
Thermal E↵ects in Topological Systems

Christopher N. Self

Imperial College London

Department of Physics

July 19, 2018

Supervisors: Dr. Jiannis K. Pachos & Prof. Terry Rudolph

Submitted in part fulfilment of the requirements for the degree of Doctor of Philosophy

from Department of Physics of Imperial College London

1



Declarations

The work in this thesis was carried out by the author along with the following

main collaborators. Chapter 3 was carried out in collaboration with James

R. Wootton and Benjamin J. Brown. The work presented in chapter 5 was

a collaboration with Sofyan Iblisdir and James R. Wootton. Chapter 6 is a

collaboration with Sofyan Iblisdir, with helpful suggestions made by Chris J.

Turner. The ongoing work documented in appendix C is being carried out in

collaboration with Johannes Knolle and Sofyan Iblisdir. All work was carried

out in collaboration with and under the guidance of my supervisor Jiannis K.

Pachos. The computational work was carried out by me alone. I certify that

the presented material is my own except where otherwise acknowledged and

that the work of others is appropriately referenced.

The numerical results of chapter 3 were obtained from simulations run on

the High Performance Computing Facilities of the Imperial College Research

Computing Services, DOI: 10.14469/hpc/2232. The numerical work included

in chapters 5 and 6 was undertaken on ARC2, part of the High Performance

Computing Facilities at the University of Leeds, UK.

The copyright of this thesis rests with the author and is made available un-

der a Creative Commons Attribution Non-Commercial No Derivatives licence.

Researchers are free to copy, distribute or transmit the thesis on the condition

that they attribute it, that they do not use it for commercial purposes and that

they do not alter, transform or build upon it. For any reuse or redistribution,

researchers must make clear to others the licence terms of this work

2



To my parents

3



Acknowledgements

I am lucky to have worked and mixed with so many excellent scientists. Throughout

my PhD my supervisor Jiannis Pachos has helped guide me to interesting problems and

provided insights about how to solve them and I am grateful to have worked with him.

I am also particularly grateful to the fantastic collaborators I have worked closely with:

Benjamin J. Brown, James R. Wootton, Sofyan Iblisdir and Johannes Knolle. Beyond

them, a number of other people have been instrumental in the development of my under-

standing of the physics I have studied in particular: Konstantinos Meichanetzidis, Gian-

domenico Palumbo, James de Lisle, Christopher J. Turner, Alexander Bullivant, Zlatko

Papic, Adrian Hutter and Ville Lahtinen. I am indebted to the doctoral training centre

on Controlled Quantum Dynamics, of which I am a student, for the excellent environment

and many opportunities it has provided me. In particular, I am extremely grateful to the

administrative sta↵ in Whiteley 115, Miranda Smith and Lisa Cheung, for their support

and guidance (both practical and social). I am also very grateful to Terry Rudolph, the

director of the doctoral training centre who co-supervised me, for his advice and mentor-

ing. My time as a student would have also been much less enjoyable without my fellow

students of cohort 4: Izzie Rabey, Antony Milne, Kamil Korzekwa, Matteo Lostaglio,

Claudio Polisseni, David Murgia, Max Frenzel, Chris Sparrow and Zachary Bluden-Codd.

Student life is not all work and I am very grateful to many dear friends, both inside

and outside physics, for all the time we have spent together. Most importantly, I thank

my parents who continue to be unreasonably supportive of me, as well as being generous

with both their love and the contents of their fridge.

My time as a PhD student has been challenging and rewarding. Finally I would like

to acknowledge the work of the Imperial College London and Leeds University student

counselling services, who have supported me at di↵erent times while I have been a student.

Their role is vital and I am very grateful to them.



Abstract

Topological systems are an exciting frontier of condensed matter physics, as well as having

deep relationships to quantum computing. Progress continues to be made both towards

building practical quantum computers and experimentally identifying topological features

in real materials. However, these attempts have to contend with the messiness of the real

world including the e↵ects of finite temperatures.

In quantum computing thermal errors are studied through the framework of quantum

error correction. This allows a characterisation of how damaging these errors are, and has

provided many general results on the limits of how well given quantum codes can endure

thermal errors. In the first part of this thesis we study the typical response of one of the

best known quantum codes (the two-dimensional toric code) when subjected to thermal

noise. This typical behaviour is compared to the limiting bounds and we note di↵erences

that arise due to entropic e↵ects.

Topological features are typically properties of the ground state of a system. In some

cases this means finite temperatures can be damaging, washing out the topological prop-

erties with excitations above the ground state. But in other cases it has been shown that

topological systems can have their own unique finite temperature behaviours, which can

be used to identify them. In the second part of the thesis we study the topological model

Kitaev’s honeycomb. Fixing certain conserved quantities restricts the model to special

sectors, some of which carry topological phases. We begin by investigating an intrinsi-

cally finite temperature property of these topological phases, thermal edge currents. At

too high temperatures, close to the bulk gap, the topological behaviour of these currents

breaks down. However, we show that at lower temperatures they can be identified and

shown to have the expected properties such as robustness to perturbations. Following this

we investigate the thermal states of the full model. Our approach to this allows us to

probe the topological order of the model in a way that has not been done before and we

identify a number of interesting new features of the finite temperature physics.
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1.

Introduction

Topological order and quantum computing are deeply interrelated topics [1], both of which

are making the journey from theory to reality. In the last two years some of the largest con-

ventional computing companies (including Intel, IBM and Google) have joined a growing

field of start-up companies in unveiling small quantum computing prototypes [2]. Some of

these are already accessible to the scientific community through online access; allowing at

least one researcher to begin developing quantum computer games to run on these devices

and playfully test their limits [3]. Despite the progress made, however, many of the scala-

bility problems faced by these small computers and the technologies they are built on are

incredibly hard engineering challenges. In response a large part of the theory community

continues to focus on studying alternative approaches and searching for fundamentally

di↵erent physical architectures.

Topologically ordered systems o↵er one such alternative [4, 5]. Just as the material

physics of semiconductors makes them perfect for building classical computers, the prop-

erties of topologically ordered materials would make them natural candidates for construct-

ing quantum chips. Currently, however, there are still many gaps in the theoretical and

experimental understanding of topological systems. These gaps need to be filled if we hope

to be able to control them with the precision needed to carry out quantum computations.

My thesis reflects the close relationship between quantum computing and topological

order by being split between the two topics. This is partly a result of the environments

I have been lucky enough to be in during my PhD1, and partly comes down to the kind

of work I enjoy doing. The main focus throughout is studying thermal e↵ects in these

di↵erent settings, and this is mostly carried out using heuristics and numerical data from

simulations. Though the focus is the same, the motivations vary. Finite temperatures

are known to be very damaging to quantum computers. The first part (chapters 2 and

3) relates to the e↵ect of these thermal errors in a particular quantum computer design,

1Imperial College’s quantum information group for the first year and Leeds University’s topological quan-
tum computing group after that.
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the toric code. Whereas the following chapters (chapters 4, 5 and 6) study finite temper-

ature phenomena in topologically ordered systems and topological phases, instead with

the motivation that these e↵ects might be useful measurable signatures. Since the models

studied and tools used in these two parts are quite di↵erent I’ve split the background

material between chapters 2 and 4. Each of these background chapters aim to provide a

self contained introduction for the work that follows. The rest of this introduction sets up

the problems studied and gives a review of the relevant literature.

Chapters 2 & 3

One of the biggest hurdles to practical quantum computing is combating the e↵ects of

noise. Quantum computers are highly sensitive to external noise as they rely on quantum

superpositions, which can easily decohere into classical mixed states. The main source of

decoherence is interaction with an external environment. However some level of coupling

to the outside world is unavoidable. This interaction could be intentional, such as when

inputting/outputting data or instructing the computer to perform an operation, or it could

just be our inability to perfectly shield the device from temperature or external radiation.

The breakthrough invention of quantum error correction codes [6–8], combined with fault-

tolerance threshold theorems [9], proved that these damaging e↵ects can be handled and

corrected for. Additionally, studying such codes provided a framework for doing so. The

study of quantum error correction has been highly successful; many subsequent advances

have led to the design of extremely computationally powerful codes and robust error

correction schemes [10–14]. The language of codes has also proved to be a useful tool in

other areas, being applied as far afield as studying black holes [15].

One important goal of quantum error correction is searching for good quantum mem-

ories. These specialised codes would allow quantum states to be saved reliably, thus

enabling execution of arbitrarily long quantum programs. Theoretical work on quantum

memories separates between active and passive schemes. Active codes rely on the repeated

measurement of special error check observables [16]. The outcomes of these measurements

are processed with classical algorithms, called decoders, to choose a correction to apply.

This process is carried out in real time in order to stop small errors becoming large and

12



problematic. Passive schemes, in contrast, try to find systems whose natural internal pro-

cesses protect encoded information without the need for constant external correction [17].

For example, by encoding information in the degenerate ground states of a gapped Hamil-

tonian system. Passive quantum memories whose storage lifetimes increase quickly as the

volume of the system is increased2 are called self-correcting [18]. Whether self-correcting

quantum memories can be found is an important open problem. Besides how useful self-

correcting quantum memories would be, their discovery would also have deep foundational

implications. They would demonstrate stable complex quantum order in a macroscopic

system at finite temperature, breaking the separation we observe between the quantum

micro- and classical macro- worlds.

Unfortunately, many of the established results concerning self-correcting quantum mem-

ories are negative results. These come in the form of no-go theorems [19, 20] and general

statements about the decoherence times of memories interacting with generic thermal

environments [21–24]. These negative results show that many of the best studied quan-

tum memory proposals cannot be self-correcting. To avoid these no-go results, more exotic

models have been explicitly constructed by finding loopholes in their proofs. These achieve

better information storage times, though for the models where it is possible to obtain clear

results on storage times they only o↵er a weaker form of self-correction called partial self-

correction [25, 26]. Partially self-correcting models exploit an interesting connection to

classical glassiness to slow down the thermal growth of errors and protect the encoded

information. However, their storage times only increase slowly with system size3 and

above a critical size their lifetimes cease to grow. Another interesting positive result is

that models defined in higher dimensions can exhibit self-correction [27, 28]. In particular

the toric code in four spatial dimensions has been shown to be self-correcting [29]. This

insight has led to attempts to construct self-correcting memories by embedding higher

dimensional code structures into three-dimensional space, using either fractal lattices [30]

or other techniques [31]. However, the complexity of these proposals makes them di�cult

to definitively analyse. An even harder prospect is analysing quantum memory proposals

that are not exactly solvable. These are systems whose code properties are known but we

2Self-correction implies a storage times that increases exponentially with system size.
3Storage times of partially self-correcting quantum memories increase polynomially with system size.
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do not have exact expressions for the states of the models [13, 18]. This gap in knowledge

takes rigorous study of their storage times beyond what is possible with the tools currently

available. It has been argued that some of these proposals may be self-correcting.

An important theme in quantum memories is the interplay between energy and entropy.

Studies of passive quantum memories often make use of a heuristic called the Arrhenius

law. This estimates the lifetime of a memory based only on the energy costs of bad errors

that destroy the information encoded in the memory [17]. The minimum energy needed

to introduce such an error is called the energy barrier of the memory. The Arrhenius

law provides an estimate of the typical time we expect to wait for such errors to occur

naturally due to thermal fluctuations. Specifically, if the energy barrier is � the Arrhenius

law says we expect thermal processes to overcome this barrier and destroy the encoded

information in time ⌧ ⇠ e�/T where T is the temperature. Many no-go results actually

prove bounds on these energy barriers [19, 20], for example by proving that they are

constants independent of system size. The Arrhenius law would then imply that the

lifetime must also be independent of system size. This is backed up by our knowledge

of classical memories, where an energy barrier that scales at least linearly with system

size seems to be necessary for self-correction. It was hoped that for quantum memories it

might be possible to do better than the Arrhenius law and achieve partial self-correction

even without a positively scaling energy barrier by using entropic protection [32]. In this

approach the geometry of the system is altered to try to ‘hide’ the low energy error paths.

Maximising entropy would then drive the evolution away from these paths toward higher

energy routes and increase the coherence time. However, more recent work seems to rule

out this possibility. Arrhenius-like relations rigorously linking the scaling of the energy

barrier to an upper bound on memory lifetimes have now been proven in a number of

cases [22–24].

The Arrhenius law may function well as an upper bound, but it is dangerous to consider

it as a true estimate of the actual lifetime a memory will have. Classical examples exist

where a direct application of Arrhenius law misses important entropic e↵ects that radically

decrease the lifetime of a memory [33].

Chapter 2 introduces the mathematical and numerical tools used to define and study
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quantum memories. This includes the construction of codes, the decoding of errors and

the modelling of finite temperatures.

In chapter 3 we investigate the actual expected memory lifetime of a well-known quan-

tum memory model, the two-dimensional toric code, and compare it to the Arrhenius law.

This is carried out using arguments from statistical mechanics and numerical simulations.

The work in this chapter was included in the publication: [17]. A similar study was pub-

lished by another group around the same time [34]. Our results agree with theirs in one

limiting case (low temperature/small systems), but due to di↵erent approaches taken in

the analysis we disagree in the other limit (high temperature/large systems).

Chapters 4, 5 & 6

Topological systems are an exciting frontier of condensed matter physics. Conventionally

the large-scale (emergent) behaviour of a material, described by its quasiparticle excita-

tions, has been categorised as either fermionic or bosonic. This encodes (amongst other

things) the exchange statistics, which describe how the quantum state changes if two

quasiparticles are swapped. For bosons there is no change at all. For fermions a simple

change occurs, which is undone if the quasiparticles are swapped a second time back to

their original positions. The quasiparticles of topologically ordered systems extend these

possible behaviours by allowing more general changes of the quantum state [35]. These

anyonic excitations live in two spatial dimensions; crucially this means looping one particle

around another (a double swap) is topologically distinct from doing nothing (no swaps).

Anyons are sensitive to the topology of these braid loops.

How general the state transformations generated by braids can be depends on the type

of anyons. The simplest type, Abelian anyons, can exhibit measurable interference between

particle trajectories that do or do not braid (this is demonstrated in the Aharanov-Bohm

e↵ect [36]). Braids of non-Abelian anyons are more powerful and are su�cient to change

the result of quantum measurements on the anyons, for example their braids can perform

quantum teleportation between subsets of the particles [35]. The most powerful subtypes

of non-Abelian anyons are even known to be universal for quantum computing [37, 38],

meaning their braids alone can carry out any computational operation we would need.
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Discovering a physical system with these anyons, that we could precisely control, would

provide a strong physical basis for a future quantum computer.

Besides this connection, there is a deep relationship between topological order and

quantum error correction. In contrast to conventional phases of matter (such as solids,

liquids and gases, or even more exotic phases such as superconductors), topologically

ordered systems do not have a local order parameter. For a system with solid and gas phases

in order to find out what phase the system is in we only need to carry out measurements on

a small part, for example by measuring the density. The same is not true for topologically

ordered systems. In order to fully characterise their state you need to access the entire

system. This confers natural robustness against noise and perturbations, since locally

acting errors cannot decohere the non-locally encoded quantum state [17].

Another example of topological states of matter are topological phases [39]. These sys-

tems do not directly support anyonic excitations. Nevertheless, they still have important

links to topological quantum computing. Though their quasiparticles are not anyons,

physical defects in the system (such as vortices) can bind anyons [40]. As with topologi-

cally ordered systems, topological phases do not have local order parameters. Instead they

are characterised by topological invariants. These invariants, such as the Chern number in

two-dimensional systems [41], are properties of their ground states. Systems with topolog-

ical phases, such as topological insulators [42] and topological superconductors [43], have

gapped energy spectra making them insulators. In spite of this, however, they support

robust currents on their surfaces.

There is strong experimental evidence for the existence of topological phases in real

materials [42, 43]. Beyond this, it has also been possible to engineer topological phases

in quantum simulators using cold atoms [44–46]. In contrast, direct evidence of topolog-

ical order remains elusive. There are compelling indications that some real setups could

carry anyonic excitations, in particular fractional quantum Hall systems [47–49] and crys-

tals thought to be spin liquids [50]. However, no-one has yet conclusively demonstrated

braiding of real quasiparticles [40]. It is hoped that this will eventually be possible, or

alternatively that quantum simulator schemes could be extended to produce topologically

ordered states.
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An important theoretical model of topological matter is Kitaev’s Honeycomb [51]. This

model is the subject of chapters 4, 5 and 6. It is a two-dimensional spin model that is

exactly solvable, meaning it is possible to carry out a deep analysis of its properties. The

model has been shown to exhibit both topological order [52] and topological phases [51, 53,

54]. Chapter 4 gives the definitions of the model and describes its exact solution. It ends

with a brief dip into a tiny part of the (extensive) literature around the model’s properties.

This chapter is supported by appendix A, which provides an extended discussion of some

of the details of the calculation.

The compelling and beautiful thing about Kitaev’s Honeycomb is that its tractability

allows us to see the abstract properties (such as its anyons) emerging from the microscopic

details. In this vein chapter 5 studies the surface currents (in this case one-dimensional

edge currents) of the topological phases of the model using its exact microscopic solution.

The topological phases of the Honeycomb are topological superconductors, meaning charge

is not conserved and electrical currents are not possible. Instead the currents we study

are heat currents, which we study numerically. This is carried out in real-space allowing

us to demonstrate their topological robustness. Additionally, the real-space nature of the

operators could make it possible to experimentally probe the same observables in future

quantum simulator realisations of the model. This work was published as [55].

It is thought that certain crystals may come close to realising the couplings of Kitaev’s

Honeycomb [56, 57]. Continuing experiments on these materials are able to probe them in

ever greater depth [50, 58] leading to a recent increased interest in measurable signatures of

Kitaev honeycomb physics. Its thermodynamic properties are one such set of measurable

quantities. They have already received a great deal of attention [59–63]. A key finding has

been a signature of the fractionalisation of the spins in the behaviour of the specific heat.

Fractionalisation implies the presence of anyons, but cannot distinguish between di↵erent

types of anyons. Despite this success however, these previous studies have neglected an

important aspect of the topological order of the model that may help to further distinguish

the anyon types. Chapter 6 returns to the thermodynamics of the Kitaev Honeycomb,

paying close attention to these fine details.

Chapter 7 concludes by summarising the results of chapters 3, 5 and 6. The results
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presented are contextualised against other work in the field. After summing up, I end by

discussing future directions.

Though the subject matter varies the methods applied throughout the thesis are similar,

mostly relying on numerical simulations. I have included an appendix of ‘experimental’

details on these numerics, appendix B, and much of the original code is available on my

github profile @chris-n-self.

Finally, appendix C documents work in progress that seeks to link chapters 5 and 6

by computing thermal conductivities for the full Kitaev Honeycomb model. Two schemes

are proposed for computing these quantities. One of these schemes involves computing

heat currents after a quenched perturbation, and may separately be of interest in probing

aspects of the non-linear response.
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2.

Background 1:

Quantum memories at finite temperature

This chapter provides the background on quantum memories and their interaction with

a thermal environment. It begins with an introduction to stabiliser codes in section 2.1.

Their construction is discussed in section 2.1.1 and the handling of errors in section 2.1.2.

The toric code is used as a particular example of a stabiliser code throughout this section

and its definitions are given alongside the more general ones. Following this, quantum

memory Hamiltonians based on stabiliser codes are introduced in section 2.2. Section 2.2.1

comments briefly on the relationship between quantum memories and topological order.

Section 2.3 describes the modelling of the quantum memory’s interaction with a finite

temperature environment as well as how it can be numerically simulated. Then the details

of the error decoding procedure we employ are outlined in section 2.4.

2.1. Stabiliser codes

This section is a brief review of the construction of quantum stabiliser codes using the

toric code as a particular example. This is purely to provide the necessary framework for

the work discussed in the following chapter. Many excellent introductions and in depth

reviews are available in the literature such as [16, 17].

2.1.1. Construction

Error correcting codes provide a way to store information robustly by using a large number

of physical qubits (the fundamental unit of quantum data) to encode a small number of

logical qubits. This is achieved by specifying a particular subspace of a much larger

Hilbert space as the logical degrees of freedom. The remaining degrees of freedom are

used to detect and attempt to correct errors. Stabiliser codes do this in an elegant way

by specifying a set of mutually commuting operators whose joint +1 eigenspace define the
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logical subspace, called the code space. This gives them an e�cient description purely in

terms of these operators.

A stabiliser code is defined over n qubits. Quantum states of these qubits live in a

Hilbert space of dimension 2n. The code space is defined within the full Hilbert space by

fixing the eigenvalues of m independent, mutually commuting operators. These operators

are called stabilisers Sr where r = 1, . . . ,m and the code space is defined by

Sr | i = +1 | i for all r.

The stabilisers may all be chosen to be hermitian and so correspond to some set of ob-

servables. Fixing these stabiliser degrees of freedom restricts the Hilbert space dimension

of the code space to 2n�m
⌘ 2k and so we encode k logical qubits.

In the case of the toric code the physical qubits are arranged on the links of a periodic

L⇥L square lattice, fig. 2.1, so that n = 2L2. Embedding this two-dimensional lattice in

three-dimensional space, the qubits live on the surface of a torus. The toric code has two

kinds of stabiliser operators: plaquettes operators Bp that apply a Z to all qubits living

on the links around a plaquette, and star operators Av that act with an X on the links

adjacent to a vertex. Examples of these operators are shown in fig. 2.1(a). Here we have

used the convention of denoting the Pauli matrices with X, Y and Z, explicitly

X =

0

B@
0 1

1 0

1

CA , Y =

0

B@
0 �i

i 0

1

CA , Z =

0

B@
1 0

0 �1

1

CA .

The independent, commuting stabiliser operators are the generators of the Abelian

stabiliser group S = hS1, . . . , Smi where �1 /2 S, meaning the group S is composed of all

possible products of these generators Sr. The stabiliser group is a subgroup of the full

Pauli group of the n qubits, Pn = hi1, X1, Z1, . . . , Xn, Zni. Here we have introduced the

notation that Xr means Pauli X acting on qubit r, explicitly this is

Xr = 1⌦ 1⌦ · · ·⌦ 1| {z }
r�1

⌦ X ⌦ 1⌦ 1⌦ · · ·⌦ 1| {z }
n�r

.

The internal (logical) degrees of freedom of the code space are manipulated by logical

operators. These operators must not disturb the stabilisers, so commute with all elements

20



(a) (b)

Z

Z

Z

Z

Bp

X

X

X X

Av

X

X

X

X

Z Z ZZ

Z

Z

Z

Z

X XX X

XZ

XZ

Z1

X1

X2

Z2

X1

Z1

S 2 S

(c)

Figure 2.1. – Building blocks of the toric code. (a) examples of the plaquette Bp and
star Av stabiliser operators. Each plaquette p and vertex v, respectively, has a Bp and
Av operator associated with it. (b) the two anti-commuting pairs of logical operators
of the toric code {X1, Z1} and {X2, Z2}. (c) an element of the stabiliser group S 2 S

and one pair of logical operators {X1, Z1} are drawn on a torus embedded in three-
dimensional space to illustrate their relationships to topology. The logical operators
run along di↵erent non-trivial cycles and only intersect at a single point. In contrast,
all elements of the stabiliser group form trivial cycles on the surface of the torus.
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of S. However, they cannot be part of the stabiliser group or they would act trivially

on encoded states. Logical operators can always be chosen as anti-commuting pairs of

observables from the Pauli group (X l, Z l) 2 Pn for l = 1, . . . , k where X l Z l = �Z l X l.

Additionally, logical operators from separate pairs will commute, that is Xr Zs = Zr Xs

when r 6= s. The logical operators are only defined up to their product with the stabiliser

group.

In the case of the toric code these conditions on the logical operators, that they must

commute with all the stabilisers but cannot be generated from a product of them, has a

topological interpretation. The logical operators of the toric code are strings of X or Z’s

that run around non-trivial cycles of the torus. Non-trivial cycles of the torus are loops

that cannot be shrunk to a point without cutting and gluing them closed again, intu-

itively they are loops that pass around or through the ‘hole’ of the donut. The toric code

encodes two logical qubits. The logical operators {X1, Z1} and {X2, Z2} are illustrated

in fig. 2.1(b). To make the construction of these operators clearer, the Z logical operators

are strings on the edges of the lattice and each correspond to one of the two di↵erent

non-trivial cycles. The X logical operators that are conjugate to them are strings on the

edges of the dual graph (i.e. the lattice obtained by replacing plaquettes with vertices

and vice versa) and are associated with the opposite non-trivial cycle to their Z partner.

In this way the Xi and Zi operators only meet at a single qubit and so anti-commute

with each other, whereas Z1 does not act on any of the same quibts as X2 or Z2 and so

they commute (with the same being true for X1). In contrast to the logical operators,

the stabiliser group (products of the Av and Bp operators) only contains strings that are

boundaries of regions of the lattice. In particular this includes strings with trivial topol-

ogy, meaning they can be shrunk to a point without cutting the string. It additionally

includes even numbers of non-trivial strings, which form the boundaries of ‘strip’ regions

that are periodic in one direction. Recall that logical operators are only defined up to

products with the stabiliser group, hence the Z and X operators defined above can be

deformed with these loops and still remain logical operators. One pair of logical operators

and an example element of the stabiliser group are drawn on a three-dimensional torus

in fig. 2.1(c) to help illustrate the role of topology.
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2.1.2. Detecting and correcting errors

Modelling arbitrary errors acting on a quantum code is in general a hard problem. A

simplified approach that is often employed is to study Pauli error channels. These channels

act on a state of the code ⇢ through the error map

N (⇢) = (1� p)1+
X

i

piEi ⇢Ei where p =
X

i

pi (2.1)

where Ei 2 Pn is the complete Pauli group of the n physical qubits. Errors such as these

act incoherently. They transform the state into a probabilistic mixture, described by

distribution pi, where each component su↵ers the Pauli error Ei. Applying Pauli errors Ei

to stabiliser states yields another stabiliser state, only with a di↵erent set of eigenvalues,

and thus the action of Pauli error channels on stabiliser codes can be e�ciently simulated.

In contrast, arbitrary unitary operators acting on the code would also include coherent

components, which would enter eq. (2.1) in the form of terms like (Ei ⇢ � ⇢Ei). These

cannot be e�ciently simulated in general as their action would move the state out of the

stabiliser eigenbasis. This is problematic as errors such as these are likely to be common

in real quantum devices. Fully analysing the e↵ect of coherent errors remains an open

problem and an active area of research [64–66]. However, recent progress suggests that for

large enough topological codes locally acting coherent physical errors result in an e↵ective

error channel acting on the logical subspace that is incoherent [64]. This result, and others,

suggests that the simplified modelling of Pauli error channels is nevertheless an e↵ective

way to analyse the robustness of quantum codes.

We will work only in the framework of Pauli error channels. Every member of the Pauli

group either commutes or anti-commutes with each stabiliser Sr; therefore, if a non-trivial

error occurs its signature will be that some of the stabiliser eigenvalues will be flipped to

�1. The measurement outcomes of the stabilisers following an error E are called the error

syndrome. This syndrome is not unique as multiplying the error by any element of the

stabiliser group E0 = E S, S 2 S, will not change the syndrome.

Generic members of the Pauli group can be decomposed (up to phases) into strings of

operators acting on the toric code. Closed strings belong to either the stabiliser group

or the set of logical operators. Both of these commute with all the stabilisers so have
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Figure 2.2. – An open chain of errors on the toric code creates two non-trivial
syndromes by flipping the eigenvalue of the stabilisers at each ends. In this case the
flipped stabilisers are the Bp plaquette operators indicated with red spheres.. Two
proposed correction operators result in either: (a) no damage to the encoded state
or (b) a logical error. In (a) and (b) the error that has occurred is indicated with
a solid red line as well as X operators on the qubits, and the proposed correction
operators are drawn as light/dashed lines. (c) a worst case error configuration for the
toric code. A decoder cannot reliably correct such an error.

trivial syndromes. Open strings, on the other hand, will anti-commute with the stabilisers

at the end points of the string and so generate a non-trivial error syndrome that will be

detected by measuring the stabilisers. Figure 2.2 (a) shows an open string of X’s causing

two flipped stabilisers, drawn as red balls, at the ends of the string.

