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ABSTRACT

Stochastic volatility models are known to capture features observed in the
markets and have been widely used in the financial industry. In particular,
rough volatility models, where the instantaneous volatility is driven by a
fractional Brownian motion, provide a more accurate fit of the power-law

decay observed on volatility smiles close to maturity.

This thesis is concerned with deriving the asymptotic behaviour of these two
classes of stochastic volatility models using large deviations techniques, in
order to understand the behaviour of the implied volatility. Indeed, when
pricing options, a closed-form solution to the pricing problem is often not
available. Practitioners are using implied volatility as a measure of option
prices that is consistent for different options with different maturities and
strike prices. As this implied volatility cannot be expressed in closed form
either, finding asymptotic formulas is crucial. We therefore focus on ob-
taining the asymptotic behaviour of two rough volatility models, namely a
generalised version of the Stein-Stein model where the volatility starts from a
random distribution and the (multi-factor) rough Bergomi model for realised
variance options. We also study a particular complete model with stochas-
tic volatility, which can be fitted to market data perfectly via the leverage
function. In each case, we obtain the asymptotic behaviour of the stock
price process and the implied volatility. We produce numerical schemes to

compute the implied volatility smiles.
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INTRODUCTION

‘All models are wrong, but some are useful’. This statement by G.E.P. Box
(1987) was not used to describe financial modelling even though it seems to
fit perfectly. In the financial industry, pricing options involves calculating
the expectation of the payoff of the option, which can be achieved by solv-
ing a pricing partial differential equation. However, a closed-form solution is
rarely available. Commonly, practitioners have adopted a general measure
of option prices that can be used for different options with different underly-
ings: the implied volatility. The latter is the unique solution obtained when
matching market option prices with Black-Scholes option prices. However,
a closed-form formula for the implied volatility, function of strike K and
maturity 7', does not exist and finding approximating formulas as well as
understanding its asymptotics is crucial. The asymptotics (small and large
maturities and strikes, etc.) are used to explain the behaviour of option
prices in these extreme cases, to interpret the parameters of the model and
to calibrate them to market data more efficiently. Instead of performing a
global optimisation problem to estimate the parameters of the model, one
can use the closed-form asymptotics formulas to get a specific initial set of
parameters that will accelerate the optimisation problem and overcome some
of its numerical limitations. Besides, deriving the asymptotic behaviour of
the implied volatility can be used to determine control variates, an efficient
technique to reduce the variances of Monte Carlo estimations used to price

options.

In the last three decades, the mathematical finance community has proposed
various models, in particular stochastic volatility models. Such models are
both easy to implement and generate implied volatility surfaces that are con-
sistent with market data, especially on Equity and Foreign Exchange (FX)

markets where options with different strikes and maturities have different



implied volatilities. There exists a large class of stochastic volatility models
with different dynamics, among which the Stein-Stein model [109] in which
the instantaneous volatility process follows an Ornstein-Uhlenbeck (OU) pro-
cess, the Bergomi model [18] where the instantaneous volatility is assumed
to be a Wick stochastic exponential, or the Heston model [73] where the
instantaneous variance process follows a Cox, Ingersoll and Ross (CIR) dif-
fusion. In all these models, the underlying stock price process (St)tzo and

the instantaneous volatility process (V;),-, are assumed to satisfy

S, =o(V) (pdB, + pdB}) So = 50> 0,
d‘/;g = av(t, St)dt + bv(t, St)dBt, ‘/0 = Vg > 0,

where (B , Bl) is a two-dimensional standard Brownian motion, p € [—1, 1],
p = \/1—7p2 and the mappings o, ay and by will differ in each model and are
such that existence and uniqueness of a strong solution (S, V) is guaranteed.
In particular, stochastic volatility models capture the leverage effect observed
in the Equity market via the correlation p, and they fit the implied volatility
surface more precisely than the Black-Scholes model. They however fail to
fit the ‘small-time explosion’ observed on the implied volatility smiles close

to maturity, as described in [64].

To be able to reproduce the power-law behaviour of the volatility smiles
close to maturity, Alos, Leén and Vives [5] and Fukasawa [59] extended the
work done by Comte and Renault [34, 35], who first introduced fractional
volatility models with Hurst parameter H € (1/2,1). Such models assume
that the instantaneous volatility is driven by a fractional Brownian motion
instead of a standard one. Alos, Leén and Vives [5], Fukasawa [59] and
Gatheral, Jaisson, and Rosenbaum [65] proved that rough volatility models
generate the ‘small-time explosion’ of the volatility smiles close to maturity,
with a Hurst parameter close to 0.1. Bayer, Friz and Gatheral [13] then
extended the results and showed how to use these models to price options.
An extensive literature on rough volatility exists and the reader is invited
to read [14, 46, 52, 59, 69, 76, 82, 90]. One shortcoming of such models is
their computational cost, and competitive simulation methods were proposed
by [17, 77, 94], along with Stone [110] and Horvath, Muguruza and Tomas [79]



who used deep learning techniques to calibrate the rough volatility models
(Hurst parameter and implied volatility surface), considerably improving the
computational speed. An alternative to fractional volatility models are the
so-called ‘jump-diffusion and exponential Lévy models” which incorporate a

jump process in the stock price dynamics (see for example [36] and [111]).

Both academics and practitioners are taking more interest in stochastic and
rough volatility models due, in particular, to the precise fit to the observed
implied volatility surface. Such models assume that the market is incom-
plete, leading to a possible non-uniqueness of option prices. Local volatility
models are an example of settings that overcome this shortcoming, together
with so-called path-dependent volatility models introduced for example by
Guyon [70], where the instantaneous volatility is assumed to depend on the
current value of the stock price as well as a set of finite path-dependent vari-
ables. The leverage function enables a perfect fit to the volatility smiles using

Dupire’s equation.

As stated above, the implied volatility cannot be expressed in closed form.
Using large deviations techniques to estimate the exponential decay of prob-
ability measures of rare events, in the setting of stochastic volatility or path-
dependent volatility models, enables to prove small- and large-time as well
as tail asymptotics of the implied volatility. Such techniques were first in-
troduced by Schilder [107], Freidlin and Wentzell [56], Deuschel-Stroock [42]
and presented, for instance, in Dembo and Zeitouni [39]. Various academics
adapted these methods to mathematical finance and proposed asymptotics of
the implied volatility in different settings: Forde and Zhang [52] proved the
small-time asymptotics for a correlated fractional stochastic volatility model.
Jacquier, Pakkanen and Stone [82] studied the small-time behaviour of the
rough Bergomi model, which was then expanded to the small-time behaviour
for realised variance options by [90], and Jacquier and Shi [86] studied the ran-
domised Heston model. We refer the reader to [12, 51, 76, 80, 82, 86, 90] (to
name a few) who proved large deviations results for various (rough) stochastic

volatility models.



In this thesis, we provide asymptotics of the implied volatility in different
option pricing settings, focusing on three stochastic volatility models. The

structure of the thesis is as follows.

Chapter 0 introduces fractional Brownian motions, provides notations and
reminders on the large deviations methods used in this thesis, and recalls the

definition of implied volatility.

In Chapter 1, we study the asymptotic behaviour of a generalised version
of the Stein-Stein stochastic volatility model. We add two extensions to the
original model: (i) the instantaneous volatility process is driven by a frac-
tional Brownian motion, and (ii) the SDE driving the instantaneous volatility
process starts from a random distribution. We focus on the tail and small-
time asymptotics and show how, assuming a particular tail behaviour of the
random distribution, we are able to modulate the rate of explosion of the
implied volatility. We also present an application to forward-start European

options to get the small-time forward smile asymptotics.

In Chapter 2, we derive the small-time asymptotics for the realised variance
process of the rough Bergomi model and more general multi-factor rough
Bergomi models. We then apply these results to obtain the small-time be-
haviour of options on realised variance. A simple yet accurate numerical
scheme to compute the implied volatility smiles using large deviations re-
sults is then proposed. It enables to approximate the density of the realised

variance and to price volatility swaps.

Finally, in Chapter 3, we focus on complete models with stochastic volatility.
Conditions on the coefficients to obtain existence and uniqueness of a strong
solution are first proved before deriving small-time asymptotics of the stock
price process as well as the implied volatility. We also provide a calibration of
the model to the simulated VIX data, a proxy of the instantaneous volatility
of the S&P 500 Index prices.
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PRELIMINARIES ON FRACTIONAL
BROWNIAN MOTION, LARGE
DEVIATIONS AND IMPLIED
VOLATILITY

Throughout this thesis, we will always work on a given filtered probabil-
ity space (Q, (F1) >0 ,IP), where (S;),~, denotes the stock price process and
(Vi)>q the instantaneous volatility p;ocess. In this Chapter, we recall the
definition of a fractional Brownian motion and provide a brief review of the
different large deviations methods used in this thesis. We also recall the

definition of implied volatility that we will use later on.



0.1 FRACTIONAL BROWNIAN MOTION

On a real, separable Banach space (&, || - ||), we denote by B the associated
Borel sigma field. Letting £* denote the topological dual of £, we define a

Gaussian measure as follows:

Definition 1. A probability measure p on (€,B) is said to be a Gaussian
measure if every ¥* € E* is a real Gaussian random variable ¥ +— (9%, 0) e

on the probability space (€, B, ).

We associate a Gaussian process to a Gaussian measure in the usual way
in [30, Section 3.2]. Particular examples of Gaussian processes, crucial for the
rest of this thesis, include standard Brownian motion on the time interval T,
where & = C equipped with the supremum norm and with the topology of
uniform convergence, and £* is the space of signed measures on 7. In fact,
this construction applies to all (centered) continuous Gaussian processes,

which are uniquely characterised by their covariance operator.

Definition 2. A fractional Brownian motion W with Hurst parameter H €
(0,1) is a centered and continuous Gaussian process, starting from zero, with

covariance

1
(WA WY = 5 <|7f|2H + || — |t — s|2H> : for any s, t € T.

S

1
2

motion. A Hurst parameter H € (%, 1) produces a persistent process where

1
'3
anti-persistent and the increments are negatively correlated.

Remark 3. A Hurst parameter H = = corresponds to a standard Brownian

the increments are positively correlated, and if H € (0 ), the process is

Of primary importance in understanding small-noise behaviours of Gaussian
systems is the concept of reproducing kernel Hilbert spaces (RKHS), which
we recall following [30, Definition 3.3]:

Definition 4. Let pu be a Gaussian measure on € and define the map R :
E* — & by Ra* = [.(z*, x)apu(dx). The RKHS H, of p is the completion
of the image RE* for the norm |Ra* |z, = (x*, Ra*)'/?, for all z* € E*.

7



To characterise the RKHS of fractional Brownian motion, the usual tool is

its Volterra representation [102]

A — /t K*H(t,s)dB,, (1)

which holds almost surely for all ¢ € 7, where B is a standard Brownian
motion generating the same filtration as W#, and K is the Volterra kernel
defined, for any s,t € T with 0 < s < ¢, by [102, Theorem 5.2]

( _ H_ 1
L [(t(t—s))H——H /%du}, if H < 5,
H
KH(t,s) = “HH— / du 19 R C)
|U—S|1_H*’ 1 > %,
i H = -
1 2,

2HT(1 — H_)
(H)T'(2—2H
KH(t,-) is square integrable at the origin, and the reproducing kernel Hilbert

1/2
with Hi ::H:t% and kg 1= (I‘ )) . For t € T*, the map

space of the fractional Brownian motion is given by

Hiyen = {/Ot KH(t,s)f(s)ds,t € T+ f € L?(T)}

with inner product

< | e neas, [ K Cns > — (i Fhuar)

The notation Hxw, emphasising the link with the underlying kernel, will
be useful later (in Definition 5) for more general kernels. In particular, the
RKHS associated to (standard) Brownian motion (H = 1/2) is the Cameron-
Martin space, and corresponds to the space of absolutely continuous func-
tions starting at zero, with square integrable derivatives. In other words,
for any H € (0,1) \ {1/2}, the identity Hxn = KguL?*(T) holds, where
Kgu : LA (T) > f— f(f K*(t,s)f(s)ds. This characterisation motivates the
following definition:



Definition 5. For any strictly positive function ® : RZ — R such that
®(t,-) € LA(T) for any t € T, the corresponding RKHS is defined as

Mo = {/Ot@(t, s)f(s)ds,t € T : f € L2(T)} , (3)

with inner product

0 0

</ | <I>(.,s)f1(8)d3’/ .®<"S)f2(5)d5>% b

Reproducing Kernel Hilbert Spaces, together with their inner products, turn

out to provide the right spaces to characterise large deviations rate functions.

0.2 LARGE DEVIATIONS

We provide here an overview of the different large deviations methods we
will use later on. We shall use [39, Chapter 1.2] and [39, Chapter 1] as
our guides through large deviations. Given a topological space X and the
completed Borel o-field By corresponding to X, for any A € By, we consider

a sequence (X¢).so on (X, By).

Definition 6. A (good) rate function is a lower semi-continuous mapping
I: X — [0,00] such that the level sets {x : I(z) < z} are closed (compact)
subsets of X for any z > 0.

Definition 7. The sequence (X¢).~o satisfies a large deviations principle
(LDP) on (X,By) as € tends to zero, with speed h., and rate function I, if
for any Borel subset A C X, the following inequalities hold:

—inf I(p) <liminf h. log P(X* € A) < limsup hlog P(X® € A) < — inf I(p).
¢ € el0 A
(4)

We will use the notation X° ~ LDP(h.,I). Two particularly convenient

tools to prove large deviations are the so-called exponential equivalence and



Contraction Principle, which we recall from [39, Definition 4.2.10] and [39,
Theorem 4.2.1] as follows:

Definition 8 (Exponential equivalence). On a metric space (Y,d), two Y-
valued sequences (X°).., and ()~(5)E>0 are called exponentially equivalent
(with speed h. ) if there exist probability spaces (€2, B.,P.)c~0 such that for any
e > 0, P° is the joint law and, for each 6 > 0, the set {w : (J?S,Xa) € F5}

is B.-measurable, and

lim sup he log P* {(@,y) : d(g,y) > 6}) = —o0.
Theorem 9. Let (X°)__, and ()N(5)€>0
quences (with speed h.) on some metric space. If (X¢) ~ LDP(hg, I) for
some good rate function I, then ()?5) ~ LDP(h., I).

be two exponentially equivalent se-

Theorem 10 (Contraction Principle). Let X and Y be topological spaces and
f X = Y a continuous function. Consider a good rate function I : X —
[0,00]. Foreachy €Y, define I'(y) :=inf{l(z) : x € X,y = f(x)}. Then, if
I controls the LDP associated with a family of probability measures {u.} on
X, the I' controls the LDP associated with the family of probability measures
{pe0 71} on Y and I' is a good rate function on Y.

Two standard results in large deviations are Schilder’s Theorem and the large
deviations principle for Gaussian Volterra processes, recalled below follow-
ing [39, Theorem 5.2.3] and [42, Theorem 3.4.5].

Theorem 11 (Schilder’s Theorem). Let (Wy),co ) denote a standard Brow-
nian motion in R, d > 1. For e > 0, consider (W)icpp defined by
W .= \/eW,, fort €10,1], and v° the probability measure induced by B on
Co([0, 1], R9), the space of all continuous functions from [0,1] to R? such that

the value at the origin s zero.

Then the family (v°).., satisfies a large deviations principle on Co([0, 1], R)

when € tends to zero, with speed € and rate function

IR .
3 [ et o e
0

00, otherwise.

Alp) =

10



This theorem has been generalised to Gaussian Volterra processes, using the
Reproducing Kernel Hilbert spaces.

Theorem 12. For a given Gaussian Volterra process of the form [; ®(-,s)dB;,
for some Volterra kernel ®, it follows from [42, Theorem 3.4.5] that the se-
quence ( fo s)dBy).>o satisfies a large deviations principle with speed 2

and rate functwn

1
Y ’ . eH )
A<I>((,0> _ 2”%0”7'[@ ngp [ (6)

+00, otherwise.

An obviously special role is played by the standard Brownian motion, with
H = 1/2, and we shall adopt the simplified notation H (the classical Cameron-
Martin space) and A in place of H 12 and A g2, as defined in Equation (5).

0.3 BLACK-SCHOLES AND IMPLIED VOLATILITY

In this thesis, we consider, without loss of generality, the interest rate to be
zero. In the Black-Scholes-Merton model, the underlying stock price process
(St),5¢ is assumed to be a geometric Brownian motion (where the drift under
the risk-neutral measure Q is null) starting from Sy > 0. We denote the
price of a European Call option Cps(t, e, ¥), with ¢t > 0 the maturity of the
contract, k := log(K) with K > 0 the strike, and ¥ > 0 the instantaneous
volatility of the log returns (X;),, defined by X :=log 5.

Under the risk-neutral measure QQ, the Call option value at maturity ¢ is
(S — K )ﬂ Using the Black-Scholes formula, the Call option is worth

CBS(t,ek7Z) = SON( OgSO k n \/E) _ ek,/\/'( OgSO k \/Z)

SV 2 Vi 2

with AV () the cumulative distribution function of the standard Normal dis-

tribution.

11



Considering a market with observed Call option prices Cos(t, €*), with ma-
turity ¢ and strike e, we denote by ¥;(k) the implied volatility, defined as

the unique non-negative solution to

CBs<t, ek, Et(k» = Cobs(t, ek).

Note that, as the implied volatility depends on the maturity ¢ and log-strike
k, the volatility smile refers to the implied volatility as a function of k, for

fixed maturity .
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ASYMPTOTIC BEHAVIOUR OF
RANDOMISED FRACTIONAL
VOLATILITY MODELS

In this Chapter, we use Large Deviations techniques to study the asymptotic
behaviour of a class of small-noise diffusions driven by a fractional Brownian
motion, with random starting points. In order to do so, we extend some
results on sample path large deviations for such diffusions. As an application,
we show how these results characterise the small-time and tail estimates
of the implied volatility for rough volatility models, recently proposed in

mathematical finance.*

*The main results presented in this Chapter have previously appeared in the published
paper [76].
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1.1 INTRODUCTION

Motivated by financial applications, we derive here asymptotic small-time
and tail behaviours of the solution to a generalised version of the Stein-Stein
stochastic volatility model, originally proposed in [108, 109], using large de-
viations techniques. Large deviations are used extensively in Physics (ther-
modynamics, statistical mechanics) as well as in Mathematics (information
theory, stochastic analysis, mathematical finance) to estimate the exponential
decay of probability measures of rare events. Varadhan [112], Schilder [107],
Freidlin and Wentzell [56] proved, in different degrees of generality, large
deviations principles (in R™ and on path space) for solutions of stochastic
differential equations with small noise, and the monographs by Dembo and
Zeitouni [39] and Deuschel-Stroock [42] provide a precise account of those
advances (at least up to the mid-1990s). In the past decade, this set of
techniques and results has been adopted by the mathematical finance com-
munity: finite-dimensional large deviations (in the sense of Gértner-Ellis)
have been used to prove small-and large-time asymptotics of implied volatil-
ity in affine models [51, 80], sample-path LDP (& la Freidlin-Wentzell [56])
have proved efficient to determine importance sampling changes of probabil-
ity [66, 68, 106], and heat kernel expansions (following Ben Arous [15] and
Bismut [23]), have led to a general understanding of small-time and tail be-
haviour of multi-dimensional diffusions [11, 12, 40, 41]. These asymptotics
have overall provided a deeper understanding of the behaviour of models,
and, ultimately, allow for better calibration of real data; a general overview
can be found in [104].

We in particular consider two important (in light of the recent trends in
the literature proposed models) extensions: (i) the SDE driving the instan-
taneous volatility process is started from a random distribution; this so-
called ‘randomised’ type of models was recently proposed in [85, 86, 96],
in particular to understand the behaviour of the so-called ‘forward volatil-
ity’; (ii) the volatility process is driven by a fractional Brownian motion.
Fractional stochastic volatility models, originally proposed by Comte and
Renault [35, 34] with H € (1/2,1), have recently been extended to the case

14



H € (0,1/2), and a recent flourishing activity in this area [5, 13, 59, 65, 81]
has established these models as the go-to standards for estimation and cali-

bration.

The original motivation behind randomisation of the initial starting point is
rooted in financial practice, where only the initial value of the stock price
process is observed directly and the instantaneous value of volatility is sub-
ject to calibration. The effect of randomisation of the initial volatility on
the implied volatility surface was explored by Jacquier and Roome [84] in
a simple ‘random environment’ setting, where the volatility component was
assumed to follow CEV dynamics. Their results give an impetus both on
the theoretical and the practical level: they solve a practical modelling prob-
lem in a simple tractable setting and at the same time raise awareness for
the potential prowess of applying random evolution equations for financial
modelling. In this Chapter, we follow up on this direction and blend more in-
volved approaches (proposed by [95, 97]) from the literature around random
environment and random evolution equations into our financial model, where
randomness also appears in the drift and diffusion coefficients of the process.
On the practical level, independently from the results of [84], Mechkov [96]
goes a step further in endorsing the idea of randomising the initial volatility
and makes a strong case to move away from modelling hidden variables (such
as stochastic volatility) in the traditional way. He argues that starting the
volatility from a fixed starting point heavily underestimates the effect of the
hidden variable on the slope of the implied volatility smile, and therefore ‘hot
start’ volatility models (with random starting point) significantly outperform
traditional ones altogether. Indeed, both randomised models [84, 96] produce
the desired explosion in the smile at short maturities. Jacquier and Shi [86]
develop this further by providing a precise link between the rate of explosion
of implied volatilities on the short end and the tail distribution of the initial
distribution of the volatility process in a ‘randomised’ Heston model. These
outputs confirm that stochastic volatility models with random starting point
constitute a class of counterexamples to the long-standing belief formulated
by Gatheral [64, Chapter 5], that jumps in the stock price process are needed

to produce steep short-dated implied volatility skews. Another example of
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broadly different design was provided by Caravenna and Corbetta [29]. In
their ‘multiscaling” model, the stock price process is continuous, while the
volatility process has (carefully designed) jumps, and steepness of the smile
is achieved with a heavy-tail distribution of the small-time distribution of
the volatility. Rough fractional volatility models (with continuous volatility
paths) have recently been proposed, and are able to capture the volatility
skew [5, 13, 14, 46, 52, 59, 65, 69, 82]. In this Chapter, we analyse the
combined effect of a rough fractional Brownian driver (with Hurst parameter
H € (0,1)) in the volatility and a random starting point. We quantify how
the tail behaviour (parametrised by a scaling coefficient b > 0) of the ran-
dom starting point modulates the rate of explosion in the implied volatility
in the presence of rough fractional volatility. In particular, we generalise [52,
Corollary 4.10] to the case of a rough Ornstein-Uhlenbeck volatility process

starting from a random distribution.

Finally, in a specific simplified setting we highlight how our model blends
naturally into the setting of forward-start options in stochastic volatility
models, whose asymptotic properties have been studied in [85]. In proving
our results, we improve the large deviations literature on both SDEs with

random starting points and fractional SDEs.

Denote (X}),s, the log-stock price process, such that X :=log S, and (V)
the instantaneous volatility process. The particular system we are interested

n is

1
dX, = —5o(V)*dt +o(V;) (pdB, + pdB), Xo =0,

(1.1)
AV, = (A + BVy)dt + W/, Vp ~ 6,

where W is a fractional Brownian motion, with Hurst parameter H € (0,1),
(B, B*) is a two-dimensional standard Brownian motion, 8 < 0, \,§ > 0,
pe(—-1,1),p:= \/1—7/)2, and © is a square-integrable continuous random
variable. In order to guarantee existence and uniqueness of a strong solution,
we further assume [99, Theorem 3.1.3] that ¢ is Lipschitz continuous, satisfies
the growth condition |o(y)| < C(1+|y|) for y € R, and is differentiable with

locally Holder continuous derivative.
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This Chapter is structured as follows: Section 1.2 collects the main large
deviations estimates in different regimes: tail behaviour (Section 1.2.1), and
small-time behaviour (Section 1.2.2). In each case, we present two differ-
ent scenarios consisting of an appropriately rescaled fractional model (Theo-
rems 13 and 19) and a simplified diffusive model (Theorems 18 and 25) with
more restrictive conditions on the random starting point (allowing for simpler
large deviations rate functions). Section 1.3 displays applications to implied
volatility asymptotics (Corollaries 27 and 29), and presents an application to
forward-start options. Proofs of the main Theorems 13, 19 and 25 can be
found at the end of the Chapter, in Section 1.4.

