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Abstract

Differential equations underpin a vast range of scientific and engineering domains, including structural

mechanics, fluid dynamics, and financial modelling. Their intricate nature often renders classical

numerical methods computationally demanding, requiring fine discretization or large basis expansions,

which can lead to prohibitive costs. Quantum computing offers a fundamentally different paradigm,

leveraging superposition and entanglement with the promise of computational speedup. However, in

the current Noisy Intermediate-Scale Quantum (NISQ) era, fully fault-tolerant quantum computers

remain decades away, motivating the development of hybrid strategies such as Variational Quantum

Algorithms (VQAs), which train parametrised quantum circuits using classical optimizers.

This work investigates spectral VQAs for solving differential equations, extending the Chebyshev-

encoded VQA of Kyriienko et al. and introducing a novel quantum spectral approach: the Lagrange-

encoded VQA. This approach shifts the paradigm by incorporating entanglement directly within the

encoding block while maintaining a shallow variational ansatz. Inspired by the Hadamard test struc-

ture, the design enables an efficient representation of the complete set of Lagrange polynomial basis

functions using a limited number of gates and facilitates the use of the Hadamard test differentiation

method, thereby reducing the computational load. VQA performance is analysed through the accu-

racy of the result in combination with the gate count and circuit count metrics, which serve as proxies

for runtime and noise accumulation on NISQ devices.

The proposed VQA is benchmarked on multiple problems: (i) a first-order linear ODEs and (ii) the

second-order ODEs damped mass-spring system, both comparing Lagrange- and Chebyshev-encoded

VQAs, (iii) the Poisson equation, comparing the Lagrange-encoded VQA with the discretized approach

of Sato et al., and (iv) a first-order ODE with nonlinear coefficients addressed with the Lagrange-

encoded VQA. Across these cases, the Lagrange-encoded VQA consistently achieves comparable or

improved accuracy while significantly reducing circuit depth and computational overload, making it a

promising candidate for NISQ devices.
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to the homogeneous first-order linear ODE solved using a Chebyshev-encoded VQA with

six qubits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

7.8 Final solutions from the best run for each depth studied, obtained after the second

optimization step (20 training points). a) Function f , b) First-order derivative ḟ . Re-
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Chapter 1

Introduction

1.1 Motivations

Solving equations, and differential equations in particular, is central to many areas of science. In

aerospace engineering, they are essential to model and understand the dynamic behaviour of physical

systems in structural analysis or fluid dynamics. In medicine, climate science, and finance, they appear

in studies of pharmacokinetics, weather prediction, or investment risks.

Their solutions capture a wide range of phenomena, yet even numerical approaches can be challenging,

especially for the most interesting of cases, which often involve many variables or nonlinear interac-

tions. Research continues to explore new methods for tackling these complex differential equations,

particularly nonlinear systems with multiple variables, which remain among the most difficult and

captivating problems. As a result, this field remains active in classical computation and, over the last

decade, has also attracted interest in quantum computing.

In classical computation, differential equations are typically solved using methods such as finite differ-

ences, finite element or volume techniques, or spectral methods based on polynomial approximations.

Achieving high accuracy with these approaches often requires a fine spatial discretisation or a large

basis set, both of which can incur substantial computational costs. In engineering applications, al-

though the equations usually involve one to three dimensions, the need for a very fine mesh in all

spatial directions is common, resulting in significant memory and computational demands.
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1.2. Research Journey

Quantum computation, by contrast, offers a fundamentally different paradigm. Recent research has

focused on exploiting the inherent properties of quantum systems, such as entanglement and superpo-

sition, to develop alternative approaches to classical methods, with the aim of achieving computational

speedups or enabling novel applications. Quantum computing remains in its early stages. Fully fault-

tolerant machines are not yet available, though many imperfect processors already exist. This raises

a key question: how can we make practical use of current devices?

Initially, the goal of quantum computing was to operate independently and surpass classical methods.

Today, given current hardware limitations, purely quantum approaches are no longer the only focus.

Among the most promising strategies are hybrid quantum-classical algorithms, known as Variational

Quantum Algorithms (VQAs), which train parameterized quantum circuits using classical optimizers.

This PhD focuses on applying VQAs to solve differential equations. From the outset of this project,

these algorithms appeared to be a promising avenue for harnessing both present and future quantum

processors. Because VQAs are designed for the current generation of Noisy Intermediate-Scale Quan-

tum (NISQ) devices, they represent an early step toward practical quantum computing. While they

do not require fully error-corrected, large-scale machines, their implementation still demands careful

management of noise and the use of emerging error mitigation techniques.

The main objective of this research is to study and develop VQAs that are both theoretically grounded

and soon practically implementable, bridging the gap between today’s hardware and tomorrow’s quan-

tum advantage.

1.2 Research Journey

In this work, I studied Variational Quantum Algorithms for solving differential equations.

A review of the literature revealed that much of the existing research focused on discretized approaches

for solving differential equations with quantum algorithms, often targeting fault-tolerant quantum

computers, which are not available today and may remain out of reach in the foreseeable future. This

motivated my focus on quantum algorithms suitable for near-term devices: VQAs.

The primary VQA that captured my attention is the algorithm proposed by Kyriienko et al., due
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to its fully spectral approach, which exploits the fact that quantum circuits can be analytically dif-

ferentiated. Their method solves first-order differential equations using a polynomial-based VQA,

employing Chebyshev polynomials and a large set of variational parameters. This work was the first

to propose a fully spectral approach based on polynomial approximations of the solution, revealing

both a promising framework and an opportunity for further contributions.

Initially, my research aimed to extend the Kyriienko et al. VQA to higher-order equations and a

broader class of differential equations. However, further study revealed several limitations of the

algorithm, including high computational demands and difficulties in representing smooth functions,

which manifested as noticeable oscillations in the solution.

These observations motivated the exploration of strategies to reduce computational cost and mitigate

oscillations, which were limiting the precision and performance of the VQA. I first considered reducing

the number of variational parameters and computing gradients via finite differencing. However, these

strategies did not lead to significant improvements in the Chebyshev-encoded VQA for second-order

differential equations.

Consequently, I investigated a more fundamental aspect of the algorithm: the encoding itself. This

led to the development of a new spectral VQA based on an alternative polynomial encoding, designed

to improve both computational efficiency and solution accuracy: the Lagrange-encoded VQA.

1.3 Objectives

The objectives of this PhD are:

• Study and understand the potential application of quantum algorithms to problems of relevance

in engineering;

• Explore the use of variational quantum algorithms for solving differential equations, as they are

foundational across many scientific and industrial domains;

• Extend existing algorithms to broader classes of differential equations, and investigate how their

structure could be optimised;
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• Develop a new quantum algorithm to reduce quantum circuit depth and complexity, in order to

improve practical implementability;

• Build a foundation for future work on noise-aware implementations and potential integration

with fault-tolerant architectures.

1.4 Contributions

The novel technical contributions presented in this thesis include:

• Extension of the Kyriienko et al. (2021) variational quantum algorithm framework

to second-order differential equations. The original method proposed by Kyriienko et al.

was limited to first-order differential equations. This work generalizes the approach to encompass

second-order systems by reformulating the cost function and ansatz structure, opening the door

to a broader class of physically relevant problems such as harmonic oscillators.

• Design of a novel variational quantum algorithm based on Lagrange polynomial

encoding, inspired by Hadamard test differentiation techniques. This algorithm in-

troduces an original encoding strategy using Lagrange basis polynomials to approximate the

solutions of differential equations. The method draws inspiration from the Hadamard test, pri-

marily for gradient computation and secondarily as a conceptual tool for constructing efficient

quantum circuits with a minimal number of gates and straightforward encoding function.

• Development of a complexity evaluation framework for variational quantum algo-

rithms based on gate count and circuit count. This framework introduces two key metrics:

the gate count, which estimates the total number of quantum operations required to implement a

given algorithm, and the circuit count, which quantifies the number of distinct quantum circuits

that must be executed to evaluate the cost function and its gradients. While these quantities do

not yet translate directly into physical running times due to current hardware and compilation

variability, they serve as proxies for quantum-classical communication overhead and algorithmic

scaling. Together, they enable a principled comparison between different VQAs, offering early in-

sight into the feasibility and efficiency of various quantum strategies under real-world constraints.
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Presentations

• Poster: “Quantum Algorithms Applied to Engineering Problems”, Imperial College of London

Aero-showcase, London, UK, 5th July 2022.

• Poster: “Quantum Algorithms Applied to Engineering Differential Equations”, Quantum Tech-

niques in Machine Learning Conference hosted by Università degli Studi di Napoli Federico II,

Naples, Italy, 7th November 2022.

• Poster: “Quantum Algorithms Applied to Engineering Differential Equations”, Imperial College

of London, Women in Engineering, London, UK, 20th June 2023.

• Poster: ”Variational Quantum Algorithms to solve Poisson Equation”, Quantum Techniques

in Machine Learning Conference hosted by CERN, Geneva, Switzerland, 19th November 2023.

• Poster: “Solving DEs with Variational Quantum Algorithms”, Imperial College of London

Aero-showcase, London, UK, 4th September 2024.

• Presentation: “Variational Quantum Algorithms to solve Differential Equations”, QEVEC /

QuANDiE Workshop hosted by Cardiff University, Cardiff, Wales, 7th March 2025.

• Presentation: “Variational Quantum Algorithms to solve Differential Equations”, International

Conference on Applied Quantum Methods in Computational Science and Engineering hosted by

RWTH Aachen University, Aachen, Germany, 9th October 2025.

Publications

The content of Chapters 4, 7 are based on the paper:

Variational quantum algorithm based on Lagrange polynomial encoding to solve differ-

ential equations. Josephine Hunout, Sylvain Laizet, and Lorenzo Iannucci. Phys. Rev. A, 111,

062404. https://doi.org/10.1103/PhysRevA.111.062404 [1].

Alongside my PhD research, I led the research, analysis, and writing of two Nature Reviews Physics

Comments as part of the Center for Quantum Engineering, Science and Technology (QuEST) at Im-

perial College of London. The first article analyzed the recruitment landscape of the United Kingdom
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quantum sector and evaluated the extent to which current hiring trends support the objectives of

the National Quantum Missions [2]. The second article examined quantum teaching at Imperial and

across the country and showed that although substantial quantum content already exists, its limited

visibility on public platforms shapes the range of students who recognise these opportunities and may

therefore enter the field [3]. Taken together, these studies trace how workforce development and edu-

cational visibility interact, and how both factors will influence the composition and readiness of the

next generation of quantum specialists.

1.5 Thesis Outline

This thesis is structured into the following chapters. Each chapter concludes with a summary high-

lighting the main points and takeaways.

• Chapter 2: Quantum Computing Context This chapter introduces the main concepts of

quantum computing, covering both the theoretical foundations and the computational properties

that define the quantum paradigm. It also reviews the current development of quantum hard-

ware, its challenges and limitations, and addresses the overarching question driving the field:

What is the objective of quantum computing?

• Chapter 3: Literature Review

This chapter presents a comprehensive review of differential equations, their importance, and the

challenges they pose, along with current research on quantum computing approaches to these

problems. Several VQAs are introduced and discussed, including their mechanisms, advantages,

and limitations. In particular, the spectral approach of Kyriienko et al. [4], which inspired this

work, and the discretized approach of Sato et al. [5], which serves as a comparison, are analysed

in detail.

• Chapter 4: Variational Quantum Algorithms Based on Polynomial Encoding

This chapter focuses on the specific class of VQAs studied in this work: polynomial-encoded, fully

spectral algorithms for solving differential equations. It details the definition of each component

required for these VQAs, presenting the Chebyshev-encoded algorithm of Kyriienko et al., its
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extension to higher orders developed in this work and the novel Lagrange-encoded VQA proposed

in this thesis.

• Chapter 5: Analysis of Polynomial-based Variational Quantum Algorithms

This chapter examines the algorithms at the circuit level and from a theoretical perspective.

It explains how the encoding operates and how the quantum circuits are differentiated, for the

Chebyshev and Lagrange-encoded VQAs.

• Chapter 6: Quantum Circuit Simulation and Complexity Estimation

This chapter addresses the practical feasibility of implementing these VQAs. It examines the

challenges of simulating quantum algorithms, including sampling and measurement issues, and

highlights how algorithm design must account for these factors to remain implementable on real

devices. These considerations lead to improvements in the Lagrange-encoded VQA. Furthermore,

NISQ-specific challenges such as runtime and noise are analysed and quantified through circuit

depth and gate count metrics.

• Chapter 7: Results

This chapter presents the application of the Lagrange-encoded VQA to several differential equa-

tions: linear first-order ODEs, second-order ODEs, and linear first-order DEs with nonlinear

coefficients. Results are compared to the two other VQAs discussed in Chapter 3: the spectral

approach of Kyriienko et al. [4] and the discretized approach of Sato et al. [5].

• Chapter 8: Conclusions and Future Work

The final chapter summarizes the key findings of this thesis, highlights its main contributions,

and outlines potential directions for future research to further improve the Lagrange-encoded

VQA and explore its applications.
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Chapter 2

Quantum Computing Context

Before presenting the details of this PhD research, it is essential to provide some context, beginning

with a question that continues to shape the trajectory of the field:

What are we really trying to achieve with quantum computing?

2.1 The objectives of Quantum Computing

In the early days of quantum computing, the community set its sights on a bold and provocative

objective: achieving what was defined as “Quantum Supremacy”. This term, introduced by Preskill

in 2012 [6], referred to the possibility that a quantum computer might one day solve a problem

super-polynomially faster than any classical counterpart. The claim took centre stage in 2019, when

Google published a study in Nature asserting that its 53-qubit processor, Sycamore, had reached that

milestone [7]. Their quantum processor had performed a sampling task (Random Circuit Sampling)

based on a pseudo-random quantum circuit, which, they argued, would require approximately 10,000

years for a classical supercomputer to reproduce.

However, the celebration was short-lived. IBM swiftly challenged this assertion [8], demonstrating

that the same task could in fact be simulated on a classical system in just 2.5 days with higher fi-

delity. Beyond the technical rebuttal, IBM raised a deeper concern regarding the term “Quantum

Supremacy”. It implied, misleadingly, that quantum machines would entirely replace classical com-

puting. This misconception, they warned, risked distorting the public and scientific discourse. Given
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Figure 2.1: Photograph of the Sycamore chip [7].

the subtlety of benchmarking and the complexity of comparing fundamentally different computational

paradigms, any claim of definitive supremacy demanded rigorous scrutiny.

Indeed, the comparison between classical and quantum approaches is fraught with ambiguity. Google’s

demonstration showcased mainly quantum resources, such as entanglement and superposition, yet it

downplayed the vast arsenal of classical capabilities, including hierarchical memory architectures,

high-precision hardware, mature software frameworks, and decades of algorithmic development [8].

In light of these debates, the field has undergone a conceptual shift. The term “Quantum Advantage”

has emerged as a replacement, partly to avoid the historical and semantic weight of “supremacy” [9].

But more importantly, it signals a maturing vision. The ambition is no longer to dominate classical

computing, but rather to identify problems where quantum algorithms can offer a genuine, practical

benefit, collaborating with classical systems. This reorientation reflects a deeper understanding of

what the future of computation may realistically look like.

2.2 Computational promises of Quantum Computing

2.2.1 Quantum Computing paradigm

Quantum computing is an emerging field that leverages the principles of quantum mechanics to pro-

cess information in fundamentally new ways. Central to this framework are the concepts of the qubit,

superposition, and entanglement, each foundational to the operation and potential of quantum com-

putational systems.
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Qubit

A “quantum bit”, or “qubit”, serves as the fundamental unit of quantum information. Unlike a

classical bit, which exists definitively in one of two states (0 or 1), a qubit resides within a two-

dimensional Hilbert space and can exist in a superposition of basis states, as shown in the figure 2.2.

Mathematically, the state of a qubit can be expressed as:

|φ⟩ = α |0⟩+ β |1⟩ (2.1)

where |0⟩ and |1⟩ denote the computational basis states, and α, β ∈ C are complex probability ampli-

tudes satisfying the normalization condition:

|α|2 + |β|2 = 1 (2.2)

Upon measurement in the computational basis, the qubit is projected into to state |0⟩ with probability

|α|2 and to |1⟩ with probability |β|2. This probabilistic nature is governed by the Born rule and

underscores the departure of quantum systems from deterministic classical behaviour.

Figure 2.2: Visualisation of a classical bit and a qubit .
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Bloch Sphere

A pure quantum state of a qubit and their transformations in the three basis can be represented using

the Bloch sphere, a unit sphere in R3 as illustrated in the figure 2.2, where the three axes are the

Pauli axes:

• The axis with |0⟩ and |1⟩ is the Pauli Z axis, which refers to the computation basis. A measure-

ment in that basis is called a Z measurement.

• The axis with |+⟩ and |−⟩ is the Pauli X axis,

• and the axis with |+i⟩ and |−i⟩ is the Pauli Y axis.

The Bloch sphere not only illustrates the concept of superposition but also provides insight into the

effects of quantum gates. For instance, single-qubit gates correspond to rotations of the state vector

around specific axes of the sphere. This visualization aids in understanding the dynamics of qubit

manipulations and the design of quantum algorithms. While pure states are represented as points

on the surface, mixed states (statistical mixtures of pure states) are represented by points inside the

sphere. The centre of the sphere corresponds to a completely mixed state, where the qubit has equal

probabilities of being in |0⟩ or |1⟩.

Superposition

Superposition is a fundamental principle of quantum mechanics, asserting that a quantum system

can exist simultaneously in multiple states until an observation collapses it into one of the possible

configurations. For a qubit, this means it can be in a linear combination of |0⟩ and |1⟩, as shown above.

This property allows quantum computers to process a vast number of potential outcomes concurrently,

providing a form of parallelism that is exponentially more powerful than classical systems for certain

computational problems.
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Entanglement

Entanglement is a uniquely quantum mechanical phenomenon in which the states of two or more

qubits become interdependent such that the state of each qubit cannot be described independently of

the others, regardless of the spatial separation between them. For example, consider the Bell state:

|Φ+⟩ = 1√
2
(|00⟩+ |11⟩). (2.3)

In this entangled state, measurement of one qubit instantaneously determines the state of the other, a

non-classical correlation that defies classical intuitions about locality and separability. Entanglement

is a critical resource in quantum computing, enabling phenomena such as quantum teleportation and

is essential for the operation of many quantum algorithms.

Quantum Measurement

When a quantum state is measured, it collapses into a definite classical value. In the computational

basis, the definite values would be either |0⟩ or |1⟩. As presented before in the qubits definition, this

collapse is inherently probabilistic: the probability of each outcome is determined by the square of

the amplitude of the state’s projection onto the measurement basis. To retrieve or guess what the

superposition was, quantum measurements are typically repeated multiple times, a process referred

to as executing multiple shots. Each shot involves preparing the same quantum state, performing the

measurement, and saving the outcome. By aggregating the results over many shots, the probabilities

|α|2 and |β|2 can be statistically estimated. However, a projective measurements in the Z-basis alone

provide information only about the magnitudes |α| and |β| of the superposition coefficients, not their

relative phase.

Figure 2.3: Symbol of the quantum measurement gate.

While measurements are often performed at the conclusion of quantum circuits to read out results,

they can also be strategically integrated during computation, notably in quantum error correction

techniques.
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2.2.2 Quantum gates and circuits

Quantum gates are the basic units of quantum circuits, performing reversible unitary operations on

one or more qubits. Represented by unitary matrices, they manipulate qubit statevectors and are

applied in sequence over a quantum register, forming a quantum circuit.

Pauli Gates

The Pauli gates are a set of single-qubit quantum gates represented by the Pauli matrices. They

correspond to 180-degree rotations about the respective axes of the Bloch sphere. These gates are

Hermitian and unitary, with eigenvalues of ±1. They form the basis for more complex quantum

operations.

X =

⎡⎢⎣0 1

1 0

⎤⎥⎦ , Y =

⎡⎢⎣0 −i

i 0

⎤⎥⎦ , Z =

⎡⎢⎣1 0

0 −1

⎤⎥⎦ (2.4)

Figure 2.4: Symbols of the quantum Pauli gates X, Y and Z.

Clifford Gates

Clifford gates are a set of quantum gates that normalize the Pauli group, meaning they map Pauli

operators to other Pauli operators under conjugation. These gates are are essential in quantum error

correction and can be efficiently simulated on classical computers due to the Gottesman-Knill theorem.

The Clifford group is generated by the Hadamard (H), Phase (S), and Controlled-NOT (CNOT) gates.

The Controlled-NOT gate is a two-qubit gate that flips the state of the target qubit if and only if the

control qubit is in the |1⟩ state and is instrumental in creating entanglement between qubits.
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H =
1√
2

⎡⎢⎣1 1

1 −1

⎤⎥⎦ , S =

⎡⎢⎣1 0

0 i

⎤⎥⎦ , CNOT =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (2.5)

Figure 2.5: Symbols of the quantum Clifford gates H, S and CNOT.

Rotational Gates

Rotational gates perform rotations of qubit states around the Bloch sphere axes by a specified angle

θ. These gates are crucial for implementing arbitrary single-qubit rotations and are fundamental in

constructing universal quantum gate sets. They are defined as:

RX(θ) = exp

(︃
−iθ

2
X

)︃
=

⎡⎢⎣ cos
(︁
θ
2

)︁
−i sin

(︁
θ
2

)︁
−i sin

(︁
θ
2

)︁
cos

(︁
θ
2

)︁
⎤⎥⎦ , (2.6)

RY (θ) = exp

(︃
−iθ

2
Y

)︃
=

⎡⎢⎣cos (︁ θ2)︁ − sin
(︁
θ
2

)︁
sin

(︁
θ
2

)︁
cos

(︁
θ
2

)︁
⎤⎥⎦ , (2.7)

RZ(θ) = exp

(︃
−iθ

2
Z

)︃
=

⎡⎢⎣e−iθ/2 0

0 eiθ/2

⎤⎥⎦ . (2.8)

Figure 2.6: Symbols of the quantum rotational gates RY , RY and RZ .
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Example of the Bell State

Circling back to the example of the Bell state |Φ+⟩ introduced earlier to illustrate entanglement, it

can be generated with a simple two qubit circuit. Starting from a quantum state initialised on |00⟩, a

Hadamard gate is applied to the first qubit, followed by a CNOT01 gate, meaning that the first qubit

acts as the control and the second as the target. In this circuit, the quantum state is built following:

CNOT01(H ⊗ I) |00⟩ = CNOT01

(︁
H |0⟩ ⊗ |0⟩

)︁
(2.9)

= CNOT01

(︁ 1√
2
(|0⟩+ |1⟩)⊗ |0⟩

)︁
=

1√
2
(|00⟩+ |11⟩)

= |Φ+⟩ .

Figure 2.7: Quantum circuit used to create the Bell state |Φ+⟩, starting from a 2-qubit system ini-
tialised in |00⟩ and applying the unitary CNOT01, (H ⊗ I).

Remark. In equations, the right most matrix acts first, however, quantum circuit diagrams follow the

opposite convention, where the left most gate acts first.

2.2.3 Quantum algorithms demonstrating a potential quantum advantage

Finally, the promises of quantum computation come from leveraging the quantum properties such as

superposition and entanglement to reimagine problem-solving strategies, aiming for significant speed-

ups over classical methods. Over the last 30 years, few fully quantum algorithms have been proposed

that theoretically surpass their classical counterparts. While demonstrating promising theoretical

advantages, the practical implementation of these algorithms remains constrained by the current

limitations of quantum hardware. The following section provides an overview of three seminal quantum

algorithms: Shor’s algorithm [10], Grover’s algorithm [11], and the Harrow-Hassidim-Lloyd (HHL)

algorithm [12].
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Shor’s Algorithm

Among all quantum algorithms that have demonstrated a potential computational advantage, Shor’s

algorithm is arguably the most impactful. Proposed by Peter Shor in 1994 [10], it addresses the

problem of integer factorisation, decomposing a composite number into its prime factors. This break-

through not only challenged long-standing assumptions in classical cryptography but also provided

the first concrete example where a quantum computer could significantly outperform its classical

counterpart on a useful real world problem.

Classically, factoring large integers is a computationally demanding task, with the most efficient known

algorithms, such as the general number field sieve, operating in sub exponential time. In contrast,

Shor’s algorithm achieves this in polynomial time, representing an exponential speed up over classical

approaches. This capability has profound implications for cryptography, particularly regarding the

RSA encryption scheme, which relies on the presumed hardness of factoring large integers.

The efficiency of Shor’s algorithm originates from its quantum subroutine based on the Quantum

Phase Estimation (QPE). This procedure estimates the phase associated with an eigenstate, or a

superposition of eigenstates, of a unitary operator Û , defined through Û |ψ⟩ = e2iπj |ψ⟩ and encodes

an approximation of j into a binary representation in the control register by applying the inverse

Quantum Fourier Transform (QFT).

The Quantum Fourier Transform is the quantum analogue of the classical discrete Fourier transform.

It performs a change of basis from the computational basis (|0⟩ , |1⟩)⊗n to the Fourier basis. Formally,

the QFT acts on a computational basis state |x⟩, where x ∈ {0, . . . , N − 1}, as follows:

QFT : |x⟩ → 1√
N

N−1∑︂
k=0

ωxk
N |k⟩ , with ωN = e2πi/N . (2.10)

Shor’s algorithm proceeds in two main stages. In the first stage, the integer factorisation problem is

classically reduced to an order finding problem. Given a composite integer N to be factorised and an

integer a ∈ {2, . . . , N − 1} that is coprime with N , there exists a positive integer r, the multiplicative

order of a modulo N , such that ar ≡ 1 mod N , with r defined as the smallest integer satisfying this

congruence.
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Figure 2.8: Quantum subroutine in Shor’s algorithm.

The second stage consists of determining the order r, which is achieved by the quantum subroutine

of Shor’s algorithm, illustrated in Figure 2.8. This subroutine applies QPE to the unitary operator

Ûa, defined by Ûa |x⟩ = |ax mod N⟩, acting on the quantum state |1⟩ encoded on n qubits, with

n = ⌈log2N⌉. The circuit therefore employs substantial qubit resources and considerable circuit

depth, with a control register of size 2n qubits and a work register of size n qubits.

For any integer k ∈ N∗, the unitary satisfies Ûk
a |x⟩ = |akx mod N⟩ and, in particular, Ûr

a |x⟩ =

|arx mod N⟩ ≡ |x mod N⟩, which implies the eigenvalues are the r-th roots of unity. When applied

to the state |1⟩, which belongs to the invariant subspace generated by the eigenstates of Ûa, the QPE

outputs an estimate of the phase of the form
s

r
22n, with s a random integer in {0, . . . , r−1}. The value

of r can then be recovered through classical post processing, typically using the continued fractions

algorithm.

If r is even, the non-trivial solution of the factorisation problem is g = gcd(ar/2 − 1, N) and N/g. In

the case where r is odd, the algorithm does not yield to a non-trivial factor and must be repeated

with a different coprime integer a.

The quantum subroutine of Shor’s algorithm requires deep, coherent quantum circuits and highly pre-

cise gate operations, rendering the algorithm currently infeasible on Noisy Intermediate-Scale Quantum

(NISQ) devices. Nevertheless, Shor’s algorithm remains a leading candidate for achieving quantum

advantage in the era of fault-tolerant quantum computing. In this regime, machines equipped with

thousands of stable, error-corrected qubits would be capable of executing such routines reliably and

at scale. Other quantum algorithms that rely on the Quantum Fourier Transform or quantum phase

estimation are also expected to become practical under the assumption of fully fault-tolerant quantum

hardware.
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As mentioned previously, the original formulation of Shor algorithm requires at least 3n qubits, which

represents a substantial resource overhead. As a result, reducing the qubit count has remained an

active area of research. Several works have demonstrated that the algorithm can be implemented

using 2n plus a small number of ancillary qubits [13], [14], [15], and even as few as 1.5n qubits [16].

The most advanced result to date is due to Chevignard et al., who prove that Shor algorithm can be

executed using (0.5 + ϵ)n logical qubits [17], which implies that factoring a 2048 bit semiprime would

require approximately 1730 logical qubits.

Grover’s Algorithm

Two years later, in 1996, Lov Grover introduced a quantum algorithm that speeds up unstructured

search from O(N) to O(
√
N) queries [11]. Rather than accessing data directly, it uses an oracle Ûω

to identify solutions, turning search into a constraint satisfaction problem.

The algorithm amplifies the probability amplitude of the correct solution through repeated applications

of the Grover operator, a combination of the oracle and a diffusion operator. For a search space of

size N = 2n, the algorithm requires n qubits to represent the superposition of all possible states,

plus ancillary qubits for the oracle and diffusion operations, typically resulting in a total qubit count

on the order of n + O(1). It is optimal for black-box search problems and has found applications in

cryptanalysis, optimization, and machine learning [18], [19].

Figure 2.9: Quantum subroutine in Grover’s algorithm.

However, Grover’s quadratic speed-up, while meaningful in theory, is often too small to outweigh

the noise and overhead of current quantum hardware. Efficient oracle construction remains problem-

specific and non-trivial, and will mainly be useful as a subroutine where the main task provides the

oracle. As a result, Grover’s algorithm is better suited for future fault-tolerant machines than for

today’s NISQ devices.
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HHL Algorithm

Another quantum algorithm demonstrating theoretical quantum advantage is the Harrow-Hassidim-

Lloyd (HHL) algorithm [12]. It solves linear systems Ax⃗ = b⃗ by preparing a quantum state proportional

to the solution vector x⃗, achieving exponential speed-up under certain conditions:

• Sparse: Most elements of A are zero, enabling efficient storage and computation.

• Well-conditioned: The condition number κ(A), defined as the ratio between the largest and

smallest singular values of A, is low. This ensures numerical stability and reliable solutions.

• Efficiently implementable: The unitary operator eiAt can be simulated with a manageable num-

ber of quantum gates.

• Hermitian: The matrix satisfies A = A†, meaning it equals its conjugate transpose.

In many practical cases, A is not Hermitian. To handle this, A can be embedded into a larger

Hermitian matrix of size 2N × 2N :

Ã =

⎛⎜⎝ 0 A

A† 0

⎞⎟⎠ , (2.11)

which allows applying the HHL algorithm unchanged. This transformation doubles the system size

but, interestingly, only increases the qubit requirement by one, preserving the overall scaling.

The HHL circuit involves several quantum registers: one n-qubit register to encode b⃗, another n-qubit

register for quantum phase estimation, and an ancilla qubit for postselection through a controlled

rotation. Thus, for a system size N = 2n, the minimal qubit count is approximately 2n + 1. If A is

non-Hermitian and the embedding is used, one additional qubit is required, raising the total to about

2n+ 3 qubits.

Despite its promise, the algorithm presents several practical challenges. Preparing the input state |b⟩

is nontrivial unless b⃗ has a simple structure. The core subroutine, based on quantum phase estimation

and Hamiltonian simulation, also requires fault-tolerant circuits. Finally, the output is a quantum

state, accessing the full solution vector would require repeated measurements, which should be taken

into account in the evaluation of the overall speed-up.
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Figure 2.10: Quantum subroutine in the HHL algorithm.

These limitations, as noted by Aaronson [20], mean that HHL is unlikely to be practical on NISQ

devices. Nonetheless, it remains foundational and has inspired many other approaches including in

solving differential equations, described Section 3.3.

2.3 Technical challenges of Quantum Computing

Despite the promising theoretical quantum advantage demonstrated by previously presented quantum

algorithms, current quantum hardware is yet not ready for practical implementation and large-scale

deployment. When addressing the technical challenges of building the quantum computers of tomor-

row, the primary focus lies on scaling up the number of qubits, improving gate fidelity, suppressing

noise, as well as managing power consumption, thermal constraints, and integration with classical

electronics.

This distinction underpins the difference between tomorrow’s fault-tolerant quantum computing (FTQC)

and current Noisy Intermediate-Scale Quantum (NISQ) devices.

2.3.1 Fault-tolerant quantum computing versus Noisy Intermediate-Scale Quan-

tum systems

Currently available quantum devices are predominantly classified as Noisy Intermediate-Scale Quan-

tum systems. These processors operate with on the order of 50 to several hundred qubits, but remain

highly susceptible to errors arising from decoherence, imperfect gate operations, and cross talk be-

tween qubits. Such errors are particularly difficult to mitigate on NISQ devices, as quantum error

correction requires both a substantial overhead in additional qubits and sufficiently low physical er-
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ror rates. In practice, the cost of implementing error correction on noisy hardware often exceeds its

benefits, rendering fault tolerant operation infeasible on present day NISQ machines.

This stands in contrast with the theoretical model of fault tolerant quantum computing, in which

logical qubits are encoded into large numbers of physical qubits using quantum error correction codes

to suppress noise. Provided that the physical error rate remains below a critical threshold, known as

the threshold theorem, the application of quantum error correction allows the logical error rate to be

reduced to arbitrarily low values [21]. For commonly studied error correction schemes, this threshold

is typically estimated to be on the order of 1% [22], [23].

Recently, physical error rates low enough to enable the first demonstrations of QEC have been achieved

for a limited number of hardware platforms. For less mature technologies, such as trapped ions and

neutral atoms, qubit counts remain comparatively small. In contrast, more mature platforms with

larger qubit numbers, notably superconducting qubits, have recently demonstrated successful error

correction, as illustrated by the Google quantum processor Willow [24].

2.3.2 Quantum Noise

Quantum noise refers any element that disturb a quantum system and causes errors in computations.

Quantum information is very fragile and can be affected in many ways: hardware sensitivities like

thermal fluctuations or electromagnetic interference, imperfect quantum gates, or interactions with

the environment. The main types of errors are:

• Bit-flip errors (X errors): the qubit flips from |0⟩ to |1⟩ (or the other way around).

• Phase-flip errors (Z errors): the phase of the qubit flips, from |+⟩ to |−⟩ (or the other way

around).

• Bit-phase-flip errors (Y errors): a mix of bit and phase flips.

