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Phase diagram of a rigid rod systemwith attractive end groups

Andrew J. Crane and Erich A. Müller

Department of Chemical Engineering, Imperial College London, London, UK

ABSTRACT
We present a molecular dynamics study into the thermotropic liquid crystalline phase behaviour
of a coarse-grained model of a rigid bolaamphiphilic molecule. The model consists of 11 spherical
beads held in a fixed linear arrangement, where the two opposing terminal beads are self-attracting,
mimicking hydrophilic segments and the remaining internal beads, as well as cross-bead interac-
tions, are softly repulsive, mimicking hydrophobic organic segments. The effect of the model’s end
bead self-attraction strength on liquid crystalline phase behaviour is studied. Coexistence points
between the smectic A, nematic and isotropic phases exhibited by the model are determined fol-
lowing a thermodynamic integration pathway, using equations of state constructed by multiple
histogram reweighting of simulation data. Variants of Gibbs–Duhem integration are used to trace
pressure–temperature coexistence curves. Under isobaric conditions, the effect of increasing the
end-group self-attraction on the nematic–isotropic coexistence temperature is relatively small; how-
ever, the nematic phase stability is reduced at the expense of a significant increase in the smectic
A–nematic coexistence temperature. Lower temperature simulations show the approximate smectic
A–crystalline transition temperature to be only weakly dependent on the strength of the end-group
self-attraction.
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1. Introduction

Since the discovery of thermotropic liquid crystalline
(LC) materials towards the end of the nineteenth cen-
tury, a longstanding interest has been held in the phys-
ical origins of phases that possess structural symmetry
intermediate to crystalline solids and isotropic liquids.
The theoretical description of these fluids has proved
challenging, hampered in part by the marked anisotropy
characteristic of LC-forming fluids. Experiments suggest
that most of the unusual phenomena associated with
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these ordered phases have non-specific roots that relate to
general overbearing, and, most often, conflicting, steric
and energetic effects. Equations of state for these unique
fluids are unavailable in the way they are for isotropic
fluids; hence, it is in this context that molecular simu-
lation becomes a useful tool to describe LC behaviour
of model systems. While fully-atomistic molecular mod-
elling of these fluids turns out to be computationally chal-
lenging due to the large molecule size, system sizes and
time scales needed for phase self-organisation, simplified
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and coarse-grained models have been able to pro-
vide the computational speed-up necessary to study the
self-assembly and complex phase behaviour of LC. The
reader is referred to Wilson [1] or Care and Cleaver [2]
for pertinent reviews.

Liquid crystals have been studied with angular
and separation-dependent pair potentials, dramatically
reducing system variables and retaining the most rel-
evant physical features [3]. Most primitive LC models
are athermal, i.e. based on hard repulsive intermolecular
potentials. This proves to be a sensible approach that par-
allels the development of successful perturbation theories
for molecular liquids [4]. For a distinct class of pro-
late symmetry mesogen, namely the calamitic mesogen,
these coarse-grainedmodel potentials are predominantly
based around the ellipsoidal and spherocylinder geome-
tries. Studies by Frenkel et al. were amongst the first to
establish the existence of an LC phase with a hard ellip-
soid model, discovering a transition from an isotropic
(Iso) phase to an orientationally ordered nematic (Nem)
liquid state [5,6]. Subsequent investigations into the hard
ellipsoidal model proved that this model was not only
capable of forming the Nem phase, but also the smectic
A (SmA) phase, where the mesogens align into liquid-
like layers. Another example of an LC coarse-grained
model is the hard spherocylinder, uniquely defined by
its length-to-diameter ratio.McGrother et al. investigated
the dependence of the LC phase stability on this ratio
[7] and demonstrated why early simulations by Vieil-
lard–Baron could not detect LC phases by an unfortu-
nately low choice of this parameter [8]. The manuscripts
by Frenkel et al. explored the global phases diagram for
the hard-spherocylinder [9], implementing novel tech-
niques to study large length-to-diameter ratios and rota-
tor solid phases that occur close to the hard-sphere limit
[10]. Importantly, for large aspect ratios, the Nem–Iso
transition was observed to approach the limit predicted
by Onsager theory [11]. Camp et al also found good
theoretical agreement for simulations of hard ellipsoid
in this limit [12–15]. One form of extension to hard
potential models has been the incorporation of mul-
tipole moments, in essence representing an additional
level of fundamental chemical detail. Studies into dipo-
lar hard spherocylinders have shownLCphase stability to
be highly dependent on both the position of the dipole in
the hard particles, as well as the orientation of the dipole
with respect to calamitic principle axis [16–18].

Examining the influence of attractions in anisotropic
pair potentials has also been important towards under-
standing prolate mesogen phase behaviour. The Gay–
Berne (GB) potential [19], has proven one of the most
popular soft ellipsoidal potential since it was first pro-
posed in the early 1970s. This potential was based on an

