q
. _1’E ¢ ¢
with t=ly @& - & DI

where h1’ ch s1 So° and q are new constants, and cSco and cDco

are the values of g and y suitable for all other flows. The form

of the functions was obtained by trial and error.

s o3 €

The reader will notice that, for plane flows (where r/L is
very large) and for axisymmetric flows with zero change of

longitudinal velocity, the above functions provide the values of cp

and Cg suitable for these flows. Thus, the universality of the model

is preserved.

b) Shear-free layers

The model presented so far does not predict satisfactorily
the kinetic energy profile in shear-free layers (see fig. 6.13).
We effect remedy by keeping V. constant over any cross section of -
such layers. This practice, which is entirely empirical, is equivalent
to taking the local values of v, but allowing the o's to vary
accordingly (so that vt/o remains constant). The details of this

practice are discussed in § 6.5e).

Constants and functions. The constants and the function for cy

which are suited best for free flows can be determined only by
comparison of predictions with experimental results. Discussion on
their determination is therefore deferred to the chapter on

predictions, § 6. The constants and the function employed are presented

in § 6.5.
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3.6 Two simpler versions of the model

a) Model IIX (c,‘1 = const)

Model II employs a universal constant for ¢, in place of

H
the function cy = f €P/ <) used in model I. Model II is identical to
Ng's (1971) model for wall boundary layers, except for the omission
of Ng's additional term near walls in the KL- equation. Model II

was also used in the earlier study of Rodi and Spalding (1970).

The discussion on the behaviour of " (% 3.3) has shown that
model II can be expected to perform well only in near-equilibrium

flows (P/e* 1) which do not include round jets.

b) Model III (L = L€x¥)

The predictions with model I presented in § 6.6 indicate that
L varies but moderately over any cross section of most free turbulent
boundéry layers. Based on this finding, model III assumes L to be
a function of x only. This assumption implies that the diffusion of
L is very large; the assumption is used here to transform the
partial differential equation for kL into an ordinary differential
equation for L: equations (3.14) and (3.15) are first integrated over

the whole cross-section and then combined to yield:

Ip(cBil) + IE(l—cS/cD)

dL _ '
ix L ‘ _ ’ (3.18)
Lok
where
y Yg Yg
’ Ip = J pyldy , I = [ eyl dy Lk = J Uky dy . (3.19)

N
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Model III employs (3.18) instead of (3.15) to determine L. In all

‘'other respects, model III is identical to model I.

- Because model III solves an ordinary differential equation
for the length scale instead of a partial one, it is superior to
model I as regards computational economy. As for the predictive power,

judgement must await the comparison of results presented in § 6.

A model employing a length scale equation similar to (3.18) has

earlier been proposed by Spalding (1967a).

3.7 A semi-empirical derivation of the dependence ¢, = f€P/eY

The writer had hoped initially that the function ¢y = f€P/ey
could be obtained by simplifying the five—equation model of appendix G.
Indéed, a function cu = £f€P/e¥ can be derived in this way which
reflects qualitatively the experimental behaviour of €D shown in
fig..3.1. However, because the pressure~strain term in the five-
equation model lacks universality, this function is quantitatively
inadequate. Nevertheless, its derivation will be presented in this
section to give some theoretical support to the entirely empirical

introduction of c.u = f€P/e¥ in § 3.3.

The derivation proceeds by modelling the convection and

diffusion terms in the shear-stress equation given in appendix G.

The shear-stress equation of the five-equation model of appendix G

reads (equation G.5-4):

© to—

du duv _ 3 kv duv, _ €~  Too0 _ 53U

U5§— + Vay = 3 (S—E— 5y ) Wi uv + av 5y v 5y (3.20)
. — - - ~ J [N ~ J - J
convection diffusion pressure-~strain product,

where B, o, and w are assumed to be constants.



Algebraic stress modelling. The convection and diffusion terms of

(3.20) make this equation a differential equation. Because, in a
two-equation model, we need an algebraic shear-stress expression,
we have to model these terms. This "algebraic stress modelling" is
discussed for general stresses in appendix I. There, the following
relation is proposed:

: = 9V ~Dif =9 -
(Conv. lef.)of prenlialiin (Conv. lef.)of i » (P - ¢e). (3.21)

Equation (3.21) is based on the assumption that uv/k varies but

slowly across the flows.

'When (3.21) is introduced into (3.20), there results the
following algebraic expression for uv:
e v2 k2 30

uv = - — (3.22)
o[1l@re-) * &Y

In a similar fashion, we obtain by simplifying the v2-equation

(see appendix I):

9 1-% (1 - aP/e)

1+-$-(P/a-—1)

Elimination of vZ in (3.21) by means of (3.22) yields:

~ 1
_ a l-w(l oP/e) k2 U
uv = - = - —

30 [1d@ren)z e ¥

. (3.24)

The reader will notice that (3.24) is equivalent to a combination
of the eddy-viscosity relatiom (3.1) and the Kolmogorov-Prandtl formula
(3.5) when the following equality holds:

~u

[
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1og 1 S(1-ap/e)
o T Zereny) 2 . (3.25)

e, =2
uDdD 3

Thus, we have derived cucp as a function of P/e. This function is
shown for various sets of w and a in fig. 3.2, Comparison with the
experimental results of fig. 3.1 reveals that the general trend is
predicted correctly. However, no single set of w and o produces a
function which is in quantitative agreement with the bulk of the
experimental data. This, it seems, i1s due mainly to the lack of

universality of the constants w and o in the pressure-strain simulation.

The neglect of convection and diffusion of uv has led to
cucy = const ( §3.3). In the above derivation we have included these
terms and have obtained Cycp as a function of P/e. This derivation
has therefore emphasized the importance of the parameter P/e as a

measure of the effects of the transport of uv.

3.8 Relations with other turbulence models.

a) Other length scale equations

Length scale equations were proposed in the literature for the

following quantities as dependent variable:

L . (Rotta 1951, Harlow and Nakayama 1967)

KL '312 (Rotta 1951)

€« %- (Chou 1945, Davydov 1961, Daly and Harlow 1970)
'.

kZ/L ~ (Kolmogorov 1942)

k/L2 (Spalding 1970, Saffman 1970).

All the length-scale equations proposed are thus for a variable
Z = kan; but they differ in respect of the choice for m and n.

They all possess a common form which reads: |

v, 3 Vmez,  _ o wa _ o, Vk o,
X oy 3y "oy, oy Zl "k 3y Z2° L ?
L - —— y ] [\ — J S v ) . v _J

, convection diffusion production destruction



where S represents a secondary source term which differs according
to the choice of Z and also from one author to another. With the
exception of this secondary term, which is important mainly near
walls*, and of the diffusion term, the terms in the equations for
differentAZ's may be shown to be equivalent with the aid of the
k-equation (3;14). Thus, the main difference between the equations

rests with the diffusion term.

When the length scale L is uniform with y, then the diffusion
terms aré also equivalent, and models using different Z's are
identical. In most free boundary layers,L varies but moderately with
y; hence the choice of Z has little influence on predictions of these
flows. This was confirméd quantitatively by comparison of predictions
obtained with the kL-equation ( §6), the £- equation (some unreported
test runs), and the k/IZ-equation. (Spalding 1971). The choice of

Z = kL is therefore as good as any other possible choice.

b) The mixing-length model as a limiting case

The Kolmogorov—-Prandtl formula (3.4) can be converted into

the mixing~length expression in the following way:
with P = vt (3U/8y)2 , equation (3.11) can be rew?itten as
L oU, 2

£
b v T~ .
. cp P ey ¢ (By)

(3.26)

With the aid of (3.26), we can eliminate VK in the Kolmogorov-Prandtl

formula (3.4) and obtain

This is the mixing-length formula altready introduced in equation (3.2).
The mixing length ¢ is related to the length scale L by
‘I/“

[o4 i
% =(C‘—‘{ -I%) L . (3.27)
’ D -

3
* Thus, for example, Ng (1971) used the additional term S = const(L/y)Sk/2
near walls in his kL- equation. y is the distance from the wall.
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With the usual assumption that £ is a fixed proportion of the
shear layer width 6, the mixing length hypothesis implies that

C 1 - %
=+ ) ™ L i a constant everywhere .
<y P s

3.9 Summarising remarks

A two—equation model, called model I, has been developed in
this chapter which possésses the following main features: the shear
stress is calculated from the expression (3.13) uv = - cu k L 3U/dy,
which is a combination of the eddy-viscosity concept (3,1) and the
Kolmogorov—Prandtl formula k3.4). The kinetic energy k and the length
scale L in this formula are determined from transport equations for
k (3.14) and ki (3.15). The parameter ¢, is allowed to vary with x.

It is calculated from an empirical function ¢, = f €P/e ¥ where

P/e is the ratio of the overall production to dissipation of k at

each cross section.

Two simpler versions of model I have been introduced in § 3.6¢

model II uses ¢, = const and model IIT assumes that the length scale L

U
is uniform over any cross section.

This concludes the introduction of two—-equation models. § 6 will

show how well they work.

It has been stated frequently in the literature that the mixing
length hypothesis implies P = ¢ . Equation (3.27) shows that
this need not be the case. When L is uniform with y and ¢ and

¢, are constants, then the mixing length hypothesis implies that

P/e is constant; but P/e need not equal unity.
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" CHAPTER 4

CHARACTERISTIC FEATURES OF FREE TURBULENT BOUNDARY LAYERS

4.1 Introduction

It may be helpful to describe the features of free turbulent
boundary layers before we attempt, in § 6, to reproduce these
features with the turbulence model of § 3. The present chapter
describes qualitatively the behaviour of free turbulent boundary
layers; and the next chapter on experimental data will provide

quantitative information.

The introductory chapter, § 1, has presented already the basic
features which distinguish free boundary layers from other flows.
§ 4.2 discusses further aspects of the presence of a free boundary;

and in § 4.3 we look at the overall momentum behaviour of free flows.

§ 4.4 deals with self-similar flows at some length. These
flows deserve special attention because they will provide the main
empirical input for the turbulence model of § 3. They are suited
particularly for a detailed comparison between predictions and experimental
data: for, in general, they are independent of the exact conditions
of flow generation, and they facilitate consistency checks on the

experimental data.

The features of the non—similar flows considered in this

thesis are discussed in § 4.5.

N\

4:2 Free boundaries

The interface. The actual free boundary between turbulent and non—

turbulent flow is sharp, highly unsteady, and contorted. This boundary
is called the interface. 1Its essential action is to propagate vorticity,
that is to make irrotational fluid rotational. This is the basic
mechanism of entrainment due to which the turbulent layer width grows

in the downstream direction. The transmission of vorticity occurs

:due to viscous shearing forces in a very thin layer, called the

viscous superlayer.
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Owing to the random movement of the interface, the fluid at
a fixed point near the edge of free flows is alternatingly turbulent
and non-turbulent. This phenomenon is called intermittency, and
the intermittency factor y 1s defined as the fraction of the time

the fluid 1is turbulent.

Boundary conditions. We are concerned here mainly with the overall

behaviour of the flow. We therefore time-average over all events

and do not distinguish between turbulent and non—turbulent periods.
Cénsequently, we must redefine the "free" boundary; simply to take
the time-average position of the interface would not be appropriate;
for we would cut off a region in which significant changes in mean
quantities occur. The free boundary is therefore defined here as the
position where the mean velocity starts to deviate from the velocity
which prevails far away from the turbulent region. Thus, the mean
velocity gradient is zero at the boundary; and so is the shear stress.
This absence of a shearing force exerted on the flow by the boundary

is the main difference in boundary conditions from wall flows.

The local Reynolds number. Another basic difference between free

13

flows and wall flows concerns the local Reynolds number of turbulence.
This Reynolds number may be defined as JEL/v; it is a measure of

the relative importance of molecular and turbulent transport. Near
walls, there is always a thin but important layer where this

Reynolds number is low and the molecular transport is predominant.
Although the viscous forces are essential for the mechanism of
entrainment, the local Reynolds number in free flows is high and the
turbulent transport dominates everywhere, provided the overall Reynolds
number is high. For this reason, we could neglect the molecular
diffusion terms in the transport equations of § 3; and we could assume
that the constants in the turbulence model of § 3 are independent of

the Reynolds number.

4,3 The momentum behaviour

The general behaviour of a free flow depends primarily on
the force applied to its fluid. This force may be the momentum flow
through an orifice, the drag force of a body or a combination of both.

This last, most general case is pictured in fig.4.1 (symmetrical flows onlyj.
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Fig. 4.1

In order to study the effect of the force on the flow, we
construct the momentum balance for the fluid in the control volume
drawn in fig. 4.1. This control volume is drawn to include all
bodies submerged in the fluid, and the whole free turbulent flow
upstream of cross section 2. Cross section 2 may be placed at any

x—-station downstream of the bodies (if present).

The integral momentum equation. We start our momentum considerations

from the momentum equation (2.13). Elimination of V by means of

the continuity equation (2.12) and integration from y = o to y = Yo

yields the integral momentum equation:



e Y6

j 2 0 )+ (a2aTS] ) i j B
(2my’ By J [U(U-UE)-I-(uz-vz)] y'dy + (21)° 5= J (U-Up)y~dy = = = -
0 . 0

(4.1)

B is the total body force per unit length at the cross section
considered. In the free-flow region of interest (cross section 2),
B is zero. There, equation (4.1) implies that the change with x

of the excess momentum flux

y
G

= (2m3 o J [U(U—UE> + (uz—v2>] yldy (4.2)
o X=Xo

IR |
is equal to the excess mass flux,-(2n)3p I (U—UE)dey, times the

free-stream velocity gradient. °

The momentum balance for UE = const . When the free-stream velocity UE
is constant, (4.1) implies that the excess momentum flux M is

independent of x and equal to the force applied to the fluid:

e
M = const = (2n)3p J U(U—UE) dey - F . (4.3)
)

X=X %

This is the momentum balance, which can be derived formally by
integrating (4.1) from x = x1 to x = xz. The first term on the
right hand side is the excess momentum flux through the orifice (the
normal stresses at x =-xl are usually negligible), and F is the total

drag force of the bodies.

The momentum balance (4.3) is applicable to all symmetrical free
flows except for the radial jet. This case, and the asymmetric

mixing layer, are dealt with in appendices E and D respectively.
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Three groups of free flows. From (4.3) we see that M can be positive,

negative, or zero. Accordingly, symmetrical free flows can be

divided into the following three groups:

a) M > 0. These flows are jets. The velocity is, in general,
larger than UE'

b) M < 0. These flows are wakes or velocity deficit jets with
wake character. The velocity is smaller than UE.

c) M = 0. These are flows behind self-propelled bodies. They

are also called shear-free layers because, some
way downstream of the body, the shear stress is

zero (the mean velocity is uniform = UE).

4.4 Self-similar flows

An important feature of free turbulent boundary layers is their
tendency to become self-similar after a certain development region.

For a study of this feature, self-similarity must be defined first.

4.4.1 Definition of self-similarity

"The present definition of self-similarity is as follows:

A flow is considered self-similar when one velocity and
one length scale are sufficient to render its time-
averaged quantities dimensionless functions of one

%
geometrical variable only .

The velocity scale chosen here is the maximum excess (or deficity
velocity Uo defined in fig. 4.1. For shear-free layers, where v, is
zero, the square root of the maximum kinetic energy, JE;, is taken
instead. A characteristic width of the flow, §,is employed as
length scale. This width may be defined in various ways; for example
we could take tﬁe half width, y%, as defined in fig. 4.1. 1In order

to keep the analysis general, § 1s not specifically defined here.

3

* Naudascher (1967, 1968) proposed a different definition of self-
similarity. He introduced two addltlonal scales kc and uv which
are characterlstlc values of k and uv at each
cross—section. Unlike the above definition, his definition allows
flows to be called self—51m11ar in which the relative intensity ((ﬁ/U )
and shear stress (uv/U ) vary from one cross—section to another.
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The above definition of self-similarity implies that the

following quantities of importance can be expressed as

U= UE + Uo f tm
\ =Uo'g <y
k = Uo2 e €n)
u? - ;—2- = U2 q € (4.4)

w =U 2h
n,

v = U8 vt€n§

g{n} 3

where n =*% s

and £, g, e, etc are functions of n only. The free-stream velocity
UE is prescribed by constraints on the flow outside the boundary-layer
region.

4.&2. Conditions for the existence of self-similarity

Free turbulent boundary layers can be self-similar 6n1y when
the governing momentum and energy equations can be written in self-
similar form. The conditions under which this is possible are
derived in appendix B. The derivation involves the assumption that
the boundary layer approximations are applicable and that the viscous

diffusion terms are negligible (high Reynolds number).

\ .
Exact self-similarity is possible when

E% = const, (4.5)’
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UE
§ = comst (4.6)
[s)
" dUo
T - const . . (4.7)
o

The implications of these conditions are as follows. UE nust either

be zero or vary in the same way as u,- This variation is

U° = x™, where m is a constant to be determined in the next section.

The width of exactly self-similar flows increases linearly, irrespective

of whether the flow is plane or axisymmetric.

Approximate self-similarity when lUE/UO[ >> 1.

When lUE/Uol >>1, certain terms are negligible in the momentum and
energy equations, and approximate self-similarity is possible when

(appendix B):

bdc‘

-ﬁ-—-g-}% = const , (4.8)
o)
‘UEa du_
—U2 _dx = const . (4.9)
o
du
-% -—-—dXE = const. (4.10)
o

These conditions imply that U_ must vary as U, « x. Gartshore

E E
and Newman (1969) give the limits for m as
S S S S (4.11)

3 - .

‘When m is smaller than the lower limit, 'ﬁ'E"l decreases with x and
o
and the assumption IUE/U0|>>1 is invalidated. When m exceeds the
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upper limit, the Reynolds number U06/v decreases with x (see table 4.1),
and the assumption of large Reynolds number is invalid. However,

if this happens but very far downstream, there méy still exist a
limited similarity region. The round wake in zero pressure gradient

is a prominent examplé for a flow of this type.

4. 4.3 Potentially self-similar flows

a) Exact self-similarity

Because of the requirement UE/Uo = const, only the following

free boundary’ layers can be exactly self-similar:

(1) Mixing layers between two constant streams

In this case UE/Uo is constant by definition.

(ii) Jets issuing into stagnant surroundings.

In this case UE/UO = 0 = const.

(iii) Jets and wakes in an appropriately tailored pressure gradient.

When UE can be made to vary in such a way that UE/UO remains

constant, jets'and wakes can be exactly self-similar for the following

ranges of UE/UO:
- o< UE/Uo <=1 and O S-UE/Uo < + =,

Variation of UE’ Uo, and § The width of all these flows grows

linearly; and Uo in cases (ii) and (iii), and UE in case (iii), vary
with x to the power m. In appendix C, the value of m is determined

from the integral momentum equation (4.1). The result is:

m=-d2to (4.12)
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where ‘UE/UO + 1

I R

3/2 UE/U0+ I

R

E

J (£2+q)n’dn
and : - IR = . (4.13)

fann

For UE = 0, equation (4.12) reduces to the well known relation

m=-4+3L  w =0 . (4.14)
2 E
b)  Approximately self-similar flows when'IUE/Uol >> 1

From conditions (4.8) to (4.11) we infer that approximate
self-similarity is possible in the following flows or regions of these

flows:
/

a) Jets and wakes with IUE/U0|>>1

The free stream velocity must vary as UE & xm,
:and m > - l%l . Whenm > = ZET , only a limited

similarity region can exist.

b) Shear-free layers

Examples are the flow behind a self-propelled body
and the turbulence front moving into non—turbulent
fluid (shear-free mixing layer). The maximum kinetic
energy decays as ko « x ", The similarity region is

limited when m > 1 - n.

Variation of UE,_HO, and 8. In contrast to exactly self-similar

flows, UE/U0 and d§/dx are not constant; and the power m with which

UE can vary has no constraints other than those given by equation (4.11).
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For a given m, the variation of U, and § is derived in appendix C
- from the integral momentum equation (4.1) and the relations (4.8) to

(4.10). The result is (for shear layers):

U, « x (4.15)

m(i-1)-(j+1)
j+2

(4.16)

5 a X [ (4'17)

For shear-free layers, the momentum equation provides no
information, and the variation of ko and § depends not only on m
. 47 . .
but also on the profiles of e, q, and &. Furthermore, the 1limits for

m given by equation (4.11) do not apply in this case.

- Reélitz. The flows listed above are potentially self-similar because
they satisfy the similarity conditions stated in § 4.4.2. Only
experiments can tell whether these flows are self-similar in reality.
We anticipate here the finding of the review on experimental data (§5):
self-similarity was observed experimentally in all flowsllisted
above with the exception of the shear-free mixing layer; this flow

has not as yet been realised.

4.4.4 The flow examples

The present section introduces the individual flow examples;
and it presents information on these flows that can be drawn from
the foregoing similarity analysis. All potentially self-similar flows

are included with the exception of the shear-free mixing layer.

a) The flow situations.

The flow situations are sketched in fig. 4.2. This figure
‘explains how the flows are generated and how the free stream is

controlled. The figure also defines the coordinate systems and the
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Table 4.1 Decay laws of self-similar free turbulent boundary layers

FLOW U U, (k) 8 Re
plane mixing layer | comst const « X « X
. U BN R T e
& |jet/wake, — = const 2 Z 2
-1 U L54 « X « X «X
o (o]
5
ke -1 !
& | plane jet, U_ =0 4] ax 2 « X « X
— E ,
Q
2]
> -1
T | round jet, U, =0 0 « X « X const
g .
3
-1 A
radial jet Te X « X | const
U o n(j-1)-(j+1)| 1-3m m(j-4)-]
jet/wake, I EI > 1| « x j+2 j+2 j+2
'ﬁ* <X <X «X
“ (o]
o
4
rE'l . -1 1
.5 | plane wake, m = 0 const « x ? « x? const
(2]
&
o -2, Y3 -Y3
. fround wake, m = O const « x '3 « X <« X
:
a | n
¥ lshear free layers « x « X i mxldihm«rxl_n—m

quantities characterising the flows. The regions near the flow
generation are not self-similar and are excluded from the present

discussion.

b) Decay laws

. Table 4.1 shows the variation with x of the following quantities:

the free stream velocity U, the excess (or deficit) velocity Uo’

E’
the flow width § , and the Reynolds number (U06/v).
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Variation of the Reynolds number. Experiments indicate that the

exponent for the decay of ko in shear-free layers is n =~ 1.3.

From table 4.1 we then see that shear-free layers and round wakes

in zero pressure gradient (m = 0) have the same decay behaviour;

in particular, the Reynolds number decreases with x in both flows.
The pléne wake in a favourable pressure gradient (m > 0) also
exhibits this feature. Thus, all these flows can have only a
limited similarity region. For the other flows of table 4.1, the
Reynolds number either increases with x or is constant. These flows

have therefore unlimited similarity regions.

c) The influence of initial conditions

To be strictly correct, the power laws of table 4.1 should

have (x + xo) as basis, where X is the virtual origin of the self-

similar flow. This origin depends on the exact conditions of flow

generation, such as the velocity profile at the orifice or the shape
of the wake-generating body. In all other respects, however, self-
similar flows are independent of the initial conditions when the

. . . . e e e . d
similarity region is 'unlimited. In particular, the constants-ag

. . . U . .. .
(exact self-similarity) and _E dd8(approximate self-similarity),
U dx
. o

and the profile shapes, are independent of the exact conditions of
flow generation. This feature is of great importance for the comparison

of predictions with experimental results (see § 6).

For flows where the similarity region is limited, experiments
indicate that the state of approximate self-similarity depends on

the initial conditions(see §5.5.5b).

d) Momentum and energy relations

Tables 4.2 to 4.6 on pp. 222-230 list, for each flow, the
similarity equafions for momentum and turbulence energy, the latter
ones in both differential and integral form. They also provide
formulae to determine the lateral velocity, g, and the shear stress, h,
from the profile of the longitudinal velocity, f€n} .

¥
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The equations presented draw attention to the features which
distinguish the individual self-similar flows; and they are a useful
tool for the evaluation of experimental data. They will be needed in

§ 5 for the execution of consistency checks.

'

Importance of convection. The momentum and energy equations reveal

that, when we consider the normal stress terms as small, the differences
between the flows stem mainly from the differences in the convection

of momentum, energy, etc.

From an examination of the integral energy equations of
table 4.5 we find:

(i) the mixing layer is the only flow for which the convection
withdraws energy from a control volume stretching across

the layer.

(ii) For symmetrical flows with zero pressure gradient, the ratio

of comvection to production is

e i L[ es ] .
e, J f eon dn / 5 f fo°n"dn for jets,
0 0
-’vw o
e d 1 2]
e, J e, ndn / 5 J fn'dn for wakes,
o )

where e is the energy level representative for each flow, say

the value of e at n = 0. Experiments show that the velocity profiles
f€n) and the energy profiles etn3} /e0 are roughly the same for all
symmetrical flows. This leads to the following important finding:

The relative magnitude of convection increases with the relative
energy level, e .
As a consequence, the ratio of production to dissipation,which is

an important parameter in the model of § 3, decreases with increasing



e Experiments confirm this finding.

The shear stress in plane jet, radial jet, plane wake. Experiments

show that the plane and radial jet and the plane wake have not only
the same velocity profile, f{n}, but also roughly the same rate of
spread (d6/dx, for jets, UE/U0 d§/dx for the wake). The equations
of table 4.4 then imply that the shear stress, h, in the radial jet
is twice that in the plane jet. Also, the level of h in the plane
wake is twice the level in the plane jet, but the distribution of h

near the edges is different for these two cases.

4.5 The non-similar flows considered

4.5.1 Transition between self-similar flows of different types

Two flows, or rather flow regions, will be considered here
which cannot be self-similar because they are transitions between
self~similar flows of different types: the transition from a mixing
layer to a jet, and the transition from a strong jet (U0> UE) to a
weak jet (Uo<< UE). Both types of transition can be found in a jet
issuing into a constant-velocity stream. Fig. 4.3 sketches the flow
situation and defines the various flow regions. Both plane and

axisymmetric jets are included.

a) Transition mixing layer—jet.

The lips-of a jet nozzle generate mixing layers which spread
until their inner boundaries meet at the jet axis. In the following
transition region, the flow adjusts to the presence of a symmetry
plane or line until developed jet flow is established. The shape of the
velocity profile does not change much, but the turbulence energy
distribution undergoes drastic changes. In the transition region,
the turbulence intensities at the jet axis rise from values near

zero in the potential core to fairly high values in the developed jet.

When the jet issues from a circular nozzle, the mixing layer
is quasi-plane until its width is no longer small compared with the
.distance of the inner boundary from the axis. Then the axis of symmetry

Y

starts to exert its influence, and the transition to axisymmetric
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weak jet

flow occurs. This transition from a quasi-plane to an axisymmetric

flow is of special interest because it puts the universality of

prediction methods to a severe test.

The development of the initial mixing layer is influenced

strongly by the flow conditions at the nozzle exit.

discussed in § 4.5.2.

L4

b)

Transition strong jet — weak jet

When UN

is much larger than U

E

This will be

» the transition region discussed

self-similar
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under a) is followed by a "strong jet" region in which the excess

velocity, Uo,'is relatively large compared with U Although the

E.
flow in this region cannot be exactly self-similar, (because Uo/UE

varies), it shares many features with a jet in still air.

The ratio Uo/UE falls steadily, and, from a certain position,
the flow starts to change its character. This transition continues
until Uo is so small that a self-similar weak jet flow (of wake
character) is expected to prevail. As was discussed in § 4.4, the
difference between the two limiting flows, the strong jet and the
weak jet, are quite substantial. The turbulence structure undergoes
significant changes in the transition region, which makes this flow

too an important test case for turbulence models.

Spalding (1958) and Bradbury and Riley (1967) deduced from
dimensional arguments that, some way dowvnstream of the flow origim,
the flow depends only on the excess momentum M and not on the
nozzle geometry or the velocity ratio UN/UE° M is defined by equation (4.2).

The momentum thickness

1

oM G4 %
0= (Bﬁ;z) (4.18)

will therefore be used to non-dimensionalise all lengths of this

flow situation.

For axisymmetric flow, the Reynolds number, UOG/v , decreases
with x in the transition and far region. It is therefore uncertain
whether the development towards a self-similar weak jet can occur in

this case. This matter will be discussed further in § 5.5%76.

4.5.2 The near field of free flows

It was mentioned earlier that similarity prevails only some
way downstream of the flow origin. The present section is concerned

with the initial region of flow development.

* Equations (4.19) to (4.58 ) can be found in tables 4.2 to 4.6,
PP+ 222-230, '
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Ideally, the streams separated by the nozzle lips may be
thought of as uniform. In realiﬁy, there are always boundary layers
of finite thickness present adjacent to the lip. The development
of the initial mixing layer, and thus the potential core length,
depend strongly on the properties of the boundary layers, such as
velocity profiles and turbulence quantities. Turbulence carried
by the two free streams also influences greatly the initial flow

development.

When the two streams have the same velocity, a wake is
generated. The flow past the very thin trailing edge of a flat
plate has no recirculation zones and is therefore amenable to the
present prediction method. This flow is ideal to study the

transition from a wall boundary layer to a free boundary layer.
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."CHAPTER 5

A CRITICAL REVIEW OF EXPERIMENTAL DATA

5.1 Introduction

Experiﬁental data play an important role in the development
of a turbulence model: they are needed for the determination of
the empirical constants and functions of the model; and for the test
of its general validity. Thus, it is essential to have at hand
reliable experimental 'target values" against which the predictions

can be compared.

Free turbulent boundary layers have been measured fairly
extensively; so there are plenty of data available for most flows
considered in this thesis. It is the purpose of this chapter to
review these data, to check their reliability, and to select target

values for a comparison with the predictions in § 6.