• Leakage errors: the qubit escapes the computational space, which normal error correction

cannot fix.

• Cross-talk and correlated errors: when acting on one qubit accidentally affects its neighbors,

often spatially connected [25], [26].
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Additionally, quantum gates are imperfect, meaning their fidelity is not exactly 100%. However, in

the last few years, the gate fidelity has improved and is now up to 99,999% for a single qubit gate

and 99,8% on a two-qubit gate for a trapped-ion quantum processor [27]. Finally, quantum processors

have a limited coherence time, meaning the quantum circuit must be computed before decoherence

destroys the quantum information.

Once decoherence occurs, qubits lose their superposition and entanglement, and the information en-

coded in their quantum states is lost, which strongly limits the depth and complexity of quantum

circuits that can actually be run. Even small amounts of noise can induce decoherence, which place

quantum decoherence as a major challenge for achieving FTQC [28].

Quantum Error Correction

Achieving fault tolerance requires implementing quantum error correction, which encodes one logical

qubit into many physical qubits to detect and correct errors. Among error-correcting codes, the surface

code is the most studied, particularly suitable for two-dimensional qubit arrays with nearest-neighbor

coupling. It features a high error threshold (around 1%), making it a leading candidate for scalable

fault tolerance [29].

Importantly, quantum error correction can only be effective if the underlying physical qubits already

possess sufficiently low error rates. When physical error rates exceed the fault-tolerance threshold

(roughly 1%), error correction amplifies noise instead of reducing it [29], [30].

In 2023, Google reported the first experimental realization of a surface code demonstrating that logical

qubit performance improves as the code size increases [31]. This experiment showed for the first time

that error correction can provide a practical benefit.

Quantum Error Mitigation

Quantum noise can also be mitigated, through post-processing or circuit modification, without addi-

tional qubits and overhead imposed by full QEC, allowing meaningful results from NISQ devices [32],

[33], [34], [35]. Main approaches include:
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• Zero-noise extrapolation: runs circuits at different noise levels and extrapolates results to an

ideal zero-noise case.

• Probabilistic error cancellation: reconstructs the inverse noise map through quasi probabil-

ity decomposition.

• Measurement error mitigation: corrects readout errors to improve measurement accuracy.

2.3.3 Current Quantum Hardware Technologies

Since the first quantum computer, a 2-qubit nuclear magnetic resonance device invented in 1998 [36],

many other quantum hardware systems have been developed and studied, all sharing the common

goal of researchers and industry actors to build a fault-tolerant large-scale quantum computer. To-

day’s quantum hardware platforms differ significantly in their qubit implementations, coherence times,

scalability objectives, and operational fidelities. Each technology faces limitations related not only to

qubit number and quality, but also to power consumption, thermal management, and integration with

classical control electronics, all critical for building large-scale quantum processors.

In the context of solving nonlinear differential equations, the three most promising quantum hardware

technologies seem to be the trapped-ion, superconducting, and neutral-atom quantum processors, for

being the most advanced quantum technologies for their number of qubits and gate fidelity [37].

The recent typical performances of this hardware types are summarized in the Table 2.1.

Table 2.1: Typical performance metrics of superconducting, trapped-ion, and neutral-atom quantum
processors, as reported in a 2025 study [37], based on data from [27], [38], [39].

Superconducting Trapped-ion Neutral-atom

Qubit Lifetime ∼ 100µs Several minutes Several seconds
Single-qubit gate fidelity 0.9999 0.999999 0.996− 0.999
Two-qubit gate fidelity 0.99 0.998 0.955− 0.995
Gate execution time ∼ 10− 100ns ∼ 10− 100µs 400ns to 2µs
Connectivity 4 : 1 40 : 1 10 : 1 to 20 : 1
Physical qubits ∼ 1000 ∼ 40 ∼ 1000
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Superconducting Qubits

Superconducting qubits are fabricated using Josephson junctions integrated into superconducting cir-

cuits and are controlled by microwave pulses. These devices enable rapid gate operations on the order

of tens of nanoseconds and benefit from established semiconductor fabrication techniques, allowing

scalability to over 100 qubits. However, coherence times remain limited to microseconds which corre-

sponds to only hundreds of two-qubit gate operations, and operation demands dilution refrigeration

at millikelvin temperatures, presenting significant engineering challenges.

The development of superconducting quantum hardware has been driven by major industrial players,

notably IBM, a pioneer of gate based quantum processors, and D-Wave in the context of quantum

annealing. Google Quantum AI entered the field more recently with the Sycamore processor in 2019,

introduced earlier in Figure 2.1. In 2024, Google announced Willow, a 105-qubit superconducting

processor claimed to operate below the quantum error correction threshold [24]. They repeated the

Random Circuit Sampling (RCS) benchmark used with Sycamore, completing it in five minutes. They

estimated this would take over 10 septillion years on the fastest classical supercomputers [40]. The

result is technically impressive but remains open to interpretation. The RCS task, while classically

hard, is not practically useful [41]; it is not yet clear how these achievements translate to solving

real-world problems.

Figure 2.11: a) Photograph of the IBM Heron processor [42]. b) Photograph of the IBM Quantum
system two quantum computer [42].
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But Google is far from alone in this race, other companies, such as IBM and Rigetti, are also advancing

superconducting quantum processors. IBM made headlines in 2023 by surpassing the symbolic 1000-

qubit barrier with its Connor processor [43]. In 2024, they introduced Heron, a 156-qubit device they

describe as their most performant to date. At the time of writing this thesis, three Heron processors

are integrated within the IBM Quantum System Two architecture [42].

Trapped Ion Qubits

Trapped ion qubits are based on individual ions confined in electromagnetic traps within vacuum

environments, manipulated by laser pulses. Main industrial actors are Quantinuum, with their 56 fully-

connected qubit processor System Model H2 released in 2023 [44], and IonQ with the Forte Enterprise

36-qubit fully-connected processor [45]. These processors present exceptionally long coherence times

of up to several minutes and support high-fidelity gates with all-to-all connectivity. The primary

limitations are slower gate speeds compared to other quantum processors and the complexity of the

laser control infrastructure required for scaling. As shown in Table 2.1, trapped ion qubits exhibit

very long coherence times, corresponding to several million two-qubit gate operation times.

Neutral Atom Qubits

Neutral atom qubits are individual atoms trapped in tweezer arrays or optical lattices, manipulated

by laser fields. They offer high scalability and long coherence times, with recent advances enabling

processors with hundreds or even thousands of qubits. For instance, Pasqal’s Orion Gamma processor

(2025) contains over 140 qubits [46], while Atom Computing’s AC1000 features 1200 physical qubits

with all-to-all connectivity [47]. Finally, similarly to trapped ion qubits, neutral atom qubits exhibit

coherence times corresponding to several million two qubit gate operation times.

Other quantum hardware technologies

In recent years, several other quantum processor technologies have emerged. These approaches are

promising but remain at an early stage, with limited qubit counts and immature hardware.
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Silicon spin qubits These qubits use the spin of electrons in silicon quantum dots, benefiting from

compatibility with existing semiconductor fabrication and relatively long coherence times. Recent

demonstrations, such as Grover’s algorithm on three-qubit silicon devices [48], highlight the progress

of this technology. Intel is a major player in this field, with their 12-qubit processor Tunnel Falls [49].

Photonic qubits Photonic quantum processors encode information in single photons travelling

through optical circuits. Operating at room temperature for most components, this technology is

highly promising due to low decoherence and potential for scalable, integrated photonic chips. How-

ever, the manipulation and entanglement of photons remain technically challenging, as they require

precise control of optical elements, and photon losses during propagation through fibers or other media

can significantly degrade the performance of quantum operations over long distances [50], [51].

2.4 Quantum Circuit Runtimes

The execution time of a quantum circuit depends primarily on the number of sequential operations,

often referred to as “steps”, required to implement the entire circuit. In practice, multiple gates can

be applied in parallel, provided that they act on different qubits and that all relevant qubits are in

the appropriate state. Traditionally, circuit runtime has been approximated using the circuit depth

expressed in terms of basic gates. However, the actual execution time is influenced not only by the

algorithm itself but also by the hardware architecture and the qubit connectivity.

Estimating and minimizing quantum circuit runtimes is critical for two main reasons. First, as is evi-

dent, reducing runtime helps improve algorithmic efficiency and accelerates the overall computation.

Second, and more importantly, shorter runtimes mitigate the risk of decoherence, ensuring that all

quantum operations are completed before qubits lose their quantum properties [52]. Reducing exe-

cution time through circuit optimization also allows for more complex computations to be executed

within the coherence time of the processor, which remains one of the most challenging aspects of

quantum hardware scalability.
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2.4.1 Readout and measurement times

As discussed in previous sections, the execution times of quantum gates vary across hardware plat-

forms. Single-qubit gates are typically the fastest operations, while two-qubit gates are slower by

an order of magnitude. However, the most time-consuming operation in most architectures is the

measurement stage. For superconducting qubits, single shot measurements typically require on the

order of 500ns [53], which is approximately five times longer than a two-qubit gate operation. In

contrast, for trapped ion qubits, the same measurement can take around 46µs [54], corresponding to

roughly half the duration of a two-qubit gate. For neutral atom platforms, measurement operations

are particularly costly, with durations on the order of milliseconds [55], that is, about thousand times

longer than a two-qubit gate operation.

When comparing these measurement times, gate times and coherence times, it becomes evident that

while measurements dominate the latency, their contribution is relatively small compared to the avail-

able coherence window. However, this implicitly assumes ideal physical qubits that do not require any

form of quantum error correction. In practice, once the additional gates and mid circuit measurements

required by error correction are included, the effective circuit depth increases significantly, reducing

the apparent coherence window of the qubits.

Finally, even when all operations fit within the coherence time, long circuits increase exposure to

noise and error accumulation, potentially degrading the fidelity of the final measurement. This makes

runtime minimisation an essential aspect of quantum algorithm design.

2.4.2 Parallelism and Circuit steps

The runtime of a quantum circuit can be approximated by the number of execution steps it contains,

which is closely related to its depth. Counting these steps corresponds to determining into how many

layers the circuit can be partitioned. However, as previously discussed, gate durations vary depending

on their type and must therefore be taken into account [52]. A more accurate approximation consists in

considering the duration of the slowest operation within each step. As illustrated in Figure 2.12, single-

qubit gates are often highly parallelisable, whereas two-qubit gates introduce additional scheduling

constraints, as they generally require specific connectivity and cannot be applied simultaneously on
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Figure 2.12: Illustration of quantum circuit execution steps. Each step corresponds to a set of gates
executed in parallel. The total runtime depends on the number of steps and the time required for
the slowest gate in each layer. Two-qubit gates impose constraints that limit parallelism compared to
single-qubit gates.

qubits sharing an interaction. Consequently, execution time tends to increase with the number of two-

qubit gates. The final measurement stage also contributes significantly to runtime, as it is typically

among the slowest operations.

In the context of variational quantum algorithms (VQAs), which will be discussed in the next chap-

ter, this relationship is of particular relevance. VQAs require iterative evaluations of parameterized

circuits, and each evaluation involves multiple circuit executions. Therefore, minimizing the number

of circuits involved directly minimize the overall computational cost. Optimising for minimal depth,

or equivalently minimal execution steps, is a critical objective in quantum algorithm design. This

optimization reduces runtime and improves resilience against decoherence and noise accumulation.

However, hardware constraints, such as limited qubit connectivity, often complicate this process.

2.4.3 Connectivity

The connectivity of quantum processors describes how qubits are arranged and linked to each other.

In simpler terms, it determines whether a two-qubit gate can be applied directly between two qubits.

When qubits are not directly connected, SWAP gates (which can be decomposed into three CNOT

gates) must be inserted to mediate the operation, allowing the two-qubit gate to be performed. These

additional layers can significantly increase the number of sequential operations and consequently the

overall circuit depth. As discussed earlier, connectivity varies depending on the type of quantum

processor. In the study by Tennie et al.. [37], which examined the three most promising quantum

hardware technologies for solving nonlinear differential equations, the authors illustrated the differing

connectivity patterns for each technology, as shown in Figure 2.13.
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Figure 2.13: a) Typical connectivity graph of a superconducting circuit quantum processor. b) Starlike
connectivity of trapped ion qubits. c) Single 2D layer of optically trapped neutral atoms, showing
long-range interactions (blue shading) with the highlighted yellow atom in an excited Rydberg state.
Figure from [37].

While indirect connectivity does not prevent the implementation of quantum algorithms, it often

requires numerous SWAP gates, which, as mentioned, can substantially increase not only the runtime

but also the total number of gates, consequently raising the system’s exposure to noise.

2.4.4 Quantum Memory

What is missing in quantum computing is the ability to store a quantum state. Developing such a

capability would represent a major breakthrough, and this concept is known as Quantum Random

Access Memory (QRAM). QRAM would enable efficient and accelerated storage and retrieval of data

within quantum systems. Unlike classical RAM, which stores information in bits incompatible with

quantum computation, QRAM would natively handle quantum data, potentially leading to significant

speedups in various quantum algorithms [56].

However, the current state of quantum hardware, combined with the challenges of fault-tolerant error

correction, makes the implementation of a reliable and large-scale QRAM unfeasible at present [57].

These difficulties include limited scalability, restricted applicability, and susceptibility to noise [56].

Nevertheless, QRAM has been an active area of research since 2008, and proposed architectures have

evolved significantly over the past two decades, showing promising progress [58], [59], [60], [61], [62].
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2.5 Summary

In this chapter, we provided the quantum context at the time of writing this thesis. We introduced the

fundamental concepts of quantum computing and outlined the objectives of the field. We discussed

the state of current hardware and its limitations, particularly in terms of the number of qubits. While

several platforms with a large number of physical qubits are emerging, the availability of logical qubits

remains limited. We presented the different state-of-the-art hardware platforms, highlighting their

specific challenges as well as the common issue they all share: noise.

Finally, we established the context that quantum computing alone is no longer the ultimate goal. Given

the current hardware capabilities, we will see in the next chapter that one of the most promising

approaches that has emerged are the hybrid quantum-classical algorithms, also called Variational

Quantum Algorithms (VQAs).
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Chapter 3

Literature Review

3.1 Differential equations

In mathematics, a differential equation (DE) is an equation involving one or more unknown functions

and their derivatives. The order of a DE is determined by the highest order of the unknown function

derivatives.

Solving differential equations is a foundational task in many scientific and engineering disciplines. In

aerospace engineering, DEs are central to understanding the dynamic behaviour of physical systems,

from structural analysis to fluid dynamics. Classical computational methods for solving DEs include

finite-difference, finite element, and spectral techniques such as polynomial approximations. These

methods often require high spatial resolution or large basis sets to achieve high accuracy, which can

result in substantial computational and memory demands. Even when the dimensionality of the DEs

is low (typically 1D to 3D in engineering applications), fine discretization in all spatial directions is

common, which can result in high memory and computational requirements.
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3.1.1 Types of differential equations

Ordinary and partial differential equations

Differential equations are classified according to the number of independent variables. If the unknown

function depends on a single independent variable, the equation is an ordinary differential equation

(ODE); if it depends on several, it is a partial differential equation (PDE). A classic example of a PDE

is the Laplace equation, which models steady-state heat conduction, electrostatics, and potential fluid

flow:

∇2f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
= 0. (3.1)

In one spatial dimension, it reduces to:

d2f

dx2
= 0, (3.2)

illustrating how a PDE can be simplified to an ODE under symmetry or dimensional constraints.

Initial value problem and boundary value problem

In applications, a differential equation is complemented by additional conditions that define the specific

scenario. These are typically of two types:

• Initial value problems (IVPs): all data are specified at a single point, often representing the

initial state of a time-dependent system, for instance, the initial position and velocity of a

moving object.

• Boundary value problems (BVPs): conditions are imposed at two or more distinct points, usually

at the spatial limits of a domain, as in steady-state heat distribution.

IVPs predict future states from a known starting point, whereas BVPs determine equilibrium or

steady-state configurations.

Although these conditions are intended to secure a unique solution, it is essential to recognise that

a differential equation, even when paired with initial or boundary conditions, may fail to admit any
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solution, for instance when the prescribed conditions conflict with the underlying mathematical model

or physical constraints.

Linear and nonlinear differential equation

Another key distinction is between linear and nonlinear equations, defined by whether the unknown

function and its derivatives appear linearly. Formally, a differential operator D acting on a function

f is linear if it satisfies the superposition principle: for any functions f1, f2 in the domain of D and

any scalar λ ∈ R,

D(f1 + λf2) = D(f1) + λD(f2). (3.3)

In other words, the unknown function and its derivatives appear only to the first power, without

multiplication or nonlinear composition.

In contrast, a nonlinear differential equation involves nonlinear combinations of the unknown func-

tion and its derivatives and does not satisfy Equation (3.3). Exact analytical methods for solving

such equations are scarce and typically rely on the presence of specific symmetries. Over large inter-

vals, nonlinear differential equations can exhibit complex and unpredictable behavior, sometimes even

leading to chaotic behaviour. But they are extensively found in science and engineering, such as the

ubiquitous Navier-Stokes equation.

The existence, uniqueness, and extendability of solutions remain open questions in many cases, es-

pecially for nonlinear partial differential equations. The mathematical stability and solvability of

problems with given initial and boundary conditions is itself a major research challenge. Nevertheless,

when such equations correctly model an underlying physical phenomenon, one generally expects a

meaningful solution to exist.

In practice, nonlinear differential equations can be approximated by linear differential equations, valid

under certain conditions. This process is called linearization and is widely used to approximate the

solution of a nonlinear differential equation.

A classical example is the nonlinear dynamics of a pendulum:

d2θ

dt2
+
g

L
sin θ = 0, (3.4)
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where θ(t) denotes the angular displacement, L the pendulum length, and g the gravitational acceler-

ation. For small angles, sin θ ≈ θ, reducing the system to the linear harmonic oscillator:

d2θ

dt2
+
g

L
θ = 0. (3.5)

Linearisation Methods

Several techniques approximate a nonlinear differential equation by a linear model, each valid under

specific assumptions and serving distinct purposes. Most common approaches are the Taylor series

linearisation, using the first-order terms of the Taylor expansion of the nonlinear function around

an equilibrium point; the piecewise linearisation, dividing the nonlinear system into a set of linear

subsystems, each valid within a specific region; and the Carleman method, widely used in numerical

analysis, which turns nonlinear ODEs into finite-dimensional linear systems by introducing higher-

order terms.

3.1.2 Existence of Solutions

Before trying to solve DEs, it is essential to determine whether a solution actually exists and whether

it is unique, given the equation and the initial or boundary conditions. This question is particularly

relevant in engineering, where differential equations model physical systems under specific constraints.

While a closed-form analytical solution expressed in terms of standard functions may not always exist,

the differential equation can still admit a solution, which in practice is often approximated numerically

over a given interval.

The existence and/or uniqueness of solutions can, in some cases, be established using theorems such as

the Picard–Lindelöf theorem and the Peano theorem for continuous first-order differential equations,

but these results do not apply to all DEs. Moreover, the occurrence of a phenomenon in real life does

not guarantee that its mathematical model is well-posed; it may lack a solution or admit multiple

solutions, even when the described physical system is deterministic.
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3.2 Classical Computing for solving differential equations

Differential equations can be solved using finite difference methods, which discretize derivatives on a

fine mesh. This approach allows high-order derivatives to be computed with good accuracy and is

widely used in aerospace engineering to study flows over simple geometries. However, its application

becomes challenging for complex geometries or when the mesh is coarse.

For structural analysis in aerospace, standard methods are based on finite element methods (FEM),

which are used to investigate stress, vibration, and fatigue by solving linear and nonlinear ordinary and

partial differential equations with high fidelity. Its main advantage lies in its geometric flexibility and

its ability to handle complex boundary conditions. The main limitation, however, is its computational

cost. Achieving high accuracy requires a fine mesh, which often necessitates reducing the size of the

system studied or simplifying the problem.

An alternative approach is the spectral method, which represents the solution of the differential equa-

tion with a global or piecewise polynomial expansion, typically using orthogonal Chebyshev polyno-

mials or high-order Lagrange polynomials over non-uniformly spaced nodes. Spectral methods require

smooth functions, which can limit their applicability. Finite difference and spectral methods can also

be combined in the spectral finite element method, leveraging the strengths of both approaches. This

hybrid approach has shown promise in engineering applications, particularly in fluid dynamics [63],

[64], and continues to be investigated for problems such as stress prediction and fatigue analysis in

composite aerospace structures [65], [66], [67].

In recent years, machine learning methods have been applied to PDEs, including approaches based on

deep neural networks and discretisation free, parallelised strategies to reduce the cost of solving PDEs

[68], deep neural networks built on spectral methods [69], and physics informed deep learning [70].

Naturally, this has encouraged the application of machine learning to fluid problems [71], showing

very promising results compared to traditional classical approaches [72].

Machine learning applied to fluid dynamics has demonstrated the ability to capture nonlinear relation-

ships between input and output variables, for example in turbulence super resolution [73] or navigation

problems [74].
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This enthusiasm for machine learning approaches is further supported by the availability of powerful

GPUs in computing centres [75]. In addition, it is expected that QPUs (Quantum Processing Units,

i.e., quantum computers) will be integrated into these centres to unlock new computational paradigms,

including a new generation of machine learning approaches, as described by Biamonte et al. [76], with

applications to fluid dynamics [77].

3.3 Quantum Computing for solving differential equations

As presented in Chapter 2, while significantly more challenging to design, quantum computers can run

specialised algorithms that can scale better than their classical counterparts, sometimes exponentially

faster. It is therefore natural to investigate the potential of quantum computers for solving DEs.

Quantum algorithms for tackling DEs fall into two distinct groups: fully quantum algorithms, and

hybrid quantum-classical algorithms, also called variational quantum algorithms (VQAs).

3.3.1 Fully quantum algorithms

Fully quantum approaches offer certain advantages in solving linear differential equations, primarily

because quantum operators act linearly on quantum states. However, evaluating the performance and

determining the quantum advantage of these algorithms remains unclear, as these metrics depend

strongly on the complexity of the problem, and practical testing on real quantum hardware is still

challenging. Fully quantum algorithms aim to solve a problem using a single quantum circuit. For

these algorithms to be practically relevant, they require a large and deep circuit with many logical

qubits, which means they depend on fault-tolerant quantum computing and quantum random access

memory. These resources are currently unavailable, as discussed in Chapter 2.

Nevertheless, fully quantum algorithms were the first approaches proposed for quantum differential

equation solvers, and although they are not yet applicable at a meaningful scale, they represent the

long-term goal. After the success of Shor’s and Grover’s algorithms, which demonstrated exponential

and quadratic speedups, there was a surge of interest in developing quantum algorithms for various

problems, including solving differential equations.
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Many early quantum solvers, developed in the 2000s, were based on amplitude encoding and built

on Quantum Amplitude Amplification and Quantum Amplitude Estimation algorithms (QAAA and

QAEA) [78]. These solvers used discretization-based methods to represent differential equations over

a grid of variables. A notable example is the Kacewicz algorithm (2006) [79], designed to solve initial

value problems (IVPs), hence ordinary differential equations with initial conditions. This algorithm

applied QAAA and QAEA to estimate the mean value of the ODE across multiple point sets. Later,

the Kacewicz method was adapted for simulating solutions to more complex PDEs, including the

steady-state Navier–Stokes equations [80], the Burgers’ equation [81], and the heat equation [82].

Another major milestone was the HHL algorithm [83] (2009), presented in Chapter 2, for solving

systems of linear equations using a matrix-based approach that outputs a quantum state proportional

to the solution vector. Because many differential equations can be discretized and rewritten as linear

systems using finite difference schemes, HHL inspired several quantum solvers for DEs.

One of the first HHL-based solver, proposed by Leyton et al., targeted nonlinear differential equations

[84]. Later, Berry et al. improved the approach but restricted to linear problems which appeared

to be more suitable for quantum computing due to the inherent linearity of quantum operators [85].

Since then, numerous HHL-based algorithms have been proposed for solving linear DEs, employing

methods such as: finite difference discretization [86], [87], [88], [89], finite element discretization [90],

[91], high-order discretization methods and precision improvements [85], [92], [93].

HHL had been further improved into the Quantum Linear Systems Algorithm (QLSA) [94], showing

an exponential improvement on the precision. Later, QLSA served as the basis for a quantum spectral

method for differential equations [95], which approximate the solutions of the DE using Chebyshev

polynomials and pseudo-spectral method to rewrite the problem as a linear system suitable for QLSA.

Quantum solvers have also been developed for nonlinear ODEs and PDEs using linearization tech-

niques, such as the Carleman method [84], [96], [97], [98], [99], [100].

Although this field is advancing rapidly and methods continue to improve, most of these fully quantum

approaches target the fault-tolerant era of quantum computing, which remains decades away. Conse-

quently, a new class of algorithms emerged over the past decade: hybrid quantum-classical approaches,

also known as variational quantum algorithms (VQAs). These methods are designed to work on NISQ

(Noisy Intermediate-Scale Quantum) devices that are not yet fault tolerant or fully error corrected.
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3.3.2 Hybrid quantum-classical algorithms

The development of VQAs started in 2014, notably with the Variational Quantum Eigensolver (VQE)

[101], designed to find the ground-state energy of a given system, with applications primarily in quan-

tum chemistry and materials science [102], [103]. Building on this, researchers proposed a Variational

Quantum Linear Solver (VQLS), which variationally finds a quantum state proportional to the solu-

tion of a linear system of equations [104]. Thus, VQAs have been rapidly studied to solve linear and

nonlinear ODEs and PDEs, often using linearization techniques such as the Carleman method [5],

[105], based on quantum machine learning techniques [106], [107].

The method studied in this PhD builds upon this line of research: the variational spectral approach of

Kyriienko et al. [4]. Unlike previous methods that estimated a direction vector, this approach trains

a polynomial-encoded quantum circuit to approximate the solution of a differential equation across

its entire domain. In their work, they demonstrated the approach on nonlinear first-order equations

without linearization. This paradigm shift opens new possibilities for quantum solvers.

However, VQAs face significant challenges, particularly regarding trainability. Gradient-based opti-

mization often suffers from the barren plateau phenomenon, where gradients vanish exponentially with

system size. Strategies such as judicious choices of cost functions and observables, efficient gradient

computation techniques, and limiting circuit depth provide promising avenues to mitigate this issue

[108], [109].

3.4 Variational Quantum Algorithms

Variational quantum algorithms (VQAs) have been actively studied over the past few years with the

aim of achieving quantum advantage on NISQ devices. In 2021, just a few months after the start of this

thesis, the comprehensive review by Cerezo et al. [110] was published. It provided a detailed analysis

of the challenges, strategies, trainability, and feasibility of VQAs, and highlighted their “exciting

prospect” for enabling quantum advantage on near-term hardware. The strategy outlined was clear:

for a VQA to be implementable on NISQ devices, the parameterised quantum circuit must have low

depth and require minimal use of ancilla qubits.
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Figure 3.1: Schematic representation of a variational quantum algorithm and its hybrid quantum
classical workflow.

This constraint is directly tied to the limitations of NISQ hardware, which remains highly sensitive to

gate noise, constrained by a limited number of qubits, and subject to short coherence times. These

features stand in contrast to the assumptions underlying fault-tolerant quantum algorithms, which

presume idealised, error-corrected quantum operations.

The objective of a VQA is to ally the strengths of both classical and quantum computing paradigms,

by training a parametrised quantum circuit with a classical optimizer. Although VQAs have been

explored across diverse applications, they may feature different algorithmic approaches and quantum

circuit architectures, but they all share a general definition using common key elements [110]: a

quantum circuit built on a set of variational parameters {θi}i (collectively denoted by the vector θ),

a cost operator Ĉ, a loss function L and a classical optimizer.

These key elements, together with the overall functioning of a VQA, are illustrated in Figure 3.1. The

quantum part, shown on the left in red, consists of a variational quantum circuit parameterised by

the vector of variational parameters θ, which is evaluated with respect to an observable Ĉ defining

the cost function. The output of the quantum circuit is then passed to the classical part, shown on

the right in green, where a loss function is computed and used by a classical optimizer to update

the parameters θ so as to minimise the loss. This procedure corresponds to a single iteration of the

algorithm. A VQA proceeds by repeating this hybrid loop until convergence towards an optimal set

of parameters θ.
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3.4.1 Variational Quantum Circuit

In the VQAs studied in this work, the Variational Quantum Circuits (VQCs) are composed of two

parts: an encoding block, sometimes referred to as a quantum feature map circuit, and a variational

ansatz, sometimes directly referred to as the variational quantum circuit itself. While the encoding

block is used to initialise the circuit with fixed parameters, the variational ansatz is built on the set

of variational parameters {θi}i later optimised throughout the algorithm.

3.4.2 Cost Operator and Loss Function

One of the core features of a VQA is to select the architecture of the VQC and a suitable cost operator

Ĉ for a given problem. In this work, the cost operator is distinguished from the loss function L. The

cost operator maps observables to the VQCs, while the loss function guides the optimization process

by quantifying the distance between the algorithm’s outputs and the desired solution.

3.4.3 Classical optimizers

Finally, the Variational Quantum Circuit is trained by a classical optimizer. As the loss function may

exhibit multiple local extrema, training a VQC is recognised as an NP-hard problem [111], meaning

that while verifying a given solution can be fast, finding the optimal solution can be extremely difficult

and time-consuming. It also faces additional challenges arising from the stochastic nature of quantum

measurements, noise in quantum hardware, and the presence of barren plateau (discussed in the next

section 3.4.4) [110]. Consequently, the choice of an appropriate classical optimizer remains an active

research topic.
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Adam optimizer

Algorithm 1 Adam optimizer [112]: Default parameters values are: α = 0.01, β1 = 0.9, β2 =
0.999 and, ε = 10−8. All operations on vectors are element-wise, and βt1 and βt2 denotes β1 and β2 to
the power t.

Require: θ0: initial parameters
Require: α: Stepsize
Require: β1, β2 ∈ [0, 1): Exponential decay rates
Require: f(θ): Stochastic objective function
m0 ← 0 ▷ first moment vector
v0 ← 0 ▷ second moment vector
t← 0 ▷ Initialize timestep
while not converged do

t← t+ 1
gt ← ∇θ ft(θt−1) ▷ compute stochastic gradient
mt ← β1mt−1 + (1− β1)gt ▷ update first moment
vt ← β2vt−1 + (1− β2)gt ⊙ gt ▷ update second moment

m̂t ←
mt

1− βt1
▷ bias corrected first moment

v̂t ←
vt

1− βt2
▷ bias corrected second moment

θt ← θt−1 − α
m̂t√
v̂t + ε

▷ parameter update elementwise

end while

One of the first classical optimizers adopted for VQAs is the Adam (ADAptive Moment estimation)

optimizer, which has been widely used in classical machine learning, particularly for training neural

networks, due to its ease of implementation, computational efficiency, and low memory requirements

[112]. It is an advanced variant of Stochastic Gradient Descent (SGD) that leverages first-order

gradients to estimate both the first and second moments of the gradient.

This approach allows Adam to adapt the learning rate for each parameter dynamically throughout the

optimization process, making it more robust to noisy gradient estimates. In the context of VQAs for

differential equations, this thesis primarily focused on the spectral approach introduced by Kyriienko

et al. in 2021 [4], which employs the Adam optimizer to guide the optimization of the variational

parameters.
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BFGS optimizer

Algorithm 2 BFGS Quasi-Newton Method

Require: x0 ∈ Rn: initial point
Require: B0: initial Hessian approximation (positive definite)
k ← 0
while Stopping criteria not met do

gk ← ∇f(xk) ▷ compute gradient
Bkpk = −gk ▷ to solve, to compute search direction
αk ▷ choose step length via line search satisfying Wolfe conditions
sk ← αkpk ▷ Compute the step vector
xk+1 ← xk + sk ▷ Update the point
gk+1 ← ∇f(xk+1) ▷ Compute the new gradient
yk ← gk+1 − gk ▷ Compute the difference of gradients

Bk+1 ← Bk +
yky

T
k

yTk sk
−

Bksks
T
kBk

sTkBksk
k ← k + 1 ▷ update Hessian approximation

end while

The second classical optimizer discussed in this thesis is the Broyden-Fletcher-Goldfarb-Shanno (BFGS)

algorithm, which was employed in the VQA proposed by Sato et al. [5] in the same year. This ap-

proach aims to solve differential equations using a discretised formulation. Unlike the Adam optimizer,

which is specifically designed to handle sparse gradients and noisy environments, BFGS targets general

unconstrained nonlinear optimization problems. It belongs to the family of quasi-Newton methods,

which approximate the Hessian matrix of the loss function rather than computing it explicitly, hence

reducing computational complexity. The BFGS method constructs an iterative update of an approx-

imation to the inverse Hessian, built from first-order gradients or approximations of the gradient,

leading to superlinear convergence under suitable conditions.

Is there “best” optimizer for VQAs?

Over the past few years, the choice of an optimizer for VQAs has been extensively investigated and

remains an active area of research. The performance of these optimizers appears to strongly depend on

the structure of the VQC, its size, and the specific form of the loss function. A comparative study of the

Adam optimizer, BFGS, and natural gradient descent used for the Variational Quantum Eigensolver

(VQE) [113] indicated that BFGS tends to fail to converge as the system size becomes too large (more

than 20 variational parameters). Adam, on the other hand, often becomes trapped in local minima,
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and the natural gradient descent demonstrated more stable performance, but with a significantly

higher computational cost. An empirical review from 2022 further suggested that Adam remains

the most effective gradient-based optimizer for VQAs [114], and regarding gradient-free approaches,

the Simultaneous Perturbation Stochastic Approximation (SPSA) method [115] was identified as the

most promising. SPSA is considered gradient-free because it estimates the gradient using a single

finite-difference approximation along a randomly chosen direction, rather than computing gradients

explicitly.