Unless otherwise stated, we always work on a finite time horizon, say [0, 1]

without loss of generality, which we denote by T, and we write 7* := T\ {0}.

1.2 MAIN RESULTS

Centrepiece of our analysis are large deviations estimates for suitably rescaled
versions of (1.1). In order to prove our main results below, we make the
following technical assumptions:

Assumption A,: There exist a measurable function o : R — R, with locally
Holder continuous derivative, such that ¢ is Lipschitz continuous, satisfying
the growth condition |o(y)| < C(1+]y|) for y € R, as well as a constant b > 0
such that the scaling property lim.|o£’0(y/e?) = &(y) holds true uniformly
on R.

The first rescaling (presented in Section 1.2.1) is tailored to the analysis of the
tail behaviour of (1.1), while the second rescaling (Section 1.2.2) is bespoke
to its short-time asymptotic properties. In addition to these asymptotic re-
sults in the general fractional case (Theorems 13 and 19), we present two
special simplified diffusive cases, where particularly tractable rate functions
can be obtained (Theorems 18 and 25 respectively). For this we impose
stronger conditions (Assumption 16) on the random starting point. This
allows us to establish, following [97] in Section 1.2.1, an exponential equiv-
alence between (1.1) and an analogous process with fixed starting point. In

Section 1.2.2, we construct a third rescaling (1.10) inspired by Mellouk [95]
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in the short-time diffusive case under the assumption that the support of the
random starting point is bounded. We shall work with rescaled versions V¢
of the process V in (1.1) (see (1.2) and (1.8) for specific examples), together
with a function h. describing the speed of the large deviations estimates, for

which we introduce the following assumptions:

Assumption A;: There exists a family of continuous functions (o,,),>0 on
R such that

(1) (0n)n>0 converges uniformly to o on R;

(ii) for all 6 > 0, lim limsup h.logP (|0, (V®) —a(Ve) > §|) = —o0.

ntoo £l0

Assumption AP (tail behaviour of ©): The limit lim sup k. logP(*|©| >
el0
1) = —oo holds.

In Assumptions A, and A above, the large deviations speed h. takes the
b b g

value €2 in Section 1.2.1 and g*7+2b

in Section 1.2.2 respectively. The con-
stant b (which may vary below) plays an essential role in subsequent large
deviations estimates, via exponential equivalence techniques (Definition 8).
Assumptions A, and Aj are naturally satisfied in the fractional Stein-Stein
case (where o(y) = y), but imposing them allows us to state our results for
more general o, in particular when using extended Contraction Principles [93,
Proposition 2.3|. Finally, from Assumption 4, it holds that & (y) := cy, with

¢ € R, but we keep the notation ¢ for convenience.

1.2.1 TAIL BEHAVIOUR
THE GENERAL CASE

For b,e > 0, introduce the rescaling (X¢,V¢) := (¢%X,&’V), so that (1.1)

becomes

.2 veN? 175 _
AXj =~ <€—tb> dt + %o <€—’§,> (pdB, + pdB}), X§ =0,
AV = ("X + BVE) dt + bed W Vi ~e'e.

(1.2)
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The particular rescaling considered here is perfectly suited for tail behaviour,
as large deviations provide estimates for P(X¢ > 1) = P(X > ¢ %). Our

main result is as follows, and is proved in Section 1.4.1:

Theorem 13. For any H € (0,1), the following hold:

1) for an > 0 such that olds €~ € "), wit H
(i) f y b h th .A?hld,V LDP(%,AF ), h Ap
in (6) and F® in Lemma 14;

ii) for anyb > 0 such that Assumptions Ay, A, AP hold, X ~ LDP(e%, A ,
by Y
with A in (1.19).

The proof of the theorem, developed later, requires a precise analysis of
the Reproducing Kernel Hilbert Spaces of the processes under consideration,
and we first state the following two key ingredients (proved in Sections 1.4.1

and 1.4.1), which are also of independent interest:

Lemma 14. For any H € (0,1) and 5 > 0, there exists a standard Brownian

motion Z, such that

t t
gAeWSMszlzﬁ@@ma, (1.3)

holds almost surely fort € T, where FH . T xT — R is defined for0 < s < t,

with Ky in (2), as

( $kp 0 t(1—-2H H Blt—u)
ot Lo =+ [ {2522 4 5 atu— -]
P e ) Eonll / utt A
sf- ), (u—s)t=H-"
B(t—s)
| &%),
The case f = 0 (and £ = 1) is excluded since, in that case, the lemma

boils down to the classical Volterra representation of the fractional Brownian
motion (1) and the function F# is nothing else that K given in (2). For
H € (3,1), the expression for F# is in agreement with [113, Definition 2.1],

but, for H € (0, %), it corrects the slightly erroneous expression therein. This
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function F'¥ allows us to fully characterise the following RKHS, with proof
postponed to Section 1.4.1:

Proposition 15. For any H € (0,1), 5 > 0, the space Hpu is the RKHS of
the Gaussian process ffd eﬁ('_s)de.

THE MILLET-NUALART-SANZ APPROACH

In [97], Millet, Nualart and Sanz consider a perturbed stochastic differential

equation of the form
dX§ = b(e, X7)dt + ca(XF)dW;. (1.4)

Here, for any € > 0, the functions b(e,-) : R” — R" and a : R" — M, ¢(R)
are bounded Borel measurable and uniformly Lipschitz, b(e, -) converges uni-
formly to a function b(-) as € tends to zero, W is a d-dimensional Brownian
motion, and X§ is an R"-valued square-integrable random variable. Existence
and uniqueness of a strong solution can be found in [55, Chapter 5, Theorem
2.1]. Following classical large deviations steps, consider, for any ¢ € H, the

controlled ordinary differential equation on 7

Uy = alge) @ + b(Wy), (1.5)

the solution flow of which, starting from xo € R™ is denoted by Sy, (¢). Millet,
Nualart and Sanz [97] proved a large deviations principle [97, Theorem 4.1]

for the sequence (X).so under the following assumption:

Assumption 16. Both a(-) and b(-) belong to C?, and there exists xo € R"
such that, for any 6 > 0,

limsup e®log P (|X§ — xo| > §) = —oc0. (1.6)
el0

Theorem 17. Under Assumption 16, (X%).»o ~ LDP(2, 1) with 1(¢) =
inf{A(p) : o € H, 1 = S, ()}
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Condition (1.6) is an exponential equivalence property between the initial
random variable X§ and the constant xy, and ensures that large deviations
are preserved under exponentially small perturbations of the starting point.
Therefore, in the standard diffusion case H = %, it is possible to obtain a sim-
ilar result to Theorem 13 with a simplified rate function (albeit with slightly
more restrictions on the starting point), by using the approach considered by
Millet-Nualart-Sanz in [97]. For this, we rewrite (1.4) to correspond to (1.2),
albeit with stronger assumptions on the coefficients, with W := (W5, Wy)’
a Brownian motion, X® = (X¢ V¢), H = 1/2, ¢ — &b, X§ = (0,£0), and

ﬁ:: Vl_p27

_lN V‘E 2 = va ~ Vg
b(&,Xi) — 20( t ) and CL(X?) — pO’( t ) pO'( t ) )
eEX+ BV 0 3
The correlation between the two components of W is explicitly represented

in the diffusion matrix a.

Theorem 18. Under Assumption 16, the solution X° to (1.4) satisfies
(X%)eso ~ LDP(2,1) with I(x) = inf {A(p) : p € H,x = S, (¥?(p))} and

U :R23 72— pop Z,.
0 1

Proof. The proof of Theorem 17 relies first on proving a large deviations
principle for the flow Sy, using Schilder’s theorem [39, Theorem 5.2.3], then
on extending this LDP to the original system. One can easily extend it to
include a correlation parameter p € (—1,1), the main difference being the
rate function. Indeed, since W3- and W, are independent, Schilder’s theorem
yields that (W3-, Ws)" ~ LDP(g2, A). Since the map ¥” is continuous on
(C,] - |loo) and eW’ = WP(g(Ws-, Wy)), the theorem follows from the Con-
traction Principle giving an LDP for eW’ as € tends to zero with speed &2

and good rate function
AP() = inf {A() : ¢ € Hotp = W()} (L.7)

]
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1.2.2 SMALL-TIME BEHAVIOUR

We now tackle the small-time behaviour of the process (1.1). Under the
general set of assumptions A, A,, AP, we need to introduce a particular
rescaling, both in time and in space in order to observe some weak con-
vergence. This is different from the classical It6 diffusion case (with fixed
starting point), where solutions of such SDEs generally converge in small
time. In the Ito case, though, if the distribution of the starting point has
compact support, we show in Section 1.2.2 that space rescaling is not required

any longer.

THE GENERAL CASE

With the rescaling (X7, V?) := (e21+271X 5, V.s,), with b > 0, (1.1) be-

comes

c2H+142b Ve 2 Ve
dXF = 0 (E—tb> dt 4+ 21205 (g—tb) (pdB, + pdB}), X§ =0,

AV = (P72 + BVE) dt + 2 TPedWH, Ve ~ o,
(1.8)

Our main result is as follows:

Theorem 19. For any H € (0,1),

(i) for any b > 0 such that AY holds V¢ ~ LDP <54H+2b, AG0H> , with A

as in (6);

(ii) for any b > 0 such that Ay, A,, AP hold, X¢ ~ LDP(e*2° 1), with 1
defined in (1.22).

The proof of (i) is similar to that of Theorem 13(i) and relies on proving
LDP for an auxiliary process, defined in (1.17), exponentially equivalent to
the original (rescaled) process V=. The proof of (ii) is more involved and
postponed to Section 1.4.2. In order to state the following key result, define,
for any e > 0, G as the function F'# in Lemma 14, replacing 3 by 8¢?, and
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for s,t € T with 0 < s < t, its pointwise limit G& (¢, s) = lim. o GZ (¢, s)
reads

( gﬁHH— t UH,
S /S(u—s)l—Hdu’ for H €

sH-

£, for H =

The following proposition is similar to Proposition 15, as G& (t,-) € L*(T)
and for all 0 < s < ¢, GE(t,s) > 0, and its proof is omitted.

Proposition 20. For any H € (0,1), the space Hcg 1s the RKHS of the
Gaussian process [, Gl (-, s)dZ,.

SMALL-TIME ASYMPTOTICS FOR BOUNDED SUPPORT IN THE DIFFUSION
CASE

In the standard case H = %, the rescaling in the previous subsection is not
really ‘natural’, in the sense that small-time large deviations usually hold
for Ito diffusions without space rescaling. In this case, using an approach
introduced by Bezuidenhout [20] and further developed by Mellouk [95], we
can obtain simpler large deviations estimates if the support of the initial
datum © is bounded. A simplified version of Mellouk considers, for any

e > 0, the system, on T,
dX§ = b(X;, Z)dt + a(X;, Z)dW,, X5 =x0 €R", (1.9)

where b : R" x R™ — R" and a : R" x R™ — M, 4 are bounded Borel
measurable, uniformly Lipschitz continuous, Z is a random variable with
compact support on R”™ and W a d-dimensional standard Brownian motion,
independent of Z. The main result of the paper is a large deviations principle
on C*(T,R™), the space of a-Holder continuous functions, for 0 < o < %, for

the sequence (X¢).~o, under the following assumptions:
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Assumption 21.

(H1) b(-,-) is jointly measurable on R™ x R™ and there exists C > 0 such
that, for all x,x' € R™, z,72' € R™,

b(x,2)] <C(I+[x])  and  |b(x,2)=b(x',2)| < C(]x—x|+[z—2)).

(H2) a(-,-) is jointly measurable on R™ x R™ and there exists C' > 0 such
that, for all x,x' € R™, z,72' € R™,

latx,2)[| <C and  la(x,z) — a(x,2)|| < C()x = x| + [z = 7).

For f € H, u € supp(Z) and xo € R", let Sy, (f, u) denote the unique solution
to the controlled ODE ¢; = xo + fot b(gs, us)ds + fot a(gs, us) fods, for t € T.

Let us now introduce the following definition:

Definition 22. Let o € [0, %) and B, be the ball of radius a in the a-Holder

norm. The lower semi-continuous reqularisation I : C*(T,R™) — C*(T,R™)
of a functional I : C*(T,R™) — R is defined as

I(@) = Tliminf {I(¢) : o € Ba(v)}

Theorem 23 (Theorem 2.1 in [95]). Under Assumption 21, (X%).so ~
LDP(£2, %), where (with A in (6))

I9() == inf {A(p) : ¢ € H,Sx, (¢, u) =1, for some u € supp(Z)} .

Coming back to our model, the rescaling (X7, V) := (X2, Vozy), equivalent
to that of Section 1.2.2 with b =0 and H = %, the small-noise system (1.1),

under Assumption Ay, becomes, similarly to Section 1.2.2,

2
AXF = ~ S5 (V7 )t + <5V (pdB, + pdBL) , X5 =0,

dVE = (2 + Be2VE) dt + e€d By, VE ~ 0,

(1.10)

with B a standard Brownian motion. Subtracting the initial random da-
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tum X§ = Xy = (0,0)’, this system can be expressed in the form (1.9) with
Xe = (X5, Ve),

1. € 2
—50‘(‘/; + @)
A+ B(VE+0)

b(e, X%, Xg) = &2 and a(X, Xg) = (

13 0

(1.11)
and note that b(e,-,-) converges to the null map as ¢ tends to zero. The
assumptions imposed in [95] on the drift and diffusion coefficients are clearly
satisfied here. While Mellouk allows the drift and diffusion to depend ex-
plicitly on external random factors, we can write our setting (dependence
on a random starting point) into this framework. The large deviations esti-
mate for the sequence (X).-¢ = (X%, V)50 thus obtained is stronger than
that in the previous section, as it holds on C*(7,R"™), for any 0 < o < %
Note that the mild conditions on the coefficients [95, (Hy)-(H3)] are easily
satisfied in our case, so the only additional assumption is the boundedness
of the support on ©. We remark here that [95] is not directly applicable to
the current setting but has to be extended to include e-dependence in the
drift, and we do so following the Azencott [7]’s inspired approach developed
by Peithmann [105, Subsection 2.2.1]. In order to state LDP (proved in

Section 1.4.3), we impose the following assumption:

Assumption 24. Foru € supp(Xg) and ¢ € H, the ODE 1y = fot a(s, ug)psds

has a unique solution on T, denoted by So(p,u).

Theorem 25. Under Assumption 24, if © has compact support, then
(X)oso ~ LDP(2, 1), with

I() == inf {AP(@) : ¢ € H, such that So(p,u) =1, for some u € supp(Xo)},

with AP defined in (1.7).
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1.3 APPLICATIONS TO IMPLIED VOLATILITY ASYMPTOTICS

As announced in the introduction of Chapter 1, we unify here two branches
of research, both aimed at reproducing the steepness of the implied volatility
surface on the short end via models with continuous paths. While there are
now numerous outputs [5, 13, 14, 52, 59, 65, 82] in the literature confirm-
ing that a fractional driving noise (with Hurst exponent H < 1/2) in the
volatility leads to the observed steepness of the smile, recent results [84, 86]
reproduce this effect by randomising the initial volatility in classical diffusive
models. In this section we observe an explosion of the implied volatility in
the small-time case, related to the tail behaviour of the random distribu-
tion ©, independently of the Hurst parameter H € (0,1). As recalled in
Chapter 0, in the Black-Scholes-Merton model, the price of a European Call
option is Cps(t,e*,Y), with associated volatility ¥. Considering a market
with observed Call option prices Cops(t, ek), with maturity ¢ and strike e*, we
denote by ¥;(k) the implied volatility, defined as the unique non-negative
solution to Cpg(t,e*, Xi(k)) = Cops(t, ).

1.3.1 GENERAL FRACTIONAL CASE

From Theorem 19, we can deduce the asymptotic behaviour of out-of-the-
money Put/Call options and the implied volatility for small maturities. We
state the result below.

Corollary 26. For any H € (0,1) and any b > 0 such that Theorem 13
holds, we have the following large-strike asymptotic estimates of out-of-the-

money Put/Call options:

1 Y
llclTIc{lo % log E [(St - ek)j = —inf A(@)[g,=y, and

y>1

1 ~ -
]1§1Trn % log E [(ek — St)j = —inf A(¢)|g=y, with A as in (1.19), and for anyt € T.

y=>1

Proof. We prove this result similarly to [67, Proposition 4.1] and apply [16,
Lemma 3.2]. Indeed, fixing ¢t € T and taking =% to be k we have, from
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Theorem 13, that

. 1 k . A
tim + log B(S, > ) = — inf A(9)]—, (1.12)
Thus, —logP(S; > e*) € R, with R, the space of regularly varying functions
with index 1, defined in [16, Definition 2.1]. The result follows then directly
from [16, Lemma 3.2]. O

Corollary 27. (Large-strike implied volatility asymptotics) For any H €
(0,1) and any b > 0 such that Theorem 13 holds, we have the following

large-strike asymptotic estimates of the implied volatility:

S2(k)t 1 ~ - ~
lim —* = — | inf A(@)]p,=y with A as in (1.19), and for anyt € T.
ktoo K 2 \y>1

Proof. This is a straightforward application of [61, Corollary 7.1] and Corol-
lary 26. Taking £ 2 to be k we have, from Theorem 13, that ¢®*X, ~
LDP (%, A) as ¢ goes to zero. Then,

1 ~
lim % logP(X; > k) = —inf A(@)]s,—y-

kToo y>1
. . . X2 (k) 1
Similarly, in Black-Scholes, Ilcle 12 logP(X; > k) = ~op and the proof
follows from [61, Corollary 7.1]. O

Similarly, from Theorem 19 we can deduce the asymptotic behaviour of out-
of-the-money Put/Call options and the implied volatility when time becomes

small.

Corollary 28. Introduce by = H + b — 1/2. For any H € (0,1) and any
b>1/2—2H such that Theorem 19 holds, we have the following small-time
asymptotic estimates of out-of-the-money Put/Call options:

o\t
lim 27+ log B (St — okt bH) = —infI(¢)|py—y, with I as in (1.22).
tl0 y>k

Proof. We prove the lower and upper bounds separately, similarly to [52,
Appendix C]. Firstly, taking ¢t to be 1, e2 tobe t and by = H + b — 1/2,
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we have, from Theorem 19 that

2H+D b > 1) —
lgfglt logP (t"" X > k) ;g£H<¢)|¢1=y' (1.13)

(1) For the lower bound, for all 6 > 0, we have:

s b ginp (5, > 04 ).
Then using (1.13) and that limo > logt = 0, we obtain

_ + _
hr?ui)nftZHer IOgE <St . ekt bH) _ lir?ui)nf t2H+b log]P (St > ek(1+5)t bH> :

>~ inf 1(¢)|s—y-
> = i L0y

Take 6 | 0 and use the continuity of the good rate function to obtain

the desired lower bound.

(2) For the upper bound, we first note that for all ¢ > 1, we have

1
4 (St B ekt_bH>+ < [IE ((St B ekt_bH>+>Q} /q]P) <St . ekt_bH>11/q’
leading
B + 2H+b B + q
t2H+blogE<St—ekt bH) < ! log E K(St—ekt bH) ) ]—1—
q

1 _
N L (1 — —) log P (St > M bH) ,
q

2H+b
<

1 _
log IR (SY) + 28+ (1 — a) log P (St > eht bH) :

Then, similarly to [52, Appendix C], we then have E(S{) = E(R; - Rsy),
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with R; and Ry two non negative random variables defined by

1 t
Ry == exp {5 (¢* — g+ q*p%) / UQ(VS)dS} :
0
t t
R2 = exp {q2p2/ O'2<V9)d3 + qp/ U(‘/s)dBS} .
0 0

Then, by using the Cauchy-Schwarz inequality and the fact that R2 is

a time-t value of a martingale starting from 1, we have
E(S}) < \E(RE - R3),
¢
= \/E (eXp {(qu + q2p2)/ 02(‘/5)618}) X
0
¢ ¢
E (exp {2q2p2 | ovas 200 | am)st}),
0 0
t
=/E (eXp {(qu + q2p2)/ UQ(VS)dS}),
0
t
<4/E <eXp {(qu + ¢?p?) / 20(1 + |Vsl2)d8})-
0
We then use (1.23) taking ¢ to be 1 and £? to be ¢, and obtain
1
E(S}) <4/E <exp {(q2 —q+ q2p2)t/ 2C(1 + |Vs|2ds}>,
0
M\ 2 /e2ft 1
1+41 = 1
~1(5) ()
2
\/E (eXp {(q2 —q+q*p?) 7092 (et — 1)}) X
t
E (eXp {(q2 —q+q*p?) 4052/ \WdeS})-
0

For ¢ > 1, introduce f(q) := 4C&*(¢* — q + ¢*p?). Fore > 0 and u > 0,

< exp {Ct (¢ —q+q°p%)

}x
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assume that ef(q)(u + )2 < 1. We then get

1
2

s frrewipas) o L[ epawp
E(equ s )S— ]E(e DIV s )ds,
E u

_l/u—&-a dS
eJu /1 —2ef(q)s?H’
<V2.

Thus, taking u = 0 and € =t > 0 small enough so that f(q)t*#*! < 1,

we get
A2 /et —1
e (5) (S )
\/E (eXp {(q2 —q+¢*p%) %@2 (€27t — 1)})-

Finally, use Assumption A to obtain

E(S7) < V2exp {Ct (¢ —a+p)

t2H+b

lim lim sup log E(SY) <0,

qtoo  ¢10 q

and conclude the proof.

The following Corollary generalises [52, Corollary 4.10].

Corollary 29 (Small-time implied volatility asymptotics). For any H €
(0,1) and any b > 0 such that Theorem 19 holds, the following small-time

estimate is true for any k # 0:

k2 !
. b _H—b . . .
ltlfglt %7 (/2 k) = 5 (;gg]l(gb)]my) ,  with T as in (1.22). (1.14)

This implies that the implied volatility explodes with rate . For b = 0, it
is identical to [52, Formula (26)].
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Proof. This is a straightforward application of [61, Corollary 7.1] and Corol-
lary 28. Taking €? to be t and by := H + b — 1/2, from Theorem 19,
th1 X ~ LDP(¢?H+° 1), as t goes to zero,

ltii%l (2 log IP (thX > k) = —;121£H<¢)|¢1=y-

Similarly, in the Black-Scholes model, we obtain

. tz% (t—bH k) ) ) tzg (t_bH k) 71) 12
i = P (X 2 k) =l —5r = log P (X > 47k) = =,
and the result follows from [61, Corollary 7.1]. ]

1.3.2 REFINED ASYMPTOTIC RESULTS IN THE SPECIAL DIFFUSIVE CASE
FROM SECTIONS 1.2.1 AND 1.2.2

LARGE-STRIKE ASYMPTOTICS

We consider here a specific case of a multidimensional diffusion, as we are
only interested in studying its tail asymptotics. Let X¢ := (X%1, ...  Xon)

be the unique strong solution in R” to
AX; = b(X)dt + a(Xp)dWs, XG5 =¢,

for some d-dimensional standard Brownian motion and some square inte-
grable random variable ¢, and with b : R* — R™ and a : R" — M na)(R).

Consider the following scaling assumption:

Assumption 30. There exist by, -+ ,b, > 0 with by = 2 such that X*¢ =
(z—:leC’l, e ,5b"X<’") satisfies

dX7¢ = eb(e, X;€)dt + ca(X;)dW;, X = (n¢W, -+ e¢M) . (115)

Furthermore, €b(e, -/€) converges uniformly to some function b(-) as € tends

to zero.

We can then state the main result about tail asymptotics:
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Proposition 31. Under Assumption 30, if there exists xo € R"™ such that
for any 6 > 0,

lim sup, o £*log P(|¢ —xo| > 0) = —o0, and if the triple (xo,b(-), a(-)) satisfies
Assumption 16, then

11&152 logP(e XS > 1) = liJIE 2 log P(e X' > 1), foranyt e T.

The scaling from Assumption 30 may be odd at first, but reflects the fact that
components of stochastic models may each act on different scales. Consider
for example the system where the instantaneous volatility is an Ornstein-

Uhlenbeck process, solution to

dX; = —%V;zdt + Vi dW, Xo = ¢,
dV; = A+ pBVy)dt +&dB;, Vo =1y >0,

where W and B are two correlated Brownian motions. The rescaling (X<, V¢) :=

(e2X,eV) (corresponding to by = 2 and by = 1) yields

AX; = —L(VE)2dt + eVEdW,,  X§ = €2,
AV = (eX+ BVF)dt + e€dB;, Vi = ey > 0,

namely (1.15), and the assumptions are satisfied.