In § 5.2, the quantities for which we require data are stated
first. § 5.3 then discusses measurement techniques and the possible
errors to which they are susceptible. § 5.4 states the criteria for
the assessment of the data. The data are then reviewed critically in
§ 5.5; and the target values are selected for the flows already
introduced in the previous chapter. Finally, some suggestions for

future experimental work are made in § 5.6.

5.2 The data required

Engineers require of a turbulence model primarily that it
predicts the mean-flow quantities correctly. Hence, these quanties

are the main target values we want to extract from experiments. However,

‘experimental data on turbulence quantities can aid greatly the

construction of turbulence models above the zero—equation level; so

they are essential too.

‘The terms in the exact equations. It seems desirable to measure as

many terms in the unmodelled equations as is possible. We are
concerned in this study mainly with the transport equations for momentum

(2.13), "shear stress (boundary layer form of (2.7)), kinetic energy(2.14),
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and length scale. The quantities appearing in the first three
equations are listed in table 5.1*. The terms in the kL - equation

(or any other length-scale equation) cannot as yet be measured, except
in homogeneous isotropic turbulence (see § A.5). They are therefore

not included in table 5.1.

Table 5.1 Quantities whose measurement is desirable

1 2 3
Group
Mean Reynolds Other correlations
flow stresses ;
k
Quantity U | | —] —]—1 e uZv|v3|vw2|vp|uvZ|up pQQE + EXQ
w2| v2lw2 oy ox
Equations | Mom [Mom|Mom|Mom
in which it [ B I ) B I
#%| k | k1 k| ki}jk | k] kKlk | k| k
appears |____| ~ |
av| v uv @ |ov pren

Three groups of data. The quantities of table 5.1 are divided into

three groups according to their importance as target values. Classification
according to the reliability with which they can be measured would

lead to the same grouping.

1) Mean flow quantities. The longitudinal mean velocity U, and

the rate of spread deduced from it, are the quantities of prime

experimental interest.

2) Reynolds stresses. In the model of § 3, the level of turbulence

3

% The lateral velocity V in the momentum equation (2.13) can be
eliminated with the aid of the continuity equation (2.12).

%k :
The momentum equation is given by (2.13), the k-equation by (2.14)
and the uv-equation by the boundary layer form of (2.7) (with i=l
and j=2). ‘ :
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is represented by the kinetic energy, k. To check whether the model
describes the turbulence field correctly, we thus need measurements of k.
These measurements also help to determine some of the constants.

The shear stress, - uv, can be.calculated from the momentum equation
wheni the other variables in this equation (mainly U) are known.

However, for a consistency check on the data, direct measurement of

uv is very desirable.

3) Other correlations. The remaining quantities in table 5.1

are necessary to complete the k- and uv - balances. The rate of
dissipation, € , is of particular interest because it is closely
connected withéthe second turbulence quantity we solve an equation for
(because g « k./2 /L). Also, e is needed to deduce ey from experiments
(equation 3.5). Unfortunately, it cannot as yet be measured reliably.
Until now, attempts to measure the terms involving pressure fluctuations

in laboratory flows have not been very successful.

Further measurements. There are, of course, many more quantities

which give valuable information about the structure of turbulence,
e.g. the intermittency factor, spectra, two-point and auto correlatiomns, :
to name only a few. These data will certainly be of increasing

importance when one moves on to more complex turbulence models.

5.3 Measurement techniques.

In order to enable judgements of the quality of the measurements,
we ‘examine briefly the merits and shortcomings of those measurement

techniques which were used to obtain the data reviewed in this chapter.

a) Impact tubes

‘In most of the free flows considered, the static pressure
varies but very little across the flow. Thus, measurement of the
total pressure by means of an impact tube is sufficient to determine
the mean velocity U. The fluctuating velocities cannot be measured
‘with an impact tube because of the slow response of the probe-manometer

system.
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Sources of error. Impact tubes are subject to three main sources

of error: viscosity effects, displacement effects due to velocity
gradients, and turbulence effects. In the turbulent flows considered
here, the Reynolds number based on the probe diameter is large enough
for 'the viscous effects to be negligible, even when the probe 1is
small. And when the probe is small, the displacement effect becomes

negligible too.

The turbulent fluctuations are the most sérious source of
error. When the turbulence intensity is high, say above 207, the
instantaneous yaw angle can be large enough to affect the probe
reading. According to Hinze (1959), there is no reliable way to correct
for this; and the errors are of unknown magnitude. However, when the
intensity is low and the probe is small, the impact tube ié a reliable

tool for measuring the mean velocity in free boundary layers.

b) Hot~wire anemometers

The hot-wire anemometer has a sﬁfficiently fast response to
follow the turbulent.fluctuations up to high frequencies (& 20 kHz);
it has therefore become the main instrument for measuring turbulent
flows. Since all the data on turbulence quantities to be reviewed
were obtained with this instrument, it deserves special attention.
Appendix L is devoted to hot-wire measurements. There, the difficulties
of obtaining reliable results, part{cularly when the intensity is
high, are discussed at length. It may therefore suffice here to

summarize briefly the limitations of the hot—-wire anemometer:

Wires. The sensing wire elements are of small but finite dimensions;
Their spatial resolution is therefore limited; and the smallest
eddies, which are responsible for the dissipation, can be monitored
reliaBly only in large scale flows. This appears to be the reason
for the inadequacy of most of the reported dissipation measurements.
On the other hand, the probe supports disturb the flow around the
sensing part because the wire is not infinitely long. When multi-
sensor probes are used, the sensors are likely to interfere with each
‘other when they are pléced close together; and when they.are placed
further apart, they do not monitor the same point as they are assumed
to do. Jerome et al (1971) report that the thermal wake interference

" between closely spaced X- wires can cause vZ , w2, and uv to be in
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error by up to 20%. We believe therefore that results obtained

with single-wire probes are more reliable.
¥

Electronic equipment. Two methods can be applied in hot-wire

anemometry: the constant-current method and the constant-temperature
method. The constant-current method uses simpler electronics but

is troubled by the thermal inertia of the wire. At high frequencies,
this inertia must be compensated for; and at high intensities, the
method is not suitable at all. It is now superseded almost completely
by the constant-témperature method because advances in electronics

have made the.latter method the clearly superior one.

Most RMS - meters have a poor frequency response at very low
frequencies (below i 3 Hz). In flows where large eddies with low
frequency contain a substantial part of the fluctuating energy,
these RMS—meters measure the fluctuating signal too low. It is
impo;tant therefore to check, it each case, whether the RMS-meter's
frequency response is adequate. Unfortunately, very few investigators

have reported doing this.

Calibration. Usually, hot-wires are calibrated statically by measuring

their sensitivity in a flow of very low turbulence intensity. Perry
and Morrison (1971) claim that dynamic calibration (by shaking the
wire) can give up to 207 different sensitivities. The turbulence

measurements would be seriously affected by such an error.

Most experimenters did not calibrate their wires for yaw and
pitch influence. They either assumed ideal wire response (cosine
law) ,or they corrected their results by simply using Champagne and
Sleicher's (1967) correction factors. These p}actices introduce

further uncertainties.

Evaluation methods. The signal evaluation is troubled by two facts:

the non-linear relationship between hot-wire signal and velocity, and

the vectorial nature.of the velocity fluctuations.

The first problem is to determine the effective cooling velocity

from the electrical sjignal. With the electronic linearisers available
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today, this is an easy task; but the turbulence data measured in

highly turbulent flows without lineariser are somewhat suspect.

The second, more serious problem is to determine ‘the mean
and fluctuating velocity components from the effective cooling velocity.
The standard method involves series expansions and neglects third
and higher order correlations. These neglects are questionable in
highly turbulent flows (above 25%). An alternative method, which is
more suitable for highly turbulent flows, was developed as part of

this work. It is described in appendix L.

Concluding remarks on hot-wire anemometers

The list of possible errors to which the hot-wire anemometer
is susceptible seems endless; and yet it is.the only fully developed
and Widely used instrument for measuring turbulence quantities. Many
of the errors quoted can be avoided when great care is taken; and the
rest need not be cumulative. Examination of the equipment and the
evaluation methods employed gives some idea about the reliability of
the data but a final judgement can be based only on consistency -

checks.

In general, the reliability of the data decreases with

increasing turbulence level.

5.4 Criteria for the data assessment

Criterion 1: The experimental flow situation must correspond closely

to the one we want to predict.

We are concerned with two-dimensional (including axisymmetric)
flows only; so the experimental flow situations should have been
closely two-dimensional. Most predictions are for self-similar flows.
For these flows it is important that the measurements should have been
taken at cross sections where similarity of both mean and fluctuating
quantities prevails. Lastly, in most predictioms, the free stream
is assumed to carry no turbulence. Thus, the experimental free stream

turbulence should have been as low as possible.



74

Criterion 2: The data must be consistent.

The data must pass three consistency tests: firstly, the
overall momentum must be conserved. This we check by means of the
integral momentum equation (4.1). Secondly, the measured shear
stress must agree with uv as determined from the momentum equation.
This we check for self-similar flows by means of the equations
given in table 4.3. Thirdly, the diffusion of kinetic energy must

integrate to zero across the flow.

Criterion 3: The instruments and evaluation methods employed must

have been adequate.

This criterion is difficult to apply; it will be used in this

review as an additional guide only.

5.5 The review of experimental data

The experimental data on free turbulent boundary layers are
too numerous for all to be included in this review. Thus, we focus
attention on the more recent data. Readers interested in reviews
of earlier data are referred to Abramovich (1963), Halleen (1964),
Spalding (1967b) ,Newman (1967), and Harsha (1971).

5.5.1 Shear free flows (uniform mean velocity)

a) Turbulence behind grids.

A grid placed in a uniform stream acts as a plane source of
turbulence. The flow field so created is the best approximation
we can devise to homogeneous turbulence; and the equations of our
turbulence model reduce to a form where cS/cD is the only constant
to appear (see § G.4a). This flow is therefore especially important

for the determination of cS/cD.

Comte~Bellot and Corrsin (1966) and Tucker (1970) give
comprehensive reviews on the experimental data. Their main findings

are as follows. The turbulent kinetic energy decays as

-n
k« (x - xo) R
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where x is the distance from the gfid and X, is the hypothetical
origin of the plane source of turbulence. Values of the exponent n
ranging from 1 to 1.35 were measured, the majority of the results
being close to 1.2. The ratio u2/v2 yas found to be about 1.4}

it decreases only slightly in the downstream direction. The approach

towards isotropy is therefore very slow.

b) Flow behind self-propelled bodies (Shear-free layers)

The flow behind plane and axisymmetric self-propelled bodies
represents respectively a line and a point source of turbulence in a
unif orm stream. The flow situation is sketched in fig. 4.2.(p.60 ).

We are interested here only in the far region where the mean velocity

is uniform and the shear stress is zero. The plane case was‘investigated
by Townsend (1956) and Mobbs (1968), the axisymmetric case by Naudascher
(1965).

Nature of the flow. Because this flow may not be so well known to

the reader, a short account is given first of Mobbs' findings on

the nature of the flow:

A sharp, irregular boundary separates the turbulent from

the non-turbulent part of the flow. Within the turbulent

part, the intensity is laterally homogeﬁeous, so that the
dependence on y of the overall intensity is caused solely

by the intermittency. The profiles of k/ko and the intermittency
factor y/y&are therefore identical. Yy decreases linearly

with x. The apparent outward spreading of the turbulence is

due entirely to the growing amplitude of the turbulent bulges.

The volume of the turbulent fluid decreases with increasing x.

The flow seems therefore to be unique in that its overall behaviour
is that of spreading inhomogeneous turbulence, while the turbulent

part contracts and is homogeneous.



76

‘Self-similarity. From § 4.4 we expect the flow to be self-similar,

i.e. the spreading parameter

(o]

dy
s=-L_}
dx

E
e,

should be independent of x, and k/k0 and sy%/ko%5 should be functions

of y/y, only (for definitions see fig. 4.2). All three investigators
found Ehe k- profile to be indeed self-similar; but there is little
consensus about the parameter S. TFor the plane case, Townsend's

results give S = .75, but Mobbs' results indicate a significant variation
of S in the region investigated. PFor the axi-symmetric case, the

writer has evaluated Naudascher's data and found that S is .approximately
constant over a very limited range only (15 < x/D <25), where its

value is about 0.4.

Reynolds number effects. In § 4.4 we have seen that the Reynolds

number JE;y%/v decreases with x when k0 decays as (x - xo)_n and

n is larger than 1. In this case, the similarity region is restricted
if existent at all. Townsend reports n = 1.2, but both Mobbs and
Naudascher report n = 1.,7. Because of the homogeneity of the turbulent
part of the flow, we would expect the axial intensity decay to be
similar to that behind grids when the Reynolds number is still high.
This notion is supported by Townsend'svalue of n = 1.2. The high
value of 1.7 reported by the other two authors indicates that their
flows may have been subject to low Reynolds number effects. This

is consistent with the lack of constancy of the parameter S and thus

of true self-similarity.

Only Townsend's value of S = .75 is therefore used for

comparison with the predictions.

Profile of k. The profile of k/k0 is shown in fig. 6.13. The results

of Townsend and Naudascher are virtually identical.
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5.5.2 Plane mixing layer.

Flow realization. The ideal mixing layer is formed by the mixing

between two semi-infinite streams (see fig. 4.2). This ideal flow
can be only approximated by experiments. The best approximations are
the mixing between two-dimensional half-jets, and the initial regions
of plane and round jets. However, in the latter case, the extent of

the mixing layer is rather limited.

Tables 5.2 and 5.3 list details about the experimental conditions

of the investigations to be reviewed. Table 5.2 covers the mixing

layers with one stream at rest (U, = 0), and table 5.3 the ones

E
between two moving streams.

Self-similarity. From the similarity analysis of § 4.4 we expect

that, downstream of a certain development region, mixing layers are
self-similar for any velocity ratio UE/UI' This expectation is
confirmed by all the experimental data on mean and, when available,

turbulence quantities.

Velocity profiles. The various experimenters' similarity profiles

for U are shown in fig. 5.1 for UE/UI = 0 and in fig. 5.2 for finite
values of UE/UI' The agreement is good; the somewhat larger scatter
in fig. 5.1 at the zero velocity edge indicates the difficulties in
measuring accurately in this region. However, the velocity profiles
agree well only when y is non-dimensionalized by a characteristic
flow width, here § = (y'..1 - y.g)*. When the data are plotted versus
y/x, as is often done in the literature, the agreement is poor; for

there is little consensus about the rate of spread, dé&/dx.

Rate of spread. The rates of spread of various experimenters are

listed in tables 5.2 and 5.3. The spreading parameter ¢ is also
listed because it appears frequently in the literature. We define
¢ in such a way that the use of n = o y/x as abscissa brings the

velocity profiles closest to the error function.

Tables 5.2 and 5.3 show rather poor agreement about the rate
of spread. This may be due to the following three reasons. Firstly,

the distance to attain full development of the mixing layer is about

* N
Y.9 and y_ ; are defined in fig. 4.2 (p.60 ).
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a thousand times the momentum deficit thickness of the boundary layer

at the separation point (Bradshaw 1966). The data obtained at low
‘values of Re = UIx/v are therefore likely to depend on the initial
conditions, even though the velocity profile seems to be developed.
Secondly, the mixing layer seems to be particularly sensitive to

the flow field outside the layer, possibly because it is an asymmetrical
flow. Thus, the layout of the room into which the layer spreads and
room draughts may influence the rate of spread (Reichardt 1942).
Thirdly, the influence of free stream turbulence appears to be

quite dramatic, as is evidenced in fig. 5.3 for UE/UI = 0.

When the extreme values are discarded in table 5.2, d§/dx = .16
emerges as a fairly well supported target value for UE/UIL= 0
and Rex > 7 x 105,

The influence of UE/UI on the rate of spread is illustrated
in fig. 6.2. Similar figures reported in the literature were obtained
by taking 9, the spreading parameter at UE/UI = 0, from Liepmann
and Laufer (1947). This resulted in considerable scatter. Because
o, can vary markedly from one experimental set-up to another (see
table 5.2), it seems more reasonable to obtain C by extrapolating
each experimenter's results for ¢ , when enough points are available.
This was done in fig. 6.2; the scatter was thereby reduced considerably.
We expect the influence of free stream turbulence to grow with increasing
UE/UI. Since this influence is to decrease ¢ , the lower points in

fig. 6.2 should be a better representation of the ideal flows.

k~ profiles. The similarity profiles of k as measured by various
experiﬁenters are shown in fig. 5.4. Except for the shape of the
profile, there is no agreement. Liepmann and Laufer's (1947) results
are probably too low because of inadequate electronics; and Sunyach
and Mathieu's (1969) results are too high because their Rex was rather
low; for Laurence (1955) and Lassiter (1957) found that u2 decreases

markedly as Re increases.

.Consistency check. To allow further judgement on the turbulence

measurements, tables 5.2 and 5.3 compare the measured v with uv
. max max



Table 5.2 Mixing layers with YE = 0

1

(1967)
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half-jet Laufer (1947) 152 x 19¢cm {< 90cm 1.1x10 <17% .16 11. }.008 }.0106].024 as w2 = v2
Wii?dB Wygnanski & 51 x 18cm|< 58cm |4.65 ioS <0.1% 2 9. {.0091]|.0138|.035 |¥2ll at x =0
solid, Fiedler (1970) x Locm cm 3 0ax M * 0 : ' and trip wire
boundaries
used
Patel (1970) 76 x 43cm |<100cm {1.8x106 0.5% .165 10.7{.01031.0112{.0275.
Albertson X '
e s 1<=<4 ? ? .155 11. 4 data taken
initial et al (1948) D from Abramovich|
region ) ; Py s
of a Miils (1968) 3 x 15em| 2-5=4 ]1.8x10 ? .178 10.4
plane. jet - 5
' Sunyach & $x< 5 2
Mathieu(1970) 4 x 48cm (1.5 5 3 |11.6x10 +257 .18 9.91.0137}.0125]|.05
i h
initial Reed (1963) .555s3.9 number = 0.7
region - ‘
of a etBZid??3§4) D=5 em [P =2 7x105 x5l 165 | 10.7 |olo |.o11 [.027
round jet 2.3<=<7 =5
Sami et al D =30 em |2 7.3 l6.6x105 | < .57 .163 | 10.8 |.0109{.0108

6L



- Table 5.3 Mixing layer between two moving streams

Flow | Experimenter Dimens. range | max Re ‘\ﬁﬁ/U U |dly .~¥ o) uv, uv
- x .0 _E 1191 o m m 2

sit. - of nozzles at exit meas—— lecale—=| k_/UG Remarks

u dx 2 2 m
I Uo Uoc
Zhestkov et al| 4x12.5 cm | <10 em | 7.1x10°| 0 only ratios
o .| see Abram.1963 | 4x12.5 cm ) -.64 d/d, are given
4
()]
. .14 11.
~ 14 1.6 The drg were
g .22 13.2
g .36 19.8 taken from
~ . Brown and
A | Miles and ? ¢105em | 2.6x10%] 3% |48 28-3 Roshko's (1971)
& | snin (1968) =55 34.4 aper
e , .65 34.8 pap
o .76 47.0
“ .83 49.0
e}
o 5x15 cm " 5 . 0 .178 10.4
5 | mills(1968) 5x15 em | 20 om | 1.8x10 ? |.3 | .oos 18.3
o .6 .07 25.0
=
) -2 14.7 Influence of
| Seban and - 64x30cm 5
o <6 cm| 1.1x10 ? .36 16.7 walls
. Back (1 11.5x30
;‘ ack (1962) >x30cm .6 27.9 noticeable
%‘, 50 cm . .35 24.5 water tunnel
g Sabin (1965) ? < x< | 1.8x10 2 | .46 31.6 o ments
B 115 cm .61 47.6 xperime
o .66 53.7
o
0 .15 13.3 ) .
el || retion ocly £
B | spencer (1970)| 19x38 em |£127 em | 2.6x10 .1% | .305| .078 [20.4].0132 |.011 .035 | ¥ wor
o~ .54 41.4 UL
Ll-o'i .61 .0328 50.4- 0011 00104 5032 LT = .3 9 -6
.76 77.0 T

(o]
=
ha Brown and 2.5x10 cm 210 em | 5 y105 £19% | 143 .123 12.8 nitrogen at
S Roshko (1971) | 2.5x10 cm - : to .5%| .378] .084 18.7 7 atm.

08
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as calculated from the mean velocity via equation (4.27). The normal-

stress terms were neglected in (4.27).

It should be mentioned here that there is considerable confusion
in the literature as to how the shear stress should be calculated
from the mean velocity profile. Normally, an arbitrary assumption
concerning the lateral velocity V is made which is in fact unnecessary;
for equation (4.27) shows that uv depends only on the rate of spread
and on the similarity profile of U when the normal stress terms are

neglected.

Liepmann and Laufer, Wygnanski and Fiedler, and Spencer (for
UE/UI = .3 only) claim agreement between their measured and calculated
shear stress. The writer has re-evaluated their data and found
unsatisfactory agreement (table 5.2). For the mixing layer with
UE/UI = 0, this leaves us with Bradshaw et al's (1964) and Patel's (1970)
results, which agree remarkably well considering the differences in
the géometry of their apparatuses (see table 5.2). They are supported
by Sami et al's (1967) data which are also consistent. Unfortunately,

these authors report only the longitudinal energy compomnent.

The only consistent turbulence data for UE/UI # 0 appear to
be those of Spencer for UE/UI = 0.6.

Energy balance. Bradshaw and Ferriss's (1965) energy balance is

shown in fig. 6.4. It is consistent because the diffusion integrates
to zero across the 1ayef*. Sami's (1967) balance is in close agreement.
For UE/UI =-0.6, Spencer's energy balance was modified by multiplying
his measured dissipation by a factor of 3.6 to make the diffusion
integrate to zero (the diffusion is determined as the difference of

the other terms). This improved balance is shown in fig. 6.5.

The measured convection and production terms in the shear-stress
balance are shown in fig. H.1.
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Effect of UE/UI on the turbulence structure. It is interesting to

note that, within the experimental accuracy, the k- profile and the
energy balance are the same for the cases UE/UI = 0 and UE/UI = ,6.
This seems to indicate that the turbulence structure is independeﬁt

of the velocity ratio UE/UI.

5.5,3 Jets issuing into stagnant surroundings

Self-similarity. The experiments confirm odr expectatiom in § 4.4

that jets issuing into stagnant surroundings are self-similar in

the far region. The profiles of mean and turbulence quantities become
similar (the former ones first), and the centre-line velocity Uo

and the jet width y, vary as predicted by table 4.1. Except for a

shift in the virtuai origin of the self-similar flow, the far jet is
independent of the conditions at the nozzle exit. This is eﬁidenced
below by the general agreement about the rate of spread and the velocity

profile.

Virtual origin. Flora and Goldschmidt (1969) found that the location

of the virtual origin depends, above all, on the turbulence level at
the nozzle exit. The same holds true for the potential core length, X,

Vagt's (1970) results confirm this finding (see fig. 6.26).

Table 5.4 presents the important flew parameters for the more recent

experiments on plane, round and radial jets.

a) Plane jet

Rate of spread. From Newman's (1967) review on experiments up to

1965, we find an average rate of spread of dy%/dx = ,11, Table 5.4

supports this value.

For low turbulence intensities at the exit, the potential core

length is xc/D = 6.

Velocity profile. Fig. 5.5 shows various experimenters" similarity

profiles of U. Near the edge, there is considerable disagreement.
Since hot-wire anemometers measure too high in this region (see

appendix L), the lower values are probably more accurate. Robins'(1971)
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curve is taken as target profile because Bradbury's (1965) profile

is probably influenced near the edge by the slow but finite free

stream he used.

Start of self-similarity. True self-similarity starts where the

turbulence quantities become similar (the mean velocity does so much
earlier). Table 5.4 shows that there is no consensus about the position
of this start. These differences may be attributed, in part, to the
difficulties in maintaining the flow two-dimensional over long
distances. Also, the initial conditions may influence the turbulence

quantities farther downstream than is commonly thought.

k- profiles. Fig. 5.6 compares the k- profiles of various experimenters.
The.agreement is rather poor. Heskestad's results are suspect because
his ;%:/Uoz still rises at x/D = 160, and because he found a strong
influence of the Reynolds number (= DUN/\D. Gutmarks's results lose
-credibility because he reports some oddities: his velocity decay changes
abruptly at x/D = 65, and the ratio of dissipation to production in

his energy balance is of the order of 0.2, which is not plausible.

Robins found v2 and w2 to be very much smaller than u? near the edge,

which is contrary to all other measurements.

Consistency check. For a consistency check, the measured and

" calculated values of vaax are compared in table 5.4. Two calculated
values are listed: one was obtained from the full equation (4.29), and
one with the normal stress neglected in (4.29). It is not surprising
that Bradbury's data are the most consistent ones because his jet issued
into a slow moving stream (UE/UN = .16). This stream reduced the

relative intensities and thiie the measurement errors.

Bradbury's data. Bradbury's jet could not be exactly self-similar,

but the departures from self-similarity were insignificant in the

region investigated. Also, reducing UE/UN from 0.16 to 0.07 had no
effect on the results, nor had halving the Reynolds number. Despite

;the fact that Bradbury is the only one to report the somewhat implausible
result that v2 > u?2 at the centre, we will take his turbulence data

as target values.



Table 5.4

Jets issuing into still air

. Nozzle range Start of dy meas. calc.®* ky
Experimenter . Re - : —-— — —=
dimens (x/D) D seii pres. = = /UBZ /U, 2 U, 2 Remarks
gion m m
Bradbury D= .95 cm _ " ~ an not a) 024 _.
(1965) L = 46 cm 14-70 |3 x 10 x/D = 30 constant .0242 b) 00249 .067 UE/UN .16
Heskestad D =1.25 cm - .47x10% %/D = 65 a) 0.0232 - | strong influence
4| (1965) L=15 en |*915 ) 25 7x10% | but @2g/u, | M 02L ) 1) 0.0277] %7 |of Re, on uzi/u,
— , keeps rising ¢
) ‘ [ a) 0.0225
g Patel D=.7cm _ y{ For U and ; .064
{i (1970) L = 80 cm 12~152)3-5 x 107 U2 :%/D=30 .103 .021 b) 0.0247
Gutmark D=1.3 em _ N _ a) 0.0238
(1970) L = 50 cm 10-150 3x10 x/D = 120 .102 .024 b) 0.0287 ..077
Robins aspect ratios _ 1 xlou . a) 0.023
(1971) 21 - 138 37100 | g x104 | */D= €0 $103 1«02 y) 0,025 | 064
=ij Wygnanski B a) 0.0168 strange change in
2 | and Fiedler D= 2.6 cm 20-98 10° x/D = 70 .086 .0165 b) 0.0190 .101| slope of U /Uo
9 (1969) : versus x/Dat x/D=57
3 Present _ _ 4 a) 0.0168
S linvestigation D=1.29 em |62-75 | 8.7x10 < 62 .086 .0186 b) 0.0188
Tuve D =12.5 cn 6-95 | 6 x10% total
” (1953) D = .635 cm -3 x10% ? a%%e
)| Heskestad - width of only U a) 0.046 .096| for x/D > 100,
o (1966) annular _ N self-pres. * at | influence of walls
:g slot 20-112 | 2.5x10 from x/D=46 0.111 -0254 b) 0.0508{ x/D=65 noticeable
Y D =0.71 cm

*
Heskestad (1966) reports a

uv,
m

= maximum shear stress

value of 0.045

X%

b)

a> normal—-stress term neglected in (4.29)

normal-stress term included in (4.29)

%8
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k- and uv-— bélances. Bradbury's energy balance is shown in fig. 6.6.

It is consistent. Robins and Gutmark measured all the terms necessary
to construct the shear stress balance except for the terms involving
pressure fluctuations. Unfortunately, the general consistency of

their measurements is not very good.

Thus, for the construction of the shear-stress balance, only
the diffusion term was taken from Robins, but the other terms from

Bradbury and Patel. This shear-stress balance is shown is fig. 3.4.

bj Round jet

The mean flow field of round jets was studied by numerous
experimenters, but the turbulence field in the truly self-similar
region only by few. Since Gibson's (1963) jet was not really symmetrical,
only Wygnanski and Fiedler's (1969) and the present turbulence
measurements can provide target values. A detailed discussion of the

results is given in appendix L.

Rate of spread. Newman (1967) reports a rate of spread of dy,/dx = .086
2
as average over earlier experiments. The more recent data listed in

table 5.4 support this value.

For low exit turbulence level, the potential core length is
xC/D = 5 (Vagt 1970).

Profiles of U and k. The present velocity profile is shown in fig.6.10.

It agrees well with the earlier measurements. Wygnanski and Fiedler's
and the present k-profiles are presented in fig. 5.7. Compared with
the situation in other flows, the agreement is reasonable.r The present
results are more consistent, as can be seen from the measured and

calculated uv - values of table 5.4.
max

k~ and uv~ balances. Wygnanski and Fiedler's energy balance has

two defects: the normal-stress production is too large by a factor of
two, and the diffusion does not quite integrate to zero. An improved
‘version is shown in fig. 6.10. The shear stress balance constructed

from Wygnanski and Fiedler's measurements is shown in fig. 3.5.
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¢) Radial jet.
The radial jet emerging from an annular nozzle was investigated

by two experimenters only. Tuve (1953) measured the mean velocity,

and Heskestad (1966) both mean and turbulence quantities. The mean

velocity became self-similar in both experiments. The velocity profiles

are shown in fig. 5.8. Heskestad's hot-wire data are probably too

high at the edge. His rate of spread is dy,/dx = .1l. This is
z

compatible with dyG/dx = ,42 as measured by Tuve, where Yo is the
total width of the shear layer. )

Lack of self-similarity. Heskestad's turbulence quantities are not

self-similar in the region investigated. ui/Uo2 keeps rising, and

the intermittency profile does not even approach a self-similar form.
Beyond x/D = 90, Yy decreases rapidly. Heskestad quotes that the

jet flow breaks down at this point because of room disturbances. Owing
to this lack of true self-similarity, the tufbulence quantities are not
used as target values; and the mean flow results are used with some

reservation only.