We can try to correct an error by acting with a correction operator C. This operator

will be such that the product of the initial error E with C has trivial syndrome. The

correction succeeds if C E 2 S, meaning the final action on the state is just multiplication

with a stabiliser, and fails if C E = L for some logical operator L. The job of choosing a

correction operator C is carried out by a decoder. One way to evaluate the strength of a

code is to consider the smallest worst case error. This is the error (or errors) that act on

the smallest number of qubits necessary to produce a syndrome pattern that is impossible

to reliably decode. Considering errors like these leads to the concept of code distance. The
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code distance, d, is defined as the weight (the number of qubits acted on non-trivially) of

the smallest logical operator. Since the logical operators are only defined up to products

taken with the stabilisers, the code distance is obtained by minimising the weight of the

logical operators with respect to the action of the stabiliser group. The smallest worst

case error will then be an error that acts on d/2 qubits.

Toric code correction operators will be open string Pauli operators that produce the

same syndrome as the error. If the combined closed string (error plus correction) has

trivial topology the final operation applied belongs to the stabiliser group and the error

has successfully been corrected, fig. 2.2(a). However, if the total loop wraps around a

non-trivial cycle a logical error has occurred, fig. 2.2(b). For the toric code defined on

an L ⇥ L square lattice all minimum weight logical operators have the same weight of L

(these are the logical operators as drawn in fig. 2.1), hence the distance of the code is

d = L. The least-weight worst case errors are strings of length L/2 that wind halfway

around a non-trivial cycle, such as the error configuration drawn in fig. 2.2(c). Errors like

these provide no information to a decoder about what direction the error string lies in and

cannot be reliably corrected.

In principle it is not necessary to actually carry out the correction operation. If we can

decide through decoding that the correction we would like to apply is C then we can store

this information and instead use it to adapt future elements of the computation in such a

way that the error is dealt with [16]. This correction operator C is then called the Pauli

frame of the encoded state. Depending on the situation it will take di↵erent amounts

of e↵ort to account for a non-trivial Pauli frame. For complex computations (involving

non-Cli↵ord gates) this could mean having to alter the operators that are applied at later

steps of the computation. Whereas, in the simplest case it could mean we just have to

reinterpret the result of final measurement outcomes.

2.2. Quantum memory Hamiltonians

Quantum memories use energetic protection to try and suppress the development of prob-

lematic errors. Information is stored in the degenerate ground state eigenspace of a many-

body (N qubit) Hamiltonian, Hmem = ��
P

k Pk where Pk 2 PN , such that errors have
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an energy cost and so are suppressed. This general setup is greatly simplified by restricting

the Hamiltonian terms to a stabiliser group over the qubits Pk 2 S. In this case Hmem is

exactly solvable and we can use the language of error correcting codes to understand many

of its properties. The ground state eigenspace of Hmem is the code space of the stabiliser

code S and the degeneracy of the ground state is resolved by the logical operators of the

code. Excitations are described by the eigenvalues of the stabiliser generators.

For the toric code the simplest such Hamiltonian is to use the stabiliser generators as

the interaction terms,

Htc = �
�p

2

X

p

Bp �
�v

2

X

v

Av where �p,v > 0. (2.2)

It’s easily seen that the code states, for which all hBpi = hAsi = 1, minimises its energy;

therefore the toric code codespace is the ground state eigenspace. We can construct

projection operators onto the (�1) flipped eigenvalue of the stabilisers

np =
1�Bp

2
& nv =

1�Av

2

and, up to non-physical constant terms, rewrite the Hamiltonian using these projectors

Htc = �p

X

p

np +�v

X

v

nv . (2.3)

This translates flipped stabilisers into quasiparticle excitations of two species np and nv.

In this view, the ground state subspace is the vacuum of these particles. Error operators

create and transport the np and nv. As these particles live at the end of strings, both np

and nv particles always exist in pairs.

2.2.1. Topological order and toric code anyons

The toric code Hamiltonian is a topologically ordered stabiliser Hamiltonian. A colloquial

definition of topological order is that there is no local order parameter to resolve the

degenerate ground states. We already know that the only operators that lift the degeneracy

of the ground states of the toric code are the non-trivial loop operators, the size of which
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scales with the dimensions of the system. Topological order ensures the ground state

degeneracy is robust to perturbations, such as stray magnetic fields [17]. Specifically, it

has been shown that for topologically ordered stabiliser Hamiltonians the gap induced in

the ground state subspace by weak local perturbations is exponentially small in the system

size [67]. If this was not the case such perturbations would lead to coherent dephasing

errors of the logical states, as di↵erent states in the code space would acquire di↵erent

phases under the Hamiltonian evolution of the system. This resilience is an essential

characteristic if the system is to serve as a quantum memory. However, this picture of

coherent errors is far from complete and misses some important aspects. For example

this neglects code preparation errors, when the state is not a perfect eigenstate of the

Hamiltonian, as well as the possibility that the perturbations induces dynamics in the

quasiparticle excitations that is damaging to the encoded information. For an extended

discussion of these topics see section II.F of [17]. Nevertheless, topologically ordered

systems provide the best known examples of physical systems whose natural properties

help to suppress quantum errors.

The quasiparticles of the toric code introduced above, np and nv, are Abelian anyons.

Specifically, they belong to the quantum double of the Abelian group Z2 [35]. The quasi-

particles are conventionally labelled e and m. This anyonic picture gives another view of

the logical states. Any string operator can be viewed as the trajectory of a pair of e or

m particles moving over the lattice. Therefore, logical operators correspond to particles

winding around a non-trivial cycle of the torus before finding each other and annihilating.

This annihilation returns the system to its ground state but leaves its particle flux. In

the lattice model of the toric code this particle flux corresponds to a closed string with

non-trivial topology (the logical operator), which has generated the motion of the parti-

cle. Measurement of the conjugate logical operator can detect the presence or absence of

this flux loop. A physical picture of the logical degrees of freedom is that they are the

occupations of these winding fluxes.
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2.3. Modelling finite temperatures

We are interested in errors arising from the interaction between the quantum memory and a

thermal environment. The thermal environment is modelled by a large auxiliary quantum

system. The initial state of this auxiliary system is a thermal state at temperature T and

we call it a thermal bath. The interaction between the memory and the bath causes the

two systems to become entangled. Thus, over time it becomes harder to reliably extract

the information initially stored in the memory when we can only perform measurements

on the memory’s degrees of freedom.

In order to have a tractable model of the interaction between the memory and the bath

we assume the coupling is weak and that the bath is much larger than the memory. Under

these assumptions, the state of the bath e↵ectively does not change due to the interaction

and it can be considered to remain in a thermal state at all times. For all practical

purposes, the information transferred from the memory into entanglement is now lost all

together. This is the Markovian limit. For a thermal bath in this limit the memory evolves

towards its Gibbs state

⇢� =
X

j

e��"j

Z
|ejihej | , (2.4)

where |eji are some complete set of energy eigenstates of the memory with energies "j ,

� = 1/T is the inverse temperature of the bath (with Boltzmann’s constant set equal to

one) and Z =
P

j e
��"j is the canonical partition function.

An additional assumption gives a particularly simple model of the dynamics. If we

assume that the memory-bath interactions are local and independent then the memory

dynamics can e↵ectively be described by a rate equation. We can visualise such a bath

as injecting or extracting lumps of energy from the memory so causing jumps between

energy eigenstates. Each jump occurs with some characteristic rate that depends only

on the energy di↵erence. If V is a process jumping the memory from energy "i to "f , so

causing the energy of the bath to change by !V = �("f�"i), then it occurs with frequency

�(!V ) =
!V

1� e��!V

, (2.5)

where  has units of 1/(energy⇥ time) and sets the timescale of energy exchange between
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the memory and the environment. These rates can be seen to satisfy the property of

detailed balance, �(!V ) = e�!V �(�!V ).

2.3.1. Deriving the rate equation

We will give the derivation of the rate equation, eq. (2.5), from a weak coupling of the

memory to a thermal bath [68]. Very general and powerful mathematical frameworks have

been developed in order to derive weak coupling master equation [69]. These methods

provide a more rigorous route to obtaining eq. (2.14). Rather than being rigorous, the

aim of this derivation is to highlight the physical origins of the di↵erent parts of the final

result as well as the assumptions involved in reaching it.

Rather than being rigorous, the aim of this derivation is to highlight the physical origins

of the di↵erent parts of the final result as well as the assumptions involved in reaching it.

The memory, with Hamiltonian Hmem, interacts with a bath described by Hbath. The

initial state is an uncorrelated product state between a pure state of the memory and the

thermal state of the bath, ⇢tot = | ih | ⌦ ⇢th. Taking a generic form of the interaction

gives a total Hamiltonian

H = Hmem ⌦ 1bath + 1sys ⌦Hbath +
X

↵

W↵ ⌦ f↵ ⌘ HM +HB +HI ,

where W↵ and f↵ are assumed to be hermitian and act on the memory and bath re-

spectively. The interaction operators on the memory W↵ are ergodic, meaning that the

interaction can address all states of the memory (there are no dark states that decouple).

To describe the dynamics we move to the interaction picture. Interaction picture operators

are denoted with a tilde and defined by Õ = ei(HM+HB)tO e�i(HM+HB)t. The state ⇢̃tot of

the coupled memory and bath evolves according to

@

@t
⇢̃tot = �i[H̃I(t), ⇢̃tot(t)] . (2.6)

A formal solution to eq. (2.6) is obtained by integrating both sides. This formal solution
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can then be substituted back into the right hand side of eq. (2.6) to obtain

@

@t
⇢̃tot = �i[H̃I(t), ⇢̃tot(0)]�

Z t

0
ds [H̃I(t), [H̃I(s), ⇢̃tot(s)]] . (2.7)

We are only interested in the dynamics of the memory so we next trace out the bath to

find the evolution of the reduced state ⇢̃ = trbath(⇢̃tot). The partial trace of the first term

on the right hand side can be chosen to vanish, trbath([H̃I(t), ⇢̃tot(0)]) = 0. In particular

this will be the case since the initial state of the bath, the thermal state, is diagonal in

its energy eigenbasis. Whereas the interaction operator acting on the bath is o↵-diagonal,

since it encodes energy exchanges between the memory and the bath. The derivation so

far is exact, we now begin to simplify eq. (2.7) with approximations.

In the weak coupling limit we make the Born approximation. This replaces ⇢̃tot(s) on

the right hand side of eq. (2.7) with the factorised ⇢̃(s) ⌦ ⇢th at all times. The reduced

dynamics of the memory are then described by

@

@t
⇢̃ = �

Z t

0
ds trbath

⇣
[H̃I(t), [H̃I(s), ⇢̃(s)⌦ ⇢th]]

⌘
. (2.8)

One possible justification of this is that, since the coupling is weak, the state of the bath

e↵ectively does not change. Or if it does, then since it is so much larger than the memory

it relaxes back to its thermal state on timescales that are so short the change can be

neglected. However, a more sophisticated analysis can show that this does not need to

be the case [70]. Even in the weak coupling limit the state of the bath might change but

eq. (2.8) remains the correct description of the reduced dynamics of the memory.

If we substitute the expression H̃I =
P

↵ W̃↵ ⌦ f̃↵ into eq. (2.8) and expand the double

commutator we find it is possible to use the cyclic property of the trace to refactorise the

integrand into

@

@t
⇢̃ = �

X

↵,�

Z t

0
ds
⇣
[fW↵(t),fW�(s)⇢̃(s)] trbath(f̃↵(t)f̃�(s)⇢th)

�[fW↵(t), ⇢̃(s)fW�(s)] trbath(f̃�(s)f̃↵(t)⇢th)
⌘
. (2.9)

The correlation functions Cab(t1, t2) = trbath(f̃a(t1)f̃b(t2)⇢th) now encapsulate all remain-
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ing reference to the bath. Since ⇢th is a stationary state, these correlations only depend

on the time di↵erence, Cab(t1, t2) = Cab(t1 � t2). To continue, we expand the operators

fW↵ in terms of their Fourier components. Using the definition of the interaction picture

operators, we find these are given by

fW↵(t) = eiHmemtW↵ e
�iHmemt =

X

!

V↵(!) e
i!t .

The set of ! are energy di↵erences between di↵erent eigenstates of Hmem and the operators

V↵(!) are the parts of W↵ that couple those two di↵erent energies. We note that since the

W↵ are hermitian this means V↵(�!) = V †
↵(!). Substituting into eq. (2.9) and changing

the integration variable to ⌧ = t� s gives

@

@t
⇢̃ = �

X

↵,�

X

!,⌫

Z t

0
d⌧ ei(!+⌫)t e�i⌫⌧

✓
[V↵(!), V�(⌫)⇢̃(t� ⌧)]C↵�(⌧)

� [V↵(!), ⇢̃(t� ⌧)V�(⌫)]C�↵(�⌧)

◆
. (2.10)

We now make a rotating wave approximation and say that the only terms that will con-

tribute to the sum over ! and ⌫ are those where ⌫ is equal to �!. Other terms will average

out due to the fast oscillating ei(!+⌫)t.

The time taken for the bath to relax back to equilibrium is much shorter than any

timescale of the memory. We therefore expect the bath correlation functions to be peaked

around ⌧ = 0 and decay very fast. While, in the same amount of time we expect the state

of the memory to hardly have changed. This justifies replacing ⇢̃(t� ⌧) inside the integral

with ⇢̃(t) and extending the upper bound of the integral to infinity. This is the Markovian

approximation, since in this regime the future evolution of the memory is determined only

by its current state and not its history. The equation of motion is now

@

@t
⇢̃ = �

X

↵,�

X

!

✓
[V↵(!), V�(�!)⇢̃]

Z 1

0
d⌧ei!⌧C↵�(⌧)

�[V↵(!), ⇢V�(�!)]

Z 1

0
d⌧ei!⌧C�↵(�⌧)

◆
. (2.11)

To simplify further we define the matrix �↵�(!) =
R1
0 d⌧ei!⌧C↵�(⌧), which is equal

to the first integral. Using the fact that C�↵(�⌧) = C⇤
↵�(⌧), the second integral is given
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by �⇤↵�(�!). We break �↵� into its hermitian and anti-hermitian parts and write it as

�↵�(!) = 1/2 g↵�(!) + i/2 h↵�(!) where

g↵�(!) = �↵�(!) + �
⇤
↵�(!) =

Z 1

�1
d⌧ei!⌧C↵�(⌧) ,

h↵�(!) =
1/i
�
�↵�(!)� �

⇤
↵�(!)

�
.

Note that the hermitian part g↵�(!) is the Fourier transform of the bath correlation

functions. Substituting these expressions into eq. (2.11) and manipulating eventually

gives
@

@t
⇢̃ =

1

2

X

↵,�

X

!

✓
� i h↵�(!) [V↵(!)V�(�!), ⇢̃]+

g↵�(!)
�
2V�(�!)⇢̃V↵(!)� {V↵(!)V�(�!), ⇢̃}

�◆
. (2.12)

The first term, typically called the shift Hamiltonian, renormalises the energy levels of

the memory. It has been shown that this term cannot speed up the decoherence of the

memory [21, 24] and so for simplicity we will neglect it when studying the dynamics.

We now start to make choices about the type of bath the memory is coupled to and the

details of the interaction. We independently couple each physical qubit to a bath made

up of an infinite number of harmonic oscillators. An ergodic choice of W↵ that act on

single qubits are Pauli X’s and Z’s. We additionally assume that the Pauli X and Z

thermal errors on a single qubit are independent. The independent coupling means there

are no correlations between di↵erent baths, g↵�(!) = g↵(!) �↵� . Finally, returning to the

Schrodinger picture, we arrive at the Markovian master equation for the reduced dynamics

of the memory

⇢̇ = �i[⇢, Hmem] + L(⇢) , (2.13)

where the Liouvillian super-operator L encodes the e↵ect of the environment on the mem-

ory and is given by

L(⇢) =
X

↵

X

!

g↵(!)

✓
V↵(!)

†⇢V↵(!)�
1

2
{V↵(!)

†V↵(!), ⇢}

◆
(2.14)

The power spectrum of the bath g↵(!) describes how quickly or slowly the bath can

exchange energy with the memory. It must satisfy detailed balance g↵(!) = e��! g↵(�!)

32



in order to ensure the thermal state of the memory is the equilibrium state.

The initial state of the memory is a pure ground state. This is the case we will often

consider in the quantum memory setting, however all of the following also applies to states

that are mixed in the energy eigenbasis of the memory for example probabilistic mixtures

of di↵erent ground states. If there is no initial coherence in the energy eigenbasis the dy-

namics described by eq. (2.13) cannot introduce coherence between energy eigenstates [21].

The density matrix of the memory will therefore be diagonal in the energy eigenbasis at all

times in the evolution ⇢(t) =
P

i pi(t) |eiihei|. Substituting this form of ⇢ into the master

equation we can show that it takes on a classical form

ṗk =
X

j 6=k

(�j!k pj � �k!j pk) (2.15)

where �j!k is the rate of transition from state j to k. If we assume the g↵(!) satisfy

detailed balance we find the following expression for the rates. Let V be a process that

causes the transition j ! k with change in the energy of the bath !V = �("k � "j), the

rates are then written

�j!k = �(!V ) =
g(!V )

|1� e��!V |
. (2.16)

With the final assumption that the bath has Ohmic spectral density and large cut-o↵

energy, g(!V ) / !V , eq. (2.16) yields the rate equation, eq. (2.5). This choice of bath

power spectrum is motivated by the spin-boson model [71].

If we were studying the decoherence of a specific physical architecture for a quantum

memory (such as trapped ions or NV centres in diamonds) we could not neglect the

constant prefactor of g(!V ) = !V . This constant  sets the fundamental timescale for

interactions between the memory and bath in physical units. However, when studying

quantum memories from a quantum coding perspective we are motivated by the more

abstract question of how the coherence time scales with temperature and system size.

2.3.2. Coherence time

An error correcting scheme can only really be evaluated in the context of some particular

error model and di↵erent error models will have di↵erent figures of merit. In the case of
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thermal errors evolving under some master equation this is the coherence time.

The coherence time ⌧ is defined di↵erently in di↵erent studies. However, the principle

is that ⌧ quantifies the time up to which we expect to be able to reliably recover stored

information from the memory using a decoder. Some possible definitions are that ⌧ is the

expectation value of the time the decoder first fails, or that ⌧ is the time that the decoder

success rate first falls below some threshold such as 99%.

2.3.3. Simulating thermal physics

Under the simplifying assumptions made above, the thermal decoherence of the memory

is described by a classical master equation, eq. (2.15), with transition rates that only

depend on energy di↵erences, eq. (2.5). To study the e↵ect on encoded information, the

time evolution of an initial pure ground state under these dynamics can be approximated

with Monte Carlo methods [72, 73]. The rest of this section outlines the steps of the

evolution algorithm we employ.

At time t = 0 the memory is in an energy (and logical) eigenstate, | 0i. As time

progresses, thermal processes jump the system to other energy eigenstates by applying

single spin X or Z operators. These jumps occur probabilistically producing a mixed

state ⇢(t) for times t > 0. We numerically sample from the ensemble ⇢(t) by averaging

over many simulated sequences of discrete jumps between pure states | 0i ! V1 | 0i !

V2V1 | 0i ! . . ., where the processes V1, V2, . . . and the times they occur t1, t2, . . . are

chosen randomly with appropriate probabilities.

After i steps the simulation time is ti and the memory is in state | ii, which has energy

"i. For all possible thermal processes that can occur V , we evaluate their rates �(!V )

with respect to "i and "f , which is the energy of V | ii. The time we would expect to

wait for each V to occur is exponentially distributed with rate �(!V ). Therefore, the time

we expect to wait for any process to occur is also exponentially distributed with total

rate R =
P

V �(!V ). The time until the next jump ti+1 = ti + �t can then be chosen by

drawing from this exponential distribution using the formula

�t = �
ln(r)

R
, (2.17)
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where r is a random number chosen uniformly from the interval (0, 1].

The relative likelihoods of each possible V occurring at time ti+1 are also given by the

rates. The probability that V will be the next process to take place is

pV =
�(!V )

R
. (2.18)

Using these probabilities we randomly select the next thermal process Vi+1. This gives

the state after the next jump | i+1i = Vi+1 | ii. Unless the simulation has met some stop

condition we now update the rates �(!V ) and repeat the above to continue to the next

step. (As a practical note, since the toric code Hamiltonian is a sum of local commuting

terms only a small number of the �(!V ) will have changed. We can identity these and

only recompute the rates where necessary.)

This simulation scheme can easily be extended to simulate the evolution of initial mixed

states of the memory. In this case the pure state chosen at the start of the simulation | 0i

would be chosen at random by drawing from the probability distribution corresponding

to the mixed state at t = 0.

2.4. Decoding errors

In active memories errors are handled through a repeated loop of measuring stabilisers,

decoding errors and applying corrections. Though their application is more limited than

in active schemes, decoders still play an important role in passive memories. An ideal

passive memory would be left untouched while storing information. However, we would

still want to decode when reading out the stored state. This final decoding step will always

be necessary to remove residual errors, even for a truly self-correcting memory [17]. To

reiterate a previous point, the coherence time ⌧ is defined in relation to this decoding step.

It quantifies how long we expect to be able to wait and still reliably decode. As such the

particular choice of decoder will e↵ect the value of ⌧ , though we do not expect the general

scaling of ⌧ with temperature and system size to change.

The job of a decoder is to begin with an error syndrome pattern and choose a correction

operator that will remove all error syndromes in a way that is least likely to cause logical
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errors. For the toric code this means closing open strings into closed strings. The decoder

succeeds if all the resulting closed strings have trivial homology, and it fails if the final

operator has non-trivial homology. When decoding the toric code we can choose to only

address Pauli X errors and their error syndromes of plaquette stabilisers. Pauli Z errors

and the associated flipped star stabilisers can be dealt with independently using the same

procedure.

There are many types of decoders developed for di↵erent situations [27, 74–77]. These

can be specialised to particular codes or widely applicable to broad classes of codes. The

decoder most often applied to the toric code is a specialised decoder, the minimum weight

perfect matching algorithm [27]. However, we instead employ one of the most flexible types

of decoder: a hard decision renormalisation group (HDRG) decoder, which is alternatively

called a clustering decoder [25, 78].

2.4.1. Clustering decoder

A clustering decoder divides the syndromes into spatially local subsets, clusters, that can

be corrected by local operators. With respect to constructing the clusters, local is taken

to mean that there is some length z such that for every syndrome in the cluster there

is at least one other member of the cluster that is at most distance z away. The cluster

can be corrected locally if it is possible to remove all syndromes in the cluster with a

correction operator that acts only on the physical qubits within a box bounded by the

edges of the cluster. Such a cluster is called neutral. In the case of the toric code it

is particularly easy to identify neutral clusters as it simply means they contain an even

number of syndromes. If there are still un-neutralised clusters amongst the set of length

z clusters the size is increased z ! z + 1 and the set of z + 1 clusters is considered. This

is repeated until all the clusters are neutral. The choice of linearly growing clusters is one

particular choice, it is also possible to consider exponentially growing clusters z ! 2z [25]

or other growth schemes. The algorithm is greedy in the sense that once all the clusters

of length z have been constructed if any are found to be neutral the correction operator

is applied straight away before constructing the z + 1 clusters. The syndromes in those

clusters then disappear and are not included in the z + 1 clusters. (It is known that
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Figure 2.3. – Distances of all sites from a central site (site-0) labelled on a 6 ⇥ 6
toric code, based on the distance metric described in the text. The (d) or (nd) labels
indicate sites linked to site-0 by degenerate or non-degenerate paths of a given length.
Sites on the left/top edge of the lattice are faded out to indicate they are repeats of
the same site labelled on the right/bottom edge due to the periodic boundaries. For
distances 3(nd) and greater the finite size of the system e↵ects the number of sites
at each distance. In particular, there are only two distinct sites at distance 3(nd)
rather than four. Additionally, there are no sites at distance 4(nd) or 5(nd). The
most distant site is at distance 6(d) and there is only one such site.

relaxing this greediness can improve the success of the decoder [79].) Additional to the

locality condition on the clusters, non-neutralised clusters cannot overlap spatially. For

every member of each cluster, all the remaining syndromes within distance z must be a

member of the same cluster. We will next give an example of applying this algorithm to

a particular toric code error to make the steps of the procedure clearer. However, before

that, in order to properly define the size of a cluster a distance metric is needed.

The distance z between plaquettes is taken to be the minimum number of operators

needed to connect the two plaquettes by an error chain (this is the Manhattan distance on

the square lattice). An additional complication is added as an entropic correction [77]. For

z � 2 some pairs of plaquettes are connected by multiple chains of length z while others

are only connected by a single path of length z. Entropic considerations mean the two

sites connected by multiple paths are more likely to be linked together by an error chain

of length z than the two with only a single path. These entropically favoured sites with

degenerate paths of length z are considered closer together than sites with non-degenerate

paths of the same length, in the sense that they are treated as two separate increments of
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the algorithm. This distance metric is illustrated in fig. 2.3.

To help illustrate the steps of algorithm, consider the pattern of errors on the 5⇥5 toric

code shown in fig. 2.4(a). The syndromes are drawn as well as the actual error strings,

which are unknown to the decoder. The first step is an initialisation step. At z = 0

clusters are created for each syndrome containing only the syndrome itself, fig. 2.4(b).

Increasing the search distance to z = 1, nearest neighbour syndromes are joined into

clusters. This leaves three independent clusters, fig. 2.4(c), one of which is neutral. The

neutral cluster is indicated in blue and the (in this case unique) correction operator is

shown. The algorithm now proceeds separately through distances z = 2(degenerate) and

then z = 2(non-degenerate) trying to expand the clusters. The two remaining clusters do

not become joined at these distances. At z = 3(degenerate) the two remaining cluster join

and become neutral, fig. 2.4(d). A possible choice of correction operator acting within the

box bounding the cluster is also shown. The z = 1 neutral cluster is not shown here since

as soon as it became neutral after z = 1 the correction operator was applied. Finally,

fig. 2.4(e) shows the combined action of the initial error and the correction operators. In

this case the decoder has failed. The combined operator decomposes into a non-trivial

loop of X’s in both the vertical and horizontal directions meaning a logical X has been

applied to both stored qubits. Using X stabilisers to deform the error chain we can bring

it into the shape of the logical operators as originally defined, fig. 2.4(f).

2.4.2. Testing for success

We will simulate the building up of errors in the memory and then some time later try

to decode. Rather than explicitly construct correction operators and check the homology

of the final operator we instead take the following approach to testing if the decoder has

been successful.

A choice of logical operators is fixed, for example Z1 and Z2 are chosen to be the

strings of Z’s applied to the qubits shown in fig. 2.5. With these operators specified,

we can find the Pauli frame of the logical qubits induced by the errors. In the example

of fig. 2.5(a) none of the physical error strings intersect the logical operators and so the

logical Pauli frame is just identities. This is compared to the logical Pauli frame deduced
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Figure 2.4. – Illustration of the working of the decoder. (a) The initial error
pattern, the syndromes (red spheres) become the input for the decoder and the error
strings are unknown. (b) Beginning of the algorithm, search distance d = 0. Trivial
clusters are created (red boxes). (c) Search radius is expanded to d = 1 and all
syndromes within that distance of each other are clustered. The lower left cluster
is neutral and a correction operator that will remove these syndromes is shown. (d)
When d = 3(degenerate) the remaining clusters combine and become neutral. A new
correction operator is shown, in addition to the previously applied correction. (e) The
total operator applied to the lattice. (f) Deforming the total operator with stabilisers
to recover the two X logical operators shown in fig. 2.1. This means the decoder has
failed and a logical error has occurred.
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Figure 2.5. – Assessing decoder success by comparing the actual Pauli frame of
the logical qubits to the Pauli frame deduced by the decoder. (a) based on the fixed
choice of logical strings Z1 and Z2 the actual Pauli frame of the logical operators is
trivial. (b) the result of decoding means that X strings will have to cross Z1 and
Z2 to remove the cluster highlighted. Thus giving a deduced Pauli frame that has
bit-flips on both logical qubits.

by the decoder. At the end of decoding we identify the clusters that intersect with our

choice of logical operators. This is only the large cluster shown in fig. 2.5(b). For each

logical operator we compute the particle flux crossing the logical string. In this case, for

both Z1 and Z2, there is an odd number of syndromes on each side of the logical strings.

This means that any correction operator will need to transport an anyon across Z1 and

across Z2. Therefore, the deduced Pauli frame is that a bit-flip has occurred to both

logical qubits.