earlier Gaussian overlap model of Berne and Pechukas
[20], adapted to replicate the resultant potential between
two linear 4-site Lennard–Jones molecules. Initial simu-
lations revealed the original GB parameterisation to form
stable Nem phases under certain conditions [21–23].
Subsequent use of free energy methods allowed its global
phase behaviour to be mapped through tracing the phase
coexistence curves [24,25]. Whilst the GB potential has
principally been a tool for understanding LC phase phe-
nomena, it was noted that most calamitic mesogens have
a larger aspect ratio than the original GB parameter-
isation [26]. By varying the GB parameters that con-
trol the ellipsoidal length to width ratio, the SmA phase
was additionally found for longer aspect ratios [27,28].
Gay–Berne model simulations along with perturbation
theory studies have clarified the role that attractive inter-
actions play in stabilising the SmA phase for ellipsoidal
geometry mesogens relative to hard ellipsoid models
[29,30]. As with hard potential models, incorporation of
electrostatic moments into softly repulsive models also
influences LC phase stability. The influence of dipoles
of various strength, relative orientation and position
have been studied with the GB model. For longitudinal
dipoles, SmA phase stability is enhanced when the dipole
is centrally positioned [31,32], whilst Nem phase stabil-
ity is enhanced when in a terminal position [33]. There
has also been work into the addition of quadrupoles.
For example, the smectic C phase, where the average
molecular orientation is tilted with respect to the smec-
tic layer axis, was observed by addition of a longitudinal
quadrupole into the standard GB model [34]. In a simi-
lar vein, spherocylinders will exhibit a range of LC phases
upon the inclusion of attractions. For an unabridged
review of the current understanding the reader is referred
to ref. [35].

One of the limitations of single-site asymmetric poten-
tialmodels is the ease at which increasedmolecular detail
may be added to models. One approach to circumvent
this, at the cost of increasing system degrees of free-
dom, has been a move back to using mesogen models
composed of multiple spherically symmetric interaction
sites. This is a curious turn of events, as in the 1970s,
the GB potential was hailed as the potential of choice
since it would effectively map 4 (or more) linear rigidly
connected interaction sites into a single central site, thus
reducing the computational by an order of magnitude.
The exponential increase in computational power in the
following decades has rendered this argument irrele-
vant, thus the trend to revert to more detailed, but still
heavily coarse-grained models. This route permits the
use of systematic coarse–graining techniques to param-
eterise the potentials using all-atom simulation [36,37]
or thermodynamic data [38], thus providing a means to
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more realistic mesogen models, without the computa-
tional expense of performing full all – atom simulations
[39]. Like asymmetric single-site potential studies, early
multiple-site mesogen models focused mainly on cap-
turing LC phenomenology. Wilson et al. investigated the
effect of mesogen flexibility for a hard – sphere chain
model. Here chains of 7 sites tangentially bonded were
found to exhibit Nem and smectic LC phases, whilst the
5-site chain gave rise to a metastable SmA phase only
[40–42] reiterating the importance of mesogen aspect
ratio towards relative LC phase stability. The reference
rigid hard – sphere chain of this flexible model was sub-
sequently studied by Williamson and Jackson [43], who
overcame a previously found problem of entrapment in
non-equilibrium glassy states close to the Nem–Iso tran-
sition, that resulted from non-convexity in molecular
shape preventing efficient parallel rod movements [44].
They found that flexibility destabilised Nem stability and
shifted the packing fraction of coexistent Nem and Iso
phases to higher values. McBride and Vega extended
these studies to fused hard sphere systems with par-
tial flexibility, where they observed partial flexibility to
have a noticeable influence on smectic-type phase sta-
bility [45]. Work has also been performed on analogous
soft potentials rod systems. Ciccotti and coworkers found
the presence of both SmA and Nem mesophases for an
11-site linear rod model interacting through the repul-
sive part of a Lennard–Jones potential [46]. Using the
combined approach of TI andGibbs–Duhem integration,
similar to that of Frenkel and Bolhuis [10], the Nem–Iso
and SmA–Nem coexistence curves were mapped for this
system by Tian et al. [47]. Based on this, it was sug-
gested that the system exhibited crystalline–SmA–Nem
and crystalline–Nem–Iso triple points. A subsequent
study showed that turning on the attractive part of the
Lennard–Jones interaction stabilised the more ordered
phases, thus isobarically shifting the coexistence curves
to higher temperatures [48]. This behaviour was noted
to be in accord with actual LC behaviour. The effect of
flexibility on a similar model has also been explored and
was found to suppress the Nem phase [49]. Other mod-
els have explored shorter Lennard–Jones linear chains
[50,51]. In the same way as single local attractive sites
may significantly alter mesogenic phase behaviour of
repulsive rod systems, the presence of pairs of attractive
sites also imparts significant changes in the overall phase
diagram.

This manuscript concerns to bolaamphiphiles, LC
molecules with two hydrophilic heads and a hydrophobic
linker. This unique structure allows them to self-assemble
into various nanostructures, including micelles, vesicles
and liquid crystals [52–54]. They are an emerging class
of molecules with recent applications as templates for

the formation of nanomaterials [55] and in biomedicine
[56]. In particular, we focus here on a rigid linear meso-
gen model, an otherwise repulsive rigid rod, decorated
with self-attractive sites at both ends of themolecule. The
two terminal beads interact by a variable–strength pair
potential similar in form to the Lennard–Jones potential,
whilst all remaining internal beads and cross-pair inter-
actions are softly repulsive. Such a model represents the
underlying core of more complex polyphilic liquid crys-
tals composed of a rigid bolaamphiphile decorated with
a side chain [57–62]. These polyphilic molecules have
been studied using molecular simulations and shown
to exhibit a very rich self-assembly of motifs including
columnar phases with cross-sections having different 2D
patterns depending on the size of the lateral chains and
ordered bi- and co-continuous phases, giant honeycomb
phases and lamellar phases [63–71].