Proof. For any € > 0, the pathwise rescaled process X=¢ satisfies (1.15).
The proof of the proposition relies on the (more general) theorem proved by
Millet, Nualart and Sanz [97], recalled in Section 1.2.1, and whose validity
is guaranteed by Assumption 16. Note first that, from standard large de-
viations considerations (and in particular contraction mappings), the pro-
cess X0 satisfies a large deviations principle with good rate function I
given in Theorem 17. Recall that by construction b(e,-) : R? — R? sat-
isfies lim, ;o eb(e,x/e) = b(x) uniformly as e tends to zero. Therefore The-
orem 17 yields a large deviations principle for the sequence (X&C)E20 as €

tends to zero, with good rate function I and speed 2. In particular, for

32



A:={yY e C(T,R"),Vx € R",9(1,x) > 1}, we have

—inf I(¢) < limui)nf e2log P(X5¢ > 1) < limsupe?log P(XS¢ > 1) < — inf I(1)),

peA £10 peA
— inf I() < liminfe?log P(X;™ > 1) < limsupe?log P(X;™ > 1) < — inf ().
PpeA el0 l0 PYeA

Since A is continuous on H, it is upper semi-continuous on A, and so is the
good rate function I by [3, Lemma 2.41]. As a good rate function, it is also
lower semi-continuous, and hence continuous, on A. Translating the two sets
of inequalities above in terms of eX$ and X3, and using the continuity of I

proves the proposition. O

The assumption of the random initial condition Xé = ( being Fy-measurable
distribution can be relaxed. Indeed, the filtration F is the filtration generated
by the d-dimensional Brownian motion W. Instead, one could work on a
filtration 7' := (F}),cp~ generated by F| := c({Wy,u <t} U {(}), for all
t € T*. Then the random initial point X§ has a JFj-measurable distribution
and the results above still hold, in particular Theorem 17 and Proposition 31,
on the new filtered probability space (2, F', (F'),c7P). In the context of

implied volatility asymptotics, this result has the following meaning:

Corollary 32. The tails of the smile are independent of the starting point
(C orxg).

Proof. Gao and Lee [61] show that asymptotic behaviour of the implied
volatility can be directly inferred from comparing tail probabilities to those
of the Black-Scholes model. It is straightforward to see that the scaling of
Proposition 31 is the same in Black-Scholes, and the corollary follows imme-
diately. O]
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SMALL-TIME ASYMPTOTICS FOR THE ‘FORWARD’ STEIN-STEIN MODEL

We are interested in a ‘forward’ process, as defined by Jacquier and Roome [84]

in the context of forward-start European options:

t

with (Xy))TZO the so-called ‘forward’ process, defined path-wise by X .=
Xir — Xy, for some fixed ¢t > 0, and for all 7 > 0. The forward’ process
(Xﬁt))TZO then satisfies the following stochastic differential equation:
1
AXY = S (VO r + VAW, X =0, (116)
AV = (A + BVIOYdr + €dWa,, V! ~ oy
The stochastic differential equation for (Xﬁt), VT(t))TZO is the same as that
for (Xi, Vi)i>0, albeit with an initial random distribution (&g, o), where oy is
Gaussian with mean e (o + %) - % and variance %(egﬁt —1). We now apply
the results of Section 1.2.2 to obtain small-time asymptotics for a version of

the Stein-Stein ‘forward’ model with a generalised random starting point.

5277‘/;(2) for e,t > 0,
the randomised Stein-Stein rescaled model (1.16) is the same as (1.10) with
coefficients given in (1.11), with o(y) =y, and Theorem 25 applies.

Proposition 33. With the scaling (X2, V?F) = (X(t)

We can translate this result into forward implied volatility asymptotics di-
rectly using [49, Theorem 2.4]. The value of a forward-start option with
forward-start date ¢, maturity 7 and strike e* is Cpg (T, ek, E) (stationary
increments). For a market with observed Call option prices Cu(t, €*), the
forward implied volatility smile Y, ; is defined as the unique non-negative
solution to Cops(t, €*) = Cpg (T, ek, Et,T(k)).

k2 . -
Corollary 34. The small-time forward smile reads lim 7 (k) = 5 <inf Ia(gb)|¢1_y) ,

710

with I in Theorem 25.
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1.4 PROOFS OF THE MAIN THEOREMS

1.4.1 PROOF OF THEOREM 13
PROOF OF LEMMA 14

From [113, Definition 2.1], for any smooth function f on 7 with bounded
derivatives such that || f|| = [, (F’j{’tf(t))zdt < 00, define, for t € T,
[y f)dWi = [[T%, f(w)dZ,, with

t
[ f(s) = —%% ut (u — S)H‘f(u)du, for all s € (0,¢].

Applying this to f(s) := £e=%) one obtains the following:

(1) for H < %, using integration by part and Leibniz’s integration rule,
—/ By — 5)™ fu)du

(o).

d { 5_/ u Bt—u du—i—f p (u— s)H+uH—eﬁ(t“)du},

ds ul—H- H,
—&(t— )t + ¢H- / Ay — ¢ / s) e du.
Hence,
. kg d [
Ui/ (s) = —STH_@ uf=(u = s)" f(u)du,
_ 5’:{H (( HoT- g / uHeB(t—U)du) _
S
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(2) for H > 1, using Leibniz’s integration rule,

d ¢ t d
& u'’- (u S)H_f(u>du = &UH’ (u S)H_eﬁ(t_“)du’
¢
e [t
and hence
d [f H_
F*H,tf(s) = —:Thig i ufl- (u— S)H*f(u)du = é’fj{ /s U?(U—S)H—*le’g(t*“)du

PROOF OF PROPOSITION 15

In order to prove that H p# is the RKHS of the Gaussian process & fo efl=s)aw
we use [42, Theorem 3.4.12, p88| and its application in [82, proof of Theo-

rem 3.8]. Hence, one needs to show that the operator Kpx is a bijection
from L2(T) to Hpr and that Hpu is dense in C.

The operator Kpr acting on L2(7) defined by (Kpw f)(t) := fot FH(t,5)f(s)ds
satisfies KpuL?(T) =: Hpr and is surjective. It is also injective on Hpu: let
f € L*(T) a non-zero function such that (Kpx f) =0 on 7*. Similar to [52],
there is an interval [t1,ts] C T where f has constant sign. Using previous
notations, F'# is defined, for t € T* and s € (0,t], as FH (¢, s) := SF’;ﬁeﬁ(t*S).
The function g(s) := & [ u"~(u — s)"-eft=v)dy is increasing, hence FH(t,-)
is a positive function on [0, ] and fttf FH(t,s)f(s)ds > 0, leading to a contra-
diction. Thus Kp# is injective on Hpu, hence bijective from L*(T) to Hpnu.
Since Kp#r is a linear operator, one can then define <KFHf1,KFHf2>,HFH =
(fi1, fg)LQ(T) as an inner product.

The second part of the proof consists in showing that Hps := KpaL?(T) is
dense in C. We claim that F#(¢,-)~' € L?(T). Indeed, as shown in the proof

of [113, Theorem 3.1], the following hold for all 0 < s < t:
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e if0< H< %, FH(t, s) > Erppsz—HH- (t — S)H_ > 0, leading

t ds 1 t s 2H-
FH 2 < 2.2 10H ds,
0 (t,s) &Ryt Jo \t—s

1 /t 2H
< — s“7=ds,
2Rt ],

t2_2H

- 2HE%kY,

< o0;

o if L < H <1, FH(t,s) > trpye P69(t — s)H=, so that

/t ds < 1 /t e2Bsds
o FA(Es) = @i Jy T—s)

1 t
< ——— | &2,
- 52/€%{825tt2H_ /(;

1 — e—2,6’t
o 2562@{9}1_

< Q.

Given a > 0, take for s € [0,t], fu(s) := =5 € L?(T). Then, fot FH(t,8)f.(s)ds =

FH(t,s)
t::ll . Hence, Hpu contains all polynomials null at the origin, and by the

Stone-Weierstrass Theorem, is dense in C.

PROOF OF THEOREM 13(1)

Let V° denote the solution to the second SDE (1.2), starting from zero. The
product rule for (fractional) Brownian motion [99, Theorem 3.1.4] yields, for

any t > 0,
7 Ae Bt b ! B(t—u) H
Vt :—7 (1—6 )—f—fg ; e d[/Lu s (117)

Since £ [; e#~WdW[ is Gaussian, Lemma 14 combined with [42, Theorem
3.4.5] yields a large deviations principle on C for the sequence (&g f; =9 dWH )€>0,
with speed £2® and good rate function Apr as in (6). Since the two sequences

(VE)DO and (&g IN efl=s)awH >£>O only differ by some deterministic quantity,
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they are clearly exponentially equivalent: for any 6 > 0 and ¢t € T*,

>6),

lim sup % log P (HVe — feb/ eﬁ('_s)dWSH

el0 0

Lgb(eﬁ' - I)HOO > 6) :

= limsup e® log P (‘ 3

el0

= —007

since 8 < 0, so that V° ~ LDP (2, Apw ). Finally, the LDP for V¢ follows
again by exponentially equivalence:

P (v =7l >0) P (et >0) <2 (fol> 3).
for t,e,0 > 0, and the theorem follows from Assumption A?.

PrROOF OF THEOREM 13(1I)

We first prove large deviations for the Gaussian drivers of the process, which
we then, by means of iterated Contraction Principles, translate to large de-

viations for the whole scaled process.

(1) When H # 1, Lemma B.1 in [52] implies that (pB, W#) is Gaussian,
so that e*(pB, W) satisfies a large deviations principle on C(T,R?),
with speed €% and good rate function

1 , _
w3 IO R
+00, (%W ¢ %H7

where Hy is the RKHS for (pB, W) defined as

A= { (o) e o) = [ fegas

and ¥(-) = /0' K*(.,s)f(s)ds, for some f € LQ(T)} :
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By independence of Bt with respect to B and W# and using the
Contraction Principle, e®(pB* + pB, W) satisfies a large deviations
principle on C(7,R?), with speed £?* and good rate function

I(p.9) = it {h(w,0) + L)} = inf {Ii(u,0) + Blp — )}

p=u+w

where, with H; as in (3),

~ 1
P 2
= ds, € H;,
b= | 5, S0 wen
+00, w ¢ Hp.

(2) For H = %, using the proof of Theorem 18, *(pB* + pB, B)' satisfies a
large deviations principle on C(7,R?), when ¢ tends to zero with speed
e? and good rate function A? defined in (1.7).

We now introduce the process X© satisfying the following SDE d)?f = —10%(Vy)dt+
e’a(VE)(pdB; + pdB;it), and translate this large deviations into one for the
sequence X¢. Since the proof for the H # % case is the same as the one
for H = %, albeit with a different rate function, we concentrate on the for-
mer case. Since VF = £%7O — %b(l — M) + gb¢ [P t=dAWH | one can
define a continuous map G((0,1) x C — C), such that (*(pB + pB*),V¢) =
(e®(pB + pBt),G(e,e®WH)(t)). Moreover, using AP, G(g,e®WH) is ex-
ponentially equivalent to G(s*W#), with G(y)(t) = §f0t eft=dy,. The
Contraction Principle thus yields (*(pB + pB*),V¢) ~ LDP(¢?, I,), with

I : (,7) = inf{I3(p,v) | ¥ €C 1 =G(v)}.
Under Aj, one can apply the extended Contraction Principle proved in [93,
Proposition 2.3], so that (¢°(pB + p)B*,5(V?)) ~ LDP(e?, I5) with

Is(¢,v) = inf {Li(p,v) | ¥ = G(v)} = inf {I5(p,0) | ¥ = (G (v))}.

Finally, as b > 0, the sequence of semi-martingales (W) is uniformly ex-
ponentially tight (UET) in the sense of [62, Definition 1.1], and the se-
quence (o(V*¢)) is cadlag (Assumption Ap), and adapted to the filtration
F. Denoting X -V := [ XdV the stochastic integral with respect to a
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semi-martingale, Theorem 1.2 in [62] yields a large deviations principle on
C(T,R?) for (e*(pBs + pBy),a(Ve),e" [, 7(VE)(pdBs + pdBy)), with speed
g% and good rate function Ig deﬁned as Is(¢) = I5(p,¥) if ¢ = ¢ -1 and
1 € BV (the space of functions of finite variation), and infinity otherwise.

Applying another Contraction Principle, since, for t € T+,

Xe= —% /O t&'(Vj)2ds+ / t S5 (VE) AW, =: 1(5(v&),5(w).gb (0B, + pBL) )(5, ).

0
Hence X ~ LDP (¢, A) with
A(@) = inf{Is(x) | = I(0. 0 ¥).x = (p, ), 9 € BV}, (1.19)

The last step is proving that the processes X°¢ and X¢ are exponentially
equivalent. Indeed, for t € T*,

~ 1 : Va _
HX5 - X¢|| <= / £2b 52 <€—Z) —o(V9)|ds|| +
o0 0 0o
' Ve ~
+ &b / o <§) —5(VE)| d(pBs + pBy)
0 [e%S)

Using the linear growth assumption as well as Assumption A,, we have for
s € [0,t],

Ve _ €
€2b0_2 (6_2) - U(‘/Sa) V

< 2202 (1

2

) +2C% (1+ Vi),
<20% (1+” 42|V,

hence

/

ds

Y
o0

JRIGRE
0

Since VF = ebef*0 + ab%(eﬁs — 1) + % [WH 4 B [ WEHe™P"du], we obtain

Vi -
62b0'2 (5_2) —U(Vf)

/' 207 (1+* +2|V7 ) ds
0

[e.9]

< 20%(1 +&?) + 4C?

o0
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for s € T, recalling that 5 < 0,

A
Vil < efelef +e"

3 (e — 1) + & W),

and

2
VE2 <2 (52bezﬁs@2 4 2% (%) (6253 +1) + §2€2b\W5H’2> ) (1.20)

2
so that fot |VEPPds < 2 (52bt@2 + 521’(%) <2t — %) + £2e% fot |Wf|2ds).

Introducing J := || f; [VE[*ds]|__, we obtain for any § > 0 and ag > 0,

(HX - x> 5)
<P (202j +éb (eba (g) ) d(pB, + pBT)|| > 55) ,
(202j + ¢ <5b0 (g) ) d(pBs + pBy)|| > 6:[2C°T < ao> (1)
<202j + &b (5 o g) ) (pBs + pBY)|| > 6.|2C%T > ao) ‘B,
<o(If (o) -svm)aom o] >455os <o)

with P = P(2C%J > ag) and 4. := § — C*(1 + ¢**). Using (1.20) and
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introducing J; := fot |WH|2ds, we obtain

2% 4 2 <i>2 (2 - l) + 227,
3 3 '

S8
2 Y

9 _ ;‘+§282bj > - £2€2bj <a> XP(£2€2bj1<a)
2
+P a2b@2+52b<%> 2- ; +& T > 5252bj >a> xP (%71 > a),

1 (9 A\
2 2
© >g<§—€ <E) 2-—‘-@)
1 |(6 A\
< _ — 226
<P @>€bJ<2 € (ﬁ)
for any 0 > 0 and a > 0. One can then use Markov’s inequality:

2.2b 2.2b 1
Pz a) < 2o S8 (Mpas)
0

a a

227 < a) +P (5252bj > a)

2__)_&> f22bj<a +P(€22bj >G),

Since V(W) = s*, one obtains P (£2e®*J; > a) < 522% s Hence there

exist € [0,1) and £ > 0 such that for all e < &, P(2e®F, < a) > 1 — 1.
Assumption A then implies that there exist M,& > 0 such that

1| (6 A\° M
P @>;J (5_521;(3) 2——‘—a> <exp( 6%), for all e <é€.

Thus, for all ¢ < min{é, &}, Bayes’ Theorem yields

e (el > %J (g—g@)

2——‘ —a) 22T < a
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Finally, for all ¢ < min{¢, £},

, 1| (6 A\’
< _ _ _ =2v| =
P(J>6) <P 8> 5 (2 £ (ﬁ)
e—M/e% 525% 1
+ ;
1—-n a 2H,

2 — %) - a) PN <a| +P (T >a),

(1.21)
—M/e2b gzssz
1-n a 2H"

so that for all € < min{é, &}, P(20%F > ag) < ¢

Hence, there exists 7 € [0,1) and € < min{&, &} such that for all ¢ < ¢
P(2C%J < ag) > 1 —1j. Moreover, using the uniform convergence assumed
in Ay, for all y € R there exists N > 0 and £y > 0 such that, for all € < g, we
have that ’5”0 (g) —o(VE)| < N. Hence one can then apply the Borell-TIS
inequality (in particular [105][Proposition A.1]), and obtain,

p(|[ (0 (%) -a00) aws + o1

_ 28Xp{_(5—02(1+e2b) — ao) }

2N252b

> é (65— C*(1+ ) a0)>

o0

Thus, for all ¢ < min{¢&,eq}, Bayes’ Theorem yields

P ( /0 | (eba (g) - 6<V;>) d(pB, + pBY)

1
>3 (6 —C*(1+£™) —ay)

202j < (Io)

o0

P (|l (20 (%) —50%)) doB. + B3| > & (5 - €21+ ) - a0))
< P(2C2T < ag) |
2exp {_ (5702;;22;2,%) }
<

— v

L—n

Finally, for all ¢ < min{¢&, &0},

(5-C2(1+e2)—ap)”
> . 2eXp - ON2g2b N e_M/gzb 528% 1

(-5 |
1—n 1—n - a 2H,

)

o0
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so that X¢ and X¢ are exponentially equivalent and X¢ ~ LDP (g%, K)

Remark 35. For computational purposes, such infinite-dimensional opti-
misation problems are discretised over a set of basis functions, such as or-
thonormal polynomials. If we then consider ¢ contz’nuously differentiable
and I, finite, we can simplify I,(0) = L(p,v) = fT t)]?dt. Further,

if u € Ct, then I3(p) ~ % nf,cynct {fo <1;) ds + Efo Os — us)2ds}, and
Li(p) = Is(¢).

1.4.2 PROOF OF THEOREM 19
PROOF OF THEOREM 19(1)

Let us introduce the process V' defined, for ¢ € T*, as the unique solution
of AV, = ("2 + B2V;)dr + 2H+0edWH | with Vi, = 0, i.e.

7 Ae Be2t 2H b ! Be2(t—u) H
Vt:—7<1—e >+§5 e dw,’.
0

From Lemma 14, Proposition 20 and Theorem 3.4.5 in [42], the sequence

(5 [, GH (- )02)
4H+2b

.o satisfies a large deviations principle on C, with

speed ¢ and good rate function Agu as in (6). Moreover,

(1) When H # L, (274 [T GH(t, (t,s)dZ,)_, and (e [ GE(t,s)dZ, )es0
are exponent1ally equivalent: indeed the asymptotic expansion of the
Gaussian density [1, Formula (26.2.12)] yields, for any § > 0,

P ( ||c2H+ / GH (., 5)dZ, — ¥+t / Gy (-, 5)dZ|| > 5>,
0 0 o0
o (| [ @ -atconz] o).

=P 0,1 ———r
(WO >

2 ||§/ || 62 b 52 4
— /270 ™ o | — 14+ H+2b
\/7 1) P 2€4H 2b ||V€||2oo ( 0(8 )) 7
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with V2 := f(f (GE(t,s) — Ggl(t,s))st and note that lim. o V2 = 0.
Now, for e > 0 and 0 < s < t,

(i) if H < 1,

(G (t,s) — GH(t,9)]” < 26i€ gy

32H—

2"fo2 (
H?
2H_

ul— T 1—H_

l/“ u—s)" (e5E20u) _ )du)z’
/ A du)
( U;;iL, du)2]>

K22 [62 - (/ (u(u—s))Hdu>2].

Using [113, Lemma A.3], we further obtain, fore > 0and 0 < s < t,
V2 < 2K%E2 [CHtQH + B2€45Ht2H+2], with C, Cy > 0, two con-
stants depending on H. Hence,

< 2Kk3E° [

0 < €4H+2bV§ < 2@[ 52 (CH SAH+202H | 32 €4H+2b+45Ht2H+2) :

(i) if H > 3,

2 KEE e 20t ?
mg@@—(ﬁ@&ﬂ==é%}ﬁ</zzj5tiﬂf(t)_Dm&)

<H%{€2H2 /t uf-du  \?
=2\, (w—s)H )
K4 2 o ' H_-1 i
SSQH*Ht (/g(u—s) ‘du>,
K22
= oo — s)
Hence, for H # %, as b > 0, 1im€¢084H+2b||Va||zo = 0 as well as

limgu) €2H+b ||V<5||oo =0.

(2) When H = 1, (¢ [/ eﬁ52(t_5)st)€>O and (£e'1PBy)_., are exponen-

tially equivalent: the asymptotic expansion of the Gaussian density
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near infinity [1, Formula (26.2.12)] yields, for any 6 > 0,

P (|¢ fyerc-aB, — ¢ fy am,

(]

)
1)
P 1 o
('N O.DF> uvsnooewj’
2 ||V, etto¢ 52 2
— “ 00 _ 1 +2b
V; 5 | Tmm e ) UHOET)

2 &2 _e 2t
with V2 .= [ [(eﬁEQ(t_s) - 1)} ds =t + 9225;{1 + 2(15:; ) Hence

82 .
0 < e2t2y2 < 52+2bt—|—52b662%, and, as b > 0, lim_ o2t ||V |2, = 0.
Besides, note that lim. o V2 = 0. The required exponential equivalence

then follows, and hence for all H € (0,1),

£ —1)dB,

(62H+b/0 Gf(-,s)dZs) ~ LDP(€4H+2b,AG§)~

e>0

The final step is exponential equivalence between V- and (2% [ GH (., $)dZs) .-

For any d,t > 0,
>5> zP(‘ >5>,

Hence lim sup, |, giH+2b logIP’(HVE — g2HTh fo G€<'75>dZsHoo > J) = —o0,

yielding exponential equivalence and V° ~ LDP (4742, Agy). Finally,

P (HV — 52H+b/ GH(.,5)dZ,

0

VE . 62H+b / 6[362(-—5)de
0

(1— e&?')Hm > 5) .

since for any d > 0,
P(||[Ve-V7|,>6) <P("|O] >9),

as f < 0, and V' and V¢ are exponentially equivalent, and V¢ ~
LDP (2 Agrr) by Assumption Ap.
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PROOF OF THEOREM 19 (11)
The idea of the proof is the same as the proof of Theorem 13(ii).

(1) H # i: we already established that e?#*°(pB+ + pB, W) satisfies a

4H+2b

large deviations principle on C(7,R?), with speed & and good rate

function I3 defined earlier.

(2) H = %: using the proof of Theorem 18, e (pB*+ + pB, B)' satisfies a
large deviations principle on C(T,R?), with speed 2%

function A? defined in (1.7).

and good rate

Similar to above, we only prove the case H # %, the other one being anal-
ogous. We introduce the process Xe satisfying the following SDE d)?f =
E2H+1 ~9

—o2(VE)dt + 2105 (V) (pd B, + pdB;-), and translate this large devi-

ations into one for the sequence X°©.

Using that fore > Oandt € T*, VF = 5”6/35215@—%(1—e5€2t)+52H+b§ [y eft=aw i
one can define a continuous map G((0,1) x C — C), such that (2#+°(pB +
pBL),Ve) = (2Ht(pB 4+ pBL),G(e, 2HHWH)(1)). Using AP and the
asymptotic expansion of the Gaussian density near infinity [1, Formula (26.2.12)],

G (e, e2H+PWH) is exponentially equivalent to Go (22 W H) | defined by Go(¢)(t) =

¢ [ deu.

Hence, the Contraction Principle yields an LDP on C(T,R?) for (2#+°(pB+
pB1L), Ve), with speed e*7+2 and good rate function I : (¢, ¥) — inf{I3(¢,v) | ¥ €
C : 4 = Go(v)}. Under A}, the extended Contraction Principle [93, Proposi-
tion 2.3] yields an LDP on C(T,R?) for (> (pB+pB*t),5(V*)), with speed

e +2 and good rate function Iy : (¢,¢) — inf {ZL(‘P»U) | ¥ = 5@)} -

inf {]3(90, v) | = 5(@0(1)))}. Finally, for any b > 0, the sequence of semi-
martingales (e27°W) is UET and the sequence (a(V?)) is cadlag (Assump-
tion Ap), and adapted to the filtration F. Theorem 1.2 in [62] thus gives
an LDP on C for the sequence of stochastic integrals e*** [ 5(VE)(pd B, +

pdBL), with speed e*72% and good rate function

I(x) := inf {'[;(gp,w) b=y, e Bv} . (1.22)
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We now prove that X¢ and g2+ Jo 7(VE)(pdBs + pdBy) are exponentially

equivalent.