If the future results of computations are adjusted according to our guess of a bit-flip

Pauli frame we will introduce a logical error into our computation. This again means

that the decoder has failed. Since this method only requires us to count the number of

syndromes on each side of fixed logical strings it is a highly e�cient way to assess decoder

success.

Finally, before progressing to consider thermal errors we benchmark our implementation

of the decoder against independent identically distributed (i.i.d.) errors to show it behaves

as expected. For di↵erent size L⇥L toric codes we randomly applyX errors to the physical

qubits with probability p. These errors are decoded and each time we check whether or not

the decoder has succeeded. This is repeated for N = 1000 samples and the fraction that

succeed gives the probability of successfully decoding Psucc. Figure 2.6 plots Psucc against

the physical error rate p. We see evidence of a critical threshold error rate p⇤ ⇡ 8.4%�8.5%.
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Figure 2.6. – Decoder success rate when attempting to correct i.i.d. noise as a
function of the physical error rate p for di↵erent system sizes. We see the expected
crossover behaviour for increasing system size and can identify a critical error rate
approximately in the range 8.4% to 8.5%.

This is indicated by the crossing of the curves corresponding to di↵erent system sizes [78].

For physical error rates p < p⇤ the probability of success Psucc increases with increasing

system size, since larger sizes act as an increasingly strict constraint on which errors of a

given density can cause the decoder to fail. Whereas for p > p⇤ the opposite is true, it

becomes increasingly harder to find an error pattern that does not cause a logical error,

and the system size scaling is reversed. A more careful analysis of the system size scaling

would be needed to more precisely identify the value of the critical error rate [77].

2.5. Summary

This chapter has given an introduction to the quantum memories framework and described

the simulation methods employed to study the toric code in the next chapter. This began

with a review of the stabiliser formalism for quantum error correcting codes. Followed

by a discussion of the related idea of quantum memory Hamiltonians, which seek to use

energetic suppression of errors to protect encoded information. The second half of the

chapter contained an in depth account of the master equation methods used to simulate

finite temperature environments and the decoding procedure we will use to correct errors.

In the following chapter we study the coherence time of the toric code quantum memory.
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The memory is initialised in a pure state and allowed to evolve in contact with a thermal

environment. We seek to dissect the coherence time, so we consider di↵erent timescales at

di↵erent points in the chapter. However, our primary definition of the coherence time ⌧

is the expectation value of the time the decoder first fails. This is estimated by applying

a clustering decoder to the thermal errors.
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3.

Understanding coherence
times of the toric code

In this chapter we carry out a numerical experiment to quantify and explain the coherence

time of the toric code as a finite temperature quantum memory. It is well established that

the two-dimensional toric code is a poor thermal memory. Rigorous upper bounds have

been placed on its coherence time, which are constants independent of system size [21, 23].

However, it is still informative to study the mechanics of its thermal decoherence. We will

find that the toric code shares some important features with more complex and thermally

robust models, so that studying the toric code can help us to more clearly understand

their coherence times. The key similarity is that we find di↵erent coherence time scaling

in two di↵erent regimes. One for small system sizes and another for large systems, with

these limits defined with respect to a thermal length scale that depends on temperature.

The small system limit is characterised by a coherence time that does depend on the size

of the system. Though in the case of the toric code this scaling is bad as increasing the

system size makes the coherence time shorter. In contrast, the coherence time for large

systems is independent of system size and only depends on temperature. This is the same

generic behaviour seen in models exhibiting partial self-correction [25], though in those

cases the finite size scaling for small systems is positive rather than negative.

The Hamiltonian for the toric code memory is given by eq. (2.3). For simplicity we take

�p = �v = �, though in fact, we only need to consider one species of excitations (as

noted in the definitions of the decoder we use). We study the plaquette excitations. Finite

temperatures are modelled and simulated as described in section 2.3 and the thermally

introduced errors are decoded with the clustering decoder detailed in section 2.4. We

use the statistical mechanics of two-dimensional random walks to describe and model the

motion of thermally excited toric code anyons.

The crucial weakness of the toric code is that once a pair of anyons has been created,

which has energy cost 2�, the anyons can di↵use with no additional energy cost. A clear
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physical picture of the theoretical upper bound on coherence time is that it is the time we

expect to wait for the creation of a single anyon pair, whose winding can create a logical

error ⌧ . e2�� [21, 23]. This agrees with the Arrhenius law heuristic. Our numerical

results, however, show that the coherence time in the large system limit does not saturate

this bound and is in fact exponentially worse, scaling as ⌧ ⇠ e�� .

3.1. Thermal excitations and random walks

At any temperature � there is a critical system size below which we only expect a single

pair of excitations to be present at any time in a finite size L ⇥ L system. We can

deduce this thermal length scale L⇤ by considering the density of anyons in equilibrium.

In thermal equilibrium we would expect the average density of excitations to scale like

⇢ ⇠ e��� . From this it follows that the number of anyon pairs present is

hNi ⇠
L2⇢

2
=

L2e���

2
. (3.1)

This gives a critical size L⇤
⇠ e��/2. For systems smaller than this we have hNi . 1,

meaning the probability that there is more than a single pair of anyons on the lattice is

negligible. The thermal decoherence of encoded information will then occur as the result

of the behaviour of just this single pair of anyons. In contrast, for larger system sizes

(or higher temperatures for the same system size) where hNi � 1 many anyon pairs are

present and we expect the interplay of the separate pairs to dominate the coherence time of

the system. These di↵erent system size regimes of the toric code are illustrated in fig. 3.1.

We will deduce estimates for the coherence time in both these limits and then compare

these estimates to numerics. We first consider the small system limit before moving on to

large systems.

3.1.1. Small system limit

For small systems we typically expect a single pair of excitations to cause the toric code

memory to fail. We estimate the coherence time as ⌧small = ⌧c+⌧m, where ⌧c is the time it

takes for this pair to be created. We denote by ⌧m the time it takes for the anyons to di↵use
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(c) (d)

Figure 3.1. – Typical string-like error configurations for the di↵erent system size
limits of the toric code at finite temperature. Configurations that cause the decoder
to fail are also depicted. (a) when the system is small we only expect a single pair
of anyons. (b) the decoder fails when the single pair is separated by more than L/2.
(c) for large sizes the system contains many pairs with average spacing ⇤ = ⇢�1/2.
(d) the decoder begins to mismatch pairs, failing when an error chain percolates.
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across the lattice up to a separation L/2, such that encoded information is irrecoverable

by quantum error correction. We show such an un-decodable configuration in fig. 3.1(b).

Since we are only interested in the displacement between a single pair of anyons we treat

one member of the pair as fixed with the other moving relative to it. When the anyons

are not neighbours they move independently as an unbiased random walk. Using this

description we can estimate the di↵usion time ⌧m.

The typical number of steps required for a two-dimensional random walker to reach a

distance L/2 from its starting point is (L/2)2. Using the noise model described in section 2.3

the timescale of random walk steps is 1/8�(0), where the factor of 8 counts the number of

processes on the lattice that move anyons. We thus obtain

⌧m '
1

8�(0)

✓
L

2

◆2

=
�L2

32
. (3.2)

To estimate ⌧c we note that the energy cost of pair creation is 2�. Again applying the

noise model from section 2.3, pairs are created from the vacuum at rate R0 = 2L2 �(�2�).

This implies the time we wait to see a creation event is 1/R0 ⇠ e2��/(�L2). However,

not all pairs di↵use to the required distance. Some creation pairs will instead fuse back to

the vacuum (self-annihilate) at some point later in time. By analysing the random walks

the pairs make we can quantify the e↵ect of these self-annihilations on the dynamics.

We wish to estimate the probability that a pair does not self-annihilate before reaching

separation L/2, we denote this as ⇧(L,�). The motion of the pair (when the anyons do

not neighbour each other) is described by an unbiased random walk. The probability that

a two-dimensional random walk on a square lattice does not return to its origin in the

first n steps scales as 1/ln(n). On average we need the walker to avoid self annihilation

for (L/2)2 steps. We can therefore expect a factor of [2 ln(L/2)]�1 in ⇧. Additionally, we

know that when the anyons neighbour each other there is a temperature dependent bias

towards self-annihilation since �(2�)/�(0) ⇠ ��. The probability that they separate rather

than annihilate should then include a factor ⇠ 1/(1+A��) to account for this bias, where

A is some constant and A�� is the relative chance the anyons annihilate when they are
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Figure 3.2. – Log-linear plot of the reciprocal of ⇧ plotted against L, for a range
of � values. We find 1/⇧ grows linearly with ln(L/2). The Inset shows the gradient of
the fits in the main plot as a function of �.

nearest neighbours. The probability ⇧(L,�) then takes the form

⇧(L,�) ⇠
1

1 +A��

1

ln (L/2)
. (3.3)

Combining these elements, we expect a creation timescale

⌧c '
1

R0

1

⇧
⇠

e2��

�L2
(1 +A��) ln

�
L/2
�
. (3.4)

The total coherence time is ⌧small = ⌧c + ⌧m. In the small-system limit time ⌧c is the

dominant contribution to ⌧small due to its exponential dependence on �.

To test these predictions we study the system evolving in this limit using di↵erent

numerical experiments with various initial conditions and employing some variations to

the physical noise model. We separately estimate ⇧(L,�), ⌧c and ⌧m using numerical

simulations. To compute the probability ⇧(L,�) we alter the standard simulation scheme;

rather than beginning in a ground state we initialize the system with a single pair of

anyons present on the lattice. These initialised anyons are nearest neighbours on the

lattice mirroring the situation after a thermal creation event. Additionally, we set the rate

of creation equal to zero such that no additional pairs of anyons are created. In this way
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we model only the random motion of a single pair of anyons walking across the lattice. We

evolve the system until either the separation of the anyons reaches the Euclidean distance

L/2, or the pair meets at a common point on the lattice and annihilates. The quantity ⇧

is estimated as the fraction of samples that reach separation L/2 rather than annihilating,

we estimate by sampling over 104 trials. The results we obtain are shown in fig. 3.2. The

fit we find to the data is

1

⇧
= (0.108 + 0.513��) ln(L/2). (3.5)

This is in good agreement with the scaling form we hypothesised in eq. (3.3), where

constant A ⇡ 5.

We next numerically investigate the scaling of ⌧c and ⌧m with L and �. Timescale ⌧c is

the typical wait time for the creation of the pair of anyons that will cause a logical error

and ⌧m is the average length of time from their creation until they reach a logical distance,

L/2, from each other. To find these values we simulate the thermal evolution of the system

prepared in a ground state. We attempt to decode the lattice after each event that occurs

due to the noise simulation, and the simulation is stopped once the decoder fails. Every

time a pair of anyons is created its creation time is recorded, this information is discarded

if the pair later annihilate. We test the prediction that the environment never creates

more than a single pair of anyons at a given time and see it to be valid. Estimates of the

creation timescale ⌧c and di↵usion time ⌧m are obtained by averaging over 103 simulations.

The data for each is plotted in fig. 3.3 and fig. 3.4 respectively. Our data correlates well

with the forms we expect, which are eq. (3.2) and eq. (3.4). We find numerical fits

�⌧m ' 0.028��L2 and �⌧c = 0.150
e1.99��

L2.01

1

⇧
,

where we take the function ⇧ to be the one we evaluated numerically, eq. (3.5).

The Arrhenius law estimate of the toric code coherence time ⌧ ⇠ e2�� . We have shown

that in the small size regime the leading contribution to the coherence time is ⌧c, given by

eq. (3.4). If we neglect the sub exponential � dependence inside 1/⇧, we can approximate
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Figure 3.3. – Log-log plot of the contribution to the coherence time from pair
creation ⌧c as a function of L for a range of �. We expect ⌧c to include a factor
of 1/⇧(L,�), which we have separately found numerically, so we divide this away.
Estimates are obtained over 1000 simulations. The fits are linear and all have similar
gradient with mean of -2.01. Inset is the intercept of the linear fits as a function of
�. Overall we see a dependence ⌧c = 0.150(e1.99�/L2.01)(1/⇧), which is in excellent
agreement with the predicted behaviour given in eq. (3.4). In our data � and  are
both separately set equal to one. Equivalently, ⌧c is measured in units of 1/(�) and
� in units of 1/�.
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Figure 3.4. – Contribution to the coherence time from anyon motion ⌧m plotted
against � for a range of system sizes L =50, 52, 54, . . . , 100. By dividing ⌧m by L2 we
see data collapse of di↵erent system sizes. The linear fit displayed uses the average
values of the fit parameters obtained from the separate system sizes ⌧m ' 0.028�L2.
Again � and  are both separately set equal to one, which is equivalent to measuring
⌧c in units of 1/(�) and � in units of 1/�.
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the coherence time by

⌧small ⇠ e2�� ln(L/2)

L2
. (3.6)

We see that as L becomes larger the coherence time of the toric code decreases polynomially

with L up until the critical size scale L⇤
⇠ e��/2. At this point the system transitions

from the small size limit into the large size regime. We next show that for large systems

the lifetime loses any dependence on system size and is determined only by �.

3.1.2. Large system limit

In the large size limit thermalisation creates many anyons. In this regime the equilibrium

density of single anyons is ⇢ ⇠ e��� . On average, anyon pairs are created uniformly

throughout the system and each can expect to solely occupy an area of approximately

2/⇢. We approximate this area as a square of linear size ⇤ = (⇢/2)�1/2
⇠ e��/2 as shown

in fig. 3.1(c). The probability the decoder fails becomes appreciable once some fraction

of pairs separate to distance ⇤ such that an error chain can percolate, as illustrated in

fig. 3.1(d).

Within a single ⇤ ⇥ ⇤ region the evolution proceeds like the small size case, i.e. there

will be a creation event and the anyons subsequently di↵use apart. We consider a region

as having failed once its anyons move closer to anyons from neighbouring regions than to

each other. Assuming each region evolves independently, the time the system decoheres

⌧large is estimated by the time the typical region fails. This is given by eq. (3.6) where we

set L/2 = ⇤. Applying eq. (3.2) and eq. (3.4) where we also set L/2 = ⇤ gives the di↵usion

and creation timescales ⌧m,⇤ ⇠ �⇤2/ ' �e��/ and

⌧c,⇤ ⇠
e2��

�⇤2
(1 + 5��) ln(⇤). (3.7)

To get an expression in terms of � we write ⇤ = C e��/2, where C accounts for the

constants absorbed into ⇢. Then substituting ⇤ into eq. (3.7) and rearranging

⌧c,⇤ ⇠
e��

�
(1 + r�� + s�2�2), (3.8)

where r and s are new constants related to those already introduced. In contrast to
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the small size case the timescales for creation and di↵usion have the same exponential

dependence on �, therefore we expect them both to contribute appreciably to the coherence

time. Combining terms we obtain high-temperature coherence time

⌧large ' ⌧c,⇤ + ⌧m,⇤ '
e��

�
(1 + r0�� + s�2�2) , (3.9)

where r0 also includes the motion contribution. This simple modelling ignores thermal

e↵ects that can now take place such as pair fusion, where two anyons from di↵erent pairs

fuse to vacuum combining their strings to form a longer string. Processes such as these

will alter both the di↵usion speed and the pair self-annihilation probability. As a result we

do not expect this model to give good predictions of the values of r0 and s. However, we

do expect it to correctly predict the general features of the high temperature dynamics. In

particular the altered exponential dependence on � and the system size independence of

the lifetime. If we ignore its sub-exponential � dependence the large size coherence time

is approximated by

⌧high ⇠ e�� . (3.10)

This is also exponentially growing with � but at a much slower rate than the Arrhenius

law would predict.

We simulate the system evolving in this regime in order to test our assumptions and

verify our predictions about the dynamics. First, we confirm that the anyon densities at

the time the decoder fails obeys ⇢ ⇠ e��� and that the typical number of anyons is always

large, hNi � 1, for the parameter ranges we consider. In order to test that the average

motion is the main decoherence mechanism, rather than rare anyon pairs that move fast

and separate to logical distances L/2, we probe the distance between anyon pairs at the

time the decoder fails. During the simulation anyons that are created together are marked

as a member of their given creation pair. At the end of the simulation we measure the

Euclidean distance between each marked pair. If two anyons from two separate pairs fuse,

the remaining two unpaired anyons on the lattice are marked as members of the same

pair. As one might expect, we find that pairs created from a fusion of two separate pairs

do typically achieve a greater separation. However, this e↵ect is small with respect to the

average data. Our numerical results show that the average separation between all anyon
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Figure 3.5. – Coherence time of the large size toric code as a function of � for a range
of system sizes L =100, 120, . . . 200. Estimates are averages over 1000 simulations.
Shown are fits to the form of eq. (3.9). Inset is the non-exponential part of the scaling
obtained by dividing o↵ e� . We observe only small variations in the fit parameters
between system sizes and their averages give: ⌧high = 0.56 e1.01�(1 + 0.28� + 0.31�2).
Here � and  have both been separately set equal to one, which is equivalent to
measuring ⌧ in units of 1/(�) and � in units of 1/�.
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Figure 3.6. – Log plot of average separation between paired anyons at the time
the decoder fails as a function of �, for system size L = 200. This is typical of
our results for di↵erent system sizes. The solid line is a fit to the data with linear
gradient approximately 0.49 in this Log plot, consistent with scaling hrsepi ⇠ e��/2.
The dashed line is the maximum value of the separation, averaged over the simulation
runs, which is seen to be much less than L/2. In this plot � is set equal to one, which
is equivalent to measuring � in units of 1/�.
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Figure 3.7. – Approximate system size independence of the large system size
coherence time. Plots of ⌧ on a Log scale against L for di↵erent temperatures � =
2.0, 2.5, . . . 5.0. Linear fits show very small negative gradients ranging from -0.03 for
the lowest value of �, down to -0.06 for the highest �. However, zero gradient is well
within the 95% confidence interval of each fit. Again � and  are both separately set
equal to one, or equivalently ⌧ is measured in units of 1/(�).

pairs grows like e��/2, as predicted. In addition we find that the maximum separation

between any pair is always much less than L/2. The scaling of the average and maximum

separations with � are shown in fig. 3.6. These observations confirm that the decoherence

results from the average motion of anyons in local regions.

As with the small system case, to find the coherence time we begin with the system in

the ground state and evolve it under the thermal noise model. We attempt to decode after

each time step and the coherence time is computed as the mean time the decoder first

fails. Figure 3.5 shows the coherence time as a function of �. We see a clear dependence

on e�� with a sub-exponential quadratic component as predicted by eq. (3.9). In fig. 3.7

the coherence time is plotted as a function of system size and we see strong evidence that

⌧ is independent of L.

3.2. Conclusions

We have examined the thermal motion of toric code excitations that lead to a failure of

the toric code as a quantum memory. The dynamics were modelled using the statistical
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mechanics of two-dimensional random walks. We identified two regimes with distinct

scaling behaviours of the coherence time. Small systems are characterised by a coherence

time that depends on temperature � and system size L through

⌧ ⇠ e2�� ln(L/2)

L2
. (3.11)

This is the behaviour expected from the Arrhenius law, corrected by a finite size factor.

The finite size correction encodes the entropic drivers of decoherence. Namely, as the

system grows larger there are more physical qubits that can su↵er the initial pair creation

error. Thus causing the coherence time to decrease with volume as 1/L2 . This is o↵set

by the increased di�culty now faced by the anyon pair of completing a random walk that

causes a failure. However, this defensive e↵ect has much weaker dependence on system size

only growing with ln(L). The net result is that growing entropy causes the coherence time

to decrease with increasing system size. Above a critical system size L⇤
⇠ e��/2 the scaling

of ⌧ transitions towards its large size behaviour. In this limit ⌧ becomes independent of

L and scales as ⌧ ⇠ e�� . At the critical L⇤ the entropy becomes strong enough to create

many anyonic excitations in the system. These di↵use, overlap and the error percolates

causing decoherence. The same entropic considerations dominate the failure of partially

self-correcting memories above a critical size. The behaviour predicted by our analysis

was tested with numerical simulations and we found it to be in good agreement.
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4.

Background 2:

Kitaev’s Honeycomb

This chapter introduces the Kitaev Honeycomb model and outlines its solution, as origi-

nally obtained by Kitaev [51]. In section 4.1 the model is defined in terms of a lattice of

spins. Section 4.2 then describes Kitaev’s fermionisation scheme that represents the spins

as Majorana fermions. This leads to an e�ciently solvable problem of superconducting

fermions on a lattice, giving an explicit form for the states of the model. A complete

account of diagonalising the fermionic degrees of freedom is given in appendix A.

4.1. Spin Model

The model is defined for spins on a honeycomb lattice. Spin-1/2 particles are placed at

the vertices, and interact anisotropically with their nearest neighbours. Weak three-body

interactions are also included in the Hamiltonian to explicitly break time-reversal sym-

metry. These three-body interactions can be justified as the perturbation coming from a

weak magnetic field [51] or, in the context of quantum simulators, as an engineered inter-

action [80, 81]. The interaction terms do not commute with each other making the model

highly frustrated and in general very di�cult to solve. However, it has an extensive num-

ber of conserved quantities associated with stabiliser-like operators on all the hexagonal

lattice plaquettes that can be exploited to find a solution.

To describe the Hamiltonian the links of the honeycomb lattice are divided into three

types (↵ = x, y, z) based on their spatial orientation. Each of these links is associated

with a two-body interaction term that acts on the two spins at the end of the link with

Pauli operators �↵ and strength J↵, as illustrated in fig. 4.1(a). Note that, following the

convention used in literature on the Kitaev Honeycomb, we have changed notation from

the previous chapters and the symbols �x, �y and �z will now be used to denote the Pauli
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Figure 4.1. – The Kitaev Honeycomb in the spin-picture. Spin-1/2 particles are
located at the vertices of a Honeycomb lattice. (a) two-body terms of the Hamiltonian
with strengths Jx, Jy and Jz act along x-type, y-type and z-type bonds. (b) the six-
body plaquette operator Wp that commutes with all terms in the Hamiltonian. (c)
three-body Hamiltonian terms with strength K.

matrices, which are given explicitly by

�x =

0

B@
0 1

1 0

1

CA , �y =

0

B@
0 �i

i 0

1

CA , �z =

0

B@
1 0

0 �1

1

CA .

Similar to the notation used previously, �ix means an operator that acts on spin i with

a Pauli �x and on all the other spins with the identity. The product of the two-body

operators around each plaquette p generates a Hermitian operator

Wp = (�12 o’clock
y �2 o’clock

y )(�2 o’clock
z �4 o’clock

z )(�4 o’clock
x �6 o’clock

x ) . . .

⇥ (�6 o’clock
y �8 o’clock

y )(�8 o’clock
z �10 o’clock

z )(�10 o’clock
x �12 o’clock

x )

= �12 o’clock
z �2 o’clock

x �4 o’clock
y �6 o’clock

z �8 o’clock
x �8 o’clock

y (4.1)

where we have used the reference of points on a clock face to index the spins around

the plaquette. This plaquette operator is illustrated for a single plaquette in fig. 4.1(b).

Three-body interaction operators are chosen so as to commute with these Wp. This allows

six di↵erent types of three-body operators, each illustrated in fig. 4.1(c). These are copied
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and pasted everywhere on the lattice. The Hamiltonian can then be written

H = �Jx
X

(i,j):x

�ix�
j
x � Jy

X

(i,j):y

�iy�
j
y � Jz

X

(i,j):z

�iz�
j
z �K

X

(i,j,k)

�ix�
j
y�

k
z , (4.2)

where the notation (i, j) : ↵ means the sum runs over all ↵ type links with i, j being the

spins at the ends of the link and the triples of the three-body terms (i, j, k) are described

previously. The coupling constants J↵ set the strength of each of the nearest-neighbour

interactions and K ⌧ J sets the strength of the three-body terms.

The plaquette operators Wp commute with the Hamiltonian as well as with each other,

[H,Wp] = 0 for all p

[Wp,Wq] = 0 for p 6= q ,

meaning the eigenvalues of theWp are constants of motion. Therefore, H is block diagonal

in the basis of the Wp. A clever transformation of the spins to fermions explicitly separates

out these plaquette degrees of freedom and solves the model (up to diagonalising a matrix

that is polynomially big in the number of spins). There are di↵erent ways to carry out

the fermionisation [51, 82–84] but here we describe Kitaev’s approach [51].

4.2. Exact solution

This section describes Kitaev’s solution to the model. This involves a transformation from

spins to Majorana fermions, so the section starts by defining these fermions. Following

this, the steps of the transformation are given as well as the translation of all important

quantities from the spin picture to the Majorana representation. This ends with a discus-

sion of the interpretation of the Majorana representation in terms of vortices and gauge

fields. The diagonalisation of the fermionic degrees of freedom is then shown. The section

ends with a short review of the properties of the solutions.
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4.2.1. Majorana fermions

The transformation represents the original spins with a particular type of fermion called

Majorana fermions. These are real fermions described by operators c with the properties:

- hermitian c = c†,

- square to the identity c2 = c†c = 1,

- pairwise anti-commute c c0 = �c0c .

These Majorana are distinct from complex fermions (such as those we would conventionally

use to describe electrons in solids), which have separate creation and annihilation operators

a† and a. But the two representations are interchangeable, any complex fermion can be

described by two Majorana c and c0 through the transformation

a =
c+ ic0

2
, a† =

c� ic0

2
. (4.3)

4.2.2. Kitaev’s fermionisation

Under Kitaev’s fermionisation each spin site, fig. 4.2(a), is represented by four Majorana

operators ci, bxi , b
y
i and bzi , fig. 4.2(b). The Hilbert space acted on by these four operators

is redundantly large for representing the spins. Two Majorana describe a single complex

fermion whose Hilbert space has the same dimensions as a spin-1/2 particle, so the Hilbert

space of the four operators {ci, bxi , b
y
i , b

z
i } is twice as large as is needed. A solution to this

problem is to specify half the states spanned by {ci, bxi , b
y
i , b

z
i } as physical and the rest

as unphysical. An operator that divides the Majorana Hilbert space in half is the total

fermionic parity

Di = bxi b
y
i b

z
i ci . (4.4)

Arbitrarily, the eigenstates of Di with +1 eigenvalue are chosen as the physical states.

The Pauli operators of the spins are expressed in terms of the Majorana as

�̃↵ = ib↵c ,

where these �̃ obey the correct algebra when restricted to the physical subspace.
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Figure 4.2. – Transformation from spins to Majorana. (a) the original spins of
the Honeycomb model, described by Pauli operators {1,�x,�y,�z}. (b) each spin is
represented by four Majorana modes bx, by, bz and c. Physical states in this Majorana
representation are eigenstates of operator D with eigenvalue +1. (c) link operators
ûji measure the fermionic parity of pairs of x/y/z Majorana along x/y/z type links
between nearest-neighbour spin sites.

The ci Majorana become the physical degrees of freedom living at each lattice site. In

contrast, the b↵i Majorana are hybridised along links to form fermionic parity observables.

These link operators are defined by uij = ib↵i b
↵
j for each of the x, y and z links, as illus-

trated in fig. 4.2(c). The uij are anti-symmetric, uji = �uij , and Hermitian. Additionally,

they square to the identity meaning they have eigenvalues ±1. An e�cient way to encode

a pattern of uij eigenvalues is to draw the lattice links as arrows as in fig. 4.3, such that the

arrowhead indicates the ordering (i, j) that gives +1 eigenvalue. In the Majorana repre-

sentation the plaquette observables Wp are expressed as products of these link operators.

Let p be the eigenvalue of Wp and lij the eigenvalue of uij then

p =
Y

(i,j)2 @p

lij . (4.5)

The sequence (i, j) ! (j, k) ! . . . should hop in one direction around the plaquette to

avoid any possible ambiguities from the anti-symmetry of the the uij .

The Majorana Hamiltonian H̃ is written in terms of the lattice Majorana ci and the

link operators uij and has the form

H̃ =
i

4

X

i, j

 
2Jij uij ci cj + 2K

X

k

uik ujk Dk ci cj

!
⌘

i

4

X

i, j

Aijcicj . (4.6)

In the physical subspace H̃ is equivalent to the spin Hamiltonian, eq. (4.2). This Hamil-
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Figure 4.3. – Majorana representation of the model in the no-vortex sector, based
on Kitaev’s fermionisation. (a) lattice Majorana c and link operators uij . The arrow
indicates the (i, j) ordering that gives +1 eigenvalue. (b) two-body spin interactions
become nearest-neighbour Majorana parity weights. (c) three-body spin interactions
give next-nearest-neighbour Majorana parity weights. (d) the plaquette operators
become the Wilson loops of the uij gauge field.

tonian is still hard to solve, however, as the ci are coupled to the dynamic uij degrees of

freedom making the model still highly interacting. The next step is to use the physical

symmetries to restrict to particular subspaces where the uij become static and the lattice

of Majorana becomes free and easy to solve.

