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Abstract

Stochastic volatility models are known to capture features observed in the

markets and have been widely used in the financial industry. In particular,

rough volatility models, where the instantaneous volatility is driven by a

fractional Brownian motion, provide a more accurate fit of the power-law

decay observed on volatility smiles close to maturity.

This thesis is concerned with deriving the asymptotic behaviour of these two

classes of stochastic volatility models using large deviations techniques, in

order to understand the behaviour of the implied volatility. Indeed, when

pricing options, a closed-form solution to the pricing problem is often not

available. Practitioners are using implied volatility as a measure of option

prices that is consistent for different options with different maturities and

strike prices. As this implied volatility cannot be expressed in closed form

either, finding asymptotic formulas is crucial. We therefore focus on ob-

taining the asymptotic behaviour of two rough volatility models, namely a

generalised version of the Stein-Stein model where the volatility starts from a

random distribution and the (multi-factor) rough Bergomi model for realised

variance options. We also study a particular complete model with stochas-

tic volatility, which can be fitted to market data perfectly via the leverage

function. In each case, we obtain the asymptotic behaviour of the stock

price process and the implied volatility. We produce numerical schemes to

compute the implied volatility smiles.
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Introduction

‘All models are wrong, but some are useful’. This statement by G.E.P. Box

(1987) was not used to describe financial modelling even though it seems to

fit perfectly. In the financial industry, pricing options involves calculating

the expectation of the payoff of the option, which can be achieved by solv-

ing a pricing partial differential equation. However, a closed-form solution is

rarely available. Commonly, practitioners have adopted a general measure

of option prices that can be used for different options with different underly-

ings: the implied volatility. The latter is the unique solution obtained when

matching market option prices with Black-Scholes option prices. However,

a closed-form formula for the implied volatility, function of strike K and

maturity T , does not exist and finding approximating formulas as well as

understanding its asymptotics is crucial. The asymptotics (small and large

maturities and strikes, etc.) are used to explain the behaviour of option

prices in these extreme cases, to interpret the parameters of the model and

to calibrate them to market data more efficiently. Instead of performing a

global optimisation problem to estimate the parameters of the model, one

can use the closed-form asymptotics formulas to get a specific initial set of

parameters that will accelerate the optimisation problem and overcome some

of its numerical limitations. Besides, deriving the asymptotic behaviour of

the implied volatility can be used to determine control variates, an efficient

technique to reduce the variances of Monte Carlo estimations used to price

options.

In the last three decades, the mathematical finance community has proposed

various models, in particular stochastic volatility models. Such models are

both easy to implement and generate implied volatility surfaces that are con-

sistent with market data, especially on Equity and Foreign Exchange (FX)

markets where options with different strikes and maturities have different
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implied volatilities. There exists a large class of stochastic volatility models

with different dynamics, among which the Stein-Stein model [109] in which

the instantaneous volatility process follows an Ornstein-Uhlenbeck (OU) pro-

cess, the Bergomi model [18] where the instantaneous volatility is assumed

to be a Wick stochastic exponential, or the Heston model [73] where the

instantaneous variance process follows a Cox, Ingersoll and Ross (CIR) dif-

fusion. In all these models, the underlying stock price process (St)t≥0 and

the instantaneous volatility process (Vt)t≥0 are assumed to satisfy

dSt = σ(Vt)
(
ρdBt + ρ̄dB⊥t

)
S0 = s0 > 0,

dVt = aV (t, St)dt+ bV (t, St)dBt, V0 = v0 > 0,

where
(
B,B⊥

)
is a two-dimensional standard Brownian motion, ρ ∈ [−1, 1],

ρ̄ :=
√

1− ρ2 and the mappings σ, aV and bV will differ in each model and are

such that existence and uniqueness of a strong solution (S, V ) is guaranteed.

In particular, stochastic volatility models capture the leverage effect observed

in the Equity market via the correlation ρ, and they fit the implied volatility

surface more precisely than the Black-Scholes model. They however fail to

fit the ‘small-time explosion’ observed on the implied volatility smiles close

to maturity, as described in [64].

To be able to reproduce the power-law behaviour of the volatility smiles

close to maturity, Alòs, León and Vives [5] and Fukasawa [59] extended the

work done by Comte and Renault [34, 35], who first introduced fractional

volatility models with Hurst parameter H ∈ (1/2, 1). Such models assume

that the instantaneous volatility is driven by a fractional Brownian motion

instead of a standard one. Alòs, León and Vives [5], Fukasawa [59] and

Gatheral, Jaisson, and Rosenbaum [65] proved that rough volatility models

generate the ‘small-time explosion’ of the volatility smiles close to maturity,

with a Hurst parameter close to 0.1. Bayer, Friz and Gatheral [13] then

extended the results and showed how to use these models to price options.

An extensive literature on rough volatility exists and the reader is invited

to read [14, 46, 52, 59, 69, 76, 82, 90]. One shortcoming of such models is

their computational cost, and competitive simulation methods were proposed

by [17, 77, 94], along with Stone [110] and Horvath, Muguruza and Tomas [79]
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who used deep learning techniques to calibrate the rough volatility models

(Hurst parameter and implied volatility surface), considerably improving the

computational speed. An alternative to fractional volatility models are the

so-called ‘jump-diffusion and exponential Lévy models’ which incorporate a

jump process in the stock price dynamics (see for example [36] and [111]).

Both academics and practitioners are taking more interest in stochastic and

rough volatility models due, in particular, to the precise fit to the observed

implied volatility surface. Such models assume that the market is incom-

plete, leading to a possible non-uniqueness of option prices. Local volatility

models are an example of settings that overcome this shortcoming, together

with so-called path-dependent volatility models introduced for example by

Guyon [70], where the instantaneous volatility is assumed to depend on the

current value of the stock price as well as a set of finite path-dependent vari-

ables. The leverage function enables a perfect fit to the volatility smiles using

Dupire’s equation.

As stated above, the implied volatility cannot be expressed in closed form.

Using large deviations techniques to estimate the exponential decay of prob-

ability measures of rare events, in the setting of stochastic volatility or path-

dependent volatility models, enables to prove small- and large-time as well

as tail asymptotics of the implied volatility. Such techniques were first in-

troduced by Schilder [107], Freidlin and Wentzell [56], Deuschel-Stroock [42]

and presented, for instance, in Dembo and Zeitouni [39]. Various academics

adapted these methods to mathematical finance and proposed asymptotics of

the implied volatility in different settings: Forde and Zhang [52] proved the

small-time asymptotics for a correlated fractional stochastic volatility model.

Jacquier, Pakkanen and Stone [82] studied the small-time behaviour of the

rough Bergomi model, which was then expanded to the small-time behaviour

for realised variance options by [90], and Jacquier and Shi [86] studied the ran-

domised Heston model. We refer the reader to [12, 51, 76, 80, 82, 86, 90] (to

name a few) who proved large deviations results for various (rough) stochastic

volatility models.
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In this thesis, we provide asymptotics of the implied volatility in different

option pricing settings, focusing on three stochastic volatility models. The

structure of the thesis is as follows.

Chapter 0 introduces fractional Brownian motions, provides notations and

reminders on the large deviations methods used in this thesis, and recalls the

definition of implied volatility.

In Chapter 1, we study the asymptotic behaviour of a generalised version

of the Stein-Stein stochastic volatility model. We add two extensions to the

original model: (i) the instantaneous volatility process is driven by a frac-

tional Brownian motion, and (ii) the SDE driving the instantaneous volatility

process starts from a random distribution. We focus on the tail and small-

time asymptotics and show how, assuming a particular tail behaviour of the

random distribution, we are able to modulate the rate of explosion of the

implied volatility. We also present an application to forward-start European

options to get the small-time forward smile asymptotics.

In Chapter 2, we derive the small-time asymptotics for the realised variance

process of the rough Bergomi model and more general multi-factor rough

Bergomi models. We then apply these results to obtain the small-time be-

haviour of options on realised variance. A simple yet accurate numerical

scheme to compute the implied volatility smiles using large deviations re-

sults is then proposed. It enables to approximate the density of the realised

variance and to price volatility swaps.

Finally, in Chapter 3, we focus on complete models with stochastic volatility.

Conditions on the coefficients to obtain existence and uniqueness of a strong

solution are first proved before deriving small-time asymptotics of the stock

price process as well as the implied volatility. We also provide a calibration of

the model to the simulated VIX data, a proxy of the instantaneous volatility

of the S&P 500 Index prices.

4



Notations

R+ [0,+∞)

R∗+ (0,+∞)

T Index set included in R+

T ∗ T \ {0}
Ao The interior of a given set A

A The closure of a given set A

L2(T ) Space of real-valued square integrable functions on T
C(T ,Rd) For d ≥ 1, the space of Rd-valued continuous functions on T
C C(T ,R)

C2
b Space of twice differentiable functions on T

with bounded partial derivatives up to the second order

H The space of absolutely continuous functions starting at x with

square integrable derivatives, also referred as the

Cameron-Martin space

BV The space of functions of finite variations

H± H ± 1
2
, with H the Hurst parameter

hε A function satisfying limε↓0 hε = 0

Xε ∼ LDP(hε, I) The sequence (Xε)ε>0 satisfies a large deviations principle on C,
as ε tends to zero with good rate function I and speed hε

supp(X) The support of a random variable X

〈X〉t The quadratic variation of a process X at time t

E The Wick stochastic exponential

f(x) = O(g(x)) There exists C > 0 and y ∈ R such that |f(x)| ≤ Cg(x), for all x ≥ y

x+ max {x, 0} , for x ∈ R
CBS(t, ek,Σ) Price of an European Call option, with maturity t, strike ek,

and volatility Σ

Cobs(t, ek) Observed Call option prices in a given market, with maturity t,

and strike ek
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0
Preliminaries on fractional

Brownian motion, large

deviations and implied

volatility

Throughout this thesis, we will always work on a given filtered probabil-

ity space
(
Ω, (Ft)t≥0 ,P

)
, where (St)t≥0 denotes the stock price process and

(Vt)t≥0 the instantaneous volatility process. In this Chapter, we recall the

definition of a fractional Brownian motion and provide a brief review of the

different large deviations methods used in this thesis. We also recall the

definition of implied volatility that we will use later on.
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0.1 Fractional Brownian motion

On a real, separable Banach space (E , ‖ · ‖), we denote by B the associated

Borel sigma field. Letting E∗ denote the topological dual of E , we define a

Gaussian measure as follows:

Definition 1. A probability measure µ on (E ,B) is said to be a Gaussian

measure if every ϑ∗ ∈ E∗ is a real Gaussian random variable ϑ 7→ 〈ϑ∗, ϑ〉E∗E
on the probability space (E ,B, µ).

We associate a Gaussian process to a Gaussian measure in the usual way

in [30, Section 3.2]. Particular examples of Gaussian processes, crucial for the

rest of this thesis, include standard Brownian motion on the time interval T ,

where E = C equipped with the supremum norm and with the topology of

uniform convergence, and E∗ is the space of signed measures on T . In fact,

this construction applies to all (centered) continuous Gaussian processes,

which are uniquely characterised by their covariance operator.

Definition 2. A fractional Brownian motion WH with Hurst parameter H ∈
(0, 1) is a centered and continuous Gaussian process, starting from zero, with

covariance〈
WH
t ,W

H
s

〉
=

1

2

(
|t|2H + |s|2H − |t− s|2H

)
, for any s, t ∈ T .

Remark 3. A Hurst parameter H = 1
2

corresponds to a standard Brownian

motion. A Hurst parameter H ∈
(

1
2
, 1
)

produces a persistent process where

the increments are positively correlated, and if H ∈
(
0, 1

2

)
, the process is

anti-persistent and the increments are negatively correlated.

Of primary importance in understanding small-noise behaviours of Gaussian

systems is the concept of reproducing kernel Hilbert spaces (RKHS), which

we recall following [30, Definition 3.3]:

Definition 4. Let µ be a Gaussian measure on E and define the map R :

E∗ → E by Rx∗ :=
∫
E〈x

∗, x〉xµ(dx). The RKHS Hµ of µ is the completion

of the image RE∗ for the norm ‖Rx∗‖Hµ := 〈x∗,Rx∗〉1/2, for all x∗ ∈ E∗.

7



To characterise the RKHS of fractional Brownian motion, the usual tool is

its Volterra representation [102]

WH
t =

∫ t

0

KH(t, s)dBs, (1)

which holds almost surely for all t ∈ T , where B is a standard Brownian

motion generating the same filtration as WH , and KH is the Volterra kernel

defined, for any s, t ∈ T with 0 < s < t, by [102, Theorem 5.2]

KH(t, s) =



κH
sH−

[
(t(t− s))H− −H−

∫ t

s

(u− s)H−
u1−H−

du

]
, if H <

1

2
,

κHH−
sH−

∫ t

s

uH−du

|u− s|1−H−
, if H >

1

2
,

1, if H =
1

2
,

(2)

with H± := H ± 1
2

and κH :=

(
2HΓ(1−H−)

Γ(H+)Γ(2− 2H)

)1/2

. For t ∈ T ∗, the map

KH(t, ·) is square integrable at the origin, and the reproducing kernel Hilbert

space of the fractional Brownian motion is given by

HKH :=

{∫ t

0

KH(t, s)f(s)ds, t ∈ T : f ∈ L2(T )

}
with inner product〈∫ ·

0

KH(·, s)f1(s)ds,

∫ ·
0

KH(·, s)f2(s)ds

〉
H
KH

:= 〈f1, f2〉L2(T ).

The notation HKH , emphasising the link with the underlying kernel, will

be useful later (in Definition 5) for more general kernels. In particular, the

RKHS associated to (standard) Brownian motion (H = 1/2) is the Cameron-

Martin space, and corresponds to the space of absolutely continuous func-

tions starting at zero, with square integrable derivatives. In other words,

for any H ∈ (0, 1) \ {1/2}, the identity HKH = KKHL2(T ) holds, where

KKH : L2(T ) 3 f 7→
∫ t

0
KH(t, s)f(s)ds. This characterisation motivates the

following definition:

8



Definition 5. For any strictly positive function Φ : R2
+ → R such that

Φ(t, ·) ∈ L2(T ) for any t ∈ T , the corresponding RKHS is defined as

HΦ :=

{∫ t

0

Φ(t, s)f(s)ds, t ∈ T : f ∈ L2(T )

}
, (3)

with inner product〈∫ ·
0

Φ(·, s)f1(s)ds,

∫ ·
0

Φ(·, s)f2(s)ds

〉
HΦ

:= 〈f1, f2〉L2(T ).

Reproducing Kernel Hilbert Spaces, together with their inner products, turn

out to provide the right spaces to characterise large deviations rate functions.

0.2 Large Deviations

We provide here an overview of the different large deviations methods we

will use later on. We shall use [39, Chapter 1.2] and [39, Chapter 1] as

our guides through large deviations. Given a topological space X and the

completed Borel σ-field BX corresponding to X , for any A ∈ BX , we consider

a sequence (Xε)ε>0 on (X ,BX ).

Definition 6. A (good) rate function is a lower semi-continuous mapping

I : X → [0,∞] such that the level sets {x : I(x) ≤ z} are closed (compact)

subsets of X for any z ≥ 0.

Definition 7. The sequence (Xε)ε>0 satisfies a large deviations principle

(LDP) on (X ,BX ) as ε tends to zero, with speed hε, and rate function I, if

for any Borel subset A ⊂ X , the following inequalities hold:

−inf
Ao

I(ϕ) ≤ lim inf
ε↓0

hε logP(Xε ∈ A) ≤ lim sup
ε↓0

hε logP(Xε ∈ A) ≤ − inf
A
I(ϕ).

(4)

We will use the notation Xε ∼ LDP(hε, I). Two particularly convenient

tools to prove large deviations are the so-called exponential equivalence and
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Contraction Principle, which we recall from [39, Definition 4.2.10] and [39,

Theorem 4.2.1] as follows:

Definition 8 (Exponential equivalence). On a metric space (Y , d), two Y-

valued sequences (Xε)ε>0 and (X̃ε)ε>0 are called exponentially equivalent

(with speed hε) if there exist probability spaces (Ω,Bε,Pε)ε>0 such that for any

ε > 0, Pε is the joint law and, for each δ > 0, the set
{
ω : (X̃ε, Xε) ∈ Γδ

}
is Bε-measurable, and

lim sup
ε↓0

hε logPε ({(ỹ, y) : d(ỹ, y) > δ}) = −∞.

Theorem 9. Let (Xε)ε>0 and (X̃ε)ε>0 be two exponentially equivalent se-

quences (with speed hε) on some metric space. If (Xε) ∼ LDP(hε, I) for

some good rate function I, then (X̃ε) ∼ LDP(hε, I).

Theorem 10 (Contraction Principle). Let X and Y be topological spaces and

f : X → Y a continuous function. Consider a good rate function I : X →
[0,∞]. For each y ∈ Y, define I ′(y) := inf{I(x) : x ∈ X , y = f(x)}. Then, if

I controls the LDP associated with a family of probability measures {µε} on

X , the I ′ controls the LDP associated with the family of probability measures

{µε ◦ f−1} on Y and I ′ is a good rate function on Y.

Two standard results in large deviations are Schilder’s Theorem and the large

deviations principle for Gaussian Volterra processes, recalled below follow-

ing [39, Theorem 5.2.3] and [42, Theorem 3.4.5].

Theorem 11 (Schilder’s Theorem). Let (Wt)t∈[0,1] denote a standard Brow-

nian motion in Rd, d ≥ 1. For ε > 0, consider (W ε
t )t∈[0,1] defined by

W ε
t :=

√
εWt, for t ∈ [0, 1], and νε the probability measure induced by Bε

· on

C0([0, 1],Rd), the space of all continuous functions from [0, 1] to Rd such that

the value at the origin is zero.

Then the family (νε)ε>0 satisfies a large deviations principle on C0([0, 1],Rd)

when ε tends to zero, with speed ε and rate function

Λ(ϕ) =


1

2

∫ 1

0

|ϕ̇(t)|2 dt, if ϕ ∈ H,

+∞, otherwise.

(5)
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This theorem has been generalised to Gaussian Volterra processes, using the

Reproducing Kernel Hilbert spaces.

Theorem 12. For a given Gaussian Volterra process of the form
∫ ·

0
Φ(·, s)dBs,

for some Volterra kernel Φ, it follows from [42, Theorem 3.4.5] that the se-

quence (ε
∫ ·

0
Φ(·, s)dBs)ε>0 satisfies a large deviations principle with speed ε2

and rate function

ΛΦ(ϕ) =


1

2
‖ϕ‖HΦ

, if ϕ ∈ HΦ,

+∞, otherwise.
(6)

An obviously special role is played by the standard Brownian motion, with

H = 1/2, and we shall adopt the simplified notationH (the classical Cameron-

Martin space) and Λ in place of HK1/2 and ΛK1/2 , as defined in Equation (5).

0.3 Black-Scholes and implied volatility

In this thesis, we consider, without loss of generality, the interest rate to be

zero. In the Black-Scholes-Merton model, the underlying stock price process

(St)t≥0 is assumed to be a geometric Brownian motion (where the drift under

the risk-neutral measure Q is null) starting from S0 > 0. We denote the

price of a European Call option CBS(t, ek,Σ), with t ≥ 0 the maturity of the

contract, k := log(K) with K > 0 the strike, and Σ > 0 the instantaneous

volatility of the log returns (Xt)t≥0, defined by X := logS.

Under the risk-neutral measure Q, the Call option value at maturity t is

EQ
[
(St −K)+]. Using the Black-Scholes formula, the Call option is worth

CBS(t, ek,Σ) := S0N
(

logS0 − k
Σ
√
t

+
Σ
√
t

2

)
− ekN

(
logS0 − k

Σ
√
t
− Σ
√
t

2

)
with N (·) the cumulative distribution function of the standard Normal dis-

tribution.
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Considering a market with observed Call option prices Cobs(t, ek), with ma-

turity t and strike ek, we denote by Σt(k) the implied volatility, defined as

the unique non-negative solution to

CBS(t, ek,Σt(k)) = Cobs(t, ek).

Note that, as the implied volatility depends on the maturity t and log-strike

k, the volatility smile refers to the implied volatility as a function of k, for

fixed maturity t.
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1
Asymptotic behaviour of

randomised fractional

volatility models

In this Chapter, we use Large Deviations techniques to study the asymptotic

behaviour of a class of small-noise diffusions driven by a fractional Brownian

motion, with random starting points. In order to do so, we extend some

results on sample path large deviations for such diffusions. As an application,

we show how these results characterise the small-time and tail estimates

of the implied volatility for rough volatility models, recently proposed in

mathematical finance.∗

∗The main results presented in this Chapter have previously appeared in the published
paper [76].

13



1.1 Introduction

Motivated by financial applications, we derive here asymptotic small-time

and tail behaviours of the solution to a generalised version of the Stein-Stein

stochastic volatility model, originally proposed in [108, 109], using large de-

viations techniques. Large deviations are used extensively in Physics (ther-

modynamics, statistical mechanics) as well as in Mathematics (information

theory, stochastic analysis, mathematical finance) to estimate the exponential

decay of probability measures of rare events. Varadhan [112], Schilder [107],

Freidlin and Wentzell [56] proved, in different degrees of generality, large

deviations principles (in Rn and on path space) for solutions of stochastic

differential equations with small noise, and the monographs by Dembo and

Zeitouni [39] and Deuschel-Stroock [42] provide a precise account of those

advances (at least up to the mid-1990s). In the past decade, this set of

techniques and results has been adopted by the mathematical finance com-

munity: finite-dimensional large deviations (in the sense of Gärtner-Ellis)

have been used to prove small-and large-time asymptotics of implied volatil-

ity in affine models [51, 80], sample-path LDP (à la Freidlin-Wentzell [56])

have proved efficient to determine importance sampling changes of probabil-

ity [66, 68, 106], and heat kernel expansions (following Ben Arous [15] and

Bismut [23]), have led to a general understanding of small-time and tail be-

haviour of multi-dimensional diffusions [11, 12, 40, 41]. These asymptotics

have overall provided a deeper understanding of the behaviour of models,

and, ultimately, allow for better calibration of real data; a general overview

can be found in [104].

We in particular consider two important (in light of the recent trends in

the literature proposed models) extensions: (i) the SDE driving the instan-

taneous volatility process is started from a random distribution; this so-

called ‘randomised’ type of models was recently proposed in [85, 86, 96],

in particular to understand the behaviour of the so-called ‘forward volatil-

ity’; (ii) the volatility process is driven by a fractional Brownian motion.

Fractional stochastic volatility models, originally proposed by Comte and

Renault [35, 34] with H ∈ (1/2, 1), have recently been extended to the case

14



H ∈ (0, 1/2), and a recent flourishing activity in this area [5, 13, 59, 65, 81]

has established these models as the go-to standards for estimation and cali-

bration.

The original motivation behind randomisation of the initial starting point is

rooted in financial practice, where only the initial value of the stock price

process is observed directly and the instantaneous value of volatility is sub-

ject to calibration. The effect of randomisation of the initial volatility on

the implied volatility surface was explored by Jacquier and Roome [84] in

a simple ‘random environment’ setting, where the volatility component was

assumed to follow CEV dynamics. Their results give an impetus both on

the theoretical and the practical level: they solve a practical modelling prob-

lem in a simple tractable setting and at the same time raise awareness for

the potential prowess of applying random evolution equations for financial

modelling. In this Chapter, we follow up on this direction and blend more in-

volved approaches (proposed by [95, 97]) from the literature around random

environment and random evolution equations into our financial model, where

randomness also appears in the drift and diffusion coefficients of the process.

On the practical level, independently from the results of [84], Mechkov [96]

goes a step further in endorsing the idea of randomising the initial volatility

and makes a strong case to move away from modelling hidden variables (such

as stochastic volatility) in the traditional way. He argues that starting the

volatility from a fixed starting point heavily underestimates the effect of the

hidden variable on the slope of the implied volatility smile, and therefore ‘hot

start’ volatility models (with random starting point) significantly outperform

traditional ones altogether. Indeed, both randomised models [84, 96] produce

the desired explosion in the smile at short maturities. Jacquier and Shi [86]

develop this further by providing a precise link between the rate of explosion

of implied volatilities on the short end and the tail distribution of the initial

distribution of the volatility process in a ‘randomised’ Heston model. These

outputs confirm that stochastic volatility models with random starting point

constitute a class of counterexamples to the long-standing belief formulated

by Gatheral [64, Chapter 5], that jumps in the stock price process are needed

to produce steep short-dated implied volatility skews. Another example of
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broadly different design was provided by Caravenna and Corbetta [29]. In

their ‘multiscaling’ model, the stock price process is continuous, while the

volatility process has (carefully designed) jumps, and steepness of the smile

is achieved with a heavy-tail distribution of the small-time distribution of

the volatility. Rough fractional volatility models (with continuous volatility

paths) have recently been proposed, and are able to capture the volatility

skew [5, 13, 14, 46, 52, 59, 65, 69, 82]. In this Chapter, we analyse the

combined effect of a rough fractional Brownian driver (with Hurst parameter

H ∈ (0, 1)) in the volatility and a random starting point. We quantify how

the tail behaviour (parametrised by a scaling coefficient b > 0) of the ran-

dom starting point modulates the rate of explosion in the implied volatility

in the presence of rough fractional volatility. In particular, we generalise [52,

Corollary 4.10] to the case of a rough Ornstein-Uhlenbeck volatility process

starting from a random distribution.

Finally, in a specific simplified setting we highlight how our model blends

naturally into the setting of forward-start options in stochastic volatility

models, whose asymptotic properties have been studied in [85]. In proving

our results, we improve the large deviations literature on both SDEs with

random starting points and fractional SDEs.

Denote (Xt)t≥0 the log-stock price process, such that X := logS, and (Vt)t≥0

the instantaneous volatility process. The particular system we are interested

in is  dXt = −1

2
σ(Vt)

2dt+ σ(Vt)
(
ρdBt + ρ̄dB⊥t

)
, X0 = 0,

dVt = (λ+ βVt)dt+ ξdWH
t , V0 ∼ Θ,

(1.1)

where WH is a fractional Brownian motion, with Hurst parameter H ∈ (0, 1),

(B,B⊥) is a two-dimensional standard Brownian motion, β < 0, λ, ξ > 0,

ρ ∈ (−1, 1), ρ̄ :=
√

1− ρ2, and Θ is a square-integrable continuous random

variable. In order to guarantee existence and uniqueness of a strong solution,

we further assume [99, Theorem 3.1.3] that σ is Lipschitz continuous, satisfies

the growth condition |σ(y)| ≤ C(1 + |y|) for y ∈ R, and is differentiable with

locally Hölder continuous derivative.
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This Chapter is structured as follows: Section 1.2 collects the main large

deviations estimates in different regimes: tail behaviour (Section 1.2.1), and

small-time behaviour (Section 1.2.2). In each case, we present two differ-

ent scenarios consisting of an appropriately rescaled fractional model (Theo-

rems 13 and 19) and a simplified diffusive model (Theorems 18 and 25) with

more restrictive conditions on the random starting point (allowing for simpler

large deviations rate functions). Section 1.3 displays applications to implied

volatility asymptotics (Corollaries 27 and 29), and presents an application to

forward-start options. Proofs of the main Theorems 13, 19 and 25 can be

found at the end of the Chapter, in Section 1.4.

Unless otherwise stated, we always work on a finite time horizon, say [0, 1]

without loss of generality, which we denote by T , and we write T ∗ := T \{0}.

1.2 Main results

Centrepiece of our analysis are large deviations estimates for suitably rescaled

versions of (1.1). In order to prove our main results below, we make the

following technical assumptions:

Assumption Ab: There exist a measurable function σ̃ : R→ R, with locally

Hölder continuous derivative, such that σ̃ is Lipschitz continuous, satisfying

the growth condition |σ̃(y)| ≤ C(1+|y|) for y ∈ R, as well as a constant b > 0

such that the scaling property limε↓0 ε
bσ(y/εb) = σ̃(y) holds true uniformly

on R.

The first rescaling (presented in Section 1.2.1) is tailored to the analysis of the

tail behaviour of (1.1), while the second rescaling (Section 1.2.2) is bespoke

to its short-time asymptotic properties. In addition to these asymptotic re-

sults in the general fractional case (Theorems 13 and 19), we present two

special simplified diffusive cases, where particularly tractable rate functions

can be obtained (Theorems 18 and 25 respectively). For this we impose

stronger conditions (Assumption 16) on the random starting point. This

allows us to establish, following [97] in Section 1.2.1, an exponential equiv-

alence between (1.1) and an analogous process with fixed starting point. In

Section 1.2.2, we construct a third rescaling (1.10) inspired by Mellouk [95]
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in the short-time diffusive case under the assumption that the support of the

random starting point is bounded. We shall work with rescaled versions V ε

of the process V in (1.1) (see (1.2) and (1.8) for specific examples), together

with a function hε describing the speed of the large deviations estimates, for

which we introduce the following assumptions:

Assumption A′b: There exists a family of continuous functions (σn)n≥0 on

R such that

(i) (σn)n≥0 converges uniformly to σ̃ on R;

(ii) for all δ > 0, lim
n↑∞

lim sup
ε↓0

hε logP (|σn(V ε)− σ̃(V ε) ≥ δ|) = −∞.

Assumption AΘ
b (tail behaviour of Θ): The limit lim sup

ε↓0
hε logP(εb|Θ| >

1) = −∞ holds.

In Assumptions A′b and AΘ
b above, the large deviations speed hε takes the

value ε2b in Section 1.2.1 and ε4H+2b in Section 1.2.2 respectively. The con-

stant b (which may vary below) plays an essential role in subsequent large

deviations estimates, via exponential equivalence techniques (Definition 8).