A comparison between gradient-based and gradient-free optimizers [116] for the Variational Linear

Quantum Solver [104] over 3 to 5 qubits with realistic noise did not highlight an optimizer type that

outperformed the other. Among gradient-based optimizers, the best performances were obtained with

the BFGS optimizer, while the overall best performances were obtained with the gradient-free op-

timizer SPSA [115]. The SPSA is expected to be an efficient method for VQAs due to its reduced

complexity and better performance compared to a SGD approach. However, other gradient-free op-

timizers such as COBYLA (Constrained Optimization BY Linear Approximation) [117] performed

poorly in the presence of noise compared to other optimizers [116].

Since these latter classical optimizers were initially proposed for classical computation, other methods

have been developed recently for quantum hybrid computation, with, for example, the meta-learner

[118], a SGD-based optimizer, which adapts the learning rate of the optimization process by training

a neural network based on the optimization history of similar problems. Another adaptive and SGD-

based approach for VQA is to vary the number of shots required to determine the loss function gradient,

that is, its precision, throughout the optimization process to significantly reduce the complexity of

the optimization [119], [120]. One more gradient-based approach for VQAs is the quantum natural

gradient descent method, which instead evaluates the gradient of the loss function in terms of the

Euclidean norms, it uses a metric tensor that quantifies the sensitivity of the quantum circuit to

variation of parameters [121]. In the case of a loss function defined as a sum of trigonometric functions,

a gradient-free approach can be used where all the local parameters are sequentially updated [122],

[123].

Finally, current research on gradient-free methods continues to explore strategies for improving their

performance [124], [125], while parallel efforts for gradient-based optimizers aim to reduce their com-
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putational cost [126] or enhance the efficiency of the Adam optimizer [127].

3.4.4 Barren Plateau

The Barren plateau phenomenon refers to the problem of vanishing gradients in VQAs. It severely

limits the trainability of these algorithms and poses a challenge for optimization problems in quantum

systems. This phenomenon continues to receive a significant attention from researchers, to comprehen-

sively understand the phenomenon, ascertain the reasons behind its occurrence, and explore effective

strategies to surmount its challenges.

The first cause identified for the Barren plateau phenomenon is the use of deep randomly initialised

hardware efficient ansatzes [128]. Consequently, attention to overcome the barren plateau was initially

directed toward a clever initialisation of the VQC parameters [129], [130], [131], [132] or a clever VQC

structure [133]. Later, Cerezo et al. [108] studied the correlation between the depth of the circuit as

well as the use of a local or global measurement and the occurrence of barren plateau. Their findings

revealed that even shallow VQCs could lead to a barren plateau, highlighting the selection of the cost

function as a main cause of the phenomenon. Specifically, opting for local cost functions over global

cost functions was shown to mitigate the barren plateau, resulting in a polynomial gradient decay with

circuit size instead of an exponential decay. Recently, one more approach proposed counteracting the

emergence of the barren plateau by computing the gradient and variance of the cost function using

Clifford approximant quantum circuits [109].

3.4.5 Derivative Quantum Circuits

For VQAs using a gradient-based optimizer, the gradient of a VQC with respect to its variational

parameters can be computed analytically. In the spectral approach considered in this thesis, we

extend this idea to also compute derivatives with respect to the differential equation variables. In

practice, analytical derivatives of quantum circuits with respect to Pauli gate parameters can be

obtained directly by inserting an appropriate rotational gate, depending on the circuit structure.
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Parameter Shift Rule Method

The Parameter Shift Rule method is widely used to differentiate quantum circuits. This method

requires the building of two modified circuits to obtain the derivative with respect to one Pauli gate

parameter [106]. In the example of a circuit of two qubits as described in Figure 3.2.a, the derivative

with respect to the parameter gate α is obtained by the difference of two modified versions where the

parameter gate α is shifted to ±π/2, as described in Figure 3.2.b.

Figure 3.2: Parameter Shift Rule. a) Original quantum circuit, b) Derivative quantum circuits. α and
β are parameters of Pauli gates, representing rotation angles.

Thus, the derivative of the original quantum circuit in figure 3.2.a with respect to α is:

∂

∂α
⟨fα|Ĉ|fα⟩ =

1

2

(︂
⟨fα+ |Ĉ|fα+⟩ − ⟨fα− |Ĉ|fα−⟩

)︂
, (3.6)

where |fα⟩ is the state vector of the original quantum circuit, |fα+⟩ and |fα−⟩ are the state vectors

of the quantum circuit where the parameter α has been shifted respectively of π/2 and −π/2. Ĉ is a

chosen cost function.

Hadamard Test Differentiation

A second method to derive quantum circuits is based on the Hadamard test, originally used to extract

the real part of an expectation value by measuring the magnetisation of the ancilla qubit a, as shown

in Figure 3.3.a: ⟨a| Ẑ |a⟩ = Re ⟨ψ| Û |ψ⟩. This structure can be reused to obtain the derivative of the

expectation value with respect to a Pauli gate parameter θj (Figure 3.3.b) [134]:

⟨a| Ẑ |a⟩ = ∂

∂θj
⟨ψ| Û |ψ⟩ , (3.7)
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Figure 3.3: Hadamard test differentiation. a) Hadamard Test, b) Hadamard Test Differentiation.

where R̂j = exp
(︂
−i
2 θjP̂j

)︂
, and P̂ is a tensor of Pauli matrices. With this differentiation method, only

one circuit is required to obtain the derivative of the expectation value.

3.4.6 Variational Ansatz

An important aspect of a variational quantum algorithm is the design of the variational ansatz,

which organises and distributes the impact of each parameter θj in the circuit. The ansatz defines

how quantum states are explored during training, thereby determining both the expressivity and the

trainability. While the structure of the ansatz can, in principle, be tailored to the specific problem at

hand, one architecture has become widely adopted in the field: the hardware-efficient ansatz [110].

Hardware Efficient Ansatz

The Hardware Efficient Ansatz (HEA) originates from the work of Kandala et al., published in 2017

[135], where they introduced a hardware-tailored variational quantum eigensolver (VQE) designed for

small molecules and quantum magnets. In this study, they proposed a parametrised quantum circuit

adapted to the native gate set of superconducting qubit devices, demonstrating the experimental

optimization of molecular Hamiltonians involving up to six qubits and over one hundred Pauli terms.

Their main contribution lies in the use of a variational ansatz whose structure reflects the physical

connectivity and constraints of the underlying hardware.

This approach has since become a standard in the field of VQAs, widely adopted due to its generality

and compatibility with NISQ devices. Moreover, recent work suggests promising performance even

when implemented on alternative platforms such as trapped ions [136]. The structure of the HEA

consists of alternating layers of single-qubit rotations and entangling operations. Each layer contains
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a block of parameterised rotation gates such as R̂X , R̂Y or R̂Z and a block of entangling gates such

as CNOT gates. The overall circuit, illustrated in Figure 3.4 can be expressed as:

Û(θ) =
n⨂︂
j

[ Û j,d(θ)]× Ûent ×
n⨂︂
j

[ Û j,d−1(θ)]× · · · × Ûent ×
n⨂︂
j

[ Û j,0(θ)]. (3.8)

where n denotes the number of qubits, d the circuit depth (number of layers), Û j,l(θ) the rotation

block applied to qubit j at layer l ∈ [0, d], and Ûent the entangling block.

Figure 3.4: Hardware Efficient Ansatz quantum circuit.

In the original implementation by Kandala et al. [135], each single-qubit rotation block was composed

of three consecutive gates:

Û j,l(θ) = R̂Z(θ
j,l
2 )R̂X(θj,l1 )R̂Z(θ

j,l
0 ), (3.9)

where R̂X and R̂Z denote rotations around the X and Z axes of the Bloch sphere. This particu-

lar sequence of rotations allows reaching any point on the Bloch sphere. This structure results in a

total of n(3d + 2) single-qubit rotation gates, and therefore the same number of independent vari-

ational parameters. For each layer d, there are three rotational gates per qubit, while in the last

parameterized layer, which is not followed by an entangling layer, the sequence can be reduced to

Û j,d(θ) = R̂X(θj,d1 )R̂Z(θ
j,d
0 ), if it is immediately followed by a Z-basis measurement.

For the entangling operations, the authors exploited the native two-qubit interactions present in

superconducting qubit devices. These are described by a drift Hamiltonian H0, and the entangling

unitary is implemented via natural time evolution under this interaction:

Ûent = exp(−iH0τ), (3.10)
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With τ the evolution time.

Following its adoption into standard quantum software libraries such as InQuanto [137], the ansatz

has been generalised to allow greater flexibility in the design of the rotation blocks. A common

simplification is to use a single parameterised gate per qubit, along with a linear entangling layer of

CNOT gates. In this case, the building blocks become:

Û j,ℓ(θ) = R̂X(θj,ℓ) (3.11)

Ûent =
n−1∏︂
j=1

CNOTj,j+1. (3.12)

This structure requires only dn variational parameters and (n − 1)d entangling gates, with a linear

entanglement pattern compatible with nearest-neighbour hardware. Although the rotation block can

be reduced to a single gate, any combination of one to three elementary rotations,R̂X , R̂Y , R̂Z , can

be used, depending on the specific encoding and expressivity requirements of the problem.

Throughout this manuscript, sequences of rotational gates appearing in the hardware efficient ansatz

or other variational ansätze are denoted using dashes. This notation denotes the ordered application

of quantum gates in the circuit. For example, in the original implementation by Kandala et al. [135],

the single-qubit rotation block given in (3.9) can be written as the sequence R̂Z(θ0)−R̂X(θ1)−R̂Z(θ2)

in the circuit.

Finally, when measurements are performed in the computational basis (that is, along the z axis), any

trailing R̂Z gate in the final rotation layer can be omitted, as it commutes with the measurement

operator and does not influence the outcome.

3.4.7 Challenges and Limitations in development of VQA

Despite their advantages, VQAs faces some limitations. While VQAs are designed for NISQ devices,

access to such hardware remains limited. Some cloud platforms, such as IBM, provide access to real

devices or simulators, but the available qubit counts are still low, and the queuing systems make

variational algorithms challenging to run [138]. This situation is evolving and may improve soon, but

access typically comes at a cost [139], [140].
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Additionally, during the early stages of the development of a quantum algorithm, it can be necessary

to have a visualisation of the statevector, which cannot be observed on real machines, making classical

simulations of quantum circuits useful. But, simulating a quantum circuit classically is not as efficient:

an n-qubits quantum circuit requires storing a vector of 2n complex values. The memory requirement

grows exponentially with the number of qubits, and even a few dozen qubits may require specialized

hardware [141].

Some VQAs have already been executed on real quantum processors. For example, IBM Heron

has been used to predict mRNA sequences up to 60 nucleotides using several hundred qubits [142].

However, this is still considered a relatively simple problem. At the same time, it does not seem

feasible to explore far beyond current hardware capabilities, since simulating a VQA such as a 30

qubit VQE with a classical quantum simulator would already require 15 hours on 1024 FUJITSU

Processor A64FX units, each delivering 3.1 TFLOPS [143]. Classical simulation rapidly becomes

computationally prohibitive.

3.5 Existing VQAs for solving differential equations

3.5.1 Kyriienko et al. Algorithm

The first quantum algorithm studied in this work is a polynomial-encoded VQA developed by Kyriienko

et al. [4], which trains VQCs to approximate the solution of DEs by polynomial fitting. In their paper,

Kyriienko et al. applied their algorithm exclusively to first-order DEs. However, they suggested the

possibility of extending its use to higher-order DEs through repeated circuit differentiation. In this

work, we propose an extension of the algorithm’s application to second-order DEs.

Circuit Structure

The Kyriienko et al. algorithm [4] aims to represent an approximation of the solution of a differential

equation by a parameterised quantum circuit divided into two parts : a quantum feature map Ûφ(x)

and a variational ansatz Ûθ.
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Figure 3.5: Quantum circuit structure of the Kyriienko et al. algorithm.

The first part encodes the equation variable x through a fitting set of nonlinear Chebyshev polynomials

of the first and second kind over ]0, 1[. Encoding the variable x through functions allows a high

expressivity of the quantum circuit while ensuring its derivability. The quantum feature map Ûφ(x) is

composed of Y-rotational gates R̂Y , parameterised by the functions φj(x) = 2j arccos (x), where the

degree j of the Chebyshev polynomials grows with the number of qubits n [4]. Ûφ(x) can be expressed

as:

Ûφ(x) =
n⨂︂

j=1

R̂Y,j [2j arccos (x)] (3.13)

This quantum feature map encodes the Chebyshev polynomials of the first and second kind as follow:

R̂Y,n

(︁
φ(x)

)︁
|0⟩ = Tn(x) |0⟩+

√︁
1− x2 Un−1(x) |1⟩ , (3.14)

where the Chebyshev polynomials of the first kind is defined by Tn = cos(n arccos(x)) and of the

second kind by Un−1(x) = sin(n arccos(x))/ sin(arccos(x)) [4]. The chosen variational ansatz Ûθ is the

hardware efficient ansatz [144], composed of multiple layers of a sequence of three rotational gates and

CNOT gates.

Algorithm

In Kyriienko et al. [4], the resulting quantum state |fφ,θ(x)⟩ = Ûθ Ûφ(x) |0⟩⊗n is evaluated by the total

magnetisation of the system Ĉ =
∑︁n

j=1 Ẑj . The derivatives with respect to x and θ are determined

by the parameter shift rule method and the chosen classical optimizer is Adam [112]. Finally, the loss

function is defined as the mean square of the DE with all terms on one side, as expressed in Equation

(4.2).

Literature Review 52



3.5. Existing VQAs for solving differential equations

Results

The work of Kyriienko et al. [4] addressed different types of first-order differential equations, includ-

ing a nonlinear equation and the stationary state of the Navier–Stokes convergent–divergent nozzle

problem.

First-order differential equation with nonlinear coefficients The first-order nonlinear differ-

ential equation studied in their work is expressed as:

df

dx
+ λf(κ+ tan(λx)) = 0, (3.15)

with λ = 8 or 20, κ = 0.1, and f(0) = 1. This equation admits the following analytical solution:

u(x) = e−κλx cos(λx) + C, (3.16)

where C = 0 under the given initial condition.

In this application, the Chebyshev-encoded VQC was constructed using 6 qubits. The HEA consisted

of a three-gate sequence R̂Z , R̂X , R̂Z with a depth of 5. The initial condition was enforced through

an automatic shift of the function at each iteration, and training was performed using the Adam

optimizer over 20 equidistant points in the interval [0, 0.9].

This example served to illustrate the performance of different encoding schemes and to highlight the

efficiency of the Chebyshev encoding with degree 1 on each qubit, as well as the Chebyshev tower

encoding, where the degree of the Chebyshev polynomial basis increases with the number of qubits.

Additionally, the authors examined how the depth of the HEA impacts the quality of the approximation

and the behaviour of the loss function.

As shown in Figure 3.6(a) and (b), for different values of λ, corresponding to distinct oscillatory be-

haviours, the Chebyshev-encoded VQA produced solutions that closely matched the analytical results.

Since details regarding the learning rate or the initial parameter vector are not specified, we assume

that the Adam optimizer uses the default learning rate and that the parameter vector is initialized

with random angles.
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Figure 3.6: Results obtained by Kyriienko et al. for the discontinuous first-order differential equation
using VQAs. a), b): solutions for λ = 8 and λ = 20, respectively. c): comparison of different circuit
depths for λ = 20 with Chebyshev tower encoding. d), e), f): corresponding evolution of the overall
loss function and quality function across iterations. Figure from [4].

Stationary Navier–Stokes equation Another significant result obtained using their method con-

cerns the solution of the stationary Navier–Stokes equations for a convergent–divergent nozzle. In this

case, they employed three 6-qubit VQCs using the simple Chebyshev encoding and an HEA composed

of the three-gate sequence R̂Z − R̂X ,−R̂Z with a depth of 6. These VQCs were trained to represent,

respectively, the three functions ρ(x), T (x), and V (x), in the problem formulated as:

∂ρ

∂x
=
ρV 2dx(ln(A))

T − V 2
,

∂T

∂x
=
TV 2(γ − 1)dx(ln(A))

T − V 2
,

∂V

∂x
= −TV dx(ln(A))

T − V 2
, (3.17)

where A(x) = 1 + 4.95(2x− 1)2 defines the nozzle shape, with initial conditions ρ(0) = T (0) = 1 and

V (0) = 0.1, and γ = 1.4 is the heat capacity ratio.

This problem is particularly challenging because of the subsonic–supersonic transition occurring near

the throat of the nozzle (i.e. the middle of the interval), which induces a sharp change in behaviour:

the velocity V increases while the temperature T and density ρ decrease. The training was therefore

performed in two stages. In the first stage, the three VQCs were trained over the interval [0, 0.4],

which includes the initial region but avoids the transition zone. The Adam optimizer was used with
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a learning rate of 0.01 and 20 equidistant training points.

In the second stage, the training was extended to the region [0.6, 0.9], still avoiding the transition point.

This step reused the 20 points from the first stage as regularization points, ensuring consistency with

the previously learned solution, and added 20 new points from the second region. Furthermore, 5

additional regularization points were introduced in the supersonic region, introducing a bias toward

the expected behaviour. The optimizer was again Adam, but with a reduced learning rate of 0.005.

The results of this procedure are shown in Figure 3.7, illustrating the first optimization stage, the

second optimization stage, and the evolution of the solution quality and loss functions across iterations.

Figure 3.7: Application of the VQA by Kyriienko et al. to the stationary Navier–Stokes equations.
a) First optimization stage, b) second optimization stage, c) evolution of the solution quality and the
loss function across iterations. Figure from [4].

The results indicate an excellent overlap between the VQA solution and the analytical solution. How-

ever, it must be noted that the method required prior knowledge of the solution for the second part

of the interval in order to select appropriate training points. The paper does not provide details

regarding the exact positions of these points or their respective weights in the optimization process.

3.5.2 Sato et al. Algorithm

The second VQA used in this work for comparison purposes is the Sato et al. algorithm [5], which was

designed to solve the Poisson equation. This algorithm is based on a discretised approach in which

the VQC is used to approximate the unitary vector of the solution of the 1D Poisson equation, which

is relevant for determining pressure in incompressible flow.
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Circuit Structure

The circuit structure has been built to solve a 1D second order differential equation of the form :

d2f(x)/dx2 + s(x) = 0, where s is the source term encoded through its amplitudes by Ûs and the

direction vector of the solution f is approximated by the variational ansatz Ûθ. This structure using

an ancilla gives the following state :

|s, ψθ⟩ =
1√
2
(|0⟩ |s⟩+ |1⟩ |ψθ⟩) (3.18)

where the state vector |ψθ⟩ encodes the unitary vector of the discretised vector that approximates the

solution f .

Figure 3.8: Quantum circuit structure of the Sato et al. algorithm, reproducing the state |s, ψθ⟩
defined in Equation (3.18).

Loss function

The approach of Sato et al. [5] is based on the minimisation of the total potential energy defined as:

E =
1

2

∫︂
Ω
∇v∗ · ∇v dΩ− 1

2

∫︂
Ω
v∗s dΩ− 1

2

∫︂
Ω
s∗v dΩ, (3.19)

where Ω denotes the domain, s the source function, and v an element of the Sobolev space H1(Ω)

satisfying the boundary conditions. Minimising the total potential energy with respect to v yields the

state field that satisfies the Poisson equation. After discretisation, the total potential energy becomes:

Eh =
1

2
r2 ⟨ψθ|A |ψθ⟩ − r ⟨s, ψθ|X ⊗ I⊗n |s, ψθ⟩ , (3.20)
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where |ψθ⟩ and |s, ψθ⟩ are the quantum states described earlier, n is the number of qubits, and r is a

real coefficient satisfying |v⟩ = rθ |ψθ⟩ and can be defined in function of θ, such as:

r(θ) =
⟨s, ψθ|X ⊗ I⊗n |s, ψθ⟩

⟨ψθ|A |ψθ⟩
. (3.21)

For each boundary condition, the matrix A, which is positive-definite and symmetric, becomes:

APeriodic =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 −1 0 · · · 0 −1
−1 2 −1 0 · · · 0

0 −1 2 −1 · · · 0
...

. . .
. . .

. . .
...

0 · · · 0 −1 2 −1
−1 0 · · · 0 −1 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

ADirichlet =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 −1 0 0 · · · 0

−1 2 −1 0 · · · 0

0 −1 2 −1 0
...

. . .
. . .

. . .
...

0 · · · 0 −1 2 −1
0 · · · 0 0 −1 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, ANeumann =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1 0 0 · · · 0

−1 2 −1 0 · · · 0

0 −1 2 −1 0
...

. . .
. . .

. . .
...

0 · · · 0 −1 2 −1
0 · · · 0 0 −1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.22)

These matrices can be written using a shift operator P :

APeriodic = I⊗n−1 ⊗ (I −X) + P−1
(︁
I⊗n−1 ⊗ (I −X)

)︁
P, (3.23)

ADirichlet = APeriodic + P−1
(︁
I⊗n−1
0 ⊗X

)︁
P,

ANeumann = APeriodic − P−1
(︁
I⊗n−1
0 ⊗ (I −X)

)︁
P.

Algorithm

This approach evaluates the VQC described in Figure 3.8 with multiple cost operators depending on

the boundary conditions to quantify the loss function, which here is the potential energy of the DE.

As this algorithm is a discretised approach, derivatives with respect to the variable x are obtained

with finite-differencing. In contrast, the gradient of the loss function ∇θLθ requires differentiating the

VQC, using a method based on the Hadamard test differentiation [5]. The classical optimizer chosen
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by Sato et al. is the BFGS optimizer, described in Section 3.4.3.

Results

Figure 3.9: Solutions obtained with the VQA of Sato et al. for each boundary condition, compared
to the classical computation of A−1s as a function of the number of qubits. Figure from [5].

In their paper, Sato et al. applied their VQA to the Poisson equation with a step function s ranging

from 1/2n/2 to −1/2n/2, for n = 5, corresponding to n + 1 = 6 qubits over 2n = 32 points. Their

results for each boundary condition, Neumann, Periodic, and Dirichlet, are shown in Figure 3.9. The

VQA performs well for the Periodic and Dirichlet boundary conditions. For the Neumann condition,

there is a slight discrepancy between the classical and quantum computations. This appears to be

primarily due to imprecision in the norm estimation, while the direction of the solution vector remains

reasonably accurate.
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3.6 Summary

In this chapter, we have shown that solving differential equations is a fundamental topic in science and

engineering, which can be computationally expensive using classical methods. Research continues to

explore new approaches to solve a wide variety of differential equations, particularly nonlinear systems

with multiple variables, which remain among the most interesting and challenging. Consequently, this

field remains active in classical computation and, over the last decade, has emerged as an area of

interest in quantum computing.

In this thesis, we focused on variational quantum algorithms. At the beginning of the PhD and still

at the time of writing, these algorithms appeared to be a promising use of current, and eventually

future, quantum computers.

The primary VQA that captured our attention is the Kyriienko et al. algorithm, due to its spec-

tral approach, which leverages the fact that quantum circuits can be analytically differentiated. As

mentioned in Chapter 1, the research for this PhD initially aimed to expand the application of the

Kyriienko et al.. VQA to higher-order equations and a broader range of differential equations. How-

ever, this work revealed several limitations and challenges, including high computational demands and

difficulties in representing smooth functions, which led to noticeable oscillations.

From these observations arise the idea of investigating whether an alternative encoding could improve

one or both of these aspects, leading to the development of a new spectral VQA encoding based on

different polynomials: the Lagrange-encoded VQA.
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Chapter 4

Variational Quantum Algorithms

Based on Polynomial Encoding

In this chapter, we present an overview of the workflow and key components of spectral VQAs for

solving differential equations: polynomial-encoded VQAs.

The workflow draws inspiration from the work of Kyriienko et al. [4], with was extended in this

work to broaden the applicability of their Chebyshev-encoded VQA. We also introduce an novel

variational quantum circuit, based on a novel encoding strategy, or quantum feature map, which

embeds the Lagrange polynomial basis into the circuit. This new encoding, inspired by the Hadamard

test structure, shifts the VQA paradigm by incorporating entanglement directly within the encoding

block while maintaining a shallow variational ansatz. The underlying concept remains the same: a

variational quantum circuit, parameterized by the variable of the differential equation and variational

parameters, is evaluated with a cost function and optimized using a classical optimizer.

The motivation for developing this new encoding arises from the limitations observed with the Chebyshev-

based approach. While effective in many cases, it faced challenges in representing smooth functions

accurately and incurred high computational costs for higher order differential equations. These limita-

tions suggested that exploring alternative polynomial bases could improve both the expressivity of the

variational circuit and the stability of the solutions, guiding the development of the Lagrange-encoded

VQA.
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A detailed discussion of the variational quantum circuits, the differences in encoding strategies, and

their implementation is provided in Chapter 5.

4.1 Algorithms Workflow

Figure 4.1: Workflow of the proposed variational quantum algorithm, building on the general schematic
presented in Fig. 3.1. The quantum computation part is shown in red, whereas all other stages are
performed classically.

For both polynomial-encoded VQAs studied here, the quantum circuits are aimed to approximate

the solution of a DE. To do so, the algorithms follow a workflow inspired by Kyriienko et al. [4],
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summarised in Figure 4.1. First, an initial set of quantum circuits and their derivatives with respect

to x is built for each point xi in the chosen interval of interest, with a random vector of variational

parameters {θi}: this is the initial state of the VQA.

The value of the resulting function fθ is read as an expectation value through a cost operator Ĉ applied

to the quantum state |fφ,θ(x)⟩ of the circuit:

fθ(x) = ⟨fφ,θ(x)|Ĉ|fφ,θ(x)⟩ , (4.1)

where φ denotes the encoding function of the variable x.

The classical optimizer then updates the variational parameters based on the evaluated loss. The loss

function quantifies how well the VQC output satisfies the differential equation, as well as additional

constraints such as initial or boundary conditions and any regularization points.

This work specifically focuses on enhancing the VQC structure to not only encode other polynomials

but also to effectively determine the gradient and derivatives at a lower computation cost by compar-

ison to existing approach while not compromising on the quality of the solution, thereby making this

new algorithm attractive.

4.1.1 Classical Optimizer

In this work, the selected classical optimizer is Adam [112], presented in the section 3.4.3, while not

being perfect, but has demonstrated satisfactory performances in previous VQA studies, including in

the Chebyshev-encoded VQA this thesis investigates [4].

What makes Adam interesting, as shown in Algorithm 1, is its adaptive stepsize. The first iteration

starts with a step size of α, regardless of the gradient value. The stepsize in then, in the following

iterations, increased or decreased, based on the evolution of the gradient, rather than its absolute

value. This is a key difference compared to standard gradient descent. Consequently, Adam keeps the

step size within a controlled range, which is particularly relevant for the variational parameters used

here, which are rotation angles. A standard gradient descent update would follow θt+1 = θt−α∇θ(L),

and if this update happens to be large enough to wrap around by 2π, the parameter effectively remains
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unchanged, leading to redundant updates. The Adam optimizer is used here as it avoids this problem

by regulating the magnitude of each step.

As mentioned in the section 3.4.3, the main issue that has been raised with the Adam optimizer [112]

is its tendency to be trapped in local minima, especially when dealing with highly parameterized

VQCs. Knowing this limitation, efforts were made to work around it by reducing the number of

variational parameters, by tuning the optimizer hyperparameters such as the step size, or by running

the optimization multiple times, which allows the “resetting” of moment memory, restore the initial

step size, and eventually escape from the local minima.

As this optimizer relies on gradient descent optimization, derivative quantum circuits with respect to

the variational parameters θ must be calculated. Finally, the vector of variational parameters θ is

updated and all circuits are recalculated in a subsequent loop until the resulting function converges

to the desired function.

4.1.2 Loss Function

With a similar approach to the Kyriienko et al. algorithm [4], the loss function LDE quantifies the

distance between the DE, written with all terms on one side, and zero, over a set of M points within

the chosen interval I. This loss function is defined as

LDE
θ

[︃
∂2fθ
∂x2

,
∂fθ
∂x

, fθ, x

]︃
=

1

M

M∑︂
i=1

L

(︃
DE

[︃
∂2fθ
∂x2

(xi) ,
∂fθ
∂x

(xi) , fθ (xi) , xi

]︃
, 0

)︃
, (4.2)

where the distance L is evaluated with the mean square error L(a, b) = (a − b)2. Other distance

evaluations can be used, such as the mean absolute error L(a, b) = |a− b|. This loss function can be

completed with additional functions that quantify the satisfaction of initial or boundary conditions

LCs or regularization points LR [4]. Arbitrary weights η can also be used to prioritise a certain

condition over the others, as expressed in the equation

Lθ = ηDE LDE
θ + ηCs LCs

θ + ηR LRθ . (4.3)
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4.1.3 Initial and Boundary Conditions

In the present work, the differential equation can be either an initial value problem (IVP) or a boundary

value problem (BVP). In both cases, the associated initial or boundary conditions represent constraints

that the solution should satisfy.

These conditions can be taken into account in the optimization loop by contributing to the loss

function, or can also be handled separately as an automatic shift of the function read out from the

quantum circuit as proposed by Kyriienko et al. [4].

Contribution to the loss function

For a second-order DE, the contribution of the initial or boundary conditions to the loss function can

be described as follows:

LCs
θ = L (fθ(x0), u0) + L

(︃
∂fθ
∂x

(x0), u̇0

)︃
, (4.4)

where u0 and u̇0 are the value of the sought function and its derivative at x = x0. For a lower- or

higher-order DE, the corresponding terms must be removed or added.

Floating boundary handling

As an alternative approach, a shift term fCs can be calculated at each iteration to automatically match

the initial or boundary condition regardless of the value of the variable parameters θ [4]. Hence, the

contribution to the loss function is null (LCs
θ = 0), and we have:

fθ(x) = ⟨fφ,θ(x)|Ĉ|fφ,θ(x)⟩+ fCs , (4.5)

fCs = u0 − ⟨fφ,θ(x0)|Ĉ|fφ,θ(x0)⟩ . (4.6)

This approach is more suitable for the function itself than for its derivatives. Introducing a shift

term for each derivative can be counterproductive, as it would require integration to propagate the
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shift correctly to the function, potentially leading to inconsistencies. Consequently, while the method

guarantees that the boundary or initial condition is satisfied for the function, it can overconstrain the

variational quantum circuit and make it challenging to apply conditions to the derivatives.

Additionally, as discussed in Chapter 6, running a quantum circuit on a NISQ device is inherently

noisy and can introduce a systematic shift in the function. In this context, the floating boundary

handling proposed by Kyriienko et al. would provide an effective correction for such shifts.

4.1.4 Regularization

To help the convergence, for equations where certain values of the desired function ur are known, an

additional condition can be included to guide the solution toward these values. This contribution to

the loss function can be defined as:

LRθ =
1

MR

MR∑︂
r=1

(L(fθ(xr), ur)) , (4.7)

where MR is the number of regularization points and ur the value of the sought function at those

points.

A regularization procedure can also be implemented for derivatives values [4]. To minimise the com-

plexity of the algorithm, regularization can be added to the loop by dividing the set of points {xi}Mi=1

into subsets of points that will, one by one, be used as training points for the differential equation and

then as regularization points once the algorithm converged on this subset. This approach can save an

important amount of computing resources but can in certain cases decrease the overall accuracy of

the algorithm output.

4.1.5 Cost Operator

Importantly, the value of the approximated function and its derivatives from the different quantum

circuits built throughout the algorithm are read out using a cost operator Ĉ.

f(x) = ⟨fφ,θ(x)| Ĉ |fφ,θ(x)⟩ , (4.8)
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where |fφ,θ(x)⟩ is the quantum state of the quantum circuit evaluated at x within the chosen inter-

val. The choice of the cost operator impacts the flexibility and trainability of the algorithm. Most

common cost functions are the magnetisation of a single qubit j : Ĉ = Ẑj , which can be used for the

measurement of an ancillary qubit for example, or the total magnetisation of the system, where all

qubits are measured: Ĉ =
∑︁n

j=1 Ẑj .

The notation Ẑj , refers to the tensor product I⊗j ⊗ Z ⊗ I⊗(n−j−1).

In this study, the cost functions employed are centred around the total magnetisation of the system,

or variations of it.

4.2 Derivatives and Gradients

The two structures of the new VQA proposed in this work aim to represent the function solution

of the DE through a quantum circuit. To do so, the derivatives with respect to the variable x are

necessary to evaluate the loss function. Both quantum feature maps encode the variable x using a

set of functions {φj}nj=0 where n is the number of gates used for the quantum feature map encoding.

Hence, the first- and second-order derivatives are defined as follow:

df

dx
=

n∑︂
j=0

∂

∂φj
⟨fφ,θ| Ĉ |fφ,θ⟩

dφj

dx
, (4.9)

d2f

dx2
=

n∑︂
j=0

∂

∂φj
⟨fφ,θ| Ĉ |fφ,θ⟩

d2φj

dx2
+

n∑︂
j=0

(︂ n∑︂
h=0

∂2

∂φjφh
⟨fφ,θ| Ĉ |fφ,θ⟩

dφh

dx

)︂dφj

dx
. (4.10)

However, in the variational ansatz, the parameter θ is encoded directly into the parameterized rota-

tional gates. Consequently, there is no need to apply the chain rule or rely on automatic differentiation

to compute gradients with respect to θ. In this work, all gradients ∇θ of polynomial-encoded VQAs

are evaluated using the Parameter Shift Rule, as defined in Equation (3.6).

In the case of the Lagrange encoding, the derivatives with respect to the variable x can also be obtained

using a directly differentiated encoding, which eliminates the constraints imposed by the chain rule.

This method is described in more detail in the next chapter, in Section 5.2.5.
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4.2.1 Differentiability

In this work, we operate with final results expressed as polynomials, which belong to the class C∞.

Consequently, they can be differentiated arbitrarily many times without restriction. However, we

must also account for the nonlinear encoding functions. The polynomial basis is mapped through a

nonlinear encoding function φ, and it is essential to verify the existence and differentiability of this

function. Not every function qualifies as an encoding map under these requirements.