4.2.3. Vortex sectors and gauge fixing

As discussed in the spin picture, the plaquette operators Wp commute with the Hamilto-

nian and hence H̃ is block diagonal in the basis of Wp eigenstates. These blocks, labelled

by the eigenvalues of the Wp operators, are called the sectors of the model. In addition

to the plaquette observables, H̃ commutes with the uij so the link operators are local

symmetries within the Hilbert space of the {ci, b
x
i , b

y
i , b

z
i } Majorana. However, comparing

this back to the spin picture these conserved link variables do not seem to correspond

to any spin constants of motion. This complication has arisen from the fact the uij do

not commute with the physical subspace operators Di. The uij anti-commute with the

Di meaning the physical states do not have well defined values of uij . In fact, it can be
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shown that the spin states obtained by projecting from a state of well defined uij into the

physical subspace,

| spini = P
�� uij

↵
where P =

Y

i

1+Di

2
, (4.7)

become superpositions of many uij patterns [85]. However, the physical observables such

as energy, H̃, and Wp do commute with Di and so are invariant under applying projector

P. This observation gives an interpretation of the uij as a Z2 lattice gauge field, with the

Wp the associated observable Wilson loops. Negative, -1, eigenvalues of Wp signify that a

⇡ flux, or vortex, lies on the plaquette. Negative eigenvalues of uij can be interpreted as

an unphysical string passing perpendicularly through the edges of the lattice. These open

strings must terminate on ⇡ fluxes. The Di fulfil the role of local gauge transforms of the

uij field. Specifically they act to locally deform these strings around vertices. Particularly

important sectors of the model are often named with reference to this perspective. The

uniform Wp = +1 configuration is called the no-vortex sector. By Lieb’s theorem the

no-vortex sector contains the ground state [51, 86]. We will also reference the uniform

Wp = �1 configuration, which is called the full-vortex sector [53]. These are amongst

many others that have been identified as having interesting properties [54].

The realisation that the uij act as a gauge field to theWp, with classical configurations of

the two linked through eq. (4.5), means that we can choose to restrict to a single sector by

fixing the values of the uij . This choice will not be unique, but as long as the observables

we want to evaluate using the fermionic states are gauge invariant (commute with Di) the

exact choice will not matter. Fixing uij values then transforms the Majorana Hamiltonian

eq. (4.6) into a solvable problem of superconducting fermions on a lattice described by

H =
i

4

2L2X

j,k=1

Ajk cjck , (4.8)

where Ajk is now just a matrix of numbers rather than Hilbert space operators. This

describes superconducting fermions since if we were to change into a basis of local complex

fermions (for example by pairing the two Majorana along a z link) the Hamiltonian would

contain both hopping and pairing terms of these complex fermions.

61



There are still some details of the gauge fixing and the projection procedure, eq. (4.7),

that we have not discussed. These details will become important when considering the

finite temperature states of the Honeycomb model, and we will return to them chapter 6.

In the rest of this chapter we will outline the fermionic solutions of the superconducting

Hamiltonian H and discuss some of its physical properties.

4.2.4. Normal modes

Following the gauge fixing described in the previous section, a complete solution for a finite

size lattice of L ⇥ L plaquettes, is obtained by diagonalising the 2L2
⇥ 2L2 Hermitian

matrix (iAjk) of eq. (4.8). The matrix Ajk is anti-symmetric and real valued. There

are two important normal forms of Ajk, a diagonalisation using complex matrices and a

block-diagonal form using real matrices, given respectively by

A = U DU † (4.9)

A = Q⌃QT (4.10)

where U is unitary, D diagonal, Q orthogonal and ⌃ is (2 ⇥ 2) block-diagonal. For an

extended discussion of these matrices, and the relationships between them, see appendix A.

(Numerically we prefer to solve for Q & ⌃ over U & D, see note B.1.1.) The eigenvectors

of (iAjk), the columns of U , encode the transformation from Majorana cj to fermionic

diagonal modes fp, f
†
p ,

ci =
L2X

p=1

p
2
⇣
[up]i f

†
p + [up]

⇤
i fp

⌘
(4.11)

where up is the eigenvector corresponding to the eigenvalue "p and the (. . .)⇤ in the second

term is complex conjugation. Note that this sum has L2 terms. The matrix (iAjk) only

has N/2 unique eigenvalues, which occur as plus/minus pairs. We choose "p � 0 to be the

set of non-negative eigenvalues. An alternative representation of the energy eigenmodes

is in terms of Majorana normal modes b0p, b
00
p given by

b0p = f †
p + fp , b00p =

1

i
(f †

p � fp) where p = 1, . . . , L2 .
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(Analogous to eq. (4.11), the columns of matrix Q relate these Majorana normal modes

to the lattice Majorana ci.) Expanding the Hamiltonian in the energy eigenbasis, and

alternatively in terms of the Majorana normal modes, it becomes

H =

N/2X

p=1

"p
⇣
f †
pfp �

1
2

⌘
=

i

2

N/2X

k=1

"p b
0
pb

00
p . (4.12)

The energy eigenvalues of the fermions, "p, depend on the matrix A and on the vortex

sector in particular. As previously mentioned, the ground state of the model corresponds

to the no-vortex sector where all Wp have eigenvalue +1. For the full model H, there are

two types of excitations above the ground state, fermions and vortices. Creating a quasi-

particle excitation of H inserts a fermion into the system at an energy cost. Similarly,

flipping the eigenvalues of a pair of the Wp by inserting an open gauge string creates two

vortices. This new vortex sector has its own fermionic Hamiltonian H
0
with higher ground

state energy than the no-vortex sector, describing the energy cost of creating vortices.

An important set of quantities characterising states of the fermions are the two-point

Majorana correlation functions. In fact, simple states such as the ground state and the

thermal state are completely characterised by these quantities. In the energy eigenbasis

the two-point correlations are given by

i cjck = 2i
X

p,q

⇣
[up]j f

†
p + [up]

⇤
j fp

⌘⇣
[uq]k f

†
q + [uq]

⇤
k fq

⌘

= 2i
X

p,q

⇣
[up]j [uq]k f

†
pf

†
q + [up]j [uq]

⇤
k f

†
pfq + [up]

⇤
j [uq]k fpf

†
q

+[up]
⇤
j [uq]

⇤
k fpfq

�

= 2i
X

p,q

⇣
[up (u

⇤
q)

†]jk f
†
pf

†
q + [up(uq)

†]jk f
†
pfq + [up(uq)

†]⇤jk fpf
†
q

+[up(u
⇤
q)

†]⇤jk fpfq
⌘
. (4.13)
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4.2.5. Topological phases, the toric code and Ising anyons

There are two complementary perspectives on the Honeycomb model. For fixed vor-

tex sector it is a model of free Majorana fermions, eq. (4.8). In some of these sectors

the spectrum is gapless, but in others the fermions can be gapped and carry topological

phases [51, 53, 54]. Introducing vortex defects may radically change the fermionic prop-

erties, for example by localising bound zero energy states at the vortex cores [40]. These

bound fermionic states can, in turn, encode the exotic properties of anyons such as their

braiding when the fermionic state is interpolated adiabatically between di↵erent vortex

sector [52]. Alternatively, at low energies, the full spin model eq. (4.2) is a topologically

ordered lattice model with two types of excitations: fermions and anyons. Depending on

the parameter choices these anyons may be Abelian toric code anyons or non-Abelian Ising

anyons.

Before moving on to outline the phase diagram of the model, we briefly introduce the

notation we will use discuss the particles of the di↵erent anyon models [35]. (We will

describe the fusion rules of the models, but not the braiding rules as we will not need

them.) Fusion rules are written a ⇥ b = c. This tells us that if particles a and b are

brought close together then they act as if they were a particle of type c, when viewed on

scales much larger than the separation between them. The particle types of the toric code

are the vacuum 1, the anyons e and m and the fermion ✏ = e ⇥m, which corresponds to

fusing an e and m anyon together. The e, m and ✏ particles are all their own anti-particle,

e.g. e⇥e = 1. In the Ising anyon model, the particle types are the vacuum 1, the fermion  

and the Ising anyon �. The Ising anyons satisfy the non-Abelian fusion rule �⇥� = 1+ .

Namely, if two � are brought together they can either fuse to give the vacuum, 1, or a

fermion,  . Again, the fermion is its own anti-particle  ⇥  = 1.

The phase diagram of the no-vortex sector [51] is shown in fig. 4.4. The dependence on

Jx, Jy and Jz (all chosen positive and real) is drawn with K taken fixed and small. (It

is also possible to drive phase transitions by tuning K to large values with the J ’s fixed.)

The central point corresponds to Jx = Jy = Jz, and the corners of the diagram are the

limiting cases of sending two of the J ’s to zero. There are four distinct phases, the B phase

at the centre and three A phases that occurs in the corner regions. Taking the example
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AyAx

B

Jx = Jy = 0

Jx = Jz = 0Jy = Jz = 0

Jy = Jz = Jz

Figure 4.4. – Phase diagram of the no-vortex sector of the Kitaev honeycomb over
parameters Jx, Jy and Jz. There are four distinct phases Ax, Ay, Az and the central
B phase. The boundary of the B phase with Az occurs along the line Jz = Jx + Jy,
and similar for Ax and Ay.

of the lower left corner, the boundary between Ax and B occurs when Jx = Jy + Jz.

The B phase carries a topological phase. However, while K = 0 the fermions are

gapless, destroying the topological properties. Breaking time-reversal symmetry by setting

K > 0 opens a gap in the spectrum, allowing the topological features to manifest. This

is quantified by the bulk Chern number [41]. The Chern number can be written as an

integral over individual spectal bands in momentum space. However, we will instead write

it in terms of spatial two-point correlations (see Appendix C of [51]) as

⌫ =
3⇡i

2

X

i2A

X

j2B

X

k2C

�
hcicjihcjckihckcii � hcickihckcjihcjcii

�
. (4.14)

where A, B and C are subregions of the lattice such that A shares a boundary with both

B and C, but all three only meet at a single point. Additionally, the three together

should be enclosed within a topologically non-trivial loop. Finally, the ordering of A, B

and C should be counter clockwise. The regions are sketched schematically in fig. 4.5.

Using eq. (4.13) the Chern number can be evaluated for arbitrary states. (It is proven

in [51] that in the translationally invariant case this expression is equivalent to the more

conventional integral expressions in momentum space. In other cases it can be considered a

generalisation of the translationally invariant case.) Evaluating ⌫ for the fermionic ground
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C
AB

Figure 4.5. – Arrangement of regions A, B and C within the system (outer bound-
ary) used to compute the Chern number from spatial two-point correlations, eq. (4.14).
A, B and C only all meet at a single point, their arrangement is counter clockwise
and combined together they are bounded by a topologically trivial curve.

state of the B phase using eq. (4.14) gives ⌫ = ±1. The Chern number encodes important

information about the thermal transport (which we will return to in chapter 5) and the

properties of vortex excitations. Vortex defects in the B phase bind Majorana zero-modes

and behave (at large separations) like non-Abelian Ising anyons � [52].

All of the A phases are gapped for all values of K. They do not carry topological

phases. Their Chern number is trivial ⌫ = 0. Vortex defects in the A phases behave

as Abelian anyons. In fact, Kitaev showed using perturbation theory (e.g. in the case

Jx � Jy, Jz) that the A phases are each equivalent to the toric code [51]. The vortices

of the A phases map to the e and m anyons of the toric code, though the details of this

mapping is di↵erent for Ax, Ay and Az. As an example, if we choose to make Jz � Jx, Jy

the vortices living on alternating rows of plaquettes are identified with e or m toric code

anyons respectively [51]. (An eccentricity of the Kitaev honeycomb’s representation of the

toric code is that it supports states with a single e particle and a single m particle, which

are not allowed in the stabiliser description of the toric code (chapter 2). We will explain

how this is possible at the beginning of chapter 6.)

The picture described by the phase diagram breaks down for vortex sectors far from the

ground state. Non-topological interactions between the vortices can drive the system into

new regimes. Regular patterns of Ising vortices can produce novel emergent topological

phases with di↵erent Chern numbers [53, 54]. A particular example of this is the full-

vortex sector (all Wp = �1), which has ⌫ = ±2 [53]. Disordered configurations of Ising

vortices at high enough density create a thermal metal [87]. This is a gapless phase with
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a divergent density of states at zero energy [88, 89]. We will return to a discussion of this

exotic metallic phase in chapter 6.

4.3. Summary

This chapter gives a minimal introduction to the deep and complex physics of the Kitaev

Honeycomb, starting with its definition as a spin model and leading up to Kitaev’s solution

in terms of vortices and fermions. It ends with a brief discussion of the physical properties

of the solution in di↵erent regimes. Among these properties is the presence of topological

phases in the physics of the fermions. The next chapter returns to this topic to study edge

currents in the topological phases of the honeycomb model.

To again highlight a particularly important aspect of the transformation from spins to

fermions and vortices, the fermionic states must be projected into a particular subspace of

their Hilbert space to match up to spin states. This issue will be returned to in chapter 6

in order to study the thermodynamics of the full spin model.
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5.

Topological edge currents

In this chapter we study topological edge currents in Kitaev’s honeycomb. This is a

signature of the bulk-boundary correspondence exhibited by topological phases [51, 90].

Edge currents are a property of single vortex sectors, arising from the topological phases

of the fermions in these sectors. Therefore, in this chapter we restrict our attention to

the fermions living in certain special fixed vortex sectors. Additionally, since we are only

interested in the physics of the topological phases we do not project the fermionic states

into the spin subspace. The topological phases of Kitaev’s honeycomb are topological

superconductors [43].

Topological superconductors are extremely secretive. They do not conduct charge cur-

rents, they expel magnetic fields and their topological signatures are hidden from any

local observable [43]. Through an e↵ective gravitational description it has been shown

that this “dark matter” of solid-state physics gives rise to a conformal field theory (CFT)

at its boundary [90]. This CFT description of the topological edge states is remarkably ro-

bust. Unlike genuinely 1 + 1-dimensional CFT, associated with fine-tuned critical points,

these edge CFT typically persist across finite regions of the superconductor parameter

space. This makes such systems an exciting medium for investigating direct signatures of

conformal invariance both theoretically and experimentally.

There is a tight relationship between the Chern number ⌫, which describes the bulk

physics, and the central charge c of the edge CFT. They are related by c = ⌫/2 [90].

Conformal field theory predicts the topological states living on the edge will carry an

energy current that scales as ICFT = ⇡/12 k2
B/h c T 2 with temperature T , which must be

small [91–93]. Here kB is Boltzmann’s constant and h is Planck’s constant, these fix the

units of ICFT to be energy / time. In the rest of this chapter we will set kB and h to

one. Practically, however, the edge states are not perfectly isolated from the rest of the

system. They have a finite penetration into the bulk, which has its own thermal behaviour.

Inevitably these behaviours will mix and a natural question is whether it is still possible
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to obtain conclusive signatures of CFT thermal properties.

Here we investigate the edge physics of a topological superconductor using Kitaev’s

honeycomb model as a microscopic description. We begin by considering the competing

factors that would cause the behaviour to depart from the ideal CFT scaling as T becomes

large and as T ! 0. This allows us to identify the range of temperatures for which the

currents can be expected to obey the CFT prediction, section 5.1. Following this, in

section 5.2 we construct an energy current operator and study its behaviour including its

dependence on temperature and its topological robustness. We probe the edge currents

in three di↵erent topological phases of the Kitaev honeycomb: the toric code phase with

⌫ = 0, the B of the no-vortex sector with ⌫ = 1 [51] and the topological phase of the

full-vortex sector with ⌫ = 2 [53]. This section ends with a closer examination of one of

the ways the currents depart from their idealised behaviour, which is the finite size scaling

we observe at zero temperature.

5.1. Ideal temperature range

Consider the honeycomb lattice in a phase with non-trivial Chern number, wrapped around

a cylinder with a perimeter of length L and height D. In this case the Hamiltonian can

be solved using plane wave solutions in the periodic direction, which we chose to be the

x direction. These solutions are given by uk,d(x, y) = vd(y) eipx where p = (2⇡/L)n with

n = 1, 2, . . . , L is a momentum index in the x direction. The index d = 1, 2, . . . , D labels

the di↵erent solutions vd(y) of the one dimensional problem in the open direction. The

energies of these states are plotted in fig. 5.1. Both positive and negative energies are

shown, however, as discussed in section 4.2.4 these do not all correspond to independent

states. Positive energy states describe the possible quasiparticle excitations. The ground

state corresponds to filling all of the negative energy states.

A non-zero Chern number indicates that the spectrum contains chiral midgap modes [41].

These modes have linear dispersion and are exponentially localized on the boundaries of

the system, as shown in fig. 5.1. Thermal excitation of these modes give rise to an en-

ergy current on the edge. It is possible to heuristically estimate this current. At low
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�" �

Figure 5.1. – Energy eigenvalues of the Hamiltonian (Left) for a cylinder of perimeter
L and height D, as a function of momentum in the periodic direction p = (2⇡/L)n for
n = 1, 2, . . . , L. Each value of p corresponds to D di↵erent energies, each associated
to di↵erent solutions of the one dimensional problem in the open direction. The bulk
energy gap, �, of the model and the discretisation gap, �", due to the length of the
edge L are shown. Of particular interest are the edge states, which are highlighted in
red and green. In the continuum limit L ! 1 these would make up two midgap bands
that cross at p = ⇡. Close to zero energy states of the two bands are exponentially
localised at opposite ends of the cylinder (Right). In contrast all bulk states, above the
bulk gap �, vanish on the open boundaries. Chiral energy currents flow in opposite
directions on the two edges are indicated by the arrows (Right).

temperatures T compared to the bulk energy gap �, the current is given by

Iedge=

Z

"(p)�0
n�

�
"(p)

�
"(p) v(p)

dp

2⇡
⇡

"(p)�X

p: "(p)��"

n�(") "(p)
�"

2⇡
, (5.1)

where n�(") = 1/(1 + e�") gives the fermionic occupancies, v(p) = d"/dp is the velocity

of the edge mode and "(p) is the edge mode’s dispersion relation, shown in fig. 5.1 (Left).

Intuitively, the expression "(p) v(p) combines the energy the edge mode is carrying with

the rate at which it is being transported. Multiplying this with the probability the mode

is occupied, n�("), then gives the expectation value of the amount of energy transported

along the edge per unit time. The linear dispersion of the edge mode means energy is

transported in one direction along the edge (i.e. the current is chiral) and, since the

dispersion of the two edges is in opposite direction, energy flows in opposite directions on

the two boundaries. This is indicated by the arrows on the right panel of fig. 5.1.

In the limit of infinite size the edge modes of the cylinder are gapless around p = ⇡. A

finite circumference L induces an infra-red cut-o↵ given by �" ⇠ 1/L due to the discreteness
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of the momentum values p.. Additionally, the bulk gap � naturally sets an ultra-violet

cut-o↵. (� is evaluated by imposing periodic boundary conditions in both directions.)

These conditions determine the limits of the sum eq. (5.1). If we send �" ! 0 and

� ! 1 then the integral can easily be computed and eq. (5.1) evaluates to the CFT

current, ICFT = ⇡/12 c T 2, exactly. However, these limits place bounds on the range of

temperatures at which we expect to see CFT current behaviour, given by

L�1
⌧ T ⌧ �. (5.2)

Furthermore, eq. (5.1) assumes perfect distinguishability of the edge modes. While this is

energetically possible, it cannot be achieved by local position measurements of the current.

Indeed, while edge modes are exponentially localized they still have a finite penetration

into the bulk of the system, as shown in fig. 5.1 (Right). Hence any attempt to probe

them theoretically or experimentally from a microscopic model needs to consider current

contributions from all states, not just the midgap modes [51].

5.2. Energy Currents

In section 5.2.1 we construct an energy current operator and express it in terms of two-

point fermionic correlators. Section 5.2.2 shows the behaviour of the thermal currents

I(T ) for various topological phases. The currents are seen to yield the central charges.

Additionally, we show that when the system parameters are varied the currents can be

used to cleanly signal topological phase transitions at finite temperature. In section 5.2.3

we show the topological nature of the central charge by studying its resilience to random

disorder and boundary defects. Finally in section 5.2.4 we address the currents at T = 0.

5.2.1. Defining a current operator

As outlined in section 4.2, for fixed vortex sector the spin system reduces to one of free

Majorana fermions whose Hamiltonian H is given by

H =
X

j

hj where hj =
i

4

NX

k=1

Ajkcjck , (5.3)
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where Ajk = ±J↵ when j and k are nearest neighbours, Ajk = ±K when they are next-

nearest neighbours and Ajk = 0 otherwise. We have separated the Hamiltonian into a sum

of terms hj centred on site j. Although the sum defining hj is over the whole lattice, the

couplings Ajk are short range and so these terms have localised support about site j. An

energy current operator is defined through the Heisenberg equation for the local energy

terms, given by

d

dt
hj = �i[H,hj ] = �i

X

k

[hk, hj ] ⌘
X

k

Ijk , (5.4)

where the final step defines the current operator Ijk ⌘ �i[hk, hj ]. This is the di↵erential

form of a lattice continuity equation for energy, linking the rate of change of energy at one

lattice site to the current it exchanges with other lattice sites.

We next expand the current operator in terms of the lattice fermions ci to obtain an

expression for Ijk based on two-point correlators. It is useful to break up the local energy

terms hj and hk in the following way

hk =
i

4

X

l

Aklckcl =
i

4

0

@Akjckcj +
X

l 6=j

Aklckcl

1

A ,

with an analogous expression for hj . When expanding the commutator, the terms then

group together so that it is easy to identify which vanish. The current operator becomes

Ijk =
i

16

0

@AkjAjk [ckcj , cjck] +
X

m 6=k

AkjAjm [ckcj , cjcm] +
X

l 6=j

AklAjk [ckcl, cjck]

+
X

l 6=j

AklAjl [ckcl, cjcl] +
X

l 6=j

X

m 6=k,l

AklAjm [ckcl, cjcm]

1

A .

The first term vanishes since ckcjcjck = cjckckcj = 1. Similarly, we can show that since

the four indices in the last term are di↵erent that commutator also vanishes. Manipulating

the other terms yields

Ijk =
i

8

0

@
X

m 6=k

AkjAjm ckcm +
X

l 6=j

AklAjk clcj �
X

l 6=j,k

AklAjl ckcj

1

A . (5.5)

Substituting the expression for icjck from section 4.2.4 we can write the current operator
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in terms of the energy eigenmodes. Expectation values of the current operator can easily

be obtained in the energy basis. The non-zero elements are associated with the particle

and hole occupations given by,

hf †
pfqi =

1/Z tr
⇣
e��Hf †

pfq
⌘
=

1

e�"p + 1
�pq

hfpf
†
q i =

1/Z tr
⇣
e��Hfpf

†
q

⌘
=

e�"p

e�"p + 1
�pq ,

where Z = tr(e��H) is the partition function. (A vectorised expression for the current

operators which is faster to evaluate is given in note B.1.5.)

The edge current is computed as the total net energy flux on an edge, we first compute

the net energy flux around the cylinder as a function of height y. Then we sum up all

these local currents between the middle of the system and the boundary, as shown with

the dashed line on fig. 5.1 (Right), to obtain

I(T ) =
DX

y=D/2

0

@
X

hj,ki : y

hIjk(T )i

1

A . (5.6)

The inner sum is performed over links hj, ki that cross the cut at height y, while the outer

sum captures the current on one edge only.

5.2.2. Central charges

We are now in a position to study the behaviour of the energy currents I(T ) as we vary the

temperature T . Before we can compare the scaling of I(T ) with the CFT prediction, ICFT,

there are two aspects of the energy current we need to address. These are the contribution

from the bulk and the bounds set by condition (5.2).

The prediction of CFT is that the currents should vanish at T = 0 in the thermodynamic

limit, L ! 1. By carrying out a finite size scaling analysis of our data I(T = 0) we find

that this is not the case. We identify a non-zero value I0 = I(T = 0, L ! 1) at zero-

temperature, as shown in fig. 5.2 (Left), the value of which depends on the microscopic

parameters of the model. In order to compare the energy currents of di↵erent phases we

subtract the I0 contribution. This is equivalent to considering the conductivity (the rate
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Figure 5.2. – Low and high T behaviour of I(T ). (Left) In the low-T case increasing
system size, L, recovers the T 2 behaviour at lower temperatures. (Right) In the high-
T case increasing K / � delays the divergence of the curves. The (Left) panel
includes the I0 o↵set, whereas we have removed it from the (Right) panel. In both
plots J = 1. In the (Left) plot K = 0.15 and in the (Right) plot L = 60.

c = 0

c = 1/2

c =
1

Figure 5.3. – Edge current for the no-vortex sector (NV), full-vortex sector (FV)
and Toric Code phases (TC) as a function of T 2. The currents are shifted to pass
through the origin, clearly revealing the T 2 scaling. The central charges correspond
to dotted line for c = 0, dashed line for c = 1/2 and dashed-doted line for c = 1. In
these plots we set K = 0.15. For the NV and FV plots we set all J = 1, and for the
TC plot we take J = 0.1. Each is plotted for system size L = 60.
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JyJx

Jz

J� = 0.5

Figure 5.4. – Edge currents indicate a transition between di↵erent topological phases
at finite temperature. Here we vary Jx = Jy = J for fixed Jz = 1, corresponding
to the path through parameter space shown on the triangle. Scaled edge currents
I / T 2 are plotted against J for di↵erent values of T . We see a jump through the
phase transition that sharpens with decreasing T . (Inset) I against T 2 plotted for
the values of J indicated on the triangle. The currents are seen to be robust in the
topological phase (red and green crosses) and vanish in the Toric code phase (orange
and blue crosses). These plots are for L = 52 and K = 0.15.

of change of current with T ) rather than the net current value.

Condition (5.2) puts bounds on the temperature range we expect to see CFT scaling.

In fig. 5.2 we plot the currents at the low-T and high-T ends of these bounds, for the

no-vortex sector. We see the finite size dependence of the low-T bound. In the low-T plot

we have not removed the zero temperature value, meaning as L is increased the currents

at T = 0 tend to I0. This generic low-T behaviour is seen for all model parameters. In

contrast at large T the currents are sensitive to the bulk gap � but independent of system

size. We observe that the temperature at which I starts to clearly deviate from T 2 scaling

(greater than a 10% di↵erence) grows linearly with �. To summarise, we have verified

that the temperature range of interest has lower and upper bounds that scale proportional

to the inverse system size and the energy gap respectively.

For temperatures inside the bounds of condition (5.2) we find energy currents that scale

as CFT predicts. To demonstrate this we plot I(T ) against T 2 for the Toric code, no-

vortex and full-vortex phases in fig. 5.3. We find the currents are in excellent agreement

with the CFT predictions where for TC, c = 0, for NV, c = 1/2 and for FV, c = 1.

Since the central charge only takes rational values [94] the current I(T ) should jump
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Figure 5.5. – Robustness of the edge currents to J and K disorder (Left) and lattice
boundary defects (Right). In the (Left) plot we add a random component to either
every J term in the Hamiltonian or every K term. We plot curves for |�J |/J and
|�K|/K = 0.01 and 0.1, setting J = 1 and K = 0.1, for L = 40. Each point is
averaged over 100 disorder realizations. In both cases the energy currents remain
una↵ected.

as we move between two phases with di↵erent Chern numbers. This gives I(T ) the useful

property that it identifies topological phase transitions at finite temperatures. In fig. 5.4

(Right) we plot the energy currents as we transition from the TC to NV phases at di↵erent

temperatures. The specific transition we probe is achieved by tuning the J couplings, and

is illustrated by the parameter-space diagram on the left of fig. 5.4. Higher temperatures

are seen to smear out the transition and at the critical point we find a crossing between the

di↵erent temperature curves. As the finite temperature behaviour of the energy currents is

determined by the CFT at T = 0 the currents are a useful tool to characterize topological

phases at finite temperature.

5.2.3. Topological robustness

The origin of the energy current I(T ) is topological, so we expect it to be robust against

local perturbations to the Hamiltonian. We have investigated this property in two settings.