Assumptions Ab and A′b are naturally satisfied in the fractional Stein-Stein

case (where σ(y) ≡ y), but imposing them allows us to state our results for

more general σ, in particular when using extended Contraction Principles [93,

Proposition 2.3]. Finally, from Assumption Ab, it holds that σ̃(y) := cy, with

c ∈ R, but we keep the notation σ̃ for convenience.

1.2.1 Tail behaviour

The general case

For b, ε > 0, introduce the rescaling (Xε, V ε) := (ε2bX, εbV ), so that (1.1)

becomes dXε
t = −ε

2b

2
σ

(
V ε
t

εb

)2

dt+ ε2bσ

(
V ε
t

εb

)
(ρdBt + ρ̄dB⊥t ), Xε

0 = 0,

dV ε
t =

(
εbλ+ βV ε

t

)
dt+ εbξdWH

t , V ε
0 ∼ εbΘ.

(1.2)
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The particular rescaling considered here is perfectly suited for tail behaviour,

as large deviations provide estimates for P(Xε ≥ 1) = P(X ≥ ε−2b). Our

main result is as follows, and is proved in Section 1.4.1:

Theorem 13. For any H ∈ (0, 1), the following hold:

(i) for any b > 0 such that AΘ
b holds, V ε ∼ LDP

(
ε2b,ΛFH

)
, with ΛFH

in (6) and FH in Lemma 14;

(ii) for any b > 0 such that Assumptions Ab, A′b, AΘ
b hold, Xε ∼ LDP(ε2b, Λ̃),

with Λ̃ in (1.19).

The proof of the theorem, developed later, requires a precise analysis of

the Reproducing Kernel Hilbert Spaces of the processes under consideration,

and we first state the following two key ingredients (proved in Sections 1.4.1

and 1.4.1), which are also of independent interest:

Lemma 14. For any H ∈ (0, 1) and β > 0, there exists a standard Brownian

motion Z, such that

ξ

∫ t

0

eβ(t−s)dWH
s =

∫ t

0

FH(t, s)dZs, (1.3)

holds almost surely for t ∈ T , where FH : T ×T → R is defined for 0 < s < t,

with κH in (2), as

FH(t, s) :=



ξκH
sH−

[
[t(t− s)]H− +

∫ t

s

{
1− 2H

2u
+ β

}
[u(u− s)]H−eβ(t−u)du

]
, if H <

1

2
,

ξκHH−
sH−

∫ t

s

uH−eβ(t−u)du

(u− s)1−H−
, if H >

1

2
,

ξeβ(t−s), if H =
1

2
.

The case β = 0 (and ξ = 1) is excluded since, in that case, the lemma

boils down to the classical Volterra representation of the fractional Brownian

motion (1) and the function FH is nothing else that KH given in (2). For

H ∈ (1
2
, 1), the expression for FH is in agreement with [113, Definition 2.1],

but, for H ∈ (0, 1
2
), it corrects the slightly erroneous expression therein. This
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function FH allows us to fully characterise the following RKHS, with proof

postponed to Section 1.4.1:

Proposition 15. For any H ∈ (0, 1), β > 0, the space HFH is the RKHS of

the Gaussian process ξ
∫ ·

0
eβ(·−s)dWH

s .

The Millet-Nualart-Sanz approach

In [97], Millet, Nualart and Sanz consider a perturbed stochastic differential

equation of the form

dXε
t = b(ε,Xε

t)dt+ εa(Xε
t)dWt. (1.4)

Here, for any ε > 0, the functions b(ε, ·) : Rn → Rn and a : Rn →M(n,d)(R)

are bounded Borel measurable and uniformly Lipschitz, b(ε, ·) converges uni-

formly to a function b(·) as ε tends to zero, W is a d-dimensional Brownian

motion, and Xε
0 is an Rn-valued square-integrable random variable. Existence

and uniqueness of a strong solution can be found in [55, Chapter 5, Theorem

2.1]. Following classical large deviations steps, consider, for any ϕ ∈ H, the

controlled ordinary differential equation on T :

ψ̇t = a(gt)ϕ̇t + b(ψt), (1.5)

the solution flow of which, starting from x0 ∈ Rn is denoted by Sx0(ϕ). Millet,

Nualart and Sanz [97] proved a large deviations principle [97, Theorem 4.1]

for the sequence (Xε)ε>0 under the following assumption:

Assumption 16. Both a(·) and b(·) belong to C2
b , and there exists x0 ∈ Rn

such that, for any δ > 0,

lim sup
ε↓0

ε2 logP (|Xε
0 − x0| > δ) = −∞. (1.6)

Theorem 17. Under Assumption 16, (Xε)ε>0 ∼ LDP(ε2, I) with I(ψ) =

inf{Λ(ϕ) : ϕ ∈ H, ψ = Sx0(ϕ)}.
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Condition (1.6) is an exponential equivalence property between the initial

random variable Xε
0 and the constant x0, and ensures that large deviations

are preserved under exponentially small perturbations of the starting point.

Therefore, in the standard diffusion case H = 1
2
, it is possible to obtain a sim-

ilar result to Theorem 13 with a simplified rate function (albeit with slightly

more restrictions on the starting point), by using the approach considered by

Millet-Nualart-Sanz in [97]. For this, we rewrite (1.4) to correspond to (1.2),

albeit with stronger assumptions on the coefficients, with W := (W1,W2)′

a Brownian motion, Xε = (Xε, V ε), H = 1/2, ε → εb, Xε
0 = (0, εΘ), and

ρ̄ :=
√

1− ρ2,

b(ε,Xε
t) =

(
−1

2
σ̃(V ε

t )2

ελ+ βV ε
t

)
and a(Xε

t) =

(
ρ̄σ̃(V ε

t ) ρσ̃(V ε
t )

0 ξ

)
.

The correlation between the two components of W is explicitly represented

in the diffusion matrix a.

Theorem 18. Under Assumption 16, the solution Xε to (1.4) satisfies

(Xε)ε>0 ∼ LDP(ε2, I) with I(χ) = inf {Λ(ϕ) : ϕ ∈ H, χ = Sx0(Ψρ(ϕ))} and

Ψρ : R2 3 z 7→

(
ρ̄ ρ

0 1

)
z,.

Proof. The proof of Theorem 17 relies first on proving a large deviations

principle for the flow Sx0 using Schilder’s theorem [39, Theorem 5.2.3], then

on extending this LDP to the original system. One can easily extend it to

include a correlation parameter ρ ∈ (−1, 1), the main difference being the

rate function. Indeed, since W⊥
2 and W2 are independent, Schilder’s theorem

yields that ε(W⊥
2 ,W2)′ ∼ LDP(ε2,Λ). Since the map Ψρ is continuous on

(C, ‖ · ‖∞) and εW′ = Ψρ(ε(W⊥
2 ,W2)′), the theorem follows from the Con-

traction Principle giving an LDP for εW′ as ε tends to zero with speed ε2

and good rate function

Λρ(ψ) := inf {Λ(ϕ) : ϕ ∈ H, ψ = Ψρ(ϕ)} . (1.7)
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1.2.2 Small-time behaviour

We now tackle the small-time behaviour of the process (1.1). Under the

general set of assumptions Ab, A′b, AΘ
b , we need to introduce a particular

rescaling, both in time and in space in order to observe some weak con-

vergence. This is different from the classical Itô diffusion case (with fixed

starting point), where solutions of such SDEs generally converge in small

time. In the Itô case, though, if the distribution of the starting point has

compact support, we show in Section 1.2.2 that space rescaling is not required

any longer.

The general case

With the rescaling (Xε
t , V

ε
t ) := (ε2H+2b−1Xε2t, ε

bVε2t), with b > 0, (1.1) be-

comes dXε
t = −ε

2H+1+2b

2
σ

(
V ε
t

εb

)2

dt+ ε2H+2bσ

(
V ε
t

εb

)(
ρdBt + ρ̄dB⊥t

)
, Xε

0 = 0,

dV ε
t =

(
εb+2λ+ βε2V ε

t

)
dt+ ε2H+bξdWH

t , V ε
0 ∼ εbΘ.

(1.8)

Our main result is as follows:

Theorem 19. For any H ∈ (0, 1),

(i) for any b > 0 such that AΘ
b holds V ε ∼ LDP

(
ε4H+2b,ΛGH0

)
, with ΛGH0

as in (6);

(ii) for any b > 0 such that Ab, A′b, AΘ
b hold, Xε ∼ LDP(ε4H+2b, I), with I

defined in (1.22).

The proof of (i) is similar to that of Theorem 13(i) and relies on proving

LDP for an auxiliary process, defined in (1.17), exponentially equivalent to

the original (rescaled) process V ε. The proof of (ii) is more involved and

postponed to Section 1.4.2. In order to state the following key result, define,

for any ε > 0, GH
ε as the function FH in Lemma 14, replacing β by βε2, and
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for s, t ∈ T with 0 < s < t, its pointwise limit GH
0 (t, s) := limε↓0G

H
ε (t, s)

reads

GH
0 (t, s) =



ξκHH−
sH−

∫ t

s

uH−

(u− s)1−H−
du, for H ∈

(
1

2
, 1

)
,

ξκH
sH−

(
(t(t− s))H− −H−

∫ t

s

(u− s)H−uH−−1du

)
, for H ∈

(
0,

1

2

)
,

ξ, for H =
1

2
.

The following proposition is similar to Proposition 15, as GH
0 (t, ·) ∈ L2(T )

and for all 0 < s < t, GH
0 (t, s) > 0, and its proof is omitted.

Proposition 20. For any H ∈ (0, 1), the space HGH0
is the RKHS of the

Gaussian process
∫ ·

0
GH

0 (·, s)dZs.

Small-time asymptotics for bounded support in the diffusion

case

In the standard case H = 1
2
, the rescaling in the previous subsection is not

really ‘natural’, in the sense that small-time large deviations usually hold

for Itô diffusions without space rescaling. In this case, using an approach

introduced by Bezuidenhout [20] and further developed by Mellouk [95], we

can obtain simpler large deviations estimates if the support of the initial

datum Θ is bounded. A simplified version of Mellouk considers, for any

ε > 0, the system, on T ,

dXε
t = b(Xε

t ,Z)dt+ εa(Xε
t ,Z)dWt, Xε

0 = x0 ∈ Rn, (1.9)

where b : Rn × Rm → Rn and a : Rn × Rm → M(n,d) are bounded Borel

measurable, uniformly Lipschitz continuous, Z is a random variable with

compact support on Rm and W a d-dimensional standard Brownian motion,

independent of Z. The main result of the paper is a large deviations principle

on Cα(T ,Rn), the space of α-Hölder continuous functions, for 0 ≤ α < 1
2
, for

the sequence (Xε)ε>0, under the following assumptions:
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Assumption 21.

(H1) b(·, ·) is jointly measurable on Rn × Rm and there exists C > 0 such

that, for all x, x′ ∈ Rn, z, z′ ∈ Rm,

|b(x, z)| ≤ C(1+|x|) and |b(x, z)−b(x′, z′)| ≤ C(|x−x|+|z−z′|).

(H2) a(·, ·) is jointly measurable on Rn × Rm and there exists C > 0 such

that, for all x, x′ ∈ Rn, z, z′ ∈ Rm,

‖a(x, z)‖ ≤ C and ‖a(x, z)− a(x′, z′)‖ ≤ C(|x− x′|+ |z− z′|).

For f ∈ H, u ∈ supp(Z) and x0 ∈ Rn, let Sx0(f, u) denote the unique solution

to the controlled ODE gt = x0 +
∫ t

0
b(gs, us)ds +

∫ t
0
a(gs, us)ḟsds, for t ∈ T .

Let us now introduce the following definition:

Definition 22. Let α ∈ [0, 1
2
) and Ba be the ball of radius a in the α-Hölder

norm. The lower semi-continuous regularisation Ĭ : Cα(T ,Rm)→ Cα(T ,Rm)

of a functional I : Cα(T ,Rm)→ R is defined as

Ĭ(ψ) := lim
a↓0

inf {I(ϕ) : ϕ ∈ Ba(ψ)} .

Theorem 23 (Theorem 2.1 in [95]). Under Assumption 21, (Xε)ε>0 ∼
LDP(ε2, Ĭα), where (with Λ in (6))

Iα(ψ) := inf {Λ(ϕ) : ϕ ∈ H,Sx0(ϕ, u) = ψ, for some u ∈ supp(Z)} .

Coming back to our model, the rescaling (Xε
t , V

ε
t ) := (Xε2t, Vε2t), equivalent

to that of Section 1.2.2 with b = 0 and H = 1
2
, the small-noise system (1.1),

under Assumption Ab, becomes, similarly to Section 1.2.2, dXε
t = −ε

2

2
σ̃(V ε

t )2dt+ εσ̃(V ε
t )
(
ρdBt + ρ̄dB⊥t

)
, Xε

0 = 0,

dV ε
t = (ε2λ+ βε2V ε

t ) dt+ εξdBt, V ε
0 ∼ Θ,

(1.10)

with B a standard Brownian motion. Subtracting the initial random da-
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tum Xε
0 = X0 = (0,Θ)′, this system can be expressed in the form (1.9) with

Xε = (Xε, V ε),

b(ε,Xε,X0) = ε2

−1

2
σ̃(V ε

t + Θ)2

λ+ β(V ε
t + Θ)

 and a(Xε,X0) =

(
ρσ̃(V ε

t + Θ) ρ̄σ̃(V ε
t + Θ)

ξ 0

)
,

(1.11)

and note that b(ε, ·, ·) converges to the null map as ε tends to zero. The

assumptions imposed in [95] on the drift and diffusion coefficients are clearly

satisfied here. While Mellouk allows the drift and diffusion to depend ex-

plicitly on external random factors, we can write our setting (dependence

on a random starting point) into this framework. The large deviations esti-

mate for the sequence (Xε)ε>0 = (Xε, V ε)ε>0 thus obtained is stronger than

that in the previous section, as it holds on Cα(T ,Rn), for any 0 ≤ α < 1
2
.

Note that the mild conditions on the coefficients [95, (H0)-(H2)] are easily

satisfied in our case, so the only additional assumption is the boundedness

of the support on Θ. We remark here that [95] is not directly applicable to

the current setting but has to be extended to include ε-dependence in the

drift, and we do so following the Azencott [7]’s inspired approach developed

by Peithmann [105, Subsection 2.2.1]. In order to state LDP (proved in

Section 1.4.3), we impose the following assumption:

Assumption 24. For u ∈ supp(X0) and ϕ ∈ H, the ODE ψt =
∫ t

0
a(ψs, us)ϕ̇sds

has a unique solution on T , denoted by S0(ϕ, u).

Theorem 25. Under Assumption 24, if Θ has compact support, then

(Xε)ε>0 ∼ LDP(ε2, Ĭα), with

Iα(ψ) := inf {Λρ(ϕ) : ϕ ∈ H, such that S0(ϕ, u) = ψ, for some u ∈ supp(X0)} ,

with Λρ defined in (1.7).
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1.3 Applications to Implied volatility asymptotics

As announced in the introduction of Chapter 1, we unify here two branches

of research, both aimed at reproducing the steepness of the implied volatility

surface on the short end via models with continuous paths. While there are

now numerous outputs [5, 13, 14, 52, 59, 65, 82] in the literature confirm-

ing that a fractional driving noise (with Hurst exponent H < 1/2) in the

volatility leads to the observed steepness of the smile, recent results [84, 86]

reproduce this effect by randomising the initial volatility in classical diffusive

models. In this section we observe an explosion of the implied volatility in

the small-time case, related to the tail behaviour of the random distribu-

tion Θ, independently of the Hurst parameter H ∈ (0, 1). As recalled in

Chapter 0, in the Black-Scholes-Merton model, the price of a European Call

option is CBS(t, ek,Σ), with associated volatility Σ. Considering a market

with observed Call option prices Cobs(t, ek), with maturity t and strike ek, we

denote by Σt(k) the implied volatility, defined as the unique non-negative

solution to CBS(t, ek,Σt(k)) = Cobs(t, ek).

1.3.1 General fractional case

From Theorem 19, we can deduce the asymptotic behaviour of out-of-the-

money Put/Call options and the implied volatility for small maturities. We

state the result below.

Corollary 26. For any H ∈ (0, 1) and any b > 0 such that Theorem 13

holds, we have the following large-strike asymptotic estimates of out-of-the-

money Put/Call options:

lim
k↑∞

1

k
logE

[(
St − ek

)+
]

= − inf
y≥1

Λ̃(φ)|φt=y, and

lim
k↑∞

1

k
logE

[(
ek − St

)+
]

= − inf
y≥1

Λ̃(φ)|φt=y, with Λ̃ as in (1.19), and for any t ∈ T .

Proof. We prove this result similarly to [67, Proposition 4.1] and apply [16,

Lemma 3.2]. Indeed, fixing t ∈ T and taking ε−2b to be k we have, from
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Theorem 13, that

lim
k↑∞

1

k
logP(St ≥ ek) = − inf

y≥1
Λ̃(φ)|φt=y. (1.12)

Thus, − logP(St ≥ ek) ∈ R1 with R1 the space of regularly varying functions

with index 1, defined in [16, Definition 2.1]. The result follows then directly

from [16, Lemma 3.2].

Corollary 27. (Large-strike implied volatility asymptotics) For any H ∈
(0, 1) and any b > 0 such that Theorem 13 holds, we have the following

large-strike asymptotic estimates of the implied volatility:

lim
k↑∞

Σ2
t (k)t

k
=

1

2

(
inf
y≥1

Λ̃(φ)|φt=y
)−1

with Λ̃ as in (1.19), and for any t ∈ T .

Proof. This is a straightforward application of [61, Corollary 7.1] and Corol-

lary 26. Taking ε−2b to be k we have, from Theorem 13, that ε2bXt ∼
LDP(ε2b, Λ̃) as ε goes to zero. Then,

lim
k↑∞

1

k
logP(Xt ≥ k) = − inf

y≥1
Λ̃(φ)|φt=y.

Similarly, in Black-Scholes, lim
k↑∞

Σ2
t (k)

k2
logP(Xt ≥ k) = − 1

2t
, and the proof

follows from [61, Corollary 7.1].

Similarly, from Theorem 19 we can deduce the asymptotic behaviour of out-

of-the-money Put/Call options and the implied volatility when time becomes

small.

Corollary 28. Introduce bH := H + b − 1/2. For any H ∈ (0, 1) and any

b ≥ 1/2− 2H such that Theorem 19 holds, we have the following small-time

asymptotic estimates of out-of-the-money Put/Call options:

lim
t↓0

t2H+b logE
(
St − ekt

−bH
)+

= − inf
y≥k

I(φ)|φ1=y, with I as in (1.22).

Proof. We prove the lower and upper bounds separately, similarly to [52,

Appendix C]. Firstly, taking t to be 1, ε2 to be t and bH := H + b − 1/2,
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we have, from Theorem 19 that

lim
t↓0

t2H+b logP
(
tbHX ≥ k

)
= − inf

y≥k
I(φ)|φ1=y. (1.13)

(1) For the lower bound, for all δ > 0, we have:

E
(
St − ekt

−bH
)+

≥
(

ek(1+δ)t−bH − ekt
−bH
)
P
(
St > ek(1+δ)t−bH

)
,

≥ ekt
−bH δt−bHP

(
St > ek(1+δ)t−bH

)
.

Then using (1.13) and that limt↓0 t
2H+b log t = 0, we obtain

lim inf
t↓0

t2H+b logE
(
St − ekt

−bH
)+

= lim inf
t↓0

t2H+b logP
(
St > ek(1+δ)t−bH

)
,

≥ − inf
y≥k(1+δ)

I(φ)|φ1=y.

Take δ ↓ 0 and use the continuity of the good rate function to obtain

the desired lower bound.

(2) For the upper bound, we first note that for all q > 1, we have

E
(
St − ekt

−bH
)+

≤
[
E
((

St − ekt
−bH
)+
)q]1/q

P
(
St ≥ ekt

−bH
)1−1/q

,

leading

t2H+b logE
(
St − ekt

−bH
)+

≤ t2H+b

q
logE

[((
St − ekt

−bH
)+
)q]

+

+ t2H+b

(
1− 1

q

)
logP

(
St ≥ ekt

−bH
)
,

≤ t2H+b

q
logE (Sqt ) + t2H+b

(
1− 1

q

)
logP

(
St ≥ ekt

−bH
)
.

Then, similarly to [52, Appendix C], we then have E(Sqt ) = E(R1 ·R2),
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with R1 and R2 two non negative random variables defined by

R1 := exp

{
1

2

(
q2 − q + q2ρ2

) ∫ t

0

σ2(Vs)ds

}
,

R2 := exp

{
q2ρ2

∫ t

0

σ2(Vs)ds+ qρ

∫ t

0

σ(Vs)dBs

}
.

Then, by using the Cauchy-Schwarz inequality and the fact that R2
2 is

a time-t value of a martingale starting from 1, we have

E(Sqt ) ≤
√

E(R2
1 ·R2

2),

=

√
E
(

exp

{
(q2q + q2ρ2)

∫ t

0

σ2(Vs)ds

})
×√

E
(

exp

{
2q2ρ2

∫ t

0

σ2(Vs)ds+ 2qρ

∫ t

0

σ(Vs)dBs

})
,

=

√
E
(

exp

{
(q2q + q2ρ2)

∫ t

0

σ2(Vs)ds

})
,

≤

√
E
(

exp

{
(q2q + q2ρ2)

∫ t

0

2C(1 + |Vs|2)ds

})
.

We then use (1.23) taking t to be 1 and ε2 to be t, and obtain

E (Sqt ) ≤

√
E
(

exp

{
(q2 − q + q2ρ2)t

∫ 1

0

2C(1 + |Vs|2ds

})
,

≤ exp

{
Ct
(
q2 − q + q2ρ2

) [
1 + 4

(
λ

β

)2(
e2βt − 1

2βt
+ 1

)]}
×√

E
(

exp

{
(q2 − q + q2ρ2)

2C

β
Θ2 (e2βt − 1)

})
×√

E
(

exp

{
(q2 − q + q2ρ2) 4Cξ2

∫ t

0

|WH
s |2ds

})
.

For q > 1, introduce f(q) := 4Cξ2 (q2 − q + q2ρ2). For ε > 0 and u ≥ 0,
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assume that εf(q)(u+ ε)2H ≤ 1
4
. We then get

E
(

ef(q)
∫ u+ε
u |WH

s |2ds
)
≤ 1

ε

∫ u+ε

u

E
(

eεf(q)|WH
s |2
)

ds,

=
1

ε

∫ u+ε

u

ds√
1− 2εf(q)s2H

,

≤
√

2.

Thus, taking u = 0 and ε = t > 0 small enough so that f(q)t2H+1 ≤ 1
4
,

we get

E (Sqt ) ≤
4
√

2 exp

{
Ct
(
q2 − q + q2ρ2

) [
1 + 4

(
λ

β

)2(
e2βt − 1

2βt
+ 1

)]}
×√

E
(

exp

{
(q2 − q + q2ρ2)

2C

β
Θ2 (e2βt − 1)

})
.

Finally, use Assumption AΘ
b to obtain

lim
q↑∞

lim sup
t↓0

t2H+b

q
logE(Sqt ) ≤ 0,

and conclude the proof.

The following Corollary generalises [52, Corollary 4.10].

Corollary 29 (Small-time implied volatility asymptotics). For any H ∈
(0, 1) and any b > 0 such that Theorem 19 holds, the following small-time

estimate is true for any k 6= 0:

lim
t↓0

tbΣ2
t

(
t1/2−H−bk

)
=
k2

2

(
inf
y≥k

I(φ)|φ1=y

)−1

, with I as in (1.22). (1.14)

This implies that the implied volatility explodes with rate t−b. For b = 0, it

is identical to [52, Formula (26)].
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Proof. This is a straightforward application of [61, Corollary 7.1] and Corol-

lary 28. Taking ε2 to be t and bH := H + b − 1/2, from Theorem 19,

tbHX ∼ LDP(t2H+b, I), as t goes to zero,

lim
t↓0

t2H+b logP
(
tbHX ≥ k

)
= − inf

y≥k
I(φ)|φ1=y.

Similarly, in the Black-Scholes model, we obtain

lim
t↓0

tΣ2
t (t
−bHk)

t−2bH
logP

(
tbHX ≥ k

)
= lim

t↓0

tΣ2
t (t
−bHk)

t−2bH
logP

(
X ≥ t−bHk

)
= −k

2

2
,

and the result follows from [61, Corollary 7.1].

1.3.2 Refined asymptotic results in the special diffusive case

from Sections 1.2.1 and 1.2.2

Large-strike asymptotics

We consider here a specific case of a multidimensional diffusion, as we are

only interested in studying its tail asymptotics. Let Xζ := (Xζ,1, · · · , Xζ,n)

be the unique strong solution in Rn to

dXζ
t = b̃(Xζ

t )dt+ a(Xζ
t )dWt, Xζ

0 = ζ,

for some d-dimensional standard Brownian motion and some square inte-

grable random variable ζ, and with b̃ : Rn → Rn and a : Rn → M(n,d)(R).

Consider the following scaling assumption:

Assumption 30. There exist b1, · · · , bn > 0 with b1 = 2 such that Xε,ζ :=(
εb1Xζ,1, · · · , εbnXζ,n

)
satisfies

dXε,ζ
t = εb̃(ε,Xε,ζ

t )dt+ εa(Xε,ζ
t )dWt, Xζ

0 =
(
εb1ζ(1), · · · , εbnζ(n)

)
. (1.15)

Furthermore, εb̃(ε, ·/ε) converges uniformly to some function b(·) as ε tends

to zero.

We can then state the main result about tail asymptotics:
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Proposition 31. Under Assumption 30, if there exists x0 ∈ Rn such that

for any δ > 0,

lim supε↓0 ε
2 logP(|ζ−x0| > δ) = −∞, and if the triple (x0, b(·), a(·)) satisfies

Assumption 16, then

lim
ε↓0

ε2 logP(εXζ,1
t ≥ 1) = lim

ε↓0
ε2 logP(εXx0,1

t ≥ 1), for any t ∈ T .

The scaling from Assumption 30 may be odd at first, but reflects the fact that

components of stochastic models may each act on different scales. Consider

for example the system where the instantaneous volatility is an Ornstein-

Uhlenbeck process, solution to

dXt = −1
2
V 2
t dt+ VtdWt, X0 = ζ,

dVt = (λ+ βVt)dt+ ξdBt, V0 = y0 > 0,

whereW andB are two correlated Brownian motions. The rescaling (Xε, V ε) :=

(ε2X, εV ) (corresponding to b1 = 2 and b2 = 1) yields

dXε
t = −1

2
(V ε

t )2dt+ εV ε
t dWt, Xε

0 = ε2ζ,

dV ε
t = (ελ+ βV ε

t )dt+ εξdBt, V ε
0 = εy0 > 0,

namely (1.15), and the assumptions are satisfied.

Proof. For any ε > 0, the pathwise rescaled process Xε,ζ satisfies (1.15).

The proof of the proposition relies on the (more general) theorem proved by

Millet, Nualart and Sanz [97], recalled in Section 1.2.1, and whose validity

is guaranteed by Assumption 16. Note first that, from standard large de-

viations considerations (and in particular contraction mappings), the pro-

cess Xε,0 satisfies a large deviations principle with good rate function I

given in Theorem 17. Recall that by construction b̃(ε, ·) : R2 → R2 sat-

isfies limε↓0 εb̃(ε, x/ε) = b(x) uniformly as ε tends to zero. Therefore The-

orem 17 yields a large deviations principle for the sequence (Xε,ζ)ε≥0 as ε

tends to zero, with good rate function I and speed ε2. In particular, for
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A := {ψ ∈ C(T ,Rn),∀x ∈ Rn, ψ(1, x) ≥ 1}, we have
− inf

ψ∈Å
I(ψ) ≤ lim inf

ε↓0
ε2 logP(Xε,ζ

t ≥ 1) ≤ lim sup
ε↓0

ε2 logP(Xε,ζ
t ≥ 1) ≤ − inf

ψ∈Ā
I(ψ),

− inf
ψ∈Å

I(ψ) ≤ lim inf
ε↓0

ε2 logP(Xε,x0
t ≥ 1) ≤ lim sup

ε↓0
ε2 logP(Xε,x0

t ≥ 1) ≤ − inf
ψ∈Ā

I(ψ).

Since Λ is continuous on H, it is upper semi-continuous on A, and so is the

good rate function I by [3, Lemma 2.41]. As a good rate function, it is also

lower semi-continuous, and hence continuous, on A. Translating the two sets

of inequalities above in terms of εXζ
t and εXx0

t , and using the continuity of I

proves the proposition.

The assumption of the random initial condition Xζ
0 = ζ being F0-measurable

distribution can be relaxed. Indeed, the filtration F is the filtration generated

by the d-dimensional Brownian motion W. Instead, one could work on a

filtration F ′ := (F ′t)t∈T ∗ generated by F ′t := σ({Wu, u ≤ t} ∪ {ζ}), for all

t ∈ T ∗. Then the random initial point Xζ
0 has a F ′0-measurable distribution

and the results above still hold, in particular Theorem 17 and Proposition 31,

on the new filtered probability space (Ω,F ′, (F ′)t∈T ,P). In the context of

implied volatility asymptotics, this result has the following meaning:

Corollary 32. The tails of the smile are independent of the starting point

(ζ or x0).