2. Molecular model

To achieve LC phase behaviour, even in the absence of
attractions, a mesogen model is chosen as a rigid linear
configuration of 11 beads, with a 0.6σ inter-bead dis-
tance, withσ being amodel characteristic length, roughly
a bead diameter. This separation, or bond distance, rep-
resented a balance between being sufficiently short as to
prevent unphysical crossing of rods, whilst being ade-
quately long, to obtain the required aspect ratio with
a minimal number of rod beads. The resulting meso-
genic core had an aspect ratio of 7; mesophases would
be expected for this ratio [46], and this was confirmed
by simulation, with the SmA and Nem phases found for
the purely repulsive system. To mimic bolaamphiphilic
behaviour, the two end beads of the rigid unit were
defined as self-attractive, mimicking strongly interacting
hydrogen-bonding sites, whilst the remaining pair inter-
actions were modelled as softly repulsive, allowing the
internal beads to represent weakly interacting sites typ-
ical of polyphenyl cores. A schematic of the molecular
model is given in Figure 1. The bead pair potential ener-
gies, WAB are defined by mixing two Lennard–Jones cut
and shifted potential,WLJCS

AB through the expressions.

WAB(r,CAB, λ)

= λWLJCS
AB (r,CAB)+ (1 − λ)WLJCS

AB (r, 21/6σ) (1)

Where

WLJCS
AB (r,CAB) =

{
WLJ

AB(r)− WLJ
AB(CAB) for r < CAB

0 for r ≥ CAB
(2)
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Figure 1. Schematic of the model used to describe a bolaam-
phiphilic type molecule. Beads are represented using the charac-
teristic σ length. End spheres may be self-attracting.

Table 1. Table defining force field parameters used for each non-
bonded pair potential, parameters listed as (CAB, λAB, σ AB, εAB).

End bead Internal bead

End bead 2σ , 0–1, σ , ε 21/6σ , 1, σ , ε
Internal bead 21/6σ , 1, σ , ε 21/6σ , 1, σ , ε

withWLJ
AB being the common Lennard Jones potential.

WLJ
AB(r) = 4ε

[(σ
r

)12 −
(σ
r

)6]
(3)

where, the subscripts A and B define bead type, r is the
bead separation, ε is the energy parameter defining the
potential well depth, σ is the length parameter defining
the range of the potential, CAB is the cut and shifted dis-
tance, and λ is a mixing parameter that takes a value
between 0 and 1. If the cut-off radius,CAB, is chosen at the
minimum of the potential well – i.e. CAB = 21/6σ – then
WLJCS

AB becomes a soft repulsive potential. Otherwise, the
cut-off is fixed at CAB = 2σ . For the internal/internal
bead and end/internal bead pair interactions, λAB is fixed
to 0, making these softly repulsive. For end/end bead pair
interactions, the parameter, λAB, takes values between
0 and 1. When λ = 0, these pair interactions are the
same as the remaining pair interactions, and the rods are
softly repulsive. When λ = 1, the pair interaction is a
cut and shifted Lennard–Jones potential, and the parti-
cles are self-attractive at separation between 21/6σ and
CAB. An illustration of the potential model used is given
in Figure 2 (Table 1).

The model parameterisation is expressed in terms of a
single length scale, σ , and energy scales, ε; consequently,
all properties can be presented in reduced form. To that
end, the temperature is given by, T ∗ = Tkb/ε, with kb
being the Boltzmann constant, pressure by P ∗ = Pσ 3/ε,
volume by V ∗ = V/σ 3, and field strength, to be defined
later, by χ∗ = χ /ε. For clarity, in this manuscript super-
scripts will be removed and all variables assumed appro-
priately reduced.

3. Determination of coexistence curves

To obtain the model’s LC coexistence curves, individual
coexistence points were initially found for the Nem–Iso

Figure 2. Plot of the bead-bead pair potentials used for the
model bolaamphiphile for various interaction strengths; blue line
λ = 0.0, grey dashed lines (a) λ = 0.2, (b) λ = 0.4, (c) λ = 0.6
and (d) λ = 0.8, and green line λ = 1.0. All other bead interac-
tions (internal/internal and internal/end) correspond to λ = 0.0
(blue line).

and SmA–Nem transitions, for a specific end bead self-
attraction, λ, and used as initial values for integration of
the Clapeyron differential equation along TP coexistence
curves [72,73]. Using amodified Clapeyron equation, the
coexistence curve for varying λ was also traced, allow-
ing the calculation of phase diagrams at varying end
bead self-attraction strengths. In the sub-sections below
we detail, exemplifying the nematic–Isotropic transition,
the procedure and simulations techniques to (a) calcu-
late phase coexistence points through Thermodynamic
Integration, (b) extend these results, tracing the coexis-
tence curve using the Gibbs–Duhem Integrationmethod
and (c) discuss the validation of the results by direct
simulation of a two-phase system.

3.1. Calculation of coexistence points

Equilibrium between multiple phases is achieved when
there is thermal, mechanical and diffusive equilibrium,
between the phases. Consequently, for two single com-
ponent systems, of N molecules, at a fixed temperature,
T, and pressure, P, phase coexistence is obtained when
they have the same chemical potential or the same Gibbs
free energy.One approach to determine a phase’sTP state
point Gibbs free energy is by thermodynamic integration
(TI) along a path from a reference state of known Gibbs
free energy, such as an ideal gas or Einstein crystal. On
performing this process for two phases, their coexistence
curve is determined as the locus of points with equal
Gibbs free energy. Unfortunately, some phases – such as
mesophases – have no ‘natural’ reference state, making
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this method inapplicable for them. If the phase exhibits
coexistence with another phase, where one phase’s sym-
metry is a subset of the other, an alternative route to
finding their coexistence may be possible [74]. By intro-
ducing an external field that couples to the phase tran-
sition’s broken symmetry, a quasi-static integrable path
between phasesmay be found, where the first–order tran-
sition is suppressed to a continuous transition. This per-
mits relative free energy differences between any two of
the phases’ state points to be determined; consequently
allowing phase coexistence to be found for free energy
differences between phases of zero.