5.5.4 Self-similar jets and wakes in appropriately tailored pressure

gradients

The similarity analysis of § 4.4 revealed that jets and wakes
in a streamwise pressure gradient can be exactly self-similar when
UE/Uo is kept constant. Experimental verification of this result may
be found in the work of Fekete (1970) for jets and of Gartshore (1967)
for wakes. Fekete investigated jets with UE/Uo ranging from 1 to 4,
and both his mean and turbulence data confirm well the similarity
behaviour described in § 4.4*. Garishore studied two wakes with
UE/Uo equal to - 4.2 and - 5.2 respectively. The first wake showed
quite good similarity behaviour, the second one did so only to a .lesser
degree. Both Fekete and Gartshore report that their measured shear stress

agrees with uv as determined from the momentum equation.

The variation of the rate of spread, dy,/dx, with Uo/UE is
2

_ shown in fig. 6.3.

%
Unfortunately, only some of Fekete's data given in Gartshore (1971)
were available to the writer. ‘
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5.5.5 Wakes in zero pressure gradient

Conditions for self-similarity. We are interested here mainly in

the far wake region in which approximate self-similarity as
introduced in § 4.4 is expected to prevail. Such a region can exist
only when certain terms in the momentum equation are negligible.

To elucidate this condition, we write the total deficit momentum flux

as
Uo
M= Mw(l + T IR) = const, (5.1)
E
where
N i1
MW = (2w)'p UEUo y% Ifn dn ,
: o

and IR is a shape parameter defined by equation (4.13). Experiments

have shown that I is about .72 for j = 0 and .54 for j = 1.

The similarity analysis for wakes (84.4) aésumes the term
UO/UEIRto be negligible compared with unity. If this term is to
contribute less than, say, 37 to the total deficit momentum flux M,
then |U0/UE| must be smaller tham = .06. Tables 5.5 and 5.6 show
that most wake experiments met this condition; the data should therefore

evidence the expected similarity behaviour.

Determination of S. With the aid of equation (C.6) , the spreading

pafameter' - U_ dy, can be expressed as
S = 7 T
dx

o

U

=

l

: 1 d
S =137 Tix% ( Yé) (5.2)

c

(o}

For the present review, S was determined from experiments by plotting

UE/Uo y, versus x; the slope then yields S by means of (5.2).
2 :

: S and other important wake parameters are listed in table 5.5

for plane wakes and in table 5.6 for round wakes.
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a) Plane wakes

Self-similarity. Far downstream of the body, plane wakes behave

3

as predic;ed by the similarity analysis: Uo varies as x * and y%

as x?; and similarity of both mean and turbulence quantities prevails.
According to fownsend (1956), the similarity region starts at x/D = 500
in the wake of a cylinder (D= diameter of cylinder). The approach
towards similarity of the turbulence quantities is shown in fig. 5.9.
It is noteworthy that tﬁe asymptotic values are approached from below
in the wake of a flat plate, while they are approached from above

in other wakes. Starting from a wall boundary layer, the wake has to
build up turbulence energy; in contrast, the vortex shedding behind
blunt bodies generates a surplus of energy which has to decay before

an equilibrium can exist.

Influence of initial conditions. We expect that self-similar far

wakes should be independent of the precise conditions of their generation.
Thus, the body shape and size, and the free stream velocity, should

have no direct influence, but only the momentum thickness.g . To test
this presumption, y%/(DcD) is plotted versus x/(DcD) in fig. 5.10.

0 is related to the drag coefficient ch by 0= DcD/2. Only at very

large values of x/(DcD) is there some agreement (although primarily
between cylinder-wake data). Thus, the initial conditions appear to

exert their influence very far downstream.

Spreading parameter. There is, however, some encouraging agreement about

the spreading parameter S. When the extreme values in table 5.5 are
excluded, Townsend's (1956) value of S = .098 is supported fairly well
by the rest of the data.

The spreading parameter y%/{e(Xfxo)]% is also listed in table 5.5
because it is more popular in the literature. Its calculation requires
knowledge about o and the sogewhat arbitrary X e We therefore
prefer the parameter S, which can be determined from Uo/U and.

E
yi alone.

The conversion formula is le ®
J fdp

S = —pt
e(x-xo)

(o}



Table 5.5 Plane wakes
v1 . 2 | meas.| calc
Body Experimenter “p ReD Re@ -% -% 'U I S [Gix—xoﬁ%l l%&. uvpy | uvy Remarks
[o) U—z‘o' 'Uo'z'
Reichardt (1942) 2.38 60— . . .
Schlichting(1930) 1.32 <10% 1570 3400 >.025] .1 .328 ﬁ;?glirzgg from
Townsend 0 80- .093~ : self-similarity
(1949, 1956) ? 1360 950 031 .098 .313 .27 .0505| .051 from x/D = 600
Ermshaus 100-| 200-} .095— #
(1970) 94 | 2500 { 1170 575 1230 | .04k .089 . 303 _
circular 80— | 140- | .103~ %1 .0357
iy 1.09 | 6200 | 3370 240 | 440 | .066 <345
cylinder . 120-| 300~ | .07- . ]onxl starts to
Everitt (1971) 800 | 1600 | .038 .096 .334 +259 | .0364 .950 risa beyond x/D
=450
Alexopoulos : 40~ . 159~ + wake not yet
and Keffer (1968) v | 5000 228 .072 -107 <41 -3 -033 1.055 ' developed
Uberoi and 540 25- not only U2/U;2 re-
Freymuth (1969) & 800 rep— ported.Townsend's
4320 orted . 305 Uo /UE used 0
7 determine vZ /Uo
4O~ | 44~ | ,206-
plate = | Ermshaus(1970) | 1.88| 2340 | 2200| 157 | oo | 1oe | +805 .3
aero- Ermshaus(1970) | .35| 3000 | 525| 57| 290~ | 087 oo . 349
foil 50~ | -18~
Everitt (1971) 300 | .o47 172 iy .259
flat Chevray and 3300 o~ .31~ 062* wake far from
plate Kovasznay(1969) 210 | .134 | ° being developed
% % A
n . : . .0 . 224 elocity excess
Jet 1n” Everitt (1971) <314 > 158 866 2 v v
mov. str.

*

quantity continues to change with x

# exponent of y, is not ;
2

1

sk

The folloW1ng quantities are not corrgct in Townsend's(1956)

book:

uv/u2 in fig. 7.10 2

Y

a2’
AUS

in fig. 7.1

68
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Profiles of U and k. The velocity profiles of various experimenters

are shown in fig. 5.11. They agree very well. The k- profiles are
compared in fig. 5.12. They are all somewhat suspect for the following
reasons. Table 5.5 reveals that Everitt's (1971) and Alexopoulos

and Keffer's (1968) measured values of Ggﬁax are 307% to 407 lower

than the ones calculated by means of equation (4.33). Their kinetic
energy is likely to be too low also. Townsend's (1949) measurements

are consistent. However, the data of Uberoi and Freymuth (1969) and

of Chevray and Kovasznay (1969), which appear to be of high quality,
suggest that ;E.is higher than that found by Townsend. This must

be kept in mind when, for lack of something better, Townsend's k- profile

is compared with the predictions in § 6.

Energy balance. Townsend's (1949) energy balance for the far wake

is not consistent. His balance quoted in the books of Townsend (1956)
and Hinze (1959) was measured at x/D = 160, which was too close to
the body for the wake to be self-similar. This balance cannot
thérefore be used for quantitative comparison with the predictions of

the self-similar wake.

b) Round wakes

Existence of self-similarity. Round wakes, together with round jets

in a moving stream, are unique among free shear flows in that their
local Reynolds number (= on%/v) decreases with x. As a consequence,
only a limited similarity region can exist; and the question arises
whether it exists at all. The answer of all the measurements beyond

Y = €0 3 =" -7 Ys
x/D = 60 is YES. Both Uo and uy vary as X and y, as x
2

s and
the profiles of both mean and fluctuating velocities are similar.

The parameter S = UE/Uo(dY1/dX) is constant even for x/D < 60.
2

Influence of body shape. The findings presented so far were

expected, but it comes as a surprise that S should depend strongly on
the shape of the wake-generating body. Table 5.6 reveals that S varies
from =.1 for slender bodies to = .9 for very blunt bodies. Along with
‘this goes a drastic increase in the turbulence level relative to the
defect velocity (see fig. .5.13). It is interesting to note that, in

contrast to plane wakes, the asymptotic value of u? is approached from

below. Fig. 5.14 shows that even the velocity profile depends on the
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body shape. All the profiles presented are similarity profiles.

Turbulence field. There is some evidence that the turbulence field

in the far wake depends much less on the body shape than does the
mean field. Fig. 5.15 gives a plot of JG%:/UE versus x/D. The
agreement of most of the data is reasonable. Table 5.6 also lists

the spreading parameter of the turbulence field,

U. d
St =F%—"E'§"t ?
"¢
" where y%t’is the radius at which Vﬁfg-is half of Jf;é. Unfortunately,
not enough data were available to determine St for slender bodies,
but the St's for sphere and disk differ much less than do the corresponding
mean field parameters S. It is interesting to note that the value
of St = 1.21 for disks is close to the value of 1.26 for Townsend's
(1956) shear-free layer discussed in § 5.5.1b. All these findings
indicate that the turbulence field is practically de-coupled from the
mean field and behaves therefore as in shear-free layers. Examination
of the energy balance shown in fig. 6.12 offers an explanation for this:
the production, by means of which the mean field exerts its influence,

is much smaller than the other terms; in shear-free layers it is zero.

Figs. 6.12 and 3.6 show, respectively, that the convection of
energy and shear stress is very important in round wakes. This appears

to be the reason for the large "upstream effects" in these flows.

Réynolds number influence. A further common feature of round wakes

and shear-free layers is the linear decay with x of Yé (Baldwin and
Sandborn 1968, Mobbs 1968). This behaviour may be attributed to the
decreasing Reynolds number; it indicates that the observed self-similarity
can only be an approximate one. This makes it easier to accept the
existence of different states of similarity behind different bodies. The
decreasing Reynolds number may therefore be the basic reason for this
apparent oddity. It would be intriguing to conduct a round-wake

LY

. . . . m 1
experiment with the free—-stream velocity UE varying as x , where m> 3 -



Table 5.6 Round wakes

U -7 meas. | ¢alc.
Body Experimenter °p | Rep x/D |ﬁ§| S S¢ ;i E;ﬁax UV Remarks
o Uo2 Up2
found jet ) " " .
in moving Reichardt(1965) >10" k160 | >.053 [.105 velocity excess
stream"
spheroid 2.75 0 .28 % * * flow not developed
1:6 Chevray.(1968) -06 x106 (18 | -.091 -105 -3 -041 "054 at x/D = 18
Reichardt and 20 T
. ? .14
cone 1:6 | pinshaus (1962) [-68()| T |-60
Reichardt and 10-
. ? ? .
cone 1l:4 Ermshaus (1962) L75(7) | ? 60 21
2.5x | 1o-{.167- * * ‘
Ermshaus (1970) |.75(?) 104 60 | .041 .23 .46 .072 .12
cone 1:2 | oot g P |7 |so | |
= Uberoi and .10~ {.012 at values quoted dre
? ,
cone 1:1, Reichardt and 9 o 20- 0 36
disk Ermshaus (1962) : : 50 : :
Ermshaus (1970) | 1|23, ég- -078- | g5 s | s s6
e fl t fully developed
Carmody (1964) 1.16 .7kx <15 |>.055 .8 .94 .5 .48 ow noat :/Dy= 1\5re pe
10
disk Cooper and 3600 | 23~ .92 mean velocity
Lutzky(1955) 8300 [680 1.22 not reported
Hwang and 77x103| 4- mean velocity
Baldwin (1966) -31x10% 800 1.21 not reported
square Cooper and 0 1.45 | 80-|.0153 d c . eri
plate Lutzky (1955) ? <10% |680 -, 0037 .92 11.23 .95 . 525 body not axisymmetric

* values still change with increasing x

6
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According to table 4.1, the Reynolds number then rises with x, and
the far wake should be independent of the body shape if the above-stated

hypothesis were true.

5.5.6 Jets issuing into a uniformly moving stream

Jet forgetfulness. Jets issuing into a uniformly moving stream cannot
be self-similar; in contrast to the previous sections; we are therefore
interested here particularly in the streamwise flow development. The
principle of "jet forgetfulness" (§ 4.5.1)suggests that, some way
downstream of the nozzle, this development depends on the variable

(x - xo)le only and not on the velocity ratio UE/UN' Both plane and
round jet experiments confirm this. An example is given in fig. 6.18,
where Reichardt's (1965) and Ortega's (1968) actual data points of
y%/O and UE/Uo are plotted. The reader is reminded that the location
of the virtual origin, X does depend on the flow conditions at the

nozzle.

Variation of U, and y,. With the aid of the momentum equation (4.1),
2

the non-dimensional width, y,/0 can be expressed as
2 .

Y% 1
e T .3 v, 1 , (5.3)
2 (21, + (=) 1,)]3+L
i 21 + 635
[--] (-]
where I1 = I fann and I2 = I fqudn
) )

Equation (5.3) was used for this review to check the consistency of

the measurements.

For the tlane jet, measured values of y%/@ and (UE/UO)2 are
plotted versus (x - xo)/e in fig. 6.16. The agreement between
different experimenters is good only at small values of (x - xo)/e.
At larger values, Everitt's (1971) data are probably closest to the

truth because he conducted the most extensive investigation.

The corresponding results for the round jet are plotted in

fig. 6.18. The consensus of different experimenters is fairly good.
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At high values of (x - xoj/é, the measured values of y%/O do not

agree with y%/O as calculated from equation (5.3). The measurements of

U0 are probably more accurate than those of y%. The results of Forstall
and Shapiro (1950) and Curtet and Ricou (1964) are not included because,
for the higher values of UE/U , their flows were influenced noticeably

by the duct which guided the outer stream.

In both plane and round jet, the shape of the velocity profile

is the same and does not vary significantly with x.

The asymptotic behaviour. The ratio Uo/UE falls steadily with x; and,

at large distances, where Uo/U is very small, the flow is expected

E

to assume wake-like character. For |U_/U |<<1, the similarity analysis

E .
1
predicts that the flow width should vary as xm/(J+2) and the excess
velocity U0 as x—(3+l)/(3+2). The parameter -
UE dy,
s:.—..-.-.._....Z.
Uo dx

should thus be a constant. The question is whether the measurements
extended far enough downstream to satisfy the condition that

IUO(UE|<.O6 (see previous section). The lowest values of Uo/UE

included here are 0.158 and 0.053 for the plane and round jet respectively.
They are probably not low enough for the establishment of truly self-
similar wake-type flow. The measurements in wakes extended to much

lower values (see tables 5.5 and 5.6).

Nevertheless, Everitt's data testify that the plane jet approaches
the expected asymptotic state. At the furthest station, S still
continues to rise, but its value of 0.087 is already close to the

value of 0.098 found in wakes (table 5.5).

The round jet, on the other hand, exhibits no tendency to
approach the expect?d asymptotic state. For x/0>50, Uo/UE varies

approximately as x , agd y% as x%. The expected behaviour is

UO/UE~¢ x '3 and vy © x/3 . This surprising finding may possibly be
‘explained by the fact that the Reynolds number decreases in this A
flow. The assumption of high Reynolds number, which is inherent in the

similarity analysis, may thus be invalid. This explanation is
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supported by the finding that the observed varlatlon of U and yl
is identical to that expected in a laminar self similar round wake

(Schlichting 1960).

Turbulence measurements. Turbulence quantities were measured by

Everitt in the plane jet and by Curtet and Ricou and by Ortega in
the round jet. In all the cases, u% /U02 rose monotonically with x.
Everitt's energy balances show that the ratio of production to

dissipation of energy, P/e, decreases markedly as Uo/UE decreases.

5.6 Closure to the chapter

From the foregoing sections we may conclude that the mean
velocity can be measured quite accurately in free turbulent boundary
layers, except in some regions where the turbulence intensity is
very high. However, we may also conclude that the turbulent stresses
could, in general, be obtained with an accuracy no better than 20Z.
Although this is not surprising in view of the many possible error
sources (see g 5.3), it handicaps the development of advanced turbulence
models; for these models rely greatly on experimental turbulence
data. Hopefully, the development of new instruments, such as the

Laser-Doppler anemometer, will improve the situation.

Suggestions for future experiments. In spite of the great number of

existing data, some basic flow phenomena still lack a proper explanation;
and some flows have been rather neglected. The chapter therefore

closes with a few suggestions for future experimental work. The
influence of the apparatus layout and the intensity and scale of free
stream turbulence on the mixing layer should be studied systematically.
Another attempt should be made to establish a truly self-similar radial
jet} A systematic study should be carried out on the effect of the

body shape on plane and round wakes. Finally, the possible effects of
the Reynolds number on round wakes and round jets in a moving stream -

should be investigated.
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" CHAPTER 6

APPLICATION OF THE TWO—-EQUATION MODEL TO FREE

TURBULENT BOUNDARY LAYERS

6.1 Introduction

We have now available a turbulence model and a great many
of experimental target values for free turbulent boundary layers.
The present chapter will show how well the model reproduces these

target values.

To apply the model, we need a solution procedure aﬁd boundary
conditions. § 6.3 deals briefly with the solution procedure employed;
and -§ 6.4 specifies the boundary conditions. The empirical constants
of the model are determined by comparing predicted and measured results
for a few selected flows. This is discussed'in § 6.5. The constants
and functions are then used to predict all the flows introduced already
in the previous two chapters. The results are presented and discussed
in §'6.6, first for self-similar flows and then for non-similar
flows. Whenever possible, the results are compared with experiments
and with calculations of other prediction methods. The chapter closes

with an assessment of the universality of the two-equation model.

Three higher-level models are applied to free flows in the
following appendices: Daly and Harlow's (1970) five-equation model
in appendix J, a new five-equation model (uiuje) in appendix G, and

Hanjalié and Launder's (1972) three equation model (tke) in appendix H.

6.2 The equations to be solved

At this point, the reader may welcome a brief reminder of what

constitutes the prediction method applied in this chapter.

The method employs the momentum equation (2.13) together with
the turbulence model expressed by equations (3.13) to (3.15). The
normal-stress terms are neglected in the momentum equation. This
‘neglect may not be wholly justified in some flows: table 5.4 shows that,
in jets issuing into still air, the shear stress determined from the

momentum equation is about 107Z higher when the normal-stress terms
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are included than when they are not. In principle, the normal stresses

could be calculated with the algebraic stress model described in appendix I.

However, because of the many assumptions made already, the inclusion

of these stresses is not warranted.

" The turbulence model requires the equations for k(3.14) and
kL(3.15) to be solved in order to determine the eddy viscosity v,
from the Kolmogorov-Prandtl expression (3.13). Apart from the basic
version of the model, called model I, two simpler versions are
considered: model II uses ¢, = const instead of cy = f{fTE} , and

model III assumes that L is uniform over any cross section.

The equations to be solved are thus three in number: they are

for the three dependent variables U,.k, and kL.

6.3 Solution procedure.

The equations for U, k, and kL are solved simultaneously with
the implicit finite-difference method which Patankar and Spalding (1970)
have developed for boundary-layer equations. Since these equations
are parabolic in nature, the method integrates by marching forward
(i.e. downstream), starting at an initial cross section where the
profiles of U, k and kL must be specified. All the necessary
information about.the method is documented in the book of Patankar and

Spalding and need not be repeated here. f

The numerical accuracy of the solution was checked in the
following way. Some computations were repeated with various sizes of

the forward step and lateral grid interval, so as to verify that the

 solutions were unaffected by these quantities. A typical number of

lateral grid points used was 20, and a typical forward step was 0.05
of the layer width. The computing time for one of the predictions

presented in § 6.6 was typically 20 seconds on a CDC 6600 computer.

In some calculations, the solution tended to become unstable
when;cu was determined at each step from the function cy = f€P/e¥ given
in § 6.5. To stabilise the solution, ¢, was therefore re-calculated

H
t .
only every m h step. Various values of n were tested. As long as

-y
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n was kept small (of the order of 10), its value had no detectable
influence on the results because, in boundary layers, the turbulence

structure changes but slowly with x.

_ Otherwise, numerical instability occurred only when the forward
step was chosen excessively large, or when unrealistic diffusion
constants (o, , ORL) were employed. Some problems encountered in solwing

the equations of higher-level models are discussed in appendix G.

6.4 Boundary and initial conditions

a) Boundary conditions

The free boundary which separates the region of interest from
the free stream was defined in § 4.2. With one exception (see §6.6.2-2b),
all the flows predicted were assumed to carry no turbulence in the free

stream. Thus, the conditions at a free boundary were taken as

kL (= vt{EVCu) = Q.

For flows with a symmetry plane or line, this plane or line
was taken as a boundary in the predictions. At this boundary, the

derivatives of U, k, and kL with respect to y are zero.

Free stream turbulence. When UE (or UI) is finite, the free stream

may carry turbulence. The predictions using the above boundary conditions
can then be compared only with experiments in which the free stream
turbulence level was low. MoOst experimenters have striven to attain

this condition..
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Two typical laboratory flow situation in which the free

stream may carry turbulence are sketched below:

——w free stream

——efree stream

region of interest

 free boundary

e

\\\\‘]\ ARANRHARRRTRNERSY \\\\\\\\\]'\\\\ AN RN RN LR LIS A st

free boundary

second shear laver

wall wall boundary layer
. concentric nozzle

When the diffusion of k and kI across the free boundaries is
zero, the free stream turbulence is laterally homogeneous and decays
like grid generated turbulence. However, in experiments like those
sketched above, this decay law is seldom observed. This indicates that
turbulence quantities diffuse into the free stream from the free
shear layer on one side and from the wall boundary layer, or a second
free shear layer, on the other side. Since the diffusion fluxes
across the free boundaries are unknown, the present method can account
for this kind of free stream turbulence in a realistic way only when the
whole flow field (including the free stream) is solved for. Such a study
would fall beyond the scope of this work; so the influence &f free
stream turbulence was studied for ome case only, for which this

turbulence was assumed to decay as behind a grid (see § 6.6.2-2b).

b) Initial conditions

Self-similar flows. TFor self-similar flows, arbitrary initial profiles

for U, k, and kL were chosen. The forward-marching integration was
.then carried out until the profiles had reached similarity. This

similarity solution is independent of the initial profiles.
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Non-similar flows. The downstream development of most

non-similar flows is influenced by the initial conditions. These
conditions must either be known from experiments, or they must be
guessed. For some flows, measured initial profiles of U, k, and uv
were available. The initial length-scale distribution was calculated
from these data via (equation 3.13)

uv

<, VK3u/ay )

*
The initial value of ¢, had to be estimated . This was done with
the aid of fig. 3.1, which gives experimental values of ¢y for most

of the basic flows.

The initial conditions for the individual flows will be given

in the sections where these flows are discussed.

6.5 Determination of the constants and functions
a) Choice of cy

It is the product ¢y which is important in the present
model, and not the values of cy and ) themselves. This can be seen

from equation (3.5). For a given CHCRS the choice of <y merely.
determines the absolute magnitude of the length scale L. Since L as
defined by equation (3.12) cannot as yet be measured, the absolute
magnitude of L is not of interest here. Without loss of generality,
we may thus put ¢, equal to unity in model II, and in model I we may
construct the function c, = f€P/ey in such a way that cu = 1 where

P/e = 1. This practice influences the values of <y and Cge

b) Range of the constants/functions

SSZFD from turbulence behind grids. In appendix G, the equations

for k and kL** are applied to homogeneous turbulence behind a grid.

* The initial value of ¢y © uI? is quoted in the relevant figures.

Actually, the equation for € is used; but the two equations are
equivalent in this case.



101

In this flow case, cS/cD is ‘the only constant appearing in the model.
Comparison with experiments reveals that cS/cD should fall within-
the range 0.5 to 0.8.

[ and ¢, = f€P/ey from experiments. Fig. 3.1, which was discussed

already in § 3.3, shows ¢ Cp as determined directly from experiments.

The figure includes self-similar boundary layers both near to and
remote from walls, and nearly homogeneous shear flow. The figure indicates

that, with cy =1 at P/e =1, c is about 0.09. The figure indicates also

how the function Cu = f€P/€) must run: it must represent the mean curve

to the experimental data for flow regions not too close to symmetry lines.

c) Computer optimisation

~ The preceding section gives constraints for some of the constants
and for the cu—function. The exact values of the constants, and
the final form of the function, were determined in such.a way that
bredictions performed with the model give best agreement with experiments

for some selected flows. This procedure is called optimisation.

.Choice of flows. The optimisation of the constants cpe Cpe Cg»
O and O, and of the cu-function was carried out for the self-similar
flows listed in table 6.1l. Self-similar flows were chosen for the

following reasons:

(i) they constitute the limiting cases for most boundary layers,
(ii) they facilitate the comparison of predictions with experiments
because the profile shapes and spreading parameters are

independent of x, )
(ii1) they facilitate consistency checks on the experimental data
(see § 5).

The constants and functions of model I were optimized for free
.flows only. 1In cooperation with Ng(1l971), the constants of model II
were optimized also for wall flows. The constants of model III were

taken from model I.
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Table 6.1 Flows used to optimise Cys Cps Cgo

, and c11 = f€P/e¥

% kL
Model model I model II (cu = 1)
FLOW cu = £{p/ey present | Rodi & Spalding
plane mixing layer Y Y Y
plane jet Y v v
radial jet v Y /
plane wake v
pl. shear—free layer Y
*
Ng's (1971) wall flows Y

For model I only, the constants Cp1® Sp2° Cg1’ Cgo» and q
appearing in (3.16) and (3.17) were adjusted to give good agreement

for round jets in both stagnant and moving surroundings.

Optimisation procedure. A great many calculations were carried out

in which the constants and the cu-function were varied systematically.
The influences of the constants and the function on the predicted rates
of spread and on the profiles of U, k, uv, and L were theréby studied.
The constants Cys Cpe and Cq have a st;ong influence on the rate of
spread and on the level of k and uv, while a variation of oy and ©

kL
mainly changes the shape of the profiles of U, k, uv, and L. The

*
These flows were: flat plate boundary layer, flow in a pipe of uniform
circular cross section, flow between wide parallel plates, plane wall
jet in stagnant surroundings.

3
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effect of a 57 change of the constants on the rate of spread is shown
in table 6.2.

Table 6.2 Influence of a 5% increase of the individual

constants on the rates of spread (% variatiom).

Constant
“p s °B % | %
Spreading parameter
plane mixing layer, d(y.l_y.g) + 2.5 -7.1 | +20.0}| + .1 | +.7
dx
plane jet, dy,/dx + 2.5 -7.3 | +13.2| + .2 | + .4
2
- radial jet, dy%/dx + 2.5 -7.3 | +13.2| +.3 |+ .4
UE dy, )
plane wake, E—-EEL + 2.5 -9.7 | +14.7| + .3 0
o :

As was to be expected, no set of constants together with a
single c,-function produces exact agreement in respect of all the
main experimental data. Since a compromise was therefore necessary,
the optimum constants and the function were finally chosen in such a
way that the agreement improves with the degree of reliability of the
target quantity. The rate of spread has therefore priority, the shape
of the velocity profile comes second, and the largest discrepancies were

tolerated for the profiles of k and w.

d) The best~fit constants/function

The optimized constants are shown in table 6.3 for the three
versions of the present model. The constants employed by Rodi and
Spalding (1970) are also listed.
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Table 6.3 Best-fit constants.

Constant,
appears cy ch gy cg O Oy, CrL
, 2 (3.13) | (3.14) | (3.15) | (3.15) | (3.14) | (3.15) | (A.15)
Model }

Rodi & 1 09 1 057 1 3 | -7
Spaldi_ng R . o’ - . . . .
Model I | £€P/er | .09 .95 .054 1. 1. ////
Model II 1. .09 .98 .058 1. 1. yd

Model III | £€P7¢) | .09 .95 .054 1. P

Round jet constants for model I (equations 3.16 and 3.17)

Dy D2 S1 s2| gq

14.6 | 229. | 4.05 | 136. | 0.2 |

The best—fit function €.%p ={{P/e} is shown in fig. 6.1. It can be

calculated from equation (3.25) when o and w are taken as

w= 2.8 . ror T » 1
a = .55
w=2.8+.525 {sin [@7Tc - ] - 1) .

' ' for P/e =1
o= .55+ .213 {sin [(572'_ %D “] _ 1} or P/e

These expressions for o and w were introduced for analytical convenience
only; they are not appropriate for use in the pressure-strain term

»of the model of appendix G.
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Fig. 6.1 also shows the function cucy = f€P/e¥y which
—_ *
results from Bradshaw et al's (1967) model with uv/k = .3 = const.
This function is very similar to the present one, however it approaches

infinity as P/e approaches zero while the present one remains finite.

From fig. 6.1 we sece that the selected function represents the
experimental data fairly well for flow regions away from symmetry lines

or planes. Also, the values chosen for ¢  and cS/cD agree with the

D
constraints given in b).

The final predictions of the flows for which the constants

and the cu-function were optimised are presented and discussed in § 6.6.

e) Shear-free regions.