Proof. Gao and Lee [61] show that asymptotic behaviour of the implied

volatility can be directly inferred from comparing tail probabilities to those

of the Black-Scholes model. It is straightforward to see that the scaling of

Proposition 31 is the same in Black-Scholes, and the corollary follows imme-

diately.
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Small-time asymptotics for the ‘forward’ Stein-Stein model

We are interested in a ‘forward’ process, as defined by Jacquier and Roome [84]

in the context of forward-start European options:

E
(
St+τ
St
− ek

)+

= E
(
eXt+τ−Xt − ek

)+
=: E

(
eX

(t)
τ − ek

)+

,

with (X
(t)
τ )τ≥0 the so-called ‘forward’ process, defined path-wise by X

(t)
τ :=

Xt+τ − Xt, for some fixed t > 0, and for all τ ≥ 0. The ’forward’ process

(X
(t)
τ )τ≥0 then satisfies the following stochastic differential equation: dX(t)

τ = −1

2
(V (t)

τ )2dτ + V (t)
τ dW1,τ , X

(t)
0 = 0,

dV (t)
τ = (λ+ βV (t)

τ )dτ + ξdW2,τ , V
(t)

0 ∼ σt.
(1.16)

The stochastic differential equation for (X
(t)
τ , V

(t)
τ )τ≥0 is the same as that

for (Xt, Vt)t≥0, albeit with an initial random distribution (δ0, σt), where σt is

Gaussian with mean eβt(σ0 + λ
β
)− λ

β
and variance ξ2

2β
(e2βt−1). We now apply

the results of Section 1.2.2 to obtain small-time asymptotics for a version of

the Stein-Stein ‘forward’ model with a generalised random starting point.

Proposition 33. With the scaling (Xε
τ , V

ε
τ ) := (X

(t)

ε2τ , V
(t)

ε2τ ) for ε, t > 0,

the randomised Stein-Stein rescaled model (1.16) is the same as (1.10) with

coefficients given in (1.11), with σ̃(y) ≡ y, and Theorem 25 applies.

We can translate this result into forward implied volatility asymptotics di-

rectly using [49, Theorem 2.4]. The value of a forward-start option with

forward-start date t, maturity τ and strike ek is CBS
(
τ, ek,Σ

)
(stationary

increments). For a market with observed Call option prices Cobs(t, ek), the

forward implied volatility smile Σt,τ is defined as the unique non-negative

solution to Cobs(t, ek) = CBS
(
τ, ek,Σt,τ (k)

)
.

Corollary 34. The small-time forward smile reads lim
τ↓0

Σ2
t,τ (k) =

k2

2

(
inf
y≥k

Ĭα(φ)|φ1=y

)−1

,

with Ĭα in Theorem 25.
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1.4 Proofs of the main Theorems

1.4.1 Proof of Theorem 13

Proof of Lemma 14

From [113, Definition 2.1], for any smooth function f on T with bounded

derivatives such that ‖f‖ :=
∫
T (Γ∗H,tf(t))2dt < ∞, define, for t ∈ T ,∫ t

0
f(u)dWH

u :=
∫ t

0
Γ∗H,tf(u)dZu, with

Γ∗H,tf(s) := − κH
sH−

d

ds

∫ t

s

uH−(u− s)H−f(u)du, for all s ∈ (0, t].

Applying this to f(s) := ξeβ(t−s), one obtains the following:

(1) for H < 1
2
, using integration by part and Leibniz’s integration rule,

d

ds

∫ t

s

uH−(u− s)H−f(u)du

=
d

ds

{
ξ(t− s)H+tH−

H+

}
+

+
d

ds

{
−ξH−

H+

∫ t

s

(u− s)H+

u1−H−
eβ(t−u)du+ ξ

β

H+

∫ t

s

(u− s)H+uH−eβ(t−u)du

}
,

= −ξ(t− s)H−tH− + ξH−

∫ t

s

(u− s)H−
u1−H−

eβ(t−u)du− ξβ
∫ t

s

(u− s)H−uH−eβ(t−u)du.

Hence,

Γ∗H,tf(s) := − κH
sH−

d

ds

∫ t

s

uH−(u− s)H−f(u)du,

=
ξκH
sH−

(
(t− s)H−tH− + β

∫ t

s

(u− s)H−uH−eβ(t−u)du

)
−

− ξκH
sH−

(
H−

∫ t

s

(u− s)H−
u1−H−

eβ(t−u)du

)
.
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(2) for H > 1
2
, using Leibniz’s integration rule,

d

ds

∫ t

s

uH−(u− s)H−f(u)du =

∫ t

s

ξ
d

ds
uH−(u− s)H−eβ(t−u)du,

= −ξH−
∫ t

s

uH− (u− s)H−−1eβ(t−u)du,

and hence

Γ∗H,tf(s) := − κH
sH−

d

ds

∫ t

s

uH−(u− s)H−f(u)du =
ξκHH−
sH−

∫ t

s

uH− (u−s)H−−1eβ(t−u)du.

Proof of Proposition 15

In order to prove thatHFH is the RKHS of the Gaussian process ξ
∫ ·

0
eβ(·−s)dWH

s ,

we use [42, Theorem 3.4.12, p88] and its application in [82, proof of Theo-

rem 3.8]. Hence, one needs to show that the operator KFH is a bijection

from L2(T ) to HFH and that HFH is dense in C.

The operator KFH acting on L2(T ) defined by (KFHf)(t) :=
∫ t

0
FH(t, s)f(s)ds

satisfies KFHL2(T ) =: HFH and is surjective. It is also injective on HFH : let

f ∈ L2(T ) a non-zero function such that (KFHf) = 0 on T ∗. Similar to [52],

there is an interval [t1, t2] ⊂ T where f has constant sign. Using previous

notations, FH is defined, for t ∈ T ∗ and s ∈ (0, t], as FH(t, s) := ξΓ∗H,te
β(t−s).

The function g(s) := ξ
∫ s
t
uH−(u− s)H−eβ(t−u)du is increasing, hence FH(t, ·)

is a positive function on [0, t] and
∫ t2
t1
FH(t, s)f(s)ds > 0, leading to a contra-

diction. Thus KFH is injective on HFH , hence bijective from L2(T ) to HFH .

Since KFH is a linear operator, one can then define 〈KFHf1,KFHf2〉H
FH

:=

〈f1, f2〉L2(T ) as an inner product.

The second part of the proof consists in showing that HFH := KFHL2(T ) is

dense in C. We claim that FH(t, ·)−1 ∈ L2(T ). Indeed, as shown in the proof

of [113, Theorem 3.1], the following hold for all 0 < s < t:
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• if 0 < H < 1
2
, FH(t, s) ≥ ξκHs

1
2
−HτH−(t− s)H− > 0, leading

∫ t

0

ds

FH(t, s)2
≤ 1

ξ2κ2
Ht

2H−

∫ t

0

(
s

t− s

)2H−

ds,

≤ 1

ξ2κ2
Ht

4H−

∫ t

0

s2H−ds,

=
t2−2H

2Hξ2κ2
H

<∞;

• if 1
2
< H < 1, FH(t, s) ≥ ξκHe−β(s−t)(t− s)H− , so that∫ t

0

ds

FH(t, s)2
≤ 1

ξ2κ2
He2βt

∫ t

0

e2βsds

(t− s)2H−
,

≤ 1

ξ2κ2
He2βtt2H−

∫ t

0

e2βsds,

=
1− e−2βt

2βξ2κ2
Ht

2H−
<∞.

Given a > 0, take for s ∈ [0, t], fa(s) := sa

FH(t,s)
∈ L2(T ). Then,

∫ t
0
FH(t, s)fa(s)ds =

ta+1

a+1
. Hence, HFH contains all polynomials null at the origin, and by the

Stone-Weierstrass Theorem, is dense in C.

Proof of Theorem 13(i)

Let V
ε

denote the solution to the second SDE (1.2), starting from zero. The

product rule for (fractional) Brownian motion [99, Theorem 3.1.4] yields, for

any t ≥ 0,

V
ε

t = −λε
b

β

(
1− eβt

)
+ ξεb

∫ t

0

eβ(t−u)dWH
u , (1.17)

Since ξ
∫ ·

0
eβ(·−u)dWH

u is Gaussian, Lemma 14 combined with [42, Theorem

3.4.5] yields a large deviations principle on C for the sequence
(
ξεb
∫ ·

0
eβ(·−s)dWH

s

)
ε>0

,

with speed ε2b and good rate function ΛFH as in (6). Since the two sequences

(V
ε
)ε>0 and (ξεb

∫ ·
0

eβ(·−s)dWH
s )

ε>0
only differ by some deterministic quantity,
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they are clearly exponentially equivalent: for any δ > 0 and t ∈ T ∗,

lim sup
ε↓0

ε2b logP
(∥∥∥∥V ε − ξεb

∫ ·
0

eβ(·−s)dWH
s

∥∥∥∥
∞
> δ

)
,

= lim sup
ε↓0

ε2b logP
(∥∥∥∥λεbβ (eβ· − 1)

∥∥∥∥
∞
> δ

)
,

= −∞,

since β < 0, so that V
ε ∼ LDP

(
ε2b,ΛFH

)
. Finally, the LDP for V ε follows

again by exponentially equivalence:

P
(∥∥V ε − V ε∥∥

∞ > δ
)

= P
(∥∥εbΘeβ·

∥∥
∞ > δ

)
≤ P

(
|Θ| > δ

εb

)
,

for t, ε, δ > 0, and the theorem follows from Assumption AΘ
b .

Proof of Theorem 13(ii)

We first prove large deviations for the Gaussian drivers of the process, which

we then, by means of iterated Contraction Principles, translate to large de-

viations for the whole scaled process.

(1) When H 6= 1
2
, Lemma B.1 in [52] implies that (ρB,WH) is Gaussian,

so that εb(ρB,WH) satisfies a large deviations principle on C(T ,R2),

with speed ε2b and good rate function

I1(ϕ, ψ) :=


1

2

∫
T
f(s)2ds, (ϕ, ψ) ∈ HH ,

+∞, (ϕ, ψ) /∈ HH ,
(1.18)

where HH is the RKHS for (ρB,WH) defined as

HH :=

{
(ϕ, ψ) ∈ C2 : ϕ(·) = ρ

∫ ·
0

f(s)ds

and ψ(·) =

∫ ·
0

KH(·, s)f(s)ds, for some f ∈ L2(T )

}
.
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By independence of B⊥ with respect to B and WH and using the

Contraction Principle, εb(ρ̄B⊥ + ρB,WH) satisfies a large deviations

principle on C(T ,R2), with speed ε2b and good rate function

I3(ϕ, ψ) := inf
ϕ=u+w

{I1(u, ψ) + I2(w)} = inf
u∈H
{I1(u, ψ) + I2(ϕ− u)} ,

where, with Hρ̄ as in (3),

I2(w) :=


ρ̄

2

∫ 1

0

f(s)2ds, w ∈ Hρ̄,

+∞, w /∈ Hρ̄.

(2) For H = 1
2
, using the proof of Theorem 18, εb(ρ̄B⊥+ρB,B)′ satisfies a

large deviations principle on C(T ,R2), when ε tends to zero with speed

ε2b and good rate function Λρ defined in (1.7).

We now introduce the process X̃ε satisfying the following SDE dX̃ε
t = −1

2
σ̃2(V ε

t )dt+

εbσ̃(V ε
t )(ρdBt + ρ̄dB⊥t ), and translate this large deviations into one for the

sequence X̃ε. Since the proof for the H 6= 1
2

case is the same as the one

for H = 1
2
, albeit with a different rate function, we concentrate on the for-

mer case. Since V ε
t = εbeβtΘ − λεb

β
(1 − eβt) + εbξ

∫ t
0

eβ(t−u)dWH
u , one can

define a continuous map G((0, 1)× C → C), such that (εb(ρB + ρ̄B⊥), V ε) =

(εb(ρB + ρ̄B⊥), G(ε, εbWH)(t)). Moreover, using AΘ
b , G(ε, εbWH) is ex-

ponentially equivalent to G(εbWH), with G(ϕ)(t) := ξ
∫ t

0
eβ(t−u)dϕu. The

Contraction Principle thus yields (εb(ρB + ρ̄B⊥), V ε) ∼ LDP(ε2b, I4), with

I4 : (ϕ, ψ) 7→ inf{I3(ϕ, v) | ψ ∈ C : ψ = G(v)}.

Under A′b, one can apply the extended Contraction Principle proved in [93,

Proposition 2.3], so that (εb(ρB + ρ̄)B⊥, σ̃(V ε)) ∼ LDP(ε2b, I5) with

I5(ϕ, ψ) := inf {I4(ϕ, v) | ψ = σ̃(v)} = inf
{
I3(ϕ, v) | ψ = σ̃(G(v))

}
.

Finally, as b > 0, the sequence of semi-martingales (εbW ) is uniformly ex-

ponentially tight (UET) in the sense of [62, Definition 1.1], and the se-

quence (σ̃(V ε)) is càdlàg (Assumption Ab), and adapted to the filtration

F . Denoting X · V :=
∫
XdV the stochastic integral with respect to a
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semi-martingale, Theorem 1.2 in [62] yields a large deviations principle on

C(T ,R3) for (εb(ρBs + ρ̄B⊥s ), σ̃(V ε), εb
∫ ·

0
σ̃(V ε

s )(ρdBs + ρ̄dB⊥s )), with speed

ε2b and good rate function I6 defined as I6(φ) := I5(ϕ, ψ) if φ = ϕ · ψ and

ψ ∈ BV (the space of functions of finite variation), and infinity otherwise.

Applying another Contraction Principle, since, for t ∈ T ∗,

X̃ε
t = −1

2

∫ t

0

σ̃(V ε
s )2ds+

∫ t

0

εbσ̃(V ε
s )dWs =: I

(
σ̃(V ε), σ̃(V ε)·εb

(
ρBs + ρ̄B⊥s

) )
(ε, t).

Hence X̃ε ∼ LDP(ε2b, Λ̃) with

Λ̃(φ) := inf{I6(χ) | φ = I(ϕ, ϕ · ψ), χ = (ϕ, ψ), ψ ∈ BV}. (1.19)

The last step is proving that the processes Xε and X̃ε are exponentially

equivalent. Indeed, for t ∈ T ∗,∥∥∥Xε − X̃ε
∥∥∥
∞
≤ 1

2

∥∥∥∥∫ ·
0

∣∣∣∣ε2bσ2

(
V ε
s

εb

)
− σ̃(V ε

s )

∣∣∣∣ ds∥∥∥∥
∞

+

+ εb
∥∥∥∥∫ ·

0

∣∣∣∣εbσ(V ε
s

εb

)
− σ̃(V ε

s )

∣∣∣∣ d(ρBs + ρ̄B⊥s )

∥∥∥∥
∞
.

Using the linear growth assumption as well as Assumption Ab, we have for

s ∈ [0, t],∣∣∣∣ε2bσ2

(
V ε
s

εb

)
− σ̃(V ε

s )

∣∣∣∣ ≤ 2ε2bC2

(
1 +

∣∣∣∣V ε
s

εb

∣∣∣∣2
)

+ 2C2
(
1 + |V ε

s |2
)
,

≤ 2C2
(
1 + ε2b + 2|V ε

s |2
)
,

hence∥∥∥∥∫ ·
0

∣∣∣∣ε2bσ2

(
V ε
s

εb

)
− σ̃(V ε

s )

∣∣∣∣ ds∥∥∥∥
∞
≤
∥∥∥∥∫ ·

0

2C2
(
1 + ε2b + 2|V ε

s |2
)

ds

∥∥∥∥
∞
,

≤ 2C2(1 + ε2b) + 4C2

∥∥∥∥∫ ·
0

|V ε
s |2ds

∥∥∥∥
∞
.

Since V ε
s = εbeβsΘ + εb λ

β
(eβs − 1) + εbξ

[
WH
s + β

∫ s
0
WH
u e−βudu

]
, we obtain
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for s ∈ T , recalling that β < 0,

|V ε
s | ≤ εbeβs|Θ|+ εb

λ

β

(
eβs − 1

)
+ ξεb|WH

s |,

and

|V ε
s |2 ≤ 2

(
ε2be2βsΘ2 + 2ε2b

(
λ

β

)2 (
e2βs + 1

)
+ ξ2ε2b|WH

s |2
)
, (1.20)

so that
∫ t

0
|V ε
s |2ds ≤ 2

(
ε2btΘ2 + ε2b

(
λ
β

)2 (
2t− 1

β

)
+ ξ2ε2b

∫ t
0
|WH

s |2ds

)
.

Introducing J :=
∥∥∫ ·

0
|V ε
s |2ds

∥∥
∞, we obtain for any δ > 0 and a0 > 0,

P
(∥∥∥Xε − X̃ε

∥∥∥
∞
> δ
)

≤ P
(

2C2J + εb
∥∥∥∥∫ ·

0

(
εbσ

(
V ε
s

εb

)
− σ̃(V ε

s )

)
d(ρBs + ρ̄B⊥s )

∥∥∥∥
∞
> δε

)
,

≤ P
(

2C2J + εb
∥∥∥∥∫ ·

0

(
εbσ

(
V ε
s

εb

)
− σ̃(V ε

s )

)
d(ρBs + ρ̄B⊥s )

∥∥∥∥
∞
> δε

∣∣∣∣ 2C2J < a0

)
(1−P)

+ P
(

2C2J + εb
∥∥∥∥∫ ·

0

(
εbσ

(
V ε
s

εb

)
− σ̃(V ε

s )

)
d(ρBs + ρ̄B⊥s )

∥∥∥∥
∞
> δε

∣∣∣∣ 2C2J ≥ a0

)
P,

≤ P
(∥∥∥∥∫ ·

0

(
εbσ

(
V ε
s

εb

)
− σ̃(V ε

s )

)
d(ρBs + ρ̄B⊥s )

∥∥∥∥
∞
>
δε − a0

εb

∣∣∣∣ 2C2J < a0

)
+ P,

with P := P (2C2J ≥ a0) and δε := δ − C2(1 + ε2b). Using (1.20) and
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introducing Jt :=
∫ t

0
|WH

s |2ds, we obtain

P
(
J > δ̄

)
≤ P

(∣∣∣∣∣ε2bΘ2 + ε2b

(
λ

β

)2(
2− 1

β

)
+ ξ2ε2bJ1

∣∣∣∣∣ > δ̄

2

)
,

≤ P

(
ε2bΘ2 + ε2b

(
λ

β

)2 ∣∣∣∣2− 1

β

∣∣∣∣+ ξ2ε2bJ1 >
δ̄

2

∣∣∣∣∣ ξ2ε2bJ1 < a

)
× P

(
ξ2ε2bJ1 < a

)
+ P

(
ε2bΘ2 + ε2b

(
λ

β

)2 ∣∣∣∣2− 1

β

∣∣∣∣+ ξ2ε2bJ1 >
δ̄

2

∣∣∣∣∣ ξ2ε2bJ1 ≥ a

)
× P

(
ξ2ε2bJ1 ≥ a

)
,

≤ P

(
Θ2 >

1

ε2b

(
δ̄

2
− ε2b

(
λ

β

)2 ∣∣∣∣2− 1

β

∣∣∣∣− a
)∣∣∣∣∣ ξ2ε2bJ1 < a

)
+ P

(
ξ2ε2bJ1 ≥ a

)
,

≤ P

 |Θ| > 1

εb

√√√√( δ̄
2
− ε2b

(
λ

β

)2 ∣∣∣∣2− 1

β

∣∣∣∣− a
)∣∣∣∣∣∣ ξ2ε2bJ1 < a

+ P
(
ξ2ε2bJ1 ≥ a

)
,

for any δ̄ > 0 and a > 0. One can then use Markov’s inequality:

P
(
ξ2ε2bJ1 ≥ a

)
≤

E
[
ξ2ε2bJ1

]
a

=
ξ2ε2b

a
E
(∫ 1

0

|WH
s |2ds

)
.

Since V(WH
s ) = s2H , one obtains P

(
ξ2ε2bJ1 ≥ a

)
≤ ξ2ε2b

a
1

2H+1
. Hence there

exist η ∈ [0, 1) and ε̄ > 0 such that for all ε ≤ ε̄, P(ξ2ε2bJ1 < a) ≥ 1 − η.

Assumption AΘ
b then implies that there exist M, ε̃ > 0 such that

P

|Θ| > 1

εb

√√√√( δ̄
2
− ε2b

(
λ

β

)2 ∣∣∣∣2− 1

β

∣∣∣∣− a
) ≤ exp

(
−M
ε2b

)
, for all ε ≤ ε̃.

Thus, for all ε ≤ min{ε̃, ε̄}, Bayes’ Theorem yields

P

 |Θ| > 1

εb

√√√√( δ̄
2
− ε2b

(
λ

β

)2 ∣∣∣∣2− 1

β

∣∣∣∣− a
)∣∣∣∣∣∣ ξ2ε2bJ1 < a



≤
P

(
|Θ| > 1

εb

√(
δ̄
2
− ε2b

(
λ
β

)2 ∣∣∣2− 1
β

∣∣∣− a))
P(ξ2ε2bJ1 < a)

≤
exp

(
−M
ε2b

)
1− η

.
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Finally, for all ε ≤ min{ε̃, ε̄},

P
(
J > δ̄

)
≤ P

 |Θ| > 1

εb

√√√√( δ̄
2
− ε2b

(
λ

β

)2 ∣∣∣∣2− 1

β

∣∣∣∣− a
)∣∣∣∣∣∣ ξ2ε2bJ1 < a

+ P
(
ξ2ε2bJ1 ≥ a

)
,

≤ e−M/ε2b

1− η
+
ξ2ε2b

a

1

2H+

,

(1.21)

so that for all ε ≤ min{ε̃, ε̄}, P (2C2J ≥ a0) ≤ e−M/ε
2b

1−η + ξ2ε2b

a
1

2H+
.

Hence, there exists η̆ ∈ [0, 1) and ε̆ < min{ε̃, ε̄} such that for all ε ≤ ε̆,

P(2C2J < a0) ≥ 1 − η̆. Moreover, using the uniform convergence assumed

in Ab, for all y ∈ R there exists N > 0 and ε0 > 0 such that, for all ε < ε0, we

have that
∣∣∣εbσ (V εsεb )− σ̃(V ε

s )
∣∣∣ ≤ N . Hence one can then apply the Borell-TIS

inequality (in particular [105][Proposition A.1]), and obtain,

P
(∥∥∥∥∫ ·

0

(
εbσ

(
V ε
s

εb

)
− σ̃(V ε

s )

)
d(ρBs + ρ̄B⊥s )

∥∥∥∥
∞
>

1

εb
(
δ − C2(1 + ε2b)− a0

))
≤ 2 exp

{
−
(
δ − C2(1 + ε2b)− a0

)2

2N2ε2b

}
.

Thus, for all ε ≤ min{ε̆, ε0}, Bayes’ Theorem yields

P
(∥∥∥∥∫ ·

0

(
εbσ

(
V ε
s

εb

)
− σ̃(V ε

s )

)
d(ρBs + ρ̄B⊥s )

∥∥∥∥
∞
>

1

εb
(
δ − C2(1 + ε2b)− a0

)∣∣∣∣ 2C2J < a0

)

≤
P
(∥∥∥∫ ·0 (εbσ (V εsεb )− σ̃(V ε

s )
)

d(ρBs + ρ̄B⊥s )
∥∥∥
∞
> 1

εb

(
δ − C2(1 + ε2b)− a0

))
P(2C2J < a0)

,

≤
2 exp

{
−(δ−C2(1+ε2b)−a0)

2

2N2ε2b

}
1− η̆

.

Finally, for all ε ≤ min{ε̆, ε0},

P
(∥∥∥Xε − X̃ε

∥∥∥
∞
> δ
)
≤

2 exp

{
−(δ−C2(1+ε2b)−a0)

2

2N2ε2b

}
1− η̆

+
e−M/ε2b

1− η
+
ξ2ε2b

a

1

2H+

,
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so that Xε and X̃ε are exponentially equivalent and Xε ∼ LDP(ε2b, Λ̃).

Remark 35. For computational purposes, such infinite-dimensional opti-

misation problems are discretised over a set of basis functions, such as or-

thonormal polynomials. If we then consider ϕ continuously differentiable

and I1 finite, we can simplify I1(ϕ) = I1(ϕ, ψ) = 1
2ρ2

∫
T [ϕ̇(t)]2dt. Further,

if u ∈ C1, then I3(ϕ) ' 1
2

infu∈H∩C1

{∫ t
0

(
u̇s
ρ

)2

ds+ 1
ρ̄

∫ t
0
(ϕ̇s − u̇s)2ds

}
, and

I4(ϕ) = I3(ϕ).

1.4.2 Proof of Theorem 19

Proof of Theorem 19(i)

Let us introduce the process V
ε

defined, for t ∈ T ∗, as the unique solution

of dV
ε

t = (εb+2λ+ βε2V
ε

t)dτ + ε2H+bξdWH
t , with V

ε

0 = 0, i.e.

V
ε

t = −λε
b

β

(
1− eβε

2t
)

+ ξε2H+b

∫ t

0

eβε
2(t−u)dWH

u .

From Lemma 14, Proposition 20 and Theorem 3.4.5 in [42], the sequence(
ε2H+b

∫ ·
0
GH

0 (·, s)dZs
)
ε>0

satisfies a large deviations principle on C, with

speed ε4H+2b and good rate function ΛGH0
as in (6). Moreover,

(1) When H 6= 1
2
, (ε2H+b

∫ t
0
GH
ε (t, s)dZs)ε>0

and (ε2H+b
∫ t

0
GH

0 (t, s)dZs)ε>0

are exponentially equivalent: indeed the asymptotic expansion of the

Gaussian density [1, Formula (26.2.12)] yields, for any δ > 0,

P
(∥∥∥∥ε2H+b

∫ ·
0

GH
ε (·, s)dZs − ε2H+b

∫ ·
0

GH
0 (·, s)dZs

∥∥∥∥
∞
> δ

)
,

= P
(∥∥∥∥∫ ·

0

(GH
ε (·, s)−GH

0 (·, s))dZs
∥∥∥∥
∞
>

δ

ε2H+b

)
,

= P
(
|N (0, 1)| > δ

‖Vε‖∞ ε2H+b

)
,

=

√
2

π

‖Vε‖∞ ε2H+b

δ
exp

(
− δ2

2ε4H+2b ‖Vε‖2
∞

)(
1 +O(ε4H+2b)

)
,
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with V2
ε :=

∫ t
0

(
GH
ε (t, s)−GH

0 (t, s)
)2

ds and note that limε↓0 V2
ε = 0.

Now, for ε > 0 and 0 < s < t,

(i) if H < 1
2
,

[
GH
ε (t, s)−GH

0 (t, s)
]2 ≤ 2κ2

Hξ
2

s2H−
H2
−

(∫ t

s

(u− s)H−
u1−H−

(eβε
2(t−u) − 1)du

)2

,

+
2κ2

Hξ
2

s2H−
β2ε4

(∫ t

s

(u− s)H−uH−eβε
2(t−u)du

)2

,

≤ 2κ2
Hξ

2

[
H2
−

s2H−

(∫ t

s

(u− s)H−
u1−H−

du

)2
]
,

+ 2κ2
Hξ

2

[
β2ε4

s2H−

(∫ t

s

(u(u− s))H−du

)2
]
.

Using [113, Lemma A.3], we further obtain, for ε > 0 and 0 < s < t,

V2
ε ≤ 2κ2

Hξ
2
[
CHt

2H + β2ε4C̃Ht
2H+2

]
, with CH , C̃H > 0, two con-

stants depending on H. Hence,

0 < ε4H+2bV2
ε ≤ 2κ2

Hξ
2
(
CHε

4H+2bt2H + β2ε4H+2b+4C̃Ht
2H+2

)
;

(ii) if H > 1
2
,

[
GH
ε (t, s)−GH

0 (t, s)
]2

=
κ2
Hξ

2

s2H−
H2
−

(∫ t

s

uH−

(u− s)1−H−
(eβε

2(t−u) − 1)du

)2

,

≤ κ2
Hξ

2

s2H−
H2
−

(∫ t

s

uH−du

(u− s)1−H−

)2

,

≤ κ2
Hξ

2

s2H−
H2
−t

2H−

(∫ t

s

(u− s)H−−1du

)2

,

=
κ2
Hξ

2

s2H−
[t(t− s)]2H− .

Hence, for H 6= 1
2
, as b > 0, limε↓0 ε

4H+2b ‖Vε‖2
∞ = 0 as well as

limε↓0 ε
2H+b ‖Vε‖∞ = 0.

(2) When H = 1
2
, (ξε1+b

∫ t
0

eβε
2(t−s)dBs)ε>0

and (ξε1+bBt)ε>0 are exponen-

tially equivalent: the asymptotic expansion of the Gaussian density
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near infinity [1, Formula (26.2.12)] yields, for any δ > 0,

P
(∥∥∥ξ ∫ ·0 eβε

2(·−s)dBs − ξ
∫ ·

0
dBs

∥∥∥
∞
> δ

ε1+b

)
= P

(∥∥∥∥∫ ·
0

ξ(eβε
2(·−s) − 1)dBs

∥∥∥∥
∞
>

δ

ε1+b

)
,

= P
(
|N (0, 1)| > δ

‖Vε‖∞ ε1+bξ

)
,

=

√
2

π

‖Vε‖∞ ε1+bξ

δ
exp

(
− δ2

2ε2+2b ‖Vε‖2
∞ ξ

2

)(
1 +O(ε2+2b)

)
,

with V2
ε :=

∫ t
0

[
(eβε

2(t−s) − 1)
]2

ds = t + e2βε2t−1
2βε2

+ 2(1−eβε
2t)

βε2
. Hence

0 < ε2+2bV2
ε ≤ ε2+2bt+ ε2b eβε

2t−1
2β

, and, as b > 0, limε↓0 ε
2+2b ‖Vε‖2

∞ = 0.

Besides, note that limε↓0 V2
ε = 0. The required exponential equivalence

then follows, and hence for all H ∈ (0, 1),

(ε2H+b

∫ ·
0

GH
ε (·, s)dZs)

ε>0

∼ LDP(ε4H+2b,ΛGH0
).

The final step is exponential equivalence between V
ε

and (ε2H+b
∫ ·

0
GH
ε (·, s)dZs)ε>0

.