(fe-me [

s >5)

1 [ ~
P ( —5/ (eHH35(ve)) ds|| > 5) ,
0 00
' 20
~(17€))\2
(| @weras| > ).
' J
€12
(L] wera] > oo =),
using the growth condition assumption |o(z)| < C(1 + |z|) for = € R.
Since V£ = 5be552s®+5b%(e5523—1)+€2H+b§ [WSH + B2 [ er_ﬁs%du] and
S < 0, we obtain for s € T, |VE| < 6be*3528|@|+6b% (eﬁEQS - 1) +E2HP \WH |
so that

I
=

IN

P

2
|‘/;8|2 S ) <€2b62[3525@2 + 252b(%) <e2,352s + 1) +£2€4H+2b|WSH’2 ’
(1.23)
2
and hence [} [VZ|*ds < e?t0? 4 2 <A> <2t — —) 2 [ H 2,

B pBe?
Using a similar argument to (1.21), used in the proof of Theorem 13, we

have, for all ¢ < min{é, &},

#(|/ vefas|

so that X¢ and £2+? fo (VE)(pdBs + pdBt) are exponentially equivalent.

>

5 ) _ e—M/s4H+2b €2€4H+2b 1

C2e2He 1—n * a 2H,’

Finally, one can use the same arguments that in Section 1.4.1, replace 8 by
Be? and the speed £2° by €*+2> and prove that X¢ and X¢ are exponentially
equivalent. Hence X¢ ~ LDP(e*+2° T).

1.4.3 PROOF OF THEOREM 25

The proof is similar to that of [105, Theorem 2.9], with some minor modi-

fications. One key ingredient in the proof of the theorem is an exponential
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equivalence between (X**).5 and its limit system (as ¢ tends to zero). In
this proof, we denote X® by X%* to stress the dependence on the starting
point.

Lemma 36. Under Assumption 2/, for each R, 4,3 > 0, there exists v, p,eq >
0 such that

e*logP (|[X™* = So(, u)|| > 0, |eEW — ¢f| <) < —R

holds when & < &g for all u € supp(Xy) and all p € H satisfying AP(p) < B,
x € B,((0,0)).

Proof. First, introduce the Radon-Nikodym derivative

1 ) 1 L2
D(yp) := — | pdW, — — Os||7ds ¢ .
(%) P {8 /T 2e2 /T .1 8}

Following [105], consider the family (V°)__, of (unique strong ) solutions
of dV; = ¢(e,t,V,, Xo)dt + ea(V,, Xo)dB:, for t > 0, with initial condition
VZ = (0,0)" € R?. We denote c(e, t,x,v) := b(e,x, v)+a(x, v)f,, forx, v € R2,
te 7T and € > 0, and B := W, — %f't, for t € T. Peithmann’s assumptions

are here updated as:

(i) ¢:(0,00) x T x R? x R? — R? converges to ¢y : T x R? x R? — R? in
the sense that

lim | sup |[c(e, t,x,v) — co(t,x,v)||dt =0, for all v € R?.
el0 T x€R2

In particular, note that co(t,x,v) = a(x, v)ft;

(if) there exists ¢ € L2(T) such that for all x,v € R2, |c(e,t,x,v)| +
[co(t, x,v)|| < o(t), for t € T

(iii) there exists k € L!(T) such that for all v,x;,x9 € R?, ||co(t, %1, V) —
co(t, X2, v)|| < K(t)[x1 —x2 on T.

,,,,,

Peithmann’s arguments yield
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(i) for any d > 0, liTm lim sup, €2 log P(|[V" = V™"|| > §) = —oo uniformly
with respect to v € R?;

(i) given M; := e [ a(V,, Xo)dW, and M;™ = e [ a(V.",Xo)dW,, for
all 6 > 0,

lﬁiﬂ)llilrnsmp&:2 log P (|| M — M="|| > 0,||VE = V|| < B) = —o0,
€l0

uniformly with respect to n € N, y, € R?;
(iti) for all § > 0, lim. o lim sup, ;2 log P(||M=|| > 6, [[eW]| < ) = —o0;

(iv) let ¢ denote the solution of the ordinary differential equation G =
co(t, G, V;) starting from (o = v. For all R > 0, 6 > 0, there exists
7, p:€0 > 0 such that P({|[Ve,¢[ > o} N {leW| < ~}) < exp (—=R/e?),
for all vo € R v € B,(vp) and ¢ < &.

The theorem follows from Girsanov’s theorem with Radon-Nikodym deriva-
tive De(f). ]

We start with the lower bound. For any open subset G of C(T,R?), let
n > 0 and choose ¢ € G such that I*(¢) < infyeq I%(¢)) +n. Then, let
u € supp(Xp) and ¢ € H such that So(p,u) = ¢ and AP(¢) = I*(¢). Let
§ > 0 such that Bs(¢) C G. Then, for each v > 0, x € R?,

PX** e G) = P(|X™ = ¢ <9),
> P([[eW — ¢l <) = P(X* = 4[| > 6, [|eW — pf| < 7).

Schilder’s Theorem [39, Theorem 5.2.3], then yields the lower bound

P B NS> AP — ] . . -
hrg(l)nfg P([[eW — || <) > —A?(p) I%() > 1})22[ (W) — .

Then, we bound the second probability from above using Lemma 36: fix
B > AP(p) and R > infyeq I%(¢)) + 1, and find v, p,eo > 0 such that, for
x € B,((0,0)), € < &9, the bound £ log P(||X=* — || > 4, [|EW —¢[ly) < —R
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holds. These two bounds then imply the required lower bound:

lim inf %1 inf P(X**€G)>min{ —R,— inf I*(y)) —np,
61{51;110 ngEB;?(0,0)’) ( )_mm{ vfelG (@/)) 77}

= — inf I°(¢) — 1.
inf I%(y) — 1

We now prove the upper bound. For any closed set I of C(T,R?), take
B € (0,infyeq I*(¢)) and R > . Let u € supp(Xy) and ¢ € H with
I%(¢) < 5. We find 6 > 0 such that Bs(¢)) N F = 0 and ¢ € {A? < 8} such
that Sp(¢,u) = 1. Using Lemma 36, there exists v, p,e9 > 0 such that for
x € B,((0,0)), € < ey,

e log P(||X** = 9|l > 6, [|eW — ¢]| < 7) < —R.

The set {B,(¢) : ¢ € H,I%(¢p) < [} forms a cover of the compact set {A?(yp)
B}, so that we can extract a finite sub-cover {B,,(¢;)},_, , and set A :=

U¥ . B..(f;) and ¢; := Sy(ps, 7). For any i = 1,...,k, there exist d;, p;,&; > 0
such that, for any x € B,,((0,0)") and € < ¢;,

IA

e log P(||X** — il > 6, |[eW — gl <) < —R.

Set g9 := min{ey,...,ex}, po = min{py,...,px}, take ¢ < gy and x €
B,,((0,0)). Since F N By, (1;) = 0 for every i = 1,..., k, we obtain
P(X** e F) < e F,eWe A)+P(eW € A9

B(
k

< STP(IX — gill > 5 J|EW — @il] < i) + BEW € A°)
=1

< kexp <—8—}§> + exp (—:%) ,

since 1%(1);) < [ by definition of 8. Finally, since R > (3, the theorem follows
from the upper bound

limsupe?log sup P (X € F) < — inf I*(¢)).
el0 510 x€B,(X5) ( ) YpeF %)
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ASYMPTOTICS FOR VOLATILITY
DERIVATIVES IN MULTI-FACTOR
ROUGH VOLATILITY MODELS

In this Chapter, we study the small-time implied volatility smile for Realised
Variance options, and investigate the effect of correlation in multi-factor mod-
els on the linearity of the smile. We also develop an approximation scheme for
the Realised Variance density, allowing fast and accurate pricing of Volatil-
ity Swaps. Additionally, we establish small-noise asymptotic behaviour of a

general class of VIX options in the large strike regime*.

*This Chapter is based on a joint work with Aitor Muguruza and Henry Stone. The
theoretical and numerical results presented here have previously appeared in the submitted
paper [90].
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2.1 INTRODUCTION

Rough volatility is becoming a new breed in financial modelling by general-
ising Bergomi’s ‘second generation’ stochastic volatility models to a non-
Markovian setting. The most basic form of (lognormal) rough volatility
model is the so-called rough Bergomi model introduced in [13]. Gassiat
[63] recently proved that such a model (under certain correlation regimes)
generates true martingales for the spot process. The lack of Markovianity
imposes numerous fundamental theoretical questions and practical challenges
in order to make rough volatility usable in an industrial environment. On
the theoretical side, Jacquier, Pakkanen, and Stone [82] prove a large devi-
ations principle for a rescaled version of the log stock price process. In this
same direction, Bayer, Friz, Gulisashvili, Horvath and Stemper [14], Forde
and Zhang [52], Horvath, Jacquier and Lacombe [76] and most recently Friz,
Gassiat and Pigato [57] (to name a few) prove large deviations principles for
a wide range of rough volatility models. On the practical side, competitive
simulation methods are developed in Bennedsen, Lunde and Pakkanen [17],
Horvath, Jacquier and Muguruza [77] and McCrickerd and Pakkanen [94].
Moreover, recent developments by Stone [110] and Horvath, Muguruza and
Tomas [79] allow the use of neural networks for calibration; their calibration
schemes are considerably faster and more accurate than existing methods for

rough volatility models.

Crucially, the lack of a pricing partial differential equation imposes a funda-
mental constraint on the comprehension and interpretation of rough volatility
models driven, by Volterra-like Gaussian processes. The only current excep-
tion in the rough volatility literature is the rough Heston model, developed
by El Euch and Rosenbaum [47, 48], which allows a better understanding
through the fractional PDE derived in [48]. Nevertheless, in this work our
attention is turned to the class of models for which such a pricing PDE is

unknown, and hence further theoretical results are required.

Perhaps, options on volatility itself are the most natural object to first anal-
yse within the class of rough volatility models. In this direction, Jacquier,

Martini, and Muguruza [81] provide algorithms for pricing VIX options and
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futures. Horvath, Jacquier and Tankov [78] further study VIX smiles in the
presence of stochastic volatility of volatility combined with rough volatility.
Nevertheless, the precise effect of model parameters (with particular inter-
est in the Hurst parameter effect) on implied volatility smiles for VIX (or
volatility derivatives in general) has not been studied until very recently in

Alos, Garcia-Lorite and Muguruza [4].

The main focus of this Chapter is to derive the small-time behaviour of
the realised variance process of the rough Bergomi model, as well as related
but more complicated multi-factor rough volatility models, together with the
small-time behaviour of options on realised variance. These results, which
are interesting from a theoretical perspective, have practical applicability to
the quantitative finance industry as they allow practitioners to better un-
derstand the Realised Variance smile, as well as the effect of correlation on
the smile’s linearity (or possibly convexity). An additional major contribu-
tion of this Chapter is the numerical scheme used to compute the implied
volatility smiles, using an accurate approximation of the rate function from
a large deviations principle. In general rate functions are highly non-trivial

to compute; our method is simple, intuitive, and accurate.

Volatility options are becoming increasingly popular in the financial indus-
try. For instance, VIX options’ liquidity has consistently increased since its
creation by the Chicago Board of Exchange (CBOE). One of the main pop-
ularity drivers is that volatility tends to be negatively correlated with the
underlying dynamics, making it desirable for portfolio diversification. Due
to the appealing nature of volatility options, their modelling has attracted
the attention of many academics such as Carr, Geman, Madan and Yor [27],

Carr and Lee [28] to name a few.

In spite of most of the literature agreeing on the fact that more than a sin-
gle factor is needed to model volatility (see Bergomi’s [19] two-factor model,
Avellaneda and Papanicolaou [6] or Horvath, Jacquier and Tankov [78] for
instance), there is no in-depth analysis on how to construct these (correlated)
factors, nor the effect of correlation on the price of volatility derivatives and
their corresponding implied volatility smiles. In this Chapter, we aim to

understand multi-factor models and analyse the effect of factors in implied
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volatility smiles, which are of great interest to practitioners in the quantita-
tive finance industry.

For a log stock price process X defined as

1 t t
Xt = —5/ USdS —|—/ \/’U_SdWS, Xo = 0,
0 0

where W is standard Brownian motion, we denote the quadratic variation of
X at time ¢t by (X);. Then, the core object to analyse in this setting is the
realised variance option with payoff

(% /OTd(X>5 - K)+, (2.1)

which in turn defines the risk neutral density of the realised variance. In this
work, we analyse the short time behaviour of the implied volatility given by
(2.1) for a number of (rough) stochastic volatility models by means of large
deviation techniques. We specifically focus on the construction of correlated
factors and their effect on the distribution of the realised variance. We find
the results consistent with that of Alos, Garcfa-Lorite and Muguruza [4],
which also help us characterise in close-form the implied volatility around the

money. Moreover, we also obtain some asymptotic results for VIX options.

While implied volatilities for options on equities are typically convex func-
tions of log-moneyness, giving them their “smile” moniker, implied volatility
smiles for options on realised variance tend to be linear. Options on inte-
grated variance are OTC products, and so their implied volatility smiles are
not publicly available. VIX smiles are, however, and provide a good proxy for

integrated variance smiles; see Figure 2.1 below for evidence of their linearity.

The structure of the Chapter is as follows. Section 2.2 introduces the models,
the rough Bergomi model and two closely related processes, whose small-time
realised variance behaviour we study; the main results are given in Section
2.3. Section 2.4 is dedicated to numerical examples of the results attained
in Section 2.3. In Section 2.5 we introduce a general variance process, which

includes the rough Bergomi model for a specific choice of kernel, and briefly
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VIX options implied volatility smiles on 12/04/2016 VIX options implied volatility smiles on 15/04/2016
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Figure 2.1: Implied volatility smiles for Call options on VIX for small maturities, close to
the money. Data provided by OptionMetrics.

investigate the small-noise behaviour of VIX options in this general setting.
Motivated by the numerical examples in Section 2.4, we propose a simple
and very feasible approximation for the density of the realised variance for
the mixed rough Bergomi model (see (2.6)) in Appendix 2.7. The proofs of
the main results are given in Appendix 2.9; the details of the numerics are

given in Appendix 2.6.

2.2 A SHOWCASE OF ROUGH VOLATILITY MODELS
In this section we introduce the models that will be considered in the forth-

coming computations. We shall always work on a given filtered probability

space (€2, (F¢)t>0, P). For notational convenience, we introduce
t
Zy = / Ky (s,t)dBs, for any t € T, (2.2)
0

where H_ := H — % € (—%, O), B a standard Brownian motion, and where
the kernel Ky : R, x R, — R, reads

Ky_(s,t) :=nV2H(t — s)"-, forall 0 < s < t, (2.3)
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for some strictly positive constant 7. Note that, for any ¢ > 0, the map
s +— Ky (s,t) belongs to L*(T), so that the stochastic integral (2.2) is well

defined. We also define an analogous multi-dimensional version of (2.2) by

t t

Z, = (/ KH(s,t)dB;,...,/ KH(s,t)dB;”> = (2},.,2"), forteT,
0 0

(2.4)

where B!, ..., B™ are independent Brownian motions.

Model 37 (Rough Bergomi). The rough Bergomi model, where X is the
log stock price process and v is the instantaneous variance process, is then
defined (see [13]) as

1 t t
Xt = —5/ USdS +/ \/U_de57 X() = 07
0 20

(2.5)
vy = Vg exp (Zt — %tQH) , v9 > 0,

where the Brownian motion W is defined as W = pB + /1 — p2B* for
p € [=1,1] and some standard Brownian motion B* independent of B.

Remark 38. The process logv has a modification whose sample paths are
almost surely locally v-Hoélder continuous, for all v € (0, H) [82, Proposition

Model 39 (Mixed rough Bergomi). The mized rough Bergomi model is given
in terms of log stock price process X and instantaneous variance process v\0")

as

1 [t !
X, = —5/ v ds +/ oAW,, X =0,
0 0

2 (2.6)
v =0y O yiexp (%Zt - %tQHfﬂ) , v >0

where 7y := (71, ..., ) € [0,1]" such that Y ;v =1 and v := (v1,...,vp) €
R™, such that 0 < vy < ... < V.

The above modification of the rough Bergomi model, inspired by Bergomi

[18], allows a bigger slope (hence bigger skew) on the implied volatility of
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variance /volatility options to be created, whilst maintaining a tractable in-

stantaneous variance form. This will be made precise in Section 2.4.2.

Model 40 (Mixed multi-factor rough Bergomi). The mized rough Bergomi
model is given in terms of log stock price process X and instantaneous vari-
ance process v\ as

1 t t B
X; :—5/ vg%VE)der/ Vol Paw,, X =0,
0 0

(2.7)
Ut(w’z) =0 ) iy Vi€ <V; ' LiZt> ; vg > 0,

where v == (Y1, ..., ) € [0,1]" such that Y ;v = 1. The vector v' =

(Vi,..., V) € R™ satisfies 0 < v < ... < V! foralli € {1,...,n}. In

addition, L; € R™*™ 4s a lower triangular matriz such that LZ-L;TF =:Y; 18 a

positive definite matriz for alli € {1,...,n}, denoting the covariance matriz.

For all results involving models (2.5), (2.6), and (2.7) we fix 7 = [0, 1]; minor
adjustments to the proofs yield analogous results for more general 7. We
additionally consider H € (0, 3).

Remark 41. In models (2.5)-(2.7), we have considered a flat or constant
wnitial forward variance curve vy > 0. However, our framework can be easily
extended to functional forms vo(-) : T — Ry wia the Contraction Principle,

see Theorem 10, as long as the mapping is continuous.

Remark 42. The reader may already have realised that the mized multi-
factor rough Bergomi defined in (2.7) is indeed general enough to cover both
(2.5) and (2.6). However, we provide our theoretical results in an orderly
fashion starting from (2.5) and finishing with (2.7), which we find the most

natural way to increase the complexity of the model.

Remark 43. In place of Ky_ in (2.2), one may also consider more general

kernels of the form G(t,s) := Ky (t,s)L(t — s) where L € C(0,00) such

that the stochastic integral is well defined, L(-) is decreasing, hence L is a
L(tz) _

slowly-varying function at zero, that is lim,_, T 1 for any t > 0.
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2.3 SMALL-TIME RESULTS FOR OPTIONS ON INTEGRATED VARIANCE

We start our theoretical analysis by considering options on realised variance,
which we also refer to as integrated variance and RV interchangeably. We
recall that volatility is not directly observable, nor a tradeable asset. Options
on realised variance, however, exist and are traded as OTC products. Below

are two examples of the payoff structure of such products:
(@) (RV (v)(T) — K)*, (i) (x/RV(v)(T) — K)*, where T, K > 0. (2.8)

where we define the following C(7) operator
RVUNE): = [ 16as, RVINO) =70, 9)

and v represents the instantaneous variance in a given stochastic volatility
model. Note that RV (v)(0) = uwy.

Remark 44. As shown by Neuberger [101], we may rewrite the variance

swap in terms of the log contract as

E[RV (v)(T)] = E {% /0 ' Usds} _ E[—2%}, (2.10)

where B[] is taken under the risk-neutral measure and S = exp(X) is a
risk-neutral martingale (assuming interest rates and dividends to be null).
Therefore, the risk neutral pricing of RV (v)(T') or options on it is fully jus-
tified by (2.10).

2.3.1 SMALL-TIME RESULTS FOR THE ROUGH BERGOMI MODEL

Proposition 45. The set i, = {[; Ku (s,")f(s)ds : f € L*(T)} de-

fines the reproducing kernel Hilbert space for Z with inner product

( / K (s, )fa(s)ds, / Ku (5,0 (5)dsh e, = Ui, fodracr-
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Proof. See [82, Theorem 3.1]. O

Before stating Theorem 46, we define the following function AZ : C(T) — R,
as AZ(+) == A, (+), with Ay defined in Equation (6).

Theorem 46. The variance process (ve)eso Satisfies a large deviations prin-
ciple on C(T) as € tends to zero, such that v. ~ LDP (% A"(x)), with

A°(x) == A? (log (%)), where A(vg) =0 and x € C(T).
Proof. Fort € T, e > 0, we first define the rescaled processes

€. H d
Zt =" Zy = Ly,
2

v; := v exp <Zt€ — %(d)w) :

(2.11)

where H € (0, %) From Schilder’s Theorem and Proposition 45, we have
that the sequence of processes (Z¢).s¢ satisfies a large deviations principle
on C(T) with speed e2# and rate function AZ. We now prove that the two
sequences of stochastic processes Z¢ and Z¢ := Z g—z’;(&)QH are exponentially

equivalent, as introduced in Definition 8. For each 6 > 0 and t € T, there

exists e, 1= + <2—5>1/2H > (0 such that
* T t 7]2

. 2
sup |25 — 7| = sup | 'L (e£)2H| < 4,
teT teT 2

for all 0 < e < e,. Therefore, for all 6 > 0, lim sup, |, e log P(|| Z¢ — 7|0 >
d) = —oo, and the two processes are indeed exponentially equivalent. Then,
using [39, Theorem 4.2.13], the sequence of stochastic processes (25)6>0 also
satisfies a large deviations principle on C(7), with speed £2# and rate function
AZ. Moreover, for all e, ¢, we have that v = v exp(Zf), where the bijective
transformation x +— vgexp(x) is clearly continuous with respect to the
sup norm metric. Therefore we can apply the Contraction Principle [39,
Theorem 4.2.1], which is stated in Theorem 10, concluding that the sequence
of processes (v°).-0 satisfies a large deviations principle on C(7) with speed
2 and rate function A% (log ( )) Here we have used that, for each e > 0,

=
vo
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t € T and x € C(T), the inverse mapping of the bijection transformation
X — vpexp(x) is given by log o). Since, for all t € T, v and v are
equal in law, we conclude the theorem. Notice also that A¥(vy) = AZ(0) =
[E— 0

Corollary 47. The integrated variance process (RV (v)(t)),.r satisfies a
large deviations principle on R% ast tends to zero, RV (v)(t) ~ LDP (tQH, f\”)

with AV(y) := inf {A"(x) : y = RV (x)(1)}, where A®(vy) = 0.

Proof. As proved in Theorem 46, the process (v. )¢ satisfies a pathwise large
deviations principle on C(7) as ¢ tends to zero. For small perturbations
6" € C(T), we have

IRV (0 + 6)(t) — RV(8")(1) |, < sup

¢
/(5“(3)(18
teTt 0

where M = sup,.+ |0¥(¢)|, which is finite as 6” € C(T). M tends to zero as

0V tend to zero, and hence the operator RV is continuous with respect to

< M,

the sup norm on C(7). Therefore we can apply the Contraction Principle
(see Theorem 10), and consequently the integrated variance process RV (v.)
satisfies a large deviations principle on C(7T) as € tends to zero. RV (v.)(t) =
RV (v)(et), for all t € T, and so setting t = 1 and mapping ¢ to ¢ then
yields the result. By definition, A”(y) := inf {A¥(x) : y = RV (x)(1)}. If we
choose x = vy then vy = RV(x)(1), and A’(x) = 0. Since AY is a norm,
it is a non-negative function and therefore A”(vo) = (. This concludes the

proof. O]
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Remark 48. Corollary 47 can be applied to a large number of existing results
on large deviations for (rough) variance processes to get a large deviations re-
sult for the integrated (rough) variance process; for example Forde and Zhang
[52] and Horvath, Jacquier, and Lacombe [706].

Corollary 49. The rate function AV is continuous.

Proof. Indeed, as a rate function, A¥ is lower semi-continuous. Moreover, as
A" is continuous, one can use similar arguments to [52, Corollary 4.6], and

deduce that A is upper semi-continuous, and is hence continuous. O

Before stating results on the small-time behaviour of options on integrated
variance, we state that the log integrated variance process log RV (v) satisfies
a large deviations principle on R as t tends to zero, with speed #* and
rate function A”(e'). Then, the small-time behaviour of such options can be

obtained as an application of Corollary 47.