The reader is reminded here that shear-free layers which occur
in the far field of flows behind self-propelled bodies, require special
treatment (see § 3.5b). TFor these flows, v, as calcﬁlated at the
centre-line or plane is taken for the whole cross section. This practice
is equivalent to taking the local value of v, but allowing the ¢'s

to vary so that vt/a = (\)t/cr)(L = const.

Experiments have shown that at the edges of shear layers with
an adjacent finite free-stream velocity there also exists a shear-free
region. As is illustrated below, this means that k spreads out faster
than does momentum (and E;). Experiments indicate also that vt does
not fall to zero at these edges. Thus, and in accordance with the
above practice for shear-free layers, we keep Ve constant in these
regions. The details of this treatment are given in the following

sketch.

% p—
The function is c cp = (uv/k)2_ .09
¥ P/e /e .
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shear-free
region

o] b% taken
‘/’//,i ‘)t
= |

z-
|

Y -

I Ot from Jt = cp\}k'L

The above definition of the free-stream region is somewhat
arbitrary; it was taken here for the purpose of demonstration. The
practice of keeping v, constant in this region mainly serves to
improve the energy balance at the edge; it has little effect on the
main region of the flow, in particular it does not influence the predicted

rate of spread.

6.6 Presentation and discussion of results

All the components of the present prediction method have now
been intfoduced, In what follows, we examine how well the method works.
To-this end, we compare predictions obtained with the best-fit constants/
functions with experimental data and with célculations‘of other methods.
The experimental data most suitable for this comparison were selected

already in chapter 5.

The principal turbulence model of this investigation is model I;
this mddel was therefore applied to the widest range of flows. The
model versions II and III were applied mainly to self-similar flows.
When the type of model is not denoﬁed specifically, the results were

‘obtained with model I.
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The results for self-similar flows will be presented and

discussed first, and the results for non-similar flows second.

6.6.1 Self-similar flows

The self-similar flows considered here are sketched in fig. 4.2
(p. 60). The main features of these flows were discussed already in
chapter 4; so we can concentrate here on the present method's performance

in predicting these features.

6.6.1-1 Rate of spread

The spreading parameter S is defined for the various self-
“similar flows in table 6.4. This parameter is independent of x.

The relevant symbols are defined in fig. 4.2.

Table 6.4 Definition of the spreading parameters

FLOW mixing exactly self-| small- shear-
layer similar jets deficit free

and wakes wakes layers

g=| 40,77, Q) dya &idyl Ug dy,
dx dx U0 dx {E; dx

The predictions of S are compared with measured values in
table 6.5 and in figs.6.2 and 6.3. Table 6.5 lists the results
for most of the flows considered; and it includes predictions with a
variety of models. Figures 6.2 and 6.3 show respectively the influence
of the velocity ratio UI/UE on the rate of spread of mixing layers, and
of Uo/UE on the rate of spread of exactly self-similar jets and wakes.
The experimental scatter of the mixing layer data in fig. 6.2 is
considerable. As was discussed in § 5.5.2, the lower envelope of the
data is likely to represent the experiments with the lowest free-
stream turbulence. In the predictions, the free stream was assumed to
:carry no turbulence; so it is this lower envelope that should be compared

with the predicted curve.
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Table 6.5 Spreading parameter S

Comparison of predictions and experiments

mix. |mixe plane
FLOW layer |layer |plane|radial|round| plane [ shear
U U jet jet jet wake ~free
MOdE]. _—E. —_ —E = = =i = [~
T 0 3 .6 UE 0 UE UE constf layer
1 I
Rodi & Spalding .16 .108; .114
Model I .152 1.0325 | .114] .13 .087| .09 .75
Model II .159 {.0338 | .106| .11 .07 . 246
& .
o Model III .124 |.0294 | .105| .127 .093
o . :
?
& odel 1, L=.125y | .114] .0557 .0687
Tke ~ model .156 . .114 .069
uiuje - model .156 {.0359 | .114 .119] .069
EXPERIMENTS .16 .033 .11 .11 . 086 . 098 .75
References for Liepm.| Spen— | New—|Heske~|Pres—~| Town- |Town~
experiments & cer man stad ent send send
Laufer| 1970 1967 1966 |[study] 1956 1956
1947

Model I predicts reasonably well the spreading of all self-similar
flows included in table 6.5 and figs.6.2 and 6.3.. Table 6.5 shows that,
for flows with strong strain (jets, mixing layers), the predictions are
not quite as good as those of model II. This may be ascribed to the
fact that the constants of model II were optimised only for flows with
strong strain, while the constants of model I were optimised to give
agreement also for flows with weak strain (see table 6.1). Moreover,
the function cu = f{P/e}, which is used in model I but not in model II,
may not be truly universal for all flows. However, the introduction

"of this function is beneficial for the wake predictions; and it appears
to be a necessity for flows with negligible turbulence production (e.g.shear-

free layers).
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Model II predicts well the spreading of flows with strong strain. In
these flows, the overall production and dissipation of turbulence
energy are similar in magnitude (P/e =1). The spreading parameter

of the pléne wake is underpredicted by 307, and model II is not

applicable to flows with negligible turbulence production.

Model III, which assumes that L is uniform. over any cross-section,
performs very similarly to model I. This was expected already in

§ 3.6b. The mixing layer is the only case in which the lateral
distribution of L seems to play a significant role; for in this case
the rate of spread is underpredicted by 227. Indeed, the profiles

of L predicted with model I (see fig. 6.14) show that among all self-

similar flows the mixing layer has the strongest lateral variation of L.

One—-equation model. Table 6.5 lists a few predictions obtained with

a one~equation model. This model is a degenerate form of model I: the
length scale L was not determined from an equation but was assumed to
* be a constant proportion of y,. The proportionality factor was so
chosen as to give the same S ;or the plane jet as does model I (S = .114).
Table 6.5 shows that this model gives poor predictions for the radial
jet and for the plane wake. From this finding we may conclude that

the employment of a length-scale equation is essential for a universal

model.

Higher level models. The three-equation model (fke) and the five-

equation model (;;ﬁgk) discussed respectively in appendices H and G
predict well the spreading of the mixing layer and the plane jet. Both
models underpredict the parameter S for the plane wake by about 307Z.
Also, the five-equation model does not predict correctly the rate of
spread for the round jet when the same constants are used as for the

plane jet.

6.6.1-2 Profiles of U, k, uv, and turbulence energy balance

. For the self-similar flows sketched in fig. 4.2, predicted and,
where available, measured profiles of U, k, and E;, as well as energy
balances are presented in figs. 6.4 to 6.13. With the exception of

fig., 6.7, all the predictions shown were obtained with model I. The
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profile shapes predicted by model III are somewhat different, particularly
near the flow edges, because, in this model, L was assumed to be

uniform over any cross section. This difference can be recognized, for
the example of the plane jet, by comparing figs. 6.6 and 6.7. 1In

view of the experimental uncertainties, the difference may be considered
insignificant. Because the difference is of similar magnitude for the
other flows, the profiles predicted with model III are not presented

for these flows.

Velocity profiles. Not much need be said about the mean velocity profiles

because they agree for all cases within.the experimental accuracy with

the measurements.

The profiles of k and uv, and the k-balance will now be discussed
separately for each flow. The measured uv-profiles are included for
comparison only when they were found to be consistent with the mean

velocity measurements (for consistency checks see § 5).

a) Plane mixing layer (fig. 6.4 for Ug - 0, fig. 6.5 for UE/UI = .6)

Profiles of k and uv. The overall agreement of the profiles of k and

Uv may be considered fairly good for both the mixing layer with one
stream at rest (Ug =0) and for the layer with UE/UI = ,6. However,

near the inner edge (Wherg U= UI) of the former layer, the agreement

is rather poor. There, the experimental free stream turbulence energy
was kI/UI2 ~3,5x 10 * , while k; was taken as zero in the predictions.
This difference in the boundary conditions may explain the lack of
agreement at the inner edge; for the agreement is much betfer in the
case of the layer with UE/UI = ,6; and in that case the experimental
kI/U12 was much lower (= 10:5).

The k-balances are in fairly good agreement, considering the difficulties

in measuring the dissipation accurately. In a preliminary study, Rodi
and Spalding (1970) predicted an unrealistically abrupt drop to zero of
convection and diffusion at the inner edge. That study employed

‘everywhere the local value of v_. ‘The present practice described in

t
§ 6.5e, namely to keep vt/o constant near edges with finite free-stream

velocity, removes this defect.
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Figs. 6.4 and 6.5 show that the convection of k is negative
throughout mixing layers, a result inferred already from the integral
energy equation in § 4.4. As a consequence, P/ e is larger than unity

in mixing layers. The value obtained is P/e = 1.3.

By comparing fig. 6.4 with fig.6.5 we find that the profiles
of k/Uo2 and E—\?/Uo2 ,» and the energy balance are affected little by
a change of UE/UIJfrom O to 0.6. Predictions and experiments agree

in this respect.

b) Plane jet with UE = 0 (figs. 6.6.and 6.7)

For the plane jet issuing into stagnant surroundings (UE = 0),
predictions are presented of both model I (fig. 6.6) and model III
(fig. 6.7). In view of the experimental uncertainties near the edge

of the jet, the agreement may be considered good for all the predictions.

Model III, which assumes that L is iﬁuyariant with y, gives
somewhat better agreement near the edge than does model I. This indicates
that a value of 1, smaller than unity would be more appropriate for
the plane jet because it would lead to a more uniform distribution of L.

However, such a value would worsen some of the other results.

The plane jet has a characteristic minimum of k at the centre.
This minimum is caused by the absence of shear~stress production and

by the relatively low convection at the centre.

The overall ratio of production to dissipation is about 1 in

the plane jet.

c) Plane jet with Uo!Uﬁ= 0.59 = const (fig.6€.8)

The only experimental data available to the writer, the shear

stress data, agree well with the predictions.

The minimum of k at the centre is even more pronounced.in this
case. The reason is that the convection at the centre relative to the
maximum production is considerably lower than in the above jet with

U = 0.
E
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“d) Radial jet (fig. 6.9)

We have learnt in § 5.5.3c that Heskestad's (1966) turbulence
measurements, the only ones reported for the radial jet, did not

attain similarity. Hence, they are not suitable for a comparison with

~ the predictions.

In § 4.4 we have seen that the shear stress in the radial jet
.should be about twice that in the plane jet. The predictions confirm
this. Since the eddy viscosity (= quﬁL) must also be twice as high,
we expect that k should also be larger. The predictions confirm this

expectation.

The energy balances of radial and plane jeﬁ are markedly
different in the centre portion. The convection is relatively large
in the radial jet, which is explained by the factor 2 on the L.H.S. of
equafion (4.45). As a consequence, the k-profile has no minimum at

the centre.

e) Round jet (fig. 6.10)-

The profiles of k and uv agree fairly well; and so do the
convection and production terms in the energy balance. There is,
however, no agreement about the diffusion and dissipation terms. Since
these terms cannot be measured accurately, it is difficult to say

which values are closer to the truth.

As in the case of the radial jet, the convection of k is
relatively large in the centre portion (note the factor 2 on the L.H.S.
of equation (4.44)). For this reason, the k- profile has no minimum in

the round jet either.

£) Plane wake (fig. 6.11)

It was argued in § 5.5.5a that the measured k-values are .
probably too low for the plane wake. With this remark in mind, we may
consider the overall agreement of the k- and uv- profiles és satisfactory.
At the edge, the predicted k- values approach zero more rapidly than
do the measured ones. As in the case of the mixing layer,.this

discrepancy may be due to the presence of free stream turbulence in

the experiments.



113

It is noteworthy that the levels of k/UO2 and GV/Ug are about
twice as high as in the plane jet (fig. 6.6). Also, the k- profile
has only a slight minimum at the centre because the convection is

relatively large in the wake.

As was explained in § 5.5.a, Townsend's (1956) energy balance
cannot be included for a quantitative comparison. However, the
qualitative agreement is good. The ratio of overall production to

dissipation of k is about 0.8 in the wake.

g) Round wake behind a sphere (fig. 6.12a, b)

~

Similarity behaviour. From the review of experimental data (§ 5) we

know that the state of approximate self-similarity of a round wake
depends on the geometry of the wake-generating body. However, our usual
pracfice of predicting self-similar flows, namely to integrate until the

. profile shapes cease to change, can lead to one similarity solution
only. A different practice was therefore adopted to calculate the
round wake behind a sphere. The integration was started at x/D = 50

- from measured profiles. The experimental wake was already self-similar
at that station. So, if the measurements were exact, a perfect model
would predict S and ki/Uoz to remain constant as the integration proceeds
downstream. Fig. 6.12a shows that the predictions with model I adjust
to a state of approximate self-similarity which is only slightly different
from the experimental one. This state can be seen to depend on the
initial value of cu. The predictions agree therefore with the experimental
finding that, for the round wake, different states of approximate
self-similarity can exist which depend on the initial conditions. The
adjective "approximate" is essential here: the predicted values of S
and kQ/Uo2 can be seeg to rise slowly over the range of x/D considered
in fig. 6.12a, but this variation is well within the experimental

accuracy.

When the integration is carried out very far downstream, a state
of similarity is reached eventually which is independent of the initial
conditions. However, because the local Reynolds number decays in a

round wake, such a state cannot be realised experimentally.

Fig. 6.12a also displays predictions with model II. They show the
correct behaviour of S for x/D < 100, but a sharp rise in kq:/Uo2 which
is in contrast to the experimental observation. Thus, we may conclude,

model II cannot maintain the measured state of similarity and is
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therefore not applicable to round wakes.

The failure of model II in this case is easy to explain: the

predictions with model I show that ¢, ® 5 is required to maintain

i H
similarity; however, model.. II uses cu = 1, This example brings to

light the impdrtance of the function cu = f{P/ & ; for it is this
function which provides the required high value of cu (see fig. 6.1, with

P/e = .17 for this flow).

Profiles at x/D = 100. 1In fig. 6.12 b, we compare predicted (model I)

and measured profiles of U, k, and uv and energy balances at x/D = 100.
All the results can be seen to agree fairly well. The existence of

a slight experimental minimum of k at the centre is somewhat surprising
in view of the large convection. This large convection, a small
production (P/e = .17), and a very high relative kinetic energy(ktlUO2 ~1)

are characteristic features of the round wake.

h) Plane shear-free layer (fig. 6.13)

The use of constant ¢'s gives poor-predictions of the k- profile.
When the ¢'s are varied so thatvt/c is constant across the layer (seez

§ 6.5e), the agreement can be seen to be excellent.

The convection term of the energy balance agrees also well;
the agreement of the dissipation and diffusion terms is only fair. Owing
to the difficulties in measuring these terms accurately, it is hard

to say which values are closer to the truth.

6.6.1-3 L, - Profiles

The predicted L~ profiles are shown for some of the flows in
fig. 6.14. These profiles camnot as yet be compared quantitatively
with experiments; for, to determine L as defined by equation (3.12),
the two-point correlations of all three fluctuating velocities have to
be measured for the whole flow field; and no-one has yet reported such
measurements. However, from some correlation measurements of mainly
the u- component, we ﬁay conclude that the predicted L- profiles

" ‘are qualitatively plausible:

For the mixing layer and the jets, L rises from the inner edge,

or the centre-line, to the outer boundary where its gradient with :
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respect to y is zero. Experimental integral scales show the same
behaviour. They were determined from two-point correlation measurements
for the mixing layer by Wygnanski and Fiedler (1970), for the plane

jet by Tailland et al (1967), and for the round jet by Wygnanski and
Fiedler (1969).

In the case of the wake, L decreases from the centre-line to
the outer boundary. Townsend's (1956) integral scale for the u-
fluctuations shows the same behaviour. The outer part of a wall
boundary layer shares many features with a wake. In this context it is
interesting to note that the length scales which Bradshaw et al (1967)
and Glushko (1965) employed in their one-equation models fall to

zero at the free-stream edge of wall boundary layers.

Because Rodi and Spalding (1970) employed a diffusion constant

of Ot

are more uniform than the present ones. For lack of quantitative

= 0.3 instead of the present value of 1, their L - profiles

experimental information, we cannot at present say which profiles are

more realistic.

6.6.1-4 Concluding remarks on the self-similar flows predictions

In the preceding sections, we have looked at predictions of
all the self-similar flows sketched in fig. 4.2. With the exception of
the round Qake, these predictions were independent of the initial
conditions :from which the integration was started. We have found that
model I predicts reasonably well the main features of all the self-similar
flows considered. Model II, which uses ¢, = const, and the existing
three-and five- equation models predict well only the flows with strong
strain, excluding the round jet. The greater universality of model I
(for boundary layers) is thought to be due mainly to the introduction

of the function cu = f€P/e>. ‘

. Some of the self-similar flows were used to optimise the
constants and functions:of the model. For these flows, the agreement
is perhaps not so surprising. The application to non-similar flows,

which is the subject of the next. section, will be a, more stringent test.

&

6.6.2 Non-similar flows

The non-similar flows considered here were characterised briefly

in §4.5. Most of these flows are influenced by the conditions of flow
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generation; so, in most cases, we can no longer use arbitrary initial
conditions for our predictions. The initial conditions employed will

be degcribed for each flow in the relevant subsection.

6.6.2-1 Jets issuing into a moving stream

In this section, we consider only the far field of non-similar
jets, that is the regions termed 'strong jef"and "transition strong jet -
weak jet" in fig. 4.3 (p.65). 1In the latter region, the strain rate
falls from relatively large to very small values. This region is

therefore an important test case for turbulence.
]

Apart from a possible shift in the virtual origin, the
development of the far jet depends only on the momentum thickness cf
of the jet and not on the exact flow conditions at the nozzle (see § § 4.5
and 5.5.6). In particular, the ratio of free-stream to exit velocity,
UE/UN’ has no direct influence. In this case, the integration could
therefore be started from arbitrary initial conditions at the nozzle
exit. Calculations were carried out for various ratios UE/UN. When

plotted versus x/0, all the results did indeed coincide.

Plane jet. In fig. 6.15, the quantities (UE/UO)Z, y%/e, kQ/UOZ,

and L /y£ as predic;ed with model I are plotted versus x/0. For
(UE/UO)Z, predictions with model II, the tke~ model (appendix H) and
the uiuje - model (appendix G) are aifo included. The predictions are
compared vith measurements of (UE/UO) and y%/Q. Calculations obtained
with various integral methods are shown in fig. 6.16 (details on the

integral methods are given in appendix K).

The predictions with model I'agree well with Bradbury and
Riley's (1967) data. The agreement with Everitt's (1971) more
comprehensive data is satisfactory only for x/0 < 60. The considerable
discrepancy at higher values of x/0 is hard to explain; for the spreading
paramefer S at extremely high values of x/0, where the flow is self-similar,
is predicted only 87 low (see wake entry, table 6.5). Iniview of the
lack of experimental consensus at the higher values of x/0, the performance

®

of model I may be considered reasonable.

%
0 is defined by equation (4.18).
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Model II, the tke - model, and to a lesser degree the uuu.:l €=
model give too low predictions for the higher values of x/6 The
better performance of model I may be attributed to the use of the
function cﬁ = f{P/e); for this function causes c, to rise with x,
that is with decreasing strain rate. The development of cu is also

shown in fig. 6.15.

By comparing fig. 6.15 with fig. 6.16 we may conclude that

model I gives better predictions than any of the integral methods.

Round jet. The analogous results for the round jet are shown in figs.6.17
(model I) and 6.18 (integral methods). Model I gives good agreement
because the data of fig. 6.17 were used to adjust the constant q in the
functions (3.16) and (3.17). At high values of x/0, the experimental
data‘are doubtful; and the local Reyﬁolds number may have fallen to

a value low enough to invalidate the high-Reynolds-number assumption
inherent in the present model. Discrepancies were therefore tolerated

at high values of x/0.

Figs. 6.17 and 6.18 reveal that none of the integral methods

predicts this flow as well as does model I.

Finélly, it is interesting to note that kd‘_/UO2 rises much more

strongly with x/0 in the round jet than in the plane jet.

The development of L. Figs. 6.15 and 6.17 show that L /y, increases
2

as we move from regions with strong strain (x/00) to regions with

wegk strain (large x/0).

This draws attention to:the importance of the length-scale
equation; for models which do not solve a length-scale equation assume

that L/y, is constant.
2

6.6.2-2 The near field of jets

The near field comprises the potential-core region and the
region of the transition from mixing layer to jet. These regions
.are defined in fig. 4.3 (p.65 ). In the near field, the flow conditions

at the nozzle exit such as the velocity ratio UE/UN, the lip boundary
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layers, and the core turbulence, exert an influence on the flow

development.

a) Idealised initial conditions

The experimental data available for the near field are shown
in fig. 6.19 for plane jets and in fig. 6.23 for round jets.
Unfortunately, the profiles necessary to start the integration at the
exit were not measured in any of these experiments. So, if we want to
predict these flows, we have to guess the initial conditions. The
following idealized conditions were employed:.the velocity profiles
were taken as unifgrm at the exit, and the streams were assumed to carry
no turbulence. The calculations were started from estimated distributions
of U, k, and L in a very thin mixing layer at the edge of the nozzle

*
lip.

Plane jet. Fig. 6.19 compares the predicted velocity decay and jet
growth for various velocity ratios UE/UN with experimental data.

Fig. 6.22 compares results for the development of k along the centre of
the jet. Both figures reveal that the predicted transition from mixing
layer to jet is too gradual. The disagréement worsens with increasing
UE/UN' As we will see shortly, this disagreement may be due to the

choice of unrealistic initial conditions.

Round jet. The velocity decay and the growth of round jets are shown
in fig. 6.23 for the ratios UE/UN = 0, .25, and 0.46. The growth is
predicted well for all velocity ratios, but the velocity decay only for
the two lower ones. Again the disagreement may stem from the choice of

unrealistic initial conditions.

b) Influence of initial conditions

In figs. 6.19 and 6.22, results are shown of a plane jet

calculation which was started at x/D = 2 from profiles measured by

In the predictions, a self-similar mixing layer evolved; so the
initial distributions of U, k, and L in the very thin layer had
no influence on the downstream results.
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Sunyach and Mathieu (1969). The agreement is mow fairly good; in
particular the centre-line kinetic energy starts to rise much earlier
than in the predictions discussed above. This is due mainly to the
presence of a small but finite amount of k in the potential core at

x/D = 2.

Fig. 6.26{a)shows how the initial conditions influence the
predictions of a round jet issuing into still air. The range which
Wille (1963) measured for various experimental initial conditions is also
included. Wille's upper limit represents experiments using a strongly
convergent nozzle which nearly produced the idealised conditions of a)
at the exit. The ;redictions starting from these conditions coincide
approximately with this upper experimental limit. Those starting from
Bradshaw et al's (1964) data at x/D = 2 are only slightly lower. This
indicates that, in these experiments, the 1ip boundary layer was thin
and the core turbulence intensity was low. When the flow at the nozzle
exit is taken as developed pipe flow (Laufer 1954), the predictions
coincide with the lower limit of Wille's range. Wille obtained these

~lowest data points in a jet emerging from a long pipe.

Fig. 6.26 (b)shows the influence of core turbulence on the jet

development. For the predictions, the turbulence was assumed to be
generated upstream of the exit by a grid of mesh size M. As in a),
calculations were started from a very thin mixing layer at the lip edge.
The values of k and kL at the inner boundary of the mixing layer are now
finite; they are governed by the equations for k and kL appropriate

for homogeneous grid tufbulence (see § G.4). With the initial energy,

kN’ and the mesh size M specified, the initial length scale was determined
as shown in appendix F. Calculations were carried out for two values of
the parameters kN/UNz.and M/D respectively. Fig. 6.26(b)shows that

both parameters have a strong influence on the jet development. We

note that the potential core is shortened drastically by the presence

of core turbulence. The experimental data of Vagt (1970) are also
included in fig. 6.26(b), Unfortunately, we cannot use these data for

a quantitative comparison because Vagt has measured only the intensity but
not the scale of his core turbulence. However, we find that the

rqualitative agreement is good.
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We may conclude from the above discussion that the present
turbulence model is capable of predicting the influence of various
initial conditions on the jet development. The strongest influence
was found to be due to core turbulence. By interpretation of their

measurements, Flora and Goldschmidt (1969) arrived at the same conclusion.

We have examined the influence of the initial conditions only
for the case UE = 0. An even stronger influence may be expected as
UE/UN increases; so the above lack of agreement for predictions starting

from idealised conditions does not discredit the present model.

c) Compar,ison with other methods.

Integral methods. Predictions of the near field with the integral

methods reviewed in appendix K are presented for plane jets, in figs. 6.20
and 6.21, and for round jets in figs. 6.24 and 6.25. The éame flow
cases are considered as in a). A comparison with figs. 6.19 and 6.23
reveals that, when the exact initial conditions are not given, Bradbury's
(1967) and Naudascher's (1967) simple methods predict the near field

" better than does the present method. However, these simple methods

can in no way account for the influence of core turbulence.

Zero— and one— equation models. Fig. 6.27 compares the present

predictions for a round jet in still air with predictions using the
mixing length hypothesis, Prandtl's (1942) constant-eddy-viscosity model
(vt = C Uo §), and the one—equation model of Harsha (1971)*. The latter
predictions were all carried out by Harsha. For information on the
constants used, the reader is referred to Harsha's report. All the
predictions shown in fig. 6.27 were started from Bradshaw et al's (1964)
measured profiles at /D = 2. The experimental ranges given by Wille
(1963)and Harsha are also included in fig. 6.27. When we accept Wille's
range for the near field, the present model appears to give the best
agreement with experiments. Also, it is the only model which predicts
correctly the velocity decay in the far jet. This, it must be repeated

for fairness, was accomplished by introducing the empirical functions (3.16)

and (3.17).

+

* Harsha employs the k- equation, assumes that uv = - a, k 3U/ay/ |au/ay],
and near symmetry lines uv = - a1 k BU/By/IBU/ByImaX, where aj

is a constant.
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6.6.2-3 Plane wake behind a flat plane

We now turn to the prediction of wakes. In this section we
consider a wake generated by a flat plate. The wake development was
predicted with model I, starting from Chevray and Kovasznay's (1969)

measured profiles at the trailing edge.

Fig. 6.28 compares the predicted velocity along the centre-line
with measurements. The predictions of Harsha with the various models
introduced already in the preceding section are also presented. Model I
gives the best agreement; Harsha's one—equation model is very close.

The zero-equation models predict the wrong asymptotic behaviour.

Fig. 6.29 compares predicted and measured velocity profiles
at various stations in the wake. The agreement may be considered as

very. good.

6.6.2-4 Plane wake in a pressure gradient

’

Fig. 6.30 compares predictions of the development of a plane
wake in a pressure gradient with measurements of Gartshore (1967). The
integration was started at x/D = 66 using the measured velocity profile.
The profiles of k and uv at the initial station were estimated by
reference to turbulence measurements at downstream stations. The
variation of the free-stream velocity Up with x was prescribed by the

experiments.

Fig. 6.30 shows good agreement of predictions and experiments.
The mean flow is found to be nearly self-similar in the range covered

by Gartshore's measurements, but the turbulence field is not.

6.6.2-5 Concluding remarks on the non-similar flows predictions.

The non-similar jets and wakes discussed above include three
transition regions in which the flow character changes significantly,
and which are therefore important test cases for turbulence models.

These regions are: ’

*Chevray and Kovasznay did not measure the component wZ2; this component
was estimated by reference to Klebanoff's (1955) measurementsrin:the
boundary layer of a flat plate.
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(i) transition strong jet - weak jet (6.6.2-1),
(ii) transition quasi-plane mixing layer—axisymmetric jet (6.6.2-2),
(iii) transition wall boundary layer-free boundary layer (wake

-behind a flat plate, 6.6.2-3).

The comparisons with experiments have shown that, in all three cases,
model I is capable of predicting the observed changes of the flow

character.

Apart from the far field of jets in a moving stream, all the
non-similar flows studied depended on the initial conditions. For
all cases for which-measured initial profiles were available, the
agreement was shown to be satisfactory. In‘particular, ﬁodel I proved
to be capable of predicting the influence of various initial conditions
on the flow development, such as khe influence of .1ip boundary layers

and of core turbulence.

6.7 Universality of the constants and functions

The constants and functions employed to obtain the foregoing
results were the same for all flows considered. The quality of the
agreement achieved reflects therefore the degree of universality of

the constants and functions.

Model II (cy = const ). The constants of model II were adjusted to

give agreement for the majority of both free and wall boundary layers
with strong strain. In these flows, the overall production and
dissipation of k are of similar magnitude (P/e = 1). The present results
for free flows, together with those of Ng (1971) for wall flows,

indicate that the constants can be considered universal for these flows

when the round jet is excluded.

For flows with weak strain, and in particular when the production
of k is very small, a constant cy is not suitable. We know from § 3.3
that the use of c, = const implies that convection and diffusion of

uv are negligible, the ratio v2/k is constant, and the parameters w and

.o in the pressure strain simulation (G. 2-7 are constant. So it

appears that these assumptions hold true approximately only in flows with

strong strain.
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Model T (c,, = £ €P/c ¥ The empirical function

cu = £ {?72'} was introduced to account for the_Eﬁfect of convection
and diffusion of uv, and for the variationm of. v2/ k, ®and a .

It could hardly be expected that a single function would account for
all these effects in all free boundary layers. However, the function
chosen, together with the constants, is universal enough to give fairly
good predictions for nearly all the flows considered. The round jet

is an exception. To obtain agreement also for this case, empirical
correction functions had to be introduced. The functions (3.16) and

(3.17) proved to work well.

With these functions included, model I can be considered

reasonably universal for free boundary layers.