For any δ, t > 0,

P
(∥∥∥∥V ε − ε2H+b

∫ ·
0

GH
ε (·, s)dZs

∥∥∥∥
∞
> δ

)
= P

(∥∥∥∥V ε − ε2H+b

∫ ·
0

eβε
2(·−s)dWH

s

∥∥∥∥
∞
> δ

)
,

= P
(∥∥∥∥−λεbβ (1− eβε

2·)

∥∥∥∥
∞
> δ

)
.

Hence lim supε↓0 ε
4H+2b logP(

∥∥V ε − ε2H+b
∫ ·

0
Gε(·, s)dZs

∥∥
∞ > δ) = −∞,

yielding exponential equivalence and V
ε ∼ LDP(ε4H+2b,ΛGH0

). Finally,

since for any δ > 0,

P
(∥∥V ε − V ε∥∥

∞ > δ
)
≤ P

(
εb |Θ| > δ

)
,

as β < 0, and V
ε

and V ε are exponentially equivalent, and V ε ∼
LDP(ε4H+2b,ΛGH0

) by Assumption AΘ
b .
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Proof of Theorem 19 (ii)

The idea of the proof is the same as the proof of Theorem 13(ii).

(1) H 6= 1
2
: we already established that ε2H+b(ρ̄B⊥ + ρB,WH) satisfies a

large deviations principle on C(T ,R2), with speed ε4H+2b and good rate

function I3 defined earlier.

(2) H = 1
2
: using the proof of Theorem 18, εb+1(ρ̄B⊥ + ρB,B)′ satisfies a

large deviations principle on C(T ,R2), with speed ε2+2b and good rate

function Λρ defined in (1.7).

Similar to above, we only prove the case H 6= 1
2
, the other one being anal-

ogous. We introduce the process X̃ε satisfying the following SDE dX̃ε
t =

− ε2H+1

2
σ̃2(V ε

t )dt + ε2H+bσ̃(V ε
t )(ρdBt + ρ̄dB⊥t ), and translate this large devi-

ations into one for the sequence X̃ε.

Using that for ε > 0 and t ∈ T ∗, V ε
t = εbeβε

2tΘ−λεb

β
(1−eβε

2t)+ε2H+bξ
∫ t

0
eβε

2(t−u)dWH
u ,

one can define a continuous map G̃((0, 1)× C → C), such that (ε2H+b(ρB +

ρ̄B⊥), V ε) = (ε2H+b(ρB + ρ̄B⊥), G̃(ε, ε2H+bWH)(t)). Using AΘ
b and the

asymptotic expansion of the Gaussian density near infinity [1, Formula (26.2.12)],

G̃(ε, ε2H+bWH) is exponentially equivalent to Ĝ0(ε2H+bWH), defined by Ĝ0(ϕ)(t) :=

ξ
∫ t

0
dϕu.

Hence, the Contraction Principle yields an LDP on C(T ,R2) for (ε2H+b(ρB+

ρ̄B⊥), V ε), with speed ε4H+2b and good rate function Ĩ4 : (ϕ, ψ) 7→ inf{I3(ϕ, v) | ψ ∈
C : ψ = Ĝ0(v)}. Under A′b, the extended Contraction Principle [93, Proposi-

tion 2.3] yields an LDP on C(T ,R2) for (ε2H+b(ρB+ρ̄B⊥), σ̃(V ε)), with speed

ε4H+2b and good rate function Ĩ5 : (ϕ, ψ) 7→ inf
{
Ĩ4(ϕ, v) | ψ = σ̃(v)

}
=

inf
{
I3(ϕ, v) | ψ = σ̃(Ĝ0(v))

}
. Finally, for any b > 0, the sequence of semi-

martingales (ε2H+bW ) is UET and the sequence (σ̃(V ε)) is càdlàg (Assump-

tion Ab), and adapted to the filtration F . Theorem 1.2 in [62] thus gives

an LDP on C for the sequence of stochastic integrals ε2H+b
∫ ·

0
σ̃(V ε

s )(ρdBs +

ρ̄dB⊥s ), with speed ε4H+2b and good rate function

I(χ) := inf
{
Ĩ5(ϕ, ψ) : ϕ · ψ = χ, ψ ∈ BV

}
. (1.22)
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We now prove that X̃ε and ε2H+b
∫ ·

0
σ̃(V ε

s )(ρdBs + ρ̄dB⊥s ) are exponentially

equivalent.

P
(∥∥∥∥X̃ε − ε2H+b

∫ ·
0

σ̃(V ε
s )dWs

∥∥∥∥
∞
> δ

)
= P

(∥∥∥∥−1

2

∫ ·
0

(εH+ 1
2 σ̃(V ε

s ))
2
ds

∥∥∥∥
∞
> δ

)
,

= P
(∥∥∥∥∫ ·

0

(σ̃(V ε
s ))2ds

∥∥∥∥
∞
>

2δ

ε2H+1

)
,

≤ P
(∥∥∥∥∫ ·

0

|V ε
s |2ds

∥∥∥∥
∞
>

δ

C2ε2H+1
− 1

)
,

using the growth condition assumption |σ̃(x)| ≤ C(1 + |x|) for x ∈ R.

Since V ε
s = εbeβε

2sΘ+εb λ
β
(eβε

2s−1)+ε2H+bξ
[
WH
s + βε2

∫ s
0
WH
u e−βε

2udu
]

and

β < 0, we obtain for s ∈ T , |V ε
s | ≤ εbeβε

2s|Θ|+εb λ
β

(
eβε

2s − 1
)

+ξε2H+b|WH
s |,

so that

|V ε
s |2 ≤ 2

(
ε2be2βε2sΘ2 + 2ε2b

(
λ

β

)2 (
e2βε2s + 1

)
+ ξ2ε4H+2b|WH

s |2
)
,

(1.23)

and hence
∫ t

0
|V ε
s |2ds ≤ ε2btΘ2 + ε2b

(
λ
β

)2 (
2t− 1

βε2

)
+ ξ2ε4H+2b

∫ t
0
|WH

s |2ds.

Using a similar argument to (1.21), used in the proof of Theorem 13, we

have, for all ε ≤ min{ε̃, ε̄},

P
(∥∥∥∥∫ ·

0

|V ε
s |2ds

∥∥∥∥
∞
>

δ

C2ε2H+
− 1

)
≤ e−M/ε4H+2b

1− η
+
ξ2ε4H+2b

a

1

2H+

,

so that X̃ε and ε2H+b
∫ ·

0
σ̃(V ε

s )(ρdBs + ρ̄dB⊥s ) are exponentially equivalent.

Finally, one can use the same arguments that in Section 1.4.1, replace β by

βε2 and the speed ε2b by ε4H+2b and prove that Xε and X̃ε are exponentially

equivalent. Hence Xε ∼ LDP(ε4H+2b, I).

1.4.3 Proof of Theorem 25

The proof is similar to that of [105, Theorem 2.9], with some minor modi-

fications. One key ingredient in the proof of the theorem is an exponential
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equivalence between (Xε,x)ε>0 and its limit system (as ε tends to zero). In

this proof, we denote Xε by Xε,x to stress the dependence on the starting

point.

Lemma 36. Under Assumption 24, for each R, δ, β > 0, there exists γ, ρ, ε0 >

0 such that

ε2 logP (‖Xε,x − S0(ϕ, u)‖ > δ, ‖εW − ϕ‖ ≤ γ) ≤ −R

holds when ε ≤ ε0 for all u ∈ supp(X0) and all ϕ ∈ H satisfying Λρ(ϕ) ≤ β,

x ∈ Bρ((0, 0)).

Proof. First, introduce the Radon-Nikodym derivative

Dε(ϕ) := exp

{
1

ε

∫
T
ϕ̇sdWs −

1

2ε2

∫
T
‖ϕ̇s‖2ds

}
.

Following [105], consider the family (V
ε
)ε>0 of (unique strong ) solutions

of dV
ε

t = c(ε, t,V
ε

t ,X0)dt + εa(V
ε

t ,X0)dBε
t , for t > 0, with initial condition

V
ε

0 = (0, 0)′ ∈ R2. We denote c(ε, t, x, v) := b(ε, x, v)+a(x, v)ḟt, for x, v ∈ R2,

t ∈ T and ε > 0, and Bε
t := Wt − 1

ε
ḟt, for t ∈ T . Peithmann’s assumptions

are here updated as:

(i) c : (0,∞)× T ×R2 ×R2 → R2 converges to c0 : T ×R2 ×R2 → R2 in

the sense that

lim
ε↓0

∫
T

sup
x∈R2

‖c(ε, t, x, v)− c0(t, x, v)‖dt = 0, for all v ∈ R2.

In particular, note that c0(t, x, v) = a(x, v)ḟt;

(ii) there exists % ∈ L2(T ) such that for all x, v ∈ R2, ‖c(ε, t, x, v)‖ +

‖c0(t, x, v)‖ ≤ %(t), for t ∈ T ;

(iii) there exists κ ∈ L1(T ) such that for all v, x1, x2 ∈ R2, ‖c0(t, x1, v) −
c0(t, x2, v)‖ ≤ κ(t)‖x1 − x2‖ on T .

Partitioning T into {tk := kT
n
}k=0,...,n, set V

ε,n

t := V
ε

tk
for tk ≤ t < tk+1, and

Peithmann’s arguments yield
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(i) for any δ > 0, lim
n↑∞

lim supε↓0 ε
2 logP(‖V ε−V

ε,n‖ > δ) = −∞ uniformly

with respect to v0 ∈ R2;

(ii) given M ε
t := ε

∫
T a(V

ε

s,X0)dWs and M ε,n
t := ε

∫
T a(V

ε,n

s ,X0)dWs, for

all δ > 0,

lim
β↓0

lim sup
ε↓0

ε2 logP (‖M ε −M ε,n‖ > δ, ‖Vε − V ε,n‖ ≤ β) = −∞,

uniformly with respect to n ∈ N, y0 ∈ R2;

(iii) for all δ > 0, limγ↓0 lim supε↓0 ε
2 logP(‖M ε‖ > δ, ‖εW‖ ≤ γ) = −∞;

(iv) let ζ denote the solution of the ordinary differential equation ζ̇t =

c0(t, ζt, Vt) starting from ζ0 = v. For all R > 0, δ > 0, there exists

γ, ρ, ε0 > 0 such that P({‖Vε, ζ‖ > δ} ∩ {‖εW‖ ≤ γ}) ≤ exp (−R/ε2),

for all v0 ∈ R2, v ∈ Bρ(v0) and ε ≤ ε0.

The theorem follows from Girsanov’s theorem with Radon-Nikodym deriva-

tive Dε(f).

We start with the lower bound. For any open subset G of C(T ,R2), let

η > 0 and choose ψ ∈ G such that Iα(ψ) ≤ infψ∈G I
α(ψ) + η. Then, let

u ∈ supp(X0) and ϕ ∈ H such that S0(ϕ, u) = ψ and Λρ(ϕ) = Iα(ψ). Let

δ > 0 such that Bδ(ψ) ⊂ G. Then, for each γ > 0, x ∈ R2,

P(Xε,x ∈ G) ≥ P(‖Xε,x − ψ‖ ≤ δ),

≥ P(‖εW − ϕ‖ ≤ γ)− P(‖Xε,x − ψ‖ > δ, ‖εW − ϕ‖ ≤ γ).

Schilder’s Theorem [39, Theorem 5.2.3], then yields the lower bound

lim inf
ε↓0

ε2P(‖εW − ϕ‖ ≤ γ) ≥ −Λρ(ϕ) = −Iα(ψ) ≥ − inf
ψ∈G

Iα(ψ)− η.

Then, we bound the second probability from above using Lemma 36: fix

β ≥ Λρ(ϕ) and R > infψ∈G I
α(ψ) + η, and find γ, ρ, ε0 > 0 such that, for

x ∈ Bρ((0, 0)′), ε ≤ ε0, the bound ε2 logP(‖Xε,x−ψ‖ > δ, ‖εW−ϕ‖γ) ≤ −R
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holds. These two bounds then imply the required lower bound:

lim
ε↓0

inf
ρ↓0

ε2 log inf
x∈Bρ((0,0)′)

P (Xε,x ∈ G) ≥ min

{
−R,− inf

ψ∈G
Iα(ψ)− η

}
,

= − inf
ψ∈G

Iα(ψ)− η.

We now prove the upper bound. For any closed set F of C(T ,R2), take

β ∈ (0, infψ∈G I
α(ψ)) and R > β. Let u ∈ supp(X0) and ψ ∈ H with

Iα(ψ) ≤ β. We find δ > 0 such that Bδ(ψ) ∩ F = ∅ and ϕ ∈ {Λρ ≤ β} such

that S0(ϕ, u) = ψ. Using Lemma 36, there exists γ, ρ, ε0 > 0 such that for

x ∈ Bρ((0, 0)′), ε ≤ ε0,

ε2 logP(‖Xε,x − ψ‖ > δ, ‖εW − ϕ‖ ≤ γ) ≤ −R.

The set {Bγ(ϕ) : ψ ∈ H, Iα(ψ) ≤ β} forms a cover of the compact set {Λρ(ϕ) ≤
β}, so that we can extract a finite sub-cover {Bγi(ϕi)}i=1,...,k and set A :=

∪ki=1Bγi(fi) and ψi := S0(ϕi, r). For any i = 1, . . . , k, there exist δi, ρi, εi > 0

such that, for any x ∈ Bρi((0, 0)′) and ε ≤ εi,

ε2 logP(‖Xε,x − ψi‖ > δ, ‖εW − ϕi‖ ≤ γ) ≤ −R.

Set ε0 := min {ε1, . . . , εk}, ρ0 := min {ρ1, . . . , ρk}, take ε ≤ ε0 and x ∈
Bρ0((0, 0)′). Since F ∩ Bδi(ψi) = ∅ for every i = 1, . . . , k, we obtain

P(Xε,x ∈ F ) ≤ P(Xε,x ∈ F, εW ∈ A) + P(εW ∈ Ac)

≤
k∑
i=1

P(‖Xε,x − gi‖ > δi, ‖εW − ϕi‖ ≤ γi) + P(εW ∈ Ac)

≤ k exp

(
−R
ε2

)
+ exp

(
− β
ε2

)
,

since Iα(ψi) ≤ β by definition of β. Finally, since R > β, the theorem follows

from the upper bound

lim
ε↓0

sup
ρ↓0

ε2 log sup
x∈Bρ(Xε0)

P (Xε,x ∈ F ) ≤ − inf
ψ∈F

Iα(ψ).
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2
Asymptotics for volatility

derivatives in multi-factor

rough volatility models

In this Chapter, we study the small-time implied volatility smile for Realised

Variance options, and investigate the effect of correlation in multi-factor mod-

els on the linearity of the smile. We also develop an approximation scheme for

the Realised Variance density, allowing fast and accurate pricing of Volatil-

ity Swaps. Additionally, we establish small-noise asymptotic behaviour of a

general class of VIX options in the large strike regime∗.

∗This Chapter is based on a joint work with Aitor Muguruza and Henry Stone. The
theoretical and numerical results presented here have previously appeared in the submitted
paper [90].
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2.1 Introduction

Rough volatility is becoming a new breed in financial modelling by general-

ising Bergomi’s ‘second generation’ stochastic volatility models to a non-

Markovian setting. The most basic form of (lognormal) rough volatility

model is the so-called rough Bergomi model introduced in [13]. Gassiat

[63] recently proved that such a model (under certain correlation regimes)

generates true martingales for the spot process. The lack of Markovianity

imposes numerous fundamental theoretical questions and practical challenges

in order to make rough volatility usable in an industrial environment. On

the theoretical side, Jacquier, Pakkanen, and Stone [82] prove a large devi-

ations principle for a rescaled version of the log stock price process. In this

same direction, Bayer, Friz, Gulisashvili, Horvath and Stemper [14], Forde

and Zhang [52], Horvath, Jacquier and Lacombe [76] and most recently Friz,

Gassiat and Pigato [57] (to name a few) prove large deviations principles for

a wide range of rough volatility models. On the practical side, competitive

simulation methods are developed in Bennedsen, Lunde and Pakkanen [17],

Horvath, Jacquier and Muguruza [77] and McCrickerd and Pakkanen [94].

Moreover, recent developments by Stone [110] and Horvath, Muguruza and

Tomas [79] allow the use of neural networks for calibration; their calibration

schemes are considerably faster and more accurate than existing methods for

rough volatility models.

Crucially, the lack of a pricing partial differential equation imposes a funda-

mental constraint on the comprehension and interpretation of rough volatility

models driven, by Volterra-like Gaussian processes. The only current excep-

tion in the rough volatility literature is the rough Heston model, developed

by El Euch and Rosenbaum [47, 48], which allows a better understanding

through the fractional PDE derived in [48]. Nevertheless, in this work our

attention is turned to the class of models for which such a pricing PDE is

unknown, and hence further theoretical results are required.

Perhaps, options on volatility itself are the most natural object to first anal-

yse within the class of rough volatility models. In this direction, Jacquier,

Martini, and Muguruza [81] provide algorithms for pricing VIX options and
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futures. Horvath, Jacquier and Tankov [78] further study VIX smiles in the

presence of stochastic volatility of volatility combined with rough volatility.

Nevertheless, the precise effect of model parameters (with particular inter-

est in the Hurst parameter effect) on implied volatility smiles for VIX (or

volatility derivatives in general) has not been studied until very recently in

Alòs, Garćıa-Lorite and Muguruza [4].

The main focus of this Chapter is to derive the small-time behaviour of

the realised variance process of the rough Bergomi model, as well as related

but more complicated multi-factor rough volatility models, together with the

small-time behaviour of options on realised variance. These results, which

are interesting from a theoretical perspective, have practical applicability to

the quantitative finance industry as they allow practitioners to better un-

derstand the Realised Variance smile, as well as the effect of correlation on

the smile’s linearity (or possibly convexity). An additional major contribu-

tion of this Chapter is the numerical scheme used to compute the implied

volatility smiles, using an accurate approximation of the rate function from

a large deviations principle. In general rate functions are highly non-trivial

to compute; our method is simple, intuitive, and accurate.

Volatility options are becoming increasingly popular in the financial indus-

try. For instance, VIX options’ liquidity has consistently increased since its

creation by the Chicago Board of Exchange (CBOE). One of the main pop-

ularity drivers is that volatility tends to be negatively correlated with the

underlying dynamics, making it desirable for portfolio diversification. Due

to the appealing nature of volatility options, their modelling has attracted

the attention of many academics such as Carr, Geman, Madan and Yor [27],

Carr and Lee [28] to name a few.

In spite of most of the literature agreeing on the fact that more than a sin-

gle factor is needed to model volatility (see Bergomi’s [19] two-factor model,

Avellaneda and Papanicolaou [6] or Horvath, Jacquier and Tankov [78] for

instance), there is no in-depth analysis on how to construct these (correlated)

factors, nor the effect of correlation on the price of volatility derivatives and

their corresponding implied volatility smiles. In this Chapter, we aim to

understand multi-factor models and analyse the effect of factors in implied
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volatility smiles, which are of great interest to practitioners in the quantita-

tive finance industry.

For a log stock price process X defined as

Xt = −1

2

∫ t

0

vsds+

∫ t

0

√
vsdWs, X0 = 0,

where W is standard Brownian motion, we denote the quadratic variation of

X at time t by 〈X〉t. Then, the core object to analyse in this setting is the

realised variance option with payoff(
1

T

∫ T

0

d〈X〉s −K
)+

, (2.1)

which in turn defines the risk neutral density of the realised variance. In this

work, we analyse the short time behaviour of the implied volatility given by

(2.1) for a number of (rough) stochastic volatility models by means of large

deviation techniques. We specifically focus on the construction of correlated

factors and their effect on the distribution of the realised variance. We find

the results consistent with that of Alòs, Garćıa-Lorite and Muguruza [4],

which also help us characterise in close-form the implied volatility around the

money. Moreover, we also obtain some asymptotic results for VIX options.

While implied volatilities for options on equities are typically convex func-

tions of log-moneyness, giving them their “smile” moniker, implied volatility

smiles for options on realised variance tend to be linear. Options on inte-

grated variance are OTC products, and so their implied volatility smiles are

not publicly available. VIX smiles are, however, and provide a good proxy for

integrated variance smiles; see Figure 2.1 below for evidence of their linearity.

The structure of the Chapter is as follows. Section 2.2 introduces the models,

the rough Bergomi model and two closely related processes, whose small-time

realised variance behaviour we study; the main results are given in Section

2.3. Section 2.4 is dedicated to numerical examples of the results attained

in Section 2.3. In Section 2.5 we introduce a general variance process, which

includes the rough Bergomi model for a specific choice of kernel, and briefly
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Figure 2.1: Implied volatility smiles for Call options on VIX for small maturities, close to
the money. Data provided by OptionMetrics.

investigate the small-noise behaviour of VIX options in this general setting.

Motivated by the numerical examples in Section 2.4, we propose a simple

and very feasible approximation for the density of the realised variance for

the mixed rough Bergomi model (see (2.6)) in Appendix 2.7. The proofs of

the main results are given in Appendix 2.9; the details of the numerics are

given in Appendix 2.6.

2.2 A showcase of rough volatility models

In this section we introduce the models that will be considered in the forth-

coming computations. We shall always work on a given filtered probability

space (Ω, (Ft)t≥0,P). For notational convenience, we introduce

Zt :=

∫ t

0

KH−(s, t)dBs, for any t ∈ T , (2.2)

where H− := H − 1
2
∈
(
−1

2
, 0
)
, B a standard Brownian motion, and where

the kernel KH− : R+ × R+ → R+ reads

KH−(s, t) := η
√

2H(t− s)H− , for all 0 ≤ s < t, (2.3)
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for some strictly positive constant η. Note that, for any t ≥ 0, the map

s 7→ KH−(s, t) belongs to L2(T ), so that the stochastic integral (2.2) is well

defined. We also define an analogous multi-dimensional version of (2.2) by

Zt :=

(∫ t

0

KH−(s, t)dB1
s , ...,

∫ t

0

KH−(s, t)dBm
s

)
:=
(
Z1
t , ...,Zmt

)
, for t ∈ T ,

(2.4)

where B1, ..., Bm are independent Brownian motions.

Model 37 (Rough Bergomi). The rough Bergomi model, where X is the

log stock price process and v is the instantaneous variance process, is then

defined (see [13]) as
Xt = −1

2

∫ t

0

vsds+

∫ t

0

√
vsdWs, X0 = 0,

vt = v0 exp

(
Zt −

η2

2
t2H
)
, v0 > 0,

(2.5)

where the Brownian motion W is defined as W := ρB +
√

1− ρ2B⊥ for

ρ ∈ [−1, 1] and some standard Brownian motion B⊥ independent of B.

Remark 38. The process log v has a modification whose sample paths are

almost surely locally γ-Hölder continuous, for all γ ∈ (0, H) [82, Proposition

2.2].

Model 39 (Mixed rough Bergomi). The mixed rough Bergomi model is given

in terms of log stock price process X and instantaneous variance process v(γ,ν)

as  Xt = −1

2

∫ t

0

v(γ,ν)
s ds+

∫ t

0

√
v

(γ,ν)
s dWs, X0 = 0,

v
(γ,ν)
t = v0

∑n
i=1 γi exp

(
νi
η
Zt − ν2

i

2
t2H−+1

)
, v0 > 0

(2.6)

where γ := (γ1, ..., γn) ∈ [0, 1]n such that
∑n

i=1 γi = 1 and ν := (ν1, ..., νn) ∈
Rn, such that 0 < ν1 < ... < νn.

The above modification of the rough Bergomi model, inspired by Bergomi

[18], allows a bigger slope (hence bigger skew) on the implied volatility of
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variance/volatility options to be created, whilst maintaining a tractable in-

stantaneous variance form. This will be made precise in Section 2.4.2.

Model 40 (Mixed multi-factor rough Bergomi). The mixed rough Bergomi

model is given in terms of log stock price process X and instantaneous vari-

ance process v(γ,ν,Σ) as Xt = −1

2

∫ t

0

v(γ,ν,Σ)
s ds+

∫ t

0

√
v

(γ,ν,Σ)
s dWs, X0 = 0,

v
(γ,ν,Σ)
t = v0

∑n
i=1 γiE

(
νi

η
· LiZt

)
, v0 > 0,

(2.7)

where γ := (γ1, ..., γn) ∈ [0, 1]n such that
∑n

i=1 γi = 1. The vector νi =

(νi1, ..., ν
i
m) ∈ Rm satisfies 0 < νi1 < ... < νim for all i ∈ {1, ..., n}. In

addition, Li ∈ Rm×m is a lower triangular matrix such that LiL
T
i =: Σi is a

positive definite matrix for all i ∈ {1, ..., n}, denoting the covariance matrix.

For all results involving models (2.5), (2.6), and (2.7) we fix T = [0, 1]; minor

adjustments to the proofs yield analogous results for more general T . We

additionally consider H ∈ (0, 1
2
).

Remark 41. In models (2.5)-(2.7), we have considered a flat or constant

initial forward variance curve v0 > 0. However, our framework can be easily

extended to functional forms v0(·) : T 7→ R+ via the Contraction Principle,

see Theorem 10, as long as the mapping is continuous.

Remark 42. The reader may already have realised that the mixed multi-

factor rough Bergomi defined in (2.7) is indeed general enough to cover both

(2.5) and (2.6). However, we provide our theoretical results in an orderly

fashion starting from (2.5) and finishing with (2.7), which we find the most

natural way to increase the complexity of the model.

Remark 43. In place of KH− in (2.2), one may also consider more general

kernels of the form G(t, s) := KH−(t, s)L(t − s) where L ∈ C(0,∞) such

that the stochastic integral is well defined, L(·) is decreasing, hence L is a

slowly-varying function at zero, that is limx→0
L(tx)
L(x)

= 1 for any t > 0.
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2.3 Small-time results for options on integrated variance

We start our theoretical analysis by considering options on realised variance,

which we also refer to as integrated variance and RV interchangeably. We

recall that volatility is not directly observable, nor a tradeable asset. Options

on realised variance, however, exist and are traded as OTC products. Below

are two examples of the payoff structure of such products:

(i)(RV (v)(T )−K)+, (ii)(
√
RV (v)(T )−K)+, where T,K ≥ 0. (2.8)

where we define the following C(T ) operator

RV (f)(·) : f 7→ 1

·

∫ ·
0

f(s)ds, RV (f)(0) := f(0), (2.9)

and v represents the instantaneous variance in a given stochastic volatility

model. Note that RV (v)(0) = v0.

Remark 44. As shown by Neuberger [101], we may rewrite the variance

swap in terms of the log contract as

E[RV (v)(T )] = E
[

1

T

∫ T

0

vsds

]
= E[−2

XT

T
], (2.10)

where E[·] is taken under the risk-neutral measure and S = exp(X) is a

risk-neutral martingale (assuming interest rates and dividends to be null).

Therefore, the risk neutral pricing of RV (v)(T ) or options on it is fully jus-

tified by (2.10).

2.3.1 Small-time results for the rough Bergomi model

Proposition 45. The set HKH−
:= {

∫ ·
0
KH−(s, ·)f(s)ds : f ∈ L2(T )} de-

fines the reproducing kernel Hilbert space for Z with inner product

〈
∫ ·

0

KH−(s, ·)f1(s)ds,

∫ ·
0

KH−(s, ·)f2(s)ds〉HKH−
= 〈f1, f2〉L2(T ).
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Proof. See [82, Theorem 3.1].

Before stating Theorem 46, we define the following function ΛZ : C(T )→ R+

as ΛZ(·) := ΛHKH−
(·), with ΛHKH−

defined in Equation (6).

Theorem 46. The variance process (vε)ε>0 satisfies a large deviations prin-

ciple on C(T ) as ε tends to zero, such that vε ∼ LDP
(
ε2H ,Λv(x)

)
, with

Λv(x) := ΛZ
(

log
(

x
v0

))
, where Λv(v0) = 0 and x ∈ C(T ).

Proof. For t ∈ T , ε > 0, we first define the rescaled processes

Zε
t := εHZt

d
= Zεt,

vεt := v0 exp

(
Zε
t −

η2

2
(εt)2H

)
,

(2.11)

where H ∈ (0, 1
2
). From Schilder’s Theorem and Proposition 45, we have

that the sequence of processes (Zε)ε>0 satisfies a large deviations principle

on C(T ) with speed ε2H and rate function ΛZ . We now prove that the two

sequences of stochastic processes Zε and Z̃ε := Zε−η2

2
(ε·)2H are exponentially

equivalent, as introduced in Definition 8. For each δ > 0 and t ∈ T , there

exists ε∗ := 1
t

(
2δ
η2

)1/2H

> 0 such that

sup
t∈T
|Zε

t − Z̃ε
t | = sup

t∈T
|η

2

2
(εt)2H | ≤ δ,

for all 0 < ε < ε∗. Therefore, for all δ > 0, lim supε↓0 ε
2H logP(‖Zε− Z̃ε‖∞ >

δ) = −∞, and the two processes are indeed exponentially equivalent. Then,

using [39, Theorem 4.2.13], the sequence of stochastic processes (Z̃ε)ε>0 also

satisfies a large deviations principle on C(T ), with speed ε2H and rate function

ΛZ . Moreover, for all ε, t, we have that vεt = v0 exp(Z̃ε
t ), where the bijective

transformation x 7→ v0 exp(x) is clearly continuous with respect to the

sup norm metric. Therefore we can apply the Contraction Principle [39,

Theorem 4.2.1], which is stated in Theorem 10, concluding that the sequence

of processes (vε)ε>0 satisfies a large deviations principle on C(T ) with speed

ε2H and rate function ΛZ
(

log
(

x
v0

))
. Here we have used that, for each ε > 0,
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t ∈ T and x ∈ C(T ), the inverse mapping of the bijection transformation

x 7→ v0 exp(x) is given by log
(

x
v0

)
. Since, for all t ∈ T , vεt and vεt are

equal in law, we conclude the theorem. Notice also that Λv(v0) = ΛZ(0) =

‖0‖2
HKH−

= 0.