Corollary 50. For log moneyness k := log m # 0, the following equality

holds true for Call options on integrated variance

lim 7 log E [(RV(U)(t) - ek)+] — (), (2.12)

~ ~

where 1 is defined as as I(z) = inf,~, A”(e¥) for x > 0, I(x) := inf, ., A¥(e¥)
for x < 0.

Similarly, for log moneyness k := log \/ﬁ # 0,
. 2H AN
lg(x)lt logE {( RV (v)(t) —e ) = —1I(k), (2.13)

where 1 is defined analogously as 1(z) == inf,~, A”(e*) for x > 0 and I(z) :=
inf, ., A*(e®) for z < 0.

Proof. The proof of Equation (2.12) is similar to the proof of [52, Corollary

4.9], and we shall prove the lower and upper bound separately, which turn
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out to be equal. Firstly, as the rate function AV is continuous on C (T), we
have that, for all £ > 0,

lim 2 log P(log[RV (v)(£)] > k) = —1(k),

10

as an application of Corollary 47.

(1) The proof of the lower bound is exactly the same as presented in [52,
Appendix C] and will be omitted here; we arrive at

11% inf " logE [(RV (v)(t) — e")t] > —1(k).

(2) To establish the upper bound, we apply Hélder’s inequality:

E(RV (v)(t) — )"

E [(RV (0)(t) — €)1 rvwyiysery] »
e [((rvem - )] " Bavem = '
E [(RV (0)(1))] P(RV (v)(t) > /)",

IN

IN

which holds for all ¢ > 1. Thus,

2H

t* log E[(RV (v)(t)—e*)T] < % log E[(RV(U)(t))q]thw(l—%) log P(RV (v)(t) > e*).

(2.14)
We then apply Jensen’s inequality and obtain:
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Therefore,

(2H 2H
lim lim sup — log E [( RV (v)(t))?] < lim lim sup — (glogvy — (¢ — 1) logt)
qtoo 410 q qtoo ¢10 q
t2H 7 on
+ lim lim su —( —1)—t ),
lim limn sup = q(q =1)3
= 0.

Hence, we take ¢ 1 oo and ¢ | 0 on both sides of (2.14) and we obtain,
by Corollary 47

1in£up " logE [(RV (v)(t) — )] < —L(k).

The conclusion for Equation (2.12) then follows directly.

The proof of Equation (2.13) follows the same steps, after proving that the
process / RV (v) satisfies a large deviations principle on R, . Indeed, as the

2 is a continuous bijection on R, we have that the square

function = — =z
root of the integrated variance process y/ RV (v) satisfies a large deviations
principle on Ry as ¢ tends to zero, with speed 27 and rate function AY((-)?),

using [39, Theorem 4.2.4]. O

As with Call options on stock price processes, we can define and study the
implied volatility of such options. In the case of (2.8)(i) we define the implied
volatility (7, k) to be the solution to

E[(RV (v)(T) — ") = Cps(RV (v)(0), k, T, 6(T, k)), (2.16)

where C'gg denotes the Call price in the Black-Scholes model. Using Corollary
50, we deduce the small-time behaviour of the implied volatility 7, as defined
in (2.16).

Corollary 51. The small-time asymptotic behaviour of the implied volatility
is given by the following limit, for a log moneyness k # 0:
2 k?

limt' 2762t k) = 6%(k) = :
im o°(t, k) = 6°(k) 0
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Proof. The log integrated variance process log RV (v) satisfies a large devia-

tQH

tions principle with speed and rate function f\”(e'), which is continuous.

Therefore, it follows that
%ltw log P(RV (v)(t) > ) = —1(k).

In the Black Scholes model, i.e. a geometric Brownian motion with Sy =
RV (v)(0) with constant volatility £, we have the following small-time implied

volatility behaviour:

0 S oy =
lgfgf tlogP(RV (v)(t) > e") 5
We then apply [61, Corollary 7.1] using Corollary 50, identifying £ = 6(k, t),

to conclude. O

Remark 52. Notice that the level of implied volatility in Corollary 51 has a
power law behaviour as a function of time to maturity. This power law is of
order Vt2H=1, which is consistent with the at-the-money RV implied volatility
results by Alos, Garcia-Lorite and Muguruza [4], where the order is found to
be t"- using Malliavin Calculus techniques. Recall that H_ := H — %

2.3.2 SMALL-TIME RESULTS FOR THE MIXED ROUGH BERGOMI MODEL

Minor adjustments to Theorem 46 give the following small-time result for the
mixed variance process v(*) introduced in Model (2.6); the proof is given in
Section 2.9.

Theorem 53. The mized variance process (vi—%”))wo satisfies a large devia-

tions principle on C(T), 20"~ LDP (eQH, A(W’)), with
A () = nf{A”(CTy) 2 x() = w0 Y- e},
i=1

151

satisfying A0 (vy) = 0.
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By Remark 48, we immediately get the following result for the small-time

behaviour of the integrated mixed variance process RV (v(")).

Corollary 54. The integrated mized variance process (RV (v0™)) (t))ier

satisfies a large deviations principle on R as t tends to zero, so that
RV (v0) (¢)) ~ LDP <t2H,A<w>), with A0 (y) = inf { A0 (x) 1 y = RV(x)(1)},
where A0 (vg) = 0.

To get the small-time implied volatility result, analogous to Corollary 51, we
need the following Lemma, which is used in place of (2.15). The remainder

of the proof then follows identically.
Lemma 55. For allt € T and ¢ > 1, we have

q

E [(RV (U(v,u)) (t>)q] < U(;Zlql_ exp <(;;;l (q2 . q) tzH) :

where v* := max{vy, - ,Vp}.

Proof. First we note that by Holder’s inequality (37, #;)9 <ni ' 3" (a;)4,

for z; > 0. Since, v; < 1 for ¢ = 1, ..., n, we obtain

q n ¢ ‘ 2
B [(av (1) )] < B 3 [ e (22, - 2507 as
i=1

21
< _vg nqlzn:ex V—E( 2 _ )t2H
<5 > p {5z (0" —a :
Choosing v* = max{vy, ..., v, } the result directly follows. O

Corollary 56. For log moneyness k := logW # 0, the following
equality holds true for Call options on integrated variance in the mized rough

Bergomi model:

lim 7 log E [(RV( ) (t) — ek)j — _1(k), (2.17)

where 1 is defined as1(x) := inf >, AO) (e¥) forx > 0, I(z) :=inf, ., /~X(%”)(ey)
for x < 0.
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Similarly, for log moneyness k := log m 70,

(, | RV (v0))(t) — ek) 1 = —1(k), (2.18)

where 1 is defined analogously as 1(x) := inf,~, A0 (e®) for x > 0 and
I(z) := inf,., A0 (e?) for 2 < 0.

limt*! log E
t10

Proof. Follows directly from Lemma 55 and proof of Corollary 50. m

The small-time implied volatility behaviour for the mixed rough Bergomi
model is then given by Corollary 51, where the function I is defined in terms

of the rate function A0, as in Corollary 56, in this case.

2.3.3 SMALL-TIME RESULTS FOR THE MULTI-FACTOR ROUGH BERGOMI
MODEL

The small-time behaviour of the multi-factor rough Bergomi model (2.7) can
then be obtained; see Theorem 57 below; note that A™ is the rate function

associated to the reproducing kernel Hilbert space of the measure induced
by (B',---,B™) on C(T,R™).

Theorem 57. The variance process in the multi-factor rough Bergomi model

(UIS%V’E)) satisfies a large deviations principle on R at t tends to zero,
teT

() ~ LDP (20, AC+2), it

AP (y) .= inf {Am(x) X € Hpm,y = 0o Z% exp (% : Lix(l)) } :

=1

satisfying A0V (vy) = 0.

Proof. We begin by introducing a small-time rescaling of (2.7) for € > 0, so
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that the system becomes

U, L,E R793) e
Ut(’y ) = a;fy = Vo Z"YZ < Lth) ) (219)

with the rescaled process ZF := Z,; defined as

t
zZi=¢ </ Ky_(s,t)dB}, / KH(s,t)dB;").
0

The m-dimensional sequence of processes (ef(B!,---, B™)).s satisfies a
large deviations principle on C(7,R™) as € goes to zero with speed 22 and
rate function A™ defined by A™(x) := 3 ||x|| for x € £, and +oo otherwise,
by Schilder’s Theorem, recalled in Theorem 11. .77, is the reproducing kernel
Hilbert space of the measure induced by (Wi, --- ,W,,) on C(T,R™), defined

as
Ay, = {(gl, g™ EC(T,R™) : g'(t) = /t fi(s)ds, f' € L*(T) for alli € 1- m}
0

Then, using an extension of the proof of [76, Theorem 3.3|, for i = 1,--- | n,
the sequence of m-dimensional processes (L;27)_., satisfies a large devia-
tions principle on C(7,R™) as ¢ tends to zero with speed €2/ and rate
function y — inf {A™(x):x € J,,y = Lix} with L; the lower triangular
matrix introduced in Model (2.7). Consequently, for ¢ = 1,--- n each

(one-dimensional) sequence of processes % . LiZ,E) also satisfies a large
e>0

deviations principle as € tends to zero, with speed €2 and rate function
As,(y) := inf {Am( )X € A,y =L L, x}

Analogously to Theorem 46, each sequence of processes (”; . LiZF') and
e>0

( L2 - Lt (e )2H> are exponential equivalent for ¢ = 1---n ;

therefore they satisfy the same large deviations principle with the same speed

e2f and the same rate function Ay,
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We now define the operator g7 : C(T,R") — C(T) as

() = Zv e (£ 50)).

with x := (xy,-++,X,). For small perturbations §',---,6" € C(T) with
§ = (6,---,0™), we have that

sup g7+ 8)(8) = 4" (O1)| = sup fen S eexp (" - (1) + (1)) — exp(®-x(t)

)

i=1
< suplun] Y- [exp( - x(0) expl6(0) - 1)
teT i1 n
The right-hand side tends to zero as 61, --- , 0" tends to zero; thus the opera-

tor g7 is continuous with respect to the sup-norm ||-|| , on C(7). Using that
) = g”(% L 27 — L (e) ) (¢) for each e > 0 and ¢ € T, we can
apply the Contraction Principle then yields that the sequence of processes
(V029 satisfies a large deviations principle on C(7T) as € tends to zero,

with speed €2/ and rate function
y +— inf {Agi(X> ty = UOZ%eXp (V— ~X> } :
- n
=1
= inf {Am(x) X EHp,y = UOZ% exp (V— : LiX) } .
n

i=1

As with the previous two models we have that, for all e > 0 and t € T,

W 0,E b
U}Sv )

) and vg’y’ are equal in law and so the result follows directly. ]

As with the mixed variance process, Remark 48 gives us the following small-
time result for RV (v0*>)).

69



Corollary 58. The integrated variance process (RV (v(%”’z)) (t))ier in the
multi-factor Bergomi model satisfies a large deviations principle on R as t
tends to zero, RV (v0#) (t)) ~ LDP (t?H, NwE)), with

]\(fy,u,E) (y) -— inf {A('Y,V:E) (X) 'y = RV(X)(I)} )
where AOWE) (vo) = 0.

We now establish the small-time behaviour for Call options on realised vari-
ance in Corollary 60, by adapting the proof of Corollary 50 as in the previous
subsection. To do so we use Lemma 59 in place of (2.15). Then we attain the
small-time implied volatility behaviour for the multi-factor rough Bergomi

model in Corollary 51, where the function I is given by Corollary 60.

Lemma 59. For allt € T and q > 1, we have

q9,,g—1 *\2
E [(RV (U(%u,Z)) <t>)q] < U;ZL_ql exp ((;72 (q2 . q) tzH) 7
where v* = max{vy, ..., Vn}.

Proof. First we note that by Holder’s inequality (31 | x;)9 <ni~ P> (2;)4,

for z; > 0. Since, v; < 1 for ¢ = 1, ..., n, we obtain

E[(RV (00 ()] < j—fnql Z / E {5 (% : LZH ds,

Choosing v* = max{vy, ..., v, } the result directly follows. O
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Corollary 60. For log moneyness k := logm # 0, the following
equality holds true for Call options on integrated variance in the multi-factor

rough Bergomi model:

lim 7 log E [(RV@WE))@) - ek)+] = _1I(k), (2.20)

where 1 is defined as1(x) := inf s, A0 (e¥) forz > 0, I(z) = inf,., A0 (e¥)
for xz < 0.

Similarly, for log moneyness k := log m #0,

lim t*# log E
£10

(\/ RV () (1) — ek) 1 — k), (2.21)

where T is defined analogously as 1(z) := inf,s, A0 (e¥) for x > 0 and
I(z) == inf,., A2 () for x < 0.

Proof. Follows directly from Lemma 59 and the proof of Corollary 50. [
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2.4 NUMERICAL RESULTS

In this section we present numerical results for each of the three models given
in Section 2.2. We also analyse the effect of each parameter in the implied
volatility smile. Numerical experiments and codes are provided on GitHub:
LDP-VolOptions .

2.4.1 RV SMILES FOR ROUGH BERGOMI

We begin with numerical results for the rough Bergomi model (2.5) using
Corollary 51. For the detailed numerical method we refer the reader to
Section 2.6. In Figure 2.2, we represent the rate function given in Corollary
47, which is the fundamental object to compute numerically. In particular,
we notice that AV is convex; a rigorous mathematical proof of this statement

is left for future research.

A (y)

— H=005

— H=0.10

0.6 — H=020

— H=0.30

H=0.40

0.4 H=0.50

0.2

0.0 T

06 -04 -02 00 02 04
y = Log-moneyness

Figure 2.2: Rate function A? for different values of H.
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Figure 2.3: Comparison of Monte Carlo computed implied volatilities (straight lines) and

LDP based implied volatilities (stars), in the rough Bergomi model, for different values of

H_ =: o and maturities T'. We set n = 2 and vy = 0.04; for Monte Carlo we use 200, 000
1

simulations and At = 155
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More interestingly, in Figure 2.3 we provide a comparison of Corollary 51

with respect to a benchmark generated by Monte Carlo simulations, and see

all smiles to follow a linear trend. An example of the confidence intervals

associated with the simulations is displayed in Figure 2.5.

In particular,

we notice that Corollary 51 provides a surprisingly accurate estimate, even

for relatively large maturities. As a further numerical check, in Figure 2.4

we compare our results with the close-form at-the-money asymptotics given

by Alos, Garcia-Lorite and Muguruza [4] and once again find the correct

convergence, suggesting a consistent numerical framework.
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A 0
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Figure 2.4: Comparison of Alds, Garcia-Lorite and Muguruza [4] at-the-money implied
volatility asymptotics and LDP based implied volatilities for different values of H_, in the
rough Bergomi model, with = 1.5 and vy = 0.04.

200%

180%

140%

120%

H=0.30

— T=0.27
e T, 37

T=0.06
T=0.17

—— T=048
— T=0.58

T=0.69

— T=0.79

T=0.90
T=1.00

*

-=- 95%Cl

e

3

e e B B

e By B by
il e e e
e e
el B 3o

il By B, 8y

il o e e

i i % i

I W

e e e e

IR

ol e e e

B
R e

gt gt gt gt

-0.4

-0.2 0.0
Log-moneyness

0.2

Figure 2.5: Confidence intervals (dashed lines) associated with the Monte Carlo simula-
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2.4.2 RV SMILES FOR MIXED ROUGH BERGOMI

We now consider the mixed rough Bergomi model (2.6) in a simplified form
given by v, = vo (€1 Zy) + 1€ (12Z;)). In Figure 2.6, we observe that a
constraint of the type v + 7215 = 2 in the mixed variance process (2.6)
allows us to fix the at-the-money implied volatility at a given level, whilst
generating different slopes for different values of (v, 15, 71,72); as in Figure
2.3, we see that the smiles generated follow a linear trend. This is again

consistent with the results found in [4].

A(Y,v)(y) cr(y)
0:35 = Asymptotic by AGM
110.0% ymp Y
0.30 — (v1, V3, V1, ¥2)=(2.0,2.0,1.0,0.0)
0.25 105.0% — (v1,v2, y1,V¥2)=(2.5,1.8,0.3,0.7)
I — (v1, V2, V1, ¥2)=(3.0,1.6,0.3,0.7)
0:20 100.0% — (v1, V2, y1,¥2)=(3.5,1.4,0.3,0.7)
(v, Uz, V1, ¥2)=(4.0,1.2,0.3,0.
0.15 95.0% Y1 v2)=( 7)
0.10
90.0%
0.05 /
. . 0,
0.00 S 85.0%
075 -050 -025 000 025 075 -050 -025 000 025
¥ = Log-moneyness ¥ = Log-moneyness

Figure 2.6: Comparison of LDP based implied volatilities for different values of
(v1,v2,71,72) in the mixed rough Bergomi process (2.6) such that viv1 + v = 2,
with H_ = —0.4.

Remark 61. At this point it is important to note that the mized rough
Bergomi model 2.6 allows both the at-the-money implied volatility and its
skew to be controlled through (v, v), whilst in the rough Bergomi model (2.5)
there is not enough freedom to arbitrarily fit both quantities. Remarkably, we
observe a linear pattern in Figures 2.3-2.6 for around the money strikes. In
Section 2.7, we provide an approrimation scheme for the realised variance

density based on the assumption of linear smiles.

2.4.3 RV SMILES FOR MIXED MULTI-FACTOR ROUGH BERGOMI

We conclude our analysis by introducing the correlation effect in the implied

volatility smiles, by considering the mixed multi-factor rough Bergomi model
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(2.7). We shall consider the following two simplified models for instantaneous

vw=E (1/ /Ot(t — 5)-dB, +1 (p/ot(t — 5)7-dB, + m/ot(t - s)H—dBj>) ,
(2.22)

v, = % (5 (u /Ot(t - s)HdBS) + & (n <p/0t(t —s)"-dB, + M/Ot(t - s)HdBj)>> :
(2.23)

where B and B* are independent standard Brownian motions and v, 7 > 0.

On one hand, Figure 2.7 shows the implied volatility smiles corresponding to
(2.22). We conclude that adding up correlated factors inside the exponential
does not change the behaviour of implied volatility smiles, and they still have
a linear form around the money. Moreover, in this context [4] results still
hold and we provide the asymptotic benchmark in Figure 2.7 to support our
numerical scheme. On the other hand, Figure 2.8 shows the implied volatility
smiles corresponding to (2.23), which are evidently non-linear around the
money in the negatively correlated cases. Consequently, we can see that
having a sum of exponentials, each one driven by a different (fractional)
Brownian motion does indeed affect the behaviour of the convexity in the
implied volatility around the money. We further superimpose a linear trend
on top of the smiles in Figure 2.9 to clearly show the effect of correlation in

the convexity of the smiles.

Remark 62. Despite the empirical evidence given in Figure 2.1, the commat-
ment to linear smiles from a modelling perspective is strong. The simplified
mized multi-factor rough Bergomi model (2.23), however, is sufficiently flex-

ible to generate both linear (p > 0) and nonlinear (p < 0) smiles.
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2.5 OPTIONS ON VIX

Although options on realised variance are the most natural core modelling
object for stochastic volatility models, in practice the most popular variance
index is the VIX. In this section we therefore turn our attention to the VIX
and VIX options and study their asymptotic behaviour. For this section, we
fix T :=[0,7]. Let us now consider the following general model (v;);>¢ for

Instantaneous variance:

v = &o(t)E ( /O it s)st) | (2.24)

with &(-) > 0 the initial forward variance curve. Then, the VIX process is

1 T+A
VIXT = Z/ E[Ut|.FT]dS.
T

We introduce the following stochastic process (VQ’T)temTJFA], for notational

given by

convenience, as
T
Vol = / g(t, s)dB;, (2.25)
0

and assume that the mapping s — g¢(t,s) is in L*(T) for all t € [T, T + A]
such that the stochastic integral in (2.25) is well-defined.

Proposition 63. The VIX dynamics in model (2.24), where the volatility of

volatility is denoted by v, are given by

1 [THA 2
VIX:, = — / &o(t) exp (yvtg»T - —E[(vtg’T)Q]) dt.
’ A Jr 2
Proof. Follows directly from [81, Proposition 3.1]. O

We now define the following L?*(T) operator Z97 : L*(T) — C[T,T + A], and

space 9T as

o7 f() ::/0 g(-,8)f(s)ds, 9T ={T9Tf . fec L*T)}, (2.26)
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where the space 5797 is equipped with the following inner product

(Z97 f1,Z97 fo) ot := (f1, fo, ) 12(7)- Note that the function g must be such
that the operator Z97 is injective so that that inner product (-,-) er on
9T is well-defined.

Proposition 64. Assume that there exists h € L*(T) such that [ |h(s)|ds <
+oo for some e > 0 and g(t, ) = h(t — ) for any t € [T,T + A]. Then, the
space 9T is the reproducing kernel Hilbert space for the process (Vtg’T)te[T,T+A}.

Proof. See Section 2.9. O

Theorem 65. For anyy > 0, the sequence of stochastic processes (67/2V9’T)5>0
satisfies a large deviations principle on C[T, T+A] as € goes to zero, €7/2V 97T ~
LDP (57, AV), with AV, defined as

1

Sl ifx €07,

A (x) = (2.27)

~+00, otherwise.

Proof. Direct application of the generalised Schilder’s Theorem [42, Theorem
3.4.12). O

Remark 66. We now introduce a Borel subset of C|T,T + A|, defined as
A:={{g e C[T,T+A]:g(x) > 1forallxz € R}. Then, by a simple
application of Theorem 65 and using that the rate function AV is continuous
on A, we can obtain then obtain the following tail behaviour of the process
Ve

13151 £ log P (Vtﬂ > L) = —inf AY(g), (2.28)

B 67/2 geA

foranyy >0 andt € [T, T + A] fized.

Remark 67. Let us again fix the kernel g as the rough Bergomi kernel and
denote the corresponding reproducing kernel Hilbert space by "1 and
the corresponding process V91 as V=T [f x ¢ 71T it follows that
there exists f € L*(T) such that x(t) = fOT W 2H (t — )= f(s)ds for all
t € [T,T + A]. Clearly, it follows that x € =T for any a > 0, as
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f € L*(T) implies that %f =: fo € L*(T). We can compute the norm of x

in each of these spaces to arrive at the following isometry:

e 1
%}{)an,H,,T = HfaH%2[O,T] = ?/0‘ fZ(S)dS = ?|’XH¢2)207]'H7’T. (229)

]

We may now amalgamate (2.27), (2.28), and (2.29) to arrive at the following
statement, which tells us how the large strike behaviour scales with the vol-

of-vol parameter n in the rough Bergomi model:

1 1 1/a?
. ~ an,H_,T I R T ¥ n,H_,T -
16%15 log P (Vt > 57/2) 16%15 log (P (Vt > 57/2>
(2.30)
Indeed, (2.30) tells us precisely how increasing the vol-of-vol parameter n mul-

tiplicatively by a factor a in the rough Bergomi model increases the probability

that the associated process V91 will exceed a certain level.

Before stating the main theorem of this section, we first define the following

rescaled process:
~ vt
e I e / Pt u)du+ 7%, (2:31)
0

fore € [0,1],t € [T, T+A]. We also define the following C ([T, T + A] x [0, 1])
operators ¢y ¢, ¢, which map to C ([T,T + A] x [0,1]) and CJ0, 1] respec-

tively, as

1 T+A
(Pro)(5:) = Gl exp(f (2. (pa0))i= 5 [ ols2)ds. (232
T
Note that in the definition of ¢y ¢, in (2.32) we assume &, to be a continuous,
single valued, and strictly positive function on [T, 7 + A]. This then implies
that for every s € [T, T + A}, the map € — (¢1¢,f)(s,€) is a bijection and
hence has an inverse, denoted by cpfém which is defined as (gpi%o f)(s,e) ==

f(s:8)
log < o(s) ) )
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Theorem 68. For any vy > 0, the sequence of rescaled VIX random variables
(e‘fw2 VIX7 cv/2)clo,) Satisfies a pathwise large deviations principle on C[0, 1],
e="”* VIXp 1o ~ LDP (€7, AVIX), with

gt o (550 0 o)

Proof. See Appendix 2.9. O

Remark 69. Using Theorem 68, we can deduce the small-noise, large strike
behaviour of VIX options. Indeed, for the Borel subset A of C[T,T + Al]

troduced in Remark 66 we have that

o Y > —ﬂ/?) _ VIX
151%15 log P (VIXT,EV/g >e ;EEA (9),

for any v > 0.