The round-jet problem. It was clear already from fig. 6.1 that

the function chosen for c, would hoti%uitable for the round jet. Because
this function can be derived semi-empirically by simplifying the shear-
stress equation (see § 3.7), examination of measured shear-stress
balances may help to explain the behaviour of €y We consider herc the
shear-stress balances for the plane jet (fig. 3.3), the round jet

(fig. 3.4) and for developed pipe flow (fig. 3.6). 1In these balanczs,
the pressure-strain term was determined from data of U, k, uv, and ¢

via the simulation (G.2-7 ) using o= .4 and w= 2.5 as determined from
one-dimensional flows (§ G.4). For the plane jet and the flow in a pipe,
the pressure-strain term so obtained balances quite well the other

terms, for the round jet it does not. This indicates that the pressure-—
strain term behaves differently in the round jet than it does in other
flows, which may be the basic reason for the need to use correction
functions for this flow, The writer cannot offer an explanstion for
this behaviour of the pressure-strain term. Also, there is no evidence
that any of the other pressure-strain simulations proposed.can predict

this behaviour.

Because of the apparent lack of universality of existing pressure-~
strain simulations, the round-jet problem cannot at present be resolved
by employing the shear-stress equation. Predictions with the five-
equation model of appendix G confirm this: when the round jet is
calculated with the constants suitable for the plane jet and the mixing
=1ayer, the rate of spread is predicted 357 too high. Thus, it seems,
the only way out at present is to use empirical correction functioms for

the round jet.
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Concluding remarks. The prediction method employing model I could

- '3 3 *
certainly be refined further by including the normal-stress terms

and by replacing the constants Cq and g by functions of characteristic
parameters such as P/e . However, the present state of experimental
knowledge does not warrant this further complication; and it is well
for us to remember that no model short of the time-dependent

Navier—-Stokes equations can be truly universal.

*
with the aid of the algebraic stress model described in appendix I.
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CHAPTER 7

CLOSURE

7.1 Conclusions

The main conclusions that can be drawn from the present

study are as follows:

a) Prediction methods

Assessment of relative merits

(i) For sufficient universality, models employing two or
more equations for turbulence quantities were found to be necessary

(5 3.2).

(ii) For free turbulent boundary layers, existing models
involving more than two equations were shown to be inferior in

accuracy, and less economical, than two—equation models (§ 3.2).

Performance of the principal two—equation model (I) and its variants

(IT and III)

(iii) The two—-equation model I developed in § 3 has the

following main features:

° The shear stress is determined from the eddy viscosity formula,

with v, = CU{EL.

. The kinetic energy, k, and the length scale, L, of the turbulence
.are obtained from differential transport equations for k

and kL.

cy is calculated from an empirically-determined function of
P/e, where P/e is the ratio of the overall production to

dissipation of k at each cross section.

(iv) The present prediction method incorporating model I

‘was found to perform as follows (§ 6):

o

. The method predicts the main features of a large variety of

free turbulent boundary layers with a single set of constants



126

and functions. For both mean flow and turbulence quantities,

the agreement is in general within the experimental accuracy.

. The ability of the method to pfedict flows with both strong

and weak strain is due to the use of the function cu = f€P/ e).

e The predictions of most non-similar flows depended on the
choice of the initial profiles of U, k, and v (5 6.6.2).

Sometimes, a realistic choice is difficult to make; but

it is one of the merits of the method that it can predict the

influence of the upstream conditions.

° The present predictions compare favourably with those of other
methods.

° . The present method exhibits greater universality than other
methods. A

) In common with all other models, some of the constants of

model I must be adjusted for the round jet.

e In shear-free layers, the ¢'s need to be varied such that

vt/O is constant across the layer.-

(v) Two simpler variants of model I were described in § 3.6.

They were found to perform adequately for more restricted circumstances
(5 6.6):

L] Model II, which assumes y to be a constant, is suitable for
flows with strong strain (where P/e = 1). This model, with
an additional near-wall term in the kL-equation, was

successfully applied also to many wall boundary layers (Ng 1971).

e Model III, which assumes L to be uniform over any cross section,

performs equally well as model I in symmetrical flows.

(vi) The necessity to adjust the constants for the round jet
was attributed to the differeﬁt behaviour of the pressure-strain term
in this flow (§ 6.7). None of the existing pressure—strain simulations
can predict this behaviour. Thus, the currently-available stress-
‘equation models also require adjustment of the constants to procure

agreement for the round jet.
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To extend the universality of model I to the round jet,
the constants CD and cg were replaced by empirical functions of the

parameter r/L (§ 3.5a).

More complex models

(vii) In appendix G, a model employing equations for all the
Reynolds stresses and for the diséipation rate was developed and applied
to a number of one-dimensionsal flows and to a few free boundary
layers. The constants involved were found not to be universal: the
constants suitable for the plane jet and the plane mixing layer yielded
rates of spread which were 307 too low for the plane wake and 357 too

high for the round jet.

(viii) The stress equations in the above model were simplified
in appendix I to yield algebraic expressions for the Reynolds stresses.
These expressions, together with equations for the kinetic energy and
the scale o6f turbulence, form an "algebraic stress model" which may be
used as a first approximation to a full stress—equation model. The
model was found to predict reasonably well the distribution of v2/k in

a few free boundary layers (fig. I.1).
(ix) The weakest component of both the stress—equation and

the algebraic—stress model emerged to be the pressure-strain simulation.

The currently—available simulations all lack universality.

b) Flow phenomena

(1) Chapter 5 has shown that the existence of similarity
has been verified experimentally for nearly all potentially self-similar
flows. The similarity analysis of § 4.4 revealed that, for round wakes
and shear-free layers in zero pressure gradient, the similarity region
is limited because the local Reynolds number (Uoﬁlv) decreases with x.
For the other flows, the Reynolds number is constant or increases with
X. For these latter flows, the state of self-similarity was found to be

independent of the exact conditions of flow generation.

The decay laws, and the similarity forms of the differential
and integral momentum and energy equations were given in § 4.4 for all

known self-similar free boundary layers.
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(ii) The examination of round-wake experiments in § 5.5.4b
has révealed that, for this flow, various states of approximate self-
similarity exist which depend on the shape of the wake-generating
body. Round wakes behind blunt bodies spread much faster than wakes

behind- slender bodies.

(iii) The principle of "jet forgetfulness" was confirmed by the
experiments reviewed in § 5.5.6: the far development of jets in a
moving stream is independent of the exact flow conditions at the mnozzle,
except for a possible shift in the virtual origin; the only quantity

which influences strongly the development is the momentum excess.

(iv) When the excess velocity is small compared with the
free stream velocity, plane jets decay in the wake-like manner predicted
by the similarity analysis. No tendency for such behaviour could be
detected in round jets; rather these were found to follow the decay
laws for self-similar laminar wakes when the excess velocity is
relatively small. This behaviour was attributed to the axial decay of

the local Reynolds number (§ 5.5.6).

(v) The experiments reviewed in § 5.5.2 indicate that for
mixing layers the effect of turbulence in one or both of the free
streams is to increase significantly the rate of spread. The initial
region of jets is effected correspondingly: experiments have shown
(fig. 6.26b) that the potential core length can be reduced considerably

by the presence of turbulence in the core.

c) Accuracy of measurements

(i) It was found in § 5 that the mean velocity can be measured
reliably except in regions with very high turbulence intensity. For most
flows, the agreement of various experimenters about this quantity was
found to be fairly good. The mixing .layer is an exception because it
appears to be very sensitive to the experimenfal lay-out and to free

stream turbulence.

(ii) The review of experimemtal data has shown that turbulent

shear and normal stresses could not, in general, be measured with an
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"accuracy better than 20%. Accordingly, the agreement of various
experimenters was found to be rather poor. The measured dissipation
had to be multiplied by factors ranging from 2 to 4 to obtain a

reasonable energy balance.

(iii) It was argued in § 5.3 that, in view of the many possible
sources of error in hot-wire anemometry, a valid judgement on the quality
of the measurements can be based on consistency checks only. One of
the most important checks is the comparison of uv as measured directly

and as determined from U via the momentum equation.

For each class of flows considered, an attempt was made in

§ 5,5 to identify the most reliable data.

d) Experimental study

In appendix L, a new technique of analysing hot-wire signals
in highly turbulent flows was developed and tested in the self-similar
region of a round jet. The new technique involves less restrictive
assumptions than the conventional techniques. It was argued that the
round-jet data obtained with this technique are more accurate than

previous ones on the basis that they are more consistent.

7.2 Suggestions for future research

7.2.1 Theoretical work

The present model I has been shown to predict satisfactorily
a large variety of free turbulent boundary layers. Further refinement
of this model seems not opportune at present because of the lack of more
accurate and more défa%ledvexperimental information. However, there

still remain some questions that require an answer.

a) The round~jet problem

Agreement for the round jet could be achieved only by
introducing correction functions for this flow. Although this practice
will probably meet the engineer's needs, it is unsatisfactory from a
scientific point of view. The search for a model should therefore be

continued which explains the different behaviour of the round jet.
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Perhaps, future advances in simulating the pressure-strain term will

bring the answer.

b) Eﬁl-function for wall flows

Model I has so far been tested for free boundary layers only.
Although fig. 6.1 indicates that the chosen ¢ —function is suitable
also for wall boundary layers, its exact performance in these flows

is not known and should be studied.

c) General turbulence models

The ultimate goal of turbulence research is a turbulence model
for general flows. The present study, and the companion study of Ng(1971),
were restricted to flows with ggé direction of significant mean
velocity. The next logical step seems to be the development of models
for flows with at least two directions of significant mean velocity,

such as two-dimensional re~circulating flows and swirling jets.

Shortcomings of scalar viscosity two—equation models. Already, two-

equation models employing a scalar eddy viscosity and z constant cy

have been applied to various flows of the type quoted above (e.g. Roberts
1972, Mathews 1972, Date 1972). The success was only partial, which

may be ascribed to the following shortcomings of these models: (i) the
assumption of a scalar eddy viscosity seems not to be generally valid

and (ii) the present study has shown that c is by no means a universal

constant.

It should be mentioned here that the present practice, namely
to make cy a function of a cross—sectional parameter, appears to be;

unsuitable for re-circulating flows.

Development of stress—equation models. To cope with more complex

flows, it seems therefore necessary to employ-stress—equation'models or,
for preliminary studies, algebraic stress models. The present study

has shown that the existing models of this type are not yet satisfactory,
‘mainly because the pressure-strain simulations employed lack universality.

So, the progress in developing general turbulence models is linked
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strongly with the improvement of_ﬁhe pressure—-strain simulation; and
great efforts should be taken to ‘find a more universal simulation.
Perhaps, as a first step, the constants in the existing simulations

should be replaced by functions of characteristic turbulence parameters.

d) Study of heat and mass transfer

The present investigation was concerned solely with the
hydrodynamics of uniform-density flows. Engineers, however, would like
to be able to predict also heat- and mass-transfer processes, and
flows with variable density, such as flames and supersonic jets
and wakes. The prediction method described in this thesis should therefore

be extended to cope with these problems.

Suggestions for the extension of the method. To account for heat- and

mass—-transfer phenomena, the solution of the transport equations

for total enthalpy and species concentration is required. It seems
eénsistent with the use of a two—equation model to relate the turbulent
diffusion fluxes appearing in the exact forms of these equations to the

respective gradients of the diffused quantity; thus

t 9é

GQW ’

AV
Turbulent diffusion flux of ¢ = v¢ = —

where ¢ stands for either enthalpy or concentration and O is the

turbulent Prandtl or Schmidt number.

When the density is non-uniform, the equations of the present
model contain additional correlations involving the fluctuating
density. As a first approximation, one may neglect these correlations
(Morkovin's 1964 hypothesis) and simply use the local mean density, as

calculated from the equation of state, where it appears in the equations.

Some predictions have already been carried out with a method
as outlined above (Launder et al 1972).* The majority of the results
were encouraging, but for some flows the agreement with experiments was
poor, especially for the case of the supersonic mixing layer. Future
research should therefore give special attention to the effect of variable-

density.

* The turbulence model used was similar to model I, but it employed an
equation for e instead of the klL-equation.
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7.2.2 Experimental work

Improvement of measuring techniques. The review of experiments, § 35,

has pointed to the need for more accurate data on the turbulent stresses;
and it has shown that such data are very difficult to obtain with hot-
wireé anemometers, particularly when the turbulence intensity is high.

New techniques should therefore be developed which are more suitable

for measurements in highly turbulent flows. The Laser-Doppler

anemometer has great potential in this respect (Durst 1972); so, when
this instrument will be more fully developed, it should be used to

repeat some of the basic measurements which were found doubtful in § 5.

Pressure-strain measurements. Another problem is the direct measurement

of the pressure-strain term. Data on this term would aid greatly the
development of a more universal pressure-strain simulation, which is
necessary to construct a general stress-equation model. Such data may
also help to resolve the round-jet problem. So far, correlations
involving the fluctuating pressure could be measured reliably only in
the atmospheric boundary”layer (Elliott 1970). Methods should be
de#eloped which allow these correlations to be measured also in

laboratory flows.

Future experiments. Suggestions for future experiments on free

turbulent boundary layers have been made already in § 5.6. One further.
suggestion remains to be added: in order to remove the uncertainties
about the choice of initial conditions for predictions, future
experimenters should always measure and report the distributions of
boéh mean and turbulence quantities at the upstream boundaries of

their flows.
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NOMENCLATURE

Meaning

Equation of
“first occurence

body force per unit length
constants

width/diameter of jet nozzle or wake-
generating body.

Energy spectrum
dimensionless kinetic energy ( = k/Uoz)
total body force

dimensionless longitudinal velocity,
(= (U-Up/u)

correction funetion
dimensionless lateral velocity (= V/UO)
dimensionless shear stress ( = GGVUOZ)

éxponent ( = 0 for plane flow,

=1 for
axisymmetric flow)
kinetic energy of turbulence ( = %-uiui)

anisotropy parameter
length scale of turbulence
mixing length

excess momentum flux,

mesh size of grid

wave number

mean pressure,

total production of k

fluctuating pressure

production of uiuj

two—point velocity correlation

(uZ - ;7-5) /U§3

constant

(4.1)

(A.2)
(4.4)

(4.3)

(4. 4)
. (3.16)
(4.4)
(4. 4)

(2.12)

(2.8)

(3.3)
(3.2)
(4.2)

(A.2)
(2.6)
2.8)
(2.4)
(2.7)

fig. A.1
(4.4)

(3.16)
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symbols
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Reynolds number
radius

spreading parameter

transfer of emergy in wave number

space
time
mean welocity components

fluctuating velocity
components

mean velocity components
velocity excess/deficit

fluctuating velocity
components

-/

general cartesian coordinates

coordinates for boundary layers

constant in pressure-strain
simulation

diffusion constant
characteristic flow width

Kronecker-delta (=1 for i=j,
= 0 for i#j)

rate of dissipation
dimensionless distance (= y/§)
momentum thickness

kinematic viscosity

fluid density

Prandtl/Schmidt number,

spreading parameter

for general

flows

‘for boundary
layers

{3.16)

table 6.4

(A.16)
(2.2)
(2.5)

(2.4)

(2.9, 2.10)

fig.4.1

(2.13)
T .1

(2.9, 2.10)

(G.2-6)

(G.2-3)

(G.2-2)
(3.11)
(4.4)
(4.18)
(2.2)
(2.2)
(3.10)

table 5.2



Subscripts

max

min’
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shear stress
pressure-strain term , (G.2-4)

constant in pressure—strain simulation (G.2-5)

external, outer stream
internal, inner stream
maximum

minimum

nozzle

turbulent

I

where velocity excess/deficit is.1, half, .9 of
the maximum velocity excess/deficit

value at centre-line
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"~ Appendix A

Derivation of the equation for kL

A.l Introduction

The purpose of this appendix is to derive the equation for

kL which is employed in the turbulence models of §3.

In 1951, Rotta derived an equation for kL from the spectral
energy balance. Recently, Rotta (1969, 1971) rederived this equation
in a refined form by integrating the equation for the two-point velocity
correlafion Qi,i' The latter approach was also taken by Wolfshtein
(1970), and it will be adopted in this appendix because it shows more
clearly the assump tions which lead to the final form of the equation.
However, the kL-equation as derived from the spectral energy balance
is suited better for the study of Reynolds number effects; so, to
jwtify the neglect of certain terms, this form of the equation will

be considered in §A.5.

A2 Definitions

The two—-point correlations Q. S. .

+, S, , and K. are defined
is] i,jk i,p
in fig. A.1l:
\
*2
. . . = U. u.
uj ,B Ql:.] 1,A73,B
->
r B
A S S =T
oA S & i,jk ~ “i,A"j,B"k,B
=+ /
A /
e ' . —
s % I\i,p = ui,ApB
S
!
Xy ) For Q; , the summation convention
H

applies

-5
components of x

"

>
rk components of r

"'Fig.A.1 The two—point correlations
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Geometrical relations:

i

% T *k,A

e T *%,B T Tk,Ac

(A.1)

The three-dimensional energy spectrum, E, is defined in such a way

that

k = }u.u, = ome{n)dn ,

where n 1s the wave number.

The length scale L is defined here by

or, what is equivalent, by

oKL = 412 [Tdn |
(o] n
_ av
2kL = (fQ; ;77 ’

where r is the length of the vector T and V is the whole domain

of interest.

A.3

The exact equation for kL

The starting point of the derivation is Hinze's (1959)

equation for Qi i (Hinze, p.256):
2

aQi,i an,l . an,l
ot jsAl o9x. |A j.Bt 9x B
an aU
+Q, [—| +0q, .|—
J,1 1,]
axj A BxJ B
8S. .. as.. oK _ . BKl
O [ % 5 R I 75 IR P8 B »P
ij B ox A Bxi A Bxl B
32Q, .. 32q, .
-\ l’l + 1,1 _O .

(A.2)

(A.3)

(A.4)

(A.5)
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In order to differentiate between the effect of the distance between
the points A and B and the effect ¢ their location in the flow field,
the relations (A.l) are introduced. The differential operators then

read:

3 _ 3 _ 3
ox dx.  or ’
j/A 3
(A.6)
__a__) —E
oX. or, o
3/B |
. *
With (A.6) , equat.(A.5) transforms to
3Q. . 3. . 3.
—2 oy, A 1.t , . . +q. .
ot 328 ok, ax, [0 100
- -~ J _YJ J\ J v J
rate of
change convection production
with time
8, . U, 30,
e IOV I Qij[“’“l‘ N
b b ?
or. ij B ij A
(A.7)
—2— 5. .. - 8., . + '—3— K. - K .
+ o iy Tiid U e 9 T 8+
1 ) 1
— J
transfer of energy between eddies of different
sizes
2 2 2
5 qoi 870y 4 T s
—S.. . o == -y 2 - Dy - =0
+ 3%, ji,1 9x 2 9r, or. 9x.r.
ij 173 313
Iy . — S ~ vy
diffusion dissipation

®
(A.6) cannot be applied to the mean velocity, U,, as was done by
Wolfshtein (1970). ’
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When the points A and B are brbught together, the transfer term is
zero and (A.7) reduces to the kinetic energy equation (2.8) multiplied
by 2. To obtain an equation for kL, we divide (A.7) by r? and
\subsequently integ rate it over the whole domain of interest, V.

Introduction of (A.4) then yields:

ovu.
okL okL il dv
— 4+ U= + —==[Q. . g
ot UJBXj ij ZJ(QJ,l * Ql,J £2
\__.v___.)L g 7 V ~— )
.Tate of . .
change convection production
with time
8Q; ; - av i au; | lav
+§j 211y, - U, )7+%JQ.. (——— - =] |=
jarj ( j,B JSAl T J71,) ij B ij N r
v I v II
+§J3(sii.—s.ii]ﬂ+4—a—(x. —Kiéy-
‘ arj s3] J1, 2 ari 1,p P, r2
v I1I v Iv
T, = term originating from inter - eddy energy transfer
2
+%_a_J 111\1 %BJKiQY_VBkL
ax.d - Itaty2 ox, 3 Pot p2 ax.2
Iy 1V 3
. ~ i ¥
Diffusion
' 32Q. . dav 3 3Q, . dv
L[ ),
dr.dr. r? ox, J or., r2
o v J 1] J v )
Dissipation

This is the exact equation for kL.

A4 © Simplifying assumptions

The following two key assumptions are made:
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%%

(1) All macro scales  are proportional to one another
(ii) The two point double velocity correlations Q, 3 are
2
symmetrical:
.. (rrxr,r)=Q . (-r ,-r ,-r) .
Qg5 (roor o)) =Q 5 (7 7r ), 7Hy (A.9)

(A.9) holds true exactly in homogeneous turbulence., Experiments show
that (A.9) is a good approximation also in most non~homogeneous flows.
Only when the turbulence is s trongly non—homogeneous, for example

very close to walls, (A.9) appears to be inapplicable.

a) Production term.

In analogy to (A.4), a "production" length scale Lij can be

defined by

%
N dv
2u,u, L .. = . .+ Q. L)—
ugug Loy J‘(QJ,l Ql,J)rz . (A.10)
v
. Lij is a macro scale; so it can be related to L by
=c L (A.11)

where €. is a constant which may be different for different indices

B
i and j.
b) Dissipation term. ‘
The second dissipation term is negligible because (A.9)
implies that Ja%,i & - o At high Reynolds numbers, the
y’ 9r: r

factor v reduces the importance of this term even further. The first
dissipation term is also negl igible at high Reynolds numbers because then

Qi,i is significant only at very small values of r.

9r.or:
The negledt Of this term will be justified further in §A.5.

AY

c) Term TL

The term TL originating from the inter—eddy energy transfer

* 3 . L3 .
Here the summation convention does not apply.
%% For definition of "macro scales" see footnote on p. 4l.
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consists of four parts (I to IV) which are defined in equat.(A.8).

Term I. Expansion of (Uj B Uj A) by Taylor series and retention
2 ?

of first order terms only yields:

Q. . dv . . '
5. Q1,1 (U. B~ Ui A) — = ] i,ir -7,
2| 3r. ’ g2 zaxk or.
J J
v

In boundary layers, the term involving the dominant velocity gradient

aUl/sz, reads

ol 3qQ. . dv
1 1
23X2 f

With the symmetry assumption (A.9), the integral is zero; so term I

can be neglected, at least in boundary layers.

Term II  Again, by Taylor series expansion, term II can be expressed

as

_ U, 3, | Jdv

ifq, ,[(__i - (__i —

1,] axj B axj A rz

v
= oSy, \ dv
= %jg:.%, =  aTp T eeeTy i
R TEE N SEP T IS Bl e B s B
s=1 "1 2 S

When the symmetry assumption (A.9) holds, only even values
of s contribute to the series. For boundary layers, the first term

in the series there fore reads:

: 1 I 9
Term 1T 2 - Q r5 —
4 9x.3 ; 1,2 72 2 (A.12)
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-

Rotta introduced an additional length scale to express the integral

in (A.12) in terms of U U, and obtained

A%y
%3 ’ CAf13)

Term II = c3 L3

feid

where cg is a constant.

He states that the retention of this term is necessary to make the

kL - equation, with fixed constants, applicable to flows both near

to and remote from walls., The free flows considered here exhibit only
mild inhomogeneity of the mean flow; so term II may be considered
negligible compared with the production term. Ng (1971) did not
employ (A.13) directly but he had to incorporate an additional term
near walls which 1s close in form to (A.13)in the constant shear

. % s e s . .
regilon . This 1ndicates that term II seems to be important near walls,

Term IV, Hinze (1959) showed that, for homogeneous turbulence,

there féllews from the continuity equation:

Hence term IV will be heglected.

Term II1I is the dominant part of Tpe While the other parts are

exactly zero in homogeneous turbulence, term III balances the rate

of change term when the Reynolds number is high. This will be shown
in 8A.5 Term III is a destruction term whose magnitude is closely
related to the rate of dissipation, €. The introduction of a length

scale LD representative .-for this destruction mechanism then leads to:

3/ 3/, *
Jgr (51,15 7 551,18 QZL=_LDE=_LDCD1E =T gk :
a J 1,13 Ji, r L . (A-l4)
Ng s additional term reads: const ( =)k 3/2 . In the constant shear

layer near walls (A.13) becomes: cotist (L)2 k3/2

fWolfshteln (1970) wrongly neglected term III but put the dissipation

term equal to the R.H.S. of (A. 14).
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cq is assumed to be a constant at high Reynolds numbers. This,

again, implies proportionality of all macro scales.

d) Diffusion term.

2
At high Reynolds numbers, the viscous diffusion, v %;E%-,
3

can be neglected. The following gradient - type approximation

suggested by Rotta (1951, 1971) is used for the turbulent diffusion:

2 (g v . 2 fe av 2 NELoga 2k )
9X. ji,i _2 9%, pP,1_2 9X. | O© 9%, kL 9x.
Iy T 1y r k| kL h|

Nl

L]

where and Cc are constants.
kL KL

e) The modelled equation.

Incorporation into (A.8) of all the above assumptions yields

the final equation for kL:

au.
BL oy KL 3 VKL g8k )] oo d L 3/
ot jox. X, o, . |9x. kL 9% B 1] "ox. S
k] h kL 3 ] j .
rate 0? con- diffusion production destruction
change with e
- vection
time
(A.15)
A5 The spectral kL - equation

" When the spectral energy equation is divided by the wave
number n, the spectral kL - equation results, which upon integration from
n=0 ton =»ylelds also the kL -~ equation. For homogenecus

isotropic turbulence, the spectral kL - equation reads .

1dE _ T _

5 4t = : Py 2ynE . (A.16)
rate of term originating dissipation
change from inter—eddy

energy transfer
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E is the three-dimensional energy spectrum defined by (A.2), and T

is the transfer spectrum which satisfiesO[wTdn = 0. The spectral

KL - balance (A.16) as determined from Uberoi's (1963) measurements

in grid - generated turbulence is shown in fig. A.2. | It is
evident from this figure that the dissipation term is negligible
compared with the other terms. This is a consequence of the fact that,
at high Reynolds nuﬁbers; the energy is contained in eddies large
relative to the eddies responsible for the dissipation. Thus, dividing
the spectral energy balance by n weights the terms which are
concentrated at low wave numbers heavily against the dissipation.

When the Reynolds number is increased further, this effect becomes even
more pronounced. Hence, term III in equation (A.8), which is equal

to Z %'dn, is an important one at high Reynolds numbers, while the

dissipation term is indeed negligible.

.6 -

5

d 1

v .4 1 (rate of change)

n dt

—/ rd

m L ]

[72]

~
<

&
(4N w—

= \ | //\i

= \ //// ~2vnE (dissipation)

-2 \ / :
n \ ’\1 .
0 / — T (inter-eddy energy transfer)
Lo\ n
3'—.4 \
V/
v
| 1 | 1 1 | | !
25 50 75 100 125 150 . 175 200
. . n [ft—l]

Fig. A.2 Spectral distribution of the terms in the

kL-equation (from Uberoi's 1963 measurements)
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Appendix B

.Conditions for the existence of self-similarity

Self-similarity, as defined in §4.4.1, can exist only for
those flows for which the momentum and energy equations can be written
in self-similar form. To find the conditions under which this is
possible, the relations (4.4) are introduced into the momentum equation
(2.13) and into the turbulence energy equation (2.14)#. The analysis
is valid for general free boundary layers with the exception of the

radial jet, which is considered separately in appendix D.

Lateral Velocity. First, (4.4) is inserted into the continuity equation

(2.12). Subsequent integration yields the dimensionless lateral

velocity g:

1
§ du :
) ’ . daéil. ]
o n
o

where g, is the value of g at n = 0. TFor the mixing layer, g, ig finite;

but when n = 0 is a symmetry line or plane, g, is zero.

Momentum equation. With (B.1) and (4.4), the momentum equation (2.13)

becomes:

]

(8]

U.ds 1 § dU af & du as) rdf/dne . 4
S e s e e £nldn
: x] U dx ax :

0 8] n

o]

jn] = -[-l. é-(ﬂjh)} . (B.2)

*Both equation (2.13) and (2.14) involve the assumptions that the
boundary layer approximations are valid and that the viscous diffusion
terms are negligible (high Reynolds number). Also, the diffusion term
in (2.14) will be assumed to have the modelled form shown in (3.14).
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For symmetrical flows, this equation was given by Newman (1967).

The terms in the square brackets are functions of n only, and the terms
in the curly brackets are functions of x only. There is no curly
bracket in the term on the right hand side. Thus, self-similarity is
possible only when all the curly-bracket terms are constant. This is

the case when

%g = const, . (B.3)
UE :
T~ = const, (B.4)
)
[ dI]0
) T dx - conmst. (B.5)
0

Turbulence energy equation. Insertion of (B.1) and (4.4) into the

energy equation (2.14) yields:

U dU_ (8 du Up 48 1 8 du) . de
2—-2—6——— [e]+2-——-—-—— [ef]- ———-—-+-—-—-—————-—[n—]
U dx U, dx U, dx  j+1 U, dx dn

8 du d&Yr1 de 7 . de
- [....__ G D -_——“—T_— Ifann] +[-——-gO]

N < J
U0 dx dxjt n’ dn 5

1 d ., de df § du
[l )
n dn oy, dn dn U, dx

_ iffg}[;f] +{ff“anf]-[é] : (3.6)

U dx dx
O .
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Again, self-similarity can exist only when all the curlberacket terms
are independent of x. No conditioms other than (B.3) to(B.5) are

necessary to procure this.

Approximate self-similarity when IUE/UO]$>> 1. When IUE/UOI » 1,

all terms in the curly brackets of (B.2) and (B.6) which do not contain

U, can be neglected. The momentum equation (B.2) then reduces to

n’ dn

§ d 1 1 d . df 1 d .
i—;_— ——-(UEUO>} [£]- {—-— —— — (UEaJ*l)} [rr~—] - —[—J-—-(nJh)] . (B.7)
o}

T ;[Li(njg_tiﬁ)]—[hif-}—{i j‘-11133-][<1]—['é']. (B.8)

U d8
TR const;, ' ' (B.9)
)
UEG dUO
—=~ - = const, (B.10)
UOZ dx :
8 dUE
7 dx = const. . _ (B.11)
o ’ ‘

These are the conditions for approximate self-similarity for flows with

Vg

U
]

’

>> 1.