Corollary 47. The integrated variance process (RV (v)(t))t∈T satisfies a

large deviations principle on R∗+ as t tends to zero, RV (v)(t) ∼ LDP
(
t2H , Λ̂v

)
with Λ̂v(y) := inf {Λv(x) : y = RV (x)(1)}, where Λ̂v(v0) = 0.

Proof. As proved in Theorem 46, the process (vε)ε>0 satisfies a pathwise large

deviations principle on C(T ) as ε tends to zero. For small perturbations

δv ∈ C(T ), we have

‖RV (v + δv)(t)−RV (δv)(t)‖∞ ≤ sup
t∈T

1

t

∣∣∣∣∫ t

0

δv(s)ds

∣∣∣∣ ≤M,

where M = supt∈T |δv(t)|, which is finite as δv ∈ C(T ). M tends to zero as

δv tend to zero, and hence the operator RV is continuous with respect to

the sup norm on C(T ). Therefore we can apply the Contraction Principle

(see Theorem 10), and consequently the integrated variance process RV (vε)

satisfies a large deviations principle on C(T ) as ε tends to zero. RV (vε)(t) =

RV (v)(εt), for all t ∈ T , and so setting t = 1 and mapping ε to t then

yields the result. By definition, Λ̂v(y) := inf {Λv(x) : y = RV (x)(1)}. If we

choose x ≡ v0 then v0 = RV (x)(1), and Λv(x) = 0. Since Λv is a norm,

it is a non-negative function and therefore Λ̂v(v0) = 0. This concludes the

proof.
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Remark 48. Corollary 47 can be applied to a large number of existing results

on large deviations for (rough) variance processes to get a large deviations re-

sult for the integrated (rough) variance process; for example Forde and Zhang

[52] and Horvath, Jacquier, and Lacombe [76].

Corollary 49. The rate function Λ̂v is continuous.

Proof. Indeed, as a rate function, Λ̂v is lower semi-continuous. Moreover, as

Λv is continuous, one can use similar arguments to [52, Corollary 4.6], and

deduce that Λ̂v is upper semi-continuous, and is hence continuous.

Before stating results on the small-time behaviour of options on integrated

variance, we state that the log integrated variance process logRV (v) satisfies

a large deviations principle on R as t tends to zero, with speed t2H and

rate function Λ̂v(e·). Then, the small-time behaviour of such options can be

obtained as an application of Corollary 47.

Corollary 50. For log moneyness k := log K
RV (v)(0)

6= 0, the following equality

holds true for Call options on integrated variance

lim
t↓0

t2H logE
[(
RV (v)(t)− ek

)+
]

= −I(k), (2.12)

where I is defined as as I(x) := infy>x Λ̂v(ey) for x > 0, I(x) := infy<x Λ̂v(ey)

for x < 0.

Similarly, for log moneyness k := log K√
RV (v)(0)

6= 0,

lim
t↓0

t2H logE
[(√

RV (v)(t)− ek
)+
]

= −Ī(k), (2.13)

where Ī is defined analogously as Ī(x) := infy>x Λ̂v(e2y) for x > 0 and Ī(x) :=

infy<x Λ̂v(e2y) for x < 0.

Proof. The proof of Equation (2.12) is similar to the proof of [52, Corollary

4.9], and we shall prove the lower and upper bound separately, which turn
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out to be equal. Firstly, as the rate function Λ̂v is continuous on C(T ), we

have that, for all k > 0,

lim
t↓0

t2H logP(log[RV (v)(t)] > k) = −I(k),

as an application of Corollary 47.

(1) The proof of the lower bound is exactly the same as presented in [52,

Appendix C] and will be omitted here; we arrive at

lim inf
t↓0

t2H logE
[
(RV (v)(t)− ek)+

]
≥ −I(k).

(2) To establish the upper bound, we apply Hölder’s inequality:

E(RV (v)(t)− ek)+ = E
[
(RV (v)(t)− ek)+11{RV (v)(t)≥ek}

]
,

≤ E
[((

RV (v)(t)− ek
)+
)q]1/q

P(RV (v)(t) ≥ ek)
1−1/q

,

≤ E [(RV (v)(t))q]
1/q P(RV (v)(t) ≥ ek)

1−1/q
,

which holds for all q > 1. Thus,

t2H logE[(RV (v)(t)−ek)+] ≤ t2H

q
logE[(RV (v)(t))q]+t2H(1−1

q
) logP(RV (v)(t) ≥ ek).

(2.14)

We then apply Jensen’s inequality and obtain:

E [(RV (v)(t))q] ≤ 1

tq

∫ t

0

E[vqs ]ds,

≤ vq0
tq

∫ t

0

exp

((
q2η2

2
− qη2

2

)
s2H

)
ds,

≤ vq0
tq−1

exp

((
q2η2

2
− qη2

2

)
t2H
)
.

(2.15)
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Therefore,

lim
q↑∞

lim sup
t↓0

t2H

q
logE [(RV (v)(t))q] ≤ lim

q↑∞
lim sup

t↓0

t2H

q
(q log v0 − (q − 1) log t)

+ lim
q↑∞

lim sup
t↓0

t2H

q

(
q(q − 1)

η2

2
t2H
)
,

= 0.

Hence, we take q ↑ ∞ and t ↓ 0 on both sides of (2.14) and we obtain,

by Corollary 47

lim sup
t↓0

t2H logE
[
(RV (v)(t)− ek)+

]
≤ −I(k).

The conclusion for Equation (2.12) then follows directly.

The proof of Equation (2.13) follows the same steps, after proving that the

process
√
RV (v) satisfies a large deviations principle on R+. Indeed, as the

function x 7→ x2 is a continuous bijection on R+, we have that the square

root of the integrated variance process
√
RV (v) satisfies a large deviations

principle on R+ as t tends to zero, with speed t2H and rate function Λ̂v((·)2),

using [39, Theorem 4.2.4].

As with Call options on stock price processes, we can define and study the

implied volatility of such options. In the case of (2.8)(i) we define the implied

volatility σ̂(T, k) to be the solution to

E[(RV (v)(T )− ek)+] = CBS(RV (v)(0), k, T, σ̂(T, k)), (2.16)

where CBS denotes the Call price in the Black-Scholes model. Using Corollary

50, we deduce the small-time behaviour of the implied volatility σ̂, as defined

in (2.16).

Corollary 51. The small-time asymptotic behaviour of the implied volatility

is given by the following limit, for a log moneyness k 6= 0:

lim
t↓0

t1−2H σ̂2(t, k) =: σ̂2(k) =
k2

2I(k)
.
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Proof. The log integrated variance process logRV (v) satisfies a large devia-

tions principle with speed t2H and rate function Λ̂v(e·), which is continuous.

Therefore, it follows that

lim
t↓0

t2H logP(RV (v)(t) ≥ ek) = −I(k).

In the Black Scholes model, i.e. a geometric Brownian motion with S0 =

RV (v)(0) with constant volatility ξ, we have the following small-time implied

volatility behaviour:

lim
t↓0

ξ2t logP(RV (v)(t) ≥ ek) = −k
2

2
.

We then apply [61, Corollary 7.1] using Corollary 50, identifying ξ ≡ σ̂(k, t),

to conclude.

Remark 52. Notice that the level of implied volatility in Corollary 51 has a

power law behaviour as a function of time to maturity. This power law is of

order
√
t2H−1, which is consistent with the at-the-money RV implied volatility

results by Alòs, Garćıa-Lorite and Muguruza [4], where the order is found to

be tH− using Malliavin Calculus techniques. Recall that H− := H − 1
2
.

2.3.2 Small-time results for the mixed rough Bergomi model

Minor adjustments to Theorem 46 give the following small-time result for the

mixed variance process v(γ,ν) introduced in Model (2.6); the proof is given in

Section 2.9.

Theorem 53. The mixed variance process (v
(γ,ν)
ε )ε>0 satisfies a large devia-

tions principle on C(T ), v
(γ,ν)
ε ∼ LDP

(
ε2H ,Λ(γ,ν)

)
, with

Λ(γ,ν)(x) := inf{ΛZ(
η

ν1

y) : x(·) = v0

n∑
i=1

γie
νi
ν1

y(·)},

satisfying Λ(γ,ν)(v0) = 0.
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By Remark 48, we immediately get the following result for the small-time

behaviour of the integrated mixed variance process RV (v(γ,ν)).

Corollary 54. The integrated mixed variance process (RV
(
v(γ,ν)

)
(t))t∈T

satisfies a large deviations principle on R∗+ as t tends to zero, so that

RV
(
v(γ,ν)

)
(t)) ∼ LDP

(
t2H , Λ̃(γ,ν)

)
, with Λ̃(γ,ν)(y) := inf

{
Λ(γ,ν)(x) : y = RV (x)(1)

}
,

where Λ̃(γ,ν)(v0) = 0.

To get the small-time implied volatility result, analogous to Corollary 51, we

need the following Lemma, which is used in place of (2.15). The remainder

of the proof then follows identically.

Lemma 55. For all t ∈ T and q > 1, we have

E
[(
RV

(
v(γ,ν)

)
(t)
)q] ≤ vq0n

q−1

tq−1
exp

(
(ν∗)2

2η2

(
q2 − q

)
t2H

)
,

where ν∗ := max{ν1, · · · , νn}.

Proof. First we note that by Hölder’s inequality (
∑n

i=1 xi)
q ≤ nq−1

∑n
i=1(xi)

q,

for xi > 0. Since, γi ≤ 1 for i = 1, ..., n, we obtain

E
[(
RV

(
v(γ,ν)

)
(t)
)q] ≤ vq0

tq
nq−1

n∑
i=1

∫ t

0

E
[
exp

(
qνi
η
Zs −

qν2
i

2η2
s2H

)]
ds,

≤ vq0
tq−1

nq−1

n∑
i=1

exp

(
ν2
i

2η2

(
q2 − q

)
t2H
)
.

Choosing ν∗ = max{ν1, ..., νn} the result directly follows.

Corollary 56. For log moneyness k := log K
RV (v(γ,ν))(0)

6= 0, the following

equality holds true for Call options on integrated variance in the mixed rough

Bergomi model:

lim
t↓0

t2H logE
[(
RV (v(γ,ν))(t)− ek

)+
]

= −I(k), (2.17)

where I is defined as I(x) := infy>x Λ̃(γ,ν)(ey) for x > 0, I(x) := infy<x Λ̃(γ,ν)(ey)

for x < 0.
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Similarly, for log moneyness k := log K√
RV (v(γ,ν))(0)

6= 0,

lim
t↓0

t2H logE

[(√
RV (v(γ,ν))(t)− ek

)+
]

= −Ī(k), (2.18)

where Ī is defined analogously as Ī(x) := infy>x Λ̃(γ,ν)(e2y) for x > 0 and

Ī(x) := infy<x Λ̃(γ,ν)(e2y) for x < 0.

Proof. Follows directly from Lemma 55 and proof of Corollary 50.

The small-time implied volatility behaviour for the mixed rough Bergomi

model is then given by Corollary 51, where the function I is defined in terms

of the rate function Λ̃(γ,ν), as in Corollary 56, in this case.

2.3.3 Small-time results for the multi-factor rough Bergomi

model

The small-time behaviour of the multi-factor rough Bergomi model (2.7) can

then be obtained; see Theorem 57 below; note that Λm is the rate function

associated to the reproducing kernel Hilbert space of the measure induced

by (B1, · · · , Bm) on C(T ,Rm).

Theorem 57. The variance process in the multi-factor rough Bergomi model(
v

(γ,ν,Σ)
t

)
t∈T

satisfies a large deviations principle on R∗+ at t tends to zero,(
v

(γ,ν,Σ)
t

)
∼ LDP

(
t2H ,Λ(γ,ν,Σ)

)
, with

Λ(γ,ν,Σ)(y) := inf

{
Λm(x) : x ∈ Hm, y = v0

n∑
i=1

γi exp

(
νi

η
· Lix(1)

)}
,

satisfying Λ(γ,ν,Σ)(v0) = 0.

Proof. We begin by introducing a small-time rescaling of (2.7) for ε > 0, so
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that the system becomes

v
(γ,ν,Σ,ε)
t := v

(γ,ν,Σ)
εt = v0

n∑
i=1

γiE
(
νi

η
· LiZεt

)
, (2.19)

with the rescaled process Zεt := Zεt defined as

Zεt = εH
(∫ t

0

KH−(s, t)dB1
s , ...,

∫ t

0

KH−(s, t)dBm
s

)
.

The m-dimensional sequence of processes (εH(B1, · · · , Bm))ε>0 satisfies a

large deviations principle on C(T ,Rm) as ε goes to zero with speed ε2H and

rate function Λm defined by Λm(x) := 1
2
‖x‖2

2 for x ∈Hm and +∞ otherwise,

by Schilder’s Theorem, recalled in Theorem 11. Hm is the reproducing kernel

Hilbert space of the measure induced by (W1, · · · ,Wm) on C(T ,Rm), defined

as

Hm :=

{
(g1, · · · , gm) ∈ C(T ,Rm) : gi(t) =

∫ t

0

f i(s)ds, f i ∈ L2(T ) for all i ∈ 1 · · ·m
}
.

Then, using an extension of the proof of [76, Theorem 3.3], for i = 1, · · · , n,

the sequence of m-dimensional processes (LiZε· )ε>0 satisfies a large devia-

tions principle on C(T ,Rm) as ε tends to zero with speed ε2H and rate

function y 7→ inf {Λm(x) : x ∈Hm, y = Lix} with Li the lower triangular

matrix introduced in Model (2.7). Consequently, for i = 1, · · · , n each

(one-dimensional) sequence of processes
(
νi

η
· LiZε·

)
ε>0

also satisfies a large

deviations principle as ε tends to zero, with speed ε2H and rate function

ΛΣi(y) := inf
{

Λm(x) : x ∈Hm, y = νi

η
· Lix

}
.

Analogously to Theorem 46, each sequence of processes
(
νi

η
· LiZε·

)
ε>0

and(
νi

η
· LiZε· − 1

2
νiΣiν

i(ε·)2H
)
ε>0

are exponential equivalent for i = 1 · · ·n ;

therefore they satisfy the same large deviations principle with the same speed

ε2H and the same rate function ΛΣi .
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We now define the operator gγ : C(T ,Rn)→ C(T ) as

gγ(x)(·) := v0

n∑
i=1

γi exp

(
νi

η
· x(·)

)
,

with x := (x1, · · · , xn). For small perturbations δ1, · · · , δn ∈ C(T ) with

δ := (δ1, · · · , δn), we have that

sup
t∈T
|gγ(x + δ)(t)− gγ(x)(t)| = sup

t∈T

∣∣∣∣∣v0

n∑
i=1

γi exp(
νi

η
· (x(t) + δ(t)))− exp(

νi

η
· x(t))

∣∣∣∣∣ ,
≤ sup

t∈T
|v0|

n∑
i=1

∣∣∣∣exp(
νi

η
· x(t))(exp(δ(t))− 1)

∣∣∣∣ .
The right-hand side tends to zero as δ1, · · · , δn tends to zero; thus the opera-

tor gγ is continuous with respect to the sup-norm ‖·‖∞ on C(T ). Using that

v
(γ,ν,Σ,ε)
t = gγ(ν

i

η
· LiZε· − 1

2
νiΣiν

i(ε·)2H)(t) for each ε > 0 and t ∈ T , we can

apply the Contraction Principle then yields that the sequence of processes

(v(γ,ν,Σ,ε))ε>0 satisfies a large deviations principle on C(T ) as ε tends to zero,

with speed ε2H and rate function

y 7→ inf

{
ΛΣi(x) : y = v0

n∑
i=1

γi exp

(
νi

η
· x
)}

,

= inf

{
Λm(x) : x ∈ Hm, y = v0

n∑
i=1

γi exp

(
νi

η
· Lix

)}
.

As with the previous two models we have that, for all ε > 0 and t ∈ T ,

v
(γ,ν,Σ,ε)
t and v

(γ,ν,Σ)
εt are equal in law and so the result follows directly.

As with the mixed variance process, Remark 48 gives us the following small-

time result for RV (v(γ,ν,Σ)).
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Corollary 58. The integrated variance process (RV
(
v(γ,ν,Σ)

)
(t))t∈T in the

multi-factor Bergomi model satisfies a large deviations principle on R∗+ as t

tends to zero, RV
(
v(γ,ν,Σ)

)
(t)) ∼ LDP

(
t2H , Λ̃(γ,ν,Σ)

)
, with

Λ̃(γ,ν,Σ)(y) := inf
{

Λ(γ,ν,Σ)(x) : y = RV (x)(1)
}
,

where Λ̃(γ,ν,Σ)(v0) = 0.

We now establish the small-time behaviour for Call options on realised vari-

ance in Corollary 60, by adapting the proof of Corollary 50 as in the previous

subsection. To do so we use Lemma 59 in place of (2.15). Then we attain the

small-time implied volatility behaviour for the multi-factor rough Bergomi

model in Corollary 51, where the function I is given by Corollary 60.

Lemma 59. For all t ∈ T and q > 1, we have

E
[(
RV

(
v(γ,ν,Σ)

)
(t)
)q] ≤ vq0n

q−1

tq−1
exp

(
(ν∗)2

2η2

(
q2 − q

)
t2H
)
,

where ν∗ = max{ν1, ..., νn}.

Proof. First we note that by Hölder’s inequality (
∑n

i=1 xi)
q ≤ nq−1

∑n
i=1(xi)

q,

for xi > 0. Since, γi ≤ 1 for i = 1, ..., n, we obtain

E
[(
RV

(
v(γ,ν,Σ)

)
(t)
)q] ≤ vq0

tq
nq−1

n∑
i=1

∫ t

0

E
[
E
(
νi

η
· LiZs

)q]
ds,

≤ vq0
tq−1

nq−1

n∑
i=1

exp

(
ν2
i

2η2

(
q2 − q

)
t2H
)
.

Choosing ν∗ = max{ν1, ..., νn} the result directly follows.
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Corollary 60. For log moneyness k := log K
RV (v(γ,ν,Σ))(0)

6= 0, the following

equality holds true for Call options on integrated variance in the multi-factor

rough Bergomi model:

lim
t↓0

t2H logE
[(
RV (v(γ,ν,Σ))(t)− ek

)+
]

= −I(k), (2.20)

where I is defined as I(x) := infy>x Λ̃(γ,ν,Σ)(ey) for x > 0, I(x) := infy<x Λ̃(γ,ν,Σ)(ey)

for x < 0.

Similarly, for log moneyness k := log K√
RV (v(γ,ν,Σ))(0)

6= 0,

lim
t↓0

t2H logE

[(√
RV (v(γ,ν,Σ))(t)− ek

)+
]

= −Ī(k), (2.21)

where Ī is defined analogously as Ī(x) := infy>x Λ̃(γ,ν,Σ)(e2y) for x > 0 and

Ī(x) := infy<x Λ̃(γ,ν,Σ)(e2y) for x < 0.

Proof. Follows directly from Lemma 59 and the proof of Corollary 50.
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2.4 Numerical results

In this section we present numerical results for each of the three models given

in Section 2.2. We also analyse the effect of each parameter in the implied

volatility smile. Numerical experiments and codes are provided on GitHub:

LDP-VolOptions .

2.4.1 RV smiles for rough Bergomi

We begin with numerical results for the rough Bergomi model (2.5) using

Corollary 51. For the detailed numerical method we refer the reader to

Section 2.6. In Figure 2.2, we represent the rate function given in Corollary

47, which is the fundamental object to compute numerically. In particular,

we notice that Λ̂v is convex; a rigorous mathematical proof of this statement

is left for future research.

Figure 2.2: Rate function Λ̂v for different values of H.
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Figure 2.3: Comparison of Monte Carlo computed implied volatilities (straight lines) and
LDP based implied volatilities (stars), in the rough Bergomi model, for different values of
H− =: α and maturities T . We set η = 2 and v0 = 0.04; for Monte Carlo we use 200, 000

simulations and ∆t = 1
1008 .
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More interestingly, in Figure 2.3 we provide a comparison of Corollary 51

with respect to a benchmark generated by Monte Carlo simulations, and see

all smiles to follow a linear trend. An example of the confidence intervals

associated with the simulations is displayed in Figure 2.5. In particular,

we notice that Corollary 51 provides a surprisingly accurate estimate, even

for relatively large maturities. As a further numerical check, in Figure 2.4

we compare our results with the close-form at-the-money asymptotics given

by Alòs, Garćıa-Lorite and Muguruza [4] and once again find the correct

convergence, suggesting a consistent numerical framework.

Figure 2.4: Comparison of Alòs, Garćıa-Lorite and Muguruza [4] at-the-money implied
volatility asymptotics and LDP based implied volatilities for different values of H−, in the
rough Bergomi model, with η = 1.5 and v0 = 0.04.

Figure 2.5: Confidence intervals (dashed lines) associated with the Monte Carlo simula-
tions, for H = 0.3 and different maturities T . We set η = 2 and v0 = 0.04; for Monte Carlo
we use 200, 000 simulations and ∆t = 1

1008 .
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2.4.2 RV smiles for mixed rough Bergomi

We now consider the mixed rough Bergomi model (2.6) in a simplified form

given by vt = v0 (γ1E(ν1Zt) + γ2E(ν2Zt)). In Figure 2.6, we observe that a

constraint of the type γ1ν1 + γ2ν2 = 2 in the mixed variance process (2.6)

allows us to fix the at-the-money implied volatility at a given level, whilst

generating different slopes for different values of (ν1, ν2, γ1, γ2); as in Figure

2.3, we see that the smiles generated follow a linear trend. This is again

consistent with the results found in [4].

Figure 2.6: Comparison of LDP based implied volatilities for different values of
(ν1, ν2, γ1, γ2) in the mixed rough Bergomi process (2.6) such that γ1ν1 + γ2ν2 = 2,
with H− = −0.4.

Remark 61. At this point it is important to note that the mixed rough

Bergomi model 2.6 allows both the at-the-money implied volatility and its

skew to be controlled through (γ, ν), whilst in the rough Bergomi model (2.5)

there is not enough freedom to arbitrarily fit both quantities. Remarkably, we

observe a linear pattern in Figures 2.3-2.6 for around the money strikes. In

Section 2.7, we provide an approximation scheme for the realised variance

density based on the assumption of linear smiles.

2.4.3 RV smiles for mixed multi-factor rough Bergomi

We conclude our analysis by introducing the correlation effect in the implied

volatility smiles, by considering the mixed multi-factor rough Bergomi model
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(2.7). We shall consider the following two simplified models for instantaneous

variance

vt = E
(
ν

∫ t

0

(t− s)H−dBs + η

(
ρ

∫ t

0

(t− s)H−dBs +
√

1− ρ2

∫ t

0

(t− s)H−dB⊥s

))
,

(2.22)

vt =
1

2

(
E
(
ν

∫ t

0

(t− s)H−dBs

)
+ E

(
η

(
ρ

∫ t

0

(t− s)H−dBs +
√

1− ρ2

∫ t

0

(t− s)H−dB⊥s

)))
,

(2.23)

where B and B⊥ are independent standard Brownian motions and ν, η > 0.

On one hand, Figure 2.7 shows the implied volatility smiles corresponding to

(2.22). We conclude that adding up correlated factors inside the exponential

does not change the behaviour of implied volatility smiles, and they still have

a linear form around the money. Moreover, in this context [4] results still

hold and we provide the asymptotic benchmark in Figure 2.7 to support our

numerical scheme. On the other hand, Figure 2.8 shows the implied volatility

smiles corresponding to (2.23), which are evidently non-linear around the

money in the negatively correlated cases. Consequently, we can see that

having a sum of exponentials, each one driven by a different (fractional)

Brownian motion does indeed affect the behaviour of the convexity in the

implied volatility around the money. We further superimpose a linear trend

on top of the smiles in Figure 2.9 to clearly show the effect of correlation in

the convexity of the smiles.

Remark 62. Despite the empirical evidence given in Figure 2.1, the commit-

ment to linear smiles from a modelling perspective is strong. The simplified

mixed multi-factor rough Bergomi model (2.23), however, is sufficiently flex-

ible to generate both linear (ρ ≥ 0) and nonlinear (ρ < 0) smiles.
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Figure 2.7: Rate function and corresponding implied volatilities for the model (2.22), with
(H−, ν, η) = (−0.4, 0.75, 0.75).

Figure 2.8: Rate function and corresponding implied volatilities for the model (2.23) with
(H−, ν, η) = (−0.4, 1.0, 3.0).

Figure 2.9: Implied volatilities and superimposed linear smiles for the model (2.23), with
(H−, ν, η) = (−0.4, 1.0, 3.0).
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2.5 Options on VIX

Although options on realised variance are the most natural core modelling

object for stochastic volatility models, in practice the most popular variance

index is the VIX. In this section we therefore turn our attention to the VIX

and VIX options and study their asymptotic behaviour. For this section, we

fix T := [0, T ]. Let us now consider the following general model (vt)t≥0 for

instantaneous variance:

vt = ξ0(t)E
(∫ t

0

g(t, s)dBs

)
, (2.24)

with ξ0(·) > 0 the initial forward variance curve. Then, the VIX process is

given by

VIXT =

√
1

∆

∫ T+∆

T

E[vt|FT ]ds.

We introduce the following stochastic process (V g,T )t∈[T,T+∆], for notational

convenience, as

V g,T
t :=

∫ T

0

g(t, s)dBs, (2.25)

and assume that the mapping s 7→ g(t, s) is in L2(T ) for all t ∈ [T, T + ∆]

such that the stochastic integral in (2.25) is well-defined.

Proposition 63. The VIX dynamics in model (2.24), where the volatility of

volatility is denoted by ν, are given by

VIX2
T,ν :=

1

∆

∫ T+∆

T

ξ0(t) exp

(
νV g,T

t − ν2

2
E[(V g,T

t )2]

)
dt.

Proof. Follows directly from [81, Proposition 3.1].

We now define the following L2(T ) operator Ig,T : L2(T )→ C[T, T +∆], and

space H g,T as

Ig,Tf(·) :=

∫ T

0

g(·, s)f(s)ds, H g,T := {Ig,Tf : f ∈ L2(T )}, (2.26)
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where the space H g,T is equipped with the following inner product

〈Ig,Tf1, Ig,Tf2〉H g,T := 〈f1, f2, 〉L2(T ). Note that the function g must be such

that the operator Ig,T is injective so that that inner product 〈·, ·〉H g,T on

H g,T is well-defined.

Proposition 64. Assume that there exists h ∈ L2(T ) such that
∫ ε

0
|h(s)|ds <

+∞ for some ε > 0 and g(t, ·) = h(t− ·) for any t ∈ [T, T + ∆]. Then, the

space H g,T is the reproducing kernel Hilbert space for the process (V g,T
t )t∈[T,T+∆].

Proof. See Section 2.9.

Theorem 65. For any γ > 0, the sequence of stochastic processes (εγ/2V g,T )ε>0

satisfies a large deviations principle on C[T, T+∆] as ε goes to zero, εγ/2V g,T ∼
LDP

(
εγ,ΛV

)
, with ΛV , defined as

ΛV (x) :=


1

2
‖x‖2

H g,T , if x ∈H g,T ,

+∞, otherwise.
(2.27)

Proof. Direct application of the generalised Schilder’s Theorem [42, Theorem

3.4.12].

Remark 66. We now introduce a Borel subset of C[T, T + ∆], defined as

A := {g ∈ C[T, T + ∆] : g(x) ≥ 1 for all x ∈ R}. Then, by a simple

application of Theorem 65 and using that the rate function ΛV is continuous

on A, we can obtain then obtain the following tail behaviour of the process

V g,T :

lim
ε↓0

εγ logP
(
V g,T
t ≥ 1

εγ/2

)
= − inf

g∈A
ΛV (g), (2.28)

for any γ > 0 and t ∈ [T, T + ∆] fixed.

Remark 67. Let us again fix the kernel g as the rough Bergomi kernel and

denote the corresponding reproducing kernel Hilbert space by H η,H−,T and

the corresponding process V g,T as V η,H−,T . If x ∈ H η,H−,T it follows that

there exists f ∈ L2(T ) such that x(t) =
∫ T

0
η
√

2H(t − s)H−f(s)ds for all

t ∈ [T, T + ∆]. Clearly, it follows that x ∈ H aη,H−,T for any a > 0, as
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f ∈ L2(T ) implies that 1
a
f =: fa ∈ L2(T ). We can compute the norm of x

in each of these spaces to arrive at the following isometry:

‖x‖2
H aη,H−,T = ‖fa‖2

L2[0,T ] =
1

a2

∫ T

0

f 2(s)ds =
1

a2
‖x‖2

H η,H−,T . (2.29)

We may now amalgamate (2.27), (2.28), and (2.29) to arrive at the following

statement, which tells us how the large strike behaviour scales with the vol-

of-vol parameter η in the rough Bergomi model:

lim
ε↓0

εγ logP

(
V
aη,H−,T
t ≥ 1

εγ/2

)
= lim

ε↓0
εγ log

(
P

(
V
η,H−,T
t ≥ 1

εγ/2

)1/a2
)

(2.30)

Indeed, (2.30) tells us precisely how increasing the vol-of-vol parameter η mul-

tiplicatively by a factor a in the rough Bergomi model increases the probability

that the associated process V g,T will exceed a certain level.