Both the SmA and Nem phases have no analytically
solvable Gibbs free energy reference state; however, the
external field approach mentioned above is applicable.
For the Nem–Iso transition, a field that energetically
favours molecular alignment may be introduced to sup-
press the first-order transition between phases. For the
SmA–Nem transition, a field favouring nematic director-
orientated molecular layering may be introduced to sup-
press the first-order transition between phases.

The following outlines the TImethod for theNem–Iso
transition. A similar procedure was used for the
SmA–Nem transition, with the field chosen to achieve
this described in the Supplementary Information.

The bolaamphiphilic mesogen model’s complete free
energy differential dA – including the nematic cou-
pling field strength, χ , and the end bead self-attraction
strength, λ, contributions – for a closed system, may be
written as

dA = −PdV − SdT + Ldχ + Mdλ (4)

where L and M are the intensive properties respectively
conjugate to χ and λ, S is entropy, and V is volume. Only
the integrands P and L are required as simulations are
performed isothermally and at constant λ. The calcula-
tion of L during simulation depends on the external field
applied, and this choice is made to make the calculation
of L straightforward. To exemplify this, L, given by the
partial derivative of the Helmholtz energy with respect to
the field strength is first expressed in terms of an ensem-
ble average over the derivative of the underlying system
Hamiltonian, H, with respect to field strength

L =
(
∂A
∂χ

)
V ,T,λ

= ∂H
∂χ V ,T,λ

(5)

The Hamiltonian of the system can be conveniently
split into a non-field-dependent part, H0, and a field-
dependent part, H1,

H = H0(rN ,ωN , λ)+ H1(rN ,ωN ,χ) (6)

Where the dependence onmolecular centre ofmass posi-
tions and principle orientation axes, are denoted by rN

and ωN , respectively. Inclusion of Equations (6) into (5)
gives

L = ∂H1(rN ,ωN ,χ)
∂χ V ,T,λ

(7)

Since the functional dependence of H1 on χ – used
to imposed nematic alignment – is arbitrary, a simple
analytic function of χ is chosen to provide for a com-
pact expression for assessing L. For the Nem–Iso phase
transition, one choice of H1 that favours molecular ori-
entational alignment is.

H1(rN ,ωN ,χ) = χ

N∑
i=1

sin2θi (8)

where θ i are the angles between the configuration
nematic director, n, and each molecular orientation vec-
tor, ωi. For the Nem phase most θ i are close to 0, and
consequently H1 is close to zero. Conversely, for the Iso
phase, the θ i angles are distributed proportionally to sinθ ,
andH1 takes a value near 2χ /3. Increasingly positive val-
ues of χ , raise H1 for non-aligned systems and hence
energetically favouring alignment.

A schematic of the TI path used for the Nem–Iso
transition is depicted in Figure 3. The first path section
involves an isothermal compression of the Nem phase,
between volumes, VI and VII, with VI being the Nem
phase’s volume at the coexistence pressure, Piso–nem – a
quantity unknown a priori. This path’s Helmholtz free
energy change,�A1, is given by.

ΔA1 = −
∫ VII

VI(PIso−Nem)
PdV|T,λ,χ=0,nem (9)

where the field strength is zero, and the end beads self-
attraction is fixed. The next path section involves isochor-
ically turning on the nematic coupling field, χ , between
field strengths of 0 and χ I. The resulting Helmholtz free
energy change,�A2, is given by

�A2 =
∫ χ1

0
Ldχ |T,λ,VII =

∫ χ1

0

N∑
i=1

sin2θiχdχ |T,λ,VII

(10)
The system is then expanded – though retained in the

Nem phase by the external field – to reach lower density,
with the free energy change given by.

ΔA3 = −
∫ VIII

VII

PdV|T,λ,χ=χI (11)

To complete the loop, the field was switched off iso-
chorically – leading to an integrableNem–Iso continuous
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Figure 3. Schematic of the Nem–Iso TI cycle. Helmholtz free
energy changes�A are calculated using Equations (9)–(13), and
�AP�V is the Helmholtz free energy difference between coexist-
ing phases, Piso–nem(V IV–V I). The greyed-out region corresponds
to thermodynamically unstable volumes. Temperature is kept
constant throughout.

phase transition – with free energy change

ΔA4 = −
∫ 0

χI

N∑
i=1

sin2θidχ

∣∣∣∣∣
T,λ,V=VIII

(12)

and finally an Iso phase compression free energy change

ΔA5 = −
∫ VIV (PIso−Nem)

VIII

PdV|T,λ,χ=χI ,iso (13)

with VIV the Iso phase’s volume at the isotherm’s coex-
istence pressure, PIso–Nem. In terms of Helmholtz free
energy, the condition of equilibria, i.e. equivalence of
Gibbs free energy, is given for the described TI loop by

AIso(VIV)+ PIso−NemVIV = ANem(VI)+ PIso−NemVI
(14)

or expressed in terms of the TI loop free energy changes,
i.e. Equations (9)–(13), by.(