First we introduced disorder to the couplings J and K. We begin with the no-vortex sector

and add a random component to either every J or K value so that e.g. J ! J + �J where

�J is a uniform random number between �|�J | and |�J |. The currents are averaged over

disorder hI(T )i and plotted as a function of T 2 for disorder strengths |�J |/J and |�K|/K

of 1% and 10%, as shown in fig. 5.5 (Left). We see no impact of this disorder on the
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Figure 5.6. – Finite size scaling analysis of the zero-temperature current in the
no-vortex sector. This is carried out by fitting values I(0, L) for L = 10, 12, . . . , 52 to
eq. (5.7), while varying J and K within the no-vortex phase with Jz = 1. (Left) We
plot the extrapolated values I0 as a function of the fermion gap �. The relationship
is non-unique. Onto the plot we have added the path of a single J while K increases.
(Right) The pre-factor ⇥ and scaling exponent � are plotted over J and K. We see
for most parameters � ⇡ 2. Interestingly, ⇥ is not found to have its CFT predicted
value ⇡/12 c (where c = 1/2) over most of the range investigated.

currents. Additionally, we introduce a boundary defect by removing sites from the edge.

The energy currents near this defect are plotted in fig. 5.5 (Right). We find the impact

of the defect is to divert the edge current around the missing lattice sites. A current of

equal intensity flows along the new edge.

5.2.4. Currents at T = 0

We now give a fuller account of the currents at zero temperature, I(T = 0). We previously

observed that at zero-temperature the current includes strong finite size e↵ects as well as an

o↵set I0. These di↵erent elements are investigated by fitting values I(T = 0, L) computed

for di↵erent system sizes L to a scaling form

I(T = 0, L) = I0 +
⇥

L�
. (5.7)

Finite size scaling is also found in conformal field theory. At T = 0 CFT predicts that the

currents should depend on the circumference of the edge L through the scaling relation

I(L) = (⇡/12) c L�2. (The energy current is predicted to be the ⌧ � x component of the
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energy-momentum tensor. An elementary conformal mapping shows that on a cylinder

hT⌧xi = ⇡c/12L2 [94].)

We plot the values obtained for �, ⇥ and I0 over a range of system parameters in the

no-vortex phase in fig. 5.6. The fits are obtained by computing I(T, L) at T = 10�6 for

system sizes L = 10, 12, . . . , 52 and fitting to eq. (5.7). We vary J and K and find good

agreement of � with the CFT exponent � ⇡ 2 for most values of the couplings. The value

of � depart from 2 at small K and small J and we attribute this to quasi-critical e↵ects as

the gap becomes small [95]. The extrapolated values I0 show a complicated dependence

on the system parameters. In particular we note that by varying K for constant J we

can alter the value of I0 without changing the gap �, as shown by the red trajectory

plotted on fig. 5.6 (Left). In addition, the pre-factor ⇥ does not correspond to the CFT

prediction ⇥ = (⇡/12) c over most of the range of J and K. Hence, I0 and ⇥ are strongly

dependent on the microscopic parameters of the model, unlike the predictions of CFT. This

demonstrates that, due to their chiral nature, the bulk states also contribute significantly

to the energy current.

5.3. Conclusions

In conclusion we have presented a method to obtain the energy currents of a topological

phase from a microscopic model. We have studied the topological properties of these cur-

rents at finite temperature and the corresponding transitions between di↵erent topological

phases. Our results confirm predictions made using an e↵ective description in terms of

conformal field theory [51].

Such CFT descriptions have been studied extensively at both the e↵ective and micro-

scopic level in the context of edge states of the quantum Hall e↵ect [96, 97], but there is

a major distinction between that setting and ours. Here, we have focused on the thermal

transport appropriate to a topological superconductor as opposed to the charge currents

found in the quantum Hall e↵ect.

We have seen that due to their CFT origin the energy currents are able to discriminate

clearly between di↵erent topological phases at finite temperature. Moreover, we have

demonstrated that these currents are very robust. Unlike the fragile physics of criticality
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that typically has zero measure in the parameter space, the central charges evaluated

through edge energy currents are robust against significant variations of the Hamiltonian

parameters. We demonstrated that, due to their topological origin, these currents are also

robust against bulk disorder or even the introduction of boundary defects. This resilience

makes them the ideal method to experimentally probe topological superconducting phases

and reveal their conformal behaviour.
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6.

Kitaev’s honeycomb at finite temperature

This chapter studies the Kitaev honeycomb spin model at finite temperature by exploiting

its exact solution in terms of fermions and vortices. Kitaev’s solution of the honeycomb

model separates the spin degrees of freedom into fermions and a gauge field whose physical

excitations, the Wilson loops, are the vortices. However, the two are not independent. The

state of the gauge field determines the fermionic spectrum, but the connection goes even

deeper. The states of the fermions must be projected into a particular subspace in order

correspond to spin states and, as shown by [85], this projection further couples the state of

the gauge field with the allowed total parity of the fermions. The consequences of this state

level coupling between the gauge field and the fermions have never been fully explored.

In this chapter we will first investigate some of the e↵ects this has. In particular we will

argue that it plays an important role in enforcing the fusion rules of the quasiparticle

excitations and that it determines the topological degeneracy of the ground states of the

model. The projection of the fermions is extended to finite temperatures and combined

with a Monte Carlo procedure that samples from finite temperature gauge configurations

in order to study the finite temperature properties of the spin model.

The finite temperature physics of the model has previously been studied by other au-

thors [98, 99]. However, these studies have neglected some of the finer points of the model.

In particular the projection of the fermionic states, which we show at the beginning of this

chapter gives rise to many of the topological properties of the model. By incorporating

these elements we are able to identify some of the topological properties of the model,

such as its topological ground state degeneracy, in its thermodynamics. Following this,

we study one of the interesting high temperature behaviours of the model that has not

received the close attention it deserves before. Namely, the emergence of a thermal metal

(an exotic heat conducting phase) from the Ising anyon phase at high temperature.

The chapter is organised as follows. A procedure to compute projected finite temper-

ature expectation values for the fermions is described in section 6.1. During this section
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we discuss some of the consequences of applying the projector. These consequences are

further explored in section 6.2 where we consider the ground states of the model and show

a link between the topological degeneracy of the ground states and the fermionic projec-

tion. Section 6.3 outlines the Monte Carlo approach we use to study the finite temperature

behaviour of the full model. Finally, our results for the spin model thermodynamics are

discussed in section 6.4.

6.1. Thermal states of the fermions

In this section we study the thermal states of the fermionic degrees of freedom. After a

transformation from the original spin-1/2 particles, the fermions are described by super-

conducting Hamiltonian H. However, the cost of obtaining this simplified representation

is the need to apply a projector P to the fermionic states in order to obtain physical (spin)

states. The physical projector is given by

P =
Y

i

1+Di

2
= S P0 , (6.1)

where the second equality was proven by Pedrocchi et al. [85]. Crucially, they showed that

P divides up such that S acts purely on the gauge degrees of freedom uij and P0 fixes

a physical parity for the allowed occupancies of the fermion eigenmodes. The projector

S puts the gauge field into a superposition of all possible (topologically trivial) string

configurations consistent with the vortex pattern, and for a square system P0 is given by

P0 =
1

2

0

@1 + det(Q)

✓Y

(i,j)

uij

◆
F

1

A . (6.2)

In this case, the i of the (i, j) pair in the product over uij is chosen to always be the

member of the black sublattice as drawn in fig. 4.3. The orthogonal matrix Q is the

matrix that brings the H into Majorana normal form, eq. (4.10). Operator F counts the

parity of the occupancies of the diagonal fermions fp, f
†
p and is given by

F =
Y

p

(1� 2f †
pfp)
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The eigenvalues of F are +1 (when an even number of modes are excited) and -1 (when

the number is odd). The projector P0 therefore projects either onto even or odd fermion

parity depending on the gauge configuration, encoded in the value of det(Q)
Q

(i,j) uij . As

noted in [85], importantly this factor is invariant under local gauge transformations Di,

which is the same as saying that P0 commutes with S.

This coupling of the gauge field and the total fermion parity plays an interesting role

in the emergent physics of the model. In particular, it enforces the anyonic fusion rules

and sets the topological degeneracies (which we will consider in detail in section 6.2). The

clearest example of this is found in the fusion rules of the toric code. Recall that the

toric code has three particle types e, m and ✏, which are all their own antiparticles. All

allowed particle configurations should be connected to vacuum, meaning if we fuse all the

particles present nothing remains. In the honeycomb model this condition is enforced by

the fermion parity projection. The honeycomb vortices correspond to e and m anyons

and the fermionic quasiparticles to ✏. An even fermion parity implies that only states

containing even numbers of ✏ quasiparticles are permitted, whereas odd parity means

there is a residual ✏ particle left over when all the other fermions are annihilated together.

For both the no vortex sector and sectors that contain pairs of e (or m) type vortices we

find that the fermion parity projects to even parity, which correctly restricts us to states

with total vacuum charge. Whereas, considering sectors that contain odd numbers of e

and m vortices we find the fermion parity projects to odd parity. In this slightly odd way

the net particle charge in the system remains vacuum, ✏⇥ e⇥m = ✏⇥ ✏ = 1, even though

the two fermions (the quasiparticle fermion and the e ⇥ m fermion) manifest in entirely

di↵erent degrees of freedom.

Consider computing the expectation value of a spin observable O for the projected

physical state | spini = S P0

�� uij

↵
, where

�� uij

↵
is a fermionic state with support in a

single vortex sector, calculated from some fixed pattern of uij . The projector S decomposes

into a sum over products of Di. We can therefore address S by showing that

[O, Di] = 0 for all i , (6.3)

where O is the spin observable O translated into the fermion picture. This should be the
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case for all physical quantities as the uij are gauge degrees of freedom.

Whereas S can be handled just by studying the operator O, the part P0 unavoidably

depends on the state
�� uij

↵
. More generally, we will want to consider mixed states de-

scribed in the fermionic picture by density operator ⇢̂. Assuming that the observable obeys

condition (6.3), the projected expectation value is given by

hOi = tr(O SP0 ⇢̂SP0) = tr(O ⇢̂SP0) .

We have used the that fact that if an operator O commutes with S then it also commutes

with P0. This can be seen to be true by considering the original expression for the full

physical projector P =
Q

i
1/2(1 + Di), from this it is clear that if an observable meets

condition (6.3) then it commutes with the full P. For simple states, such as the thermal

state, the density operator is diagonal in the energy eigenbasis. Additionally, projector P0

is diagonal in this basis. Therefore, we can complete the trace in the basis of quasiparticle

excitations to give

hOi =
X

{n}

p(n)O(n)⇧(n) , (6.4)

where the vector n = (n1, n2, . . .) gives the quasiparticle occupancies nq = 0, 1 of the

modes q. The probability weight of pure state n in the mixed state is given by p(n). The

quantity O(n) is the observable evaluated for n. Lastly ⇧(n) = 0 or 1 kills terms that do

not obey the parity condition.

Similarly we can use this approach to study the projected partition function of the

fermions. The partition function encodes the thermodynamics of the fermions and nor-

malises the thermal state probabilities p(n). We can write it as

Z(�) = tr
⇣
Pe��H

⌘
=
X

{n}

⇧(n) e��E(n) (6.5)

where the energy associated with state n is given by E(n) =
P

p
"p
2 (2np � 1) . Without

projection, when ⇧(n) = 1 for all n, the partition function can be evaluated analytically

and exact expressions for the thermodynamic properties of the system can be derived.

These standard results are reviewed in section 6.1.1. When including the projection it is

not possible to obtain closed expressions for the thermodynamic quantities. However, it
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is still possible to compute them exactly. Section 6.1.2 describes an iterative procedure to

do this. Further, we can show that this full treatment is not always necessary as in some

cases many thermal quantities are identical in the projected and unprojected cases. This

is shown to be true for systems with a zero energy fermion mode in section 6.1.3.

6.1.1. Unprojected fermions

Without projection, the occupancy of each mode p is statistically independent and the

partition sum eq. (6.5) factorises over the modes to give

Z =
Y

p

⇣
e�"p/2 + e��"p/2

⌘
=
Y

p

2 cosh( �"p/2) .

This exact form can be used together with standard relations from statistical physics to

derive expression for the thermodynamic quantities of interest, which are then evaluated

for the numerically obtained spectrum of H. Some of the most important of these are:

Free Energy

The free energy, F = U � TS where U is the internal energy and S the thermal entropy,

connects the statistical description Z to other thermodynamic quantities

F = �T ln
�
Z
�
= �T

X

p

ln
h
2 cosh(�"p/2)

i
.

Internal Energy

The internal energy at thermal equilibrium U = hHi can be calculated from F ,

U =
@

@�

�
�F
�
= �

X

p

"p
2
tanh

✓
�"p
2

◆
.
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Heat capacity

The heat capacity describes the heat that the system needs to absorb to cause unit change

in temperature,

C = T
@S

@T
= �T

@2F

@T 2
=
X

p

✓
�"p
2

◆2 1

cosh2(�"p/2)
.

Quasiparticle occupations

The particle and hole occupations of the quasiparticle states obey fermionic statistics,

hf †
pfqi =

1

Z
tr
⇣
e��Hf †

pfq
⌘
=

1

e�"p + 1
�pq (6.6)

hfpf
†
q i =

1

Z
tr
⇣
e��Hfpf

†
q

⌘
=

e�"p

e�"p + 1
�pq . (6.7)

Correlation functions

Using equations (6.6) and (6.7) we can write thermal expectation values for (icjck) from the

expression obtained in section 4.2.4. We additionally exploit a property of the eigenvectors

of the Amatrix to simplify the final expression further: [up(up)
†]⇤ = �[up(up)

†]. This must

hold in order for (icjck) to be a hermitian operator. The correlations are given by

hicjcki = �i
X

p

[up(up)
†]jk tanh

✓
�"p
2

◆
.

The notation here corresponds to the notation introduced in section 4.2.4.

6.1.2. Projected fermions

Evaluating the projected partition function is more complicated since ⇧(n) depends on

the total parity of the occupancies n and hence the modes are no longer independent. This

section describes an iterative procedure that e�ciently computes eq. (6.5).

Starting with a single quasiparticle mode n1 the even n1 = 0 and odd n1 = 1 states are

clear. The single-mode partition functions restricted to the even subspace Ze
1 and the odd
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subspace Z
o
1 are then simply given by

Z
e
1 = e+�"1/2 and Z

o
1 = e��"1/2 .

Adding a second mode the even and odd subspaces of the two are again clear. The even

states are (0, 0) & (1, 1), and the odd states are (1, 0) & (0, 1). Carrying forward the

notation used above, we can write the two-mode partition functions of the subspaces as

Z
e
2 = Z

e
1 e

+�"2/2 + Z
o
1 e

��"2/2 ,

Z
o
2 = Z

o
1 e

+�"2/2 + Z
e
1 e

��"2/2 .

As we continue to add further modes the number of states grows exponentially and it

quickly becomes impractical to track all even and odd states. However, these expressions

for the two-mode partition function have compressed the information about their occu-

pations into just their total parity. To add the next mode we do not need to track the

exact state vectors, instead we can proceed by adding the even and odd states of n3 to

the even and odd subspaces of the combined n1 and n2. This gives an iterative scheme

for evaluating the even and odd restrictions of the partition function

Z
e
n = Z

e
n�1 e

+�"n/2 + Z
o
n�1 e

��"n/2 , (6.8)

Z
o
n = Z

o
n�1 e

+�"n/2 + Z
e
n�1 e

��"n/2 . (6.9)

(Evaluating equations (6.8) and (6.9) could potentially be numerically unstable, see note

B.1.3 for a discussion of how we avoid this.)

Thermodynamic quantities can be computed from the partition function. However, this

involves di↵erentiating Z, and so would require evaluating Z multiple times at di↵erent

temperatures. Additionally, quantities such as the correlations hicjcki cannot be computed

in this way. Instead, thermal expectation values can be computed from their statistical

expressions. Typically this will involve the quasiparticle occupancies hnpi = hf †
pfpi. For
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example, taking this approach the internal energy is given by

U =
X

p

"p
�
hnpi �

1/2
�
. (6.10)

The hnpi are computed in the same iterative way we compute Z. The procedure is mostly

identical, except the p-th step of the iteration is replaced by

hnpi
e
p = hnpi

e
p�1 ⇥ 0 + hnpi

o
p�1 e

��"p/2 , (6.11)

hnpi
o
p = hnpi

o
p�1 ⇥ 0 + hnpi

e
p�1 e

��"p/2 . (6.12)

These edits to the iterative scheme, eq. (6.11) and (6.12), compute the probability of

quasiparticle mode p being occupied by tracing over the other modes while respecting

the parity requirement. However, they are summing the unnormalised probabilities. The

final values hnpi
e or hnpi

o must be divided by their respective partition function. Since the

quasiparticles are fermions the hole occupancy is automatically obtained, hfpf
†
pi = 1�hnpi.

Some thermodynamic quantities require further calculations. In particular, the heat

capacity is related to the variance of energy, C = �2Var(H ). Thus, when expanded in

terms of expectation values of np operators, it contains second order terms

C = �2
X

p, q

"p "q
�
hnpnqi � hnpihnqi

�
.

Two-mode expectation values hnpnqi can again be calculated using an iterative scheme.

The procedure is identical to the calculation of hnpi apart from step q. At step q the edit

applied to step p, equations (6.11) and (6.12), is repeated. This gives zero weight to the

subspace where either mode p or q is unoccupied.

6.1.3. Equivalent cases

In some cases the projection does not change the thermal physics of the fermions. This

section shows that if the spectrum contains a zero energy mode (which is the case for a

system with an open boundary) many of the projected thermal properties are related in

simple ways to their unprojected values. Most quantities of interest can then be computed
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using the unprojected expressions given in section 6.1.1.

The projected partition function we have written down, eq. (6.5), enforces the parity

constraint with binary function ⇧(n), which kills terms in the sum that do not have

the correct parity. Generalising eq. (6.5) by absorbing ⇧(n) into the exponential and

introducing a new Lagrange multiplier � allows us to tune between the projected and

unprojected cases,

Z(�, �) =
X

{n}

exp
�
� � E(n)� �W (n)

�
(6.13)

whereW (n) is defined to be the parity of the bit-string n, explicitlyW (n) = (
P

p np) mod 2.

(Here we have assumed for simplicity that the required parity is even. We could switch

to the case where the physical states have odd parity by replacing W (n) with its logical

negation notW (n).) In the limit � ! 1 this imposes a hard constraint on the parity

of allowed states by assigning zero probability to states with odd parity. In the opposite

limit, � ! 0, we recover the unprojected partition function.

The two-parameter partition function, eq. (6.13), can be rewritten by splitting the set

of states into its fixed parity subsets, {n} = ⇧e [ ⇧o where W (n) = 0 for all n 2 ⇧e and

W (n) = 1 for n 2 ⇧o. This gives an expression

Z(�, �) =
X

n2⇧e

e�� E(n) + e��
X

n2⇧o

e�� E(n)
⌘ Z

e(�) + e��
Z

o(�)

where Z↵(�) is the restriction of the partition sum onto states in ⇧↵. We want to compare

the projected and unprojected partition functions and so we divide Z(�, �) evaluated in

one limit by its value in the other limit,

Z(�, � ! 1)

Z(�, ⌘ ! 0)
=

Z
e(�) + e��

Z
o(�)

Ze(�) + e�⌘ Zo(�)
!

Z
e(�)

Zo(�) + Ze(�)
. (6.14)

If the spectrum contains at least one zero-mode, "0 = 0, then any state n 2 ⇧e can

be mapped uniquely onto n0
2 ⇧o without changing the value of E(n), by flipping the

occupancy of "0. The Boltzmann weights are unchanged by this and so Z
e(�) = Z

o(�).

Substituting this equality into eq. (6.14) we find

Z(�,1) =
1

2
Z(�, 0) , (6.15)
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meaning the projected partition function can be obtained directly from the unprojected

partition function. Since the thermodynamics follows from Z we might expect similar

relations to hold for thermal quantities. In fact, the relationship is even simpler.

In analogy to eq. (6.13) the two-parameter expectation value of an observable O is

hO(�, �)i = Z(�, �)�1
X

{n}

O(n) e�� E(n)��W (n)

= Z(�, �)�1

✓ X

n2⇧e

O(n) e�� E(n) + e��
X

n2⇧o

O(n) e�� E(n)
◆

⌘ Z(�, �)�1
�
hO(�)ie + e��

hO(�)io
�
.

If O(n) does not change when the occupancy of the zero mode "0 is flipped, then we can

repeat the trick used with the partition function and argue that hOi
e = hOi

o. This is the

case for quantities that are functions of the energies raised to some power, such as internal

energy and specific heat. Comparing the two limits we then find

hO(�,1)i = hO(�, 0)i . (6.16)

The entropy cannot be obtained this way. However we can easily reconstruct it using free

energy and internal energy. Most quasiparticle occupancies will obey this condition and

follow eq. (6.16). An exception is the occupancy of the zero energy mode itself hn0i, which

if needed must be computed iteratively.

6.2. Aside – Ground state topological degeneracy

Both the toric code and Ising anyon models have topologically degenerate ground states.

These degeneracies are lifted by topologically non-trivial loops of operators, so when de-

fined on a torus there are four topological sectors. For the toric code all four of these

are degenerate (as discussed in chapter 2). In contrast, the topological quantum field

theory (TQFT) description of the non-Abelian Ising anyons has only a three-fold degen-

erate ground state. This section shows how these topological degeneracies manifest in the

fermionic physics of the no-vortex sector.

Homologically distinct gauge field configurations (corresponding to the di↵erent topolog-
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ical sectors) can be generated by flipping link variables along non-trivial loops. Specifically,

the link variables are flipped uij ! �uij on z bonds along a horizontal row or on x bonds

down a vertical column as illustrated in fig. 6.1 (a) and (b). These configurations cannot

be generated by local gauge transforms Di and are equivalent to the gauge configurations

that would be produced by creating a pair of vortices, transporting one of them around

either of the torus handles and annihilating the pair. Combinations of these loops generate

all four homologically distinct configurations.

Inserting non-trivial gauge loops into the no-vortex sector generates four distinct fermionic

Hamiltonians. The eigenenergies of each should be identical, but in practice this does not

hold precisely true. There are small di↵erences between the fermionic spectra of the dif-

ferent topological sectors. However, these di↵erences are seen to vanish as L ! 1. To

make this precise, define a normalised vector "̂ = ("1, "2, . . .)/
p
"21 + "22 + . . . from the pos-

itive fermionic eigenenergies "p. Figure 6.1(c) plots the (Euclidean) distance between the

vectors defined from the no-loop spectrum "̂0 and that produced by introducing an x-loop

"̂x, as a function of system size. The data displayed is for the Ising phase, with similar

results being found for the toric code phase. The distance is seen to decay as a power

law k"̂0 � "̂xk ⇠ L�a. Interestingly, the di↵erences are primarily in the structure of the

spectrum. The di↵erence between the fermionic ground state energies EG = �
P

p
"p/2

vanishes exponentially with L as shown in the inset of fig. 6.1(c).

Finite size e↵ects aside, the main determinant of the ground state degeneracy is the

fermion parity of each topological sector. Since the no-vortex sector spectrum is gapped

odd parity states (which must contain an excitation) have higher energy, meaning the

topological degeneracy is indicated by the number of sectors that have even physical

parity. In the toric code phases the physical parity is found to be even for all four giving a

four fold topological degeneracy. Whereas, in the Ising phase three of the four have even

fermion parity but the fourth has odd fermion parity. These di↵erences are highlighted

by plotting the projected thermal fermion energies as T ! 0 in fig. 6.2. As L ! 1 the

finite size e↵ects vanish and these topological degeneracies become exact, matching the

expectations of TQFT.

This calculation requires careful handling of the diagonalisation, as discussed in note B.1.2.

Additionally, it is only seen to hold for even system sizes. For square systems of size L⇥L
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(a)

(b)

(c)

Figure 6.1. – Non-trivial loops in the (a) x and (b) y lattice directions are generated
by flipping all of the link variables along a row or column. The arrows are redrawn
to show the new gauge configurations and coloured lines are added to indicate where
the flips in the directions of the arrows have occurred. (Periodic boundary conditions
are assumed, but the links completing the periodic boundaries are not drawn.) (c)
the spectral distance (defined in the text) between the no-loop and x-loop fermionic
spectra in the B phase as a function of system size L, fit to a power law decay
k"̂0 � "̂xk = 1.46L�1.40. (inset) the di↵erence between the ground state energies of
the spectra decays exponentially. Data is displayed for parameters Jx = Jy = Jz = 1
and K = 0.1.

where L is odd, we find the toric code phase has a two-fold degenerate ground state.

The Ising phase for odd L flips the picture we previously described, with three of the

four configurations becoming odd and a single even, giving a unique ground state. A

similar even/odd e↵ect is seen in the degeneracy of the Moore-Read state. This wave-

function is believed to describe fractional quantum Hall systems in a certain regime, and

also supports Ising anyon quasiparticles [40]. The Moore-Read state of an odd number of

fermions has unique degeneracy, whereas for an even number of fermions it has three-fold

degeneracy [100].

To the best of my knowledge, this relationship between topological degeneracy and

fermion parity has not previously been demonstrated for the Kitaev fermionisation. Simi-

lar results have been found in another fermionisation of the honeycomb [101–103]. There,

through an alternative Jordan-Wigner like transformation, the fermionic part of the hon-

eycomb ground state is expressed as a BCS state. The BCS state is an even fermion

number parity state. The di↵erent topological sectors are investigated by imposing pe-

riodic and anti-periodic boundary conditions on the BCS wavefunction and the authors

find that in the Ising phase one of the four BCS states vanishes. Thus giving the ground
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(a) (b)

∆

Figure 6.2. – Projected thermal fermion energy for the four homologically distinct
gauge field configuration of the no-vortex sector in the (a) A phase, and (b) B phase.
(Inset) the thermal fermion energies computed without projection. (a) all four homol-
ogy classes are degenerate. (b) as T ! 0 one of the four has odd fermion parity and
so tends to a higher energy, with the splitting equal to the fermion gap �. Computed
for a 16 ⇥ 16 system with parameter values K = 0.1 and (a) Jx = Jy = 0.1, Jz = 1,
(b) Jx = Jy = Jz = 1.

state a three-fold topological degeneracy. In contrast, in the toric code phase they all exist

giving a four-fold degeneracy.

6.3. Thermal distributions of vortices

The fermionisation of the spin model separates out the physical degrees of freedom of

the model into fermions, whose thermal physics was addressed in the last section, and

vortices. While we were able to solve exactly for the thermal physics of the fermions, it is

not possible to do the same for the vortices and we must use approximate methods.

The vortex data is encoded in the gauge fields uij , which are captured by matrix Aij of

the fermionic Hamiltonian H. We will now make the dependence explicit by writing H(u).

The partition function of the full model is a trace over all degrees of freedom. This can

be expressed as a sum over all gauge configurations of the fermionic partition functions,

Z(�) =
X

u

tr

✓
Pe��H(u)

◆
⌘

X

u

Z(�;u) . (6.17)

Here Z(�;u) is the partition function of the fermions, studied in the previous section. We

numerically study the thermodynamics described by Z using Monte Carlo methods. The
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u fields are gauge degrees of freedom and the fermionic spectrum should only depend on

the locations of the vortices. This makes it tempting to replace the sum over u with a

sum over vortex patterns. However, as was shown in section 6.2, non-trivially di↵erent

gauge configurations can have di↵erent physical fermion parities and therefore contribute

di↵erently to eq. (6.17). This means we must be careful when restricting the sum.

6.3.1. Monte Carlo methods

Many quantities of interest correspond to the expectation value of some observable of

the full model O. These observables might depend only on the vortices, for example the

vortex density, or they may additionally depend on the fermionic state, such as energy.

Generically these expectation values can be written

hO(�)i =
X

u

Z(�;u)

Z(�)
hO(�;u)i , (6.18)

where, when applicable, hO(�;u)i means the fermionic expectation value of the observable

for gauge configuration u, evaluated using the expressions or methods described in the

previous section. Sums like eq. (6.18) can be approximated by choosing a finite set of M

gauge configurations {u1, u2, . . . uM} where each ui occurs with the correct probability,

which is Z(�;ui)/Z(�), and computing a mean,

hO(�)i ⇡
1

M

MX

i=1

hO(�;ui)i . (6.19)

We select this set of M gauge configurations using a Markov chain approach, discussed

in detail below. This covers many quantities, however, not all thermodynamic properties

can be computed as the expectation value of an observable.