Before stating the main theorem of this section, we first define the following

rescaled process:

V g,T,ε
t := εγ/2V g,T

t , Ṽ g,T,ε
t := V g,T,ε

t − εγ

2

∫ t

0

g2(t, u)du+ εγ/2, (2.31)

for ε ∈ [0, 1], t ∈ [T, T+∆]. We also define the following C ([T, T + ∆]× [0, 1])

operators ϕ1,ξ0 , ϕ2, which map to C ([T, T + ∆]× [0, 1]) and C[0, 1] respec-

tively, as

(ϕ1,ξ0f)(s, ε) := ξ0(s) exp(f(s, ε)), (ϕ2g)(ε) :=
1

∆

∫ T+∆

T

g(s, ε)ds. (2.32)

Note that in the definition of ϕ1,ξ0 in (2.32) we assume ξ0 to be a continuous,

single valued, and strictly positive function on [T, T + ∆]. This then implies

that for every s ∈ [T, T + ∆], the map ε 7→ (ϕ1,ξ0f)(s, ε) is a bijection and

hence has an inverse, denoted by ϕ−1
1,ξ0

, which is defined as (ϕ−1
1,ξ0
f)(s, ε) :=

log
(
f(s,ε)
ξ0(s)

)
.
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Theorem 68. For any γ > 0, the sequence of rescaled VIX random variables

(eε
γ/2

VIXT,εγ/2)ε∈[0,1] satisfies a pathwise large deviations principle on C[0, 1],

eε
γ/2

VIXT,εγ/2 ∼ LDP
(
εγ,ΛVIX

)
, with

ΛVIX(x) := inf
s∈[T,T+∆]

{
ΛV

(
log

(
y(s, ·)
ξ0(s)

))
: x(·) = (ϕ2y)(·)

}
.

Proof. See Appendix 2.9.

Remark 69. Using Theorem 68, we can deduce the small-noise, large strike

behaviour of VIX options. Indeed, for the Borel subset A of C[T, T + ∆]]

introduced in Remark 66 we have that

lim
ε↓0

εγ logP
(
V IXT,εγ/2 ≥ e−ε

γ/2
)

= − inf
g∈A

ΛVIX(g),

for any γ > 0.

2.6 Numerical recipes

We first consider the simple rough Bergomi (2.5) model for sake of simplicity

and further develop the mixed multi-factor rough Bergomi (2.7) model in

Section 2.6.3 (which also includes (2.6)). Therefore, we tackle the numerical

computation of the rate function

Λ̂v(y) := inf {Λv(x) : y = RV (x)(1)} .

This problem, in turn, is equivalent to the following optimisation:

Λ̂v(y) := inf
f∈L2[0,1]

{
1

2
||f ||2 : y = RV

(
exp

(∫ ·
0

KH−(u, ·)f(u)du

))
(1)

}
.

(2.33)

A natural approach is to consider a class of functions that is dense in L2[0, 1].

The Stone-Weierstrass theorem states that any continuous function on a

closed interval can be uniformly approximated by a polynomial function.
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Consequently, we consider a polynomial basis,

f̂ (n)(s) =
n∑
i=0

ais
i

such that {f̂ (n)}ai∈R is dense in L2[0, 1] as n tends to +∞. Problem (2.33)

may then be approximated via

inf
a∈Rn+1

{
1

2
||f̂ (n)||2 : y = RV

(
exp

(∫ ·
0

KH−(u, ·)f̂ (n)du(u)

))
(1)

}
,

where a = (a0, ..., an). In order to obtain the solution, first the constraint y =

RV
(

exp
(∫ ·

0
KH−(u, ·)f̂ (n)(u)du

))
(1) needs to be satisfied. To accomplish

this, we consider anchoring one of the coefficients in f̂ (n) such that

a∗i = argmin
ai∈R

{(
y −RV

(
exp

(∫ ·
0

KH−(u, ·)f̂ (n)(u)du

))
(1)

)2
}

(2.34)

and the constraint will be satisfied for all combinations of the vector a∗ =

(a0, ..., ai−1, a
∗
i , ai+1, ..., an). Numerically, (2.34) is easily solved using a few

iterations of the Newton-Raphson algorithm. Then we may easily solve

inf
a∗∈Rn+1

{
1

2
||f̂ (n)||2

}
which will converge to the original problem (2.33) as n tends to infinity. The

polynomial basis is particularly convenient since we have that

RV

(
exp

(∫ ·
0

KH−(u, ·)f̂ (n)(u)du

))
(1)

=

∫ 1

0

exp

(
η
√

2H
n∑
i=0

ais
H++i

2F1(i+ 1,−H−, i+ 2, 1)

i+ 1

)
ds,

(2.35)

where 2F1 denotes the Gaussian hypergeometric function. In particular one

may store the values {2F1 (i+ 1,−H−, i+ 2, 1))}ni=0 in the computer memory
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and reuse them through different iterations. In addition, the outer integral

in (2.35) is efficiently computed using Gauss-Legendre quadrature i.e.

RV

((∫ ·
0

KH−(u, ·)f̂ (n)(u)du

))
(1)

≈ 1

2

m∑
k=1

exp

(
η
√

2H
n∑
i=1

ai
(

1
2
(1 + pk)

)H++i
2F1(i+ 1,−H−, i+ 2, 1)

i+ 1

)
wk,

where {pk, wk}mk=1 are m-th order Legendre points and weights respectively.

2.6.1 Convergence analysis of the numerical scheme

In Figure 2.10 we report the absolute differences |Λ̂v
n+1(y)− Λ̂v

n(y)|, for which

we observe that the distance decreases as we increase n, the degree of the

approximating polynomial. We must enphasize that both numerical routines

performing the minimisation steps have a default tolerance of 10−8, hence

we cannot expect to obtain higher accuracies than the tolerance and that is

why Figure 2.10 becomes noisy once this acuracy is obtained. We note that

in Figure 2.10 we observe a fast convergence, and with just n = 5 we usually

obtain accuracy of 10−5.

2.6.2 A tailor-made polynomial basis for rough volatility

We may improve the computation time of the previous approach by con-

sidering a tailor-made polynomial basis. In particular, recall the following

relation ∫ s

0

KH−(u, s)ukdu =
uH++k

2F1(k + 1,−H−, k + 2)

k + 1
,

then, for k = −H− − 1 we obtain∫ s

0

KH−(u, s)u−H−−1du =
2F1(−H−,−H−, 1−H−, 1)

−H−
,

which in turn is a constant that does not depend on the upper integral

bound s.
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Figure 2.10: Absolute difference of subsequent approximating polynomials |Λ̂v
n+1(y) −

Λ̂v
n(y)|

Proposition 70. Consider the basis ĝ(n)(s) = cs−H−−1 +
∑n

i=0 ais
i where

c ∈ R. Then, for c = c∗ with

c∗ =
−H−

η
√

2H2F1(−H−,−H−, 1−H−, 1)

× log

 y∫ 1

0
exp

(
η
√

2H(
∑n

i=0
ais

H++i
2F1(i+1,−H−,i+2,1)

i+1

)
ds

 ,

ĝ(n)(s) solves (2.34).
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Proof. We have that

RV

(∫ ·
0

KH−(u, ·)ĝ(n)(u)du

)
(1) = exp

(
η
√

2H

−H−
2F1 (−H−,−H−, 1−H−, 1)

)

×
∫ 1

0

exp

(
η
√

2H
n∑
i=0

ais
H++i

2F1 (i+ 1,−H−, i+ 2, 1)

i+ 1

)
ds,

and the proof trivially follows by solving y = RV
(∫ ·

0
KH−(u, ·)ĝ(n)(u)du

)
(1).

Remark 71. Notice that Proposition 70 gives a semi-closed form solution

to (2.34). Then, we only need to solve

inf
(a0,...,an)∈Rn+1

{
1

2
||ĝ(n)||2 : c = c∗

}
in order to recover a solution for (2.33).

Remark 72. Notice that u−H−−1 /∈ L2[0, 1], however u−H−−111{u>ε} ∈ L2[0, 1]

for all ε > 0. Moreover,∫ s

0

KH−(s, u)u−H−−111{u>ε}du =
2F1(−H−,−H−, 1−H−, 1)

−H−

−
ε−H−sH− 2F1(−H−,−H−, 1−H−, εt )

−H−
,

=
2F1(−H−,−H−, 1−H−, 1)

−H−
+O(ε−H−),

hence for ε sufficiently small the error is bounded as long as H− 6= 0. In our

applications we find that this method behaves nicely for H− ∈ (−0.5,−0.05].

In Figure 2.11 we provide precise errors and we observe that the convergence

is better for small H− (which is rather surprising behaviour, as the converse

is true of other approximation schemes when the volatility trajectories become

more rough) as well as strikes around the money. Moreover, the truncated

basis approach constitutes a 30-fold speed improvement in our numerical tests.

As benchmark we consider the standard numerical algorithm introduced in

(2.34), with accuracy measured by absolute error.
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Figure 2.11: Absolute error of the rate function. We consider the truncated basis approach
against the standard polynomial basis with η = 1.5, v0 = 0.04 and different values of H−.

2.6.3 Multi-Factor case

The correlated mixed multi-factor rough Bergomi (2.7) model requires a

slightly more complex setting. By Corollary 58 the rate function that we

aim at is given by following multidimensional optimisation problem:

Λ̂(v,Σ)(y) := inf
(f1,...,fn)∈L2[0,1]

{
1

2

n∑
i=1

||fi||2 : y = RV

(
m∑
i=1

γi exp

(
νi

η
· Σif

KH−
.

)
u

)
(1)

}
,

(2.36)

where fKH−. =
(∫ ·

0
KH−(u, ·)f1(u)du, ...,

∫ ·
0
KH−(u, ·)fn(u)du

)
. The approach

to solve this problem is similar to that of (2.33). Nevertheless, in order to

solve (2.36) we shall use a multi-dimensional polynomial basis

(
f̂

(p)
1 (s), ..., f̂ (p)

n (s)
)

=

(
p∑
i=0

a1
i s
i, ...,

p∑
i=0

ani s
i

)
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such that each f̂
(p)
i (s) for i ∈ {1, ..., n} is dense as p tends to +∞ in L2[0, 1]

by Stone-Weierstrass Theorem. Then we may equivalently solve

inf
(a1

0,...,a
1
p,...,a

n
0 ,...,a

n
p )∈R(p+1)n

{
1

2

n∑
i=1

||f̂ (p)
i ||2 : y = RV

(
m∑
i=1

γi exp

(
νi

η
· Σîf

(KH− ,p)
.

)
u

)
(1)

}
,

(2.37)

where f̂(KH− ,p). =
(∫ ·

0
KH−(u, ·)f̂ (p)

1 (u)du, ...,
∫ ·

0
KH−(u, ·)f̂ (p)

n (u)du
)

. Then as

p tends to +∞, (2.37) will converge to the original problem (2.36). In or-

der to numerically accelerate the optimisation problem in (2.37), we anchor

coefficients (a1
0, ...., a

n
0 ) to satisfy the constraint y = RV (·)(1) (same way we

did in the one dimensional case), that is

a∗ := inf
(a1

0,....,a
n
0 )∈Rn


(

y −RV

(
m∑
i=1

γi exp

(
νi

η
· Σif

KH−
.

)
u

)
(1)

)2


where a∗ = (a1∗
0 , ..., a

n∗
0 ) and one may use (2.35) and Gauss-Legendre quadra-

ture to efficiently compute RV (·)(1). Then, the constraint will always be

satisfied by construction and instead we may solve

inf
(a1∗

0 ,a1
1...,a

1
p,...,a

n∗
0 ,an1 ,...,a

n
p )∈R(p+1)n

{
1

2

n∑
i=1

||f̂ (p)||2
}
. (2.38)

2.7 Approximating the density of realised variance in the mixed

rough Bergomi model

Keller-Ressel and Muhle-karbe [88] defined a discretely sampled realised vari-

ance and proposed a method to approximate the price of options on realised

variance (RV), based on calculating the price of the option on the quadratic

variation using Fourier-Laplace methods. They also determined the exact

price of options on realised variance in exponential Lévy models. In our non-

affine stochastic volatility setting, and in light of the numerical results shown

in Section 2.4 (see Figures 2.3-2.7) we identify a clear linear trend in the im-

plied volatility smiles generated by both the rough Bergomi and mixed rough

Bergomi models. Therefore, it is natural to postulate the following conjec-
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tured approximation of log-linear smiles and obtain an approximation of the

density of RV (v(γ,ν))(T ). This conjectured approximation then enables us

to price Volatility Swap options in a non-affine stochastic volatility setting

and thus extend results on pricing options on realised variance to the rough

Bergomi and mixed rough Bergomi models.

Approximation 73. The implied volatility of realised variance options in

the mixed rough Bergomi (2.6) model is linear in log-moneyness, and takes

the following form:

σ̂(K,T ) =

(
T 2H

(
a(H−, γ, ν) + b(H−, γ, ν) log

(
K

RV (v)(0)

)))+

,

where

a(H−, γ, ν) =

√
2H
∑n

i=1 γiνi
H+

√
2H− + 3

,

b(H−, γ, ν) =
√

2H

(∑n
i=1 γiν

2
i∑n

i=1 γiνi
I(H−)(2H− + 3)3/2H+ −

∑n
i=1 γiνi

2H
√

(2H− + 3)

)
,

with

I(H−) =

∞∑
n=0

(H−)n
(H− + 2)n

1− 2−2H−−3−n

2H− + 3 + n

H+(4H− + 5)
+

∑∞
n=0(−1)n (−H−)nH+

(H−+2+n)n!
F̂ (n,1)−2n−1/2−nF̂ (n,1/2)

H+−n

H+(4H− + 5)

such that F̂ (n, x) = 2F1(−n − 2H+, H+ − n,H− + 2 − n, x) and (x)n =
n−1∏
i=0

(x+ i) represents the rising Pochhammer factorial.

Remark 74. The values of the constants a(H−, γ, ν) and b(H−, γ, ν) in As-

sumption 73, which give the level and slope of the implied volatility respec-

tively, are given in [4, Example 24 and Example 27] respectively; we generalise

to n factors. These results are given in terms of the Hurst parameter H; to

avoid any confusion we will continue with our use of H− := H − 1
2
.

Proposition 75. Under Approximation 73 , the density of RV (v(γ,ν))(T ) is
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given by

ψRV (x, T ) = −φ(d2(x))
∂d1(x)

∂x

(
a(H−, γ, ν)THd1(x) + 1

)
, x ≥ 0,

where d1(x) = log(v0)−log(x)

σ̂(x,T )
√
T

+ 1
2
σ̂(x, T )

√
T , d2(x) = d1(x) − σ̂(x, T )

√
T for

x ≥ 0 and φ(·) is the standard Gaussian probability density function.

Proof. Let us denote

C(K,T ) := E[(RV (v(γ,ν))(T )−K)+].

The well-known Breeden-Litzenberger formula [26] tells us that

∂2C(x, T )

∂x2

∣∣∣∣
x=K

= ψRV (K,T ).

Under Approximation 73, we have that

C(K,T ) = BS(v0, σ̂(K,T ), K, T )

where BS(v0, σ,K, T ) = v0Φ(d1) − KΦ(d2) is the Black-Scholes Call pric-

ing formula with Φ the standard Gaussian cumulative distribution function.

Then, differentiating C with respect to the strike gives

∂C(x, T )

∂x

∣∣∣∣
x=K

= v0φ(d1(K))
∂d1(x)

∂x

∣∣∣∣
x=K

−xφ(d2(K))
∂d2(x)

∂x

∣∣∣∣
x=K

−Φ(d2(K))

where

∂d1(x)

∂x
=
−σ̂(x, T ) + log(x/v0)a(H−, γ, ν)TH−

xσ̂(x, T )2
√
T

+
1

2

a(H−, γ, ν)TH+

x

=
−b(H−, γ, ν)TH−

xσ̂(x, T )2
√
T

+
1

2

a(H−, γ, ν)TH

x

and
∂d2(x)

∂x
=
∂d1(x)

∂x
− a(H−, γ, ν)TH

x
.
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Using the well-known identity v0φ(d1(x)) = xφ(d2(x)), proved in Section 2.9.2,

we further simplify

∂C(K,T )

∂K
= v0φ(d1(K))

(
a(H−, γ, ν)Tm

K

)
− Φ(d2(K)).

Differentiating again we obtain,

ψRV (K,T ) = −v0φ(d1(K))
a(H−, γ, ν)TH

K

(
d1(K)

∂d1(x)

∂x

∣∣∣∣
x=K

+
1

K

)
− φ(d2(K))

∂d2(x)

∂x

∣∣∣∣
x=K

.

Then, by using v0φ(d1(x)) = xφ(d2(x)), we find that

ψRV (K,T ) = −φ(d2(K))

(
a(H−, γ, ν)TH

(
d1(x)

∂d1(x)

∂x

∣∣∣∣
x=K

+
1

K

)
+
∂d2(x)

∂x

∣∣∣∣
x=K

)
,

which we further simplify to

ψRV (K,T ) = −φ(d2(K))
∂d1(x)

∂x

∣∣∣∣
x=K

(
a(H−, γ, ν)THd1(K) + 1

)
,

and the result then follows. Note that the density ψRV (·, T ) is indeed con-

tinuous for all T > 0.

Remark 76. Note that Proposition 75 gives the density of RV (v(γ,ν))(T ) in

closed-form. In addition, Proposition 75 can be easily used to get the density

of the Arithmetic Asian option under the Black-Scholes model. This would

correspond to the case H− = 0 and ν = σ > 0 as the Black-Scholes constant

volatility.

Remark 77. Assuming the density ψRV exists, we have the following volatil-

ity swap price:

E[
√
RV (v(γ,ν))(T )] =

∫ ∞
0

√
xψRV (x, T )dx.
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In Figure 2.12, we provide numerical results for the volatility swap approx-

imation, which performs best for short maturities, due to the nature of the

approximation being motivated by small-time smile behaviour. Interestingly,

it captures rather accurately the short time decay of the Volatility Swap price

for maturities less than 3 months; for larger maturities the absolute error does

not exceed 20 basis points.

Figure 2.12: Volatility Swap Monte Carlo price estimates (straight lines) and LDP based
approximation (stars) for η = 1.5 and v0 = 0.04; for Monte Carlo we use 200, 000 simula-
tions and ∆t = 1

1008 .

2.8 Conclusions

In this Chapter we have characterised, for the first time, the small-time

behaviour of options on integrated variance in rough volatility models, using

large deviations theory. Our approach has a solid theoretical basis, with

very convincing corresponding numerics, which agree with observed market

phenomenon and the theoretical results attained by Alòs, Garćıa-Lorite and

Muguruza [4]. Both the theoretical and the numerical results hold for each of

the three rough volatility models presented, whose complexity increases. Any

of the three, with our corresponding results, would be suitable for practical

use; the user would simply chose the level of complexity needed to satisfy their

individual needs. Note also that the theoretical results are widely applicable,
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and one could very easily adapt results presented in this paper to other

models where the volatility process also satisfies a large deviations principle,

and whose rate function can be computed easily and accurately.

Perhaps surprisingly, we have discovered that lognormal models such as rough

Bergomi [13], 2 Factor Bergomi [18, 19] and mixed versions thereof, generate

linear smiles around the money for options on realised variance in log-space.

This is, at the very least, a property to be taken into account when mod-

elling volatility derivatives and, to our knowledge, has never been addressed

or commented on in previous works. Whether such an conjectured approx-

imation is realistic or not, we have in addition provided an explicit way to

construct a model that generates non-linear smiles should this be required

or desired.

We have also proved a pathwise large deviations principle for rescaled VIX

processes, in a fairly general setting with minimal assumptions on the kernel

of the stochastic integral used to define the instantaneous variance; these

results are then used to establish the small-noise, large strike asymptotic

behaviour of the VIX. The current set up does not allow us to deduce the

small-time VIX behaviour from the pathwise large deviations principle, but

this would be a very interesting area for future research. Our numerical

scheme would most likely give a good approximation for the rate function

and corresponding small-time VIX smiles.

2.9 Proof of main results

2.9.1 Proof of main large deviations results

Proof of Theorem 53. For brevity we set n = 2, but for larger n, identical

arguments can be applied. From Schilder’s Theorem and Proposition 45,

we have that the sequence of processes (Zε)ε>0 satisfies a large deviations

principle on C(T ) with speed ε2H and rate function ΛZ . Define the operator

f : C(T ) → C((T ),R2) by f(x) := (ν1

η
x, ν2

η
x), which is clearly continuous

with respect to the sup-norm ‖ · ‖∞ on C(T ,R2). Applying the Contrac-

tion Principle then yields that the sequence of two-dimensional processes
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((ν1

η
Zε, ν2

η
Zε))ε>0 satisfies a large deviations principle on C(T ,R2) as ε tends

to zero with speed ε2H and rate function

Λ̃(y, z) := inf{ΛZ(x) : f(x) = (y, z)} = inf{ΛZ(
η

ν1

y) : z =
ν2

ν1

y}.

Identical arguments to the proof of Theorem 46 give that the sequences of

processes ((ν1

η
Zε, ν2

η
Zε))ε>0 and ((ν1

η
Zε − ν2

1

2
(ε·)2H , ν2

η
Zε − ν2

2
(ε·)2H))ε>0 are

exponentially equivalent, thus satisfy the same large deviations principle,

with the same rate function and the same speed.

We now define the operator gγ : C(T ,R2)→ C(T ) as gγ(x, y) = v0(γex +(1−
γ)ey). For small perturbations δx, δy ∈ C(T ) we have that

sup
t∈T
|gγ(x+δx, y+δy)−gγ(x, y)| ≤ |v0|

(
sup
t∈T
|γex(t)(eδ

x(t) − 1)|+ sup
t∈T
|(1− γ)ey(t)(eδ

y(t) − 1)|
)
.

Clearly the right hand side tends to zero as δx, δy tends to zero; thus the

operator gγ is continuous with respect to the sup-norm ‖ · ‖∞ on C(T ). Ap-

plying the Contraction Principle then yields that the sequence of processes

(v(ε,γ,ν))ε>0 :=
(
v0

(
γ exp(ν1

η
Zε − ν2

1

2
(ε·)2H) + (1− γ) exp(ν2

η
Zε − ν2

2

2
(ε·)2H)

))
ε>0

satisfies a large deviations principle on C(T ) as ε tends to zero, with speed

ε2H and rate function

x 7→ inf{Λ̃(y, z) : x = gγ(y, z)} = inf{ΛZ(
η

ν1

y) : x = gγ(y,
ν2

ν1

y)},

= inf{ΛZ(
η

ν1

y) : x = v0(γey + (1− γ)e
ν2
ν1

y
)}.

Since, for all ε > 0 and t ∈ T , v
(γ,ν)
εt and v

(ε,γ,ν)
t are equal, the theorem follows

immediately. Identical arguments to the proof of Theorem 46 then yield that

Λγ(v0) = 0.

Proof of Proposition 64. The proof of Proposition 64, which is similar to the

proofs given in [82], is made up of three parts. The first part is to prove

that
(
H g,T , 〈·, ·〉H g,T

)
is a separable Hilbert space. Clearly Ig,T is surjective

on H g,T . Now take f1, f2 ∈ L2(T ) such that Ig,Tf1 = Ig,Tf2. For any

t ∈ [T, T + ∆] it follows that
∫ T

0
g(t, s)[f1(s) − f2(s)]ds = 0; applying the

93



Titchmarsh convolution theorem then implies that f1 = f2 almost everywhere

and so Ig,T : L2(T ) → H g,T is a bijection. Ig,T is a linear operator, and

therefore 〈·, ·〉H g,T is indeed an inner product; hence
(
H g,T , 〈·, ·〉H g,T

)
is a

real inner product space. Since L2(T ) is a complete (Hilbert) space, there

exists a function f̃ ∈ L2(T ) such that the sequence {fn}n∈N converges to f̃ .

Assume for a contradiction that f 6= f̃ , then, since Ig,T is a bijection, the

triangle inequality yields

0 <
∥∥∥Ig,Tf − Ig,T f̃∥∥∥

H g,T
≤
∥∥Ig,Tf − Ig,Tfn∥∥H g,T +

∥∥∥Ig,T f̃ − Ig,Tfn∥∥∥
H g,T

,

which converges to zero as n tends to infinity. Therefore f = f̃ , Ig,Tf ∈
H g,T and H g,T is complete, hence a real Hilbert space. Since L2(T ) is

separable with countable orthonormal basis {φn}n∈N, then {Ig,Tφn}n∈N is an

orthonormal basis for H g,T , which is then separable.

The second part of the proof is to show that there exists a dense embedding

ι : H g,T → C[T, T + ∆]. Since there exists h ∈ L2(T ) such that
∫ ε

0
|h(s)|ds

for all ε > 0 and g(t, ·) = h(t − ·) for any t ∈ [T, T + ∆], we can apply by

[32, Lemma 2.1], which tells us that H g,T is dense in C[T, T + ∆] and so we

choose the embedding to be the inclusion map.

Finally we must prove that every f ∗ ∈ C[T, T+∆] is Gaussian on C[T, T+∆],

with variance ‖ι∗f ∗‖H g,T ∗ , where ι∗ is the dual of ι. Take f ∗ ∈ C[T, T + ∆]∗,

then [82, Remark 3.2] implies that ι∗ admits an isometric embedding ι∗ such

that

‖ι∗f ∗‖H g,T ∗ = ‖f ∗‖L2(C[T,T+∆],µ) =

∫
C[T,T+∆]

(f ∗)2dµ = VAR(f ∗),

where µ is the Gaussian measure induced by the process on

(C[T, T + ∆],B(C[T, T + ∆])) .

Proof of Theorem 68. First we recall Ṽ g,T,ε
t := V g,T,ε

t − εγ

2

∫ t
0
g2(t, u)du+εγ/2.

We begin the proof by showing that the sequence of processes (V g,T,ε)ε∈[0,1]

and (Ṽ g,T,ε)ε∈[0,1] are exponentially equivalent, see Definition 8. As g(t, ·) ∈
L2(T ) for all t ∈ [T, T + ∆], for each δ > 0 there exists ε∗ > 0 such that

supt∈[T,T+∆]

∣∣∣εγ/2∗ − εγ∗
2

∫ T
0
g2(t, u)du

∣∣∣ ≤ δ. Hence, for the C[T, T + ∆] norm
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‖ · ‖∞ we have that for all ε∗ > ε > 0,

P
(∥∥∥V g,T,ε − Ṽ g,T,ε

∥∥∥
∞
> δ
)

= P

(
sup

t∈[T,T+∆]

∣∣∣∣εγ/2 − εγ

2

∫ T

0

g2(t, u)du

∣∣∣∣ > δ

)
= 0.

Therefore lim supε↓0 ε
γ logP

(∥∥∥V g,T,ε − Ṽ g,T,ε
∥∥∥
∞
> δ
)

= −∞, and so the two

sequences of processes (V g,T,ε)ε∈[0,1] and (Ṽ g,T,ε)ε∈[0,1] are exponentially equiv-

alent; applying Theorem 9 then yields that (Ṽ g,T,ε)ε∈[0,1] satisfies a large de-

viations principle on C[T, T + ∆] with speed εγ and rate function ΛV .

We now prove that the operators ϕ1,ξ0 and ϕ2 are continuous with respect

to the C([T, T + ∆]× [0, 1]) and C[0, 1] ‖ · ‖∞ norms respectively. The proofs

are simple, and are included for completeness. First let us take a small

perturbation δf ∈ C([T, T + ∆]× [0, 1]):∥∥ϕ1,ξ0(f + δf )− ϕ1,ξ0(f)
∥∥
∞ = sup

ε∈[0,1]
s∈[T,T+∆]

∣∣∣ξ0(s)ef(s,ε)
(
eδ
f (s,ε) − 1

)∣∣∣
≤ sup

ε∈[0,1]
s∈[T,T+∆]

|ξ0(s)| sup
ε∈[0,1]

s∈[T,T+∆]

|ef(s,ε)| sup
ε∈[0,1]

s∈[T,T+∆]

|eδf (s,ε) − 1|.

Since ξ0 is continuous on [T, T +∆] and f is continuous on [T, T +∆]× [0, 1],

they are both bounded. Clearly eδ
f (s,ε) − 1 tends to zero as δf tends to zero

and hence the operator ϕ1,ξ0 is continuous. Now take a small perturbation

δf ∈ C([T, T + ∆]× [0, 1]):

∥∥ϕ2(f + δf )− ϕ2(f)
∥∥
∞ = sup

ε∈[0,1]

∣∣∣∣ 1

∆

∫ T+∆

T

δf (s, ε)ds

∣∣∣∣ ≤M,

where M := supε∈[0,1] δ
f (s, ε). Clearly M tends to zero as δf tends to zero,

thus the operator ϕ2 is also continuous.

For every s ∈ [T, T + ∆] we have the following: by an application of the

Contraction Principle, recalled in Theorem 10 and using the fact that ε 7→
(ϕ1,ξ0f)(s, ε) is a bijection for all f ∈ C[T, T +∆] it follows that the sequence

of stochastic processes
((
ϕ1,ξ0Ṽ

g,T,ε
s

)
(s, ε)

)
ε∈[0,1]

satisfies a large deviations
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principle on C[0, 1] as ε tends to zero with speed εγ and rate function

Λ̂V
s (y) := ΛV

(
(ϕ1,ξ0y)−1(s, ·)

)
= ΛV

(
log

(
y(s, ·)
ξ0(s)

))
.

A second application of the Contraction Principle then yields that the se-

quence of stochastic processes
(

(ϕ2(ϕ1,ξ0Ṽ
g,T,ε
s ))(ε)

)
ε∈[0,1]

satisfies a large

deviations principle on C[0, 1] with speed εγ and rate function ΛVIX(x) =

infs∈[T,T+∆]{ΛV ((ϕ1,ξ0y)−1(s, ·)) : x(·) = (ϕ2y)(·)}. By definition, the se-

quence of processes
(

(ϕ2(ϕ1,ξ0Ṽ
g,T,ε
s ))(ε)

)
ε∈[0,1]

is almost surely equal to the

rescaled VIX processes (eε
γ/2

VIXT,εγ/2)ε∈[0,1] and hence the satisfies the same

large deviations principle.

2.9.2 Proof of v0φ(d1(x)) = xφ(d2(x))

In order to prove v0φ(d1(x)) = xφ(d2(x)), we will prove the following equiv-

alent result

(d1(x))2 − (d2(x))2 = 2 log
(v0

x

)
.

Proof. Recall that φ(·) is the standard Gaussian probability density function.