For the variational quantum algorithms considered in this work, we use encoding functions φ based

on the arccos function, which is well-defined and differentiable over the interval ]− 1, 1[. We also need

φ to support the differentiation required for gradient-based optimization. The function arccos belongs

to the class C∞ on its domain, so it admits derivatives of any order.

That being said, the behaviour of the encoding function, even when it exists, can impact the training

process and the interval to consider. The behaviour of the encoding function for both Chebyshev-

and Lagrange-encoded VQAs are discussed further in the next chapter. Finally, regarding gradients

with respect to the variational parameters θ, here only first-order derivatives are required. Since the

trigonometric functions cos and sin are also in C∞, they admit differentiation of any order, making

higher-order optimization schemes theoretically feasible on that aspect.

4.3 Iterative Process

The iterative process used to train the VQAs in this work relies on the classical optimizer Adam

[112]. As outlined in the Chapter 3, Adam is a gradient-based optimization algorithm that combines

the advantages of momentum and adaptive learning rates to perform efficient parameter updates. It

minimises the loss function iteratively by adjusting the trainable parameters θ based on estimates of

the first- and second-order moments of the gradients.

The optimization procedure requires a convergence criterion or stopping condition. Since Adam adapts

the learning rate according to the behavior of the gradients, the gradient magnitude itself provides

information about how much the parameters should change to approach the optimum, which is defined

here as minimizing the loss function.
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However, relying solely on the gradient is insufficient because it does not capture Adam’s adaptive

mechanism. For this reason, multiple stopping conditions were implemented to guarantee that the

optimization neither runs indefinitely nor wastes computational resources performing iterations with

negligible improvements. These criteria ensure both stability (by preventing unnecessary computations

once the solution has stabilised) and accuracy (by ensuring the loss function reaches an acceptable

value). The stopping conditions are defined as follows:

1. A threshold on the value of the loss function, which is referred to as the precision criterion. If

the loss reaches a sufficiently small value, the solution is considered accurate:

|Lθ| ≤ εL. (4.11)

2. A condition on the gradient magnitude, ensuring meaningful updates:

⃓⃓⃓⃓
∂L
∂θi

⃓⃓⃓⃓
≤ ε∂L , for each θi ∈ {θi}n. (4.12)

3. A condition on the variation of the parameters between two successive iterations, to capture the

evolution of the step size of Adam and prevents useless updates:

αi,t = ∆θi,t = |θi,t − θi,t−1| ≤ εα , for each θi ∈ {θi}n. (4.13)

4. Finally, a maximum iteration limit is imposed to handle cases where convergence might never

occur, for example, due to the VQC structure (such as the number of qubits or parameters):

t ≤ tmax. (4.14)

The threshold values were selected empirically, based on experience with the differential equations

investigated in this work. The values that provided satisfactory convergence in practice are: εL =

1 · 10−4, ε∂L = 1 · 10−4, εα = 2 · 10−3.
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4.4 Quantum Circuits Structures

For the two new VQA architectures, the variable function x is encoded through a quantum feature

map circuit Ûφ(x) and the vector of variational parameters θ is encoded through a variational ansatz

Ûθ. The VQA inspired by the work of Kyriienko et al. [4] is based on two unitaries acting on the same

register, one after the other, and all qubits in the register are measured, as shown in Figure 3.5. For

the newly designed VQA, two different structures have been studied (Figures 4.2 and 4.3) and in both

cases the circuit is inspired by the Hadamard test structure (Figure 3.3), over the ancilla register of

one or multiple qubits.

The development of the Lagrange-encoded VQA has been motivated by two main factors. As men-

tioned in Chapter 1, the initial objective of this PhD was to extend the Chebyshev-encoded VQA to

higher-order differential equations. However, in the application to a second-order differential equation,

as discussed in Section 7.2, we identified areas for improvement.

Firstly, the computational demands of the parameter-shift rule were significant. Evaluating the first

and second derivatives with respect to x, along with their gradients with respect to θ, involved a

substantial gate complexity. Secondly, the application to a second-order differential equation revealed

oscillations, likely caused by the use of excessively high-degree polynomials for interpolation tasks.

These observations motivated the design of a VQC structure that reduces the computational over-

head associated with evaluating derivatives and gradients while implementing Lagrange interpolation,

without compromising solution quality or accuracy. Lagrange interpolation is particularly well-suited

for smooth functions, and by carefully selecting the encoding points, it is possible to construct inter-

polating polynomials of minimal degree, thereby avoiding the oscillations observed with higher-degree

Chebyshev polynomials.

The first approach of the Lagrange-encoded VQA was initially designed across two quantum registers

of the same sizes. However, this extended structure is suboptimal as it necessitates a high number of

qubits. Therefore, the Lagrange-encoded structure was re-designed to minimise the required number

of qubits, while retaining the same cost function and differentiation method. Intermediate structures

where the number of qubits required for the encoding is between 1 and n could also have been

considered, but the study of such structure is left for a future work.
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4.4.1 Chebyshev-encoded VQA

The first polynomial-encoded studied in this work is the algorithm developed by Kyriienko et al.[4].

In this work, we applied it to other first-order differential equations and extended its scope to second-

order equations, as introduced in Equation (4.10). The hardware-efficient ansatz originally proposed

consists of a sequence of three rotational gates, R̂Z−R̂X−R̂Z . In addition, we investigated a simplified

sequence based on a single rotational gate, R̂X .

4.4.2 Proposed new Lagrange-encoded VQA

The new algorithm designed and tested in this work has been developed based on the Hadamard test

structure (Figure 3.3) but extended to a multiple-qubit register, to approximate the solution of the

differential equation by Lagrange interpolation. In this work, two different structures of the quantum

feature map have been proposed.

Quantum feature map

First, an extended version (Figure 4.2) has been developed where an encoding block Ûφ, with φj(x) =

arccos(x− xj), is applied in between two networks of CNOT gates, over a quantum register of n

qubits, leading to:

Ûφ(x) =
n⨂︂

j=1

R̂Y,j [(arccos(x− xj)]. (4.15)

Figure 4.2: Quantum circuit structure of the Lagrange-encoded algorithm with an extended structure.

A second version with a reduced structure (Figure 4.3) has been developed, where only one ancilla qubit

is used for the encoding. Here, the variable x is encoded through Y-rotational gates parameterised by
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the same encoding function φi defined in the extended structure but within the networks of CNOT

gates:

Ûφ(x) =
(︂ n−1∏︂

i=1

CNOTi,a R̂Y,a(φi+1(x))
)︂
CNOTn,a

(︂ n−1∏︂
i=1

CNOTi,a R̂Y,a(φi(x))
)︂
CNOTn,a , (4.16)

where CNOTi,a denotes a controlled-NOT gate with control on the i-th qubit and target on the ancilla

qubit, and R̂Y,a(φ) represents a rotation around the Y-axis applied to the ancilla qubit, defined as

R̂Y,a = I⊗n ⊗RY .

Figure 4.3: Circuit Structure of the Lagrange-encoded algorithm with a reduced structure.

In both structures, the set of points {xj}nj=1 included in the interval I used for the polynomial interpo-

lation is directly linked to the size of the first quantum register. While the second register can be built

over n qubits (Figure 4.2) or only one qubit (Figure 4.3), for both structures, only the first register is

measured where the observable corresponds to the magnetisation of the first n qubits, expressed as a

sum of Zi operators, leading to local measurements. As discussed in section 3.4.4, this allows to delay

the appearance of the barren plateau phenomenon.

Additionally, determining whether to use a reduced or extended circuit structure might depend on

the quantum device being employed. The extended circuit structure requires more qubits but fewer

gates in comparison to its reduced counterpart, described in Chapter 5. Specifically, the reduced

circuit structure saves n − 1 qubits, but requires additional steps to be computed. Consequently,

they would potentially both have different limitations and advantages when applied to real quantum

devices. While the extended would allow a lower number of steps, it requires a linear connectivity and

involves a significantly larger number of CNOT gates, which have lower fidelities than single-qubit

gates. In contrast, the reduced version requires more steps and a one-to-all connectivity, it uses fewer

CNOT gates but more single-qubit gates. In the realm of quantum circuit simulations, the preference

leans towards the reduced circuit structure due to its lower number of qubits and consequently lower

computational resource demands (as both circuit provides the same solution on noise-free qubits).
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Variational ansatz

In this VQA, the variational ansatz Ûθ is composed of one layer.

Cost operator

For both circuit structures to be read as a Lagrange interpolating polynomial, the first register is

evaluated by the same cost operator:

Ĉ =

n∑︂
j=1

1

ρj
Ẑj , with ρj = ⟨fφ(xj)| Ẑj |fφ(xj)⟩ . (4.17)

Here, |fφ(xj)⟩ denotes the quantum state obtained by applying only the quantum feature map.

The resulting function is a Lagrange interpolating polynomial:

f(x) =
n∑︂

j=1

⎛⎝αj(θ)
n∏︂

i̸=j

x− xi
xj − xi

⎞⎠ , (4.18)

where αθ is a coefficient determined by the variational ansatz. The detail of the calculation is given

in the Chapter 5.

Encoding points

The choice of encoding points, also referred to as interpolation points, will be analysed and discussed

in the next two chapters. When working with interpolation, the selection of the interpolation abscissas

{xj}n is at least as important as the number of points, and consequently the degree of the polynomial,

for achieving a good fit and accuracy. One of the well-known issues in polynomial interpolation is

the Runge phenomenon, where oscillations appear at the interval boundaries. A classical solution to

mitigate this problem is to use Chebyshev nodes as interpolation points.

In this work, we considered different sets of encoding points to determine which configuration provides

the best performance for a given number of points. Beyond this, one could also imagine optimizing

the positions of the encoding points dynamically, particularly during the final stage of training, to

further improve the fit and tailor the variational quantum circuit to the specific problem. Some works
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in the literature have explored similar ideas by training the quantum feature map, such as the work

of Jaderberg et al. [145].

Training the encoding points would not be computationally demanding on the quantum side, as we

can reuse the partial derivatives already computed for the first-order derivative with respect to x. By

applying the chain rule, we obtain:

df

dxj
=

∂f

∂φj
· dφj

dxj
, (4.19)

dφj

dxj
= −dφj

dx
. (4.20)

This allows the construction of the gradient of the loss function with respect to the encoding points to

optimize them. However, this approach can increase the burden on the classical optimization routine.
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4.5 Summary

In this chapter, we provided an overview of polynomial-encoded VQAs for solving differential equations

using a quantum spectral method, describing their workflow and key components. We presented the

Chebyshev-encoded approach introduced by Kyriienko et al. [4], along with the alternative encoding

developed in this work, which implements the Lagrange polynomial basis into the quantum state.

Although both approaches share several conceptual aspects, the Lagrange-encoded VQA (in its ex-

tended or reduced structure) differs fundamentally in the design of the quantum feature map and the

variational ansatz. In this method, strong entanglement occurs within the feature map, whereas the

ansatz introduces no entanglement. On the contrary, in the Chebyshev-encoded VQA, the entangle-

ment is introduced by the hardware-efficient ansatz and not by the feature map.

The Lagrange-encoded VQA developed in this work was designed with two main objectives. The first

is to reduce the computational overhead by leveraging the Hadamard-test differentiation technique

for evaluating derivatives and by decreasing the number of variational parameters, thereby reducing

both circuit depth and the computational cost of gradient evaluation during optimization. The second

objective is to exploit the properties of Lagrange interpolation, which tends to generate interpolating

polynomials of minimal degree. This characteristic can help mitigate oscillations near the boundaries

of the domain, as observed when studying the application of the Chebyshev-encoded approach to a

second-order differential equation in section 7.2.

The next chapter presents a detailed comparison of the two encoding strategies at the circuit level.
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Chapter 5

Analysis of the Polynomial-based

Variational Quantum Algorithms

In this work, the focus in on variational quantum algorithms implementing a polynomial approxima-

tion. As presented in Chapters 3 and 4, these algorithms can be divided into two parts: an encoding

block and a variational block. While the encoding part will set a polynomial basis for the polyno-

mial approximation of the solution of a considered differential equation, the variational block can be

understood as a quantum neural network, trained throughout the algorithm via a classical optimizer.

This research has been motivated by the promising results from Kyriienko et al. [4], using Chebyshev

polynomials for the encoding.

5.1 Chebyshev-encoded VQA

5.1.1 Function circuits

In their work, Kyriienko et al. [4] introduced quantum feature maps encodings based on Chebyshev

polynomials. They highlighted the efficiency of two specific strategies: one where each qubit encodes

a Chebyshev polynomial of the same degree, and another where the degrees increase across qubits,

which they refer to as the Chebyshev tower encoding.

The encoding function used here, φj(x) = 2j arccos(x), is a nonlinear, smooth, and strictly decreasing
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function defined on the interval [−1, 1]. It maps real inputs to angles in [0, 2jπ], where j ∈ N∗ indexes

the qubit or the corresponding encoding gate, since each qubit is associated with a distinct encoding.

As presented in Section 3.5.1, their encoding block is constructed using the encoding function φj(x),

applied to each qubit via a rotation around the Y-axis, denoted by R̂Y . This rotation maps the input

x onto a quantum state whose amplitudes correspond to the Chebyshev polynomials of the first and

second kind, respectively Tj(x) and Uj−1(x). Explicitly, the one-qubit quantum state |ψ⟩ shown in

the Figure 5.1 is:

|ψ⟩ = R̂Y

(︁
φj(x)

)︁
|0⟩ = cos(j arccos(x)) |0⟩+ sin(j arccos(x)) |1⟩

= Tj(x) |0⟩+
√︁
1− x2 Uj−1(x) |1⟩ . (5.1)

Finally, a Z measurement of the quantum state |ψ⟩ of the encoded qubit gives :

⟨ψ| Ẑ |ψ⟩ = cos(j arccos(x))2 − sin(j arccos(x))2

= cos(2j arccos(x))

= T2j(x). (5.2)

Figure 5.1: One-qubit Chebyshev quantum feature map.

For multiple qubits, the Chebyshev feature map unitary Ûφ(x) with increasing degrees is defined in

Chapter 3, in Equation (3.13). The cost function used to evaluate the encoding from the quantum

circuit is the total magnetisation Ĉ =
∑︁n

j=1 Ẑj of the circuit |fφ(x)⟩ = Ûφ |0⟩⊗n.

While the quantum state is composed of a superposition of two polynomials of degree j, the ⟨Ẑ⟩

measurement will be of degree 2j. For example, in a Chebyshev Tower quantum feature map encoding

block over n = 4 qubits, the measurement of the jth qubit ⟨Ẑj⟩ = ⟨fφ| Ẑj |fφ⟩ will give T2(j+1)(x), as

illustrated in the Figure 5.2 a), and hence the total measurement of the circuit ⟨Ẑtot⟩ =
∑︁n

j=1 ⟨Ẑj⟩.

To approximate the solution of a given differential equation, the strategy consists of introducing a set
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Figure 5.2: Comparison between quantum observables and Chebyshev polynomials of the first kind:
a) Single qubit measurement ⟨Ẑj⟩ and corresponding Chebyshev polynomials.
b) Total Z measurement ⟨Ẑtot⟩ and sum of the Chebyshev polynomials.

of weights prior to measurement, enabling an interpolation over the encoded polynomial basis. This

is precisely the role of the variational ansatz.

Entangled Chebyshev quantum feature map

The Chebyshev Tower quantum feature map over n qubits encodes the Chebyshev polynomial ba-

sis of the polynomial ring of Rn[x], excluding the scalar term, which is addressed separately when

implementing boundary conditions. As illustrated in Figure 5.2 b), the total measurement of the

quantum feature map spans only the subspace of even polynomials in R2n[x]. Beyond introducing

trainable weights, the hardware-efficient ansatz also enables polynomial multiplication through the

use of CNOT gates. In an example of a two qubits Chebyshev encoding with a CNOT gate, the

circuit would be:

Figure 5.3: Entangled two-qubits Chebyshev encoding.
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Prior to the CNOT gate, the statevector |ψ1⟩ is simply defined as:

|ψ1⟩ =
(︂
Tj(x) |0⟩+

√︁
1− x2 Uj−1(x) |1⟩

)︂
⊗
(︂
Th(x) |0⟩+

√︁
1− x2 Uh−1(x) |1⟩

)︂
, (5.3)

And consequently, as explained earlier, the Z-measurements of the first and second qubit give respec-

tively, T2j(x) and T2h(x).

However, after entanglement through the CNOT gate, the quantum state becomes:

|ψ2⟩ = Tj(x) Th(x) |00⟩+ Tj(x)
√︁

1− x2 Uh−1(x) |01⟩ (5.4)

+ (1− x2) Uj−1(x)Uh−1(x) |10⟩+ Th(x)
√︁
1− x2 Uj−1(x) |11⟩ ,

and gives the following Z-measurement: ⟨Ẑ0⟩ = T2j(x) and ⟨Ẑ1⟩ = T2j(x) T2h(x). This illustrates how

entanglement enriches the set of accessible functions by generating products of Chebyshev polynomials.

Hardware Efficient Ansatz on the Chebyshev quantum feature map

The final component of the circuit and of the variational ansatz, is the parameterised rotational

gates. The function circuit becomes |fφ,θ⟩ = Ûθ Ûφ(x) |∅⟩, and the Z-measurement of the jth qubit

⟨Ẑj⟩ = ⟨fφ,θ| Ẑj |fφ,θ⟩.

Continuing with the two-qubit example, a two-layer hardware-efficient ansatz using R̂X gates only is

illustrated in Figure 5.4.

Figure 5.4: Two-qubits Chebyshev encoding and two-layers HEA
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This circuit gives the following measurements:

⟨Ẑ0⟩ = T2j(x)
(︂
cos(θ0) cos(θ2)

)︂
− T2j(x)U2h−1(x)

√︁
1− x2

(︂
sin(θ0) sin(θ2)

)︂
(5.5)

⟨Ẑ1⟩ = T2h(x)
(︂
cos(θ2) cos(θ1 + θ3)

)︂
− T2h(x)U2j−1(x)

√︁
1− x2

(︂
sin(θ2) sin(θ1 + θ3)

)︂
.

The variational parameters introduced through the rotational gates act as weights for the family of

polynomials generated by the encoding, as well as their products. In the specific case of measuring the

expectation value of the Pauli-Z operator on the first qubit, denoted by ⟨Ẑ0⟩, the output comprises

a sum of two terms: one involving a Chebyshev polynomial of the first kind, T2j(x), and the other a

product of Chebyshev polynomials of both the first and second kinds, T2j(x)U2h−1(x)
√
1− x2. The

resulting expression is thus a polynomial whose terms have degrees 2j and 4jh respectively. A similar

structure appears when measuring ⟨Ẑ1⟩ on the second qubit, leading to terms of degree 2h and 4jh.

As a consequence, the outcome of the circuit, given by the sum of the Z-expectation values across all

qubits:

f(x) = ⟨fφ,θ| Ĉ |fφ,θ⟩ =
n∑︂

j=1

⟨Ẑj⟩ = ⟨Ẑtot⟩ , (5.6)

results in a polynomial that belongs to a specific subset of the four terms identified in Equation (5.5).

Notably, the presence of entanglement between the qubits alters the degree structure of the resulting

polynomial. The encoding of one qubit influences the output measured on the other, a direct con-

sequence of the shared variational parameters and their associated trigonometric dependencies. In

particular, some of these weights, derived from the sine and cosine functions in the HEA, appear sym-

metrically in both measurements due to the entangling operations. For instance, when θ2 = 0, the sine

term vanishes, effectively removing the entangling operation and thereby eliminating the higher-degree

contributions. The expressions then reduce to:

⟨Ẑ0⟩ = T2j(x) cos(θ0), (5.7)

⟨Ẑ1⟩ = T2h(x) cos(θ1 + θ3).

This reduction can also be interpreted from the structure of the circuit: the removal of the intermediate

rotation between the two CNOT gates causes the entire entangling sequence to collapse, as the CNOT
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gate is its own inverse, CNOT† = CNOT.

Hence, this encoding followed by a hardware-efficient ansatz is designed not to span the full ring of

polynomials up to a given degree, but rather to interpolate the solution of the differential equation

over a carefully structured subset of polynomials. This subset is determined by the encoding, the

number of qubits, the depth of the variational circuit, and the specific values taken by the variational

parameters.

5.1.2 Derivative circuits

Once the function circuit is established, the idea is now to obtain the its derivatives and gradients to

evaluate the differential equation over a chosen set of training points. As presented in Section 3.5.1,

the circuit derivatives for Chebyshev-encoded quantum circuits can be obtained using the parameter

shift rule, as described by Kyriienko et al.[4]. Consequently, the derivative with respect to the input

variable x is computed in two steps.

First, the parameter shift rule yields the derivative of the circuit output with respect to the encoding

functions {φj(x)}nj=1. Then, the total derivative with respect to x is obtained by applying automatic

differentiation. This two-step differentiation process is illustrated in Figures 5.5, 5.6.

The parameter shift rule produces the derivative of the circuit with respect to the given encoding

function φj . Here, j denotes the index of the encoding function and h the index of the measured

qubits:

∂

∂φj
⟨fφ,θ| Ẑh |fφ,θ⟩ =

1

2

(︂
⟨fφ+

j ,θ| Ẑh |fφ+
j ,θ⟩ − ⟨fφ−

j ,θ| Ẑh |fφ−
j ,θ⟩

)︂
. (5.8)

To avoid confusion, the Z-measurement of the hth qubit in the function circuit will be denoted as

⟨Ẑh⟩ = ⟨fφ,θ| Ẑh |fφ,θ⟩. In contrast, the measurements of modified circuits used in the parameter-shift

rule are written explicitly as ⟨fφ±
j ,θ| Ẑh |fφ±

j ,θ⟩ where the subscript φ
±
j indicates that the gate encoding

φj has been shifted by ±π/2, as specified by the sign.
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First-Order derivative of the encoding circuit

For the block encoding only, and without entanglement, for each j ̸= h, ∂
∂φj
⟨fφ| Ẑh |fφ⟩ = 0. Conse-

quently, as shown in Figure 5.5,

∂

∂φj
⟨fφ| Ẑj |fφ⟩ =

∂T2(j+1)

∂φj
. (5.9)

Figure 5.5: Comparison between parameter shift rule outcomes and analytical derivatives of Chebyshev
polynomials with respect to the encoding function φj .
a) ⟨Ẑj⟩ measurements on each qubit.
b) Sum over all qubits of both quantum-derived and analytical derivatives.

Consequently, applying the automatic differentiation to the parameter shift rule outputs gives the

total derivative of the encoded polynomial with respect to x:

d

dx
⟨fφ| Ẑj |fφ⟩ =

∂

∂φj
⟨fφ| Ẑj |fφ⟩

dφj

dx
=
dT2(j+1)

dx
. (5.10)
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Figure 5.6: Gradient of the quantum expectation value with respect to the input variable x, obtained
via automatic differentiation.
a) ⟨Ẑj⟩ measurements on each qubit, differentiated with respect to x.
b) Sum across all qubits, compared to the theoretical derivative of the full encoded polynomial.

First-Order derivative of the parametrised circuit

However, Equation (5.10), illustrated in Figure 5.6, only captures the differentiation of the encoding.

As shown earlier with the function circuit, once entanglement is introduced, the encoding of a single

qubit can influence the measurement outcomes of the other qubits. Consequently, for each j ̸= h,

∂
∂φj
⟨fφ,θ| Ẑh |fφ,θ⟩ is not necessarily zero. The total derivative of the full parameterized circuit can

therefore be expressed as:

df

dx
=

n∑︂
j=1

[︄
n−1∑︂
h=0

∂

∂φj
⟨Ẑh⟩

]︄
dφj

dx
=

n∑︂
j=1

∂

∂φj
⟨Ẑtot⟩

dφj

dx
(5.11)

Behaviour of the encoding function derivative

Additionally, the encoding function and its derivatives have to be taken into account in the realisation

of the VQA, even if handled on the classical part of the algorithm. Figure 5.7 displays the set of

encoding functions {φj(x)}nj=1, which vary across qubits in the Chebyshev tower encoding, alongside

their analytical derivatives:

dφj

dx
(x) =

−2j√
1− x2

. (5.12)
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Figure 5.7: a) Plot of the encoding functions φj applied to each qubit, for j = 1 to 4.

b) Corresponding analytical derivatives
dφj

dx , used for the automatic differentiation.

The Figure illustrates both the spatial variation of the encoding functions and the divergence of the

derivatives as x approaches 1:

∀ j ∈ N∗, lim
x→1−

dφj

dx
(x) = −∞. (5.13)

This behaviour shows an important phenomenon: although any outcomes of ⟨Ẑj⟩ measurements are

confined to the interval [−1, 1], and in this context only the positive part [0, 1] is relevant, automatic

differentiation remains sensitive to the divergence of the encoding function’s derivative. In particular,

near x = 1, the sharp decrease in
dφj

dx introduces numerical instability. Consequently, while the

quantum measurement outcomes themselves do not exhibit divergent behaviour, the derivatives of

encoding functions may compromise the accuracy of the result and affect the training dynamics of the

variational circuit. For this reason, the training is realised over the interval [0, 0.9] in this work and

in the paper that introduced this method [4].

Higher Order derivatives

In their work [4], Kyriienko et al. applied their algorithm to first-order differential equations. In this

work, we extend the approach to second-order differential equations. The higher-order derivatives can

be obtained by reapplying the parameter shift rule and automatic differentiation. For the second-order
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derivative of the overall function represented by the parametrised circuit f , the equation becomes:

d2f

dx2
=

n∑︂
j=1

[︄
n−1∑︂
h=0

∂

∂φj
⟨Ẑh⟩

]︄
d2φj

dx2
+

n∑︂
j=1

n−1∑︂
k=0

[︄
n−1∑︂
h=0

∂2

∂φj∂φk
⟨Ẑh⟩

]︄
dφj

dx

dφk

dx

=
n∑︂

j=1

∂

∂φj
⟨Ẑtot⟩

d2φj

dx2
+

n∑︂
j=1

n−1∑︂
k=0

∂2

∂φjφk
⟨Ẑtot⟩

dφj

dx

dφk

dx
. (5.14)

The second-order partial derivatives of the expectation values ⟨Ẑh⟩ are computed by applying the

parameter shift rule twice. For (j, k) indices of the encoding gates and h index the measured qubit,

∂2

∂φk∂φj
⟨Ẑh⟩ =

∂

∂φj

(︃
∂

∂φk
⟨Ẑh⟩

)︃
=

∂

∂φj

(︃
1

2

(︂
⟨fφ+

k ,θ| Ẑh |fφ+
k ,θ⟩ − ⟨fφ−

k ,θ| Ẑh |fφ−
k ,θ⟩

)︂)︃
=

1

4

(︂
⟨fφ++

jk ,θ| Ẑh |fφ++
jk ,θ⟩ − ⟨fφ+−

jk ,θ| Ẑh |fφ+−
jk ,θ⟩

− ⟨fφ−+
jk ,θ| Ẑh |fφ−+

jk ,θ⟩+ ⟨fφ−−
jk ,θ| Ẑh |fφ−−

jk ,θ⟩
)︂
. (5.15)

And the expression is symmetric in the indices:

∂2

∂φk∂φj
⟨Ẑh⟩ =

∂2

∂φj∂φk
⟨Ẑh⟩ . (5.16)

In the special case where j = k, the same gate is shifted twice by ±π/2, yielding:

∂2

∂φ2
j

⟨Ẑh⟩ =
1

4

(︂
⟨fφ+π

j ,θ| Ẑh |fφ+π
j ,θ⟩ − 2 ⟨Ẑh⟩+ ⟨fφ−π

j ,θ| Ẑh |fφ−π
j ,θ⟩

)︂
. (5.17)

And the second-order derivative of the encoding function is:

d2φj

dx2
(x) =

−2jx
(1− x2)3/2

(5.18)

Just like the first-order derivative of the encoding function, and as illustrated in the Figure 5.8, the

second-order derivative of φj diverges as x approaches 1:

∀ j ∈ N∗, lim
x→1−

d2φj

dx2
(x) = −∞. (5.19)
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Figure 5.8: a) Second-order derivatives
d2φj

dx2 for j = 1 to 4, highlighting the divergence as x→ 1−.
b) Zoom-in on the region x ∈ [0.7, 1], showing the small differences between the second-order deriva-
tives.

5.2 Lagrange-encoded VQA

In addition to the study of the Chebyshev-encoded VQA proposed by Kyriienko et al. [4], this

thesis investigates how alternative encoding strategies and entanglement patterns could enhance the

previously introduced approach. As outlined in the preceding chapter, we developed two circuit

architectures that, although theoretically equivalent in terms of output, may offer distinct advantages

or drawbacks when implemented on actual quantum hardware. These differences arise from variations

in qubit count, circuit depth, gate complexity, and connectivity.

5.2.1 Function circuit

Encoding function

The encoding function is defined as φj(x) = arccos(x− xj), where xj denotes a centre parameter

specific to each qubit or encoding gate. This function is nonlinear, smooth, and strictly decreasing in

x, with domain x ∈ [−1, 1]. However, here x is restricted in the interval [0, 0.9], to ensure consistency

between the two polynimial-based approaches. The argument of the arccosine, (x − xj), is thus
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constrained to the interval [−0.9, 0.9]. To compare the behaviour of different input distributions

for encoding, three types of point sets over the interval [0, 0.9] are considered: equidistant points,

Chebyshev nodes of the first kind, and a variant using only positive Chebyshev nodes.

The first set consists of equispaced points, defined as n uniformly distributed values between 0 and

0.9. Although simple to construct, this distribution is known to suffer from large interpolation errors

at the boundaries due to Runge’s phenomenon, which appears when interpolating over equispaced

points induces oscillations near the endpoints [146].

The remaining two sets are based on Chebyshev nodes, recognised as optimal for avoiding the Runge

phenomenon [146]. These nodes are derived from the extrema and roots of Chebyshev polynomials,

and provide a distribution that naturally clusters more points toward the boundaries.

The first Chebyshev set, {x(1)i }i, corresponds to the classical Chebyshev nodes (originally defined on

[−1, 1]), rescaled to an arbitrary interval [a, b], here chosen as a = 0 and b = 0.9 for both encoding

constraints and numerical stability. It is defined as:

x
(1)
k =

a+ b

2
+
b− a
2

cos

(︃
2k − 1

2Npoints
π

)︃
, 0 ≤ k < Npoints. (5.20)

The second Chebyshev set, {x(2)i }i, includes only the positive Chebyshev nodes scaled to the interval

[0, b], again with b = 0.9. This yields:

x
(2)
k = b cos

(︃
2k − 1

4(Npoints − 1)
π

)︃
, 0 ≤ k < Npoints. (5.21)

These three sets produce visibly distinct point distributions, as soon as n ≥ 4. This is illustrated in

Figure 5.9 for Npoints = 10, highlighting the boundary clustering characteristic of Chebyshev-based

configurations compared to the uniform spacing of the equidistant case.
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Figure 5.9: Comparison of the three types of sets of encoding points for Npoints = 10.

Inspiration from the Hadamard test structure

The Lagrange polynomial encoding employed in both circuit structures is inspired by the Hadamard

test, illustrated in Figure 3.3.a. This approach is particularly advantageous due to its differentiation

techniques that require only a minimal number of circuit evaluations.

In the classical Hadamard test, the expectation value of the Pauli-Z operator measured on the control

qubit corresponds to Re(⟨a| Û |a⟩). To adapt this principle for Lagrange encoding, the controlled

unitary is replaced by a network of CNOT and R̂Y gates, allowing an efficient encoding of the Lagrange

basis while avoiding redundancy of gates. The underlying structure of the quantum feature map shown

in Figure 5.10, can be made explicit by rewriting the Hadamard test as follows:

|q0, a⟩ = (H ⊗ I) · CNOT0,a · (I ⊗ R̂Y (φj(x)) · CNOT0,a · (H ⊗ I) |0, a⟩ , (5.22)

where CNOT0,a denotes a controlled-NOT gate with control on the first qubit and target on the ancilla

qubit. This circuit first prepares a Bell state and then introduces the interpolation point xj through

the function φj = arccos(x− xj). The resulting quantum state is :

|q0, a⟩ = cos(φj/2) |00⟩+ sin(φj/2) |11⟩ . (5.23)

A measurement of the Pauli-Z observable on the first qubit then yields:

⟨q0, a| Ẑ0 |q0, a⟩ = (cos(φj/2))
2 − (sin(φj/2))

2 = cos(φj) = (x− xj). (5.24)
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Figure 5.10: Hadamard Test circuit written with the Lagrange encoding function.

Lagrange basis polynomials encoding

This idea is extended across n qubits and following the entanglement scheme of one of the two struc-

tures presented in Chapter 4, the quantum feature map encodes on each qubit in the first register, the

following polynomial :

⟨fφ(x)| Ẑj |fφ(x)⟩ =
n−1∏︂
i̸=j

(x− xi), (5.25)

which is proportional to the numerator of the Lagrange basis polynomials Lj :

Lj(x) =

n−1∏︂
i̸=j

(x− xi)
(xj − xi)

. (5.26)

To recover the full Lagrange basis polynomials, the denominator is obtained by evaluating the quantum

feature map at the interpolation node x = xj , yielding a constant denoted by ρj as defined in Equation

(4.17). Notably, ρj is independent of the variational parameters and can therefore be precomputed

and stored for reuse, assuming storage resources are available. This constant also compensates any

prefactor introduced by the measurement of the quantum feature map, ensuring that the encoded

polynomial amplitudes are correctly scaled.