2.6 NUMERICAL RECIPES

We first consider the simple rough Bergomi (2.5) model for sake of simplicity
and further develop the mixed multi-factor rough Bergomi (2.7) model in
Section 2.6.3 (which also includes (2.6)). Therefore, we tackle the numerical

computation of the rate function
A’(y) == inf {A"(x) : y = RV (x)(1)}.
This problem, in turn, is equivalent to the following optimisation:

deei= Py =1 (e ([ g s ) o).
(2.33)

A natural approach is to consider a class of functions that is dense in L?[0, 1].
The Stone-Weierstrass theorem states that any continuous function on a

closed interval can be uniformly approximated by a polynomial function.
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Consequently, we consider a polynomial basis,
F ) = 3 o
i=0

such that {f™}, cp is dense in L2[0,1] as n tends to +00. Problem (2.33)

may then be approximated via

where a = (ay, ..., a,). In order to obtain the solution, first the constraint y =
RV (exp (fo Ky (u,-)f™ (u)du>> (1) needs to be satisfied. To accomplish

this, we consider anchoring one of the coefficients in f (") such that

o; = mgmin { (y _ RV (exp ( /0 Ky (u,") f(")(u)du)) (1)) 2} (2.34)

and the constraint will be satisfied for all combinations of the vector a* =
(@gy ..oy @—1, 0}, @iy, ...y @y ). Numerically, (2.34) is easily solved using a few

iterations of the Newton-Raphson algorithm. Then we may easily solve

1 s
inf 2| £0))2
o Sl

which will converge to the original problem (2.33) as n tends to infinity. The

polynomial basis is particularly convenient since we have that

RV (exp ( /0 Ky () f(”)(u)du)> (1)

‘ 2.35)
! —~ ;s i+ 1, —H_ i+ 2,1 (
_/ exp (n\/QHE i3 LGt it+21) ds,
0 =0

1+ 1

where 5 F} denotes the Gaussian hypergeometric function. In particular one

may store the values {oF7 (i +1,—H_, i+ 2,1))}, in the computer memory

82



and reuse them through different iterations. In addition, the outer integral

in (2.35) is efficiently computed using Gauss-Legendre quadrature i.e.

w ([ fon i) ) )
m nor1 Hy+i i _H
%%ZGXP (n@2a2(2(1+pk)) 2F1(0+1, —H, +2’1)> W,

1+ 1

where {pg, wi }}-, are m-th order Legendre points and weights respectively.

2.6.1 CONVERGENCE ANALYSIS OF THE NUMERICAL SCHEME

In Figure 2.10 we report the absolute differences [AY L) - A?(y)|, for which
we observe that the distance decreases as we increase n, the degree of the
approximating polynomial. We must enphasize that both numerical routines
performing the minimisation steps have a default tolerance of 1078, hence
we cannot expect to obtain higher accuracies than the tolerance and that is
why Figure 2.10 becomes noisy once this acuracy is obtained. We note that
in Figure 2.10 we observe a fast convergence, and with just n = 5 we usually

obtain accuracy of 107>,

2.6.2 A TAILOR-MADE POLYNOMIAL BASIS FOR ROUGH VOLATILITY

We may improve the computation time of the previous approach by con-
sidering a tailor-made polynomial basis. In particular, recall the following
relation . ok
KHi(u“s‘)ukdu: u 2F1<]{3+1,—H_,]{?+2)7
0 k+1

then, for k = —H_ — 1 we obtain

2F1(_H—7 _H—a 1—- H—a ]-)
—H !

/ Ky (u,s)u™"-"'du =
0

which in turn is a constant that does not depend on the upper integral

bound s.
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Figure 2.10: Absolute difference of subsequent approximating polynomials |Az+1(y) —

A3 (y)l

Proposition 70. Consider the basis §™(s) = cs™H-=1 + 37"  a;s' where
c € R. Then, for ¢ = c* with

—H_

*

T WRHSF(—-H_,—H 1-H 1)

Y

x log

G™(s) solves (2.34).
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Proof. We have that

RV (A KHf(u7 )g(n)(u)du) (1) = exp (77_\/}2[_[{ 2F1 (—H_, —H_, 1-— H_, 1))

sttt G| 1.—H_,1+2,1
/exp<n\/_zas 9 1(z—|— , U+ 2, ))ds,

1+ 1

and the proof trivially follows by solving y = RV ( [, Kp_(u,-)g™ (v)du) (1).
[

Remark 71. Notice that Proposition 70 gives a semi-closed form solution

0 (2.34). Then, we only need to solve

1
inf {—||§](")||2:c:c*}
(agy-an)€RPFL | 2

in order to recover a solution for (2.33).

Remark 72. Notice that u="-"1 ¢ L*(0,1], however u=-"'14,..4 € L?[0, 1]

for all e > 0. Moreover,

F(-H_,—-H_,1-H_. 1
/KH S, u)u 1{u>5}du: 2F1( . ’ 1)
—H_
_ e H-gH- 2F1( H,,—H,,l—H,,E)
_H_ ’
F(-H_,—H_,1-H_ 1
_ 2 1( 7_H7 ) )—i-O(é_H*),

hence for € sufficiently small the error is bounded as long as H_ # 0. In our
applications we find that this method behaves nicely for H_ € (—0.5,—0.05].
In Figure 2.11 we provide precise errors and we observe that the convergence
is better for small H_ (which is rather surprising behaviour, as the converse
is true of other approximation schemes when the volatility trajectories become
more rough) as well as strikes around the money. Moreover, the truncated
basis approach constitutes a 30-fold speed improvement in our numerical tests.
As benchmark we consider the standard numerical algorithm introduced in

(2.34), with accuracy measured by absolute error.
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Figure 2.11: Absolute error of the rate function. We consider the truncated basis approach

against the standard polynomial basis with 7 = 1.5, vg = 0.04 and different values of H_.

2.6.3 MULTI-FACTOR CASE

The correlated mixed multi-factor rough Bergomi (2.7) model requires a
slightly more complex setting. By Corollary 58 the rate function that we

aim at is given by following multidimensional optimisation problem:

A(U,E)(y) _ g { Z Hfz||2 y = RV (Z% exp ( D fKH > ) (1)}:

(f1,--,fn)EL2[0,1]
(2.36)

where - = ([0 Ky_(u,-) fi(u)du, ..., [, Ky_(u,-) fu(u)du). The approach
to solve this problem is snnllar to that of (2.33). Nevertheless, in order to

solve (2.36) we shall use a multi-dimensional polynomial basis

(fl(p)(s), ...,f,sp)(s)> = (i ay s’ ...,Ep:a?s’)

=0 =0
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such that each f)(s) for i € {1,...,n} is dense as p tends to +oo in L[0,1]

by Stone-Weierstrass Theorem. Then we may equivalently solve

: F(p))|2 §(Km_.p
ranfa”)ER(P+1)n { Z 17y = RV (Z% eXp ( -2 ) “) (1)} ’

(ad,.ad,..al....an

(2.37)
where fKu-#) = <f0 Ky (u, )% (u) oo Jo K ( u, ) fip) (u)du> Then as
p tends to 400, (2.37) will converge to the original problem (2.36). In or-
der to numerically accelerate the optimisation problem in (2.37), we anchor
coefficients (a}, ..., ad) to satisfy the constraint y = RV (-)(1) (same way we

did in the one dimensional case), that is

m . 2
]/Z
a* =  inf _ RV . exp <_ 3, KH) )
(ag,.....,an)ER™ (y (;7 n f ( )

where a* = (a}*, ..., a0*) and one may use (2.35) and Gauss-Legendre quadra-
ture to efficiently compute RV (-)(1). Then, the constraint will always be

satisfied by construction and instead we may solve

: 2
( 1% o1 1 lnf ER(}H—I)n { Z Hf H } (238)

g ,a71--0p;-- )ao 70417 -a

2.7 APPROXIMATING THE DENSITY OF REALISED VARIANCE IN THE MIXED
ROUGH BERGOMI MODEL

Keller-Ressel and Muhle-karbe [88] defined a discretely sampled realised vari-
ance and proposed a method to approximate the price of options on realised
variance (RV), based on calculating the price of the option on the quadratic
variation using Fourier-Laplace methods. They also determined the exact
price of options on realised variance in exponential Lévy models. In our non-
affine stochastic volatility setting, and in light of the numerical results shown
in Section 2.4 (see Figures 2.3-2.7) we identify a clear linear trend in the im-
plied volatility smiles generated by both the rough Bergomi and mixed rough

Bergomi models. Therefore, it is natural to postulate the following conjec-
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tured approximation of log-linear smiles and obtain an approximation of the
density of RV (vO))(T). This conjectured approximation then enables us
to price Volatility Swap options in a non-affine stochastic volatility setting
and thus extend results on pricing options on realised variance to the rough
Bergomi and mixed rough Bergomi models.

Approximation 73. The implied volatility of realised variance options in
the mized rough Bergomi (2.6) model is linear in log-moneyness, and takes

the following form.:

6(K,T) = (TQH (a(H_,% V) +b(H_,v,v)log (m))y

where
V2HS ™~
G(Hff‘)/; V) - Zl:l 71”17
H. \2H +3

n 2 n
b(H_,v,v) =V2H MI H )(2H_ +3 3/2p7 Zizl’ywi ’
( ) ( > i1 ViV (H-)( ) Toom (2H_ + 3)

with
i (H—)n 1— 272H_737n
S n (FH_)oH, F(n1)—27—1/2-7f(n,1/2)
T(H) = s (H-+2), 2H_+3+n +Zn20(—1) (H_+2+n)“;! =
- H (4H_+05) H (4H_+5)
such that F(n,z) = oF\(—n —2H,, H, —n,H_ +2 —n,z) and (z), =
n—1
H(:L‘ + 1) represents the rising Pochhammer factorial.
i=0

Remark 74. The values of the constants a(H_,~,v) and b(H_,~,v) in As-
sumption 73, which give the level and slope of the implied volatility respec-
tively, are given in [/, Example 24 and Example 27] respectively; we generalise
to n factors. These results are given in terms of the Hurst parameter H; to

avoid any confusion we will continue with our use of H_ := H — %

Proposition 75. Under Approzimation 73 , the density of RV (v0"))(T) is
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given by

adl (23)
ox

Vry (2, T) = —¢(dy(z)) (a(H_,y,v)T"dy(z) +1), x>0,

where di(x) % + 26(x, TWT, do(z) = di(z) — 6(x, T)VT for

x >0 and ¢(-) is the standard Gaussian probability density function.

Proof. Let us denote
C(K,T) := E[(RV(u")(T) — K)*).

The well-known Breeden-Litzenberger formula [26] tells us that

0?C(z,T)

8372 = ¢RV(K> T)

=K

Under Approximation 73, we have that
C(K,T)= BS(vy,0(K,T),K,T)

where BS(vg,0, K,T) = vy®(dy) — K®(ds) is the Black-Scholes Call pric-
ing formula with ® the standard Gaussian cumulative distribution function.

Then, differentiating C' with respect to the strike gives

oC(x,T) B Od;(x) 0dsy(x)
G| =) TeD|  —as(n(0) 2| @)
where
ohx) _ ~6(.T) +los(z/wlalH 7 )T La(H )T
ox N xé‘(;];jT)Qﬁ 2 X
_ —b(H_,v,v)TH"- la(H-,~, v)TH
a z6(z, T)2T 2 x
and

Ody(x) _ Odi(z) a(H-,7, v)TH
or Ox x '

89



Using the well-known identity vo¢(dy (z)) = z¢(d2(z)), proved in Section 2.9.2,
we further simplify

e, = wotantr) () et

Differentiating again we obtain,

o (5.7) = ol ()T (a0 250 4 2)
- () 2|
Then, by using vo(di () = 26(da(x)), we find that
0. T) = =0(a(10) (a7 ()00 + )+ 2 ),

which we further simplify to

(9611 (.CL')
ox

Vv (K, T) = —¢(do(K)) (a(H_,v,)T"d(K) + 1),

=K

and the result then follows. Note that the density gy (-, T) is indeed con-
tinuous for all 7" > 0. O

Remark 76. Note that Proposition 75 gives the density of RV (vO)(T) in
closed-form. In addition, Proposition 75 can be easily used to get the density
of the Arithmetic Asian option under the Black-Scholes model. This would
correspond to the case H_ =0 and v = o > 0 as the Black-Scholes constant

volatility.

Remark 77. Assuming the density Yry exists, we have the following volatil-

ity swap price:

E[\/RV (v0)(T)] = / " oy (@, T)d.
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In Figure 2.12, we provide numerical results for the volatility swap approx-
imation, which performs best for short maturities, due to the nature of the
approximation being motivated by small-time smile behaviour. Interestingly,
it captures rather accurately the short time decay of the Volatility Swap price
for maturities less than 3 months; for larger maturities the absolute error does

not exceed 20 basis points.

Volatility Swap prices

20.00%

19.50%

19.00%

18.50%

18.00%

17.50%

17.00%

16.50%

0.0 0.2 0.4 0.6 0.8 1.0
Time
Figure 2.12: Volatility Swap Monte Carlo price estimates (straight lines) and LDP based

approximation (stars) for n = 1.5 and vy = 0.04; for Monte Carlo we use 200, 000 simula-

. 1
tions and At = 1008 -

2.8 CONCLUSIONS

In this Chapter we have characterised, for the first time, the small-time
behaviour of options on integrated variance in rough volatility models, using
large deviations theory. Our approach has a solid theoretical basis, with
very convincing corresponding numerics, which agree with observed market
phenomenon and the theoretical results attained by Alos, Garcia-Lorite and
Muguruza [4]. Both the theoretical and the numerical results hold for each of
the three rough volatility models presented, whose complexity increases. Any
of the three, with our corresponding results, would be suitable for practical
use; the user would simply chose the level of complexity needed to satisfy their

individual needs. Note also that the theoretical results are widely applicable,
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and one could very easily adapt results presented in this paper to other
models where the volatility process also satisfies a large deviations principle,

and whose rate function can be computed easily and accurately.

Perhaps surprisingly, we have discovered that lognormal models such as rough
Bergomi [13], 2 Factor Bergomi [18, 19] and mixed versions thereof, generate
linear smiles around the money for options on realised variance in log-space.
This is, at the very least, a property to be taken into account when mod-
elling volatility derivatives and, to our knowledge, has never been addressed
or commented on in previous works. Whether such an conjectured approx-
imation is realistic or not, we have in addition provided an explicit way to
construct a model that generates non-linear smiles should this be required

or desired.

We have also proved a pathwise large deviations principle for rescaled VIX
processes, in a fairly general setting with minimal assumptions on the kernel
of the stochastic integral used to define the instantaneous variance; these
results are then used to establish the small-noise, large strike asymptotic
behaviour of the VIX. The current set up does not allow us to deduce the
small-time VIX behaviour from the pathwise large deviations principle, but
this would be a very interesting area for future research. Our numerical
scheme would most likely give a good approximation for the rate function

and corresponding small-time VIX smiles.

2.9 PROOF OF MAIN RESULTS

2.9.1 PROOF OF MAIN LARGE DEVIATIONS RESULTS

Proof of Theorem 53. For brevity we set n = 2, but for larger n, identical
arguments can be applied. From Schilder’s Theorem and Proposition 45,
we have that the sequence of processes (Z%).-o satisfies a large deviations
principle on C(7") with speed €2 and rate function AZ. Define the operator
fC(T) = C((T),R?) by f(x) := (“x,*x), which is clearly continuous
with respect to the sup-norm || - || on C(7,R?). Applying the Contrac-

tion Principle then yields that the sequence of two-dimensional processes
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((%- 2%, %227))e>0 satisfies a large deviations principle on C(7, R?) as € tends

to zero with speed €2 and rate function
A(y,z) = inf{A%(x) : f(x) = (v.2)} = inf{AZ(%y) iz=—y}.

Identical arguments to the proof of Theorem 46 give that the sequences of
processes ((%Z°,%2Z%)).0 and ((2Z° — V;(g-)w, AR 2 ()M))eno are
exponentially equivalent, thus satisfy the same large deviations principle,

with the same rate function and the same speed.

We now define the operator g7 : C(T,R?) — C(T) as ¢7(x,y) = vo(ye*+ (1 —
v)e¥). For small perturbations §%,0¥ € C(7T) we have that

sup g7 (x-+0%, y+6%) —g" (x,y)| < vo] (S“p e OO = 1)] + sup | (1 — 7)er@ (™ - 1>!) -
teT teT teT

Clearly the right hand side tends to zero as 6*,6¥ tends to zero; thus the
operator g7 is continuous with respect to the sup-norm || - ||o on C(7). Ap-
plying the Contraction Principle then yields that the sequence of processes

U2 y V2

(0o 1= (w0 (exp(22° = (=) + (1 = ) exp(22° = F(=))
satisfies a large deviations principle on C(7) as ¢ tends to zero, with speed

g2 and rate function

. ~ . n Vo
x> inf{A(y,2) - x = ¢"(y,2)} = mf{A(y) s x = 9"(v, ),
= inf{AZ(ﬂy) :x = vg(yeY + (1 — v)e%y)}.
n
Since, foralle > 0and t € T, vg"/) and vt(”’”) are equal, the theorem follows
immediately. Identical arguments to the proof of Theorem 46 then yield that

A/Y(’Uo) = 0. O

Proof of Proposition 64. The proof of Proposition 64, which is similar to the
proofs given in [82], is made up of three parts. The first part is to prove
that (,%”gj, (-, ‘>E%ﬂg,T) is a separable Hilbert space. Clearly Z97 is surjective
on 9T, Now take fi,fo, € L*(T) such that 79T f;, = 79T f,. For any
t € [T, T+ Al it follows that fOT g(t,s)[fi(s) — fa(s)]ds = 0; applying the
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Titchmarsh convolution theorem then implies that f; = f, almost everywhere
and so Z9T : L*(T) — 97 is a bijection. Z97T is a linear operator, and
therefore (-, ) ;o is indeed an inner product; hence (%97T, (-, '>fyfg,T) is a
real inner product space. Since L?(7T) is a complete (Hilbert) space, there
exists a function fE L?(T) such that the sequence {f,}nen converges to f
Assume for a contradiction that f # f, then, since Z97 is a bijection, the
triangle inequality yields

0<| 9T 197,

T PRy e A

Y

9T

which converges to zero as n tends to infinity. Therefore f = f, 9T f €
9T and 97 is complete, hence a real Hilbert space. Since L*(T) is
separable with countable orthonormal basis {¢, }nen, then {Z9T ¢, },en is an
orthonormal basis for s#9T, which is then separable.

The second part of the proof is to show that there exists a dense embedding
v 9T — C[T, T + Al. Since there exists h € L*(T) such that [ |h(s)|ds
for all e > 0 and ¢(t,) = h(t — ) for any t € [T, T + A], we can apply by
[32, Lemma 2.1], which tells us that 597 is dense in C[T,T + A] and so we
choose the embedding to be the inclusion map.

Finally we must prove that every f* € C[T, T+ A is Gaussian on C[T, T+ A],
with variance ||¢* f*|| p0.7+, where ¢* is the dual of . Take f* € C[T,T + AJ*,
then [82, Remark 3.2] implies that :* admits an isometric embedding 7* such
that

12 Lo = Il zoeinrsam = / (f*)’du = VAR(S"),

CIT,T+A]

where p is the Gaussian measure induced by the process on
(C[T, T+ A, B(C[T, T+ Al)). m

Proof of Theorem 68. First we recall ‘ZQ’T"E = Vel — % Otg2(t, w)du+e7/2.
We begin the proof by showing that the sequence of processes (V97T’€)6€[0’1]
and (‘N/Q’T’E)EE[OJ] are exponentially equivalent, see Definition 8. As g(t,-) €
L*(T) for all t € [T, T + A], for each § > 0 there exists €, > 0 such that

SUDye (774 A ‘51/2 - % OT g2(t,u)du’ < 0. Hence, for the C[T,T + A] norm
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|| - [|loo we have that for all ¢, > ¢ > 0,

> 5) =P sup
00 te[T,T+A]

Therefore lim sup, |, £” log P (H VoTe _ oTe

T
P (H‘/Q’T’6 _yole /2 — %/ gQ(t, w)du
0

>5>:0.

> (5) = —00, and so the two

sequences of processes (V1) cp1) and (ngT’s)Ee[Oﬁl] are exponentially equiv-

alent; applying Theorem 9 then yields that (V97).cjo 1) satisfies a large de-
viations principle on C[T,T + A] with speed 7 and rate function AV.

We now prove that the operators ¢; ¢, and ¢, are continuous with respect
to the C([T, T+ A] x [0, 1]) and C[0, 1] || - ||c norms respectively. The proofs
are simple, and are included for completeness. First let us take a small
perturbation 6 € C([T, T + A] x [0,1]):

HSOI,Eo(f + 5f) - 901750<f)HOO = Sl[lp] ‘ﬁo(s)eﬂs’a) <€6f(8’€) - 1)‘
e€l(0,1
s€[T,T+A]

< sup [G(s) sup 1O sup [ 1)

e€(0,1] e€[0,1] e€[0,1]
s€[T,T+A] s€[T,T+A] s€[T,T+A]
Since &y is continuous on [T, 7'+ A] and f is continuous on [7, 7+ A} x [0, 1],
they are both bounded. Clearly e?’(52) _ 1 tends to zero as 8/ tends to zero
and hence the operator ¢, ¢, is continuous. Now take a small perturbation
6 e C([T, T + A] x [0,1]):

[02(f +67) — @a(f) . = sup <M

€€[0,1]

Y

1 T+A
Z/ 67 (s,€)ds

T

where M := sup.¢ ] 6/ (s, ). Clearly M tends to zero as §/ tends to zero,

thus the operator 5 is also continuous.

For every s € [T,T + A] we have the following: by an application of the
Contraction Principle, recalled in Theorem 10 and using the fact that ¢ —
(p1,6,f)(s,€) is a bijection for all f € C[T, T+ A] it follows that the sequence

of stochastic processes ¢1750X29’T’5 (s, 5)) o satisfies a large deviations
e€l0,1
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principle on C|0, 1] as € tends to zero with speed €7 and rate function

AL (y) =AY ((prey) H(s,) =AY <log (%)) :

A second application of the Contraction Principle then yields that the se-

quence of stochastic processes ( (wg(gol,golN/sg’T’f))(s)) ol satisfies a large
e€(0,1

deviations principle on C[0,1] with speed &7 and rate function AV*(x) =
infoerria{AY ((prey) (s, 7)) © x(-) = (p2y)(-)}. By definition, the se-

quence of processes ( (@2(¢1750‘29’T’5))(5)> o is almost surely equal to the
e€l0,1

rescaled VIX processes (e‘fv/QVIXTjgw/z)ge[oju and hence the satisfies the same

large deviations principle. O

2.9.2 PROOF OF vyp(di(z)) = z¢(da(z))

In order to prove vyp(dy(z)) = x¢(da(x)), we will prove the following equiv-
alent result

(0 (@))? = (da())” = 21og (=) .

Proof. Recall that ¢(-) is the standard Gaussian probability density function.
Using that for z > 0, dy(z) = % +16(x, T)VT and do(z) = dy(x) —
6(z, T)V/T, we obtain
2
() ())” = (da(2))” = (dy(2))” = (di() = 62, TIVT)
= 2d, ()6 (x, T)VT — T (x, T),

=2 {log(vo) —log(z) + 162(% T)T] —T6*(z,T),

2
= 2log (%) .
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Small-time asymptotics for complete

stochastic volatility models

In this Chapter, we study the complete model with stochastic volatility in-
troduced by Guyon [71]. We first prove the Feller conditions on the coeffi-
cients to obtain existence and uniqueness of a strong solution for the model,
characterising its behaviour at boundary points. We then use large devia-
tions techniques to prove the small-time asymptotic behaviours. Finally, we
present a numerical algorithm to estimate the coefficients of the diffusion
coefficient in order to fit them to the S&P 500 and VIX market data.
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In the recent years, academics showed that rough volatility models repro-
duce the power-law decay of the volatility smiles close to maturity accurately.
These models are based on fractional Brownian motions. In particular, these
Gaussian processes have infinite dependence on the past, which reflects the
real-world perception of market volatility. The most well-known form of
path-dependent volatility was introduced by Engle [45] and Bollerslev [25]
in the early 80s. They respectively developed the (generalised) autoregres-
sive conditional heteroscedasticity (ARCH and GARCH) models for financial
time series modelling. In these models, the conditional variance of the log-
prices depends on a set of exogenous and lagged endogenous variances and
past residuals. Duan [43] discussed such discrete-time models and their ap-
plication to option pricing. Although these models are still widely used by
econometricians, in the late 90s, Hobson and Rogers [75] developed a new
class of non-constant volatility models, where the instantaneous volatility is
an endogenous factor defined using exponentially weighted moments of his-
torical log-prices. Contrary to stochastic volatility models introduced earlier
in this thesis, in these past-dependent continuous-time models, the market is
complete as no additional source of randomness has been introduced. Hobson
and Rogers [75] found the partial differential equation satisfied by a Euro-
pean Call option price and proved that such models generate smiles and skews
of implied volatility consistent figurewith market data. The instantaneous
volatility process is thus self-reinforcing, that is the volatility increases when
we observe large movements in the recent past, which reflects the market per-
ception of volatility. On the theoretical side, Mohammed and Zhang [100]
proved the existence and uniqueness of strong solutions for stochastic systems

with finite memory.