Using that for x ≥ 0, d1(x) = log(v0)−log(x)

σ̂(x,T )
√
T

+ 1
2
σ̂(x, T )

√
T and d2(x) = d1(x)−

σ̂(x, T )
√
T , we obtain

(d1(x))2 − (d2(x))2 = (d1(x))2 −
(
d1(x)− σ̂(x, T )

√
T
)2

,

= 2d1(x)σ̂(x, T )
√
T − T σ̂2(x, T ),

= 2

[
log(v0)− log(x) +

1

2
σ̂2(x, T )T

]
− T σ̂2(x, T ),

= 2 log
(v0

x

)
.
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3
Small-time asymptotics for complete

stochastic volatility models

In this Chapter, we study the complete model with stochastic volatility in-

troduced by Guyon [71]. We first prove the Feller conditions on the coeffi-

cients to obtain existence and uniqueness of a strong solution for the model,

characterising its behaviour at boundary points. We then use large devia-

tions techniques to prove the small-time asymptotic behaviours. Finally, we

present a numerical algorithm to estimate the coefficients of the diffusion

coefficient in order to fit them to the S&P 500 and VIX market data.
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In the recent years, academics showed that rough volatility models repro-

duce the power-law decay of the volatility smiles close to maturity accurately.

These models are based on fractional Brownian motions. In particular, these

Gaussian processes have infinite dependence on the past, which reflects the

real-world perception of market volatility. The most well-known form of

path-dependent volatility was introduced by Engle [45] and Bollerslev [25]

in the early 80s. They respectively developed the (generalised) autoregres-

sive conditional heteroscedasticity (ARCH and GARCH) models for financial

time series modelling. In these models, the conditional variance of the log-

prices depends on a set of exogenous and lagged endogenous variances and

past residuals. Duan [43] discussed such discrete-time models and their ap-

plication to option pricing. Although these models are still widely used by

econometricians, in the late 90s, Hobson and Rogers [75] developed a new

class of non-constant volatility models, where the instantaneous volatility is

an endogenous factor defined using exponentially weighted moments of his-

torical log-prices. Contrary to stochastic volatility models introduced earlier

in this thesis, in these past-dependent continuous-time models, the market is

complete as no additional source of randomness has been introduced. Hobson

and Rogers [75] found the partial differential equation satisfied by a Euro-

pean Call option price and proved that such models generate smiles and skews

of implied volatility consistent figurewith market data. The instantaneous

volatility process is thus self-reinforcing, that is the volatility increases when

we observe large movements in the recent past, which reflects the market per-

ception of volatility. On the theoretical side, Mohammed and Zhang [100]

proved the existence and uniqueness of strong solutions for stochastic systems

with finite memory.

More recently, Guyon [70] focused on path-dependent volatility. Even if this

family of models is not widely used in the industry, it does not only combine

the advantages of the stochastic volatility models introduced in the previous

Chapters, but adds other benefits. The volatility process σ usually depends

on the current value of the stock price process St and a set Yt of finite

path-dependent variables, such as averages, maximums, minimums, realised
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variances, etc. The general set-up studied by Guyon [70] is:

dSt = Stσ(t, St, Yt)l(t, St)dWt, S0 := s0 > 0,

with W a standard Brownian motion, l the leverage function to be cali-

brated and Y a set of path-dependent variables to determine. Similarly to

local stochastic volatility models, a path-dependent volatility is defined as

σ(t, St, Yt)l(t, St), with l calibrated to perfectly fit the market smile of the

stock price process S. The idea is therefore to choose Y and σ, and to cali-

brate l such that the model has the desired properties and fits to the volatility

smile. In [71], Guyon selects the process Y of finite path-dependent variables

to be an exponentially weighted moving average of the stock price process,

similarly to Hobson and Rogers [75]. A stochastic differential equation is

then obtained for Y . The existence and uniqueness of a strong solution,

however, needs to be proved carefully. Moreover, one can assume a linear

relation between VIX, an approximation of the instantaneous volatility, and

VVIX, an approximation of the instantaneous volatility of the instantaneous

volatility, as illustrated in Figure 3.1, and obtain the form for the diffusion

function σ.

Figure 3.1: Historical VVIX vs historical VIX (13/04/2012 - 08/05/2017).

Source: CBOE VIX Index and VVIX Index historical data.

Finally, one needs to to calibrate the leverage function to perfectly fit the

volatility smile, using:

EQ[σ2(t, St, Yt)|St]l2(t, St) = σ2
loc(t, St),
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with σloc corresponding to Dupire’s equation [44] for the local volatility, and

Q the risk-neutral probability. The expectation can be approximated using

the Particle Method, introduced by Guyon and Henry-Labordère [72], which

enables to compute the leverage function l by simulating the paths.

Therefore, so-called path-dependent volatility models are complete, as local

volatility models, and generate a unique price for options. Moreover, the

model is perfectly calibrated to the volatility smile, thanks to the leverage

function l. When choosing the volatility function σ, one can actually reach

spot-volatility dynamics not attainable by stochastic local volatility models,

thanks to the degrees of freedom present in the finite path-dependent variable

Y . Besides, these models can capture the historical features of volatilities

and asset prices, and reconcile the implied calibration with the historical

calibration. Hence, such volatility models combine both advantages of local

and stochastic volatility models and offer a range of new properties. The

model introduced by Guyon [71] produces rich joint dynamics of spot, im-

plied volatility and implied volatility of volatility, and captures the historical

behaviour of S&P 500, VIX and VVIX. It extends the idea from [74] that

volatility is readily observable from the history of returns in asset prices to

the continuous-time setting. Heston and Nandi [74] proved that their setting

is numerically close to continuous-time stochastic volatility models and easier

to compute, on a daily frequency only. Guyon’s model allows for intraday

frequency and as the process (S, Y ) obtained is Markovian, it is also easy to

compute compared to other stochastic volatility models.

The aim of this Chapter is therefore to study the model introduced by

Guyon [71] and to derive the small-time behaviour of the system, using large

deviations techniques. In this direction, various large deviations results were

proved for systems with memory, outside the scope of financial mathematics.

Azencott, Geiger and Ott [9] proved a small-noise large deviations result for

a system with finite discrete-time delay. More recently, Ma, Ren, Touzi and

Zhang [92] obtained a large deviations principle for non-Markovian stochastic

differential equations with random coefficients. In particular, in [92, Section

3.2], they provide short-maturity asymptotics for the log-stock price process.

One major difference with the current Chapter is that they assume the dif-
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fusion process σ to be Lipschitz continuous, strictly positive, and bounded,

which is not the case here. To prove our results, one first needs to deter-

mine conditions on the coefficients of the diffusion σ, to obtain existence and

uniqueness of a strong solution. Then, similar techniques to Peithmann [105]

will enable to obtain small-time asymptotics for the path-dependent process

Y as well as the stock price process S.

The structure of the Chapter is as follows. In Section 3.1, we set the notations

and present the model of interest. Section 3.2 gathers the main theoretical

results, proving existence and uniqueness of a strong solution (Section 3.2.1),

deriving the stationary distribution (Section 3.2.2) and presenting pathwise

large deviations estimates in Section 3.2.3, from which implied volatility

asymptotics follow readily. Finally, in Section 3.3 we construct a numeri-

cal scheme to estimate the coefficients of the system for a joint calibration

to S&P 500 and VIX market data.

3.1 Set up and notations

The underlying process S, describing the evolution of the S&P index follows

the general dynamics

dSt
St

= σ(Yt)dWt, S0 := s0 > 0,

for some given Brownian motion W generating a filtration F = (Ft)t≥0,

where σ : R∗+ → R is non anticipative. Following Guyon [71] and Hobson and

Rogers [75], we assume that the process Y is adapted to F and is a function

of the past history of the stock S, making the latter non-Markovian, in the

sense

Yt :=
St

S
h

t

, for t ∈ T , where S
h

t :=
1

h

∫ t

−∞
exp

{
−t− u

h

}
Sudu (3.1)

is the exponential weighted moving average (EWMA) of the stock price pro-

cess. The constant h > 0, denoting the length of the time window, is left

unspecified for now. Using Itô’s formula, we can summarise the dynamics
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for the couple (S, Y ) as

dSt = Stσ(Yt)dWt, S0 = s0 > 0,

dYt = b(Yt)dt+ σ̃(Yt)dWt, Y0 = y0 > 0,
(3.2)

with b(y) := 1
h
y(1−y) and σ̃(y) := yσ(y) for y > 0. Guyon [71] showed that,

for the linear relationship between the VIX and the VVIX to hold, one needs

to consider a diffusion coefficient of the form

σ(x) := −α
β

+ γx−β, (3.3)

with α, β, γ > 0. In that case, σ̃ is null at yσ :=
(
βγ
α

)1/β
, and

σ̃(0) =


not defined, if β > 1,

0, if β < 1,

γ, if β = 1.

Before diving into the asymptotic behaviour of the process, we first concen-

trate on the existence and uniqueness of a strong solution for (3.2), depending

on the values of α, β and γ, and classify the singular points 0, yσ and infinity.

3.2 Theoretical analysis of the model

3.2.1 Boundary conditions

We start the analysis of the model by a detailed study of the behaviour of

the system (3.2) at the boundary points 0, yσ and ∞. Recall [33, Definition

2.3] that a point d ∈ R is called singular if 1+|b|
σ̃2 is not locally integrable in a

neighbourhood of d. A point that is not singular is called regular. A singular

point is further called isolated if it admits a deleted neighbourhood consisting

of regular points. Introduce the hitting times τx := inf {t ≥ 0 : Yt = x} and

τx,y := min (τx, τy). The precise classification of boundary points is rather

delicate and we only give below an informal help, and refer the interested

reader to [33, Sections 2.3 and 2.4] for full and precise details:
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Definition 78. Let a > 0.

• A point x is called a regular boundary and is said to have right-type 0,

and we write x ∈ Ba0+, if for any y0 ∈ [x, x + a], there exists a unique

solution defined up to τx,a. This solution reaches x with strictly positive

probability, E (τx,x+a) is finite, and P
(
Yτx,x+a = 0

)
> 0.

• A point x is called an exit boundary and is said to have right-type 1,

and we write x ∈ Ba1+, if for any y0 ∈ [x, x + a], there exists a unique

solution defined up to τx,a. This solution reaches x with strictly positive

probability. Any solution may only leave x in the left direction.

• A point x is called an entrance boundary and is said to have right-type

3 if for any y0 ∈ (x, x + a], there exists a unique solution defined up

to τx+a. This solution never reaches x and E (τx+a) is finite. We write

x ∈ Ba3+.

• Infinity is called a recurrent boundary point if a solution cannot explode

there. Moreover, if there are no singular points between y0 and a point

z < y0, then the solution reaches z almost surely.

The left-types Ba1− and Ba3− are defined similarly.

The following proposition, proved in Section 3.4.1, characterises the be-

haviour of the solution to (3.2) at the origin and at infinity.

Proposition 79. Infinity is a recurrent boundary, and the origin is regular

if and only if β > 1
2
, and

• for β > 1
2
, zero is an exit, non-entrance boundary point and belongs

to Byσ0+;

• for 0 ≤ β ≤ 1
2
, zero is an exit, non-entrance boundary point and belongs

to Byσ1+.

The following theorem, proved in Section 3.4.2, is more involved and fully

characterises the solution to the SDE (3.2).
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Theorem 80. yσ is an isolated singular point, and for a > 0, the following

holds:

Left boundary of yσ > y0 Right boundary of yσ < y0

yσ < 1 Ba1− Ba3+

yσ ≥ 1 Ba3− Ba1+

3.2.2 Stationary distribution and pricing PDE

We now prove that the process Y introduced in (3.2) admits a stationary

distribution and we derive the pricing PDE associated to (3.2).

Stationary distribution

We recall [54, Section 3.2] that a process (Yt)t>0 is ergodic if it admits a

unique, stationary distribution Π, and for any measurable bounded func-

tion g, the almost sure limit

lim
t↑∞

1

t

∫ t

0

g(Ys)ds =

∫
g(y)Π(dy)

holds. If it exists, an ergodic solution must satisfy L∗Π = 0, where L∗ is the

adjoint of the infinitesimal generator L, defined [54, Section 1.5.3] via the

equality ∫
Ψ(ξ)Lφ(ξ)dξ =

∫
φ(ξ)L∗Ψ(ξ)dξ, (3.4)

for any rapidly decaying smooth test functions φ and Ψ.

Proposition 81. The infinitesimal generator LY of Y in (3.2) and its dual L∗Y
read

(LY f)(y) =
1

h
y(1− y)

∂

∂y
+

1

2
y2σ2(y)

∂2

∂y2
, and

(L∗Y f)(y) = − ∂

∂y

(
1

h
y(1− y)f(y)

)
+

1

2

∂2

∂y2

(
y2σ2(y)f(y)

)
.

Proof. Using (3.4) and integration by part, we obtain the expression for L∗.
Given y ∈ R and f, g : R → R twice continuously differentiable functions
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with bounded derivatives, we have

〈f,L∗Y g〉 =

∫
R
f(y)

[
− ∂

∂y

(
1

h
y(1− y)g(y)

)
+

1

2

∂2

∂y2

(
y2σ2(y)g(y)

)]
dy,

= −
∫
R

∂f

∂y
(y)

{
−1

h
y(1− y)g(y) +

1

2

∂

∂y

(
y2σ2(y)g(y)

)}
dy,

=
1

h

∫
R

∂f

∂y
(y)y(1− y)g(y)dy − 1

2

∫
R

∂f

∂y
(y)

∂

∂y

(
y2σ2(y)g(y)

)
dy,

=
1

h

∫
R

∂f

∂y
(y)y(1− y)g(y)dy +

1

2

∫
R

∂2f

∂y2
(y)y2σ2(y)g(y)dy,

=

∫
R
g(y)

[
1

h
y(1− y)

∂f

∂y
(y) +

1

2
y2σ2(y)

∂2f

∂y2
(y)

]
dy,

= 〈LY f, g〉.

The rapidly decaying smooth test functions f and g ensure that the boundary

terms in the integration by parts are equal to zero.

In our setting, the process Y in (3.2) admits at least one stationary distribu-

tion, which can be proved easily following the arguments in [103]. However,

since the map σ is not generally bounded away from zero, one cannot use

classical results to prove uniqueness of the solution to the Poisson equation

L∗Φ = 0. We leave to future endeavours this analysis.

Proposition 82. The SDE (3.2) admits at least one stationary distribu-

tion Φ.

Remark 83. For f : R → R, finding the explicit solution of the Poisson

equation is tedious. Indeed,

(L∗Y f)(y) = − ∂

∂y

(
1

h
y(1− y)f(y)

)
+

1

2

∂2

∂y2

(
y2σ2(y)f(y)

)
= 0,
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is equivalent to

1

2
y2f ′′(y)

[(
α

β

)2

− 2αγ

β
y−β + γ2y−2β

]

+ yf ′(y)

[
2

{(
α

β

)2

− αγ

β
(2− β)y−β + (1− β)γ2y−2β

}
− 1

h
(1− y)

]

+ f(y)

[(
α

β

)2

+
αγ

β
(1− β)(2α + β)y−β + γ2(β − 1)

(
α2(β − 1) + β

)
y−2β − 1

h
(1− 2y)

]
= 0,

with the constraint
∫
R f(y)dy = 1. This is a highly non-linear problem, which

does not admit any explicit solution in general. Nevertheless, the solution can

be written in the integral form associated with the first order ODE satisfied

by the stationary measure.

Pricing Partial Differential Equation

Consider an option with payoff H(ST , YT ) at expiry T , and denote its price

P (t, St, Yt) at time t ≤ T . Since the market is complete, we can construct

a self-financing and riskless replicating portfolio consisting of the derivative

itself and −(SPS + Y PY )/S units of the underlying asset S to find the cor-

responding pricing PDE.

Proposition 84. Under the risk-neutral measure Q, the pricing PDE asso-

ciated to (3.2) is(
∂t + rs∂S +

(
1− y
h

+ r

)
y∂y +

s2

2
σ2(y)∂ss + sxσ2(y)∂sy +

y2

2
σ2(y)∂yy − r

)
P (t, s, y) = 0,

(3.5)

for all (t, s, y) ∈ [0, T )×(0,∞)2, with terminal condition P (T, s, y) = H(s, y).

Equation (3.5) can be rewritten as (LY + L1 + L2)P = 0, with LY defined
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in Proposition 81 and
L1 := syσ2(y)

∂2

∂s∂y
+ ry

∂

∂y
,

L2 :=
∂

∂t
+
s2

2
σ2(y)

∂2

∂s2
+ rs

∂

∂s
− r.

The operator L2 is the Black-Scholes infinitesimal generator with volatil-

ity σ(y). Unfortunately, this pricing PDE does not admit an obvious explicit

solution. Approximate solutions can be found by expanding the solution us-

ing perturbation methods, as developed in [54], but we leave this to future

endeavours.

3.2.3 Small-time asymptotics

We now investigate the small-time behaviour of the solution to (3.2) us-

ing large deviations techniques. Consider the log-stock price process X :=

logS. For ε > 0 and t ∈ T , introduce the small-time rescaling (Xε
t , Y

ε
t ) :=

(Xεt, Yεt). The model becomes{
dXε

t = −ε
2
σ2(Y ε

t )dt+
√
εσ(Y ε

t )dWt, Xε
0 := x0 = log(S0),

dY ε
t = εb(Y ε

t )dt+
√
εσ̃(Y ε

t )dWt, Y ε
0 = y0 > 0.

(3.6)

Let H denote the space of absolutely continuous functions starting at the

origin, with square integrable derivatives, such that

H :=

{
f : T → R | ft =

∫ t

0

g(s)ds, g ∈ L2(T ), and inf
t∈T

ft ≥
1

α
log

(
1− yβ0

α

βγ

)}
.

Remark 85. When y0 ≥ yσ, the condition

inf
t∈T

ft ≥
1

α
log

(
1− yβ0

α

βγ

)
, (3.7)

is automatically satisfied and the space H boils down to the usual Cameron-

Martin space. When y0 < yσ, Condition (3.7) is needed to ensure that the

solution of the controlled ODE introduced below is positive.
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The main result here is the following theorem, proved in Section 3.4.5, which

states a pathwise large deviations principle for the log-stock price process.

With x0 := (x0, y0), introduce the map IX,Y on C(T ,R× R∗+) by

IX,Y (g) := inf
{

Λ(f), f ∈ H,Sx0(f) = g
}
,

where Λ is the usual rate function of the standard Brownian motion:

Λ(f) :=


1

2

∫ T

0

∥∥∥ḟt∥∥∥2

dt, if f ∈ H,

+∞, otherwise,

and Sx0(f) on T is the solution to the controlled ODE ġt = (σ(gt), σ̃(gt))
> ·

(ḟt, ḟt), starting from g0 = x0.

Theorem 86. The rescaled log-stock price process Xε satisfies a pathwise

large deviations principle on C(T ,R) as ε tends to zero with speed ε and rate

function

IX(g) := inf
{

IX,Y (h), h := (g, l), l ∈ C(T ,R∗+), l0 = y0

}
, (3.8)

The proof of the theorem relies on first obtaining a large deviations principle

for the rescaled process Y ε, which we state below (and defer its proof to Sec-

tion 3.4.4). Similarly to above, denote Sy(f)(t) the solution to the controlled

ODE ġt = σ̃(gt)ḟt, with g0 = y.

Proposition 87. The rescaled process Y ε satisfies a pathwise large deviations

principle on C(T ,R∗+) as ε tends to zero with speed ε and rate function

IY (g) := inf
{

Λ(f), f ∈ H,Sy0(f) = g
}
. (3.9)

Large deviations have been used extensively in Mathematical Finance in

order to derive asymptotic behaviour of the implied volatility [58]. Recall

from Chapter 0 that the latter, Σt(k), is the unique non-negative solution to

CBS(t, ek,Σt(k)) = Cobs(t, ek), with Cobs(t, ek) the observed Call option prices

with maturity t and strike ek, and CBS is the Call option price in the Black-
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Scholes model.

Corollary 88. For yσ ≤ min{y0, 1}, the small-time behaviour of out-of-the-

money Put/Call options is given by

limt↓0 t logE
(
St − ek

)+
= − infy≥k IX(g)|g(1)=y, if k > 0,

limt↓0 t logE
(
ek − St

)+
= − infy≤k IX(g)|g(1)=y, if k < 0.

Proof. We prove the lower and upper bounds separately, which turn out to

be equal. For simplicity, we introduce the following notation, for all k > 0:

ĨX(k) =

 inf
y≥k

IX(g)|g(1)=y, if k > 0,

inf
y≤k

IX(g)|g(1)=y, if k < 0.

Firstly, as the rate function is continuous, we have for all k 6= 0,

lim
t↓0

t logP
(
St > ek

)
= −ĨX(k).

We only consider k > 0, the other case being symmetric.

(1) The proof of the lower bound is similar to [52, Appendix C].

For any δ > 0,

E
(
St − ek

)+ ≥ ekδP
(
St > ek(1+δ)

)
.

Using Theorem 86, we have that

lim inf
t↓0

t logE
(
St − ek

)+ ≥ lim inf
t↓0

[
tk + t log δ + t logP

(
St > ek(1+δ)

)]
,

≥ −ĨX(k(1 + δ)).

Take δ ↓ 0, by continuity of ĨX(k), we obtain the desired lower bound.

(2) To establish the desired upper bound, we note that for any q > 1, we

have

E
(
St − ek

)+ ≤ E
[((

St − ek
)+
)q]1/q

P
(
St ≥ ek

)1−1/q
.
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Thus, we have

t logE
(
St − ek

)+ ≤ t

q
E(Sqt ) + t

(
1− 1

q

)
logP

(
St ≥ ek

)
.

Then, note that from Theorem 80, we have that, for yσ ≤ min{y0, 1},
the process (Yt)t∈T remains in (yσ,+∞). The map σ is bounded on

(yσ,+∞) and thus using arguments similar to [50, proof of Corollary

2.1], we have lim supt↓0
t
q
E(Sqt ) ≤ 0. Therefore, for fixed q > 1, we have

lim sup
t↓0

t logE
(
St − ek

)+ ≤ −
(

1− 1

q

)
ĨX(k).

We finally take q to infinity and obtain the desired upper bound.

Corollary 89. For yσ ≤ min{y0, 1}, the small-time asymptotic behaviour of

the implied volatility is given by

lim
t↓0

Σt(k) =


k2

2

(
inf
y≥k

IX(g)|g(1)=y

)−1

, if k > 0,

k2

2

(
inf
y≤k

IX(g)|g(1)=y

)−1

, if k < 0.

Proof. We only consider k > 0, the other case being symmetric. It follows

from [61, Corollary 7.1] that taking ε = t, from Theorem 86, X satisfies a

large deviations principle with speed t and rate function IX :

lim
t↓0

t logP(X ≥ k) = − inf
y≥k

IX(g)|g(1)=y.

In the Black Scholes model, we have the following small-time implied volatil-

ity behaviour:

lim
t↓0

tΣ2
t (k) logP(X ≥ k) = −k

2

2
,

and the result follows from [61, Corollary 7.1].
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3.3 Numerical estimation of the coefficients (α, β γ)

We now devise an algorithm, using VIX and VVIX data, to find the optimal

parameters (α, β, γ) appearing in the definition of the diffusion function σ

in (3.3). We consider the continuously monitored formula for the VIX:

VIX2
t := E

[
1

∆

∫ t+∆

t

d〈Xs, Xs〉ds | Ft
]

=
1

∆
E
[∫ t+∆

t

σ2(Yu)du | Ft
]
,

where ∆ is equal to 30 days. In order to simulate the VIX on [0, T ], we

must first approximate the integral and the conditional expectation, and we

denote V̂IXt its approximation: along a discretisation grid Ut := (ui)i=0,...,N

with ui := t+ i∆
N

, assume that σ(Yu) is constant on each interval, and write

VIX2
t =

1

∆

N−1∑
i=0

∫ ui+1

ui

Et
[
σ2(Yu)

]
du,

' 1

∆

N−1∑
i=0

Et
[
σ2(Yui)

]
(ui+1 − ui),

=
1

N

N−1∑
i=0

Et
[
σ2(Yui)

]
The second step is to approximate the conditional expectation. Since the

process Y is Markovian, then E [σ2(Yui) | Ft] = E [σ2(Yui) | Yt], for any ui ∈
Ut. We thus approximate the conditional expectation using the empirical

mean, by simulating M paths (Y (1), · · · , Y (M)) of Y , so that

1

N

N−1∑
i=0

Et
[
σ2(Yui)

]
' 1

NM

M∑
j=1

N−1∑
i=0

σ2(Y (j)
ui

) =: V̂IX
2

t . (3.10)

Note that, in order to simulate V̂IX
2

t , one first needs to obtain the starting

point Yt, from which all the points (Yui)i=1,...,N can then be determined. Since
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Yt := St

S
h
t

from (3.1), with

S
h

t :=
1

h

∫ t

−∞
e−

t−v
h Svdv '

1

h

I−1∑
i=0

∫ vi+1

vi

e−
t−v
h Svdv '

e−t/h

h
∆t

I−1∑
i=0

evi/hSvi ,

with Vt := (vi)i=0,...,I a time-discretisation of (−∞, t], such that v0 is the first

time for which we can observe the S&P 500, and vI = t; we further set the

grid size to be vi+1 − vi =: ∆t for all i = 0, ..., I. In our simulations, we will

consider v0 to be 25/04/2008. Empirically, in order for this approximation

to be as precise as possible, one needs ∆t to be as small as possible. However

here, dealing with daily data for the S&P500 imposes ∆t = 1 day. We leave

an extended analysis of this with high-frequency data to future work. Hence

Yt '
St

S
h

t

' St
e−t/h

h
∆t

∑I−1
i=0 evi/hSvi

' het/hSt

∆t

∑I−1
i=0 evi/hSvi

. (3.11)

Note that for any t ∈ [0, T ], the two time grids Vt and Ut do not overlap,

the former taking into account time before t, the latter time after t. The

algorithm to approximate
(
VIX2

t

)
t∈[0,T ]

is as follows:

Algorithm:

(i) Compute (Yt)t∈[0,T ] using (3.11), with S obtained from S&P 500 data;

(ii) For t ∈ [0, T ], using Yt from (i), simulate the auxiliary process (Ŷs)s>t

on the grid Ut as

Ŷui+1
:= ψ(Ŷui ,Wui)11{ψ(Ŷui ,Wui )>D}

,

where

ψ(x,w) := x

(
1 +

∆t

h
(1− x) + σ(x)∆w

)
,

with ∆t := 1
252

and ∆Wui := Wui+1 −Wui ' 1√
252
N (0, 1), and obtain

1
N

∑N−1
i=0 σ2(Ŷui);

(iii) Repeat step (ii) M times to obtain V̂IX
2

t from (3.10);
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(iv) Repeat steps (ii)-(iii) on the grid to obtain V̂IX
2

on VT ∩ [0, T ].

Remark 90. In the Euler scheme in step (ii) of the algorithm, we intro-

duced the threshold D to prevent the simulations from ‘exploding’ when Y

approaches zero. We could alternatively apply the threshold on σ(Yt), but we

leave the precise analysis of the (weak or strong) convergence of our discreti-

sation for future work, hints thereabout can be picked from [89].

3.3.1 Simulations

We use daily data to simulate VIX2, between January 2nd, 2013 and May

8th, 2017 (corresponding to T = 1200 days). The simulations are run for h ∈
{180, 30, 5} days with different parameters (α, β, γ), first taken arbitrarily,

but optimised over later. Table 3.1 summarises them:

h = 180 h = 30 h = 5

α 0.9 2.1 5
β 1.5 1.2 6
γ 0.8 1.9 1.7
N 500 500 500
M 500 500 500
D 0 0.01 1

Table 3.1: Parameters used in the simulations

Note first from (3.2) that the process is mean reverting to 1. The smaller

the h, the larger the mean reversion 1/h, which is clearly visible in Figure 3.2.

Using the algorithm above, the simulations for the VIX2, respectively for

h = 180, 30 and 5 days, are depicted in Figure 3.3.

In all cases, the simulated VIX2 seems to have jumps similar to those visible

in the historical VIX2. However, when h = 5 days, the variations of the

simulated VIX2 are very small compared to the historical one. In order to

obtain similar magnitudes, for h = 5 days, we had to consider a threshold

D = 1, meaning that many simulated paths were discarded, thus creating a

clear bias. We also chose (α, β, γ) = (5, 6, 1.5), giving unrealistic volatility
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(a) h = 180 days (b) h = 30 days (c) h = 5 days

Figure 3.2: Process Y simulated using the Euler scheme between 2/1/2013 and 8/5/2017.
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Figure 3.3: Simulated (blue) and historical (red) VIX, between 2/1/2013 and 8/5/2017.

values, for example σ(1) = 0.66 and confirming that the representation (3.3)

works best for h > ∆ = 30. In order to analyse the results, we plot in

Figure 3.4 the simulated VIX and the historical VIX against the historical

VVIX as well as against the recent trend of S&P 500, that is, the process Y

simulated using its definition Yt := St

S
h
t

for t ∈ [0, T ] and h ∈ {5, 30, 180}.
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(a) h = 180 days
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(b) h = 30 days
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(c) h = 5 days

Figure 3.4: Simulated (blue crosses) and historical (yellow circles) VIX against historical
VVIX, between 2/1/13 and 8/5/17. The red line is the linear regression fit.
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In the first two figures (for h = 180 and 30 days), it seems to fit the regression

of the simulated data as well. However, for h = 5 days, the simulated values

clearly follow a different trend. This might be explained by the presence of a

large threshold D in the simulations, and by the fact that the approximation

for σ using the VIX data is only valid for h > ∆. Finally, Figure 3.5 shows

the simulated VIX and historical VIX against the recent trend of S&P 500.