ANem(VI)+
5∑

i=1
�Ai

)
+ PIso−NemVIV

= ANem(VI)+ PIso−NemVI (15)

As Anem appears on both sides of this equation, the
dependence on absolute free energy is lost, as required.
Rearranging the equation, gives

0 =
4∑

i=2
�Ai +�A1(PIso−Nem)+�A5(PIso−Nem)

+ PIso−Nem(VIV − VI) (16)

which is the objective function to be solved for determin-
ing the coexistence pressure for the chosen isotherm. To

achieve this, simulations in the appropriate ensemble, are
performed at state points on the TI path, and the out-
put data used to construct the equations of states, P(V)
and L(χ). These equations are used as the integrands in
Equations (9)–(13), allowing these free energy change
integrals to be solved numerically. By selecting trial pres-
sures for the coexistence pressure, the right hand side of
Equation (16) may be solved by calculating each of the
resultant free energy changes. The trial pressure that leads
to the equality of Equation (16) being fulfilled within a
prescribed tolerance is the calculated coexistence pres-
sure, Piso–nem.

A requisite for performing TI loops is access to the
P(V) and L(χ) EoSs, which allow the path section inte-
grals to be numerically solved. To determine P(V), indi-
vidual simulations may be performed in theNPT ensem-
ble at different pressures to determine a set of corre-
sponding volumes. Similarly, to determine L(χ), simula-
tions may be performed in aNVTχ ensemble at different
field strengths χ to determine a set of corresponding L
values. One approach to obtain the required functions
would be to fit these simulation averages with an interpo-
lating function – e.g. a polynomial. Alternatively, if simu-
lations are performed sufficiently close in state space, the
multiple histogram reweighting (MHR) method may be
used to construct EoSs [75,76]. As opposed to using data
from single simulations to obtain unique mean values,
the MHR method recognises that full simulation distri-
butions data may be recorded and combined with those
from adjacent state points, to extract more simulation
information content, and hence improve the efficiency of
the process of constructing an EoS. This is particularly
relevant in the vicinity of first-order phase transitions,
where EoS gradients may vary more rapidly – necessi-
tating additional simulations in their vicinity. Details of
the simulations and methods for constructing the P(V)
and L(χ) EoS using the MHR method are provided in
the Supplementary Information. It is possible to avoid the
use of MHR methods and employ simple interpolation
in the cases that the coexistence curves are rather lin-
ear; however, we used the MHR technique for the results
presented herein.

Simulations used to determine the Nem–Iso (and
SmA–Nem) coexistence points were performed in both
the NPT and NVT ensemble using an extended-
Lagrangian method [77,78], as appropriate for the TI
path section under consideration. The TI loops were per-
formed for the end bead self-attraction λ = 0.4 system
only. Guided by preliminary simulations, the TI sim-
ulations were performed isothermally at T = 3.60 and
T = 4.53, for the SmA–Nem and Nem–Iso coexistence
points, respectively. Equilibration runs of 150,000 steps
were performed for each state point simulation, followed
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by data collection runs of 500,000 steps, with data collec-
tion performed at 100-step intervals. For theNPT ensem-
ble simulations a pressure increment of�P = 3.1× 10−2

was used between consecutive state points simulated.
On finding approximate coexistence points, additional
simulations were performed in its vicinity to obtain
improved statistics.Data collection runs between 500,000
and 1,000,000 steps were used for these additional runs.
For the Nem–Iso TI loop, the field χ was increased to a
maximum χ = 16.7, with increments between simula-
tions in the range �χ = 3.33× 10−1–8.33× 10−1. For
the SmA–Nem loop, the field strength was increased
to a maximum of χ = 1.67 with increments between
simulations of �χ = 8.33× 10−2. Further details of the
implementation of these fields are provided in the sup-
plementary materials.

As transitions between phases occurred at state points
simulated in the vicinity of the coexistence curve, order
parameters were used to classify the phase of sampled
configurations. To distinguish between SmA and Nem
phases the smectic order parameter, ψ , defined as

� =
∣∣∣∣∣ 1N

N∑
i=1

exp
(
2π i

ri · n
d

)∣∣∣∣∣ (17)

was used, with n being the unit vector normal to the
smectic layering, d the smectic layer spacing, and ri the
centre of mass position of the ith mesogen. To differ-
entiate between Nem and Iso phases the nematic order
parameter, P2, defined as

P2 = 3
2N

N∑
i=1

cos2θi − 1
2

(18)

was used, with equivalent variable definitions to Equa-
tion (8). By looking at the bimodal distribution of order
parameters found for simulations close to the coexistence
curve, order parameter cut-offs were defined for each
phase. For the Nem–Iso coexistence region, configura-
tions with a block averaged P2 above 0.5 were classified
as Nem phase, those with values below 0.25 were taken
as Iso phase. For the SmA–Nem coexistence region con-
figurations with a block averaged ψ above 0.65 were
classified as smectic, and those with values below 0.30
as Nem phase. The block average was performed over a
time interval of �t = 62. It should be noted that non-
blocked averaged datawas used in theMHRmethod used
to construct equations of state.

From calculations of the Nem–Iso and SmA–Iso coex-
istence curves it was inferred that a SmA–Nem–Iso
triple point exists for some strengths of end bead
self-attraction. As SmA–Nem and Nem–Iso coexis-
tence points were determined, the possibility of passing

through these points during a TI loop across PT vari-
able space, to obtain a SmA–Iso transition state point
was realised. To that end, simulations were performed in
the NPT ensemble over a path incorporating the estab-
lished coexistence points and that crossed the SmA–Iso
coexistence curve. Further details of the chosen TI path
and simulation details are given in the supplementary
materials.