Lagrange interpolation polynomial

The final Lagrange interpolation polynomial is assembled by applying a variational ansatz on top of

the Lagrange basis states. In this formulation, trainable weights are introduced via the variational

parameters θ:

⟨fφ,θ(x)| Ẑj |fφ,θ(x)⟩ =
n∏︂

i̸=j

αi,j(θ) · (x− xi). (5.27)
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Summing the contributions of all qubits in the first register, the quantum circuit evaluates the complete

interpolated function:

f(x) =
n−1∑︂
j=0

⟨fφ,θ(x)| Ẑj |fφ,θ(x)⟩
⟨fφ(xj)| Ẑj |fφ(xj)⟩

=
n−1∑︂
j=0

αj(θ)
n∏︂

i̸=j

(x− xi)
(xj − xi)

=

n−1∑︂
j=0

αj(θ) Lj(x). (5.28)

5.2.2 Quantum feature map circuit structures

In the case of two encoding points xj and xh, corresponding to n = 2, the extended quantum feature

map circuit that constructs the associated Lagrange polynomial basis takes the following form shown

in Figure 5.11. A Z-measurement on the first register yields two degree-1 polynomials, which, as

described previously, form the Lagrange basis over the two points {xj , xh}:

⟨Ẑ0⟩ = (x− xh)

⟨Ẑ1⟩ = (x− xj). (5.29)

These theoretical measurement outcomes can also be obtained using a reduced version of the circuit,

shown in Figure 5.12.

Figure 5.11: Extended quantum feature map circuit for n = 2 encoding points.

The difference between the two architectures lies in the number of qubits, and obviously how they are

entangled. The number of encoding and CNOT gates remains the same, so the distinction between

the two versions is not significant in this particular case.

In the case of three encoding points xj , xh, xk, the difference between the extended and reduced quan-

tum feature map circuits becomes more pronounced. These two architectures are shown respectively

in Figures 5.13 and 5.14.
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Figure 5.12: Reduced quantum feature map circuit for n = 2 encoding points.

Figure 5.13: Extended quantum feature map circuit for n = 3 encoding points.

A Z-measurement on the first register of both circuits yields the following degree-2 polynomials:

⟨Ẑ0⟩ = (x− xh)(x− xk)

⟨Ẑ1⟩ = (x− xk)(x− xj)

⟨Ẑ2⟩ = (x− xj)(x− xh). (5.30)

With the corresponding coefficients ρj = ⟨fφ(xj)| Ẑj |fφ(xj)⟩, the Lagrange basis is built, with Lj(x) =

1
ρj
⟨Ẑj⟩, as shown in the Figure 5.15, for three equispaced encoding points xj , xh, xk = 0, 0.45, 0.9.

The difference in qubit count is substantial: the reduced circuit uses only n + 1 qubits, whereas

the extended version requires 2n. In addition, the entangling network of CNOT gates scales more

favourably in the reduced circuit. In the extended version, the number of CNOTs grows roughly as

2n+ (n− 1), while in the reduced version, it scales linearly as 2n.

Furthermore, in the case of three encoding points, the extended circuit requires just three encoding

gates—one per input. In contrast, the reduced architecture introduces redundancy: due to the cyclic

structure of the entanglement pattern needed to reconstruct the full Lagrange basis, some encoding
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Figure 5.14: Reduced quantum feature map circuit for n = 3 encoding points.

Figure 5.15: Comparison between quantum observables and Lagrange basis polynomials:
a) Expectation values ⟨Ẑj⟩ from single-qubit measurements and corresponding degree-2 polynomials.
b) Scaled observables 1

ρj
⟨Ẑj⟩ and associated Lagrange basis functions Lj(x).

gates must be applied multiple times. Overall, the reduced circuit may offer a more resource-efficient

implementation, particularly in terms of qubit and gate counts, while maintaining equivalent theoret-

ical outputs.

5.2.3 Complete parametrised circuit

Finally, parametrised R̂X quantum gates are added to the end of the quantum feature map, yielding the

complete Lagrange interpolation polynomial: f(x) =
∑︁n−1

j=0 αj(θ) Lj(x) (Equation (5.28)). Returning

to the circuit with three encoding points, and now introducing variational parameters {θj}2j=0, a Z-
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measurement on the first register yields the following degree-2 polynomials, as shown in Figure 5.16:

⟨Ẑ0⟩ = (x− xh)(x− xk) cos(θ0)

⟨Ẑ1⟩ = (x− xk)(x− xj) cos(θ1)

⟨Ẑ2⟩ = (x− xj)(x− xh) cos(θ2). (5.31)

Figure 5.16: Reduced quantum parametrised circuit with Lagrange encoding for n = 3 encoding
points.

5.2.4 Entangling layers in the variational ansatz

As detailed in the quantum feature map subsection, this approach embeds entanglement directly within

the encoding. Even without additional entangling layers in the variational ansatz, the resulting circuit

yields not only a polynomial of degree n− 1, but specifically an interpolating polynomial expressed in

the Lagrange basis over the ring of polynomials Rn−1[X], given known encoding points xj and variable

x ∈ [0, 0.9], with coefficient bounds −1 ≤ αj(θ) ≤ 1. Here, the upper bound of 0.9 is chosen to match

the interval used in the Chebyshev encoded VQA, so that both approaches can be compared using

the same problem definition.

In other words, any real polynomial of degree n − 1, mapping the interval [0, 0.9] to [−n, n], can be

represented by this circuit through interpolation. But what happens if we now include entangling

layers in the variational ansatz? Returning to the previous example with three encoding points, the
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circuit then takes the form illustrated in Figure 5.17. This circuit leads to the Z-expectations:

⟨Ẑ0⟩ = (x− xh)(x− xk)

⟨Ẑ1⟩ = (x− xj)(x− xh)

⟨Ẑ2⟩ = (x− xh)2. (5.32)

Figure 5.17: Lagrange encoding for n = 3 followed by an entanglement layer.

Adding an entangling layer after the encoding does not increase the degree of the polynomial, as it

does in the case of Chebyshev encoding. Instead, it reorganises the contribution of each encoding

point, reshuffling the indices. Here the structure of the cost function can be questioned, and the aim

of the overall polynomial. By reshuffling the indices, and keeping the cost function defined earlier,

the final polynomial will not be the exact Lagrange interpolation polynomial over the the n encoding

points. However, by redefining the cost function coefficients ρj , the objective of the overall circuit,

and the role of the cost function, can evolve. This perspective is further developed in subsection 5.2.4.

Hardware Efficient Ansatz applied on Lagrange encoding

Finally, if we combine all elements to create a single layer of a hardware-efficient ansatz (HEA), the

circuit takes the form shown in Figure 5.18. The Z-expectation values on each qubit of the first register

become:

⟨Ẑ0⟩ = (x− xh)(x− xk) cos(θ0)

⟨Ẑ1⟩ = (x− xj)(x− xh) cos(θ0) cos(θ1)

⟨Ẑ2⟩ =
(︁
(x− xh)2 cos(θ0 + θ2) + sin(θ2) sin(θ0)

)︁
cos(θ1) (5.33)
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While we still observe second-degree polynomials, we also obtain a scalar contribution (degree zero).

This scalar acts as a vertical shift in the final function, which may prove useful when attempting

to satisfy boundary conditions. Additionally, the parameter θ0 appears particularly important. For

θ0 = ±π/2, we have cos(θ0) = 0, which cancels the first two Z-expectations entirely. Thus, a single

parameter can drastically alter the function’s behaviour.

Figure 5.18: Lagrange encoding for n = 3 followed by a layer of hardware efficient ansatz.

Of course, this analysis is valid for a single HEA layer. Adding more layers increases the complex-

ity both algebraically and in terms of parameter interaction. Regardless of how entanglement is

introduced, the analytical tools for computing circuit derivatives remain valid. As long as encoding

functions and variational parameters are introduced via Pauli rotations, as explained in Chapter 3,

the circuit remains differentiable. This property makes such circuits highly versatile and attractive

from both theoretical and practical perspectives.

As mentioned earlier, introducing entanglement in the variational part of the circuit modifies the

objective of the variational quantum algorithm itself. While the reshuffling of indices breaks the

strict Lagrange structure, it remains possible to retain a subset of the Lagrange polynomial basis by

redefining the cost function coefficients as ρj = ⟨fφ,ϑ(x)| Ẑj |fφ,ϑ(x)⟩, where ϑ is a vector of parameters

that may be fixed or variational. As illustrated in the Z-measurements of the three-point Lagrange

encoding followed by a hardware-efficient ansatz (Equation (5.33)), some values of ϑ can significantly

impact the outcome. For instance, setting all components of ϑ to ±π/2 cancels the Z-expectations

entirely. Similarly, choosing ϑ = 0 eliminates constant or cross terms and may discard information

relevant to lower or mixed degrees.
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From Lagrange interpolation to Hermite interpolation

The most intriguing scenario arises when the same index appears more than once in the expression,

resulting in squared Lagrange basis functions. This phenomenon is visible, for instance, in the Z-

measurement of the third qubit, ⟨Ẑ2⟩, in Equation (5.33). In classical interpolation, duplicating points

falls outside the scope of Lagrange interpolation, which requires all nodes to be distinct, but opens

up a new possibility: interpolating not only the values of the target function, but also its derivatives.

This perspective brings us into the scope of Hermite interpolation. The goal of Hermite interpolation

is to construct a polynomial of degree at most 2n− 1 over n distinct encoding points, such that both

the function and its derivative are interpolated at each point. One standard method to construct such

a polynomial is to use squares of Lagrange basis polynomials. This requires access to both the values

of the target function f(xj), which we already estimate using the differential equation itself, and the

values of its derivative f ′(xj) at the same encoding points. The Hermite interpolating polynomial

takes the form:

H(x) =
n∑︂

j=0

f(xj)Hj(x) +
n∑︂

j=0

f ′(xj)Ĥj(x), (5.34)

Hj(x) = [1− 2(x− xj)L′
j(xj)]L

2
j (x),

Ĥj(x) = (x− xj)L2
j (x).

However, while this approach appears promising, it falls outside the scope of the present PhD project

and has therefore not been explored further in this work.

5.2.5 Derivative circuits

One of the main motivations for developing the Lagrange encoding of the parametrised circuit in a

variational quantum algorithm designed to solve differential equations was to enable differentiation of

the circuit with respect to the variable x via the Hadamard test differentiation method, as presented in

the literature (see Figure 5.10). This technique allows the computation of the derivative with respect

to x while requiring only half the number of circuit evaluations compared to the parameter shift rule.
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First-Order Derivative of the encoding circuit

For the first-order derivative of the encoding circuit, applying the Hadamard test differentiation

method to the encoding circuit, as depicted in Figure 3.3, yields the following result for indices h ̸= j:

∂

∂φh
⟨fφ(x)| Ẑj |fφ(x)⟩ = ⟨fφ+

h
(x)| Ẑj |fφ+

h (x)⟩ . (5.35)

For the case h = j, since the jth qubit is not encoded through the encoding function φh, its derivative

is directly known to be zero:

∂

∂φj
⟨fφ(x)| Ẑj |fφ(x)⟩ = 0. (5.36)

Similarly to the Chebyshev encoding, the derivative with respect to the variable x is obtained through

the chain rule:

⟨fφ+
h
(x)| Ẑj |fφ+

h
(x)⟩ dφh

dx
=

n−1∏︂
k ̸=j
k ̸=h

(x− xk). (5.37)

It can be shown that:

n−1∑︂
h=0
h̸=j

1

ρj
⟨fφ+

h
(x)| Ẑj |fφ+

h
(x)⟩ dφh

dx
=

n−1∑︂
h=0
h̸=j

⎡⎢⎢⎣n−1∏︂
k ̸=h
k ̸=j

x− xk
xj − xk

⎤⎥⎥⎦ 1

x− xh

= Lj(x) ·
n−1∑︂
h=0
h̸=j

1

x− xh
= L′

j(x), (5.38)

where ρj is defined as in Equation (4.17), Lj(x) denotes the Lagrange basis polynomial, and L′
j(x) its

derivative. Consequently, the derivative of the function f with respect to x is expressed as:

df

dx
=

n−1∑︂
j=0

n−1∑︂
h=0
h̸=j

1

ρj
⟨fφ+

h ,θ| Ẑj |fφ+
h ,θ⟩

dφh

dx
=

n−1∑︂
j=0

αj(θ)L
′
j . (5.39)
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From this expression arises the cost function to be measured for each modified circuit |fφ+
k
(x)⟩ in the

evaluation of the derivative with respect to x, which is defined as:

Ĉk =
n−1∑︂
j=0
j ̸=k

1

ρj
Ẑj . (5.40)

To illustrate, with a set of five Chebyshev nodes of the first kind as encoding points, and a random

value of θ, the function arising from the cost function defined in Equation (4.17), as explicitly stated

in Equation (5.28), as well as its derivative obtained from the overall cost function
∑︁

k Ĉk defined in

Equation (5.40) and explicitly stated in Equation (5.39), has been plotted in Figure 5.19, where the

theoretical Lagrange interpolation polynomial P (x) and its derivative d
dxP (x) are built over the set of

points xi, with yi = f(xi), corresponding to the random function created by the quantum circuit.

Figure 5.19: Comparison between the output of the function circuit for a random variational parameter
over a set of five Chebyshev nodes of the first type (Equation (5.20)) and the theoretical Lagrange
interpolation polynomial, as well as their first order derivatives.
a) Function f arising from the cost function Ĉ and corresponding Lagrange polynomial P .
b) Derivative d

dxf obtained from the total cost
∑︁

k Ĉk and derivative of the polynomial d
dxP .
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Behaviour of the encoding function over the interval

Figure 5.20: a) Plot of the encoding functions φj applied to each qubit, for j = 0 to 4.

b) Corresponding analytical derivatives
dφj

dx , used for the automatic differentiation.

Regarding the encoding functions {φj}n−1
j=0 and derivatives { d

dxφj}n−1
j=0 (Equation (5.41)), which are

used to compute the derivative of the function with respect to the variable x via automatic differen-

tiation, they do not exhibit a fast divergent behaviour over the interval, as shown in Figure 5.20.

Additionally, what can be noticed is that, the highest amplitudes of the derivative are obtained with

the encoding function of the first and last point of the interval φ0, φn−1, which are the plain curves in

Figure 5.20, and every other encoding function will be contained between those two curves.

d

dx
φj(x) =

−1√︁
1− (x− xj)2

. (5.41)

Higher order derivatives

Similarly to the case of Chebyshev encoding, higher order derivatives are obtained by repeatedly

applying the same method described for the first order. In this context, the output for the derivative
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satisfies the following equation:

∑︂
h̸=j

∑︂
l ̸=(j,h)

1

ρj
⟨fφ++

h,l
(x)| Ẑj |fφ++

h,l
(x)⟩ dφh

dx
(x)

dφl

dx
(x)

=
∑︂
h̸=j

∑︂
l ̸=(j,h)

⎡⎢⎢⎣n−1∏︂
k=0
k ̸=j

x− xk
xj − xk

⎤⎥⎥⎦ 1

(x− xh)(x− xl)

= Lj(x) ·
n−1∑︂
h=1

h−1∑︂
k=0

2

(x− xh)(x− xl)
= L′′

j (x), (5.42)

Which yields to the expression of the second-order derivative:

d2f

dx2
=

n−1∑︂
j=0

∑︂
h̸=j

∑︂
l ̸=(j,h)

1

ρj
⟨fφ++

h,l ,θ
| Ẑj |fφ++

h,l ,θ
⟩ dφh

dx

dφl

dx
=

n−1∑︂
j=0

αj(θ)L
′′
j . (5.43)

From this expression arises the cost function to be measured for each modified circuit |fφ++
h,l ,θ

(x)⟩ in

the evaluation of the second-order derivative with respect to x, which is defined as:

Ĉk,l =
n−1∑︂
j=0

j ̸=k,j ̸=l

1

ρj
Ẑj . (5.44)

Differentiated encoding

Determining the derivative with respect to the variable x as described above relies on the chain rule,

since the derivative circuits can only be differentiated with respect to their encoding function, as

shown in Equation (5.39). However, although the arccosine function maps onto the interval [0, 1], its

derivative maps onto the interval [0, 1[, which restricts the window of training points and forces the

amplitude of its argument to remain strictly below 1.

However, due to the nature of this encoding, one encoding gate gives :

⟨0| R̂Y (φk(x))|Ẑ|R̂Y (φk(x)) |0⟩ = cos(φk(x)) = x− xk, (5.45)
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and looking at its derivative, we obtain:

d

dx
(cos(φk(x))) =

d

dx
(x− xk) = 1 (5.46)

=
d

dφk
(cos(φk)) ·

dφk

dx
(x) (5.47)

= −
√︁
1− (x− xk)2 ·

−1√︁
1− (x− xk)2

= 1. (5.48)

This shows that the chain rule imposes an unnecessary constraint on the value of (x− xk), since it is

ultimately cancelled out between the two terms. Consequently, this allows us to rewrite the derivatives

using a modified circuit |fdφk,θ(x)⟩, where φk(x) is replaced by dφk(x) = arccos(1) = 0, which implies

that R̂Y (dφk(x)) = 1, so the corresponding gate can be removed.

This method allows us to exploit a larger range of values and therefore a larger magnitude for the

encoding output, since the argument of the arccosine function no longer needs to remain strictly below

1. It also removes one gate for the first order derivative and two gates for the second order derivative.

Although the resulting values are identical to those obtained with the Hadamard test differentiation

method, combined with the chain rule, and both approaches require the same number of circuits. The

differentiated encoding offers the crucial advantage of enabling a larger encoding amplitude, which is

essential for practical implementation, as we discuss in the Chapter 6.

5.3 Variational Ansatz

As presented earlier in Chapter 3, the variational ansatz plays a central role in a variational quantum

algorithm. It organises and distributes the influence of each parameter θj across the quantum circuit,

shaping how the quantum state space is explored during training. This, in turn, determines both the

expressivity and the trainability of the algorithm.

Most ansätze used in practice are based on the hardware-efficient ansatz, whose structure introduces

entanglement through native gate patterns and encodes weights via parametrised rotations. This is,

for instance, the approach taken in the work of Kyriienko et al. [4]. However, as we have discussed,

in the case of Lagrange encoding, the quantum state is already entangled prior to the application of

the variational ansatz. As a result, additional entangling layers may not always be necessary.
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Furthermore, the rotational blocks used in the ansatz can be adapted to the specific problem. In

the work of Kyriienko et al. [4], the authors used the same sequence as proposed by Kandala et al.

[135] Û j,l(θ) = R̂Z(θ
j,l
2 )R̂X(θj,l1 )R̂Z(θ

j,l
0 ), which, when applied to a general single-qubit state |ψ⟩ =

α |0⟩+ β |1⟩ , (α, β) ∈ C2, yields:

R̂Z(θ2)R̂X(θ1)R̂Z(θ0) |ψ⟩ =
(︃
αe−iθ0/2 cos

(︃
θ1
2

)︃
− iβeiθ0/2 sin

(︃
θ1
2

)︃)︃
e−iθ2/2

+

(︃
−iαe−iθ0/2 sin

(︃
θ1
2

)︃
+ βeiθ0/2 cos

(︃
θ1
2

)︃)︃
eiθ2/2. (5.49)

This block structure is expressive, as it introduces three variational parameters per qubit per layer.

However, it also comes with practical drawbacks. A higher number of parameters increases the risk of

encountering trainability issues, including convergence to local minima and barren plateaus. Moreover,

it increases the depth of the circuit and the total number of gates, which is problematic on NISQ devices

due to short coherence times and hardware noise.

In addition, a large number of variational parameters leads to a higher number of partial derivatives

to compute at each optimization step, thus requiring a significantly greater number of quantum circuit

evaluations for gradient estimation. For this reason, when expressivity is not a limiting factor, it may

be preferable to simplify the rotation block to a single gate, for instance:

Û j,ℓ(θ) = R̂X(θj,ℓ), (5.50)

which, when applied to the state |ψ⟩ = α |0⟩+ β |1⟩, yields:

R̂X(θ) |ψ⟩ = α cos

(︃
θ

2

)︃
− iβ sin

(︃
θ

2

)︃
− α sin

(︃
θ

2

)︃
+ β cos

(︃
θ

2

)︃
. (5.51)

5.3.1 Gradients with respect to the variational parameters

As the chosen classical optimizer relies on gradient-based updates, the gradient of the cost function

with respect to the variational parameters must be computed at each iteration. This is required not
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only for the main function circuit |fφ,θ⟩, but also for the additional circuits used to compute derivatives

with respect to the input variable x.

To estimate these gradients efficiently, we use the parameter-shift rule, as introduced in the Chapter

4. For the function circuit, this yields:

∇θfφ,θ =

(︃
∂fφ,θ
∂θ0

,
∂fφ,θ
∂θ1

, . . . ,
∂fφ,θ
∂θm

)︃
,

∂fφ,θ
∂θj

=
1

2

(︂
⟨fφ,θ+j | Ĉ |fφ,θ+j ⟩ − ⟨fφ,θ−j | Ĉ |fφ,θ−j ⟩

)︂
(5.52)

where θ±j denotes the vector θj with the jth component shifted by ±π/2, and Ĉ is the cost observable.
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5.4 Summary

In this chapter, we examined in greater detail polynomial-encoded variational quantum algorithms.

We observed that the Chebyshev-encoded VQA produces a polynomial whose degree grows rapidly

with the number of qubits and the depth of the hardware-efficient ansatz. We clarified the role of

entanglement and the construction of the derivative quantum circuit. This analysis highlighted a key

limitation: the first- and second-order derivatives of the Chebyshev encoding function diverge near

the end of the domain, suggesting that applying this method to higher-order differential equations

may pose significant training challenges.

For the Lagrange-encoded VQA, we analysed the circuit structure and its ability to reproduce Lagrange

interpolation, along with the evaluation of derivatives, which do not exhibit divergent behaviour. We

also discussed how introducing entanglement after the encoding can modify the type of interpolation,

for instance by redistributing the encoding points or encoding the squares of the Lagrange polynomials,

which could be used in Hermite interpolation. This latter extension is a potential direction for future

work and was not explored in the present study.

Finally, we investigated an alternative approach to determine the derivative with respect to x using

differentiated encoding, which removes the constraints imposed by the chain rule on the values that

the encoding function can take, allowing its amplitude to be maximised, a key factor in ensuring its

feasibility, as discussed in the next chapter.
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Chapter 6

Quantum Circuit Simulation and

Complexity Estimation

6.1 Quantum Circuit Simulation

The application of the two polynomial-based VQAs presented earlier to an actual quantum device

lies outside the scope of this thesis. Nevertheless, to better understand how the structure of a given

VQA may affect its feasibility on real hardware, we investigate the impact of executing it on quantum

processor simulators: we first employ the noise-free simulator AerSimulator and the noisy simulator

FakeNairobiV2 from IBM-Qiskit.

Although a detailed study of noise is not included in this work, it is instructive to have a brief idea of

its influence on measurement outcomes, and therefore of how far we are from applying these VQAs to

real devices, as well as what can be prioritised in their design to limit noise sources and ensure their

feasability. The IBM’s FakeNairobiV2 simulator mimics a 7-qubits NISQ device based on calibration

data from previous years. While this model does not perfectly reproduce the behaviour of today’s

most advanced devices, it provides a reasonable approximation of the average performance of a NISQ

device.
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Quantum circuit measurement

The measurement of a quantum circuit executed on quantum hardware is probabilistic. Each run of

the circuit ends with a readout, where every qubit yields either 0 or 1, as the quantum state collapses

with a probability given by the squared magnitude of the corresponding amplitude in the quantum

statevector. Consequently, as discussed in the literature review, a single measurement cannot retrieve

the full information encoded in the state. In a measurement performed in the computational basis, or

Z-basis measurement, the goal is to estimate as accurately as possible the probabilities |α|2 and |β|2

of the quantum state |φ⟩ = α |0⟩+ β |1⟩.

When working on the theoretical aspect of quantum algorithms, the use of statevectors to “measure”

the circuit is preferred, as it enables the exact extraction of the values α and β, and consequently

the amplitudes |α|2 and |β|2, while remaining significantly more efficient to compute. However, when

it comes to real devices or simulations, the measurement is achieved by running the circuit a cer-

tain number of times, referred to as shots, to estimate p0 = |α|2 and p1 = |β|2 from the observed

measurement statistics, to be able to perform ⟨Ẑ⟩ = p0 − p1 as accurately as possible.

One can naturally think that increasing the number of shots improves the precision of the measurement.

However, this improvement is not linear. Beyond a certain point, increasing the number of shots no

longer yields a significant increase in accuracy, since the statistical uncertainty scales as 1/
√
Nshots

with Nshots the number of shots, and increasing the number of shots would cost time and resources

without particularly increasing the precision.

This statistical uncertainty can be expressed as a percentage of the measured value. Consequently, it

is natural to expect that larger magnitudes of the expected value require fewer shots to reach a given

target accuracy. For quantum systems, expectation values are confined within [−1, 1], so the upper

limit of the magnitude is 2. In this section, we illustrate how optimizing the encoding to increase

the magnitude can improve the accuracy of the sampling measurement outcome for a fixed number

of shots. As shown in Figure 6.1, for small magnitudes, achieving an uncertainty of 0.5 to 1% is

impossible. However, when approaching the upper limit, significant accuracy can be obtained with

only a few thousand shots. Consequently, simulating a circuit over Nshots and measuring the register

yields, for each shot, a bitstring such as ’101’ for a three qubit register. After Nshots, each bitstring is

associated to a count and probability. If we want to obtain individual probabilities for every qubit of an
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Figure 6.1: Evolution of the order of magnitude of the number of shots required to reach a given
accuracy for different measured value magnitudes. a) for values between 0.1 and 2, b) for values
between 1 and 2.

n qubit register, we can measure all qubits simultaneously and compute, for example, the probability

of the first qubit being in state |0⟩ as p(q0 = 0) =
∑︁

s p(0s1s2...sn−1), where sk is the kth bit. Hence,

a run of the circuit gives access to the measurement statistics of all qubits in the register.

Quantum measurement of the Lagrange encoding

The Lagrange encoding developed in this work had the main objective to propose an encoding that

would reduce the computational requirements of polynomial-based VQAs to solve differential equa-

tions. With this in mind, the key points were to limit the number of qubits, gates, depth, and circuits.

Two structures of the same overall idea have been presented in Chapter 4, presenting the same en-

coding function φj(x) = arccos(x− xj). In this section, we look at how slight changes in this function

can improve its feasibility and potential application to a real device.

First encoding function First, this function has been studied on a theoretical level only, leading

to the introduction of a coefficient 1
2 to avoid the divergent behaviour of the arccosine function close

to 1, at the extremity of the interval [0, 1], as presented in our paper [1]. In Chapter 5, we have

seen that, without the coefficient, this behaviour is not yet problematic for the first nor second order

derivative. But additionally, while adding a coefficient does not impact the theoretical output as it

will be compensated in the cost function Ĉ with the division by ρj (Equation (5.28)), the quick study
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on the simulator highlighted its practical impact. Looking at the quantum feature map circuit, the

original and naive version of the encoding function ϕj(x) = arccos
(︂
x−xj

2

)︂
, resulted in the measurement

of the jth qubit of:

⟨fϕ,θ(x)| Ẑj |fϕ,θ(x)⟩ =
1

2n−1

n−1∏︂
j ̸=k

(x− xk), (6.1)

The value becomes very small as the system size n increases. Since the product
∏︁n−1

j ̸=k (x − xj) has a

maximum amplitude of 1, the prefactor 1/2n−1 causes the overall value to decrease with n. This has

a direct impact on the feasibility of the circuit. The smaller the circuit outcome, the more difficult

it becomes to measure it with acceptable accuracy. Eventually, the outcome will vanish, becoming

negligible compared to the inherent sampling noise.

Version 1: Naive improvement of the encoding function The first idea to address this issue

was simply to remove the coefficient, leading to the encoding function φj(x) = arccos(x− xj). How-

ever, this still did not appear optimal, as it resulted in a value still too small to be measured efficiently

given the number of shots used in the simulation. For a system of six qubits, the measurement of

the first and second qubits of the quantum feature maps using the noise-free simulator gave the result

shown in figure 6.2:

Figure 6.2: Version 1 - Lagrange quantum feature map circuit simulation on the IBM-Qiskit AerSim-
ulator, using 5, 10 and 50 thousands shots, in comparison to the statevector value.
a) Z-measurement of the first qubit, and b) Z-measurement of the second qubit.
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Version 2: Introduction of smarter weights in the encoding function The next idea that

comes naturally, would be to introduce a weight wk in the arccos function of the encoding function

to amplify the output amplitude of the circuit while respecting the domain of existence of the arccos

function [−1, 1], leading to the following proposition:

ψk = arccos

(︃
x− xk
wk

)︃
with, (6.2)

wk = max(|xk|, |0.9− xk|). (6.3)

While not impacting the theoretical output as the weight is fixed for each gate and is cancelled out in

the cost function, it greatly improved the readability of the circuit, as shown in the simulation results

in the figure 6.3. This allowed the reduction of the average mean square error between simulated

circuit reading and the output deducted from the statevector by a factor of 33 for the first qubit

measurement and by a factor of 11 for the second qubit. The average mean square error is computed

over M = 50 equispaced points with:

MSE =
1

M

M−1∑︂
j=0

(︁
fsamplev(xj)− fstatevectorv(xj)

)︁2
. (6.4)

To allow a fair comparison across different versions, the MSE must be rescaled to account for the

coefficientWv introduced by the quantum feature map, which depends on the version v. This coefficient

can be computed analytically at any point xj as:

W1 = 1, and for v = 2, 3 : Wv =
fstatevector0(xj)

fstatevectorv(xj)
. (6.5)

The scaled MSE is then:

MSE =
1

M

M−1∑︂
j=0

(︁
Wv fsamplev(xj)− fstatevector1(xj)

)︁2
. (6.6)

On a side note, it is important to mention that the encoding function constructed here produces an

argument of the arccosine that reaches 1 at the extremities of the interval. This implies that the

differentiated encoding should be used instead of the automatic differentiation based on the chain

rule, as explained in Section 5.2.5.
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Figure 6.3: Version 2 - Lagrange quantum feature map circuit simulation on the IBM-Qiskit AerSim-
ulator, using 5, 10 and 50 thousands shots, in comparison to the statevector value.
a) Z-measurement of the first qubit, and b) Z-measurement of the second qubit.

Version 3: Optimized structure While the previous result can already be regarded as close to

optimal, since with a sufficiently large number of shots the output approaches the expected statevector

value, a few additional adjustments can still be introduced to improve readability, particularly for the

measurement of the second qubit, whose amplitude is smaller. This reduced visibility arises from the

fact that measurements of the intermediate qubits, meaning all qubits except the first and the last in

the register, involve the product:

(x− x0)
w0

· (x− xn−1)

wn−1
=

(x− x0)(x− xn−1)

0.92
. (6.7)

This expression can be improved, since when x is near the beginning of the interval, (x− x0) ≃ 0 and

(x−xn−1) ≃ 0.9, whereas at the end of the interval (x−x0) ≃ −0.9 and (x−xn−1) ≃ 0. Consequently,

the structure of the quantum feature map circuit can be slightly reconfigured by combining the previous

encoding function ψk with the following additional function:

ψ∗
k,l = arccos

(︃
(x− xk)(x− xl)

wk,l

)︃
, with (6.8)

wk,l = max
(︁
|xkxl|, |(0.9− xk)(0.9− xl)|, |(xk − xl)/2|2

)︁
.

In the example here of 6 qubits (thus a register of 5 qubits measured), the circuit structure is slightly

changed, as pictured in the figure 6.4.
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Figure 6.4: Reduced six-qubit function circuit with third-version Lagrange encoding

With this slightly modified structure, the average mean square error between the simulated circuit

readings and the statevector-derived outputs is reduced by a factor of 592 for the first qubit and by

a factor of 265 for the second qubit, which is quite significant and can be clearly identified in Figure

6.6.

Once again, the encoding function constructed here has an arccosine argument that reaches 1 at the

extremities of the interval. Consequently, the differentiated encoding is preferred in this case over the

automatic differentiation based on the chain rule, as explained in Section 5.2.5.

Figure 6.5: Version 3 - Lagrange quantum feature map circuit simulation on the IBM-Qiskit AerSim-
ulator, using 5, 10 and 50 thousands shots, in comparison to the statevector value.
a) Z-measurement of the first qubit, and b) Z-measurement of the second qubit.
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Comparison of the three versions Finally, the best outputs of the three versions are compared

in Fig. 6.6 and summarised in Table 6.1. In the figure, the results are rescaled using the fixed weights

introduced earlier, enabling direct comparison in terms of mean square error (MSE) and allowing them

to be plotted together.

Figure 6.6: Comparison of the three versions (V1, V2, V3) of the Lagrange quantum feature map
circuit simulated on the IBM Qiskit AerSimulator with 50 thousands shots and the statevector value.
a) Z-measurement of the first qubit. b) Z-measurement of the second qubit.

Table 6.1: Comparison of three Lagrange encoding versions with scaled MSE for ⟨Ẑ0⟩ and ⟨Ẑ1⟩, and
improvement factors over Version 1.

Encoding
function

MSE scaled

⟨Ẑ0⟩
MSE scaled

⟨Ẑ1⟩
Improvement
relative to V1

Version 1 φk 2.5× 10−5 2.0× 10−5 –
Version 2 ψk 7.4× 10−7 1.7× 10−6 By factors of 33 and 11
Version 3 ψk and ψ∗

k,l 4.2× 10−8 7.7× 10−8 By factors of 592 and 265

Introduction of noise Finally, considering the best outcome obtained with the third version of the

encoding, the same quantum feature map circuit was simulated using the FakeNairobiV2 backend.

This simulator implements a noise model derived from data collected up to December 2021 on the real

quantum device named Nairobi, incorporating gate error rates for each type of basic gate, relaxation

and coherence times, as well as readout errors. In this example, the simulation with noise exhibits

larger oscillations and a small shift of the function across the entire interval, together with a reduced

amplitude, particularly for the measurement of the second qubit. Nevertheless, the underlying trend

remains discernible.
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Figure 6.7: Comparison of the third version of the Lagrange quantum feature map circuit simulated
on noise-free AerSimulator and noisy FakeNairobiV2 simulator using 50 thousand shots, referenced
to the statevector result. a) Z-measurement of the first qubit, and b) Z-measurement of the second
qubit.