The latter are computed using the definition of Y changing the window h to

adapt it to each case. We observe that the model does not fit market data

for h = 5, which is consistent with the assumption that the representation

of the function σ is only valid for h > ∆.
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Figure 3.5: Simulated (blue crosses) and historical (yellow circles) VIX against the recent

trend of S&P500, between 2/1/13 and 8/5/17. Source: CBOE VIX Index.

3.3.2 Optimisation of coefficients

The calibration of the model is performed by minimising the least squared

error (LSE)

LSE(α, β, γ) :=
∑

t∈VT∩[0,T ]

∣∣∣VIXt − V̂IXt(α, β, γ)
∣∣∣2

over the coefficients (α, β, γ). Table 3.2 summarises the results of the optimi-

sation, indicating the optimised parameters as well as the initial guesses and

the number of runs. The optimal coefficients are close to the initial parame-

ters (α0, β0, γ0). This is due to starting with good guesses, in order to reduce

the actual computation time, quite involved in the numerics (which can be
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seen from the small number of simulations (N,M) = (100, 200) considered).

We leave for future work an optimisation of the algorithm in order to reduce

the computational time to obtain robust optimal parameters (α∗, β∗, γ∗).

h = 180 h = 30 h = 5

α0 0.9 1.9 3.1
β0 1.5 1.2 8.1
γ0 0.8 1.8 0.5
α∗ 0.88 1.96 3.15
β∗ 1.52 1.21 8.01
γ∗ 0.83 1.76 0.48
T 500 200 100
N 100 200 100
M 200 100 200
D 0 0.01 0

Table 3.2: Initial and calibrated parameters

3.4 Proofs of the main results

3.4.1 Proof of Proposition 79

We start with the behaviour at the origin, and use the definition of a singular

point to prove the statement. Regarding the first statement, for ε > 0,∫ ε

−ε

1 + |b(x)|
σ̃2(x)

dx ≤ 2

[
1 + max

x∈[−ε,ε]
|b(x)|

] ∫ ε

0

dx

σ̃2(x)
,

≤ 2

[
1 + maxx∈[−ε,ε] |b(x)|

]
γ2 + δ

∫ ε

0

dx

x2(1−β)
,

as there exists δ ∈ (−γ2,∞) and x > 0 such that for x ≤ x, γ2 − 2αγ
β
xβ +

α2

β2x
2β ≥ γ2 + δ > 0. This integral is finite if and only if β > 1

2
. Now, for

x > 0, we have

lim
x↓0+

b(x)
1
h
x

= lim
x↓0+

(1− x) = 1 and lim
x↓0+

σ̃(x)

γx1−β = lim
x↓0+

(
1− α

βγ
xβ
)

= 1.
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We can then apply [33, Theorem 5.3] for γ := 2β − 1 6= −1 as β > 0, and

conclude.

Regarding the behaviour at infinity, for x > 0, we have, as β > 0

lim
x↑∞

b(x)

− 1
h
x2

= 1 and lim
x↑∞

σ̃(x)

−α
β
x

= lim
x↑∞

{
1− βγ

α
x−β
}

= 1.

We can then apply [33, Theorem 5.7] for γ = 0 > −1 and λ := − β2

hα2 < 0

and ∞ has type A.

3.4.2 Proof of Theorem 80(i)

We first show that yσ is an isolated point. For ε > 0,∫ yσ+ε

yσ

1 + |b(x)|
σ̃2(x)

dx ≥
∫ yσ+ε

yσ

dx

σ̃2(x)
=

∫ yσ+ε

yσ

dx

x2
(
−α
β

+ γx−β
)2

≥ Kε

∫ yσ+ε

yσ

dx(
−α
β
xβ + γ

)2 =
Kε

γ2

∫ ε

0

dx(
1− α

βγ
xβσ
(

1 + x
yσ

)β)2

(3.12)

with Kε := (yσ +ε)−2(1−β) for β ∈ (0, 1), Kε := y
2(β−1)
σ for β > 1 and Kε := 1

for β = 1.

Introduce the following quantities:
Aβ :=

(β − 1)(β − 2)

2
,

Bβ := Aβ

[
Aβ −

β − 3

3

]
,

Cβ := Aβ

[
−(β − 3)(β − 4)

12
+

(β − 1)(β − 2)(β − 3)

3
− A2

β

]
.

(3.13)
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A straightforward Taylor expansion around the origin then yields[
1− α

βγ
xβσ

(
1 +

x

yσ

)β]−2

=
y2
σ

β2x2

[
1− 2Aβx

yσ
+ (2Bβ + A2

β)
x2

y2
σ

]
+

y2
σ

β2x2

[
2(Cβ − AβBβ)

x3

y3
σ

+ o(x3)

]
,

which is not integrable around zero. We thus conclude about the right be-

haviour of yσ by noting that the last term in (3.12) diverges. Using similar

arguments,∫ yσ

yσ−ε

1 + |b(x)|
σ̃2(x)

dx ≥
∫ yσ

yσ−ε

dx

σ̃2(x)
=

∫ yσ

yσ−ε

dx

x2
(
−α
β

+ γx−β
)2 ,

≥ Kε

∫ yσ

yσ−ε

dx(
−α
β
xβ + γ

)2 =∞,

with Kε := y
−2(1−β)
σ for β ∈ (0, 1), Kε := (yσ−ε)2(β−1) for β > 1 and Kε := 1

for β = 1.

Introduce, for a > 0 and x ∈ (0, a], the following functions:

ρ(x) := exp

(∫ a

x

2b(y)

σ2(y)
dy

)
, and ϕ(x) :=

1 + |b(x)|
σ2(x)

. (3.14)

We then define the scale function s as:

s(x) :=


∫ x

0

ρ(y)dy, if yσ ≥ 1,

−
∫ a

x

ρ(y)dy, if yσ < 1,
(3.15)

We rely here on the analysis in [33, Section 2.3]. The key ingredient is the

following lemma:
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Lemma 91. The following hold:

lim
x↓0

ρ(x) = 0,

∫ a

0

ρ(y)dy <∞,
∫ a

0

ϕ(x)

ρ(x)
dx =∞,

∫ a

0

ϕ(x)s(x)dx <∞, if yσ ≥ 1,

lim
x↓0

ρ(x) =∞,
∫ a

0

ρ(y)dy =∞,
∫ a

0

ϕ(x)

ρ(x)
|s(x)|dx <∞, if yσ < 1.

Remark 92. Note that the integral
∫ a

0
ϕ(x)
ρ(x)

dx is often referred to as the speed

measure of the process Y .

Introduce now the process Z := (Y − yσ), satisfying the SDE

dZt = b(Zt)dt+ σ(Zt)dWt, Z0 := y0 − yσ > 0.

with b(x) := b(x + yσ) and σ(x) := σ̃(x + yσ) for x > 0. Armed with

Lemma 91, the right behaviour of Z at the origin, which corresponds to the

right behaviour for the original process Y at yσ. The case yσ ≥ 1 follows

from [33, Theorem 2.13], whereas the case yσ < 1 follows from [33, Theorem

2.16].

Proof of Lemma 91. We start with the limiting behaviour of the function ρ

and its integral. A straightforward Taylor expansion around the origin yields[
1− α

βγ
xβσ

[
1 +

y

yσ

]β]−2

=
y2
σ

β2y2

[
1− 2Aβ

y

yσ
+ (2Bβ + A2

β)
y2

y2
σ

]
+

y2
σ

β2y2

[
2(Cβ − AβBβ)

y3

y3
σ

+ o(x3)

]
,

(3.16)

with Aβ, Bβ, Cβ introduced in (3.13). Introduce K := 2x2β+1
σ (1−yσ)
hβ2γ2 ≤ 0 as

yσ ≥ 1 and Ka
β := − 1

a
− 2Aβ

yσ
log(a) +

2Bβ+A2
β

y2
σ

a.

When yσ ≥ 1, using (3.16), we obtain the asymptotic behaviour, as x ap-

proaches zero,

2b(x)

σ2(x)
=
K

x2

(
1− 2Aβ

x

yσ
+ (2Bβ + A2

β)

(
x

yσ

)2

+ 2(Cβ − AβBβ)

(
x

yσ

)3

+ o(x3)

)
.

(3.17)
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As the expansion is uniform on [x, a], one obtains

ρ(x) = exp

(
2

∫ a

x

b(y)

σ2(y)
dy

)
,

= exp

(
K

x

(
1 +

2Aβ
yσ

x log x

))
exp

(
KKa

β −
2Bβ + A2

β

y2
σ

Kx+ o(x)

)
,

= exp

(
K

x
+KKa

β

)
x

2AβK

yσ (1 + o(x)).

(3.18)

Since K ≤ 0, ρ(x) tends to zero as x tends to zero from above, and
∫ a

0
ρ(x)dx

is finite.

In the case yσ < 1, the expansion (3.18) is still valid, albeit with K ≥ 0.

Therefore ρ explodes at the origin and
∫ a

0
ρ(y)dy is infinite.

Now, it is straightforward to see that∫ a

0

1 + |b(x)|
ρ(x)σ2(x)

dx ≥
∫ a

0

dx

ρ(x)σ̃2(x+ yσ)
≥
∫ a

0

dx

σ̃2(x+ yσ)
,

which is clearly infinite., because ρ is bounded above by 1 on (0, a] and

from the asymptotic behaviour of the integrand around the origin, analysed

in (3.12).

We now prove the last statement of the lemma, and start with the case

yσ ≥ 1. With this,
∫ a

0
ρ(y)dy is finite and s(x) =

∫ x
0
ρ(y)dy for x ∈ (0, a].

Using (3.18), we can write the asymptotic behaviour of s(·) around the ori-

gin by integrating the asymptotic behaviour of ρ(·) around zero. Classical

asymptotic expansions for integrals [98, Chapter 3.3] (note that the leading

contribution arises at the right boundary of the integration domain) yields,

after the change of variable y 7→ zx,

s(x) =

∫ x

0

ρ(y)dy,

= eKK
a
βx

2AβK

yσ
+1

∫ 1

0

exp

(
K

zx

)
z

2AβK

yσ dz,

= eKK
a
βx

2AβK

yσ
+1 exp

{
K

x

}(
− 1

K
x+ o(x)

)
,
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as x tends to zero. Combining this with (3.16) and (3.18), we obtain

s(x)

ρ(x)σ2(x)
=

x2β
σ

β2γ2
x

(
− 1

K
x+ o(x)

)
1

x2
(1 + o(1)) = − x2β

σ

Kβ2γ2
(1 + o(1)) ,

which is integrable on (0, a] and concludes the proof, using the fact that∫ a

0

1 + |b(x)|
ρ(x)σ2(x)

s(x)dx ≤
(

1 + max
x∈(0,a]

|b(x)|
)∫ a

0

s(x)

ρ(x)σ2(x)
dx <∞.

Consider now the case where yσ < 1.
∫ a

0
1+|b(x)|
ρ(x)σ2(x)

|s(x)|dx ≤
[
1 + max(0,a] |b|

] ∫ a
0

|s(x)|
ρ(x)σ2(x)

dx.

Since both |s(x)| and ρ(x)σ2(x) diverge to infinity at the origin, we need to

study the behaviour of the integrand around zero to be able to conclude. We

already proved that
∫ a

0
ρ(x)dx is infinite for yσ < 1. Hence, for x ∈ (0, a],

we obtain s(x) := −
∫ a
x
ρ(y)dy. For δ > 0 such that x < δ < a and x > 0,∫ a

x
ρ(y)dy =

∫ δ
x
ρ(y)dy+

∫ a
δ
ρ(y)dy. The second integral exists as the integral

of a continuous function over a closed interval in R+. Regarding the first

one, classical asymptotic expansions for integrals and (3.18), yield, after the

change of variable y 7→ zx,∫ δ

x

ρ(y)dy = eKK
a
βx1+

2AβK

yσ

∫ δ/x

1

exp

(
K

xz

)
z

2AβK

yσ dz,

= eKK
a
βx1+

2AβK

yσ e
K
x

( x
K

+ o(x)
)
,

and the asymptotic behaviour of the integrand around the origin becomes

|s(x)|
ρ(x)σ2(x)

=
x2β
σ

β2γ2

(
x2

K
+ o(x2)

)
1

x2
(1 + o(1)) =

x2β
σ

β2γ2K
(1 + o(1)),

which is integrable at the origin, and the claim is proved.
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3.4.3 Proof of Theorem 80(ii)

The strategy to prove the proposition is similar, albeit with different compu-

tations, to the previous case. Introduce, for a > 0 and x ∈ (0, a],

ρ(x) := exp

(∫ a

x

2b(y)

σ2(y)
dy

)
and ϕ(x) :=

1 + |b(x)|
σ2(x)

.

We then define the scale function s as:

s(x) :=


∫ x

0

ρ(y)dy, if yσ < 1,

−
∫ a

x

ρ(y)dy, if yσ ≥ 1.

In order to determine the left behaviour of yσ, we first state the following

lemmas. They will enable us to decide which theorem to use from [33, Section

2.3].

Lemma 93.

lim
x↓0+

ρ(x) =∞,
∫ a

0

ρ(y)dy =∞,
∫ a

0

ϕ(x)

ρ(x)
|s(x)|dx <∞, if yσ ≥ 1,

lim
x↓0+

ρ(x) = 0,

∫ a

0

ρ(y)dy <∞,
∫ a

0

ϕ(x)

ρ(x)
dx =∞,

∫ a

0

ϕ(x)s(x)dx <∞, if yσ < 1.

Similarly to before, introduce the process Z := yσ − Y satisfying the SDE

dZt = b(Zt)dt+ σ(Zt)dWt, Z0 := yσ − y0 > 0,

as well as the maps b(x) := −b(yσ−x) and σ(x) := −σ̃(yσ−x) for x > 0. With

Lemma 93, we obtain the left behaviour of Z at the origin, corresponding to

the left behaviour of yσ for Y . The case yσ < 1 follows from [33, Theorem

2.13], and the case yσ ≥ 1 from [33, Theorem 2.16], and Theorem 80(ii)

follows.

Proof of Lemma 93. A straightforward Taylor expansion around the origin
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yields[
1− αxβσ

βγ

[
1− y

yσ

]β]−2

=
y2
σ

β2y2

[
1 +

2Aβy

yσ
+ (2Bβ + A2

β)
y2

y2
σ

]
+

y2
σ

β2y2

[
2(AβBβ − Cβ)

y3

y3
σ

+ o(x3)

]
,

(3.19)

with Aβ, Bβ, Cβ defined in (3.13). We start with the behaviour of the func-

tion ρ and its integrated version.

Consider first the case yσ ≥ 1. We split the range of possibilities into three

possible intervals for a:

(i) If a < yσ−1, then yσ−x ≥ yσ−a > 1 and b is negative on [yσ−a, yσ−x].

Then, for x ∈ (0, a],∫ a

x

b(y)

σ2(y)
dy =

∫ a

x

−b(yσ − y)

σ̃2(yσ − y)
dy = −

∫ a

x

b(yσ − y)dy

(yσ − y)2(1−β)γ2
(

1− α
βγ
xβσ(1− y

yσ
)β
)2 ,

=
1

h

∫ a

x

(yσ − y)2β−1(yσ − y − 1)

γ2
(

1− α
βγ
xβσ(1− y

yσ
)β
)2 dy,

≥ (yσ − a)2β−1 (yσ − a− 1)

γ2h

∫ a

x

dy(
1− α

βγ
xβσ(1− y

yσ
)β
)2 ,

as miny∈[x,a]

[
(yσ − y)2β−1(yσ − y − 1)

]
= (yσ − a)2β−1 (yσ − a− 1) >

0. Indeed the map y 7→ y2β−1(y − 1) is increasing on [yσ − a, yσ − x]

because yσ − a > 1. Noting that (3.19) is uniform on [x, a], we obtain,

as x approaches zero

exp

2 (yσ − a)2β−1 (yσ − a− 1)

γ2h

∫ a

x

dy(
1− α

βγ
xβσ(1− y

yσ
)β
)2


= exp

{
K

x
+KK

a

β

}
x−

2AβK

yσ (1 + o(x)),

with K := (yσ−a)2β−1(yσ−a−1)y2
σ

hβ2γ2 > 0 and K
a

β := − 1
a

+
2Aβ
yσ

log(a) +
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2Bβ+A2
β

y2
σ

a, and therefore limx↓0 ρ(x) =∞ and
∫ a

0
ρ(x)dx =∞.

(ii) If yσ − 1 ≤ a < yσ, then for x ∈ (0, a],∫ a

x

b(y)

σ2(y)
dy =

∫ yσ−1

x

b(y)

σ2(y)
dy +

∫ a

yσ−1

b(y)

σ2(y)
dy.

Similarly to (i), one can prove that limx↓0
∫ yσ−1

x
b(y)

σ2(y)
dy = ∞. Then,

on (yσ − 1, a], σ does not go to zero and is continuous, thus bounded;

similarly, b is negative and continuous, hence bounded on (yσ − 1, a].

Therefore
∫ a
yσ−1

b(y)

σ2(y)
dy <∞, for x ∈ (0, a], and

lim
x↓0

ρ(x) = exp

(∫ a

yσ−1

b(y)

σ2(y)
dy

)
exp

(∫ yσ−1

x

b(y)

σ2(y)
dy

)
=∞.

(iii) If yσ ≤ a, then for x ∈ (0, a],∫ a

x

b(y)

σ2(y)
dy =

∫ yσ−1

x

b(y)

σ2(y)
dy +

∫ yσ

yσ−1

b(y)

σ2(y)
dy +

∫ a

yσ

b(y)

σ2(y)
dy.

Similarly to (ii), it is easy to show that
∫ yσ
yσ−1

b(y)

σ2(y)
dy = −

∫ 1

0
b(y)
σ̃2(y)

dy ≤ 0.

Then, as b is positive on (yσ, a],
∫ a
yσ

b(y)

σ2(y)
dy ≥ 0, and limx↓0 ρ(x) =∞.

Consider now the case yσ < 1. Using (3.19), we have the asymptotic be-

haviour, as x approaches zero

2b(x)

σ2(x)
=
K̃

x2

(
1 + 2Aβ

x

yσ
+ (2Bβ + Aβ)

(
x

yσ

)2

+ 2(aβBβ − Cβ)

(
x

yσ

)3

+ o(x3)

)
,

(3.20)

with K̃ := 2x2β+1
σ (yσ−1)
hβ2γ2 < 0 as yσ < 1. Since the expansion is again uniform
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on [x, a], we obtain

ρ(x) = exp

{
2

∫ a

x

b(y)

σ2(y)
dy

}
,

= exp

{
K̃

x

(
1− 2Aβ

yσ
x log x

)}
exp

{
K̃K

a

β −
2Bβ + A2

β

y2
σ

K̃x+ o(x)

}
,

= exp

{
K̃

x
+ K̃K

a

β

}
x−

2AβK̃

yσ (1 + o(x)). (3.21)

Since K̃ < 0, we easily deduce that limx↓0 ρ(x) = 0, and
∫ a

0
ρ(x)dx is finite.

The middle statement in the lemma is straightforward. When x ∈ (0, a],∫ a
x

b(y)

σ2(y)
dy = −

∫ yσ−x
yσ−a

b(y)
σ̃2(y)

dy. Since 0 < yσ − a < yσ − x < 1, b is positive

on [yσ − a, yσ − x] and the above integral is therefore negative. Hence, ρ is

bounded by 1 on (0, a], and∫ a

0

1 + |b(x)|
σ2(x)

dx ≥
∫ a

0

dx

σ̃2(yσ − x)
=∞,

using (3.19), which concludes the proof.

The final integrals in the lemma are rather delicate to analyse. We start with

the case yσ < 1. As
∫ a

0
ρ(x)dx < ∞, s(x) =

∫ x
0
ρ(y)dy. Using (3.21), one

can obtain the asymptotic behaviour of s(·) around zero by integrating the

asymptotic behaviour of ρ(·) around 0. Classical asymptotic expansions for

integrals (note that the leading contribution arises at the right boundary of

the integration domain) yields, after the change of variable y 7→ xz,

s(x) =

∫ x

0

ρ(y)dy = eK̃K
a
βx1−

2AβK̃

yσ

∫ 1

0

exp

(
K̃

xz

)
z
−2AβK̃

yσ dz,

= eK̃K
a
βx1−

2AβK̃

yσ exp

(
K̃

x

)(
− x

K̃
+ o(x)

)
, as x tends to zero.

(3.22)
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Therefore, combining (3.19), (3.21) and (3.22), we obtain

s(x)

ρ(x)σ2(x)
= x

(
− 1

K̃
x+ o(x)

)
x2β
σ

β2γ2

1

x2
(1 + o(1)) = − x2β

σ

β2γ2K̃
(1 + o(1)),

which is integrable on (0, a] and concludes the proof.

We now move on to the case where yσ ≥ 1. In that case,∫ a

0

1 + |b(x)|
ρ(x)σ2(x)

|s(x)|dx ≤
[
1 + max

(0,a]
|b|
] ∫ a

0

|s(x)|
ρ(x)σ2(x)

dx.

As limx↓0 |s(x)| = ∞ and limx↓0 ρ(x)σ2(x) = ∞, one needs to study the

behaviour of the integrand around zero to conclude. As
∫ a

0
ρ(x)dx = ∞,

for x ∈ (0, a], s(x) := −
∫ a
x
ρ(y)dy. For δ > 0 such that x < δ < a and

x > 0,
∫ a
x
ρ(y)dy =

∫ δ
x
ρ(y)dy +

∫ a
δ
ρ(y)dy. Note that the second integral is

convergent as the integral of a continuous function over a closed interval of

R.

Classical asymptotic expansions for integrals [98, Chapter 3.3] and (3.21),

yield, after mapping y 7→ zx,

∫ δ

x

ρ(y)dy = eK̃K̃
a
βx1−

2AβK̃

yσ

∫ δ/x

1

exp

(
K̃

xz

)
z−

2AβK̃

yσ dz,

= eK̃K̃
a
βx1−

2AβK̃

yσ e
K̃
x

(
x

K̃
+ o(x)

)
,

and the asymptotic behaviour of the integrand around the origin is given by

|s(x)|
ρ(x)σ2(x)

=
x2β
σ

β2γ2

(
x2

K̃
+ o(x2)

)
1 + o(1)

x2
=

x2β
σ

β2γ2K̃
(1 + o(1)),

which is integrable at the origin, and concludes the proof.

3.4.4 Proof of Proposition 87

As the process Y ε is in R∗+ instead of R, we adapt the proof of [105, Theorem

2.9] to show that it satisfies a large deviations principle with speed ε and
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rate function IY . Note first that for yσ > 0, and in both cases y0 ≥ yσ and

y0 < yσ, the function σ̃ is locally Lipschitz continuous on R∗+. Furthermore,

for f ∈ H, the Picard-Lindelöf Theorem implies that the controlled ODE

ġt = σ̃(gt)ḟt, with g0 = x admits the solution

Sx(f)(t) =

(
βγ

α

) 1
β
[
e−α

∫ t
0 ḟudu

(
xβ

α

βγ
− 1

)
+ 1

]1/β

, for t ∈ T , x > 0.

This formulation requires the term
[
e−α

∫ t
0 ḟudu

(
xβ α

βγ
− 1
)

+ 1
]

to be positive

for all x > 0:

• If y0 ≥ yσ, then yβ0
α
βγ
− 1 ≥ 0 and Sy0(f) is positive on T ;

• If y0 < yσ, then yβ0
α
βγ
− 1 < 0 and Sy0(f) is positive on T if and only

if Condition (3.7) holds.

The crucial step in [105, Theorem 2.9] is [105, Theorem 2.7], which states

that if
√
εW is close to f ∈ H, then Y ε should be close to Sy0(f), the

solution of the controlled ODE. The case of bounded and globally Lipschitz

coefficients follows directly from [105, Theorem 2.7]. In order to deal with

locally Lipschitz coefficients here, we need to localise. For 0 < rσ < rb, the

functions

b(x) :=

 b(x), ‖x‖ ≤ rb,

b

(
rx

‖x‖

)
, ‖x‖ > rb,

and σ(x) :=

 σ̃(x), ‖x‖ > rσ,

σ̃

(
rx

‖x‖

)
, ‖x‖ ≤ rσ.

are bounded and globally Lipschitz continuous on R∗+, and clearly εb(·) con-

verges uniformly to zero on R∗+ as ε goes to zero. Moreover, given η ∈ (rb, rσ),

there exists 0 < r ≤ min{η − rσ, η − rb} such that the δ-tube around Sy0(f)

is contained in Br(η). In order for this radius r to exist, one simply needs

to make sure that the solution Sy0(f) of the controlled ODE never reaches

zero (explosion is impossible as infinity is recurrent), which is obvious when

y0 ≥ yσ, and guaranteed by Condition (3.7) when y0 < yσ.

Denote Y
ε

the solution to dY
ε

t = εb(Y
ε

t)dt+
√
εσ(Y

ε

t)dWt with Y
ε

0 = y0 > 0.

Then the two sequences (Y
ε
)ε>0 and (Y ε)ε>0 are identical on Br(η). Thus,
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for each δ, λ > 0, there exist ξ, ζ > 0 such that, for all f ∈ H with Λ(f) ≤ λ

and x ∈ Bξ(y0),

P
[
‖Y ε − Sy0(f)‖∞ > δ, ‖

√
εW − f‖∞ ≤ ζ

]
= P

[
‖Y ε − Sy0(f)‖∞ > δ, ‖

√
εW − f‖∞ ≤ ζ

]
.

The constants ξ, ζ > 0 are such that [105, Theorem 2.7] is satisfied. Hence,

for each R, δ, λ > 0, there exist ζ, ξ, ε0 > 0 such that, for all f ∈ H with

Λ(f) ≤ λ, x ∈ Bξ(y0), ε ≤ ε0,

P
[
‖Y ε − Sy0(f)‖∞ > δ, ‖

√
εW − f‖∞ ≤ ζ

]
≤ exp

{
−R
ε

}
holds, and the proof follows from [105, Theorem 2.9].

3.4.5 Proof of Theorem 86

To obtain a large deviations principle for Xε, a large deviations principle for

the rescaled process Xε := (Xε, Y ε) needs to be proved.

dXε
t = εb(Xε

t)dt+
√
εa(Xε

t)dWt,

with initial condition Xε
0 := x0 =

(
log s0

y0

)
and the maps b, a : R∗+ → R2

defined as

b(Xε
t) =

(
−1

2
σ2(Y ε

t )

b(Y ε
t )

)
and a(Xε

t) =

(
σ(Y ε

t )

σ̃(Y ε
t )

)
.

These two maps are both locally Lipschitz continuous on R × R∗+. Solving

the controlled ODE for Y ε is sufficient to solve the controlled ODE for the

process Xε. Using the proof of Proposition 87, for f := (f, f) with f ∈ H,

the controlled ODE ġt = a(gt)ḟt, with g0 = x0 has a solution g = Sx0(f)

on T . For y0 > yσ, the solution Sy0 is strictly positive and Sx0(f) exists

on T for all f ∈ H and x0 ∈ R × R∗+. In this case, H boils down to the

Cameron-Martin space. For y0 < yσ, Condition (3.7) ensures that Sy0 is

positive. Applying [105, Theorem 2.9], the sequence Xε then satisfies a large
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deviations principle on C(T ,R × R∗+) as ε tends to zero, with speed ε and

rate function

IY,X(g) := inf
{

Λ(f), f ∈ H,Sx0(f) = g
}
.

To obtain a large deviations principle for the log-stock price Xε, we apply

the Contraction Principle [39, Theorem 4.2.1] since the projection on the first

component is continuous, and the theorem follows.
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4
Conclusion

Stochastic volatility models have always been of great interest for the math-

ematical finance community, to understand the dynamics and the behaviour

of the implied volatility. Over the last few years, rough volatility models have

been developed, as they provide important improvements to the more clas-

sical volatility models, such as the power-law decay of the volatility smiles

close to maturity.

In this thesis, we studied various stochastic volatility models, with both

rough and path-dependent features: in Chapter 1, a generalised version of

the Stein-Stein model where the instantaneous volatility is driven by a frac-

tional Brownian motion and starts from a random distribution; in Chapter 2,

the realised variance process of the rough Bergomi model; and in Chapter 3,

a complete model with stochastic volatility where the instantaneous volatil-

ity depends on an exponential weighted moving average of the stock price

process. For each of these models, we used large deviations techniques to

derive asymptotics for the rescaled volatility and stock price processes. We

then provided asymptotics for the implied volatility, a crucial quantity for

practitioners. In particular, in Chapter 1, we extended results on sample

path large deviations and provided some possible techniques to overcome the
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difficulties encountered when working with large deviations techniques. We

also demonstrated how to modulate the effect of the Hurst parameter H as

well as the randomisation of the initial volatility to reproduce the steepness

of the implied volatility smile. More work needs to be carried out to develop

a numerical scheme to approximate the rate function.

On the practical side, we then presented in Chapter 2 how rough volatility

models, and the rough Bergomi model in particular, can be used to derive

asymptotics for the Realised Variance options. We investigated the effect of

correlation in the multi-factor rough Bergomi models and its influence on the

smiles. As an example, we used an approximation of the Realised Variance

density to price Volatility Swaps. Regarding the VIX options, we were only

able to prove the small-noise, large strike asymptotics. Future research will

be focused on getting the small-time behaviour of such options.

Finally in Chapter 3, we focused on a different complete model with stochas-

tic volatility introduced by Guyon, and derived from Hobson and Rogers.

After providing the conditions on the coefficients to obtain existence and

uniqueness of a strong solution, we proved small-time asymptotics for the

stochastic volatility model. Considering the computational time needed to

optimise the coefficients in Chapter 3, the numerical scheme developed needs

to be improved to obtain precise estimators and reduce the computational

time.
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[4] E. Alòs, D. Garćıa-Lorite and A. Muguruza. On smile properties of

volatility derivatives and exotic products: understanding the VIX skew.

arXiv:1808.03610, 2018.
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