3.2. Gibbs–Duhem integration

Coexistence curves trace the intersection of the coex-
isting phases’ Gibbs free energy surfaces. Consequently,
to remain on this coexistence intersection following
a change in thermodynamic variables, the associated
change in both phases’ Gibbs free energy must be the
same. For the model under investigation, the differential
of the Gibbs free energy, G, may be written as.

dG = VdP − SdT + Ldχ + Mdλ (19)

consequently, the coexistence requirement for changes of
Gibbs free energy for two phases, labelled I and II, may
be written as

VIdP − SIdT + LIdχ + MIdλ

= VIIdP − SIIdT + LIIdχ + MIIdλ (20)

Under conditions of constant end bead self-attraction
strength, λ, and field strength, χ , this equation can be
written as.

(VI − VII)dP = (SI − SII)dT (21)

Resultantly, (
∂P
∂T

)
ς ,χ ,λ

= �S
�V

(22)

where the�S and�V are the differences in volume and
entropy of the two phases, and the subscript ζ indicates
the derivative applies on the coexistence path. The par-
tial derivatives here refer to the slope of the coexistence
curve at constant, χ and λ. At a coexistence point, tem-
perature and pressure, by definition, are constant, and the
difference in entropy between coexisting phases is equiv-
alent to the ratio of the phase enthalpy difference to the
temperature,�Henth/T, consequently(

∂P
∂T

)
ς ,χ ,λ

= �Henth

T�V
(23)

This Clapeyron equation relates the rate of change of
pressure with temperature at a given point on the coexis-
tence curve, to differences between the phase properties
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at the coexistence point. Further Clapeyron-type equa-
tions may be derived that relate partial derivatives of the
coexistence curve surface at a given point on the surface
to difference between the properties of the phases at that
point. For example the rate of change of pressure, P, with
respect to end bead self-attraction parameter, λ, on the
coexistence surface is given by

(
∂P
dλ

)
ς ,χ ,T

= −�M
�V

(24)

where�M is the difference inM between the two phases.
Similarly, the rate of change of temperature, T, with
respect to end bead self-attraction parameter, λ, on the
coexistence surface is given by.

(
∂T
dλ

)
ς ,χ ,P

= T�M
�Henth

(25)

where the variables are defined as before.
The Gibbs–Duhem Integration (GDI) is the generic

name given to numerical techniques used to solve
Clapeyron-type ordinary differential equations. The
original algorithm presented by Kofke [72,73] using a
predictor–corrector algorithm is employed herein. For
completeness, an outline of this algorithm is given in the
supplementary materials for Equation (23).

In summary, three types of GDI procedures were
undertaken during this study, each based on a differ-
ent Clapeyron equation. The first was a study into the
isothermal variation of coexistence P with varying λ for
the SmA–Nem andNem–Iso transitions. The secondwas
a study at constant λ of the variation of coexistence P
withT for the SmA–Nem, SmA–Iso andNem–Iso transi-
tions. The final onewas a study of the isobaric variation of
coexistence T with λ for the SmA–Iso transitions. Details
of their implementation are given in the supplementary
materials.

3.3. NVT ensemble coexistence simulations

In addition to the GDI simulations, a series of NVT
ensemble simulations were performed to investigate
coexisting phases at lower temperatures. By choos-
ing a global value of the density bracketed between
the expected coexistence densities, phase separation
occurred during the simulation. Analysis of each phases’
densities allowed the coexistence densities to be deter-
mined. A representative snapshot of a phase separated
system, along with its density distribution, is given in
Figure 4. Further simulation details are provided in the
supplementary material.

Figure 4. Illustration of the NVT coexistence simulations used to
study crystalline–Iso and Sm A–Iso coexistence densities at lower
temperatures (a) Snapshot of NVT ensemble simulation contain-
ing 2400 molecules with an end bead self-attraction of λ = 0.4
at T = 0.97, slightly below the triple point (b) Density distribu-
tion taken from the single configuration shown in the snapshot.
The contribution of the interfacial region to the density profile has
been systematically removed, as described in ref [79], allowing
bulk phase densities to be obtained directly. Reported densities
are averaged over multiple time steps.

4. Results

All simulations were performed in continuum space
via molecular dynamics with a modified version of the
DL_POLY_Classic simulation suite [80]. A system size
of N = 2400 rod molecules, and a reduced timestep of
�t = 0.006 was used throughout. Orthogonal periodic
boundary conditions were used for all simulations.

For the fully soft-repulsive rod system, λ = 0.0, thePT
phase diagram is shown in Figure 5. GDI was performed
down to T = 4.3× 10−2 for the Nem–Iso coexistence
curve and to T = 4.0× 10−2 for the SmA–Nem coex-
istence curves. With these lower temperature bounds
a SmA–Nem–Iso coexistence curve was not found,
however curve extrapolation suggests it to occur at
T = 8× 10−3 and P = 5× 10−3, assuming a crys-
talline–
SmA–Nem triple point is not present. During the GDI
simulations average densities, ρ, of both phases were cal-
culated, the resultantTρ phase diagram is summarised in
Figure 6.
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Figure 5. PT phase diagram of bolaamphiphiles with increasing level of repulsion of the end beads (λ = 0.0, 0.4. and 1.0). Data taken
from GDI (red circles and line). Initial points used in Nem–Iso and SmA–Nem curves are highlighted, along with estimated triple point.