Simulation of a random function

Finally, to assess the impact of the variational ansatz and the complete cost function, the circuit was

executed with random variational parameters θ, arranged either as a single R̂X gate or as a two-gate

sequence R̂Z − R̂X .

Figure 6.8: Impact of noise on the Lagrange encoded function circuit for two HEA, evaluated under
the two measurement settings. Simulations were performed with 5 and 10 thousand shots on both
the noise-free AerSimulator and the noisy FakeNairobiV2 simulator, in comparison to the statevector
value a) Single-gate sequence R̂X , and b) Two-gate sequence R̂Z − R̂X .
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Figure 6.9: Impact of noise on the Lagrange encoded function circuit for two HEA, evaluated under
the two measurement settings. Simulations were performed with 50 thousand shots on both the noise-
free AerSimulator and the noisy FakeNairobiV2 simulator, in comparison to the statevector value a)
Single-gate sequence R̂X , and b) Two-gate sequence R̂Z − R̂X .

In both cases, the noise introduces oscillations and appears to reduce the amplitude of the output.

The circuits were executed with five, ten, and fifty thousand shots. For the results with five and ten

thousand shots shown in Figure 6.8, we observe in both ansätze that the simulations performed in the

noisy environment display more pronounced oscillations than in the noise free environment, while still

preserving a clear overall trend of the solution.

In Figure 6.9, we see that increasing the number of gates in the sequence of the variational ansatz

decreases the accuracy, both in the noise free environment when using sampling measurements and

even more in the noisy environment, whereas for the single gate sequence the noisy result remains

relatively close to the noise-free one.

Simulation of a random function with Kyriienko et al. VQA

In a similar approach, we looked here at the measurement of a function circuit inspired from the

work of Kyriienko et al. [4], with a structure over 6 qubits and a depth of 5, for a HEA sequence of

only a single R̂X gate and a three-gate sequence R̂Z − R̂X − R̂Z , simulating a random function, first

with the IBM Qiskit noise-free AerSimulator quantum simulator and then with the noisy simulator

FakeNairobiV2.
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Figure 6.10: Comparison of a Chebyshev-encoded circuit implemented with two hardware-efficient
ansätze, evaluated under two measurement settings. Simulations were performed on the IBM Qiskit
noise free AerSimulator and noisy FakeNairobiV2, using 5 and 10 thousand shots, and compared to
the Statevector value. a) Single-gate HEA sequence R̂X , b) Three-gate HEA sequence R̂Z− R̂X− R̂Z .

Figure 6.11: Comparison of a Chebyshev-encoded circuit implemented with two hardware-efficient
ansätze, evaluated under two measurement settings. Simulations were performed on the IBM Qiskit
noise free AerSimulator and noisy FakeNairobiV2, using 50 thousand shots, and compared to the
Statevector value. a) Single-gate HEA sequence R̂X , b) Three-gate HEA sequence R̂Z − R̂X − R̂Z .

Noise-free simulation In Figures 6.10 and 6.11, the result obtained for the single-gate HEA circuit

in a noise-free environment is similar than the one observed for the third version of the Lagrange

encoding. The oscillations around the statevector value gradually decrease as the number of shots

increases, up to fifty thousand.
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Simulation with noise With the introduction of noise in the function circuit simulation, as illus-

trated in Figure 6.10 and 6.11, we again observe that the presence of noise amplifies the oscillations

compared to the noise-free case, and introduces this time a more significant shift in the solution, along

with a reduction in overall magnitude. Nevertheless, the general trend remains clearly identifiable.

6.1.1 Summary

This brief analysis helps to contextualize the algorithms discussed and evaluated in this work. It

clearly demonstrates that the raw output from a noisy quantum device cannot be used directly and

will require post-processing techniques for error mitigation. By adjusting certain fixed coefficients,

we observed that the Lagrange encoding can be improved between the initial version proposed in

our paper [1] and the third version presented in this section. Future work will therefore include

a deeper investigation to improve the quantum feature map circuit measurement sampling output.

While a higher number of parameterized gates in the HEA would be expected to lead to greater noise

accumulation, this behaviour was not clearly observed when using the simulator FakeNairobiV2 on

the Chebysehv-encoded VQA, which actually contains a high number of variational gates. Finally,

obtaining results that are both interesting and sufficiently accurate comes at a cost, as they appear to

require a very high number of shots for each circuit evaluation. In the context of solving differential

equations, this overhead propagates to the computation of the function circuit itself, its derivatives

with respect to x, and the gradient with respect to θ. As shown in the previous chapter, the number

of evaluations per iteration is already substantial. The situation becomes even more demanding

with a three-gate HEA, as it introduces three times as many parameterized gates and, consequently,

three times as many partial derivatives for gradient estimation. Therefore, when possible, it looks

preferable to prioritise an HEA with fewer gates, reducing the number of circuits required to estimate

the gradient.
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6.2 Derivative Quantum Circuit Simulation

In the previous section, we observed that sampling measurements obtained from a simulator or quan-

tum hardware differ from the exact statevector values. Within the context of reducing the overall

complexity of the variational quantum algorithm, the goal is not only to decrease the number of gates

and parameters, but also to minimize the number of circuits required in a single iteration. As discussed

in the previous chapter, a key feature of VQAs lies in the ability to compute exact analytical deriva-

tives of the circuit function. This is achieved using either the parameter-shift rule or the Hadamard

test differentiation, combined with the chain rule [4], [106], [134], or differentiated encoding (Section

5.2.5) which strongly distinguished quantum approaches from classical finite element methods.

Computing the analytical quantum derivative requires between nM and 2nM derivatives quantum

circuits, with n being the number of encoding gates and M the number of points considered, which

are the training points in most cases. This raises the question of whether alternative methods, such as

the forward difference approximation (FDA) or the central difference approximation (CDA), could be

employed to reduce the number of required circuits by a factor of n or 2n. Although FDA and CDA

are closely related to finite element methods, they do not necessitate a fine mesh across the entire

interval, which would not be appropriate in our setting, as the objective is to train the parameterized

circuits on a small number of points, typically up to 20. It is important to note that VQAs based on

polynomial interpolation are, by definition, spectral methods. For each training point x within the

chosen interval, we can compute the parameterized circuit at the perturbed value x + ϵ, where ϵ is

assumed to be small, leading to the definition of a first and second order accurate methods:

FDA:
df

dx
=
f(x+ ϵ)− f(x)

ϵ
+ o(ϵ) (6.9)

CDA:
df

dx
=
f(x+ ϵ)− f(x− ϵ)

2ϵ
+ o(ϵ2). (6.10)

In this case, applying the FDA requires only M additional circuit evaluations, on top of those already

needed to compute the function f itself, while the CDA requires 2M additional circuits. Although

these methods appear appealing in terms of reducing computational resources, we will examine in

this section the cases in which they can be employed and how they differ from the exact derivatives

obtained through dedicated derivative quantum circuits.
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As discussed in the previous section, when simulating quantum circuits to study quantum algorithms,

one can either work with the ideal measurement obtained directly from the statevector of the circuit,

or employ a simulator that uses sampling-based measurements, aiming to mimic either a noise-free

quantum system or a realistic noisy device. The final step typically involves testing on an actual

quantum processor, depending on the stage of algorithm development. In this work, we primarily

focus on the first approach, while examining the second with some curiosity in this chapter. As

highlighted in Chapter 3, simulating VQAs can be computationally expensive. In this section, we will

explore strategies to adapt and optimize the simulation process, transitioning from statevector-based

simulations to sampling-based simulations.

6.2.1 Derivatives of Chebyshev-encoded VQCs

For a Chebyshev-encoded parameterized quantum circuit with n = 4 qubits and depth d = 3, con-

structed with random variational parameters θ, the application of the FDA on ideal statevector mea-

surements becomes relevant for values of ϵ starting from 1 · 10−2. The mean square error (MSE)

between the derivatives obtained using the parameter-shift rule (PSR) and those computed via FDA

decreases as the finite difference step ϵ becomes smaller, as illustrated in Figure 6.12.

Figure 6.12: Comparison between derivatives obtained using the Parameter-Shift Rule (PSR) and the
Forward Difference Approximation (FDA) from ideal statevector measurements, applied to a random
function constructed with a Chebyshev-encoded parameterized quantum circuit (n = 4, d = 3). a)
Derivative with respect to x computed using PSR and FDA. b) Mean Square Error (MSE) between
PSR and FDA derivatives.
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When considering sampling-based measurements on the noise-free simulator AerSimulator [147] (using

50 thousands shots) from IBM Qiskit, the performance of the FDA drops significantly, suggesting a

variance amplification due to finite differences. In Figure 6.13.a), the FDA result that appears most

accurate corresponds to a relatively large value of ϵ. Larger step sizes were also tested, but they

produced results so poor that including them would have obscured the oscillations and inaccuracies

visible in the three cases presented.

Examining the MSE in Figure 6.13.b), the three FDA outcomes exhibit similar and poor accuracy

overall. In contrast, the PSR result, shown in red, remains robust. Even under sampling-based

measurements, the PSR derivative not only outperforms FDA but also nearly overlaps with the ideal

statevector-based PSR result, highlighting its reliability.

Figure 6.13: Comparison between derivatives obtained using the Parameter-Shift Rule (PSR) and
the Forward Difference Approximation (FDA) from sampling-based measurements on a noise-free
simulator, as well as PSR from the ideal statevector measurement. The test function is constructed
with a Chebyshev-encoded parameterized quantum circuit (n = 4, d = 3). a) Derivative with respect
to x computed using PSR and FDA. b) Mean Square Error (MSE) between PSR and FDA derivatives.

Finally, when applying the Central Difference Approximation (CDA) with sampling-based measure-

ments on the noise-free simulator, the most accurate result still corresponds to a relatively large step

size ϵ. Although CDA demonstrates significantly higher accuracy compared to FDA for similar values

of ϵ, its performance remains inferior to that of the Parameter-Shift Rule, which continues to provide

the most reliable results, as shown in Figures 6.13.b) and 6.14.b).
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Figure 6.14: Comparison between derivatives obtained using the Parameter-Shift Rule (PSR) and the
Central Difference Approximation (CDA) from sampling-based measurements on a noise-free simula-
tor, as well as PSR from the ideal statevector measurement. The test function is constructed with a
Chebyshev-encoded parameterized quantum circuit (n = 4, d = 3). a) Derivative with respect to x
computed using PSR and CDA. b) Mean Square Error (MSE) between PSR and CDA derivatives.

6.2.2 Derivatives of Lagrange-encoded VQCs

Figure 6.15: Comparison between derivatives obtained using the Hadamard test differentiation (HT)
and the Forward Difference Approximation (FDA) from ideal statevector measurements, applied to
a random function constructed with a Lagrange-encoded parameterized quantum circuit (with the
second version of the encoding function) with n = 4 qubits. a) Derivative with respect to x computed
using HT and FDA. b) Mean Square Error (MSE) between HT and FDA derivatives.
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This time looking at a Lagrange-encoded parameterized quantum circuit (with the second version of

the encoding function) with n = 4 qubits, constructed with random variational parameters θ, the

application of the FDA on ideal statevector measurements becomes relevant for values of ϵ starting

from 1 · 10−2, similarly to the Chebyshev-encoded circuit. The mean square error (MSE) between the

derivatives obtained using the Hadamard test differentiation (HT) and those computed via FDA does

not systematically decrease as the finite difference step ϵ becomes smaller, as illustrated in Figure

6.15.

As observed for the Chebyshev encoding, the performance of the FDA deteriorates markedly under

sampling-based measurements on the noise-free simulator AerSimulator [147], likely due to variance

amplification inherent to finite differences, as illustrated in Figure 6.16.

Figure 6.16: Comparison between derivatives obtained using the Hadamard test differentiation method
(HT) and the Forward Difference Approximation (FDA) from sampling-based measurements on a
noise-free simulator, as well as HT from the ideal statevector measurement. The test function is
constructed with a Lagrange-encoded parameterized quantum circuit (n = 4 qubits, version 2). a)
Derivative with respect to x computed using HT and FDA. b) Mean Square Error (MSE) between
HT and FDA derivatives.

Remark As a side note, it is worth highlighting that when using the second version of the Lagrange

encoding function introduced earlier, sampling-based measurements with AerSimulator remain highly

accurate for the function itself, as shown in Figure 6.17(a). More interestingly, Figure 6.17b) reveals

that the derivatives computed via derivative quantum circuits exhibit an almost perfect overlap be-

tween statevector-based ideal measurements and sampling-based measurements. This observation is
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particularly noteworthy, as it suggests that the sum of all partial derivatives with respect to each

encoding gate may effectively average out statistical fluctuations, thereby smoothing the result. This

effect is visible not only with the Parameter-Shift Rule, as previously discussed, but also with the

Hadamard test differentiation method (using automatic differentiation or differentiated encoding),

which requires only n evaluations.

Figure 6.17: Comparison from ideal statevector measurements and the AerSimulator sampling mea-
surements, for, a) the function circuit f , b) the derivative of the function circuit using the Hadamard
test differentiation method

Finally, although one might have expected an improvement in accuracy when moving from FDA to

CDA for the Lagrange-encoded VQC, Figure 6.18 demonstrates that this is not the case. Even the

MSE, shown in Figure 6.18.b), does not indicate any notable improvement between the two meth-

ods. While for Chebyshev-encoded circuits, CDA could potentially be applied to simulated sampling

measurements and eventually to real-device implementations, using a carefully chosen step size to ac-

celerate the algorithm and reduce complexity without significantly compromising accuracy, the large

oscillations observed here discourage the use of either CDA or FDA. In this context, derivatives com-

puted via derivative quantum circuits clearly outperform finite-difference approximations.
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Figure 6.18: Comparison between derivatives obtained using the Hadamard test differentiation method
(HT) and the Central Difference Approximation (CDA) from sampling-based measurements on a noise-
free simulator, and HT from the ideal statevector measurement. The function is constructed with a
Lagrange-encoded parameterized quantum circuit (n = 4 qubits, version 2). a) Derivative with respect
to x computed using HT and CDA. b) Mean Square Error (MSE) between HT and CDA derivatives.

6.2.3 Summary

The quick analysis of the use of finite difference approaches to determine Chebyshev- and Lagrange-

encoded circuit derivatives help to draw some conclusions. When simulating derivatives using ideal

statevector measurements, FDA provides a computationally attractive approach, requiring only M

additional circuit evaluations. This makes it appealing for early-stage algorithm development, as clas-

sical simulation of VQAs remains expensive in computational resources. However, when considering

sampling-based measurements, even on a noise-free simulator, FDA suffers from variance amplifica-

tion, resulting in poor accuracy. CDA improves over FDA in some cases, but it still underperforms

compared to derivative quantum circuits, particularly for Lagrange-encoded VQCs where oscillations

are pronounced.

Derivative quantum circuits consistently yield highly accurate results, both for Chebyshev- and Lagrange-

encoded circuits, we noticed an almost perfect overlap between statevector and sampling-based simu-

lations. This suggests that summing over partial derivatives can average out statistical fluctuations,

highlighting the robustness of quantum differentiation techniques.

Overall, while FDA is useful for exploratory simulations in the early stage, derivative quantum circuits
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provide the most reliable results and are essential when evaluating the true complexity of VQAs. These

findings underscore the promise of quantum spectral methods, in which exact analytical derivatives

are essential not only for computing derivatives with respect to x, but also for obtaining gradients

with respect to θ, which drive the training of parameterized quantum circuits.
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6.3 Variational Quantum Algorithm Runtime

6.3.1 Runtime of VQAs on quantum computers

Running quantum algorithms on real devices is fundamentally different from classical simulation. As

discussed in Chapter 2, the runtime of a quantum circuit can be expressed as a sequence of steps, each

corresponding to a set of gates executed in parallel. The duration of these steps depends on the type

of operations applied. For simplicity, the runtime can be classified into three categories: single-qubit

gates, two-qubit gates, and measurement. As shown in Section 2.4, execution times vary depending on

the hardware considered, but a general hierarchy can be observed: measurement typically takes around

one to five times longer than two-qubit gates, which themselves are about an order of magnitude slower

than single-qubit gates.

Considering the two polynomial-encoded VQAs described so far, and assuming ideal connectivity and

no error correction (since the latter would introduce additional CNOT gates and limit parallelisation),

we can estimate their respective minimum runtimes as follows.

Lagrange-encoded VQA

For the Lagrange-encoded VQA, the runtime depends on the structure of the algorithm, as detailed

in Chapter 4. For the extended version of the quantum feature map, the large CNOT network can be

partially parallelised, resulting in approximately (n− 1) steps. Taking into account all components of

the feature map, we obtain:

Nqfm,Le = 3T1 + 2(n− 1)T2, (6.11)

where T1 is the execution time of a single-qubit gate, T2 the execution time of a two-qubit gate, and

n the number of encoding points. For the reduced version of the Lagrange-encoded VQA, which uses

fewer qubits but requires more steps, the runtime is given by:

Nqfm,Lr = 2n(T1 + T2). (6.12)
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In both cases, the complete circuit includes additional steps for the variational ansatz (which in this

work is reduced to one step, though more could be added) and a final measurement step, typically the

longest in the execution process.

Chebyshev-encoded VQA

For the Chebyshev-encoded VQA proposed by Kyriienko et al.[4], the runtime is dominated by the

hardware-efficient ansatz, while the encoding itself requires only a single step. This is the opposite of

the Lagrange-encoded approach. The runtime can be approximated by:

Nhea,C = (dNsequence)T1 + d(n− 1)T2, (6.13)

where d is the depth of the circuit and Nsequence is the number of single-qubit gates in the sequence of

the hardware-efficient ansatz.

Summary

The estimated runtimes for the different approaches are summarised in Table 6.2.

Quantum Feature Map Variational Ansatz Measurement

Lagrange-encoded Extended 3T1 + 2(n− 1)T2 ∼ T1 Tm
Lagrange-encoded Reduced 2n(T1 + T2) ∼ T1 Tm

Chebyshev-encoded T1 (dNsequence)T1 + d(n− 1)T2 Tm

Table 6.2: Summary of runtime components. Here d denotes the circuit depth, Nsequence the number of
single-qubit gates per hardware-efficient layer, T1 and T2 the execution times of single- and two-qubit
gates respectively, Tm the measurement time, and n the number of encoding points.

Example For a Lagrange structure with n = 8 and a Chebyshev structure with n = 6 and d = 5, the

number of steps per execution-time category is as follows: for the reduced Lagrange-encoded VQC,

17T1 + 16T2, and for the Chebyshev-encoded VQC, 16T1 + 25T2. Assuming that two-qubit gates

take up to ten times longer to execute, in this example, the Chebyshev-encoded VQA would require

approximately 1.56 times more execution time than the Lagrange-encoded VQA. The two structures

are chosen based on equivalent performance rather than size, as they exhibited comparable results in

Chapter 7, ensuring a fair comparison.
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6.3.2 Runtime of simulated VQAs

Simulating variational quantum algorithms can be computationally demanding, since their principle

relies on many iterations and consequently a large number of circuit evaluations. As discussed in the

previous section, when working with statevectors, the use of a forward difference approximation can

slightly reduce the overall computational cost to obtain the derivatives and gradients. However, as

the number of parameters increases, the number of required circuits grows accordingly, resulting in a

substantial computational burden.

The time needed to obtain the statevector of a quantum circuit increases not only with the number

of gates, and thus the circuit depth, but also with the number of qubits, even for an empty circuit.

This strongly limits the size of circuits that can be simulated or the number of iterations that can be

performed within a reasonable runtime.

Figure 6.19: Runtime of the Chebyshev-encoded circuit measured with total Z measurement for 20
points with a varying number of qubits. a) Evolution of the runtime with a depth increase from 3 to
6, with 1 gate sequence R̂X , b) Evolution of the runtime with a HEA gate sequence increase from R̂X

to R̂Z − R̂X − R̂Z , with a depth of 3.

For example, Figure 6.19 shows the runtime of statevector simulation for a Chebyshev-encoded VQC

evaluated over 20 points, for different numbers of qubits. In Figure 6.19.a, the circuit depth grows

from 3 to 6, while in Figure 6.19.b, the HEA sequence increases from 1 gate sequence R̂X to 3 gates

sequence R̂Z − R̂X − R̂Z . As observed, classical simulation cannot reproduce the parallelism inherent

to quantum hardware. Consequently, even with modern simulators, the need for real devices remains
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essential to unlock the potential of quantum algorithms.

Figure 6.20: Runtime of the Chebyshev-encoded circuit measured with total Z measurement for 20
points with a varying number of qubits. a) Evolution of the runtime between statevector measurement
and noise-free simulation using IBM AerSimulator, with a depth of 3 and HEA sequence of R̂Z−R̂X−
R̂Z , b) Evolution of the runtime with a depth increase from 3 to 6, with 1 gate sequence R̂X , measured
by the noise-free simulator IBM AerSimulator.

Working with statevectors in the early stages of quantum algorithm development offers multiple ad-

vantages. First, it allows to peak inside the quantum state and look at the statevector to better

understand what the algorithm is actually doing. But it also provides significant efficiency: statevec-

tor simulations can evaluate a quantum circuit approximately 100 to 200 times faster than a quantum

sampler simulator such as IBM Qiskit’s AerSimulator, as shown in Figure 6.19. Nevertheless, samplers

remain necessary to assess how a VQC would behave under measurement, and to identify cases where

an encoding might only work theoretically, as discussed in the first section of this chapter.

Here we performed the statevector simulation and the noise-free sampler measurement using the IBM

AerSimulator on a single CPU core, not to evaluate the absolute execution time but rather to compare

the relative differences in runtime between various measurement methods and circuit sizes.

Classical simulation of a VQA also presents structural advantages. For a given iteration, all circuits

can be simulated independently and therefore in parallel, for each training point and each partial

derivative. This benefit becomes increasingly significant when higher-order derivatives are required,

and consequently accelerate the early development of quantum algorithms, specially VQAs which

requires many iterations.
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6.4 Complexity Estimation - Gate Count

Finally, to understand and evaluate the performance of VQAs, a last interesting point is the gate

count, which represents an interesting metric for a few reasons. First, reducing the number of gates

of a circuit decreases the number of gate errors, thereby contributing to its robustness and precision,

a is very important aspect in the NISQ era [148].

Additionally, as seen in the previous chapters, a high gate count is linked to difficult trainability of the

VQC due to barren plateaus, as well as high runtime. In the realm of VQAs in the NISQ era, aiming

for a shallow circuit, and consequently reducing the depth of the VQC, is the strategy that has been

highlighted by the field so far [110], [148], [149].

Finally, while looking at all different metrics is obviously more precise and exhaustive, we also in-

troduced the gate count of the overall VQA, for comparing methods, which takes into account the

number of circuits per iteration (directly impacting the runtime), as well as the number of iterations

(relating to the trainability of the VQC and also assesses the optimizer). It has to be noted that this

metric should not be taken in isolation, but it gives a great overview.

6.4.1 Chebyshev-encoded VQA

Regarding the quantum solver inspired by the work of Kyriienko et al. [4], one iteration involves, as

detailed in previous Chapters, circuits for the functions fθ, its derivatives
dfθ
dx

;
d2fθ
dx2

, as well as their

respective gradients ∇θ(fθ) ; ∇θ(
dfθ
dx

) ; ∇θ(
d2fθ
dx2

) for all controlled points and boundary conditions.

In this algorithm, the gradients are obtained using the parameter shift rule method, which requires

two circuits for a partial derivative. As a result, the number of circuits per iteration is defined as

follows:

NCircuits/iteration = NPoints(1+2NParameters)

(︃
NCircuits(fθ) +NCircuits(

dfθ
dx

) +NCircuits(
d2fθ
dx2

)

)︃
, (6.14)

where NCircuit is zero if the respective component does not appear in the differential equation. In

the case of the damped-mass-spring-system problem solved in section 7.2, the differential equation is
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composed of all the components mentioned above.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

NPoints = NControlled points + 1,

NParameters = Nqubits Nlayers Nsequence,

NCircuits(fθ) = 1,

NCircuits(
dfθ
dx ) = 2Nqubits ,

NCircuits(
d2fθ
dx2 ) = 4N2

qubits .

(6.15)

Moreover, the Chebyshev-encoded VQA employs a quantum circuit structure based on basic quantum

gates such as CNOT gates and single-qubits rotational gates R̂X,Y,Z . The count of gates per circuit

can be expressed as follows:

NBasic gates/circuit = Nqubits +NParameters +Nlayers (Nqubits − 1). (6.16)

6.4.2 Lagrange-encoded VQA

As outlined in Chapter 4 and depicted in Figure 4.1, each iteration of the Lagrange-based algorithm

draws inspiration from the methodology proposed by Kyriienko et al. [4]. Consequently, the number

of circuits per iteration can be defined by Equation (6.14). However, due to variations in encoding and

structure, the derivative circuits with respect to x are obtained via the Hadamard test differentiation

method, or differentiated encoding, necessitating two times fewer circuits per derivative.

⎧⎪⎪⎨⎪⎪⎩
NCircuits(

dfθ
dx ) = NEncoding points ,

NCircuits(
d2fθ
dx2 ) = N2

Encoding points .

(6.17)

In both the extended and reduced structures, the derivative circuit necessitates an additional gate.

Notably, the reduced structure exhibits a slightly higher count of gates overall, despite being composed

of half the number of qubits.

For the extended structure:

NBasic gates/circuit(fθ) = 2NEncoding points (NEncoding points + 1) +NParameters (6.18)
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For the reduced structure:

NBasic gates/circuit(fθ) = 2 (3NEncoding points − 1) +NParameters. (6.19)

And in both cases,

⎧⎪⎪⎨⎪⎪⎩
NBasic gates/circuit(

dfθ
dx ) = NBasic gates/circuit(fθ) + 1

NBasic gates/circuit(
d2fθ
dx2 ) = NBasic gates/circuit(fθ) + 2.

(6.20)

Additionally, in the application of this algorithm, the number of qubits can evolve throughout the

algorithm depending on the number of interpolation points. Consequently, the estimation of the

number of circuits as well as the number of gates should be considered step by step.

6.4.3 Sato et al. VQA

The Sato et al. algorithm [5] was designed to solve the Poisson equation example described in Chapters

3, 7. This algorithm employs a fundamentally different approach and circuit structure. For each

iteration, evaluating the loss function, defined as the total potential energy of the system requires 3,

4, or 5 circuits for periodic, Dirichlet, or Neumann boundary conditions, respectively. Additionally,

the derivative of the loss function for each variational parameter must be evaluated. This is achieved

using the Hadamard test differentiation method, which requires only one modified circuit per partial

derivative. Thus, the number of circuits needed for one iteration can be expressed as follows:

NCircuits/iteration = NObservables (1 +NParameters), (6.21)

where NObservables = 3, 4 or 5 depending on the boundary condition, and NParameters = NLayers ×

NParameters/layer +NEncoding qubits. For the Poisson equation solved in the Results section, 5 qubits are

used for encoding, the number of layers of the ansatz is set to 5, and the number of parameters per

layer is 8, resulting in a total of 45 parameters. To account for the gate complexity of the algorithm,

the number of basic quantum gates (Pauli and Clifford gates) per iteration is determined as follows:

NBasic gates/circuit = 3 +NBasic gates(Ûb) +NBasic gates(Ûθ) +NShift CircuitsNBasic gates(ÛShift), (6.22)
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with,

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
NBasic gates(Ûb) = NEncoding qubits + 1,

NBasic gates (ÛShift) = 1 +NEncoding qubits NBasic gates(MCP ),

NBasic gates (Ûθ) = NParameters NBasic gates (CRY ) +NLayers NBasic gates (MCP ).

(6.23)

The CRY quantum gate refers to the controlled rotational gate around the Y axis, which can be

decomposed into four basic quantum gates. The MCP quantum gate, or the multi-controlled phase

gate, is equivalent to a Toffoli quantum gate in the case of two controlled qubits, which can be

decomposed into 18 basic quantum gates.
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6.5 Summary

In this chapter, we explored the practical challenges of running VQAs on real quantum devices,

highlighting how they differ fundamentally from classical simulations. We showed that factors such

as gate durations, measurement times, and inherent noise can strongly affect the accuracy of results.

In this context, the Lagrange-encoded VQA was improved to remain readable and reliable even when

using sampling measurements, addressing a key limitation of earlier versions.

We observed that hardware-efficient ansätze with many parameterized gates, while theoretically pow-

erful, tend to increase the complexity of the algorithm. This extra overhead propagates directly to the

evaluation of derivatives and gradients, which are essential for training the VQA to solve differential

equations.

Next, we investigated derivative computation methods. Finite-difference approaches, such as FDA

and CDA, are computationally attractive in statevector simulations, but they suffer from amplified

variance under sampling, limiting their reliability. In contrast, derivative quantum circuits consis-

tently delivered highly accurate results for both Chebyshev- and Lagrange-encoded VQCs, even under

realistic sampling conditions. This highlighted the robustness of quantum differentiation techniques

and the crucial role of exact analytical derivatives in quantum spectral methods.

We also examined the role of circuit depth and gate count, which remain critical metrics in the NISQ

era. Reducing the number of gates not only decreases error accumulation and improves precision, but

also mitigates barren-plateau effects and shortens runtime. By combining metrics such as total gates

per iteration and the number of iterations, we obtained a more complete picture of VQA performance,

while recognizing that no single metric tells the whole story.

Overall, this chapter indicates that a performant polynomial-encoded VQAs relies on carefully struc-

tured, shallow circuits and the use of derivative quantum circuits for accurate gradients. These design

choices together pave the way for accurate, efficient, and practical implementations of VQAs on real

quantum hardware.
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Chapter 7

Results

In this chapter, the behaviour of different variational quantum algorithms across various differential

equations is investigated. We examine the Chebyshev-encoded VQA introduced by Kyriienko et al.

[4], our extended version of this method adapted to second-order differential equations, the Lagrange-

encoded approach developed in this work, and finally, a discretized VQA proposed by Sato et al. [5],

specifically designed to solve the Poisson equation with a particular source term. All simulations pre-

sented in this chapter are performed using the statevector representation, an aspect that is important

to consider when interpreting the results.

7.1 First-order Linear Ordinary Differential Equation

7.1.1 Problem definition

Beginning with a simple toy problem: a first-order linear ordinary differential equation given by:

df

dx
+ λf = cos(x), (7.1)

with λ = 1, initial condition f(x0) = 1 at x0 = 0, and domain x ∈ [0, 10].

The objective is to apply two polynomial-based variational quantum algorithms: the Chebyshev- and

Lagrange-based VQAs, to this toy problem. This approach enables an examination of their behaviour,
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an assessment of their trainability, and the identification of the hyperparameters to which they are

most sensitive. To do so, we consider both the complete and homogeneous solutions of the differential

equation, as they exhibit different characteristics, with one displaying oscillations while the other does

not. Although the original interval is [0, 10], the problem is rescaled to the range [0, 0.9] to ensure

compatibility with the quantum encoding domains of definition.

7.1.2 Analytical solution

The homogeneous solution of this differential equation fh is defined as follows:

fh(x) = Ce−λx, (7.2)

where C is a constant. With the initial condition f(0) = 1 and λ = 1, we have C = 1.

For the particular solution, consider:

fp(x) = A cos(x) +B sin(x), (7.3)

with A and B constants determined by the differential equation. For the chosen parameters, this leads

the complete solution:

f(x) = fh(x) + fp(x) =
1

2
e−x +

1

2
(cos(x) + sin(x)). (7.4)

7.1.3 Quantum resolution of the homogeneous ODE

In this section, we will investigate how the two polynomial-based VQAs presented before can be

applied to solve the homogeneous version of the ordinary differential equation mentioned earlier:

df

dx
+ f = 0, f(0) = 1⇒ fsol(x) = e−x (7.5)
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Lagrange-encoded VQA

With the primary objective of obtaining an accurate approximation of the solution, we first examine,

for a system with six encoding points, which configuration of these points provides the best performance

and how the number of training points affects the efficiency of the VQA. We consider the three sets

of encoding points introduced in Chapter 5: equidistant points, or Chebyshev nodes (shifted, referred

to as type 1, or truncated, referred to as type 2). Each configuration is trained on sets of 10, 20, and

30 equidistant training points. For robustness, the algorithm is executed five times per configuration

to identify consistent trends and assess the influence of each hyperparameter.

The optimization is performed using the Adam optimizer [150] with its default learning rate α = 0.01,

starting from a random vector of variational parameters θ. The cost function combines contributions

from the differential equation and the initial condition, with respective weights ηDE = 1 and ηCs = 103.

No regularization points are included in this configuration. The relatively large weight assigned to the

initial condition ensures that this constraint is satisfied prior to reducing the residual of the differential

equation. Two stopping criteria are introduced: 1) a target precision of 1 · 10−4 on the loss (which

was not reached), and 2) a convergence condition based on parameter updates, where optimization is

terminated once the absolute variation of all parameters falls below 2 · 10−3.

Performance is evaluated by computing the average loss over 50 equidistant points within the domain.

The corresponding results are presented in Figure 7.1.

From Figure 7.1, the best results occur when training on 20 points. Although the overall trend suggests

that the loss generally decreases with more training points, this does not guarantee the most accurate

solution in every case. Nevertheless, accuracy tends to improve on average as the training set grows.

When comparing encoding strategies, for 20 and 30 training points, Chebyshev nodes of type 1 con-

sistently achieve the best performance, followed by type 2, with equidistant points yielding the worst

results. For 10 training points, however, no clear advantage emerges between the different strategies,

and type 1 Chebyshev nodes do not outperform type 2.

As the same VQA circuit architecture is employed across all configurations, the number of iterations,
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Figure 7.1: Overall loss from the differential equation term LDE for each run of the algorithm (y-
axis), shown on a logarithmic scale, as a function of the number of training points (x-axis) and the
type of encoding points. Results correspond to the application of the Lagrange-encoded VQA to the
homogeneous first-order linear ODE, using n = 6 encoding points and N = n+ 1 qubits.

steps, and gates scale proportionally according to:

Ngates = (5n+ 2(n− 1))Ncircuits, (7.6)

Ncircuits =M(1 + 3n+ 2n2)Niterations, (7.7)

where n is the number of encoding points and M the number of training points. Figure 7.2 compares

the average loss and the average number of gates over five runs.