In particular, the heat capacity of the full model is not the average of the fermionic

specific heats. As always it is given by C = �2Var(H ), where H is the full Hamiltonian.

The fermionic and vortex degrees of freedom can be separated out and C written

C(T ) =
⌦
C(u)

↵
+

1

T 2
Var
⇥
U(u)

⇤
, (6.20)
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where C(u) and U(u) are the fermionic specific heat and internal energy for gauge configu-

ration u. The mean h · i and variance Var[ · ] are computed with respect to the distribution

over gauge configurations. The variance of U(u) can be estimated from the same sample

{u1, u2, . . . uM}. Entropy is computed from the specific heat as

S(T ) = N ln(2)�

Z 1

T
dT 0 C(T 0)

T 0 , (6.21)

which follows from the infinite temperature limit of the model being N independent spin-

1/2 particles. We next describe how we select the u in the sample.

Markov chain

The aim is to choose M gauge configurations such that the probability of any ui being

chosen is Z(�;ui)/Z(�). We achieve this with a Markov chain approach. Beginning with

the uniform ui,j = +1 gauge configuration (which is in the no-vortex sector), at each step

a new gauge configuration u0 is proposed. The proposal will be described in detail below.

Each time the current u is replaced by the proposed u0 with probability

Prob( accept u ! u0 ) = min


1,

Z(�;u0)

Z(�)

�
Z(�;u)

Z(�)
=

Z(�;u0)

Z(�;u)

�
. (6.22)

After a large number of attempted replacements (⇠ L2) we add the current gauge config-

uration to the sample, this timescale we refer to as a sweep. This continues until we have

collected enough configurations. Each Markov step is relatively slow as computing the ac-

ceptance probability requires rediagonalising the fermionic Hamiltonian. We additionally

use parallel tempering to help speed up the convergence of statistical estimates [104].

The proposal u ! u0 is generated by selecting two random plaquettes and drawing a

string of gauge flips between them, fig. 6.3(a). This might select the same plaquette twice,

in which case the string is empty. The string is combined with a randomly selected topo-

logically non-trivial loop of gauge flips fig. 6.3(a)-(d). This choice of proposal e↵ectively

ignores the trivial gauge loops within eq. (6.17) and is sampling only over vortex sectors

and non-trivially di↵erent gauge configurations.
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(a) (b)

(c) (d)

Figure 6.3. – Markov step proposal. (a) two plaquettes are selected at random and
an arbitrary rectangular path of flipped links is drawn between them. With equal
probabilities, this gauge string is combined with (a) nothing, (b) a non-trivial loop
wrapping the lattice up-down, (c) a non-trivial loop wrapping the lattice left-right,
or (d) both of these non-trivial loops.

Parallel tempering

Using parallel tempering has two advantages. It both speeds up the convergence of sta-

tistical estimates such as eq. (6.19) and additionally it computes these estimates for a

set of di↵erent temperatures in a single simulation run. Multiple Markov chains, called

replicas, are evolved simultaneously at R di↵erent temperatures {�1,�2, . . . �R}. After

each replica has undergone some number of sweeps the replicas have a probability of being

exchanged. Exchanges happen on a nearest neighbour basis. So as to allow full mixing, we

randomly choose between (�1,�2), (�3,�4), . . . or (�2,�3), (�4,�5), . . . pairings to initiate

swaps. Replicas are exchanged within each pair with probability

Prob(�i $ �i+1 ) = min


1,

Z(�i+1;ui) Z(�i;ui+1)

Z(�i;ui) Z(�i+1;ui+1)

�
, (6.23)

where ui is the gauge configuration of the replica currently at temperature �i. This

allows the replicas to di↵use up and down in temperature and the Markov chains to more

e�ciently explore the state space. The sample set of gauge configurations {ui1, u
i
2, . . . u

i
M}

at fixed temperature �i is compiled between swaps. For example, if swaps occur after
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every sweep, the current vortex configuration of replica i is added to the sample before

deciding swaps. Further, parallel tempering can be implemented without any real increase

in runtime by making use of distributed parallel computing (discussed in note B.1.4).

6.4. Finite temperature properties

In this section we use the methods described in sections 6.1 and 6.3 to study the ther-

modynamics of the spin model. Monte Carlo simulation data is collected for ⇠ 50, 000

samples, employing varying numbers of parallel tempering replicas. The initial portion

of data prior to equilibration of the simulations is discarded then averages, variances and

error estimates are computed from the remaining series. The analysis performed on the

data, including obtaining these estimates and deciding equilibration time, is described in

detail in in appendix B.2. Toric code plots correspond to parameters in the A phase of

the no-vortex sector, and what is referred to as the Ising regime corresponds to param-

eter values in the B phase of the no-vortex sector. In this section we only study even

system sizes. This simplifies the discussion by allowing us to avoid the even/odd e↵ects

highlighted in section 6.2.

We begin by studying the thermodynamic properties of the system such as the internal

energy, specific heat and thermal entropy in section 6.4.1. Many of these quantities have

been studied extensively in previous published works [60, 105]. Our results agree with the

findings of these studies where they overlap. The main new contribution we make in this

section is to carefully compute the thermal entropy down to low temperatures. We show

that as T ! 0 the thermal entropy yields the topological ground state degeneracies of the

di↵erent regimes of the model. It is not possible to show this without fully accounting for

the fermionic parity, which was not done in previous studies. We also highlight interesting

di↵erences in the behaviour of the fermionic parity at higher temperatures, which relates to

the di↵erent characters of the vortices in the toric code and Ising regimes. Following this,

in section 6.4.2 we study the fermionic gap as a function of temperature. This provides

a intuitive explanations for some of the di↵erences between the thermal behaviours of

the two regimes. Finally, in section 6.4.3 we address one of the most striking di↵erences

between the two regimes of the model: the emergence of a thermal metal phase in the
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Ising regime at high temperature. By studying the distribution of fermionic energy levels

and the spatial properties of the wavefunctions we provide clear evidence for the existence

of this phase.

6.4.1. Thermodynamics

To analyse the thermal behaviour of the spin model we calculate the specific heat, i.e. the

heat capacity per particle, C/N , thermal entropy, S, vortex density, ⇢V , internal energy

per particle, U/N (U = hHi), and average fermion parity, hFi. These quantities are

plotted against temperature for both the toric code and Ising coupling regimes in fig. 6.4.

We first notice the distinctive two peak structure of the specific heat, indicating the

physical fractionalisation of the spins, that has been observed in previous studies [60]. For

both the toric code and Ising regime, the low T peak is associated with a change of the

vortex density, in which it rises from its ground state value ⇢V = 0 towards a completely

disordered vortex configuration ⇢V = 1/2. The higher temperature peak is linked to a large

change in internal energy U , corresponding to a proliferation of fermionic quasiparticles.

These peaks are well separated by several orders of magnitude of T in the toric code limit,

whereas they are closer and blur together somewhat in the Ising regime. Nevertheless, the

specific heat in both regimes exhibits qualitatively similar behaviour.

In the upper panel of fig. 6.4 we plot the behaviour of the thermal entropy, S. We see

that at small temperatures the thermal entropy identifies the topological degeneracy of

the ground state. Specifically, the Boltzmann formula gives

S = ln(⌦) (6.24)

where ⌦ is the number of microstates (with the Boltzmann constant set equal to one).

As T ! 0, ⌦ gives the degeneracy of the ground state. Hence, the thermal entropy we

compute is in excellent agreement with the topological degeneracies expected for the toric

code anyons S = ln 4 = 2 ln 2 and for the Ising anyons S = ln 3. However, for larger

temperatures when the vortices start to proliferate these entropic di↵erences between the

di↵erent coupling regimes are washed out.

In contrast to the thermal entropy, the fermionic parity hFi shows interesting di↵erences
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between the two regimes at higher temperatures and in fact hints at even more complex

di↵erences between the two. We begin by describing the behaviour we would expect hFi

to have based purely on the anyon models. The T ! 0 state always has no vortices, in the

toric code case this already rules out the possibility of odd fermion parity states because of

the fusion rules. (States containing two fermionic quasiparticles would be allowed, however

these have very high energy.) Whereas in the Ising regime odd fermion parity states that

do not contain any vortices are allowed by the fusion rules (they correspond to states with

anyonic flux around both handles of the torus as studied in section 6.2). However, since

they contain a fermion they have higher energy and so are exponentially suppressed in

the thermal state at low temperature. Hence at low T we expect to find hFi = 1 in both

regimes. In contrast, at high temperatures we would expect di↵erent values of hFi in the

two cases. As T ! 1 the vortices becomes completely disordered, ⇢V = 1/2. In the

toric code case half of these configurations will contain odd numbers of e (and m) anyons

and half even numbers. From the fusion rules these correspond to odd and even fermion

parities respectively, and averaging over them gives hFi = 0. Whereas in the Ising theory

the only way to generate a state with total odd fermion parity is to add non-trivial anyon

flux around both torus handles. This is one of four flux configurations and so we would

instead expect to find hFi = 3/4(+1) + 1/4(�1) = 0.5. Figure 6.4 (lower panel) plots the

fermion parity as a function of temperature. We see that at low temperature both regimes

agree with the predictions of the anyon models. At high temperature, however, only the

toric code case agrees with our predictions. The fermion parity also becomes zero in the

Ising case at high temperatures. This is a first indication that the thermal proliferation

of Ising vortices has driven a transition out of the topologically ordered phase (described

by the anyon model) to a new kind of phase. We will demonstrate that this phase is a

thermal metal.

It is also interesting that the temperatures at which hFi ! 0 are di↵erent in the two

regimes. In the Ising case it corresponds with the change in the vortex density (pro-

liferation of vortices) and in the toric code case with the change in the internal energy

(proliferation of fermions). We can explain this di↵erence by considering the behaviour of

the fermion gap.
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Figure 6.5. – Average fermion gap for the (left) toric code and (right) Ising cases,
with the specific heat profile superimposed. The fermions in the toric code limit
are gapped at all temperatures, whereas in the Ising case they become gapless when
vortices start proliferating. The large system size limits of the fermion gap for T ! 0
and T ! 1 are indicated with markers on the axes. Data is shown for L = 10 system
size with couplings set to Jx = Jz = 0.25, Jz = 1, K = 0 in the toric code case and
Jx = Jy = Jz = 1, K = 0.1 in the Ising case.

6.4.2. Fermionic gap

The average fermion gap h�i, defined as the lowest lying fermionic energy averaged over

the vortex sectors that are thermally excited for a given temperature T , helps to explain

some of the di↵erences we observe between the two regimes. Additionally, we can use it as

a useful check on our Monte Carlo simulation data. It is simple to sample from the zero

temperature and infinite temperature gauge configurations. Here we exploit this to test

our Monte Carlo results by comparing these limiting cases to the temperature extremes

of our simulation data.

We plot h�i against temperature for the toric code and Ising regimes in fig. 6.5. We

see that the toric code regime remains gapped at all temperatures, whereas in the Ising

case the average fermionic gap vanishes above the temperature at which vortices begin

to proliferate. This explains some of the qualitative di↵erences we observe between the

behaviour of the fermion parity in the two regimes, fig. 6.4. Since the fermions of the

toric code case remain gapped at all temperatures, vortex sectors that correspond to odd

fermion parity are energetically suppressed until the second specific heat peak is reached.

In contrast, since the fermions of the Ising regime become gapless at the first specific heat

peak, above that temperature there is no energetic penalty to odd-parity vortex sectors

and the fermion parity can take on new values hFi < 1 immediately.

100



Figure 6.6. – Zero temperauture fermion gap as a function of system size for (left)
toric code, Jx = Jz = 0.25, Jz = 1, K = 0, and (right) Ising, Jx = Jy = Jz = 1,
K = 0.1, couplings. Both cases quickly decay towards a fixed value. The fermion
gaps obtained from the lowest temperature Monte Carlo simulations are displaying
(orange circles) on the plots.

Zero temperature

The ground state of the model lives in the no-vortex sector [51]. This ground state has

a topological degeneracy on a torus, which corresponds to the four di↵erent choices of

periodic/anti-periodic boundary conditions for the fermions [102]. Due to the projection

procedure, however, some of these topological sectors may have odd fermion parity and so

higher ground state energy. We take the zero temperature gauge configuration to be an

equal weight mixture of the even parity topological sectors, i.e. � is computed as the mean

of the fermion gaps of the even parity no-vortex sectors. In the Ising case this is three

of the four sectors, whereas for the toric code all four are degenerate. We will ignore the

finite size gapping of the topologically degenerate states, as this vanishes exponentially.

The fermion gap of this zero temperature gauge configuration is plotted as a function of

system size for the Ising and toric code cases in fig. 6.6. Both are decaying to some fixed

value, and the Ising case additionally displays oscillations. Extrapolating these trends we

find the limiting value of the zero temperature fermion gap.

The lowest temperature value of the gap obtained from our Monte Carlo simulation is

plotted alongside the curves in fig. 6.6. We find good agreement between the Ising Monte

Carlo data and the zero temperature gauge configuration. However, our toric code data

breaks away from it for small systems, L < 10. This occurs as a result of the small vortex

gap in the toric code case, recall that the first specific heat peak is at T ⇠ 10�4. Here 1/T
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Figure 6.7. – Infinite temperauture fermion gap as a function of system size for
(left) toric code, Jx = Jz = 0.25, Jz = 1, K = 0, and (right) Ising, Jx = Jy = Jz = 1,
K = 0.1, couplings. Both decay quickly towards a fixed values, which from polynomial
fits are found to be � = 1.13(9) in the toric code case and � = 0.000(6) in the
Ising case. The fermion gaps obtained from the highest temperature Monte Carlo
simulations are displaying (orange circles) on the plots.

is comparable to the finite size gapping of the topologically degenerate ground states for

L < 10 and so the Monte Carlo simulation resolves the degeneracy. Our assumption that

the finite size gapping of the topological degeneracy can be neglected fails in these cases.

This demonstrates that L = 10 is the smallest system size we can consider.

Infinite temperature

Large temperatures can be studied by sampling from completely random gauge configura-

tions. fig. 6.7 shows the fermion gaps obtained by averaging over 10,000 random u patterns

as a function of system size L. We fit a polynomial decay to the data. In the toric code

case the trend is toward a non-zero gap, whereas in the Ising case the gap vanishes in the

large system limit. The Monte Carlo values obtained at the highest temperatures studied

are plotted on the graphs and we find excellent agreement.

6.4.3. Thermal metal behaviour

Thermal metals are an exotic phase of disordered two-dimensional superconductors that

break both time reversal and spin rotation symmetries, such as spinless p-wave supercon-

ductors [106, 107]. This phase is truly metallic, in the sense that its excitation spectrum

is gapless about zero energy. Thermal metals have many surprising properties such as

a bulk thermal conductivity that diverges with system size and nonlocalised low energy
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states whose wavefunctions resemble those found at the critical point in systems showing

Anderson localisation [108, 109].

Thermal metals are conductors of energy (or heat) via their fermionic degrees of freedom.

A vanishing fermion gap is thus a necessary condition for a thermal metal. In the previous

section we verified that this was the case for the Ising regime at temperatures above the

vortex activation energy. However, since the Ising vortices bind Majorana modes at zero-

energy the vanishing of the gap is not su�cient. It cannot distinguish between a metallic

phase (which has fermionic energy levels occuring continuously down to zero energy) and

a gapped insulating phase with additional zero energy localised states associated with the

vortices (isolated subgap fermionic states at zero energy). Further, a thermal metal phase

is expected to display its own distinct behaviours in both the distribution of energy levels

at low energy and the spatial properties of the wavefunctions [108, 109]. In the following

we probe both of these properties in detail.

The fermionic distribution of energies (DOE) is given by ⇢(E) = h
P

n �(E�"n) i, where

the "n are the fermionic energies in a single vortex sector and the average is taken over the

vortex sectors visited at temperature T . (Viewing the system as an ensemble of disordered

fermionic Hamiltonians with quenched vortex disorder this would be the ensemble averaged

density of states. This is the situation in which thermal metals are usually discussed.

However, since the vortex disorder we consider arises from the thermal state of the Kitaev

spin Hamiltonian, we avoid that term so as not to confuse ⇢(E) with the density of states

of that underlying Hamiltonian.) In a thermal metal ⇢(E) diverges logarithmically with

decreasing energy at low energies [106, 109]. To clearly see this feature of ⇢(E) we find

it necessary to go to larger systems than are accessible when using the algorithm that

properly samples from the thermal state, e.g. our L = 10 data. For system size L = 20

data is obtained by randomly sampling over vortex sectors, matching the average vortex

density to the value obtained from smaller system sizes. For high temperatures, above the

vortex peak of the specific heat, this has been shown to work well [110]. The logarithmic

divergence is extracted by a fit to L = 20, and is in agreement with the behaviour of

L = 10, as shown in fig. 6.8. For the very lowest energies ⇢(E) additionally exhibits

characteristic oscillations predicted by random matrix theory [106, 111]. In this limit the
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Figure 6.8. – Distribution of fermion energies ⇢(E) for low E in the non-Abelian
case. Computed for system sizes L = 10 and 20 at fixed temperature T ⇡ 0.4. At
low energies ⇢(E) diverges logarithmically with decreasing E. This is indicated by
the black dashed line, which is a fit to the L = 20 data. For the smallest values of E
oscillations are visible. (Inset) The oscillations are collapsed onto curves of the form
Eqn. (6.25). The system couplings are set to Jx = Jy = Jz = 1, K = 0.1.

DOE is given by

⇢(E) = ↵

✓
1 +

sin(2⇡E↵L2)

2⇡E↵L2

◆
. (6.25)

The parameter ↵ can be obtained by numerically solving the equation ⇢(1/↵L2) = ↵ and

↵ is expected to diverge logarithmically with L [109]. The first few oscillation periods of

the random matrix theory oscillations, with ↵ inferred from the data as just described,

are shown in the inset of fig. 6.8. Hence, the energy distribution is in excellent agreement

with the thermal metal phase.

Beyond the energy eigenvalues the wave functions of thermal metals exhibit weak mul-

tifractality, which means they are spatially extended in a particular way [112]. This

behaviour is shared with systems that exhibit Anderson localisation, where weak mul-

tifractality occurs at the critical point between insulating and conducting phases [107].

Whether states are localised or extended can be studied via the inverse participation

ratios of the fermionic eigenfunction  n(r) [107], given by

Iq =

Z
d2r | n(r)|

2q
⇠

1

L⌧(q)
. (6.26)

The exponent is often written ⌧(q) = (q � 1)Dq where Dq is called the fractal dimension.
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q = 2

q = 3
q = 4
q = 5
q = 6

Figure 6.9. – Weak multifractality of the fermionic wavefunctions in the non-Abelian
case at high temperatures. (Left) Inverse participation ratios Iq of the lowest-lying
fermionic eigenmode as a function of system size L (on a log-scale). The Iq are
averaged over the thermal distribution of vortices at T ⇡ 0.4. (Right) Exponents ⌧(q)
(defined in Eq.(6.26)) as a function of q demonstrating multifractal critical behaviour,
in-between the metallic ⌧(q) = 2(q � 1) and the insulating ⌧(q) = 0 behaviours.

For pure metallic states Dq is equal to the spatial dimension, Dq = 2, and for entirely

localised states Dq = 0. However, weak multifractality implies Dq becomes dependent on

q and behaves as Dq = 2 � �q, where � is a non-universal constant [112]. The inverse

participation ratios of the lowest-lying fermionic state, obtained for temperature T ⇡ 0.4,

are plotted as a function of system size for the first few values of q in the left panel of

fig. 6.9. This is computed for system sizes up to L = 10, only using the thermal sampling

of gauge configurations. The right panel of fig. 6.9 shows the exponent ⌧(q) extracted

from fits this data, plotted as a function of q. Fitting to the data we obtain the fractal

dimension Dq = 1.7(8)� 0.12(3)q.

6.5. Conclusions

This chapter has studied the thermal physics of the Kitaev honeycomb. We have worked

from the Kitaev fermionisation and explicitly carried out the projection of the fermions

into the physical subspace. The Kitaev fermionisation allows us to easily access the four

homologically distinct gauge field configurations on a torus and examine the topological

degeneracy of the ground state. We were able to compare the degeneracy of the Kitaev
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honeycomb ground state with the degeneracies expected from the abstract description of

topological quantum field theory. Up to finite size corrections, we found agreement for

even system sizes. Di↵erences for odd system sizes are consistent with previously obtained

results for Ising anyons in another setting [100].

Using Monte Carlo simulations we then studied the thermal distributions of vortices.

We find thermodynamic behaviours that agree with past studies of the honeycomb model

at finite temperatures [59, 60]. By explicitly accounting for the total fermionic parity,

which is fixed to be either even or odd depending on the gauge configuration, we can

go beyond the results of these previous studies. In particular, we have shown that the

topological degeneracies of the di↵erent regimes of the model can be extracted from the

thermal entropy at low temperatures. We also highlighted the interesting properties of

the fermion parity as a finite temperature observable. The fermion parity shows clear

di↵erences between the di↵erent regimes of the model at higher temperatures, which we

explained by studying the finite temperature behaviour of the fermion gap. Following this

we carried out an in depth analysis of the high temperature behaviour of the Ising regime

and clearly showed that it behaves as a thermal metal. In order to do this we studied

the distribution of fermionic energies and the inverse participation ratios of the low lying

fermionic states.

Thermal metal phases have been seen in other similar contexts. In particular, the Kitaev

honeycomb with high levels of randomness in the couplings (strong enough to introduce

vortices) has previously been numerically shown to support thermal metal phases [87].

Two-dimensional Majorana lattices with random sign couplings have additionally been

numerically shown to support them [88]. Beyond this, thermal metal behaviour has also

been seen in models of spinless p-wave topological superconductors by artificially inserting

vortices in order to simulate temperatures above the Kosterlitz-Thouless transition point

where these vortices proliferate [113]. However, in all of these examples the disorder is

introduced by hand. In contrast, the case we have studied arises from the finite tempera-

ture physics of a single Hamiltonian, the Kitaev honeycomb spin model. The vortices that

act as disorder to the fermionic degrees of freedom occur naturally as finite temperature

excitations of this Hamiltonian.

In studying the thermal metal behaviour we focussed on temperatures well above the
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vortex proliferation temperature. An interesting problem would be to study the onset

of the thermal metal behaviour. This is hard, however, as the system sizes that are

accessible to us are strongly limited by the numerical cost of the algorithm we use to

generate thermal states. Simpler sampling schemes may be useful, such as generating

random vortex patterns with a fixed average density corresponding to the thermal value.

However, we should be careful using these approaches at lower vortex density since the

Ising vortices are interacting [54]. These interactions will change the preferred spatial

arrangements of the vortices at lower densities.

There is an interesting discrepancy between our results in section 6.4.3 and those of [105].

In that work the authors compute the thermal conductivity of the Kitaev honeycomb over

a large range of temperatures and note that they observe no finite size dependence of the

(longitudinal) thermal conductivity. Whereas, the thermal metal phase we have argued is

present in the Ising regime at high temperatures is expected to have a thermal conductivity

that diverges with system size. This divergence, however, is only logarithmic and so may

di�cult to observe. Alternatively, the method they employ to compute the conductivity

might hide this behaviour. Their calculation involves using small size (L = 12) finite

temperature gauge configurations as the unit cell of a larger system and computing the

conductivity in the momentum space of that larger system. Thermal metals correspond

to an infinite randomness renormalisation fixed point [106], which may make imposing

a repeating length scale in this way problematic. It would be interesting to revisit the

question of thermal conductivity and look closer for signs of the thermal metal behaviour.
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7.

Conclusions

The focus of this thesis has been studying the e↵ects of finite temperatures in di↵erent

topological systems. First a topological quantum memory, followed by topological phases

and finally a topologically ordered spin model. In this chapter I sum up by reviewing the

results of chapters 3, 5 & 6, and suggesting future directions.

In chapter 3 we studied the coherence time ⌧ of the toric code as a finite temperature

quantum memory. The behaviour of ⌧ was investigated by analysing the creation and

di↵usion of thermal excitations. Di↵erent processes occur on di↵erent timescales given by

the rates obtained from the thermal master equation. These timescales were combined

with arguments about the random walks of the excitations to give final estimates of ⌧ . We

compared these arguments to data from simulations and found good agreement.

Our primary interest in studying the toric code’s coherence times was to compare the

typical behaviour of the memory in a thermal environment to the previously demonstrated

upper bounds [21, 23]. The scaling of these upper bounds follows the Arrhenius law applied

the energy cost of quasiparticle creation (which is 2� since toric code anyons are created in

pairs), explicitly ⌧ . e2��. Studying the particle creation and di↵usion processes allowed

us to quantify the e↵ects of entropy, which decrease the coherence time away from this

upper bound. In the thermodynamic limit we found the entropic factors saturate giving

a coherence time that scales as ⌧ ⇠ e��. For small (L⇥L) system sizes, below a thermal

length scale L⇤
⇠ e��/2, the coherence time lies between these limits e�� . ⌧ . e2��. In

this regime the entropic factors introduce a system size dependence to the coherence time

⌧ ⇠ e2�� ln(L/2)/L2, which decreases ⌧ from the upper limit towards the lower limit with

increasing system size.

An important innovation in the study of passive quantum memories was the discovery of

partially self-correcting memories [17, 25, 26]. These models show it is possible to achieve

better scaling of ⌧ than the Arrhenius law applied to the energy cost of quasiparticle

creation would imply. They still have a fixed cost to excite quasiparticles from the vacuum.
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However, by engineering a complex, glassy energy landscape they manage to slow down

the di↵usion of quasiparticles. For example, the excitations of the cubic code have to

transition through intermediate higher energy states in order to travel [25]. These di↵usion

times become the dominant component of the coherence time. For small system sizes,

when decoherence is driven by the motion of one set of quasiparticles, coherence times

then scale as ⌧ ⇠ L� [17, 25]. However, as the system becomes larger (relative to

its own characteristic thermal length scale) entropy injects multiple sets of excitations.

Decoherence then occurs when these di↵erent sets overlap and the coherence time no longer

grows with L. In the thermodynamic limit the scaling of the coherence time saturates to

⌧ ⇠ e��
2
[17, 25]. Understanding the interaction between energetic and entropic factors

clearly will play an important role in identifying memories that replicate or improve on

partial self-correction.

Chapter 5 studied thermal energy currents in Kitaev’s honeycomb. For certain choices

of parameters and vortex patterns, the fermionic degrees of freedom of the model carry

topological superconductor phases with non-trivial Chern number [51, 53]. Bulk-boundary

correspondence relates these bulk topological phases to conformal field theories (CFT)

living on open boundaries of the system [90]. These CFTs should give rise to persistent

and robust energy currents on the system’s edge. Using the exact solution of the model

we investigated these currents in a finite size system.

Energy current operators were defined from the energy continuity equation, giving local

current observables that are expressed in terms of two-point fermionic correlations. We

computed the edge current and studied its scaling with temperature, as well as how it

is e↵ected by the finite size (L ⇥ L) of the system. In a particular temperature range,

bounded from below by 1/L and from above by the bulk gap, the energy current was

found to agree well with the predictions of CFT. We also confirmed that the currents are

robust against small perturbations. That is not to say there were no deviations from the

predictions of CFT however. We also noted some non-topological features of the currents,

including a current at zero temperature whose value depends on the coupling parameters

and system size. (CFT predicts a zero temperature current that scales with L, but in this

case the currents we found did not quite match the expectations.) We attributed these
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non-topological aspects to bulk contributions; all states of the model are chiral and the

bulk states are not perfectly isolated from the edge.

One motivation to study these currents is the possibility of their direct observation in

quantum simulations of Kitaev’s honeycomb. Quantum simulator schemes with cold-atoms

are already able to simulate other topological phases, in particular successfully replicating

topological insulators [45]. There are proposals to extend those schemes to simulate the

topological superconductor phases of Kitaev’s honeycomb [114]. In such a setup it might

be possible to directly measure the same current observables and compare the microscopic

theory to the quantum simulation.