Equations (B.7) to (B.1ll) were first given by Gartshore and
Newman (1969).
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Appendix C

The variation of U0 and 8 in self-similar flows

Exactly self-similar flows. & grows linearly and UE/Uo is constant.
(equations B.3 and B.4). With (4.4) and UE/Uo = const, the integral

momentum equation (4.1) yields

dUo _ j+1 dé
T & T T s, €D
o
vhere _ UE/Uo + IR
I= , (C.2)
3/2UE/Uo + I
nE
and J 2 .
£54
! £+ @) g,
I - . (c.3)
. E .
fann
0
Since d&/dx = const, the solution of (C.1l) is
m
Uo e« (x + xo) :
Sl
where m > T ’ (.4

and X is the hypothetical origin of the flow.

Approximately self-similar flows at IUE/U0| >> 1. Introdué¢tion of (4.4)
into the integral momentum equation, and retention of terms with Ug only
yields:

d . . odv_] "B

. i+l J+1 _E Jio

[dx (UOUEG ) + UOG = fn'dn =0 .. (C.5)
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For shear flows, the square bracket must be zero. We therefore get

§ du sU_. dU U ds
.2 - E 4 123 S j+r1) =—=0 . (C.6)
U dx U “ dx p dx
0 o} o}

Combination of (B.9) to (B.11l) and (C.6) yieids

U = (x + xo)m‘ , (€.7)
m(j-1) - (j+1)

U o« x+x) I

°. ° (C.8)
1 - 3m

5o )T (€. 9)

where m may be prescribed. These relations were given by Gartshore
and Newman (1969).

For shear-free layers, the momentum equation provides no
information. The integral turbulence energy equation ( 4.58 ) reveals

that the variation of ko and 6§ depends on the distrubution of e, q,

n
and €.
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Appendix D

The self~similar plane mixing layer

Fig. D.1l sketches the flow situation and explains the symbols

employed. The inner boundary I and the outer boundary E are drawn where
—
— ; K —~
. y U - *
E - T]""T]"T]I
— —
el 3 -—
—* — =
boundary E N yI/6
—
e // :
/ i
— . — BN x
—
- e — v U
_ . boundary I =~
——
—— e \\
v VIT -
\ —
- " U
- o
— - b

the velocity U starts to deviate significantly from U

respectively.

Fig. D.1 The plane mixing layer

I

and UE

The choice of what is a "significant" deviation is

arbitrary, but the equations to follow remain valid when the boundaries

are moved further out into the free streams.

The third boundary condition. In contrast to the other self-similar

flows shown in fig. 4.2, the mixing layer has no symmetry plane or

line where the lateral velocity is known to be zero.

This causes

mathematical problems because there is no third boundary condition

apparent for the velocities.

The two obvious boundary conditions are:

U = UI for y. < Yy and U = UE for y > Vg As will be -shown in the next
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section, there exists an infinite number of solutions of the momentum
equation in the U - n*- plane when no third boundaty condition is
employed. The difference between the solutions is equivalent to a

shift of the velocity profile as a whole in the n* direction. The third
boundary condition is therefore necessary to determine the actual location
of the mixing layer in space. Most workers in the field have avoided

this question by fixing n* = 0 at the position where U = %(UE + UI).

The correct third boundary condition was derived by Ting (1959), and
independently by Yen (1960),from the balance of the momentum in the

¥ - direction. It reads

UVp + Uy =0 . (0.1)

" Strictly' speaking, this boundary condition is valid only when the two
streams extend to infinity. The presence of walls or symmetry lines
in the free streams has an influence on the third boundary condition

and thus on the flow.

The momentum equation. Equat. (4.4) is used to transform the momentum

equation (2.13) and the continuity equation (2.12) into similarity form.
For convenience, the dimensionless coordinate n is now defined as (see

fig. D.1)

(D.2)

*
where 1 =y7/6 and ny = yIfé .
With (0.2 ) and (4.4), the'continuity equation (2.12) yields, after

integration from n = O0'to 0 :
ds : n .
g8 =8 tax {nl(f - 1) + nf - I fdn.}, (D.3)
o

where gy is the value of g at the inner boundary (n = 0).

With (D.3) and (4.4), the momentum equation transforms to:

%
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n

dh  (ds U df  ds dq
rrie .a;[-lj—;(n+nl)+nl+den} -~g1 d—n+a-}—{(n+n1)a-ﬁ_ (D.4)
)

The shear stress, h, is zero at both the inner and the outer boundary.
Therefore, integration of (D.4) from n = 0 to n =Ty gives the following

relation for gI:

ds U, Uy [ E E g
o nI('IT— + 1) +U—J fdn + I £f7°dn + J qdn . (D.5)
(o]

0 0 0’

With 81 from (D.5), the momentum equation (D.4) becomes:

dn  as (U U, (B "E nE "  dq

Eﬁzﬂ{ﬁ—o—, —ﬁ—;J fdn—] fdn—J qd”+de"+(”+”1)&'ﬁ} ]
. 0 o ) ®.6)

This is the equation presented in table 4.2. When the normal stress

terms are neglected, the solutions f£{ny and h€ny which satisfy the equation are

independent of Ny Thus, the location of the profiles of f and h is

not fixed in space, i.e. there is an infinite number of solutions

when expressed as functions of the independent variable n* = y/§ =n + nye

To find the location of the profiles amounts to determining nge

This can only be done by means of the third boundary condition. With

A= UE/UI and equats, (D.1), (D.3), and (D.5), there results:

= - 9 fdn + f2dn +

(o]

qdn ) . (D.7)

1-22 22 g g g
g [ j
[0} [0}

1+ A2  1-a

Turbulence energy equation. When equats. (4.4), (D.2), (D.3), and (D.5)

are substituted in (2.14), the turbulence energy equation results as

presented in table 4.5.
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ABBendix E

The self-similar radial jet-

. The radial jet pictured in fig. E.1 is an axisymmetric flow
which is also symmetrical about the plane y = O. In contrast to the
other axisymmetric flows shown in fig. 4.2, the radial jet does not

have the axis of rotational symmetry within the flow region of interest.

annular control

s // volume
Y
G H :
‘1-\\ ] annul ar _’L.f
S~ ) -
l ~ - nozzle - I
~ | -
'_—_1’__3?ﬂ’

| =7 axis of T ] T~ |

— ~ -~
i plane -

—] symmetry l i I
x x, . %, %
—axls of
.rotaticnal symmetry
Fig. E.1 The radial jet
The basic equations for axisymmetric flows are taken from Rodi(1970):
Momentum equation. (boundary layer form)
— — -, 3.3
3U U _ _3uv _ 13 [ 2 _ .2 ] V.~ w
U =t v 5y - 5y = x(u ve) X . (E.1)
Continulty equation.
W S LU _
oy Pax v x T 0 (E.2)
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Turbulence energy equation.

+ V

o;Tw
b by

oy T oy oy 9x

2l

=_B__(_\ﬁ_§_li)_'{;\;_3_g_ (uz_vﬁ) _@H__,_' (vz- Wz) -:%- e, (E.3)

The normal streés terms with 632 - ;2) will be neglected because

(;7 - ;?) is, in general, considerably smaller than (u? - v2),

Momentum balance. When V is eliminated from (E.1) by means of (E.2),

and when (E.1l) is then integrated from y = 0 to y = g and from

X = X, to x,the following momentum balance is obtained:

G G
M=x J (U2 + :2 -‘;2) dylx =% J (U2 + :2 - ;Q)dy|x = const. (E.4).

1
0 0
Similarity equationsl Substitution of the similarity relations (4.4) }
in (F.2) yields '
§ du_ § 48 [" ds
g:—(—U—;———dx +§+E§)) fdn'*"a‘;{' nf . (E.5)
o}

With (4.4) and {E.5), the momentum equation (E.1) becomes:

8 dau )t , § du & ds)[df (" § du 8
T & [f]' T, & "3 E a'and“]‘f T *ss}[q]

0
C(as )T dq dh : ' |
Bk [fﬁ‘n]“[ﬁ‘ﬁ] : (E.6)

Self-similarity is possible only when all the curly-bracket terms are

constant. This is the case when

.8 dUo dg
ﬁ;'a§— ,‘Eg , and-; are constant.

Therefore Eé =
dx

¥io,

= const. (E.7)



165

Integration of (E.6) from y =0 to n=ng yields the integral momentum

equation

§ AU & dsy\ (g
o 2
(2_1?}__.&;_+._.+._._)J (f +q)dn=0 .

o X dx (E.8)
)
The integral in (E.8) is not zero. Therefore we get, with (E.7):
du dé
U dx dx ) )

From (E.2) and (E.9) we learn that § increases limearly with x and

U wvaries as U« x 7, —
0 o _ :

Insertion of (E.7) and (E.9) in (E.6) gives the momentum equation presented
in table 4.2. The turbulence energy equation given in table 4.5

is obtained by substituting (4.4), (E.5), (E.7) and (E.9) in (E.3).
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AEgendix F

Determination of the initial value of L

in free stream turbulence

The turbulence behaves like turbulence behind a grid:,

k X xo)_n
— = Bf= -2 (F.1)
o2 MM/,
L X X 1
%= clmw) . wn

B, c, X s and n are constants which depend somewhat on the grid geometry.
x is the distance from the grid, and M is the grid mesh size.
The problem here is to determine L when k/U2 amd M/D are given.

D
JInsertion of (F.1) andl(F.Z) into the k - equation

dk _ 372
Ugm = — ¢ —
dx Dy,

yields . CD{§1
¢T3 —_— (F.3)

. X
(F.3) -into (F.2), and elimination of (—;‘3 - —ﬁ‘l) with the aid of (F.1),
yields ’

(F.4)

Average values for B and n are given by Comte-Bellot and Corrsin(1966):

B=~ .08

1.25 .

]
”
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APPENDIX G

A GENERAL STRESS—EQUATION MODEL (uigjel.

G.1  ‘Introduction

The present appendix presents and tests a general"stréss—equation“
model. The label “stress—equation'" implies that the model uses
transpért equations for all Reynolds stresses. The model described below
employs further an equation for the rate of energy dissipation. It is

restricted to flows with high Reynolds number.

Stress—equation models were studied as part of this work because
two-equation models employing fixed constants (e.g. model II) were found
to lack universality (see §6.6). In particular, model II needed
different constants to predict flows with strong and weak strain, and
again different ones for round jets. Thus, the main objective of the
study reported here was to examine whether the more complex stress-

equation models can predict all these flows with a single set of constants.

At the time this study was started, stress-equation models had
been proposed by Rotta (1951), Donaldson (1968), and Daly and Harlow
(1970). The former two proposals appeared not to be general enough?
and the performance of Daly and Harlow's model was found to be unsatisfactory
(see appendix J). A new stress—equation model was therefore constructed

from components proposed by various authors.

In § G.2, the exact Reynolds—stress equations of § 2.4 are
modelled to yield a closed system. The final form of the present
stress—-equation model is presented in § G.3. It is then applied to one-

dimensional flows in § G;4, and to free boundary layers in § G.5.

G.2 Modelling of the Reynolds-stress equations

a) The exact equations

The exact equation for the Reynolds stress - u.u, was derived

in § 2.4 (equation 2.7). TFor high Reynolds numbers, this equation

%
Rotta did not provide a general form for the second part of his
pressure~strain simulation. Donaldson neglected this part altogether,
and he did not employ a length scale equation.
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reduces to

Suiu su.p Suip
Uy B, - EX (wuu) - o Gx o, )
\ ) [ ] J
V ~
convection : A diffusion
s, ?)Ui o Bui ?_‘il
-uu, —d - uu 4 S )
ik Bx 3%k Bx_ p xRy By
g, v -\ _,,-———J
Pij = production pressure-strain
aui auj .
- 2V —= — . (G.2-1)
Bxk Bxk ]
\ W — J
dissipation

To obtain a closed system of equations, the following sections approximate
the dissipation, diffusion, and pressure-strain expressions in terms

of Ui’ uiuj, and the energy dissipation e.

b) ' Dissigation

When the turbulent Reynolds number- (= JEL/v) is high, the
small-scale structure of turbulence, which is responsible for the
dissipation, may be considered isotropic (concept of local isotropy,
Kolmogorov 1941). Rotta (1951) has shown that, for this condition,

the dissipation of uiuj can be expressed as

Bui du. 9
2y i =L = 2 S.. 2=2
v ax-k 3xk 3 € 1] ’ (G )
su, 3u,
i 1
where €=V 3;;-52;

IS

The energy dissipation e will be determined from a transport equation

for this quantity (equation (G.3-2)).
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c) Diffusion

The triple-correlation ukuiuj represents a diffusion flux

of uiuj which is assumed here to be proportiomal to the gradient of
uiuj. The simulation of Daly and Harlow (1970) is adopted which reads:

e *
wu.u, = - B (G.2-3)

183Y3 u u

where B 1is a diffusion constant.

Pressure diffusion. Bradshaw and Ferriss (1965), and Lawn (1971), have

found for mixing layer and pipe flow respectively that the measured
energy balance closes quife well when the pressure-diffusion term in

the -k—- equation is neglected. For lack of further evidence, the pressure-
- . 1l Odu,p auip
diffusion term in (G.2*1), p fsgl— + ) s is therefore neglected.

9X.
J

d) Pressure-strain

The pressure-strain term, p/p(aui/axj + auj/axi), is of particular
importance because, in most boundary layers, it is roughly equal and
opposite to the production term in the shear-stress equation; and in

the normal-stress equations it redistributes the energy generated mainly

in u2.. Unfortunately, it is also the term which could not as yet be

measured in laboratory flows.

Chou (1945) has shown that, away from the immediate vicinity of

. ou. . > .
a wall, the correlation g- 1 at the point X can be expressed in terms

9X.
]

of the velocity field by

This relation is not tenmsor-invariant, which is no detriment for the
flows considered here. Hanjalil and Launder (1972) simplified the
exact transport equation for u, u.u. to obtain the following, more
complex, tensor—invariant ki ’

relation: Ju.u ou u, 3
Tuu =~k ik ki Uit
ulty T T B [“iux px, © iaTem Ty '—5;;‘3‘] '

L
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2. ]
B..a_u_l =1 Ty e 'r"} 1 (;{) av
p ox 4w | 3x 9% 9%, >
K v * Iz]
L - |
~—
%131

ol du
e —-&(I+’r*)——’-‘i<§+r>-——l-(’)91 3
: ox (G.2-4)
% 500 =l

311

This equation reveals that the pressure-strain term consists of two parts:
the first one is due to the interaction of the various fluctuating

velocities, and the second one originates from the interaction of mean

and fluctuating flow.

@i'I . Rotta (1951) proposed to take the first part as proportional
to the anisotropy of the turbulence. Accordingly he postulated:

.-y & - 2 -
(Qij + (Dji)]’_ =-wy (uiu. S.. 3 k) , (G. 2-5)

where w is a constant. This expression has been used in most of the
subsequent stress—equation models proposed (sometimes to represent the

total pressure-strain term); it will also be adopted here.

%11

the following simulation for the second part of the pressure-strain term:

Naot et al (1970), and independently Reynolds (1970), proposed

2 R
(@ij + <1>J.i)II - (Pij 3 aijp) , (G.2-6)

where Pij is the production of u.u. as defined in equation (G.2-1),
‘is the production of k (= - w U, aUy/an)’ and o is a constant.. This
simulation assumes that the second part of the pressure-strain term is

proportional to:the anistropy of the production of turbulence. It is
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therefore a consistent counterpart to (G.2-5) which assumes that the
first part is proportional to the anisotropy of the stresses.. The

"simulation (G.2-6) is adopted in the present model.

Alternative simulations for 9..
1311

and Harlow (1970) and by Hanjalié and Launder (1972). When applied to

have been proposed by Daly

one~dimensional flows, these simulations performed less favourably
%
than (G.2-6).

The complete pressure-strain model. Combination of (G.2-5) and (G.2-6)

yields the following expression for the total pressure-strain term:

P aui Ju. e 2 5
5 652— + 3;1) ==y (_uiuj - 6ij g-k) - o (Pij - aij §-P). (G.2-7)
G.3 The final form of the stress—equation model

Incorporation of (G.2-2), (G.2-3), and (G.2-7) into (G.2-1) yields

the following modelled equation for the Reynolds stress - u,u.:

13
du.u. du.u,
1] 3 k i.
U b o= B-— (-— u, u.. ) + P..
k axk axk £ k& sz 1]
[\ } [ ) —_——
convection diffusion production
£ 2 2 2
- wr (u,u. - §,. =k)- T - =¢ 6.,
Wy (ulu 613 3 > a (PiJ 613 3 P) 3€ 613 B
L B B § J
e~ ol
pressure—strain diss.
(G.3-1)
oU. ou.
where P T e
J Xy J Xy
oU

1 k
d ==P,. = - _k
an P=35Py ke Bx,

Hanjalié and Launder's proposal was tested by the present writer,
and Daly and Harlow's proposal by Reynolds (1970).
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The rate of dissipation, e, is determined from the following equation,

which is taken from Hanjalic¢ and Launder (1972):

o€ 0 k o€ € e? al
Uy 3= = B o (e Ykt Bx ) o+ cl'E P 92 k (6.3-2)
k k - 2
Q J [N J ¥ 1
~ ~ ~
convection diffusion source terms

where Be’ c , and c, are constants. For a physical interpretation of
1
the source terms, the reader is referred to Hanjalié and Launder's

paper.

The e equation (G.3-2) is employed here rather than the kL-
equation (3.15) because, as part of a general model, it has the
practical advantage over the kL- equation of not requiring an additional
term near walls (see §G .5). In any case, all terms but the diffusion

terms in the two equations are equivalent when

2.5 - ¢

g 1 ’

‘ (G.3-3}
cS/cD = 2.5 - ¢y ;

and in free boundary layers, the diffusion terms are also roughly

eqﬁivalent (see § 3.8a).

Equations (G.3-1) and (G.3-2) constitute the present stress-—
equation model. Together with the momentum equation (2.6), they form

a closed set. They contain the six constants w, o, c¢;, ¢, B, and B8

2’
which will be determined from experiments in §§G.4 and G.5.

G.4 Application of the model to one-dimensional flows

For a preliminary determination of some of the constants, the
model is applied in this section to a number of one-dimensional flows.
In the flows comnsidered, Xy is the only independent variable; and the
turbulence is nearly homogeneous so that the diffusion terms can be

Ck
neglected.

In this case,the ¢- and kL- equations are exactly equivalent.
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.‘The present study moves from the simplest to the more complex
flows. This way, the constants can be determined one after another.

The constants once established are kept fixed as the study proceeds.

a) Decay of isotropic turbulence: determination of c,

The simplest possible turbulent flow is homogeneous isotropic
turbulence. The closest experimental approximation to this flow
is turbulence generated by a grid in a stream of uniform velocity Ul'

In this case, the kinetic energy k is determined by the equations

dk

U,—
1
dxl

1
1
™

(G.4-1)

de 2

N £
Uldx = T %X
1

. (G.4-2)

The solutidéns are of the form

k = X, , € = % »

and it is required that
1
m=n-1 and ¢, =1~-= |,
' n

The measured values of n range from — 1 to - 1.35 (see § 5) so that
c, can take values from 2 to 1.7. A value of c, = 1.9 is adopted
here because it was found most suitable for the free-flow predictions
of & G.5.

b) Return to isotropy in the absence of mean velocity gradients:

determination of w.

Turbulence made anisotropic by mean velocity gradients tends
to return to isotropy when these gradients are removed. Equations
(G.4-1) and (G.4-2) are valid also in this case, and the equation for

the energy component u.2 (put j = 1 in (G.3-1)),together with (G.4-1),
yields:



2
K dui [k
dk / dx1 dx
w=1+ : . (G.4-3)
u.2 _ 2
k 3

This relation was used to determine w from the measured energy components

in turbulence relaxing from

(1) plane strain distortion (Tucker and Reynolds 1968),

(ii) axisymmetric contraction (Uberoi 1957).

The results are shown in fig. G.l, together with the anistropy parameter

max min
K. = |= —
1 2 u?, ’
max min

— —

where u?2  is the largest and u?, the smallest of the components u,2. -
max min i

Fig.G.1 reveals that.w = 2.8 for strong anisotrbpjlarge Kl).For
weak anisotropythere is no agreement between the two sets of data. Tucker and
Reynolds' results agree with the general observation that the tendency towards
isotropy weakens as isotropy is approached.For example, in grid-generated
turbulence Kl was found to decrease hardly at all (see fig. G.1). A
constant value of w seems therefore not appropriate for weak anisotropy.

Nevertheless, w = 2.5 was chosen as average value for this study.

c) Turbulence subjected to constant strain

In this subsection, the influence of mean velocity gradients

is studied by application of the model to

(1) - Turbulence distorted by ﬁlane strain (Tucker and Reynolds 1968),
(ii) Turbulence passing through a 16:1 axisymmetric contraction (Uberoi
1956),

(iii) Nearly homogeneous shear flow (Champagne el al 1970).

These flows were studied experimentally by the authors given in
parentheses, In the former two flows, turbulence is subjected to

irrotational strain, and in the latter flow to purely rotational strain.
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The rates of strain were nearly constant in all three experiments.

Following Reynolds (1970), the study described here proceeded

in two steps:

1) Determination of cy- For the flows considered heré, the equations

for k and € read:

dk
Uy dx, =P ~ &
Ui—%:c u-e—P—- Ez )
1 dx 1 K 2k .

With U1 (xl} énd P (xi} taken from the experiments, these equations were
solved numerically by the Runge — Kuttda method. The integration was

started from measured initial values of k and e.

In figs. G.2 to G.4, the solutions for the three flows considered
are compared with experimental data. Predictions with various values »
of cl are included. Flows (i) and (iii) are predicted quite well
with cl = 1.2. Had Champagne et al's turbulence (flow (iii)) been truly
homogeneous, P = g and c,=¢c, = 1.9 would have followed. The predic:ions
with ¢; = 1.2 confirm the experimental finding that the length scales

grow without bounds, which indicates that truly homogeneous turbulence

cannot exist.

The 16:1 contraction distorts the turbulence so rapidly that
convection and production of k nearly balance each other. Thus, the
value of c,y has little influence on the predictions (see fig. G.4). In
the parallel duct following the contraction, however, the decay of k is
controlled by the dissipation e. The value of ¢ at the beginning of this
duct must therefore be predicted correctly to get the right decay of k.
Fig. G.4 shows that ¢y = 1.2 gives too low a value of € ( and thus hardly
any decay of k). cl =2 seems more appropriate in this case. It is

. ] k%
therefore doubtful whether c¢; is a universal constant .

3
* The length scales in figs. G.2 to G.4 were calculated from L = k'@/e.
Y

%% ’
Tennekes and Lumley (1972) pointed out that ¢

Reynolds number is very large.

1 is zero when the
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The second step was to solve the equations

2) _Determination of 0o.
for ulz, u22, u_? (G.3-1), and & (G.3-2) with only the initial conditions

3
and the mean velocity distribution taken from the experiments. The

results for various values of o are compared with experimental data

in figs. G.5 to G.8. The general behaviour of the energy components

is predicted well; and o= .4 gives the best overall agreement. A few

shortcomings of the present model need to be mentiomed: it cannot predict

the disparity between u2 and u,2 measured by Champagne et al (fig. G.5);

2 3
although it predicts well the anisotropy parameter for flow (i) (fig.G.7),

it predicts poorly the actual energy distribution among the components

(fig. G.6); finally to obtain agreement with the full range of Uberoi's

measurements, ¢, and o must be changed to ¢, = 2 and o = .3 (fig.G.8).

1 1

d) Best-fit constants

Table G.1 lists the best—fit constants for the majority of the

The constants cB

in the two—equation model of § 3 are also listed; they were calculated

one~dimensional flows considered. and cS/cD appearing

from ¢, and c, via equation (G.3-3). Furthermore, Table G.1 includes

1 2
values of the constants as determined by other researchers.

+

Table G.1 List of best-fit constants

Constant c, c, w o Cp cS/cD
Appears in equation G.3-2 | G.3-2| G.3=1] G.3-1 see g 3
Present study (1-D flows)| 1.2 1.9 2.5 o4 1.3 .6
Reynolds (1970) 1, 2. 2.5 “5 1.5 .5
Hanjalié & Launder (1972) 1.45 2. 2.8 - 1.05 .5

G.5

Application of the model to free boundary layers

In this sectiom, the stress—equation model presented in § G.3

is applied to the following free boundary layers: the self-similar plane

mixing layer, plane jet, round jet, and plane wake; and the non-similar

plane jet in a moving stream.

4
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a) The boundary layer form of the model

For two-dimensional (including non-swirling axisymmetric) boundary
layers, the non-zero Reynolds stresses are ;Ez'vz,:;é, and uv, and the
present model is therefore a five-equation model. The equationsfor these
stresses, and for the dissipation & are given in boundary layer form
in table G.2 (equations(G.5-1) to (G.5-5)). The normal -stress—production
terms were neglected in these equations, and the form for axisymmetric
flows was taken from Rodi (1970). The appearance of an additional diffusion
term (II) in the v - equation (G.5-4) for axisymmetric flows is a
consequence of the transformation to cylindrical coordinates of the
diffusion term in equation (G.3-1). This term is important near the
axis of symmetry: when y =+ 0, the diffusion term I approaches +

and the term II approaches — «, but the sum of both terms goes to zero.

b) Solution procedure

: *
Equations(G.5-1) to (G.5-5) and the momentum equation (2.13 )
were solved simultaneously with the finite-difference method of Patankar
%k
and Spalding (1970) .

A numerical difficulty was encountered in solving the above
equations for the round jet: fig. G.12 shows that the actual values of
U and uv calculated at the grid points (crosses) do not lie on a smooth
curve near the symmetry-line. This difficulty is not yet resolved and
needs further investigation. However, the solution was self-similar,
and the gross features of the prediction are pfobably not distorted

significantly by the above anomaly.

The normal-stress terms in (2.13) were neglected.

**The standard Patankar-Spalding program was modified as follows:

(i) the effective viscosity appearing in the program was ascribed
a very small value, and the shear—stress term in the momentum
equation was treated as a "'source" term.

(ii) for plane flows, the "slip" value of uv at symmetry-lines was
taken as zero; this implies that Uv was assumed to vary as
uv « y near symmetry-lines.



Table G.2 The uiuje - model for boundary layers

S tress — equations

Diffusion

- - i T
Convection | | Prod. | Pressure—-strain | Diss. | Equat.
» I i | ! NO.
| { ; !
502 | du? | 1 3 i kv? du? l — U e — 2 4 —aul 2
— = '=B= = = = - S-S @z - 2 =~ - 5=
Uax +Vay I\ByJay(y eay) | 2u8y|h wk(u 3k) +30Luvayl TE (G.5=1)
| | l l
_ | . | l :
av  gavz | _ gl 3§ kv2av2 v A T Rl L L | -
Ux-!-vay l—Byjay(y say) | | wk(v2 3k) 3(:Luvayl 7€ G.5~2)
| | | |
| 4 ' N }
dw aw? | 3,3 kvZ sw? I , e 7. 2 -— 23U 2
U— +V— = f = — —_—— -~ = W ~—k)-=-aoquvw = -5 € G.5-3)
X 3y|.ByJay(y 88}7) | | )3 By: 3
| ' |
| ! | |
duv duv | 1 3 ,jkv2duv, . kw?w | _ 77 U € =5 U -
—t Ve = g = = —e— ) e = | =] —mp=uw + avE - (G.5~4)
v 9x 3y | B yJ Ay & g dy ) -38 e y2 | 3y I Yk Yy ||
T
{ I 1T | I ]
Dissipatibn equation
g2, yde ., L2 (JikPoey  egpu_ et ©.5-5 )
ax 3y eyj 3y 7 e 3y 1k y 2 k

j = 0 for plane flows

j = 1 for axisymmetric flows

8L1
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c) Boundary conditiouns

At free boundaries, u?, v, w2 uv, and e were put equal to
zero, and U = Ug (or UI). At symmetry-line-boundaries, the gradients
of all quantities except uv are zero, and uv itself is zero.

The integration was started from arbitrary initial profiles (see

§6 for a justification).

d) Determination of the constants

Constants from § G.4. The constants o, w, and c, were. taken from the

2

one—dimensional flows predictions(table G.1). The value of c, = 1.2
listed in table G.1 was found not to be suitable for free boundary

layers,

Constant—stress layer near walls. Although we are concerned here with

flows remote from walls only, it seems appropriate, for the construction
of a general model, to take account of the constraints imposed on the
constants by the presence of a wall. Hanjali€ and Launder (1972) have

shown that, for the constant—-stress layer near a wall, the equations

for k and ¢, together with the log-law 3U/3y = %’EI , yield:
<5
2 12
= - 2 v© K -
c, = ¢, Bs K — , (G.5=6)
u u
T T

where u. is the "friction velocity" and k is the von Karman constant.
With experimental values of ;EYUTZ = .81 and k/UT2 = 4.25 from Laufer

(1954), and x = .41, there results the following constraint:

c1 =c, - 2,47 Be . (G.5-7)

_ Computer—optimisation. The constants cys By and Be were determined in

such a way that the predictions give best agreement with experiments
for the plane mixing layer and the plane jet. The final set of constants
used for the free boundary layer predictions is shown in table G.3.

‘These constants satisfy the constraint (G.5-7).
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Table G.3 Best-fit constants for free boundary layers

c1 c2 w o B Bs
1.43 1.9 2.5 & .25 .19
e) Presentation and discussion of results

Rates of spread. Table G.4 compares the predicted rates of spread for

some self-similar free boundary layers with experiments.