Figure 6. Tρ phase diagram bolaamphiphiles with increasing level of repulsion of the end beads (λ = 0.0, 0.4. and 1.0) Data taken from
GDI (red circles and line). Initial points used in Nem–Iso and SmA–Nem curves are highlighted, along with estimated triple point.

Similarly, the PT and Tρ phase diagrams for the inter-
mediate end bead self-attraction system, λ = 0.4, are
reported in Figures 5 and 6 (middle). The GDI for both
the SmA–Nem and Nem–Iso coexistence curve were
iterated to a lower limit of T = 1.07, and in the range
T = 0.27–0.97 for the SmA–Iso coexistence curve. With
this a SmA–Nem–Iso triple point was observed. By fit-
ting curves for the nematic coexistence density data of the
Nem–Iso and SmA–Nemcoexistence regions, their inter-
section was used to estimate the SmA–Nem–Iso triple
point at T = 1.02. Using an average of the three fitted
PT coexistence curves extrapolated to the coexistence
temperature, a coexistence pressure of P = 0.80 was esti-
mated. On comparison of the PT phase diagram with the
λ = 0.0 system the SmA–Nem coexistence curve is seen
to be shifted to higher temperatures, whilst the Nem–Iso
transition is approximately invariant. In the Tρ diagram
above the SmA–Nem–Iso triple point the Nem–Iso coex-
istence curves also follow the same curves as found for the
λ = 0.0 system.

In the λ = 0.4 system Tρ phase diagram of Figure 6
(middle), whilst the Nem–Iso transition’s �ρ remains
relatively constant approaching the triple point, the
SmA–Nem transition’s�ρ becomes larger. On the same
approach, the SmA phase’s ψ order parameter increases,
whilst the Nem phase’s P2 decreases, as seen in Figure 7.
This increasing disparity in order and ρ leads to a

corresponding increasing �S near the triple point, as
seen in Figure 8. Further information into the SmA–Nem
transition is obtained by examining theP�V and internal
energy,�U, contributions to�Henth, reported in Figure 9
for the λ = 0.0 and λ = 0.4 systems. Here, �Henth ini-
tially decreases with increasing T, before changing to a
linear increase for the λ = 0.4 system, by definition com-
mensurate with the �S behaviour. The initial decrease
can be attributed to the SmA–Nem transition’s larger
�ρ close to the triple point contributing more to the
P�V term, and a slightly higher �U contribution. This
larger �U is due to higher smectic ordering allowing
closer average separation of attractive end beads in the
smectic phase increasing its attractive interactionU part,
and lower nematic ordering in the coexisting Nem phase
increasing its repulsive interaction U part. With increas-
ing T above the triple point both of these additional
contributions decrease.

From this discussion two main conclusions may
be drawn. The first is that the SmA–Nem transition
becomes increasingly first order on approaching the
SmA–Nem–Iso triple point. The fact that a reduced num-
ber of phase transitions were observed during GDI pre-
dictor–corrector simulations close to the triple point,
also suggests that transition free energy activation barrier
increases in the same region. The second conclusion is
that the Nem–Iso transition is first-order and appears to
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Figure 7. Plot of smectic, ψ , and nematic, P2, order parameter variation with temperature, for intermediate (λ = 0.4) (left) and full
(λ = 1) (right) end bead self-attraction system. Nematic (squares) and smectic (circles) order parameters reported, for SmA–Nem (blue
outer colour) and Nem–Iso (green outer colour) coexistence. Each phase delineated by inner colour (SmA with white, Nem with green
and Iso with fuchsia).

Figure 8. Plot of entropy change per molecule across SmA–Nem (white inner circle) and SmA–Iso (green inner circle) transitions, for
λ = 0.0 (dark-red squares), λ = 0.4 (black circles) and λ = 1.0 (black circles) systems. Right: transitions with triple point rescaled
temperature.

Figure 9. Plot of enthalpy (light-blue inner colour),�henth, and internal energy (white inner colour),�u, changes per molecule across
SmA–Nem (left) and the Nem–Iso transition (right) with temperature, for λ = 0.0 (dark-red squares) and λ = 0.4 (black circles) systems.
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remain at constant strength along the coexistence curve
in terms of the transition entropy change.

Informationmay also be gained on the relative impor-
tance of self-attractive end bead interactions for each
phase. From the isobaric shift of the SmA–Nem and
SmA–Iso transition to higher T with increasing λ, it may
be deduced that these attractions stabilise the SmA phase
at higher T. Presumably they make a significant contri-
bution to the SmA internal energy, and a less significant
contribution to the nematic internal energy. As shown
in Figure 8(right), the Nem–Iso transition �Henth, and
�U component, of both the λ = 0.0 and λ = 0.4 sys-
tems are found to follow the same trend. Furthermore as
stated, above the λ = 0.4 systems SmA–Nem–Iso triple
point temperature their coexisting densities are equiva-
lent. This indicates that only repulsive interactions are
important for the λ = 0.4 systems Nem and Iso coex-
isting phases. The slow increase of Nem–Iso transition
internal energy contributions for both the λ = 0.0 and
λ = 0.4 systems may be attributed to a slow increase
of the Nem–Iso coexistence curves to higher densities,
increasing the difference between the repulsive interac-
tion U part of each phase. From this discussion it may
be concluded that the SmA–Nem transition effectively
involves breaking bonds between end beads, as their con-
tribution to the internal energy in the Nem phase is
significantly less. Consequently the λ = 0.4 systemsNem
and Iso phase behaviour above the triple point is domi-
nated by soft repulsive interactions, and is very similar to
that of the λ = 0.0 system.