As expected, the number of circuits increases with the size of the training set, which is intuitive.

However, for type 1 Chebyshev nodes, the loss decreases sharply when moving from 10 to 20 training

points, but additional points do not provide further improvement. In this case, complexity increases

without meaningful gains. For equidistant points and type 2 Chebyshev nodes, more training points

yield slight improvements, but these come at a significant computational cost, making the process less

efficient overall.
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Figure 7.2: Average number of circuits (left axis) and average overall loss over five runs (right axis)
for each configuration. Results correspond to the application of the Lagrange-encoded VQA to the
homogeneous first-order linear ODE, using n = 6 encoding points and N = n+ 1 qubits.

Figure 7.3: a) Circuit function and b) first-order derivative for the best result obtained in each con-
figuration. Results correspond to the application of the Lagrange-encoded VQA to the homogeneous
first-order linear ODE, using n = 6 encoding points and N = n+ 1 qubits.
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Finally, when comparing the best approximations from each encoding set, the losses remain close:

2.9 ·10−4 for type 1 Chebyshev nodes, 3.1 ·10−4 for type 2, and 3.4 ·10−4 for equidistant points. These

differences are negligible in practice, leading to approximations that can be considered equivalent. This

similarity likely arises because, for small values of n, the three sets exhibit only minor differences.

Two-step optimization As observed in the previous section, the approximation obtained from a

single run is close to the true solution but does not perfectly overlap with it. Since the stopping

criterion has consistently been the convergence of the Adam optimizer, we first investigated the effect

of modifying the optimization procedure. We performed an initial optimization over 10 training points

with a learning rate of α = 0.02, followed by a second round with α = 0.01, 20 training points, and

a reset of the first and second moment estimates. This approach accelerated convergence by reducing

the number of steps required for optimization. However, the total number of iterations was not reset,

which also influences convergence behaviour. We conducted five runs using n = 6 encoding points

over the Chebyshev type 1 set.

Increasing the number of encoding points An alternative strategy to further improve accuracy

was to increase the number of encoding points to n = 7, resulting in a system of eight qubits.

Comparison between the three approaches The best results for a single training with six

encoding points, a two-step training with six encoding points using Chebyshev type 1 nodes, and

a single-step training with seven encoding points using Chebyshev type 1 nodes are shown in the

following figures. The results show that applying the optimizer in two steps slightly reduced the loss

and, interestingly, also decreased the circuit count on average across the five runs. However, increasing

the number of encoding points from n = 6 to n = 7, and consequently the number of qubits, improved

the overall loss LDE by an average factor of 6.5 while maintaining a circuit count within the same range

than the two steps approach over six points. This highlights the importance of both the optimization

strategy and the choice of the number of encoding points.
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Figure 7.4: Comparison between the three approaches. a) Overall loss from the differential equation
term LDE for each run of the algorithm (y-axis), plotted on a logarithmic scale. b) Average overall
loss over five runs (right axis) and average number of circuits (left axis) for each configuration. The
results correspond to the application of the Lagrange-encoded VQA to the homogeneous first-order
linear ODE, using n = 6, 7 encoding points and applying the optimizer in one step or two steps.

Figure 7.5: a) Circuit function, b) first-order derivative for the best result obtained in each configu-
ration. The results correspond to the application of the Lagrange-encoded VQA to the homogeneous
first-order linear ODE, using n = 6, 7 encoding points and applying the optimizer in one step or two
steps.
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Figure 7.4.a) shows that the two-step approach with six encoding points produces a much better

approximation of the function, particularly near the boundary condition. Some oscillations are no-

ticeable in the region where the function approaches its asymptote as f → 0 when x→ +∞ (here, up

to x = 0.9), and similar behaviour appears for the first-order derivative, as shown in Figure 7.4.b). In

contrast, the case with seven encoding points exhibits an almost perfect overlap with the true solution,

accurately satisfying both the initial condition and the asymptotic behaviour for both the function

and its derivative.

To conclude this analysis, by examining the loss function LDE(x) across the interval for the three ap-

proaches shown in Figure 7.5, it becomes evident that the method using seven encoding points achieves

a significantly smaller loss overall compared to both configurations with only six points. While the

two-step optimization with six encoding points shows a slightly lower loss in certain regions com-

pared to the single-step version, this difference remains minor when contrasted with the improvement

obtained by increasing the number of encoding points to seven.

Chebyshev-encoded VQA

We now consider the same differential equation, but this time solved using the Chebyshev-encoded

VQA. The algorithm follows the two-step optimization process introduced earlier. Starting from

a random vector of variational parameters θ, the parameters are first optimized using the Adam

optimizer over 10 equidistant training points, with a learning rate α = 0.02. After convergence of this

first phase, a second optimization step is performed with α = 0.01, now using 20 equidistant training

points. The initial condition is incorporated through a floating boundary condition handling rather

than as a term in the cost function. To provide a robust assessment of the algorithm’s behaviour,

the VQA is executed five times, each starting from a different random initialization of the variational

parameters.

The encoding is implemented as a tower Chebyshev encoding over six qubits. In this scheme, the

degree of the Chebyshev polynomials encoded into the R̂Y rotations increases with the qubit index.

The variational ansatz is the HEA, built from a repeating sequence of three gates: R̂Z , R̂X , and

R̂Z . We focus on a six-qubit system and compare circuits with depths of 3, 5, and 7. This choice

aligns with the structure proposed by Kyriienko et al. [4], where the authors introduced this VQA for
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first-order differential equations using six qubits and an ansatz of depth 5, consistent with the original

formulation of the HEA with around hundred variational parameters.

Since the simulations rely on statevector measurements and involve 54, 90, or 126 parameters (for

depths 3, 5, and 7, respectively), derivatives are computed using the forward difference approximation

(FDA) introduced in the previous chapter. While this approach reduces simulation complexity, it is

not suitable for real quantum hardware. For this reason, when estimating the number of required

circuits, we assume the use of the parameter-shift rule, which is the standard choice for actual devices.

Figure 7.6: a) Overall loss LDE for each run of the algorithm across different ansatz depths. b)
Average overall loss and corresponding circuit count as a function of depth. Results correspond to the
homogeneous first-order linear ODE solved using a Chebyshev-encoded VQA with six qubits.

While circuit counts provide useful insight for comparing architectures with different numbers of

parameters, the corresponding number of gates must also be considered, given by:

Ngates = (n+ d(4n− 1)) Ncircuits, (7.8)

Ncircuits =M(1 + 2n(d+ 1) + 2dn2) Niterations, (7.9)
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where n is the number of qubits, M the number of training points, and d the circuit depth.

Figure 7.6 compares the loss and circuit requirements for different depths. Interestingly, the circuit

count remains in a similar range across all depths, with only a slight decrease for deeper circuits.

However, this trend provides limited insight, as the loss does not improve significantly with increasing

depth. On average, across five runs, the best results are observed at a depth of 5. As shown in Figure

7.6.a), a depth of 5 yields the best outcome in only two out of five cases, while in the remaining cases

its performance is comparable to that of a depth of 7.

Examining the intermediate and final results after the two optimization steps (Figure 7.7), we see

that the first step provides a reasonable initial approximation, especially near the left boundary where

the initial condition is enforced. Nevertheless, this first step alone is insufficient for high accuracy,

highlighting the importance of the second optimization phase.

Figure 7.7: Solutions from the best run for each depth studied, showing both the intermediate result
after the first optimization step (10 training points) and the final result after the second step (20
training points). a) Function f , b) First-order derivative ḟ . Results correspond to the homogeneous
first-order linear ODE solved using a Chebyshev-encoded VQA with six qubits.

When focusing on the best final result for each depth (Figure 7.8), the depth-5 circuit performs

best overall. However, oscillations appear near the right boundary, where the solution approaches

zero asymptotically. These oscillations are particularly pronounced for depths 3 and 7, suggesting

that both under-parameterization and over-parameterization can negatively impact stability. Finally,

Figure 7.9 confirms that the depth-5 configuration achieves the best overall accuracy across the domain,
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particularly near the boundaries.

Figure 7.8: Final solutions from the best run for each depth studied, obtained after the second
optimization step (20 training points). a) Function f , b) First-order derivative ḟ . Results correspond
to the homogeneous first-order linear ODE solved using a Chebyshev-encoded VQA with six qubits.

Figure 7.9: Loss evaluated across the interval for the best run corresponding to each depth, shown
on a logarithmic scale. Results correspond to the homogeneous first-order linear ODE solved using a
Chebyshev-encoded VQA with six qubits.

We also explored alternative configurations, including different numbers of qubits and a simplified

hardware-efficient ansatz consisting of a single R̂X gate per layer. These alternatives yielded signifi-

cantly poorer results, even worse than the intermediate solutions after the first optimization step (10

training points), as illustrated in Figure 7.7.
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Chebyshev- vs. Lagrange-encoded VQAs

To conclude the study of the homogeneous first-order linear differential equation, we compare the best

results obtained from the two polynomial-encoded VQAs introduced previously.

Figure 7.10: Comparison of the approximated solutions of the homogeneous first-order linear ODE
obtained from Chebyshev- and Lagrange-encoded VQAs. a) Function f , b) First-order derivative ḟ .
The Chebyshev encoding uses 6 qubits, a tower structure, and a hardware-efficient ansatz of depth
5 with a three-gate sequence, resulting in 90 variational parameters. The Lagrange encoding uses 7
interpolation points, corresponding to 8 qubits and 7 variational parameters.

From Figure 7.10, the Lagrange-encoded VQA outperforms its Chebyshev counterpart, particularly

near the right boundary, where the latter exhibits oscillations as the function approaches zero.

The difference is even more striking when considering circuit counts (Figure 7.11). The Chebyshev-

encoded VQA requires almost ten times more circuits on average than the Lagrange-based approach.

This discrepancy stems mainly from the number of parameters (90 for Chebyshev versus 7 for La-

grange) and the gradient computation method: the Hadamard test used for Lagrange encoding requires

roughly half the number of circuits compared to the parameter-shift rule employed for Chebyshev.
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Figure 7.11: Comparison of Chebyshev-encoded and Lagrange-encoded VQAs for the homogeneous
first-order linear ODE. a) Average circuit counts (left axis) and average overall loss (right axis), b) Loss
function across the interval for the best-performing instance of each VQA. The Chebyshev encoding
uses 6 qubits, tower encoding, and a hardware-efficient ansatz of depth 5 with a three-gate sequence,
for 90 variational parameters. The Lagrange encoding uses 7 interpolation points, corresponding to 8
qubits and 7 variational parameters.

7.1.4 Quantum resolution of the complete ODE

In this section, we consider the complete ODE, including the cos(x) term. The interest here is to

study the algorithm’s behavior with an oscillatory function, which is naturally better represented by

Chebyshev polynomials than by Lagrange interpolation, and consequently to assess the performance

of both encodings across a broader range of functions.

Lagrange-encoded VQA

Solving the complete ODE with the Lagrange-encoded VQA, we first considered a parameterized

circuit built over 6 encoding points, following the two-step optimization procedure described earlier.

The Adam optimizer is applied first with a learning rate α = 0.02, and then with α = 0.01. The initial

condition is included in the loss function with a weight ηCs = 1 · 103, while the differential equation

contribution has a weight ηDE = 1.
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As the results for n = 6 encoding points were not fully satisfactory, we extended the study to 7 and

8 encoding points. Figure 7.12.a shows that increasing the number of encoding points significantly

reduces the overall loss. Additionally, the results over the five runs tend to cluster according to

the number of encoding points, indicating good consistency. As expected, increasing the number of

encoding points also increases both the circuit count and its variability, as illustrated in Figure 7.12.b.

Figure 7.12: Comparison of Lagrange-encoded VQA performance for 6, 7, and 8 encoding points. a)
Overall loss over five runs per configuration. b) Average circuit count (left axis) and corresponding
average overall loss (right axis).

Figure 7.13 shows the best result obtained for each configuration, compared to the analytical solution.

With 6 encoding points, the approximation captures the general shape of the solution but deviates

noticeably from the exact function. The 7-point encoding provides a reasonable approximation, while

the 8-point encoding achieves an almost perfect overlap with the analytical solution.

This difference is further confirmed by the loss function evaluated over the interval for the best outcome

of each configuration, as shown in Figure 7.14.
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Figure 7.13: Best Lagrange-encoded VQA solutions for 6, 7, and 8 encoding points. a) Function f(x),
b) First-order derivative ḟ(x).

Figure 7.14: Loss function LDE over the interval for the best result obtained with 6, 7, and 8 encoding
points in the Lagrange-encoded VQA, compared with the analytical solution.

Chebyshev-encoded VQA

For the Chebyshev-encoded VQA, as observed for the homogeneous differential equation, using a HEA

with only a single gate per layer fails to produce satisfactory results, regardless of circuit size or depth.

In contrast, the configuration previously employed, 6 qubits, a HEA consisting of a three-gate sequence

R̂Z − R̂X − R̂Z , and depth 5, performs very well.

Interestingly, among the five runs, only one achieved an almost perfect approximation, without notice-
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able disturbances at the end of the interval, similar to what was observed in the homogeneous case.

This behavior is illustrated in Figure 7.15.

Figure 7.15: Chebyshev-encoded VQA applied to the complete ODE: comparison of five runs. a)
Overall loss for each run, plotted on a logarithmic scale. b) Loss function over the interval, showing
the best result in red and the variability of other runs in the green area.

Figure 7.16: Chebyshev-encoded VQA applied to the complete ODE: comparison of five runs with the
analytical solution. a) Function f(x). b) First-order derivative ḟ(x). The red curve corresponds to
the best run, while the green area shows the variability of the remaining runs.

Examining the function and first-order derivative for the best outcome (Figure 7.16), we observe an
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almost perfect overlap for the function and minor disturbances at the end of the interval for the

derivative. The variability area, representing the range of other outcomes, shows oscillations near the

right boundary. This explains the pronounced region above the red line in the loss function plotted

in Figure 7.15.b.

Chebyshev- vs. Lagrange-encoded VQAs

Finally, we compare the best outcomes obtained with the two polynomial-encoded VQAs for the

complete ODE. The results are illustrated in Figure 7.17.

As observed in Figures 7.17 and 7.18, the results of the two approaches have very similar quality.

When examining the average loss, the Chebyshev-encoded VQA performs slightly worse. The main

difference lies in the number of circuits required.

Figure 7.17: Comparison of the best outcomes of the Chebyshev and Lagrange encoded VQAs applied
to the complete ODE, plotted against the analytical solution. a) Function f(x). b) First-order
derivative ḟ(x). The Chebyshev encoding uses 6 qubits, a hardware-efficient ansatz with three gates
and depth 5. The Lagrange encoding uses 8 encoding points, corresponding to 9 qubits. Both are
trained using a two-step optimization procedure.

It is also important to highlight the high variability of the Chebyshev-encoded results, with a coefficient

of variation of approximately 130 percent. This reflects an extreme sensitivity to the initial random

choice of variational parameters: while four runs converged in fewer than 200 iterations, one run

required over 1000 iterations. Consequently, this outlier was excluded from the performance plot
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for visibility, but it underscores the pronounced sensitivity of the Chebyshev encoding to the initial

parameter vector. Since the same hyperparameters and classical optimizer were used for both VQAs,

this variability appears to stem primarily from the quantum circuit itself rather than the classical

optimizer.

Figure 7.18: Comparison of the performance best outcomes of the Chebyshev- and Lagrange-encoded
VQAs applied to the complete ODE solution. a) Average circuit count (left axis) and average overall
loss (right axis). b) average loss over the interval, plotted on logarithmic scale. The Chebyshev encod-
ing uses 6 qubits, a hardware-efficient ansatz with three gates and depth 5. The Lagrange encoding
uses 8 encoding points, corresponding to 9 qubits. Both are trained using a two-step optimization
procedure. The Chebyshev-encoded VQA performance plotted exclude the outlier

7.1.5 Summary

To summarize this example, we observed that, regarding the Lagrange-encoded VQA, the set of

encoding points of the first type (shifted) generally led to better results than other sets, for the same

number of encoding points. Additionally, increasing the number of points allowed us to reach better

accuracy. However, we did not explore the effect of using more qubits than strictly necessary. Since

the method relies on Lagrange interpolation, the quality of the approximation does not necessarily

increase with the polynomial degree, but rather on the choice of encoding points. The number of

encoding points, which determines the polynomial degree, must be large enough to capture the essential

features of the function, but not too large to avoid introducing significant oscillations. For both the
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homogeneous and complete equations, the Lagrange encoding provided results with high accuracy.

The Chebyshev-encoded VQA performed very well for the complete equation, particularly because

the solution exhibited a wave-like behaviour. However, when interpolating a nearly constant or linear

segment, the accuracy decreased and oscillations appeared. Consequently, this method may not be

ideal for cases involving damping or asymptotic behaviour near the interval boundaries.

Regarding the circuit count, we observed that the Chebyshev-encoded VQA required significantly

more circuits than the Lagrange-encoded one. This can be explained primarily by the number of

parameters, which was more than ten times higher. The best-performing Chebyshev-encoded VQA

used 6 qubits and a Hardware Efficient Ansatz with 5 layers of a 3-gates sequence, resulting in 90

variational parameters. In contrast, the Lagrange-based approach achieved good results with only 7

or 8 variational parameters. Consequently, computing the gradient of the objective function ∇θf at

each iteration required approximately 180 circuits for the Chebyshev encoding, compared to only 14

or 16 for the Lagrange encoding. Moreover, evaluating the gradient of the first-order derivative ∇θ
df
dx

introduces an additional overhead, as it necessitates even more circuits when using techniques such as

the parameter-shift rule or the Hadamard test differentiation, thereby amplifying the computational

cost gap between the two approaches.

As noted earlier, the Chebyshev-based algorithm was also tested with a single-gate sequence for various

depths and qubit numbers, but these configurations failed to converge to the correct solution. We

can therefore conclude that using a three-gate sequence appears more expressive, allowing to achieve

accurate results with this VQA, though it comes at a considerable cost.

Finally, it is important to emphasize that these results and conclusions are valid for a noise-free

simulated environment, for this specific differential equation, and using the classical optimizer Adam

[150]. Future work could include an investigation of different behaviours when employing alternative

optimizers or under noisy conditions.

Results 155



7.2. Damped Mass-Spring System

7.2 Damped Mass-Spring System

This section is based on the results presented in our publication [1], providing additional details.

7.2.1 Problem definition

A Damped Mass-Spring System (DMSS) is a physical model used to describe the behaviour of a

mass attached to a spring when it is subject to a damping force. This system is widely studied

in mechanics and physics to understand oscillatory motion and damping effects. In this work, we

focus on an initial value problem (IVP) of a DMSS solved over a time interval of I = [0, 10] seconds,

using the Chebyshev-encoded VQA expanded to second-order differential equations and the proposed

Lagrange-encoded algorithm. The DE can be expressed as:

m
d2f

dt2
+ b

df

dt
+ kf = 0, (7.10)

with m = 1kg; b = 1kg.s−1; k = 1N.m−1 and the initial conditions of the DE are u0 = 1m and

u̇0 = 0m.s−1.

In this study, the two polynomial-encoded VQAs are trained using the two types of Chebyshev nodes

introduced in Chapter 5 as training points. The objective is to introduce an additional dimension to

the set of training hyperparameters, in order to assess whether selecting Chebyshev nodes as training

points can enhance efficiency.

The two approaches are compared in terms of their accuracy, evaluated through the loss function over

the interval, and their computational cost, measured by the number of gates. However, as highlighted

in the previous example, these results are highly sensitive to the initial random values of the parameter

vector θ. Consequently, the reported figures should be interpreted as indicative estimates of the order

of magnitude for the quantum circuits and gate counts required to solve the equation.
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7.2.2 Analytical solution

The dynamics of a damped mass-spring system described by the second-order differential equation,

referenced as Equation (7.10). Its corresponding characteristic equation is formulated as:

mλ2 + bλ+ k = 0. (7.11)

For the scenario explored in this paper, the discriminant ∆ = b2 − 4mk is negative, indicating an

underdamped case. Consequently, the solution takes the form:

f(x) = eαx(C1 cos(βx) + C2 sin(βx)), (7.12)

where α and β are the real and imaginary parts of the complex conjugate roots λ1,2 = α ± iβ. The

coefficients C1 and C2 are determined by the initial conditions f(x0) = u0 and f ′(x0) = u̇0.

7.2.3 Quantum resolution

Chebyshev-encoded VQA

The application of the Chebyshev-encoded VQA to a second-order differential equation, specifically

the DMSS problem, has been investigated using a range of VQCs with 3 to 5 qubits, a single-gate

sequence for the HEA, and circuit depths varying from 2 to 7. The experiments were performed across

7, 9, and 12 training points for both sets of Chebyshev nodes.

The choice of a single-gate sequence for the HEA is primarily motivated by considerations of compu-

tational complexity. As with the first-order ODE studied previously, this configuration serves as an

initial baseline. Transitioning to a three-gate HEA would only be justified if the results obtained with

the single-gate HEA were significantly unsatisfactory, since increasing the number of gates introduces

substantial additional computational overhead.

It is important to note that, in this section, the term Chebyshev-encoded does not refer to the original

approach proposed by Kyriienko et al., but rather to our adapted version for second-order differential

equations, implemented with a single-gate HEA sequence.
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Each VQC is initialized with a random vector of variational parameters θ. To ensure a fair comparison

of the influence of the size and type of training set, the same initial vector θ is used for all configurations

corresponding to a given size and depth of the VQC.

As discussed previously, one of the main limitations this work aims to address arises from the quantum

feature map employed in the Chebyshev-encoded VQA. This feature map is constructed from high-

degree Chebyshev polynomials, which tend to exhibit oscillatory behaviour near the boundaries of

the interval. Such oscillations can significantly affect the accuracy of the solution, particularly at

the extremities of the domain. As a result, this implementation of the Chebyshev-encoded approach

initially produced poor results. To address this limitation, the training was carried out over an

extended interval of [0, 12] seconds, with the aim of displacing the oscillatory behaviour beyond the

target interval of [0, 10] seconds.

Additionally, it is important to note that the quantum feature map inherent to this algorithmic

structure is independent of the chosen training set. Consequently, increasing the number of training

points does not necessarily guarantee a more efficient optimization process. On the contrary, a larger

set of points may require additional iterations to achieve convergence.

In this study, the VQCs were trained using all points from the selected set, employing the Adam

classical optimizer [112] with a learning rate of α = 0.01. Convergence was assessed according to the

criteria established in Chapter 4, namely: (i) satisfying a gradient threshold ϵ∂L = 10−4, as defined in

section 4.3, or (ii) reaching the target accuracy corresponding to a loss function value of ϵL = 10−4.

The choice of the gradient threshold ϵ∂L = 10−4 is based on prior empirical observations, which

indicate that no significant improvement occurs once all gradient components fall below this value.

For this application, the initial condition is implemented with a floating boundary handling (4.1.3) for

u0, in combination with a contribution to the loss function (4.1.3) for u̇0. This ensures the satisfying

of the first condition while avoiding to over-constraint the system. In this case, the loss function can

be expressed by Equation (4.3), with ηDE = 1 ; ηCs = 1.
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Figure 7.19: Average total loss and gate complexity for the Chebyshev-encoded VQA applied to the
most efficient VQC structures with varying training set lengths over 5 tries. N5L2I2 stands for the
structure of 5 qubits and 2 layers across a training set of the second type, while N4L3I1 stands for
the structure of 4 qubits and 3 layers across a training set of the first type.

Among the different VQCs structures studied for the Chebyshev-encoded, the lowest average DE losses

were observed with a VQC of 5 qubits and 2 layers over a set of 12 points of the second type (referred

as N5L2I2) and with a VQC of 4 qubits and 3 layers over a set of 12 points of the first type (referred

as N4L3I1). According to the results obtained from this algorithm, an increased number of points in

the training set does not always correlate with a higher gate complexity or highly improved accuracy.

However, the selection of the training points themselves and the structure of the VQC seems to have

the most significant impact on both the quality of the solution and the gate complexity, as shown in

the Figure 7.19.

Interestingly, when examining the evolution of the overall loss with respect to the number of training

points, a trend similar to that observed for the first-order ODE with the Lagrange-encoded VQA

emerges. Specifically, for the set of Chebyshev nodes of the first type, the loss tends to plateau, and

increasing the number of points only slightly improves accuracy. However, in the present study, a

larger set of hyperparameters was explored. Among the two configurations that performed best, the
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one yielding efficient results on the first-type Chebyshev nodes employed fewer qubits, and its gate

complexity decreased as the number of points increased. This behaviour suggests that each iteration

was more effective, thereby requiring fewer iterations to converge toward the solution.

Nevertheless, this observation cannot be generalized, as the opposite trend was found for the best-

performing configuration using the second-type Chebyshev nodes.

Figure 7.20: Results are presented for each of the most efficient VQC structures, illustrating variability
and the best outcome achieved across five attempts for: a) the function f(x), b) the first derivative
ḟ(x), c) the second derivative f̈(x) and d) the DE loss contribution LDE(x) across 50 equispaced
points in the interval, plotted on a logarithmic scale. N5L2I2 stands for the structure of 5 qubits and
2 layers across a training set of the second type, while N4L3I1 stands for the structure of 4 qubits
and 3 layers across a training set of the first type.

Additionally, applying this algorithm with different random initial vectors of variational parameters

θ revealed, again, a high sensitivity to these initial conditions. Across five independent attempts to

solve the DMSS problem using the structures presented above, the N5L2I2 configuration exhibited a

coefficient of variation of 20% in total loss and 57% in the number of iterations required for convergence.
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Similarly, for the N4L3I1 structure, the coefficient of variation was 50% in total loss and 40% in

iterations. Consequently, the accuracy and gate complexity shown in Figure 7.19 represent average

outcomes, rather than the best or worst results achieved.

The variability in accuracy is further visualised in Figure 7.20, where the best solution achieved for

each VQC structure is plotted alongside a shaded region, which represents where the other outputs

would be, and consequently the worst-case outputs for each structure, effectively capturing the range

of variability across the attempts.

For the two VQC structures that produced the best results, some results presented important oscil-

lations toward the end of the interval, despite placing some training points outside the interval to

mitigate this issue. Additionally, for both structures, the initial conditions for the first- and second-

order derivatives were not satisfied. Finally, the corresponding total DE losses obtained for the best

results highlighted in Figure 7.20 are, respectively, 2.50 ·10−3 for N5L2I2 and 2.77 ·10−3 for N4L3I1.

However, the initial conditions for the first- and second-order derivatives are not fully met, resulting

in a BC loss of 0.447 and 0.485 for each VQC structure, respectively, as illustrated in Figure 7.23.

Lagrange-encoded VQA

The algorithm proposed in this work introduces interpolation points in the encoding stage of the VQC.

These points are chosen to be similar to the training set, with the objective of assessing whether satis-

factory results can be achieved by training directly on the encoding points. The underlying motivation

is that the computational cost of a VQA grows with the size of the training set. Consequently, this

approach aims to reduce the overall circuit complexity and, therefore, the associated gate complexity.

The Lagrange-encoded VQA has been evaluated using sets of 5 to 8 points. Among these configu-

rations, the optimal VQC size was found to correspond to 7 interpolation points, requiring 8 qubits,

combined with the reduced circuit structure illustrated in Figure 4.3. As previously noted, the focus

of this work lies in the theoretical aspects of variational quantum algorithms. For this reason, all

quantum circuits considered here have been simulated in an ideal noise-free environment. Under these

conditions, the use of a reduced structure is preferred because of its lower computational resource

requirements.
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When dealing with a second-order differential equation, whose expression involves the function itself as

well as first- and second-order derivatives, the amount of encoded information is significantly higher.

As a result, convergence for both the Chebyshev-encoded and Lagrange-encoded VQAs proved to be

more challenging compared to the case of a first-order ODE. To address this, the algorithm allows

dynamic adjustment of the number of training points and qubits during the optimization process.

Furthermore, the optimization is split into two stages, relying on an evolving set of training points

and additional regularization points to improve stability. The initial and boundary conditions are

incorporated following the same methodology used in the Chebyshev-encoded VQA, but with modified

weights: ηDE = 1, ηCs = 0.6, and ηR = 1.

For the first stage of the optimisation, the set of training points initially consists of three Chebyshev

nodes located on the left side of the domain, implemented using four qubits. Among these, the first

node contributes to the boundary condition loss function LCs, while the other two nodes contribute

to the differential equation loss function LDE . Once the algorithm achieves convergence for these

nodes, defined as all components of the loss function gradient falling below a threshold of 10−4, an

additional node is introduced. This new node contributes to LDE , while the second node is reassigned

as a regularization point and begins contributing to the regularization loss function LR. This iterative

process continues until all nodes are included and convergence is reached, which in this example

corresponds to using eight qubits. The optimization is carried out using the Adam optimiser [112],

with an adaptive learning rate that evolves from α = 0.04 to α = 0.01 depending on the total loss

value L.

The second stage of the optimization begins once the full set of nodes and qubits is established. At

this point, the size of the VQC remains fixed. The nodes are incorporated in groups of three, each

group contributing to LDE , while the remaining points act as regularization points. This process

starts again from the left side of the domain. During this stage, the Adam optimiser is employed with

a fixed learning rate of α = 0.01.

The application of the Lagrange-encoded VQA, using this two-part optimisation, has been observed

to be insensitive to the initial random vector of variational parameters θ. For each type of training set,

the solutions obtained after the first part of the optimization over 5 trials with different initial random

values of the vector of variational parameters θ, were extremely consistent, with a mean total loss of
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1.24 ·10−2 and 2.76 ·10−2 with a coefficient of variation of 1.0% and 1.5% for the first and second type

of training set, respectively. Similarly, the average number of iterations to achieve the convergence of

the first part is, respectively, 670 and 620 iterations with a coefficient of variation around 11% in both

cases. The second part of the optimization process consistently starts from a similar state, resulting

in comparable deviation in terms the solution accuracy and the number of iterations.

Figure 7.21: Results of the Lagrange-encoded VQA for both parts of the optimization process, achieved
across five attempts. a) the function f(x), b) the first derivative ḟ(x), c) the second derivative f̈(x)
and d) the DE loss contribution LDE(x) across 50 equispaced points in the interval, plotted on a
logarithmic scale. I1 stands for the first type of training set of points while I2 stands for the second.

As illustrated in Figure 7.21, the first part of the optimization yielded a close approximation of the

solution, achieving slightly better accuracy for the set of type 1 training points. Similarly, the second

part of the optimization process produced improved results for the set of type 1 training points, with

a total DE loss of respectively 1.51 · 10−3 and 2.87 · 10−3. Additionally, the initial conditions are more

effectively met this time, with a loss LCs of respectively 1.18 · 10−3 and 1.07 · 10−4, as depicted in the

Figure 7.23.
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Lagrange-encoded VQA vs. Chebyshev-encoded VQA

For both quantum algorithms, the number of qubits and Chebyshev nodes is different. The idea here

was to select, by trial and error, the optimal set of training points and structures to obtain the most

accurate solution for each approach.

Figure 7.22: Results comparison between the Lagrange-encoded VQA and the best outcomes from
this work version of the Chebyshev-encoded VQA for both types of training sets of points, for : a) the
function f(x), b) the first derivative ḟ(x), c) the second derivative f̈(x) and d) the DE loss contribution
LDE(x) across 50 equispaced points in the interval, plotted on a logarithmic scale.

As shown in Figure 7.22, both VQA provide a satisfactory approximation of the desired function fθopt

over the chosen interval, with better accuracy with the Lagrange-encoded VQA. But we have not a

perfect overlap. Additionally, we can still see some oscillations in the derivatives with respect to x

specially for this work’s version of the Chebyshev-encoded VQA, despite training being performed over

Chebyshev nodes. Training over equidistant points was excluded from the result because it showed

poor results.
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Additionally, for this algorithm, the initial conditions are not met for the derivatives, suggesting that

the contribution of the loss function for the initial values may conflict with the overall loss function.

It suggests that this quantum algorithm may lack flexibility to take into account all types of initial

conditions, potentially due to constraints in the encoding or variational ansatz.

Figure 7.23: DE and BC loss comparison between the Lagrange-encoded VQA and the best outcomes
of this work version of the Chebyshev-encoded VQA for both types of training sets of points, plotted
on a logarithmic scale.

The Lagrange-encoded VQA reproduces Lagrange interpolation and enables the determination of the

fitting polynomial with the smallest possible degree over the given set of points. As a result, the

function and its derivatives are smoother and exhibit fewer oscillations compared to the version of the

Chebyshev-encoded algorithm developed in this work.

Moreover, the Lagrange-based algorithm adheres more effectively to initial conditions. Overall, the

solutions obtained with the Lagrange-encoded VQA appear to be of higher quality than those produced

by the Chebyshev-based approach, particularly near the boundaries, and show good agreement with

the analytical solution, as illustrated in Figure 7.22.

When analyzing the different loss contributions in Figure 7.23, both algorithms converge toward

solutions with a comparable range of differential equation loss. However, the boundary-condition
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term in the loss function significantly reduces the solution quality for the Chebyshev-encoded VQA in

its current implementation.

It should be noted that the original Chebyshev-encoded algorithm proposed by Kyriienko et al. [4]

was extensively tested on first-order differential equations with highly convincing results. It is likely

that the implementation presented in this work would require further tuning, particularly in handling

boundary and initial conditions, and possibly an increased number of variational parameters, such as

introducing a three-gate sequence in the HEA, to improve its performance on higher-order equations.

Another observation is the strong influence of the initial random vector of variational parameters, not

only on the number of iterations, affecting both the performance of the classical optimizer and the

trainability of the VQC, but also on the quality of the solution. This suggests that the current system

may lack sufficient expressivity.