%
Table G.4 Spreading parameter S

It reveals that the

- mix. mix. plane |round | plane
oV layer layer jet jet wake
Up =0 | UL/Up_-6f UL =0 |Up =
uiuje - predictions .158 .036 .114 <119 .069
Experiments .16 .033 .11 .086 .098

plane wake (weak strain) and the round jet are not predicted well with

the constants suitable for the plane mixing layer and the plane jet (strong

strain). Accordingly, as the strain becomes weaker in a jet issuing

into a moving stream (increasing x/0), the predictions shown in fig. 6.15

deviate more and more from the experiments.

From the experimental shear-stress balances discussed in § 6.7,

and from the relative success of model I in predicting flows with both

strong and weak strain (§ 6.6), one may infer that the lack of universality

of the uiuje - model is due mainly to the inadequacy of the present

" pressure-strain simulation.

of the other simulations proposed is more adequate.

There is, however, no evidence that any

The definition of S and the references for the experimental values
. are given in tables 6.4 and 6.5 respectively.
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Profiles. Figs. G.9 to G.12 compare predicted and measured profiles

of U, k, ;;; u?/k, v%/k, and w%/k. The shapes of the profiles of U, k,
and uv are quite well predicted, but not signifiéantly better than with
model I (§ 6.6). Of course, when the agreement with the measured rate

of spread is poor, the levels of uv and k also show poor agreement.

In view of the experimental uncertainty, the agreement about
the distribution of energy among its components may, in general, be
considered reasonable. The inner edge of the mixing layer is an

exception. The agreement may be improved by

(1) Use of a pressure-strain simulation which allows w? to be

——

different from v?2,

(i1) Use of a better diffusion model,

(iii) Inclusion of the normal-stress-production terms (see fig. I.1).

G.6 Conclusions

A stress—equation model was developed and shown to predict
qualitatively well the main features of a number of one-dimensional and
free boundary layer flows. However, to achieve quantitative agreement
with experiments, some of the constants had to be changed from one flow
to another. In particular, the constants needed to be different for
flows with strong and weak strain, and again different for round jets;
and table 6.5 shows that, for free boundary layers, the model is no

more universal than model II (two-equation, fixed constants).

The lack of universality was attributed mainly to the inadequacy
of the pressure-strain simulation used. Thus, o and ¢ appear not to
be universal constants. The constant <) in the e~equation was also found

not to be universal.
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“"APPENDTX H

PREDICTIONS WITH THE THREE-EQUATION

- MODEL OF HANJALIC AND LAUNDER (tke)

* The Tke-model. For two-dimensional boundary layers, the five-equation

model of table G.2 can be reduced to a three-equation model by

incorporating the assumption that v2

is proportional to k. With this
—_ % . .
assumption, the equations for uv, k , and €, given in table G.Z;
. *% .
together with the momentum equation (2.,13) , constitute a closed set

and can be written in the following form (for plane flows) :

Convection Diffusion S ource terms
RN S — c 2. nT . —
Juv duv: D o k< ouv au uv
————t—— pahuih = ——— — —— — — u]_
U "V 5y sy eoay ) Tl kg te) (1.1
c
3k ok D 3 k2 3k — 3V
— — = ——— o —_— —— - —_— - o
U *Viy . Y (e % Voay € (1.2
U o€ +V de = 22.2.,( E? éi.) - c- £ ég._ E? (H.3)
3x dy o 8y e 9y 1k Wy T %k °

This is the three-equation model proposed by Hanjali¢ and Launder ( 1972) .
It should be mentioned, however, that these authors arrived at (H.l)
and (H.2) by simplifying a stress—equation model which is different

from the one discussed in appendix.G.

The o's in the above equations are Prandtl / Schmidt numbers,
and < is a constant already introduced in § 3: the reader will notice
that the uv - equation reduces to the Kolmogorov - Prandtl formula
uv = - cD(kZ/e)aUlay when the convgction and diffusion terms are

' neglected,

The equation for k is obtained by taking half the sum of the
equations for u?, v2, and WZ,

E%
The normal-stress terms in (2.13 ) are neglected.
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"Constants. The constants appearing in equations (H.1) to (H.3)

which were used in the predictions discussed below are as follows.

These values were taken from Hanjali¢ and Launder except for Cho for

p = .07. A value of .09 is taken here
because it is more suitable for flows with P/e = 1 ( see fig. 3.1,
=1).

which these authors proposed ¢

with ¢
M

Prediction of free boundary layers. The present writer has applied the

above Tke - model to the self-similar plane jet, plane mixing layer, and
plane wake, and to the non-similar plane jet issuing into a moving

%
stream. TableH.l compares predicted and measured rates of spread for

the self-similar flows. The results for the non—similar jet are shown
. in fig. 6.15.

*%
<

Table H.l Spreading parameter S

Flow mix.layer plane jet | plane wake
UE =0 UE =0
tke~predictions .156 <114 .069
Experiments .16 .11 .098

The agreement is similar to that obtained with the u.u,e - model. The
same holds true‘for the profiles of U, k, and uv shown in figs. H.l to
H.3. So the comments made in § G.5 apply here too; in particular, the
model cannot predict both flows with strong and weak strain with the

same constants, and the reason for this fact seems to be the inadequacy of

the pressure-strain simulation used in the uv-equation.

% For details on the solution procedure, see § G.5b.

*%.The definitions of S and the references for the experimental values
are given in tables G.4 and G.5 respectively.



184

The lower halves of figs. H.l toH.3 show, for the first time,
predicted and, where available, measured terms of the uv- equation
(shear stress balance ) . The general agreement may be considered

fairly good.
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APPENDIX I

ALGEBRAIC STRESS MODEL

Introduction. The present appendix describes a two—-equation model

which enables the calculation af the stresses = uiuj in general flows.

-~

The model employs an equation for the comntraction of u.us,

k = %—-uiui , together with a length scale equation. It relates the
stresses - uiuj to the knowable quantities Ui’ k, and L by algebraic

expressions vhich are obtained by simplifying the stress-equation (G.3-1)

Algebraic stress relations. The convection and diffusion terms in the

uiuj - equation (G.3-1 ) make this equation a differential equation.

In order to obtain an algebraic expression for uiuj, these terms must

therefore be simulated.

The simplest way to simulate the terms is, of course, to neglect
them altogether. However, because the convection and diffusion of k
in equation (I.3) are not neglected, this simulation introduces an

inconsistency: the normal stresses obtained from the so truncated

uiuj - equation do not sum up to 2k (except in the special case of P =¢ ).

The writer therefore proposes the use of the following consistent

simulation:
' u,u. uiuj
(Conv. - Diff.) of 1—1'1-71'3 = —-—J-k (Conv. = Diff.) ofF k- TR ®-¢<).

(I.1)

This relation can be deduced from the uiuj - equation (G.3-1) in the:
following way: the convection and diffusion of uiuj in (G.3-1) can

be rearranged to read:
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Convection:
] .u. ou.u./k
Uauiuj +V3uiui=uiuJ (Ua—k-;-v%) fE @ aulu /k+v ulu[ )
0xX oy k ox ay ox oy ,
[N ~ J v
Convection of k CII
Diffusion:
02 (Eam, aui‘ia) Sl Eggik g2 Ko L
axk e k& sz axk £ zaxz axk e Kk & axz
4 J
Diffusion of k
K sk Buiuj/k
T MM . 8
L %k
L )
e
D II

when the terms CII

neglected, there results (I.1 ). This relation therefore implies that

and DII’ which contain gradients of uiuj/k , are

uiuj/k varies but slowly across the flow.

Incorporation of (I.1) into the U, - equation (G.3-1) yields

the desired algebraic expression for uiuj:

€.2)"

2
2, lma Fij '3‘6151’]
3 71 - we 1 +% ®/e-1) s

where Pij and P are defined in equation (G.3-1). The reader may verify
easily that the summation over the three normal stresses yields 2k. 1It-
should be mentioned here that the realism of (I.2) depends strongly

on the realism of the pressure-strain simulation it includes.

The complete model. The algebraic stress model proposed here employs

(I.2 ) .together with the k- equation

Pij and P contain various stresses uiujgso, in general, a system of

algebraic equations (I.2 ) must be solved to obtain uiuj.

\aw
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ok Bk _ 3  k—— 23k, _——3U _ _.
U §§.+ v 3; = B Bxk ( -4, 5y ) uu, - € ( )
2' .
v ~ v [ ~— 7 S v. A W
convection diffusion Psproduction diss.

and the € ~ equation (G.3-2) (or any other length-scale equation,

. %
with e « kK'4/L ).

Prediction of v2/k in free boundary layers. 7o test its performance,

relation (I.2) is applied to predict the distribution of v2 /k in the
plane mixing layer, the plane jet, and the plane wake. For these
flows, (I.2)yields (withi =3 = 2):

:'l.‘-g;—(l-ozP/e)

— 2
v2/k = = (T.4)
3 1 _ _ 2 - k 3aU
L+ w (p/e 1) w (1 @ )_e ox

The normal-stress-production terms are retained in this relation.

The results obtained with (I.4) are shown in fig. I.1. P/e¢
and k/e (3U/0x ) were taken from the predictions with model I (§ 6.6) ,
the values w = 2.5 and a = .4 were employed (taken from table G.1).
Experimental data are also shown in fig. I.1. The agreement is fairly
good for the jet and the wake, and also at the outer edge of the
nixing 1ayer.. The agreement is better than that achieved with the
stress—equation model of appendix G (see figs.G.9 to G.1l ). This fact
may be attributed to the inclusion of the normal-stress—-production terms
in (I.4).

Concluding remarks. A two—equation model was developed which enables

the calculation of all the Reynolds stresses in general flows. It is
based on the assumption that uiuj/k varies but slowly across the flow.
It may be of use when numerical solutions with a stress—equation model

are difficult, or uneconomical, to obtain.

*(1.3 ) is half the contraction of (G.3-1).
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APPENDTX J

PREDICTIONS WITH THE FIVE-EQUATION

MODEL OF DALY AND HARLOW

The model. Daly and Harlow (1970 ) proposed a stress—equation model

which differs from the model of appendix G in the following respects:

1) The dissipation of uiuj is calculated from

ou.

: ou. uiu.
2v 5;;-5§i~ = ,—E~l e .

(ii) The pressure-strain simulation employed is

» Bui ou. 2
'z ——-—-—-"--—--:'L = —— - —
o (a;;j.‘ axi) o (o - 3k &)

where w is the following function:

W =0 + 0 P/e .

(iii) 1In the e- equation, the following additional source term is

employed:

3

k
axk (.E

BE u _3_15.)

e k zukaxg .

Rodi (1971 ) has shown that the term in the exact € — equation which
this additional term was to represent is accounted for already by omne
of the other source terms. The above term was therefore not included

in the predictions discussed below.

3
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Constants., The constants sﬁggested by Daly and Harlow are as follows

These constants do not satisfy the near—wall constraint (G.5-7), a
fact which may explain Daly and Harlow's rather poor predictions of

the log-law region.

The diffusion constants B and B_ were found to be far too large:
with these constants, the predicted profiles were entirely unrealistic.
A value of .5 was found to be more suitable for both g andg this value
is used in the present predictions.

r

Prediction of free boundary layers. For boundary-layers, Daly and

Harlow's model is a five-equation model. It was applied, with the
" modifications quoted above, to the plane mixing layer and the plane

. )‘ . -« 3 .
jet . The predicted rates of spread are compared with experiments in
table J.1.

Table J.1 Rate of spread §
(for definition see table 6.4 )

Flow m;x.iager gl._jgt
E E
Predictions (DalyH arlow model ) 478 .24
Experiments (references see table 6.5) .16 .11

There is no agreement. The profiles of U, k, and uv, and the energy
components are shown in fig. J.1 for the plane jet. The shapes of the

profiles of U and uv agree quite well with experiments. The energy

* The normal-stress terms were neglected. For details on the solution
procedure see § G.5b.
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components are separated too much, a fact which indicates that the

pressure-strain term in the normal-stress equationsis too large.

We may conclude that the model of Daly and Harlow, with the

constants given above, is not applicable to free boundary layers.
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Appendix K

Review of integral methods

Integral methods are based on the experiméntal finding that,
in most free flows, the mean velocity profiles are closely similar.
These methods therefore assume a fixed shape of the velocity profile.
The task is then to determine the variation with x of the velocity
scale Uo and the length scale (flow width) 6. Hence, two equations are
required. The integral momentum equation provides one equation.

The various methods are distinguished by the second equation employed.

Table K.1 lists the particulars of the various integral
methods proposed in the literature. The methods were developed to
predict jets in a moving stream. The potential core’region is excluded.
However, the methods provide information about the length of the
potential core. Table K.1 quotes the numbers of the figures which

show predictions obtained with some of the methods.

None of the methods reviewed performs satisfactorily over the
whole range of UO/UE; Naudascher's method covers the largest range.
A more adequate method would be simply to take as second equation the
measured relation Uo/UE = f<€ X/G ¥ , which is shown in figs. 6.16 and

6.18 for the plane jet and the round jet respectively.



Table K.1 Integral methods

Constants

Author Second equation Turbulence Pred. Remarks
assumption in fig.

. - L. < b
Squire & Momentum equat. T at yy Cannot be better than mixing °. B
Trouncer (2.12) integrated from mix. length hypothesis e

(1949) fromy = 0 to y, length hyp. v 2
2
e g o
' . X S . o' =
Spalding UO/UE=C (-é) 2 j =0: j 0: good only for £ %
f= - =
(1958) where 11 c = 2.5 6.16 Uo/UE >-5(3=0), Uo/UE >'125(J b ad S,
Bradbury m.j N, N .. j+1{ implicit 6.20 . . L
8/ = )3 _ T good predictions of potential core -
(1967) D% T T, i=1 i =1 | fongth: i . § ;
for uniform flow at c=7.7 6.18 _[i,u -.— a0
nozzle 6.24 x,/0 = c(—g —l) i+t o
U 9 =
E B0
o
, O
Abramovich dy, . U jets: j=0: Strong jets not well predicted "
(1963) = o implicit c=.097 6.16 with ¢ = .097 o< o
E o wakes: 6.21 =&
c=.25 j=1: =B
6.18 vg
6.25 e
o
- o
Hill Momentum equat. ‘11 Integral For plane jet, resulting relations %
(1965) multiplied with y over T identical to those of 1, for round 3
and integrated from jets jet only slightly different 5
in still air e
— - —— . h
* U . . g
dy,/dx = o i=0: i=0: profiles of momentum flux
Naudascher 3 U_+U c=.073 6.16 U@U-U_) assumed similar.
(1967) x E © e 6.20 E
y, where U(U-UE) implicit j’ =1 5=1 : Works well for
2 e ® )
is half center c=.06 G.18 Us/u.>.3(j=0), Uosu_>.18(j=1)
line value 6.24 . '

61
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Table K.l continued

Author Second equation | Turbulence | Constants| Pred. ' Remarks
assumption in fig.
Bradbury Integral . Townsend's j = 0
(1963) energy equation | Jarge eddy
hypothesis: . 6.16
relates
Gartshore Half-momentum R = on%
(1964) equation “t v
(see 1) t For plane jet, both limiting
t°,§H/39 cases U /Uy + =, U /U, + o
9x' 9y are predicted correctly, but
at y,. the transition is not.
2
Patel dji U0 j=0: j=0
(1971) il T implicit c =.1 6.16
E o j=1: 6.21
c =.085 j =1
6.18
6.25
L U . : .
Newman Half momentum TmJEL5§ Applied to predict dy,;/dx
: 2
(1968) :ggatlon (see 1) or 6.3 of exactly self-similar jets
integral equation| T = k and wakes (with UE/Uo = const)
. . . .
?or Fotal k-profile as a function of JE/UO.
kinetic energy
assumed

[ S

€61
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Appendix L

Experimental study:

A new method of analysing hot-wire
signals in highly turbulent flow,

and its evaluation in a round jet
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Nomenclature for appendix L

a

b coefficients in equation (L.2-23)

e o ,

d = £,/ s‘?‘

D nozzle diameter

E linearised hot—wire'signal'= E+e

e fluctuating hot-wire signal

h pitch factor

k yaw factor

P pressure

S = E/Ueff calibration factor

u,v . mean velocities in the x-y—z system

U mean velocity in the X "Xy "Xy system

U, v, w- fluctuating velocities in the x-y—z— system
Ups Uy, Ug fluctuating veloqities in the X "X, TXg" system
X, ¥, 2 coordinates of fixed system ’

Xys Xy %g coordinates of streamline-oriented system

o yaw angle

B. pitch angle

Y shift angle (fig 4)

p density

8 mean flow direction = angle between x—-axis and X axis
Subscripts

dyn dynamic

eff effective cooling

m maximum

N normal probe, nozzle exit

R right angle probe

o] o =0
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‘L.1 Introduction

The basic problem in hot-wire analysis is to relate the velocity
components to the measured hot-wire signal. TFor a linearised system,
this signal is proportional to the effective cooling velocity which
is vectorially composed of the components to be determined. In terms
of mathematics this means that the components appear under a square
root in the equation relating them to the effective cooling velocity

(see equation (L.2-14)).

The conventional evaluation methods as discussed by Hinze (1959)
and Champagne and Sleicher (1967) start from the time-averaged form of
this equation. Time averaging the square root expression, however,
makes it impossible to solve for the velocity components directly. The
conventional methods therefore expand the square root into a series and
neglect the then appearing third and higher order correlations. In
highly turbulent flows these correlations are not negligible, and in
extreme cases the series expansion is not permissible. Heskestad

- (1965), Guitton (1968), and Vagt (1971) have attempted to include the
correlations by measuring some of them and guessing others. The
assumptions they had to make were, however, so plentiful that their

correction formulae can hardly be of universal validity.

When a 3-sensor probe is employed together with digital data
analysis, the instantaneous velocity components can, in principle, be
determined without assumptions. This method i1s very expensive, and the
3 sensors placed very close together are likely to interfere with each

other.

A method specially developed for highly turbulent flow was
proposed by Zaric (1969). This method makes assumptions about the
probability distributions of the fluctuating velocity components.
Durst and Whitelaw (1970) have shown that this method is incorrect in

certain flow regions and insensitive in others.

Since all the trouble is caused by a square root, a possible
remedy is to square the response equation before taking the time average.
This corresponds to evaluating the squared signal, EI’ rather than E.
Although this idea seems very obvious, it was not put forward until

recently. The reasons for this may be found in the limitations of
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evaluating the squared signal. Escudier (1967) presented the response
equation for this signal, but he did not solve it.for the velocity
components because he realised that the‘mean and fluctuating components
cannot be separated from each other. Durst (1971) was the first

one to actually suggest the use of the squared signal for evaluation.

The present investigation was undertaken to develop a method
which possesses most of the merits of evaluating the squared signal
but is also able to separate the mean from the fluctuating components.
The result is a hybrid method which determines the fluctuating
velocities from the squared signal, EZ, and the mean velocities from
the signal E. The test of validity was carried out in a round jet,
and the reinvestigation of this flow was the second objective of the

present study.

In §L.2, the relations for obtaining the mean and fluctuating
velocitigs from hot-wire signals are given for both the new and the
conventional methods. §L.3 discusses equipment and procedures of
the round jet experimént and compares the results for u, EE; ;2; wZ,
and uv for both methods with those of Wygnanski and Fiedler (1969).
§L.4 closes the appendix with an assessment of the new method and the

data obtained with it.

L.2 Analysis

The present analysis is restricted to two-dimensional mean flows;

it can, however, be extended easily to three-dimensional flows.
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L.2.1 Basic relations in hot wire anemometry

a) Coordinate Systems

Z=X3

Fig. L.l Coordinate systems

Fig.LLishows the fixed coordinate system x~y—-z and the stream-
line~-oriented system X 7%y "Xg for two dimensional flow. The angle 8
determines the mean flow direction. Fig. L.1 also shows the
decomposition of the instantaneous velocity vector, ﬁ, into the mean
and fluctuating components for both systems. The analysis to follow
will be carried out in the streamline-oriented system because then
only one mean velocity component is present. Simple trigonometry

yields the following transformation equations
U=1U cos 6 (L.2+1)
V="Usin 8 ’ (L.2-2)

w? = ulz cos?6 + u,? sin? ~ uju, sin 28 (L.2-3)
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vZ = u3Z sin®g + uy? cos?p + ujuy sin 26 (L.2-4)
wh = ug? (L. 2-5)
w o= | sin 20(u3? - uy?) + cos 20 ujuy . (L.2-6)

b) The effective cooling velocity

wire . Wwire cupport

Fig. L.2 Hotwwire in a general velocity field

The velocities acting on a hot-wire are shown in fig. L.2.
o is the yaw angle and B .the pitch angie. If the wire were infinitely
long, only the normal components UN

and UN would contribute to

the heat transfer. Also, the cooliig wouldzbe independent of the
pitch angle B. In reality; the wire is 200 to 300 diameters long,
and the wire supports exercise a disturbing influence. As a
;onsequence, UT contributes to the cooling, and UN2 acts differently

from UNl' These facts can be expressed by
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2 - o 2 41202 4 12 2 O oe
Uggs U k U+ h (IR ‘ (L.2-7)

where k is the yaw factor and h the pitch factor. is the

U
eff
effective cooling velocity which is proportional to the electrical

signal for a linearised system:

E =SU_. (L.2-8)

where S is the sensitivity factor to be determined from the

calibration of the hot-wire.

With the trigonometric relations from fig. L. 2, equation (L.2-7)

can be rewritten as

i = = = lﬁfz (cosZa(cos2p + h2sin2B) + k2sinZ0). (L.2-9)
eff S2 )

In order to separate the influence of yaw and pitch, we can write

o0 -+
U2 gy = {0 . [0]2(cos?a + k2sina) for B =0  (L.2-10)
eff 32
22 -
U 24py = ZHABY |U]2(cos2B + h2sin2B) for o = 0. (L.2-11)
eff g2 )

Equation «(L.2-10) was proposed by Hinze (1959) to account for the

effect of tangential cooling. Equation (L.2*11) seems a natural analogy
to that. 1In general, the factors k and h are functions of o, B,

and ]ﬁ], but in the following analysis they will be assumed to be
independent of o and B . The experimental determination of k and h,

which is discussed in §L.3.2, supports this assumption.

The response equation. Fig. L.3 shows a wire placed in the

X1—Xp plane. o is now the angle between the mean flow direction and

the normal to the wire. Decomposition of (U + uj) and us into
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components normal and tangential to the wire yields:

U ~ (U + uy) cos o + up sin a . (L.2-12)

\.\}:"fh

< Uz
‘,

%Q

— X,
v
Fig. L.3 Wire in the x;-x, plane
and UT = - (U + uj) sin o + ugcos a . (L.2-13)

UN2 is, of course, equal to uj.

Insertion of these components into (L.2.7) yields the response

equation

off = {Bﬁ'+ ui) cos o + upsin a}? + h?uj?

o
I
. ]t

— 1
+ k2 [uzcos o - XU + ujp) sin a]z}z. (L.2-14)

A similar equation can be derived for a wire placed in the x;-xz-plane.

1.2.2 Conventional methods

‘The methods labelled “conventional" in this appendix obtain
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the mean velocities from the signal E and the fluctuating velocities

from the signal e?

= (E - )2,

Soluble response equations for

these two signals can be deduced from equation (L.2-14) only when

the square root in (L.2-14) is expanded into a series.

a) Series expansions

Equation (L.2-14) can be rearranged to yield

Uuss

1 +

uj

U

— u U2
=U cos a(l + — + — tan a) x
U U
. u 2 )
h2 3 u,
—o- + k2 — =~ tan ¢ - — tan a
cos?a U U
L
1+ =— 4 -— tan a
T U

(L.2-15)

27 ¢

We now apply the binomial theorem to the square root and retain only

terms to 4th order.

When multiplied by kz, terms will only be

retained to second order, and terms with k" will be neglected. This

seems justified because k2 is of the order of 0.1 or smaller. The

expression for Ueff

U

reads:

E
eff S =10 cos a{(l +

ul

2 T

u‘ .
2 2 2.
+ =2 tan a(l - K2(1 + 22000y L K202 4
T 2 2 -
p2 [us?  wua?  upug? ufug
+ Teos? . - 3 - tana +
“1 7 T T3
ulgéhgz u%u% )
+ 2 — tan o + tan“a .
i o

2 2
k tan?g) + — (1 + %- tan?q)

tana

o)~
T 2

+ tan?

(L.2-16)

‘Time averaging gives the desired response equation for E:
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2
— . uZ
E ) kz 2 1 2
= = » + — 1+ (2 + + t o) —
3 U cos a1l 5 tan<a [ ( T an<a) =2
12 ug? - ujuz®  upug® w ?u?
+ —_— - ———— tan a + -
2 éos2a | T2 _ 72 72 : g4
ujupuz? wp?ug? - .
—_— — . 2=
+ 2 ﬁ4 tan a + 'ﬁA tan<o (L.2-17)

An equation for e = E = E can be obtained by subtracting (L.2-17)

from (L.2-16). Subsequent squaring and time-averaging yields the

response equation for e?:

— = cos?a u12 (1 + k%tan?a) + 2u1u2 tan a(l - k2)

—_— -0
+ up2  tan?a [ 1 - 2k2(1 + 55%—0—‘)]

+ hz u1u32 L12L132 u%u% u1u2u32
—— + tang ——— = ~ 2-—:3n-"— tan o
cosZa U U ﬁQ U

2,..2 L L . 22

up“ug h uz® ug

- tanZa + _—— (L.2-18)

—2 4 2 2
U beosta L' U U

Equations (L.2-17) and (L.2-18) are similar to the expressions derived
by Heskestad (1965) and Champagne and Sleicher (1967). It should be

mentioned here that these equations do not hold when a approaches 90°.

b) Conventional relations for single wires

The conventional methods neglect all fluctuating terms in
equation (L.2-17), and also the third and fourth order terms in equation

. (L.2-18). U can then be obtained directly from E for a given angle a.

In order to obtain a system soluble for uj?, uy?,and u,u,, the signal e? must
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be measured at three different angles a. The usual choice for the

(o)

. .. . =0 . .
wire position is a = —450, 0", +45 . The resulting relations read:

T = E(:‘Sii@_ (L.2-19)
w2 = L SZ (a=0% ' (L..2-20)
52 .
—_— "7 freiti5Oy 4 22450 2y 22 ¢y
wpZ = © {a=+45") + e?{a=-45 ¥y~ (L+k?)e?{a=0")

A e2(a=+45%) - e2{a=-45")
ujuy = . (L.2-22)

252(1 - k?2)

The round jet results of § L3 labelled "conventional methods" were

* obtained by use of these equations. The component.;;E can be
extracted from the equivalent equations for a wire in the X]—x3 plane.
However, in the present experimental study the wires were placed only
in the x3-xo plane and perpendicular to it. Thus, ;gi-could not be

obtained with the conventional method.

Before introducing the new method, it is in place here to sum up

the restrictions of the conventional methods:

Equation (L.2-19) is valid only when double and higher order correlations

are negligible compared with the mean velocity.

Equations (L.2-20) to (L.2-22) are valid only when triple and higher

order correlations are negligible compared with double correlations.

In general, these neglects are justifiéd only when the turbulence

intensity is low, say below 25%.

.L.2.3 The new method

The heart of the new method is the use of the squared signal

E2. The characteristics of this signal will therefore be discussed first.



205

a) Characteristics of the squared signal E2.

-

When equation (L.2-14) is squared and then time averaged, the

terms can be rearranged to yield

E2 _ 2 0 12,2 2 (772 2
52 = up® + hfuz? + k2(T* + u¥) independent of «
[ ~ J
z a
+ cos?a(T2 + u12 up?) (1-k%) symmetrical about a = O
C Y 5
: = b
+ sin 2a uju2 (1-k2) antisymmetrical about o =
L —~— J ’
= ¢ (L.2-23)

The behaviour of the various terms is illustrated in fig. L.4 for
one set of realistically chosen coefficients a, b, and c. Figs.
L.13 to L.lS* provide additional information by showing the measured
distribution of Eaka} / S2for three radial positions in a round jet.
As can be seen from these figures, the measured EE-/ S2 follows
closely equation (L.2-23). The figures also display how a change in
the coefficients a, b, and ¢ influences the curve. At the centre

of the jet, E2 / 82 is, of course, symmetrical about @ because there

ujuy = 0. With increasing distance from the centre, the ratio c/b,

and thus the asymmetry of E2 / $2, increases.

*Figs. L.7 to L.22 can be found on pp. 295-310.
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Fig. L.4 Variation -of E2 / s with «a.
' 5

Tig. L.4 shows that the curve E%{~a} / S% can be made to coincide
with E2{a) / S2 when it is shifted by the angle y. This fact can be

expressed by the equation
a+bcos?g +c sin 20 = a + b cos2(y=a) + ¢ sin 2 (y~a). (L.2-24)

Trigonometric manipulations show that (L.2x24) can hold true only when

c = -% tan vy (L.2-25)

Equation (L.2-25) offers a convenient.means of determining c and thus

the shear stress from the signal EZ2{a} / S2.