The PT and Tρ phase diagram for the full end
bead self-attraction system, λ = 1.0, are reported in Fig-
ures 5 and 6 (right). The triple point was found at
approximately T = 2.74 and P = 0.80. Similar levels
of LC order are observed along the coexistence curve
as for the λ = 0.4 system, though shifted to higher
T, as shown in Figure 7 (right). The enthalpy change
associated with the SmA–Nem transition are similar
in form but shifted to higher values with respect to
the triple point relative position along the coexistence
curve. This similarity is demonstrated well when the
SmA–Nem and SmA–Iso transition entropy changes are
plotted against triple point rescaled T for the λ = 0.4
and λ = 1.0 systems, given in Figure 8 (right). Here the
curves follow an almost universal behaviour, indicating
the increased attractions have not altered the funda-
mental form of phase behaviour. The additional attrac-
tions studied appear therefore to represent a linear per-
turbation on the underlying soft-repulsive system. The
enthalpy change across the Nem–Iso transition follows
the same trend as for the λ = 0.0 and λ = 0.4 systems,
and consequently extends the earlier conclusions to these
higher attraction strengths. Again no vapour–liquid

coexistence was found from NVT ensemble coexistence
simulations.

Results from the NVT ensemble coexistence simula-
tions are also reported in Figure 6 (right) for the range
T = 6.7× 10−2–3.0× 10−1. At lower T there is crys-
talline–Iso phase coexistence, whilst at higher T the
SmA–Iso coexistence captured fromGDIwas confirmed.
Here the densities found for coexisting phases by both
methods were in good agreement as is evident from the
plot. Figure 6 (right) shows the coexisting Iso phase’s
density forms a continuous curve between the crys-
talline–Iso and SmA–Iso coexistence regions. This is
indicative of no Iso phase vapour–liquid coexistence. A
prerequisite for vapour–liquid coexistence is attractive
interactions betweenmolecules, consequently its absence
here suggests that attractions are relatively unimportant.
This may be attributed to the models excluded vol-
ume geometry, limiting the number of rod beads that
can get close enough to bond. Moreover, for end beads
to bond, ordering of the rods must occur such that
they may get close in space. These respective energetic
and entropic penalty disfavours vapour–liquid equilib-
ria here. Conversely, the same reasoning suggests end
bead self-attractions aremost important for phaseswhere
the molecules are organised allowing close positioning of
end beads. This was demonstrated to be the case when
considering the SmA phase.

5. Conclusions

In this paper we present the liquid crystalline phase
behaviour of a bolaamphiphilic mesogen. To this end,
we chose to investigate a model based on a rigid linear
chain of softly repulsive beads, where attractive inter-
actions between end beads could be parametrically var-
ied. By performing molecular dynamics simulations and
using these in free energy calculations, the global phase
behaviour of our model was investigated for three levels
of end bead self-attraction; soft repulsive, intermediate
attraction and full attraction. We have developed a set
of GDI protocols which allowed the production of phase
diagrams which include the LC phases and transitions
observed. In contrast to the direct coexistence calcula-
tions, the accumulation of errors as the phase transition
curves are being drawn is a concern and one of the inher-
ent drawbacks of the GDI method. However, the use of
Histogram Reweighing techniques improves and min-
imises these errors. We refer to the reader to ref [81]
for an excellent review of the capabilities and limita-
tions of the GDI techniques. We believe our results are
accurate to the extent of the size of the symbols shown
in the figures.
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Whilst all three levels of end bead self-attraction
resulted in the formation of liquid crystalline phases,
the relative stabilities of these phases varied dramati-
cally. Under isobaric conditions the Nem–Iso coexis-
tence temperature was found to be relatively unaffected
by self-attraction strength, however Nem phase stabil-
ity was found to be significantly reduced by increases
in the SmA–Nem and SmA–Iso coexistence tempera-
tures. This result may be attributed to the jump in aver-
age end bead separation that occurs with loss of SmA
layering on the transition to Nem or Iso phases. This
jump amounts to breaking the attractive bonds, conse-
quently increased thermal energy is required to achieve
this with increasing self-attraction strength. On passing
from the smectic into the Nem or Iso phase, the attractive
contribution to internal energy is observed to become
insignificant, with the underlying soft-repulsive interac-
tions dictating phase behaviour irrespective of end bead
self-attraction strength. This statement is supported by
the lack of vapour–liquid Iso phase coexistence, and the
similarity of the Nem–Iso coexistence curves for all levels
of self-attraction studied. The net result of this behaviour
is to increase the SmA–Nem–Iso triple points to higher
temperatures and pressures with increasing end bead
self-attraction. Finally, the nature of the Nem–Iso and
SmA–Nem phase transitions were studied. Whilst both
transitions were found to be first order, the SmA–Nem
transition was found more pronounced at temperatures
just above the SmA–Nem–Iso triple points.

It is interesting to note, that in contrast to our work,
for a similar model based on a rigid chain of 11 fully soft-
repulsive particles interacting with a softer r–12 depen-
dence, a SmA–Nem–crystalline triple point was pro-
posed [47]. This difference presumably arises from the
use of a softer potential creating an effectively shorter
aspect ratio mesogen than studied here.

Our results on a model bolaamphiphile suggest that
the introduction of strongly associating groups at termi-
nal positions in mesogenic molecules provides a mean
of tuning the temperature stability range of the liquid
crystalline phases.
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