More recently, Guyon [70] focused on path-dependent volatility. Even if this
family of models is not widely used in the industry, it does not only combine
the advantages of the stochastic volatility models introduced in the previous
Chapters, but adds other benefits. The volatility process ¢ usually depends
on the current value of the stock price process S; and a set Y; of finite

path-dependent variables, such as averages, maximums, minimums, realised
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variances, etc. The general set-up studied by Guyon [70] is:
dSt = StO'(t, St, E)l(t, St)th, S() = Sg > O,

with W a standard Brownian motion, [ the leverage function to be cali-
brated and Y a set of path-dependent variables to determine. Similarly to
local stochastic volatility models, a path-dependent volatility is defined as
o(t, Sy, Yy)l(t, Sy), with [ calibrated to perfectly fit the market smile of the
stock price process S. The idea is therefore to choose Y and o, and to cali-
brate [ such that the model has the desired properties and fits to the volatility
smile. In [71], Guyon selects the process Y of finite path-dependent variables
to be an exponentially weighted moving average of the stock price process,
similarly to Hobson and Rogers [75]. A stochastic differential equation is
then obtained for Y. The existence and uniqueness of a strong solution,
however, needs to be proved carefully. Moreover, one can assume a linear
relation between VIX, an approximation of the instantaneous volatility, and
VVIX, an approximation of the instantaneous volatility of the instantaneous
volatility, as illustrated in Figure 3.1, and obtain the form for the diffusion

function o.

180

160 | -

140 |

120 |

WX

100 |

5 10 15 20 25 30 35 40 45
WIX

Figure 3.1: Historical VVIX vs historical VIX (13/04/2012 - 08/05/2017).
Source: CBOE VIX Index and VVIX Index historical data.

Finally, one needs to to calibrate the leverage function to perfectly fit the

volatility smile, using:
EQ[UZ(t7 St7 }/t)lst]F(tu St) = U?oc(tu St)7

99



with 0y, corresponding to Dupire’s equation [44] for the local volatility, and
@ the risk-neutral probability. The expectation can be approximated using
the Particle Method, introduced by Guyon and Henry-Labordeére [72], which

enables to compute the leverage function [ by simulating the paths.

Therefore, so-called path-dependent volatility models are complete, as local
volatility models, and generate a unique price for options. Moreover, the
model is perfectly calibrated to the volatility smile, thanks to the leverage
function [. When choosing the volatility function o, one can actually reach
spot-volatility dynamics not attainable by stochastic local volatility models,
thanks to the degrees of freedom present in the finite path-dependent variable
Y. Besides, these models can capture the historical features of volatilities
and asset prices, and reconcile the implied calibration with the historical
calibration. Hence, such volatility models combine both advantages of local
and stochastic volatility models and offer a range of new properties. The
model introduced by Guyon [71] produces rich joint dynamics of spot, im-
plied volatility and implied volatility of volatility, and captures the historical
behaviour of S&P 500, VIX and VVIX. It extends the idea from [74] that
volatility is readily observable from the history of returns in asset prices to
the continuous-time setting. Heston and Nandi [74] proved that their setting
is numerically close to continuous-time stochastic volatility models and easier
to compute, on a daily frequency only. Guyon’s model allows for intraday
frequency and as the process (5,Y") obtained is Markovian, it is also easy to

compute compared to other stochastic volatility models.

The aim of this Chapter is therefore to study the model introduced by
Guyon [71] and to derive the small-time behaviour of the system, using large
deviations techniques. In this direction, various large deviations results were
proved for systems with memory, outside the scope of financial mathematics.
Azencott, Geiger and Ott [9] proved a small-noise large deviations result for
a system with finite discrete-time delay. More recently, Ma, Ren, Touzi and
Zhang [92] obtained a large deviations principle for non-Markovian stochastic
differential equations with random coefficients. In particular, in [92, Section
3.2], they provide short-maturity asymptotics for the log-stock price process.

One major difference with the current Chapter is that they assume the dif-
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fusion process o to be Lipschitz continuous, strictly positive, and bounded,
which is not the case here. To prove our results, one first needs to deter-
mine conditions on the coefficients of the diffusion o, to obtain existence and
uniqueness of a strong solution. Then, similar techniques to Peithmann [105]
will enable to obtain small-time asymptotics for the path-dependent process

Y as well as the stock price process S.

The structure of the Chapter is as follows. In Section 3.1, we set the notations
and present the model of interest. Section 3.2 gathers the main theoretical
results, proving existence and uniqueness of a strong solution (Section 3.2.1),
deriving the stationary distribution (Section 3.2.2) and presenting pathwise
large deviations estimates in Section 3.2.3, from which implied volatility
asymptotics follow readily. Finally, in Section 3.3 we construct a numeri-
cal scheme to estimate the coefficients of the system for a joint calibration
to S&P 500 and VIX market data.

3.1 SET UP AND NOTATIONS

The underlying process S, describing the evolution of the S&P index follows
the general dynamics

ds;

— = U(n)th, SO = Sg > O,
St

for some given Brownian motion W generating a filtration F = (F;)s>o,
where o : RY — R is non anticipative. Following Guyon [71] and Hobson and
Rogers [75], we assume that the process Y is adapted to F and is a function
of the past history of the stock S, making the latter non-Markovian, in the

sense

IS — I t—
Y = _—Z, fort e T, where S? = E/ exp {— hu} Sydu  (3.1)
S

t —00

is the exponential weighted moving average (EWMA) of the stock price pro-
cess. The constant h > 0, denoting the length of the time window, is left

unspecified for now. Using [t6’s formula, we can summarise the dynamics
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for the couple (S,Y) as

dSt = Sta(Y})th, SQ = Sg > 0,

3.2
dY; = b(Y,)dt +5(Y,)dW,, Yy =y, > 0, (32)

with b(y) := +y(1—y) and 5(y) := yo(y) for y > 0. Guyon [71] showed that,
for the linear relationship between the VIX and the VVIX to hold, one needs

to consider a diffusion coefficient of the form

o@y——%+7x& (3.3)

67)1/5

with a, 8, > 0. In that case, ¢ is null at y, := (E , and

not defined, if g > 1,
a(0)=1< 0, if 6 <1,
7, if g =1.
Before diving into the asymptotic behaviour of the process, we first concen-

trate on the existence and uniqueness of a strong solution for (3.2), depending

on the values of a, # and ~y, and classify the singular points 0, y, and infinity.

3.2 THEORETICAL ANALYSIS OF THE MODEL

3.2.1 BOUNDARY CONDITIONS

We start the analysis of the model by a detailed study of the behaviour of

the system (3.2) at the boundary points 0, y, and co. Recall [33, Definition

2.3] that a point d € R is called singular if 1;{" is not locally integrable in a

neighbourhood of d. A point that is not singular is called regular. A singular
point is further called isolated if it admits a deleted neighbourhood consisting
of regular points. Introduce the hitting times 7, := inf {t > 0:Y; = 2} and
Tpy ‘= min (7, 7,). The precise classification of boundary points is rather
delicate and we only give below an informal help, and refer the interested

reader to [33, Sections 2.3 and 2.4] for full and precise details:
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Definition 78. Let a > 0.

e A point x is called a reqular boundary and is said to have right-type 0,
and we write x € Bg, , if for any yo € [v,x + al, there exists a unique
solution defined up to 7, 4. This solution reaches x with strictly positive
probability, B (7, 4+4) is finite, and P (Y, =0) > 0.

Tx,z+a

o A point x is called an exit boundary and is said to have right-type 1,
and we write x € B}, , if for any yo € [v,x + al, there exists a unique
solution defined up to 7, 4. This solution reaches x with strictly positive

probability. Any solution may only leave x in the left direction.

o A point x is called an entrance boundary and is said to have right-type
3 if for any yo € (z,x + a], there exists a unique solution defined up
to Tyyq. This solution never reaches x and E (7,44) is finite. We write
xr € B,

o [nfinity is called a recurrent boundary point if a solution cannot explode
there. Moreover, if there are no singular points between yo and a point

2z < 4o, then the solution reaches z almost surely.
The left-types B _ and BS_ are defined similarly.

The following proposition, proved in Section 3.4.1, characterises the be-

haviour of the solution to (3.2) at the origin and at infinity.
Proposition 79. Infinity is a recurrent boundary, and the origin is reqular
if and only iof B > %, and
o for f > %, zero is an exit, non-entrance boundary point and belongs
to BY:
o for0 << %, zero is an exit, non-entrance boundary point and belongs

to BY7.

The following theorem, proved in Section 3.4.2, is more involved and fully
characterises the solution to the SDE (3.2).
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Theorem 80. y, is an isolated singular point, and for a > 0, the following
holds:

Left boundary of y, > yo | Right boundary of y, < yo
Yo <1 Bf_ B
Yo 2> 1 B;_ Bﬂ

3.2.2 STATIONARY DISTRIBUTION AND PRICING PDE

We now prove that the process Y introduced in (3.2) admits a stationary

distribution and we derive the pricing PDE associated to (3.2).

STATIONARY DISTRIBUTION

We recall [54, Section 3.2] that a process (Y;)i>o is ergodic if it admits a
unique, stationary distribution II, and for any measurable bounded func-

tion g, the almost sure limit

t

o1

lim — [ g(¥;)ds = /g(y)ﬂ(dy)
Too t 0

holds. If it exists, an ergodic solution must satisfy £*II = 0, where L* is the

adjoint of the infinitesimal generator £, defined [54, Section 1.5.3] via the

equality

/ () LH(E)d = / O(6) L7 (€) e, (3.4)

for any rapidly decaying smooth test functions ¢ and W.

Proposition 81. The infinitesimal generator Ly of Y in (3.2) and its dual L3

read
92

1
0 0 0) 550 and

(Ly f)ly) = Ey(l - y)a—y + %

(Ly )y) = _a% (%y(l - y)f(y)) + %aa—yQ (o (1) f(y)) -

Proof. Using (3.4) and integration by part, we obtain the expression for £*.
Given y € R and f,g : R — R twice continuously differentiable functions
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with bounded derivatives, we have

(1.£39) = [ 1) |5 (G000 = 0 + 5 5 (P )atw) ] a

= - /R Z—Jyf(y) {—%y(l —y)gly) + %(% (v*o*(v)g(v)) } dy,

_ % /R %@)y(l —y)g(y)dy — % /R %@)a% (o (W9 (v)) dy,
1 fof O

=5 /. a—y(y)y(l —y)g(y)dy + % /R a—yQ(y)yQGQ(y)g(y)dy,
= /Rg(y) Hy(l - y)g—;(y) + %yQaZ(y)g—yJ;(y)] dy,

= (Ly [, 9).

The rapidly decaying smooth test functions f and g ensure that the boundary

terms in the integration by parts are equal to zero. O]

In our setting, the process Y in (3.2) admits at least one stationary distribu-
tion, which can be proved easily following the arguments in [103]. However,
since the map o is not generally bounded away from zero, one cannot use
classical results to prove uniqueness of the solution to the Poisson equation

L*® = 0. We leave to future endeavours this analysis.

Proposition 82. The SDE (3.2) admits at least one stationary distribu-
tion P.

Remark 83. For f : R — R, finding the explicit solution of the Poisson

equation is tedious. Indeed,

€)= =5 (00 = 000)) + 5505 (o)1) =0,
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s equivalent to

12]0"() o 2_2“_7 B 4 228
2y Yy 5y 7Y

5
uf) [2 { (5) -Fe-om+ra- Wy-%} - y>]
+ ) [(%) + 211 = B)ea+ Ay +%3 — 1) (@3 =)+ )y P - 11 2y>] ~0,

with the constraint fR f(y)dy = 1. This is a highly non-linear problem, which
does not admit any explicit solution in general. Nevertheless, the solution can
be written in the integral form associated with the first order ODE satisfied

by the stationary measure.

PRICING PARTIAL DIFFERENTIAL EQUATION

Consider an option with payoff H(Sr,Yr) at expiry T, and denote its price
P(t,S;,Y;) at time ¢ < T. Since the market is complete, we can construct
a self-financing and riskless replicating portfolio consisting of the derivative
itself and —(SPs + Y Py)/S units of the underlying asset S to find the cor-
responding pricing PDE.

Proposition 84. Under the risk-neutral measure Q, the pricing PDE asso-
ciated to (3.2) is

2 2

1—
(at +rsds + (Ty + r> ¥, + 50 (1)0ss + 520°(y)Dey + 50> (1), — 7“) P(t,s,y) =0,
(3.5)
forall (t,s,y) € [0,T)x(0,00)?, with terminal condition P(T, s,y) = H(s,y).

Equation (3.5) can be rewritten as (Ly + £ + £2) P = 0, with £y defined

106



in Proposition 81 and

0? 0
N 2
‘Cl ‘= Syo (y) asay + ryaya
o 2, 0 d
L=t 57 Waatrg

The operator L, is the Black-Scholes infinitesimal generator with volatil-
ity o(y). Unfortunately, this pricing PDE does not admit an obvious explicit
solution. Approximate solutions can be found by expanding the solution us-
ing perturbation methods, as developed in [54], but we leave this to future

endeavours.

3.2.3 SMALL-TIME ASYMPTOTICS

We now investigate the small-time behaviour of the solution to (3.2) us-
ing large deviations techniques. Consider the log-stock price process X :=
logS. For e > 0 and ¢t € T, introduce the small-time rescaling (X7, Yy) :=
(Xet, Yzr). The model becomes

{de=—§<r?<nf)dt+¢EamE>dm, X§=ao=log(S0). g0

Ay = eb(Yy)dt + /25 (Y7 )dWs, Yo =% >0.

Let H denote the space of absolutely continuous functions starting at the

origin, with square integrable derivatives, such that

t
H = {f:T—HR]ft—/ g(s)ds,g € L*(T), and infftzllog (1—ygi)}.
0 teT o)

By

Remark 85. When yo > y,, the condition

1
inf f; > —log (1 — Y% _) ) (3.7)
o v

teT

is automatically satisfied and the space H boils down to the usual Cameron-
Martin space. When yo < y,, Condition (3.7) is needed to ensure that the

solution of the controlled ODE introduced below is positive.
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The main result here is the following theorem, proved in Section 3.4.5, which
states a pathwise large deviations principle for the log-stock price process.
With xg := (20, yo), introduce the map I*?* on C(7,R x R*) by

¥ (g) = inf {A(f), f € H,§™(f) = g},

where A is the usual rate function of the standard Brownian motion:

A(f) = %/OT‘ft

400, otherwise,

2
dt, if f € H,

and S (f) on T is the solution to the controlled ODE g, = (o(g;),5(g:)) " -
(ft, ft), starting from go = xg.

Theorem 86. The rescaled log-stock price process X satisfies a pathwise
large deviations principle on C(T,R) as e tends to zero with speed e and rate

function

1¥(g) := inf {IX’Y(h),h = (g, 1),1 € C(T,R%), 1y = yo}, (3.8)

The proof of the theorem relies on first obtaining a large deviations principle
for the rescaled process Y¢, which we state below (and defer its proof to Sec-
tion 3.4.4). Similarly to above, denote SY(f)(t) the solution to the controlled
ODE g, = 5(g:) fe, with go = y.

Proposition 87. The rescaled process Y¢ satisfies a pathwise large deviations

principle on C(T,R%) as € tends to zero with speed € and rate function
[(g) = inf {A(f), f € H,8"(f) = g} (3.9)

Large deviations have been used extensively in Mathematical Finance in
order to derive asymptotic behaviour of the implied volatility [58]. Recall
from Chapter 0 that the latter, 3;(k), is the unique non-negative solution to
Cps(t,e* 3i(k)) = Cops(t, €F), with Cops(t, e¥) the observed Call option prices
with maturity ¢ and strike e, and Cpyg is the Call option price in the Black-
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Scholes model.

Corollary 88. For y, < min{yg, 1}, the small-time behaviour of out-of-the-
money Put/Call options is given by

limg o tlog E (St — e"“)Jr = —inf,>p IX(9)|g(1)=y, if k>0,
limg o tlog E (ek — St)+ = —inf,< IX(g)\g(l):y, if k< 0.

Proof. We prove the lower and upper bounds separately, which turn out to

be equal. For simplicity, we introduce the following notation, for all k£ > 0:

inf I* (9)|y(1)=y, if k>0,

TX(]C) - %’Zk X .
i I (g)ly1)=y, 1k < 0.

Firstly, as the rate function is continuous, we have for all k£ # 0,
. By . TX
lgfgltlog]P’(St > ") = -1 (k).

We only consider k£ > 0, the other case being symmetric.

(1) The proof of the lower bound is similar to [52, Appendix C].
For any 6 > 0,

E (St — ek)Jr > b P (St > ek(H‘S)) .
Using Theorem 86, we have that

hntq¢ inftlogE (S — )" > 11% inf [tk + tlog § + tlogP (S, > eFT)] |

> —T¥(k(1 + 6)).

Take ¢ | 0, by continuity of JR (k), we obtain the desired lower bound.

(2) To establish the desired upper bound, we note that for any ¢ > 1, we

have
E(si- ) <E[((5- ) )] B2 )
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Thus, we have
wt ot q 1 k
tlogE (S, — €¥) §5E(St)+t 1—5 logP (S; > €").

Then, note that from Theorem 80, we have that, for y, < min{yo, 1},
the process (Y;)ie7 remains in (y,,+00). The map o is bounded on
(Yo, +00) and thus using arguments similar to [50, proof of Corollary
2.1], we have lim sup, fIIE(Stq) < 0. Therefore, for fixed ¢ > 1, we have

1\ ~
limsup tlog E (S; — ek)+ < - (1 - —) ¥ (k).
tl0 q

We finally take ¢ to infinity and obtain the desired upper bound.
]

Corollary 89. Fory, < min{yo, 1}, the small-time asymptotic behaviour of
the implied volatility is given by

i -

5 (MG o k>
lim X (k) = = _
1o ! k? < !

5 (;/g{l (9)|g<1>y) , if k<0,

Proof. We only consider k£ > 0, the other case being symmetric. It follows
from [61, Corollary 7.1] that taking ¢ = ¢, from Theorem 86, X satisfies a
large deviations principle with speed ¢ and rate function I%:

. _ X
limtlog P(X > k) = inf I (9)]g1)=y-

In the Black Scholes model, we have the following small-time implied volatil-

ity behaviour:

/{ZQ

77

and the result follows from [61, Corollary 7.1]. O

%tzf(k) logP(X > k) = —
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3.3 NUMERICAL ESTIMATION OF THE COEFFICIENTS (v, 37)

We now devise an algorithm, using VIX and VVIX data, to find the optimal
parameters (a, 3,7) appearing in the definition of the diffusion function o

n (3.3). We consider the continuously monitored formula for the VIX:

1 t+A 1 t+A
VIX? .= E {Z/ d(Xs, Xs)ds | ]:t} = ZE {/ o*(Y,)du | F|,
t ¢

where A is equal to 30 days. In order to simulate the VIX on [0,7], we

must first approximate the integral and the conditional expectation, and we

=U,...,

with u; :=1t+ i%, assume that o(Y,,) is constant on each interval, and write

uz+1

VIX? = N Z / Y,)] du,

The second step is to approximate the conditional expectation. Since the
process Y is Markovian, then E[0%(Y,,) | F¢] = E [0%(Y,,) | V4], for any u; €

U;. We thus approximate the conditional expectation using the empirical

mean, by simulating M paths (Y1), --. [ YM)) of Y| so that
| N | M N
— E, [0*(Y,, — VIX 3.10
W 2 Ol g 2 25 o

2
Note that, in order to simulate VIX,, one first needs to obtain the starting

point Y;, from which all the points (Y5, )1, n can then be determined. Since

-----
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Y, = % from (3.1), with

t

_ I-1
o t/h

—_— 1 t t—v 1 ! Vit1 t—v
Sf = E/ e Sydv ~ 7 g / e h Sydv ~ . Ay g e”i/thi,
- i=0 Y Vi i=0

with Vt = ('Ui)i:()

time for which we can observe the S&P 500, and v; = t; we further set the

..... 1 a time-discretisation of (—oo, t], such that vy is the first

grid size to be v;; 1 —v; =: A, for all ¢ =0, ..., [. In our simulations, we will

consider vy to be 25/04/2008. Empirically, in order for this approximation

to be as precise as possible, one needs A; to be as small as possible. However

here, dealing with daily data for the S&P500 imposes A; = 1 day. We leave

an extended analysis of this with high-frequency data to future work. Hence
St St het/hSt

Y, — ~ ~
— —t/h -1 . -1 . :
S, A evhS, ATy evi/hS,,

h 1=0

(3.11)

Note that for any ¢ € [0,7T], the two time grids V; and U; do not overlap,
the former taking into account time before ¢, the latter time after ¢. The

algorithm to approximate (VIX?) re0.1] is as follows:

Algorithm:

(i) Compute (Y;)

te

o7 using (3.11), with S obtained from S&P 500 data;

(i) For t € [0, T, using Y; from (i), simulate the auxiliary process (¥})s¢
on the grid U; as

Yui+1 = w(Yu” Wui)1{¢(?uikui)>D}’
where

h
with A, := 35 and AW, := Wy — W, ~ 75N(0,1), and obtain
N-1 %
%Zi:o o (Yu,);

(iii) Repeat step (ii) M times to obtain \75(? from (3.10);

Dz, w) == (1 T a(q:)Aw) ,
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(iv) Repeat steps (ii)-(iii) on the grid to obtain VIX on Vr N 10,77

Remark 90. In the Euler scheme in step (ii) of the algorithm, we intro-
duced the threshold D to prevent the simulations from ‘exploding’ when Y
approaches zero. We could alternatively apply the threshold on o(Y;), but we
leave the precise analysis of the (weak or strong) convergence of our discreti-

sation for future work, hints thereabout can be picked from [89].

3.3.1 SIMULATIONS

We use daily data to simulate VIX?, between January 2nd, 2013 and May
8th, 2017 (corresponding to T' = 1200 days). The simulations are run for h €
{180,30,5} days with different parameters (a, 3,7), first taken arbitrarily,
but optimised over later. Table 3.1 summarises them:

| |h=180]h=30]h=5]

0.9 2.1 D
1.5 1.2 6
0.8 1.9 1.7

200 500 500
200 500 500
0 0.01 1

DR == we

Table 3.1: Parameters used in the simulations

Note first from (3.2) that the process is mean reverting to 1. The smaller

the h, the larger the mean reversion 1/h, which is clearly visible in Figure 3.2.

Using the algorithm above, the simulations for the VIX?, respectively for
h = 180, 30 and 5 days, are depicted in Figure 3.3.

In all cases, the simulated VIX? seems to have jumps similar to those visible
in the historical VIX?. However, when h = 5 days, the variations of the
simulated VIX? are very small compared to the historical one. In order to
obtain similar magnitudes, for h = 5 days, we had to consider a threshold
D =1, meaning that many simulated paths were discarded, thus creating a

clear bias. We also chose («a,,7) = (5,6,1.5), giving unrealistic volatility
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0 500 1000

(a) h = 180 days

Figure 3.2: Process Y simulated using the Euler scheme between 2/1/2013 and 8/5/2017.
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(b) h =30 days
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2000 0

500 1000 1500

(c) h =5 days

2000

2500

0.8
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0.6
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0.2

1

T 0.45

(a) h =180 days

800

o
100C 0 200 400 600 800

(b) h = 30 days

100¢ o 800

(c) h =5 days

1000

Figure 3.3: Simulated (blue) and historical (red) VIX, between 2/1/2013 and 8/5/2017.

values, for example (1) = 0.66 and confirming that the representation (3.3)
works best for h > A = 30.

simulated using its definition Y; := % for t € [0, 7] and h € {5,30,180}.