An interesting future direction for this work is to use the energy currents to probe the

transitions between di↵erent topological phases of the Kitaev model. Currents and con-

ductivities have yielded useful insights into the topological phases of integer quantum Hall

systems. In particular numerical studies of the conductivity have been able to extract in-

formation about the quantum phase transitions between insulating phases and quantised

conduction plateau [115, 116]. These can then be compared to abstract theory and exper-

imental measurements. The details extracted include the critical exponents, allowing the

universality class of the transition to be identified.

The goal of chapter 6 was to study the thermodynamics of the full Kitaev honeycomb

spin model. We proceeded from the Kitaev fermionisation of the spins. This has the

complication that the fermionic states of the model need to be projected into a particular

subspace in order to be physical, meaning spin states. We first addressed this by outlining

a procedure through which we can calculate finite temperature properties of the projected

states of the fermions.

The physical projection was shown to reveal the topological degeneracy of the model in

a simple way. This was carried out by inserting topologically non-trivial gauge loops into

the ground state sector of the model, the no-vortex sector, and comparing the energy of the

physical fermion states. We showed that the topological degeneracy of the ground state

matches well to the abstract topological quantum field theory descriptions of the di↵erent

phases. In the Ising anyon phase this is a three-fold degeneracy and in the toric code limit

it is a four-fold degeneracy. We studied the finite size splitting that lifts these degeneracies
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and found evidence that they vanish as the system becomes large. Additionally, we noted

that the degeneracy depends on whether the number of lattice sites is even or odd. The

degeneracies quoted above are for even numbers of lattice sites. For odd number of lattice

sites the toric code has a two-fold degenerate ground state, and the Ising phase has a

unique ground state. The even/odd behaviour we observe in the Ising phase has also been

noted in the degeneracy of the Moore-Read state [100], which gives rise to Ising anyons in

fractional quantum Hall systems.

The procedure to handle the fermions was combined with a Monte Carlo simulation that

generates thermal distributions of vortices in order to study the thermodynamics of the

full model. Several important features of the thermodynamics were already known from

previous studies. In particular, the specific heat shows signatures of the fractionalisation of

the spins [60]. This manifests as two distinct peaks in the specific heat, one associated with

the vortices and the other with the Majorana fermions. We independently verified this

behaviour in our data. By carefully accounting for the projection of the fermions, we were

able to demonstrate that the thermal entropy at low temperatures reproduces the topolog-

ical ground state degeneracies of the di↵erent regimes of the model. We investigated the

behaviour of the fermion parity as a function of temperature and explained its behaviours

by studying how the fermion gap varies. Finally, we studied the high temperature physics

of the Ising regime and demonstrated that it behaves as a thermal metal.

The projection of the fermions also highlights some interesting thermal properties of the

toric code limit of the model. In particular, since the fermions in the toric code regime

do not become gapless, the projection continues to couple together the behaviour of the

fermions and vortices even after the vortices have appeared to thermalise. Specifically,

there is a range of temperatures (between the two specific heat peaks) where the vortices

are disordered (the vortex density is half) but the total fermion parity remains even. The

anyon fusion rules of the toric code imply these vortex configurations are not completely

random, specifically there can only be even numbers of both e and m anyons. It would

be interesting to probe deeper into the possible implications of this in a quantum error

correction setting.

There are many interesting open directions of study. Thermal conductivities are par-

ticularly relevant as they reveal properties of the low energy topological phases and can
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be probed experimentally. Other authors have begun investigating these properties in

some parameter regimes [62, 63]. We would like to extend these studies and to probe the

e↵ect of fermion projection on the thermal response properties. In appendix C we begin

to construct a framework for extending the description of the real-space current used in

chapter 5 to compute dynamical responses through the Kubo formula.

Protecting quantum information from noise and errors is a di�cult physics problem,

as well as an engineering challenge, and has been an active area of research for over

two decades [6]. In the coming years we can expect the small quantum devices being

developed by tech giants such as IBM and Google to grow steadily larger, and as they do

it may become possible to begin to incorporate some of the ideas developed in quantum

error correction theory into these real world realisations. Conventionally quantum error

correction has focussed on big picture question such as ‘is it possible, even in principle, to

protect quantum information from errors? ’ (yes) or ‘what is the most powerful code that

can be designed, no matter how complicated? ’ (currently, see [12] and [13]). While there

are still many big open problems, increasingly feedback from experiments is beginning

to reshape the topic around the constraints of real devices with questions such as ‘given

this real noise model and this limited number of qubits, what is the most e↵ective error

correction scheme I can implement? ’. Pivoting in this way will involve integrating the

successes of quantum error correction with the tools of other fields, such as statistical

mechanics, to better describe real situations and answer these hybrid questions. This is

the spirit in which the work of chapter 3 was carried out.

Currently it remains an open problem to conclusively demonstrate the presence of

anyons in real materials. Topological edge currents (chapter 5) and manifestations of

topological properties in other thermodynamic responses (chapter 6) represent experi-

mentally accessible stepping stones towards this goal. Eventual proof of the presence of

anyonic excitations in a real material, besides being an incredible discovery of great fun-

damental importance, could eventually open the way to future generations of quantum

devices fabricated from topologically ordered materials.

112



References

[1] M. H. Freedman, A. Kitaev, M. J. Larsen & Z. Wang, “Topological Quantum Com-
putation,” Bulletin of the American Mathematical Society, vol. 40, #1, 31–38, 2003.

[2] C. Neill, P. Roushan, K. Kechedzhi, S. Boixo, S. V. Isakov, V. Smelyanskiy et al.,
“A blueprint for demonstrating quantum supremacy with superconducting qubits,”
arXiv.org, Sep. 2017, 1709.06678v1.
Intel Press release, Oct. 2017, “Intel Delivers 17-Qubit Superconducting Chip with
Advanced Packaging to QuTech”, accessed on 30/01/2018.
W. Knight, “IBM Raises the Bar with a 50-Qubit Quantum Computer,” Press cov-
erage of IBM from MIT Technology Review, Nov. 2017, accessed on 30/01/2018.
W. Knight, “A Startup Uses Quantum Computing to Boost Machine Learning,”
Press coverage of Rigetti from MIT Technology Review, Dec. 2017, accessed on
31/01/2018.

[3] J. Wootton, “Why we need to make quantum games,” Blog Post on medium, 2017,
accessed on 30/01/2018.

[4] A. Y. Kitaev, “Fault-tolerant quantum computation by anyons,” Annals of Physics,
vol. 303, #1, 2–30, 2003.

[5] J. K. Pachos & S. H. Simon, “Focus on topological quantum computation,” New J.
Phys., vol. 16, #6, 065003, 2014.

[6] P. W. Shor, “Scheme for reducing decoherence in quantum computer memory,”
Phys. Rev. A, vol. 52, #4, R2493–R2496, Oct. 1995.

[7] P. W. Shor, “Fault-tolerant quantum computation,” in “the Proceedings of the 37th
Annual Symposium on Foundations of Computer Science,” , 1996.

[8] A. M. Steane, “Error Correcting Codes in Quantum Theory,” Phys. Rev. Lett.,
vol. 77, #5, 793–797, Jul. 1996.

[9] J. Preskill, “Reliable quantum computers,” Proceedings of the Royal Society of Lon-
don A, vol. 454, #1969, 385–410, Jan. 1998.

[10] D. Gottesman, “Fault-Tolerant Quantum Computation with Constant Overhead,”
arXiv:1310.02984, vol. quant-ph, 2013.

[11] S. Bravyi, M. Suchara & A. Vargo, “E�cient algorithms for maximum likelihood
decoding in the surface code,” Phys. Rev. A, vol. 90, #3, 216, 2014.

[12] S. Bravyi & A. Cross, “Doubled Color Codes,” arXiv.org, Sep. 2015, 1509.03239v1.

[13] H. Bombin, “Gauge color codes: optimal transversal gates and gauge fixing in topo-
logical stabilizer codes,” New Journal of Physics, vol. 17, #8, 083002, Aug. 2015.

[14] B. J. Brown, N. H. Nickerson & D. E. Browne, “Fault-tolerant error correction with
the gauge color code,” Nat. Comms., vol. 7, 12302, Jul. 2016.

[15] F. Pastawski, B. Yoshida, D. Harlow & J. Preskill, “Holographic quantum error-
correcting codes: toy models for the bulk/boundary correspondence,” Journal of
High Energy Physics, vol. 2015, #6, 163, Jun. 2015.

113



[16] B. M. Terhal, “Quantum error correction for quantum memories,” Rev. Mod. Phys.,
vol. 87, #2, 307–346, Apr. 2015.

[17] B. J. Brown, D. Loss, J. K. Pachos, C. N. Self & J. R. Wootton, “Quantum memories
at finite temperature,” Rev. Mod. Phys., vol. 88, #4, 045005, 2016.

[18] D. Bacon, “Operator quantum error-correcting subsystems for self-correcting quan-
tum memories,” Phys. Rev. A, vol. 73, 012340, 2006.

[19] O. Landon-Cardinal & D. Poulin, “Local Topological Order Inhibits Thermal Sta-
bility in 2D,” Phys. Rev. Lett., vol. 110, #9, 090502, Feb. 2013.

[20] S. Bravyi & B. Terhal, “A no-go theorem for a two-dimensional self-correcting quan-
tum memory based on stabilizer codes,” New J. Phys., vol. 11, #4, 043029, 2009.

[21] R. Alicki, M. Fannes & M. Horodecki, “On thermalization in Kitaev’s 2D model,”
J. Phys. A: Math. Theor., vol. 42, #6, 065303, Feb. 2009.

[22] K. Temme & M. J. Kastoryano, “How fast do stabilizer Hamiltonians thermalize?”
arXiv.org, May 2015, 1505.07811v1.
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A.

Kitaev’s Honeycomb
Solved in a Matrix Language

Here the constructions in chapter 4 are repeated using an entirely matrix based presenta-

tion. This way of approaching the model helped me to understand it better, coming from

a quantum information background.

This appendix mixes operators with matrices and vectors, so to be concretely clear

about the nature of each object I have used the following conventions:

• ĉ, a hat indicates an operator

• A, bold font denotes a matrix

– M̂, combining the bold font with the hat means this is a matrix whose elements

are operators

• v, underlining means a vector

– by convention v will always be a column vector, and vT (or v† for complex

vectors) the row vector

– ŵ, again combining the underline with the hat means the elements of this vector

are operators

With the vortex sector specified and the gauge configuration fixed we can write the Hamil-

tonian of the fermionic degrees of freedom, eq. (4.8) in the main text, as

Ĥ =
i

4

NX

i,j=1

Aij ĉiĉj

=
1

4
(ĉ1 . . . ĉN ) (iA)

0

BBBB@
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...

ĉN

1

CCCCA

=
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4
ĉT (iA) ĉ . (A.1)
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Written in this form it is clear the task of diagonalising Ĥ is equivalent to diagonalising

the hermitian matrix of numbers iA. To do this we employ some standard results for real

anti-symmetric (also called skew-symmetric) matrices.

A.1. Skew-symmetric matrices

For any skew-symmetric matrix A the eigenvalues are purely imaginary and occur in

plus/minus pairs ±i"k, for k = 1, 2, . . . ,N/2. The real valued matrix can therefore be

diagonalised by complex matrices

A = UDU
† = (u+1 , u

�
1 , u

+
2 , u

�
2 , . . . )

0

BBBBBBBBBB@

i"1 0 0 0 . . .

0 �i"1 0 0 . . .

0 0 i"2 0 . . .

0 0 0 �i"2 . . .
...

...
...

...
. . .

1

CCCCCCCCCCA

0

BBBBBBBBBB@

(u+1 )
†

(u�1 )
†

(u+2 )
†

(u�2 )
†

...

1

CCCCCCCCCCA

where U is a unitary matrix. Limiting ourselves to purely real matrices, it is not possible

to fully diagonalise A but it can be put in block diagonal form

A = Q⌃Q
T = ( q

1
, q

2
, q

3
, q

4
, . . . )

0

BBBBBBBBBB@

0 "1 0 0 . . .

�"1 0 0 0 . . .

0 0 0 "2 . . .

0 0 �"2 0 . . .
...

...
...

...
. . .

1

CCCCCCCCCCA

0

BBBBBBBBBB@

qT
1

qT
2

qT
3

qT
4
...

1

CCCCCCCCCCA

where Q is a real orthogonal matrix. By relating these two forms of A we can demonstrate

an important property of the eigenvectors. Namely that the complex eigenvectors u+k

and u�k , corresponding to eigenvalues pair ±i"k, are related to each other by complex

conjugation u�k = (u+k )
⇤.

Consider the simpler case of �z and �y. We can relate the two using �y’s eigenvectors
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packaged in the form of unitary matrix W

�y =

0

B@
0 �i

i 0

1

CA =
1
p
2

0

B@
1 1

i �i

1

CA

0

B@
1 0

0 �1

1

CA
1
p
2

0

B@
1 �i

1 i

1

CA = W �z W
† .

Up to a factor of i this is identical to what is happening in the diagonal blocks of D and

⌃ so, using the N/2 ⇥ N/2 identity matrix 1N/2 to distribute W onto each block, we can

write the same relation

⌃ = (1N/2 ⌦W)D (1N/2 ⌦W
†) .

We can go further and use this to relate the columns of U and Q,

(u+1 , u
�
1 , u

+
2 , u

�
2 , . . . ) = ( q

1
, q

2
, q

3
, q

4
, . . . ) (1N/2 ⌦W)

= ( q
1
, q

2
, q

3
, q

4
, . . . )

1
p
2

0

BBBBBBBBBB@

1 1 0 0 . . .

i �i 0 0 . . .

0 0 1 1 . . .

0 0 i �i . . .
...

...
...

...
. . .

1

CCCCCCCCCCA

= 1p
2

⇣
q
1
+ iq

2
, q

1
� iq

2
, q

3
+ iq

4
, q

3
� iq

4
, . . .

⌘
. (A.2)

Reading o↵ from this we see that u�k = (u+k )
⇤ (as with the eigenvectors of �y). From now

we will drop the ± superscript and write u+k = uk and u�k = u⇤k. Now let us return to

diagonalising Ĥ.

A.2. Normal modes

Using the results of the previous section we diagonalise Ĥ to find the normal modes of the

system. From equation (A.1) and the di↵erent forms of A we have

Ĥ =
1

4
ĉT (iA) ĉ =

1

4
ĉT Q (i⌃)QT ĉ =

1

4
ĉT U (iD)U† ĉ . (A.3)
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These two di↵erent forms of A, in terms of Q & ⌃ or U & D, give the Majorana and

associated complex fermion representations of the normal modes.

First consider multiplying out the new operators defined by U to obtain their expression

in terms of the original Majorana,

0

BBBB@

f̂1

ĝ1
...

1

CCCCA
=

1
p
2
U

†

0

BBBB@

ĉ1

ĉ2
...

1

CCCCA
=

1
p
2

0

BBBB@

u†1

(u⇤1)
†

...

1

CCCCA

0

BBBB@

ĉ1

ĉ2
...

1

CCCCA
=

1
p
2

0

BBBB@

u1 · ĉ

u⇤1 · ĉ
...

1

CCCCA
(A.4)

where a · b denotes the vector dot product. The extra factor of 1/p2 is added for normali-

sation (so that the eigenvalues of f̂ †
k f̂k are between zero and one). We see that as well as

being complex, due of the elements of U, the fermionic operators f̂1 and ĝ1 are related by

ĝ1 = f̂ †
1 . Multiplying out equation (A.3) in terms of these new fermions

Ĥ =
1

2
( f̂ †

1 , f̂1, f̂
†
2 , f̂2, . . . )

0

BBBBBBBBBB@

�"1 0 0 0 . . .

0 "1 0 0 . . .

0 0 �"2 0 . . .

0 0 0 "2 . . .
...

...
...

...
. . .

1

CCCCCCCCCCA

0

BBBBBBBBBB@

f̂1

f̂ †
1

f̂2

f̂ †
2

...

1

CCCCCCCCCCA

=
1

2

N/2X

k=1

⇣
�"k f̂

†
k f̂k + "k f̂kf̂

†
k

⌘
.

The operator f̂ †
k f̂k detects the presence of a particle in mode k by projecting onto the

filled state and f̂kf̂
†
k projects onto the empty state, detecting a hole. So we can read

this as the occupation of normal mode k contributes energy �
"k/2, and mode k being

empty contributes energy +"k/2. This sounds a little backwards and illustrates part of

the particle-hole symmetry of the spectrum. We arbitrarily picked the operators f̂ rather

than ĝ and this gave us a hole-basis where exciting the normal modes removes energy

from the system, doing the opposite would have instead given us a particle-basis where

quasi-particle excitations carry positive energy,

Ĥ =

N/2X

k=1

(�"k)
⇣
f̂ †
k f̂k �

1
2

⌘
=

N/2X

k=1

"k
⇣
ĝ†kĝk �

1
2

⌘
. (A.5)
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Similarly we can multiply out the operators defined by Q to get another representation

of the normal modes

0

BBBB@

b̂01

b̂001
...

1

CCCCA
= Q

T

0

BBBB@

ĉ1

ĉ2
...

1

CCCCA
=

0

BBBB@

qT
1

qT
2
...

1

CCCCA

0

BBBB@

ĉ1

ĉ2
...

1

CCCCA
=

0

BBBB@

q
1
· ĉ

q
2
· ĉ
...

1

CCCCA
. (A.6)

Since Q is a real matrix these new operators are also real, and so these fermions are still

Majorana fermions. Multiplying out the Hamiltonian in this representation gives

Ĥ =
1

4
( b̂01, b̂

00
1, b̂

0
2, b̂

00
2, . . . )

0

BBBBBBBBBB@

0 i"1 0 0 . . .

�i"1 0 0 0 . . .

0 0 0 i"2 . . .

0 0 �i"2 0 . . .
...

...
...

...
. . .

1

CCCCCCCCCCA

0

BBBBBBBBBB@

b̂01

b̂001

b̂02

b̂002
...

1

CCCCCCCCCCA

=
1

4

N/2X

k=1

⇣
�i"k b̂

0
k b̂

00
k + i"k b̂

00
k b̂

0
k

⌘
=

i

2

N/2X

k=1

"k b̂
00
k b̂

0
k .

Combining equations (A.4) and (A.6) with (A.2) we can relate the diagonal fermion cre-

ation and annihilation operators ĝ and ĝ† to the Majorana normal modes b̂0 and b̂00 getting

the expected expressions,

ĝk = 1
2

⇣
b̂0k � ib̂00k

⌘
, ĝ†k = 1

2

⇣
b̂0k + ib̂00k

⌘
.
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A.3. Correlation functions

An important set of quantities to characterise the properties of fermionic states, with

density operator ⇢̂, are the two-point correlation functions

hĉiĉji = tr (⇢̂ ĉiĉj) .

We can evaluate these expectation values by inverting the transformation to energy eigen-

modes, equation (A.4). This gives an expression

0

BBBB@

ĉ1

ĉ2
...

1

CCCCA
=

p
2U

0

BBBB@

ĝ†1

ĝ1
...

1

CCCCA
. (A.7)

Taking the outer product of ĉ with ĉT gives a matrix of correlation operators, as well as

the transformation of these operators from a spatial basis to the diagonal basis

0

BBBBBBBBBB@

ĉ1ĉ1 ĉ1ĉ2 ĉ1ĉ3 ĉ1ĉ4 . . .

ĉ2ĉ1 ĉ2ĉ2 ĉ2ĉ3 ĉ2ĉ4 . . .

ĉ3ĉ1 ĉ3ĉ2 ĉ3ĉ3 ĉ3ĉ4 . . .

ĉ4ĉ1 ĉ4ĉ2 ĉ4ĉ3 ĉ4ĉ4 . . .
...

...
...

...
. . .

1

CCCCCCCCCCA

= 2U

0

BBBBBBBBBB@

ĝ†1

ĝ1

ĝ†2

ĝ2
...

1

CCCCCCCCCCA

⇣
ĝ1, ĝ

†
1, ĝ2, ĝ

†
2 . . .

⌘
U

†

0

BBBBBBBBBB@

1 ĉ1ĉ2 ĉ1ĉ3 ĉ1ĉ4 . . .

ĉ2ĉ1 1 ĉ2ĉ3 ĉ2ĉ4 . . .

ĉ3ĉ1 ĉ3ĉ2 1 ĉ3ĉ4 . . .

ĉ4ĉ1 ĉ4ĉ2 ĉ4ĉ3 1 . . .
...

...
...

...
. . .

1

CCCCCCCCCCA

= 2U

0

BBBBBBBBBB@

ĝ†1ĝ1 0 ĝ†1ĝ2 ĝ†1ĝ
†
2 . . .

0 ĝ1ĝ
†
1 ĝ1ĝ2 ĝ1ĝ

†
2 . . .

ĝ†2ĝ1 ĝ†2ĝ
†
1 ĝ†2ĝ2 0 . . .

ĝ2ĝ1 ĝ2ĝ
†
1 0 ĝ2ĝ

†
2 . . .

...
...

...
...

. . .

1

CCCCCCCCCCA

U
† .

We want to evaluate the expectation values of the elements of this matrix, hĉiĉji. If we

carried out the multiplication on the right hand side of the expression each element of

the resultant matrix would be a linear sum of the ĝ ĝ† elements weighted by the complex

numbers in the matrix U. We can then see that to evaluate the hĉiĉji we may replace
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each element of ĝ ĝ† by its expectation value, i.e.

0

BBBBBBBBBB@

1 hĉ1ĉ2i hĉ1ĉ3i hĉ1ĉ4i . . .

hĉ2ĉ1i 1 hĉ2ĉ3i hĉ2ĉ4i . . .

hĉ3ĉ1i hĉ3ĉ2i 1 hĉ3ĉ4i . . .

hĉ4ĉ1i hĉ4ĉ2i hĉ4ĉ3i 1 . . .
...

...
...

...
. . .

1

CCCCCCCCCCA

= 2U

0

BBBBBBBBBB@

hĝ†1ĝ1i 0 hĝ†1ĝ2i hĝ†1ĝ
†
2i . . .

0 hĝ1ĝ
†
1i hĝ1ĝ2i hĝ1ĝ

†
2i . . .

hĝ†2ĝ1i hĝ†2ĝ
†
1i hĝ†2ĝ2i 0 . . .

hĝ2ĝ1i hĝ2ĝ
†
1i 0 hĝ2ĝ

†
2i . . .

...
...

...
...

. . .

1

CCCCCCCCCCA

U
† .

It will usually be the case that all o↵-diagonal elements of the matrix of ĝ operators vanish

as they represent coherences between di↵erent diagonal modes.
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B.

Numerical notes and methods

B.1. Kitaev’s Honeycomb

The following are notes on some practical elements of the numerical work I carried out on

the Kitaev Honeycomb. The numerics were written in python using the NumPy and SciPy

libraries [117]. Notebook work, such as data analysis, was carried out in IPython [118]

and Matplotlib was used to generate figures [119]. Additionally, mpi4py [120] is used

to implement parallel tempering via distributed parallel computing. Unless otherwise

referenced or defined, the notation used in this section matches appendix A.

B.1.1. Obtaining diagonal modes

Diagonalising iA with complex numbers using SciPy’s linalg.eigh seems to be prob-

lematic. Specifically, the returned matrix of eigenvectors U do not satisfy the physical

requirement that the two-point correlations hicjcki should be purely real. This require-

ment is separate to just finding U and D such that iA = U (iD)U† and the function

failing to satisfy this additional condition arises from the fact that we are using complex

numbers to try to solve a problem that only really needs real numbers.

This physical condition is satisfied by instead directly computing the real-valued block-

diagonal form A = Q⌃Q
T , calling Scipy’s linalg.schur function with the call:

⌃,Q = scipy.linalg.schur(A, output=’real’, lwork=None, overwrite a=True,

sort=None, check finite=True)

A disadvantage of this method is that the blocks are not sorted by energies. (The op-

tion sort=None is set in the function call since degeneracies can otherwise cause errors.)

The eigenvalues and eigenvectors can be sorted separately if needed. Importantly, the ⌃

and Q obtained are still not in the form we expect them, as discussed in the next note.
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B.1.2. Getting Q in canonical form

The physical fermion parity is determined by
Q

(i,j) uij (detQ), eq. (6.2). But to reliably

and meaningfully compute detQ we need Q and ⌃ to be in the form given on page 124,

which is not guaranteed by scipy.linalg.schur (sls).

A particular problem is that sls does not arrange the positive and negative eigenvalues

of the blocks of ⌃ consistently. Sometimes the positive eigenvalue is in the upper right (as

we want) but sometimes it is in the lower left, and additionally it changes from block to

block. If the eigenvalues are in non-canonical arrangement then the related columns of Q

need to be swapped, which multiplies detQ by �1. Another problem is if the spectrum

contains zero modes these are not paired into 2 ⇥ 2 blocks in ⌃ by sls. Instead they

appear separately as single, randomly positioned, entries on the diagonal.

Both of these issues are solved with the following code snippet, which puts Q and ⌃ into

the canonical form of page 124. However, this fix is not robust against exact degeneracies

in the spectrum. We must first lift the degeneracy slightly by adding a small amount of

random local noise to the Hamiltonian.

# add small random noise to lift degeneracies
R = 2.*(numpy.random.rand(2*Lx*Ly,2*Lx*Ly) - 0.5)
R = R + np.transpose(R)
dA = 1E-6*numpy.sign(A)*R
# get the block-diagonal fully-real Schur normal form
Sigma,Q = scipy.linalg.schur(A + dA, output='real', lwork=None,\

overwrite_a=True, sort=None, check_finite=True)

# flatten columns of Sigma to get list of eigenvalues
eig_vals = numpy.sum(Sigma,axis=0)
# get the -ve to +ve ordering of the eigenvalues
permutation = numpy.argsort(eig_vals)
# fold permutation back onto itself to get correct
# ordering for columns of Q matrix
q_permutation = numpy.zeros(2*Lx*Ly,dtype='i')
q_permutation[::2] = permutation[:2*Lx*Ly//2]
q_permutation[1::2] = permutation[-1:-2*Lx*Ly//2-1:-1]

# rearrange Q and Sigma into canonical form
Q = Q[:,q_permutation]
Sigma = Sigma[:,q_permutation]
Sigma = Sigma[q_permutation,:]

A test to check this is working is that
Q

(i,j) uij (detQ) should be invariant under local

gauge transformations [85]. That is, it should not change when we insert any gauge loop
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with trivial topology.

B.1.3. Robustly computing projected partition functions

Iteratively computing the partition function directly is numerically unstable since the

numbers quickly become very large. To avoid this problem we instead store the logarithms

log[Z]en. Numpy provides a helpful method numpy.logaddexp we can use to iterate to the

next step without having to take exponentials. Using this approach equations eq. (6.8)

and eq. (6.9) become

log[Z]en = numpy.logaddexp( log[Z]en�1 + � "n/2, log[Z]on�1 � � "n/2 )

log[Z]on = numpy.logaddexp( log[Z]on�1 + � "n/2, log[Z]en�1 � � "n/2 ) .

B.1.4. Parallel implementation of parallel tempering

Parallel tempering simulates R replicas of the system evolving at di↵erent temperatures. If

the evolutions of the replicas were handled sequentially, the runtime would become roughly

R times longer. To avoid this additional time cost we can evolve each replica independently

and in parallel as di↵erent parallel computing processes, with swaps being implemented as

communication between these parallel processes. This type of parallel computing is called

message passing and is available in python through the mpi4py class [120]. However,

exchanging copies of the system, which in our case are made up of multiple matrices (and

actually implemented as a python object), adds a communication cost. We can avoid this

by keeping the replicas in place and exchanging the temperatures instead. But this too

adds a layer of programming di�culty, in that now we have keep track of which process

should communicate with which other since the temperatures are no longer in a fixed

order across the parallel processes. I have written a python class ptmpi that solves this

problem by handling the tracking overhead. (The details of its implementation are given

in its github readme.) Additionally, it black boxes all communication between the parallel

processes to simplify its use in simulations. The class is independent of the physical system

being simulated and could be reused in any other situation to easily implement parallel

tempering over parallel processes.
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B.1.5. Fast calculation of energy currents using arrays

The sums in the current operator, eq. (5.5), can be rewritten as operations on arrays

in order to exploit the massive speed-up of numpy array calculations over python for

loops [121]. Here the matrix product is denoted with a central dot (numpy.dot) and an

element-wise product with ⇤ (called in numpy with a * between arrays). The whole set of

energy current expectation values I = hIjki can be obtained by computing

I = �
1

8

�
A ⇤ [C ·A] +A ⇤A ⇤Ckk

T +A ⇤ [A ·C
T ]�A ⇤A ⇤Ckk + [A ·A] ⇤C

�
,

where C = hi cjcki is the matrix of two point correlation functions and Ckk is defined

from the diagonal elements of C by

Ckk =

0

BBBBBBB@

C11 C22 C33 . . .