Consequently, future work could include testing a three-gate sequence in the HEA to determine

whether the system is underconstrained, leading to convergence toward local minima, or overcon-

strainning, making it difficult to reach the correct solution. It is important to note that in this study,

while statevectors were used, gradients were computed via derivative quantum circuit methods, which

introduced significant overhead in simulating both VQAs. As discussed in Chapter 6, techniques exist

to reduce the computational burden of such simulations in early research stages when working with

statevector simulations.

Finally, a direct comparison of the number of gates required by the Lagrange-encoded VQA and the

best-performing Chebyshev-encoded VQA implemented in this work reveals a significant difference,

as illustrated in Figure 7.24.

This comparison highlights the Lagrange-encoded algorithm developed in this work as both the most

precise and the most efficient approach for solving, at least, this damped mass-spring system problem.

While improvements to the Chebyshev-encoded VQA implementation could enhance its accuracy, such

enhancements would not address its substantial computational cost. Achieving low computational

overhead while working with Chebyshev polynomials therefore remains an open question.
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Figure 7.24: Gate complexity comparison between the Lagrange-encoded VQA and the best outcomes
of this work version of the Chebyshev-encoded VQA for both types of training sets of points.

To conclude, when considering both solution quality and gate complexity, the optimal result is obtained

using the Lagrange-encoded VQA trained on a set of seven Type-I training points.

7.2.4 Trainability and Expressivity

When comparing the results obtained with the Chebyshev-encoded VQA and the Lagrange-encoded

VQA, we observe that a perfect overlap with the analytical solution was not achieved, despite exploring

several circuit structures.

In this setting, which involves a second-order differential equation incorporating the function, its

first derivative, and its second derivative, classical simulations of the VQAs were computationally

demanding. Consequently, we did not explore configurations with a larger number of qubits, deeper

circuits, or a three-gate sequence in the HEA for the Chebyshev encoding. Interestingly, we obtained

reasonably accurate results with a one-gate sequence in the HEA for the Chebyshev case. This

contrasts with the toy problem, which failed to converge toward the solution.
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A natural first step is therefore to question the expressivity of the chosen VQC structures.

To assess this, we considered the best-performing VQCs and retrained them, not to solve the differential

equation directly, but to interpolate its known solution. This resulted in the following loss function:

Linterpolation =
1

M

M∑︂
t=1

(︁
fθ(xt)− u(xt)

)︁2
, (7.13)

where u denotes the exact solution of the differential equation, and {xt}Mt=1 is the set of M training

points. The interpolation results over 20 equidistant points for the Chebyshev-encoded configura-

tion N5L2I2 and for the Lagrange-encoded configuration using a set of type 1 Chebyshev nodes are

presented in Figure 7.25.

From these results, we see that interpolation of the function itself yields a good overlap with the

exact solution. This suggests that both VQCs are expressive enough to represent the target function.

However, when examining the first and second derivatives, the approximation deteriorates significantly.

This observation is crucial in the context of polynomial-encoded VQAs: the VQC should not only

represent the solution of the differential equation but also its derivatives with comparable fidelity.

Consequently, this indicates that the approximation obtained in the previous section represents the

best compromise between the accuracy of the function and its derivatives, as dictated by the objective

of minimizing the loss function, even if it does not correspond to an exact interpolation of the analytical

solution.

On a side note, the Chebyshev polynomial reconstructed from the Chebyshev-encoded VQC after the

interpolation training exhibits oscillations near the end of the interval in its first- and second-order

derivatives. These oscillations increase in amplitude with the order of differentiation. As discussed in

Chapter 5, derivatives with respect to x are obtained via automatic differentiation, using an encoding

function that diverges at the endpoints of the interval. This divergence may amplify the observed

oscillations. Interestingly, these oscillations were largely mitigated in the method employed for the

quantum resolution of the differential equation, underscoring both the efficiency and the necessity of

introducing training points outside the original domain.
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Figure 7.25: Interpolation results for the Chebyshev and Lagrange encodings applied to the damped
mass-spring system. a) the function f(x), b) the first derivative ḟ(x), c) the second derivative f̈(x),
and d) the loss function of the differential equation LDE(x) across the interval.

Beyond expressivity, we must also question the trainability of the chosen VQCs. The current loss

function, which computes the mean squared error of all terms in the differential equation averaged

over the interval, may not be optimal. Alternative formulations could potentially improve conver-

gence. Finally, the choice of classical optimizer may play a significant role, it impacts the accuracy,

convergence speed, or computational complexity. Future work should investigate these directions to

further refine and enhance the performance of the two proposed methods.
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7.3 Poisson Equation

This section is based on the results presented in our publication [1], providing additional details.

7.3.1 Problem definition

The Poisson equation is one of the most computationally intensive DEs to solve, requiring very ex-

pensive iterative methods. Previous work from Sato et al. [5] solved the Poisson equation using a

quantum approach for different boundary conditions and a step function s from 1/2n/2 to −1/2n/2

for n = 5, using a VQA based on the minimal potential energy, with n + 1 = 6 qubits over 2n = 32

points. In this work, we solved the same equation using the Lagrange-encoded VQA with a reduced

structure on 4 qubits trained over 3 points. The Poisson equation can be expressed as

d2f

dx2
+ s = 0, (7.14)

where f is the state field and s the given step function as a source term, plotted in Figure 7.26.

Different types of boundary conditions have been tested for this equation, the periodic, Neumann and

Dirichlet boundary conditions. It is a great opportunity to assess the versatility of the Lagrange-

encoded VQA. This Poisson equation can be analytically solved by splitting the interval in half. The

solution over each half interval is a second degree polynomial where the coefficients are real numbers

and depend on the source function and the boundary conditions.

7.3.2 Analytical solution

The Poisson equation is defined in Equation (7.14), with a given source term defined as follow:

s(x) =

⎧⎪⎪⎨⎪⎪⎩
+(1/2)n/2 if x < a+b

2 ,

−(1/2)n/2 if x > a+b
2 ,

(7.15)

with n = 5, over the interval [a, b]. In the work of Sato et al. [5], this Poisson equation is solved over

32 nodes, defining the interval as [[0, 31]]. The analytical solution can be determined by splitting the
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interval in half. The solution over each half is a second degree polynomial as expressed in the following

equation:

f(x) =

⎧⎪⎪⎨⎪⎪⎩
Ax2 +B1x+ C1 if x < a+b

2 ,

Ax2 +B2x+ C2 if x > a+b
2 ,

(7.16)

with A = −1
2

n
2
+1

. Bi, Ci are real coefficients which depend on the boundary conditions. In each of

all cases, the continuity of the middle point xm = a+b
2 for the solution function and its first derivative

gives the following definitions:

lim
x→x+

m

f(x) = lim
x→x−

m

f(x) = f(xm) (7.17)

lim
x→x+

m

df

dx
(x) = lim

x→x−
m

df

dx
(x) =

df

dx
(xm) (7.18)

Other conditions depend on the boundary. For the periodic boundary condition, the solution follows

f(x+T ) = f(x), with the period T defined in Sato et al. [5] work as T = b−a+1 = 32. The Dirichlet

boundary condition consists in defining the values at the extremities of the interval. In Sato et al. [5]

work, it is defined as f(a− 1) = f(b+1) = 0. Finally, the Neumann boundary condition indicates the

values of the first order derivative at the extremities, which is defined here as f ′(a) = f ′(b) = 0. All

considered, the analytical solution for each boundary equation are:

• Periodic :

fP (x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
A
(︁
x2 − 1

2(3a+ b− 1)x+ 1
2(a−

1
2)(a+ b+ 1)

)︁
if x < xm,

0 if x = xm,

−A
(︁
x2 − 1

2(3b+ a+ 1)x+ 1
2(b+

1
2)(a+ b+ 1)

)︁
if x < xm,

(7.19)

• Dirichlet :

fD(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
A
(︁
x2 − 1

2(3a+ b− 2)x+ 1
2(a− 1)(a+ b)

)︁
if x < xm,

0 if x = xm,

−A
(︁
x2 − 1

2(a+ 3b+ 2)x+ 1
2(b+ 1)(a+ b)

)︁
if x < xm,

(7.20)
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• Neumann :

fD(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
A
(︁
x2 − 2ax+ 1

4(3a
2 + 2ab− b2)

)︁
if x < xm,

0 if x = xm,

−A
(︁
x2 − 2bx+ 1

4(3b
2 + 2ab− a2)

)︁
if x < xm.

(7.21)

7.3.3 Quantum resolution

Lagrange-encoded algorithm vs Sato et al. algorithm

The two quantum approaches being compared here for the solution of the Poisson equation are quite

different. The Sato et al. algorithm uses a discretised approach, where the output is the unitary

vector of amplitudes representing the approximated solution function across the specified interval.

In contrast, the algorithm using Lagrange polynomials encoding outputs the approximated solution

function, which can be computed for any point/node within the chosen interval.

Given its discretised nature, the Sato et al. algorithm encodes both the source function s and the

algorithm output ψθ into quantum states as vectors of amplitudes (Equation (3.18)). However, this

implementation assumes the existence of an efficient unitary operator Ûs to prepare the quantum state

|s⟩ = Ûs |0⟩⊗n, which may limit its application to other source functions or other DEs.

Figure 7.26: a) Source term s used for the Poisson equation application. b) Iterative evolution of the
Lagrange-encoded solution for Neumann boundary conditions.
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The Lagrange-encoded algorithm operates with continuous functions. In cases where the source func-

tion is discontinuous, as in this particular application, at least the second-order derivative will exhibit

a discontinuity. To address this challenge, the algorithm can be applied to sets of sub-intervals. For

example, the algorithm can be initially applied to the first half of the interval, and the solution over

the second half can be determined by either symmetry or applying the algorithm again to the second

half.

Here, the Lagrange-encoded algorithm was applied to the first half of the interval and iterated until

it achieved a precision comparable to the Sato et al. solution, and further, as shown in Figure 7.26.b.

Figure 7.26.a illustrates the shape of the source term, with a discontinuity. This figure illustrates how

the Lagrange-encoded VQA is eventually converging to the analytical solution.

Using the Lagrange-encoded VQA, we ran the algorithm until convergence with the following hyper-

parameters: ηDE = 1, ηBCs = 1, εα = 1 · 10−5, ε∂L = 1 · 10−6, ε∂2L = 1 · 10−15.

These values were chosen to be very small in order to achieve high precision. We considered two stages

of the solution. First, when the Lagrange-encoded VQA yields an approximation with an overall DE

loss LDE comparable to the result obtained using Sato et al.[5] code. Then, we pushed the optimization

further to evaluate the maximum achievable accuracy. Note that the data obtained in this section are

averaged over 5 tries to minimise the influence of the random initialisation.

Neumann boundary condition We begin by looking at the Neumann boundary condition, which

corresponds to the case where the VQA proposed by Sato et al. exhibited the poorest performance,

as discussed in the Chapter 3. Figure 7.27 illustrates the evolution of the loss function for one of the

five runs conducted to assess the performance.

In Figure 7.27.a), we observe that the DE loss decreases with the number of iterations and reaches a

value comparable to the DE loss of the Sato et al. solution after approximately 250 iterations. This

trend can also be inferred from Figure 7.27.b), where the DE loss is plotted at different stages of the

optimization. An important observation is that, for the Lagrange-encoded VQA, the contribution of

the DE loss remains nearly constant across the domain, whereas this is not the case for the Sato et

al. algorithm. For the latter, the loss is significantly larger near the boundaries of the computational

domain.
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Figure 7.27: a) Iterative evolution of each terms of the loss functions LDE ,LCs obtained with the
Lagrange-encoded algorithm. b) Detailed comparison of the DE loss contribution over the interval,
LDE(x). Both plots are obtained with Neumann boundary conditions, plotted on a logarithmic scale.

Figure 7.28: Comparison between the Lagrange-encoded solution and the solution obtained with the
algorithm of Sato et al. [5] for the Neumann boundary condition, showing the a) function f(x), b)
first-order derivative ḟ(x), c) the contribution of the differential equation term to the loss function
over the domain LDE(x).
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Additionally, when examining the condition loss, which enforces the boundary conditions, we observe

that it is substantially larger than the DE loss contribution and tends to plateau during training.

This plateau effectively limits the overall quality of the solution, as the DE loss becomes negligible

compared to the boundary condition loss.

Figure 7.27.a) illustrates this behavior. The red line at iteration 399 marks the DE loss at convergence

for the Lagrange-encoded VQA under the previously specified hyperparameters. At this point, the

loss value coincides with the local minimum achieved by the Sato et al. VQA. The final output of

the Lagrange-encoded VQA for the Neumann boundary condition, alongside the corresponding result

from the Sato et al. VQA, is presented in Figure 7.28.

To further investigate the performance of both algorithms, it can be helpful to look at the first-

and second-order derivatives of the solution of the Poisson equation. Focusing on the case with the

Neumann boundary condition, it can be seen in Figure 7.28, that the Sato et al. solution deviates

from the analytical solution at the boundary of the domain for the second order derivative and near

the discontinuity for the first order derivative. It is important to note that the accuracy of the Sato

et al. solution could be improved by increasing the spatial discretisation, but this would also increase

the size of the VQC and consequently the complexity.

Periodic and Dirichlet boundary conditions Using the same methodology, the results for pe-

riodic boundary conditions are shown in Figures 7.29 and 7.30, while those for Dirichlet boundary

conditions are presented in Figures 7.31 and 7.32.

Overall, both VQAs produced highly accurate results, exhibiting a good overlap with the analytical

solution. Minor discrepancies appear in the derivatives obtained with the Sato et al. algorithm,

which are most likely attributable to finite differencing. These differences could only be mitigated by

increasing the number of qubits of the variational quantum circuit, rather than through parameter

tuning.
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Figure 7.29: a) Iterative evolution of each terms of the loss functions LDE ,LCs obtained with the
Lagrange-encoded algorithm. b) Detailed comparison of the DE loss contribution over the interval,
LDE(x). Both plots are obtained with periodic boundary conditions, plotted on a logarithmic scale.

Figure 7.30: Comparison between the Lagrange-encoded solution and the solution obtained with the
algorithm of Sato et al. [5] for the periodic boundary condition, showing the a) function f(x), b)
first-order derivative ḟ(x), c) the contribution of the differential equation term to the loss function
over the domain LDE(x).
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Figure 7.31: a) Iterative evolution of each terms of the loss functions LDE ,LCs obtained with the
Lagrange-encoded algorithm.. b) Detailed comparison of the DE loss contribution over the interval,
LDE(x). Both plots are obtained with Dirichlet boundary conditions, plotted on a logarithmic scale.

Figure 7.32: Comparison between the Lagrange-encoded solution and the solution obtained with the
algorithm of Sato et al. [5] for the Dirichlet boundary condition, showing the a) function f(x), b)
first-order derivative ḟ(x), c) the contribution of the differential equation term to the loss function
over the domain LDE(x).
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Loss values The loss function of the Lagrange-encoded algorithm accounts for both the evaluation

of the differential equation and the boundary conditions. Figure 7.33 illustrates the contribution in

the total loss function from the differential equation and the constraints of the boundary conditions.

It can be seen that the contribution from the boundary conditions constraint is different depending

on the type of boundary conditions, with a significant contribution for Neumann boundary conditions

and a relatively small contribution for periodic and Dirichlet boundary conditions. This behaviour

arises from the nature of the Neumann condition, which imposes constraints on the derivative rather

than on the function itself. Consequently, its influence on the training process of the VQA is indirect,

making it more challenging to attain high accuracy.

Figure 7.33: Overall loss value of the Lagrange-encoded algorithm applied to the different boundary
conditions, plotted on a logarithmic scale.

For all boundary conditions (i.e., Periodic, Dirichlet, and Neumann), a direct comparison to the

analytical solution revealed an overall good agreement for both VQA, even at the boundaries of the

computational domain, as seen in Figures 7.28,7.30, 7.32. For each boundary condition, the mean

absolute error of the solution obtained using the Sato et al. algorithm is 4, 3, and 6 times larger than

the error obtained for the Lagrange-encoded VQA, for periodic, Dirichlet and Neumann boundary

conditions, respectively.
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Gate complexity estimation

Similarly to the previous application, the gate complexity of both VQAs has been estimated by the

number of circuits as well as the number of basic gates required to complete the calculation. However,

this estimation can only be regarded as an order of magnitude estimation due to the fundamentally

different approaches of the two VQAs being compared. Moreover, for both algorithms, a different clas-

sical optimizer had been used, which significantly impacts the number of iterations and, consequently,

the overall gate complexity. As previously mentioned in section 3.4.3, the BFGS optimizer used by

Sato et al. [5] has shown better performances in training linear quantum solvers over few qubits [116]

than the Adam optimizer used for the Lagrange-encoded algorithm.

For one iteration of the Sato et al. algorithm, the main circuit (Figure 3.8) is evaluated with 3, 4, or

5 observables for periodic, Dirichlet, and Neumann boundary conditions, respectively, to obtain the

loss function and its gradient with respect to the variational vector θ, which contains 45 variational

parameters. This requires numerous derivative circuits to compute the gradient of the main circuit

with a large variational ansatz. Additionally, the main circuit (Figure 3.8) includes an encoding part

and, in some cases, a shift part depending on the observable.

Figure 7.34: Gate complexity estimation of the Lagrange-encoded algorithm, averaged over five at-
tempts per boundary conditions, compared with the Sato et al. algorithm [5], plotted on a logarithmic
scale. a) Basic gates per iteration, b) Total basic gates.
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In contrast, the proposed Lagrange-encoded algorithm requires circuits to evaluate the loss function

(Equation (4.3)) and its gradient with respect to the variational vector θ for each iteration. This

includes the differential equation loss over the control points {xi} and for the boundary conditions

at x0. Here, the variational vector contains only 3 parameters. This structural difference leads to a

significant disparity in gate complexity. Although the Sato et al. algorithm [5] requires, on average,

half as many iterations to converge to the solution of the Poisson equation, its circuit structure is

much more complex, requiring 200 times more gates per iteration compared to the Lagrange-encoded

algorithm, as illustrated in Figure 7.34.

Moreover, while the version of the HEA [135] employed in the algorithm of Sato et al. offers flexi-

bility through its numerous variational parameters θ, it introduces significant complexities due to its

multilayered structure and the inclusion of controlled rotational gates and Toffoli gates. Controlled

rotational gates can be decomposed into two CNOT gates, which already implies two computational

steps per such gate. In contrast, a single Toffoli gate, also known as a CCNOT or double-controlled

NOT gate, requires six CNOT gates, in addition to multiple single-qubit rotations. Consequently, the

circuit runtime grows rapidly. This large number of parameterized and fixed gates also exacerbates the

challenges associated with classical optimization. Such complexity likely explains why the algorithm

of Sato et al. exhibits a notably high gate count.

As an illustrative observation regarding simulation time, the code provided by Sato et al. required

approximately 2.5 hours for the periodic case, 16 hours for Dirichlet, and an entire day for Neumann

boundary conditions. These times correspond to an average of about 60, 500, and 700 iterations,

respectively. By contrast, for the Lagrange-encoded VQA, using the same computational setup, the

simulation time was drastically reduced to about 5 minutes, 3 minutes, and 2 hours for the periodic,

Dirichlet, and Neumann cases. While simulation time does not directly reflect the actual runtime

on quantum hardware, it remains a vital and fundamental aspect of algorithm development until

real quantum devices become more widely available and it provides a strong indication of the circuit

complexity and gate depth, which is consistent with the trends observed in Figures 7.34 and 7.35.
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Figure 7.35: Circuit complexity estimation of the Lagrange-encoded algorithm, averaged over five
attempts per boundary conditions, compared with the Sato et al. algorithm [5]. a) Circuits per
iteration, b) Total Circuits.

Finally, considering the circuit count, we observe that the Lagrange-encoded approach tends to require

a larger number of circuits per iteration. This is due to the need to evaluate the second-order derivatives

of the variational quantum circuit (VQC), which are not required in the method of Sato et al., as their

approach relies on finite differencing. When focusing solely on the number of circuits per iteration,

the two methods appear comparable. The main difference lies in the level of accuracy that can be

achieved, which can be pushed significantly further with the Lagrange-encoded VQA, particularly in

the case of the Neumann boundary condition.

Regarding the total number of circuits, similarly to the total number of gates, this quantity depends

strongly on the number of iterations. It is shown here for completeness; however, it should be un-

derstood that, since different optimizers with different hyperparameters were employed, this metric

reflects not only the characteristics of the VQCs themselves and their trainability, but also the be-

haviour of the full VQA, including the classical optimization.
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7.4 First-order linear ODE with nonlinear coefficients

Lastly, in this last result section, we investigate the application of the Lagrange-encoded VQA to a

first order differential equation with nonlinear coefficients and the eventual changes required to solve

the DE.

7.4.1 Problem definition

The differential equation under consideration, introduced by Kyriienko et al. [4] and discussed in

Chapter 3:

df

dx
+ λf (κ+ tan(λx)) = 0, (7.22)

with λ = 8, κ = 0.1, and initial condition f(0) = 1. The corresponding analytical solution is

u(x) = e−0.8x cos(8x). (7.23)

As this differential equation has nonlinear coefficients, it exhibits potentially unstable behaviour at

certain points in the interval due to the tan(λx) term. Specifically, tan(λx) diverges when:

λx =
π

2
+ nπ, n ∈ Z. (7.24)

These points can therefore be formally identified as forbidden points of the differential equation:

xf =
π

2λ
+
nπ

λ
, n ∈ Z. (7.25)

At these points, the term f(x) tan(λx) would formally diverge unless the function f(x) vanishes suffi-

ciently rapidly. For the chosen analytical solution, u(x), the zeros of the cosine factor coincide exactly

with the singularities of tan(λx), ensuring that the product f(x) tan(λx) remains finite. Consequently,

the solution is well-defined across the entire interval, despite the formal divergences in the differential

equation.
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This case illustrates a scenario where the Lagrange-encoded VQA is theoretically well-suited. The

method requires the solution and its derivatives to be continuous, but it does not impose continuity

on the expression of the differential equation itself, since training is performed only on a small set of

points.

Furthermore, we can identify another category of notable points, namely those where the term

f(x) tan(λx) vanishes because tan(λx) is zero. These occur at:

xs =
nπ

λ
, n ∈ Z. (7.26)

At these points, the expression of the differential equation simplifies to:

df

dx
(xs) + λκf(xs) = 0, (7.27)

which admits as a solution: v(x) = v0e
−0.8xs , with v0 = (−1)n, depending on the special point.

However, the initial condition imposes v0 = 1, leading to a contradiction.

Consequently, when selecting points to train the VQC, for a discontinuous differential equation such

as this, capturing the full behaviour of the DE while keeping the training feasible requires careful prior

analysis.

As discussed, three different types of points arise in solving this discontinuous DE: forbidden values,

special values, and other points. For the interval [0, 0.9], these are illustrated in Figure 7.36 as red,

blue, and light green, respectively. The green points are not chosen randomly; they lie within the

window [π/6λ, π/3λ] modulo π, to remain sufficiently distant from forbidden and special points while

still capturing as much of the DE behaviour as possible without being dominated by singularities.

7.4.2 Quantum resolution

The DE has been solved using a Lagrange-encoded VQA with six encoding points corresponding to

the first type of Chebyshev nodes and a 7-qubit circuit. Training was conducted in three steps.

First, the VQC was trained using the Adam optimizer with a learning rate α = 0.02, over the light

green points shown in Figure 7.36, starting from a random parameter vector θ. Initial conditions
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Figure 7.36: Illustration of the different types of points. Red indicates forbidden values xf , where the
DE expression diverges towards ±∞; blue indicates special values where the DE admits an different
solution; green points represent training points in the window [π/6λ, π/3λ] modulo π.

were incorporated into the loss function with a weight ηCs = 103 to prioritize fitting them during early

stages of training. As shown in Figure 7.37, this provides an initial good approximation, although some

amplitudes where the derivative vanishes are not fully captured. These amplitudes are determined by

the value of κ, which quickly becomes negligible compared to the tan(λx) term.

Next, keeping the same learning rate, the VQC was trained further over the first half of the interval,

using four points in the window [π/6λ, π/3λ] rather than three. After convergence, these points and

their corresponding function values were retained as regularization points with weight ηR = 102 for

the subsequent step. Finally, the VQC was trained over the second half of the interval with four points

in the same window and the previously defined regularization points. The evolution of the solution

after each step is shown in Figure 7.37.

Figure 7.37: Evolution of the solution during training of the first-order discontinuous DE using a
Lagrange-encoded VQA with six encoding points: a) function f(x), b) first-order derivative ḟ(x).
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Figure 7.38: Evolution of training metrics over the three steps: a) circuit count, b) derivative loss
LDE .

The choice of the training window was explored using different angles, from a single point at π/4λ to

a larger window starting at π/12λ. The best results were obtained with the current configuration. In

all cases, the solution shape was captured, although the amplitude was not fully recovered due to the

small influence of κ.

The three-step VQA training was repeated five times, yielding the results shown in Figure 7.39. One

run performed slightly better, but overall the VQA results were not strongly sensitive to the initial

random parameters.

Figure 7.39: Approximation of the solution of the first-order discontinuous DE using a Lagrange-
encoded VQA with six encoding points, over five runs: a) function f(x), b) derivative ḟ(x).
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Figure 7.40: Circuit count and derivative loss for the five runs of the VQA solution: a) circuit count,
b) derivative loss LDE .

Regarding the number of circuits, which here is proportional to the number of gates, we observe

similar values across all runs, corresponding to similar loss values. This indicates a small influence of

the initial parameters.

Overall, Figure 7.40 shows that the function approximation presents a good overlap but a small

deviation at the beginning of the interval. The initial condition is not perfectly satisfied for the

derivative, but the solution at the end of the interval aligns well with the analytical result. The loss

plot shows decreasing error away from the initial condition, with two spikes around x ≈ 0.2 and 0.6,

corresponding to forbidden points. These spikes highlight the divergence of the DE at these points,

confirming that they are unsuitable as training inputs for the VQC.

The application of the Lagrange-encoded VQA to a discontinuous differential equation, whose expres-

sion exhibits discontinuities when the function deviates from the exact solution, is highly promising.

Future work will focus on evaluating the performance of different VQAs to enable a comparative

assessment, as well as exploring larger system sizes to further improve accuracy. We have already

observed that adding a single encoding point can drastically enhance the results, particularly when

the current approximation of the function is already reasonably accurate. This additional study is not

included here, as it exceeded the time allocated for this work.
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7.5 Summary

In this chapter, we investigated the application of the Lagrange-encoded VQA to various differential

equations: first-order, second-order, including a comparison between different VQA approaches, and

first-order with nonlinear coefficients.

An interesting feature of the Lagrange-encoded VQA is its variability and its ability to provide sat-

isfactory or even high-quality results for a range of differential equations, using very few gates and

variational parameters. In contrast, other VQA approaches, while performing well, exhibited different

limitations: large circuit depth and numerous variational parameters, resulting in a computationally

intensive optimization process.

The Chebyshev-encoded VQA, in particular, is well-suited for oscillatory functions. We observed a

tendency to oscillate, especially near the end of the interval, due to the influence of initial conditions at

the beginning of the interval. Additionally, this method shows strong sensitivity to the initial random

vector of variational parameters.

We also noted that the Sato et al. algorithm is computationally demanding and, as it was designed

for a specific application, it is unclear how easily it could be applied to other differential equations,

whether with completely different structures or source terms. However, in comparison to polynomial

encoded VQAs, this discretized approach enables the approximation of non continuous solutions, which

can be an interesting feature in engineering applications.

Finally, polynomial-encoded VQAs, and particularly the Lagrange-encoded VQA, are sensitive to the

optimization process. The choice of training points and learning rate significantly influences perfor-

mance. Consequently, it would be interesting to explore the behaviour of this VQA with alternative

classical optimizers, as Adam may or may not be the most suitable for this approach.
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Chapter 8

Conclusions and Future Work

8.1 Summary and Conclusions

Differential equations are fundamental in numerous scientific fields, including structural engineering,

fluid dynamics, and financial modelling. However, their complexity often makes them challenging to

solve with traditional computational methods. Recent advances in quantum computing have motivated

researchers to explore quantum algorithms for solving differential equations.

This work focused on variational quantum algorithm approaches, particularly spectral methods for

solving differential equations. The research was initially inspired by the work of Kyriienko et al. [4],

and aimed to understand their approach, identify its limitations, and propose improvements. In doing

so, we developed a new encoding that maintains the key elements of a polynomial-encoded VQA while

offering a different paradigm and behaviour: The Lagrange-encoded VQA.

In most VQA methods proposed in the literature, the variational ansatz introduces entanglement

between qubits while the encoding blocks remain shallow, as in the works of Kyriienko et al. [4]

and Sato et al. [5]. The novel approach proposed in this work shifts this paradigm by incorporating

entanglement directly within the encoding block, combined with a shallow variational ansatz. This

design, inspired by the Hadamard test structure, enables an efficient representation of the complete

set of Lagrange polynomial basis functions using a limited number of gates, and allows the use of the

Hadamard test differentiation method, which reduces the computational load.
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8.1. Summary and Conclusions

Two distinct architectures of the proposed Lagrange-encoded VQA were introduced, along with slight

improvements to the encoding function to address the requirements and limitations imposed by sam-

pling measurements in quantum computation.

VQA runtime and complexity metrics are proposed here, as no established benchmarks or widely

accepted methods currently exist in the literature to quantify gate-induced noise or the runtime

associated with circuit evaluations in VQAs. Challenges and limitations of VQA simulations were

examined, along with strategies to reduce computational load when simulating VQC gradients, which

were shown to be acceptable only in statevector simulations.

The Lagrange-encoded VQA was applied to several problems: two first-order linear ODEs alongside the

original Chebyshev-encoded VQA, two second-order ODEs, the damped mass-spring system and the

Poisson equation with various boundary conditions, and a first-order ODE with nonlinear coefficients.

The results demonstrated that the Lagrange-encoded VQA reduces gate and circuit complexity while

providing solutions of comparable or improved quality.

Both the Chebyshev-encoded and Lagrange-encoded VQAs employ meshless approaches and rely on

polynomial fitting, which requires continuity in the problem definition. This contrasts with the dis-

cretized approach of Sato et al., which can only solve linear or linearized DEs. Polynomial-fitting

VQAs, however, do not require linearization and are thus well-suited for nonlinear DEs, or DEs with

nonlinear coefficients.

These meshless approaches also distinguish between three types of points within the interval I: training

points for gradient evaluation and parameter optimization, evaluation points for plotting the optimized

function, and encoding points for the quantum feature map in the Lagrange-encoded algorithm. This

independence allows flexibility in training, evolution of points, and inclusion of additional losses, such

as boundary conditions.

Whereas the Chebyshev-encoded algorithm uses nonlinear polynomials, which can introduce oscil-

lations at the interval boundaries, linear polynomial encoding with the Lagrange approach may be

suboptimal for nonlinear problems. In both cases, the degree of the polynomial scales with circuit

size, which will admit a limit on NISQ devices.
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8.2 Future Work

8.2.1 VQA Encoding Feasibility

An important question remains: how does the algorithm perform on real quantum devices, with noise?

As discussed in Chapter 6, noisy measurements introduce oscillations not observed in statevector

simulations. Clever modifications, such as floating boundary handling, can mitigate these effects, but

further work is needed to improve the feasibility and robustness of the VQA on real hardware.

If we target NISQ devices, the number of qubits and coherence times may be sufficient. As discussed

in Chapter 6, simulations with modest noise indicate that results on a five-qubit register could be

exploitable with limited error mitigation. However, a deeper analysis must address two questions.

First, how does performance scale with larger circuits? Second, what is the computational cost of

mitigating errors at each iteration for both the function and its derivative? As the simulated noise

mimicked the behavior of a real device of rather poor quality compared to the latest hardware, it can

therefore be seen as a worst-case scenario.

Studies on contemporary quantum devices would thus be invaluable for identifying the most suitable

platforms for polynomial-based VQAs. If the target machines are fault-tolerant, this becomes a

bottleneck. Technological progress will be required to fully benchmark the algorithm at larger scales,

especially as classical simulation of quantum circuits rapidly becomes prohibitively expensive.

Additionally, tests on real quantum computers should investigate both the reduced and extended

circuit structures. The extended structure uses more qubits but fewer gates, reducing gate-induced

noise and decoherence, though it may be sensitive to qubit errors or cross-talk. Evaluating both

structures on quantum hardware will provide insight into their practical performance.

8.2.2 Alternative Polynomials and Trainable Encoding

Chapter 5 highlighted that additional entanglement can allow the implementation of Hermite inter-

polation, which interpolates not only the function but also its derivatives. This approach has the

potential to further increase the accuracy of the VQA solutions.
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Moreover, as discussed in Chapter 4, the encoding points in the Lagrange-encoded VQA can be trained

without increasing the quantum computational load. Further exploration of trainable encoding points

could reduce oscillations and increase the expressivity of the VQC, enabling representation of a broader

class of functions without enlarging the circuit.

8.2.3 Extended Applications

Based on the encouraging results obtained in this work, several directions for future application of

polynomial-encoded VQAs are envisioned:

• Higher-dimensional DEs: This work focused on 1D DEs, including first and second-order

engineering problems such as the damped mass-spring system and the Poisson equation. Many

engineering applications involve 2D or 3D problems, so evaluating the performance of the VQA

in higher dimensions and for more complex DEs (e.g., advection-diffusion, Burgers’, Euler equa-

tions) is a natural next step. Additional variables could be handled with additional ancilla qubits

or via coupled circuits.

• Higher-order DEs: Some engineering applications involve higher-order DEs, such as fourth-

order equations in structural buckling analysis. Extending the VQA to solve such equations will

be an important advancement.

• Nonlinear DEs: Nonlinear DEs are common in engineering and present a significant challenge

for quantum algorithms due to the linearity of quantum evolution. Future work could investigate

second-order nonlinear DEs, such as the pendulum equation with large initial angles.
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