1200

In order to analyse the results, we plot in
Figure 3.4 the simulated VIX and the historical VIX against the historical
VVIX as well as against the recent trend of S&P 500, that is, the process Y

+++ Simulation
o000 Market

WVIX

+++ Simulation o+
o000 Market
°

WIX

+++ Simulation
o000 Market
.+ °
PR
S

WIX

49
0.00 005 010 015 020 025 030 035 C

VIX

(a) h =180 days

40
00 01 02 03 04 05 06 07
VIX

(b) h = 30 days

40 L L L L L L L
0.05 010 015 020 025 030 035 040 045

VIX

(c) h =5 days

Figure 3.4: Simulated (blue crosses) and historical (yellow circles) VIX against historical
VVIX, between 2/1/13 and 8/5/17. The red line is the linear regression fit.
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In the first two figures (for A = 180 and 30 days), it seems to fit the regression
of the simulated data as well. However, for h = 5 days, the simulated values
clearly follow a different trend. This might be explained by the presence of a
large threshold D in the simulations, and by the fact that the approximation
for o using the VIX data is only valid for h > A. Finally, Figure 3.5 shows
the simulated VIX and historical VIX against the recent trend of S&P 500.
The latter are computed using the definition of Y changing the window h to
adapt it to each case. We observe that the model does not fit market data

for h = 5, which is consistent with the assumption that the representation

of the function ¢ is only valid for h > A.

0.45

0.35
0.30

0.25

VIX

0.20
0.15
0.10

0.05

0.00

0.0 o +++ Simu
o000 Mark
°

06
05
04
03
0.2

0.1

0.03

+++ Simulation
o000 Market

085 090 095 1.00 1.05 110
Recent trend of SPX (h=180)

(a) h =180 days

11

0.0 -
0.85 0.90 0.95 1.00
Recent trend of SPX (h=30)

(b) h = 30 days

1.05

0.82 0.84 0.86 0.88 0.90
Recent trend of SPX (h=5)

(c) h =5 days

0.92

Figure 3.5: Simulated (blue crosses) and historical (yellow circles) VIX against the recent
trend of S&P500, between 2/1/13 and 8/5/17. Source: CBOE VIX Index.

3.3.2 OPTIMISATION OF COEFFICIENTS

The calibration of the model is performed by minimising the least squared

error (LSE)

LSE(a, 8,7) := Z )VIXt — \75@(04,@7) 2

over the coefficients («, 3,7). Table 3.2 summarises the results of the optimi-
sation, indicating the optimised parameters as well as the initial guesses and
the number of runs. The optimal coefficients are close to the initial parame-
ters (av, Bo, Y0). This is due to starting with good guesses, in order to reduce

the actual computation time, quite involved in the numerics (which can be

teVrn[0,T]
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seen from the small number of simulations (N, M) = (100, 200) considered).
We leave for future work an optimisation of the algorithm in order to reduce

the computational time to obtain robust optimal parameters (a*, 5*,~*).

| |h=180]h=30]h=5]

ap | 0.9 19 | 3.1
Bo| 15 12 | 8.1
% | 0.8 18 | 05
o | 0.88 1.96 | 3.15
B | 1.52 121 | 8.01
v | 0.83 1.76 | 0.48
T [ 500 200 | 100
N | 100 200 | 100
M| 200 100 | 200
D 0 0.01 0

Table 3.2: Initial and calibrated parameters

3.4 PROOFS OF THE MAIN RESULTS

3.4.1 PROOF OF PROPOSITION 79

We start with the behaviour at the origin, and use the definition of a singular

point to prove the statement. Regarding the first statement, for ¢ > 0,

14 |b(x)] /6 dz

— 2 dx <21 b —_—

[y = | e v [ s
[1 4 masepo [5(2)]] [

0 T2

<2

— 72 + 5 (1-8)’

as there exists § € (—7?,00) and T > 0 such that for z < 7, 4? — Q%xﬁ +
g—i:yw > ~2 4§ > 0. This integral is finite if and only if 8 > % Now, for

x > 0, we have

b -
lim @ =lim(l—-2z)=1 and lim U(lx) = lim (1 - gxﬁ) =1
zlot zx alot zlot yrl=F  zlot By
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We can then apply [33, Theorem 5.3] for 7 := 28 — 1 # —1 as > 0, and
conclude.

Regarding the behaviour at infinity, for > 0, we have, as 8 > 0

lim b(lac) =1 and lim iax) = lim {1 — @xﬁ} =1.

oo _E$2 xToo —BJ? oo o

We can then apply [33, Theorem 5.7] for 5 = 0 > —1 and \ := _hT; <0
and oo has type A.

3.4.2 PROOF OF THEOREM 80(1)

We first show that ¥, is an isolated point. For ¢ > 0,

Yo+E Yo t+€ Yote
/ 1 t2\6($)|dx > / ~;1:E _ / dz 2
Yo o (ﬁ) Yo o (l’) Yo 72 <_Q —f—’}/l'_B)

Yo +€
ZKe/ dz K /
Yo <_%x5+7 (

N

(1 +2) )
(3.12)

with K, = (yo+¢) 20 for B € (0,1), K. :=y2" ™ for 8> 1 and K. := 1

for § = 1.

Introduce the following quantities:

Ay = (5—1)2(6 2)
Bg =4 Aﬁ—%}, (3.13)
o =4 _(6—?2;5—4)+(ﬂ—1)(5;2)(ﬂ—3) By
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A straightforward Taylor expansion around the origin then yields

s 2 2 2
o' x (I 2Ap7 N
1— —a 1+—) = {1— +(2Bs + A3)
[ By ( Yo ] B2 , Bt )

{%Cb—/%3@52+0@9ﬂ,

g

y2

+ ﬁ2$2

which is not integrable around zero. We thus conclude about the right be-
haviour of y, by noting that the last term in (3.12) diverges. Using similar

arguments,

v 14 b ve g o d
[7 ey, [ I
Yo —E o (‘T) Yo —E a ($) Yo —E 33'2 —i—’y.T*B)

B
Yo

2 F&/ d—372 = )
Yo —€ (_%xﬁ _|_P)/)

with K. =y 2" for g € 0,1), K. := (y,—¢)*#Vfor g >1and K, :=1
for g =1.

/N

g

Introduce, for a > 0 and x € (0, al, the following functions:

([P . L+ )|
ooy =ew ([ Z04). wa et = SOL

We then define the scale function s as:

/p(y)dy, if y, > 1,
— 0

s(x) == a (3.15)
—/ p(y)dy, if y, <1,

We rely here on the analysis in [33, Section 2.3]. The key ingredient is the

following lemma:
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Lemma 91. The following hold:

lim p(z) = 0, /0 p(y)dy < oo, /o %dx = 00, /0 o(x)s(z)dr < 0o, ify, > 1,
= 00,

zl0 X
“ o() .
/o o) |s(x)]dx < 00, if y, < 1.

lim p(z) = oo, / p(y)dy
z0 0

Remark 92. Note that the integral foa %dx 15 often referred to as the speed

measure of the process Y .

Introduce now the process Z := (Y — v, ), satisfying the SDE
dZ; = b(Z)dt + & (Z;)dW;, Zy =190 — Yo > 0.

with b(z) = b(x + y,) and &(z) := o(x + y,) for z > 0. Armed with
Lemma 91, the right behaviour of Z at the origin, which corresponds to the
right behaviour for the original process Y at y,. The case y, > 1 follows

from [33, Theorem 2.13|, whereas the case y, < 1 follows from [33, Theorem
2.16).

Proof of Lemma 91. We start with the limiting behaviour of the function p

and its integral. A straightforward Taylor expansion around the origin yields

B 2 2

11— 214 2 = Yo 1—24, 2L + 2B, + A2)L

el Yo By Yo Yo
2 3 (3.16)

Yo Y

+ ﬁQyQ |:2(Cﬁ - A5B5>£ + O(‘r3>:| )

with Ag, Bs, Cs introduced in (3.13). Introduce K := % < 0 as
2
Yo > 1 and Kj := —% — 2;% log(a) + 2&;—;%@.

When y, > 1, using (3.16), we obtain the asymptotic behaviour, as = ap-

proaches zero,

;28 - g (1 - QAB;—J + (2B + A2) (i) +2(Cy — Ay Bg) (;—) + 0($3)> .
(3.17)
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As the expansion is uniform on [z, a], one obtains

p(z) = exp (2 /: 652(22) dy) )

K 24 2Bs + A
= exp (; (1+ y'@xlogm>) exp (KKE—%K{E+O(ZL‘)),

2A/3K

= exp (K + KKﬁ) x v (14 o(x)).

(3 18)
Since K < 0, p(z) tends to zero as x tends to zero from above, and fo x)dx

is finite.

In the case y, < 1, the expansion (3.18) is still valid, albeit with K > 0.
Therefore p explodes at the origin and fo y)dy is infinite.

Now, it is straightforward to see that

“ 1+ |b(z)] . ¢ dx ¢ dx
/0 oo (e) = /0 @@+ ) = /0 oz + ys)’

which is clearly infinite., because p is bounded above by 1 on (0,a] and

from the asymptotic behaviour of the integrand around the origin, analysed
n (3.12).

We now prove the last statement of the lemma and start with the case
Y, > 1. With this, fo y)dy is finite and s(z fo y)dy for z € (0,al.
Using (3.18), we can write the asymptotic behav10ur of s(-) around the ori-
gin by integrating the asymptotic behaviour of p(-) around zero. Classical
asymptotic expansions for integrals [98, Chapter 3.3] (note that the leading
contribution arises at the right boundary of the integration domain) yields,

after the change of variable y — zz,

8(1‘)2/ p(y)dy,
0
. 2AgK 1 K 2A4K
= 5y Ve +1/ exp (—)z Ve dz,
0

o 248K K 1
_ KK P41 _
ety exp{x}( :C—i—o(a:)),
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as x tends to zero. Combining this with (3.16) and (3.18), we obtain

s(z 220 x2’
o = e (g o)) 5 (o) =~ (1 o),

which is integrable on (0, a] and concludes the proof, using the fact that

/ 1&'53 (z)de < (1+xgl(%>;]|b(x)|) /0 ' %dx < 0.

Consider now the case where y, < 1. [ pl(gg(f(ﬂﬂ (z)|dz < [1 4 max(q 0] [ e S; e

Since both |s(z)| and p(z)a?(z) diverge to infinity at the origin, we need to

study the behaviour of the integrand around zero to be able to conclude. We
already proved that fo x)dx is infinite for y, < 1. Hence, for z € (0, al,
we obtain s(x ::—fp dy For 9 > 0 such that z < § < a and z > 0,
[ p(y)dy = f p(y)dy+ [5' p(y)dy. The second integral exists as the integral
of a continuous function over a closed interval in R,. Regarding the first
one, classical asymptotic expansions for integrals and (3.18), yield, after the

change of variable y — 2z,

g . 2A5K 6/ K 245K
/ ply)dy = *Fig T / exp (—) z v dz,
- 1 xz

a K K s
eKKﬁ:z:lJr e e (E —i—o(x)) ,

and the asymptotic behaviour of the integrand around the origin becomes

28

; (52 +0leh) S50+ o(1) = 2221+ of1)

|s(2)| vy’
@ @) B

which is integrable at the origin, and the claim is proved. O
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3.4.3 PROOF OF THEOREM 80(11)

The strategy to prove the proposition is similar, albeit with different compu-

tations, to the previous case. Introduce, for a > 0 and z € (0, al,

—ox “ 2b(y) n oy 1T [b()|
p(z) := exp (/x E2<y)dy) d  o(x): )

We then define the scale function s as:

/ ply)dy, ify, <1,
s(x) == 0 ra
—/ ply)dy, ify, > 1.
In order to determine the left behaviour of y,, we first state the following

lemmas. They will enable us to decide which theorem to use from [33, Section
2.3].

Lemma 93.

lim p(z) = oo, /ap<y>d / (”””)|s< lde < 00, i ys > 1.

zJOt I

lim p(x) =0, / dy<oo/ xdw—oo/ (x)s(z)de < 0o, ify, < 1.

zl0+ (x)
Similarly to before, introduce the process Z := y, — Y satisfying the SDE
dZt = B(Zt)dt + E(Zt>th, ZO =Y — Yo > 0,
as well as the maps b(z) := —b(y,—) and 7(z) := —o(y,—) for x > 0. With
Lemma 93, we obtain the left behaviour of Z at the origin, corresponding to
the left behaviour of y, for Y. The case y, < 1 follows from [33, Theorem

2.13], and the case y, > 1 from [33, Theorem 2.16], and Theorem 80(ii)

follows.

Proof of Lemma 93. A straightforward Taylor expansion around the origin
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512
[1_%{1_£} ] 22 {1+2Ay+(23 +A5)—z]
- By Yo Y
-l (319

[ (AsBs — Cﬁ)yg +o(x )] :

(e

Z/a
_.I_
B*y?
with Ag, Bg, Cp defined in (3.13). We start with the behaviour of the func-
tion p and its integrated version.

Consider first the case y, > 1. We split the range of possibilities into three

possible intervals for a:

(i) Ifa < y,—1, then y,—2 > y,—a > 1 and b is negative on [y, —a, y, —x].
Then, for z € (0, al,

“Wy) [y —y) [ b(ys — y)dy
/ac 52(y)dy_/x 52<ya_y)dy_ /x ( — 5(1_1

_ 2(1—B)~2 _ o

L e =) (Yo —y — 1)
= h/x 72 <1_ 3(1 y%)g>2dy7

ok
S W= g —a=1) [ dy
K / (1- gada - 2y)

as minyep) (v — 9 (0o —y = 1D] = (o — )" (g —a 1) >
0. Indeed the map y + 3?*~1(y — 1) is increasing on [y, — a,y, — ]

2

because y, — a > 1. Noting that (3.19) is uniform on [z, a|, we obtain,

as x approaches zero

exp

2(ya—a)25_1(yo—a—1)/“ dy
v2h s <1
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2
QBB;AB@, and therefore limgo p(z) = 0o and [ p(z)dz = oco.

o

(i) fy, — 1 <a<y,, then for z € (0,al,

“bly) , [ b(y) “ by
/gc ()Y ‘/x a2<y>dy+/yg_1 ()Y

o—1 B(y)
% (y)
on (y, — 1,al, @ does not go to zero and is continuous, thus bounded;

Similarly to (i), one can prove that lim, [

dy = oo. Then,

similarly, b is negative and continuous, hence bounded on (y, — 1, al.

Therefore fyi—l 552(%2) dy < oo, for z € (0,al, and

wr-on ([ Sg)on ([ )~

(iii) If y, < a, then for z € (0, al,

" b(y) / h b(y) / o b(y) * b(y)
— ~dy = — ~dy + — ~dy + / — ~dy.
/x 7*(y) . oY) yo1 0°(y) v 0 (Y)
Similarly to (ii), it is easy to show that fyi"_l b(y) dy = ' AW 4y < 0.

() ~Jo 2y Y
Then, as b is positive on (y,, a, fyaa ;2(52) dy > 0, and lim, ¢ p(z) = 0.

Consider now the case y, < 1. Using (3.19), we have the asymptotic be-

haviour, as x approaches zero

Bla) _K (5,8 +(2B5+ A )(I>2+2( B C)(‘”>3+ (%)
== — — agBg — — o(z”) |,
(z)  a? "y P\ T e
(3.20)
~ 2841
with K := %2(3371) < 0 as y, < 1. Since the expansion is again uniform

124



on [z,al, we obtain

p(z) = exp {2 /: 552(2) dy} )

K 24 . 2B+ A%
:exp{—<1— Bxlogx)}exp{KKﬁ—B—sz—l—o(m)},

x Yo Yo

248K

= exp {g + %F;} x” e (1+o(x)). (3.21)

Since K < 0, we easily deduce that lim,,o p(z) = 0, and Jy p(x)dx is finite.

The middle statement in the lemma is straightforward. When = € (0, al,
[ ;Q(é’;) dy = — fyya"__; ;2(3(“2) dy. Since 0 < y, —a < Yy, — x < 1, b is positive
on [y, — a,y, — z| and the above integral is therefore negative. Hence, p is

bounded by 1 on (0, a], and

/f%@md@/f%:w

using (3.19), which concludes the proof.

The final integrals in the lemma are rather delicate to analyse. We start with
the case y, < 1. As [} p(x)dz < oo, s(z) = [; p(y)dy. Using (3.21), one
can obtain the asymptotic behaviour of s(-) around zero by integrating the
asymptotic behaviour of p(-) around 0. Classical asymptotic expansions for
integrals (note that the leading contribution arises at the right boundary of

the integration domain) yields, after the change of variable y — xz,

z ~—a 243K 1 [? 245K
S(w)=/ p(y)dy = KKz~ / exp (—)z wdz,
0 0 xz

~_q 72A/@f( K\; €T
— KK - exp (—) (—7 + o(x)) , as z tends to zero.
x

K
(3.22)
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Therefore, combining (3.19), (3.21) and (3.22), we obtain

xw 1 1:25

1
W =z (—Ex + O(:L‘)) o (1 +o(1)) = 52 2K(l +0(1)),

which is integrable on (0, a] and concludes the proof.

We now move on to the case where y, > 1. In that case,

/Oa %’S(xﬂdx < {1 + max |E@ /Oa %dx.

As lim, o |s(z)] = oo and lim,jo p(2)5?(x) = oo, one needs to study the
behaviour of the 1ntegrand around zero to conclude. As fo r)de = oo,
for x € (0,q], s :—fp )dy. For § > 0 such that z < § < a and

x>0, f oy dy = f p(y)dy + fa y)dy. Note that the second integral is
convergent as the integral of a continuous function over a closed interval of
R.

Classical asymptotic expansions for integrals [98, Chapter 3.3] and (3.21),
yield, after mapping y — zx,

B . 244K [0/ K 244K
/ ply)dy = e X!~ o / exp (—) o dz,
- 1 xz

243K
KKae 1-282 K [T
=e Bxr v ew <:+0($) ,
K

and the asymptotic behaviour of the integrand around the origin is given by

s(x 2 [ 2? o 228
(L)( 2)(|x) = ﬁ2 < +0< )) 1—2,2(1) = 52 2K<1+0(1))

which is integrable at the origin, and concludes the proof. O]

3.4.4 PROOF OF PROPOSITION &7

As the process Y* is in R instead of R, we adapt the proof of [105, Theorem

2.9] to show that it satisfies a large deviations principle with speed ¢ and
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rate function IY. Note first that for 3, > 0, and in both cases 3, > v, and
Yo < Yo, the function o is locally Lipschitz continuous on R . Furthermore,
for f € H, the Picard-Lindel6f Theorem implies that the controlled ODE
g = 5(g)) fi, with go = & admits the solution

3 . 1/8
s = (D) it (22 1) 1] L erreTaso

This formulation requires the term [e—a Jo fudu <:z:5 % — 1) -+ 1} to be positive
for all x > 0:

o If yo > vy,, then yﬁ% —1 >0 and §¥(f) is positive on T;

e If yg < y,, then yg% —1 < 0 and S¥(f) is positive on T if and only
if Condition (3.7) holds.

The crucial step in [105, Theorem 2.9] is [105, Theorem 2.7], which states
that if \/eW is close to f € H, then Y© should be close to S¥(f), the
solution of the controlled ODE. The case of bounded and globally Lipschitz
coefficients follows directly from [105, Theorem 2.7]. In order to deal with
locally Lipschitz coefficients here, we need to localise. For 0 < r, < 7y, the

functions

b(x), ]l < 7o, (), [ >

]

are bounded and globally Lipschitz continuous on R, and clearly eb(-) con-
verges uniformly to zero on R as € goes to zero. Moreover, given ) € (14,7 ),
there exists 0 < r < min{n — r,,n — rp} such that the J-tube around S¥(f)
is contained in B,(n). In order for this radius r to exist, one simply needs
to make sure that the solution S¥(f) of the controlled ODE never reaches
zero (explosion is impossible as infinity is recurrent), which is obvious when

Yo > Yo, and guaranteed by Condition (3.7) when yy < y,-.

Denote Y~ the solution to dY; = eb(Y;)dt + /o (Y, )dW, with Y, = y > 0.
Then the two sequences (Y )eso and (Y).sq are identical on B,(n). Thus,

127

rO’?



for each 6, A > 0, there exist &, ¢ > 0 such that, for all f € H with A(f) < A
and = € Be(yo),

PV =8 (Nl > 0 IVEW = fllos <] =PIV =8 (Nlloc > 0, IVEW — flloo < (] -

The constants &, > 0 are such that [105, Theorem 2.7] is satisfied. Hence,
for each R,6,\ > 0, there exist (,&, &9 > 0 such that, for all f € H with
A(f) S )\a T e B{(y())a € S €0,

P[Y* = S®(f)lloo > 6 [VEW = fllao < (] < exp {_5}

holds, and the proof follows from [105, Theorem 2.9].

3.4.5 PROOF OF THEOREM 86

To obtain a large deviations principle for X¢, a large deviations principle for

the rescaled process X° := (X¢,Y*?) needs to be proved.
dX¢ = eb(X6)dt + vza(X5)dW,,

log sg

Yo

b(X5) = <_%02(Yta)> and a(Xy) = (f(Yf)) :
b(Yy) a(Yy)
These two maps are both locally Lipschitz continuous on R x R . Solving
the controlled ODE for Y*¢ is sufficient to solve the controlled ODE for the
process X°. Using the proof of Proposition 87, for f := (f, f) with f € H,
the controlled ODE g, = a(gt)ft, with gg = x¢ has a solution g = S*(f)
on 7. For yo > y,, the solution S is strictly positive and S*(f) exists

on T for all f € H and xg € R x R% . In this case, H boils down to the

Cameron-Martin space. For yy < y,, Condition (3.7) ensures that S is

with initial condition X§ := xo = ( ) and the maps b,a : R} — R?

defined as

positive. Applying [105, Theorem 2.9], the sequence X¢ then satisfies a large
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deviations principle on C(7,R x R%) as € tends to zero, with speed € and

rate function

X (g) = inf {A(f), f € L, S*(f) = g}

To obtain a large deviations principle for the log-stock price X¢, we apply
the Contraction Principle [39, Theorem 4.2.1] since the projection on the first

component is continuous, and the theorem follows.
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CONCLUSION

Stochastic volatility models have always been of great interest for the math-
ematical finance community, to understand the dynamics and the behaviour
of the implied volatility. Over the last few years, rough volatility models have
been developed, as they provide important improvements to the more clas-
sical volatility models, such as the power-law decay of the volatility smiles

close to maturity.

In this thesis, we studied various stochastic volatility models, with both
rough and path-dependent features: in Chapter 1, a generalised version of
the Stein-Stein model where the instantaneous volatility is driven by a frac-
tional Brownian motion and starts from a random distribution; in Chapter 2,
the realised variance process of the rough Bergomi model; and in Chapter 3,
a complete model with stochastic volatility where the instantaneous volatil-
ity depends on an exponential weighted moving average of the stock price
process. For each of these models, we used large deviations techniques to
derive asymptotics for the rescaled volatility and stock price processes. We
then provided asymptotics for the implied volatility, a crucial quantity for
practitioners. In particular, in Chapter 1, we extended results on sample

path large deviations and provided some possible techniques to overcome the
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difficulties encountered when working with large deviations techniques. We
also demonstrated how to modulate the effect of the Hurst parameter H as
well as the randomisation of the initial volatility to reproduce the steepness
of the implied volatility smile. More work needs to be carried out to develop

a numerical scheme to approximate the rate function.

On the practical side, we then presented in Chapter 2 how rough volatility
models, and the rough Bergomi model in particular, can be used to derive
asymptotics for the Realised Variance options. We investigated the effect of
correlation in the multi-factor rough Bergomi models and its influence on the
smiles. As an example, we used an approximation of the Realised Variance
density to price Volatility Swaps. Regarding the VIX options, we were only
able to prove the small-noise, large strike asymptotics. Future research will

be focused on getting the small-time behaviour of such options.

Finally in Chapter 3, we focused on a different complete model with stochas-
tic volatility introduced by Guyon, and derived from Hobson and Rogers.
After providing the conditions on the coefficients to obtain existence and
uniqueness of a strong solution, we proved small-time asymptotics for the
stochastic volatility model. Considering the computational time needed to
optimise the coefficients in Chapter 3, the numerical scheme developed needs
to be improved to obtain precise estimators and reduce the computational

time.
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