C11 C22 C33 . . .

C11 C22 C33 . . .
...

...
...

. . .

1

CCCCCCCA

.

This matrix Ckk can be e�ciently constructed using numpy’s numpy.tile method.
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B.2. Analysis of Monte Carlo data

Chapter 6 studies the thermal physics of the Kitaev honeycomb spin model through Monte

Carlo simulations. This appendix gives a thorough explanation of how the Markov chain

time-series obtained from the simulation is processed to give the estimates and errors

quoted in the text. This includes accounting for autocorrelation in the time-series, imple-

menting resampling methods to estimate the error on indirectly measured quantities and

deciding the equilibration time.

Statistical errors

The Monte Carlo procedure returns a sequence of gauge configurations, {u1, u2, . . . uM}.

Or, more practically, the values of observables O (such as fermionic thermal energy, vortex

density, etc.) associated with those sectors, {O1, O2, . . . OM}. Assuming these values are

uncorrelated, the sample mean and (unbiased) sample variance are given respectively by

O = E[Oi] =
1

M

MX

i=1

Oi , (B.1)

s2O = E
⇥
(Oi � E[Oi])

2
⇤
=

1

M � 1

MX

i=1

�
Oi �O

�2
. (B.2)

The sample mean O estimates the physical expectation value of the observable, eq. (6.18).

Error bars on this estimate �O are quoted as the standard deviation of O, computed as

(�O)2 = E
⇥
(O � E[O])2

⇤
=

s2O
M

. (B.3)

Autocorrelation times

For Markov chain Monte Carlo simulations the assumption of uncorrelated samples might

well be invalid as memory e↵ects can persist in the chains for very long times. These mem-

ory e↵ects are quantified by the the autocorrelation time, ⌧ , which (roughly) characterises

the half-life of the correlations. Autocorrelation e↵ects can cause us to underestimate

the error �O, since the correlations mean we e↵ectively have fewer independent samples

than we believe we do. Or, in a more extreme example, they can bias the estimation
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of indirectly measured quantities (such as specific heat), in addition to the error on that

estimate [72]. We can gain insight into the autocorrelation between samples by computing

the lagged autocovariance. For a time series of M samples the lagged autocovariance for

observable O is

�O(t) =
1

M

M�tX

i=1

�
Oi �O

� �
Oi+t �O

�
,

such that �O(0) = s2O. The lagged autocovariance can be used to correct the error �O and

to estimate the autocorrelation time for the observable ⌧O. Additionally, plotting �O(t) as

a function of the lag t can give useful qualitative insights into the decay of the correlations.

The true error, the variance of O, must include the additional statistical uncertainty

introduced by the autocorrelations in the data,

(�O)2 = E
⇥
(O � E[O])2

⇤
=

1

M2

MX

i,j=1

�
E[OiOj ]� E[Oi] E[Oj ]

�

=
s2O
M

+
1

M2

X

i 6=j

�
E[OiOj ]� E[Oi] E[Oj ]

�
(B.4)

where the correction term can be computed by summing �O(t) over all t. Two of the

simplest estimators for this correction are the initial positive sequence estimator s2O,p

and the initial monotone sequence estimator s2O,m [122]. Both aim to sum �O(t) while

accounting for noise that can be problematic at large t. They are constructed from the

derived quantities

�O(t) = �O(2t) + �O(2t+ 1) .

A theorem states that for stationary, reversible Markov chains these �(t) should be strictly

positive and strictly decreasing. Any violation of these conditions can be interpreted as

the onset of noise and used to truncate the sum. The estimator s2O,p is then

s2O,p = s2O + 2
2T+1X

t=1

�O(t) = ��O(0) + 2
TX

t=0

�O(t) (B.5)

where the upper limit T is chosen such that all the terms summed are positive, �O(t) > 0

for t = 0, . . . T . Estimator s2O,m is defined similarly, with the upper limit decreased

further to the index of the minimum preceding value of �O(t) so that the sequence of
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terms summed �O(0), �O(1), . . . is both always positive and always decreasing. Dividing

these estimators by M estimates the true error,

(�O)2 =
s2O,m

M
. (B.6)

Assuming the autocorrelations decay exponentially, �O(t) ⇠ e�t/⌧⇤
O , the exponential

decay rate can also be computed from the integral of �O(t) as

Z 1

0
dt
�O(t)

�O(0)
=

Z 1

0
dt e�t/⌧⇤

O = ⌧⇤O .

Comparing this to eq. (B.5), where the sum over t is viewed as the discretised integral,

we see that dividing the improved variance estimator s2O,m by the raw sample variance s2O

yields a related estimate of the autocorrelation time (called the integrated autocorrelation

time) [72, 123] defined as

⌧O ⌘
1

2

s2O,m

s2O
= ⌧⇤O �

1

2
, (B.7)

This small di↵erence between the exponential decay rate ⌧⇤O and ⌧O is typically neglected.

In the following discussions the integrated autocorrelation time ⌧O is the value quoted as

the autocorrelation time ⌧O of the Markov chains. Combining the expressions for �O we

can also define the e↵ective number of samples,

Me↵ =
M

2 ⌧O
, (B.8)

such that eq. (B.6) instead reads (�O)2 = s2O/Me↵.

Bootstrap resampling

Assigning an error to estimates of indirectly measured quantities, such as distributional

parameters like the variance, is more complicated than for quantities that are directly

measured by the simulation. The easiest approaches are resampling methods including

blocking, jackknife and bootstrap [124, 125]. The bootstrap method is among the most

robust as well as (for short enough autocorrelation times) the most e�cient.

From the gauge configuration time series, {u1, u2, . . . uM}, we selectM random elements
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allowing repeats, e.g. B1 = {1, 1, 3, 4, 4, 4, 4, 8 . . .}. The quantity is computed for this

sample, for example the specific heat is evaluated from the sample variance

C1 =
1

T 2

0

@ 1

M � 1

X

i2B1

(Ei � E)

1

A where E =
1

M

X

i2B1

Ei . (B.9)

The time series is then resampled repeatedly, each time with a new set of random elements

B2, B3, . . . to compute a series of estimates {C1, C2, C3, . . .}. For a large enough number

of resamples R, typically between 100 and 1000, the mean of these estimates gives a good

estimator of the specific heat with the error �C given by their standard deviation,

C =
1

R

RX

i=1

Ci with (�C)2 = C2 � C
2
. (B.10)

This statistical witchcraft has the advantage that, since the resampling is already carried

out with repeats, it is not e↵ected by autocorrelation in the data [125]. We may use the

full Monte Carlo time series to compute C and �C.

Equilibration

The Markov chain must be allowed to equilibrate before we collect data. Correlations be-

tween the initial state and future states can behave di↵erently to autocorrelations present

along all the data, meaning the equilibration time can be much longer than ⌧ [126].

Waiting for equilibration is important even if we could pick an initial state that is

guaranteed to be part of the thermal distribution at all temperatures, such as the true

ground state. This is because a histogram of (for example) the energies of states the

Markov chain visits is attempting to reproduce the physical probability distribution of

energies. If the initial configuration is in the tail of the distribution then the Markov

chain histogram will be skewed. Using states of the Markov chain prior to equilibration to

estimate properties of the physical distribution, such as its mean (expected energy) and

variance (specific heat), will then bias these estimates. Thus adding bias errors in addition

to the statistical estimation errors.

However, since the statistical error decreases with increasing numbers of data points we

do not want to unnecessarily throw away too much of the start of the Markov chain. A

137



good way to resolve this trade-o↵ is to fix the equilibration time t0 as the balance point

between minimising bias error and minimising statistical error [127]. The e↵ective number

of samples Me↵ as a function of t0 is defined as

Me↵(t0) =
M � t0
2 ⌧ o(t0)

(B.11)

where ⌧ o(t0) is the integrated equilibration time computed for the time series after t0,

{Ot0+1, Ot0+2, . . . OM}. A balance between bias and statistical error is said to be achieved

by maximising Me↵(t0) with respect to t0. Each observables O equilibrates at a di↵erent

rate, and true equilibration is only achieved when all observables have reached equilibrium.

For a simulation using parallel tempering a simpler estimate of the equilibration time is

the mean first passage time [128, 129]. This is the average time it takes a replica initially

at one end of the temperature set to di↵use to the other for the first time. Rather than

taking a di↵erent value for each observable, this estimate of the equilibration time is a

property of the simulation as a whole.

Summary

The simulation returns a sequence of values for each of the observables we are interested

in, {O1, O2, . . . OM}. The equilibration time t0 of the simulation run is estimated from

the first passage times of the parallel tempering replicas. We evaluate t0 as the average of

the time the replica initially at lowest temperature first reaches highest temperature and

the time the initial highest temperature replica first reaches lowest temperature. The first

t0 values of the time series are discarded.

Mean values of measured observables are then estimated as the sample mean, eq. (B.1),

of the remaining time series. The error on this estimate is given by eq. (B.6), where s2O,m

is again computed using the remaining time series and M is reduced to the number of

elements after discarding the first t0. Indirectly measured properties such as the variance

of physical observables are estimated, along with an error, using bootstrap resampling,

eq. (B.10), with 1000 resamples of the remaining time series.
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C.

Dynamics of Kitaev’s Honeycomb

Some of the most important physics of a model is its response to external perturbations.

These responses can be probed in experiments to compare real materials to the theory. In

this way we gain insight into whether the simplified model captures the real behaviours

or if other competing mechanisms, neglected by the model, cannot be ignored.

For the Kitaev Honeycomb the relevant responses are heat currents reacting to a thermal

gradient. Though temperature is a statistical e↵ect, thermal gradients can be simulated

as a Hamiltonian perturbation and analysed within a conventional response theory set-

ting [130]. Let the initial fermionic Hamiltonian be H0 with thermal state ⇢0 and consider

a time-dependent perturbation H 0. This perturbation couples the energy density h(r) to

a potential field �(r). If the time-dependence of H 0 is u(t), then the total Hamiltonian of

the system is

H = H0 +H 0(t) = H0 + u(t)

Z
drh(r)�(r) . (C.1)

The perturbation causes energy currents to flow in the system, whose expectation values

are the vector hJ(t)i. Specialising to potentials that vary linearly between the two ends of a

cylindrical system (at y = 0 and y = L), the spatial dependence of the perturbation can be

written in vector component notation (r�)� = ��/L ��y. For small enough perturbation

the response in the system is linear. In this limit, the total current that flows in direction

↵ is given by

hJ↵(t)i =

Z 1

�1
dt0
X

�

�↵�(t� t0)u(t0) (r�)�

=

Z 1

�1
dt0 �↵y(t� t0)u(t0)��/L , (C.2)

where it was shown by Luttinger [130] that the conductivity tensor �↵� can be written in

the form of a Kubo formula as

�↵y(t) = ✓(t)

Z �

0
d�0 tr

�
⇢0 Jy(�i�0) J↵(t)

�
. (C.3)
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C.1. Kubo Formula

Under linear response, the system’s reaction is fully characterised by its Green’s functions.

Importantly, these Green’s function can be computed using the unperturbed wavefunc-

tions through the Kubo formula. Rewriting eq. (C.3) in a slightly di↵erent form, the

conductivity is described by the tensor

�↵�(t) = ✓(t)

Z �

0
d�0 hJ�(�t� i�0) J↵i , (C.4)

where the expectation values are computed with respect to the unperturbed thermal state

at temperature �. Neglecting the intergral over imaginary time, the response is determined

by the two-time current-current correlations hJ�(t0) J↵i. In this section we consider how

these correlations can be computed using the real space energy current operators defined

in chapter 5.

C.1.1. Current-current correlators

Revisiting the construction of the Honeycomb model from chapter 4, the two-point Majo-

rana correlation functions are given by

i cjck = 2i
X

p,q

⇣
[up]j f

†
p + [up]

⇤
j fp

⌘⇣
[uq]k f

†
q + [uq]

⇤
k fq

⌘

= 2i
X

p,q

⇣
[up]j [uq]k f

†
pf

†
q + [up]j [uq]

⇤
k f

†
pfq + [up]

⇤
j [uq]k fpf

†
q + [up]

⇤
j [uq]

⇤
k fpfq

⌘

= 2i
X

p,q

⇣
[up (u

⇤
q)

†]jk f
†
pf

†
q + [up(uq)

†]jk f
†
pfq + [up(uq)

†]⇤jk fpf
†
q + [up(u

⇤
q)

†]⇤jk fpfq
⌘
.

The weightings attached to each set of operators, for example [up (u
⇤
q)

†]jk, are matrices

associated with the lattice wavefunctions. The operators i cjck are Hermitian observables

and this puts conditions on the matrices. By comparing the expression above to that for
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(i cjck)† we find they must satisfy the relations:

h
uq (up)

†
i

ij
= �

h
up (uq)

†
i⇤
ij

(C.5)

h
uq (up)

†
i⇤
ij
= �

h
up (uq)

†
i

ij
(C.6)

h
uq (u

⇤
p)

†
i

ij
= �

h
up (u

⇤
q)

†
i

ij
(C.7)

h
uq (u

⇤
p)

†
i⇤
ij
= �

h
up (u

⇤
q)

†
i⇤
ij
. (C.8)

(Numerically, we must ensure these are obeyed. This can be done in the way described in

note B.1.1.) These relations will be used in the following to simplify expressions.

The real space current operator derived in chapter 5 from the Heisenburg equation of

local energy densities is written

Ijk =
i

8

0

@
X

m 6=k

AkjAjm ckcm +
X

l 6=j

AklAjk clcj +
X

l 6=j

AklAjl cjck

1

A .

This can be rewritten in the energy eigenbasis using the expression for i cjck above. How-

ever, to hide some of the complexity, first define

Qjk[Xab] ⌘ �
i

8

0

@
X

m 6=k

AkjAjmXkm +
X

l 6=j

AklAjk Xlj +
X

l 6=j

AklAjl Xjk

1

A . (C.9)

The current operators in the energy eigenbasis then take the form

Ijk =
X

p,q

⇣
Qjk

h
up (u

⇤
q)

†
i
f †
pf

†
q +Qjk

h
up(uq)

†
i
f †
pfq

+Qjk

h⇣
up(uq)

†
⌘⇤i

fpf
†
q +Qjk

h⇣
up(u

⇤
q)

†
⌘⇤i

fpfq
⌘
. (C.10)

However, the current-current correlation functions we want to evaluate hJ↵(t) J�i are

between the total currents J . Total currents are defined as a sum of Ijk over all links of

one type ↵,

J↵ ⌘

X

(j,k) :↵

Ijk =
X

p,q

⇣
Q↵

h
up (u

⇤
q)

†
i
f †
pf

†
q +Q↵

h
up(uq)

†
i
f †
pfq

+Q↵

h⇣
up(uq)

†
⌘⇤i

fpf
†
q +Q↵

h⇣
up(u

⇤
q)

†
⌘⇤i

fpfq
⌘
,
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where Q↵[X] =
P

(j,k) :↵Qjk[X]. Further, the correlation function is between the currents

at two di↵erent times so we need to evolve the operator J in time. Since we are now in

the energy eigenbasis this is easy to do,

J↵(t) = eiHt J↵ e
�iHt

=
X

p,q

⇣
Q↵

h
up (u

⇤
q)

†
i
ei("p+"q)t/2 f †

pf
†
q +Q↵

h
up(uq)

†
i
ei("p�"q)t/2 f †

pfq

+Q↵

h⇣
up(uq)

†
⌘⇤i

e�i("p+"q)t/2 fpf
†
q +Q↵

h⇣
up(u

⇤
q)

†
⌘⇤i

e�i("p+"q)t/2 fpfq
⌘
.

Expanding the operator expression for J↵(t) J� using these formulae gives the following

Frankenstein monster of an equation

J↵(t) J� =
X

p,q

X

r,s

⇣
Q↵

h
up (u

⇤
q)

†
i
Q�

h⇣
ur(u

⇤
s)

†
⌘⇤i

f †
pf

†
q frfs e

i("p+"q)t/2

+Q↵

h
up(uq)

†
i
Q�

h
ur(us)

†
i
f †
pfq f

†
r fs e

i("p�"q)t/2

+Q↵

h
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†
i
Q�

h⇣
ur(us)

†
⌘⇤i

f †
pfq frf

†
s e

i("p�"q)t/2

+Q↵

h⇣
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†
⌘⇤i

Q�

h
ur(us)

†
i
fpf

†
q f

†
r fs e

�i("p�"q)t/2

+Q↵

h⇣
up(uq)

†
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Q�

h⇣
ur(us)

†
⌘⇤i

fpf
†
q frf

†
s e

�i("p�"q)t/2

+Q↵

h⇣
up(u

⇤
q)

†
⌘⇤i

Q�

h⇣
ur(u

⇤
s)

†
⌘⇤i

fpfq f
†
r f

†
s e

�i("p+"q)t/2
⌘
. (C.11)

The terms written are only those that include two annihilation and two creation operators,

since any other combinations of four operators will have zero expectation value.

Evaluating the Kubo formula requires taking expectation values of eq. (C.11). In order

to do this we must compute the matrix functions Q↵[X], which we will refer to as lattice

factors, and take the expectation values of the four fermion operators. Since there are L2

unique wavefunctions up, it seems as if there are 4L4 lattice factors Q↵ for each direction

↵ (counting all combinations of conjugations). However, not all of these lattice factors are

independent. From their definition, eq. (C.9), we see that Q↵[X]⇤ = �Q↵[X⇤]. Further,

since the current operator, eq. (C.10), is real the lattice factors must themselves be real
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Q↵[X]⇤ = Q↵[X]. This gives the relation

Q↵[X
⇤
ab] = �Q↵[Xab] . (C.12)

Additionally, conditions eq. (C.5)-(C.8) limit the number of independent [up (uq)
†] and

[up (u
⇤
q)

†] matrices to L2(L2 + 1)/2 each. Hence the total number of lattice factors we

must calculate is L2(L2 + 1).

Next consider the thermal expectation values of the products of four fermion operators.

A normal ordered set of four operators can be seen to give

ha†1a
†
2 a3a4i = �13�24 ha

†
1a

†
2 a1a2i (1� �12)

+ �14�23 ha
†
1a

†
2 a2a1i (1� �12)

= �13�24 (�1) ha†1a1 a
†
2a2i (1� �12)

+ �14�23 ha
†
1a1 a

†
2a2i (1� �12)

= (1� �12) ha
†
1a1 a

†
2a2i (�13�24 � �14�23) , (C.13)

where, due to the projection requirement of the Kitaev fermions, it is not necessarily the

case that ha†1a1 a
†
2a2i = ha†1a1iha

†
2a2i. Rearranging each of the six terms in eq. (C.11) into

normal order and applying eq. (C.13) we find that

hf †
pf

†
q frfsi = hf †

pfp f
†
q fqi (�ps�qr � �pr�qs) (1� �pq)
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pfqf

†
r fsi =

⇣
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pfp frf

†
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†
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†
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q f
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†
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hfpf
†
q frf

†
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�pq�rs hfqf

†
q fsf

†
s i+ �ps�qr hf
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q fq fsf
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hfpfqf
†
r f

†
s i = hfrf

†
r fsf

†
s i (�rq�ps � �pr�qs) (1� �rs) .

Using these expressions, combined with eq. (C.12), the expectation values of the current-
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current correlations can be written

hJ↵(t) J�i =
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. (C.14)

Integrating this expression over imaginary time, as in eq. (C.4), then gives the thermal

conductivities.

C.1.2. Frequency response

The response function in frequency space �↵y(!), the Fourier transform of �↵y(t), is an

even more interesting quantity. In particular, it can tell us if the system is an insulator or

a conductor. Numerically, since we can only compute the time-series �↵y(t) up to finite

tmax, it is better to evaluate the Laplace transform in the limit � ! 0,

�↵y(!) = lim
�!0

Z tmax

0
dt e�(�+i!)t �↵y(t) ,

where as � ! 0 we increase tmax, rather than attempt the Fourier transform directly.

In a clean model system with no impurities a conductor is characterised by a non-zero

Drude weight in the zero temperature conductivity [131]. The Drude weight, D, manifests

as a delta function at ! = 0 in the frequency response

�↵y(!;T = 0) = D↵ �(!) + �reg↵y (!;T = 0) . (C.15)

This produces dissipationless currents in the impurity free system at zero temperature.

An insulator, in contrast, has vanishing Drude weight. We can extract the Drude weight
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from the time-series �↵y(t) by computing

D↵ =

Z t2

t1

dt
�↵y(t)

t2 � t1
(C.16)

where t1 and t2 are chosen much longer than any timescale of the system [132].

C.2. Proposal: Quantum evolution after a quench

The conductivity tensor �↵y(t) is the Green’s function g↵(t) for the currents J↵, eq. (C.2).

Physically this means it is the current that flows in response to an impulse shock to the

system u(t) = �(t). This section proposes an alternative approach to calculating the

conductivity by directly computing the response currents hJ↵(t)i from the time evolution

of the wavefunctions under a quenched perturbation. This calculation can be carried out

for a particular perturbation and, assuming the response is linear, the Green’s function can

be extracted from Laplace transforms of the currents. The proposal involves simulating the

full quantum evolution of the perturbed system. Choosing a simple quenched perturbation

that switches on at t = 0 (a step function) makes this easy to calculate. Besides being an

alternative way to compute linear response, this approach might be interesting for probing

non-linear aspects of the response.

Let the time dependence of the perturbation be a step-function u(t) = ✓(t). In this

case, the total Hamiltonian H, given by eq. (C.1), is time-independent even after the

perturbation has been switched on. By evolving the initial state ⇢0 under H the current

at times t > 0 (normalised by system size and strength of the perturbation) is given by

I↵(t; ✓) ⌘
1

L2

✓
��

L

◆�1

tr
�
e�iHt ⇢0 e

iHt J↵
�

=
1

L2

✓
��

L

◆�1X

n,m

e�i("n�"m)t
hn| ⇢0 |mi hm| J↵ |ni (C.17)

where |ni , |mi and "n, "m are the eigenstates and eigenenergies of H. We can compute

this just by diagonalising H0 and H once, and (in principle) find the current I↵(t; ✓) at all

times. For an arbitrary input function u(t) and response current I↵(t;u) we can find the
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Green’s function g↵(t) by evaluating

g↵(t) = L
�1


L[I↵(t;u)]

L[u]

�
(C.18)

where L is the Laplace transform [133], which for complex s is given by

L
⇥
u
⇤
(s) =

Z 1

0
dt e�st u(t) .

By our choice of u(t) = ✓(t) eq. (C.18) is easy to evaluate. In this case L[✓] = 1/s. Using

an identity for Laplace transforms the Green’s function is given by

g↵(t) =
�
I↵(t; ✓) ⇤ L

�1[s]
�
(t)

=

Z 1

1
dt0 �0(t0) I↵(t� t0; ✓)

=

Z 1

1
dt0 �(t0) İ↵(t� t0; ✓) = İ↵(t; ✓) (C.19)

where ⇤ is a convolution, �0 is the distributional-derivative of the delta function (which is

the inverse Laplace transform of s) and İ↵ is a time-derivative. The Green’s function is

causal, which we can explicitly denote by including a step-function g↵(t) = ✓(t)İ↵(t; ✓).

For completeness, the current response for an arbitrary u(t) is then

I↵(t;u) =

Z 1

�1
dt0 g↵(t� t0)u(t0) .

To reiterate, the Green’s function given in eq. (C.19) is the same quantity as the con-

ductivity tensor previously defined �↵y(t) ⌘ g↵(t). With the caveat that, since we are

computing the currents from the full quantum evolution, the response is not guaranteed

to be purely linear. In some cases the nonlinear contributions this approach can highlight

might be interesting in themselves. Otherwise, we must separately ensure we are in the

linear regime in order to apply eq. (C.18) and be computing the same conductivity that

we would find from the Kubo formula.
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Frequency dependence

The frequency dependence of the conductivity �↵y(!) can be obtained without needing to

carry out the di↵erentiation of I↵(t; ✓). Consider the Laplace transform of �↵y(t) given by

L
⇥
�↵y(t)

⇤
(s = � + i!) =

Z 1

0
dt e�st İ↵(t; ✓) ,

which as � ! 0 becomes the Fourier transform. Using an identity for the Laplace transform

of a derivative this simplifies to

�↵y(!) = lim
�!0

s

Z 1

0
dt e�st I↵(t; ✓) .

D.C. conductivity

Special care needs to be taken in computing the d.c. component, ! = 0, of �↵y(!) because

of the behaviour of L[I↵(t; ✓)] close to s = 0. In the case �↵y(0) 6= 0 the current I↵(t; ✓)

is not square-integrable because it has a non-zero mean value. We can separate out this

mean value and write

I↵(t; ✓) = D ✓(t) + Ĩ↵(t; ✓)

where Ĩ↵(t; ✓) has mean value zero. The Laplace transform at zero-frequency then has the

form

L
⇥
I↵(t; ✓)

⇤
(s = � + i0) =

D

�
+ L

⇥
Ĩ↵(t; ✓)

⇤
.

Comparing this to section C.2 we see this gives the desired result

�↵y(0) = lim
�!0

�
� D
�

+ L
⇥
Ĩ↵(t; ✓)

⇤ �
= D .

However, if we have failed to make � small enough when computing L[I↵(t; ✓)] and are not

in a regime where there is ⇠
1/� scaling the factors will not cancel correctly and we will

find the wrong value for �↵y(0). To avoid this problem we compute L[I↵(t; ✓)] for di↵erent

small values of � and check that we see ⇠
1/� behaviour.
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C.2.1. Limited time pulse

Instead of a step-function we now consider an interaction that turns on at t = 0 and turns

o↵ again at t = T . That is a time-dependence u(t) = 1/T ✓(t)✓(T � t) we call this P0,T (t),

which has Laplace transform

L[P0,T ] =
1

T

1� e�sT

s
.

Following the prescription of eq. (C.18) and eq. (C.19), in order to compute the conduc-

tivity we need to find the Inverse Laplace transform of 1/L[P0,T ]. We do this explicitly by

computing the integral

L
�1


1

L[P0,T ]

�
=

1

2⇡i
lim

R!1

Z iR

�iR
est

T s

1� e�sT
ds .

Since t > 0 we close the contour in the left-half-plane. By residue theorem we can then

evaluate the integral by finding the residues at the poles of the integrand. The poles will

come from the 1/1�e�sT part of the integrand, to locate them we rewrite it as

1

1� e�sT
=

1

2e�sT/2
csch

✓
sT

2

◆
.

csch(z) has an infinite number of simple poles on the imaginary line at z = ⇡ki for k 2 Z

with residues (�1)k, meaning our integrand has poles at sk = 2⇡ik/T . Combining this with

the rest of the integrand we find

L
�1


1

L[P0,T ]

�
=
X

k

lim
s!sk

(s� sk)
1

2
s es(t+T/2)csch

✓
sT

2

◆

=
1X

k=�1

1

2
sk e

sk(t+T/2)(�1)k

=
1X

k=�1
(�1)k

1

2

2⇡ik

T
exp

✓
2⇡ik

T
(t+ T/2)

◆

=
1

2

1X

k=�1
(�1)k(ei⇡)k

2⇡ik

T
exp

✓
2⇡ik

T
t

◆

=
1

2

1X

k=�1

2⇡ik

T
exp

✓
2⇡ik

T
t

◆

=
1

2

d

dt
D(t)
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where D(t) is the Dirac comb. Inserting this into the expression for g↵(t), eq. (C.18), gives

g↵(t) =

Z 1

�1
dt0 I↵(t� t0;P0,T )

1

2

d

dt
D(t)

=
1

2

Z 1

�1
dt0 İ↵(t� t0;P0,T )D(t)

=
1

2

1X

k=�1
İ↵(t� kT ;P0,T ) .

where we have used the same trick dealing with the derivative of D as is used to handle

the derivative of the Delta function.

Similarly we can show, analogously to what we previously found for a ✓(t) perturbation,

that the frequency dependence of �↵y can be extracted by

�↵y(!) = lim
�!0

T s

1� e�sT

Z 1

0
dt e�st I↵(t;P0,T ) .
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