Equation (L.2-23) is written for a hot-wire sensor in the

x1-%p— plane. The response equation for a semsor in the x1=x3— plane,

which will also be needed, is equivalent. In both equations, U- and

u12 appear only in the combination

2 —

U2 =T +up? (L.2-26)
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and can therefore not be solved for individually. Also, the mean

flow direction cannot be extracted from the squared signal. Nevertheless,

the fact that U_ 2, u,? u32 and u_u_ can be obtained from the
N2 "2 s 145 )
squared signal without restrictive assumptions is attractive enough

to serve as basis for the new method.

b) Determination of the mean velocity vector

As discussed above, the evaluation of EZ alone does not allow
a distinction beltween mean and fluctuating components. In order to
obtain the mean velocity vector; the signal E must also be evaluated.
This means a return to equation (L.2.-17), i.e. a return to series
expansion and neglect of higher order correlations. There is,

however, an important difference to the conventional methods: the new

‘method considers triple and higher order correlations in (L.2-17)

to be small compared with the mean velocity whereas the conventional
methods must assume them to be small compared with double correlatioms.
The new method, although again an approximate one, therefore involves

much less restrictive assumptions than the conventional methods.

Mean flow direction 8. When terms of 4th order are neglected in

equation (L.2-17),and k? is considered small, the only term which

changes sign with o is

Wygnanski and Fiedler's (1969) measurements indicate that this term
is very small throughout the round jet. Neglect of this term makes
E{c) symmetrical about a = O. Determination of the flow directioﬁ,
6, thus amounts to determining the symmetry line of the function
EGH, where F= 0 + a.

Magnitude 'of U. Neglect of third and fourth order correlations

in equation (L.2-17) yields for a = O:

Ep/s = UL+ }h?—) . (L.2-27)
U L

R )
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The subscript 2 attached to E indicates that the wire is placed in
the direction of the xp-axis. When the wire coincides with the

xg—axis, the corresponding equation reads:

Eg/S = U(l + § h2—) . (L. 2-28)

c¢) Description of the new method

The present investigaﬁion aims to determine the following six
quantities from hot-wire measurements: U, 6, u?, ;E; ;E;-and uv.
A set of six response equations, and consequently six electrical
signals, are therefore required. Sufficient information could be
obtained from the signals B{-45%), T{+45°), E24-45°y, E240°),
E2{+450}, all from wires in the xj—xo—plane, and E;E.from a wire

perpendicular to this plane.

A different route is, however, taken here. In order to improve
the accuracy of the measurements, the signals E and EZ for a wire
in the xj-xXjy-plane are determined for the whole range of the angle a.
From the symmetry behaviour of these curves, the flow direction, 0,

and the shift angle y can be found as discussed above.

The coefficients a, b, c of equation (L.2-23) can now be extracted
from E2 {®). TFor a« = 0, (L.2-23) reads

E;2/52 =a+b. (L. 2-29)

With (L.2-25) and (L.2-29), (L.2-23) becomes: .

E2/S2 - EXa}/52 = b(l - cosZ - EEEEI sin 2a) . (L.2-30)

The left hand side of (L.2-30) plotted against the parenthesis
expression on the right yields b. Equation (L.2-29) then gives a,
and (L.2-25) given c. '

For low intensity flows, Fujita and Kovasznay(l1968) proposed to

record E and e? over virtually the whole range of «.
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a, b and ¢ were defined in equation (L.2-23) as

e — 2 ————
a= uZZ + bﬁ U32 + sz(ﬁ + ulz) : (L.2-31)
.. - 2 ———— ——
b= (@ +w?-up) A-kD (L.2-32)
¢ =uju, (1- kNZ) . (L.2-33)

ujus can be obtained directly from (L.2-33). The other two equations

are nof sufficient to solve for the remaining three unknowns

U. =T + ui2, up2, and uz?. Only a wire not placed in the
N 17 U27, 3 not

x1-Xo-plane can provide additional information. Here a wire coinciding

with the xg-axis is chosen. Its response equation reads:

E32 — —_—
d === U2 + b2 up? + k2 ug? . (L.2-34)
S

Subscripts were introduced for h and k in equations. (L.2-31) and
(L.2-34) because the signals E2{a) and E32 are, in general, measured
with different types of probes; and h and k are not necessarily the

same for both probes.

Equations (L.2-31), (L.2-32), and (L.2-34) can now be solved

-z
for UNZ, us , and u32:

e
b - +d- |—| 2 ,
02 = ky "y (L.2-35)

he? = Ge/B)? + 1 = Gy /hy)?
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g 1 Gl
d -|[—]ja -b
—— hN ’ 1 - kNZ
u22 = . (L- 2—36)
hRZ 2 2
T glng + 1= (gl

a - up? = kN2 UN2

ugs = » ' (L.2-37)

th

N

with UNZ'from (L.3-35) and uy? from (L.2-36).

With up? and ug? known, the mean velocity U can now be calculated from
(L.2-27) and, for a check, also from (L.2-28). ulz can then be

-2
obtained via (L.2-26) from UN2 and U .

The last step is to transform the now known quantities in the
streamline-oriented system (x}-x5-x3) into the desired quantities in
the fixed system (x-y-z). This transformation is performed by

equations (L.2-1) to (L.2-6).

d) Error analysis

The error introduced into the mormal stresses by a 1% error

in either E%4a} / S% or E32/ 5% is approximately

(L.2-38)

T = J u?/U is the turbulence intensity, and it was assumed that
u

1?2 = uy? = uz2. For 20% turbulence intensity the error would be 13,57

~and for 707 intensity it would be 2Z. The new method is therefore

notAapplicable to low intensity flows.

An error of Ay in the determination of y causes an error in the

shear stress of )

O Ll

A ujuy = tan Ay . ‘ (L.2-39)

2
For Ay = 10, the error is Majup = .0087 U , which is of the order of

the shear stress itself in the inner region of a jet.
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Fortunately, y can be determined more accurately in this region.

L.3 Round jet experiments

The round jet was chosen as testing ground for the new method

because

" a) it offers regions with medium and high turbulence intensity,
b) it is easy to establish, -

c¢) it has been thoroughly investigated by previous authors,

d) reliable knowledge about the round jet is important for the

development of turbulence models.

The present measurements are restricted to the self-preserving region
(X/D > 50).

L.3.1 Experimental equipment

Experimental set-up. Fig. L.5 shows a schematical picture of the

experimental set-up. All dimensions of interest are given in fig.L.5.
The jet emerged with a velocity of 101 m/s, which was maintained constant
to within 1%. The Reynolds number was 8.7 x 10" Jet and room
temperature were the same, and neither one varied by more than 2°¢

during any test run. The mass flow through the jet nozzle was much

lower than the specified lower limit of the electrostatic air cleaner.
Part of the cleaned air had therefore to be spilled into the laboratory.
In order to reduce the effect of room draughts, the jet was enclosed

in a cage over most of its length. The traverse gears could be

read to 0.05 mm and the yaw gear to 0.1°.

The exit velocity of the calibration jet could be varied
continuously from O to 45 m/s by a motor speed controller. The
turbulence level at the exit was below 2%. Hot-wire and pitot tube
were placed near the centre of the potential core, one nozzle
diameter downstream of the exit. A special yaw gear was designed

to allow the hot-wire to be rotated around all three of its axes.

Instrumentation. The instruments used and the signal processing

are shown in fig. L.6. Only gold-plated singleQWire probes were
'employed because they cause eépecially little disturbance of the flow'

around the sensitive part of the wire.

R e
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The DISA 55D10 lineariser clips all output signals larger than
10 V. 1In order to make sure that no turbulence peaks were clipped,

the signal E was monitored on an oscilloscope.

L.3.2 Calibration of hot-wires

I? this investigation, E2 is the signal of prime interest. When
linearised properly, E2 is proportional to the veloc¢ity squared and
thus to the dynamic pressure. This means that E2 plotted versus P

~1s a straight line. The calibration can therefore be easily performed

by connecting the pressure signal, P, to the x~input and E2 to the

y-input of an x-y plotter. Variation of the calibration jet velocity

from zero to the desired maximum then produces the calibration

curve, This procedure took about one minute. The exponent and the

zero adjustment setting of the lineariser which give the required

straight line were found by trial and error. An example is given in
fig. L.7. The curve E versus P was also recorded as check on the
performance of the squaring device.
I
| "
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Determination of the factors k and h. Equations (L.2-35) to

(L.2-37) show that the normal stresses are quite sensitive to the
values of the factors k and h, particularly so at lower intensities.
The calibration at zero yaw and pitch angle discussed above had
therefore tobe extended to general values of these angles. k and h
are défined by equations (L.2-10) and (L.2-11). When k is independent
"of @, and h is independent of B,the curves E2{a)/E2{a=0} versus

sin?a and E2{R}/E2{R=0) versus sin?p are straight lines which intersect

sinZa = 1 at k2, and sin?p = 1 at h?. This is illustrated in fig. L.1l.

In practice, E? was plotted versus P for fixed angles o and

dyn
8 over the whole velocity range of interest, Figs. L.8 to L.10
present examples of x-y plotter recordings for various types of probes
and velocity ranges. This method is particularly suited for a quick

determination of the velocity dependence of k and h.

Ez(a,ﬁ)/Eoz as extracted from these graphs is plotted in fig. L.11
versus sin?€a,;B) for various velocities and probes. h was found to

be independent of velocity and takes the values

hN = .94 for the DISA 55F11l normal probe,

hR = .96 for the DISA 55F13 right angle probe.

Straight lines approximate the measured points in fig. L.11 well
only in the range o« = 0 to 70°. k is therefore constant only in
this range, but in actual flow situations the yaw angle is seldom

) . .
larger than 70°. Because k is very sensitive to small measurement
errors in E2{a), it could only be determined to an accuracy of *0.06.
Champagne et al (1967) report similar scatter. For velocities larger
than 7.5 m/s, no clear deviation of k from the value zero could be

discerned. The mean value of k used in the evaluation is for both probes.

k

0.007 (7.5 - 1)2 for U g 7.5 mn/s,

k=0 ' for U > 7.5 m/s.

Champagne et al (1967) found k = .2 for standard probes in the veloeity

range 7 m/s < U < 35 m/s. From § L.2.1 we know that tangential cooling
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is a consequence of the finite wire length and the flow disturbance
caused by the wire supports. For the gold-plated probes employed,

the sensitive part of the wire is 175 diameters away from the supports.
The vanishing value of k found here for these probes seems therefore

plausible.

L.3.3 QMeasurement procedure

First, the symmetry behaviour of thé jet was checked by
pitot—tube traverses in both horizontal and vertical direction at
2 x~stations. The results are shown in fig. L.12. They indicate

that the jet is indeed axisymmetric.

Hot-wire traverses were then made in one half of the jet in the
horizontal direction only. At the two axial stations x/D = 62 and
x/D = 75, readings were taken at ten radial positions. First, the
signals 55%39 and E{3} were obtained from a DISA 55F11 normal probe
with the wire in the x~y~plane. At each potition in the jet, this
probe was rotated from = ~75° to +75° in 15° steps. Subsequently
the signals E32 and E;-were measured with a DISA 55F13 right angle
probe with the wire aligned in the z-direction. Each probe was
calibrated and rechecked right before and after its use. An example
is given in fig. L.7. The calibration curves taken before and after
a 12 hour run can hardly be distinguished. This excellent wire
behaviour is attributed to the efficiency of the air cleaner and to

the constancy of the room temperature.

The signals E and E2were integrated over 200 seconds in the inmer
reéion and over 300 seconds in the outer region of the jet. These
tTong infegration times brought the total time for one traverse to
about 15 hours. In order to detect changes in the experimental system
and to allow to correct for them, reference values of all signals were

taken every hour at exactly the same position.

L.3.4 Data processing

The data processing was carried out in three $tages:
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aj  Evaluation of E2/S82, E/S and e?/S2 by computer

Input was the recorded data and the factor $% from the calibration
curve. The reference values were used to correct the data by linear
interpolation. The combined influence of changes in jet velocity,
temperature, wire condition, and of lineariser drift could thereby be

largely eliminated.

e2 was calculated from E2 and E via the relation

e2 = E2 ~-E , (1.3-1)

Thus, it is important to note, the electrical information processed

by both the new and the conventional method was the same.

e2 as measured with the RMS-meter was not used for further

evaluation but only to study the effects of the RMS-meter's poor
frequency response at very low frequencies. All instruments used to

measure E2 and E have good response from DC to 20 kHz.

b) Determination by hand of 6, a, b, ¢, E5/S, ez(-45°}, eZ(OO},
and ;5k+45°}.

The values of EEVSZ, E/S, and VEE?S were plotted versus
A%= g+g and then processed as discussed in § L.2.3. The mean curves
were drawnAso as to make Ezka}/sz follow equation (L.2-23) and
Efa}/S to be symmetrical about a = 0. Examples are shown for
y/x =0, y/x = 0.0693, and y/x = 0.147 in figs. L.13 to L.15. They
indicate that the experimental data behave as required by the theory.
The scatter increases towards the edge of the jet, in spite of the
increased integration time.
c) Computer processing of the results from b) and of E3%/S2%and
E3/S from a). .

The calibration factors SN2 and SR2 for the normal and the
right angle probe could not be matched with an accuracy much better
+than 17; As was shown in § L.2.3d, such an error can distort the
tu;bulence resulﬁs when the intensity is low. It came therefore as

no surprise that v2 and w? at the jet axis were.found not to be the

same, as they should be. This shortcoming was remedied by a slight
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correction of SR . The effect of this correction on the results

for the outer region of the jet was negligible.

L.3.5 Results and Discussion

In this section the results obtained with both the new
and the conventional method are presented and compared with each
other and with the results of Wygnanski and Fiedlér (1969). Since
these authors used conventional methods, their findings should be
similar to the present results obtained with the conventional method.
Differences may be attributed to the fact that Wygnanski and Fiedler (1969)
used X-wires, which are subject to thermal wake interference as shown
by Jerome et al (1971). Also, they did not measure k but simply
.adopted Champagne et al 's (1967) value of 0.2 for all velocities.

In the following presentation, y/x is used as dimensionless
distance from the centre-line. This is preferred here to dividing
y by y,, the radius at which the velocity has half its maximum value,
becaus; deviations from similarity and differences between the methods

become more apparent.

The RMS-meter was found to measure the Vez -value at the centre
about 15% too low. Wygnanski and Fiedler (1969) quoted a similar
figure. Since most experimenters have used RMS-meters of this or of

4 similar type, their turbulence measurements may be unreliable.

a) . Mean velocities

U/Um versus y/x. Fig. L.16 shows the distribution of U/Um across

the jet. Um,is the value of U at the centre line. The profiles for
both new and conventional method show very good similarity behaviour.
The conventional method gives too high Zs}o%ity values, particularly
near the edge, because it neglects the ug/ﬁ- term in equation (L.2-27).
Wygnanski and Fiedler's profile agrees well with the results of the
new Egthgd. Since these authors do not state whether they included

the u%/U term or not, this agreement cannot be commented upon.

* because of the poor frequency response of the RMS-meter at very
low frequencies.
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The rate of spread can be deduced from fig. L.16 as
y;/x = 0.086 for the new method,
2

y;/x = 0.090 for the conventional method.
2 .

Newman (1967) reports y,/x = 0.085 as the average of various experimenters'
z

results.

The values of U were obtained from both normal probe and right
angle probe signals via equations (L.2-27) and (L.2-28). The
agreement was generally within }%, which confirms the consistency of

the results.

UN/Um versus x/D The mean velocity decay along the jet axis is

plotfed in fig. L.17. Uy

follow the linear distribution required by the theory for self-preserving

is the jet exit velocity. The data points

flow. The virtual origin is at x/D¥4. Except for a small shift in
the virtual origin, Wygnanski and Fiedler's (1969) results obey the
same decay law down to x/D = 57, then the slope of their decay curve

changes. This is difficult to understand.

Mean flow direction 6 . The radial distribution of 6 is plotted

in fig. L.18. The measured 0 is compared with 6 as determined from

the mean velocity profile via the continuity equation

yl[x
y _ Up /U
x  vy/x

A
tan 6 = 7

%- Lagm . L.3-2)"
m
(8]

Towards the edge of the jet, the agreement is getting poorer because
the signal E becomes less and less sensitive to « s and the turbulence

intensity reaches values which invalidate the assumptions made in
§ L.2, 3b.

b) Normal stresses

uz/Um. The distribution of the longitudinal fluctuations is

* Lquivalent to equation ( 4.38 ).
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shown in fig. L.19. The profiles are similar and the scatter is
modest. The conventional method gives slightly lower values near

the axis but virtually the same values as the new method in the outer
region. The agreement with Wygnanski and Fiedler's (1969) results

is also good. It therefore seems that the neglects inherent in the

conventional methods are justified for determining uZ2.

\/;;;Um. The radial fluctuations are presented in fig. L.20.
The new evaluation method produces a considerable scatter in the inner
region. This is a consequence of the magnification of measurement L
errors described by equation (L.2-39); Nevertheless, the value of v2
(and 25_555 at the axis is fairly reliable: at the axis we have

v2 = w2 and k = 03 equation (L.2-31) then reduces to

2 = 2
1 + h2

and a can be determined quite accuratély, as can be seen from fig. L.13.

The results obtained with the conventional method are, on the
average, about 157 lower than those obtained with the new method. Tor

the determination of vZ the assumptions inherent in the conventional

methods are therefore not fully justified.

It was mentioned already that Wygnanski and Fiedler's results were
expected to agree with the present conventional results. Fig. L.20
proves this expectation wrong. This is particularly strange because
the longitudinal fluctuations in fig. L.19 agree fairly well. Jerome
et al. (1971) report that the thermal wake interference of X~-wires
as used by Wygnggﬁki and Fiedler can cause an error of 25% in ;E; ;E; and
uv. Moreover, v2 is quite sensitive to the value of k when it is
determined from X-wire signals. Since Wygnanski and Fiedler simply
took k = 0.2 independent of velocity, additional errdrs may have been

introduced. The present single wire results are therefore believed

to be more reliable.

Wlem is presented in fig. L.21. This quantity could not be
obtained with the conventional method for the present wire arrangement.
Nevertheless, the main arguments of the discussion on V;E'may be

considered applicable also to w2,



~220

c) Shear stress

In fig. L.22, the measured shear stress is compared with uv

as determined from the integrated momentum equation

- v =
) *
w _ 1 U L Yagrmy +yix | -2 . (L.3-3)
v y/x U U x v u?
m m o] m m m
B Uz Vz .
U/U_ was taken from fig. L.16 and — - — from figs. L.19 and L.20.
m U2' UZ
m m

The normal stress term is usually neélected for boundary layer
flows. Fig. L.22 shows that it contributes about 107 to the shear

stress. Bradbury (1971) reports a similar figure for the plane jet.

The measured profiles are similar, and the results obtained with
the new method agree with the total shear stfess from (3.3)**. Both
the present, conventionmally obtained, and Wygnanski and Fiedler's
results agree with Uv from (L.3-3) when the normal-stress part is
neglected. The conventional methods therefore give too small a value

of uv.

L.4 Conclusions

The new method determines the fluctuating velocities from the
squared sigqai E2 and the mean velocity vector from the signal E.
The first operation does not involve any assumption, the second one
assumes that third and higher order correlations are negligible
comfared with the mean velocity. In contrast, conventional methods
consider triple correlations negligible compared with double correlations.
With increasing turbulence intensity, the latter assumption becomes
invalid much more rapidly than does the former ome. The new method
is therefore superior to the conventional methods in highly turbulent
flow. It was successfully tested in a round jet, and the results
indicate that, for this flow, the conventional method produces the
same \/1_1:_2_ but 107 to 157 lower values of ‘\/\7—2‘, '\/;7—_2_, and uv than the

% . .
‘Equivalent to equation ( 4,30 ).

&% ) . —
with © determined from equation{(L.3+2),larger y's and thus uv-values

would have been attained in the outer regiom.
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new method.

The new method is not applicable to low intensity flows; and
it asks for very time-consuming and accurate measurements. This is
the price to be paid for obtaining reliable results in highly turbulent

flows.

In agreement with Wygnanski and Fiedler (1969) it was found that
the widely used RMS-meters measure the r.m.s.-— value .too low, at least

in a round jet. The agreement extends to the profiles of U and

u? and to the rate of spread. Somewhat different results for. v2,

4;3; and uv were obtained. The measured shear stress agreeé, for the
first time, well with uv as determined from the complete momentum
equétiOn. For boundary layers, the normal-stress terms in this
equation are usually neglected. This gives about 107 lower values

of uv.
The present results are believed to be more reliable than those
of Wygnanski and Fiedler for four reasons:
a) only single wires were used,
b) all wires were calibrated for yaw and pitch influence,
c¢) the wire inclination was varied over its whole range,

d) the new method is more suitable for high intensity flows.
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Table 4.2 Momentum equations

Flow Equation Equat.
No.
n it
U U E E
plane %—% = %}%{g—%(—ﬁgn - _ﬁlf-_ fdn - £f7dn
mixing o 0} (4.19)
layer 0
nE n
N dq
- qdn + | fdn| + (n +nI)—&H
) 0 -
with n from f.zquation (D.7)
jets 1d Gy o dtld8) B2,
and 3 dn(" =71 2 of tt
wakes n
. w1th 1
F_ 2 _ af E/ o 1 ] _ ‘
g —const + (I 1) FEETY] + nJJ fn'dn) {4.20)
)
0
: 2 dg
+ ——
T dn}
Pl _aof1z gt [ g
o 25 n T d&x |2 TIEp T aT gy (4.21)
E
0
round D am  dsl2  1af [ dq
jet’ = = —{f" + === | £ + 2q + 4,22
Uio S dn Tx nd[ndn T+, (4.22)
E 0
) N
radial dh _d§ 2 df d
jet “n“a;[f *dnlfd”* a+ ‘E%} (4.23)
. . U
jets and 1 d (nJh) _ _Ed&|j+l - m(2j + 1)
wakes % U, dx 1-3m
with moan ' (4.24)
luz/u,|>>1, L m ) o &£ df
: UEOC X J+1 dn
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Table 4,2 Momentum equations (contd)

Equat.
Flow Equation No.
plane dh | Vs as df
wake 'd—ﬁ = -U—o- a;- (f + 7N a*ﬁ) (4‘ 25)
UEfconst
round U
wake -l-% (nh) = EE-%E (2F + n%g) (4.26)
U_=const nen o ‘ n

E
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Table 4.3 Shear 'stress relations

UE o« x

Flow Shear stress relation Equat.,
No.
n LN
as ) Uk I
plane h = ™ E—(nf - | £fdn) + f{ fdn - J f7dn
mixing ) A o o
layer
Ug o g g
- (f—l)(U—J fdn +J fodn + qdn) (4.27)
% 0 o
n
* (n+ np)q - J qdn}
‘ o
jets 1 de 1 [ 5. [Ux 2. 2
and h=="~T1-—1~.| fndn{—~—(3 = 2)+£(=-1)
2 x| 3 U I 1
wakes n o 0
. with
U " '
E . U_/u
—=const 2 2 3 _1 E' o 2 _
U0 + JJ fn’dn(l I) + T V(I )nf (4.28)
o
n
2 i 1 2
* jJ andn(t = p <j+1>1”q}
n o .
n
et | n=9d s [ g
e o dx 2 nrm (4.29)
E 0
. n
round ds , f
jet h=32 (=] fndn + nq) (4.30)
U_ =0 o0 :
E g o
. N
radial
* dG L
jet h = Z(E J fdn + nq) (4.31)
0
-jets/wakes U .
1 E dé i+2 m
>1 = e o2 214 :
U/, [>1, ] n x & 57 ) of (4.32)
m [0}
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Table 4.3 Shear stress relation (contd)

Flow Shear stress relation Equat.
No.
plane U
wake h=-—238 ¢ (4.33)
U dx
U, = const 0
E
round u
'E d
wake h = ﬁg_gﬁ nf (4.34)
X
UE = const o]
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Table 4.4 Lateral velocity

E

Flow Lateral velocity Equat.
No.
U n
plane . 48 B _
mixing g dz{nI(Uo +£) +nf - | £dn (4.35)
layer )
UE i . g
+TJ—'den+I fdn+I
° 0 0
0
vjets )
and U
dé EI . I,1 d
wakes g = L -5 - GrD = e | (4.36)
with o nJ .
U../U =const
E" o
plane . n
L ds 1
jet g~ Ix {nf -5 J fdn } (4.37)
U, =20
E o]
n
round _ds 1
jet g =3z (nf -+ | fndn) (4.38)
U, =0 = J
E o]
n
radial g =30 (nf - J £dn) (4.39)
jet o
jets/wakes . U
: __3¥2 m "E dé
[Ue/Ue|>*1 | & = 53T T3m U dx (4.40)
U, «x" ©
E
plane .
wake negligibly small
U_=const
E
round
wake negligibly small
- U_=const




Table 4.5 Kinetic energy equations

Flow Kinetic energy equation E§2at.
| : ; T
Convection | Dpiffusion ! sh. | normal str. prod. I piss.
| [ prod. |
mixing U. U.E g g n | 5 I | i ' .
_as e et T as 4 Stdey | _ar L 4o o
layer dx(Uon UOI £dn J £%dn I qdh+J fdn)dn | dn(ck dn) h 55 + gR(ning) ag; | e |(4.41)
(o] ) o o | I ! |
i 1
. n ~ | :
jets/wakes U U v . . |1 d V. 4 a€ | as (541 Vg df N
with  FEHGIGDer (19 Gom (el | flam§Ei= (55 ol 3D - T )+ TapfrrEn gyl - ¥ | Ge2)
. X U 2’ nj dn jdn' o; dn l .dn x U n
U_./U_=const o o ‘ n k o
E' "o o I
! l .
plane ds L0 e e B de. | _agl ds 1 af, |
- L2 = £E = = ==L ~h £ £8 4 (&f + ‘ 4,43
jet ax et 3 [ fdn 35 @ G Pa ) & GE +ngy) | T oe | (4.43)
Ug = 0 o | , ; | |
n | ~ | | | |
e ~ 49 (gre 4 L [gna de J11d Jeoden o af s aE |
jet - ax e TR i dn S nda'g vaw | P T an’ | .
U_,=20 | k |
E 0 |
! | !
" ? v TR df |
radial _ds de _td it de _. 4f dé T Y 4. 45
. I §2fe + J fdn dn? —| an (ck an { =-h an |+ 7 4 (£ naﬁ) | e | ¢ )
jet 5 : | | l
| ( x {

LT
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Table 4.5 (contd.)

" Flow Kinetic energy equation .Egzat.
1 1 l l .
Convection | Diffusion | sh. l normal str. prod. | Diss.
| | prod. |
I f j :
jets/wakes ‘ ! | i .
, G+ - m(§=1) W2 m_y del 1d 57t Ve de, | df ' _ Up 46 m(j+2 |
1UE/UOI>>1’ e +(14 J+L 1- 3m) dn| = J jd (n"— 4 —) ~h dn ! U, dx 1-3m e | (4.46)
U ex™. pen O 47 [ l
: | | | l
1 3
| o~ I i '
plane v '
wake + pde = & tde by 4 - T 1 (4.47)
dn dn'o, dn [ dn [
U_ = const k |
E | ! !
| 1 ' .
1 | l T
round de '14, S ge, ' as ! S
wake = (be + n 5= =| =g (=32 | ~b57 | — € (4.48)
dn ndn’ o dn dn
U. = const k | |
E | l
i N
. v
shear— du | v ' | du
1 6 E, de 1 d , j°t de 8 E | v
free —e = ( —— — ) T | =. = (n— =2l | - —— e q - e | (4.49)
layers 3+l } dax “'dn ] o dn"" o, dn | | K 1 dx {
l I | I

8¢¢C
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Table 4.6 Integral turbulence energy equations

'Flow

Equat.

Integral turbulence energy equation
No.
| . ! )
Convection | Production | Diss.
mixing . ( - " : o
layer 48 | B ’ Llds [ - By (2 2 - ] -
I J (Uo + f)e dn I 7 = (1 f)(Uof + £f¢ + q) - £fqi dn | e dn (4.50)
0 [ 0 | o
. © | !
jets/wakes u ‘ 4 u ) | I
i . d E i . 3. ds E E £ ] v o]
s | - D gD § [(-ﬁ— + £)enldn G GIED g2 J(ﬁ-'* 5 G+ 5 v @ wdn, - Iandn (4.51)
E o : 5 o] ! o] o] | o
plane 1 dé | 1d§ £3 | v o
;a0 _14ds 1ds | £ - .52
UEJSto 5 X f fedn | 5 T (2 + fq) dn | e dn (4.52)
- ) \ 0 | )
|
-] :oo I o0
round as | | as [ 23 . | ¥nd 4.53
UEJ-e-to - & | fendn | I | G+ £q) ndn l endn (4.53)
a 0 | 0 | )
«© I «© | ©
radial ¢ r
dé | dé | 'E .
— ma— - -y d - d 44.54
jet dx fedn | dx | (2 + £q) dn € dn ( )
l )

62¢



Table 4.6 (contd.)

'Flow Integral turbulence energy equation ] Equat.
' No.
. Convection 1 Production ! Diss.
jets/wakes | (
]UE/U0]>>1 . o ; s - p I p
m - _E d§ (j+1)+3m 3 _ 1 Ed§|(i+1)-m(1+27) _ m(j+2) L
Ug = % U dx  1-3m dn I 2 U dx)" 1 - 3m dn = 4535 “‘ endn (455)
o] | (o] o - I o]
plane U ® | U ® | ”
_lmgs _ 17848 [ K
wake . T ax [ edn = 5 T dx [ f4dn | J e dn (4.56)
U_=const o | o
E 0 , 0 | 0
round U U |
wake - 2 E 48 J endn = | -—Fi-g—é J £f2ndn | - Jnéndn (4.57)
U_=const Uo x l Uo X
E 0 : o | o
shear- U, dk U, d§ & dU I § du, ¢ . ! >,
free (G- —2+ (4 —y— - —l—ﬁ)Jeann L= — —£ f qnidn I - J’Zann (4.58)
layers k% dx k *dx k* dx i k ¢ dx l
o o o 0 | o ) : 0

0€?
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Fig.. 3.3 ' .Shear stress balance for'the plane jet
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